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Abstract

In this thesis bit-interleaved coded multicarrier transmission at high spectral efficiency is
studied from a bit-level perspective. The analysis is based on an equivalent representation
of the cascade of bit mapping and channel by a set of parallel binary-input channels,
the so-called bit levels. This alternative representation was initially introduced in the
context of bit-interleaved coded modulation and multilevel codes. By use of the chain
rule of information theory, this model also allows for an intuitive and plausible approach
to bit-interleaved coded multicarrier transmission. For the sake of low complexity and
low latency, the system implementations considered in this thesis are restricted to non-
iterative variants of BICM. Terminated convolutional codes in combination with a simple
Viterbi decoder are employed for the coding scheme. Furthermore, the use of square
QAM signal constellations is assumed to achieve the required high spectral efficiencies.
Our considerations are mainly founded on variables initially defined for the description
of the equivalent channel model. In particular, we utilize the bit-level capacity and the
parallel-decoding capacity in order to evaluate the multicarrier system and its individual
building blocks.

The investigations are first limited to a single carrier of the multicarrier system and start
with the introduction and a thorough analysis of the equivalent channel model. The
latter’s characteristics, especially the parallel-decoding capacity, strongly depend on the
employed bit mapping. We assess several binary labeling rules with regard to this quantity
and provide optimal solutions. The presented results disprove (respectively specify) a
conjecture alleged by Caire et al. which has gone unchallenged since its publication in
1998. Subsequently, the study of the equivalent channel model is extended to the bit
error ratio of uncoded transmission. The bit error ratio is traced back and related to the
individual level-dependent bit error ratios. Exploiting a numerically established relation
between bit-level capacity and level-dependent bit error ratio, the findings on bit mappings
optimal in terms of the parallel-decoding capacity can be transferred to the bit error ratio
and vice versa. These results show a significant relation between maximum parallel-
decoding capacity and minimum bit error ratio which in the following is exploited for the
optimization of (uncoded) multicarrier transmission. The connection between these two
quantities allows for a novel, slightly different approach to the issue of rate allocation over
parallel subchannels. Motivated by the equivalent channel model, we provide new, very
efficient rate allocation algorithms applicable for both, coded and uncoded transmission.
The related problem of distributing the transmit power over the individual carriers is also
analyzed with regard to the quantities bit-level capacity and parallel-decoding capacity.
Several strategies known in the literature are classified in these terms.
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viii

The remainder of the thesis focuses on aspects of coded transmission. First, the bit-
metric computation performed at the receiver is looked at from the bit-level perspective.
The impact of a commonly employed simplified metric computation on the results of
transmission with large signal constellations and the level-dependent average reliability of
the bit metrics are of particular interest in this context. The insights obtained on the bit-
metric reliability represent the foundation of the studies performed in the last part of this
thesis, where the design of the bit interleavers is analyzed. Using the bit-level capacity
as a figure of merit for the average reliability of the bit metrics, the Viterbi decoder used
at the receiver and its sliding processing-window characteristics are studied. The latter
immediately entails an optimization objective for the bit-interleaver design. The two
general solutions to this problem presented in this thesis mainly differ in the availability
of channel state information at the transmitter side. Adaptive bit interleaving utilizing
channel knowledge for the arrangement of the bit metrics yields significant gains over
global random bit interleaving. Intralevel bit interleaving just exploiting the knowledge
of the bit level indices also outperforms conventional interleaver designs. Finally, the
combination of bit-interleaved coded multicarrier modulation and rate and power loading
is discussed. For larger signal constellations in particular the rate adaptation is shown to
be not necessarily rewarding if not even counterproductive. Power loading may lead to
small gains, though.
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Kurzfassung

In der vorliegenden Arbeit wird codierte Mehrträgerübertragung bei hoher spektraler
Effizienz anhand der sog. Bitlevels untersucht. Die Analyse basiert auf einer alterna-
tiven Darstellung der Zuordnung von Bits zu Kanalsymbolen und Kanal, durch eine
Menge von parallelen Teilkanälen mit binärem Eingang, den Bitlevels. Dieses äquiva-
lente Kanalmodell wurde in Zusammenhang mit Multilevelcodierung bzw. Bit-Interleaved
Coded Modulation (BICM) eingeführt. Das Modell baut auf der einfachen Anwendung der
Kettenregel der Informationstheorie auf und ermöglicht einen intuitiven und eingängigen
Zugang zu codierter Mehrträgerübertragung. Um die Komplexität und Latenzzeit der un-
tersuchten Verfahren gering zu halten, beschränken sich die betrachteten Realisierungen
auf nicht-iterative Varianten von BICM. Für die Codierung werden Faltungscodes in Kom-
bination mit einem einfachen Viterbidecoder verwendet. Um die geforderte hohe spektrale
Effizienz zu erreichen, wird die Verwendung quadratischer QAM-Signalkonstellationen
angenommen. Die Überlegungen in dieser Arbeit basieren hauptsächlich auf Größen, die
ursprünglich für die Beschreibung des äquivalenten Kanalmodells definiert wurden. Ins-
besondere werden die Bitlevelkapazität und die sog. Kapazität bei parallelem Decodieren
für die Bewertung des Mehrträgersystems und seiner einzelnen Bestandteile genutzt.

Die Untersuchungen beschränken sich zunächst auf einen einzelnen Träger des Mehrträger-
systems und beginnen mit der Einführung und einer eingehenden Analyse des äquivalenten
Kanalmodells. Die Eigenschaften des letzteren, insbesondere die Kapazität bei parallelem
Decodieren, sind stark von der verwendeten Zuordnung der Bits zu Kanalsymbolen ab-
hängig. Es werden mehrere Zuordungsvorschriften (Mappings) bezüglich dieser Größe
untersucht und optimale Lösungen ermittelt. Die vorgestellten Resultate widerlegen bzw.
präzisieren eine Vermutung, die von Caire et al. im Jahr 1998 aufgestellt und seitdem
nicht näher untersucht wurde. Anschließend wird die Untersuchung des äquivalenten
Kanalmodells auf die Bitfehlerrate uncodierter Übertragung erweitert. Dabei wird die
Gesamtfehlerrate des Systems auf die individuellen Fehlerraten der Teilkanäle zurückge-
führt. Durch Ausnutzung einer numerisch begründeten Beziehung zwischen Bitlevelka-
pazität und der Bitfehlerrate eines Levels, können die Ergebnisse der Bitzuordnung in
Bezug auf die Kapazität bei parallelem Decodieren auf die Optimierung der Gesamtbit-
fehlerrate übertragen werden. Die Resultate zeigen eine gute Übereinstimmung der Opti-
mierungskriterien maximale Kapazität bei parallelem Decodieren und minimale Gesamtbit-
fehlerrate, welche im Folgenden für die Optimierung (uncodierter) Mehrträgerübertragung
genutzt wird. Die Beziehung zwischen diesen beiden Größen ermöglicht eine neuartige
Herangehensweise an die Problematik der Ratenzuteilung bei Übertragung über paral-
lele Teilkanäle. Motiviert durch das äquivalente Kanalmodell werden neue, sehr effiziente
Ratenzuteilungsalgorithmen, sowohl für uncodierte, als auch codierte Übertragung einge-
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führt. Die verwandte Fragestellung einer optimalen Verteilung der Sendeleistung über die
Träger wird ebenso anhand der Größen Bitlevelkapazität bzw. Kapazität bei parallelem
Decodieren analysiert. Entsprechende, aus der Literatur bekannte Strategien werden in
dieser Hinsicht bewertet.

Im verbleibenden Teil der Arbeit wird auf Aspekte codierter Übertragung eingegangen.
Zuerst wird die Metrikberechnung am Empfänger aus Sicht der Bitlevel betrachtet. Dabei
sind der Einfluss der gewöhnlich benutzten vereinfachten Metrikberechnung auf die Re-
sultate bei Übertragung mit großen Signalkonstellationen und die Level-abhängige Zuver-
lässigkeit der Bitmetrik von besonderem Interesse. Die erhaltenen Einblicke stellen die
Grundlage für die weiteren Untersuchungen dar, die dem Design des Bitinterleavers gewid-
met sind. Der im Übertragungsszenario angenommene Viterbidecoder wird unter Zuhil-
fenahme der Bitlevelkapazität bzw. der Kapazität bei parallelem Decodieren analysiert
und die begrenzte Einflusslänge der zu decodierenden Sequenz auf das Decodierergeb-
nis wird herausgestellt. Letztere erlaubt die Formulierung eines Optimierungskriteriums
für das Design von Interleavern. In der Arbeit werden zwei grundsätzliche Lösungen für
dieses Problem vorgestellt, die sich hauptsächlich durch das Vorhandensein von Kanalzus-
tandsinformation am Sender unterscheiden. Adaptives Bitinterleaving nutzt die Kanalzu-
standsinformation für eine vorteilhafte Anordnung der Bitmetriken und führt zu deut-
lichen Verbesserungen im Vergleich zum üblicherweise praktizierten globalen Zufallsin-
terleaving. Sogar die einfache Ausnutzung der Bitlevelindizes für das Design des Inter-
leavers zeigt immer noch eindrucksvolle Gewinne. Schlussendlich wird die Kombination
von codierter Mehrträgerübertragung mit Raten- und Leistungsladen untersucht. Für
größere Signalkonstellationen kann gezeigt werden, dass insbesondere Ratenladen nicht
notwendigerweise vorteilhaft, möglicherweise sogar nachteilig ist. Durch Leistungsladen
können jedoch auch hier kleine Gewinne erzielt werden.
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1

1. Introduction and Outline

Recent years saw an astonishing rise in the demand for digital (wireless) data transmission

that is unlikely to stall in the near future. A tremendously large variety of digital services

and equipment have already been deployed and are available to the customer. Digital

subscriber lines (DSL), wireless local area networks (WLAN), and mobile phones of 2nd

and 3rd generation (2G/3G) to name just a few examples have penetrated the markets

and become everyday items. Regarding these techniques, the significantly increased data

rates are among the most obvious changes experienced in this field by nearly everyone over

the last few years. In comparison to the voice-focused mobile telephone networks of the

second generation, of which the best known representative is probably GSM (global system

for mobile communications, originally groupe spécial mobile), third generation networks

currently already in service or being deployed, e.g., universial mobile telecommunications

system (UMTS), offer respectable data rates that, for the moment, meet the demands of

both, service providers and customers. The discussions and standardizations for future

systems succeeding 3G networks aim at even higher data rates. A similar development

can also be observed for wireless local area networks. A whole family of IEEE 802.11

standards have been passed and the latest support data rates that fulfill most customers’

needs. Nevertheless, researchers and developers are striving for even higher data rates

which would, for example, be used in the wireless distribution of high-definition television

in home entertainment systems. An opening field in research is the wireless transmission

over short distances, supporting high to very high data rates. These techniques aim

at wireless solutions for nowadays still wire-based transmission scenarios like, e.g., USB

(universal serial bus) or FireWire connections between electronic devices.

The ever-growing demand for high data rate wireless services collides with the limited

amount of available natural resources (if radio bandwidth is considered as one), though.

The physical world has not changed, radio bandwidth is highly regulated and a scarce and

costly resource. Consequently, an efficient utilization of the assigned bandwidth is crucial

for high data rate wireless communication. Expressed in technical terms, the achieved

spectral efficiency has to be significantly increased to meet future demands as well as to

Clemens Stierstorfer — 2009



2 1. Introduction and Outline

comply with given regulations.

In order to meet these requirements a variety of measures have been proposed while others

are still under investigation. One of the most prominent and most frequently discussed

ideas to boost data rates and to increase spectral efficiency is the use of multiple antennas

either at both ends of the transmission or at only one end. Opening new spatial dimensions

can be exploited for an enhanced reliability or for transmitting several data streams in

parallel. The so-called multiple-input/multiple-output (MIMO) systems embody a major

step in the right direction when aiming at high spectral efficiency. However, there is still

some way to go and a single measure will not solve for all the problems. The requested data

rates—up to several hundreds of Mbits per second—cannot be accomplished by simply

using multiple antennas. Very high data rates entail high symbol rates which immediately

translate into high bandwidth consumption. The latter might be tolerated, but only up to

a limited extent and most probably an expanded transmission bandwidth will result in a

dispersive radio channel. Thus, MIMO is only a partial solution to this problem. Another

degree of freedom still open for optimizations is the number of bits per channel symbol,

i.e., the size of the employed signal constellation. For future wireless consumer techniques

we have to look far beyond binary phase-shift keying (BPSK) and quadrature-amplitude

modulation with four or sixteen signal points (4-QAM/16-QAM) that are now commonly

used. Even in mobile wireless transmission signal constellation sizes so far only familiar

from wireline transmission (e.g., DSL) or microwave directed radio relay links have to

be applied. Consequently, we have to assume future mobile networks and other wireless

applications to work with multiple antennas in dispersive channel conditions using large

signal constellations. In summary, future customers demand for systems which have to

struggle with several severe interference problems, but on the other hand these systems

offer lots of degrees of freedom that can be exploited.

The interference situation urges for according countermeasures. Significant effort has

been spent on these problems and various solutions have been derived for coping with the

interference problems arising in dispersive (MIMO) channels. However, in a mobile envi-

ronment the complexity of any algorithm performed on the mobile device directly trans-

lates into battery consumption which represents the major bottleneck. Low-complexity

methods are highly-desired. Thus, we assume a scenario with multicarrier transmission

[Bin90] to cope with the dispersive channel and to combat the resulting intersymbol-

interference (ISI). Orthogonal frequency-division multiplexing1 (OFDM) has emerged as

a very popular technique for transmission over dispersive channels and is already used in

several commercial products, e.g., DSL to name a wireline application and digital video

broadcasting – terrestrial (DVB-T) to name a wireless application. Multicarrier trans-

mission was initially introduced for dispersive single-input/single-output (SISO) channels.

With the rising popularity of MIMO systems this powerful approach has been transferred

to MIMO channels. The underlying principle of OFDM is the same for both scenarios:

the frequency-selective channel is decomposed into a whole set of independent, frequency-

1In this work the terms multicarrier transmission and orthogonal frequency-division multiplexing are
used synonymously.
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3

flat channels, the carriers. For SISO channels these can be characterized by a scalar, in

MIMO scenarios the carriers are frequency-flat MIMO channels represented by their re-

spective matrices. To compensate for the remaining multiuser interference (MUI), MIMO

equalization or precoding can be employed per carrier. In combination these methods

yield a set of decoupled frequency-flat single-input/single-output channels. One of the

major advantages of multicarrier systems compared to single carrier transmission is the

enormous number of degrees of freedom and thus an overwhelming flexibility, cf., e.g.,

[FS05, FS06, FS07, SF06a, SF06b]. A computationally efficient implementation of multi-

carrier transmission adds to that.

(MIMO) multicarrier transmission can easily be combined with error-correcting codes. A

whole variety of channel coding schemes is known in the literature. In the context of this

work, the focus has been on a relatively simple and tested approach, namely bit-interleaved

coded modulation (BICM) as initially proposed by Zehavi in 1990 [Zeh92] and analyzed

by Caire et al. in their landmark paper from 1998 [CTB98]. That is, we restrict our con-

siderations to convolutional encoders [Vit67] and a simple Viterbi decoder [For73]. This

scheme may seem a little outdated in times of turbo codes [BGT93], the revival of LDPC

codes [Gal63, Gal62], and the widespread popularity of iterative decoders for any of these

approaches, e.g., [CR01]. The reasons for our choice are simplicity and short delays and

that for short to moderate codeword lengths convolutional codes still are a competitive

alternative to other coding schemes, cf., e.g., [HH09]. Some of the insights obtained for

BICM in this work are very general and do not rely on an implementation of BICM with

convolutional codes, but any binary coding scheme could be employed. In summary, the

scenario under investigation in this work is bit-interleaved coded multicarrier modulation

aiming at high spectral efficiencies (far) beyond two bits per second per hertz and using

low-complexity encoders and decoders. The main goal of this thesis is to provide some

general design rules for BICM in combination with large signal constellations and mul-

ticarrier systems. An analytical derivation of the bit error ratio of BICM is not part of

this thesis as considerable work on this has been already undertaken in the initial papers

on BICM [Zeh92] and [CTB98]. Other authors have also contributed to this field, e.g.,

[MGC06, MGCW08, SAF08, GMC09], which is well covered. The problem formulated as

our goal in this thesis has so far not been addressed in literature. Although the previously

cited publications claim to have analyzed a generic BICM scenario, some effects emerging

for constellation sizes far beyond that of a 4-QAM have not yet been (dis)covered. In the

scenario presumed in this thesis we have taken these phenomena into account.

The subsequently conducted analysis of the coded multicarrier system strongly relies on

prior work of Wachsmann published in 1999 [Wac99] and [WFH99]. In these publications

the design of multilevel codes has been addressed and a respective information theoretic

analysis has been performed. A central point and basis of this work is the description of

the cascade of bit mapping and radio channel by an equivalent representation comprising

several parallel binary input channels, the so-called bit levels. This concept constitutes

the backbone of the present work and has been detached from the initially intended

design of multilevel codes and from the analysis of BICM. In this thesis, the equivalent
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4 1. Introduction and Outline

channel model is extended to a scenario previously described, i.e., to (coded) multicarrier

transmission and various aspects are analyzed from this particular point of view. In order

to give a more detailed overview, and at the same time to introduce the structure of this

thesis, a chapter-wise description is given.

In Chapter 2 the underlying system model of (coded) multicarrier transmission is in-

troduced. As we want to focus on a bit-level-based analysis of this scheme, the

introduction and discussion of the aforementioned equivalent channel model with

parallel binary-input channels is extensively discussed. Each component of the sys-

tem is briefly addressed, a more detailed analysis follows in succeeding chapters.

In Chapter 3 the binary labeling rules used for the mapping of bit tuples on chan-

nel symbols are studied. In terms of BICM it is well-known in the literature, e.g.,

[CTB98], that the so-called parallel-decoding capacity (PDC) highly depends on the

employed mapping. Several mappings are analyzed wrt. their impact on the PDC.

The well-known labeling strategies Gray labeling [Gra53] and set-partitioning label-

ing [Ung82] are of particular interest and studied wrt. to their ability to maximize

the parallel-decoding capacity.

In Chapter 4 the idea of the level-based analysis is extended to the bit error ratio of

uncoded transmission. Based on level-dependent bit error ratios the bit error ratio

of a single carrier is studied. Again, we show how the employed binary labeling rule

affects the performance in this respect. An interesting relation of the level-dependent

bit error ratio to the bit-level capacity can be established.

Contrary to the preceding two chapters which are dedicated to a single carrier, Chap-
ter 5 looks at the entire multicarrier system; coding, however, is still neglected. The

goal is to optimize transmission over the carriers of a multicarrier frame by adapt-

ing rate and power distribution to the channel conditions. That is, the well-known

problem of rate and power loading is addressed from a bit-level perspective. Liter-

ature offers a variety of solutions to this issue, e.g., [HH, CCB95, FH96, Pia99], to

name just some of the most prominent representative, which are based on various

optimization criteria. Based on the equivalent channel model, we introduce new, ef-

ficient approaches exploiting level-related optimization criteria and compared them

to existing schemes.

The employed bit metric is briefly analyzed proceeding to an analysis of the entire BICM

multicarrier system in Chapter 6. Here, the particular situation induced by the

application of rather large signal constellation is taken into account and the impact

of simplified metric computations is analyzed.

Chapter 7 is dedicated to the design of the interleavers employed in the presumed sce-

nario. Interleaving plays a crucial role in the concept of BICM and has to ensure

statistical independence of succeeding bit in the decoding procedure as far as pos-

sible. Present design rules are mainly oriented towards the requirements of trans-

mission over fading channels. Although, the channel characteristics in our scenario
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are similar, the effects of large signal constellations are completely ignored by these

attempts. Based on the bit-level model and bit-level capacities we present new inter-

leaver designs taking these conditions into account and significantly outperforming

conventional approaches currently favored in literature.

Chapter 8 provides a summary and concludes this thesis.

The results presented in this work have in parts been published in the following publica-

tions: [FS05], [SF05], [SF07a], [SF07b], [SF08a], [SF08c], [SF08d], [SF08b], [SF09a], and

[SF09b].
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2. (Coded) Multicarrier Transmission

In this chapter, the system model and the basic concepts employed in the investigations

conducted in succeeding chapters are introduced. As mentioned in the introduction, we

in principal presume a coded (MIMO) multicarrier system in this work. For the sake of

clarity, we neglect the MIMO character and restrict our considerations to SISO systems.

This approach is justified as most of the problems addressed afterwards do not depend

on the MIMO character. Furthermore, assuming that appropriate MIMO precoding or

equalization techniques, e.g., spatial Tomlinson-Harashima precoding [WFVH04] respec-

tively spatial decision-feedback equalization [Fos96] are applied per carrier, the spatial

data streams are separated and multiuser interference is eliminated. The remaining sce-

nario complies either with a SISO multicarrier system where a single codeword spans over

the carriers or with several decoupled SISO multicarrier systems, each of which is indi-

vidually protected by error correction codes, cf. [SF05]. Thus, a reduction of the MIMO

multicarrier system to a simple SISO multicarrier system seems to be expedient and has

been assumed in this work. The subsequently introduced systems model hence represents

a simplified model also valid for the more complex MIMO scenario. If possible, the model

is further reduced to a simple AWGN channel representing a single carrier of the mul-

ticarrier system to provide the most concise description required for the problem under

investigation.

Below, we first introduce a generic, relatively coarse model to describe the entire system.

For the sake of clarity, it is completely modeled in the discrete time domain, any physical

‘real-world’ quantity is represented by a simple, dimension-less number. The individual

building blocks of the model and the respective parameters are defined in more detail

in subsequent sections. Thereby, we pursue a course equivalent to the general structure

of this work: beginning from the inside of the system model, the actual dispersive radio

channel, the description proceeds to outer blocks embracing the inner ones. A crucial point

for this work is an alternative representation of the cascade of bit mapping and discrete

channel model per carrier. This equivalent channel model, consisting of several parallel

binary-input channels, the so-called bit levels, is already known from the initial publication
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8 2. (Coded) Multicarrier Transmission

on multilevel codes by Imai [IH77b, IH77a] and was extensively studied by Wachsmann

in [WFH99, Wac99]. It has has also proven to be extremely helpful in the analysis of bit-

interleaved coded modulation [Zeh92, CTB98]. Later in this work, the equivalent channel

model is extended to the multicarrier scheme and entire characteristics of the latter are

studied based on the concept of bit levels.

2.1 Generic Model

We consider block-wise transmission over a dispersive single-input/single-output channel

using a multicarrier system with D
2

parallel carriers. For the description of the system, we

prefer a highly parallelized model. Any serial-parallel conversion can be dropped and we

circumvent the need for numerous different discrete time indices. In terms of multicarrier

transmission, the entire system model as sketched below and depicted in Fig. 2.1 is located

in frequency domain. The respective time domain is briefly addressed in Sec. 2.1.1.1 We

consider transmission in the equivalent complex baseband [Tre01], a carrier frequency is

thus not given. Later in this section, cf. Sec. 2.1.3, the complex-valued model is rearranged

into an alternative, real-valued multicarrier system with D carriers, where inphase and

quadrature component are regarded individually.

Sequences of blocks of Kbs binary source symbols qk ∈ F2, k = 1, . . . ,Kbs, originating from

a discrete memoryless i.i.d. source and comprised in a row vector q shall be communicated

to the receiver (F2 denotes the Galois field of size two, i.e., F2 = ({0, 1},⊕,⊗)). The blocks

to be transmitted are independently encoded into sequences ofNbs binary code symbols cυ,

combined into an Nbs-dimensional row vector c, using a k′/n′-rate encoder (ENC). Here,

k′/n′ denotes the irreducible fraction equal to Kbs/Nbs (k′/n′ = Kbs/Nbs). The blocks of

encoded bits are then passed through a bit interleaver Π which also converts the Nbs-ary

vector of encoded bits into a set ofRd-ary binary column vectors xd = [x
(1)
d , x

(2)
d , . . . , x

(Rd)
d ]T

with the carrier-dependent rate Rd. Obviously,
∑

dRd = Nbs must hold. These vectors or

in other words Rd-tuples xd are then mapped onto complex channel symbols ac
d, drawn

from the signal constellation Ac
d ⊆ C. The D

2
channel symbols ac

d are comprised in the

row vector ac = [ac
1, a

c
2, . . . , a

c
D/2]. After transmission over the channel, we obtain a

receive signal denoted yc
d in the d-th carrier (again a row vector yc contains all symbols).

Based on these complex receive values an Rd-tuple of real-valued pairs of bit metrics λd is

computed per carrier. The deinterleaver Π−1 reverses the interleaver operation performed

at the transmitter and combines the set of D
2

bit-metric vectors into an Nbs-dimensional

row vector λdi of deinterleaved pairs of bit metrics which is then provided to the decoder

(DEC). The latter finally determines an estimate q̂ on the input row vector of source

symbols q.

Although, the scheme is highly parallelized, it is reasonable to define some symbol-related

rates and times, respectively. The symbol rate of the source bits (aka. information bits)

is denoted 1/Tb, that of the encoded bits 1/Tc; the complex channel symbols ac
d are

1In contrast to most of literature, lower case letters represent frequency-domain quantities, whereas
time-domain sequences are denote by a breve. This notation is advantageous in the sequel, when the time
domain is completely dropped. Upper case letters are used to denote the respective random variables.
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Figure 2.1: Illustration of generic coded multicarrier system model in equivalent complex baseband.
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10 2. (Coded) Multicarrier Transmission

transmitted at a rate of 1/Ts, i.e., for the entire vector ac and in conclusion for also for q,

c, yc, and λdi the total time computes to T = D
2
Ts. The sets of Rd-tuples either containing

the interleaved and encoded bits or the bit metrics—both sets are not explicitly termed

here—also require the total time T . The individual symbol rates are related according to

T = D
2
Ts = NbsTc = KbsTb, i.e, Ts = 2Nbs

D
· Tc = 2Kbs

D
· Tb and Tc = Kbs

Nbs
· Tb.

The system model presented so far is rather coarse and lacks many details. Nevertheless,

it clearly illustrates the main concept underlying the following studies and pronounces

some of the degrees of freedom offered by the multicarrier system, e.g., rate adaptation is

covered by this model. Subsequently, the individual building blocks of the system model

are specified in more detail and further assumptions and requirements are introduced.

Note, this system model may be slightly modified later in this work. We aim at using the

most concise system description applicable to the specific issue.

2.1.1 Channel Model

The innermost blocks of the system model depicted in Fig. 2.1, laconically denoted as

‘channel’, comprise a whole variety of signal processing blocks either located in discrete-

time or continuous-time domain and surrounding the continuous-time dispersive radio

channel. Eventually, all these measures are simply expressed by a single complex co-

efficient hc
d per carrier. In order to provide at least an overview of what lies behind

these blocks, the idea of block-wise multicarrier transmission over dispersive channels is

briefly reviewed here. Thereby, we use a convenient vector-matrix notation to describe the

problem and closely follow the approach used in [Fis96] and [FH08]. Again, we restrict

our considerations to the discrete-time domain. The step to include the continuous-time

domain into the system model, i.e., the transition from the analog ‘real’ world to a digi-

tal representation can be found in nearly any textbook on communication systems, e.g.,

[Pro00, Hay00, Kam08, Hub08].

2.1.1.1 Block-Based Channel Description

We consider a system where blocks of D
2

complex time-domain symbols ă[d] shall be

communicated to the receiver over a dispersive channel represented by the finite length

impulse response h̆[κ] of degree p. Here, κ denotes the discrete time index and the

channel impulse response h̆[κ] comprises the entire processing chain of transmit pulse

shape filter, continuous-time radio channel given in the equivalent complex baseband,

receive matched filter and sampling at rate 1/Tsa. Note, the sampling rate 1/Tsa is not

identical to the symbol rate 1/Ts introduced above. In order to separate individual blocks

and to avoid interblock interference, the insertion of a sufficiently long guard interval

is advised (LGI ≥ p, LGI: length of guard interval). For multicarrier transmission the

application of a cyclic prefix (CP) has prevailed over the last years. The linear convolution

performed by the dispersive channel with channel impulse response h̆[κ] can then be, due

to the cyclic prefix, interpreted as a cyclic convolution. The data rate is slightly decrease as

for the transmission of D
2

information-bearing complex symbols actually D
2

+LGI symbols

have to be transmitted, wherefrom LGI are discarded at the receiver (this explains the
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2.1. Generic Model 11

difference between Ts and Tsa). Using vector-matrix notation (row vectors), the time-

domain channel output y̆ after the elimination of the guard interval reads

y̆ = ăH̆circ , (2.1)

where the (D
2
× D

2
) circulant [MS00, p. 410] channel matrix H̆circ expresses the cyclic

convolution and the row vector ă contains the time-domain channel symbols.2 The entries

of H̆circ are determined by the channel impulse response h̆[κ]

H̆circ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

h̆[0] h̆[1] · · · · · · · · · h̆[p] 0
. . . . . . . . .

. . . . . . . . .
. . . . . . h̆[p]

h̆[p]
. . .

. . .
...

...
. . . 0

. . .
. . .

...
...

. . .
. . .

. . .
...

...
. . .

. . . h̆[1]

h̆[1] · · · · · · · · · h̆[p] h̆[0]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.2)

It is now straightforward, cf. e.g., [MS00, p. 411], to show that any circulant matrix is

diagonalized by the discrete Fourier transform (DFT) (D
2
× D

2
)-matrix W given by

W =
[
e−

π
D

(d−1)(κ−1)
]

with d = 1, . . . ,
D

2
, κ = 1, . . . ,

D

2
, (2.3)

that is, we can write

Hc = diag(hc) = W HH̆circW . (2.4)

Here, the D
2
-dimensional vector hc contains the complex channel coefficients hc

d experi-

enced on the D
2

carriers. Understanding the time-domain channel input symbols ă[d] as the

results of an inverse DFT represented by W H and applying the DFT on the time-domain

receive signals comprised in y̆, the block-wise transmission over a dispersive channel using

a cyclic prefix reads

yc = y̆W = ăH̆circW , (2.5)

= acW HH̆circW , (2.6)

= acHc . (2.7)

Due to the diagonal structure of Hc, the d-th entry of the receive vector yc does only

depend on the respective d-th entry of the input signal ac; virtually D
2

decoupled channels

described by distinct coefficients hc
d are present. Finally including the unavoidable noise

into this model, the receive signal in the d-th carrier reads

yc
d = ac

dh
c
d + nc

d . (2.8)

2The channel symbols ă[d] originate from the initial data symbols ac
d by some kind of preprocessing

which has not been specified so far.
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12 2. (Coded) Multicarrier Transmission

Here, nc
d represents a complex sample of the additive white Gaussian noise (AWGN) with

variance σ2
Nc = N0/Ts where N0 denotes the one-sided noise power spectral density.3 For

the computation of a carrier dependent receiver side signal-to-noise ratio, we first have

to determine the variance of the channel symbols ac
d. The average energy per receive

symbol in the d-th carrier denoted by (Es)d is then given as (Es)d = σ2
Ac

d
|hc

d|2Ts. This

yields a carrier dependent SNR expressed by (Es)d/N0 = (σ2
Ac

d
|hc

d|2)/σ2
Nc . To describe

the entire multicarrier system, we further define the average energy of all channel symbol

Ēs = Ed{(Es)d} and arrive at the average signal-to-noise ratio Ēs/N0.

2.1.1.2 Receiver Processing and Real-Valued Channel Model

The complex-valued system model description given in (2.7) and (2.8) yields a system,

where the carriers’ signals are perfectly decoupled, but still suffer from individual phase

rotations introduced by the complex carrier coefficients hc
d. Assuming perfect channel

knowledge at the receiver side, which we do throughout this work, we can easily compen-

sate for this problem by applying a diagonal (D
2
× D

2
)-matrix Ψ = diag([ψ1, . . . , ψD/2])

with |ψd| = 1 and arg{ψd} = − arg{hc
d} to the vector of receive symbols. Including the

complex noise vector nc, the phase-compensated receive signal reads

yc = acHcΨ + ncΨ . (2.9)

For convenience again using nc for the rotated noise samples4 and introducing the diagonal

(D
2
× D

2
)-matrix HΨ for the product HcΨ, the receive signal reads

yc = acHΨ + nc . (2.10)

According to [Tel99, Win04], this still complex-valued system model description can be

equivalently expressed using the all real-valued formulation

[ Re{yc} Im{yc} ] = [ Re{ac} Im{ac} ]

[
Re{HΨ} −Im{HΨ}
Im{HΨ} Re{HΨ}

]
+ [ Re{nc} Im{nc} ] .

(2.11)

Replacing the cumbersome terms above with a more handy notation (the respective rela-

tions should be obvious), we finally obtain

y = aH + n . (2.12)

Here, H is, due to the phase compensation performed by Ψ, a diagonal (D×D)-matrix.

Thus, inphase and quadrature components of the receive signal are decoupled and we

arrive at a virtual real-valued multicarrier system with D carriers. The receive signal in

the respective d-th carrier reads

yd = hdad + nd . (2.13)

The average energy per channel symbol ad is given by (Es)d = σ2
Ad
|hd|2Ts; the noise

variance reads σ2
N = N0

2Ts
. Hence, the SNR is given by (Es)d/N0 = (σ2

Ad
|hd|2)/(2σ2

N). Of

3Assuming white noise in the time-domain, the frequency-domain noise is white as well.
4The statistical properties of the noise are not affected by phase rotations; nc

d ∼ CN (0, σ2
N c) is assumed.
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2.1. Generic Model 13

course, we can again define an average signal-to-noise ratio for an entire multicarrier frame

Ēs/N0 based on Ēs = Ed{(Es)d}.
In the following chapters, we exclusively refer to the channel description introduced in

(2.12) resp. (2.13). Some of the investigations performed later on rely on slightly modified

channel models. For example, in some chapters we focus on the situation present in a

single carrier assuming an AWGN channel, i.e., hd is set to one. In order to simplify the

numerical simulations conducted for the entire multicarrier system, the derivation of the

hd from the initial channel impulse response h̆[κ] is dropped and the channel coefficients

are modeled as i.i.d. zero mean, unit variance Gaussian distributed random variables, i.e.,

hd ∼ N (0, 1). Obviously, the channel ‘seen’ over the carriers complies with a Rayleigh

fading channel [BPS98]. For a theoretical substantiation of this simplification we refer to

[MW00]. Another channel model briefly employed in one of the subsequent parts is the

so-called modulo channel which emerges if spatial precoding is applied in MIMO scenarios.

For a thorough discussion of modulo channels we refer to [FTC00, Fis05].

2.1.2 Bit Mapping and Signal Constellations

The channel symbols ad transmitted over the individual parallel channels carry the initially

binary represented, encoded and interleaved information. Labeling rules employed for

the mapping of binary tuples on channel symbols are extensively studied in Chapter 3.

Nevertheless, we here introduce a general definition of the bit mapping and elaborate a

bit on the employed signal constellations.

Assume in the d-th carrier of the complex-valued system an Rd-tuple of binary symbols

xd ∈ F
Rd
2 is scheduled for transmission. Obviously, the employed signal constellation Ac

d

has to provide Md = 2Rd = |Ac
d| distinct elements to cover all potential binary Rd-tuples

and allow for a one-to-one mapping Md defined by

Md : xd ∈ F
Rd
2 �→ ac

d ∈ Ac
d . (2.14)

In other terms: Md defines a bijective mapping between two finite sets.

The image of this mapping is represented by the employed signal constellation Ac
d which is

a countable subset of the complex numbers C of cardinality Md. From literature a variety

of potential signal representations is known. In the context of this work, we restrict

our considerations to pulse-ampitude modulation (PAM), in particular to quadrature-

amplitude modulation (QAM) as our emphasis is on high data-rate transmission; phase-

shift keying (PSK) is not taken into account. We introduce an additional restriction and

limit the signal constellations to square QAM constellations, i.e., cross constellations like,

e.g., a 32-QAM are not considered.

Square QAM constellations can be interpreted as two amplitude-shift keying (ASK) con-

stellations independently employed per real dimension, e.g., a complex 16-QAM reduces

to independent 4-ASK constellations per inphase component and quadrature component,

respectively. Only then we can use the real-valued system model, cf., (2.12), which signif-

icantly simplifies the coming studies. This separation implies some further requirements
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14 2. (Coded) Multicarrier Transmission

wrt. the bit mapping Md employed on the initially complex symbols. For a thorough

discussion of this issue, we refer to Chapter 3. The mapping of tuples of binary symbols

on real-valued Md-ASK symbols simply reads5

Md : xd ∈ F
Rd
2 �→ ad ∈ Ad , (2.15)

where compare to the expression above just the superscript denoting complex quantities

has been dropped. The Md-ASK signal constellation Ad is defined as

Ad = {±1,±3, . . . ,±(Md − 1)} . (2.16)

Note, the signal constellations used in the following in principal comply with this defini-

tion. However, in some cases slightly modified constellations may better support a clear

description of the analysis; in particular a scaling of the elements of Ad to unit variance

σ2
Ad

= 1 may be rewarding.

2.1.3 Bit Metric Computation

At the receiver, the initially transmitted information shall be retrieved from the incoming

symbols yd as given in (2.13). In principal, we can pursue two strategies: either a decision

device is used and the received noisy signals are associated to an element of Ad which

immediately yields a tuple of binary symbols x̂d or some kind of bit metric Λd is computed

from yd. Both results can finally be employed in the decoder to derive an estimate q̂ on

the data sequence q. In the context of this work, we prefer the decoder to work on bit

metrics Λd. A decision device is assumed for uncoded transmission only, i.e., when no

outer channel code is applied, cf. Chapter 4.

Formally, these two approaches are expressed as follows. Let us first assume the appli-

cation of a decision device and a demapper. Then the estimate x̂d on the binary input

tuple xd is obtained by

x̂d = M−1
d

(
argmin

a∈Ad

{∣∣∣∣ yd

hd

− a

∣∣∣∣
})

, (2.17)

where the inner part with the argmin-operator yields an estimate âd on the channel symbol

ad. Albeit directly exploiting the bijective character of Md, this method obviously is lossy;

the receive value yd cannot be concluded from x̂d.

The bit-metric computation in contrast can be chosen such that it realizes a lossless

procedure. Skipping for the moment most of the details and referring to Chapter 6 for

a thorough treatment of the bit-metric computation, we here just briefly state, that for

Md-ASK signal constellations we can define a bijective mapping Ld between the receive

value yd and a real-valued (2 ×Rd)-matrix of bit metrics Λd

Ld : yd ∈ R �→ Λd ∈ R
2×Rd . (2.18)

5Note, Rd and thus the dimension of xd depend on the cardinality of the employed signal constellation.
We here do not explicitly distinguish whether Rd resp. xd relate to complex or real-valued quantities.
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2.1. Generic Model 15

The matrices representing the output of Ld comprise the bit metrics relevant for the Rd

bits transmitted by the channel symbol ad. Each column of Λd, a pair of real values

combined in the column vector λ
(μ)
d , characterizes the relation to the two specific values

of the binary input symbol x
(μ)
d .

2.1.4 Bit Interleaver

The D bit-metric matrices Λd obtained from the metric computation are then passed on

to the bit deinterleaver and eventually used for the decoding. In this section we try to shed

some light onto the role of the bit interleaver in the investigated transmission scheme which

is even termed wrt. to this building block (bit-interleaved coded modulation). Interleaver

design is discussed in depth and detail in Chapter 7; here, we just briefly outline the main

principles of bit interleavers.

To motivate the application of bit interleavers we assume—thereby anticipating Sec-

tion 2.1.5—a scenario with convolutional codes which are decoded at the receiver by

means of a simple Viterbi algorithm [For73]. It is now well-known from literature on

BICM, e.g., [CTB98], that statistical independence of the bit metrics is highly desired for

both, theoretical analysis and practical implementation. The main reason for statistical

dependencies present in real (wireless) communication systems is the underlying fading

process or in multicarrier systems the dependencies of coefficients of neighboring carriers.

Usually, adjacent symbols suffer from similar attenuations and thus a ‘deep fade’ results

in several succeeding receive values with (very) low SNRs. These values might results

in an aggregation of unreliable bit metrics in the decoder which could cause a decoding

failure or at least error. Even if we presume, like in the remainder of this work, that the

fading resp. the channel coefficients are i.i.d., the bit metrics originating from the same

receive symbol yd are statistically not independent as they always experience the same

fading and even noise sample. In order to prevent clusters of unreliable bit metrics within

the (2 × Nbs)-matrix of bit metrics Λdi fed into the decoder, the bits at the transmitter

and in consequence the bit metrics at the receiver are permuted. Formally, the encoded

bit sequence c at the transmitter is one-to-one mapped onto another binary sequence by

the mapping Π

Π : c ∈ F
Nbs
2 �→ cIL ∈ F

Nbs
2 . (2.19)

Note, the Nbs-dimensional binary row vector cIL is not depicted in Fig. 2.1 and is not of

further use here, as (2.19) describes only the first step we assume to be performed in the

respective building block. Nevertheless, (2.19) entirely represents the actual interleaving

operation reduced to its core. In the context of this work, we integrate a further small

procedure into the interleaving which is the partitioning of cIL into a set of binary column

vectors xd. The latter are then individually mapped onto the channel symbols per carrier

as described in Section 2.1.2 (note, the same notation as in (2.19) is used)

Π : c ∈ F
Nbs
2 �→ {xd} , with d = 1, . . . , D . (2.20)

The respective inverse operations to the ones defined in (2.19) and (2.20) are straightfor-

ward. The deinterleaver collects the D-ary set of carrier-dependent bit-metric matrices
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16 2. (Coded) Multicarrier Transmission

Λd and combines them into Λdi

Π−1 : {Λd} �→ Λdi ∈ R
2×Nbs . (2.21)

2.1.5 Encoder and Decoder

After the introduction and a short discussion of the inner parts of the transmission scheme

depicted in Fig. 2.1 only the two blocks, encoder (ENC) and decoder (DEC) remain open

for an explanation. In accordance to the aforementioned blocks, these two devices can

also be formally described by mappings. Let us first turn our attention to the transmitter

and explain the employed encoder and codes a bit. BICM has initially been introduced

using convolutional codes, cf. [Zeh92], and we keep this original setting in our work. The

main justification for this choice, low latency and complexity, has already been addressed

in Chapter 1, so that we skip this point and immediately proceed to a short description

of the channel code to be employed in the following.

We use a rate-k′/n′ convolutional, non-recursive, non-systematic encoder and restrict the

codewords to the size of a multicarrier frame, i.e., to D channel symbols. Formally, the

encoding reads

ENC : q ∈ F
Kbs
2 �→ c ∈ C ⊆ F

Nbs
2 . (2.22)

Here, C denotes the code, the set of all valid codewords which represents aKbs-dimensional

subspace of F
Nbs
2 . In order to ensure terminated trellises (terminated convolutional code),

the source sequences are zero-padded; the last few bits are set to zero resulting in a slightly

decreased data rate. In comparison to the length of q, this is negligible. For the derivation

of the numerical results presented later in this work, we used the best known (wrt. free

distance) convolutional codes tabulated in many textbooks on error correcting codes, e.g.,

[Wic95, JZ99, Hub92, Bos98]. As code design is not in the focus of our work, we refer to

literature (see above) for a detailed discussion of and introduction to convolutional codes.

At the receiver a simple Viterbi decoder [For73] is employed to decode the incoming

sequence of bit metrics and to obtain an estimate q̂ on the initially transmitted data

sequence q. Mathematically, the sequence of bit metrics contained in Λdi is mapped onto

an estimate on q

DEC : Λdi ∈ R
2×Nbs �→ q̂ ∈ F

Kbs
2 . (2.23)

Obviously, the mapping DEC is not bijective since the pre-image is an infinite non-

countable set, whereas the image is in contrast finite and countable.

Again, this choice complies with the original version of BICM which has led, most

probably due to the upcoming popularity of ‘turbo codes’ [BGT93], a bit of a shad-

owy existence. The heavily promoted pros of iterative decoding, clearly have shifted

the focus of succeeding works on BICM to respective variants, so-called BICM-ID, e.g.,

[LR97, CR01, LCR02, TN06a], in recent years. The cons of iterative decoding and the

pros of non-iteratively decoded BICM have almost been ignored over the excitement gen-

erated by BICM-ID. In particular the situation of BICM in highly bandwidth-efficient
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2.2. Equivalent Channel Model 17

transmission, i.e., the application of rather large signal constellations has not been stud-

ied at all. For the sake of brevity, we here skip an introduction to the Viterbi decoder.

Apart from a short discussion of some issues concerning the Viterbi algorithm and neces-

sary for the understanding of the interleaving in Chapter 7, we refer to basic literature on

digital communication systems for this topic, e.g., [Pro00, Hay00, Hub92, Fis02, Hub08].

2.2 Equivalent Channel Model

The preceding presentation of the channel model follows the natural way of describing

‘physically’ defined devices, i.e., building blocks either present in nature and just to be ac-

cepted or blocks realized in practical implementations. All these individual parts are then

assembled and together constitute the entire transmission system. In [Wac99, WFH99]

Wachsmann elaborated on a slightly different approach to model the inner part of the sys-

tem and combined the channel comprising the channel coefficient and the additive noise

with the bit mapping M into an entity forming a new building block denoted as equivalent

channel model. Applying some basic ideas from information theory, namely the chain rule

[CT91], this model, first employed in 1977 by Imai in his initial work on multilevel codes

[IH77b, IH77a], unveils an entirely new perspective on the transmission scheme.

We abandon the perception of the transmission system as a series of discrete ‘real’ blocks,

but proceed to a fictitious model neglecting channel symbols, the channel coefficients, and

the additive noise and assume several parallel binary-input channels sharing a common

scalar output instead. The model turned out to be very convenient and rewarding in

the analysis of coded modulation and multilevel codes [WFH99]. Here, in this work, it

provides a solid foundation for our study of (coded) multicarrier transmission. Below, an

information-theoretical motivation for the equivalent channel model is given, succeeded

by the characterization of its components and a brief discussion of first insights provided

by this introductory section. For the next few subsections, the system model is reduced

to a single carrier; the respective index is therefore dropped. An extension to the entire

multicarrier system model is immediate. For convenience, the channel coefficient h is set

to one. A generalization of the model and the results to arbitrary h is straightforward.

2.2.1 Motivation

We consider the processing chain of bit mapping M and channel present in an arbitrary

carrier. The mutual information between the channel input symbol a and the receive

signal y is given by

I(A;Y ) = h(Y ) − h(Y |A) , (2.24)

where h(Y ) denotes the differential entropy [CT91, HF08] of the random variable Y and

h(Y |A) is the differential entropy of Y given A. The set A of channel input symbols a

constitutes the image of the bijective mapping M and thus, using the respective element

of the pre-image F
R
2 , a binary R-dimensional vector x, the mutual information is not

changed

I(A;Y ) = I(X(1)X(2) . . . X(R);Y ) . (2.25)
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18 2. (Coded) Multicarrier Transmission
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Figure 2.2: Illustration of equivalent channel model combining bit mapping M and channel.

Note, the entries of x are simply regarded as independent random variables; vector nota-

tion is therefore dropped within the argument of the mutual information. The equality

stated in (2.25) allows for a first, alternative, information-theoretically lossless represen-

tation of the chain of bit mapping and channel. As depicted in Fig. 2.2, the two blocks

can be merged into a single one having R parallel binary inputs (comprised in x) and a

single scalar output y.

Exploiting the chain rule of information theory [CT91], the binary inputs x(μ), μ =

1, . . . , R, can be studied individually. That is, we derive an individual mutual information

between the μ-th binary input x(μ) and the scalar output y

I(X(μ);Y ) = I(X(1)X(2) . . . X(R);Y ) − I(X(1) . . . X(μ−1)X(μ+1) . . . X(R);Y |X(μ)) . (2.26)

We assign the mutual information I(X(μ);Y ) to a fictitious channel with the binary input

x(μ) and the scalar output y. Consequently, the equivalent channel model can be inter-

preted as the combination of R parallel binary-input channels, the so-called bit levels,

characterized by their respective mutual informations I(X(μ);Y ), cf. Fig. 2.2. Note, all

R bit levels share the same scalar output value y, which is of course determined by the

entirety of the bit-level inputs.

2.2.2 Bit-Level Capacity

The individual bit levels used to describe the combination of bit mapping M and channel

are characterized by their mutual informations. In order to quantify the maximum data

rate supported by a single bit level its capacity, subsequently denoted bit-level capacity
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2.3. Capacity of Multicarrier Transmission 19

(BLC), is of particular interest. We define the capacity of the μ-th bit level as the

maximum mutual information between the receive signal y and the binary input signal

x(μ). The maximization is performed wrt. the probability density function (PDF) fX(μ)(x)

of the input signal

Cbl (μ) = max
f

X(μ) (x)
I(X(μ);Y ) . (2.27)

It is well-known that for binary-input symmetric channels the mutual information is max-

imized by equally distributed input signals [CT91, HF08]. Note, the channel output

symbols y depend on the additive noise as well as on the input signals and thus, the

bit-level capacity Cbl (μ) is a function in Es/N0. For the sake of brevity this is not reflected

in the employed notation, but should be kept in mind throughout this work and holds for

any other capacity measure as well.

Regarding the definition of I(X(μ);Y ) given in (2.26) reveals a dependency of the capacity

of the μ-th bit level on the inputs of the R − 1 other bit levels. The interaction between

the R bit levels is heavily influenced by the employed bit mapping M and thus, it seems

reasonable to assume a dependency of Cbl (μ) on M. This dependency is also not explicitly

indicated by notation, yet it plays a crucial role in the determination of the bit-level

capacities. Chapter 3 is entirely dedicated to this issue and some related problems.

2.2.3 Extended Equivalent Channel Model

The equivalent channel model introduced so far covers bit mapping M and the actual

channel block. At first sight an extension to the bit metric computation L seems nat-

ural and straightforward, but the idea hides some difficulties. Assuming a one-to-one,

information-theoretically lossless mapping L of the receive value y on the matrix of bit

metrics Λ, the model can be directly extended to this block as depicted in Fig. 2.3. The

immediate translation of the bit-level concept to this extended equivalent model and cre-

ating a model with R decoupled binary-input channels, extended bit levels, where the bit

metrics λ(μ) are the respective outputs might entail an information loss even if L is one-

to-one. To prevent such a loss, the joint output of the R extended bit levels has to be

taken into account. For a more detailed discussion of this problem, we refer to Chapter 6.

2.3 Capacity of Multicarrier Transmission

We conclude this chapter with the definition of some capacity measures describing the

multicarrier system and used in the remainder of this work. Three principal quantities

have to be distinguished which either vary in the input signal distributions or the decoding

approach applied at the receiver or both. The so-called parallel-decoding capacity (PDC) is

introduced as a measure directly related to the equivalent channel model and the bit-level

capacities. A detailed discussion and optimization of the first is given plenty of space

in Chapters 3 and 5. Note, the defined quantities have to be understood as functions

either in Es/N0 or in the average signal-to-noise ratio Ēs/N0 which is again not explicitly

indicated for the sake of clear notation.
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Figure 2.3: Illustration of equivalent channel model combining bit mapping M, channel, and metric com-
putation L.

2.3.1 Shannon Capacity

Using Shannon’s famous formula from 1948 [Sha48] for the computation of a carrier’s

capacity C d, we obtain the ultimate upper bound for a potentially error-free data trans-

mission. For the d-th carrier the capacity for a single quadrature component computes to

C d =
1

2
log2

(
1 +

|hd|2σ2
Ad

σ2
N

)
, (2.28)

carrying the unit bits per channel use. For an entire multicarrier frame comprising D

carriers, the average of the individual carriers results

C = Ed {C d} , (2.29)

=
1

2D

D∑
d=1

log2

(
1 +

|hd|2σ2
Ad

σ2
N

)
. (2.30)

Note, for C the channel input signal has to Gaussian distributed, i.e., Ad ∼ N (0, σ2
Ad

). The

above expression for C covers both scenarios, with and without channel state information

(CSI) available at the transmitter. In the first case, the power allocation (reflected in

the carrier-dependency of σ2
Ad

) to the individual carriers can be adapted according to the

water-filling principle [Sha48] and C is increased.

2.3.2 Coded-Modulation Capacity

In the scenario of interest we cannot use the assumption of Gaussian distributed input

signals, but have to resort to finite ASK signal constellations. Hence, the Shannon capacity
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2.3. Capacity of Multicarrier Transmission 21

serves just as a more or less loose upper bound, for the actually supported data rates a

tighter bound is required. Looking back to (2.24), where the mutual information between

the input signal and the output value of single carrier has been defined, we can derive

the so-called coded-modulation capacity Ccm
d [Ung82] per carrier as the maximum of the

mutual information taking the finite input constellation Ad into account

Ccm
d = max

fAd
(a)
I(Ad;Yd) . (2.31)

Usually, a uniform distribution of the channel input symbols is assumed. Clearly, Ccm
d

can, due to the bijectivity of Md, be equivalently written as

Ccm
d = max

fXd
(x)
I(X

(1)
d X

(2)
d . . . X

(Rd)
d ;Yd) . (2.32)

An alternative denomination for the coded-modulation capacity is serial-decoding capacity,

emphasizing the decoding approach applied for example for multilevel codes [WFH99].

The motivation is simply presented by rewriting (2.26) into

I(X
(1)
d X

(2)
d . . . X

(Rd)
d ;Yd) = I(X

(μ)
d ;Yd) + I(X

(1)
d . . . X

(μ−1)
d X

(μ+1)
d . . . X

(Rd)
d ;Yd|X(μ)

d ) .

(2.33)

Based thereupon, we can immediately formulate a capacity-achieving serial decoding pro-

cedure: decode the information transmitted over the μ-th bit level by regarding the receive

signal yd and take the results of bit levels decoded prior to the μ-th one into account. Re-

peat this procedure until all Rd bit levels have been decoded.

For the D carriers of the multicarrier we again obtain the average of the individual Ccm
d

Ccm = Ed { Ccm
d} , (2.34)

=
1

D

D∑
d=1

Ccm
d . (2.35)

From (2.24) we see that differential entropies have to be computed for the derivation of

the coded-modulation capacities. Depending on the underlying channel and noise model

analytical solution may not be found for these expressions and numerical methods have

to be used. Similar to the Shannon capacity, the coded-modulation capacity of an entire

multicarrier frame can be increased if CSI is available at the transmitter. In contrast to

the Shannon capacity here not only the power allocation can be adapted to the channel

conditions, but also the rate allocation over the carriers can be optimized. This issue,

so-called rate and power loading is discussed in detail in Chapter 5.

2.3.3 Parallel-Decoding Capacity

The coded-modulation capacity defined above requires serial decoding at the receiver

where the output metrics of all bit levels are considered jointly. The decoding of bit-

interleaved coded modulation realizes a different approach called parallel decoding in the

following, cf. [Sch97, WFH99]. Contrary to joint/serial decoding of the outputs of the
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22 2. (Coded) Multicarrier Transmission

Rd subchannels related to yd, any knowledge originating from other bit levels is dis-

carded. As a result the parallel-decoding capacity6 (PDC) is (slightly) inferior to the

coded-modulation capacity. Discarding the knowledge of other bit levels is in (2.33) ex-

pressed by dropping the conditions, i.e., we just have the sum

Cpd
d = I(X

(μ)
d ;Yd) + I(X

(1)
d . . . X

(μ−1)
d X

(μ+1)
d . . . X

(Rd)
d ;Yd) . (2.36)

Note, the expression in (2.36) does not equal I(X
(1)
d X

(2)
d . . . X

(Rd)
d ;Yd) = I(Ad;Yd), since

dropping the condition on X
(μ)
d leads to an information loss. Repeated application of the

chain rule to the remaining terms relying on more than a single bit level and maximizing

over the input PDFs yields the parallel-decoding capacity of a carrier. Obviously, the

PDC is determined by the sum over the Rd bit-level capacities

Cpd
d =

Rd∑
μ=1

Cbl (μ)
d . (2.37)

For a multicarrier frame with D carriers we eventually obtain

Cpd =
1

D

D∑
d=1

Rd∑
μ=1

Cbl (μ)
d . (2.38)

Note, as the individual bit-level capacities depend on the employed binary labeling rules

Md, the parallel-decoding capacity is of course dependent on the Md, too. The Md do

in particular affect the loss of Cpd compared to Ccm . This issue is discussed in detail

in Chapter 3. Again, rate and power loading can be employed to increase the parallel-

decoding capacity, cf. Chapter 5.

The three capacity measure introduced so far, clearly exhibit a distinct ordering

Cpd ≤ Ccm ≤ C . (2.39)

6Although, the term BICM capacity is frequently used in literature, e.g., [CTB98], for the parallel-
decoding capacity, we do not use this notation here. For the reasons see Chapter 6.2.
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3. Binary Labeling Rules

In nearly all digital communication systems the data stream, usually a stream of binary

symbols, is mapped onto a stream of channel symbols. Using a symbol-by-symbol mapping

each channel symbol—represented by a point in the signal space—is assigned a unique

binary label. At the receiver either an inverse mapping or a metric generation is used

to recover the initial data symbols. The impact of the labeling rule on the performance

of uncoded transmission has been well-documented in literature; usually so-called Gray

labeling is recommended in most textbooks, e.g., [Pro00, Hay00, Kam08], without further

specifying the labeling rule. Agrell et al. in 2004 elaborated in more detail on advantageous

labeling rules for uncoded transmission [ALSO04b]. In the context of coded transmission,

in particular for trellis coded modulation (TCM) and bit-interleaved coded modulation,

it is also well-known that the performance significantly depends on the employed bit

mapping. For TCM this led to the introduction of the set-partitioning principle for the

construction of binary labels by Ungerböck in 1982 [Ung82]. The efforts spent on the

analysis of BICM using different binary labeling rules can in contrast be summarized very

briefly: ‘[. . . ] actually, we conjecture that Gray labeling maximizes the BICM capacity

[. . . ]’ (from [CTB98]).1 This quote has represented a de-facto theorem for almost ten

years now without inducing any deeper analysis of the question.

In this chapter, we study the impact of the binary labeling rule on the parallel-decoding

capacity (2.37). Our objective is to maximize the PDC, i.e., either to verify or to disprove

the quote given above and to find good alternative labeling rules. The focus of our analysis

is on binary labeling rules for M -ASK and the respective M2-QAM signal constellations

applied in moderate to high signal-to-noise ratios—probably the most relevant settings

for (very) high spectral efficiency. We identify structures in the labelings determining the

capacity of a single bit level and present precise definitions for several special mappings

including those usually termed as Gray labelings. In addition, we also have a look at the

1This statement refers to generic BICM. The notable amount of work spent on the analysis of mappings
for iteratively decoded BICM, e.g., [SGHB03, Sch07b, CRW08, TN07, TN06a, TN06b, TNLN07, HR05],
is recognized by the author, yet these results do not apply in general, but are tailored to iterative methods.
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opposite end of the SNR range, i.e., we analyze mappings in the (very) low SNR regime

as it is present in ultra-wideband (UWB) scenarios. Throughout this chapter, an AWGN

channel is assumed; an extension to Rayleigh fading channels is straightforward. The

effects of modulo channels occurring in precoding schemes are briefly discussed as well.

In terms of multicarrier transmission, we focus on a single carrier, thus the index d is

dropped for convenience. The presented results have in parts been published in [SF07a],

[SF08c], and [SF09a].

3.1 General Definitions

Let us first generally define the binary labeling rule. We assume R-tuples of binary source

symbols x = [x1x2 . . . xR]T ∈ F
R
2 to be mapped onto channel symbols a ∈ A, i.e., each

channel symbol is assigned a unique binary label by the one-to-one labeling rule

M : x ∈ F
R
2 �→ a ∈ A . (3.1)

Let us further, for the case of uncoded transmission, define the inverse operation performed

at the receiver

M−1 : a ∈ A �→ x ∈ F
R
2 , (3.2)

which is again one-to-one. Thus, we have a bijective mapping between the two sets FR
2

and A. Note, although both, M and A depend on M , this is not explicitly indicated. For

the sake of clarity bare symbols are used; M and R = log2(M) have to be inferred from

the context.

The number of bijective mappings between the set of binary labels FR
2 and the set of signal

points A can easily be computed using basic combinatorics

|B| = M ! . (3.3)

Here, B denotes the set of bijective mappings M.

3.1.1 Labeling Rules for M -ASK Constellations

In order to precisely specify a labeling rule for an M -ASK signal constellation represented

by the set of integers A = {±1,±3, . . . ,±(M − 1)}, we introduce an alternative, more

detailed description which turns out to be helpful in the sequel.

Let X denote an (R×M)-matrix containing all M binary R-tuples x as columns. Then

the mapping M can be expressed as

M : x �→ a = 2 · ColNr
X

{x} −M − 1 , (3.4)

where the operator ColNrX{x} returns the column indices2 ν (ν = 1, 2, . . . ,M) of the

columns of X equaling x, i.e.,

ColNr
X

{x} = ν iff X(:, ν) = x . (3.5)

2We employ MatLab notation to denote rows, columns, and single entries of matrices; numbering
starts from 1.
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Since we consider only bijective mappings, all columns have to be different and a sin-

gle index is returned. The respective inverse mapping for M -ASK can then be simply

expressed as

M−1 : a �→ x = X

(
:,
a+M + 1

2

)
. (3.6)

Example 3.1: Natural Mapping for 8-ASK

The matrix X for an 8-ASK using a natural mapping, i.e., simply labeling the signal points
starting from left with the respective binary tuples, reads

X =

⎡
⎣ 0 0 0 0 1 1 1 1

0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1

⎤
⎦ , (3.7)

and for an exemplary input triple x = [ 0 1 0 ]T we obtain

M
(
[ 0 1 0 ]T

)
= 2 · 3 − 8 − 1 = −3 . (3.8)

The inverse operation performed on a = −3 yields

M−1(−3) = X

(
:,
−3 + 8 + 1

2

)
= X (:, 3) = [ 0 1 0 ]T . (3.9)

The following plot illustrates the natural mapping for 8-ASK:

−7

[ 0 0 0 ]T [ 0 0 1 ]T [ 0 1 0 ]T [ 0 1 1 ]T [ 1 0 0 ]T [ 1 0 1 ]T [ 1 1 0 ]T [ 1 1 1 ]T
−5 −3 −1 1 3 5 7

3.1.1.1 Level-Based Decomposition of Mappings

For the analysis of the impact of mappings on the parallel-decoding capacity, we have to

include the idea of decomposing the channel into a set of parallel subchannels, the bit

levels, into the description of the mapping. From the previous chapter we know that the

PDC is the sum over the R bit-level capacities and the latter are independent. Hence,

the effects of varied binary labeling rules can be studied on the basis of bit levels.

Consider a matrix X defining a bit mapping and comprising all M possible binary R-

tuples as columns. Using the equivalent channel model the μ-th entry of each bit label

is transmitted over the μ-th bit level. Thus, the input of the μ-th bit level is determined

by the μ-th row χ(μ) of X. In order to understand how a row of X influences the

characteristics of transmission over this subchannel we use the following reduced model:

based on a binary input symbol x(μ) = b, b ∈ {0, 1}, a channel symbol a is selected

randomly from a distinct subset A(μ)
b of A, transmitted over the noisy channel, and a

symbol y ∈ R is received. A is partitioned into the two disjoint M/2-ary subsets A(μ)
b ,

i.e., |A(μ)
b | = |A(μ)

b̄
| = M/2, A(μ)

b ∩ A(μ)

b̄
= ∅ and A(μ)

b ∪ A(μ)

b̄
= A holds (b̄ complements
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b). A(μ)
b comprises all channel symbols a ∈ A where the μ-th bit x(μ) of a’s binary label

x is equal to b

A(μ)
b =

{
a | a ∈ A ∧ a↔ x = [x(1)x(2) . . . x(m)]T ∧ x(μ) = b

}
. (3.10)

Clearly, the partitioning of A is determined by the μ-th row of X.

The channel symbol a is not uniquely determined by the binary input symbol x(μ), but

only the subset A(μ)
b of A wherefrom the symbol is drawn is specified. We can now define

a mapping M(μ) of x(μ) onto one of the two disjoint subsets

M(μ) : x(μ) = b ∈ {0, 1} �→ A(μ)
b ⊂ A . (3.11)

We assume a uniform probability distribution for the M/2 elements of A(μ)
b to be selected

as particular channel symbols. For equally probable binary input symbols Pr{x(μ) = b} =

Pr{x(μ) = b̄} = 1
2
, each of the M symbols of A appears with probability 1/M .

Now using the mappings of single label bits onto subsets of A, the overall mapping M of

binary R-tuples on channel symbols can be formulated as

M(x) =

R⋂
μ=1

M(μ)(x(μ)) . (3.12)

In other words: M can be decomposed in R level-dependent submappings M(μ) that are

clearly defined by the respective row of X.

Obviously, the rows of X, binary M -tuples, constitute a crucial entity in the analysis

of mappings and the characteristics of bit levels. Basically, our intended study of the

parallel-decoding capacity can be first limited to single bit levels and then valid mappings

can be constructed from promising row candidates. For this reason it is surely helpful to

determine the number of different tuples to be considered in an exhaustive investigation.

Exploiting the bijectivity of M, we can directly conclude that we have to focus on the set

X of all binary M -tuples containing M/2 zeros and M/2 ones. The cardinality of this set

computes to

|X | =

(
M

M/2

)
. (3.13)

As the complementation of the entries of an M -tuple does not affect the properties of the

related bit level—the assignment of one and zero is random—the set X can be, w.l.o.g.,

further reduced to the set X0 of binary M -tuples with a starting zero. Its cardinality is

given by

Lχ = |X0| =
1

2
·
(

M

M/2

)
. (3.14)

3.1.1.2 Classification of Mappings

Exploiting the irrelevance of complementation for a reduction of the set of rows to be

analyzed is one of the so-called trivial operations, cf. [ALSO04b], that can be applied
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for transforming mappings into each other. Other trivial operations applicable to map-

pings are interchanging rows in X and reflection wrt. to the symmetry axes of the signal

constellation. Neither bit error ratio nor parallel decoding capacity are affected by trivial

operations.3 Consequently, the set of bijective mappings B can be partitioned into disjoint

subsets WX�
of equally performing M’s specified by X�

B =
⋃
�

WX�
, (3.15)

with WX�
∩ WXκ = ∅. The range of the index � = 1, . . . , LX limited by the number of

subset leaders X� can be determined by computing a lower bound of the cardinality of a

subset WX�

|WX�
| ≥ 2RR! . (3.16)

The contributions to this quantity are the complementation of a row (2R) and interchang-

ing of rows (R!). Reflections are not taken into account as they may interact with the

complementation and such elude a straightforward analysis.

Consequently, the number LX of subsets WX�
is upper bounded by

LX ≤ M !

2RR!
=

(2R − 1)!

R!
. (3.17)

Yet still depending on factorials, the number of mappings to be analyzed can be signifi-

cantly reduced by limiting the efforts to a single representative per subset.

Example 3.2: Classes of Mappings for 4-ASK

For a 4-ASK we have |B| = M ! = 4! = 24 different bijective mappings M. It can be
easily verified that reflections do not affect the result in this case; they coincide with bit
complementation or do not change anything at all. Accordingly, equality holds in (3.16) and
(3.17) leading to

LX =
(22 − 1)!

2!
= 3 , (3.18)

i.e., we have LX = 3 subsets WX�
each with cardinality |WX�

| = 8.

The three subset representatives can be constructed on the row-based principle. Each row
of an X contains two ones and zeros, respectively. Following (3.14) the number of possible
candidates is

Lχ =
1
2
·
(

4
2

)
= 3 . (3.19)

The rows themselves can be identified as

χ1 = [ 0 0 1 1 ] , (3.20)
χ2 = [ 0 1 1 0 ] , (3.21)
χ3 = [ 0 1 0 1 ] . (3.22)

All other rows can be generated by simple bit complementation.
3Depending on the analyzed performance parameter, e.g., BER or PDC, there may be further trivial

operations. However, these cannot be applied in a generic analysis.
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Accordingly, we can directly write down the three subset representatives by combining two
of the three candidates at a time

X1 =
[

0 0 1 1
0 1 1 0

]
, (3.23)

X2 =
[

0 0 1 1
0 1 0 1

]
, (3.24)

X3 =
[

0 1 1 0
0 1 0 1

]
, (3.25)

and arrive at the three classes of mappings WX1 , WX2 , and WX3 .

3.1.2 Labeling Rules for Square QAM Constellations

Preceding considerations on labeling rules for one-dimensional ASK signal constellations

can be easily transferred to two-dimensional QAM signal constellations. The set of signal

points of a square M2-QAM is computed as the Cartesian product of two M -ASK con-

stellations, or sticking to the commonly applied notation using complex numbers it reads

AQAM = AASK × j·AASK , (3.26)

where j denotes the imaginary unit (j2 = −1) and AQAM ∈ C. Generally, we can, in

analogy to M -ASK, define a bijective labeling rule for M2-QAM

M : x ∈ F
2R
2 �→ ac ∈ AQAM . (3.27)

Note, here the number of bits per symbol is given by 2R = log2(|AQAM|) = 2 log2(|AASK|).
In the context of this work and in order to allow for an analysis based on one-dimensional

signal constellation, we focus on a subset of mappings for M2-QAM, so-called separable

binary labeling rules BS, defined as follows

M : x = [xT
I ,x

T
Q]T ∈ F

2R
2 �→ ac = MI(xI) + j·MQ(xQ) ∈ AQAM . (3.28)

In other words, a binary label is split into two halves xI ∈ F
R
2 and xQ ∈ F

R
2 which are then

mapped onto inphase component aI = MI(xI) and quadrature component aQ = MQ(xQ)

of the complex channel symbol ac = aI + jaQ independently. MI and MQ denote the

respective per-component labeling rules and can be directly identified asM -ASK mappings

(usually, but not necessarily, MI = MQ holds).

Example 3.3: Separable and Non-Separable Mappings for 4-QAM

A separable mapping for 4-QAM can be constructed by using independent 2-ASK labelings
per dimension as depicted below. The binary labels are then simply obtained by stacking
the binary labels of the combined points.

[1
]

[0
]

[ 1 ][ 0 ]

[ 1 1 ]T[ 0 1 ]T

[ 0 0 ]T [ 1 0 ]T
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The two binary labeling rules for 4-QAM depicted below cannot be separated into indepen-
dent mappings per component. Each of them has a single label bit that changes for all two
components (x2 for the mapping on the left, x1 for the right one).

[ 1 1 ]T

[ 0 0 ]T [ 0 1 ]T

[ 1 0 ]T [ 1 1 ]T

[ 0 0 ]T [ 1 0 ]T

[ 0 1 ]T

The number of separable mappings |BS| = (M !)2 is obviously less than the total number

of (bijective) mappings |B| = (M2)! for M2-QAM. Later, we will see that this limitation

to separable labeling rules is not relevant for the analysis, but significantly facilitates our

studies. The concepts introduced for M -ASK can be directly transferred to separable

M2-QAM mappings, whereas for general M2-QAM mappings several definitions would

have to be generalized under enormous efforts.

3.1.3 Gray Labeling

Among the large variety of binary labeling rules there are some ‘prominent’ representatives

which are frequently mentioned and employed in literature and at least vaguely known

to anybody working in the field. Here, we first focus on the definition of Gray mappings

named after F. Gray who introduced some special binary codes in his patent on pulse

code modulation [Gra53] in 1953. The now so-called (binary) Gray codes4 are defined as

ordered sequences of binary tuples where two adjacent tuples differ only in a single bit.

This definition can easily be exploited for the construction of a binary labeling rule in

the context of digital transmission. The signal points are simply labeled by using a Gray

code or to give a definition formulated more specifically:

Definition 1 (Gray Labeling [CTB98]) Let A denote a set of size M = 2R, with

minimum Euclidean distance dmin. A binary map M: {0, 1}R �→ A is a Gray labeling

for A if, for all μ = 1, . . . , R and b ∈ {0, 1}, each a ∈ A(μ)
b has at most one α ∈ A(μ)

b̄
at

distance dmin.

The vast majority of literature on communication problems using Gray labelings are

content with the definition given above. This is in sharp contrast to literature from

computer science and mathematics where various works have been published on the topic

of Gray codes, e.g., [Gil58, Sav97, Gar86, Gar72] to name just a few. As some of the

few authors from the field of communications, Agrell et al. have acknowledged this large

amount of work in their contributions on optimum Gray codes for labelings in uncoded

transmission [ALSO04b, ALSO04a]. We will see later that in most problems addressed

in literature there has been either no need for a more specific definition of Gray labelings

4Note, the meaning of the term code in this context has to be clearly distinguished from codes in
coding theory. Moreover, Gray codes are not necessarily based on F2, arbitrary finite sets can be used,
cf., e.g., [CSW89].
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or the authors have intuitively pursued the appropriate strategy. The remainder of this

section is dedicated to the identification of all possible Gray codes of a particular length

and to the construction of Gray labelings based thereon.

3.1.3.1 Gray Codes and Labeling for M -ASK

The construction of a Gray code of length M , i.e., of a sequence of M binary R-tuples

with a single differing bit between adjacent tuples is rather trivial. A according algorithm

valid for arbitrary lengths M can be, e.g., found in [PTVF07] and will be presented later.

The problem of finding all Gray codes of length M is in contrast not trivial and has

first been addressed by Gilbert in a paper published in 1958 [Gil58]. There he showed

the equivalence of the issue with the question of finding all paths of length M on an

R-dimensional hypercube and specified all Gray codes up to sequences of length M = 16,

i.e., up to R = 4. For dimension larger than R = 5 the problem remains unsolved so far.

In the following the main ideas of [Gil58] are briefly outlined.

Consider an R-dimensional cube. Then the set of edges of this cube form a graph called

QR. The graph QR has 2R = M vertices Vν , ν = 1, . . . ,M , labeled with M distinct

binary R-tuples {0, 1}R, such that two vertices being joined by an edge differ only in a

single digit of their labels. Although one might at first glance suspect a causality dilemma

the construction principle for an accordingly labeled (unit) R-cube is clearly defined and

rather simple [Gar77, Weib]: assume, we have a unit (R−1)-cube in an (R−1)-dimensional

subspace with 2R−1 vertices labeled in accordance with the given rule. Then a unit R-cube

is constructed by generating a second (R− 1)-cube which is moved one unit length along

the R-th dimension orthogonal to the (R− 1)-dimensional space. The graph is extended

by connecting equally labeled vertices with edges; the labels are updated by adding a

prefix zero to the labels of the initial (R − 1)-cube and a prefix one to the labels of the

second (R− 1)-cube. For an illustration of this construction rule see Ex. 3.4.

Example 3.4: Constructing a 3-Cube with ‘Gray-Labeled’ Vertices

Assume, we have a unit square with four vertices labeled such that two vertices differ only
in a single bit. We then generated a second identical square shifted by one along the third
dimension. The respective vertices are connected by edges and the labels are completed to
yield R-ary labels.

0100

1110

10 11

0100

0100

10 11

001000

100

011

111110

010

101

A path of length LP on a graph is the set of LP edges {V0V1, V1V2, . . . , VLP−1VLP
} where

the vertices V1, . . . , VLP
are distinct. A cycle of length LC = LP + 1 is defined similarly,

all vertices except for the last one (VLC
= V0) are distinct. A cycle comprising all vertices
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of a graph QR, i.e., LC = M + 1 holds, is called Hamiltonian cycle in graph theory

[Gil58, Weia, Weic]. Paths and cycles can be classified in types comprising paths (resp.

cycles) which can be transformed into each other by symmetry operations on the cube.

This is similar to the classification of labelings based on trivial operations, the criteria

do not entirely coincide, though. In Ex. 3.5 paths and cycles on 2-cube and 3-cube are

shown.

Example 3.5: Paths and Cycles on an R-Cube

Exemplary path on a 2-cube, i.e., a unit square (left) and exemplary cycle on unit 2-cube
(right). Any of the four vertices can be used as starting point; direction can be reversed. In
terms of [Gil58] only a single type of paths and and a single type cycles exists, respectively.

0100

1110

0100

10 11

Exemplary path on unit 3-cube (left) and two exemplary cycles on unit 3-cube (right). Again
any vertex could be selected as starting point and direction is random. The two cycles
depicted are of a single type acc. to [Gil58]. For our studies they have to be distinguished,
though.

001

100

011

111110

010

101

001000

011

111

100

110

101

000

010

A Gray code of length M is determined by the vertices’ labels of any path or cycle of

length LP = M and LC = M + 1 on the graph QR, respectively. Paths lead to codes

where first and last binary label do not fulfill the Gray condition, i.e., they differ in more

than one digit. Codes resulting from cycles on the graph can be shifted cyclically and

still comply with Gray’s requirement, first and last label always differ in exactly a single

digit. In [Gil58] all paths of length LP = M and all Hamiltonian cycles on QR have been

derived for R ≤ 4. The problem of Hamiltonian cycles on the R-cube with R ≥ 4 has

been addresses in [DD07] (R = 5), in [CK08] (R = 6), and in a general manner in [DG75].

Exploiting the results of [Gil58], i.e., for the sake of clarity limiting R to 4, Gray mappings

for M -ASK are now analyzed. Note, binary labeling rules for ASK transmission over

AWGN channel or Rayleigh fading channel can be designed based on both, Gray codes

determined by paths and Gray codes determined by cycles. Transmission over modulo-

lattice channels, e.g., [Fis05], with periodically extended signal constellations or PSK

signal constellation impose additional constraints on the Gray code. First and last label

have to comply with Gray’s condition and we thus have to resort to cycles on the graph.
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2-ASK: Designing a binary labeling rule for 2-ASK is trivial, as is the search for the

respective Gray code. The one-dimensional cube is determined by two vertices which are

connected by a single edge. The vertices are labeled with 0 and 1, respectively. There

are two paths of length LP = 1—each vertex can serve as starting point—on the graph

belonging to a single type. They directly lead to the two possible codes. The codes fulfill

the Gray condition and can be transferred into each other by trivial operations.

4-ASK: To construct Gray codes for 4-ASK a 2-dimensional cube, i.e., a square has to

be considered, cf. Ex. 3.5. Obviously, there are eight possible paths on the graph; eight

Gray codes can be determined. In terms of [Gil58] these paths can be extended to cycles

and represent the only type of Hamiltonian cycle on a 2-cube. The respective matrix for

the binary labeling rule of a 4-ASK reads

X =

[
0 1 1 0
0 0 1 1

]
, (3.29)

which complies with X1 introduced in (3.23). It can easily be verified that for 4-ASK

the single type of cycles also represents the only class of Gray mappings comprising eight

individual, equally performing labeling rules. Furthermore, we can state that for 4-ASK

only cyclic Gray mappings exist.

8-ASK: Proceeding to 8-ASK, the 3-cube has to be considered (cf. Ex. 3.4 and Ex. 3.5).

According to [Gil58] only a single type of Hamiltonian cycles exists for the 3-cube. Yet,

for our problem we have to split up this set of cycles as the definition of a type of cycles

is more general than our definition of a class of mappings (a type may comprise several

classes). In particular, the starting point of a cycle matters in our case and may modify

Gray codes such that the respective matrices X cannot be transferred into each other by

trivial operations (columns of X may not be interchanged). Two classes of cyclic Gray

codes can be identified for 8-ASK. Furthermore, a class of non-cyclic Gray codes can be

found. Eventually, we have three classes of Gray labelings WX1 , WX2 , and WX3 for

8-ASK with 3 · 48 = 144 Gray labelings represented by the matrices

X1 =

⎡
⎣ 0 0 0 0 1 1 1 1

0 0 1 1 1 1 0 0
0 1 1 0 0 1 1 0

⎤
⎦ , (3.30)

X2 =

⎡
⎣ 1 0 0 0 0 1 1 1

0 0 0 1 1 1 1 0
0 0 1 1 0 0 1 1

⎤
⎦ , (3.31)

X3 =

⎡
⎣ 0 0 0 0 1 1 1 1

0 0 1 1 1 0 0 1
0 1 1 0 0 0 1 1

⎤
⎦ . (3.32)

16-ASK and Larger Signal Constellations: For M -ASK signal constellations with M >

8 (M2 > 64 for square QAM constellations), the number of Gray mappings increases

dramatically. Already for the 4-dimensional cube nine different types of Hamiltonian

cycles, have been identified in [Gil58]. These entail an even larger number of cyclic Gray
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codes for 16-ASK. Adding the non-cyclic Gray codes we have a whole variety of codes

applicable for the construction of Gray labelings.

To sum up, we can assume that the conjecture posed in [CTB98] cannot be upheld in

its generality, just taking into account the large number of Gray mappings. At least a

specification in terms of the employed Gray code seems to be necessary.

3.1.3.2 The Binary-Reflected Gray Code

The principle strategy of how to design Gray codes based on graph theory seems to be

rather complex. In order to have a simple construction procedure for arbitrary code

lengths, we here briefly revisit the probably most common algorithm, e.g., [PTVF07].

The resulting binary Gray code is denoted binary reflected Gray code (BRGC) in liter-

ature [Sav97] and has been identified as the optimum binary labeling rule for uncoded

transmission at medium to high SNRs [ALSO04a, ALSO04b]. An R-step algorithm for

the construction of a Gray code of length M is constituted by Alg. 3.1.

Algorithm 3.1: Binary-Reflected Gray Code

R-step construction rule for binary-reflected Gray code acc. to [PTVF07]:

η = 1, . . . , R: χ
(1)
η =

[
0 · · · 0︸ ︷︷ ︸

2η−1

1 · · · 1︸ ︷︷ ︸
2η−1

]

χ
(μ)
η =

[
χ

(μ−1)
η−1 χ̌

(μ−1)
η−1

]
for μ = 2, . . . , η;

χ
(μ)
η : intermediate result for μ-th row at step η;

final results for η = R: χ(μ) = χ
(μ)
R ;

χ̌(μ)
η : reversed χ

(μ)
η ;

The algorithm yields R binary row vectors of length M which are then combined into a

matrix X. Referring to the already presented examples of 4-ASK and 8-ASK, we can

verify that X1 of (3.23) is a binary reflected Gray code; for length M = 8 the matrix

X1 of (3.30) represents a class of mappings based on the binary reflected Gray code.5 A

common characteristic of both matrices and generally for all BRGCs is the prevalence of

rather long and regular blocks of ones and zeros in the rows of X.

3.1.3.3 Gray Labeling for M2-QAM and M -PSK

After these considerations on Gray codes and the respective Gray labelings for ASK signal

constellations, an extension to square QAM constellation is straightforward. Using the

definition of separable mappings for QAM, we can immediately construct Gray labelings

for M2-QAM. This leaves us again with the question of how to find all applicable Gray

labelings for M2-QAM, though. The answer is given in [SS04b] where the authors prove

5The respective mappings are denoted binary-reflected Gray mapping (BRGM) in the following.
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the separability of all multidimensional Gray codes or to put it this context: all two-

dimensional Gray codes, i.e., all Gray labelings for M2-QAM signal constellations can be

generated by a per-dimension approach based on M -ASK. The presented results on Gray

codes and M -ASK transmission immediately translate to M2-QAM transmission. For

the labeling of M -PSK signal constellations a reduced number of Gray mappings can be

found compared to M -ASK, since only cyclic Gray codes can be applied.

3.1.4 Set-Partitioning Labeling

In [Ung82] Ungerböck introduced the idea of ‘mapping by set-partitioning’, commonly

just called set-partitioning, for trellis-coded modulation. The basic idea of mapping by

set-partitioning reads as follows: the signal constellation A is successively partitioned into

subsets of equal cardinality in a bisective manner, such that in each step the minimum

Euclidian distance dmin of the elements within each subset increases. The procedure is

performed until M subsets with a single element are present. To obtain the binary labels

of the signal points, the two resulting subsets of each bisection are assigned a one and a

zero, respectively. Combining the R consecutive digits of the R steps yields the distinct

binary R-tuple.6

To illustrate the concept of mapping by set-partitioning, nearly every textbook on digital

communications (e.g., [Pro00]) or coding (e.g., [Wic95, Bos98, Hub92]) provides descrip-

tive examples for 8-PSK and 16-QAM constellations. Most commonly, a binary tree is

used to visualize the successive bisections. Here, we stick to this tried and tested way and

present an according exemplary construction for 4-ASK in Fig. 3.1. The bits assigned

to the branches of the tree constitute the respective entries of the binary labels. As we

can see, the very general formulation of the set-partitioning principle presents several

degrees of freedom and does not lead to unique labels. Ungerböck’s method does not

explicitly dictate a specific ordering of the ones and zeros related to the branches of the

tree. Furthermore, the assignment of subsets to branches is random as well. In Fig. 3.1

the ambiguity of the labels is indicated by the alternative labels of the branches on the

right hand side of the binary tree. In Ex. 3.6 labeling rules for 4-ASK are now revisited

taking into account the definitions introduced so far.

Example 3.6: Classes of Mappings for 4-ASK (Continued)

Ex. 3.2 showed the existence of three classes of mappings for quarternary ASK represented
by the three matrices given in (3.23), (3.24), and (3.25). Taking into account preceding
considerations on Gray codes and looking closer onto the illustration of the set-partitioning
principle in Fig. 3.1, we can immediately classify the three classes of mappings. The first
matrix

X1 =
[

0 0 1 1
0 1 1 0

]
,

6Depending on the particular application, the algorithm could be terminated earlier, resulting in
subsets with cardinality larger than one. The binary labels would then be a combination of the subset
label and an arbitrary binary labeling of the subset elements.
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00
11

01
10

11
01

0
1

0
1

1
0

1
0

Figure 3.1: Illustration of set-partitioning principle by the example of 4-ASK. Strictly-regular set-partitioning
mappings and non-strict variant (in red).
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obviously represents the class of Gray mappings; second and third matrix

X2 =
[

0 0 1 1
0 1 0 1

]
,

X3 =
[

0 1 1 0
0 1 0 1

]
.

are obtained from set-partitioning. The latter is based on the alternative labeling of the
branches of the right hand side of the binary tree depicted in Fig. 3.1. For 4-ASK any mapping
either fulfills the Gray condition or the set-partitioning principle.

3.1.4.1 Strictly-Regular Set-Partitioning Labeling

For our purposes, the rather vague definition of [Ung82] has to be specified. We now

introduce a slightly more rigorous construction principle tailored to M -ASK, which will

prove to be rewarding in the sequel. Again, we use an R-step algorithm partitioning A
into M disjoint subsets Axν , ν = 1, . . . ,M , with |Axν | = 1 and A =

⋃
ν Axν . Each subset

carries a distinct binary label xν . The partitioning rule in the η-th step reads:

1. assume we have 2η−1 disjoint subsets Ax̃η with |Ax̃η | = 2R−μ+1, x̃η ∈ F
μ−1
2 , η =

1, . . . , 2μ−1, and A =
⋃

η Ax̃η ; the x̃η are distinct binary labels;

2. partition each Ax̃η into two disjoint subsets A[ x̃η b ]T and A[ x̃η b̄ ]T , b ∈ F2 with equal

cardinalities |A[ x̃η b ]T | = |A[ x̃η b̄ ]T | = 2R−μ, Ax̃η = A[ x̃η b ]T ∪ A[ x̃η b̄ ]T , such that the

minimum Euclidian distance dmin of the elements within the two new subsets in-

creases;

3. choose b ∈ F2 such that amin ∈ A[ x̃η 0 ]T with amin = min
{Ax̃η

}
holds, i.e., the label

of the new subset comprising the least (leftmost) element of Ax̃η is extended by a

zero, the label of the other new subset by a one;

After R steps each element of A carries a distinct binary label x. We denote the resulting

binary labeling rule represented by the matrix X for M -ASK as strictly regular set-

partition labeling. In Ex. 3.2 the second labeling rule determined by X2 (3.24) complies

with this definition.

The procedure described above does not really represent a practicable and easy-to-im-

plement algorithm, but closely follows the initial motivation and description of the set-

partitioning principle. For the scenario of interest, i.e., for M -ASK signal constellations

we can derive a considerably easier construction rule. The steps introduced in Alg. 3.2 give

concise directions to obtain a strictly-regular set-partitioning labeling. A remarkable sim-

ilarity to Alg. 3.1 can be observed; the two approaches exhibit only very slight differences.

We can furthermore see that the construction rule actually leads to the so-called natural

mapping, (e.g. [CTB98, GMC09]), i.e., the signal points (sorted in ascending order) in A
are just assigned the integer numbers from 0 to M − 1 in binary notation. In order to

emphasize the relation of this binary labeling rule to the set-partitioning principle and the
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additionally introduced constraints we still prefer the term strictly regular set-partition

labeling.

Algorithm 3.2: Strictly-Regular Set-Partitioning Labeling for M -ASK

R-step construction rule for strictly-regular set-partitioning labeling:

η = 1, . . . , R: χ
(1)
η =

[
0 · · · 0︸ ︷︷ ︸

2η−1

1 · · · 1︸ ︷︷ ︸
2η−1

]

χ
(μ)
η =

[
χ

(μ−1)
η−1 χ

(μ−1)
η−1

]
for μ = 2, . . . , η;

χ
(μ)
η : intermediate result for μ-th row at step η;

final results for η = R: χ(μ) = χ
(μ)
R ;

3.1.4.2 Set-Partitioning Labeling for M2-QAM

Applying squareM2-QAM constellations, we again have to distinguish separable mappings

that can be decomposed into independent labeling rules per inphase and quadrature com-

ponent and non-separable mappings, respectively. Set-partitioning mappings for QAM

constellations following Ungerböck’s definition are not separable. Thus, for the intended

analysis of the parallel-decoding capacity, we unfortunately cannot exploit a decomposi-

tion into independent ASK constellations. A binary labeling rule for M2-QAM derived

from set-partitioning per quadrature component does not fulfill the set-partitioning prin-

ciple wrt. QAM constellations. Nevertheless, mappings based on the per-dimension ap-

plication of strictly-regular set-partitioning, cf. [SF08c], will show promising results in

the coming analysis, cf. also [WFH99]. In Ex. 3.7 and Ex. 3.8 the differences between

set-partitioning for M2-QAM and mappings for M2-QAM generated from set-partitioning

for M -ASK are illustrated.

Example 3.7: Set-partitioning Labeling for 16-QAM

Non-separable mapping M for 16-QAM based on the set-partitioning principle for M2-QAM
according to [Ung82] (from [Pro00]).

[ 0 0 1 0 ]T [ 0 1 1 1 ]T [0 1 1 0 ]T [ 0 0 1 1 ]T

[ 0 1 0 0 ]T[ 0 0 0 1 ]T[ 0 0 0 0 ]T[ 0 1 0 1 ]T

[ 1 1 1 0 ]T [ 1 0 1 1 ]T [ 1 0 1 0 ]T [ 1 1 1 1 ]T

[ 1 0 0 0 ]T[ 1 1 0 1 ]T[ 1 1 0 0 ]T[ 1 0 0 1 ]T

No labeling bit is distinctively determined by any of the two quadrature components.
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Example 3.8: Per-Dimension Strictly-Regular Set-partitioning Labeling for 16-QAM

Mapping M for 16-QAM based on strictly-regular set-partitioning principle employed inde-
pendently per dimension (using X2 from (3.24)) and illustration of per-dimension separation
into two 4-ASK constellations.

[ 0 0 ]T [ 0 1 ]T [ 1 0 ]T [ 1 1 ]T

[1
1

]T
[1

0
]T

[1
0

]T
[0

0
]T

[ 0 0 0 1 ]T [ 0 1 0 1 ]T [ 1 1 0 1 ]T

[ 0 0 0 0 ]T

[ 0 0 1 0 ]T

[ 0 0 1 1 ]T

[ 0 1 1 0 ]T

[ 1 0 0 0 ]T

[ 1 0 1 0 ]T

[ 1 1 0 0 ]T

[ 1 1 1 0 ]T

[ 0 1 1 1 ]T [ 1 0 1 1 ]T [ 1 1 1 1 ]T

[ 1 0 0 1 ]T

[ 0 1 0 0 ]T

Inphase component determines first two bits of binary label; quadrature component last two
bit of binary label.
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3.2 Maximizing the Parallel-Decoding Capacity

Upon the basis of definitions and considerations on binary labeling rules for digital trans-

mission using M -ASK and M2-QAM signal constellations, respectively, we can now pro-

ceed to the analysis of the parallel-decoding capacity Cpd . In Chapter 2 we have already

hinted at the labeling dependency of the latter, but have not explicitly elaborated on

this question. The main goal of this Section is a maximization of the parallel-decoding

capacity for medium to high signal-to-noise ratios, probably the most relevant scenario

for BICM. Interesting and new results for (very) low signal-to-noise ratios, i.e., for the

wideband regime, are also presented. One of the basics of the subsequent work is the

exploitation of the orthogonality of transmission in inphase and quadrature component,

i.e., our considerations are focused on a single real dimension. In terms of the binary la-

beling rule this refers to separable mappings; capacity results for non-separable mappings

on M2-QAM constellations are scaled accordingly for comparison.

The parallel-decoding capacity has been derived in a general formulation in Section 2.38.

In this section, we concentrate on the PDC of a single carrier of an OFDM symbol and

first assume unit channel gain (the carrier index is dropped for convenience). We aim at

the maximization of the PDC wrt. to the employed binary labeling rule. Formally, this

optimization problem reads

Cpd
max = max

M∈B
{

Cpd
}
. (3.33)

Remember, the dependency of Cpd on M is not explicitly emphasized by an index. The

parallel-decoding capacity is the sum over R bit-level capacities

Cpd =
R∑

μ=1

Cbl (μ) , (3.34)

where the capacity of the μ-th bit level has been defined in Chapter 2 as the mutual

information between the binary input symbols x(μ) and the real-valued output signal y

Cbl (μ) �
= I(X(μ);Y ) . (3.35)

The bit-level capacities Cbl (μ) are assumed to be mutually independent in the sequel, which

is justified by the same assumption imposed on the label bits x(μ). Hence, the capacity

analysis can be limited to the individual bit levels and the labeling-dependency of the

parallel-decoding capacity Cpd translates into a labeling-dependency of the individual

bit-level capacities Cbl (μ). Obviously, the capacity of the μ-th bit level Cbl (μ) does not

depend on the entire labeling rule determined by X but, due to the independence of the

random variables X(μ), only on the μ-th row χ(μ) of the labeling matrix X.

The mutual information maximized in (3.35) can be expressed using differential entropies
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[CT91, HF08]7

I(X(μ);Y ) = h(Y ) − h(Y |X(μ)) , (3.36)

= −
∫ ∞

−∞
fY (y) log (fY (y)) dy

+

∫ ∞

−∞
fX(μ)(x)

∫ ∞

−∞
fY (y|X(μ) = x) log

(
fY (y|X(μ) = x)

)
dy dx . (3.37)

Inserting the respective PDFs for the transmission scenario under investigation finally

yields the bit-level capacity.

3.2.1 Parallel-Decoding Capacity of AWGN Channels

For an AWGN channel the probability density function fY (y) of the receive symbols results

from the convolution8 of the PDF of the channel input symbols fA(a) and the PDF of the

additive noise fN(n)

fY (y) = fA(y) ∗ fN(y) , (3.38)

with the PDF of equally probable channel symbols

fA(a) =
1

M

∑
aν∈A

δ(a− aν) , (3.39)

where δ(z) denotes the Dirac impulse and

fN(n) =
1√

2πσN

exp

(
− n2

2σ2
N

)
. (3.40)

For the PDF fY (y|X(μ) = b) conditioned on X(μ) we obtain

fY (y|X(μ) = b) = fA(y|X(μ) = b) ∗ fN (y) , (3.41)

with

fA(a|X(μ) = b) =
2

M

∑
aν∈A(μ)

b

δ(a− aν) . (3.42)

For the determination of fY (y|X(μ) = b) and fA(a|X(μ) = b), we implicitly exploit

the label-based decomposition of M into R label-dependent mappings M(μ), cf. Sec-

tion 3.1.1.1. Apparently, fY (y) does not depend on M; thus a dependency on M can
7(3.36) and (3.37) represent a formulation of the mutual information based on differential entropies.

(3.37) can be also derived directly from the definition of the mutual information

I(X(μ);Y ) = −
∫ ∞

−∞

∫ ∞

−∞
fX(µ)(x)fY (y|X(μ) = x) log

(
fY (y)

fY (y|X(μ) = x)

)
dxdy .

The integrals over x and y actually implement the expectation operator for the log-expression and rewrit-
ing the dependency on x(μ) in a dependency on a, we arrive at

I(X(μ);Y ) = 1 − EX(µ),Y

⎛
⎝log

∑
a∈A fY (y|A = a)∑
a∈A(µ)

X(µ)
fY (y|a)

⎞
⎠ .

8f ∗ g denotes the convolution of two functions f and g.
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only hold for fY (y|X(μ)) which is conditioned on the input random variable X(μ). In the

optimization problem only the addend h(Y |X(μ)) varies.

The PDF of the channel input symbols a consists of M shifted Dirac impulses. Hence,

the PDFs fY (y) and fY (y|X(μ) = b) are given by (cf. Ex. 3.9 for an illustration)

fY (y) =
1√

2πσNM

∑
aν∈A

exp

(
−(y − aν)

2

2σ2
N

)
, (3.43)

and

fY (y|X(μ) = b) =
2√

2πσNM

∑
aν∈A(μ)

b

exp

(
−(y − aν)

2

2σ2
N

)
. (3.44)

Example 3.9: Probability Density Functions of 4-ASK Receive Signal
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4-ASK with A = {−3,−1, 1, 3} and AWGN channel with 10 log10(Es/N0) = 10 dB. Top left:
fY (y) for arbitrary M. Top right: fY (y|X(μ) = b) for M using X with χ(μ) = χ1 = [ 0 0 1 1 ],
cf. (3.20); blue: b = 0, red: b = 1. Bottom left: fY (y|X(μ) = b) for χ(μ) = χ2 = [ 0 1 1 0 ], cf.
(3.21); blue: b = 0, red: b = 1. Bottom right: fY (y|X(μ) = b) for χ(μ) = χ3 = [ 0 1 0 1 ], cf.
(3.22); blue: b = 0, red: b = 1.
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The resulting integrals for the mutual information cannot be solved analytically. We

have to resort to numerical integration methods, cf., e.g., [PTVF07, DR84]. Hence, the

underlying maximization problem also eludes an analytical solution. Yet we can, at least

for smaller ASK constellations, still perform an exhaustive search over all possible rows χ�

and identify promising candidates for the construction of a binary labeling rules X. The

results obtained for smaller M should give enough hints to derive heuristic design rules

for larger signal constellation, too. In the sequel we study the problem up to transmission

of three bits per dimension, i.e., up to 8-ASK and 64-QAM, respectively.

3.2.1.1 One Bit per Dimension

The transmission of a single bit per real dimension is of course not the challenging part

of the intended optimization. The limited number of classes of mappings allows for an

exhaustive analysis of all possible binary labeling rules even for 4-QAM constellations,

though. In Fig. 3.2 the bit-level capacity for the only possible χ1 = X = [ 0 1 ] for

2-ASK is depicted. For the sake of completeness, we also include the PDC of the two

non-separable binary labeling rules for 4-QAM identified in Ex. 3.3 into the comparison

(scaled by a factor 1
2

to match the real dimension of 2-ASK).
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Figure 3.2: Parallel decoding capacity achievable per real dimension using either 2-ASK or 4-QAM over
10 log10(Es/N0) [dB] (left) and over 10 log10(Eb/N0) [dB] (right). PDC resulting from separable (Gray) map-
ping (blue), cf. Ex. 3.3 and PDCs for non-separable mappings (solid red and dash-dotted green). Latter fulfill
set-partitioning principle acc. to [Ung82] for 4-QAM.

Out of the mappings for 4-QAM given in Ex. 3.3 the Gray mapping is separable. The

left-hand side of Fig. 3.2 clearly shows that this mapping outperforms the non-separable

ones—their capacity curves coincide—over a broad range of Es/N0. For 2-ASK and 4-

QAM Caire’s conjecture can be confirmed. Yet, these results are of course not universally

valid. 2-ASK represents a special case as the bit-level capacity Cbl χ1 of the single bit level

immediately translates into the parallel-decoding capacity Cbl χ1 = Cpd . In addition the

latter coincides with the capacity of 2-ASK Ccm = Cpd , i.e., absolutely no loss occurs and

the Gray mapping for 4-QAM is the optimal solution in terms of the PDC.
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The plot in Fig. 3.2 allows some more conclusions. As the non-separable mappings coincide

in terms of the PDC they can be comprised in a single class of mappings. Thus, for 4-QAM

there are only two classes of binary labeling rules left which can be distinguished by the

feasibility of a separation into independent per-dimension labeling rules. The separability

seems to be an advantageous characteristic.

On the left of Fig. 3.2 the capacity curves are depicted over 10 log10(Eb/N0) [dB]. This

illustration is in particular helpful for an assessment of the PDC in the wideband regime.

For a detailed discussion relating to this see 3.2.3.

3.2.1.2 Two Bits per Dimension

Using a 4-ASK signal constellation we can transmit two bits per (real-valued) channel

symbol. In Section 3.1.1 and in particular in Ex. 3.2 the number of potential row candi-

dates for the construction of binary labeling rules has been derived as Lχ = 3. Fig. 3.3

now illustrates the varying bit-level capacities Cbl (�) related to the three different χ�,

� = 1, 2, 3, over 10 log10(Es/N0) [dB] (left) and 10 log10(Eb/N0) [dB] (right). In both il-

lustrations we can identify a single capacity curve clearly outperforming the other ones.

This curve results from the row χ1 = [ 0 0 1 1 ], cf. (3.20). From the remaining two BLC

curves none can be distinctively declared as the better one. For moderate to high SNR the

curve obtained by χ2 = [ 0 1 1 0 ], cf. (3.21), is superior, but for low SNRs a bit level asso-

ciated with χ3 = [ 0 1 0 1 ], cf. (3.22), has to be preferred. The last observation becomes

in particular evident in the plot on the right of Fig. 3.3.

Based on these results we can immediately conclude that we cannot determine a single

mapping X consisting of two rows χ� that is optimum over the entire range of SNRs.

Again we have to distinguish between moderate to high SNRs and rather low ones.

However, both mappings share the row χ1 = [ 0 0 1 1 ]. In Fig. 3.4 the resulting PDC

curves are depicted for all distinct pairs out of the three rows. Obviously, the combi-

nation X3 = [χ2 χ3 ], cf. (3.25), cannot compete with the two mappings employing χ1.

X1 = [χ1 χ2 ]T, cf. (3.23), exhibits the best PDC for moderate to high SNRs, whereas

X2 = [χ1 χ3 ]T, cf. (3.24), is superior for low signal-to-noise ratios. For a quite wide range

of SNRs we can observe a gap of the parallel-decoding capacity to the capacity of 4-ASK

(or 16-QAM), i.e., Cpd < Ccm . Apparently, the strictly-regular set-partitioning mapping

represented by X2 achieves Ccm in the ultimate limit.9 As X1 determines the class of

Gray labelings for 4-ASK, we can state that at least for moderate to high SNRs Caire’s

conjecture holds. Its general validity has yet been disproved by counterexample.

Regarding separable mappings these results can be immediately transferred to 16-QAM

constellations. In order to compare them to prominent representative of non-separable

labeling rules forM2-QAM constellations set-partitioning labeling is assessed. The numer-

ical results (again scaled by 1
2
) in Fig. 3.4 show a wide gap to the capacity of 4-ASK/16-

QAM. Set-partitioning labeling for QAM cannot challenge the separable mappings based

on tour considerations for 4-ASK in terms of the parallel-decoding capacity.

9For a detailed analysis of the behavior at low SNRs and a rigorous proof of this conjecture see
Section 3.2.3.
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Figure 3.3: Bit-level capacities Cbl
� for the three rows χ� applicable for 4-ASK over 10 log10(Es/N0) [dB]

(left) and over 10 log10(Eb/N0) [dB] (right). Blue: χ1 = [ 0 0 1 1 ], cf. (3.20); green: χ2 = [ 0 1 1 0 ], cf. (3.21);
red: χ3 = [ 0 1 0 1 ], cf. (3.22).
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Figure 3.4: Parallel-decoding capacities Cpd for for all three classes of mappings applicable with 4-ASK
over 10 log10(Es/N0) [dB] (left) and over 10 log10(Eb/N0) [dB] (right). Blue: binary-reflected Gray mapping,
WX1 , cf. (3.23); red: strictly-regular set-partitioning labeling WX2 , cf. (3.24); green: set-partitioning labeling,
WX3 , cf. (3.25). Scaled curve for non-separable set-partitioning labeling for 16-QAM (magenta) and coded
modulation capacity Ccm of 4-ASK/16-QAM given for comparison (dashed black).
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3.2.1.3 Three Bits per Dimension

We now proceed to an analysis of the transmission of three bits per symbol and real dimen-

sion, i.e., 8-ASK is applied per quadrature component. According to (3.14) the number

of potential row candidates χ� is Lχ = 35. In Fig. 3.5 the respective bit-level capacities

are depicted over 10 log10(Es/N0) [dB] (left) and 10 log10(Eb/N0) [dB] (right). Carefully

counting the resulting curves, we receive only 23 different ones, though. Consequently,

there have to be 12 rows out of the potential 35 candidates that exactly match with others

in terms of the bit-level capacity. This result is explained by the trivial operations taken

into account in the determination of Lχ in (3.14). Only bit complementation is regarded,

represented by the factor 1
2
; the symmetry of the 8-ASK constellation is not exploited.

In Fig. 3.5 we can clearly recognize a single bit-level-capacity curve exceeding all other

ones over the entire SNR range. The underlying row reads

χ1 = [ 0 0 0 0 1 1 1 1 ] , (3.45)

and is the 8-ASK counterpart to the BLC-maximizing row for 4-ASK given in (3.20). For

the trivial case of 2-ASK we could interpret χ = [ 0 1 ] as the respective arrangement.

Turning to the opposite end of performance, we can also identify a single curve which is

inferior over a wide range of SNRs. Here, the respective row is given by

χ2 = [ 0 1 0 1 0 1 0 1 ] , (3.46)

which has its 4-ASK counterpart with comparable results in (3.22).

Regarding the remaining 21 distinct bit-level-capacity curves an exact definition of the

next-best rows after χ1 is hardly possible. Depending on the SNR there are several

candidates. Let us first focus on moderate to high SNRs (10 log10(Es/N0) > 5 dB), then

there are two curves that almost coincide. The better of the two originates from

χ3 = [ 0 0 0 1 1 1 1 0 ] , (3.47)

the second one from

χ4 = [ 0 0 1 1 1 1 0 0 ] . (3.48)

For lower SNRs (10 log10(Es/N0) < 5 dB) the curve resulting from

χ5 = [ 0 0 0 1 0 1 1 1 ] , (3.49)

clearly comes after χ1 followed by

χ6 = [ 0 0 0 1 1 0 1 1 ] , (3.50)

for (10 log10(Es/N0) < 0 dB). The last curve is also obtained by

χ7 = [ 0 0 1 0 0 1 1 1 ] . (3.51)

Thus, χ6 and χ7 represent an example where the trivial operations complementation and

reflection wrt. to the symmetry axis of the signal constellation lead to identical rows.
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Figure 3.5: Bit-level capacities Cbl

� for the Lχ = 35 rows χ� applicable for 8-ASK over 10 log10(Es/N0) [dB]
(left) and over 10 log10(Eb/N0) [dB] (right). Left-most blue curve: χ1, cf. (3.45); right-most green curve: χ2,
cf. (3.46).

Based on the χ� and the capacity curves considered so far we can formulate the following

rather vague conjecture: rows χ consisting of long blocks of ones and zeros, i.e., avoid-

ing changes between the xν as far as possible are advantageous in terms of the bit-level

capacity. Furthermore, we suppose that a single optimum labeling rule X covering the

entire SNR range cannot be constructed. The optimum binary labeling rules depends on

the SNR and thus several ones exist. Regarding the numerical results depicted in Fig. 3.5

we may also speculate that χ1, cf. (3.45) plays a vital role for the construction of any

good or even optimum mapping.

Although, the preceding considerations provide some helpful hints, a practicable construc-

tion algorithm for a PDC-maximizing binary labeling rule is still pending. A simplistic

exhaustive search over all potential mappings or even only over all classes of mappings

is neither really helpful nor does it yield any helpful insights exploitable for larger signal

constellations. In addition this approach would leave us at least with question of finding

all class representatives.

For 4-ASK this problem has been easily solved using the relevant applicable rows, cf.

Section 3.2.1.2. Here, not all out of the 23 potential rows χ� can be combined into valid

mappings M determined by a X, though. The number of classes WX is upper bounded by

LX ≤ 8!/(23 · 3!) = 840 which is clearly less than (23
3
) = 1771. For example, the best two

rows cannot be combined for any SNR, as the second best rows χ3 (3.47) and χ5 (3.49)

comprise blocks of ones and zeros of length three, respectively. These would interfere

with the two blocks of length four given in χ1 (3.45), i.e., we would have three identical

binary pairs which cannot be distinguished by adding a single binary digit. Hence, an

optimization of M wrt. to the parallel-decoding capacity cannot be performed by simply

picking the best three χ�.
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To overcome this problem we propose a generic algorithm applicable for arbitrary R.

Algorithm 3.3: Greedy Maximization of the Parallel-Decoding Capacity

In the μ-th of R steps do:

1. out of the set X (μ)
0 of rows χ� applicable in the μ-th step select the one having the

largest Cbl (�) at the SNR of interest, i.e.,

χ(μ) = argmax
χ�∈X (μ)

{
Cbl χ�

}
. (3.52)

2. reduce X (μ)
0 to X (μ+1)

0 by excluding those rows χ� which cannot be combined into a

valid bijective mapping M ∈ B with the already selected {χ(μ̃)}, μ̃ = 1, . . . , μ.

A formal proof of the optimality wrt. the parallel-decoding capacity of the mapping re-

turned by this greedy algorithm is still an open issue. An indisputable advantage of the

approach is its practical feasibility even for larger signal constellations. The quality of the

binary labeling rules arising from this algorithm is assessed later.

In Ex. 3.10 the procedure described above is illustrated for 8-ASK and the not surprising

result is that a binary reflected Gray mapping is returned for moderate to high SNRs.

The presented plots in combination with an observation stated before—χ� preferably

consists of large blocks of ones and zeros—support the conjecture that this particular

class of mappings potentially is optimal for moderate to high SNRs. Yet, for low SNRs

the algorithm does not return a Gray mapping.

Example 3.10: Alg. 3.3 Applied to 8-ASK

We first construct a mapping M represented by X for 10 log10(Es/N0) = 5 dB (dash-dotted
vertical line used to emphasize operating point). The plots given below illustrate the bit-
level-capacity curves available in each of the three steps (curves related to already selected
χ� not in X (μ)

0 depicted with dashed lines).

Step 1: The first row to be selected is χ1, cf. (3.45).

Step 2: 13 of the 23 capacity curves have to be excluded for the second step. The new opti-
mum curve results from χ4, cf. (3.48).

Step 3: six capacity curves remain; the superior one is obtained by

χ8 = [ 0 1 1 0 0 1 1 0 ] . (3.53)

After these three steps we have a mapping represented by

X1 =

⎡
⎣ 0 0 0 0 1 1 1 1

0 0 1 1 1 1 0 0
0 1 1 0 0 1 1 0

⎤
⎦ ,

which obviously complies with the binary-reflected Gray mapping, cf. (3.30) or Alg. 3.1.
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Second, we determine the mapping M which is optimal for 10 log10(Es/N0) = 0 dB. After
the three steps of Alg. 3.3, these are not explicitly listed for the sake of brevity, we arrive at
a different result compared to the previous procedure

X4 =

⎡
⎣ 0 0 0 0 1 1 1 1

0 0 1 1 1 1 0 0
0 1 0 1 1 0 1 0

⎤
⎦ .

The mapping M represented by X4 obviously differs from the binary-reflected Gray map-
ping, as the third row of X4 does not comply with the construction rule introduced in
Alg. 3.1. The plots given below illustrate the step-by-step procedure for a signal-to-noise ra-
tio of 10 log10(Es/N0) = 0 dB (again the dash-dotted vertical line emphasizes the operating
point).
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After the introduction of an algorithm aiming at the maximization of the parallel-decoding

capacity and after realizing that it returns a binary reflected Gray mapping, we now

compare this result to other well-known labeling strategies. In particular we assess the

other two classes of Gray mappings applicable with 8-ASK, cf. Paragraph 3.1.3.1 and (per-

dimension) strictly-regular set-partitioning labeling. In analogy to our considerations on

4-ASK resp. 16-QAM, we also have a look at the set-partitioning mapping for 64-QAM.

The parallel-decoding capacity of the latter is scaled by a factor 1
2

to match the one-

dimensional setting.

First concentrating on the three classes of Gray mappings, we can observe the almost-

coincidence of all three related parallel-decoding capacities for 10 log10(Es/N0) > 5 dB

in Fig. 3.6. Apparently, the Gray condition leads to reasonable PDC values; the gap to

the capacity Ccm of 8-ASK resp. 64-QAM is almost negligible. Nevertheless, the binary
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Figure 3.6: Parallel-decoding capacities Cpd for some exemplary mappings applicable with 8-ASK resp. 64-
QAM over 10 log10(Es/N0) [dB] (left) and over 10 log10(Eb/N0) [dB] (right). Dark blue: binary-reflected Gray
mapping WX1 , cf. (3.30); light blue: Gray mapping WX2 , cf. (3.31); green: Gray mapping WX3 , cf. (3.32);
red: (per-dimension) strictly-regular set-partitioning labeling, WX5 , cf. (3.67); magenta: set-partitioning for
64-QAM. Coded modulation capacity Ccm of 8-ASK (dashed black).
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Figure 3.7: Maximum achievable parallel-decoding capacity Cpd for 8-ASK resp. 64-QAM over
10 log10(Eb/N0) [dB] resulting from six different mappings. Right: zoom into left. Dark blue: binary-
reflected Gray mapping WX1 , cf. (3.30); red: (per-dimension) strictly-regular set-partitioning labeling, WX5 ,
cf. (3.67); green: Gray mapping WX3 , cf. (3.32; light blue, magenta, orange: mappings which partly max-
imize the PDC and were found by an exhaustive search (not specified in detail here). Coded modulation
capacity Ccm of 8-ASK (dashed black).
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reflected Gray mapping is slightly superior to the other ones over a wide range of SNRs.

For 10 log10(Es/N0) < −5 dB the binary reflected Gray mapping is yet outperformed by

the Gray mapping determined by X3, cf. (3.32). Interestingly, the latter originates from

the only path of length L = 8 on the 3-cube, whereas the binary reflected Gray mapping

results from the Hamiltonian cycle on the 3-cube. The second Gray labeling related to

the Hamiltonian cycle represented by X2, cf. (3.31), which can be deduced from X1

by a cyclic shift of the columns, is always inferior compared to the other two classes of

Gray mappings.10 Especially for 10 log10(Es/N0) < 5 dB the parallel-decoding capacity

obtained from X2 exhibits a significant gap to the capacity Ccm of 8-ASK resp. 64-QAM.

The strictly-regular set-partitioning labeling for 8-ASK (per-dimension strictly-regular

set-partitioning for 64-QAM) has a significant loss of up to 3 dB compared to Ccm for

medium to high SNRs. For lower SNRs this gap narrows, though; Gray mappings are

clearly outperformed. Asymptotically the parallel-decoding capacity even achieves Ccm .

For a detailed and thorough discussion of the asymptotic behavior of the strictly-regular

set-partitioning labeling we refer to Section 3.2.3.

Last, we study the parallel-decoding capacity obtained by using set-partitioning labeling

for 64-QAM according to [Ung82]. As we can see in Fig. 3.6, the parallel-decoding capacity

per real dimension is considerably worse than those observed for the other labeling rules

studied so far. A gap of approximately 7 dB−8 dB opens up compared to Ccm . Again the

separable binary labeling rules are clearly to be preferred over the non-separable ones.

In [Sch07a] an exhaustive search has been conducted assessing all 840 classes of labeling

rules. Four additional mappings neither complying with the Gray condition nor with the

(strictly-regular) set-partitioning principle have been found which maximize the parallel-

decoding capacity over an SNR range of approximately 7 dB−8 dB in the transition of an

optimality of the strictly-regular set-partitioning to the optimality of the binary reflected

Gray mapping, cf. Fig. 3.7. The loss of the best labeling rules discussed so far to these

four additional ones is rather small, though. Carefully regarding the respective matrices

X and the related bit-level capacities reveals that the additional four PDC-maximizing

mappings would have been also returned by the greedy approach (Alg. 3.3) if applied

at the according operating points. This observation supports the reasonableness of the

algorithm proposed above.

We now have again disproved the generality of Caire’s conjecture [CTB98] wrt. the range of

SNRs where it might be valid by counterexamples. In addition, the need for a specification

of the conjecture in terms of the type of Gray mapping maximizing the parallel-decoding

capacity has been induced. The binary reflected Gray mapping is optimal for medium to

high SNRs, for low SNRs the strictly-regular set-partitioning labeling again outperforms

all other labeling rules. In between the ranges covered by the parallel-decoding capacities

of these two labeling rules, the situation is inconclusive with several mappings minimiz-

ing the gap to Ccm for rather short segments. The loss of the binary reflected Gray

10Note, a cyclic shift of the columns of X is not a trivial operation wrt. to the parallel-decoding
capacity!
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mapping compared to these other solutions is small, though. In practical implementa-

tions a restriction to binary reflected Gray mapping and (per-dimension) strictly-regular

set-partitioning labeling seems reasonable for 8-ASK (64-QAM), respectively.

3.2.1.4 Conclusions for Larger Signal Constellations

The analysis of larger signal constellations is significantly complicated by the tremendously

increasing number of classes of mappings. Even for 16-ASK we already have to assess

LX = 5.4 · 1010 different mappings resulting from Lχ = 1
2
· (16

8
) = 6435 potential rows.

Since an exhaustive search would be pointless in this case, we confine ourselves to present

only results for binary reflected Gray and strictly-regular set-partitioning labelings. For

32-ASK the number of relevant rows exceeds Lχ > 3.0 · 108, the number of classes of

mappings reaches LX > 6.9 · 1031. Here, we too restrict the analysis to the two classes of

mappings mentioned above.

In Fig. 3.8 and Fig. 3.9 according parallel-decoding capacities are depicted. Both plots

exhibit an eye-catching similarity, the not-matching axis labels seem to be the only differ-

ence between the results of 16-ASK and 32-ASK, respectively. Extending the comparison

to 4-ASK and 8-ASK we can also observe an analogy. Apparently, the general behavior of

the parallel-decoding-capacity curves of these two particular binary labeling rules conform

for all ASK constellation sizes considered so far. Assuming that these results can be also

transferred and extended to even larger signal constellations, we formulate the following

rule of thumb:

Depending on the SNR either the binary reflected Gray mapping or the strictly-

regular set-partitioning labeling lead to an acceptable or even optimal parallel-

decoding capacity for M-ASK. A potential loss compared to optimum solutions

not covered by these two options is small. Binary labeling rules for M2-QAM

are constructed from independent M-ASK mappings per real dimension.

The construction of both mappings recommended by this rules of thumb is straightforward

for any M . Respective algorithms have been presented in this section (Alg. 3.1 and

Alg. 3.2).

3.2.2 Parallel-Decoding Capacity of Non-AWGN Channels

After this detailed study of the parallel-decoding capacity under AWGN conditions and

of PDC-maximizing binary labeling rules, we now extend the analysis to other types

of channels that might be of relevance in the investigation of transmission systems. In

order to avoid a lengthy discussion of the various types of mappings applicable with the

different sized ASK signal constellations, we explain the variations emerging from the new

scenarios by the example of 4-ASK transmission. This concentration offers the advantage

of a limited number of bit-level capacities and parallel-decoding capacities to be analyzed;

for an explanation of the main similarities and dissimilarities it is sufficient.
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Figure 3.8: Parallel-decoding capacities for (per-dimension) strictly-regular set-partitioning (red) and bi-
nary reflected Gray mapping (blue) for 16-ASK resp. 256-QAM over 10 log10(Es/N0) [dB] (left) and over
10 log10(Eb/N0) [dB] (right). Coded modulation capacity Ccm of 16-ASK (dashed black).
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Figure 3.9: Parallel-decoding capacities for (per-dimension) strictly-regular set-partitioning (red) and bi-
nary reflected Gray mapping (blue) for 32-ASK resp. 1024-QAM over 10 log10(Es/N0) [dB] (left) and over
10 log10(Eb/N0) [dB] (right). Coded modulation capacity Ccm of 32-ASK (dashed black).
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3.2.2.1 Rayleigh-Fading Channels

The Rayleigh-fading channel [BPS98] is probably the most commonly used fading channel

model and has for example been used in the initial paper on BICM by Zehavi [Zeh92].

In the context of this work it is of particular interest as the carrier coefficients of an

OFDM system can be modeled by Rayleigh distributed variables in the considered sce-

nario [MW00]. Instead of using channel impulse responses which are then transferred

into frequency domain, the same results can be obtained by simply choosing Rayleigh-

distributed carrier coefficients. Although, the channel model has been already introduced

in Chapter 2, it is briefly reviewed here.

The receive symbol of transmission over a Rayleigh-fading channel is given by

y = ha+ n . (3.54)

The fading coefficient is assumed to be Gaussian distributed with zero mean and unit

variance h ∼ N (0, 1). Compensating for the channel coefficient yields

ỹ = a+
1

h
. (3.55)

In ỹ the useful signal is a. For a specific fading realization h we now have an SNR of

|h|2Es/N0. Averaging over the fading states leads to

Ēs/N0 = EH

(|h|2Es/N0

)
. (3.56)

It is well-known that the capacity of a fading channel can be derived analogously by

averaging over the capacities of the individual fading states [BPS98, GV97]

C̄ = EH (C) . (3.57)

We stick to this practice and (numerically) compute the bit-level capacities for the fading

channel exploiting the BLC-curves already derived for the AWGN channel. Based on

these results the respective parallel-decoding capacities follow immediately.

In Fig. 3.10 bit-level capacities for all three potential rows χ�, � = 1, 2, 3, applicable for

4-ASK are depicted for both, AWGN (thin) and Rayleigh-fading channel (thick). For the

curves related to the fading channel we averaged over 105 realizations of H ∼ CN (0, 1).

Clearly, fading adversely affects the bit-level capacities of all three rows χ� over a wide

range of SNRs. The relative mutual positions of the curves are not varied, though. One

could argue that the plot of the fading curves is a distorted version of the AWGN channel

curves. Consequently, the reasoning on advantageous structures in the χ� in terms of

the BLC conducted before for the AWGN channel immediately translate to the Rayleigh-

fading channel.

A direct argumentation succeeding the results established for the bit-level capacities of

Rayleigh-fading channels is that the respective parallel-decoding capacities vary compared

to the AWGN channel, but again the mutual positions are maintained. Fig. 3.11 illustrates

this insight for all three mappings practicable with 4-ASK. For the curves of the capacity

Ccm of 4-ASK given for comparison the same propositions apply.

Clemens Stierstorfer — 2009



54 3. Binary Labeling Rules

−15 −10 −5 0 5 10 15 20
0

0.2

0.4

0.6

0.8

1
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Figure 3.10: Bit-level capacities Cbl
� of all χ� applicable with 4-ASK over 10 log10(Ēs/N0) [dB] (left) and over

10 log10(Ēb/N0) [dB] (right) for transmission over Rayleigh-fading channel (thick). AWGN channel results
given for comparison (thin). Blue: χ1, cf. (3.20); green: χ2, cf. (3.21); red: χ3, cf. (3.22).
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Figure 3.11: Parallel-decoding capacities Cpd of all three classes of mappings applicable with 4-ASK over
10 log10(Ēs/N0) [dB] (left) and over 10 log10(Ēb/N0) [dB] (right) for transmission over Rayleigh-fading chan-
nel (thick). AWGN channel results given for comparison (thin). Blue: binary-reflected Gray mapping, WX1 ,
cf. (3.23); red: strictly-regular set-partitioning labeling WX2 , cf. (3.24); green: set-partitioning labeling, WX3 ,
cf. (3.25). Coded modulation capacity Ccm of 4-ASK (dashed black).

Clemens Stierstorfer — 2009



3.2. Maximizing the Parallel-Decoding Capacity 55

Precoding

s n

yỹta

Figure 3.12: Channel model for modulo-lattice channel. information bearing symbols a are precoded based
on knowledge of interfering signal s. Modulo operation ensures limited power of transmit signal t. Period-
ically extended receive signal ỹ is reduced back to Voronoi region of underlying lattice by modulo device
leading to receive signal y.

3.2.2.2 Modulo-Lattice Channels

Another channel model we want to study in terms of achievable bit-level and parallel-

decoding capacities is the so-called modulo-lattice channel [Fis05, FTC00]. This concept11

comes among others into play in transmission scenarios using precoding, e.g., (spatial)

Tomlinson-Harashima precoding [Tom71, HM72, Fis02, FWLH02] or other spatial pre-

coding schemes. Here, we restrict our consideration modulo-lattice channels based on the

lattice Z, i.e., the integer lattice.

Let us first very briefly sketch the structure of modulo-lattice channel to transmission

using M -ASK transmission. Fig. 3.12 illustrates the general structure which differs from

the simple AWGN channel by the two modulo devices at transmitter and receiver, respec-

tively. Furthermore, the presence of an additive interference s imposed onto the channel

symbols and known at the transmitter is assumed. The idea is now to cancel the known

interference already at the transmitter and use the modulo device to limit the amplitude

of the preprocessed transmit symbols (in turn power is limited as well) to a certain range.

For an M -ASK with signal constellation A = {±1,±3, . . . ,±(M − 1)} this is the interval

I = [M,M). Transmitting the precoded symbols over a noise-free but interfered channel

would lead to receive symbols ỹ = ã originating from an infinitely extended signal con-

stellation Ã = {±1,±3, . . . ,±(M − 1), . . .} with periodicity M . Each M -th signal point

carries the same binary label M−1(a) = M−1(a + 2γM) with γ ∈ Z. Thus, the modulo

reduction into the interval I does not destroy any information. Transmission over a noisy

channel follows the same line.

Turning to the question of the channel capacity of modulo-lattice channels we have to mind

a few points different from our considerations so far. From [FTC00] it is known that the

mutual information between input and output of modulo-lattice channel is maximized

by a uniform distribution of the channel input symbols after the modulo device. The

probability density functions fY (y) and fY (y|x(μ)) have to be derived taking the receiver-

side modulo device into account. In order to illustrate these differences, the PDFs obtained

for 4-ASK transmission are depicted in Ex. 3.11. The slight variations of the presented

probability density functions to those shown in Ex. 3.9 should be obvious. In particular,

the strict limitation to the interval I = [−4, 4] is clearly visible.

11For a detailed description and theoretical discussion we refer to literature, e.g., [Fis05, FTC00].
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Example 3.11: PDFs of 4-ASK Receive Signal for Modulo-Lattice Channel

4-ASK transmission over modulo-lattice channel (lattice Z) with A = {−3,−1, 1, 3} and
10 log10(Es/N0) = 10 dB. Receive signal is limited to interval I = [−4, 4).
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Left: fY (y) for arbitrary M. Right: fY (y|X(μ) = b) for M using X with χ(μ) = χ1 =
[ 0 0 1 1 ], cf. (3.20); blue: b = 0, red: b = 1.
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Left: fY (y|X(μ) = b) for χ(μ) = χ2 = [ 0 1 1 0 ], cf. (3.21); blue: b = 0, red: b = 1. Right:
fY (y|X(μ) = b) for χ(μ) = χ3 = [ 0 1 0 1 ], cf. (3.22); blue: b = 0, red: b = 1.

A numerical evaluation of the differential entropies in (3.36) using PDFs as depicted in

Ex. 3.11 directly leads to the respective capacity curves. We start with the analysis of

the bit-level capacities of the three potential rows χ� found for 4-ASK. Fig. 3.13 pictures

the resulting curves. Obviously, only two different curves can be distinguished; the bit-

level capacities Cbl χ1 and Cbl χ2 coincide. The bit-level capacity of χ3 is inferior to that

originating from the preceeding two rows. An explanation for this coincidence is the

practical identity of χ1 and χ2 when the signal constellation A is extended periodically
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Figure 3.13: Bit-level capacities Cbl
� of all χ� applicable with 4-ASK over 10 log10(Es/N0) [dB] (left) and over

10 log10(Eb/N0) [dB] (right) for transmission over modulo-lattice channel (thick). AWGN channel results
given for comparison (thin). Blue: χ1, cf. (3.20), results for modulo-lattice channel entirely coincide with
dash-dotted green curves; green: χ2, cf. (3.21); red: χ3, cf. (3.22).
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Figure 3.14: Parallel-decoding capacities Cpd of all three classes of mappings applicable with 4-ASK over
10 log10(Es/N0) [dB] (left) and over 10 log10(Eb/N0) [dB] (right) for transmission over modulo-lattice channel
(thick). AWGN channel results given for comparison (thin). Blue: binary-reflected Gray mapping, WX1 ,
cf. (3.23); red: strictly-regular set-partitioning labeling WX2 , cf. (3.24), results for modulo-lattice channel
entirely coincide with dash-dotted green curves; green: set-partitioning labeling, WX3 , cf. (3.25). Coded
modulation capacity Ccm of 4-ASK (dashed black).
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to Ã. Both χ1 = [ 0 0 1 1 ] and χ2 = [ 0 1 1 0 ] result in a virtual sequence of ones and zeros

reading

. . . 0 0 1 1 0 0 1 1 . . . , (3.58)

whereas χ3 = [ 0 1 0 1 ] leads to

. . . 0 1 0 1 0 1 0 1 . . . . (3.59)

Compared to the bit-level capacities achieved over the AWGN channel significant losses

have to be accepted for χ1 and χ3; for χ2 the gap is not so pronounced. Apparently, the

inner block of two ones surrounded by zeros in parts already represents the main structure

occurring in the periodic extension.

Transferring these results to the parallel-decoding capacity, we can immediately con-

clude that we can also observe losses compared to the AWGN channel. Interestingly,

the plots presented in Fig. 3.14 reveal that the gap of the PDC to the capacity of the

modulo-lattice channel can be completely eliminated by the binary reflected Gray map-

ping. Thus, in the present scenario of 4-ASK BICM is a capacity-achieving coding scheme.

The parallel-decoding capacities of the strictly-regular set-partitioning labeling and the

other set-partitioning mapping coincide for the modulo-lattice channel. In contrast to the

AWGN channel only two classes of binary labeling rules exist.

Apparently, not all results derived for the AWGN channel can be immediately transferred

to modulo-lattice channels. The general approach to the problem remains unchanged,

though. The additional constraints imposed by the periodic extension of the signal con-

stellation have to be taken into account and may entail new trivial operations reducing

the number of classes of mappings.

3.2.3 Parallel-Decoding Capacity in the Wideband Regime

Ultra-wideband radio is an upcoming technology for short-range, high-data-rate commu-

nication in so-called wireless personal area networks that are meant to replace currently

widely used wired data connections (e.g., USB, FireWire). According to the definition

of UWB—a frequency bandwidth of at least 500 MHz or 20% of the carrier frequency is

used [RFSL04]—a frequency-selective character of the radio channel has to be assumed.

OFDM is a natural candidate for transmission in such scenarios and has recently been

adopted for one of the first standards in UWB transmission (multiband OFDM [IEE04]).

The application of BICM is also indented in [IEE04]. Thus, the equivalent channel model

and parallel decoding apply in this context.

Despite some special characteristics of the employed channel model, this transmission

scheme can be understood as the familiar OFDM model operating at rather low SNRs.

The so-called wideband regime has been extensively studied in [Ver02]. Martinez et al.

study BICM and the parallel-decoding capacity at very low SNRs in [MGC07, MGC08].

Based on results and methods developed in these publications we proof the asymptotic

optimality of the strictly-regular set-partitioning labeling forM -ASK, i.e., we demonstrate

that the ultimate limit of −1.59 dB [Sha48] can be achieved with BICM. This conjecture
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has been promoted by the numerical results presented so far and given in [SF08c]; the proof

has been published in [SF09a]. For all assessed constellation sizes M the capacity curve

of the strictly-regular set-partitioning labeling closed the gap to the coded modulation

capacity Ccm for very low SNRs.

For the sake of brevity we omit a detailed discussion of the analysis of wideband scenarios

and refer to literature. In the following we briefly sketch the tools and ideas exploited for

the assessment of binary labeling rules at very low SNRs. The analysis of the parallel-

decoding capacity12 is based on a Taylor series expansion in Es/N0 [Ver02]

Cpd (Es/N0) = λ1 · (Es/N0) + λ2 · (Es/N0)
2 + o((Es/N0)

2) , (3.60)

with the factors λ1 and λ2. Rewriting this into a function in Eb/N0 finally leads to an

expression which, among others, depends on

(Eb/N0)min = log(2)/λ1 , (3.61)

the asymptotical value of Eb/N0 for Es/N0 → 0. In [MGC07, MGC08] the authors have

presented a simple solution for the factor λ1 in parallel-decoding scenarios

λ1 =
1

2
· 3

M2 − 1

R∑
μ=1

1∑
b=0

|EA(A
(μ)
b )|2 . (3.62)

Here a
(μ)
b ∈ A(μ)

b holds and the factor 3/(M2 − 1) takes into account, that, in contrast to

[MGC07, MGC08], A here is not normalized to unit variance.

Proposition 3.1: Asymptotic Optimality of the Strictly-Regular Set-Partitioning Labeling

For M -ASK transmission using a strictly-regular set-partitioning labeling as defined

in Alg. 3.2, (Eb/N0)min achieves the ultimate limit, i.e.,

10 log10 ((Eb/N0)min) = −1.59 dB .

Proof:

Regarding a strictly-regular set-partitioning labeling constructed after Alg. 3.2 and

exploiting symmetries, the addends of the outer sum can be easily computed as

1

2

1∑
b=0

|EA(A
(μ)
b )|2 = (2μ−1)2 , (3.63)

(Note, in Fig. 3.15 exemplary subsets A(μ)
b containing the realizations of A

(μ)
b are

illustrated for 4-ASK and 8-ASK.)

12Both, the parallel decoding capacity Cpd and the bit-level capacity Cbl clearly are functions in Es/N0.
This has not been explicitly denoted so far.
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[010] [011] [100] [101] [110] [111][001][000]

[11][01][10][00]

Figure 3.15: Exemplary strictly-regular set-partitioning mappings acc. to Alg. 3.2 for 4-ASK and 8-ASK. Subset
A(1)

1 marked in gray for 4-ASK; A(2)
1 marked in gray for 8-ASK.

Thus, the coefficient λ1 can be expressed by a geometric series

λ1 =
3

M2 − 1

R∑
μ=1

(2μ−1)2 =
3

M2 − 1
· (22)R − 1

22 − 1

= 1 . (3.64)

Using this result, we obtain for the asymptotic Eb/N0

(Eb/N0)min = log(2)/1 = log(2) , (3.65)

which obviously coincides with the Shannon limit of −1.59 dB.

Remember in Ex. 3.10 the greedy maximization approach proposed in Alg. 3.3 returned

the binary-reflected Gray mapping for an SNR of 10 log10(Es/N0) = 5 dB. This results

was shown to be optimal by an exhaustive search as well. For the second operating point

investigated in Ex. 3.10, namely for 10 log10(Es/N0) = 0 dB, Alg. 3.3 did not return a

Gray mapping, but only a slightly modified version of the BRGM. In Ex. 3.12 we now

demonstrate the plausibility of our reasoning on Alg. 3.3 and its practicability even in the

wideband regime.

Example 3.12: Alg. 3.3 Applied to 8-ASK in the Wideband Regime

We construct a mapping M represented by X for Es/N0 → 0. The plots given below
illustrate the bit-level-capacity curves over 10 log10(Eb/N0) [dB] available in each of the
three steps (curves related to already selected χ� not in X (μ)

0 depicted with dashed lines).
The optimal choice in each step is the left-most available curve for Cbl = 0.

Step 1: first row to be selected again is χ1, cf. (3.45).

Step 2: best relevant curve corresponds to

χ9 = [ 0 0 1 1 0 0 1 1 ] . (3.66)

Step 3: last curve selected corresponds to χ2, cf. (3.46).
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The mapping obtained by these three rows can be easily identified as a strictly-regular set-
partitioning mapping, cf. Alg. 3.2,

X5 =

⎡
⎣ 0 0 0 0 1 1 1 1

0 0 1 1 0 0 1 1
0 1 0 1 0 1 0 1

⎤
⎦ . (3.67)
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3.3 Summary and Conclusions

In this chapter we have analyzed the impact of the binary labeling rule on the parallel-

decoding capacity. The vague conjecture made in [CTB98] that Gray mappings maximize

the parallel-decoding capacity has been clearly disproved in its generality. Based on

a review of Gray codes the binary-reflected Gray mapping has been identified as the

PDC-maximizing binary labeling rules for medium to high SNRs. For constellation sizes

up to M = 8 these results have been verified by exhaustive searches, for larger signal

constellations the proof remains an open problem. However, a practically well-performing

approach has been provided.

For very low SNRs we have shown that the strictly-regular set-partitioning labeling out-

performs all other labeling strategies and even achieves the ultimate limit of −1.59 dB. A

proof for the latter has been given. We have reviewed or presented efficient algorithms for

the implementation of both, the binary-reflected Gray mapping and the strictly-regular

set-partitioning labeling. The results derived for the AWGN channel can be transferred

to Rayleigh-fading channels; identical conclusions apply. Modulo-lattice channels repre-

sent a scenario arising in precoded transmission and impose additional constraints on the

employed mapping leading to slightly different results.
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4. Analysis of Uncoded Transmission

A crucial part in each data transmission scheme is the signal processing at the receiver

side. Depending on the particular design of the scheme the incoming receive signal inter-

fered by the unavoidable additive noise has to be processed for succeeding steps. We can

distinguish two basic approaches for this processing: the application of a decision device

yielding estimates on the initial channel symbols and hence binary symbols or the genera-

tion of some kind of (bit) metric employed in further decoding steps. In the literature the

infelicitous terms hard decision and soft decision have been coined for these two methods,

e.g., [Bos98, JZ99, LC04]. Here, we avoid to speak of hard and soft decision and prefer

to distinguish between decision and metric generation. This description complies better

with the understanding of a decision as a lossy procedure in terms of the transmitted

information. A bit metric generation is usually not lossy. In this chapter, a transmission

scenario using a decision device is analyzed; the bit metric generation is studied in Chap-

ter 6. Again, we focus on a single carrier of a multicarrier system modeled by an AWGN

channel; the carrier index d is omitted.

The application of a decision device at the receiver, succeeded by a demapper returning

tuples of binary symbols, usually is associated with uncoded transmission. An outer

forward-error correction coding thus can be based only on the binary estimates; so-called

hard-decision decoding has to be employed. In this context, we neglect an outer channel

code and restrict ourselves to the analysis of the basic system characteristics. Hereby, the

probability of error after the decision device is of our particular interest and is studied

based on the equivalent channel model introduced in Chapter 2. The question may look

familiar or even outdated at first sight; every textbook on digital communications, e.g.,

[Pro00, Hay00, Kam08], provides respective formulas. Nevertheless, these expression are

mainly approximations1 and breaking down the problem to the individual bit levels reveals

some new and interesting insights which allow for a better understanding of questions like,

e.g., bit allocation in adaptive modulation schemes. Based on the error analysis a relation

1Exact formulations for the bit error ratios and symbol error ratio of uncoded transmission have been
discussed, e.g., in [SGA06, SAGB06, SXGB07].
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Mγ M−1
γ

x γa

n

y γâ x̂

m 1 1 1 m

Figure 4.1: Employed, slightly modified channel model. Channel symbols scaled by factor γ =
√

3
M2−1

(included in mapping M). Decision on scaled channel symbols γa right after receiver input.

to the results of Chapter 3 is established which unifies the views on these issues.

For our considerations we assume a channel model as depicted in Fig. 4.1 which is sim-

ilar to the model described in Chapter 2. Due to their optimality—proven for uncoded

transmission at moderate-to-high SNRs by Agrell et al. in [ALSO04b]—we presume the

application of binary-reflected Gray mappings, cf. Section 3.1.3.2. Nevertheless, we have

to introduce some slight modifications into the system model compared to the ones used

in previous sections. In contrast to previous chapters, where the variance of the channel

symbols a ∈ A has been chosen as σ2
A = M2−1

3
, we here prefer to scale the channel symbols

a by a factor of γ =
√

3
M2−1

to ensure unit variance σ2
γA = 1. In order to reflect this

modification in the system model we define a slightly adapted labeling rule for M -ASK

Mγ : x �→ γa = γ
(
2 · ColNr

X
{x} −M − 1

)
. (4.1)

The scaled channel symbols γa are comprised in the scaled set γA. In Fig. 4.2 several

scaled signal constellations γA with unit variance σ2
γA = 1 are illustrated.

At the receiver the incoming signal consisting of scaled and corrupted channel symbols

y = γa+n is passed on to the decision device which returns an estimate γâ on the scaled

channel symbols γa using the following rule

γâ = argmin
γa∈γA

{|y − γa|} . (4.2)

Now applying the inverse mapping M−1
γ , cf. (3.6), on the estimates γâ finally yields a

binary R-tuple of estimates x̂ = [x̂(1)x̂(2) . . . x̂(R)] ∈ F
R
2 on the initial information bearing

symbols x(μ), μ = 1, . . . , R. Note, the scaling factor γ is compensated for by M−1
γ in

analogy to Mγ . By adding the decision device and the inverse mapping to the equivalent

channel model, we obtain a new model comprising R independent binary-input/binary-

output channels which can be characterized by their individual probabilities of error. In

the sequel these probabilities are derived analytically.

For the succeeding study we exploit the level-dependent decomposition of the binary la-

beling rule Mγ into R independent mappings M(μ)
γ as introduced in (3.11), Section 3.1.1.1

(scaling with γ is performed in analogy to (4.1)). A single binary input symbol xμ is one-

to-one mapped onto a subset γA(μ)
xμ of γA; the actually transmitted symbol γa is then

selected at random from γA(μ)
xμ assuming equal probabilities for all elements of the subset.
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Figure 4.2: Scaled M -ASK signal constellations γA with unit variance (σ2
A = 1). From top to bottom: M = 2,

M = 4, M = 8, and M = 16. Exact values for γa and implicitly scaling factor γ given for M = 2, 4, 8.

Note, the level-dependent mapping M(μ)
γ is entirely determined by the μ-th row χ(μ) of

the mapping matrix X. For the intended application of binary-reflected Gray mappings

the respective X can be constructed for any M using Alg. 3.1. Since we aim at a general

derivation of the level-dependent bit error ratio, we do not consider particular realizations

of M , but simply distinguish between a finite number of signal points (M < ∞) and the

case where M → ∞ to analyze the asymptotic behavior.

4.1 Analytical Derivation of Level-Dependent Bit Error Ratio

Generally formulated the probability of error for a binary symbol xμ transmitted over a

binary-input/binary-output channel described by M(μ)
γ and χ(μ) reads

Pr{x̂μ = b̄ | xμ = b} = Pr
{
â ∈ A(μ)

b̄

∣∣∣ a ∈ A(μ)
b

}
. (4.3)

Assuming M -ASK transmission over an AWGN channel the respective probabilities can

be easily derived using the PDFs introduced in Section 3.2.1. For the asymptotic scenario

with M → ∞ the PDF of the scaled channel input symbols can be also given in a closed

form. Remember, the analytical results presented in the following are based on a binary-

reflected Gray mapping constructed according to Alg. 3.1. The derivation of some of the

analytical results presented in the sequel needed the support of a computer algebra system

(Maple); this is indicated if relevant.

4.1.1 First Row of Binary-Reflected Gray Mapping

Finite Number of Signal Points: Going from easy to more elaborated scenarios we start

with the study of the simplest row to be found in a binary-reflected Gray mapping.
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According to Alg. 3.1 the first (μ = 1) row χ(1) of the matrix X determining a binary-

reflected Gray mapping for M -ASK reads

χ(1) =

[
0 · · · 0︸ ︷︷ ︸

M/2

1 · · · 1︸ ︷︷ ︸
M/2

]
. (4.4)

Regarding the subsets γA(1)

b̄
of γA resulting from the application of χ(1), we can immedi-

ately observe that γA(1)
0 contains the M/2 signal points with γa < 0 and γA(1)

1 the M/2

signal points with γa > 0. The transmission over this bit level can thus be modeled by

randomly using one of the signal points in the right half-plane for a transmitted one and

by randomly using a signal point in the left half-plane for a transmitted zero.

Due to this distinct partitioning of γA the decision device just has to determine the

sign of the received signal y = γa + n to associate it to one of the two subsets γA(1)
b

and finally return an estimate x̂(1) on x(1). The determination of an estimate γâ on γa

could be dropped in this particular case, but is an essential point for other levels. The

respective error analysis is straightforward and the probability of error reads (w.l.o.g.

given for x(1) = 0)

Pr{x̂(1) = 1 | x(1) = 0} =
∑

γa∈γA(1)
0

∫ ∞

0

2

M

1√
2πσN

exp

(
−(y − γa)2

2σ2
N

)
dy . (4.5)

Obviously, the probability of error is given by a sum over M/2 Q-functions2

Pr{x̂(1) = 1 | x(1) = 0} =
2

M

∑
a∈A(1)

0

Q

( −a
σN/γ

)
. (4.6)

The resulting level-dependent bit error ratio BER(1) = Pr{x̂(1) = 1 | x(1) = 0} is thus

not identical to that of the entire ASK transmission which is usually approximated by a

single Q-function, cf. [Pro00, Hay00, Kam08, Hub08].

In order to illustrate the result of (4.6) respective level-dependent bit error ratios are

pictured in Fig. 4.3 forR = 1, 2, . . . , 10. Numerical simulations reveal a perfect coincidence

with the presented analytical results. For larger R’s we can observe a pronounced linear

part of the bit error ratio curves tending to a straight line. The latter is derived analytically

in the sequel.

Asymptotic Behavior: In order to describe the characteristics of the resulting BER curves

for the first bit level of an M -ASK with BRGM, we regard the asymptotical case with

M → ∞. This transition converts the finite set of signal points γA into intervals on R

where the transmit signal γa has to be taken from. Assuming unit-variance symbols γa,

the respective interval is I = [−√
3,
√

3] = limM→∞([−1, 1] · M−1
γ

) = [−1, 1] · √3. The

probability density function of the channel input symbols fγA(γa), which is the sum over

equally weighted Dirac impulses for a finite number of signal points, turns into a uniform

2Q-function: Q(z) = 1√
2π

∫∞
z

exp
(

−τ2

2

)
dτ , [MS00, p. 472].
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Figure 4.3: Level-dependent bit error ratio BER(1) over 10 log10(Es/N0) [dB] for uncoded transmission over
first subchannel using a binary-reflected Gray mapping acc. to Alg. 3.1. AWGN channel. From left to
right: M = 2, 4, . . . , 1024. Analytical and numerical results perfectly coincide. Dashed curve represents
asymptotical limit for M → ∞.
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Figure 4.4: Probability density functions fγA(γa) of scaled M -ASK signal constellations γA with unit vari-
ance (σ2

A = 1). From top to bottom: M = 2, M = 4, and M → ∞. Weighted Dirac impulses for finite signal
constellations; partly continuous PDF for infinite number of signal points.

distribution of the γa over I, cf. Fig. 4.4. The level-dependent mapping M(1) of x(1) on

one of the two intervals I(1)
0 = [−√

3, 0[ and I(1)
1 = [0,

√
3] determines the sign of γa; the

absolute value is then selected at random. At the receiver the binary input signal can be

retrieved by taking the sign of the received signal y = γa+ n.

In the following, we derive an analytical expression for the level-dependent bit error ratio

and determine the slope of the BER curve. W.l.o.g. we assume a zero to be transmitted

over the first bit level which leads to a signal point in the left half of the employed interval

I(1)
0 = [−√

3, 0]). The probability of error after the decision device is given by

Pr{x̂(1) = 1 | x(1) = 0} =

∫ ∞

0

fY |X(1)=0(y)dy (4.7)

=

∫ ∞

0

(
fγA|X(1)=0(y) ∗ fN (y)

)
dy (4.8)

=

∫ ∞

0

∫ 0

−√
3

1√
3
· 1√

2πσN

· exp

(
−(y − a)2

2σ2
N

)
da dy (4.9)

=
1√
3

∫ 0

−√
3

Q

(−a
σN

)
da . (4.10)

Note, a and y here just denote the dummy variables of integration. Nevertheless, we

prefer this choice to emphasize the similarity of the results to (4.6). The scaling factor γ,

not explicitly used above, is taken into account by the adjusted domain of integration.

To evaluate the characteristic of the BER curve on the logarithmic scale usually employed

for illustration, we define a helper function p(1)(ζ). Therefore, we take the decadic log-

arithm of Pr{x̂(1) = 1 | x(1) = 0} and substitute σN by ζ = − log10(2σ
2
N) to obtain a
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function in log10(Es/N0) (in 10 dBs)

p(1)(ζ) = log10

(
Pr{x̂(1) = 1 | x(1) = 0}) (4.11)

= log10

(
1√
3

∫ 0

−√
3

Q
(
−a

√
2 · 10ζ/2

)
da

)
. (4.12)

The derivative of p(1)(ζ) wrt. to ζ can be given analytically and reads

d

dζ

(
p(1)(ζ)

)
=

exp
(
3 · 10ζ

)− 1

2 ·
(
exp

(
3 · 10ζ

) · (√3π · 10ζ · Q
(√

6 · 10ζ
)
− 1

)
+ 1

) . (4.13)

Regarding the asymptotic slope of the level-dependent BER curve, we have to evaluate

the limit of the above expression for ζ → ∞. As the Q-function approaches zero rather

quickly (already for moderate positive values of ζ), the derivative of the probability of

error converges very quickly against −1/2

lim
ζ→∞

(
d

dζ

(
p(1)(ζ)

))
= −1

2
. (4.14)

Translated to the representation in the usually employed doubly-logarithmic scale, we can

observe a BER curve gaining one magnitude in BER over an interval of 20 dB, i.e., a slope

of −1/2. Note, bit error ratios obtained from transmission over the well-known Rayleigh

fading channel exhibit a slope of −1, [BPS98]. The graphs of the helper function p(1)(ζ)

and its derivative wrt. ζ are plotted in Fig. 4.5. The asymptotic curve for the level-

dependent bit error ratio for transmission using M -ASK with a binary-reflected Gray

mapping is depicted Fig. 4.3.

Interpretation of Asymptotic Behavior: The results derived for the asymptotical scenario

M → ∞ can be interpreted in an alternative way. A certain analogy to the Rayleigh-

fading channel has been already mentioned for the asymptotic slope of the BER curve.

Regarding the probability density function fγA(γa) of the scaled channel input symbols

γa we could alternatively explain fγA(γa) for M → ∞ as the result of a fading process.

The fading coefficient h would be uniformly distributed over the interval [0, 2] and the

scaled channel input symbols read

γa = h · ǎ , (4.15)

and the initial signal points ǎ are from the set Ǎ = {−√
3/2,

√
3/2}. Hence, the receive

signal can be reformulated as

y = h · ǎ+ n , (4.16)

i.e., as the result of transmission over a uniformly fading channel, cf. Fig. 4.6. This channel

apparently can be attributed a diversity order of 1
2
.

4.1.2 Second Row of Binary-Reflected Gray Mapping

Finite Number of Signal Points: The second row χ(2) of a binary-reflected Gray mapping

for an M -ASK constellation as defined in Alg. 3.1 comprises two blocks of M/4 zeros
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Figure 4.5: p(1)(ζ) (top) and d
dζ p(1)(ζ) (bottom) for ζ = [−1, 10] corresponding to an SNR range of

[−10 dB, 100 dB].

which surround a block of M/2 ones

χ(2) =

[
0 · · · 0︸ ︷︷ ︸

M/4

1 · · · 1︸ ︷︷ ︸
M/2

0 · · · 0︸ ︷︷ ︸
M/4

]
. (4.17)

The level-dependent bit error ratio BER(2) for the second bit level with an according

distribution of ones and zeros over the M possible positions is given by

Pr{x̂(2) = b̄ | x(2) = b} =
1

2

(
Pr{x̂(2) = 1 | x(2) = 0} + Pr{x̂(2) = 0 | x(2) = 1}) , (4.18)

and in more detail for an AWGN channel

Pr{x̂(2) = b̄ | x(2) = b} =
1

M
·

⎛
⎜⎝ ∑

a∈A(2)
0

Q

(
|a| − M

2

σN/γ

)
− Q

(
|a| + M

2

σN/γ

)

+
∑

a∈A(2)
1

Q

(
|a| + M

2

σN/γ

)
+ Q

(
M
2
− |a|

σN/γ

)⎞⎟⎠ . (4.19)

An illustration of these analytical results is presented in Fig. 4.7 for M = 4, . . . , 1024.

Again, we can observe a pronounced linear part of the level-dependent bit error ratio curves

for larger ASK constellations. Numerical results support the analytical considerations; the
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Figure 4.6: Equally distributed input signal over I = [−√
3,
√

3] as a result of 2-ASK transmission over a
uniformly fading channel.

curves again perfectly coincide. The level-dependent bit error ratio curves originating from

identical M ’s converge for increasing SNR.

Asymptotic Behavior: In order to evaluate the asymptotical behavior (M → ∞) of the

level-dependent bit error ratio for the second level, we again exploit the model of a uni-

formly fading channel introduced in the preceding section. Here, for an arrangement of

the ones and zeros as given in (4.17) we have to construct a scenario with quaternary

transmission using signal points ǎ from the set Ǎ = {±√
3/4,±3

√
3/4}. The symbols

with absolute value |ã| =
√

3/4 are assumed to carry a one, the symbols with absolute

value |ã| = 3
√

3/4 represent a zero. All signal points are selected with equal probabili-

ties and then transmitted over a fading channel whose fading coefficient h(ǎ) is uniformly

distributed over an interval depending on the absolute value of the input signal |ǎ|

h(ǎ) ∈ [0, 2] for |ǎ| =

√
3

4
,

and

h(ǎ) ∈
[
2

3
,
4

3

]
for |ǎ| =

3
√

3

4
.

This choice of h(ǎ) ensures identical absolute variations of the resulting scaled signal γa

around the input signal ǎ, which is crucial for our model of M -ASK with M → ∞ and

unit variance (σ2
A = 1). The superscript (ǎ) emphasizes the input-dependency of the

coefficient. In the sequel we denote a fading channel with a characteristic as given above

as a piecewise-uniformly fading channel.

Again, we can derive an analytic expression for the probability of error

Pr{x̂(2) = b̄ | x(2) = b} =
1

2
·
(

Pr{x̂(2) = 1 | x(2) = 0}︸ ︷︷ ︸
α1

+ Pr{x̂(2) = 0 | x(2) = 1}︸ ︷︷ ︸
α2

)
, (4.20)
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Figure 4.7: Level-dependent bit error ratio BER(2) over 10 log10(Es/N0) [dB] for uncoded transmission over
second subchannel using a binary-reflected Gray mapping acc. to Alg. 3.1. AWGN channel. From left
to right: M = 4, . . . , 1024. Analytical and numerical results perfectly coincide. Dashed curve represents
asymptotical limit for M → ∞. Results for first level given for comparison (grey).
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where the addends are given as

α1 =

∫ √
3/2

−√
3/2

fY |X(2)=0(y) dy ,

=
1√
3

(∫ −√
3/2

−√
3

(
Q

(
−√

3/2 − a

σN

)
− Q

(√
3/2 − a

σN

))
da

+

∫ √
3

√
3/2

(
Q

(
−√

3/2 − a

σN

)
− Q

(√
3/2 − a

σN

))
da

)
, (4.21)

and

α2 =

∫ −√
3/2

−∞
fY |X(2)=1(y) dy +

∫ ∞

√
3/2

fY |X(2)=1(y) dy ,

=
1√
3

∫ √
3/2

−√
3/2

(
Q

(
−√

3/2 − a

σN

)
− Q

(√
3/2 − a

σN

))
da . (4.22)

In analogy to the practice used for the first level we introduce a helper function p(2)(ζ)

for the determination of the slope of the BER curve

p(2)(ζ) = log10

(
Pr{x̂(2) = b̄ | x(2) = b}) . (4.23)

For the sake of both, brevity and clarity, we omit a complete description of p(2)(ζ). Again

a closed form solution for the derivative wrt. ζ can be found.3 The respective graphs of

p(2)(ζ) and d
dζ

(p(2)(ζ)) are depicted in Fig. 4.8.

Regarding the limit of the derivative of p(2)(ζ) for ζ → ∞ we obtain

lim
ζ→∞

(
d

dζ

(
p(2)(ζ)

))
= −1

2
, (4.24)

which is in accordance with the results of the first bit level and leads to identical conclu-

sions. The plot in Fig. 4.8 clearly shows the rather quick convergence of the derivative to

this limit.

Finally, we compare the bit error ratios of first and second bit level by taking the difference

of the two helper functions p(1)(ζ) and p(2)(ζ) with a particular interest in the asymptotical

limit for ζ → ∞. A closed form solution can be given and reads

lim
ζ→∞

(
p(2)(ζ) − p(1)(ζ)

)
=

ln(2)

ln(2) + ln(5)
= log10(2) . (4.25)

This result directly translates into a constant ratio of BER(1) and BER(2) for ζ → ∞
which in practice is obtained already for moderate values of ζ

lim
ζ→∞

(
BER(2)

BER(1)

)
= 10log10(2) = 2 . (4.26)

3A complete presentation of the analytical terms computed for the derivative of the helper function
p(2)(ζ) and the thereupon based results would be pointless due to their rather cumbersome size. The
respective Maple worksheets can be provided on request.
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Figure 4.8: p(2)(ζ) (red, top) and d
dζ p(2)(ζ) (red, bottom) for ζ = [−1, 10] corresponding to an SNR range of

[−10 dB, 100 dB]. Respective curves for μ = 1 given for comparison (blue).

4.1.3 Third Row of Binary-Reflected Gray Mapping

Finite Number of Signal Points: Proceeding to the third bit level the general expression

for χ(3) now comprises five blocks

χ(3) =

[
0 · · · 0︸ ︷︷ ︸

M/8

1 · · · 1︸ ︷︷ ︸
M/4

0 · · · 0︸ ︷︷ ︸
M/4

1 · · · 1︸ ︷︷ ︸
M/4

0 · · · 0︸ ︷︷ ︸
M/8

]
. (4.27)

For brevity we skip the presentation of analytic expressions for the level-dependent bit

error ratio BER(3) and immediately proceed to the illustrations given in Fig. 4.9. There,

the respective (numerically computed) curves are depicted for M = 8, . . . , 1024. Once

again, we can observe a pronounced linear part for larger ASK constellations and that

curves originating from identical M ’s converge for increasing SNR.

Asymptotic Behavior: The model of a piecewise-uniformly fading channel introduced above

is now extended to the third bit level where we then have octernary transmission using sig-

nal points located at ǎ ∈ Ã = {±√
3/8,±3

√
3/8,±5

√
3/8, 7

√
3/8}. The binary symbols

x
(3)
ν , ν = 1, . . . , 8, assigned to the signal points ǎ comply with the first row of a binary-

reflected Gray mapping for M = 8, i.e., χ(1) = [ 0 1 1 0 0 1 1 0 ]. The fading coefficient h(ǎ)
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Figure 4.9: Level-dependent bit error ratio BER(3) over 10 log10(Es/N0) [dB] for uncoded transmission over
third subchannel using a binary-reflected Gray mapping acc. to Alg. 3.1. AWGN channel. From left to right:
M = 8, . . . , 1024. Numerical results. Dashed curve represents asymptotical limit for M → ∞. Results for
first and second level given for comparison (grey).
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is uniformly distributed over the intervals

h(ǎ) ∈ [0, 2] for |ǎ| =

√
3

8
, h(ǎ) ∈

[
2

3
,
4

3

]
for |ǎ| =

3
√

3

8
.

h(ǎ) ∈
[
4

5
,
6

5

]
for |ǎ| =

5
√

3

8
, h(ǎ) ∈

[
6

7
,
8

7

]
for |ǎ| =

7
√

3

8
.

Again, we can derive an analytic expression for the asymptotical level-dependent bit error

ratio BER(3)

Pr{x̂(3) = b̄ | x(3) = b} =
1

2
· (Pr{x̂(3) = 1 | x(3) = 0} + Pr{x̂(3) = 0 | x(3) = 1}) , (4.28)

and analogously to μ = 2 we can define a helper function

p(3)(ζ) = log10

(
Pr{x̂(3) = b̄ | x(3) = b}) . (4.29)

The derivative of p(3)(ζ) wrt. to ζ can be given analytically, a clear and concise presentation

of the detailed expression is hardly possible, though. Again, we refer to plots of p(3)(ζ)

and d
dζ

(p(3)(ζ)) presented in Fig. 4.10. The respective Maple worksheets can be provided

on request.

The investigation of the asymptotic behavior (ζ → ∞) of the derivative d
dζ

(p(3)(ζ)) reveals

an identical limit as has been already observed for the derivatives of p(1)(ζ) and p(2)(ζ)

lim
ζ→∞

(
d

dζ

(
p(3)(ζ)

))
= −1

2
. (4.30)

Interestingly, the asymptotical difference between the helper functions of first and third

bit level is obtained as

lim
ζ→∞

(
p(2)(ζ) − p(1)(ζ)

)
=

2 · ln(2)

ln(2) + ln(5)
= 2 · log10(2) . (4.31)

In Fig. 4.10 we can clearly see that the difference of p(1)(ζ) and p(3)(ζ) converges quickly

to this limit. Obviously, the difference scales by a simple factor of two compared to the

second bit level. I.e., in a doubly-logarithmic scaled plot of the level-dependent BERs

of the three bit levels considered so far the curves would exhibit identical distances after

exceeding a certain SNR threshold. For finite sets of signal points we could at least notice

these distances for some segments of the BER curves.

This result again translates into a constant ratio of BER(1) and BER(3) for ζ → ∞

lim
ζ→∞

(
BER(3)

BER(1)

)
= 102·log10(2) = 22 = 4 . (4.32)

Regarding the few cases analyzed so far, we can state that for adjacent bit levels the

level-dependent bit error ratios BER(μ) scale by a factor of two for M → ∞.
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Figure 4.10: p(3)(ζ) (green, top) and d
dζ p(3)(ζ) (green, bottom) for ζ = [−1, 10] corresponding to an SNR

range of [−10 dB, 100 dB]. Respective curves for μ = 1 (blue) and μ = 2 (red) given for comparison.

4.1.4 Approximation of Asymptotical Level-Dependent Bit Error Ratio

An exact formulation of the level-dependent bit error ratios of levels with μ > 3 is still

an open point and regarding the expression derived so far for μ ≤ 3, most likely leads to

rather cumbersome terms. Instead of elaborating on exact expressions, we here pursue

an approximative approach to the derivation of the asymptotical bit error ratios, i.e., we

assume the case σ2
N � σ2

A = 1 for M → ∞. Consider again the probability of error

derived for the first bit level in (4.10). Then, we can easily derive the upper bound for

the level-dependent bit error ratio

Pr{x̂(1) = 1 | x(1) = 0} =
1√
3

∫ 0

−√
3

Q

(−a
σN

)
da (4.33)

≤ 1

2
√

3

∫ √
3

0

exp

(
− a2

2σ2
N

)
da = BER

(1)
ub , (4.34)

by exploiting an upper bound for the Q-function, e.g., [Pro00],

Q(z) ≤ 1

2
exp

(
−z

2

2

)
. (4.35)

Taking now the derivative4 of BER
(1)
ub wrt. σ2

N

d

dσ2
N

BER
(1)
ub =

1

4
√

3σ4
N

∫ √
3

0

a2 exp

(
− a2

2σ2
N

)
da , (4.36)

4The upper bound BER(1)
ub is a function in σ2

N. For the sake of clarity this is not explicitly denoted.
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and using the fact that for small σ2
N � 1 the integration interval [0,

√
3] practically covers

the entire support of BER
(1)
ub for a ≥ 0, we obtain

d

dσ2
N

BER
(1)
ub

∣∣∣∣
σ2
N�1

=

√
2π

8
√

3
· 1√

σ2
N

(4.37)

= α1 · 1√
σ2

N

. (4.38)

Here, α1 simply represents a constant factor scaling the remaining term depending on σ2
N

and is of no further interest.

From this derivative, we can directly conclude on some characteristics of the respective

antiderivative and thus on the initial function, namely the asymptotical level-dependent

bit error ratio. Expressing the latter as a function in σ2
N and for σ2

N � 1 leads to

BER(1)
∣∣∣
σ2
N�1

≈ α1

√
σ2

N + α2 . (4.39)

Substituting σ2
N with the signal-to-noise ratio Es/N0 yields

BER(1)
∣∣∣
σ2
N�1

≈ α′
1

(Es/N0)
1
2

+ α2 , (4.40)

i.e., for high SNRs the probability of error of the first bit level approximately scales with

the square root of the inverse SNR. Note, for a Rayleigh fading channel, the respective

expression is proportional to the inverse SNR, i.e., we can observe an exponent identical

to one for the inverse SNR, cf. [Pro00, BPS98]. This is commonly denoted as the diversity

order of the channel, e.g., [Pro00], and thus the first bit level exhibits a diversity order of
1
2
, cf. Section 4.1.1.

Proceeding to higher bit levels, i.e., to μ = 2, 3, . . ., we can again exploit the high-SNR

assumption for the derivation of concise expressions of the asymptotical level-dependent

bit error ratios. In fact, for high SNRs the bit error ratio given in (4.40) is mainly

determined by a small interval concentrated around the point where x(1) changes from ‘0’

to ‘1’. Regarding the second bit level, we can observe two particular a’s where the value of

x(2) is changed. Errors are most likely observed around these two points and again rather

small intervals determine the entire bit error ratio. Thus, the probability of error derived

for μ = 1 is simply scaled by a factor two. Adopting this idea for higher bit levels, we can

derive a generic formula reading

BER(μ)
∣∣∣
σ2
N�1

≈ 2μ−1

(
α′

1

(Es/N0)
1
2

+ α2

)
, (4.41)

where the factor 2μ−1 represents the number of transitions of x(μ) from ‘0’ to ‘1’.

This equation immediately allows for the conclusion that all bit levels of an M -ASK using

a binary-reflected Gray mapping exhibit a diversity order of 1
2
. Furthermore, the following

relation holds for σ2
N � 1

BER(μ1)

BER(μ2)

∣∣∣∣∣
σ2
N�1

= 2μ1−μ2 . (4.42)
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To support these analytically derived expressions respective numerical results are pre-

sented for M -ASK with binary-reflected Gray mapping in Fig. 4.11 and Fig. 4.12. In

Fig. 4.11 all level-dependent bit error ratios for M = 2, 4, . . . , 1024 are depicted over

10 log10(Es/N0). The plot clearly shows that asymptotically the same rules apply for

all bit levels. BER curves originating from the same respective level approach a single

common asymptote. The asymptotes already for moderate SNRs exhibit identical slopes

emphasizing the diversity order of 1
2
. In Fig. 4.12 the R = 10 level-dependent bit error

ratio curves of a 1024-ASK and the respective asymptotes are depicted.

4.2 (Exact) Bit Error Ratio of M -ASK

Approximating expressions for the bit error ratio of M -ASK are widely known in the

literature, e.g. [Pro00, Hay00, Kam08, Hub08]

BER ≈ Nmin

log2(M)
· Q

(√
3

σ2
N(M2 − 1)

)
, (4.43)

where Nmin = 2(M−1)
M

denotes the average number of nearest neighbors of a signal point

in A. Note, the signal-to-noise ratio Es/N0 is entirely determined by σ2
N due to the unit

signal variance (Es/N0 = 1/(2σ2
N)).

Exploiting the results obtained for the bit error ratio of the independent bit levels we can

immediately derive an exact expression for the bit error ratio of M -ASK transmission

BER = Eμ

{
BER(μ)

}
. (4.44)

The main principles and the differences to the approximating approach of (4.43) are

preferably sketched by an example.

Example 4.1: Exact Bit Error Ratio of 4-ASK

The BER of 4-ASK transmission using a Gray mapping approximately calculates as

BER ≈ 3
4
· Q

(
1√
5σN

)
. (4.45)

This approximation is based on the assumption that a symbol error always results in exactly
one bit error. An exact formula for the based on preceding results in contrast reads (γ =
1/

√
5)

BER =
1
2
·
(
BER(1) + BER(2)

)
,

=
1
4
·
(

Q
(

1√
5σN

)
+ Q

(
3√
5σN

)

+ Q
(

3 − 2√
5σN

)
− Q

(
3 + 2√

5σN

)
+ Q

(
2 − 1√

5σN

)
+ Q

(
1 + 2√

5σN

))
, (4.46)

which can be summarized into

BER =
3
4
· Q

(
1√
5σN

)
+

1
2
· Q

(
3√
5σN

)
− 1

4
· Q

(
5√
5σN

)
. (4.47)
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Figure 4.11: All level-dependent bit error ratios BER(μ) over 10 log10(Es/N0) [dB] for uncoded transmission
using binary-reflected Gray mappings. AWGN channel. M = 2, 4, . . . , 1024.
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Figure 4.12: All level-dependent bit error ratios BER(μ) over 10 log10(Es/N0) [dB] for uncoded transmission
using binary-reflected Gray mappings. AWGN channel. M = 1024 with asymptotic curves for M → ∞.
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Obviously, the first term constitutes the approximation of the bit error ratio as given in (4.45).

An alternative solution can be obtained by using the probability of ‘no error’ and then taking
the counter event

BER = 1 − Q
(−1

σN

)
+

1
2
· Q

(
1

σN

)
. (4.48)

In Fig. 4.13 and Fig. 4.14 respective numerical results are shown.

4.3 Symbol Error Ratio of M -ASK

Apart from the bit error ratio a system’s performance can be also assessed by the resulting

symbol error ratio [Pro00, Hay00, Kam08, Hub08]

SER =
2M − 2

M
· Q

(√
3

σ2
N(M2 − 1)

)
. (4.49)

For completeness we here briefly derive a formulation for the SER in terms of the level-

dependent bit error ratios. Obviously, a bit error always implies a symbol error, whereas

vice versa the number of bit errors remains unclear if a symbol error has occurred; if no

symbol error has happened, there is of course no bit error as well. Thus, the event ‘no

symbol error ’ is identical to the event ‘no bit error ’ and the respective probability can be

written as

Pr{‘no bit error ’} =
R∏

μ=1

(
1 − BER(μ)

)
. (4.50)

Here, we have assumed statistical independence of the events ‘no bit error in μ-th level ’

which might not apply for low SNRs. For the complementary event ‘symbol error ’, which

is the symbol error ratio, we immediately obtain the probability

SER = Pr{‘symbol error ’} = 1 −
R∏

μ=1

(
1 − BER(μ)

)
. (4.51)

Example 4.2: Symbol Error Ratio of 4-ASK

The SER of 4-ASK transmission is computes to

SER =
3
2
· Q

(
1√
5σN

)
. (4.52)

Expressed in terms of the level-dependent bit error ratios we get (γ = 1/
√

5)

SER = 1 −
(
1 − BER(1)

)(
1 − BER(2)

)
,

= 1 −
(

1 − 1
2
·
(

Q
(

1√
5σN

)
+ Q

(
3√
5σN

)))

·
(

1 − 1
2
·
(

Q
(

3 − 2√
5σN

)
− Q

(
3 + 2√

5σN

)
+ Q

(
2 − 1√

5σN

)
+ Q

(
1 + 2√

5σN

)))
. (4.53)
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Figure 4.13: Bit error ratio of 4-ASK over 10 log10(Es/N0) [dB]. BRGM. AWGN channel. BER (solid red)
based on BER(μ), with χ2, cf. (3.21) (dash-dotted blue) and χ1, cf. (3.20) (dashed blue).
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Figure 4.14: Bit error ratio of 4-ASK over 10 log10(Es/N0) [dB]. BRGM. AWGN channel. Comparison of
exact BER based on BER(μ), cf. (4.47) (red), approximative BER acc. to (4.45) (green) and numerical results
(dash-dotted black).
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This lengthy term can be summarized into

SER =
3
2
· Q

(
1√
5σN

)
+ . . . , (4.54)

where the rest omitted here can be shown to converge to zero for Es/N0 → ∞ but is non-
negligible for lower SNRs. Apparently, the two approaches to compute the symbol error
ratio exhibit slightly different results for low SNRs. Numerical results depicted in Fig. 4.15
support the conventional description of the SER as given in (4.49). (4.51) yields just an
approximation of the symbol error ratio.

4.4 Excursus: Bit-Level Capacity with Decision Device

The bit-level capacities that have been thoroughly discussed in Chapter 3 are valid in

scenario with a real respectively complex channel output symbols. Now regarding the

equivalent chanel model with R parallel subchannel and including the decision device into

this picture, we arrive at R binary-input/binary-output channels which are adequately

described by the respective bit error ratio derived above. In terms of an information-

theoretic channel description, the subchannels now perfectly match with the model of a

binary symmetric channel (BSC) [CT91, HF08] with error probability BER(μ).

The capacity of binary symmetric channels is derived in nearly any textbook on informa-

tion theory, e.g. [CT91, Joh92, HF08] and for the μ-th level reads(
Cbl (μ)

)
BSC

= 1 − e2(BER(μ)) . (4.55)

Here, e2(z) = −z log2(z) − (1 − z) log2(1 − z) denotes the binary entropy function for

z ∈ [0, 1], e.g. [Pro00, MS00].

We can immediately state that (
Cbl (μ)

)
BSC

≤ Cbl (μ) , (4.56)

must hold due to the data processing theorem [CT91]. In order to develop at least a

rough feeling for loss in capacity due to the decision device the ‘hard decision’ bit-level

capacities and the resulting ‘hard decision’ parallel decoding capacity have been analyzed

numerically for 4-ASK. The respective results are illustrated in Fig. 4.17 and Fig. 4.18.

Looking at the bit-level capacity curves depicted in Fig. 4.17 the losses due to the decision

can be clearly recognized for all three potential rows applicable with 4-ASK; apart from

some minor quantitative differences the losses seem to be very similar for all χ�. The

general behavior of the curves follows the results obtained in Chapter 3. Based on these

insights concerning the bit-level capacities we can immediately draw some conclusion for

the parallel-decoding capacities achievable with the decision device: the general behavior

of the PDC curves is also similar to the AWGN channel scenario, i.e., the binary-reflected

Gray is optimal for moderate-to-high SNRs, the strictly-regular set-partitioning labeling

for low SNRs. Fig. 4.18 supports this view.
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Figure 4.15: Symbol error ratio of 4-ASK over 10 log10(Es/N0) [dB]. AWGN channel. SER based on BER(μ)

(solid blue), with χ2, cf. (3.21) and χ1, cf. (3.20). SER acc. to (4.49) (red). Numerical results (dashed black).
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Figure 4.16: Zoom into Fig. 4.15 to focus on the differences between bit-level-based and conventional
approach. Statistical independence of bit levels evidently not given for lower SNRs.
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Figure 4.17: Bit-level capacities ( Cbl
�)BSC of all χ� applicable with 4-ASK over 10 log10(Es/N0) [dB] (left)

and over 10 log10(Eb/N0) [dB] (right) for transmission over respective binary symmetric channels (thick).
AWGN channel results given for comparison (thin). Blue: χ1, cf. (3.20); green: χ2, cf. (3.21); red: χ3,
cf. (3.22).
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Figure 4.18: Parallel-decoding capacities ( Cpd )BSC of all three classes of mappings applicable with 4-ASK
over 10 log10(Es/N0) [dB] (left) and over 10 log10(Eb/N0) [dB] (right) for transmission with decision device,
i.e., of 2 parallel binary symmetric channels (thick). AWGN channel results given for comparison (thin).
Blue: binary-reflected Gray mapping with X1, cf. (3.23); red: strictly-regular set-partitioning labeling with
X2, cf. (3.24); green: set-partitioning labeling with X3, cf. (3.25). Coded modulation capacity Ccm of 4-ASK
(dashed black).
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86 4. Analysis of Uncoded Transmission

Note, the bit-level capacity for binary symmetric channels as a function in BER(μ) is

invertible if we limit the latter to the interval [0, 0.5] which is reasonable for practical

scenarios. We have a one-to-one mapping between BER and capacity.

4.5 Bit-Level Capacity and Level-Dependent Bit Error Ratio

We have just stated an obvious one-to-one relation between the ‘hard decision’ bit-level

capacity and the level-dependent bit error ratio. Now, we try to generalize this proposition

and establish a relation between the level-dependent bit error ratio BER(μ) and the bit-

level capacity Cbl (μ). In other words, we want to develop a formal expression for this

relation and look for5

ρ(μ) : Cbl (μ) �→ BER(μ) = ρ(μ)
(
Cbl (μ)

)
. (4.57)

Note, this goal is distantly related to Fano’s inequality, where also a relation between

BER and capacity is given [Fan61].

Since the expression for the bit-level capacity Cbl (μ) cannot be evaluated analytically—

the result presented in Chapter 3 were entirely based on numerical computations—the

derivation of an analytical expression for ρ(μ) might be tough. Furthermore, neither bit-

level capacity nor level-dependent bit error ratio as functions in Es/N0 can be directly

inverted. They either exhibit a limited range over a theoretically (one-sided) infinitely

large domain or the mapping is not unique. Again we have to resort to numerical compu-

tations and solve the problem of substituting Es/N0 in one of the two terms ‘graphically’.

By doing this, the level-dependent bit error ratio can be finally plotted over the respective

bit-level capacity. Below, we first consider the problem for the first bit level assuming a

binary-reflected Gray mapping and then generalize the results to all bit levels. Afterwards

conclusion are drawn and some new arising questions are briefly studied.

4.5.1 Graphical Solution

Let us first focus on the first bit level of M -ASK transmission using a binary-reflected

Gray mapping. The respective row χ(1) has been defined in (4.4). For both, bit-level

capacity and level-dependent bit error ratio analytical formulations have been presented,

cf. Chapter 3 and Section 4.1.1. The first expression has to be evaluated numerically,

the latter comprises several Q-functions which also complicate an analytical inversion.

Fig. 4.19 illustrates the therefore preferred graphical solution for the derivation of the

level-dependent bit error ratio BER(1) as a function in the bit-level capacity Cbl (1). The

upper left plot in Fig. 4.19 shows BER(1) for R = 1, . . . , 10 over 10 log10(Es/N0). In

the lower right depiction of the bit-level capacities Cbl (1) over 10 log10(Es/N0), also for

R = 1, . . . , 10 of course, the axes have been flipped compared to the commonly used

representation for the sake of a better illustration of the graphical elimination of Es/N0.

5 Note, the mapping rule ρ(μ) depends on the bit-level index μ and on M = 2R (the dependency on
M is again, as usual in this work, not explicitly indicated). Using this, a bit sloppy notation, ρ’s carrying
identical indices need not necessarily be the same; the index μ has to be set in context with the respective
M and refers only to the μ-th row of the mapping matrix X.
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The upper right plot finally shows the combined results of the other two ones: BER(1) is

depicted over Cbl (1), Es/N0 does not explicitly occur anymore. In Fig. 4.21 the results are

repeated using a larger scale.

The first impression one might have regarding Fig. 4.21 is that only a single curve has

been depicted. Looking more carefully on the plot reveals that there are obviously more

than one graph. Apparently, plotting BER(1) over Cbl (1) yields almost identical results for

all M and R, respectively. Neglecting the small variations, we can establish the rule that

the level-dependent bit error ratio of the first level of M -ASK transmission with a binary-

reflected Gray mapping is uniquely determined by the bit-level capacity independently of

M . Expressed in terms of the mapping rule introduced above, all ρ(1) are identical, i.e.,

the rules for the first subchannel coincide, an indexing in M is not necessary.

In Fig. 4.20 the graphical substitution of Es/N0 is generalized to all R bit levels of M -ASK

transmission up to M = 1024 (numerical results substitute missing analytical solutions

for BER(μ)). The resulting plot of BER(μ) over Cbl (μ) is repeated using a larger scale in

Fig. 4.22. Again, the presented graphs can in good approximation be interpreted as a

single bit error ratio curve over the bit-level capacity Cbl (μ). In turn we can transfer and

extend our conclusion drawn for the first bit level to all other levels and state that the

level-dependent bit error ratio merely relies on the capacity of the respective binary input

channel and neither on the actual signal constellation size M nor on the level index μ.

For the mapping rule relating the two quantities we can now write

ρ : Cbl (μ) �→ BER(μ) = ρ
(
Cbl (μ)

)
, (4.58)

i.e., we now have a universal ρ independent of M and the subchannel index μ.

4.5.2 Conclusions (and Generated Questions)

Now having a universal, invertible relation between the level-dependent bit error ratio and

the bit-level capacity we can transfer findings obtained for one quantity to the respective

other one. From this perspective, the optimality of the binary-reflected Gray mapping in

terms of the parallel-decoding capacity matches the insights of Agrell et al. in [ALSO04b]

on its optimality in terms of the bit error ratio of uncoded transmission. On the other

hand we have shown in Chapter 3 that for low SNRs a strictly-regular set-partitioning

labeling should be preferred. The according counterpart for the bit error ratio has not

been analyzed so far. An interesting outcome of our study of the level-dependent bit

error ratio has been the discovery of an asymptotical limit and the related model of a

piecewise-uniformly fading channel. How these results translate to the bit-level capacities

is an open point which is also briefly addressed in the sequel.

Bit Error Ratio for Strictly-Regular Set-Partitioning Labeling

The in the foregoing substantiated match of optimal binary labeling rules for bit error

ratio and parallel-decoding capacity at rather high SNRs directly implies that for low

SNRs the findings of Chapter 3 can be exploited. For reasons of brevity we restrict the
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Figure 4.19: Illustration of graphical substitution of Es/N0 for first bit level of M -ASK, M = 2, 4, . . . , 1024,
using binary reflected Gray mappings. AWGN channel. Top left: level-dependent bit error ratios BER(1)

over 10 log10(Es/N0) [dB]. Top right: level-dependent bit error ratios BER(1) over level capacity Cbl (1).
Bottom right: bit-level capacity Cbl (1) for all levels of M -ASK over 10 log10(Es/N0) [dB].
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Figure 4.20: Illustration of graphical substitution of Es/N0 for all bit levels of M -ASK, M = 2, 4, . . . , 1024,
using binary reflected Gray mappings. AWGN channel. Top left: level-dependent bit error ratios BER(μ)

over 10 log10(Es/N0) [dB]. Top right: level-dependent bit error ratios BER(μ) over level capacity Cbl (μ).
Bottom right: bit-level capacity Cbl (μ) for all levels of M -ASK over 10 log10(Es/N0) [dB].
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Figure 4.21: Level-dependent bit error ratios BER(1) of first level of M -ASK over bit-level capacity Cbl (1).
M = 2, 4, . . . , 1024, i.e., R = 1, . . . , 10. AWGN channel. Binary-reflected Gray mapping.

0 0.2 0.4 0.6 0.8 1

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

Cbl (μ) [information bit] −→

B
E

R
(μ

)
−→

Figure 4.22: Level-dependent bit error ratios BER(μ) of all levels of M -ASK over bit-level capacity Cbl (μ).
M = 2, 4, . . . , 1024, i.e., R = 1, . . . , 10; μ = 1, . . . ,m. AWGN channel. Binary-reflected Gray mapping.
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comparison of the performance of binary labeling rules at low SNRs in terms of the bit

error ratio to the example of 4-ASK. A generalization is straightforward.

The three mappings applicable with 4-ASK have been specified in (3.23), (3.24), and

(3.25). Here, the strictly-regular set-partitioning labeling determined by X2, cf. (3.24), is

of our particular interest

X2 =

[
0 1 1 0
0 1 0 1

]
. (4.59)

Note, we follow the notation introduced in (3.24) which has a reversed row order compared

the definition of a strictly-regular set-partitioning labeling given in Alg. 3.2.

The first bit level of X2 is determined by exactly the same row as is the first bit level of a

binary-reflected Gray mapping for 4-ASK. The second row is different and complies with

χ3 defined in (3.22)

χ(2) = χ3 =
[

0 1 0 1
]
. (4.60)

Due to reasons of symmetry, the level-dependent bit error ratio for the first bit level is

given by

Pr{x̂(2) = b̄ | x(2) = b} = Pr{x̂(2) = 1 | x(2) = 0} , (4.61)

which for the AWGN channel and after some simplifications reads

Pr{x̂(2) = b̄ | x(2) = b} =
2

M

(
3 · Q

(
1

σN/γ

)
− 2 · Q

(
3

σN/γ

)
+ Q

(
5

σN/γ

))
. (4.62)

The total bit error ratio of a 4-ASK transmission using a strictly-regular set-partitioning

labeling consequently reads

BERSP =
1

2
·
(

Pr{x̂(1) = b̄ | x(1) = b} + Pr{x̂(2) = b̄ | x(2) = b}
)
. (4.63)

For the sake of brevity, we omit a detailed formulation of BERSP in terms of Q-functions,

etc. A graphical illustration of the analytical expression and a comparison of the three

potential level-dependent bit error ratios for M = 4 is given in Fig. 4.23. The plot clearly

shows that for lower SNRs the level-dependent bit error ratio related to χ3, cf. (3.22), falls

below that originating from χ2, cf. (3.21). Based on these findings we can immediately

conclude that due to (4.63) the binary-reflected Gray mapping cannot be optimal for

lower SNRs in terms of the bit error ratio. The graphs of the total bit error ratio depicted

in Fig. 4.25 reveal a slightly better performing strictly-regular set-partitioning labeling

compared to the bit error ratio of the Gray mapping in this range. The superiority of the

latter for moderate-to-high SNRs is not questioned by our results.

Apparently, the optimality of a particular mapping in terms of the bit error ratio can also

be observed only within limited SNR ranges. By the counterexample found here for 4-ASK

transmission, we have explicitly disproved the (a bit too) generally formulated headline of

[ALSO04b]. It is, however, noteworthy to mention in Agrell’s defense that he has imposed

a high SNR assumption in his work. Extending the view to general M -ASK transmission

it seems reasonable that the conclusion drawn in Chapter 3 immediately translate to the
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bit error ratio of any M -ASK, i.e., that the strictly-regular set-partitioning labeling is

optimal for low SNRs, succeeded by a limited SNR range with several undefined optimal

labeling rules, and finally the optimal binary-reflected Gray mapping for high SNRs.

Asymptotic Bit-Level Capacities

After exploiting insights originating from the analysis of the bit-level capacities for the

level-dependent bit error ratios, it is now time to transfer some knowledge in the reverse

direction. Following the asymptotic considerations on the level-dependent bit error ratio,

we subsequently reflect a little about asymptotic bounds for the bit-level capacities of

M -ASK transmission using a binary-reflected Gray mapping.

Like in our considerations on ultimate limits for the level-dependent bit error ratio for

M → ∞, we can also derive ultimate limits for the bit-level capacities Cbl (μ). Again,

we assume a scaled channel input signal γa with unit variance equally distributed over

I = [−√
3,
√

3]. The bit-level capacity of the μ-th level—there are now infinitely many of

them—can then be computed as(
Cbl (μ)

)
∞ = Ca∈I − Eb

{
C

a∈I(μ)
b

}
, (4.64)

where Ca∈I denotes the capacity of an AWGN channel with an input signal γa. The

interval I is partitioned into two disjoint subset I(μ)
b (b ∈ {0, 1}), i.e., I(μ)

b ∩ I(μ)

b̄
= ∅,

I(μ)
b ∩ I(μ)

b̄
= I, where I(μ)

b denotes the segment(s) of I representing b.

In analogy to Section 4.1 the PDF fγA(γa) of the scaled input signal γa can be interpreted

as the outcome of a discrete input signal transmitted over a piecewise-uniformly fading

chanel, i.e., γa = h(ǎ) · ǎ. Here, the superscript ǎ indicates the dependency of fading

coefficient h(ǎ) on the input signal ǎ. The channel input symbols ǎ are drawn from the

set Ǎ which for arbitrary μ reads

Ǎ(μ) =

2R−μ⋃
ω=1

{
±
√

3

2(μ)
· (2ω − 1)

}
. (4.65)

Remember, Ǎ(μ) is used to transmit binary data, the elements of the Ǎ(μ) either represent

a one or a zero. The respective mapping of one and zero on the ǎ is determined by the

first row of a binary-reflected Gray mapping applied on an 2μ-ASK which is assumed to

be present for the μ-th level. Ǎ(μ) is partitioned into two disjoint 2μ−1-ary subsets Ã(μ)
b

(b ∈ {0, 1}) according to the binary digit assigned to the elements. The subsets I(μ)
b then

read

I(μ)
b =

{
γa = h(ǎ) · ǎ

∣∣∣∣ ǎ ∈ Ǎ(μ)
b , h(ǎ) ∈

[
α− 2

α− 1
,

α

α− 1

]
, α =

|ǎ|√
3
· 2μ

}
. (4.66)

Based on the probability density functions fγA(γa), fγA|Xμ=b(γa), and the AWGN we

can again derive the PDFs required in the respective differential entropies, cf. (3.37). A

numerical evaluation of the latter finally yields the bit-level capacity
(
Cbl (μ)

)
∞.

In Fig. 4.27 and Fig. 4.28 the asymptotical bit-level capacities are given for μ = 1 and

μ = 2, respectively. For comparison the bit-level capacities originating from finite, discrete
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Figure 4.23: Level-dependent bit error ratio BER(�) over 10 log10(Es/N0) [dB] of all three potential rows
χ�, � = 1, 2, 3, applicable with 4-ASK. AWGN channel. Blue: χ1, cf. (3.20); red: χ2, cf. (3.21); green: χ3,
cf. (3.22).
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Figure 4.24: Zoom into Fig. 4.23.
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Figure 4.25: Bit error ratio of 4-ASK over 10 log10(Es/N0) [dB] for uncoded transmission. AWGN channel.
Comparison of binary-reflected Gray mapping (blue) with X1, cf. (3.23), strictly-regular set-partitioning
labeling (red) with X2, cf. (3.24), and set-partitioning labeling (green) with X3, cf. (3.25).
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Figure 4.26: Zoom into Fig. 4.25.
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signal constellations are depicted for M = 2, 4, . . . , 1024 resp. M = 4, 8, . . . , 1024. The

convergence of the latter to the graphs of the asymptotical quantities can be clearly

recognized for both cases. In the first case with μ = 1 already for an 32-ASK the respective

bit-level capacity curve follows quite closely the asymptotical curve. For μ = 2, Fig. 4.28,

the plot appears as a shifted version of the one in Fig. 4.27. Here, for M ≥ 64 the graphs

exhibit a behavior similar to the asymptotical curve. Going to bit-levels with μ > 2 we

can expect similar results. The signal constellation size necessary for the observation of a

convergence to the asymptotical limit grows.

4.6 Summary and Conclusions

This chapter was dedicated to an analysis of uncoded M -ASK transmission exploiting the

equivalent channel model introduced in Chapter 2. In analogy to the considerations on

the parallel-decoding capacity and the bit-level capacities conducted in Chapter 3, the bit

error ratio was studied on a level-basis. We derived analytical expression for the level-

dependent bit error ratio of some significant rows χ� appearing in binary-reflected Gray

mappings and we developed and analyzed asymptotical expressions for BER if M → ∞.

For high signal-to-noise ratios we showed the diversity order of the bit levels to approach
1
2
. Total bit error ratio and symbol error ratio of M -ASK were assessed. The ‘hard

decoding’ capacity of M -ASK was studied and a relation between level-dependent bit

error ratio and bit-level capacity was established. Based on these results we could transfer

knowledge already acquired in Chapter 3 to the analysis of bit error ratios and disproved

the optimality of the binary-reflected Gray mapping in terms of the bit error ratio for low

SNRs. Vice versa the model of a piecewise-uniformly fading channel introduced in this

chapter was extended to the bit-level capacities.

The findings and insights obtained in this chapter and founded on a bit-level-based analysis

open up a new, alternative perspective on several well-known problems like e.g., rate and

power allocation in multicarrier systems and interleaver design for bit-interleaved coded

modulation. In the succeeding chapters, these issues are addressed on the basis of the

results compiled so far.
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Figure 4.27: Asymptotical (M → ∞, blue) and conventional (red) bit-level capacities Cbl (1) of first bit level
of M -ASK over 10 log10(Es/N0) using binary-reflected Gray mapping. AWGN channel. M = 2, . . . , 1024.
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Figure 4.28: Asymptotical (M → ∞, blue) and conventional (red) bit-level capacities Cbl (2) of second
bit level of M -ASK over 10 log10(Es/N0) using binary-reflected Gray mapping. AWGN channel. M =
4, . . . , 1024.
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5. Optimizing Multicarrier Transmission

After two chapters dedicated to a single carrier of a multicarrier system, we now turn

our attention to the entire system. A problem well-known in the literature is the adapta-

tion of the multicarrier scheme to the channel conditions. Usually, for frequency-selective

channels the carriers’ channel coefficients and hence, transmission characteristics vary.

Interpreting a multicarrier frame comprising D carriers as the simultaneous transmis-

sion over D parallel independent channels with different channel conditions opens a wide

playing field for optimization.

From information theory it is well-known that a power allocation according to the water-

filling principle [Sha48] maximizes the capacity of the transmission scheme, albeit under

the impracticable assumption of Gaussian signaling [CT91], i.e., the finite granularity of

the bit allocation on channel symbols is not taken into account. Several algorithms have

been proposed that aim at a maximization of the data throughput under the constraints

of limited transmit power and a finite signal set, e.g., [LC97, KRJ00]. Other publications

favor the minimization of the error ratio for a fixed amount of transmitted data (the

same constraints as above apply). Numerous algorithms have been proposed to optimize

the bit rate and power allocation starting with Hughes-Hartogs [HH] in the late eighties,

over Chow et al. [CCB95] and Fischer [FH96, SS04a] in the mid-nineties, through to a

variety of more recent proposals, e.g., [Pia99, FDBBB02, GR05].1 A driving force behind

the development of new loading algorithms has always been the complexity of existing

approaches. Although improved compared to the first attempts, it is—especially for larger

numbers of carriers—still not negligible for most suggested solutions. A thorough analysis

of the problem might still be rewarding.

In this chapter, we study the rate and power allocation problem for multicarrier transmis-

sion from a bit-level perspective. The equivalent channel model derived for a single carrier

is extended to the entire multicarrier transmission scheme resulting in a whole variety of

parallel bit levels. Depending on both, the carrier coefficients and the bit level indices

1For a survey of loading algorithms see, e.g., [Oni07].
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these independent binary input channels exhibit differing characteristics which can and

should be of course exploited for an optimization. Based on this model for multicarrier

transmission and on the insights of Chapters 3 and 4, we assess several optimization crite-

ria. In contrast to some approaches presented in literature, where a joint optimization of

rate and power allocation is proposed, we favor a separate treatment for the two problems.

This practice has been also advocated, e.g., in [FH96] or in other works either explicitly

addressing only the rate allocation problem, e.g., [Pia99, FDBBB02] or the power alloca-

tion over a given rate distribution, e.g., [HD03, MDH06, LTV05]. Here, we first approach

the question of an optimal rate allocation which eventually yields a novel, very efficient

solution to the problem which has been presented recently in [SF08d]. A study of several

power allocation strategies completes the chapter.

5.1 Problem Description and Motivation
Consider a multicarrier system with D carriers described by their individual channel

coefficients hd, d = 1, . . . , D. The transmitter is assumed to have full channel state

information and wants to transmit Nbs binary symbols to a receiver using a limited total

power Ptot. Due to the varying channel coefficients an adaptation of the individual rates

Rd and the power scaling per carrier is advised. Again, the applicable signal sets of the

initial complex system are limited to square QAM constellations2 resulting in M -ASK

constellations for the real-valued model.

Let us define a limited number of supported carrier rates Rd, ranging from zero to the

maximum value Rmax, i.e., Rd ∈ {0, 1, . . . , Rmax}. Usually, Rmax � Nbs holds due to

the limited size of the signal constellations and the rather long multicarrier frames, e.g.,

Rmax = 10 and D = 1024. The rate allocation R = [R1, R2, . . . , RD] comprising the

individual rates has to fulfill the following requirement

Nbs =
D∑

d=1

Rd , (5.1)

under the constraint 0 ≤ Rd ≤ Rmax. The set of all potential rate allocations meeting the

constraints is denoted by R.

Regarding now a single carrier, the channel symbols ad originate from the set Ad =

{±1,±3, . . . ,±(2Rd − 1)} with variance σ2
Ad

= 22Rd

3
; 2Rd-ASK is used (Md = 2Rd). The

scaling by γ practiced in Chapter 4 to ensure unit variance of the channel input signals

is extended here and used for an optimization of the power distribution. In order to

clearly distinguish between the different scalings in this work, we here introduce a carrier-

dependent scaling ςd which is defined in more detail in Section 5.3. In analogy to the rate

distribution we define a power distribution P = [P1, . . . , PD] comprising the D individual

powers Pd = ς2dσ
2
Ad

which sum up to the total power, i.e.,

Ptot =
D∑

d=1

Pd , (5.2)

2The finer granularity achievable by allowing non-square QAM constellations is neglected here.
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holds. Although useful and necessary in practical implementations, we do not impose an

upper limit Pmax on the Pd’s here; theoretically the entire power Ptot could be allocated

to a single carrier (0 ≤ Pd ≤ Ptot). P shall denote the set of valid power allocations.

The binary labeling rule Md employed in the d-th carrier depends on the allocated rate

Rd, too, and reads3

Md : xd ∈ F
Rd
2 �→ ad ∈ Ad . (5.3)

Note, comparing (5.3) to (3.1) reveals a substantial coincidence, except for the carrier

index d and the superscript Rd for the Rd-dimensional vector space over the Galois field

F2. Assuming an arbitrary rate allocation R meeting the requirements given above, the d-

th carrier can be, hence, equivalently represented by Rd parallel, independent binary-input

channels.

Here, we can immediately see the major advantage of the equivalent channel model in the

context of variable rate transmission. The varying signal constellation sizes can be conve-

niently described and modeled. Since the bit rate Rd directly affects the number of parallel

binary-input channels, the equivalent channel model reflects the signal constellation size

more distinctly than the conventional channel model. An adapted constellation size and

thus varied bit rate Rd can be expressed by simply adding or discarding the respective

number of binary-input channels. For a so far not yet specified optimization procedure

a carrier represents Rmax potential binary-input channels. Finally, the Nbs ‘best’ binary-

input channels have to be selected from the total number of DRmax potential candidates.

5.1.1 Optimization Criteria

The term ‘best’ used just before to qualify the binary-input channels is of course too vague

to meet the requirements of a mathematical description of the optimization problem. In

the sequel we present some optimization criteria applicable for multicarrier systems. Our

particular interest is on those, already discussed in this work, i.e., on the parallel-decoding

capacity and the bit error ratio.

5.1.1.1 Coded-Modulation Capacity

Naturally, the optimization the power allocation—and turn of the rate allocation as R

directly depends on P—could follow the water-filling principle in order to maximize the

capacity C of the multicarrier frame under the constraint of a limited transmit power.

In literature this idea is advocated amongst others in [LC97] and [KRJ00]. In view of

the intended bit-level-based study of loading algorithms, this criterion is rather hard to

assess. The capacity is not optimally reflected by the equivalent channel model and the

perception of the scheme as several independent binary-input channels. Furthermore, the

finite signal constellations are not taken into account, but Gaussian signaling is assumed

for C . Hence, we do not pursue an according approach in this work.

3Throughout this chapter, we employ binary-reflected Gray mappings.
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5.1.1.2 Parallel-Decoding Capacity

The parallel-decoding capacity Cpd of an entire multicarrier frame is in contrast perfectly

suited to be described and assessed by the model of parallel, independent binary-input

channels. Assuming a rate allocation R, Cpd is given by the sum over all Nbs bit-level

capacities employed for transmission

Cpd =
D∑

d=1

Cpd
d =

D∑
d=1

Rd∑
μ=1

Cbl (μ)
d . (5.4)

An optimization in terms of any capacity-related quantity usually is a maximization pro-

cedure and thus, we here arrive at the following problem

{Ropt,P opt} = argmax
R∈R,P∈P

{
Cpd
}
, (5.5)

= argmax
R∈R,P∈P

{
D∑

d=1

Rd∑
μ=1

Cbl (μ)
d

}
. (5.6)

This optimization problem has to be solved over the finite set of discrete potential rate

allocations R and the infinite set of continuous, but limited power distributions P . Note,

(5.5) represents a joint optimization of rate and power distribution.

Recalling results of Chapter 3, where we have stated the optimality of the binary-reflected

Gray mapping wrt. to the parallel-decoding capacity for moderate to high SNRs, we con-

jecture that the maximization of the PDC at least not entirely contradicts a maximization

of the coded-modulation capacity. A certain similarity should be observable.

Side note: An alternative approach for the maximization of the parallel-decoding capacity

based on an adaptation of the binary labeling rule, i.e., switching from the binary-reflected

Gray mapping to the strictly-regular set-partitioning labeling for low SNRs, cf. Chapter 3,

is not pursued in this context in favor of the more promising rate adaptation.

5.1.1.3 Bit Error Ratio

A popular optimization criterion frequently used in the design of adaptive modulation

algorithms is the bit error ratio of uncoded transmission. In Chapter 4 we have introduced

an according description based on the bit-level model resulting in several parallel binary-

symmetric channels. The bit error ratio of a single carrier has then been expressed as

the mean value over the level-dependent bit error ratios BER
(μ)
d of the independent levels.

For multicarrier transmission we can easily extend this result by averaging over all Nbs

bit levels present in the equivalent model of a multicarrier frame

BER =
1

D

D∑
d=1

BERd =
1

Nbs

D∑
d=1

Rd∑
μ=1

BER
(μ)
d . (5.7)

Clemens Stierstorfer — 2009



5.1. Problem Description and Motivation 101

The optimization goal here is the minimization of the bit error ratio

{Ropt,P opt} = argmin
R∈R,P∈P

{BER } , (5.8)

= argmin
R∈R,P∈P

{
1

Nbs

D∑
d=1

Rd∑
μ=1

BER
(μ)
d

}
, (5.9)

and the same restrictions as for the PDC apply.

The findings of Chapter 4 suggest a tight relation between this optimization criterion

and the parallel-decoding capacity. Whether (5.8) and (5.5) express the same underlying

goal in different ways or the two formulations are not as closely related as supposed, is

analyzed later. Again, we restrict our investigations to binary-reflected Gray mappings;

a potential BER improvement due to an optimized binary labeling rule, cf. Chapter 4, is

disregarded.

5.1.1.4 Symbol Error Ratio

The bit error ratio for high SNRs and Gray mapping coincides with a scaled version

of the symbol error ratio, e.g. [Pro00, Hay00, Kam08, Hub08]. Especially for uncoded

transmission the SER is a commonly used figure of merit and thus it is employed as

optimization criterion for the rate (and power) allocation in [FH96]. In Chapter 4 we

have derived an approximate expression for the symbol error ratio in terms of the level-

dependent bit error ratio BER
(μ)
d that is tight for high SNRs. For an entire multicarrier

frame the symbol error ratio computes to

SER =
1

D

D∑
d=1

SERd (5.10)

≈ 1

D

D∑
d=1

(
1 −

Rd∏
μ=1

(
1 − BER

(μ)
d

))
. (5.11)

For the desired rate and power adaptation a minimization of the symbol error ratio has

to be performed

{Ropt,P opt} = argmin
R∈R,P∈P

{ SER } , (5.12)

≈ argmin
R∈R,P∈P

{
1

D

D∑
d=1

(
1 −

Rd∏
μ=1

(
1 − BER

(μ)
d

))}
. (5.13)

Note, although BER and SER may coincide for high SNRs, the resulting adapted rate and

power distributions not necessarily do. In contrast to the bit error ratio and the parallel-

decoding capacity, the description of the symbol error ratio involves several products

of level-dependent bit error ratios. This prevents an easy illustration by means of the

equivalent channel model.
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5.1.1.5 Alternative Optimization Criteria

A totally different optimization, not at all complying with the approaches presented above,

aims at a maximization of the number of employed bit levelsNbs. The so far fixedNbs turns

into a variable quantity to be maximized under some, not yet formulated constraints. With

regard to the equivalent channel model either bit-level capacity or the level-dependent bit

error ratio may serve as constraining quantity. In other words, all bit-levels exceeding a

certain threshold capacity or falling below a certain BER may be used for transmission.

These approaches are not detailed in this work.

5.1.2 Separation of Rate and Power Optimization

In the following studies on the optimization of rate and power allocation over the multi-

carrier frame we omit a joint optimization as suggested by (5.5), (5.8), and (5.12) and split

the problem into two separate ones. The preferred processing order is to first tackle the

rate allocation problem assuming a flat power distribution over the multicarrier symbol

(Pd = P = Ptot/D,∀d) and then solve for an optimized power allocation based on Ropt;

the reversed order is not explicitly excluded. Formally, we prefer the following procedure

(exemplarily given for the bit error ratio)

Ropt = argmin
R∈R

{BER } with P = [P, P, . . . , P ] , (5.14)

succeeded by

P opt = argmin
P∈P

{BER } with R = Ropt . (5.15)

An equivalence of joint optimization and the approach individually solving for the two

distributions has not been proven so far. In literature both attempts have been promoted,

e.g., [CCB95] resp. [FH96]. The succession of (5.14) and (5.15) could be of course reversed

and even an iterative optimization could be pursued, yet the results of these alternative

approaches do not justify the increase in complexity.

5.2 Rate Allocation

Let us now focus on the rate allocation problem. As just mentioned above the transmit

power Ptot is assumed to be equally distributed over the D carriers. Consequently, we can

immediately determine the carrier-dependent signal-to-noise ratios(
Es

N0

)
d

=
σ2

A|hd|2
2σ2

N

, (5.16)

where σ2
A denotes the variance of the channel input signals which would be used if all

carriers had the same power. That is, we would have Rd = Nbs/D, D is a factor of Nbs,

and Pd = P = σ2
A = 22Rd−1

3
resulting in Ptot = Dσ2

A.

With the carrier-dependent signal-to-noise ratios we have a useful measure for the chan-

nel quality. The SNRs can be easily translated into bit-level capacities Cbl (μ)
d and level-

dependent bit error ratios BER
(μ)
d which are of our particular interest in the following,
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when we discuss rate allocation approaches based on these quantities. After some theoret-

ical considerations and the derivation of efficient algorithms, the approaches are compared

based on numerical results. Therefore, both methods, BLC-based and BER-based rate

allocation, are assessed in terms of parallel-decoding capacity and bit error ratio. That is,

regarding for example the BER-based approach, in addition to the mandatory assessment

of the bit error ratio, we also evaluate the resulting parallel-decoding capacity and vice

versa. A comparison to rate loading algorithms known in the literature completes the

analysis of the rate allocation problem.

5.2.1 Maximizing the Parallel-Decoding Capacity

In this section we optimize the rate allocation using the parallel-decoding capacity as the

objective function. The problem to be solved is

Ropt = argmax
R∈R

{
Cpd
}
, (5.17)

= argmax
R∈R

{
D∑

d=1

Rd∑
μ=1

Cbl (μ)
d

}
. (5.18)

under the assumption P = [σ2
A, σ

2
A, . . . , σ

2
A]. The set of applicable rate distributions R is

constrained by 0 ≤ Rd ≤ Rmax, i.e., we could at most use a 2Rmax-ASK constellation.

Regarding the 2Rmax-ASK signal constellation from the view point of the equivalent chan-

nel model, the maximum signal constellation translates into a maximum number of Rmax

binary-input channels offered per carrier. These potential bit levels can be, knowing

the SNR (Es/N0)d, characterized by their respective capacities Cbl (μ)
d , μ = 1, . . . , Rmax,

computed for the 2Rmax-ASK constellation. Extended to the entire multicarrier symbol

comprising D carriers, we have DRmax potential binary-input channels which could be

selected for transmission. An optimization aiming at a maximized parallel-decoding ca-

pacity ‘just’ has to find the Nbs bit levels with the largest capacities among the DRmax

potential aspirants. As the quotation marks accompanying the ‘just’ may have already

indicated, the solution to this problem is not trivial.

5.2.1.1 Exact Maximization

In order to provide an understanding of the difficulties occurring for an exact maximization

of the parallel-decoding capacity of an entire multicarrier frame, we here try to develop

an according algorithm which leads to the Nbs best bit-levels out of the DRmax potential

ones. A feature to be exploited in the subsequent procedure is the inherent ordering of

the bit-level capacities Cbl (μ)
d observable for M -ASK constellations with binary-reflected

Gray mappings

Cbl (1)
d ≥ Cbl (2)

d ≥ Cbl (3)
d ≥ . . . ≥ Cbl (Rmax)

d . (5.19)

A formal proof for this relation is given in Appendix A.

Based on (5.19) the first step seems to be quite obvious: from the D levels with index

μ = Rmax, we select the one with the least capacity and eliminate the according binary-

input channel; the rate in the respective dmin-th carrier is decreased by one Rdmin
=
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Rmax−1 resulting in a 2Rmax−1-ASK constellation. At first sight this procedure might now

continue until Nbs binary-input channels are left. The crux of this problem is however,

that, although transmission over the parallel binary-input channels of a single carrier is

independent, the elimination of the highest bit level affects the characteristics of all other

levels in this carrier. In other words, the bit-level capacities Cbl (μ)
dmin

, μ = 1, . . . , Rmax − 1,

of the remaining Rmax−1 binary-input channels change as they, apart from μ, also depend

on the constellation size Mdmin
, i.e.,

Cbl (μ)
dmin

∣∣
Rdmin

=Rmax−1
�= Cbl (μ)

dmin

∣∣
Rdmin

=Rmax
, (5.20)

holds. For the parallel-decoding capacity of the dmin-th carrier after discarding a bit level

we can state

Cpd
dmin

∣∣
Rdmin

=Rmax−1
�= Cpd

dmin

∣∣
Rdmin

=Rmax
− Cbl (1)

dmin

∣∣
Rdmin

=Rmax
. (5.21)

Taking the impact of the changing signal constellation size Mdmin
and capacities on the

remaining bit levels into account does, unfortunately, not lead to an exact solution as well.

Actually, differences between the parallel-decoding capacities for any rate decrease within

each carrier have to be computed and compared before deciding on a rate allocation. Ob-

viously, the suggested method needs at least DRmax−N steps to return an optimized rate

distribution Ropt, at worst even an exhaustive search over all applicable rate distribution

R ∈ R has to be performed. In summary this approach turns out to be rather complex

and does not yield any complexity gains compared to existing algorithms. Consequently,

we drop the exact maximization of the parallel-decoding capacity as an objective function

for the optimization. Nevertheless, we can still look for an approximate solution.

5.2.1.2 Approximative Maximization

To overcome the complexity burden of the aforementioned exact approach, we suggest to

maximize just an approximation of the parallel-decoding capacity Cpd . Starting point for

a simplification of the algorithm is to ignore the influence of the elimination of a binary-

input channel from the set of applicable bit levels on the remaining levels. That is, the

bit-level capacities of all DRmax potential levels are assumed to be fixed for the entire

optimization procedure and independent of the actual constellations sizes Md determined

by the upper bounds of summation Rd. In analogy to the preceding proposal, we suggest

to determine the bit-level capacities on the basis of the maximum constellation size 2Rmax ;

fictitious constellations of even larger sizes could be employed as well. Numerical results

for the bit-level capacities of several constellation sizes (M = 2, 4, . . . , 1024) depicted in

Fig. 5.1 support the plausibility of this assumption: the exact bit-level capacities of an

M -ASK can be quite well approximated by the respective level capacities of a (2n ·M)-

ASK, with n ∈ N, n > 1; the graphs tend to the ultimate asymptotical limit obtained

for M → ∞, cf. Chapter 4.5.2. Depending on the level index μ, the accuracy of this

simplification is quite fair.

Founded on this simplification we can approach the (approximative) maximization of

the parallel-decoding capacity Cpd of a multicarrier frame and formulate the following

algorithm:
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Figure 5.1: Level capacities for M -ASK (M = 2R, R = 1, 2, . . . , 10). Curves embraced by an ellipse are from
same level as indicated by number. Constellation size increasing from left to right within each bundle. Level
capacities of 1024-ASK (solid).

Algorithm 5.1: Rate Allocation Based on Approximate PDC Maximization

step 1: determine Cbl (μ)
d for d = 1, . . . , D, μ = 1, . . . , Rmax, Md ≥ 2Rmax ;

step 2: eliminate DRmax −Nbs levels with least Cbl (μ)
d

step 3: Rd given by number of surviving bit levels for d-th carrier

step 4: return Ropt

Step one is preferably implemented as a table look-up; compared to the repeated numerical

computation of the bit-level capacities the complexity is then negligible. The memory

requirements of the algorithm can be significantly reduced by using downsampled BLC-

curves (see below); the robustness of the algorithm wrt. to this measure is studied later.

The second step can be either realized by a straightforward sorting of the DRmax bit-level

capacities and the subsequent selection of the Nbs best ones as remaining active levels or

even more efficiently by a bisection which adjusts a lower bound on the capacities of active

bit levels such that Nbs levels are selected. The latter exploits the inherent ordering of

the level capacities as stated in (5.19) and might achieve complexity orders of O(DRmax)

compared to a complexity of the sorting lower bounded by O(DRmax log(DRmax)). For

small numbers of carriers D the sorting might not be the limiting bottleneck.
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5.2.2 Minimizing the Bit Error Ratio

5.2.2.1 General Approach

The direct minimization of the bit error ratio of an entire multicarrier frames suffers from

the same difficulties as does the exact maximization of the parallel-decoding capacity.

Again, the equivalent channel model with DRmax potential binary-input channels, now

characterized by their level-dependent bit error ratios BER
(μ)
d , gives an intuitive insight

into the problem. We can immediately recognize bit levels exhibiting high bit error ratios

and hence, worsening the total error ratio. Of course, these levels should be eliminated

from the set of binary-input channels employed for transmission, yet we face the same

problem as for the maximization of the PDC: the level-dependent bit error ratios BER
(μ)
d

depend on the rate Rd employed in the d-th carrier. An exact solution for the minimization

of the bit error ratio requires a non-negligible amount of computational complexity and

thus cannot outperform existing algorithms in this respect.

Some findings of Chapter 4.1 offer a way out of this dilemma. Again an approximate op-

timization is performed, exploiting the fact that the level-dependent bit error ratio curves

for M -ASK with binary-reflected Gray mappings asymptotically approach the graphs of

the respective piecewise-uniformly fading channels. By doing so, the dependency of the

BER
(μ)
d on the current constellation size Md is broken up and we can use an algorithm for

the (approximate) minimization of the bit error which closely follows Alg. 5.1.

Algorithm 5.2: Rate Allocation Based on Approximate BER Minimization

step 1: determine BER
(μ)
d for d = 1, . . . , D, μ = 1, . . . , Rmax, Md ≥ 2Rmax ;

step 2: eliminate DRmax −Nbs levels with highest BER
(μ)
d

step 3: Rd given by number of surviving bit levels for d-th carrier

step 4: return Ropt

Recalling Chapter 4, where we have investigated the relation between level-dependent

bit error ratio BER
(μ)
d and bit-level capacity Cbl (d)

d and taking the evident similarities of

Alg. 5.1 and Alg. 5.2 into account, we make the reasonable presumption that the two

approaches represent different sides of the same coin, i.e., the two objectives ‘maximize

PDC’ and ‘minimize BER’ coincide. Thus, for an efficient implementation of Alg. 5.2 the

same criteria as for Alg. 5.1 apply (table look-up, etc.). Numerical results supporting this

conjecture are given in the sequel.

5.2.2.2 Memory-Efficient Implementation

Before we actually start the comparison, we first briefly address the issue of memory

requirements. In Sections 5.2.1 and 5.2.2 we have already mentioned a table look-up for

the computationally efficient implementation of the numerical integration leading to the

Cbl (μ)
d and the derivation of the level-dependent bit error ratios BER

(μ)
d , respectively. This

immediately entails the question for a memory-efficient realization of the required table.

In the subsequent comparison we either use a rather fine discretized version of Cbl (μ)
d as a
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continuous function in (Es/N0)d based on 1601 samples covering an SNR range of 160 dB

(−80 dB ≤ 10 log10((Es/N0)d) ≤ 80 dB, i.e., one sample each tenth of a dB). Allowing a

‘maximum’ maximum number of bits per symbol of Rtab = 10, i.e., Rmax ≤ Rtab, 10 ·1601

real capacity values have to be stored. The required accuracy is rather high as we have

to clearly distinguish between only slightly varying values tending to one for high SNRs.

Note, the Rtab capacity values per SNR point are computed for a 1024-ASK; we could

as well us any larger signal constellation with M > 1024 and take the first ten bit levels

(μ = 1, 2, . . . , 10) to populate the table.

For a memory-efficient approach we select an approximation of the bit-level-capacity

curves with three line segments (cf. Fig. 5.2): the center segment is determined according

to the least squares criterion for 0.1 ≤ Cbl (μ)
d ≤ 0.9 and extended to 0.001 ≤ Cbl (μ)

d ≤
0.999; the outer segments achieve their extremes (0, 1) for ±80 dB. Only 2Rtab real SNR

values, two for each bit level, and two extremal capacity values of the center segments,

i.e., in total 2(Rtab + 1) real values have to be stored. For Rtab = 10 the memory require-

ment are reduced by factor of approximately 720. An alternative solution for a piecewise

linear approximation of the bit-level-capacity curves is to use the line segments obtained

above for the first bit level and to shift them along the abscissa, cf. Fig. 5.2. This method

could be interpreted as a least-squares approximation of the asymptotic bit-level capacities

which would be present for M → ∞ and can be easily extended to arbitrary Rtab.

For the algorithm proposed in Alg. 5.2, we need a table of level-dependent bit error ratios

BER
(μ)
d for Rtab = 10 levels. Here, we can either refer to numerical results as they are

presented in Fig. 5.3 or use an approximation thereof. The SNR range covered by the

tabulated numerically computed values comprises 120 dB from approx. log10((Es/N0)d) =

−30 dB to log10((Es/N0)d) = 90 dB with a step size of 0.1 dB resulting in 1201 samples

per level. For a memory-efficient version, we consider the asymptotic case with M → ∞
addressed in Section 4.1 and approximate the respective graphs by two line segments.

There, we exploit the characteristic slope of the bit error ratio curves and intersect these

segments at BER = 0.49 with lines that have BER = 0.5 for 10 log10(Es/N0) = −60 dB.

Similar to the shifted graphs of the bit-level capacity, this approach can be expanded to

any Rtab. A problem that is prevented en passant by this approximation is the fact that

the exact level-dependent bit error ratios approach zero ‘to fast’ for high SNRs, i.e., on a

logarithmic scale they exhibit an infinite slope, and after a certain SNR threshold due to

numerical inaccuracies all values are set to zero.

5.2.3 Comparison

In order to evaluate the performance of the two proposed algorithms they are now com-

pared to existing (rate) loading algorithms. Thereby, the focus is on two well-known

approaches, the algorithm introduced by Chow, Cioffi, and Bingham in 1995 [CCB95]

and the algorithm suggested by Fischer and Huber in 1996 [FH96]. Both of them provide

a comprehensive solution to the loading problem, i.e., they also yield an adapted power

distribution. Here, we omit the optimized P opt and restrict our comparison to rate distri-

butions. A uniform power distribution (P = [P, P, . . . , P ]) over all D carriers is assumed.
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Figure 5.2: Bit-level capacities for 1024-ASK (solid blue) and two piecewise linear approximations thereof:
‘least squares approach’ (dashed red) and shifted ‘least squares graph’ of first level (dash-dotted green).
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Figure 5.3: Level-dependent bit error ratios for 1024-ASK (solid blue) and a piecewise linear approximation
of asymptotical graphs for M → ∞ (dashed red).
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The effects of adapted power distributions are studied in Section 5.3.

5.2.3.1 Rate Distribution

In a first comparison of the algorithms, we directly consider the optimized rate distribu-

tions Ropt obtained for a single exemplary channel realization covering a wide range of

(Es/N0)d with hd = 10−1.2+2.4(D−d)/D. We proceed on the assumption of D = 256 carriers

and a total number of Nbs = 1024 binary symbols to be transmitted, i.e., 16-ASK signal

constellations had to be employed in each carrier if no rate adaptation were applied. The

maximum number of bits per carrier/channel symbol is limited by Rmax = 8.

In Figures 5.4 and 5.5 several optimized rate distributions Ropt are depicted. A non-

adapted rate distribution is given in each plot for comparison. We consider the following

rate allocation strategies which are either known in the literature or have been introduced

in this work so far:

(R1) Chow, Cioffi, Bingham algorithm;

(R2) Fischer, Huber algorithm;

(R3) BLC-based algorithm (Alg. 5.1) with accurate Cbl (μ)
d ;

(R4) BLC-based algorithm (Alg. 5.1) with approximate Cbl (μ)
d acc. to least squares;

(R5) level-dependent BER-based algorithm (Alg. 5.2) with accurate BER
(μ)
d ;

(R6) level-dependent BER-based algorithm (Alg. 5.2) with approximate BER
(μ)
d ;

We can immediately recognize that the rate distributions of (R3), (R4), and (R6)—despite

some small variations—show a quite close correspondence to the distribution generated

by Fischer’s algorithm (R2). These four approaches exhibit significant differences to the

optimized rate distribution originating from Chow’s algorithm (R1); especially the number

of deactivated carriers varies. The rate distribution obtained by (R5) differs from all other

ones, we can in particular observe a tendency to avoid high Rd’s and that less carriers are

deactivated compared to (R3), (R4), and (R5). Apparently, for the BLC-based algorithm

the memory-efficient implementation of the look-up table does not entail an observable

difference in Ropt. This does not hold for the algorithm directly aiming at the BER

minimization.

5.2.3.2 Parallel-Decoding Capacity and Bit Error Ratio

The six rate allocation approaches are now compared wrt. the initially regarded optimiza-

tion criteria, the parallel-decoding capacity Cpd and the bit error ratio BER. For the

numerical simulations underlying the following considerations, we have assumed a mul-

ticarrier scenario with D = 128 carriers. The carrier coefficients hd are i.i.d. Gaussian
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Figure 5.4: Allocated bits per carrier/channel symbol for different bit-loading strategies. Parameters: D = 256
carriers, Nbs = 1024 bits, Rmax = 8. Carriers sorted wrt. (Es/N0)d. Uniform power distribution over carriers.
Top: algorithm acc. to Chow [CCB95] (R1). Center: algorithm acc. to Fischer [FH96] (R2). Bottom: approx.
PDC-maximization with accurate Cbl (μ)

d (R3). Non-adapted rate allocation (blue).
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Figure 5.5: Allocated bits per carrier/channel symbol for different bit-loading strategies. Parameters: D = 256
carriers, Nbs = 1024 bits, Rmax = 8. Carriers sorted wrt. (Es/N0)d. Uniform power distribution over carriers.
Top: approx. PDC-maximization with table (R4). Center: approx. BER-minimization with accurate BER(μ)

d

(R5). Bottom: approx. BER-minimization with table (R6). Non-adapted rate allocation (blue).
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distributed with zero mean and unit variance (hd ∼ N (0, 1)), i.e., Rayleigh fading is pre-

sumed.4 We concentrate on three different settings with varying numbers Nbs of bits to

be transmitted. Namely, these are Nbs = 256, Nbs = 512, and Nbs = 768; not adapt-

ing the rate allocation either 4-ASK, 16-ASK, or 64-ASK had to be employed. Again, a

flat transmit power spectral density is assumed, i.e., P = [P, P, . . . , P ] and appropriate

scaling is performed at the transmitter. For the rate allocation algorithms, the maximum

number of bits per carrier/channel symbol is set to Rmax = 10, i.e., a 1024-ASK signal

constellation is employed at most. For the rate allocation strategies (R3), (R4), (R5), and

(R6) the required tables have been calculated as sketched above.

In Fig. 5.6 the bit error ratio for the scenario with Nbs = 256 has been depicted over

the average SNR 10 log10(Ēs/N0) [dB] (Ēs/N0 = Ed{(Es/N0)d}). The graphs pictured

in this figure are familiar in the literature and indeed, we have the typical BER curve

resulting from non-adapted transmission over a Rayleigh fading channel with a slope of

−1 in doubly logarithmic scale. The BER curves related to the different rate allocation

strategies mimic, albeit shifted, an AWGN channel bit error ratio. Obviously, in this

scenario and in terms of the bit error ratio it is almost of no interest which rate allocation

strategy actually has been pursued; the respective graphs coincide. Zooming into the

plot, however, discloses a small loss of Chow’s algorithm (R1) compared to the others.

The approaches introduced in this section, either aiming at a maximized parallel-decoding

capacity or at a minimized bit error ratio of the multicarrier frame, yield the same results.

Interestingly, this has not been the case for the rate distributions in Section 5.2.3.1. Here,

even strategy (R5) exhibits a BER curve identical to those of methods (R2), (R3), (R4),

and (R6).

Looking onto the parallel-decoding capacities Cpd originating from the different rate allo-

cation strategies, cf. Fig. 5.7, we can recognize results analog to the bit error ratios. Again,

a rate adaptation is rewarding, the parallel-decoding capacity Cpd can be improved within

a certain SNR range. In contrast to the bit error ratio, where the graphs of ‘loaded’ and

‘unloaded’ scenarios diverge for higher SNRs, the parallel-decoding capacities converge

for high SNRs. Albeit for varying SNRs, both, ‘loaded’ and ‘unloaded’ schemes approach

the ultimate limit of the parallel-decoding capacity Cpd represented by the total num-

ber of used binary-input channels Nbs divided by D. Again, the gains obtained through

rate adaptation can be achieved regardless of the actually used allocation method. Only

Chow’s approach (R1) again slightly falls behind the other investigated strategies. The

gains achieved for the parallel-decoding capacity are not as pronounced as for the bit error

ratio and comprise several percent compared to several orders of magnitude for the BER.

In particular for those SNRs where the gain in BER almost exceeds any limit, the gain in

the PDC vanishes.

The graphs depicted in Figure 5.8 reveal results for the bit error ratio obtained for Nbs =

512 comparable to those just discussed above for Nbs = 256. Only very slight variations

4It can be shown that for frequency-selective channels of interest, the carriers’ channel coefficients are
complex Gaussian distributed, i.e., the channel ‘seen’ over the carriers exhibits Rayleigh fading charac-
teristics [MW00].
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can be observed for most of the different rate allocation methods. Up to an SNR of

about 10 log10(Ēs/N0) = 32 dB the cures of all six strategies almost perfectly coincide.

Above this threshold the bit error ratio of method (R5) cannot follow the steep slope of

the other graphs, but deviates. Apparently, the allocation algorithm fails to determine

the most advantageous rate distributions. The clue to explain this observation is most

probably a problem addressed in the section on the memory-efficient implementation of

the required table of level-dependent bit error ratios: the BER
(μ)
d approach zero ‘to fast’

for high SNRs, after a certain SNR threshold due to numerical inaccuracies all values

are set to zero. The memory-efficient version of Alg. 5.2, (R6), dissolves this problem

and thus shows appropriate results for the bit error ratio. An alternative way out of this

issue would be to populate the table with the respective BER
(μ)
d of a significantly larger

signal constellation. Turning now our attention briefly to the related parallel-decoding

capacities, cf. Fig. 5.9, we can see that the problem observed for the BER does not emerge

for the PDC. The graphs originating from the adapted rate distributions all show the same

gains over the non-adapted scheme and perfectly coincide.

In the last case for Nbs = 768, pictured in Fig. 5.10 we can observe an almost complete

failure of rate allocation strategy (R5). A small gain compared to non-adapted trans-

mission can be achieved, the slope of the BER curve is not changed. The failure can

be also recognized for the parallel-decoding capacity depicted in Fig. 5.11; the results

of the other five rate allocation strategies cannot be achieved. Fig. 5.10 also reveals a

problem occurring with algorithm (R3), where a problem similar to the one just described

for (R5) emerges for higher SNRs. Now, the bit-level capacities are to close to one to be

distinguished. Again, the memory-efficient approach circumvents this problem and pro-

vides results of constant quality. Excluding these numerical difficulties, we can summarize

that all assessed rate allocation strategies again lead to comparable results; their graphs

coincide for both, bit error ratio and parallel-decoding capacity.

5.2.3.3 Distribution of Bit-Level Capacities

The pure figures of merit, bit error ratio and parallel-decoding capacity, may be eventually

the interesting variables. For a full and thorough understanding of the problem they are

not helpful, though. To shed some more light onto the rate allocation problem, we now

look at the, a little more meaningful distribution of the bit-level capacities present after

the rate adaptation (power allocation still is uniform over carriers). Exploiting the relation

of bit-level capacities and level-dependent bit error ratios, the insights obtained for the

first can be immediately transferred to the latter.

Subsequently, the rate allocation strategies addressed above are compared based on the

cumulative distribution functions of the Nbs bit-level capacities Cbl (μ)
d of an entire multi-

carrier symbol

F
Cbl (μ)

d
(c) = Pr

{
Cbl (μ)

d ≤ c
}
. (5.22)

The presented CDFs result from a scenario as described above for the bit error ratios and

parallel-decoding capacities, i.e., we have D = 128 carriers and want to transmit either

Nbs = 256, Nbs = 512 or Nbs = 768 bits with a single multicarrier frame. The maximum
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Figure 5.6: Bit error ratios of M -ASK over 10 log10(Ēs/N0) [dB] for several rate allocation strategies. D = 128
carriers, Nbs = 256, Rmax = 10, hd ∼ N (0, 1). No rate adaptation (black); rate adaptation acc. to (R1) (blue),
acc. to (R2) (red), acc. to (R3) (green), acc. to (R4) (dashed green), acc. to (R5) (magenta), and acc. to (R6)
(dashed magenta). Nearly all graphs coincide.

0 5 10 15 20 25
0

0.25

0.5

0.75

1

1.25

1.5

1.75

2

9.7 10 10.3

1.67

1.7

1.73
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Figure 5.7: Parallel-decoding capacities of M -ASK over 10 log10(Ēs/N0) [dB] for several rate allocation
strategies (normalized wrt. D). D = 128 carriers, Nbs = 256, Rmax = 10, hd ∼ N (0, 1). No rate adaptation
(black); rate adaptation acc. to (R1) (blue), acc. to (R2) (red), acc. to (R3) (green), acc. to (R4) (dashed green),
acc. to (R5) (magenta), and acc. to (R6) (dashed magenta). Nearly all graphs coincide.
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Figure 5.8: Bit error ratios of uncoded M -ASK over 10 log10(Ēs/N0) [dB] for several rate allocation strategies.
D = 128 carriers, Nbs = 512, Rmax = 10, hd ∼ N (0, 1). No rate adaptation (black); rate adaptation acc.
to (R1) (blue), acc. to (R2) (red), acc. to (R3) (green), acc. to (R4) (dashed green), acc. to (R5) (magenta), and
acc. to (R6) (dashed magenta). Nearly all graphs coincide.
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Figure 5.9: Parallel-decoding capacities of M -ASK over 10 log10(Ēs/N0) [dB] for several rate allocation
strategies (normalized wrt. D). D = 128 carriers, Nbs = 512, Rmax = 10, hd ∼ N (0, 1). No rate adaptation
(black); rate adaptation acc. to (R1) (blue), acc. to (R2) (red), acc. to (R3) (green), acc. to (R4) (dashed green),
acc. to (R5) (magenta), and acc. to (R6) (dashed magenta). Nearly all graphs coincide.
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Figure 5.10: Bit error ratios of uncoded M -ASK over 10 log10(Ēs/N0) [dB] for several rate allocation strate-
gies. D = 128 carriers, Nbs = 768, Rmax = 10, hd ∼ N (0, 1). No rate adaptation (black); rate adaptation
acc. to (R1) (blue), acc. to (R2) (red), acc. to (R3) (green), acc. to (R4) (dashed green), acc. to (R5) (magenta),
and acc. to (R6) (dashed magenta). Some graphs may coincide.
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Figure 5.11: Parallel-decoding capacities of M -ASK over 10 log10(Ēs/N0) [dB] for several rate allocation
strategies (normalized wrt. D). D = 128 carriers, Nbs = 768, Rmax = 10, hd ∼ N (0, 1). No rate adaptation
(black); rate adaptation acc. to (R1) (blue), acc. to (R2) (red), acc. to (R3) (green), acc. to (R4) (dashed green),
acc. to (R5) (magenta), and acc. to (R6) (dashed magenta). Some graphs may coincide.
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number of bits per carrier is limited by Rmax = 10; 103 channel realizations have been

simulated, which already yields sufficiently stable results. Figures 5.12, 5.13, and 5.14

depict the graphs of the CDFs for the three scenarios determined by the varying Nbs. In

each plot CDFs of seven different approaches comprising (R1)–(R4) and a system doing

without rate allocation are shown for some SNR points which cover the SNR range used

in the BER and PDC plots, e.g., Fig. 5.6 and 5.7.

Regarding first Fig. 5.12, where the results obtained for Nbs = 256 and 10 log10(Ēs/N0) =

0 dB, 5 dB, 10 dB, . . . , 25 dB are depicted, we can clearly recognize two fundamental curve

shapes: the CDF of the non-adapted rate allocation scenario evidently differs form the

other six approaches, where rate loading is employed. The graphs of the different rate

allocation strategies yet almost coincide for any SNR; only very slight variations can be

observed, maybe little tendency of Chow’s approach to lead to slightly smaller bit-level

capacities in this situation. The results clearly show that, independently of the actual opti-

mization criterion, all rate loading strategies, independently of the employed optimization

criterion, finally lead to very similar bit-level capacity distributions. Apparently, the

rate adaptation of any algorithm mainly results in the elimination of bit levels with low

capacities, small bit-level capacities cannot be observed for higher SNR values and corre-

sponding lower uncoded BERs. This complies with our observations made in Chapter 4,

where we have identified a direct relation between bit-level capacity and level-dependent

bit error ratio; bit levels with inferior capacities represent the error sources in uncoded

transmission.

In Fig. 5.13 the graphs for Nbs = 512 and 10 log10(Ēs/N0) = 10 dB, 15 dB, . . . , 35 dB ex-

hibit a similar behavior. Now the coincidence of the CDFs of the different rate allocations

strategies is even more pronounced; actually only a single curve differing from the CDF

of non-adapted transmission can be observed. Again, for higher SNRs bit-levels with low

capacities are eliminated in favor of levels with rather high capacities. What can be also

seen from this plot is that rate adaptation apparently does not have any effect for low

SNRs and that the SNR threshold to be exceeded for a reasonable application of rate

loading grows with the number of bits to be transmitted, i.e., with the ‘average’ constel-

lation size. This is again in good accordance with the results obtained for the bit error

ratio and the parallel-decoding capacity.

For the scenario with Nbs = 768 and 10 log10(Ēs/N0) = 14 dB, 19 dB, . . . , 54 dB the re-

spective graphs are depicted in Fig. 5.14. Once again, we can see that the rate allocation

algorithms favor bit levels with high capacities and eliminate those with low Cbl . On

the other hand, we can again observe the ineffectiveness of rate loading for low SNRs.

For 10 log10(Ēs/N0) = 14 dB and 10 log10(Ēs/N0) = 19 dB (curves located in upper left

part of plot), almost no differences between non-adapted and optimized rate distributions

can be recognized; the respective curves virtually coincide. Furthermore, the plot reveals

the failure of rate allocation strategy (R5) in this scenario. The respective graph cannot

follow those of the other rate allocation strategies and tends to the one resulting from the

non-adapted scenario.
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Figure 5.12: CDFs of Cbl after rate adaptation. D = 128 carriers, Nbs = 256, Rmax = 10, hd ∼ N (0, 1),
10 log10(Ēs/N0) = 0 dB, 5 dB, 10 dB, . . . , 25 dB (SNR growing from top left to bottom right corner). Uniform
power allocation. No rate adaptation (black); rate adaptation acc. to (R1) (blue), acc. to (R2) (red), acc. to
(R3) (green), acc. to (R4) (dashed green), acc. to (R5) (magenta), and acc. to (R6) (dashed magenta).
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Figure 5.13: CDFs of Cbl after rate adaptation. D = 128 carriers, Nbs = 512, Rmax = 10, hd ∼ N (0, 1),
10 log10(Ēs/N0) = 10 dB, 15 dB, . . . , 35 dB (SNR growing from top left to bottom right corner). Uniform
power allocation. No rate adaptation (black); rate adaptation acc. to (R1) (blue), acc. to (R2) (red), acc. to
(R3) (green), acc. to (R4) (dashed green), acc. to (R5) (magenta), and acc. to (R6) (dashed magenta).
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Figure 5.14: CDFs of Cbl after rate adaptation. D = 128 carriers, Nbs = 768, Rmax = 10, hd ∼ N (0, 1),
10 log10(Ēs/N0) = 14 dB, 19 dB, . . . , 54 dB (SNR growing from top left to bottom right corner). Uniform
power allocation. No rate adaptation (black); rate adaptation acc. to (R1) (blue), acc. to (R2) (red), acc. to
(R3) (green), acc. to (R4) (dashed green), acc. to (R5) (magenta), and acc. to (R6) (dashed magenta).

5.2.4 Conclusions

After a study of several rate allocation strategies in terms of the achievable bit error ratio,

the resulting parallel-decoding capacity, and the distribution of the bit-level capacities

after the adaptation, we can summarize the obtained insights as follows: rate allocation

algorithms aiming at the optimization of either capacity (R1), symbol error ratio (R2),

parallel-decoding capacity (R3), (R4), and bit error ratio (R5),(R6) lead to identical results

in terms of the just mentioned figures of merit, BER and PDC. The rate distributions

may vary slightly, especially (R1) differs from the other approaches. Any rate loading

strategy aiming at one of the aforementioned optimization goals apparently eliminates

weak bit levels having a low capacity and high level-dependent bit error ratio. The

observed effects on the distribution of the bit-level capacities is more pronounced for

low ‘average’ signal constellations, as for larger numbers of bits to be transmitted, the

‘average’ signal constellations itself already exhibits a higher variance of the Cbl .

The performance of all investigated methods is comparable providing the user with a set

of applicable rate allocation algorithms. Thus, the selection for the preferred method can

be based on other criteria wherefrom computational complexity and memory requirements

might be the most urgent constraints. The new approaches introduced in Alg. 5.1 and

Alg. 5.2 and their memory-efficient version as sketched in Section 5.2.2.2 represent strong

alternatives to the well-known algorithms of [CCB95] and [FH96].
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5.3 Power Allocation

After these detailed considerations regarding the rate allocation over the D carriers of

multicarrier frame, we now turn our attention to the thereupon based power allocation.

So far the scope of power allocation strategies has been limited to a uniform distribution

over the employed carriers, i.e., at least the deactivated carriers have been taken into

account and the spare transmit power not needed for them is uniformly disseminated

over the used ones. Obviously, this strategy does not really aim at a somehow specified

optimization criterion but simply follows a pragmatic approach. In the remainder of

this chapter we try to formalize the power allocation problem at least a bit like we have

done for the rate allocation. Unfortunately, the equivalent channel model used for the

illustration of the rate allocation problem is not advantageous here. Nevertheless, several

power allocation strategies are studied; on the one hand this is done for completeness,

on the other hand the impact of the power allocation on the bit error ratio and the

parallel-decoding capacity is studied in analogy to the preceding section.

As no specific bit-level based approach to the power allocation problem has been found,

the issue is not discussed in too much detail, but simply an overview of potential solutions

is presented.

5.3.1 Brief Survey of Power Allocation Strategies

The power allocation over the D carriers is performed on the basis of an optimized rate

distribution Ropt. Below we present and briefly discuss several power allocation strategies

known from literature and aiming at different optimization goals. These approaches are

then assessed numerically in the subsequent section.

Uniform Power Allocation (P1): The total power Ptot is equally distributed over the used

carriers, i.e., Pd = Ptot/Dact for d ∈ Dact and Pd = 0 for d ∈ Dinact, where Dact denotes the

number of active carriers and Dact the set of respective indices; Dinact is the complement

of Dact in D = {1, . . . , D}. The carrier-dependent scaling factors ςd have to be chosen as

ςd =

√
3 · Ptot

Dact · (22Rd − 1)
. (5.23)

Minimum Symbol Error Ratio (P2): In [FH96] the authors advocate a power allocation

policy aiming at equalized and hence minimized individual symbol error ratios of the

carriers. The computation of the respective scaling factors ςd is given in [FH96] or [Fis96].

Minimum Bit Error Ratio (P3): In [HD03, MDH06] a power allocation strategy for a

minimized total bit error ratio of a multicarrier frame is pursued. Although proposed in

the context of coded transmission, the uncoded bit error ratio is actually targeted. For

the derivation of the required scaling factors ςd, we refer to [HD03, MDH06].

Maximum Capacity (P4): The classical water-filling as described in nearly all relevant

information theory textbooks, e.g., [CT91, HF08], and aiming at a maximization of the
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channel capacity C under the assumption of Gaussian signaling is also discussed. A po-

tential alternative taking the non-Gaussian character of the input signal into account

and maximizing the coded-modulation capacity Ccm of transmission over parallel chan-

nels with arbitrary signal constellations has been presented in [LTV05] and denoted as

mercury/water-filling. Due to complexity reasons, this method is not implemented here.

For detailed discussion of water-filling and a derivation of the respective scaling coefficients

we refer to literature.

5.3.2 Comparison

The power allocation policies described above are now compared on the basis of the

resulting bit error ratio and parallel-decoding capacity. Furthermore, we have a look at

the power distributions themselves and analyze the bit-level capacity distributions present

after the power adaptation.

5.3.2.1 Power Distributions

First, we compare the optimized power distribution P opt obtained by (P1)–(P4) for trans-

mission over the same exemplary channel realization as used in Section 5.2.3.1, i.e., for

channel coefficients hd = 10−1.2+2.4(D−d)/D. We assume D = 256 carriers and a total num-

ber of Nbs = 1024 binary symbols to be transmitted. The optimized rate distribution Ropt

originates from (R6) with the constraint Rmax = 8 and is depicted in Fig. 5.5. Dinact = 16

carriers have been deactivated, the total power to be allotted to the Dact = 240 active

carriers is given as a dimension-less quantity by Ptot = 256 · (162 − 1)/3 = 21760, i.e., on

average we have Ed∈Dact{Pd} = 272
3

≈ 90.67 (M = 16 is the ‘average’ constellation size).

In Fig. 5.15 the four power distributions P opt resulting from (P1) – (P4) are depicted.

The uniform power allocation over the active carriers obtained from (P1) can be clearly

recognized in the uppermost plot; the non-active carriers are reflected in those with trans-

mit power set to zero. In this particular case even the average transmit power per active

carrier Ed∈Dact{Pd} can be directly read from the plot. The next lower plot in Fig. 5.15

shows the power distribution obtained from (P2), i.e., the policy aiming at minimum

symbol error ratio which is achieved by equalizing the carriers’ symbol error ratios. Re-

calling the ordering of the carriers based on the initial SNR, we can immediately see

that carriers suffering from disadvantageous coefficients receive higher transmit powers to

compensate for this loss. The significant discontinuities of the powers of adjacent carriers

reflect changing signal constellations sizes, i.e., rate changes. The third plot given in 5.15

shows the optimized power distribution P opt originating from (P3). Again, we observe a

similar behavior of the graph as seen for (P2); slight variations can be recognized. Ap-

parently, less power is spent on the worst representatives of a specific rate per symbol

compared to (P2). The water-filling approach (P4) depicted on the bottom of Fig. 5.15 is

in parts similar to the uniform power allocation; yet the reduced transmit power for bad

carriers is significant. The varying signal constellation sizes, not taken into account in the

optimization, can of course not be recognized in this plot.
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Figure 5.15: Power distribution over carriers for different power allocation strategies and exemplary toy chan-
nel. Parameters: D = 256 carriers, Nbs = 1024 bits, Rmax = 8, Ropt from (R6), cf. Fig. 5.5 Carriers sorted
wrt. initial (Es/N0)d. From top to bottom: uniform power allocation over active carriers (P1); minimum
symbol error ratio (P2), minimum bit error ratio (P3); water-filling (P4).

Clemens Stierstorfer — 2009



5.3. Power Allocation 123

5.3.2.2 Parallel-Decoding Capacity and Bit Error Ratio

The comparison of the power allocation strategies is mainly dedicated to a numerical

assessment of bit error ratio and parallel-decoding capacity. The presumed scenario is

identical to that of Section 5.2.3.2: we consider multicarrier transmission with D = 128

carriers with i.i.d. Gaussian distributed coefficients hd with zero mean and unit variance

(hd ∼ N (0, 1)); three different settings with Nbs = 256, Nbs = 512, and Nbs = 768 bits to

be transmitted have been simulated, respectively. The rate distribution R is optimized

using (R6) and Rmax = 10. Based on Ropt the power allocation P is adapted. The

presented results have been averaged over 104 channel realizations, i.e., at least 2.56 · 106

bits have been transmitted.

Figures 5.16 and 5.17 picture the results obtained for Nbs = 256, i.e., for non-adapted

transmission a 4-ASK is employed per carrier. The presented bit error ratios (Fig. 5.16)

virtually coincide for some power allocation strategies: the uniform power allocation (P1)

and water-filling (P4) lead to similar results which are significantly outperformed by the

minimum bit error ratio (P3) and the minimum symbol error ratio (P2) approach. The

gains over non-adapted transmission due to the rate adaptation are maintained or even

increased. The results of the four strategies are explained by the well-known fact, that

water-filling tends to a uniform power distribution for high SNRs and is thus most effective

for low signal-to-noise ratios. The similarity of (P2) and (P3) in terms of the bit error

ratio justifies the assumption of a single bit error per symbol error for higher SNRs and

Gray labeling commonly applied in the approximative analytical derivation of the bit

error ratio, cf. Chapter 4. Nevertheless, (P3) yields a slightly better bit error ratio.

The results for the parallel-decoding capacity are different. Roughly speaking, all power

allocation strategy lead to approximately equal but rather limited gains over non-adapted

transmission within a finite SNR range. Looking closer onto the graphs and working

out the slight differences between the four strategies, we can recognize the superiority of

water-filling (P4) in terms of the PDC for low SNRs. This changes for higher signal-to-

noise ratios. The power distribution aiming at a minimized BER (P3) outperforms the

other ones. Another significant observation is that (P2) falls behind any of the other

power allocation strategies.

The graphs obtained for Nbs = 512 are depicted in Figures 5.18 and 5.19 and exhibit

a similar behavior as observed for Nbs = 256. Again, we can recognize two principal

BER curves for loaded transmission: the results of water-filling (P4) and uniform power

allocation (P1) again coincide, as do the results of (P2) and (P3). The strategy aiming at

minimum bit error ratio (P3) again slightly outperforms the minimum symbol error ratio

approach (P2). Regarding the parallel-decoding capacities pictured in Fig. 5.19, we can

draw the same conclusions as for Nbs = 256: water-filling (P4) is rewarding for low SNRs,

for higher SNRs (P3) outperforms the other power allocation strategies. (P2) cannot be

recommended for low to moderate SNRs. All in all, the variations of the parallel-decoding

capacities are rather small. The same holds for the achievable gains compared to uncoded

transmission. These are again limited to a certain SNR range.
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For the scenario with Nbs = 768, where unloaded transmission is performed using 64-ASK

signal constellations, the respective plots of bit error ratio and parallel-decoding capacity

are given in Figures 5.20 and 5.21. Apparently, the conclusions and insights obtained

from the two preceding scenarios apply here as well. (P2) and (P3) exhibit similar results

in terms of the BER and outperform (P1) and (P4) in this respect. (P4) increases the

parallel-decoding capacity for rather low SNRs, whereas (P3) should be employed for

higher signal-to-noise ratios. (P2) again falls behind the other approaches.

5.3.2.3 Distribution of Bit-Level Capacities

To conclude the comparison of the four power allocation strategies addressed in this

section, we have a look at the cumulative distribution function F
Cbl (μ)

d
(c) of the bit-level

capacities present after the adaptation. The scenario and the signal-to-noise ratios chosen

for the illustration entirely complies with the one of Section 5.2.3.3. The carriers’ rates

have been adapted using strategy (R6). As the insights obtained for the different total

numbers of bits to be transmitted (Nbs = 256, Nbs = 512, and Nbs = 768) exhibit

significant similarities, we discuss the impacts in general.

Even a first quick glance at the graphs of Figures 5.22, 5.23, and 5.24 unveils a striking

deviance of the CDF originating from (P2) compared to the other three power allocation

policies. The curves of (P1), (P3), and (P4) on the other hand resemble each other over a

wide range and show only slight variations. (P2) leads to a very distinct bit-level capac-

ity distribution owing to the equalized SNRs within the carriers of a particular rate. As

the graph of (P2) intersects with those of the other approaches several times, a decisive

superiority (or the contrary) cannot be declared. In particular the ability of (P2) to sup-

press or promote bit levels with low capacities is hard to assess. For the parallel-decoding

capacity, which also represents the (scaled) average bit-level capacity Eμ,d{ Cbl (μ)
d }, (P2)

seems to be disadvantageous. Turning to the smaller disparities observable between the

remaining three policies, we can see that for higher SNRs especially (P3) shows the, a

bit more pronounced tendency to suppress bit levels with small capacities. This might

explain the superior performance of (P3) over (P1) and (P4) in terms of the bit error ratio.

The graphs of (P2) and (P3), however, seem to converge for high SNRs. The astonishing

resemblance of water-filling (P4) and the uniform power allocation (P1) in terms of the

bit error ratio is reflected by an analog similarity of the respective CDFs of the bit-level

capacities. These can be virtually not distinguished.

5.4 Summary and Conclusions

In this chapter we addressed the well-known problem of rate and power allocation over the

individual carriers of a multicarrier frame from a bit-level perspective. We assessed sev-

eral potential optimization criteria wrt. to their compatibility with the equivalent channel

model and realized that a joint optimization of both, rate and power allocation, is rather

complex and tough to handle. Thus, the optimization problem was split into two indepen-

dent ones which are then solved successively. Starting with the rate allocation and assum-

ing a uniform power allocation, the parallel-decoding capacity and the bit error ratio of an

Clemens Stierstorfer — 2009



5.4. Summary and Conclusions 125

0 5 10 15 20 25

10
−5

10
−4

10
−3

10
−2

10
−1

15.9 16.5 17.1

10
−3

10 log10(Ēs/N0) [dB] −→

B
E

R
−→

Figure 5.16: Bit error ratios of M -ASK over 10 log10(Ēs/N0) [dB] for several power allocation strategies.
D = 128 carriers, Nbs = 256, Rmax = 10, hd ∼ N (0, 1). Ropt acc. to (R6). No rate and power adaptation
(black); power allocation acc. to (P1) (blue), acc. to (P2) (green), acc. to (P3) (red), and acc. to (P4) (cyan).
Some graphs may coincide.
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Figure 5.17: Parallel-decoding capacities of M -ASK over 10 log10(Ēs/N0) [dB] for several power allocation
strategies (normalized wrt. D). D = 128 carriers, Nbs = 256, Rmax = 10, hd ∼ N (0, 1). Ropt acc. to (R6).
No rate and power adaptation (black); power allocation acc. to (P1) (blue), acc. to (P2) (green), acc. to (P3)
(red), and acc. to (P4) (cyan). Some graphs may coincide.
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Figure 5.18: Bit error ratios of M -ASK over 10 log10(Ēs/N0) [dB] for several power allocation strategies.
D = 128 carriers, Nbs = 512, Rmax = 10, hd ∼ N (0, 1). Ropt acc. to (R6). No rate and power adaptation
(black); power allocation acc. to (P1) (blue), acc. to (P2) (green), acc. to (P3) (red), and acc. to (P4) (cyan).
Some graphs may coincide.
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Figure 5.19: Parallel-decoding capacities of M -ASK over 10 log10(Ēs/N0) [dB] for several power allocation
strategies (normalized wrt. D). D = 128 carriers, Nbs = 512, Rmax = 10, hd ∼ N (0, 1). Ropt acc. to (R6).
No rate and power adaptation (black); power allocation acc. to (P1) (blue), acc. to (P2) (green), acc. to (P3)
(red), and acc. to (P4) (cyan). Some graphs may coincide.
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Figure 5.20: Bit error ratios of M -ASK over 10 log10(Ēs/N0) [dB] for several power allocation strategies.
D = 128 carriers, Nbs = 768, Rmax = 10, hd ∼ N (0, 1). Ropt acc. to (R6). No rate and power adaptation
(black); power allocation acc. to (P1) (blue), acc. to (P2) (green), acc. to (P3) (red), and acc. to (P4) (cyan).
Some graphs may coincide.
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Figure 5.21: Parallel-decoding capacities of M -ASK over 10 log10(Ēs/N0) [dB] for several power allocation
strategies (normalized wrt. D). D = 128 carriers, Nbs = 768, Rmax = 10, hd ∼ N (0, 1). Ropt acc. to (R6).
No rate and power adaptation (black); power allocation acc. to (P1) (blue), acc. to (P2) (green), acc. to (P3)
(red), and acc. to (P4) (cyan). Some graphs may coincide.
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Figure 5.22: CDFs of Cbl after power allocation. D = 128 carriers, Nbs = 256, Rmax = 10, hd ∼ N (0, 1),
10 log10(Ēs/N0) = 0 dB, 5 dB, 10 dB, . . . , 25 dB (SNR growing from top left to bottom right corner). Ropt

acc. to (R6). No rate and power adaptation (black); power allocation acc. to (P1) (blue), acc. to (P2) (green),
acc. to (P3) (red), and acc. to (P4) (cyan).
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Figure 5.23: CDFs of Cbl after power allocation. D = 128 carriers, Nbs = 512, Rmax = 10, hd ∼ N (0, 1),
10 log10(Ēs/N0) = 10 dB, 15 dB, . . . , 35 dB (SNR growing from top left to bottom right corner). Ropt acc. to
(R6). No rate and power adaptation (black); power allocation acc. to (P1) (blue), acc. to (P2) (green), acc. to
(P3) (red), and acc. to (P4) (cyan).
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Figure 5.24: CDFs of Cbl after power allocation. D = 128 carriers, Nbs = 768, Rmax = 10, hd ∼ N (0, 1),
10 log10(Ēs/N0) = 14 dB, 19 dB, . . . , 54 dB (SNR growing from top left to bottom right corner). Ropt acc. to
(R6). No rate and power adaptation (black); power allocation acc. to (P1) (blue), acc. to (P2) (green), acc. to
(P3) (red), and acc. to (P4) (cyan).

entire frame were identified as optimization criteria which can be conveniently computed

using a channel representation based on independent, parallel binary-input channels. The

rate allocation problem was translated into the almost trivial task of selecting the best

Nbs levels out of a larger set of potential candidates. Based on some reasonable approx-

imations computationally efficient algorithms were derived either aiming at a maximized

parallel-decoding capacity (Alg. 5.1) or a minimized bit error ratio (Alg. 5.2). Some fur-

ther approximations with regard to a very memory-efficient implementation and avoiding

numerical troubles were introduced.

A numerically based comparison of the novel algorithms to existing approaches, in par-

ticular to Chow’s [CCB95] and Fischer’s algorithm [FH96], respectively, revealed an as-

tonishing resemblance of the investigated methods in terms of both, bit error ratio and

parallel-decoding capacity. Virtually no differences can be observed, although quite dis-

parate optimization goals are pursued. All investigated rate loading algorithms lead to

significant gains in terms of the bit error ratio, a result well-known in the literature,

whereas the gains achieved for the parallel-decoding capacity remain limited. Due to

these congruities, complexity seems to be the only relevant issue when choosing an ac-

cording rate allocation algorithm.

The power allocation problem was tackled after the rate optimization. Due to the de-

pendency of several binary-input channels on the power of a single carrier, it is rather
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hard to derive a solution to the problem explicitly exploiting characteristics of the bit

levels. Nevertheless, the comparison of known power allocation strategies in terms of the

quantities conveniently represented by the equivalent channel model was rewarding. With

regard to the bit error ratio (of uncoded transmission!) the power allocation according to

[HD03, MDH06] outperforms the other strategies, although Fischer’s contribution aiming

at a minimized symbol error ratio [FH96] is only narrowly beaten. Water-filling, e.g.,

[CT91, HF08], and the uniform power allocation perform almost the same and lose com-

pared to the other two approaches. For the parallel-decoding capacity the results of all

four assessed methods are quite equal. Concentrating on the, at first sight negligible, vari-

ations, we can state that water-filling is rewarding for low SNRs , whereas the minimum

BER strategy is superior for higher signal-to-noise ratios. Fischer’s approach is slightly

inferior over the entire SNR range. Although small, these variations are of particular

interest in Chapter 7 where coded transmission is addressed.

The author’s contributions presented in this chapter have in parts been already published

in [SF08d] and [SF08b].
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6. Bit-Metric Computation

Regarding the coded multicarrier system described in Chapter 2, the coding-relevant

building blocks naturally comprise encoder (ENC) and decoder (DEC). Besides these two

essential devices, the preprocessing of the incoming receive signal before it is fed into the

decoder also plays a vital role for the performance of the coding scheme. In Chapter 4

we implicitly have already addressed a potential strategy to process the receive signal by

generating estimates on the binary label bits x
(μ)
d of the channel symbols ad. Based on

these estimates the decoder could try to recover the initial source sequence. This approach,

in the literature commonly denoted ‘hard-decision’ decoding, obviously is lossy in terms

of the mutual information between receive signal and decoder input. The decoder is not

provided the entire information initially contained in the receive sequence. In order to

overcome this shortcoming of ‘hard-decision’ decoding, the application of so-called ‘soft

decision’ decoding is nowadays favored in most coding schemes. Thereby, the decoder

utilizes a sequence of bit metrics which at best is bijectively related to the receive signal,

i.e., no information loss has to be accepted. The advantages of ‘soft-decision’ decoding

over ‘hard-decision’ decoding are well-documented in the literature and the latter is mostly

considered as a low-complexity solution in respectively limited scenarios only.

Most publications on state-of-the-art coding schemes advocate the use of so-called log-

likelihood ratios or short L-values as a ‘soft-decision’ decoding bit metric, e.g., [HOP96,

BF98, HY05]. Although, L-values are advantageous in terms of implementation issues,

they might on the other hand prevent an intuitive understanding of the decoding problem

itself. The use of probabilities—in fact L-values simply are an alternative representation

thereof and there is a one-to-one relation between these two quantities—might provide a

simpler approach to the problem. Hence, the focus of this work is not on the derivation

of L-values, but on more elementary questions entailed by the application of rather large

signal constellations.

We therefore derive the bit metric right from the underlying decoding problem and in

particular analyze the impact of commonly employed approximations on the performance
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of the coding scheme. Additionally, we briefly discuss an extension of the equivalent

channel model introduced in Chapter 2 by including the metric computation. This step

leads to a model of parallel binary-input channels which do not share a common output

and therefore is better suited to represent a BICM system.

6.1 General Problem Formulation

We consider coded transmission as sketched in Chapter 2, whereKbs binary source symbols

qk are encoded into Nbs binary symbols cυ which after interleaving are mapped onto a D-

ary sequence of channel symbols ad. At the receiver, we obtain the scaled and interfered

signals yd, wherefrom we want to derive a bit metric λd which is eventually employed

in the decoder to obtain an estimate q̂k on qk. In Chapter 2 we have also introduced a

convenient vector notation to describe the transmission of an entire code word which is

assumed to span all D carriers of the multicarrier system. The step discussed here in a

little more detail is the transition from the receive signals yd to the bit metric vectors λd

or including the deinterleaving from y to Λdi . In order to shed some light on this issue

we first have to study the decoding procedure.

Assume the vector c of encoded binary symbols has been transmitted. Let us first recall

the probability density function of the receive signal in the d-th carrier conditioned on a

particular entry of the binary label xd assigned to ad by the bijective mapping Md (the

xd are obtained from c by interleaving) as defined in Chapter 3.2

f
Yd|X(μ)

d
(yd | x(μ)

d = b) =
1∑

ad∈A(μ)
d,b

Pr{ad}
∑

ad∈A(μ)
d,b

fYd|Ad
(yd | ad) Pr{ad} . (6.1)

Here, A(μ)
d,b denotes the subset of the signal constellation Ad used in carrier d, where the

elements’ binary labels are equal to b in the μ-th position. Note, a condition of the random

variable Yd on ad implicitly entails a condition on the binary label bit x
(μ)
d . Assuming a

uniform distribution of ones and zeros in the encoded sequence c, the channel symbols ad

are equally distributed (Pr{ad} = 1
Md

), too, and the equation simplifies to

f
Yd|X(μ)

d
(yd | x(μ)

d = b) =
2

Md

∑
ad∈A(μ)

d,b

fYd|Ad
(yd | ad) . (6.2)

According to [CTB98] and assuming both, the statical independence of the binary en-

coded symbols and a memoryless channel,1 a maximum-likelihood (ML) estimation of the

transmitted sequence is performed by maximizing the following likelihood function

p(y | c) =

Nbs∏
υ=1

f
Yd|X(μ)

d
(yd | x(μ)

d = cυ) , (6.3)

1This is where the interleaver comes into play. The effect of interleaving is not obvious, e.g., from
(6.4), as the product is of course commutative.
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i.e., the estimated sequence is obtained by

ĉ = argmax
c∈C

{
Nbs∏
υ=1

f
Yd|X(μ)

d
(yd | x(μ)

d = cυ)

}
. (6.4)

Note, the discrete carrier index d and the bit level index μ used in this product are

implicitly and distinctively given by υ. An exact formulation of the relation has to take

the interleaver Π into account, though. Skipping this step and starting from the sequence

of interleaved symbols cIL = Π(c), the indices are determined by

d = argmin
Δ′∈{1,...,Δ}

{
Δ′∑
δ=1

Rδ > υ′
}

− 1 , (6.5)

and

μ = υ′ −
d−1∑
δ=1

Rδ , (6.6)

where υ′ denotes the index of the entries of cIL and has a one-to-one relation to υ.

Exploiting the strict monotony of the logarithm, the maximization problem can be refor-

mulated as

ĉ = argmax
c∈C

{
Nbs∑
υ=1

log
(
f

Yd|X(μ)
d

(yd | x(μ)
d = cυ)

)}
. (6.7)

Inserting (6.2) into (6.7) yields the expression

ĉ = argmax
c∈C

⎧⎪⎨
⎪⎩

Nbs∑
υ=1

log

⎛
⎜⎝ 2

Md

∑
ad∈A(μ)

d,cυ

fYd|Ad
(yd | ad)

⎞
⎟⎠
⎫⎪⎬
⎪⎭ . (6.8)

In a last step we separate the product enclosed by the logarithm into the sum of two

logarithms and take further into account that the term
∑Nbs

υ=1 log(2/Md) is identical for

all potential candidates c ∈ C and thus irrelevant for the maximization. The resulting

expression reads

ĉ = argmax
c∈C

⎧⎪⎨
⎪⎩

Nbs∑
υ=1

log

⎛
⎜⎝ ∑

ad∈A(μ)
d,cυ

fYd|Ad
(yd | ad)

⎞
⎟⎠
⎫⎪⎬
⎪⎭ . (6.9)

6.1.1 Defining a Bit Metric

Defining the Nbs individual addends of the outer sum in (6.9) as the bit metric related to

cυ, we arrive at the following expression

λ
(μ)
d,b = log

⎛
⎜⎝ ∑

ad∈A(μ)
d,b

fYd|Ad
(yd | ad)

⎞
⎟⎠ . (6.10)
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Regarding a single receive symbol yd and keeping in mind the binary character of b ∈
{0, 1}, we immediately see that an entire set of bit metrics is derived from yd. For each of

the Rd bit levels a pair of bit metrics is computed, resulting 2Rd values per receive symbol

which are then comprised the (2 ×Rd)-matrix λd

λd =

[
λ

(1)
d,0 · · · λ

(Rd)
d,0

λ
(1)
d,1 · · · λ

(Rd)
d,1

]
. (6.11)

Formally, the metric computation represents a mapping of yd on λd

Ld : yd ∈ C �→ λd ∈ R
2×Rd . (6.12)

Note, the mapping Ld depends on the carrier index d, since the signal constellation Ad

has to be taken into account. So far, the characteristics of Ld have not been determined

in more detail. In terms of the mutual information between yd and λd it is of particular

interest whether Ld represents a one-to-one mapping. If not, only a limited amount of

information can be transmitted and Ld is lossy.

The bit metrics generated by Ld, a D-ary sequence of matrices λd combined into a (2 ×
Nbs)-matrix Λ, is then transformed into another (2×Nbs)-matrix Λdi by the deinterleaver

Π−1

Λdi = Π−1(Λ) . (6.13)

Actually, Π−1 just performs a rearrangement of the columns of Λ. The individual pairs of

bit metrics contained in the column vectors λdi
υ = [ λdi

υ,0, λdi
υ,1]

T are distinctively related

to the respective binary encoded symbols cυ. Thus, the optimization problem formulated

in (6.8) can be briefly written as

ĉ = argmax
c∈C

{
Nbs∑
υ=1

λdi
υ,cυ

}
. (6.14)

6.1.2 Intrinsic A-Posteriori Probability

The representation of the bit metrics as a pair of values λdi
υ for every binary symbol

cυ reflects its origin and derivation, for an intuitive approach to the issue it is rather

cumbersome. In literature on coding usually log-likelihood ratios (L-values) are employed

which may be advantageous in terms of a practical implementation. Here, we prefer

an alternative description and compute the so-called intrinsic a-posteriori probability, cf.,

[HH03, LHHH05, LH06]. In other words, we derive the probability of a particular label bit

x
(μ)
d given the receive signal yd, briefly reading2 Pr{x(μ)

d = b|yd}. The derivation is founded

on the PDFs given above and simply exploits Bayes’ rule [BSMM08]. We furthermore

presume the binary symbols x
(μ)
d to be equally distributed, i.e., Pr{x(μ)

d = b} = Pr{x(μ)
d =

2Note, again the binary symbol cυ assigned to x
(μ)
d is determined by the interleaver Π. An explicit

formulation of this relation is omitted here.
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b̄} = 1
2

holds. The probability Pr{x(μ)
d = b|yd} can be expanded as

Pr{x(μ)
d = b|yd} =

f
YdX

(μ)
d

(
yd, x

(μ)
d = b

)
fYd

(yd)

=
f

YdX
(μ)
d

(
yd, x

(μ)
d = b

)
f

YdX
(μ)
d

(
yd, x

(μ)
d = b

)
+ f

YdX
(μ)
d

(
yd, x

(μ)
d = b̄

)

=
f

Yd|X(μ)
d

(
yd

∣∣∣x(μ)
d = b

)
Pr{x(μ)

d = b}
f

Yd|X(μ)
d

(
yd

∣∣∣x(μ)
d = b

)
Pr{x(μ)

d = b} + f
Yd|X(μ)

d

(
yd

∣∣∣x(μ)
d = b̄

)
Pr{x(μ)

d = b̄}

=
f

Yd|X(μ)
d

(
yd

∣∣∣x(μ)
d = b

)
f

Yd|X(μ)
d

(
yd

∣∣∣x(μ)
d = b

)
+ f

Yd|X(μ)
d

(
yd

∣∣∣x(μ)
d = b̄

) . (6.15)

Inserting the PDF derived in (6.2) into (6.15) eventually yields

Pr{x(μ)
d = b|yd} =

∑
ad∈A(μ)

d,b
fYd|Ad

(yd | ad)∑
ad∈A(μ)

d,b
fYd|Ad

(yd | ad) +
∑

ad∈A(μ)

d,b̄

fYd|Ad
(yd | ad)

=

∑
ad∈A(μ)

d,b
fYd|Ad

(yd | ad)∑
ad∈Ad

fYd|Ad
(yd | ad)

. (6.16)

Clearly, the probabilities Pr{x(μ)
d = 0|yd} and Pr{x(μ)

d = 1|yd} have to add up to one

and it is therefore sufficient to specify one of them. The PDFs involved in the compu-

tation of Pr{x(μ)
d = b|yd}, to be more precise their respective values for yd, cannot be

entirely recovered from Pr{x(μ)
d = b|yd}. Yet, the ratio of

∑
ad∈A(μ)

d,b
fYd|Ad

(yd | ad) and∑
ad∈A(μ)

d,b̄

fYd|Ad
(yd | ad) is determined, i.e., a common scaling term for the two quantities

is lost. For the maximization problem in (6.9) we have already shown the irrelevance of a

scaling term common to all entries of λ
(μ)
d . Consequently, the calculation of the probabil-

ities Pr{x(μ)
d = b|yd} is lossless wrt. the optimization problem and in terms of the mutual

information.

6.1.3 An Approximation of the Bit Metric

In particular for large signal constellations, i.e., for large Md, the computation of (6.10)

may be challenging and hence in [CTB98] an efficient approximation has been proposed.

The core of this approach is the max-log approximation, i.e., log (
∑

δ zδ) ≈ maxδ{log (zδ)}
is exploited. Applied to the exact bit metric defined in (6.10) we obtain a simplified

version which reads

λ̃
(μ)
d,b = max

ad∈A(μ)
d,b

{
log

(
fYd|Ad

(yd | ad)
)}

. (6.17)

In analogy to the variables defined for the exact computation of the bit metrics, we

introduce the terms λ̃d and Λ̃. The respective variables containing the deinterleaved bit

metrics also carry a tilde.
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The probability derived above and resulting in (6.16) can be analogously given for the

simplified bit metrics and can eventually be expressed as

P̃r{x(μ)
d = b | yd} =

max
ad∈A(μ)

d,b

{
fYd|Ad

(yd | ad)
}

max
ad∈A(μ)

d,b

{
fYd|Ad

(yd | ad)
}

+ max
ad∈A(μ)

d,b̄

{
fYd|Ad

(yd | ad)
} . (6.18)

6.2 Extending the Equivalent Channel Model

With the introduction of the bit metrics λ
(μ)
d and the intrinsic a-posteriori probabilities

Pr{x(μ)
d = b|yd} derived thereof, we now have receiver-side level-dependent variables which

present an option to extend the equivalent channel model initially introduced in Chapter 2

and comprising only channel and bit mapping Md. For the sake of clarity, we first exclude

interleaver Π and deinterleaver Π−1 from the extended equivalent channel model. Due to

the bijectivity of Π the inclusion of the interleaving is straightforward and in terms of the

mutual information even irrelevant. Using the still interleaved pairs of bit metrics λ
(μ)
d

and the binary label bit x
(μ)
d of the channel symbol ad, the mutual information between

the respective random variables X
(μ)
d and Λ

(μ)
d reads3

I(X
(μ)
d ;Λ

(μ)
d ) = h(Λ

(μ)
d ) − h(Λ

(μ)
d |X(μ)

d ) . (6.19)

For a quantitative evaluation of the expression given in (6.19), the joint probability density

function of the random variables Λ
(μ)
d has to be known. This can be circumvented by

either regarding the L-value or the probability Pr{x(μ)
d = b|yd} related to the pair of bit

metrics instead of the latter itself. Yet, the derivation of the respective PDFs still is not

immediate. In [ASFA07], [SBF08] and [SAF07] the authors have developed exact and

approximative expressions for the PDFs of L-values computed in varying scenarios which

could be exploited for a further evaluation. Omitting a detailed quantitative study, we

perform a brief qualitative analysis which reveals some interesting results.

Assuming the mapping Ld to be bijective, the mutual information between X
(μ)
d and Λd

for equally probable channel symbols ad reads

I(X
(μ)
d ;Λd) = I(X

(μ)
d ;Yd) . (6.20)

Clearly, compared to the mutual information familiar from Chapter 2 no information

is lost due to the metric generation. Let us now reduce the variables regarded at the

receiver to the pair of bit metrics λ
(μ)
d actually related to x

(μ)
d . This complies with the

scenario experienced by the decoder, knowledge on x
(μ)
d is exclusively retrieved from λ

(μ)
d .

Although, Ld might be bijective, this characteristic cannot entirely be maintained when

taking only single columns of the image of Ld into account. There might be pairs of bit

metrics which still allow for a distinct conclusion on the receive value yd, but this inference

might be impossible from other pairs. Thus, for the mutual information defined in (6.19)

we can conclude

I(X
(μ)
d ;Λ

(μ)
d ) ≤ I(X

(μ)
d ;Yd) . (6.21)

3Note, Λ(μ)
d here represents the vector of random variables related to the bit metrics vector λ

(μ)
d and

is not to be confused with the (2 × Nbs)-matrix Λ. The same applies to Λd.
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That is, the use of a single pair of bit metrics can entail an information loss compared to

the mutual information between the receive value and a binary label bit.

Defining the capacity Cebl (μ)
d of the extended bit level, the binary-input channel with

output λ
(μ)
d , as the mutual information I(X

(μ)
d ;Λ

(μ)
d )

Cebl (μ)
d = I(X

(μ)
d ;Λ

(μ)
d ) , (6.22)

we can see that it is upper bounded by the bit-level capacity Cbl (μ)
d

Cebl (μ)
d ≤ Cbl (μ)

d . (6.23)

If we then, in analogy to the parallel-decoding capacity Cpd introduce the new capacity

measure Cbicm given by the normalized (by D) sum over the Nbs extended bit-level ca-

pacities Cebl (μ)
d contained in a multicarrier frame, we can immediately state the following

relation

Cbicm �
=

1

D

D∑
d=1

Rd∑
μ=1

Cebl (μ)
d ≤ 1

D

D∑
d=1

Rd∑
μ=1

Cbl (μ)
d = Cpd . (6.24)

In other words, in BICM scenarios the decoder actually sees a channel whose capacity

is upper bounded by the parallel-decoding capacity. Assuming furthermore that surely

some pairs of bit metrics λ
(μ)
d do not allow for a distinct conclusion on the receive value

yd, equality in (6.24) cannot be achieved and the expression has to be formulated as an

inequality. An immediate question arising from this conclusion is the relevance of the

parallel-decoding capacity as a ‘BICM capacity’. Apparently, ‘BICM capacity’ is more

apt for Cbicm than it is for Cpd .

Let us finally regard the application of the approximative bit metrics λ̃
(μ)

d introduced

above wrt. the extended equivalent channel model. In terms of the mutual information

between the vector of random variables Λ̃
(μ)

d and the binary random variable X
(μ)
d , the

approximation clearly constitutes a lossy procedure and entails an inferior BICM capacity,

i.e.,

C̃bicm < Cbicm , (6.25)

holds. An extended model based on the approximative bit metrics induces an additional

decrease of the ‘BICM capacity’.

6.3 Bit Metrics for (Fading) AWGN Channels
Let us now consider the bit-metric computation for Md-ASK transmission concentrating

on a single carrier of the multicarrier frame which can be modeled as a fading AWGN

channel. The fading state resp. channel coefficient hd is assumed to be perfectly known

at the receiver, such that we can compensate for the attenuation.4 The receive signal in

the d carrier after compensating for hd reads

yd = ad +
nd

hd

. (6.26)

Based on yd the bit metric is computed in the sequel.
4A potentially performed scaling of the signal due to a power adaptation can be taken into account

by using a modified channel coefficient.
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Figure 6.1: Illustration of extended equivalent channel model combining bit mapping, channel, and metric
computation. Interleaver and deinterleaver can be included immediately.

6.3.1 Exact Computation

Based on the preprocessed receive signal, we derive the bit metric as outlined above. The

probability density function of yd conditioned on the input signal ad reads

fYd|Ad
(yd | ad) =

|hd|√
2πσN

exp

(
−|yd − ad|2

2σ2
N

|hd|2
)
. (6.27)

The respective probability density function conditioned on a particular label bit x
(μ)
d then

computes to

f
Yd|X(μ)

d
(yd | x(μ)

d = b) =
2

Md

∑
ad∈A(μ)

d,b

|hd|√
2πσN

exp

(
−|yd − ad|2

2σ2
N

|hd|2
)
, (6.28)

and thus the likelihood function to be maximized at the decoder reads

p(y | c) =

Nbs∏
υ=1

f
Yd|X(μ)

d
(yd | x(μ)

d = cυ) (6.29)

=

Nbs∏
υ=1

2

Md

∑
ad∈A(μ)

d,cυ

|hd|√
2πσN

exp

(
−|yd − ad|2

2σ2
N

|hd|2
)
. (6.30)

Note, the indices d and μ depend on υ and can be, taking the interleaver Π into account,

directly concluded from the latter. Using the logarithmic description introduced above,
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the maximum-likelihood estimate of the encoded binary sequence c is obtained as

ĉ = argmax
c∈C

⎧⎪⎨
⎪⎩

Nbs∑
υ=1

log

⎛
⎜⎝ 2|hd|
Md

√
2πσN

∑
ad∈A(μ)

d,cυ

exp

(
−|yd − ad|2

2σ2
N

|hd|2
)⎞⎟⎠

⎫⎪⎬
⎪⎭ . (6.31)

That is, if we apply the exact computation of the bit metrics as defined in (6.10), the

following additive bit metric related to cυ results

λ
(μ)
d,b = log

⎛
⎜⎝ 2|hd|
Md

√
2πσN

∑
ad∈A(μ)

d,b

exp

(
−|yd − ad|2

2σ2
N

|hd|2
)⎞⎟⎠ . (6.32)

For the optimization problem the term preceding the sum and depending on d (therefore

on υ) is irrelevant. Independent of the actual realization of cυ, the same term adds to the

bit metrics and thus can be omitted right from the start. We obtain the slightly shorter

bit metrics5.

λ
(μ)
d,b = log

⎛
⎜⎝ ∑

ad∈A(μ)
d,b

exp

(
−|yd − ad|2

2σ2
N

|hd|2
)⎞⎟⎠ . (6.33)

6.3.2 Approximative Computation

Starting from (6.32) we can easily derive the approximative bit metrics using the max-log

approximation. The computationally more efficient bit metrics then reads

λ̃
(μ)
d,b = max

ad∈A(μ)
d,b

{
log

(
2|hd|

Md

√
2πσN

exp

(
−|yd − ad|2

2σ2
N

|hd|2
))}

. (6.34)

Similar to the simplification of (6.32), where we have dropped the scaling factor due to

its irrelevance in the optimization, we here can also reduce the bit metric to the relevant

terms

λ̃
(μ)
d,b = min

ad∈A(μ)
d,b

{|yd − ad|2 · |hd|2
}
. (6.35)

That is, eventually, the weighted (by |hd|2/σ2
N) quadratic Euclidean distance of the relevant

receive value yd to the valid signal points ad ∈ A(μ)
d,cυ

is minimized. Thus, the estimate on

the encoded sequence c is obtained from the minimization

ĉ = argmin
c∈C

{
Nbs∑
υ=1

λ̃di
υ,cυ

}
. (6.36)

Here, λ̃di
υ,b denotes an entry of the deinterleaved bit metrics related to cυ, cf. Section 6.1.1.

5For the sake of brevity, the same variable as in (6.32) is employed
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6.3.3 Computation of Probabilities

The probabilities defined in (6.16) and (6.18) can be easily formulated for the AWGN

channel. Regarding first the exact variant, the probability of a specific label bit x
(μ)
d to

be equal to b ∈ {0, 1} given the (relevant) receive value yd computes to

Pr{x(μ)
d = b|yd} =

∑
ad∈A(μ)

d,b
exp

(
− |yd−ad|2

2σ2
N

|hd|2
)

∑
ad∈Ad

exp
(
− |yd−ad|2

2σ2
N

|hd|2
) , (6.37)

and for the approximative approach we obtain

P̃r{x(μ)
d = b|yd} =

max
ad∈A(μ)

d,b

{
exp

(
− |yd−ad|2

2σ2
N/|hd|2

)}
max

ad∈A(μ)
d,b

{
exp

(
− |yd−ad|2

2σ2
N/|hd|2

)}
+ max

ad∈A(μ)

d,b̄

{
exp

(
− |yd−ad|2

2σ2
N/|hd|2

)} .
(6.38)

6.3.4 Comparison

In order to assess the two approaches for the computation of the bit metrics, both methods,

exact computation and approximation are now compared numerically by means of some

exemplary cases for (fading) AWGN channels. Therefore, the expressions derived in (6.32)

and (6.34) are numerically evaluated and the probabilities defined in (6.37) and (6.38) are

compared to each other. The variables defined in the aforementioned equations are not

themselves of interest in the investigated scenarios, but they represent indispensable means

in the decoding. Thus, we also assess the impact of the approximation on the resulting bit

error ratio after decoding. Simultaneously, we exploit the derived numerical results and

examples for an analysis of some basic characteristics of the bit metrics, e.g., the issue of

bijectivity of Ld is studied.

A numerically based comparison can of course not cover all potential settings and we can

only consider exemplary cases. Nevertheless, a generalization of the insights presented in

the following usually is possible and rather straightforward. Throughout the numerical

analysis, we assume the use of binary-reflected Gray mappings, cf. Chapter 3.6

6.3.4.1 Bit Metrics and Probabilities

Exemplary Scenario: Let us consider a single carrier of the multicarrier frame (the carrier

index d is dropped for convenience) and assume 8-ASK transmission. The set of channel

symbols a is given by

A = {−7,−5,−3,−1,+1,+3,+5,+7} , (6.39)

and the matrix X describing the binary-reflected Gray mapping reads (cf. (3.30))

X =

⎡
⎣ 0 0 0 0 1 1 1 1

0 0 1 1 1 1 0 0
0 1 1 0 0 1 1 0

⎤
⎦ . (6.40)

6For an according study of the LLRs see, e.g., [HY05].
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The results of the individual sums in (6.32) and the maximization in (6.34) are mainly

determined by the partitioning of A into disjoint subsets A(μ)
b of equal cardinality |A(μ)

b | =

4. For the three bit levels of 8-ASK transmission we obtain (μ = 1, 2, 3; b = 0, 1)

A(1)
0 = {−7,−5,−3,−1} (6.41)

A(1)
1 = {+1,+3,+5,+7} (6.42)

A(2)
0 = {−7,−5,+5,+7} (6.43)

A(2)
1 = {−3,−1,+1,+3} (6.44)

A(3)
0 = {−7,−1,+1,+7} (6.45)

A(3)
1 = {−5,−3,+3,+5} , (6.46)

For the computation of the bit metrics and the respective probabilities, we either have to

sum over contribution or find the maximum among four values. In Figures 6.2 and 6.3, nu-

merical evaluations of (6.32), (6.34),7 (6.37), and (6.38) are presented for y∈[−2M,+2M ] =

[−16,+16] and two specific signal-to-noise ratios (Fig. 6.2: 10 log10(Es/N0) = 0 dB,

Fig. 6.3: log10(Es/N0) = 10 dB). The bit metrics λ
(μ)
0 resp. λ̃

(μ)
0 (presented on the left-hand

side of the figures) and the related probabilities (right-hand side of figures) are depicted

in blue, the curves for b = 1 are plotted in red. Exact results are plotted using solid lines,

the respective approximations with dash-dotted lines.

Observations: First jointly regarding the metrics of all three bit levels and for both,

exact and approximative approach, we can clearly see that the results for b = 0 and b = 1

in general are not symmetric. This implies differing transmission conditions for the the

two values of the x(μ) and violates the usual assumption of equal conditions. To overcome

this problem in a theoretical analysis, a deterministic bit flipping is included ideally sym-

metrizing the channel. A second immediate observation is the difference between exact

and approximative computation of the bit metric which can be clearly recognized. The

approximative bit metrics λ
(μ)
b are significantly smaller than the exact values and do not

entirely reflect the shape of the exact curves over y. A significant ripple structure can

be observed for the approximating versions. This characteristic results from the maxi-

mization which actually selects a single PDF within a specific interval of y. The exact

bit metrics in contrast is determined by the sum over several PDFs and hence, we obtain

smoother, differentiable bit metric curves. It is rather hard to draw some general conclu-

sions from these basic observations on the bit metrics, in particular as we always have to

have in mind that the receive values y are related to pairs of bit metrics.

Looking instead of the bit metrics at the respective probabilities derived from the pairs

of metrics and concentrating on Pr{x(μ) = 1|y} resp. P̃r{x(μ) = 1|y}—the relation to

Pr{x(μ) = 0|y} and P̃r{x(μ) = 0|y} is obvious as Pr{x(μ) = 0|y} + Pr{x(μ) = 1|y} = 1

and P̃r{x(μ) = 0|y} + P̃r{x(μ) = 1|y} = 1 must hold—reveals some more distinctive

properties of the bit metrics. The plots for 10 log10(Es/N0) = 0 dB already show a more

7We prefer these two equations over (6.33) and (6.35) due to the handy range of the numerical values,
which also emphasizes the origin of the bit metrics in the superposition of several Gaussian distributions.
The conclusions fully coincide, of course.
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Figure 6.2: Numerical evaluation of bit metrics and respective probabilities for 8-ASK and binary-reflected
Gray mapping. y ∈ [−2M,+2M ] = [−16,+16]. Signal-to-noise ratio 10 log10(Es/N0) = 0 dB. Left: λ

(μ)
d,b

(solid) and λ̃
(μ)
d,b (dash-dotted), right: Pr{x(μ)

d = b|yd} (solid) and P̃r{x(μ)
d = b|yd} (dash-dotted). Top: first bit

level μ = 1, center: second bit level μ = 2, bottom: third bit level μ = 3. Blue: b = 0, red: b = 1.
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Figure 6.3: Numerical evaluation of bit metrics and respective probabilities for 8-ASK and binary-reflected
Gray mapping. y ∈ [−2M,+2M ] = [−16,+16]. Signal-to-noise ratio 10 log10(Es/N0) = 10 dB. Left: λ

(μ)
d,b

(solid) and λ̃
(μ)
d,b (dash-dotted), right: Pr{x(μ)

d = b|yd} (solid) and P̃r{x(μ)
d = b|yd} (dash-dotted). Top: first bit

level μ = 1, center: second bit level μ = 2, bottom: third bit level μ = 3. Blue: b = 0, red: b = 1.
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pronounced analogy of exact and approximative approach than has been observed for the

bit metrics. For 10 log10(Es/N0) = 10 dB the differences between the two computation

methods virtually even have disappeared. Comparing the probabilities of the individual

bit levels, we can observe some distinct and significant differences. For the first bit level

(μ = 1), the probabilities (exact and approximative) for a limited interval around y = 0

are within a range that can be considered as ‘very unreliable’ (Pr{x(1) = 1|y} ≈ 1
2
). This

interval of course reflects the transition from a ∈ A(1)
0 to a ∈ A(1)

1 . For the other two bit

levels, the subsets of A are more interleaved and hence, more transitions from b = 0 to

b = 1 occur. Consequently, Pr{x(μ) = 1|y} over y shows more ‘unreliable’ segments where

the probabilities take on values around 1
2
. These observations are in good accordance to

the results of Chapters 3 and 4. There, we have worked out the varying reliabilities of the

individual bit levels in terms of the bit-level capacities and the level-dependent bit error

ratios and have discovered an analog ordering of the bit-levels.

A significant observation which can be made in Figures 6.2 and 6.3 is, that for the first

bit level, the mapping of the receive signal y resp. its relevant part y on the bit metrics

λ(1) or to be more precise on the probabilities Pr{x(1) = b|y} is one-to-one. This property

holds for both, exact and approximative approach. Hence, we can immediately conclude

that in this setting the metric computation interpreted as a mapping L : y �→ Λ is one-to-

one and the computation itself for both, exact and approximative approach, is not lossy

from an information-theoretic point of view. We could define an inverse mapping realizing

L−1 : Λ �→ y. Note, we have deduced the bijectivity of L only from an observation made

for the first bit level. For the second and the third bit level we cannot confirm an according

relation. Regarding the probabilities Pr{x(2) = 1|y} and Pr{x(3) = 1|y} immediately

reveals the contradiction of this assumption with the presented results. Consequently,

from the bit metrics λ(2) and λ(3) we cannot conclude on y. In terms of the bit-level

capacities of the extended bit levels with inputs x(2) and x(3) and the respective pairs of

bit metrics as outputs, clearly a loss in capacity results. For the first level the capacities

of extended bit level and the conventional one as intruded in Chapter 2 are identical.

(General) Conclusions: From the above made observations, we can draw some general

conclusions valid for arbitrary constellation sizes M . The most important observation

and generalization probably concerns the bijectivity of the metric computation L. This

characteristic here relies on the submapping of first bit level, for 8-ASK determined by

χ = [ 0 0 0 0 1 1 1 1 ], on channel symbols. That is, for any binary labeling rule M com-

prising an according row with two blocks of M/2 ones and zeros, respectively, the metric

computation L is one-to-one. For the remaining extended bit levels, this property does

not hold anymore. In terms of their bit-level capacities, only the one related to the specific

row maintains the initial bit-level capacity Cbl (μ), other level exhibit a loss. Consequently,

the ‘BICM capacity’, the sum over the capacities of the extended bit levels, is less than

the parallel-decoding capacity, equality cannot be achieved

Cbicm < Cpd . (6.47)
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In terms of a proper description of a BICM scheme, the respective parallel-decoding

capacities may be a slightly too optimistic measure.

The plots in Figures 6.2 and 6.3 also reveal that for higher SNRs the differences between

exact and approximative approach decrease. Regarding the therefrom derived probabili-

ties the disparities may even disappear. For the bit metrics themselves, a gap remains that

grows with constellation size M . Thus, we have two rather contradicting observations that

so far prevent a reliable conclusion on the impact of the approximation at higher SNRs.

6.3.4.2 Comparison of Bit Error Ratios

The considerations on the bit metrics and related probabilities conducted above do not

allow for an assessment of the respective concepts in an entire coding scheme. The perfor-

mance of a transmission scheme using either exact or approximative metric computation

is preferably compared directly by means of the resulting bit error ratios. Again, we can-

not cover all potential scenarios, but provide some exemplary results to hint at least at

some remarkable aspects. The presented results support a few general statements on the

impact of the bit-metric computation formulated later in this section.

Exemplary Scenario: The bit error ratios presented in Figures 6.4, 6.5, and 6.6 have been

derived for a multicarrier scenario with D = 1024 carriers. The channel coefficients hd

are assumed to be Gaussian distributed with zero mean and unit variance hd ∼ N (0, 1).

The codewords c from a terminated convolutional code generated by non-recursive, non-

systematic encoders are restricted to a single multicarrier frame, i.e., to 1024 channel

symbols (‘coding over carriers’). The rate loss due to the termination is neglected. We

have simulated several settings with 4, 16, and 64-ASK and used the coding rates RC =

1/3, RC = 1/2, and RC = 2/3. The constraint length of the code has been chosen to

νC = 10, i.e., encoders with 1024 states have been employed. The convolutional codes

have been taken from [Wic95] and are the best known ones wrt. to free distance. We

use random interleavers and at the receiver, the bit metrics are computed according to

(6.33) and (6.35). A Viterbi decoder has been used to determine an estimate on the initial

source sequence.

Observations: A first glance at the Figures 6.4, 6.5, and 6.6 immediately shows that the

loss due to the approximative bit metrics acc. to (6.35) apparently grows with increasing

signal constellation size M . This observation is not surprising in so far that in (6.34) the

sum over M/2 addends as they are used in (6.32) is approximated by a single addend, cf.

Figures 6.2 and 6.3. The disparities between these two approaches clearly grow with the

constellation size. Nevertheless, the loss is not too dramatic, the largest to be observed in

the three respective figures amounts to 0.25 dB for 64-ASK with a code of rate RC = 1/3.

Taking a closer look at Fig. 6.4 depicting the results of 4-ASK transmission, the six

curves showing the bit error ratios for code rates RC = 1/3, RC = 1/2, and RC = 2/3

follow the expected line: the lower the code rate, the better the bit error ratio. The

transmission schemes using the exact bit metric slightly outperform the approximative

bit metric variant, but all in all the loss is negligible. Yet still small, the loss increases
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Figure 6.4: Bit error ratios of coded 4-ASK over 10 log10(Ēb/N0). D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 1/3 (leftmost curves), RC = 1/2 (center curves), and RC = 2/3 (rightmost
curves) and νC = 10, i.e., 1024 states. Results originating from exact metric computation acc. (6.33) depicted
with solid blue lines; results of approximative metric acc. to (6.35) depicted with dashed red lines.
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Figure 6.5: Bit error ratios of coded 16-ASK over 10 log10(Ēb/N0). D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 1/3 (leftmost curves), RC = 1/2 (center curves), and RC = 2/3 (rightmost
curves) and νC = 10, i.e., 1024 states. Results originating from exact metric computation acc. (6.33) depicted
with solid blue lines; results of approximative metric acc. to (6.35) depicted with dashed red lines.
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10 log10(Ēb/N0) −→

B
E

R
−→

Figure 6.6: Bit error ratios of coded 64-ASK over 10 log10(Ēb/N0). D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 1/3 (leftmost curves), RC = 1/2 (center curves), and RC = 2/3 (rightmost
curves) and νC = 10, i.e., 1024 states. Results originating from exact metric computation acc. (6.33) depicted
with solid blue lines; results of approximative metric acc. to (6.35) depicted with dashed red lines.
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Figure 6.7: Comparison of bit error ratios 4 (solid),16 (dashed), and 64-ASK (dash-dotted) over
10 log10(Ēb/N0). D = 1024 carriers with hd ∼ N (0, 1). Convolutional codes with RC = 1/3, RC = 1/2,
and RC = 2/3 and νC = 10, i.e., 1024 states. Exact metric computation acc. (6.33) in blue; approximative
metric computation acc. to (6.35) in red.
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with falling code rate RC. Apparently, a stronger code is more sensitive wrt. the bit metric

than a weaker one. In Figures 6.5 and 6.6 according results are shown for 16-ASK and

64-ASK, respectively. The observations made for 4-ASK recur for these scenarios, the loss

itself slightly increases with M .

In Fig. 6.7 the bit error ratios for all settings mentioned so far have been compiled into a

single plot, to emphasize the growth of the loss with increasing constellation size. Apart

from this point, Fig. 6.7 quite accidently allows for another interesting insight concerning

advantageous combinations of signal constellation sizes M and code rates RC. Regarding

combinations leading to identical spectral efficiencies Γ, significant gaps appear. Aiming

for example at Γ = 4
3

bits
s/Hz

, two alternative combinations can be selected: either 4-ASK

with RC = 2/3 (rightmost solid lines) or 16-ASK with RC = 1/3 (leftmost dashed lines).

The scheme using 4-ASK outperforms the other one by over 1 dB for a bit error ratio of

BER = 10−4 and even provides an increased robustness to inaccurate bit metrics. Analog

observations can be made for a target spectral efficiency of Γ = 2 bits
s/Hz

: 16-ASK with

RC = 1/2 outperforms 64-ASK with RC = 1/3 by over 2 dB for BER = 10−4.

(General) Conclusions: The impact of the approximative bit-metric computation on the

resulting bit error ratio of the BICM scheme in general is rather small. The relation to

the parameters of the scenario can be summarized as: the stronger the code, the larger

the gap between exact and approximative approach and the larger the signal constellation

M , the bigger the loss. Consequently, robustness wrt. the metric computation is achieved

by keeping M low and RC high. Interestingly, this first heuristic design rule for BICM is

further supported by a comparison of the bit error ratios of several settings differing in

both, M and RC. Aiming at equal spectral efficiencies Γ, for BICM with convolutional

codes the constellation size M is preferably selected rather small, whereas the code rate

RC may be rather high. These observations and conclusion comply with results already

published in [FS05] and [SF05].

6.3.5 Combining the Two Alternatives

We complete this chapter and the preceding comparison of the two approaches with a

brief study of the per-level sensitivity to inaccurate bit metrics. The results presented in

Chapters 3 and 4 underline a varying reliability of the individual bit levels related to a

particular symbol, a phenomenon commonly denoted unequal error protection in litera-

ture, e.g., [CS93, MZFLI00, IFMZ+00]. The question now is, whether this characteristic

is also relevant wrt. the bit metrics or other conclusions have to be drawn.

Exemplary Scenario: For a numerically based analysis of this issue, we focus on 8-ASK

transmission as the respective bit metrics and probabilities have been already studied in

Section 6.3.4.1. A binary-reflected Gray mapping is employed. In order to emphasize the

disparities between exact and approximative bit metrics computation, we use a rather low

code rate of RC = 1/3 resulting in Γ = 1 bits
s/Hz

. Again, νC = 10 is selected and the remain-

ing parameters entirely comply with the scenarios assumed above. The selection for a

particular realization of the bit-metric computation, exact acc. to (6.32) or approximative
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Figure 6.8: Bit error ratios of coded 8-ASK over 10 log10(Ēb/N0). D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 1/3 and νC = 10. Comparison of hybrid bit metrics comprising exact
and approximative parts acc. (6.32) and (6.35). Hybrid versions embraced by purely exact and purely
approximative bit metrics (black). Blue: third (μ = 3) level with exact metric; Red: second (μ = 2) level
exact; green: first (μ = 1) level exact; magenta: third and second (μ = 2, 3) level exact; cyan: first and third
(μ = 1, 3) level exact; yellow: first and second (μ = 1, 2) level exact.

acc. to (6.34), is now made on a per-level basis. Regarding the three bit levels of 8-ASK

transmission, we accordingly have eight potential settings: the two extremes represented

of course by the ‘pure’ variants and six other combinations where at least one level uses

an alternative approach.

Observations: The bit error ratio curves presented in Fig. 6.8 first of all show a quite

small gap between the two ‘pure’ approaches, which embrace the hybrid variants, of about

0.15 dB for BER = 10−3. Starting with a description of the curves lying between the two

limiting ones, the rightmost bit error ratio curve results from the hybrid approach where

the first two bit levels (μ = 1, 2) use the approximative bit metrics and the third level

(μ = 3), in terms of bit-level capacity and level-dependent BER the most unreliable one,

uses the exact bit metrics. A very small gain compared to the entirely approximative

version can be observed. Using the exact bit metrics only for the second bit level (μ = 2),

yields a slightly larger gain, but still the results is quite close to the entirely approximative

bit metrics. As might have been already presumed, these results recur for the first bit

level exclusively using the exact bit metrics: again a slightly increased gain compared to

the other two bit levels is obtained. These results corroborate the ordering of the bit

levels wrt. their reliability and ‘importance’ addressed in previous chapters.
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Regarding the situation from the reverse point of view and counting the bit levels ex-

clusively using the approximative bit metrics, we observe analog results. Relying on an

approximative computation for the bit metrics of the third (μ = 3) bit level yields a small,

almost negligible loss compared to the entirely exact computation. For the second (μ = 2)

and first (μ = 1) bit level the loss gradually increases, underlining again the ‘importance’

of higher bit levels for the success and reliability of the decoding procedure.

Conclusions: The results obtained for hybrid bit metrics containing pairs of both, ex-

act and approximative origin, has again supported the ordering of the bit levels already

described in previous chapters. Lower bit levels are more sensitive wrt. to inaccurate bit

metrics than higher bit levels or in other words, the gains achievable through exact bit

metrics are higher for lower, principally more reliable bit levels. The gains achieved by

using the exact bit metrics in the last, least reliable bit level are virtually negligible. The

bit error ratio curves in Fig. 6.8 also show that the for higher SNRs seemingly irrelevant

small differences of the probabilities (depicted in Fig. 6.3) still affect the performance of

the decoding; the gap between exact and approximative approach appears to be constant

over SNR.

6.4 Summary and Conclusions

In this chapter, we studied the bit metric generation located at the receiver of the inves-

tigated transmission scheme. Based on a formal description of the decoding problem—a

likelihood function has to be maximized in order to find the best estimate on the initial

transmit sequence—a bit-wise metric was deduced from the receive values. We introduced

a formal description of the metric computation, interpreting this operation as the map-

ping of the receive signal onto a matrix of bit metrics. Including the metric computation

into the equivalent channel model led to an extended equivalent channel model, where

then several independent parallel binary-input channels result in distinct individual bit

metrics. It was shown, that the capacity of this extended model—the term BICM capacity

would reasonably apply here, as the model perfectly reflects the BICM system—is upper

bounded by the parallel-decoding capacity.

Due to the rather high complexity of an exact computation of the bit metric, an approx-

imative approach was presented which is commonly favored in literature. Both methods

were specified for a (fading) AWGN channel, the scenario we here expect to properly

describe the situation within a single carrier of the multicarrier scheme. A comparison of

the two alternative bit metrics showed that the loss in the resulting bit error ratio due to

the approximation is rather small. Although, the loss increases with rising constellation

size M and falling code rate RC, the gains in computational complexity might still justify

the use of the approximative bit metrics.

The numerical results presented in this chapter revealed two additional interesting points

of BICM and the metric computation in particular. For a better and intuitive understand-

ing of the bit metric, we introduced the intrinsic a-posteriori probabilities of a binary input

symbol given the receive symbol. In the investigated scenario of ASK transmission using

Clemens Stierstorfer — 2009



6.4. Summary and Conclusions 151

binary-reflected Gray mappings, we could show the bijectivity of the bit-metric computa-

tion, i.e., the mapping Ld of a receive value yd onto the matrix of real-valued bit metrics

Λd is invertible. Consequently, the metric computation itself does not entail an informa-

tion loss, the capacity of the channel is not decreased if the entire bit metrics matrix is

interpreted as channel output. Regarding in contrast the individual extended bit levels

with their binary inputs and the pairs of bit metrics as outputs, the bijectivity can in

general no longer be maintained; the capacity of the extended bit level is lower than the

conventional bit-level capacity. This results in the information loss observable for the

extended equivalent channel model comprising mapping, channel, and bit-metric compu-

tation. A second interesting observation made in this chapter, is the fact that smaller

signal constellations in combination with higher code rates achieving the same spectral

efficiencies as larger signal constellations with lower code rates may significantly outper-

form the latter in terms of the bit error ratio. In addition, they also provide a higher

robustness wrt. to inaccurate bit metrics.
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7. Bit-Interleaver Design

Regarding the coded multicarrier transmission scheme sketched in Fig. 2.1, the analyses

accomplished in this work so far, either have been focused on a single carrier and the

respective building blocks or the optimization of the parallel transmission over these car-

riers has been addressed. The outer blocks of the scheme realizing the intended ‘coding

over carriers’, namely encoder, decoder, and interleavers, have been neglected. Encoder

and decoder are considered fixed in this context, the bit interleavers may be subject to

optimization. Apart from a brief discussion of the latter in Chapter 6, where we have ar-

gued that in terms of the resulting capacities they are irrelevant, no deeper investigations

have yet been performed.

From the very beginnings of BICM the bit interleavers have represented a vital part of the

transmission scheme and constitute the main novelty compared to at that time existing

coded modulation schemes which is even manifested in the denomination. Bit interleaving

instead of symbol interleaving is crucial for the performance of BICM and its superiority

over other coded modulation schemes, e.g., TCM [Ung82], in fading environments.

The massive impact of the bit interleaver on the performance of BICM with convolu-

tional codes results from the sliding window characteristic of the employed decoder. Ac-

cording to a rule of thumb, the Viterbi algorithm, the preferred decoder for genuine

BICM, returns decoding results after processing approximately five times the constraint

length νC of the convolutional code [For73]. The purpose of the bit interleaver is to

break up statistical dependencies between neighboring receive bits and to avoid aggrega-

tions of unreliable metrics within the decoding window of the Viterbi algorithm. Ideal

interleavers as they are commonly assumed in the theoretical analysis of BICM, e.g.,

[CTB98, MGC06, MGCW08], would completely remove statistical dependencies between

any bits and provide an ideal arrangement of the bit metrics. Virtually, each single bit

would experience independent fading and additive noise on the channel; the (extended)

bit levels of the equivalent channel model would not exhibit any statistical dependencies.

A variety of interleavers have been investigated and proposed in the literature. In the
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initial publication on BICM in 1992 [Zeh92], Zehavi used three independent random bit

interleavers for transmission with 8-PSK. Caire et al. rejected this approach in [CTB98],

arguing that there were no reasons justifying it, flexibility would be limited, analysis com-

plicated, and unequal error protection introduced. Instead, they proposed the application

of a single global interleaver, but refused to give practical design rules and simply referred

to fictitious ideal interleavers useful in the theoretical analysis.

In most present attempts on the design of bit interleavers, like, e.g., simple block inter-

leavers which spread adjacently received bits over the entire length of a block or, more

sophisticated, s-random interleavers which introduce a minimum spacing, e.g., [DP89,

BP94], the fading channel is recognized as the reason for more or less reliable bit metrics.

The intention is to place bit metrics affected by the same fading states as far apart as

possible in order to avoid the occurrence of clusters of unreliable bit metrics resulting from

deep fades. In other publications, the authors again favor strategies which discard the

idea of a single global bit interleaver and cultivate Zehavi’s initial approach with several

parallel bit interleavers, e.g., [LR97, HA95, LCR02, NA05, ASAS08]. The majority of

the literature on bit interleaver design, however, is tailored and dedicated to parallel and

serially concatenated convolutional codes (‘turbo’ codes), e.g., [DLM04, GMBC01] and

references therein. The insights obtained in these contributions cannot be generalized and

immediately transferred to BICM with convolutional codes.

In this chapter, we analyze the bit-interleaver design based on the results acquired in

this work so far and wrt. the requirements in a highly bandwidth-efficient multicarrier

scenario. That is, we in particular take into account the varying channel conditions of the

(extended) bit levels in the (extended) equivalent channel model. The differing reliabilities

of the bit metrics studied in Chapter 6 have to be accounted for in the interleaver design.

Assuming channel state information to be available at both, transmitter and receiver, rate

and power distribution can be adapted to the channel conditions as already addressed in

Chapter 5. This knowledge can be further exploited for an additional adaption of the bit

interleaver. In the following, we first define and analyze the actual goal of interleaving

and therefore briefly look at the employed Viterbi decoder. Starting with the assumption

of transmitter CSI, an optimal interleaver is designed tailored to the channel conditions.

In succeeding steps, the channel knowledge at the transmitter is reduced step-by-step and

the bit-interleaver design is accordingly adapted, finally resulting in a structure similar to

Zehavi’s initial approach. The results presented in this chapter have in parts been already

published in [SF07b], [SF08a], and [SF09b].

7.1 Formal Definition

Let us first formalize the bit interleaver and define a mapping describing the operation.

The binary sequence of encoded symbols contained in the Nbs-dimensional row vector c

constitutes the input of the bit interleaver and is one-to-one mapped onto the binary,

Nbs-dimensional vector cIL according to

Π : c ∈ F
Nbs
2 �→ cIL ∈ F

Nbs
2 . (7.1)
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Keeping for now this formalistic description and taking into account the entire system

between interleaver and deinterleaver, we can immediately formulate the according dein-

terleaver located at the receiver side

Π−1 : Λ ∈ R
2×Nbs �→ Λdi ∈ R

2×Nbs . (7.2)

Here, a 2 × Nbs real-valued matrix Λ is mapped onto a real-valued matrix of identical

dimensions. In fact, the deinterleaving Π−1 simply realizes a one-to-one rearrangement

of the columns of Λ. Although, Π−1 strictly mathematically speaking is not the inverse

operation to Π, image and preimage of the two mappings do not match, the employed

notation is not completely misleading. Assume, the interleaver is realized by means of an

Nbs ×Nbs permutation matrix Π (matrix with a single one per row and column)

Π : c �→ cIL = cΠ , (7.3)

that is, as an affine transformation from F
Nbs
2 to F

Nbs
2 . The entries of the permutation

matrix are elements of F2 and as Π is one-to-one, Π has to be invertible. Neglecting now

the niceties wherefrom the entries of Π are drawn and understanding the operation as the

simple rearrangement of columns it actually is, the inverse Π−1 can be immediately used

to realize an according deinterleaver

Π−1 : Λ �→ Λdi = ΛΠ−1 . (7.4)

In the schematic description of the transmission scenario given in Chapter 2 and sketched

in Fig. 2.1, we have included another rather simple operation into the blocks represent-

ing interleaver and deinterleaver. Regarding the bit interleaver at the transmitter, the

sequence c is mapped onto the sequence cIL. The latter, however, is not explicitly given

in Fig. 2.1, but we directly proceed to the part of the system model where the individual

carriers are represented. Instead of the sequence cIL we assume a D-ary set of binary row

vectors xd to be passed on to the carriers. The mapping would read, cf. (2.20),

Π : c �→ {xd} , (7.5)

where dimensions of the xd are determined by the rate distribution R and need not be

identical over carriers if rate loading is applied. At the receiver, the reverse setting can

be observed, the interleaver actually collects D individual 2 × Rd matrices Λd into Λ.

This description is helpful for the bit-level-based analysis of the interleaver design, where

it might be for example advantageous to emphasize the origin of a pair of bit metrics

from a particular bit level. In this respect, interleaving and deinterleaving connect the

indices employed for the individual variables. In other words, the interleaver determines

a one-to-one relation between the index υ and the pair of indices [d, μ]

Π : υ ∈ {1, . . . , Nbs} �→ [d, μ] with d ∈ {1, . . . , D}, μ ∈ {1, . . . , Rd} . (7.6)

For the exact expressions determining these relations, we refer to (6.5) and (6.6).

The deinterleaver Π−1 performs the respective inverse operation

Π−1 : [d, μ] �→ υ . (7.7)
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7.2 Motivation — The Viterbi Algorithm

The crucial role of the bit interleaver for the performance of BICM using convolutional

codes is mainly founded on the employed decoder.1 In the context of this work, we focus on

the application of non-iteratively decoded BICM and use the Viterbi algorithm [For73]—

we prefer the latter over alternative approaches, e.g., the BCJR algorithm [BCJR74] since

we are not interested in ‘soft’ output—to retrieve the initially transmitted sequence from

the receive signal. Although, explained in nearly any textbook on digital communications,

e.g., [Pro00, Kam08, Hub08, Hay00], we here briefly review some properties of the Viterbi

algorithm in order to provide some basics required for the subsequent considerations on

bit-interleaver design.

The generic decoding problem to be solved by means of the Viterbi algorithm has been

already described in (6.4) and reads

ĉ = argmax
c∈C

{
Nbs∏
υ=1

f
Yd|X(μ)

d
(yd | x(μ)

d = cυ)

}
. (7.8)

Using the bit metrics defined in (6.10), the optimization problem reduces to

ĉ = argmax
c∈C

{
Nbs∑
υ=1

λdi
υ,cυ

}
. (7.9)

The optimization is performed over the code C, the set of valid codewords c, and thus is

limited to a subspace of F
Nbs
2 . Commonly, the decoding problem is visualized by means of

a trellis diagram, the temporal succession of a Markov chain, which mimics the generation

of the initially transmitted code sequence. The paths of trellis diagram represent the entire

set of potential codewords and the decoder assigns each path with a (bit) metric. This is

where the Viterbi algorithm comes into play: in order to find the most likely codeword,

the path with the best, in this case maximum metric has to be determined. Starting from

the root of the trellis diagram, successively those sub-paths with best metric are selected

(aka. ‘surviving’ paths), finally leading to an estimate ĉ on the transmitted codeword c.

As stated above, the encoding is mimicked in a step-by-step manner in the trellis diagram.

That is, in each individual step k′ binary source symbols are fictitiously encoded into n′

binary symbols taking into account the encoder state. Practically, at the decoder, the bit

metrics related to n′ encoded binary symbols are combined into the segmental path metric

λsp
δ (related to a specific segment and sub-path of the trellis diagram)

λsp
δ([c(n′−1)δc(n′−1)δ+1 . . . cn′δ]) =

n′δ∑
ζ=(n′−1)δ

λdi
ζ,cζ

. (7.10)

Here, [c(n′−1)δc(n′−1)δ+1 . . . cn′δ] represents a potential part of the estimate ĉ and distinctly

defines the related sub-path of the trellis. From this definition, we can immediately
1BICM in combination with other FEC schemes may not rely that much on the use of bit-interleavers

as the encoder/decoder structure itself provides the decoupling of statistical dependent receive values,
e.g., BICM with LDPC codes, e.g., [LR05, MB06].
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conclude that the Viterbi algorithm finishes in Δ = Kbs

k′ = Nbs

n′ steps. The decoding

problem can be reformulated as

ĉ = argmax
c∈C

{
Δ∑

δ=1

λsp
δ([c(n′−1)δc(n′−1)δ+1 . . . cn′δ])

}
(7.11)

= argmax
c∈C

⎧⎨
⎩

Δ∑
δ=1

n′δ∑
ζ=(n′−1)δ

λdi
ζ,cζ

⎫⎬
⎭ . (7.12)

The formal description of the decoding problem given in (7.8) resp. (7.12), i.e., summing up

various individual bit metrics, does not really support the motivation of bit interleavers.

Of course, the summation is commutative and a permutation of the addends does not

affect the result; interleaving apparently is ineffective. To understand and emphasize the

necessity of bit interleaving it is therefore helpful to recall a well-known rule of thumb

applicable to the Viterbi algorithm, e.g., [Pro00]: in good approximation, we can assume

the surviving paths in the trellis diagram, determined by the Viterbi algorithm, to merge

after approximately 5νC steps, i.e., only a single surviving path remains. This property

allows for decisions on parts of the initial codeword, although, the decoder might not yet

have processed the entire sequence.

Consequently, the Viterbi algorithm has to be interpreted as a sliding window which step-

by-step is moved over the trellis diagram. Regarding a specific step of the procedure, only

a limited ‘decoding history’ is actually relevant for the decisions currently to be made.

Results of prior steps of course affect the selection of good sub-paths, but beyond a certain

distance all surviving paths share the same previous history. The accumulated segmental

path metrics considered in the current step share an identical, thus irrelevant contribution

which can be discarded. Based on these observations, we can immediately explain the

impact of the bit interleaver. For the decoder, the sum over all Nbs bit metrics as given

in (7.9), is, if not necessarily irrelevant, only of minor relevance. Actually, we have to

focus on the limited range covered by the virtual processing window and analyze the bit

metric distribution within. The latter clearly is determined and open to influence by the

bit interleaver.

The overall-goal of bit-interleaver design is of course a minimized residual bit error ratio

after the decoding. Conventional interleaver designs are mainly tailored to fading channels

and intend to separate bit metrics affected by similar fading states. Assuming correlated

fading coefficients (these coincide with the carrier coefficients hd we have in our scenario),

adjacent receive symbols resp. bits experience similar channel conditions. A deep fade may

thus lead to several succeeding pairs of bit metrics which originate from severely disturbed

and attenuated symbols. On average, the reliability of these bit metrics is rather low, i.e.,

the probabilities derived from the bit metrics are closer to 1
2
. Taking into account the

sliding-window characteristic of the Viterbi algorithm, a cluster of unreliable bit metrics

may with high probability lead to a decoding error, i.e., a wrong sub-path is chosen in

the trellis. The main idea of interleaving is now to spread pairs of unreliable bit metrics

over the entire codeword resp. the entire trellis and to ‘support’ them by surrounding bit
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metrics of higher reliability. The distribution of reliable and unreliable bit metrics within

each shifted version of the processing window should be at least similar, at best equalized.

This concept at first sight appears simple, but bears the problem of how to assess the

reliability of a pair of bit metrics. Yet trivial at the receiver, a respective transmitter-side

computation is infeasible. In literature, the reliability of a bit metrics is mostly related

to the fading state: the deeper the fade, the more unreliable the bit metric. Regarding

highly bandwidth-efficient transmission with large signal constellations, the bit levels also

represents a major source of varying reliabilities, cf. Chapter 6. Tremendous differences

in the reliability of the bit metrics may be observed even within a single receive symbol.

These effects have not been taken into account in the design of bit interleavers so far.

7.3 A Measure of Bit-Metric Reliability

Before we tackle the interleaver design, we have to develop a well-founded description of

the bit-metrics reliability. In Chapter 6 we have derived the intrinsic a-posteriori probabil-

ity Pr{x(μ)
d = b|yd} for a specific bit x

(μ)
d to equal b given the receive value yd. Knowing yd

thus allows for a distinct computation of a measure describing the reliability of the bit met-

rics. This measure is of course not available at the transmitter side. Thus, Pr{x(μ)
d = b|yd}

is ineligible for the bit interleaver design; we have to resort to an alternative, yet to be

defined measure.

The analysis of uncoded transmission in Chapter 4 has clearly indicated the relevance of

the bit-level capacity Cbl (μ)
d as a measure of reliability. We have numerically demonstrated

a one-to-one correspondence between level-dependent bit error ratio BER
(μ)
d and bit-level

capacity Cbl (μ)
d ; independently of the actual bit level, the respective bit error ratio BER

(μ)
d

can be immediately concluded from the bit-level capacity. Although, we might expect

some similarities and conjecture an analog relation, these results yet cannot be directly

transferred to coded transmission. In order to substantiate our presumption—the bit-level

capacity represents a relevant measure of the (average) reliability in coded transmission,

too—we subsequently study two extreme bit-interleaver designs, emphasizing some specific

properties. These artificial examples, yet irrelevant for any practical implementation, yield

interesting insights into this issue.

In Ex. 7.1, we assume to have full CSI at both, transmitter and receiver. This knowledge

is not exploited for any rate and power adaptations, but exclusively used for the design of

the bit interleaver. The goal of this approach is to order the pairs of bit metrics according

to the capacities of the bit levels they originate from. In Ex. 7.2, we drop the assumption

of transmitter CSI and design a bit interleaver sorting the pairs of bit metrics according

to the bit level they are related to.

Example 7.1: Capacity-Dependent Sorting of Bit Levels

We consider 16-ASK transmission with D = 1024 carriers, a terminated rate-1/2 convolu-
tional code and a non-recursive, non-systematic encoder with νC = 10 (cf. [Wic95, Tab. 11.5]).
The binary source sequence is of length Kbs = 2048 leading to Nbs = 4096 encoded sym-
bols. The i.i.d. carrier coefficients hd ∼ N (0, 1) are known at transmitter and receiver.
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Figure 7.1: Bit error ratio of coded 16-ASK transmission depicted over position k within sequence q of source
symbols. D = 1024 carriers, Kbs = 2048 source symbols, code rate RC = 1/2, constraint length νC = 10,
Nbs = 4096 encoded symbols. Blue: random interleaving; red: sorting of bit metrics acc. to respective
bit-level capacities Cbl (μ)

d , cf. Ex. 7.1. Signal-to-noise ratios 10 log10(Ēb/N0) = 6 dB, 8 dB, . . . , 16 dB.

The interleaver Π implements a sorting of the pairs of deinterleaved bit metrics λdi
υ accord-

ing to the capacity Cbl (μ)
d of the underlying bit level, i.e., Π is chosen such that

Cbl (μi)
di

≤ Cbl (μii)
dii

≤ . . . ≤ Cbl (μiii)
diii

.

Here, the exemplary carrier indices di, dii, and diii and level indices μi, μii, and μiii fulfill

Π−1([di, μi]) = 1

Π−1([dii, μii]) = 2
...

Π−1([diii, μiii]) = 4096 ,

such that the ordering reads

Cbl
1 ≤ Cbl

2 ≤ . . . ≤ Cbl
Nbs

.

The binary symbol c1 is transmitted over the bit level with capacity Cbl (μi)
di

, the pair of bit
metrics λdi

1 originates from the latter and so forth.

Observations: In Fig. 7.1 the bit error ratio resulting from the interleaver design and

scenario sketched in Ex. 7.1 is depicted. In order to emphasize the influence of the bit-

level capacity on the bit error ratio, the plots do not show the average BER, but we
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resolve the error ratio for each individual position within the initially transmitted binary

source sequence q, i.e., BER is plotted over k = 1, . . . , 2048 as an ensemble average. The

respective bit error ratio obtained for random interleavers is given for comparison. First

regarding the latter, the errors are equally distributed over the entire sequence, except

for some slightly better results at the ends. These are due to the distinct start and final

states of the encoding: we start from the all-zero state and zero-padding is assumed to

return to the same. With increasing signal-to-noise ratio (we consider 10 log10(Ēs/N0) =

6 dB, 8 dB, . . . , 16 dB), the bit error ratio decreases, the entire BER-curve over k is lowered.

The bit error ratio curves originating from the interleaver design given above—at the

receiver, we have sequence of bit metrics arranged with rising bit-level capacity—exhibit

a totally different behavior. The bit error ratio heavily depends on k and we have parts

of the curves, where for any of the considered SNRs the BER either equals 1
2

or falls

below the given range. In the transition between these two extremes, a dependency

on Ēs/N0 can be observed: the higher the SNRs, the earlier the BER-curve starts the

decline (the rightmost red curve is for 10 log10(Ēs/N0) = 6 dB, the leftmost red curve for

10 log10(Ēs/N0) = 16 dB).

Conclusions: These results can be immediately related to the arrangement of the bit-

level capacities in the deinterleaved sequence of bit metrics. For the random interleaver,

no distinct ordering is present. The distribution of the bit-level capacities within the

shifted versions of the processing window are similar, only minor variations should be

observed. The interleaver design sorting the bit metrics according to the related bit-level

capacities, however, yields significantly differing distributions within the shifted versions

of the processing window. The aggregation of bit metrics originating from levels with

rather low capacities for smaller k’s, leads to catastrophic decoding results. On the other

hand, levels with high capacities, the respective bit metrics are clustered for high k’s, show

appealing results for all SNRs. These observations from Ex. 7.1 clearly corroborate the

relevance of the bit-level capacity as a measure of reliability. A translation of the inter-

leaver design introduced in Ex. 7.1 to arbitrary scenarios (e.g., other signal constellations,

different code rates) can be expected to yield similar results.

Example 7.2: Index-Dependent Sorting of Bit Levels

We consider 16-ASK transmission with D = 1024 carriers, a terminated rate-1/2 convo-
lutional code and a non-recursive, non-systematic encoder with νC = 10 (Kbs = 2048,
Nbs = 4096, hd ∼ N (0, 1)).

The deinterleaver Π−1 sorts the pairs of bit metrics acc. to their levels and creates four sub-
sequences of length D = 1024, comprising the bit metrics originating from a particular level

Π−1([d, 1]) ∈ { 1, . . . , 1024}
Π−1([d, 2]) ∈ {1025, . . . , 2048}
Π−1([d, 3]) ∈ {2049, . . . , 3072}
Π−1([d, 4]) ∈ {3073, . . . , 4096} .

Within each sub-sequence a natural ordering is assumed. Applying this interleaver, pairs of
bit metrics affected by the same fading state hd are spaced at maximum distance D = 1024.
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Figure 7.2: Bit error ratio of coded 16-ASK transmission depicted over position k within sequence q of source
symbols. D = 1024 carriers, Kbs = 2048 source symbols, code rate RC = 1/2, constraint length νC = 10,
Nbs = 4096 encoded symbols. Blue curves: random interleaving. Red curves: sorting of bit metrics acc. to
bit level, i.e., acc. to index μ, cf. Ex. 7.2. Signal-to-noise ratios 10 log10(Ēb/N0) = 6 dB, 8 dB, . . . , 16 dB.

The decoder sees a series of four sub-sequences, each one comprising 512 trellis segments
with a path metric originating from a particular level at a time.

In the plot below, this approach is illustrated for D = 4 and Nbs = 16. The grey boxes
behind the interleaved symbols represent the tuples of bits mapped onto a channel symbol;
those behind the non-interleaved symbols hint at the related pairs of bit metrics which are
combined into segmental path metrics.
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Observations: In Fig. 7.2 the respective results for the interleaver design given in Ex. 7.2

are depicted for 10 log10(Ēs/N0) = 6 dB, 8 dB, . . . , 16 dB. Again, we focus on the bit error

ratio over the position within the sequence of source symbols q. The curves obtained from

a random interleaver, again given for comparison, have already been discussed above. The

bit error ratio curves of the studied interleaver design exhibit a striking behavior. They

consist of four, neglecting the transitions, more or less constant segments of varying bit

error ratios. Taking a closer look at these intervals of similar BER, the coincidence with

the respective bit-level index is evident. In the first quarter (k = 1, . . . , 512) with μ = 1,
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Figure 7.3: Bit error ratio of coded 16-ASK transmission depicted over 10 log10(Ēb/N0) [dB]. D = 1024
carriers, Kbs = 2048 source symbols, code rate RC = 1/2, constraint length νC = 10, Nbs = 4096 encoded
symbols. Blue: random interleaving. Red: sorting of bit metrics acc. to respective bit-level capacities Cbl ,
cf. Ex. 7.1. Green: sorting of bit metrics acc. to bit level, i.e., acc. to index μ, cf. Ex. 7.2.

the bit error ratio for all considered SNRs falls below the depicted range, transmission

apparently is quite reliable. In the next two quarters, more and more curves appear within

the range of the plot, hinting at successively worsening channel conditions even for higher

SNRs. For k = 1573, . . . , 2048, the last quarter with μ = 4, the bit error ratios obtained

for all simulated SNRs cannot fall below the rather high value of approximately 5 · 10−2.

Note, the rather low error ratios at the end of the sequence again result from the employed

terminated convolutional code.

Conclusions: Obviously, the bit levels have a dramatic impact on the performance in

terms of the achievable bit error ratio. Sub-channels with an on average low capacity lead

to large numbers of errors, whereas over sub-channels with high bit-level capacities we can

communicate almost without any errors. This once again supports our suggestion to use

the bit-level capacity as a measure of reliability. Apparently, even the mere tendencies

for the bit-level capacities deducible from the level index provide important knowledge on

the average reliability and clearly should be incorporated into the interleaver design to be

exploited at the decoder. The smooth transitions between the four different segments of

each bit error ratio curve explicitly hint at the limited previous history of the decoder.

Comparison of Total Bit Error Ratios: In Fig. 7.3 the total bit error ratios of the two

interleaver designs introduced in Ex. 7.1 (red) and Ex. 7.2 (green) are depicted over

10 log10(Ēb/N0) [dB]. The results obtained from random interleaving are given for com-
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parison (blue). Apparently, the latter clearly outperforms the two exemplary, artificial

approaches for medium to higher SNRs. The gain of random interleaving over the level-

sorting design is just under 5 dB, and for the design sorting the bit metrics according to the

bit-level capacities of the underlying levels, the BER curve does not even exhibit a similar

slope within the shown SNR range such that we can hardly quantify a gain. Regarding

in contrast low SNRs (10 log10(Ēb/N0) < 8 dB), the random interleaver looses compared

to the other two interleavers and approaches the limiting BER = 1
2

a bit quicker.

Conclusions wrt. Interleaver Design: Combining the insights on the bit error ratios pre-

sented in Figures 7.1, 7.2, and 7.3, we can formulate some generic conclusions and deduce

some first rather vague rules on interleaver design. In terms of the total bit error ratio,

the random interleaver significantly outperforms the other two approaches. Thus, even

if random interleaving might not be the best solution, the results of the two alternative

designs clearly show that considerably worse realizations exist. Random interleaving rep-

resents an average over all potential interleaver designs and the question remains whether

the gains achievable over random interleaving are of the same order of magnitude as the

losses observed so far.

Sorting the bit metrics wrt. the bit-level capacities (Ex. 7.1) shows inferior, one might

say even devastating results in terms of the total bit error ratio. The simple and obvious

explanation for this phenomenon is the aggregation of bit metrics related to levels with

very low capacities (small k). Although, the rest of the transmitted sequence can possibly

be already perfectly decoded beyond a specific SNR, the cluster of highly unreliable bit

metrics at the very beginning of the deinterleaved sequence2 still represents a persistent

source of errors, preventing a lower total bit error ratio. Assuming in contrast low SNRs,

the rather reliable bit metrics, located at the opposite end of the sequence (large k), lead

to a slightly improved bit error ratio compared to the random interleaver. An immediate

conclusion we can draw for moderate to high SNRs from these observations is, that a

clustering of reliable bit metrics is not rewarding for the total bit error ratio, as inevitably

unreliable bit metrics cumulate elsewhere.

The interleaver design introduced in Ex. 7.2 and the results presented in Fig. 7.2 reveal the

significance of the bit level as an indicator for the (average) reliability of the bit metrics.

Even if we do not know the actual quantities, the bit level index μ alone roughly points

in the right direction with regard to the average bit-level capacity and thus reliability of

the bit metrics. For low levels3 we can assume a high reliability of the bit metrics and

the respective sub-sequence can be decoded with few residual errors even for low signal-

to-noise ratios. The bit metrics stemming from high bit levels are in contrast rather

unreliable and lead to inferior bit error ratios even for moderate to high SNRs. The

inherent randomness of the ordering of bit metrics of a specific level due to the i.i.d.

carrier coefficients hd, however, mitigates the extremes that have been observed for the

2With this formulation, we implicitly take a direct relation between bit-level capacity and reliability
of the bit metrics for granted and such already anticipate the final conclusion of this section.

3We refer to Chapter 3 for a detailed definition of the underlying binary-reflected Gray mapping and
the ordering of the label bits.
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total bit error ratio of the capacity-based sorting, but still the effects are clearly visible.

Apparently, a clustering of bit metrics originating from a specific bit level is not rewarding,

the same conclusions as drawn above apply.

Graphical Solution: We complete our study on a measure of the reliability of the bit

metrics with a comparison of the level-dependent bit error ratios of coded transmission

and their relation to the bit-level capacities (cf. Chapter 4 for the uncoded analogon).

We therefore consider the interleaver design suggested in Ex. 7.2 and determine the bit

error ratios within the individual quasi-constant segments; parts obviously affected by

the transition from one segment to another are discarded. This roughly complies with

the definition of the level-dependent bit error ratios of Chapter 4. Here, we omit a strict

definition as we just want to emphasize the relation between bit error ratio and bit-level

capacity. Note, the level-dependent bit error ratio could be also computed using four

individual encoders and decoders which act independently; interleaving could then be

discarded due to the i.i.d. carrier coefficients hd. Neglecting the identical code rates, this

actually would realize a multilevel coding approach [WFH99]. In order to illustrate the

relation of bit-level capacity and bit error ratio, Fig. 7.4 shows the per-level bit error

ratios BER(μ) over the (average) capacity Ed{ Cbl (μ)
d } of the employed bit level. Averaging

is performed over the carriers, which in this case coincides with the bit-level capacities

obtained for transmission over a Rayleigh fading channel. Like in Chapter 4, the relation

between the two variables has been established graphically.

Apparently, the bit-level capacity and the resulting level-dependent bit error ratio of

coded transmission are directly related. The level-dependent bit error ratios coincide for

any μ when depicted over the average bit-level capacity Ed{ Cbl (μ)
d }. The small observable

variations are neglected in these considerations and can be traced back to numerical inac-

curacies in the interpolation. In analogy to the uncoded scenario analyzed in Chapter 4,

we have come upon a one-to-one-relation.4

Conclusions for Reliability Measure: The examples studied in this section clearly support

the relevance of the bit-level capacity Cbl (μ)
d or the average bit-level capacity Ed{ Cbl (μ)

d } as

measure of the (average) reliability of the bit metrics processed at the receiver. We have

numerically shown a direct relation between these two variables and en passant demon-

strated the significant impact of the interleaver design on the performance of the coded

multicarrier system. The results have only been given for quite specific settings and thus

the therefrom derived conclusions of course are not general. Nevertheless, the translation

of the obtained insights to arbitrary scenarios seems reasonable. Both quantities, bit error

ratio and bit-level capacity are directly affected by the noise power: the less noise, the

larger the capacity and the higher the average reliability. Apart from the the bit-level

capacity, we have also identified the bit-level index, even if it is less precise, as a valuable

and in particular practicable indicator for the reliability of the bit metrics. Depending on

the availability of transmitter CSI, either the first or the second criterion can be employed.

The relevance of the first obviously relies on the accuracy of the estimated CSI.

4This shows similarities to the so-called information processing characteristic presented in [HH03].
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Figure 7.4: Illustration of graphical solution to relate level-dependent bit error ratio of coded transmission
with respective bit-level capacities. 16-ASK. Rayleigh fading channel. Code rate R = 1/2, 1024 encoder
states. Top left: BER(μ) over 10 log10(Ēs/N0) [dB]. Top right: BER(μ) over Cbl (μ). Bottom right: bit-level
capacities of all four levels of 16-ASK over 10 log10(Ēs/N0) [dB] (flipped on diagonal).
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7.4 Adaptive Bit Interleaving

In the previous section, analyzing the relevance of the bit-level capacity as a measure of

the reliability of the bit metrics, we incidentally came over some, in terms of the bit error

ratio very unfavorable bit-interleaver designs, cf. Ex. 7.1 and Ex. 7.2. In combination

with the insights on the characteristics of the employed decoder obtained in Section 7.2,

the results of Section 7.3 provide a solid foundation for a first attempt on ‘clever’ bit in-

terleaver design. The approach we introduce and discuss in the remainder of this section

aims at a minimized total bit error ratio and exploits transmitter side channel state infor-

mation. We assume the carrier coefficients hd to be perfectly known at both, transmitter

and receiver. Furthermore, knowing on both sides the power of the additive noise and

thus the carrier-dependent receive signal-to-noise ratios, we can on both sides compute

the bit-level capacities Cbl (μ)
d of all Nbs employed levels. To emphasize the interleaver

design aspect in this section, we here neglect a potentially performed rate and power

adaptation and assume equally distributed resources over carriers. Some considerations

on the combination of interleaving and loading follow in Section 7.6.

Regarding the design problem from the decoder’s point of view, the bit interleaver clearly

should provide a quasi-constant reliability of the bit metrics for the entire decoding pro-

cedure, i.e., within any shifted version of the processing window. In (7.10) we have intro-

duced the segmental bit metrics λsp
δ and proceeding from step δ to δ+ 1 in the decoding

results in a single segmental path metric dropping out of the range of the processing win-

dow and another one entering that range. The average reliability of the segmental path

metrics λsp
δ within the range of the processing window should at best not change at all.

This requirement immediately implies that the goal of the bit interleaver design, actually

aiming at a minimum bit error ratio, is an equalized reliability of the Δ segmental path

metrics λsp
δ. Now taking into account the results derived in the previous section and

using the bit-level capacity as a significant indicator of the reliability of a bit metric, the

objective applied for the interleaver design can be formalized as

Πopt = argmin
Π

{Var { Csp
δ}} . (7.13)

Here, Csp
δ denotes the segmental path capacity, which in analogy to the segmental path

metric λsp
δ is defined as

Csp
δ =

n′δ∑
ζ=(n′−1)δ

Cbl (μ)
d =

n′δ∑
ζ=(n′−1)δ

Cbl
ζ . (7.14)

In this equation we intentionally mix notations of both sides of the deinterleaver Π−1 to

emphasize the impact of interleaving: the bit-level capacities first are indexed as familiar

from preceding parts according to the respective carrier and bit level. The index of the sum

actually already refers to a sequence of (deinterleaved) variables, which are then introduced

in the second sum ( Cbl
υ). The relation between the indices is distinctively determined by

Π resp. Π−1, cf. (7.6) and (7.7). Inserting this definition into the minimization problem
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given in (7.13), we arrive at

Πopt = argmin
Π

⎧⎨
⎩Var

⎧⎨
⎩

n′δ∑
ζ=(n′−1)δ

Cbl
ζ

⎫⎬
⎭
⎫⎬
⎭ . (7.15)

Apparently, this optimization problem is not analytically approachable; the optimization

has to be performed over a discrete set of given bit-level capacities and is more or less

just a combinatorial issue.

7.4.1 Design Rules

Let us now derive design rules fulfilling the formal requirements introduced above. Al-

though, the rules have to be tailored to the specific setting, in particular the number n′

of bit metrics combined into a segmental path metric is of interest, the initialization is

identical for all scenarios. Assume Nbs binary symbols shall be transmitted requiring Nbs

binary-input channels (bit levels) with capacities Cbl (μ)
d . These bit-level capacities are in

a first intermediate step ordered according their size, cf. Ex. 7.1

Ċbl
1 ≤ Ċbl

2 ≤ . . . ≤ Ċbl
Nbs

. (7.16)

Here, the indices of the bit-level capacities Ċbl
ξ are determined by the intermediate map-

ping Π̇−1([d, μ]) = ξ which coincides with example Ex. 7.1.5 Applied to the bit metrics

Λd obtained from the individual carriers, Π̇−1 yields a sequence of pairs of bit metrics

contained in a (2 ×Nbs)-matrix

Λ̇
di

=
[

λ̇
di

1 λ̇
di

2 . . . λ̇
di

Nbs

]
. (7.17)

Based on this preliminary operation, we propose some attempts on bit-metric combina-

tions for common code rates aiming at a minimization of the variance of the segmental

path capacity Csp given in (7.14).

Decoder with n′ = 2: Let us first consider a setting with a code of rate RC = 1
2
. In each

of the Δ segments of the trellis two bit metrics are combined into the segmental path

metric

λsp (čδ) = λdi (čξ1) + λdi (čξ2) , (7.18)

where the indices of the hypotheses čξ are given by ξ1 = (n′ − 1)δ and ξ2 = n′δ. The

respective segmental path capacities read

Csp
δ = Cbl

(n′−1)δ + Cbl
n′δ . (7.19)

Note, these two equations refer to an already entirely deinterleaved setting and the re-

spective variables.

5Variables regarded right after the mapping Π̇−1 carry a dot. According rules apply to the variables
after the subsequently introduced mapping Π̈−1.
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In order to minimize the variance of the segmental path capacity Csp
δ, we subsequently

pair the remaining weakest and strongest of the initially Nbs bit levels into a trellis seg-

ment. The sequence of sorted pairs of bit metrics Λ̇
di

is ‘folded’ in the middle and meeting

pairs are combined into segmental path metrics. Formally, this operation reads

λ̈sp (˙̌cδ) = λ̈di ( ˙̌cξ1) + λ̈di ( ˙̌cξ2) (7.20)

= λ̇di ( ˙̌cδ) + λ̇di ( ˙̌cNbs−δ+1) , (7.21)

and we denote the underlying mapping by Π̈−1. The resulting sequence of pairs of bit

metrics reads

Λ̈
di

=
[

λ̈
di

1 λ̈
di

2 . . . λ̈
di

Nbs

]
(7.22)

=
[

λ̇
di

1 λ̇
di

Nbs
λ̇

di
2 λ̇
di

Nbs−1 . . . λ̇
di

Nbs/2 λ̇
di

Nbs/2+1

]
. (7.23)

Depending on the channel conditions, the segmental path capacities Csp
δ obtained by these

permutations may still vary. Usually, neighboring segments exhibit similar properties due

to the initial sorting of the bit levels performed by Π̇−1. In order to prevent a clustering of

weak and strong trellis segments, in a final step the Δ pairs of λ̈
di

ξ combined into segmental

path metrics are randomly permuted. The complete interleaver Π is then given by the

concatenation of the procedures described so far. These mostly formal considerations on

the design of bit interleavers guaranteeing a minimized variance of the segmental path

capacity are illustrated in the example presented below.

Example 7.3: Adaptive Interleaving for 4-ASK with n′ = 2

Consider 4-ASK multicarrier transmission with a code of rate RC = 1
2 ; νC is irrelevant for this

example. The number of carriers is D = 1024 resulting in Nbs = 2048 encoded symbols
generated from Kbs = 1024 initial data symbols. n′ = 2 bit metrics are combined into a
segmental path metric such that the code trellis comprises Δ = 1024 segments.

Three permutation steps are performed on the incoming sequence of bit metrics:

1. sorting acc. to bit-level capacity by Π̇−1

2. combining strongest and weakest pairs by Π−1

3. final permutation of segmental path metrics

In Fig. 7.5 the distributions of the bit-level capacities over the sequence and the distributions
of the segmental path capacities over the trellis are depicted for the steps give above. The in-
terpretation of the plots is obvious. Compared to random interleaving a significant reduction
of the variance of Csp could be achieved.

Decoder with n′ = 3: Regarding codes with rates k′/3, i.e., in particular the rates

RC = 1/3 and RC = 2/3, three bit metrics accumulate in a segmental path metric

λsp (čδ) = λdi (čξ1) + λdi (čξ2) + λdi (čξ3) . (7.24)
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Figure 7.5: Adaptive interleaving for 4-ASK transmission. Code rate RC = 1
2 , n′ = 2, D = Kbs = 1024,

Nbs = 2048. Carrier coefficients hd ∼ N (0, 1). Top: distribution of bit-level capacities Cbl
ξ over ξ; before

Π̇−1 (left), after Π̇−1 (right). Center: pairs of bit-level capacities after Π̈−1 over δ (left), resp. segmental path
capacities Csp

δ after Π̈−1 over δ (right). Bottom: segmental path capacities Csp
δ after final permutation over

δ (left) and comparison with Csp
δ resulting from random interleaving (blue, right).

Clemens Stierstorfer — 2009



170 7. Bit-Interleaver Design

Here, the indices of the three hypotheses čξ are now given by ξ1 = (n′−1)δ, ξ2 = (n′−1)δ+1

and ξ3 = n′δ. The segmental path capacity in the δ-th segment computes to

Csp
δ = Cbl

(n′−1)δ + Cbl
(n′−)δ+1 + Cbl

n′δ . (7.25)

For n′ = 3 we propose an approach similar to that suggested for n′ = 2. Again, the

goal is to minimize the variance of the segmental path capacity Csp . We start with

the combination of the Δ = Nbs/3 weakest and Δ strongest levels, so that we have Δ

pairs. These pairs are then sorted according to their temporal sum capacities and the

remaining Δ not yet assigned bit-level capacities are then allocated to the pairs after the

same method. Finally, we again suggest to randomly permute the received triples to avoid

clusters of weak segmental path metrics. For the sake of brevity, we omit a detailed formal

description of this approach and refer to an exemplary case presented in Ex. 7.4

Example 7.4: Adaptive Interleaving for 4-ASK with n′ = 3

We again consider 4-ASK multicarrier transmission, now with a code of rate RC = 1
3 . The

number of used carriers is D = 1023 (to match the code rate) resulting in Nbs = 2046
encoded symbols generated from Kbs = 682 initial data symbols. n′ = 3 bit metrics are
combined into a segmental path metric such that the code trellis comprises Δ = 682 seg-
ments.

The following permutation steps are performed on the incoming sequence of bit metrics:

1. sorting acc. to bit-level capacity

2. combining strongest and weakest third of sequence

3. intermediate sorting of these pairs acc. to their sums

4. combining strongest pair with weakest bit level from center third

5. final permutation of segmental path metrics

Fig. 7.6 shows the distributions of the bit-level capacities over the sequence and the distri-
butions of the segmental path capacities over the trellis for the individual steps described
above. Again a significant reduction of the variance of Csp could be achieved.

7.4.2 Performance Evaluation

After the presentation of the main ideas behind adaptive interleaving, the overall goal

of the interleaver design, the bit error ratio is assessed. Omitting a theoretical analysis

of the bit error ratio, we present a survey of numerical results supporting the suggested

interleaver designs. The benchmark, we compare the bit error ratio achievable with adap-

tive interleaving to, is the bit error ratio resulting from the application of a single random

interleaver as suggested in [CTB98]. This implementation represents a quasi-standard in

most of the literature on BICM and applied to scenarios with i.i.d. carrier coefficients

even fulfills some of the requirements established by more advanced interleaver designs

concerned about correlated fading states. Consequently, the design proposed by Zehavi

in his initial publication on BICM [Zeh92] is neglected in this section; a respective study
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Figure 7.6: Adaptive interleaving for 4-ASK with RC = 1
3 , n′ = 3, D = 1023, Kbs = 682, Nbs = 2046, and

hd ∼ N (0, 1), 10 log10(Ēb/N0) = 8 dB. Top: Cbl
ξ over ξ after steps acc. to Ex. 7.4; initial state (top left),

step 1 (top right). Center: triplets of Cbl
ξ over δ, step 2 (left); step 3 (right). Bottom: Csp

δ over δ; after step 4
(left); final permutation after step 5 and comparison with random interleaving (blue, right).
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and extension of this approach follows in Section 7.5. Numerical results can of course

only show the advantages of adaptive interleaving in the specific scenarios and cannot

replace a generic proof. Nevertheless, it is reasonable to deduce some trends translating

into universal rules. Again, we discard a potential adaptation of rate and power which

would be applicable due to the presumed transmitter CSI.

Simulation Settings: We focus on settings similar to those employed for the comparison

of exact and approximative bit metrics in Paragraph 6.3.4.2. Again, the bit error ratios

have been derived numerically for a multicarrier scenario with D = 1024 carriers. The

channel coefficients hd are assumed to be complex Gaussian distributed with zero mean

and unit variance hd ∼ N (0, 1) and are fixed only for a single multicarrier frame. At least

50, 000 of the latter have been transmitted. As common in nearly all of literature, we here

use the approximative bit metrics.

We assume ‘coding over carriers’, i.e., the codewords c generated by non-recursive, non-

systematic convolutional encoders are restricted to a single multicarrier frame of 1024

channel symbols. Zero-padding has been used to ensure terminated trellises and to adapt

the length of the encoded sequences to the multicarrier frame. We have simulated several

settings with 4-ASK, 16-ASK, and 64-ASK with code rates RC = 1/3, RC = 1/2, and

RC = 2/3. The constraint length of the code in most settings has been chosen to νC = 10,

for a comparison of several varying νC, we have also considered 8-ASK with RC = 1/2

and νC = 2 and νC = 6. The convolutional codes have been taken from [Wic95, Tab. 11.4,

11.5, 11.6] and are the best known ones wrt. to free distance.

The bit-level capacity values Cbl required for the adaptation of the bit interleaver have

been determined as introduced in Chapter 3, i.e., by numerical integration and respec-

tively generated tables. Due to the fast convergence of the individual Cbl to the limiting

values one and zero, a distinct and reliable decision on an ordering of the bit levels may

encounter numerical difficulties. A similar problem has been faced in the bit-level-based

rate allocation discussed in Chapter 5. In analogy to this issue, we here also assess an

approximative alternative circumventing these problems, cf. 5.2.2.2.

Results and Observations: The bit error ratios computed for the aforementioned settings

are depicted in Figures 7.7–7.10. Figures 7.7–7.9 depict the results obtained for encoders

with varying code rates and a fixed constraint length of νC = 10, whereas in Fig. 7.10

the code rate is fixed and we simulate several different code constraint lengths. In all

four figures the bit error ratio BER is plotted over 10 log10(Ēb/N0) [dB]. The color ‘code’

used in the plots is as follows: the bit error ratio of random interleaving, the benchmark

for the novel approaches, is given in blue, the results of adaptive bit interleaving based

on the ‘exact’ bit-level capacities6 are depicted in red, and those using the approximated

bit-level capacities in green.

Regarding these four figures, we can clearly see that they only share a single particular

6We here put exact in quotation marks, as the exactness of the bit-level capacities is of course limited
by inaccuracies of the inevitable numerical integration.
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result with regard to the interleaver design: in the settings studied in this work, adaptive

bit interleaving based on the approximated bit-level capacities outperforms both, random

interleaving and the adaptive approach using ‘exact’ bit-level capacities. Apparently, the

methodical arrangement of the bit metrics in the decoder exploiting the knowledge of the

channel coefficients does not necessarily and immediately lead to superior bit error ratios.

The proposed method may even result in losses compared to random interleaving when

based on the ‘exact’ bit-level capacities. We can take these results as a clear indicator

for numerical problems in the ordering of the bit-levels wrt. Cbl . The bit-level capacities

approach the limiting asymptotical values rather quickly and the decision on a particular

ordering might be motivated by some small variations in the tails of the Cbl ’s. In Chapter 5

we have experienced an according situation for the rate allocation and there usage of

approximated bit-level capacities has also resolved the problem. The benefits of this

approximation are significantly more pronounced for the interleaver design.

Let us now take a closer look at the individual results given in the figures. Fig. 7.7 shows

the bit error ratios of 4-ASK transmission for the three code ratesRC = 1/3, RC = 1/2, and

RC = 2/3 and νC = 10. Unsurprisingly, the lower code rate, the better is the bit error ratio.

The gains due to adaptive interleaving are rather small for RC = 1/3 (≈ 0.3 dB at BER =

10−5), whereas for RC = 1/2 we can outperform random interleaving by approximately

0.8 dB at BER = 10−5. The results for RC = 2/3 are somewhere in between these two

figures. For 4-ASK transmission the differences between the ‘exact’ and approximative

variant of adaptive bit interleaving are almost negligible. Apparently, the SNR range

of interest for the bit error ratios is still covered by fairly well distinguishable bit-level-

capacity curves. Proceeding to Fig. 7.8, where the bit error ratios of 16-ASK transmission

are depicted, we can observe slightly different results. Again, approximative BLC-based

adaptive bit interleaving exhibits the most significant gains over random interleaving

(≈ 1.2 dB for all three code rates). The ‘exact’ version of adaptive bit interleaving in

contrast shows inconsistent results: for RC = 1/2 the bit error ratio roughly coincides with

that of the approximative version, whereas for RC = 2/3 a loss of ≈ 0.4 dB compared to the

latter has to be observed. For RC = 1/3 ‘exact’ adaptive bit interleaving even results in a

loss compared to random interleaving which might turn into small gains for BER < 10−6.

The clue to these observations again most probably is the discriminability of the BLC-

curves over the SNR range of interest. For rather low resp. high SNRs the probability

of coinciding curves grows and so does the gap to the approximative approach. The bit

error ratios obtained for 64-ASK, depicted in Fig. 7.9, show behaviors comparable to the

respective curves of 16-ASK with increased absolute gains of (approximative) adaptive

bit interleaving over random interleaving (over 2 dB may be achieved at BER = 10−5).

Again, the results for the ‘exact’ variant of adaptive interleaving vary with the particular

setting and range from gains identical to those of the approximative version to losses even

if compared to random interleaving. The explanation for these results follows that given

for 16-ASK.

We conclude the assessment of the bit error ratios of adaptive bit interleaving and random

bit interleaving with a comparison of the results obtained for varying code constraint
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Figure 7.7: Bit error ratios of coded 4-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 1/3, RC = 1/2, and RC = 2/3 and νC = 10. Comparison of adaptive bit
interleaving (red), approximative implementation thereof (green), and random interleaving (blue).
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Figure 7.8: Bit error ratios of coded 16-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 1/3, RC = 1/2, and RC = 2/3 and νC = 10. Comparison of adaptive bit
interleaving (red), approximative implementation thereof (green), and random interleaving (blue).
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Figure 7.9: Bit error ratios of coded 64-ASK transmission over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with
hd ∼ N (0, 1). Convolutional codes with RC = 1/3, RC = 1/2, and RC = 2/3 and νC = 10. Comparison
of adaptive bit interleaving (red), approximative implementation thereof (green), and random interleaving
(blue).
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Figure 7.10: Bit error ratios of coded 64-ASK transmission over 10 log10(Ēb/N0) [dB]. D = 1024 carriers
with hd ∼ N (0, 1). Convolutional codes with RC = 1/2 and νC = 2, νC = 6, and νC = 10. Comparison
of adaptive bit interleaving (red), approximative implementation thereof (green), and random interleaving
(blue).
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lengths. In Fig. 7.10 bit error ratio curves for 8-ASK transmission with RC = 1/2 are

depicted using νC = 2, νC = 6,and νC = 10. For each of these three settings we can

see the superiority of adaptive bit interleaving over random interleaving. Apparently, the

gains observed in the exemplary cases considered so far only for νC = 10 also can be

achieved for other code constraint lengths. Here, the largest gap between (approximative)

adaptive bit interleaving and random bit interleaving is obtained for νC = 2 and opens up

to about 3 dB for BER = 10−5. We can also see that the differences between ‘exact’ and

‘approximative’ approach increase with the SNR, which again supports the explanation

based on distinguishable BLC-curves.

7.4.3 Discussion

In this section, we have introduced an attempt on the design of the bit interleavers used

in a BICM transmission scheme exploiting full transmitter-side channel state informa-

tion. Tailored to the current channel state, so-called adaptive bit interleaving significantly

outperforms the conventional random interleavers in terms of the bit error ratio. The pro-

posed scheme can in general be employed for any code rate and in any scenario. Moreover,

even punctured codes (e.g., [Hub92]) can be comprehended into the presented approach

by selecting weak levels for puncturing and/or by an appropriate arrangement of the bit

metrics in the decoder (punctures have zero capacity). Nevertheless, we have to hint at

some critical points of the design which might represent severe sources of error in practical

implementations. The interleaver adaptation is rather sensitive to imperfect channel state

information and a mismatch between transmitter and receiver CSI might result in a fatal

divergence of the permutations performed at each side. Probably, it is more advisable to

communicate the respective index sequence form the transmitter to the receiver which in

turn requires rather slowly varying channels, to keep the ratio of overhead to payload in

a reasonable range. Wireline applications could be a promising field.

7.5 Intralevel Bit Interleaving

The benefits of adaptive interleaving are to a large extent founded on the availability of

channel state information at the transmitter side. This need induces the rather challenging

issue of an accurate channel estimation. The latter may be even infeasible in rapidly vary-

ing channels and the transfer of the acquired CSI back to the transmitter may form another

obstacle for the realization of adaptive bit interleaving. Nevertheless, our considerations

on adaptive bit interleaving discussed in the previous section and the respective conclu-

sions and insights based thereupon allow for some significant modifications of generic

(random) bit interleavers commonly employed in nowadays BICM schemes. Discarding

the (too) comprehensive presumption of perfect knowledge of the bit-level capacities at

both, transmitter and receiver side, we still know the particular bit level wherefrom a

specific pair of bit metrics originates from. The bit levels’ indices represent a more or less

rough classification of the reliability of the bit metrics: the higher the bit level, the less

reliable is usually the related bit metric and vice versa. The level-dependent bit error ra-

tios of coded transmission depicted in Fig. 7.2 have already emphasized this assumption.
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Depending on the signal constellation size, there are significant variations between the

reliabilities of the bit metrics and in turn of the bit error ratios.

In the following paragraphs, we introduce an interleaver design based on this residual

knowledge on the metric reliability. Thereby, we follow an idea promoted in the very

beginnings of BICM, when Zehavi in [Zeh92] suggested three independent bit interleavers

for 8-PSK transmission, each one distinctively related to a single bit level7. We adopt

Zehavi’s idea and develop a strategy of using m = log2(M) independent bit interleavers,

i.e., one per bit level. Similar attempts on bit interleaver design have been addressed

sporadically in literature so far, e.g., in [HA95, AS99, NA05, LCR02]. There, the authors

have proposed varying notations for what we here call intralevel bit interleaving to em-

phasize the bit-level-related design and the restriction of the interleavers to bits of a single

level. Most authors have raised issues of the bit interleavers related to and motivated by

the code design. We, in contrast, base the suggested bit-interleaver design exclusively on

the analysis of the employed decoder, cf. Section 7.2, and the respective conclusions on

an advantageous distribution of the bit metrics over the sequence to be decoded.

7.5.1 Design Rules

The formal design objective pursued in this section is still given by (7.15) reading

Πopt = argmin
Π

⎧⎨
⎩Var

⎧⎨
⎩

n′δ∑
ζ=(n′−1)δ

Cbl
ζ

⎫⎬
⎭
⎫⎬
⎭ . (7.26)

That is, we aim at a minimized variance of the segmental path capacities defined in (7.14)

and thus directly at a minimized variance of the segmental path metrics λsp
δ. Once

again, the optimization problem formulated in (7.15) is not approachable analytically.

Furthermore, we even do not know the actual bit-level capacities, but can only refer to

very rough estimates of the reliability of the bit metrics based on the bit level indices.

Regarding a single specific carrier we can of course state

Cbl (1)
d ≥ Cbl (2)

d ≥ . . . ≥ Cbl (m)
d , (7.27)

as all m bit levels of the d-th carrier share the same unknown SNR determined by hd.

Taking into account other carriers with also unknown but surely differing SNRs, we cannot

establish any kind of BLC-based ordering. Instead, we can only formulate the following

relations of the average bit-level capacities if a binary-reflected Gray mapping is employed8

E{ Cbl (1)
d } ≥ E{ Cbl (2)

d } ≥ . . . ≥ E{ Cbl (m)
d } . (7.28)

The expectation is taken over the carrier index d. In the SNR ranges of interest the

‘greater or equal’ reduces to a clear greater, such that we have at least a distinct ordering

of the average bit-level capacities based on the bit-level indices.

7He did not explicitly mention the model of parallel bit levels, but implicitly employed it.
8We refer to Chapter 3 for a comparison of the bit-level capacities of different binary labeling rules.
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Figure 7.11: . Block diagram of intralevel interleaving as promoted by Zehavi in [Zeh92]. Bits which are
finally equally positioned within the binary labels xd are collected and individually interleaved.
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Figure 7.12: . Block diagram of global bit interleaving as favored in [CTB98]. Sequence of encoded bits in c
is interleaved and then partitioned into binary labels xd of dimension R = 3.

7.5.1.1 General Concept

Let us now recall the coding scheme proposed by Zehavi and translate it from an 8-PSK

to an 8-ASK constellation. In Fig. 7.11 an according block diagram is depicted showing

the three independent bit interleavers randomly and independently permuting the three

sequences of bits related to a particlar bit level each (Fig. 7.12 illustrates the approach

favored by Caire et al. [CTB98]). At the receiver the deinterleaver generates a sequence

of pairs of bit metrics with a distinct ordering wrt. to the underlying bit level. The nat-

ural ordering of the levels is preserved and hence, the occurrence of clusters of metrics

originating from equal subchannels is prevented. Even a spacing at a minimum distance

of metrics from equal levels is implemented. For the decoding this interleaving approach

provides almost equally distributed levels within the sliding window of the Viterbi algo-

rithm which cannot be guaranteed by global random interleaving. Combining this scheme

with a rate-1/2 code, where two pairs of bit metrics are combined into path metrics of a

single trellis segment, does not lead to a specific arrangement of bit levels within a trellis

segment in this case. For this particular setting all combinations of two out of the three

bit levels occur. In Figures 7.13 and 7.14 the rearrangement of the pairs of bit metrics by

the deinterleaver is exemplarily illustrated for the two interleaving approaches suggested

in Figures 7.11 and 7.12.

In the sequel we examine Zehavi’s bit interleaver design and try to answer the question

whether we can do better than that by simply rearranging some of the bits and avoid

certain, maybe disadvantageous combinations of bit levels.

7.5.1.2 Optimization

In order to outline the main ideas underlying the optimization of intralevel bit interleaving,

we first focus on a setting using 16-ASK in combination with a rate-1/2 code. This

descriptive example provides a signal constellation with sufficiently pronounced variations

of the bit-level capacities, but still keeps the problem at a manageable size. In addition,

the rate-1/2 code entails a good match between the number of bits per symbol R = 4 and
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Figure 7.13: Illustration of bit metrics rearrangement (deinterleaving) at the receiver side. 8-ASK transmission
with rate-1/2 code. D = 4, Δ = 6. Intralevel bit interleaving acc. to [Zeh92]. Natural ordering of bit metrics
wrt. bit level maintained. Arbitrary arrangement within metrics of same bit level; reduced probability of
combining unreliable bit metrics into a single segmental path metric.
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Figure 7.14: Illustration of bit metrics rearrangement (deinterleaving) at the receiver side. 8-ASK transmission
with rate-1/2 code. D = 4, Δ = 6. Global random interleaving. Arbitrary arrangement of bit levels in
deinterleaved sequence. Reliability of a single segmental path metric not assessable.

the number of bit metrics combined into a segmental path metric n′ = 2. In Fig. 7.17 the

rearrangement of the bit metrics by the deinterleaver Π−1 at the receiver side is illustrated

for the initial intralevel bit interleaver; a respective transmitter side concept is depicted

in Fig. 7.15. The result is quite different from that obtained for 8-ASK and a rate-1/2

code. Presuming a natural ordering of the bit levels, the Δ segmental path metrics are

either the sum of bit metrics originating from levels one (μ = 1) and two (μ = 2) or

from levels three (μ = 3) and four (μ = 4). Taking into account the ordering of the bit

levels wrt. their average capacities given in (7.28), the first two exhibit larger average

capacities than the last two ones. Apparently, the reliability of the respective segmental

path metrics summing up bit metrics from the first two levels is most likely larger than

that of a segmental path metric based on the two weaker ones. This interleaver design

results in a periodically varying average reliability of the segmental path metrics with

rather strong differences between consecutive values.

In order to reduce the variance of the reliability and thus improve the decoding results,

we pursue a strategy closely related to the idea of adaptive interleaving. Instead of

combining the bit metrics according to the actual capacities of the underlying bit levels,

we here exploit the average bit-level capacities for our bit interleaver design. Regarding

the example of 16-ASK with a rate-1/2 code, we simply rearrange the combination of bit

metrics into segmental path metrics: build one half of the segmental path metrics out

of bit metrics originating from levels one (μ = 1) and four (μ = 4), i.e., combine the

strongest with the weakest one, and the second half of path metrics sums the bit metrics

from levels two (μ = 2) and three (μ = 3). These two kinds of segmental path metrics

alternate in the sequence to be decoded and succeeding values do not vary that much in
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Figure 7.15: Block diagram of intralevel bit interleaving implementation at the transmitter side for 16-ASK.
Natural ordering of bit levels.

x
(1)
d

x
(2)
d

x
(3)
d

x
(4)
d

c

bit interleaver 4

bit interleaver 1

bit interleaver 3

bit interleaver 2

Figure 7.16: Block diagram of intralevel bit interleaving implementation at the transmitter side for 16-ASK.
Optimized ordering of bit levels to equalize reliability of segmental path metrics.

their reliability anymore. Fig. 7.18 illustrates the effects of this minor modification at

the receiver side, Fig. 7.16 shows its transmitter side counterpart. Compared to Zehavi’s

approach we introduce additional degrees of freedom in the bit interleaver design which

can be exploited for optimizations.

This approach is of course just an ad hoc solution for the specific case of 16-ASK with

a rate-1/2 code, it does not constitute a general guideline for the bit interleaver design.

The latter is rather hard to find, as, depending on the employed bit mapping (we here

implicitly assume a BRGM), the distribution of the channel coefficients hd, the constella-

tion size M , and the signal-to-noise ratio, the average bit-level capacities E{ Cbl (μ)
d } may

vary. Thus, the most rewarding ordering of the bit metrics according to E{ Cbl (μ)
d } is

not necessarily unique even for a particular setting and may be found by means of an

(almost)9 exhaustive search only. We omit a deeper elaboration on this tedious point and

therefore refer to [Sti07]. The employed example of 16-ASK and a code rate RC = 1/2

provides a very convenient ratio of bits per symbol (R = 4) and the number of bit metrics

combined into a segmental path metric (n′ = 2), which is of course not the case in gen-

eral scenarios. Here, the simple application of independent bit interleavers per bit level

immediately leads to a very limited number of bit-level combinations observable in the

individual trellis segments. This small selection might of course comprise rather disadvan-

tageous combinations. Regarding in contrast the setting discussed before (8-ASK with

rate-1/2 code, cf. Section 7.5.1.1), we can seen that there the intralevel bit interleaver

averages over all possible bit level combinations. In this setting, we inherently avoid an

unrewarding concentration on ‘extreme’ segmental path metrics; their variance is thereby

already decreased.

Obviously, the optimization problem exhibits a large number of degrees of freedom which

prevent the derivation of a general solution applicable to any potential scenario. The

9Some obviously not rewarding combinations could probably be excluded from the search.
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Figure 7.17: Illustration of bit metrics rearrangement (deinterleaving) at the receiver side. 16-ASK transmis-
sion with rate-1/2 code. D = 3, Δ = 6. Intralevel bit interleaving. Natural ordering of bit metrics wrt. bit
level maintained. Arbitrary arrangement within metrics of same bit level.
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Figure 7.18: Illustration of bit metrics rearrangement (deinterleaving) at the receiver side. 16-ASK transmis-
sion with rate-1/2 code. D = 3, Δ = 6. Intralevel bit interleaving with optimized level arrangement. On
average most and least reliable bit metrics combined into segmental path metrics.

ideas presented and discussed by these examples should yet support and facilitate the

optimization of arbitrary settings and provide at least some rather loose guidelines. Al-

though, these results may seem too sketchy for a practical implementation, intralevel

bit interleaving has an undeniable advantage over adaptive bit interleaving. Its indepen-

dence of the current channel state allows for an offline optimization such that the actual

computational complexity in operation is negligible.

7.5.2 Performance Evaluation

We conclude our considerations on intralevel bit interleaving with some numerical exam-

ples supporting the significance of a sensible bit level arrangement at the decoder. The

optimization goal formulated in (7.15) has been numerically assessed for adaptive bit in-

terleaving in Section 7.4.2 and in analogy to that we here provide respective results for

intralevel bit interleaving, as well. Of course, we also present results concerning the actual

optimization goal which is the minimization of the resulting bit error ratio. As we do not

want to go too deep into the details of the search for the optimum bit level combination,

we limit the respective illustration to some exemplary cases. The bit error ratios given

later, then represent the best results obtained by an exhaustive search.

Exemplary Exhaustive Search: Let us first again consider the example of 16-ASK with a

rate-1/2 code. In Figures 7.19, 7.20, and 7.21 the bit error ratios of all 4! = 24 combina-

tions of the bit levels applicable in an intralevel bit interleaver are depicted for νC = 2,

νC = 2, and νC = 10. Respective curves of random interleaving are given for compari-
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son. The goal of the exhaustive search is to determine the best bit-level arrangement10

for this setting at a bit error ratio of approximately BER = 10−5. In order to obtain

numerically reliable results, we have simulated the transmission of 50, 000 multicarrier

frames of a scheme with D = 1024 carriers, i.e., in total 29 · 106 binary source symbols

have been transmitted. The channel coefficients are again assumed to be i.i.d. Gaussian

distributed with zero mean and unit variance (hd ∼ N (0, 1)). Besides the BER curves

of random interleaving, the bit error ratios of naturally ordered bit levels and best and

worst configuration are depicted using contrasting colors.

Observations: In Fig. 7.19 the 24 bit error ratio curves obtained for intralevel bit in-

terleaving and νC = 2 are depicted. We can immediately observe that most of them

outperform random interleaving in terms of the bit error ratio except for a few combina-

tions of bit levels which lead to comparable BERs. Another eye-catching characteristic

of the curves given in Fig. 7.19 is their sheer number: relating the success of the decoder

only to the reliability of the bit metrics as explained above, we could expect a limited

number of distinct curves, each one representing an entire set of bit interleaver configu-

rations with equal reliabilities per trellis segment. Apparently, the explanation derived

so far covers only parts of the truth. Regarding now the most rewarding combination

of bit levels, the exhaustive search yields the following results (we consider an SNR of

10 log10(Ēb/N0) = 20.5 dB): the least bit error ratio is obtained from the combination

of bit metrics of third and second bit level into a segmental path metric, succeeded by

a segmental path metrics composed of bit metrics of fourth and first level.11 The most

disadvantageous design is close to the natural ordering of the bit levels which exhibits a

similar performance: bit metrics of third and fourth level are summed up into segmental

path metrics and those of first and second are combined. These results support our ideas

on the bit-metrics reliability formulated in the beginnings of this chapter.

Regarding the setting using a convolutional code with νC = 6, the bit error ratios depicted

in Fig. 7.20 exhibit a similar distribution as for the case of νC = 2. Again, we can observe a

whole variety of curves resulting from the 24 different bit level arrangements. Most of these

curves outperform random interleaving, except for a few ones which achieve comparable

results. Concentrating on an SNR of 10 log10(Ēb/N0) = 16 dB, the lowest bit error ratio

is obtained by combining bit metrics of first and fourth level and metrics of third and

second level. The highest bit error ratio achieved by using an intralevel bit interleaver at

this SNR results from the combination of fourth and second bit level, followed by third

and first bit level. A natural ordering of the bit metrics according to their level indices is

not as bad as it has been noticed for νC = 2, but also yields a significant gain over random

interleaving. These two observations mentioned last slightly contradict our rather simple

model based on average bit-level capacities, whereas the statement on the best intralevel

bit interleaver configuration on the other hand supports our optimization approach.

10In the sequel, we repeatedly prefer brief, but imprecise expressions like bit-level arrangement over
precise, but lengthy phrases like e.g. arrangement of bit metrics originating from bit levels.

11Note, the combination of the bit metrics follows exactly the presented ordering. Although commuta-
tive in terms of the segmental path metrics, a re-ordering may result in (slightly) different BERs.
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Figure 7.19: Bit error ratios of coded 16-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼
N (0, 1). Convolutional code with RC = 1/2 and νC = 2. Intralevel bit interleaving with all possible level
arrangements; red: worst/best permutation of bit levels for BER = 10−5; green: natural ordering of bit levels.
Random interleaving (dashed black).

15 16 17 18

10
−7

10
−6

10
−5

10
−4
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Figure 7.20: Bit error ratios of coded 16-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼
N (0, 1). Convolutional code with RC = 1/2 and νC = 6. Intralevel bit interleaving with all possible level
arrangements; red: worst/best permutation of bit levels for BER = 10−5; green: natural ordering of bit levels.
Random interleaving (dashed black).
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Figure 7.21: Bit error ratios of coded 16-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼
N (0, 1). Convolutional code with RC = 1/2 and νC = 10. Intralevel bit interleaving with all possible level
arrangements; red: worst/best permutation of bit levels for BER = 10−5; green: natural ordering of bit levels
(here identical to worst arrangement). Random interleaving (dashed black).

For the strongest code presented in this context with νC = 10, the results in parts follow

those of the preceding settings. Once again, the number of distinct bit error ratio curves

exceeds the number of bit-level combinations which could, at first sight, be assumed to be

distinguishable in terms of the bit error ratio. On the contrary, the lowest and thus best

bit error ratio in this setting (at an SNR of 10 log10(Ēb/N0) = 14.5 dB) is achieved for a

bit-level combination heavily favored by our design guidelines: bit metrics of second and

third level are combined into a segmental path metric succeeded by metrics of first and

fourth bit level. In addition, the highest bit error ratio results from a natural ordering

of the bit levels. In contrast to the weaker codes with νC = 2 and νC = 6, we can now

observe a solid gap of all intralevel bit interleaver configurations to random interleaving.

The variance of the curves resulting from intralevel bit interleaving is significantly reduced

compared to the other two investigated scenarios.

First Conclusions: The findings acquired so far by this limited study of the exhaustive

search for optimum bit-level combinations in the decoder are twofold. First, the bit-

level-based guidelines proposed in this work clearly support the design of advantageous

intralevel bit interleavers in the investigated settings. The optimized intralevel bit inter-

leavers significantly outperform random bit interleaving. Second, we have not yet derived

explanations which entirely cover all phenomena observable in these numerical results.

The question is, whether these issues can be completely solved solely on the basis of

bit-level-based analysis.
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Figure 7.22: Bit error ratios of coded 4-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 1/3, RC = 1/2, and RC = 2/3 and νC = 2 and νC = 10. Intralevel bit
interleaving with the two possible bit-level arrangements (blue and red), random interleaving (dashed black).

Further Numerical Results: In order to corroborate the universal applicability of the

introduced interleaver design guidelines, we present some more numerical results covering

a wider range of settings. Thereby, we start with a signal constellation size of M = 4

and provide results up to12 M = 64. The code rates employed for the simulations are

RC = 1/3, RC = 1/2, and RC = 2/3 and the focus of the presented results is on encoders

with 1024 states, i.e., on νC = 10 to emphasize the effects related to rather strong codes.

The impact of varying code constraint lengths νC on the gains obtained by intralevel

bit interleaving is demonstrated by means of a specific example. To keep the presented

material on a manageable size, we restrict the depicted curves for signal constellation sizes

larger than M = 4 to the ones showing the lowest bit error ratios achievable by intralevel

bit interleaving and compare them to random bit interleaving.

Let us start with 4-ASK—the smallest signal constellation where varying transmission

characteristics of the bit levels might be exploited for the bit interleaver design—and con-

sider the results depicted in Fig. 7.22. Due to the limited number of bit level combinations,

we here present the bit error ratio curves for the two possible combinations: the ordering

of first and second level within the sequence of bit metrics is simply interchanged. With

respect to the model of bit metrics reliability based on the (average) bit-level capacities,

this ordering should not affect performance; the average reliability per trellis segment

cannot be improved. For the rate-1/2 code the reliability within a trellis segment is not

12The presented numerical results closely follow those published in [SF07b], where we have first ad-
dressed this issue.
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Figure 7.23: Bit error ratios of coded 8-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 1/3 and νC = 2, . . . , 10. Best configurations of intralevel bit interleaving
(red) compared to random interleaving (dashed black).

affected at all and for the rate-1/3 and rate-2/3 codes we can just change the order of

more or less reliable segmental path metrics ([ 1 2 1 ], [ 2 1 2 ] or [ 2 1 2 ], [ 1 2 1 ]). Transferred

to the bit error ratios, we would expect equal performances for any of the two intralevel

bit interleaver designs. The numerical results depicted in Fig. 7.22 clearly support these

expectations, the bit error ratios for both code constraint lengths, νC = 2 and νC = 10,

and all three simulated code rates exhibit similar behaviors when using an intralevel bit

interleaver. Only minor gains can be achieved over random interleaving which is not

surprising taking into account the rather small differences between the two bit levels of

4-ASK constellations. Fig. 7.22 also shows that the gains grow with decreasing code rate,

but are not that dependent on the code constraint length.

The signal constellation next in size to the 4-ASK is an 8-ASK which has three bit levels.

Recalling the respective bit-level capacities depicted for binary-reflected Gray mapping in

Chapter 3, we can now assume a more pronounced impact of the ordering of the bit levels

on the performance of the system. For the code rates regarded in this context, we here

either have a perfect match between the number of bit metrics combined into a segmental

path metric (n′ = 3 and RC = 1/3 or RC = 2/3) or an inherent averaging over all possible

combinations (n′ = 2 and RC = 1/2). The presented results in Figures 7.23–7.25 yet have

been again obtained by an exhaustive search over all possible bit level combinations and

the bit error ratio of the best found arrangement depicted. In Fig. 7.23, the curves for

a scenario with rate-1/3 code and encoders with up to 1024 states are given, Fig. 7.24

and Fig. 7.25 show the bit error ratios for equivalent settings using rate-1/2 and rate-2/3
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codes, respectively. Apparently, gains of about 0.2 dB can be achieved due to intralevel bit

interleaving for any of the presented settings. For code rates RC = 1/3 and RC = 2/3 and

four encoder states, i.e., νC = 2, even larger gains occur. The superiority of intralevel bit

interleaving can be observed independently of the code constraint length νC, but again—

and especially for encoders with a higher number of states—the gains grow with falling

code rate RC. In fact, in some (rare) cases a sensible interleaver design may even allow

for a reduction of the number of encoder states by a factor of two.

The remaining numerical results presented in this section consider constellation sizes M =

16, M = 32, and M = 64, respectively. A 16-ASK constellations has been already

examined wrt. an exhaustive search over all possible bit-level combinations. In Fig. 7.26,

the bit error ratios of the outcomes of these searches are illustrated and compared to

the bit error ratios of random bit interleaving. Here, we exclusively employed encoders

with 210 = 1024 states. For a bit error ratio of BER = 10−5 the 16-ASK with optimized

intralevel bit interleaving exhibits gains of 0.3 dB for RC = 2/3, 0.6 dB for RC = 1/2,

and 0.6 dB for RC = 1/3 over global random bit interleaving. The results for the signal

constellation next in size, namely 32-ASK, where we now have five bit levels, are shown

in Fig. 7.27. The advantage of intralevel bit interleaving over global random interleaving

here reaches from 0.4 dB for RC = 2/3 over 0.8 dB for RC = 1/2 up to 1.2 dB for RC = 1/3

(again looking at BER = 10−5). The largest signal constellation examined in this work,

the 64-ASK with six bit levels, yields gains of 1 dB for RC = 2/3, 1.5 dB for RC = 1/2, and

2.0 dB for RC = 1/3. Again, we can recognize the superiority of intralevel bit interleaving

over global random bit interleaving and the growing gains for decreasing code rate RC.

7.5.3 Observations and Discussion

After the description of the numerical results and some first isolated comments, we now

jointly analyze and assess the outcomes of the simulations to hopefully deduce some more

general design rules and relations. The curves depicted in Figures 7.22–7.28 for optimized

intralevel bit interleaver designs share a more or less significant superiority over global

random bit interleaving in terms of the bit error ratio. Apparently, the gains of intralevel

bit interleaving vary and grow with the signal constellation size M—not surprising as the

variance of the bit-level capacities also increases with M . From the presented figures we

can further conclude that the benefits of intralevel bit interleavers are rather independent

of the code constraint length νC. The code rate RC in contrast affects the achievable gains:

the lower the code rate, the larger the gap of intralevel bit interleaving to global random

bit interleaving.

The numerical results given above clearly emphasize the advantages of a sensible bit in-

terleaver design, taking into account the significantly varying average channel conditions

‘seen’ by the individual bits. Although, intralevel bit interleaving might not be as re-

warding as adaptive bit interleaving, it is still its natural counterpart for scenarios where

channel state information is not available at the transmitter side. Intralevel bit inter-

leaving furthermore exhibits an essential difference compared to adaptive bit interleaving.

The achievable gains come without any additional computational cost; neither side in-
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Figure 7.24: Bit error ratios of coded 8-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 1/2 and νC = 2, . . . , 10. Best configurations of intralevel bit interleaving
(red) compared to random interleaving (dashed black).
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Figure 7.25: Bit error ratios of coded 8-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼ N (0, 1).
Convolutional codes with RC = 2/3 and νC = 2, . . . , 10. Best configurations of intralevel bit interleaving
(red) compared to random interleaving (dashed black).
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Figure 7.26: Bit error ratios of coded 16-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼
N (0, 1). Convolutional codes with RC = 1/3 (dashed), RC = 1/2 (solid), and RC = 2/3 (dash-dotted) and
νC = 10. Best configurations of intralevel bit interleaving (red) compared to random interleaving (black).
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Figure 7.27: Bit error ratios of coded 32-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼
N (0, 1). Convolutional codes with RC = 1/3 (dashed), RC = 1/2 (solid), and RC = 2/3 (dash-dotted) and
νC = 10. Best configurations of intralevel bit interleaving (red) compared to random interleaving (black).
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Figure 7.28: Bit error ratios of coded 64-ASK over 10 log10(Ēb/N0) [dB]. D = 1024 carriers with hd ∼
N (0, 1). Convolutional codes with RC = 1/3 (dashed), RC = 1/2 (solid), and RC = 2/3 (dash-dotted) and
νC = 10. Best configurations of intralevel bit interleaving (red) compared to random interleaving (black).

formation has to be transmitted nor do we have to adapt in any way to varying channel

conditions. The optimization of the bit interleaver can be performed entirely offline; its

implementation into an operating system might be even slightly simpler than a global

(random) bit interleaver. These additional points again clearly support the necessity and

applicability of a thoughtful and sophisticated bit interleaver design tailored to the re-

quirements of the employed Viterbi decoder and based on the equivalent channel model of

parallel bit levels. Current designs do not take these characteristics of coded modulation

into account and thus underperform. The suggested bit interleaver designs are by far

not entirely covering this issue, but can just give some exemplary insights into the prob-

lem. On the other hand, the latter allow at least for the deduction of some coarse design

rules based on the bit-level analysis. These rules could be refined into more sophisticated

guidelines, of course, if new degrees of freedom wrt. the ordering of the bit levels were

introduced.13

7.6 Adaptive Modulation and Interleaver Design

In the last section of this chapter we reconsider a transmission scenario where channel

state information is available at both ends, transmitter and receiver. Our considerations

on (coded) multicarrier systems have been focused on individual parts of the system so

far. In particular, we have not yet established a connection between the issue of rate and

power allocation, cf. Chapter 5, and the performance of the coded transmission scheme.

13We did not elaborate on this issue in the context of this work.
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The latter has been addressed mainly wrt. the design of the employed bit interleavers

in this chapter and equal rates and powers have been assumed for all carriers. Rate

and power allocation strategies have been studied in detail in Chapter 5 for varying

optimization criteria excluding the bit error ratio of coded transmission. Both problems

have been shown to offer gains in terms of the regarded optimization criterion if an

adaptation to the channel conditions is performed. This raises of course the question,

whether a combination of the two approaches leads to further improvements and whether

the individual gains simply add up. In the following, we compile the insights and findings

individually presented in preceeding chapters and sections into a comprehensive adaptive

system.

7.6.1 State-of-the-Art and Bit-Level-Based Analysis

Let us first briefly summarize the current state-of-the-art regarding adaptive modulation

in combination with bit-interleaved coded modulation. The simple idea of assembling

the outer coding scheme with an inner adaptive modulation is well-known and so-called

adaptive bit-interleaved coded modulation has been already described in literature, e.g.,

in [ÖLGW01]. Due to the strict separation of coding and modulation in BICM schemes,

both parts can be designed independently of each other. First attempts on adaptive BICM

followed this straightforward idea and achieved gains over conventional BICM schemes. In

later works many authors advocated a joint optimization of modulation and coding, e.g.,

[GR05, ACF06, SECC06, BK08]. Most of them assumed and observed higher gains by

performing a coding-aware rate and power allocation. The vast majority of the literature

cited so far is limited to rather low spectral efficiencies, though. As the focus in this work

is on high spectral efficiencies, we look far beyond these limited sizes and study some open

questions and problems which occur only in this context. In [FS05, SF05] we have shown

that the combination of rate and power loading with BICM is not per se rewarding in

terms of the bit error ratio. Numerical results indicated even losses due to rate and power

loading if higher spectral efficiencies are targeted. In [SF08b] a first explanation for these

phenomena has been presented.

The following analysis of adaptive BICM is again based on the equivalent model of parallel

binary-input channels. In foregoing chapters, the significance of the bit-level capacities

and the parallel-decoding capacity as a measure of the transmission characteristics has

been demonstrated and is once again exploited in the sequel. Chapter 5 has revealed

that the various rate allocations strategies known in the literature actually do not vary

much in terms of the parallel-decoding capacity of a multicarrier frame. The applied

power allocation strategy, in contrast, has a significant impact on the latter, i.e., on the

sum of the bit-level capacities. Finally, the bit-level capacities have been used for the

bit-interleaver design in previous sections of this chapter.

7.6.2 Implementations

We assess several implementations of adaptive BICM and varying bit interleaver designs

starting with the plain combination of adaptive modulation and global random bit in-
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terleaving to emphasize the problems entailed by this approach. More sophisticated bit-

interleaver designs are introduced and tested later-on. The performance evaluation of the

individual approaches is based on numerically determined bit error ratios. In order to

keep the amount of parameter settings within a manageable size, we focus on some exem-

plary but significant configurations, namely 4-ASK, 16-ASK, and 64-ASK transmission14

with a rate-1/2 convolutional code of constraint length νC = 10. Codewords span over

all D = 128 carriers of a single multicarrier frame, i.e., they are rather short compared

to previous settings. The carrier coefficients hd are selected as i.i.d. complex Gaussian

random variables with zero mean and unit variance. Rate loading is performed only ac-

cording to strategy (R4), i.e., acc. to Alg. 5.1, as the results of the various approaches

almost coincide, cf. Chapter 5.2. For the power allocation, we employed the four different

strategies (P1)–(P4) discussed in Chapter 5.3: uniform distribution over carriers (P1),

minimized symbol error ratio (P2), minimized bit error ratio (P3), and water-filling (P4).

7.6.2.1 Adaptive Modulation and Global Random Bit Interleaving

Let us first study the combination of several rate and power loading strategies and BICM

with global random bit interleavers. In Chapter 6 we have observed a direct relation

between bit-level capacity and the reliability of the respective bit metrics. This observation

reasonably implies that an according relation between the parallel-decoding capacity—

the sum of the bit-level capacities (in other terms the scaled average bit-level capacity

of a multicarrier frame)—and the bit error ratio of coded transmission also exists. To

corroborate our presumption, we here recall some of the results published in [SF08b] and

present numerically derived bit error ratios and the respective (average) parallel-decoding

capacities achieved for an entire multicarrier frame. Six configurations combining several

rate and power allocation strategies are considered as summarized in Table 7.1.

configuration rate adaptation power adaptation

(C1) — (P1)

(C2) — (P4)

(C3) (R4) (P1)

(C4) (R4) (P2)

(C5) (R4) (P3)

(C6) (R4) (P4)

Table 7.1: Combinations of numerically evaluated rate and power allocation strategies. For a detailed
description of the latter see Chapter 5.

Numerical Results: In Figures 7.29–7.31 the bit error ratios and the respective aver-

age bit-level capacities E{ Cbl } of the six configurations (C1)–(C6) are depicted over

10 log10(Ēs/N0) [dB] for the settings addressed above (4-ASK, 16-ASK, and 64-ASK,

14Like in Chapter 5, the constellation sizes Md here only refer to the average number of bits Ed{Rd} =
Ed{log2(Md)} carried by a single channel symbol ad. The individual Rd and hence constellations sizes
vary over carriers due to the rate adaptation, of course.
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Figure 7.29: Bit error ratios of coded 4-ASK (top) and average bit-level capacity E{ Cbl } over 10 log10(Ēs/N0)
[dB]. D = 128 carriers with hd ∼ N (0, 1). Terminated convolutional code with RC = 1/2 and νC = 10.
Global random bit interleaving. Rate and power adaptation according to Table 7.1. Blue: (C1), dashed blue:
(C2), red: (C3), green: (C4), magenta: (C5), cyan: (C6).

rate-1/2 code, νC = 10, D = 128).15 Fig. 7.29 shows the results of 4-ASK transmission

within the range of 6 dB–12 dB. Bit error ratios and E{ Cbl }, equivalent to the parallel-

decoding capacity, are plotted directly one upon the other. Here, in this case, the bit

error ratio of non-adapted transmission (C1) is clearly inferior to any of the five other

configurations (C2)–(C6) listed above. The same holds for the parallel-decoding capacity

resp. E{ Cbl }. Again, we can observe a distinct gap of non-adapted transmission to the

results of the other approaches. The lowest bit error ratio is achieved for configuration

(C6) closely followed by (C5) and (C4). Adaptive modulation with a power allocation

aiming at equalized symbol error ratios per carrier (C2) is not as rewarding as are the

aforementioned approaches. Allocating the transmit power according to the water-filling

principle without any rate adaptation (C2) is only slightly better than the non-adapted

setting (C1). Regarding the lower part of Fig. 7.29 where the respective E{ Cbl } are de-

picted, we can observe a situation equivalent to that of the bit error ratios. Targeting a

maximized average bit-level capacity E{ Cbl }, i.e., parallel-decoding capacity of the mul-

ticarrier frame, (C6) again represents the best configuration, cf. also Chapter 5.3. The

average bit-level capacities resulting from the remaining five other configurations (C1)–

(C5) follow exactly the ordering of the bit error ratios given in the upper half of Fig. 7.29.

Proceeding to larger (average) signal constellation size, 16-ASK resp. 64-ASK, we can

15In contrast to preceding figures, we here prefer to plot BER over 10 log10(Ēs/N0) [dB], as the average
bit-level capacity is also given over 10 log10(Ēs/N0) [dB].
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Figure 7.30: Bit error ratios of coded 16-ASK (top) and average bit-level capacity E{ Cbl } over
10 log10(Ēs/N0) [dB]. D = 128 carriers with hd ∼ N (0, 1). Convolutional code with RC = 1/2 and νC = 10.
Global random bit interleaving. Rate and power adaptation according to Table 7.1. Blue: (C1), dashed blue:
(C2), red: (C3), green: (C4), magenta: (C5), cyan: (C6).
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Figure 7.31: Bit error ratios of coded 64-ASK (top) and average bit-level capacity E{ Cbl } over
10 log10(Ēs/N0) [dB]. D = 128 carriers with hd ∼ N (0, 1). Convolutional code with RC = 1/2 and νC = 10.
Global random bit interleaving. Rate and power adaptation according to Table 7.1. Blue: (C1), dashed blue:
(C2), red: (C3), green: (C4), magenta: (C5), cyan: (C6).
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observe similar results. Fig. 7.30 summarizes the bit error ratios and related E{ Cbl } of

16-ASK transmission, in Fig. 7.31 the curves obtained for 64-ASK are depicted. The two

figures roughly speaking exhibit a single, but important difference compared to Fig. 7.29:

the advantages of the rate adaptation over non-adapted transmission observed for 4-ASK

disappear completely and can even turn into losses. Configuration (C2), i.e., simple water-

filling without any rate adaptation, yields the best results for both scenarios and both

target variables, bit error ratio resp. E{ Cbl }. The ordering of the rate-adapted configu-

rations (C3)–(C6) obtained for 4-ASK remains unchanged for the larger constellations:

(C6) outperforms the other approaches and (C3) leads to the worst results. In particular,

the results of the latter setting (C3) exhibit a significant gap to those of (C4)–(C6). The

distance to configurations with equal rates, i.e., to (C1) and (C2), is even larger.

Conclusions: The exemplary results of Figures 7.29–7.31 reveal an astonishing correla-

tion between the parallel-decoding capacity Cpd resp. the average bit-level capacity E{ Cbl }
and the bit error ratio of coded transmission for scenarios with global random bit inter-

leavers. Apparently, the maximization of the parallel-decoding capacity (resp. E{ Cbl })
represents a reasonable and appropriate indirect optimization objective for the bit error

ratio of coded transmission. Thus, we can refer back to our considerations presented in

Chapter 5, where various strategies have been examined in this regard and can transfer the

respective results to the currently studied problem. The numerical results discussed just

before have clearly illustrated that the performance significantly depends on the employed

power allocation strategy. Furthermore, even the best configuration does not necessarily

yield gains over non-adapted transmission for larger average constellation sizes. In partic-

ular the latter result is in sharp contrast to those of uncoded transmission, cf. Chapter 5.

The water-filling principle (P4) and a power allocation according to (P3), cf. [HD03], have

been identified as the best power allocation strategies wrt. the optimization criteria bit

error ratio resp. parallel-decoding capacity. Aiming at an equalized symbol error ratio

over the carriers (P2) cf. [FH96], apparently is counterproductive in the context of coded

transmission and in terms of a minimized bit error ratio resp. maximized parallel-decoding

capacity.

These results and conclusions leave a question open for a discussion in the remainder of

this work: Can we construct a BICM scheme which additionally and beneficially exploits

channel state information at the transmitter side for rate and power allocation? A natural

starting point for improvements of the scheme investigated so far is of course the bit

interleaver design.

7.6.2.2 Adaptive Modulation and Adaptive Bit Interleaving

Let us again consider adaptive BICM transmission as discussed above and transfer some

of the ideas on bit-interleaver design developed in preceeding sections to this problem. In

a first attempt, the concept of adaptive bit interleaving is adopted for adaptive BICM

transmission, i.e., the channel state information at the transmitter side is not only ex-

ploited for an adaptation of rate and power distributions, but also for the arrangement of

the coded binary symbols. We assume the following scenario: rate and power allocation
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Figure 7.32: Bit error ratios of coded transmission over 10 log10(Ēb/N0) [dB]. Average number of bits per
channel symbol E{Rd} = 2. D = 128 carriers with hd ∼ N (0, 1). Convolutional code with RC = 1/2 and
νC = 10. Global random bit interleaving (solid lines) and adaptive bit interleaving (dashed lines). Rate and
power adaptation according to Table 7.1. Blue: (C1), red: (C2), magenta: (C5), cyan: (C6).

have been performed as addressed above (we focus on the settings (C1), (C2), (C5), and

(C6) in this context). Based on the optimized rate distribution Ropt and power distribu-

tion P opt, the Nbs individual bit-level capacities Cbl (μ)
d are computed and employed for a

bit-interleaver design as described in Section 7.4. In other words, we still have a system

design where modulation and coding are performed separately, but now the bit-interleaver

design takes into account the rate and power adaptation.

Numerical Results: In order to assess the proposed scheme, the resulting bit error ratios

have been determined numerically for the same settings as simulated above for global

random interleaving. Configurations (C3) and (C4) have not been studied in this context.

We focus on power allocation strategies which exhibited the best results for global random

bit interleaving, namely (P3) and (P4); non-adapted transmission uses strategy (P1), of

course. In Fig. 7.32 the bit error ratios resulting from 4-ASK transmission, i.e., E{Rd} = 2,

are given (rate-1/2 code, νC = 10, D = 128). The depicted curves clearly show that

adaptive bit interleaving leads to gains for both, non-adaptive and adaptive modulation

schemes. Although, for rate and power loaded transmission adaptive bit interleaving is

of less advantage as it is for unloaded transmission. In particular for configuration (C2)

adaptive bit interleaving yields impressive gains over global random bit interleaving and

the respective curve does not share the convergence to that of (C1) as has been observed

for the latter bit-interleaver design.

In Fig. 7.33 according results are depicted for 16-ASK transmission, i.e., on average
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Figure 7.33: Bit error ratios of coded transmission over 10 log10(Ēb/N0) [dB]. Average number of bits per
channel symbol E{Rd} = 4. D = 128 carriers with hd ∼ N (0, 1). Convolutional code with RC = 1/2 and
νC = 10. Global random bit interleaving (solid lines) and adaptive bit interleaving (dashed lines). Rate and
power adaptation according to Table 7.1. Blue: (C1), red: (C2), magenta: (C5), cyan: (C6).

16 18 20 22 24

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1
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Figure 7.34: Bit error ratios of coded transmission over 10 log10(Ēb/N0) [dB]. Average number of bits per
channel symbol E{Rd} = 6. D = 128 carriers with hd ∼ N (0, 1). Convolutional code with RC = 1/2 and
νC = 10. Global random bit interleaving (solid lines) and adaptive bit interleaving (dashed lines). Rate and
power adaptation according to Table 7.1. Blue: (C1), red: (C2), magenta: (C5), cyan: (C6).
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E{Rd} = 4 bits are represented by a single channel symbol. Global random bit inter-

leaving leads to almost coinciding bit error ratios for all configurations except (C3), cf.

Fig. 7.30. Regarding now the curves originating from the application of adaptive bit inter-

leaving, we can observe somewhat more pronounced differences between the four settings

assessed here. All of them can take advantage of adaptive bit interleaving, but inter-

estingly, the two approaches using rate loading, namely (C5) and (C6), perform worst

(water-filling (P4) slightly outperforms the power allocation acc. to (P3)). Their results

even fall behind those of entirely unloaded transmission (C1). Omitting a rate adaptation

and simply optimizing the power allocation leads to the lowest bit error ratios observable

for adaptive bit interleaving in this context. Simple water-filling (P4) (used in configu-

ration (C2)) apparently is the most rewarding strategy in terms of the bit error ratio of

coded transmission.

We complete the numerical evaluation of adaptive BICM and adaptive bit interleavers

with a transmission scenario assuming E{Rd} = 6 bits per channel symbol, i.e., 64-ASK

transmission if a rate adaptation is not accomplished. Fig. 7.34 summarizes the resulting

bit error ratio curves for configurations (C1), (C2), (C5), and (C6). Again, we can see that

adaptive bit interleaving improves the performances of all four approaches. The ordering

of (C1), (C2), (C5), and (C6) wrt. the bit error ratio is not affected. Regarding these

curves, we have to state that a rate adaptation again is rather counterproductive and even

mere power loading acc. to (P4)—which still has some benefits for 16-ASK transmission

as presented just before—does not show any satisfying effects here.

Conclusions: The observations made above on the bit error ratios of the combination

of adaptive BICM and adaptive bit interleavers allow for a twofold conclusion: on the

one hand, these results once more emphasize the importance of the bit-interleaver design

for BICM systems. On the other hand, the effects of rate loading for highly bandwidth

efficient BICM system are entirely disappointing and may be even performance worsen-

ing. The related efforts are thus not justified and the channel state information at the

transmitter side is preferably exploited for an adaptation of the power distribution over

the carriers and a clever bit-interleaver design. For systems with moderate demands wrt.

the spectral efficiency, a rate adaptation may still be advisable.

Using an alternative bit-interleaver design apparently does not affect the ordering of the

various configurations in terms of the bit error ratio. Hence, the respective indirect op-

timization goal of rate and power loading formulated for global random interleavers in

Section 7.6.2.1 can be transferred to this bit-interleaver design as well. In other words,

aspiring to maximize the parallel-decoding capacity still is a valid target for the optimiza-

tion and the conclusions drawn in Chapter 5 in this regard apply here as well (e.g., the

effectiveness of rate loading wrt. spectral efficiency.)

7.6.2.3 Adaptive Modulation and Alternative Bit-Interleaver Designs

Last, we consider a system where the channel state information is not explictly known

at the transmitter but only an optimized rate distribution Ropt and a power distribution
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P opt are available.16 In this case, we cannot apply adaptive bit interleavers, but still

exploit the rate distribution Ropt and the a-priori knowledge on the average bit-level

capacities within the individual carriers for a clever arrangement of the bit metrics in the

decoder. For the realization of bit interleavers tailored to the optimized rate allocation,

we can think of various approaches. Here, we present two bit-interleaver designs which

either are extremely simple or achieved the best results among the vast number of tested

variants. The simplest attempt to the problem is to entirely omit the bit interleavers

and apply symbol interleaving only. A more sophisticated approach, leading to better

results, is to incorporate concepts known from intralevel interleaving, cf. Section 7.5, into

the bit-interleaver design to enhance the performance of the decoding. The idea behind

this design is that in rate-adapted transmission the respective highest bit levels of each

carrier on average yield the most unreliable bit metrics. Hence, these levels form a set of

comparable subchannels and bit interleaving is preferably performed within this set. The

next sets of comparable bit levels are then built analogously from the respective next lower

levels and bit interleaving is again limited to the elements of the individual sets. This

attempt does not entirely coincide with the concept of intralevel interleaving presented in

Section 7.5, but perfectly reflects its main idea: bits transmitted over comparably reliable

levels are interleaved. For the optimization of the bit-interleaver design, the arrangement

of the sets can be changed in order to generate a sequence of stronger and weaker levels for

the decoder. This approach so far still faces the problem of usually unequal cardinalities

of the individual sets. To clear this last hurdle and to ensure sets of equal cardinality,

we propose to create E{Rd} sets of D bit levels each. Starting from the E{Rd} ‘weakest’

sets with cardinalities usually less than D, the remaining bit levels are assigned to them

according to their relative average reliability. That is, the weakest remaining bit level is

assigned to the weakest set and so forth.

Numerical Results: The combinations of adaptive BICM with the introduced alternative

bit-interleaver designs also have been assessed numerically in terms of the resulting bit er-

ror ratio. The settings are identical to those of preceding sections, i.e., to those of adaptive

BICM with adaptive bit interleaving and adaptive BICM with global random interleaving,

yet the studied configurations have been reduced to (C6).17 Again, we assume a rate-1/2

convolution code with νC = 10 and codewords comprising the channel symbols of the

D = 128 carriers. In Fig. 7.35 the bit error ratio curves obtained for E{Rd} = 2, on aver-

age 4-ASK transmission, are depicted. The BER of (C1) with global random interleaving

and of adaptive bit interleaving and of (C6) with adaptive bit interleaving are given for

comparison. We can clearly recognize that both alternative bit-interleaver designs can

take advantage of the rate and power adaptation and achieve results comparable to that

of adaptive BICM with adaptive bit interleaving. Interestingly, pure symbol interleaving

performs even slightly better than the sophisticated approach.

16The latter is not exploited in this context.
17Intralevel bit interleaving for only power loaded transmission is omitted here and we focus on rate

and power loaded systems. The gap to a comparable setting using adaptive bit interleaving should be
maintained.
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Figure 7.35: Bit error ratios of coded transmission over 10 log10(Ēb/N0) [dB]. Average number of bits per
channel symbol E{Rd} = 2. D = 128 carriers with hd ∼ N (0, 1). Convolutional code with RC = 1/2 and
νC = 10. Alternative bit-interleaver designs (dash-dotted), adaptive bit interleaving (dashed lines), and global
random bit interleaving (solid line). Rate and power adaptation according to Table 7.1. Blue: (C1), red: (C2),
cyan: (C6), green: (C6) with symbol interleaving, orange: (C6) with loading-aware bit-interleaver design.

Figures 7.36 and 7.37 complete the numerical results presented for adaptive BICM with

loading-aware bit-interleaver designs. Again, pure symbol interleaving and the sophis-

ticated bit-interleaver design explained above have been assessed. Compared to 4-ASK

transmission, the curves now show a different behavior. Symbol interleaving cannot com-

pete with the results of best bit interleavers, yet it still outperforms global random inter-

leaving. The gap to the loading-aware bit interleavers respectively adaptive bit interleav-

ing widens with increasing spectral efficiency. The suggested alternative bit-interleaver

design comes close to the results of adaptive BICM with adaptive bit interleaving.

Conclusions: The conclusions drawn from these results are identical to those mentioned

above for adaptive BICM with adaptive bit interleaving, except for the point that the

complexity of adaptive bit interleaving is not necessarily required. Exploiting exclusively

the optimized rate allocation may provide a similar performance as the CSI-dependent

bit-interleaver design.

7.6.3 Discussion

Summarizing the results of adaptive BICM combined with the more sophisticated bit-

interleaver designs discussed in the beginning of this chapter, we have to state, that

the two approaches do not necessarily support one another. Depending on the aspired

spectral efficiency and hence ‘average’ signal constellation size, the effects of rate and

power loading on BICM vary. A bit-interleaver design adapted to the loaded transmission
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Figure 7.36: Bit error ratios of coded transmission over 10 log10(Ēb/N0) [dB]. Average number of bits per
channel symbol E{Rd} = 4. D = 128 carriers with hd ∼ N (0, 1). Convolutional code with RC = 1/2 and
νC = 10. Alternative bit-interleaver designs (dash-dotted), adaptive bit interleaving (dashed lines), and global
random bit interleaving (solid line). Rate and power adaptation according to Table 7.1. Blue: (C1), red: (C2),
cyan: (C6), green: (C6) with symbol interleaving, orange: (C6) with loading-aware bit-interleaver design.
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Figure 7.37: Bit error ratios of coded transmission over 10 log10(Ēb/N0) [dB]. Average number of bits per
channel symbol E{Rd} = 6. D = 128 carriers with hd ∼ N (0, 1). Convolutional code with RC = 1/2 and
νC = 10. Alternative bit-interleaver designs (dash-dotted), adaptive bit interleaving (dashed lines), and global
random bit interleaving (solid line). Rate and power adaptation according to Table 7.1. Blue: (C1), red: (C2),
cyan: (C6), green: (C6) with symbol interleaving, orange: (C6) with loading-aware bit-interleaver design.
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may compensate for some of the problems observed for adaptive BICM with global random

bit interleavers, but still, pure adaptive bit interleaving represents a benchmark which is

hardly outperformed. Especially for higher spectral efficiencies, a rate adaptation does not

yield any benefits. In contrast, the bit loading prevents the BICM scheme to show its full

performance. Apparently, the goals of rate loading contradict those of the BICM scheme

and create a setting which is rather unsuited to the application of coding techniques.

In Chapter 5, we have seen that rate loading eliminates weak bit levels, i.e., the channel

conditions ‘seen’ by the codewords are not entirely but still a bit equalized. Coding usually

aims at exploiting these varying channel conditions, tough. Simply said, bits transmitted

over weaker bit levels are supported by those of stronger bit levels. The equalization of

the conditions performed by the rate adaptation diminishes the basis for channel coding.

Regarding the adaptation of the power distribution, we can draw similar conclusions.

Strategies equalizing the conditions, like (P2) which aims at equal symbol error ratios per

carrier, oppose the outer BICM scheme and thus yield inferior results. Those strategies

which have been shown to boost performance, e.g., (P3) and (P4), in contrast (slightly)

enhance the variations of the carriers respectively bit levels and such support the channel

code. For larger spectral efficiencies, the advantages of power loading vanish. These

results are in good accordance with those of Chapter 5 where amon others the parallel-

decoding capacity has been employed as a potential figure of merit for rate and power

adaptation strategies. There, the ineffectiveness of rate and power loading wrt. to this

variable has been also observed for high spectral efficiencies.

A critical point especially for adaptive bit interleaving might be its demand wrt. the

numerical accuracy of the retransmitted channel state information (resp. the amount of

side information which has to be transmitted). The usage in channels with rapidly varying

conditions is not recommendable, for slowly varying channels the complexity should be

manageable.

7.7 Summary and Conclusions
This laster chapter concluded our considerations on coded multicarrier transmission.

Based on the equivalent channel model composed of parallel binary-input channels, the

design of the bit interleavers employed in the BICM scheme was analyzed. In a first step,

the bit interleavers were formally defined and their usage was motivated by studying the

characteristics of the applied Viterbi decoder. The latter turned out to exhibit a pro-

nounced sliding-window characteristic, i.e., only a certain part of the entire sequence of

bit metrics actually determines the decoders output. We furthermore concluded that the

average reliability of the bit metrics within the relevant span of the virtual processing win-

dow plays a crucial role for the decoders performance and thus should be approximately

equal for any shifted version of the window. In a second step, we established the bit-level

capacity as a measure for the average reliability of the bit metrics and defined the so-called

segmental path capacity related to the segmental path metrics used in the trellis of the

decoder. Aiming at a minimized bit error ratio, which is achieved by ensuring equalized

average reliabilities within the shifted processing windows, we formulated an optimization
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objective for the bit-interleaver design: the variance of the segmental path capacity has

to be minimized.

In the following study of several designs, we started with the assumption of perfect channel

knowledge at both, transmitter and receiver side. Then, the bit-level capacities can be

explicitly computed and exploited for an optimized bit-interleaver concept tailored to the

current channel state. This adaptive bit interleaving approach yields impressive gains,

up to 2 dB for 64-ASK, over global random interleaving. Dropping the presumption of

transmitter side channel state information, we proposed so-called intralevel bit interleaving

where the remaining knowledge of ordering of the bit levels wrt. their capacity was used

for the optimization. Although, the observed gains were not as big as those of adaptive bit

interleaving, they still supported the significant impact of a sensible and clever interleaver

design on the performance of BICM schemes. This holds especially for larger signal

constellations where the variations of the bit-level characteristics dramatically increase.

In particular intralevel bit interleaving has the advantage that it does not entail any

additional cost in complexity or delay compared to global random bit interleaving.

The last part of this chapter compiled the results on rate and power allocation strategies

presented in Chapter 5 with the insights on bit-interleaver design derived in preceding Sec-

tions. Again, we observed a significant impact of the bit interleaver on the performance

of the adaptive BICM scheme, but the numerical results primarily revealed an astonish-

ing incompatibility of rate loading and BICM for high spectral efficiencies. Hardly any

bit-interleaver design could compensate for these problems or even take advantage of rate

loading for average signal constellations larger than a 4-ASK. Power loading in contrast

was shown to be potentially beneficial for the bit error ratio of any BICM system, in par-

ticular water-filling offered some advantages over non-adapted power distributions. These

results are directly related to those of rate and power loading given in Chapter 5, where

the ineffectiveness of rate and some power allocation strategies in terms of a maximized

parallel-decoding capacity was spotted. The performance of adaptive bit interleaving

waiving any rate adaptation and using a power distribution according to the water-filling

principle apparently represents the benchmark for BICM systems.
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8. Summary and Conclusion

In this thesis, we studied (coded) multicarrier transmission using an equivalent channel

model consisting of parallel binary-input channels, the so-called bit levels. We assumed a

rather simple system employing convolutional codes and a plain Viterbi decoder. Aiming

at high-data-rate transmission over a limited bandwidth, the system has to achieve high

spectral efficiency. Consequently, the sizes of the used signal constellations were far beyond

that of a 4-QAM. We restricted our considerations to square QAM constellations, so that

the analysis was performed on ASK constellations per quadrature component.

Starting with the individual building blocks, the entire transmission scheme was analyzed.

The foundation of this thesis is represented by an equivalent channel model of parallel

binary-input channels virtually replacing the cascade of bit mapping and frequency-flat

channel present in each carrier. This equivalent channel model can be characterized

by means of the parallel-decoding capacity, the sum over the capacities of the individ-

ual subchannels also known as bit-level capacities. These variables were exploited as

figures of merit for various problems in this work. After the introduction of the sys-

tem model(s), we first focused on a single carrier of the multicarrier system and studied

the mapping-dependent parallel-decoding capacity. We disproved a, for a long time un-

questioned, rather general conjecture of Caire et al. that Gray mappings maximize the

parallel-decoding capacity and thus minimize the loss compared to the coded modulation

capacity. Instead, we could not present a single optimal mapping, but showed the SNR-

dependency of the best solution to this problem. For moderate-to-high SNRs the so-called

binary-reflected Gray mappings were numerically shown to be superior. On the opposite

end of the SNR range, we proved that another type of mapping called strictly-regular

set-partitioning achieves the ultimate limit of digital transmission (Shannon limit). In

other terms, the coded modulation capacity can be achieved with BICM (if only for very

low SNRs).

Based on these results, according investigations were conducted for the bit error ratios

of the individual bit levels and the entire scheme. Exploiting a relation between bit-level
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capacity and level-dependent bit error ratio, we verified results already known in the

literature—binary Gray mappings are optimal in terms of the bit error ratio of uncoded

transmission and for moderate to high SNRs. In addition, we presented the optimal bit

mapping for low SNRs in terms of the BER which is based on the strictly-regular set-

partitioning principle. For the level-dependent bit error ratios of a binary-reflected Gray

mapping we proved an asymptotic slope and gave an interpretation of these results as the

output of a particular kind of fading channel with a diversity order of 1
2
.

After these studies with their focus on a single carrier, we extended our work to the entire

multicarrier system, but still omitted the outer coding scheme. Using the equivalent

channel model per carrier, the transmission over all carriers in parallel was assessed and

optimized. We defined several potential optimization criteria and introduced according

rate allocation strategies and assessed existing ones under this regard. Furthermore,

several power allocation methods were analyzed, also with a special regard to the chosen

optimization criteria. Our study clearly showed that a rate adaptation is not rewarding in

terms of the parallel-decoding capacity at large spectral efficiency. In these cases loading

is essential for the overall bit error ratio of uncoded transmission, but irrelevant in terms

of the parallel-decoding capacity. Among the assessed power allocation strategies, water-

filling turned out to be the most rewarding approach wrt. this quantity.

Leaving the uncoded transmission scheme behind and regarding the coded multicarrier

system, we then concentrated on the bit-metric computation performed at the receiver

side. The focus of our studies was on effects of a usually employed simplified bit-metric

computation on the performance of the transmission if large signal constellations are

used. Furthermore, we briefly addressed an extension of the equivalent channel model

which includes also the bit-metric computation.

Finally, the bit interleavers of the BICM scheme were analyzed in greater detail and again

with a special regard to high spectral efficiency. We demonstrated the significant impact

of bit interleavers on the bit error ratio of coded transmission and identified the sliding-

window characteristic of the employed Viterbi decoder as the root of this phenomenon.

Thus, the goal of bit interleaving was formulated as the equalization of the reliability of

the bit metrics comprised by any shifted version of this virtual processing window. In

order to provide an easier formulation using quantities related to the equivalent channel

model, the so-called segmental path metric and the segmental path capacity were intro-

duced. In the following, bit-interleaver designs aiming at a minimized variance of the

segmental path capacity were shown to outperform conventional global random bit inter-

leaving significantly. The beneficial effects of these approaches even grow with the size of

the applied signal constellations. A combination of BICM with rate and power loading—

already known to be difficult from prior works—was demonstrated not to be rewarding

for the intended high spectral efficiencies. Even rate-loading-aware bit-interleaver design

can hardly beat or even achieve the performance of systems simply using optimized bit

interleavers.

All in all, the results summarized in this thesis shed light on the difficulties and problems
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which arise for bit-interleaved coded (multicarrier) transmission at high spectral efficien-

cies. These aspects have commonly been ignored in the literature on BICM, so far. Most

authors claim a generality not justified for results derived from settings with only small

signal constellations sizes. We showed that for larger signal constellation sizes new, po-

tentially performance-limiting problems occur, which deserve a more detailed analysis.

The characteristics of transmission at high spectral efficiency must then be taken in to

account. We further addressed the rather well-studied issue of rate and power allocation

in multicarrier systems from a slightly different perspective. The bit-level-based analy-

sis advocated in this thesis significantly supports an intuitive and plausible approach to

these problems. Exploiting the advantages of the equivalent channel model, we added

some novel aspects to a topic which is often considered as well-known and extensively

covered.
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A. Proof of (5.19)

In Chapter 5, the following ordering of the bit-level capacities is exploited for a rate

allocation strategy (carrier index d is dropped)

Cbl (1) ≥ Cbl (2) ≥ Cbl (3) ≥ . . . ≥ Cbl (Rmax) . (A.1)

The individual bit-level capacities expressed in terms of differential entropies read

Cbl (μ) = h(Y ) − h(Y |X(μ)) , (A.2)

where the first term obviously is independent of μ. Thus, the relation to be proven is

h(Y |X(1)) ≤ h(Y |X(2)) ≤ h(Y |X(3)) ≤ . . . ≤ h(Y |X(Rmax)) . (A.3)

For the proof (Robert F. H. Fischer, personal communication, April 2009), the differential

entropy is expressed as

h(Y |X(μ)) = −
1∑

b=0

1

2

∫ ∞

−∞
fY |X(μ)(y|x = b) log2

(
fY |X(μ)(y|x = b)

)
dy (A.4)

= −
∫ ∞

−∞
fY |X(μ)(y|x = 0) log2

(
fY |X(μ)(y|x = 0)

)
dy (A.5)

= −
∫ ∞

−∞

2

M

∑
a∈A(μ)

0

fN(y − a) log2

⎛
⎜⎝ 2

M

∑
a∈A(μ)

0

fN(y − a)

⎞
⎟⎠ dy . (A.6)

Here, for the second step we have assumed regular signal constellations which is of course

not the case for bit levels with μ > 1 in binary-reflected Gray mappings. The character-

istics for x(μ) = 0 and x(μ) = 1 can be equalized by randomly, but known to both ends of

transmission, switching between the two potential realizations of each row of X describing

M. This is inherently assumed in this thesis and follows the idea of symmetrizing the bit

levels presented in [CTB98].
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Consider a probability density function fX(x) with differential entropy h(X). Let us now

construct a new PDF defined by

fZ(x) =
1

2
(fX(x) + fY (x)) , (A.7)

with fY (x) = fX(x− a) and a ∈ R. The differential entropy of fZ(x) is denoted by h(Z)

and reads

h(Z) = −
∫ ∞

−∞
fZ(x) log2(fZ(x))dx . (A.8)

Probability Density Function with Finite Support

First, we assume fX(x) to be symmetric to x = 0 and to have a finite support SX ⊂ R.

Consequently, fY (x) also has a finite support SY ⊂ R. The differential entropy in (A.8)

then can be expanded as

h(Z) = −
∫
SX∪SY

fZ(x) log2(fZ(x))dx (A.9)

= −
∫
SX∪SY

1

2
(fX(x) + fY (x)) log2

(
1

2
(fX(x) + fY (x))

)
dx . (A.10)

Separating the individual parts of the integrand and taking into account the individual

limited supports, we obtain

h(Z) = −
∫
SX∩S̄Y

1

2
fX(x) log2

(
1

2
fX(x)

)
dx

−
∫
SY ∩S̄X

1

2
fY (x) log2

(
1

2
fY (x)

)
dx

−
∫
SX∩SY

1

2
(fX(x) + fY (x)) log2

(
1

2
(fX(x) + fY (x))

)
dx , (A.11)

where S̄X is the complement of SX .

Separating the integrand of the last integral and rearranging the domains of the three

integrals yields

h(Z) = −
∫
SX

1

2
fX(x) log2

(
1

2
fX(x)

)
dx

−
∫
SY

1

2
fY (x) log2

(
1

2
fY (x)

)
dx

−
∫
SX∩SY

1

2
fX(x) log2

(
fX(x) + fY (x)

fX(x)

)
dx

−
∫
SX∩SY

1

2
fY (x) log2

(
fX(x) + fY (x)

fY (x)

)
dx . (A.12)

The first two integrals can immediately be shown to results in h(X) + 1 and for the last

two integrals we can exploit symmetries to combine them into a single one

h(Z) = h(X) + 1 −
∫
SX∩SY

fX(x) log2

(
fX(x) + fY (x)

fX(x)

)
dx . (A.13)
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The differential entropy of the random variable as defined above is given by the differential

entropy of X, the addend one, and an integral computed over the joint support, the

‘overlap’, of the two PDFs fX(x) and fY (x).

The last term in (A.13) can be bounded by two extremes: SX and SY are disjoint or SX

and SY coincide, i.e., a = 0. In the first case, the domain of the integration vanishes and

the entire expression equals zero∫
SX∩SY

fX(x) log2

(
fX(x) + fY (x)

fX(x)

)
dx = 0 . (A.14)

In the second case, the logarithm in the integrand reduces to 1

log2

(
fX(x) + fY (x)

fX(x)

)
= log2(2) = 1 , (A.15)

and we simply integrate over the support of a PDF∫
SX∩SY

fX(x) dx = 1 . (A.16)

Between these two extremes, we integrate over a growing part of the support of a PDF

which is scaled by a real-valued positive function, i.e., the entire integrand is positive.

The integral itself is monotonously increasing with growing overlap of the two supports;

the differential entropy h(Z) decreases.

The differential entropy h(Z) consequently is bounded by

h(X) ≤ h(Z) ≤ h(X) + 1 . (A.17)

Probability Density Function with Infinite Support

For probability density function having an infinite support, we can derive according rela-

tions from (A.8), where we finally arrive at

h(Z) = 1 + h(X) −
∫ ∞

−∞
fX(x) log2

(
fX(x) + fY (x)

fX(x)

)
dx . (A.18)

Note the missing addend one compared to (A.13). Here, in this case the strict formulation

of a criterion is not so obvious. Briefly said, the differential entropy decreases, the better

the ‘relevant’ parts (those not near zero and significantly contributing to the CDFs) of

fX(x) and fY (x) match.

Conclusions

These results can be immediately extended to arbitrary numbers of combined PDFs by

induction. Applied to the bit-level capacities, we can conclude that an on average larger

overlap of the shifted PDFs of the noise leads to a smaller differential entropy h(Y |X(μ)).

For the binary reflected Gray mapping the average (relevant) overlap of the noise PDFs

decreases with growing μ, which proves (A.3) and in turn (5.19).
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B. Notation

B.1 Abbreviations

Acronym Meaning

ASK amplitude-shift keying

AWGN additive white Gaussian noise

BER bit error ratio

BICM bit-interleaved coded modulation

BLC bit-level capacity

BSC binary symmetric channel

BPSK binary phase-shift keying

BRGC binary reflected Gray code

BRGM binary-reflected Gray mapping

CDF cumulative distribution function

CM coded modulation

CP cyclic prefix

CSI channel state information

DEC decoder

DFT discrete Fourier transform

DSL digital subscriber line

DVB-T digital video broadcasting – terrestrial

ENC encoder

GSM global system for mobile communications

ISI intersymbol-interference
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Acronym Meaning

LDPC low-density parity check

MIMO multiple-input/multiple-output

ML maximum-likelihood

MUI multiuser interference

OFDM orthogonal frequency-division multiplexing

PAM pulse-ampitude modulation

PDC parallel-decoding capacity

PDF probablity density function

PSK phase-shift keying

QAM quadrature-amplitude modulation

SER symbol error ratio

SISO single-input/single-output

TCM trellis-coded modulation

UMTS universial mobile telecommunications system

USB universal serial bus

WLAN wireless local area network

B.2 Mathematical Symbols

Variables, vectors, matrices and sets.

Variable Meaning

a channel symbols (in frequency domain)

a row vector of channel symbols s

ă time-domain channel symbols

ă row vector of time-domain channel symbols

A channel symbols (random variable)

A set of channel symbols

b binary symbol {0, 1}
B set of bijective mappings

c encoded binary symbol

c row vector of encoded binary symbols

cIL row vector of interleaved encoded binary symbols

ĉ estimate on encoded binary symbol
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Variable Meaning

ĉ row vector of estimates ĉ

č hypothesis on encoded binary symbol c

č row vector of hypotheses č

˙̌c, ¨̌c interleaved versions of č

˙̌c, ¨̌c row vectors of interleaved hypotheses

C Shannon capacity

Ccm coded-modulation capacity

Cpd parallel-decoding capacity

Cbl bit-level capacity

Ċbl , C̈bl interleaved versions of Cbl

Cebl extended-bit-level capacity

Csp segmental path capacity

Cbicm BICM capacity

C̃bicm BICM capacity after approximated bit metric computation

C code (set of codewords)

d carrier index

D number of carriers

D set of carrier indices D = {1, . . . , D}
Dact set of active carriers

Dinact set of inactive carriers (omitted for transmission)

δ trellis segment index

Δ number of trellis segments

Eb energy per information bit

Ēb energy per information bit (averaged over channel conditions)

Es energy per channel symbol

Ēs energy per channel symbol (averaged over channel conditions)

γ scaling factor for channel symbols to ensure unit variance

Γ spectral efficiency

h channel/carrier coefficient

h row vector of channel/carrier coefficients

H diagonal matrix of channel/carrier coefficients

H̆circ time-domain channel matrix representing cyclic convolution

I interval
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Variable Meaning

j imaginary unit

k index of binary source symbols within block/vector

Kbs number of binary source symbols in one block

κ time-domain discrete symbol index

LGI length of guard interval

� index for χ’s

λ bit metric (single value)

Note: bit-metric-related quantities carrying a tilde refer to
approximative computation.

λ pair of bit metrics for a single binary symbol

Λd (2 ×R)-matrix of pairs of bit metrics for d-th receive symbol

Λ (2 × Nbs)-matrix of pairs of bit metrics for entire vector of
receive symbols

Λdi deinterleaved version of Λ

M number of signal points, cardinality of A
μ bit level index

n noise sample (in frequency-domain)

N respective random variable

υ index of binary symbols in c etc.

n′ number of metrics combined into segmental path metric

ν column index in mapping matrices X

νC constraint length of convolutional code

Nbs number of encoded binary symbols per c

N0 one-sided noise power spectral density

P power per carrier

Pmax maximum power per carrier

Ptot total power over all carriers

P power distribution (over carriers)

P opt optimum power distribution

P set of power distributions P

Π matrix-description for bit interleaving

q binary source symbols

q row vector of binary source symbols

q̂ estimate on binary source symbol
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Variable Meaning

q̂ row vector of estimates q̂

R number of bits per channel symbol

RC code rate

Rmax maximum number of bits per channel symbol

Rtab maximum number of bit levels tabulated

R rate distribution (over carriers)

Ropt optimum rate distribution

R set of rate distributions R

σ2
A variance of random variable A

Tb time duration for information bit/binary source symbol

Tc time duration for encoded binary symbols

Ts time duration for channel symbols (frequency domain)

Tsa time duration for channel symbols (time domain, incl. CP)

W DFT matrix

W set of equally performing mappings

x binary label bit

X respective random variable

x binary label of channel symbol; R-ary column vector of x

X (R×M)-matrix describing mapping M
χ row of matrix X

X set of binary M -tuples containing M/2 ones and zeros

y receive symbol

ξ index of deinterleaved bit metrics

y row vector of receive symbols

y inpahse component of receive symbol y

Y respective random variable

y̆ row vector of time-domain receive symbols

υ index of encoded binary symbols

ζ helper variable substituting SNR
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Operators, mappings, etc.

Meaning

(·)∗ conjugate complex

(·)T transpose of vector/matrix

(·)H conjugate transpose (Hermitean) of vector/matrix

arg{z} returns argument of (complex) number z

argmin{·} returns value minimizing argument

argmax{·} returns value maximizing argument

ColNrA{·} returns row index of column of A matching argument

CN (m,σ2) complex Gaussian distribution with mean m and variance σ2

diag{·} generates diagonal matrix from argument (vector)

e2 binary entropy function e2(z) = −z log2(z)−(1−z) log2(1−z)
Ed{·} average of (random) variable depending on index d

EX{·} expectation operator wrt. random variable X

Im{·} returns imaginary part of argument

L metric computation

M bit mapping

M−1 demapping

N (m,σ2) Gaussian distribution with mean m and variance σ2

O{·} order of complexity

Pr{·} probability

Π bit interleaving

Π−1 deinterleaver

Q Q-function Q(z) = 1√
2π

∫∞
z

exp
(

−τ2

2

)
dτ

ρ mapping of BLCs on level-dependent BER

Re{·} returns real part of argument

Var{·} returns variance of argument
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B.3 Others Abbreviations

Overview of analyzed rate and power allocation strategies.

Rate Allocation Strategies

(R1) Chow, Cioffi, Bingham algorithm

(R2) Fischer, Huber algorithm

(R3) BLC-based algorithm (Alg. 5.1) with accurate Cbl (μ)
d

(R4) BLC-based algorithm (Alg. 5.1) with approximate Cbl (μ)
d acc.

to least squares

(R5) level-dependent BER-based algorithm (Alg. 5.2) with accu-

rate BER
(μ)
d

(R6) level-dependent BER-based algorithm (Alg. 5.2) with approx-

imate BER
(μ)
d

Power Allocation Strategies

(P1) uniform power allocation over carriers

(P2) minimum symbol error ratio

(P3) minimum bit error ratio

(P4) water-filling

Combinations of rate and power allocation strategies.

Rate Adaptation Power Adaptation

(C1) — (P1)

(C2) — (P4)

(C3) (R4) (P1)

(C4) (R4) (P2)

(C5) (R4) (P3)

(C6) (R4) (P4)
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Willems. Bit-interleaved coded modulation revisited: A mismatched decod-

ing perspective. In Proceedings IEEE International Symposium on Informa-

tion Theory (ISIT), pages 2337–2341, Toronto, ON, Canada, July 2008. 3,

153

[MS00] Todd K. Moon and Wynn C. Stirling. Mathematical Methods and Algorithms

for Signal Processing. Prentice-Hall, Upper Saddle River, NJ, USA, 2000.

11, 66, 83

Clemens Stierstorfer — 2009



229

[MW00] Stefan Müller-Weinfurtner. OFDM for Wireless Communications: Nyquist

Windowing, Peak-Power Reduction, and Synchronization. PhD thesis,

Friedrich-Alexander-Universität Erlangen-Nürnberg, 2000. 13, 53, 112

[MZFLI00] Robert H. Morelos-Zaragoza, Marc P. C. Fossorier, Shu Lin, and Hideki

Imai. Multilevel coded modulation for unequal error protection and mul-

tistage decoding—part I: Symmetric constellations. IEEE Transactions on

Communications, 48(2):204–213, February 2000. 148

[NA05] Anders Nilsson and Tor M. Aulin. On in-line bit interleaving for serially

concatenated systems. In Proceedings IEEE International Conference on

Communications (ICC), volume 1, pages 547–552, May 2005. 154, 177
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Bauch. Optimization of Symbol Mappings of Bit-Interleaved Coded Modula-

tion with Iterative Decoding. IEEE Communications Letters, 7(12):593–595,

2003. 23

[Sha48] Claude E. Shannon. A mathematical theory of communication. Bell System

Technical Journal, 27:part I, pp. 379–427; part II, pp. 623–656, 1948. 20, 58,

97

Clemens Stierstorfer — 2009



232 Bibliography

[SS04a] Alireza Seyedi and Gary J. Saulnier. Symbol-error rate analysis of Fischer’s

bit-loading algorithm. IEEE Transactions on Communications, 52(9):1480–

1483, September 2004. 97

[SS04b] Vladimir Sidorenko and M. Starykh. Decomposition of multidimensional

Gray codes. In Proceedings 9th International Workshop on Algebraic and

Combinatorial Coding Theory, Kranevo, Bulgaria, June 2004. 33

[Sti07] Clemens Stierstorfer. Optimum Intralevel Interleaving for BICM. unpub-

lished manuscript, 2007. 180

[SXGB07] Leszek Szczecinski, Hong Xu, Xin Gao, and Rolando Bettancourt. Efficient

evaluation of BER for arbitrary modulation and signaling in fading channels.

IEEE Transactions on Communications, 55(11):2061–2064, November 2007.

63

[Tel99] I. Emre Telatar. Capacity of multi-antenna Gaussian channels. European

Transactions on Telecommunications (ETT), 10(6):585–595, December 1999.

12

[TN06a] Nghi H. Tran and Ha H. Nguyen. Design and performance of BICM-ID sys-

tems with hypercube constellations. IEEE Transactions on Wireless Com-

munications, 5(5):1169–1179, May 2006. 16, 23

[TN06b] Nghi H. Tran and Ha H. Nguyen. Signal mappings of 8-ary constellations for

bit interleaved coded modulation with iterative decoding. IEEE Transactions

on Broadcasting, 52(1):92–99, March 2006. 23

[TN07] Nghi H. Tran and Ha H. Nguyen. A novel multi-dimensional mapping of

8-PSK for BICM-ID. IEEE Transactions on Wireless Communications,

6(3):1133–1142, March 2007. 23

[TNLN07] Nghi H. Tran, Ha H. Nguyen, and Tho Le-Ngoc. Multidimensional subcarrier

mapping for bit-interleaved coded OFDM with iterative decoding. IEEE

Transactions on Signal Processing, 55(12):5772–5781, December 2007. 23

[Tom71] Martin Tomlinson. New automatic equaliser employing modulo arithmetic.

IET Electronics Letters, 7(5):138–139, March 1971. 55

[Tre01] Harry L. Van Trees. Detection, Estimation, and Modulation Theory, volume

III. John Wiley & Sons, New York, NY, USA, 2001. 8
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