
In this work, the influence of process and material parameters on the draw  
resonance instability in film casting and fiber spinning is investigated both  
theoretically and experimentally. Draw resonance generally occurs if the 
draw ratio, i.e., the ratio of outlet to inlet velocity, exceeds a critical value, and 
manifests itself in steady oscillations of the flow velocity and the geometric 
properties of the fibers and films.
Several Newtonian and viscoelastic models for film casting and fiber spinning 
are derived and the critical draw ratio is determined by means of linear 
stability analysis in order to investigate the influence of various effects like 
gravity, inertia, neck-in and strain hardening on draw resonance. Moreover, 
physical mechanisms underlying the instability are revealed and alternative 
stability criteria are reviewed and extended. Employing control parameters 
with strong connection to practical application, the results are visualized in 
stability maps, which enable both a quick determination of the critical draw 
ratio and a partition of the parameter space into several dynamical regimes. 
The theoretical results are completed by an experimental study on draw 
resonance in fiber spinning. Using an effective relaxation time, the measured 
critical draw ratios can be well described by the theoretical predictions.
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1 Introduction

1.1 Draw resonance

Fiber spinning and film casting are two prominent examples of
industrial polymer melt processes. The general concept of both is
similar (see Fig. 1.1): molten polymer is extruded through a die and
afterwards taken up by a spinning wheel or chill-roll, which is placed
at a particular distance to the extrusion die. As the take-up speed
is chosen to be larger than the extrusion speed, the elongational
deformation leads to a reduction of the fiber diameter or, respectively,

extrusion die
(inlet)

molten material

chill roll
(outlet)

Figure 1.1.: Sketches of film casting (left) and fiber spinning (right). The flow
direction is indicated by big arrows. A possible swelling effect close to the die
is not shown.

1



1. Introduction

(a) Stable processing conditions. (b) Unstable processing conditions.

Figure 1.2.: Transient response of the thickness and velocity on an initial small
perturbation at the middle of the gap between the inlet and the outlet. In the
case of stable processing conditions, i.e., the draw ratio is below the critical
value, the steady state is oscillatory reached. In the case of unstable process-
ing conditions, i.e., the draw ratio is above the critical value, the perturbation
grows until permanent oscillations of constant amplitude are established. The
arrow in the phase space plots (bottom plots) indicates the time direction. Di-
mensionless variables are used.

the film thickness. In the case of fiber spinning, the die is typically
of circular geometry, while the dies used in film casting are of flat
rectangular shape. The most important parameter utilized to describe
such forced elongation processes is the draw ratio, which is denoted by
Dr in this work and defined as the ratio of the velocity at the outlet to
the velocity at the inlet. In general, large draw ratios are tried to
achieve in order to produce preferably thin films and fibers. There
exists, however, a critical value of the draw ratio beyond which the
formerly stable flow becomes unstable and both the velocity field and
the fiber diameter or, respectively, the film thickness and width begin

2



1.1. Draw resonance

velocity

Figure 1.3.: Snapshots of the film thickness profile at different time steps in the
case of unstable processing conditions over one oscillation period. The velocity
value is displayed with different colors. Dimensionless variables are used.

to oscillate. This behavior is commonly known as draw resonance and
is visualized exemplarily for film casting in Figs. 1.2 and 1.3. While
Fig. 1.2 shows the transient evolution of the thickness and velocity
profiles at the middle of the casting length after an initial small
perturbation is induced for stable and unstable processing conditions,
Fig. 1.3 depicts the complete film thickness profile at various time
steps. It can be seen that the instability manifests itself in waves of
maximum and minimum thickness, which are traveling from the inlet
to the outlet. As explained in chapter 2, those waves are mutually
causing each other, which already represents the general mechanism
behind the draw resonance effect. As this leads to inhomogeneous
product properties or even a breakdown of the whole process, it is
important to understand this instability phenomenon and especially
the dependence of the critical draw ratio on the practically variable
parameters.
Starting from the first observations of draw resonance more than 50
years ago by Christensen (1962) and Miller (1963), the effect has been
in the focus of a multitude of works. Many of these investigations
are of theoretical nature, first of them being the analyses of Pearson

3



1. Introduction

and Matovich (1969), Gelder (1971) and Kase (1974), in which the
linear stability of a Newtonian fiber spinning process is examined.
Besides linear stability analysis, there exist few works applying a
weakly non-linear stability analysis (Fisher and Denn, 1975; Gupta
and Chokshi, 2015) and some more which explore the full transient
solutions (Lee and Hyun, 2001; Kim et al., 2005; Kallel et al., 2015).
An alternative approach which deserves special attention are the
kinematic wave studies introduced by Hyun (1978a), later refined by
Kim et al. (1996) and followed by several more (e.g., Jung et al., 1999,
2000; Lee et al., 2001b, 2005). The works of Van der Hout (2000),
Renardy and Hagen (e.g., Renardy, 2006; Hagen, 2000; Hagen and
Renardy, 2000) treat the problem in a strict mathematical way. It is
striking that, despite the fact that the first studies have already been
performed several decades ago, there still exist open questions related
to draw resonance nowadays. A major reason for this is the enormous
complexity of the problem as a whole, as it involves both a challenging
flow problem with numerous influencing parameters and a non-linear
viscoelastic material behavior, making a general steady state solution
already a non-trivial task. Detailed and specific literature overviews
will be given in chapters 2, 3 and 5 of this thesis.
Several review articles are available. The first comprehensive one is
given by Petrie and Denn (1976) and covers both experimental and
theoretical findings. Denn (1980a) and Larson (1992) shortly review
draw resonance within the framework of more general reviews. Newer
articles are given by Hyun (1999), who provides a short chronological
overview and Jung and Hyun (2006), who summarize experimental
and theoretical investigations on fiber spinning, film casting and film
blowing. Another comprehensive introduction and summary can be
found in chapters 10 and 11 of the textbook edited by Hatzikiriakos
and Migler (2004). The most recent, however rather short review on
draw resonance in fiber spinning, film casting and film blowing is
available from Demay and Agassant (2014).

1.2 Objectives and outline

Every approach of modeling in materials processing is based on
two types of equations, namely the governing equations and the

4



1.2. Objectives and outline

constitutive equation. The former group consists of fundamental laws
of physics, which are valid independent of the choice of material. The
most prominent examples of those equations are the conservation of
mass,

∂tρ+∇ · (ρv) = 0, (1.1)

and the conservation of momentum,

ρ(∂tv + v ·∇v) = ∇ · σ + ρb, (1.2)

with time t, density ρ, velocity field v, stress tensor σ and body force
vector b. The nabla operator ∇ is defined as ∇ = (∂x, ∂y, ∂z) and
∂i = ∂/∂i is used as abbreviation for all partial derivatives throughout
this thesis. The selection of the set of governing equations depends
on the chosen assumptions for the process model. As the system
of equations in fluid dynamics is usually of high complexity, it is
common to reduce the equations to a minimum by eliminating terms
of negligible contribution. On the other hand, accounting for
particular effects, e.g., inertia or gravity, introduces dependencies on
practically tunable and measurable parameters, e.g., extrusion velocity,
casting length, or ambient temperature. Those parameters, which
describe the process without accounting for material properties are
referred to as process parameters throughout this thesis.
In order to link a particular material behavior to the set of governing
equations, a constitutive equation is needed, which describes the
relationship between deformation and external stresses. The simplest
example of such an equation is the well-known Newtonian fluid model,
which can be written as

τ = 2 ηD, (1.3)

with the rate-of-deformation tensor

D =
1

2

(
(∇v) + (∇v)T

)
. (1.4)

Here, the extra stress tensor τ = p I + σ is used, where p denotes the
isotropic pressure and I the identity matrix. A Newtonian fluid is

5



1. Introduction

entirely characterized by its shear viscosity η, which has a constant
value and is a measure for the resistance to external stresses. Polymer
melts belong to the group of viscoelastic fluids, which makes Eq. (1.3)
often an inappropriate choice. There exist a multitude of viscoelastic
constitutive equations, among which the most simple one is the
so-called upper-convected Maxwell (UCM) equation, given as

λ
∇
τ + τ = 2 ηD, (1.5)

with the upper-convected time derivative

∇
τ = ∂tτ + v ·∇τ − τ ·∇v − (∇v)T · τ . (1.6)

Equation (1.5) introduces the relaxation time λ, which defines the
intrinsic time scale of the material within which elastic processes
occur. Parameters like the viscosity, relaxation time or material
density are referred to as material parameters throughout this thesis.
The central question of this work can now be written as follows:

Which process and material parameters influence the draw
resonance behavior, how, and under which circumstances?

As this is still a fairly general formulation, it will be specified further
and separated into single tasks. A comprehensive description of the
draw resonance effect involves highly complex, time-dependent
dynamics, which can be examined in many different ways. The
focus of this work lies primarily on the prediction of the onset of
the instability, i.e., the calculation of the critical draw ratio. Due
to the large history of draw resonance investigations, many effects
have already been studied in the past, as the literature reviews will
reveal. One general goal of this work, which can also be seen as a
reformulation of the central question, is therefore to unify existing
results as well as within the scope of this thesis newly discovered ones
and to find fundamentally necessary model properties for a suitable
prediction of the critical draw ratio. The thesis is structured into four
parts, each of which covering a separate aspect of the central question.
Chapter 2 concentrates on effects which are independent of a
particular constitutive equation. For this purpose, Newtonian models

6



1.2. Objectives and outline

are employed exclusively. In particular, the influences of gravity,
inertia, neck-in in film casting and surface tension in fiber spinning
on draw resonance are analyzed separately, after the fiber and film
models are derived and different instability detection methods are
presented and evaluated. Especially transitions to unconditional
stability or instability have not been identified clearly up to now in
literature and physical mechanisms were treated rather marginally.
The main questions answered in this chapter are therefore:

• Which is the most efficient way to determine the critical draw
ratio for various values of control parameters?

• How do inertia, gravity, neck-in and surface tension influence
qualitatively and quantitatively the critical draw ratio?

• Which are the physical mechanisms underlying these effects?

Afterwards, viscoelastic effects are investigated in chapter 3. As there
are many different viscoelastic constitutive equations available, the
chapter starts with an overview of several prominent examples. In
contrast to the previous chapter, additional effects are neglected
here in order to focus on the pure influence of viscoelasticity. Four
different models are derived and analyzed with respect to their
stability behavior, which is followed by a compact evaluation of the
most appropriate constitutive equation. The purpose here is to shed
light on a rather unsystematic collection of various viscoelastic fiber
spinning and film casting models available in literature. In addition,
the viscoelastic stability mechanism is revealed for the first time and
correlated to well-known viscoelastic effects on the viscous flow
behavior, e.g., strain hardening or thinning. The main questions
answered in this chapter are:

• Which properties of a viscoelastic constitutive equation are
important for the determination of the critical draw ratio and
how do they influence the stability?

• Which is the fundamental physical mechanism underlying the
influence of viscoelasticity?

• Is a generalized Newtonian fluid model sufficient for the stability
prediction?

7



1. Introduction

Chapters 2 and 3 are rather fundamental, isolated studies on single
process and material effects. In reality, however, these effects
usually superimpose, and models accounting for several effects
simultaneously are needed for a proper description. Chapter 4 deals
with the analysis of such models. In order to stick close to practical
application, an alternative scaling is proposed in the beginning of the
chapter, which leads to dimensionless variables with a one-to-one
relation to the typically variable control parameters in practice.
Newtonian and viscoelastic film and fiber models are treated and the
stability behavior is visualized by novel stability maps, which yield a
compact overview with respect to the practical control parameters and
enable additionally a division of the parameter space into various
regions, within which one or several effects can be neglected, as for
instance parameter regions of unconditional stability in the case
of dominating inertia or unconditional instability in the case of
dominating surface tension in fiber spinning. If possible, easy solvable
approximative stability criteria are derived as well. The main questions
answered in this chapter are:

• Given a particular range of practical control parameters, which
model assumptions are necessary for a correct prediction of the
critical draw ratio?

• How do the threshold lines to unconditional (in-)stability change
with the practical parameters?

• Is it possible to find easily applicable approximative formulas for
a quick estimation of the critical draw ratio?

After these extensive theoretical investigations, an experimental study
is presented in chapter 5. Two previously selected and characterized
polypropylenes are utilized in a small-scale fiber spinning setup and
the critical draw ratio is determined by a video analysis. Despite the
presence of several existing experimental studies, most methods for
determining the critical draw ratio appear to suffer from fundamental
drawbacks. Based on the results of the theoretical investigations, an
appropriate model is chosen for comparison between experimental ob-
servations and calculated predictions. The main questions answered
in this chapter are:

8



1.2. Objectives and outline

• Which is the most appropriate way to determine experimentally
the critical draw ratio?

• Is it generally possible to predict the experimental results with the
previously developed methods?

• Where are the limitations of the models used in this work?

Each chapter ends with a short conclusion of the gained information.
A comprehensive summary and outlook is provided in chapter 6.1 An
overview of the utilized abbreviations and symbols in this work, as well
as supplementary information, calculations and material can be found
in the Appendices.

1 The German version can be found in chapter 7.
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2 Newtonian models

In this chapter, the draw resonance behavior of Newtonian fluid
models is investigated. Effects induced by inertia, gravity, neck-in
in film casting and surface tension in fiber spinning are analyzed
separately. The chapter starts with a literature review on draw reso-
nance in Newtonian fiber spinning and film casting. The latter is
separated into a part handling works on one-dimensional film models
of constant, or, respectively, infinite width, and a part summarizing
existing studies on geometrical effects, e.g., neck-in, which are covered
by two- or three-dimensional models.
One-dimensional models for fiber spinning and film casting are
derived, followed by an extension of a reduced one-dimensional finite
width film casting model originally proposed by Silagy et al. (1996).
The basic concept of linear stability analysis is introduced afterwards
and two possibilities to solve the resulting eigenvalue problem are
explained. Separated from the previous literature review, alternative
stability criteria based on a physical mechanism underlying draw
resonance are discussed at this point in order to keep the structure
clear and consistent. What follows then is a linear stability analysis of
models accounting for one of the initially mentioned effects at a
time. The alternative stability criteria are checked in each case and
underlying stability mechanisms are unraveled.

11



2. Newtonian models

2.1 Literature review

2.1.1 Newtonian fiber spinning

Historically, the analysis of the fiber spinning process was investigated
earlier than the film casting process. The first works on the stability
behavior were presented by Pearson and Matovich (1969), Gelder
(1971) and Kase (1974)1. All three works examine the linear stability of a
purely viscous, i.e., neglecting gravity, inertia and surface tension
effects, Newtonian fiber spinning process and are taken as the basis of
many subsequent investigations. The value of the critical draw ratio
was determined as 20.21, while modern calculations with higher
accuracy yield a value of 20.218. Shah and Pearson (1972a) studied the
influence of nonisothermal effects by varying the viscosity according
to Arrhenius’ law and stated a stabilizing effect of spinline cooling.
Afterwards (Shah and Pearson, 1972b), they extended the analysis to
include the effects of gravity, inertia and surface tension using the
Reynolds, Froude and Weber numbers as dimensionless parameters.
While the critical draw ratio increased with increasing influence of
inertia and gravity, surface tension led to a destabilization. These
results were later confirmed qualitatively, but corrected quantitatively,
by Chang et al. (1981). In a paper resulting from this thesis’ results,
the simultaneous influence of inertia, gravity and surface tension
effects is analyzed (Bechert and Scheid, 2017). Chang et al. (1982)
and Suman and Kumar (2009) also investigated the nonisothermal
stability behavior of Newtonian fiber spinning.
Hagen and Langwallner (2006) presented a mathematically well-
founded numerical analysis with focus on the influence of inertia on
the stability of Newtonian fibers. The linear stability analysis reveals a
strong increase of the critical draw ratio with increasing Reynolds
number, indicating that draw resonance is almost completely sup-

1 Within this work, the author refers to a previous work from 1966, which appeared in the
Japanese journal Seni Kikai Gakkaishi and within which similar results are presented.

12



2.1. Literature review

pressed for values of the Reynolds number2 above 0.1. Numerical
solutions of the full nonlinear equations confirmed the linear stability
results. German et al. (2006) studied the combined influence of gravity
and inertia on the stability behavior. The comprehensive analysis
includes methods of linear stability as well as full numerical solutions
and the dependencies of the critical draw ratio, the oscillation
frequency, the growth rate and fiber rupture on inertia and gravity
effects are presented. In general, inertia is said to have a dominant
effect on the stability compared to gravity. Reynolds numbers are
considered up to a value of 0.2 and the ratio of Reynolds to Froude
number is limited to 22.

2.1.2 Newtonian film casting

Secondary forces and thermal effects

The first draw resonance study for the film casting process was
performed by Yeow (1974). Assuming a film of infinite width3 and
small thickness led to a one-dimensional, purely viscous Newtonian
model, which is mathematically equivalent to the simplest fiber model,
as will be shown in 2.2. The assumption of small thickness, leading to
independence of the flow variables across the thickness, is commonly
referred to as the membrane approximation. Scheid et al. (2009a)
extended Yeow’s model to account for nonisothermal effects.
Due to the typical geometry of large film widths compared to the
thickness, surface tension effects are usually negligible. Extensions to
cover the effects of inertia and gravity on the stability behavior in the
one-dimensional case of infinite width are available from Cao et al.
(2005) and Bechert et al. (2015), the latter being part of this thesis’

2 Comparing the absolute values of the Reynolds number in different works may be con-
fusing, as some authors include the constant Newtonian Trouton ratio in the definition
of the Reynolds number, and some do not.
3 Infinite width here means that the initial film width defined by the die geometry is much
larger than the casting length between die and take-up, so that edge effects can be ne-
glected.
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2. Newtonian models

results, which have been published separately. The work of Cao et al.
(2005) is very similar to the one of German et al. (2006) for fibers due
to the large similarities of both processes in the one-dimensional limit.

Geometrical effects

If the assumption of infinite width cannot be applied, e.g., if the
casting length is of similar order as the initial film width, further
geometrical effects come into play and the analogy to fiber spinning is
not valid anymore. A two- or even three-dimensional modeling of the
film casting process is already challenging if only steady state solutions
are sought and numerous works exist on this topic (e.g., d’Halewyu
et al., 1990; Sakaki et al., 1996; Smith and Stolle, 2000a). However, as
the focus of this thesis lies primarily on the stability of the process,
mainly works directly linked to draw resonance will be discussed in the
following. Besides draw resonance, two phenomena4 can generally be
observed in film casting. While the neck-in effect leads to a reduction
of the film width along the casting axis, the edge-bead or dog-bone
effect results in a larger film thickness at the edges compared to the
center. In fact, both effects are primarily5 caused by a combination
of two different deformation types (Dobroth and Erwin, 1986; Ito
et al., 2003). While the center part of the film is dominated by
planar elongational deformation, uniaxial elongational deformation
dominates at the edges. Planar elongation is characterized by purely
parallel streamlines. In uniaxial elongation, the stress-free edges lead
to a reduction of width.
Silagy et al. (1996) studied the influence of neck-in on draw resonance
for the first time. They extended the one-dimensional model of Yeow
(1974) such that the film width can vary along the casting axis. By
additionally proposing a linear transversal velocity profile, they could
reduce the two-dimensional model to a one-dimensional model with

4 These phenomena are also often called instabilities, but this term will not be used here
to avoid confusion. Technically, they could be seen as steady instabilities, to distinguish
them from the transient instability of draw resonance.
5 Surface tension may additionally lead to edge-bead (Dobroth and Erwin, 1986).
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2.2. One-dimensional models

finite width. A linear stability analysis revealed a stabilizing influence
of neck-in and an optimal value at which the critical draw ratio is
maximal. In a succeeding paper (Silagy et al., 1998), they analyzed the
stability of a full two-dimensional model without a priori defined
transversal velocity profile, which made it possible to account for the
edge-bead effect as well. The qualitative relationship between the
critical draw ratio and the aspect ratio remained the same, but the
location of the stability maximum was shifted and the stabilizing
effect appeared to be increased by the edge-bead effect as well. Due to
the higher complexity of the two-dimensional model, the stability was
only investigated in terms of full transient solutions instead of a linear
stability analysis. More recently, Scheid et al. (2009b) analyzed the
change in stability if either the lateral stress or the velocity at the film
edges is prescribed by adapting the reduced one-dimensional model of
Silagy et al. (1996).
Ahmed and Khayat (2012) performed a three-dimensional linear stabil-
ity analysis of the film casting process. However, they reduced the
steady state to the one-dimensional limit of infinite width, neglecting
neck-in and edge-bead effects and letting only the time-dependent
variations remain three-dimensional. Additionally accounting for
gravity and inertia effects, they observed a stability enhancement
caused by the three-dimensional perturbations. Within another
published result of this thesis (Bechert et al., 2016), the stability
behavior under the influence of neck-in, gravity and inertia was
investigated extensively, which will be presented in 4.3.
The membrane approximation may become inappropriate if the gap
between die and take-up is chosen to be small, close to the order
of the initial film thickness. Kallel et al. (2015) have analyzed this
particular case using different numerical approaches and detected a
strong stabilizing effect with decreasing ratio of casting length to
initial thickness.

2.2 One-dimensional models

Due to the axisymmetric setup of the fiber spinning process, models
can generally be reduced to two dimensions, i.e., an axial and a radial
direction. In this thesis, only slender fibers are studied, which means
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2. Newtonian models

that the radius of the fiber is small compared to the spinning length.
As will be shown below, the axial velocity does not vary with the
radius at leading order in this slender fiber approximation and a
one-dimensional model can be used. The most simple film casting
model is one-dimensional as well. In this case, it is assumed that the
width of the film is very large compared to the casting length and thus
infinite, eliminating one of initially three relevant spatial dimensions.
Applying additionally the so-called membrane approximation, i.e.,
assuming that the film thickness is small compared to the casting
length, results in a one-dimensional model, as the axial velocity does
not vary across the thickness at leading order. The one-dimensional
fiber model used in this work is based on the model of Matovich and
Pearson (1969) and further generalizations (e.g., Shah and Pearson,
1972b), while the one-dimensional film casting model follows the
approach of Yeow (1974) and succeeding works (e.g., Cao et al., 2005).
Careful derivations of fiber models are available from Schultz and
Davis (1982), Dewynne et al. (1989) and succeeding works and the
derivation shown here is based on these studies. For the film casting
process, the model derivation here follows the presentation of Scheid
et al. (2009a).
Figure 2.1 shows the sketches of one-dimensional models for both
fiber spinning and film casting. It has to be mentioned that a
possible die swell effect is completely neglected in this approach.
The modeling starts at the point of maximum swelling, which is a
common procedure. The following variable system is used to describe
the processes. The flow velocity in x direction is denoted by u, R is
the fiber radius and h the film thickness. The spinning length or,
respectively, casting length is denoted by L. The initial velocity, radius
and thickness are indicated by index ‘0’ and are practically defined by
the extrusion velocity and the die geometry. The ratio of outlet to
inlet velocity is named the draw ratio Dr, such that the fixed outlet
velocity at the take-up is equal to u0Dr. As can be seen in Fig. 2.1, the
similarities between the one-dimensional models of fiber spinning
and film casting are high and it is for this particular reason that both
processes are studied together within this work. Nevertheless, there
are differences due to the geometrical forms. While surface tension
effects must not be neglected generally in fiber spinning due to the

16



2.2. One-dimensional models

inlet
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g

Figure 2.1.: Sketches of the one-dimensional models for fiber spinning (left)
and film casting (right).

circular shape of the fiber, geometrical effects like neck-in will come
into play in film casting of finite width films. The latter issue is treated
separately in 2.3.
The following list summarizes all assumptions of the one-dimensional
Newtonian models:

1. The material behavior is governed by the Newtonian constitutive
equation (1.3),

2. the slender fiber or, respectively, membrane approximation is
valid, i.e., R/L ≪ 1 or, respectively, h/L ≪ 1,

3. a possible die swell effect is neglected,

4. the material density is constant,
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2. Newtonian models

5. the process is running under isothermal conditions,

6. the effect of air drag is neglected.

One additional assumption is made for the film casting process:

7. The film is of infinite width.

Points 4-6 are assumed mainly for reasons of simplicity. It has to
be noted, however, that at least the assumption of isothermal
conditions restricts the parameters quite strongly. Temperature effects
are excluded from the studies of this thesis for two reasons. First,
introducing temperature dependence increases the complexity of the
model by at least two additional parameters6 (see for instance Scheid
et al., 2009a), both depending on particular material properties. A
general analysis including effects of inertia, gravity or surface tension
as well would result in too many control parameters. Consequently,
the influence of nonisothermal conditions should be investigated
separately without accounting for further effects. Such an analysis,
however, is already available (Scheid et al., 2009a), which is the second
reason for the restriction to isothermal models within this thesis.

2.2.1 The fiber model

For the description of fiber spinning, cylindrical coordinates will
be used. The flow field is assumed to be axisymmetric and thus
given by v = u ex + v er, where ex and er are the unit vectors in
axial and radial direction, respectively, and u and v are the corre-
sponding velocity field components. The fiber surface is at position
r = R(x, t), such that the outward vector normal to it is given by
n = (−∂xRex + er)/

√
1 + (∂xR)2. Due to the axisymmetric setup,

all derivatives of the variables with respect to the angular variable
φ can be neglected7. The radii of curvature are given by basic

6 Namely the Stanton number and the activation energy.
7 It has to be noticed, however, that ∂φeφ = −er .
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2.2. One-dimensional models

differential geometry calculus as R1 =
(
1 + (∂xR)2

)3/2
/∂xxR and

R2 = −R
√

1 + (∂xR)2 (Dantzig and Tucker, 2001).
The flow is described by the continuity equation (1.1), which simplifies
due to the constant density to

∇ · v = 0, (2.1)

and the momentum conservation,

ρ(∂tv + v ·∇v) = ∇ · σ + ρg, (2.2)

with∇ = er∂r + eφ∂φ/r + ex∂x, g = gex, gravitational acceleration g,
material density ρ and stress tensor σ = −p I+ τ , where p denotes the
static pressure and the extra stress tensor τ is given by the Newtonian
constitutive equation (1.3). At the fiber surface, the kinematic boundary
condition,

∂tR+ u|R∂xR− v|R = 0, (2.3)

and the stress boundary condition,

n · σ|R =
(
R−1

1 +R−1
2

)
γ n, (2.4)

with surface tension γ, need to be fulfilled. The variables are made
dimensionless using the following transformation rules:

x → Lx, r → αL r, R → αLR, u → u0 u, v → αu0 v,

t → L

u0
t, σ → η

u0

L
σ, p → η

u0

L
p,

(2.5)

where the fiber parameter α = R0/L is used. The dimensionless
parameters are the Reynolds number Re, the Froude number8 Fr and
the rescaled capillary number Ca∗, defined as

8 Throughout this thesis, the ratio of Reynolds to Froude number will be used as control
parameter instead of the Froude number itself.
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2. Newtonian models

Re =
ρ u0 L

η
, Fr =

u2
0

g L
, Ca∗ = αCa =

αη u0

γ
, (2.6)

with the common definition of the capillary number Ca. Within this
thesis, Ca∗ will merely be referred to as the “capillary number”.
The scaled continuity equation then becomes

1

r
∂r(rv) + ∂xu = 0, (2.7)

and the axial and radial components of the momentum conserva-
tion (2.2) are

α2Re(∂tu+ u∂xu+ v∂ru) = α2∂xσxx +
1

r
∂r(rσ

∗
rx) + α2Re

Fr
, (2.8a)

α2Re(∂tv + u∂xv + v∂rv) =
1

r
∂r(rσrr) + ∂xσ

∗
rx − σφφ

r
, (2.8b)

where σ∗
rx := ασrx and σφφ = −p + 2v/r. The kinematic boundary

condition (2.3) is not changed by the scaling transformation. The axial
and radial components of the stress boundary condition (2.4) can be
written as

σ∗
rx|R

−α2σxx|R∂xR = − α2

Ca∗
∂xR

−1 + α2
(
R∂xxR− (∂xR)2

)
R (1 + α2(∂xR)2)

3/2
,

(2.9a)

σrr|R − σ∗
rx|R∂xR =

1

Ca∗
−1 + α2

(
R∂xxR− (∂xR)2

)
R (1 + α2(∂xR)2)

3/2
. (2.9b)

As the fiber parameter is assumed to be small, all variables will be
expanded in the order parameter α2, e.g.,

u = u(0) + α2u(1) +O(α4). (2.10)

At leading order, i.e., for α = 0, Eqs. (2.8a) and (2.9a) yield

σ∗(0)
rx = ∂ru

(0) = 0. (2.11)
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2.2. One-dimensional models

Consequently, the axial velocity does not vary along the radius at
leading order, i.e., u(0) = u(0)(x, t). This makes it possible to integrate
Eq. (2.7) to get

v(0) = −r

2
∂xu

(0), (2.12)

where v|r=0 = 0 as a result of the axisymmetric structure was used. The
kinematic condition (2.3) can then be transformed to

∂ta+ ∂x

(
au(0)

)
= 0, (2.13)

with scaled fiber cross-section a =
∫ R

0
rdr

∫ 2π

0
dφ
π = R2.

Utilizing Eq. (2.12), the normal stress difference ν = τxx − τrr can be
calculated at leading order as

ν(0) = 3∂xu
(0), (2.14)

where the factor of 3 is the so-called Trouton ratio for purely uniaxial
deformation, which means the external, deforming stresses act
exclusively along one axis, which then leads to deformation of the
boundaries. Using Eq. (2.12), it can be shown that σrr = −p + 2∂rv is
independent of r. The pressure at leading order can therefore be
calculated with the help of Eqs. (2.9b) and (2.11) as

p(0) =
1

Ca∗R
− ∂xu

(0), (2.15)

and using Eq. (2.14) yields

σ(0)
xx = ν(0) − 1

Ca∗
√
a
. (2.16)

The α2-order of (2.9a) leads to

σ∗(1)
rx |R =

1

Ca∗R
∂xR+ σ(0)

xx |R∂xR. (2.17)
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This can be substituted into theα2-order of (2.8a), after integrating over
the cross-section, to get finally

Re a
(
∂tu

(0) + u(0)∂xu
(0)
)
= ∂x

(
aν(0)

)
+

Re

Fr
a+

1

2Ca∗
∂xa√
a
. (2.18)

The system of Eqs. (2.13), (2.14) and (2.18) determine the evolution of
the cross-section and the axial velocity of the fiber spinning process at
leading order, similar to the equations presented by Schultz and Davis
(1982). Together with the boundary conditions induced by the process,
i.e.,

a(x = 0, t) = u(x = 0, t) = 1, (2.19a)
u(x = 1, t) = Dr, (2.19b)

they form the basis of all subsequent analyses. The superscripts “(0)”
will be omitted from now on. The model can easily be reduced to
several limit cases, as inertia, gravity and/or surface tension effects are
neglected if Re, Re/Fr and/or 1/Ca∗ are set to zero, respectively. If all
three control parameters become zero, a purely viscous extensional
flow is obtained.
In the scope of a similar derivation, Schultz and Davis (1982) state
that this leading order model is only valid for a small range of values
of Re/Fr. This conclusion, however, arises from a slightly different
definition of both Reynolds and Froude number, which uses the initial
fiber radius as typical length scale instead of the spinning length.
Consequently, the ratio Re/Fr differs by a factor of α2 from the
definition used here, which then changes the orders of the governing
equations. Using the dimensionless parameters as defined in (2.6), no
restriction on the values is imposed during the model derivation.

2.2.2 The filmmodel

The derivation of the one-dimensional film casting model is very
similar to the fiber model above, but a Cartesian coordinate system is
used. The following derivation follows the steps presented by Scheid
et al. (2009a) and extends the model to cover inertia and gravity
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2.2. One-dimensional models

effects. As the film width is assumed to be infinite, only two spatial
dimensions are left and ∇ = ex∂x + ey∂y. The flow field is then given
by v = uex + vey, where ex and ey are the unit vectors in casting and
thickness direction, respectively, and u and v are the corresponding
velocity field components. The normal vectors at the two surfaces
h± = ±1/2h are n± = (−∂xh±ex + ey)/

√
1 + (∂xh)2/4.

The kinematic boundary condition reads

∂th± + u|h±∂xh± − v|h± = 0, (2.20)

and the stress boundary condition simplifies to

n± · σ|h± = 0, (2.21)

as surface tension effects can be neglected.9 The scaling rules are given
by

x → Lx, y → β Ly, h → β Lh, u → u0 u, v → β u0 v,

t → L

u0
t, σ → η

u0

L
σ, p → η

u0

L
p,

(2.22)

with the film parameter β = h0/L. The relevant control parameters are
Re and Re/Fr as defined by (2.6). The scaled continuity equation can
be written as

∂xu+ ∂yv = 0, (2.23)

and the x- and y-components of the momentum conservation (2.2) are

β2Re(∂tu+ u∂xu+ v∂yu) = β2∂xσxx + ∂yσ
∗
xy + β2Re

Fr
, (2.24a)

β2Re(∂tv + u∂xv + v∂yv) = ∂xσ
∗
xy + ∂yσyy, (2.24b)

9 Amore rigorous way to handle surface tension similar to the fiber spinning model would
result in a negligible mean curvature at leading order.
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where σ∗
xy := βσxy. The x- and y-components of the stress boundary

condition (2.21) are

−β2∂xh±σxx|h± + σ∗
xy|h± = 0, (2.25a)

−∂xh±σ
∗
xy|h± + σyy|h± = 0. (2.25b)

Analogue to the fiber model, the variables are expanded in the order
parameter β2 and Eqs. (2.24a) and (2.25a) reveal that the axial velocity
does not change across the thickness at leading order, i.e.,

σ∗(0)
xy = ∂yu

(0) = 0. (2.26)

Integration of Eq. (2.23) makes it possible to rewrite Eq. (2.20) as

∂th+ ∂x

(
hu(0)

)
= 0. (2.27)

Equations (2.24b) and (2.25b) directly yield σ
(0)
yy = 0, showing that the

leading order pressure p(0) is identical to τ
(0)
yy = −2∂xu

(0). Conse-
quently,

σ(0)
xx = ν(0) = τ (0)xx − τ (0)yy = 4∂xu

(0), (2.28)

where the Trouton ratio of 4 indicates purely planar deformation, which
means that the external, deforming stresses act along one axis and are
additionally chosen such that the width is kept constant. As the film
width is assumed to be infinite here, this premise is implicitly fulfilled.10
Integrating the β2-order of Eq. (2.24a), using Eq. (2.25a), finally leads to

Re h
(
∂tu

(0) + u(0)∂xu
(0)
)
= ∂x

(
hν(0)

)
+

Re

Fr
h. (2.29)

The system of Eqs. (2.27), (2.28) and (2.29) determines the evolution
of thickness and axial velocity of the film casting process at leading

10 This also shows that the terms “infinite width” film casting and “constant width” film
casting can be used interchangeably here.
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2.3. Finite width film model

order, and the superscript “(0)” will again be omitted from now on.
The boundary conditions are, analogue to (2.19),

h(x = 0, t) = u(x = 0, t) = 1, (2.30a)
u(x = 1, t) = Dr. (2.30b)

Comparing the fibermodel, i.e., Eqs. (2.13), (2.14), (2.18) and (2.19), with
the film model, i.e., Eqs. (2.27), (2.28), (2.29) and (2.30), it can be seen
that they are almost identical in the case of negligible surface tension,
i.e., for 1/Ca∗ → 0. The only difference is the Trouton ratio, which is,
however, constant in both cases and could be shifted into the Reynolds
number. Therefore, the dynamics of slender fiber spinning, neglecting
surface tension, and infinite width film casting are equivalent.

2.3 Finite width filmmodel

While the one-dimensional film casting model presented in 2.2.2
can be applied to several experimental setups, it fails to predict the
reduction of film width, the so-called neck-in, which appears if the
film width is not large compared to the casting length anymore. In
order to circumvent this drawback, a reduced one-dimensional model,
which accounts for the finite width of the film, will be derived within
this section by following the ansatz presented by Silagy et al. (1996)
and by extending the model to cover inertia and gravity effects.
Figure 2.2 shows the sketch of the film casting model including
neck-in. The film width is given by 2ℓ, and the aspect ratio A = ℓ0/L
is introduced as an additional control parameter11, with initial half
film width ℓ0. The transversal velocity component is denoted by w
and the scaling rules (2.22) are extended by z → ℓ0 z, ℓ → ℓ0 ℓ and
w → u0 w. Analogue to the one-dimensional case shown in 2.2.2, the
depth-averaged governing equations can be derived by integrating the
continuity equation (2.1) and the momentum equation (2.2) over the

11 In some cases the aspect ratio is defined as L/ℓ0 (e.g., Silagy et al., 1996; Kim et al., 2005;
Shin et al., 2007).
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thickness, using the extended stress boundary condition with normal
vector n± = (−∂xh±ex + ey − ∂zh±ez)/

√
1 + 1/4 ((∂xh)2 + (∂zh)2)

and being aware that ∂y u = 0 is still true at leading order. The scaled
continuity equation then becomes at leading order

∂th+ ∂x(hu) +
1

A
∂z(hw) = 0, (2.31)

and the scaled x- and z-components of the momentum equation read

Re h (∂tu+ u∂xu+ w∂zu) = ∂x (hσxx) +
1

A
∂z(hσxz) + h

Re

Fr
, (2.32a)

Re h(∂tw + u∂xw + w∂zw) = ∂x(hσxz) +
1

A
∂z(hσzz). (2.32b)

In order to simplify the analysis further, the equations above will be
reduced to a one-dimensional model by posing the following ansatz
(Narayanaswamy, 1977; Silagy et al., 1996):

u = u(x, t), h = h(x, t), w = z
wℓ(x, t)

ℓ(x, t)
, (2.33)

i.e., both the axial velocity and the thickness do not vary along the
film width12 and the transverse velocity profile is linear in z, with edge
velocity wℓ. It is not possible to simplify the system in a similar way as
it is done in 2.2, i.e., by using A as a small order parameter and expand
the equations, as the entire range of aspect ratios will be analyzed here.
The assumption of a linear transversal velocity profile can be justified
at least for linear polypropylenes by measurements from Grieß (2014).
Making the thickness constant along the width basically implies
neglecting the edge-bead effect.
Integrating Eq. (2.31) with the help of the kinematic condition,

A(∂tℓ+ u∂xℓ)− wℓ = 0, (2.34)

12 As mentioned before, the axial velocity does not vary along the thickness due to the
membrane approximation.
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2.3. Finite width film model

Figure 2.2.: Sketch of the finite width film casting model. Adapted with per-
mission from Bechert et al. (2016) and AIP Publishing.

directly yields

∂t(hℓ) + ∂x(hℓu) = 0. (2.35)

The vector normal to the boundary surface is given bym = (−A∂xℓex+
ez)/

√
1 + (A∂xℓ)2, and the stress boundary conditions are

−A∂xℓσxx|ℓ + σxz|ℓ = 0, (2.36a)
−A∂xℓσxz|ℓ + σzz|ℓ = 0, (2.36b)

which can be rearranged to write

σzz|ℓ = (A∂xℓ)
2σxx|ℓ. (2.37)
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Recalling that σyy = 0 at leading order and thus that the pressure p is
equal to 2∂yv = −2 (∂xu+ wℓ/(Aℓ)), the scaled constitutive equation
(1.3) can be rewritten as

σxx = 4∂xu+ 2
wℓ

Aℓ
, (2.38a)

σzz = 2∂xu+ 4
wℓ

Aℓ
, (2.38b)

σxz = z∂x

(wℓ

ℓ

)
. (2.38c)

As both σxx and σzz do not depend on z, Eq. (2.37) is true over the entire
domain. Together with Eqs. (2.38a) and (2.38b), the relevant part of the
constitutive equation can be reduced to

σxx = ν = τxx − τyy = Tr(x, t)∂xu, (2.39a)

with Tr(x, t) =
6

2− (A∂xℓ)2
(2.39b)

being the local Trouton ratio. While the Trouton ratio is constant for
the purely one-dimensional models, i.e., 3 for fiber spinning, see
2.2.1, and 4 for infinite width film casting, see 2.2.2, it depends on the
particular shape of the film width here and therefore on x. In the case
of small aspect ratios, i.e., A = O(β), Eq. (2.39b) yields Tr → 3 at
leading order. In the limit of infinite width, i.e., A → ∞ and ∂xℓ → 0,
Eqs. (2.37) – (2.38b) lead to (A∂xℓ)

2 → 1/2 and consequently Tr → 4.
For this reason, these limits are referred to as the uniaxial limit and the
planar limit, respectively. The non-constant nature of the Trouton
ratio in (2.39b) indicates the mixture of both uniaxial and planar
elongational deformation.
Equation (2.32a) can be integrated along half the film width, using
Eq. (2.36a), to get

Re hℓ(∂tu+ u∂xu) = ∂x(hℓν) +
Re

Fr
hℓ. (2.40)
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To close the model, the kinematic condition (2.34) is rearranged, using
Eqs. (2.38a) and (2.39a), to yield

∂tℓ+ u∂xℓ+
ℓ

2
∂xu(4− Tr) = 0. (2.41)

Analogue to the one-dimensional models, the boundary conditions for
the model equations (2.35), (2.39), (2.40) and (2.41) are

h(x = 0, t) = u(x = 0, t) = ℓ(x = 0, t) = 1, (2.42a)
u(x = 1, t) = Dr. (2.42b)

In the uniaxial limit, the model equations reduce to the fiber model,
Eqs. (2.13), (2.14) and (2.18), with 1/Ca∗ = 0, as the cross-section area
is given by a = 2hℓ. In the planar limit, the infinite width film model,
Eqs. (2.27), (2.28) and (2.29), is reobtained, as the film width remains
constant according to Eq. (2.41) and consequently can be canceled in
the remaining equations.

2.4 Instability detection methods

2.4.1 Linear stability analysis

The model equations derived in 2.2 and 2.3 are coupled nonlinear
partial differential equations, and there are several ways to analyze the
dynamics of such systems. One possibility would be a direct numerical
solution, which is mostly done with finite element methods. While
there exists a multitude of algorithms for such a procedure and
sufficient computational power nowadays, other analysis methods may
still be the better choice, depending on the desired information. In
the scope of this work, the focus lies primarily on the detection of the
critical draw ratio, i.e., the onset of the draw resonance instability.
A full numerical analysis would therefore need transient solutions
of the equations for various values of the draw ratio, followed by a
post-processing analysis to decide at which draw ratio the instability
sets in (see also Fig. 1.2). As this procedure is time-consuming and of
rather low accuracy, a linear stability analysis is a better choice here.
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Good introductions into the general topic of linear stability can be
found in the textbooks of Strogatz (2000), Manneville (2010) and many
others. Therefore, only a short overview with direct application to
draw resonance on the basis of the one-dimensional film casting
model in the absence of inertia and gravity (see 2.2.2) will be given
here.
The general idea is to separate the unknowns, i.e., u(x, t), h(x, t) and
ν(x, t) in this case, into a time-independent steady part, denoted by
subscript ‘s’, and a time-dependent perturbation part. The steady part
corresponds to the solution of the ordinary differential equations,
which are gained if all derivatives with respect to time are neglected.
The time-dependent part is expanded into complex eigenfunctions
associated to complex eigenvalues ω, i.e.,

h(x, t) = hs(x)

[
1 +

∞∑
i=0

(
Hi(x)e

ωit +H∗
i (x)e

ω∗
i t
)]

, (2.43a)

u(x, t) = us(x)

[
1 +

∞∑
i=0

(
Ui(x)e

ωit + U∗
i (x)e

ω∗
i t
)]

, (2.43b)

ν(x, t) = νs(x)

[
1 +

∞∑
i=0

(
Ni(x)e

ωit +N∗
i (x)e

ω∗
i t
)]

. (2.43c)

Hi, Ui and Ni are the complex eigenfunctions or perturbations and
the asterisk denotes the complex conjugate. The crucial step now,
after plugging the ansatz (2.43) into the model equations, is to limit
the perturbations to small amplitudes, i.e., |Ui|, |Hi|, |Ni| ≪ 1, and
to linearize the equations. Due to the linearization, the complex
conjugated part in Eqs. (2.43) can be calculated separately. Moreover,
as each perturbation mode forms a separate system of equations, the
index is dropped from now on for the sake of simplicity, i.e.,

h(x, t) = hs(x)
(
1 +H(x)eωt

)
, (2.44a)

u(x, t) = us(x)
(
1 + U(x)eωt

)
, (2.44b)

ν(x, t) = νs(x)
(
1 +N(x)eωt

)
, (2.44c)
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together with the note that there is an infinite number of eigenvalues
and associated eigenfunctions.
As the velocity at both inlet and outlet and the thickness at the inlet are
fixed, the corresponding perturbations need to vanish accordingly, i.e.,

U(0) = H(0) = 0, (2.45a)
U(1) = 0. (2.45b)

In absence of gravity and inertia, i.e., Re = Re/Fr = 0, the steady state
solutions of Eqs. (2.27), (2.28) and (2.29) can be easily calculated to

hs(x) = Dr−x, (2.46a)
us(x) = Drx, (2.46b)
νs(x) = 4 log(Dr)Drx. (2.46c)

In particular, the relation hsus = 1 is a direct consequence of the con-
tinuity equation (2.27) and boundary condition (2.30a). The linearized
perturbation equations are given as

H ′ + U ′ = −ωhsH, (2.47a)
H ′ +N ′ = 0, (2.47b)

νsN − 4 (u′
sU + usU

′) = 0, (2.47c)

where the prime denotes the derivative with respect to x.
For the simple, purely viscous case here, an analytical solution of the
perturbation equations can be found (see Appendix B). In general,
such an eigenvalue problem needs to be solved numerically following
one of two common methods. The first consists of a discretization of
the system, which makes it possible to write the former continuous
differential equations in a discrete form,

A · z = ωB · z, (2.48)

where z is a 3(J + 1)-dimensional vector containing the discretized
spatial perturbations, with J being the order of discretization, and A
and B are both 3(J + 1) × 3(J + 1) matrices, which are specified
by the perturbation equations and the boundary conditions. The
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2. Newtonian models

eigenvalues and eigenvectors of such a system can be solved with
the help of well-established numerical methods. The accuracy and
robustness of the solution, however, depends strongly on the way the
system was discretized. In this thesis Chebyshev collocation will
be used, following Hagen and Langwallner (2006), as this method
appears to converge already for J ≥ 100. In general, A and B
depend on the steady state solutions. As in most cases the steady
state equations cannot be solved analytically, a numerical shooting
method is applied here to first determine the steady state. The entire
procedure is explained in more detail in Appendix C.
Figure 2.3 shows the eigenvalues of Eqs. (2.47) in the complex plane
for draw ratios of 16 and 22. The real and imaginary parts are labeled
by subscripts ‘R’ and ‘I ’, respectively. The complex eigenvalues appear
always in conjugated pairs. For stable process conditions (Dr = 16),
all eigenvalues have negative real parts. If the draw ratio becomes
larger than a critical value Drc, e.g., Dr = 22, at least one pair of
complex eigenvalues has a positive real part and the system becomes
unstable, as it can be seen from Eqs. (2.44) that the real part of the
eigenvalues determines whether an initial perturbation increases or
decreases with time. An instability occurring if a pair of complex
eigenvalues crosses the imaginary axis is called a Hopf bifurcation.
With increasing draw ratio Dr ≥ Drc, the amplitude of the oscillations
increases continuously from zero (see chapter 5 and Yun et al., 2008;
Burghelea et al., 2012) and therefore draw resonance is a supercritical
Hopf bifurcation.13 The critical draw ratio Drc is the value of draw ratio
at which the largest real part of the eigenvalues is exactly zero and
corresponds therefore to the neutral mode, which is neither amplified
nor damped.
The second method to solve the eigenvalue equations consists in
solving the boundary value problem with ω as a free parameter. In
this case, a further boundary condition is needed. As the eigenvalue

13 The information about the growing behavior of the oscillation amplitude cannot be
gained by linear stability analysis. In fact, a subcritical instability, which sets in with
a finite amplitude unequal to zero, cannot be determined by means of linear stability.
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Figure 2.3.: Eigenvalue spectrum of the linearized equations of the purely vis-
cous, infinite width film casting model for draw ratios of 16 and 22. For stable
conditions, all eigenvalues have real parts smaller than zero. The instability sets
in if at least one pair of complex eigenvalues (circled) crosses the imaginary axis
such that the real part becomes positive.

equations are homogeneous, the amplitude of the perturbations can
be scaled arbitrarily. In most cases throughout this thesis, the
perturbation of the force defined by hν is fixed at the outlet to 0.1, i.e.,

H(1) +N(1) = 0.1, (2.49)

as the force oscillations and the relative phase to other oscillation
modes appears to be crucial for investigating the physical mechanism
underlying draw resonance (see also 2.4.2), and fixing the force
amplitude at the outlet may simplify the analysis. Nevertheless, this
is an arbitrary choice and does not affect the dynamics in any way.
Computing the eigenvalue spectrum implies to find the values of ω
for which the solutions fulfill the boundary conditions (2.45) and
(2.49), which is in general a challenging task. However, as described
above, it is not the complete eigenvalue spectrum that is needed to
determine the stability, but merely the eigenvalue pair with largest
real part. This fact can be exploited by numerical continuation.
The basic assumption of this method is that all solutions lie on a
continuous branch in the parameter space. Then it is possible to
track the solutions, i.e., the steady states and the perturbations, by
continuous variation of the control parameters, provided one set of
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Figure 2.4.: Steady states and perturbations at criticality for the viscous film
casting model. The real part of the complex perturbations is plotted in black
and the imaginary part in gray.

solutions is known for a particular parameter combination and can be
used as a starting point. A good choice for such a starting point is the
analytical solution of the purely viscous linear stability problem (2.47),
as presented by Schultz and Davis (1984) and Renardy (2006) and
recapitulated in Appendix B, but also numerical solutions could be
used, provided that the accuracy is high enough.
In general, starting from the initially known solution, the draw ratio
is varied as primary continuation parameter together with ωR and
ωI as secondary continuation parameters, until ωR becomes zero,
which defines the critical point. The value of ωI then indicates the
oscillation frequency at criticality.14 In the case of the purely viscous
one-dimensional fiber or film model, the critical draw ratio has the
well-known value of Drc = 20.218 and ωI = 14.011 (Pearson and
Matovich, 1969; Gelder, 1971; Yeow, 1974). The steady states and
complex perturbations are plotted in Fig. 2.4. Afterwards, possible

14 At criticality, the instability oscillation is perfectly sinusoidal as there is only one single
unstable mode.
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additional control parameters induced by more complex models can
be varied by keeping ωR = 0 and instead using the control parameter
as third continuation parameter. Such a three-parameter numerical
continuation can be performed very efficiently with the software

-07 , as shown by Scheid et al. (2009a,b). Written in Fortran,
-07 is basically controlled with the help of a code file containing

the system of differential equations together with the boundary
conditions and the initial conditions of the starting solution, and a
configuration file, within which the continuation method is specified
further, e.g., by setting the size of one continuation step or the level of
accuracy. As the computed critical parameter sets are obtained by an
iterative approximation to a continuous curve instead of a pointwise
calculation based on a fixed mesh, the neutral stability curves, i.e.,
the curves corresponding to critical conditions, are visualized by
continuous lines.
Despite the high efficiency and flexibility of -07 , this method
fails if another perturbation mode than the originally tracked one
becomes the most unstable during the continuation process. In this
case, the full eigenvalue spectrum will be calculated using the
discretization method and the critical parameter set is determined by
a stepwise variation of the draw ratio, until the largest real part of the
eigenvalues becomes zero. This procedure becomes necessary in parts
of 3.4.
Linear stability analysis is a powerful tool for determining the critical
draw ratio with respect to other control parameters, but it is only
valid in the vicinity of the phase transition. For further information,
e.g., the oscillation amplitude evolution, other methods like weakly
nonlinear analysis or full numerical solution need to be applied. It
should be noted that ansatz (2.43) neglects perturbations in the film
width direction in the case of film casting processes. One reason for
this is that it is the goal to keep the analysis as simple as possible, and
accounting for transversal perturbation waves would introduce a
further parameter, the wave number. In particular cases it has been
shown that the critical draw ratio becomes minimal if the wave
number is zero (Yeow, 1974; Ahmed and Khayat, 2012), therefore
the most unstable scenario is already covered with ansatz (2.43).
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Nevertheless, this may not be true in general (e.g., Aird and Yeow,
1983), as it depends on the particular model assumptions.

2.4.2 Physical mechanism and alternative stability
criteria

While linear stability analysis is a suitable method to determine
the onset of draw resonance, it is basically a purely mathematical
tool without an underlying physical model and does not yield any
information about the physical mechanism causing the instability.15
By analyzing the full numerical solution of a purely viscous fiber
spinning model at criticality and above and at different axial positions,
Kim et al. (1996) proposed a draw resonance mechanism and a stability
criterion, which are both based on the traveling times of various
instability waves.16 This approach will be shortly reviewed here on the
basis of the purely viscous one-dimensional film model, which is up to
the Trouton ratio17 mathematically equivalent to the fiber model.
The dimensionless force f corresponding to the normal stress
difference can be calculated with the help of Eq. (2.28) as

f =

∫ h/2

−h/2

dy ν = 4h∂xu. (2.50)

The momentum equation (2.29) for Re → 0 and Re/Fr → 0 shows
that f does not change along the x-axis, which means in particular
that the force acting at the outlet is identical to the force acting at
the inlet. Assuming that this force is fluctuating at the outlet leads

15 Nevertheless, analyzing the steady state and perturbation solutions can help to reveal
such mechanisms.

16 In particular, they refined the approach of Hyun (1978a), which itself was not universally
accepted (Denn, 1980b; Hyun, 1980).

17 The constant Trouton ratio can be canceled in the momentum equation.
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instantaneously to a change of the thickness and the velocity close to
the inlet, as Eqs. (2.27) and (2.50) can be transformed to

(∂xh)
in = −f

4
, (2.51)

where the superscript indicates the position at the inlet and where it
was used that thickness and velocity are equal to unity at the inlet.
Equation (2.51) shows that a temporal maximum of the pulling force
leads to a minimum of the thickness directly after the inlet. This
minimum thickness then travels towards the outlet. Shortly before it
reaches the outlet, the flow perturbations lead to a minimum pulling
force, as the numerical investigations of Kim et al. (1996) reveal.18 The
time lag between the thickness and the force oscillations at the outlet
is denoted by ∆th. The temporal minimum of the force then leads,
following Eq. (2.51), to a maximum thickness close to the inlet, which
also travels towards the outlet and causing a temporal maximum of
the force, closing one cycle of draw resonance.
Using the force fluctuations as basis of the instability mechanism also
explains the findings of Schultz and Davis (1984), who investigated the
influence of different boundary conditions at the outlet. Instead of
fixing the outlet speed, they formulated a mixed boundary condition,
which can be continuously tuned between fixed outlet speed and fixed
outlet force. Their results show that the critical draw ratio increases if
the boundary condition is shifted towards fixed outlet force and finally
becomes infinite in the case of a completely fixed force, meaning an
unconditionally stable system.1920

18 The more intuitive picture, that a minimum thickness leads to a minimum force, as the
force is the area integral over the tension, may help imagination, but is technically incor-
rect. As also stated by Kim et al. (1996), Eq. (2.50) shows that f and h cannot be in phase
unless ∂xu has also the same phase.

19 Renardy (2006) extended the study on different boundary conditions of fiber spinning
and showed that a prescribed outlet fiber diameter leads to unconditionally unstable dy-
namics.

20 The term “unconditionally stable” is to be understood in terms of infinitesimal perturba-
tions and does not make any statements on the finite amplitude stability.
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The feedback mechanism described above can only occur if the
oscillation period of draw resonance T and the traveling times of
the perturbation waves, e.g., the maximum-thickness wave or the
unity-throughput wave defined by j = uh = 1, with throughput j,
fulfill the following criterion,

(tL)1 + (tL)2 + T/2 ≤ (θL)1 + (θL)2, (2.52)

where (θL)1 and (θL)2 are the traveling times of the maximum- and
minimum-thickness waves and (tL)1 and (tL)2 are the corresponding
traveling times of a unity-throughput wave. As the oscillation is
sinusoidal at Dr = Drc, (tL)1 = (tL)2 and (θL)1 = (θL)2 in this case,
and Eq. (2.52) can be reduced to

2tL + T/2 = 2θL , if Dr = Drc. (2.53)

This criterion will be referred to as Kim’s criterion in the rest of this
thesis. It had been verified for a one-dimensional, nonisothermal
film casting model (Scheid et al., 2009a) as well as for a film casting
model including gravity and inertia forces (Ahmed and Khayat, 2012),
increasing the plausibility of the previously described feedback
mechanism underlying the criterion.
Based on observations of the numerical solutions, but without
substantial physical arguments, Jung et al. (1999) derived an approxi-
mation of (2.53) involving the fluid residence time τL =

∫ 1

0
dx
u , which

reads

2tL +∆th ≤ τL, (2.54)

in the case of unstable processing conditions, the equality holding for
Dr = Drc. This approximative criterion will be referred to as Jung’s
criterion in the rest of this thesis and it could be validated in the case
of isothermal fiber spinning of Newtonian and Maxwell fluids, but
failed under nonisothermal conditions, as presented by Scheid et al.
(2009a). In the latter case, an additional time shift needed to be added
on the right-hand side of Eq. (2.54).
In the following section 2.5, the principle of the feedback mechanism
will be used to understand the influence of the various effects on
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the critical draw ratio. Moreover, criteria (2.53) and (2.54) will be
tested for applicability in the scope of the extended models. For this
purpose, the relevant quantities were calculated as follows. The
fluid residence time τL is obtained by numerical integration of the
steady state. The formula for the unity-throughput wave traveling
time is derived in Appendix E.1. The traveling times of maximum-
and minimum-thickness waves, θL, are determined by tracking an
extremal point of a perturbation wave along the x-axis, followed by
calculating the difference between the time values at inlet and outlet.
The time shift ∆th is equal to the complex angle of H(1), as the
perturbation of the force is always real at the outlet according to
boundary condition (2.49).

2.5 Influence of additional effects on draw
resonance

The purpose of this section is to highlight the influences of gravity,
inertia, neck-in and surface tension on the critical draw ratio. Each of
these effects will be treated separately in order to isolate the dynamics.
Besides the correlations between the critical draw ratio and the
particular control parameters, the focus lies here on the physical
mechanism underlying the change in stability behavior. Moreover, the
alternative stability criteria of Kim and Jung, Eqs. (2.53) and (2.54),
respectively, will be tested for applicability. Simplified versions of the
film model derived in 2.2.2 will be used to study the influence of
inertia and gravity. A transformation to the corresponding slender
fiber model can be gained simply by replacing the thickness h with the
cross-section a and the constant Trouton ratio of 4 by 3. The latter can
be achieved as well by multiplication of Re or, respectively, Re/Fr with
3/4, which can be directly seen in the momentum equations.
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2.5.1 Influence of gravity

The viscous–gravity model for infinite width films is governed by the
continuity equation (2.27), the constitutive equation (2.28) and the
momentum equation (2.29) without the inertial term, i.e.,

∂th+ ∂x (hu) = 0, (2.55a)
ν − 4∂xu = 0, (2.55b)

∂x (hν) +
Re

Fr
h = 0. (2.55c)

The steady state equations can be written as

h′
s = −hsνs

4us
, (2.56a)

u′
s =

νs
4
, (2.56b)

ν′s =
ν2s
4us

− Re

Fr
, (2.56c)

and the linearized perturbation equations resulting from ansatz (2.44)
read

H ′ = −
(

ω

us
H + U ′

)
, (2.57a)

U ′ =
νs
4us

(N − U) , (2.57b)

N ′ = −H ′ +
Re

Fr

N

νs
. (2.57c)

As depicted by Fig. 2.5(a), increasing Re/Fr and thus the effect of
gravity increases the critical draw ratio and therefore has a purely
stabilizing effect. The critical draw ratio starts to increase moderately
at Re/Fr = O(10) and then grows approximately exponentially above
Re/Fr = O

(
102
)
. The qualitative trend of this curve has already been

shown by Shah and Pearson (1972b) and was corrected quantitatively
by Chang et al. (1981), but in both cases only up to Re/Fr = 400, while
Cao et al. (2005) and German et al. (2006) have analyzed the stability
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Figure 2.5.: Visualization of the stabilizing influence of gravity. The left plot
shows the neutral stability curves as calculated with numerical continuation
(lines) and the results of Chang et al. (1981) (points). The parameter space be-
low the critical draw ratio corresponds to stable processing conditions, and the
space above to unstable ones. The right plot shows an empirical fit to this data.
Only few points are shown here for the sake of readability. The fit residual |δ|
is always below 4%. The errors of the fitting parameters B and C are negligible
and R2

adj = 1.0.

up to Re/Fr ≈ 25. Here, the larger range was chosen as it will be
shown in chapter 4 that Re/Fr > 400 is generally possible in practical
applications and to increase the information about the correlation
between Drc and Re/Fr, also in a mathematical sense. The data
presented by Chang et al. (1981) is shown in Fig. 2.5(a) as well and is in
good agreement with the present results.
It is possible to fit the critical draw ratio with an empirical expression,

Drc = 20.218

[
1 +

(
B
Re

Fr

)C
]
, (2.58)

with free parameters B, determined as 0.01, and C, determined as
0.955, as visualized by Fig. 2.5(b). Equation (2.58) is chosen such that
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Figure 2.6.: Steady states and perturbations at criticality for the viscous–gravity
film casting model. The solid lines correspond to Re/Fr = 102 and the dashed
lines to Re/Fr = 104. The real part of the complex perturbations is plotted in
black and the imaginary part in gray.

the numerically known critical draw ratio of the purely viscous model,
Drc = 20.218, is reached when Re/Fr approaches zero. The value of
R2

adj = 1.0 and the maximum relative deviation |δ| of 4% indicate the
high accuracy of the fit (see also appendix D.2). Examples of the
steady states and perturbations at criticality for Re/Fr = 102 and 104

are shown by Fig. 2.6.
Figure 2.7 shows the perturbation of the force F = f

fs
− 1 at criticality

along the x-axis for two values of Re/Fr. The impact of gravity leads
to a damping effect of the oscillation amplitude close to the inlet.
On the basis of the draw resonance mechanism explained in 2.4.2,
this can be directly correlated to the increase of the critical draw
ratio: An initial perturbation of the force at the outlet has a reduced
impact at the inlet with increasing effect of gravity, which hinders
the feedback mechanism of draw resonance. As can be seen in Fig.
2.7(c), the ratio of the oscillation amplitude at the inlet to the outlet
monotonically decreases with Re/Fr. The gradient, however, increases
slightly for large values of Re/Fr, while the stability curve in Fig. 2.5(a)
increases almost linearly with Re/Fr. This indicates that the effect of
the damped force oscillation cannot be correlated in a simple way to
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Figure 2.7.: Perturbation of the force F = f/fs − 1 at criticality along the x-
axis for the viscous–gravity model at various time values within a half period for
Re/Fr = 102 (a) and 104 (b). The thick line corresponds to t = 0, the dashed
line to t = T/2 and the dashed-dotted lines in between to increasing time along
the arrow, with incremental step size of T/16. The bottom plot (c) shows the
evolution of the ratio of the force perturbation amplitudes at inlet to outlet.

the critical draw ratio. Moreover, it is possible that further effects
influence the propagation of the perturbation waves in a manner
which cannot be seen in the ratio of the amplitudes at inlet to outlet.
One possibility for such an effect could be the variation of the phase of
the perturbation oscillation along x, as visible in Figs. 2.7(a,b), where
the varying phase leads to a crossover of the constant-time lines.
In general, the stabilizing effect of gravity may not be surprising if
the perturbation of the force is taken as the basis of the instability
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Figure 2.8.: Check of Kim’s and Jung’s criteria for the viscous–gravity model at
criticality. The time is scaled by the oscillation period T . Only few markers are
shown for tL +T/4 and 2tL +∆th for the sake of readability. Reproduced with
permission from Bechert et al. (2016) and AIP Publishing.

mechanism, as gravity itself constitutes a constant force along the
x-axis, which is unaffected by perturbations within the fluid and
therefore reduces the relative amount of the force perturbations. In
order to check the validity of Kim’s stability criterion (2.53) and Jung’s
approximative criterion (2.54), Fig. 2.8 depicts the corresponding
quantities of the inequalities, calculated at criticality. It can be seen
that the equality holds in both cases on the entire domain of Re/Fr,
proving the validity of both criteria for the viscous–gravity model.

2.5.2 Influence of inertia

The model equations of the viscous–inertia model for infinite width
films are similar to the ones of the viscous–gravity model. While
(2.55a) and (2.55b) remain identical, the gravity term in (2.55c) is
replaced by the inertial term, yielding

∂x (hν)−Reh (∂tu+ u∂xu) = 0. (2.59)

This changes the steady state equation (2.56c) to

ν′s =
νs
4

(
νs
us

+Reus

)
, (2.60)
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and the perturbation equation (2.57c) to

N ′ = −H ′ +Re
us

4

(
1 +

4ω

νs

)
U. (2.61)

Figure 2.9(a) shows the dependencies of the critical draw ratio and the
oscillation frequency at criticality on the Reynolds number. Similar
to gravity, inertia has a purely stabilizing effect. The critical draw
ratio starts to increase slowly at Re = O

(
10−2

)
. Above Re = 0.1,

the stabilizing effect increases strongly and the curve diverges at
Reus = 0.414. As a consequence, the system becomes unconditionally
stable if Re > Reus, i.e., no draw resonance occurs, independent
of the value of Dr. The presence of this region of unconditional
stability was additionally checked by an eigenvalue analysis, which
is described in detail in Appendix E.2. Also shown by Fig. 2.9(a)
are data points extracted from the stability curve presented by
Hagen and Langwallner (2006), which coincide perfectly with the
calculated curve here. While several authors (Shah and Pearson, 1972b;
Chang et al., 1981; Hagen and Langwallner, 2006) have presented
stability curves similar to the one shown by Fig. 2.9(a), the region of
unconditional stability was identified for the first time within the
scope of this thesis (Bechert et al., 2015).
As shown by Fig. 2.9(b), the stability curve can be fitted with the
following empirical correlation,

Drc = 20.218

[
1 +

(
BRe

Reus −Re

)C
]
, (2.62)

with free parameters B, determined as 0.703, Reus, determined as
0.414 and C, determined as 0.924. Due to the diverging character
of the stability curve, the fitting is done by Deming regression, a
method which considers deviations in both variables, Re and Drc, and
which is explained in Appendix D.2. Besides the determination of
the threshold point Reus, Eq. (2.62) provides a practical tool for the
determination of the critical draw ratio in dependence of the Reynolds
number without performing any stability analysis. The accuracy of
this approximative method is high, with both errors, |δ| and |ξ|, being
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Figure 2.9.: Visualization of the stabilizing influence of inertia. The left plot
shows the neutral stability curves as calculated with numerical continuation
(lines) and the results of Hagen and Langwallner (2006) (points). The param-
eter space below the critical draw ratio corresponds to stable processing condi-
tions, and the space above to unstable ones. For Re > Reus, draw resonance is
completely suppressed. The right plot shows an empirical fit to the data using
Deming regression (see Appendix D.2). Only few points are shown here for the
sake of readability. The fit error |ξ| and the fit residual |δ| are always below 1%.
The errors of the fitting parameters B, Reus and C are negligible.

below 1% for the entire range of Re. Examples of the steady states and
perturbations at criticality for Re = 0.1 and 0.4 are shown by Fig. 2.10.
The phenomenon of unconditional stability can be understood on
the basis of the steady state behavior, as it was presented in a
separate paper (Bechert et al., 2016). The steady state expressions
can be derived as follows. Equation (2.55a) together with boundary
conditions (2.30) directly yield hsus = 1. This makes it possible to
combine Eqs. (2.55b) and (2.59) to

Reus − 4
u′
s

us
= −c, (2.63)
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Figure 2.10.: Steady states and perturbations at criticality for the viscous–
inertia film casting model. The solid lines correspond to Re = 0.1 and the
dashed lines to Re = 0.4. The real part of the complex perturbations is plotted
in black and the imaginary part in gray.

with c = c(Dr,Re) being a constant which needs to be determined nu-
merically such that condition (2.30b) is fulfilled. With the help of par-
tial fraction decomposition, Eq. (2.63) can be integrated to

us(x) =
c

(c+Re)e−cx/4 −Re
. (2.64)

The steady force profile can then be calculated to

fs(x) = hsu
′
s =

c(c+Re)

4
(
c+Re

(
1− ecx/4

)) . (2.65)

Figure 2.11 depicts the steady velocity and force profiles for a critical
draw ratio of 103 and two Reynolds numbers, 0.01 and 0.1. It can be
seen that with increasing inertia effect, the velocity becomes smaller
for the entire range of x and shows a sharp increase close to the outlet
to fulfill the boundary condition. This can be related to the force profile,
which is, in contrast to the purely viscous case, not constant for arbitrary
values of Re, but increases along x. As the increase is located close to
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Figure 2.11.: Steady state profiles of the velocity (a) and the force (b) for Dr =
103 and Re = 0.01, 0.1. The constant force approximation which leads to the
effective draw ratio Dreff is shown for Re = 0.1. Reproduced with permission
from Bechert et al. (2016) and AIP Publishing.

the outlet, the force profile remains more or less constant over a large
part of the x-domain and can be roughly approximated by

fs(x) ≈ fs(0) =
c+Re

4
. (2.66)

This constant force approximation is visualized by Fig. 2.11(b) for Re =
0.1. As a consequence, the velocity profile becomes in this approxima-
tion

us = e
c+Re

4 x, (2.67)

and the profile corresponding to Re = 0.1 is shown by Fig. 2.11(a).
Using Eq. (2.67), it is possible to derive an effective draw ratio
Dreff = Dreff(Dr,Re) = e(c+Re)/4, which corresponds to the draw
ratio as seen by the fluid along the major part of the x-axis. An
approximated critical draw ratio is now defined as the draw ratio for
which the corresponding effective draw ratio is equal to 20.218, i.e.,
the critical draw ratio of the viscous model, which has a constant force
along the x-axis. This approximative critical draw ratio is calculated by
stepwisely increasing the draw ratio and simultaneously calculating
the effective draw ratio, until it exceeds the value of 20.218. This
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Figure 2.12.: Flow chart of the algorithm used to determine the approximative
stability curve of the viscous–inertia model shown by Fig. 2.13. Reproduced
with permission from Bechert et al. (2016) and AIP Publishing.

procedure is repeated for several Reynolds numbers and stops if the
approximated critical draw ratio is above 104. As can be seen in Fig.
2.11(a), the effective draw ratio is always equal or below the real draw
ratio, therefore it is safe to start with Dr = 20.218 for all Reynolds
numbers. The algorithm is sketched in Fig. 2.12.
The approximated stability curve is plotted in Fig. 2.13. In comparison
with the curve resulting from linear stability analysis, the stability is
underestimated, i.e., a higher value of Re is needed to increase the
critical draw ratio. Nevertheless, this discrepancy is rather small and
the qualitative behavior is similar. This shows that the reason for the
diverging stability curve and thus the unconditional stability region
lies within the damping effect of inertia, which prevents an equal
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Figure 2.13.: Approximative stability curve for the viscous–inertia model ob-
tained with the algorithm depicted by Fig. 2.12 and comparison with the exact
numerical solution. Besides an underestimation of the stabilizing influence of
inertia, the essential diverging behavior is identical. Reproduced with permis-
sion from Bechert et al. (2016) and AIP Publishing.

distribution of the acceleration along the x-axis. As a consequence,
the fluid dynamics are governed by a smaller, effective draw ratio
along the major part of the x-domain. If inertia is strong enough,
this effective draw ratio is always below the critical value of a purely
viscous (i.e., constant force) model.
As noted above, the approximation underestimates the stabilizing
effect of inertia. The effective draw ratio, however, can also rather be
seen as a lower bound, as the value at x = 0 is taken for the constant
force approximation. Consequently, the mechanism explained above
using the steady state profiles can be seen as the main cause for the
unconditional stability behavior, but it is not the only stabilizing
mechanism induced by inertia. Similar to gravity, inertia reduces the
amplitude of the force oscillations towards the inlet, as shown by
Fig. 2.14, and this hinders the feedback mechanism causing draw
resonance. Figure 2.14(c) shows that the ratio of force oscillation
amplitudes at inlet to outlet decreases with Re, but does not diverge
at Reus. Therefore the damping of the oscillation is considered as
stabilizing, but not leading to unconditional stability. Note that even
close to Reus, the phase of the force oscillations does not vary much
along x.
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Figure 2.14.: Perturbation of the force F = f/fs − 1 along the x-axis for the
viscous–inertiamodel at various time valueswithin a half period forRe = 0.1 (a)
and 0.4 (b). The thick line corresponds to t = 0, the dashed line to t = T/2
and the dashed-dotted lines in between to increasing time along the arrow, with
incremental step size of T/16. The bottom plot (c) shows the evolution of the
ratio of the force perturbation amplitudes at inlet to outlet. The gray region
indicates unconditional stability.

Figure 2.15 shows the various traveling times and phases utilized by
Kim’s and Jung’s stability criteria. While Fig. 2.15(a) displays perfect
coincidence between the left-hand side and the right-hand side of
(2.53) at criticality, indicating the validity of Kim’s criterion in the
presence of inertia for all relevant Reynolds numbers, Fig. 2.15(b)
shows an increasing mismatch with increasing Re. Consequently,
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Figure 2.15.: Check of Kim’s and Jung’s criteria for the viscous–inertia model at
criticality. The time is scaled by the oscillation period T . Only few markers are
shown for tL +T/4 and 2tL +∆th for the sake of readability. Reproduced with
permission from Bechert et al. (2016) and AIP Publishing.

Jung’s criterion (2.54) needs to be modified by an additional phase δRe,
i.e.,

2tL +∆th + δRe ≤ τL, (2.68)

which depends onRe and cannot be derived straightforwardly, as Jung’s
criterion is not based on a fundamental physical mechanism. Therefore
it can be stated that in the presence of inertia, Jung’s criterion is not
applicable anymore.

2.5.3 Influence of neck-in in film casting

The finite width film model presented in 2.3 is used to investigate
the influence of neck-in on the film casting stability. As the focus
lies primarily on neck-in, both Re and Re/Fr are set to zero here,
yielding the viscous–neck-in model. The additional variable ℓ leads to
four steady state and four perturbation equations. The boundary
conditions (2.45) are extended by

L(0) = 0, (2.69)
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and condition (2.49) is modified to

H(1) + L(1) +N(1) = 0.1, (2.70)

as the corresponding force is given by hℓν. The steady state equations
are

ℓ′s =
3us −

√
9u2

s + 2A2ℓ2sν
2
s

2A2ℓsνs
, (2.71a)

u′
s =

νs
6

(
2−A2ℓ′2s

)
, (2.71b)

h′
s = −hs

(
ℓ′s
ℓs

+
u′
s

us

)
, (2.71c)

ν′s = νs
u′
s

us
. (2.71d)

Due to the occurrence of ℓ′2s in Eqs. (2.39) and (2.41), there exist in
general two solutions for ℓ′s. The second was discarded, however,
as it is assumed that ℓs is not monotonically growing along x. The
perturbation equations can be written as

L′ = c1U + c2L+ c3N, (2.72a)

U ′ =
u′
s

us
(N − U)− νs

3us
A2ℓ′s (ℓ

′
sL+ ℓsL

′) , (2.72b)

H ′ = −
[
ω

us
(H + L) + U ′ + L′

]
, (2.72c)

N ′ = −(H ′ + L′), (2.72d)

where the following substitutions have been made for the sake of read-
ability,

c1 =
3usℓ

′
s

ℓs(2A2νsℓsℓ′s − 3us)
, (2.73a)

c2 = 3
ℓs
(
ω + νs

6

)
+ ℓ′s

(
us −A2νsℓsℓ

′
s

)
ℓs(2A2νsℓsℓ′s − 3us)

, (2.73b)
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c3 =
νs(1− 2A2ℓ′2s )

4A2νsℓsℓ′s − 6us
. (2.73c)

Figure 2.16(a) depicts the influence of the aspect ratio on the critical
draw ratio Drc and the oscillation frequency at criticality ωI . The
critical draw ratio curve is consistent with the part presented by Silagy
et al. (1996) and the curve shown by Scheid et al. (2009b). A stability
maximum is reached at A = 0.66, where Drc = 35.1. For A ≪ 1 and
A ≫ 1, i.e., the uniaxial and planar limits (see 2.3), Drc is identical to
20.218, the value corresponding to the one-dimensional viscous fiber
and film models. The Trouton ratio at steady state and criticality21 Trc,
as shown by Fig. 2.16(b), increases monotonically from 3 to 4 with
increasing aspect ratio. For 3 < Tr < 4, both uniaxial and planar
deformations superimpose, and the Trouton ratio can be used as a
measure for the type of deformation. In general, the Trouton ratio also
depends on x and decreases monotonically from inlet to outlet. As
explained below, this is crucial for the stabilizing effect to occur. Close
to the outlet, Trc increases steeper with increasing aspect ratio as
compared to the inlet. This can be explained by the neck-in effect, as
the reduction of width along x leads to a decreasing ratio of film width
to casting length, which increases the amount of uniaxial deformation
and consequently lowers the value of the Trouton ratio.
The amount of neck-in can be quantified by the neck-in parameter ζ,
defined as

ζ = 1− ℓ|x=1, (2.74)

which is bounded between 0 and 1. Figure 2.16(c) plots the neck-in
parameter at criticality over the domain of aspect ratios, together
with typical streamline plots at three distinct regimes of defor-
mation. In the planar limit, no neck-in occurs and ζ = 0. With
decreasing aspect ratio, ζc increases, until it reaches a plateau value

21 As the time-dependent perturbations of Tr appear to be very small and will not be dis-
cussed throughout this thesis, Trc always denotes the steady state value.
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Figure 2.16.: (a) Neutral stability curves for the viscous–neck-in model. The
solid line indicates the critical draw ratio Drc and the dashed line the dimen-
sionless frequency at criticality ωI . (b) Dependence of the steady state Trouton
ratio at criticality on the aspect ratio for various positions on the x-axis. The
transition from the inlet to the outlet for a fixed aspect ratio appears to bemono-
tonic. (c) Dependence of the neck-in parameter at criticality on the aspect ratio
together with typical streamline plots forA = 0.01, 2 and 94. Adapted with per-
mission from Bechert et al. (2016) and AIP Publishing.
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Figure 2.17.: Steady states and perturbations at criticality andDrc = 26 for the
viscous–neck-in film casting model. The solid lines correspond to A = 0.328
and the dashed lines to A = 2.018. The real part of the complex perturbations
is plotted in black and the imaginary part in gray.

of 1 − Dr
−1/2
c ≈ 0.777 in the uniaxial limit, where Trc = 3. As

mentioned in 2.3, the neck-in model reduces to the one-dimensional
fiber and film models if the Trouton ratio becomes 3 or, respectively,
4. Consequently, it can be inferred from Fig. 2.16(b) that neck-in
influences the stability only for 0.1 < A < 10, as Trc deviates from the
constant value by less than 1% for A outside this range.
Figure 2.17 depicts the steady states and perturbations at A = 0.328
and 2.018, where Drc = 26. The steady state velocity and the perturba-
tions of velocity and normal stress difference coincide in both cases
and the steady state normal stress difference is merely shifted by a
factor, which can be explained by the different Trouton ratios. While
the smaller aspect ratio is closer to the uniaxial regime, the larger
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Figure 2.18.:Ratio of the critical steady state Trouton ratio at outlet to inlet over
the domain of aspect ratios. Close to the stability maximum at A = 0.66, this
ratio becomes minimal atA = 0.58. Reproduced with permission from Bechert
et al. (2016) and AIP Publishing.

value approaches already the planar regime. This can be seen in the
similar trends of the steady states and perturbations of thickness
and width for A = 0.328, whereas the change of ℓs along x and the
absolute value of L are clearly less pronounced for A = 2.018.
In contrast to inertia, gravity and surface tension, the influence of
neck-in on the critical draw ratio cannot be further analyzed and
explained by examination of the force perturbations along the x-axis,
as Eq. (2.40) directly leads to a force independent of x and thus the
ratio of force perturbations at inlet to outlet is always equal to unity.
Instead, Eq. (2.51) needs to be modified to account for the finite width.
From continuity equation (2.35) the following relation can be derived,

(∂x (hℓ))
in
= −Trout

Trin
(hℓ∂xu)

out
, (2.75)

with superscripts indicating the positions at inlet and outlet. Similar
to Eq. (2.51), Eq. (2.75) relates the variation of the cross-section at the
inlet (left-hand side) to changes in the flow variables at the outlet
(right-hand side). The ratio of Trouton ratios at outlet to inlet tunes
hereby the magnitude of a perturbation at the inlet, which is induced
by a perturbation at the outlet. In other words, for Trout/Trin < 1,
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Figure 2.19.: Check of modified Kim’s and Jung’s criteria for the viscous–neck-
in model at criticality. The time is scaled by the oscillation period T . Only
few markers are shown for tL + T/4 and 2tL +∆thℓ for the sake of readability.
Reproduced with permission from Bechert et al. (2016) and AIP Publishing.

the system is expected to be more stable than the one-dimensional
viscous model, while it should be less stable if the ratio is larger than
unity. This hypothesis is affirmed by Fig. 2.18, where the ratio of
Trouton ratios has a minimum value at A = 0.58, which is very close
to the stability maximum at A = 0.66. This reveals that the main
reason for the stabilizing effect of neck-in lies within the difference of
Trouton ratios along the x-axis, especially at inlet and outlet, as a
constant force then leads to different amplitudes in the perturbation
of the flow variables. As already mentioned, the time-dependent
perturbation part of the Trouton ratio is negligible small. The small
mismatch between the two extrema in Fig. 2.18 could be explained by
further unknown, minor stabilizing mechanisms which have most
effect at slightly different aspect ratios. Nevertheless, the analysis of
the steady state Trouton ratios reveals that most of the stabilizing
effect accompanying neck-in is based on the steady state behavior, and
not on time-dependent effects.
The differences in the model equations of the finite width model
as compared to the infinite width model necessitate an extension
or modification of Kim’s and Jung’s stability criteria. Following the
derivation presented by Kim et al. (1996), it can be deduced that the
maximum or minimum thickness perturbation wave traveling time
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θL appearing in Kim’s criterion (2.53) needs to be replaced by the
traveling time of a maximum or minimum cross-section area wave,
which belongs to the perturbation H + L. This time is still denoted by
θL for the sake of simplicity. Analogue to this, the time shift ∆th
appearing in Jung’s criterion (2.54) is replaced by ∆thℓ, the phase
difference between the force and the cross-section area perturbations
at the outlet. Figure 2.19(a) shows the validity of the modified version
of Kim’s criterion at criticality over the whole domain of aspect ratios.
The modified version of Jung’s criterion, however, exhibits a mismatch
in the region of aspect ratios where neck-in influences the stability,
and an additional phase δa needs to be added, similar to Eq. (2.68) for
the viscous–inertia model.

2.5.4 Influence of surface tension in fiber spinning

For studying the influence of surface tension on the critical draw ratio,
the viscous–surface-tension model for fibers is used, which is obtained
by setting Re and Re/Fr to zero in Eq. (2.18), which has to be closed by
Eqs. (2.13) and (2.14). The steady state equations are

a′s = −asνs
3us

, (2.76a)

ν′s =
νs
3us

(
νs +

1

2Ca∗
√
as

)
, (2.76b)

u′
s =

νs
3
, (2.76c)

and the perturbation equations can be written as

A′ = −
(

ω

us
A+ U ′

)
, (2.77a)

N ′ = −A′ − 1

2Ca∗
√
as

[
1

6us
(A+ 2N) +

A′

νs

]
, (2.77b)

U ′ =
νs
3us

(N − U) . (2.77c)
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Figure 2.20.:Visualization of the destabilizing influence of surface tension. The
left plot shows the neutral stability curves as calculated with numerical continu-
ation (lines) and the results of Chang et al. (1981) (points). The parameter space
below the critical draw ratio corresponds to stable processing conditions, and
the space above to unstable ones. The right plot shows an empirical fit to this
data. Only few points are shown here for the sake of readability. The fit residual
|δ| is always below 1% and R2

adj = 1.0.

The neutral stability behavior is visualized by Fig. 2.20(a). Surface
tension clearly has a purely destabilizing effect on draw resonance.
In particular, for 1/Ca∗ > 10 the destabilization is so strong that
the critical draw ratio is almost identical to unity, which means that
no stable acceleration of the fiber is possible at all. Similar curves
have been presented by Shah and Pearson (1972b) and Chang et al.
(1981), the latter also depicted in the plot. The moderate coincidence
between these results and the present curve, as well as the apparent
non-monotonous stability behavior, are most likely caused by the
rather low quality of the original plot as presented by Chang et al.
(1981). As depicted by Fig. 2.20(b) it is possible to fit the critical draw
ratio with high accuracy using the following empirical expression,

Drc = (20.218− E)e−
D

Ca∗ + E, (2.78)
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Figure 2.21.: Steady states and perturbations at criticality for the viscous–
surface-tension fiber spinning model. The solid lines correspond to 1/Ca∗ = 5
and the dashed lines to 1/Ca∗ = 10. The real part of the complex perturbations
is plotted in black and the imaginary part in gray.

with free parameters D, determined as 0.220 ± 0.000, and E, deter-
mined as 0.447 ± 0.002. Using this correlation, a critical capillary
number for which Drc = 1 can be calculated as 1/Ca∗c = 16.26. Above
this value, the system becomes unconditionally unstable, as no draw
ratio equal or above unity exists, for which stable spinning is possible.
The presence of this region was verified by eigenvalue spectrum
calculations, which is presented in Appendix E.3. Examples of the
steady states and perturbations at criticality for 1/Ca∗ = 5 and 10 are
shown by Fig. 2.21.
In order to investigate the destabilizing effect further, Figs. 2.22(a,b)
show the time evolution of the force perturbations for 1/Ca∗ = 5 and
10. In contrast to the previously discussed effects of gravity and inertia,
surface tension leads to an increase of the oscillation amplitude
towards the inlet. Figure 2.22(c) visualizes the ratio of the amplitudes
at inlet to outlet. While the ratio increases with increasing 1/Ca∗ for
1/Ca∗ < 9, it reaches a maximum in the vicinity of the inflection point
of the neutral stability curves shown by Fig. 2.20(a) and decreases
for larger values, which seems to contradict the interpretation of
the feedback mechanism. However, as can be seen in Fig. 2.22(b),
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Figure 2.22.: Perturbation of the force F = f/fs − 1 along the x-axis for the
viscous–surface-tension fiber model at various time values within a half period
for 1/Ca∗ = 5 (a) and 10 (b). The thick line corresponds to t = 0, the dashed
line to t = T/2 and the dashed-dotted lines in between to increasing time along
the arrow, with incremental step size of T/16. The bottom plot (c) shows the
evolution of the ratio of the force perturbation amplitudes at inlet to outlet.

the phase of the force oscillations varies strongly along x, which
most likely has an additional influence on the propagation of the
perturbation waves along x.
The destabilizing influence of surface tension can also be investigated
on the basis of the Plateau–Rayleigh instability mechanism. The most
unstable mode of the Plateau–Rayleigh instability is approximately
given by 9.01R (Charru, 2011), which is definitely smaller than the
spinning length L. In general, the radially acting surface tension force
enforces perturbations in the fiber. This effect is more pronounced at
the inlet, where the capillary pressure is minimal (see Eq. (2.15)), as
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Figure 2.23.: Check of Kim’s and Jung’s criteria for the viscous–surface-tension
fiber model at criticality. The time is scaled by the oscillation period T . Only
few markers are shown for tL + T/4 and 2tL +∆ta for the sake of readability.

compared to the outlet, where the capillary pressure is maximal due to
the small fiber radius. This mechanism is therefore consistent with the
force perturbation amplitude ratio shown by Fig. 2.22(c).
The alternative stability criteria of Kim and Jung are checked with the
plots of Fig. 2.23. Instead of maximum- and minimum-thickness
waves, the corresponding cross-section area waves are considered and
∆ta is used instead of ∆th. Similar to the previously analyzed effects,
Kim’s criterion is also valid in the presence of surface tension effects,
as Fig. 2.23(a) shows perfect coincidence of both sides of Eq. (2.53)
at criticality. Figure 2.23(b), however, reveals a mismatch of both
sides of Jung’s criterion (2.54) and an additional phase δCa∗ , also
depicted by Fig. 2.23(b), needs to be added, analogue to the modified
criterion (2.68) of the viscous–inertia model. It can be seen, that the
phase difference ∆ta reaches almost T/2 for large values of 1/Ca∗, i.e.,
the cross-section perturbations and the force perturbations are almost
in opposite phases. The phase variation shown by Fig. 2.22(b) also
indicates a strong dependence of the phase on x. It is supposed that
the approximation used to obtain Jung’s criterion is not valid anymore
in the case of such strong phase variations.
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2.6 Conclusions

Due to the simple form of the constitutive equation, the first studies
on draw resonance utilized exclusively Newtonian models, and many
stability results are already available in literature. Nevertheless, the
comprehensive and unified derivation of fiber spinning and film
casting models following an expansion in the fiber or, respectively,
film parameter and including inertia, gravity and surface tension
effects, as presented in the beginning of this chapter, has not been
available yet to the best of the author’s knowledge.
Most draw resonance investigations employ either a shooting method
or a calculation of the full eigenvalue spectrum in order to determine
the critical draw ratio. Applying a numerical continuation of the most
unstable mode, as it is done in this chapter and in most parts of this
thesis, following the approach of Scheid et al. (2009a,b), is an efficient
and fast alternative and yields entire neutral stability curves instead of
single values of the critical draw ratio. The results, however, need to
be handled with care and should be double-checked by sporadic
eigenvalue spectrum calculations, as it is generally possible that
another perturbation mode than the tracked one becomes the most
unstable with varying control parameters.
Inertia, gravity and neck-in effects all stabilize the process, while
surface tension has a destabilizing influence. These general state-
ments were already revealed in former studies, but mostly using a
smaller control parameter space compared to the present work. As a
consequence, regions of unconditional stability caused by inertia and
unconditional instability caused by surface tension have not been
clearly identified before. Additionally, in most cases presented here it
was possible to postulate novel, simple empirical stability criteria
which enable a quick and highly accurate estimation of the critical
draw ratio.
Following the draw resonance mechanism proposed by Kim et al.
(1996), it is possible to explain most changes of the critical draw ratio
by an analysis of the axial force perturbation, especially of the ratio of
amplitudes at inlet to outlet. For inertia and neck-in effects, steady
state studies revealed the dominating stability mechanism, and the
stability curve of the viscous–inertia model could be reproduced
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qualitatively by a rough approximative calculation. Kim’s stability
criterion (2.53) appeared to be valid in all cases, while Jung’s approxi-
mative criterion (2.54) turned out to be of very limited applicability, as
it covered merely the effect of gravity and needed additional, unknown
phases for covering inertia, neck-in and surface tension effects.
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3 Viscoelastic models

The focus of this chapter lies on the influence of viscoelasticity on
draw resonance. For this reason, the following analyses are restricted
to a one-dimensional infinite width film casting model and inertia
and gravity is neglected. In contrast to Newtonian fluids, there is no
unique constitutive equation for describing the correlation between
stress and deformation for viscoelastic materials. Therefore, the
chapter starts with an overview of common viscoelastic constitutive
equations. After a detailed literature review, viscoelastic film casting
models are derived for four different constitutive equations and the
different situation of the initial stress boundary condition as compared
to Newtonian fluids is discussed. Afterwards, a linear stability
analysis of all four models is presented, examining the influence of
the Deborah number on the critical draw ratio, followed by a direct
comparison and evaluation of the constitutive equations with respect
to their stability predictions. The last section covers studies on the
viscoelastic stability mechanism, including analyses of generalized
Newtonian fluids and the influences of strain hardening and thinning
effects.

3.1 Viscoelastic constitutive equations

This section shall give a short introduction to some well-established
viscoelastic constitutive equations, with particular focus on elonga-
tional deformation, as this is the dominant deformation type in fiber
spinning and film casting. The information provided here can be
found in several textbooks, e.g., the books of Larson (1988) and Dealy
and Larson (2006). The group of viscoelastic constitutive equations
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can be divided into integral and differential constitutive equations. The
former offer an explicit expression for the stress tensor, which is
basically given by an integral over the present and past deformations,
which are weighted by a time-dependent memory function. The
advantage of this type of constitutive equations is their intuitive,
explicit form, which allows a comprehensive physical interpretation
and, due to that, the possibility to construct realistic models without
additional free parameters. On the other hand, however, the integral
form increases the complexity of a model analysis significantly, while
differential equations are easier to handle both analytically and
numerically. For this reason, many models of viscoelastic material
processing employ differential constitutive equations. The benefit of
easier analysis, however, is mostly accompanied by the drawback of
additional auxiliary parameters, which cannot be calculated from
molecular theory, but need to be determined by additional material
characterization experiments. Within this thesis, only differential
constitutive equations will be studied.
The most simple viscoelastic constitutive equation is the upper-
convected Maxwell (UCM) model, which was already introduced in 1.2
and is given here again for the sake of completeness,

λ
∇
τ + τ = 2 η0 D, (3.1)

with extra stress tensor τ , rate-of-deformation tensor D and upper-
convected time derivative

∇
τ = ∂tτ + v ·∇τ − τ ·∇v − (∇v)T · τ . (3.2)

The index ‘0’ refers to the deformation rate dependence of the
viscosity, and η0 is equal to η appearing in the Newtonian constitutive
equation (1.3). The upper-convected time derivative extends the
material time derivative, Dt := ∂t + v · ∇, such that the coordinate
system follows the deformations of a material element as well. The
new parameter appearing in Eq. (3.1) is the relaxation time λ, which
is a measure for the time scale of elastic processes in the material.
Consequently, for deformation times t ≫ λ only viscous deformation
is present. The so-called steady viscosity, however, may still depend
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3.1. Viscoelastic constitutive equations

on the deformation rate and the relaxation time. In the viscous limit,
i.e., λ → 0, Eq. (3.1) reduces to the Newtonian constitutive equation.
The UCM model predicts a constant steady shear viscosity,

η =
τxy
γ̇

= η0, (3.3)

independent of the shear rate γ̇. In contrast to that, the steady
elongational viscosity µ = ν/∂xu in uniaxial and planar deformation
depends on the strain rate ∂xu and the constant Trouton ratio of a
Newtonian fluid is only reached in the viscous limit. The expressions
can be calculated from (3.1) by setting Dtτ = 0 to

µ = η0

(
2

1− 2λ∂xu
+

1

1 + λ∂xu

)
, (3.4)

for uniaxial, and to

µ = η0

(
2

1− 2λ∂xu
+

2

1 + 2λ∂xu

)
, (3.5)

for planar deformation. This already indicates that the model
equations for fiber spinning and film casting differ by more than just a
constant factor, like they do for Newtonian fluids. As a consequence,
the dynamics and the stability behavior in particular will be different
for both processes as well. In order to avoid confusion and to focus on
the viscoelastic properties, only the infinite width film casting model
will be analyzed in this chapter. However, the steps to derive and
analyze the fiber spinning model are equivalent and straightforward
and comparison with literature and own calculations suggest that
the differences in the stability results of both models are almost
exclusively of small, quantitative nature.
The planar elongational viscosity (3.5) is plotted in Fig. 3.1(a), scaled
by the Newtonian value. The UCM model predicts a strong strain
hardening effect and for ∂xu → 1/(2λ), the elongational viscosity
diverges. Even though this behavior does not fit to experimental
findings for polymer melts, the predictions of UCM process models are
often useful, as the steady viscosity and especially the divergence are
not always reached within the process time. An empirical way to
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improve the predictions of the UCM model is to substitute η0 and λ
in Eq. (3.1) by functions of the second invariant of the deformation
tensor. This extension is called the White–Metzner (WM) model. It
improves the predictions especially for shear deformations, but is not
able to prevent the dramatic strain hardening effect. Three prominent
extensions of the UCM model, who predict a finite elongational
viscosity, will be presented in the following.
The Larson model has the following form,

λ
∇
τ + ξ

2λ

3
D : τ

(
λ

η0
τ + I

)
+ τ = 2 η0 D, (3.6)

where the impact of the nonlinear term in the middle of the left-hand
side is tuned by ξ. On a molecular level, the Larson model accounts for
the fact that the polymer strands can quasi-instantaneously partially
or fully retract under macroscopic deformation. The amount of
retraction is given by ξ, which is bounded between 0 and 1. For ξ = 0,
no retraction takes place and Eq. (3.6) reduces to the UCM model with
purely affine deformation. For ξ = 1, the chains completely retract
under macroscopic deformation. The principle of retraction is also an
essential part of the tube model of Doi and Edwards (1986). In fact,
the Larson model represents a good differential approach to this
integral model and can be derived using approximative assumptions
(Larson, 1988). The model predicts shear thinning and, depending on
the nonlinear parameter ξ, pure strain thinning or additional strain
hardening in a particular range of strain rates, as shown by Fig. 3.1(b).
The constitutive equation of the Giesekus model reads

λ
∇
τ + α

λ

η0
τ 2 + τ = 2 η0 D, (3.7)

with nonlinear parameter α. The term in the middle of the left-hand
side arises from the following molecular picture. The polymer strands,
often modeled by dumbbells, create an anisotropic drag on a single
dumbbell due to their mean orientation. The direction of the drag is
assumed to be proportional to the anisotropy of the stress tensor,
which leads to Eq. (3.7). A value of α = 0 corresponds to isotropic
drag, recovering the UCM model. The anisotropy becomes maximum
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Figure 3.1.: Steady planar elongational viscosity predictions for four different
viscoelastic constitutive equations.

for α = 1, but mostly values of α < 0.5 are used (Alves, 2016). The
Giesekus model predicts shear thinning and, depending on α, strain
hardening or thinning behavior (see Fig. 3.1(c)). For large strain rates,
a second plateau value of the elongational viscosity is reached, i.e., no
strain hardening or thinning for large values of λ∂xu is predicted. The
Giesekus model is said to be well suitable for shear deformations, but
not the most appropriate for elongation (Larson, 1988).
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The model of Phan-Thien and Tanner (PTT) in its simplified form is
given by

λ
∇
τ + exp

(
ελ

η0
tr(τ )

)
τ = 2 η0 D, (3.8)

with nonlinear parameter ε and with tr(τ ) denoting the trace of the
extra stress tensor. The parameter ε can be seen as a measure for
the destruction rate of the polymer network strands. For ε > 0, the
excessive strain hardening of the UCM model disappears and the
planar elongational viscosity as depicted by Fig. 3.1(d) shows, similar
to the Larson model, strain thinning for large strain rates, and,
depending on the value of ε, strain hardening for moderate strain
rates.
The Larson, Giesekus and PTT models all extend the UCM model in a
nonlinear way. This means that the difference to the UCM model
becomes only visible for rather large deformations, outside of the
linear viscoelastic regime, and elongational rheology is typically
needed for the determination of the corresponding parameters α, ξ or
ε. As all three models use only one such nonlinear parameter, they
constitute a good compromise between a realistic, finite elongational
viscosity and a manageable number of variables for the purpose of a
rather qualitative oriented analysis.

3.2 Literature review

Non-Newtonian effects on draw resonance have been first analyzed by
using power-law constitutive equations for the elongational viscosity
(see also 3.5.2) (Pearson and Shah, 1974; Aird and Yeow, 1983; Van der
Hout, 2000). A power-law index larger than unity, i.e., pure strain
hardening, increases the critical draw ratio, while a power-law index
below unity decreases it as compared to the Newtonian value. In
two comprehensive papers, Fisher and Denn (1976, 1977) analyzed
the linear stability and the nonlinear dynamics of viscoelastic fiber
spinning using an isothermal WM model and a nonisothermal UCM
model. Both models predict a sharp increase of the critical draw ratio
with increasing relaxation time and reveal an unconditionally stable
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region for large relaxation times, as well as a second critical draw ratio
above which the process becomes stable again. The process parameter
space is reduced by an “unattainable” region, where no steady states
exist due to high elasticity. The linear stability results of the UCM
model will be reviewed as well in 3.4.1.
Up to now, various viscoelastic constitutive equations have been
studied in the scope of draw resonance, among them being models
of WM type (Gupta et al., 1996; Lee et al., 2001a), one-dimensional
(Silagy et al., 1996) and two-dimensional (Silagy et al., 1998; Kim et al.,
2005) UCM film casting models, PTT models for fiber spinning (Lee
et al., 2001a) as well as for one-dimensional (Lee et al., 2007) and
two-dimensional (Shin et al., 2007) film casting and a study of the
so-called eXtended Pom-Pom (XPP) model1 (van der Walt et al., 2012).
German and Khayat (2008) investigated the combined effect of inertia
and elasticity in film casting of a polymer solution by employing a PTT
constitutive model. In two associated papers, Iyengar and Co (1993,
1996) analyzed the steady state and linear stability of film casting of a
modified Giesekus fluid2. They discussed their results in correlation
with the steady shear and uniaxial elongational viscosities and their
dependence on the deformation rates and stated that a thinning
behavior leads to destabilization, while strain hardening may lead to
an increase of the critical draw ratio, provided that the relaxation time
and the strain rates are in the appropriate ranges.
Zavinska et al. (2008) (see also the thesis of Zavinska (2008)) also uti-
lized a modified version of the Giesekus model to predict the critical
draw ratio in film casting. Their results, however, are questionable as
they do not converge to the Newtonian limit for small relaxation times.
Smith and Stolle (2000b) used a material description of viscoelastic
film casting and a constitutive equation which is described as an

1 In contrast to the constitutive equations introduced in 3.1, the XPP model has two non-
linear parameters and is not used in this thesis due to the higher complexity induced by
that.
2 The modification introduces a further parameter accounting for a finite polymer chain
extensibility, which in turn leads to strain thinning at large strain rates.
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equivalent to the UCM model. In contrast to the strong stabilizing
effect for the UCM model, however, they report a destabilizing effect
of increasing relaxation time. Recently, Gupta and Chokshi (2015)
presented a weakly nonlinear stability analysis of fiber spinning
using the XPP model. Combined with linear stability results, they
found a second transition from supercritical to subcritical stability
behavior. Later (Gupta et al., 2016), they extended this study to cover
the influence of swelling after extrusion through the die. Most of
these studies reveal that purely strain thinning materials show a
destabilization with increasing elasticity and that strain hardening
may lead to a stability maximum. Only exceptions are the UCM and
WMmodels, as already mentioned above.
Viscoelastic studies following the kinematic wave approach (see 2.4.2)
have been done for power-law and UCM models (Hyun, 1978b), the
WM model (Jung and Hyun, 1999; Jung et al., 2000) and the PTT
model (Lee et al., 2001b; Lee and Hyun, 2001). Jung et al. (2000) found
that, in contrast to Newtonian fluids, a maximum or minimum force at
the outlet does not instantaneously cause a minimum or maximum
diameter at the inlet. Instead, the force is delayed behind the diameter
oscillations, and the time delay is stated to be of the order of the
Deborah number. This time delay is then said to disturb the draw
resonance feedback mechanism and therefore has a stabilizing
influence. This argument, however, is of rather superficial nature
and should be checked more carefully. In particular, a maximum or
minimum force cannot “cause” a minimum or maximum diameter,
if the force is delayed. Moreover, it is revealed that Kim’s stability
criterion (2.53) is unaffected by the additional time delay and remains
valid for the viscoelastic WM model used there.
Apart from draw resonance studies, there is a group of steady state
investigations accounting for the fact that viscoelastic materials
in general have not only a single, but a continuous spectrum of
relaxation time. The continuous spectrum, however, is in most cases
approximated by a discrete multimode spectrum. Exceptions are the
two papers of Fulchiron et al. (1995a,b), who use a postulated function
for the relaxation time spectrum and an integral constitutive equation
to investigate the influence of the spectrum width on the steady states
of fiber spinning. For both fiber spinning (Papanastasiou et al., 1987;
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Chen and Papanastosiou, 1987; Fulchiron et al., 1997; Mitsoulis and
Beaulne, 2000) and film casting (Alaie and Papanastasiou, 1991;
Beaulne and Mitsoulis, 1999), steady state solutions for integral
constitutive equations have been analyzed, accounting for a shear
pre-history in the die and/or a broad distribution of relaxation times.
Satoh et al. (2001) presented an analysis of a Larson model with a
discrete number of relaxation times. Christodoulou et al. (2000) and
Dhadwal et al. (2017) have analyzed the linear stability of film casting
of a multimode PTT model, which is up to now the only two works on
draw resonance and multimode viscoelastic fluids.
Despite the large amount of existing literature, there are still funda-
mental open questions. A comprehensive comparison of the at least
qualitative stability predictions of the various viscoelastic models
is still missing. Such an investigation would help a lot to select an
appropriate constitutive equation for future studies. In particular, it is
yet unclear whether a generalized Newtonian model, e.g., a power-law
equation, is sufficient to reproduce the essential stability behavior
of fiber spinning and film casting. Moreover, no well-grounded
mechanisms underlying the stabilizing and destabilizing influence of
non-Newtonian effects have been proposed yet. A general study on
various viscoelastic constitutive equations should help as well to carve
out the essential factors influencing draw resonance. The purpose of
this chapter is to shed light on these particular issues.

3.3 Viscoelastic filmmodels

3.3.1 Model equations

The derivation of the model equations for viscoelastic film casting
is similar to the one for Newtonian fluids presented in 2.2.2. Nev-
ertheless, due to the different form of the constitutive equations,
the procedure is not straightforward and will be presented in the
following. To the best of the author’s knowledge, this is the first time
that the film casting equations using UCM type models are derived in
a consistent way by expansion in the film parameter β = h0/L. First,
the equations corresponding to the UCM model will be deduced.
Afterwards, the additional terms of the Giesekus, Larson and PTT
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models will be handled. As already mentioned above, gravity, inertia
and finite width effects will be neglected within this chapter.
While the stress tensor for Newtonian fluids is given explicitly by the
constitutive equation, Eqs. (3.1) and (3.6-3.8) merely yield an implicit,
differential definition. Applying the scaling rules (2.22) makes it
possible to write the single components of Eq. (3.1) as

De
(
(∂tτxx + v∂yτxx + u∂xτxx)β

2

−2
(
β2∂xuτxx + ∂yuτ

∗
xy

))
+ β2τxx = 2β2∂xu,

(3.9a)

De (∂tτyy + v∂yτyy + u∂xτyy

−2
(
∂yvτyy + ∂xvτ

∗
xy

))
+ τyy = 2∂yv,

(3.9b)

De
(
∂tτ

∗
xy + v∂yτ

∗
xy + u∂xτ

∗
xy − ∂yvτ

∗
xy

−β2∂xvτxx − ∂xuτ
∗
xy − ∂yuτyy

)
+ τ∗xy = β2∂xv + ∂yu,

(3.9c)

with the Deborah number De, defined as

De = λ
u0

L
, (3.10)

as dimensionless control parameter and τ∗xy = βτxy. Analogue to 2.2.2,
the momentum equation and the stress boundary condition lead to
σ
∗(0)
xy = τ

∗(0)
xy = 0. The leading order of Eq. (3.9c) thus becomes

De ∂yu
(0)τ (0)yy = −∂yu

(0). (3.11)

Assuming that ∂yu(0) is non-zero would lead to

τ (0)yy = − 1

De
, (3.12)

which predicts a diverging transversal stress component in the
Newtonian limit, De → 0. As this is incorrect, the axial velocity
component must not vary along the thickness at leading order. The
derivation of the integrated continuity equation (2.27) is then
straightforward.
Following the steps in 2.2.2, σ(0)

xx is equal to the normal stress differ-
ence ν(0) = τ

(0)
xx − τ

(0)
yy , independent of the constitutive equation. In
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3.3. Viscoelastic film models

contrast to the Newtonian case, however, the normal stress difference
is not independent of y in general, and integrating the momentum
equation over the film thickness leads to

∂x

(
h ν(0)

)
= 0, (3.13)

with the depth-averaged normal stress difference

ν(0) =
1

h

∫ h/2

−h/2

dy ν(0) = τ (0)xx − τ (0)yy . (3.14)

Integrating the first non-vanishing order of Eqs. (3.9a) and (3.9b) over
the thickness, utilizing the continuity equation, finally yields

De
(
∂tν

(0) + u(0)∂xν
(0) + 2∂xu

(0)
(
ν(0) − 2τ (0)xx

))
+ν(0) = 4∂xu

(0),
(3.15a)

De
(
∂tτ

(0)
xx + u(0)∂xτ

(0)
xx − 2∂xu

(0)τ (0)xx

)
+τ (0)xx = 2∂xu

(0).
(3.15b)

As before, the superscripts “(0)” will be omitted from now on, as well
as the bars. The model equations (2.27), (3.13) and (3.15) have the
same mathematical form like the ones used in literature, e.g., by
Fisher and Denn (1976). Nevertheless it is important to note that the
membrane approximation, i.e., β ≪ 1, does not imply that the stress
tensor becomes independent of y, and that the extra stress tensor
components appearing in the model equations are averaged values.
This apparent subtlety becomes important especially for the nonlinear
extensions appearing in the Larson, Giesekus and PTT models, as
shown next.
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3. Viscoelastic models

The relevant components of the Larson constitutive equation become,
after scaling,

De

(
β2 (∂tτxx + v∂yτxx + u∂xτxx) − 2

(
β2∂xuτxx

+∂yuτ
∗
xy

)
+
2

3
ξ X (De τxx + 1)

)
+ β2τxx = 2β2∂xu,

(3.16a)

De

(
β2 (∂tτyy + v∂yτyy + u∂xτyy) − 2β2 (∂yvτyy

+∂xvτ
∗
xy

)
+
2

3
ξ X (De τyy + 1)

)
+ β2τxx = 2β2∂yv,

(3.16b)

De

(
β2
(
∂tτ

∗
xy + v∂yτ

∗
xy + u∂xτ

∗
xy

−∂yvτ
∗
xy − β2∂xvτxx − ∂xuτ

∗
xy

−∂yuτyy) +
2

3
ξ DeXτ∗xy

)
+ β2τ∗xy = β4∂xv + β2∂yu,

(3.16c)

with

X = β2∂xuτxx +
(
β2∂xv + ∂yu

)
τ∗xy + β2∂yvτyy. (3.17)

As τ
∗(0)
xy = 0, the first non-vanishing order of Eq. (3.16c) is identical

to Eq. (3.11) and therefore u(0) is still independent of y. The first non-
vanishing order of Eqs. (3.16a) and (3.16b) exhibit terms of quadratic
order of the stress components. In order to integrate over the thickness,
it is necessary to assume additionally that the y-dependence of τ (0)xx and
τ
(0)
yy is proportional to O(β), i.e.,

|τ (0)ii − τ
(0)
ii | = O(β), (3.18)

so that in particular

1

h

∫ h/2

−h/2

dy
(
τ
(0)
ii

)2
=
(
τ
(0)
ii

)2
, (3.19)
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3.3. Viscoelastic film models

for i ∈ {x, y}. The depth-averaged constitutive equations for the Larson
film casting model then read

De

(
∂tν

(0) + u(0)∂xν
(0) + 2∂xu

(0)
(
ν(0) − 2τ (0)xx

)
+
2

3
ξ De ∂xu

(0)
(
ν(0)

)2)
+ ν(0) = 4∂xu

(0).

(3.20a)

De

(
∂tτ

(0)
xx + u(0)∂xτ

(0)
xx − 2∂xu

(0)τ (0)xx

+
2

3
ξ ∂xu

(0)ν(0)
(
De τ (0)xx + 1

))
+ τ (0)xx = 2∂xu

(0).

(3.20b)

The Giesekus model (3.7) adds a quadratic stress term to the constitu-
tive equation of the UCM model. The scaled xy-component of this
term is αDe τ∗xy (τxx + τyy), which becomes zero at leading order and
therefore ∂yu = 0 for the Giesekus model as well. The only remaining
parts contributing to the first non-vanishing orders of the xx- and

yy-components are αDe
(
τ
(0)
xx

)2
and αDe

(
τ
(0)
yy

)2
, respectively. Using

again assumption (3.18), the averaged Giesekus constitutive equations
become

De
(
∂tν

(0) + u(0)∂xν
(0)

+
(
2∂xu

(0) − αν(0)
)(

ν(0) − 2τ (0)xx

))
+ ν(0) = 4∂xu

(0),
(3.21a)

De

(
∂tτ

(0)
xx + u(0)∂xτ

(0)
xx

−2∂xu
(0)τ (0)xx + α

(
τ (0)xx

)2)
+ τ (0)xx = 2∂xu

(0).

(3.21b)

Finally, the exponential factor introduced by the PTT model does not
affect the deduction of Eq. (3.11), and the axial velocity does not change
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3. Viscoelastic models

along the thickness for the PTT model as well. Assumption (3.18) also
implies that

1

h

∫ h/2

−h/2

dy eεDe(τ(0)
xx +τ(0)

yy )τ
(0)
ii = eεDe(τ(0)

xx+τ(0)
yy )τ

(0)
ii , (3.22)

and the depth-averaged constitutive equations for the PTT model can
be written as

De
(
∂tν

(0) + u(0)∂xν
(0) + 2∂xu

(0)
(
ν(0) − 2τ (0)xx

))
+eεDe(2τ(0)

xx−ν(0))ν(0) = 4∂xu
(0),

(3.23a)

De
(
∂tτ

(0)
xx + u(0)∂xτ

(0)
xx − 2∂xu

(0)τ (0)xx

)
+eεDe(2τ(0)

xx−ν(0))τ (0)xx = 2∂xu
(0).

(3.23b)

3.3.2 Initial stress boundary condition

A drawback of using differential constitutive equations instead of
integral ones is the necessity to specify an additional boundary
condition for the stress tensor components, as it is not possible to
reduce the unknowns to one single stress component. This boundary
condition is a priori unknown and not implicitly given by the process -
in fact it physically overspecifies the system, but is mathematically
needed. However, it cannot be chosen arbitrarily. Typically, the ratio
of the transversal stress τyy to the normal stress difference ν at the
inlet is prescribed. Almost all authors3 mentioned in 3.2 define this
ratio to be very small, following the argument that the transversal
stress vanishes due to complete relaxation at the point of largest
swelling, which is taken as the starting point for modeling. As pointed

3 One exception is the work of German and Khayat (2008), who compared three different
types of inlet stress boundary conditions.
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3.3. Viscoelastic film models

out by Papanastasiou et al. (1996), this assumption does not fit to the
Newtonian limit, where the transversal stress is proportional to ∂xu,
and thus cannot be correct for the entire range of relaxation times. To
overcome this problem, Papanastasiou et al. (1996) implemented a
so-called free stress boundary condition method for the steady fiber
spinning process. Using finite element methods, they refine the stress
inlet condition so that it is specified by the condition given implicitly
by the constitutive equation itself. For the UCM model they use for
demonstration, this method yields smooth solutions for the stress
tensor components, without any boundary effects close to the inlet.
Additionally, they showed that the calculated initial stress value can
be used as boundary condition for a common initial value approach,
which leads to identical solutions. This method was also partly used
by van der Walt et al. (2012) for their analysis of the XPP model, but
yielded useful values only for parts of the parameter space.
The method of numerical continuation, which is used within this
thesis to calculate the steady state and perturbation solutions, cannot
be changed straightforwardly to apply the free stress boundary
condition method described above. Nevertheless, as the continuation
starts at De = 0, it is inevitable to specify a stress boundary condition
which fulfills the Newtonian limit. Based on the data presented by
Papanastasiou et al. (1996) and the argument that the transversal
stress should be zero at the inlet for high elasticity, the following
empirical inlet stress boundary condition is used in this work,

τyy
ν

∣∣∣
x=0

= −1

2
exp

(
−2De0.7

)
. (3.24)

The exponential decay of τyy with increasing Deborah number is
a purely empirical assumption, but still reasonable due to the
arguments above. For De = 0, the Newtonian value of −1/2 is
obtained. The coefficient of 2 and the exponent of 0.7 are chosen for
reasons which will become clear in 3.5.1, as the boundary effect caused
by the inexactly chosen inlet stress condition is almost completely
suppressed in the effective elongational viscosity of the PTT model.
Further investigations revealed that the critical draw ratio may change
for different initial stress conditions. The qualitative shape of the
neutral stability curve, however, remains always the same and it is
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3. Viscoelastic models

therefore important for a comparison of the various models that the
same condition is used in all cases. Small deviations from existing
results in literature or from experimental data could be explained by
this phenomenon.

3.4 Linear stability analysis

In this section, the dependence of the critical draw ratio on the
Deborah number and possible nonlinear parameters as obtained by
linear stability analysis is presented and discussed for the previously
presented UCM, Larson, Giesekus and PTT film casting models. The
procedure is identical to the one described in 2.4.1, with the following
additional ansatz for the xx-component of the extra stress tensor,

τxx(x, t) = ts(x)
(
1 + T (x)eωt

)
, (3.25a)

|T | ≪ 1, (3.25b)

with steady state ts and complex perturbation T . The main purpose
of this section is to point out the main differences in the stability
predictions of the constitutive equations, as well as their suitability for
further modeling.

3.4.1 UCMmodel

The steady state equations of the UCM film casting model, i.e.,
Eqs. (2.27), (3.13) and (3.15), are given by

u′
s =

νs
4c

, (3.26a)

h′
s = −hsνs

4usc
, (3.26b)

ν′s =
ν2s
4usc

, (3.26c)

t′s =
1

Deus
(2u′

s (1 +De ts)− ts) , (3.26d)
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3.4. Linear stability analysis

Figure 3.2.: Neutral stability curves of the infinite width UCM film casting
model. The calculation of the critical draw ratio with -07 shows excellent
coincidence with the curve presented by Silagy et al. (1996). The shaded region
corresponds to parameter combinations for which no steady state solutions ex-
ist due to elastic effects, as shown by Denn et al. (1975). ForDe > Dec = 0.013,
no critical draw ratio exists, i.e., the system is unconditionally stable. The inset
visualizes the small stability minimum located atDe = 3.1 · 10−3.

with the additional auxiliary parameter

c = 1 +De

(
ts −

3

4
νs

)
. (3.27)

The perturbations are governed by the following equations,

U ′ =
νs

4usc2
[(1 +De (ts + ωc))N − cU +De (ωcH − tsT )] , (3.28a)
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Figure 3.3.: Steady states and perturbations at criticality for the infinite width
UCM film casting model atDe = 10−2. The solid lines correspond to the lower
branch of the neutral stability curve, where Drc = 21.58 and the dashed lines
to the upper branch, where Drc = 56.45. The real part of the complex pertur-
bations is plotted in black and the imaginary part in gray.

H ′ = −
(

ω

us
H + U ′

)
, (3.28b)

N ′ = −H ′, (3.28c)

T ′ =
1

Deusts

[
tsU + 2us(1 +De ts)U

′ −
(
ωDe ts +

νs
2c

)
T
]
. (3.28d)

The resulting neutral stability curves are shown by Fig. 3.2. The data
calculated with numerical continuation using -07 coincides
perfectly with the one presented by Silagy et al. (1996). As already
mentioned in 3.1, fiber spinning governed by uniaxial deformation
will result in a different stability curve due to the differences in the
constitutive equations. For this reason, the result of Fisher and Denn
(1976) has only qualitative similarities. Denn et al. (1975) revealed that
steady state solutions are only possible for draw ratios Dr ≤ 1 +De−1,
where the equality holds if the time within which a fluid particle flows
from inlet to outlet is approximately equal to the relaxation time. This
is a consequence of the strong stresses predicted by the UCM model
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3.4. Linear stability analysis

for large relaxation times and strain rates. The resulting “unattainable”
region is shaded gray in Fig. 3.2.
The UCM model predicts, apart from a practically negligible stability
minimum shown by the inset of Fig. 3.2, a purely stabilizing influence
of the Deborah number, i.e., increasing elastic fluid properties. At
a critical value Dec = 0.013, the stability curve shows a fold point
and as a result, a second critical draw ratio, above which the process
becomes stable again, appears for De < Dec. On the other hand, the
system becomes unconditionally stable for De > Dec. As noted by Co
(Hatzikiriakos and Migler, 2004), the second critical draw ratio has
never been observed experimentally. Moreover, it will be shown in the
next sections and chapter 5, that the extensive stabilizing influence of
elastic effects is neither predicted by other, more realistic viscoelastic
models, nor in qualitative coincidence with experimental data. For
these reasons, the UCM model will be utilized merely in the scope of
general, theoretical considerations or as limit case of the other models.
Steady states and perturbations at De = 10−2 for the lower and upper
branch of the stability curve are shown by Fig. 3.3.

3.4.2 Larson model

The steady state equations of the Larson model, i.e., Eqs. (2.27), (3.13)
and (3.20), are identical to Eqs. (3.26a-3.26c) of the UCM model, but
with c replaced by

c = 1 +De

(
ts −

3

4
νs

(
1 +

2

9
ξ De νs

))
, (3.29)

together with

t′s =
1

Deus

(
2u′

s (1 +De ts)

(
1− ξ

3
Deνs

)
− ts

)
. (3.30)
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3. Viscoelastic models

Perturbation equations (3.28b) and (3.28c) are valid for all infinite width
film casting models as long as inertia and gravity are neglected. The
remaining two equations for the Larson model can be written as

U ′ =
νs

4usc2

[(
1 +De

(
ts + ωc +

3

18
ξ De ν2s

))
N

− c U +De (ωc H − tsT )

]
,

(3.31a)

T ′ =
1

Deusts

[
tsU + 2us(1 +De ts)

(
1− ξ

3
Deνs

)
U ′

−
(
ωDe ts +

νs
2c

(
1− ξ

3
Deνs

))
T

−De

6c
ξ ν2s (1 +De ts)N

]
.

(3.31b)

The neutral stability curves as calculated with -07 are shown by
Fig. 3.4 for various values of ξ. While the UCM limit is reached for
ξ = 0, all other curves mostly show a destabilization with increasing
Deborah number. The curve corresponding to ξ = 0.1 additionally
reveals a small stability maximum atDe = 0.027. In general, increasing
ξ has a destabilizing effect for all Deborah numbers. For ξ equal to 0.5
and 1, the continuation process breaks at Deborah numbers between
0.01 and 0.1. The reason for this is that the outlet boundary condition
for the velocity perturbation, U(1) = 0, cannot be fulfilled in a smooth
way. This is illustrated by the inset of Fig. 3.4, which shows the real
and imaginary parts of U for ξ = 0.5 at the break point. At the outlet,
both parts show an almost discontinuous jump to zero. Several tests
revealed, that a variation of the inlet stress boundary condition (3.24)
may have an influence on this anomalous behavior and possibly even
prevent it. However, no realistic inlet stress condition leading to zero
transversal stress for large Deborah numbers could be found, which
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3.4. Linear stability analysis

Figure 3.4.: Neutral stability curves of the infinite width Larson film casting
model for various values of the nonlinear parameter ξ. For De > 0.1, the crit-
ical draw ratio decreases exponentially with De. For ξ equal to 0.5 and 1, the
numerical continuation breaks at rather small Deborah numbers, indicated by
black dots. The inset shows the real and imaginary parts of the velocity pertur-
bation, UR and UI , respectively, for ξ = 0.5 at the break point.

predicts smooth solutions for all parameter values.4 The steady state
solutions at the break point do not exhibit any discontinuous behavior.
Figure 3.5 depicts the steady states and perturbations at De = 10−2

and De = 1 for ξ = 0.1.

4 The boundary conditions mentioned by German and Khayat (2008) also did not lead to
a continuous perturbation solution.
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Figure 3.5.: Steady states and perturbations at criticality for the infinite width
Larson film casting model with ξ = 0.1. The solid lines correspond to De =
10−2 and the dashed lines toDe = 1. The real part of the complex perturbations
is plotted in black and the imaginary part in gray.

As the solutions seem to be very sensitive on the selection of the stress
boundary condition and as no condition could be found, which would
enable a comprehensive analysis for the entire parameter space, the
Larson model will not be used further in this thesis and is rather
not recommended for linear stability studies of draw resonance.
Nevertheless, one result is the clearly destabilizing influence of
fluid elasticity, which becomes stronger with increasing nonlinear
parameter ξ. For De > 0.1, the critical draw ratio for ξ = 0.1 and 0.3
can be well fitted by a shifted power law,

Drc|De>0.1 =
q

Dep
+Drc,∞, (3.32)

with free parameters p, q and Drc,∞. The plateau value for large
Deborah numbers, Drc,∞, is almost equal to unity. The critical
exponent p for ξ = 0.1 was determined as 0.79 and q = 1.89, while for
ξ = 0.3, p = 0.75 and q = 1.37, with R2

adj = 1.0 in both cases.
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3.4.3 Giesekus model

The steady state equations of the Giesekus model, i.e., Eqs. (2.27), (3.13)
and (3.21), are very similar to the UCM and Larsonmodel equations and
given by

u′
s =

νsc

4 c
, (3.33a)

h′
s = −hsνsc

4usc
, (3.33b)

ν′s =
ν2s c

4usc
, (3.33c)

t′s =
1

Deus
(2u′

s (1 +De ts)− ts (1 + αDe ts)) , (3.33d)

with the additional auxiliary parameter

c = 1 + αDe (2ts − νs) , (3.34)

and c as defined by Eq. (3.27). The perturbation equations for U and T
can be written as

U ′ =
νs

4usc2

[(
1 +De

(
ts + ωc

+2α

(
c ts − νs

(
1 +

De

4

(
ts −

3

2
νs

)))))
N

− c c U +De
(
ωcH − ts

(
1 + α

(
De

νs
2

− 2
))

T
)]

,

(3.35a)

T ′ =
1

Deusts

[
tsU (1 + αDe ts) + 2us(1 +De ts)U

′

−
(
De ts (ω + α ts) +

νsc

2c

)
T
]
,

(3.35b)

while Eqs. (3.28b) and (3.28c) are still valid. Figure 3.6 shows the
resulting neutral stability curves obtained by numerical continuation
with respect to De for various values of α. Analogue to the Larson
model, the stability behavior of the UCM model is recovered for α = 0.
For all other values of α, increasing the Deborah number has primarily
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Figure 3.6.: Neutral stability curves of the infinite width Giesekus film casting
model for various values of the nonlinear parameterα. ForDe > 0.1, the critical
draw ratio decreases exponentially withDe. For α = 0.9, the critical draw ratio
corresponding to the first draw resonance mode becomes larger than the one
corresponding to the second mode within a particular range of De, as shown
by the inset. For this reason, the curves are not correct for all values of De and
plotted in gray.

a destabilizing effect, but a stability maximum may appear for small
values of α, as visible here for α = 0.1, where the maximum is located
at De = 0.042. Increasing α has a destabilizing effect for most
values of De. Exceptions may occur for values of α close to unity,
e.g., the critical draw ratio for α = 0.9 is above the one for α = 0.6
for a particular range of De. However, the results for α = 0.9 may
be incorrect, as the first perturbation mode, i.e., the one with the
smallest imaginary part of the eigenvalue, does not appear to be the
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Figure 3.7.: Comparison of the Giesekus neutral stability curves for α = 0.9 as
calculated by numerical continuation and by eigenvalue spectrum analysis via
Chebyshev collocation. The number below the points indicates the number of
the leading perturbation mode and is omitted for the first mode. The spectra
at three different Deborah numbers are shown by insets.

most unstable for all Deborah numbers, which is visualized by the
inset of Fig. 3.6.
For this reason, the neutral stability curves as obtained by tracking
the first perturbation mode with -07 are compared with the
ones resulting from a full eigenvalue spectrum analysis. For several
values of De, the draw ratio is increased stepwise and the spectrum is
calculated as described in Appendix C, until the largest real part of the
eigenvalues becomes equal or above zero. The step size for Dr is set to
0.1, and the arithmetic mean value of the largest draw ratio with
purely negative eigenvalue real parts and the smallest draw ratio with
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Figure 3.8.: Comparison of the Giesekus neutral stability curves for α = 0.1
and 0.6 as calculated by numerical continuation and by eigenvalue spectrum
analysis via Chebyshev collocation. The first perturbation mode is the most
unstable one for the entire range ofDe in both cases.
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Figure 3.10.: Dependence of the fit parameters p and q of Eq. (3.32) on α.

at least one real part equal or above zero is taken as Drc, with an error
of ±0.05.
The results of both numerical methods are visualized by Fig. 3.7 for
α = 0.9. For most values of De, both methods coincide perfectly,
but within 0.04 < De < 0.1, the eigenvalue analysis leads to slightly
smaller critical draw ratios than the numerical continuation does.
The eigenvalue spectra shown by the insets of Fig. 3.7 reveal that
within this range, the imaginary part of the eigenvalues does not
decrease monotonically with increasing real part. As a consequence,
the second mode becomes the most unstable mode, which is indicated
as well by the label ‘2’ below the corresponding data points. The
variation of the critical draw ratio, however, remains small, and it can
be seen as well in the spectrum plot that the real parts of the first and
second mode are close together. The comparative analysis has been
performed for α = 0.1 to 0.9 with an increment step size of 0.1 and the
effect of leading mode switching was observed merely for α = 0.9.
Figure 3.8 shows exemplarily the high coincidence of both analysis
methods for α = 0.1 and 0.6. For this reason, the influence of higher
perturbation modes on the critical draw ratio can be considered as
small and negligible for the Giesekus model. The dominating
oscillation frequency, however, which is determined by the imaginary
part of the eigenvalue, changes noncontinuously if the leading mode
changes, which is shown as well by Fig. 3.7.
As the critical draw ratio curves in Fig. 3.6 have been proven to be
correct, with only a small error for α = 0.9, the intersection of
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3. Viscoelastic models

the curves for α = 0.6 and α = 0.9 is also correct, leading to a
nonmonotonous stability dependence on α for De = O

(
10−2

)
. It has

to be noted that, as already mentioned above, the selection of the
initial stress boundary condition (3.24) influences both the critical
draw ratio and the eigenvalue spectrum, which means that for other
boundary conditions, the effect of mode switching may be more
influencing than here.5 For α = 0.1, Fig. 3.9 visualizes steady states
and perturbations for De = 10−2 and 1.
Similar to the Larson model, the neutral stability curves shown by
Fig. 3.6 can be fitted with the shifted power law (3.32) for De > 0.1.
For α = 0.9, the data resulting from the eigenvalue spectrum analysis
was utilized. For all values of α, R2

adj lies above 0.98, indicating the
high quality of the fits. The plateau value Drc,∞ was found to be
constant for all values of α and determined as 5.60 ± 0.04. Figure 3.10
visualizes the correlation between α and the parameters p and q.
While the critical exponent p does not vary much for α < 0.4, with a
value of approximately 0.85, it increases linearly for larger values of α.
A possible linear fit is given in the plot. The dependence of q on α can
be approximated by a decaying exponential function, which itself is
given in the corresponding plot as well. Comparing these results with
the ones of the Larson model reveals that while the critical draw ratio
for large Deborah numbers is higher for the Giesekus model, the
parameters p and q are in the same range.

3.4.4 PTT model

Utilizing the PTT constitutive equation (3.23) together with Eqs. (2.27)
and (3.13) leads to the following steady state equations,

u′
s =

νs
4 c c

, (3.36a)

5 The nonmonotonous stability dependence on αmay also disappear or becomemore pro-
nounced for other initial stress boundary conditions.
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h′
s = − hsνs

4usc c
, (3.36b)

ν′s =
ν2s

4usc c
, (3.36c)

t′s =
1

Deus

(
2u′

s (1 +De ts)−
ts
c

)
, (3.36d)

with

c = eεDe(νs−2ts), (3.37)

and c as defined by Eq. (3.27). The equations for the perturbations U
and T are given by

U ′ =
νs

4usc2c
[(1−De (c (ενs − ωc )− ts))N

−cU +De (ω c c H − ts (1− 2 ε c)T )] ,
(3.38a)

T ′ =
1

Deustsc

[
tsU + εDe tsνsN + 2usc (1 +De ts)U

′

−
(
Deωtsc +

νs
2c

+ 2 εDe t2s

)
T
]
,

(3.38b)

and Eqs. (3.28b) and (3.28c) remain unchanged. The neutral stability
curves with respect to the Deborah number as calculated by numerical
continuation are depicted by Fig. 3.11. The qualitative predictions for
the critical draw ratio are comparable to the ones resulting from the
Larson and Giesekus models. While the UCM curve is obtained for
ε = 0, increasing the Deborah number has a mainly destabilizing
effect for other values of ε. For low values of ε a small stability
maximum appears, e.g., located at De = 0.271 for ε = 0.1. For
De > 0.1, the critical draw ratio decreases exponentially with De.
The first perturbation mode of the linear stability analysis is not
necessarily the most unstable one for all values of ε, as it was already
observed for the Giesekus model before. The inset of Fig. 3.11 shows
this behavior for ε = 1. The neutral stability curves with respect
to De have therefore been evaluated as well by using the previously
described eigenvalue spectrum analysis for values of ε from 0.1 to 1
with increment step size of 0.1. A comparison of both methods for
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Figure 3.11.:Neutral stability curves of the infinitewidth PTTfilm castingmodel
for various values of the nonlinear parameter ε. ForDe > 0.1, the critical draw
ratio decreases exponentially withDe. For ε equal to 0.5 and 1, the critical draw
ratio corresponding to the first draw resonance mode becomes larger than the
one corresponding to the secondmodewithin a particular range ofDe, as shown
by the inset for ε = 1. For this reason, the curves are not correct for all values
ofDe and plotted in gray.

ε = 1 is shown by Fig. 3.12. In contrast to the Giesekus model (see
Fig. 3.7), the stability curve obtained by numerical continuation clearly
differs from the one resulting from the eigenvalue spectrum analysis
for 0.02 < De < 1. The insets, which visualize the eigenvalue spectra
at three different Deborah numbers, reveal that for rather small values
of De, the first mode is definitely the most unstable, but for moderate
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Figure 3.12.: Comparison of the PTT stability curves for ε = 1 as calculated
by numerical continuation and by eigenvalue spectrum analysis via Chebyshev
collocation. The number below the points indicates the number of the lead-
ing perturbation mode and is omitted for the first mode. The spectra at three
different Deborah numbers are shown by insets.

values of De, higher perturbation modes6 have a larger real part than
the first mode and dominate the stability behavior. Consequently, the
dimensionless oscillation frequency at criticality ωI exhibits several
discontinuities. For De > 1, both analysis methods coincide again,
but the real parts of the first two perturbation modes are still close

6 Higher modes than the fifth have been observed as well to be the most unstable in some
cases.
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Figure 3.13.: Comparison of the PTT stability curves for ε = 0.1 and 0.5 as
calculated by numerical continuation and by eigenvalue spectrum analysis via
Chebyshev collocation. While for ε = 0.1 the first perturbation mode is the
most unstable one for the entire range ofDe, the secondmode partly dominates
the stability behavior for ε = 0.5, as indicated by the number below the dots.
This leads to a noncontinuous trend of the oscillation frequency ωI .

together. The phenomenon of perturbation mode switching was
observed for ε ≥ 0.5. For ε = 0.5, the error in the critical draw ratio of
the continuation method is still negligible, but distinct differences in
the oscillation frequency are present. Figure 3.13 shows exemplarily
the comparison of both analysis methods for ε = 0.1 and 0.5.
Figure 3.11 shows that the partly incorrect, gray plotted stability curves
for ε = 0.5 and 1 intersect. The eigenvalue spectrum analysis reveals,
however, that this intersection is caused by the switching of perturba-
tion modes. The correct stability curves do not intersect, which means
that increasing the nonlinear parameter ε has a purely destabilizing
effect for the entire range of Deborah numbers. Figure 3.14 depicts
steady states and perturbations at criticality for ε = 0.1 at De = 10−2

and 1.
The behavior of the stability curves for De > 0.1 was analyzed by
fitting with the power-law (3.32), analogue to the previous cases of
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Figure 3.14.: Steady states and perturbations at criticality for the infinite width
PTT film casting model with ε = 0.1. The solid lines correspond toDe = 10−2

and the dashed lines to De = 1. The real part of the complex perturbations is
plotted in black and the imaginary part in gray.
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Figure 3.15.: Dependence of the fit parameters p and q of Eq. (3.32) on ε.

the Larson and Giesekus models. The stability curves obtained by
the eigenvalue spectrum analysis were used in all cases and R2

adj is
always above 0.99. The plateau value for large Deborah numbers was
determined to be constant, with a value of Drc,∞ = 1.70 ± 0.02. This
value is smaller than the one obtained from the Giesekus model,
but close to the one resulting from the Larson model. A possible
reason for this is the different behavior of the predicted elongational
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viscosities for large values of De∂xu, as will be discussed in 3.5. The
dependence of the parameters p and q on the nonlinear parameter ε
are shown by Fig. 3.15. The critical exponent p decreases with
increasing ε, which can be fitted by a linear function as shown by
Fig. 3.15(a). Comparison with the results of the Giesekus model reveals
that while the critical exponent is comparable for small values of
the nonlinear parameters, it shows diverse trends for larger α and ε,
as the Giesekus model predicts an increase of p with increasing α.
Consequently, the stability curves of the Giesekus model decay more
steep if α is increased, while they decay less steep if ε is increased
in the case of the PTT model. Parameter q decreases linearly with
increasing ε for ε < 0.5 and is constant for larger values, with a value
close to 1.4. A linear fit for ε < 0.5 is shown by Fig. 3.15(b).

3.4.5 Comparison and evaluation of constitutive
equations

For the remaining stability analyses of viscoelastic fluids, one of the
previously studied constitutive equations needs to be chosen. Table 3.1
summarizes the main properties of the single stability predictions of
the UCM, Larson, Giesekus and PTT models, so that a comprehensive
evaluation becomes possible.
While the Larson, Giesekus and PTT models all yield similar qualita-
tive results in that way that elasticity, i.e., increasing the Deborah
number, has a mainly destabilizing effect, the UCM model leads to a
fundamentally different picture. The predicted strong stabilization
leads to both a second, higher critical draw ratio and to a complete
suppression of draw resonance for large values of De. As will be shown
in chapter 5, this behavior has never been observed experimentally
and the available data exhibit clearly the trend of the other three
viscoelastic models. Therefore, the UCM model can be identified as
inappropriate for draw resonance studies. The main reason for this, as
will become clear in 3.5, is the excessive strain hardening prediction
also shown by Fig. 3.1(a).
The Larson model, while yielding promising stability results for small
values of ξ, fails in fulfilling continuously the boundary condition
of the velocity perturbation for ξ > 0.3, which is possibly due to a
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Table 3.1.: Summary of the stability predictions of the various viscoelastic constitutive equations.

Constitutive
equation

Effect of elasticity
(increasingDe)

Behavior forDe > 0.1 Drc,∞ Remarks

UCM strongly stabilizing no draw resonance ∞ predicts second critical
draw ratio, i.e., second
unstable regime

Larson mainly destabilizing,
stability maximum for
ξ ≤ 0.1

Drc exp. decaying 1 boundary conditions
cannot be fulfilled for
ξ > 0.3

Giesekus mainly destabilizing,
stability maximum for
α ≤ 0.1

Drc exp. decaying 5.6 incr. αmainly
destabilizing,
num. continuation
correct only for
α ≤ 0.8

PTT mainly destabilizing,
stability maximum for
ε ≤ 0.1

Drc exp. decaying 1.7 incr. ε purely
destabilizing,
num. continuation
correct only for ε < 0.5
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3. Viscoelastic models

strong sensitivity on the choice of the (guessed) initial stress boundary
condition (see 3.3.2). Comparing the behavior of the Giesekus and the
PTT models reveals that the Giesekus model is very suitable for an
analysis using numerical continuation, as the first perturbation mode
is almost always the most unstable one, with the error in the critical
draw ratio introduced for α = 0.9 being small. However, it predicts a
significantly different plateau value Drc,∞ for large Deborah numbers
than the Larson and PTT models. The succeeding discussion of the
stability mechanism strongly suggests that this is caused by the second
plateau of the elongational viscosity (see Fig. 3.1(c)), in contrast to the
power-law behavior predicted by the Larson and PTT models.
For this reason the PTT model will be the model of choice within
this thesis. The drawback of incorrect results using numerical
continuation for ε ≥ 0.5 needs to be kept in mind, however. As the
studies presented within this thesis are of rather qualitative and
fundamental nature, this does not pose a big problem and the value
of ε can be chosen so that numerical continuation can be applied
without further restrictions. Nevertheless, the UCM and Giesekus
models will be useful for carving out the mechanism behind the
(de-)stabilizing influence of the Deborah number in the following
section.

3.5 Stability mechanism for viscoelastic
fluids

Despite the fact that the first studies on draw resonance employing
viscoelastic models have been done more than 40 years ago (Denn
et al., 1975; Fisher and Denn, 1976), it is remarkable that up to now, no
comprehensive information about the physical mechanism underlying
the influence of viscoelastic effects on the process stability is available.
The purpose of this section is to address this open question and to
provide an explanation for the previously observed, sometimes
non-monotonic dependence of the critical draw ratio on the Deborah
number.
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3.5. Stability mechanism for viscoelastic fluids

3.5.1 Effective elongational viscosity

Comparing the steady planar elongational viscosity predictions shown
by Fig. 3.1 with the corresponding stability curves, i.e., Figs. 3.2, 3.4, 3.6
and 3.11, may lead to the assumption that there is a link between
the non-Newtonian viscous behavior of the material and the critical
draw ratio. For instance, parameter combinations for which strain
hardening is predicted often lead to a stability maximum. However,
there are exceptions, e.g., the PTT model with ε = 0.3 predicts
strain hardening, but increasing the Deborah number has a purely
destabilizing effect.
One of the most extensive investigations on the connection between
viscosity and stability was presented by Iyengar and Co (1993, 1996),
who correlated both the shear and elongational viscosities to the
stability curves, but their approach suffers from some drawbacks.
While Iyengar and Co analyzed an infinite width film casting process,
they used the uniaxial elongational viscosity for the discussion of the
mechanism. Instead, the planar elongational viscosity, which is in
contrast to the Newtonian case not linked in a simple way to the
uniaxial one, should be used. Even more important, however, is the
fact that the viscosity does not depend on the deformation only, but is
in general a time-dependent quantity. The often discussed steady
trend reflects the material behavior after all relaxation processes are
completed. In a process like film casting or fiber spinning, this is
certainly not the case and the transient properties of the viscosity
need to be respected.
For all calculations presented within this thesis, it is assumed that
the material is completely relaxed at the inlet (x = 0).7 Following a
single fluid element traveling from the inlet to the outlet, it is
possible to define a corresponding viscosity at every point on the
x-axis, which depends on both the elapsed time and the present
and past deformation. In other words, the time-dependence of the

7 In practice, this point of largest swelling is located at some distance to the die, as the
material leaves the die with a certain deformation history due to the extrusion process.
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elongational viscosity is implicitly connected to the strain rate by the
process itself, namely by the fluid velocity profile. As a consequence, it
is possible to evaluate this effective elongational viscosity µeff, also
often referred to as apparent viscosity, by analyzing the steady state
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Figure 3.16.: Effective elongational viscosity curves for the UCM, PTT and
Giesekus models. In the case of the UCM model (a), the steady planar elonga-
tional viscosity is shown as well, together with an empirical fit to the effective
viscosity using Eq. (3.49). In the case of the PTT model (b), the data belonging
to ε = 0.3 is fitted with the Carreau–Yasuda function (3.45).
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Figure 3.16.: Effective elongational viscosity curves for the UCM, PTT and
Giesekus models. (cont’d)

solutions8 obtained via numerical continuation, and to examine the
strain rate dependence of this viscosity.
As the focus of this thesis lies on the stability of the system, in
particular on the critical parameters, the effective viscosity is evaluated
for various values of De along the neutral stability curve, i.e., for
Dr = Drc. For every value of De, and therefore for a particular value
of Dr, a certain range of strain rates and corresponding effective
viscosities is obtained. It turned out that those single parts of the
viscosity curve can be combined to one smooth mastercurve, if µeff is
plotted against Deu′

s. Further tests revealed that even for draw ratios
above or below criticality, the resulting effective viscosity curves lie on
this mastercurve. Figure 3.16 shows these mastercurves for the UCM,
PTT and Giesekus models.
In the case of the UCM model, the values of De belonging to the
fold point and the upper branch of the stability curve are marked

8 In particular the normal stress difference ν divided by the strain rate ∂xu at every point
x.
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correspondingly. In contrast to the steady9 viscosity curve, the effec-
tive viscosity shows a small minimum, similar to the small minimum
of the neutral stability curve. Moreover, this analysis reveals that while
the steady viscosity diverges at Deu′

s = 1/2, the effective viscosity
remains finite for all analyzed values of the stability curve. As a
consequence, the divergence cannot be correlated with the critical
Deborah number, beyond which draw resonance is completely
suppressed.
The plots for the PTT and Giesekus models show small deviations of
the single parts from the mastercurves, especially around De = 1.
These deviations always belong to data points corresponding to
x values close to the inlet. Modification of the initial stress boundary
condition (3.24) clearly influences the sign and magnitude of the
deviations, and it is strongly assumed that they are the result of the
imperfect guess of the initial values of the stress components (see
3.3.2). The numerical values appearing in Eq. (3.24) have been chosen
such that the deviations become minimal for the PTT model, as this
model was chosen as the main model for this thesis. For this reason,
the error is more pronounced in the case of the Giesekus model. Apart
from that, it is quite striking that, in contrast to the steady viscosity
curves, the effective viscosity shows a maximum if and only if the
corresponding stability curve has a maximum as well.
All these observations strongly suggest that the effective viscosity
could be the key for understanding the main stability mechanism of
viscoelastic fluids. This supposition will be investigated further in the
following. Prior to this, it is worth mentioning that the fact that there
exist effective viscosity mastercurves independent of the draw ratio
is far from trivial. In fact, no comprehensive explanation for this
phenomenon could be found yet and it will be left to future studies to
find a satisfying answer to this question.

9 The term “steady” may lead to some confusion here, as it is used in two different contexts.
The “steady viscosity” denotes the viscosity curve after all relaxation processes are com-
pleted. The “steady state solutions” are the time-independent state quantities, which are
used to compute the effective viscosity.
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3.5.2 Generalized Newtonian fluid models

The previous findings on the effective elongational viscosity suggest
the introduction of another group of non-Newtonian models, the
so-called generalized Newtonian fluid (GNF) models. A GNF model
uses the Newtonian constitutive equation (1.3), but with a viscosity
depending on the deformation rate. This makes it possible to cover
non-Newtonian effects caused by viscoelasticity without loosing the
simple, explicit form of the constitutive equation. The drawback,
however, is that these models are not capable of covering “true”
elasticity10, as the corresponding correlation between stress and
deformation is missing in the constitutive equation.
Instead of Eq. (1.3), GNF models directly involving the extensional
process variables will be used here, i.e.,

ν = µ (∂xu) ∂xu, (3.39)

with a yet arbitrary elongational viscosity function µ (∂xu). The film
model then consists of Eq. (3.39), continuity equation (2.27) and the
purely viscous momentum equation,

∂x (hν) = 0. (3.40)

Themain idea is to check the assumption that (non-Newtonian) viscous
effects are responsible for the viscoelastic stability behavior. If this is the
case, a GNFmodel on basis of the effective viscosity should be sufficient
to reproduce the essential stability results. Two prominent examples of
GNF models will be shortly introduced before in the following.

10 The term “true elasticity” is used here to distinguish from non-Newtonian viscous effects,
which are also induced by elasticity.
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The power-law model

The most simple GNF model is the so-called power-law model11. It has
the following form,

µ (∂xu) = µ ,0 (λ ∂xu)
n−1

, (3.41)

with power-law index n, a characteristic time λ and a specific viscosity
µ ,0, which is equal to µ if λ ∂xu = 1. The characteristic time is
primarily introduced to avoid problems with defining the dimensions
of µ ,0. Due to the form of Eq. (3.39), both parameters can be scaled
out12 in the momentum equation (3.40) and the only remaining control
parameter is the power-law index n.
The steady state equations for the power-lawmodel can then be written
as

u′
s =

(νs
4

)1/n
, (3.42a)

h′
s = −hs

us

(νs
4

)1/n
, (3.42b)

ν′s =
1

us

(
ν1+n
s

4

)1/n

, (3.42c)

and the perturbation equations are given by

U ′ =
(νs
4

)1/n 1

us

(
N

n
− U

)
, (3.43a)

H ′ = −
(
ω
H

us
+ U

)
, (3.43b)

N ′ = −H ′. (3.43c)

11 The draw resonance behavior of the power-law model was already investigated very early
(Pearson and Shah, 1974; Aird and Yeow, 1983) and this paragraph is mostly a review of
these results.

12 ν is then scaled by µ ,0λ
n−1 (u0

L

)n.
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Figure 3.17.: Influence of the power-law index n on the critical draw ratio and
the dimensionless oscillation frequency at criticality. The left plot shows the
neutral stability curves as calculated with numerical continuation (lines) and
the results of Pearson and Shah (1974) (points). The right plot shows an empir-
ical fit to the critical draw ratio. Only few points are shown here for the sake of
readability. The relative deviation to the numerical data |δ| is shown below and
R2

adj = 0.946.

The resulting neutral stability curves are shown by Fig. 3.17(a). The
critical draw ratio increases monotonically with increasing power-law
index and for n = 1, the Newtonian value is reobtained. The data
presented by Pearson and Shah (1974) is plotted as well and shows
perfect coincidence. As n < 1 corresponds to pure strain thinning and
n > 1 to pure strain hardening, this simple model already gives an
insight into the destabilizing or, respectively, stabilizing effect of
these two scenarios. The dependence of the critical draw ratio on the
power-law index can be approximated by an exponential function,
as depicted by Fig. 3.17(b). The Larson and PTT models predict a

109



3. Viscoelastic models

power-law regime for large Deborah numbers (see Fig. 3.1).13 As the
power-law model is independent of the Deborah number, this could
be used as an explanation for the occurrence of the plateau value
Drc,∞. However, the fact that the plateau value is predicted by the
Giesekus model as well does not really fit in this picture, as the
viscosity becomes constant there for large values of De. This issue will
be discussed later in more detail.

The Carreau–Yasuda model

The biggest drawback of the power-lawmodel is that it is only applicable
for sufficiently large deformation rates. The viscosity diverges for small
values and is not defined for the deformation-free state. The Carreau–
Yasuda (CY) model (Macosko, 1994) provides a way to circumvent this
obstacle. It can be written in the following form,

µ (∂xu) =
4 η0

(1 + (λ ∂xu)
m
)

n−1
m

. (3.44)

Similar to λ in the power-law equation (3.41), λ is a characteristic
time. For ∂xu ≪ λ−1, the elongational viscosity reaches the planar
Newtonian value 4η0, while for ∂xu ≫ λ−1, a power-law behavior with
power-law index n is obtained. The region of transition can be tuned by
the inner exponent m. In order to relate the CY model to the effective
viscosities presented in 3.5.1, the characteristic time λ will be split up
into a product of a relaxation time and a characteristic parameter k, so
that scaling yields

µ (∂xu) =
4

(1 + (kDe∂xu)
m
)

n−1
m

, (3.45)

and k indicates the reciprocal value of De∂xu, at which the transition
from the Newtonian plateau to the power-law regime takes place.
Note that this is an empirical ansatz for introducing a relaxation time

13 This is also true for the effective viscosity, as can be seen in Fig. 3.16(b).
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3.5. Stability mechanism for viscoelastic fluids

and the Deborah number, which somewhat misuses their original
meaning. Usually, the Deborah number can be seen as a measure for
elasticity. A GNF model, however, does not cover any elastic effects,
but only the non-Newtonian viscous effects which accompany the
increasing influence of elasticity.
The stability behavior resulting from the CY model will be discussed
later in this subsection and in 3.5.3. At this point merely the steady
state and perturbation equations will be given. As the form of
Eq. (3.45) makes it impossible to analytically solve Eq. (3.39) for ∂xu,
∂xu will be used instead of ν as state variable. The steady state is then
governed by

u′′
s =

u′2
s (1 + kDeu′

s)
m

usc
, (3.46a)

h′
s = −hs

us
u′
s, (3.46b)

with the auxiliary parameter

c = (1 + n (kDeu′
s))

m
. (3.47)

The perturbation equations read

U ′′ =
1

u2
sc

2

[
m(1− n) (kDeu′

s)
m
u′2
s U

+ ωc
(
1 + (kDeu′

s)
m)

u′
sH

+ (1− n) (kDeu′
s)

m
(m+ 2c )usu

′
sU

′] ,
(3.48a)

H ′ = −
(
ω
H

us
+ U

)
. (3.48b)

Comparison with UCMmodel

In order to check whether it is possible to reproduce the stability results
of theUCMmodel with a GNFmodel, the effective viscosity as shown by
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3. Viscoelastic models

Fig. 3.16(a) is fitted with an empirical function of the following, scaled
form,

µeff (De∂xu) =

(
2 + p2

1− p0De∂xu
+

2− p2
1 + p1De∂xu

)
, (3.49)

which is inspired by Eq. (3.5) and has three free parameters, p0, p1
and p2. The fitted curve is plotted in Fig. 3.16(a) as well, and the
parameters were determined as p0 = 1.0, p1 = 1.64 and p2 = −0.56,
with negligible errors and R2

adj = 1.0.
Employing Eq. (3.49) in Eqs. (2.27), (3.39) and (3.40) leads to the
following steady state equations,

u′
s =

2νs

4 +
√

16 +Deνs (p0 + p1) (4p2 +De (p0 + p1) νs)
, (3.50a)

h′
s = −hs

us
u′
s, (3.50b)

ν′s = − νs
hs

h′
s, (3.50c)

and the perturbation equations become

U ′ =
νs (1− p0Deu

′
s)

2
(1 + p1Deu

′
s)

2

d
N − u′

s

us
U, (3.51a)

H ′ = −
(
ω
H

us
+ U

)
, (3.51b)

N ′ = −H ′, (3.51c)

with

d = 4us

[
1−Deu′

s

((
1− p2

2

)(
1−Deu′

s

p0
2

)
p0

−
(
1 +

p2
2

)(
1 +Deu′

s

p1
2

)
p1

)]
.

(3.52)

Before looking at the neutral stability curves, the steady state predic-
tions of the UCMmodel and the GNF approximation will be compared.
Figure 3.18 shows the velocity and thickness profiles for both models
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Figure 3.18.: Comparison of the steady state solutions of the UCM model and
the GNF approximation for two values of the Deborah number and Dr = 80.
Both model predictions coincide perfectly.
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Figure 3.19.: Comparison of the critical draw ratios (a) and oscillation frequen-
cies at criticality (b) of the UCMmodel and the GNF approximation. The trends
are comparable and the mismatch of the critical draw ratios is rather small.

for two values of the Deborah number, De = 5 · 10−3 and 10−2, and
Dr = 80. The predictions coincide perfectly. More parameter combi-
nations of De and Dr have been checked as well such that it is possible
to state that the steady state solutions can be reproduced by the GNF
model without restrictions.
The stability predictions of the UCM model and the GNF approxi-
mation are compared in Fig. 3.19. The critical draw ratio shown by
Fig. 3.19(a) resulting from the GNF model clearly has the same
qualitative trend as the UCM curve, i.e., the strong stabilizing
influence of the Deborah number and the nose-like shape of the
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3. Viscoelastic models

curve, which leads to a second critical draw ratio. Moreover, the
quantitative deviations are rather small. The oscillation frequencies at
criticality plotted in Fig. 3.19(b) also show qualitative similarities,
but the error of the GNF approximation is larger, especially for the
upper branch. Nevertheless, both results for steady state and stability
predictions suggest, that the GNF approximation based on the
effective elongational viscosity is capable of reproducing the essential
mechanism underlying the dynamics of the UCM model.

Comparison with PTT model

In order to analyze the reproducibility of the PTT model results using
a GNF approximation, the nonlinear parameter will be restricted
to ε = 0.3 here. In this case, the effective viscosity as shown by
Fig. 3.16(b) does not possess a maximum and can be fitted with the
CY expression (3.45). The corresponding curve is plotted in Fig. 3.16(b)
as well. The free parameters are determined as n = 0.162 ± 0.002,
m = 0.889± 0.003 and k = 0.433± 0.003, and R2

adj = 1.0.
By utilizing these parameter values in Eqs. (3.46), the steady state
solutions were evaluated at several fixed values of the Deborah
number and compared to the PTT model results. Figure 3.20 compares
the velocity and thickness profiles for Dr = 10 at two different values
of De.14 Similar to the previous results for the UCM model, the
GNF model on basis of the CY viscosity function shows very good
agreement with the solutions of the PTT model. Small discrepancies
can be explained by the small imperfections of the CY fit, which is
itself only an empirical approximation to the effective elongational
viscosity.
The situation changes significantly, however, for the stability results.
Figure 3.21 depicts the neutral stability curves as calculated using the
PTT model and its GNF approximation. While the critical draw ratios
and the frequencies of both models are in quite good agreement for

14 For both the UCM and PTT analyses, the value of Dr was chosen such that it lies in the
range of critical draw ratios corresponding to the selected Deborah numbers.
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Figure 3.20.: Comparison of the steady state solutions of the PTT model and
the GNF approximation for two values of the Deborah number and Dr = 10.
Both model predictions coincide perfectly.
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Figure 3.21.: Comparison of the critical draw ratios (a) and oscillation frequen-
cies at criticality (b) of the PTT model and the GNF approximation.

De < 0.3, the critical draw ratio as calculated using the GNF model
starts to increase dramatically for larger Deborah numbers, and finally
diverges at De ≈ 0.5, which does not correlate with the PTT results in
any way. On the other hand, the oscillation frequency does not vary
significantly in the vicinity of De = 0.5 for both models.
In contrast to some scenarios presented in 3.4, the mismatch of the
GNF approximation for De > 0.3 cannot be related to errors induced
by numerical continuation, as higher perturbation modes were
checked separately and do not become unstable at smaller draw ratios.
Instead, there is a different explanation for this phenomenon,
which will be given in detail in 3.5.3. In general, this result clearly

115



3. Viscoelastic models

indicates that the possibility to approximate the stability results of
viscoelastic constitutive equations by a GNF model is limited at least
to small Deborah numbers. The reason for this lies most likely in the
different form of the constitutive equations. While there exists a
time derivative of the stress in the viscoelastic constitutive equations,
the GNF equation yields merely an explicit expression for the stress.
In the analysis of the steady state solutions, the time derivative is
neglected and an approximation using a GNF model is possible even
for high Deborah numbers. The stability analysis however shows
that non-Newtonian viscous effects do not dominate the stability
behavior over the whole range of Deborah numbers, i.e., the elastic
part in the constitutive equation becomes important, which cannot be
reproduced by the GNF equation. In the case of the UCM model,
this issue did not appear as the entire stability curve is located at
De < 0.013.
The supposition that “true” elastic effects can play a dominant role as
well is supported by the observation that the effective viscosity of the
Giesekus model (see Fig. 3.17(c)) has a plateau value for large values of
Deu′

s. If the critical draw ratio would be governed primarily by viscous
effects,Drc,∞ should be equal to the Newtonian value of 20.218, which
is clearly not the case.

3.5.3 Influence of strain hardening/thinning

The previously presented results show that the strain rate dependence
of the elongational viscosity can be correlated to the stability behavior
at least for small Deborah numbers. Motivated by the results of the
power-law and UCM model analyses, it could be supposed that strain
hardening always leads to an increase of the critical draw ratio, while
strain thinning in turn leads to a decrease of the critical value. The
results of the CY model (see Fig. 3.21(a)), however, show a dramatic
increase of the critical draw ratio after a moderate decrease for
increasing Deborah number, even though the CY model predicts a
monotonically decreasing viscosity with increasing Deu′

s, i.e., pure
strain thinning, as visible in Fig. 3.16(b). In the following, the
mechanisms underlying the effects of strain hardening and thinning
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3.5. Stability mechanism for viscoelastic fluids

Figure 3.22.: Stability curve of the GNF model using the CY equation (3.45) for
n = 0.3, m = 1 and k = 1 (thick line), together with the ratio of effective
elongational viscosities at outlet to inlet (dashed line). The dashed gray lines
indicate the maximum or, respectively, minimum of the two curves.

on draw resonance will be analyzed separately, in order to shed light
on this particular issue.
The GNF model using the CY equation (3.45) was analyzed for
several parameter combinations of n, m and k in order to find
a reason for the unexpected behavior of the stability curve shown
by Fig. 3.21(a). It turned out that the stability curves do not always
diverge, but sometimes merely reveal a stability maximum. Variation
of the parameters indicated that the strength of this maximum, which
may eventually end up in a divergence of the curve, can be tuned
by the steepness of the power-law regime, i.e., by parameter n, and
the sharpness of the transition, i.e., by parameter m. The maximum
grows hereby for decreasing n and increasing m. An example of a
non-diverging stability curve is visualized by Fig. 3.22, where m and
k have been set to unity for the sake of simplicity and n = 0.3.
Increasing the Deborah number has mostly a destabilizing effect,
and for large values of De, the power-law value of Drc for n = 0.3 is
approached. A small stability maximum is located in the vicinity of
De = 1. In contrast to the viscoelastic models discussed in 3.4, it
must be possible to correlate the stability curve here with the
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3. Viscoelastic models

non-Newtonian viscous behavior, as a GNF model is used, which is not
capable of elastic effects. Recalling the stability mechanism of neck-in
presented in 2.5.3, a correlation similar to Eq. (2.75) can be derived,
but with the effective viscosity instead of the Trouton ratio. For this
reason, the ratio of effective viscosities at outlet to inlet is plotted in
Fig. 3.22 as well. Close to the stability maximum, this ratio becomes
minimal, i.e., a maximum of damping of the feedback mechanism,
which therefore can explain the stabilizing effect. Following this
argumentation would lead to the statement that the stability increases
if the effective viscosity at the outlet is smaller than at the inlet. This,
however, would mean that strain thinning should have a purely
stabilizing effect, and strain hardening a destabilizing one, as the
strain rate increases towards the outlet. As this is not the case, there
must exist a second mechanism influencing the stability, which will be
revealed in the following.
The argumentation above uses exclusively the steady state values of
the effective viscosity. For this reason, the mechanism will be referred
to as a static mechanism. The effective viscosity, however, depends on
the strain rate, which is time-dependent itself. This means that a
temporal variation of the strain rate also induces a temporal variation
of the viscosity. Equation (2.51) can be generalized to

(∂xh)
in = − f

(µeff)
in . (3.53)

The second, dynamic mechanism can be described now as follows.
If the force increases temporarily15, the thickness close to the inlet
will decrease due to Eq. (3.53). This will increase the velocity due
to continuity, and therefore the strain rate increases as well. If the
strain rate increases, the viscosity will decrease (increase) for a strain
thinning (hardening) material. This in turn increases (decreases) the
right-hand side of Eq. (3.53), which directly leads to an amplification
(damping) of the initial force perturbation, and therefore to destabi-

15 The argumentation for a temporarily decreasing force is straightforward.
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lization (stabilization). Figure 3.23 visualizes this mechanism in the
case of strain thinning.

f ↗ h ↘

∂xu ↗

µeff ↘

f
µeff ↗

Figure 3.23.: Visualization of the dynamic destabilizing mechanism of strain
thinning. h, ∂xu and µeff correspond to a position close to the inlet.

Whether the static or the dynamic mechanism governs the stability
depends on the particular shape of the viscosity function. In the
case of a power-law, the dynamic mechanism clearly dominates. In
the case of the CY model, it is possible that the viscosity close to
the inlet is governed by only weak non-Newtonian effects, while the
viscosity close to the outlet already lies in the power-law regime, and
is therefore a lot smaller, as the strain rate increases from inlet to
outlet. Then the effect of the dynamic response of the viscosity can
be too weak to compensate the effect caused by the ratio of steady
viscosities at outlet to inlet. This also explains why the CY model leads
to diverging stability curves if the transition to the power law is too
sharp or the power-law index too small.
Employing a GNF model which uses a viscosity function depending
only on the steady state of the strain rate yields indeed a purely
stabilizing effect of strain thinning and a purely destabilizing effect
of strain hardening. A similar effect was reported by Scheid et al.
(2009a), where cooling, which usually stabilizes the process, becomes
destabilizing for large Stanton numbers. In this regime, the tempera-
ture of the film is equal to the fixed and time-independent ambient
temperature, which hinders the dynamic stability mechanism.
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3.5.4 Remarks on elastic effects

The results presented in 3.5.2 clearly indicate that, besides (non-
Newtonian) viscous effects, elastic effects may play a dominant role for
the stability dynamics. The formulation of an explaining stability
mechanism, however, is a non-trivial task. In contrast to all other
mechanisms described throughout this thesis, it is not possible here
to extend or modify the mechanism of a purely viscous Newtonian
fluid (see 2.4.2), as the form of the constitutive equation changes
fundamentally. The continuity equation cannot be used anymore
to relate thickness perturbations at the inlet to a variation of the
force, as there is no explicit form of the force available. It would be
possible to use only the viscous force, i.e., µh∂xu, as cause for the inlet
perturbations, but this force is not constant along the x-axis, as the
momentum equation involves the total force, including the elastic
part.
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Figure 3.24.: Check of Kim’s criterion for the PTTmodel at criticality. The time
is scaled by the oscillation period T . Only few markers are shown for tL + T/4
for the sake of readability.

Another obstacle arises from the fact that with increasing elasticity,
the time shift ∆th between force and thickness perturbation waves
becomes negative, which was already reported by Jung et al. (2000)
and observed within the present investigations as well. As already
mentioned in 3.2, a force which is delayed behind the thickness
perturbations cannot cause these perturbations. As a consequence,
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the basic ansatz of the stability mechanism needs to be reconsidered
and probably changed fundamentally. This extensive task will
not be treated in the scope of this thesis and will be left to future
studies. Nevertheless, it is worth mentioning that Kim’s stability
criterion (2.53) seems to be valid for viscoelastic constitutive equations
as well, which has been reported by Jung et al. (2000) for a WMmodel,
and which is shown by Fig. 3.24 for the PTT model, exemplarily for
ε = 0.1 and 0.3.

3.6 Conclusions

The selection of an appropriate viscoelastic constitutive equation is
always a challenging task. In order to shed light on the question about
mandatory properties of this equation for a proper modeling of draw
resonance, four infinite width film casting models were analyzed by
means of linear stability, namely the UCM model and three nonlinear
extensions, the Larson model, the Giesekus model and the simplified
PTT model. A careful model derivation is given in each case. Due
to qualitatively wrong stability predictions, the UCM model is not
recommended here. The other three models yield similar stability
results, revealing in particular an exponential dependence of the
critical draw ratio on the Deborah number for De > 0.1. The Larson
model exhibits numerical difficulties and the Giesekus model predicts
unrealistic elongational viscosities for large Deborah numbers and/or
strain rates, however. For these reasons, the PTT model was selected
as a suitable candidate for further analysis. Nevertheless, a numerical
continuation method needs to be applied with care, as the most
unstable mode may change for values of the nonlinear parameter
ε ≥ 0.5.
For the first time, the effective elongational viscosity was examined in
the scope of draw resonance and mastercurves independent of the
draw ratio were revealed. The neutral stability curves appear to have
strong correlations with the effective elongational viscosity, which
indicates the major importance of elongational properties predicted by
the constitutive equation. This finding emphasizes the impracticality
of the UCM model. GNF models on basis of the effective elongational
viscosity can reproduce the steady state solutions of the viscoelastic
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models, but lead to wrong stability results for De > 0.1. The reason for
this is most likely the inability of covering purely elastic effects, which
appear to dominate the stability behavior for large Deborah numbers.
The mechanism underlying non-Newtonian viscous effects, i.e., strain
hardening and thinning, turned out to be of higher complexity than
one might think intuitively. Two effects, a static and a dynamic mecha-
nism, act in opposite manner and the statement that strain hardening
is always stabilizing and strain thinning always destabilizing is not
generally true. An analysis of pure elastic effects is not straightforward
due to the fundamentally different structure of the model equations
and thus postponed. Nevertheless, Kim’s stability criterion could be
verified for the PTT model.
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4 Practical mappings

While the effects of gravity, inertia, neck-in, surface tension and
viscoelasticity were treated isolated in chapters 2 and 3, they mostly
superimpose in practice. This chapter treats the application oriented
analysis of models including up to four of these effects simultaneously.
For this purpose an alternative scaling is used to introduce control
parameters with strong correlation to typical practical quantities.
Newtonian models for infinite and finite width film casting including
inertia and gravity effects are analyzed as well as a fiber spinning
model, which covers additionally the influence of surface tension.
Moreover, the infinite width film model and the fiber model are ex-
tended to cover viscoelastic effects by employing the PTT constitutive
equation. For each model, stability maps of the control parameter
space are presented and discussed, and empirical formulas, which
enable a simple and quick estimation of the critical draw ratio in
dependence of the practical control parameters, are derived for
particular scenarios.

4.1 Practical control parameters

The commonly used control parameters Re, Re/Fr, Ca∗ and De as
defined by Eqs. (2.6) and (3.10) may be of moderate use if it is desired
to have a direct connection to experimentally variable parameters,
e.g., the zero-shear viscosity η0 or the inlet velocity u0, where the
latter for instance influences all four control parameters. As a conse-
quence, a stability analysis using these control parameters will not
yield correlations directly applicable in practice. Within this chapter,
it is assumed that the length L is fixed for a particular setup, while
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parameters like the inlet velocity, the viscosity, the relaxation
time or the die geometry are, besides the draw ratio, the primarily
changeable quantities, being tuned by the material itself or by the
extrusion settings. Instead of u0, the velocity u is scaled by

√
gL,

which is a constant velocity as the length is constant itself. In
particular, this velocity corresponds to the speed of a fluid particle
falling along the length L under gravity. The scaling rules (2.5) and
(2.22) for the time t and the stress tensor σ are modified accordingly.
For the Newtonian models, this alternative scaling merely implies a
change of the momentum equation and the boundary conditions.
For the viscoelastic models, the Deborah number De is substituted
additionally by the dimensionless relaxation time Λ, defined by

Λ =

√
g

L
λ, (4.1)

in all constitutive equations (3.15), (3.20), (3.21) and (3.23). The particu-
lar momentum equations change as follows.
For the infinite width film casting model, Eq. (2.29) transforms to

Fh (∂tu+ u∂xu− 1) = ∂x (hν) , (4.2)

where the dimensionless fluidity F , defined by

F =
ρ
√
gL3

η0
, (4.3)

is introduced as new control parameter, with ρ as material density.
This parameter tunes both inertia and gravity effects simultaneously.
For F = 0, the purely viscous, or purely viscoelastic, model is
recovered in particular.
The aspect ratio A, which is introduced with the finite width film
model in 2.3, is unaffected by the modification of the scaling rules, and
A can also be seen as a dimensionless half die width. Analogue to the
infinite width film model, the momentum equation (2.40) becomes

Fhℓ (∂tu+ u∂xu− 1) = ∂x (hℓν) . (4.4)
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In the case of fiber spinning, Eq. (2.18) is rescaled to

Fa

(
∂tu+ u∂xu− 1− S

∂xa

a3/2

)
= ∂x (aν) , (4.5)

where the dimensionless surface tension parameter S, defined by

S =

(
ℓc√
2R0L

)2

(4.6)

is used, which compares the capillary length ℓc =
√

γ
ρg with the

geometric mean of the fiber dimensions, with γ denoting the surface
tension of the material. While the value of the fluidity regulates the
effects of inertia, gravity and surface tension, the impact of the latter is
also tuned by S, i.e., increasing surface tension of the material and
decreasing die diameter enforces the influence of surface tension on
the fiber dynamics.
In all cases, the boundary conditions (2.19), (2.30) and (2.42) are
modified for the velocity to

u(x = 0, t) = Q, (4.7a)
u(x = 1, t) = QDr, (4.7b)

with the dimensionless inlet velocity Q, defined by

Q =
u0√
gL

. (4.8)

In the viscoelastic case, the stress boundary condition at the inlet (3.24)
is modified to

τyy
ν

∣∣∣
x=0

= −1

2
exp

(
−2(QΛ)0.7

)
, (4.9)

in the case of infinite width film casting, and to

τrr
ν

∣∣∣
x=0

= −1

3
exp

(
−2(QΛ)0.7

)
, (4.10)
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in the case of fiber spinning. The dimensionless inlet velocity appears
in the boundary conditions only. If Λ and F are equal to zero, Q can
have any value except zero and is fixed to unity throughout this thesis
for the sake of convenience.
The transformation to the former control parameters (2.6) and (3.10) is
straightforward:

ΛQ = De , FQ = Re ,
F

Q
=

Re

Fr
,

2FS

Q
=

1

Ca∗
. (4.11)

The reciprocal value of the surface tension parameter is in particu-
lar proportional to the rescaled Bond number Bo∗ = αρgL2

γ , as
Bo∗ = 1/(2S). In order to develop a feeling for the control parameters
F , Q, S, Λ and A, Table 4.1 gives an overview of typical ranges for fiber
spinning and film casting processes of polymer melts. To keep the
estimation procedure as transparent as possible, typical ranges of
the single process and material parameters are listed as well, which
finally lead to the given boundaries of the dimensionless control
parameters. It is distinguished between two types of fiber spinning
processes. The first, denoted by “fiber spinning I”, represents a
common industrial process of rather large scale, while “fiber spinning
II” stands for a small-scale setup, which is often used in laboratories.
The experimental setup presented in chapter 5 is an example of this
second type.
The parameter regions are visualized in the Q–F plane by Fig. 4.1 for
all three processes. Especially the regions for fiber spinning I on the
one hand, and fiber spinning II and film casting on the other hand
form distinguished clusters, which already indicates that, despite
the fact that the theoretical description of both fiber spinning and
film casting is similar, the processes correspond to different process
parameter regions and, as it will be shown in the following sections,
thus to different dynamical regimes. The overlap of “fiber spinning II”
and “film casting” also shows that these two scenarios may reveal more
similarities in their dynamical behavior than the two fiber spinning
processes. Of course, further differences between fiber spinning and
film casting, e.g., the influence of surface tension or neck-in, are not
visible in this representation. Nevertheless, the Q–F plane appears to

126



4.1.
Practicalcontrolparam

eters

Table 4.1.: Realistic ranges of process and material parameters and resulting estimated ranges of the dimensionless
parameters Q, F , S, Λ and A (in bold) for typical fiber spinning and film casting processes of polymer melts. “Fiber
spinning I” corresponds to an industrial, productive process type, while “fiber spinning II” represents a small-scale,
laboratory setup, which is also discussed in chapter 5. The lengthL is assumed to be constant for a particular process,
but can vary for different setups.

Parameter Definition Unit Fiber spinning I Fiber spinning II Film casting
L − m 0.5− 3 0.01− 0.3 0.01− 1

η0/ρ − m2s−1 0.1− 1 1− 10 1− 10

γ/ρ − cm3s−2 10− 40 10− 40 −
λ − s 0.01− 1 0.1− 50 0.1− 50

u0 − ms−1 0.01− 1 0.001− 0.01 0.01− 0.1

R0 − mm 0.1− 0.5 0.5− 2 −
ℓ0 − m − − 0.1− 1

Q u0√
gL

− 10−3 − 1 10−4 − 10−1 10−3 − 10−1

F
ρ
√

gL3

η0
− 1 − 102 10−4 − 1 10−4 − 1

S γ
2R0ρgL

− 10−4 − 10−1 10−3 − 1 −

Λ
√

g
L
λ − 10−2 − 10 10−1 − 103 10−1 − 103

A ℓ0
L

− − − 10−1 − 102

12 7



4. Practical mappings

Figure 4.1.:Visualization of the parameter ranges of the fiber spinning and film
casting processes described in Tab. 4.1 in the Q–F plane.

be the most suitable for visualizing the stability behavior in most cases
in the following, as this enables a unified representation for both
film casting and fiber spinning of Newtonian and viscoelastic fluids.
Moreover, all four control parameters of (2.6) and (3.10) depend on Q
and F according to (4.11).
It is impossible to summarize all film casting or fiber spinning
processes, which could be described by the models presented here, by
one parameter region, as the variety in setups is very large, including
also processes of other materials, e.g., molten glass. For this reason,
wherever possible a larger parameter space as compared to the
depicted clusters in Fig. 4.1 is used for the process analyses in the
following sections.

4.2 Infinite width film casting

Within this section, a Newtonian and a viscoelastic infinite width film
casting model are analyzed with respect to fluidity, inlet velocity and
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4.2. Infinite width film casting

relaxation time. The rather simple stability behavior of the Newtonian
model makes it possible to derive empirical stability criteria for
particular dynamical regimes. Stability maps in the control parameter
space reveal those regimes for both models.

4.2.1 Newtonian model

The results of the Newtonian infinite width film casting presented here
can also be used for fiber spinning processes with negligible surface
tension. In this case the fluidity needs to be scaled by 3/4 due to the
different Trouton ratios, as explained in 2.2. Instead of the normal
stress difference ν, the derivatives of the steady state velocity, u′

s, and
of the velocity perturbation, U ′, will be used here as state variables, as
it turned out that this leads to a higher numerical robustness. This
means that the normal stress difference (2.28) is directly substituted in
the momentum equation (4.2). Mathematically, both approaches are
equivalent. The resulting steady state equations are given by

h′
s = −hsu

′
s

us
, (4.12a)

u′′
s = −h′

su
′
s

hs
+

F

4
(usu

′
s − 1) , (4.12b)

and the perturbation equations read

H ′ = −
(

ω

us
H + U ′

)
, (4.13a)

U ′′ =
ωu′

s

u2
s

H +
F

4

[(
1

us
+ ω + u′

s

)
U + usU

′
]
. (4.13b)

A comparison of the calculated values using -07 with the values
presented by Cao et al. (2005), who analyzed the same model, but
with different control parameters and for a smaller parameter range,
is depicted by Tab. 4.2 and reveals perfect coincidence. Figure 4.2
shows the dependence of the critical draw ratio on F and Q for fixed
values of Q and F , respectively. While increasing F has always a
stabilizing effect, there exists a stability minimum with respect to
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Table 4.2.: Comparison of the calculated critical draw ratios Drc and frequen-
cies ωI using -07 with the values presented by Cao et al. (2005). Repro-
duced with permission from Bechert et al. (2015) and Elsevier.

Process parameters This work Cao et al. (2005)
F Q Drc ωI Drc ωI

0 0 20.218 14.011 20.218 14.011

0.25 0.1 30.343 1.5895 30.343 1.5895

0.5 0.1 56.273 1.7732 56.267 1.7731
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Figure 4.2.: Stability curves (a) Drc vs. F for various values of Q and (b) Drc
vs. Q for various values of F for the infinite width film casting model. Adapted
with permission from Bechert et al. (2015) and Elsevier.

Q, i.e., increasing Q can either have a destabilizing effect for small
values of Q, or a stabilizing effect for large values. The purely
stabilizing influence of the fluidity is not surprising, as both inertia
and gravity effects are amplified with increasing F and both effects
increase Drc, as it was shown in 2.5. Similar to the stability curve of
the viscous–inertia model shown by Fig. 2.9(a), all curves diverge and
the system becomes unconditionally stable, if F is above a threshold
value, which is denoted by Fus and which increases with decreasing Q.
Moreover, the stability curve corresponding to Q = 10−4 shows two
types of stabilization: before the curve diverges finally, the critical
draw ratio increases moderately with increasing F . The transition to
unconditional stability can also be seen in the stability curves with
respect to Q for F = 1.
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Figure 4.3.: Dependencies of the fitting parameters of correlation (4.14) on the
dimensionless inlet velocity Q, together with empirical fits (a,b). The slope
triangles correspond to the logarithmic values and R2

adj = 0.95 for the fit in (a)
and 1.0 for the fit in (b). Adapted with permission from Bechert et al. (2015)
and Elsevier.

In order to analyze the stability behavior further, the Drc vs. F curves
are fitted for various values ofQwith the following empirical correlation
function,

Drc = 20.218

[
1 +

(
BF

Fus − F

)C
]
, (4.14)

with free parameters B, Fus and C, which all depend on Q in general.
The fitting is performedwithDeming regression (see AppendixD.2) due
to the diverging behavior of the data. As the errors in both variables
appear to be only a few percent maximum, Eq. (4.14) is an appropriate
choice.
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Table 4.3.: Empirical stability criteria for the various regimes shown by Fig. 4.4.
B(Q) and Fus(Q) are given in Eqs. (4.15) and C(Q) can be inferred from
Fig. 4.3(c). Adapted with permission from Bechert et al. (2015) and Elsevier.

Label Regime Drc/20.218

I viscous 1

II viscous–gravity 1 +
(
0.01F

Q

)0.955

III viscous–inertia 1 +
(

0.703FQ
0.414−FQ

)0.924

IVa viscous–gravity–inertia 1 +
(

0.0468F/Q
8.247−F

)C(Q)

IVb viscous–gravity–inertia 1 +
(

B(Q)F
Fus(Q)−F

)0.94

V unconditionally stable −

The dependencies of the free parameters onQ are visualized by Fig. 4.3.
While parametersB andFus show a clear trend,C is close to unity for all
values of Q with only minor variations. For this reason the focus of the
following analysis lies on B and Fus. It is possible to fit the parameters
with high accuracy using the following functions,

B(Q) = b0

[
1 +

(
b1
Q

)b2
]
, (4.15a)

Fus(Q) =
f0

Q/f1 + 1
, (4.15b)

with free parameters b0, b1, b2, f0 and f1. The fits and the determined
values of the free parameters are depicted by Fig. 4.3 as well. Both
B and Fus show two distinct behaviors. For Q ≪ b1, B is almost
inverse proportional to Q and for Q ≫ b1, B is constant and equal to
b0. Similarly, for Q ≪ f1, Fus is constant and equal to f0, while it is
inverse proportional to Q for Q ≫ f1. As b1 and f1 are very close, it is
possible to distinguish between two general regimes, with transition
from one to the other at Q ≈ 0.06.
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Figure 4.4.: Visualization of the stability behavior of the infinite width film
model with respect to dimensionless inlet velocity Q and dimensionless flui-
dity F .
(a) Stability map for the infinite width filmmodel. The thin lines correspond to
parameter combinations with constant critical draw ratio,Drc = 21, 25, 50, 100,
500, 5000. Within the light shaded region, Drc is between 20.218 and 21. The
dark shaded region, which is bounded by a thick line, indicates unconditional
stability, i.e., the system is stable for any value ofDr. The gray dotted line divides
the parameter space into a region where increasingQ has a destabilizing effect
(left part) and a region where it has a stabilizing effect (right part). The triangle
slopes correspond to logarithmic values.
(b) Partition of the parameter space into different regions. The corresponding
regimes are explained in Tab. 4.3.
Adapted with permission from Bechert et al. (2015) and Elsevier.

Consequently, for Q ≫ 0.06 Eq. (4.14) can be approximated by

Drc ≈ 20.218

[
1 +

(
b0FQ

f0f1 − FQ

)C
]
, (4.16)

which indicates that the critical draw ratio depends on the product
of F and Q only. According to (4.11), this product is equal to the
Reynolds number and therefore it can be stated that the critical draw
ratio is influenced exclusively by viscous and inertia effects. In fact,
the coefficients of correlation (4.16) are almost identical to the ones
obtained by fitting the viscous–inertia model with Eq. (2.62) (see
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2.5.2). If instead Q ≪ 0.06, and if b2 is further set to unity, Eq. (4.14)
can be approximated by

Drc ≈ 20.218

[
1 +

(
b0b1F/Q

f0 − F

)C
]
. (4.17)

If additionally F ≪ f0, the denominator can be substituted by f0 and
the critical draw ratio depends only on F/Q, which is according to
(4.11) identical to Re/Fr. For F < 0.8, the error induced by neglecting
F in the denominator is smaller than 10%. Within this particular
region, the stability behavior is governed by viscous and gravity effects,
and Eq. (4.17) coincides with Eq. (2.58), which was used to fit the
stability curve of the viscous–gravity model (see 2.5.1).
A comprehensive overview of the influences of fluidity and inlet
velocity on the critical draw ratio is given by the stability maps of
Fig. 4.4. The left plot depicts isolines of constant Drc in the Q–F
plane, with the particular value of Drc indicated below each line. The
region of unconditional stability, where no draw resonance occurs for
any value of the draw ratio, is shaded in dark gray. Below the line for
Drc = 21, the critical draw ratio is almost constant and approximately
equal to the viscous limit of 20.218, and the corresponding region is
shaded in light gray. The depicted 1-to-1 slopes for the logarithmic
values of Q and F indicate, that the critical draw ratio depends
on either F/Q or FQ, i.e., a viscous–gravity or, respectively, a
viscous–inertia regime. The gray dotted line indicates a stability
minimum with respect to Q, i.e., increasing the inlet velocity has a
destabilizing effect to the left of the line, while it has a stabilizing
effect to the right of the line.
The right plot in Fig. 4.4 shows together with Tab. 4.3 the partition of
the parameter space into the different dynamical regimes. Table 4.3
also gives empirical, analytical expressions for the critical draw ratio
in dependence on F and Q. The threshold values for Q to the
viscous–gravity–inertia region “IVb” correspond to the values of Q
where the deviations from the reciprocal or, respectively, constant
behavior of parameters B and Fus in Fig. 4.3 become larger than 10%.
Gravity can always be neglected if Q ≫ 0.06, as inertia then leads to
unconditional stability for F/Q = O(1), where gravity still has a
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negligible influence on Drc. On the other hand, inertia can only be
neglected for small Q if F is not too large as well. Otherwise, the
stabilizing effect of inertia gets stronger and finally leads to an infinite
critical draw ratio. In this case, however, the threshold value of the
Reynolds number Re = FQ decreases. This can be explained by the
stability mechanism introduced in section 2.5.2. As gravity already
increases Drc, the threshold value for the effective draw ratio becomes
larger.
Comparing Figs. 4.4 and 4.1 reveals that the stability of most infinite
width film casting processes is governed by viscous and gravity
effects, while it depends on the particular setup of fiber spinning
(with negligible surface tension), whether the process is mostly
unconditionally stable or not. In general there is only a small part of
the parameter space, where both gravity and inertia need to be taken
into account simultaneously.

4.2.2 Viscoelastic model

The rescaled PTT constitutive equations (3.23) can be written as

Λ
(
∂tν

(0) + u(0)∂xν
(0) + 2∂xu

(0)
(
ν(0) − 2τ (0)xx

))
+eεΛ(2τ

(0)
xx−ν(0))ν(0) = 4∂xu

(0),
(4.18a)

Λ
(
∂tτ

(0)
xx + u(0)∂xτ

(0)
xx − 2∂xu

(0)τ (0)xx

)
+eεΛ(2τ

(0)
xx−ν(0))τ (0)xx = 2∂xu

(0),
(4.18b)

and will now be used to extend the infinite width film casting model to
cover viscoelastic effects. Besides the relaxation time Λ, the nonlinear
parameter ε is added to the model as a consequence. In order to keep
the analysis as simple as possible and to focus on the influence of the
primary physical parameter, i.e., the relaxation time, ε will be fixed to
0.1 for all calculations. This choice is also motivated by the fact that
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no leading mode switching was observed in 3.4.4 for small values of ε.1
In contrast to the Newtonian model, it is not possible to relate the
results of the viscoelastic film casting model directly to a fiber spin-
ning model without surface tension effects, as the PTT constitutive
equations differ non-trivially for planar and uniaxial elongation. A
viscoelastic fiber spinning model including surface tension will be
analyzed separately in 4.4.2. As there is no explicit expression for the
stress tensor available, a direct substitution into the momentum
equation, as it was done for the Newtonian model, is not possible here.
Using Eqs. (2.27), (4.2) and (4.18), the following steady state equations
can be derived,

u′
s =

1

4c̃− FΛu2
s

(
νs
c̃

− FΛus

)
(4.19a)

h′
s = −hsu

′
s

us
, (4.19b)

ν′s = −νs
h′
s

hs
+ F (usu

′
s − 1), (4.19c)

t′s =
1

Λus

(
2u′

s (1 + Λts)−
ts
c̃

)
, (4.19d)

with the auxiliary parameters

c̃ = 1 + Λ

(
ts −

3

4
νs

)
, (4.20a)

c̃ = eεΛ(νs−2ts). (4.20b)

1 Strictly speaking, the fact that no leading mode switching was observed for the viscous
model without inertia and gravity does not automatically imply that this effect will be
absent for the model used here, as gravity and inertia may also influence the viscoelastic
behavior. Nevertheless, it is a reasonable assumption and the second perturbation mode
was tracked occasionally for some parameter combinations in addition.
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It turned out that the numerical robustness can be increased by using
the unscaled stress perturbations, i.e., using the following perturbation
ansatz for ν and τxx,

ν(x, t) = νs(x) + Ñ(x)eωt, (4.21a)

τxx(x, t) = ts(x) + T̃ (x)eωt, (4.21b)

with unscaled perturbations Ñ = νsN and T̃ = tsT . It is assumed that
the possible high gradients of the steady states of the stress components
are themain reasonwhy the alternative ansatz leads to better numerical
manageability. If the former perturbation ansatz, i.e., Eqs. (2.44c) and
(3.25a), is used, the high gradients of the steady states lead to even larger
gradients of the stress perturbations. For thickness and velocity, the
usual ansatz (2.44) is employed. The perturbation equations can then
be written as

U ′ =
1

us (4c̃− FΛu2
s)

[
−
(
Λ
(
νsu

′
s − Fu2

s(ω + 2u′
s)

−usν
′
s) + 4c̃u′

s)U + Λ(νs(u
′
s + ω)− usν

′
s

+Fus(usu
′
s − 1))H +

(
1− εΛνs

c̃
+ Λ(ω + 3u′

s)

)
Ñ

+

(
2εΛνs
c̃

− 4Λu′
s

)
T̃

]
,

(4.22a)

H ′ = −
(

ω

us
H + U ′

)
, (4.22b)

Ñ ′ = −νsH
′ − h′

s

hs
Ñ + F

(
u2
sU

′ + us(ω + 2u′
s)U

)
, (4.22c)

T̃ ′ =
1

usΛ

[
2us(1 + Λts)U

′ +
ts
c̃

U +
εΛts
c̃

Ñ

−
(
1 + 2εΛts

c̃
+ Λ(ω − 2u′

s)

)
T̃

]
.

(4.22d)

Neutral stability curves with respect to F , Q or Λ, where the remaining
two control parameters are kept fix, turned out to be of minor
significance. Therefore it will be focused on the stability maps of
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isolines of the critical draw ratio in the Q–F plane, which are shown
by Fig. 4.5 for four different values of Λ. For rather large values of
the fluidity, no solutions could be calculated and the corresponding
inaccessible regions are marked by big dots in the maps. Further
analysis suggests that the calculation fails due to too large gradients of
the steady states close to the outlet, which are assumed to be caused
by an interplay of elastic and inertia effects. Based on the results of
the Newtonian model, it would be reasonable to expect a region of
unconditional stability due to inertia instead. While this may still
be true in a pure mathematical sense, the fact that the numerical
calculation breaks due to too large gradients strongly suggests that the
process is not limited by draw resonance in this case, but by material
failure, e.g., film break-up. While it is surely worth studying the
impact of such events, it will be focused here on draw resonance,
nevertheless. As a consequence, the parameter space of the stability
maps is diminished to F ≤ 1, which still corresponds to the entire
domain relevant for film casting according to Tab. 4.1. For Λ = 100, the
limiting effect turned out to be more pronounced2, and the analysis
was restricted to F ≤ 0.2.
Apart from the inaccessible region, the stability maps also reveal other
dynamical regimes. For small values of Q and Λ and large values of
F , the 1-to-1 slope of the isolines indicates that the critical draw
ratio depends only on F/Q in this parameter region, and therefore
this region is governed solely by viscous3 and gravity effects. This
means that within this particular region, the results of the Newtonian
viscous–gravity model are fully applicable. With increasing relaxation
time, a region of vertical isolines grows from large values of Q
towards smaller values. As this means that the critical draw ratio
is independent of the fluidity, neither inertia nor gravity have an
impact in this case, and the stability is determined by the viscoelastic

2 In addition, viscosity and relaxation time are usually correlated, which means that the
fluidity will decrease with increasing relaxation time in practice.
3 If viscoelastic effects also contributed, changing Q would influence the isolines in a dif-
ferent way.
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Figure 4.5.: Stability maps for dimensionless relaxation times Λ = 10−1, 1, 10,
102 for the PTT infinite width film casting model. The thin lines correspond to
parameter combinationswith constant critical draw ratio, with particular values
shown below or to the right of the lines. Within the dotted region, no solutions
could be calculated, probably due to high gradients in the steady states. The
black (gray) dotted lines indicate maxima (minima) ofDrc with respect toQ for
constant values of F . The black (gray) dashed lines indicate stability maxima
(minima) with respect to F for constant values of Q.
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model as presented in 3.4.4. In general, a large part of the relevant
parameter space corresponds either to the viscous–gravity, or to the
purely viscoelastic regime. For small F and Q values, gravity and
viscoelastic effects may both be important if Λ is large, but inertia can
still be excluded in this case as Re = FQ is very small. In fact, inertia
effects seem to play hardly a role, apart from the inaccessible region,
and can be neglected in most cases. The direct visualization of the
various dynamical regimes by the isolines of the critical draw ratio
demonstrates one advantage of the practical mappings.
The maps in Fig. 4.5 show non-monotonic stability behavior for both
Q and F . Extrema of the critical draw ratio with respect to Q for
constant F and to F for constant Q were tracked with -07 and
are depicted by dotted and, respectively, dashed lines. Maxima are
drawn black, while minima are gray. The minimum and maximum
with respect to Q, which can be tracked up to F = 10−4, are caused by
viscoelastic effects. For F = 10−4, increasing Q basically follows the
stability curve for ε = 0.1 in Fig. 3.11. For Λ = 10 and 100, a maximum
with respect to F appears if Q is small. Both inertia and gravity, which
are tuned by F , are known to have purely stabilizing effects. A
possible explanation for this opposing effect is the coupling between
viscoelastic effects and the stress components. With increasing
fluidity, it is possible that the effects of gravity and inertia influence
the stress components strong enough so that viscoelastic effects are
stimulated and lead to a decrease of the critical draw ratio.

4.3 Finite width film casting

Besides fluidity F and inlet velocity Q, the aspect ratio A becomes
important as additional control parameter when the finite width
of the film is respected. In order to keep this chapter compact and
clear, only the Newtonian case of the finite width film model will be
analyzed here. Changing the aspect ratio has no direct impact on
the Deborah number, in contrast to changing the inlet velocity, for
instance. Therefore it is not expected that a viscoelastic study will
bring significantly different insight as compared to the Newtonian
study together with the previous results of the viscoelastic infinite
width film model.
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4.3.1 Combined effects of inertia, gravity and neck-in

As only the momentum equation is modified by the alternative scaling,
the steady state equations (2.71a-2.71c) remain unchanged, and Eq.
(2.71d) is modified to

ν′s = νs
u′
s

us
+ F (u′

sus − 1) . (4.23)

Similarly, the perturbation equations (2.72a-2.72c) can still be used and
Eq. (2.72d) becomes

N ′ = −(H ′ + L′) +
F

νs

[
(1− u′

sus)N

+ (ωus + 2u′
sus)U + u2

sU
′] . (4.24)

The combined effects of neck-in, gravity and inertia were analyzed for
the first time within the scope of this thesis (Bechert et al., 2016).
As already presented in section 2.5.3, the Trouton ratio can be used
to measure the type of elongational deformation and to determine
the parameter region, within which purely uniaxial or purely planar
deformation is present. Therefore the Trouton ratio was calculated
with respect to A for various combinations of F and Q and the
parameter sets, at which the Trouton ratio differs 1% and 5% from the
constant value, i.e., 3 or 4, were determined. Figure 4.6 visualizes the
corresponding threshold lines for constant values of Q in the F–A
plane and for constant values of F in the Q–A plane. The parameter
regions within which the Trouton ratio is a non-constant variable
correspond to the neck-in regime, where the width reduction has
an influence on the stability behavior. On the other hand, if the
Trouton ratio is constant, the results for the infinite width film model
presented in the previous section can be used without any constraints.
In the case of the uniaxial regime, however, rescaling of the fluidity by
3/4 is necessary.
The boundary to the planar regime is almost completely independent
of F and Q and can be taken as A = 10 for practical purpose. In
contrast to that, the threshold value of A to the uniaxial regime
decreases if Q is small and F is large simultaneously, which becomes
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4. Practical mappings

(a) Q = 10−4. (b) Q = 10−2.

(c) F = 10−3. (d) F = 10−1.

Figure 4.6.: Threshold values of the aspect ratio between the uniaxial and pla-
nar regimes and the regime, within which neck-in influences the stability be-
havior. The inner, dashed lines correspond to a deviation of 5% of the Trouton
ratio from the constant value and the outer, dashed-dotted lines correspond to
a deviation of 1%, as depicted in (a). Adapted with permission from Bechert
et al. (2016) and AIP Publishing.

visible for F/Q > 10. According to (4.11), this means that the effect is
more pronounced for large values of Re/Fr and is therefore caused by
gravity. Dobroth and Erwin (1986) stated that neck-in is caused by a
superposition of planar elongation near the center streamline of the
film and uniaxial elongation close to the edges. As gravity acts as a
constant force along the main axis, it enforces the amount of planar
deformation and consequently reduces the purely uniaxial regime. For
large aspect ratios, however, this effect does not seem to influence the
threshold to the planar regime. As the practical range of aspect ratios
lies within 0.1 < A < 100 according to Tab. 4.1, the uniaxial regime
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Figure 4.7.: Stability curves (a) Drc vs. F for various values of Q and A and
(b) Drc vs. Q for various values of F and A for the finite width film casting
model. Plot (a) reproduced with permission from Bechert et al. (2016) and AIP
Publishing.

Figure 4.8.: Threshold value Fus to unconditional stability for aspect ratios
A = 0.001, 0.01, 0.1, 1, 10 and the planar and uniaxial limits. For F > Fus,
no draw resonance occurs for any value of Dr, while for F < Fus, the system
becomes unstable for Dr > Drc. The points were determined from the corre-
sponding neutral stability curves Drc vs. F and the dashed lines are approx-
imating splines. Two plots (a) and (b) were made for the sake of readability.
Reproduced with permission from Bechert et al. (2016) and AIP Publishing.

will not be relevant in most cases, in contrast to the threshold to the
planar regime at A = 10.
Typical neutral stability curves are plotted in Fig. 4.7. The qualitative
dependence of the critical draw ratio on the fluidity does not change in
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Figure 4.9.: Stability maps for aspect ratios A = 0.1, 1 and 10 for the finite
width film model. The thin lines correspond to parameter combinations with
constant critical draw ratio, with particular values shown below the lines. The
light shaded region belongs to the viscous regime, where the critical draw ratio
can be taken as constant. Within the dark shaded region, which is bounded by
a thick line, no draw resonance occurs for any value of Dr. The triangle slopes
correspond to the logarithmic values. The gray dotted lines indicate stability
minima with respect to Q for constant values of F . Adapted with permission
from Bechert et al. (2016) and AIP Publishing.

comparison with the infinite width film model (Fig. 4.2). The viscous
plateau value for small F is changed due to the neck-in effect as shown
by Fig. 2.16(a) and the point of divergence Fus changes slightly for
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4.3. Finite width film casting

different aspect ratios. The stability minimum with respect to Q,
which was already found in the case of infinite width, can be seen for
the curves corresponding to F = 1 in Fig. 4.7(b). Additionally, the plot
in Fig. 4.7(b) reveals that the stabilizing effect of neck-in depends on
the value of Q as well, as the two curves for F = 1 and different aspect
ratios intersect. Similar to the analysis of the infinite width film model,
Fus can be determined by fitting the data with a diverging function in
the vicinity of the divergence. Figure 4.8 shows the dependence of Fus
on Q for various values of A, together with the planar and uniaxial
limit. For Q > 0.1, Fus is proportional to 1/Q, indicating that the
threshold to unconditional stability depends on the Reynolds number
only. For Q < 0.1, however, the shape of the curves varies strongly
with A. Especially for A = 0.1, Fus becomes more than one order of
magnitude smaller compared to the planar limit. Similar to the curves
shown by Fig. 4.7(b), the threshold lines for different aspect ratios can
intersect and the minimum value of Fus is a function of both A and Q
in general. For A > 10, the planar limit is recovered. For A < 0.1, the
uniaxial limit is reached only if Q > 0.1, and A needs to be below 10−3

to obtain the limit for all values of Q. This can be explained with the
results shown by Fig. 4.6, where it can be seen that gravity enlarges the
neck-in regime towards small aspect ratios if F/Q is large.
Figure 4.9 shows the stability maps for aspect ratios A = 0.1, 1 and 10,
analogue to Fig. 4.4(a) for the infinite width film model, i.e., A → ∞.
It can be seen that the qualitative shape of the isolines of constant
draw ratio does not change for different aspect ratios within most of
the parameter space. The absolute value of Drc for the viscous regime
changes with A due to the stabilizing effect of neck-in, as visualized by
Fig. 2.16, and the transition to unconditional stability is modified,
as already discussed above. Between these two regions, the critical
draw ratio depends on either F/Q or FQ, apart from small regions of
transition, as it was already found for A → ∞ and shown by Fig. 4.4(b).
This reveals that most of the stability dynamics are governed either by
viscous, gravity and neck-in, or viscous, inertia and neck-in effects.
For this reason, these two limit cases are analyzed separately in the
following.
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4. Practical mappings

4.3.2 Viscous–inertia–neck-in regime

The viscous–inertia–neck-in model is obtained by dropping the gravity
term in the momentum equation (4.4). Additionally, the “traditional”
scaling transformation, which was used in 2.3, is applied, such that the
boundary conditions become independent of the control parameters
and are given by (2.42). The momentum equation then reads

FQhℓ (∂tu+ u∂xu) = ∂x (hℓν) . (4.25)

The steady state equation for the normal stress difference can bewritten
as

ν′s = νs
u′
s

us
+ FQusu

′
s, (4.26)

the perturbation equation becomes

N ′ = −(H ′ + L′) + FQ
usu

′
s

νs

[
−N +

(
ω

u′
s

+ 2

)
U +

us

u′
s

U ′
]
, (4.27)

and Eqs. (2.71a)–(2.71c) and (2.72a)–(2.72c) remain unchanged.
Analyzing the stability maps of Fig. 4.9 reveals that the effect of gravity
is negligible and thus this model appropriate for Q > 0.1. Figure 4.10
shows the dependence of the critical draw ratio on the aspect ratio
for various values of FQ, as well as a stability map with isolines of
constant critical draw ratio in the A–FQ plane. The stabilizing
influence of inertia over the entire range of aspect ratios is clearly
visible. The neutral stability curves of Fig. 4.10(a) move to larger Drc
with increasing FQ, i.e., increasing Re. Moreover, the magnitude of
the stability maximum, which is located at A = 0.66 in the viscous
case and denoted by ‘V’ in the plot, increases with respect to the
uniaxial and planar limit, finally leading to an opening of the curves
and revealing a window of unconditional stability within the domain
of A. This means that the threshold value of FQ to unconditional
stability can be lowered by choosing an appropriate aspect ratio. This
can be understood with the help of the stability mechanism explained
in 2.5.2. The stabilizing effect of neck-in increases the threshold value
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Figure 4.10.:Visualization of the stability behavior of the viscous–inertia–neck-
in model.
(a) Dependence of the critical draw ratio on the aspect ratio for various values
ofFQ, which is identical toRe. Label ‘V’ indicates the stability maximum of the
viscous limit, i.e., F = 0, which is located at A = 0.66 and whereDrc = 35.1.
(b) Stability map in the A–FQ plane. The thin lines correspond to parameter
combinations with constant critical draw ratio, with particular values shown
below the lines. The dark shaded region indicates unconditional stability. La-
bel ‘C’ indicates the minimum threshold value of FQ to unconditional stability,
equal to 0.22 and located at A = 0.5.
Reproduced with permission from Bechert et al. (2016) and AIP Publishing.

for the effective draw ratio and therefore unconditional stability is
reached already for smaller Reynolds numbers. The minimum
threshold value is located at A = 0.5 and FQ = 0.22, as marked in
Fig. 4.10(b) by label ‘C’. Consequently, the threshold value varies
non-monotonically from the uniaxial limit value of 0.31 to the planar
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limit value of 0.41, if the aspect ratio is increased. The stability
maximum moves to smaller aspect ratios if FQ is increased, but the
total difference between the viscous value of A = 0.66 and the
threshold value of A = 0.5 is small. The values of Drc in Fig. 4.10(a)
and FQ in Fig. 4.10(b) differ in the uniaxial and planar limits due to
the different Trouton ratios, i.e., 3 and 4, respectively.

4.3.3 Viscous–gravity–neck-in regime

The viscous–gravity–neck-in regime is reached for Q < 0.1 and if
additionally F is not too large, as visible in Fig. 4.9. The corresponding
inertia-free momentum equation, using again the traditional scaling,
reads

−F

Q
hℓ = ∂x (hℓν) , (4.28)

leading to the following steady state and perturbation equations for the
normal stress difference,

ν′s = νs
u′
s

us
− F

Q
, (4.29)

N ′ = −(H ′ + L′) +
F

Q

N

νs
, (4.30)

while Eqs. (2.71a)–(2.71c) and (2.72a)–(2.72c) remain unchanged.
Figure 4.11(a) depicts the influence of F/Q on the neutral stability
curve Drc vs. A. Similar to inertia, gravity raises the critical draw
ratio for the entire domain of aspect ratios. Moreover, the stability
maximum is clearly shifted towards smaller aspect ratios with
increasing effect of gravity. This can also be seen in Fig. 4.11(b), where
the isolines of Drc are plotted in the A–F/Q plane and the dip of
the curves corresponds to the stability maximum. The locus of the
maximum in dependence of F/Q was analyzed separately. Figure 4.12
shows the value of Drc at the maximum, the ratio of maximal Drc to
the planar limit value and the aspect ratio at which the maximum is
reached. As already observed, the maximal value of Drc increases
monotonically with increasing F/Q (Fig. 4.12(a)). Comparison with
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Figure 4.11.: Visualization of the stability behavior of the viscous–gravity–neck-
in model.
(a) Dependence of the critical draw ratio on the aspect ratio for various values
of F/Q, which is identical to Re/Fr. Label ‘V’ indicates the stability maximum
of the viscous limit, i.e., F = 0, which is located at A = 0.66 and where Drc =
35.1.
(b) Stability map in the A–F/Q plane. The thin lines correspond to parameter
combinations with constant critical draw ratio, with particular values shown
below the lines.
Reproduced with permission from Bechert et al. (2016) and AIP Publishing.

the planar limit value (Fig. 4.12(b)) reveals that gravity does not only
increase the overall stability, but also the stabilizing influence of
neck-in. While neck-in increases the critical draw ratio by a maximum
factor of 1.7 in the viscous limit, i.e., F = 0, it raises Drc by up to one
order of magnitude if F/Q = 103. As can be seen in Fig. 4.12(c), the
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Figure 4.12.: Analysis of the stability maximum of the viscous–gravity–neck-in
model with respect to F/Q. The points denote data calculated from the neu-
tral stability curves and the lines are approximated splines. The dashed lines
indicate the value of the viscous limit. (a) Critical draw ratio of the stability
maximum. (b) Ratio of critical draw ratios of stability maximum to planar limit.
(c) Aspect ratio at which the stability maximum is reached.
Reproduced with permission from Bechert et al. (2016) and AIP Publishing.

aspect ratio leading to maximal stability lies between 0.1 and 0.66, and
is monotonically decreasing with increasing F/Q. This observation
fits to the evolution of the neck-in regime shown by Fig. 4.6. For large
values of F/Q, the neck-in regime grows asymmetrically, shifting its
center towards smaller aspect ratios.

4.4 Fiber spinning

A stability analysis of the fiber spinning model derived in 2.2.1 includes
surface tension as additional effect besides inertia and gravity. Similar
to the viscoelastic film study in 4.2.2, this implies a superposition of
both stabilizing and destabilizing effects, which leads most likely to a
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non-monotic dependence of Drc on the control parameters. To the
best of the author’s knowledge, this is the first time that such a model
is analyzed by means of linear stability within the context of draw
resonance in fiber spinning, for both Newtonian and viscoelastic
materials. A paper on the Newtonian part is currently under review for
publication (Bechert and Scheid, 2017).

4.4.1 Newtonian model

Combined effects of inertia, gravity and surface tension

Analogue to 4.2.1, the normal stress difference (2.14) is directly
substituted into momentum equation (2.18) and the spatial derivative
of the velocity is used instead as state variable. The steady state
equations then read

a′s =
asu

′
s

us
, (4.31a)

u′′
s = −a′su

′
s

as
+

F

3

(
usu

′
s − 1− S

a′s

a
3/2
s

)
, (4.31b)

and the perturbation equations are given by

A′ = −
(

ω

us
A+ U ′

)
, (4.32a)

U ′′ =
ωu′

s

u2
s

A+
F

3

[(
1

us
+ ω + u′

s

)
U + usU

′

+
S

a
1/2
s u2

s

((
ω − u′

s

2

)
A− u′

sU + usU
′
)]

.

(4.32b)

Typical neutral stability curves for various parameter combinations are
visualized by Fig. 4.13. The qualitative shape of the stability curves
Drc vs. F of Fig. 4.13(a) differs from the previously discussed film
casting models for most combinations of S and Q. While the curve
corresponding to S = 10−3 and Q = 10−1 shows diverging behavior
and thus a region of unconditional stability, surface tension leads
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Figure 4.13.: Stability curves (a) Drc vs. F for various values of Q and S and
(b) Drc vs. Q for various values of F and S for the Newtonian fiber spinning
model.

for the other parameter combinations to a region of unconditional
instability defined by Drc ≤ 1, if F is above a threshold value. The
curve for S = 10−1 and Q = 10−3 is monotonically decreasing, i.e.,
increasing the fluidity has a purely destabilizing effect, similar to
increasing 1/Ca∗ in Fig. 2.20(a). For S = 10−3 and Q = 10−3, the
stability curve reaches a maximal critical draw ratio at F ≈ 2. This
indicates that for F < 2, the stabilizing influence of gravity and/or
inertia lead to an increase of Drc, while for F > 2, the destabilizing
effect of surface tension dominates the total stability. Finally, the
curve for S = 10−1 and Q = 10−1 diverges at F ≈ 7, leading to
unconditional stability, but this region is limited to 7 ≲ F ≲ 26, as
surface tension effects directly lead to unconditional instability for
F > 26. The reason for the complex behavior of the neutral stability
curves is that while S is a measure of the magnitude of surface tension
effects, F increases the magnitude of gravity, inertia and surface
tension as compared to viscous forces simultaneously, and therefore
tunes both stabilizing and destabilizing factors.
As can be seen in Fig. 4.13(b), the dependence of Drc on the inlet
velocity Q changes as well qualitatively as compared to the film
models. For S = 10−3 and F = 10−2, increasing Q at small values has
a destabilizing effect, while increasing Q at large values is stabilizing,
even though the latter is barely visible for this parameter combination.
If, however, S = 10−1 instead, increasing Q has a purely stabilizing
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effect for all values of Q. For F = 1, the region of unconditional
instability appears for Q < 10−2. The curve for S = 10−3 and F = 1
shows both a stability maximum at Q ≈ 6 · 10−4 and a stability
minimum at Q ≈ 7 · 10−2, which increases the complexity of the
influence of variations in Q on the critical draw ratio.
Figure 4.14 depicts stability maps in the Q–F plane for four values of
the surface tension parameter, S = 10−3, 10−2, 10−1, and 1. For rather
large values of Q, all maps show a similar behavior as compared to the
infinite width film casting model shown by Fig. 4.4, i.e., increasing F
has a purely stabilizing effect, a threshold value to unconditional
stability exists, and increasing Q has a purely stabilizing effect as
well. The threshold to the region of unconditional stability was
determined here for reasons of simplicity by tracking the solution
branch corresponding to Drc = 105 in the Q–F plane. For rather small
inlet velocities, the situation changes significantly. For instance, in
Fig. 4.14(a) large values of F lead to unconditional instability instead
of unconditional stability if Q < 2 · 10−3. This region is crossed out
in the stability maps and limited by a thick line corresponding to
Drc = 1. As already depicted by Fig. 4.13(a), the critical draw ratio can
depend non-monotonically on F . The dashed line in the stability
maps indicates a stability maximum with respect to F for constant
Q and therefore divides the parameter space into a region, where
increasing F has a stabilizing effect and a region, where it has a
destabilizing effect. For S = 10−1 and S = 1, the influence of surface
tension is strong enough so that increasing F has either a purely
stabilizing, or a purely destabilizing effect for a constant value of Q.
As S increases, the region of unconditional instability grows and
covers almost half of the practical control parameter space if S = 1.
The region of unconditional stability shrinks simultaneously and
can only be reached for Q > 0.5 if S = 1. The threshold lines to
unconditional stability and instability converge in all cases for large
values of F , as well as all other isolines of constant Drc. In the vicinity
of this line, a small variation of the inlet velocity changes the sign of
the divergence of a Drc vs. F curve, i.e., changes from unconditional
stability to unconditional instability. The typical parameter ranges for
fiber spinning processes as depicted by Fig. 4.1 show that this dramatic
change in stability may indeed be crucial for practical application.
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(a) S = 10−3. (b) S = 10−2.

(c) S = 10−1. (d) S = 1.

Figure 4.14.: Stability maps for the Newtonian fiber spinning model for dimen-
sionless surface tension parameter S = 10−3, 10−2, 10−1, 1. The thin lines
correspond to parameter combinations with constant critical draw ratio, with
particular values shown below the lines. The light shaded region belongs to the
viscous regime, where the critical draw ratio can be taken as constant. Within
the dark shaded region, which is bounded by a thick line, no draw resonance
occurs for any value of Dr. Within the crossed region, which is bounded by
a thick line as well, no stable spinning is possible as Drc ≤ 1 due to surface
tension effects. The dotted black (gray) lines indicate maxima (minima) ofDrc
with respect to Q for constant values of F . The dashed line indicates stability
maxima with respect to F for constant values of Q. If both types of maxima
coincide, a local stability maximum is present. The triangle slopes correspond
to the logarithmic values.
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As already revealed above, surface tension also affects the stability
curves with respect to Q for constant values of F . While Drc increases
monotonically with Q for S = 10−1 and 1, there are stability maxima
and minima for S = 10−3 and S = 10−2, which are visualized by black
and, respectively, gray dotted lines. This means that these dotted lines
separate the parameter space into regions where increasing Q has a
stabilizing effect and regions, where it has a destabilizing effect. A
local stability maximum, i.e., with respect to both F and Q, is present,
if the black dotted and dashed lines coincide. Apart from the region of
unconditional stability, those parameter combinations are the most
recommended for reaching high process stability. For S = 10−1 and 1,
the viscous regime was defined by 20 < Drc < 21.

Viscous–gravity–surface-tension regime

Similar to the stability maps for the film models, the isolines in
Fig. 4.14 show either F ∝ Q or F ∝ 1/Q within large regions of
the parameter space. In the former case, Drc = Drc(F/Q) for
constant values of S, and as Re/Fr = F/Q and 1/Ca∗ = 2S(F/Q)
according to (4.11), a viscous–gravity–surface-tension model, neglecting
inertia, seems to be sufficient in this region. Applying the traditional
scaling (2.5) with boundary conditions (2.19), the momentum
equation (4.5) reduces to

−F

Q
a

(
1 + S

∂xa

a3/2

)
= ∂x(aν). (4.33)

On the other hand, if Drc = Drc(FQ) for constant values of S, both
gravity and surface tension can be neglected, as both effects are tuned
by F/Q for constant values of S, as shown by the transformation
rules (4.11), and this region refers to a viscous–inertia regime. In
fact, within these particular regions the maps are invariant to
changes of S, and coincide as well with the corresponding part of
Fig. 4.4(a) if F is scaled accordingly. This reveals that most of the
stability dynamics in Newtonian fiber spinning are governed by either
viscous–gravity–surface-tension effects, or viscous–inertia effects
for most practical parameter combinations. As the results of the
viscous–inertia regime for infinite width film casting presented
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Figure 4.15.: Visualization of the stability behavior of the viscous–gravity–
surface-tension model.
(a) Dependence of the critical draw ratio on F/Q, which is identical to Re/Fr,
for various values of surface tension parameter S.
(b) Stability map in the F/Q–S plane. The thin lines correspond to parameter
combinations with constant critical draw ratio, with particular values shown to
the left of the lines. The thick line indicates the transition to unconditional in-
stability, whereDrc ≤ 1. The dashed line indicates maxima ofDrc with respect
to F/Q at constant S and separates the parameter space into regions where
increasing F/Q has a purely stabilizing effect (below) and where it is purely
destabilizing (above). The light shaded region marks the viscous regime, where
20 < Drc < 21.

in 2.5.2 can easily be transferred to the fiber spinning model by
multiplying the Reynolds number Re = FQ by a factor of 3/4, only the
viscous–gravity–surface-tension model is analyzed separately in the
following.
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The steady state equation (4.31b) reduces in the absence of inertia to

u′′
s = −a′su

′
s

as
− F

3

(
1 + S

a′s

a
3/2
s

)
, (4.34)

and perturbation equation (4.32b) becomes

U ′′ =
ωu′

s

u2
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A+
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√
asu2

s

((
ω − u′

s

2

)
A− u′

sU + usU
′
)]

,

(4.35)

while Eqs. (4.31a) and (4.32a) remain unchanged. In Fig. 4.15(a),
neutral stability curves Drc vs. F/Q are shown for various values of S.
In the absence of surface tension, i.e., S = 0, increasing F/Q has a
purely stabilizing effect. Increasing S, however, leads to a region of
unconditional instability as the curves drop below Drc = 1 for F/Q
above a threshold value, which itself decreases with increasing S. For
moderate values of S, e.g., 10−3 and 10−2, the interplay between
gravity and surface tension leads to a stability maximum. This
maximum is visualized by a dashed line in the stability map depicted
by Fig. 4.15(b) and vanishes for S > 5.53 · 10−2, where increasing
F/Q has a purely destabilizing effect. A relevant effect of the
stability maximum becomes noticeable for S < 10−2, as the largest
critical draw ratio is at least 50 then. The threshold to unconditional
instability, i.e., the isoline for Drc = 1, exhibits almost a reciprocal
proportionality between S and F/Q, and a rough approximation yields

FS

Q
≳ 7 (4.36)

as criterion for unconditional instability. As 2FS/Q = 1/Ca∗, this value
is close to the threshold value of 8.13 obtained in 2.5.4. The transition
to unconditional instability caused by the effect of surface tension is
therefore hardly influenced by gravity.
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4.4.2 Viscoelastic model

As already noted in 4.2.2, the PTT constitutive equation differs by
more than a global factor for uniaxial and planar elongation. For this
reason, a viscoelastic fiber model will be analyzed separately here,
even though the dimensionless surface tension parameter S does not
influence directly the magnitude of viscoelastic effects, similar to the
aspect ratio A. Analogue to the infinite width film casting model,
the nonlinear PTT parameter ε is set to 0.1 and S is fixed to 10−2 in
addition, so that surface tension effects play a significant role.
Following the steps presented in 3.3.1, the cross-section-averaged PTT
equations for uniaxial deformation can be derived as

Λ
(
∂tν

(0) + u(0)∂xν
(0) + ∂xu

(0)
(
ν(0) − 3τ (0)xx

))
+eεΛ(3τ

(0)
xx−2ν(0))ν(0) = 3∂xu

(0),
(4.37a)

Λ
(
∂tτ

(0)
xx + u(0)∂xτ

(0)
xx − 2∂xu

(0)τ (0)xx

)
+eεΛ(3τ

(0)
xx−2ν(0))τ (0)xx = 2∂xu

(0).
(4.37b)

Hereby was used that the trace of the extra stress tensor is equal to τxx+
2τ rr, as τφφ is equal to τ rr.4 Together with Eqs. (2.13) and (4.5), the
following steady state equations can be deduced,

u′
s =

1

3c̃f − FΛ
(
u2
s + Sa

−1/2
s

) ( νs
c̃ ,f

− FΛus

)
(4.38a)

a′s = −asu
′
s

us
, (4.38b)

ν′s = −νs
a′s
as

+ F

(
usu

′
s − 1− S

a′s

a
3/2
s

)
, (4.38c)

4 Both τφφ and τrr obey the same differential equation and are identical in the Newtonian
limit.
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1

Λus

(
2u′

s (1 + Λts)−
ts

c̃ ,f
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, (4.38d)

with auxiliary parameters

c̃f = 1 + Λ

(
ts −

2

3
νs

)
, (4.39a)

c̃ ,f = eεΛ(2νs−3ts). (4.39b)

Analogue to the infinite width film casting model in 4.2.2, the
unscaled perturbation ansatz (4.21) is used for the stress components
in order to increase the numerical stability. This leads to the following
perturbation equations,
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Figure 4.16.: Stability maps for dimensionless relaxation times Λ = 10−1, 1, 10,
102 for the PTT fiber spinning model. The thin lines correspond to parameter
combinations with constant critical draw ratio, with particular values shown
below or to the right of the lines. Within the dotted region, no solutions could
be calculated, probably due to high gradients in the steady states. Within the
crossed region, which is bounded by a thick line, no stable spinning is possible
as Drc ≤ 1 due to surface tension. The black (gray) dotted lines indicate max-
ima (minima) ofDrc with respect toQ for constant values ofF . The black (gray)
dashed lines indicate stability maxima (minima) with respect to F for constant
values of Q. If both types of maxima coincide, a local stability maximum is
present. The triangle slopes correspond to the logarithmic values.
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As already observed for the viscoelastic film casting model, the
numerical continuation fails for large values of the fluidity, which is
probably due to the strong gradients in the steady states. For this
reason, the analysis will again be limited to F < 1, which rather
excludes the large scale industrial processes, as Fig. 4.1 shows. This
leads to two important conclusions. On the one hand, the fact that
this particular parameter region seems to be accessible only for
almost negligible values of Λ indicates that materials for industrial,
high-speed application should be selected to have a small relaxation
time compared to the process time, i.e., a Deborah number of O(10−3)
or lower, approaching the Newtonian limit. On the other hand, this
also reveals that besides the stability analyses presented within this
thesis, steady state analyses should be performed as well, which define
the available parameter space. For this, conditions for realizable steady
states need to be set beforehand. As such an analysis is almost as
extensive as the stability analysis, and as such conditions additionally
depend on the particular process setup, it will be concentrated here
on the reduced parameter space, which still covers the small-scale
fiber spinning processes, and which is accessible by the implemented
numerical method.
Stability maps in the Q–F space for four different values of Λ are
depicted by Fig. 4.16. Similar to the viscoelastic film casting scenario,
two major regions can be identified. If the isolines are parallel to the
F -axis, only viscoelastic effects influence the stability. With increasing
Λ, this region grows towards small values of Q. Especially for Λ = 0.1
and 1, a viscous–gravity–surface-tension region is visible for small
values of Q, including a region of unconditional instability and a
local maximum with respect to both F and Q. If Λ becomes larger,
viscoelastic effects push this region out of the relevant parameter
space, and the maxima with respect to F and Q start to deviate from
each other, until the one with respect to Q finally disappears.
In contrast to the film casting model, no minimum with respect to
De = ΛQ induced by viscoelastic effects could be observed for uniaxial
deformation. The minimum with respect to Q, which can be tracked
up to F = 10−4, corresponds to the one appearing as well in the
Newtonian case (see Fig. 4.14). The maximum close to QΛ = 0.02, in
contrast, can be related to viscoelasticity, similar to the film casting
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scenario. The isolines clearly indicate that inertia does not play a
major role in the attainable parameter space if viscoelastic effects are
strong enough. For moderate values of F , viscoelastic effects suppress
the influence of inertia, while for larger values of F , no steady state
solutions can be found.

4.5 Conclusions

The results presented in this chapter serve primarily the purpose of a
direct application in the scope of a particular process. An alternative
scaling based on the assumption that the length L has a fixed value
revealed dimensionless control parameters with high correlation to
practical application and typical values of these parameters were given
for fiber spinning and film casting processes. Once these practical
parameters are calculated for a particular process, the findings
presented here enable a deduction of suitable model assumptions, like
the importance of neck-in, inertia, gravity or surface tension. Stability
maps (Figs. 4.4, 4.5, 4.9, 4.14 and 4.16) with isolines of the critical draw
ratio reveal various dynamical regimes. The following general rules
can be applied for choosing appropriate model assumptions for a
particular process:

• Neck-in effects in film casting become important for A < 10,

• viscoelastic effects can always be neglected for ΛQ = De < 10−3,

• isolines with F ∝ Q indicate a viscous–gravity(–neck-in/–surface-
tension) regime, i.e., negligible inertia and viscoelastic effects,

• isolines with F ∝ 1/Q indicate a viscous–inertia(–neck-in)
regime, i.e., negligible gravity, surface tension and viscoelastic
effects,

• isolines parallel to the F -axis indicate a purely viscoelastic(–
neck-in) regime, i.e., negligible inertia, gravity and surface-
tension effects.

Gravity and inertia were found to be hardly important simultaneously,
as well as surface tension and inertia effects do mostly not super-
impose in fiber spinning applications. A general stability analysis

162



4.5. Conclusions

within a regime where viscoelastic and inertia effects both play a role
appeared to be impossible, as the steady state solutions already restrict
the available parameter space. Special trajectories, like the threshold
to unconditional (in-)stability or local stability maxima and minima,
were analyzed in particular, as they are of high practical importance.
If only one additional effect remains important for the calculation
of the critical draw ratio, the simple empirical correlations already
proposed in chapters 2 and 3 can be directly applied. In the cases
of Newtonian infinite width film casting and fiber spinning with
negligible surface tension, empirical correlations for the various
dynamical regimes were explicitly given as well. Apart from that,
stability maps of all relevant cases help to estimate the critical draw
ratio with respect to the control parameters.
In general, a steady state analysis should accompany the stability study
of a defined process, as some parameter combinations may lead to
practically unrealizable states, even though a mathematically stable
solution exists. A comprehensive study is of comparable scope as
the stability investigations presented here, and a process dependent
estimation procedure is recommended for each application instead.
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5 Experimental investigations

It is mostly more difficult to analyze particular isolated effects in
experiments as it is in theoretical investigations. Nevertheless,
experimental data is mandatory to connect the theoretical results to
an application in the real world. Besides a comprehensive literature
review of experimental studies on draw resonance, this chapter
presents a fiber spinning experiment performed with two linear
polypropylenes (PP), which belongs to type II according to Tab. 4.1.
The fiber geometry has the advantage that the neck-in effect of film
casting can be ignored, and with the help of the stability maps shown
in chapter 4, the parameters can be chosen such that inertia, gravity
and surface tension are negligible as well. This makes it possible to
concentrate primarily on viscoelastic effects.

5.1 Literature review

5.1.1 Film casting

In the field of film casting, the first experimental work on draw
resonance was published by Barq et al. (1990), who produced films of
polyethylene terephthalate (PET) with almost constant viscosity in the
relevant deformation rate regime and subsequently measured the
film thickness and width at various positions by sectioning the film
with a grid. The results of three different resins were qualitatively
compared by discussion of the thickness and width oscillation curves
and miscellaneous perturbations were induced at the outlet. The
study was repeated four years later using a PET with a larger relaxation
time in order to account for viscoelastic effects and a small increase
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of the critical draw ratio was reported (Barq et al., 1994). Bouamra
et al. (2006) presented a small study on film casting of four different
polyethylenes (PE) with various relaxation times. The oscillations of
the pulling force were measured and stability diagrams visualize the
dependence of the critical draw ratio on the throughput. A threshold
to unconditional stability for large throughputs was observed. In a
mostly theoretical study, Shin et al. (2007) showed experimentally
determined thickness oscillations for high-density and low-density PE
films. Zavinska et al. (2008) performed film casting experiments
using a commercial linear PE and determined the critical draw ratio
for various values of the Deborah number by varying the distance
between inlet and outlet. Increasing the Deborah number led to a
strong decrease of the critical draw ratio.
Probably the most comprehensive study was performed by Burghelea
et al. (2012). They conducted simultaneous in situ measurements of
the width and the flow velocity field of PP films. The velocity field
was measured by means of a digital particle image velocimetry. In
the unstable regime, a limit cycle could be observed. The transition
from the stable to the unstable regime of the velocity and width
fluctuations was fitted with the stationary Landau–Ginzburg equation.
Additionally, a third regime of chaotic behavior was reported for large
draw ratios. The transition from stable to unstable behavior is listed
for three different Weissenberg numbers1, revealing a destabilization
with increasing Weissenberg number. The method used in their work
for determining the critical draw ratio will be adopted for the
evaluation of the experiment presented in this chapter. Within the
scope of his PhD thesis, Grieß (2014) measured the width variations in
film casting of two linear and one long chain branched (LCB) PPs.
While draw resonance never occurred for the LCB PP, increasing
the Deborah number always had a destabilizing effect for the linear
materials.

1 The Weissenberg number is defined there as 2λu0/s, where s is the gap of the slit die.
As the casting length was kept fix, the Weissenberg number can directly be correlated to
the Deborah number as defined by Eq. (3.10).
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5.1.2 Fiber spinning

In the case of fiber spinning, the first comprehensive experimental
investigation on draw resonance had been performed by Bergonzoni
and DiCresce (1966a,b). They extruded slender ribbons of PP and
measured thickness and width oscillations. The transition to draw
resonance was observed at draw ratios between 10 and 20, mostly
close to 20. Additionally, the influence of temperature, die geometry
and polymer properties on the oscillation amplitude was discussed.
Donnelly and Weinberger (1975) were the first to observe draw
resonance for a Newtonian fluid by using silicon oil. The theoretical
value of Drc ≈ 20 could be reproduced for various flow rates and
the residence times were compared to the oscillation periods. The
influence of strain hardening and thinning materials on draw reso-
nance was studied by Weinberger et al. (1976) by using five different
polymers, but no stabilizing effect could be observed for a branched
low-density PE, although this material exhibits strain hardening.
While the processing conditions were kept fix, a variation of the
material made the investigation of various relaxation times possible.
No clear trend of the critical draw ratio could be observed, but the
data suggests rather a destabilizing influence of elasticity. Matsumoto
and Bogue (1978) concentrated on the influence of the crystallization
and solidification transitions induced by spinline cooling on draw
resonance for polystyrene and PP. Chang and Denn (1979) performed
experiments with both Newtonian and viscoelastic corn sirup
solutions and measured the take-up force. The Newtonian critical
draw ratio was determined to be around 25 and the viscoelastic value
differed slightly, without revealing a clear trend behavior, however.
Kase (1974) and Blyler and Gieniewski (1980) reported that additional
cooling can lead to the complete suppression of draw resonance.
Ghijsels and Ente (1980) analyzed seven well characterized PPs of
different properties and discussed the influence of molecular and
processing parameters on the instability behavior. By proper material
selection they could investigate the effects of various molecular
weights and various molecular weight distribution widths separately.
Both increasing the molecular weight and increasing the distribution
width led to a decrease of the critical draw ratio. The drawing distance

167



5. Experimental investigations

was found to influence the amplitude of oscillation, but not the critical
draw ratio. A larger critical draw ratio was detected with decreasing
mass flow rate.
Nam and Bogue (1984) performed isothermal experiments with two
PPs and varied the die variables, extrusion speed and spinning length.
They observed a stability minimum with respect to the inlet velocity,
located at a dimensionless inlet velocity of Q ≈ 0.03, which is in a
similar range as the minima detected in chapter 4. In another work,
Demay and Agassant (1985) studied the influence of mass flow rate,
take-up speed and spinning length on draw resonance for four
different polyesters of both linear and branched type. The critical draw
ratio increased with increasing Stanton number and with increasing
spinning length. A threshold length above which no draw resonance
could be observed is reported. Unfortunately, the presented data is
not enough to analyze a potential correlation between the Deborah
number and the critical draw ratio for a particular material. The
results of White and Yamane (1985) for several linear and branched
PETs coincide with the other findings described above. Additionally,
they mention a possible stabilizing effect due to strain hardening.

Even though there are several experimental data available, only few
of them can be used to validate the theoretical predictions on the
influence of viscoelastic effects presented in chapter 3. Nevertheless, it
can be stated that apart from strain hardening materials all researchers
report a primarily destabilizing effect of increasing influence of
elasticity. Another drawback of many investigations is the imprecise
method to determine the critical draw ratio, which is sometimes
evaluated based on fibers or films after the process, where additional
effects could have occurred in the meantime, or by simply observing
the material by eye and estimating the critical value to lie between
a stable and an unstable setting. The latter method, however,
is prone to errors, as the transition from the stable to the unstable
regime is imperfect due to background noise. As a consequence, the
critical draw ratio could lie above a value for which oscillations may
become visible already. For these reasons, separate measurements
were conducted within the scope of this thesis, which use the in situ
method of Burghelea et al. (2012) to determine the critical draw ratio.
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5.2 Material selection and characterization

Two linear PPs produced and provided by LyondellBasell, Moplen
HP556E, denoted by PP1 in the following, and Moplen HP501L,
denoted by PP2 in the following, were used for the fiber spinning
experiment. These materials are originally designed for film casting
application and were selected for several reasons. First, these materials
have already been used within the works of Grieß (2014) and Burghelea
et al. (2012)2 which makes it easier to connect these film casting
results with the fiber spinning results presented here. Additionally,
the materials have already been characterized within these works
and by Wolf (2008). The typical viscosities, i.e., reciprocal fluidities,
for film casting and small-scale fiber spinning are similar, as Fig. 4.1
reveals, which makes a film casting material more suitable than a
high-speed fiber spinning material of low viscosity. Second, PP is
known for its good processibility, which makes it possible to increase
the process parameter space. Moreover, PP has rather small activation
energies compared to other thermoplasts, which helps to reduce the
influence of thermal effects. Finally, the two materials have clearly
different molecular weights, and as a consequence different viscosities
and relaxation times, which as well enlarges the accessible material
parameter space.
In addition to the works of Wolf (2008) and Grieß (2014), oscillatory
measurements under nitrogen atmosphere were performed within
the scope of this thesis using the ARES rheometer from TA Instru-
ments. PP1 was analyzed at a temperature of T = 230 ◦C, and PP2
at T = 200 ◦C, as these values correspond to the extrusion temper-
atures of the experiment. Figures 5.1 and 5.2 show the frequency
dependencies of the absolute value of the complex viscosity η∗, the
storage modulus G′ and the loss modulus G′′ for both materials.
Assuming that the Cox–Merz rule (Cox and Merz, 1958) holds for
linear polypropylenes (e.g., Tabatabaei et al., 2010, and reference
therein), the Carreau–Yasuda (CY) expression, which was already

2 Burghelea et al. (2012) have merely used Moplen HP556E in their study.
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Table 5.1.: Carreau–Yasuda parameters as obtained by fitting Eq. (5.1) to the
experimental data, as visualized by Fig. 5.1.

Material T/(◦C) η0/(Pa s) λ /s n m

PP1 230 (1.59± 0.02) · 104 0.28± 0.05 0.22± 0.03 0.46± 0.02

PP2 200 (4.35± 0.08) · 103 0.15± 0.05 0.33± 0.05 0.55± 0.04

(a) PP1. (b) PP2.

Figure 5.1.: Frequency dependence of the absolute value of the complex viscos-
ity for both PP materials used in this thesis. The Carreau–Yasuda function (5.1)
is fitted to the data, R2

adj = 1.0 for PP1 and 0.997 for PP2.

introduced by Eq. (3.45) for elongational viscosities, can be related to
the complex viscosity, so that

|η∗ (ω)| = η0

(1 + (λ ω)
m
)

n−1
m

, (5.1)

with zero-shear viscosity η0, power-law exponent n, inner exponent
m and a characteristic time λ , whose reciprocal value marks the
transition between Newtonian and power-law behavior. Figure 5.1
depicts the fits of Eq. (5.1) to the data. Table 5.1 gives an overview of
the obtained parameters. The zero-shear viscosity values are in good
agreement with the measurements of Wolf (2008) and Grieß (2014).
The rather small values of the inner exponent m indicate a broad
transition region. This is caused by the high polydispersity of the
materials. Both Wolf (2008) and Grieß (2014) have performed gel
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Table 5.2.: Results of the GPC measurements of Grieß (2014) and Wolf (2008).
Mn andMw denote the number average and weight average molecular weights,
respectively.

Grieß (2014) Wolf (2008)
Material Mw/

(
kgmol−1

)
Mw/Mn Mw/

(
kgmol−1

)
Mw/Mn

PP1 527 5.3 560 6.3
PP2 359 6.9 359 6.9

Table 5.3.: Overview of the estimates for the longest relaxation time for PP1
and PP2, using the CY fit, the cross-over frequency and the linear steady state
compliance.

Material T/(◦C) λ /s ω−1
cross/s J0

e η0/s
PP1 230 0.28± 0.05 0.07± 0.02 14.47± 0.24

PP2 200 0.15± 0.05 0.02± 0.00 6.96± 0.45
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Figure 5.2.: Frequency dependencies of the storage and loss moduli for both PP
materials used in this thesis.

permeation chromatography (GPC) measurements (see Tab. 5.2) and
report a rather high polydispersity for both materials.
A common procedure for evaluating oscillatory measurements is to fit
the theoretical predictions of the chosen constitutive equation to G′

and G′′, which yields the linear relaxation time spectrum. In this
case, however, a single relaxation time, as it was used throughout
chapters 3 and 4, appears to be insufficient. For this reason, the
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Table 5.4.: Density, surface tension, heat capacity and activation energy of PP1
and PP2 as obtained from literature (Zoller, 1979; Brandrup et al., 1999; van
Krevelen and te Nijenhuis, 2009; Wolf, 2008).

Material T/(◦C) ρ/
(
kgm−3

)
γ/

(
mNm−1

)
cp/

(
J kg−1 K−1

)
EA/

(
kJmol−1

)
PP1 230 739 17.62 2644 40.9

PP2 200 754 19.3 2562 41.5

longest relaxation time will be estimated as an indicator for the
viscoelastic behavior. There are several possibilities to do such an
estimate. One is to take the CY parameter λ . A second way is to
use the reciprocal value of the so-called cross-over frequency ωcross,
defined by the point where G′ and G′′ intersect. This frequency was
determined by linear interpolation of the measurement data and the
obtained value is marked in Fig. 5.2. A third alternative is to utilize
the product of the linear steady state recoverable compliance J0

e ,
which has been determined by Wolf (2008) for PP1 and PP2, and the
zero-shear viscosity. All three estimates are given in Tab. 5.3. The large
range spanned by the three values emphasizes the broad molecular
weight distribution of both materials. This leads to a certain variability
of the relaxation time for the theoretical model, which will be
discussed in detail in 5.4.2.
Besides zero-shear viscosity and relaxation time, further material
parameters are needed for a theoretical modeling, namely the fluid
density ρ, surface tension γ, heat capacity cp and activation energy
EA. Thermal effects, which may not be negligible in general raise
the need for the two latter parameters. The density ρ at a particular
temperature T can be estimated by using the following expression
proposed by Zoller (1979),

1

ρ(T )
= 1.1606

cm3

g
exp

(
6.7 · 10−4 T

◦C

)
. (5.2)

Grieß (2014) validated this formula for PP1 by throughput measure-
ments. The values for surface tension γ and heat capacity cp were
taken from literature (Brandrup et al., 1999; van Krevelen and
te Nijenhuis, 2009). The activation energies EA of both materials have
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been determined by Wolf (2008). All four parameters for PP1 and PP2
are listed in Tab. 5.4.

5.3 Setup, procedure and post-processing

5.3.1 Experimental setup and procedure

The experimental setup is sketched in Fig. 5.3. The material is
extruded by a single-screw extruder from Göttfert, which is utilized
with a Plasticolor 1000 feeder from Groschopp. The screw has a total
length of 41.5 cm, a diameter of 19.4 mm and is rotating with
revolution speed V . The feed zone has a length of 19 cm and a
flight depth of 2.4 mm. The material leaves the extruder through a
cross-head die. The die has a circular cross-section with a diameter of
3 mm and a length of 30 mm. The polymer strand is taken-up by a
haul-off device from Göttfert, which is placed on an adjustable table so
that the distance L from die to take-up can be varied. The haul-off
consists of a small take-up roll, a large drawing roll and a collector
roll and enables a pulling of the strand at defined outlet speed. The
material is hereby in a molten state over the entire distance L and
solidifies at the take-up.3 The polymer strand between die and haul-off
is filmed with a VW600c high-speed camera from Keyence.
As mentioned before, material PP1 is extruded at a temperature of
230 ◦C and PP2 at 200 ◦C. Different temperatures were chosen as the
low viscosity of PP2 reduces the processibility with the haul-off for
higher temperatures, while the viscosity of PP1 is rather too high at
200 ◦C. Each material was extruded at four different screw revolution
speeds V = 5, 10, 15, 20 min−1. For each speed, the haul-off was
placed at three different distances L = 10, 15, 20 cm to the die, with
an estimated error of ∆L = 0.1 cm. For every parameter combination,

3 For larger fiber spinning setups (“fiber spinning I”), the polymer typically solidifies al-
ready before the take-up, and the effective spinning distance of the molten material is
reduced. As the point of solidification is not necessarily fixed, this scenario may become
more complex (Pearson et al., 1976; Hagen, 1998).
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Figure 5.3.: Sketch of the experimental setup.

the take-up speed of the haul-off, i.e., the draw ratio Dr, is tuned
stepwise from clearly stable to unstable conditions, and the flow is
filmed for every draw ratio for 90 seconds, which means that the
measurement procedure yields for various parameter combinations
{V, L,Dr} a video of the flow between inlet and outlet for both
materials. The camera settings are adjusted so that the margins of the
fiber are clearly detached from the background.
Figure 5.4 depicts a representative example of the temperature and
pressure evolution at the extrusion head4. Both show fluctuations
in time and especially the temperature varies oscillatory within an
interval of 10 ◦C. Although these effects have not been considered
within this work, it is important to keep them in mind as they can
have direct influence on the instability detection. The oscillation
period of the temperature, however, is much larger than the detected
draw resonance oscillation periods, which eliminates the danger of
confusing both effects. Nevertheless, such an intrinsic noise can smear
the phase transition and thus makes it harder to define the critical
parameters, which will be discussed below.

4 Due to technical restrictions, the measurements could not be performed at the die, but
merely close to it.
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Figure 5.4.: Excerpt of temperature and pressure data at the extrusion head.

5.3.2 Throughput measurements

Throughput measurements were performed in order to connect the
screw revolution speed V to the inlet velocity u0 of the polymer strand.
Both materials PP1 and PP2 have been extruded for∆t = 120 s and the
mass m of the extrudate was determined. Together with the density
listed in Tab. 5.4, the extrusion velocity u0 can be calculated as

u0 =
m

ρ∆t πR2
0

, (5.3)

where R0 is identical to the radius of the die. Three measurements
were done for each screw revolution speed V . The effect of swelling
after the extrusion was not examined, as the die is recessed in the
extrusion head, which makes it hard to measure the polymer strand
directly after the die by common means. Swelling would reduce the
inlet velocity and therefore increase the draw ratio. However, pulling
the strand itself also influences the swelling behavior, and a careful
treatment becomes more complex (Gupta et al., 2016). As will be
shown in 5.4.2, the uncertainty of the single relaxation time used in
the theoretical model already has a large impact, and the influence
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Table 5.5.: Throughput measurement results for screw revolution speed V and
inlet velocity u0.

u0/(mms−1)

V /min−1 PP1 PP2
5 16.89± 0.99 18.18± 0.19

10 31.0± 0.59 33.24± 0.50

15 36.54± 0.19 40.82± 0.44

20 49.42± 0.46 51.91± 0.30
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Figure 5.5.: Dependence of the inlet velocity u0 on the screw revolution speed
V together with a linear fit. R2

adj = 0.83 for PP1 and 0.84 for PP2.

of swelling is regarded as minor compared to that and therefore
neglected for the sake of simplicity.
The determined dependence of the inlet velocity on the screw
revolution speed is listed in Tab. 5.5 and visualized by Fig. 5.5. A linear
correlation can be found for both materials, and the corresponding
proportionality factor is given in the plots. As each revolution speed
used in the fiber spinning experiment was measured directly with high
reproducability, the rather moderate quality of the linear fit does not
influence further measurement results. Nevertheless, the deviations
from the linear trend and the pressure fluctuation depicted by Fig. 5.4
suggest that the extruder may not yield a constant throughput rate,
which could influence the succeeding measurements, as also discussed
later.
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5.3.3 Determination of critical parameters

The recorded videos are post-processed with the image processing
software Fiji5. The full script is listed in Appendix F.2. The raw video is
first converted into a binary video and inverted, so that the detected
fiber is purely black and the background white. The number of
horizontal black pixels at 10 equidistant positions in height, i.e., the
diameter of the fiber in arbitrary units (a.u.), is then determined for
all frames and therefore with respect to time. These three steps are
visualized by Fig. 5.6 for a PP1 fiber with spinning length L = 20 cm
and screw revolution speed V = 10 min−1. The time dependence
of the determined fiber diameter at the fifth position, 2r(4), is
plotted for three different draw ratios, below criticality (c1), close to
criticality (c2), and above (c3). Below criticality, merely nonperiodic
noise is visible, while clear oscillations in diameter become observable
for larger draw ratios. The oscillation amplitude increases with the
draw ratio.
For determining the critical draw ratio, the method proposed by
Burghelea et al. (2012) is adopted here. The reduced mean square
fluctuation of the diameter Ξ, defined by

Ξ =
< (2r− < 2r >)

2
>

< 2r >
, (5.4)

with < · > denoting the mean value with respect to time, is used
as a measure for the instability. Figure 5.7 shows this quantity for
various draw ratios for PP1, L = 20 cm and V = 10 min−1 at the
fifth measurement position of the fiber. While Ξ is rather constant
for low values of Dr, it starts to increase up to more than one order
of magnitude for Dr above a critical value. This critical draw ratio
Drc, however, is not clearly detectable at first glance. The reason
for this is the presence of background noise as for instance shown

5 Depending on the size of the raw video, the frame rate was reduced in advance with
FFmpeg software.
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Figure 5.6.: Visualization of the video post-processing steps, exemplarily for
PP1, L = 20 cm and V = 10 min−1. The raw video is converted into binary
frames and inverted and the diameter of the fiber is measured at 10 equidis-
tant heights. Draw resonance oscillations become clearly visible with increasing
draw ratio ((c1):Dr= 1.3, (c2):Dr = 5.2, (c3):Dr = 7.7).

1 2 3 4 5 6 7 8

Dr

0.00

0.05

0.10

0.15

0.20

Ξ
(4

)

Drc

experimental data

Landau-Ginzburg fit

Figure 5.7.: Evolution of the reduced mean square diameter fluctuation Ξ at
fifth position of the fiber with increasing draw ratio for PP1, L = 20 cm and
V = 10min−1. The transition from the stable to the unstable regime can be
described with the stationary Landau–Ginzburg equation (5.5), which makes a
defined determination of the critical draw ratio possible; R2

adj = 0.99.
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by Fig. 5.4, which blurs the ideally sharp transition from stable to
unstable behavior. If no noise would be present, such bifurcations can
be described in the vicinity of the critical parameter by a square root
function in the unstable regime (Strogatz, 2000). Here, a description
of an imperfect bifurcation is needed, which can be done with the
stationary Landau–Ginzburg equation (Landau and Lifshitz, 1980),
which can be written as(

Dr

Drc
− 1

)
Ξ− β Ξ3 + κ = 0. (5.5)

Besides the critical draw ratio Drc, two parameters β and κ tune the
transition behavior. While β quantifies the inverse growth rate
in the unstable regime, κ is an external field, i.e., a measure for
the background noise. In fact, for κ → 0, Eq. (5.5) reduces to the
previously described square root form for Dr > Drc and to Ξ = 0 for
Dr < Drc.
For fitting Eq. (5.5) to the data, the equation is solved for every
iteration step by the root finding algorithm of the Python package

, which employs a modified Levenberg–Marquardt algorithm.
Figure 5.7 shows such a fit to the experimental data and marks the
critical draw ratio and the noise parameter κ as well. At this point it
becomes clearly visible that the critical draw ratio determined this way
can be significantly different from a value obtained by a more simple
method, e.g., choosing the smallest value of Dr at which oscillations
become visible. The fitting procedure was applied at all positions
in height separately and the mean value of the critical draw ratio
was evaluated afterwards. The inverse growth rate β was found to
decrease with increasing x-value, i.e., the oscillation amplitude
increases towards the outlet. A linear stability analysis does not yield
any information about the dynamics in the vicinity of the critical
point, however, and parameter β will not be examined further in the
scope of this thesis. The advantages of the method used here are that
it is an objective procedure and that the resulting critical draw ratio
directly corresponds to the theoretical value calculated in the linear
stability analysis, as additional noise, which is not covered by the ideal
model, is implicitly respected.
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Figure 5.8.: Transient fiber diameter (fifth position) for PP1, L = 20 cm and
V = 10min−1 and the corresponding frequency spectrum obtained via FFT for
Dr = 1.3 (stable) andDr = 5.8 (critical).

The oscillation frequency at criticality fc can be determined by
applying a fast Fourier transformation (FFT) on the transient fiber
diameter data. Figure 5.8 shows both the diameter with respect to
time t and the corresponding frequency spectrum with respect to
frequency f for two draw ratios, one belonging to stable conditions
and one close to the critical value. A peak in the spectrum can be
detected in the latter case, located at the frequency fc of the purely
sinusoidal oscillation present at criticality. Due to experimental
limitations, it is not always possible to operate exactly at critical
conditions and the data set of the draw ratio closest to the critical
value was chosen for the frequency analysis. In the demonstration
case here, the available data is very close to the critical value, as
Fig. 5.7 illustrates. In any case, the variation of the frequency in the
vicinity of the critical draw ratio was observed to be very small, and a
measurement error respecting both this imperfection and the width of
the frequency peak was also estimated for each evaluation. The fact
that the oscillation frequency seems to be rather independent of the
draw ratio also indicates that the observed frequency may be the result
of an oscillation forced by periodic noise, e.g., by a non-constant
throughput rate of the extruder (see also 5.4.2). The frequency
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variations for different positions in height were observed to be
negligible as compared to the width of the frequency peak and the
value was determined at the middle of the fiber in all cases.

5.4 Comparison of theory and experiment

5.4.1 Model assumptions

Utilizing the results of chapter 4, it is possible to decide which model
assumptions are appropriate for modeling the experiment. For this
purpose, the practical control parameters were calculated for each
spinning length and are listed in Tab. 5.6. For the dimensionless inlet
velocity Q, lower and upper bounds are given, as this is the primarily
variable quantity in the experiment. For the dimensionless relaxation
time Λ, three values based on the three estimates listed in Tab. 5.3 are
given.
The Deborah number De = QΛ is within O(10−2) − O(10−1), which
clearly indicates that viscoelastic effects must be taken into account,
as can be seen for instance in Fig. 3.11. Anyway, using the Newtonian
stability maps of Fig. 4.14 helps to decide whether inertia, gravity and
surface tension also play a role. The dimensionless surface tension
parameter S is always below 10−2 and all relevant combinations of F
and Q lie in the viscous region6, which means that neither gravity, nor
inertia, nor surface tension should have a noticeable influence on the
critical draw ratio. As viscoelastic effects appear to be important, the
relevant region is not a viscous region anymore, but a viscoelastic
one. Similar conclusions can be drawn from the viscoelastic stability
maps shown by Fig. 4.16. Only for Λ = 0.1, the relevant space in the
Q–F plane does not consist exclusively of vertical isolines, i.e., purely
viscoelastic stability behavior, but in this case viscoelastic effects are
rather weak, and the Newtonian behavior dominates, i.e., Drc ≈ 20.

6 Some combinations for PP2 are already around the boarder of the viscous region, but still
close enough to neglect gravity, inertia and surface tension in good approximation.
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Table 5.6.: Relevant practical control parameter values for the fiber spinning
experiment with PP1 and PP2.

L Material F/10−2 Q/10−2 (min/max) S/10−3 Λ (CY/cross-over/J0
e )

0.1
PP1 0.46 1.71 / 4.99 8.10 2.77 / 0.69 / 143.32

PP2 1.71 1.84 / 5.24 8.70 1.49 / 0.20 / 68.94

0.15
PP1 0.85 1.39 / 4.07 5.40 2.26 / 0.57 / 117.02

PP2 3.15 1.50 / 4.30 5.80 1.21 / 0.16 / 56.29

0.2
PP1 1.30 1.21 / 3.53 4.05 1.96 / 0.49 / 101.34

PP2 4.86 1.30 / 3.71 4.35 1.05 / 0.14 / 48.74

The usability of the Newtonian stability maps here shows that the
Newtonian results can still be helpful in a viscoelastic scenario.
The strength of thermal effects can be estimated by the Stanton
number St (Shah and Pearson, 1972a; Scheid et al., 2009a), which is
defined by

St =
2h

√
L

ρcp
√
gR0

, (5.6)

in the case of the practical scaling of 4.1. The heat transfer coefficient
h depends itself on the air flow around the fiber and can be estimated
with the following expression proposed by Kase and Matsuo (1965),

h = 0.21
2ha√
a

(
2u

√
a

νa

)0.334

, (5.7)

with ha and νa being the heat transfer coefficient and the kinematic
viscosity, respectively, of the ambient air. Scaling the temperature field
by the temperature at x = 0 then leads to the following temperature
evolution equation,

∂tθ + u∂xθ = −St∗
u0.334

a0.833
(θ − θa) , (5.8)
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with cross-section averaged temperature profile θ = θ(x, t), constant
ambient temperature θa and modified Stanton number

St∗ =
0.42ha

ρcp

(
2L2

gνaR5
0

)0.334

. (5.9)

A quick estimation yields St∗ = O(10−3), which suggests according to
Eq. (5.8) that temperature effects play only a minor role or are even
negligible. Sporadic tests with models including surface tension,
inertia, gravity and thermal effects confirmed all the conclusions
above.7
As a consequence, the relevant model depends only on two parame-
ters, namely the Deborah number De = QΛ and the nonlinear PTT
parameter ε. The evolution equations are obtained by rescaling
Eqs. (4.38) and (4.40) with the traditional scaling rules (2.5) and
setting F to zero. Being able to employ such a simplified model has
the great advantage that it should be possible to describe the stability
curves of both materials by the same mastercurve, which will be
evaluated in the next section, together with an appropriate choice of
the relaxation time and the nonlinear parameter.

5.4.2 Experimental results and theoretical
predictions

The calculation of an experimental Deborah number requires the
choice of a characteristic relaxation time. Three estimates for
the longest relaxation time are listed in Tab. 5.3, which differ by
more than two orders of magnitude due to the large molecular
weight distribution width of both materials. In order to evaluate
the suitability of these estimates, three corresponding Deborah

7 Temperature effects appeared to be the only ones with visible effect, but even in this case
the difference to the isothermal predictions lay within the experimental errors of the de-
termined critical draw ratios. Steady state and perturbation equations of a nonisothermal
PTT fiber model are given in Appendix F.1.
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Table 5.7.: Effective relaxation times and relative errors obtained by fitting the
theoretical predictions to the normalized experimental data sets.

Material ε λeff/s rel. error

PP1
0.1 1.70± 0.12 0.07

0.2 1.31± 0.09 0.07

0.3 1.10± 0.08 0.07

PP2
0.1 0.76± 0.05 0.07

0.2 0.56± 0.04 0.07

0.3 0.48± 0.03 0.07
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Figure 5.9.: Comparison of theoretical predictions for ε = 0.1, 0.2 and 0.3 and
experimental measurements of PP1 for the critical draw ratio in dependence
of the Deborah number. Three different values of the experimental relaxation
time yield three different data sets.
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numbers were calculated and the resulting data points compared to
the theoretical predictions. Figure 5.9 visualizes the comparison for
PP1. The results for PP2 are similar and omitted here for the sake
of convenience. As the Deborah number depends linearly on the
relaxation time (see Eq. (3.10)), the three data sets are shifted along
the horizontal axis. The trend of decreasing critical draw ratio with
increasing Deborah number is similar to the theoretical prediction,
but none of the three relaxation time values leads to a coincidence
between theory and experiment. The inverse cross-over frequency and
the CY estimate yield too small values, while the relaxation time
obtained from the linear steady state compliance seems to be too large.
For this reason, an effective relaxation time λeff was determined by
fitting the theoretical curve to the experimental data.8 This was done
for three values of the nonlinear PTT parameter, ε = 0.1, 0.2 and
0.3, and the results for both materials are listed in Tab. 5.7. Each
value of ε leads to a slightly different effective relaxation time, but as
the relative error is equal to 7 % in all cases, no value of ε can be
identified as optimal within the accuracy of the experimental data. As
a consequence, ε is set to 0.1 from now on and the corresponding
effective relaxation times are used for calculating the Deborah number.
More data from materials with various molecular weight distributions
would be needed for making any statements about possible relations
between the effective relaxation time and the distribution properties,
e.g., the weight average molecular weight Mw or the polydispersity
Mw/Mn, with number average molecular weight Mn. In the current
situation, it can merely be noticed that the ratios of the effective
relaxation time to the estimated values are quite similar for both
materials.
Figure 5.10 depicts the experimentally determined values of the critical
draw ratio and the dimensionless oscillation frequency at criticality

8 In particular, a linear spline approximation, which is of high quality due to the large num-
ber of numerical continuation data, was fitted to experimental data, where the relaxation
time was set to unity, by adjusting a free parameter scaling the Deborah number. This
parameter is identical to the reciprocal effective relaxation time of the material.
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Figure 5.10.: Comparison of theoretical and experimental values of the critical
draw ratio and the dimensionless oscillation frequency at criticality for both PP1
and PP2. The different spinning lengths are marked by separate labels.
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with respect to the Deborah number corresponding to λeff for both
PP1 and PP2, as well as the theoretical prediction for ε = 0.1. The
values exhibit a clear trend for both materials, which supports the
previously defined model assumptions. The dimensionless value of
the oscillation frequency is required here, as the inlet velocity u0 was
changed within the experiment, and a collective comparison with the
theoretical prediction would not be possible for the dimensional
values. The theoretical predictions of the critical draw ratio correlate
well with the experimental values, indicating that the approximation
with a single, effective relaxation time yields still reasonable and
usable results. The gradient of the curve, however, differs slightly from
the experimental observations and the plateau value for large Deborah
numbers seems to be a little bit underestimated. As discussed in
the previous section, it can be excluded that gravity, inertia, surface
tension or thermal effects are the reason for this small mismatch.
Instead, the high polydispersity is most likely the cause, with several
relaxation times influencing the stability behavior and leading to a
different stability curve as compared to a single mode model.
The experimentally determined dimensionless oscillation frequency at
criticality shows qualitatively the same, slowly decreasing trend9 with
increasing Deborah number as compared to the theoretical curve.
There is, however, a factor of 2.5, or an additional offset of 1.5,
between the measurements and the calculation. The determination of
the frequency is not highly precise, as the corresponding peak in the
spectrum is not very pronounced, which can be seen for instance in
Fig. 5.8. The fact that there seems to be a constant error for both
materials and all Deborah numbers, however, indicates rather the
presence of a systematic error. A possible source for such an error
could be an interaction between the fluid and the haul-off, which is
itself an oscillatory system.10 Another potential cause is the moderate

9 It is worth mentioning that the dimensional frequency values increase with increasing
inlet velocity, i.e., increasing Deborah number in the present case.

10 The haul-off can be used to measure the pulling force, which is done with a spring-
dashpot combination.
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Figure 5.11.: Collective comparison of theoretical and experimental values of
the critical draw ratio (a) and the dimensionless oscillation frequency at criti-
cality (b) for both PP1 and PP2. An approximative prediction of the critical draw
ratio according to Eq. (3.32) is shown in (a) as well.

quality of the extruder properties (see also 5.3.2), as a non-constant,
possibly periodically varying throughput rate can influence the
oscillation frequency. The observation of a rather constant frequency
for values of Dr above criticality supports this supposition. The
theoretical plateau value of fc for large Deborah numbers is still above
unity, which excludes the possibility of a different value for λeff for
fitting the frequency curve to the data. Further experimental studies
are needed to reveal the reason for the mismatch. In particular, the
extruder should be used together with a melt pump. As this thesis
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focuses primarily on the prediction of the critical draw ratio, this issue
will be left to future investigations here.
Figure 5.11(a) demonstrates the possibility to describe the critical
draw ratio for both materials PP1 and PP2 with the same theoretical
mastercurve. Moreover, the approximated stability curve according
to Eq. (3.32) is shown and is perfectly usable in this experimental
context, even though the approximation is based on the infinite width
film casting model. The parameters p and q were calculated using
the formulas given in Fig. 3.15. This clearly proves the suitability
of the simple stability criterion for practical relevant parameter
ranges. The differences caused by uniaxial and planar elongation
seem to be negligible for De > 0.1. The oscillation frequency at
criticality of both materials can be combined to a common trend, as
visualized by Fig. 5.11(b). The peak of the theoretical curve at small
Deborah numbers is correlated with the small stability maximum for
ε = 0.1 and can be disregarded here. Nevertheless, this combined
representation reveals slightly different trends for PP1 and PP2 as well,
which is especially visible for 0.2 < De < 0.4. This is most likely
caused by the different molecular weight distributions and indicates
once again the limits of the single relaxation mode approximation
utilized here.

5.5 Conclusions

While there already exist several experimental studies on draw
resonance, only few apply a well-defined procedure for determining
the critical draw ratio. In this chapter, a method originally presented
by Burghelea et al. (2012) in the scope of a film casting study was
adopted and successfully applied for fiber spinning. Fitting the
transition from the stable to the unstable regime with the stationary
Landau–Ginzburg equation enables a reasonable and consistent way to
obtain values comparable with the theoretical prediction, as possible
background noise is implicitly covered. The utilized procedure is
therefore highly recommended for future experimental studies.
The previously developed stability maps could easily be used for
determining appropriate model assumptions. As the available
theoretical models are restricted to a single relaxation time, an
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effective relaxation time was determined by a one parameter fit to the
experimental data. The obtained value appeared to lie within the
range spanned by various estimates for the longest relaxation time.
The results show clearly the possibility of an approximative prediction
of the critical draw ratio for a material with rather broad molecular
weight distribution using a single mode model. The simple empirical
stability criterion proposed in chapter 3, albeit based on film casting,
is fully applicable in the utilized parameter region. The qualitative
dependence of the oscillation frequency at criticality on the Deborah
number could also be reproduced with the theoretical calculations,
but a constant quantitative mismatch was observed.
The main limitation of the utilized model in the scope of the present
experimental setup is the inability of accounting for multiple relax-
ation times. A small mismatch between experimentally determined
critical draw ratios and theoretical values, as well as a slightly different
trend of the two materials are probably caused by the assumption of
only one relaxation time. A combined theoretical and experimental
study on the influence of a broad relaxation time spectrum would
therefore be an interesting and promising task.
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6 Summary and outlook

In this work, the influence of process and material parameters on
the draw resonance instability in film casting and fiber spinning is
investigated both theoretically and experimentally. Draw resonance
generally occurs if the draw ratio, i.e., the ratio of outlet to inlet
velocity, exceeds a critical value, and manifests itself in steady
oscillations of the flow velocity and the geometric properties of
the fibers and films. The focus of this work lies hereby on the
determination of the critical draw ratio, as this is the parameter of
most practical importance.
In order to eliminate the influence of complex material behavior
as much as possible, Newtonian models are analyzed in chapter 2.
The effects of gravity, inertia, neck-in in film casting and surface
tension in fiber spinning are studied isolated. One-dimensional film
and fiber models are derived in a consistent manner following an
expansion in an order parameter. Additionally, an existing (Silagy
et al., 1996) reduced one-dimensional finite width film casting model
is extended to cover inertia and gravity effects. The critical draw ratio
is determined by means of linear stability analysis. Different methods
for solving the eigenvalue problem are presented and discussed, and a
numerical continuation is chosen as primary procedure, as it enables
an efficient calculation of the stability curves in the parameter space.
It may fail, however, if the most unstable perturbation mode switches.
For this reason, a method based on the full eigenvalue spectrum
obtained by Chebyshev collocation is implemented as an alternative.
In accordance with literature results, gravity, inertia and neck-in are
found to have a purely stabilizing influence, while surface tension
purely destabilizes the process. Larger parameter ranges as compared
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to previous studies are investigated, revealing for the first time a
region of unconditional stability caused by inertia, and a region of
unconditional instability caused by surface tension. Novel, simple
empirical stability criteria are given for the influence of gravity, inertia
and surface tension and enable an accurate estimation of the critical
draw ratio. Based on the results of Kim et al. (1996), the axial force
perturbation is identified as the basic quantity for understanding
the physical processes underlying the stability effects. Steady state
studies for inertia and neck-in effects help additionally to carve out
the essential mechanisms.
Chapter 3 focuses on the influence of viscoelasticity on draw reso-
nance. A fundamental comparative study of common viscoelastic
constitutive equations in the scope of draw resonance is still missing
in literature. To close this gap, an infinite width film casting model,
neglecting inertia and gravity, is used in order to concentrate on the
viscoelastic properties and careful model derivations are given employ-
ing the upper-convected Maxwell (UCM) model, the Larson model,
the Giesekus model and the simplified Phan-Thien–Tanner (PTT)
model. The critical draw ratio in dependence of the Deborah number
is calculated for all four models. Apart from the UCM model, which is
not recommended for draw resonance studies, all models yield a
mostly exponentially decaying critical draw ratio with increasing
Deborah number, together with a small stability maximum if the
nonlinear model parameter is in an appropriate range. A shifted
power-law can be used as an empirical stability criterion for Deborah
numbers above 0.1. Evaluation of the stability results yields the PTT
model as most appropriate candidate for further modeling, even
though perturbation mode switching is observed for values of the
nonlinear parameter above or equal to 0.5.
The effective elongational viscosity is identified as a crucial quantity
and examined for the first time in the scope of draw resonance.
Mastercurves independent of the draw ratio are revealed and exhibit
strong correlation to the neutral stability curves. Motivated by this
finding, generalized Newtonian fluid (GNF) models are tested for their
ability to reproduce the results of the viscoelastic models. While
the steady state predictions are in good agreement, the stability
results coincide only for small values of the Deborah number, which
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indicates that elastic effects, which are not covered by GNF models,
also influence the draw resonance behavior. However, a deeper
understanding of these elastic effects is still missing. An analysis
of a GNF model based on the Carreau–Yasuda function reveals the
stability mechanism underlying the effects of strain hardening and
thinning, which is governed by an interplay of a static and a dynamic
mechanism. Kim’s stability criterion (Kim et al., 1996) is checked for
both Newtonian and viscoelastic models and can always be verified.
Jung’s approximative criterion (Jung et al., 2000), however, is strongly
limited and hardly extendible to cover additional effects in a feasible
way.
More realistic models accounting for several effects simultaneously are
analyzed in chapter 4. An alternative scaling yields dimensionless
control parameters with strong connection to practical application.
Novel stability maps with isolines of the critical draw ratio visualize
the stability behavior in the practical relevant parameter space
for various Newtonian and viscoelastic models. Moreover, they
enable the identification of several dynamical regimes, within
which one or several effects can be neglected, together with regions
of unconditional stability or instability. By calculating the relevant
control parameters of a particular process, appropriate model
assumptions can easily be determined using these maps. Trajectories
of special importance for practical application, e.g., the threshold
to unconditional stability or local stability maxima, are tracked
additionally in the parameter space. In addition to the stability maps,
which pose an efficient tool for quickly estimating the critical draw
ratio, empirical stability criteria are given for various dynamical
regimes in the cases of infinite width film casting and fiber spinning
with negligible surface tension.
Apart from theoretical studies, a small-scale fiber spinning experiment
was performed with two different polypropylenes, which is described
in chapter 5. The materials were already characterized in the scope of
previous works (Wolf, 2008; Grieß, 2014) and additional oscillatory
shear measurements were performed within this thesis. Three
different estimates for the longest relaxation time are calculated and
span a wide range due to the rather large polydispersity of the
materials. The transient diameter of the polymer strand is measured
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utilizing a video analysis method. The critical draw ratio is then
obtained by fitting the stationary Landau–Ginzburg equation to the
transition from the stable to the unstable regime, following the film
casting study of Burghelea et al. (2012). The oscillation frequency at
criticality is determined additionally by a fast Fourier transformation
of the transient data. Suitable theoretical model assumptions are
defined with the help of the theoretical results according to the
practically relevant parameter ranges. Fitting the theoretical stability
curve to the experimental data yields an effective relaxation time
for both materials, which lies within the range of estimates for the
longest relaxation time. Utilizing this effective relaxation time, the
theoretically determined critical draw ratio shows good coincidence
with the experimental results for both materials, but the oscillation
frequency can be predicted only qualitatively. Small mismatches
for the critical draw ratios and a slightly different trend for each
material can be observed, which is related to the limitation of a single
relaxation time. A simple empirical stability criterion proposed in
chapter 3 appears to be perfectly applicable within the utilized
parameter range. The combination of a well-defined procedure for
determining the critical draw ratio in fiber spinning in situ, com-
prehensive data for various Deborah numbers, and a coinciding
theoretical prediction poses a novelty within existing experimental
studies.
The results obtained in this work show that the PTT model is a good
choice for modeling the draw resonance instability. Even in the case of
a broad relaxation time spectrum, an effective relaxation time can
be found, with which a single mode model yields good coincidence
with experimental data. This effective relaxation time, however, is a
priori unknown. For this reason, further experimental data based
on a reliable determination of the critical draw ratio is needed to
investigate possible correlations between the effective relaxation
time and other rheological properties, which can be determined in
separate experiments. Apart from that, a combined experimental and
theoretical investigation on the influence of a broad relaxation time
spectrum or multiple relaxation times is of great practical importance.
A good starting point for this are the study of Christodoulou et al.
(2000) and the steady state analyses of Fulchiron et al. (1995a,b).
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Analyzing a particular process should also be accompanied by a steady
state examination, as draw resonance is not necessarily the primary
limiting factor in all cases.
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7 Zusammenfassung und Ausblick

In dieser Arbeit wird der Einfluss von Prozess- und Materialpara-
metern auf die Draw Resonance Instabilität bei der Folienextrusion
und beim Faserspinnen sowohl theoretisch als auch experimentell
untersucht. Draw Resonance tritt im Allgemeinen auf, wenn das
Abzugsverhältnis, also das Verhältnis zwischen Ausgangs- und Ein-
gangsgeschwindigkeit, einen kritischen Wert überschreitet und äußert
sich durch permanente Oszillationen in der Fließgeschwindigkeit
und den geometrischen Eigenschaften der Fasern und Folien. Der
Schwerpunkt dieser Arbeit liegt dabei auf der Bestimmung des
kritischen Abzugsverhältnisses, da dieser Parameter die größte
praktische Bedeutung hat.
Um den Einfluss von komplexem Materialverhalten so weit wie
möglich zu eliminieren, werden in Kapitel 2 newtonsche Modelle
analysiert. Die Auswirkungen von Gravitation, Trägheit, Neck-in bei
der Folienextrusion und Oberflächenspannung beim Faserspinnen
werden isoliert voneinander untersucht. Eindimensionale Folien-
und Fasermodelle werden einheitlich über Reihenentwicklung nach
einem Ordnungsparameter hergeleitet. Des Weiteren wird ein be-
stehendes (Silagy et al., 1996), auf eine Dimension reduziertes Modell
zur Extrusion von Folien mit endlicher Breite um Trägheits- und
Gravitationseffekte erweitert. Das kritische Abzugsverhältnis wird
mittels linearer Stabilitätsanalyse bestimmt. Verschiedene Verfah-
ren zur Lösung des Eigenwertproblems werden vorgestellt und
erörtert und eine numerische Pfadverfolgung wird als Hauptmethode
ausgewählt, da so eine effiziente Berechnung der Stabilitätskurven im
Parameterraum möglich ist. Dies kann jedoch fehlschlagen, wenn die
instabilste Störungsmode wechselt. Aus diesem Grund wird eine
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auf dem gesamten, über Chebyshev-Kollokation ermittelten Eigen-
wertspektrum basierte Methode als Alternative implementiert.
In Übereinstimmung mit Ergebnissen in der Literatur wird ein rein
stabilisierender Einfluss von Gravitation, Trägheit und Neck-in fest-
gestellt, während Oberflächenspannung zu einer reinen Destabil-
isierung des Prozesses führt. Größere Parameterbereiche als in vor-
angegangenen Untersuchungen werden erforscht, was erstmals
einen Bereich unbedingter Stabilität erkennen lässt, der durch
Trägheitskräfte verursacht wird, sowie einen Bereich unbedingter
Instabilität aufzeigt, der durch Oberflächenspannung hervorgerufen
wird. Neuartige, einfache empirische Stabilitätskriterien werden für
den Einfluss von Gravitation, Trägheit und Oberflächenspannung
angegeben und ermöglichen eine präzise Abschätzung des kritischen
Abzugsverhältnisses. Basierend auf den Ergebnissen von Kim et al.
(1996) wird die Störung in der Axialkraft als grundlegende Größe für
das Verständnis der den Stabilitätseffekten zu Grunde liegenden
physikalischen Prozessen erkannt. Untersuchungen des stationären
Zustands im Fall von Trägheits- und Neck-in-Effekten helfen zusätz-
lich bei der Herausarbeitung der wesentlichen Mechanismen.
Kapitel 3 konzentriert sich auf den Einfluss von Viskoelastizität auf die
Draw Resonance. Eine grundlegende, vergleichende Untersuchung
üblicher viskoelastischer konstitutiver Gleichungen im Rahmen der
Draw Resonance fehlt nach wie vor in der Literatur. Um diese Lücke
zu schließen wird ein Modell zur Extrusion von Folien mit unendlicher
Breite unter Vernachlässigung von Trägheit und Gravitation verwen-
det, so dass der Fokus auf den viskoelastischen Eigenschaften liegt,
und sorgfältige Modellherleitungen unter Verwendung des upper-
convected Maxwell (UCM) Modells, des Larson Modells, des Giesekus
Modells und des vereinfachten Phan-Thien–Tanner (PTT) Modells
werden gezeigt. Das kritische Abzugsverhältnis wird in Abhängigkeit
von der Deborah-Zahl für alle vier Modelle berechnet. Abgesehen
vom UCM Modell, das nicht für Draw Resonance Untersuchungen
empfohlen wird, führen alle Modelle zu einem hauptsächlich ex-
ponentiell abfallenden kritischen Abzugsverhältnis bei steigender
Deborah-Zahl, sowie zu einem kleinen Stabilitätsmaximum, falls der
nichtlineare Modellparameter in einem geeigneten Bereich liegt. Ein
verschobenes Potenzgesetz kann als empirisches Stabilitätskriterium
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für Deborah-Zahlen über 0.1 verwendet werden. Die Auswertung
der Stabilitätsergebnisse ergibt, dass das PTT Modell am besten
für weitere Modellierung geeignet ist, obwohl ein Wechsel der
Störungsmoden für Werte des nichtlinearen Parameters über 0.5
beobachtet wird.
Die effektive Dehnviskosität wird als entscheidende Größe erkannt
und erstmalig im Rahmen der Draw Resonance untersucht. Vom
Abzugsverhältnis unabhängige Masterkurven werden gefunden und
weisen eine hohe Korrelation zu den neutralen Stabilitätskurven
auf. Durch diese Erkenntnis motiviert werden verallgemeinerte new-
tonsche Fluidmodelle (GNF) auf ihre Fähigkeit, die Stabilitätsergebnisse
der viskoelastischen Modelle zu reproduzieren, getestet. Während
die Vorhersagen des stationären Zustands gute Übereinstimmung
zeigen, fallen die Stabilitätsergebnisse nur im Fall von kleinen
Deborah-Zahlen zusammen, was darauf hinweist, dass elastische
Effekte, die nicht von GNF Modellen erfasst werden, ebenfalls das
Draw Resonance Verhalten beeinflussen. Ein tieferes Verständnis
dieser elastischen Effekte fehlt jedoch nach wie vor. Eine Analyse
eines auf der Carreau–Yasuda Funktion basierenden GNF Modells
offenbart den den Effekten der Dehnverfestigung und -verdünnung zu
Grunde liegenden Stabilitätsmechanismus, der durch ein Zusammen-
spiel eines statischen und eines dynamischen Mechanismus geregelt
wird. Kims Stabilitätskriterium (Kim et al., 1996) wird sowohl für
newtonsche als auch viskoelastische Modelle überprüft und kann
stets verifiziert werden. Jungs approximatives Kriterium (Jung et al.,
2000) hingegen ist stark eingeschränkt und kaum praktikabel um
zusätzliche Effekte erweiterbar.
Realitätsnähere Modelle, die mehrere Effekte gleichzeitig berücksichti-
gen, werden in Kapitel 4 untersucht. Eine alternative Skalierung
führt zu dimensionslosen Kontrollparametern mit engem Bezug zur
praktischen Anwendung. Neue Stabilitätskarten mit Isolinien des
kritischen Abzugsverhältnisses veranschaulichen das Stabilitätsver-
halten im in der Praxis relevanten Parameterraum für verschiedene
newtonsche und viskoelastische Modelle. Weiterhin ermöglichen sie
die Ermittlung mehrerer dynamischer Regimes, in denen ein oder
mehrere Effekte vernachlässigt werden können, sowie Bereiche mit
unbedingter Stabilität oder Instabilität. Über die Berechnung der
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relevanten Kontrollparameter für einen bestimmten Prozess können
mit Hilfe dieser Karten leicht geeignete Modellannahmen bestimmt
werden. Trajektorien von besonderer Wichtigkeit in der praktischen
Anwendung, wie zum Beispiel die Grenze zu unbedingter Stabilität
oder lokale Stabilitätsmaxima, werden ebenfalls im Parameterraum
verfolgt. Zusätzlich zu den Stabilitätskarten, die ein effizientes Werk-
zeug zur schnellen Abschätzung des kritischen Abzugsverhältnisses
darstellen, werden empirische Stabilitätskriterien für verschiedene dy-
namische Regimes in den Fällen von Extrusion von Folien unendlicher
Breite und Faserspinnen mit vernachlässigbarer Oberflächenspannung
angegeben.
Neben theoretischen Untersuchungen wurde ein Faserspinnexperi-
ment im kleinen Maßstab mit zwei verschiedenen Polypropylenen
durchgeführt, welches in Kapitel 5 beschrieben wird. Die Materialien
wurden bereits im Rahmen vorhergehender Arbeiten (Wolf, 2008;
Grieß, 2014) charakterisiert und zusätzliche Oszillationsmessungen in
Scherung wurden in dieser Thesis durchgeführt. Drei unterschiedliche
Schätzwerte für die längste Relaxationszeit werden berechnet und
umfassen einen großen Wertebereich aufgrund der eher hohen
Polydispersität der Materialien. Der transiente Durchmesser des Poly-
merstrangs wird mit Hilfe einer Videoanalyse gemessen. Das kritische
Abzugsverhältnis wird anschließend gemäß der Folienextrusionsunter-
suchung von Burghelea et al. (2012) bestimmt, indem die stationäre
Landau–Ginsburg Gleichung an den Übergang vom stabilen zum insta-
bilen Regime angefittet wird. Die Oszillationsfrequenz am kritischen
Punkt wird zusätzlich über eine schnelle Fourier-Transformation
der zeitabhängigen Daten ermittelt. Mit Hilfe der theoretischen
Ergebnisse werden den praktisch relevanten Parameterbereichen
entsprechend geeignete Modellannahmen definiert. Die Anpassung
der theoretischen Stabilitätskurve an die experimentellen Daten ergibt
für beide Materialien eine effektive Relaxationszeit, die im Bereich
der Abschätzungen für die längste Relaxationszeit liegt. Unter Ver-
wendung dieser effektiven Relaxationszeit zeigt das theoretisch
bestimmte kritische Abzugsverhältnis für beide Materialien gute
Übereinstimmung mit den experimentellen Ergebnissen, aber die
Oszillationsfrequenz kann nur qualitativ vorhergesagt werden. Kleine
Diskrepanzen in den kritischen Abzugsverhältnissen und leicht
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unterschiedliche Trends für beide Materialien können beobachtet
werden, was mit der Beschränkung auf eine Relaxationszeit in
Verbindung gebracht wird. Ein in Kapitel 3 aufgestelltes einfaches,
empirisches Stabilitätskriterium scheint im verwendeten Parameter-
bereich einwandfrei anwendbar zu sein. Die Kombination aus einem
wohldefinierten Verfahren zur In-situ-Bestimmung des kritischen
Abzugsverhältnisses beim Faserspinnen, umfangreichen Messwerten
für verschiedene Deborah-Zahlen und einer übereinstimmenden theo-
retischen Beschreibung stellt eine Neuheit innerhalb der existierenden
experimentellen Untersuchungen dar.
Die in dieser Arbeit gewonnenen Ergebnisse zeigen, dass das PTT
Modell eine gute Wahl für die Modellierung der Draw Resonance
Instabilität ist. Selbst im Fall eines breiten Relaxationszeitspektrums
kann eine effektive Relaxationszeit gefunden werden, mit der ein
Einmoden-Modell gute Übereinstimmung mit den experimentellen
Daten bringt. Diese effektive Relaxationszeit ist jedoch im Voraus
unbekannt. Aus diesem Grund werden weitere, auf einer zuverläs-
sigen Bestimmung des kritischen Abzugsverhältnisses basierende,
experimentelle Daten benötigt, um mögliche Korrelationen zwi-
schen der effektiven Relaxationszeit und anderen rheologischen
Eigenschaften, die in separaten Experimenten bestimmt werden
können, zu erforschen. Abgesehen davon ist eine gemeinsame experi-
mentelle und theoretische Untersuchung des Einflusses eines breiten
Relaxationszeitspektrums oder mehrerer Relaxationszeiten von großer
praktischer Wichtigkeit. Ein guter Ansatzpunkt dafür sind die Ar-
beit von Christodoulou et al. (2000) und die Untersuchungen des
stationären Zustands von Fulchiron et al. (1995a,b). Die Analyse eines
bestimmten Prozesses sollte ebenfalls von einer Auswertung des
stationären Zustands begleitet sein, da Draw Resonance nicht in allen
Fällen zwingend der primär begrenzende Faktor ist.
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A Acronyms and symbols

Acronym Meaning

CY Carreau–Yasuda

FFT fast Fourier transformation

GNF generalized Newtonian fluid

LCB long chain branched

PE polyethylene

PET polyethylene terephthalate

PP polypropylene

PP1 polypropylene Moplen HP556E

PP2 polypropylene Moplen HP501L

PTT Phan-Thien–Tanner

UCM upper-convected Maxwell

WM White–Metzner

XPP eXtended Pom-Pom

Symbol Meaning

a fiber cross-sectional area

A fiber cross-sectional area perturbation,

film aspect ratio
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Symbol Meaning

A 3(J + 1)× 3(J + 1)matrix of Eq. (2.48)

b0, b1, b2 fit parameters of Eq. (4.15)

b body force vector

B fit parameter of Eqs. (2.58), (2.62) and (4.14)

B 3(J + 1)× 3(J + 1)matrix of Eq. (2.48)

c, c̃, c̃f , c , c , c , c auxiliary variables

c̃ , c̃ ,f , ˜̃c ,f ,

c1, c2, c3

c (index) at criticality

cp heat capacity

C fit parameter of Eqs. (2.58), (2.62) and (4.14)

Ca∗ rescaled capillary number as defined by (2.6)

D fit parameter of Eq. (2.78)

D rate-of-deformation tensor as defined by Eq. (1.4),

derivation matrix for Chebyshev coefficients

Dr draw ratio

Drc critical draw ratio

Dreff effective draw ratio

ex, ey, ez, er, eφ unity vectors

E fit parameter of Eq. (2.78)

EA activation energy

f dimensionless force,

oscillation frequency

fc oscillation frequency at criticality

f0, f1 fit parameters of Eq. (4.15)

F dimensionless fluidity as defined by Eq. (4.3),
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Symbol Meaning

force perturbation

Fus threshold value of F to unconditional stability

Fr Froude number as defined by (2.6)

g gravitational acceleration

G′ storage modulus

G′′ loss modulus

h film thickness,

heat transfer coefficient

H film thickness perturbation

I identity matrix

j throughput

J order of discretization of the eigenvalue problem,

throughput perturbation

J0
e linear steady state recoverable compliance

k CY parameter, Eq. (3.45),

dimensionless activation energy,

constant throughput wave speed, Eq. (E.1)

K Arrhenius factor

ℓ half film width

ℓc capillary length

L half film width perturbation

m CY parameter, Eq. (3.45),

extrudate mass

m fluid surface normal vector

M Chebyshev transformation matrix

Mn number average molecular weight
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Symbol Meaning

Mw weight average molecular weight

n power-law index

n fluid surface normal vector

N normal stress difference perturbation

p isotropic pressure,

critical exponent, Eq. (3.32)

p1, p2, p3 fit parameters for Eq. (3.49)

q fit parameter for Eq. (3.32)

Q dimensionless inlet velocity as defined by Eq. (4.8)

r radial variable

R fiber radius,

gas constant

Re Reynolds number as defined by (2.6)

Reus threshold value of Re to unconditional stability

s (index) steady state

S dimensionless surface tension parameter as defined by
Eq. (4.6)

t time

tL unity-throughput wave traveling time

ts steady state xx-component of the extra stress tensor

T draw resonance oscillation period,

xx-component of the extra stress tensor perturbation,

temperature

Ti i-th Chebyshev polynomial of first kind

Tr Trouton ratio

u axial velocity
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Symbol Meaning

U axial velocity perturbation

v flow velocity field

v velocity component in film thickness direction,

radial velocity component

V extruder screw revolution speed

w velocity component in film width direction

x axial variable

x̂i i-th Chebyshev collocation point

X auxiliary variable as defined by Eq. (3.17)

y film thickness direction variable

z film width direction variable

z 3(J + 1)-dimensional state vector of Eq. (2.48)

α fiber parameter,

nonlinear Giesekus parameter

β film parameter,

inverse growth rate of Eq. (5.5)

γ surface tension

δ fit residual

ε nonlinear PTT parameter

ζ neck-in parameter

η shear viscosity

η∗ complex shear viscosity

θL maximum- or minimum-thickness wave traveling time

θ cross-section averaged fiber temperature

Θ fiber temperature perturbation

κ external field of Eq. (5.5)
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Symbol Meaning

λ relaxation time

λeff effective relaxation time

λ characteristic time of the CY function (3.45) and (5.1)

λ characteristic time of the power-law (3.41)

Λ dimensionless relaxation time as defined by Eq. (4.1)

µ elongational viscosity

µeff effective elongational viscosity

ν normal stress difference

ξ nonlinear Larson parameter,

fit error

Ξ reduced mean square fiber diameter fluctuation as
defined by Eq. (5.4)

ρ material density

σ stress tensor

τ extra stress tensor

τL fluid residence time

φ angular variable

χ sum of square residuals and square errors, Eq. (D.3)

ω complex eigenvalue (stability analysis),

oscillation frequency (ARES measurements)

ωcross cross-over frequency
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B Analytical solution of the
one-dimensional viscous
perturbation equations

As presented by Schultz and Davis (1984) and Renardy (2006), there
exists an analytical solution of the perturbation equations of the one-
dimensional fiber and film models presented in 2.2 in the viscous limit,
i.e., Re = Re/Fr = 1/Ca∗ = 0. A derivation for the film casting model
will be given in the following.
In the viscous limit, themodel equations (2.27), (2.28) and (2.29) reduce
to

∂th+ ∂x(hu) = 0, (B.1a)
ν = 4 ∂xu, (B.1b)

∂x(hν) = 0. (B.1c)

The steady state solutions can be calculated by integrating the
equations and applying the boundary conditions (2.30) as

hs(x) = Dr−x, (B.2a)
us(x) = Drx, (B.2b)
νs(x) = 4 log(Dr)Drx. (B.2c)

Plugging ansatz (2.44) into Eqs. (B.1) and linearizing, Eq. (B.1a) yields

ω hsH + U ′ +H ′ = 0, (B.3)
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equations

where the identity ushs = 1 was used. Due to Eq. (B.1c), the force f =
hν = fs (1 + Feωt) is independent of x, with fs = 4 log(Dr) in particu-
lar, and the normal stress difference perturbation can be written as

N = F −H. (B.4)

This can be used in combination with Eq. (B.1b) to show that

H = F − U − us

u′
s

U ′. (B.5)

Equation (B.5) can then be utilized to rewrite Eq. (B.3) as

4

fs

exp
(

fs
4 x
)

ω
U ′′ + U ′

+ U − F = 0. (B.6)

Due to the perturbation boundary conditions (2.45a) and Eq. (B.5),
U ′(0) = fs

4 F and following Renardy (2006), Eq. (B.6) can be solved by

U =
F

f̃s
exp

(
− ω

f̃s
− f̃s x

)[(
f̃s e

f̃sx − ω
)(

Ei
(
ω

f̃s

)
−Ei

(
ω

f̃s
e−f̃sx

))
+ f̃s e

f̃sx

(
exp

(
ω

f̃s

)
− exp

(
ω

f̃s
e−f̃sx

))]
,

(B.7)

with f̃s = fs/4 and the exponential integral

Ei(x) =
∫ x

−∞
dt

et

t
. (B.8)

The constant force perturbation F merely scales the perturbation
amplitudes and can be set to an arbitrary value, for instance to fulfill
condition (2.49).
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The outlet boundary condition (2.45b) defines the characteristic
equation, (

ef̃s f̃s − ω
)(

Ei
(
ω

f̃s

)
− Ei

(
ω

f̃s
e−f̃s

))
+f̃s e

f̃s

(
exp

(
ω

f̃s

)
− exp

(
ω

f̃s
e−f̃s

))
= 0,

(B.9)

which needs to be solved in order to calculate the eigenvalue spectrum
in dependence of f̃s, i.e., the draw ratio. In particular, the critical
draw ratio can be determined by setting Re (ω) = 0 and applying a
numerical root finding algorithm for solving Eq. (B.9) with Im(ω) and
f̃s as variables. The solution, however, depends on the initial guess of
the values, which needs to be in the vicinity of the most unstable
mode.
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C Eigenvalue spectrum determination

In most cases throughout this thesis, a numerical continuation
method is used to track the most unstable mode in the control
parameter space. Sometimes, however, it is worth to study the
whole eigenvalue spectrum, as the continuation method can be
erroneous (see for instance 3.4.3 and 3.4.4). This can be achieved
by a discretization of the eigenvalue problem, which leads to the
generalized eigenvalue problem (2.48). As both matrices A and B
depend on the steady state solutions in general, these need to be found
prior to solving the eigenvalue problem. Here, a shooting method
is utilized for solving the boundary value problem formed by the
steady state equations together with the boundary conditions. This
method transforms the boundary value problem into an initial value
problem by guessing an additional initial boundary condition. Here,
the normal stress difference at the inlet is specified. This condition is
iteratively adjusted and with each step, the system is solved by means
of numerical integration, until the missing boundary condition is
fulfilled, i.e., us(1) = Dr. The method of the Python package

is used in this work to perform the numerical integration. While
the shooting method has a couple of drawbacks, e.g., it is not sure
whether the desired boundary condition is approached continuously
by changing the guessed initial condition, it benefits from the
advantage of well-established numerical methods for solving initial
value problems and it appeared to yield reliable and fast results in the
present studies.
Following Hagen and Langwallner (2006), a Chebyshev collocation
method will be used here for solving the eigenvalue problem. A
detailed overview of the method and general properties of the
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C. Eigenvalue spectrum determination

Chebyshev polynomials can be found in the textbook of Peyret (2002).
The general idea is to discretize the perturbations, e.g., U(x), not
by using an equally spaced grid, but by expansion in terms of the
Chebyshev polynomials of first kind, Ti(x), e.g.,

U(x) =

J∑
i=0

ÛiTi(2x− 1), (C.1)

with Ûi being the J +1 Chebyshev coefficients. The equations are then
discretized by evaluating them at the collocation points x̂i, at which the
Chebyshev polynomials reach their extremal values ±1, and which are
defined as

x̂i =
1

2

(
cos
(
iπ

J

)
+ 1

)
, 0 ≤ i ≤ J. (C.2)

Note that the expansion in the Chebyshev polynomials is shifted so
that the collocation points are bounded by 0 and 1, the domain of the
system.
Due to the properties of the Chebyshev polynomials, the derivative
of the expanded and discretized quantities can be calculated by
transforming the Chebyshev coefficients with the matrixD, defined as

(D)ij =
4

ci
dij , (C.3)

with

ci =

{
2 if i = 0

1 if i ≥ 1
, (C.4a)

dij =


0 if j ≤ i

0 if i = J

0 if (i+ j) even
j else

. (C.4b)
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The vector of Chebyshev coefficients can be transformed to the vector
of the discretized quantity by applying the matrixM, defined as

(M)ij = cos
(
iπj

J

)
. (C.5)

The matrices A and B can be constructed with the help of M and
D, substituting single lines to define the boundary conditions. The
eigenvalue problem itself is then solved with the method of
the Python package and numerically caused infinite values,
zero imaginary part eigenvalues and spurious eigenmodes (van der
Walt et al., 2012) are eliminated afterwards. The great advantage of
discretizing the system at the Chebyshev collocation points is that the
eigenvalue determination converges already for J ≤ 100, while a
common equally spaced discretization yields very imprecise values
with the same number of mesh points. An example code listing for the
eigenvalue calculation of a viscous–inertia film casting model is given
in Appendix F.3.
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D Data evaluation

D.1 Statistical error estimation

In chapter 5, indirectly measured quantities like the Deborah number
De = λu0/L are deduced from directly measured variables. The
statistical error of such quantities is estimated by the simplified law of
error propagation (Ku, 1966), which can be written in the case of the
Deborah number as

∆De =

√(
∂De

∂λ
∆λ

)2

+

(
∂De

∂u0
∆u0

)2

+

(
∂De

∂L
∆L

)2

, (D.1)

with the single statistical errors labeled by ∆. Strictly speaking, this
formula is appropriate only in the case of small errors compared to the
partial derivatives and if correlations between the single quantities can
be neglected.
The statistical error of the directly measured quantities is either
estimated based on practical circumstances, determined from the
covariance matrix of a fit, or evaluated according to (Fahrmeir et al.,
2007)

∆x =
1

N − 1

N∑
i=1

(
xi −

1

N

N∑
i=1

xi

)2

, (D.2)

where xi are the N single measurements of the quantity x.
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D.2 Fitting routines

For fitting a theoretical expression to (numerical or experimental) data,
the method of least squares is used mostly throughout this thesis. For
fitting Eq. (4.14) to the diverging stability curves (see 2.5.2 and 4.2.1), a
Deming regression (Deming, 1964) is applied, which constitutes a more
general method. The basic idea is to consider variances of both the
dependent and independent variables and thus to minimize χ, defined
by

χ :=
N∑
i=1

[
w2

ξ̃i
ξ̃i

2
+ w2

δ̃i
δ̃i

2
]
, (D.3)

with δ̃i =f
(
Fi + ξ̃i

)
−Drc,i, (D.4)

where f(F ) is defined by the right-hand side of Eq. (4.14) and the N
single data points are enumerated by index i. w2

ξ̃i
and w2

δ̃i
are the

weights of the fit error ξ̃i and the residual δ̃i, respectively. χ is
minimized by varying the free parameters of Eq. (4.14) together with
the set of ξ̃i. The limit of ξ̃i → 0 for all i reduces the procedure to the
common least squares method. Deming regression is used here as
fitting only with respect to the residuals would lead to a parameter
adjustment which is concentrated at the transition to unconditional
stability due to the diverging character of the stability curves, as a
small variation in F leads to a large change of the residual. An
additional uncertainty in F helps to circumvent this issue and to reach
a better overall adjustment.
In this work, the weights are defined by the reciprocal values of the
variables, such that the relative deviation is minimized. The relative
error and residual, ξ := wξ̃ ξ̃ and δ := wδ̃ δ̃, respectively, are used for
quantifying the quality of the fit. The regression is performed with
the Python package . . Figure D.1 compares the Deming
regression with a least squares fit and visualizes the fit error and
residuals.
In the case of least squares fits, the corresponding algorithms of the
Python package are utilized. The adjusted correlation coefficient
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Figure D.1.: Comparison of Deming regression and a common least squares
method. Both methods fit Eq. (4.14) to the stability curve of the infinite width
film model with respect to fluidity F for Q = 10−4. Adapted with permission
from Bechert et al. (2015) and Elsevier.

R2
adj is used to measure the quality of the fit. It is defined by (Chiulli,

1999)

R2
adj = 1− (1−R2)

N − 1

N − P − 1
, (D.5a)

R2 = 1−
∑N

i=1 δ
2
i∑N

i=1

(
yi − 1

N

∑N
i=1 yi

) , (D.5b)

and increaseswith increasing quality of the fit, with amaximumvalue of
unity. yi are general dependent variable values and δi the corresponding
residuals. P is the number of free parameters.
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E Auxiliary calculations

E.1 Unity-throughput wave traveling time

The calculation of the unity-throughput wave traveling time tL is
demonstrated in the following (Bechert et al., 2016). It is based on the
derivation of Scheid et al. (2009a), who used an infinite width film
model, and valid for both finite and infinite width film models as well
as for fiber spinning. For the sake of convenience, only the formula for
the finite width film casting model is shown. In the infinite width case,
ℓ and L need to be set to unity and zero, respectively. In the case of
fiber spinning, the thickness variables h and H need to be substituted
additionally by the cross-sectional area variables a and A.
The dynamics of a constant throughput j = uℓh are given by the wave
equation

∂tj + k ∂xj = 0, (E.1)

with wave phase speed k = k(x). The linearized throughput can
be written as j = 1 + Jeωt, with perturbation J = U + L + H , as
boundary conditions (2.42a) yield a steady state equal to unity.
Eqs. (E.1) and (2.72c) lead to

k =
usJ

H + L
. (E.2)
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As stated by Kim et al. (1996), the so-called unity-throughput wave is
the only one traveling the entire distance from inlet to outlet, and the
corresponding traveling time can be calculated as

tL =

∫ 1

0

dx Re
(
1

k

)
=

∫ 1

0

dx

us

((HR + LR)JR + (HI + LI)JI)

(J2
R + J2

I )
, (E.3)

where the subscripts ‘R’ and ‘I ’ denote, respectively, the real and the
imaginary parts.

E.2 Verification of unconditionally stable
regime

In order to verify the unconditionally stable regime, which was
deduced from the diverging behavior of the stability curve of the
viscous–inertia model as depicted by Fig. 2.9(a), an eigenvalue
spectrum analysis was performed additionally with the method
described in Appendix C. A code listing for this model is given in
Appendix F.3. Table E.1 shows the frequency at criticality for four
different values of the Reynolds number as calculated by -07 ,
as well as the three eigenvalues with largest real part as calculated
by Chebyshev collocation. For all values, the frequencies coincide
perfectly and the largest real part of the spectrum is close to zero.
Additionally, the spectrum is analyzed at two values of Re beyond the
threshold value to unconditional stability, Reus = 0.414, for various
draw ratios up to 105. In all cases, no unstable modes were detected,
confirming the identification of an unconditionally stable regime.
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Table E.1.: Comparison of numerical continuation ( -07 ) and eigenvalue
spectrum analysis (Chebyshev collocation) for the viscous–inertia film casting
model. The dimensionless oscillation frequency as calculated by -07 is
given for Dr = Drc. For each parameter set, the three eigenvalues with largest
real part are given as calculated by Chebyshev collocation method.

Input parameters -07 Chebyshev collocation
Re Dr ωI ωR ωI

0.1 25.076 14.1272 −3.454 · 10−6 14.1272
−2.168 34.7680
−3.514 55.4517

0.2 33.939 14.3595 2.379 · 10−6 14.3596
−2.146 35.3815
−3.470 56.4938

0.3 56.120 14.8065 9.403 · 10−6 14.8066
−2.165 36.5173
−3.498 58.3681

0.4 316.894 15.9401 2.408 · 10−5 15.9402
−2.296 39.3330
−3.706 62.9142

0.42 10 - −2.026 10.6580
−4.149 25.7956
−5.470 40.8347

102 - −0.323 14.8608
−2.553 36.5780
−3.928 58.4515

103 - −0.058 16.1326
−2.395 39.7916
−3.832 63.6405

104 - −0.036 16.3009
−2.392 40.2125
−3.842 64.3154
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Table E.1.: Comparison of numerical continuation and eigenvalue spectrum
analysis for the viscous–inertia film casting model (cont’d).

Input parameters -07 Chebyshev collocation
Re Dr ωI ωR ωI

0.42 105 - −0.032 16.3199
−2.384 40.2644
−3.827 64.4064

1 10 - −2.582 9.4624
−4.622 22.9788
−5.984 36.4885

102 - −2.043 12.0806
−4.290 29.4497
−5.749 46.9438

103 - −2.025 12.6096
−4.341 30.7469
−5.840 49.0158

104 - −2.024 12.6705
−4.347 30.8998
−5.850 49.2670

105 - −2.023 12.6774
−4.346 30.9197
−5.849 49.3049

E.3 Verification of unconditionally unstable
regime

Analogue to the previous section, an eigenvalue spectrum analysis
of the viscous–surface-tension fiber spinning model (see 2.5.4) is
performed in order to verify the unconditionally unstable regime,
which was found beyond a critical value 1/Ca∗c = 16.26. Table E.1
shows the frequency at criticality for four different values of 1/Ca∗ as

224



E.3. Verification of unconditionally unstable regime

calculated by -07 , as well as the three eigenvalues with largest
real part as calculated by Chebyshev collocation. The coincidence
between both methods is not as high as in the viscous–inertia case
above, but still good enough to verify the stability curve shown
by Fig. 2.20(a). The spectrum analysis beyond the critical value
underlines the region of unconditional instability, as there always exist
eigenvalues with a real part above zero.

Table E.2.: Comparison of numerical continuation ( -07 ) and eigenvalue
spectrum analysis (Chebyshev collocation) for the viscous–surface-tension fiber
spinning model. The dimensionless oscillation frequency as calculated by

-07 is given for Dr = Drc. For each parameter set, the three eigenvalues
with largest real part are given as calculated by Chebyshev collocation method.

Input parameters -07 Chebyshev collocation
1/Ca∗ Dr ωI ωR ωI

0.1 19.797 13.9144 −7.436 · 10−4 13.9134
−2.222 34.1805
−3.619 54.4423

1 16.373 13.0645 1.479 · 10−4 13.0647
−2.222 31.9718
−3.595 50.8543

5 7.036 9.7959 1.193 · 10−3 9.7944
−2.072 23.4248
−3.284 36.9748

10 2.624 7.1285 −9.505 · 10−4 7.1276
−1.689 16.2453
−2.672 25.3088

20 2 - 2.050 6.3603
0.685 13.9497
−0.139 21.6204

5 - 4.212 6.6755
2.316 16.3843
1.467 26.1378
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Table E.2.: Comparison of numerical continuation and eigenvalue spectrum
analysis for the viscous–surface tension fiber spinning model (cont’d).

Input parameters -07 Chebyshev collocation
1/Ca∗ Dr ωI ωR ωI

20 10 - 6.401 6.5347
3.553 18.3460
2.688 29.9776

50 2 - 7.764 5.6577
6.722 12.3987
6.074 19.3029

5 - 7.716 11.3119
7.453 19.4636
7.184 27.3436

10 - 7.775 19.8610
7.767 28.3011
7.707 36.6497
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F Supplementary material

F.1 Nonisothermal PTT fiber model
equations

The following steps provide a derivation of the steady state and pertur-
bation equations of a nonisothermal PTT fiber model without surface
tension, inertia and gravity effects. The continuity equation (2.13)
remains unchanged and the momentum equation (2.18) reduces in the
absence of inertia, gravity and surface tension to

∂x (aν) = 0. (F.1)

The energy equation (5.8) is coupled to the rest of the governing
equations by the temperature dependence of viscosity and relaxation
time, which can be both modeled by an Arrhenius equation as long as
temperature induced phase transitions do not play a role. In terms of
unscaled variables, this can be written as

η(θ) = η(θ0)e
EA
R

(
1
θ−

1
θ0

)
, (F.2)

λ(θ) = λ(θ0)e
EA
R

(
1
θ−

1
θ0

)
, (F.3)
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with θ0 being the temperature at x = 0 and gas constant R. The
scaling is performed with respect to θ0, η(θ0) and λ(θ0) and the PTT
constitutive equations for fiber spinning (4.37) then become

Λ
(
∂tν

(0) + u(0)∂xν
(0) + ∂xu

(0)
(
ν(0) − 3τ (0)xx

))
+

1

K
eεΛK(3τ(0)

xx−2ν(0))ν(0) = 3∂xu
(0),

(F.4)

Λ
(
∂tτ

(0)
xx + u(0)∂xτ

(0)
xx − 2∂xu

(0)τ (0)xx

)
+

1

K
eεΛK(3τ(0)

xx−2ν(0))τ (0)xx = 2∂xu
(0),

(F.5)

with

K(θ) = ek(
1
θ−1), (F.6)

k =
EA

Rθ0
. (F.7)

Employing the linear stability ansatz of Eqs. (2.44) and (3.25a), together
with

θ(x, t) = θs(x)
(
1 + Θ(x)eωt

)
, (F.8)

with infinitesimal temperature perturbation Θ, yields the following
steady state equations,

u′
s =

νs
3Kc̃f ˜̃c ,f

, (F.9a)

a′s = −asu
′
s

us
, (F.9b)

ν′s = −νs
a′s
as

, (F.9c)

t′s =
1

Λus

(
2u′

s (1 + Λts)−
ts

K˜̃c ,f

)
, (F.9d)

θ′s = −St∗ (θs − θa)

a0.833s u0.666
s

, (F.9e)
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with auxiliary parameters

c̃f = 1 + Λ

(
ts −

2

3
νs

)
, (F.10a)

˜̃c ,f = eKεΛ(2νs−3ts), (F.10b)

and St∗ as defined by Eq. (5.9). The perturbation equations can be
written as

U ′ =
1

3usc̃f

[(
K−1 − 2εΛνs

˜̃c ,f
+ Λ(ω + 2u′

s)

)
νsN

+Λ(νs(u
′
s + ω)− usν

′
s)A

− (3c̃fu
′
s + Λ(νsu

′
s − usν

′
s))U + 3Λ

(
ενs
˜̃c ,f

− u′
s

)
tsT

+
kνs

θs˜̃c ,f

(
1

K
+ εΛ (2νs − 3ts)

)
Θ

]
,

(F.11a)

A′ = −
(

ω

us
A+ U ′

)
, (F.11b)

N ′ = −A′, (F.11c)

T ′ =
1

usΛ

[
2us

ts
(1 + Λts)U

′ +
1

K˜̃c ,f
U

− k

θs˜̃c ,f

(
1

K
+ εΛ(2νs − 3ts)

)
Θ+

2εΛνs
˜̃c ,f

N

−
(
K−1 + 3εΛts

˜̃c ,f
+ Λ

(
ust

′
s

ts
+ ω − 2u′

s

))
T

]
,

(F.11d)

Θ′ = −
[(

ω

us
+ St∗

θa
θsa0.833s u0.666

s

)
Θ

+
θ′s
θs

(0.833A+ 0.666 U)

]
.

(F.11e)
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F.2 Fiji script for video post-processing

input = ge tD i r ec to ry ( ” Input␣ d i r e c t o r y ” ) ;
output = ge tD i r ec to ry ( ”Output␣ d i r e c t o r y ” ) ;

/ / d e f i n e v ideo f i l e type
Dialog . c r ea t e ( ” F i l e ␣ type ” ) ;
Dialog . addStr ing ( ” F i l e ␣ s u f f i x : ␣ ” , ” a v i ” , 5 ) ;
Dialog . show ( ) ;
s u f f i x = Dialog . g e t S t r i ng ( ) ;

setBatchMode ( true ) ;
p roces sFo lder ( input ) ;

/ / p rocess a l l f i l e s in input f o l d e r
funct ion processFo lder ( input ) {

l i s t = g e t F i l e L i s t ( input ) ;
for ( i = 0 ; i < l i s t . l ength ; i ++) {

i f ( F i l e . i sD i r e c t o r y ( l i s t [ i ] ) )
proces sFo lder ( ” ” + input + l i s t [

i ] ) ;
i f ( endsWith ( l i s t [ i ] , s u f f i x ) )

p r o c e s s F i l e ( input , output , l i s t [
i ] ) ;

}
}

funct ion p ro c e s s F i l e ( input , output , f i l e ) {

open ( input+ f i l e ) ;
run ( ”8−b i t ” ) ;

b = getWidth ;
h = getHeight ;
s l icenumber = nS l i c e s ;

t i t l e = g e t T i t l e ( ) ;
name = rep l ace ( t i t l e , ” . a v i ” , ” ” ) ;
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setAutoThreshold ( ” I J _ I soDa ta ” ) ; / / d e f i n e th r e sho l d
a lgor i thm

setOption ( ” BlackBackground ” , fa l se ) ;
/ / c r ea t e b inary v ideo
run ( ”Make␣Binary ” , ”method= I J _ I soDa ta ␣background=Dark␣

c a l c u l a t e ” ) ;
/ / remove a r t i f a c t s
run ( ”Remove␣Out l i e r s . . . ” , ” r ad ius =10␣ thresho ld =50␣which=

Dark␣ s tack ” ) ;
/ / analyze the diameter at 10 he i gh t s and save the r e s u l t
for ( i = 0 ; i < 1 0 ; i ++) {

makeLine (0 ,h / 1 1 * ( i + 1 ) ,b , h / 1 1 * ( i + 1 ) ) ;
run ( ” Line␣ to␣Area ” ) ;
run ( ” Analyze␣ P a r t i c l e s . . . ” , ” show=

Nothing␣ d i sp l a y ␣ inc lude ␣ s tack ” ) ;
saveAs ( ” Resu l t s ” , output+name+ ” _ ”+ i + ” . t x t

” ) ;
selectWindow ( ” Resu l t s ” ) ;
run ( ” Close ” ) ;

}
run ( ”AVI . . . ␣ ” , ” compression=None␣ frame=20␣ save =[ ” +

output + name + ” _binary . a v i ] ” ) ;
}

F.3 Eigenvalue spectrum of the
viscous–inertia model

# ! / b in / python

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
# ca l c_ e v ( ) c a l c u l a t e s the e i g enva lu e
# spectrum fo r 1D v iscous−i n e r t i a f i lm
# cas t i ng .
# F i r s t , the s teady s t a t e i s c a l c u l a t e d
# with a shoot ing method ( ca l c _ s t eady ( ) ) .
# Af terwards the spectrum i s determined
# with a Chebyshev c o l l o c a t i o n method .
# s teady s t a t e v e c to r :
# v = (h , u , n )
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# h : t h i c kne s s
# u : v e l o c i t y
# n : normal s t r e s s d i f f e r e n c e
#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

from math import cos , pi , log
import numpy as np
from s c ipy . i n t e g r a t e import odeint
from s c ipy . i n t e r po l a t e import i n t e rp 1d
from s c ipy import l i n a l g

#draw r a t i o
Dr = 10
#Reynolds number
Re = 0 . 1
#number o f mesh po in t s f o r d i s c r e t i z a t i o n (max . degree

o f Chebyshev polynom )
N = 100
#number o f mesh po in t s f o r s teady s ta te , s e t h igher f o r

b e t t e r accuracy
Ns = 400
# r e l a t i v e accuracy o f boundary cond i t i on u ( 1 ) = Dr (

s teady s t a t e )
accs = 0 .00 1
# i n i t i a l n0 va lue
n0_ in i t = 1 .
# i n i t i a l n0 s t ep va lue
n0_s t ep_ in i t = 0 . 0 1

#domain f o r numerical i n t e g r a t i o n
xdom = np . l i n space ( 0 , 1 , Ns + 1 )

# d e f i n e the s teady s t a t e equat ions
def s seqs ( v , x ) :

# ex t r a c t s i n g l e v e c t o r s from v
h = v [0 ]
u = v [ 1 ]
n = v [ 2 ]

hx = −h*n / ( 4 .*u)
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ux = n / 4 .
nx = n / 4 .* ( n/u+Re*u)

return (np . hstack ( ( hx , ux , nx ) ) )

# i n t e g r a t e the s teady s t a t e equat ions with guessed
i n i t i a l va lue f o r n

def shoot (n0 ) :
v = odeint ( sseqs , [ 1 , 1 , n0 ] , xdom)
return v

def ca l c _ s t e ady ( ) :
print ( ” Ca l cu l a t i ng ␣ the␣ s teady ␣ s t a t e ␣ va lues . . . ” )
# i n i t i a l shoot ing va lue ( i n i t i a l cond i t i on f o r n )
n0 = n0_ in i t
v = shoot (n0 )

# eva lua t e f i r s t s t ep d i r e c t i o n f o r n0
d i s t = abs ( v [−1 , 1]−Dr)
n0_step = n0_s t ep_ in i t
n0 += n0_step
v = shoot (n0 )
# i f the e r r o r o f the BC inc r ease s , i n v e r t the

s t ep va lue
i f abs ( v [−1 , 1]−Dr) > d i s t :

n0_step *= −1
n0 += 2*n0_step
v = shoot (n0 )
# i f the e r r o r i n c r e a s e s in both

d i r e c t i on s , another n0 needs to be
chosen

i f abs ( v [−1 , 1]−Dr) > d i s t :
print ( ” Bad␣ i n i t i a l ␣ va lue␣n0␣ (

l o c a l ␣minimum) ! ” )
qu i t ( )

# f i n d n0 such that u ( 1 ) =Dr i s f u l f i l l e d
while abs ( v [−1 , 1]−Dr) /Dr > accs :

while abs ( v [−1 , 1]−Dr) <= d i s t :
d i s t = abs ( v [−1 , 1]−Dr)
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n0 += n0_step
v = shoot (n0 )

#decrease s t ep s i z e to i n c r e a s e accuracy
n0_step *= −0.5
n0 += n0_step
d i s t = abs ( v [−1 , 1]−Dr)
v = shoot (n0 )

print ( ” done . ” )
return v

# a u x i l i a r y f unc t i on s
# c o l l o c a t i o n po in t s
def x ( i ) :

return 0 . 5* ( cos ( i *pi /N) + 1 )

def c ( x ) :
i f 0==x : return 2
else : return 1

def d( i , x ) :
i f x <= i : return 0
e l i f N == i : return 0
e l i f 0 == ( x+ i )%2: return 0
else : return x

# trans format ion matrix
matM = np . a r r ay ( [ cos ( j *pi * i /N) for i in range (N+ 1 ) for j

in range (N+ 1 ) ] )
matM. r e s i z e (N+ 1 ,N+ 1 )
# d e r i v a t i o n matrix
matD = np . a r r ay ( [ 2*2 / c ( i ) *d( i , j ) for i in range (N+ 1 ) for

j in range (N+ 1 ) ] )
matD . r e s i z e (N+ 1 ,N+ 1 )
#zero matrix
mat0 = np . a r r ay ( [ 1 . e−12 for i in range (N+ 1 ) for j in

range (N+ 1 ) ] )
mat0 . r e s i z e (N+ 1 ,N+ 1 )
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# c a l c u l a t e the e i g enva lu e spectrum
def ca l c_ev ( ) :

global n0_ in i t
global n0_s t ep_ in i t
# c a l c u l a t e the s teady s t a t e
v = ca l c_ s t eady ( )

print ( ” Bu i ld ing ␣matr ices . . . ” )

# ex t r a c t the s i n g l e v a r i a b l e s
h = v [ : , 0 ]
u = v [ : , 1 ]
n = v [ : , 2 ]

# i n t e r p o l a t i o n o f v a r i a b l e s
#needed f o r e va lua t i on at c o l l o c a t i o n po in t s
hint = in t e rp 1d (xdom , h)
u int = in t e rp 1d (xdom , u)
nint = in t e rp 1d (xdom , n)

#steady s t a t e v e c t o r s ( va lue s at c o l l o c a t i o n
po in t s )

hs = np . a r r ay ( [ h int ( x ( i ) ) for i in range (N+ 1 ) ] )
us = np . a r r ay ( [ u int ( x ( i ) ) for i in range (N+ 1 ) ] )
ns = np . a r r ay ( [ n int ( x ( i ) ) for i in range (N+ 1 ) ] )

#matr i ces A and B are each d i v i d e d in to 9
submatr ices , A i j and B i j with i , j = 1 , 2 , 3

# the f i r s t index i n d i c a t e s the pe r tu rba t i on
equat ion number

# the second index corresponds to the
pe r tu rba t i ons , H, U and N

# e i g enva lu e equat ions ( o : e i g enva lu e ) :
#us*(−H’−U ’ ) = o*H
#ns*U+4*us*U’−ns*N = 0
#H’−Re*us /4*U+N ’ = o*Re*us / ns*U

#matrix A
matA11 = −np . dot ( ( us*matM. T) . T ,matD) +0. j
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matA12 = −np . dot ( ( us*matM. T) . T ,matD) +0. j
matA13 = mat0 . copy ( ) +0. j

matA21 = mat0 . copy ( ) +0. j
matA22 = ( ns*matM. T) . T + np . dot ( ( 4 . * us*matM. T) . T

,matD) +0. j
matA23 = −(ns*matM. T) . T+0. j

matA31 = np . dot (matM,matD) +0. j
matA32 = (−Re*us /4 .*matM. T) . T+0. j
matA33 = np . dot (matM,matD) +0. j

#matrix B
matB11 = (matM. T) . T+0. j
matB12 = mat0 . copy ( ) +0. j
matB13 = mat0 . copy ( ) +0. j

matB21 = mat0 . copy ( ) +0. j
matB22 = mat0 . copy ( ) +0. j
matB23 = mat0 . copy ( ) +0. j

matB31 = mat0 . copy ( ) +0. j
matB32 = (Re*us / ns*matM. T) . T+0. j
matB33 = mat0 . copy ( ) +0. j
#BC ’ s
#H(0) = 0
for j in range (N+ 1 ) :

matB11 [N, j ] = 0
matB12 [N, j ] = 0
matB13 [N, j ] = 0
matA11 [N, j ] = matM[N, j ]
matA12 [N, j ] = 0
matA13 [N, j ] = 0

#U(0) = 0 , U( 1 ) = 0
for j in range (N+ 1 ) :

matB21 [N, j ] = 0
matB22 [N, j ] = 0
matB23 [N, j ] = 0
matA21 [N, j ] = 0
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matA22 [N, j ] = matM[N, j ]
matA23 [N, j ] = 0
matB21 [0 , j ] = 0
matB22 [0 , j ] = 0
matB23 [0 , j ] = 0
matA21 [0 , j ] = 0
matA22 [0 , j ] = matM[0 , j ]
matA23 [0 , j ] = 0

# s tack ing the matr i ces toge the r
matA1 = np . hstack ( [ matA11 , matA12 , matA13 ] )
matA2 = np . hstack ( [ matA21 , matA22 , matA23 ] )
matA3 = np . hstack ( [ matA31 , matA32 , matA33 ] )
matA = np . vs tack ( [ matA1 , matA2 , matA3 ] )

matB1 = np . hstack ( [ matB11 , matB12 , matB13 ] )
matB2 = np . hstack ( [ matB21 , matB22 , matB23 ] )
matB3 = np . hstack ( [ matB31 , matB32 , matB33 ] )
matB = np . vs tack ( [ matB1 , matB2 , matB3 ] )

print ( ” done . ” )

print ( ” Ca l cu l a t i ng ␣ e igenva lues . . . ” )

# so r t by r e a l par t
ev = np . s o r t ( l i n a l g . e i g v a l s (matA , matB ) )
# c l e a r i n f i n i t e e i g enva l u e s
ev_d i s t = ev [np . l o g i c a l _no t (np . i s i n f (np . r e a l ( ev )

) ) ]
# c l e a r p o s s i b l e evs with zero im . par t
ev_d i s t 2 = ev_d i s t [ abs (np . imag ( ev_d i s t ) ) > 1 . e−5]
# e l im ina t e spur ious modes
while abs (np . imag ( ev_d i s t 2 [− 1 ] ) ) > 1 . e2 or np .

r e a l ( e v_d i s t 2 [− 1 ] ) > 1 . e2 :
e v_d i s t 2 = ev_d i s t 2 [ : − 1 ]

print ( ” done . ” )

return ev_d i s t 2
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In this work, the influence of process and material parameters on the draw  
resonance instability in film casting and fiber spinning is investigated both  
theoretically and experimentally. Draw resonance generally occurs if the 
draw ratio, i.e., the ratio of outlet to inlet velocity, exceeds a critical value, and 
manifests itself in steady oscillations of the flow velocity and the geometric 
properties of the fibers and films.
Several Newtonian and viscoelastic models for film casting and fiber spinning 
are derived and the critical draw ratio is determined by means of linear 
stability analysis in order to investigate the influence of various effects like 
gravity, inertia, neck-in and strain hardening on draw resonance. Moreover, 
physical mechanisms underlying the instability are revealed and alternative 
stability criteria are reviewed and extended. Employing control parameters 
with strong connection to practical application, the results are visualized in 
stability maps, which enable both a quick determination of the critical draw 
ratio and a partition of the parameter space into several dynamical regimes. 
The theoretical results are completed by an experimental study on draw 
resonance in fiber spinning. Using an effective relaxation time, the measured 
critical draw ratios can be well described by the theoretical predictions.
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