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ZUSAMMENFASSUNG

Kürzlich wurden starke optomechanische Wechselwirkungen in einer neuartigen mi-
krostrukturierten optischen Quarzglas-Faser, der Doppel-Nanoweb-Faser, untersucht.
Ihre lichtleitende Struktur besteht aus zwei dicht beieinanderliegenden hauchdünnen
Membranen, die als optisch gekoppelte planare Wellenleiter dienen und an den In-
nenwänden einer Glaskapillare befestigt sind. Wenn Licht in Supermoden dieser
Struktur geführt wird, lenken dadurch induzierte optische Gradientenkräfte die
Nanowebs so aus, dass die Brechungsindices der Supermoden mit der eingekoppel-
ten Lichtleistung stark ansteigen. Das Ziel dieser Arbeit besteht darin, dynamische
Effekte dieser optomechanischen Nichtlinearität zu untersuchen, die speziell dann
auftreten, wenn mechanische Resonanzen der Nanowebs angeregt werden.

Zunächst untersucht eine Messreihe mit Hilfe eines Pump-Probe-Inteferometers
den Einfluss von Gasdruck auf die Frequenzantwort der optomechanischen Nichtlin-
earität nahe der fundamentalen mechanischen Resonanz der Nanowebs. Ihr Güte-
faktor, der über einen weiten Druckbereich hauptsächlich der Gasdämpfung in den
Hohlkanälen der Faser unterliegt, übersteigt seinen Wert unter Atmosphärendruck
in Vakuum um einen Faktor 200, so dass dort die resonante optomechanische Nicht-
linearität 60 000 mal stärker als die elektronische Kerr-Nichtlinearität ist. Unter
diesen Bedingungen spaltet sich die Resonanz aufgrund von strukturellen Unregel-
mäßigkeiten entlang der Faser in viele dicht beieinanderliegende, schmale Peaks auf.
Gleichzeitig beeinflusst der Gas-Film in der ungewöhnlich schmalen Lücke zwischen
den Nanowebs stark deren mechanische Steifigkeit: wenn die Doppel-Nanoweb-Faser
mit Argon oder Helium gefüllt wird, steigt die Frequenz der fundamentalen Resonanz
mit dem Gasdruck 15 mal stärker als in mikro-elektromechanischen Systemen an.
Diese Beobachtungen werden gut durch ein rein analytisches Modell beschrieben und
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könnten die Entwicklung eines faser-optischen resonanten Drucksensors ermöglichen.
In einer vollständig evakuierten Doppel-Nanoweb-Faser tritt ein unerwarteter

Effekt auf, wenn Infrarotlicht eines Dauerstrich-Lasers mit einer Leistung von einigen
Milliwatt eingekoppelt wird: eine unvermittelte Intensitätsmodulation des transmit-
tierten Lichts weist auf selbstinduzierte Oszillationen der Nanowebs hin, die genau
dann optisch angeregt werden, wenn die eingekoppelte Lichtleistung einen Grenz-
wert übersteigt. Gleichzeitig wird im Lichtspektrum ein erstaunlich symmetrischer
optischer Frequenzkamm nachgewiesen, dessen Linienabstand der fundamentalen
mechanischen Resonanzfrequenz der Nanowebs entspricht. Der zugrundeliegende
Mechanismus wird als rausch-induzierte stimulierte Raman-artige Streuung in Seit-
enbänder innerhalb der optischen Grundmode identifiziert, deren bisher unerreichter
parameterischer Gewinn den in einer photonischen Festkern-Kristallfaser um fünf
Größenordnungen übersteigt. Im Widerspruch zu den Experimenten erwartet eine
theoretisches Modell jedoch eine vollständige Unterdrückung des Gewinns, weil die
Erzeugungs- und Vernichtungsraten der Phononen im Wesentlichen identisch sind
und dadurch das Anwachsen einer Population von Phononen verhindert wird.

Um diesen Widerspruch aufzulösen, werden die Nanoweb-Vibrationen mit Hilfe
eines Interferometers von der Seite der Faser sowohl frequenz- als auch ortsaufgelöst
abgebildet. Mit diesem Messverfahren können Auslenkungen der Nanowebs bis hin
zu einer Amplitude von nur 10 pm festgestellt werden. Die gewonnenen Daten
zeigen, dass stimulierte intermodale Streuung unter Ausnützen der strukturellen
Unregelmäßigkeiten die Unterdrückung des parametrischen Gewinns aufhebt. Wie
eine detaillierte theoretische Analyse endgültig bestätigt, ermöglicht dies letztlich
die Selbst-Oszillationen der Nanowebs. Dieser neuartige Mechanismus könnte zur
Herstellung von optomechanischen Oszillatoren eingesetzt werden, die nur auf einen
einzigen Durchlauf des Lichts angewiesen sind und keinerlei Elektronik oder optis-
che Resonatoren benötigen. Dieses Prinzip könnte auch in Silizium oder anderen
geeigneten Materialien angewendet werden.

Wenn der Raman-artige Streuprozess aktiv durch die Schwebung einer Pump-
und Stokes-Welle angetrieben wird, erzeugt eine Änderung des optischen Eingangssig-
nals eine synchrone Zeitantwort der Nanoweb-Vibrationen entlang der gesamten
Faser. Diese herausragende Eigenschaft ermöglicht, die Auslenkungsamplitude der
Nanowebs über eine makroskopische Länge präzise durch kohärente Kontrolle zu
steuern. Dazu wird die antreibende Schwebung bei konstanter Lichtleistung mit
einem Rechteck-Signal phasenmoduliert, dessen Periode kleiner als die Phonon-
Lebensdauer ist. Theorie und Experimente zeigen, dass die Schwingungsenergie
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der Nanowebs über die Amplitude der Phasenmodulation innerhalb eines großen
dynamischen Bereichs geregelt (und sogar vollständig unterdrückt) werden kann.
Zusätzlich kann mit Hilfe dieses Verfahrens die Zeitkonstante der Vibrationsantwort
reduziert werden, wenn synchron zur Phasenmodulation die Lichtleistung impulsar-
tig erhöht wird. Interessanterweise stellt sich diese Technik als robust gegenüber den
strukturellen Unregelmäßigkeiten entlang der Doppel-Nanoweb-Faser heraus und
könnte letztlich eine Feedback-Stabilisierung der Vibrationsamplitude ermöglichen,
die ohne Regelung der Lichtleistung auskommt.
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ABSTRACT

Recently, strong optomechanical interactions have been investigated in a novel micro-
structured optical fiber made from fused silica glass, the dual-nanoweb fiber. Its
optical waveguide region is formed by two closely-spaced ultra-thin membranes
("nanowebs"), suspended inside a capillary and acting as optically coupled planar
waveguides. Light guided in supermodes induces transverse gradient forces deflecting
the nanowebs, so that the modal refractive indices strongly increase with launched
optical power. The scope of this thesis is to investigate various dynamical effects of
this optomechanical nonlinearity, occuring when flexural resonances of the nanowebs
are driven.

Initially, an interferometric pump-probe technique is applied to explore the
dependence of the optomechanical frequency response on gas pressure in the vicin-
ity of the fundamental flexural resonance. Its mechanical quality factor, strongly
affected over a wide pressure range by gas damping in the hollow fiber channels, is in
vacuum 200 times larger than at atmospheric pressure, with the resonant optome-
chanical nonlinearity exceeding the Kerr nonlinearity by a factor of 60 000. Under
these conditions, the resonance is observed to break up into a cluster of narrow
peaks due to structural non-uniformities along the fiber. Furthermore, the gas layer
squeezed in the unusually narrow slot between the nanowebs is found to enhance
their instrinsic mechanical stiffness significantly: when filled with argon or helium,
the fundamental flexural frequency upshifts with pressure, 15 times more sensitive
than in micro-electro-mechanical devices. All findings fit to an analytical model and
could be potentially exploited as a precise resonant pressure sensor.

An unexpected effect is observed in an evacuated dual-nanoweb fiber when
pumped with a few mW of continuous-wave laser light: a strong intensity-modulation
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of the transmitted light indicates optically-driven self-oscillations of the nanowebs
when the pump power exceeds a threshold. At the same time, a remarkably sym-
metric optical frequency comb with several Stokes and anti-Stokes lines, spaced by
the fundamental flexural frequency, is detected at the fiber output. The underly-
ing mechanism is noise-induced stimulated Raman-like scattering (SRLS) into side-
bands within the fundamental optical mode, providing an unprecedentedly high gain
roughly five orders of magnitude larger than in a photonic crystal fiber. In strong
contrast to the experiment, however, theory predicts full gain suppression as the
rates of phonon-creation in pump-to-Stokes transitions and phonon-annihilation in
pump-to-anti-Stokes transitions are identical, preventing a phonon population from
building up.

To resolve this contradiction, nanoweb vibrations are mapped out along the
fiber at high spatial and spectral resolution with an interferometric side-probing
technique capable of detecting peak deflections as small as 10 pm. Confirmed by a
detailed theory, the results show that structural non-uniformities enable stimulated
inter-modal scattering into a higher-order optical mode to frustrate intra-modal
SRLS gain suppression, permitting the structure to self-oscillate. This novel mech-
anism allows to design single-pass optomechanical oscillators requiring only a few
mW optical power, without any electronics or optical resonators. Such a design
could also be implemented in silicon or any other suitable material.

When the beat-note of a pump and Stokes wave drives SRLS transitions, the
response of the nanoweb vibrations to varying optical fields at the input is syn-
chronous along the whole fiber. This remarkable property enables precise coherent
control of the nanoweb peak deflection over a macroscopic length. For this, the driv-
ing beat-note is, at constant optical power, phase-modulated using a square wave
with a period shorter than the phonon lifetime. Theory and experiments reveal
that the energy of the vibrations can be tuned over a large dynamic range (and even
suppressed) solely by varying the phase-modulation amplitude. Additionally, the re-
sponse time of the vibrations can be engineered with an impulsive intensity increase
synchronized to the phase-modulation. Interestingly, this technique is robust against
structural non-uniformities of the fiber and might enable feed-back stabilization of
the nanoweb peak deflection without changing the driving optical power.
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CHAPTER 1

INTRODUCTION

The first unambiguous detection of gravitational waves, emitted when two black
holes merged, represents one of the most remarkable advances in modern physics [1].
Theoretically predicted by Einstein in 1916 [2], it took exactly one century to
propose and build a sensitive enough detector. The result is an unprecedentedly
large-scale Michelson laser interferometer (Laser Interferometer Gravitational-
wave Observatory, short "LIGO") with suspended highly-reflective massive end-
mirrors, providing a 4 km-long baseline in each arm [3]. Resonant Fabry-Perot
cavities, in which optical powers up to ∼ 750 kW circulate between two mirrors, are
integrated into each interferometer arm to enhance the sensitivity to tiny differential
path-length changes induced by gravitational waves [4].

Since Maxwell’s theory of electromagnetism, light has been known to carry
linear momentum. Hence its absorption or reflection gives rise to radiation pres-
sure acting along its propagation direction. Although its influence is usually hardly
noticable, Braginsky concluded already fifty years ago, that radiation pressure
ultimately limits the precision of any optical means to probe tiny displacements of
a test mass [5]. While undesirable for sensing, this effect can be actively exploited
in a Fabry-Perot cavity with one mirror free-to-oscillate: unexpectedly, radiation
pressure can reach values large enough to control the dynamical behavior of the
mirror [6, 7]. In particular, the dynamics of the mirror’s motion and the stored
radiation field are mutually coupled if the light launched into the cavity is detuned
from resonance. In case the intra-cavity photon lifetime additionally exceeds the
mechanical oscillation period, radiation pressure is even able to delay the response
of the stored radiation field with respect to the instantaneous mirror position, giving
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Ch. 1 INTRODUCTION

rise to feedback. This effect named dynamical back-action allows, among others, to
cool and amplify the mirror’s motion, forming the cornerstone of a fruitful field of
research known as cavity optomechanics [8, 9].

Pioneering experiments in free-space Fabry-Perot cavities have initially demon-
strated effects due to an instantaneous change of the intra-cavity field with the
mirror’s position. Among these are optical bistability and mechanical mode split-
ting [10], the "optical spring" effect [11], and active feedback-cooling of the mir-
ror’s Brownian motion [12–15]. Over the past decade mainly two types of cleverly-
designed photonic microstructures have been arising a lot of interest, as they uniquely
allow to access dynamical back-action by axial radiation pressure: optical micro-
cavities [16], in which optical whispering-gallery modes and various mechanical
modes [17] are strongly coupled, and optomechanical crystal (OMC) cavities, where
optical and mechanical modes are co-localized in the defect of a narrow flexible
photonic crystal beam [18]. These devices enabled seminal demonstrations of self-
sustaining mechanical oscillations [17, 19, 20], synchronization of optomechanical
resonators [21, 22], as well as resolved side-band cooling [23–26], reaching a record-
low phonon occupation of ∼ 0.02 close to the quantum ground state [27]. Inter-
estingly, due to their broadband parametric gain provided by the Kerr nonlin-
earity [28], monolithic microresonators turned out as highly integrable sources for
broad optical frequency combs [29], with important applications in optical frequency
metrology [30, 31].

Nevertheless, in all cavity-optomechanical systems the efficiency of dynamical
back-action effects is limited by the sensitivity of the effective cavity length to the
optical force a single photon can exert. An approach to significantly enhance it by
turning away from axial radiation pressure [32] has been successfully implemented
in [33–35]: two cavities (ring-resonators or OMCs) were stacked in close proximity
one above each other so that their individual evanescent optical fields could overlap
with the respective opposite cavity. The resulting formation of optical supermodes
gave rise to a phenomenon similar to electronic bonding in molecules [36]: depend-
ing on whether the supermode field-distribution was symmetric or anti-symmetric,
attractive or repulsive optical gradient forces were observed to push the cavities to-
gether or pull them apart, thus allowing a precise actuation of their gap [34, 37].

In contrast to axial radiation pressure caused by propagating optical fields,
optical gradient forces are purely mediated by the evanescent near-field of the op-
tical modes and often oriented perpendicular to the direction of their energy flux.
In fact, these forces were first studied theoretically [38, 39] in a coupled system
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of two parallel, deformable nanoscale optical waveguides. Soon after, experimental
demonstrations in on-chip photonic circuits [40–42] followed, fabricated by the pre-
cise micro-machining techniques offered by silicon photonics. Varying the optical
power guided in these structures was found to strongly alter the refractive indices of
the supermodes, as they are particularly sensitive to changes of the waveguide gap
induced by gradient forces. This optomechanical nonlinearity represents therefore a
mechanical analogon to the conventional electronic Kerr effect [43, 44].

Optical forces do not only occur between coupled waveguides or in cavities, but
also when an optical mode is trapped in a single nanoscale waveguide [45]: on the
one hand, purely transverse radiation pressure can deform the waveguide boundaries
if the evanescent optical field there is sufficiently large. On the other hand, within
the waveguide itself the intensity gradient of the mode mediates an electrostrictive
force which features both transverse and longitudinal components. These mecha-
nisms, and particularly an interplay of them [46, 47], have revealed a rich landscape
of intriguing optoacoustic phenomena: strongly enhanced stimulated Brillouin
scattering (SBS) of light by different kinds of acoustic waves has been demonstrated
in on-chip waveguides [48–50], silica [51, 52] and silicon nanowires [53–55]. Opposed
to that, self-cancellation of SBS could be observed as well when electrostriction
and radiation pressure interfered destructively [46, 56]. However, all of the afore-
mentioned devices share a common disadvantage: due to their considerable optical
losses, the optomechanical nonlinear interaction length is fairly limited to, at most,
a few cm [52, 54].

This limitation can be mitigated by employing optical fibers which can be fabri-
cated kilometer-long from fused silica glass, a material with exceptionally low optical
loss within the visible and near-infrared region. In a half-a-meter long conventional
step-index fiber, weak forward scattering of core-guided light by acoustic resonances
of its entire cross-section, featuring poor optoacoustic overlap, could accumulate suf-
ficiently to be observed [57]. Since then, a lot of effort has been put into designing
optical fibers with integrated optomechanical functionality, tightly confining both
light and vibrations. The versatile stack-and-draw technique, conventionally used
to fabricate various kinds of photonic crystal fibers with a holey lattice around their
core, turned out to be highly suitable: an efficient forward-scattering mechanism
closely resembling Raman scattering by molecules could be observed in a 10 meter-
long PCF featuring a micrometer-thin solid core trapping phonons with a very small
wavevector [58, 59].
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Ch. 1 INTRODUCTION

Recently, a giant optomechanical nonlinearity was both theoretically predicted [60]
and experimentally demonstrated [61] to occur inside the dual-nanoweb fiber, the
structure investigated in this thesis. In contrast to PCFs, its waveguide region does
not contain a core but comprises two closely-spaced highly compliant planar glass
membranes ("nanowebs"), attached to the inner walls of a fiber capillary. Light
guided in an optical eigenmode of even transverse symmetry pushes the nanowebs
together, whereas they are pulled apart when the symmetry is odd. In both cases,
the refractive index of the optical modes strongly increases with optical power. Re-
sulting from the large aspect ratio of the nanowebs and their tiny interweb gap, the
optomechanical nonlinearity was found to be much larger than ever observed before,
exceeding the intrinsic Kerr-related coefficient of this structure by many orders of
magnitude. The scope of this thesis is to investigate various dynamical effects, re-
sulting from this unprecedentedly large optomechanical nonlinearity in particular
when light excites flexural resonances of the nanowebs and thereby modulates its
modal index. The structure of the thesis is briefly outlined as follows:

Chapter 2 constitutes the theoretical foundation relevant throughout this
thesis. Based on the theory of electrodynamics in dielectric media, light waves prop-
agating in a system of two optically coupled planar waveguides are analyzed, being
a natural model of the experimentally investigated dual-nanoweb fiber. With the
help of this model, important quantities characterizing the dual-nanoweb structure,
such as the magnitude of the gradient forces and the sensitivity of the modal refrac-
tive indices to changes of the air-gap spacing, are introduced. This chapter follows
closely the work by Butsch et al. in [60] and [62].

Chapter 3 outlines the fabrication of the dual-nanoweb fiber used in the exper-
iments and discusses its specific optical and mechanical properties. Simulations
show that the thickness profile of the nanowebs allows the fiber to guide various op-
tical eigenmodes, characterized by field distributions and modal refractive indices.
Guided light can interact with flexural resonances of the nanowebs in the MHz range,
distinguished by the number and relative phases of oscillating lobes. Comparison
with experiments shows that their frequencies are significantly increased when ten-
sion is present in the nanowebs.

Chapter 4 analyzes the frequency response of the optomechanical non-
linearity in the vicinity of the fundamental flexural resonance of the nanowebs,
when the gas pressure applied to the hollow fiber channels is swept. The experi-
mental results, obtained with an intereferometric pump-probe technique, show that
both frequency and mechanical linewidth of the fundamental flexural resonance are
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strongly influenced by squeezed-film gas damping. These observations are supported
by a theoretical model based on viscous gas flow in the interweb gap and on energy-
transfer between the vibrating nanowebs and single gas particles. The results of this
chapter were published in the journal paper [63].

Chapter 5 investigates an optomechanical self-oscillation of the nanowebs
in low gas pressure, resulting in the generation of an optical frequency comb at the
output of the dual-nanoweb fiber. The first part of this chapter studies the highly
nonlinear evolution of the generated optical side-bands with launched power, set-
ting in above a distinct threshold. To interprete these results, a general model
for stimulated Raman-like scattering (SRLS) within the fundamental optical eigen-
mode of the dual-nanoweb fiber is developed. Suprisingly, it predicts the parametric
gain for the given parameters to be fully suppressed. The second part of the chapter
resolves the mystery behind the self-oscillation using a novel transverse interferomet-
ric probing technique, identifying an additional optomechanical scattering process
between two different optical modes to "frustrate" gain suppression. This experimen-
tal observation is supported by an extension of the previously developed theoretical
model. The results reported in this chapter were published in the journal papers [64]
and [65].

Chapter 6 presents a technique to coherently control flexural vibrations of
the nanowebs when an optical beat-note of a pump and Stokes wave drives SRLS
transitions. It employs, at constant optical power, a sufficiently fast square-wave
phase-modulation of the beat-note. Initially, the vibrational response to a rapid
change of the pump-Stokes beat-note phase is investigated, highlighting the poten-
tial influence of various parameters. The second part of the chapter demonstrates
tunability of the phonon energy by varying the phase-modulation amplitude. The
end of the chapter shows that the response time of the flexural vibrations can be
shortened when an impulsive increase of the optical power is synchronized to the
phase-modulation. At the time of submission, a journal paper covering these results
is under preparation.

Chapter 7 concludes all results reported in the previous chapters, highlighting
possible practical applications. The end of this chapter outlines a possible direc-
tion for future experiments, based on the integration of an optical cavity into the
dual-nanoweb fiber.
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CHAPTER 2

THEORETICAL BACKGROUND

The beginning of this chapter provides an overview over the formalism convention-
ally used in nonlinear optics: starting from Maxwell’s equations, the response of
matter to external electric and magnetic fields is discussed, also permitting nonlin-
earity. Next, general equations governing the propagation of electromagnetic waves
in homogeneous dielectric media and optical waveguides are derived.

In the second part of the chapter the introduced theory is applied to analyze
a waveguide composed of two optically coupled compliant and uniform glass plates
("slabs"). This type of one-dimensional planar waveguide can be considered as a
strongly simplified natural model for the dual-nanoweb fiber under study in the
subsequent chapters. With the help of the optical wave equation, supermodes of the
two slabs are found, classified either by symmetric or anti-symmetric transverse field
distributions. It will be shown that these supermodes yield, in analogy to electronic
bonding in molecules, transverse optical gradient forces between the slabs, depend-
ing on the modal symmetry either pushing them together or pulling them apart.
For a convenient theoretical treatment of the experimental dual-nanoweb structure,
the simple one-dimensional approach is subsequently generalized for a non-uniform
two-dimensional waveguide.

The end of the chapter introduces the concept of optomechanical nonlinearity
in the dual-nanoweb fiber: theory shows that, independent of the modal symmetry,
a deflection of the slabs (called "nanowebs") causes the modal refractive index of
the light waves to rise with optical intensity. As a result, this effect is considered as
an optomechanical analogon to the electronic Kerr effect. While the Kerr non-
linearity is for static nanoweb deflections already outperformed by several orders
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Ch. 2 THEORETICAL BACKGROUND

of magnitude, the optomechanical nonlinearity is shown to be strongly enhanced if
mechanical resonances of the nanowebs are optically driven, achieving for the same
optical power a much larger dynamic deflection.

2.1 Basic concepts of nonlinear optics

All electromagnetic phenomena can be described with the help of Maxwell’s equa-
tions. In SI units, they are written as [66]

∇ ·D (r, t) = ρ (r, t) (2.1a)
∇ ·B (r, t) = 0 (2.1b)

∇×E (r, t) = − ∂

∂t
B (r, t) (2.1c)

∇×H (r, t) = ∂

∂t
D (r, t) + j (r, t) (2.1d)

Equation 2.1a is commonly known as Gaussian law which determines electric
charges (or equivalently, an electric charge density ρ (r, t)) to be sources or sinks
for the electric displacement field D (r, t). In contrast to that, its magnetic ana-
logue (eq. 2.1b) implies that there are no magnetic monopoles that could act as
sources or sinks for the magnetic flux density B (r, t), which therefore represents a
solenoidal vector field.

According to Faraday’s induction law, presented in eq. 2.1c, a variation of
the magnetic flux density with time is always accompanied by the generation of an
electric field E (r, t). The negative sign on its right-hand side enforces Lenz’s rule
to be fulfilled stating that this generated electric field, in turn, induces a magnetic
field which counter-acts the underlying variation of the magnetic flux. In the same
way, Ampère’s law (eq. 2.1d) shows that variations of the electric displacement
field with time, as well as electric currents j (r, t), induce a magnetic field H (r, t).
The term "∂D (r, t) /∂t", which was introduced by Maxwell, is also referred to as
displacement current.

8
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2.1.1 Constitutive relations in vacuum and dielectric media

In vacuum, the following constitutive relations link the electric to the displacement
field and the magnetic flux density to the magnetic field:

B (r, t) = µ0H (r, t) , (2.2a)
D (r, t) = ε0E (r, t) , (2.2b)

where ε0 and µ0 are the dielectric permittivity and the magnetic permeability of vac-
uum, related by the speed of light in vacuo as c0 = 1/√ε0µ0.

When an (external) electric field penetrates a dielectric medium, it induces
and/or aligns an amount of electric dipole moments per unit volume, referred to as
polarization [67]. As a result, the external field inside the medium is somewhat at-
tenuated, which is taken into account by the generalized electric constitutive relation

D (r, t) = ε0E (r, t) + P (r, t) , (2.3)

where P (r, t) is the polarization induced by the external field. For an external mag-
netic field inducing and/or aligning magnetic dipole momenta in magnetic materials,
a similar consideration leads to

B (r, t) = µ0H (r, t) + M (r, t) , (2.4)

where M (r, t) refers to the magnetization of the medium. As fused silica glass, the
dielectric material considered in this thesis, is non-magnetic, M (r, t) = 0 so that
the unmodified constitutive relation in eq. 2.2b is still in force.

At interfaces between two different media (denoted by the subscripts 1 and 2),
continuity conditions for the field components normal and tangential to the interface
can be derived from Maxwell’s equations. In particular, when Gauss’s integral
theorem [68] is applied to a small volume element enclosing part of the interface
between the media, both electric and magnetic Gaussian laws (eq. 2.1a and eq.
2.1b) yield

D1 · n̂ = D2 · n̂, (2.5a) B1 · n̂ = B2 · n̂, (2.5b)

where n̂ is the unit vector normal to the interface, so that the normal component of
the displacement field and of the magnetic flux density are required to be continu-
ous. When, in a similar way, Stokes’s integral theorem [68] is applied to Ampère’s
law and Faraday’s induction law (eqs. 2.1d and 2.1c), it follows that

9
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E1 · t̂ = E2 · t̂, (2.6a) H1 · t̂ = H2 · t̂, (2.6b)

where t̂ is an arbitrary unit vector tangential to the interface. Hence the tangential
components of the electric and magnetic fields are continuous.

2.1.2 Optical wave equation in dielectric media

With the help of both constitutive relations (eqs. 2.2b and 2.3) and eq. 2.1c, the
relation ∇ × [∇× V (r)] = ∇ [∇ · V (r)] − ∇2V (r), valid for an arbitrary vector
field V (r, t) [68], can be applied to derive the optical Helmholtz or wave equation.
It governs the evolution of the electric and the magnetic H fields upon propagation
and takes in the time-domain representation for non-magnetic, current-free media
("dielectrics") the form

∇2E (r, t)− 1
c02

∂2

∂t2
E (r, t) = µ0

∂2

∂t2
P (r, t) (2.7)

∇2H (r, t)− 1
c02

∂2

∂t2
H (r, t) = 0 (2.8)

In what follows, the response of the medium to an external electric field in
eq. 2.7 is considered and regarded as local, so that the response at a particular
coordinate in space is independent from the responses at any other coordinate. The
polarization can then be expressed, by a Taylor expansion into a power series in
the electric field, as [69]

P (r, t) = P L (r, t) + P NL (r, t) , (2.9)

which splits into the linear response of the medium

P L (r, t) = ε0

∫ t

−∞
dt′ χ(1) (r, t− t′) E (r, t′) (2.10)

and its nonlinear contribution

P NL (r, t) = ε0

[ ∫∫ t

−∞
dt1dt2 χ

(2) (r; t− t1, t− t2) .. E (r, t1) E (r, t2)

+
∫∫∫ t

−∞
dt1dt2dt3 χ

(3) (r; t− t1, t− t2, t− t3) ... E (r, t1) E (r, t2) E (r, t3) + . . .
]
,

(2.11)

10
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where χ(n) is the so-called nth-order susceptibility tensor. In particular, the first-
order susceptibility χ(1) is in general a 3× 3 matrix composed of complex elements,
where their imaginary part gives rise to material losses. This matrix turns, however,
into a single scalar if the medium is isotropic and homogeneous (i.e. its elements
are independent of position and direction in the medium). In case it addition-
ally features inversion symmetry (fulfilled e.g. for fused silica glass), the nonlinear
polarization simplifies drastically, because all even-order susceptibilities χ(m) with
m = 2, 4, . . . vanish. Furthermore, in most experimental situations only terms up
to the third order are relevant, as χ(n) ∝ χ(n−1)/Eat, where Eat ≈ 5× 1011 V/m is
the characteristic atomic electric field strength [67].

As long as the external electric field is sufficiently weak, only the linear term
contributes to the polarization of the medium. To avoid having to deal with the usu-
ally complicated convolution integral, eq. 2.10 is commonly Fourier-transformed,
yielding with the convolution theorem [68] in the frequency domain the much simpler
expression

P̃ L (r, ω) = 1√
2π

∫ ∞
−∞

dt exp
{
iωt

}
P L (r, t) = ε0χ̃

(1) (ω) Ẽ (r, ω) (2.12)

When this is inserted into the Fourier transform of eq. 2.7, the linear wave equa-
tion for the electric field in the frequency domain is obtained as

∇2Ẽ (r, ω) + k0
2εr (ω) Ẽ (r, ω) = 0, (2.13)

where the wavenumber in vacuum is k0 = ω/c0, and the frequency-dependent rela-
tive permittivity of the medium is defined as εr (ω) = 1 + χ̃(1) (ω).

With the ansatz Ẽ (r, ω) ∝ exp
{
ik ·r

}
, describing the propagation of a homo-

geneous plane wave with phase fronts perpendicular to the propagation direction,
the general solution of eq. 2.13 in an infinitely extended homogeneous medium is
obtained as

Ẽ (r, ω) = Ã1 (ω) exp
{
ik · r

}
+ Ã2 (ω) exp

{
− ik · r

}
, (2.14)

where the constants of proportionality Ã1 and Ã2 are spectral amplitudes and
k = kn̂ is the wavevector in propagation direction (unit vector n̂) with the frequency-
dependent wavenumber k = k0

√
εr (ω) in the medium [69]. As the elements of the

susceptibility tensor are generally complex, so are the relative permittivity and the
wavenumber. Assuming a low-loss material, i.e. Re{χ(1)} � Im{χ(1)}, the following
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real-valued quantities can be defined [70]

n (ω) =
√

Re{εr (ω)} and α (ω) = −2k0
Im{εr (ω)}√
Re{εr (ω)}

(2.15)

where n (ω) is the (real) refractive index and α (ω) < 0 the energy absorption coef-
ficient of the material.

As Ampère’s and Faraday’s law (eqs. 2.1c and 2.1d) directly link the com-
ponents of the electric and magnetic H field, the plane wave is fully characterized
by the solution of the wave equation for the electric field in eq. 2.14. While its first
term represents a wave propagating in the positive z-direction, the second term cor-
responds to a backward-travelling wave, which can be disregarded if

∣∣∣Ã2

∣∣∣� ∣∣∣Ã1

∣∣∣ [71]
(both waves are, for instance, uncoupled if back-reflections in the system are neg-
ligible). Fourier back-transform yields then the forward-propagating solution of
the linear wave equation in its time-domain representation

E (r, t) = 1√
2π

∫ ∞
−∞

dω Ã1 (ω) exp
{
i
[
k · r − ωt

]}

= 1√
2π

 ∫ ∞
0

dω Ã1 (ω) exp
{
i
[
k · r − ωt

]}
+ c.c.

, (2.16)

where Ã
∗
1 (ω) = Ã1 (−ω) is required for the electric field to take only real values [67].

Note that the frequency-dependence of the refractive index actually allows for dis-
persion, i.e. the velocity vph = c0/n (ω), at which the phase fronts of the plane wave
propagate through the medium, depends on its frequency. More specifically, if the
amplitudes are spectrally distributed over a particular bandwidth around a carrier
frequency ω0 , it is useful to Taylor-expand the wavenumber as [69]

k (ω) = k|ω0
+ 1

1!
dk

dω

∣∣∣∣∣
ω0

(ω − ω0) + 1
2!

d2k

dω2

∣∣∣∣∣
ω0

(ω − ω0)2 + . . . (2.17)

where the first-order term accounts for linear dispersion. It is related to the group
velocity vg = (dk (ω) /dω)−1 of the spectral envelope in the medium, which is defined
as

1
vg

∣∣∣∣∣
ω0

= ng
c0

∣∣∣∣
ω0

with ng (ω0) = n (ω0) + ω0
dn

dω

∣∣∣∣∣
ω0

, (2.18)
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with ng referred to as group index. The second-order term in eq. 2.17 characterizes
the group velocity dispersion (GVD) of the medium, defined by

dk2

dω2

∣∣∣∣∣
ω0

= 1
c0

(
2 dn

dω

∣∣∣∣∣
ω0

+ ω
d2n

dω2

∣∣∣∣∣
ω0

)
. (2.19)

If the optical bandwidth of the considered plane wave is small compared to its
carrier frequency, it can be approximated as monochromatic. With Ã1 (ω) δ (ω − ω0)
inserted into eq. 2.16, its electric field can be written in the time-domain as

E (r, t) = Ẽ0 (ω0) exp
{
i
[
k|ω0 · r − ω0t

]}
+ c.c., (2.20)

where Ẽ0 (ω0) = Ã1 (ω0) /
√

2π is its amplitude. Note that the solutions of the
linear wave equation for the electric field and the magnetic H field (see eq. 2.8)
are formally identical. In the time-domain, the linear optical wave equation for the
electric field then takes the general form

∇2E (r, t)− εr (ω0)
c02

∂2

∂t2
E (r, t) = 0 (2.21)

and its nonlinear counter-part, with the nonlinear polarization (eq. 2.11) acting as
a source term, yields

∇2E (r, t)− εr (ω0)
c02

∂2

∂t2
E (r, t) = 1

ε0c2
∂2

∂t2
P NL (r, t) . (2.22)

2.1.3 Optical waves in waveguides

Compared to propagation in an infinitely-extended homogeneous medium, the phase
velocity of a light wave is effectively altered somewhat when confined within an op-
tical waveguide structure. For instance in a step-index fiber, whose guidance mech-
anism is total internal reflection at the interface between core and cladding (with a
slightly smaller refractive index than the core), this phenomenon can be understood
in terms of a ray-optical picture: as the light progresses along the fiber, it bounces
to and fro the core-wall interfaces. As a result, the total distance it has propagated
at the fiber output is larger than the actual length of the fiber, effectively reducing
the axial velocity of the phase-fronts.

In the wave-optical representation, this fact can be quantified by solving the
Helmholtz equation for a uniform waveguide. To simplify the following calcula-
tions, without loss of generality, the electric field is assumed to be purely transverse
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and linearly polarized so that the corresponding wave equation (eq. 2.13) can be
treated as scalar. Exploiting the translational invariance of the waveguide along the
propagation direction of the light (assumed to be z) allows the electric field to be
factorized as

Ẽ (r, ω0) = Ẽ0 (ω0)W (x, y)Z (z, ω0) , (2.23)

where Ẽ0 (ω0) is the spectral amplitude, W (x, y) and Z (z, ω0) the field amplitudes
depending on the position transverse to and along the propagation direction. Insert-
ing this ansatz into the (scalar) linear wave equation, its spatial derivatives written
as ∇2 = ∂2/∂z2 + ∇⊥2, yields with the method of separation of variables two un-
coupled ordinary differential equations:

1
Z (z, ω0)

∂2

∂z2Z (z, ω0) = −β (ω0)2 (2.24a)

∇⊥2W (x, y) +
[
εr (ω0) k2

0 − β (ω0)2
]
W (x, y) = 0, (2.24b)

where the transverse Laplacian operator ∇⊥2 = ∂2/∂x2 + ∂2/∂y2 and the trans-
verse wavenumber β were introduced. For a lossless waveguide, eq. 2.24a is solved
by Z (z, ω0) = exp{iβ (ω0) z} and β (ω0) < k0

√
εr (ω0) is referred to as the prop-

agation constant of the light guided along the waveguide. It can be alternatively
written as β (ω0) = ω0nm/c0, where nm is the so-called refractive index of the op-
tical mode. It is therefore linked by the eigenvalue equation 2.24b, also known as
transverse Helmholtz equation, to the respective transverse mode shape W (x, y)
and (in most cases) has to be solved numerically. When eqs. 2.23 and 2.24b are in-
serted into the wave equation (eq. 2.13), Fourier back-transform yields its general
time-dependent form taking into account the nonlinear polarization:

∂2

∂z2 E (r, t)− nm
2

c02
∂2

∂t2
E (r, t) = 1

ε0c02
∂2

∂t2
P NL (r, t) (2.25)

Note that the propagation constant β (ω) = ωnm/c0 can be Taylor-expanded
around the central frequency ω0 in the same form as eq. 2.17. Its second-order term,
the group-velocity dispersion β2 (ω0) = d2β (ω) /dω2|ω0 , turns out to be an important
figure of merit for the propagation of ultra-short optical pulses in a waveguide, as it
allows to classify the frequency-wavevector space into two regimes: (1) in the regime
of normal group-velocity dispersion (β2 > 0), the lower-frequency components of
the pulse travel faster than the higher-frequency ones. For (2) anomalous dispersion
(β2 < 0) the situation is vice versa, enabling the emergence of pulse-like (bright) op-
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The planar dual-slab waveguide 2.2

tical solitons when the effects of dispersion are balanced by nonlinearities [69] 1. The
two regimes are separated at the zero-dispersion wavelength, an important quantity
that can heavily influence phase-matching conditions (i.e. conservation of energy
and linear momentum) for nonlinear processes and thus determines their efficiency.

2.2 The planar dual-slab waveguide
The optical wave equation can also be applied to describe guidance of light in op-
tical waveguides with a complex spatial structure. For instance, when multiple
waveguides are arranged in a closely-spaced array, the evanescent field of a single-
waveguide mode can significantly overlap with the other waveguides because their
spacing is comparable to the wavelength of light. As a result, the electric and
magnetic fields in the individual waveguides become mutually coupled, so that the
waveguide array supports eigenmodes with a complex spatial pattern propagating
with a common wavevector. Hence they are referred to as optical supermodes.

The "dual-slab" waveguide, a portion of which is sketched in Fig. 2.1, represents
a canonical example for a system of two coupled optical waveguides. It consists of
two layered parallel glass "slabs" of uniform thickness hw, which are separated by an
air gap of distance hg and supposed to be inifinitely extended in the xz-plane. Each
slab, viewed separately, would guide light by means of total internal reflection, as
for instance described by a ray-optical picture in [72]. The coupled system, however,
needs to be analyzed with the wave-optical approach, which becomes significantly
simplified when the intrinsic symmetries are exploited. To be consistent with the
theory presented in the previous sections, monochromatic light at a wavelength of
1.55 µm is supposed to propagate along the z-direction. Its spectral amplitude,
related to the guided optical power when squared, is in the following absorbed into
the transverse field distribution W (x, y).

2.2.1 Polarization eigenstates and optical eigenmodes

Following [72], this type of waveguide intrinsically supports two uncoupled polariza-
tion states: when a guided plane wave reflects at one of its (planar) interfaces with
the surrounding air so that either the electric or magnetic field is oriented parallel to
the interface, its direction remains always perpendicular to the plane of incidence.

1Note that in the regime of normal dispersion so-called dark solitons, i.e. intensity dips on a finite
background signal, may exist.
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Fig. 2.1: Portion of the uniform symmetric dual-slab waveguide structure,
which is supposed to extend infinitely along the x and z-directions. Each of
the two parallel planar waveguides ("slabs") features (uniform) thickness hw,
while their spacing is hg. Light propagates along the z-direction, the refractive
indices are n1 = n3 = n5 = 1 in air and n2 = n4 = ngl in fused silica glass.
(Fig. adapted from [62])

As a result, the respective longitudinal field component is conserved and, if it van-
ishes at the input, it is zero everywhere along the waveguide. Electromagnetic waves
with the electric field tangential to the interface (i.e. Ẽz = 0) are referred to as trans-
verse electric (TE); when, in contrast, the magnetic field is parallel to the interface
(i.e. H̃z = 0), they are called transverse magnetic (TM).

For the following analysis it is convenient to express Maxwell’s equations
in the Cartesian component representation, obtained in the frequency domain by
inserting the corresponding Gaussian law (eq. 2.1a or 2.1b) respectively into Am-
père’s or Faraday’s law (eqs. 2.1c and 2.1d). As the structure is translationally
invariant along the direction of light propagation z (see eqs. 2.23) as well as in the
transverse direction x along the slabs (so that ∂/∂x ≈ 0), they yield for charge- and
current-free homogeneous media

∂

∂y
Ẽz −

∂

∂z
Ẽy = iω0µ0H̃x (2.26a)

iβẼx = iω0µ0H̃y (2.26b)

− ∂

∂y
Ẽx = iω0µ0H̃z (2.26c)

∂

∂y
H̃z −

∂

∂z
H̃y = −iεrε0ω0Ẽx (2.27a)

iβH̃x = −iεrε0ω0Ẽy (2.27b)
∂

∂y
H̃x = iεrε0ω0Ẽz (2.27c)

With these equations, the remaining electric and magnetic field components can
be easily obtained from the only non-vanishing transverse component: in TE po-
larization, where Ẽz = 0, they yield that Ẽy is a constant (set to zero), H̃x = 0,
H̃y = β

ω0µ0
Ẽx and H̃z = − (iω0µ0)−1

(
∂Ẽx/∂y

)
. Vice versa, for TM polarization
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H̃z = H̃y = 0, so that Ẽx = 0, Ẽy = − β
ω0ε0εr

H̃x and Ẽz = (iω0ε0εr)−1
(
∂H̃x/∂y

)
.

According to the conditions in eqs. 2.6a and 2.6b, the components Ẽx and H̃x

tangential to the glass-air interfaces have to be continuous for TE and TM polariza-
tions, respectively. The same is required for the longitudinal field components H̃z

in TE and Ẽz in TM, their expressions formally differing only by a factor of ε−1
r . As

suggested in [60], this factor can be absorbed into a material-dependent constant

ξk =

1 for TE
nk
−2 for TM

, (2.28)

where nk is the refractive index of the material in layer k. Consequently, for TE and
TM polarization the same formalism can be applied to solve the optical wave equa-
tions for the transverse field components Ẽx and H̃x, respectively. This component
is in the following identified with W (x, y), as defined in eq. 2.23.

It factorizes, by exploiting the translational invariance of the dual-slab wave-
guide also along the x-direction, further into

W (x, y) = X (x)Y (y) . (2.29)

When the variables x and y are separated, the transverse Helmholtz equation
(eq. 2.24b) splits up one more time into two coupled ordinary differential equations,
one for each transverse direction:

1
Y (y)

[
∂2

∂y2Y (y)
]
+k0

2
[
n (y)2 − n2

eff

]
= 0, (2.30a)

1
X (x)

[
∂2

∂x2X (x)
]
+k0

2
[
n2
eff − nm2

]
= 0, (2.30b)

where both equations are coupled by the effective index neff of the dual-slab struc-
ture, which can in general be a function of the position. While the refractive index
distribution n (y) of the layers in the waveguide dictates the profile of the trans-
verse field component across the slabs, both the transverse field profile along the
x-direction, as well as the refractive index nm of the optical mode are determined
by neff along the slabs.

Hence, to calculate the modal refractive index, it is first necessary to retrieve
the effective index provided by the structure itself. For this, when both slabs are
equally thick, eq. 2.30a is solved with the following representation of the transverse
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field component [62]:

Y (y) =



a1 exp
{
− qy

[
y −

(
hw + hg

2

) ]}
, n1 = nair

a2 cos
[
py
(
y − hw+hg

2

) ]
+ b2

ξ2py
sin

[
py
(
y − hw+hg

2

) ]
, n2 = ngl

a3 cosh
(
qyy

)
+ b3

qy
sinh

(
qyy

)
, n3 = nair

a4 cos
[
py
(
y + hw+hg

2

) ]
+ b4

ξ4py
sin

[
py
(
y + hw+hg

2

) ]
, n4 = ngl

a5 exp
{
qy
[
y +

(
hw + hg

2

) ]}
, n5 = nair

(2.31)

where ngl and nair = 1 are the refractive indices of fused Silica glass and air, py =
k0
√
ngl2 − neff2 and qy = k0

√
neff2 − 1 are the transverse wavenumbers in the y-

direction across the slabs, ξ2 = ξ4 = 1 for TE and 1/ngl2 for TM and aj, bj (j =
1, . . . , 5) are the field amplitudes, determined by the respective continuity conditions
of the fields at the silica-air interfaces (after eq. 2.5a− 2.6b). Non-trivial solutions
for these field amplitudes can only be obtained, if the following dispersion relations
[60, 62]

py hw = tan−1

 qy
ξpy

+ tan−1

 qy
ξpy

tanh
(
qyhg

2

)−m · π (2.32)

for symmetric ("even") and

py hw = tan−1

 qy
ξpy

+ tan−1

 qy
ξpy

tanh−1
(
qyhg

2

)−m · π (2.33)

for anti-symmetric ("odd") profiles of the transverse field components are fulfilled,
where m ≥ 0 is an integer and ξ = 1 for TM and ngl

−2 for TE. The number of
field lobes in each slab is then given as m + 1 and the m = 0 symmetric mode,
for which the effective index of the structure is largest, is in the following referred
to as fundamental mode. Note that all field amplitudes are obtained in terms of
a single undetermined one. This can be simply absorbed into a power-dependent
normalization coefficient.

Figure 2.2(a) plots the profile of the transverse field component in eq. 2.31
across the two 440 nm-thick slabs, spaced by an air gap of 550 nm. Its symmetric
(even) solution, found from eq. 2.32 and shown in red, is single-lobed in each
slab, while both lobes are in-phase. In contrast to that, the anti-symmetric (odd)
solution with two out-of-phase lobes, obtained from eq. 2.33 and plotted as a blue
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line, features a zero-crossing of the field in the central plane between the slabs.
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Fig. 2.2: Optical modes in an infinitely-extended uniform dual-slab waveguide
which is indicated by blue shading in (a). (a) Profile of the transverse field
component (sketched for TE polarization) with even (red) and odd (blue) sym-
metry across the slabs, spaced by 550 nm and therefore only supportingm = 0
modes. (b) Effective index neff of the dual-slab waveguide as a function of air-
gap spacing for even (red) and odd modes (blue) in TE- and TM-polarization
(solid and dashed lines, respectively). The parameters were: slab thickness
hw = 440 nm, refractive index of fused silica glass ngl = 1.443 at a wavelength
λ = 1.55 µm and nair = 1 (Fig. adapted from [62]).

Interestingly, only the first-order (m = 0) modes are guided, while for the higher-
order modes with m ≥ 1 both dispersion relations provide no solution (i.e. these
modes are "cut off"). This results from the particularly chosen slab thickness, which
is smaller than the wavelength of the light (1.55 µm) used in these calculations. In
a dual-slab waveguide with much thicker slabs, these modes would indeed exist, as
demonstrated in [62].

With the transverse field component represented by 2.31 and supported by
the dispersion relations, eq. 2.30a can be solved numerically, so that the effective
index of the dual-slab structure for modes of arbitrary transverse symmetry and
order is obtained. As the considered waveguide is homogeneous and translationally
invariant along the xz-plane, the effective index is a constant only determined by
the slab thicknesses and the air-gap spacing. Moreover, since ∂2X/∂x2 = 0, the
refractive index of the optical modes is nm = neff, hence they are not confined along
the x-direction and intrinsically leaky. Figure 2.2(b) plots the effective index as
a function of the air-gap spacing between the slabs for the symmetric and anti-
symmetric modes in both eigenpolarization states (TE and TM). On the one hand,
in the limit of an infinite separation between the slabs, the symmetric and anti-
symmetric modes become degenerate, therefore turning into the uncoupled modes
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guided separately by each slab. On the other hand, when the air gap becomes very
small, they represent the modes of a single slab with double thickness.

The intensity guided in the optical modes can be obtained by evaluating the
respective component of the Poynting vector along the light propagation direction.
It is in general defined as

S (r, t) = E (r, t)×H (r, t) (2.34)

and its time-average, with the fields represented like in eq. 2.20, becomes

〈S〉t (r) = 1
4
[
Ẽ0 (r, ω0)× H̃

∗
0 (r, ω0) + Ẽ

∗
0 (r, ω0)× H̃0 (r, ω0)

]
. (2.35)

If the electric field belongs to a single optical mode, the z-component of the time-
averaged Poynting vector yields its transverse intensity distribution propagating
along the waveguide. Depending on the considered layer of the dual-slab waveguide,
it calculates as

〈Sz,j〉t (y, z) =


1
2

β
ω0µ0
|X Y (y) Z (z, ω0)|2 for TE

1
2

β
ω0ε0nj

2 |X Y (y) Z (z, ω0)|2 for TM,
(2.36)

where nj is the refractive index of layer j and the profile X of the transverse field
along the x-direction is a constant that can be absorbed into the normalization with
respect to power. In a uniform dual-slab waveguide the integral of eq. 2.36 over its
cross-section would diverge, hence it is instead useful to define a power density per
unit width of the slabs as

∂P

∂x
=
∫ ∞
−∞

dy 〈Sz〉t (r) . (2.37)

2.2.2 Optical gradient forces

While axial transfer of linear momentum induces optical forces along the propaga-
tion direction, light travelling in coupled optical waveguides can also exert forces in
the direction transverse to the propagation. The origin of these so-called gradient
forces, an optical analogon to electronic bonding forces in molecules [38], can be
understood to be the evanescent-field overlap of optical modes in each slab with the
respective opposite slab. As will be shown in this section, in the dual-slab waveguide
these forces ultimately arise from the (near-)field strength of the optical supermodes
being dissimilar directly above and below each slab (see Fig. 2.2(a)) [39].
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Fig. 2.3: Calculation of optical gradient forces acting on each slab of the dual-
slab waveguide. Integration of the Maxwell stress tensor over the surface
of the marked volume element in the upper slab yields a force with the only
non-vanishing component directed along y. Its contributions result from the
red-filled areas directly above and below the slab. (Fig. taken and adapted
from [62])

A versatile and general technique to calculate electromagnetic forces is provided by
the Maxwell stress tensor formalism [66]. As depicted in Fig. 2.3, the (time-
averaged) optical force acting on a small volume element of a slab can be obtained
componentwise by integrating the respective stress-tensor elements over the surface
enclosing the volume element:

Fα =
∮
S(V )

(n̂dA) ·
∑
β

〈Tαβ〉t nβ, (2.38)

where α and β represent the Cartesian coordinates x, y, z, nβ is the unit vector in the
corresponding direction and n̂ is unit vector normal to the volume element’s surface.
The elements of the Maxwell stress tensor, averaged over time, are defined for the
fields taking the form of eq. 2.20 as

〈Tαβ〉t (r, ω) =ε04

[
ẼαẼ

∗
β + Ẽ∗αẼβ + c0

2µ0
2
(
H̃αH̃

∗
β + H̃∗αH̃β

)
− δαβ

[
Ẽ · Ẽ∗ + c0

2µ0
2
(
H̃ · H̃∗)] ] (2.39)

where δαβ is the Kronecker delta yielding 1 for α = β and 0 otherwise.
In [39] it was shown that, for symmetry reasons, many contributions to the

total optical gradient force acting on one of the two slabs vanish: reflection symmetry
of the dual-slab structure with respect to the central plane between them causes
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Fx = 0, whereas time-reversal symmetry combined with reflection symmetry in the
xy-plane leads to Fz = 0 (under the condition that the material losses in fused silica
glass are small). Hence the only non-vanishing component of the optical gradient
force acts perpendicularly to the slabs, where, by exploitation of the translational
symmetry, its only non-zero contribution originates from integration over the areas
parallel to the slab surface (marked in Fig. 2.3 by red filling).

The resulting optical gradient pressure is homogeneously distributed over the
slabs and can be obtained by subtracting the non-zero stress-tensor components,
evaluated at the two glass-air interfaces directly above (i.e. at y = youter) and below
the considered slab (i.e. at y = yinner) [60, 62]:

popt (x, y) = 〈Tyy〉t|y=youter − 〈Tyy〉t|y=yinner , (2.40)

with

〈Tyy〉t = ε0
2


[
|WZ|2 (1− n2

m) + k0
−2
∣∣∣∂W
∂y
Z
∣∣∣2 ] for TE

c2
0µ

2
0

[
|WZ|2

(
1− n2

m

n2

)
+ (k0n)−2

∣∣∣∂W
∂y
Z
∣∣∣2 ] for TM

(2.41)

A comparison of this expression to the respective z-component of the time-averaged
Poynting vector (eq. 2.36) shows that the optical gradient pressure depends on
the optical intensity.

Figure 2.4 plots the optical gradient pressure, calculated for the uniform dual-
slab structure as a function of the air-gap spacing. Only the first-order optical
modes with symmetric and anti-symmetric field distributions across the slabs are
considered, the line color representing their eigenpolarization state. In general,
symmetric modes are found to yield an attractive gradient pressure, whereas it
becomes repulsive when the symmetry is odd. Independent of polarization, the
gradient pressure of modes with even transverse symmetry approaches zero in the
limit of a large gap, when the two slabs are no longer optically coupled, and is
strongest when the spacing of the air gap tends to vanish. In contrast to that, the
gradient pressure by odd modes slightly decreases after a critical gap distance with
decreasing spacing. Nevertheless, these properties reveal an important peculiarity:
independent of the transverse symmetry of the optical field across the slabs, they
are pushed together or pulled apart in such a way that the effective index rises (see
plots in Fig. 2.2(b)).

In practice, the two slabs are not infinitely extended in the lateral dimensions
and their edges are attached to fixed suspensions holding them in place.
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Fig. 2.4: Optical gradient pressure, homogeneously distributed over the slabs,
as a function of the air gap spacing between them. Modes with symmetric
transverse field profiles (solid lines) create a negative pressure pushing the slabs
together, whereas anti-symmetric modes (dashed lines) yield positive pressure
pulling the slabs apart. The polarization states TE and TM are indicated by
red and blue color, respectively, and the optical power density was ∂P/∂x = 1
mW/µm. (Fig. taken and adapted from [62])

Hence each slab (denoted by the index j = 1, 2) is slightly bent by the optical
gradient pressure, its deflection profile δj (x, z) obeying the deflection equation for a
plate which is given by the general expression [73]

∂2

∂x2

Dj

(
∂2

∂x2 δj (x, z) + ν
∂2

∂z2 δj (x, z)
)+ 2 (1− ν) ∂2

∂x∂z

Dj
∂2

∂x∂z
δj (x, z)

+

∂2

∂z2

Dj

(
∂2

∂z2 δj (x, z) + ν
∂2

∂x2 δj (x, z)
) = poptj (x, z) , (2.42)

where poptj (x, z) is the distribution of the optical gradient pressure over the slab j,
hwj its thickness, Dj = Y hwj

3/ [12 (1− ν2)] the flexural rigidity, Y Young’s modulus
and ν Poisson’s ratio. Note that eq. 2.42 represents the static case of the flexural
wave equation described later in Section 5.3. As the dual-slab structure and the
gradient pressure remain translationally invariant along the propagation direction
of light, eq. 2.42 simplifies considerably because of ∂/∂z ≈ 0. The one-dimensional
bending profile can then be calculated from the one-dimensional differential equation

∂2

∂x2

[
hwj

3 ∂
2

∂x2 δj (x)
]

= 12 (1− ν2)
Y

poptj (x) . (2.43)

Note that the deflection equation has to be supported with the fixed-edge boundary
conditions defined later in eq. 5.16.
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Hence, while at the suspended edges of the slabs their spacing (and thus the
effective index) remains unaffected by optical pressure, it changes towards their
center and is therefore no longer a constant. Provided that sufficiently large optical
power is launched, the effective index features a profile that allows the formation of
low-loss guided optical modes, confined along the transverse direction to the center
of the slabs. As it is co-localized with the optical field, the gradient pressure provides
then feedback which enhances the effective index profile even further until a steady
state is reached. This phenomenon is known as optomechanical self-channeling of
light and was shown to occur already for relatively low optical powers in the mW
range. For extensive theoretical studies of this behavior the reader is referred to [60,
62].

2.2.3 Analysis of a non-uniform dual-slab waveguide

In the last section it was demonstrated that the uniform one-dimensional dual-slab
waveguide is rather a theoretical construct that only exists for low optical powers,
even if the thickness of the slabs is homogeneous. Furthermore, in the experiment
the fabrication of a fully uniform suspended dual-slab structure turned out to be
extremely challenging [62]. As a consequence, the one-dimensional analysis of a
uniform structure is no longer appropriate.

This section therefore presents an approach to analyze the optical modes
guided in a non-uniform dual-slab structure, where thicknesses, spacing and there-
fore also neff (x) are allowed to depend on the position along the slabs. In contrast to
leaky optical modes of the uniform structure, for which simply nm = neff, the trans-
verse profile and the modal index nm (< max {neff (x)}) of these low-loss modes have
to be numerically calculated from eq. 2.30b.

For this, the slabs are separated along the x-direction into l thin strips, in each
of which the so-called local mode approximation can be applied: as long as neff (x)
is sufficiently smooth along the x-direction, the fields in each strip can be expressed
in terms of eigenmodes in the respective uniform structure [62]. Hence, similar to
eq. 2.31, the transverse profile X (x) of the field amplitude W (x, y) is represented
by the following expression:

X (x) =


c1 exp

{
|r1|

(
x+ w

2

) }
, k = 1

ck cos
(
rk (x− xk)

)
+ dk

rkξk
sin

(
rk (x− xk)

)
, 1 < k < l

cl exp
{
− |rl|

(
x− w

2

) }
, k = l

(2.44)
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where k = 1 and k = l denote the undeflected edges of the slabs, ck and dk are
field amplitudes, rk (x− xk) = k0

√
neff,k (x− xk)2 − nm2 the wavenumbers in the

x-direction in the k-th slice of the slabs, xk is the position of its center, neff,k are
the respective effective indices and ξk = 1 for TM and neff,k−2 for TE. Equation 2.44
implies that for x < −w

2 and for x > w
2 the field decays exponentially.

When this ansatz is inserted into eq. 2.30b together with the calculated effec-
tive index profile, supported by the appropriate boundary conditions at the vertical
interface between two adjacent slab slices (after eqs. 2.6a and 2.6b), a system of
equations for the field amplitudes is obtained. Similar to the calculation of neff (x),
non-trivial solutions yield then the field amplitudes in the x-direction, up to a con-
stant which is again determined by the optical power, so that

P (z) =
∫∫ ∞
−∞

dxdy 〈Sz〉t (r) =
∫ ∞
−∞

dx
dP

dx
(x, z) (2.45)

At the same time, the refractive index nm of each guided mode is obtained.

2.3 Static and dynamic optomechanical nonlinearity
Section 2.2.2 revealed that the optical gradient pressure in the uniform dual-slab
waveguide deforms the slabs in such a way that the effective index of the structure
rises. As the amount of deflection depends on the light intensity, so does the effec-
tive index. The same holds for a two-dimensional waveguide intrinsically featuring
a non-constant effective index profile, so that in general the refractive index of the
guided modes is highly sensitive to even small changes of the optical power.

To quantify this optomechanical nonlinearity, the differential change of the
modal index with respect to optical power can by represented by a nonlinear coeffi-
cient defined as [60]:

γOM = k0
∂nm
∂P

[
W−1m−1

]
, (2.46)

where k0 is the vacuum wavenumber, nm and P are refractive index and optical power
of the considered optical mode. Butsch et al. performed iterative calculations for
this optomechanical nonlinearity in finite dual-slab structures, fixed at their edges
inside a capillary fiber. If the membranes in this dual-nanoweb structure are designed
to be 80 µm wide, 200 nm thick and spaced by a gap of 300 nm, their large mechanical
compliance allows peak nonlinearities as strong as 105 W−1m−1 at moderate power
levels of 300 mW [60].

It is interesting to compare the strength of this optomechanical nonlinearity to
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the intrinsic electronic Kerr nonlinearity of the structure. For sufficiently strong
optical fields, this causes, among others, the refractive index of a material to become
intensity-dependent. For a homogeneous medium, the Kerr nonlinear coefficient
would be calculated as

γKerr = k0
1
Aeff

∂n (I)
∂I

, (2.47)

where Aeff is the effective nonlinear mode area, n (I) = n0 + n2I, n0 is the "weak-
field" linear refractive index of the material and n2 = 3χ(3)/ (4n2

0ε0c0) the differen-
tial increase of the refractive index with intensity [67]. In analogy to that, when
the structure is composed of materials with different nonlinear indices, the Kerr
coefficient is obtained by [74]

γKerr =
∑
j

k0n
j
2

Aeff,j
with Aeff,j = nj

∫∫
dxdy |W (x, y)|2∫∫

dxdy n (x, y) |W (x, y)|4
(2.48)

where n (x, y) is the distribution of the linear refractive index, nj2 is the nonlinear
refractive index of material j and Aeff,j is its corresponding effective mode area. For
the particular "dual-nanoweb" structure in [60] a value of ∼ 10−3 W−1m−1 was re-
ported, so that the optomechanical nonlinearity is roughly eight orders of magnitude
larger.

This ratio can be increased even further when the optical intensity and there-
fore the gradient forces are sinusoidally modulated: if the frequency of the mod-
ulation matches to a flexural resonance of the nanowebs, a peak deflection much
larger than in the static case can be achieved for the same optical power. As will
be shown in the following chapter, each nanoweb clamped at its edges supports in
general several flexural resonances, their frequency increasing with the number of
oscillating lobes. As a result, the optomechanical nonlinear frequency response is
represented by a series of complex Lorentzian functions, each of which describes
a single resonance [61]:

γ̃OM (Ω) =
∑
k

γ̃OM,k (0)
1− (Ω/Ωk)2 + iΩ/ (QkΩk)

, (2.49)

where Ω is the (angular) drive frequency, Ωk is the (angular) frequency of the flexu-
ral resonance with k lobes along the nanowebs and γOM,k = |γ̃OM,k (0)| is its cor-
responding static nonlinear coefficient. Like for any harmonic oscillator, the phase
delay between drive and response calculates as ΨOM (Ω) = Arg

[
γ̃OM (Ω)

]
. Inversely

related to its linewidth, the mechanical quality factor Qk of the k-th resonance is
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defined as
Qk = 2π Ek

∆Ek
. (2.50)

The energy stored in the mechanical vibration at frequency Ωk is in the previous
equation given by

Ek = 1
2meff,k (δh)2 Ω2

k, (2.51)

where meff,k is the effective vibrating mass, δh the deflection amplitude and ∆Ek the
energy loss per oscillation cycle. An important quantity derived from the Q-factor
is the rate at which the amplitude of the vibration decays. It is obtained as

Γk = Ωk

2Qk

. (2.52)

Note that the decay rate of the vibrational energy is twice as large, corresponding
to the mechanical linewidth multiplied by 2π.
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CHAPTER 3

FABRICATION AND CHARACTERIZATION
OF THE DUAL-NANOWEB FIBER

Optomechanical systems consisting of coupled optical waveguides are typically fabri-
cated in the form of thin closely-spaced strips employing the silicon-on-insulator [37,
41, 42] and silicon-nitride platforms [34], which offer high-precision micro-machining
techniques. In these devices, however, the nonlinear interaction length between light
and sound is commonly limited to, at maximum, a few centimeters, which represents
the main drawback of these platforms. One possibility to enhance the interaction
length is the implementation of optical cavities which, however, would restrict the
nonlinear interaction to a narrow band.

In contrast to that, the stack-and-draw technique, originally developed for the
fabrication of photonic crystal fibers [75], has been proven as a convenient and ver-
satile method to fabricate various types of microstructured optical fibers at lengths
of a few tens of meters [76–80]. Initially, glass capillaries and/or rods are arranged
in a stack, so that its cross-section resembles the desired structure, and inserted into
a jacket glass tube constituting the preform. In the first step, the preform is drawn
into canes, reducing the outer diameter from a few cm to typically ∼ 3 mm. In the
second step, the cane is inserted into another jacket tube and drawn into the final
fiber.

The so-called single-nanoweb fiber [77] features by far the simplest microstruc-
ture, a thin glass membrane suspended inside a capillary. Its stack-and-draw pro-
cedure could be modified to fabricate the dual-nanoweb structure theoretically de-
scribed in the previous chapter. As demonstrated in [62], its preform consists of
three hollow capillaries stacked in a row along the diameter of the jacket tube. While
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drawing the canes, vacuum is applied to close the jacket-capillary interstitials, while
the hollow channels in the capillaries are inflated. Finally the fiber is drawn with
jacket tube and cane merged by pressurization. The final nanoweb separation was
found to be largely determined by the inner diameter of the central capillary. For
more details about the fabrication of the dual-nanoweb fiber, the reader is referred
to [62]. In the following sections, the fabricated dual-nanoweb fiber is characterized
in terms of waveguide dimensions, optical and mechanical properties.

50µm

10µm

(a) (b)

(c)

Fig. 3.1: (a) Scanning electron micrograph of the cross-section of the dual-
nanoweb fiber. Its outer diameter is ∼ 100 µm. (b) Zoom-in of the core
region: in their center the nanowebs are ∼ 440 nm thick, spaced by an air
gap of ∼ 550 nm. (c) Optical micrograph of the waveguide region when white
light is transmitted. (Fig. adapted from [61])

The cross-section of the dual-nanoweb fiber, imaged at high spatial resolution using
a scanning electron microscope (SEM), is depicted in Fig. 3.1(a). The two closely-
spaced thin glass nanowebs are suspended at the inner walls of a capillary fiber with
an inner diameter of ∼ 22 µm and a wall thickness of ∼ 39 µm, so that the total
outer diameter of the dual-nanoweb fiber is ∼ 100 µm. A zoom-in of the waveguide
region in Fig. 3.1(b) reveals that both nanowebs are ∼ 440 nm thick in their center,
compared to ∼ 380 nm at their edges, and spaced by an air gap of ∼ 550 nm. As
demonstrated in the previous Chapter, the convex thickness profile of the nanowebs
plays a very important role, as it allows the effective index of the structure to rise
towards its center. As a result, the dual-nanoweb fiber exhibits intrinsically guided
optical eigenmodes with low confinement loss. This is indicated in Fig. 3.1(c), which
shows the transmission at one fiber end, observed with an optical microscope under
illumination with white light from the opposite end. Guided in a superposition of
eigenmodes along the nanowebs, the light is clearly confined within a ∼ 10 µm-wide
region around the center of the nanowebs where their thickness is largest.
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Optical eigenmodes and their properties 3.1

3.1 Optical eigenmodes and their properties
Next, the field distributions and the corresponding refractive indices of guided op-
tical eigenmodes were simulated. For this, the real contours of the fiber were ex-
tracted from the SEM in Fig. 3.1(a) and imported into the commercial finite-element-
modeling (FEM) software "COMSOL Multiphysics".
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Fig. 3.2: Selection of lowest-order optical eigenmodes guided in the dual-
nanoweb fiber, obtained with finite-element modeling at λ = 1.55 µm. Color
coding shows the normalised strength of the transverse field component (Ẽx
for TE, H̃x for TM). (a) TE fundamental optical mode, single-lobed along
and across the nanowebs (i.e. even symmetry), with a refractive index nm =
1.2369. (b) TE symmetric optical mode, single-lobed across and double-lobed
along the nanowebs, with nm = 1.2235. (c) TE optical mode, anti-symmetric
across the nanowebs, with nm = 1.1853. (d) TM fundamental optical mode
with nm = 1.1502.

Figure 3.2 shows a selection of modeled eigenmodes at a wavelength of 1.55 µm,
color coding representing the normalized strength of the transverse field component
(Ẽx for TE and H̃x for TM). The fundamental optical eigenmode, single-lobed along
and across the nanowebs, was found in both eigenpolarization states, with refrac-
tive indices of 1.2369 for TE (Fig. 3.2(a) and 1.1502 for TM (Fig. 3.2(d)). Its
attenuation coefficient was determined with the standard cut-back technique to be
αs ≈ 8.1 m−1 = 35 dB/m [62]. In comparison to the idealized structure in [60],
the lobes in the upper and lower nanoweb feature different field strengths and are
located at slightly different positions along the x-direction, as the structure is not
perfectly uniform. Interestingly, this non-uniformity strongly impacts the m = 0
anti-symmetric ("odd") mode: while found in TE at a refractive index of 1.1853
(Fig. 3.2(c)), for TM it could be neither modelled nor observed in the experiment.

Additionally, the dual-nanoweb structure supports numerous higher-order op-
tical modes: Fig. 3.2(b) depicts an example for a TE even mode with two out-of-
phase lobes along the nanowebs and a refractive index of 1.2235, slightly below the
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index of the fundamental mode. For the following chapters the fundamental and
the double-lobed "even" mode in TE polarization are relevant.

To characterize the dispersion properties of these optical eigenmodes in the
vicinity of a pump laser at 1.55 µm, the refractive index was extracted as a func-
tion of wavelength from a sweep within ±0.2 nm in the FEM simulations. Using
eqs. 2.18 and 2.19, the fundamental optical mode in TE polarization yields for the
group index ng = 1.3777 and for the group-velocity dispersion β2 = 533 ps2/km,
whereas for the double-lobed TE mode these parameters become ng = 1.3780 and
β2 = 697 ps2/km. As β2 > 0, both optical modes feature normal dispersion at the
considered wavelength. In contrast to that, the group-velocity dispersion in a single-
mode optical fiber of the type "SMF-28", which will also be used in the experiments,
is β2 ≈ −23 ps2/km, therefore anomalous, and much smaller in magnitude.
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Fig. 3.3: Flexural eigenmodes of the nanowebs, obtained from finite ele-
ment modeling, with the normalized transverse displacement represented by
color coding. The left (right) column plot modes, in which mainly the upper
(lower) nanoweb vibrates. (a),(b) Profile of the fundamental flexural reso-
nance, single-lobed along the nanowebs. Due to slight structural asymmetry,
the frequency differs between the nanowebs by ∼ 43 kHz. Also higher-order
modes with (c),(d) two and (e),(f) three lobes exist in each nanoweb.

3.2 Flexural resonances of the nanowebs

As motivated in Section 2.3, the optomechanical nonlinearity can be strongly en-
hanced when flexural resonances of the nanowebs are driven. These can be simulated
by FEM in the same way as the optical eigenmodes, by importing the contours of
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the dual-nanoweb fiber into COMSOL. Figure 3.3 shows the transverse profiles of
several flexural resonances, classified by the number n of oscillating lobes in each
nanoweb and color-coding indicating their normalized deflection profiles.

In the upper nanoweb, the single-lobed fundamental resonance (n = 1) occurs
at a frequency of ∼ 4.77 MHz (Fig. 3.3(a)). As a result of structural asymmetry,
simulations expect the n = 1 resonance in the lower nanoweb at a ∼ 50 kHz larger
frequency, namely at ∼ 4.82 MHz (Fig. 3.3(b)). These two closely-spaced single-
lobed flexural modes feature the largest spatial overlap of the mechanical deflection
profile with the fundamental optical mode (referred to as optoacoustic overlap) and
can therefore interact with light most efficiently, as the experiments in [61] con-
firm. Resonances with (mainly) two out-of-phase lobes in each nanoweb (n = 2)
are found at 13.30 and 13.47 MHz (Figs. 3.3(c) and (d)), respectively. In both
two-lobed resonances the second nanoweb is not completely at rest, but oscillates
in-phase with the first one, although at a much smaller amplitude. It was confirmed
in [61] that optical excitation of these flexural modes is highly suppressed for two
reasons: Firstly, their deflection profile features a node where the field strength of
the fundamental optical mode is largest, therefore yielding a very small optoacous-
tic overlap. Secondly, optical gradient forces between the nanowebs can only act
either attractive or repulsive and not both at the same time. Flexural modes with
three lobes in each nanoweb (n = 3) are simulated to occur at 26.28 and 26.87 MHz
(Figs. 3.3(e) and (f)).

Nevertheless, under atmospheric conditions the frequency of the fundamen-
tal resonance was measured to be ∼ 7 MHz, clearly larger than expected. This
frequency-mismatch of ∼ 2.2 MHz was attributed in [61] to tension present in-
side the nanowebs, upshifting the resonant frequency in analogy to tuning of a
stringed instrument. Resulting from a rapid cooling-down of the hot glass during
the fiber fabrication, the nanowebs naturally contain "frozen-in" tension. When re-
leased by thermal annealing, the resonant frequency indeed drops, however only by
∼ 0.8 MHz [62], insufficient to account for the total frequency shift. The remaining
deviation can be, on the one hand, explained by some extra tension contributed by
the experimental set-up itself: the fiber was fixed with both ends on holders and
slightly strained between them, to avoid deterioration of the incoupling by tiny air
drafts. On the other hand, however, the next chapter discusses and investigates in
detail a much less obvious mechanism that strongly influences the mechanical reso-
nant frequencies of the nanowebs: gas pressure inside the hollow channels of the fiber.
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CHAPTER 4

INFLUENCE OF GAS PRESSURE ON THE
OPTOMECHANICAL NONLINEARITY

The experiments in [61], carried out under ambient conditions, revealed that the dy-
namic optomechanical nonlinearity can be greatly increased when the fundamental
flexural resonance of the nanowebs at ∼ 7 MHz is driven. The enhancement of the
nonlinearity over its static value is proportional to the mechanical quality factor of
the resonance, which was measured under these circumstances to be ∼ 20.

Like for any mechanical oscillator, this number is determined by two major
sources of acoustic dissipation: On the one hand, the dual-nanoweb microstructure
itself suffers from intrinsic loss. Typically its main contributions [81] are material
loss, caused by anharmonic effects (e.g. heat diffusion [82–84], phonon-phonon in-
teractions and the Akhiezer effect [85]) and by relaxation of defects in the bulk
material or at the surface [86–89], and clamping loss by radiation of elastic waves
into the resonator’s supports [54, 81, 90, 91]. While the first contribution to the
intrinsic loss is determined purely by material properties, structure and mechanical
frequency of the resonator, efforts have been made to significantly reduce clamping
losses by a clever design of the resonator’s suspensions: for a thin plate vibrating at
a specific mechanical mode, placing the auxiliary beams exactly at its nodes greatly
enhanced the Q-factor [81]. An even more advanced scheme was demonstrated for
an optomechanical crystal: a phononic bandgap implemented into the suspension of
the optomechanical cavity prevented phonon leakage for any mechanical mode [91].

On the other hand, a significant amount of damping can be also expected
to originate from gas in contact with the resonator’s surface. This effect became
apparent with the emergence of resonant micro-electronic devices, referred to as
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micro-electro-mechanical system ("MEMS"), fabricated on the silicon-on-insulator
platform by novel micro-machining techniques like chemical etching. Newell [92]
concluded that, if a mechanical resonator is scaled down in size, its volume decreases
much faster than its surface in contact with surrounding gas. Hence, whereas at
macroscopic dimensions intrinsic acoustic loss, a volumetric effect, is the dominant
dissipation mechanism, gas damping can exceed it by far in microscale resonators.

In most MEMS configurations a closeby electrode actuates an electrically con-
ducting plate-like resonator electrostatically out-of-plane, so that between them a
thin gas film remains enclosed. Pioneering calculations by Langlois [93] predicted
for this case that not only the dissipation by gas is enhanced compared to a free-
standing resonator, but rising gas pressure in the film can also, counter-intuitively,
increase the resonant frequency. This so-called squeezed-film damping has been
demonstrated experimentally for the MEMS platform in [94–97]. To predict the
quality factor of these devices, determining their sensitivity, numerous theoretical
models have been developed treating the gas flow in the squeezed film either as
viscous [93, 98–102] or, at very low pressures, as free-molecular [103–105]. A com-
prehensive review of these different theoretical approaches can be found in [106].

Unlike in the aforementioned MEMS where the thickness of the gas film be-
tween resonator and substrate was ∼ 2 µm, the two nanowebs in the dual-nanoweb
fiber are only spaced by ∼ 550 nm, suggesting an even more pronounced squeezed-
film effect. To verify this and to estimate the intrinsic losses of nanoweb vibrations,
this chapter presents a complete experimental study of the resonant optomechanical
nonlinear frequency response in an argon and helium-filled dual-nanoweb fiber. The
results of this series of measurements, obtained for a wide range of pressures starting
in vacuum, are then interpreted by comparison to theoretical models derived in the
Appendix.

4.1 Measurement of the optomechanical nonlinear
frequency response

Experimentally, the optomechanical nonlinearity in the dual-nanoweb fiber mani-
fests itself in a power-dependent nonlinear phase shift of the transmitted light which
accumulates along the whole fiber. In order to measure it, a detection technique
sensitive to changes of the optical phase is required, a characteristic provided by
optical interferometers.

36



Measurement of the optomechanical nonlinear frequency response 4.1

4.1.1 Mach-Zehnder interferometric set-up

The experimental setup to measure the frequency response of the optomechanical
nonlinearity in the dual-nanoweb fiber is sketched in Fig. 4.1.
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pump

probe
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Fig. 4.1: Pump-probe Mach-Zehnder interferometer to measure the optome-
chanical nonlinear coefficient. Intensity-modulated pump light at 1550 nm and
weak CW probe light at 1543 nm are created each by one ECDL: external cav-
ity diode laser and one EDFA: Erbium-doped fiber amplifier. Both signals are
launched into a 12 cm-long dual-nanoweb fiber sample, mounted in gas cells
for pressurisation and evacuation. EOM: electro-optical modulator driven by
FG: frequency generator, (P)BS: (polarizing) beam splitter, λ/2: half-wave
plate, P: polarizer, L: lens, PM: piezo-controlled mirror, TBF: fiber-coupled
tunable band-pass filter, PD: photo diode, OSC: oscilloscope.

An external-cavity diode laser (ECDL1) provided infrared pump light at a wave-
length of 1550 nm, amplified in an Erbium-doped fiber amplifier (EDFA1). Using
an electro-optic modulator (EOM) driven by a radio-frequency (RF) function gen-
erator (FG), it was subsequently intensity-modulated. Similarly, continuous-wave
(CW) probe light at 1543 nm was generated in a combination of ECDL2 and EDFA2.
The (weak) probe signal was then combined with the ∼ 10 times more powerful
pump light using a fiber coupler (FC) and collimated for free-space propagation. A
polarizing beam splitter (PBS) formed then two independent light beams acting as
the arms of a Mach-Zehnder interferometer. Into one of them, referred to as sample
arm, a 12 cm-long fiber sample was placed, with its ends mounted in gas cells.

Subsequently, both pump and probe signals, polarized parallel to the plane of
the nanowebs (i.e. transverse electric), were launched into the fiber sample using
a lens with a numerical aperture (NA) of 0.5. This helped to suppress higher-
order optical modes, so that mainly the fundamental even optical eigenmode was
excited with typically 60% coupling efficiency. Upon propagation through the fiber,
the nanowebs were driven into oscillation through optical gradient forces by the
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sinusoidally-modulated pump light, imprinting the optomechanical nonlinear phase-
modulation onto the co-propagating probe light. At the output of the fiber sample,
a lens identical to the input was used to collimate both pump and probe light.

In the empty interferometer arm, referred to as reference arm, both pump
and probe light propagated solely through free space, so that their optical phase
at a fixed position remained constant relative to the sample arm. Subsequently
both arms were recombined at a beam splitter (BS) with a power-splitting ratio of
50:50. While one of the two BS outputs was used to monitor the transmitted power
and the near-field mode pattern at the dual-nanoweb output, the pump and refer-
ence signals at the remaining port were spatially overlapped in a single-mode fiber
(SMF). Subsequently the strong pump light was filtered out with a fiber-coupled
narrow tunable bandpass filter (TBF, 0.8 nm FWHM bandwidth), so that only the
probe light was transmitted. The intensity-modulation of the probe light, resulting
from interference of the phase-modulated sample light with reference light, was then
detected at a photodiode (PD) and visualized on an oscilloscope (OSC).

4.1.2 Retrieval of the optomechanical nonlinear coefficient

When the co-polarized optical fields of the probe light in the sample and reference
arm interfere at the BS, the optical power at one of its output ports can be written
as

Pout (Ω, t) = Psig (L) + Pref+ ∆P cos
[
ϕbias + ΦNL (Ω, t)

]
, (4.1)

where Ω is the frequency of the pump intensity-modulation, Psig (L) and Pref are
the powers in the sample and reference arm, each measured after the BS, ∆P =
2
√
Psig (L)Pref is the amplitude of the probe intensity modulation and L is the length

of the dual-nanoweb fiber sample. The time-dependent phase ΦNL (Ω, t) accounts for
the optomechanical nonlinear phase-modulation in the sample arm and ϕbias is the
relative phase of the probe light in the sample and reference arm, with the pump
light blocked. To provide highest sensitivity to phase changes, the bias phase is
controlled with a piezo-driven mirror (PM) in the reference arm (see Fig. 4.1) and
the interferometer stabilized at quadrature, i.e. ϕbias = π/2, using a feedback loop
programmed in LabView with a roll-off frequency ∼ 10 Hz [61].

It is convenient to define a non-dimensional interferometer output signal, in-
dependent of the actual optical powers in both arms by normalizing eq. 4.1 with
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respect to the average power Psig + Pref [61]:

Ŝ (Ω, t) = 1 + 2

√
Psig (L)Pref

Psig + Pref
sin
[
ΦNL (Ω, t)

]
. (4.2)

When the interferometer is balanced, so that the probe powers in sample and ref-
erence arm are identical, the normalized output signal takes with ΦNL (Ω, t) =
ΦNL (Ω) cos (Ωt) the simple form

Ŝ (Ω, t) = 1 + sin
[
ΦNL (Ω) cos (Ωt)

]
. (4.3)

The encapsulated harmonic functions in eq. 4.3 can be unwrapped with the Jacobi-
Anger expansion [68] by

sin
[
ΦNL (Ω) cos (Ωt)

]
= −2

∞∑
n=1

(−1)n J2n−1
[
ΦNL (Ω)

]
cos

[
(2n− 1) Ωt

]
. (4.4)

As only the contribution of the first frequency side-band to the nonlinear phase-shift
is considered, the expansion can be cancelled after the first term. This yields after
eq. 4.3 for the normalized probe signal at the interferometer output

Ŝ (Ω, t) ≈ 1 + Ŝm (Ω) cos (Ωt) , (4.5)

where its time-dependent component is modulated with a (normalized) amplitude
Ŝm (Ω) = 2J1

[
ΦNL (Ω)

]
. Figure 4.2(a) shows an experimental example for a time-

trace of the normalized probe signal (measured at atmospheric pressure), when the
frequency of the pump intensity-modulation matches to a flexural nanoweb reso-
nance. A fit of eq. 4.5 extracts then the normalized modulation amplitude, from
which the nonlinear phase-modulation amplitude is calculated as [61]

ΦNL (Ω) ≈ J−1
1

(
Ŝm (Ω)

2

)
, (4.6)

where J−1
1 is the inverse of the first-order Bessel function evaluated at its first cycle.

The flexural resonances inducing the probe phase-modulation are driven by
the intensity-modulated pump light, a typical experimental time-trace being shown
in Fig. 4.2(b). The pump signal can be decomposed into a constant and a modulated

39



Ch. 4 INFLUENCE OF GAS PRESSURE ON THE OPTOMECHANICAL . . .

component, both subject to optical losses along the fiber:

P (Ω, z, t) = Pav (z) + Pm (z) cos (Ωt) , (4.7)

where Pav (z) is the average pump power along the fiber and Pm (z) is the amplitude
of its intensity-modulation.
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Fig. 4.2: Interferometric retrieval of the dynamic optomechanical nonlinear
coefficient. (a) A typical power time-trace of the driving pump wave, launched
in TM polarization into a 10 cm-long mm-long dual-nanoweb fiber at atmo-
spheric pressure. The modulation amplitude, identical to the average power
Pav, was 28 mW. (b) Normalized probe signal at output of the balanced
interferometer. It is smallest for a relative phase between sample and refer-
ence arm ϕbias = π and becomes largest when ϕbias = 0. The middle curve
is obtained at quadrature, where ϕbias = π/2, revealing a strong nonlinear
phase-modulation. The phase of the driving pump and the modulated probe
signal are offset by ΨOM/Ω ≈ −π/2 when a mechanical resonance is driven.
(Fig. adapted from [61])

The nonlinear phase-modulation accumulated along the whole fiber length is re-
lated to the optomechanical nonlinear coefficient and the amplitude of the pump
modulation by

ΦNL (Ω) = γOM (Ω)
∫ L

0
dz Pm (z) with Pm (z) =Pm (0) exp {−αsz} , (4.8)
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where Pm (0) is the amplitude of the launched modulated pump power (at the dual-
nanoweb input) and αs is the loss coefficient of the fundamental optical mode in the
dual-nanoweb fiber. This expression can be solved for γOM (Ω), so that the dynamic
optomechanical nonlinear coefficient at drive frequency Ω is obtained as

γOM (Ω) = ΦNL (Ω)
LeffPm (0) , (4.9)

where Pm is the amplitude of the pump signal at the fiber input and αs the loss coef-
ficient of the fundamental optical mode. The quantity Leff =

(
1− exp {−αsL}

)
/αs

is referred to as effective fiber length.

4.2 Pressure-dependent frequency response of the
optomechanical nonlinearity

In the experiment argon and helium pressures were applied ranging from vacuum
(i.e. ∼ 1 µbar) to ∼ 2.9 bar, the fiber being evacuated for several hours before ap-
plying each pressure. To ensure pressure equalization in all hollow channels running
along the fiber, the measurements of the nonlinear frequency response were made
∼ 1 hour after each change in pressure. At each drive frequency, swept from 6 to 9
MHz, the amplitude of the nonlinear phase-modulation was retrieved from a fit of
eq. 4.5 and eq. 4.6 to the recorded time-trace of the probe signal.

The optomechanical nonlinear coefficient, calculated using eq. 4.9, is plotted
as a function of drive frequency in Fig. 4.3(a) for helium and (b) argon pressures
from 0.2 to 2.9 bar filled into the dual-nanoweb fiber. For these measurements at
comparatively large pressures, a single-Lorentzian fit (eq. 2.49) was used to ex-
tract frequency and mechanical quality factor of the fundamental flexural resonance
which are quantitatively compared in Sections 4.2.1 and 4.2.2 to the theoretical
models. As the resonant enhancement of the probe phase-modulation significantly
decreased with pressure, in the experiments in Fig. 4.3 the launched optical pump
power was continuously increased from 20 to 80 mW to provide a sufficient signal-
to-noise ratio. The optomechanical coefficient itself remained constant, previous
measurements in [61] have not shown any significant power dependence within this
range.
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Fig. 4.3: Frequency response of the optomechanical nonlinear coefficient in
the dual-nanoweb fiber, measured in the vicinity of the fundamental flexural
resonance, for (a) helium and (b) argon pressures from 0.2 to 1.2 bar (left)
and from 1.5 to 2.9 bar (right). In all curves the resonant frequencies rise
with increasing pressure as the squeezed gas film enhances the nanoweb stiff-
ness more and more, whereas the Q-factors drop due to growing gas-related
dissipation.

While the the mechanical linewidth broadens with rising pressure, indicating
an increasing dissipation of vibrational energy from the nanowebs, at the same time
their mechanical resonant frequency undergoes an upshift from 6.2 to 7.8 MHz over
the whole investigated range of helium and argon pressures. This strongly con-
strasts reports for several MEMS, in which their resonant frequency down-shifted
with pressure due to an increasing boundary mass-load by gas particles [107, 108].
Instead, the pronounced frequency-upshift in the dual-nanoweb fiber results from a
squeezed-film effect in the 550 nm-thin interweb gas layer which effectively increases
the stiffness of the nanowebs with pressure. This effect is some ∼ 15 times more sen-
sitive than previously observed in a MEMS with a four times thicker gas layer [109].

A comparison of the frequency responses at similar argon and helium pressures
reveals another interesting feature: the gas-induced extra stiffness of the nanowebs
is clearly larger for argon than for helium. For instance, when the fiber was filled
with argon at 1.5 bar the resonant frequency upshifted to 7.14 MHz, whereas for
helium at the same pressure only 7.03 MHz were reached (Fig. 4.3). As will be
demonstrated in Section 4.2.1 this results to a large degree from the disparity of the
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atomic diameters (for argon it is ∼ 376 pm, for helium 280 pm [110]). The mechan-
ical Q-factors, inversely proportional to the linewidth, follow a similar trend: 9.2
was measured for argon and 13.9 for helium.
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Fig. 4.4: Frequency response of optomechanical nonlinear coefficient for argon
pressures (a) from ∼ 1 µbar to 41 mbar and (b) from 55 to 100 mbar. The
observed cluster of peaks at low pressure indicates structural non-uniformities
along the fiber. At higher pressures they gradually overlap as their linewidth
broadens. The peak marked in (a) with a violet asterisk was selected for
special study under low gas pressure.

Figure 4.4 plots the optomechanical nonlinear frequency response for low argon
pressures from ∼ 1 µbar to 100 mbar. These experiments were carried out at lower
launched optical pump powers between 10 to 15 mW, as the signal-to-noise ratio
at resonance proved to be large enough. The measurement at the lowest pressure
(∼ 1 µbar), however, was an exception: for reasons that will be explained in Chap-
ter 5 the launched pump power had to be kept below ∼ 5 mW.

In the low-pressure measurements the broad resonance peak is observed to
break up into an irregular cluster of narrow peaks spaced by a few tens of kHz.
Finite element modeling of a dual-nanoweb structure that is perfectly uniform along
the z-axis predicts a series of flexural resonances with different numbers of lobes
along the nanowebs. These modes are, however, expected to be spaced several MHz
apart (see Section 3.2), and hence unrelated to this much denser cluster of peaks. As
will be shown in Section 5.4.2, the dual-nanoweb fiber suffers from structural non-
uniformities. Consequently this cluster represents a series of fundamental flexural
resonances, each localized at a slightly different frequency within different sections
of the sample. Although the number of individual oscillators is quite small (on the
order of 10 if each peak in Fig. 4.4(a) represents one resonance), the spectrum may
be effectively viewed as inhomogeneously broadened. At high pressure the narrow
peaks coalesce into one wide peak, as seen in Fig. 4.3. If the pressure drops, their
linewidths shrink until in vacuum they become individually distinguishable. When
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this happens, the resonant frequencies and quality factors can no longer be extracted
by a single-Lorentzian fit; instead it is necessary to fit a superposition of several
Lorentzian resonances (eq. 2.49).

As was the case at higher pressure, the frequencies of all the individual reso-
nant peaks in Fig. 4.4 decrease with falling gas pressure while their Q-factors rise.
At ∼ 1 µbar these are solely determined by intrinsic acoustic loss because damping
due to residual gas particles can be neglected. The peak with the highest reso-
nant nonlinearity in Fig. 4.4(a), marked with a violet asterisk, features under these
conditions a Q-factor of 3623 and a dynamic optomechanical nonlinear coefficient
at resonance γOM (Ω0) = 779 W−1m−1, both values averaged over three separate
measurements (one of which is represented by the black curve in Fig. 4.4(a)). This
value of γOM (Ω0) is ∼ 60 times greater than at atmospheric pressure (13.4 W−1m−1)
and some 60,000 times larger than the Kerr-related nonlinear coefficient which was
calculated to be γKerr = 0.013 W−1m−1 [61], using eq. 2.48 for the dual-nanoweb
cross-section in Fig. 3.1. In this low-pressure regime only one Lorentzian reso-
nance plays a significant role for the probed peak and enhances the optomechanical
nonlinearity above its value at higher pressures (Fig. 4.3) when several resonances
(with different lifetimes, relative phases and interaction lengths) are excited simul-
taneously, reducing the overall optomechanical response.

In all measurements reported in this section, the static optomechanical non-
linearity in TE polarization was found to be on the order of 2 W−1m−1, roughly
seven times smaller than previously observed in TM polarization at ambient air
pressure [61]. On the one hand, this could result from a slight misalignment be-
tween beam- and fiber-axis in the experiment, so that the m = 0 odd optical mode
is simultaneously excited with the fundamental optical mode. While the individual
optical gradient pressure induced by each of these modes would act in opposite di-
rections, on average it might become partially cancelled (or significantly reduced)
when a modal superposition is launched. On the other hand, the fiber structure was
found to suffer from significant axial non-uniformities. This could easily cause the
nanoweb spacing to increase in some parts of the fiber, a parameter to which the
optical gradient pressure is extremely sensitive. Nevertheless, this issue does not
affect the retrieval of the flexural resonant frequencies and mechanical Q-factors in
any way.
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4.2.1 Tuning of flexural resonant frequency by gas-spring effect

In vacuum the fundamental flexural resonance of the nanowebs, performing har-
monic oscillations, is solely determined by their material-dependent intrinsic stiff-
nesses k0,j, where j = 1, 2 denotes the respective nanoweb. Disregarding damping,
their resonant frequencies calculate as Ω0,j =

√
k0,j/meff,j, where meff,j is the effec-

tive vibrating mass of the nanowebs.
As shown in Figs. 4.3 and 4.4, the frequency upshifts with gas pressure be-

cause the squeezed gas film between the nanowebs enhances their stiffness above the
intrinsic value. The spring constant of a nanoweb can then be written as the sum
of its intrinsic and a pressure-dependent spring constant (keff (p)), which is identical
for both nanowebs. Hence the resonant frequencies calculate as

Ωj (p) =

√√√√k0,j + keff (p)
meff,j

, (4.10)

where p is the gas pressure applied to the dual-nanoweb fiber.
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Fig. 4.5: Sketch of the simple model to calculate damping forces of a viscous
gas film. The nanowebs are represented by two silica plates of width w, thick-
ness hw, length L and mass meff, spaced by h, both suspended with springs so
as to perform oscillations along the y-direction. The spring stiffnesses k0,1 and
k0,2 and thus the oscillation frequencies of upper and lower plate are slightly
different. The sandwiched gas layer is indicated by dark shading and contains
particles (gray circles) bouncing to and fro between the plates, thereby medi-
ating an effective stiffness keff (p) additional to the intrinsic stiffnesses of the
springs.
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To simplify the following calculations, the nanowebs are modelled as two uniform
parallel silica plates oriented along the xz-plane, spaced in their normal direction
by h (x, z, t) and each of them attached to a spring to perform harmonic oscillations
(Fig. 4.5). Dissimilar spring constants k0,1 and k0,2 for upper and lower plate can
be chosen to represent the slightly different frequencies of the fundamental flexural
mode in each nanoweb, as found from simulations (see Fig. 3.3). As a result, at a
given frequency only one plate can oscillate at a time. For this model the effective
mass of the respective oscillating plate is given by

meff = ηρglhwA, (4.11)

where hw is the plate thickness, A = wL is its area in contact with the gas film and
ρgl is the mass density of fused silica glass. The constant η is the three-dimensional
integral of the mass density weighted with the squared normalized deflection ampli-
tude [111], so that η ≈ 0.42 is numerically estimated for the fundamental flexural
mode of the plate (see eq. 5.21 in Section 5.3).

The gas-spring effect is commonly modelled using a continuum approach, in
which the gas is considered as a fluid with a constant viscosity. The governing equa-
tion and its solution are outlined here, a full derivation is presented in Appendix A.1.

Provided that the plates in Fig. 4.5 perform a relative movement only in
their normal direction (y) so that the gas flow induced in their gap is purely uni-
directional, the local pressure in the gas film obeys at a constant temperature the
isothermal Reynolds lubrication equation [93, 98, 101, 106]:

∂

∂x

[
h3

12µp
∂p

∂x

]
+ ∂

∂z

[
h3

12µp
∂p

∂z

]
= ∂ (hp)

∂t
, (4.12)

where p (x, z, t) and µ are pressure and viscosity of the gas film. If the length of the
plates is much larger than their width (i.e. their aspect ratio is large), the variation
of the pressure distribution along their length can be neglected. If the plates oscillate
at frequency Ω/ (2π) with an amplitude that is small compared to their (average)
spacing, eq. 4.12 can be linearized as

∂2p̃

∂x̃2 = σ

(
∂h̃

∂t̃
+ ∂p̃

∂t̃

)
, (4.13)

where p̃ and h̃ are pressure and gap spacing normalized to their averages pa (i.e. the
applied pressure) and hg, x̃ is the position along the plate normalized to its width
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w and t̃ = Ωt relates the time to the oscillation period of the plate. The parameter
σ in eq. 4.13 is referred to as squeeze number and represents the velocity of the gas
particles required to leave the film to ensure constant pressure, divided by their real
velocity under viscous flow [109]. It is inversely proportional both to pressure and
to the squared (mean) spacing of the plates (i.e. the film thickness):

σ (pa) = 12µΩw2

h2
gpa

. (4.14)
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Fig. 4.6: Squeeze number calculated for the gas film between the two
nanowebs as a function of argon (dashed red line) and helium pressure (dotted
blue line) (a) from 5× 10−5 mbar to 50 bar and (b) zoomed in from 1.85 to
3.15 bar. The parameters for these curves are w = 22 µm, Ω/ (2π) = 6.19
MHz, hg ≈ 550 nm, µAr = 22.7 µN/s and µHe = 19.9 µN/s. As the squeeze
number is � 1 over the whole investigated pressure range, the gas atoms es-
sentially remain trapped in the film during one oscillation cycle. Solid red and
blue curves show the modified squeeze number accounting for gas rarefaction
with pressure-dependent effective viscosity µmod.
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For typical experimental parameters w = 22 µm, hg = 550 nm, µAr = 22.7 µN/s for
argon and µHe = 19.9 µN/s for helium [110], the red dashed and the blue dotted
lines in Fig. 4.6 plot the squeeze number as a function of argon and helium pressure
applied to the gas film between the nanowebs. At the lowest pressure (∼ 1 µbar)
in the experiments σ reaches giant values of up to ∼ 108 (Fig. 4.6(a)), while over
the remaining investigated pressure range it is still larger than 50 (Fig. 4.6(b)). As
a result, even at comparatively high pressure, the gas remains effectively trapped
in the squeezed film during an oscillation cycle of a nanoweb. In contrast to that,
the cross-section of both large outer hollow channels features a characteristic length
scale of ∼ 10 µm. As a result, the gas is much less confined in these channels as the
squeeze number is almost a factor of 300 smaller than in the gas film.

For a normalized gap spacing modulated in time according to h̃ (t) = 1 +
δ̃h cos (Ωt), the solution of eq. 4.13 yields a time-dependent pressure variation,
normalized to the externally applied pressure. Equation A.13 shows that it consists
of a component in phase with the plate deflection (i.e. following h̃ (t)), resulting in a
restoring force for the plate, and another one out-of-phase by π/2 (i.e. proportional
to the plate velocity ∂h̃/∂t) that dissipates vibrational energy. For simplicity all
edges of the dual-plate structure are assumed to be vented, so that the effective
stiffness of a single plate, provided by the gas film, calculates as a function of pressure
as

keff (p) = Ap

hg

1−
√

2
σ

sinh
(√

σ/2
)

+ sin
(√

σ/2
)

cosh
(√

σ/2
)

+ cos
(√

σ/2
)
 . (4.15)

Note that ref. [101] presents an approach based on Green’s function to model arbi-
trary venting conditions.

According to Fig. 4.6, large squeeze numbers are expected over the whole
experimentally investigated pressure range, so that eq. 4.15 can be significantly
simplified by omitting the oscillatory terms [93]:

keff (p) ≈ Ap

hg

1−
√

2
σ

 . (4.16)

An approximate expression for the resonant frequency of the oscillating plate as a
function of applied pressure can then be obtained by inserting eqs. 4.11, 4.14 and
4.16 into eq. 4.10:

Ω2 (p) ≈ Ω2
0

[
1 + 1

η

(
b1p− b2p

3/2
)]
, (4.17)
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where the coefficients are defined as b1 = (ρglhghwΩ2
0)−1 and b2 =

(
ρglwΩ5/2

0
√

6µ
)−1

.
The extra stiffness of each nanoweb due to the sandwiched gas layer can be

estimated from this simple model, if typical experimental values hg = 550 nm,
hw = 440 nm, Ω0/ (2π) = 6.2 MHz and η = 0.42 are chosen. The effective stiffness
from gas in the two large outer hollow channels is neglected hereinafter, as eq. 4.16
predicts a contribution of less than 6 % for a characteristic spacing of ∼ 10 µm
between a nanoweb and the inner wall of the capillary fiber.
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Fig. 4.7: (a) Extra stiffness of a nanoweb, normalized to its intrinsic spring
constant, as a function of argon (red lines) and helium pressure (blue lines)
externally applied to the squeezed gas film. (b) Measured resonant frequency
of the oscillating nanoweb as a function of argon (red circles) and helium
pressure (blue squares) in the dual-nanoweb fiber sample (inset: resonant
frequencies of the peak marked in Fig. 4.4(a) for low argon pressures). The
red dashed and blue dotted lines were obtained assuming constant argon and
helium viscosities for η ≈ 0.42. Both solid lines in (a) and (b) are theory fits
assuming pressure-dependent viscosities, so that ηfit ≈ 0.464.

Figure 4.7(a) plots the gas-induced extra stiffness for one nanoweb, normalized to its
intrinsic spring constant in vacuum, as a function of applied argon (red dashed line)
and helium pressure (blue dotted line). Both curves are almost identical, their devia-
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tion at higher pressure only resulting from the slightly different viscosities (22.7 µN/s
for argon and 19.9 µN/s for helium). The resonant frequencies, expected after eqs.
4.16 and 4.17 from these two curves, are plotted in Fig. 4.7(b) as a function of
argon (red dashed line) and helium pressure (blue dotted line), the experimental
data points being shown as red circles for argon and blue squares for helium.

Comparing theory and experiment, the effective-stiffness model comes obvi-
ously with two major issues: first, although the general trend agrees with the ex-
periments, the predicted resonant frequencies of the nanoweb are increasingly over-
estimated with rising pressure. The most likely reason for this behavior is that the
effective mass is underestimated as plates of constant thickness are assumed (see
Fig. 4.5). In contrast to that, the thickness of the experimental nanowebs increases
considerably towards their center, so that for improved accuracy, in what follows η
is used as a fitting parameter.

Second, although the model predicts a slightly larger effective stiffness for an
argon than for a helium gas film, it significantly underestimates their difference at
identical pressures. For instance, at a reference pressure of 2.65 bar the ratio of the
extra stiffnesses calculates after eq. 4.16 as kAreff /k

He
eff ≈ 1.015 for squeeze numbers

of 64 for helium and 56.1 for argon (Fig. 4.6(b)), in contrast to the much larger
measured ratio of ∼ 1.06. In what follows this discrepancy will be shown to result
from the treatment of the gas film between the nanowebs as a fluid with a pressure-
independent viscosity. In particular, this paradigm has been found to break down
as the mean free path Λ between collisions among two gas atoms approaches the
(mean) distance hg of the two plates [100, 106]. This criterion is quantified by the
Knudsen number Kn [100, 106, 112]:

Kn (p) = Λ (p)
hg

(4.18)

where Λ (p) = kBT/
(√

2πpδ2
)
is the mean free mean path of gas particles at pres-

sure p, δ is their van-der-Waals diameter (280 pm for helium and 376 pm for
argon [110]), kB is Boltzmann’s constant and T is the ambient temperature. Fig-
ure 4.8 plots the Knudsen number for the gas film between the two nanowebs as a
function of argon and helium pressure (red and blue solid lines). For comparison, Kn
is also shown as dashed lines for the two outer hollow channels in the dual-nanoweb
fiber, where the characteristic separation between nanowebs and capillary walls is
hg ≈ 10 µm.

Following the usual convention [104, 106, 112], the Knudsen number classifies
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film between the nanowebs (solid lines) and in the two outer hollow channels
(dashed lines) from (a) 5 × 10−4 mbar to 50 bar and (b), zoomed-in, from
1.85 to 3.15 bar for argon (red) and for helium (blue). For Kn > 10 (red-
shaded area) the gas flow is free-molecular, whereas in the continuum regime
for Kn < 10−3 (blue-shaded area) it is purely viscous. In the experiments, this
regime is neither reached for the gas between the nanowebs, nor in the outer
channels. In the slip-flow regime (for 10 ≥ Kn ≥ 10−3) the gas flow can be
either approximated as free-molecular or as viscous with a pressure-dependent
effective viscosity. At the reference pressure of 2.65 bar Kn is 0.08 for argon
and 0.044 for helium.

the gas flow in the squeezed film into three different regimes: if the gas particles col-
lide much more frequently with the plates than among themselves, each particle fol-
lows a ballistic trajectory without influence by others. This regime of free-molecular
gas flow is usually characterized by Kn > 10. In the gap between the nanowebs it is
reached for argon (helium) pressures smaller ∼ 12 mbar (∼ 22 mbar), whereas in the
outer channels less than ∼ 0.7 mbar (∼ 1 mbar) would be required. If on the other
hand Kn < 10−3, the gas needs to be treated as a continuum that features a purely
viscous flow with a pressure-independent viscosity. This regime was, however, in
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the experiments neither reached for the gas layer between the nanowebs nor in the
outer channels, as the gas pressure would have to exceed ∼ 10 bar (see Fig. 4.8).

In the intermediate slip-flow regime, defined by 10−3 ≤ Kn ≤ 10, the gas flow
can be approximated either as free-molecular or as viscous with an effective viscosity
depending on Kn with an empirically found relation [100]:

µmod (Kn) = 1
1 + 9.638Kn1.159 µ, (4.19)

where µ is the viscosity of the gas in the continuum regime. Figure 4.8 shows that the
slip-flow regime is indeed in force over a wide pressure range starting at ∼ 12 mbar
for argon and ∼ 22 mbar for helium. The solid lines in Fig. 4.6(a) and (b) represent
the modified squeeze numbers, which are smaller than the original ones as a result of
the reduced effective viscosities. For instance at the reference pressure of 2.65 bar,
the effective viscosities of argon and helium are µArmod ≈ 0.8µAr and µHemod ≈ 0.66µHe
for the Knudsen numbers KnAr ≈ 0.08 and KnHe ≈ 0.044 (Fig. 4.8), so that the
squeeze numbers reduce after eq. 4.14 to 50.9 and 37.1, respectively.

With these values, eq. 4.15 estimates the ratio of the gas-spring constants for
argon and helium to be kAreff /k

He
eff ≈ 1.045, much closer to the measured value of 1.06.

A fit of eq. 4.17 to the experimental data points for argon yields then excellent
agreement for η ≈ 0.464. However, it is unlikely that the interaction of gas particles
with the plate surfaces is identical for argon and helium [100], so that the effective
viscosity of helium would be described by different coefficients in eq. 4.19 which
would have to be determined. This could explain the remaining deviation between
experiment and theory for helium.

Nevertheless, the theory based on a solution of the Reynolds lubrication
equation in a simple system of two closely-spaced parallel vibrating plates can de-
scribe the gas-spring effect observed in the dual-nanoweb fiber very accurately over a
wide range of pressures even for different gas species, provided that effective pressure-
dependent viscosities are introduced.

4.2.2 Pressure-dependence of the mechanical quality factor

For any (weakly) damped harmonic mechanical oscillator, the quality factor of each
mode quantifies which percentage of the vibrational energy is dissipated per oscil-
lation cycle. As already shown, it can be equivalently expressed as the ratio of its
(angular) resonant frequency and twice the total rate Γ at which the resonator’s am-
plitude is damped (eq. 2.52). In the dual-nanoweb fiber dissipation of flexural waves
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is caused by intrinsic acoustic loss, by damping due to the squeezed gas film in the
central hollow channel and also by gas damping in the large outer hollow channels.
The total damping rate is then the sum of these three individual contributions:

Γ (p) = ΓINT + ΓSFD (p) + ΓGD (p) (4.20)

At very low pressures, gas and squeezed-film damping can be neglected, so that
only the first term survives. From the nonlinear frequency response at ∼ 1 µbar
(Fig. 4.4(a)), a Q-factor of 3623 is retrieved, so that eq. 2.52 yields an intrinsic
damping rate ΓINT ≈ 5.36 kHz. Finite-element modeling yields a clamping-loss rate
of ∼ 3.5 kHz by phonon leakage through the suspensions of the nanowebs. The
remaining ∼ 1.9 kHz result from acoustic absorption and and can be considered as
the ultimate limit achievable in the dual-nanoweb structure.

An approximate expression for the squeezed-film damping rate can be retrieved
from the simple model of the two plates in Fig. 4.5. The solution of the isothermal
Reynolds equation (eq. 4.13) yields, additionally to the elastic damping force
causing extra stiffness, a dissipative force proportional to the velocity of the plate.
Following the derivation by Langlois in Appendix A.1, the squeezed-film damping
rate is obtained when eq. A.14b is divided by the effective oscillating mass of the
plate and its velocity (eq. 4.11):

ΓSFD (p) = (2ηρglhghwΩ)−1
√

2
σ

 sinh
(√

σ/2
)
− sin

(√
σ/2
)

cosh
(√

σ/2
)

+ cos
(√

σ/2
)
 p. (4.21)

As the implementation proved to provide good results in the previous section, gas
rarefaction effects at low pressures are again taken into account by a pressure-
dependent effective viscosity µmod (p) (eq. 4.19) to replace the constant viscosity
µ in the calculation of the squeeze number.

Additionally to squeezed-film damping in the central hollow channel, the vi-
bration of each nanoweb can also be damped by gas in the respective adjacent
large outer channel. However, as its cross-section is not rectangular, the previous
result obtained for squeezed-film damping cannot be applied. Instead, a simple free-
molecular approach [104], which does not account for the actual channel geometry,
can be chosen, as the gas flow is according to Fig. 4.8 still in the slip-flow regime.
With this, the rate of energy-transfer between an oscillating plate and gas particles
via elastic collisions on a single side of the plate estimates as (for a derivation see
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Appendix A.2)

ΓGD (p) =
√

2ma

πkBT

p

ρglhw
. (4.22)

Figure 4.9(a) plots the sum of both squeezed-film and free-molecular gas damp-
ing rates ΓSFD + ΓGD, normalized to the measured intrinsic damping rate in vacuum
ΓINT, as a function of argon and helium pressure (red and blue dashed lines). The
calculations show that gas-related damping starts to dominate over the intrinsic
damping when the pressure exceeds ∼ 10 mbar. When it is increased further, the
normalized damping rates reach values of a few hundred. Consequently over a wide
range of pressures intrinsic damping can be fully neglected, so that the mechanical
Q-factor of a nanoweb oscillating at its fundamental flexural resonance is almost
entirely determined by gas damping.

The pressure-dependence of the mechanical Q-factor is modelled for a dual-
nanoweb fiber filled with argon and helium in Fig. 4.9(b) and compared to the mea-
surement results (Figs. 4.3 and 4.4). If the nanoweb vibration were damped only
by free-molecular collisions with gas atoms from both sides, the Q-factors would
be significantly overestimated by a factor of ∼ 3 for argon (red dashed line) and
∼ 4 for helium (blue dashed line). In contrast, the Q-factors obtained from the
sum of squeezed-film damping on one side and free-molecular damping on the other
side of a nanoweb, plotted as solid lines, agree very well with the experiment if the
pressure-dependent viscosity is taken into account. The deviation for pressures be-
low ∼ 1 bar most likely originates from the way the measurements were processed:
the single-Lorentzian fit becomes much more prone to error when the linewidth
of the individual peaks becomes so small that they do not perfectly overlap any-
more. Vice versa, at low pressures a multiple-Lorentzian fit is required to extract
resonant frequencies and Q-factors.

The results of the corresponding measurements at low argon pressures from
∼ 1 µbar to 100 mbar are shown in Fig. 4.9(c) together with theoretical expectations.
The violet dotted line plots the estimated Q-factor when free-molecular gas damping
on both sides of the nanoweb is assumed. Although the expected values are again
two times larger than measured, this very simple model provides reasonable results
at low pressure. The red dashed line represents the sum of squeezed-film damping
on one side and free-molecular gas damping on the other side of the nanoweb when
a constant viscosity of the gas is assumed. In this case, the Q-factors would be
overestimated by almost three times, as gas-rarefaction is not taken into account.
Its actual impact is visualized by the solid red line, which is obtained from the same
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model but with the effective viscosity of the rarefied gas. Interestingly, this model
provides again the best agreement with the experiment, only overestimating the
Q-factors by ∼ 30%.
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Fig. 4.9: (a) Free-molecular and squeezed-film damping rates, normalized to
intrinsic damping, predicted by different models as a function of pressure for
the fundamental flexural resonance of a single nanoweb. Corresponding me-
chanical Q-factors compared to measured values (b) for large argon / helium
pressures and (c) at low argon pressures. In all plots: red circles and blue
squares are experimental data points for argon and helium (from Figs. 4.3
and 4.4), dotted lines stand for free-molecular gas damping on both sides of
the nanoweb, dashed and solid lines represent free-molecular gas damping on
one and squeezed-film damping on the other side.
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CHAPTER 5

NOISE-DRIVEN OPTOMECHANICAL
SELF-OSCILLATION

When the optomechanical nonlinear frequency response in the dual-nanoweb fiber
was measured at the lowest possible pressure (∼ 1 µbar), the launched optical power
had to be kept below 4.9 mW, as mentioned in Section 4.2. The reason for this is
an intriguing effect that was observed when the structure was pumped only with
narrow-linewidth continuous-wave light at 1550 nm: unexpectedly, above a sharp
threshold power of 4.9 mW, the signal transmitted through the dual-nanoweb fiber
began to strongly oscillate.
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Fig. 5.1: Nanoweb self-oscillation detected in the intensity transmitted
through an evacuated fiber sample at 5 mW of launched CW power. (a) Tem-
poral trace of transmitted intensity revealing an oscillation period of ∼ 165
ns. (b) Corresponding RF power spectrum, obtained from Fast Fourier
Transform (FFT) of the temporal trace, containing equally-spaced peaks at
frequencies that are multiples of ∼ 6 MHz. These peaks originate from beating
of optical side-bands created by inelastic optomechanical scattering.
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The temporal trace of the transmitted intensity, detected at a photo-diode, is de-
picted in Fig. 5.1(a) and shows that the observed oscillation features a clear period
of ∼ 165 ns. When this signal is analyzed with a Fast Fourier Transform, in the
corresponding RF power spectrum three narrow peaks at ∼ 6, ∼ 12 and ∼ 18 MHz
can be distinguished (see Fig. 5.1(b)). Interestingly, the spacing of these RF signals
corresponds directly to the frequency of one side-peak in the nonlinear frequency
response in vacuum (Fig. 4.4) which was attributed to the frequency of the funda-
mental flexural resonance within a particular fiber section. This indicates that the
observed signals in the RF domain originate from beating of optical side-bands, cre-
ated by inelastic scattering of photons at flexural phonons driven by self-oscillations
of the nanowebs. As the RF beat signals are exactly equidistant-in-frequency, all the
generated optical side-bands share a common optomechanical frequency shift (see
Fig. 5.1(b)). When the launched power is increased, even more orders of the beat-
frequency appear in the RF spectrum, indicating the presence of cascaded scattering
into higher-order optical side-bands.

5.1 Self-oscillation induced by stimulated Raman-like
scattering

Interestingly, the spacing of the RF signals turned out to be neither a function
of optical power, nor is it affected when in the experiment the pump frequency
is tuned. These characteristic observations clearly distinguish the self-oscillation
mechanism from traditional stimulated Brillouin scattering (SBS) which occurs
when photons scatter by propagating longitudinal acoustic waves. SBS is commonly
observed in several hundred meter-long optical fibers, where it generates typically a
single backward-propagating Stokes wave, frequency-downshifted from pump by up
to ∼ 11 GHz, when the launched laser power exceeds a few mW [51].

Figure 5.2(a) sketches the frequency-wavevector diagram for SBS, the red and
blue lines each representing an optical and an acoustic mode, co- and counter-
propagating with the light. A phonon with a large wavevector mediates a phase-
matched transition from the forward-propagating pump wave to the first-order
Stokes side-band in the backward-propagating optical mode. In order to generate
successive optical side-bands, phase-matching requires the propagation direction of
the phonons to alternate [59]. Moreover, their frequencies and wavevectors shrink
with decreasing side-band frequency to obey the acoustic dispersion relation, so
that the corresponding acoustic waves are in general uncoupled. As a result, the
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frequency-spacing of adjacent components is generally non-equidistant and scales
with the pump frequency. While for these reasons scattering into cascaded Stokes
side-bands without strong feedback is rather inefficient and difficult to achieve [59,
113, 114], the generation of anti-Stokes side-bands frequency-upshifted from pump
by SBS is impossible and requires Kerr-induced four-wave mixing [115, 116] to be
additionally present in the system.
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Fig. 5.2: Frequency-wavevector diagrams for different inelastic photon-
phonon scattering processes in media / waveguides with normal dispersion.
The red line is the dispersion curve of the optical mode. (a) Stimulated
Brillouin scattering: successive side-bands are phase-matched by acoustic
phonons of differing frequency and wavevector (blue arrows), propagating in
alternating directions. For the acoustic dispersion (blue line), constant acous-
tic phase velocity is assumed. (b) Forward stimulated Raman-like scattering:
automatic phase-matching between successive side-bands by a phonon with
frequency ΩR ≈ ΩCO (green arrow), obeying the flexural dispersion (green
line). As ω0 � ΩCO, the optical phase velocity is assumed constant (af-
ter [59]). (c) Stimulated Raman scattering: optical phonon (violet arrow)
of the dispersionless molecular coherence (violet line) exactly phase-matches
only to a single transition. As ω0 & ΩR, others are dephased (after [117]).

A fundamentally different situation emerges if the mechanical resonances in-
teracting with light are almost entirely transverse (Fig. 5.2(b)): in this case the
frequency-wavevector relation of the associated phonon, shown as the solid green
line, features a distinct cut-off frequency and is very flat, so that the phonon-
wavevector can be freely chosen while keeping its frequency fixed. As a result,
transitions between a large number of consecutive side-bands within the forward-
propagating optical mode phonons are coupled to the same flexural wave. This
fact is quantified by the dephasing length between pump-to-Stokes and pump-to-
anti-Stokes phonons. In case the frequency-spacing ΩR of the side-bands is much
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smaller than the optical frequency ω0 of the pump wave, the linear optical dispersion
can be approximated as frequency-independent. Hence the dephasing length can be
estimated from the second-order expression [118]

ϑl = π/ [(βs,+1 − βs,0) + (βs,-1 − βs,0)] ≈ π/
(
β2Ω2

)
, (5.1)

where β2 is the group-velocity dispersion of the considered optical mode, βs,−1, βs,0

and βs,+1 are the propagation constants of the Stokes, pump and anti-Stokes com-
ponents, respectively.

For β2 = 500 ps2/km and a frequency shift ΩR/ (2π) ≈ 6 MHz (typical pa-
rameters for the dual-nanoweb fiber), ϑl becomes ∼ 109 m, which is enormously
greater than the typical length of the dual-nanoweb fiber samples used in the exper-
iments. As a result, essentially identical flexural phonons mediate scattering into
cascaded side-bands. In strong contrast to SBS, their frequency-spacing is perfectly
equidistant and independent of the pump frequency. The experimental observations
for the nanoweb self-oscillation agree very well with this picture, which is therefore
attributed to be the underlying mechanism. It is named stimulated Raman-like
scattering (SRLS), as it closely resembles, albeit at much smaller frequency shifts,
stimulated Raman scattering (SRS) by coherently vibrating/rotating molecules [58].

For completeness, Fig. 5.2(c)) depicts the dispersion scheme for SRS. In this
case, the frequency shifts are many orders of magnitude larger (in the THz-range)
and comparable to the pump frequency. As sketched, a considerable phase-mismatch
is already present between the first-order pump-to-Stokes and pump-to-anti-Stokes
transitions, so that in the end the number of generated Raman frequency side-bands
is strongly limited by the dispersion of the optical mode.

5.2 Optical heterodyne investigation of self-oscillation

Optical side-bands generated by inelastic photon-phonon scattering are usually well-
separated from the pump laser line, spaced by typical frequency shifts in the multi-
GHz range for SBS and SRLS [51, 57–59], or even in the THz range for SRS [119].
In contrast to that, the frequency shift resulting from SRLS at flexural phonons in
the dual-nanoweb fiber is only ∼ 6 MHz and therefore smaller than the frequency-
resolution provided by the conventional detection schemes for the mentioned scat-
tering processes.
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Hence, in order to resolve the side-bands generated in the dual-nanoweb fiber
separated from each other, it is necessary to apply the so-called heterodyne detection
technique, in former times commonly used in RF receivers. Its operating principle
is based on down-mixing of a narrow window within a high-frequency domain into
a lower-frequency domain, in which the signals can be detected at high resolution
more easily [120].
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Fig. 5.3: Operating principle of optical heterodyne detection. (a) In the
optical domain: first-order Stokes (red) and anti-Stokes lines (blue), generated
from pump (black) by SRLS in the dual-nanoweb fiber, form exemplary optical
spectrum under test. It is interfered with a local oscillator, frequency-upshifted
from pump by ∆ωRF. (b) In the radio-frequency (RF) domain: difference-
frequency beat-signals at ∆ωRF + ΩR (Stokes + LO), ∆ωRF (pump + LO)
and ∆ωRF − ΩR (anti-Stokes + LO), detected at a photo-diode, are marked
with solid double-arrows and form down-converted inverted spectrum of dual-
nanoweb output.

As an example, Fig. 5.3(a) sketches an optical spectrum typical for SRLS at low
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powers, which contains three side-bands: the first-order Stokes (in red) and anti-
Stokes lines (in blue) are symmetrically arranged around the pump laser line (in
black), from which they are spaced by the frequency shift ΩR. By mutually beating
with each other, their power spectrum features components at sums and differences
of their optical frequencies. The sum-frequency signals oscillate at roughly twice the
optical pump frequency, a period being many orders of magnitude shorter than the
typical integration time of any detector. In contrast to that, the difference-frequency
signals are in the RF domain and can be directly detected at a photo-diode. The
resulting (RF) spectrum of its photo-current, as it would be obtained by FFT, is
sketched in Fig. 5.3(b), resembling the observations in Fig. 5.1(b). The component
at frequency ΩR stems from beating of each pair of adjacent optical side-bands,
whereas the second one at at frequency 2ΩR is only due to beating of the Stokes
and anti-Stokes lines. In any case, it is impossible to retrieve the original optical
side-band powers unambiguously from the measured powers of the RF components.

To circumvent this issue, a small fraction of the pump laser signal is upshifted
(e.g. with an acousto-optic modulator) by an RF frequency ∆ωRF to act as a lo-
cal oscillator (LO). When each of the optical side-bands beats with the LO, three
additional signals appear in the RF spectrum, in inverse order to their optical fre-
quencies at ∆ωRF − ΩR, ∆ωRF and ∆ωRF + ΩR. The optical spectrum within a
narrow span around the pump laser frequency is then directly resembled by the RF
spectrum around ∆ωRF, as the RF powers are directly proportional to the product
of the optical powers in the respective side-band and the LO:

PRF
n ∝ Ps,nPs,LO. (5.2)

where Ps,n is the optical power of the n-th sideband (n = −1 for Stokes, 0 for pump
and +1 for anti-Stokes), and Ps,LO is the optical power of the local oscillator. The
frequency resolution imposed by heterodyne detection is then finally determined
by the resolution bandwidth (RBW) set at the radio-frequency spectrum analyzer
(RF-SA).

In the experiment, the frequency upshift provided by the acousto-optic mod-
ulator is 200 MHz, so that the heterodyne technique is capable of resolving Stokes
and anti-Stokes side-bands up to the 11th order when the SRLS frequency shift is
ΩR/ (2π) ∼ 6 MHz.
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5.2.1 Experimental set-up

The set-up for heterodyne detection of the optical spectrum transmitted through
the dual-nanoweb fiber is sketched in Fig. 5.4. The laser system comprises a fiber
laser (FL) with a narrow linewidth of ∼ 1.6 kHz, which provides the seed signal for
an Erbium-doped fiber amplifier (EDFA). After collimation, the amplified light is
sent through a combination of λ/2-plate and polarizer to control both power and
polarization.
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RFf 0f RFf+

acnf+0f
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PD

EDFA

CCD

RF-SA
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Fig. 5.4: Schematic of the heterodyne detection setup for spectral analysis of
the light transmitted through an evacuated dual-nanoweb fiber sample. FL:
single-frequency fiber seed laser, FC: fiber coupler, SMF: single-mode fiber,
EDFA: Erbium-doped fiber amplifier, L: lens, λ/2: half-wave plate, P: po-
larizer, BS: beam splitter, CCD: camera, AOM: acousto-optical modulator
driven by DC + radio-frequency (RF) signal at 200 MHz, PC: fiber polariza-
tion control, PD: photodiode, RF-SA: radio-frequency spectrum analyzer.

The amplified light is subsequently launched in TE polarization into the evacuated
dual-nanoweb fiber and coupled out using lenses with NA = 0.5, so that mainly the
fundamental optical mode is excited. For best coupling efficiency, the outcoupled
light is sampled at a beam splitter (BS) and the near-field mode pattern imaged with
a camera (CCD). To generate the local-oscillator (LO) signal for heterodyning, a
small fraction of the seed power is split off before the EDFA with a 90:10 fiber coupler
(FC) and frequency-upshifted in a fiber-coupled acousto-optic modulator. The LO
is then superposed at a 50:50 FC with the signal transmitted through the dual-
nanoweb fiber and their beat spectrum, detected with a fast photo-diode (PD), is
monitored with an RF-SA. To achieve best interference contrast, the polarizations of
sample and LO are adjusted parallel to each other using a fiber-coupled polarization
control (PC).
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5.2.2 Power-dependence of the spectrum transmitted through
the dual-nanoweb fiber

Figure 5.5 plots a series of four RF spectra for different launched optical powers,
recorded at the output of the heterodyne setup within ±250 kHz around each comb
component, when the RF-SA’s resolution bandwidth (RBW) was set to ∼ 2 kHz.
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Fig. 5.5: RF spectra of light transmitted through evacuated dual-nanoweb
fiber for different CW input powers, obtained by heterodyne detection. (a) At
4.8 mW the first-order Stokes and anti-Stokes sidebands are initially amplified.
Sidebands up to the (b) third order at 5.3 mW and (c) the fifth order at
7.8 mW are observed. (d) At 10.2 mW around each component of the main
frequency comb a fine structure of sidebands, spaced by 39 kHz, appears.
Their separation was, for clarity, chosen as the spacing of the fine ticks on the
frequency axis.

During the measurements only the optical power launched into the dual-nanoweb
fiber was varied, while the optical power in the local-oscillator arm was kept con-
stant. As a result, the constant of proportionality between detected RF power for
each comb component and its optical power remained the same. It is important to
note that the laser system exhibits side-bands at ±210 kHz relative to its carrier
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frequency; these are, however, suppressed by more than 53 dB relative to the main
laser line and cannot seed any optomechanical sidebands, as their frequency is mis-
matched.

The heterodyne RF spectrum at a launched optical power of 4.8 mW is shown
in Fig. 5.5(a). On either side of the pump peak, which is at zero relative frequency
and ∼ 70 dB above the noise level, small peaks at the frequencies of the first Stokes
and anti-Stokes lines at ±6.022 MHz can be observed, corresponding to the fun-
damental flexural resonant frequency of the dual-nanoweb structure. These peaks
originate from spontaneous scattering of photons at the pump frequency at ther-
mally excited noise phonons.

When the launched optical power is increased to 5.3 mW, which is above the
threshold for self-oscillation, six generated components spaced by 6.022 MHz can
already be distinguished, which represent Stokes and anti-Stokes sidebands up to
the third order (see Fig. 5.5(b)). For a launched optical power of only 7.8 mW,
the number of generated side-bands increases to ten, i.e. the fifth-order Stokes and
anti-Stokes sidebands appear as shown in Fig. 5.5(c)).

A much more intriguing situation emerges when the launched optical power
is increased above a level of ∼ 8 mW: around each component of the optical fre-
quency comb, a fine structure of additional side-bands, spaced by ∼ 39 kHz, appears.
For instance, as Fig. 5.5(d) shows, at a power of 10.2 mW four to six lines of this
narrow-spaced secondary comb can be distinguished. Its origin will be explained in
Section 5.2.3.

The individual component powers were extracted from the recorded RF spec-
tra when the launched optical power was kept in the range from 4.2 to 7.8 mW
so that no fine-structured sidebands appeared. In Fig. 5.6 they are plotted, nor-
malized by their sum, as a function of launched power with full and open circles
corresponding to Stokes and anti-Stokes components and the colors denoting their
order, respectively.

The threshold for the onset of the frequency-comb generation, marked with a
dashed line, occurs between the datapoints at 4.8 and 5.3 mW. Below this power,
only spontaneous scattering of photons at thermally excited phonons with randomly-
distributed phases can occur, whereas a strong amplification of the sidebands accom-
panied by depletion of the pump power is observed when the threshold is exceeded.
Its exact value strongly depends on the gas pressure applied to the dual-nanoweb
fiber: at the power levels available in the experiments, no comb could be gener-
ated anymore when the pressure was increased to ∼ 10 mbar. On the basis of the
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experimental results at hand, however, the origin of the threshold cannot yet be
explained.
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Fig. 5.6: Extracted powers of the optical sidebands constituting the main
frequency comb, normalized by their sum, as a function of launched input
powers from 4.2 to 7.8 mW. Full and open circles correspond to Stokes and
anti-Stokes sidebands, respectively, their color representing the sideband order.
The dashed lines are guidelines for the eye and indicate the evolution of the
sideband powers.

5.2.3 Characterization of the optomechanical gain spectrum

In order to further characterize the underlying mechanism of the nanoweb self-
oscillation, the spectrum of the optomechanical gain, provided by the flexural res-
onances of the nanowebs, was characterized using the technique reported in [59].
For this, co-polarized dual-frequency light was created by inserting an electro-optic
modulator (EOM), driven by a function generator (FG), between FL and EDFA in
Fig. 5.4. The DC bias voltage of the EOM was adjusted so that two side-bands of
equal power were synthesized, spaced in the optical spectrum by twice the RF fre-
quency, while the carrier wave was fully suppressed. The lower-frequency side-band
then acted as a seed at the Stokes frequency, with the higher-frequency side-band
being the pump signal. The dual-frequency light was subsequently amplified by the
EDFA and launched into the dual-nanoweb fiber. At its output, the cumulative
optomechanical gain is quantified by the relative increase of the Stokes signal due
to pump depletion, measured as a function of the pump-Stokes beat frequency Ω.
It is calculated by [67]

η (Ω) = Ps,-1 (Ω)− Ps,-1 (0)
Ps,0 (0) , (5.3)
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where Ps,-1 (Ω) is the transmitted Stokes power at the beat-note frequency Ω/ (2π),
Ps,-1 (0) and Ps,0 (0) are the transmitted Stokes and pump powers at a beat frequency
offside any flexural resonance (i.e. when no optoacoustic power transfer occurs).
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Fig. 5.7: (a) Energy-transfer between pump and Stokes sideband of dual-
frequency light, measured in transmission through evacuated dual-nanoweb
fiber as a function of beat-note frequency for ∼ 0.7 mW output power. Optical
power of pump (blue line) and Stokes (red line) signals as a function of beat-
note frequency (b) from 6.02 to 6.026 MHz (i.e. around the frequency spacing
of noise-seeded frequency comb) and (c) from 6.058 to 6.064 MHz. Mirror-
symmetric pump and Stokes curves indicate constant average output power.
The strongest peaks are spaced by ∼ 39 kHz, corresponding to the fine-line
spacing in Fig. 5.5.

In the experiment, the dual-frequency beat-note was scanned from 6.02 to 6.064
MHz. To provide a sufficiently high resolution, in the vicinity of a peak a step
size of 40 Hz was chosen, whereas offside from peaks 200-Hz steps helped to re-
duce the overall duration of the measurement. The level of the total launched
optical power was kept at ∼ 1.9 mW in order to prevent the nanowebs from self-
oscillating. Figure 5.7(a) plots the energy transfer from the pump to the Stokes
side-band upon propagation through the dual-nanoweb fiber as a function of the

67



Ch. 5 NOISE-DRIVEN OPTOMECHANICAL SELF-OSCILLATION

beat-note drive frequency. Peak values of ∼ 29% and 27% were observed at 6.022
MHz, corresponding indeed to the self-oscillation frequency, and also at 6.061 MHz.
Interestingly, these two peaks are spaced by ∼ 39 kHz, very close to the differ-
ence of the simulated flexural cut-off frequencies in both nanowebs (see Fig. 3.3)
and exactly matching to the side-band separation observed in the fine structure.
Hence each of the primary side-bands, spaced by Ω1R/ (2π) = 6.022 MHz, pumps
its own secondary comb with a slightly different spacing of Ω2R/ (2π) = 6.061
MHz. This results in the generation of a multiplicity of finely-spaced frequencies
Ω/ (2π) = (Ω0+n×Ω1R+m×Ω2R)/ (2π). As the spacing of the secondary frequency
comb is 39 kHz larger than that of the primary comb, the fine structure of the comb
lines is offset by n× (Ω1R + Ω2R) / (2π) = 39 kHz.

The energy-transfer spectrum in Fig. 5.7(a) also exhibits clusters of smaller
closely-spaced sharp peaks around each of the two main peaks. They are very similar
to those observed in Section 4.2 and again originate from structural non-uniformity
of the nanowebs along the length of the fiber.

Figures 5.7(b) and (c) show the optical power in the pump and Stokes side-
bands at the output of the dual-nanoweb fiber, zoomed in around the peaks at 6.022
and 6.061 MHz. The two curves are mirror-symmetric with respect to half of the
total optical power (which slightly drifts with frequency in (a)), indicating that all
the power transferred away from the pump is acquired by the Stokes side-band.

5.3 Theory of noise-driven stimulated Raman-like
scattering

Although all previously reported experimental results indicate that the self-oscillation
of the nanowebs is indeed driven by noise-seeded stimulated Raman-like scatter-
ing (SRLS), this anticipation has to be ultimately confirmed or disproved by theory.
Hence, in what follows, a theoretical model is derived for (intra-modal) SRLS within
the mainly excited fundamental optical mode.

In general, interactions between optical and flexural waves in the dual-nanoweb
fiber can be described using the inhomogeneous optical wave equation, provided in
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eq. 2.22, and the flexural wave equation [73, 121]:
1 + τ

∂

∂t

 ∂2

∂x2

[
Dj

(
∂2

∂x2 + ν
∂2

∂z2

)
δj (x, z)

]
+ 2 (1− ν) ∂2

∂x∂z

[
Dj

∂2

∂x∂z
δj (x, z)

]

+ ∂2

∂z2

[
Dj

(
∂2

∂z2 + ν
∂2

∂x2

)
δj (x, z)

]+ σj
∂2

∂t2
δj (x, z) = poptj (5.4)

where j = 1, 2 stands for upper and lower nanoweb, σj = ρglhwj (z) is the mass
of a nanoweb per unit area, hwj (x, z) the axial profile of the nanoweb thickness,
Dj (x, z) its flexural rigidity defined in Section 2.2.2, ν Poisson’s ratio, poptj the
optical gradient pressure, δj (x, z) the induced deflection profile, and the parameter
τ accounts for damping of the vibration. Strongly dominating over electrostriction
and photoelasticity because the interweb gap is small (comparable to the nanoweb
thickness), the optical gradient pressure can be calculated using eqs. 2.40 and 2.41
in Section 2.2.2.

5.3.1 Optomechanical nonlinear polarization and representation
of optical fields

The source term PNL
x on the right-hand side of the optical wave equation (eq. 2.25)

accounts for an effective nonlinear polarization that stems from the deflection-
induced variation of the modal refractive index nm. As the deflections of the
nanowebs are much smaller than the average spacing of the gap, the nonlinear
polarization can be approximated to the first order as [67]

PNL
x = ε0∆χNLEx, (5.5)

where ε0 is the dielectric permittivity of vacuum, Ex the only non-zero electric field
component of TE-polarized light, ∆χNL = ∂εeff

∂δ1
δ1 + ∂εeff

∂δ2
δ2 defines the variation of an

effective nonlinear susceptibility and εeff is an effective dielectric permittivity. As
εeff = nm

2, the nonlinear polarization can be equivalently expressed by the modal
refractive index as [122]

PNL
x = 2ε0nm

(
∂nm
∂δ1

δ1 + ∂nm
∂δ2

δ2

)
Ex (5.6)

As a result, both the optical and the flexural wave equation (eqs. 2.22 and 5.4) are
mutually coupled through the effective nonlinear polarization PNL

x and the optical
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gradient pressure poptj .
TE-polarized light of a single frequency, propagating along the fiber in the

z-direction, can be represented by a plane wave with an electric field component
parallel to the plane of the nanowebs. Following the scalar analysis in Section 2.1.3,
this field component can be Fourier-transformed and subsequently decomposed
using eq. 2.23: choosing the ansatz Z (z, ω) = s (z) exp{iβs (ω) z} to solve eq. 2.24a
introduces the field envelope s (z) which varies with position along the fiber, in the
simplest case due to optical losses. With this, the electric field becomes

Es
x (r, t) = Xs (x)Y (y)

√
P0

2ns2 (z) ε0Vs (z)s (z) exp
{
i (βs z − ω0t)

}
+ c.c., (5.7)

where Xs (x)Y (y) is the transverse shape of the (fundamental) optical mode, P0

its optical power, ns its modal index, βs its propagation constant, s (z) the slowly-
varying dimensionless envelope of its electric field, Vs (z) and ω0 are group velocity
and frequency of the light.

If the light contains an infinite number of sidebands with n indicating their
order, all equally spaced by the flexural resonant frequency ωn − ωn−1 = Ωj in each
nanoweb, its electric field in TE polarization is written as a superposition

Es
x (r, t) =Xs (x)Y (y)

√
P0

2ns2 (z) ε0Vs (z)×∑
n

sn (z) exp
{
i (βs,nz − ωnt)

}
+ c.c., (5.8)

where sn (z) is the (stationary) dimensionless field amplitude of the n-th side-band
(pump corresponding to zero, negative values stand for Stokes and positive for anti-
Stokes sidebands), βs,n = βs,0 + n× qj its propagation constant (βs,0 represents the
pump sideband), ωn = ω0 +n×Ωj its frequency and P0 is the total launched optical
power. Furthermore, the frequency spacing of the sidebands was assumed to be much
smaller than the optical pump frequency ω0, so that the frequency dependence of
ns (z) and Vs (z) can be neglected.

The transverse mode shape in eqs. 5.7 and 5.8 is normalized so that
∫ w/2

−w/2
dx |Xs (x)|2 =

∫ ∞
−∞

dy |Y (y)|2 = 1.
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This normalization allows to obtain the optical power of each sideband in the fun-
damental optical mode simply by

Ps,n (z) = |sn (z)|2 P0. (5.9)

5.3.2 Dispersion and transverse profiles of flexural nanoweb
resonances

Out-of-plane vibrations of each nanoweb are governed by the respective flexural
wave equation. As the length of the nanowebs is much larger than their width, their
deflection profile separates into product of functions depending on the transverse
and the axial coordinate. Neglecting optical pressure and acoustic losses, it takes
the form of a (propagating) flexural wave:

δj (x, z, t) ∝ δj0 (x)Re
[
exp

{
i (qjz − Ωjt)

}]
, (5.10)

where qj is the axial propagation constant of the flexural wave along the direction
of light propagation, Ωj (z) the vibrational frequency of nanoweb j and δj0 (x) the
transverse flexural mode shape at the cut-off frequency. It qualitatively resembles a
one-dimensional standing-wave pattern ∝ cos (qTj x), whose lowest-order transverse
wavenumber qTj is inversely proportional to the width of the nanowebs [64]. The
spatial derivatives of the deflection profile scale therefore as

∂k

∂xk
cos (qTjx) ∼ 1

wk
cos

(
qTjx+ k

π

2

)
and ∂k

∂zk
∼
(
iqj

k
)
, (5.11)

where k is a positive integer. Similarly, the spatial derivatives of the flexural rigidities
in eq. 5.4 scale as

∂kDj

∂xk
∼ Dj

∆Lxk
and ∂kDj

∂zk
∼ Dj

∆Lzk
, (5.12)

where ∆Lx = hwj/ (∂hwj/∂x) and ∆Lz = hwj/ (∂hwj/∂z) are typical transverse and
axial length scales, over which the thickness of the nanowebs varies. According to the
SEM image in Fig. 3.1, the thickness of a nanoweb changes over its width (22 µm)
by maximally ∼ 60 nm, so that ∆Lx ≈ 161 µm. Similarly, cut-back measurements
have shown that the nanoweb thickness at their center may change by ∼ 100 nm
over ∼ 1 cm, so that ∆Lz ≈ 4.4 cm. Consequently, with help of eqs. 5.11 and 5.12
spatial derivatives of the flexural rigidity can be neglected along both transverse
directions, as ∆Lx � w and ∆Lz � w. Hence, the flexural wave equation (eq. 5.4)

71



Ch. 5 NOISE-DRIVEN OPTOMECHANICAL SELF-OSCILLATION

simplifies to

Dj

(
1 + τ

∂

∂t

)(
∂4

∂x4 + 2 ∂4

∂x2∂z2 + ∂4

∂z4

)
δj + σj

∂2

∂t2
δj = poptj . (5.13)

When acoustic damping and optical pressure are disregarded one more time
and eq. 5.10 is inserted, eq. 5.13 transforms into an "eigenvalue equation" [59] from
which the exact transverse shape of the flexural mode can be calculated as a function
of axial propagation constant:[

∂4

∂x4 − 2qj2 ∂
2

∂x2

]
δj0 (x) =

(
σjΩ2

j

Dj

− qj4
)
δj0 (x) . (5.14)

The transverse shape of the fundamental flexural resonance is single-lobed along the
width of the nanowebs, so that it is described by the general symmetric solution of
eq. 5.14. Approximating the nanoweb thickness as constant along their width, eq.
5.14 is solved by [123]

δj0 (x) = C1 cosh
[
ξ1 (qj)x

]
+ C2 cosh

[
ξ2 (qj)x

]
, (5.15)

where the wavenumbers are ξj1 =
√
qj2 − q2

Tj and ξ2 =
√
qj2 + q2

Tj, qTj =
(
σjΩ2

j

Dj

)1/4

is
the transverse wavenumber and C1, C2 are coefficients determined by the appropriate
boundary conditions and normalization. As the nanowebs are attached to the inner
walls of a capillary fiber, their edges are fixed at x = ±w/2, which is ensured by
requiring

δj0 (x)|x=±w/2 = 0 and ∂δj0 (x)
∂x

∣∣∣∣∣
x=±w/2

= 0. (5.16)

When the first condition is applied to eq. 5.15, the coefficient C2 can be eliminated
and the transverse deflection profile yields

δj0 (x) = C1

cosh (ξj1x)−
cosh

(
ξj1

w
2

)
cosh

(
ξj2

w
2

) cosh (ξj2x)
 . (5.17)

Unless explicitly stated otherwise, in this thesis the transverse deflection profile is
normalized with respect to vibrational energy, so the coefficient C1 can be obtained
by requiring ∫ w/2

−w/2
dx |δj0 (x)|2 = 1.
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From the second boundary condition in eq. 5.16 a transcendental equation can be
derived which takes the form

ξj1 sinh
(
ξj1
w

2

)
cosh

(
ξj2
w

2

)
− ξj2 sinh

(
ξj2
w

2

)
cosh

(
ξj1
w

2

)
= 0. (5.18)

Referred to as flexural dispersion relation for symmetric modes, it mutually couples
the axial propagation constant and the flexural resonant frequency via thickness and
width of the respective nanoweb.
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Fig. 5.8: Resonant frequencies of the first two (a) anti-symmetric and (b)
symmetric flexural modes of one nanoweb plotted as a function of axial
wavenumber (insets: respective transverse mode shapes at cut-off). For the
calculations 440 nm-thick and 22 µm-wide nanowebs, at their outer edges at-
tached to the inner walls of the fiber capillary, were assumed. (c) Cut-off
frequency of the fundamental flexural mode as a function of nanoweb thick-
ness. (d) Flatness of dispersion curve illustrated by a zoom-in of (b). The
flexural frequency shifts for axial wavenumbers up to 4 mm−1 away from cut-
off by less than a mechanical linewidth.

For the sake of completeness, the general anti-symmetric solution of eq. 5.14 can be

73



Ch. 5 NOISE-DRIVEN OPTOMECHANICAL SELF-OSCILLATION

derived with the boundary conditions (eq. 5.16) in a similar way as

δasymj0 (x) = C1

sinh (ξj1x)−
sinh

(
ξj1

w
2

)
sinh

(
ξj2

w
2

) sinh (ξj2x)
 , (5.19)

where C1 is again determined by the normalization, and the flexural dispersion
relation for anti-symmetric modes becomes
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)
− ξj2 sinh

(
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)
cosh

(
ξj2
w

2

)
= 0. (5.20)

Figure 5.8 plots the resonant frequency as a function of axial wavenumber for the first
two (a) anti-symmetric (i.e. n = 2, 4) and (b) symmetric flexural modes (n = 1, 3)
in an idealized 440 nm-thick and 22 µm-wide fused-silica nanoweb. The respective
transverse mode shapes at cut-off are shown as insets. Disregarding tension in
the nanowebs, the theory predicts the fundamental (i.e. first symmetric) flexural
mode to be cut-off at ΩCOj/ (2π) ≈ 5.44 MHz, which is close to the experimentally
observed self-oscillation frequency. Figure 5.8(c) shows that the fundamental cut-off
frequency is very sensitive to the actual nanoweb thickness: a decrease by ∼ 20
% would upshift the cut-off by ∼ 0.6 MHz. The zoom-in provided by Fig. 5.8(d)
illustrates the flatness of the dispersion curve for the fundamental flexural resonance.
For axial wavenumbers in the range from zero (at cut-off) to ∼ 4 mm−1 the flexural
resonant frequency shifts by less than an SRLS linewidth (which is ∼ 700 Hz, see
Section 5.4.2).

Raman-like transitions are mediated by phonons of the fundamental flexural
resonance with very small axial wavenumbers and frequencies close to the flexural
cut-off. Under this condition (i.e. qj = qjR ≈ 0), the wavenumbers in each nanoweb
become ξj1 (0) = qTj , ξj2 (0) = iqTj and the frequency of the flexural vibration
ΩjR ≈ ΩCOj. In this case the transverse shape of the fundamental flexural vibration
simplifies to

δjR0 (x) = C1

cosh (qTjx)−
cosh

(
qTj

w
2

)
cos

(
qTj

w
2

) cos (qTjx)
 . (5.21)

Similarly to the electric field in eq. 5.7, it is convenient for the following calculations
to express the spatial profile of SRLS vibrations in terms of a complex slowly-varying
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flexural field amplitude. It is written in a normalized form as

δjR (x, z, t) =
√√√√ P0

2c0ψjRσj (z) Ω2
jR (z)δjR0 (x)Rj (z) exp

{
i (qz − Ωt)

}
+ c.c., (5.22)

where P0 is the launched power in the fundamental optical mode, c0 is the speed of
light in vacuum and ψjR is a dimensionless normalization coefficient defined by

ψjR (x, z) = Dj

σj (z) Ω2
jR (z)

∫ w/2

−w/2
dx

[
∂2δjR0 (x)

∂x2

]2

. (5.23)

With this, the acoustic energy per unit length of the nanowebs can be calculated,
in analogy to the optical power in each frequency side-band within the fundamental
optical mode (eq. 5.9), by

eac (z) = P0

c0

2∑
j=1
|Rj (z)|2 . (5.24)

5.3.3 Equation governing the slowly-varying optical field
amplitudes

Next, an equation governing the evolution of the optical field envelopes is derived.
For this, the electric field is considered after eq. 5.8 to be composed of an infi-
nite number of equidistant-in-frequency sidebands in the fundamental optical mode.
Their spatial envelopes sn (z) are assumed to satisfy the slowly-varying envelope ap-
proximation |∂2sn/∂z

2| � |βs,n ∂sn/∂z|, which is applied to simplify eq. 2.24a from
Section 2.1.3. For each component n, optical losses are taken into account by ad-
ditionally applying first-order perturbation theory to the solution of the transverse
Helmholtz equation (eq. 2.24b): its eigenvalue, the propagation constant βs,n, is
assumed to be subject to a small loss-related modification ∆β = iαs/2 that does
not alter the transverse mode shape W (x, y) [69]. Therefore, βs,n on the right-hand
side of eq. 2.24a is replaced by β̃s,n = βs,n + ∆β. With β̃2

s,n − β2
s,n ≈ 2βs,n∆β, eq.

2.24a simplifies as

2i
∑
n

βs,n
∂sn (z)
∂z

exp
{
iβs,nz

}
+ 2i

∑
n

βs,n
αs

2 sn (z) exp
{
iβs,nz

}
≈ 0. (5.25)

Multiplying this expression with the transverse mode shapeXs (x)Y (y), introducing
the power normalization from eq. 5.7 and applying the Fourier back-transform
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yields the left-hand side of the nonlinear wave equation (eq. 2.25) in the time
domain. In the steady state (i.e. for ∂sn (z, t) /∂t ≈ 0 and ∂Rj (z, t) /∂t ≈ 0), it
becomes

∂2

∂z2E
s
x −

ns
2

c02
∂2

∂t2
Es
x ≈ 2i Xs (x)Y (y)

√
P0

2ns2 (z) ε0Vs (z)×∑
n

[
βs,n

∂sn (z)
∂z

+ βs,n
αs

2 sn (z)
]
exp

i (βs,nz − ωnt)
}

+ c.c., (5.26)

where the relation βs,n = nsωn/c0 was used. Inserting eqs. 5.6 and 5.8, the right-
hand side of the optical wave equation becomes

1
ε0c02

∂2

∂t2
PNL
x = − ns

c02

2∑
j=1

Xs (x) δjR0 (x)Y (y) ∂ns
∂δj

√√√√ P0

2c0ψjRσj (z) Ω2
j (z)×

∑
n

√
P0

2ns2 (z) ε0Vs (z)

[
2Rj (z) sn−1 (z)ωn2 + 2R∗j (z) sn+1 (z)ωn2

]
×

exp
i
[ (
βs,n + i

αs

2

)
z − ωnt

]+ c.c. (5.27)

Both eqs. 5.26 and 5.27 can be multiplied with X∗s (x)Y ∗ (y) and integrated over
the transverse directions x and y. Setting the respective results equal yields a
differential equation that describes the evolution of the slowly-varying envelope for
the n-th optical sideband:

∂

∂z
sn (z) + αs

2 sn (z) = i
ωn
ω0

2∑
j=1

κjsRs
[
Rj (z) sn−1 (z) +R∗j (z) sn+1 (z)

]
, (5.28)

where the coupling rate per unit length of the nanowebs between the optical side-
bands in the fundamental optical mode is defined as

κjsRs = ω0

c0

∂ns
∂δj

QjRss

√√√√ P0

2c0ψjRσj (z) Ω2
jR (z) . (5.29)

The coefficient QjRss is the overlap of the fundamental optical mode with the de-
flection profile for the fundamental flexural resonance in each nanoweb, defined as

QjRss =
∫ w/2

−w/2
dx δjR0 (x) |Xs (x)|2 . (5.30)
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FEM simulations using the contours of the real fiber structure extracted from Fig. 3.1
yield QjRss ≈ 319 m−1/2.

If the dual-nanoweb system is pumped with single-frequency laser light, the
boundary condition for eq. 5.28 is

sn (z = 0) = δn,0 +
√
Pnoise

P0
(δn,−1 + δn,+1) , (5.31)

where the effective input noise power in the first-order Stokes and anti-Stokes side-
bands seeding SRLS is defined as [124]

Pnoise = kBTω0ΓjR
2ΩjR

. (5.32)

5.3.4 Equation governing the slowly-varying flexural field
amplitudes

The slowly-varying amplitude of the flexural phonons mediating SRLS transitions is
governed in the steady state by a relation similar to eq. 5.28, which can be derived
by inserting eqs. 5.22 and 5.14 into the simplified flexural wave equation (5.13).
Applying again the slowly-varying envelope approximation |∂2Rj/∂z

2| � |q ∂Rj/∂z|
while setting q = qjR ≈ 0 and ∂/∂t = 0, its left-hand side becomes
(

1 + τ
∂

∂t

)(
∂4

∂x4 + ∂4

∂x2∂z2 + ∂4

∂z4

)
δjR + σj

∂2

∂t2
δjR = −σj

(
Ω2 + iΩΓjR − Ω2

jR

)
×

δjR0 (x)
√√√√ P0

2c0ψjRσjΩ2
jR
Rj (z) exp

{
i (qz − Ωt)

}
+ c.c., (5.33)

where ΓjR = τΩ2
jR is the energy decay rate of the SRLS phonons.

The optical gradient pressure at the right-hand side of the simplified flexural
wave equation calculates for TE-polarized light from eq. 2.41 as

poptj = ε0
2

(1− ns2)Es
x

2 + c0
2

ω02

(
∂Es

x

∂y

)2
y=youterj

y=yinnerj

(5.34)
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When the electric field of the superposed equally-spaced side-bands in the funda-
mental optical mode (eq. 5.8) is inserted, the optical gradient pressure yields

poptj =Xs (x)2 P0HjRss (z)
4ns2Vs

∑
l,n

[
sn (z) sl (z) exp

{
i
[(
β̃s,n + β̃s,l

)
z − (ωn + ωl) t

] }
+

sn (z) s∗l (z) exp
{
i
[(
β̃s,n − β̃s,l

)
z − (ωn − ωl) t

] }]
+ c.c., (5.35)

where the quantity

HjRss (z) =
(1− ns2 (z)

)
Y 2 − c0

2

ω02

(
∂Y (y)
∂y

)2
y=youterj

y=yinnerj

, (5.36)

solely defined through the geometry of the dual-nanoweb waveguide region, describes
the coupling strength of the optical field to flexural vibrations mediating SRLS
transitions. For the experimental dual-nanoweb structure, FEM simulations yield
HjRss = −0.159 µm−1.

The terms in eq. 5.35 containing sums of propagation constants and optical
frequencies cannot phase-match to any flexural resonance of the nanowebs and thus
play no role. The same holds for the beat-note terms with n− l 6= 1 which cannot
provide phase-matching for SRLS phonons of wavevector q and frequency Ω. Hence,
the only remaining terms capable of contributing to SRLS arise from beating of
adjacent optical side-bands (i.e. n− l = 1), so that eq. 5.35 simplifies as

poptj = Xs (x)2 P0HjRss (z)
2n2

sVs

∑
n

sn (z) s∗n−1 (z) exp
{
i (qz − Ωt)

}
+ c.c. (5.37)

Setting eqs. 5.33 and 5.37 equal, multiplying both sides by δjR0 (x) and integrating
over the nanoweb width yields then a differential equation for the evolution of the
slowly-varying flexural field envelope:

Ω2 + iΩΓjR − ΩjR
2

2iΩ Rj (z) = iκjRss
∑
n

sn (z) s∗n−1 (z) , (5.38)

where the coupling rate from the optical field to the flexural vibrations mediating
SRLS transitions is defined as

κjRss = P0QjRssHjRss (z)
4c0Ωns (z)σj (z)

√√√√2c0ψjRσj (z) Ω2
jR (z)

P0
. (5.39)
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After eq. 5.9, the total optical power in the fundamental optical mode is cal-
culated by Ps (z) = P0

∑
n |sn (z)|2. With this, the equations governing the evolution

of electric and flexural field amplitudes (eqs. 5.28 and 5.38) can then be recasted.
When in the vicinity of the flexural resonance Ω + ΩjR ≈ 2Ω is assumed [67], both
optical and mechanical power are found to be coupled by a single equation:

∂Ps

∂z
= −αsPs−

2∑
j=1

eac,jΓjR with eac,j = P 2
0 Ω |Φss|2

ω0ΓjR
gssj (Ω, z)

and gssj (Ω, z) = gss0j
(ΓjR/2)2

(Ω− ΩjR)2 + (ΓjR/2)2 (5.40)

where eac,j is the acoustic energy per unit length of SRLS phonons in nanoweb
j, gssj (Ω, z) is the Lorentzian-shaped SRLS gain spectrum with a peak value
gss0j = 4κjsRsκ

j
Rss/ (P0ΓjR) and the strength of the optical beat-note driving SRLS

phonons (referred to as a generalized "optical force") is characterized by

Φss (z) =
∑
n

sn (z) s∗n−1 (z) . (5.41)

The quantity ∑2
j=1 eac,jΓjR can be considered as the mechanical work done by the

optical field per unit fiber length.
With the refractive index of the fundamental optical mode ns = 1.2369,

the mass density of Silica glass ρgl = 2203 kg/m3, the typical SRLS linewidth
ΓjR/ (2π) = 400 Hz, the frequency of SRLS phonons Ω/ (2π) = 6.02 MHz, a typ-
ical nanoweb thickness hw ≈ 440 nm and for the numerical parameters QjRss =
319 m−1/2, HjRss = −0.159 µm−1 and ∂ns/∂δj ≈ 0.0582 µm−1, the peak gain coef-
ficient for SRLS in the dual-nanoweb fiber is estimated to be gss0j ≈ 0.11 µm−1W−1.
As a result of the small frequency shift combined with the high mechanical compli-
ance of the nanowebs, this value is almost five orders of magnitude larger than in a
solid-core PCF with ∼ 1 µm core diameter and more than ten million times larger
than in an SMF-28 single-mode fiber, where the confinement of the acoustic mode
is poor [59]. Interestingly, the SRLS gain in the dual-nanoweb fiber also exceeds the
typical gain for SRS within the fundamental mode of a hydrogen-filled kagome-style
hollow-core PCF by more than six orders of magnitude if a core diameter of ∼ 23 µm
is assumed [117, 119, 125].
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5.3.5 Parametric gain suppression

The evolution of the optical force along the length of the fiber can be obtained from
eq. 5.41 with calculations similar to those used to derive eq. 5.40. It is governed by
the very simple relation

∂Φss

∂z
= −αsΦss. (5.42)

As a result, a curious and rather unique situation emerges: no matter how large the
SRLS gain in the dual-nanoweb fiber is, the optical force is solely determined by the
optical field at the input fiber end and the optical losses, so that, interestingly, it
cannot increase along the whole length of the fiber.

If dual-frequency pump light is launched into the fiber, the optical force at the
input is Φss (0) = s0 (0) s∗−1 (0) and power can be exchanged between the side-bands
as the optical field progresses along the fiber. A fundamentally different situation
emerges, however, when a single-frequency pump beam is used (the case for the
experiment in Section 5.2.2): in this case the optical force at the input is Φss (0) = 0
for the boundary conditions provided by eq. 5.31, which implies that Φss vanishes
everywhere along the fiber. Although in practice the first-order Stokes and anti-
Stokes sidebands are seeded by noise, as observed in Fig. 5.5(a), the optical force
will nevertheless remain zero on average and the regime of stimulated scattering
cannot be entered.

More generally speaking, it has been already known since 1964 that the Raman
gain in any system pumped by a single-frequency laser will be fully suppressed if the
pump-to-Stokes and pump-to-anti-Stokes transitions are mediated by phonons of ex-
actly the same frequency and momentum [126, 127]. As a result, a phonon created
by pump-to-Stokes scattering is immediately annihilated by pump-to-anti-Stokes
scattering, preventing the build-up of a sufficient phonon population in the molec-
ular coherence wave. In the majority of practical cases, Raman gain suppression
is frustrated because optical group velocity dispersion causes the phonons driving
pump-to-Stokes and pump-to-anti-Stokes scattering to differ. In the dual-nanoweb
fiber, however, they are essentially identical, as it was proven in Section 5.1. As a
result, in strong contrast to the experiments, perfect gain suppression is expected.

The first experimental demonstration of this effect was reported for a free-
space configuration where a powerful single-frequency laser beam was focused into
a bulk gas cell filled with the Raman-active gases H2 (molecular hydrogen) or D2

(deuterium) to generate the first-order Stokes and anti-Stokes side-bands [128]. The
suppression of SRS gain manifested itself as a dark ring in the radial-symmetric
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spatial pattern of the emitted anti-Stokes radiation. More specifically it appeared
under the angle of exact phase-matching, oblique to the axis of the pump beam.
For much simpler collinear geometries the same effect was also studied in optical
fibers providing an enhanced nonlinear interaction length. A key example reported
gain suppression in a standard single-mode fiber [129], where the phase-mismatch
between pump-to-Stokes and pump-to-anti-Stokes transitions was dictated by the
optical dispersion and the fixed frequency of the employed laser. Later this was also
demonstrated to happen in a solid-core PCF [118], in which the phase-mismatch
could be tuned by adjusting the pump wavelength.

While in these examples the region of perfect gain suppression was artificially
restricted due to perturbing four-wave mixing combined with strong higher-order
dispersion, a H2-filled hollow-core kagome-style PCF was suggested as an ideal de-
vice to observe clean Raman gain suppression [130]. This fiber provides the unique
ability to precisely tune both nonlinearity and the overall dispersion by the applied
gas pressure [131, 132]. Resulting from the particular shape of the optical dispersion
curve, the coherence wave created by pump-to-Stokes scattering in the fundamental
optical eigenmode could at a particular gas pressure also mediate pump-to-anti-
Stokes scattering, therefore expecting the build-up of the intra-modal coherence
wave to be fully suppressed. However, when in the experiment the pressure was
swept over a wide range, the Stokes power was found to decrease at exact phase-
matching, but unexpectedly it never reached the noise level. Instead, a different
unsuppressed coherence wave with a non-zero wavevector emerged, driving a sin-
gle inter-modal transition from the pump in the fundamental mode to the Stokes
frequency in a higher-order optical mode of the fiber.

5.4 Frustration of parametric gain suppression by
stimulated inter-modal scattering

Very similar to the kagome-style hollow-core PCF, the dual-nanoweb fiber supports
a variety of optical eigenmodes with different numbers of lobes along and across the
nanowebs (see Section 3.1). Hence phonons of appropriate frequency and wavevec-
tor can mediate a forward light scattering process between two optical eigenmodes
referred to as stimulated inter-modal scattering (SIMS). It is related to stimulated
interpolarization scattering between orthogonally polarized modes in linearly bire-
fringent fibers [133] and to optoacoustic scattering between counter-propagating
Bloch modes in fiber Bragg gratings (FBGs) [134]. SIMS can be qualitatively dis-
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tinguished from SRLS, as it requires a larger amount of phonon momentum. This
is because light guided at the same frequency possesses an axial wavevector that
significantly differs for the two involved optical modes. Consequently, the acoustic
frequency-wavevector relationship is no longer flat, so that the phonon frequency
depends significantly on its momentum. The frequency shift in SIMS scales there-
fore with the pump laser frequency, a feature it shares with conventional backward
Brillouin scattering.
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Fig. 5.9: (a) Dispersion diagram of fast (f) and slow (s) optical modes
shows unbalancing of SRLS gain suppression by forward SIMS, leading to
self-oscillation for zero frequency detuning between SRLS and SIMS (δΩ = 0):
s → f transitions from pump to 1st Stokes generate forward SIMS phonons
which stimulate f → s transitions from pump to 1st anti-Stokes. (b) Inter-
play of SRLS, backward and forward SIMS for δΩ = 0 results in generation
of many optical sidebands and self-oscillation. Note that the phonon dephas-
ing for higher-order Stokes and anti-Stokes generation, indicated by dashed
arrows, is greatly exaggerated in the figure; in the experiment it is very small
(∼ 10−9 m−1). (c) Scheme of the frequency-wavevector diagram for phonons
guided in the two nanowebs (NW1 and NW2, each with different cut-off-
frequencies). The open circle marks the point of zero phonon frequency and
wavevector, the optical dispersion curves of slow and fast mode are included
(simulated field distributions as insets). The diagrams show both SRLS and
SIMS in forward (left) and backward (right) directions. In the case illustrated,
the SRLS and SIMS frequencies differ by δΩ.

In order to unbalance SRLS gain suppression by SIMS, two special conditions
must be fulfilled: the SIMS phonon must phase-match an inter-modal transition
at the same vibrational frequency as SRLS, and a (sufficient) fraction of the pump
power must be launched into a higher-order optical mode in addition to the funda-
mental mode1. If this occurs, s→ f transitions generate forward-propagating SIMS

1In what follows, the fundamental optical mode will be referred to as slow mode (s), whereas the
higher-order optical mode will be called fast mode (f).
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phonons from pump to 1st Stokes which are then annihilated by f → s transitions
seeded by pump photons unavoidably launched into the fast mode (in Fig. 5.9(a)
this half-cycle is sketched in violet). Thus, a cascade of two inter-modal scatter-
ing events frustrates gain suppression for SRLS, allowing access to the giant SRLS
gain and permitting the system to self-oscillate, generating a large number of side-
bands (see Fig. 5.9(b)). As the extended theory describing combined SRLS and
SIMS in Section 5.4.3 will show, the involved higher-order optical mode is two-lobed
along and single-lobed across the nanowebs (i.e. it is a second-order optical mode).
The simulated field distributions of the fundamental and this higher-order mode
are shown in Fig. 5.9 as insets placed next to the corresponding dispersion curve.
Note that SIMS can also be mediated by backward-propagating phonons created
by f → s transitions (orange arrows in Fig. 5.9). Although contributing to the
dynamics of the unbalanced system, backward SIMS phonons are not capable of
unbalancing SRLS gain suppression themselves, as only a relatively small fraction
of pump power is launched into the fast optical mode in a typical experimental sit-
uation.

In practice, however, it is impossible to unbalance gain suppression if only one
flexural resonance exists in the system, as would be the case in a dual-nanoweb struc-
ture perfectly symmetric to the membrane planes, because the frequencies of SIMS
and SRLS can then not coincide. In particular, for a structure of two 500 nm-thick
and 22 µm-wide identical membranes, they are spaced by ∼ 200 kHz. However, in
an axially uniform structure with upper and lower nanowebs of different thickness
it is possible to meet this condition via SRLS for the higher-frequency acoustic res-
onance and SIMS for the lower-frequency resonance, by tuning the laser wavelength
so that the frequency-detuning δΩ between SRLS and SIMS vanishes (sketched in
Fig. 5.9(c)).

In the experiments presented here, this is achieved even more easily, because
the fabricated dual-nanoweb fiber has significant transverse asymmetries, offer-
ing two acoustic resonances (one for each nanoweb), as well as large axial non-
uniformities (see Chapter 4), permitting frustration of gain suppression at one or
more positions along the fiber. In this context, the existence of the observed thres-
hold power for self-oscillation can be qualitatively explained: the required population
of forward-propagating phonons can only build up if the rate of s → f scattering
events, determined by the local optical powers in the slow and fast mode, exceeds
the sum of the optical loss rates in both modes.
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5.4.1 Experimental indications for stimulated inter-modal
scattering

During the experiments reported in Section 5.2.2 two independent observations were
made which both indicate the presence of SIMS at the same frequency as SRLS:

(1) When the spectral evolution of the noise-seeded optical frequency comb
with launched single-frequency pump power was measured, a CCD camera was used
to monitor the near-field pattern of the optical mode at the dual-nanoweb fiber
output for each step in power, as discussed in Section 5.2.1. Figure 5.10 shows
the output mode shapes when the launched optical power was varied: (a) and (b)
were obtained for 4.2 and 4.8 mW, below the threshold for self-oscillation, and
(c)−(f) from 5.4 to 9 mW, above threshold. The relative positions of fiber end-
facett, CCD camera and imaging lens were fixed during the measurement, so that a
clear deformation of the output mode shape could be observed when the launched
power exceeded the self-oscillation threshold. This agrees with the assumption that,
from this power level on, light is scattered at thermal phonons not only within the
fundamental optical mode, but also into a higher-order mode.

4.2 mW 4.8 mW 5.4 mW
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Fig. 5.10: Near-field mode pattern observed with a CCD camera at the out-
put of the dual-nanoweb fiber as a function of launched optical power. The
nanowebs were aligned horizontally. (a)−(b) Mode pattern below threshold
for self-oscillation at 4.2 and 4.8 mW, and (c)−(f) above threshold for 5.4, 6.0,
7.8 and 9.0 mW launched optical power. Additionally to the overall increase of
optical power, a clear change of the near-field pattern occurs at the threshold.

(2) A second hint for this was observed when the spectrum of energy-transfer from
pump to Stokes was measured by dual-frequency excitation at a higher launched
optical power of ∼ 3.5 mW. Unlike in the previous measurement at ∼ 1.8 mW
(Fig. 5.7), in certain frequency ranges from 6.020 to 6.023 MHz and from 6.059
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to 6.063 MHz (i.e. close to the SRLS frequencies in each nanoweb) the power
transferred away from pump (denoted by the blue shaded area) does clearly not
correspond to the power gained by Stokes (red shaded area), as Fig. 5.11 shows.
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Fig. 5.11: Optical output powers of dual-frequency light (blue line for pump,
red line for Stokes) and total output power (black line) as a function of beat-
note frequency (a) from 6.02 to 6.026 MHz and (b) from 6.058 to 6.064 MHz,
in the vicinity of SRLS in both nanowebs. When ∼ 3.5 mW were launched
into the fiber, 1.3 mW were transmitted off-resonance. Blue- and red-shaded
areas denote power transferred away from pump and gained by Stokes, respec-
tively. Their strongly asymmetric shape from 6.020 to 6.023 MHz and from
6.059 to 6.063 MHz indicates partial dissipation of the power transferred away
from pump, resulting in transmission dips of up to 31% of the total power at
particular frequencies. The red dashed lines in (a) and (b) are the expected
Stokes powers if no transferred power were lost.

In the left and right lower graphs the total optical power at the fiber output is
plotted as a solid black line, the dashed black line representing the (average) output
when the pump-Stokes beat-note frequency does not match to a flexural resonance.
The transmission spectrum features at certain resonant frequencies pronounced dips
of up to 31 % of the total power, so that at these frequencies a considerable pump-
power fraction is not converted within the fundamental optical mode to Stokes, but
actually dissipated (indicated by grey shaded areas). Again this indicates that, at
one or more positions along the fiber sample, optical power is resonantly scattered,
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very close to the SRLS frequencies (6.022 and 6.061 MHz), into some much more
lossy higher-order optical mode. As a result, this pump-power fraction is effectively
lost before it reaches the fiber output.

5.4.2 Spatially resolved mapping of optically-driven flexural
nanoweb vibrations

While the experimental observations reported in the previous section indeed indicate
the presence of inter-modal scattering (SIMS) at the same frequency as intra-modal
scattering (SRLS) at least at one position along the fiber, they cannot ultimately
proof the mechanism suggested for frustration of gain suppression. Instead, it is
necessary to retrieve the full spatial evolution of all optically-driven flexural nanoweb
resonances in the vicinity of the self-oscillation frequency along the investigated fiber
sample.

10 µm

x

z

y

Fig. 5.12: (a) Sketch of the transverse probing scheme: the green beam
represents axially propagating infrared pump light driving flexural nanoweb
resonances and generating an optical frequency comb in transmission, whereas
the red beam denotes the transversely launched visible probe light which be-
comes phase-modulated as a result of the nanoweb vibration. Inset: scanning
electron micrograph of the dual-nanoweb waveguide region.

Based on conventional SBS, "Brillouin Optical Time-Domain Analysis" has
been demonstrated as a very effective and versatile tool to gain spatially resolved
information about parameters of an optical fiber. First developed to measure varia-
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tions of the attenuation constant in a single-mode fiber [135], it could be also applied
to retrieve the local Brillouin frequency shift and dispersion along a single-mode
optical fiber [136] and a solid-core PCF [137], where finally a spatial resolution of
roughly half a meter was achieved [138]. However, to-date no comparable technique
exists to probe the local frequency shift by forward SRLS / SIMS in dual-nanoweb
fiber samples as short as ∼ 20 cm, while providing a spatial resolution of ∼ 1 mm.

In comparison to conventional optical fibers, the dual-nanoweb structure fea-
tures a significant advantage: As the nanowebs resemble a pair of planar waveguides,
light can be launched into them along the axial and also along the transverse di-
rection, in the latter case propagating perpendicularly to the fiber axis. This is
possible as no complex microstructured cladding is required to confine the light in
the nanowebs, thereby avoiding multiple internal reflections which would distort the
Gaussian shape of the side-probing beam. This scheme is illustrated in Fig. 5.12,
where the red beam represents the light focused from the side of the fiber into the
nanowebs. If flexural nanoweb vibrations are driven infrared pump light axially
propagating along the whole length of the fiber (represented by the green beam),
the optical phase of the transversely guided light becomes slightly modulated, as its
modal index is determined, among others, by the separation between the nanowebs
(see Section 2.2.1). Scanning the side-probing beam along the fiber can then pro-
vide convincing evidence for the proposed (and indicated) SIMS/SRLS mechanism
of self-oscillation.

Experimental set-up and technical details of the side-probing technique

In the following sections the proposed side-probing technique is applied to char-
acterize flexural resonances of the nanowebs along a 22 cm-long fiber sample. To
suppress air-related viscous damping of the mechanical vibrations and to enable
self-oscillation, each end of the sample was mounted in a windowed gas cell and the
system evacuated to a pressure of ∼ 1 µbar. TE-polarized pump light at 1550 nm
was launched into the dual-nanoweb fiber so as to excite mainly the slow (single-
lobed) optical mode with a small fraction of the power in the fast (double-lobed)
optical mode. If, on the one hand, its spectrum consists of two lines, a flexural
nanoweb vibration can be driven if its resonant frequency matches the optical beat-
note frequency.
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Fig. 5.13: Mach-Zehnder interferometer setup for transverse probing of flexu-
ral vibrations in an evacuated 22cm-long dual-nanoweb fiber. Vibrations are
driven by axially propagating TE-polarized pump light. FL: single-frequency
fiber laser, EDFA: Erbium-doped fiber laser, L: lens, GC: gas cell, optional
(for dual-frequency pumping) FC: fiber coupler, SSB: optical single-sideband
modulator, FG: frequency generator. The side-probing system consists of
HeNe: Helium-Neon probe laser, scanning stage (movable along dual-nanoweb
fiber), BS: beam splitter, CCD: camera, BPD: balanced photodiode, RF-SA:
radio-frequency spectrum analyzer, PM: power meter. Interferometer sta-
bilization is achieved with FS: fiber stretcher driven by PID: proportional-
integral-differential controller.

In the experiment (see Fig. 5.13) this dual-frequency pump light was generated from
a seed signal provided by a narrow-linewidth fiber laser (FL, ∆fFWHM ≈ 16 kHz),
split by a fiber coupler (FC) with ratio 90:10 into two parts. The higher-power
beam was transmitted through an optical single-sideband modulator (SSB, ∼ 14
dB insertion loss) to generate a signal at the first Stokes frequency by downshifting
the carrier with a tunable RF frequency. The SSB output signal was superposed
with the lower-power seed signal at the pump frequency, using a FC with 50:50
splitting ratio, and amplified with an Erbium-doped fiber amplifier (EDFA). On the
other hand, single-frequency pump light may be sufficient to drive a particular self-
oscillating flexural resonance if the launched optical power exceeds the threshold.
In the analyzed fiber sample it was measured to be ∼ 20 mW.

The mechanical vibrations, driven in axial direction, were probed by launch-
ing a 633 nm HeNe laser beam transversely into the nanowebs through the fiber
cladding and monitoring the phase of the transmitted light using a Mach-Zehnder
(MZ) interferometer. A FC formed its two arms, one of which contained the fiber
sample, with the nanowebs carefully aligned in the horizontal (i.e. xz) plane. Lenses
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with NA = 0.55 were used to couple the probe light mainly into, and out of, the TE-
polarized fundamental optical mode. For optimal coupling efficiency the outcoupled
light was sampled with a beam splitter (BS) and imaged with a CCD camera. A typ-
ical image of the optical mode is shown in Fig. 5.14, when the fiber was illuminated
from the side with green light. Subsequently the phase-modulated probe light was
launched into a SMF and superposed with the reference signal. To compensate for
environmental perturbations while providing high phase sensitivity of the interfer-
ometer, the relative optical phase between sample and reference arm was stabilized
at π/2 with a fiber stretcher (FS), which was driven by a proportional-integral-
differential (PID) controller at a rate of ∼ 100 Hz. The intensity-modulated light at
the output ports of the MZ was detected using a balanced photodiode (BPD), and
the radio-frequency (RF) power spectrum of the BPD current was monitored using
an RF spectrum analyzer (RF-SA) with signal-to-noise ratios as high as 33 dB for
the strongest signals.

The side-probing set-up was mounted on a translation stage, allowing the fre-
quencies and amplitudes of the nanoweb vibrations to be mapped out in computer-
controlled steps over a fiber length of ∼ 11 cm. As will be demonstrated, mechanical
vibrations with amplitudes as small as 10 pm (see analysis below) can be resolved
with an axial resolution of 5 µm, limited by the NA of the focused probe beam.

Simultaneously, the RF spectrum of the axially guided single- and dual-frequency
pump light was monitored using the heterodyne technique explained in Section 5.2.

Retrieval of the nanoweb deflection from side-probing measurements

To evaluate the side-probing measurements quantitatively, a simple relation between
the RF power detected by the BPD at the side-MZ output to the amplitude of the
nanoweb vibrations in the sample arm of the side-MZ is derived. In analogy to sec-
tion 4.1.2, where the sample beam was axially transmitted through the dual-nanoweb
fiber, the optical output power of the probe signal at one of the interferometer out-
puts is calculated after eq. 4.1. Adjusted to quadrature (ϕbias = π/2), it becomes
with the single-sideband approximation of the Jacobi-Anger expansion (eq. 4.5)

Pout (z,Ω, t) ≈ Psig (z) + Pref + Pm (z,Ω) cos (Ωt) , (5.43)

where Pm (z,Ω) = 4J1
[
ϕ (z,Ω)

]√
Psig (z)Pref is the amplitude of the probe intensity-

modulation at one FC output, ϕ (z,Ω) is the nonlinear phase-change amplitude,
acquired during transverse propagation, and J1 is the first-order Bessel function of
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the first kind. The photo current at the BPD output is then modulated according
to

∆IPD (z,Ω) = 4 R J1
[
ϕ (z,Ω)

]√
Psig (z)Pref, (5.44)

where R is the AC responsivity of the BPD, while the DC common-mode signal
is suppressed by the BPD. Consequently the RF power detected by the RF-SA at
frequency Ω/ (2π) is

PRF (z,Ω) = Z
[
∆IPD (z,Ω) /

√
2
]2
, (5.45)

where Z is the impedance of the RF-SA and ∆IPD/
√

2 is the effective value of the
BPD AC current. Finally, as the phase-modulation of the transversely launched
probe light is small, the first-order Bessel function of the first kind can be approxi-
mated by J1

[
ϕ (z,Ω)

]
≈ 0.5ϕ (z,Ω). Consequently, eq. 5.45 can be directly solved

for the phase-modulation amplitude, yielding the simple relation

ϕ (z,Ω) = 2
R

√√√√ PRF (z,Ω)
8ZPsig (z)Pref

. (5.46)

Typical power levels in the experiment were ∼ 30 µW in the signal and ∼ 90 µW in
the reference arm, and away from any flexural resonance the noise level measured
by the RF-SA was ∼ 15 fW. The AC responsivity of the BPD was measured to be
R = 95.7 A/W and the impedance of the RF-SA is Z = 50 Ω. With these values,
eq. 5.46 leads to a minimum detectable phase-modulation amplitude of ∼ 3 µrad.
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Fig. 5.14: (a) Scheme for transverse probing of the fundamental flexural
resonance of the nanowebs. In an idealized structure w is the nanoweb width,
hw the thickness, hg the gap between the undeflected nanowebs, χ1 and χ2
are their peak deflections. (b) Optical mode of transversely out-coupled probe
light, imaged with a CCD camera when the fiber was illuminated from the side
with green light. The approximate positions of the nanowebs are indicated by
dashed white lines.

90



Frustration of parametric gain suppression by stimulated inter-modal scattering 5.4

The change in phase accumulated by the transversely propagating probe light can
be calculated after Fig. 5.14(a) to be

ϕ (z) = 2π
λpr

∫ w/2

−w/2
dx

∂npr
∂δ

δ (x, z) =

= 2π
λpr

∫ w/2

−w/2
dx

∂npr
∂δ

[
χ1 (z) δ̂1,0 (x) + χ2 (z) δ̂2,0 (x)

]
, (5.47)

where the probe wavelength is λpr = 633 nm, npr (x, z) is the local modal index of the
probe light in the nanowebs and δ (x, z) is the relative deflection of the nanowebs
towards each other. Normalized to the peak deflection χj (x), the dimensionless
flexural mode shape δ̂j,0 (x) of nanoweb j is obtained from eq. 5.15 as

δ̂j,0 (x) =
cos

(
qTj

w
2

)
cos

(
qTj

w
2

)
− cosh

(
qTj

w
2

) cosh (qTjx)−

cosh
(
qTj

w
2

)
cos

(
qTj

w
2

)
− cosh

(
qTj

w
2

) cos (qTjx) , (5.48)

where the transverse wavenumber is qTj =
(
σjΩ2

j

Dj

)1/4

. Numerical modeling yields
∂npr/∂δ ≈ 0.021 µm−1 for the idealized structure shown in Fig. 5.14(b). When
this is inserted into eq. 5.47, the relation between measured phase modulation and
effective peak deflection χeff is obtained as

ϕ (z) ≈ ccal (χ1 − χ2) = ccalχeff, (5.49)

where the calibration coefficient is ccal = 0.253 rad/µm. Although vibrations of both
nanowebs play a role for the probe-phase modulation, in practice the individual
nanowebs can be clearly distinguished because their flexural resonant frequencies
differ. For a phase-modulation amplitude of ∼ 3 µrad, eq. 5.49 yields a minimum
flexural amplitude of ∼ 10 pm that could be resolved in the side-probing set-up.

Imaging the noise-driven nanoweb self-oscillation

For single-frequency pump powers below the threshold for self-oscillation, very weak
thermally driven spontaneous Stokes and anti-Stokes signals at ±5.61 MHz were
detected in the transmitted pump light. The estimated effective deflection χeff in
this case is < 10 pm, which is below the detection limit of the side-probing system.
At a pump power of 22 mW, above the threshold for self-oscillation, the heterdyned
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transmitted RF spectrum shows Stokes and anti-Stokes sidebands up to 5th order
with a comb spacing of 5.611 MHz (Fig. 5.15).
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Fig. 5.15: Normalized spectrum of the optical frequency comb, spaced by
5.611 MHz and generated in transmission through an evacuated dual-nanoweb
fiber for 22 mW launched optical power, measured with heterodyne detection
(red solid line). Up to five orders of Stokes and anti-Stokes lines are observed
within a dynamic range of ∼ 75 dB. The blue circles and green squares mark,
respectively, the normalized output powers in the slow-mode and fast-mode
comb-lines, calculated using the theoretical model for SRLS and SIMS derived
in Section 5.4.3.

In a series of side-probing measurements χeff was retrieved as a function of frequency
and position along the fiber. For this, the side-probing stage was scanned along the
fiber, while at each step one RF spectrum ±50 kHz around the frequency of self-
oscillation, averaged seven times at a resolution bandwidth (RBW) of 510 Hz, was
recorded. The results of these measurements are plotted in Fig. 5.16(a). The 5.611
MHz flexural resonance first appears at the 22 mm point, remaining detectable from
this point onwards. Its resonant frequency is found to vary over a ∼ 3 kHz range,
which can be attributed to structural non-uniformities. In Fig. 5.16(b) χeff is plotted
as a series of data-points, the standard deviations being shown as error bars (each
data-point is the result of the root-mean-square average of seven measurements).
The deviations are likely to result from imperfect interferometer stabilization and
seeding of the self-oscillation by thermal phonons. The theoretically calculated
contributions from SIMS and SRLS phonons are shown as colored solid curves (see
Section 5.4.3). By comparing theory with experiment, the 0.15 nm peak deflection
at 34 mm can be directly attributed to forward-propagating SIMS phonons (blue
line), while the 0.18 nm peak at 52 mm originates from SRLS phonons (red line).
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Fig. 5.16: Transverse probing of noise-driven nanoweb self-oscillation induced
by 22 mW launched single-frequency pump power, generating an optical fre-
quency comb in transmission. (a) Nanoweb peak deflection χeff as a function
of vibrational frequency and position along the fiber. (b) Interferometrically
measured phase-modulation amplitude and corresponding χeff at a flexural res-
onant frequency of 5.611 MHz as a function of position along the fiber. The
error-bars represent the standard deviation of seven individual measurements
at each position. The theoretical model in Section 5.4.3 allows contributions
of forward SIMS (blue line) and SRLS (red line) to be distinguished.

Imaging nanoweb vibrations with dual-frequency excitation

To provide a comprehensive picture of all the optically-driven mechanical oscilla-
tions, dual-frequency pump light was launched into the dual-nanoweb fiber. When
its beat-note frequency was swept in 600 Hz steps from 5.43 to 5.75 MHz while
probing the vibrations at each position along the fiber, the spatial distribution
and strength of all optically-driven flexural vibrations in the vicinity of the self-
oscillation frequency could be measured. For each step in position and frequency
an RF spectrum of the MZ output light was recorded, centered ±5 kHz around the
drive frequency and averaged five times at 510 Hz RBW.

Figure 5.17(a) shows a detailed spatial and spectral map of the nanoweb de-
flection as a function of drive laser beat-frequency and position along the fiber. The
largest deflection occurs at 5.611 MHz in the region between 24 and 104 mm, in
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good agreement with the parameters measured for the SRLS phonon under single-
frequency pumping. For a total dual-frequency pump power of 18 mW (below thres-
hold for self-oscillation), the measured χeff (which occurred at 74 mm) was 0.9 nm,
compared to ∼ 0.2 nm for single-frequency pumping with 22 mW. This results from
the optical beat-note being much stronger for dual- than for single-frequency pump-
ing which drives the nanowebs into self-oscillation. Within the same fiber section a
second resonance is seen to follow a parallel trajectory at a ∼ 53 kHz lower frequency
(∼ 5.56 MHz) which most likely represents SRLS phonons in the second nanoweb.
Figure 5.17(a) reveals two further resonances at higher frequency (the upper of these
runs from 5.59 to 5.73 MHz) that follow parallel trajectories along the whole fiber
length with a spacing of ∼ 47 kHz. The peak deflection amplitudes are ∼ 0.1 nm for
the lower and ∼ 0.3 nm for the higher-frequency resonance. These can be attributed
to SIMS phonons in each nanoweb.
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Fig. 5.17: Transverse probing of flexural vibrations in the vicinity (∼ 300 kHz)
of the noise-driven resonance, excited with 18 mW launched dual-frequency
pump power. (a) Nanoweb deflection amplitude χeff as a function of RF drive
frequency and position along the fiber. Black dashed lines mark frequencies
of SRLS and SIMS phonons in each nanoweb, the red vertical dashed line
shows the position (29 mm) at which SIMS and SRLS frequencies coincide
(red solid circle). (b)-(e) High-resolution measurements of the peak deflection
amplitude χeff at (b) 32, (c) 62, (d) 72 and (e) 92 mm along the fiber. Strong
inhomogeneous broadening, resulting from structural inhomogeneity of the
fiber, is observed. The black vertical dashed line marks the frequency of the
comb-generating flexural vibration.

Figure 5.17(a) shows that the frequencies of SIMS and SRLS coincide at 5.611
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MHz and ∼ 29 mm, which is the point where SIMS is able to frustrate SRLS gain
suppression. A series of high resolution measurements at z = 32, 62, 72 and 92 mm,
taken in steps of 100 Hz over the frequency range 5.615±0.01 MHz (very close to the
self-oscillation frequency), is depicted in Fig. 5.17(b)−(e). The nanoweb deflection
at 5.611 MHz is noticeably weaker at z = 62 mm, coinciding with the point where
the self-oscillation amplitude strongly dropped (see Section 5.4.2). Furthermore,
structural non-uniformities cause inhomogeneous broadening of the resonance, which
for example splits into four sub-peaks spaced a few kHz apart at the 72 mm point.

Dynamics of nanoweb self-oscillation

The evolution of these sub-resonances during initiation of the self-oscillation can be
followed over time when the heterodyne RF spectrum of the transmitted light is
monitored within ∼ 16 kHz around the SRLS frequency. However, the real-time
capabilities of the employed RF-SA in the zero-span mode are limited, so that (1)
in one measurement only a single frequency can be monitored and (2) the RBW di-
rectly determines the temporal resolution. As a workaround for issue (1), the fiber
was pumped with chopped single-frequency light at a peak power above threshold
for self-oscillation. For this, a square-wave signal and an appropriate bias voltage
were supplied to an electro-optic modulator (EOM), which was inserted between the
EDFA and the free-space collimation (see Fig. 5.4). Each "on" cycle was 40 ms long,
sufficient for the self-oscillation to reach its steady state. For the subsequent 10 ms
the EOM transmission was blocked so that the nanoweb vibration could decay.

Fig. 5.18(a) shows the transmitted optical power collected with an SMF and
detected at a photodiode. Roughly 7 ms after initiation of self-oscillation, a steady
state is reached. As already explained, self-oscillation is initiated by strong SIMS
coupling from the slow to the fast optical mode. Since the fast mode has higher
leakage loss, the result is a 36% drop in average transmitted power. To finally
obtain the temporal evolution of the sub-resonances, the RF-SA was synchronized
in zero-span mode (at 820 Hz RBW) to the rising edge of the chopped intensity.
At each central frequency, swept in 500 Hz steps, one time trace of the RF power
was recorded, each averaged over 100 cycles. The individual traces at 5.611, 5.614,
5.616 and 5.619 MHz are shown in Fig. 5.18(b). Over the build-up time of ∼ 7 ms,
all four resonances could be detected, with the 5.611 MHz resonance finally win-
ning out in the competition for gain. This can also be seen in Fig. 5.18(c), which
shows the evolution of the heterodyne RF spectrum with time and frequency. Note
that a qualitatively very similar behavior was recently observed in an optomechan-
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ical Fabry-Perot cavity formed by a fixed mirror and a highly-reflective membrane,
supporting two different mechanical modes of similar gain [139].
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Fig. 5.18: Measured dynamics of the nanoweb self-oscillation for 22 mW
launched single-frequency pump power, showing acoustic mode competition at
the onset. (a) Transmitted optical power as a function of time after switching
on the single-frequency pump laser (at t = 0), dropping by ∼ 36 % in the
steady state reached after ∼ 7 ms. (b) Heterodyne RF power of transmitted
optical signal as a function of time in 820 Hz-wide spectral bands centered at
5.611, 5.614, 5.616 and 5.619 MHz. The signal at 5.611 MHz is amplified, while
the growth of the other signals is suppressed. (c) Heterodyne RF spectrum of
transmitted optical signal as a function of frequency and time after switching
on the single-frequency pump light.

Measurements of optomechanical gain factors and phonon lifetimes

Next, the side-probing technique was applied to retrieve the characteristic lifetimes
of the flexural phonons in the nanowebs. For this, light with the same chopped
temporal intensity profile as in the previous section was launched into the fiber
sample. At 50 mm along the fiber, where the self-oscillation was strongest (see
Fig. 5.16), the lifetime of the SRLS phonons was measured by pumping the fiber
with single-frequency light, its launched optical power exceeding the threshold for
self-oscillation during each "on" cycle.
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Fig. 5.19: Phonon lifetimes obtained from ring-down measurements of the
RF power recorded at the output of the side-probing interferometer. Time
traces were recorded (a) for SRLS phonons with a frequency of 5.611 MHz
(red curve) at ∼ 50 mm along the fiber sample, when the nanowebs were
driven into self-oscillation by single-frequency pumping, and (b) for the SIMS
phonon at 5.70 MHz (blue curve) at ∼ 57 mm along the fiber. The dashed
black lines are exponential fits to the measurements when the signal is larger
than the RF noise level, yielding energy lifetimes of 0.23 ms for SRLS and
0.17 ms for SIMS.

The decay of the RF power at 5.611 MHz, a section of which is plotted in Fig. 5.19(a),
was followed over time for the subsequent 10 ms at the output of the side-probing
interferometer. The acoustic energy was observed to decay at a time constant of
∼ 0.23 ms, corresponding to a full-width half-maximum linewidth of ΓjR/ (2π) ≈
720 Hz.

To measure the lifetime of the SIMS phonons, the probing position was set
to ∼ 57 mm along the fiber and square-wave-modulated dual-frequency light was
launched into the fiber, its beat-note tuned to 5.70 MHz. The recorded time-trace
of the RF power is shown in Fig. 5.19(a) and yields a decay time of ∼ 0.17 ms for
the acoustic energy. This corresponds to a FWHM linewidth of ΓjM/ (2π) ≈ 930 Hz,
which is slightly larger than for SRLS.

As Fig. 5.17 shows, the frequencies of both SIMS phonons reach local maxima
at 87 mm, altering in frequency over a range of ±7 mm by roughly one mechanical
linewidth. Consequently, when the dual-frequency beat-note is fixed at 5.72 MHz,
power transfer from the pump to the first-order Stokes sideband can only be achieved
by a single SIMS transition over a nonlinear interaction length of ∼ 14 mm, without
being perturbed by co-localized SRLS. The pure SIMS gain could then be estimated
by launching a weak seed signal at the first Stokes frequency and measuring its
exponential gain as a function of single-frequency pump power.
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Fig. 5.20: Amplification of a weak Stokes seed as a function of pump power,
measured by dual-frequency excitation (a) of SIMS transitions with the beat-
note tuned to 5.72 MHz (blue circles) and (b) of SRLS transitions with the
beat-note set to 5.611 MHz (red circles). The solid lines are exponential fits
yielding single-pass gain values of 0.8 mW−1 for SIMS and 0.4 mW−1 for SRLS.

With the pump signal switched off, the output power of the pure Stokes seed was
∼ 3 µW. Fig. 5.20(a) plots the relative increase of the Stokes power in transmission
through the fiber sample when the pump power, measured at the fiber output,
was consecutively increased from 0 to 500 µW. For the largest pump power, a
twofold increase of the Stokes signal was observed. The measurements fit well to
an exponential curve, from which an effective single-pass gain of ∼ 1.5 mW−1 could
be extracted. However, from the position of 87 mm along the fiber to its end (i.e.
over remaining 7.4 cm) 44% of the optical power is dissipated. Accounting for this
power loss, the corrected local single-pass gain for SIMS becomes ∼ 0.8 mW−1. The
corresponding gain factor yields ∼ 0.06 W−1µm−1 for a nonlinear interaction length
of ∼ 14 mm. This value agrees remarkably well with its theoretical estimate in
Section 5.4.3.

The same measurement was also carried out with the beat-note frequency
tuned to 5.611 MHz, the frequency of SRLS. Again, the relative increase of the Stokes
power is plotted as a function of the output pump power in Fig. 5.20(b). However,
unlike in the previous measurement where only SIMS phonons were created, the
frequencies of SRLS and SIMS transitions coincide at ∼ 29 mm along the fiber (see
Fig. 5.17). Hence, at this beat frequency both types of phonons are simultaneously
created. While frustrating gain suppression under single-frequency pumping, it is
a rather detrimental effect when dual-frequency light is launched: despite the large
gain, the local amplification of the Stokes component by SIMS happens over only
∼ 4 mm and far away from the fiber output, so that it is dissipated due to the high
optical losses in the fast mode. At the same time, the detected increase of the Stokes
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power in the slow mode is likely to be smaller than for pure SRLS without SIMS.
Consequently the extracted single-pass gain of ∼ 1.3 mW−1 for SRLS can only be
regarded as a lower limit. According to Fig. 5.16, the generation of the optical
frequency comb by SRLS phonons happens from ∼ 27 mm along the fiber onwards,
so that the single-pass gain, corrected for a power loss of 66% in the remaining
(13.4 cm-long) fiber section, would be ∼ 0.4 mW−1. Assuming a geometrical comb-
generating fiber length of ∼ 30 mm, this yields a lower limit of ∼ 0.02 W−1µm−1

for the SRLS gain factor, roughly five times smaller than its theoretical peak value
estimated after eq. 5.40. However, owing to structural non-uniformities, the effective
comb-generating length, over which the peak gain at exact phase-matching is in
effect, is likely to be much shorter than the geometrical length (see Fig. 5.21).

5.4.3 Theory of combined stimulated Raman-like and
inter-modal scattering

In order to verify the experimental results reported in the previous sections, the
theoretical model for noise-seeded intra-modal stimulated Raman-like scattering
(SRLS), developed in Section 5.3, is extended to describe, additionally to SRLS
within each optical mode mode, stimulated inter-modal scattering (SIMS) between
the two optical modes. For this, the electric field component Es

x (r, t) defined in
eq. 5.8 is in the following assigned to the slow optical mode. Hence the electric
field component for a co-polarized fast mode, also consisting of an infinte number
of spectral side-bands, can be introduced as

Ef
x (r, t) =Xf (x)Y (y)

√
P0

2nf2 (z) ε0Vf (z)×∑
n

fn (z) exp
{
i
(
β̃f,nz − ωnt

) }
+ c.c., (5.50)

where Xf (x) and Y (y) are the transverse profiles normalized by
∫ w/2
−w/2 dx|Xf (x) |2 =∫∞

−∞ dy|Y (y) |2 = 1, fn (z) represents the slowly-varying dimensionless field ampli-
tude of the n-th comb line at frequency ωn = ω0 + n × Ω in the fast optical mode,
nf and Vf are its refractive index and group velocity (again assumed frequency-
independent), β̃f,n = βf,n + iαf/2 (with βf,n = βf,0 + n × q) is the complex axial
propagation constant with the normalized loss coefficient αf, ω0 and βf,0 are fre-
quency and (real) wavevector of the pump sideband. The optical power in each
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side-band of both optical modes can be calculated in analogy to eq. 5.9 by

Ps,n (z) = P0 |sn (z)|2 and Pf,n = P0 |fn (z)|2 . (5.51)

The spatial profile of the flexural vibrations defined in 5.22 is in the following
assigned to SRLS phonons, with Rj (z) being their slowly-varying envelope. Unlike
SRLS transitions which require flexural vibrations to provide only a small amount of
momentum, the flexural waves mediating SIMS transitions have to carry significantly
more momentum. As a result of their axial propagation constant being strongly
dissimilar from zero, the SIMS phonons can either co- or counter-propagate with the
light. The spatial profile of a flexural phonon propagating in the forward direction
can then be expressed, similar to eq. 5.22, as

δ+
jM (x, z, t) =δjM0 (x)

√√√√ P0

2VjM (z)ψjMσj (z) ΩjM
2 (z)
×

M+
j (z) exp

{
i (qjMz − ΩjMt)

}
+ c.c., (5.52)

which turns for backward-propagation into

δ−jM (x, z, t) =δjM0 (x)
√√√√ P0

2VjM (z)ψjMσj (z) ΩjM
2 (z)
×

M−
j (z) exp

{
i (−qjMz − ΩjMt)

}
+ c.c., (5.53)

where the index M distinguishes SIMS from SRLS phonons, the subscript j = 1, 2
refers to each nanoweb, δjM0 is the transverse profile of the SIMS phonons (given
by eq. 5.15 for qj 6= 0), M±

j (z) is their slowly-varying amplitude, ψjM a dimension-
less normalization coefficient, qjM the axial propagation constant, ΩjM the eigenfre-
quency and VjM the (non-zero) group velocity, which is identified as the coefficient
of the (slowly-varying) spatial derivative in the flexural wave equation [140]. Hence
its absolute value can be calculated as

VjM = 2qjM
Dj

σjΩjM

∣∣∣∣∣
∫ w/2

−w/2
dx

∂2δjM0

∂x2

∣∣∣∣∣ (5.54)

Unlike in SRLS, the dimensionless normalization coefficient of SIMS phonons de-
pends on the phonon momentum (i.e. its axial propagation constant) and is defined
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as

ψjM = Dj

σjΩjM
2

∫ w/2

−w/2
dx
([
∂2δjM0

∂x2

]2
− 2q2

jM ×

(
δjM0

∂2δjM0

∂x2 + (1− ν)
[
∂δjM0

∂x

]2))
+ q4

jM

 (5.55)

With the help of eqs. 5.52−5.55 the power carried by SIMS phonons can be obtained,
in analogy to the acoustic energy per unit length for SRLS (eq. 5.24), from the
optical pump power as

P±ac = P0
∑
j

∣∣∣M±
j

∣∣∣2 . (5.56)

In order to derive the differential equations governing the slowly-varying field
amplitudes of both optical modes, as well as for the SRLS and SIMS phonons,
the relevant component has to be extracted from the total nonlinear polarization,
written as

PNL
x = 2ε0

∑
m=s,f

nm
∑
j

∂nm
∂δj

(
δjR + δ+

jM + δ−jM
) (
Es
x + Ef

x

)
. (5.57)

Equations governing the slowly-varying optical field amplitudes

By inserting eqs. 5.8, 5.50, 5.22, 5.52, 5.53 and 5.57 into the nonlinear optical
wave equation (eq. 2.22), only taking into account the corresponding terms phase-
matching to the respective side-band, the following set of equations is derived to
describe the slowly-varying optical amplitudes

αs

2 sn + ∂sn
∂z

= i
ωn
ω0

2∑
j=1

[
κjsRs

(
Rjsn−1 +R∗jsn+1

)
+ κjsMf

(
M+

j fn−1 +M−∗
j fn+1

) ]
(5.58a)

αf

2 fn + ∂fn
∂z

= i
ωn
ω0

2∑
j=1

[
κjfRf

(
Rjfn−1 +R∗jfn+1

)
+ κjfMs

(
M−

j sn−1 +M+∗
j sn+1

) ]
,

(5.58b)

where Ω and q are frequency and propagation constant of the optical beat-note
driving the flexural vibrations and αf is the loss coefficient in the fast optical mode.
Analog to Section 5.3, the coupling rates per unit length of the fiber between the
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optical side-bands within each optical mode are

κjmRm (z) = ω0

c0

∂nm (z)
∂δj

QjRmm

√√√√ P0

2c0ψjRσj (z) ΩjR
2 (z)

(m = s, f) ,

and the overlap integral for SRLS transitions in each optical mode is

QjRmm =
∫ w/2

−w/2
dx δjR0 (x) |Xm (x)|2 (m = s, f) .

The coupling rates between the optical side-bands per unit length of the fiber become
for SIMS transitions

κjfMs (z) =

√√√√ns (z)
nf (z)

ω0

c0

∂ns (z)
∂δj

QjMsf

√√√√ P0

2VjM (z)ψjMσjΩjM
2 (z)

,

when forward-propagating phonons are generated by scattering from the fast to the
slow mode, and

κjsMf (z) =

√√√√nf (z)
ns (z)

ω0

c0

∂nf (z)
∂δj

QjMsf

√√√√ P0

2VjM (z)ψjMσjΩjM
2 (z)

for backward-propagating phonons created, vice versa, by transitions from the slow
to the fast mode. In both cases the overlap integral of slow and fast optical modes
with the transverse profile of the SIMS phonons is calculated as

ΩjMsf =
∫ w/2

−w/2
dx δjM0 (x)Xs (x)Xf (x) .

Equations governing the slowly-varying flexural amplitudes

When, similar to the derivation of the equations governing the optical field ampli-
tudes, the superposed nanoweb deflection profiles for SRLS and both SIMS processes
(eqs. 5.22, 5.52 and 5.53) as well as the electric fields of the superposed side-bands
in both optical modes (eqs. 5.8 and 5.50) are inserted into the flexural wave equa-
tion (eq. 5.4), the following set of steady-state equations is obtained to describe the
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evolution of the phonon amplitudes

Rj
iΩΓjR + Ω2 − ΩjR

2 (z)
2iΩ = iκjRss

∑
n

sns
∗
n−1 + iκjRff

∑
n

fnf
∗
n−1 (5.59a)

M+
j

iΩΓjM + Ω2 − ΩjM
2 (z)

2iΩ + VjM
∂M+

j

∂z
= iκjMsf

∑
n

snf
∗
n−1 (5.59b)

M−
j

iΩΓjM + Ω2 − ΩjM
2 (z)

2iΩ − VjM
∂M−

j

∂z
= iκjMsf

∑
n

s∗nfn+1 (5.59c)

where ΓjM is the decay rate of the SIMS phonons. The coupling rates per unit
time from the optical beat-note to the flexural resonance, driving SRLS transitions
within the slow and fast mode, are defined as

κjRmm (z) = P0QjRmmHjRmm (z)
4c0Ωσj (z)nm (z)

√√√√2cψjRσj (z) ΩjR
2 (z)

P0
(m = s,f)

with

HjRmm (z) =
 (1− nm (z)2

)
Y 2 (y)− c0

2

ω02

∣∣∣∣∣∂Y (y)
∂y

∣∣∣∣∣
2
y=youterj

y=yinnerj

(m = s, f)

characterizing the coupling strength from the optical field to the flexural vibrations
mediating SRLS transitions. On the contrary, the coupling rate per unit time from
the optical beat-note to the propagating flexural wave, mediating SIMS transitions
between the slow and fast modes, is given by

κjMsf (z) = P0QjMsfHjMsf (z)
4c0Ωσj (z)

√
ns (z)nf (z)

√√√√2VjM (z)ψjMσj (z) ΩjM
2 (z)

P0

with

HjMsf (z) =
(1− ns (z)nf (z)

)
Y 2 (y)− c0

2

ω02

∣∣∣∣∣∂Y (y)
∂y

∣∣∣∣∣
2
y=youterj

y=yinnerj

.

It is important to note that for pump-to-Stokes scattering the rates of pump photon-
annihilation, Stokes photon-creation and phonon-creation have to be identical (and
vice versa for pump-to-anti-Stokes scattering), as ensured by the Manley-Rowe rela-
tions [140]. Hence they require ω0κ

j
Rss (z) = Ωc0κ

j
sRs (z) = Ωc0κ

j
fRf (z) for SRLS and

ω0κ
j
Msf (z) = ΩVjM (z)κjsMf (z) = ΩVjM (z)κjfMs (z) for SIMS to be fulfilled at each

position along the fiber.
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The modal indices of the slow and fast mode were obtained from finite-element
modeling, taking into account the precise shape of the fiber cross-section in Fig. 3.2,
as ns = 1.2369 and nf = 1.2235. As a result, the SRLS and SIMS wavevectors differ
significantly, with values qR = Ωns/c0 ≈ 0.14 m−1 and qM = (nsω0 − nfω−1) /c0 ≈
54.3 mm−1 for Ω = 2π × 5.611 MHz (where deviations resulting from slight differ-
ences of the two nanoweb dimensions were neglected). These translate to acous-
tic wavelengths of ∼ 45 m (SRLS) and 116 µm (SIMS). The dephasing rate for
SIMS transitions between adjacent side-bands in the slow and fast mode is ∆q =
(ns − nf) Ω/c0 ≈ 1.6 km−1, yielding a characteristic dephasing length of π/∆q ≈
2 km. Since the fiber length is ∼ 22 cm, the dephasing between adjacent comb-lines
can be neglected for both SRLS (see eq. 5.1) and SIMS phonons.

The boundary conditions for eqs. 5.58 and 5.59 at the fiber input can be
written as

sn (0) =
√
Ps0 (0)
P0

δn,0 +
√
Pnoise

P0
(δn,−1 + δn,+1) ,

fn (0) =
√
Pf0 (0)
P0

δn,0 +
√
Pnoise

P0
(δn,−1 + δn,+1) ,

M+
j (0) = M−

j (L) = 0, (5.60)

where δn,0(±1) is the Kronecker delta, L is the fiber length, Ps0 (0) and Pf0 (0) are the
pump powers launched into the slow and fast optical modes (P0 = Ps0 (0) +Pf0 (0)),
and Pnoise is the effective noise power in the first-order side-bands defined in eq.
5.32. In eq. 5.60 the slight differences in noise power for SRLS and SIMS transi-
tions are neglected. When the backward-propagating SIMS phonon is included, the
boundary conditions are split. Consequently eq. 5.59(c) would have to be solved
in the backward direction from z = L to 0, while all remaining optical and flexural
amplitudes evolve from z = 0 to L. To deal with this issue, an iterative scheme
was used in which eqs. 5.58 and 5.59 were solved sequentially until convergence was
reached.

In the same way as the optical beat-note of neighboring frequency components
within the slow (and fast) optical mode(s) drives SRLS phonons (see eq. 5.41), the
optical force in SIMS interactions results from beating of side-bands, alternatingly
adjacent in the slow- and fast-modes:

Φsf (z) =
∑
n

sn (z) f ∗n−1 (z) . (5.61)
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If the group velocities of SIMS phonons in both nanowebs (eq. 5.54) are simplistically
assumed as V1M = V2M ≈ 0, the SIMS force evolves along the fiber sample according
to the following equation derived from eqs. 5.58:

∂ |Φsf|2

∂z
=
[
− αs − αf + ∆P (z) gsfeff (Ω, z)

]
|Φsf|2 , (5.62)

where ∆P (z) = P0
∑
n

(
|sn (z) |2 − |fn−1 (z) |2

)
is the power difference between ad-

jacent comb-lines in the slow and fast mode, gsfeff = gsf1 + gsf2 is the effective SIMS
gain of both nanowebs with a Lorentzian shape

gsfj (Ω, z) = gsf0j
(ΓjM/2)2(

Ω− ΩjM
2 (z)

)2
+ (ΓjM/2)2

and peak values of gsf0j = 4κjfMsκ
j
Msf/ (P0ΓjM). Although, when pumped by single-

frequency light, Φsf (0) = 0 at the input fiber end, the system is able to strongly
amplify side-band noise since, unlike in SRLS (eq. 5.42), the gain is not suppressed.

Modelled spatial evolution of optical side-band powers, beat-notes and
nanoweb deflection

To model the evolution of the comb lines during self-oscillation along the fiber, the
spatial dependencies of the phonon frequencies for SRLS and SIMS in each nanoweb,
depicted in Fig. 5.21(a), were extracted as weighted averages from the spatial and
spectral map of nanoweb vibrations (Fig. 5.17). For the self-oscillation frequency,
the trajectories of the lower-frequency SIMS phonon and the higher-frequency SRLS
phonon intersect at a spatial position z = 29 mm along the fiber. The spatial
gain profiles of SRLS and SIMS interactions were subsequently calculated with the
beat-note frequency tuned to the self-oscillation frequency, i.e. Ω/ (2π) = 5.611
MHz. As the plotted gain profiles in Fig. 5.21(b) show, remarkably large (peak)
gain factors are extracted from the simulations: for SRLS they are gss0j ≈ 0.18
µm−1W−1 and gff0j ≈ 0.14 µm−1W−1, compared to gsf0j ≈ 0.053 µm−1W−1 for SIMS.
For the simulations, typical averages of the estimated linewidths ΓjR/ (2π) = 400
Hz, ΓjM/ (2π) = 800 Hz, optical losses αs = 8.1 m−1 and αf ≈ 3αs of slow and
fast mode, effective side-band noise powers Pnoise = 0.2 nW and group velocites
V1M = V2M ≈ 12 m/s of the SIMS phonons were used.
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Fig. 5.21: (a) Frequencies of intra-modal SRLS (ΩjR) and inter-modal SIMS
transitions (ΩjM) in each nanoweb (j = 1, 2), extracted from transverse prob-
ing with dual-frequency excitation of flexural nanoweb vibrations (see 5.17).
(b) Calculated optomechanical gain factors for stimulated light scattering in
each nanoweb by intra-modal SRLS transitions within the slow (gss0j) and fast
(gff0j) optical modes and by inter-modal SIMS transitions (gsf0j) between the
slow and the fast mode. For the calculations, the beat-note frequency was set
to 5.611 MHz, corresponding to the self-oscillation frequency.

The transverse profiles Xm (x)Y (y) of the slow and fast optical modes were numeri-
cally calculated, together with the dispersion properties, from the scanning electron
micrograph in Fig. 3.1. The results yielded overlap integrals ofQjRss ≈ 319 m−1/2 and
QjRff ≈ 300 m−1/2 for SRLS in slow and fast mode and QjMsf ≈ 245 m−1/2 for SIMS.
It is interesting to note here, that the optoacoustic overlap between slow and fast
modes is only slightly smaller than within each optical mode. The strength of the
optical gradient pressure was quantified by HjRss ≈ −0.159 µm−1, HjRff ≈ −0.154
µm−1 for SRLS and HjMsf ≈ −0.156 µm−1 for SIMS, where the slight difference of
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the optical pressures acting on each nanoweb was neglected. Variations of the modal
indices by nanoweb deflections were quantified by the optomechanical nonlinear co-
efficients ∂ns/∂δj = −0.0582 µm−1 and ∂nf/∂δj = −0.0588 µm−1.

The evolution of the individual side-bands in the optical frequency comb, gen-
erated through self-oscillation, was then modelled using eqs. 5.58. For the fractions
of the total optical power propagating in the slow and fast optical modes, typical
values of Ps0/P0 = 0.95 and Pf0/P0 = 0.05 were assumed. In the experiment these
parameters can be adjusted by varying the size of the focal spot and the position at
which the pump light is launched into the nanowebs.

Figures 5.22(a) and (b) plot the power evolution of the optical side-bands in
the slow and the fast mode along the fiber during self-oscillation for P0 = 41.5 mW.
Also plotted are the strengths of the optical beat-notes, driving the creation of
phonons (Fig. 5.22(c)), and the peak nanoweb deflections χeff (Fig. 5.22(d)). Close
to the fiber input, noise-seeded s → f transitions from pump to first Stokes ge-
nerate forward-propagating SIMS phonons. As already suggested in Fig. 5.9(a),
these phonons then scatter fast-mode pump photons into slow-mode photons at the
first anti-Stokes frequency. As a result, optical signals with unbalanced sideband
powers arrive at z0 = 29 mm, the point where the SRLS and SIMS processes are
frequency-matched, resulting in the frustration of gain suppression and access to
very high SRLS gain. Note that the backward SIMS phonons contribute very little
to the inter-modal transitions (Fig. 5.22(d)) because the fast mode is only relatively
weakly seeded at the fiber input.

The strong effect of the spatial and spectral co-location of SRLS and SIMS
is also reflected in the amplitudes of the optical forces and nanoweb vibrations
(Figs. 5.22(c) and (d)). In particular, the optical beat-note that drives SIMS shows
aperiodic cycling for z < z0, with saturation at z = z0 and subsequent decay by
optical losses in accordance with eq. 5.62. Remarkably, the SIMS driving term
dominates along the whole length of the fiber despite the fact that the SRLS phonon
amplitude exceeds the SIMS phonon amplitude. This is because the SIMS beat-note,
the strength of which is determined by the large imbalance in side-band amplitudes
at z = z0, does not have the correct frequency and wavevector combination to reso-
nantly drive the SIMS phonon for z > z0. Interestingly, the shape of the frequency
comb, generated in each optical mode at the fiber output (see Fig. 5.15), is directly
resembled by the power contrast of the first-order Stokes and anti-Stokes side-bands
arriving at z = z0: in the slow mode it is |s−1/s1|2 ≈ 0.05, so that the rate at
which SRLS phonons are created exceeds only slightly their annihilation rate. Con-
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sequently the average frequency of the side-bands, weighted with their power, is
in the slow mode very close to the pump frequency. Opposed to that, the power
contrast in the fast mode is |f−1/f1|2 ≈ 4.5×104, so that SIMS phonons are created
at a much higher rate than annihilated. As a result, the weighted average frequency
in the fast mode lies clearly within the Stokes region.

The agreement between the measured and numerically simulated output fre-
quency comb spectra and vibration amplitudes, shown in Figs. 5.15 and 5.17(b), is
remarkable. The only discrepancy was the single-frequency pump power required:
22 mW in the experiments compared to 41.5 mW in the modeling. This results from
the limited scanning range of the side-probing set-up, which made it impossible to
characterize the vibrational properties of the sample along its entire length.
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Fig. 5.22: Optical powers of frequency-comb components generated by noise-
driven self-oscillation of the nanowebs in the (a) slow and (b) fast optical
modes as a function of position along the dual-nanoweb fiber. Solid lines
mark Stokes and dashed lines anti-Stokes sidebands, the sideband order is
indicated by colors and numbers next to the curves. (c) Strength of the optical
beat-notes ("forces") driving SRLS transitions within each optical mode (ss,
ff), forward fast-to-slow and backward slow-to-fast SIMS transitions between
both optical modes. (d) Spatial distribution of nanoweb peak deflections for
SRLS (red line), and for forward (blue line) and backward (brown line) SIMS.
The forward SIMS phonon reaches its peak amplitude at 29 mm, where it is
exactly phase-matched to the SRLS phonon (see Fig. 5.17).
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CHAPTER 6

COHERENT CONTROL OF FLEXURAL
NANOWEB VIBRATIONS

In the previous chapter it was demonstrated that the beat-note of a pump and a
Stokes wave acts as an optical force to coherently drive SRLS transitions of match-
ing frequency. The associated flexural nanoweb vibrations, with close-to-zero group
velocity, feature then a synchronized temporal response along the whole fiber to
changing optical fields at the input. Based on engineering the temporal beat-note
phase, this chapter presents a novel technique to coherently control the vibrational
amplitude of the nanowebs at constant optical driving power. The first part demon-
strates the underlying principle of this technique both theoretically and experimen-
tally: it is shown that the nanoweb vibrations temporarily decrease in response
to a single abrupt (step-like) phase-change of the driving beat-note. When this
is repeated at a sufficiently fast rate, experiments performed in the second part
of the chapter reveal that the absolute value of the vibrational amplitude can be
tuned by the amplitude of the phase-steps. To confirm this, two independent pump-
probe schemes are employed, either directly measuring the temporal profile of the
vibrations within a short fiber section by transverse probing or to characterize the
cumulative vibrational response along the whole sample by axial probing.

6.1 Motivation

The ability to arbitrarily shape coherent optical responses by tailoring the spatio-
temporal amplitude- and/or phase-profiles of the driving light field is widely known
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under the term coherent control. The time-scale on which the field needs to be engi-
neered is in many practical cases dictated by the characteristic response times, which
are, especially in molecular dynamics, often found to be as small as picoseconds or
even femtoseconds [141]. For this reason coherent control has been mainly relying
on impulsive excitation by a sequence of precisely-timed ultra-short optical pulses.
Exploiting its temporal intensity profile, particular phononic modes in micro- or
nano-mechanical resonators were successfully demonstrated to be selectively driven,
enhanced or even suppressed. Key examples include lattice vibrations in semicon-
ductors [142], vibrational modes of metal nanoparticles [143] and nanostructures
[144], and surface acoustic waves [145, 146]. On the molecular level, however, where
quantum mechanics plays an important role, the induced responses are additionally
highly sensitive to the spectral phase across a single pulse or the relative phase in
a pulse train. Various pulse-shaping techniques combined with phase-locking have
enabled manipulation of excitons [147, 148] and molecular wave packets [141, 149],
as well as applications in photo-chemistry like single-pulse coherent anti-Stokes Ra-
man spectroscopy [150], control of multiphoton ionization [151, 152], and routing of
chemical reactions [153–155].

Already on the molecular level, the efficiency of coherent control is often ham-
pered by inhomogeneities of the considered systems [141]. Hence, the number of
demonstrations over macroscopic length scales, much larger than the wavelength
of light, is particularly limited. On the one hand, a recent study reported that
the propagation of THz-frequency phonon-polariton waves through a (highly uni-
form) crystal lattice could be steered over millimeters when the responses of several
localized excitations were coherently superposed [156]. On the other hand, in a pio-
neering fiber-optic experiment efficient coherent control was shown to be possible
even over several meters by employing a PCF: trapped in its thin solid glass core,
particular mechanical resonances with GHz frequencies could be selectively ampli-
fied or also fully suppressed using either pulsed, dual- or triple-frequency pump
light [157, 158].

While flexural nanoweb vibrations share some of their features with resonances
of the PCF core, yet the dual-nanoweb fiber unifies, due to its uniquely-shaped wa-
veguide region, several key advantages previously unobserved in this combination:
the large compliance of the thin nanowebs results in a giant optomechanical non-
linearity, orders of magnitude larger than in the PCF. It allows optically driven
flexural resonances of the nanowebs to efficiently act back onto the driving optical
field, modulating the modal refractive indices strong enough to directly measure
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the vibrational amplitude from the side of the fiber. Such transverse probing is
currently impossible in any other fiber-based optomechanical system where indirect
characterization methods (e.g. axial pump-probe schemes) have to be used. As the
frequency of the flexural resonances is in the MHz range and their mechanical qual-
ity factor exceeds several thousand, the phonon lifetime is more than four orders
of magnitude larger than in the PCF (∼ 11 ns [157]). This drastically reduces the
temporal resolution required in the experiments while prolonging the time interval
for coherent interactions among phonons. A synergy between all the aforementioned
properties results in a large gain for forward SRLS, which allows to accumulate a
huge phonon population within cm-long fiber samples for optical pump powers as
low as a few mW. The group velocity of these phonons is close to zero, so that in a
fiber without structural non-uniformities the temporal response of the phonons to a
changing optical field at the input is synchronized along its full length. Moreover, as
the optical group-velocity dispersion is negligible over the considered optical band-
width, essentially identical phonons are capable of driving phase-matched transitions
between many pairs of adjacent side-bands, so that the driving optical beat-note is
fully independent of spatial power transfer between the side-bands (see eq. 5.42). In
the absence of optical losses, the beat-note force would even represent a conserved
quantity acting uniformly over the whole fiber.

6.2 Response of nanoweb vibrations to a step-like
phase-change of the optical force

In contrast to coherent control in a solid-core PCF, the technique presented here
does neither rely on impulsive excitation of the flexural vibrations (at a varying
average power) [157], nor does it require triple-frequency pumping or any form
of interplay between impulsive and dual-frequency excitation [158]. Instead, the
nanoweb vibrations are solely controlled, at constant optical power, by tailoring
the temporal profile of the dual-frequency beat-note phase using a sufficiently fast
square-wave modulation.

The theoretical background of this technique is elaborated in this section:
an analytical theory investigates the temporal response of the nanoweb vibrations,
represented by the slowly-varying envelope of SRLS phonons, to a single rapid step in
the phase of the optical beat-note force. The calculations, simplified by assuming a
perfectly homogeneous dual-nanoweb structure, reveal that parameters like detuning
from the SRLS frequency and the amplitude of the phase-step play a crucial role
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in determining the actual shape of the vibrational response. Subsequently, the
results obtained for this system are compared to experiments in the structurally
non-uniform fiber.

6.2.1 Theoretical analysis

While Section 5.4.3 only considered the spatial profile of the SRLS phonon amplitude
in the steady state, its full spatio-temporal evolution is governed by the generalized
time-dependent version of eq. 5.38. It can be expressed, under the assumptions that
(1) all optical dual-frequency power is launched only into the slow mode and (2) the
dual-frequency beat-note is close to the SRLS frequency in one nanoweb, as

∂

∂t
Rj (z,Ω, t) + Rj (z,Ω, t)

lj (Ω) = iκjRssΦ (z, t) , (6.1)

where Rj (z,Ω, t) is the (complex) SRLS phonon amplitude in nanoweb j, lj (Ω) =
(2iΩ) /

(
Ω2 − ΩjR

2 + iΩΓjR
)
the Lorentzian shape of the excitation, Ω the fre-

quency of the driving beat-note, ΩjR and ΓjR/2 are SRLS phonon frequency and its
amplitude decay rate, κjRss defined in eq. 5.39 quantifies the coupling strength from
the optical beat-note to the flexural vibrations and Φ (z, t) = ∑

n sn (z, t) s∗n−1 (z, t)
is the spatio-temporal profile of the optical beat-note force. As eq. 5.42 shows, it is
solely determined by the optical field at the fiber input and optical losses. There-
fore, it does not change when optical power is resonantly transferred between the
side-bands by SRLS.

During an oscillation cycle of the optical fields the envelope of the SRLS
phonons varies only very little, as their group velocity is negligible. Hence, the
spatial evolution of the slowly-varying optical field amplitudes can be described at
each position along the fiber and each point in time by the quasi-steady-state relation

αs
2 sn (z, t) + ∂sn (z, t)

∂z
= i

ωn
ω0

2∑
j=1

κjsRs
(
Rj (z,Ω, t) sn−1 (z, t) +

R∗j (z,Ω, t) sn+1 (z, t)
)
. (6.2)

The appropriate initial conditions for the optical fields at the input of the dual-
nanoweb fiber can then take into account a spatio-temporal profile of the optical
beat-note force satisfying the slowly-varying envelope approximation. This profile
can be tailored by a time-dependent relative optical phase as the remaining degree
of freedom because the launched powers of both dual-frequency components are to
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be kept constant. This is mathematically reflected by a phase factor multiplied to
one of the two side-band amplitudes:

s0 (0, t) =
√
Ps,0 (0)
P0

exp
{
i ϕ (t)

}
and s−1 (0) =

√
Ps,−1 (0)
P0

,

where Ps,0 (0) and Ps,−1 (0) are the optical powers of pump and Stokes side-band, P0

is the total launched power and ϕ (t) stands for the temporal phase-profile at the
fiber input. Consequently, at each position along the fiber the optical force takes
the form

Φ (z, t) = s0 (z, t) s∗−1 (z) = Φ0 (z) exp
{
i ϕ (t)

}
(6.3)

The largest change of force per time interval (i.e. the strongest effective impulse
acting on the nanowebs) can be achieved by an abrupt change of the relative optical
phase at time t0, according to

ϕ (t) =∆Φ Θ (t− t0) ,

where Θ (t) is the Heaviside step function and the ∆Φ is the phase step, so that for
∆Φ = π the optical beat-note force is inverted. Strictly speaking, this particular
profile violates the slowly-varying envelope approximations for which eqs. 6.1 and
6.2 were derived. While the model does therefore not cover a very short time period
around the phase-discontinuity of the beat-note, it is valid in the remaining tempo-
ral ranges so that it can still be applied to calculate the temporal response of the
SRLS phonon amplitude.

This is done by solving eq. 6.1 using the method of variation of parameters [159].
In particular, inserting an ansatz of the form Rj (t) = a (t) exp {b t} yields

Rj (z,Ω, t) = i κjRss exp
{
− t

lj (Ω)

} ∫ t

−∞
dτ Φ (z, τ) exp

{
τ

lj (Ω)

}
. (6.4)

For a step-like phase-change of the optical force at t0, as described by eq. 6.3, one
obtains

Rj (z,Ω, t) = iκjRssΦ0 (z) lj (Ω)
(1− exp

{
i∆Φ

})
exp

{
− t− t0
lj (Ω)

}
+ exp

{
i∆Φ

}
(6.5)
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Fig. 6.1: Calculated response of the normalized SRLS phonon amplitude
as a function of normalized time, when the phase of the optical beat-note
force is rapidly shifted at t̂ = 0. (a) Normalized phonon amplitude versus
t̂ for phase-changes of 0.5π (in red), 0.7π (in blue), 0.9π (in green) and π
(phase-flipping, black dotted line), when beat-note and SRLS frequency match.
The black dashed line indicates the steady-state.(b) Minimum of the phonon
amplitude at t̂ = 2 ln(2) for Ω = ΩjR, marked in (a) by colored full circles, as
a function of phase-change. (c) Temporal evolution of the phonon phase as
a function of input beat-note phase-change. It is 0.5∆Φ at normalized time
t̂ = 2 ln(2), where the phonon amplitude is smallest. (d) Temporal evolution
of the normalized phonon amplitude for a flip of the beat-note phase, plotted
against detuning from the SRLS frequency, normalized to its linewidth. At the
intersection of the dashed lines the normalized phonon amplitude is smallest.

It is interesting to investigate this relation for two special cases particularly relevant
for the experiment:

Temporal response for exact phase-matching

If the frequency of the optical beat-note is tuned exactly to the frequency of the
SRLS transitions, the Lorentzian excitation profile is evaluated at its center and
simplifies to lj (ΩjR) = 2/ΓjR. In this case, the temporal response of the SRLS
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phonon amplitude is given by

Rj

(
z,ΩjR, t̂

)
=
∣∣∣Rj

(
z,ΩjR, t̂

)∣∣∣ exp
{
iΨ
(
t̂
) }

with

∣∣∣Rj

(
z,ΩjR, t̂

)∣∣∣
|Rj (z,ΩjR, 0)| =

2
(
1− cos (∆Φ)

)(
exp

{
− t̂

}
− exp

{
− t̂

2

})
+ 1

1/2

and Ψ
(
t̂
)

= Arg
[
Rj

(
z,ΩjR, t̂

) ]
, (6.6)

where t̂ = (t− t0) /τjR defines a time scale normalized to the SRLS lifetime τjR = Γ−1
jR

and |Rj (z,ΩjR, 0)| = 2
∣∣∣κjRss∣∣∣ |Φ0| /ΓjR.

Figure 6.1(a) plots the absolute value of the normalized SRLS phonon ampli-
tude as a function of normalized time, when the phase-step of the optical force at t0
is 0.5π (in red), 0.7π (in blue), 0.9π (in green) and 1.0π (dotted line). Independent
of its actual value, a local minimum is reached after a normalized time

t̂min = 2 ln (2) ≈ 1.39. (6.7)

Figure 6.1(b) shows the phonon amplitude at t̂min as a function of the beat-
note phase-change, with the colored full circles representing the local minima of the
curves in (a). While the amplitude is in general found to decrease monotonically
for 0 < ∆Φ < π, a 100% efficient shutdown can be achieved if the beat-note phase
is exactly inverted. From a pure exponential decay, Rj would have dropped only to
50% of its initial value at this time, which therefore corresponds to the amplitude
half-life. The change of the phonon phase, given by Arg [Rj], is plotted in Fig. 6.1(c)
versus phase-change of the driving optical beat-note at the fiber input and versus
normalized time. The switched phase of the beat-note forces the phonon phase to
readjust accordingly, thus inducing a phase-shift with time. The steady state is
reached increasingly faster with rising beat-note phase-change. Note that at t̂min

the phonon phase has undergone half of its total shift.

Temporal response to phase-flipping of a frequency-detuned optical beat-note

For the experiments, it is important to analyze how the temporal response of the
SRLS phonon amplitude is influenced by frequency-detuning of the optical force
from the SRLS frequency. As a simplification, the optical force is assumed to be
exactly inverted at t̂ = 0. Under this condition eq. 6.5 yields

Rj

(
z,Ω, t̂

)
= iκjRssΦ0 (z) lj (Ω)

(
2 exp

{
− τjR
lj (Ω) t̂

}
−1
)
. (6.8)
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The normalized SRLS phonon amplitude
∣∣∣Rj

(
z,Ω, t̂

)∣∣∣ / |Rj (z,Ω, 0)| is plotted in
Fig. 6.1(d) as a function of normalized time and frequency-detuning Ω− ΩjR, nor-
malized to the flexural linewidth ΓjR. The intersection of the horizontal and vertical
dashed lines marks the point in time and frequency, at which the absolute value of
the normalized phonon amplitude vanishes. Interestingly, this only happens if the
detuning is zero. When it increases, the the depth of the local minimum decreases
and shifts to an earlier time. Directly after that, the normalized phonon amplitude
is found to overshoot and oscillate around its steady-state value, with an amplitude
and frequency that increases with detuning.

As a consequence, the coherent control technique presented here depends criti-
cally on frequency-detuning. Best performance can only be achieved if the beat-note
frequency is stabilized at the SRLS frequency within, say, ± 50% of the flexural
linewidth (i.e. ± 200 Hz), so as to avoid overshooting of the normalized phonon
amplitude (indicated by the red areas in Fig. 6.1(d)).

6.2.2 Experimental verification

Next, the results of the previous calculations were experimentally verified for a
single inversion of the optical beat-note force. For this, the same set-up used for
the spatially-resolved mapping of flexural nanoweb resonances was employed (see
Fig. 5.13). To control the relative phase of the pump and Stokes components, an
electro-optic phase modulator (not shown) was inserted between FL and EDFA into
the empty pump arm of the dual-frequency laser system. Supplied with a square-
wave-modulated voltage of sufficiently low frequency and appropriate amplitude,
the phase of the pump beam was delayed during each "on" cycle by π with respect
to Stokes, as indicated by the red curve in Fig. 6.2(a). Thus each phase-change
was accompanied by a rapid inversion of the optical beat-note force, shown as the
black curve. The dual-frequency light was subsequently amplified, preserving the
pump phase-modulation, and launched into the dual-nanoweb fiber to drive flexural
vibrations. The transmitted optical powers in both side-bands were monitored over
time with heterodyne detection. For this, the RF spectrum analyzer operated in
zero-span mode with the RBW set to 30 kHz, thus yielding a temporal resolution of
5 µs. The total launched dual-frequency power, with 90% in the pump and 10% in
the Stokes component when detuned from a flexural resonance, was kept at ∼ 6 mW
to avoid an efficient generation of higher-order side-bands which would themselves
contribute to the optical beat-note force.

Figure 6.2(b) depicts the time-traces of dual-frequency pump and Stokes pow-
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ers (black and red line) close to a single phase-flip of the beat-note at t0 = 0, tuned
to the SRLS frequency in one nanoweb. In the steady state (for t < 0), roughly
18% of the pump power are transferred to the Stokes side-band, indicating that
a population of coherent SRLS phonons is generated. Being out-of-phase directly
after t = 0, the optical force counteracts the nanoweb vibration until it is ultimately
fully suppressed. As during this period phonons have to be annihilated, an efficient
reversed transfer of optical power from the Stokes back to the pump component is
enforced to ensure conservation of the total power in the system. After the point
of shutdown, the optical force re-initiates the nanoweb vibration, however with op-
posite phase compared to t < 0. As the trend of heterodyne pump and Stokes
signals indicates, the new steady state is reached ∼ 700 µs after inversion of the
optical force. Numerical simulations of eqs. 6.1 and 6.2 for a structurally perfectly
uniform dual-nanoweb fiber sample, are plotted in Fig. 6.2 as dotted lines. They
agree well with the experiment when an effective length of 0.8 mm (shorter than the
geometrical length) is chosen, over which the driven SRLS transitions are exactly
phase-matched and therefore experience maximum gain (see Fig. 5.21).

Note that the power of the pump side-band strongly drops around t0 = 0,
when its phase is shifted relative to the Stokes component. This phase-discontinuity
causes on the one hand the optical linewidth of the pump side-band to broaden and,
on the other hand, strongly affects heterodyne detection which requires interference
with a local oscillator of constant optical phase. Limited by the bandwidth of the
square-wave modulation signal, the power-drop period is about ∼ 0.2 µs long, as
the oscilloscope trace of the dual-frequency beat-note signal reveals. The heterodyne
technique detects a somewhat deteriorated, broadened period of in total ∼ 40 µs. In
any case, the finite time required to shift the pump phase is shorter than the typical
lifetime of SRLS phonons and should not significantly affect the nanoweb vibration.

While the temporal power traces were recorded for the dual-frequency com-
ponent powers, SRLS simultaneously generated a side-band at the first-order anti-
Stokes frequency. The blue solid curve in Fig. 6.2(c) shows its optical power followed
over time. Due to the low dual-frequency pump power, the average level of the anti-
Stokes signal is in the steady state (for t < 0) only ∼ 10 µW. Its beat signal with
the pump side-band is very small, hence it contributes weakly to the generation of
phonons by SRLS and serves mainly as a probe for the present population. When
the phase of the optical force is flipped at t0 = 0, the anti-Stokes power begins to
drop, reaching its minimum (10% of its initial value) after ∼ 160 µs.

119



Ch. 6 COHERENT CONTROL OF FLEXURAL NANOWEB VIBRATIONS

(off-resonant) output power

162 µs

0

0.5

1.0

O
u

tp
u

t 
p

o
w

e
r 

(m
W

)

(b)

Time (ms)

O
u

tp
u

t 
p

o
w

e
r 

(µ
W

)

0

10

20

theory

theory

N
o

rm
a

lize
d

 p
h

o
n

o
n

 e
n

e
rg

y

pump 

1st Stokes

theory

(c)

0 0.2 0.4 0.6 0.8 1.0

0

0.5

1.0

1st anti-Stokes

experiment

experiment

experiment

experiment

theory

-50 0 50 100 150 200 250

0

1

2

3

4

Time (ns)

In
p

u
t 

b
e

a
t-

n
o

te
 s

ig
n

a
l (

a
.u

.)

R
e

la
tive

 p
h

a
se

(a)

-100

0

p

DF = 0.98

Fig. 6.2: Temporal response of the dual-frequency component powers to a sin-
gle rapid inversion of their beat-note phase when SRLS transitions are driven.
(a) Dual-frequency beat-note signal (black solid line), observed with an oscil-
loscope. The relative pump-Stokes phase (red solid line) is rapidly switched
at t0 = 0 from 0 to 0.98π, inverting the optical force driving SRLS. (b) Tem-
poral traces of the heterodyne pump (black solid line) and Stokes signals (red
solid line), measured at the fiber output for ∼ 6 mW launched power, showing
slight pump depletion. Reversed energy transfer from Stokes to pump after
t0 = 0 indicates forced annihilation of phonons. The dotted lines are calcula-
tions. (c) Measured (blue solid line) and calculated (blue dotted line) power
of the first-order anti-Stokes side-band, followed over time. Also plotted is the
temporal profile of the calculated normalized phonon energy (orange dotted
line). Only weakly contributing to SRLS, the anti-Stokes side-band probes
the phonon population. A distinct minimum is observed ∼ 160 µs after phase-
switching.
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Being a direct measure of the phonon population, the motion of the nanowebs is at
this point in time almost fully stopped. Equation 6.7 yields then, as an average over
the whole dual-nanoweb fiber, an effective SRLS phonon lifetime of τjR ≈ 0.12 ms. It
is roughly half of the particular value reported in Section 5.4.2 where the lifetime was
measured only at a single transverse position. This deviation can be attributed to
structural non-uniformity of the fiber, causing the SRLS frequencies (and possibly
the phonon lifetimes) to vary between different fiber sections, clearly hampering
exact phase-matching along the whole sample. The anti-Stokes signal is observed to
slightly oscillate, most pronounced between ∼ 50 and ∼ 600 µs after the phase-flip
of the dual-frequency beat-note. Being another impact of structural non-uniformity,
this behavior indicates competition among the closely-spaced sub-peaks forming
the fundamental flexural resonance of the nanowebs (also observed in Sections 4.2,
5.4.2 and 5.4.2). The dotted lines in Fig. 6.2(c) show numerical simulations of
the phonon energy (in orange), normalized to its steady state, and the anti-Stokes
power (in blue) as a function of time. These were again calculated for a 0.8 mm-long
fully homogeneous fiber sample, explaining the overestimation of the steady-state
anti-Stokes signal by ∼ 75% with respect to the measurement in the real fiber.
Nevertheless, the curve agrees qualitatively well with the experiment.

6.3 Coherent control of the nanoweb peak deflection

Both theory and measurements in the previous section indicate that a tailored tem-
poral profile of the relative dual-frequency phase can be utilized to coherently control
the amplitude of the vibrating nanowebs: hampered by the intrinsic inertia of the
system, the phase of the vibration is unable to follow the phase-changes of the optical
force if they happen consecutively, at a rate faster than the inverse typical response
time (∼ 160 µs). At exact phase-matching, the phase-shift between beat-note and
nanoweb vibration is, for all times, very close to ∆Φ/2−π/2, so that the amplitude
is then expected to remain permanently at the minimal value obtained for a single
step-like phase-change.

In this case, however, the temporal response of the flexural vibrations could not
be extracted by analyzing the dual-frequency powers at the dual-nanoweb output:
even if the phase-discontinuity in the pump side-band did not affect its heterodyne
temporal trace, the time intervals for a full suppression of the nanoweb vibrations
would still vary somewhat along the whole fiber because it suffers from significant
structural non-uniformities. As already indicated in Fig. 6.2(c), the temporal traces
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of the dual-frequency power would then represent a superposition of the responses
within different fiber sections, which are not perfectly synchronized.
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Fig. 6.3: Coherent control of the SRLS phonon amplitude by rapid consec-
utive phase-switching of the optical force, detected with transverse probing
at 43 mm along the dual-nanoweb fiber. (a) Temporal trace of the nanoweb
peak deflection when the optical beat-note phase is square-wave-modulated
with an amplitude of 0.98π at a rate of 400 Hz (in red) and at 80 kHz (in
blue). (b) Temporal trace of the nanoweb peak deflection, calculated for a 0.8
mm-long homogeneous fiber sample with ∼ 3 mW launched optical power for
exact inversion of the beat-note phase. At a rate of 80 kHz, theory expects
the phonon amplitude to be suppressed by ∼ 22 dB. (c)-(d) Tuning of SRLS
phonon amplitude by adjusting the phase-change amplitude: for 0.66π and
0.53π, the phonon amplitude is suppressed by ∼ 3.1 and ∼ 2.1 dB. The red
dashed line in (a)-(d) indicates the steady-state vibrational amplitude without
phase-switching, the dashed black line denotes the detection limit.

This issue could be mitigated by applying the transverse probing technique
described in Section 5.4.2. It allows to retrieve the peak vibration amplitude of the
nanowebs as a function of time within a ∼ 5 µm-wide fiber section which can be
regarded as perfectly uniform. The measurements presented in what follows were
carried out with the transverse probing position set to 43 mm along the fiber and the
beat-note of the dual-frequency pump light tuned exactly to the SRLS frequency.

Figure 6.3(a) depicts temporal traces of the nanoweb peak deflection in re-
sponse to a square-wave modulation of the pump-Stokes beat-note phase at an
amplitude of 0.98π. The launched dual-frequency power was, as in previous mea-
surements, ∼ 6 mW. For the red curve, the optical beat-note force was inverted
every 2.5 ms, i.e. at a rate of 400 Hz. The single phase-switching events can be
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resolved individually as they are temporally spaced by much more than the SRLS
phonon lifetime. On average, the nanoweb peak deflection reaches the detection
limit of transverse probing (black dashed line at 70 pm), imposed by residual elec-
tronic noise in the set-up, within ∼ 170 µs and approaches its steady-state amplitude
of ∼ 220 pm within the subsequent ∼ 600 µs. These time-scales agree well with the
ones found from the time-trace of the anti-Stokes power in Fig. 6.2(c). The blue
curve in Fig. 6.3(a) shows the peak deflection of the nanowebs when the phase of
the optical force is square-wave-modulated a much higher rate of 80 kHz. In this
case the period between two phase-switching events is only 12.5 µs, much smaller
than the time required for the SRLS phonon population to build up or to decay.
The peak deflection is measured to remain at the detection limit, suggesting that
the actual deflection could be far below. Theory supports this anticipation: the
numerical simulations of eqs. 6.1 and 6.2 in Fig. 6.3(b) were again obtained at a
realistic dual-frequency power of ∼ 3 mW for a 0.8 mm-long homogeneous dual-
nanoweb structure with a typical SRLS phonon lifetime of 160 µs. The nanoweb
peak deflection is expected to be suppressed by ∼ 22 dB with respect to an optical
beat-note force with unmodified phase-profile.

The principle of coherent control is visualized in Figs. 6.3(c) and (d), showing
temporal traces of the nanoweb peak deflection when the optical beat-note phase
is switched by less than π. The red curves, obtained for a phase-modulation at
400 Hz, reveal that the peak deflection of the nanowebs drops for phase-changes of
0.66π and 0.53π from their steady state (at ∼ 220 pm) to minima at ∼ 109 and 135
pm, respectively. Hence, as the phase-modulation rate is increased to 80 kHz, the
vibrational amplitude of the nanowebs remains permanently at these minimal levels,
while the dual-frequency power launched into the fiber sample is kept constant.

Even though the temporal response of the nanoweb vibration to consecutive
rapid phase-switching can be imaged with transverse probing, its large detection
limit makes it impossible to resolve peak deflections smaller than ∼ 70 pm. Hence,
in order to quantify the efficiency of coherent control within a much larger dy-
namic range, the conventional pump-probe technique from Section 4.1.1 with two
co-propagating signals of slightly different wavelengths was employed. As previ-
ously, dual-frequency pump light at a wavelength of 1550 nm was launched into
the fiber to drive nanoweb vibrations with a coherently controlled peak deflection.
These vibrations modulated the light phase of a co-propagating probe beam at 1543
nm, so that in the frequency spectrum two optical side-bands were generated, sym-
metrically arranged around the carrier and spaced by the frequency of the nanoweb
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vibration. After filtering out the dual-frequency pump light, heterodyne detection
allowed to retrieve the optical powers in these probe side-bands, which are a direct
measure for the energy of the SRLS phonons present in the system.
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Fig. 6.4: Coherent control of flexural nanoweb vibrations, probed using CW
laser light at 1543 nm co-propagating with the dual-frequency pump light at
1550 nm. The phase of the dual-frequency beat-note is square-wave-modulated
at a rate of 80 kHz. (a) Optical spectra of the probe light, phase-modulated
by the flexural vibrations. The black line represents the spectrum obtained for
a constant beat-note force, whereas for the red solid curve it was modulated at
an amplitude of 0.98π. In this case the probe anti-Stokes signal, proportional
to the phonon energy, is suppressed by ∼ 25 dB. (b) Peak suppression of the
probe anti-Stokes signal as a function of phase-change amplitude (full black
circles), compared to theoretical expectations (red solid line) for a 0.8 mm-long
homogeneous dual-nanoweb fiber.

The black solid line in Fig. 6.4 represents the optical spectrum of the probe light
for a constant optical force (i.e. with no modulation of the pump phase), when
the energy of the SRLS phonons is largest. For a total probe output power of
360 µW, the powers in the anti-Stokes and the Stokes side-bands were ∼ 1.6 µW
and ∼ 0.16 µW, respectively, and completely vanished when the dual-frequency
light was switched off. Being a convolution of the flexural and laser-line shapes, the
side-bands in the probe spectrum are observed to be ∼ 20 kHz-wide. Note that the
Stokes power is slightly lower than the anti-Stokes power, indicating that a fraction
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of the probe photons was spontaneously scattered from the pump component in
the slow optical mode into the Stokes component of the fast optical mode featuring
much higher losses (in Section 5.4.2 this mechanism was identified to enable self-
oscillation of the nanowebs). The optical probe spectrum, obtained when the phase
of the dual-frequency beat-note was switched by 0.98π at a rate of 80 kHz, is shown
as the red solid curve in Fig. 6.4(a). In this case the power in the anti-Stokes
side-band is observed to be strongly decreased, reaching its maximum suppression
of ∼ 25 dB precisely at zero detuning from the SRLS frequency, in spite of structural
non-uniformity along the fiber.

Being a figure-of-merit for coherent control, the suppression ratio of the probe
anti-Stokes signal is plotted in Fig. 6.4(b) versus phase-change of the optical force
at a rate of 80 kHz, the experimental data-points shown as full black circles. For
∆Φ = 0.53π and 0.66π suppression ratios of 3.5 and 5.5 dB were measured, very close
to their estimates from side-probing (4.2 and 6.2 dB, respectively). The theoretical
curve, shown as a red solid line, was again calculated for a 0.8 mm-long homogeneous
fiber sample and agrees well with the experiment. Interestingly, for a phase-change
of exactly π, the suppression ratio would approach ∼ 42 dB, which is even beyond
the resolution limit of heterodyne axial probing (∼ 31 dB as indicated by the black
dashed line).

6.4 Coherent control on "ultra-fast" time-scales

Theory and experiments in the previous sections have shown that the response of
flexural nanoweb vibrations does not instantaneously follow a change of the optical
driving force. Instead it becomes most pronounced after a particular temporal delay
which can be viewed as a manifestation of inertia. Hence, when the driving force is
inverted and its amplitude changed simultaneously, it is possible to tune the response
time of the vibrations (i.e. the time interval required to fully suppress them). In
particular, it can be drastically shortened (this behavior is referred to as "ultra-fast")
when the beat-note force is impulsively increased at each phase-change.

This can be easily taken into account by generalizing the theory in Section 6.2.1
which describes the effects of inverting the optical beat-note (for ∆Φ = π) driving
the vibrations. Tuned exactly to the SRLS frequency, the dual-frequency beat-note
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can be written similarly to eq. 6.3 as

Φ (z, t) = Φ0 (z)
[
1 + exp

{
i∆Φ

}(
1+ ξ

)
Θ (t− t0)

]
= Φ0 (z)

[
1−

(
1+ ξ

)
Θ (t− t0)

]
, (6.9)

where Φ0 is the beat-note amplitude for t < t0, before its phase is flipped, Φ1 the
increased beat-note amplitude for t > t0 and the asymmetry parameter ξ = Φ1/Φ0

quantifies the relative amplitude change. In analogy to eq. 6.6, the temporal response
of the SRLS phonon amplitude becomes with eq. 6.9

∣∣∣Rj

(
z,ΩjR, t̂

)∣∣∣ =
∣∣∣∣2κjRssΦ0 (z)

ΓjR

∣∣∣∣
 (1 + ξ) exp

{
− t̂

2

}
− ξ

. (6.10)

Consequently, the amplitude of the SRLS phonons is found to vanish after

tmin (ξ) =τjR t̂min (ξ) = 2 τjR ln
(

1 + 1
ξ

)
. (6.11)

As anticipated, the time tmin required to annihilate all generated phonons shortens
when the beat-note asymmetry is increased, ultimately approaching zero in the limit
ξ →∞.

In the experiment, this quantity could be controlled using an electro-optic
(intensity) modulator (EOM) connected to the output of the EDFA, so that ξ is
the ratio of the optical powers P1 after and P0 before each phase-change, respec-
tively. For this, the EOM was driven with a superposition of a constant voltage and
rectangular pulses on top which were synchronized to the rising edge of the square-
wave phase modulation. In practice, the dual-frequency peak power that could be
launched into the dual-nanoweb fiber was restricted to P1 < 15 mW, limited by the
power-handling capability of the EOM. In the steady state, with pulses and phase-
modulation turned off, flexural nanoweb vibrations were driven with a launched
dual-frequency power of P0 ≈ 5 mW, so that the beat-note asymmetry parameter
was limited to values ξ ≤ 3. To keep the change of the average power small, the
duty cycle of these pulses was set to 6% by choosing a pulse length of τpulse = 150 µs
at a period of 5 ms. Figure 6.5(a) shows the dual-frequency beat-note (black line)
as a function of time, when its amplitude was increased by a factor ∼ 2.9 at t0 = 0,
simultaneously with the phase-flip (red line).
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Fig. 6.5: Coherent control of flexural nanoweb vibrations with tunable re-
sponse time. (a) Temporal trace of the dual-frequency beat-note signal (black
solid line) when the pump-Stokes phase-flip (red solid line) at t0 = 0 is
synchronized with an increase of the pump intensity for subsequent 150 µs.
(b) Nanoweb peak deflection as a function of time, transversely probed at
47 mm along the dual-nanoweb fiber for beat-note asymmetries ξ = 1 (black),
1.3 (red), 1.7 (blue) and 2.9 (violet). The dotted line is a ring-down (ξ = 0),
the dashed lines represent detection limit and reference level. (c) Duration
for the peak deflection to reach the reference level. Open circles mark data
points for ξ = 1 . . . 3, each averaged ten times and the standard deviation
shown as error bars. The red solid line shows the average of six ring-down
measurements, their standard deviation plotted as shading.
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The suppression times predicted by eq. 6.11 were verified with transverse
probing at 47 mm along the fiber sample. Temporal traces of the nanoweb peak
deflection are depicted in Fig. 6.5(b) for different values of ξ (colored solid lines),
together with the ring-down decay (dotted line), each curve averaged 20 times. Their
trend clearly shows that the time required to shutdown the vibrations decreases
with increasing beat-note asymmetry, from ∼ 230 µs at ξ = 1 to ∼ 120 µs for
ξ = 2.9. As the local minima of these curves are somewhat broad and deteriorated,
a quantitive evaluation by extracting their exact temporal position would suffer from
large uncertainties. Instead, the time interval for the nanoweb peak deflection to
reach a particular reference level Rref

j (alternatively expressed in the non-dimensional
form rref = Rref

j /Rj (z,ΩjR, t0) = χref
eff/χeff (t0)) is extracted. Its corresponding RF

power is chosen to be 3 dB larger than the RF noise power defining the detection
limit (both shown as dashed lines in Fig. 6.5(b)). Accounting for this, the effective
suppression time can be calculated by a slightly modified version of eq. 6.11:

tsup (ξ) = 2 τjR ln
(

1 + 1− rref
ξ + rref

)
. (6.12)

Figure 6.5(c) plots the extracted values of tsup versus beat-note asymmetry ξ as open
circles, averaged over ten consecutive measurements and the error bars representing
the standard deviation. For a ring-down lifetime of 183 µs and a normalized reference
level rref ≈ 0.4 extracted from the measurements, the experimental data points agree
well with the theoretical curve (black solid line, after eq. 6.12). However, owing to
the limited dynamic range of transverse probing, a slight deviation between theory
and experiment is found for ξ = 0, i.e. a pure ring-down decay. While eq. 6.12
expects tsup (0) = 330 µs, a slightly smaller value of 251 ± 23 µs was extracted
from averaging six consecutive ring-down measurements. One of these is shown in
Fig. 6.5(c) as red solid line, the surrounding red shading representing the standard
deviation.

Discussion

All experimental results obtained in the structurally non-uniform dual-nanoweb fiber
have been shown to agree well with the theory for a perfectly homogeneous fiber
sample, which was in Sections 6.2.2 and 6.3 assumed to be 0.8 mm long. While
expected for transverse probing, this observation is rather counter-intuitive when
the fiber is probed in axial transmission along its full length. It proves in particular
that structural non-uniformities, although affecting the power transfer between the
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side-bands by SRLS, do not degrade the efficiency of the demonstrated coherent
control technique.

Nevertheless, the experimental results in Figs. 6.3 and 6.5(b) obtained with
transverse probing currently suffer from its large detection limit. It could be signi-
ficantly decreased, as eq. 5.43 suggests, by employing a more powerful laser source:
the same phase-change in the sample arm of the transverse interferometer would
then yield a much stronger modulation of the output power. In turn, the same
signal-to-noise ratio as in Fig. 6.5(b) could be achieved at a lower dual-frequency
pump power. Extending the range of accessible beat-note asymmetries beyond ∼ 3
(the current limit), the effective suppression time for the vibrations could then be
pushed to much smaller values.
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CHAPTER 7

CONCLUSIONS AND OUTLOOK

In the course of the theoretical and experimental studies presented in this thesis,
the dual-nanoweb fiber has turned out as a versatile and highly efficient platform
to investigate optomechanical nonlinear interactions induced in only a single pass
of the light, not requiring any form of feedback by optical cavities. This chapter
provides a short summary of the main results and discusses their impact on possible
applications. At the end of the chapter a possible new direction for interesting
experiments in the near future is pointed out.

7.1 Summary and implications of the reported results

The general theoretical framework describing optomechanical nonlinear interactions
in the dual-nanoweb fiber was reviewed in Chapter 2 for a simplified one-dimensional
system of two coupled "slab" waveguides, a natural model for the dual-nanoweb fiber.
Transverse optical gradient forces were shown to deflect the slabs, thus mediating
a strong change of the modal refractive index with launched optical power, i.e. an
optomechanical nonlinearity. It was found to exceed the magnitude of its electronic
analogon, the Kerr nonlinearity, by many orders of magnitude, while depending
critically on the geometrical parameters of the slabs. Hence, a huge potential for
improvement is offered by designing thinner and wider waveguides, to make them
mechanically more compliant, and/or by a reduction of their gap to enhance the
optical gradient forces.

Chapter 3 characterized the fabricated dual-nanoweb fiber in terms of its op-
tical and mechanical properties. On the one hand, finite-element modelling re-
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vealed the structure to guide numerous optical eigenmodes with different transverse
field distributions and refractive indices. In transverse-electric polarization, the two
modes with the largest index were simulated to feature normal dispersion. On the
other hand, simulations have shown that guided light could interact with multiple
mechanical (flexural) resonances of the nanowebs, characterized by their number of
oscillating lobes. Flexural resonances of identical order were found in each nanoweb
at slightly different frequencies, due to structural asymmetry. For the experiments,
greatest relevance was attributed to the interaction of light in the fundamental opti-
cal mode with the lowest-order flexural resonance, as the overlap of their transverse
mode shapes is largest. The frequency of this flexural resonance, single-lobed along
a nanoweb, was modelled to be ∼ 5 MHz in vacuum, deviating between the individ-
ual nanowebs by ∼ 40 kHz. In the experiments, this resonance was observed at a
significantly larger frequency, resulting from tension either "frozen" in the nanowebs
or possibly externally applied.

In Chapter 4 the frequency response of the optomechanical nonlinearity was
investigated over a wide range of argon and helium pressures in the hollow channels
running along the dual-nanoweb fiber. Squeezed-film damping of the gas sandwiched
between the nanowebs was identified to play a key role in determining both frequency
and mechanical quality factor of the fundamental flexural resonance. Its pressure-
dependence was demonstrated to be accurately modelled with an analytical theory
assuming viscous gas flow in thin trapped film. Being ∼ 15× larger than in micro-
electro-mechanical systems, the huge upshift of the resonant frequency with pressure
suggests application as a resonant optical pressure sensor with high bandwidth, ulti-
mately limited by the inverse mechanical response time. Interestingly, the frequency
response in vacuum, where mechanical quality factors of a few thousand were ob-
served, revealed strong inhomogeneous broading of the fundamental resonance due
to structural non-uniformity along the fiber.

Chapter 5 reported the first experimental demonstration of noise-driven stim-
ulated Raman-like scattering (SRLS): when a continuous-wave pump signal was
launched into the evacuated dual-nanoweb fiber, exceeding a sharp threshold of
a few mW, the nanowebs were observed to self-oscillate and an optical frequency
comb, spaced by ∼ 6 MHz, was generated in the transmitted light. Initially, this
observation strongly contradicted to the theory for scattering only within the funda-
mental optical mode, predicting exact phase-matching of many side-band orders and
therefore ideal conditions for suppression of the optomechanical gain. Confirmed by
experimental results and an extensive theoretical model, the ultra-high SRLS gain
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became accessible due to simultaneous excitation of stimulated inter-modal scatter-
ing (SIMS) at the same frequency as SRLS, as a small fraction of pump power was
also seeded in a suitable higher-order mode. In the dual-nanoweb fiber, an interplay
of structural asymmetry and non-uniformity caused these special conditions to be
automatically fulfilled, although only within a narrow section of the fiber. With more
accurate fabrication, such as that offered by silicon photonics, it may be possible to
meet these conditions in a sample with negligible axial non-uniformity, perhaps with
some small tuning of the pump laser frequency. This could lower the threshold for
self-oscillation still further, perhaps to the µW range, while offering oscillation fre-
quencies in the GHz range or even higher (albeit at lower gain). This suggests that
the dual-nanoweb structure might find applications in optical frequency metrology,
spectroscopy and passive mode-locking of fiber lasers.

Chapter 6 presented a novel approach to coherently control flexural nanoweb
vibrations, induced by dual-frequency light driving SRLS. The temporal response
of the flexural vibrations was shaped at constant optical power with a square-wave
phase-modulation of the dual-frequency beat-note. When its phase was inverted at a
very slow rate, a transient reversed power transfer from the Stokes to the pump side-
band of the dual-frequency light was observed. The weak anti-Stokes component,
probing the phonon population, indicated a suppression after∼ 1.4 phonon lifetimes.
When the phase-modulation period was much shorter than the phonon lifetime, the
nanoweb vibrations were probed axially and from the side of the fiber. Agreeing
with theory, these measurements revealed that the SRLS phonon energy could be
tuned over a ∼ 25 dB-wide dynamic range by varying the phase-modulation ampli-
tude. When the launched dual-frequency power was impulsively increased at each
beat-note phase-change, the time required to stop the nanoweb vibrations dropped,
ultimately limited by the available optical power. Coherent control turned out to be
robust against structural non-uniformities of the dual-nanoweb fiber. Hence, with
the phase-modulation amplitude locked to the error signal of an electronic feed-back
system, this technique might enable stabilization of the nanoweb peak deflection at
a desired value. On the contrary, the nanoweb peak deflection is a highly nonlinear
function of the launched optical power, which would therefore be a rather unsuitable
parameter for feed-back stabilization.
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7.2 Outlook: Cavity-enhanced optomechanics in the
dual-nanoweb fiber

Although the optomechanical nonlinear interactions observed so far in the dual-
nanoweb fiber were driven at moderate optical powers by just a single pass of light,
they could be potentially strongly enhanced if the fiber sample is embedded into an
optical cavity. This might, for instance, trigger the long-awaited observation of op-
tomechanical self-channeling at low power levels in a weakly-guiding dual-nanoweb
structure [60].

As, however, in each cavity round-trip roughly∼ 80% of the total optical power
would already be dissipated due to inefficient launching, a free-space Fabry-Perot
cavity formed by two highly reflective mirrors would suffer from excessive losses
and is therefore not feasible. Instead it is worth considering to integrate the mir-
rors directly into the dual-nanoweb fiber, in form of so-called Fiber-Bragg gratings
(FBGs) [160] that represent diffraction gratings created by a periodic modulation
of the material refractive index. In an optical fiber, where launched and reflected
light are assumed to counter-propagate collinearly in the same optical mode (with
refractive index ns), the weak reflections from all index-variations interfere construc-
tively if their period Λ fulfills the well-known Bragg condition Λ = λ/ (2ns), where
λ is the laser wavelength in vacuum [161]. The maximum power reflectivity of the
grating, which is assumed to be lossless, calculates as [162]

R (δns, Lgr) = tanh2
(
π δns
λ

Lgr

)
, (7.1)

where Lgr is the length of the grating and δns is the amplitude at which the modal
refractive index is modulated. Usually (δns Lgr)� λ, so that (far from saturation)
the reflectivity scales with the length of the grating.

FBGs are commonly fabricated using the holographic technique first demon-
strated in [163], where the fiber is externally illuminated, normal to its axis, with
a two-beam interference pattern of coherent UV radiation. Provided that the fiber
core is doped (usually with GeO2), absorption-induced changes in the glass network
(named photosensitivity) periodically perturb its refractive index, directly resem-
bling the intensity distribution of the interference pattern. The obtained refractive
index changes, and thus the reflectivity, was reported in [164] to be significantly en-
hanced up to ∼ 10−3 if the fiber is, prior to UV irradiation, hydrogen-loaded, i.e. high
pressure forces molecular hydrogen to dissolve into the glass network. Assuming ma-
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terial and modal refractive-index changes to directly correspond, a 2 mm-long FBG
would be expected from eq. 7.1 to yield a very large power reflectivity of ∼ 99.88%.
If two of such mirrors form a Fabry-Perot cavity of length Lcav, its optical quality
factor, defined as the ratio of stored power divided by power loss per round-trip,
can be calculated by [165]

Qopt = 4πLcavns
λ LRT

, (7.2)

where the energy loss per cavity round-trip LRT is the sum of the loss Ltrans, result-
ing from the transmissivity of the mirrors, and the optical loss Lfib in the fiber.

Lgr

Lgr

(b)

Lcav

(a)

Supporting 
capillaries

GeO -doped 2

capillaries

Silica 
jacket tube

Fig. 7.1: Principle of cavity-enhanced optomechanics in the dual-nanoweb
fiber. (a) Modified stack for the fabrication of a dual-nanoweb fiber with a
photosensitive waveguide region: the three vertically aligned capillaries are
doped with GeO2, while the supporting capillaries and the jacket tube remain
undoped. (b) Optical cavity of length Lcav, formed by two highly-reflective
Fiber Bragg gratings of length Lgr, directly written into the nanowebs by
external irradiation with a periodic UV intensity pattern.

While the holographic technique has been successfully applied to inscribe grat-
ings even into optical fibers featuring complex microstructures (such as PCFs) [166,
167], its efficiency can be expected to benefit significantly from the much simpler
structure of the dual-nanoweb fiber. A possible modification of the fabrication pro-
cedure (see Chapter 3) to obtain a dual-nanoweb fiber with a photosensitive wave-
guide region is depicted in Fig. 7.1(a): three capillaries made from doped silica glass
(marked in orange) can be vertically stacked above each other to form the nanowebs
as well as the inner walls of the hollow channels in the final fiber. Figure 7.1(b)
shows a sketch of a Fabry-Perot cavity directly implemented into the dual-nanoweb
fiber. Its optical quality factor can be estimated from eq. 7.2 when the power loss
in the fiber is expressed as Lfib = 1 − exp{−αs (Lcav + 2Lgr)}. For the typical ex-
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perimental value αs = 8.1 m−1, Ltrans � Lfib ≈ 5%. Hence, an optical quality factor
of ∼ 4× 105, limited by the fiber loss, might be feasible, corresponding to a cavity
decay rate κcav = ωcav/Qopt ≈ 2π × 0.5 GHz. In a structure with improved design,
in which the convex thickness profile of the nanowebs is more concentrated in their
center, the optical confinement loss and therefore the cavity decay rate could be
drastically reduced.

This system could potentially lead to an interesting synergy between conven-
tional fiber optics and the field of cavity optomechanics [168]. Being an important
figure-of-merit for such systems, the vacuum optomechanical coupling strength g0

quantifies how efficiently a single photon in the cavity interacts with a single phonon
of a particular mechanical mode which is supposed to be at its quantum-mechanical
ground state. Expressed in terms of a rate [9], g0 is defined as the (linear) shift of the
cavity resonant frequency due to the resonator’s ground-state motion (i.e zero-point
fluctuations). In this context, each nanoweb in a 6 mm-long fiber would be deflected
at its fundamental flexural resonance by up to δzpfj =

√
~/ (2meffΩjR) ≈ 0.16 fm. The

giant optomechanical nonlinearity would mediate, in turn, a refractive-index varia-
tion of the fundamental mode by ∆nm = (∂nm/∂δj) δzpfj ≈ 9× 10−12, corresponding
to a shift of the effective cavity length by ∆Lcav ∼ 19 fm. As a result, the vacuum op-
tomechanical coupling strength is expected to be g0 = |∂ωcav/∂Lcav|∆Lcav ≈ 2π×1.8
kHz.

Even though this number compares well to many other cavity-optomechanical
devices, it seems unlikely to reach the resolved-sideband regime, where κcav � ΩjR,
often required for cooling close to the quantum-mechanical ground state [9]. Never-
theless, an optical cavity integrated into the dual-nanoweb fiber could be in the near
future an appealing platform to study optomechanical phenomena in the Doppler
regime, where κcav � ΩjR, such as optical bistability or optical cooling, either passive
or with feedback and perhaps assisted by a pre-cooling stage.
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APPENDIX A

ANALYTICAL MODELLING OF
SQUEEZED-FILM DAMPING IN THE

DUAL-NANOWEB FIBER

A.1 Continuum model for squeezed-film gas damping
forces

This section calculates the forces acting onto a vibrating plate when the gas film
it encloses with a fixed base plate, is squeezed (i.e. periodically compressed and
expanded). The analysis is based on a consideration of the gas as a viscous fluid.
While its result is, strictly speaking, only valid in the continuum regime for high gas
pressure, it can be modified and used as a good approximation of the gas flow in
the transition regime. A viscous fluid is governed by the Navier-Stokes equations
and the general equations of viscous hydrodynamics, from which, following [93], the
Reynolds lubrication equation can be derived. It describes the pressure in a thin
gas film squeezed between two plates (sketched in Fig. 4.5) under the assumptions
that

1. the inertia of the fluid can be neglected (i.e. the gas flow is steady) and

2. the plates only perform relative movements in their normal direction, not in
their lateral direction (i.e. the gas flow is purely uni-directional).
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Under these conditions it takes the form

∂

∂x

(
ρ
h3

12µ
∂p

∂x

)
+ ∂

∂z

(
ρ
h3

12µ
∂p

∂z

)
= ∂ (hρ)

∂t
, (A.1)

where ρ (x, z, t) and µ (x, z, t) are density and viscosity of the gas film.
Typically found in MEMS, plates vibrating at a few tens of kHz above a

substrate are often fabricated from materials with large thermal conductivity (e.g.
silicon) [95, 107]. In these cases it is obvious that any temperature change within the
squeezed gas film is transferred to the plate and can equalize (with a surrounding
reservoir) at a time constant smaller than the typical period of oscillation. For this
reason, the squeezing of a gas film in MEMS is usually considered to be isothermal.

In the dual-nanoweb fiber, however, this needs verification, as the nanowebs
vibrate at a much higher frequency of ∼ 6 MHz and are fabricated from fused silica
with a thermal conductivity roughly 100 times smaller than for silicon. Assuming
(in the worst case) instantaneous heat transfer from the gas film to the nanowebs
(and vice versa), the thermal relaxation time in one nanoweb becomes the relevant
parameter. For flexural vibrations of thin plates, Norris et al. [84] expressed it,
using Kirchhoff’s plate theory, as

τ0 =
(
hw
π

)2
ρglcp
k

, (A.2)

where hw is the thickness of the plate, ρgl is its mass density, cp is the specific heat at
constant stress (or pressure) and k is the thermal conductivity. For a ∼ 440 nm-thick
nanoweb and typical material parameters ρgl = 2203 kg/m3, k = 1.38 J/ (m ·K · s),
cp = 772 J/ (kg ·K) for fused silica at room temperature [169], eq. A.2 yields a
characteristic thermal relaxation time τ0 ≈ 24 ns, which is smaller than the period
of oscillation at 6.2 MHz. Consequently the gas film enclosed between the two
nanowebs can be described by the isothermal state equation, in analogy to most
MEMS:

ρ = ma

kBT
p, (A.3)

where ma is the mass of the gas particles, kB is Boltzmann’s constant and T =
293 K is the room temperature. With this eq. A.1 yields the isothermal Reynolds
equation

∂

∂x

[
h3

12µp
∂p

∂x

]
+ ∂

∂z

[
h3

12µp
∂p

∂z

]
= ∂ (hp)

∂t
. (A.4)
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If the relative movements of the plates around their average separation are small,
the thickness of the gas film and its pressure can be written as hg +∆h and pa+∆p,
where hg and pa are thickness and pressure when the plates are at rest. As will be
shown in section 5.4.2, the peak deflection of the nanowebs under optically-driven
flexural vibrations is less than a few hundred pm and therefore much smaller than
the mean interweb spacing (∼ 550 nm). Consequently ∆p and ∆h can be considered
as small perturbations with ∆p� pa and ∆h� hg, so that, only keeping first-order
perturbative terms, eq. A.4 transforms into

pa

(
∂2∆p
∂x2 + ∂2∆p

∂z2

)
= 12µ
hg

3

(
pa
∂∆h
∂t

+ hg
∂∆p
∂t

)
(A.5)

Following [93, 106], eq. A.5 can be written in a non-dimensional form if the
normalized variations of pressure p̃ = ∆p/pa and gap spacing h̃ = ∆h/hg are in-
troduced and spatial coordinates x̃ = x/w, z̃ = z/w are normalized to the plate
width: (

∂2p̃

∂x̃2 + ∂2p̃

∂z̃2

)
= 12µw2

hg
2pa

[
∂h̃

∂t
+ ∂p̃

∂t

]
(4.13)

In the experiment the nanowebs extend in the z-direction by∼ 12.5 cm which is much
larger than their transversal width of 22 µm. Consequently, the pressure distribution
p (x, z) varies much more slowly in the z-direction than along the plate width (i.e.
∂2p/∂x2 � ∂2p/∂z2). As a result, derivatives with respect to z are neglected. In
what follows ∂2p̃/∂z̃2 ≈ 0 is assumed for the model of the two parallel plates. With
one of them vibrating at a frequency Ω/ (2π), the thickness of sandwiched gas film
becomes a function of time and is modulated according to

h̃ (t) = 1 + δ̃h cos (Ωt) , (A.6)

where δ̃h = δh/hg is the amplitude of the vibration normalized to the average gap
spacing (i.e. with the nanowebs at rest). This allows to transform eq. 4.13 into

∂2p̃

∂x̃2 = σ

(
∂p̃

∂τ
− δ̃h sin (τ)

)
, (A.7)

where τ = Ωt is the dimensionless time related to the vibration frequency of the
plates. The non-dimensional parameter σ, referred to as squeeze number, is the ve-
locity of the gas-film molecules needed to escape the gap to ensure constant pressure,
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divided by their real velocity under viscous flow [109]. It is defined as

σ = 12µΩw2

h2
gpa

(A.8)

Equation A.7 suggests a general time-harmonic solution composed of pressure con-
tributions in-phase (i.e. proportional to the plate deflection, ∝ cos (τ)) and out-of-
phase by π/2 (i.e. proportional to plate velocity, ∝ sin (τ)) with the vibration of
the plate:

p̃ (x̃) = p̃1 (x̃) cos (τ) + p̃2 (x̃) sin (τ) (A.9)

Inserting this ansatz A.9 into eq. A.7 yields the expression

cos (τ)
[
∂2

∂x̃2 p̃1 − σp̃2

]
+ sin (τ)

[
∂2

∂x̃2 p̃2 + σp̃1 + σδ̃h

]
= 0, (A.10)

which can only be fulfilled for all τ if the coefficients of the sine and cosine functions
vanish at the same time. This leads to a system of second-order inhomogeneous
differential equations coupling the pressure contributions in-phase and out-of-phase
by π/2 to the vibration amplitude of the plate:

∂2

∂x̃2 p̃1 − σp̃2 = 0, (A.11a)

∂2

∂x̃2 p̃2 + σp̃1 + σδ̃h = 0 (A.11b)

Following [93], the system of two coupled differential equations can be transformed
into a single second-order differential equation by multiplying eq. A.11b with the
imaginary unit and adding it to eq. A.11a:

∂2

∂x̃2 p̂+ iσp̂ = −iσδ̃h, (A.12)

where p̂ = p̃1 + ip̃2. The general solution of eq. A.12 is then given by the following
function which is periodic in space

p̂ = c
[

sinh (kx̃) sin (kx̃) + i cosh (kx̃) cos (kx̃)
]
− δ̃h, (A.13)

where k =
√

σ
2 is the wavenumber determined by the squeeze number and c is a

complex constant defined through the boundary conditions provided by the vented
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plate edges (i.e. p̂
(
x̃ = ±1

2

)
= 0) so that

Re{c} = 2δ̃h sinh (k/2) sin (k/2)
cos (k) + cosh (k) and Im{c} = −2δ̃h cosh (k/2) cos (k/2)

cos (k) + cosh (k)

Finally, integration of each component in eq. A.9 over the width of the nanowebs
yields both elastic and dissipative damping forces as a function of squeeze num-
ber [93]

Fe (p, σ, t) = pA

hg

1−
√

2
σ

sinh (σ/2) + sin (σ/2)
cosh (σ/2) + cos (σ/2)

 y (t) , (A.14a)

Fd (p, σ, t) = pA

hgΩ

√
2
σ

sinh (σ/2)− sin (σ/2)
cosh (σ/2) + cos (σ/2)

∂y (t)
∂t

, (A.14b)

where the deflection of the oscillating plate as a function of time is

y (t) = h̃ (t)− 1 = δ̃h cos (Ωt) . (A.15)

A.2 Free-molecular energy transfer model for gas
damping

Closely following [104], this section derives a simple model to estimate the rate at
which the amplitude of a vibrating plate is damped when gas particles impinge from
one side onto its surface. Only collisions between gas particles and the vibrating
plate are taken into account, while collisions among the gas particles themselves are
neglected. Consequently the model is valid when the gas flow is free-molecular (i.e.
at low pressures) and can be used to approximate the slip-flow regime. The plate,
representing a single nanoweb, is assumed to be made from fused silica and features
thickness hw, width w, and length l. Its upper surface is considered to be in contact
with a gas of molecular mass ma at pressure p and temperature T , whereas the
volume below the plate is evacuated.

Each time a gas particle hits the vibrating plate, its velocity component along
the plate normal changes by ∆vy. As the plate is many orders of magnitude
heavier than the gas particle, conservation of energy and linear momentum sim-
ply yields [104]

∆vy = 2ẏ (t) , (A.16)

141



Ch. A ANALYTICAL MODELLING OF SQUEEZED-FILM DAMPING IN THE . . .

where y (t) and ẏ (t) = dy (t) /dt are displacement and corresponding velocity of the
plate as a function of time. As a result, the kinetic energy of the gas particle varies,
with the remaining velocity components vx0, vz0 being constant, by

∆ekin (vy0, t) = 2ma

(
vy0 ẏ (t) + ẏ2 (t)

)
, (A.17)

depending on the initial velocity of the gas atom.
Within a small time interval ∆t, the number of collisions between the plate

and the fraction of the gas particles travelling at a velocity vy0 towards the plate is
calculated as

∆N (vy0) = na (vy0) (vy0 + ẏ (t))A∆t, (A.18)

where A is the surface of the vibrating plate in contact with the gas, vy0 + ẏ (t) is
the relative velocity of gas particles in an inertial system at rest with the plate and
na (vy0) is the concentration of gas atoms with a velocity component vy0. It can
be expressed with the one-dimensional Maxwell-Boltzmann distribution [170]
(integrated over x and z from −∞ to ∞), describing the probability to find a gas
particle travelling at a velocity within the interval [vy0; vy0 + dvy0], as

na (vy0) dvy0 = n0

√
ma

2πkBT
exp

(
−mavy0

2

2kBT

)
dvy0 = n0f (vy0) dvy0 (A.19)

where n0 is the total concentration of gas atoms and kB is Boltzmann’s constant.
The total number of collisions between gas atoms and the plate during ∆t is then
obtained by integration of eq. A.18 over all (positive) relative velocities as

N =
∫ ∞
−ẏ

dvy0
dN

dvy0
with dN

dvy0
= n0A∆t

[
vy0 + ẏ (t)

]
f (vy0) , (A.20)

Consequently, the total energy exchanged within the interval ∆t between the oscil-
lating plate and the ensemble of gas atoms calculates with eqs. A.17 and A.20 as

∆Eosc (t) =
∫ ∞
−ẏ

dvy0
dN

dvy0
∆ekin (vy0, t) . (A.21)
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By inserting eq. A.15, eq. A.21 yields in the limit ∆t→ 0 under the assump-
tion that vy0 � ẏ (t)

dEosc

dt
≈ 2ρA

[
2
∫ ∞

0
dvy0f (vy0) vy0ẏ

2 (t) +∫ ∞
0

dvy0f (vy0) vy0
2ẏ (t)

]
, (A.22)

where the mass density of the gas ρ = n0ma was introduced. While the plate is
oscillating according to y (t) = δh cos (Ωt), the total energy it transfers to the gas
during one cycle (length T = 2π/Ω) is obtained by integration of eq. A.22 with
respect to time:

∆Eosc = 4ρA (δh)2 vy0Ωπ, (A.23)

where the second integral vanishes as
∫ T

0 dt sin (Ωt) = 0 and vy0 =
√
kBT/ (2πma) is

the averaged velocity component of a gas atom perpendicular to the plate.
If the vibration of the plate were only damped by energy-transfer to the gas

on one side of the plate, its mechanical quality factor would obtained as a function
of pressure after eqs. 2.50, 2.51 and A.3 as

QGD (p) = ρglhwΩ
√
πkBT

8ma

1
p
. (A.24)

Equation 2.52 yields then the corresponding gas-damping rate as

ΓGD (p) =
√

2ma

πkBT

p

ρglhw
. (4.22)
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