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Abstract

Liquid-gas-solid three-phase flows play an important role in nature and indus-
trial applications. However, multiphase problems rarely permit analytic solu-
tions and experimental studies are often cumbersome and expensive. Numeri-
cal models are hence an important alternative for the investigation of such phe-
nomena. In this thesis, a direct numerical simulation technique for liquid-gas-
solid flows is presented. The model is based on the lattice Boltzmann method for
hydrodynamics, a free surface volume-of-fluid approach for liquid-gas interface
tracking, and a Lagrangian rigid body representation of solid particles.

The main focus of this thesis is the development of the numerical model. The
theory of the free surface lattice Boltzmann method is developed in detail, in-
cluding an analysis of lattice Boltzmann boundary conditions for free surfaces,
a comparison of different volume-of-fluid surface tension models, and an anal-
ysis of the overall method accuracy. It is shown that errors stemming from
the advection scheme directly influence the surface tension modelling. A least-
squares based surface tension model is extended for the simulation of wetting
boundaries. Finally, the coupling to the Lagrangian rigid body simulation is
discussed. Several validation experiments are presented, including the vertical
and rotational floating stability of wall-sided structures in free surface flows.

The drag law within fluidized particle beds is studied in simulations. A new
drag correlation expression as a function of bed density and particle Reynolds
number is derived from the numerical data. The expression can be used to
model the fluid-solid phase interaction in liquid-solid or liquid-gas-solid flows.

Furthermore, the method is applied to simulate bubble-particle interaction
in a containing liquid. The model captures the full hydrodynamic interaction
between particles, such that suspension dynamic effects are recovered. Thus,
simulations of gas bubbles within particle suspensions become possible. As a
test case, a bubble-induced mixing process of up to 178 486 fully resolved parti-
cles is simulated. Thanks to the scalability of the method on parallel computers,
arbitrarily complex setups are possible, if sufficient resources are provided.

The thesis is completed with a self-contained introduction to the lattice Boltz-
mann method for hydrodynamics. Instead of the usual gas-kinetic point of view,
the method is presented from a mathematical perspective. A concluding chap-
ter discusses the possibility of a higher-order free surface model, and contains
an outlook on future applications of the three-phase method.
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Zusammenfassung

Dreiphasige Strömungsvorgänge mit Flüssigkeits-, Gas-, und Feststoffanteil
sind in Natur und Technik von entscheidender Bedeutung. Da mehrphasige
Strömungen besonders schwer zu beschreiben, und experimentelle Studien
aufwendig sind, besteht ein hohes Interesse an numerischen Modellen, wel-
che die Untersuchung derartiger Vorgänge ermöglichen. Die vorliegende Arbeit
präsentiert eine Methode zur direkten numerischen Simulation von Flüssigkeit-
Gas-Feststoff-Strömungen. Hierzu wird auf die sogenannte Lattice Boltzmann
Methode zurückgegriffen, die sich seit Ende der 1980er Jahre etabliert hat.
Diese wird mittels eines Volume-of-Fluid Ansatzes zur Simulation freier Ober-
flächen zwischen Liquid und Gas erweitert, und zusätzlich mit einem lagrange-
schen Ansatz der Starrkörpersimulation kombiniert.

Der erste Hauptteil der Arbeit behandelt die Methodenentwicklung, wobei der
Schwerpunkt auf der verwendeten Lattice Boltzmann Methode für freie Ober-
flächen (Free Surface Lattice Boltzmann Method) liegt, welche bezüglich ihrer nu-
merischen Genauigkeit untersucht wird. Unter anderem werden die benötigten
Randbehandlungen für freie Ränder analysiert und das Konvergenzverhalten
der Grenzflächenadvektion untersucht. Dabei stellt sich heraus, dass Letzte-
re einen bedeutenden Fehler verursachen können. Advektionsverfahren mit
höherer Genauigkeit werden deshalb als mögliche Alternative diskutiert. Ein
weiterer Aspekt sind die zur Simulation von Oberflächenspannung benötigten
Modelle zur Krümmungsberechnung. Hier werden drei bestehende Modelle ver-
glichen, und außerdem ein auf der Methode der kleinsten Quadrate basierendes
Verfahren um benetzbare Ränder erweitert. Letzteres ermöglicht die Simulation
benetzender Oberflächen. Zuletzt wird die Fluid-Strukturkopplung der freien
Oberflächenmethode mit dem lagrangeschen Ansatz zur Starrk̄örpers̄imulation
vorgestellt. Diese wird anhand klassischer Probleme, z.B. der Kippstabilität ei-
nes schwimmenden Körpers validiert.

Als Anwendungsfall untersucht die vorliegende Arbeit die wirkende Reibungs-
kraft in fluidisierten Kugelschüttungen, einem wichtigen Beispiel einer Flüssig-
Feststoff-Strömung. Aus einer Reihe von Simulationen wird die zu erwartende
Reibungskraft als Funktion der lokalen Reynoldszahl und des lokalen Fest-
stoffanteils ermittelt. Die ermittelte Gesetzmäßigkeit kann z.B. verwendet wer-
den, um grobskalige Simulationen zwei- oder dreiphasiger Strömungen basie-
rend auf Konzentrationsmodellen zu realisieren, welche ihrerseits auf solche
Reibungsmodelle zurückgreifen.

Als weiterer Anwendungsfall kommen Wechselwirkungen zwischen Gasbla-
sen und gelösten Feststoffpartikeln in Frage. Da das Verfahren mit vollauf-
gelösten Partikeln arbeitet, können insbesondere die in Partikelsuspensionen
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Zusammenfassung

ausschlaggebenden Effekte simuliert werden. Daher kann die Methode auch
zur Simulation von Gasblasen in Suspensionen oder blaseninduzierten Misch-
vorgängen von fluidisierten Partikeln in Flüssigkeiten eingesetzt werden. Als
Beispiel werden Simulationsergebnisse mit bis zu 178 486 vollaufgelösten Par-
tikeln in Interaktion mit einer aufsteigenden Gasblase vorgestellt. Es dürfte
sich hierbei um die aufwendigsten bekannten Simulationen dieser Art han-
deln. Dank der Skalierbarkeit der Methode auf modernen Hochleistungsrech-
nern wären ohne weiteres komplexere Fälle realisierbar.

Abgerundet wird die Arbeit durch eine eigenständige Einführung in die Theo-
rie der Lattice Boltzmann Methoden. Ein abschließendes Kapitel diskutiert au-
ßerdem die mögliche Erweiterung der freien Oberflächenmethodik auf höhere
Ordnung, sowie weitere Anwendungsgebiete der vorgestellten Dreiphasenme-
thode.
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Part I

Introduction





1 Outline and Scope

1.1 General Introduction

“Aller Anfang ist schwer, gilt in jeder Wissenschaft.1” The flexibility of modern
computers offers many ways to find and extend algorithms for physical prob-
lems. By writing and modifying source code and experimenting with the algo-
rithm itself we can improve our understanding of the method, add functionality,
or combine different approaches. This is particularly important for the simu-
lation of multiphase phenomena that are often too complex to be treated by
monolithic approaches. In a retrospective article [Harlow, 2004], one of the pio-
neers of computational fluid dynamics reports about the struggles of developing
the first simulation techniques for fluid interfaces during the 1950s. Two ma-
jor forms of critique are mentioned by Harlow. The first type of criticism was
spawned from a general distrust towards the new and unavowed technologies
at that time. The second type, raised against one of the first computational
multiphase models ever developed, doubted its usefulness due to its high com-
putational cost. Despite the remarkable technological advance within the last
sixty years, the second point has remained as a fundamental issue within the
field.

Nowadays, direct numerical simulation (DNS) methods are widely acknowl-
edged for being essential tools in the study of multiphase systems. As stated by
Prosperetti and Tryggvason [2007], due to the interaction of mutually coupled
materials, e.g., liquid and solid in the case of an airfoil, or liquid and gas in
the case of a rain drop, multiphase problems tend to be difficult to describe
by analytical means. If a phenomenon cannot be studied in laboratories with
reasonable expense, the numerical description is often the only possible way
to investigate these problems at all. However, it is not a secret that DNS also
comes with a considerable, often extensive, need for computational resources.

For instance, the size of the spatial resolution parameter δx of a particulate
flow simulation is fixed by the typical particle diameter D. In order to fully re-
solve the particles, we must require that δx is smaller than D. Now, if L is the
total length of the system, then the number of computational units scales with
L/δx. Since the particles of a suspension, and therewith δx, often have dimen-
sions within the microscale or nanoscale, this number can easily become very
large, exhausting the available resources. Therefore, DNS should be considered
as a tool that produces highly accurate and detailed predictions of systems of
limited size.

1Every beginning is difficult, holds in all sciences. Karl Marx, 1867
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1 Outline and Scope

Within the last decades, the lattice Boltzmann method (LBM) has been estab-
lished as a DNS model for complex flows [e.g., Succi, 2001, Chen, 1998, Aidun
and Clausen, 2010]. The LBM can be used to compute numerical solutions
to the (incompressible) Navier-Stokes equations. Its aptness for complex flows
stems mainly from its high locality and explicitness, and the scalability on par-
allel computers that results from it. This scalability is crucial for exploiting high
performance computers that are in many cases our only option to realize the
relevant system sizes.

The LBM can be extended to multiphase flows by exploiting the kinetic nature
of the scheme [Nourgaliev et al., 2003, Aidun and Clausen, 2010, Aurell and
Do-Quang, 2001]. However, the multiphase models obtained in this way are
diffusive, that is, the transition between two phases or fluid components is fully
resolved, as if one was looking at the molecular scale. Instead, the present the-
sis is based on the sharp interface assumption of continuum mechanics, where
the interface between two different fluids is described as a surface. The sharp
description is valid for many problems of immiscible two-phase flow, includ-
ing the important special case of a liquid-gas flow [see Scardovelli and Zaleski,
1999]. Sharp-interface approaches are often advantageous for gas-liquid flows
with large density ratio, where diffusive models become unstable or require in-
feasible resolutions.

The free surface lattice Boltzmann method (FSLBM) of Körner et al. [2005]
combines the LBM with a volume of fluid (VOF) sharp interface tracking ap-
proach. The FSLBM solves the limiting case of a free surface flow. That is, a
two phase problem is reduced to a free boundary problem, by neglecting the
dynamics of the gas phase. This simplification corresponds to the limit of a gas
of vanishing density, that is often a reasonable alternative to the two-phase de-
scription. However, while the theory of the LBM is well-understood, the FSLBM
extension has never been analyzed in detail. The present thesis reviews and an-
alyzes the numerical accuracy of the FSLBM. This includes a detailed analysis
of boundary conditions, interface advection accuracy, and accuracy of surface
tension modelling.

Besides fluid-fluid multiphase modelling, another popular application of the
LBM is the simulation of fluid-solid systems, that is, simulations of fully re-
solved rigid particles in flow [Aidun and Clausen, 2010, Tenneti and Subrama-
niam, 2014, Ladd and Verberg, 2001]. This allows the investigation of hydro-
dynamic particle-particle interaction, suspension dynamics and fluidized beds.
A few groups have extended the LBM to three-phase flows of suspended parti-
cles in multicomponent fluids or in liquid-vapor systems [Stratford et al., 2005,
Jansen and Harting, 2011, Joshi and Sun, 2009]. However, these works are
based on the diffusive multiphase approach of Shan and Chen [1993]. Instead,
this thesis proposes a three-phase model that is based on the sharp interface
FSLBM, to enable the simulation of floating rigid bodies in free surface flows
and liquid-gas-solid flows. This has significant advantages compared to the dif-
fusive methods. For instance, in simulations of particles at the free surface, the
minimal required lattice resolution is lower, because there is no need to resolve
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1.1 General Introduction

the interface. Furthermore, other advantages of sharp interface models, such
as numerical stability at large density ratio, are transferred to liquid-gas-solid
flows.

Real world cases of multiphase flows often involve system sizes that are far
beyond what can be realized by DNS with feasible computational costs [Joshi
and Nandakumar, 2015, Prosperetti and Tryggvason, 2007]. Hence, in recent
years, DNS has also been applied as a “stepping stone” for coarse-grained ho-
mogenized simulation models that, unlike DNS, do not resolve all scales and
predict only the local phase concentrations but allow larger system sizes. Such
simplified models require closure relations to include the correct phase interac-
tion. The application part of this thesis includes a DNS study of the fluid-solid
drag law for fluidized beds of spherical particles. The resulting drag force ex-
pression could be used to facilitate the fluid-solid coupling of a homogenized
two-phase and three-phase model.

Furthermore, with a scalable method, the power of massively parallel com-
puter systems may be exploited in order to bridge over multiple scales involved
in a system. For instance, in bubble-driven fluidized bed reactors, the parti-
cle size is often one order of magnitude smaller than the bubble size which, in
turn, is small compared to the system size. The computational costs of a DNS
of such a system is inevitably high, since the smallest scale involved deter-
mines the spatial resolution parameter. The liquid-gas-solid model presented
in this thesis has been designed to preserve the scalability of the LBM to also
allow complex cases of bubble-particle interaction. Simulation examples are
presented for the case of bubble-induced particle mixing, where a large num-
ber of small particles interact with a bubble. These setups are possible only by
distributing computations to a number of several thousand CPU cores.

Highlights and most important results. The focus of this thesis is the develop-
ment of a scalable, sharp interface lattice Boltzmann method for liquid-gas-solid
flows, including a detailed analysis and discussion of numerical aspects, and a
presentation of possible applications. The most important points are as follows.

• A self-contained introduction to the lattice Boltzmann method (LBM), fo-
cusing on the numerical aspects of the method (Chapter 3).

• An analysis of boundary conditions for free surfaces in the LBM. The orig-
inal boundary condition of Körner et al. [2005] is shown to be first order
accurate in space. Proposition of a second order accurate free surface
boundary condition for the LBM (Chapter 3).

• An introduction to the free surface lattice Boltzmann method (FSLBM) of
Körner et al. [2005] as a volume of fluid (VOF)-based interface tracking
approach. Analysis of the FSLBM pure advection, and analysis of FSLBM
surface tension simulation (Chapter 4).

5



1 Outline and Scope

• Discussion and comparison of different VOF surface tension models, and
proposition of a new model for wetting boundaries (Chapter 4).

• Proposition of a liquid-gas-solid flow simulation model based on the FSLBM
(Chapter 5).

• Validation of floating bodies and particles in free surface flows (e.g., vertical
and rotational floating stability, Chapter 5).

• A study of the drag law in homogeneous particle beds as a function of bed
density and Reynolds number (Chapter 6).

• Validation of rising bubble simulations with the FSLBM. Examination of
different bubble regimes (Chapter 7).

• Simulation of a rising bubble in fully resolved particle suspension and
demonstration of bubble-particle interaction (Chapter 7).

1.2 Outline

This thesis is subdivided into four parts, Introduction (I), Numerical Methods (II),
Applications (III), Discussion (IV), and eight chapters. The focus of my work has
been the development of a three-phase simulation model for liquid-gas-solid
flows based on the free surface lattice Boltzmann method (FSLBM). While the
theory of the LBM for (incompressible) hydrodynamics is well-understood, the
theoretical aspects of the younger FSLBM have hardly been reflected in current
literature. Hence, a major part of this thesis addresses the analysis of the
LBM-VOF coupling as an integral element of the model.

Part I contains the present introduction (Chapter 1). Furthermore, in Chap-
ter 2, I introduce briefly the basic equations of incompressible flow (Navier-
Stokes equations) and the continuum description of fluid interfaces. Chapter 2
also introduces the basic concepts and definitions of discretization.

The theoretical background and development of the numerical model makes
up Part II. Possible applications of direct numerical simulation techniques for
liquid-solid and liquid-gas-solid flows are found in Part III. Part IV contains a
concluding discussion of the key findings of this work. The following paragraphs
outline the individual chapters of Parts II to IV.

Numerical method (Part II). Chapter 3 starts with a self-contained introduc-
tion to the LBM. Some of the content stems from my teaching experience at the
Friedrich-Alexander University, where I conceived material for short courses,
seminars, and lectures. The available literature usually presents the LBM
within the framework of kinetic theory and the classic Boltzmann equation. In-
stead, I find it convenient to approach the LBM as a purely mathematical object
and present the numerical properties of the method. By Chapman-Enskog anal-
ysis it follows that the algorithm can be used for the approximation of specific
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1.2 Outline

partial differential equations. Under certain conditions (hydrodynamic lattice
Boltzmann model, diffusive scaling), the LBM computes numerical solutions
to the (incompressible) Navier-Stokes equations with second order accuracy in
space. The analysis is further extended to boundary conditions in Sec. 3.3.
Free boundary conditions, as an important ingredient of the FSLBM, are ana-
lyzed and discussed in detail. A new, second-order accurate treatment of free
boundaries is proposed.

Chapter 4 introduces the VOF approach for interface tracking that the FSLBM
is based on. By exploiting the principles of the LBM, the interface advection
can be simplified in what is called the mass exchange algorithm. However, my
analysis shows that the simplified mass exchange advection scheme exhibits
a comparably low order of convergence (Section 4.2). Possible improvements
are discussed. Furthermore, Sec. 4.4 is devoted to the simulation of surface
tension and wetting effects which play an important role in many two-phase and
three-phase flows. It is known that the VOF approach can be cumbersome in
surface tension-driven problems, because it requires the reconstruction of the
interface curvature from the VOF indicator function. Therefore, I compare three
different curvature reconstruction techniques, and propose a new approach for
the inclusion of wetting boundaries. A key finding is, that the error of the
advection scheme can perturb the curvature reconstruction significantly. This
problem, that has been addressed in literature only recently, could be solved by
an improved advection scheme.

Chapter 5 turns from liquid-gas flows to fluid-solid simulations. The coupling
of the LBM to Lagrangian rigid particle models has been discussed extensively
in the literature. Therefore, I briefly introduce the main concepts required for
direct numerical simulations of particle suspensions (momentum exchange ap-
proach, lubrication correction). In Sec. 5.2, I present an extended approach for
the simulation of particles and floating bodies in free surface flows. The new
method is validated for the prediction of the floating stability of wall-sided struc-
tures, which is a classical problem of ocean engineering. This shows that the
forces on partially immersed objects are captured correctly. Another test case
is the simulation of a particle sedimentation process from a free surface, involv-
ing a larger number of particles. Chapter 5 completes the method part of this
thesis.

Application (Part III). Chapter 6 takes one step back from the full liquid-gas-
solid method developed within Part II and focuses exclusively on liquid-solid
interaction. DNS has been used in the past to obtain improved drag laws for
fluidized beds, by simulating the flow inside of particle beds of moderate size
and extracting the average drag force. However, there has been doubt regard-
ing the reliability of previous studies because of a disagreement of the predicted
drag laws. In a joint effort with Swati Mohanty from the CSIR-Institute of Miner-
als and Materials Technology, Bhubaneswar (India), I conducted a LBM-based
study of the drag force in spherical particle beds of solid volume fraction from
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1 Outline and Scope

zero up to 35%, and Reynolds numbers up to 300. The series of simulations was
compiled into a new drag correlation that allows predictions of the drag force
in beds of the given density. The correlation agrees well with an independent
study conducted at the same time.

Chapter 7 studies the applicability of the presented liquid-gas-solid method
in the prediction of bubble-particle interaction problems. The latter arise, for
instance, in bubble columns in suspensions or gas-liquid-solid fluidized beds.
Typically, the particle size is at least one order of magnitude below the bubble
size. Consequently, high resolutions are necessary to fully resolve the par-
ticle bed, which requires a considerable amount of computational resources.
Chapter 7 extends the validation presented in Chapter 5 to the simulation of
liquid-solid suspension flow, where the full hydrodynamic interaction between
solid particles needs to be resolved. In agreement with current literature, the
LBM is shown to predict various suspension properties correctly, e.g., effective
suspension viscosity in shear flow. Furthermore, the gas-liquid model of Chap-
ter 4 is validated for the prediction of bubble rise behavior. Here, the FSLBM is
found to predict the terminal rise velocity and the bubble regime in accordance
with the available experimental data. This is an important step that confirms
the validity of the present implementation, including the surface tension mod-
elling. Finally, simulations of bubble-induced mixing of suspended particles
are conducted. Thanks to the scalability of the method, a bed of 178 486 fully
resolved particles interacting with a gas bubble can be realized. To the best of
my knowledge, this is the largest liquid-gas-solid flow setup realized by DNS so
far.

Finally, Part IV contains the concluding Chapter 8. A more general discussion
of the method and applications presented in Parts II and III is given. An outlook
on future work is presented.

Visualization and figures. The postprocessing of simulation data is of general
importance in computational fluid dynamics. For the visualizations in this work
I have resorted, besides standard tools such as VTK and Paraview2, to a cus-
tomized solution that generates in-situ processed data for later image genera-
tion based on raytracing [Bogner et al., 2009]. In the case where only the free
surface and the particles need to be visualized (e.g., Figs. 5.10, 5.11 and 7.10
to 7.12), this solution saves storage and is often visually appealing.

2see http://www.vtk.org
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2 Hydrodynamics and Spatial
Discretization

The following sections are meant to introduce the central equations of flow
and the notation used throughout this thesis. For a comprehensive introduc-
tion to fluid mechanics, there is a vast literature available [e.g., Aris, 1989,
Shikhmurzaev, 2008].

2.1 The Basic Equations of Fluid Mechanics

Let Ω ⊂ RD, with D ∈ N be a domain in D dimensions, filled with fluid. The flow
within this domain is described at each point x ∈ Ω at time t ∈ [0,∞) by the
quantities

• mass density ρ(x, t),

• pressure p(x, t), and

• velocity u(x, t) or momentum j = ρu.

Temperature is omitted here since only athermal flow problems shall be con-
sidered within this work. More precisely, incompressible flows of Newtonian
fluids and the corresponding partial differential equations will be considered in
the following. Conservation of mass within a flow is expressed in the continuity
equation,

∂tρ+ ∂αρuα = 0, (2.1)

here in its fully compressible form. The Navier-Stokes equation is the momen-
tum equation of a flow and has the form,

∂tρuα + ∂β

(
ρuαuβ + pδαβ − µ(∂αuβ + ∂βuα +

λ

µ
∂γuγδαβ)

)
= 0, (2.2)

where µ is the dynamic viscosity, and the second constant λ = ζ−2/3µ is related
to the bulk viscosity ζ. In particular, one refers to

σαβ = µ

(
∂αuβ + ∂βuα + (

ζ

µ
− 2

3
)∂γuγδαβ

)
(2.3)

as the viscous stress tensor. The bulk viscosity term related to λ is representing
the stresses arising from compression of the fluid, while the remaining terms
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2 Hydrodynamics and Spatial Discretization

describe the fluid’s resistance to any shearing motion. This leads to the defini-
tion of the strain rate tensor,

Sαβ =
1

2
(∂αuβ + ∂βuα). (2.4)

In the Newtonian case considered here the viscosity µ is constant and does not
depend on the shear rate. Otherwise, the fluid would be called non-Newtonian.
Sometimes it is useful to rewrite the spatial derivative of the stress tensor σαβ
arising in Eq. (2.2) as

∂βσαβ = µ∂2
βuα + (ζ +

µ

3
)∂α∂βuβ, (2.5)

where ζ + µ/3 = λ + µ. For the incompressible flow equation (2.14) discussed
below, the bulk viscosity term vanishes and the stress tensor σαβ reduces to the
Laplacian µ∂2

βuα.
In order to close the system of equations, one needs to add to Eqs. (2.1)

and (2.2) an equation of state, defining the pressure. Assuming that pressure
can be directly related to density by an algebraic equation taking the form

ρ = ρ(p), (2.6)

the number of equations is D + 2 matching the number of unknown variables.
The class of flows described by the system of Eqs. (2.1), (2.2) and (2.6) is also
called barotropic. For example, under iso-thermal conditions (T = const.), the
equation of state of an ideal gas,

p = ρRT, (2.7)

with specific gas constant R, yields a linear relation compatible with Eq. (2.6),
and closes the system. Another example is that of an incompressible fluid,
where ρ is constant. In that case, the pressure p cannot be determined from
Eq. (2.6). However, for ρ being constant, the continuity equation reduces to the
condition of a divergence-free velocity field,

∂αuα = 0. (2.8)

Hence, we have D + 1 equations and the system is again closed.

Incompressible flows are characterized by a divergence-free velocity field satis-
fying Eq. (2.8). It is important to know that it is valid to assume the incompress-
ibility condition of Eq. (2.8) not only in the case of an incompressible medium.
In fact, a sufficient and equivalent requirement is that the density within a fluid
element moving with the observable flow velocity u does not undergo density
variations. This requirement is formulated by a vanishing substantial deriva-
tive of density,

Dρ

Dt
= ∂tρ+ uα∂αρ = 0, (2.9)

10



2.1 The Basic Equations of Fluid Mechanics

which can be used to transform the continuity equation (2.1) into

ρ∂αuα = 0, (2.10)

and hence indeed equivalent to the divergence-free condition of Eq. (2.8). There-
fore, it is reasonable to regard incompressibility a property of the flow instead
of the fluid. Sometimes, flows satisfying Eq. (2.8) are called isochoric instead of
incompressible to avoid the unintended assumption of an incompressible fluid.
For practical applications, the dimensionless Mach number,

Ma :=
U

cs
, (2.11)

with cs being the speed of sound of the medium, and U the characteristic flow
speed, can be used to estimate the significance of density fluctuations. For
Ma . 0.3 (low Mach number flow), one usually treats the flow as incompressible.

Using Eq. (2.8), the momentum equation can be simplified as well. Obviously,
the bulk viscosity term can be dropped and the spatial derivative of the viscous
terms becomes

µ(∂β∂αuβ + ∂β∂βuα) = µ∂2
βuα, (2.12)

such that Eq. (2.2) can be written as

ρ∂tuα + uα(∂tρ+ uβ∂βρ) + ρ∂βuαuβ + ∂αp− µ∂2
βuα = 0. (2.13)

Using again the incompressibility condition, Eq. (2.8), to eliminate the brackets,
we arrive at the incompressible Navier-Stokes equation,

∂tuα + ∂βuαuβ +
1

ρ
∂αp− ν∂2

βuα = 0, (2.14)

where ν = µ/ρ is the kinematic viscosity. Eqs. (2.8) and (2.14) are the defining
equations of an incompressible flow. Again, we remark that ρ is constant only
if an incompressible medium is assumed, but not in the more general case
of an incompressible flow. The incompressible flow equation (2.14) together
with the zero divergence condition of Eq. (2.8) are the physical model that is
approximated by the hydrodynamic lattice Boltzmann method of Chapter 3.

The non-dimensional form of Eq. (2.14) is obtained by introducing a character-
istic length L and a characteristic velocity U . For each variable V , let Ṽ be the
scaled quantity with respect to the characteristic values. For instance, the flow
velocity uα [m/s] shall be replaced by the dimensionless ũα, using the relation-
ship

uα = Uũα. (2.15a)

The units [m/s] cancel, and ũα is unitless. Likewise, we introduce

xα = Lx̃α, (2.15b)

11



2 Hydrodynamics and Spatial Discretization

t =
L

U
t̃, (2.15c)

p =
µU

L
p̃, (2.15d)

where we have used the characteristic time T = L/U , and the characteristic
pressure pc = µU/L. The scaling factor T can be interpreted as the time needed
for a fluid volume to traverse the characteristic length L when moving with the
characteristic speed U . The choice of the characteristic pressure pc is less obvi-
ous1, but one readily verifies that Eq. (2.15d) indeed eliminates all dimensions
and leads to the equation

ρLU

ρν

(
∂

∂t̃
ũα +

∂

∂x̃β
ũαũβ

)
= − ∂

∂x̃α
p̃+

∂2

∂x̃2
β

ũα. (2.16)

Instead of working with an additional set of symbols Ṽ according to Eqs. (2.15a)
to (2.15d), the original and shorter notation may be kept by directly applying the
corresponding mappings, u 7→ Uu, x 7→ Lx, t 7→ L/Ut, p 7→ µU/Lp to Eq. (2.14).
This yields,

Re (∂tuα + ∂βuαuβ) = −∂αp+ ∂2
βuα, (2.17)

where we have introduced the dimensionless number

Re :=
ρLU

µ
=
LU

ν
, (2.18)

that is known as Reynolds number. Obviously, there is an infinite number
of different flow problems with the same or different characteristic values L,
U , and ν leading to the same Reynolds number, and thus to the same non-
dimensional system. If furthermore the geometries (boundary descriptions) of
two flow problems coincide up to a scaling factor, then the two problems have
the same non-dimensional solutions. The Reynolds number is often used to
predict the qualitative flow behavior. A high Reynolds number, Re � 1, means
that the inertial forces dominate over viscous forces. Higher values may thus
trigger instabilities and transitional behavior, and very high values may intro-
duce chaotic behavior and turbulence.

Small Reynolds numbers, Re� 1, indicate that the viscous forces govern the
flow. For very low values it is common to simplify Eq. (2.17) by taking the limit
Re→ 0, which results in the Stokes equation,

∂αp = ∂2
βuα. (2.19)

This equation describes the limit of creeping flow, where inertial forces vanish
compared to viscous forces. Eq. (2.19) is time-independent. However, often the
time derivative ∂tuα, is still included in Eq. (2.19) to admit also time-dependent

1Another popular choice to non-dimensionalize the pressure is pc = ρU2.
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2.2 The Description of Fluid Interfaces

solutions, for instance in the presence of boundary conditions from which time-
dependent behavior may result. The Stokes equation in its full, dimensional
form reads

∂tuα +
1

ρ
∂αp− ν∂2

βuα = 0. (2.20)

The Stokes equation thus coincides with the Navier-Stokes equation (2.14) up
to the non-linear term. Hence, flows described by Eq. (2.20) are often referred
to as linear. The opposite limit, Re → ∞, of the Navier-Stokes equation is
represented by the Euler equation of inviscid flow. All problems studied within
this thesis are viscous flow problems, with Reynolds numbers in the Range from
Re = 0 (Stokes) to Re . 500.

Initial boundary value problems to the incompressible flow equations form an
important category of flow problems [Gresho, 1991]. Typically, an incompress-
ible viscous flow problem consists in finding solutions to Eqs. (2.8) and (2.14)
on a bounded domain Ω̄ = Ω ∪ ∂Ω with boundary ∂Ω, where the solution u(x, t)
and p(x, t) is subject to an initial condition,

u(x, 0) = u0(x), (2.21a)

p(x, 0) = p0(x), x ∈ Ω. (2.21b)

Hereby, u0 : RD → RD and p0 : RD → R are functions defining the velocity field
and pressure at time t = 0. At the boundary, the solution is often constrained
by additional boundary conditions. An important example is the Dirichlet - type
boundary condition,

u(x, t) = ud(x, t), t ∈ [0, T ],x ∈ ∂Ω, (2.22)

defining the boundary value for u for any given time t. For instance, zero velocity
(ud = 0) is commonly used to model flows that are constrained by solid walls. If
the boundary condition is the same for all x ∈ ∂Ω, then it is called homogeneous.
Otherwise, the boundary condition is called inhomogeneous. For this work, the
special case of a free boundary is important and will be introduced in Sec. 2.2.2.

2.2 The Description of Fluid Interfaces

The multiphase flows problems treated in this work, are based on the sharp
interface assumption. In unison with human everyday perception, for instance
when holding a glass of water (or wine), two or more fluid media are assumed
as well separated by a fluid interface of zero thickness.

2.2.1 Two-Phase Flows

Flow problems that involve two fluid phases are called two-phase flows. This
work deals exclusively with the immiscible case of a gas and a liquid in interac-
tion, separated by a meniscus or interface layer. The domain Ω is then split into
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Ω

Ωl(t)
I(t) = ∂Ωl ∩ ∂Ωg

Ωg(t)

n

Figure 2.1: Two-phase flow schematic. The domain Ω is split into the two sub-
domains Ωl and Ωg. The interface I is a smooth surface with surface
normal vector n.

the non-overlapping subdomains Ωg,Ωl ⊂ Ω, and the interface is the boundary
surface

I := ∂Ωl ∩ ∂Ωg. (2.23)

The continuum equation and the Navier-Stokes equations describe the flow
in both Ωl and Ωg, but the material properties such as density and viscosity
are different in the two subdomains. Let n(x) for every x ∈ I be the usual
surface normal vector directed towards the liquid phase, as in Fig. 2.1. Then,
at the interface it is feasible to assume the following balance of normal and
tangential stresses [Landau and Lifshits, 1959, Scardovelli and Zaleski, 1999,
Shikhmurzaev, 2008],

(pl − pg + 2σκ)nα = (σl,αβ − σg,αβ)nβ. (2.24)

Here, pi and σi,αβ with i ∈ {g, l}, are the pressure and stress tensor of the gas and
the liquid phase, σ is the surface tension coefficient (constant for the isothermal
case) and κ is the local mean curvature2 of the interface. The notation Xi, with
i ∈ {l, g}, where X could be any flow variable, is defined on Ωi as X(x) for x ∈ Ωi

and on ∂Ωi as

Xi =

{
limε→0Xi(x− εn), if i = g,
limε→0Xi(x+ εn), if i = l.

(2.25)

Up to surface tension, Eq. (2.24) can be seen is a consequence of the mass and
momentum balance across the interface. This also allows to define the velocity
of the interface, since along the interface normal n it must hold

vI := ul,αnα = ug,αnα, (2.26)

Because Eq. (2.24) takes the form of a boundary condition (with a moving
boundary I), it is also called jump condition formulation. Finally, let {n, t1, t2}
be a orthonormal basis at any given point on the interface.

2For the mean curvature, there is the well-known expression κ = (R−1
1 +R−1

2 )/2, with R1, R2 the
principal radii of curvature at the respective point on the surface.
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Jump conditions vs. whole domain formulation. Instead of using the jump con-
dition formulation of Eq. (2.24), the one-fluid – or whole-domain formulation
may be used that extends the Navier-Stokes equation by a singular term. This
leads to

∂tuα + ∂βuαuβ +
1

ρ
(∂αp− 2ρσκδInα)− ν∂2

βuα = 0, (2.27)

in which δI is the interface characteristic function. Viscosity ν and density ρ
jump across the interface. Both formulations are equivalent. Numerical meth-
ods sometimes prefer the whole domain formulation, because then both fluids
are subsumed to one set of flow equations which has to be solved, and no addi-
tional boundary conditions for the interface have to be implemented. Working
with jump conditions, on the other hand, means that the flow equations are
solved separately within each subdomain and the phases are coupled explicitly
by imposing the interface boundary conditions. However, in both cases the two
subdomains Ωg(t) and Ωl(t) must be well-defined. Therefore some sort of inter-
face capturing or tracking is necessary. This problem is discussed in detail in
Chapter 4.

2.2.2 Free Surface Flows

In this thesis, a free surface flow is considered a single-phase flow involving a
free boundary [Scardovelli and Zaleski, 1999]. If the dynamics of a two-phase
flow problem is governed by the first phase, while the second phase is of neg-
ligible influence, it is often preferable to work with a free boundary problem
instead. Let n be the local unit normal to the free surface. The free boundary
condition can be written as

(p− pg + 2σκ)nα = 2µSαβnβ, (2.28)

where p and Sαβ are the local pressure and shear rate of the flow, respectively.
pg is a boundary value for the pressure at the free surface. This value is set ac-
cording to the assumed surrounding pressure in the gas. Notice, that Eq. (2.28)
is directly obtainable from Eq. (2.24) as the limit µg → 0, that is, of vanishing
gas phase viscosity. Suppose next, that {n, t1, t2} form an orthonormal basis,
i.e., the vectors t1, t2 are local tangents to the free surface. Projecting Eq. (2.28)
onto the normal and tangential basis vectors yields separate equations for nor-
mal and tangential directions,

p− pg + 2σκ = 2µ∂nun,

0 = ∂t1un + ∂nut1 ,

0 = ∂t2un + ∂nut2 .

(2.29a)

(2.29b)

(2.29c)

The notion of free surface flow is a special case of the jump condition formula-
tion, where the gas phase is taken into account only in terms of its pressure. A
numerical method for free surface flow simulates the liquid flow only and treats
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the interface by the free boundary condition. The problem of interface tracking
remains the same as in the two-phase case. The free surface lattice Boltzmann
method introduced in Chapter 4 extends the lattice Boltzmann method for in-
compressible flow by interface tracking and approximates Eqs. (2.29a) to (2.29c)
at the free surface.

2.3 Discretization and Non-Dimensional Values

So far, the general equations for fluid flow and free surface problems have been
introduced. This final introductory section presents the general ideas of domain
discretization as basis for the numerical methods presented in Part II.

2.3.1 Basic Definitions

Let us begin with the definition of a regular grid X in D ∈ N dimensions as the
discrete set of points,

X = {Ai+α|i ∈ ZD}. (2.30)

Here, A ∈ RD×D is the diagonal matrix with the grid spacings δx, δy, . . . as entries,
and an offset vector α ∈ RD. We say, X is a Cartesian grid, if δx = δy = . . . , such
that

X = {δxi+α | i ∈ ZD} = α+ δx · ZD. (2.31)

If the domain Ω ⊂ RD of a flow problem is restricted to the grid points X, we
call this a (spatial) discretization. A numerical solution to an incompressible flow
problem is an approximation of the flow variables u(x, t) and p(x, t) where x is
restricted to the discrete domain Ω ∩ X. Suppose an initial condition is given
that describes the flow field and pressure at time t = 0. Then the solution at
time t+δt is computed from the state at time t, advancing one time step δt in each
cycle. The lattice Boltzmann method is an approach to find numerical solutions
to incompressible flow problems that is mostly limited to Cartesian grids. In the
lattice Boltzmann context, the grid is also called lattice. Figure 2.2 shows the
Euclidean plane with an excerpt of the lattice X, with an offset αx = αy = δx/2.
The lattice structure is an algorithmic requirement of the method that will be
discussed in Chapter 3. Also common is the shift of the grid by δx/2 along each
coordinate axis. The nodes (also sites or points) of a lattice are sometimes re-
ferred to as cells in the literature. Presumably, because historically the lattice
Boltzmann method was developed from the lattice gas cellular automaton. For
the present thesis, the cell-nomenclature is adopted whenever the correspond-
ing control volume V (y) around a node y ∈ X is considered (cf. Fig. 2.2). The
volume V (y) is defined as the set of all points that are closer to the node y than
any other node x ∈ X. This nomenclature disagrees from the standard defi-
nition used in applied mathematics and computational fluid dynamics, where
grid nodes are the vertices of the grid cells. The same grid layout sketched

16



2.3 Discretization and Non-Dimensional Values

0

α

x

y

V (y)

y

x

Figure 2.2: Lattice in D = 2 dimensions. The grid node of lowest (nonnegative)
index (0, 0) is located at x = α. The gray area indicates the cell
volume V (y) associated to node y = δx(2, 1) +α.

in Fig. 2.2 will be reused for the volume of fluid interface tracking method de-
scribed in Chapter 4. For compatibility with the lattice Boltzmann method, all
variables will be collocated at the cell centers.

2.3.2 Scaling of Variables and Convergence

Let us consider any flow problem with characteristic length L, and characteris-
tic flow speed U . Naturally, given the grid spacing δx and the discrete time step
δt, it is easy to convert these parameters into lattice units based on the following
simple equations,

N · δx = L, (2.32)

U ′ · δx
δt

= U. (2.33)

Here, N has been introduced as the number of lattice nodes per characteristic
length L. In general, we denote by V ′ the value of a quantity V with respect
to lattice units. In particular, one finds δ′x = δ′t = 1. Let furthermore Nt be
the number of time steps used to resolve the typical duration T of the flow
phenomenon in the simulation. Then we can write

δx =
L

N
, and δt =

T

Nt
. (2.34)

For the simulation of a given flow problem, it is crucial to choose the dis-
cretization steps δx and δt in such a way, that the given algorithm is effective.
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2 Hydrodynamics and Spatial Discretization

Numerical algorithms for partial differential equations typically come with re-
strictions. An important criterion in terms of effectiveness, is the stability con-
dition of Courant, Friedrichs, and Lewy (CFL-condition), which can be expressed
in equation form as

U
δt
δx
≤ Cmax. (2.35)

Hereby, Cmax is a constant depending on the specific numerical model. For
explicit algorithms, such as the lattice Boltzmann method, one generally has
Cmax = 1, reflecting the fact that the domain of dependence of a node per single
time step is equal to the grid spacing, and hence movement that is faster then
some constant propagation speed

c :=
δx
δt
, (2.36)

cannot be correctly captured within the numerical scheme. The CFL-condition
is a necessary condition for stability. Consecutively, one chooses parameteriza-
tions such that the scaled velocity satisfies

U ′ =
U

c
= U

δt
δx
≤ 1, (2.37)

to avoid divergence of the algorithm. This means that for a given spatial res-
olution, we are forced to choose a small enough time step δt, to satisfy the
CFL-condition. This limitation in terms of δt is typical for explicit methods.

Furthermore, an effective method should be consistent with the target equa-
tions. Does the numerical solution approach the ideal solution if the grid spac-
ing is refined? For the hydrodynamic lattice Boltzmann method, the usual
target equation is the incompressible Navier-Stokes equation. It can be shown
analytically that the method converges to the exact solution in the limit

∆2
x ∼ ∆t → 0, (2.38)

where ∆x = δx/L and ∆t = δt/T are the dimensionless grid spacing and time step
size, respectively. The relationship ∆t ≈ ∆2

x (diffusive scaling) is an additional
requirement for convergence. Details are discussed in Section 3.2.
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Numerical Method





3 The Lattice Boltzmann Method (LBM) for
Hydrodynamics

The lattice Boltzmann method is a numerical approach to solve various kinds of
transport equations, such as the advection-diffusion equation or, most promi-
nently, the incompressible Navier-Stokes equation [Benzi et al., 1992, Chen and
Doolen, 1998, Aidun and Clausen, 2010, Succi, 2001, Wolf-Gladrow, 2005, Mo-
hamad, 2011, Guo and Shu, 2013]. The respective equation is called the target
equation of the lattice Boltzmann model. In the following, Sec. 3.1 highlights the
theoretical aspects of the lattice Boltzmann method independent of the specific
target equation. The section lays out the theoretic foundation of the method and
explains the construction principle of lattice Boltzmann models. Hydrodynamic
lattice Boltzmann models for the incompressible Navier-Stokes equation, which
are at the focus of this thesis, follow in Sec. 3.2. Furthermore, the simulation
of complex flows, free surface flows in particular, is impossible without integra-
tion of the appropriate boundary conditions into the numerical method. Hence,
Sec. 3.3 on boundary conditions, is of special importance for this thesis as a
whole. Here, the design of boundary schemes for free interfaces is discussed
and accompanied by numerical experiments.

3.1 Theory of the Lattice Boltzmann Method

The following introduction presents the key aspects of the lattice Boltzmann
approach. Section 3.1.1 defines and discusses the lattice Boltzmann equation as
the defining equation of the computational scheme. Section 3.1.2 presents the
Chapman-Enskog expansion of the lattice Boltzmann equation. This analysis
provides further insight into the design of lattice Boltzmann schemes, and the
consistency with its target equations. The consistency depends on a set of
lattice symmetry properties explained Sec. 3.1.3.

3.1.1 The Lattice Boltzmann Equation (LBE)

As part of a computational scheme, the lattice Boltzmann equation is first men-
tioned in McNamara and Zanetti [1988], Higuera and Jiménez [1989], even
though the equation has already been studied earlier in the analysis of the lat-
tice gas automata [e.g., Frisch et al., 1987]. The naming after Ludwig Boltzmann
stems from similarities to the Boltzmann equation [Harris, 1971, Chapman and
Cowling, 1991, Hänel, 2004, Struchtrup, 2005] of statistical physics. To define
a working computational scheme, the lattice Boltzmann equation needs three

21



3 The Lattice Boltzmann Method (LBM) for Hydrodynamics

δtc1

δtc3

δtc2 δtc0

Figure 3.1: The lattice model D2Q4 and the corresponding Cartesian lattice.

ingredients, I. lattice model, II. equilibrium function, and III. collision operator.
The importance of each ingredient will be outlined in the following. A reason-
able definition of all three ingredients defines a lattice Boltzmann model.

I. Lattice model: Assume that the spatial domain is a subset of RD, where
D ∈ {1, 2, 3} is the number of dimensions. As mentioned in Sec. 2.3, the lattice
Boltzmann method uses lattices for space discretization. The lattice and its
structure is specified in terms of a lattice model or velocity set VQ, which is a
finite set of Q ∈ N vectors, denoted

VQ := {c0, . . . , cQ−1}. (3.1)

Hereby, the vectors cq ∈ RD are called lattice velocities. The velocity set VQ must
be compatible with the computational grid XQ through the equation

XQ = XQ + δt · cq, (3.2)

for all q = 0, . . . , Q − 1. The lattice velocities cq determine the propagation of
information in space per time step according to the lattice Boltzmann equation
defined below. For example, the D2Q4 lattice model is a two-dimensional model
(D = 2) with Q = 4 lattice velocities,

c0 =

(
c
0

)
, c1 =

(
0
c

)
, c2 =

(
−c
0

)
, c3 =

(
0
−c

)
. (3.3)

The constant c = δx/δt controls the grid spacing δx of the lattice. An excerpt of
the corresponding Cartesian lattice is sketched in Fig. 3.1.

Definition 1 (Lattice Boltzmann Equation). Let VQ be a lattice model with corre-
sponding lattice XQ ⊂ RD and let δt > 0 be the time step. The data of the lattice
Boltzmann method can be denoted as a mapping,

f : XQ × VQ × δtN→ R, (3.4)
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3.1 Theory of the Lattice Boltzmann Method

and is called particle density function (PDF)1. At each lattice node x ∈ XQ at time
t ∈ N, the value of f in direction cq is abbreviated by

fq(x, t) := f(x, cq, t). (3.5)

The lattice Boltzmann equation (LBE) describes the evolution of the LBM data
and has the form

fq(x+ cqδt, t+ δt)− fq(x, t) = Cq(f(x, t)), (3.6)

where Cq(f) is a collision operator.

The particle density function represents the data of the algorithm and, for
a fixed time t ∈ δtN, describes the current state of the system. Equation (3.6)
can be written in fully explicit form and readily defines the algorithm up to the
purely local collision term Cq. From the definition, it follows that the lattice
model VQ defines the stencil of the lattice Boltzmann equation. Depending on
the target equations that one wishes to solve, the lattice model VQ needs to
satisfy additional symmetry constraints that will be discussed in Section 3.1.3.

It is often useful to treat the lattice Boltzmann data as a vector-valued func-
tion, denoted by f ∈ RQ. Since |VQ| = Q is a fixed finite number, one can make
the straightforward definition

f(x, t) := (f0, . . . , fQ−1)T ∈ RQ. (3.7)

The vector space RQ is also called velocity space in this context. The indices
q, p, . . . denote vectors in the velocity space RQ, in addition to the indices α, β, . . .
that are default for the space RD. Let us now define the notion of a moment of
the function f . A double-index within a term denotes the usual tensor contrac-
tion in velocity space.

Definition 2 (Discrete Moment). A (discrete) moment over f of order n+m+. . .+l
(n,m, . . . , l ∈ N) has the general form

παnβm...γl(x, t) =
∑
q

(cq,α)n(cq,β)m . . . (cq,γ)lfq(x, t). (3.8)

In particular, we introduce the moments

π0 =
∑
q

fq = mπ0,qfq, (3.9a)

πα =
∑
q

cq,αfq = mπα,qfq, (3.9b)

παβ =
∑
q

cq,αcq,βfq = mπαβ ,qfq (3.9c)

1Other common terminologies are population density function or particle distribution function
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where the space and time parameters (x, t) have been dropped for brevity, and
the defining vectors

mπ0 := (1, . . . , 1) ∈ RQ, (3.10a)

mπα := (c0,α, . . . , cQ−1,α) ∈ RQ, (3.10b)

mπαβ := (c0,αc0,β, . . . , cQ−1,αcQ−1,β) ∈ RQ, (3.10c)

are used for brevity.

Notice that each moment π corresponds to a scalar product of a uniquely
defined moment vector mπ ∈ RQ with the data vector f ∈ RQ. Definition 2 can
be generalized by replacing the monomial in the cq,α, . . . , cq,γ in Eq. (3.8) by a
polynomial in the same symbols.

The variables of the target equations are therewith expressed as moments of
the particle density function. For the hydrodynamic lattice Boltzmann models
presented in Sec. 3.2, the target equations are the equations of incompressible
flow, Eqs. (2.8) and (2.14). In this case, the pressure p is related to π0, and the
flow momentum jα is related to πα.

II. Equilibrium function: Any lattice Boltzmann model is constructed around a
set of one or more conserved quantities. The conserved quantities are a subset
of the moments defined in Definition 2. In the following, the symbol φ is used to
distinguish the conserved moments. For instance, let us assume that we have
D + 1 conserved moments,

φ0 = π0, and φα = πα. (3.11a)

The equilibrium function, f eq is a mapping of the conserved quantities into the
lattice Boltzmann velocity space. Hence, in our case we can write

f eq = f eq(φ0, φα) ∈ RQ. (3.12)

The equilibrium function is defined in such a way that for any conserved mo-
ment φ it holds,

φ = mφ,qfq = mφ,qf
eq
q . (3.13)

Thus, the particle density function splits accordingly into equilibrium part f eq

and, non-equilibrium part fneq,

f = f eq + fneq. (3.14)

It follows directly that the non-equilibrium part is orthogonal to each of the
conserved moments. In fact, the above considerations lead to

mφ,qf
neq
q = mφ,qfq︸ ︷︷ ︸

=φ

−mφ,qf
eq
q︸ ︷︷ ︸

=φ

= 0. (3.15)
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3.1 Theory of the Lattice Boltzmann Method

The equilibrium function describes the equilibrium state of the system (some-
times called “discrete Maxwellian state” in analogy to the classic Boltzmann
equation). This equilibrium state is characterized by

Cq(f
eq) = 0, (3.16)

where Cq(f) is the collision operator of the model. Hence equilibrium function
and collision operator are directly related.

III. Collision operator: The collision operator is a purely local operator, and
interlinked with the equilibrium state by Eq. (3.16). The conserved quantities
that are exactly the collision invariant moments. If φ is any collision invariant
moment, then the respective moment of the collision operator vanishes,

mφ,qCq(f) = 0. (3.17)

Following the original works [Higuera and Jiménez, 1989], the collision term
Cq(f) is assumed to be linearized around the equilibrium state f eq

q , via fq =
f eq
q + fneq

q , as

Cq(fp) = Cq(f
eq
p )︸ ︷︷ ︸

=0, by Eq. (3.16)

+
∂Cq(f

eq
p )

∂fp
(fp − f eq

p ) +O((fneq)2),

such that the collision term can be written as

Cq(fp) = Aqp(fp − f eq
p ), (3.18)

with a collision matrix A ∈ RQ×Q. Notice, that the collision operator may still be
non-linear because f eq

q may be a non-linear function. Let us define the collision
matrix as follows.

Definition 3 (Collision Matrix). The collision matrix A ∈ RQ×Q must satisfy the
following properties.

a) Symmetry,
Aqp = Apq. (3.19)

b) The collision invariant moments are the eigenvectors of A. For each collision
invariant moment φ with corresponding eigenvalue λφ, we can write

mφ,qAqp(fp − f eq
p ) = λφ · mφ,pf

neq
p︸ ︷︷ ︸

=0, by Eq. (3.15)

= 0. (3.20)

c) The kernel ker(A) of the collision matrix is a subspace of the linear space
generated by the collision invariant eigenvectors.
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3 The Lattice Boltzmann Method (LBM) for Hydrodynamics

d) For numerical stability it is required that the nonzero eigenvalues lie be-
tween −2 and 0,

λ ∈ (−2, 0) for all eigenvalues λ ∈ spec(A), λ 6= 0. (3.21)

It follows that the collision matrix is negative semi-definite, i.e.,

xqAqpxp ≤ 0. (3.22)

e) For hydrodynamic models, the vectors mπαβ are eigenvectors, sharing the
same eigenvalue λν ∈ spec(A) for all α, β. In other words, it holds

π∗αβ = mπαβ ,qAqpfp = λν · παβ, (3.23)

where π∗αβ was introduced as the corresponding post-collision moment.

The majority of lattice Boltzmann collision operators that are currently found
in literature, satisfy the properties of Def. 3. Let us discuss the significance of
each property individually.

• Property 3 (a). The symmetry of the collision matrix simplifies the alge-
bra as there is no need to distinguish between left and right eigenvectors.
Also, the construction of symmetric collision matrices is particularly sim-
ple. If A is real and symmetric, then it can be diagonalized and the lattice
Boltzmann equation can be written as

fq(x+ cqδt, t+ δt)− fq(x, t) =
M−1∑
k=0

λkek,q(f
neq · ek). (3.24)

Here, each λk ∈ (−2, 0) is a non-zero eigenvalue, and {ek : k = 0, . . . ,M − 1}
is the set of the corresponding mutually orthogonal, normalized eigenvec-
tors. The choice of the eigenvector basis, {ek : k = 0, . . . ,M − 1}, is not
restricted as long as the other properties stated above are satisfied. In
other words, we can choose any set of (orthogonal) moments that we wish
to control, and the structure of the collision matrix follows directly. Of-
ten, the choice of eigenvectors is adjusted to the physical problem. This
is the design principle of the generalized lattice Boltzmann equation ap-
proach [d’Humieres, 1992], where the eigenvector basis corresponds to a
set of physical quantities. A non-symmetric example is found in Higuera
et al. [1989].

• Property 3 (b). This property reflects the collision invariance of the con-
served quantities, postulated in Eq. (3.17). It is common practice to choose
the corresponding eigenvalues λφ as zero in Eq. (3.20), which leads to a
non-trivial kernel ker(A) spanned by the invariant moments.
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3.1 Theory of the Lattice Boltzmann Method

• Property 3 (c). All vectors in ker(A) are collision invariant and therewith
form the conserved moments of the system. However, allowing invariant
modes in the system besides the conserved quantities of the target equa-
tions is usually not desirable.

• Property 3 (d). This condition is necessary for numerical stability [Wolf-
Gladrow, 2005]. Assuming a homogeneous state where the distribution
function fq(x, t) is constant in x, Eq. 3.6 simplifies to

fq(t+ δt) = fq(t) +Aqp
[
fp(t)− f eq

p (t)
]
.

On the LHS one has f eq
q (t + δt) = f eq

q (t), since the collision operator on the
RHS does not contribute to the conserved quantities that the equilibrium
function f eq

q depends on by Eq. (3.20). Subtracting then the equilibrium
f eq
q on both sides yields

fneq
q (t+ δt) = fneq

q (t) +Aqpf
neq
p (t) (3.25)

= (δqp +Aqp) f
neq
p (t). (3.26)

A requirement for stability is

‖fneq(t+ δt)‖ < ‖fneq(t)‖. (3.27)

Since A ∈ RQ×Q is symmetric, there must exist a basis of RQ, consisting of
the eigenvectors of A. Let λ be the eigenvalue associated with eigenvector
e, then it is clear that

e ∈ ker(A) ⇔ λ = 0.

Considering that fneq ∈ ker(A)⊥ by Eq. (3.15) and that ker(A)⊥ is the sub-
space generated by the non-zero eigenvectors, Eq. (3.27) must hold in par-
ticular for each of the eigenvectors e with eigenvalue λ 6= 0. Hence, the
stability requirement translates into

‖(1 +A) · e‖ = |1 + λ| · ‖e‖ < ‖e‖,

and λ ∈ (−2, 0) follows.

• Property 3 (e). This property will eventually be needed to derive the Navier-
Stokes equation from the hydrodynamic lattice Boltzmann schemes in
Sec. 3.2. We shall see that the eigenvalue λν is related to the kinematic
viscosity ν of the simulated fluid, and that the second order moment παβ
is representing the tensor,

pδαβ + ρ0uαuβ +
c2
s

λν
2ρ0Sαβ, (3.28)

of the target equation. Property 3 (e) is sometimes refined to further dis-
tinguish the shear modes (α 6= β) from the bulk modes (α = β).
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Constructing a collision matrix is now almost trivial. The simplest example
satisfying all properties of Def. 3 is

Aqp = λδqp, (3.29)

with λ ∈ (−2, 0). In this case, all vectors are eigenvectors sharing λ as eigen-
value. Equation (3.29) is equivalent to the so-called lattice BGK collision oper-
ator that will be discussed later in Sec. 3.2.1 as part of a hydrodynamic lattice
Boltzmann model.

Relaxation and propagation. The lattice Boltzmann equation, Eq. (3.6) is some-
times written as a two stage procedure,

f∗q (x, t) = fq(x, t) + Cq(f(x, t)), (3.30a)

fq(x+ cqδt, t+ δt) = f∗q (x, t), (3.30b)

where the f∗q (x, t) are the post-collision values of the particle density function.
Equation (3.30a) can be computed locally and is called the collision step or the
relaxation, while nonlocal Eq. (3.30b) is called the stream step or the propaga-
tion. The collision step is indeed a relaxation towards the local equilibrium f eq.
Using Eq. (3.14) and Eq. (3.24) to formulate Eq. (3.30a) one obtains

f∗(x, t) = f eq(x, t) +
∑
k

(1 + λk)ek[f
neq(x, t) · ek], (3.31)

where the λk are the nonzero eigenvectors of the collision matrix A. Since all
eigenvalues of λk are in the interval (−2, 0), the post-collision distribution f∗ is
“closer” to the equilibrium state than the original f . The collision step is hence
a relaxation towards equilibrium. Therefore, the eigenvalues of A are also called
the relaxation times2 of the collision operator.

In order to understand the importance of each of the three ingredients, lat-
tice model, equilibrium function and collision operator, it is crucial to examine
the relationship between the lattice Boltzmann equation and the target equa-
tion. If the lattice Boltzmann model is consistent with the target equation, then
the conserved moments of the particle density function represent a numerical
solution of that target equation. To obtain this relationship, the succeeding
Sec. 3.1.2 analyzes the asymptotic behavior of the lattice Boltzmann equation.

3.1.2 Chapman Enskog Analysis

The purpose of this chapter is to bridge the gap from the lattice Boltzmann
equation, Sec. 3.1.1, to the macroscopic equations or moment equations. The
macroscopic equations are the equations satisfied by the conserved moments

2This abuse of language is common in the lattice Boltzmann literature. Strictly speaking one
has one relaxation time −1/λ for each eigenvalue λ ∈ spec(A).

28
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of the scheme in the asymptotic limit, that is, the limit of vanishing grid spacing
and time step. If the moment equation matches with the desired target equation
(typically up to an error term), then the lattice Boltzmann scheme is consistent.
This section analyzes the asymptotic behavior of the lattice Boltzmann equa-
tion based on the ansatz of Chapman and Enskog [Harris, 1971, Hänel, 2004,
Chapman and Cowling, 1991]. The ansatz was first used to study solutions of
the Boltzmann equation (independently by Chapman and Enskog), where the
Navier-Stokes equations are obtained as moment equations in the limit of van-
ishing Knudsen number. The results of this section are used in Sec. 3.2 to
prove the consistency of the hydrodynamic lattice Boltzmann models with the
Navier-Stokes equation.

The Chapman-Enskog expansion is an ansatz to find solutions for Boltzmann
- type differential equations of the form,

Dtf = C(f), (3.32)

where Dt is the total derivative and C(f) is a collision operator. The ansatz
assumes the solution in the form of an asymptotic expansion,

f =
∑
n≥0

f (n)εn, with ε� 1, (3.33a)

where the f (n) are undetermined coefficients and ε is an asymptotic parame-
ter. Furthermore, the solution is assumed to be a function of the conserved
quantities m0, . . . ,ml, and their gradients,

f(x, t) = f(m0, . . . ,ml;∇m0, . . . ,∇ml; . . . ). (3.33b)

The conserved quantities m0, . . . ,ml define the equilibrium state of the collision
operator. Substituting this ansatz into an Eq. (3.32) - type equation and extract-
ing terms of the same order in ε starting incrementally with O(ε0), a hierarchy
of equations is obtained, where the equation of order O(εn) depends only on
f (0), . . . , f (n). Usually, the solution of the order O(ε0) - equation is f (0) = f eq,
where f eq defines the equilibrium state, and one can successively solve for the
higher orders.

The parameter ε is purely formal and used as a label to keep track of the
asymptotic order of the different terms and the coefficients f (i) [Wolf-Gladrow,
2005]. Actually, it holds

f (i) � f (i−1) for all i ≥ 1. (3.34)

Thus, once the n-th order coefficient is determined, one can write the approxi-
mate solution of the corresponding order as

f =

n∑
k=0

f (k) +O(εn+1). (3.35)
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Analysis of the lattice Boltzmann equation. In order to apply the Chapman-
Enskog ansatz to the lattice Boltzmann equation, Eq. (3.6), fq(x+ cqδt, t+ δt) on
the left hand side is formally expanded in a Taylor series around (x, t) as

fq(x+ cqδt, t+ δt) =
∑
n≥0

δnt
n!
Dn
t fq(x, t), with Dt = (∂t + cq,α∂α). (3.36)

We further use the asymptotic ansatz to expand the discrete function fq as

fq =
∑
n≥0

εnf (n)
q , (3.37)

where ε� 1 is the asymptotic parameter. Substituting Eq. (3.36) into the lattice
Boltzmann equation with the matrix collision operator of Eq. (3.18), we obtain∑

n≥0

εnδnt
n!

Dn
t fq − fq = Aqp(fp − f eq

p ), (3.38)

where δt is now accompanied by ε, corresponding to the assumption δt ∈ O(ε).
The lattice velocities cq,α have units of δx/δt by definition and are treated as
cq,α ∈ ∞ in the following. This is equivalent to the assumption δx ∼ δt ∼ ε. That
is, we are indeed analyzing the limit of vanishing grid and time spacing with
ε→ 0. Using then the ansatz of Eq. (3.37) leads to the fully expanded equation,

∑
n≥1

εnδnt
n!

Dn
t

∑
k≥0

εkf (k)
q

 = Aqp

∑
k≥0

εkf (k)
p − f eq

p

 . (3.39)

Now, following Frisch et al. [1987], Dünweg and Ladd [2008], we introduce the
additional multi-scale expansion of the time derivative

∂t =
∑
n≥0

εn∂tn , and Dt0 := (∂t0 + cq,α∂α) (3.40)

in order to simplify the analysis. Notice that the multi-scale expansion is dis-
pensable for most purposes, if δt and δx are related to the asymptotic parameter
in a suitable manner. However, since the precise relationship between ε and
δt, δx is not clear at this point and depends on the target equation, we proceed in
this “classic”, more general fashion. For the hydrodynamic models, the appro-
priate assumption of diffusive scaling will be obtained by dimensional analysis
later (Section 3.2.1).

1st C.E. - step: Extracting all terms of order O(ε0) from Eq. (3.39) by taking the
limit ε→ 0 yields

0 = Aqp(f
(0)
p − f eq

p ) (3.41)

⇔ (f (0)
p − f eq

p ) ∈ ker(A). (3.42)
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The equilibrium function f eq
q appears at order O(ε0) in the analysis and is de-

fined as a function of all the conserved moments, implying that

φ = mφ,qf
eq
q ∈ O(ε0), (3.43)

for any conserved quantity φ in the system. Because the coefficients f (i)
q are of

order O(εi), it follows that

π(i) := mφ,qf
(i)
q = 0, for all i ≥ 1, (3.44)

for all conserved moments φ, and therewith

φ = φ(0) = mφ,qf
(0)
q = mφ,qf

eq
q , (3.45)

for all conserved quantities φ. The equality of the conserved moments of f (0)
q

and f eq
q , does not yet fully determine the coefficient f (0)

q . However, since the
solution must be of the form

fq = f eq
q + fneq

q = f (0)
q + f (1)

q + . . . ,

and all coefficients f (i)
q with i ≥ 1 are at least of order ε and hence contribute to

fneq
q exclusively whereas f eq

q ∈ O(ε0), we can safely assume

f
(0)
q = f eq

q . (3.46)

2nd C.E. - step: To extract the terms of order O(ε1), we first rewrite Eq. (3.39)
as

εδtDt

∑
k≥0

εkf (k)
q

+
∑
n≥2

εnδnt
n!

Dn
t

∑
k≥0

εkf (k)
q


︸ ︷︷ ︸

∈O(ε2)

= Aqp

 (f (0)
p − f eq

p )︸ ︷︷ ︸
=0, by Eq. (3.46)

+
∑
k≥1

εkf (k)
p

 ,

and after division by ε and taking the limit ε→ 0 we obtain

Dt0f
(0)
q = 1

δt
Aqpf

(1)
p . (3.47)

Notice that only the t0 time scale is present in this equation.

3rd C.E. - step: To extract the terms of order O(ε2), we rewrite Eq. (3.39) asεδt(��Dt0 +
∑
k≥1

εk∂tk)f (0)
q + εδtDt

∑
k≥1

εkf (k)
q

+
ε2δ2

t

2
D2
t

∑
k≥0

εkf (k)
q +O(ε3)

= ε
��

��Aqpf
(1)
p +Aqp(

∑
k≥2

εkf (k)
p ).
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Here, the O(ε0) - terms vanish from the right hand side because of Eq. (3.46)
as before, and the brackets on the left collect all those terms stemming from
the first summand, n = 1, in the left hand side of Eq. (3.39). The O(ε1) - terms
vanish after subtracting Eq. (3.47). Now the O(ε2) - equation is obtained from
division by ε2 and taking the limit ε→ 0,

δt

(
∂t1f

(0)
q +Dt0f

(1)
q +

δt
2
D2
t0f

(0)
q

)
= Aqpf

(2)
p ,

which can be rewritten using Eq. (3.47) as

∂t1f
(0)
q +Dt0

(
f

(1)
q + 1

2Aqpf
(1)
p

)
= 1

δt
Aqpf

(2)
p . (3.48)

Assuming that O(ε3) - terms can be neglected, we omit the extraction of further
higher order equations, and proceed with the establishment of the link from the
lattice Boltzmann equation to the macroscopic moment equations.

Moment equations. Assuming that π0 = φ0 and πα = φα are the sole conserved
quantities in the system, we put up the corresponding moment equations of
different order in ε by taking moments of Eqs. (3.47) and (3.48). For the zeroth
order moment π0 we obtain,

• “
∑

q Eq. (3.47)”:

∂t0
∑
q

f (0)
q + ∂α

∑
q

cq,αf
(0)
q =

1

δt

∑
q

Aqpf
(1)
p , (3.49a)

∂t0π0 + ∂απα = 0, (3.49b)

where the right hand side becomes zero because of Eq. (3.20).

• “
∑

q Eq. (3.48)”:

∂t1
∑
q

f (0)
q = 0, (3.50a)

∂t1π0 = 0. (3.50b)

Again, the right hand side becomes zero because of Eq. (3.20). On the left
hand side, the moments containing f (1)

q vanish because the non-equilibrium
parts do not contribute to the conserved quantities after Eq. (3.44).

For the first order moment πα we obtain,

• “
∑

q cq,αEq. (3.47)”:

∂t0
∑
q

cq,αf
(0)
q + ∂β

∑
q

cq,αcq,βf
(0) = 0, (3.51a)

∂t0π
(0)
α + ∂βπ

(0)
αβ = 0, (3.51b)

where again the right hand side vanishes by definition of the collision
operator.
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• “
∑

q cq,αEq. (3.48)”:

∂t1
∑
q

cq,αf
(0)
q + ∂t0

(∑
q

cq,αf
(1)
q +

1

2

∑
q

cq,αApqf
(1)
p

)

+ ∂β

(∑
q

cq,αcq,βf
(1)
q +

1

2

∑
q

cq,αcq,βAqpf
(1)
p

)
=

1

δt

∑
q

cq,αAqpf
(2)
p ,

(3.52a)

∂t1π
(0)
α + ∂β

(
π

(1)
αβ +

1

2
π

(1)∗
αβ

)
= 0. (3.52b)

In the left hand side of Eq. (3.52a), the two sums in the first brackets
vanish because, again, the non-equilibrium part does not contribute to
any conserved moment by Eq. (3.44), and by definition of the collision
operator. For the non-conserved moment, παβ = ε0π

(0)
αβ + ε1π

(1)
αβ + . . . , arising

in the equation, the contributions of order O(ε) and higher do not vanish
and are not collision invariant. Hence, we write π∗αβ for the post-collision
quantity.

Now the conservation equations for π0 and πα are obtained by summing up
the respective equations of all orders in ε. Hence, up to the second order, one
has to combine Eq. (3.49b) with Eq. (3.50b), and Eq. (3.51b) with Eq. (3.52b),
respectively:

∂tπ0 + ∂απα = 0 +O(ε3), (3.53)

∂tπα + ∂β

(
π

(0)
αβ + π

(1)
αβ + 1

2π
(1)∗
αβ

)
= 0 +O(ε3). (3.54)

Here, each quantity is a moment of the Chapman-Enskog solution coefficients
f

(0)
q and f

(1)
q , given by

π0 = π
(0)
0 =

∑
q

f (0)
q , πα = π(0)

α =
∑
q

cq,αf
(0)
q , π

(0)
αβ =

∑
q

cq,αcq,βf
(0)
q ,

π
(1)
αβ =

∑
q

cq,αcq,βf
(1)
q , π

(1)∗
αβ =

∑
q

cq,αcq,βAqpf
(1)
p ,

and

f (0)
q = f eq

q , (3.55a)

Aqpf
(1)
p = δtDt0f

(0). (3.55b)

In a nutshell, Eq. (3.53) and Eq. (3.54) form a system of D + 1 conservation
equations, matching the assumption of D + 1 conserved moments π0 and πα.
In order to explicitly determine all involved quantities, it remains to specify a
suitable pair (f eq

q , Aqp) of equilibrium function and collision operator. Then f
(0)
q ,

f
(1)
q , and all the quantities listed above can be readily computed.
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Depending on the target equation, the set of conserved moments and the
required order of expansion in ε of the Chapman-Enskog solution may differ.
In Sec. 3.2, our target equations will be the Navier-Stokes equations. Hence,
we must find an equilibrium function and collision matrix such that Eq. (3.53)
and Eq. (3.54) match with the well-known continuity equation and momentum
conservation equation. The structure of the moments of the particle density
function additionally depends on the lattice model. It is not clear that the
moments π0, πα, παβ (in the leading orders of above) can be matched with the
desired target equations. The choice of the lattice model is hence crucial for the
consistency of a lattice Boltzmann scheme. Section 3.1.3 will discuss lattice
models and the required symmetry properties for hydrodynamics.

3.1.3 Lattice Symmetry

In Sec. 3.1.2, we have seen that, asymptotically, the moments of the particle
density function constitute a set of conservation equations for the conserved
moments. This means that the method approximates this kind of equations,
provided that grid and time spacing are sufficiently small. However, by Def. 2,
the structure of the respective moments depends on the lattice model VQ. Phys-
ically relevant transport laws, for instance the equations of flow, are typically
isotropic, that is, independent of choice of reference frame. Hence, in order to
construct lattice Boltzmann models for a given physical equation, the lattice
model must possess sufficient symmetry. Otherwise, some moments may in-
troduce unwanted, anisotropic terms and thus lead to inconsistency with the
target equation. The purpose of the present section is to define the required
symmetry of the lattice model and eventually introduce the most important lat-
tice models that are appropriate for hydrodynamic simulations in two and three
dimensions.

Lattice tensors and isotropy. Let us begin with the general definition of an
isotropic tensor.

Definition 4 (Isotropy). Let aα1...αn be a Cartesian tensor of order n. For any
rotation of the coordinate system lαβ, the components of the tensor transform
according to

aβ1...βn := lα1β1 . . . lαnβnaα1...αn . (3.56)

A tensor is called isotropic, if its components are unchanged by the rotation of
the coordinate system, i.e.,

aα1...αn = aα1...αn . (3.57)

For this thesis, isotropic tensors up to the order four are of special impor-
tance, since these orders arise in the construction of hydrodynamic lattice
Boltzmann schemes. The following classification is helpful.

Theorem 1 (Classification of isotropic tensors up to 4th order).

34



3.1 Theory of the Lattice Boltzmann Method

1. A tensor in which all components equal zero is trivially isotropic.

2. All tensors of order zero (scalars) are isotropic.

3. There is no non-trivial first order isotropic tensor.

4. All second order isotropic tensors are linear multiples of the Kronecker-Delta
δαβ.

5. All third-order isotropic tensors are linear multiples of the Levi-Civita - Sym-
bol εαβγ.

6. All fourth-order isotropic tensors can be written as

aδαβδγδ + bδαγδβδ + cδαδδβγ ,

with arbitrary constants a, b, c ∈ R.

A proof of Theorem 1 can be found in Aris [1989]. Let us assume lattice
models according to the following definition.

Definition 5 (Lattice model). A D-dimensional lattice model or velocity set is a
finite set VQ = {c0, . . . , cQ−1} of vectors cq ∈ RD, satisfying the following properties

1. Symmetry, VQ = −VQ, that is, for any cq ∈ VQ there is

cq̄ := −cq ∈ VQ. (3.58)

2. There is a corresponding lattice XQ, such that

XQ = δtcq +XQ. (3.59)

Based on our definition of a lattice model VQ, we can work with the common
definition of the parity of a function.

Definition 6 (Parity). Using fq = f(cq), a function f : VQ → R, is called

even, if fq̄ = f(−cq) = f(cq) = fq, (3.60a)

odd, if fq̄ = f(−cq) = −f(cq) = −fq. (3.60b)

Thus, any function f : VQ → R can be decomposed into its even and odd parts,
f+ and f−, such that

f = f+ + f−. (3.61)

Here, the even and odd parts are defined as

f+
q :=

1

2
(fq + fq̄), and f−q :=

1

2
(fq − fq̄). (3.62)

The notion of parity is useful when computing moments of a function, as the
following proposition shows.
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Proposition 1. Moments
∑

q cq,α1 . . . cq,αnfq of even (odd) order n of odd (even)
functions fq vanish.

Proof. The defining sum of the moment contains as summand fq̄ with the pref-
actor

cq̄,α1 . . . cq̄,αn = (−1)n(cq,α1 . . . cq,αn),

and therewith, one finds this summand to be

cq̄,α1 . . . cq̄,αnfq̄ =

{
(−cq,α1 . . . cq,αn)(+fq), for odd n, and even fq.

(+cq,α1 . . . cq,αn)(−fq), for even n, and odd fq.

Thus, in both cases, one finds

cq̄,α1 . . . cq̄,αnfq̄ = −(cq,α1 . . . cq,αnfq),

and the whole sum becomes zero.

The required symmetry is best expressed in terms of isotropy of a particular
set of low-order tensors that are weighted products of the velocities cq ∈ VQ.
These (generalized) lattice tensors are fundamental for the understanding and
construction of lattice Boltzmann models for isotropic transport laws [Wolf-
Gladrow, 2005].

Definition 7. For a given lattice model VQ = {c0, . . . , cQ−1} the (generalized) lat-
tice tensor of order m ∈ N is given by

Lα1...αm =

Q−1∑
q=0

wqcq,α1 . . . cq,αm , (3.63)

where wq = t‖cq‖ ∈ R+ are positive (lattice) weights.

Observe that the lattice tensor is basically defined as the moment of a positive
function wq with values depending only on the lengths of the cq. To further
motivate our study, let us now formulate the necessary isotropy condition for
the simulation of hydrodynamics. Lattice Boltzmann schemes for other target
equations may have different requirements.

Theorem 2. The lattice Boltzmann equation, Eq. (3.6), with a lattice model VQ
can asymptotically recover the (incompressible) Navier-Stokes equations as mo-
ment equations, provided that the generalized lattice tensors Lα1...αm of VQ admit
isotropy up to the order 5.

Here we say that a lattice model VQ admits isotropy up to order m, if there
exists a choice of lattice weights wq > 0, such that the lattice tensors Lα1,...,αn are
isotropic for all n ≤ m. A proof of Theorem 2 is found in Sec. 3.2.1, where hy-
drodynamic lattice Boltzmann models based on the mentioned tensor isotropy
are presented.
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3.1 Theory of the Lattice Boltzmann Method

The terminology (“lattice symmetry”) is somewhat misleading and dates back
to the discovery of the first lattice gas models for hydrodynamics. We shall
see in the examples below that two lattice models using the same lattice can
have fundamentally different lattice tensors. Hence, the desired symmetry is
a property of the velocity set VQ rather than the lattice [Rubinstein and Luo,
2008]. Nevertheless, it is clear that the symmetry required of the velocity set is
the reason for the limitation to Cartesian grids (or hexagonal grids in 2D).

The “DDQQ” lattice models. We will conclude this section with a number of
simple examples of lattice models and derive isotropy conditions for the choice
of weights. The following two remarks will be helpful.

Remark 1. 1. For so called single-speed models, where ‖cq‖ = s (constant) for
all cq 6= 0, the isotropy of the lattice tensors cannot be influenced by altering
the choice of weights.

2. Any particular choice of weights {wq | q = 0, . . . , Q − 1} can be seen as an
even function in q, since by definition it holds wq̄ = wq. Hence, for any odd
number m ∈ N, one finds

Lα1...αm = 0, (3.64)

by Prop. 1 and therefore any lattice tensor of odd order is trivially isotropic.

A well-known single-speed lattice Boltzmann model for hydrodynamics in two
dimensions is the FHP [Frisch et al., 1986] or D2Q7 lattice model presented in
Ex. 2. There is no single-speed lattice model for hydrodynamics in 3D. From
the second remark, it is clear that only lattice tensors of orders 2 and 4 need to
be investigated in the following examples.

The naming convention “DDQQ” for a lattice model indicates a D-dimensional
lattice generated from a model consisting of Q lattice velocities. We will omit the
weights for the single-speed models, because they effect the obtained lattice
tensors only by a scalar factor. As before c = δx/δt is a constant that controls
the grid spacing. In the following the usual Kronecker symbol δαβ is generalized
to an arbitrary number of indices, that is,

δα1...αm =

{
1, if and only if α1 = · · · = αm,

0, otherwise.
(3.65)

Let us now examine the symmetry properties of the following examples.

Example 1 (D2Q4-model). This lattice model consists of the four vectors shown
in Fig. 3.1,

cq = c

(
cos

2πq

4
, sin

2πq

4

)
, q = 0, . . . , 3. (3.66)

Computing the second order lattice tensor yields

Lαβ =

(
c2 0
0 0

)
+

(
0 0
0 c2

)
+

(
c2 0
0 0

)
+

(
0 0
0 c2

)
(3.67)
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c0 δtc1

δtc2

δtc3

δtc4

δtc5

δtc6

Figure 3.2: The FHP, or D2Q7, lattice model

= 2c2(δαβ1 + δαβ2), (3.68)

= 2c2δαβ. (3.69)

Obviously, the lattice tensor Lαβ is isotropic by Theorem 1. However, the lattice
tensor of fourth order,

Lαβγδ = 2c2δαβγδ1 + 2c2δαβγδ2 (3.70)

= 2c2δαβγδ, (3.71)

is non-isotropic. Because we are dealing with a single-speed model, any intro-
duction of weights would influence the tensor only by a prefactor but not in its
symmetry properties. Hence, this model does not satisfy the requirements for
hydrodynamics of Theorem 2.

However, the D2Q4 model may be used to design lattice Boltzmann models for
the simpler advection-diffusion equation [e.g., Wolf-Gladrow, 1995].

Our next example stems from the historical Frisch-Hasslacher-Pomeau lattice
gas automaton.

Example 2 (D2Q7-model, FHP-model). This single-speed model is named after
Frisch, Hasslacher, and Pomeau [1986], and was the first lattice model valid for
hydrodynamics to be discovered. As shown in Fig. 3.2, the lattice velocities are

c0 = (0, 0), (3.72)

cq = c

(
cos

2πq

6
, sin

2πq

6

)
, q = 1, . . . , 6. (3.73)

For the “skew” lattice directions q = 1, 2, 4, 5, we find cq = c/2
(
±1,±

√
3
)
. There-

with, for q = 1, 2, 4, 5, we can use the expression

cq,αcq,β =
1

4
c2

(
1 ±

√
3

±
√

3 3

)
(3.74)

=
1

4
c2
[
δαβ1 ±

√
3(δα1δβ2 + δα2δβ1) + 3δαβ2

]
, (3.75)
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3.1 Theory of the Lattice Boltzmann Method

in the following computation of the lattice tensors, with positive off-diagonal en-
tries for q = 1, 4, and negative off-diagonal entries for q = 2, 5, respectively. Omit-
ting again the lattice weights, we obtain the following isotropy structure.

Lαβ = 2c2δαβ1︸ ︷︷ ︸
from q=3,6

+ c2

(
1 0
0 3

)
︸ ︷︷ ︸

from q=1,2,4,5

(3.76)

= 2c2δαβ1 + c2(δαβ1 + 3δαβ2) (3.77)

= 3c2δαβ. (3.78)

Lαβγδ = 2c4δαβγδ1 +
1

4
c4[δαβγδ1 + 9δαβγδ2 + 3(δαβ1δγδ2 + δαβ2δγδ1)

+ 3(δαγ1δβδ2 + δαγ2δβδ1)

+ 3(δαδ1δβγ2 + δαδ2δβγ1)]

= 2c4δαβγδ1 +
1

4
c4[δαβγδ1 + 9δαβγδ2 + 3(δαβδγδ − δαβγδ1 − δαβγδ2)

+ 3(δαγδβδ − δαβγδ1 − δαβγδ2)

+ 3(δαδδβγ − δαβγδ1 − δαβγδ2)]

=
3

4
c4 (δαβδγδ + δαγδβδ + δαδδβγ) .

Obviously, the lattice tensor Lαβγδ is isotropic by Theorem 1. Hence, by Theo-
rem 2, this model can be applied for hydrodynamic lattice Boltzmann computa-
tions.

The FHP model leads to a hexagonal lattice structure that can be difficult to
handle. The succeeding example is compatible with a 2D-Cartesian grid.

δtc1

δtc2

δtc3

δtc4

δtc5

δtc6

δtc7

δtc8

c0

Figure 3.3: The D2Q9 lattice model.

Example 3 (D2Q9-model). This model has become extremely popular for 2D -
hydrodynamic simulations. Its velocity set consists of the vectors

c0 = (0, 0), (3.79a)
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3 The Lattice Boltzmann Method (LBM) for Hydrodynamics

cq = c(±1, 0), cq = c(0,±1) for q = 1, 3, and q = 2, 4, (3.79b)

cq = c (±1,±1) , for q = 5, . . . , 9, (3.79c)

as shown in Fig. 3.3. Normalizing the lattice spacing to c = 1, this lattice model
features two different non-zero speeds, namely ‖cq‖ = 1 for q = 1, . . . , 4 and ‖cq‖ =√

2 for q = 5, . . . , 8. Hence, we introduce the weights wq = t‖cq‖, with three different
values t0, t1 and t√2. The lattice tensor of second order is then

Lαβ =
4∑
q=1

t1cq,αcq,β +
8∑
q=5

t√2cq,αcq,β (3.80a)

= 2t1c
2δαβ + 4t√2c

2δαβ (3.80b)

= 2(t1 + 2t√2)c2δαβ, (3.80c)

where for q = 5, . . . , 8, we have used

dq,αβ := cq,αcq,β = c2 (δαβ ± [δα1δβ2 + δα2δβ1]) = c2

(
1 ±1
±1 1

)
, (3.81)

with negative (positive) off-diagonal entries for q = 6, 8 (q = 5, 7, respectively). The
lattice tensor Lαβ is isotropic independent of the lattice weights. The lattice tensor
of order 4 is obtained as follows.

Lαβγδ =

4∑
q=1

t1cq,αcq,βcq,γcq,δ︸ ︷︷ ︸
=2c4t1δαβγδ , after Example 1.

+

8∑
q=5

t√2 cq,αcq,βcq,γcq,δ︸ ︷︷ ︸
=dq,αβ ·dq,γδ

. (3.82)

Using Eq. (3.81), we first compute for fixed q

dq,αβdq,γδ = c4{δαβδγδ
± [δαβ(δγ1δδ2 + δγ2δδ1) + δγδ(δα1δβ2 + δα2δβ1)]

+ δα1δγ1δβ2δδ2︸ ︷︷ ︸
=:a

+ δα1δδ1δβ2δγ2︸ ︷︷ ︸
=:b

+ δα2δδ2δβ1δγ1︸ ︷︷ ︸
=:c

+ δα2δγ2δβ1δδ1︸ ︷︷ ︸
=:d

}.

Similar to above, we observe that the term in square brackets does not contribute
to the second sum in Eq. (3.82), because it appears exactly two times with a pos-
itive sign for q = 5, 7, and two times with a negative sign for q = 6, 8. Furthermore,
we find that

a+ d = δαγδβδ − δαβγδ,
b+ c = δαδδβγ − δαβγδ.

Therewith, we can write the lattice tensor as

Lαβγδ = 2c4t1δαβγδ + 4c4t√2 (δαβδγδ + δαγδβδ + δαδδβγ − 2δαβγδ) (3.84a)
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Figure 3.4: The D3Q19 lattice model.

= 2c4(t1 − 4t√2) δαβγδ︸ ︷︷ ︸
non-isotropic

+4c4t√2 (δαβδγδ + δαγδβδ + δαδδβγ)︸ ︷︷ ︸
isotropic

, (3.84b)

and observe that Lαβγδ is isotropic if and only if

t1 = 4 · t√2. (3.85)

The D2Q9 lattice model therewith indeed admits isotropy up to the order 5 in
accordance with Theorem 2.

Of course the choice of the weights must be based on Eq. (3.85). For three-
dimensional models the algebra is more tedious but eventually leads to similar
conditions for the choice of weights. The model used for most of the simulations
in the later parts of this thesis is the D3Q19 model.

Example 4 (D3Q19-model). This wide-spread 3-dimensional lattice model con-
sists of a rest velocity c0 (C), six axis-aligned velocities c1, . . . , c6 (W, E, N, S, T, B)
of length c, and twelve diagonal velocities c7, . . . , c18 (NE, NW, SW, SE, TE, TN, TW,
TS, BE, BN, BW, BS) of length

√
2c. The velocity vectors are illustrated in Fig. 3.4.

Let t0, t1 and t√2 be the corresponding lattice weights. Skipping the derivation for
brevity, we state the necessary condition to yield tensor isotropy up to order 4,
which is

t1 = 2 · t√2. (3.86)

Hence, exploiting Eq. (3.86), it is possible to construct hydrodynamic lattice Boltz-
mann models from this lattice model in accordance with Theorem 2.

In lattice Boltzmann literature, the term lattice model is sometimes used for
the lattice model including a particular set of weights. For instance, D1Q3,
D2Q9, D3Q15, D3Q19 would then refer to the lattice Boltzmann models and
weights defined in Qian et al. [1992]. This tradition shadows the fact that the
choice of weights is not unique for most lattice models. Nevertheless, there is a
quasi-standard for the lattice weights of the presented lattice models, that has
been compiled into Tab. 3.1. We will see later that it is not a particular choice
of weights that defines a lattice Boltzmann model, but rather the choice of the
equilibrium function.
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3.2 Hydrodynamic Lattice Boltzmann Models

Section 3.1 presented the lattice Boltzmann method on a theoretical level. Based
on these results, the present section introduces the common lattice Boltz-
mann models for hydrodynamics based on a polynomial equilibrium function.
Continuing the Chapman-Enskog analysis of Sec. 3.1.2 we show the consis-
tency of the hydrodynamic models with the Navier-Stokes target equations in
Sec. 3.2.1. Here, the pseudo-compressibility of the method is discussed as well
as the diffusive scaling assumption that is needed for convergence to the in-
compressible Navier-Stokes equations. Furthermore, Sec. 3.2.2 presents the
collision operators used in the simulations conducted for this thesis and dis-
cusses the simulation of external forces. Finally, Sec. 3.2.3 discusses particular
aspects of the TRT collision operator. This collision operator allows a simplified
Chapman-Enskog analysis that is needed for the analysis of boundary condi-
tions in Sec. 3.3.

3.2.1 Models for Incompressible Flow

The target equation of hydrodynamic models is the incompressible Navier-Stokes
Eq. (2.14) in combination with the incompressibility condition, Eq. (2.8). In to-
tal there are D+ 1 variables in these equations, that is, the velocity components
uα and the pressure p. However, it is common to keep the density ρ as a for-
mal variable in the lattice Boltzmann schemes. It will be shown below that ρ is
directly proportional to p.

Ansatz for the hydrodynamic equilibrium function. Let us now sketch the con-
struction principle of a hydrodynamic lattice Boltzmann model. The Chapman-
Enskog analysis of Sec. 3.1.2 provides us with the conservation Eqs. (3.53)
and (3.54) for the moments π0 and πα approximated by the lattice Boltzmann
equation. Because the divergence-free condition, Eq. (2.8), does not have con-
servation form, it is simpler to work with the compressible variant, and fit
Eqs. (3.53) and (3.54) to the continuity Eq. (2.1) and the compressible mo-
mentum Eq. (2.2). That is, we will construct the equilibrium function

f eq
q (ρ,u) (3.87)

as a function of mass density and flow velocity, assuming that incompressibility
can still be satisfied later on. Comparing Eqs. (3.53) and (3.54) to the continuity
Eq. (2.1) and the compressible momentum Eq. (2.2), it is immediately clear that
the conserved quantities of density ρ and momentum jα must be represented
by the moments π0 = π

(0)
0 and πα = π

(0)
α , respectively. The term ρuαuβ + pδαβ

appears behind the derivative ∂β in the Navier-Stokes equation, indicating that
it must be represented by π(0)

αβ in Eq. (3.54), that is,

π
(0)
αβ = ρuαuβ + pδαβ. (3.88)
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Finally, the remaining expression π
(1)
αβ + 1

2π
(1)∗
αβ in Eq. (3.54), must be associated

with the viscous stress tensor in Eq. (2.2):

π
(1)
αβ +

1

2
π

(1)∗
αβ = σαβ. (3.89)

Now, a quadratic (or higher order) polynomial with undetermined, direction-
dependent coefficients Aq, Bq, Cq, Dq

f eq
q (ρ,u) = Aqρ+Bqcq,αρuα + (Cqcq,αcq,β +Dqδαβ)ρuαuβ (3.90)

can be used as an ansatz for the equilibrium function [Chen et al., 1992, Hou
et al., 1995, Wolf-Gladrow, 2005]. Assuming, for instance, the D2Q9 lattice
model from Example 3 we can determine Aq, Bq, Cq and Dq, in such a way
that the equilibrium moments π

(0)
0 , π(0)

α and π
(0)
αβ are recovered from f eq

q , and

the non-equilibrium moment π(1)
αβ yields the stress tensor as in Eq. (3.89). The

isotropy condition, Eq. (3.85), is an additional constraint. Exploiting Eq. (3.55b)
and the collision matrix property, Eq. (3.23), it is straightforward to put up the
system of equations. Since the moment vectormπαβ is an eigenvector of Aqp, one
obtains an expression for the lattice viscosity that depends on the respective
eigenvalue λν. The bulk viscosity cannot be controlled independently unless
the eigenvalues for the mπαβ are split up further and a second eigenvalue for
α = β is introduced.

This ansatz is the same for any of the DDQQ lattice models and leads to a
polynomial equilibrium function as in Def. 8. This definition has been unified
for the most common lattice models. Depending on the number of lattice veloc-
ities, there may be additional degrees of freedom, such that not all coefficients
are unique. We will continue below with the polynomial equilibrium of Def. 8
and show that the resulting lattice Boltzmann schemes are consistent also with
the incompressible Navier-Stokes equation. An alternative way to derive the
equilibrium function is based on quadrature of the Maxwell distribution func-
tion [Abe, 1997, He and Luo, 1997a]. In this way, the lattice Boltzmann method
can be seen as a special discretization of the Boltzmann equation in the hydro-
dynamic regime.

Polynomial equilibrium function. Based on the works Qian et al. [1992], He and
Luo [1997b], Ginzburg et al. [2008a], we use the following equilibrium function
definition.

Definition 8 (Hydrodynamic equilibrium function). The hydrodynamic equilib-
rium function, e : R×RD → RQ, is a mapping of the hydrodynamic variables (ρ,u)
into the lattice Boltzmann velocity space. It is defined as the quadratic polynomial
function

eq(ρ,u) = e+
q + e−q , (3.91)

with an even part
e+
q (ρ,u) =

wq
c2
s

Πq, (3.92)
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where Πq = c2
sρ+Nq with the non-linear contribution

Nq =
1

2
ρ0uαuβ

(
cq,αcq,β
c2
s

− δαβ
)
, (3.93)

and odd equilibrium part
e−q (ρ,u) =

wq
c2
s

ρ0cq,αuα. (3.94)

This definition is widely used in hydrodynamic lattice Boltzmann schemes [e.g.,
Wolf-Gladrow, 2005, Succi, 2001, Guo and Shu, 2013], with lattice weights wq
depending on the chosen lattice model (see Tab. 3.1).

There are two important parameters ρ0 and cs in this formulation. If ρ0 is
replaced by ρ, then the equilibrium function is called compressible. This is the
classic choice of the original works. Otherwise, if ρ0 is kept as a constant pa-
rameter (often one chooses ρ0 = 1 for simplicity), then the equilibrium function
is called incompressible. The latter has been introduced by Zou et al. [1995],
He and Luo [1997b] to overcome certain issues with the original, compress-
ible definition. Both options are valid to approximate the incompressible flow
equations.

The constant cs is called the lattice speed of sound and defines the lattice
Boltzmann equation of state,

p = c2
sρ, (3.95)

defining the hydrostatic pressure p in the pressure tensor, as will become clear
during the following paragraph. The value of parameter cs depends on the
choice of the weights wq in the equilibrium function. The most popular choice
is given in Tab. 3.1 and fixes the speed of sound to

cs =
1√
3
c. (3.96)

For all of the models in Tab. 3.1, one finds the isotropy requirement for hy-
drodynamic lattice Boltzmann models as stated in Theorem 2 satisfied. The
corresponding lattice tensors are

L0 =
∑
q

wq = 1, (3.97a)

Lαβ =
∑
q

wqcq,αcq,β = c2
sδαβ, (3.97b)

Lαβγδ =
∑
q

wqcq,αcq,βcq,γcq,δ = c4
s(δαβδγδ + δαγδβδ + δαδδβγ). (3.97c)

are isotropic according to Theorem 1. The moments of the equilibrium function
up to the third order can readily be evaluated as

π
(0)
0 =

∑
q

eq = ρ, (3.98a)

44



3.2 Hydrodynamic Lattice Boltzmann Models

t0 t1 t√2 t√3

D1Q3 2/3 1/6 - -
D2Q9 4/9 1/9 1/36 -
D3Q15 2/9 1/9 - 1/72
D3Q19 1/3 1/18 1/36 -
D3Q27 8/27 2/27 1/54 1/216

Table 3.1: Lattice weights for the Cartesian lattice models. In combination with
the polynomial equilibrium function, Eq. (3.91), the speed of sound
constant of the scheme becomes cs = 1/

√
3c.

π(0)
α =

∑
q

cq,αeq = ρ0uα, (3.98b)

π
(0)
αβ =

∑
q

cq,αcq,βeq = ρc2
sδαβ + ρ0uαuβ, (3.98c)

π
(0)
αβγ =

∑
q

cq,αcq,βcq,γeq = ρ0c
2
s(δαβuγ + δαγuβ + δβγuα). (3.98d)

The lattice tensors thus naturally arise within the calculation of the moments.
Identifying the term ρc2

sδαβ as the pressure tensor, Eq. (3.95), becomes finally
clear. Notice that c2

s arises in Eq. (3.98c) as a model dependent sum of the lattice
weights of the non-zero velocities. For instance, in the D2Q9 model, Example 3,
we find by comparing to Eq. (3.80c) that c2

s = (2t1 + 4t√2)c2.

Derivation of moment equations. Let us now derive the moment equations re-
sulting from the lattice Boltzmann equation equipped with the equilibrium func-
tion of Def. 8 with ρ0 = ρ. Taking up the Chapman-Enskog analysis, Eqs. (3.53)
and (3.54) can now be expressed in terms of the hydrodynamic variables. Sub-
stituting the equilibrium moments Eqs. (3.98a) and (3.98b) into Eq. (3.53) yields
the conservation equation for the scalar quantity,

∂tρ+ ∂αjα = 0 +O(ε3). (3.99)

Thus, the continuity equation is readily recovered in the leading orders.
In Eq. (3.52b), which should recover the momentum equation, the only miss-

ing term is the second order tensor π(1)
αβ = 1

λν
π

(1)∗
αβ . In order to determine the

missing term, we investigate the second order moment of Eq. (3.47).

• “
∑

q cq,αcq,βEq. (3.47)”:

∂t0
∑
q

cq,αcq,βf
(0)
q + ∂γ

∑
q

cq,αcq,βcq,icf
(0)
q =

1

δt

∑
q

cq,αcq,βAqpf
(1)
q , (3.100a)

∂t0π
(0)
αβ + ∂γπ

(0)
αβγ =

1

δt
π

(1)∗
αβ . (3.100b)

45



3 The Lattice Boltzmann Method (LBM) for Hydrodynamics

We have to find expressions for the terms on the left hand side. Starting with
∂t0π

(0)
αβ , we get

∂t0π
(0)
αβ = ∂t0ρc

2
sδαβ + ∂t0(ρuαuβ)

= −∂γ(ρuγ)c2
sδαβ + ∂t0(ρuαuβ),

whereby Eq. (3.49b) was used to get rid of the t0-derivative of ρ = π
(0)
0 . The

remaining time derivative can be eliminated by writing3

∂t0ρuαuβ = uα∂t0ρuβ + uβ∂t0ρuα − uαuβ∂t0ρ
= −uα∂γρuβuγ︸ ︷︷ ︸

=−ρuαuγ∂γuβ−((((
(uαuβ∂γρuγ

−uβ∂γρuαuγ − c2
s(uα∂βρ+ uβ∂αρ) +���

���uαuβ∂γρuγ

= −∂γρuαuβuγ − c2
s(uα∂βρ+ uβ∂αρ),

where the second line is obtained by exploiting Eq. (3.49b) and Eq. (3.51b) to
replace the time derivatives of ρ = π

(0)
0 and ρuα = π

(0)
α , respectively. We obtain

∂t0π
(0)
αβ = −∂γρuαuβuγ − c2

s(uα∂βρ+ uβ∂αρ+ ∂γρuγδαβ).

The second term in Eq. (3.100b) is

∂γπ
(0)
αβγ = c2

s (∂γ(ρuγ)δαβ + ∂αρuβ + ∂βρuα)

and we eventually end up with the desired

π
(1)∗
αβ = δt

[
c2
s(∂αρuβ + ∂βρuα)− ∂γρuαuβuγ − c2

s(uα∂βρ+ uβ∂αρ)
]

(3.101)

= δtc
2
sρ(∂αuβ + ∂βuα)− δt∂γρuαuβuγ . (3.102)

Finally, we substitute back into Eq. (3.54) to obtain the momentum equation of
the system as

∂tρuα+∂β

ρuαuβ + c2
sρδαβ + (

1

λν
+

1

2
)δtc

2
s︸ ︷︷ ︸

=:−ν

ρ(∂αuβ + ∂βuα)− 1

c2
s

∂γρuαuβuγ︸ ︷︷ ︸
∈O(u3)


 = O(ε3),

(3.103)
3 This rewriting is obtained by subtracting the last one of the following three derivations by

product rule from the first two,

∂tρuαuβ = uα∂tρuβ + ρuβ∂tuα

= uβ∂tρuα + ρuα∂tuβ

= ρ∂tuαuβ + uαuβ∂tρ,

to obtain the rule
∂tρuαuβ = uα∂tρuβ + uβ∂tρuα − uαuβ∂tρ.
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which closely resembles the compressible Navier-Stokes form of Eq. (2.2) with
bulk coefficient λ = 0, and kinematic viscosity

ν = −
(

1

λν
+

1

2

)
c2
sδt. (3.104)

Under the assumption that the density is constant, the leading order error term
is O(u3) = O(Ma3), if we define the Mach number with respect to the numerical
constant c2

s. Using more compact notation, we can now write

∂tρ+ ∂αρuα = 0 +O(ε3), (3.105a)

∂tρuα + ∂β(ρuαuβ + c2
sρδαβ − 2ρνSαβ) = 0 +O(ε3) +O(Ma3), (3.105b)

where Sαβ is the shear rate tensor. A similar derivation for the incompressible
equilibrium (ρ0 = const.) leads to the moment equations

∂tρ+ ∂αρ0uα = 0 +O(ε3)

∂tρ0uα + ∂β(ρ0uαuβ + c2
sρδαβ − 2ρ0νSαβ) = 0 +O(ε3) +O(Ma3),

(3.106a)

(3.106b)

where ρ0 is now constant. In the following, Equations (3.106a) and (3.106b) will
be referred to as the moment equations of the hydrodynamic lattice Boltzmann
method, with ρ0 = ρ for the compressible equilibrium and ρ0 as constant oth-
erwise. In either case, the design of the equilibrium function f eq

q turns out to
be of particular importance for the resulting moment equations. We emphasize
the following aspects.

• Non-linear lattice Boltzmann equation: The equilibrium function “carries”
besides the conserved quantities those terms in the target equation that
are additional to the usual advection and diffusion terms. With the hydro-
dynamic lattice Boltzmann models, this additional term is precisely the
non-linear term ρ0uαuβ, which appears in the moment π(0)

αβ = πeq
αβ of the

equilibrium function. Thus, the second order moment, παβ = π
(0)
αβ + π

(1)
αβ +

O(ε2), is responsible for the viscous stresses, as well as the pressure ten-
sor and the non-linear terms in Eq. (3.106b). Hence, the collision operator
must not alter the equilibrium contribution π

(0)
αβ , which is guaranteed by

the construction principle of Eq. (3.18).

• Linear lattice Boltzmann equation: On the other hand, if the non-linear
term Nq is dropped in the equilibrium function of Def. 8, then the re-
sulting lattice Boltzmann equation becomes linear [Ladd, 1994a]. In this
case the non-linear term ρ0uαuβ in the moment π(0)

αβ disappears, such that
Eq. (3.106b) becomes linear. This is useful for the simulations of Stokes
flow according to Eq. (2.20).

• Computation of viscous stress tensor: By Eq. (3.89), the viscous stress ten-
sor σαβ = 2ρ0νSαβ can be approximated locally from the non-equilibrium
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part of the distribution function, as

σαβ =

(
1 +

λν
2

)∑
q

cq,αcq,βf
neq
q , (3.107)

and the shear rate as

Sαβ =
λν

2ρ0c2
sδt

∑
q

cq,αcq,βf
neq
q , (3.108)

Here, fneq
q = fq − f eq

q contains also the higher order contributions in ε,
which are assumed as negligible. A detailed ananlysis can be found in
Krüger et al. [2009]

With the last item, one observes that the lattice Boltzmann data f(x, t) contains
more information than the variables of fluid density ρ and momentum j. The
stress tensor is a local quantity at each node.

The resulting moment equations of above clearly are of compressible form.
Equation (3.99) asymptotically recovers the continuity equation, and Eq. (3.103)
recovers a compressible momentum equation with an error term O(u3). Even
if the incompressible equilibrium (ρ0 = const.) is used, the situation does not
fundamentally change. With respect to the incompressible Navier-Stokes equa-
tions, these density fluctuations appear as an error. The incompressibility con-
dition, ∂αuα = 0, is generally not satisfied exactly. For this reason, the lattice
Boltzmann method for hydrodynamics is also called a pseudo-compressible ap-
proach.

An obvious question is whether the method is applicable to compressible flow
problems. A discussion of lattice Boltzmann models for compressible flows can
be found in Guo and Shu [2013]. However, the authors point out that standard
hydrodynamic lattice Boltzmann schemes (as presented in this thesis) are re-
stricted to the incompressible regime except for very simple cases. Nourgaliev
et al. [2003] estimate the lattice Boltzmann method as too computationally ex-
pensive for compressible flows.

Error analysis and diffusive scaling. Let us now examine the error and conver-
gence properties of the scheme with respect to the incompressible Navier-Stokes
Eqs. (2.8) and (2.14). The asymptotic analysis of above was based on the formal
assumption of δx ∼ δt � 1 (see Sec. 3.1.2). However, the correct way to analyze
grid convergence is in terms of the nondimensional grid and time spacing,

∆x =
δx
L
, and ∆t =

δt
T
, (3.109)

where L and T = L/U are the characteristic length and time of the incompress-
ible flow Eq. (2.17). Let us focus on the case of the compressible equilibrium
with ρ0 = ρ in the following. The asymptotic conservation equation for the
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density, Eq. (3.99), can be solved for ∂αuα and rewritten in terms of the nondi-
mensional variables from Eqs. (2.15a) to (2.15d)

∂

∂x̃α
ũα = 0 + L.C.E. +O(∆3

x), (3.110)

with the leading order compressibility error

L.C.E. := − 1

Re c̃2
s

[
∂

∂t̃
p̃+ ũα

∂

∂x̃α
p̃

]
∆2
t

∆2
x

(3.111a)

= −Re c̃2
s

(
1

λν
+

1

2

)2 [ ∂
∂t̃
p̃+ ũα

∂

∂x̃α
p̃

]
∆2
x. (3.111b)

The second equality is obtained by expressing the dimensionless time step as

∆t = −
(

1

λν
+

1

2

)
c̃2
s∆

2
x Re (3.112)

based on Eq. (3.104). The error contains a constant c̃s = 1/
√

3 and the problem-
specific Reynolds number Re. The error is of second order in space. However,
if the error term is expressed in Eq. (3.111a) including time step ∆t, then it is
clear that convergence can be expected only if ∆t/∆x → 0. The assumption of

∆t ∼ ∆2
x, (3.113)

is called diffusive scaling and guarantees the convergence to the incompressible
limit.

Let us now check the error of the asymptotic momentum Eq. (3.103). Again,
we first rewrite Eq. (3.103) to match the left hand side with the incompressible
momentum equation, Eq. (2.14), and bring all error terms to the right hand
side. This yields,

∂tuα + ∂βuαuβ +
1

ρ
∂αp− ν∂β∂βuα =

−uα
ρ

(∂tρ+ uβ∂βρ)︸ ︷︷ ︸
=−ρ∂βuβ+O(ε3)

+ν∂α∂βuβ+
2ν

ρc2
s

Sαβ(∂βp)−
ν

ρc2
s

∂β∂γρuαuβuγ +O(ε3).

(3.114)

By expressing everything in non-dimensional variables, we obtain the dimen-
sionless Navier-Stokes equation,

Re (∂t̃ũα + ∂α̃ũαũβ) + ∂α̃p̃− ∂2
β̃
ũα = L.M.E +O(∆3

x), (3.115)

with a leading order error,

L.M.E. := (ũα Re +∂α̃)
(
∂β̃ũβ

)
+

1

c̃2
s Re

(∂β̃ p̃)2S̃αβ
∆2
t

∆2
x

− 1

c̃4
s Re

(
∂β̃∂γ̃ p̃ũαũβũγ

) ∆4
t

∆4
x

(3.116)
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In the last two equations, the notation ∂α̃ = ∂
∂x̃α

abbreviates derivatives with re-
spect to the nondimensional variables. The divergence ∂β̃ũβ introduces the com-
pressibility error of Eq. (3.110) to the momentum equation. Using Eq. (3.112)
to replace all occurrences of ∆t, we obtain

L.M.E. = (ũα Re +∂α̃) L.C.E. + c̃2
s Re

(
1

λν
+

1

2

)
(∂β̃ p̃)S̃αβ∆2

x

− c̃4
s Re3

(
1

λν
+

1

2

)4 (
∂β̃∂γ̃ p̃ũαũβũγ

)
∆4
x.

(3.117)

The compressibility error L.C.E. ∈ O(∆2
x) of Eqs. (3.111a) and (3.111b) reap-

pears in the leading order error of the momentum equation. There is another
second-order term depending on the strain rate tensor and the pressure gra-
dient. This term stems from the fact that in the lattice Boltzmann model the
kinematic viscosity ν is constant such that µ varies with the density (for the
compressible equilibrium). The leading order error simplifies if the incompress-
ible equilibrium is used. In the incompressible model µ = ρ0ν is constant as in
the physical model. A more detailed analysis and comparison of the error terms
for compressible and incompressible equilibrium can be found in Holdych et al.
[2004].

Remarks. This section has shown the consistency of the hydrodynamic lattice
Boltzmann schemes with the Navier-Stokes equations. The derivation holds for
any hydrodynamic collision operator (cf. Def. 3). Based on the assumption of a
lattice-model with isotropic lattice tensors up to the order 5 and the equilibrium
function Def. 8, it was possible to derive compressible flow equations for the
moments of density and momentum. In other words, we have finally proven
Theorem 2.

With the further assumption of diffusive scaling, the error analysis predicts
a second order rate of convergence towards the incompressible Navier-Stokes
equations. In practice, the requirement of diffusive scaling is satisfied by fixing
the relaxation time λν when refining δx. In this way, the refinement factor of δt
becomes the square of the refinement factor of δx.

Appendix 1 shows, that the derivation of the incompressible Navier-Stokes
equations from the incompressible lattice Boltzmann model can be simplified,
if the diffusive scaling assumption is used apriorily.

If time step and grid spacing are refined with the same factor (convective scal-
ing, δt ∼ δx), the compressibility error does not converge with the grid spacing.
Yet, grid refinement based on convective scaling is often useful in practice if the
error due to compressibility is sufficiently small for a given problem.

The pseudo-compressibility described above for the lattice Boltzmann method
is also exploited by the artificial compressibility method [Chorin, 1967, He et al.,
2002] to solve incompressible flow problems.

The above derivation requires only the isotropy conditions of Sec. 3.1.3 and
hence, all three-dimensional lattice models D3Q15/19/27 lead to the same target
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equations. However, it has been shown recently that the higher order truncation
error is different for each model and that the D3Q15/19 models introduce an
unwanted rotational variance [Silva and Semiao, 2014].

3.2.2 Collision Operators and Source Terms

All of the core ingredients of the hydrodynamic lattice Boltzmann method for
incompressible flows have been introduced in the preceding section. In the
following, the most important collision operator choices are presented. The
two-relaxation-time collision operator will be of particular importance for the
succeeding Sec. 3.3 on boundary conditions. This collision operator has been
used for most of the numerical studies presented in Part III. For practical appli-
cations it is often necessary to include external source terms (e.g., a momentum
source to model gravity). This section shows how to integrate external forces
into the collision step, and presents the final algorithm.

Definition 9 (LBGK / SRT collision operator). In the lattice Bhatnagar-Gross-
Krook (LBGK) collision model [Chen et al., 1992, Qian et al., 1992, Koelman,
1991], all moments are relaxed towards equilibrium using the same eigenvalue
λν ∈ (−2, 0). Therefore, it is also called single relaxation time (SRT) model. That
is, one works with a collision matrix,

Aqp = λνδqp = −1

τ
δqp. (3.118)

It is common to express the eigenvalue as − 1
τ with τ ∈ (0.5,∞). The lattice Boltz-

mann equation simplifies to the LBGK equation

fq(x+ cqδt, t+ δt)− fq(x, t) = −1

τ
(fq − f eq

q ). (3.119)

The LBGK collision operator is the lattice Boltzmann analogon of the famous
Bhatnagar-Gross-Krook (BGK) collision model [Bhatnagar et al., 1954, Welander,
1954] introduced as a simplification of the original Boltzmann equation. The
LBGK model is popular because of its simplicity. However, using the same re-
laxation rate for all moments is not optimal in many cases. With respect to
boundary conditions, the LBGK often introduces significant errors. These er-
rors are analyzed in Sec. 3.3. One can show that the following collision operator
leads to considerably smaller errors at boundaries.

Definition 10 (Two relaxation time (TRT) collision operator). The TRT collision
model of Ginzburg [Ginzburg, 2005, Ginzburg et al., 2008a] relaxes even and
odd parts of the distribution function at different relaxation rates λ+ and λ−. In
the diagonal form of Eq. (3.24), this corresponds to choosing λ+ as eigenvalue
for all modes corresponding to even order, and λ− as eigenvalue for all modes
corresponding to odd order moments. Since the hydrodynamic modes mπαβ are
even, λν = λ+ controls the lattice viscosity as shown in the analysis above. As
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in the LBGK model, the lattice Boltzmann equation can be written in matrix-free
notation,

fq(x+ cqδt, t+ δt)− fq(x, t) = λ+(f+
q − f eq,+

q ) + λ−(f−q − f eq,−
q ). (3.120)

The split of the particle density function into even and odd parts facilitates a
simplified Chapman-Enskog analysis that is presented in Sec. 3.2.3.

For completeness, the multiple relaxation time (MRT) collision operator of
d’Humieres [1992], d’Humieres et al. [2002] should be mentioned. Based on the
diagonal form of Eq. (3.24), one can construct collision operators from an arbi-
trary orthogonal basis of moment vectors ek ∈ RQ. This model supports inde-
pendent choice of shear and bulk-viscosity. The additional (non-hydrodynamic)
relaxation times can be chosen to tune the stability of simulations [Lallemand
and Luo, 2000, Brownlee et al., 2013]. The original works and the majority of
subsequent publications propagate the use of orthogonal moment bases. The
possibility to work with an arbitrary basis of linear independent moment vec-
tors has been discussed by Bennett [2010]. The optimal choice of basis vectors
has hardly been addressed in literature so far [Geier et al., 2015].

Lattice Boltzmann equation with source terms. Under many circumstances, it
is necessary to simulate hydrodynamics under the influence of external forces,
which appear in the momentum equation as source terms. Only constant exter-
nal forcing (e.g., gravitation) is considered in this thesis. To realize an external
force F , a source term Sq can be added to the right hand side of the lattice
Boltzmann equation, Eq. (3.6). Following Ginzburg et al. [2008a], Buick and
Greated [2000], this yields

fq(x+ cqδt, t+ δt)− fq(x, t) = Cq(f(x, t)) + Sq, (3.121)

where the source term Sq is assumed to satisfy the equations∑
q

Sq = 0, (3.122a)∑
q

cq,αSq = Fα. (3.122b)

The relation of the first order moment πα of the distribution function with the
fluid momentum jα becomes

jα := πα +
1

2
Fα. (3.123)

A direct identification without shift leads to inconsistencies. The additional
force term appears in the approximated moment equations,

∂tρ+ ∂αρ0uα = 0 +O(ε3), (3.124a)
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∂tρ0uα + ∂β(ρ0uαuβ + c2
sρδαβ − 2ρ0νSαβ) = Fα +O(ε3) +O(Ma3), (3.124b)

which replace Eqs. (3.106a) and (3.106b). Finally, we explicitly state a possible
choice for the source term,

Sq :=
wq
c2
s

cq,αFα = e−q (ρ,a), (3.125)

where F = ρ0a is the external force. Again, ρ0 = ρ, if the compressible equilib-
rium is used, and ρ0 = const. for the incompressible one.

If the collision operator has a nonzero eigenvalue λπα for the momentum-
associated moment πα, then the force term can be dropped and the force in-
cluded into the collision operator instead. This is accomplished by relaxing
towards a shifted equilibrium function. In the collision operator, Eq. (3.18),
replace

f eq,−
q = f eq,−

q (π0, πα) 7→ f eq,−
q

(
π0, πα −

1

λπα
Fα

)
. (3.126)

For the polynomial equilibrium function, a straightforward calculation shows
that this is equivalent to the source term formulation. Algorithm 1 sums up
the lattice Boltzmann algorithm using pseudocode notation. Boundary condi-
tion handling (Section 3.3) has been spared out in this listing, and is usually
performed after the nonlocal streaming step.

3.2.3 The TRT-Model: Parameterization and Analysis

The TRT collision model has been used for most applications in this thesis. The
collision operator is simpler to analyze because of the parity-based relaxation,
which will be exploited in the analysis of boundary conditions in Sec. 3.3.

As mentioned above, external forces can be included directly in the collision
operation, because the TRT operator has a trivial kernel. Hence, in the case
of the TRT model (and likewise SRT model), one has f eq,−

q = e−q (ρ,ueq) in the
collision term, with

ueq,α = πα/ρ0 −
1

λ−
aα = uα −

(
1

2
+

1

λ−

)
aα, (3.127)

if the force F = ρ0a is included directly (Sq = 0), and

ueq,α = πα/ρ0 = uα −
1

2
aα, (3.128)

if a source term Sq =
wq
c2s
cq,αFα is used. The parameterization of the even equilib-

rium f eq,+
q = e+

q (ρ,u) does not need to be adjusted [Ginzburg et al., 2008a]. The
inclusion of the external force into the equilibrium also simplifies the Chapman-
Enskog analysis, because no additional expansions of Sq in terms of ε [see Guo
et al., 2002] are necessary.
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Data: Particle density function fq(x)
Result: for each time t, numerical solution u(x) and p(x)

initialize PDF field from initial values u0 and p0;
f(x)←− (u0(x), p0(x));

for t← 1 to tend do
collision step: compute π0 and πα;
f∗(x)←− f + C(f(x)) + Sq;

streaming step;
fq(x+ cq)← f∗q (x)

if time t needed for output then
p←− c2

sπ0 ;
uα ←− πα

ρ0
+ aα

2 ;
store pressure field p and velocity field u;

end
end

Algorithm 1: The lattice Boltzmann algorithm. The initialization can be done
based on the equilibrium function, or (more accurate) by including also higher
order terms [Skordos, 1993, Caiazzo, 2005]. The collision step needs to com-
pute the invariant moments π0 and πα for the local equilibrium function. If
the external force is included in the equilibrium according to Eq. (3.126), the
term Sq can be dropped. The streaming step is the only nonlocal operation.
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Chapman-Enskog solution for the TRT-model with polynomial equilibrium. In the
Chapman-Enskog analysis of Eqs. (3.46) to (3.48), the undetermined collision
matrix term Aqpf

neq
p can be substituted by the TRT collision operator, to solve

for the second order Chapman-Enskog solution,

fq = eq + nq +O(ε3) = f (0)
q + f (1)

q + f (2)
q +O(ε3), (3.129)

where eq = f
(0)
q is the polynomial equilibrium function. The corresponding non-

equilibrium function nq = f
(1)
q + f

(2)
q is determined from Eqs. (3.47) and (3.48).

Splitting the terms into even and odd contributions according to Eq. (3.62) the
ε1 - solution is given by the expression

λ±f
(1)
q

±
= ∂t0e

±
q + ∂qe

∓
q , (3.130)

using ∂q := cq,α∂α for brevity. Notice the parity switch due to the directional
derivatives. For the ε2 solution one obtains

λ±f
(2)
q

±
= ∂t1f

(0)
q

±
+ ∂t0(−Λ±λ±f

(1),±
q ) + ∂q(−Λ∓λ∓f

(1),∓
q ) (3.131)

= ∂t1e
±
q − Λ±∂t0(∂t0e

±
q + ∂qe

∓
q )− Λ∓∂q(∂t0e

∓
q + ∂qe

±
q ), (3.132)

where
Λ± := −(

1

λ±
+

1

2
). (3.133)

Ginzburg et al. [2008a] additionally introduces the parameter

Λ := Λ+Λ−, (3.134)

to characterize the parameterization of the model. The value of Λ controls the
numerical properties of the scheme. For instance, in Theorem 4 the optimal
parameterization for straight wall geometries is derived as Λ = 3/16. Since we
are only interested in incompressible flow, we will simplify these expressions by
switching to the diffusive scaling where only a singe time scale (scaling with ε2)
is used (Appendix 1). As mentioned in Ginzburg et al. [2008a], this means that
in Eqs. (3.130) and (3.132) all terms containing a t0-derivative are dropped, and
only the ∂t1-terms of the order ε2 are being kept and consequently renamed ∂t.
Therewith, the non-equilibrium solution reads

n±q =
1

λ±

[
∂q(e

∓
q − Λ∓∂qe

±
q ) + ∂te

±
q

]
. (3.135)

Assuming that the external force is included into the equilibrium function e−q ,
as in Eq. (3.127), this solution is valid also when external forcing is present,
and spares additional derivatives of the force term S−q in Eq. (3.135).

Using Def. 8 of the equilibrium function we can express the second order
Chapman-Enskog non-equilibrium, Eq. (3.135), in terms of macroscopic vari-
ables. For constant forcing, this yields

n+
q =

1

λ+

wq
c2
s

[∂q (jq − Λ−∂qΠq) + ∂tΠq] , (3.136a)
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Ω(t)

xbxb − cq xb + cq

xw

∂Ω(t)

Figure 3.5: Schematic view of boundary node xb ∈ Ω(t) and boundary intersec-
tion point xw ∈ ∂Ω(t) along a lattice link cq.

n−q =
1

λ−

wq
c2
s

[∂q(Πq − Λ+∂qjq) + ∂tjq] , (3.136b)

where the projection jq := cq,αjα has been used for shorter notation. The last
equations allow one to approximate the lattice Boltzmann solution up to second
order from a known hydrodynamic solution (j, p). This can also be exploited to
compute initial conditions for the lattice Boltzmann equation. Usually only the
zeroth order solution (equilibrium function alone) or the first order solution (in-
cluding also velocity gradients) is used for initialization [Skordos, 1993, Caiazzo,
2005].

3.3 Boundary Conditions

Boundary conditions for hydrodynamic problems are formulated in terms of
the macroscopic variables of density ρ, pressure p, and momentum j. Because
the lattice Boltzmann method does not directly compute with these variables,
macroscopic boundary conditions cannot be imposed on the lattice Boltzmann
data directly. This section extends the Chapman-Enskog analysis of Sec. 3.1.2
in order to provide a fundamental understanding for boundary handling in
lattice Boltzmann methods, and eventually show how macroscopic boundary
conditions can be realized. The analysis follows the works of Ginzburg and
d’Humieres [2003], Ginzburg et al. [2008a]. The incompressible Navier-Stokes
equations with a constant force term are the target equations, and a lattice
Boltzmann model with cubic lattice (D2Q9, D3Q15/19/27) is assumed. The
TRT - collision operator is assumed, such that the results of Sec. 3.2.3 for
diffusive scaling can be applied.

For simplicity, let us switch to lattice units and put δx = δt = 1 for the present
section. Figure 3.5 shows a boundary node xb ∈ Ω(t). For a boundary node
there is at least one lattice direction q, such that xb + cq lies outside of the
domain Ω. The boundary intersection xw, is then given by

xw = xb + δcq ∈ ∂Ω,

with some δ ∈ [0, 1). The succeeding node state fq̄(xb, t+ 1) cannot be computed
according to the lattice Boltzmann equation, Eq. (3.6), and must be provided
by other means. Any equation, that allows to compute the unknown boundary
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value fq̄(xb, t + 1) from the available data is called a closure relation. Typically,
the boundary value is determined to satisfy a given (macroscopic) boundary
condition. Closure relations are preferably – but not necessarily – local, and
may depend on lattice Boltzmann data of arbitrary lattice directions. However,
here we restrict ourselves to the following definition.

Definition 11 (Closure relation). If xb is a boundary node with boundary inter-
section xw along lattice direction q, a (linear, link-wise) closure relation takes the
form

fq̄(xb, t+1) = a0f
∗
q (xb, t)+ā0f

∗
q̄ (xb, t)+a1f

∗
q (xb−cq, t)+fp.c.q (xb, t)+f bq (xw, t), (3.137)

where a0, ā0, a1 are interpolation coefficients, fp.c.q (xb, t) is a (local) correction term
depending on the data at xb, and f bq (xw, t) is a boundary value term, needed to
project the given macroscopic boundary value associated with the boundary point
xw onto the lattice Boltzmann data.

Observe, that Eq. (3.137) is not necessarily local as it includes values of in-
ner node xb − cq if a1 6= 0 to resemble a linear interpolation in space 4. The
closure relation is link-wise because the boundary value is computed from in-
ner populations along the boundary-intersecting line with direction cq. Other
boundary schemes such as Zou and He [1997] or Ginzbourg and d’Humieres
[1996] cannot be cast into a link-wise equation form. Nevertheless, a wide
range of boundary conditions can be realized and analyzed based on Def. 11
only. Section 3.3.1 discusses the famous bounce-back rule as a case study.
Higher order alternatives are mentioned in Sec. 3.3.2. Boundary conditions for
free interfaces follow in Sec. 3.3.3.

3.3.1 The Bounce-Back Rule for Velocity

The bounce-back rule has its origin in the lattice gas predecessors and is used
to simulate impermeable walls blocking the fluid flow. We use the following def-
inition including a boundary value term as in Ladd [1994a], Aidun and Clausen
[2010].

Definition 12 (Bounce-back rule). At impermeable wall boundaries, outgoing
distribution functions f∗q (xb, t) bounce back to the inverse direction, according to
the closure relation

fq̄(xb, t+ 1) = f∗q (xb, t)− 2e−q (ρw,uw), (3.138)

where uw is the boundary value for velocity, and ρw is the fluid density at the
wall. The bounce-back rule is used to approximate a Dirichlet boundary condition

4Definition 11 is a restriction of the multi-reflection closure relation of [Ginzburg and
d’Humieres, 2003, Ginzburg et al., 2008a] to linear interpolation. The coefficients a0, ā0,
a1 are in one-to-one correspondence with κ1, κ̄−1, κ0 in Ginzburg and d’Humieres [2003],
Ginzburg et al. [2008a].
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3.3 Boundary Conditions

for the momentum and prescribes the boundary value

j(xw) = ρwuw, (3.139)

at the wall.

Table 3.2 lists the bounce-back rule and its coefficients according to the gen-
eral closure relation from Def. 11. Notice that the boundary value term on the
right hand side vanishes for uw = 0. From the given closure relation, Eq. (3.138),
it is not obvious which boundary condition is imposed in terms of the macro-
scopic variables. We will now use the Chapman-Enskog solution for the TRT
model (cf. Sec. 3.2.3) to express the bounce-back rule in terms of macroscopic
variables and proof the following statement.

Theorem 3. The bounce-back rule (Definition 12) imposes a Dirichlet-type bound-
ary condition for momentum j = ρ0u with first order spatial accuracy.

Proof. Let us approximate the left hand side of Eq. (3.138) as

fq̄(xb, t+ 1) ≈ fq̄(xb, t) + ∂tfq̄(xb, t), (3.140)

and approximate the pre- and post-collision distribution functions based on
Eq. (3.129) as

fq = eq + nq +O(ε3), (3.141a)

f∗q = eq + (1 + λ+)n+
q + (1 + λ−)n−q +O(ε3). (3.141b)

Substituting everything into the closure relation and bringing all terms except
for the boundary value term to the left hand side, we obtain

− 2

[
e−q +

1

2
λ+n

+
q − Λ−λ−n

−
q −

1

2
∂t(e

+
q − e−q )

]
(xb, t) = −2e−q (ρw,uw). (3.142)

The non-equilibrium parts after the time-derivative have been dropped, since
they are of higher order in ε and we are only interested in the leading order
error. Substituting next, for n±q the non-equilibrium TRT solution Eqs. (3.136a)
and (3.136b), and e−q = e−q (ρ,u− a/2) with the equilibrium function parameter-
ized with the external force, we obtain the closure relation expressed in terms
of hydrodynamic variables,

−2
wq
c2
s

[
jq +

1

2
∂qjq + Λ∂q∂qjq − (Λ− −

1

2
)∂tjq + Λ−(Fq − ∂qp)

−Λ−∂qNq −
1

2
Λ−∂q∂q(p+Nq)

]
(xb, t) = −2

wq
c2
s

jw,q.

(3.143)

Canceling now the constants and matching the jq - derivatives to a truncated
Taylor series expansion of jq around the point (xb, t), we get[

jq + δ∂qjq +
δ2

2
∂q∂qjq

]
(xb, t) = jw,q + E1 + E2 + E3, (3.144)
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where the time derivatives have been neglected, and the error terms are

E1 = (δ − 1

2
)∂qjq, (3.145a)

E2 = −Λ−(Fq − ∂qp) + (
δ2

2
− Λ)∂q∂qjq, (3.145b)

E3 = Λ−∂qNq +
1

2
Λ−∂q∂q(p+Nq). (3.145c)

As the left hand side of Eq. (3.144) is a second order Taylor expression for the
value j(xw, t), we see that the bounce-back rule of Def. 12 indeed enforces a
Dirichlet-condition on the fluid momentum j at the boundary point xw. The
spatial accuracy is of first order because the leading error term is E1 ∈ O(∆x).

In the proof above, we observe also that E1 = 0 if the boundary distance δ
equals 1/2. In this case, if the boundary is placed exactly half-way on the link
between boundary node and off-domain node, the accuracy increases to second
order. Because of the described leading error term E1, the bounce-back rule is
often presented as a way to impose the boundary condition half-way between
the nodes [Ziegler, 1993, Cornubert et al., 1991, Ginzbourg and Adler, 1994,
He et al., 1997]. Typically, one wants to impose a boundary value for the flow
velocity rather than momentum. For the incompressible equilibrium, ρw = ρ0 is
known. For the compressible variant, ρw has to be approximated, which usually
introduces an additional error.

The error E2 depends on the parameterization Λ. Hence, the parameter Λ
should be fixed to an optimal value [Ginzburg and d’Humieres, 2009, Ginzbourg
and Adler, 1994]. Geometry-dependent optimal parameterizations are called
“magic” in the literature and are reported to be close to Λ ≈ 1/4 in general. If
the LBGK model (Definition 9) is used, then Λ cannot be fixed independent of
the lattice viscosity since

Λ =

(
1

2
− τ
)2

= 9ν2. (3.146)

This restricts the model to small viscosities. For some simple geometries, ex-
act parameterizations can be determined. In particular, there is a well-known
result for axis-aligned straight channel flow (Poiseuille flow between plates),
comprised in the following theorem.

Theorem 4 (Ginzbourg and Adler 1994). Let the channel height h be an inte-
gral number. Then, the linear lattice Boltzmann equation with bounce-back rule
solves the stationary, pressure-gradient - or force-driven flow between two par-
allel plates at z = 0 and z = h exactly, if the collision operator parameterization
satisfies Λ = 3/16.

Of course, h must be given in lattice units, and the lattice is assumed to be
aligned with the coordinate system as outlined in Sec. 2.3 (Figure 2.2).
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3.3 Boundary Conditions

Proof. Assuming Fy = Fz = 0 and ∂yp = ∂zp = 0, the exact Poiseuille solution to
the problem

∂tu = 0, ∂tp = 0 (3.147a)

u(z = 0) = u(z = h) = 0, (3.147b)

depending on dynamic viscosity η = ρ0ν, external force Fx, and pressure gradi-
ent ∂xp = const. is given by uy = uz = 0 and

ux(z) =
Fx − ∂xp

2ρ0ν
z(h− z). (3.148a)

The only non-vanishing derivatives of this flow are

∂zux(z) =
Fx − ∂xp

2ρ0ν
(h− 2z), (3.148b)

∂z∂zux = −Fx − ∂xp
ρ0ν

. (3.148c)

Consider now the leading order macroscopic bounce-back closure Eq. (3.144),
without nonlinear terms (Nq = 0) and δ = 1/2 by the assumption, such that E1

and E3, vanish. We are dealing with a projected equation. However, we need to
consider only diagonal boundary links q with cq,x, cq,z 6= 0. Rewriting Eq. (3.144)
for this case, we arrive at[

jx +
1

2
∂zjx +

1

8
∂z∂zjx

]
(zb) = −Λ−(Fx − ∂xp) + (

1

8
− Λ)∂z∂zjx. (3.149)

This leading order equation was obtained (in the proof of Theorem 3) by ne-
glecting all non-equilibrium terms beyond the second order. Recall that non-
equilibrium terms of any given order consist of derivatives of the flow variables
of the same order. Since, for the case considered, derivatives beyond second
order of the flow variable j are zero, Eq. (3.149) is exact. That is, left hand side
is the full Taylor series for jx(zb + 1/2cq,z) expanded about the boundary point
zb and hence must be equal to jx(zb + 1/2cq,z) = jx(h) = 0. The right hand side
contains the error terms that can be simplified with the help of Eq. (3.148c), to
replace (Fx−∂xp) by −ν∂z∂zjx with ν = Λ+/3. Solving the homogeneous equation
yields

Λ =
3

16
. (3.150)

The proof does not require ρ0 to be constant but only ∂zρ0 = 0 in accordance
with the assumption. This means that the exact profile will be observed also
if the compressible equilibrium function is used. According to Ginzburg et al.
[2008b], the result extends even to the non-linear equilibrium function, due to
boundary layer effects. This makes the Poiseuille flow between parallel plates
an excellent test case to verify the implementation of collision operator and
external forcing.
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3.3.2 Higher Order Boundary Conditions for Velocity

The analysis of the bounce-back rule leads to the question: is it possible to
enhance the general order of accuracy from first to second order? Based on the
simple structure of the predicted leading-order error E1, positive answer has
been given by Junk et al. [2005]. It is possible to define a correction term for
the bounce-back rule,

fp.c.q (xb, t) = 2
wq
c2
s

E1 = +2
wq
c2
s

(δ − 1/2)cq,αcq,β∂αjβ, (3.151)

in order to cancel the leading order error. Because the shear stress informa-
tion is available locally in the lattice Boltzmann scheme (cf. Sec. 3.2.1), the
boundary condition can be augmented to the second order without non-local
operations. It is also possible to use the approximation

fp.c.q (xb, t) = +2(δ − 1/2)λ+n
+
q (xb, t) = 2

wq
c2
s

E1 +O(ε2), (3.152)

with n+
q computed as the difference of pre- and post-collision values at the

boundary node. The computation is purely local and avoids the calculation of
the shear rate ∂αjβ from the velocity field by finite differences.

Other boundary schemes exploit linear interpolation along the boundary-
intersecting link to achieve second order accuracy Bouzidi et al. [2001], Yu
et al. [2003], Ginzburg and d’Humieres [2003]. By increasing the number of
populations included in Eq. (3.137) from three to five, even third order accu-
racy is realized in the aforementioned works. The linear CLI rule [Ginzburg
et al., 2008a] is used for some of the numerical experiments in this thesis. Its
coefficients can be found in Tab. 3.2. The CLI scheme is optimal with respect
to collision operator parameterization. Other interpolation-based schemes suf-
fer from viscosity-dependent errors similar to the case of the bounce-back rule
without “magic” parameterization.

3.3.3 Boundary Conditions for Free Interfaces

The present section discusses the realization of the free boundary condition (see
Sec. 2.2) for the lattice Boltzmann method. The approach by Körner et al. [2005]
(FSK rule) is used for most applications presented in this thesis. It will be shown
that this rule is indeed a first order accurate approximation to a simplified free
surface condition. Then, the new FSL rule 5 [Bogner et al., 2015] is introduced
as second order alternative. Both schemes are compatible with the link-wise
closure relation of Eq. (3.137). A non-link-wise approach for free boundaries
has been proposed by Ginzburg and Steiner [2002].

5The naming convention is as follows: FS abbreviates free surface, K is the surname of first
author of the original method [Körner et al., 2005], whereas L indicates the use of linear
interpolation of lattice Boltzmann data to achieve second order accuracy.
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The following results have been published in the journal article Bogner et al.
[2015]. For better readability, the momentum-based definition of the strain rate
tensor,

Ŝαβ =
1

2
(∂αjβ + ∂βjα) , (3.153)

is used in the equations below. Let us now start with the aforementioned FSK
approximation for free boundaries.

Definition 13 (FSK rule, FSK+ rule). To prescribe the pressure and control the
shear stress at the boundary we define the closure relation

fq̄(xb, t+ 1) = −f∗q (xb, t) + 2e+
q (ρw,uw) +D · cq,αcq,βŜwαβ. (3.154)

Here, pw = c2
sρw defines the boundary value for pressure, and uw represents the

flow velocity at the boundary. The second term on the right hand side controls
the shear stress at the boundary.

For D = 0, the closure relations defines the FSK rule that imposes a zero shear
stress condition,

σ(xw) = 2ρ0νSαβ(xw) = 0,

at the boundary. Otherwise, for D = −2Λ+
wq
c2s

, the closure relation defines the

FSK+ rule, that imposes a given shear rate tensor Ŝwαβ as boundary value, i.e.,

Ŝαβ(xw) = Ŝwαβ.

The coefficients of both schemes have been collected in Tab. 3.2.

Notice, that uw cannot be used to impose a certain flow velocity at the bound-
ary. In fact, for the linear equilibrium function e+

q and therewith Eq. (3.154) is
not dependent on uw. The following analysis will show that uw is needed only to
obtain consistent non-linear terms in the closure relation but does not act as a
boundary value. Let us proceed to the analysis of the scheme and give proof to
the following statement.

Theorem 5. The FSK(+) rule of Def. 13 imposes the given boundary values for
pressure and shear rate at the boundary point xw with first order spatial accu-
racy.

Proof. We rewrite Eq. (3.154) by bringing f∗q (xb, t) to the left hand side and ex-
panding the pre- and post-collision variables with the help of Eq. (3.129),

2

[
e+
q − Λ+λ+n

+
q +

λ−
2
n−q

]
(xb, t) = 2e+

q (xw) +D · cq,αcq,βŜwαβ. (3.155)

Time derivatives stemming from the expansion of fq̄(xb, t + 1) about (x, t) have
been dropped, since they are of order ε2 and we are only interested in the first
order error. Substitute for n±q the second order Chapman-Enskog solution,
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Eq. (3.135), and use the equilibrium function definition to obtain the approxi-
mated closure in macroscopic variables,

2
wq
c2
s

[
(1 +

1

2
∂q + Λ∂2

q )Πq − Λ+(1 +
1

2
∂q)∂qjq

]
(xb, t) = 2

wq
c2
s

Πq(xw, t) +D · cq,αcq,βŜwαβ.
(3.156)

Assume first that xw = xb + 1/2cq. Because Πq = p + Nq, and Πq(xw, t) = pw +
Nq(uw), we observe that the left hand side is a second order (third order, for
Λ = 1/8) Taylor approximation for the pressure p(xw) and the non-linear term
Nq, in combination with a second order approximation for the projected shear
rate ∂qjq(xw). The latter appears with a prefactor −2Λ+wq/c

2
s. This explains the

proposed coefficient D = −2Λ+
wq
c2s

in the boundary value term of FSK+. For the
FSK rule (D = 0), the boundary value is fixed to zero.

If the boundary distance δ is different from 1/2, then the boundary condition
reduces to first order, and the leading order error term becomes

Ep,S = 2
wq
c2
s

(
δ − 1

2

)
∂q (Πq − Λ+∂qjq) . (3.157)

This implies the same half-way behavior that was shown for the bounce-back
boundary condition before, and implies first order accuracy.

As mentioned above, the velocity uw = u(xw) is not a boundary value but
required only to keep the non-linear terms at the boundary consistent with the
bulk solution. A linear extrapolation,

u(xw) ≈ u(xb) + δ(u(xb)− u(xb − cq)), (3.158)

can be used to obtain uw and is in accordance with the overall second order
accuracy of the lattice Boltzmann method. If xb − cq /∈ Ω, there exist some other
workarounds that save the second order accuracy [Ginzburg et al., 2008a]. If
we fall back to lower order, next neighbor extrapolation,

u(xw) ≈ u(xb), (3.159)

the accuracy is still consistent with the general first order accuracy of the FSK(+)
rule.

A free boundary condition as in Eq. (2.28) can now be approximated with the
FSK(+) rule. The pressure boundary value is set according to

pw = pg − 2σκ, (3.160)

to incorporate the pressure jump due to surface tension. The boundary value
for the shear rates deserves more attention. For the realization of a free sur-
face boundary condition, it must be chosen in a specific manner. The origi-
nal method proposed by Körner et al. [2005] sets D = 0, which corresponds
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to a completely vanishing shear stress tensor at the boundary. This, how-
ever, is not fully consistent with Eq. (2.28). The macroscopic formulation of
Eqs. (2.29a) to (2.29c) requires the tangential stresses to vanish and the nor-
mal stress 2µ∂nun to balance the pressure jump across the interface. Hence,
in order to set the boundary value Ŝwαβ correctly, we need to know Ŝαβ(xw), and
then set the boundary value in the tangential coordinate system {t1, t2,n}, such
that

Ŝwα′β′ =

Ŝt1t1 Ŝt1t2 0

Ŝt2t1 Ŝt2t2 0

0 0 Ŝnn

 (xw). (3.161)

Here, the respective components have been eliminated in accordance with the
defining equations of the free boundary condition, Eqs. (2.29a) to (2.29c). The
Ŝα′β′(xw) can be approximated by extrapolation from the bulk nodes, where
it can be computed as a local quantity by Eq. (3.108). However, since the
FSK+ rule delivers only first order spatial accuracy in general, a fallback to the
simpler FSK rule with D = 0 may be preferable. If the FSK rule (D = 0) is
used, then in particular the normal stress component, 2ν∂njn, is neglected. As
a matter of fact, this is common practice in free surface flow simulations [Hirt
and Shannon, 1968, Harlow and Welch, 1965, Kleefsman et al., 2005, Veldman
et al., 2007]. Janssen et al. [2010] conducted breaking dam simulations at high
Reynolds numbers based on the lattice Boltzmann method and the FSK rule.
Their results agree well with experimental data. Nevertheless, at high viscosities
the normal stress term may be significant. Consider a simple breaking dam
test case consisting of a rectangular water column of 40 × 80 lattice sites6 in a
rectangular domain with free-slip boundaries [Cornubert et al., 1991, Ginzburg
and Steiner, 2003]. At a lattice viscosity of ν = 1/3 and gravitational strength
of 3.17 × 10−5 lattice units, the flow reaches a maximum velocity magnitude of
approximately 0.05, corresponding to Re = 12. In Fig. 3.6 we see that the wave
front evolves faster if the FSK+ boundary condition is used. An explanation for
this is, that at the surge front one expects ∂njn < 0 (assuming n is oriented
towards the liquid), but the simplified FSK fixes this term to ∂njn = 0. The
free surface lattice Boltzmann method used to conduct this simulation will be
explained in Sec. 4.2.

Second order accuracy for free boundaries is obtained with the FSL scheme.
We shall see below that the FSL closure relation is a second order version of the
FSK relation. Assume, again, a closure relation in the form of Eq. (3.137) with
a boundary value term

f bq = α+e
+
q (ρw,uw) +D · cq,αcq,βŜwαβ, (3.162a)

and a local correction term of the form

fp.c.q = C · n+
q (xb, t). (3.162b)

6The column size of 80 × 40 reported in Bogner et al. [2015] is erroneous. The actual size used
in this setup is 40× 80 (width× height).
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3 The Lattice Boltzmann Method (LBM) for Hydrodynamics

Figure 3.6: Simulation of a breaking dam after time step 2000, 4000, 6000,
8000. The faster surge front (black) is obtained from using the FSK+
boundary condition, while the slower front (gray blue) is obtained
from the simplified FSK boundary scheme [Bogner et al., 2015].

The same analysis technique as before leads to a system of equations, that
allows one to determine the unknown coefficients a0, ā0, a1, α+, D, C in the
closure relation (Table 3.2).

Definition 14 (FSL rule, FSL+ rule). The link-wise interpolation coefficients of
Eq. (3.137) chosen as

a0 = 1− α+(
1

2
+ δ), (3.163a)

ā0 = 1− 1

2
α+, (3.163b)

a1 = δα+ − 1, (3.163c)

with a free parameter α+ satisfying

α+ = 1− a0 − ā0 − a1,

and the coefficients C and D in Eqs. (3.162a) and (3.162b) as

C = α+λ+(
1

2
+ δ)− 2λ+, (3.163d)

D = −α+Λ+
wq
c2
s

, (3.163e)

define the FSL+ rule. The rule imposes boundary values for the pressure and the
strain rate at xw with second order spatial accuracy. Choosing D = 0 defines the
FSL rule, which imposes a boundary value for the pressure and vanishing shear
stress at xw.
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The derivation of the defining coefficients can be found in Bogner et al. [2015].
Here, we show directly that the FSL rule is indeed of higher order as stated in
the following theorem.

Theorem 6. The FSL(+) rule imposes boundary values on the hydrodynamic vari-
ables of pressure and shear rate with second order spatial accuracy.

Proof. Starting with the closure Eq. (3.137), we first approximate fq̄(xb, t + 1) ≈
(1+∂t)fq̄(xb, t), and f∗q (xb−cq, t) = fq(xb, t+1) ≈ (1+∂t)fq(xb, t). We collect all vari-
ables except the boundary value term f b on the left hand side, and proceed by
substitution of all fq and f∗q with the second order Chapman-Enskog solution,
Eq. (3.129), as in the case of the bounce-back rule (proof of Theorem 3). With
the coefficients of the FSL+ rule from Def. 14, the closure relation expressed in
macroscopic variables is

α+
wq
c2
s

[(
1 + δ∂q + Λ∂2

q

)
Πq − Λ+ (1 + δ∂q) ∂qjq

+ (2/α+ − (δ + Λ+)) ∂tΠq

]
(xb, t) = α+

wq
c2
s

(Πq(ρw,uw)− Λ+cq,αcq,βŜ
w
αβ).

(3.164)

We observe that the left hand side contains in square brackets the Taylor ap-
proximations of the pressure (contained in Πq = p + Nq) and of the projected
shear rate ∂qjq at the boundary xw. Assuming that the time derivatives are neg-
ligible, the boundary condition is indeed of second order spatial accuracy, since
the Taylor approximations match up to the given order. For the FSL rule, the
Ŝwαβ term is dropped on the right hand side, such that the boundary value for
the shear rate is fixed to zero.

We can reuse Eq. (3.161) for the construction of Ŝwαβ in the FSL+ rule to re-
alize the free surface condition defined in Eq. (2.28) with second order spatial
accuracy. Again, the simplified FSL rule, as the second order counterpart of the
FSK rule, directly imposes vanishing strain rate tensor at the boundary.

It was shown in Theorem 4 that the lattice Boltzmann equation can solve
exactly the problem of stationary Poisueille flow (up to boundary conditions). A
similar theorem can be formulated for the problem of stationary incompressible
flow down an inclined plane.

Theorem 7. Consider a fluid film of finite thickness h > 0 over a flat plate at
z = 0 with free boundary condition at z = h. Let Fx be the external force compo-
nent tangential to the plate, and Fz ≤ 0 the force component normal to the plate,
and Fy = 0. The linear, incompressible lattice Boltzmann equation solves the
stationary, incompressible problem exactly, provided that..

1. the FSK(+) rule is used at z = h and the film thickness h is an integral
number.

2. the FSL(+) rule is used at z = h.
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3 The Lattice Boltzmann Method (LBM) for Hydrodynamics

Proof. The considered flow problem satisfies

∂tu = 0, ∂tp = 0, (3.165a)

u(z = 0) = 0, (3.165b)

∂zu(z = h) = 0, (3.165c)

has the analytic solution

p(z) = ph + Fz(z − h), (3.166a)

ux(z) =
Fx
ρ0ν

(h− 1

2
z)z. (3.166b)

Here, ph is the pressure at the free surface. We assume that the wall boundary
condition at z = 0 is satisfied exactly by the lattice Boltzmann equation. In
practice, this could be realized by applying the BB rule at z = 0 with magic
parameterization Λ = 3/16. Following the same argument as in the proof of
Theorem 4, it is clear that no numerical error is introduced. Hence, we only
have to check the error of the free boundary condition at z = h.

Case 1: If h is an integral number, then any boundary node at the free surface
is located at zb = h− 1/2. The FSK - closure relation, Eq. (3.156), parameterized
with pw = ph and Ŝwαβ = 0 for a diagonal boundary link with cq,z = cq,x = 1, reads

(1 +
1

2
∂z + Λ∂2

z )p(zb)− Λ+(1 +
1

2
∂z)∂zjx(zb) = ph. (3.167)

Since ∂2
zp = 0, and p(z) is a linear function, the left hand side, (1 + ∂z/2)p(zb), is

equal to ph. Hence we can subtract all pressure terms from the equation. Now,
by calculating the z-derivative of Eq. (3.166b),

∂zjx(z) =
Fx
ν

(h− z), (3.168)

we readily verify that the remaining terms involving the momentum derivatives
indeed become zero. This proofs case 1 of the theorem.

Case 2 is proven in exactly the same way. We observe that the projected clo-
sure relation of the FSL(+) rule, Eq. (3.164), written out for a diagonal boundary
link intersecting the free surface at zb + δ = h, reads

(1 + δ∂z + Λ∂2
z )p(zb)− Λ+(1 + δ∂z)∂zjx(zb) = ph. (3.169)

Since both p(z) and ∂zjx(z) are linear functions, the left hand side balances the
right hand side exactly.

We remark that in both cases, it does not matter whether the FSK+ (FSL+) -
rule or the simplified FSK (FSL) - rule is assumed.

The theorem does not hold for the compressible lattice Boltzmann model. In
analogy to to the Poiseuille profile, the analytic solution is based on the as-
sumption ∂zρ = 0, which does not for Fz 6= 0. Then, the compressible and
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x

z

α

Figure 3.7: Sketch of flow geometry used in the test cases of the free surface
boundary conditions Bogner et al. [2015]. The channel is inclined
by angle α with respect to the lattice.

incompressible lattice Boltzmann solutions no longer coincide, because a pres-
sure gradient along the z-axis appears.

As a closing remark, notice that neither the FSK(+), nor the FSL(+) closure re-
lations match the target equation, Eq. (2.28), perfectly. Both closure relations,
Eq. (3.156) and Eq. (3.164), in the left hand side, contain Taylor approxima-
tions of p(xw) and ∂qjq(xw). However, the prefactor of the stress term ∂qjq, after
cancellation of all constants, is −Λ+ instead of the required −2ν = −2/3Λ+ in
Eq. (2.28). This prefactor stems from the Chapman-Enskog hierarchy of the
cubic lattice Boltzmann scheme and cannot be corrected within the presented
framework of Eq. (3.137) with a single correction term. In practice, all schemes
seem to yield convincing results in agreement with literature, where simplified
free boundary conditions are common [Hirt and Shannon, 1968, Harlow and
Welch, 1965, Kleefsman et al., 2005, Veldman et al., 2007].

3.3.4 Numerical Validation of the Free Boundary Schemes

The preceding section has introduced link-wise boundary schemes for free sur-
faces. Let us now examine the convergence properties of the first order FSK rule
and the second order FSL rule by numerical experiment. The following para-
graphs are taken from the journal publication Bogner et al. [2015] with minor
changes. All test cases are 2-dimensional setups as shown in Fig. 3.7.

Transient evolution of plate-driven planar flow. In our first validation case, we
monitor the transient behavior of a planar flow with initial condition u(x, 0) = 0.
The domain is periodic in the x- and y-direction, with a free surface boundary
at z = 0 and a solid wall at z = h, moving in the x-direction with constant
tangential velocity of uwall = 0.001 lattice units (Figure 3.7 with α = 0). This
setup has been proposed by Yin et al. [2006] with the analytic Fourier series
solution,

uid(z, t)

uwall
= 1−

∞∑
k=0

4(−1)k

(2k + 1)π
e−(2k+1)2π2µt/(4ρh2) × cos

(
(2k + 1)πz

2h

)
, (3.170)
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Figure 3.8: The velocity profile at non-dimensional times T = 1/64, 1/8, 3/8.
Both the original free surface boundary condition (FSK) and the
new boundary condition based on linear interpolation (FSL) are very
close to the analytical formula, Eq. (3.170).

for the validation of a free-slip boundary condition that leads in this case to the
same solution as the free surface condition. For t� 1 the flow quickly develops
into a uniform profile, since the free surface does not impose any friction. A
dimensionless time scale T = µt/(ρh2) is introduced to facilitate the evaluation
of the flow at the times T = 1/64, 1/8, 3/8, and 3/4. For the simulations, we
use ρ = 1 and µ = 1/6 in lattice units for channels of height h = 8, 16, 32, 64.
Qualitative results are shown in Fig. 3.8. Note, that very similar flow profiles
are obtained for both the original free surface boundary condition (FSK) and
the newly proposed FSL rule, since here the channel height is restricted to have
an integer value (in lattice cells). For the quantitative evaluation, we define the
error as

ε(h, T ) =
1

uwall

√
1

h

∑
zi

(ux(zi, T )− uid(zi, T ))2, (3.171)

where zi ranges over all the lattice node positions along the z-axis. Figure 3.9
shows that both boundary conditions yield correct transient behavior and the
expected second order rate of convergence is exhibited clearly. The results have
been obtained with a TRT - parametrization of Λ = 1/4.

Linear Couette flow. The analysis predicts the exact recovery of linear flow pro-
files when the second order FSL+ rule is used, with prescribed boundary value
Ŝwαβ. Here we evaluate the case of a steady flow as follows. In a cubic domain,
we impose non-slip boundary conditions (bounce-back) at z = 0, fixing the po-
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Figure 3.9: Grid convergence of the FSK rule (left) and the new FSL rule, based
on linear interpolation (right) in plate driven flow at selected times.
Since the channel width is an integral number, both approaches
show a second order rate of convergence.

sition of the first lattice nodes to the plane z = 0.5 (Figure 3.7 with α = 0◦). The
FSL+ rule is imposed at z = h. As a first verification experiment, a tangential
shear rate is imposed by setting Ŝwxz(z = h) = 0.001. The steady Couette profile is
recovered without numerical error, independent of choice of equilibrium func-
tion and film thickness h, in accordance with the analytical properties of the
boundary condition.

Our next test case is a rotated linear film flow where bottom and top bound-
ary planes are placed with a slope of ∆z/∆x = 1/4 (i.e., α ≈ 14◦ in Fig. 3.7). In
order to realize the skew non-slip boundary, we use the CLI boundary condition
[Ginzburg et al., 2008a] (coefficients of closure relation in Tab. 3.2). This bound-
ary condition can recover steady Couette flows in arbitrary rotated channels ex-
actly, provided that linear equilibria are employed. Applying again a tangential
shear rate ∂nut = 0.001 the exact profile is recovered if the equilibrium function
is restricted to the linear terms. If a non-linear equilibrium is used, a spurious
Knudsen-layer appears at the boundary nodes of the skew channel where the
shear rate is prescribed. From the analysis, we expect this error to be of sec-
ond order. A grid convergence study with fixed lattice viscosity ν and Reynolds
number Re = 0.064 is conducted, varying channel widths hi = h0, 2h0, 4h0, 8h0 and
imposed shear rate ∂nut = 0.001, 0.00025, 6.25 × 10−05, 1.5625 × 10−05. Figure 3.10
shows that the grid convergence is indeed of second order. Here and in the
following sections, the relative errors are computed using either the L2-norm,

L2(Φ) =

√∑
x(Φ(x)− Φid(x))2∑

x Φid(x)2
, (3.172)
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Figure 3.10: Second order convergence rate for linear shear flow when imposing
constant shear rate on the top boundary in a skewed channel with
slope ∆z/∆x = 1/4.

or the Tchebysheff norm,

L∞(Φ) =
maxx |Φ(x)− Φid(x)|

maxx |Φid(x)| , (3.173)

where Φ(x) and Φid(x) are the respective numerical and the ideal value at the
node position x.

Steady Parabolic Film Flow. Force-driven slow flow of finite thickness over a
planar non-slip surface admits an analytic solution that is used for validation
as follows. Using a cubic domain, we impose a non-slip boundary condition at
the bottom z = 0 plane of the domain, realized using the bounce back rule. This
means that the first lattice nodes are located at a distance 0.5 from the bottom
plane. At z = h, a free boundary is realized using the FSL boundary condition
with Ŝwαβ = 0. We use periodic boundary conditions in the x and y direction.
The magic parametrization Λ = 3/16 for parabolic straight channel flows is used
[Ginzbourg and Adler, 1994], to eliminate the error of the bounce back rule.
It can be verified readily that the shear boundary condition yields the correct
steady state profile without numerical error, independent of the film thickness
h, and independent of choice of the equilibrium function. Applying additional
gravity directed towards the bottom plane yields an additional linear hydrostatic
pressure gradient that does not influence the solution, if the incompressible
equilibria are used. Notice, that the FSK rule of Körner et al. [2005] is exact in
this test case only if h is divisible by the grid spacing, otherwise the expected
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Figure 3.11: First order rate of convergence for a planar film flow of height h =
8.33 with the FSK rule. The same problem is solved exactly using
the FSL rule.

accuracy is of first order O(δx). Figure 3.11 shows that the measured error
convergence for the FSK rule is indeed reduced to first order for h = 8.33.

We repeat the test case with the flow direction rotated about a slope of ∆z/∆x =
1/7 (α ≈ 8.1◦ in Fig. 3.7) with respect to the lattice. The CLI boundary condition
is used for the skew non-slip wall to assure a second order rate of convergence,
and fix the parametrization using Λ = 1/4. Similar to Couette flow, now a cer-
tain error is inevitable. Using the interpolated FSL boundary rule for the free
boundary, an error convergence rate of order O(δ2

x) is expected, independent
of the flow direction α, opposed to a first order error for the FSK with D = 0.
The grid spacings are δx = 1, 0.5, 0.25, 0.125, 0.0625, keeping the Reynolds num-
ber constant by adjusting the accelerating force according to a = a0 × δ−3

x at a
constant relaxation time τ = 2. Figure 3.12 shows the grid convergence of the
two different boundary conditions. Indeed, the proposed FSL condition shows
a second order behavior, whereas for the original FSK boundary condition the
obtained rate of convergence is clearly below second order.
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4 Simulation of Fluid Interfaces

The simulation of complex free surface flows is a major focus of this thesis. To
this end, the so called free surface lattice Boltzmann method (FSLBM) is ana-
lyzed and extended. The FSLBM is based on the volume of fluid (VOF) interface
tracking approach, which will be outlined in Sec. 4.1. The free surface lattice
Boltzmann method follows in Sec. 4.2. In Sec. 4.3, an extension of the free
surface approach to bubbly flows is presented. The simulation of surface ten-
sion with the VOF method and the FSLBM is a special focus of this thesis. In
Sec. 4.4, several surface tension approaches are compared and evaluated. A
new approach to include wetting boundaries is presented.

4.1 The Volume of Fluid Approach

4.1.1 Numerical Representation of Sharp Interfaces

Numerical sharp interface models are based directly on the sharp interface
assumption of Sec. 2.2. The majority of lattice Boltzmann-based multiphase
models [Chen and Doolen, 1998, Aidun and Clausen, 2010] do not fall into this
category, but are based on diffusive interface modeling instead [Anderson et al.,
1998, Nourgaliev et al., 2003]. Hence, in order to introduce the FSLBM thor-
oughly, it is necessary to develop an understanding of the numerical modeling
of sharp fluid interfaces that comes from “classical” computational fluid dy-
namics. The mathematical description of the interface can be of either explicit
or implicit type. Explicit interface tracking methods that use a Lagrangian de-
scription of the interface are discussed in Caboussat [2005], Tryggvason et al.
[2011]. In the following, the focus will be on implicit descriptions, that is, we
assume that the interfacial surface is given by an equation of the form

I = {x ∈ Ω : ϕ(x, t) = c}, (4.1)

where c is a fixed constant and ϕ is an indicator function. Let u(x, t) be the
velocity field of the flow. Then the indicator function ϕ evolves according to the
advection equation,

∂tϕ+ uα∂αϕ = 0. (4.2)

Eulerian grids are typically used to discretize the indicator function ϕ(x). This
grid does not necessarily coincide with the grid of the fluid variables. However,
in preparation of the free surface lattice Boltzmann method (Section 4.2), we
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will assume a collocated grid1 where all variables (indicator function and flow
variables) are defined on the same Cartesian grid.

There are different ways to define the indicator function. The two most com-
mon options are the level set approach [Sethian and Smereka, 2003, Osher and
Fedkiw, 2001], and the volume of fluid [Hirt and Nichols, 1981, Scardovelli and
Zaleski, 1999] approach. For the level set approach, the indicator function ϕ
is a signed distance function to the interface, positive on the liquid side of the
interface, and negative on the gas side. In the VOF approach, the indicator ϕ(x)
is defined as the volume fraction of the control volume (cell) around x, filled
with fluid of the first phase (liquid). Thus, ϕ = 1 for bulk liquid, ϕ = 0 for
bulk gas cells, and 0 ≤ ϕ ≤ 1 for interface cells. The flow parameters, such as
density and viscosity change abruptly at the interface, as described in Sec. 2.2.
Numerically, this may be achieved based on the one-fluid, or whole-domain, for-
mulation. This approach varies the according parameters of the flow simulation
across the interface, while introducing additional terms for interfacial effects
(e.g., pressure jump) in a transition region around the interface [Tryggvason
et al., 2011, Scardovelli and Zaleski, 1999]. Alternatively, the jump condition
formulation approach simulates both phases separately and couples the fluids
via boundary conditions at the interface. The latter approach is more flexible,
but also increases the complexity because the boundary conditions need to be
implemented in addition to the flow solver and interface representation. In free
surface implementations the gas phase is not simulated and hence the second
option is mandatory, as is the case for the FSLBM. The level set description is
then disadvantageous, because the interface advection according to Eq. (4.2)
becomes problematic if there is no velocity field defined for the gas phase.

The volume of fluid (VOF) method dates back to the seventies [Hirt and Nichols,
1981, DeBar, 1974, Noh and Woodward, 1976] and was one of the first ap-
proaches to simulate multiphase flows. The fill level or volume fraction is de-
fined based on the characteristic function χl of the liquid subdomain Ωl as,

ϕ(x) =
1

|V (x)|

∫
V (x)

χl(ξ)dξ. (4.3)

Hereby, V (x) denotes the finite volume of the cell around the discrete coordi-
nate x. By definition, the volume fraction ϕ is a non-smooth function. Therefore
standard schemes to approximate the advection Eq. (4.2) algebraically are not
feasible. Instead, the advection is computed based on the local interface geom-
etry [Scardovelli and Zaleski, 1999, Tryggvason et al., 2011, Bnà et al., 2013].
Typically, the flux exchanged between neighboring liquid cells is computed from
a local interface segment and the flow field of the current time step. Figure 4.1a
sketches the idea of a flux determination scheme for a curved interface within

1So called staggered grid or MAC grid approaches, where the variables are assigned to different
locations (control volumes versus control vertices or edges) are common as well [Kwak and
Kiris, 2011, Ferziger and Peric, 2002].
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(a) The flux Φx due to a velocity ux
along the x-axis from the center cell
to its right neighbor is determined
as the gray area to the right of the
dashed line.
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(b) The same picture as in Fig. 4.1a
based on a PLIC: the flux approx-
imation is now based on the linear
approximation constructed from the
indicator function ϕ.

Figure 4.1: Geometric advection of VOF indicator function. Determination of
the flux Φx from the interface geometry within a cell V .

a 3× 3 - neighborhood of cells. Naturally, the gray area within each cell volume
equals the value of the indicator function ϕ of the respective cell. In order to
determine the flux Φx of, say, the center cell to its right neighbor during one
time step δt, one has to integrate the gray area within this cell distanced at
max uxδt from its right border, with ux being the velocity along x. In two, or
more dimensions, similar flux determination along y- and z - axes considering
uy and uz, respectively, has to be carried out considering the principles of oper-
ator splitting2. Once the fluxes for all cells are determined, the values ϕ(t + δt)
can be computed. However, a geometric definition of the interface segment I|V
within the cell volume V is required. Hence, the advection step is usually pre-
ceded by a geometric reconstruction step to approximate I|V locally from the
indicator function. Currently, the piece-wise linear interface construction of
the succeeding section is most common.

4.1.2 Piecewise Linear Interface Construction (PLIC)

Peace-wise linear interface construction approaches reconstruct a plane approx-
imation (surface normal and position) to the interface for each interface cell xi.
As sketched in Fig. 4.1b, the approximated interface is now locally described by

2An operator is said to be split if it is approximated step by step by restriction of the operator to
each coordinate axis, followed by a summation of these partial results. Here, this means that
the total flux through any given control volume is computed as the sum of the partial fluxes
over the x, y and z borders of the cell.
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an equation of the form

I|V (xi) = {x | n̂ · (x− xi) = d}, (4.4)

with n̂ being a unit normal, and d ∈ R the distance to the center. Both parame-
ters are determined in such a way that the cut-off volume within each cell (gray
area in Fig. 4.1b), is equal to the volume fraction of the specific cell, i.e.,

vol({x | n̂ · (x− xi) ≥ d} ∩ V (xi)) = ϕ(xi). (4.5)

Since the advection of the indicator function ϕ is based on the reconstructed
geometry, errors in the reconstruction will directly affect the advection. Dif-
ferent methods to determine n̂ and d have been proposed in literature. Most
notably, the Parker & Youngs finite difference approach [Youngs, 1982, Parker
and Youngs, 1992], center of mass approach [Puckett and Saltzman, 1992],
the LVIRA [Puckett, 1991] and the ELVIRA [Pilliod, 1992] approach, the Least
Squares Fit method by Scardovelli and Zaleski [2003]. The motivation of the
Least Squares Fit approach and ELVIRA was the construction of a VOF scheme
of overall second order accuracy. The former reconstruction methods (including
the mentioned center of mass method and Parker & Youngs method) yield only
first order accurate solutions [Pilliod and Puckett, 2004, Puckett, 2010b,a] to
advection problems. The second order methods are significantly more complex,
especially for three-dimensional simulations. First order methods are widely
used and considered sufficient for most applications.

Present implementation. The free surface lattice Boltzmann implementation
used for the present thesis is based on the PLIC adaption of Pohl [2007]. Based
on Parker & Youngs method, the interface normal n(x) within a the given cell
volume V (x) is approximated as the gradient of the indicator function,

n = ∇ϕ. (4.6)

The right hand side of this equation is evaluated numerically using the weight-
adjusted finite difference scheme,

n =
∑

ex,ey ,ez∈{−1,0,+1}

ω(e)ϕ(x+ e), (4.7)

written in lattice units, the eα are the components of the vector e, and the
weights ω are

ω(e) :=


4 for ‖e‖ = 1,

2 for ‖e‖ =
√

2,

1 for ‖e‖ =
√

3.

(4.8)

Independent of the choice of weights in Eq. (4.7), the expected order of accuracy
of the normal determination by finite differences is O(δx). In fact, Eq. (4.6) is an
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approximation, in addition to the approximation by finite differences. Because
of the definition of the VOF indicator function ϕ in Eq. (4.3) as a volume integral
of the set characteristic function of the liquid subdomain Ωl, the gradient of ϕ
is in general not a normal vector to the interface I, which is defined as the
boundary of Ωl. Still, the described way of computing the normal vector n is
widely used and sufficient for most purposes [Tryggvason et al., 2011].

The remaining unknown in the determination of the local interface segment
I|V of Eq. (4.4) is now the scalar d. As observed by Gueyffier et al. [1999],
the forward problem, of finding the volume fraction ϕ(n, d) within a cubic cell,
when the plane interface segment (normal n and distance d) is given, is more
straightforward then the inverse problem of determining the defining distance
d(ϕ,n) from the volume fraction ϕ and plane normal n. Helpful analytic expres-
sions for ϕ(n, d) and d(ϕ,n) can be found in Scardovelli and Zaleski [2000]. A
common way to approximate d(ϕ,n), is to iteratively solve the forward problem
ϕ(n, d), instead of solving the inverse problem directly. Details of the bisection
algorithm used for the present implementation are found in Pohl [2007, Sec.
2.5.2 & 2.5.3]. Based on a simple geometric argument, the error between the
iterative solution dk after k iterations and the true solution d can be bounded
by

|d− dk| ≤
√

3

22+k
. (4.9)

According to Pohl [2007], using d10 to define the PLIC segments is accurate
enough for most applications. An iteration process with improved convergence
is reported in Rider and Kothe [1998].

4.2 The Free Surface Lattice Boltzmann Method

The free surface lattice Boltzmann method combines the volume-of-fluid ap-
proach with the hydrodynamic lattice Boltzmann method for the numerical
simulation of free boundary problems (Section 2.2.2). The FSLBM neglects
the flow of the gas phase, and is thus very similar to the famous Hirt and
Nichols [1981] approach. The approach presented in the following is based on
the work of Körner et al. [2005] and the implementation of Pohl [2007]. The use
of the lattice Boltzmann method allows a simplification of the volume-of-fluid
scheme (Section 4.2.1). The FSLBM has since been applied and extended to
various problems [e.g., Thurey and Rüde, 2004, Xing et al., 2007b, Janssen
and Krafczyk, 2010, Attar and Körner, 2011, Ammer et al., 2014, Anderl et al.,
2014a]. There is a similar free surface lattice Boltzmann approach by Ginzburg
and Steiner [2002, 2003]. The latter is based on the multiphase model of Gun-
stensen et al. [1991], and not considered further in this thesis.
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4.2.1 Advection and Interface Tracking

The mass exchange principle can be used to facilitate the update of the VOF
indicator function ϕ. This simplifies the advection according to Eq. (4.2) signif-
icantly by exploiting the principles of the lattice Boltzmann method. Let xi be
an interface cell, then the FSLBM updates the fill level according to

ϕ(xi, t+ 1) = ϕ(xi, t) +
1

ρ0(xi, t+ 1)

Q−1∑
q=1

∆mq(xi, t)

 , (4.10a)

with the direction-dependent exchange mass

∆mq(xi, t) =


0 if xi + cq /∈ (Ci ∪ Cl),
1
2(ϕ(xi + cq) + ϕ(xi))(fq̄(xi + cq)− fq(xi)) if xi + cq ∈ Ci,
fq̄(xi + cq)− fq(xi) if xi + cq ∈ Cl,

(4.10b)
where Ci and Cl are the set of interface and liquid nodes, respectively. In this
so-called mass exchange equation, one assumes that the liquid mass m within
a cell is related to the LBM density and the indicator function via

m(x) = ϕ(x)ρ0(x). (4.11)

As before, ρ0 is either constant or ρ0 = ρ depending on the equilibrium function
of the lattice Boltzmann scheme (cf. Def. 8). The fill level of non-interface cells
stays constant during the update. Also, the method is mass conserving due to
the symmetry property ∆mq(x, t) = ∆mq̄(x+cq). In this way, interface advection
is possible without reconstruction of any interface geometric properties. It is
reasonable to question the accuracy of this simplified advection scheme com-
pared to the advection schemes based on surface reconstruction. In Sec. 4.2.2,
the accuracy of the mass exchange principle will be evaluated by numerical ex-
periments. We are yet to make precise the formal definition of liquid, gas and
interface nodes as used in Eq. (4.10b).

Definition 15. In a free surface flow simulation, the simulation domain is nat-
urally split into active nodes within the liquid domain Ωl(t), and inactive (gas)
nodes within Ωg(t) = Ω(t) \Ωl(t). Accordingly, the discrete simulation domain can
be subdivided further into the following sets.

• Cg(t): the set of gas nodes x ∈ Ωg(t).

• Cl(t): the set of liquid nodes x ∈ Ωl(t) without any gas neighbor x + cq ∈
Cg(t).

• Ci(t): the set of interface nodes x ∈ Ωl(t) with x + cq ∈ Cl and x + cp ∈ Cg
for some q, p 6= 0.

• Cs(t): the set of obstacle nodes x /∈ Ω(t), to be discussed later in Sec. 5.2.
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I(t)

liquid cells

interface cells

gas cells (inactive)

Figure 4.2: A fictitious interface I(t) and its discrete FSLBM representation con-
sisting of gas, interface, and liquid nodes.

In this way, the interface cells are a closed layer of active lattice Boltzmann
cells, with gas cells in the direct neighborhood

N(x) := {x+ cq | q = 1, . . . , Q− 1}. (4.12)

Figure 4.2 shows a typical lattice configuration of a gas bubble surrounded by
liquid.

The free surface boundary condition has to be imposed on the lattice Boltz-
mann data at the interface cells. As discussed in Sec. 3.3.3, this is done in a
link-wise manner based on the FSK rule of Def. 13. Denoting the liquid sub-
domain by Ωl(t), the FSK rule is applied for every link cutting the free surface
from an active node x ∈ Ωl(t) to an inactive gas cell x + cq ∈ Ωg(t). The present
implementation uses the density and velocity at the boundary node to param-
eterize the boundary condition as in Eqs. (3.159) and (3.160). The inclusion of
the Laplace pressure is discussed in Sec. 4.4. The FSK rule yields a “stair-case”
approximation to the real geometry. This way of incorporating the free bound-
ary condition is straightforward to implement if the set of interface cells Ci(t) is
known. Hence, as the interface is advected over time, the cell sets Cl(t), Cg(t)
and Ci(t) are updated dynamically as described in the paragraph below.

The FSK rule is first order accurate. The VOF representation of the interface
does not define the free surface geometry but only volume fractions, and the
piecewise reconstruction of Sec. 4.1.2 is not continuous. For this reason it
is not possible to use the higher order FSL rule presented in Sec. 3.3.3, with
the present implementation. Because the δ values in the FSL parameterization
cannot be determined from the indicator function.

Notice that the original work Körner et al. [2005] suggests that the free bound-
ary condition should be imposed on all links oriented negative with respect to
the reconstructed surface normal, as sketched in Fig. 4.3. However, this ap-
proach was found to introduce anisotropic artifacts. An example is shown in
Fig. 4.4. In this case, the erroneously applied boundary condition overwrites
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xb

n

gas liquid

Figure 4.3: Boundary links an interface cell xb. The arrows indicate populations
that are oriented opposite to the reconstructed surface normal n.
According to Körner et al. [2005], all of these populations should
be computed by the FSK rule. In this case, the population of the
bottom-right neighbor (dashed arrow) is overwritten.

data from other active nodes and leads to qualitatively wrong results. Zhao
et al. [2013] discuss the same problem at the simulation of free surface waves.
On the other hand, if the FSK rule is applied for less than three links at a node,
then the free boundary condition, Eqs. (2.29a) to (2.29c), is underdetermined,
which could also lead to undesired behaviour. The significance of this situation
is unclear and, to the author’s knowledge, has not been investigated in the lit-
erature. In practice, this happens only at low resolutions and if the interface is
concave with high curvature, as sketched in Fig. 4.5. The present implemen-
tation tracks the occurrence of underdetermined nodes, such that presumably
erroneous simulations can be identified and repeated with higher resolution.
Alternatively, the erroneous orientation based boundary treatment of Fig. 4.3
may be used as a fallback solution at underdetermined nodes. This fixes the
problem of underdetermined nodes while minimizing the number of overwritten
populations.

A set of cell conversion rules assures a closed layer of interface cells and com-
pletes the algorithm. Whenever, the fill level ϕ(xc) rises above 1.0 or drops below
0.0, then the interface cell xc should be converted into a liquid cell or gas cell,
respectively. As sketched in Fig. 4.6 no direct conversions from gas into liq-
uid or vice versa are allowed. Whenever an interface cell xi converts into a
gas or liquid cell, one will typically find ϕ(xi, t + 1) < 0.0 or ϕ(x, t + 1) > 1.0.
To prevent errors in the mass conservation, the fill levels in the neighborhood
N(xi) ∩ Ci(t + 1) can be adjusted in order to keep total balance. It remains to
discuss the conversion of a cell xc from liquid or gas state to interface. The first
case (liquid to interface) is simple, since only the fill variable ϕ(xc, t + δt) has
to be initialized to 1.0. The latter case (gas to interface) is more cumbersome,
because in addition to the initialization of the fill level with ϕ(xc, t+ δt) = 0.0 the
lattice Boltzmann data f(xc, t+ δt) has to be defined. The simplest way is to use

82



4.2 The Free Surface Lattice Boltzmann Method

(a) Slice through domain (x = y). Left: Imposing the free boundary condition on all links
cq · n ≤ 0 does not reproduce the rim correctly. Right: Rim clearly visible with the
present implementation.

(b) Iso-contour of the tracked interface. Left: Imposing the free boundary condition on
all links cq ·n ≤ 0 leads to incorrect crown formation. Right: Same simulation based
on present implementation.

Figure 4.4: Simulation of a droplet splashing onto a liquid film without surface
tension. Reynolds number ≈ 250. Comparison of original approach
(left) and present implementation (right), taken from Bogner et al.
[2016].

xb

gas liquid

Figure 4.5: Concave interface topology. The boundary node xb has only one
boundary link (dashed line). In this case the free surface boundary
condition is underdetermined.
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liquid interface gas

ϕ(t+ δt) ≥ 1.0 ϕ(t+ δt) ≤ 0.0

neighbor con-
verts into gas

neighbor converts
into liquid

Figure 4.6: Possible cell state conversions in FSLBM simulations. Conversions
of interface cells are triggered by the fill level ϕ and, for gas and
liquid cells, by conversions of neighboring interface cells into liquid
or gas, respectively.

the active nodes in the neighborhood, R(xc, t) := N(xc)∩ (Ci(t)∪Cl(t)), and set a
local equilibrium

f(xc, t+ δt) = f eq(ρ̄(xc), ū(xc)), (4.13)

with

ρ̄(xc) =
1

‖R(xc, t)‖
∑

x∈R(xc,t)

ρ(x, t), (4.14)

ū(xc) =
1

‖R(xc, t)‖
∑

x∈R(xc,t)

u(x, t). (4.15)

This means that vanishing shear stress, σαβ(xc, t + 1) = 0, is imposed at xc
after the conversion, which is erroneous in general. However, one may argue
that next to a free boundary most shear stresses vanish anyway due to the
boundary condition. Hence, it can be expected that the additional error due
to reactivation of gas nodes is small. The situation is different if the second
fluid is fully simulated Thömmes et al. [2009], or at fluid-solid interfaces (Sec-
tion 5.1). Then, the non-equilibrium initialization of Caiazzo [2008] can be used
to improve the accuracy. In fact, correct node initialization is crucial to achieve
second order accuracy. However, the present implementation is limited to first
order accuracy, due to the FSK-rule and the missing free surface geometry.

4.2.2 Accuracy

The FSLBM combines the lattice Boltzman method for hydrodynamics with a
VOF approach for interface tracking. As we have seen, the coupling from VOF to
LBM is achieved by the FSK free surface boundary conditions that are first or-
der accurate (Section 3.3.3). The coupling from LBM to VOF, i.e., the advection
of the indicator function, is done via the mass exchange principle of Eqs. (4.10a)
and (4.10b). This solution allows a straightforward implementation. However,
since the advection problem is solved without taking into account any geometric
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information, it has a presumably lower accuracy than geometry-based advec-
tion schemes (Section 4.1). Janssen and Krafczyk [2010] compared the mass
exchange algorithm to PLIC-based advection schemes and confirmed a decrease
in accuracy. However, the authors applied a simplified version of the mass ex-
change principle, restricting the sum in Eq. (4.10a) to the six coordinate axes,
instead of using the full lattice model. The order of convergence of the mass
exchange algorithm has not been studied before.

Let us assess the accuracy of the full mass-exchange algorithm based on the
hydrodynamic D3Q19 - lattice model. Prescribing a constant uniform flow field,
the LBM data at each point is constantly given by

f(x, t) = f eq(pg/c
2
s,u0), (4.16)

where u0 is the prescribed velocity, and pg is a prescribed reference pressure.
The following test case [first published in Bogner et al., 2016] consists of an
advected spherical bubble of diameter D = 10δx in the lowest resolution. The
bubble is advected with the constant flow velocity u0 in the x direction and,
after time T = D/u0, has moved a distance equal to its diameter. The error is
evaluated at time T in the L1 and L2 norm as

L1(ϕ) =

∑
x∈Γ |ϕ(x+ Tu0, T )− ϕ(x, 0)|∑

x∈Γ |ϕ(x, 0)| , (4.17a)

L2(ϕ) =

√∑
x∈Γ[ϕ(x+ Tu0, T )− ϕ(x, 0)]2∑

x∈Γ ϕ(x, 0)2
, (4.17b)

where the computational domain Γ = Ωl + Ωg is periodic. In order to evaluate
the error behavior with respect to the grid spacing, the space step δx is refined
stepwise with a factor of 1/2, whereas for the time step two different scalings are
used. As shown in Tab. 4.1, convective scaling the time step scales directly with
δx, i.e. δt = δx, while for diffusive scaling the time step is set according to δt = δ2

x.
The results for u0 = (0.05, 0, 0)T are shown in Tab. 4.1 and Fig. 4.7. We observe
that L1(ϕ) is decreasing with refinement of the grid and indicates convergence.
However, the convergence rate seems to stagnate with increased solution such
that apparently the mass exchange algorithm is not a first order convergent
scheme. The L2(ϕ) error even increases in the last two points evaluated. For
geometry-based advection schemes, Pilliod and Puckett [2004] report first and
second order rates of convergence, depending on the order of accuracy of the
geometric reconstruction to the interface. In that study, both piecewise constant
reconstruction [e.g., SLIC in Pilliod and Puckett, 2004] and as well as piecewise
linear reconstruction [PLIC based on Parker & Youngs in Pilliod and Puckett,
2004] yields a first order accurate solution to the advection equation. Since the
mass exchange principle does not take into account any geometric information,
it is not surprising that the algorithm does not achieve a first order rate of
convergence. The comparably low accuracy may be acceptable depending on
the application. However, when working with surface tension, it seems to be
problematic (Section 4.4).
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convective diffusive
d/δx δx δt u0,xδt/δx L1(ϕ) L2(ϕ) δt u0,xδt/δx L1(ϕ) L2(ϕ)

10 1 1 0.05 3.00% 9.38% 1 0.05 3.00% 9.38%
20 1/2 1/2 0.05 1.63% 7.19% 1/4 0.025 1.38% 6.17%
40 1/4 1/4 0.05 1.25% 7.38% 1/16 0.0125 0.85% 5.39%
80 1/8 1/8 0.05 1.17% 8.44% 1/64 0.00625 0.68% 5.87%

Table 4.1: Grid convergence study for the advection according to the mass ex-
change algorithm [Bogner et al., 2016].

10 20 40 80

10−2

10−1

100

sphere diameter D [δx]

er
ro

r

L1(ϕ), diff.
L2(ϕ), diff.
L1(ϕ), conv.
L2(ϕ), conv.
∼ δ1

x

Figure 4.7: L1 and L2 error behavior in linear advection test. Indicated order of
convergence is below 1 [Bogner et al., 2016].
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4.3 Bubble Model for Free Surface Flows

Free surface flow simulation codes such as the FSLBM described in Sec. 4.2 ne-
glect the dynamics of the gas phase by solving a free boundary problem for the
liquid phase instead. At the free boundary, a constant atmospheric pressure,
the gas pressure, is imposed. This is sufficient for many applications. However,
if parts of the gas subdomain are trapped by the liquid as in the example of
Fig. 4.2, this can lead to unphysical behavior: At compression of the bubble,
the gas pressure and the liquid pressure should balance. Obviously, this effect
is not covered in a free surface model. One option is of course to switch to a
two-phase model. However, the simulation of a liquid-gas flow with high vis-
cosity - or density ratio can lead to numerical difficulties. In the following, we
describe a bubble model to augment the FSLBM for the simulation of bubbly
flows. Implementation details for the FSLBM can be found in Pohl [2007] and
Donath et al. [2009]. A similar bubble model has been described in Caboussat
[2005].

The bubble model introduces individual values for gas pressure p(bi, t) and vol-
ume V (bi, t) for each bubble bi, with a finite index i = 0, . . . , B−1. Algorithmically,
a bubble is a connected region of gas within the simulation domain. Storing, for
each gas and interface cell the index i of the respective bubble, these values can
be accessed via lookup tables. If ϕ changes in the interface cells confining the
bubble, then the bubble volume is updated accordingly. Let p(bi, 0) = p0, with
atmospheric pressure p0, and V ∗i = V (bi, 0) be the initial pressure and volume of
the bubble bi. Then the gas pressure at time t for this bubble is given by

p(bi, t) = p0
V (bi, 0)

V (bi, t)
. (4.18)

This time-dependent pressure value is then used in the free surface boundary
condition applied in interface cells surrounding the bubble.

Several special cases need to be treated. The first such case is the coales-
cence of two bubbles bi, bj at a simulation time t. In that case, the former
bubbles should be deleted and a new bubble bk must be created, initializing
V ∗k = V ∗i +V ∗j , and V (bk, t) = V (bi, t)+V (bj , t). The second case is the rupture of a
bubble into two or more separate regions. The former bubble bi is then deleted
and two individual bubbles bj , bk are introduced for the subsequent time steps.
This case is much more demanding, because the volumes V (bj , t), V (bk, t) have
to be determined from the fill level information ϕ(x, t). Our solution to the prob-
lem can be found in Anderl et al. [2014b], and is suited for efficient parallel
implementation (in contrast, other solutions determine the bubble volumes by
implicit equation solving Caboussat [2005]). The algorithm is triggered only
if two interface cells of the same bubble are found around a liquid cell, with
normals of opposite orientation (Figure 4.8a). In such a case, we check for a
possible rupture and determine all separate subvolumes of the bubble. To this
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(a) Detect breakup (b) Local seed-fill (c) First communica-
tion

(d) Second commu-
nication

Figure 4.8: Sketch of parallel algorithm for handling bubble rupture [Anderl
et al., 2014b].

end, in a first step, all processing units that the bubble resides on run a local
seed-fill algorithm [Foley et al., 1995] the connected subregions. As shown in
the example of Fig. 4.8b, the two separate volumes have been colored in six
different colors. Now, in a second step, the processing units compare and unify
different colors of connected regions (Figure 4.8c). The second step is repeated
until there is no more mismatch of colors at the process borders (Figure 4.8d).
The algorithm returns the volume sizes of the differently colored regions, which
are added to the list of bubbles, and the simulation proceeds with the next time
step.

Rupture of a thin bubble. The bubble model developed for this thesis has been
published in the journal article Anderl et al. [2014b]. In this reference the
following test, a breakup of an initially threadlike bubble under capillary forces,
is presented. A domain of 360×40×40 lattice cells is initialized with a rectangular
region of gas of size 336×8×8 lattice cells. The physical space step is δx = 0.125×
10−4m which results in a gas thread thickness of roughly 0.1mm. In the two
simulated cases, the surface tension is varied significantly. The first simulation,
see Figure 4.9, is done for the physical quantities of an air water system. The
kinematic viscosity of the liquid is chosen ν = 10−6m2/s and the density ρ =
1000kg/m3. The surface tension is, as for an water-air system, σ = 72×10−3N/m.
Several spherical shaped bubbles are developing and the separation of those gas
regions is correctly handled due to the splitting algorithm which initializes the
new volumes correctly after every split. The process of breaking up is taking
place within milliseconds.

4.4 Simulation of Surface Tension

A common property of interface capturing schemes such as the VOF method is
that thermodynamic effects as surface tension or capillarity are not covered di-
rectly. Based on the macroscopic description of Section 2.2, the pressure jump
due to surface tension has to be approximated from the interface curvature.
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t = 22ms

t = 38ms

t = 46ms

t = 68ms

t = 324ms

Figure 4.9: Rupture of a thin bubble at selected time steps. The flow equations
for the gas phase inside the bubble are not simulated. Instead the
bubble model updates he pressure within each bubble upon com-
pression. After time t = 38, roughly, the bubble splits into 5 separate
volumes that are tracked independently for the remaining time.
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4.4.1 State of the Art

Explicit interface tracking methods or the level set method can provide a con-
tinuous description of the interface, which allows the extraction of curvature
information. The VOF method does not store any geometry information. Hence,
if this information is needed then it has to be reconstructed from the indicator
function. Because the VOF indicator function is non-smooth by definition, the
curvature computation is a non-trivial task. Nevertheless, recent developments
have shown that curvature estimates obtained from a VOF description can be as
accurate as those obtained from level sets [Renardy and Renardy, 2002, Fuster
et al., 2009]. These so called balanced force techniques apply the surface ten-
sion directly at the interface cells and are thus well-suited to be used within
free surface codes or – in our case – the FSLBM that applies Laplace pressure
at the boundary condition. Other methods, most notably the continuum surface
force technique by Brackbill et al. [1992], smooth out the color function within
a band of finite thickness around the interface cells. The surface tension is
then included as a force term distributed smoothly within a band around the
interface, instead of a singular term or boundary condition.

Spurious currents arise from numerical errors in the computation of surface
tension and exist in all common multiphase models [Scardovelli and Zaleski,
1999]. These are unphysical currents from locations with overestimated sur-
face tension to locations where surface tension is underestimated. Within the
present context, spurious currents can be tracked down to two possible error
sources.

1. Use of incompatible discretization in pressure and surface normal compu-
tation.

2. Erroneous computation of interface curvature κ.

Source no. 1 is especially relevant in the force-based approaches where surface
tension is represented as a directed force normal to the interface. Depending on
how the pressure equation is solved, the pressure gradient term and the sur-
face tension force term may not be balanced and a spurious momentum source
occurs [Francois et al., 2006]. In case of the FSLBM, this source is less relevant.
Because surface tension is applied as a boundary condition on the pressure in
Eq. (3.160) it uses the same discretization by design principle. There could be,
however, an error due to the use of a first order boundary condition at the free
surface (FSK-rule). Source no. 2 is usually dominating. The reconstruction of
geometric information from the VOF indicator function is non-trivial and in-
troduces errors. Standard approaches do not converge with the grid spacing
and therewith impose a serious limitation in terms of applicability to capillary-
dominant problems [Harvie et al., 2006]. Therefore, modern VOF codes rely on
higher order curvature schemes to minimize this error [Popinet, 2009, Fuster
et al., 2009, Renardy and Renardy, 2002]. In particular, the height function
technique of Sussman and Ohta [2007], Cummins et al. [2005] is currently the
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only VOF-based approach for which second order rates of convergence could
be verified. Alternatively, combinations of VOF with level sets can be applied
[e.g., Sussman and Puckett, 2000]. Notice, that the reconstruction of curvature
information from the VOF data may be done completely irrespective the sur-
face reconstruction that is used in the advection step. For instance, Gerlach
et al. [2006] use the parabolic PROST method [Renardy and Renardy, 2002] to
estimate surface tension, but linearize the obtained parabola to proceed with
the simpler PLIC-based advection. Still, they report an improvement in the
simulation of surface tension - an indication that source no. Item 2 is more
significant. This motivated the implementation of new, sophisticated curvature
reconstruction schemes for the FSLBM that is presented in the following.

The problem of surface tension modeling with the FSLBM has been addressed
previously. Xing et al. [2007b,a] adopt the surface tension operator of the mul-
tiphase model of Gunstensen et al. [1991] for a two-dimensional D2Q9 - based
FSLBM. Shi et al. [2008] use the same model for three-dimensional drop splash
simulations. Yan et al. [2010] transfer the surface tension model inspired from
the Shan and Chen [1993] multiphase model to realize three-dimensional sim-
ulations of drop splashing. The advantage of these models is that no geometry
reconstruction step is required, since these multiphase operators work without
curvature computation. Although, the authors report qualitatively convincing
results, the accuracy of these models is probably limited. For the present the-
sis, the aforementioned surface tension operator of Gunstensen et al. [1991]
appeared to be unstable in combination with the FSLBM, even in tests of sta-
tionary flow. Hence, the focus is on reconstruction-based methods in the follow-
ing. Pohl [2007] proposed the triangular reconstruction method that is outlined
in the succeeding section.

Wettability effects at solid boundaries can be realized as boundary conditions
of the surface tension operator that define the behavior of the interface next to
a third, solid phase. The latter is crucial for the simulation of capillary effects
next to adhesive surfaces. Hereby, the wettability of the solid wall is expressed
in terms of the equilibrium contact angle θeq, i.e., the static contact angle that
would be measured for a liquid drop at the surface at rest. The literature
of VOF-based simulations of capillary behavior is however currently limited,
even though adhesive boundary conditions are discussed already in the seminal
work of Brackbill et al. [1992]. The work of Renardy et al. [2001] is restricted
to two dimensions. The work of Raeini et al. [2012] applies various filtering
techniques to eliminate spurious currents in problems of low capillary number
in porous geometries. Veldman et al. [2007] and Afkhami and Bussmann [2008]
extend the successful height function technique to simulate surface wettability.

4.4.2 Surface Tension Models for the FSLBM

For the present work, three different approaches to simulate surface tension
have been implemented, including a new approach to simulate adhesive solid
surfaces. This method study has been published in Bogner et al. [2016], from
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Node types:
L: liquid
I: interface
G: gas (off-boundary)
S: solid (off-boundary)

Figure 4.10: Inhomogeneous boundary at an interface corner node with
boundary-intersecting lattice directions indicated by arrows. The
free boundary rule is imposed on the thick arrow direction due to
its orientation with respect to the interface with normal n.

which the descriptions below are adopted with minor changes.
The realization of the free boundary has already been discussed in Sec. 4.2.1.

At the contact line (corner nodes) where the boundary becomes inhomogeneous,
the following special treatment is used. As shown in Fig. 4.10, a contact line cell
has both links to solid wall (off-boundary, S) nodes and to gas (off-boundary, G)
nodes. Links to solid wall nodes (off-boundary nodes S) are usually subject to a
no-slip condition, that is realized by the bounce back rule (Section 3.3.1) unless
otherwise stated. The present implementation replaces the no-slip condition
with the free surface condition in corner nodes, if the outgoing lattice direction
has negative orientation with respect to the inward-oriented interface normal n
projected into the solid wall.

The remaining part of this section lays out the three different approaches
considered in this study, to extract the local interface curvature κ from the
volume fraction ϕ. Recall that the LBM data and the fill level information is
located at lattice nodes which coincide with the centers of the cells.

4.4.2.1 Finite Difference Approximation (FD)

The finite difference approximation (FD) is considered here because of its sim-
plicity and because similar approaches are widespread in literature. As first
proposed in Brackbill et al. [1992], one way to approximate the curvature κ
of the boundary surface defined through the fill levels, is to compute a finite
difference approximation to

κ = −(∇ · n̂), (4.19)

where n̂ is the normalized gradient of the indicator function. To obtain this
gradient, we use central finite differences to approximate

n = ∇ϕ, (4.20)

which can be interpreted also as a local normal vector to the free surface. We
use the Parker & Youngs finite difference approximation described in Sec. 4.1.2.
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However, the curvature computation according to Eq. (4.19) means that second
order derivatives of the non-smooth indicator function ϕ are approximated by
finite differences, which inevitably introduces larger errors. Hence, much work
has been published on effective ways to mollify the fill level information and
smooth out surface tension in the “continuum surface tension” approach. We
use the K8 - kernel recommended by Williams et al. [1999] with support radius
ε = 2.0, such that only the next neighbor cells are included in the convolution.

Wetting properties are included by directly specifying an ideal equilibrium
contact angle θeq for solid boundaries. For obstacle cells with surface normal
n̂w the boundary condition at the solid wall is

n̂ = n̂w cos θeq + n̂t sin θeq, (4.21)

where n̂t is a tangent vector to the wall and normal to the contact line Brackbill
et al. [1992]. Since the wall position rarely coincides with the lattice nodes,
the boundary value according to Eq. (4.21) is extrapolated to the obstacle node.
Hereby, the vector n̂t is computed by projection of the interface normal at the
fluid boundary cell xb onto the wall. The boundary condition for the fill level in
the obstacle cells (affecting the interface normal n(xb) in the boundary cells) is a
reflection condition for the ϕ-values. Here, we generally compute the boundary
value for the obstacle cells xo /∈ Ω based on the neighboring inner nodes xo+cq ∈
Ω using the formula

ϕ(xo) =
∑

|n̂w·ĉq |>α
xo+cq∈Ω

|n̂w · ĉq|ϕ(xo + cq)

/ ∑
|n̂w·ĉq |>α
xo+cq∈Ω

|n̂w · ĉq|, (4.22)

with an apperture α =
√

2/2, to achieve a smoothed reflection for the boundary
values. Here, Ω includes the liquid and the gas domain.

4.4.2.2 Triangular Reconstruction (TR) based on piecewise linear interface
construction (PLIC)

In Pohl [2007], a curvature computation is suggested based on a local trian-
gulation of interface points in a 3 × 3 × 3 neighborhood around each interface
cell. The interface points are computed from the PLIC scheme described in
Sec. 4.1.2. That is, for an interface cell centered around xi, the interface point
is defined as

pi = xi + d · n̂i, (4.23)

where d and ni = n(xi) are the distance and normal vector according to Eq. (4.4).
The number of iterations in the determination of d in Eq. (4.9) is limited to 40,
corresponding to an error of ≈ 4 × 10−13δx. Once the interface points are de-
termined by the PLIC scheme, the algorithm described in Pohl [2007] is used
to construct a local “triangle fan” from the interface points within the local
neighborhood. Then, a variant of the algorithm described in Taubin [1995] de-
termines the curvature of this polygonal surface. Notice, that the described TR
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Figure 4.11: Determination of contact point ps,i for a contact line cell. The PLIC
segment defined by interface point pi and interface normal ni is
extended and intersected with the obstacle wall.

scheme as well as the succeeding LSQR scheme are based solely on the surface
points pi. Hence, in contrast to the FD scheme, gradient information is required
only in terms of surface normals in the PLIC scheme and not used directly in
the curvature computation.

The TR method can be extended to support adhesive boundary conditions.
In Donath [2011], a way to extend the local triangulations at solid boundaries
to achieve an “artificial curvature” matching with a desired equilibrium contact
angle, is described. However, the implementation of the geometric construc-
tion is difficult in three dimensions. Also, we found the results obtained from
that method often not convincing, which motivated the least squares - based
approach of the following section.

4.4.2.3 Least Squares Reconstruction (LSQR) based on piecewise linear
interface construction (PLIC)

The third approach to include surface tension consists in reconstructing the
interface as a quadratic function in each 3 × 3 × 3 neighborhood around an
interface cell. It has previously been described in Popinet [2009], there however
without the inclusion of wall adhesion effects. Like the TR approach, it is based
on the PLIC of interface points described in Sec. 4.1.2. Let t̂u, t̂v and n̂ be a
local orthonormal basis, i.e., t̂u t̂v tangential to the interface, and p the local
interface point. Now, assume that i is indexing all the remaining interface cells
in a 3 × 3 × 3 - neighborhood. The interface cell data (n̂i,pi) is used to fit the
model function

f(u, v) = Au2 +Bv2 + Cuv +Hu+ Iv + J (4.24a)

with parameters (A,B,C,H, I, J), by minimizing the error

E =
∑
i

|f(ui, vi)− fi|2. (4.24b)

Here, ui = (pi − p) · t̂u, vi = (pi − p) · t̂v, and fi = (pi − p) · n̂. This yields a
linear least squares problem that has to be solved locally. We obtain the best
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results, when fixing the constant parameter J = 0, i.e., accepting only solutions
that interpolate the surface point p of the respective interface cell. We use the
implementation from the LAPACK library Anderson et al. [1999] based on QR
decomposition of the corresponding system matrix. Once f is determined the
curvature can be evaluated analytically, using

κ =
A(1 + I2) +B(1 +H2)− 2CHI

(
√

1 +H2 + I2)3
. (4.25)

The approach can be seen as a modified version of the PROST - scheme from
Renardy and Renardy [2002]. Both schemes fit a parabolic function in a lo-
cal neighborhood around each interface cell. However, as a major difference,
PROST fits f(x, y, z) directly to the fill levels minimizing the error

∑
i (Vi(f)− ϕi)2

of the cut-off volumes Vi that the iso-surface f(x, y, z) = 0.5 cuts out of the in-
terface cell i. This makes the least squares problem non-linear and f has to be
determined by iteratively computing the error and updating of coefficients. The
scheme described here is computationally less expensive.

To include the effect of boundary adhesion, we extend the method in the
following way: If the local 3 × 3 × 3 -neighborhood contains an obstacle cell,
then for each contact-line cell (i.e., an interface cell that has an obstacle cell as
neighbor) from the same neighborhood, one contact point is approximated with
a contact normal m̂ defined according to Eq. (4.21). In the contact point, we
require

∇f(uc, vc) = −(mu,mv)/mn, (4.26)

where mu = m̂ · t̂u, mv = m̂ · t̂v, and mn = m̂ · n̂u, and uc, vc are the coordinates of
the contact point in the locally defined tangential plane. If the neighboring in-
terface cell is the center of the current 3× 3× 3 - neighborhood, we use Eq. 4.26
as a constraint to the respective optimization problem given by the Eqs. (4.24a-
4.24b). Otherwise, the condition is simply included in the optimization of the
error, Eq. (4.24b). To obtain the contact point, we construct the closest inter-
section of the interface segment of the contact line cell with the solid surface as
in Fig. 4.11.

4.4.2.4 Current limitations

The interface tracking of the present implementation defines interface cells as
active lattice Boltzmann cells that have a D3Q19 neighborhood containing both
gas and liquid cells (Section 4.2.1). This definition turned out to impose a lim-
itation when simulating thin liquid films on wetting surfaces and with contact
angles below 45◦. As shown in Fig. 4.12, the thickness of a liquid film on solid
substrate has to be resolved at least by one liquid cell in height, for the method
to work correctly. A film thickness smaller than 1 lattice unit is not supported.
For strongly wetting surfaces (θeq < 45◦), we often observe anisotropic errors be-
cause it is then problematic to impose the correct contact angles according to
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Figure 4.12: The bottom-left interface (I) cell in Fig. 4.12a has several gas (G)
neighbors but no liquid neighbor (L). Hence, the configuration of
Fig. 4.12a is not supported by the present implementation. Shown
in Fig. 4.12b is a valid configuration since all interface cells have
both liquid and gas neighbors. The minimum supported film thick-
ness is therefore at least one (liquid) lattice cell.

the LSQR method and the TR method: Depending on the approximated inter-
face position represented by the fill level information, the computed curvature
values then tend to oscillate and overshoot. In Fig. 4.12b, for instance, the
approximation of the interface as a smooth surface through the two leftmost
interface cells can be expected erroneous under the condition of an acute in-
tersection angle (θeq < 45◦) with the solid surface. It is important to notice that
these restrictions are specific to the presented FSLBM algorithm, while the pre-
sented curvature reconstruction schemes can be applied in any VOF-context.

4.4.3 Validation and Model Comparison

The present section is adopted from Bogner et al. [2016] with minor changes. All
numerical experiments have been performed with a D3Q19 lattice model, using
the TRT collision model (Section 3.2.3) with the parameterization Λ = 3/16,
optimal for axis-aligned walls, and the compressible equilibrium function of
Def. 8.

4.4.3.1 Equilibrium Spherical Bubble

The standard benchmark for surface tension models is a static equilibrium
bubble. If the curvature estimation would return the exact value κ = 1/R ev-
erywhere on the interface, the solution to the problem would be a perfectly
vanishing velocity field. Due to the existing errors, however, spurious currents
occur around the interface from regions with overestimated Laplace pressure
to positions underestimating the value. A visualization of the spurious cur-
rent strength for a stationary bubble is shown in Fig. 4.13. Here we adopt the
problem stated in Renardy and Renardy [2002] using non-dimensional values
with respect to a cubic domain of unit length, containing a spherical bubble of
radius R = 0.125 centered at (0.5, 0.5, 0.5). We apply no-slip boundary conditions
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Figure 4.13: Slice through a domain containing a single gas bubble. The color
indicates the magnitude (lattice units) of the spurious currents
due to errors in the curvature estimation with the FD approach.
[Bogner et al., 2016]
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Figure 4.14: Temporal evolution of maximal and average (spurious) velocity for
the different surface tension models at a fixed grid spacing δx =
1/96. After the decay of an initial shock, the magnitude of the
spurious currents in the system can be evaluated. The FD model
shows the largest errors and often leads to oscillative behavior.
Similar behavior is obtained for δx = 1/48, 1/144, and 1/192. [Bogner
et al., 2016]

at top (z = 1) and bottom z = 0 sides of the domain and periodicity along all
other directions. The viscosity of the liquid of density ρ = 4 is set to µ = 1,
and the surface tension parameter is σ = 0.357. The dimensionless Ohnesorge
number (Oh = µ/

√
σρR) corresponding to the given problem is Oh ≈ 2.37. Notice

that in Renardy and Renardy [2002] the bubble is actually a second fluid of
the same density and viscosity as the liquid (two-phase), while in our case the
flow inside the gas bubble is not simulated but represented only in terms of the
bubble model from Sec. 4.3. We remark that the present test case is appro-
priate to evaluate the error in the curvature computation only. Since there is
no flow velocity in this test case aside from the spurious currents, one expects
no significant error contribution from the advection of the indicator function or
the LBM, if the test case is performed in a static frame of reference. In order
to evaluate the influence of the advection of the indicator function on the cur-
vature computation, the same test case is repeated below in a moving frame of
reference with a constant uniform background velocity added to the flow.

Static frame of reference. We perform a resolution study varying the grid spac-
ing between the values δx = 1/48, 1/96, 1/144, 1/192 at a fixed time step of δt =
10−4, which yields the resolution-dependent lattice relaxation times τ = 0.6728,
1.191, 2.055 and 3.264. The surface tension parameter in lattice units varies ac-
cordingly and takes the values σL/10−3 = 0.0987, 0.7896, 2.665 and 6.317. For
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Figure 4.15: Dependency of spurious velocity (maximum and average) on grid
spacing δx for the three different models evaluated after 500 000
time steps. The dotted and dashed lines represent first and second
order slopes, respectively. [Bogner et al., 2016]

initialization of the fill levels at t = 0 with the spherical geometry, we employ
a spatial subdivision technique, refining each discrete cell volume by a factor
of 100 along each coordinate. The simulation then exhibits a series of pres-
sure disturbances until the numerical equilibrium is reached. Fig. 4.14 shows
the development of the maximal and average flow velocity within the domain
for 500 000 time steps. After a certain number of time steps the shock wave is
sufficiently decayed for both the TR and the LSQR method, such that both max-
imal and average flow velocity within the domain become smaller than . 10−10

in magnitude. The FD approach, however does not converge and enters into
an oscillating behavior instead. Here, the spurious currents are large enough
to trigger changes in the layer of interface nodes. This also introduces sud-
den changes in the curvature computation, thus explaining the oscillations.
Fig. 4.15 shows the maximal and average velocity within the domain for differ-
ent spatial resolutions and various methods. The strength of the spurious cur-
rents obtained with the FD method are in accordance with the values reported
in Renardy and Renardy [2002], where a similar approach (CSF) is used for ref-
erencing. The curvature information obtained by geometric reconstruction (TR
and LSQR methods) is much more accurate than the FD approximation, and
reduces the spurious velocities almost down to the order of machine precision.

We also evaluate the accuracy of the curvature values obtained for the nu-
merical equilibrium, i.e., the state reached after 500 000 time steps. Fig. 4.16a
compares the error in curvature at various grid spacings for the three different
methods. Only the plot for the LSQR method indicates a second order rate of
convergence. However, it is clear that the occurrence of spurious currents is
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Figure 4.16: Comparison of curvature estimation for a stationary bubble af-
ter 500 000 time steps. For the FD-model, the included graphs
are somewhat arbitrary, because the values oscillate over time as
shown in Fig. 4.14). [Bogner et al., 2016]

not due to constant over- or underestimation of curvature, but rather because
of its variance with the node position. This becomes obvious, when comparing
Fig. 4.16b showing the standard deviation over all interface nodes in the final
state to the resulting spurious currents of Fig. 4.15.

Moving frame of reference. When dealing with dynamical problems numeri-
cal errors in the advection of the indicator function ϕ are often critical. This
holds in particular for the present test case, since any errors in the fill levels
will introduce an additional error into the computed curvature values. To study
effects of advection, we add a constant background velocity of u0 = (1, 0, 0)T to
the test case. This means that there is now a constant advection involved and
the spurious currents appear as a deviation from the background velocity. For
δx = 1/96, δt = 2.5 × 10−5 (lattice relaxation time τ = 0.6728, ux = 0.0024δx/δt), we
run the simulation for T = L/u0,x time steps, i.e., the bubble traverses the peri-
odic domain of length L exactly one time. This can be interpreted as a moving
frame of reference while, physically, the setup is equivalent to the static version
described above. Measuring the curvature error over time, Fig. 4.17 exhibits
a dramatic increase in error as compared to the static test case. The errors of
the reconstructive methods, LSQR and TR, are now significantly larger than the
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error of the FD model. A possible reason is that the FD model is more diffusive
than the reconstruction methods, and thus less sensitive to errors in the indi-
cator function field. A grid study with space steps δx = 1/48, 1/96, 1/144, 1/192
and corresponding time steps δt = 1× 10−4, 2.5× 10−5, 1.11× 10−5, 6.25× 10−6 (dif-
fusive scaling) revealed that these errors do not converge with the grid spacing.
Figure 4.18 shows that the shape of the bubble after advection deviates notably
from a true sphere. In accordance with the increased errors in curvature, the
reconstruction based schemes show the most deviation. Also, in this case the
spurious currents do no longer converge over time for either method. The in-
crease of error observed in the moving frame of reference (Figure 4.17), as well
as the degenerated bubble shapes after advection (Figure 4.18) indicate that
there is an additional error that stems from inaccurate advection of the indi-
cator function ϕ. Any errors in the indicator function affect also the curvature
computation, which explains the temporal oscillation of the error as the bubble
moves relative to the grid (Figure 4.17). The reconstruction methods (TR and
LSQR) seem more sensitive to the advective errors than the simpler FD scheme,
and hence are less stable in the dynamic case. Even though the curvature
estimates of LSQR and TR are more accurate and effectively reduce spurious
currents in the static benchmarks, the combination with the low-order advec-
tion scheme is problematic.

4.4.3.2 Droplets on wetting boundaries

Equilibrium sessile droplets. Next, we evaluate the error at the contact line with
solid boundaries. We change the setup of Sec. 4.4.3.1 to a spherical cap shaped
droplet, such that the initial state of the droplet is close to the ideal equilibrium.
The equilibrium is a spherical cap resting on the wall, with a sphere radius R
related to the equilibrium contact angle θeq of the wall by R = h/(1 − cos θeq).
Given the volume of the droplet V , the ideal equilibrium height of the droplet is

h = 3

√
V

π( 1
1−cos θeq

− 1
3)
, (4.27)

and the ideal contact line radius r (base radius of the spherical cap) is

r =

√
1

3

(
6V

πh
− h2

)
. (4.28)

The simulated height h∗ and contact line radius r∗ have to be approximated
from the indicator function, as

h∗ = max
x∈Ci

(xz + ϕ(x)− 0.5), (4.29a)

and
r∗ =

1

|Ic|
∑
x∈Ic

r̃(x), (4.29b)
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Figure 4.17: L2 - error in curvature for the three different surface tension mod-
els for a moving frame of reference. Simulation of a spherical bub-
ble during traversal a periodic domain with uniform velocity. At
t = 0 the bubble is initialized to a nearly ideal (spherical) shape.
Due to errors in the advection operator and the surface tension
models the error increases and after t = 0.4 oscillates around a
fixed value. The FD scheme is less sensitive to errors in the fill
levels, presumably because it is more diffusive and based on the
mollified indicator function. [Bogner et al., 2016]

Figure 4.18: Comparison of the shapes of the bubbles after advection along x-
axis with surface tension. From left to right: FD, LSQR, TR. Visu-
alization shows the layer of interface cells in the x-y-plane through
the center of the bubbles at time 0.94T (150 000 time steps). The
initial radius of the bubble was 24δx. [Bogner et al., 2016]
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where Ci denotes the set of interface nodes and Ci ⊃ Ic the set of contact line
nodes. Hereby, r̃ is the local approximation

r̃(x) = ‖x− xo‖+ (ϕ(x)− 0.5), (4.29c)

where xo is the ideal center of the circular contact line. This approximation
reflects that the nodes x ∈ Ci are the centers of the corresponding interface
cells. Furthermore, the error in the contact line is evaluated using the L2 error
definition,

L2(r) =

√∑
x∈Ic [r − r̃(x)]2∑

x∈Ic r
2

. (4.30)

The error analysis involved the ideal contact angles θeq = 30◦, 45◦, 60◦, 90◦, 120◦,
135◦ and 150◦ at a constant resolution with δx = 1/96 and δt = 10−4. In all
cases, the droplet volume V was chosen equal to that of a hemisphere of radius
R = 0.125. Fig. 4.19 shows the relative errors in height of the droplet shape ob-
tained in the simulations, and the relative L2 error in the simulated contact line
radius. For the most extreme contact angles θeq, the droplet height and contact
line move away significantly from the initial (ideal) equilibrium position, increas-
ing the respective errors until the numerical equilibrium is reached. Fig. 4.19b
also shows the standard deviation in the measured contact line radius, com-
puted over all contact line cells. While the errors in the contact line seem to
be comparable in size, the higher values in STDEV(r∗) obtained with the FD
scheme indicate that the simulated contact lines are more anisotropic than
with the LSQR scheme.

A convergence study was performed for the selected equilibrium positions of
θeq = 60◦, 90◦ and 120◦ by altering the grid spacing to δx = 1/48, 1/96 and 1/144,
using diffusive scaling for the time step. Fig. 4.20 compares the L2 errors ob-
tained by the FD and the LSQR scheme and shows that the LSQR error is
generally smaller. The error behavior in terms of grid dependency is somewhat
irregular for both schemes. However, at least for the LSQR model the con-
vergence rate of the error appears to be approximately first order. Since the
construction of the contact points described in Sec. 4.4.2.3 exploits the linear
approximation of the reconstructed interface, the observed first order error is
in accordance with the expected behavior.

Droplet spreading on wetting boundaries. Because of the limitations described
in Sec. 4.4.2.4, for extreme contact angles, θeq < 45◦ or θeq > 135◦, we focus
our study to a few dynamical cases. For the inertial regime (low Ohnesorge
number), a spherical droplet in contact with an adhesive plane substrate, will
start to spread according to the power law

r(t) ∼ t0.5, (4.31)
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Figure 4.19: Sessile droplet equilibrium on solid surface for various equilibrium
contact angles θeq simulated with grid spacing δx = 1/96. Deviation
of numerical equilibrium from ideal equilibrium for FD and LSQR
scheme. [Bogner et al., 2016]
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Figure 4.20: Grid convergence study of the L2 error in the simulated contact line
radius - FD approach and LSQR approach in comparison. [Bogner
et al., 2016]
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where r is the radius of the circular contact line Biance et al. [2004]. A nu-
merical simulation of contact line dynamics requires the accurate modeling of
a slip condition to resolve the stress singularities in the moving contact line.
Furthermore, it is in general not sufficient to work with a static contact angle
model that imposes the equilibrium contact angle θeq everywhere at the contact
line Sui et al. [2014]. In the presented FSLBM, the interface representation by
volume fractions introduces a certain amount of numerical slip that allows the
free surface to move in the contact line Renardy et al. [2001]. This numerical
slip is related to the grid spacing and does not necessarily recapture the correct
physics. We have not introduced a dynamic contact angle model.

We simulate the spreading of a droplet of radius R = 10 lattice units on a flat
plate with ideal equilibrium contact angle θeq = 85◦. The droplet is initialized
as a sphere placed at a distance of R from the solid boundary. Due to a dis-
cretization effect, the simulated initial contact line has a positive radius r > 0,
such that the adhesive boundary condition can be imposed in the contact line
cells. The surface tension constant is chosen σ = 4.3189×104 for a fluid of lattice
reference density ρ = 1.0 and kinematic viscosity ν of ν1 = 3.32226 × 10−3 (first
run, τ = 0.509967) and ν2 = 1.66113 × 10−2 (second run, τ = 0.549834). Fig. 4.21
shows the contact line radius of the simulation over time. Both the FD and
the LSQR model seem to recapture approximately Eq. (4.31), however, with a
smaller exponent < 0.5. This is acceptable, considering the low grid resolution
and the static contact line model. The power law obtained, r ∼ t0.35, seems sim-
ilar to the one reported in Ding and Spelt [2007] for level set-based simulations.

4.4.4 Conclusion

Three different ways to compute the interface curvature from a VOF indicator
function have been realized for comparison within a free surface lattice Boltz-
mann method. A stationary Laplace bubble benchmark shows that methods
based on geometric reconstruction (TR and LSQR, in the present study) can
reach a significantly higher accuracy than continuum surface force approaches
that are based on finite difference approximations (FD, in the present study). In
accordance with previous studies, reconstruction-based methods significantly
reduce the magnitude of spurious currents. The LSQR approach shows a sec-
ond order rate of convergence with respect to grid spacing, which could not be
achieved with the other two approaches.

For the generalized Laplace bubble test in a moving frame of reference, a previ-
ous study Popinet [2009] reports convergence of errors, using a combination of
higher order advection scheme and curvature reconstruction in a Navier-Stokes
discretization. This behavior could not be reproduced with the present FSLBM.
Our results indicate that this lack of convergence is caused by the simplified
advection of the indicator function. The mass exchange principle (Eq.s 4.10a
and 4.10b) does not take into account any geometry information and hence in-
troduces a significant error. In particular, Sec. 4.2.2 showed that the mass ex-
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Figure 4.21: Contact line dynamics of the spreading droplet; comparison of sim-
ulations based on the FD scheme and the LSQR scheme. The test
case is repeated for two different viscosities, ν1 = 3.32226 × 10−3,
and ν1 < ν2 = 1.66113 × 10−2. Both schemes tend to underestimate
the ideal spreading law of r(t) ∼ t0.5. [Bogner et al., 2016]

change exhibits only weak converge in a simple uniform advection test, indicat-
ing a lower order of accuracy than previously reported for simple reconstruction
based schemes (typically first or second order, with SLIC or PLIC-based advec-
tion in Pilliod and Puckett [2004]). Not surprisingly, the method thus fails to
converge in the Laplace benchmark when conducted in a moving frame of refer-
ence including advection of the interface. This means that a conclusion drawn
in Donath et al. [2010] must be corrected: More accurate curvature estima-
tion does not necessarily improve the FSLBM in surface tension driven flows,
since (asymptotically) the dominant error is caused by the advection scheme.
Furthermore, it turned out that, in the moving case, the curvature estimation
by finite differences (FD) is less sensitive to errors introduced by the advection
scheme than the reconstruction-based approaches (LSQR and TR).

We have successfully extended the LSQR model to adhesive boundaries, and
compared it to the FD model in several numerical test cases. The order of
convergence decreases to one in the presence of adhesive boundaries. However,
for the stationary case, the errors of the new approach are still significantly
smaller then those of obtained with the non-reconstructive FD approach. In
dynamic scenarios, like contact line spreading on wetting surfaces, both models
can recapture the basic inertial power law dynamics. However, similar to the
bulk dynamic case, the error situation changes. Because the LSQR method
is more sensitive to errors stemming from the FSLBM advection than the FD
scheme, simulations do not profit from the higher-order scheme.

We conclude that a major improvement to the FSLBM would consist in a
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replacement of the advection scheme. VOF advection based on geometric re-
construction is significantly more complex and was, for this reason, excluded
from the present study. In principle, any known advection scheme for VOF in-
dicator functions Scardovelli and Zaleski [1999], Tryggvason et al. [2011] could
be used to replace the simplified advection scheme of the FSLBM Janssen and
Krafczyk [2010]. Considering that the simulation of surface tension according
to the presented TR and LSQR schemes is based on a PLIC scheme to recon-
struct the interface geometry, switching to a PLIC-based VOF advection scheme
would be a possible solution. A major benefit in accuracy can be expected.
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5 Simulation of Moving Boundaries and
Floating Objects

The simulation of porous media and particulate flows is one of the most popular
applications of the lattice Boltzmann method [Aidun and Clausen, 2010, Succi,
2001]. The seminal work of Ladd [1994a,b], on which the following method
is based, enables a four-way coupling between rigid particles and LBM-based
fluid flow. The following Section 5.1 describes the basic algorithm for fluid-
structure interaction. Section 5.2 presents a new algorithm to combine the ap-
proach with the free surface lattice Boltzmann method of Sec. 4.2. The resulting
method enables the simulation of liquid-gas-solid three phase flows. Validation
experiments are presented in Sec. 5.3. In particular, the floating stability of
submerged and floating objects is studied based on numerical simulations.

5.1 Simulation of Liquid-Solid Flows

5.1.1 Lagrangian Description of Rigid Bodies

In the original works [Ladd, 1994a], the particles are assumed to be of spher-
ical shape. For simplicity, the same assumption is used in the following. The
generalization to arbitrary shapes is straightforward. The spatial resolution for
the hydrodynamic simulation should be chosen to satisfy the rule of thump,

RP ≥ 2.5δx, (5.1)

where RP is the particle radius. Otherwise the flow around the particles may
not be adequately resolved. Each particle is further defined by its

• specific mass density ρs: the mass density relative to the liquid,

• position xP (t): the center of mass of the particle,

• velocity uP (t): the linear velocity of the particle,

• angular velocity ωP (t): the angular velocity of the particle.

The particle movement and interaction is simulated according to Newtonian
rigid body physics. The implementation of the present thesis uses the physics
engine p.e. [Iglberger, 2010] for the simulation of particles. The p.e. is respon-
sible for the time integration of the particles and resolves particle collisions.
Several algorithms are available, e.g., the fast frictional dynamics approach
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5 Simulation of Moving Boundaries and Floating Objects

[Kaufman et al., 2005] or the discrete element method [Bićanić, 2004]. Further
discussion is skipped, since particle-particle contact forces are insignificant for
the applications presented within the present thesis. Any method that prevents
overlaps of particles could be used. The Lagrangian description of particles is
coupled to the Eulerian lattice Boltzmann scheme through dynamically imposed
boundary conditions. Around each particle, the fluid velocity should match the
velocity of the particle surface. Hence, if an active lattice Boltzmann node xb
has a link cq intersecting with the surface of a particle at xw (Figure 3.5), then
the boundary condition,

u(xw) = uP + ωP × (xw − xP ), (5.2)

is imposed on the fluid side. The present implementation uses the bounce-
back rule of Def. 12 with uw = u(xw) and ρw = ρ(xb), unless otherwise noted.
Hence, particles are not part of the fluid domain Ω and lattice nodes covered
by the particle become inactive obstacle nodes (Definition 15). If a particle node
changes its state from obstacle to fluid, then the lattice Boltzmann data has to
be reinitialized. If xc is an obstacle node that becomes active in the next time
step, the present implementation uses the equilibrium initialization, letting

f(xc, t+ δt) = f eq(ρ̄(xc, t),u(xc, t)), (5.3)

with

ρ̄(xc, t) =
1

‖N(xc, t)‖
∑

x∈N(xc,t)

ρ(x, t), (5.4)

u(xc, t) = uP (t) + ωP (t)× [xc − xP (t)]. (5.5)

Hereby, N(xc, t) is the set of non-obstacle nodes in the direct neighborhood of
xc at time t. A more sophisticated rule to reinitialize fluid nodes is discussed in
Caiazzo [2008]. In simulations of three-phase flows (Section 5.2), N(xc, t) may
contain also neighboring interface and gas nodes. For gas nodes, the density is
defined according to the gas pressure, that is ρg = pg/c

2
s (Section 4.3).

5.1.2 Momentum Exchange Method

For the fluid-to-solid coupling, the stresses exerted by the flow on the particle
need to be determined. In particular, the particle velocity and angular veloc-
ity are updated from the force F P and torque T P exerted onto the particles.
With the lattice Boltzmann method, the momentum transfer along a boundary-
intersecting lattice velocity vector cq (Figure 3.5) can be approximated as

∆jq := cqf̃(xb, t)− cq̄f(xb, t+ 1), (5.6)

where the value f(xb, t + 1) is defined by the boundary condition [Ladd, 1994a,
Ladd and Verberg, 2001]. Equation (5.6) is used to approximate F P and T P as,

F P =
∑

x∈BP

∑
q∈IP (x)

∆jq(x)
δ3
x

δt
, (5.7)
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P

Figure 5.1: Spherical particles in the lattice Boltzmann grid. Nodes inside the
circles are covered by the particles and hence not part of the fluid
domain Ω. The thick nodes around the smaller particle P signify the
set BP for the momentum exchange algorithm. The dashed lines
indicate links where the equilibrium function is used to compute
∆jq. If the gap between the particles is smaller than 2/3δx, then an
additional lubrication correction is added.

T P =
∑

x∈BP

∑
q∈IP (x)

(x− xP )×∆jq(x)
δ3
x

δt
. (5.8)

Here, BP is the set of all nodes x surrounding the particle P with a nonempty
set IP (x) of lattice directions q pointing towards obstacle nodes covered by the
particle P . Figure 5.1 shows a sketch of the set BP . If BP contains obstacle
cells covered by other particles, then the particle density functions in Eq. (5.6),
are approximated by the equilibrium function parameterized with the particle
velocity at that point and the surrounding density. The accuracy of Eqs. (5.7)
and (5.8) has been addressed in Caiazzo and Junk [2008], Yu et al. [2003].

For three-phase flows, BP may contain also gas or interface nodes. In this
case, Eq. (5.6) is replaced by

∆jq = cqϕ(xb)[f̃(xb, t) + f(xb, t+ 1)] + 2cq[1− ϕ(xb)]f
eq
q (ρg, 0), (5.9)

where the equilibrium function is used to include the static pressure coming
from the gas phase. The fill level ϕ(xb, t) of Eq. (4.3) is used to interpolate
between the two phases [Bogner and Rüde, 2013, Bogner, 2009].

The hydrodynamic forces computed from the lattice Boltzmann method by
Eqs. (5.7) and (5.8) should be averaged over two time steps, to avoid checker-
board effects and instabilities [Ladd, 1994a].

5.1.3 Lubrication Correction

Thanks to the high locality of the lattice Boltzmann algorithm, hydrodynamic
interactions are reproduced in simulations even at small gaps. However, for
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5 Simulation of Moving Boundaries and Floating Objects

Figure 5.2: A box-shaped rigid body mapped into the lattice. Nodes are sup-
posed to be the centers of the cubic cells. With a free surface flow,
four different cell types have to be handled dynamically: Liquid,
interface, gas and obstacle. [Bogner and Rüde, 2013]

particles in close contact it is possible that the gap is not resolved correctly,
that is, the number of lattice nodes between the two objects becomes zero along
one or more lattice directions (Figure 5.1). In this case, the simulation of the
viscous forces between the particles is likely to break down. Therefore, it is
recommended to include at least the normal viscous stresses in the gap between
two particles i and j by adding a lubrication correction force,

F lub
i,j = −6πµ(RiRj)

2

(Ri +Rj)2

(
1

|xi,j | −Ri −Rj
− 1

∆c

)
x̂i,j · (ui − uj)x̂i,j , (5.10)

to the net force exerted on particle i, whenever the gap between the particles is
smaller than ∆c = 2/3δx [Ladd and Verberg, 2001]. Here, xi,j = xj − xi is the
relative position vector, and x̂i,j = xi,j/|xi,j |. Equation (5.10) diverges if the gap
size approaches zero. Hence, in practice the gap size is limited according to

|xi,j | −Ri −Rj ≥ gc,min, (5.11)

with typical values gc,min ∈ [10−2, 10−1], depending on the exact setup. The value
gc,min should be chosen as small as possible, but large enough to guarantee sta-
ble simulations [Hyväluoma et al., 2005, Kromkamp et al., 2006]. A summary
on lubrication corrections for the lattice Boltzmann method and more sophis-
ticated corrections can be found in Nguyen and Ladd [2002], Janoschek et al.
[2013].

5.2 Simulation of Liquid-Gas-Solid Flows

The present section is taken from the article Bogner and Rüde [2013] with mi-
nor modifications, where the present liquid-gas-solid model has first been pub-
lished. The free surface model of Sec. 4.2 and the fluid-structure interaction
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Free Surface Conversions

Interface GasLiquid

Obstacle

Figure 5.3: Allowed state transitions for cell types. With moving obstacles the
number of transitions increases from four to ten. The free surface
type conversions are framed by a dotted line. The dashed arrows
indicate critical state changes from obstacle to fluid, that involve
the determination of the correct cell state (liquid, interface or gas).
[Bogner and Rüde, 2013]

approach described in the preceding Sec. 5.1 can be combined for the simula-
tion of three-phase flows. Algorithmically, there are now two different bound-
aries for the lattice Boltzmann simulation that must be treated dynamically.
Figure 5.2 illustrates the situation for a box floating on the free surface of a liq-
uid. The four different types of cell states of Def. 15, liquid, interface, gas and
obstacle, now have to be treated dynamically. Since in addition to the interface
tracking, obstacle boundaries may change according to object movement, the
need for a sophisticated cell conversion algorithm arises. In the following, we
show that these conversions can be organized in such a way that a consistent
boundary description around the active lattice Boltzmann cells within the liquid
subdomain Ωl is assured in every time step.

Figure 5.3 shows that the total number of conversions consists of ten state
transitions. Four out of these ten transitions stem from the advection scheme
of the free surface model of Sec. 4.2. The remaining transitions arise from the
mapping of the moving objects to the grid. We assume the velocity of the object
is small enough for conversions into obstacle to occur only at positions in the
neighborhood of other obstacle cells, while conversions from obstacle to one of
the three fluid states (liquid, interface or gas) can occur only at positions in the
neighborhood of fluid cells. Consider now an object penetrating the free surface
as shown in Fig. 5.2. While conversions into obstacle cells are generally safe,
the conversions from obstacle into fluid could lead to invalid lattice configura-
tions with holes in the interface layer. Thus the correct cell type, i.e., liquid,
interface or gas, needs to be determined such that a valid lattice configuration
is maintained for the next time step. This is achieved by an update rule based
on the local neighborhood of a given obstacle cell as follows.

We define the non-obstacle neighborhood of a cell as B(x) := {x + cq : x +
cq is no obstacle}. For a prior obstacle cell x to be converted into one of the
three fluid states, the state is determined as follows [Bogner, 2009]:

• B(x) contains no liquid: x is converted into gas.
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5 Simulation of Moving Boundaries and Floating Objects

• B(x) contains no gas: x is converted to liquid, ρ(x) is interpolated from
B(x), and the fq(x) are initialized according to Eq. (5.3).

• B(x) contains liquid and gas: x is converted into interface, and the fq(x)
are initialized as in the preceding case. Additionally, a fill level ϕ(x) is
chosen by interpolation of the fill levels of the interface cells in B(x).

The conversion from obstacle into interface cell involves the local interpolation
of the volume fraction ϕ. Hence, the overall mass conservation is no longer
guaranteed for obstacles at the interface layer. This problem is discussed in
[Bogner, 2009].

In addition to the cell conversions just described, the obstacle mapping to
the lattice Boltzmann grid also updates the boundary conditions for the surface
tension operator of Sec. 4.4. This enables the simulation of wetting particles
at the free surface. The current implementation stores a wettability parameter,
i.e., equilibrium contact angle according to Eq. (4.21), for each particle.

5.3 Validation of the Fluid-Solid Coupling

The test cases have been chosen as simple as possible and allow for semi-
analytic solutions. Besides the canonical verification of hydrodynamic forces
(drag force and torque) on spheres in Stokes flow (Section 5.3.1), the validation
of hydrostatic forces on partially submerged objects in Sec. 5.3.2 is a specific
feature of this thesis. The functionality of the three-phase coupling is demon-
strated in Sec. 5.3.3, where simulations of freely floating structures in free
surface flow are presented.

5.3.1 Drag Force and Torque in Stokes Flow

Periodic array of spheres. To test the correctness of the implementation of the
fluid-structure coupling, we apply it to the problem of Stokes flow past a pe-
riodic array of spheres. Theoretical results for linear flows are given for the
case of simple cubic, body-centered cubic and face-centered cubic arrays in San-
gani and Acrivos [1982], extending prior results of Hasimoto [1959]. The simple
cubic (SC) array consists of exactly one sphere of radius R in the center of a
periodic unit cell of length L. These Stokes solutions provide analytic expres-
sions for drag coefficients C, such that the hydrodynamic force per sphere in
the medium is

F = C · 6πµuR, (5.12)

where u is the average flow rate in the unit cell around the sphere. Assuming
that the flow past a number of N spheres within the unit cell is driven by a
pressure gradient along the x axis, one obtains the balanced state

∇xp = −NF
L3

, (5.13)
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where N = 1 for the case of a simple cubic array. The coefficients C = C(χ)
depend on the solid volume fraction Φ = N · 4πR3/(3L3), via χ(Φ) = (Φ/Φmax)1/3,
where Φmax is the maximal solid volume fraction possible1.

This test case has been used and repeatedly reported within the lattice Boltz-
mann community [for instance in Pan et al., 2006, Ahrenholz et al., 2006,
Ginzburg and d’Humieres, 2003], with various collision operators and imper-
meable boundary conditions imposed on the spheres. The accuracy of the fluid-
structure interaction can be evaluated by studying the simulated boundary
stresses on the spheres [Ladd, 1994a], which is important for the simulation
of particle transport in fluids. Improper parameterization in combination with
choice of boundary condition is known to result in viscosity dependent errors
[Ginzburg and d’Humieres, 2003, Ginzburg et al., 2008a, Pan et al., 2006]. The
reason is the relaxation time dependency of the error terms of the bounce back
rule, that is, the second order error of Eq. (3.145b) and higher order terms.
Therefore, the following test cases have been performed with the TRT model
(Section 3.2.3) with the bounce-back boundary scheme (Section 3.3.1), while
fixing the magic parameter to Λ = 3/16 as in Theorem 4. By fixing Λ, the nu-
merical solution becomes viscosity-independent for steady flows [Ginzburg and
d’Humieres, 2009]. The viscosity-independence holds independent of the geom-
etry, even though the optimal value of Λ may vary. In the following paragraphs,
quantities are expressed in lattice units unless otherwise stated.

Drag force validation for staircase approximated sphere. Similar to Ladd [1994a,b]
and ten Cate and Sundaresan [2006], we validate the estimated drag coeffi-
cients from simulations of flow around a sphere in a periodic unit cell of length
L (simple cubic array). At a fixed lattice viscosity τ = 3.0 and fixed accelera-
tion ax = 10−6 with varying solid fraction (χ ranging from 0.1 to 0.9), and three
different domain sizes L = 16, 32, 64, we evaluate

C∗ =
Fd
∗ + Fb

6πµRu∗
, (5.14)

where F ∗d is the drag force obtained from Eq. (5.7) and Fb = (4/3R3π)ρax is the
according buoyancy force.

In Eq. (5.12), the force F includes the buoyancy due to a pressure gradient,
while the force Fd is the pure frictional force. In simulations, the flow is driven
by an external force and there is no pressure gradient in the periodic domain.
The average flow rage u∗ is obtained as

u∗ =
1

L3

∑
x∈Cl

ux, (5.15)

where the summation ranges over all active liquid cells. The non-linear lattice
Boltzmann equation is used while maintaining low Mach and Reynolds num-
bers to exclude compressibility errors and non-linear flow effects. The particle

1Φmax = π/6 for SC and Φmax =
√

3π/8 for BCC arrays.
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Drag Force Computation in Simple Cubic Array
χ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

L Φ 5.24× 10−4 0.0042 0.014 0.034 0.065 0.11 0.18 0.27 0.38

16

R 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2
u∗ - 1.89E-4 6.69E-5 3.85E-5 2.20E-5 1.29E-5 7.81E-6 4.05E-6 1.81E-6
C∗ - 0.87 1.62 2.12 2.95 4.19 5.99 10.09 20.00

C∗−C
C

- -37.64% -4.44% -1.63% 3.77% 5.56% -0.28% 0.44% 4.36%

32

R 1.6 3.2 4.8 6.4 8 9.6 11.2 12.8 14.4
u∗ 1.69E-3 4.75E-4 2.49E-4 1.51E-4 8.91E-5 5.45E-5 3.03E-5 1.59E-5 7.21E-6
C∗ 0.77 1.37 1.75 2.16 2.93 4.00 6.15 10.29 20.06

C∗−C
C

-33.82% -1.13% 2.74% 0.45% 2.93% 0.57% 2.49% 2.43% 4.69%

64

R 3.2 6.4 9.6 12.8 16 19.2 22.4 25.6 28.8
u∗ 4.52E-3 1.87E-3 1.02E-3 6.00E-4 3.61E-4 2.17E-4 1.23E-4 6.36E-5 2.97E-5
C∗ 1.15 1.39 1.70 2.17 2.89 4.00 6.08 10.25 19.52

C∗−C
C

-0.95% 0.37% 0.27% 0.92% 1.63% 0.73% 1.27% 1.95% 1.86%

Table 5.1: Drag coefficients C∗ obtained from simulations and the relative error
with respect to the solution of Sangani and Acrivos [1982]. The ra-
dius of 0.8 is too small to be resolved. We observe that the errors in
the drag coefficients are reasonable (below 5%), if the sphere radius
is resolved with at least 2 lattice units.

Torque Computation in Simple Cubic Array
χ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

L Φ 5.24× 10−4 0.0042 0.014 0.034 0.065 0.11 0.18 0.27 0.38

16
R 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2
C∗

r - 0.292 0.934 1.011 1.128 1.208 1.236 1.400 1.908
C∗
r−Cr
Cr

- -70.90% -7.96% -2.33% 5.40% 6.95% 0.57% -0.91% 2.92%

32
R 1.6 3.2 4.8 6.4 8 9.6 11.2 12.8 14.4
C∗

r 0.292 0.981 1.069 1.046 1.114 1.137 1.259 1.442 1.852
C∗
r−Cr
Cr

-70.82% -2.27% 5.39% 1.07% 4.06% 0.65% 2.49% 2.02% -0.12%

64
R 3.2 6.4 9.6 12.8 16 19.2 22.4 25.6 28.8
C∗

r 0.978 1.015 1.021 1.050 1.093 1.137 1.241 1.428 1.863
C∗
r−Cr
Cr

-2.26% 1.08% 0.63% 1.46% 2.17% 0.72% 1.06% 1.04% 0.47%

Table 5.2: The spin viscosity coefficients C∗r obtained from simulations, and the
relative error to the analytic coefficients of Eq. (5.18). The prescribed
angular velocity was ωy = 10−4 (ωy = 10−5 for L = 64). In analogy to
the drag evaluation (Table 5.1), the error is reasonably small, if the
radius is larger than 2 lattice sites.

Reynolds number,

ReP =
ρu2R

µ
, (5.16)

is kept ReP ≤ 0.03. Table 5.1 shows the average flow rate u∗ and drag force F ∗d
obtained from simulations. For L = 16, the radius corresponding to χ = 0.1 is
too small to discretize on the lattice. Independent of domain size L, the lattice
Boltzmann scheme yields a good approximation if the sphere radius R is larger
than two lattice units.

Torque on a rotating stair-case approximated sphere. Let us now examine the
torque on a particle rotating at constant angular velocity in a periodic domain.
This setup corresponds to a simple cubic array of rotating spheres. If all spheres
rotate at the same angular velocity ω, then each sphere is exposed to the same
torque. This torque,

T = −8πR3µCrω (5.17)
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admits an analytic solution for the spin viscosity coefficient Cr. According to
Hofman et al. [1999], one can use the approximate expression

Cr = [1− Φ− SΦ10/3 +O(Φ17/3)]−1, (5.18)

where, for a simple cubic arrangement, S = 1.95708. We use Eq. (5.18) to validate
the torque obtained from the lattice Boltzmann equation via the momentum
exchange approach in Eq. (5.8). The values of solid volume fraction Φ and χ are
reused from Sec. 5.3.1 by choosing the same values for domain length L and
particle radius R. At a relaxation time of τ = 3.0, and prescribing ωy = 10−4 (ωy =
10−5 for L = 64) as rotational velocity, we measure the simulated torque and
determine the simulated spin viscosity coefficient C∗r from Eq. (5.17). Table 5.2
shows the obtained values for the whole range of parameters, as well as the
relative error with respect to the analytic solution Cr. Similar to the results for
the drag force, reasonable results can be expected if the radius is resolved by
at least two lattice sites.

Calibration of hydrodynamic radius. Some authors [Ladd, 1994b, Hill et al.,
2001a, ten Cate and Sundaresan, 2006] are using a-priori corrections to the
radii of the spheres in order to suppress the error due to the spatial discretiza-
tion when using the LBGK model (Definition 9) and bounce-back boundary con-
ditions. However, this approach is not always practical. First, a compensation
of the error is only possible if the sphere center is fixed with respect to the
computational lattice, since the stair case approximation varies with position.
Second, in order to compensate the viscosity-dependent error the calibration
has to be repeated every time the lattice viscosity is changed, which makes the
approach cumbersome. This is feasible only if one can work with a fixed lat-
tice viscosity. In general, it is preferable to work with the TRT (or MRT) model
and use boundary conditions that allow magic parameterization to get rid of the
viscosity dependence.

5.3.2 Hydrostatic Forces on Partially Submerged Objects

So far we have validated the simulated stresses for fully submerged structures
only. In three-phase or free surface flows with partially submerged objects, the
force computation and coupling of Sec. 5.2 becomes necessary. The coupling of
rigid bodies to the FSLBM has been published in the journal publication Bogner
and Rüde [2013], from which the following excerpt is reproduced. The following
validation is based on the FSLBM with BGK collision operator of Def. 9. An
external force term is used in the lattice Boltzmann equation to simulate flow
under gravity.

Righting stability moment for wall-sided structures. Consider a floating struc-
ture heeled with a certain angle α about its upright axis, as shown in Fig. 5.4
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Figure 5.4: Unstable equilibrium of a cube. Because of the slight horizontal dis-
placement of the center of buoyancy B relative to the center of grav-
ity of the cube G, a moment occurs that pushes the cube further
from its upright position. The center of buoyancy B is constructed
as the center of gravity of the trapezoid, which the immersed part of
the cube makes up together with the fluid surface. To construct B,
the base line segment u is elongated in one direction by the parallel
opposite segment v, while the latter is again elongated in the oppo-
site direction by base line u. Next, the shifted end points of each line
segment are connected. The intersection of the connecting line with
the line through the midpoints of u and v gives its center of gravity
of the trapezoid, B. [Bogner and Rüde, 2013]

Figure 5.5: Stability curves for various floating cuboids of specific density ρs =
1/2. From the negative slope of the graph for the cube case (width-
to-height ratio b:h =4 : 4) at 0◦ angle of heel, it can be deduced that
the upright position is unstable. The stability increases if the width
is enlarged. [Bogner and Rüde, 2013]
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for the case of a cube. The buoyancy force FB points vertically upwards, act-
ing on the center of buoyancy B. The intersection of the line with direction
FB through B with the upright axis of the object is defined as the metacen-
ter M . If M lies above the center of gravity G then the floating position of the
body will be stable, otherwise unstable as in the case of Fig. 5.4. This concept
originates from marine engineering and is commonly used in the characteriza-
tion the floating stability of ships and other offshore structures [Journée and
Massie, 2001]. The lever arm of the torque arising from the horizontal displace-
ment of the mass centers B and G is given by GM sinα, and hence the righting
stability moment of the body can be calculated as

ms = FB ·GM sinα. (5.19)

The curve ms(α) = FB ·GM sinα is called the stability curve of the floating object.
This curve can be derived analytically for many relevant situations, depending
on the shape of the immersed structure. An important case is that of a wall-
sided structure, where the points of the structure’s surface sinking under or
rising above the water plane upon the considered angles of heel are two parallel
opposing sides. If a wall-sided structure is given, then, according to Journée
and Massie [2001], Derrett and Barrass [1999], the Scribanti formula states

B0M =
I

∇ · (1 +
1

2
tan2 α), (5.20)

where B0 is the center of buoyancy of the upright position, I is the moment of
inertia of the water plane and ∇ stands for the immersed volume of the whole
body. In case of a cuboid of length l, width b, height h and draft d (= ρs · h,
obtained from the non-heeled position), the formula can be simplified by putting

I

∇ =
1

12

b2

d
, (5.21)

and with K as the keel point of the cuboid (Figure 5.4), an expression for GM
can be introduced as

GM = KB0 +B0M −KG. (5.22)

From this, the ideal stability curve of an arbitrary cuboid can be calculated.
Figure 5.5 shows the schematic stability curves for cuboid structures of density
ρs = 1/2 and various width:height ratio. In case of a cube, the stability curve
has a negative slope at the origin. This shows that the upright position is an
unstable equilibrium. Increased width yields a higher floating stability.

Validation of righting moment of cuboids. To validate the force calculation on
floating bodies, the righting stability moment of a floating cube at different
angles of heel was measured in lattice Boltzmann simulations and compared
to the ideal stability curve of the structure. In all of the following cases, the
gravitational constant acting along the inverse z-axis is chosen to be g = 10−4
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Figure 5.6: Stability curve of a heeled cuboid at different resolutions dx = 1,
0.5, 0.25. The legend reads the width of the box in lattice units at
the different resolutions. There are significantly less deviations in
the torque of the more stable box of width per height ratio 6:4 (a)
compared to the box shape of ratio 5:4 (b). [Bogner and Rüde, 2013]

and a partially filled basin is initialized with a pressure gradient according to
hydrostatic equilibrium. The relaxation time is τ = 1.0. The initial width to
height ratio of the box is 6 : 4 (a), and then in a second pass a lower ratio of 5 : 4
(b) is used. Each time, the error is examined at three different resolutions, i.e.,
the box size (b×h) in lattice units is 24×16, 48×32, 96×64 and 20×16, 40×32, 80×64,
respectively. The length side along the axis of rotation is always chosen as
l = 2h. The box is positioned axis-aligned with the lattice, exactly half-immersed
relative to the free surface plane. During the simulation, the box is fixed to a
constant position and the angle of heel of the half-immersed box is varied with
α ∈ [0◦, 30◦] around the longitudinal axis of the box through its center of gravity.
Fig. 5.6 shows the simulation results compared to the ideal stability curve. The
error is much larger in the second case (b), since the stability lever arm of the
box is shorter at the lower width per height ratio. Thus even small errors in
the box discretization have a significant influence on the forces exerted on the
box. Again, the discrete origin (lattice approximation of shapes) of the error is
visible as jumps in the obtained stability curves. However, in all cases it can
be seen that the errors are decreasing for higher resolutions. This shows that
with increasing lattice resolution the simulated forces will converge towards the
analytic values.
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5.3 Validation of the Fluid-Solid Coupling

Figure 5.7: For both positions of the cube of specific density ρs = 1/2 hydro-
static equilibrium is given. However, the equilibrium on the left
hand side is unstable. A stable equilibrium can be found with the
cube rotated by 45 degrees. [Bogner and Rüde, 2013]

Figure 5.8: Stable floating positions for a cube of material density ρs = 1/4 (left)
and ρs = 3/4 (right), respectively. Each time one corner of the cube
is in place with the water line while another one is exactly half-
immersed. [Bogner and Rüde, 2013]

5.3.3 Floating Bodies in Free Surface Flows

In the following, another test case from the journal publication Bogner and
Rüde [2013] is reproduced.

Stable positions of floating structures. We now apply the method to the prob-
lem of floating stability of a freely floating cube. As discussed in the previous
Sec. 5.3.2, floating stability of an object depends on various factors. Consider
for instance a floating cube of density ρs = 1/2 as shown in Fig. 5.7. In both
positions, exactly half of the body volume is immersed and thus the body floats
in hydrostatic equilibrium. However, based on the theory of Sec. 5.3.2, it can
be shown that only the right hand side with a heeling angle of 45 is rotation-
ally stable. If the upright cube is slightly rotated left or right, then the center of
buoyancy B is slightly displaced into the opposite direction as shown in Fig. 5.4.
Thus with FB acting on B vertically upward, a rotational moment in the heel-
ing direction occurs, pushing the cube further from its upright position. In the
same way it can be shown that, starting from the 45 degree rotated position
(right in Fig. 5.7), small angles of heel from this position lead to a righting mo-
ment in the opposite direction. The result is a stable equilibrium at the 45◦

position. Figure 5.8 shows two further stable floating positions for the cube
densities ρs = 1/4 and ρs = 3/4.
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5 Simulation of Moving Boundaries and Floating Objects

Figure 5.9: Box rotating about its longitudinal axis (rolling motion). [Bogner
and Rüde, 2013]

Equilibration of floating cubes. Following Fekken [2004], we check the rota-
tional equilibrium of floating cubes of density ρs = 0.25, 0.5, and 0.75 in simula-
tions. With the given densities 0.25 and 0.75 a stable angle of heel is found at
26.565◦ from the upright axis of the cube as shown in Fig. 5.8. The cube of den-
sity 0.5 should calibrate to 45◦. Since we are dealing with 3-dimensional objects,
the 2D cube of side length s is represented by a cuboid of dimensions 2s× s× s,
that will rotate around its longitudinal axis only, as shown in Fig. 5.9. Inside a
domain of 130 × 40 × 40 cells, the lower half is filled with liquid with lattice vis-
cosity τ = 1/1.9 = 0.526 and initialized with hydrostatic pressure (g = 7.5 · 10−4).
Three boxes with s = 16 are placed inside the basin, slightly heeled from their
axis-aligned upright position by an angle of 2.86◦. The simulation was run until
all fluid motions ceased and the objects came to rest. Figure 5.10 shows vi-
sualizations of the simulated scenario at various time steps. Since the initial
positions of the objects are far from the equilibrium state, their motions cause
a wavy disturbance of the liquid in the basin. It can be clearly seen from these
visualizations that even at this low resolution the simulation converges nicely
towards the ideal equilibrium state.

Impact and sedimentation of particles at a free surface. As a more complex
example with an increased number of particles we present the impact and sed-
imentation of an initially cubic packing of spherical particles at a free surface
under gravity (Figure 5.11). The particles have three different specific densi-
ties (ρs ∈ {1/2, 1, 2}) and are positioned in a cubic arrangement, not touching
the stratified, quiescent liquid as shown in Fig. 5.12a. Figures 5.12b to 5.12d
show the impact of the particles at the free surface. The particles penetrate the
free surface and after some time, the heavier (red) particles start sinking to the
ground of the basin. Some of the lighter particles sink in the wake of heavy
particles. This example shows that the cell conversion scheme of Sec. 5.2 can
handle also complex scenarios of multiple particles penetrating the interface
layer with only small gaps.
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5.3 Validation of the Fluid-Solid Coupling

Figure 5.10: Box objects of density 0.75, 0.5 and 0.25, respectively, striving to-
wards vertical and rotational equilibrium. The first three pictures
show the system in motion. The last picture shows the final equi-
librium state. [Bogner and Rüde, 2013]
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Figure 5.11: Particle impact and sedimentation at a free surface.

(a) Initial setup at t = 0. Particles released in a basin of quiescent, stratified liquid.

(b) Particles after impact on the free surface.
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5.3 Validation of the Fluid-Solid Coupling

(c) Heavy particles with ρs = 2 (red) start to sink in the liquid.

(d) More and more particles sinking. Some neutral (ρs = 1, gray) and lightweight (ρs =
0.5, green) particles sink in the wake of heavier particles.
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5.3.4 Conclusion

The validation of Sec. 5.3.2 shows that forces on partially submerged objects
are recovered reasonably well, which allows the simulation of floating objects
at interfaces. Section 5.3.3 demonstrates that the algorithm also works for
complex cases and with a larger number of particles. Most importantly, the
extended algorithm (Section 5.2) requires only next neighbor communication.
This is crucial for the simulation of complex three-phase problems that resolve
all length scales. A more sophisticated example is presented in Chapter 7,
where the simulation of bubble-induced particle mixing is considered.
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6 Liquid-Solid Flow: Drag Law in Particle
Beds

The lattice Boltzmann model for liquid-solid interaction of Sec. 5.1 has many
important applications. This chapter presents a numerical study of flow through
random static assemblies of monodisperse spherical particles. From a series of
simulations over a range solid volume fractions (Φ ∈ [0.01, 0.35]) and various
Reynolds numbers (ReP ≤ 300), a closure relation for the drag force F (ReP ,Φ)
is obtained. At the time of realization of the study [published as Bogner et al.,
2014], there were two major contributions available, Beetstra et al. [2007] and
Tenneti et al. [2011], each suggesting a different closure relation with a devia-
tion of up to 30 percent within the given range. The new closure obtained from
the present study is in accordance with the independent, parallel study of Tang
et al. [2015].

This chapter is a shortened and updated version of the journal publication
Bogner et al. [2014].

6.1 Drag Correlations in Theory and Application

Many of the mineral processing unit operations involve multiphase systems
that can be classified as either solid-liquid system such as hydrocyclone, high
wet intensity magnetic separator, fluidized bed, thickener, spiral concentrator;
solid-gas system such as gas fluidized bed; or solid-gas-liquid system such as
flotation column. The volume fraction of solid particles that is fed into these
units varies from sometimes very low concentrations as in the case of hydro-
cyclones or magnetic separators to very high concentrations as in the case of
fluidized beds. The mineral processing industry is considered as one of the most
polluting industries and therefore it is desirable to use only as few experiments
as possible. Computer simulations prior to and accompanying experiments
cannot only reduce the number of experiments, but are also cheaper. With the
advent of high speed computers, it is now possible to obtain solutions faster
and with better accuracy. This does not only save time, money and material,
but is also pollution-free.

Several approaches like continuum models [Swain and Mohanty, 2013, Mo-
hanty et al., 2011], discrete models [Mishra and Tripathy, 2010] and a com-
bination of discrete and continuum models [Chu et al., 2009] have been re-
ported in literature for various mineral processing unit operations. In practice,
multi-fluid models such as Eulerian-Eulerian models, which treat the phases as

129
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inter-penetrating continua, are more common because in an actual system it is
difficult to capture the dynamics of all individual particles present. It has been
reported by van der Hoef et al. [2006] that for millimeter size particles the linear
dimension of the system that can be simulated with the existing computers is
about 0.1 m. For larger systems, multi-fluid continuum models have become
more popular that treat the granular solid phase as a continuum and the mo-
mentum balance equations for both the phases are solved to predict the flow
profile of the phases. These mathematical models require several closure laws,
primarily for the drag force, to account for the momentum exchange between
the phases. The earliest correlations available were those by Wen and Yu [1966]
for dilute systems and the Ergun’s equation [Ergun, 1952] for denser systems.
Both are based on experimental data. Other correlations commonly used in
two-fluid models are the ones proposed by Gidaspow [1986] and Shyamlal and
O’Brien [1987]. The Gidaspow correlation reduces to the Wen and Yu correlation
for low solid volume fraction and Ergun’s equation at high solid volume frac-
tion. The correlation by Shyamlal and O’Brien is based on the terminal velocity
correlation proposed by Richardson and Zaki [1954]. The reliability of these
correlations for mono-dispersed system has been questioned by some authors
[Beetstra et al., 2007], as Ergun derived the correlation based on experiments
carried out using sand and pulverized coke in addition to that carried out with
spheres.

6.1.1 Studies on Drag Closure Laws Based on DNS

With the advent of high speed computers, several direct numerical simulation
(DNS) methods have been adopted by a number of researchers to obtain drag
closure laws. Pioneering studies on particulate suspensions by Ladd [1994a,b],
Ladd and Verberg [2001] using the lattice Boltzmann method (LBM) enabled
the work on establishing drag closure laws. The earliest systematic studies
on drag force relations by Hill et al. [2001a] considered a fixed bed of spheres
arranged in simple cubic, face centered and random order. The volume frac-
tion of solids ranged from approximately 0.001 to 0.64 at low Reynolds number
ReP . Subsequently, the effect of the Reynolds number, up to ReP ≤ 100, on
the drag force for the same arrangement of spheres was studied by the same
authors [Hill et al., 2001b]. Later, van der Hoef et al. [2005] used LBM to study
the drag force on fixed arrays of mono-dispersed and bi-dispersed spheres ar-
ranged in random order in the limit of zero Reynolds number. They established
a normalized drag force correlation, defined as the ratio of the drag force for a
given Reynolds number and solid volume fraction to that calculated using the
Stokes-Einstein equation. They also reported that when their drag force corre-
lation was extrapolated to ReP = 0, there was no significant difference between
drag force at ReP = 0.2 and ReP = 0. Beetstra et al. [2007] later extended this
work to ReP up to 1000. They also obtained a correlation for the normalized drag
force as a function of solid volume fraction and Reynolds number. Reportedly,
the Ergun type correlation fits the simulation data better than the Wen and Yu
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type. Benyahia et al. [2006] modified the correlations proposed by Hill et al.
[2001a] so that a continuous function can be obtained for all range of solid
volume fraction and Reynolds number. Tenneti et al. [2011] have used a parti-
cle resolved DNS method that they call “Particle-resolved Uncontaminated-fluid
Reconcilable Immersed Boundary Method” to study the drag force on a fixed
array of randomly arranged assembly of mono-dispersed spheres in the solid
volume fraction range of 0.1-0.4 and Reynolds number up to 300. The results
are compared with Hill et al. [2001b] and Beetstra et al. [2007]. The three stud-
ies agree quite well at low Reynolds number. At higher Reynolds number, the
data of Tenneti et al. [2011] and Beetstra et al. [2007] disagree by up to 30%.
Tenneti et al. [2011] attribute the mismatch to the constant resolution used in
Beetstra et al. [2007] over the whole range of Reynolds numbers.

All of the above studies assume static beds of spheres without changes in
the relative positions. However, some work on moving particles for bi-dispersed
spheres of equal size but different densities [Yin and Sundaresan, 2009a] as
well as of different sizes [Yin and Sundaresan, 2009b] at low Reynolds number
and solid volume fraction of 0.1 . . . 0.4, have been reported using LBM. Holloway
et al. [2010] used the data from Yin and Sundaresan [2009a,b] and that by
Beetstra et al. [2007] to obtain a drag correlation for poly-dispersed particles in
the solid volume fraction range 0.2 . . . 0.4, particle diameter ratio between 1 and
2.5 and 0 ≤ ReP ≤ 40.

6.1.2 Objective of the Present Study

Most studies using LBM have reported drag laws for solid volume fraction above
0.1 and higher Reynolds numbers, primarily aimed at fluidized beds. Hence,
there is currently a lack of studies carried out in the low solid volume fraction
range, except for the results reported by Hill et al. [2001b] for low Reynolds
numbers. Several unit operations in mineral processing operate with lower
solid volume fractions and higher Reynolds number. Also, in the same system
there can be regions with low as well as high solid volume fraction. Therefore a
drag law applicable over a wider range of particle concentration, including solid
volume fraction ≤ 0.1 at a given range of Reynolds number would be desirable.
In the following study, a drag law for solid-fluid dispersions with solid volume
fraction ranging from 0.01 to 0.35 and Reynolds numbers ReP ≤ 300 is derived
from simulations.

All the lattice Boltzmann studies on fluid-particle drag mentioned in Sec. 6.1.1
have been carried out with the code developed by Ladd [Ladd, 1994a,b, Ladd
and Verberg, 2001]. One common disadvantage of these efforts is that the
sphere is represented by a staircase like approximation (bounce-back boundary
conditions of Def. 12) in simulations and thus a certain error will be introduced.
However, it has been established already in the original work that LBM still de-
livers accurate predictions, for instance by comparing it with analytic solutions
for Stokes flow of Hasimoto [1959] and Sangani and Acrivos [1982]. Another
common disadvantage of the aforementioned LBM studies [Beetstra et al., 2007,
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van der Hoef et al., 2005, Hill et al., 2001a,b] is the usage of a single relaxation
time collision operator. This is known to introduce a viscosity-dependent error
in the boundary placement, and forces the authors to apply a correction for
the effective hydrodynamic radius of the particles for the given relaxation time.
The present work is based on a two relaxation time lattice Boltzmann code,
tailored to circumvent the viscosity-dependent boundary placement [Ginzbourg
and Adler, 1994, Ginzburg et al., 2008a] and obtain more reliable results.

Without relying on supercomputers the present study would not have been
successful, as simulation of dilute particle concentrations at high Reynolds
numbers is quite resource demanding. For example, for Φ = 0.01 at a reso-
lution of d = 40 lattice sites per particle diameter, one needs a domain size of
approximately 4503 grid points. To accomplish efficient simulations, the present
study is based on the waLBerla code base [Feichtinger et al., 2011]. This frame-
work has been shown to offer extendibility to numerous physical applications
involving fluid-structure interaction [e.g., Bogner and Rüde, 2013], while pro-
viding a highly efficient implementation for a wide range of supercomputers,
even for complex fluids like suspensions [Götz et al., 2010].

6.2 Drag Force Computations

This study is based on the hydrodynamic TRT model of Sec. 3.2.3 with a fixed
parameter Λ = 3/16, for viscosity-independent simulations. The compressible
equilibrium function of Def. 8 is used in the collision operator. Similar to the
setup in Sec. 5.3.1, the particles of radius R are contained in a periodic domain
of length L. For each run, a random bed of N non-overlapping homogeneous
particles is created. The solid volume fraction of the bed is then

Φ =
NVP
V

, (6.1)

where VP is the particle volume, and V = L3 the total volume of the bed. The
flow is driven by an external gravitation ax, such that the average drag force,

F d =
1

N

N∑
p=1

F P , (6.2)

where F P is the force on the particle P after Eq. (5.7), needs to be incremented
with the buoyancy force F b = −VPρa, to obtain the total hydrodynamic force in
the definition of the drag coefficient C from Eq. (5.12). By varying the relaxation
time τ , and the gravitational strength ax, a wide range of particle Reynolds
numbers can be realized.

6.2.1 Resolution Sensitivity of the Bed Simulations

Due to limited computational resources, one is limited to work with finite res-
olutions. For particle Reynolds numbers in the unsteady regime numerical in-
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(a) ReP = 100
δx τ d/δx Re∗P C∗d δb/δx
0.02 (!) 0.500563 14.5726 102 26.6 1.4572
0.015625 0.500922 18.653 100 27.2 1.8653
0.01 0.50225 27.5089 99 27.5 2.751
0.005 0.509 58.2906 100 27.2 5.8291

(b) ReP = 200
δx τ d/δx Re∗P C∗d δb/δx
0.015625 (!) 0.500922 18.653 202 38.5 1.319
0.01 0.50225 29.1453 198 41.3 2.0609
0.005 0.509 58.2906 198 41.5 4.1218
0.0025 0.536 116.581 202 40.5 8.2435

(c) ReP = 300
δx τ d/δx Re∗P C∗d δb/δx
0.00625 0.50576 46.6325 300 55.4 2.6923
0.005 0.509 58.2906 300 55.6 3.3654
0.0025 0.536 116.581 300 54.0 6.7308

Table 6.1: Sensitivity of drag coefficient on resolution. The cases marked with
(!) would eventually become unstable. Also shown is the approximate
boundary layer thickness δb in lattice units. [Bogner et al., 2014]

d/δx
46.6325 58.2906 116.581

Λ
3/16 55.4 55.6 54.0
1/4 55.0 54.0 53.5
3/8 53.4 (!) 54.0 53.4

Table 6.2: Normalized drag C∗d for various “magic parameter” settings in the
ReP = 300 – case (c). [Bogner et al., 2014]
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stabilities may arise in under-resolved cases. For the present model, the major
source of error, are the bounce-back boundary conditions at the sphere surface,
which are only first order accurate in space. We therefore study the dependency
of the estimated drag C∗d obtained from simulations on the grid spacing δx. Our
setup consists of a randomly arranged bed of N = 27 spheres in a cubic periodic
domain of unit length and solid volume fraction Φ = 0.35. In order to keep the
Reynolds number constant while varying the resolution parameter δx, we adjust
the sphere diameter and lattice relaxation time accordingly (i.e., the apparent
physical viscosity and length is kept constant). The study is repeated for three
different target Reynolds numbers ReP = 100, 200 and 300.

For the first two cases (ReP = 100, 200), the flow is driven by a constant body
force starting from zero uniform initial velocity, and evaluated after a balanced
state is reached. Table 6.1 shows the results for different Reynolds numbers.
Due to the “staircase” discretization of the spheres the resulting Re∗P varies
slightly. For the highest Reynolds number, ReP = 300, we dynamically adjusted
the fluid acceleration a during simulations, in order to circumvent a manual
calibration process. Even in the under-resolved situations marked with an (!)
where one would expect instability, we observe that the predicted C∗d-value does
not deviate significantly from the well-resolved cases. From the magnitude of
the deviations in the data (less than 3% when excluding the unstable solu-
tions), it can be concluded that the chosen lattice resolutions are sufficiently
high. In fact, the results show that there is a minimum required resolution that
increases with the Reynolds number, but also that further increase of resolu-
tion does not significantly effect the resulting drag forces. This is an important
observation, since it has been reported by Tenneti et al. [2011] that previous
studies based on the LBM [Beetstra et al., 2007] would lack validity at inter-
mediate Reynolds numbers due to poor lattice resolutions. As noted by Tenneti
et al. [2011], the boundary layer thickness (δb ∼ d/

√
ReP ) must be sufficiently

resolved and can be used as a guideline when choosing the spatial resolution.
For the given regime, one should have δb ∼ 3 or higher for numeric stability.
Further increase of resolution yields only slight improvement in terms of ac-
curacy. Hence for the following study in Secs. 6.2.2 to 6.2.3, we chose grid
spacings of the order of the second-to-last row of Tab. 6.1 as a compromise
between accuracy and efficiency.

Influence of parameterization Λ on numerical solution For completeness, we
also studied the influence of the magic parameter Λ on the simulations in the
transitional regime ReP = 300. This allows us to estimate the errors stemming
from the parameterization of our scheme in Sec. 6.2.4, when comparing to the
results from other authors – and the variation between the respective studies is
most considerable for large ReP . The optimal choice of Λ is unknown for arbi-
trary geometries, so it is important to control whether the computed solutions
depend on it. Because, for this regime, one has only small values of τ , the effect
on the solution is expected to be non-significant (cf. also Pan et al. [2006]). In
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Figure 6.1: Streamlines in bed of solid volume fraction Φ = 0.35 in the lami-
nar (ReP = 3.6, left), and in the transient regime (ReP = 300, right).
Blue color indicates lower, red color indicates a higher flow velocity,
respectively. [Bogner et al., 2014]

Tab. 6.2 the resulting drags for different parameterizations is shown. Indeed,
the influence was very small for the given geometry at the given relaxation times
τ . The parameterization Λ = 3/8 lead to instabilities at the lowest resolution.

6.2.2 Qualitative Evaluation of Different Flow Regimes

Figure 6.1 shows the flow profile of fluid through a bed of spheres with solid
volume fraction Φ = 0.35 at a low Reynolds number compared with the profile
at a high Reynolds number ReP = 300 through the same bed. To visualize the
flow, a number of streamlines has been traced through the flow field, starting
at equally spaced points along a diagonal line in the back plane, x = 0, of the
domain with the flow directed along the x-axis. The plots differ significantly at
the two different regimes.

As a second example, we consider the velocity field in a bed of low volume
fraction Φ = 0.01. Figure 6.2 shows the velocity magnitude, indicated by color,
in a plane slicing through the domain, at two different regimes. In the transient
case (ReP = 300) we observe the appearance of eddies behind the particles that
are located at the black spots.

6.2.3 Drag Force Within Random Static Assemblies of Spheres

For the present study of the drag force within mono-disperse fixed assemblies
of spheres, the solid volume fraction takes the values Φ ∈ {0.01, 0.03, 0.05, 0.08,
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Figure 6.2: Velocity magnitude plot (slice y = 50) in particle bed of volume frac-
tion Φ = 0.01 in the laminar regime (ReP = 2.4, left), and in the
transient regime (ReP = 300, right). Flow direction is from left two
right in both cases. As indicated by the color bar, the flow velocity is
zero at the black spots where the particles are located, and highest
within the white areas. [Bogner et al., 2014]

0.1, 0.2, 0.3, 0.35}, while the particle Reynolds number ReP is varied from 0.05
to 300. A series of simulations was carried out, repeating each pair (Φ,ReP ) at
least five times. In our approach, the average flow velocity in the domain may
vary depending on the randomly generated bed. Hence, the resulting Reynolds
numbers has also been averaged for each series. For higher target Reynolds
numbers (ReP ≥ 200), however, the gravitation parameter ax was adjusted dy-
namically to fix the Reynolds number. The resolution in this study was varied
between d = 17 and d = 47 lattice units per sphere diameter, and the number
of spheres taken for each simulation was either N = 27 or N = 54. A cubic
domain of length varying from 74 to 449 lattice units, depending on the desired
volume fraction Φ, was used with periodic boundary conditions for all the ex-
terior boundaries. The domain length to particle diameter ratio varied between
3.43 and 11.18. For each run a randomized arrangement of spheres is gener-
ated, and the resulting dimensionless drag values are averaged over the whole
series to obtain the approximated bed-independent dimensionless drag force.
The number of 5 runs was found to be sufficient to even out artifacts from the
random bed generation, in consistency with the reports by Hill et al. [2001a]
and Tenneti et al. [2011]. We did not apply any “check-reject-repeat” – strat-
egy to eliminate any spikes in our data. The variation of the resulting absolute
values is largest for higher ReP . Figure 6.3 shows the data for the two highest
Reynolds numbers included in this study, and the standard deviation for each
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Figure 6.3: Normalized drag values for ReP = 250, 300. Each data point cor-
responds to the mean value of 5 runs. The standard deviation is
shown as error bars and separately in percent. The percent val-
ues are strictly below 10% and not correlated with the solid volume
fraction. [Bogner et al., 2014]

Figure 6.4: Pointwise relative deviation of the computed values C∗ from the fit
correlation F given by Eq. (6.3). [Bogner et al., 2014]
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data point. The situation is similar for the lower Reynolds number, however
with smaller absolute values.

A dimensionless drag correlation F is obtained using the conjugate gradient
method to minimize the objective function

E =
∑

(Φ,ReP )

|F − C∗|
F

,

between the correlation and the LBM simulated values C∗ (averaged over 5 ran-
dom beds) with an average absolute percentage error of 9.69% compared with
the simulated data and with a coefficient of determination R2 = 0.995. Using the
model function F (Φ,ReP ) = (1 − Φ)a[b + cReP

d + e(1 + ReP )−fΦ + g(1 + ReP )−hΦ],
with parameters a, b, . . . , h, one obtains the correlation C = F (Φ,ReP ), with

F = (1− Φ)−5.726
[
1.751 + 0.151 ReP

0.684

− 0.445 (1 + ReP )1.04Φ − 0.16 (1 + ReP )0.0003Φ
]
.

(6.3)

Figure 6.4 shows the pointwise deviation |F − C∗|/C∗ between Eq. (6.3) and
the simulated values. One observes the largest deviations for small volume
fractions. The average absolute percentage error with respect to C∗ is 9.3%.
Unlike the correlations reported by other authors [for instance Beetstra et al.,
2007, Benyahia et al., 2006], which consist of two parts; the first part for the
Stokes region, i.e., ReP � 1, and a function of volume fraction only; the second
part a function of solid volume fraction and ReP , we chose a unified expression.

Figure 6.5a shows the effect of Φ on the normalized drag force at constant
Reynolds number. It can be seen that the increase in drag force with increase
in Φ is more significant at high Reynolds number. Similarly, it can be seen
from Fig. 6.5b that at a constant Φ the normalized drag force increases with the
Reynolds number. The slope becomes steeper with increasing concentration Φ.
At low concentrations and Reynolds number beyond ReP > 200, the increase of
drag with ReP is least significant.

6.2.4 Comparison with Previous Studies

At low solid volume fractions Φ . 0.2, there is the well-established correlation by
Wen and Yu [1966], compiled from experimental data. Because of the emphasis
on the dilute case in our study, we compare to this relation first. Figure 6.6
shows that the newly presented correlation is close to the Wen & Yu - relation
for the most dilute cases included in this study. The smallest average deviation
is +4.3% for Φ = 0.01, and increases with Φ. The average deviation for Φ = 0.2 is
+10.8% as shown in Fig. 6.7. Note, that the correlation given by Wen and Yu is
applicable only for Φ . 0.2, whereas the proposed correlation can be used up to
Φ ≈ 0.35.

Figure 6.7 shows the drag law predicted by Eq. (6.3) in comparison to the
correlations obtained in the numerical studies by Beetstra et al. [2007] and
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Figure 6.5: Drag correlation derived from present study.
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6.3 Conclusion

Tenneti et al. [2011]. In these references, both the simulated hydrodynamic
force and average flow rate is averaged over all runs of each (Φ,ReP ) – pair, to
therefrom obtain the unknown dimensionless drag. The maximum and mini-
mum average deviation when compared with the drag law reported by Tenneti
et al. [2011] is approximately +12% for Φ = 0.2, and +7% for Φ = 0.35, respec-
tively. The deviation increases with the Reynolds number. When compared
with the results reported by Beetstra et al. [2007], the maximum and minimum
average deviation is approximately −20% for Φ = 0.1 and −14% for Φ = 0.3, re-
spectively. Tenneti et al. [2011] comment that the deviation of more than 30%
between the values reported by Beetstra et al. [2007] and their own is due to
the poor lattice resolutions applied in the latter work. Hence, of the two ref-
erences, the study of Tenneti et al. [2011] should be regarded more accurate.
The lattice resolutions for the present study are comparable to those applied
by Tenneti, and have been chosen based on the considerations of Sec. 6.2.1.
The present LBM-scheme does not suffer from a viscosity dependent error at
the solid boundaries. As we have also demonstrated numerically (Table 6.2) for
ReP = 300, where the deviation from the other studies was most significant, this
deviation is independent from the parameterizations of Λ (choosing 1/4 or 3/8
did not lead to significant differences compared to our standard value of 3/16).
The sensitivity study of Sec. 6.2.1 indicates that errors due to unresolved flow
phenomena do not affect the present study significantly. However, a small error
stemming from the first-order staircase approximation of the sphere boundaries
is present and can roughly be estimated to yield an overshoot of a few percent.
We believe that the deviations between the present study and that of Tenneti
et al. [2011] is partially due to that reason.

The correlation of Tang et al. [2015], that appeared only after the realization
of the present study, stems from a comprehensive set of numerical data. As
can be seen in Fig. 6.7, their correlation predicts a similar order of magnitude
for the drag as the proposed Eq. (6.3).

6.3 Conclusion

Fluid flow through random static assemblies of spheres has been studied by
means of the lattice Boltzmann method. Compared with previous studies, our
approach does not suffer from viscosity dependent boundary conditions. As a
result, a wide range of Reynolds numbers can be studied by simple adjustment
of the lattice viscosity - provided that a sufficient grid resolution is chosen. A
convergence study demonstrates that the results are effectively independent of
the lattice resolution. From systematic numerical studies of flow through ran-
dom arrays at varying solid volume fraction (0.01 ≤ ϕ ≤ 0.35), a new correlation
for the average normalized drag force for particle Reynolds numbers up to 300
is obtained.

Despite a certain expected error from the first order boundary conditions
(“bounce back-rule”), we successfully showed the reliability of the present ap-
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6 Liquid-Solid Flow: Drag Law in Particle Beds

proach for the given range of moderate Reynolds numbers. The comparison
with Wen and Yu [1966] shows that the correlation predicts well at very low
concentrations (ϕ < 0.1) and at the same time can be used up to a solid volume
fraction of 0.35. The deviations of the results obtained with our lattice Boltz-
mann scheme to the simulations of Tenneti et al. [2011] are not as dramatic
as reported in the same reference in comparison to previous lattice Boltzmann
studies. Furthermore, a later study by Tang et al. [2015] agrees well with the
proposed correlation in the given range. This confirms the reliability of the
lattice Boltzmann method, and the validity of the proposed correlation.

The normalized drag correlation proposed in the present study will be useful
in predicting the flow behavior of particles in fluid-particulate systems, where
the solid volume fractions range from very low to moderate values. Usually,
more than one correlations are used when the range of solid volume fraction
and Reynolds number is large. The correlation proposed by us has a sim-
pler expression compared to those proposed by, e.g., Beetstra et al. [2007] or
Benyahia et al. [2006], and is purely based on LBM simulated data.
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7 Liquid-Gas-Solid Flow: Bubble-Particle
Interaction

The method presented in Chapters 3 to 5 can be exploited for the prediction
of liquid-gas-solid three-phase flows. Important examples of three-phase flows
include fluidized bed reactors, gas bubble columns in particle suspensions,
and flotation columns. The interaction of gas bubbles and suspended particles
within the containing liquid is significant for the behavior of such systems.
In the following, the applicability of the numerical model in the simulation of
bubble-particle interaction is demonstrated.

7.1 Three-Phase Flows and Direct Numerical Simulation

7.1.1 State of the Art

As mentioned in Chapter 6, the majority of multiphase flows of practical rele-
vance involve system sizes that are far beyond the realms of direct simulation
techniques. Instead, simulations of slurry bubble columns and fluidized bed re-
actors, if at all realizable, rely mostly on homogenized models that model phase
holdup as a continuous variable [e.g., Pan et al., 2016, Panneerselvam et al.,
2009, Li and Zhong, 2015]. However, to model the phase interaction between
gas, liquid and solid, these approaches require an according set of empirical
closure relations. Fluid-solid drag laws as discussed in Chapter 6 have con-
tinuously been refined and revisited with the help of experimental data and
by direct numerical simulation (DNS). Similar relations exist for the gas-liquid
interaction, and have mostly been obtained from experiments of single bubble
columns or multiple bubble rise experiments [Fan, 1989, Clift et al., 1978]. As
for the liquid-solid case, DNS may alternatively be used to obtain gas-liquid
interaction laws. Examples for direct numerical studies of bubbly flow include
Amaya-Bower and Lee [2010], Tryggvason et al. [2001], van Sint Annaland et al.
[2005a].

Not all effects arising in three-phase flows can be recovered if the phases are
homogenized. For the case of bubble columns in particulate flows, it is often
assumed that the liquid-solid suspension can be treated as a homogeneous
material containing dispersed gas bubbles. However, this is true only under
certain circumstances [Tsuchiya et al., 1997, Yang et al., 2007]. Only for large
bubbles in a suspension consisting of relatively small particles this assumption
is justified. Furthermore, wettability properties may concentrate particle hold
up to the liquid phase. The converse effect of particles agglomerating at the

143



7 Liquid-Gas-Solid Flow: Bubble-Particle Interaction

bubbles is important in flotation columns and may likewise affect the bubble
rise velocity [Yang et al., 2007] and other parameters.

Since three-phase systems are difficult to study in experiments, DNS tech-
niques may constitute an attractive alternative, to study phase interaction in
more detail. However, due to the multiple scales involved (often, the particle size
is one order of magnitude below the typical size of the bubbles), DNS of these
systems inevitably entails considerable computational costs. Hence, most nu-
merical studies do not fully resolve the dispersed solid phase. Chen and Fan
[2004] study the motion of particles in the wake of a rising bubble using the
level-set technique for the fluid phases. The Lagrangian particles are coupled
to the flow simulation based on pointwise local force terms. This approach is
called discrete particle method [Deen et al., 2007], and does not resolve the hy-
drodynamic interaction between particles. Similarly, van Sint Annaland et al.
[2005b], Deen et al. [2007] use a combined front tracking and discrete particle
model to study bubble-induced particle mixing mechanisms. Strictly speaking,
the mentioned studies do not belong to the DNS category. True three-phase
DNS, that fully resolves the particle scale, is still exceptional in the literature.
Deen et al. [2009], Baltussen et al. [2013] have presented numerical models
combining a front-tracking liquid-gas flow model with the immersed boundary
approach for particle coupling [Mittal and Iaccarino, 2005]. These models al-
low particle-resolved simulations similar to the method proposed in this thesis.
Baltussen et al. [2013] apply their model to investigate the drag on bubbles in
three-phase flows. However, only simulations of smaller systems with a limited
number of particles (N . 512) are reported in these works.

The model described in Chapters 3 to 5 is inherently parallel, which allows
fully resolved simulations of a large number of particles (N & 105) in direct
interaction with bubbles.

7.1.2 Outline of this Chapter

In the following sections, the simulation method developed within Chapters 3
to 5 shall be further validated for the case of gas bubbles in particle suspen-
sion columns. Even though a comprehensive study is beyond the scope of the
present thesis, the applicability of the method to predict these cases shall be
demonstrated within three steps.

1. Section 7.2: Validation of liquid-solid suspension simulation. Does the nu-
merical model predict suspension properties of complex solid-liquid flows
correctly?

2. Section 7.3: Validation of single bubbles in liquid columns. Does the nu-
merical model yield correct predictions of bubble dynamics?

3. Section 7.4: Simulation of a gas bubble in a fluidized particle bed. Demon-
stration of bubble-particle interaction in a larger system of particles.
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7.2 Simulation of Particle Suspensions

7.2 Simulation of Particle Suspensions

7.2.1 Basic Properties of Suspensions

Following the review of Stickel and Powell [2005], a particle suspension typically
is a Newtonian fluid including a large number of freely floating rigid bodies.
In many cases it is sufficient to approximate the particle geometry as spheri-
cal. Typically, the radius of the particles is small compared to the system size,
RP � L, and the total number of particles N is large, such that the solid volume
fraction Φ takes a value greater than zero. The presence of the particles within
the fluid changes the behavior of the flow, which is perceived as non-Newtonian
on the macroscopic scale. Often, the liquid-solid two-phase structure is ignored
and the system is treated as a continuum instead. However, many important
effects arising from fluid-particle and particle-particle interaction cannot be ex-
plained if a homogeneous material is assumed. Even if the flow is laminar
on the macroscopic scale, on the particle scale one finds numerous additional
effects, ranging from random motion to particles forming structures. The situa-
tion for dense suspensions, where particle-particle effects are significant is not
yet fully understood. It is hard to study these microscopic effects experimen-
tally. A series of papers exploit the LBM to study suspension rheological effects
with fully resolved particle systems by direct numerical simulation [e.g., Aidun
et al., 1998, Ladd and Verberg, 2001, Kromkamp et al., 2006, Hyväluoma et al.,
2005, Kulkarni and Morris, 2008]. Direct numerical simulations allow the in-
vestigation of microstructure effects of a particle suspension. In the following
we will reproduce two significant results from literature in order to show the
validity of our model for the simulation of suspension dynamics.

Quantities of interest. For liquid-solid suspension flow relative to a fixed frame
of reference, one typically is interested in the following quantities [Guazzelli
and Morris, 2012]. At any point within the suspension flow domain, the second
order tensor,

Παβ = ρuαuβ + pδαβ − σαβ, (7.1)

contains the momentum flux tensor ρuαuβ, and the stress tensor, that is split up
into the normal pressure p and the viscous shear stresses σαβ. In a pure liquid,
each part of Eq. (7.1) is defined by the Navier-Stokes solution. Otherwise, the
total stress is split up into

Παβ = Πl,αβ + Πs,αβ, (7.2)

where Πl,αβ is the liquid contribution, and Πs,αβ is the contribution from the
solid phase. For the solid phase, ρsus,αus,β is defined by the local rigid body
velocity us, while the remaining contribution,

psδαβ − σs,αβ =: SP,αβ (7.3)
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Figure 7.1: Sketch of a channel of height h. If a velocity uw is imposed on the top
and bottom wall with opposing directions, a shear flow with shear
rate γ̇ = 2uw/h develops between the plates.

is defined as the particle stresslet,

SP,αβ =
1

2

∫
x∈∂P

[xασβγ(x)nγ(x) + xβσαγ(x)nγ(x)] dx. (7.4)

Here, the σαβ in the integral (n is the surface normal of the spherical particle)
represents hydrodynamic stress exerted on the particle surface ∂P , as well as
stresses resulting from particle-particle collisions. In numerical simulations,
each of these quantities can be monitored individually.

7.2.2 Shear-Thickening of Single-Particle Suspension

A simplistic numerical suspension model suggested by Hyväluoma et al. [2005]
consists of a single particle in shear flow. The fluid domain is confined by two
impermeable horizontal plates as in Fig. 7.1 in the z direction, with periodic
conditions along x and y directions. The spherical particle is placed in the
center between the plates. The particle radius is RP = 11δx and the cubic
domain has a side length of L = h = 50δx. The suddenly imposed wall velocity is
uw = 0.01δx/δt, i.e., overall shear rate γ̇ = 0.02/50 δ−1

t = 0.0004 δ−1
t . Because of the

symmetry of the flow, the particle will not change its position, but rotate about
the y - axis. The Reynolds number can be controlled by adapting the lattice
viscosity τ . We evaluate the shear stress

∑
x∈Ωl

σxz in the liquid and the stress
SP,αβ on the particle. Starting from a quiescent velocity field and resting particle
as the initial conditions, the evaluation is done after the flow becomes steady
and the torque on the particle vanishes, i.e., the rotational particle velocity
matches with the surrounding flow field. The particle Reynolds number is used
to characterize the behavior of the flow, defined as

ReP =
ρf γ̇(2RP )2

µ
(7.5)

Figure 7.2 shows the obtained dimensionless rotational velocity for different
Reynolds numbers. In the low Reynolds number regime, the dimensionless
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Figure 7.2: Dimensionless angular velocity ωy/γ̇ and relative viscosity µs/µ in
periodic shear flow between plates. At Reynolds numbers above
unity, the flow “thickens” such that further increase in shear rate
leads to an increased apparent viscosity.

angular velocity ωy/γ̇, is close to 0.5, which is the value predicted analytically for
a non-periodic domain without wall-influence by Taylor [1932]. With increasing
ReP , the flow patterns develop “U-turns” in the front and back of the sphere
(Figure 7.3). This leads to a decrease in the angular velocity while increasing
the particle stress SP,xz. For the combined system, the apparent viscosity can
be computed from the total shear stress as

µs =
SP,xz +

∑
x∈Ωl

σxz

L3γ̇
, (7.6)

where any convective contributions from particle or liquid have been neglected.
The corresponding relative viscosity µs/µ is also shown in Figure 7.2 for dif-
ferent ReP . Thus, simulated behavior is that of a suspension thickening with
increased Reynolds number.

7.2.3 Particle Suspension in Shear Flow

Let us now turn towards a more complex scenario. Again, the carrier fluid is
confined by two parallel plates moving into opposite directions with constant
velocity uw = ±ux (Figure 7.1). The distance between the plates is h = 180δx, and
the domain is periodic along x and y directions. At a fixed domain size of volume
V = 114δx × 116δx × 180δx, a random particle bed consisting of spheres of radius
RP = 8δx and specific density ρs = 8 is generated. The number of particles N is
altered in order to realize different solid volume fractions

Φ =
NVP
V

, (7.7)
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Figure 7.3: The formation of U-turns at high Reynolds numbers. Streamlines
visualize the flow pattern around the sphere. The U-turns in the
velocity field left and right to the sphere emerge only at higher
Reynolds numbers.

where VP = 4/3πR3
P is the particle volume. For t ≥ 0, the particles are allowed

to move and rotate freely within the flow, while particle collisions are resolved
according to rigid body physics [Iglberger, 2010]. The lubrication correction of
Eq. (5.10) is used for particles in close contact. The wall velocity is chosen as
ux = 0.01δx/δt, while the lattice relaxation time is adjusted to realize different
particle Reynolds numbers. The TRT collision operator with a fixed parameter,
Λ = 3/16 is used for all runs. The described setup has been chosen similar to
Kromkamp et al. [2006].

A shear flow profile develops that is constantly disturbed by the particles.
The particle motion within the flow exhibits a random and chaotic behavior.
Figure 7.4 shows the path of one particular particle within the suspension over
time. The path is non-linear and resembles a spiral. This kind of behavior can
be observed in particle suspensions even at low Reynolds numbers and is the
effect of multi-body interaction within the flow [e.g., Stickel and Powell, 2005].
Multi-body interaction of particles near contact as well as non-linear effects
within the flow lead to an increase of the effective viscosity of the suspension,
when viewed as a homogeneous medium.

In a series of simulations, the lattice viscosity is adjusted to realize a range
of particle Reynolds numbers according to Eq. (7.5). As in Kulkarni and Morris
[2008], Kromkamp et al. [2006], the effective viscosity of the simulated sus-
pension µs is evaluated by monitoring the force acting on the top and bottom
confining walls as

µs =
F x
Aγ̇

, (7.8)
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7.2 Simulation of Particle Suspensions

Figure 7.4: Simulation of spherical particles in shear flow. In addition to the
motion induced by the background shear flow, the particle motion
exhibits a random behavior. Left: Initial state with an arbitrarily
chosen particle (yellow sphere). Right: Position of the same particle
at later time and the trace of its movement (black line).
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(a) Relative viscosity at various solid vol-
ume fractions.
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Figure 7.5: Simulation of a thickening particle suspension in shear flow. The
relative viscosity of the simulated suspension increases with solid
volume fraction and Reynolds number.

where F x is the net force along x on either of the confining plates, A the area of
the plate, and γ̇ is the shear rate. This quantity should be averaged over a large
number of time steps T to avoid fluctuations (typically γ̇T ≥ 100). Figure 7.5
shows the relationship between bed density, Reynolds number, and relative
viscosity. Also shown in Fig. 7.5a is the empirical relation of Eilers,

µs(Φ)

µ
=

[
1 +

1.25Φ

1− Φ/Φmax

]2

, (7.9)

with Φmax = 0.63, the maximal packing fraction for random close packings of
homogeneous spheres [Stickel and Powell, 2005]. As expected, the relation
shows a good agreement with the simulation results for low Reynolds numbers.
The simulated suspension thickens for Reynolds numbers approaching unity
and above (Figure 7.5b).

7.3 Simulation of Rising Bubbles

7.3.1 Classification of Single Rising Bubbles

The behavior of single rising bubbles in a quiescent (infinite) liquid is charac-
terized by three dimensionless numbers [Clift et al., 1978, Fan and Tsuchiya,
1990]. The Morton number is defined as

Mo =
gµ4

l ∆ρ

ρ2
l σ

3
, (7.10)
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•A
•B

•C

D •

•R

Figure 7.6: The Grace diagram reproduced from Clift et al. [1978]. The behavior
of a single bubble in an infinite surrounding is classified based on
the dimensionless numbers Reb, Mo and Eo. The bullets A to D
mark the bubble regimes of the test cases of Tab. 7.1. Bullet R
corresponds to the test case of Sec. 7.4.
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where g is the gravitational constant, µl and ρl are the viscosity and density of
the surrounding liquid, and ∆ρ is the density difference of gas and liquid. The
Eötvös number,

Eo =
∆ρgd2

σ
, (7.11)

where d is the diameter of the bubble, characterizes the ratio of buoyancy and
surface tension forces. Finally, the bubble Reynolds number is defined as

Reb =
ρlu∞d

µl
, (7.12)

where u∞ is the terminal rise velocity of the bubble. The bubble diameter d
is understood as the diameter of a volume-equivalent spherical bubble, unless
otherwise noted. Based on the diagram of Grace [1973] shown in Fig. 7.6, the
behavior of gas bubbles rising in a liquid can be classified. The diagram al-
lows a prediction of the bubble shape, e.g., spherical, ellipsoidal, spherical cap,
skirted, dimpled, etc., or can be used to estimate the terminal rise velocity u∞
of the bubble, if Eo and Mo are given. Alternatively, one can use the correlation
of Fan and Tsuchiya [1990],

ũ∞ =

(Mo−1/4 Eo

Kb

)−n
+

(
2c√
Eo

+

√
Eo

2

)−n/21/n

, (7.13)

where ũ∞ is the nondimensional rise velocity. Velocity and diameter are made
nondimensional using

ũ = u

(
ρl
σg

)1/4

, and d̃ = d
(ρlg
σ

)1/2
. (7.14)

In Eq. (7.13), the parameters Kb, c, and n, are chosen to account for special
material properties not covered by Re, Mo, and Eo. The parameter n ranges
from 0.8 to 1.6 depending on the liquid purity, while c is chosen as 1.2 (single-
component liquid) or 1.4 (multi-component liquid). The value of Kb is adapted
as

Kb = max(12,Kb0 Mo−0.038), (7.15)

where Kb0 is depending on the liquid (e.g., Kb0 = 14.7 for water). Like the Grace
diagram, correlation Eq. (7.13) is obtained from experimental data, and can
predict u∞ with an error of about ±10%.

7.3.2 Validation Results

In the following, we validate the FSLBM with the bubble model of Sec. 4.3 in
the simulation of rising bubbles. Surface tension effects are based on the FD
model described in Sec. 4.4.2. The TRT collision operator of Sec. 3.2.3 is used
with the magic parameter fixed to Λ = 3/16. Van Sint Annaland et al. [2005a]
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7.3 Simulation of Rising Bubbles

case µ [Pa s] σ [Nm ] g [m
s2

] Mo Eo Reb Re∗b
A (spherical) 0.25 0.145 0.981 1.26× 10−3 0.974 1.66 1.76
B (ellipsoidal) 0.42 0.145 9.81 0.100 9.74 4.18 4.43
C (skirted) 0.13211 0.014545 9.81 0.9711 97.1 18.56 14.53
D (dimpled) 0.75 0.014545 9.81 1018 97.4 1.58 1.46

Table 7.1: Test cases for different bubble regimes. Reb is the expected Reynolds
number for infinite domains according to Eq. (7.13) with n = 1.0,
c = 1.2 and Kb0 = 14 in Eq. (7.15). Re∗b is the value obtained in FSLBM
simulations in a finite domain with free-slip walls. Simulations were
parameterized according to the given viscosity µ, liquid-gas surface
tension σ, and gravitational constant g, assuming a liquid mass den-
sity of ρ = 1000kg/m3.
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fr

ee
-s

li
p

2R

Ωg

Ωl

Figure 7.7: Boundary conditions around liquid column for rising bubble simu-
lations. At t = 0, a spherical bubble Ωg of diameter 2R is initialized,
surrounded by quiescent liquid Ωl.
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7 Liquid-Gas-Solid Flow: Bubble-Particle Interaction

suggest four different bubble regimes for the validation of a two-phase volume
of fluid solver, that are used as a reference in the following. The Mo and Eo
numbers used in the following simulations (Table 7.1) have been chosen to re-
semble the test cases suggested by van Sint Annaland et al. [2005a]. In this
reference, the surface tension modeling is based on Brackbill et al. [1992], sim-
ilar to our FD model. The authors suggest free-slip boundary conditions for all
lateral directions, no-slip at the bottom, and a pressure boundary at the top of
the domain. A sketch of the domain and initial conditions is shown in Fig. 7.7.
The fluid parameters for the simulation collected in Tab. 7.1 are given with re-
spect to a liquid of density ρ = 1000kg/m3. The grid spacing is δx = 10−3m and
the time step is δt = 10−4s. As a compromise of between computational cost
and influence of the finite domain size on the bubble dynamics, a domain size
of 40 × 40 × 100 nodes is recommended by the authors. Here, we directly adopt
the resolution and the domain size of the original. The initial condition consists
of a spherical bubble of R = 6δx centered around the position (20, 20, 10)δx in
a column of quiescent liquid. It is necessary to work with the fallback solu-
tion for fixing of underdetermined boundary conditions at an interface node,
as discussed in Sec. 4.2. That is, if the number of boundary-intersecting links
is below three, then the FSK-rule is applied on all boundary-links with neg-
ative orientation with respect to the inward pointing gradient of the indicator
function (Figure 4.3).

For t ≥ 0, the bubble starts to accelerate due to the pressure gradient un-
til it reaches a terminal velocity and the bubble shape does not change any
more. Figure 7.8 shows the simulated bubble shapes using a triangulation
of the smoothed indicator function contour surface ϕ = 0.5. For each case,
the simulated bubble shape agrees well with the predictions according to the
Grace diagram. The velocity field around the bubble is shown in Fig. 7.9. As
reported also by van Sint Annaland et al. [2005a], the terminal velocities ob-
tained from simulations agree reasonably well with the predictions of experi-
mental relations. Table 7.1 lists the simulated terminal Reynolds number Re∗b
in comparison to the prediction according to Eq. (7.13).

Discussion. The diagram of Grace assumes a two-phase flow, while our method
does not consider the flow dynamics within the gas bubble. Despite this simpli-
fication, the FSLBM predicts the correct behavior in the regimes tested. This is
not surprising, since the gas viscosity is not considered in either of the dimen-
sionless groups of Mo, Eo and Re that form the basis of Grace’s diagram and
the correlation of Fan and Tsuchiya [1990]. Similarly, the density difference for
a gas bubble in a surrounding liquid is often on the order of ρl, such that the
use of the free boundary approach that neglects inertial forces in the bubble
is justified. In fact the replacement of ∆ρ by ρl is a common simplification of
Eqs. (7.10) and (7.11) for the case of high density ratio.
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7.3 Simulation of Rising Bubbles

(a) Case A (spherical), t = 20000δt (b) Case B (ellipsoidal), t = 5000δt

(c) Case C (skirted), t = 4000δt (d) Case D (dimpled), t = 8000δt

Figure 7.8: Bubble shapes obtained from simulations of the bubble regimes
from Tab. 7.1.
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(a) Case A (spheri-
cal), t = 20000δt

(b) Case B (ellip-
soidal), t = 5000δt

(c) Case C (skirted),
t = 4000δt

(d) Case D (dimpled),
t = 8000δt

Figure 7.9: Velocity field in the slice y = 20δx of the simulations of the bub-
bles regimes from Tab. 7.1. Red color indicates high flow velocity,
blue indicates low velocity magnitude. Black line indicates the free
surface
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7.4 Simulation of Bubble-Induced Particle Mixing

Let us now apply the full liquid-gas-solid model of Sec. 5.2 to the simulation of
bubble-particle interaction. Our case shall consist of a single bubble of radius
R rising from a bed of solid particles (with particle radius RP � R) suspended
in a column of carrier liquid. The computational domain size is increased to
500δx × 500δx × 1300δx. Compared to Sec. 7.3, this corresponds to a grid spacing
of δx = 8 × 10−5m. The comparably high resolution is necessary in order to
fully resolve the particles according to Eq. (5.1). We choose a particle radius of
RP = 2.5δx = 2×10−4m in the following, and a bubble radius of R = 125δx = 0.01m.
Assuming the liquid density ρl = 1000kg/m3, we parameterize with the liquid
viscosity µ = 10−1kg/(ms), and the liquid-gas surface tension σ = 0.1N/m, and
a gravitational constant of −9.81m/s2 in z direction. The lattice Boltzmann time
step is chosen as δt = 2.5 × 10−5s, corresponding to a lattice relaxation time
τ ≈ 1.672. The setup is similar to a test case described by Deen et al. [2007]
for the discrete particles coupling. The dimensionless numbers for the single
bubble without particles are

Mo = 9.81× 10−4, (7.16)

Eo = 39.24, (7.17)

Reb = 61.73, (7.18)

where Reb is the expected Reynolds number for the terminal rise velocity ac-
cording to Eq. (7.13) with n = 1, c = 1.2. The expected bubble regime has been
marked with letter R in the Grace diagram of Fig. 7.6.

Within the bottom part of the liquid column, z = [0 . . . 500]δx, a randomized
particle bed is initialized around the bubble. The particle number N is adjusted
in order to realize various suspension densities,

Φ =
NVP

(500δx)3 − Vb
, (7.19)

where VP = 4/3πR3
P is the particle volume, and Vb = 4/3πR3 is the bubble vol-

ume. The specific density of the particles is set to ρs = 3, and the wettability
parameter corresponds to perfectly hydrophilic surface properties.

We first simulate the single bubble rise without particles, as shown in Fig. 7.10.
The initially spherical bubble accelerates until the terminal rise velocity of is
reached. The corresponding simulated Reynolds number is Re∗b = 48, which is
in reasonable agreement with the expected value of Eq. (7.18), considering the
finite domain size. Figures 7.11 and 7.12 show the same simulation including
particle beds of solid volume fractions Φ = 2.5% and Φ = 10%. As observed also
in Deen et al. [2007], the presence of the particles does not have a significant
influence on the rise velocity of the bubble here. The simulations allow a de-
tailed analysis of the behavior of the particles in the bubble wake. In Figs. 7.11
and 7.12, particle color indicates the initial position along the z axis and al-
lows the examination of the mixing of the original layers. One also observes
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7 Liquid-Gas-Solid Flow: Bubble-Particle Interaction

(a) Three-dimensional view of the bubble shape within liquid column.

t = 2000δt t = 4000δt t = 6000δt t = 8000δt t = 10000δt t = 12000δt

(b) Slice through the center of the domain (y = 250δx).

Figure 7.10: Bubble rise without particles, at selected time steps (ordered from
left to right). The spherical cap shape agrees well with the predic-
tion according to Fig. 7.6.
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7.4 Simulation of Bubble-Induced Particle Mixing

(a) Three-dimensional view of bubbles and particles. Particle color indicates initial z
coordinate of particle position at t = 0.

(b) Slice through the center of the domain (y = 250δx).

Figure 7.11: Bubble rise from a bed consisting of 44 621 particles at selected
time steps (times chosen identical to Fig. 7.10).
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7 Liquid-Gas-Solid Flow: Bubble-Particle Interaction

(a) Three-dimensional view of bubbles and particles. Particle color indicates initial z
coordinate of particle position at t = 0.

(b) Slice through the center of the domain (y = 250δx).

Figure 7.12: Bubble rise from a bed consisting of 178 486 particles at selected
time steps (times chosen identical to Fig. 7.10).
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7.4 Simulation of Bubble-Induced Particle Mixing

a circulating motion of particles close to the bubble. The latter seems com-
pletely absent in the simulations of Deen et al. [2007] that are based on the
discrete particles approach. A possible reason for this difference is the absence
of the hydrodynamic interaction between particles, which is recovered only if
the particle shape is fully resolved.

A more comprehensive study of the behavior of bubbles in particle suspen-
sions, examining the influence of parameters such as particle specific density,
particle-bubble size ratio RP : R, bed density, bubble regime, and particle wet-
tability could be subject of future work.

Computational costs. The direct numerical simulation technique requires a
considerable high resolution in order to resolve all length scales. The simu-
lations considered above are feasible only by exploiting parallel architectures.
Each run utilized 2 000 processor cores1 for approximately 6.66 hours, to com-
plete the 12 000 time steps. This is fast enough for the realization of a study
of moderate size and involving multiple runs. The present implementation con-
sists of non-optimized development code. In the future, an improved implemen-
tation may achieve a significant speedup.

1The simulations were performed on the “thin nodes” (Intel Xeon E5-2680 processors) on the
SuperMUC of the Leibniz Supercomputing Centre, www.lrz.de.
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8 Summary and Outlook

This work is centered around the free surface lattice Boltzmann method (FSLBM)
for liquid-gas and liquid-gas-solid flows. In the present chapter, the key findings
are summarized and discussed within a broader perspective.

In Chapter 3, the underlying lattice Boltzmann method was studied and an-
alyzed, with a special focus on the boundary conditions for free interfaces that
are required for the FSLBM. The original boundary condition of Körner et al.
[2005], referred to as FSK rule, was shown to provide a first order approxima-
tion to free surfaces. An improved version based on linear interpolation, that
is formally second order accurate, was proposed. Chapter 4 discussed in de-
tail the FSLBM in the context of the volume of fluid (VOF) approach it is based
on. The realization of surface tension and adhesive boundaries was described
and analyzed, comparing three different schemes for curvature extraction from
the VOF indicator function. Chapter 5 completed the method part (Part II) of
this thesis with the introduction of floating objects to the FSLBM. The floating
stability of wall-sided structures and spherical particles was studied to validate
the method. Thus, the FSLBM was extended to liquid-gas-solid flow simulation.

Applications were studied in Part III. Chapter 6 presented a study of the drag
law in fluidized particle beds. A new fluid-solid drag correlation was extracted
from a series of direct numerical simulations, that can be used to predict phase
interaction in liquid-solid and liquid-gas-solid flows. In Chapter 7, further
validation showed that the method recovers suspension dynamic effects aris-
ing from particle-particle interaction correctly. Furthermore, the FSLBM was
shown to predict the dynamics of single rising bubbles correctly. Finally, liquid-
gas-solid simulations of bubble-particle interaction in a containing liquid were
presented.

8.1 Aspects of the Numerical Method

Boundary conditions and order of convergence. Section 3.3 proposed the FSL
rule as an extension of the FSK scheme to second order. An obvious question
for future research is, how the second order FSL rule could be used to aug-
ment the FSLBM of Sec. 4.2 to a method of second order accuracy. The FSL
rule needs the exact boundary location as parameter. However, this informa-
tion is not available in the VOF approach. Even with geometric reconstruction
techniques like the PLIC scheme described in Sec. 4.1.2, the obtained boundary
description is not continuous. A possible solution would be the use of a level set
description [Sethian and Smereka, 2003, Osher and Fedkiw, 2001] of the free
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surface geometry. Sussman and Puckett [2000], Sussman et al. [2007] have
shown that the combination of level sets and VOF interface advection can im-
prove the accuracy of interfacial flow simulations. Alternatively, non-Eulerian
front tracking approaches could be used to describe the free surface geometry
(survey in Tryggvason et al. [2011], Caboussat [2005]). It is clear that all of the
proposed solutions increase the computational complexity. For non-Eulerian
front tracking methods, scalable parallelism is not as straightforward to achieve
as with Eulerian techniques, which are preferable in this regard.

Besides the boundary conditions, the overall accuracy of the method also
depends on the advection scheme, as discussed in the following paragraph.

Accuracy of the mass exchange advection. The mass exchange principle al-
lows the time integration of the VOF indicator function based solely on the
LBM data and replaces geometry-based advection schemes. This simplicity has
surely added to the attractivity of the method. However, this thesis has shown
that this simplified advection scheme also comes with a major deficiency: The
order of convergence obtained in a simple linear advection test is below one (see
Sec. 4.2). This result is not surprising, since it is well-known that accurate
VOF advection schemes must rely on geometric interface information [Pilliod
and Puckett, 2004]. This means that the use of a PLIC-based advection scheme
is crucial to achieve satisfactory convergence results in the FSLBM. PLIC-based
advection usually relies on the velocity field of the flow solver to time-integrate
the indicator function and has been used in FSLBM implementations in the
past [Janssen and Krafczyk, 2010].

The simplicity of the mass exchange principle stems from the fact that the ad-
vection can be computed directly from the LBM data without relying on macro-
scopic variables. Future research should address the possibility of including
geometry information into the mass exchange algorithm. This way the conver-
gence of the scheme could be improved without fundamentally changing the
algorithm by switching to macroscopic moments in the advection step.

Accuracy of surface tension simulation. The simulation of surface tension is
one of the most demanding subjects in the field of computational fluid dynam-
ics. In VOF-based methods, such as the FSLBM, accurate reconstruction of
curvature is the key to accurate and stable simulations [Fuster et al., 2009, Re-
nardy et al., 2001]. The present thesis confirms this statement through a com-
parison of different curvature computation approaches. A new, least squares-
based curvature reconstruction scheme with support for adhesive boundaries
has been proposed and proven to be superior to the classic finite differences-
based model (Section 4.4) in static benchmarks.

However, more relevant for practical applications is the examined dependency
of surface tension computation on the underlying advection scheme. The nu-
merical results in Sec. 4.4.3 indicate that errors in the advection of the indicator
function directly propagate and disturb the force balance at the interface. De-
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spite the general popularity of the VOF approach, only few authors [Popinet,
2009, Abadie et al., 2015] have addressed this problem before. This aspect
seems to be particularly problematic for the mass exchange advection algo-
rithm, because of its weak grid convergence. For the future, an implementation
combining higher order curvature reconstruction with a more accurate advec-
tion scheme is desirable. In this way, the validity of the method in capillary
flows could be improved significantly.

8.2 Practical Results and Future Applications

Direct numerical simulation techniques can be applied where a detailed and
accurate prediction of flow phenomena is required. In the past, the application
of direct numerical simulation (DNS) to liquid-gas-solid flows has been severely
limited by the availability of computational resources and a lack of scalable
methods. The liquid-gas-solid flow simulation method presented in Chapters 3
to 5 could be used for the investigation of three-phase flows in order to improve
our understanding of problems that are otherwise difficult to study. Chapter 7
has sketched the potential of the method in a simulation of 178 486 fully resolved
particles interacting with a rising gas bubble. The simulation includes the full
hydrodynamic interaction between particles that constitute the dynamics of the
suspension around the bubble. Hence, it is plausible that the method will be
useful in future studies of liquid-gas-solid flows and bubble-particle interaction,
similar to achievements with DNS for liquid-solid and liquid-gas of the recent
past.
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Appendix

1 Chapman-Enskog Analysis based on Diffusive Scaling

The use of diffusive scaling in the analysis of the lattice Boltzmann equation is
discussed in Junk et al. [2005], Junk and Yang [2005], Ginzburg et al. [2008a].
In the main text of this thesis, the Chapman-Enskog ansatz is applied without
sophisticated discussion of scaling (Section 3.1.2). In a second step, dimen-
sional analysis of the hydrodynamic lattice Boltzmann models then reveals that
diffusive scaling (δt ∼ δ2

x) is a required assumption for convergence to the incom-
pressible Navier-Stokes equations in the limit δx → 0 (Section 3.2.1). The pur-
pose of this appendix is twofold. First, it will be shown that the derivation of the
Navier-Stokes equations from the lattice Boltzmann scheme can be simplified
if diffusive scaling is assumed apriorily. Second, in this way it becomes clear
that it is justified to use the simpler diffusive second order Chapman-Enskog
solution in the analysis of boundary conditions (Sections 3.2.3 and 3.3).

1.1 Diffusive Ansatz

Under the assumption of diffusive scaling, the grid spacing and time step are
related to the asymptotic parameter by δt ∼ ε2 and δx ∼ ε. It follows that c =
δx/δt ∈ O(ε−1) and cq,α ∈ O(ε−1) for the nonzero lattice velocity components.
Introducing this scaling to the Taylor-expanded lattice Boltzmann equation,
one obtains ∑

n≥1

(ε2δt)
n

n!
Dn
t fq = Aqp(fp − f eq

p ), (1)

instead of Eq. (3.39), where

fq =
∑
k≥0

εkf (k)
q , and Dt = ∂t + ε−1cq,α∂α, (2)

and no further multi-scale expansion is needed. Assuming that terms of order
ε3 and higher are negligible in Eq. (1), and that f (0)

q = f eq
q , we can write

εδtcq,α∂α + ε2δt∂t + ε2
δ2
t

2
cq,αcq,β∂α∂β(

∑
k≥0

εkf (k)
q ) = Aqp(

∑
k≥1

εkf (k)
q ) +O(ε3). (3)

As in the main text, the expanded equation is split up into different orders in ε.
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O(ε): Dividing by ε, and taking the limit ε→ 0 yields

cq,α∂αf
eq
q =

1

δt
Aqpf

(1)
q , (4)

which is free of any time derivative, in contrast to the first order equation of the
main text.

O(ε2): Subtracting Eq. (4) from Eq. (3), we can proceed likewise and obtain an
equation containing only the terms of order ε2,

δtcq,α∂αf
(1) + δt∂tf

eq
q +

δ2
t

2
cq,αcq,β∂α∂βf

eq
q = Aqpf

(2)
p ,

which can be simplified based on Eq. (4) to

∂tf
eq
q + cq,α∂α

(
f (1)
q +

1

2
Aqpf

(1)
p

)
=

1

δt
Aqpf

(2)
p . (5)

1.2 Moment Equations

As in the main text, the corresponding moment equations are the next step to-
wards the target equations. It will be assumed that π0, and πα are the invariant
moments that represent density and momentum of the model. The minimal
system of equations to recover the incompressible flow equations is as follows.

“
∑

q Eq. (4)”: The zeroth order moment equation,

∂α
∑
q

cq,αf
eq
q︸ ︷︷ ︸

=πeqα

=
1

δt

∑
q

Aqpf
(1)
p︸ ︷︷ ︸

=0, by Eq. (3.20)

+O(ε2), (6)

should match with the incompressibility condition. If the second order terms
of Eq. (5) are included, then a compressibility error of the second order in ε
appears just as in the main text (Section 3.2.1).

“
∑

q cq,α[Eq. (4) + Eq. (5)]”: The first order moment equation,

∂t
∑
q

cq,αf
eq
q︸ ︷︷ ︸

=πeqα

+∂β


∑
q

cq,αcq,βf
eq
q︸ ︷︷ ︸

=πeqαβ

+
∑
q

cq,αcq,βf
(1)
q︸ ︷︷ ︸

:=π
(1)
αβ

+
1

2

∑
q

cq,αcq,βAqpf
(1)
p︸ ︷︷ ︸

:=π
(1)∗
αβ


=

1

δt

∑
q

cq,αAqp(f
(1)
p + f (2)

p )︸ ︷︷ ︸
=0, by Eq. (3.20)

+O(ε3),

(7)

should yield the momentum equation of the system.
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Consistency with Navier-Stokes. Assuming the incompressible equilibrium func-
tion of Def. 8 with ρ0 = const, it is now simple to check the consistency of the
system. Equation (6) yields the incompressibility condition,

∂αρ0uα = 0 +O(ε2), (8)

with second order accuracy in space, since ε ∼ δx.
As in the main text, the second order moment λνπ

(1)
αβ = π

(1)∗
αβ needs to be

determined by calculating the second order moment of Eq. (4). This yields,

∂γπ
eq
αβγ =

1

δt
π

(1)∗
αβ +O(ε2). (9)

For the incompressible equilibrium, π(1)
αβ becomes

π
(1)
αβ =

δtc
2
s

λν
(���

���δαβ∂γρ0uγ︸ ︷︷ ︸
by Eq. (8)

+∂αρ0uβ + ∂βρ0uα) +O(ε2). (10)

Substituting back into Eq. (7), we arrive at

∂tρ0uα + ∂β (pδαβ + ρ0uαuβ − ν[∂αρ0uβ + ∂βρ0uα]) = 0 +O(ε2), (11)

where p = ρc2
s is the pressure and ν = δtc

2
s (1/2 + 1/λν) is the kinematic viscos-

ity. Thus, the incompressible Navier-Stokes equation is recovered with second
order spatial accuracy.
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S. Bogner, R. Ammer, and U. Rüde. Boundary conditions for free interfaces
with the lattice Boltzmann method. Journal of Computational Physics, 2015.
doi:10.1016/j.jcp.2015.04.055. URL http://arxiv.org/abs/1409.5645.
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