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Abstract

The goal of this thesis is the robust implementation of an accurate cone-beam im-
age reconstruction algorithm such that it is able to process real C-arm data from
a circle-plus-arc trajectory. This trajectory is complete and especially well suited
for C-arm systems, since it can be performed purely by rotating the C-arm around
the patient without the need to move the patient table. We observed two major
challenges: i) non-ideal acquisition geometry and ii) data truncation. To account for
deviations from the ideal description of the data acquisition geometry, we developed
a novel calibration procedure for the circle-plus-arc trajectory. For the second prob-
lem, we developed two novel truncation correction methods that approximately but
effectively handle data truncation problems. For image reconstruction, we adapted
the accurate M -line algorithm. In particular, we applied a novel and numerically sta-
ble technique to compute the view dependent derivative with respect to the source
trajectory parameter and we developed an efficient way to compute the π-line back-
projection intervals via a polygonal weighting mask. We have chosen the M -line
algorithm, since it does not presume an ideal description of the data acquisition ge-
ometry. We acquired projection data of a physical phantom of a human thorax on
a medical C-arm scanner. Reconstructed images exhibit strong cone-beam artifacts
along the bones of the spine when applying the conventional Feldkamp algorithm.
These results are compared to those obtained with our implementation of the M -line
algorithm. As our ultimate goal, we demonstrate that cone-beam artifacts can be
completely eliminated by applying the M -line algorithm to a Tuy complete set of
data.
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Zusammenfassung

Das Ziel dieser Arbeit ist eine robuste Implementierung eines exakten Rekonstruk-
tionsverfahrens für die Kegelstrahl-Computertomografie, welche im Stande sein muss,
reale Daten, die mit Hilfe einer C-Bogen Anlage entlang einer Teilkreis-und-Kreisbogen
Abtastbahn aufgenommen wurden, zu verarbeiten. Die Teilkreis-und-Kreisbogen Ab-
tastbahn ist eine sog. vollständige Abtastbahn und eignet sich in besonderer Weise für
C-Bogen Anlagen, da lediglich der C-Bogen um den Patienten rotieren muss, ohne
zusätzlich den Patiententisch zu bewegen. Zwei Hauptprobleme sind zu beachten:
i) nicht-ideale Aufnahmegeometrie und ii) Datentrunkierung. Um Abweichungen
von der Idealgeometrie zu berücksichtigen, wurde eine neuartige Kalibrierung für
die Teilkreis-und-Kreisbogen Abtastbahn entwickelt. Für trunkierte Daten wurden
zwei neuartige Trunkierungskorrekturverfahren entwickelt, welche approximativ, je-
doch effectiv Trunkierungsprobleme lösen. Für die Bildrekonstruktion wurde der
exakte M -line Algorithmus implementiert. Hierbei wurde ein neuartiges und nu-
merisch stabiles Verfahren zur Berechnung der blickrichtungsabhängigen Ableitung
entlang des Quellentrajektorienparameters angewandt, sowie außerdem eine effiziente
Möglichkeit entwickelt die π-Linien Rückprojektionsintervalle mit Hilfe einer polyg-
onalen Gewichtungsmaske zu berechnen. Entscheidend für den Einsatz des M -line
Algorithmus war, dass dieser keine ideale Beschreibung der Datenaufnahmegeometrie
voraussetzt. Die Datenaufnahme erfolgte anhand eines physikalischen Phantoms des
menschlichen Thorax mit einer medizinischen C-Bogen Anlage. Die Rekonstruktio-
nen zeigen starke Kegelstrahlartefakte entlang der Knochen des Rückrades, wenn die
Rekonstruktion mit einem herkömmlichen Feldkamp Algorithmus erfolgt. Vergleiche
mit M -line Rekonstruktionen zeigen, dass die Kegelstrahlartefakte vollständig elim-
iniert werden können, wenn der M -line Algorithmus auf einen Datensatz angewandt
wird, der Tuy’s Vollständigkeitsbedingung erfüllt.
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Chapter 1

Introduction

In x-ray cone-beam computed tomography (CT), image reconstruction refers to the
recovery of the x-ray linear attenuation coefficient of an object from a set of cone-
beam projections. A cone-beam projection is a two-dimensional digital x-ray image
of the object under examination. Each image pixel represents the intensity of a
detected x-ray beam, which traveled through this object, as illustrated in Figure 1.1.
For image reconstruction, the x-ray source is required to move along a predefined
path (trajectory) to cover sufficient viewing directions (or angles) around the object.
From each direction, one cone-beam projection is acquired. The information of all
cone-beam projections is then combined and processed to yield the reconstructed
object. In contrast to conventional x-ray radiographs, where the inner structures of
the object are superimposed and often difficult to separate, computed tomography
enables a fully three-dimensional representation of the object.

1.1 Background

Although the mathematical foundation to solve the reconstruction problem was al-
ready formulated in 1917 by Johann Radon [34], the breakthrough for computed
tomography came in 1969 when Godfrey Hounsfield presented the first prototype x-
ray CT scanner for which he received the Nobel price in medicine in 1972, together
with Allan Cormack who independently discovered some of the algorithms [19]. Ever
since, technical advances resulting in lower acquisition time, better dose usage and
higher image quality have led to a vastly growing field of applications in medical
imaging.

Besides technical advances, an important role for the success of computed tomo-
graphy can be attributed to the continuous improvements in analytical image recon-
struction [24]. The reconstruction task is formulated as a typical inverse problem:
from observation (i.e. the measured x-rays) estimate the cause (i.e. the x-ray lin-
ear attenuation coefficient, which we refer to from now on as the x-ray LAC, of the
object).

The analytical methods may be classified as accurate or approximate. In an ide-
alized scenario (monochromatic radiation, linear detector respond, and no geometric
inaccuracies), accurate reconstruction algorithms are mathematically exact in the
sense that they are able to reconstruct the sought x-ray LAC at each location within
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x-ray source

x-ray

cone-beam
projection

examination
object

Figure 1.1: A cone-beam projection is a two-dimensional digital x-ray image of the
object under examination. Each image pixel represents the intensity of a measured
x-ray beam.

the object, up to an arbitrary accuracy. The achievable accuracy depends on the
density of the cone-beam projections along the trajectory (trajectory sampling) and
on the density of the x-ray detector elements (detector sampling) [41]. Simplifica-
tions in the underlying mathematical model have led to approximate reconstruction
algorithms.

To solve the reconstruction task in a computationally efficient way, a technique
called filtered backprojection (FBP) is often applied. As their name implies, FBP
methods basically perform reconstruction of the object by first filtering the cone-
beam projections, then backprojecting the filtered projections into the 3D space.
The most successful approximate FBP algorithm was invented in 1984 by Feldkamp,
Davis and Kress and was named FDK algorithm accordingly [8]. The FDK algorithm
was initially developed for a circle trajectory; see Figure 1.2a). It was later modified
to process cone-beam data also from other trajectories, as for instance a partial circle
(or short-scan) trajectory [33], [38]; see Figure 1.2b). Due to its efficiency, the FDK
algorithm has been implemented successfully on almost every commercially available
medical cone-beam CT imaging system and still maintains its state-of-the-art status
in modern computed tomography, either in its original form or in various extensions
[35].

Despite its success, the FDK algorithm suffers from so-called cone-beam artifacts,
which often manifest as shadow zones around high density contrasts (e.g. air, bone
structures) within the object under examination and which may conceal important
details next to those regions. Cone-beam artifacts are inevitable if a trajectory does
not cover sufficient viewing directions around the object under examination. This is
especially true for a circle or partial circle trajectory.

To avoid cone-beam artifacts, accurate image reconstruction algorithms apply an
extended, so-called complete trajectory; see [37] for an overview of complete source
trajectories. However, until recently, it was unknown how to formulate an accu-
rate algorithm such that it fits into the efficient FBP framework; compared to the
FDK algorithm, accurate algorithms were computationally inefficient and therefore
considered to be commercially uninteresting.
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circle trajectory
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examination object

symmetry axis
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examination object
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Figure 1.2: Exemplary CT source trajectories. As the x-ray source moves along the
depicted paths, the CT system acquires cone-beam projections of the object under
examination (shown as a cylinder here) in certain intervals. a) circle trajectory, b)
partial circle trajectory, c) helix trajectory, d) circle-plus-arc trajectory.

This situation changed dramatically in 2001, when Katsevich presented the first
accurate FBP algorithm for the helix trajectory [21]; see Figure 1.2c). Ever since,
researchers increased their efforts to develop accurate FBP algorithms for a variety
of complete source trajectories, see e.g. [22], [23], [32], [31].
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1.2 Motivation

Over the last 30 years, x-ray CT has become one of the most important imaging
modalities in radiology. Radiologists frequently use CT systems for cross-sectional
imaging of the head with suspicion of internal bleedings, cerebral tumors, apoplexia
or cranial fracture. Whole body CT imaging provides the possibility to search for
tumors, abscesses or cysts in the breast or the abdominal area. Skeletal CT imaging
is the diagnostic method of choice in case of herniated vertebral disk, osteoporosis
or bone fractures. Cardiac CT imaging is applied to visualize the coronary vessel
tree to check for calcification and concretion as an indication of arteriosclerosis. And
intestinal CT imaging is used to identify adenoids in the intestinal area as an indicator
of bowel cancer.

In interventional radiology and cardiology, so-called C-arm systems have been
introduced. In contrast to conventional CT systems, C-arms are equipped with a
movable source-detector assembly; see Figure 1.3. This flexibility is the C-arm’s key
of success in interventional procedures. With this ability, C-arms have become a
valuable tool for orthopedic surgeries, vascular procedures (e.g. angiography), pain
management and cardiac catheterization procedures. Originally, C-arms were de-
veloped and used exclusively for conventional x-ray imaging. As the complexity of
interventional procedures increased, a growing demand in 3D imaging capabilities
has led to the development and implementation of image reconstruction algorithms
for C-arm systems.

For image reconstruction, the C-arm’s enhanced flexibility induces some algorith-
mic requirements. In particular, the C-arm is not able to move the source-detector
assembly along an ideal trajectory due to mechanical inaccuracies and physical phe-
nomena. For instance, gravity causes the C-arm to contract or expand during its
motion. The non-ideality in the data acquisition process has to be considered during
image reconstruction to avoid reconstruction artifacts; see Chapter 4 and Chapter 6.
State-of-the-art implementations of the FDK algorithm often consider geometrical
deviations only in the backprojection step, while the remaining filtering steps are
implemented as if the geometry was ideal. Accurate reconstruction algorithms on the
other hand have to consider the precise data acquisition geometry in each processing
step.

Another problem, inherent especially to C-arm systems, is data truncation. Data
truncation comes from the C-arm’s limited detector size: the C-arm’s imaging system
is not able to illuminate the whole width of the patient. This may cause so-called
data truncation artifacts in the reconstructed object; see Chapter 5 and Chapter 6.
For the FDK algorithm, there exist approaches to solve the data truncation problem.
However, since accurate reconstruction algorithms involve a different filtering step,
other solutions to the data truncation problem have to be found.

The goal of this thesis is the robust implementation of an accurate FBP algorithm
such that it is able to process real C-arm data. We consider two major challenges:
i) non-ideal acquisition geometry and ii) data truncation. For data acquisition, we
use the circle-plus-arc trajectory; it is complete and especially well suited for C-
arm systems since it can be performed purely by rotating the C-arm around the
patient without the need to move the patient table; see Figure 1.2d). For image
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Figure 1.3: The AXIOM Artis dTA C-arm system with flat-panel detector (Siemens
AG, Healthcare Sector, Forchheim, Germany). By courtesy of Siemens AG.

reconstruction, we adapt the M -line algorithm originally presented in [31] to the
requirements imposed by our C-arm system. The M -line algorithm has been our
first choice for this task because it does not presume an ideal description of the data
acquisition geometry. For instance, the filtering step does not require special care,
even if the geometry is non-ideal. Other algorithms, such as [23], require a different
determination of the filtering lines, which may impose additional strategies for a
robust implementation, as for example a trajectory fitting; see [5].

We set up the following tasks:

� Calibrate the circle-plus-arc trajectory to measure the non-ideal description of
the data acquisition geometry.

� Find an approximate but robust solution to the data truncation problem in the
context of the M -line algorithm.

� Adapt all processing steps of the M -line algorithm such that the final imple-
mentation is able to process real C-arm data.

1.3 Outline and Main Contributions

This work is organized as follows. Chapters 1 through 3 provide a theoretical back-
ground of C-arm image reconstruction. Chapters 4 through 6 present the main con-
tributions of this work.

Chapter 2 introduces to modern C-arm systems with a special focus on the AX-
IOM Artis dTA C-arm system (Siemens AG, Healthcare Sector, Forchheim, Ger-
many). We explain the underlying physics of the data acquisition process and provide
a mathematical formulation of the x-ray attenuation process, which is fundamental
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for analytical image reconstruction. We then describe the C-arm flat-panel detec-
tor geometry and provide a mathematical representation for it. We also define the
involved coordinate systems. Then, two trajectories that are well suited for C-arm
systems are introduced. The well known circle (or partial circle) trajectory, which is
commonly used for approximate image reconstruction, and the circle-plus-arc trajec-
tory, which fulfills the sufficiency condition for accurate image reconstruction. For
both trajectories, we provide a mathematical notation and show how the trajectories
can be performed with our particular C-arm system.

Chapter 3 reviews the fundamentals of cone-beam image reconstruction. We
first give a problem definition and present two integral concepts of analytical image
reconstruction, namely the Radon transform and the Fourier Slice Theorem. We also
provide a data completeness condition for the two trajectories under investigation, the
circle trajectory and the circle-plus-arc trajectory. Finally, we review two algorithms
to solve the reconstruction task. The approximate FDK algorithm is state-of-the-art
in modern cone-beam computed tomography and acts as our gold standard. The
accurate M -line algorithm for the circle-plus-arc trajectory is investigated in this
work.

Chapter 4 presents a novel geometric calibration for C-arm scanners, which allows
the geometry determination of the circle-plus-arc trajectory. The main idea is the
separation of the trajectory into two circular segments (circle segment and arc seg-
ment) which are calibrated independently. This separation makes it possible to reuse
a calibration phantom which has been successfully applied in clinical environments
to calibrate numerous routinely-used C-arm systems. For each trajectory segment,
the phantom is placed in an optimal position. The two calibration results are then
combined by computing the transformation the phantom underwent between the in-
dependent calibration runs. This combination can be done in a postprocessing step
by using standard linear algebra. The method is not limited to circle-plus-arc trajec-
tories and works for any calibration procedure in which the phantom has a preferred
orientation with respect to a trajectory segment. Results are presented for both sim-
ulated as well as real data acquired with a C-arm system. The main contributions of
this chapter have been presented at the IEEE Medical Imaging Conference 2006 [15]
and have been published in [16].

Chapter 5 presents two novel truncation correction methods that approximately
but effectively handle data truncation problems for accurate image reconstruction in
the context of the M -line algorithm. Method 1 (Basic Approach) handles data trun-
cation in two successive preprocessing steps by applying a hybrid data extrapolation
method, which is a combination of a water cylinder extrapolation and a Gaussian
extrapolation. It is independent of any specific reconstruction algorithm. Method 2
(Kink Approach) uses similar concepts for data extrapolation as the Basic Approach
but applies only for a specific data acquisition geometry and needs to be integrated
into the reconstruction algorithm. Experiments are presented from simulated data of
the FORBILD head phantom, acquired along the circle-plus-arc trajectory. Although
the discussion is focused on accurate algorithms, the proposed truncation correction
methods can be applied to any FBP algorithm. The main contributions of this chap-
ter have been presented in part at the Fully 3D Meeting 2007 [13] and have been
published in [14].
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As the last step towards accurate cone-beam image reconstruction in C-arm com-
puted tomography, Chapter 6 presents solutions to two challenging implementation
issues for the M -line algorithm such that the algorithm is capable of handling real
C-arm data from the circle-plus-arc trajectory. In particular, we apply a novel and
numerically stable technique to compute the view dependent derivative with respect
to the source trajectory parameter and we present an efficient way to compute the
π-line backprojection intervals via a polygonal weighting mask. For the experiments,
we scanned a physical phantom of a human thorax, which exhibits strong cone-beam
artifacts along the bones of the spine when reconstruction is done with the con-
ventional FDK algorithm. These results are compared to those obtained with our
implementation of the M -line algorithm. As our ultimate goal, we demonstrate that
cone-beam artifacts can be completely eliminated by applying the described imple-
mentation techniques. Some parts of this chapter have been presented at the IEEE
Medical Imaging Conference 2006 [11] and have been published in [28]. An evaluation
of the view dependent derivative in the context of the circle-plus-line trajectory was
presented at the IEEE Medical Imaging Conference 2007 [12].

Chapter 7 summarizes our work and discusses possible future directions for accu-
rate image reconstruction in C-arm computed tomography.

1.4 Mathematical Notation

For the rest of this work, we will follow the convention that vectors are per default
column vectors and will appear with an underline to distinguish them from scalar
values, whereas matrices are assigned capital letters. We make no distinction between
homogeneous or inhomogeneous quantities, such as vectors or matrices, other than
giving textual guidance where this is necessary. Thus, a 3D point x will either have
dimension 4 × 1 or 3 × 1, depending on the context. Likewise, equations involving
homogeneous quantities are treated as normal equations using an equal (=) sign. The
equal sign then means equal up to a non-zero scaling factor, since each side of the
equation may be multiplied by such a factor without changing the equation. As a
further convention, the scalar product of vectors will be denoted with a scalar product
(·) sign. Thus, x>x will be written as x · x.
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Chapter 2

C-arm Imaging and Geometry

This chapter introduces to modern C-arm systems with a special focus on the AXIOM
Artis dTA C-arm system (Siemens AG, Healthcare Sector, Forchheim, Germany).
We explain the underlying physics of the data acquisition process and provide a
mathematical formulation of the x-ray attenuation process, which is fundamental for
analytical image reconstruction. We then describe the C-arm flat-panel detector ge-
ometry and provide a mathematical representation for it. We also define the involved
coordinate systems. Then, two trajectories that are well suited for C-arm systems
are introduced. The well known circle (or partial circle) trajectory, which is com-
monly used for approximate image reconstruction, and the circle-plus-arc trajectory,
which fulfills the sufficiency condition for accurate image reconstruction. For both
trajectories, we provide a mathematical notation and show how the trajectories can
be performed with our particular C-arm system.

2.1 Data Acquisition

For this work, we mainly used an AXIOM Artis dTA C-arm system (Siemens AG,
Healthcare Sector, Forchheim, Germany); see Figure 2.3. For the acquisition of real
cone-beam data, the cone-beam of the C-arm system is focused on a region of interest
(ROI), which is part of the inspected object, and the source-detector assembly follows
a specific trajectory around this ROI. Conventionally, this trajectory is a circle or
partial circle and the acquired cone-beam projections are used for subsequent FDK
reconstruction. The AXIOM Artis dTA C-arm system (Siemens AG, Healthcare
Sector, Forchheim, Germany) acquires up to 30 cone-beam projections per second.1

We may divide the data acquisition process into three successive steps: i) x-ray
generation, ii) x-ray attenuation and iii) x-ray detection. We provide a basic physical
understanding of these steps in the following; for further details we refer to textbooks
such as [2].

To generate x-rays, electrons are sent from a cathode to an anode inside a vacuum
tube. Provided a sufficiently high acceleration voltage, for clinical purposes typically
between 25 kV and 150 kV, the accelerated electrons produce high energy photons,
during two physical processes called Bremsstrahlung and characteristic radiation,

1This operational mode acquires 1024× 1024 matrices with 14 bit digitization depth.

9
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e
-

a) photoelectric effect b) elastic (or Rayleigh)
scattering

g

g

e
-

c) inelastic (or Compton)
scattering

g

g’

g

Figure 2.1: Different physical effects take part in the x-ray attenuation process. In
a), the whole energy of the Röntgen quantum γ is absorbed and used to free one
electron e−. In b), γ interacts with an outer electron and changes direction without
loosing energy. In c), γ frees an outer electron and looses part of its energy, resulting
in γ′, which may be absorbed later by the photoelectric effect of a). Further details
can be found in [2].

g

scintillator crystal

photoelectric diode

Figure 2.2: X-ray detection using a scintillator crystal. When the Röntgen quantum
γ hits the crystal, it is transformed into long wavelength light, which is then captured
by a photoelectric diode and thereby transformed into voltage. Further details can
be found in [2].

when they hit the anode. The emitted photons, characterized by their wavelength,
are termed Röntgen quanta, according to their discovery by Wilhelm Conrad Röntgen
in 1895.

On their way from x-ray source to detector, the photons traverse the inspected
object and are thereby attenuated by the material they pass through. Different
physical effects take part in this attenuation process. Most notably three phenomena
called photoelectric effect, elastic (or Rayleigh) scattering and inelastic (or Compton)
scattering. Depending on the energy of the photons and on the traversed material,
either one of these effects is dominant. The x-ray attenuation process is depicted
in Figure 2.1. Note that other physical effects like pair production require a higher
photon energy to be of relevance than usual for medical purposes and are thus not
depicted in the figure.

On the x-ray detector, the incoming photons are transformed into long wavelength
light by scintillator crystals. The AXIOM Artis dTA C-arm system (Siemens AG,
Healthcare Sector, Forchheim, Germany) uses an a-Si (amorphous Silicon) detector
with CsI (Cesium Iodine) scintillator plate for that purpose. The long wavelength
light is captured by photoelectric diodes and thereby transformed into voltage. The
intensity of this voltage reflects the remaining intensity of the detected photons. The
x-ray detection process is depicted in Figure 2.2.
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For the purpose of analytical image reconstruction, the x-ray attenuation is de-
scribed by the following exponential attenuation equation, which is known as Lambert-
Beer’s Law2

p(λ, θ) = p0e
−

∫∞
0

f(a(λ)+tθ)dt. (2.1)

In this equation, λ ∈ R is the source trajectory parameter (typically the rotation
angle of the source-detector assembly); it controls the location of the x-ray source
with respect to the source trajectory. The x-ray source is pictured as an ideal point
source. The location of this point source is given by the vector a(λ). The parameter
θ, with ‖θ‖ = 1, denotes the direction of the emitted x-ray. The quantities p0 and
p(λ, θ) refer to the initial and the detected (measured) x-ray intensity, respectively.
The function f(x) returns the x-ray LAC of the inspected object at location x. In
computed tomography, f(x) is expressed in Hounsfield units (HU), which are defined
with respect to the attenuation coefficient fH2O of water

fHU(x) =
f(x)− fH2O

fH2O

· 1000 HU. (2.2)

According to that definition, the HU value of water is 0 HU.
From equation (2.1), the corresponding cone-beam projection value g(λ, θ) is com-

puted by taking the logarithm on both sides of the equation

ln(p(λ, θ)/p0) = −
∫ ∞

0
f(a(λ) + tθ)dt. (2.3)

Substituting g(λ, θ) = − ln(p(λ, θ)/p0) gives

g(λ, θ) =
∫ ∞

0
f(a(λ) + tθ)dt. (2.4)

The line integral on the right hand side of this equation represents the total atten-
uation of the x-ray emitted at a(λ) into direction θ through f . We call g(λ, θ) the
acquired cone-beam data.

2.2 Scanner Geometry

The AXIOM Artis dTA C-arm system (Siemens AG, Healthcare Sector, Forchheim,
Germany) is equipped with a movable, ceiling-mounted C-arm. The C-arm carries a
30×40 cm2 flat-panel detector with a diagonal of 48 cm. The detector elements have a
side length of 154 µm, which amounts to a maximal matrix size of 1920×2480 pixels.
The source-detector-distance can be adjusted from 90 cm to 120 cm.

The C-arm flat-panel scanner geometry is depicted in Figure 2.4. To describe
the scanner geometry, we define four coordinate systems: world coordinate system,
source coordinate system, detector coordinate system, image coordinate system.

The world coordinate system is spanned by the orthogonal unit vectors ex =
(1, 0, 0)>, ey = (0, 1, 0)> and ez = (0, 0, 1)>. While the world coordinate system

2Note that Lambert-Beer’s Law does not take into account the energy dependence of the photons.
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remains fixed during the scan,3 the source coordinate system is attached to the x-
ray source and thus moves with the source-detector assembly. The source coordinate
system is spanned by the orthogonal unit vectors eu, ev and ew. The vectors eu and ev

point in the direction of the detector rows and columns, respectively, and the vector
ew points from the detector towards the x-ray source. The x-ray with direction θ
intersects the flat-panel detector at coordinates (u, v)>, where u and v are calculated
as follows

u = −d
θ · eu

θ · ew

(2.5)

v = −d
θ · ev

θ · ew

. (2.6)

The parameter d denotes the source-detector-distance (or focal length). The com-
puted coordinates u and v refer to the detector coordinate system, the origin of
which is at the orthogonal projection of the x-ray source onto the detector plane
(called principal point); the u and v axes are parallel to the vectors eu and ev.

The image coordinate system is used to access a specific pixel within the cone-
beam projection. To express the detector point (u, v)> in the image coordinate sys-
tem, we apply the following affine transformations

û =
u + u0

∆u
(2.7)

v̂ =
v + v0

∆v
. (2.8)

The quantities ∆u and ∆v denote the pixel width and height, respectively. In general,
∆u and ∆v may be different from each other. However, the flat-panel detector of the
Artis C-arm system has square detector elements and so ∆u = ∆v. The parameters
u0 and v0 define the origin of the image coordinate system, with respect to the detector
coordinate system; for convenience, we select this origin to be the mid-point of the
lower left image pixel, though a different choice could have been made just as well.

Vice versa, for a given pixel location (û, v̂)>, we compute the detector coordinates
as follows

u = (û− û0)∆u (2.9)

v = (v̂ − v̂0)∆v, (2.10)

where we have introduced û0 and v̂0, which are scaled versions of u0 and v0, with

û0 =
u0

∆u
(2.11)

v̂0 =
v0

∆v
. (2.12)

The direction of the ray, which connects the detector point (u, v)> to the x-ray source
is then given by

θ =
ueu + vev − dew√

u2 + v2 + d2
. (2.13)

Note that all vectors (ex, ey, ez, eu, ev, ew, a(λ), θ) are defined with respect to the world
coordinate system.

3In practice, the world coordinate system is defined by a calibration phantom, which is used to
calibrate the source trajectory; see Chapter 4 for details.
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flat-panel detector

x-ray source

patient table

monitors

C-arm

control panel

Figure 2.3: The AXIOM Artis dTA C-arm system with flat-panel detector (Siemens
AG, Healthcare Sector, Forchheim, Germany). By courtesy of Siemens AG.

2.3 Trajectories Suited for C-arm Systems

The AXIOM Artis dTA C-arm system (Siemens AG, Healthcare Sector, Forchheim,
Germany) has the flexibility to rotate its C-arm in three orthogonal directions; see
Figure 2.5. For our purposes, only the axial and orbital directions are used for data
acquisition. Let us denote the angle in axial direction with λ1 and the angle in orbital
direction with λ2. In axial direction, the C-arm can be rotated by a maximal angle of
330◦. In orbital direction, the rotation angle is limited to ±100◦. Theoretically, the
x-ray source may move arbitrarily on the spherical surface restricted to the angular
range of those two angles. If we assume a world coordinate system with its origin
located in the iso-center, its z-axis pointing in axial direction and its x-axis pointing
in orbital direction, as depicted in Figure 2.5, a source position may be expressed as
follows

ã(λ1, λ2) = r · (cos λ1 cos λ2, sin λ1 cos λ2, sin λ2)
>, (2.14)

where for our specific C-arm system

0 ≤ λ1 ≤ 330

180
π and − 100

180
π ≤ λ2 ≤ 100

180
π.



14 Chapter 2. C-arm Imaging and Geometry

d

a

( , )u v
T

ew

q

( , )u  v0 0

T

Dv

Du

( , ) (0,0)u v =
T T

world
coordinate
system

source
coordinate
system

detector

coordinate

system

image

coordinate

system

eu

ev

ex

ey

ez

eu

eu

ev

ev

Figure 2.4: C-arm flat-panel scanner geometry.

The parameter r denotes the source-iso-center distance, i.e. the radius of the scan. For
the AXIOM Artis dTA C-arm system (Siemens AG, Healthcare Sector, Forchheim,
Germany), the typical source-iso-center distance is r = 78.5 cm.

In the following, we give the description of two trajectories, which can be per-
formed with our C-arm system. The circle (or partial circle) trajectory is used for
FDK reconstruction. The circle-plus-arc trajectory is an extended (complete) tra-
jectory, which can be utilized for accurate image reconstruction. We restrict our
discussion to these two trajectories although other C-arm suited trajectories, for
which image reconstruction algorithms exist, would also be possible. For instance for
the circle-plus-line trajectory [22], or for the saddle trajectory [32].

2.3.1 Circle Trajectory

The circle trajectory is routinely used for image reconstruction in the clinical envi-
ronment; it is performed with a standard, pre-configured data acquisition protocol
available on all commercial C-arm systems. In fact, the utilized circle trajectory typ-
ically describes only a partial circle, termed short-scan in this context. When using
the AXIOM Artis dTA C-arm system (Siemens AG, Healthcare Sector, Forchheim,
Germany), the circle trajectory may be performed by rotating the C-arm purely in
axial direction; see Figure 2.6 (left). The trajectory then may cover an angular range
of up to 330◦ (see last section).

The circle trajectory is given by equation (2.14) with λ2 = 0. Thus

ã(λ1, 0) = a(λ1) = r · (cos λ1, sin λ1, 0)>, (2.15)
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Figure 2.5: Possible directions for C-arm rotation. Left) axial direction (up to 330◦).
Right) orbital direction (±100◦). The motor located at the ceiling mounting enables
a third rotation, which is not used for data acquisition for our purposes. Images by
courtesy of Siemens AG.
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ex
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Figure 2.6: Possible trajectories for our C-arm system (in head position). Left)
(partial) circle trajectory. Right) circle-plus-arc trajectory. Images by courtesy of
Siemens AG.

and

0 ≤ λ1 ≤ 330

180
π.

Here, λ1 is a polar angle in the (x, y)-plane. According to this definition, the scan
starts at the positive x-axis from location (r, 0, 0)>.
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2.3.2 Circle-plus-Arc Trajectory

The circle-plus-arc trajectory is a complete trajectory (see Section 3.4) and therefore
qualifies for accurate image reconstruction. Although currently not implemented on
any commercially available device, the data acquisition protocol can be configured
easily on a C-arm system. To do so, we split the trajectory into two segments, circle
segment and arc segment. The data along the segments is then acquired indepen-
dently of one another. For the circle segment, the standard, pre-configured data
acquisition protocol is selected and the C-arm is rotated purely in axial direction.
For the arc segment, the C-arm is configured to rotate in orbital direction; see Figure
2.6 (right). Although theoretically an angular range of ±100◦ is possible in orbital
direction, the configured circle-plus-arc trajectory is practically limited to a maximal
angular range of ±22◦ before the source-detector assembly collides with the patient
table.

The circle segment of the circle-plus-arc trajectory is defined in equation (2.15).
As before, the circle scan starts at the positive x-axis from location (r, 0, 0)>. If we
select the arc segment to intersect the point (r, 0, 0)>, we get from equation (2.14)
with λ1 = 0

ã(0, λ2) = a(λ2) = r · (cos λ2, 0, sin λ2)
>, (2.16)

and

− 22

180
π ≤ λ2 ≤ 22

180
π

for the arc segment. According to this definition, the circle-plus-arc trajectory is two-
sided, which means that the arc segment reaches to both sides of the (x, y)-plane. A
one-sided trajectory may be configured by further limiting the orbital angle, i.e. by
selecting either − 22

180
π ≤ λ2 ≤ 0 or 0 ≤ λ2 ≤ 22

180
π. However, a two-sided circle-plus-

arc trajectory allows an accurate reconstruction of the inspected object below and
above the (x, y)-plane. A one-sided trajectory allows us to accurately reconstruct the
object only on the respective arc side of the (x, y)-plane.



Chapter 3

Cone-Beam Image Reconstruction
Fundamentals

This chapter reviews the fundamentals of cone-beam image reconstruction. We first
give a problem definition and present two integral concepts of analytical image re-
construction, namely the Radon transform and the Fourier Slice Theorem. We then
provide a data completeness condition for the two trajectories under investigation,
the circle trajectory and the circle-plus-arc trajectory. Finally, we review two algo-
rithms to solve the reconstruction task. The approximate FDK algorithm for circular
trajectories is state-of-the-art in modern computed tomography and acts as our gold
standard. The accurate M -line algorithm for the circle-plus-arc trajectory is investi-
gated in this work.

3.1 Problem Definition

The task in image reconstruction is to recover the x-ray linear attenuation coefficient
f(x) of the object under investigation. We would like to reconstruct f(x) from the
acquired cone-beam data g, where

g(λ, θ) =
∫ ∞

0
f(a(λ) + tθ)dt (3.1)

is the integral along the line with direction θ, as known from equation (2.4). This
relation between the object and the acquired data formulates a typical inverse prob-
lem: from observations g, estimate the cause f . In the following sections, we will
show how this inverse problem can be solved.

3.2 3D Radon Transform and Fourier-Slice Theo-

rem

One of the fundamental mathematical concepts in analytical image reconstruction is
the Radon transform. The three-dimensional Radon transform (Rf )(n, s) is defined
as

(Rf )(n, s) =
∫ +∞

−∞

∫ +∞

−∞
f(sn + aα + bβ)dadb, (3.2)

17
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which is the plane integral through f over the plane with unit normal vector n and
distance s from the origin; see Figure 3.1. Each tuple (n, s) defines a location in the
so-called 3D Radon space, corresponding to a specific value of Rf . Note that the
origin (n, 0) contains many Radon data Rf (n, 0), Rf ∈ S2×R, where S2 denotes the
unit sphere.

Let us consider a line through the origin with fixed direction n. Application of a
one-dimensional Fourier transform of Rf with respect to s along that line gives

(FR1D
f )(n, σ) =

∫ +∞

−∞
(Rf )(n, s)e−2πiσsds. (3.3)

On the other hand, consider the three-dimensional Fourier transform of f

(F3D
f )(σ) =

∫

R3
f(x)e−2πiσ·xdx. (3.4)

The following equality is known as the Fourier Slice Theorem

(FR1D
f )(n, σ) = (F3D

f )(σn). (3.5)

The Fourier Slice Theorem states that by performing a one-dimensional Fourier trans-
form of Rf with respect to s at fixed direction n, one obtains the same frequency
values as by evaluating the three-dimensional Fourier transform of f along the line
with direction n through the origin. A proof of this relation is based on a reformula-
tion of equation (3.3)

(FR1D
f )(n, σ) =

∫ +∞

−∞
(Rf )(n, s)e−2πiσsds

=
∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
f(sn + aα + bβ)e−2πiσsdadbds

=
∫

R3
f(x)e−2πiσn·xdx

= (F3D
f )(σn),

where we used the relations s = n · x and x = sn + aα + bβ for a change of variables
with the Jacobian J = 1.

In the following, we will show how the Fourier Slice Theorem provides a way to
reconstruct the object f .

3.3 Towards Accurate Cone-Beam Image Recon-

struction

The Fourier Slice Theorem provides an important connection between the Radon
transform of the object and the object itself; it tells us that once the Radon transform
of the object is known, we may reconstruct the object by first applying an inverse
three-dimensional Fourier transform as follows

f(x) =
∫

R3
(F3D

f )(σ)e2πiσ·xdσ. (3.6)
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Figure 3.1: Visualization of the three-dimensional Radon transform (Rf )(n, s) as the
plane integral through f over the plane with unit normal vector n and distance s
from the origin.

Then, the change of variables σn = σ with the Jacobian J = σ2 let us apply the
Fourier Slice Theorem to get

f(x) =
1

2

∫

S2

[∫ +∞

−∞
σ2(FR1D

f )(n, σ)e2πiσn·xdσ
]
dn, (3.7)

where the factor 1/2 results from the fact that all vectors σn = (−σ)(−n) appear
twice and (FR1D

f )(n, σ) = (FR1D
f )(−n,−σ). The inner integral (the one in square

brackets) amounts to a convolution of the Radon data Rf with a specific filter. This
filter, whose Fourier transform is given by σ2 = (2πiσ)2/(−4π2), applies the second
derivative to the Radon data.1 Thus, we arrive at the following inversion formula for
the Radon transform

f(x) = − 1

8π2

∫

S2
(R′′

f )(n, n · x)dn, (3.8)

where

(R′′
f )(n, s) =

(
∂2

∂2s
Rf

)
(n, s) (3.9)

denotes the second derivative of the Radon transform with respect to s, at fixed
direction n.

To actually perform this inversion, we need an expression that links Rf to the
acquired cone-beam data g. Obviously, this link exists only if the x-rays associated
with g lie in the plane associated with Rf . Consequently, that plane also contains
the x-ray source. Computation of the plane integral Rf from the cone-beam data g
cannot be done easily, since the plane is illuminated only by divergent x-rays. The
problem is illustrated in Figure 3.2. The figure shows a plane through the object
that is illuminated by x-rays. If the x-rays were all parallel, integration along the
direction orthogonal to those rays would produce the Radon value corresponding to
the illuminated plane. Since the x-rays are divergent, integration along the same
direction does not yield the desired plane integral.

1Note that a filter, whose Fourier transform is given by 2πiσ, applies the first derivative to a
function. Consequently, (2πiσ)2 applies the second derivative to a function.
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In 1991, a solution was provided by Grangeat [9]. Grangeat was able to show that
by differentiating the acquired cone-beam values with respect to the angle ν, which
is the angle formed by the x-ray corresponding to the cone-beam value under inves-
tigation and the central x-ray, see Figure 3.2 (right), one obtains the first derivative
R′

f of the Radon transform. Grangeat’s reconstruction formula basically requires to
compute the second derivative R′′

f by differentiating the computed R′
f with respect

to s and applying then the Radon inversion formula (3.8). However, reconstruction
with Grangeat’s formula cannot be implemented in the computationally efficient FBP
way (see [26] for an implementation).

In 2001, Katsevich presented a novel reconstruction formula [21], which is based
on the following relation [48]

(R′′
f )(n, a(λ) · n) = − 1

a′(λ) · n
∫

S2
δ′(θ · n)g′(λ, θ)dθ, (3.10)

where

δ′(t) =
d

dt
δ(t) (3.11)

is the derivative of the Dirac delta function,

a′(λ) =
d

dλ
a(λ) (3.12)

is the derivative of the source trajectory a(λ) with respect to the source trajectory
parameter λ, and

g′(λ, θ) =
∂

∂λ
g(λ, θ)

∣∣∣∣∣
θ fixed

(3.13)

is the derivative of the cone-beam data g(λ, θ) with respect to the source trajectory
parameter λ, at fixed ray direction θ.

From (3.10), we see that to obtainR′′
f , we have to integrate over all (differentiated)

cone-beam data with the weighting factor δ′(θ · n). The support of this weighting
factor can be interpreted as the difference between two planes with normal vector
near n [48]. Once we have computed R′′

f from the cone-beam data, we are able to
reconstruct the object by using the Radon inversion formula (3.8).

Formula (3.10) is known as the Katsevich formula and was introduced in Kat-
sevich’s general reconstruction scheme [20]. This scheme has led, unlike former re-
construction schemes, to a series of efficient accurate reconstruction algorithms for
various complete source trajectories; see e.g. [22], [23], [32], [31]. Consequently, the
view dependent data differentiation step (3.13), known as the Katsevich derivative,
is inherent to each of these algorithms; its implementation represents a difficulty in
its own. We will show in Section 6.3.1 a robust and stable implementation of the
Katsevich derivative and apply it to the M -line algorithm. Before we present an
actual reconstruction algorithm, we introduce a data completeness condition, which
has to be fulfilled as a prerequisite for accurate image reconstruction, in the following
section.
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Figure 3.2: If the object is illuminated by parallel rays (left), integration of the cone-
beam values along the direction orthogonal to the x-rays (see arrows), produces the
Radon value corresponding to the depicted plane, whereas in case of divergent rays
(right), integration along the same direction does not yield the desired plane integral;
see e.g. [19].

3.4 Tuy’s Data Completeness Condition

In 1983, Tuy deduced a data completeness condition for image reconstruction; see
[42]. It states that accurate image reconstruction at a location x inside the ROI is
possible if and only if every plane through x intersects the source trajectory at least
once. This intersection should not happen tangentially to the trajectory and not at
an endpoint of the trajectory [3]; see Figure 3.3. The justification of this condition
may be seen from the Radon inversion formula (3.8), which requires the computation
of the second derivative of the Radon transform for all planes that pass through x.
As stated before, this computation can only be done when every such plane contains
an x-ray source. The requirement that the plane-trajectory intersection happens
non-tangentially and not at an endpoint of the trajectory was relaxed in Katsevich’s
general inversion scheme; cf. [20].

Using Tuy’s condition, one may classify any given source trajectory as complete
if the condition is fulfilled or as incomplete otherwise. We will see in the following
sections that the circle trajectory is incomplete according to Tuy and does not qualify
for accurate cone-beam image reconstruction outside the plane of the trajectory, while
the circle-plus-arc trajectory fulfills Tuy’s data completeness condition.

3.5 Feldkamp Algorithm

The Feldkamp or FDK algorithm was invented in 1984 by Feldkamp, Davis and Kress
[8]. The algorithm was initially designed for a circle trajectory. It was later modified
to process cone-beam data also from other trajectories, as for instance from a partial
circle trajectory [33], [38].

Since the circle trajectory is incomplete according to Tuy, it does not qualify for
accurate cone-beam image reconstruction outside the plane of the trajectory. This
is so, because through each point outside, one can always find a plane which does
not intersect the trajectory; imagine for example a plane which is parallel to the
plane of the trajectory. To emphasize this well known fact, we show in Figure 3.4
the Radon space for the circle trajectory. Recall that any location in Radon space
corresponds to a specific plane with unit normal vector n and distance s from the
origin. The depicted set of Radon values are located inside of a torus centered at
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source trajectory

xx

Figure 3.3: Visualization of Tuy’s data completeness condition. In order to perform
accurate image reconstruction at x, every plane through x should intersect the source
trajectory.

x=0

y=0

z=0

shadow zone

Figure 3.4: The Radon space covered by the circle trajectory. Points inside this torus
correspond to planes that intersect the source trajectory.

(0, 0, 0)>, with radius r/2, and correspond solely to planes that intersect the circle
trajectory. The region not covered by Radon values corresponds to planes that do not
have this property and is termed shadow zone in the literature. Note that the Radon
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Space for the partial circle trajectory is very similar to that of the circle trajectory,
except that torus is not closed.

Because the FDK algorithm utilizes an incomplete trajectory, it is an approximate
image reconstruction algorithm. In fact, the FDK algorithm is based on a 2D image
reconstruction formula and may be regarded as an empirical 3D extension of a 2D
algorithm [35].

The FDK algorithm reconstructs the attenuation coefficient f accurately only in
the plane of the trajectory. Outside of this plane, the algorithm approximates f .
One can show however that in the special case when the object is constant along the
direction orthogonal to the plane of the trajectory, reconstruction is accurate also
outside of that plane; cf. [8].

The FDK algorithm applies a filtered backprojection technique to solve the re-
construction task in a computationally efficient way. Due to its efficiency, the FDK
algorithm has been implemented successfully on almost every commercially available
medical CT imaging system and still maintains its state-of-the-art status in modern
computed tomography, either in its original form or in various extensions [35].

In the following sections, we review the processing steps of the FDK algorithm.
For a derivation of the algorithm, we refer to [8] and to textbooks such as [2], [19].

3.5.1 Step 1: Cosine Weighting

Perform a cosine weighting of the projection data g, according to

g2(λ, u, v) =
d√

u2 + v2 + d2
g1(λ, u, v), (3.14)

where we used g1(λ, u, v) = g(λ, θ) to express each cone-beam value by its detec-
tor coordinates (u, v)>. The factor d√

u2+v2+d2 weights each detector pixel value to
normalize the distance between the detector pixel and the x-ray source position; see
Figure 3.5. This factor is equivalent to the cosine of the angle ω and one may verify
that

cos(ω) = −ew · θ =
d√

u2 + v2 + d2
, (3.15)

by replacing θ with the right hand side of equation (2.13) and noting that ew ⊥ eu

and ew ⊥ ev.

3.5.2 Step 2: Data Redundancy Weighting

Perform a data redundancy weighting, according to

g3(λ, u, v) = w1(λ, u)g2(λ, u, v), (3.16)

where the weighting function w1(λ, u) is given by

w1(λ, u) = 0.5 (3.17)

for a circle trajectory, and typically

w1(λ, u) =





sin2( πλ
4(ωmax−λ∗)) 0 ≤ λ ≤ 2ωmax − 2λ∗

1 2ωmax − 2λ∗ ≤ λ ≤ π − 2λ∗

sin2(π(π+2ωmax−λ)
4(ωmax+λ∗) ) π − 2λ∗ ≤ λ ≤ π + 2ωmax

(3.18)
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Figure 3.5: The factor d√
u2+v2+d2 weights each detector pixel value to normalize the

distance between the detector pixel and the x-ray source position. This factor is
equivalent to the cosine of the angle ω.

for a partial circle trajectory, with λ∗ = arctan(u/d); this corresponds to the original
Parker weighting [33].

The weighting function considers the fact that some line integrals (cone-beam
values) through any given point inside the object is measured twice. This is true for
points located in the plane of the trajectory. Points outside of this plane are treated
as if they were located at their orthogonal projection onto that plane, which is also
evident from the function w1(λ, u), which is independent of the v-coordinate.

3.5.3 Step 3: Ramp Filtering

Apply a one-dimensional convolution along the filtering lines (i.e. the detector rows)
to obtain

g4(λ, u, v) =
∫ +∞

−∞
hramp(u− u′)g3(λ, u′, v)du′, (3.19)

where hramp(u) denotes the Ramp kernel in the spatial domain

hramp(u) =
−1

2π2u2
. (3.20)

Here, we assume that eu is parallel to the plane of the trajectory. If this assumption
is violated, for instance, due to a slight detector tilt or rotation, those deviations are
often assumed to be negligible in practical implementations and filtering is performed
in the direction of eu anyway.

3.5.4 Step 4: Backprojection

Backproject the filtered projections into the image space, according to

f(x) = rd
∫ λ+

λ−

g4(λ, u∗, v∗)
|(x− a(λ)) · ew|2

dλ, (3.21)
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Algorithm 1: FDK algorithm for the circle or partial circle trajectory.

Objective: Given the acquired cone-beam data g, reconstruct the object f .

foreach x do Set f(x) = 0.
for λ = λ− to λ+ do

1 Compute g2(λ, u, v) by weighting the data using equation (3.14).
2 Compute g3(λ, u, v) by weighting the data using equation (3.16).
3 Compute g4(λ, u, v) by filtering the data using equation (3.19).

foreach x do
4a Compute the detector coordinates (u∗, v∗)> using equation (3.22).
4b Compute g4(λ, u∗, v∗) by bilinear interpolation from the preprocessed

data g4(λ, u, v).

4c Set f(x) = f(x) + rd g4(λ,u∗,v∗)
|(x−a(λ))·ew|2 ∆λ.

end

end

where (u∗, v∗)> are the detector coordinates of the projection of x onto the detector
plane

u∗ = −d
(x− a(λ)) · eu

(x− a(λ)) · ew

, v∗ = −d
(x− a(λ)) · ev

(x− a(λ)) · ew

. (3.22)

The backprojection interval is given by

λ− = 0, λ+ = 2π (3.23)

for a circle trajectory, and typically

λ− = 0, λ+ = π + 2ωmax (3.24)

for a partial circle trajectory. The angle 2ωmax is called fan angle. For a cylindrical
ROI with radius rc, centered at (0, 0, 0)>, ωmax = arcsin(rc/r); see [19].

The FDK approach is summarized in Algorithm 1.

3.6 M-line Algorithm

The M -line reconstruction algorithm was invented in 2005 by Pack and Noo as an ac-
curate image reconstruction method; see [31]. In general, this reconstruction formula
can be applied to any complete source trajectory according to the definition given
by Tuy. However, the presented algorithmic steps are specific to its application on
the circle-plus-arc trajectory. Figure 3.6 explains the fundamental setup for a better
understanding of those steps.

As can be seen in this figure, the method involves a specific point, called M -point,
on the source trajectory. In general, this point can vary for each x inside the ROI,
but at a cost in efficiency. For our purposes, we assume the M -point is chosen fixed.
That means that all object points are associated to the same M -point. This M -point
is preferably located (approximately) in the middle of the circle segment, as done in
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Figure 3.6: M -line reconstruction for the circle-plus-arc trajectory. For each point
x inside the object, there is one associated M -line and one associated π-line. The
M -line defines the filtering directions for x. The π-line delimitates the portion of the
trajectory from where the data must be backprojected onto x, to reconstruct f(x)
accurately.

[31] and [11]. This selection mitigates axial data truncation in case of long objects
(see also Chapter 5). The line connecting x with the M -point is a so-called M -line.
In this algorithm, the M -line defines the filtering directions for x. More exactly, for
each cone-beam projection, the filtering direction for x is defined by the projection
of the M -line associated to x onto the detector plane (see also Section 3.6.3).

Figure 3.6 shows a second line passing through x, a so-called π-line. A π-line is
a line which connects two opposite source positions on the trajectory. By definition,
a π-line is unique in the sense that there exists only one such line for any given x.
A well known property of π-lines is that any point on such a line fulfills Tuy’s data
completeness condition, since all planes passing through a specific point on that line
intersect the source trajectory. The existence and uniqueness of π-lines for the circle-
plus-arc trajectory was shown in [23]. It was also shown that those π-lines cover a
large volume; see Figure 3.7. The π-line containing x delimitates the portion of the
trajectory from where the data must be backprojected onto x, to reconstruct f(x)
accurately. Backprojection is carried out independently over three segments and then
the contributions are accumulated. The first segment {λ−1 ; λ+

1 (x)} defines the portion
of the trajectory from the M -point to the point where the π-line through x intersects
the circle segment. The second segment {λ−2 (x); λ+

2 } reaches from the π-line’s other
intersection with the arc segment to the foot point of the arc segment. The third
segment {λ−3 ; λ+

3 } goes from this foot point back to the M -point.

In the following sections, we review the processing steps of the M -line algorithm
in the specific context of reconstruction from a circle-plus-arc trajectory. For a deriva-
tion of the algorithm, we refer to [31].
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Figure 3.7: The volume covered by the union of all surfaces (see hatched areas),
defined by π-lines connecting one source position on the arc segment to all source
positions on the circle segment, can be reconstructed accurately; see [23] for details.

3.6.1 Step 1: View Dependent Differentiation

Step 1 is the differentiation of the cone-beam data with respect to the source trajec-
tory parameter (typically the rotation angle of the source-detector assembly) at fixed
ray direction θ, according to

g1(λ, u, v) =
∂

∂λ
g(λ, θ)

∣∣∣∣∣
θ fixed

. (3.25)

This step corresponds to taking the Katsevich derivative. The implementation of
this step may be critical in terms of resolution and image quality and is shown in
Chapter 6.

3.6.2 Step 2: Cosine Weighting

Perform a cosine weighting, as known from the FDK algorithm

g2(λ, u, v) =
d√

u2 + v2 + d2
g1(λ, u, v). (3.26)

3.6.3 Step 3: Forward Rebinning

Generate values on a rebinned detector grid by interpolation of the values from the
original detector grid, such that each row of the rebinned detector holds the values
for exactly one filtering line; see Figure 3.8. The filtering lines are the projections
of the M -lines onto the detector plane (cf. Figure 3.6); as depicted in Figure 3.8,
they all intersect at the same point, namely the projection of the M -point, located
at (uM , vM)>.

Mathematically, the forward rebinning corresponds to a coordinate transform from
detector coordinates (u, v)> to filtering line coordinates (u, η)>, where η denotes the
slope of the filtering line, according to

g3(λ, u, η) = g2(λ, u, v∗), (3.27)

where
v∗ = η(u− uM) + vM . (3.28)
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Figure 3.8: Forward rebinning: the values on the rebinned detector grid (right) are
generated by linear interpolation from the values on the original detector grid (left).
The filtering lines are sampled such that interpolation needs to be done only in vertical
direction. In horizontal direction, both detector grids coincide. The figure shows a
case with five filtering lines. As illustrated, the detector values that are at the two
positions (crosses ’+’) within the dashed circle on the left are interpolated to produce
the rebinned detector value within the dashed circle on the right.

Note that the implementation of the Katsevich algorithm for the helix trajectory,
shown in [29], contains a similar rebinning step, called forward height rebinning there.

3.6.4 Step 4: Hilbert Filtering

Apply a one-dimensional Hilbert transform along the filtering lines

g4(λ, u, η) =
∫ +∞

−∞
hhilb(u− u′)g3(λ, u′, η)du′, (3.29)

where hhilb(u) denotes the Hilbert kernel in the spatial domain

hhilb(u) =
1

πu
. (3.30)

3.6.5 Step 5: Backward Rebinning

Generate values on the original detector grid by interpolation of the values from the
rebinned detector grid; see Figure 3.9.

The backward rebinning corresponds to a coordinate transform from filtering line
coordinates (u, η)> back to detector coordinates (u, v)> according to

g5(λ, u, v) = g4(λ, u, η∗), (3.31)

where

η∗ =
v − vM

u− uM

. (3.32)

3.6.6 Step 6: Data Selection

Select for each x the subset of filtered projections that corresponds to the portion of
the trajectory that is delimitated by the intersection points of the π-line through x
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Figure 3.9: Backward rebinning: the values on the original detector grid (left) are
generated by linear interpolation from the values on the rebinned detector grid (right),
similar to the forward rebinning case. The figure shows a case with five filtering lines.
As illustrated, the rebinned detector values that are at the two positions (circles ’o’)
within the dashed circle on the right are interpolated to produce the detector value
within the dashed circle on the left.

with the source trajectory, i.e. select the data that must be backprojected onto x; cf.
Figure 3.6. This data selection is done according to

g6(λ, u, v) = w2(λ, u, v)g5(λ, u, v). (3.33)

The function w2(λ, u, v) takes only values between zero and one and masks out data
that does not need to be backprojected, as shown in Chapter 6.

3.6.7 Step 7: Backprojection

Backproject selected filtered projections into the image space, according to

f(x) = −
3∑

q=1

tq
2π2

∫ λ+
q

λ−q

g6(λ, u∗, v∗)
(x− a(λ)) · ew

dλ, (3.34)

where (u∗, v∗)> are the detector coordinates of the projection of x onto the detector
plane

u∗ = −d
(x− a(λ)) · eu

(x− a(λ)) · ew

, v∗ = −d
(x− a(λ)) · ev

(x− a(λ)) · ew

, (3.35)

and t1 = 1, t2 = −1, t3 = −1; cf. Figure 3.6. Also,

λ−1 = λ+
1 /2

λ+
1 = 2π − arccos(rc/r)− arccos(rc/(r cos λ∗))

λ−2 = 2 arctan(hc/(r − rc))

λ+
2 = 0

λ−3 = λ+
2

λ+
3 = λ−1 . (3.36)

Note that λ+
1 and λ−2 do not depend on x here and really denote the endpoints of

the source trajectory and not the endpoints of the backprojection interval of x. The
correct data selection is guaranteed by the weighting mask w2(λ, u, v).
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Figure 3.10: Top view onto the circle-plus-arc trajectory. The angular range λ+
1 of

the circle segment is determined by the orthogonal projection of the line, passing
through the highest point on the arc segment (the one corresponding to λ−2 ) and
being tangent to the ROI, onto the plane of the circle segment.

The value for λ−2 is the same as smx
2 from [23] and corresponds to the minimal

angular range of the arc segment, required to reconstruct a cylindrical ROI with
radius rc and height hc, centered at (0, 0, 0)>; see [23], equation (4.4). Similarly,
one may want to compute the minimal required angular range of the circle segment
λ+

1 for the same ROI by first substituting h = rc and xmn
3 = hc into equation (4.2)

of [23] and solving for s2 ≤ smx
2 , then plugging λ∗ = s2 into the formula for λ+

1

above. However, doing so appears too cumbersome and is actually not needed. For
a practical implementation, we use λ∗ = λ−2 ; see Figure 3.10. This gives a minimally
larger value for λ+

1 , and the angular range of the circle segment becomes a little larger
than absolutely required. No consequences are to be expected by doing so, since, as
remarked before, the selection of the backprojection interval for each x is taken care
of by the weighting mask w2(λ, u, v) already in the data selection step.

The M -line approach is summarized in Algorithm 2.
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Algorithm 2: M -line algorithm for the circle-plus-arc trajectory.

Objective: Given the acquired cone-beam data g, reconstruct the object f .

foreach x do Set f(x) = 0.
for q = 1 to 3 do

foreach x do Set fq(x) = 0.
for λ = λ−q to λ+

q do
1 Compute g1(λ, u, v) by differentiating the truncation corrected data

with respect to λ using equation (3.25).
2 Compute g2(λ, u, v) by weighting the data using equation (3.26).
3 Compute g3(λ, u, η) = g2(λ, u, v∗) by linear interpolation from

g2(λ, u, v) using equation (3.28).
4 Compute g4(λ, u, η) by filtering the data using equation (3.29).
5 Compute g5(λ, u, v) = g4(λ, u, η∗) by linear interpolation from

g4(λ, u, η) using equation (3.32).
6 Compute g6(λ, u, v) by weighting the data using equation (3.33).

foreach x do
7a Compute the detector coordinates (u∗, v∗)> using equation (3.35).
7b Compute g6(λ, u∗, v∗) by bilinear interpolation from g6(λ, u, v).

7c Set fq(x) = fq(x) + g6(λ,u∗,v∗)
(x−a(λ))·ew

∆λ.

end

end

Set f(x) = f(x) + tq
2π2 fq(x).

end
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Chapter 4

Geometric Calibration of the
Circle-plus-Arc Trajectory

This chapter presents a novel geometric calibration for C-arm scanners, which allows
the geometry determination of the circle-plus-arc trajectory. The main idea is the
separation of the trajectory into two circular segments (circle segment and arc seg-
ment) which are calibrated independently. This separation makes it possible to reuse
a calibration phantom which has been successfully applied in clinical environments
to calibrate numerous routinely-used C-arm systems. For each trajectory segment,
the phantom is placed in an optimal position. The two calibration results are then
combined by computing the transformation the phantom underwent between the in-
dependent calibration runs. This combination can be done in a postprocessing step
by using standard linear algebra. The method is not limited to circle-plus-arc trajec-
tories and works for any calibration procedure in which the phantom has a preferred
orientation with respect to a trajectory segment. Results are presented for both sim-
ulated as well as real data acquired with a C-arm system. The main contributions of
this chapter have been presented at the IEEE Medical Imaging Conference 2006 [15]
and have been published in [16].

4.1 Introduction

Unlike CT systems, C-arm systems are not capable of acquiring projections along an
ideal trajectory because of their open design [39]. Therefore, the trajectory has to
be determined by a calibration procedure and the deviations from an ideal trajectory
have to be considered in the reconstruction algorithm to avoid severe artifacts [5],
[27], [46]. The calibration procedure is consequently understood as a mandatory step
in image reconstruction in order to be able to process real data from a C-arm system.
Fortunately, the C-arm motion is highly reproducible over a period of 6 months [6],
and so calibration can be done off-line with updating only needed about twice per
year in clinical environments.

The term calibration here refers to the estimation of all parameters which com-
pletely describe the geometry of the cone-beam data acquisition system. Various
calibration methods have been suggested in the literature, see e.g. [1], [4], [27], [39],
[40], [43], [47]. For the parameter estimation, all methods require to scan a calibra-

33
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tion phantom of known geometry. In the majority of cases, this phantom consists of
various spheres of high attenuation which are embedded in low attenuation base ma-
terial. The measured 2D location of the spheres in the cone-beam projection together
with their known 3D positions then allows to obtain expressions for all calibration
parameters. The design of the phantom (its shape, sphere size, sphere location, num-
ber of spheres etc.), however, may vary considerably and is mainly motivated by the
data acquisition system, the trajectory and the object under consideration. Apart
from the specific calibration phantom, the methods may be divided into two groups
according to how the parameter estimation itself is done.

The first group consists of methods where the complete set of system parameters
is estimated for each cone-beam projection separately and independently of all other
projections, e.g. [4], [39], [40]. The method in [39] was specifically designed for C-arm
image reconstruction from a circular trajectory using a calibration phantom with 108
spheres located along a spiral path. The method in [4] is similar to that in [39]; it
presents a C-arm calibration procedure for a circular trajectory using a phantom with
41 spheres in a spiral arrangement. And the approach in [40] investigates calibration
for an arbitrary trajectory with a phantom consisting of 30 spheres located on three
orthogonal circles and one additional sphere in the center of the phantom.

The methods belonging to the second group use more than one projection to
determine the calibration parameters for each source position, e.g. [1], [27], [43],
[47]. The method in [27] was designed to calibrate a circular trajectory by using a
calibration object consisting only of two spheres. The method in [1] can be used to
calibrate a pinhole camera of a single photon emission computed tomography system
with a geometry similar to that of a flat-panel C-arm system. They estimate the
calibration parameters using an object with three spheres. The approach in [47]
investigates calibration of a cone-beam scanner using the elliptical projection orbit of
several spheres located on a planar calibration object. And [43] presents a calibration
procedure for a circular trajectory based on a Fourier analysis of the projection orbit
of several spheres.

This chapter presents a novel geometric calibration procedure for the circle-plus-
arc trajectory, which is investigated in this thesis. The presented calibration proce-
dure builds on the method in [39] and is motivated by the recent development of exact
reconstruction algorithms for the circle-plus-arc trajectory [23], [31]. Our main idea
for calibration is the separation of the trajectory into two circular segments (circle
segment and arc segment) which are calibrated independently. This separation al-
lows us to reuse the calibration phantom and the calibration procedure of [39] which
has been successfully applied in clinical environments to calibrate the circular trajec-
tory of numerous routinely-used C-arm systems. The proposed method consists of
two major steps: i) independent calibration of the circle and the arc segment where
for each calibration run, the calibration phantom is placed optimally with respect
to the segment under consideration, and ii) combination of the calibration results
by computing the transformation the phantom underwent between the independent
runs. The problem of finding this transformation is formulated as a system of linear
equations which is solved by using standard linear algebra.
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Figure 4.1: A projection matrix describes the mapping of any point x from world
coordinates to image coordinates (û, v̂)> and thus contains all geometrical information
about the C-arm device for a given cone-beam projection.

4.2 Background

This section shows how all necessary geometrical information about the device and
its trajectory can be contained within projection matrices. We also provide a detailed
description of the used calibration phantom together with the corresponding calibra-
tion algorithm which will later be used to calibrate each segment of the circle-plus-arc
trajectory.

4.2.1 Projection Matrices

In C-arm CT, the projective geometry can be described by assigning to each mea-
surement position one homogeneous 3 × 4 matrix P that contains all geometrical
information about the measurement [10]. The matrix P is called projection matrix
because it maps a point x from the world coordinate system to a point (û, v̂)> in the
image coordinate system, according to the formula

c(û, v̂, 1)> = Px, (4.1)

where c is a homogeneous scaling factor; see Figure 4.1. Here, x = (x, y, z, 1)> is a
homogeneous vector and c(û, v̂, 1)> is the homogeneous version of (û, v̂)>.

The mapping described by P can be decomposed in three successive steps: i)
transformation of the point from world coordinates to x-ray source coordinates (Eu-
clidian transformation), ii) projection of the point onto the detector plane where it
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Figure 4.2: The PDS-2 calibration phantom contains 108 steel spheres. The big
spheres constitute a logical one and the small spheres constitute a logical zero.

is represented by detector coordinates (central projection), iii) transformation of the
point to image coordinates (affine transformation):

P =




1
∆u

s0 û0

0 1
∆v

v̂0

0 0 1




︸ ︷︷ ︸
affine transformation




d 0 0 0
0 d 0 0
0 0 1 0




︸ ︷︷ ︸
central projection

[
R −Ra
0> 1

]

︸ ︷︷ ︸
Euclidian transformation

. (4.2)

In this decomposition, R is an inhomogeneous 3×3 rotation matrix giving the detector
orientation and s0 is known as the ”skew” parameter because a value of s0 other than
zero amounts to a device with a sheared detector pixel grid. The remaining quantities
are as defined in Section 2.2.

4.2.2 Calibration Phantom

A cone-beam projection of the calibration phantom at a given source-detector posi-
tion typically allows the determination of the projection matrix P for this position.
For this determination, which will be further discussed in Section 4.2.3, it is required
that the geometrical shape of the calibration phantom is exactly known in the world
coordinate system. The world coordinate system is thereby attached to the phantom.
Thus, a different phantom location or orientation defines a different world coordinate
system. Often, the phantom consists of various spheres of high attenuation which
are distributed over a control region of predefined extent and which are enclosed in
low attenuation base material. In this work, we use the PDS-2 calibration phantom
(Siemens AG, Healthcare Sector, Forchheim, Germany) as in [39], see Figure 4.2.
This phantom was originally designed to calibrate a circle or partial circle trajectory.
It consists of a cylindrical wall made of low-attenuation material. Its outer radius is
72 mm and its inner radius is 62 mm measured from the symmetry axis of the phan-
tom. The height of the cylinder is 206 mm. Inside the wall, there are 108 spheres
made of noncorrosive steel with two different radii arranged along a spiral-shaped
path. The large spheres have a diameter of 3.2 mm and the small spheres have a
diameter of 1.6 mm. The sequence of alternating large and small spheres represents a
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Figure 4.3: The optimal phantom placement for a partial circle trajectory is shown.
The phantom is placed near the iso-center of the scan with its main symmetry axis
parallel to the rotation axis.

binary string with an 8 bit encoding, such that an arbitrary subsequence of length 8
provides enough information to identify each sphere of the sequence uniquely within
the whole binary string. This identification is independent of any associated coor-
dinate system since only the bit sequence is relevant here. In fact, this property is
used to establish unique correspondences between the 2D images of the spheres in
the cone-beam projection and their 3D counterparts.

We would like to note that the dimensions of the phantom as well as the size of
the spheres assume a C-arm geometry which is similar to that of the scanner we used
in our experiments. Other geometries may lead to different magnification factors so
that the phantom may not be completely within the scanner field of view. Therefore,
in order to utilize a scanner with very different source-object-detector distances, it
may become necessary to adapt the phantom accordingly.

4.2.3 Calibration Algorithm

To calibrate a circle or partial circle trajectory, the PDS-2 phantom is placed near
the iso-center of the scan with its main symmetry axis almost parallel to the rotation
axis, see Figure 4.3. This arrangement guarantees that the projection of the spheres
are arranged along an ”S-curve” in every cone-beam projection acquired along the
trajectory. Otherwise, when the phantom is observed from oblique viewing directions,
spheres may overlap in the projection and the projected spiral may cross over itself,
so that the task of locating and ordering the spheres becomes challenging and thus
impractical. Locating and ordering the spheres, however, is an important part of the
calibration algorithm which proceeds in four major steps: i) localization of the spheres
in the cone-beam projection, ii) ordering of the located spheres, iii) establishment of
unique correspondence between the projection of the spheres in the images and their
3D counterparts by decoding binary substrings of length 8, and iv) estimation of the
projection matrix for each source position. See [39] for details on the last step. Once
the algorithm has at least found a sequence of 8 spheres for the decoding step, an
initial estimate of the projection matrix can be computed. Additional spheres can
be located in the cone-beam projection by projecting all spheres onto the detector
plane using the estimated projection matrix, and performing then a neighbor search
around the projection of previously unlocated spheres. The process is repeated until
no more spheres can be found.
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Figure 4.4: The optimal phantom placement for the circle-plus-arc trajectory for (a)
the circle and (b) the arc segment is shown. Here, the phantom placement to calibrate
the arc segment differs from that of the circle segment by a 90° rotation.

4.3 Calibration of the Circle-plus-Arc Trajectory

The calibration algorithm outlined in Section 4.2.3 is well suited to calibrate each
circular segment of the circle-plus-arc trajectory. For that task, the PDS-2 calibration
phantom needs to be positioned separately for each segment. As motivated before,
its main symmetry axis should be oriented almost parallel to the rotation axis of
the segment under consideration, see Figure 4.4. As a consequence of a non-optimal
phantom placement, only a part of the trajectory may be calibrated, if any. Indeed it
will be seen in Section 4.4, that no more than the first 12° of the arc segment could be
reliably calibrated with the phantom in the position associated to the circle scan (the
circle phantom of Figure 4.4a). However, the arc length required to obtain complete
data for reconstruction is typically of 22°.

When placing the phantom differently from one segment of the trajectory to the
other, one encounters the problem that the projection matrices obtained for the
segments refer to different world coordinate systems and have to be registered such
that they refer to a single common world coordinate system. We have developed a
method to achieve this registration, providing thereby a way to calibrate the circle-
plus-arc trajectory as a whole, using optimal placement of the phantom for each of its
segments. The registration was done by the determination of the change in position
and orientation applied to the phantom from calibration of the first segment to the
next one, using information provided by so-called connection points (CP’s). The term
connection point refers to any source position for which two projection matrices can
be obtained – one using the circle and the other one using the arc phantom placement.
From a theoretical point of view, when the phantom is moved from one location to
another, one CP will suffice to determine the phantom motion. Therefore, we will
first describe the theory using a single CP and then extend the results using many
CP’s.

4.3.1 Calibration using One Connection Point

We choose our CP to be one of those depicted in Figure 4.5, located on the arc
segment. Assume we have determined the projection matrices P and P ′ for this CP by
applying the calibration procedure of Section 4.2.3 first on the circle phantom to get P
and then on the arc phantom to get P ′. Two arbitrary projection matrices can always
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Figure 4.5: Connection points along the arc segment. As the name implies, they
provide a connection between the circle and the arc phantom placement which can
be used to compute the phantom motion.

be transformed into each other by multiplying either of them by a homogeneous 4×4
matrix, say H, as follows [10]

P = P ′H. (4.3)

The matrix H is a called a homography and has 15 degrees of freedom which result
from its 16 entries minus one because a multiplication of H with an arbitrary non-
zero scaling factor does not change the transformation implied. Because only the
position of phantom changed from the calibration of P to P ′, H describes the motion
the phantom experienced thereby. Once H is known, equation (4.3) can be used to
transform the projection matrix P ′ into P at all x-ray source positions along the arc
segment, especially where only P ′ is available, so that finally the projection matrices
of the arc segment refer to the same world coordinate system as those of the circle
segment.

To obtain H, we choose a set of 3D points xi expressed in the world coordinate
system defined by P . Because P = P ′H, the matrix P will project the points xi to
the same locations as the matrix P ′H. We may therefore write

Pxi = P ′Hxi. (4.4)

It is obvious that equation (4.4) is linear in the unknown entries of H. By ordering
these entries row-wise into a 16× 1 vector h, we can reformulate (4.4) such that after
some calculation which is shown in Appendix A, we get

Aih = 0, (4.5)

where Ai has dimension 2 × 16. We call Ai the measurement matrix because it is
made up only of known quantities P, P ′, xi. Because h has 16 entries and 15 degrees
of freedom, we need 15 linearly independent equations to solve for h. Since each point
xi provides two equations in the form of (4.5), a minimum of n = 8 points allows
us to determine h. More rigorously, for a minimal configuration, one can set up 14
equations from the first seven points and then add one of the two equations of the
remaining eighth point. However, in case of errors in P or P ′ it is recommended to
use more than 8 points and provide a least squares estimate for h. In that case, the
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Ai’s resulting from each point xi will be stacked on top of each other to generate a
composed measurement matrix B of dimension 2n× 16, with

Bh = 0, (4.6)

where

B =




A1

A2
...

An




. (4.7)

If n ≥ 8 and if the measurements are not exact, i.e. P or P ′ are not error-free,
equation (4.6) will only be satisfied approximately. Therefore, we define the solution
h as the vector of norm 1 that minimizes ‖Bh‖. Numerically, this solution can be
calculated as the right-hand singular vector corresponding to the smallest singular
value of B by using a singular value decomposition, as suggested in [10] for similar
problems. This basically corresponds to a linear least squares estimation of H.

There exist a number of so-called degenerate configurations which involve the
distribution of the points xi as well as the location of the CP under consideration,
where no unique solution for H can be obtained. These degenerate configurations are
independent of errors in P or P ′ and can occur even if both P and P ′ are error-free
(for further reading we refer to [10], see in particular Chapter 22). In short terms,
we can say that the points xi may be chosen arbitrarily as long as they are well
distributed inside the field of view. Especially, the points must not be coplanar or
otherwise lie on a linear subspace of R3. Also, the uniqueness of H strongly depends
on the location of the chosen CP. Close-to-degenerate locations must be avoided. For
example, the very first CP of Figure 4.5, located at the connection of circle and arc
segment, causes a degenerate configuration if the phantom is rotated according to
Figure 4.4, no matter how the points xi are distributed. This is so because in this
case one can show that P and P ′ are related via a 3 × 3 homographic matrix, say
J , such that P = JP ′. Because J has 9 entries but only 8 degrees of freedom, the
relation of P and P ′ let us determine only 8 free parameters. Consequently, there are
15−8 = 7 parameters in H that are not uniquely defined by B. Therefore, in practice,
it might be useful to look at the singular values of B. If the smallest singular value
is not zero or close to zero, we may assume that B is not well-conditioned and that
the solution might be unstable. We investigated this and found that the situation
becomes fundamentally different by incorporating more than one CP. Just how many
CP’s are needed is shown in Section 4.4, where we plot the error associated with H
over a varying number of CP’s.

4.3.2 Calibration using Many Connection Points

For improved stability, we want to incorporate more than one CP, e.g. all CP’s
depicted in Figure 4.5. This can be done in a straightforward manner given the
theory of the last section. From each connection point CPj, with j = 1 . . . k, a
2n× 16 measurement matrix Bj is obtained. Again, the Bj’s will be stacked on top
of each other resulting in a composed measurement matrix C of size 2nk × 16, with

Ch = 0, (4.8)
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Simulated data Real data

Radius (circle/arc) (r) [mm] 750 750
Source-detector distance (d) [mm] 1200 1200
Pixel width (∆u) [mm/pixel] 0.372 0.372
Pixel height (∆v) [mm/pixel] 0.372 0.372
Detector dimension [pixel2] 1024 × 1024 1024 × 1024
Angular sampling (circle) [°/projection] 0.4 0.4
Angular sampling (arc) [°/projection] 0.4 0.4
Number of projections (circle) 538 (214.8°) 538 (214.8°)
Number of projections (arc) 50 (19.6°) 50 (19.6°)

Table 4.1: Parameters used for the experiments.

where

C =




B1

B2
...

Bk




. (4.9)

As before, the solution h is obtained as the vector of norm 1 that minimizes ‖Ch‖.

4.4 Experiments and Results

Experiments were performed using simulated as well as real cone-beam data acquired
with a AXIOM Artis dBA C-arm system (Siemens AG, Healthcare Sector, Forchheim,
Germany). For the simulation, a detailed computer model of the calibration phan-
tom was created. The corresponding cone-beam projections were generated using an
analytical forward projector. The phantom was rotated by 90° according to Figure
4.4 but in addition translated by 10 mm along the z-axis to mimic a realistic phantom
motion. The parameters of the experiments are given in Table 4.1. For the compu-
tation of H, we chose the xi’s to be the midpoints of the spheres of the calibration
phantom because they are well distributed over the field of view. Since the phantom
has 108 spheres, this gives n = 108 points.

4.4.1 Calibration Accuracy

In order to measure how well H has been estimated, we computed the root mean
square (RMS) error σRMS between the true and registered projection matrices P ∗

and P ′H for each source position along the arc segment according to

σRMS =

(
1

m

m∑

i=1

(
P ∗y

i
− P ′Hy

i

)2
)1/2

, (4.10)

Here, the points y
i

are homogeneous 4 × 1 matrices and P ∗ is the true (error-free)
version of P . Note that both homogeneous 3 × 1 matrices P ∗y

i
and P ′Hy

i
must be

in-homogenized by dividing each vector by its last component before applying the
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Figure 4.6: The points y
i
used to compute the RMS error are evenly distributed inside

and outside of the control region defined by the midpoints xi of the steel spheres of the
calibration phantom. (a) Orthogonal projection of these points onto the (xy)-plane.
(b) Orthogonal projection onto the (xz)-plane.

equation to compute σRMS. Also note that σRMS is measured in pixel units because
P ∗y

i
and P ′Hy

i
represent points in the image coordinate system. The points y

i
were

chosen to lie on a square grid with a 5 mm sampling. We performed experiments
with two different point sets, see Figure 4.6. The first set S1 was located inside of a
cylinder of radius rc1 = 70 mm and height hc = 140 mm (which corresponds to the
control region defined by the calibration phantom), such that

S1 =

{
y

i
= (xi, yi, zi, 1)>

∣∣∣ x2
i + y2

i ≤ r2
c1, − hc

2
≤ zi ≤ hc

2

}
.

This selection resulted in m = 17777 points. The second set S2 was located outside
of this cylinder (to see what happens beyond the control region) and bounded by the
scanner field of view with rc2 = 125 mm, with

S2 =

{
y

i
= (xi, yi, zi, 1)>

∣∣∣ x2
i + y2

i > r2
c1, x2

i + y2
i ≤ r2

c2, − hc

2
≤ zi ≤ hc

2

}
,

and m = 38976. Thus, both point sets differ in number and position from the points
xi used to compute H.

The RMS error for both point sets is shown in Figure 4.7 for simulated and
real cone-beam data. For the simulated data, we were able to calibrate P with the
vertical phantom on the first 28 source positions along the arc segment, measured
from the connected end of the arc. The projection matrix P ′ was calibrated from the
horizontal phantom for all 50 source positions on the arc. Thus, H was estimated
from the CP’s related to the first 28 source positions where we have both P and P ′.
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Figure 4.7: Calibration accuracy from simulated (top) and real cone-beam data (bot-
tom) for the calibrated arc segment. In each case, the projection number is plotted
against the RMS error given in pixel units. Projection 50 corresponds to the last
source position (at 19.6°) along the arc segment. The minimal and maximal overall
errors (marked with circles) are 0.019 pixel (projection 41) resp. 0.114 pixel (projec-
tion 36) for simulated and 0.045 pixel (projection 18) and 0.297 pixel (projection 28)
for real data, respectively.

This corresponds to an arc length of 10°. Since we have simulated data, the ground
truth P ∗ was available for all source positions, even beyond the last connection point.

The situation becomes different for the real data. Here, we were able to calibrate
P on the first 31 source positions and P ′ on all 50 source positions as before. This
resulted in 31 CP’s along the arc corresponding to an arc length of 12°. However,
for real data we do not know the ground truth P ∗ and so we used P instead of P ∗

to evaluate the RMS error. This is why the plot stops at position 31. Since P is
also needed to estimate H, we dropped every second CP and computed H only from
the remaining 16 CP’s to obtain a value for σRMS which is more independent of the
calibration. The fact that we have a different number of CP’s for simulated and real
data is caused by a slightly different phantom position in both cases.

The RMS error gives an estimate of how much the average projected point de-
viates from its true position. A different error measurement may be chosen instead.
For example, Faugeras [7] suggests a decomposition of the projection matrices to ob-
tain every single calibration parameter i.e. x-ray source position, focus-to-detector
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distance, skew etc. However, by comparing these values separately, we get only lit-
tle insight into how accurately the point mapping itself behaves, because deviations
from different measurements may compensate for each other when acting together on
a point in 3D space. With regard to image reconstruction, we need an error measure-
ment, which we expect to correlate well with the errors in the backprojection step of
the reconstruction algorithm, since this is the step we care about the most. For this
reason, we prefer to use (4.10) instead of the measure suggested in [7].

From Figure 4.7 it is observed that our approach achieves sub-pixel accuracy even
with real data. For simulated data, we see that the error is higher for points outside of
the phantom as for those inside. Still, the error is far below one pixel. The accuracy
of real data is reduced by a factor of 3 compared to simulated data. Also, in contrast
to simulated data, no significant error difference can be observed between the two
point sets for real data. We believe that both effects are a consequence of using
a real data acquisition system. For example, the fact that the error difference for
points inside and outside of the phantom is small may be due to the ground truth
being known only approximately. Further on, we assume that the higher errors for
real data compared to simulated data are coming from inaccuracies of the underlying
calibration procedure (sphere localization etc.). However, it is quite possible that
physical phenomena like quantum noise or beam hardening also play a role.

Figure 4.8 shows the projection of the midpoints xi of the steel spheres of the
calibration phantom onto the acquired projection images for simulated and real cone-
beam data, respectively. Those points were projected with the projection matrices
which are associated to the minimal and maximal RMS errors (cf. Figure 4.7). We
included this figure for three reasons. Firstly, to provide an illustration of the cali-
bration results. Secondly, to show how the cone-beam projections of the calibration
phantom look like, especially for real data and thirdly, to demonstrate qualitatively
that the simulated data and the real data are very similar.

4.4.2 Varying Number of Connection Points

In Figure 4.9, the maximal RMS error is plotted over a varying number of CP’s.
For simulated data, H was computed from 1, 2, . . . , 28 CP’s in turn, starting from
the end of the arc segment connected to the circle segment. Each time, the error
was computed for all 50 source positions using P ∗ and the maximal value thereof
is shown. For real data, we computed H from 1, 2, . . . , 31 CP’s and evaluated the
error on 31 source positions using P as the ground truth as above. In each case, the
points y

i
were located inside of the control region of the phantom. The figure shows

that the error is quite high for a single CP. As explained earlier, this CP (located at
the connection of circle and arc segment) leads to a degenerate configuration when
the phantom is rotated according to Figure 4.4 (we further discuss this in Section
4.5). However, as soon as more CP’s are involved, the ambiguities in estimating
H are resolved and the error drops rapidly below one pixel, starting from the third
(simulated data) respectively the fifth CP (real data), and then levels off gradually
until the improvements are negligible. Another observation is that some CP’s lead
to higher errors when added, see for example the curve progression from 13 to 14
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(a)

(b)

Figure 4.8: Projection of all 108 midpoints (indicated by white crosses) of the steel
spheres of the calibration phantom onto (a) the simulated and (b) the real cone-beam
data from source positions corresponding to the minimal (left) and maximal RMS
errors (right). Note that the white crosses do not belong to the cone-beam projections
but were inserted only to demonstrate the calibration results.

(simulated data) or from 2 to 3 (real data). Thus, the RMS error may provide a
means for singling out ”bad” CP’s should this become necessary.

4.4.3 Analysis of the Measurement Matrix

Figure 4.10 shows the singular values s1 . . . s16 of the composed measurement matrix
C with dimension 2nk × 16 for the simulated (n = 108, k = 28) and the real (n =
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Figure 4.9: Maximal RMS error over a varying number of CP’s for simulated and
real cone-beam data. The error is plotted using a logarithmic scale.
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Figure 4.10: Singular values s1 . . . s16 of the composed measurement matrix C for
simulated and real cone-beam data. The singular values are plotted in descending
order using a logarithmic scale.

108, k = 16) experiment. A few observations: i) The plots for simulated and real data
are almost identical. ii) Singular Value s16 differs from s15 by a factor of magnitude
102, while any other two successors differ by a factor of magnitude 10 or less. iii)
The difference between s1 and s16 is in the order of 107. From i), we see that the
simulated and the real data set have the same numerical characteristics. Thus, with
our simulation, the numerical behavior of a real system appears to be reproducible.
From ii) and iii), we observe that the matrix C has a very large condition number
cond = s1/s16 and therefore seems to be singular with s16 being considerably smaller
than all other singular values, as it should be. The fact that s16 is close to but
not exactly equal to zero, can be attributed to measurement errors in P or P ′ (e.g.
resulting from the sphere localization of the underlying calibration procedure).

4.4.4 Reconstruction Performance

Figure 4.11 shows reconstructions of a modified clock phantom [41], see Appendix
B, using the M-line approach according to [11]. The simulation of the phantom was
done with the geometry of Table 4.1 for simulated cone-beam data. In addition to
the modifications, the phantom was also shifted by 100 mm along the z-axis such that
the slices shown in the figure at z = 100 mm required about 44 of the 50 projections
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Figure 4.11: The slice at z = 100 mm through the modified clock phantom. In a),
we used the ground truth P ∗ for both, the circle and the arc segment. In b), we
used only calibrated quantities, that is the calibrated projection matrices P for the
circle segment and the registered projection matrices P ′H for the arc segment. c)
Difference image: a) minus b). d) Arc contribution of a). e) Arc contribution of b).
f) Difference image: d) minus e).

along the arc segment for accurate reconstruction. This corresponds to 88% of the
projections of the arc segment. For calibration, all 28 CP’s along the arc were used
to compute the matrix H. Thus in b) and e), the reconstruction algorithm used 16
projections beyond the last CP which were not part of the estimation of H. From
c), we see that differences between the reconstruction using P ∗ and the one using P
(for the circle) and P ′H (for the arc) are visible mainly for the two smallest spheres
on the outer ring. With increasing sphere size, those differences become negligible.
From f), we see that both arc contributions are almost identical.

Figure 4.12 shows M-line reconstructions of a human head phantom. The cone-
beam data was acquired with the AXIOM Artis dBA C-arm system (Siemens AG,
Healthcare Sector, Forchheim, Germany) specified as in Table 4.1 for real cone-beam
data. Note that no pre- or postprocessing steps were applied to the data other than
logarithmic scaling. For the calibration of the system, all 31 CP’s were used to com-
pute the matrix H. The reconstructed slice at z = 30 mm was chosen such that less
than 31 projections along the arc segment were required for accurate reconstruction
to allow a comparison between reconstructions using the calibrated projection ma-
trices P (which here again act as our ground truth) and the registered projection
matrices P ′H. As can be seen from c) and f), the differences between the reconstruc-
tion using P and the one using P ′H are marginal. The fact that c) and f) are almost
identical can be explained from the circle contributions of a) and b) being almost the
same (except for the backprojection weighting masks which are determined by the
arc segments, c.f. [11]). Therefore, the arc contributions define the appearance of the
difference images.
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Figure 4.12: The slice at z = 30 mm through the human head phantom. In a), we
used the calibrated projection matrices P for both, the circle and the arc segment.
In b), we used the same projection matrices for the circle as in a) but we replaced the
projection matrices of the arc segment by the registered projection matrices P ′H. c)
Difference image: a) minus b). d) Arc contribution of a). e) Arc contribution of b).
f) Difference image: d) minus e).

4.5 Summary and Conclusions

We have presented a method to calibrate the circle-plus-arc trajectory. The method
consists of two steps: i) independent calibration of the circle and the arc segment
by placing the calibration phantom optimally for each segment, and ii) combination
of the calibration results by computing the transformation the phantom underwent
between the independent runs. The first step built on an accurate and robust calibra-
tion procedure for circular trajectories. The second step presented new material. The
idea of combining different trajectory segments by identifying the phantom motion
applies to any calibration procedure in which the calibration phantom has a favored
orientation with respect to a trajectory segment.

It has been shown that the phantom motion can be computed from so-called
connection points along the arc segment using standard linear algebra. Experiments
for simulated and real cone-beam data have demonstrated that the method works with
sub-pixel accuracy at least for our specific C-arm device if five or more connection
points are provided. Other scanners and scanner geometries might require a different
number of connection points though this has not been evaluated. Our calibration
results have been confirmed with reconstructions of a modified clock phantom using
computer simulated cone-beam data and of a human head phantom using real cone-
beam data.

In addition to the experiments corresponding to Figure 4.9, we have also at-
tempted to calibrate the system from only one connection point trying different lo-
cations along the arc segment. We used every available connection point in turn and
found consistently that no better results could be obtained by using a single connec-
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tion point only, no matter which one, than those already shown and so these results
have been omitted.

In practice, a two-sided circle-plus-arc trajectory would often be preferred. That
means that two arc segments (arc-up and arc-down) are attached to the circle segment
to allow reconstruction above and below the circle plane. Depending on the location
of the two arc segments relative to each other, the trajectory can be calibrated in
one of two ways. Whenever the two arc segments can be calibrated from one and the
same phantom position (for example, because the arcs are connected to each other
at their end points), the connection points of the two arc segments can be combined
into a single measurement matrix and the computation of the phantom motion can
be done as if there had only been one arc segment. Then, both arcs are transformed
into the coordinate system of the circle segment using the computed phantom motion.
When the phantom has to be placed differently for each arc segment (for example
because the arcs are attached at different end points of the circle segment), the whole
calibration procedure must be performed twice, calibrating first the circle-plus-arc-up
and then the circle-plus-arc-down trajectory such that afterwards, both arcs refer to
the coordinate system of the shared circle segment.
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Chapter 5

Truncation Correction for Oblique
Filtering Lines

This chapter presents two novel truncation correction methods that approximately
but effectively handle data truncation problems for accurate image reconstruction in
the context of the M -line algorithm. Method 1 (Basic Approach) handles data trun-
cation in two successive preprocessing steps by applying a hybrid data extrapolation
method, which is a combination of a water cylinder extrapolation and a Gaussian
extrapolation. It is independent of any specific reconstruction algorithm. Method 2
(Kink Approach) uses similar concepts for data extrapolation as the Basic Approach
but applies only for a specific data acquisition geometry and needs to be integrated
into the reconstruction algorithm. Experiments are presented from simulated data of
the FORBILD head phantom, acquired along the circle-plus-arc trajectory. Although
the discussion is focused on accurate algorithms, the proposed truncation correction
methods can be applied to any FBP algorithm. The main contributions of this chap-
ter have been presented in part at the Fully 3D Meeting 2007 [13] and have been
published in [14].

5.1 Introduction

Computed tomography imaging with C-arm systems has become an important tool in
interventional radiology for treatment assistance and assessment of treatment success
in specific ROIs, such as the liver, the heart, the head, or a section of the spine. To
achieve 3D reconstruction of the ROI, data acquisition is typically performed with a
cone beam of x-rays focussed on the ROI, while the source-detector assembly follows
a specified path around the patient. Currently, the preferred path is a partial circle
trajectory. But, as emphasized in this thesis, more sophisticated motions are also
possible, such as a circle-plus-arc trajectory [45], and are likely to become the method
of choice in the future, as they provide data allowing more accurate reconstructions.

For reconstruction, a certain amount of data is needed for reconstruction at any
given location x inside the ROI. First, the backprojection must be achievable. For
this to be the case, the line that connects the source position to x must hit the
detector for all source-detector positions required for reconstruction at x, as dictated
by the reconstruction algorithm. This condition defines a minimum data requirement

51
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that we will assume to be always satisfied; it basically states that there is enough
data to perform reconstruction if the object was reduced to a tiny sphere centered at
x. Second, the detector must be large enough to encompass at each source position
the data required for application of the filtering step. This second condition is often
violated in practice, because the size of the flat-panel detector is fairly limited (on
most systems, the detector size is only 30cm×40cm). When the second condition is
violated for a source position that is required for reconstruction at x, we say that the
associated projection is truncated.

To mitigate artifacts due to truncation, data extrapolation techniques are needed.
Such techniques have been developed for conventional partial circle FDK reconstruc-
tion [8],[44] which involves only filtering along the detector rows. However, new
partial circle reconstruction methods, such as the ACE method [25], involve filtering
on lines that are not oriented along the detector rows (or columns). And so do re-
construction algorithms designed for circle-plus-arc data acquisition. Thus, there is a
need to develop accurate extrapolation techniques for handling filtering along oblique
lines in the presence of truncation. This chapter suggests two solutions dedicated to
this need: one totally general solution (Basic Approach) and one acquisition-specific
and algorithm-specific solution (Kink Approach). Our work builds on techniques used
for handling truncation along detector rows. Such techniques have been intensively
discussed in the literature. In 2000, [30] proposed a method where the truncated
data is extrapolated by a data mirroring operation at the truncated detector border.
In 2002, [36] merged a priori information retrieved from planning CT data with the
acquired projection images to estimate the missing data. In 2004, [17] developed
a method that extrapolates the data by assuming that the projection values of the
missing portion of the object are generated by x-rays which travel through a water
cylinder. In 2005, [50] presented a hybrid method, which is a combination of the
water cylinder approach of [17] and a Gaussian data extrapolation. In 2007, [49]
proposed a method to handle data truncation in the fan-beam and cone-beam case
by extrapolating along the sinogram curve of each reconstruction point.

In this chapter, we focus on the circle-plus-arc trajectory which can be easily
performed with a C-arm system. We apply the M -line reconstruction algorithm,
originally presented in [31]. And we build our truncation correction methods on the
approach of [50]. This approach was preferred because it seemed most amenable to
our problem, while being routinely used in the clinical environment. Under these
settings, our results show that truncation artifacts resulting from oblique lines can
be dramatically reduced and sometimes even be virtually eliminated. The level of
performance depends on the data truncation geometry (and also, of course, on the
imaged object itself). Also, we will see that both proposed truncation correction
methods perform very similarly, so that the selection of one method versus the other
should be primarily based on the specifics of the data acquisition geometry and ease
of fitting within the data-processing pipeline.

5.2 Background

In this section, we define how truncation affects the circle-plus-arc M -line algorithm.
For a review of the processing steps of this algorithm, we refer to Section 3.6.
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5.2.1 Data Truncation

Assume steps 1 through 3 of the M -line algorithm have already been applied on
the cone-beam data and let g3(λ, u, s) denote the output of step 3. Consequently,
g3(λ, u, s) represents the (differentiated and cosine weighted) cone-beam values along
a given filtering line. Step 4 of the M -line algorithm amounts to the computation of
the filtered data

g4(λ, u, s) =
∫ +∞

−∞
hhilb(u− u′)g3(λ, u′, s)du′, (5.1)

cf. equation (3.29). Since hhilb(u) has infinite support, the filtering operation involves
all values of g3(λ, u, s) along the line. In case of data truncation, only a subset
of the values on this line will be available. Therefore, the filtering operation has
to be performed without having all values along the line. This causes truncation
artifacts in the final reconstructed image (Section 5.4 demonstrates the effect). The
truncation process can be seen as a multiplication of g3(λ, u, s) with a rectangular
window that cuts out a certain portion of the values along the filtering line, before the
computation of the integral in (5.1) is performed. The multiplication of g3(λ, u, s)
with a rectangular window in the spatial domain corresponds to a convolution of
g3(λ, u, s) with a sinc function in the frequency domain, and this convolution smears
the spectrum of g4(λ, u, s).

We may define data truncation as follows: Any filtering line that leaves the detector
before it leaves the projection (or shadow) of the object is a truncated filtering line
and leads to reconstruction artifacts for each point which projects onto it.

Figure 5.1 displays several scenarios for a set of possible filtering lines for the M -
line algorithm. Depending on the location of the M -point and on the projection under
consideration, the M -point will project inside or outside of the detector. For the rest
of the paper, we assume that it projects outside of the detector as in the figure, which
will be the case when the M -point is placed approximately in the middle of the circle
segment of the circle-plus-arc trajectory, at least for a typical C-arm geometry; see
also [11]. We further discuss this in Section 5.5. Note that only points within the
backprojection region (the detector area depicting the ROI) need to be filtered.

5.3 Truncation Correction

Both proposed truncation correction methods build upon the so-called Water Cylin-
der Correction originally presented in [17] in combination with a Gaussian extrapola-
tion shown in [50]. Those methods will therefore be reviewed shortly before presenting
the new material.

5.3.1 Review: Water Cylinder Correction

In 2004, [17] investigated the problem of truncation for the FDK reconstruction for
data on a circular scan. He presented a truncation correction method that handles
truncation along the detector rows, along which the Ramp filtering is applied. In this
method, all detector rows are regarded independently of one another. The projection
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Figure 5.1: Filtering line truncation for the M -line algorithm where all filtering lines
intersect in a single point. a) The filtering lines between 1-2, b) between 1-2 and
3-4, c) between 1-2 and d) between 1-2 are truncated. Arbitrary combinations are
possible.

values along each row are treated as if they were measurements taken along parallel
rays in a 2D plane. By doing so, the method ignores the cone angle and the fan
angle of the cone-beam. In case of data truncation, the method approximates the
missing measurements by integrals along parallel rays through a 2D water cylinder.
The extend (midpoint and radius) of the cylinder is determined to achieve continuous
data up to the second order; see Figure 5.2.

The method produces decreasing projection values for the missing part of the ob-
ject if the measured values decrease towards the detector boundary because then the
midpoint of the water cylinder will be fitted on the ’measured side’ of the boundary
as in the figure. Otherwise, if the projection values increase towards the detector
boundary, the midpoint of the water cylinder will be fitted on the ’unmeasured side’
of the boundary and so the extrapolated projection values will first increase before
they decrease again.

5.3.2 Review: Hybrid Approach

In 2005, [50] refined the Water Cylinder Correction to differently handle the case
when the midpoint of the water cylinder is fitted on the ’unmeasured side’ of the
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Figure 5.2: Water Cylinder Correction: the projection values g1(λ, u, v) along one
detector row are truncated at the right detector border. For each detector row and
for each side of that row, the extend (midpoint and radius) of a 2D water cylinder is
determined and the missing portion of the object is approximated by integrals along
parallel rays through that cylinder; see [17] for details.
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Figure 5.3: Gaussian Extrapolation: the projection values at the truncated detector
boundary increase. In this case, a Gaussian function is fit to the data; see [50] for
details.

boundary (see discussion above). They found on real data that in this case, better
results can be achieved if the water cylinder fit is replaced by a Gaussian extrapo-
lation. To perform this extrapolation, the center and the standard deviation of the
Gaussian need to be determined. The center of the Gaussian is set to the location of
the last available projection value; see Figure 5.3. For the computation of the stan-
dard deviation, the method assumes that this last projection value, say g1(λ, u0, v),
corresponds to an integral along a ray through a water-equivalent object (with at-
tenuation coefficient fH2O). The ray’s intersection length a with this object is then
defined by a = g1(λ, u0, v)/fH2O; and the standard deviation of the Gaussian is set
to 25% of a.

The method always produces decreasing projection values for the missing part of
the object although in case of a Gaussian fit, the extrapolated data is continuous
only up to the first order. For future reference, this combination of Water Cylinder
Correction and Gaussian extrapolation will be called Hybrid Approach.
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Figure 5.4: The Kink Approach. Filtering is done along lines with a kink if these
lines exceed the detector in the direction of the detector columns. a) Original filtering
lines. b) Corresponding filtering lines with kink. The setup matches that of Figure
5.1b). Note that the backprojection region could become as large as the detector.

5.3.3 Preliminary Considerations

A straightforward data truncation correction method for oblique filtering lines would
apply the Hybrid Approach along the filtering lines themselves instead of applying
it along the detector rows as in [50]. However, [50] designed this approach primarily
as a data truncation correction method that is applied to the FDK algorithm. The
FDK algorithm does not incorporate the view dependent data differentiation step,
which is inherent to the M -line algorithm. This data differentiation step is crucial
since the nature of the differentiated cone-beam data is very different from that of
the original, non-differentiated cone-beam data. Because the Hybrid Approach was
designed to operate on non-differentiated cone-beam data, there is no justification
for applying it after the data differentiation step. In particular, the values on the
filtering lines correspond to differentiated cone-beam data. Therefore, this straight
forward data truncation method does not seem reasonable. With this in mind, we
designed two alternative approaches which avoid this difficulty. Those methods are
presented hereafter.

5.3.4 Basic Approach

The Basic Approach (BA) makes use of the Hybrid Approach in two data preprocess-
ing steps. In Step 1 (BA-R), the Hybrid Approach is applied along the detector rows.
In Step 2 (BA-C), the Hybrid Approach is applied again, this time along the detector
columns of the extended detector rows. After those two steps, the reconstruction
algorithm is used without modification.

The extended M -line approach is summarized in Algorithm 3.
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Algorithm 3: M -line algorithm with Basic Approach for the circle-plus-arc
trajectory.

Objective: Given the truncated cone-beam data g, reconstruct the object f .

foreach x do Set f(x) = 0.
for q = 1 to 3 do

foreach x do Set fq(x) = 0.
for λ = λ−q to λ+

q do
BA-R Apply the Hybrid Approach along eu.
BA-C Apply the Hybrid Approach along ev.

1 Compute g1(λ, u, v) by differentiating the truncation corrected data
with respect to λ using equation (3.25).

2 Compute g2(λ, u, v) by weighting the data using equation (3.26).
3 Compute g3(λ, u, η) = g2(λ, u, v∗) by linear interpolation from

g2(λ, u, v) using equation (3.28).
4 Compute g4(λ, u, η) by filtering the data using equation (3.29).
5 Compute g5(λ, u, v) = g4(λ, u, η∗) by linear interpolation from

g4(λ, u, η) using equation (3.32).
6 Compute g6(λ, u, v) by weighting the data using equation (3.33).

foreach x do
7a Compute the detector coordinates (u∗, v∗)> using equation (3.35).
7b Compute g6(λ, u∗, v∗) by bilinear interpolation from g6(λ, u, v).

7c Set fq(x) = fq(x) + g6(λ,u∗,v∗)
(x−a(λ))·ew

∆λ.

end

end

Set f(x) = f(x) + tq
2π2 fq(x).

end

5.3.5 Kink Approach for the Circle-plus-Arc Trajectory

While the Basic Approach makes no assumptions about the specific geometry, the
Kink Approach is designed for the circle-plus-arc trajectory and relies on the fact that
one detector axis is always aligned almost parallel to the plane of the circle scan and
that the M -lines tend to be less oblique relative to this dimension. This dimension
defines our detector rows. The dimension orthogonal to the rows then defines the
detector columns; see Figure 5.5.

As with the Basic Approach, the Kink Approach (KA) consists of two steps. Step 1
is identical to the first step of the Basic Approach, BA-R, i.e. the Hybrid Approach
is applied along the detector rows. In contrast to the Basic Approach, Step 2 (KA-C)
modifies the filtering lines if these lines exceed the detector in the direction of the
detector columns such that in this case, filtering is done along lines with a kink;
see Figure 5.4. When a line intersects the detector border, the samples are taken
from the first or last detector row, respectively. This can be efficiently incorporated
into a modified forward rebinning step. Compared to the Basic Approach, the Kink
Approach does not require extension of the detector in both directions. This allows
some savings in data storage and may facilitate a hardware implementation. The
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Algorithm 4: M -line algorithm with Kink Approach for the circle-plus-arc
trajectory.

Objective: Given the truncated cone-beam data g, reconstruct the object f .

foreach x do Set f(x) = 0.
for q = 1 to 3 do

foreach x do Set fq(x) = 0.
for λ = λ−q to λ+

q do
BA-R Apply the Hybrid Approach along eu.

1 Compute g1(λ, u, v) by differentiating the truncation corrected data
with respect to λ using equation (3.25).

2 Compute g2(λ, u, v) by weighting the data using equation (3.26).
KA-C Compute g3(λ, u, η) = g2(λ, u, v∗) by linear interpolation from

g2(λ, u, v) using equation (3.28).
if v∗ > vmax then Set v∗ = vmax.
if v∗ > vmin then Set v∗ = vmin.

4 Compute g4(λ, u, η) by filtering the data using equation (3.29).
5 Compute g5(λ, u, v) = g4(λ, u, η∗) by linear interpolation from

g4(λ, u, η) using equation (3.32).
6 Compute g6(λ, u, v) by weighting the data using equation (3.33).

foreach x do
7a Compute the detector coordinates (u∗, v∗)> using equation (3.35).
7b Compute g6(λ, u∗, v∗) by bilinear interpolation from g6(λ, u, v).

7c Set fq(x) = fq(x) + g6(λ,u∗,v∗)
(x−a(λ))·ew

∆λ.

end

end

Set f(x) = f(x) + tq
2π2 fq(x).

end

Kink approach may be seen as an application of the ”row repetition” technique [18]
that is widely used by CT manufacturers for data extrapolation with no additional
data storage requirement.

The extended M -line approach is summarized in Algorithm 4.

5.3.6 Measurement Noise

In a realistic scenario, the projection values will be disturbed by measurement noise.
A stable and robust implementation of the proposed methods must consider fluctu-
ations in the projection values caused by noise. In fact, there is one implementation
step, common to both proposed methods, which may become critical in the presence
of measurement noise. This step is part of the original Water Cylinder Correction,
which in turn is part of the Hybrid Approach on which our methods are built upon.
Specifically, the Water Cylinder Correction requires the computation of the derivative
g′1(λ, u0, v) of the projection curve at the location u0 of the last available projection
value. To achieve a robust implementation, we use techniques similar to those sug-



5.3. Truncation Correction 59

Plane of the circle scan

detector ro
ws

d
et

ec
to

r 
co

lu
m

n
s

x-ray source

rotation
axis

circle segment

arc segment

detector ro
ws

detector colum
ns

x-ray source

Figure 5.5: Geometrical setup of the detector relative to the circle-plus-arc trajectory.
Whether the x-ray source moves along the circle or along the arc segment, one axis
(the detector row dimension) is always aligned almost parallel to the plane of the
circle scan.

gested by [17]. That is, we compute g′1(λ, u0, v) by fitting a line to a set of projection
values g1(λ, ui, v), with i = −k, . . . , 0, . . . k, k ∈ N. The slope of the fitted line is then
taken as an approximation for g′1(λ, u0, v). The values g1(λ, u−k, v) . . . g1(λ, u−1, v) as
well as the last available projection value g1(λ, u0, v) are measured values. The val-
ues g1(λ, u1, v) . . . g1(λ, uk, v) are generated from g1(λ, u−k, v) . . . g1(λ, u−1, v) by an
anti-symmetric mirroring operation, according to

g1(λ, uj, v) = 2g1(λ, u0, v)− g1(λ, u−j, v) (5.2)

with j = 1 . . . k; see Figure 5.6. Given the pairs (g1(λ, ui, v), ui), we set up the
following linear system of equations

Al = 0 (5.3)

where

A =




g1(λ, u−k, v) u−k 1
...

g1(λ, u0, v) u0 1
...

g1(λ, uk, v) uk 1




(5.4)

is the (2k + 1) × 3 measurement matrix and l = (l1, l2, l3)
> is the representation of

the line in homogeneous coordinates. For a unique solution to exist, it is required
that A has at least dimension 2× 3. However, for improved stability, we use K = 12,
resulting in a measurement matrix A of dimension 25× 3, and we define the solution
l as the vector of norm 1 that minimizes ‖Al‖. Numerically, this solution can be
calculated as the right-hand singular vector corresponding to the smallest singular
value of A by using a singular value decomposition. This basically corresponds to a
linear least-squares estimation of l. After solving for l, g′1(λ, u0, v) = −l1/l2. The sign
of g′1(λ, u0, v) is used in the Hybrid Approach, to decide whether the Water Cylinder
Correction or the Gaussian extrapolation must be applied.
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Figure 5.6: The value of g′1(λ, u0, v) is approximated by the slope of the line closest
to the projection values g1(λ, u−k, v) . . . g1(λ, uk, v). For that visualization, we used
k = 5.

Simulation parameters

Radius (circle/arc) (r) [mm] 750
Source-detector distance (d) [mm] 1200
Pixel width (∆u) [mm/pixel] 0.4
Pixel height (∆v) [mm/pixel] 0.4
Detector dimension [pixel2] 1024 × 1024
Angular sampling (circle) [°/projection] 0.4
Angular sampling (arc) [°/projection] 0.4
Number of projections (circle) 500 (199.6°)
Number of projections (arc) 58 (22.8°)

Table 5.1: Parameters used for the experiments.

5.4 Experiments and Results

In this section, we present a performance evaluation of our proposed truncation cor-
rection methods. We first explain the general experimental setup and provide the
involved parameter settings. We then define a figure of merit, which is used to com-
pute the degree of data truncation. Finally, the truncation correction performance is
evaluated quantitatively and qualitatively.

5.4.1 General Setup

We have evaluated the Basic Approach and the Kink Approach on simulated cone-
beam data of the FORBILD head phantom. The simulation was done by using a
circle-plus-arc trajectory with parameter settings that are typical of a commercial C-
arm system; see Table 5.1. The arc-scan was positioned at the start of the circle-scan.
For reconstruction, the M -line algorithm was used. The M -point was positioned at
140° on the circle-scan, measured from the start of the arc segment. In general,
it is preferred to position the M -point at the middle of the circle-scan to produce
less oblique filtering lines. Here, we explicitly selected the M -point differently to
accentuate the obliqueness of filtering lines and thus truncation problems.

For our evaluation, we designed three experiments that differ from each other by
the type of data truncation. We distinguish between trans-axial, axial and combined
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a) b) c) d)

Figure 5.7: Artificial truncation, shown exemplarily for the first projection of the cir-
cle scan for the FORBILD head phantom. a) Original projection, no data truncation.
b) Trans-axial data truncation with 100 detector columns on both sides cut-off. c)
Axial data truncation with 400 top detector rows cut-off. d) Combined data trunca-
tion as a combination of b) and c).

data truncation. For the trans-axial data truncation experiment, we truncated the
cone-beam data by cutting off a specific number of detector columns. For the axial
data truncation experiment, we cut-off a specific number of detector rows instead.
The combined data truncation experiment represents a combination of both, the
trans-axial and the axial data truncation experiments.

For each experiment, we tested 11 levels of data truncation. The first level cor-
responds to zero truncation while the last level corresponds to the maximal degree
of truncation. For trans-axial data truncation, two successive levels differ by a trun-
cated area of 10 detector columns on each side of the projection image. The maximal
cut-off is 100 detector columns. For axial data truncation, two successive levels differ
by a truncated area of 40 detector rows, measured from the top of the projection
image. The maximal cut-off is 400 detector rows. For combined data truncation,
two successive levels differ by a truncated area of 10 detector columns and 40 detec-
tor rows. The maximal cut-off is 100 detector columns and 400 detector rows. The
columns were cut-off from both sides of the projection image and the rows from the
top of the projection image, as before. Figure 5.7 shows example projection images
with trans-axial, axial and combined data truncation.

We have organized the evaluation as follows. For each experiment, we first provide
quantitative truncation correction performance results. Then, we show qualitatively
the visual image quality that can be achieved with our methods. For the reconstructed
volumes of the quantitative evaluation, we chose a coarse Cartesian grid of 2563 cubic
voxels of side length 1.0 mm. For the visual image quality, we refined the grid and
used 5123 voxels of side length 0.5 mm instead. In any case, the volumes always
contain the whole object.

5.4.2 Scan Field of View

For the computation of the degree of truncation (see next section), it is important
to first compute the scan field of view. We define this field of view as the union
of voxels that are located where accurate reconstruction would be possible if the
Hilbert filtering step was not part of the algorithm. To determine the size and shape
of the scan field of view, we start with a large volume of voxels and then eliminate
in a loop over the projections each of the voxels of this volume that is spurious.
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Figure 5.8: The quantities nv, n0 and n count the number of dark voxels. For n0

and n, the decision if a voxel is counted or not is based on the location of the voxel’s
midpoint. For display reasons, this example is in 2D but the same principle is applied
in 3D. Note that the scan field of view does not have to be circular as depicted.

A voxel is eliminated when the projection of its center (say x) onto the detector
plane falls outside the detector while the source position is on the trajectory segment
required for reconstruction at x; cf. Figure 3.6. In other words, if the projection of
a voxel falls outside the detector only for source positions that are not involved in
the backprojection step for reconstruction at this voxel, then the voxel belongs to
the scan field of view. The scan field of view corresponds to the region where the
minimum data requirement mentioned in the introduction is fulfilled.

5.4.3 Degree of Truncation

To quantitatively show how much data truncation our three experiments involve, we
use a figure of merit called DoT (degree of truncation):

DoT = 1− n/n0, (5.5)

where n and n0 are defined as follows. Consider a Cartesian grid of voxels that
encompasses the object to be reconstructed, and let nv be the number of voxels in
this grid. Parameter n0 < nv is the number of voxels that are inside the object, while
parameter n < n0 < nv is the number of voxels that are inside the object as well
as inside the scan field-of-view. Obviously, the value of n depends on the detector
size. Basically, DoT quantifies how much of the object is affected by truncation for
implementation of the backprojection step alone. If n = n0, no portion of the object
is affected by truncation and so DoT= 0. On the other hand, if n = 0, the whole
object is truncated and so DoT= 1. Figure 5.8 displays nv, n0 and n. To compute the
DoT, the extend of the reconstructed object must be known or at least be estimated.
Figure 5.9, 5.10 and 5.11 show the DoT for each of our three experiments, as a
function of the truncation level.

5.4.4 Truncation Correction Performance

To measure the average voxel error for the Basic Approach and the Kink Approach,
we define the root mean square (RMS) error σRMS between the reconstructed object
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Figure 5.9: DoT for trans-axial data truncation. The first truncation level corre-
sponds to zero truncation while the last truncation level corresponds to the maximal
truncation (DoT = 5.7%), where 100 detector columns have been cut-off on both
sides of the projection image.
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Figure 5.10: DoT for axial data truncation. The first truncation level corresponds to
zero truncation while the last truncation level corresponds to the maximal truncation
(DoT = 35.2%), where 400 detector rows have been cut-off from the top of the
projection image.

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

Truncation Level

D
oT

Figure 5.11: DoT for combined data truncation. The first truncation level corre-
sponds to zero truncation while the last truncation level corresponds to the maximal
truncation (DoT = 39.7%), where 100 detector columns and 400 detector rows have
been cut-off. The columns have been cut-off on both sides of the projection image
and the rows have been cut-off from the top of the projection image.

without data truncation f ∗ and the reconstructed object with a specific degree of
data truncation f according to

σRMS =

(
1

n

n∑

i=1

(f ∗(xi)− f(xi))
2

)1/2

, (5.6)
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where the xi’s denote only voxels that have their midpoint inside the reconstructed
object as well as inside the scan field of view. The parameter n counts the number
of those voxels, as in the DoT formula (5.5). From one truncation level to the
next, the scan field of view decreases and thus, the parameter n also decreases.
We computed the RMS error for the trans-axial, the axial and the combined data
truncation experiments. The resulting curves are shown in Figures 5.12, 5.13 and
5.14.

In the trans-axial data truncation experiment of Figure 5.12, we can first look at
the curve where no truncation correction was applied (the curve with diamonds). In
this case, we see that the RMS error rises constantly, starting from truncation level
3 until it finally reaches a value of 222 HU. In contrast, the BA curve (the curve
with circles) and the KA curve (the curve with squares) rise at a much lower RMS
error level. Both, BA and KA curves reach a final value of 29 HU. This corresponds
to a difference of 193 HU compared to the curve where no truncation correction
was applied. Because BA and KA share the same implementation when it comes to
trans-axial data truncation, both curves are identical.

For the axial data truncation experiment in Figure 5.13, we again consider first the
curve where no truncation correction was applied (the curve with diamonds). This
curve rises until truncation level 8, where it starts to fall again until it finally reaches
a value of 21 HU at truncation level 11. This curve behavior may be explained by
the fact that those parts of the object which have a strong contribution to the RMS
error fall outside the scan field of view beyond truncation level 8 and are thus not
considered in the computation of the RMS error. Of course, this behavior depends
on the chosen phantom as well as on the chosen geometrical setup. For the BA curve
(the curve with circles) and the KA curve (the curve with squares), we see that with
the exception of truncation level 6, the RMS error of the Basic Approach is always
slightly lower than that of the Kink Approach. The BA curve finally reaches a value
of 0.1 HU while the KA curve reaches a value of 1.6 HU at truncation level 11. In
any case, comparing Figure 5.12 and 5.13, we observe that axial data truncation is a
much less severe problem that trans-axial data truncation.

For the combined data truncation experiment in Figure 5.14, the curve progres-
sions mostly emulate the trans-axial data truncation case (except for the truncation
levels 2 and 3) since in this combination, the errors caused by trans-axial data trun-
cation are much higher than those caused by axial data truncation.

5.4.5 Visual Image Quality

In this section, we compare the reconstructed images by visual inspection rather
than by quantitative analysis. For each experiment, we picked the images with the
maximal DoT values, corresponding to the highest truncation level. We show the
ground truth reconstruction and a reconstruction without truncation correction along
with reconstructions using the Basic Approach and the Kink Approach. We also show
FDK reconstructions, where we applied the Hybrid Approach along the detector rows
for truncation correction; this amounts to applying step BA-R on the truncated data.
The FDK results allow us to compare the performance of the FDK algorithm with
the original Hybrid Approach to the M -line algorithm with our proposed methods.
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Figure 5.12: The RMS error is shown for different levels of trans-axial data truncation.
The curve with diamonds shows the case without truncation correction. The curve
with circles shows the the case when applying the Basic Approach and the curve with
squares when applying the Kink Approach. However, these last two curves are very
similar and cannot be distinguished from each other on the plot.
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Figure 5.13: The RMS error is shown for different levels of axial data truncation.
The curve with diamonds shows the case without truncation correction. The curve
with circles shows the case when applying the Basic Approach and the curve with
squares when applying the Kink Approach.

For this visual inspection, we chose three orthogonal slices through the FORBILD
head phantom. The slices were at z=20 mm, y=50 mm and x=0 mm. The results
for trans-axial, axial and combined data truncation can be seen in Figures 5.15, 5.16
and 5.17, respectively.
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Figure 5.14: The RMS error is shown for different levels of combined data truncation.
The curve with diamonds shows the case without truncation correction. The curve
with circles shows the the case when using the Basic Approach and the curve with
squares when using the Kink Approach. However, these last two curves are very
similar and cannot be distinguished from each other on the plot.

From Figure 5.15, we see an extreme intensity drop-off when no truncation cor-
rection is applied. The intensity drop-off manifest as almost uniformly black shadows
due to the chosen grey window, in those regions where the filtering lines are truncated.
The Basic Approach and the Kink Approach restore the image such that all high and
low contrast inlays can be clearly identified. The methods are not able to resolve the
data truncation problem without remaining artifacts. Those artifacts appear as small
located black shadows and as directed non-located streaks throughout the volume.
In those regions, the assumptions of the underlying water cylinder correction seem to
be too weak. However, both methods clearly outperform the case without truncation
correction.

Figure 5.16 shows the same intensity drop-offs when no truncation correction is
applied. In contrast to the trans-axial data truncation scenario, those shadows cover
a much smaller portion of the object. However, the artifacts are severe enough to
mask important details of the FORBILD head phantom. The shape and location of
the shadows are a consequence of the chosen experimental setup (M -point location,
geometry etc.). For axial data truncation, both Basic Approach and Kink Approach
recover the object almost perfectly. No differences in visual image quality can be seen
between the two truncation correction methods.

Without truncation correction in Figure 5.17, the outcome appears almost identi-
cal to the trans-axial truncation case since these artifacts are dominant. However, in
fact, the artifacts are composed of trans-axial and axial data truncation. The Basic
Approach and the Kink Approach show small located shadows and directed non-
located streaks as expected from the trans-axial data truncation case but otherwise
restore the images quite well.
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a) b) c) d) e)

f) g) h) i) j)
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Figure 5.15: Reconstruction of three slices at z=20 mm, y=50 mm and x=0 mm (from
top to bottom) through the FORBILD head phantom for trans-axial data truncation.
In a),f),k), the ground truth, in b),g),l), the reconstruction without truncation cor-
rection, in c),h),m), the reconstruction using the Basic Approach, in d),i),n), the
reconstruction using the Kink Approach, and in e),j),o), the FDK reconstruction
using the Hybrid Approach is shown. The window was set to [-30 HU;130 HU].

Figure 5.18 shows the results of combined data truncation from one realization
of Poisson noise (250000 photons). From the figure, we observe that both, the Ba-
sic Approach and the Kink Approach seem to be robust to noise, at least for this
particular data set. The outcome seems to be analog to that of Figure 5.17.

5.5 Summary and Conclusions

We have presented two empirical methods to handle data truncation for oblique fil-
tering lines. Both methods are based upon the so-called Hybrid Approach, which is
a truncation correction technique for horizontal filtering lines that is applied to the
FDK algorithm. The Basic Approach compensates data truncation in two successive
preprocessing steps. It is therefore independent of any specific reconstruction algo-
rithm. The Kink Approach uses similar concepts for data extrapolation as the Basic
Approach but applies only for a specific data acquisition geometry and adapts the
filtering lines when necessary. It therefore needs to be integrated into the reconstruc-
tion algorithm. In both methods, truncation correction is done solely for the purpose
of filtering. No extrapolated value is ever backprojected.

The methods were tested on simulated data of the FORBILD head phantom. The
results show that truncation effects resulting from oblique lines can be considerably
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Figure 5.16: Reconstruction of three slices at z=20 mm, y=50 mm and x=0 mm
(from top to bottom) through the FORBILD head phantom for axial data trunca-
tion. In a),f),k), the ground truth, in b),g),l), the reconstruction without truncation
correction, in c),h),m), the reconstruction using the Basic Approach, in d),i),n), the
reconstruction using the Kink Approach, and in e),j),o), the FDK reconstruction
using the Hybrid Approach is shown. The window was set to [-30 HU;130 HU].

mitigated. Unfortunately, some artifacts remain, especially in the case of trans-axial
data truncation (truncation along the detector rows). These artifacts appear in the
form of small intensity drops in the vicinity of truncated edges, and in the form of
low-intensity streaks that radiate from these edges and spread over the entire recon-
structed volume. We note that they were already present in the FDK reconstruction,
but they were then less noticeable because of the numerous cone-beam artifacts that
mask them.

Since the streaks and intensity drops are present in both the FDK reconstruction
and the M -line reconstruction, we may assume that they are caused by the Hybrid
approach itself. Using the empirical Hybrid approach to handle oblique filtering as
suggested in the Basic Approach and the Kink Approach does not seem to generate
additional types of artifacts. Refinements of the Hybrid approach aiming at reducing
these artifacts are beyond the scope of this paper, but will be investigated in the
future.

Our quantitative analysis highlighted only small differences between the Basic
Approach and the Kink approach, and these differences lead to no visual differences
between the noise-free reconstructions achieved with these two methods. Also, addi-
tion of noise did not change this observation. Both methods appear equally robust
to noise, and we believe that this feature is a direct attribute of the robustness of
the Hybrid Approach, on which both methods are built. Consequently, preference
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Figure 5.17: Reconstruction of three slices at z=20 mm, y=50 mm and x=0 mm (from
top to bottom) through the FORBILD head phantom for combined data truncation.
In a),f),k), the ground truth, in b),g),l), the reconstruction without truncation cor-
rection, in c),h),m), the reconstruction using the Basic Approach, in d),i),n), the
reconstruction using the Kink Approach, and in e),j),o), the FDK reconstruction
using the Hybrid Approach is shown. The window was set to [-30 HU;130 HU].

for one method versus the other should be primarily based on ease of implementation
and specifics of the data acquisition geometry. As mentioned earlier, the Kink ap-
proach offers a gain in data storage, but is also not applicable to all data acquisition
geometries.

In our experiments and in the presented drawings, the M -point projected always
outside of the detector. This will always be the case if the M -point is chosen to be
approximately in the middle of the circle segment of the circle-plus-arc trajectory, at
least for a realistic C-arm geometry; e.g. see [11]. In general, no severe consequences
are to be expected if the M -point projects inside of the detector. Both methods
may still be applied without changes. However, if the M -point projects onto the
backprojection region itself, some of the resulting filtering lines will become vertical
i.e. they will have the same orientation as the detector columns. For those filtering
lines, the Kink Approach cannot be applied as presented, since in case of axial data
truncation, the method would infinitely repeat the last projection value whenever a
(vertical) filtering line leaves the detector. The Basic Approach does not have this
specific problem and should be thus preferred in that case.

Our methods can be applied, besides the M -line approach, to any FBP algorithm
that requires oblique filtering lines e.g. the Katsevich circle-plus-line or circle-plus-arc
algorithms [22],[23] or the ACE algorithm [25].
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Figure 5.18: Reconstruction of three slices at z=20 mm, y=50 mm and x=0 mm
(from top to bottom) through the FORBILD head phantom for combined data trun-
cation from one realization of Poisson noise (250000 photons). In a),f),k), the ground
truth, in b),g),l), the reconstruction without truncation correction, in c),h),m), the
reconstruction using the Basic Approach, in d),i),n), the reconstruction using the
Kink Approach, and in e),j),o), the FDK reconstruction using the Hybrid Approach
is shown. The window was set to [-30 HU;130 HU].



Chapter 6

Accurate Image Reconstruction
using Real C-arm Data

As the last step towards accurate cone-beam image reconstruction in C-arm computed
tomography, this chapter presents solutions to two challenging implementation issues
for the M -line algorithm such that the algorithm is capable of handling real C-
arm data from the circle-plus-arc trajectory. In particular, we apply a novel and
numerically stable technique to compute the view dependent derivative with respect
to the source trajectory parameter and we present an efficient way to compute the
π-line backprojection intervals via a polygonal weighting mask. For the experiments,
we scanned a physical phantom of a human thorax, which exhibits strong cone-
beam artifacts along the bones of the spine when reconstruction is done with the
conventional FDK algorithm. These results are compared to those obtained with
our implementation of the M -line algorithm. As our ultimate goal, we demonstrate
that cone-beam artifacts can be completely eliminated by applying the described
implementation techniques. Some parts of this chapter have been presented at the
IEEE Medical Imaging Conference 2006 [11] and have been published in [28]. An
evaluation of the view dependent derivative in the context of the circle-plus-line
trajectory was presented at the IEEE Medical Imaging Conference 2007 [12].

6.1 Introduction

Many accurate image reconstruction formulae impose the front-end requirement of
a view dependent data differentiation step. This view differentiation step has often
been assumed to be suboptimal with respect to the resolution and the quality of the
reconstructed image because the discretization along the source trajectory in λ is
typically coarse, compared to the much finer sampling on the detector in u and v.

Former differentiation schemes include the direct scheme and the chain-rule scheme.
The direct scheme is easy to implement and may provide good results when the sam-
pling rate along the source trajectory is high, but has been shown to break down in
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case of coarse view sampling [28]. The chain-rule scheme applies the chain-rule to
the view dependent derivative as follows

∂

∂λ
g(λ, θ)

∣∣∣∣∣
θ fixed

=

(
∂g1

∂λ
+

∂g1

∂u

∂u

∂λ
+

∂g1

∂v

∂v

∂λ

)
(λ, u, v), (6.1)

where g1(λ, u, v) = g(λ, θ) as before. Only the first term in this formula requires a
differentiation of the cone-beam data in λ. Because of this, the chain rule scheme
often yields the wanted derivative with a much higher resolution than the direct
scheme. Good results have been reported for trajectories such as the helix; see [29].
The chain rule scheme is however not unrestrictedly robust to changes in the data
acquisition geometry, which has been shown to be the case at least for the circle-
plus-line trajectory [28]. This is so, because along the line segment of the trajectory,
the chain rule reduces to just the first term ∂g1

∂λ
and so resolution losses in λ cannot

be compensated by the other two terms as would be the case for example along a
circular or helical trajectory.

In this chapter, we apply a recently proposed view differentiation scheme that
seems to be robust to changes in the data acquisition geometry as well as to coarse
view sampling; see [28]. We would like to note that although the scheme is reviewed
here in the context of the circle-plus-arc trajectory, it is not specific to this data
acquisition geometry and may be applied to other trajectories as well.

Besides the view differentiation step, there is another processing step in the recon-
struction algorithm that requires some care during implementation, namely the data
selection step. For the final algorithm, it remains to show how for each object point to
practically select the subset of cone-beam projections that need to be backprojected.
This data selection can be done analytically for an ideal trajectory. This has been
shown for instance for the circle-plus-line [22] and for the circle-plus-arc trajectory
[23]. Since we are dealing with a non-ideal trajectory, we present an approximation
to the analytical formulae in this chapter. This approximation involves the computa-
tion of a two-dimensional weighting mask for each cone-beam projection, which must
be multiplied with the detector content. This multiplication can be implemented
efficiently. The method is not restricted to the circle-plus-arc trajectory, but may
also be applied to similar complete source trajectories, such as the circle-plus-line
trajectory.

6.2 Background

Before presenting new material, we review how the geometrical parameters required
to implement the M -line reconstruction formulae may be extracted from projection
matrices. We assume that these projection matrices have been obtained from the
geometrical calibration presented in Chapter 4. Other calibration techniques that
are based on a direct estimation of the geometrical parameters, such as [27], may not
require this extraction.
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6.2.1 Parameter Extraction

To extract the geometrical parameters from a projection matrix, we follow step similar
to [10]. Let P be the projection matrix for a specific source position a. This projection
matrix can be decomposed into the following product

P =




d
∆u

s0 û0

0 d
∆v

v̂0

0 0 1




[
R −Ra

]
= K

[
R −Ra

]
, (6.2)

which is an alternative representation of equation (4.2). The upper triangular matrix
K is called internal parameter matrix. The rotation matrix R consists of the unit
vectors that define the detector coordinate system and thus provides the detector
orientation

R =
[

eu ev −ew

]>
. (6.3)

To obtain the complete parameter set, we need to extract K, R and a from P . For
that purpose, we reformulate equation (6.2) as follows

P =
[

KR −KRa
]

=
[

M −Ma
]
. (6.4)

The matrix M = KR is the left sub-matrix of P . Since K is upper triangular and
R is orthogonal, K and R can be determined from M by using an RQ Decompo-
sition.1 The decomposition is unique if we require that K has positive diagonal
entries. This can be achieved by multiplying K on the right and R on the left by
diag(sign(k11), sign(k22), sign(k33)), where the kii’s are the diagonal entries of K.

From (6.4), we see that a can be computed according to

a = −M−1p4, (6.6)

where p4 denotes the last column of P . The inversion of M can be done in a numer-
ically stable way e.g. by using a singular value decomposition.

Given the complete data set that describes the C-arm geometry, we are prepared
to implement the required processing steps of the M -line algorithm. We need those
parameters on many occasions throughout the implementation. For instance, û0 and
v̂0 are required to perform a coordinate transform from image coordinates to detector
coordinates or vice versa. If we want to compute for a given detector coordinate the
corresponding x-ray direction, we need eu, ev, ew and d. And we need a to compute
the view dependent derivative, as explained in the following section.

6.3 Towards Real Cone-Beam Data

6.3.1 View Dependent Differentiation

In [28], we have presented a new view differentiation scheme, which will be reviewed
in the following.

1Sometimes scientific computing packages (such as Matlab) only offer a QR Decomposition. In
this case one can first perform a QR Decomposition on M−1 followed by an inversion of the obtained
matrices since

M = (M−1)−1 = (R−1K−1)−1 = KR (6.5)

Note that R−1 = R>.
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The differentiation of the cone-beam data g(λ, θ) with respect to the trajectory
parameter λ at fixed viewing direction θ can be seen as the following limit

∂

∂λ
g(λ, θ)

∣∣∣∣∣
θ fixed

= lim
ε→0

g(λ + ε, θ)− g(λ− ε, θ)

2ε
. (6.7)

As we have shown in [28], a numerically stable implementation of this derivative can
be obtained based on the following discretization of equation (6.7)

∂

∂λ
g(λ, θ)

∣∣∣∣∣
θ fixed

' g(λ + ε∆λ, θ)− g(λ− ε∆λ, θ)

2ε∆λ
, (6.8)

where ε can be seen as a resolution-control parameter, with 0 < ε ≤ 1. If the
trajectory is equidistantly sampled at increments ∆λ, setting ε = 1 amounts to a
computation of the derivative involving the cone-beam data g(λ + ∆λ, θ) and g(λ−
∆λ, θ) only from available source positions. Due to the low sampling rate along the
source trajectory, however, we would like to chose ε ¿ 1 to minimize discretization
errors and resolution loss.

Let us assume we want to compute the Katsevich derivative at an arbitrary lo-
cation λ along the source trajectory. According to equation (6.8), this computation
would involve the cone-beam data g(λ−ε∆λ, θ) and g(λ+ε∆λ, θ). However, if ε ¿ 1,
there is no acquired data at the intermediate locations λ − ε∆λ and λ + ε∆λ. In
order to be able to compute the derivative nevertheless, we developed an interpola-
tion scheme that allows us to obtain the desired (but unavailable) cone-beam data
g(λ − ε∆λ, θ) and g(λ + ε∆λ, θ) from the available cone-beam data g(λ − ∆λ, θ),
g(λ, θ) and g(λ + ∆λ, θ). We perform this interpolation as follows

g(λ− ε∆λ, θ) ' (1− ε) g
(
λ, α−

)
+ ε g

(
λ−∆λ, β−

)
(6.9)

g(λ + ε∆λ, θ) ' (1− ε) g
(
λ, α+

)
+ ε g

(
λ + ∆λ, β+

)
, (6.10)

where

α− =
b(λ− ε∆λ, θ)− a(λ)

‖b(λ− ε∆λ, θ)− a(λ)‖ (6.11)

β− =
b(λ− ε∆λ, θ)− a(λ−∆λ)

‖b(λ− ε∆λ, θ)− a(λ−∆λ)‖ (6.12)

and

α+ =
b(λ + ε∆λ, θ)− a(λ)

‖b(λ + ε∆λ, θ)− a(λ)‖ (6.13)

β+ =
b(λ + ε∆λ, θ)− a(λ + ∆λ)

‖b(λ + ε∆λ, θ)− a(λ + ∆λ)‖ . (6.14)

The formulae suggest to interpolate g(λ − ε∆λ, θ) and g(λ + ε∆λ, θ) linearly from

g (λ, α−), g
(
λ−∆λ, β−

)
and g (λ, α+), g

(
λ + ∆λ, β+

)
, respectively. This interpo-

lations involves the unit vectors α−, β− and α+, β+, which are shown in Figure 6.1.
Those vectors are defined by the three source positions a(λ−∆λ), a(λ) and a(λ+∆λ)
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Figure 6.1: The new scheme to compute the view dependent derivative at position λ
on the circle segment of the circle-plus-arc trajectory; see also [28] for further details.

as well as by the two points b(λ−∆λ, θ) and b(λ + ∆λ, θ). The points b(λ−∆λ, θ)
and b(λ + ∆λ, θ) should be chosen such that the integral values along the lines with
directions α+, β+ and α−, β− approximate the desired integrals along the lines with
direction θ, as good as possible. We assume that this will be the case if b(λ−∆λ, θ)
and b(λ+∆λ, θ) are the orthogonal projections of the object’s center of mass onto the
two lines with direction θ, radiating from a(λ − ε∆λ) and a(λ + ε∆λ), respectively.
Since for real data the true center of mass may not be known, the origin of the world
coordinate system may be chosen as an approximation.

For the four lines with directions α+, β+ and α−, β−, we compute their inter-
section coordinates with the detector, using formulae (2.5) and (2.6). The values of

g (λ, α−), g
(
λ−∆λ, β−

)
and g (λ, α+), g

(
λ + ∆λ, β+

)
are then obtained by bilinear

interpolation from the detector values in the 2 × 2 neighborhood of the computed
intersection coordinates.

The new view differentiation scheme can be applied to any accurate image recon-
struction algorithm, which incorporates the Katsevich derivative; it is not specific to
the M -line algorithm nor to the circle-plus-arc trajectory.
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6.3.2 Data Selection

The M -line algorithm for the circle-plus-arc trajectory reconstructs the object by
backprojecting the filtered cone-beam data onto π-lines, which must cover at least
the ROI under investigation. Each object point x belongs to a specific π-line, which
determines the backprojection interval for x and for all other object points on this
π-line. More specifically, the backprojection interval is determined by the endpoints
of the π-line, which are the two points of intersection of the line with the source
trajectory. Data outside the backprojection interval is redundant and must not be
backprojected. Otherwise, streak like artifacts that manifest along the π-lines will
disturb the reconstructed object, since the redundant data is backprojected but not
taken into account by the algorithm. It is therefore important, to accurately compute
the backprojection intervals. Such a computation was shown in [23] for an ideal circle-
plus-arc trajectory. Our non-ideal data acquisition geometry forces us to approximate
the analytic formulae. We do this approximation as follows.

First, we note that the decision if the current source position belongs to the
backprojection interval of a given object point x can be made by projecting one
segment of the trajectory onto the detector plane. More specifically, we project the
arc segment onto the detector when the source moves along circle segment and we
project the circle segment onto the detector when the source moves along the arc
segment. We then select only those detector data at the appropriate side of the
projected trajectory segment. The principle is illustrated in Figure 6.2. Assume
the source is on the circle segment. The current source position belongs to the
backprojection interval of x, only if x projects on the right-hand side of the projected
arc segment. Since this is true for every object point, we can create a two-dimensional
weighting mask w2(λ, u, v) that assigns each pixel on the right-hand side a value of
one, and a value of zero otherwise. The same principle applies if the source is on the
arc segment. Here, the current source position belongs to the backprojection interval
of x if x projects above the projected circle segment. Thus, the weighting mask must
be one on top of the projected circle segment and zero elsewhere.

In a realistic scenario, we do not have an analytical description of the source
trajectory. The source trajectory is described by a sequence of x-ray source positions.
To project one trajectory segment, we first project the corresponding source positions
onto the detector and then connect the projected points by lines. The resulting
polygonal curve then represents the projected trajectory segment.

To avoid artifacts appearing along the π-lines in the final reconstructed object,
we generate a smooth transition zone within a small neighborhood to the polygonal
curve, by assigning each neighborhood pixel a value between zero and one. We do
this by applying a one-dimensional convolution of the weighting mask with a simple
averaging filter. When we project the arc segment, the convolution is done along
eu. When we project the circle segment, we convolve along ev. The support of the
averaging filter was selected to be three pixels, which we found worked best, at least
for our specific C-arm geometry. An example of the final weighting masks is shown
in Figure 6.3.

We would like to emphasize that the weighting mask w2(λ, u, v) depends only
on the projection of x onto the detector plane, not on x itself. That means that
all other points, which lie on the line connecting the current source position with
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Figure 6.2: Data selection principle for a) the circle segment and b) the arc segment.
a) If a source position belongs to the backprojection interval of x (shown in bold), x
projects on the right-hand side of the arc segment. Otherwise, x projects on the left-
hand side of the arc segment. b) If a source position belongs to the backprojection
interval of x, x projects above the circle segment. Otherwise, x projects below the
circle segment.

a) b) c)

d) e) f)

Figure 6.3: The example shows cone-beam data of a human thorax phantom, which
was acquired from a source position on a) the circle and on d) the arc segment. The
corresponding weighting masks are depicted in b) and e). We used a two-sided circle-
plus-arc trajectory to create those masks. Within each mask, the white area consists
of ones, while the black area consists of zeros. Pixel-wise multiplication of a) with
b) and d) with e) yields c) and f), respectively. Note that for visualization purposes,
the unfiltered cone-beam data is displayed.

x, are assigned the same weight. Therefore, this data selection can be implemented
efficiently.
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C-arm parameters

Radius (circle/arc) (r) [mm] 750
Source-detector distance (d) [mm] 1200
Pixel width (∆u) [mm/pixel] 0.308
Pixel height (∆v) [mm/pixel] 0.308
Detector dimension [pixel2] 1240 × 960
Angular sampling (circle) [°/projection] 0.4
Angular sampling (arc) [°/projection] 0.4
Number of projections (circle) 543 (216.8°)
Number of projections (arc) 109 (43.2°)

Table 6.1: Parameters used for the experiments.

6.4 Experiments and Results

The M -line algorithm has been tested on real C-arm data. We used an AXIOM
Artis dTA C-arm system (Siemens AG, Healthcare Sector, Forchheim, Germany) to
perform the circle-plus-arc trajectory. The parameters are shown in Table 6.1. Note
that since we reconstructed the volume above and below the circle plane, the arc scan
actually consisted of two segments, one reaching above, the other one reaching below
the circle plane. To compute the view dependent derivative, the resolution-control
parameter ε was set to 2−6, a value which we found worked best. The M -point was
placed (approximately) in the middle of the circle segment. The reconstructed volume
consists of 300× 11× 300 voxels with a voxel side length of 0.5× 0.1× 0.5 mm. We
calibrated the trajectory geometry with the method of Chapter 4. To handle data
truncation, we applied the Basic Approach from Chapter 5.

Figure 6.4 shows the reconstruction results of our implementation of the M -line
approach compared against a state-of-the-art implementation of the FDK algorithm.
For the FDK algorithm, the modified water cylinder correction of [50] was applied to
lessen truncation artifacts. The cone-beam data and the projection matrices of the
calibrated circle segment of the circle-plus-arc trajectory were taken as input. We
used a human thorax phantom for this evaluation. The phantom consists of a human
spine which is embedded in water-equivalent material to emulate real tissue including
the heart. To reduce noise, we show an image of slice thickness 1.1 mm.

From the figure we see that the M -line algorithm clearly outperforms the FDK
algorithm in terms of visual image quality. The typical cone-beam artifacts we see in
the FDK reconstruction manifest in dark directed shadows radiating from the bones
of the spine whenever there is a noticeable frequency change in z-direction. Those
cone-beam artifacts have been completely eliminated in the M -line reconstruction.

To measure the noise within both reconstructions, we computed the standard
deviation inside a square area of size 60 × 60 pixels within a homogeneous region
(see the white squares in Figure 6.4). The computed values are 75 HU for the FDK
and 64 HU for the M -line reconstruction. Thus, the M -line algorithm has a lower
standard deviation. This is also confirmed by the visual impression of Figure 6.4,
where the FDK reconstruction appears slightly more granular. We may explain this
by the fact that the M -line algorithm incorporates some interpolation steps that are
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a) b)

Figure 6.4: An xz-slice of thickness 1.1 mm through the human thorax phantom is
shown. The window was set to [-1419 HU;1419 HU]. In a) the FDK, in b) the M -line
reconstruction is depicted. The white squares surround homogeneous regions, which
are used to measure the noise behavior of both algorithms. The white lines are such
that they intersect one bone of the spine to evaluate the achieved resolution.

not included in the FDK algorithm, for instance in the computation of the derivative
and in the forward and backward rebinning steps.

For a qualitative evaluation of the achieved resolutions, we show in Figure 6.5
the intensity profiles along a horizontal line (a line with line direction ex), which
intersects one bone of the spine (see the white lines in Figure 6.4). Apart from
noise, the two curves appear similar. Especially the slope of the curves at the three
highlighted intensity jumps. At least from this specific profile, the resolution seems to
be comparable. Figure 6.4 underlines this interpretation, since for instance the width
of the outline of the bones of the spine appears to be similar in both reconstructions.

6.5 Summary and Conclusions

We have shown how to implement two important processing steps of the M -line
approach such that the algorithm is able to handle cone-beam data from a circle-
plus-arc trajectory, acquired with a real C-arm system.

As a prerequisite for implementing the algorithm, we reviewed how the necessary
geometrical parameters that describe the data acquisition geometry can be extracted
from projection matrices. This may become important in practice if the calibration
procedure outputs projection matrices, as in our case.

For the first critical processing step, we applied a novel and numerically stable way
to compute the Katsevich derivative in the context of the M -line algorithm for the
circle-plus-arc trajectory. The computation is based on a direct discretization of the
derivative, which involves a unique resolution control parameter. For the derivative
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Figure 6.5: Intensity profiles along the white lines of Figure 6.4.

at λ, this parameter basically determines how much data is used from the neighboring
cone-beam projections at λ±∆λ and may need to be adjusted on a case by case basis
for a fine tuning of the derivative computation, especially if ∆λ is big. As already
pointed out, the suggested method can be applied to any accurate reconstruction
algorithm that involves a view dependent data differentiation step.

As the last step towards accurate image reconstruction from real C-arm data,
we presented an approach to determine for each object point, the backprojection
interval in a robust and efficient way. We did this by creating for each cone-beam
projection a two-dimensional detector weighting mask, which must be multiplied with
the detector content prior to the backprojection step. The mask thereby ensures the
correct handling of data redundancies and takes care that the backprojection interval
borders have a smooth transition zone in order to avoid reconstruction artifacts.
The creation of the weighting mask involves the projection of specific trajectory
segments onto the detector. We approximated the projections of those segments by
a polygonal curve that connects a set of projected x-ray source positions. In former
experiments, we have tried to fit an ellipsoidal curve to the projection of the x-ray
source positions. This was done by using standard linear algebra. We found out
however, that this fitting cannot be implemented in a robust way, since there are too
few source positions for a stable estimate of the ellipsoid. Therefore, we decided to
use the polygonal approach, which seems to be a good approximation and is robust.
The suggested method can easily be adapted to other complete source trajectories,
such as the circle-plus-line trajectory.

Our experiments with real data of a human thorax phantom, acquired with an
AXIOM Artis dTA C-arm system (Siemens AG, Healthcare Sector, Forchheim, Ger-
many), show that by applying the presented implementation techniques, cone-beam
artifacts can be completely eliminated. This has been confirmed and tested against
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a state-of-the-art FDK reconstruction of the same data set. The reconstruction with
the M -line algorithm appears to be slightly more homogeneous and to have a lower
standard deviation. Intensity profiles for both reconstructions along with the visual
impression of the presented images suggest that the resolution of the algorithms seems
to be comparable. Only minor artifacts remain in the M -line reconstruction and we
may argue that these artifacts can be attributed to other physical phenomena, such
as for instance beam-hardening.
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Chapter 7

Conclusions

This chapter summarizes the main contributions and results of this work and describes
future directions for research in the field of accurate cone-beam image reconstruction
in C-arm computed tomography. As was the case in the remainder of this work, the
discussion is focused on the M -line algorithm and on the circle-plus-arc trajectory.

7.1 Summary

The goal of this thesis was the robust implementation of an accurate FBP algorithm
such that it is able to process real C-arm data. We thereby identified two main chal-
lenges: i) non-ideal acquisition geometry and ii) data truncation. From the available
complete source trajectories, we selected the circle-plus-arc trajectory. This trajec-
tory can be easily configured on a C-arm system and also has the practical advantage
that it does not require to move the patient table as would be the case, for instance,
if we had used the circle-plus-line trajectory. The choice of the image reconstruc-
tion algorithm that forms the basis for our implementation was made in favor of
the accurate M -line algorithm of Pack and Noo [31]. We made this choice because
the algorithm explicitly allows and is able to cope with non-ideal data acquisition
geometries, such as the investigated circle-plus-arc trajectory. This ability renders it
the preferred approach for our purposes, especially by recalling the main tasks of this
work:

� Calibrate the circle-plus-arc trajectory to measure the non-ideal description of
the data acquisition geometry.

� Find an approximate but robust solution to the data truncation problem in the
context of the M -line algorithm.

� Adapt all processing steps of the M -line algorithm such that the final imple-
mentation is able to process real C-arm data.

For the calibration of the circle-plus-arc trajectory, we developed a novel approach.
Since the circle-plus-arc trajectory consists of two (partial) circles, we found it ap-
propriate to build this approach upon an accurate and robust calibration procedure
for circular trajectories. It turned out that this renders our method a two step ap-
proach. In the first step, we calibrate each segment of the trajectory independently,
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thereby taking care to place the calibration phantom optimally for each segment.
The second step then consists of the combination of the independent calibration re-
sults. This combination can be done in a numerically stable way by using standard
linear algebra. We have confirmed this by various experiments that show that our
method works with sub-pixel accuracy, not only on simulated but also on real cone-
beam data, at least for our specific C-arm scanner. However, the principle of this
method is quite general and may also be exploited for other calibration procedures;
it is most effective if the calibration phantom has a favored orientation with respect
to a trajectory segment, i.e. if the phantom is view dependent.

To handle data truncation, we developed two novel truncation correction ap-
proaches for oblique filtering lines that can be combined with the M -line algorithm.
The Basic Approach accounts for data truncation by first extrapolating along the
detector rows, then extrapolation along the (extended) detector columns. This data
extrapolation step is based on what we called Hybrid Approach, originally presented
in [50]. The Basic Approach can be seen as a data preprocessing step and virtually
does not affect the reconstruction algorithm. The Kink approach applies a similar
technique for data extrapolation but is integrated into the reconstruction algorithm,
because it requires an adaptation of truncated filtering lines. The methods are not
intended to extend the scan field of view, but solely serve to complete the data for
the filtering step. Our experiments on simulated data show that artifacts resulting
from data truncation can be mitigated to a considerable extend. Both methods can
be applied to any FBP algorithm that requires oblique filtering lines.

The adaptation of the M -line algorithm to be able to handle real C-arm data was
done by first identifying those processing steps that seemed to be most critical in the
presence of real data. It turned out that basically two processing steps required special
care when implementing them for use with real data, namely the computation of the
view dependent data differentiation and computation of the backprojection intervals.
For the view differentiation, we applied a recently proposed scheme [28], which fulfils
the robustness requirements imposed by our C-arm system. The computation of
the backprojection intervals was done in a computationally efficient way by creating
one two-dimensional detector weighting mask for each cone-beam projection, which
is multiplied with the detector content right before the backprojection is carried
out. The method seems to be numerically stable and can easily be adapted to other
trajectories as well. For the circle-plus-line trajectory, the method can be applied
without modification. Our experiments on real data show that cone-beam artifacts
can be eliminated by implementing the algorithmic steps as suggested. This was
confirmed by testing the final implementation of the M -line algorithm against a
state-of-the-art FDK reconstruction.

7.2 Future Work

There are some points that have not been evaluated in this work but are worth being
investigated in the future. Those points will be discussed in the following.

The geometric calibration of the circle-plus-arc trajectory with the PDS-2 calibra-
tion phantom (Siemens AG, Healthcare Sector, Forchheim, Germany) required the
repositioning of the phantom from the calibration of one trajectory segment to the
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other because this phantom is not view independent. A view independent calibra-
tion phantom would not only simplify calibration of the circle-plus-arc trajectory but
would also allow the calibration of arbitrary source trajectories. Those trajectories
may then be calibrated as a whole, thus avoiding the computation of the phantom
motion. One may consider building a phantom consisting of steel wires instead of
steel spheres to avoid overlapping of the spheres when the phantom is observed from
oblique viewing directions. Those wires will appear as straight lines in the projec-
tion images, which may be located in the image by using standard image processing
techniques. Then, instead of using point correspondences for the determination of
the projection matrices, one could use line correspondences.

In the M -line algorithm, the M -point determines the orientation of the filtering
lines. Almost always, we placed the M -point (approximately) in the middle of the
circle segment of the circle-plus-arc trajectory. It appeared that this M -point location
yielded filtering lines with low slopes and helped to mitigate data truncation if the
object under examination did not fit onto the detector in axial direction; cf. Chapter
5. We have however, not investigated formally whether the chosen M -point location
is optimal in terms of data truncation. Also, noise was not thoroughly investigated in
this thesis. An extensive noise study might be performed in the future. One question
might be whether the location of the M -point might influence the noise properties.

In the presented experiments, we have selected the sampling intervals along the arc
segment to be the same as the sampling intervals on the circle segment. However, it is
not clarified that the optimal sampling intervals should be identical from one segment
to the other. It would be interesting to investigate in the future, how the sampling
on the arc segment influences reconstruction when using the M -line algorithm.

To reconstruct the object at a specific point x, only a subset of the acquired
cone-beam projections are used. This subset corresponds to source positions that are
part of the backprojection interval of x. However, x is typically illuminated also from
source positions that are not part of the backprojection interval. In an ideal scenario,
these projections do not provide any additional information. In a realistic scenario
including noise, the redundant information may be used to increase the signal to noise
ratio. An important question to answer in the future is therefore how to incorporate
redundant data into the M -line algorithm.

An interesting question, which may be important for practical applications, such
as cardiac CT, is what artifacts are to be expected in case the object or a specific
part thereof, such as the heart, is moving during reconstruction. It seems to be worth
investigating whether the incorporation of redundant data (see last paragraph) could
contribute to mitigate motion artifacts in that case.
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Appendix A

Determination of the Measurement
Matrix

In this appendix, we show how the entries of the measurement matrix Ai can be
determined, following steps similar to [10]. Our starting point is equation (4.4),
Section 4.3.1

Pxi = P ′Hxi. (A.1)

We proceed by applying the vector cross product to eliminate the homogenous scaling
factor, according to

Pxi × P ′Hxi = 0. (A.2)

We denote the j-th row of the matrix P ′ by p′j> and the j-th column of the matrix
H by hj and also xi = (xi, yi, zi, 1)>. As an intermediate result, we find

P ′Hxi =




xip
′1>h1 + yip

′1>h2 + zip
′1>h3 + p′1>h4

xip
′2>h1 + yip

′2>h2 + zip
′2>h3 + p′2>h4

xip
′3>h1 + yip

′3>h2 + zip
′3>h3 + p′3>h4


 . (A.3)

Now the cross product can be written as

Pxi × P ′Hxi =




xiv
>
1 h1 + yiv

>
1 h2 + ziv

>
1 h3 + v>1 h4

xiv
>
2 h1 + yiv

>
2 h2 + ziv

>
2 h3 + v>2 h4

xiv
>
3 h1 + yiv

>
3 h2 + ziv

>
3 h3 + v>3 h4


 = 0, (A.4)

with

v1 = (p2>xi)p
′3 − (p3>xi)p

′2 (A.5)

v2 = (p3>xi)p
′1 − (p1>xi)p

′3 (A.6)

v3 = (p1>xi)p
′2 − (p2>xi)p

′1, (A.7)

where pj> is the j-th row of P . Equivalently,

Pxi × P ′Hxi =




xiv
>
1 yiv

>
1 ziv

>
1 v>1

xiv
>
2 yiv

>
2 ziv

>
2 v>2

xiv
>
3 yiv

>
3 ziv

>
3 v>3







h1

h2

h3

h4


 = 0. (A.8)
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This is a system of three equations. However, in general, the vector v3 is a linear
combination of the vectors v1 and v2 and so the third equation does not provide much
additional information if any, even if P or P ′ are not error-free. We therefore decided
to use only the first two equations. Thus, we get

Ai =

[
xiv

>
1 yiv

>
1 ziv

>
1 v>1

xiv
>
2 yiv

>
2 ziv

>
2 v>2

]
, (A.9)

with v1 and v2 as defined above.



Appendix B

Modified Clock Phantom

Table B.1 shows our version of the clock phantom originally presented in [41]. Com-
pared to the definition given in [41], the phantom has been scaled by a factor of 8,
the densities of the spheres have been raised from 0 HU to 1000 HU and the spheres
have been embedded in a surrounding water cylinder.
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mx [cm] my [cm] mz [cm] ex [cm] ey [cm] ez [cm] ρ [HU/1000+1]

0.00 0.00 0.00 8.00 8.00 2.40 1.00

0.00 6.40 0.00 0.80 0.80 0.80 2.00
3.20 5.52 0.08 0.80 0.80 0.80 2.00
5.52 3.20 0.16 0.80 0.80 0.80 2.00
6.40 0.00 0.24 0.80 0.80 0.80 2.00
5.52 -3.20 0.32 0.80 0.80 0.80 2.00
3.20 -5.52 0.40 0.80 0.80 0.80 2.00
0.00 -6.40 0.48 0.80 0.80 0.80 2.00

-3.20 -5.52 0.56 0.80 0.80 0.80 2.00
-5.52 -3.20 0.64 0.80 0.80 0.80 2.00
-6.40 0.00 0.72 0.80 0.80 0.80 2.00
-5.52 3.20 0.80 0.80 0.80 0.80 2.00
-3.20 5.52 0.88 0.80 0.80 0.80 2.00
0.00 4.00 0.00 0.40 0.40 0.40 2.00
2.00 3.44 -0.08 0.40 0.40 0.40 2.00
3.44 2.00 -0.16 0.40 0.40 0.40 2.00
4.00 0.00 -0.24 0.40 0.40 0.40 2.00
3.44 -2.00 -0.32 0.40 0.40 0.40 2.00
2.00 -3.44 -0.40 0.40 0.40 0.40 2.00
0.00 -4.00 -0.48 0.40 0.40 0.40 2.00

-2.00 -3.44 -0.56 0.40 0.40 0.40 2.00
-3.44 -2.00 -0.64 0.40 0.40 0.40 2.00
-4.00 0.00 -0.72 0.40 0.40 0.40 2.00
-3.44 2.00 -0.80 0.40 0.40 0.40 2.00
-2.00 3.44 -0.88 0.40 0.40 0.40 2.00

Table B.1: The midpoints (mx, my,mz)
>, radii (ex, ey, ez)

> and densities ρ of the
spheres of the modified clock phantom. For the water cylinder in the first row, ex

(resp. ey) gives its radius and ez its half-height.
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