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Abstract

Navier’s slip boundary condition, which assumes a linear velocity-dependent
friction force between a flowing liquid and a solid, is almost 200 years old.
Yet, the subject of external friction in hydrodynamics is far from settled, and
many experimental realisations of increasingly slippery substrates as well
as promising potential nano- and microfluidic applications have sparked a
renewed interest. One of the strengths of the field – the large variety and
complexity – is also one of the greatest challenges and motivates the search
for universal and fundamental insights and theories. The present work con-
tributes to this endeavour by the development and application of different
mathematical descriptions of slip and external friction in fluids with a focus
on small length scales ranging down to molecular dimensions.

A major part of the thesis is dedicated to an extension of (generalised)
fluctuating hydrodynamics to liquids experiencing external friction – for in-
stance at the interface to a solid. The theory includes thermal fluctuations in
a natural way, and both a top-down as well as a microscopic bottom-up ap-
proach yield fluctuating external forces, which are related to a corresponding
friction coefficient and the slip length by a fluctuation dissipation theorem.
From a microscopic perspective, it turns out that some form of coarse grain-
ing like a wavelength cut-off in Fourier space is required for this kind of for-
mulation. The resulting fluctuating slip boundary condition is subsequently
applied to the subject of a current debate, leading to the conclusion that the
autocorrelations of the tangential external force at a liquid-solid boundary
are related to an effective friction coefficient of the entire system rather than
that of the specific interface the forces are measured at. Moreover, a possi-
ble explanation for deviating results of other authors is found. A second
application addresses the popular experimental system of a thin liquid film,
for the dynamics of which the influence of thermal noise has already been
proven. The fluctuating boundary condition now makes it possible to leave
the no-slip regime and derive and discuss stochastic thin film equations for
weak and strong slip as well.
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Complementary to the above treatment, an alternative description for
arbitrary small scales emphasises the microscopic mechanism of the gener-
ation of friction between a liquid and an external potential. Momentum is
transferred by the static interaction of a flowing liquid’s deformed particle
density with the potential, whereas energy is dissipated through additional
internal viscous friction. The formalism is able to transfer notions of conven-
tional macroscopic hydrodynamics to the microscale and to capture them in
the equation ofmotion. In addition, an expression for the friction coefficient
is obtained, which underlines the role of viscous dissipation. Eventually, an
effective theory for the dynamics on larger scales, which integrates out the
microscopic details, is devised. The theoretical considerations are visualised
and tested by molecular dynamics simulations, which – besides – show an
apparent complete breakdown of external friction above a critical flow ve-
locity.
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Zusammenfassung

Naviers Slip-Randbedingung, die eine lineare geschwindigkeitsabhängige
Reibungskraft zwischen einer fließenden Flüssigkeit und einem Festkörper
annimmt, ist nahezu 200 Jahre alt. Dennoch ist das Thema der externen
Reibung in der Hydrodynamik noch lange nicht abgehandelt und viele ex-
perimentelle Realisierungen von immer ,rutschigeren‘ Substraten, wie auch
vielversprechende mögliche Anwendungen in der Nano- und Mikrofluidik
haben ein erneuertes Interesse entfacht. Eine der Stärken des Feldes – die
große Vielfalt und Komplexität – stellt zugleich auch eine der größten Her-
ausforderungen dar und regt die Suche nach allgemeingültigen und grundle-
genden Einsichten und Theorien an. Die vorliegende Arbeit trägt zu diesem
Unterfangen durch die Entwicklung und Anwendung verschiedener mathe-
matischer Beschreibungen von Slip und externer Reibung in Fluiden bei –
mit besonderem Fokus auf kleine Längenskalen, die sich bis auf molekulare
Größen herab erstrecken.

Ein wesentlicher Teil der Dissertation ist eine Erweiterung der (verall-
gemeinerten) fluktuierenden Hydrodynamik auf Flüssigkeiten, die externe
Reibung unter anderem an der Grenzfläche zu einem Festkörper erfahren,
gewidmet. Die Theorie enthält auf natürliche Weise thermische Fluktua-
tionen, und sowohl ein top-down als auch ein mikroskopischer bottom-up
Zugang ergeben fluktuierende externe Kräfte, die durch ein Fluktuations-
Dissipations-Theorem mit einem entsprechenden Reibungskoeffizienten
und der Slip-Länge verknüpft sind. Aus mikroskopischer Sicht zeigt sich,
dass für diese Formulierung eine ,vergröberte‘ Betrachtung, wie sie etwa
durch eine Beschränkung der Wellenlängen im Fourierraum erzielt werden
kann, nötig ist. Die resultierende fluktuierende Slip-Randbedingung wird
anschließend auf das Thema einer aktuellen Debatte angewendet, was zu
dem Schluss führt, dass die Autokorrelationen der tangentialen externen
Kraft an einer Flüssig-Fest-Grenzfläche eher in Beziehung zu einem effek-
tiven Reibungskoeffizienten des Gesamtsystems stehen als zu dem der
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speziellen Grenzfläche, an der die Kräfte gemessen werden. Darüber hinaus
wird eine mögliche Erklärung für abweichende Ergebnisse anderer Autoren
gefunden. Eine zweite Anwendung behandelt das beliebte experimentelle
Systemeines dünnen Flüssigkeitsfilms, für dessenDynamik der Einfluss ther-
mischen Rauschens bereits nachgewiesen wurde. Die fluktuierende Rand-
bedingung erlaubt es nun das No-Slip-Regime zu verlassen und auch für
schwachen und starken Slip stochastische Dünnfilmgleichungen abzuleiten
und zu diskutieren.

Ergänzend zu obiger Betrachtungsweise betont eine alternative Beschrei-
bung für beliebig kleine Skalen denmikroskopischenMechanismus der Ent-
stehung von Reibung zwischen einer Flüssigkeit und einem externen Poten-
tial. Impuls wird durch die statischeWechselwirkung der deformierten Teil-
chendichte einer fließenden Flüssigkeit mit dem externen Potential übertra-
gen, wohingegen Energie durch zusätzliche interne viskose Reibung
dissipiert wird. Dem Formalismus gelingt es, Begrifflichkeiten und Ideen
der konventionellenmakroskopischen Hydrodynamik auf die Mikroskala zu
übertragen und sie in der Bewegungsgleichung zu erfassen. Zudem wird
ein Ausdruck für den Reibungskoeffizienten hergeleitet, der die Rolle der
viskosen Dissipation unterstreicht. Schließlich wird eine effektive, die mi-
kroskopischen Details ausintegrierende Theorie für die Dynamik auf grö-
ßeren Skalen entwickelt. Die theoretischen Überlegungen werden mittels
Molekulardynamik-Simulationen, die außerdem einen offenbar vollständi-
gen Zusammenbruch der externen Reibung oberhalb einer kritischen Fließ-
geschwindigkeit zeigen, veranschaulicht und getestet.
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Chapter 1

Introduction and Outline

1.1 Slippery when wet?
Some answers and many questions

Wet surfaces are slippery - or are they? Well, it depends. Thinking of a wet
floor, which is the usual context of the phrase “slippery when wet”, a film of
liquid lubricant between two solids can certainly decrease friction [14]. But
then again, it is usually not the surface of the solid that has become slippery.
Instead, the sliding essentially occurs inside the liquid, whereas the latter
sticks to the solid at their common interface (see figure 1.1 centre). Or at
least, this has been the prevalent boundary condition in almost the entire
history of hydrodynamic theory.1

1See section 4.1.

F 1.1: Simplified representation of a slipping shoe on a wet floor in case of fluid film
lubrication. On still rather large scales, the liquid velocity – indicated by the black arrows –
at a boundary can usually be assumed to be equal to that of the solid. On even smaller scales,
deviations from this no-slip condition may become perceivable.
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INTRODUCTION AND OUTLINE

no slip slip

F 1.2: Typical flow profiles in channels without andwith slip. The black arrows indicate
the velocity field. Slip allows for higher throughput and decreases hydrodynamic dispersion
by flattening the velocity profile.

Yet again, affairs are not always that simple, and, under certain condi-
tions, the liquid itself can slip against the solid (see figure 1.1 right).2 This
effect, which is determined by the strength of liquid-solid friction, is small
on the macroscopic scale but can have a dramatic impact on nano- or mi-
crometric flows. Aided by big advances in nano- and microfluidcs – fields
with many applications ranging from technology to biology – liquid slip has
aroused a great deal of interest, and the study of interfacial (or external)
friction in liquids has become a topic of intense research. High hopes are
built on a detailed understanding of this phenomenon. In particular, flows
through small channels or interfacial transport take benefit from a reduction
or precise control of external friction (e.g. see figure 1.2).

Many questions can be asked in this context: How is external friction
generated in the first place? How can the usual phenomenological descrip-
tion be derived and justified from first principles, and are there alternatives
or extensions? What are the corresponding microscopic expressions for the
relevant quantities like the interfacial friction coefficient that would allow
for an exact measurement and manipulation? And – motivated by the fact
that they are no longer negligible on smallest scales and, moreover, help ad-
dressing non-equilibrium processes – how can thermal fluctuations be in-
corporated into the theory?

It is these problems that inspired the present thesis; and the remainder
of this introduction will be dedicated to an illustration andmotivation of the
central ideas as well as a summary of the content and main results. A more
detailed discussion of the context and theoretical background is postponed
to chapters 2, 3 and 4.

2For amore detailed review of the slip boundary condition and its relevance, see chapter 4.
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1.2 THE GIST

v

F 1.3: The familiar example of a colloidal (Brownian) particle (left) can be used to
illustrate the two ways of treating liquid-solid friction (right) that are developed in this thesis
(see text). In these very sketchy images, fluid particles are represented by the light grey
circles, whereas the colloidal particle and a rough solid surface are drawn in darker grey.

1.2 The gist

Guided by the questions posed at the end of the previous section, this work
develops, discusses and applies different complementary descriptions of ex-
ternal friction in fluids. The term ‘external’ refers to friction due to the rela-
tive motion of a liquid and a solid or some general external potential and is
used to dissociate it from ‘internal’, viscous friction caused by velocity gra-
dients inside the liquid. It will, however, become obvious that – depending
on the perspective – both processes are not always entirely separated.

The main body is composed of two parts, which can be distinguished by
theway how the two aspects of friction –momentum transfer and dissipation
– are treated. The first formulation combines both components into a single
friction force and has the advantage of naturally including thermal fluctua-
tions in a very generic form, but the disadvantage that apparently some kind
of coarse graining is required. In contrast, the aspects of momentum trans-
fer and dissipation are rather well separated in the second description. It
allows for thermal fluctuations only in a less direct manner, but – in return –
can be applied to arbitrary small scales. Of course, the last statement has to
be put into perspective by noting that we are only concerned with a classical
and not a quantum theory here.

The basic ideas and principles of both descriptions can be illustrated by
considering the instructive and probably more familiar example of a small
colloidal particle immersed in a liquid as depicted in figure 1.3. Left to itself,
the particle will undergo Brownian motion, the jittering, seemingly sponta-
neous movement on a more or less random trajectory. This is a manifesta-
tion of what was previously alluded to as thermal fluctuations. On the other

3



INTRODUCTION AND OUTLINE

hand, if we drag the particle through the liquid, we will notice a frictional
resistance. The molecular origin of both effects is – of course – the interac-
tion of the colloidal particle with the particles of the fluid. Collisions with
the latter lead to its disordered motion as well as the collective dissipation
of any initial velocity.

Mathematically, the motion of the colloidal Brownian particle can be de-
scribed by a so-called Langevin equation (e.g. see ref. [79], pp. 190)

mv̇ = −γv + ξ . (1.1)

Here, m denotes the mass of the particle, v its velocity and the dot a tem-
poral derivative. The total force on the particle is composed of a systematic
friction force −γv and a fluctuating, quasi random force ξ. Such Langevin
equations can be derived in a systematic fashion from the equations of mo-
tion of a microscopic many particle system by the use of projection operator
techniques. Since friction force and fluctuating force have the samemolecu-
lar origin, it should not be surprising that there is a deep connection between
them. This fundamental relation goes by the name of fluctuation dissipation
theorem (FDT) and links the autocorrelations of the fluctuating force ξ to
the friction coefficient γ. Referring back to the subdivision of the thesis, we
note that the friction force −γv comprises both of the previously mentioned
aspects. Being part of the total force on the particle, it certainly changes its
momentum, and, being proportional to the velocity, it moreover removes
(i.e. dissipates) energy from the system represented by equation (1.1).

While the above perspective focuses on the colloidal Brownian particle,
the second variant would explicitly take the liquid into consideration, too.
Instead of just representing its net effect in terms of friction and fluctuat-
ing forces, one would have equations that also account for its motion. The
force on the colloidal particle would then be simply determined by the posi-
tions of the liquid particles relative to its own location, that is by the density
distribution of the liquid. Roughly speaking, one can picture liquid parti-
cles piling up in front of the moving colloidal particle, thus creating a net
force opposing its motion. Depending solely on particle positions, this force
clearly is a static quantity and does not dissipate energy. The latter occurs,
at the same time, by interactions of the liquid particles among themselves or
– to put it differently – through viscous friction inside the liquid. Although,
in this description, the force on the colloidal particle is originally static, one
can still try to relate it to the relative velocity between liquid and particle.
One option is to calculate the response of the liquid density to the motion of
the colloidal particle. Another possibility is to determine the force needed to
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drag the particle through the liquid at a given constant velocity. This could
be done by equating energy intake and dissipation in this stationary state,
an approach which emphasises the role of viscous dissipation in the liquid
for the generation of external friction. In both cases, the friction coefficient
is then again expressed through correlations of certain quantities, but not
those of a quasi random force as in the first formulation.

In this thesis, these considerations will be transferred to the problem of
friction between a liquid and a wall or an external potential, respectively (see
fig. 1.3 right). Thermal fluctuations in a bulk fluid (that is in absence of ex-
ternal influences) are a well established subject and treated by the theory of
fluctuating hydrodynamics (see section 3.2 and 3.4.1). Instead of a fluctu-
ating force, fluctuating stresses appear in the equations of motion, and the
transport coefficients, which are related by FDTs to the stress correlations,
are the bulk and shear viscosity. In the literature, one finds a few attempts to
incorporate boundaries (see also section 4.3), but a theory of fluctuating hy-
drodynamics with slip boundaries has apparently not been further pursued.
Not least because both slip and thermal fluctuations become important on
small scales, such a theory – however – is essential for a profound and com-
prehensive understanding ofmany nano- andmicrofluidic problems and can
be used for analytical calculations as well as numerical approaches (see also
the brief discussion in the introduction to chapter 5). Concerning a descrip-
tion of the coefficient of external friction in terms of correlation functions,
essentially a theory of Bocquet and Barrat (cf. section 4.3.1) seems to be
known to – and applied and tested by the scientific community. Despite
some good results in particular with respect to a general understanding of
the influence of different factors and approximations derived thereof, it also
has some deficiencies. First and foremost, the expression probably consti-
tutes an effective friction coefficient of the entire system rather than that
of a single wall and may be based on an unjustified assumption. Moreover,
compared to the present work, Bocquet and Barrat’s theory is not as funda-
mental in that it is technically not a derivation of a boundary condition and
does not include thermal fluctuations.

Our second perspective on external friction can be partly related to the-
ories for effective boundary conditions for rough surfaces (see section 4.2).
These approaches are based on integrating out the details of the flow on
the scale of the roughness, and a common feature is that the dissipative as-
pect of the effective external friction force is due to viscous dissipation on
the scale that is integrated out. So far, these theories have been limited to
rather meso- or macroscopic systems which allowed for the use of classical
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macroscopic hydrodynamic theory, but first tentative attempts towards an
extension of this continuum description to molecular dimensions have been
made and motivated.

Alternative to the classification presented above, the ‘direction’ of an ap-
proach would also lend itself as a means for structuring the thesis. Small
scale hydrodynamics can either be addressed by working top-down from
the well established macroscopic continuum theory, or bottom-up starting
from a simple many particle system. Here, both approaches will be applied.
While the benefit of a bottom-up description in terms of a detailed under-
standing, microscopic expressions and the identification and control of nec-
essary approximations is rather obvious, some words on the advantage of
the top-down direction may be in order. The world of slip is very rich and
many different systems with different kinds of slip and different microscopic
pictures exist. Yet, if one is not interested in the microscopic details, the
standard slip boundary condition (to be introduced in section 4.1) has been
extremely successful for all these cases. Hence, a theory that – as in our
case – incorporates fluctuations on this level of detail can be expected to be
very widely applicable. Basing it on very general and fundamental principles
without requiring a complete microscopic knowledge or the restriction to a
specific microscopic model supports this assertion.

1.3 Outline and key results

Part I

Part I provides the theoretical background and reviews the literature related
to the main themes of this thesis. Literature on more specific subjects will
be discussed in the corresponding chapters of parts II and III. In addition to
those aspects which are the explicit foundation for the subsequent chapters,
we also take a brief look at related topics or alternative approaches to put
this work into a broader perspective.

Chapter 2 introduces some relevant concepts from non-equilibrium sta-
tistical mechanics. The focus is on the generalised Langevin equation for-
malism and its derivation via projection operators, which naturally includes
thermal fluctuations and fluctuation dissipation theorems.

These rather abstract considerations are applied in chapter 3, where they
are used in the derivation of hydrodynamic equations of motion for a bulk
fluid. Besides the classical presentation, extensions for small scales – gener-
alised and fluctuating hydrodynamics – are discussed and derived.
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In chapter 4, we turn our attention to liquid-solid boundaries, that is slip
and external friction. After a general discussion of the slip boundary condi-
tion, its relevance and interpretation, we focus on a more detailed review of
the literature on two specific topics, which we have already touched upon
in section 1.2. They are the role of surface roughness and theories relating
interfacial friction to force fluctuations.

Part II

In part II, we follow the first of the two approaches described in section 1.2.
By studying the dynamics of a liquid in contact with a wall or external poten-
tial in the framework of generalised Langevin equations, we obtain a compre-
hensive hydrodynamic theory with external forces that puts the treatment of
external friction on a sound theoretical footing and naturally includes ther-
mal fluctuations.

We begin in chapter 5 with a top-down approach that shows how slip
boundaries have to be incorporated into fluctuating hydrodynamics from
very general considerations. Not having to specify the microscopic details,
the theory can be expected to be of a universal nature and widely applicable.
Moreover, the treatment of boundaries on themicroscale is a rather involved
subject, whereas macroscopic boundary conditions are well established and
sufficient for many applications. The investigations result in two equivalent
formulations. One consists of equations of motion that explicitly take ac-
count of the boundaries as well (eq. (5.31) in combination with eq. (5.41) and
eq. (5.45)), whereas the other uses the bulk equations (eq. (5.31)–eq. (5.36))
supplemented by fluctuating boundary conditions (eqs. (5.59), (5.60)). In
both cases, the consistent extension of fluctuating hydrodynamics to sys-
tems with slip boundaries is achieved by the introduction of a fluctuating
boundary force, the autocorrelations of which are linked to the interfacial
friction coefficient by a fluctuation dissipation theorem (eq. (5.43)). Poten-
tial cross-correlations with fluctuating stresses in the liquid are found to lead
to an effectively decreased friction (cf. eq. (5.88)) and may be covered by ef-
fective fluctuating boundary forces (eqs. (5.87), (5.91)).

Chapter 6 is concerned with a microscopic substantiation of the theory
of chapter 5. Using the aforementioned projection operator technique, gen-
eralised fluctuating hydrodynamic equations are derived for a simple liquid
in an external potential (eqs. (6.7), (6.45) and (6.65)). Interestingly, some
form of coarse graining, which – for instance – is conveniently achieved by
a cut-off in Fourier space, is necessary to obtain fluctuating external forces
(in the sense of a Langevin equation) in the first place. We then continue by
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specialising to an analogous situation to that of chapter 5, and it is demon-
strated how and under which assumptions this bottom-up approach can
be merged with the previous top-down treatment (see, e.g., eqs. (6.102)–
(6.104)). While differing in the details, the obtained microscopic expression
for the interfacial friction coefficient (eq. (6.105)) is structurally similar to
that of Bocquet and Barrat (eq. (4.8)), so that the fairly established approxi-
mations of the latter should also be contained in the present formalism.

In chapter 7, the fluctuating boundary conditions approach is applied
to calculate the correlations of the total tangential force exerted by a liq-
uid on a wall (e.g. see eq. (7.31)). This expression is central to the theory
of Bocquet and Barrat, and we can thus assess the main criticism, which is
the suspicion that their formula constitutes an effective friction coefficient
of the whole system rather than that of a single wall. Indeed, the findings
support the critics (see, e.g., eq. (7.32)), and, moreover, incorrectly assum-
ing initial velocities and fluctuating forces to be uncorrelated (see eq. (7.46)
for an analogous correct relation) is identified as a possible reason for the
deviating results of Bocquet and Barrat.

Chapter 8 constitutes another application of the formalism with a close
connection to experimental systems. The use of fluctuating boundary con-
ditions enables us to derive stochastic equations for the dynamics of thin
liquid films on slippery substrates (eqs. (8.59)–(8.61) and (8.94)–(8.97)). So
far, a stochastic thin film equation has only been available for no-slip sub-
strates, for which thermal noise has already been demonstrated experimen-
tally, numerically and analytically to have an impact on the film evolution.
Following the derivation, the linearised equations are solved (eqs. (8.104),
(8.112)) and used to calculate the wavenumber-dependent time correlation
function of the film height (eqs. (8.121), (8.123)).

Part III

Part III of the thesis is less elaborate and hasmore of an explorative character.
It was just mentioned above that some kind of coarse graining is required to
obtain fluctuating external forces for a simple liquid in an external potential.
This part, now, is devoted to finding out how external friction is generated
and can be described if no such coarse graining is carried out. In addition
to an analytical treatment, results of molecular dynamics simulations are
presented as illustration, proof of principle and test of approximations.

Chapter 9 carves out the contributions of the external force field to the
equation of motion – in particular to the static part, which, in the bulk,
would be the pressure gradient. The emerging picture corresponds to the
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second perspective that was illustrated in section 1.2 by taking the example
of a colloidal particle. If the liquid flows, a static force opposing the mo-
tion is induced by a deformation of the fluid particle density (cf. fig. 9.6).
The dissipative component of external friction, on the other hand, is taken
over by additional viscous dissipation inside the liquid. It is demonstrated
that these notions are not only a convenient visualisation of the microscopic
mechanism of external friction, but can be reflected by a suitably rewrit-
ten equation of motion (eqs. (9.27)–(9.29)). This provides a first link to the
meso- and macroscopic theories of rough surfaces, mentioned in section 1.2,
to which the present formulation constitutes a microscopic extension. Fur-
thermore, as in the example of the colloidal particle, the external force is
being related to the flow velocity in a twofold manner. While considering
the response of the particle density to the flow brings us once more closer to
the theory of Bocquet and Barrat (eq. (9.34)), the second approach yields an
expression for the friction coefficient that explicitly reflects the role of vis-
cous dissipation in the generation of external friction (eqs. (9.39), (9.40)).
Again, a similar result has, so far, only been obtained for effective slip over
rough surfaces on meso- to macroscopic scales but not for intrinsic slip on
the microscale. Eventually, as a byproduct of the simulations, also an in-
teresting complete breakdown of external friction at high flow velocities is
discussed.

In chapter 10, the work of chapter 9 is continued to trends on larger
scales such as a pressure drop across distances much larger than the typi-
cal length scale of the external potential. Utilising a smoothing procedure,
an effective theory is devised that integrates out the microscopic structure.
As a first step, the equations of motion for the smoothed hydrodynamic
fields are derived (eqs. (10.13), (10.14)). Then, introducing the notion of local
stationarity as an extension of the concept of local thermodynamic equilib-
rium, approximations for the hydrodynamic (long-wave) limit are made (e.g.
eqs. (10.29), (10.30), (10.36) and (10.34)) and successfully tested (figs. 10.5–
10.7).
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Chapter 2

Aspects of Non-Equilibrium
Statistical Mechanics

Hydrodynamics is the theory of liquid flow. It is not interested in themotion
of individual liquid molecules but in their collective or emergent dynamical
behaviour. Striving for a reduced description of a complicated many par-
ticle system, it can thus be placed in the domain of statistical mechanics.
Of course, the problem can be addressed from different perspectives using
many different methods, some of which will be introduced in this chapter.
The scope of the introductory considerations in part I is deliberately a bit
wider than that of part II and III as the intention is not only to provide the
theoretical basis of what is to follow, but also its context and a glimpse at the
bigger picture. In part II and III, the central role will be played by the gen-
eralised Langevin equation formalism, which, consequently, will be treated
in greatest detail here (cf. section 2.3), while a rather brief overview will be
given over some other concepts. Moreover, the reader will be assumed to be
familiar with equilibrium statistical mechanics and classical mechanics.

2.1 Constitutive equations andGreen-Kubo relations

Despite the different approaches, results are often quite similar. For in-
stance, one particular type of relation that is often encountered is a linear
constitutive equation, which – in a somewhat symbolic notation – reads

J = LF , (2.1)

and which – in the context of transport processes – expresses the response
of a system to a generalised force F in terms of some kind of flux J . The
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constant of proportionality L will be referred to as transport coefficient. A
simple example is Fick’s law of diffusion J = −D∇ϕ, where J is the diffusion
flux, the diffusion constant D corresponds to the transport coefficient, and
ϕ is the concentration of some substance. Another well-known constitutive
relation is Ohm’ law, where the response J = σE of an electrical current J to
an applied electric field E is determined by the conductivity σ, which now
takes the role of the transport coefficient.

According to Zwanzig [188], the forces F and the associated transport co-
efficients can be naturally classified into two categories. There are processes
driven by external forces, like the electrical field in Ohm’s law, and processes
driven by internal or thermodynamic forces, like the concentration gradient
in Fick’s law. The first category obviously describes the response to an exter-
nal force, whereas the second is essentially1 concernedwith free relaxation to
equilibrium. Evans and Morriss [55] (p. 95) add that “one can often mathe-
matically transform the non-equilibrium boundary conditions for a thermal
transport process into a mechanical field”, so that both representations are
congruent.

It is thus not surprising that, in both scenarios, one finds formally identi-
cal expressions for the transport coefficients, which are commonly referred
to as Green-Kubo relations, paying tribute to the work of Green [75] and
Kubo [97]. A Green-Kubo relation usually contains an integral of an equilib-
rium time correlation function of fluxes

L ∝
∞∫

0

dt ⟨J(t)J(0)⟩eq , (2.2)

where the angular brackets ⟨. . .⟩eq signify an equilibrium ensemble average.
Particularly in the context of linear response theory (cf. sec. 2.5), one often
also encounters an alternative form that invokes the temporal derivative of
some phase space function A:

L ∝
∞∫

0

dt
⟨
Ȧ(t)Ȧ(0)

⟩
eq. (2.3)

Sometimes, also an upper cut-off is applied to the time integral, which is
related to the so-called plateau problem (see, for instance, ref. [50]).

1An important exception is the response to the interaction with a heat bath. [188]
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2.2 Transport in non-equilibrium thermodynamics

Let us begin with the oldest of the concepts to be treated here: thermody-
namics. A thermodynamic description of transport requires the notion of
local [55] (p. 17) or partial [101] (p. 13) equilibrium, so that space- or time-
dependent thermodynamic quantities may be defined.

Our constitutive equation (2.1) appears now in the abstract form of rela-
tions

Ja =
∑
b

LabXb (2.4)

between the so-called dissipative fluxes Ja and the (conjugate) thermody-
namic forces Xb . The term ‘dissipative’ already foreshadows that these quan-
tities are closely related to entropy production, as we will shortly see. The
coefficients Lab appear under numerous names in the literature such as
phenomenological coefficients or Onsager coefficients [42] (p. 23), kinetic
coefficients [101] (p. 366), or (phenomenological) transport coefficients [55]
(p. 20). Moreover, the matrix (Lab) is also addressed as dissipation matrix
[42] (p. 23).

Equation (2.4) is related to the relaxation of a system that is in a partial
or local equilibrium state towards complete or global equilibrium. In ac-
cordance with this interpretation, the dissipative fluxes are sometimes also
written as −ẋa , where xa is the deviation of some thermodynamic quantity
from its mean value [101] (p. 335 and pp. 364). As soon as complete equilib-
rium is reached, xa ceases to change and the flux Ja vanishes. Similarly, the
thermodynamic forces, which are often also expressed as gradients of scalar
fields, are only present in non-equilibrium, too, and can be thought of as
driving the system back to equilibrium.

There are two ways to motivate the linear relation (2.4). In the first vari-
ant (cf. section 2.3.1 in ref. [42] and section 2.2 in ref. [55]), the Ja and Xa

are introduced by considering the rate of entropy production Ṡ (or – de-
pending on the convention – the dissipation function Ψ = T Ṡ; T being the
temperature), which is given by the products of dissipative fluxes and ther-
modynamic forces:

Ṡ =
∑
a

JaXa . (2.5)

Equation (2.4) then serves as a linear constitutive relation for small devia-
tions from equilibrium to eliminate the dissipative fluxes, assuming that the
latter can be expanded in the thermodynamic forces.

The second approach [101] (pp. 364) assumes that the set {xa } completely
describes the relaxation from the state of partial equilibrium towards
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complete equilibrium, so that the ẋa are only functions of the xa . Close to
equilibrium, one has to linear order ẋa = −

∑
b λabxb . In addition, the con-

jugate quantities Xa := −∂S/∂xa are expanded as Xa =
∑

b βabxb . Combin-
ing both, one arrives again at equation (2.4), where now Lab =

∑
c λacβ

−1
cb
.

Invoking the definition of the thermodynamic forces as derivatives of the en-
tropy, one, moreover, finds that Ṡ =

∑
a(∂S/∂xa)ẋa = −

∑
a Xa ẋa =

∑
a JaXa ,

as above.
To be sure, thermodynamics is only valid for large systems. Decreasing

the scale, one begins to recognise deviations from the predictions of the the-
ory, which we will subsume under the term thermal fluctuations. According
to pp. 41 in reference [42] and p. 362 and p. 375 in reference [101], they can
be factored into the description by first assuming that the above relation
between dissipative fluxes and thermodynamic forces (eq. (2.4)) is actually
only valid on the average or if xa is large compared to its typical fluctua-
tions. This idea is motivated by the observation that the dissipative fluxes
are the macroscopic manifestation of the existence of microscopic degrees
of freedom in a thermodynamic system. On this basis, one then introduces
fluctuating dissipative fluxes J ′a such that

Ja =
∑
b

LabXb + J ′a , (2.6)

where ⟨J ′a⟩eq = 0 and

⟨J ′a(t)J ′b(t′)⟩eq = 2kBLabδ(t − t′). (2.7)

As usual, kB denotes Boltzmann’s constant and t time. The last equation is
an example of a fluctuation dissipation theorem (FDT). Fluctuating equa-
tions and FDTs will be studied in greater detail from a more microscopic
perspective in section 2.3. Integrating equation (2.7) with respect to time,
one moreover obtains

Lab =
1
kB

∞∫
0

dt ⟨J ′a(t)J ′b(0)⟩eq , (2.8)

which has the typical form of a Green-Kubo relation (cf. eq. (2.2)). Note that,
here, correlations of the fluctuating dissipative fluxes are used, and that, only
under certain circumstances, they can be replaced by the correlations of the
total dissipative fluxes. We will come back to this point in section 2.3.4.
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2.3 Generalised Langevin equation

Although thermodynamics is a powerful tool, a fundamental treatment of
any problem of classical (statistical) mechanics starts in phase space, where
each microscopic state of the system is represented by a point Γ. An impor-
tant method building on such a microscopic approach is Zwanzig’s [187] and
Mori’s [120, 121] projection operator theory, which is going to be introduced
in this section. Amongst other things, it provides a microscopic substantia-
tion of the concepts of (fluctuating) non-equilibrium thermodynamics. The
presentation is guided by the accounts in references [189] (mostly chapter 8),
[79] (mostly chapter 9) and [66].

2.3.1 Hilbert space of observables

We define an observable2 A(Γ) as a function that maps a point Γ in phase
space to a complex number. In fact, we will later usually consider fields of
observables, that is observables depending on the position in space r, like
the mass density ρ(r, Γ) := m

∑
α δ(r − Rα). The quantities in this example

refer to a system of particles with identical masses m that are located at the
positions Rα . The sum runs over all particles. Here and in the following, we
ignore the difference between numbers and physical quantities with units, as
it poses no mathematical problems. Moreover, we will disregard subtleties
related to the theory of distributions, which can be justified by realising that,
for any practical purpose, we can approximate δ(r) to arbitrary precision by
a smooth, real-valued function. Although denoted like a second argument
of the function ρ(r, Γ), the position r rather plays the role of a continuous
parameter of the family of observables ρ(r, Γ), so as to – for any given r –
ρ(r, Γ) is an observable in the sense introduced above, that is a map from
phase space to C. To introduce the concepts which are the subject of this
section, however, we will return to simple generic observables A(Γ) as gen-
eralisations are fairly straightforward. In future, especially when referring to
the observable (i.e. the function as a mathematical object) and not its value
at a specific point Γ, we will often drop the argument Γ and use A ≡ A(Γ),
A(r) ≡ A(r, Γ) and so on.

The basis of the projection operator approach is the identification of each
observable with a vector in a Hilbert space. This is not the place to discuss
all properties of Hilbert spaces in full detail, but a few important aspects
shall be highlighted. First of all, a vector space needs addition and scalar

2Often also called variable or dynamical variable.
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multiplication, which, in our case, are induced by the corresponding op-
erations in C by defining (A + λB)(Γ) := A(Γ) + λB(Γ) for λ ∈ C. In the
context of fields of observables, this notion is extend to integrals by defining(∫

drλ(r)A(r)
)

(Γ) :=
∫

drλ(r)A(r, Γ). A Hilbert space moreover features a
scalar product, and the usual choice is the so-called Kubo product

⟨A|B⟩ := ⟨A∗B⟩eq , (2.9)

where ⟨. . .⟩eq denotes again an equilibrium ensemble average, and the aster-
isk signifies complex conjugation.

2.3.2 Time evolution

As time passes, each point in phase spacemoves along a deterministic trajec-
tory which is determined by the system’s Hamiltonian. Since the temporal
derivative of Γ is, by virtue of the canonical equations of motion, a function
of Γ, the rate of change of an observable is given by

d
dt

A(Γ) = iLA(Γ), (2.10)

where L is the Liouville operator. This equation can be formally solved to
yield the value of the observable after the system has evolved for a period of
duration t from the initial state Γ to the state Γt . One finds

A(Γt ) = eiL t A(Γ) =: R(t)A(Γ), (2.11)

where the time evolution operator R(t) := eiL t has been introduced.
The operator R(t) allows for a convenient way of shifting the perspec-

tive from a time evolution in phase space to a time evolution of observables,
similar to the transition from the Schrödinger to the Heisenberg picture in
quantummechanics. Accordingly, let us now introduce time-dependent ob-
servables A(Γ, t) defined by A(Γ, t) := A(Γt ). The observable A(Γ, t) takes a
point Γ, follows its evolution for a time t to Γt and then evaluates A(Γt ).
Analogously to the discussion above, t is a continuous parameter of the fam-
ily of observables A(Γ, t). Making use of equation (2.11), we can write

A(Γ, t) = R(t)A(Γ), (2.12)

where, in particular, A(Γ, 0) = A(Γ). Again, equation (2.12) can be seen as
the formal solution of an equation of motion:

∂t A(Γ, t) = iLA(Γ, t). (2.13)
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To conclude this section, let’s discuss some properties of the operators
iL and R(t) in connection with the Kubo product. For an arbitrary operator
O, the ‘matrix element’ and the adjoint operator O† are introduced via

⟨A|O|B⟩ := ⟨A|OB⟩ = ⟨O†A|B⟩. (2.14)

The operator iL consists of derivatives with respect to the phase space co-
ordinates, and a partial integration of the phase space integral involved in
forming the equilibrium ensemble average yields (iL)† = −iL. Here, we
have also used that the equilibrium probability distribution is invariant un-
der the action of iL, that is it is temporarily constant. The form of the ad-
joint Liouville operator directly implies R†(t) = R(−t). Another important
relation is ⟨A|iLA⟩ = 0, which is due to the fact that iL picks up a minus
upon time reversal, which is the transformation that swaps the sign of all
time coordinates and momenta. Because the Hamiltonian is quadratic in
the momenta, it is invariant under time reversal, wherefore we conclude
⟨A|iLA⟩ = −⟨A|iLA⟩, proving the above relation.

2.3.3 Projection operator and generalised Langevin equation

So far, finding the value A(Γ, t) of some observable involves solving the equa-
tions of motion for all phase space coordinates, which apart from approxi-
mate numerical integration is a hopeless endeavour for a liquid. On the
other hand, macroscopic equations of motion like the ones of hydrodynam-
ics are approximately self-determined. That is, the evolution of a small set of
observables – in hydrodynamics they are the mass, momentum and energy
density – is essentially determined by the values of the same observables at
earlier times. Details of the molecular motion appear as additional ‘thermal’
noise, which – under certain circumstances – can be neglected or averaged
out.

This observationmotivates a partitioning of theHilbert space of all phase
space variables into a subspace spanned by some distinguished, ‘relevant’
observables and the complementary subspace of ‘irrelevant’ variables as vi-
sualised in figure 2.1. In a sense, the space of ‘irrelevant’ variables serves as
a bath for the distinguished observables, introducing noise and dissipating
energy. While the formalism about to be introduced is mathematically ex-
act for any choice of distinguished observables, a bad choice will probably
yield no further insights. Statistical mechanics does not tell us what a good
choice is, but conservation laws can serve as a guideline.

One way of splitting up the Hilbert space is to use projection operators.
Here, we will first discuss the case of a single distinguished observable A
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relevant,

distinguished `bath'

irrelevant,

Hilbert space of all observables

               dissipation

            fl
uctuations

F 2.1: Central idea of the projection operator formalism. The Hilbert space of all ob-
servables is partitioned into a subspace of ‘relevant’ or ‘distinguished’ variables and the or-
thogonal subspace of all other ‘irrelevant’ observables. The latter can be imagined as a bath
which dissipates energy from the distinguished variables and returns fluctuations. If the dis-
tinguished variables are chosen well, their dynamics is essentially determined by their earlier
values, and the fluctuations assume the form of quasi random noise.

and later generalise to larger sets. Moreover, let us choose A such that its
equilibrium average vanishes. For instance, δρ(r) := ρ(r) − ⟨ρ(r)⟩eq will be
used quite often later. As already foreshadowed by the notation of the scalar
product, we will borrow the bra-ket notation from quantum mechanics and
observables will be denoted as kets, that is |A⟩ ≡ A and |A(t)⟩ ≡ A(t). The
projection operator on |A⟩ can now conveniently be written as

P := |A⟩⟨A|A⟩−1⟨A|. (2.15)

That P is indeed a projection operator is easily verified by calculating

PP = |A⟩⟨A|A⟩−1⟨A|A⟩⟨A|A⟩−1⟨A| = |A⟩⟨A|A⟩−1⟨A| = P . (2.16)

In addition, the orthogonal projection operator is defined as Q := I − P,
where I is the identity operator.

The strategy now is to split the dynamics of the distinguished observ-
ables into their mutual interactions and a part that considers the coupling
to the remaining degrees of freedom, that is the bath. Using the orthogonal
projection operators P and Q, we write as a first step R(t) = R(t)P + R(t)Q.
The trick then is to set up an equation of motion for the second part, R(t)Q,
which we formulate as ∂tR(t)Q = iLR(t)Q = R(t)PiLQ + R(t)QiLQ. Here,
we have applied the above decomposition of R(t) once more and, moreover,
used that iL andR(t) = eiL t commute. This equation can be formally solved
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for R(t)Q, and plugging the solution into the decomposition of R(t) yields

R(t) = R(t)P +
t∫

0

ds R(s)PiLR′(t − s) + R′(t), (2.17)

where the so-called reduced time evolution operator R′(t) := QeiLQ t was
introduced, which can also be brought into the symmetric form

R′(t) = QeiQLQ tQ. (2.18)

Roughly speaking, R′(t) represents a time evolution that takes place solely
in the space of ‘irrelevant’ observables.

In the next step, we apply equation (2.17) to reformulate the equation of
motion of the observable A. Multiplying from the right with iL|A⟩ gives

R(t)iL|A⟩ = R(t)|A⟩⟨A|A⟩−1⟨A|iL|A⟩

+

s∫
0

ds R(s)|A⟩⟨A|A⟩−1⟨A|iLR′(t − s)iL|A⟩ + R′(t)iL|A⟩.

(2.19)

Abandoning the ket notation aswe are donewith projecting, using again that
the Liouville operator commutes with R(t) to obtain R(t)iLA = iLR(t)A =
∂t A(t), and implying some definitions to be discussed below, this equation
can be rewritten as

∂t A(t) = iΩA(t) −
t∫

0

ds M(t − s)A(s) + R(t). (2.20)

This is the generic form of a generalised Langevin equation.
The first term on the right-hand side of equation (2.20) signifies an in-

stantaneous static response as it only depends on the value of A at the time
t itself. The prefactor

iΩ := ⟨A|A⟩−1⟨A|iLA⟩ (2.21)

defines what is usually referred to as a collective frequency Ω, as it is often
related to oscillatory behaviour. In the single variable case, iΩ vanishes be-
cause of ⟨A|iLA⟩ = 0, but we retain it here to facilitate generalisations to
multiple observables, where the corresponding terms do not vanish in gen-
eral.
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Before turning to the second term, it is convenient to consider the third
term on the right-hand side of equation (2.20) first. The quantity

R(t) := R′(t)iLA (2.22)

is called a fluctuating or often also a random or stochastic force, or simply
noise. These denominations aremotivated by the observation that R(t) stays
in the subspace of ‘irrelevant’ observables at all times because

⟨A|R(t)⟩ = 0, (2.23)

which is due to ⟨A|Q = 0. Either by direct calculation or from equation (2.19),
one, moreover, has ⟨R(t)⟩eq = 0. As a consequence of the complicated struc-
ture of the reduced time evolution operator, R(t) is often modelled as a ran-
dom variable turning the evolution of A(t) into a stochastic process. The
probability distribution of R(t), however, cannot be chosen freely, as will
become obvious from eventually considering the second term on the right-
hand side of the generalised Langevin equation (2.20).

Depending on the past values of A(t), this term constitutes a retarded re-
sponse, and is – moreover – related to dissipation, which will become clearer
in the next section. The memory kernel

M(t) := ⟨A|A⟩−1⟨iLA|R′(t)|iLA⟩ (2.24)

also appears under various other names in the literature, such as dissipation
coefficient [28] (p. 73) or time-dependent transport coefficient [55] (p. 80),
and it is probably a question of the concrete circumstances, which formu-
lation is most appropriate from the physical perspective. By noting that we
can always insert R′(0) = Q to the left of R′(t) in equation (2.24), we obtain
the very fundamental relation

M(t) = ⟨A|A⟩−1⟨R(0)|R(t)⟩. (2.25)

As it relates the memory kernel from the dissipative part of the generalised
Langevin equation to the correlations of the fluctuating forces, it is referred
to as a fluctuation dissipation theorem (FDT).

As mentioned before, the formalism is easily extended to projections on
sets of observables. The most general case we will encounter is a set of ob-
servables of the form {Ai(r)}, where r is a continuous parameter and i indexes
different position-dependent observables. Combining the Ai(r) to the vec-
tor A(r), the Kubo product of two vectors acts as a tensor product and yields
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a matrix with components
(⟨A|B⟩) i j = ⟨Ai |B j ⟩. Adding the position de-

pendency, all correlations thus turn to matrix-valued integral kernels. In
particular, the projection operator is now given by

P :=
∫

dr
∫

dr′ |A(r)⟩⟨A(r)|A(r′)⟩−1⟨A(r′)|, (2.26)

where the inverse ⟨A(r)|A(r′)⟩−1 is implicitly defined via∫
dr′′ ⟨A(r)|A(r′′)⟩⟨A(r′′)|A(r′)⟩−1 = I δ(r − r′). (2.27)

The symbol I signifies the unit matrix. Note that this definition directly
implies that

∫
dr′′ ⟨A(r)|A(r′′)⟩−1⟨A(r′′)|A(r′)⟩ = I δ(r − r′) as well (cf. ap-

pendix B.1). Repeating the derivation, the generalised Langevin equation in
the multiple variable case is then found to read

∂tA(r, t) =
∫

dr′ iΩ(r′, r)A(r′, t)

−
∫

dr′
t∫

0

ds M(r′, r, t − s)A(r′, s) + R(r, t), (2.28)

where

iΩ(r′, r) :=
∫

dr′′ ⟨A(r′)|A(r′′)⟩−1⟨A(r′′)|iLA(r)⟩, (2.29)

M(r′, r, t) :=
∫

dr′′ ⟨A(r′)|A(r′′)⟩−1⟨R(r′′, 0)|R(r, t)⟩ (2.30)

are the corresponding matrix-valued collective frequency and memory ker-
nel.

2.3.4 Comments and relations

As such, the generalised Langevin equations (2.20) and (2.28) are only com-
plicated reformulations of Newton’s equation of motion. Their value and
that of the projection operator formalism lies in the physical interpretation
of their structure, in approximations thus made possible, relations to other
theories and derived equations of motion for other quantities. Some promi-
nent examples will be discussed in the follwing.
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Markov approximation for slow variables

A very common approximation of the generalised Langevin equation is the
so-called Markov approximation of the retarded response for slow variables
A(t). Suppose the memory kernel M(t) decays sufficiently fast, then we can
approximate

t∫
0

ds M(t − s)A(s) ≈


∞∫

0

ds M(s)

 A(t) =: MA(t) (2.31)

if A(s) is essentially constant on the time scale defined by the width of M(t).
In carrying out this procedure, the generalised Langevin equation is trans-
formed into an ordinary Langevin equation without memory (hence the
term ‘Markov’), and the effect of the complicated memory function is re-
duced to a single coefficientM , which is often treated as a phenomenological
parameter of the system under consideration.

Constitutive relations

The decomposition ofR(t) according to equation (2.17) can be used to obtain
a constitutive relation for a flux J(r, t) = R(t)J(r). A particularly appealing
result is obtained if the variable A(r) used for projecting is related to the flux
J(r, t) via a continuity equation

∂t A(r, t) = −∇ · J(r, t). (2.32)

Then, J(r, t) is the current density of A(r, t), and equation (2.32) expresses
a conservation law as the total amount of A within a certain volume cannot
change spontaneously but only through a net flux into or out of this volume.

Assuming spatial homogeneity, it is convenient to carry out the following
considerations in Fourier space. Using the convention Ã(q) :=

∫
dr A(r)eiqr

for Fourier transformations, equation (2.32) transforms to

iL Ã(q, t) = iqJ̃(q, t), (2.33)

where we have additionally substituted the Liouville operator for the time
derivative. Because of the translation invariance, all two-point correlations,
like ⟨A(r)|A(r′)⟩, only depend on relative distances r′ − r. As a direct con-
sequence, the corresponding correlations in Fourier space ⟨Ã(q)| Ã(q′)⟩ are
proportional to δ(q′−q). Hence, we can treat all wavevectors independently.
For a given q, let us thus define the projection operator

P := | Ã(q)⟩⟨Ã(q)| Ã(q)⟩−1⟨Ã(q)|. (2.34)
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Then, using equation (2.17) on J̃(q) leads to

J̃(q, t) =
t∫

0

ds Ã(q, s)⟨Ã(q)| Ã(q)⟩−1iq⟨J̃(q)|R′(t − s)|J̃(q)⟩+R′(t)J̃(q). (2.35)

Defining

X̃(q, s) := iqÃ(s)⟨Ã(q)| Ã(q)⟩−1 , (2.36)

J̃′(q, t) := R′(t)J̃(q), (2.37)

L̃(q, t) := ⟨J̃′(q, 0)|J̃′(q, t)⟩, (2.38)

the equation can be rewritten as

J̃(q, t) =
t∫

0

ds L̃(q, t − s)X̃(q, s) + J̃′(q, t), (2.39)

which is reminiscent of equation (2.6). It can be generalised to multiple
fluxes by correspondingly projecting on multiple observables. We note that,
in this case, the fluxes can also have non-dissipative parts, stemming from
R(t)P|J̃(q)⟩, which vanishes in the single variable case since ⟨Ã(q)|iL Ã(q)⟩ =
0 for arbitrary q (cf. section 2.3.2).

Last, let us address the question of replacing the correlations of the fluc-
tuating fluxes by the correlations of the total dissipative fluxes. From the
the continuity equation (2.33), it follows that eiLQ t = eiL t + O(q). Using
R′(t) := QeiLQ t and ⟨J̃(q)|P = 0, we see that the reduced dynamics can be
replaced by the real dynamics in the limit of small q. In passing, it should
be mentioned that a more careful inspection is indicated in the case of mul-
tiple observables. As demonstrated in chapter 8.6 of reference [189], similar
arguments also hold for slow variables, where ∂t A = O(τ), and τ is a small
parameter. In fact, the continuity equation (2.33) implies slow variations of
Ã(q, t) for small q, so that both perspectives apply to the present situation.
Moreover, it permits us to use the Markov approximation (2.31), so that in
the limit of small q, the transport coefficient L can be defined in terms of
the Green-Kubo relation

L =

∞∫
0

dt L̃(0, t) =
∞∫

0

dt ⟨J̃(0, 0)|J̃(0, t)⟩, (2.40)

which is reminiscent of equation (2.2).
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Correlation functions

The generalised Langevin equation can be used to obtain exact equations of
motion for equilibrium time correlation functions CAA(t) := ⟨A|A(t)⟩. Mul-
tiplying equation (2.20) with ⟨A| from the left and using ⟨A|R(t)⟩ = 0 imme-
diately yields

∂tCAA(t) = iΩCAA(t) −
t∫

0

ds M(t − s)CAA(s). (2.41)

Langevin equations are, moreover, used to calculate non-equilibrium cor-
relations as well by assuming that – in contrast to other correlations – the
correlations of the fluctuating forces are still the same as in equilibrium. We
will come back to this subject in section 3.3.

Determining the memory kernel

Due to the reduced time evolution, it is usually very hard to calculate or
measure thememory kernelM(t) directly. Hijon et al. [84], however, devised
a scheme to render the reduced dynamics explicit, thus turning the Mori-
Zwanzig formalism into a practical calculation tool. One of the advantages
is that the memory kernel does not suffer from the plateau problem (see, for
instance, ref. [50]). An alternative, indirect way of assessing M(t) is to use
its relation to the correlationsCAA(t) via equation (2.41). Taking the Laplace
transform, it can be easily solved for M̃(z) :=

∫ ∞
0 dt M(t)e−zt and one finds:

M̃(z) = iΩ − z +
CAA(0)
C̃AA(z)

. (2.42)

In addition, using the fluctuating force R(t) ≡ R0(t) as distinguished ob-
servable for the construction of another projection operator P1, one can ob-
tain a generalised Langevin equation for M(t) ≡ M0(t), which features a new
memory kernel M1(t) and new fluctuating forces R1(t). Iterating this pro-
cedure yields a whole hierarchy of equations, which – in a sense – reveals
more and more details of the original memory kernel. Inserting the hierar-
chy into the expression for C̃AA(z) results in a continued fraction expansion.
For more details on this topic, the reader is referred to standard textbooks
as, for instance, references [28, 79].

Furthermore, one of the major benefits of the projection operator ap-
proach is that often the detailed shape ofM(t) is actually not that important,

26



2.3 GENERALISED LANGEVIN EQUATION

so that – for instance – “rather effective approximations to the time corre-
lation functions of interest can be obtained by relatively simple approxima-
tions to the memory function” [28] (p. 11). In particular, if the distinguished
variables obey continuity equations due to conservation laws, M(t) can have
amuch simpler structure than corresponding time correlationsCAA(t). This
is due to the use of the reduced time evolution operator, which is devoid of
slow relaxation modes related to the conservation laws or continuity equa-
tions, respectively, which else lead to resonances [66] (p. 37 and p. 40). In
addition to that, one can model the memory function in a way that certain
properties of CAA(t), like the asymptotic behaviour at short and long times,
are preserved regardless of the approximation [28] (p. 11). More involved
approaches include mode coupling theory or kinetic theory [28] (p. 12).

Evolution of non-equilibrium averages: Onsager regression

Besides calculating correlation functions, the generalised Langevin equa-
tion (2.20) can also be used to determine the evolution of non-equilibrium
ensemble averages of the distinguished variables close to equilibrium (i.e.
the linear regime). Formally, one simply replaces A(t) by its non-equilibrium
average ⟨A(t)⟩neq, and, moreover, drops the fluctuating force R(t).

This result can be obtained in different ways. One is to invoke Onsager’s
so-called regression hypothesis [131], which states that, close to equilibrium,
non-equilibrium averages obey the same equations of motion as the corre-
sponding equilibrium correlations, and which is – for instance – proven in
chapter 3.4 of reference [74]. Roughly speaking, the idea is that the system
cannot know whether a small excitation is a deviation from equilibrium or
a fluctuation in equilibrium. Alternatively, one can directly consider the
non-equilibrium average of the generalised Langevin equation, as it is done
on pp. 155 in reference [189]. The result is that the “average of the ‘noise’
[⟨R(t)⟩neq] is second order in deviations from equilibrium, while the other
terms in the averaged Langevin equation are all first order”. To first order,
the averaged noise consequently plays no role.

To conclude this section, a more general projection operator formalism
byGrabert [73, 74] shall bementioned, allowing for arbitrary deviations from
equilibrium. It has some similarities to the ideas of Mori’s local equilibrium
theory [118, 119] and Jaynes’ prediction theory (as described in ref. [188]).
The basic idea is to split each observable A(t) into its non-equilibrium av-
erage ⟨A(t)⟩neq and the deviation δA(t) := A(t) − ⟨A(t)⟩neq. By introducing
a projection operator involving a so-called relevant ensemble, which is de-
fined such that it yields the correct non-equilibrium averages ⟨A(t)⟩neq of
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the distinguished variables, Grabert manages to deduce generalised trans-
port equations for these averages and corresponding generalised Langevin
equations for the fluctuations δA(t) about the averages. The Mori-Zwanzig
formalism is included as a linearisation about equilibrium by fixing the rel-
evant probability density to the equilibrium probability density.

2.4 Kinetic theory

Kinetic theories, originating from kinetic gas theory, are another route of
deriving reduced descriptions for the dynamics of many particle systems on
a statistical basis. Their characteristic feature is the treatment of the dy-
namical evolution of a system in phase space. Although mentioned here as
an alternative to the projection operator formalism, both methods are not
strictly separated and, in fact, often used in conjunction. In this work, how-
ever, kinetic theory will only play a marginal role, wherefore this review,
which follows references [28, 37, 38, 79], is very brief.

Central objects of the theory are the n-particle phase space probability
density functions (phase space pdfs) fn(r1 , p1 , . . . , rn , pn ; t) for the positions
ri andmomenta pi . They are obtained by integrating out the phase space pdf
of an N-particle system f (r1 , p1 , . . . , rN , pN ; t) over the remaining degrees of
freedom:

fn(r1 , p1 , . . . , rn , pn ; t) :=∫
dRn+1

∫
dPn+1 . . .

∫
dRN

∫
dPN f (r1 , p1 , . . . ,RN , PN ; t). (2.43)

It is assumed that all particles are indistinguishable, implying that the pdf
f (r1 , p1 , . . . , rN , pN ; t) is invariant under exchange of any two pairs (ri , pi)
and (r j , p j ), wherefore somtimes a combinatorial factor N !

(N−n)! is introduced.
The n-particle pdfs can be expressed as ensemble averages of correspond-
ing n-point phase space density observables. For instance, and most impor-
tantly,

N f1(r, p, t) = ⟨A1(r, p)⟩t , (2.44)

with

A1(r, p) :=
N∑

α=1

δ(r − Rα)δ(p − Pα). (2.45)

Here, the Rα and Pα denote the positions andmomenta of the particles, and
⟨. . . ⟩t signifies an average with respect to f (r1 , p1 , . . . , rN , pN ; t).
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The next step on the route to ‘ordinary’ hydrodynamics would then be
an evolution equation for the one-particle density f1(r, p; t), as will be re-
viewed in section 3.4.2, but there are also theories involving higher fn or, for
instance, correlations ⟨A1(r, p; t)A1(r′, p′; t)⟩. A standard way of obtaining
equations of motion for the fn is by integrating out the Liouville equation
∂t f = −iL f for the pdf f of the whole system analogously to equation (2.43).
In doing so, one obtains the so-called BBGKY hierarchy, which expresses
the time derivative of fn as a linear functional of fn and fn+1. These equa-
tions are exact for systems with pairwise additive particle interactions. In
the equation for ∂t f1, the term depending on f2 is interpreted as accounting
for collisions of particles. To close the equation, one tries to express it by a
collision term (or operator)C[ f1], which is a functional of again only f1. The
resulting equation (in absence of external forces, which can be incorporated
straightforwardly) reads

∂t f1(r, p, t) +
1
m

p · ∇ f1(r, p, t) = C[ f1], (2.46)

and is either referred to as a kinetic equation or as a form of the Boltzmann
equation. Often, the second name is also restricted to a specific choice of
the collision operator due to Boltzmann.

Probably the simplest kinetic model is C[ f1] = −λ( f1 − f1,eq), which
reflects the notion that the interactions of particles drive the system back
to equilibrium [189] (p. 84). However, it is not suited for hydrodynam-
ics as it violates certain conservation laws. Another simple approximation
for dilute gases is based on the so-called assumption of molecular chaos
or ‘Stosszahlenansatz’, which factorises f2 according to f2(r1 , p1 , r2 , r2; t) ≈
f1(r1 , p1; t) f1(r2 , p2; t) [37] (p. 8), and which yields the Vlasov equation. The
slightly more realistic Boltzmann collision term also supposes that the fac-
torisation is valid before a collision but not subsequently and involves a scat-
tering cross-section. There are, of course, evenmore elaborate expressions –
a discussion of which, however, is beyond the intended scope of this section.

An alternative to the procedure just described is to make use of the rela-
tions between the n-particle phase space pdfs fn and corresponding observ-
ables An , since we have just learned in section 2.3 how to construct mean-
ingful equations of motions for quantities of that kind. The method, which
is for instance discussed in chapter 2.8 of reference [28], thus consists in pro-
jecting on A1(r, p) (or its deviation from its equilibrium value, to be precise)
to obtain a corresponding generalised Langevin equation. The result can
also be brought into the form of a fluctuating Boltzmann equation, thereby
providing a microscopic expression for C[ f1].
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2.5 Dynamic linear response theory

While the previous sections were concerned with the evolution of the sys-
tem due to internal forces, this section will give a short account on the linear
response to an external force. The standard references are an article and a
lecture by Kubo [97, 98], but we follow here the presentation given in chap-
ter 7 of reference [189].

An external force F (t) is introduced by defining a perturbation Hamil-
tonian

H ′(t) = −AF (t), (2.47)

which describes the coupling of the system to the force in terms of the energy
H ′(t), and where A is some known phase space function. A generalisation
to more than one external force or fields F (r, t) can be achieved straight-
forwardly by introducing corresponding sums or integrals throughout the
theory as, to the first order in the perturbation, the effects are additive. The
Hamiltonian of the perturbed system is now obtained by addingH ′(t) to the
Hamiltonian H0 of the unperturbed system,

H = H0 +H ′(t). (2.48)

Then, one uses this decomposition ofH to split the Liouville operator iL =
iL0 + F (t)iL1 into an unperturbed part iL0 and a perturbation F (t)iL1.
Likewise, one expands the phase space probability density function f (t) in
powers of F (t) as f (t) = f0(t)+ f1(t)+O(F (t)2), using f0(t) and f1(t) to denote
the zeroth and first order terms. Plugging this into the Liouville equation
∂t f (t) = −iL f (t) and collecting terms of order zero and one yields a closed
set of differential equations for f0(t) and f1(t), which can be formally solved.

We now suppose the system is in thermal equilibrium before the field is
turned on at t = 0, so that f0(t = 0) ∝ e−βH0 is the canonical distribution
function, where β = 1

kBT
, kB is the Boltzmann factor, and T is the tempera-

ture. One can, of course, consider other ensembles as well. Moreover, since
we begin in an unperturbed state, f1(t = 0) = 0. Using the solutions of
f0(t) and f1(t) to calculate the ensemble average of some observable B with
f (t) = f0(t) + f1(t) + O(F (t)2) yields after some calculation that

⟨B(t)⟩ = ⟨B⟩eq + β

t∫
0

ds ⟨B(t − s)Ȧ(0)⟩eqF (s) (2.49)

to linear order in the external force F (s). If B = Ȧ, the result is of the Green-
Kubo form (2.3).
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A slightly different derivation is given in chapter 5 of reference [55]. The
ansatz there introduces the external forces directly on the level of the equa-
tions of motion of the degrees of freedom of the system. It thus has the
advantage that the existence of a Hamiltonian that generates the field-de-
pendent equations of motion has not to be assumed, and that, moreover,
various thermostats can be incorporated into the formalism. The approach
provides means of introducing and identifying dissipative fluxes J and, for
instance, writing the linear response equation as

⟨B(t)⟩ = ⟨B(0)⟩ − β
t∫

0

ds ⟨B(t − s)J(0)⟩eqF (s). (2.50)

For B = J , this is again reminiscent of the Green-Kubo equation (2.2).
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Chapter 3

Foundations of
Hydrodynamics

External friction in flowing liquids is a genuinely hydrodynamic problem. It
is none of the kind where one is interested in the solution of the hydrody-
namic equations of motion for a specific given system, but one that asks how
the theory itself has to be adapted in the presence of boundaries or external
potentials. It is thus indispensable to understand the origins of the hydrody-
namic equations of motion and their relation to the fundamental principles
and methods of non-equilibrium statistical physics.

This chapter presents derivations of hydrodynamic equations of motion
from different perspectives. On a rather macroscopic level and based on
general conservation laws and thermodynamic principles, the Navier-Stokes
equation of classical hydrodynamics is derived and its scope of applicabil-
ity as well as extensions for smaller scales are discussed. The same equa-
tion (and its generalisations) is obtained from a microscopic many particle
system by the application of the projection operator formalism or kinetic
theory. Both approaches, the macroscopic and the microscopic, have their
justifications and benefits. If one is interested in larger scales, a microscopic
footing may unnecessarily complicate matters, and the choice of a specific
microscopic model is a needles restriction. On the other hand, a bottom-up
derivation provides additional insights, such as microscopic expressions for
certain quantities or better control of approximations and generalisations.

While this chapter will essentially address these issues for homogeneous
bulk systems without borders, chapter 4 will be committed to some aspects
of the present understanding and treatment of boundaries and interfacial
friction.
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3.1 Classical hydrodynamics:
The Navier-Stokes equation

The following presentation is largely based on chapter 2 in reference [42]
with additions from section 8.3 of reference [79] and section 3.1 of refer-
ence [66]. A very detailed discussion can, moreover, be found in the first
three chapters of reference [5].

The hydrodynamic equations of motion describe the transport of matter,
momentum and energy in liquids. Classical hydrodynamics is a theory for
macroscopic length and time scales and as such does not explicitly account
for the underlying, microscopic molecular nature of a liquid. Instead, one
chooses a description in terms of certain continuous fields, which can be
obtained by averaging out microscopic quantities over subvolumes (e.g. see
ref. [79], p. 220). For instance, the macroscopic density field can be defined
by counting the particles in the subvolumes. The crucial assumption is that
these subvolumes or subsystems are imagined as being infinitesimally small
on the macroscopic but sufficiently large on the microscopic scale, so as to a
description by thermodynamics is possible. In particular, one assumes that
the microscopic relaxation processes are much faster than the macroscopic
time scale, so that the subsystems can be considered as being in a local state
of equilibrium at any time. On the macroscopic level, we thus deal with a
continuum of local thermodynamic states, depending on the position r and
time t , that are described by corresponding local thermodynamic properties
like the mass density ρ(r, t), the pressure p(r, t) or the temperature T (r, t).
These quantities are assumed to vary appreciably only atmacroscopic length
and time scales. The statement of local equilibrium has to be slightly quali-
fied by adding that equilibrium is assumed in the rest frame of a (center-of-
mass) velocity field v(r, t) conveniently defined via the momentum density
J(r, t) = ρ(r, t)v(r, t).

As stated at the beginning, we are interested in the transport of mass,
momentum and energy. These quantities share the distinctive feature of
being conserved in a closed system. As a consequence, the corresponding
densities obey equations of continuity, which reflect that mass, momentum
and energy can only be redistributed over the system but not be generated.
In fact, the considerations in this monograph will be restricted to the trans-
port of mass and momentum only, and the coupling to the energy density
will be removed in the equations. As we will see below, this amounts to
assuming isothermal conditions, that is situations where variations of the
temperature field are negligible. The reader may, moreover, have noticed
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that another conserved quantity is missing in the above list, which is angular
momentum. According to reference [42] (p. 19), its conservation is, however,
automatically satisfied if the pressure tensor is symmetric, which we can as-
sume for the simple liquids we have in mind here. Conversely, for systems
like liquid crystals, a consideration of angular momentum would be neces-
sary for a complete hydrodynamic description. In the following, the deriva-
tion of the classical hydrodynamics equations of motion for themass density
ρ(r, t) and the momentum density J(r, t) will be sketched. Usually, in the fi-
nal equations, J(r, t) is replaced by the velocity field v(r, t) = J(r, t)/ρ(r, t),
and we will follow this convention. Moreover, to simplify the notation, the
arguments r and t are suppressed.

Let’s begin with the equation of motion for the mass density ρ. Its evo-
lution is governed by the continuity equation

∂tρ = −∇ · J. (3.1)

Since the current density for ρ happens to be the momentum density J, we
can use this relation as it is, and move on to the momentum equation. The
corresponding equation of continuity reads

∂tJ = −∇ · Π, (3.2)

where the momentum current density is the stress tensor Π. The diago-
nal elements of this tensor are normal stresses, whereas the off-diagonal el-
ements are tangential or shear stresses. The stress tensor is conveniently
divided into three contributions,

Π = pI + ρv ⊗ v − π, (3.3)

where I is the 3 × 3 unit matrix and ⊗ denotes the dyadic product, that is
(v⊗v)i j = viv j . This decomposition can be interpreted as follows.1 According
to reference [5] (pp. 12), one can argue that, in a fluid at rest,Π = pI, where p
is the local (hydrostatic) pressure, as both shear stresses and anisotropic (i.e.
unequal) normal stresses would cause a flow. This motivates separating out
this static part of the stress tensor. The term ρv ⊗ v describes the convected
momentum, that is a momentum current due to a current of particles, each
carrying momentum. It is obtained by considering the action of forces in a
co-moving frame with v. To that purpose, one introduces the convective or
material derivative

Dt := ∂t + v · ∇, (3.4)
1For a more detailed description, see section 3.4.1.
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which is the appropriate time derivative if the observermoves along with the
fluid. Then, the derivative ρDtv = ∂tJ+∇· (ρv⊗v) reflects not only the effect
of a force on the momentum contained in some volume element, but also
on the volume element itself. The remaining part, π, is called the deviatoric
[5] (p. 142) or dissipative [66] (p. 29) stress tensor. Like the convective term,
it also exists only in a moving fluid, where it accounts for viscous friction, as
we will shortly see.

The last bit of the derivation is to close the equations, that is to express
the unknown fields p and π in terms of ρ and v. For the pressure gradient,
we make use of (local) equilibrium thermodynamics to obtain

∇p =
(
∂p

∂ρ

)
T

∇ρ +
(
∂p

∂T

)
ρ

∇T︸       ︷︷       ︸
neglect

=
1
ρκT
∇ρ, (3.5)

where κT is the isothermal compressibility. As alluded to before, in order to
have a closed set of equations for ρ and v only, thereby avoiding a coupling
to the energy density, we have to neglect the term with the temperature gra-
dient, which corresponds to the assumption of isothermality.

To deal with the dissipative stress tensor π, we invoke the non-equilib-
rium transport theory introduced in section 2.2. For isothermal conditions,
one can show that the entropy production density is given by

T Ṡ = π : (∇ ⊗ v)(s) (3.6)

(e.g. see ref. [42], p. 24). Here, the colon signifies full contraction of the two
tensors, and the superscript (s) refers to the symmetric part of the tensor.
By comparison to equation (2.5), one identifies π as the tensor of dissipative
fluxes and 1

T
(∇ ⊗ v)(s) as the tensor of thermodynamic forces. Generalising

equation (2.4), we thus assume the phenomenological constitutive relation

πi j =
∑
kl

χi jkl
1
2

(∂kvl + ∂lvk ) . (3.7)

The symbols ∂k denote spatial derivatives along the respective coordinate
axes, and we have absorbed the factor of 1

T
into the definition of the rank

four tensor of transport coefficients χi jkl . From symmetry arguments for an
isotropic fluid, one can deduce that χi jkl only has two independent parame-
ters η and ζ , which are termed shear and bulk viscosity, and has to have the
following form

χi jkl = η
(
δikδ jl + δilδ jk

)
+

(
ζ − 2

3
η

)
δi jδkl . (3.8)
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A systematic derivation in the context of the microscopic approach in sec-
tion 3.4.1 will be given in appendix A.2.

Assembling all the pieces, themomentum equation (3.2) finally becomes

ρDtv = −∇p + η∇2v +
(
1
3
η + ζ

)
∇∇ · v, (3.9)

where conventionally∇p is retained instead of replacing it via equation (3.5).
This is the Navier-Stokes equation, which – together with equation (3.1) –
forms a closed set of equations of motion for the mass density ρ and velocity
field v.

3.2 Hydrodynamics at small scales

In the previous section, classical hydrodynamics was introduced as a theory
for macroscopic length and time scales. Approaching smaller scales from
above, two effects gain increasing importance, which are briefly described
below but not discussed in detail as they’ll both appear quite naturally in
the microscopic approach in section 3.4.1. Moreover, we will take a short
look at confined liquids.

Generalised hydrodynamics

Due to the continuity equations, characteristic length and time scales of ex-
citations of the hydrodynamic fields are coupled. This is most easily seen
in Fourier space. For instance, equation (3.1) transforms to iωρ̃(q, ω) = iq ·
J̃(q, ω). From this perspective, the regime of classical hydrodynamics corre-
sponds to the limit of low frequencies ω and small wavevectors q (i.e. long
wavelengths). But how small is small? If τc and lc denote characteristic mi-
croscopic times and lengths, like themean collision time andmean free path,
then classical hydrodynamics applies if ωτc ≪ 1 and ∥q∥lc ≪ 1 (cf. ref. [79],
p. 219).

At larger values ofω and q, one notices that the coefficients like the shear
viscosity η become frequency- and wavevector-dependent. In real space, this
corresponds to replacing the products with the coefficients by convolution
integrals with corresponding integral kernels, thus rendering the equations
non-local in space and time. These aspects are covered by the theory of
so-called generalised hydrodynamics, which is – for instance – reviewed in
section 8.6 of reference [79]. The coefficients of the classical hydrodynamic
limit are the zero frequency and zero wavevector limit of the more general
coefficients, that is η = η̃(q = 0, ω = 0) and so on.
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Fluctuating hydrodynamics

The second phenomenon are thermal fluctuations. Decreasing the length
scale of interest equally decreases the size of the imaginary small subsys-
tems that we spoke about at the beginning of the previous section. Starting
to leave the thermodynamic limit of microscopically large subsystems, one
hence begins to notice deviations from the predictions of thermodynam-
ics in that the hydrodynamic fields begin to fluctuate about their respective
thermodynamic values.

At the end of section 2.2, it was alreadymentioned how a thermodynamic
description can be extended to contain fluctuations by introducing fluctuat-
ing dissipative currents. On this basis, Landau and Lifshitz (cf. ref. [100] and
§§ 88 in ref. [99]) devised a theory of fluctuating hydrodynamics for spatial
and temporal scales of classical (not generalised) hydrodynamics by adding
a fluctuating stress tensor S to the deviatoric stress tensor π, as the latter is
the tensor of dissipative fluxes.2 The components of the fluctuating stress
tensor have to fulfil the fluctuation dissipation theorem

⟨Si j (r, t)Skl (r′, t′)⟩eq = 2kBT χi jklδ(r − r′)δ(t − t′), (3.10)

which slightly generalises the generic expression (2.7) by allowing for spatial
dependences.

A theory of generalised fluctuating hydrodynamics that combines wave-
vector and frequency-dependent transport coefficients with thermal fluctu-
ations will be derived in section 3.4.1.

Confinement and the scope of validity of classical hydrodynamics

Classical hydrodynamics is often said to be valid down to surprisingly small
length scales. In their review, Bocquet and Charlaix [25] address the ques-
tion when the Navier-Stoke equation breaks down and cite several experi-
mental and simulation results. Their overall message is that a continuum
description in terms of the Navier-Stokes equation is possible down to the
scale of about 1 nm for simple liquids (specifically for water), which corre-
sponds to roughly three molecular diameters.

However, this statement should be taken with a pinch of salt as the con-
siderations refer to confined liquids (e.g. in narrow slits), and the men-
tioned 1 nm is the length scale of confinement down to which certain aspects
can still be predicted from or modeled with Navier-Stokes hydrodynamics.

2They also introduced a fluctuating heat current, which – however – we do not consider
in our isothermal theory.
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In fact, experimental studies can hardly probe the microscopic flow field,
and it is thus not surprising that, instead, effective quantities like drainage
forces [34, 71] or an effective viscosity [105, 155] are measured. Depending
on the flow type, the latter can be defined via the forces needed to shear
two walls that are separated by a liquid film (Couette flow) or by measuring
the mass flow rate through a pore (Poiseuille flow). Similarly, the simula-
tion studies investigated the total flux through carbon nano-tubes [170], or
also the effective viscosity (cf. ref. [103] and results of Huang presented in
[25]). In the simulations of Bitsanis et al. [17], the measured effective vis-
cosities start do deviate from the bulk value at slightly larger separations
on the order of ten molecular diameters. However, the authors state that,
down to distances of yet again three to four molecular diameters, this ef-
fect can be described by the local average density model (to be introduced
shortly below), which still applies to a classical description in terms of the
local Navier-Stokes equation.

Of course, molecular dynamics simulations can also provide more de-
tailed and finer resolved information on liquid flow in strongly confined ge-
ometries. The most prominent feature is a layering induced by the bound-
ing walls, which is reflected in oscillations of the particle density and to
a lesser extend in velocity profiles (see, for instance, ref. [176]). Many au-
thors [1, 15, 16, 44, 77, 141] measure and try to theoretically model and mo-
tivate an effective microscopic local viscosity that is defined by the ratio of
local stress and strain, and which features quite strong oscillations as well.
The theoretical considerations are mostly founded on kinetic theory. A par-
ticularly simple approximation is the already mentioned local average den-
sity model, which assumes that the local transport coefficients are those of
bulk fluids at the corresponding local average density ρ̄(r). The position-
dependent local viscosity is then given byη(r) = ηbulk[ρ̄(r)]. For hard spheres,
the density dependence can, for instance, be calculated in the framework of
Enskog theory. Furthermore, the concept of a local position-dependent vis-
cosity has also found applications in inhomogeneous bulk fluids [85, 86].

A non-local, but homogeneous viscosity kernel η(r − r′) (not to be con-
fused with the local position-dependent viscosity above) in confined liquids
is considered in reference [184], and the authors claim that their “method
does not suffer from singularities obtained from using effective local vis-
cosities”. In a subsequent study [32], the approach is tested more exten-
sively and found to produce reasonable results for low densities and large
pore widths but to be less successful for higher densities and smaller widths.
Consequently, it appears to be inevitable to include the overall position
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dependence of the kernel, which then takes the form η(r, r − r′). The same
conclusion was also drawn earlier in reference [176], which states that in
very narrow channels (5.1 molecular diameters), the shear stress cannot be
related to the strain rate by a local constitutive relation. For wider channels,
the classical Navier- Stokes behaviour was approached. It is interesting to
note that these findings correct earlier measurements [173] with lower reso-
lution and shorter simulations, which suggested a local relation to be valid
also at widths of 5.1 molecular diameters.

Having focused on confined liquids so far, let us end this section with a
few comments on non-locality in bulk fluids. The bulk viscosity kernel was
measured in simulations and parametrised by the authors of references [32,
80, 174, 175]. They found a width of one to two molecular diameters, which
is – in fact – consistent with the critical scale given by Bocquet and Char-
laix, who, moreover, also estimated a characteristic viscous length scale,
which approximately recovers the value of 1 nm for water. Furthermore, the
parametrisation of the viscosity kernel was successfully used to predict sim-
ulations results, which started to deviated strongly from the local model as
the wavelength of excitations approached molecular dimensions.

3.3 Hydrodynamic correlations

Before turning tomicroscopic derivations of hydrodynamic equations ofmo-
tion, let us spend a fewwords on limitations of the local equilibrium assump-
tion and an important application of fluctuating hydrodynamics. Both as-
pects are related to correlation functions of the hydrodynamic fields, which
are fundamental in the study of fluids, not least because of their close con-
nection to scattering experiments.

In equilibrium, there are – according to reference [42] (p. 39) – “two gen-
eral methods to deduce appropriate expressions for the time-dependent cor-
relations of the fluctuating hydrodynamic variables”. The first one constructs
equations ofmotion for the correlations from the linearised equations ofmo-
tion of the hydrodynamic variables in the spirit of Onsager’s regression hy-
pothesis (cf. the corresponding part of section 2.3.4). The second method is
based on fluctuating hydrodynamics. The solutions of the fluctuating equa-
tions of motion depend on the initial values of the hydrodynamic fields and
on the history of the noise terms. Assuming the initial values of the fields to
be uncorrelated to the noise, the problem boils down to calculating known
static correlations of the hydrodynamic fields and noise-noise correlations,
which are given by fluctuation dissipation theorems.
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While both methods give identical results in equilibrium [42] (p. 40),
the same is not true for non-equilibrium systems. The reason is that, al-
though the assumption of local equilibrium may work well for the values
of the thermodynamic properties (i.e. the hydrodynamic fields in this con-
text), it is generally not valid for their fluctuations as argued on page 8 of
reference [42]. Fluctuations in this sense refer to deviations from the mean
and are not to be confused with fluctuating dissipative fluxes or forces, or –
in other words – the ‘noise’. The authors continue by stating “that the fluctu-
ations of the (local) thermodynamic properties in non-equilibrium states are
very different from those predicted by statistical mechanics for thermody-
namic equilibrium.” This difference becomes manifest in long-ranged cor-
relations in non-equilibrium states, which appears to be a general feature
(see, for instance, the discussion in chapter 1 and the introduction of chap-
ter 3 in ref. [42]). The benefit of fluctuating hydrodynamics now is that,
according reference [42] (p. 3), the theory can also be used to calculate non-
equilibrium correlations “by assuming that the noise correlations (in con-
trast to the correlation functions of the hydrodynamic variables) satisfy lo-
cal thermal equilibrium, that is, they are assumed to be given by the same
fluctuation-dissipation theorem as for fluids in thermodynamic equilibrium,
but with local values of the temperature [and] density”.

3.4 Microscopic approaches

The subject of this section is the derivation of hydrodynamic equations of
motion starting from a microscopic description of a fluid in terms of a many
particle system. That way, one can identify the approximations necessary to
arrive at the Navier-Stokes equation of classical hydrodynamics and, more-
over, obtains more general equations which are valid for arbitrary length
and time scales. In addition, microscopic expressions for the transport co-
efficients are found.

Here, we concentrate on the generalised Langevin equation approach
that was introduced in section 2.3. Our first result will be a generalised fluc-
tuating Navier-Stokes equation, which will be subsequently approximated
to yield the ordinary fluctuating Navier-Stokes equation. Concerning the
derivation of hydrodynamic equations of motion with kinetic theory (cf.
sec. 2.4), only a concise overview is going to be given.
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3.4.1 From Langevin to Navier-Stokes

As just alluded to, we treat a simple liquid as a classical many particle sys-
tem of N identical particles of mass m interacting via a pairwise potential.
Since the following arguments will be largely based on equations of conti-
nuity, which in their core statement do not depend on the details of the
fluid, generalisations to more complex liquids of molecules or with different
particle species are possible. Aside from the particle-particle interactions,
there are no external forces, so that we consider the liquid in the homoge-
neous bulk phase. In accordance with the previous presentation, we focus
on a treatment in real space. Subsequently, the main steps of a derivation in
Fourier space, which is slightly more elegant for a homogeneous system, are
outlined.

Derivation of the Navier-Stokes equation in real space

Denoting the particle positions andmomenta byRα andPα , themicroscopic
mass and momentum density are defined as

ρ(r) := m
∑
α

δ(r − Rα), (3.11)

J(r) :=
∑
α

Pαδ(r − Rα), (3.12)

where the sums run over all particles. Our aim is to find hydrodynamic equa-
tions of motion for the respective deviations of these quantities from their
equilibrium averages, δρ(r) := ρ(r) − ⟨δρ(r)⟩eq and δJ(r) = J(r) − ⟨J(r)⟩eq =

J(r), using the projection operator approach introduced in section 2.3. That
is δρ(r) and J(r) are chosen as the distinguished observables. Usually, the
set is completed by the energy density, but, as noted before, we restrict our-
selves to mass and momentum. For a short discussion how the energy den-
sity or temperature field can be incorporated and an example where it can
be neglected, see also section D.3.

Applying the Liouville operator to the phase space observables defined
above yields the corresponding continuity equations by direct calculation,

iLδρ(r) = −
∑
i

∂iJi(r), (3.13)

iLJi(r) = −
∑
j

∂jΠi j (r), (3.14)
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where ∂i is a shorthand notation for ∂
∂ri

. In the course of the computation,
one also obtains a microscopic expression for the symmetric stress tensorΠ,
which, however, will be of no particular relevance for the following consid-
erations.

Before writing down the projection operator, it is useful to determine the
static correlations of the distinguished variables. Using the Kubo product
defined in equation (2.9), one has

⟨δρ(r)|δρ(r′)⟩ =: H(r, r′), (3.15)

⟨Ji(r)|J j (r′)⟩ = kBT ⟨ρ(r)⟩eqδi jδ(r − r′), (3.16)

⟨δρ(r)|Ji(r′)⟩ = 0. (3.17)

Next, we need the respective inverses. For the momentum autocorrelations,
this is straightforward, and for themass density autocorrelations, the inverse
is implicitly defined by the relation∫

dr′′ H(r, r′′)H−1(r′′, r′) = δ(r − r′). (3.18)

At this point, it is necessary to invest some thought into the choice of the sta-
tistical ensemble. In case the total particle number N is fixed,

∫
dr δρ(r) =

mδN = 0. The same holds true for the correlations H(r, r′). As a conse-
quence, the inverse H−1(r, r′) is not well defined, which can either be seen
by integrating out equation (3.18) over r, or by analogy to matrices, which
are not invertible if the rows or columns are linearly dependent (see also
appendices B.4 and B.5). Therefore, we will tacitly assume a suitable ensem-
ble, like the grand canonical ensemble, which allows for fluctuations of the
particle number, thereby guaranteeing the existence of H−1(r, r′). Alterna-
tively, if N is fixed, one can use a pseudoinverse instead (see the last part of
appendix D.2.5).

Having clarified this point, we are now in the position to define the pro-
jection operator (see eq. (2.26))

P :=
∫

dr′
∫

dr′′ |δρ(r′)⟩H−1(r′, r′′)⟨δρ(r′′)|

+

∫
dr′

∑
i

|Ji(r′)⟩
1

kBT ⟨ρ(r′)⟩eq
⟨Ji(r′)|. (3.19)

For future reference, let us also recapitulate the decomposition of the time
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evolution operator in equation (2.17),

R(t) = R(t)P +
t∫

0

ds R(s)PiLR′(t − s) + R′(t), (3.20)

with R′(t) = QeiQLQ tQ and Q = I − P.
As in the derivation of classical hydrodynamics, the continuity equation

of the mass density (3.13) can already be used in its present form. In fact,
applying the above decomposition to R(t)iL|δρ(r)⟩ would simply reproduce
the continuity equation, as it should. To obtain a generalised Langevin equa-
tion for the momentum density, we multiply equation (3.20) from the right
with iL|Jk (r)⟩ and consider it term by term. On the left-hand side, we ob-
tain R(t)iL|Jk (r)⟩ = ∂t |Jk (r, t)⟩. For the first term on the right-hand side, we
need to calculate PiL|Jk (r)⟩, which involves the Kubo products of the mass
and momentum density with iL|Jk (r)⟩. Making use of equation (3.13) and
of (iL)† = −iL, we obtain

⟨ρ(r′′)|iL|Jk (r)⟩ = − ⟨iLρ(r′′)|Jk (r)⟩ =
∑
i

∂′′i ⟨Ji(r′′)|Jk (r)⟩

= kBT ⟨ρ(r)⟩eq∂
′′
k δ(r′′ − r) (3.21)

and ⟨Ji(r′)|iL|Jk (r)⟩ = 0, as proven for general observables in section 2.3.2.
Hence, the instantaneous part of the generalised Langevin equation only
depends on the mass density. For the second term, we need PiL. Again,
we have the combination ⟨ρ(r′′)|iL = ∑

i ∂
′′
i
⟨Ji(r′′)|, which this time, how-

ever, is followed by the orthogonal projection operatorQ, which is contained
in R′(t − s). Therefore, the part of P that projects on δρ(r) plays no role,
wherefore the retarded, dissipative part of the generalised Langevin equa-
tion only depends on the momentum density. Now also using the second
continuity equation (3.14) to find ⟨Ji(r′)|iL =

∑
j ∂

′
j
⟨Πi j (r′)| and iL|Jk (r)⟩ =

−∑
l ∂l |Πkl (r)⟩ and assembling all the parts, we eventually arrive at

∂t Jk (r, t) = − kBT ⟨ρ(r)⟩eq∂k

∫
dr′ δρ(r′, t)H−1(r′, r)

−
∑
i jl

∫
dr′

t∫
0

ds
Ji(r′, s)
⟨ρ(r′)⟩eq

∂′j∂l χi jkl (r
′, r, t − s)

−
∑
l

∂lSkl (r, t) (3.22)
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with the fluctuating stresses defined by

Skl (r, t) := R′(t)Πkl (r) (3.23)

and the transport kernel

χi jkl (r′, r, t) :=
1

kBT
⟨Si j (r′, 0)|Skl (r, t)⟩. (3.24)

These are the generalised fluctuating linear Navier-Stokes equation and its
corresponding fluctuation dissipation theorem in a version which uses the
momentum density instead of the velocity field since the latter is not really
well defined on the level of microscopic densities. Although we have disre-
garded the energy density in the selection of the distinguished variables, the
equation is exact also for non-isothermal conditions. However, the reduced
dynamics is slightly different than it would be if we had projected on the
energy density as well. Isothermality comes in to play if we want to use this
equation with the reduced dynamics of the full set of distinguished observ-
ables, as then, again, we would have to get rid of an additional term in the
instantaneous part of the equation.

In the bulk, that is in a homogeneous system, the equilibrium average
of the mass density ⟨ρ(r)⟩eq ≡ ⟨ρ⟩eq is constant. Moreover, correlations
only depend on relative coordinates, wherefore H−1(r′, r) ≡ H−1(r − r′) and
χi jkl (r′, r, t) ≡ χi jkl (r − r′, t). Amongst other things, this makes it possible
to move the spatial derivative to the front of the instantaneous term, so that
the latter can be identified with the pressure gradient

∂k p(r, t) := ∂kkBT ⟨ρ⟩eq

∫
dr′ δρ(r′, t)H−1(r − r′). (3.25)

In the hydrodynamic limit of slowly varying fields, further simplifica-
tions can be made due to approximations. Of course, the prerequisite of
a slow variation cannot be fulfilled by the microscopic densities, which are
defined in terms of sums of delta peaks. In real space, this deficiency can,
for instance, be remedied by smoothing out the fields through appropriate
convolution operations,

Ā(r) :=
∫

dr′ D(r − r′)A(r′), (3.26)

or by using Onsager regression to turn to smooth non-equilibrium ensem-
ble averages (cf. the corresponding part of sec. 2.3.4). In Fourier space, one
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correspondingly considers the limit of small wavevectors. For this demon-
stration, the spatial convolution is chosen. After some partial integrations
and using that

∫
dr′ f (r′)g(r − r′) =

∫
dr′ f̄ (r′)g(r − r′) and ∂k f (r) = ∂k f̄ (r),

we obtain

∂t J̄k (r, t) = − ∂kkBT ⟨ρ⟩eq

∫
dr′ δρ(r′, t)H−1(r − r′)

+
∑
i jl

∫
dr′

t∫
0

ds χi jkl (r − r′, t − s)∂′j∂
′
l

J̄i(r′, s)
⟨ρ⟩eq

−
∑
l

∂l S̄kl (r, t). (3.27)

Next, recall the Markov approximation (cf. section 2.3.4), which we will
now not only use for the temporal but for the spatial integrals as well. Hence,
if δρ(r, t) is essentially constant on the scale introduced by the width of
H−1(r), we may approximate

∂k p̄(r, t) = ∂kkBT ⟨ρ⟩eq

∫
dr′ δρ(r′, t)H−1(r − r′)

≈ ∂kδρ(r, t)kBT ⟨ρ⟩eq

∫
dr′ H−1(r − r′)︸                  ︷︷                  ︸
=
(
⟨ρ⟩2eqkBTκT

)−1

=
1

⟨ρ⟩eqκT
∂k ρ̄(r, t), (3.28)

which is reminiscent of equation (3.5). To obtain this result, we have also
used relations from pp. 58 in reference [79]. An analogous approximation of
the part of viscous dissipation leads to

∫
dr′

t∫
0

ds χi jkl (r − r′, t − s)∂′j∂
′
l

J̄i(r′, s)
⟨ρ⟩eq

≈


∫

dr′
∞∫

0

ds χi jkl (r′, s)

︸                            ︷︷                            ︸
=χi jkl

∂j∂l
J̄i(r, t)
⟨ρ⟩eq

. (3.29)

We have thus found a microscopic expression for the tensor χi jkl . In par-
ticular, the integral over r′, in combination with the isotropy of the system
and certain index symmetries (cf. appendix A.1), yields the structure given
in equation (3.8), as demonstrated in appendix A.2. Conversely, if the sym-

46



3.4 MICROSCOPIC APPROACHES

metry is broken or reduced, like in the vicinity of a boundary [162] or in a
(nematic) liquid crystal [49, 104], one finds more than two viscosities3. For
an example, see also appendix A.3. In practice, the above approximation due
to χi jkl (r − r′, t − s) being a very narrow and peaked function with respect
to the slowly varying hydrodynamic fields is often conveniently summarised
by using delta functions δ(r − r′) and δ(t − s) as in equation (3.10).

After theMarkov approximations, the generalised Langevin equation has
now simplified to an ordinary Langevin equation,

∂t J̄k (r, t) = −∂k p̄(r, t) +
∑
i jl

χi jkl∂j∂l
J̄i(r, t)
⟨ρ⟩eq

−
∑
l

∂l S̄kl (r, t), (3.30)

and we have thus crossed over from generalised fluctuating hydrodynam-
ics to ordinary fluctuating hydrodynamics. Last, defining the velocity field
v(r, t) := J̄(r, t)/ρ̄(r, t), which, to linear order in deviations from equilibrium,
is given by v(r, t) = J̄(r, t)/⟨ρ⟩eq, and plugging in equation (3.8) for χi jkl , we
arrive at

⟨ρ⟩eq∂tv = −∇p̄ + η∇2v +
(
1
3
η + ζ

)
∇∇ · v − ∇ · S, (3.31)

which is the linearised and fluctuating version of the Navier-Stokes equa-
tion (3.9).

Let us also very briefly address the missing non-linear convective term.
The present theory deals with deviations from an equilibrium state corre-
sponding to a liquid at rest. The convective term appears if, instead, one
assumes this reference equilibrium in a co-moving frame of the local aver-
age fluid velocity. A more rigorous implementation of this notion is possible
in the more general projection operator formalism of Grabert [73, 74], which
we alreadymentioned in section 2.3.4. There, the velocity field is introduced
as conjugate variable (Lagrange multiplier) to the momentum density in the
relevant probability density, which “describes a state of local equilibrium [...]
of small cells [...] moving with the flow velocity” [74] (p. 131).

3In liquid crystal theory, they are commonly referred to as Leslie coefficients.
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Derivation of the Navier-Stokes equation in Fourier space

This section sketches the crucial steps of an analogous derivation of the
Navier-Stokes equation in Fourier space. Being a complement to the real
space derivation presented just above, the symbols here have the samemean-
ing.

The Fourier transforms of the distinguished variables are

ρ̃(q) := m
∑
α

eiqRα , (3.32)

J̃(q) :=
∑
α

PαeiqRα , (3.33)

and their static averages can be found to be

⟨δρ̃(q)|δρ̃(q′)⟩ =: H̃(q, q′) = δ(q − q′)(2π)3⟨ρ⟩eqmS(q), (3.34)

⟨J̃i(q)|J̃ j (q′)⟩ = δi jδ(q − q′)(2π)3⟨ρ⟩eqkBT , (3.35)

⟨δρ̃(q)|J̃i(q′)⟩ = 0. (3.36)

The quantity H̃(q, q′) is the Fourier transform of the real space correlations
H(r, r′), and

S(q) :=
1
⟨N⟩eq

⟨∑
αβ

eiq(Rβ−Rα )
⟩

eq
− δ(q)(2π)3⟨ρ⟩2eq (3.37)

is the static structure factor. The relation to H(q, q′) can, for instance, be
obtained from equation (3.6.10) and (3.1.6) in reference [79]. S(q) can be
measured in scattering experiments, and, in this context, the term propor-
tional to δ(q) is often ignored as it corresponds to unscattered radiation [79]
(p. 79). Moreover, in the limit q → 0, the static structure factor is related to
the isothermal compressibility κT by S(0) = ⟨δN2⟩eq/⟨N⟩eq = ⟨ρ⟩eqκT kBT/m

(cf. eq. (2.6.12) in ref. [79]).
As all modes of the distinguished variables are orthogonal (i.e. correla-

tions ∝ δ(q − q′)) due to the spatial homogeneity of a bulk system, we can
consider all wavevectors independently. Terms δ(q − q) will be treated in a
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somewhat sloppy but consistent fashion by using δ(q = 0) ≡ 1
(2π)3V

, where V
is the (infinite) volume of the system. Defining the projection operator

P :=
1

⟨ρ⟩eq(2π)3

|δρ̃(q)⟩ 1
mS(q)

⟨δρ̃(q)| +
∑
i

|J̃i(q)⟩ 1
kBT
⟨J̃i(q)|

 , (3.38)

one then finds after going through the maths the generalised fluctuating
Navier-Stokes equation

∂t J̃k (q, t) = iqk
kBT

mS(q)
δρ̃(q, t) −

∑
i jl

t∫
0

ds
J̃i(q, s)
⟨ρ⟩eq

qiq j χ̃i jkl (q, t − s)

+
∑
l

iql S̃kl (q, t), (3.39)

with

χ̃i jkl (q, t) :=
1

VkBT
⟨S̃i j (q, 0)|S̃kl (q, t)⟩ (3.40)

and

S̃kl (q, t) := R′(t)Π̃kl (q). (3.41)

In real space, the equation for the hydrodynamic limit is obtained by ap-
proximating the convolution integrals by products with effective transport
coefficients, which are obtained by integrating out the corresponding inte-
gral kernels. In Fourier space, the hydrodynamic limit is the limit of small
wavevectors, and the approximation corresponds to taking the transport co-
efficients at q = 0. Applying, in addition, the Markov approximation of the
time integral, we thus find

∂t J̃k (q, t) = iqk
δρ̃(q, t)
⟨ρ⟩eqκT

−
∑
i jl

χi jklqiq j

J̃i(q, t)
⟨ρ⟩eq

+
∑
l

iql S̃kl (q, t), (3.42)

with

χi jkl :=

∞∫
0

dt χ̃i jkl (0, t), (3.43)

which is the linear fluctuating Navier-Stokes equation in Fourier space.
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3.4.2 From kinetic theory to hydrodynamics

In this section, following essentially reference [37], we take a brief look at
an alternative method of deriving hydrodynamic equations of motion from
a many particle system. We will not follow this route in the remainder, but
for the sake of completeness, and to show that the procedure of the previ-
ous section is not the only way to arrive at hydrodynamics in a bottom-up
fashion, a short account of these also widely used techniques is given here.
The presentation is not intended to be comprehensive, and only some cen-
tral ideas, successes, limitations and interesting approaches will be pointed
out.

As discussed in section 2.4, kinetic theories treat the dynamics of the
system in phase space, and a quantity of pronounced importance is the single
particle phase space probability density function f1(r, p, t). Denoting by N

the total number of particles, one often introduces a rescaled probability
density function f (r, p, t) := N f1(r, p, t), which is “regarded as the average
number of particles” inside the infinitesimal phase space volume element
drdp [37] (p. 9). The hydrodynamic fields can then be defined as moments
of f (r, p, t) in terms of averages of so-called collision invariants, which are
quantities that are invariant under the action of the collision operator and
are thus related to conservation laws. For instance, the mass density ρ(r, t)
and velocity field v(r, t) are defined via the relations [37] (p. 22)4

ρ(r, t) :=
∫

dp m f (r, p, t), (3.44)

ρ(r, t)v(r, t) :=
∫

dp p f (r, p, t). (3.45)

To eventually obtain a closed set of equations for ρ(r, t) and v(r, t) (or a
larger set of moments of f (r, p, t)), further efforts are needed. An overview
of important examples is given in chapter 3 of reference [37]. Among them
are the perturbative Hilbert and Chapman-Enskog methods, which are ex-
pansions in powers of the Knudsen number or time derivatives of the hy-
drodynamic fields, respectively, or Grad’s moment method, which – relying
on a separation of time scales hypothesis – expands f (r, p, t) around a local
Maxwellian distribution, where the expansion coefficients are known func-
tions of a set of distinguished moments. A more recent approach is the in-
variant manifold theory, which “is based on a projection operator formalism

4A factor m is missing in the definition of ρ(r, t) in the reference. See also the definition
of the collision invariants in equation (2.44) in the same reference.
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[...] that confines the phase space dynamics onto a manifold of slow motion
and disregards the fluctuations of the fast variables” [37] (p. 31).

One should take note that kinetic theories have originally been devel-
oped to describe dynamical processes in gases, so that some of their as-
sumptions may not be used for liquid systems, which are at much higher
densities. For instance, Boon and Yip [28] (p. 91) report that – while exten-
sions to liquid densities are possible for hard spheres – realistic potentials
or viscoelastic behaviour are problematic. In the preface to his much more
recent book, Colangeli [37] states that, although the methods by Hilbert,
Chapman-Enskog and Grad “allowed to derive the hydrodynamic laws from
the Boltzmann equation and provided consistent expressions for the trans-
port coefficients”, extensions beyond the hydrodynamic limit failed. In this
context, Colangeli then presents the invariant manifold theory as an alterna-
tive approach that can also be applied to small length scales. One should also
mention the work of Sung and Dahler [169], who considered transport pro-
cesses in dense fluids of particles the interaction potential of which consists
of a hard core repulsive and a soft attractive part. Their approach was later
generalised by Pozhar and Gubbins [1, 140–143] to strongly inhomogeneous
fluids, where the inhomogeneities, for instance, arise through confinement.
In this framework, slip, which is a central topic of this work, and which will
be introduced in chapter 4, could probably be captured implicitly by a de-
creased local viscosity in the vicinity of a wall [143].

Another point to make concerns fluctuations. The theory, as sketched
here, clearly describes the evolution of non-equilibrium ensemble averages,
which do not fluctuate. However, fluctuations can be incorporated, for in-
stance, in terms of a fluctuating Boltzmann equation [18, 65, 179] or by using
projection operators in combination with hydrodynamic variables defined
as averages of collision invariants [111, 112].
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Chapter 4

Slip and Interfacial Friction

Except for the very short excursus in section 3.2, we have – so far – only con-
sidered the dynamics of bulk fluids. To be able to treat liquids that are con-
fined to finite regions of space, we have to somehow account for the resulting
boundaries. As may easily by imagined, this subject involves a plethora of
different aspects, and some restrictions have to bemade. In this work, we fo-
cus on the flow of liquids along interfaces (usually to solids), which naturally
involves the issue of interfacial or – more generally – external friction.

4.1 The slip boundary condition

In fact, there is more than one way to grasp the influence of boundaries on
liquid flow in amathematical description, but the standard approach in clas-
sical hydrodynamics is the use of the bulk equations of motion in combina-
tion with boundary conditions for the hydrodynamic fields. As mentioned,
our interest is in the behaviour of liquids flowing along interfaces and there-
fore in the corresponding boundary condition for the tangential component
of the velocity field. The following account is essentially based on a num-
ber of review articles [23, 25, 102, 147, 181], and the reader is referred to the
references therein for more details.

Before turning to the boundary condition, a remark on the interface itself
is due. In the context of classical hydrodynamics, a boundary or an interface
is treated as an ideal, infinitely thin mathematical surface. This is certainly
not realistic on the atomic scale, and, accordingly, Bocquet and Barrat [23]
state that the flow profile obtained from a calculation with an appropriate
boundary condition will match the actual macroscopic flow far away from
the boundary, but it may deviate in a microscopic interfacial region.
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no slip slip

b

F 4.1: Left: Sketch of a typical velocity profile near a solid surface with no-slip bound-
ary condition. The arrows indicate the vectorial velocity field. Right: Sketch of a flow profile
with (partial) slip boundary condition (cf. eq. (4.1)). The slip length b (cf. eq. (4.2)) can be
visualised as the distance below the surface at which the linear extrapolation of the velocity
field vanishes.

But not only the definition of the interface is sometimes difficult. Also
the question for the appropriate boundary condition was not at all clear at
the beginning. According to Lauga et al. [102] “[t]he nature of boundary con-
ditions in hydrodynamics was widely debated in the 19th century”, but the
no-slip condition became the most widely accepted. The latter states that,
at the interface between a liquid and a solid, their relative velocity vanishes
(cf. figure 4.1). Its approval is based on a “century of agreement between
experimental results in liquids and theories derived assuming [this] bound-
ary condition” [102], which – moreover – is held responsible for the fact that,
apparently, many textbooks “fail to mention that [it] remains an assump-
tion” [102].

Amore general boundary conditionwas proposed byNavier [128] as early
as 1823 and later by Helmholtz and Piotrowski [82] and by Maxwell [115].
It allows for a certain amount of slip, that is a discontinuity between the
velocities of the fluid and the solid (see also figure 4.1). In its simplest form,
it reads

η∂nvt = µvt , (4.1)

where vt is the relative tangential velocity of the fluid at the wall, ∂n denotes
a normal derivative with respect to the interface, and η is the shear viscosity.
As sketched in figure 4.2, equation (4.1) expresses a balance of the viscous
shear force, η∂nvt, exerted by the liquid on the ‘first liquid layer’ at the bound-
ary and a phenomenological, linear, velocity-dependent friction force, µvt,
between liquid and substrate. To be precise, we should actually speak of
forces per unit interface area (or stresses), but we will not be very strict with
the terminology throughout this monograph to simplify the language and
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4.1 THE SLIP BOUNDARY CONDITION

     interf. friction

       viscous drag

F 4.2: Model for the physical interpretation of the slip boundary condition (4.1): If one
imagines the liquid to be divided into thin layers, then the boundary condition balances two
forces (per unit area) acting on the first liquid layer at the solid. One is the drag exerted by
the second liquid layer, moving at a higher velocity. The other is a sliding friction between
liquid and solid.

because the nature of the terms should be clear from the context and the
units of the employed quantities. Depending on the value of the friction co-
efficient µ, the above boundary condition can account for a broad spectrum
of scenarios, ranging from no-slip (µ → ∞) to full slip (µ = 0) conditions.
Under more general circumstances, µ may become tensorial, and also the
velocity gradient ought to be replaced by the rate of strain tensor to account
for effects of curvature.

The ratio
b :=

η

µ
(4.2)

introduces a length scale, called slip length1, which can be visualised as the
distance below the surface at which the linear extrapolation of the velocity
field vanishes. In a simple linear Couette flow profile it can thus be thought
of as a representation of the location of a fictitious, effective no-slip plane.
Depending on the type of slip (to be defined below), typical slip lengths
reach from a few nanometers to tens or hundreds of microns. Comparing
the slip length to other relevant length scales determines the significance
of slip in a specific hydrodynamic problem. It is on these grounds that the
use of the no-slip boundary condition is commonly justified in macroscopic
hydrodynamics.

1Helmholtz and Piotrowski [82] originally introduced it under the name Gleitungscoëffi-
cient (i.e. slipping coefficient) and already discussed possible experimental evidence for non-
vanishing slip. Studying rarified gases, Maxwell [115] even developed a microscopic model for
a surface that reflects a variable portion of incoming particles in a specular fashion and the
rest diffusely.
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While, due to generally rather small values of slip lengths, liquid slip has
played a minor role for a long time, it has become a very active area of re-
search in more recent years. This development is animated by technological
and biological applications in the field of nano- and microfluidics. Lauga
et al. [102] state that “[b]ecause of the great advances in micro- and nano-
fabrication technologies, the abilities to engineer slip could have dramatic
influences on flow”, and Bocquet and Barrat [23] add that “there is [...] a
big hope to take benefit of slippage for microfluidic applications.” In their
review, they continue by listing three central aspects. The first two are re-
lated to flow through micro-channels or porous materials. There, slip can
enhance the permeability and decrease the hydrodynamic dispersion of a
sample (see also fig. 1.2). The latter is caused by the deviation of the velocity
profile from plug flow, that is by lateral velocity gradients inside a channel.
The efficiency in both these applications is determined by the ratio of the slip
length to the typical geometrical dimension, being the channel width. The
third area where slip can have an even larger effect is interfacial transport
phenomena like electro-osmosis, which is the generation of flow by an elec-
trical field in the thin charged Debye layer at a charged surface. Here, strong
amplifications are possible even for nanometric slip lengths, as the relevant
ratio is slip length over the (usually very small) thickness of the interfacial
structure (i.e. the Debye layer in the present example).

Concerning the microscopic physical reality, one has tried to categorise
the phenomenon of slip into different types, but the presentations are not
entirely consistent (e.g. cf. refs. [102, 181]). As it is not central to our con-
siderations, and, “[f]rom a practical standpoint [...], the distinction is not
important” [102] anyway, only the following two general classes will be dis-
tinguished. If the liquid particles slip directly over a solid surface, this is usu-
ally referred to as intrinsic or molecular slip. In case of a liquid flowing over
a complex and heterogeneous boundary, one can, moreover, often define ef-
fective boundary conditions by integrating out the microscopic details. One
then speaks of effective or apparent slip. Examples include structured super-
hydrophobic surfaces as well as gas cushion models for depletion layers.

In many experimental, numerical and theoretical works, a multitude of
factors influencing the slipperyness of a surface has been studied. Amongst
them are wetting conditions, shear rate, pressure, surface charge, surface
roughness, dissolved gas and bubbles. In the subsequent sections, we will
take a closer look on two aspects which are particularly closely related to the
considerations in the main body (part II and III) of this monograph.
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4.2 Interfacial friction and surface roughness

Surface roughness influences the flow of a liquid and therefore is an impor-
tant factor for slippage. It occurs on all kinds of scales and even a – what is
often called – ‘atomically smooth’ interface like a crystal surface can actually
be considered rough on the atomic scale, where the atoms of the crystal form
a periodically modulated potential energy landscape. One can, moreover,
not always strictly discriminate roughness from other surface properties like
intermolecular interaction strength or wettability. In fact, some of the ef-
fectively least wettable, alreadymentioned so-called super-hydrophobic sur-
faces (e.g. see ref. [23] and references therein) are based on a clever combi-
nation of surface chemistry and structure.

On the microscale, commensurability between the roughness and the
liquid structure has been identified as crucial for the strength of frictional
forces (eg. cf. refs. [67, 171]), and this notion is, for instance, reflected in
the appearance of the liquid structure factor at the typical wavelength of the
solid in the approximations of Bocquet and Barrat, still to be introduced in
section 4.3.1. Lichter and co-workers [106–110] found that, in their molec-
ular dynamics simulations, slip occurred via two mechanisms with a well-
defined, relatively sharp transition between them. They recognised that,
in equilibrium and in slowly flowing liquids, there exits an energetically
favourable ground state, where the liquid particles in the first layer next to
the substrate sit in the valleys of the corresponding potential landscape. Of
course, this requires a certain degree of commensurability. At low shear
rates, slip is then generated by the propagation of defects, that is vacancies,
in this first liquid layer. This behaviour is contrasted by the slip mechanism
at high shear rates, where many liquid particles slip collectively – in a sense
‘skimming’ over the bumpy surfaces. Lichter and co-workers, furthermore,
proposed a dynamical model (variable-density Frenkel-Kontorova model)
for the motion of particles in the first liquid layers that is able to capture
the observed behaviour.

On larger scales, many authors calculated effective boundary conditions
based on classical hydrodynamic theory in combination with specific sur-
face geometries and (intrinsic) slip properties. These approaches rely on a
separation of length scales, allowing for a decoupling of the molecular and
hydrodynamic descriptions. In 1973, Richardson [156] considered the two
limiting cases of a fluid flowing over a wavy surface with either full or no-
slip boundary condition, and found that, in both cases, the effective macro-
scopic boundary condition is one of no-slip. This statement has to be read
in the sense “that deviations from [effective no-slip] are of the same order of
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magnitude as the dimensions of the asperities at the wall” [156]. The way
how roughness causes friction is by means of viscous dissipation in the fluid
due to the induced flow on the scale of the surface structure. Since then,
many generalisations andmodifications of Richardson’s work have appeared
in the literature [27, 29, 30, 33, 48, 90, 93, 117, 134, 135, 168, 177]. However, as
can be expected, these approaches fail when the roughness comes close to
molecular dimensions (see, for instance, [147, 149]).

More recently, Hsu and Patankar [87] attempted to apply continuum the-
ory to molecular-scale roughness. This approach is motivated by several as-
pects. First, the authors wanted to find out if continuum equations can be
used for molecular-scale slip by appending them with “terms corresponding
to the physical mechanisms that cause the molecular-scale slip behaviour.”
Second, theymentioned that classical hydrodynamics often serves as a refer-
ence for flow through nano-channels, wherefore it was interesting to under-
stand molecular-scale slip in this context. Last, analytical equations could
be an alternative to expensive molecular dynamics simulations. Against this
background and guided by the model of Lichter et al., Hsu and Patankar
considered a setup of a liquid flowing past a flat surface with partial slip
amended by a undulating body force close to the surface. In contrast to
the other continuum approaches, they used the compressible Navier-Stokes
equation, thus allowing for density variations – which are reminiscent of
Lichter et al.’s ground state – to be induced by the external potential. Solv-
ing this model numerically, they were able to qualitatively reproduce the
shear-dependent behaviour in the work of Lichter et al. As a conclusion,
notions from continuum hydrodynamics are applicable to the description of
molecular-scale slip as well.

This conjecture is confirmed by the findings in chapter 9, where, instead
of amending the bulk equations ofmotion, we will derive exactmicrcoscopic
continuum equations in the presence of an external potential, and are able
to identify the aforementioned “terms corresponding to the physical mech-
anisms that cause molecular-scale slip behaviour” [87].

4.3 Interfacial friction and force fluctuations

Fluctuating forces (or stresses) and fluctuation dissipation theorems played
a major role in the derivation of hydrodynamic equations of motion from
first principles in chapter 3, and the relevance of fluctuating hydrodynam-
ics – for instance – on small scales or for the calculation of non-equilibrium
correlations was outlined. Moreover, chapter 2 stressed the very fundamen-
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tal nature of these concepts for all kinds of transport problems and the de-
scription of collective or emergent behaviour. This motivates treating inter-
facial or external friction in the framework of a fluctuating hydrodynamic
theory, which will be the central theme of part II of the thesis. Amongst
other results, slip boundary conditions for fluctuating hydrodynamics will
be derived in chapter 5. These boundary conditions include a fluctuating
boundary force that is related to the interfacial friction coefficient via a fluc-
tuation dissipation relation. While chapter 5 uses a top-down approach that
makes no reference to a specific microscopic realisation, chapter 6 presents
a microscopic derivation of fluctuating hydrodynamics with external forces
based on a static external potential modeling a solid. Furthermore, a scheme
to relate this bottom-up treatment to the theory of chapter 5 will be inves-
tigated. This section is intended to provide the context of these considera-
tions.

Regarding hydrodynamic friction of a colloidal particle or viscous dissi-
pation in the Navier-Stokes equation, the relation between fluctuations and
dissipation has been a subject of constant research for many decades. In
contrast, recent attempts of a similar treatment of liquid-solid friction are
essentially based on the work of Bocquet and Barrat in the 1990s. Their ap-
proach, which will be reviewed in section 4.3.1, consists in calculating the
total force exerted by a solid on a liquid and identifying terms in this expres-
sion with the coefficients in the phenomenological slip boundary condition.
Relying on certain assumptions concerning the velocity field, it has already
been criticised in the literature, and, very probably, does not describe a lo-
cal but an effective friction coefficient of the entire system. Besides these
concerns, the method is obviously not a direct derivation of the boundary
condition itself. In comparison, the present approach in chapters 5 and 6 is
thus more fundamental in that it tackles the problem directly on the level
of the equations of motion. Using the representation of the (fluctuating)
Navier-Stokes equation in terms of a generalised Langevin equation, which
intrinsically incorporates fluctuation dissipation relations, the equation of
motion of a finite system and a systemwith external potential will be derived.
In a second step, an alternative description in terms of the bulk equations of
motion, supplemented by boundary conditions, will be found.

In addition to the ideas of Bocquet and Barrat, there are a number of
very interesting papers by Bedeaux, Ronis and coworkers dating back as far
as to the 1970’s, which – however – seem to have somewhat fallen into obliv-
ion. At least, they appear to be unknown to the scientific community around
Bocquet and Barrat. As section 4.3.2 will briefly review, Bedeaux, Ronis and
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coworkers first postulate and later derive fluctuating slip boundary condi-
tions as a consistent extension of the deterministic theory. This approach,
however, is based on assuming the phenomenological slip boundary con-
ditions for the deterministic theory in the first place, and is thus also less
fundamental than the one about to be presented in this work. In a further se-
ries of papers, they moreover develop a theory that does not presuppose any
boundary conditions, but which yields the latter in combination with mi-
croscopic expressions for the coefficients. They are given in terms of rather
complex formulas of correlation functions, which are quite different from
the expressions in the previous papers and the one obtained in this thesis.
This is essentially due to the description of the solid as a viscoelasticmedium
instead of a fixed external potential or some abstract mathematical bound-
ary of the system. Moreover, the theory does not contain fluctuating forces
in the sense of a Langevin equation, and it is unclear if it can be extended in
this direction, as will also be discussed in 4.3.2.

4.3.1 Theory of Bocquet and Barrat

Green-Kubo relation for the interfacial friction coefficient

A first attempt of probing boundary conditions with equilibrium fluctua-
tions is presented by Bocquet and Barrat in reference [20] and partially in ref-
erences [21, 22]. In a top-down approach based on classical hydrodynamics
with slip boundary conditions, they relate the slip length and the hydrody-
namic position of thewall to correlations of the fluctuations of the transverse
momentum density. The desired quantities can be extracted as fit parame-
ters. Also, a ‘sum rule’ is derived, relating an expression that includes the slip
lengths on both walls and the wall-to-wall distance to an integral of a mo-
mentum correlation function. Moreover, Bocquet and Barrat [20] make the
conjecture that “Onsager’s hypothesis […] can be extend to boundary condi-
tions”, implying the “existence of Kubo formulas relating phenomenological
transport coefficients to microscopic correlation functions.” They further
state: “No such formulas are known for BCs [boundary conditions]”, clearly
showing that they were not aware of the work of Bedeaux, Ronis and cowork-
ers (cf. section 4.3.2). Also, in later publications of Bocquet and Barrat, no
corresponding references appear.

In reference [21], Bocquet and Barrat then arrive at a Green-Kubo (GK)
formula for the interfacial friction coefficient employing linear response the-
ory (LRT) and a projection operator formalism (POF) (in the appendix).
They do not explicitly derive equations of motion for a system with an inter-

60



4.3 INTERFACIAL FRICTION AND FORCE FLUCTUATIONS

face nor a boundary condition, but focus on the total force ⟨Fx⟩NE exerted
by a wall on a liquid flowing in the x-direction. Assuming the wall lying par-
allel to the xy-plane and considering all quantities to be already integrated
out over x and y, both the LRT and the POF2 result can be brought into the
following form:

⟨Fx⟩NE = −
∫

dz (Fx , Fx (z)) v(z) −
∫

dz (Fx , σxz (z)) ∂zv(z). (4.3)

Here, Fx (z) is the local force density in the liquid due to the wall, andσxz (z)
is the local shear stress. The total quantities are defined accordingly as Fx :=∫

dz Fx (z) and σxz :=
∫

dz σxz (z). The brackets are a short form for time
integrals of correlations and are defined as (A, B) := 1

kBT

∫ ∞
0 dt ⟨A(t)B(0)⟩eq.

Although of similar form, one should, however, be careful not to identify
projection operator results with LRT results too airily. The time correla-
tions in the projection operator formalism should actually be obeying the
reduced dynamics, which is of particular importance in the presence of ex-
ternal forces that disturb momentum conservation. As discussed in sec-
tion 2.3.4 (in the part on constitutive relations), the reduced time evolution
operator may be replaced in the correlations by the real time evolution op-
erator, if appropriate continuity equations without source terms are given.
This is not the case here.

In the LRT approach, Bocquet and Barrat assume that the perturbation
Hamiltonian generates a linear velocity profile. Inserting this form of v(z)
into equation (4.3) then yields

⟨Fx⟩NE = −Sλwallv(zwall), (4.4)

where S is the interface area, and where

λwall :=
1
S

(Fx , Fx ) (4.5)

and

zwall :=

(
Fx , σxz +

∫
dz zFx (z)

)
(Fx , Fx )

(4.6)

have been introduced. It should be stressed that this is not a derivation of the
boundary condition, but a reformulation of one of the terms – namely the to-
tal interfacial friction force – appearing in the phenomenological boundary
condition if the latter is interpreted as a balance of forces. Because the form

2The projection operator formalism is originally carried out in reciprocal space.
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resembles the one in the boundary condition, Bocquet and Barrat identify
λwall with the friction coefficient and zwall with the position of the mathe-
matical boundary.

A similar result is obtained (and that is essentially what Bocquet and
Barrat derive using the porjection operator), if the usual hydrodynamic as-
sumption is made that v(z) varies sufficiently slowly, so as to the convolution
integrals in equation (4.3) can be approximated by products. This is equiv-
alent to using the approximations (Fx , Fx (z)) ∝ δ(z) and (Fx , σxz (z)) ∝ δ(z)
and corresponds to a long-wave limit in reciprocal space. One then finds the
same expressions as with LRT with the slight modification that

zwall :=
(Fx , σxz )
(Fx , Fx )

, (4.7)

which, however, is identical to the previous definition within the used ap-
proximation of delta correlations.

Both approaches rely on assumptions regarding the velocity profile close
to or at the interface. In particular, as the velocity field here supposedly
should be understood as the ‘true’ (i.e. microscopic) field and not, for in-
stance, the solution of the bulk equations ofmotionwith appropriate bound-
ary conditions, these suppositions are questionable as was also pointed out
in reference [137].

Approximation and Application

Based on their Green-Kubo relation, Bocquet and Barrat derive in refer-
ence [3] an approximate expression for the slip length, which successfully
predicts3 the qualitative dependency of slip on surface and liquid proper-
ties, like the structure and wetting conditions.

Writing the total external force at time t appearing in equation (4.5) as
Fx(t) =

∫
dr Fx (r)ρ(r, t), where Fx(r) is the force field of the wall and ρ(r, t)

the particle density, they first obtain

λwall =
1

SkBT

∞∫
0

dt
∫

dr
∫

dr′ Fx (r)Fx (r′)⟨ρ(r, t)ρ(0, 0)⟩eq. (4.8)

Then, by making further approximations for the external force field Fx(r)

3w.r.t. molecular simulations
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and the density correlations ⟨ρ(r, t)ρ(0, 0)⟩eq, they eventually arrive at

δ

σ
∼

D∗
q ∥

S1(q∥)c2
FSρcσ3

. (4.9)

Here, δ is the slip length, σ is the Lennard-Jones (LJ) molecular diameter,
S1(q∥ ) is the fluid structure factor in the first fluid layer evaluated at the first
reciprocal lattice vector of the solid, q∥ , cFS is the LJ fluid-solid interaction
strength, and ρc is the fluid density at the first layer. The quantity D∗

q ∥ is re-
lated to a presumed diffusive relaxation of the density-density correlations.
Slightly different versions can be found in references [23, 25]. Note that the
approximation is essentially based on the fact that the slip length is given in
terms of correlations of external forces, wherefore expressions with a simi-
lar structure, like the ones derived in chapters 5 and 6, can lead to the very
same approximate formula. Conversely, a successful application of the ap-
proximate expression is not a proof of the original formula.

In the following, and without the wish to be exhaustive, an account of
applications of the Green-Kubo formula, its approximations and of related
work will be given.

In references [88, 165], the results of references [3, 21] are applied to slip-
page of water on various (mostly hydrophobic) surfaces inmolecular dynam-
ics simulations. They successfully predict the observed quasi-universal rela-
tion between contact angle (i.e. wetting properties) and slip length. See also
reference [4] for related work. Falk et. al. [57–59] study the friction of wa-
ter inside and outside of carbon nanotubes and between sheets of graphene.
Notably4, they find a quantitative agreement between equilibrium molecu-
lar dynamicsmeasurements of the friction constant based on theGK relation
and non-equilibriummeasurements of the linear relation between (slip) ve-
locity and external force for plug-like flow. The approximate expression for
the friction coefficient derived from the GK relation “predicts qualitatively
and semiquantitatively its curvature dependent behavior” [59].

Priezjev and Troian [147] consider a boundary with sinusoidal modula-
tion on two length scales. The smaller scale represents the atomistic struc-
ture of the solid, whereas the larger belongs to a superimposed periodic
roughness. Based on the GK relation, they derive an equation that can be
successfully fitted to simulated data of the dependence of the effective slip
length on the wavelength of the larger undulations. In reference [148], Priez-
jev and Troian state that their simulation “indicates that the Barrat-Bocquet

4See section on criticism below.
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analysis accurately predicts the dependence of the slip length on the pa-
rameters described even for polymeric chains that behave as shear thinning
fluids.” Moreover, their study “indicates that the slip length […] is dominated
by the bulk viscosity above chain lengths of about N = 10”, where N is the
number of monomers. This raises the question if the interfacial friction co-
efficient becomes independent of the chain length, which could be relevant
for the application of the theory to be developed in this thesis to polymeric
systems. As another generalisation, Joly and coworkers [92] base a simple
estimate of the influence of electrostatic effects on the solid-liquid friction
in ionic solutions on the Green-Kubo relation for the friction coefficient.

Last, in references [125–127, 178], a method is developed and applied that
simulates the LRT of Bocquet and Barrat. Modified equations of motion,
similar to those used by Bocquet and Barrat for their derivation of the Green
Kubo expression in reference [21], generate an approximately linear velocity
profile5, so that the boundary parameters can be directly determined from
the linear response in a non-equilibrium molecular dynamics (NEMD) sim-
ulation. In reference [126], the authors state that their NEMD results are
consistent with those produced by the GK formula measured in additional
equilibrium simulations. However, the thus obtained slip lengths do not
agree well with the results in reference [21], which were obtained by using
Bocquet and Barrat’s alternative approach of fitting the momentum correla-
tion function.

Criticism

Despite the apparent success of approximations based on Bocquet and Bar-
rat’s Green-Kubo relation, the GK formula itself has also been subjected to
criticism. Petravic and Harrowell [137, 138] point out that, according to their
theoretical and numerical investigations, the time integral of the correla-
tions of forces exerted on a specific wall is not a local friction constant but
rather an effective friction coefficient of the entire system. It is thus influ-
enced by the properties of the bulk as well as other walls. A more detailed
discussion of the literature and results obtained in the course of this work
will be presented chapter 7. There, it will also be argued that the quantitative
agreement found by Falk et al. [57–59] likely does not confirm the validity
of the GK relation, as – supposedly – the effective friction coefficient of the
whole system and the friction coefficient of a single wall are identical in the
studied scenarios.

5There seems to be a slight but systematic deviation near the walls.
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4.3.2 Theory of Bedeaux, Ronis and coworkers

Fluctuating boundary conditions

In reference [13], Bedeaux, Albano andMazur postulate a fluctuating bound-
ary force to obtain Langevin equations for the linear and angular velocities
of a Brownian particle on the basis of fluctuating hydrodynamics. They ob-
serve that the fluctuating boundary force and the corresponding FDT for the
interfacial friction coefficient are essential to obtain fluctuation dissipation
relations for the random net force and the random torque on the particle in
case of arbitrary slip boundary conditions on the particle surface.

Later, Satten and Ronis [161] obtain the results of reference [13], start-
ing from a deterministic theory with boundary conditions. Assuming that
Onsager regression is valid in a finite system, they derive surface reciprocal
relations for the coefficients appearing in the boundary conditions. Subse-
quently, they use this result in a corresponding fluctuating theory to identify
the fluctuating dissipative flux through the surface. They state that “elimi-
nating the [hydrodynamic] fields at the surface in favor of the net flux cross-
ing the boundary (considered to be an independent fluctuating quantity)
[...] formally corresponds to writing an inhomogeneous fluctuating bound-
ary condition for the fields.”

Again a few years later, Schmitz [163] essentially re-derives the results of
Satten and Ronis. Considering a general class of phenomenological bound-
ary conditions, he, too, recognises dissipative currents across surfaces and
concludes that “the boundary conditions must exhibit fluctuations too”. Ex-
tending the bulk Landau-Lifshitz approach to fluctuating hydrodynamics,
he then supplements the dissipative currents by random currents to obtain
fluctuating boundary conditions with corresponding fluctuation dissipation
theorems. However, he admits that he does “not address [...] the problem
of how to derive the boundary conditions more physically, by discussing the
combined fluid-solid system” and states that “[such] a derivation has not
been given so far.” In his opinion it is not fully satisfactory that the bound-
ary conditions have not been derived on a somewhat fundamental level, but
“have rather been chosen a posteriori.”

These comments of Schmitz point to an advantage of the approaches
in chapter 5 and 6, which do not suffer from the mentioned shortcomings.
There, instead of trying to modify existing presupposed boundary condi-
tions, the fluctuating dynamics of fluids at boundaries is considered as a
whole and fluctuating boundary conditions are obtained as one result of this
treatment.
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Dynamical equations for systems with an interface

In a series of three papers [157, 158, 160], Ronis, Bedeaux and Oppenheim de-
rive very general dynamical equations for systems with an interface. Their
approach is to formally divide the true value of a hydrodynamic field into the
solution of the bulk equation of motion and the deviation (excess) near the
surface. As the bulk solution and the true field are expected to be indistin-
guishable away from the interface, the equations of motion for the bulk and
excess quantities need to be matched. A crucial point is to find a simple way
to deal with the “complicated spatial variation of themechanical fields in the
surface region”, which the authors replace by “moments of their profiles near
the surface. A hierarchy of equations [is] obtained, which, upon truncation,
[yields] a set of boundary conditions for the equations governing the bulk
dynamics” [157]. Amongst other results, Ronis derives a fluctuation dissipa-
tion relation for the slip coefficient and makes suggestions for the position
of the mathematical interface.

However, he does not derive fluctuating boundary conditions – working
with the deterministic equations only – and it is unclear if noise terms can
be incorporated into the theory. The reason is that, in his derivation of the
boundary conditions at a fluid-solid interface, Ronis considers ensemble av-
erages in stationary states. Apart from the incompatibility of ensemble aver-
ages and fluctuations, the stationarity – which is used to solve the equations
and eliminate the excess quantities in the boundary conditions – is an issue.
If one wanted to proceed similarly in the presence of noise, where stationar-
ity is impossible, one would need other good reasons for neglecting the time
derivatives.

Furthermore, Ronis abandons the concept of an explicit boundary force,
using two viscoelastic media to model the liquid-solid interface instead, so
that the FDT for the interfacial friction coefficient consists of several differ-
ent stress correlations (eq. (8.2c) in ref. [157]). Even though this model could
be an alternative to the route chosen in this work, part II of the thesis clearly
demonstrates that fluctuating boundary forces are a useful and consistent
theory, which, moreover, is much easier to apply.

Ronis motivates his choice by practical reasons due to problems – for
instance caused by “badly behaved δ function squared terms” [157] in his
formalism or issues related to momentum conservation – if the solid is de-
scribed by an external force field, and by asking whether such a description
is even appropriate. To be sure, real substrates are more or less flexible, but,
still, static external force fields do produce slip boundaries, too, (see, for in-
stance, ref. [20] for simulations with a static external potential and ref. [171]
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for a comparison of walls consisting of fixed atoms and of atoms attached to
lattice sites by springs), and good results can be obtained for realistic sub-
strates. For example, Cottin-Bizonne and co-workers report in reference [39]
that the “magnitude of the [experimentally determined] boundary slip is in
good agreement with numerical simulations of interfacial hydrodynamics
on nonwetting smooth surfaces”, thereby referring to reference [4], which
used a fixed external potential to model the solid. In addition, as reviewed
in section 4.3.1, Bocquet and Barrat demonstrated that a theory based on an
external force field can provide valuable information about the dependency
of the friction force on the surface structure. It is unclear how easily the
same aspects can be extracted from the viscoelastic model, since it lacks an
equilibrium lattice. Presumably, the influence of the structure of the solid
should then be contained in the stress correlations near the surface.
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Chapter 5

Slip Boundaries in
Fluctuating Hydrodynamics

The microscopic behaviour and description of liquids at boundaries tend
to be quite involved, and the inclusion of thermal fluctuations is not likely
to simplify matters. To get a first grip on how this should be done, let us
thus rather begin from the top – with an extension of conventional fluctu-
ating hydrodynamics to systems with slip boundaries. Although aimed at
meso- to macroscopic scales, the approach is based on the idea that a mi-
croscopic derivation of fluctuating hydrodynamic equations generically re-
sults in transport equations that have the form of a generalised Langevin
equation. Using projection operators, this was demonstrated for the bulk
Navier-Stokes equation in section 3.4.1, but the same must be true for sys-
tems with boundaries, too. In such a formulation, the borders have to be
contained in the equation ofmotion rather than in additional boundary con-
ditions, and the identification of the latter is an additional problem. With
respect to the classification introduced in section 1.2, the considerations in
this chapter can be attributed to the first kind of description, which is the
one that combines the aspects of momentum transfer and dissipation in a
single friction force. As already alluded to, they correspond to a top-down
approach.

The notions described above are implemented in the following way.
Employing a model system with laminar flow, boundaries are introduced
to a bulk system to obtain a single equation of motion (given as a gener-
alised Langevin equation) for a finite system. A subsequent reformulation
then demonstrates that an equivalent description is possible in terms of the
equation of motion of the infinite system supplemented with appropriate
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boundary conditions. The latter have the form of a fluctuating or stochastic
slip boundary condition, which, in particular, features a stochastic bound-
ary force. The correlations of this force are related to the friction coefficient
between the wall and the liquid (or to the slip length, respectively) in a cor-
responding fluctuation dissipation theorem. Furthermore, it turns out that
potential cross-correlations between the stochastic boundary force and the
stochastic stress inside the liquid at the boundary lead to an enlarged effec-
tive slip length on macroscopic scales. This behaviour may also be captured
by using an effective stochastic boundary force which is then again uncorre-
lated to the stochastic stresses. A possibly modified viscosity directly at the
interface is found to have a similar effect.

Although motivated by the type of equation to be expected from a mi-
croscopic derivation, references to a microscopic footing are deliberately
avoided in order to underline the independence and universality of the pre-
sent theory. In fact, the latter can be expected to be able to encompass many
microscopic scenarios and models like intrinsic slip on atomically smooth
surfaces, influences of fluctuations of the solid, or effective slip on nanos-
tructured surfaces. Being based on the concept of generalised Langevin
equations, the theory should nonetheless be particularly well suited for a
microscopic substantiation by using projection operators, and an example
will be considered in chapter 6. Moreover, it should be pointed out that,
in contrast to the work of Bocquet and Barrat (see chapter 4.3), the present
approach neither presupposes a specific velocity profile or flow type, like
Poiseuille or Couette flow, nor a specific profile of the pressure or external
driving force.

A theory of fluctuating hydrodynamics with slip boundaries is relevant
for analytical calculations (see, for instance, chapters 7 and 8) as well as
numerical approaches. Over the last years, the development of numerical
schemes for fluctuating hydrodynamics has received increasing attention
(see, for instance, ref. [180] and references therein), but a straightforward
application of standardways of treating slip boundaries in deterministic sim-
ulations to stochastic systems – as proposed in reference [56] – violates fluc-
tuation dissipation relations. A promising method, into which the results
of this chapter can presumably be directly incorporated, is presented in the
appendix of reference [45] and in reference [180]. This topic will be picked
up again in section 5.4.1.
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5.1 The model system in classical hydrodynamics

For ease of presentation and to not smother the key ideas with too many
technical details, the following considerations are carried out against the
background of a rather simple scenario. Likewise, the arguments of func-
tions are notationally suppressed in unambiguous cases.

Our interest is in unidirectional, laminar fluid flow where the velocity
field v only has a non-zero x-component vx ≡ v and is independent of the
x and y coordinate. In compliance with this situation, the pressure gradient
∇p is assumed to be homogeneous in x and y as well and to act exclusively
in the streaming direction x. A potential external body force with similar
symmetry, fb = fbêx (where êx is the unit vector in x-direction), could be
incorporated straightforwardly, treating it exactly like the pressure gradient.
Moreover, the analysis is restricted to incompressible fluids, implying ∇ · v =
0, and the linearised theory is used. Under these circumstances, the Navier-
Stokes equation (3.9) simplifies to

ρ∂tv = −∂x p + η∂2
zv. (5.1)

Although this scenario appears to be quite specialised, it is not uncommon,
and similar equations can be derived more rigorously by scale analysis, for
instance in the context of lubrication theory (see chapter 8).

So far, only an infinite systemhas been described in the above, andwe are
left with introducing boundaries. This will be done in terms of ideal math-
ematical surfaces parallel to the xy-plane, as discussed in section 4.1. Recall
that, in the classical theory, an interface allowing for slip is represented by a
boundary condition of the type

η∂zv = µv (5.2)

that has to be met at a specific value of z. By tuning the friction coefficient
µ or the corresponding slip length

b := η/µ, (5.3)

one can continuously alter the ‘stickiness’ of the boundary from no-slip (b =
0) to perfect slip (b → ∞) conditions. In contrast to other approaches (cf.
sec. 4.3), we will not presuppose this relation but recover it or its fluctuating
generalisation in the course of our considerations.
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5.2 Generalised Langevin equation of the
infinite system

In section 3.4.1, we have seen that the basis of fluctuating hydrodynamics
and its derivation from a microscopic many particle system is the concept of
generalised Langevin equations with corresponding fluctuation dissipation
relations, the theoretical background of which was discussed in section 2.3.
Therefore, to guarantee the consistent introduction of boundaries with these
fundamental concepts, the fluctuating equation of motion of the model sys-
tem will be rewritten in the form of a generalised Langevin equation first.

As described in section 3.2 and demonstrated in section 3.4.1, the fluctu-
ating Navier-Stokes equation of a bulk system is obtained by the introduc-
tion of a fluctuating stress tensor. These additional pseudo-random terms
may prove it difficult to sustain the requirement of lateral (x and y) homo-
geneity. However, one can still consider or create1 situations where v only
varies appreciably over very large lateral distances, so that a scale analysis
like in chapter 8 yields equation (5.1). Under the conditions stated in sec-
tion 5.1, one then finds the appropriate noise term to be (cf. eq. (3.31))

R = −∂zS , (5.4)

where S signifies the fluctuating tangential stress, the xz-element of the ten-
sor that is, between layers of fluid defined by a constant z-coordinate.

The approximations leading to the classical Navier-Stokes equation in
section 3.4.1 can be summarised by idealising the correlations of S to

⟨S(r, t)|S(r′, t′)⟩ = 2ηkBTδ(r − r′)δ(t − t′) (5.5)

(see also eq. (3.10)). The brackets ⟨. . . | . . .⟩ denote the Kubo scalar product
(cf. eq. (2.9)), which – for real valued quantities – is just the ensemble av-
erage. In this chapter, we will only focus on spatial aspects normal to the
boundaries (z-direction) and therefore adopt a notation in which the cor-
relations are already integrated out over the lateral dimensions and time by
defining the scalar product

(
A(z), B(z′)

)
:=

1
kBT

∫
dx

∫
dy

∞∫
0

dt ⟨A(r, t)|B(r′, 0)⟩. (5.6)

Note that the result is, of course, independent of x′ and y′ due to transla-
tional invariance in the xy-plane. Having this definition at hand, we may

1for instance, by averaging or smoothing out
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write the fluctuation dissipation relation for the transport kernel M(z , z′)2

as
M(z , z′) =

(
R(z), R(z′)

)
= η∂z∂z′δ(z − z′) (5.7)

to obtain the generalised Langevin equation corresponding to equation (5.1):

ρ∂tv(z) = −∂x p(z) −
∫

dz′ M(z , z′)v(z′) + R(z). (5.8)

It is easy to convince oneself that the second term on the right-hand side of
equation (5.8) indeed yields η∂2

zv, however – and this is crucial – only in a
system where no boundary terms arise from a partial integration. This ob-
servation already foreshadows that the transport kernel M(z , z′) and, conse-
quently, the fluctuating forces R(z), too, will have to be modified to properly
include boundaries.

5.3 Discretisation

In the theory of stochastic differential equations or stochastic integration,
respectively, discretisation is a common technique – for instance in Itō cal-
culus (cf. chapter 4 in ref. [69]). Here, we employ it to facilitate the treat-
ment of boundaries. For example, it permits a particularly simple and clear
view on how boundary conditions act, avoids ambiguities arising from delta
peaks sitting on the edges of integration domains or enables us to actually
take the derivative of a delta function.

While the discretisation is essentially an auxiliary construction here and
our main interest lies in the continuum limit, the same discrete equations
will be derived in section 6.4 fromamicroscopicmany particle system. There
the discretisation is crucial to keep the simple local3 structure of the equa-
tions. It will still be possible to take the continuum limit in an appropri-
ate sense, however, in addition, the discrete theory itself may become a di-
rect representation of physical reality, thereby acquiring a value of its own.
Moreover, discrete theories can be useful for comparisons to experiments or
simulations, as there a discretisation by binning the data is often necessary,
too.

2Note that, aside from the integrals over x, y and t, the present definition of M(z , z′) also
deviates from the generic expression (2.30) in that it lacks a factor of 1/ρ stemming from the
inverse momentum correlations (cf. eq. (3.16)), which has instead been absorbed in v = J/ρ

here.
3correlations are proportional to δ(z − z′)
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F 5.1: Sketchy representations of the Heaviside step function Θ(z), the nascent delta
function δϵ (z) (cf. eq. (5.12)) and its first two discrete derivatives (cf. eqs. (5.17) and (5.18))
(not to scale). The distinction between forward (+) and backward (−) deltas and derivatives
is omitted since it only causes shifts to the left or right by integer multiples of ϵ .

5.3.1 Discrete derivatives and nascent delta functions

Let us start by defining forward and backward discrete derivatives by means
of difference quotients as

∂+z ,ϵ f (z) :=
f (z + ϵ) − f (z)

ϵ
and ∂−z ,ϵ f (z) :=

f (z) − f (z − ϵ )
ϵ

, (5.9)

where f (z) is to be an arbitrary (suitably well-behaved) function and ϵ > 0
throughout this section. The limit ϵ → 0 reproduces the usual continuum
expressions

∂±z = lim
ϵ→0

∂±z ,ϵ , (5.10)

which, however, keep the forward or backward notion – an aspect that will
become relevant at boundaries. While only these asymmetric first deriva-
tives will be used, they lend themselves to the definition of a symmetric (i.e.
centred) second derivative which can be expressed in various ways:

∂2
z ,ϵ := ∂+z ,ϵ ∂

−
z ,ϵ = ∂

−
z ,ϵ ∂

+
z ,ϵ =

1
ϵ

(
∂+z ,ϵ − ∂−z ,ϵ

)
. (5.11)

Just as taking the (continuum) derivative of a Heaviside step function
Θ(z) yields a delta function, the discrete derivatives of Θ(z) result in nascent
delta functions

δ±ϵ (z) := ∂∓z ,ϵΘ(z), (5.12)

boxes of height 1/ϵ and width ϵ which are sitting to the right or left of z = 0.
They are depicted in figure 5.1 along with their first few discrete derivatives.
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The corresponding continuum equivalents δ±(z) can then be defined implic-
itly by their behaviour in an integral,

∫
dz δ±(z − z0) f (z) = lim

ϵ→0

∫
dz δ±ϵ (z − z0) f (z), (5.13)

and have the property to be well-defined on the borders of the integration
domain as well. For example, the delta-peak δ+(z − z0) lies completely inside
the interval [z0 ,∞], leading to

∞∫
z0

dz δ+(z − z0) f (z) = lim
z↘z0

f (z), (5.14)

∞∫
z0

dz δ−(z − z0) f (z) = 0. (5.15)

The connection between δ+ϵ and δ−ϵ is readily established as

δ+ϵ (z + ϵ) = δ−ϵ (z), (5.16)

enabling us to write discrete derivatives of nascent deltas as sums of one
forward and one backward nascent delta each:

∂±z ,ϵδ
±
ϵ (z) =

1
ϵ

(
δ−ϵ (z) − δ+ϵ (z)

)
, (5.17)

∂±z ,ϵδ
∓
ϵ (z) =

1
ϵ

(
δ−ϵ (z ± ϵ) − δ+ϵ (z ± ϵ)

)
. (5.18)

See again figure 5.1 for graphical representations.

5.3.2 Discretised space and functions

Considering the box-like nascent delta functions as characteristic or indica-
tor functions naturally leads to a partitioning of space into intervals of length
ϵ . Here, the backward nascent delta δ−ϵ (z − zi), which refers to an interval
]zi − ϵ , zi] with label i anchored at the point zi (see the left panel in fig. 5.2),
is chosen to be used for this purpose. Also, let us choose to label the first
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z

i=-1 i=0 i=1 i=2

F 5.2: Left: Partitioning of the z-axis into intervals of length ϵ . Right: Visualisation
of 1

ϵ δi(z)i(z′) (cf. eq. (5.22)), the discrete analog of δ(z − z′). Shaded areas have a value of 1/ϵ ;
white regions are zero.

interval on the positive axis with 1 and introduce a function i(z) that returns
the corresponding label to a given value of z:

zi := iϵ , (5.19)
i(z) := ⌈z/ϵ⌉ . (5.20)

The crossover from a continuous to a discrete description is then realised by
turning from the real numbers z to the integer-valued interval labels i, using
the relation

δ−ϵ (z − zi) =
1
ϵ
δii(z). (5.21)

This will be more elaborated below, but let us first introduce another useful
expression, namely

δi(z)i(z′) = ϵ
2
∑
i

δ−ϵ (z − zi)δ−ϵ (z′ − zi), (5.22)

which is visualised in the right panel of figure 5.2. It converges to the normal
(centred) delta in the continuum limit,

lim
ϵ→0

1
ϵ
δi(z)i(z′) = δ(z − z′), (5.23)

in the sense that 1
ϵ

∫
dz′δi(z)i(z′) f (z′)→ f (z) as ϵ → 0 and, moreover, has the

property
∂−z ,ϵδi(z)i(z′) = −∂+z′ ,ϵδi(z)i(z′). (5.24)

Now, let’s turn to functions. Starting from a discrete function, that is
a map � → �, i 7→ fi , one can define a continuum equivalent by a step
function

fϵ (z) := ϵ
∑
i

δ−ϵ (z − zi) fi = fi(z). (5.25)
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On the other hand, a given function f (z) can be approximated by a corre-
sponding step function, where one demands convergence in an appropriate
sense:

f (z) = lim
ϵ→0

fϵ (z). (5.26)

Usually, there is a certain freedom of choice for the discrete values fi for a
fixed function f (z), and, moreover, the above considerations can be gener-
alised to functions with multiple arguments straightforwardly.

Concerning discrete derivatives of the step functions, one can choose
from various forms suitable for different circumstances. For instance, one
has

∂+z ,ϵ fϵ (z) = ϵ
∑
i

1
ϵ

(
δ−ϵ (z − zi−1) − δ−ϵ (z − zi)

)
fi

= ϵ
∑
i

δ−ϵ (z − zi)
1
ϵ

( fi+1 − fi)

=
1
ϵ

(
fi(z)+1 − fi(z)

)
. (5.27)

Quite naturally, the backward and also higher derivatives can be reformu-
lated analogously.

Due to the reduced spatial resolution of fϵ (z), the function δi(z)i(z′), de-
fined in equation (5.22), is equivalent to δ(z − z′) whenever only step func-
tions are integrated, that is∫

dz′
1
ϵ
δi(z)i(z′) fϵ (z′) = fϵ (z) =

∫
dz′ δ(z − z′) fϵ (z′). (5.28)

As a consequence, integrals of step functions reduce to sums,∫
dz fϵ (z) = ϵ

∑
i

fi , (5.29)

and integrating out common arguments, as in∫
ds′ Aϵ (z , z′) fϵ (z′) = ϵ

∑
j

Ai(z) j f j = ϵ
∑
i

δ−ϵ (z − zi)ϵ
∑
j

Ai j f j , (5.30)

essentially yields matrix multiplications.

79



SLIP BOUNDARIES IN FLUCTUATING HYDRODYNAMICS

5.3.3 Discretisation of the generalised Langevin equation
of the infinite system

Before eventually tackling boundaries, let us see how our discretisation rules
apply to the yet infinite system. Here and in most of what follows, results
will be given both in the pseudo continuum form with step functions and in
the truly discrete description. Moreover, we will often refrain from actually
taking the continuum limit ϵ → 0 if no simplifications or insights are gained.

The use of step functions amounts to treating the model system as if
composed of layers of thickness ϵ stacked in z direction. Viscous interac-
tions are reduced to interactions between layers, where each layer exerts a
drag force on its neighbouring layers that is proportional to the respective
difference of velocities. The generalised Langevin equation (5.8) then reads

ρ∂tvϵ (z) = − ∂x pϵ (z) −
∫

dz′ Mϵ (z , z′)vϵ (z′) + Rϵ (z)

= ρ∂tvi(z) = − ∂x pi(z) − ϵ
∑
j

Mi(z) jv j + Ri(z). (5.31)

While the first line closely resembles the original continuum version (5.8),
the second line clearly displays the discrete character. The corresponding
transport kernel and matrix are

Mϵ (z , z′) = − η
ϵ
∂2
z′ ,ϵδi(z)i(z′) , (5.32)

Mi j = −
η

ϵ3

(
δi j+1 − 2δi j + δi j−1

)
, (5.33)

that is

M :=
(
Mi j

)
= − η

ϵ3



. . .
. . .

. . .
. . .

. . . −2 1 0 0

. . . 1 −2 1 0
. . .

. . . 0 1 −2 1
. . .

0 0 1 −2
. . .

. . .
. . .

. . .
. . .


. (5.34)

The sequence of 1 −2 1 in each row or column is nothing but the second
derivative of the nascent delta, which can be most easily seen in figure 5.1.
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Considering the noise terms, we have to decide whether to use the for-
ward or backward derivative. Let us opt for

Rϵ (z) = − ∂−z ,ϵ Sϵ (z), (5.35)

Ri = −
1
ϵ

(Si − Si−1) , (5.36)

which corresponds to the interpretation that Si is the ‘stochastic’ flux of tan-
gential momentum from layer i to layer i + 1. Eventually, the correlations of
the fluctuating stresses (cf. equation (5.5)) are now given by

(
Sϵ (z), Sϵ (z′)

)
= η

δi(z)i(z′)

ϵ
, (5.37)(

Si , S j

)
= η

δi j

ϵ
, (5.38)

and the fluctuation dissipation relation (5.7) reads

Mϵ (z , z′) =
(
Rϵ (z), Rϵ (z′)

)
, (5.39)

Mi j =
(
Ri , R j

)
, (5.40)

which completes the discretisation of the generalised Langevin equation of
the homogeneous, infinite system.

5.4 Boundaries

There are two distinct yet closely related ways of treating boundaries. Typ-
ically, one uses the equations of motion of an infinite system for a finite
system, too, and supplements them with appropriate boundary conditions.
However, one could, of course, also devise equations of motion that have al-
ready incorporated the boundaries. The integration of boundaries into the
framework of the generalised Langevin equation, which is what we are about
to do in this section, will initially yield results of the second kind. In a subse-
quent step, they will then be reformulated in terms of boundary conditions.

The principle reason for using the generalised Langevin approach is to
make sure that the fundamental relation between transport coefficients and
fluctuations is not violated rather than to find a theory that includes the
boundaries into the equations of motion. In fact, the applicability of the lat-
ter in practical calculations depends on the circumstances. Working in the
continuum, it is probably easier to solve the differential equations of the infi-
nite system and to use the boundary conditions to determine the integration
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infinite system finite system

decouple

outside

outside

inside

(ignore)

(ignore)

F 5.3: A finite system is created by cutting out a part of an infinite system and de-
coupling it from the remainder, which can thus be ignored. The grey and white bars in the
sketch represent the discrete layers.

constants. On the other side, if one is using a discretised theory, it is desir-
able to have one singlematrix equation that already respects the boundaries.
Moreover, if the idealisation of infinitesimally thin mathematical interfaces
is abandoned in favour of a more realistic treatment at small length scales,
the concept of boundary conditions has to break down anyway.

In the following, a system with boundaries will be created by cutting out
a portion of an infinite system, as illustrated in figure 5.3. A cut is realised
by introducing a plane that decouples the resulting sides of the system from
each other. After two cuts, and if one is only interested in the ‘inner’ part,
one can then ignore the decoupled ‘outer’ parts, thus ending up with a finite
system. Here, one of these cuts will be carried out as an exemplary case. By
deliberately not specifying which of the two resulting independent domains
is ‘inside’ or ‘outside’, a ‘lower’ and an ‘upper’ boundary, which show only
marginal differences anyway, can be treated simultaneously.

5.4.1 Generalised Langevin equation with a boundary

Let us choose the boundary to be at the position z = zw, where zw coincides
with one of the discrete zi (cf. equation (5.20)), that is zi(zw) = zw. The last bit
is no real restriction since the discretised theory can’t discriminate between
z = zi and z ∈ ]zi − ϵ , zi] anyway.

Looking at the matrix representation (cf. eq. (5.34)) of the transport ker-
nel Mi j and recalling that, in equation (5.31), the latter acts on the vector of
velocities vi , one notices that an interaction between neighbouring layers is
caused by the off-diagonal elements. Since – according to equation (5.40)
– Mi j is completely determined by the correlations of the fluctuating forces
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F>

zw

zw+ϵ

zw−ϵ
Si(zw) F<

i(zw)+1

i(zw)+2

i(zw)

i(zw)−1

F 5.4: Two parts of an infinite system can be decoupled by substituting two uncorre-
lated fluctuating boundary forces F> and F< for the fluctuating stress Si(zw) = Sϵ (zw) across
the desired boundary.

Ri , we conclude that thementioned off-diagonal elements are due to the fact
that each fluctuating stress Si appears twice in the noise vector, namely in
Ri ∝ Si − Si−1 and Ri+1 ∝ Si+1 − Si . Hence, decoupling can be achieved by a
very simple manipulation of the fluctuating forces, as depicted in figure 5.4.
All that needs to be done is to replace the fluctuating stress across the bound-
ary Sϵ (zw) = Si(zw) by two uncorrelated fluctuating boundary forces F> and
F< , so that the fluctuating flux of tangential momentum going into layer
i(zw)+ 1 from below is statistically independent from that leaving layer i(zw)
at the top. The vector of fluctuating forces then reads

R = −1
ϵ



...

Si(zw)+2 − Si(zw)+1
Si(zw)+1 − F>

F< − Si(zw)−1
Si(zw)−1 − Si(zw)−2

...


, (5.41)

and the following correlations are assumed:(
F</> , F>/<

)
= 0, (5.42)(

F</> , F</>
)
= µ</> , (5.43)(

Si , F</>
)
= 0 =

(
Sϵ (z), F</>

)
. (5.44)

While – by design – F< and F> are mutually uncorrelated, their autocorre-
lations may yield new transport coefficients µ< and µ> , which will turn out
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to be friction coefficients. For now, cross-correlations of S and F are not al-
lowed, but we will come back to this point later in section 5.5. At this stage,
this somewhat ad hoc introduction of the fluctuating boundary forces is es-
sentially motivated by the fact that it allows for a consistent treatment of
boundaries in the framework of generalised Langevin equations. In chap-
ter 6, the microscopic footing will be discussed in addition.

By virtue of the fluctuation dissipation relation (5.40), one automatically
obtains the corresponding transport matrix

M = − η
ϵ3



. . .
. . .

. . .
. . .

. . . −2 1 0 0

. . . 1 −1 − ϵ
b<

0 0
. . .

. . . 0 0 −1 − ϵ
b>

1
. . .

0 0 1 −2
. . .

. . .
. . .

. . .
. . .


, (5.45)

where the slip lengths

b>/< :=
η

µ>/<
(5.46)

have been introduced. As intended, the new transport matrix is found to
have a block diagonal form with the two blocks corresponding to the two –
now independent – parts of the system.

As an aside, it is interesting to note that the matrix M is reminiscent
of the Laplacian operator for a system with boundaries presented in the ap-
pendix of reference [45], where, instead of −1− ϵ

b>
, one has −(2−α), and only

the cases of Dirichlet (α = −1, no slip) and von Neumann (α = 1, full slip)
boundary conditions are considered. The authors observe that, to comply
with a discrete fluctuation dissipation balance, the correlations of the noise
terms at the boundary have to be scaled with a factor β = 1−α as compared
to the correlations in the bulk. Identifying the α of reference [45] with 1− ϵ

b>

allows for a continuous variation of the slip properties between α = 1 (for
b> → ∞) and α = −1 (for b> = ϵ

2 ). The reason why no-slip boundaries are
already achieved at b> = ϵ

2 instead of b> = 0 is that, in the theory of ref-
erence [45], the velocity at the boundary is defined as the mean of v0 and
v1. This produces more reasonable results for finite discretisations (see also
section 6.4.2) but plays no role in the continuum limit.
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For completeness, let us also give closed expressions for the transport
kernel and the fluctuating forces. In order to expose the underlying struc-
ture, the formulas are based on a partitioning of space into four regions

I z ≤ zw − ϵ bulk
II zw − ϵ < z ≤ zw boundary region
III zw < z ≤ zw + ϵ boundary region
IV zw + ϵ < z bulk

by virtue of decomposing the characteristic or indicator function of � into

1 = 1 − θ(z − zw + ϵ )︸               ︷︷               ︸
I

+ ϵδ−ϵ (z − zw)︸        ︷︷        ︸
II

+ ϵδ+ϵ (z − zw)︸        ︷︷        ︸
III

+ θ(z − zw − ϵ )︸          ︷︷          ︸
IV

. (5.47)

So far, the analysis has been independent of the convention for the value of
Θ(0). In order to keep this generality and to avoid clumsy notation in the
same time, let us introduce a discrete Heaviside function Θ[i ∈ �] with the
convention Θ[0] = 0, which could be thought of as Θ[i] = Θ(i + 1/2). One
then finds

Mϵ (z , z′) = − 1
ϵ

[
[1 − Θ(z − zw + ϵ)]η ∂2

z′ ,ϵ + δ
−
ϵ (z − zw)

(
η ∂+z′ ,ϵ − µ<

)
+ δ+ϵ (z − zw)

(
−η ∂−z′ ,ϵ − µ>

)
+ Θ(z − zw − ϵ )η ∂2

z′ ,ϵ

]
δi(z)i(z′) ,

(5.48)

Mi j = −
1
ϵ

[
[1 − Θ[i − i(zw) + 1]]

η

ϵ2

(
δi j+1 − 2δi j + δi j−1

)
+

1
ϵ
δii(zw)

(
η

ϵ

(
δi j+1 − δi j

)
− µ<δi j

)
+

1
ϵ
δii(zw)+1

(
−η
ϵ

(
δi j − δi j−1

)
− µ>δi j

)
+ Θ[i − i(zw) − 1]

η

ϵ2

(
δi j+1 − 2δi j + δi j−1

)]
, (5.49)

and

Rϵ (z) = −
[
[1 − Θ(z − zw + ϵ )] ∂−z′ ,ϵ Sϵ (z) + δ−ϵ (z − zw) (F< − Sϵ (zw − ϵ ))

+ δ+ϵ (z − zw) (Sϵ (zw + ϵ) − F>) + Θ(z − zw − ϵ)∂−z′ ,ϵ Sϵ (z)
]
, (5.50)

Ri = −
[
[1 − Θ[i − i(zw) + 1]]

1
ϵ

(Si − Si−1) +
1
ϵ
δii(zw)

(
F< − Si(zw)−1

)
+

1
ϵ
δii(zw)+1

(
Si(zw)+1 − F>

)
+ Θ[i − i(zw) − 1]

1
ϵ

(Si − Si−1)
]
. (5.51)
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These expressions can be rewritten more compactly as

Mϵ (z , z′) = − 1
ϵ

[
η ∂2

z′ ,ϵ + δ
−
ϵ (z − zw)

(
η ∂−z′ ,ϵ − µ<

)
+ δ+ϵ (z − zw)

(
−η ∂+z′ ,ϵ − µ>

)]
δi(z)i(z′) , (5.52)

Mi j = −
1
ϵ

[
η

ϵ2

(
δi j+1 − 2δi j + δi j−1

)
+

1
ϵ
δii(zw)

(
η

ϵ

(
δi j − δi j−1

)
− µ<δi j

)
+

1
ϵ
δii(zw)+1

(
−η
ϵ

(
δi j+1 − δi j

)
− µ>δi j

)]
, (5.53)

Rϵ (z) = − ∂−z ,ϵ Sϵ (z) − δ−ϵ (z − zw) (−Sϵ (zw) + F<)

− δ+ϵ (z − zw) (Sϵ (zw) − F>) , (5.54)

Ri = −
1
ϵ

(Si − Si−1) − 1
ϵ
δii(zw)

(−Si(zw) + F<
)

− 1
ϵ
δii(zw)+1

(
Si(zw) − F>

)
, (5.55)

a form that corresponds to that of an infinite homogeneous system with ad-
ditional corrections in the vicinity of the boundary.

5.4.2 Fluctuating boundary conditions

The preceding section demonstrated how the fluctuating hydrodynamics of
a system with boundaries can be described by a single equation of motion
that already accounts for the interfaces. Now, the aim of this section is to
find an alternative but equivalent formulation in terms of the equation of
motion of an infinite system plus appropriate boundary conditions.

We start off from equation (5.31), into which the expressions for Mϵ (z , z′)
(cf. eq. (5.32)) and Rϵ (z) (cf. eq. (5.35)) have been inserted, and where the
integration over z′ has already been carried out:

ρ∂tvϵ (z) = −∂x pϵ (z) + η∂2
z ,ϵ vϵ (z) − ∂−z ,ϵ Sϵ (z). (5.56)

Next, we apply the decomposition of the z-axis bymultiplyingwith the right-
hand side of equation (5.47) and take a closer look at the boundary regions
II and III. Since, in part II, zw − ϵ < z ≤ zw, one can replace the argument z
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by zw in all step functions. Using equations (5.9) and (5.11) then leads to

− ∂x pϵ (z) + η ∂2
z ,ϵ vϵ (z) − ∂−z ,ϵ Sϵ (z)

= −∂x pϵ (zw) +
η

ϵ

(
∂+z ,ϵ − ∂−z ,ϵ

)
vϵ (z)|zw −

1
ϵ

(Sϵ (zw) − Sϵ (zw − ϵ ))

= −∂x pi(zw) +
η

ϵ2

(
vi(zw)+1 − vi(zw)

) − η

ϵ2

(
vi(zw) − vi(zw)−1

)
− 1
ϵ

(
Si(zw) − Si(zw)−1

)
. (5.57)

Analogously, one obtains for part III

− ∂x pϵ (z) + η ∂2
z ,ϵ vϵ (z) − ∂−z ,ϵ Sϵ (z)

= −∂x pϵ (zw + ϵ) +
η

ϵ

(
∂+z ,ϵ − ∂−z ,ϵ

)
vϵ (z)|zw+ϵ −

1
ϵ

(Sϵ (zw + ϵ) − Sϵ (zw))

= −∂x pi(zw)+1 +
η

ϵ2

(
vi(zw)+2 − vi(zw)+1

) − η

ϵ2

(
vi(zw)+1 − vi(zw)

)
− 1
ϵ

(
Si(zw)+1 − Si(zw)

)
. (5.58)

Bearing in mind that ∂+z ,ϵ vϵ (z)|zw = ∂−z ,ϵ vϵ (z)|zw+ϵ , one notices that the
terms η∂+z ,ϵ vϵ (z)|zw − Sϵ (zw) or η 1

ϵ

(
vi(zw)+1 − vi(zw)

) − Si(zw), respectively, are
shared by both parts. These expressions are nothing but the total momen-
tum flux across the plane at z = zw. Now, from this point of view, the ma-
nipulations of section 5.4.1 that decouple both halves of the system have the
following effect. They replace the shared terms between the boundary re-
gions II and III by different, independent expressions. Cast into equations,
these replacements take the form of fluctuating versions of the slip boundary
condition (5.2), namely

η∂+z ,ϵ vϵ (z)|zw − Sϵ (zw) = − µ<vϵ (zw) − F< ,

η
1
ϵ

(
vi(zw)+1 − vi(zw)

) − Si(zw) = − µ<vi(zw) − F< (5.59)

in part II and

η∂−z ,ϵ vϵ (z)|zw+ϵ − Sϵ (zw) = µ>vϵ (zw + ϵ)−F> ,

η
1
ϵ

(
vi(zw)+1 − vi(zw)

) − Si(zw) = µ>vi(zw)+1−F> (5.60)

in part III. We have thus found that – in a system with a boundary – one
may still use the fluctuating hydrodynamics equation of motion of the infi-
nite system (equation (5.56)) if one imposes the fluctuating boundary con-
ditions (5.59) and (5.60) as constraints.
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5.5 Correlations of fluctuating stresses and
boundary forces

In the previous section, it was assumed that the fluctuating boundary forces
are not correlated with the fluctuating stresses inside the fluid. While other
papers use the same condition (cf. sec. 4.3.2), Bocquet and Barrat allow for
similar cross-correlations and claim that their effect is essentially a shift of
the location the boundary conditions have to be applied at (cf. sec. 4.3.1).

To study the effect of potential cross-correlations in the present frame-
work, we now turn to a finite system ranging from z = 0 to z = h. Moreover,
the twofold notation will be dropped in favour of an exclusive use of the dis-
crete matrix equations. As will become obvious, the cross-correlations pro-
hibit the use of simple replacement rules (cf. equations (5.59) and (5.60))
to decouple a part of the system from the rest for any non-zero ϵ . Conse-
quently, a description in terms of the equation of a homogeneous, infinite
system (5.1) plus some boundary conditions cannot work anymore. How-
ever, in the limit ϵ → 0, it will turn out that effective slip lengths and effec-
tive fluctuating boundary forces can do the job.

5.5.1 Range and scaling of the cross-correlations

To include correlations of fluctuating stresses and boundary forces into the
formalism, one seemingly has to soften the assumption of locality. Let us
pick the lower boundary at i = 0 to clarify this aspect. In the last section, we
learned that, to generate the boundary, one has to replace the fluctuating
stress at the boundary S0 by a fluctuating boundary force F0, say. Conse-
quently, the closest Si that can be correlated with F0 is S1, thus creating the
impression of a non-local correlation between the layers 0 and 1. This non-
locality, however, only exists in the auxiliary discrete equations and does not
persist in the continuum limit ϵ → 0. Besides, recall that the local meso- or
macroscopic theory only is an approximation of a non-local microscopic de-
scription, and, in fact, the bottom-up approach in chapter 6 suggests that
correlations of F0 and S1 are more plausible than, for instance, those be-
tween two neighbouring stresses Si and Si+1. The reason is that F0 will turn
out not to be a quantity localised at z0, but an integral of a fluctuating exter-
nal force density ranging from z0 to z1, that is up to the location of S1. Let
us thus assume correlations (Si , F0) ∝ δi1.

The second crucial point is to determine the scaling of the correlations
with ϵ . So far, we had (Si , Si) ∝ ϵ−1 (cf. eqs. (5.37) and (5.38)) and (F0 , F0) ∝
ϵ0 (cf. eq. (5.43)). An intuitive approach might now be to argue that Si ap-
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parently contributes a factor of ϵ−
1
2 while F0 contributes ϵ0, so that one can

expect (Si , F0) to go like ϵ−
1
2 , and – as a matter of fact – it is precisely this

scaling that gives meaningful (not trivial) results in the limit ϵ → 0, as will
be demonstrated in section 5.5.5. Similar square root like behaviour is, for
example, also known in stochastic integration (see chapter 4 in ref. [69]).
Moreover, we can actually do better than this handwaving explanation. Due
to (Si , F0) being a scalar product, the Cauchy-Schwarz inequality provides

(Si , Si) (F0 , F0) ≥ (Si , F0)2 (5.61)

⇒ ηµ0 ≥ ϵ (Si , F0)2 ∀ϵ > 0. (5.62)

Consequently, ϵ (Si , F0)2 has to converge to some finite value as ϵ goes to
zero. This motivates the definition

α2
0 := lim

ϵ→0
ϵ (S1 , F0)2 , (5.63)

where the Cauchy-Schwarz inequality (5.62) ensures

α2
0 ≤ ηµ0. (5.64)

Another way of reading inequality (5.62) is that the leading order of (Si , F0) is
at least ϵ−

1
2 . For the remainder, we will neglect higher order terms by simply

writing

(Si , F0) =
δi1√
ϵ
α0 , (5.65)

since we are mainly interested in the continuum limit ϵ → 0.

5.5.2 Generalised Langevin equation with cross-correlations

As already mentioned, we now turn to a finite system – a slab of thickness h.
Splitting up the fluid into n layers then leads to a discretisation parameter
ϵ = h/n, and each layer is addressed by a discrete index running from 1
(z1 = ϵ) to n (zn = h). Disregarding the regions outside the fluid, M = (Mi j )
will represent only the n×n sized block that is decoupled from the remainder
in the theoretically still infinite transport matrix and which corresponds to
the fluid slab. Likewise, the vector R = (Ri) is only of length n and just
contains the noise inside the fluid.

Having clarified the conventions, let us begin by prescribing the noise
vector R and the different correlations before exploiting the fluctuation dis-
sipation theorem (5.40) to tell us how the new cross-correlations have to
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enter the equations. The vector of fluctuating forces is, as usual, given by
(discrete) derivatives of fluctuating stresses and is terminated by replacing
S0 and Sn with fluctuating boundary forces F0 and Fh :

R = −1
ϵ



S1 − F0
S2 − S1

...

Sn−1 − Sn−2
Fh − Sn−1


. (5.66)

Denoting by µ0/h and b0/h the friction coefficients and slip lengths at z = 0
and z = h, we use again the common relations(

Si , S j

)
=
δi j

ϵ
η, (5.67)(

F0/h , F0/h
)
= µ0/h , (5.68)(

F0/h , Fh/0
)
= 0, (5.69)

but now add the cross-correlations according to equation (5.65):(
Si , F0

)
=
δi1√
ϵ
α0 , (5.70)

(
Si , Fh

)
=
δin−1√
ϵ
αh . (5.71)

With all these definitions at hand, it is now easy to write down the n × n

transport matrix as given by equation (5.40), and we find

M = − η
ϵ3



a0 c0 0

c0 −2 1
. . .

0 1
. . .

. . .
. . .

. . .
. . .

. . . 1 0
. . . 1 −2 ch

. . . 0 ch ah


, (5.72)

where the abbreviations

a0/h := − 1 − ϵ

b0/h
+ 2
√
ϵ

η
α0/h ,

c0/h := 1 −
√
ϵ

η
α0/h (5.73)

have been used.
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5.5.3 Description by boundary conditions?

The question of boundary conditions can be addressed by checking if it is
possible to cut out an independent block of the form of (5.72) from the ho-
mogeneous matrix (5.34) using replacements similar to (5.59) or (5.60). To
that aim, let us look at the total friction force in layer number one, which is
given by −ϵ ∑n

j=1 M1 jv j . In a system without boundaries, it would have the
form η

ϵ 2 (v2 − 2v1 + v0), where v0 is the velocity of the first layer outside of
the part to be cut out. Plugging in equation (5.72), one finds that

−ϵ
n∑
j=1

M1 jv j =
η

ϵ

v2 − v1

ϵ
− η
ϵ

(
1
b0
− α0

η
√
ϵ

)
v1 −

α0√
ϵ

v2 − v1

ϵ
(5.74)

can be brought into the desired form η

ϵ 2 (v2 − 2v1 + v0) if the identity

v1 − v0

ϵ
=

(
1
b0
− α0

η
√
ϵ

)
v1 +

α0
√
ϵ

η

v2 − v1

ϵ
(5.75)

holds true. Although this already looks verymuch like a boundary condition,
we cannot stop here since the cross-correlations also effect the second fluid
layer. There, one has

− ϵ
n∑
j=1

M2 jv j =
η

ϵ2
(v3 − 2v2 + v1) − α0

ϵ
√
ϵ
v1 , (5.76)

which already contains the desired second derivative but features an addi-
tional term that cannot be made to vanish by any supplementary relation.
Hence, on this level of description, it is no longer possible to identify bound-
ary conditions which permit the use of the equation of motion of an homo-
geneous system in the conventional way. Instead, the cross-correlations of
the random forces F and S require the equations of motion themselves to
account for the boundaries. In section 5.5.5, however, it will be shown that
effective boundary conditions may be used in the limit ϵ → 0.

5.5.4 Inverse of the transport matrix

In preparation of section 5.5.5, but also to shed a bit more light on the effect
of the correlations of fluctuating stresses and boundary forces, this section
is devoted to the inverse of the transport kernel. Inverting the matrix M can
essentially be seen as solving the equation of motion (5.31) (or the associated
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version for non-equilibrium averages without noise (cf. Onsager regression
in section 2.3.4)) for the stationary state given by

vi =
1
ϵ

n∑
j=1

(
M−1

)
i j

(
−∂x p j

)
. (5.77)

For convenience, let us define the quantities

Ai :=(i − 1)a0 + (i − 2)c2
0 , (5.78)

Bi :=(i − 1)ah + (i − 2)c2
h , (5.79)

since the inverse matrix then reads(
M−1

)
i j
=
ϵ3

η

n − 1
AnBn − A1B1

[
(1 − Θ[i − j])AiBn− j+1 + Θ[i − j]A jBn−i+1

]
×

(
1 + δi1

(
1
c0
− 1

)) (
1 + δ j1

(
1
c0
− 1

))
×

(
1 + δin

(
1
ch
− 1

)) (
1 + δ jn

(
1
ch
− 1

))
. (5.80)

To get a better impression of its structure and the influence of the cross-
correlations, figure 5.5 shows some examples of M−1 and corresponding ve-
locity profiles. It turns out that M−1 generally features a bended, ridge-like
structure along its main diagonal, which foreshadows the parabolic veloc-
ity profile of Poiseuille flow. Setting the slip lengths to non-zero values in-
creases the values of M−1 and – in case of different slip lengths at the two
interfaces – also causes the matrix to be skewed. The effect of correlations
between fluctuating stresses and boundary forces is probably best described
by folding the rim of M−1 either up (α > 0) or down (α < 0). The same is
also clearly visible in the velocity profile, where v1 appears to be lifted up,
whereas there is a comparatively steep drop from vn−1 to vn . The folding up
can even go as far as that the velocity at the boundary is larger than in the
adjoining layer inside the liquid (cf. figure 5.6 at n = 80 and n = 320).

Figure 5.6 demonstrates the scaling of an exemplary velocity profile with
ϵ or the number of layers n. To underline the layered structure, the repre-
sentation as step functions was chosen, and to make the different levels of
discretisation comparable, the total height is kept constant at h = 1, imply-
ing ϵ = 1/n. The profile of the continuum limit (n = 0) was obtained using
the effective slip lengths, which are going to be introduced in the next sec-
tion. Inspecting the plot reveals a rather strong variation of the overall shape
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F 5.5: Inverse transport matrix (eq. (5.80)) and exemplary velocity profile (eq. (5.77))
for different combinations of slip lengths and cross-correlations. The plotted data correspond
to n = 20, η = 1 and −∂x p j = 1.

of the curve as it converges to its limiting form, which is more than a mere
refinement in terms of decreasing step sizes. This indicates that, for the sce-
nario here, the discrete equations in the present form do not yield results
that can be interpreted as a binned version of an underlying microscopic ve-
locity profile. There are many possible reasons, like the ϵ dependency of the
cross-correlations (recall that we only used the leading order here) or maybe
a dependency of the other correlations, too, and this complex of problems
will be addressed again in section 6.4.2.

5.5.5 Effective boundary conditions

Section 5.5.3 demonstrated that boundary conditions can no longer be used
for the discrete equations if correlations between fluctuating stresses and
boundary forces matter. Figure 5.6, however, shows that, in the continuum
limit, the velocity profile corresponding to a uniform driving force −∂px (z)
is a smooth parabolic curve, just as what one might expect as the result of
the bulk equation of motion used with some effective boundary conditions.
This notion can be formalised and separated from specific velocity profiles
by investigating the behaviour of the inverse transport matrix M−1 as ϵ → 0.
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F 5.6: Velocity profiles according to equation (5.77) for different numbers n of discrete
layers and ϵ = 1/n, b0 = bh = 0.1, α0 = 2, αh = −2, η = 1 and −∂x p j = 1.

Again, we decrease the thickness ϵ of each layer while increasing their
number n, so as to the total height h = nϵ remains constant. Introducing
the effective slip lengths

beff ,0/h :=
b0/h

1 − b0/h
α2

0/h

η2

, (5.81)

one finds

ϵ i(z) = ϵ
⌈
z

ϵ

⌉
= z + higher orders of ϵ , (5.82)

Ai(z) = −
(
1 +

z

beff ,0

)
+ higher orders of ϵ , (5.83)

Bi(z) = −
(
1 +

z

beff ,h

)
+ higher orders of ϵ , (5.84)

1
c0/h

− 1 = O(
√
ϵ), (5.85)

and (
M−1

)
i(z)i(z′)

=
ϵ2

η

1
h + beff ,0 + beff ,h

× [
(1 − Θ(z − z′))

(
beff ,0 + z

) (
beff ,h + h − z′

)
+ Θ(z − z′)

(
beff ,0 + z

′) (
beff ,h + h − z

)]
+ higher orders of ϵ . (5.86)
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The leading order term of this expression precisely corresponds to a system
without cross-correlations but with slip lengths beff ,0 and beff ,h instead of
b0 and bh , which can easily be verified by setting a0/h = −1 − ϵ

beff ,0/h
and

c0/h = 1 in equation (5.80). This justifies the term effective slip length for
the quantities defined in equation (5.81). It is noteworthy that the effective
slip length is independent of the sign of the cross-correlations. Moreover,
it features a pole at α2

0/h = η
2/b0/h , which, however, it never crosses due to

inequality (5.64). The effective slip length is therefore always greater than
or equal to the original slip length and could in principle become arbitrary
large provided sufficiently strong cross-correlations.

It turns out that the effective slip length can be related in the usual man-
ner to the fluctuations of an effective boundary force which is defined in
a very intuitive way as the orthogonal projection of the original boundary
force on the fluctuating stresses inside the liquid:

Feff ,0/h := F0/h −
∑
i j

Si
(
Si , S j

)−1 (
S j , F0/h

)
= F0/h − S1/n−1

(
S1/n−1 , S1/n−1

)−1 (
S1/n−1 , F0/h

)
. (5.87)

Its autocorrelations then give rise to an effective friction coefficient, while
there are, of course, no more cross-correlations with the Si ,

(
Feff ,0/h , Feff ,0/h

)
=: µeff ,0/h = µ0/h −

α2
0/h

η
, (5.88)(

Feff ,0/h , Si
)
= 0, (5.89)

and the effective slip length is given by the usual relation if one uses the
effective friction coefficient:

beff ,0/h =
η

µeff ,0/h
. (5.90)

Taking ϵ to zero at last, we can thus conclude that, in fluctuating hy-
drodynamics with spatially uncorrelated noise, interfaces with slip are well
described by boundary conditions of the type

η∂z v(z)|zw − S(zw) = µeffv(zw) − Feff , (5.91)

where the effective fluctuating boundary forces Feff are uncorrelated to the
stochastic stresses S.
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5.5.6 Outlook: Modified viscosities near the boundary

The form of the effective boundary forces raises further questions, which
will be briefly touched upon here. For convenience, let us just consider
the ‘lower’ boundary at z = 0. As we have just seen in section 5.5.5, obvi-
ously only orthogonal noise forces become effective. One may thus ask if
one might as well use the orthogonal projection of S1 on F0, so that one has
F0 and Seff ,1 instead of Feff ,0 and S1. Moreover, one might wonder whether
the behaviour observed in section 5.5.5 is caused somewhat artificially by
imposing the autocorrelations of S1 to still yield the bulk viscosity η, al-
though the cross-correlations indicate that S1 is influenced by the presence
of the boundary. Molecular dynamics results of Schindler [162] indeed sug-
gest that, in his system, there could be a strongly increased viscosity near a
boundary as compared to the bulk value, whereas a layer of reduced viscosity
is postulated by so-called gas cushion models for apparent slip, which can
be seen as schematic representations of a depletion close to the surface (see
for instance the review in ref. [181]).

Both questions can be addressed through a slight modification of the
model by allowing for a different viscosity between the first two fluid layers,
that is by writing

(S1 , S1) =
η1

ϵ
, (5.92)

where η1 is not equal to η in general. Repeating the analysis of the previous
subsections yields

beff ,0 =
b0

1 − b0
α2

0
ηη1

(5.93)

if η1 , 0.
Now, the proposal of the first question means using for S1 an effective

fluctuating stress which is given in terms of the old S1 by

Seff ,1 := S1,old −
1
µ0

(
F0 , S1,old

)
F0 , (5.94)

so that η1 = ϵ
(
Seff ,1 , Seff ,1

)
. However, the new fluctuating stress S1 = Seff ,1

is now uncorrelated to the boundary force, wherefore α0 in equation (5.93)
vanishes and with it all the effect of an altered viscosity. Hence, using F0 and
Seff ,1 is substantially different form using Feff ,0 and S1.

With regard to the second question, equation (5.93) shows that an in-
creased viscosity near the boundary would indeed help to (partially) com-
pensate for the loss of friction or dissipation caused by the cross-correlations.
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If - for instance - one divided S1 into one part which is orthogonal to F0 and
one which is parallel and assumed that already the orthogonal part yields
the bulk viscosity, one would get

η1 = η +
ϵ

µ0
(F0 , S1)2 = η +

α2
0

µ0
(5.95)

and

beff ,0 = b0

1 + b0
α2

0

η2

 . (5.96)

In that case, the effect would still be rather small since this expression is
identical to the unmodified effective slip length (5.81) up to terms of order
b0α

2
0/η

2.

5.6 Summary and conclusion

In this chapter, boundaries were introduced into the theory of fluctuating
hydrodynamics. The starting point was a discrete version of the (local) fluc-
tuating Navier-Stokes equation for a bulk system of incompressible liquid
in unidirectional, laminar flow, which was rewritten in the form of a gener-
alised Langevin equation (eq. (5.31)) with transport matrix M (eq. (5.34)). It
turned out that a boundary can be introduced to this yet infinite system by
replacing the stochastic stress across the desired interface by two uncorre-
lated fluctuating boundary forces. The fluctuation dissipation relation be-
tween the vector of stochastic forces R (eq. (5.41)) and the transport matrix
M then automatically yields an M with two uncoupled blocks (eq. (5.45)),
and interfacial friction coefficients or slip lengths arise naturally in terms of
the correlations of the fluctuating boundary forces (eq. (5.43)).

In the case of uncorrelated fluctuating boundary forces and stochastic
stresses in the liquid, two equivalent formulations were obtained. One can
either use an equation of motion that already accounts for boundaries in the
definitions of M and R (eqs. (5.45), (5.41)), or one can alternatively use the
bulk equation of motion, which then has to be supplemented by a fluctuat-
ing slip boundary condition (eqs. (5.59), (5.60)).

So far, other authors who introduced stochastic boundary conditions
(cf. section 4.3.2) excluded cross-correlations between stochastic stresses
and boundary forces. A priori, however, there is no apparent reason for
this restriction. Moreover, in their related theory, Bocquet and Barrat as-
cribe to similar correlations an influence on the location of themathematical
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boundary (see section 4.3.1). Here, it was found that, for a finite discretisa-
tion, a description in terms of bulk equations plus boundary conditions is
no longer possible if cross-correlations are present. However, by inverting
M, we obtained the result that, in the continuum limit, boundary conditions
(eq. (5.91)) with an effective, larger slip length (eqs. (5.81), (5.90)) and an ef-
fective fluctuating boundary force (eq. (5.87)) may be used. These effective
boundary forces are uncorrelated to the stresses in the liquid and are re-
lated to the effective slip length or friction coefficient in the usual manner.
In a local continuum fluctuating hydrodynamic theory, the assumption of
uncorrelated fluctuating stresses and boundary forces is thus justified if the
influence of cross-correlations is accounted for by using effective quantities.
This is an important aspect for any microscopic derivation. A shift of the
(effective) position of the boundary, as in the theory of Bocquet and Barrat,
was not observed. However, one has to acknowledge that the present top-
down approach is probably incapable of describing such rather microscopic
effects. On the other hand, Bocquet and Barrat only use linear or linearised
velocity profiles, so that a change of the boundary position can always be
translated into a change of the slip length and vice versa.

While here the discretisation was a mere auxiliary construction and our
interest clearly was in the continuum limit, the same discrete equations will
be derived (under certain assumptions) in section 6.4 by dividing a many
particle system into layers. Thereby, they gain a microscopic footing and are
no longer just a mathematical trick but a direct representation of physical
reality. On the one hand, this links the top-down to the bottom-up approach
and yields microscopic expressions for the stochastic boundary forces and
the friction coefficient, and – on the other hand – permits us to regard the
discrete equationswith finite layer thickness as an insight into smaller length
scales.
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Chapter 6

Generalised Fluctuating
Hydrodynamics
with External Forces

In section 3.4.1, the fluctuating Navier-Stokes equation of a homogeneous
bulk system was derived from first principles using projection operators.
Then, in chapter 5, its underlying structure of a generalised Langevin equa-
tion was exploited to introduce borders into the system by virtue of fluctu-
ating boundary forces and corresponding boundary conditions. This chap-
ter, now, is devoted to presenting a bottom-up approach to these concepts.
To that aim, we will start with a many particle system in a static external
potential and derive and study equations of generalised fluctuating hydro-
dynamics with a fluctuating external force. Accordingly, the considerations
correspond again to that formulation of external friction where the friction
force accounts for both momentum transfer and dissipation (cf. sec. 1.2). Of
course, a static external potential is not the only way to model a substrate,
but one that has already been successfully employed in the context of slip
boundaries. For more details, the reader is referred to the short discussion
in section 4.3.2. As a second remark, note that Bocquet and Barrat also use
a projection operator approach in the appendix of one of their papers [21],
however only to calculate the total external force. The goal of the present
chapter is much more general and comprehensive, as the following consid-
erations will show.

To begin with, it will become apparent that carrying out the projection
operator formalism in the same way that was used to obtain the bulk equa-
tions of motion in section 3.4.1 does not yield any fluctuating external forces
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at all. Our first goal will thus be to find out how an external force field
can be made to result in a description with fluctuating external forces in
the first place. We will see that this can be achieved by using appropriately
coarse grained versions of the distinguished variables, and implications on
the projection operator will be discussed. As a consequence, fluctuating hy-
drodynamics with fluctuating boundary forces can only exist on some coarse
grained level.

The chapter then continues with the demonstration that a wavelength
cut-off in Fourier space constitutes a suitable and convenient coarse grain-
ing, and the equation of motion for the coarse grained momentum density
will be derived. As intended, it now also features fluctuating external forces
and a force density that is directly proportional to the momentum density.
If the cut-off is sufficiently large, so that – loosely speaking – themicroscopic
details of the external potential can no longer be resolved, the equation can
be simplified, and the external force field only enters implicitly through the
(external) friction force and its corresponding fluctuating counterpart.

Against the background of the preceding chapter 5, the considerations
will eventually be concluded by the derivation of a discretised version of the
theory to connect bottom-up and top-down approach and close the gap be-
tween micro- and meso- or macroscale. In fact, under certain assumptions,
one can arrive at the very same discrete equation of motion as that of chap-
ter 5, thereby providing microscopic expressions for the fluctuating bound-
ary force and the liquid-wall friction coefficient. Moreover, we will discuss
potential problems of the derivation, outline possible solutions and refer to
more elaborate discretisation schemes.

6.1 Projection operator formalism
with external potential

As in section 3.4.1, let us consider a classical many particle system of N iden-
tical particles interacting via a pairwise potential. In the presence of a static
external potential Vext(r), with r = (r1 , r2 , r3)T = (x , y, z)T, the fluid particles
are subject to an external force field Fext,i(r) := −∂iVext(r), where ∂i ≡ ∂/∂ri ,
leading to an external force density

fext,i(r) :=
1
m
ρ(r)Fext,i(r). (6.1)

As before, m is the particle mass, and ρ(r) := m
∑

α δ(r − Rα) is the mass
density. The sum runs over all particles, the positions of which are the vec-
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tors Rα . The external force density enters the continuity equation for the
momentum density J(r) :=

∑
α Pαδ(r − Rα), where the Pα are the particle

momenta, as an additional source term:

iLJi(r) = −
∑
j

∂jΠi j (r) + fext,i(r). (6.2)

Πi j (r) denotes again the elements of the stress tensor, and L is the Liou-
ville operator. In equilibrium, the ensemble average of the internal forces is
balanced with that of the external forces,∑

j

∂j ⟨Πi j (r)⟩eq = ⟨ fext,i(r)⟩eq , (6.3)

wherefore equation (6.2) can be rewritten in terms of deviations from equi-
librium (labelled with an additional ‘δ’) as

iLJi(r) = −
∑
j

∂jδΠi j (r) + δ fext,i(r). (6.4)

Note that δJi(r) = Ji(r) since ⟨δJi(r)⟩eq = 0.
Let us now use the same distinguished variables, δρ(r) and J(r), as in the

derivation of the bulk Navier-Stokes equation in section 3.4.1. That is, we
employ again the projection operator P given in equation (3.19). Since

δ fext,i(r) =
1
m
δρ(r)Fext,i(r) (6.5)

lies entirely in the subspace spanned by the distinguished variables δρ(r)
and J(r), there is no fluctuating external force density1. Denoting again the
orthogonal projection operator by Q := I −P and recalling the definition of
the reduced time evolution operator R′(t) := QeiQLQ tQ, we can formalise
this statement as

Q|δ fext,i(r)⟩ = 0 ⇒ R′(t)|δ fext,i(r)⟩ = 0. (6.6)

After going through the maths, the projection operator formalism thus
yields a result that – on the first glance – is almost identical to that of the

1Note that R′(t)| fext,i (r)⟩ = ⟨ fext,i (r)⟩eq, which doesn’t vanish but doesn’t fluctuate either
and only would result in an additional time-independent term. Similarly, excluding δρ(r)
from the distinguished variables wouldn’t help to get a fluctuating external force. In that
case, due to the continuity equation of ρ(r), we would get R′(t)| fext,i (r)⟩ = | fext,i (r)⟩, which
is temporally constant as well.
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homogeneous system without external potential (cf. eqs. (3.22)–(3.24)):

∂t Jk (r, t) = − kBT ⟨ρ(r)⟩eq∂k

∫
dr′ δρ(r′, t)H−1(r′, r)

−
∑
i jl

∫
dr′

t∫
0

ds
Ji(r′, s)
⟨ρ(r′)⟩eq

∂′j∂l χi jkl (r
′, r, t − s)

−
∑
l

∂lSkl (r, t), (6.7)

with
Skl (r, t) := R′(t)δΠkl (r) (6.8)

and
χi jkl (r′, r, t) :=

1
kBT
⟨Si j (r′, 0)|Skl (r, t)⟩. (6.9)

The inverse density correlations H−1(r′, r) are given by equations (3.18) and
(3.15), as before. Also, as usual, ⟨. . . | . . .⟩ denotes the Kubo product (2.9). De-
spite the obvious similarities to the equations (3.22)–(3.24), there are, how-
ever, some differences. Although, at this stage, the external potential makes
no explicit appearance in the formula, it enters in various ways. In detail,
having a bearing on the Hamiltonian and the Liouville operator L, it influ-
ences the results of equilibrium averages, affecting ⟨ρ(r)⟩eq, H−1(r′, r) and
χi jkl (r′, r, t − s), as well as the reduced time evolution operator R′(t). The
equilibrium density ⟨ρ(r)⟩eq is no longer homogeneous but depends on the
position in space, and the two point functions H−1(r′, r) and χi jkl (r′, r, t − s)
really depend on both positions and not just the relative coordinates r′ − r.
Moreover, an external potential reduces the symmetries that led to the rel-
atively simple structure (only two viscosities) in the hydrodynamic limit of
the bulk fluid, as described in section 3.4.1. Also, δΠ has been used in the
definition of the fluctuating stress tensor instead of Π. The latter, however,
is just a matter of convention and convenience and we could have used δΠ in
equation (3.23) just as well since

∑
j ∂j ⟨Πi j (r)⟩eq = 0 in absence of an external

field.
In chapter 9, the question will be answered how external forces or fric-

tion forces can be identified in equation (6.7), or – more generally – how
they can be dealt with in a formalism without fluctuating external forces.
The alternative route of finding a microscopically well-founded description
with fluctuating external forces, which then can provide a basis for the treat-
ment of boundaries in the framework of generalised Langevin equations as
in chapter 5, is the subject of the following sections.

102



6.2 FLUCTUATING EXTERNAL FORCES

6.2 Fluctuating external forces

6.2.1 Coarse graining and pseudoinverses

The previous section revealed that a straightforward application of the pro-
jection operator formalism to a system with an external potential does not
yield fluctuating external forces, where ‘straightforward’ means using the
same projection operator that successfully produced the bulk Navier-Stokes
equation. The reason for this result is that the external force density δ fext,i(r)
is proportional to δρ(r) and, consequently, is completely contained in the
subspace spanned by the distinguished variables. Therefore, it has no or-
thogonal, fluctuating component.

A way to resolve this shortcoming is the employment of appropriately
coarse grained fields as distinguished variables, the idea being that the ex-
ternal force density then can no longer be described by theses variables alone
on the sub coarse graining scale. Formally, coarse graining can be carried out
by convolving the original fields with an integral kernel D(r), which we shall
take to be normalised (

∫
dr D(r) = 1) and isotropic (D(r − r′) ≡ D(|r − r′ |)).

The coarse grained variables are thus defined as

δρ(r) := (D ∗ δρ)(r) =
∫

dr′ D(r − r′)δρ(r′), (6.10)

J̄(r) := (D ∗ J)(r) =
∫

dr′ D(r − r′)J(r′). (6.11)

Crucial to the choice of D(r) is that the coarse graining must not be invert-
ible, that is it has to be impossible to reconstruct the original fields from the
coarse grained fields.2 That way, the number of degrees of freedom that are
treated explicitly by the equations of motions is reduced, so as to the spare
degrees become available for the dissipation of energy and the creation of
fluctuations.

This requirement has some implications on the form of the projection
operator P – in particular on the inverse of the correlation function con-
tained therein. To elucidate this point, let us consider a very generic pro-
jection operator that projects on some phase space variable A(r). The usual

2An example where an invertible coarse graining (or smoothing rather) was used in the
context of hydrodynamic boundary conditions can be found in reference [159]. There, the
smoothing was applied to turn point densities, which are defined as sums of delta peaks,
into slowly varying quantities. However, only the case of full slip at a perfectly flat, rigid wall
was considered in terms of hydrodynamic equations derived by linear response theory, so
that the question of fluctuating external forces was irrelevant.
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form is
P :=

∫
dr

∫
dr′ |A(r)⟩C−1(r, r′)⟨A(r′)|, (6.12)

(cf. eq. (2.26)) where C−1(r, r′) is the inverse of the correlations C(r, r′) :=
⟨A(r)|A(r)⟩ and is defined by the relation∫

dr′ C(r, r′)C−1(r′, r′′) =
∫

dr′ C−1(r, r′)C(r′, r′′) = δ(r − r′) (6.13)

(cf. eq. (2.27)). We will now see that an analogous definition of a projec-
tion operator on coarse grained fields is only possible for invertible coarse
graining, which – moreover – will be found to have no effect. Let us begin
by writing the coarse grained projection operator as

PD :=
∫

dr
∫

dr′ |(D ∗ A)(r)⟩C−1
D (r, r′)⟨(D ∗ A)(r′)|, (6.14)

where

CD(r, r′) := ⟨(D ∗ A)(r)|(D ∗ A)(r′)⟩ =
∫

du
∫

du′ D(r − u)C(u, u′)D(r′ − u′)

(6.15)
and∫

dr′ CD(r, r′)C−1
D (r′, r′′) =

∫
dr′ C−1

D (r, r′)CD(r′, r′′) = δ(r − r′). (6.16)

If C−1
D

(r, r′) exists, then – analogously to matrices – one has (see appx. B.2)

C−1
D (r, r′) =

∫
du

∫
du′ D−1(r − u)C−1(u, u′)D−1(r′ − u′), (6.17)

also assuming the existence of D−1(r), which is defined as usual by∫
dr′ D(r−r′)D−1(r′−r′′) =

∫
dr′ D−1(r−r′)D(r′−r′′) = δ(r−r′). (6.18)

This is the mathematical formulation of the invertibility of the coarse grain-
ing. However, with the help of equation (6.17) and (6.18), the projection
operator can be rewritten as

PD =

∫
dr

∫
dr′ |A(r)⟩

[∫
du

∫
du′ D(r − u)C−1

D (r, r′)D(r′ − u′)
]
⟨A(r′)|

=

∫
dr

∫
dr′ |A(r)⟩C−1(r, r′)⟨A(r′)| = P . (6.19)
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As we have merely recovered the original projection operator, it follows that
an invertible coarse graining indeed cannot produce fluctuating external
forces.

Fortunately, we may modify the form of the projection operator, as the
invertibility of CD(r, r′) is, in fact, not a necessary requirement for a projec-
tion on the subspace of the distinguished variables. In place of the inverse
C−1
D

(r, r′), it suffices to find a function C+
D

(r, r′) that meets the weaker con-
dition∫

dr′
∫

dr′′ C+D(r, r′)CD(r′, r′′)C+D(r′′, r′′′) = C+D(r, r′′′). (6.20)

It is then straightforward to see that

PD :=
∫

dr
∫

dr′ |(D ∗ A)(r)⟩C+D(r, r′)⟨(D ∗ A)(r′)| (6.21)

is a projection operator, as P2
D
= PD . A function satisfying equation (6.20) is

often called a generalised inverse or pseudoinverse. Usually, the term refers
to matrices instead of functions of two arguments. The most widely known
pseudoinverse is probably the Moore-Penrose (MP) pseudoinverse, which
can be generalised from finite matrices to operators on infinite-dimensional
Hilbert spaces (see section 2.1.2 in reference [78]). This is exactly the case
here, as CD(r, r′) and C+

D
(r, r′) can be seen as kernels of integral transforms

that constitute linear operators on a suitable Hilbert space, such as the space
L(2) of square integrable functions3 with the standard scalar product ( f , g) :=∫

dr f (r)∗g(r). The asterisk denotes again complex conjugation.
According to reference [78], the Moore-Penrose pseudoinverse fulfils the

axioms∫
dr′

∫
dr′′ C+D(r, r′)CD(r′, r′′)C+D(r′′, r′′′) = C+D(r, r′′′), (6.22)∫

dr′
∫

dr′′ CD(r, r′)C+D(r′, r′′)CD(r′′, r′′′) = CD(r, r′′′), (6.23)(∫
dr′ CD(r, r′)C+D(r′, r′′)

)∗
=

∫
dr′ CD(r, r′)C+D(r′, r′′), (6.24)(∫

dr′ C+D(r, r′)CD(r′, r′′)
)∗
=

∫
dr′ C+D(r, r′)CD(r′, r′′). (6.25)

3Again, we ignore the issue of distributions, which are certainly not elements of L(2). A
more rigorous treatment is possible in the framework of functional analysis and so-called
rigged Hilbert spaces (see, for instance, refs. [41, 70, 114]). Alternatively one could regularise
the delta peaks or turn to finite dimensional Hilbert spaces by considering spatially periodic
systems, where the finite period length can be made arbitrary large.

105



GENERALISED FLUCTUATING HYDRODYNAMICS WITH EXTERNAL FORCES

In the infinite-dimensional setting, the existence of the MP pseudoinverse is
not guaranteed as it is the case for finite dimensions, but an example for the
present purpose will be explicitly constructed in the next section by means
of a wavelength cut-off in Fourier space. Moreover, if the inverse exists, the
MP pseudoinverse is identical to the inverse. Hence, for a given projection
operator with a MP pseudoinverse, one has to check explicitly that the cor-
responding correlation function is not invertible.

To complete this section, note that, ifC+
D

(r, r′) is the MP pseudoinverse,
then the coarse grained observables are eigenvectors of the projection oper-
ator,

PD |(D ∗ A)(r)⟩ =
∫

dr′ |(D ∗ A)(r′)⟩
[∫

dr′′ C+D(r′, r′′)CD(r′′, r)
]

= |(D ∗ A)(r)⟩ (6.26)

(see appendix B.3), which also implies that the |(D∗A)(r)⟩ are linearly depen-
dent if the MP pseudoinverse is not the inverse. The relation of the linear
dependence of the coarse grained fields to the non-invertibility of their cor-
relation function is discussed in appendix B.4.

6.2.2 Coarse graining by Fourier cut-off

Having established the requirement of non-invertibility and the mathemat-
ical background of Moore-Penrose pseudoinverses in the previous section,
we now specialise these concepts by the construction of a coarse grained
projection operator using a cut-off in Fourier space. The following con-
ventions for the Fourier transform f̃ (q) of some function f (r) will be used:
f̃ (q) =

∫
dr f (r)eiqr and f (r) = 1/(2π)3

∫
dq f̃ (q)e−iqr.

Following the idea of excluding too small spatial variations from the ex-
plicitly treated variables, let us introduce a cut-off of too small wavelengths
or – in otherwords –wavevectors with amagnitude greater than some cut-off
wavenumber qc . To this aim, let B := {q | ∥q∥ ≤ qc} and

D̃(q) := Θ(qc − ∥q∥) =
{

1 if q ∈ B
0 if q < B . (6.27)

Since convolutions in real space become mere products in reciprocal space,
the Fourier transform of the generic coarse grained field (D ∗ A)(r) simply
reads D̃(q)Ã(q). Consequently, the coarse grained projection operator PD is
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defined as

PD :=
∫

dq
∫

dq′ |D̃(q)Ã(q)⟩C̃−1
D (q, q′)⟨D̃(q′)Ã(q′)|

=

∫
B

dq
∫
B

dq′ | Ã(q)⟩C̃−1
D (q, q′)⟨Ã(q′)|, (6.28)

that is the wavevectors used in the projection step are simply restricted to
those inside the set B. Likewise, C̃−1

D
(q, q′) is the inverse of

C̃D(q, q′) := ⟨D̃(q)Ã(q)|D̃(q′)Ã(q′)⟩ = D̃(q)⟨Ã(q)| Ã(q)⟩D̃(q′)

= D̃(q)C̃(q, q′)D̃(q′) (6.29)

with respect to wavevectors of the set B only. It is thus defined via the rela-
tion ∫

dq′ C̃D(q, q′)C̃−1
D (q′, q′′) = δ(q − q′′)D̃(q), (6.30)

which only cares about vectors q, q′ and q′′ out of B and yields the triv-
ial identity 0 = 0 otherwise. For that reason, one can, moreover, define
C̃−1
D

(q, q′) to be zero if q or q′ lies outside of B.
Before examining the real space version of this operator, let us check

two key properties, namely that PD is a projection operator and that the
inverse of the real space counterpart of C̃D(q, q′), C−1

D
(r, r′), does not exist,

which is a prerequisite for the coarse graining to be effective. The matter of
the existence of C̃−1

D
(q, q′) is deferred to appendix B.5. That PD is indeed a

projection operator is easily verified by calculating its square. One has

P2
D =

∫
dq

∫
dq′ |D̃(q)A(q)⟩C̃−1

D (q, q′)

×
∫

dq′′′
∫

dq′′ C̃D(q′, q′′)C̃−1
D (q′′, q′′′)⟨D̃(q′′′)Ã(q′′′)|

=

∫
dq

∫
dq′ |D̃(q)A(q)⟩C̃−1

D (q, q′)⟨D̃(q′)Ã(q′)|D̃(q′) = PD (6.31)

because D̃(q′)2 = D̃(q′). Regarding the non-invertibility of the real space cor-
relation function, we can use the fact thatCD(r, r′) = ⟨(D ∗ A)(r)|(D ∗ A)(r′)⟩
is not invertible if the (D ∗ A)(r) are linearly dependent (cf. appendix B.4).
The latter implies the existence of a function c(r) that is non-zero but that
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still yields
∫

dr c(r)(D ∗ A)(r) = 0. Now,

∫
dr c(r)(D ∗ A)(r) =

(
1

2π

)3 ∫
B

dq c̃(−q)Ã(q). (6.32)

As the values of q are limited to the domain B, the choice

c̃(q)
{
= 0 if q ∈ B
, 0 if q < B (6.33)

guarantees the integral in equation (6.32) to vanish, while – in real space –
c(r) = 1/(2π)3

∫
dq c̃(q)e−iqr is not zero in general.

Having convinced ourselves that PD has the desired properties, let us
conclude this section by reformulating the projection operator in terms of
real space variables. Carrying out the Fourier transform, one finds

PD =

∫
dr

∫
dr′ |(D ∗ A)(r)⟩C+D(r, r′)⟨(D ∗ A)(r′)|, (6.34)

where

C+D(r, r′) :=
∫

dq
∫

dq′ C̃−1
D (q, q′)eiqre−iq′r′ (6.35)

and

D(r) = 2
(

1
2π

)2 sin(qc∥r∥) − qc∥r∥ cos(qc∥r∥)
∥r∥3

. (6.36)

The functions CD(r, r′), C+
D

(r, r′) and D(r) can be proven (cf. appendix B.6)
to feature the following properties:∫

dr′ C+D(r, r′)CD(r′, r′′) = D(r′′ − r) =
∫

dr′ CD(r, r′)C+D(r′, r′′), (6.37)∫
dr′ CD(r, r′)D(r′′ − r′) = CD(r, r′′), (6.38)∫
dr′ C+D(r, r′)D(r′′ − r′) = C+D(r, r′′). (6.39)

Having these relations at hand, it is then straightforward to show that the in-
tegral kernelC+

D
(r, r′) satisfies all axioms (eqs. (6.22) to (6.25)) of theMoore-

Penrose pseudoinverse of CD(r, r′).
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6.3 Fluctuating hydrodynamics
of coarse grained fields

6.3.1 Equations of motion

After the preliminary work in the first few sections of this chapter, we are
now in the position to derive a generalised fluctuating hydrodynamic equa-
tion of motion that contains fluctuating external forces. Instead of the mi-
croscopic mass and momentum density, we will now use the corresponding
coarse grained densities that are obtained by a wavelength cut-off in Fourier
space as described in the previous section. Due to this choice of coarse grain-
ing, it is more convenient to carry out the following steps in reciprocal space.
The real space results can be obtained straightforwardly by a Fourier back
transform.

As just announced, we project on δρ̃(q), the deviation of the mass den-
sity ρ̃(q) = m

∑
α eiqRα from its equilibrium average, and on the momentum

density J̃(q) =
∑

α PαeiqRα , where the wavevectors q are restricted to the set
B := {q | ∥q∥ ≤ qc}. Before writing down the equation of motion, let us first
have a closer look on the external force density. The Fourier transform of
equation (6.5) reads

δ f̃ext,i(q) =
1
m

(
1

2π

)3

(F̃ext,i ∗ δρ̃)(q). (6.40)

The crucial detail to note is that the external force field and themass density
are linked by a convolution integral, which ensures that, even if q ∈ B, still
modes of δ̃ρ(q′)with q′ < B contribute as well. Hence, δ f̃ext,i(q) has a compo-
nent belonging to the orthogonal space of the distinguished variables, that
is it has a fluctuating component.

Next, based on the correlations

⟨δρ̃(q)|δρ̃(q′)⟩ =: H̃(q, q′), (6.41)

⟨J̃i(q)|J̃ j (q′)⟩ = δi jkBT ⟨ρ̃(q′ − q)⟩eq =: δi j K̃ (q, q′), (6.42)

⟨δρ̃(q)|J̃i(q′)⟩ = 0, (6.43)

we define the projection operator

PD :=
∫
B

dq
∫
B

dq′ |δρ̃(q)⟩H̃−1
D (q, q′)⟨δρ̃(q′)|

+
∑
i

∫
B

dq
∫
B

dq′ |J̃i(q)⟩K̃−1
D (q, q′)⟨J̃i(q′)|. (6.44)
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From that, one obtains in a similar fashion to section 3.4.1

∂t J̃k (q, t) =kBT

∫
B

dq′
∫
B

dq′′ iq′′k δρ̃(q′, t)H̃−1
D (q′, q′′)⟨ρ̃(q − q′′)⟩eq

+ kBT
∑
i

∫
B

dq′
∫
B

dq′′
t∫

0

ds J̃i(q′, s)K̃−1
D (q′, q′′)

×
−∑

jl

q′′j ql χ̃D ,i jkl (q′′, q, t − s) +
∑
j

iq′′j α̃D ,i jk (q′′, q, t − s)

−
∑
l

iql α̃
∗
D ,kli(q, q

′′, s − t) − µ̃D ,ik (q′′, q, t − s)


+

∑
l

iql S̃D ,kl (q, t) + F̃D ,k (q, t) (6.45)

with fluctuating stresses and external forces

S̃D ,kl (q, t) := R′
D(t)δΠ̃kl (q), (6.46)

F̃D ,k (q, t) := R′
D(t)δ f̃ext,k (q), (6.47)

and where the correlations

χ̃D ,i jkl (q′′, q, t) :=
1

kBT
⟨S̃D ,i j (q′′, 0)|S̃D ,kl (q, t)⟩, (6.48)

α̃D ,i jk (q′′, q, t) :=
1

kBT
⟨S̃D ,i j (q′′, 0)|F̃D ,k (q, t)⟩, (6.49)

µ̃D ,ik (q′′, q, t) :=
1

kBT
⟨F̃D ,i(q′′, 0)|F̃D ,k (q, t)⟩ (6.50)

have been introduced. As usual, the reduced time evolution operator is de-
fined as

R′
D(t) := QDeiQDLQD tQD (6.51)

with QD := I − PD and I being the identity operator. Equation (6.45)
is a generalised, fluctuating, linearised, isothermal Navier-Stokes equation
with fluctuating external forces. The first term on the right-hand side is the
instantaneous response, which, in the bulk, would be a pressure gradient,
followed by the multiple sum over i, j and l containing the retarded, dissi-
pative terms. As in the bulk, the autocorrelations χ̃D ,i jkl (q′′, q, t − s) of fluc-
tuating stresses appear in second order of the wavevector, corresponding to
second derivatives of the momentum density in real space. Additionally, we
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find new terms. Cross-correlations α̃D ,i jk (q′′, q, t − s) between fluctuating
stresses and external forces lead to terms of first order in q and autocorre-
lations of fluctuating external forces µ̃D ,ik (q′′, q, t − s) cause a contribution
which is directly proportional to the momentum density. The last line of
equation (6.45) is made up of the noise terms, which consist of the diver-
gence of the fluctuating stress tensor and the fluctuating external force den-
sity.

6.3.2 Simplifications by scale separation

In case of a periodic external potential with a typical length scale that is
sufficiently separated from the coarse graining scale, the yet very general
equation of motion derived in the previous section may be simplified. For
the purpose of demonstration, let us consider the simple example Fext(r) =
Fext(x)êx with Fext(x + λPot) = Fext(x), which also corresponds to the system
studied in chapter 9 and 10. Here, êx is again the unit vector in x-direction.
A more ‘realistic’ scenario – in that it comes closer to a liquid-solid interface
– will be treated in section 6.4.

The symmetry of the external force field or potential is reflected by all
equilibrium averages, enabling us to write

⟨Ã(q)⟩eq =
∑
n

Ãn δ

(
q1 −

2π
λpot

n

)
δ(q2)δ(q3), (6.52)

C̃(q, q′) :=⟨Ã(q)| Ã(q′)⟩ =
∑
n

C̃n(q) δ
(
q′1 − q1 −

2π
λpot

n

)
δ(q′2 − q2)δ(q′3 − q3),

(6.53)

where Ã(q) represents some phase space observable. Now, let us choose the
scale of coarse graining sufficiently larger than that of the external potential.
In detail, we shall require qc <

π
λpot

. By that, |q1 − q′1 | <
2π
λpot

if both q and q′

are from the domain B. Hence,

⟨D̃(q)Ã(q)⟩eq = Ã0D̃(q)δ(q), (6.54)

C̃D(q, q′) = C̃0(q)D̃(q)δ(q − q′), (6.55)

and, moreover,

C̃−1
D (q, q′) =

1
C̃0(q)

D̃(q)δ(q − q′). (6.56)
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The expansion coefficients can be given in terms of real space integrals. With

⟨A(r)⟩eq =

(
1

2π

)3 ∑
n

Ãne−i 2π
λpot

nx
, (6.57)

one has

Ãn =
(2π)3

λpot

x0+λpot∫
x0

dx ⟨A(r)⟩eqei
2π
λpot

nx
=

(2π)3

V

∫
dr ⟨A(r)⟩eqei

2π
λpot

nx
, (6.58)

where x0 and also the y and z component of r in ⟨A(r)⟩eq and in the integral
over x are arbitrary. The notation of the last expression is a bit sloppy since
V is the – in principle – infinite volume of the infinite system. In a similar
fashion, one also obtains

C(r, r′) =
(

1
2π

)3 ∑
n

Cn(r′ − r)e−i 2π
λpot

nx (6.59)

and

Cn(∆r) =
(2π)3

λpot

x0+λpot∫
x0

dx C(r, r + ∆r)ei
2π
λpot

nx
. (6.60)

To be sure, the same statements regarding x0, y and z are true. Moreover,
one has

C̃0(q) =
(2π)3

λpot

x0+λpot∫
x0

dx
∫

dr′ C(r, r′)eiq(r′−r)

=
(2π)3

V

∫
dr

∫
dr′ C(r, r′)eiq(r′−r) =

(2π)3

V
C̃(q, q). (6.61)

Let us now apply these considerations to the equation of motion (6.45).
Using the sloppy notation with the factors 1

V
, we obtain

ρ̃0 = (2π)3 m⟨N⟩eq

V
, (6.62)

H̃0(q) =
(2π)3

V
H̃(q, q) = ρ̃0mS(q), (6.63)
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where S(q) is the static structure factor (see the second part of section 3.4.1),
and

K̃0(q) = kBT ρ̃0. (6.64)

Plugging everything into equation (6.45) then yields

∂t J̃k (q, t) = iqk
kBT

mS(q)
δρ̃(q, t) +

∑
i

t∫
0

ds
J̃i(q, s)
ρ̃0

−∑
jl

q jql χ̃0,i jkl (q, t − s)

+
∑
j

iq j α̃0,i jk (q, t − s) −
∑
l

iql α̃
∗
0,kli(q, s − t) − µ̃0,ik (q, t − s)


+

∑
l

iql S̃D ,kl (q, t) + F̃D ,k (q, t) (6.65)

for q ∈ B. The wavevector-dependent transport coefficients are given by
χ̃0,i jkl (q, t − s) = (2π)3/V χ̃D ,i jkl (q, q, t − s) and equivalent relations for the
other correlation functions.

The key observation to bemade and also the heart of the simplification is
that – under the circumstances stated at the beginning of this section – the
coarse grained fields only ‘see’ a homogenous system. In its structure, equa-
tion (6.65) is reminiscent of the corresponding bulk equation (eq. (3.39)),
and the effect of the external potential only comes into play indirectly by
means of additional dissipation and fluctuation terms. Equation (6.65) also
provides a good starting point for further approximations in the course of
the long-wave or hydrodynamic limit, where one would only use the values
of the transport coefficients and the structure factor at q = 0 and carry out
the Markov approximation (2.31) of the time integral.

6.4 Discrete fields

Moving from the illustrative but simple example of section 6.3.2 to a sys-
tem with a solid-liquid boundary, this section suggests a possible bottom-
up derivation of the discrete equations of chapter 5. In particular, in sub-
section 6.4.1, the assumptions or circumstances necessary to arrive at the
equations will be identified, and related critical aspects and open questions
will be pointed out in subsection 6.4.2. A derivation of the equations from
first principles based on a many particle system is beneficial in two ways.
First of all, it provides microscopic expressions for the transport coefficients
associated with interfacial friction, and, second, it enhances the status of the
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discrete description, which is rather easy to handle, from an auxiliary con-
struction to a direct representation of physical reality. Especially for smaller
systems that do not allow for the transition to continuum by – loosely speak-
ing – zooming out, this may prove useful as they could then be directly
treated on the discrete level.

6.4.1 Derivation of discrete equations of motion

In the following, let us restrict our considerations to two dimensions to keep
the formulas as concise as possible. The generalisation to three dimensions
is straightforward. Our aim is to derive a discrete equation of motion along
similar lines to section 6.3, however with some modifications. As in sec-
tion 6.3.2, the external potential is assumed to be periodic in x-direction,
but the condition of translational invariance with respect to z is relaxed to
allow for the introduction of an interface. In accordance with this different
symmetry of the problem, let’s only take the Fourier transform of the mass
and momentum density ρ(r) and J(r) with respect to the x-coordinate:

ρ̃(q, z) :=
∫

dx ρ(r)eiqx , (6.66)

J̃(q, z) :=
∫

dx J(r)eiqx . (6.67)

With regard to the z coordinate, a binning procedure is carried out, as our
goal is to establish the connection to meso- or macroscopic hydrodynamics
via the discrete layermodel of chapter 5. Therefore, themass density and the
x-component of the momentum density are averaged out over bins of width
∆z – bin n ranging from zn−1 to zn and so forth – yielding the discretised
observables

ρ̃n(q) :=
1
∆z

zn∫
zn−1

dz ρ̃(q, z), (6.68)

J̃x ,n(q) :=
1
∆z

zn∫
zn−1

dz J̃x(q, z). (6.69)

The z-component of the momentum density, however, is not averaged out,
but, instead, the value at z = zn is taken to define the discrete observable

J̃z ,n(q) := J̃z (q, zn). (6.70)
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This choice serves to retain the link between mass and momentum density
by the equation of continuity (cf. eq. (3.13)), now reading

iLδρ̃n(q) = iqJ̃x ,n(q) − ∂̂−n ,∆z J̃z ,n(q), (6.71)

where ∂̂−
n ,∆z denotes a discrete derivative that is defined by ∂̂−

n ,∆z J̃z ,n(q) :=(
J̃z ,n(q) − J̃z ,n−1(q)

)
/∆z. By analogously defining the discretised and Fourier

transformed stress tensor components and external force density

Π̃xx ,n(q) :=
1
∆z

zn∫
zn−1

dz
∫

dx Πxx (r)eiqx , (6.72)

Π̃xz/zx/zz ,n(q) :=
∫

dx Πxz/zx/zz (x , zn)eiqx , (6.73)

f̃ext,x ,n(q) :=
1
∆z

zn∫
zn−1

dz
∫

dx fext,x (r)eiqx , (6.74)

f̃ext,z ,n(q) :=
∫

dx fext,z (x , zn)eiqx , (6.75)

one obtains the corresponding version of the continuity equations of the
momentum density (cf. eq. (6.4)):

iL J̃x ,n(q) = iqδΠ̃xx ,n(q) − ∂̂−n ,∆zδΠ̃xz ,n(q) + δ f̃ext,x ,n(q), (6.76)

iL J̃z ,n(q) = iqδΠ̃zx ,n(q) − ∂zδΠ̃zz ,n(q) + δ f̃ext,z ,n(q). (6.77)

As usual, the starting point for setting up the projection operator is to
calculate the static equilibrium correlations of the distinguished variables.
Here, we have

⟨δρ̃n(q)|δρ̃n′(q′)⟩ =: H̃nn′(q, q′), (6.78)

⟨J̃x ,n(q)|J̃x ,n′(q′)⟩ = δnn
′

∆z
kBT ⟨ρ̃n(q′ − q)⟩eq , (6.79)

⟨J̃z ,n(q)|J̃z ,n′(q′)⟩ = δ(zn − zn′)kBT ⟨ρ̃(q′ − q, zn)⟩eq , (6.80)

⟨J̃x ,n(q)|J̃z ,n′(q′)⟩ = 0, (6.81)

⟨δρ̃n(q)|J̃x/z ,n′(q′)⟩ = 0. (6.82)
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These relations may be simplified using the following restrictions or ap-
proximations. First, let us assume that ∆z is sufficiently larger than any mi-
croscopic correlation length, so that one can approximate H̃nn′(q, q′) ∝ δnn′ .
This condition is, in fact, not necessary to arrive at a result of the form
of equation (6.102), but simplifies our analysis. If it was relaxed, the ex-
pression for −∂x pn in equation (6.98) would have a slightly more compli-
cated, non-local structure with respect to n. Second, as already mentioned,
we presuppose that the external potential has a periodicity in x-direction
with wavelength λpot. Then, as discussed in more detail in section 6.3.2, a
cut-off wavenumber qc < π

λpot
can be introduced, so that, for all q, q′ with

|q |, |q′ | < qc , one has

H̃nn′(q, q′) = δnn′δ(q − q′) 2π
Lx

H̃nn(q, q), (6.83)

⟨ρ̃n(q′ − q)⟩eq = δ(q − q′) 2π
Lx

⟨ρ̃n(0)⟩eq , (6.84)

⟨ρ̃(q′ − q, zn)⟩eq = δ(q − q′) 2π
Lx

⟨ρ̃(0, zn)⟩eq. (6.85)

The factors 2π
Lx
, where Lx is the (infinite) length of the system, stem from a

somewhat sloppy but consistent treatment of the arising δ(q = 0) terms.
Before defining the projection operator, a subtlety with regard to the z-

components of the momentum density should be discussed. If we simply
projected on the various J̃z ,n(q) = J̃z (q, zn), we would run into trouble with
the δ(zn − zn′) terms in the corresponding correlations (6.80). The problem,
however, can, for instance, be remedied by projecting on 1

ϵ

∫ zn+
ϵ
2

zn− ϵ
2

dz J̃z (q, z)
first, followed by the limit ϵ → 0. Alternatively, it might turn out to be more
convenient to project on J̃z (q, z) for all z instead of singling out the values
zn . As, however, in this section, a scenario is going to be considered where
the z-component of the momentum density is eventually neglected anyway,
we need not bother to make this decision, and – for now – these terms will
simply be alluded to in the equations as ‘terms ∝ Jz ’. That said, one might
wonder if it wasn’tmuch simpler to completely leave out J̃z ,n(q) from the def-
inition of the projection operator in the first place. However, then iLδρ̃n(q)
(cf. eq. (6.71)) wouldn’t be entirely contained in the space of distinguished
variables, wherefore one would eventually find terms proportional to δρ̃n(q)
in the retarded part of the equation of motion, changing its whole structure.

After this clarification, the projection operator for the discrete fields can
now be written down, where the coarse graining is introduced by limiting
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the integration domain of q to B = {q | |q | < qc } similarly to equations (6.44)
and (6.28):

PD :=
∑
n

∫
B

dq |δρ̃n(q)⟩ Lx

2πH̃nn(q, q)
⟨δρ̃n(q)|

+
∑
n

∫
B

dq |J̃x ,n(q)⟩ Lx∆z

2πkBT ⟨ρ̃n(0)⟩eq
⟨J̃x ,n(q)|

+ terms ∝ Jz . (6.86)

Proceeding analogously to section 6.3 and taking q ∈ B, it is straightforward
to obtain the generalised Langevin equation for the x-component of themo-
mentum density:

∂t J̃x ,n(q, t) = iq
kBT

∆z

⟨ρ̃n(0)⟩eq

H̃nn(q, q)
δρ̃n(q, t)

− ∆z
∑
n′

t∫
0

ds
J̃x ,n′(q, s)
1
Lx
⟨ρ̃n(0)⟩eq

M̃n′n(q, q, t − s) + terms ∝ Jz

+ iqS̃xx ,n(q, t) − ∂̂−n ,∆z S̃xz ,n(q, t) + F̃x ,n(q, t). (6.87)

The memory kernel

M̃n′n(q, q, t) :=
1
Lx

(
q2 χ̃xxxx ,n′n(q, q, t) + ∂̂−n′ ,∆z ∂̂

−
n ,∆z χ̃xzxz ,n′n(q, q, t)

− ∂̂−n′ ,∆z α̃xzx ,n′n(q, q, t) − ∂̂−n ,∆z α̃∗
xzx ,n′n(q, q, −t)

+ µ̃xx ,n′n(q, q, t)
)

(6.88)

consists again of correlations

χ̃i jkl ,n′n(q, q, t) :=
1

kBT
⟨S̃i j ,n′(q, 0)|S̃kl ,n(q, t)⟩, (6.89)

α̃xzx ,n′n(q, q, t) :=
1

kBT
⟨S̃xz ,n′(q, 0)|F̃x ,n(q, t)⟩, (6.90)

µ̃xx ,n′n(q, q, t) :=
1

kBT
⟨F̃x ,n′(q, 0)|F̃x ,n(q, t)⟩ (6.91)

of the appropriate fluctuating stresses and forces

S̃i j ,n(q, t) := R′
D(t)δΠ̃i j ,n(q), (6.92)

F̃x ,n(q, t) := R′
D(t)δ f̃ext,x ,n(q). (6.93)
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Here, R′
D

(t) is again the corresponding reduced time evolution operator (cf.
eq. 6.51).

Some comments are in order. First, we have used that, for q, q′ ∈ B,
⟨S̃xx ,n′(q, 0)|S̃xx ,n(q′, t)⟩ = δ(q − q′) 2π

Lx
⟨S̃xx ,n′(q, 0)|S̃xx ,n(q, t)⟩ and so on as

for all equilibrium averages (cf. eqs. (6.55) and (6.61)). Second, to shorten
the formula, anotherminor assumptionwasmade, which - however - is of no
importance to the final result. By requiring that the external potential be ad-
ditionally symmetric with respect to inversion of the x-axis, all those correla-
tions were forced to vanish that feature an uneven total number of indices ‘x ’.
This is readily appreciated by the following argument. Let gi jk (l)(x , x′) be any
of these correlation functions. Since for every microstate there is an equally
probable mirrored microstate, one has gi jk (l)(x , x′) = gi jk (l)(−x , −x′). On
the other hand, both S̃i j ,n(q, t) and F̃i ,n(q, t) pick up a minus sign for every
index ‘x ’ upon inversion of the x-axis. For uneven numbers of ‘x ’ indices,
one thus has gi jk (l)(x , x′) = −gi jk (l)(x , x′) = 0. Last, it should be mentioned
that the factor 1

∆z
in the first term on the right-hand side of equation (6.87)

will not cause the latter to vanish if ∆z → ∞ because it is compensated by
the ∝ ∆z like behaviour of 1/H̃nn(q, q) for ∆z being much larger than the
density-density correlation length. The opposite limit ∆z → 0 is forbidden
as it would invalidate the approximation H̃nn′(q, q) ∝ δnn′ .

Let us now specialise equation (6.87) to the simpler situation treated in
chapter 5. First of all, we take the hydrodynamic limit with respect to the
x-direction (i.e. only small values of q are considered, cf. the second part
of section 3.4.1) by approximating all transport coefficients by their values
at q = 0 and by using the Markov approximation (cf. section 2.3.4) for the
time integral. Then, laminar flow in x-direction is assumed, so that we can
neglect q2J̃x ,n(q, t), qS̃xx ,n(q, t) and the terms proportional to Jz . This situa-
tion arises, for instance, if the typical length and velocity scale in x-direction
is much larger than in z-direction. A formal version of this approximation
can be found in chapter 8, there in the context of thin films. Working in all
the approximations, we obtain

∂t J̃x ,n(q, t) ≈ iq
kBT

∆z

⟨ρ̃n(0)⟩eq

H̃nn(0, 0)
δρ̃n(q, t) − ∆z

∑
n′

J̃x ,n′(q, s)
1
Lx
⟨ρ̃n(0)⟩eq

Mn′n

− ∂̂−n ,∆z S̃xz ,n(q, t) + F̃x ,n(q, t), (6.94)

with

Mn′n :=

∞∫
0

dt M̃n′n(0, 0, t). (6.95)
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In the last step, we perform the Fourier backtransform and adapt the no-
tation to match that of chapter 5. Let us start by rendering the requirement
q ∈ Bmore explicit bymultiplying with a factor D̃(q) = Θ(qc − |q |). Note that
D̃(q)2 = D̃(q), so that more of these factors can be included where necessary.
In combination with the Fourier transform, D̃(q) introduces coarse grained
fields Ā(x) := (D ∗ A)(x) =

∫
dx′ D(x − x′)A(x′), where A(x) represents any

of the original – not coarse grained – observables. Then, adapting equa-
tion (6.35), 1/H̃nn(q, q) can be related to the Moore-Penrose pseudoinverse
of the real space density autocorrelations via

H+nn ,D(x , x′) =
Lx

2π

∫
dq

D̃(q)
H̃nn(q, q)

e−iq(x′−x) =: H+nn ,D(x′ − x). (6.96)

Moreover, 1
Lx
⟨ρ̃n(0)⟩eq =

1
Lx

∫
dx ⟨ρn(x)⟩eq = ⟨ρ̄n⟩eq because of the periodic-

ity. Regarding the notation, let us define

vn(x , t) :=
J̄x ,n(x , t)
⟨ρ̄n⟩eq

, (6.97)

δpn(x , t) :=
kBT

∆z
⟨ρ̄n⟩eq

[∫
dx′ H+nn ,D(x′)

]
δρn(x , t), (6.98)

Sn(x , t) := S̄xz ,n(x , t), (6.99)

Fn(x , t) := ∆zF̄x ,n(x , t) (6.100)

and

(A, B) :=
1

kBT

1
Lx

∫
dx

∫
dx′

∞∫
0

dt ⟨A(x , 0)|B(x′, t)⟩. (6.101)

Carrying out the backtransform, implementing all these definitions and us-
ing ∂x pn = ∂xδpn then eventually leads to the central result of this section:

⟨ρ̄n⟩eq∂tvn = −∂x pn − ∆z
∑
n′

vn′Mn′n + Rn , (6.102)

with
Mn′n = (Rn′ , Rn) (6.103)

and
Rn := −Sn − Sn−1

∆z
+
Fn

∆z
. (6.104)

The first two equations correspond to the generalised Langevin equation (5.31)
and the fluctuation dissipation relation (5.40). At this stage, because no

119



GENERALISED FLUCTUATING HYDRODYNAMICS WITH EXTERNAL FORCES

bulk fluid

substrate

boundary region

z0

z1

z2

F1

S2

S1

n = 2

n = 1

F 6.1: Sketch of a possible model of a liquid solid boundary. The grey scale plot repre-
sents the strength of the external potential. As the transition from liquid to solid is enclosed
in layer n = 1, the fluctuating force is limited to this region (Fn = 0 for all n , 1), and all
stochastic stresses Sn vanish for n ≤ 0.

boundary of the system has been specified yet, the fluctuating forces Rn are
still of a more general form than, for instance, those in equation (5.41), but
the similarity is obvious. In contrast to equation (5.31), we allow here for
a variation of the average mass density ⟨ρ̄n⟩eq from layer to layer, but such
a generalisation has no effect on the results obtained in chapter 5. More-
over, the definition (6.101) of the scalar product (A, B) features a second
integral over x′, which is not present in equation (5.6). The form here is
due to the two spatial integrals involved in obtaining the Fourier transform
M̃n′n(q′, q, t) from Mn′n(x′, x , t). However, since q and q′ are limited to B,
M̃n′n(q′, q, t) ∝ δ(q′ − q), wherefore the corresponding real space kernel and
the correlations of Sn(x , t) and Fn(x , t) it is made up of only depend on x′−x,
so that one of the spatial integrals in equation (6.101) cancels with the pref-
actor 1/Lx .

To complete the connection to chapter 5, we have to specify some more
details of the fluctuating forces and stresses – in particular at a boundary.
In contrast to the previous simplification of H̃nn′(q, q′), here the choice of
a big enough value of ∆z is essential to recover the formulas of chapter 5.
In particular, ∆z is assumed to be sufficiently larger than the relevant mi-
croscopic correlation lengths, so that noise terms of different layers are ap-
proximately uncorrelated, and one can thus write the familiar expression
(Sn , Sn′) = δnn′

∆z
η. Further comments on this relation are postponed to sec-

tion 6.4.2. Instead, let us turn to an exemplary boundary between liquid and
solid. Consider, for instance, the situation depicted in figure 6.1. There, the
transition region between liquid and solid is completely enclosed in a single
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layer n = 1, thus implying that only F1 , 0 and, moreover, Sn = 0 for n ≤ 0.
That way, the vector of noise terms R acquires the same form that was antic-
ipated in chapter 5 for a finite system (cf. eq. (5.66)).4 As usual, the matrix
M then follows directly from the fluctuation dissipation relation (6.103). In
addition, the above definition Fn(x , t) := ∆zF̄x ,n(x , t) also involves a slight
change of perspective. Instead of being a force exerted by the substrate on
the liquid through the lower interface of layer n = 1, F1 is the total fluctuat-
ing external force generated inside this layer. It is this microscopic picture
that makes correlations of F1 and S1 (the effect of which was investigated
in section 5.5) plausible even if correlations of S1 and S2 are assumed to be
negligible. Moreover, depending on the exact circumstances, the presence
of the wall might also influence the correlations of the nearest stochastic
stresses S1, a situation treated in section 5.5.6.

Before moving on, we take the opportunity for a quick comparison to the
theory of Bocquet and Barrat – in particular to their microscopic expression
for the friction coefficient as given by equation (4.8). In the situation treated
just above, where Fn = 0 ∀ n , 1, employing equations (6.5), (6.74), (6.93),
(6.100), (6.101) and

∫
dx Ā(x) =

∫
dx A(x) because

∫
dx D(x) = 1, the friction

coefficient of the boundary is found to be

µ := (F1 , F1)

=
1

LxkBTm2

∞∫
0

dt
∫

dr′
∫

dr Fext,x(r′)Fext,x (r)⟨δρ(r′)|R′
D(t)|δρ(r)⟩.

(6.105)

In a three-dimensional system, the interface length Lx would have to be
replaced by the interface area. The above formula resembles closely equa-
tion (4.8), however, – and that is the crucial difference – it employs the re-
duced dynamics, generated by a projection on coarse grained hydrodynamic
fields, instead of the normal time evolution. Moreover, corrections due to
cross-correlations of F1 and S1 may be called for (cf. section 5.5.5). Still,
due to the structural similarity, it seems very plausible that further approxi-
mations may be made analogously to reference [3] and section 4.3.1. Last, it
should be stressed that the general structure of integrals over density corre-
lations and external force fields does not depend on the discretisation.

4Please note that the notation may be misleading here. While in the present chapter
the index 1 signifies that F1 acts on layer 1, the subscript 0 of F0 in eq. (5.66) indicates the
fluctuating boundary force at z = 0. The latter, of course, also acts on layer 1. Hence, F1 in
the present notation exactly corresponds to F0 in the notation of chapter 5.
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Let us summarise the key results of this section. Based on a many par-
ticle system interacting with a constant external potential to model a sub-
strate, a discrete generalised Langevin equation for the tangential velocity
field vn(x , t) was obtained (cf. eqs. (6.102)–(6.104)). It is slightly more gen-
eral but essentially formally identical to the equation found in a top-down
approach in chapter 5 (eqs. (5.31), (5.40) and (5.41)). To achieve this goal,
several conditions and assumptions were necessary.

To begin with, a coarse graining procedure in terms of a cut-off in Fourier
space had to be applied, so as to the projection operator formalism yielded
fluctuating external forces in the first place. The cut-offwavelength was cho-
sen sufficiently larger than the period of the external potential to produce
laterally (i.e. parallel to the interface) homogeneous equations for the coarse
grained fields (eq. (6.87)). In addition, the hydrodynamic limit was taken
with respect to this direction, and, moreover, a simple laminar flow pro-
file, which permitted several terms (q2J̃x ,n(q, t), qS̃xx ,n(q, t) and the terms
∝ Jz) to be neglected, was assumed. These approximations yielded equa-
tion (6.94). All these manipulations are supposedly uncritical, and, for in-
stance, similar premisses regarding the flow field were used as well in obtain-
ing the simple equation of motion (eq. (5.1)) in chapter 5 from the general
macroscopic Navier-Stokes equation.

More questionable are the assumptions that were made in connection
with the discretisation. If ∆z was large enough, it was argued, one could
expect that all correlations of discrete variables become approximately lo-
cal. While this is probably safe to say about the static equilibrium corre-
lations (Hnn′ ∝ δnn′), the situation is less clear for the fluctuating stresses
and forces ((Sn , Sn′) ∝ δnn′ etc.), as the discretisation also directly influences
the reduced time evolution operator governing their dynamics (cf. eq. (6.51)
with eq. (6.86)). Note, however, that these requirements imposed on the
correlations of the Sn and Fn are not essential to arrive at the general equa-
tions (6.102)–(6.104), but only if thememorymatrixMnn′ is intended to have
the same simple form as in equation (5.45) or (5.72). Several more issues as-
sociated with the discretisation will be brought up in the next section.

As far as the necessary magnitude of ∆z is concerned, the experience
from bulk hydrodynamicsmay serve as a first lead. There, typical correlation
lengths of fluctuating stresses are in the range of the molecular diameter (cf.
section 3.2), so that one can hope for quite small values of ∆z. If still smaller
∆z were needed, one could certainly also imagine a generalisation of the
theory in chapter 5 that allows for slightly non-local correlations between
layers or fluctuating external forces extending over more than one layer.

122



6.4 DISCRETE FIELDS

6.4.2 Discretisation issues

The discretisation of hydrodynamic equations of motion is, in fact, a re-
search topic of its own, and a comprehensive treatment is clearly beyond
the scope of this work. Instead, this section is intended to give a first im-
pression of problems to be addressed as well as possible solutions. Although
the present, very simple discretisation scheme supposedly has its deficien-
cies, it provides valuable insights and may serve as a starting point for fur-
ther refinements. As mentioned, there is already a vast literature on discrete
(fluctuating) hydrodynamics (see, for instance, refs. [45, 46, 51–53, 56, 68]),
and basing amicroscopic projection operator approach on one of thesemore
sophisticated methods may presumably circumvent many of the problems
below.

In the context of the discrete theory developed in the previous section,
there are two interrelated central questions. The first is to ask how the con-
tinuum limit taken in chapter 5 can be understood from the viewpoint of
the present equations, because ∆z has to be kept at a finite value here. Oth-
erwise the assumption of delta correlations would certainly be unjustified.
Of course, letting ∆z go to zero also results in a continuum theory, namely
the undiscretisedmicroscopic non-local equations. This, however, is not the
continuum formulation aimed for in the previous section and in chapter 5,
which is a theory of local (not generalised) fluctuating hydrodynamics.

The second question is related to the scaling with ∆z. For a discretised
theory to be meaningful in itself, the discrete quantities should be a di-
rect representation of physical reality. That is to say, they should be re-
lated to their microscopic, continuous counterparts in a unique way. For
instance, one may want to interpret the discrete velocities vi according to
equation (6.97) as

vi =

∫ zi

zi−∆z dz′ J̄x (z′)∫ zi

zi−∆z dz′ ⟨ρ̄(z′)⟩eq

bulk
=

1
∆z

zi∫
zi−∆z

dz′ v(z′), (6.106)

where v(z′) := J̄x(z′)/⟨ρ̄(z′)⟩eq signifies the microscopic velocity profile, and
the second equality is due to the average density being constant in the bulk.
To be able to do so, however, the solution of the discrete equation has to
come as close as possible to an analogous discretisation of the solution of
the (microscopic) continuous equation. In other words, it should not make
a difference whether we first solve themicroscopic, continuous equation and
discretise afterwards, or if we use the correctly discretised theory right away.
We thus ask if this expectation can bemet by the present discrete equations.
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Regarding the first question, it was already indicated that one might
cross over to continuum by ‘zooming out’, which is based on the notion that,
upon decreasing the spatial resolution, the individual discrete layers become
blurred, thus evoking the impression of continuousness. From the mathe-
matical perspective, this process could be carried out in terms of rescaling
with respect to a relevant macro- or mesoscopic length scale λ (the ‘zoomed
out’ resolution, in a sense), such that ϵ := ∆z/λ becomes very small. One
could then try to approximate the very dense rescaled values ṽi by a function
ṽ(z) which is the solution of an appropriate continuous equation of motion.
While the unscaled discrete velocities are defined in terms of integrals over
the true microscopic state (eq. (6.106)), one should – of course – not expect
to recover the true v(z) by zooming back into the large scale approximate
solution ṽ(z), especially not near the boundaries if effective boundary con-
ditions were used. This is somewhat reminiscent of the approach in refer-
ences [157, 158, 160], where the true velocity field is divided into the solution
of the bulk equation of motion and an excess part near the boundary.

The relation between continuous and discrete derivatives can serve as a
criterion for the applicability of the approximation. For instance, introduc-
ing v̂(z) :=

∫ z

z−∆z dz′ J̄x(z′)/
(∫ z

z−∆z dz′ ⟨ρ̄(z′)⟩eq

)
, so as to vi = v̂(zi), a Taylor

expansion straightforwardly yields

1
∆z

(vi − vi−1) = ∂z v̂(z)|zi + O
(
∆z∂2

z v̂(z)
)

(6.107)

and
1
∆z2

(vi+1 − 2vi + vi−1) = ∂2
z v̂(z)

∣∣∣
zi
+ O

(
∆z2∂4

z v̂(z)
)
. (6.108)

Hence, the curvature and higher derivatives of v̂(z) in relation to the dis-
tance between the discrete grid points zi determine the goodness of the ap-
proximation and may be used to construct the length scale λ in the sense
that v̂(z) has to vary sufficiently slowly on the scale of ∆z. This is a com-
mon feature of discrete theories and is also of central importance for the
matter of equivalence of the discrete and the (microscopic) continuum so-
lution. For instance, if the true velocity profile v(z) is smooth enough, it
allows – on the one hand – for the approximation of the dissipative terms
of the bulk equation of motion by the local expression η∂2

zv(z) and – on the
other hand – ensures that this continuous derivative is well reflected by the
discrete derivative. Should the latter not be the case, we would have to find
out if this is either compensated by other factors or if higher order discrete
derivatives are required to adequately represent the continuous derivative.
Naturally, this would lead to the follow-up question for the origin of these
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potential higher order discrete derivatives, which – for example – could be a
longer range of the correlations of the fluctuating stresses Si .

A further requirement for successfully identifying the limit ∆z/λ → 0
with the continuum limit ϵ → 0 of chapter 5 is that the rescaled correlations
or transport coefficients go with ϵ in the same way as in chapter 5 (at least
in the leading order), so that the final result does not depend on the precise
value of ∆z. Related to this matter is the observation that also the unscaled
fluctuation dissipation relation of the viscosity differs from the usual expres-
sion. Using the correlations of the discrete fluctuating stresses proposed in
the last section, one has

η = ∆z (Sn , Sn) =
∆z

kBT

1
Lx

∫
dx

∫
dx′

∞∫
0

dt ⟨S̄xz (x′, zn , 0)|S̄xz (x , zn , t)⟩,

(6.109)
whereas the usual definition (adapted to 2D) reads

η =
1

kBT

1
Lx

∫
dx

∫
dx′

1
Lz

∫
dz

∫
dz′

∞∫
0

dt ⟨Sxz (x′, z′, 0)|Sxz (x , z , t)⟩.

(6.110)

The discrete fluctuation dissipation theorem for η differs in that it only cor-
relates the stresses at a single z-coordinate z = zn instead of integrating out
over z and z′. Moreover, it seemingly depends on ∆z. This apparent in-
consistency, however, might be resolved by observing that the stochastic
stresses in both formulas are different, too, because a different set of distin-
guished observables was used, leading to a different projection operator PD

and ultimately to a different reduced time evolution operator R′
D

(t). Since,
in the macroscopic continuum limit, the present approach formally yields
the usual equation of motion, it seems plausible that equation (6.109) con-
stitutes another valid microscopic representation of the shear viscosity η in
the sense that the viscosity of the discrete theory as given by equation (6.109)
may very well depend on the value of∆z, but converges to the continuum vis-
cosity (eq. (6.110)) in the corresponding limit ∆z/λ → 0. It should, however,
be mentioned that the authors of references [51, 53] report about problems
due to a singularity in the correlation function of a similarly discretised the-
ory and propose an alternative discretisation scheme to resolve this issue.

Linking the discretised with the continuous theory, special attention has
to be paid to the boundaries. For instance, the condition of a slowly vary-
ing velocity field, required for the localised approximation of the viscosity
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kernel, may not be met everywhere. However, it can be argued that the con-
tinuous derivative to be compared with the discrete derivative between the
first two fluid layers at the boundary (layer 1 and 2, say) is actually situated
already a good deal away from the interface, namely at the touching point
z1 of layer 1 and 2. There, the condition will usually be satisfied provided ∆z
is large enough. As a side note, there are also other approaches to deal with
the fast variations at boundaries in the literature like the multipole expan-
sion in references [157, 158, 160] – an expansion in derivatives of surface delta
functions.

Another issue is concerned with the force between liquid and wall and
affects the equivalence of velocity profiles with different discretisations ∆z.
Considering again a system of height h divided into n layers as in chapter 5,
one can calculated the total (deterministic) friction force, or the force ex-
erted on the walls, respectively, by summing up all dissipative terms in the
equation of motion. Using the matrix M given in equation (5.72), adapted
to the present description by replacing ϵ by ∆z, one gets

∆z2
∑
i j

Mi jv j = µ0v1 + α0
√
∆z

v2 − v1

∆z
+ µhvn − αh

√
∆z

vn − vn−1

∆z
. (6.111)

Let us just focus on the lower boundary at z = 0 and forget about cross-
correlations for a moment, that is we set α0 = 0. Then, the force exerted
by the liquid on the wall is µ0v1, which is in line with the interpretation of
the slip boundary condition as a balance of forces. However, unless the mi-
croscopic velocity profile varies almost imperceptibly on the scale of ∆z, the
definition (6.106) of vi implies that the discrete velocity and therefore seem-
ingly also the friction force depend on the discretisation. To be very clear,
this unphysical result is obtained if one uses a discretisation of the true mi-
croscopic state for the vi . If, in contrast, one uses the solution of the discrete
equation of motion, such a dubious behaviour is excluded by construction.
As an example, the left panel in figure 6.2 depicts the stationary solution for
various levels of discretisation, and we observe that the values of v1 and vn
are independent of n or ∆z. Thus, on the one hand, the present discrete the-
ory produces physically reasonable results, which, on the other hand, may
deviate from what one would get from discretising the true microscopic ve-
locity distribution.

Various sources may contribute to this discrepancy. To begin with, some
of the assumptions that had to be made to arrive at the present discrete
equations may not always be appropriate, thus calling for a modified equa-
tion of motion, for instance, due to longer ranged correlations. This would,

126



6.4 DISCRETE FIELDS

0.05

0.1

0.15

0.2

0 0.2 0.4 0.6 0.8 1

v
∆
z
(z

)

z

b0 = 0.1, bh = 0.2

0 0.2 0.4 0.6 0.8 1

z

b0 = 0.1 + ∆z/2, bh = 0.2 + ∆z/2

n = 20
n = 40
n = 80

n = 20
n = 40
n = 80

F 6.2: Stationary velocity profiles obtained from equation (5.77), displayed as step
functions (cf. eq. (5.25)), for −∂x p j = 1 and α0 = αh = 0. In the right panel, the slip length
depends on the layer thickness ∆z as given by equation (6.112).

however, require a new analysis of the problem, which is beyond the scope
of this thesis. Fortunately, there are also ways that conserve the particu-
larly simple form of the equations. One of them will be discussed in the
following in a little more detail, namely a potential dependency of the fric-
tion constant on the discretisation. Such a relation is certainly possible,
as the specific choice of ∆z directly affects the definition of the fluctuat-
ing forces. As with the viscosity η, a ∆z-dependence of the friction coef-
ficient for the microscopic discretised theory needs not contradict a con-
vergence to the correct, unique value in the continuum limit ∆z/λ → 0,
as we will see below. For the point to make, it is convenient to use the
crude yet sufficient assumption that we can approximate the discrete ve-
locity in the first layer v1 by an integral of the type of the last term of equa-
tion (6.106) over a smooth velocity field v′(z) = v′(0) + z ∂zv

′(z)|z=0 + . . . .
Very close to the boundary, v′(z) may deviate from the true v(z) and proba-
bly can rather be interpreted as a ‘close-up view’ of themacroscopic field ṽ(z)
that is obtained by solving the bulk equation of motion with corresponding
boundary conditions. For large enough values of ∆z, such an approxima-
tion should be justified, as one can disregard the comparatively small region
close to the boundary in the averaging integral in equation (6.106). One
then obtains v1 = v′(0) + ∆z 1

2 ∂zv
′(z)|z=0 + . . . , from which it follows that,

if the coefficients for two different discretisations ∆z and ∆z′ were linked by
µ(∆z) = µ(∆z′)

(
1 + 1

2 ∂zv
′(z)|z=0 /v

′(0)(∆z′ − ∆z) + . . .
)
, the corresponding

forces on the wall would be identical to order ∆z or ∆z′, respectively. If v′(z)
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indeed is the solution of the bulk equation of motion with a slip boundary
condition, then the ratio v′(0)/ ∂zv′(z)|z=0 is the slip length, thereby guaran-
teeing that, up to linear order, µ(∆z) does not depend on the specific velocity
profile but can still be an intrinsic property of the boundary. Setting ∆z′ = 0
and v′(0)/ ∂zv′(z)|z=0 = b(0), one gets µ(∆z) = µ(0)

(
1 − 1

2∆z/b(0) + . . .
)
and,

to linear order in ∆z the slip length,

b(∆z) =
η

µ(∆z)
≈ b(0) +

∆z

2
. (6.112)

The right panel of figure 6.2 demonstrates the effect such a dependency of
the slip length on the discretisation would have. In the given example, it
leads to an excellent collapse of the curves, so that those with smaller steps
could truly be seen as refinements of their coarser counterparts. Rescaling
according to b(∆z) = λb̃(∆z), where b̃(∆z) is assumed to be at least O(1),
yields b̃(∆z) ≈ b̃(0)+ 1

2∆z/λ, so that b̃(∆z)→ b̃(0) if ∆z/λ becomes negligible.
Hence, a relation like equation (6.112) would resolve the current problem
regarding a direct physical interpretation of the discrete theory while pre-
serving the value of the slip length in the continuum limit.

Concluding, note that a similar effect to that of equation (6.112) might
probably also be achieved by a different way of positioning the discrete grid
points, namely in a way that the centres of the first and last layer are always
located at z = 0 and z = h. In a related fashion, other discrete models define
the velocity at the wall as the average of v0 and v1, and the reader is referred
to the brief discussion in section 5.4.1. Moreover, it seems plausible that a
potential effect of the position of the microscopic solid surface in relation to
the layer boundaries can be treated in a similar manner. Last, allowing for
α , 0 or a varying viscosity at the boundary (cf. section 5.5) opens up many
more ways to influence the connection of the discrete theory to the physical
reality.

6.5 Summary

This chapter was concerned with the collective dynamics of many identical
particles (a fluid) in an external potential, which could be a simple represen-
tation of a wall or substrate. Using the projection operator formalism, the
equation of motion of the momentum density, that is a generalisation of the
fluctuating Navier-Stokes equation to systems with external potential, has
been derived (eq. (6.7)).
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Carrying out the projection operator approach in the same way as in the
deduction of the bulk Navier-Stokes equation turned out to yield no fluctu-
ating external forces and no corresponding friction coefficient between liq-
uid and external potential. The reason is that the force density generated by
the external potential (eq. (6.1)) is directly proportional to the mass density,
the latter being one of the distinguished observables. Hence, the external
force density is completely contained in the subspace spanned by the vari-
ables used for projecting and, consequently, has no fluctuating component
(cf. eq. (6.6)).

It was then demonstrated that fluctuating external forces can be ob-
tained by switching to a modified set of distinguished variables that have
been coarse grained in an irreversible manner. Fluctuating hydrodynamics
with fluctuating boundary forces thus can only be formulated for somewhat
coarsened scales. If the coarse graining consist in a real space convolution
with an appropriate integral kernel (eqs. (6.10), (6.11)), the irreversibility re-
quires the inverse of the correlations of the distinguished observables, which
is usually used in the projection operator, to be replaced by a pseudoinverse
(e.g. Moore-Penrose) (cf. eqs. (6.20), (6.21)). A suitable and convenient
coarse graining can be implemented by a cut-off in Fourier space, that is by
projecting only on modes of the observables above a certain minimal wave-
length (eq. (6.28)). The backtransform of the inverse of the correlations to
real space then fulfils the axioms of a Moore-Penrose pseudoinverse.

Following up these fundamental considerations, the above concept was
applied to derive the equation of motion for the coarse grained momen-
tum density (eq. (6.45)). As intended, it now also features fluctuating ex-
ternal forces and a force density proportional to the momentum density,
corresponding to an external friction force. Moreover, new terms contain-
ing cross-correlations of fluctuating stresses and fluctuating external forces
are present as well. In the context of scale separation, choosing a cut-off
wavelength larger than twice the wavelength of a periodic external potential
simplifies the equations (eq. (6.65)). The external potential then only ap-
pears implicitly through the additional dissipative terms and the fluctuating
external force.

Eventually, a simple discretisation method was applied in terms of av-
eraging out in z-direction over layers of finite thickness ∆z. Assuming ∆z
to be sufficiently large, so that correlations between different layers may be
neglected, the same discrete equations (eqs. (6.102)–(6.104)) could be ob-
tained that were derived in the top-down approach in chapter 5. This estab-
lishes a link between the micro- and macroscale. The resulting microscopic
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expression for the friction coefficient (eq. (6.105)) is structurally similar to
that of Bocquet and Barrat (eq. (4.8)) but differs in the details of the em-
ployed correlation function. Still, the possibility of analogous further ap-
proximations is likely.

The continuum limit of the discrete theory can be conducted by rescal-
ing with respect to a comparatively large length scale of interest λ, such that
∆z
λ → 0 while keeping ∆z fix. In addition, several unclear aspects and po-
tential drawbacks of the very simple discretisation scheme have been iden-
tified, but it was pointed out that already more sophisticated discretisation
methods are available in the literature. They might be even better suited for
basing on them a microscopic derivation of fluctuating hydrodynamics with
slip boundaries. Alternatively, it may be worth trying an approach similar
to the one of Ronis et al. (cf. the second part of sec. 4.3.2), which does not
attempt to evaluate the hydrodynamic fields directly from the microscopic
variables, but which – instead – only demands the congruence of both fields
in the bulk and allows for deviations (excess) near the boundaries.
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Chapter 7

Correlations
of External Forces

As announced at the end of section 4.3.1, Bocquet and Barrat’s Green-Kubo
formula for the slip length triggered a recent debate in the literature. The
question is whether the equilibrium autocorrelations of the total tangen-
tial force exerted by the liquid on a wall – as in the Green-Kubo relation –
describe a local friction coefficient between liquid and solid or rather an ef-
fective friction coefficient of the entire system, which is the standpoint of
Petravic and Harrowell [137, 138].

In this chapter, we will address this unresolved issue as a first applica-
tion of the formalism developed in chapter 5. While section 7.1 provides an
overview of the discussion, section 7.2 is reserved to the calculation of the
correlations of interest using a fluctuating hydrodynamics approach with
fluctuating boundary conditions. Interestingly, it turns out that both re-
sults – the correlations yielding a local and a global friction coefficient – can
be produced depending on the level of approximation used in the equations
of motion and the boundary conditions. Section 7.3 then proposes a resolu-
tion of this apparent contradiction, so that, in general, the used theoretical
framework supports the position of Petravic and Harrowell.

7.1 Literature review

Original work of Bocquet and Barrat As discussed inmore detail in sec-
tion 4.3.1, Bocquet and Barrat [21] proposed a Green-Kubo relation for the
friction coefficient λwall between a liquid and a solid. Considering flow in
x-direction along a flat surface of area S in the xy-plane, they related the
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integral of the autocorrelations of the total tangential force Fx (s) exerted by
the wall on the liquid at time s to the interfacial friction coefficient:

λwall =
1

SkBT

+∞∫
0

ds ⟨Fx (s)Fx (0)⟩CE. (7.1)

Here, the angular brackets ⟨. . .⟩CE denote the canonical equilibrium average,
kB is Boltzmann’s constant and T the temperature.

Criticism of Petravic and Harrowell Petravic and Harrowell [137, 138],
however, claim that equation (7.1) is only an effective friction coefficient
comprising friction at other walls in the system as well as viscous friction in-
side the fluid. More precisely, they consider a fluid slab confined by two par-
allel walls that are moved with constant velocities differing by ∆vwall. They
state that, for the coefficient µi(t) relating the tangential force Fxi(t) on wall
i to ∆vwall, linear response theory yields the result

µi(t) = lim
∆vwall→0

⟨Fxi(t)⟩/S
∆vwall

=
1

SkBT

t∫
0

ds ⟨Fxi(s)Fxi(0)⟩. (7.2)

The integral of the correlations is similar to the one in equation (7.1), but
instead of the slip velocity, it is the velocity difference of the confining walls
across the entire system which is related to the friction force. Based on this
observation, Petravic andHarrowell argue that both µ1(t) and µ2(t) approach
the same value µ as t → ∞, “[since], at equilibrium, the stress must be equal
throughout the system” [137]. Moreover, because the shear stress at any plane
parallel to the walls has to be equal in a stationary state, they obtain1

µ =
η

L + δ1 + δ2
. (7.3)

Here, η is the shear viscosity, L the width of the slab, and δ1 and δ2 are the
respective slip lengths. L + δ1 + δ2 thus is the effective hydrodynamic dis-
tance of the walls. As a consequence, the force autocorrelations measured
at wall 1, say, also depend on the slip length (and thereby on the structure)
of wall 2 and the distance L between the walls. This is incompatible with

1Note the erratum [138].
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the original idea that equation (7.1) represents an intrinsic property (i.e. the
friction coefficient) of the respective wall. Hence, Petravic and Harrowell
conclude that the “fluctuations [of the surface force] are coupled to stress
fluctuation throughout the entire system” [137]. The error in the derivation
in reference [21] – in their opinion – lies in the assumption “that the applied
perturbation γ̇(z − z0) [in the perturbation Hamiltonian of Bocquet and Bar-
rat’s linear response approach] was the actual liquid velocity.”

To prove their point, the authors report about equilibriummolecular dy-
namics (EMD) simulations of systems with widths L = 5.45 and L = 11.0 in
Lennard-Jones units of the used Lennard-Jones fluid. Indeed, they find that
the measured µi(t) depend on the system size and, moreover, converge to
the same value at large t, even though two distinctly structured walls were
used.2 They point out that no such behaviour of the slip length (or liquid-
solid friction coefficient) was found in the study in reference [36]. However,
one can criticise that, in reference [36], only larger systems were considered,
the smallest featuring a wall-to-wall distance of L = 12.75. In particular for
confinements as small as L = 5.45, it is known (see for example Ref. [176]
with L = 5.1) that a description in terms of classical hydrodynamics breaks
down and non-localities have to be taken into account. This is consistent
with the findings in reference [81], where a friction coefficient relating the
force on a wall and the center of mass velocity of the ‘first’ fluid layer (of
finite thickness) is measured by considering velocity autocorrelations and
velocity–force correlations in EMD simulations. There, the authors observe
a decrease of the friction coefficient, which eventually approaches a con-
stant value as L increases. Within their errorbars, the minimum L has to
be at least about 7, but the trend in the plot suggest that even higher val-
ues are likely. Their explanation, too, is the influence of spatial correlations.
In the light of these results, it is not surprising that Petravic and Harrowell
observe different µi(t) for L = 5.45 and L = 11.0, and one may wonder if
the µi(t → ∞) converge to non-zero constant values for larger L as well. On
the other hand, a fact that supports the arguments of Petravic and Harrow-
ell is that equation (7.3) seems to cover the L dependence of the measured
value of µ – at least for the two values of L under consideration. Concerning
the second aspect, the measured independence of the long time values of
the µi(t) from the wall structure, Petravic and Harrowell unfortunately only
show data for the L = 5.45 system, where – as mentioned before – correla-
tions can be expected to span the entire width of the slab.

2Similar measurements and results can also be found in ref. [139].
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Response of Bocquet and Barrat In reference [24], Bocquet and Barrat
comment on Petravic and Harrowell’s paper by stating that the “delicate and
subtle questions” raised by the “applicability” of their original Green-Kubo
formula were “due to the order in which limits are taken between the system
size (number of fluid particles) and time going to infinity”. This issue has
already been investigated extensively in the context of Brownianmotion and
colloidal particles (see, for instance, refs. [26, 50]) and is closely related to
the so-called plateau value problem. The latter refers to the fact that many
Green-Kubo type time integrals of correlations decay to zero in the long time
limit but – under certain conditions – may feature a plateau at intermediate
times, which may be used to estimate the transport coefficient. Work on
this topic dates back as far as to Kirkwood [96], and a more complete list of
references can, for example, be found in reference [136].

Bocquet and Barrat continue by pointing out the utility of their formula
for the extraction of the influence of various interface properties on the slip
length. See also the review in section 4.3.1. One should, however, note that
the success of approximate expressions based on the Green-Kubo relation
is no proof of its validity. In fact, the definition of the friction coefficient
in terms of fluctuating forces that obey the reduced dynamics like in chap-
ter 5 and 6 has a very similar structure, allowing for the very same approx-
imations. Hence, although a direct use of the Green-Kubo relation for the
measurement of the friction coefficient may be problematic, the derived ap-
proximations are useful, as they are identical to those one could base on the
proper definition of the friction coefficient.

The main content of reference [24] is then the proposition of an alterna-
tive derivation of the Green-Kubo formula (7.1). The authors claim to have
shown that “bulk fluid modes do not enter directly into the surface proper-
ties in the long time limit.” In detail, they consider a model system in which
the tangential force on a wall with large mass M is given by

Fw(t) = M
dU(t)
dt
= −λAvs(t) + δF(t) (7.4)

with δF(t) being a stochastic force, A the interface area, λ the friction coef-
ficient and vs =U − v f the relative velocity between wall (U) and liquid (v f ).
For vs(t), they assume a linear response according to

vs(t) =

∞∫
−∞

dt′ ξ(t − t′)U(t′) (7.5)

and then assert that the “Fluctuation-Dissipation theorem [...] imposes [...]
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⟨δF(t)δF(0)⟩ = 2λAkBTξ(t) for t > 0”. They argue that the kernel ξ(t) van-
ishes for t < 0 and contains a δ(t) contribution, so that we can rewrite equa-
tion (7.4) as

Fw(t) = M
dU(t)
dt
= −λAU(t) − λA

t∫
−∞

dt′ ξ′(t − t′)U(t′) + δF(t). (7.6)

They also mention “that the calculation implicitly assumes a system with an
infinite number of particles N = ∞, so that the thermodynamic limit is al-
ready achieved, before any time or mass limit are taken.” Note that, in the
above equation, the force on the wall features both an instantaneous and a
retarded contribution. At least in their exemplary calculations, the retarded
term in Fw(t), however, is not a property of the liquid-solid friction but orig-
inates from the coupling to a spatially extended bulk fluid with inertia. For
instance, ξ(t) is calculated for a system that is described by the Stokes equa-
tion ρ∂tv f (r, t) = −∇P + η∆v f (r, t) supplemented by the Navier boundary
condition vs ,t = δ ∂zv f ,t

∣∣∣
wall, where δ is the slip length and the subscript ‘t’

refers to the projection of the corresponding vector on the plane of the wall.
However, independent of concrete examples, Bocquet and Barrat recover

their Green-Kubo formula for the friction coefficient,

λ =
1

AkBT

∫ ∞

0
dt ⟨Fw(t) · Fw(0)⟩ , (7.7)

by solving their model in a general fashion.

Studies of Falk et al. This is also a good occasion to discuss the work
of Falk et al. [57–59], which – on the first glance – seems to support Boc-
quet and Barrat’s claim, as they report a quantitative agreement of friction
coefficients obtained from the Green-Kubo relation on the one hand and
non-equilibrium molecular dynamics simulations on the other hand.

However, the walls in their slab geometry (which were both of the same
type) were not treated independently, but only the total force on all wall
atoms was measured. And in their tube geometry, there is only one wall
anyway. Moreover, the flow type in the non-equilibrium simulations was
more or less plug like, wherefore viscous dissipation inside the liquid was
presumably negligible. This means that, in this specific scenario, the effec-
tive friction coefficient of the whole system and the local coefficient(s) of the
wall(s) must be expected to be identical. The found quantitative agreement
is thus no proof for the general validity of Bocquet and Barrat’s formula.
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Furthermore, one may notice that the integrated force autocorrelations
apparently behave quite differently in the work of Falk et al. and the paper
of Petravic and Harrowell [137]. Plotted against the upper integration limit,
the curves presented by Falk et al. increase rapidly to a ‘plateau’, which is
the transition to a much slower decrease. In the supporting information to
reference [58], it is stated that the estimates for the Green-Kubo formula
were obtained by fitting these ‘plateaus’ with constants in the region from
0.6 to 2ps. In contrast, the corresponding curves of Petravic and Harrowell
have a relatively sharp maximum at the beginning before leveling off at a
much smaller positive value. Notably, while this long time limit depends on
the system size, the height of the maximum obviously does not. Moreover,
the peak width is of the order of 1, supposedly measured in Lennard-Jones
units, which have a typical size of approximately again 2ps. One might thus
ask if Falk et al. only probed this peak.

7.2 Correlations of external forces using fluctuating
boundary conditions

Motivated by the generalised Langevin approach of Bocquet and Barrat [24]
to find an alternative derivation for their Green-Kubo formula, let us apply
the fluctuating hydrodynamics theory of chapter 5 to the problem. Using the
fluctuating boundary conditions to supplement the fluctuating bulk equa-
tion of motion, in this section, the equilibrium correlations of the forces
which are exerted by a slab of liquid on a lower and upper wall at z = 0 and
z = h are calculated. This will be done based on three different levels of
approximation of the equations, and, interestingly, one finds that the inter-
mediate level, which comes closest to the description of Bocquet and Bar-
rat [24], also yields their result, whereas the other levels support the findings
of Petravic and Harrowell [137, 139]. In the subsequent section 7.3, an expla-
nation for this discrepancy is suggested, which comes down to the idea that
an incorrect assumption for the correlations of stochastic forces and initial
velocities was used.

7.2.1 Simple model

The simplest model equation corresponds to the one introduced in chap-
ter 5, but, in addition, the inertia term ρ∂tv is neglected here. It is also similar
to the equation used in chapter 8 in the context of a thin film approximation.
As the interest is in equilibrium correlations, no pressure gradient or exter-
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nal forcing is present, too. We thus have the following equation of motion
for the tangential velocity v

0 = η∂2
zv − ∂zS (7.8)

with boundary conditions (cf. eqs. (5.59), (5.60))

η ∂zv(z)|z=0 − S(0) = µ0v(0) − F0 , (7.9)
η ∂zv(z)|z=h − S(h) = − µhv(h) − Fh . (7.10)

Next, we identify the mathematical boundary conditions with actual phys-
ical forces. Within the present model, the tangential forces exerted by the
liquid on the lower and upper wall per unit area are

Fw,0 := µ0v(0) − F0 , (7.11)
Fw,h := µhv(h) + Fh . (7.12)

The equation of motion is easily solved to yield

Fw,h = −Fw,0 =
η

h + b0 + bh

1
η

h∫
0

dz S(z) +
1
µ0

F0 +
1
µh

Fh

 , (7.13)

where b0/h := η/µ0/h . Using the scalar product of chapter 5, defined for two
observables A(r, t) and B(r, t) by(

A(z), B(z′)
)

:=
1

kBT

∫
dx

∫
dy

∫ ∞

0
dt ⟨A(r, t)|B(r′, 0)⟩, (7.14)

and – analogous to equations (5.67)–(5.69) – the correlations(
S(z), S(z′)

)
= ηδ(z − z′), (7.15)(

Fi , Fj

)
= µiδi j , (7.16)(

S(z), Fi

)
= 0, (7.17)

where i , j ∈ {0, h} and where the orthogonality of fluctuating stresses S(z)
and boundary forces Fi can be ensured using effective forces (cf. sec. 5.5.5),
one obtains (

Fw,0 , Fw,0
)
=

(
Fw,h , Fw,h

)
=

η

h + b0 + bh
. (7.18)

This is consistent with the findings of Petravic and Harrowell. To check that
this result is not an artefact of an over-simplified model, the calculations
are repeated for a more detailed description – as far as temporal aspects are
concerned – in the next section.
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7.2.2 Detailed model

For the detailedmodel, the inertia term ρ∂tv is reintroduced, and, moreover,
bearing in mind that the origin of the equations is a generalised Langevin
equation, the Markov approximation (cf. sec. 2.3.4) is revoked by replacing
the transport coefficients with convolution integrals with transport kernels.
The equation of motion now reads

ρ∂tv(z , t) =

t∫
0

dt′ η(t − t′)∂2
zv(z , t′) − ∂zS(z , t) (7.19)

and the boundary conditions are

t∫
0

dt′ η(t − t′) ∂zv(z , t′)
∣∣∣
z=0 − S(0, t) =

t∫
0

dt′ µ0(t − t′)v(0, t′) − F0(t),

(7.20)
t∫

0

dt′ η(t − t′) ∂zv(z , t′)
∣∣∣
z=h
− S(h, t) = −

t∫
0

dt′ µh(t − t′)v(h, t′) − Fh(t).

(7.21)

Correspondingly, the forces on the walls are given by

Fw,0(t) :=

t∫
0

dt′ µ0(t − t′)v(0, t′) − F0(t), (7.22)

Fw,h(t) :=

t∫
0

dt′ µh(t − t′)v(h, t′) + Fh(t). (7.23)

Note that the ‘deterministic’ part of the force exerted on the wall is not
instantaneous (i.e. it vanishes at t = 0), wherefore Fw,0(0) = −F0(0) and
Fw,h(0) = Fh(0). The initial values of the wall forces are thus solely deter-
mined by the fluctuating boundary forces. This is consistent with themicro-
scopic theory in chapter 6. There, at t = 0, the coarse grained reduced time
evolution operator R′

D
(t) (eq. (6.51)) is just the orthogonal projection opera-

torQD . Hence, the fluctuating external force density F̃D(q, t = 0) (eq. (6.47))
ismerely the projection of the external force density on the subspacewhich is
orthogonal to the distinguished variables, that is F̃D(q, 0) = R′

D
(0)δf̃ext(q) =

138



7.2 CORRELATIONS OF EXT. FORCES USING FLUCT. BOUNDARY CONDITIONS

QDδf̃ext(q). Now, using the bulk equations of motion plus boundary condi-
tions, as it is done here, implicitly assumes that the considered wavelengths
and the coarse graining (see also sec. 6.3.2) are such that δf̃ext(q) is com-
pletely contained in this orthogonal space. If not, the equations of motion
would have to feature a term that accounts for the instantaneous interaction
of the hydrodynamic field ρ with the external potential, as it will be the case
in section 9.4. Consequently, at t = 0, the fluctuating external force density
is nothing but the true external force density: F̃D(q, 0) = δf̃ext(q, 0).

For the further calculations, it is useful to carry out a Laplace transform,
which for some function f (t) is given by f̃ (s) :=

∫ ∞
0 dt f (t)e−st . The equation

of motion and the boundary conditions then read

ρsṽ(z , s) − ρv(z , 0) = η̃(s)∂2
z ṽ(z , s) − ∂z S̃(z , s) (7.24)

and

η̃(s) ∂z ṽ(z , s)|z=0 − S̃(0, s) = µ̃0(s)ṽ(0, s) − F̃0(s), (7.25)

η̃(s) ∂z ṽ(z , s)|z=h − S̃(h, s) = − µ̃h(s)ṽ(h, s) − F̃h(s). (7.26)

Likewise, the forces on the walls are

F̃w,0(s) = µ̃0(s)ṽ(0, s) − F̃0(s), (7.27)

F̃w,h(s) = µ̃h(s)ṽ(h, s) + F̃h(s). (7.28)

Now, let’s consider the force correlations. To do this, it is convenient to
first introduce a new notation [A, B] defined as in equation (7.14) but with-
out the time integral, so that, for any phase space observables A and B, we
have (A, B) =

∫ ∞
0 dt [A(0), B(t)] = [A(0), B̃(0)]. We can thus write down

the fluctuation dissipation relations of the frequency-dependent transport
coefficients as

[
S(z , 0), S̃(z′, s)

]
= η̃(s)δ(z − z′), (7.29)[

Fi(0), F̃j (s)
]
= µ̃i(s)δi j , (7.30)

where the transport coefficients of the simple model correspond to the low
frequency limit according to η = η̃(0) and µi = µ̃i(0). Assuming again that
the fluctuating stresses and boundary forces are orthogonal to each other

139



CORRELATIONS OF EXTERNAL FORCES

and to the initial velocity field, one then finds by solving the equation of
motion that[
Fw,0(0), F̃w,0(s)

]
=

[
F0(0), F̃0(s)

] − µ̃0(s)
[
F0(0), ṽ(0, s)

]
= η̃(s)

b̃h(s)
(
e2h/l̃(s) − 1

)
+ l̃(s)

(
e2h/l̃(s) + 1

)(
l̃(s)2 + b̃0(s)b̃h(s)

) (
e2h/l̃(s) − 1

)
+ l̃(s)

(
b̃0(s) + b̃h(s)

) (
e2h/l̃(s) + 1

) .
(7.31)

The length l̃(s) :=
√
η̃(s)/(ρs) is the characteristic penetration depth of shear

waves with frequency s, and b̃i(s) := η̃(s)/µ̃i(s). A similar result is obtained
for the other boundary at z = h as well, which – however – is not given
here due to the lengthy expression. Equation (7.31) reveals the frequency-
dependent influence of stress fluctuations inside the liquid and of the fluc-
tuating boundary force at the opposingwall on the force correlations at z = 0.
These fluctuations propagate through the liquid as shear waves, their range
being set by l̃(s). In the following, the limits of the force correlations for very
high and very low frequencies are discussed.

The zero frequency limit s → 0 is equivalent to calculating the time in-
tegral of the force autocorrelation function. Since η̃(0) = η, l̃(s) diverges, and
we find

(
Fw,0 , Fw,0

)
= lim

s→0

[
Fw,0(0), F̃w,0(s)

]
=

η̃(0)
h + b̃0(0) + b̃h(0)

, (7.32)

which confirms the result obtained with the simple model of section 7.2.1.
For the opposite limit of high frequencies (or short times), it is reasonable
to assume the viscosity to vanish (see, for instance, the viscoelastic model
on page 242 of ref. [79]), wherefore one can expect l̃(s) to go to zero as s →
∞. Under these premises, the influence of the second boundary becomes
negligible, which is reflected by the fact that the system size only appears
in the combination h/l̃(s). This is probably also the reason why the height
of the peak at short times in the plot of the integrated force autocorrelation
function in the paper of Petravic and Harrowell is insensitive to the system
size and only depends on the characteristics of the corresponding wall. Let
us take these observations as a motivation to consider the limit h → ∞ first.
We find

lim
h→∞

[
Fw,0(0), F̃w,0(s)

]
=

η̃(s)
b̃0(s) + l̃(s)

=

 1
µ̃0(s)

+
1√

η̃(s)ρs

−1

. (7.33)
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As predicted, the influence of the second boundary (reflected by b̃h(s)) has
vanished, however not the one from the bulk liquid. Now, we additionally
take s to high values. In the viscoelastic model referred to above, η̃(s) goes as
G∞/s, whereG∞ is the instantaneous modulus of rigidity, so that

√
η̃(s)ρs →√

G∞ρ. In that case, the high-frequency behaviour of the force correlations is
determined by the local interfacial friction coefficient and the elastic rigidity
of the fluid. If µ̃0(s) went to zero as well, it would dominate equation (7.33)
and all influences from the bulk liquid would have disappeared at last.

Having already calculated the limit h → ∞ for some finite, non-zero s,
we can, moreover, address the matter of the order of limits. As discussed in
section 7.1, Bocquet and Barrat argued that the contradiction between their
and Petravic and Harrowell’s results might be “due to the order in which
limits are taken between the system size (number of fluid particles) and time
going to infinity” [24]. From equations (7.32) and (7.33), it follows that, in
the present model, the order of the limits does not play a role since

lim
s→0

lim
h→∞

[
Fw,0(0), F̃w,0(s)

]
= lim

h→∞
lim
s→0

[
Fw,0(0), F̃w,0(s)

]
= 0. (7.34)

Moreover, the leading order term with respect to s of the right-hand side
of equation (7.33) is

√
η̃(0)ρs, which contradicts the claim of Bocquet and

Barrat [24] “that the bulk fluid modes do not enter directly into the surface
properties in the long time limit.”

It is an interesting question to ask, if one can use equation (7.31) to find
out if there are circumstances under which the finite time integral of the
autocorrelations of the external force in a real (i.e. finite) system may be
used to determine the fluid-liquid friction coefficient.

7.2.3 Intermediate model

Let us now come to the intermediate level of detail, which – as announced –
seems to produce a deviating result. Reintroducing the Markov approxima-
tion, the equation of motion to be used is

ρ∂tv = η∂
2
zv − ∂zS (7.35)

in combination with the boundary conditions

η ∂zv(z)|z=0 − S(0) = µ0v(0) − Fh , (7.36)

η ∂zv(z)|z=h − S(h) = − µhv(h) − Fh . (7.37)
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The wall forces are now given by

Fw,0 := µ0v(0) − F0 , (7.38)

Fw,h := µhv(L) + Fh . (7.39)

These equations are similar to themodel of Bocquet and Barrat (cf. eq. (7.6))
in that they combine an inertia term with an instantaneous dissipative re-
sponse. As mentioned before, Bocquet and Barrat also allow for a retarded
response in their equation, which, however, – at least in their model calcu-
lations – is only related to the dynamics of the bulk fluid that is coupled to
the wall. Even though the dissipative term in the equation of motion of the
fluid is instantaneous, inertia and spatial effects lead to a retarded response
at the boundary.

A Laplace transformation of the above formulas leads to the same equa-
tions as in the detailed model (cf. eqs. (7.24), (7.25) and (7.26)), except for
the transport coefficients η, µ0 and µh being independent of s. In other
words, they are being set to their limiting values as s → 0 right from the
start. However, now at t = 0, Fw,0(0) = µ0v(0, 0) − F0(0) has an additional
contribution from v(0, 0) in contrast to the previous section.

Using the same correlations as before and particularly assuming that the
initial velocities are still uncorrelated to the fluctuating stresses and bound-
ary forces, the extra contribution in Fw,0(0) leads to the completely different
outcome (

Fw,i , Fw,i
)
= µi . (7.40)

This is the same result as the one Bocquet and Barrat obtain in reference [24],
which suggests that the inconsistency with respect to the findings of Petravic
and Harrowell may have a similar background as in the present case. Analo-
gously to us assuming the initial velocities to be uncorrelated to the fluctu-
ating stresses, which – in the next section – will be shown to be very prob-
ably incorrect in this context, Bocquet and Barrat have to implicitly assume
⟨δF(t)U(0)⟩ = 0 to obtain their equation (9) from equation (6).

Moreover, one finds that again the order of limits h → ∞ and s → 0 is
irrelevant. However, unlike in the previous section, the leading order term
of lim

h→∞

[
Fw,i(0), F̃w,i(s)

]
with respect to s is given by µi here, complying with

Bocquet and Barrat’s statement of bulk fluid modes not playing a role in the
long time limit.
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7.3 Relating the models

In this section, the relation between the three different models of the pre-
vious section is elucidated by studying a generic Langevin equation and its
approximations. We will find similarly contradictory results, identify their
origin and propose a solution.

The three different equations, starting from the most general one, are

∂t A(t) = −
t∫

0

dt′ M(t − t′)A(t′) + F(t), (7.41)

∂t A(t) = − MA(t) + F(t), (7.42)

0 = − MA(t) + F(t). (7.43)

Now, let’s try to derive the approximations in a systematic manner to see
how the simplified equations have to be read. Defining At0(t) := A(t + t0)
and Ft0(t) := F(t + t0), we can rewrite the first of the above equations as

∂t At0(t) = −
t∫

−t0

dt′ M(t − t′)At0(t′) + Ft0(t). (7.44)

Provided that t0 is much larger than the decay time of M(t) and that A(t)
varies sufficiently slowly, we may then approximate for all t ≥ 0

∂t At0(t) ≈ −


∞∫

0

dt′ M(t′)

︸             ︷︷             ︸
=:M

At0(t) + Ft0(t), (7.45)

which is equivalent to assuming the correlations ⟨Ft0(t)|Ft0(t′)⟩ = 2⟨A|A⟩δ(t−
t′). Note that the shift of time by t0 is essential for the approximation to be
valid for times between zero and the decay time of M(t). In particular, while
∂t A(t)|t=0 = F(0), we now have ∂t A(t)t0

∣∣∣
t=0 = −MAt0(0) + Ft0(0). This all

suggests that equation (7.42) has to be understood in the sense of equa-
tion (7.45). If that is so, it has consequences for the correlations. For in-
stance, while usually the projection procedure guarantees ⟨A(0)|F(t)⟩ = 0,
we have here

⟨At0(0)|Ft0(t)⟩ =
0∫

−t0

dt′ M(t − t′)⟨A(0)|A(t′)⟩. (7.46)
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This can be seen by the following considerations. As the equilibrium dis-
tribution is stationary, equilibrium averages can obviously only depend on
relative times, so that ⟨A(0)|A(t)⟩ = ⟨A(t0)|A(t + t0)⟩ = ⟨At0(0)|At0(t)⟩ for all t
and t0. Therefore, ∂t ⟨A(0)|A(t)⟩ = ∂t ⟨At0(0)|At0(t)⟩ as well. Now,

∂t ⟨A(0)|A(t)⟩ = −
t∫

0

dt′M(t − t′)⟨A(0)|A(t′)⟩ + ⟨A(0)|F(t)⟩︸        ︷︷        ︸
=0

(7.47)

and

∂t ⟨At0(0)|At0(t)⟩ = ∂t ⟨A(t0)|A(t + t0)⟩

= −
t+t0∫
0

dt′M(t + t0 − t′)⟨A(t0)|A(t′)⟩ + ⟨A(t0)|F(t + t0)⟩

= −
t∫

−t0

dt′M(t − t′)⟨A(0)|A(t′)⟩ + ⟨At0(0)|Ft0(t)⟩. (7.48)

A comparison then immediately yields equation (7.46).
For completeness, let’s also sketch how the second approximation can be

obtained from the first one. If one chooses t′0 ≫ 1/M , so that e−Mt ′0 is neg-
ligible, one can approximate the solution of equation (7.45) in the following
way for t ≥ 0:

At0+t
′
0
(t) =

t+t ′0∫
0

dt′e−M ·(t+t ′0−t ′)Ft0(t′) + At0e−M ·(t+t0) ≈ 1
M

F′
t0+t

′
0
(t), (7.49)

where

F′
t0+t

′
0
(t) := M

t+t ′0∫
0

dt′e−M ·(t+t ′0−t ′)Ft0(t′). (7.50)

Obviously, this is the solution of the equation

0 = −MAt0+t
′
0
(t) + F′

t0+t
′
0
(t), (7.51)

reminiscent of equation (7.43). Using the approximation ⟨Ft0(t)|Ft0(t′)⟩ =
2⟨A|A⟩Mδ(t − t′) as above, the correlations of the new fluctuating force read⟨

F′
t0+t

′
0
(t)

∣∣∣F′
t0+t

′
0
(t′)

⟩ ≈ ⟨A|A⟩M · Me−M |t−t ′ | , (7.52)
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where the term Me−M |t−t ′ | may eventually be approximated as 2δ(t − t′).
It is rather tedious to apply these concepts to the more complex models

but quite simple to show that, indeed, for the present simple generic equa-
tions, the correct interpretation resolves a similar contradiction as the one
we found above. Let us thus begin by constructing the apparently contradic-
tory result. To do this, we consider equation (7.41) and (7.42) and represent
the cause for a change of A(t) by a generalised force FA(t). Hence, we have
the following two relations for FA(t):

FA(t) = −
t∫

0

dt′ M(t − t′)A(t′) + F(t), (7.53)

FA(t) = − MA(t) + F(t). (7.54)

Suppose we are now interested in the time integral of the autocorrelation
function of this force, that is we want to calculate ⟨FA(0)|F̃A(0)⟩, where the
tilde signifies again the Laplace transform. From a straightforward calcula-
tion it follows that ⟨FA(0)|F̃A(0)⟩ = −⟨F(0)|A(0)⟩ = 0 for the first equation
and ⟨FA(0)|F̃A(0)⟩ = M⟨A(0)|A(0)⟩ − ⟨F(0)|A(0)⟩ for the second equation. If
we simply used the relation ⟨F(0)|A(0)⟩ = 0 in the second case as well, we’d
thus obtain differing results.

However, we have just learned that, in the second case, A(t) should be
interpreted as At0(t) and so on, implying

⟨F(0)|A(0)⟩ =
0∫

−t0

dt′ M(−t′)⟨A(0)|A(t′)⟩ (7.55)

(cf. equation (7.46), using ⟨A(0)|A(t)⟩ = ⟨At0(0)|At0(t)⟩). If one now applies
the same approximation that was used to derive equation (7.42) from equa-
tion (7.41), one gets

0∫
−t0

dt′ M(−t′)⟨A(0)|A(t′)⟩ ≈


∞∫

0

dt′ M(t)

 ⟨A(0)|A(0)⟩ = M⟨A(0)|A(0)⟩,

(7.56)
which exactly cancels the other term in ⟨FA(0)|F̃A(0)⟩ and leads to a consis-
tent result.

Transferring this insight to the hydrodynamic model systems suggest
that the inappropriate assumption of the initial velocity field to be uncorre-
lated to the fluctuating stresses for equations that approximate dissipation
by an instantaneous response is the cause of the deviating results.
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7.4 Summary

By considering a fluid slab between two parallel walls, this chapter addressed
the physical meaning of the integrated correlations of the tangential forces
exerted by a liquid on a boundary. The problem was described by equations
on three different levels of detail based on the fluctuating boundary condi-
tions approach. The crudest level (eq. (7.8)–(7.12)) neglects inertia and ap-
proximates viscous and interfacial friction, which are convolution integrals
with transport kernels, by mere products with the corresponding transport
coefficients. By that, these originally retarded responses are made instan-
taneous. In the intermediate level (eq. (7.35)–(7.39)), the inertia term ρ∂tv

is reintroduced, and, on the highest level (eq. (7.19)–(7.23)), the dissipative
terms are, moreover, written again as temporal convolution integrals.

Interestingly, while the most detailed and the simplest representation
both yield the result of Petravic and Harrowell (eqs. (7.18), (7.32)), an ef-
fective friction coefficient depending on both walls and the system size, the
intermediate one, which – in its structure – is closest to Bocquet and Barrat’s
model, also produces their Green-Kubo relation (eq. (7.40)). The origin of
this contradictory result was discussed in the context of a generic, abstract
Langevin equation (eq. (7.41)), and a systematic derivation of approximate
equations (eqs. (7.42), (7.43)) revealed that incorrectly assuming the orthog-
onality of the initial value of an observable and the fluctuating force (see
eq. (7.46) for the correct relation) was the cause of the issue. This suggests
a similar problem in Bocquet and Barrat’s derivation in reference [24].

Moreover, the detailed and intermediatemodel allowed for swapping the
limits of infinite system size and infinite upper temporal integration bound,
the order of which was put forward by Bocquet and Barrat as an explanation
for the different results. In the present theory, however, the order of the
limits is of no importance in either model. In addition, in line with the ob-
servation of Bocquet and Barrat [24], bulk modes were indeed found to have
no influence on the long time value of the integrated wall force correlations
in the limit h → ∞ of the presumably incorrect intermediate model, whereas
they determined the limiting behaviour in the detailedmodel (cf. eq. (7.33)).
There, a direct correspondence between the wall force correlations and the
local friction coefficient can only be expected in the high frequency / short
time limit, if at all.

Summing up, the results of Petravic and Harrowell were confirmed with-
in the framework of fluctuating hydrodynamics with fluctuating boundary
conditions, and a possible source for the deviating findings of Bocquet and
Barrat could be identified.
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Chapter 8

Stochastic Lubrication Models
with Slip

As another relevant example of their utility, fluctuating boundary condi-
tions are employed in this chapter in the derivation of stochastic thin film
equations with slip. This lays the foundation for an analytical treatment of
the influence of thermal fluctuations on the dynamics of thin liquid films on
substrates with slip boundary conditions.

The morphology and dynamics of (dewetting) thin films has received
substantial attention in the scientific community, and, in the last decade,
many experimental, theoretical and numerical studies have been devoted to
identifying the role of slip in this context. See, for instance, references [6–
10, 19, 60–63, 94, 123, 124, 152, 154]. In particular, deterministic equations
of motion for the film height (thin film equations) have been derived for
various slip regimes ranging from no to full slip [61, 94, 124, 132], and ex-
perimental systems are available to directly test predictions. With regard to
thermal fluctuations, only the no-slip case has been discussed so far [153]. A
stochastic version of the thin film equation for no-slip boundaries has been
deduced in references [40, 76, 116], and “the theoretical prediction that ther-
mal noise can strongly influence characteristic time scales of fluid flow and
cause coarsening of typical length scales” has been confirmed in experiments
[64]. In reference [153], led by analogy and the close relation to the no-slip
case, the authors propose a stochastic thin film equation for weak slip but
state that the approach of references [76, 116] “cannot be generalized directly
to the weak-slip regime”. In this chapter, it will be demonstrated that the
missing part for such a derivation is the stochastic boundary condition, ren-
dering possible the deduction of fluctuating thin film equations not only for
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weak but also for strong slip, for which – according to reference [153] – no
theory is available at present. Thermal fluctuations have also been found
to be important in other processes like the formation of drops [83] and the
breakup of nanojets [47, 122]. The latter suggests a possible field of applica-
tion for stochastic thin film equations with slip, which is a Rayleigh-Plateau
rim instability occurring during dewetting. It has already been shown that
this effect is sensitive to the boundary condition (i.e. the slip length) at the
substrate [10, 123].

In addition to the derivation of the stochastic thin film equations for
weak and strong slip and the corresponding fluctuation dissipation relations,
their linearised versions will be solved in this chapter and the autocorrela-
tion function of the film height will be calculated. If inertia can be neglected,
formally identical results are obtained for no, weak and strong slip, and dif-
ferences or dependencies on the slip length are limited to the dispersion
relation ω(q) and the specific composition of the effective noise term. How-
ever, according to scaling arguments, inertia is more likely to play a role
in the case of strong slip, leading to more complex behaviour. A result to
be particularly highlighted is the fact that, in all considered cases, the equal
time height-height correlations of stablemodes (i.e. modes that do not grow
unboundedly) decay to the same static equilibrium correlations, which are
in agreement with the usual effective interface Hamiltonian. This result can
only be obtained by including thermal fluctuations into the equations ofmo-
tion and – in particular – is another indication that the fluctuating bound-
ary conditions are the correct generalisation of fluctuating hydrodynamics
to systems with slip boundaries.

8.1 Stochastic thin film equations with slip

The following derivation of stochastic thin film equations with slip essen-
tially retraces the steps in reference [124], where a similar derivation was car-
ried out for a deterministic theory without thermal noise. For the inclusion
of fluctuating stresses and forces, references [76, 116] serve as a guideline,
however with a slight revision.

8.1.1 Governing equations

Consider a thin film of an incompressible Newtonian liquid on an infinite
flat substrate, as sketched in figure 8.1. For simplicity, and because a gener-
alisation poses no principle difficulties, let us restrict our treatment to two
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z = h(x , t)

L ≫ H

H

x

0

z

F 8.1: Sketch of a thin liquid film on a substrate. The height of the film is parametrised
by the curve z = h(x , t). Lateral variations of film properties are assumed to occur on scales
L that are much larger than the vertical scale H.

dimensions, where x is to be the tangential and z the normal direction of the
surface of the substrate. Moreover, it is assumed that the thickness of the
film may be parametrised by the curve z = h(x , t).

With the two-dimensional gradient operator ∇ = (∂x , ∂z )T, the convec-
tive derivative Dt = ∂t + v · ∇ and the incompressibility condition

∇ · v = 0, (8.1)

the fluctuating Navier-Stokes equation (cf. sections 3.1 and 3.2) governing
the dynamics of the fluid velocity field v = (vx , vz )T reads

ρDtv = −∇
(
p + ϕ′(h)

)
+ η∇2v − ∇ · S. (8.2)

As usual, the constant mass density is denoted by ρ, p signifies the pres-
sure field, η the shear viscosity and S the stochastic or fluctuating stress
tensor. The new quantity ϕ(h) is the effective interface potential, and its
negative derivative with respect to the film height, −ϕ′(h), is called disjoin-
ing pressure. According to reference [116], the disjoining pressure accounts
for “molecular interactions among liquid molecules as well as between the
liquid and the substrate molecules” and reflects the wetting properties of a
substrate.

Next, we have to specify the boundary conditions. At the substrate, at
z = 0, the solid boundary is represented by the impermeability condition for
the normal velocity and the fluctuating slip boundary condition (5.91) for
the tangential velocity:

vz = 0, (8.3)
η∂zvx − Sxz = µvx − Fx . (8.4)
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Fx is the fluctuating boundary force and µ the interfacial friction coefficient.
At the free surface, at z = h, the usual stress and kinematic boundary condi-
tions

0 = (η(∂zvx + ∂xvz ) − Sxz )
(
1 − (∂xh)2

)
− (4η∂xvx + Szz − Sxx ) ∂xh, (8.5)

0 =
2
[
η∂xvx

(
1 − (∂xh)2

)
+ (η(∂zvx + ∂xvz ) − Sxz ) ∂xh

]
+ Sxx (∂xh)2 + Szz

1 + (∂xh)2

+σ
∂2
xh(

1 + (∂xh)2)3/2 + p, (8.6)

0 = ∂th − vz + vx∂xh, (8.7)

are applied, which assume that the normal and tangential stresses are bal-
anced by the surface tension σ and, given the liquid is non-volatile, that the
surface normal velocity is identical to the corresponding component of the
flow velocity v.

The description of the problem is completed by giving the fluctuation
dissipation relations of the fluctuating quantities and the transport coeffi-
cients (cf. eqs. (3.10), (5.43) and (5.44)):

⟨Si j (r, t)Skl (r′, t′)⟩eq = 2kBT χi jkl δ(r − r′)δ(t − t′), (8.8)

⟨Fx(x , t)Fx (x′, t′)⟩eq = 2kBT µ δ(x − x′)δ(t − t′), (8.9)

⟨Si j (r, t)Fx (x′, t′)⟩eq = 0. (8.10)

As usual (cf. eq. (3.8)),

χi jkl := η(δikδ jl + δilδ jk ) +
(
ζ − 2

3
η

)
δi jδkl , (8.11)

where ζ is the bulk viscosity, which – however – plays no role in the present
situation because of the incompressibility condition (8.1). Based on the con-
siderations in section 5.5.5, we can take the stochastic stresses and boundary
forces to be uncorrelated.

8.1.2 Scaling

Scaling of the deterministic parts

In sections 8.1.3 and 8.1.4, the thin film approximation for the evolution of
the film height will be obtained by scaling arguments. The first step thus is

150



8.1 STOCHASTIC THIN FILM EQUATIONSWITH SLIP

to derive dimensionless equations by introducing scaling relations

x = Lx̃ , vx = Vx ṽx , h = Hh̃, t = L
Vx

t̃ ,

z = Hz̃ , vz = Vz ṽz , p + ϕ′ = Pp̃, ϕ′ = Pϕ̃′
(8.12)

that express each quantity as a product of its characteristic value times the
corresponding dimensionless quantity (marked by a tilde), which is taken to
be of O(1). The notion of thin film flow can then be expressed by assuming

H

L
=
Vz

Vx

= ϵ ≪ 1, (8.13)

which implies that lateral variations occur on much larger scales than vari-
ations in the normal direction, and that – in a corresponding fashion – the
typical horizontal velocity ismuch larger than its vertical counterpart. Please
note that the scaling of fluctuating stresses and forces and of the friction co-
efficient µ is deliberately postponed until section 8.1.2, as there are different
relations in the different slip regimes, which have to be introduced first.

Plugging in the scaling relations leads to the following dimensionless
equations of motion:

ϵ
ρHVx

η
D t̃ ṽx = − ϵ

PH

ηVx

∂x̃ p̃ +
(
ϵ2∂2

x̃ + ∂
2
z̃

)
ṽx −

H

ηVx

(ϵ∂x̃Sxx + ∂z̃Sxz ) ,

(8.14)

ϵ2 ρHVx

η
D t̃ ṽz = −

PH

ηVx

∂z̃ p̃ + ϵ
(
ϵ2∂2

x̃ + ∂
2
z̃

)
ṽz −

H

ηVx

(ϵ∂x̃Sxz + ∂z̃Szz ) ,

(8.15)

0 = ∂x̃ ṽx + ∂z̃ ṽz , (8.16)

where D t̃ := ∂t̃ + ∂x̃ ṽx + ∂z̃ ṽz . At z = 0, the boundary conditions are

ṽz = 0, (8.17)

∂z̃ ṽx −
H

ηVx

Sxz =
H

b
ṽx −

H

ηVx

Fx , (8.18)

where b := η/µ is the – yet unscaled – slip length. The rescaled boundary
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partial slip

b

no slip

b =∞b = 0

full slip

F 8.2: Characteristic velocity profiles for different slip regimes, ranging from a
parabolic flow profile for no slip to plug flow at full slip. (Adapted from ref. [124].)

conditions at z = h are found to be

0 =
(
∂z̃ ṽx + ϵ

2∂x̃ ṽz −
H

ηVx

Sxz

) (
1 − ϵ2(∂x̃ h̃)2

)
− ϵ

(
4ϵ∂x̃ ṽx +

H

ηVx

(Szz − Sxx )
)
∂x̃ h̃, (8.19)

0 = 2ϵ
ηVx

PH

∂x̃ ṽx
(
1 − ϵ2(∂x̃ h̃)2

)
+

(
∂z̃ ṽx + ϵ

2∂x̃ ṽz − H
ηVx

Sxz
)
∂x̃ h̃

1 + ϵ2(∂x̃ h̃)2

+
1
P

ϵ2Sxx (∂x̃ h̃)2 + Szz

1 + ϵ2(∂x̃ h̃)2
+ ϵ2 σ

PH

∂2
x̃ h̃(

1 + ϵ2(∂x̃ h̃)2
)3/2 + p̃ − ϕ̃′(h), (8.20)

0 = ∂t̃ h̃ − ṽz + ṽx∂x̃ h̃. (8.21)

Here, only cases where
σ

PH
∼ ϵ−2 (8.22)

will be considered, implying surface tension to play a role throughout.

Definition of the weak and strong slip regime

Before turning to the scaling of the stochastic terms, we first have to specify
some relations of the characteristic quantities, thereby defining the different
slip regimes. Depending on themagnitude of the slip length, one has various
typical flow fields, ranging from a parabolic profile for no slip to plug flow for
perfect slip (see figure 8.2). According to reference [124], this implies differ-
ent leading order balances (to be specified below) between components of
the pressure gradient and the dominant viscosity contributions of either the
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horizontal or vertical momentum equation (cf. equation (8.14) and (8.15)).
As we will see, these variations are then reflected in the velocity scale. In
the present work, only the regimes of weak and strong slip, which contain
the limiting cases of no and full slip, will be considered. Reference [124] also
discusses intermediate slip regimes, which will not be part of this chapter
but should not pose any principle difficulties.

Weak slip The weak slip regime is characterised by a balance of the pres-
sure gradient with the dominant viscous term in the horizontal momentum
equation. This situation corresponds to

PH

ηVx

∼ ϵ−1 , (8.23)

yielding a typical horizontal velocity of

Vx =
σϵ3

η
. (8.24)

With that, the Reynolds number can be rewritten as

Re =
ρHVx

η
= ϵ3 ρσH

η2 =: ϵ3Re∗ , (8.25)

where the reduced Reynolds number Re∗ is assumed to be at least O(ϵ0).
Furthermore, the rescaled slip length is given by

b = Hb̃, (8.26)

where b̃ is of order one or less.

Strong slip Here, the leading order balance of the pressure gradient with
a viscous stress occurs in the vertical direction, leading to

PH

ηVx

∼ ϵ . (8.27)

The characteristic velocity scale is larger than that of the weak slip regime
by a factor of ϵ−2:

Vx =
σϵ

η
. (8.28)

The Reynolds number is

Re =
ρHVx

η
= ϵ

ρσH

η2 = ϵRe∗ , (8.29)
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where, again, one assumes the reduced Reynolds number Re∗ to be at least
O(ϵ0). In the strong slip regime,

b = ϵ−2Hb̃. (8.30)

The extra factor of ϵ−2 as compared to weak slip expresses the fact that the
slip length is large, probably even larger than the average film height. Amore
detailed discussion can be found in reference [124].

Scaling of the stochastic terms

The overall significance of noise is determined by the magnitude of thermal
energy as compared to other energy scales. Here, let us consider the case

kBT = ϵ
2σLT̃ , (8.31)

where the rescaled temperature T̃ is of O(1), and one should note that, in
a three-dimensional system, there would have to be an extra factor of L.
With this choice, fluctuating forces will appear alongside deterministic non-
dissipative force terms (pressure gradient, surface tension) in the lowest or-
der equations. If the temperature is lower, the leading order equations are
purely deterministic, whereas they are dominated by noise if the tempera-
ture is higher. See also appendix C.1. Plugging in the characteristic velocities
(cf. equations (8.24) and (8.28)), equation (8.31) can as well be written as

kBT =
{
ϵ2

} ηVxL

ϵ
T̃ . (8.32)

The curly brackets are to signify that the factor ϵ2 appears in the strong slip
regime only and not for weak slip. To be able to treat both cases simultane-
ously, this notation will be used throughout the rest of this section. From
equation (8.32), it becomes obvious that the present scenario is identical
to the one treated in the derivation of a stochastic thin film equation with
no-slip boundaries [76, 116] if one uses the same typical horizontal velocity
for both weak and no slip. The latter is justified since the weak slip regime
includes the limit of b → 0, as will be discussed a little further below.

In references [76, 116], the stochastic stresses were scaled like the domi-
nant term of the corresponding deterministic stress. For instance, Sxx was
scaled like η∂xvx . To guarantee consistent rescaled generalised Langevin
equations, it is – however – more adequate to derive the scaling of the noise
terms from the scaling of the fluctuation dissipation theorems. As given by
equation (8.8), the correlations of the stochastic stresses are related to the
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tensor χi jkl , and the way in which the dimensionless equations of motion
were constructed corresponds to the scaling χi jkl = ηχ̃i jkl . Scaling the two-
dimensional spatial delta as δ(r) = 1

LHδ(r̃), using δ(t) = Vx

L δ(t̃) and plugging
in equation (8.32) then leads to the following scaling of the fluctuation dis-
sipation theorem of the stochastic stresses:

⟨Si j (r, t)Skl (r′, t′)⟩eq = 2kBT χi jkl δ(r − r′)δ(t − t′)

=

(
{ϵ } ηVx

H

)2

2T̃ χ̃i jkl δ(r̃ − r̃′)δ(t̃ − t̃′). (8.33)

From this, one deduces that the stochastic stresses ought to scale as

Si j = {ϵ }
ηVx

H
S̃i j . (8.34)

Completely analogously, one finds from equation (8.9) that

Fx = {ϵ2}ηVx

H
F̃x , (8.35)

where the extra power of ϵ in the scaling of Fx is due to the additional factor
of ϵ−2 in the scaling of the slip length for strong slip. The non-dimensional
noise correlations then read:

⟨S̃i j (r̃, t̃)S̃kl (r̃′, t̃′)⟩eq = 2T̃ χ̃i jkl δ(r̃ − r̃′)δ(t̃ − t̃′), (8.36)

⟨F̃x (x̃ , t̃)F̃x (x̃′, t̃′)⟩eq = 2T̃
1
b̃
δ(x̃ − x̃′)δ(t̃ − t̃′). (8.37)

It is worth mentioning that, with this method, the diagonal elements of
the stochastic stress tensor, Sxx and Szz that is, scale with one power of ϵ
less than in references [76, 116]. There, however, the authors note that their
final result does not depend on this factor. In the present case, this is only
true for weak slip conditions.

No slip and full slip

As stated above, no slip is included in weak slip and full slip in strong slip.
However, by simply setting b̃ = 0 or b̃ → ∞, we’d actually disregard the
central assumption of the rescaling process, which supposes the rescaled
quantities to be of O(1). It is therefore necessary to clarify how the limiting
cases can be said to be already included in the weak and strong slip regimes.

If we wanted to be fully consistent, we could realise the no slip limit by
scaling b = ϵ2nHb̃, where b̃ = O(1) and letting n go to infinity. A low slip

155



STOCHASTIC LUBRICATIONMODELS WITH SLIP

length occurs if the interfacial friction is much larger than the viscous stress,
also implying that the fluctuating boundary forces are much larger than the
fluctuating shear stresses. This could be expressed by scaling Fx propor-
tional to ϵ−n , which is what the above method would result in. In that case,
the boundary condition at z = 0 reads

ϵ2n
(
∂z̃ ṽx − S̃xz

)
=

1
b̃
ṽx − ϵ n F̃x . (8.38)

To leading order (or in the limit n → ∞), this results in the familiar no-slip
condition ṽx = 0. Note that although strong interfacial friction implies a
strong fluctuating boundary force, the latter still drops out. The same result
is obtained if one uses the regular scaling relations for weak slip and simply
sets b̃ to zero, which is why the no slip limit is already covered by the weak
slip regime.

Along the same lines, we could treat the full slip limit by scaling b =

ϵ−2nHb̃ and Fx as ϵ n . The resulting boundary condition as n → ∞ would
then be ∂z̃ ṽx − ϵ S̃xz = 0. Again, the fluctuating boundary force F̃x drops out,
now simply because very strong slip means very weak interfacial friction and
therefore also weak associated stochastic forces. However, unlike for weak
slip, here F̃x does not vanish if one uses the regular strong slip scaling and
lets b̃ go to infinity afterwards. Nevertheless, like in the deterministic theory,
the strong slip regime can still be said to include full slip if one remembers
to take out F̃x by hand.

The central point of this section is that both, in the no and the full slip
limit, stochastic boundary forces F̃x are absent.

8.1.3 Thin film equation for weak slip

In this section, a stochastic thin film equation – an equation of motion for
the film height h that is – is derived for the case of weak slip. To avoid clumsy
notation, the tilde is dropped and all quantities are considered to be non-
dimensional from now on.

By combining the dimensionless governing equations (including the re-
scaled stochastic terms) with the relations defining the weak slip regime,
one obtains the equations of motion

ϵ4Re∗Dtvx = − ∂x p +
(
ϵ2∂2

x + ∂
2
z

)
vx − ϵ∂xSxx − ∂zSxz , (8.39)

ϵ6Re∗Dtvz = − ∂z p + ϵ2
(
ϵ2∂2

x + ∂
2
z

)
vz − ϵ (ϵ∂xSxz + ∂zSzz ) , (8.40)

0 = ∂xvx + ∂zvz (8.41)
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with the corresponding boundary conditions at z = 0,

vz = 0, (8.42)

∂zvx − Sxz =
1
b
vx − Fx , (8.43)

and the following ones at z = h:

0 =
(
∂zvx + ϵ

2∂xvz − Sxz
) (

1 − ϵ2(∂xh)2
)
− ϵ (4ϵ∂xvx + Szz − Sxx ) ∂xh,

(8.44)

0 = 2ϵ2
∂xvx

(
1 − ϵ2(∂xh)2

)
+

(
∂zvx + ϵ

2∂xvz − Sxz
)
∂xh

1 + ϵ2(∂xh)2

+ ϵ
ϵ2Sxx (∂xh)2 + Szz

1 + ϵ2(∂xh)2 +
∂2
xh(

1 + ϵ2(∂xh)2)3/2 + p − ϕ′(h), (8.45)

0 = ∂th − vz + vx∂xh. (8.46)

In the lubrication approximation, where ϵ ≪ 1, only the leading order prob-
lem is considered. It consists of the equations

0 = − ∂x p + ∂2
zvx − ∂zSxz , (8.47)

0 = − ∂z p, (8.48)

0 = ∂xvx + ∂zvz (8.49)

with the following boundary conditions at z = 0,

vz = 0, (8.50)

∂zvx − Sxz =
1
b
vx − Fx , (8.51)

and the conditions

0 = ∂zvx − Sxz , (8.52)

0 = ∂2
xh + p − ϕ′(h), (8.53)

0 = ∂th − vz + vx∂xh (8.54)
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at z = h. Next, we integrate equation (8.47) twice with respect to z, resulting
in

vx =

(
z2

2
− h(z + b)

)
∂x p + N1 , (8.55)

N1 :=

z∫
0

dz′ Sxz (z′) + bFx . (8.56)

The fluctuation dissipation relation for the derived noise term N1 reads

⟨N1(x , z , t)N1(x′, z′, t′)⟩eq = 2T
[
zΘ(z′ − z) + z′Θ(z − z′) + b

]
δ(x − x′)δ(t − t′).

(8.57)

Because of the incompressibility (cf. eq. (8.49)), the kinematic boundary
condition (8.54) can be rewritten as

∂th = −∂x
h∫

0

dz vx (z). (8.58)

Replacing p by using the boundary condition (8.53) leads to the stochastic
thin film equation for weak slip

∂th = −∂x
[(
h3

3
+ h2b

)
∂x

(
∂2
xh − ϕ′(h)

)
+ N2

]
, (8.59)

where the noise

N2 :=

h∫
0

dz N1(z) =

h∫
0

dz (h − z)Sxz (z) + bhFx (8.60)

fulfils the fluctuation dissipation relation

⟨N2(x , t)N2(x′, t′)⟩eq = 2T
(
h3

3
+ h2b

)
δ(x − x′)δ(t − t′). (8.61)

This is one of the central results of the present chapter. Neglecting the noise
term, equation (8.59) becomes the well known deterministic thin film equa-
tion for weak slip, which – for instance – can be found in reference [124]. On
the other hand, setting the slip length b to zero, one recovers the stochas-
tic thin film equation derived in references [76, 116] for no-slip boundaries.

158



8.1 STOCHASTIC THIN FILM EQUATIONSWITH SLIP

The equations (8.59), (8.60) and (8.61) thus provide themissing link of these
theories.

Before turning to the case of strong slip, let us spend a few words to
review our findings in the context of generalised Langevin equations. In
section 5.4.1, it was demonstrated how the equation of motion (8.47) can be
combined with the boundary conditions (8.51) and (8.52) to yield a single
equation of motion in the generic form of a generalised Langevin equation.
Adapted to the present case, we expect an equation of the form

0 = −∂x p −
h∫

0

dz′ M(z , z′)vx (z′) + R. (8.62)

Introducing the inverse transport kernel M−1(z , z′) via the relation

h∫
0

dz′ M−1(z , z′)M(z′, z′′) = δ(z − z′′), (8.63)

we can formally solve the above equation to find

vx =

h∫
0

dz′ M−1(z , z′)
(−∂x p + R(z′)

)
. (8.64)

By comparison to equation (8.55), we identify

h(z + b) − z2

2
=

h∫
0

dz′ M−1(z , z′), (8.65)

N1 =

h∫
0

dz′ M−1(z , z′)R(z′). (8.66)

Now, recall the general fluctuation dissipation relation between the fluctu-
ating forces and the transport kernel (e.g. see eq. (5.6) and the left equality
of eq. (5.7), adapted to two dimensions):

M(z , z′) =
1
T

∫
dx

∞∫
0

dt ⟨R(x , z , t)R(x′, z′, 0)⟩eq. (8.67)
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With this, it is straightforward to show that – upon solving the equation of
motion – the fluctuation dissipation relation is translated into

1
T

∫
dx′

h∫
0

dz′
∞∫

0

dt′ ⟨N1(x , z , t)N1(x′, z′, t′)⟩eq = h(z + b) − z2

2
, (8.68)

which is indeed satisfied by the correlations (8.57). Integrating from 0 to h

with respect to z easily proves that the correlations of N2 (cf. eq. (8.61)) meet
the expectations as well.

8.1.4 Thin film equation for strong slip

Concerning strong slip, the first steps are the same as in the previous subsec-
tion and consist of combining the corresponding results of subsection 8.1.1
and 8.1.2. Again, the tilde is dropped and only non-dimensional quantities
are considered. The thus obtained equations of motion and boundary con-
ditions read:

ϵ2Re∗Dtvx = − ϵ2∂x p +
(
ϵ2∂2

x + ∂
2
z

)
vx − ϵ (ϵ∂xSxx + ∂zSxz ) , (8.69)

ϵ2Re∗Dtvz = − ∂z p +
(
ϵ2∂2

x + ∂
2
z

)
vz − ϵ∂xSxz − ∂zSzz , (8.70)

0 = ∂xvx + ∂zvz . (8.71)

At z = 0, one has

vz = 0, (8.72)

∂zvx − ϵSxz = ϵ2
(

1
b
vx − Fx

)
(8.73)

and, at z = h,

0 =
(
∂zvx + ϵ

2∂xvz − ϵSxz
) (

1 − ϵ2(∂xh)2
)
− ϵ2 (4∂xvx + Szz − Sxx ) ∂xh,

(8.74)

0 = 2
∂xvx

(
1 − ϵ2(∂xh)2

)
+

(
∂zvx + ϵ

2∂xvz − ϵSxz
)
∂xh

1 + ϵ2(∂xh)2

+
ϵ2Sxx (∂xh)2 + Szz

1 + ϵ2(∂xh)2 +
∂2
xh(

1 + ϵ2(∂xh)2)3/2 + p − ϕ′(h), (8.75)

0 = ∂th − vz + vx∂xh. (8.76)
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Now, similar to reference [124], let us make the ansatz

v =
∑
i

ϵ iv(i), p =
∑
i

ϵ i p(i) , h =
∑
i

ϵ ih(i) (8.77)

and consider the equations order by order. For the sake of brevity, not all
equations will be given but only those required for deriving the thin film
equation for the film height h(0). Note that the boundary conditions at z = h

will be translated into conditions at z = h(0) by expanding all concerned
quantities according to

f (h) = f (h(0)) + ϵh(1)∂z f |h(0) + ϵ2
(
h(2)∂z f |h(0) +

1
2

(
h(1)

)2
∂2
z f |h(0)

)
+ O(ϵ3),

(8.78)
where f represents some function of z.

Order ϵ0 In the lowest order, one finds

0 = ∂2
zv

(0)
x , (8.79)

0 = − ∂z p(0) + ∂2
zv

(0)
z − ∂zSzz , (8.80)

0 = ∂xv
(0)
x + ∂zv

(0)
z (8.81)

with the boundary conditions at z = 0:

v
(0)
z = 0, (8.82)

∂zv
(0)
x = 0 (8.83)

and, at z = h(0),

0 = ∂zv
(0)
x , (8.84)

0 = 2∂xv
(0)
x + Szz + ∂

2
xh

(0) + p(0) − ϕ′(h(0)), (8.85)

0 = ∂th(0) − v
(0)
z + v

(0)
x ∂xh

(0). (8.86)

These equations are easily solved to yield

∂zv
(0)
x = 0, (8.87)

v
(0)
z = − z∂xv

(0)
x , (8.88)

p(0) = − 2∂xv
(0)
x + ϕ

′(h(0)) − ∂2
xh

(0) − Szz . (8.89)

Note that the zeroth order horizontal velocity profile (cf. eq. (8.87)) cor-
responds to plug flow, whereas the zeroth order of the vertical velocity (cf.
eq. (8.88)) is determined by the divergence of the horizontal flow.
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Order ϵ1 Of the first order equations, only

0 = ∂2
zv

(1)
x − ∂zSxz , (8.90)

which follows from equation (8.69), will play a role.

Order ϵ2 With equation (8.87), one has from equation (8.69):

Re∗
(
∂t + v

(0)
x ∂x

)
v

(0)
x = −∂x p(0) + ∂2

xv
(0)
x + ∂

2
zv

(2)
x − ∂xSxx . (8.91)

At z = 0, the boundary for the tangential velocity is

∂zv
(2)
x =

1
b
v

(0)
x − Fx , (8.92)

and, at z = h(0), making use of equation (8.78), (8.87), (8.88) and (8.90), one
obtains from equation (8.74) that

∂zv
(2)
x − h(0)∂2

xv
(0)
x −

(
4∂xv

(0)
x + Szz − Sxx

)
∂xh

(0) = 0. (8.93)

Integrating equation (8.91) from 0 to h(0) with respect to z then yields by
virtue of equation (8.87), (8.89), (8.92) and (8.93) the relation

h(0)Re∗
(
∂t + v

(0)
x ∂x

)
v

(0)
x

= 4∂x
(
h(0)∂xv

(0)
x

)
− 1
b
v

(0)
x + h

(0)∂x
(
∂2
xh

(0) − ϕ′(h(0))
)
+ N3 , (8.94)

where

N3 := ∂x

h(0)∫
0

dz (Szz (z) − Sxx (z)) + Fx . (8.95)

Together with the combined equations (8.86) and (8.88), that is

∂th
(0) = −∂x

(
h(0)v

(0)
x

)
, (8.96)

it forms a closed system for h(0) and v
(0)
x . The system of equation (8.94)

and (8.96) thus constitutes the stochastic thin film equations for strong slip.
They are another main result of this chapter and a consistent extension of
the deterministic expression given in reference [124].
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Let us complete this section by considering the correlations of the noise
term N3. It is interesting to note that the effective noise for weak slip (cf.
eq. (8.60)) comprises Fx and Sxz , whereas it consists of Fx and Szz − Sxx
for strong slip. However, despite the involvement of normal stresses instead
of shear stresses, the autocorrelation of Szz − Sxx still only yields the shear
viscosity η and has no contribution from the bulk viscosity ζ (cf. eq. (8.36)).
A straightforward calculation gives the fluctuation dissipation theorem

⟨N3(x , t)N3(x′, t′)⟩eq = 2T
[
4∂x

(
h(0)∂′xδ(x − x′)

)
+

1
b
δ(x − x′)

]
δ(t − t′).

(8.97)
Observing that

−
∫

dx′v(0)
x (x′)

1
T

∞∫
0

dt⟨N3(x , t)N3(x′, 0)⟩eq︸                               ︷︷                               ︸
=:M3(x ,x′)

= 4∂x
(
h(0)∂xv

(0)
x

)
− 1
b
v

(0)
x , (8.98)

one then finds that the dissipative deterministic part of the equation of mo-
tion (8.94) and the fluctuating force N3 obey the usual relation of a gener-
alised Langevin equation. This is a strong support for the present method
of scaling of Sxx and Szz (cf. eq. (8.34)). If we scaled them as in refer-
ences [76, 116], they would not appear in the lowest order equations, vio-
lating equation (8.98).

8.2 Evolution of the film height

To get a first impression of the influence of thermal noise on the evolution of
the film height under slip conditions, the thin film equations are now solved
for small excitations δh(x , t) := h(x , t) − H around the initial film height H .

A common approach to the problem consists of a linear approximation of
the thin film equations and a subsequent Fourier transform (e.g. see ref. [116,
154]). Accordingly, we will linearise our equations with respect to δh(x , t),
Si j , Fx and – for strong slip – also vx . Concerning the Fourier transforms, we
will use the convention f (x) = 1

2π

∫
dq f̃ (q)eiqx , f̃ (q) =

∫
dx f (x)e−iqx .
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8.2.1 Weak slip

Using equation (8.59) and (8.60), the following linearised thin film equation
is obtained for weak slip:

∂tδh = −
(
H3

3
+ H2b

) (
∂4
x − ϕ′′(H)∂2

x

)
δh −

H∫
0

dz (H − z)∂xSxz (z) − bH∂xFx .

(8.99)
Then, the Fourier transform yields

∂tδh̃ = ω(q)δh̃ + Ñ , (8.100)

where

ω(q) := −
(
H3

3
+ H2b

) (
q2 + ϕ′′(H)

)
q2 (8.101)

is the well-known dispersion relation for weak slip (see e.g. ref. [154]). The
noise term is defined by

Ñ := −iq
H∫

0

dz (H − z)S̃xz (z) − iqbHF̃x (8.102)

and features the correlations

⟨Ñ ∗(q, t)Ñ (q′, t′)⟩eq =
−4πTω(q)
q2 + ϕ′′(H)

δ(q − q′)δ(t − t′). (8.103)

One readily obtains the solution of the equation of motion for δh̃ and finds

δh̃(t) = δh̃(0)eωt +

t∫
0

ds eω(t−s)Ñ (s). (8.104)

This outcome is formally identical to the results for no slip and – as we will
see below – also strong slip if inertia is neglected. Hence, the implications
of thermal noise on the evolution of the film height should be similar to
what has been discussed in references [40, 64, 76, 116] but with different
expressions for ω(q) and Ñ .
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8.2 EVOLUTION OF THE FILM HEIGHT

8.2.2 Strong slip

The linearised thin film equations for strong slip are obtained from equa-
tion (8.94), (8.95) and (8.96). Dropping the superscript ‘(0)’, we find

HRe∗∂tvx =
(
4H∂2

x −
1
b

)
vx + H

(
∂2
x − ϕ′′(H)

)
∂xδh

+ ∂x

H∫
0

dz (Szz (z) − Sxx (z)) + Fx , (8.105)

∂tδh = − H∂xvx . (8.106)

The Fourier transform yields

∂2
t δh̃ + B∂tδh̃ +Cδh̃ + Ñ = 0, (8.107)

where some abbreviations have been introduced:

B :=
1

Re∗

(
4q2 +

1
Hb

)
, (8.108)

C :=
Hq2

Re∗
(
q2 + ϕ′′(H)

)
, (8.109)

Ñ :=
iq

Re∗

iq
H∫

0

dz
(
S̃zz (z) − S̃xx (z)

)
+ F̃x

 . (8.110)

Furthermore, the correlations of the noise term Ñ are given by

⟨Ñ ∗(q, t)Ñ (q′, t′)⟩eq =
4πTq2BH

Re∗
δ(q − q′)δ(t − t′). (8.111)

Solving the equation of motion for δh̃ then results in

δh̃(t) =
1
√
D

(
ω1eω2t − ω2eω1t

)
δh̃(0) +

1
√
D

(
eω1t − eω2t

)
δ ˙̃h(0)

+
1
√
D

t∫
0

ds
(
eω2(t−s) − eω1(t−s)

)
Ñ (s), (8.112)

where

ω1/2(q) :=
−B ±

√
D

2
, D := B2 − 4C . (8.113)
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Again, the dispersion relation is the same as that of the deterministic theory
and has already been discussed in the literature [154]1. The values of ω2 are
negative for all q, so that all corresponding modes are damped, whereas ω1
can be positive between the zeros at q = 0 and q =

√
−ϕ′′(H), where C = 0.

Much simpler equations are obtained if inertia can be neglected, a case
also treated in reference [154] for the deterministic theory. Assuming there-
fore that Re∗ = O(ϵ1) at least, let us set Re∗ to zero in equation (8.105). The
Fourier transform then yields

∂tδh̃ = ω(q)δh̃ + Ñ , (8.114)

where

ω(q) := −
H2bq2

(
q2 + ϕ′′(H)

)
1 + 4Hbq2 (8.115)

and

Ñ := − iqHb

1 + 4Hbq2

iq
H∫

0

dz
(
S̃zz (z) − S̃xx (z)

)
+ F̃x

 . (8.116)

The correlations of the noise term Ñ are

⟨Ñ ∗(q, t)Ñ (q′, t′)⟩eq =
−4πTω(q)
q2 + ϕ′′(H)

δ(q − q′)δ(t − t′). (8.117)

As already announced, we have found that the linearised equation of motion
for δh̃ and the correlations of the featured noise term Ñ are formally identical
to those of the weak slip regime. The difference lies in the definitions of Ñ
andω(q). Moreover, recalling the original scaling arguments, inertia is more
likely to play a role under strong slip conditions than with weak or no slip.

8.3 Height autocorrelations

Having calculated the evolution of the filmheight, let us now go one step fur-
ther and consider its correlations. Height autocorrelations of thin films or
derived quantities are objects that are especially well suited for the compari-
son of experiments and theory. From the statistical perspective, these corre-
lations are generally non-equilibrium averages. In particular, for dewetting
films, there are unstable, growing modes, so that the linear regime of δh,
where h is close to H , may in fact be far from equilibrium on a global scale.

1Please note that there is an error in equation (8) of reference [154]. In the fraction under
the square root, a factor of 4/(4q2 + 1/(bH)) is missing.
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8.3 HEIGHT AUTOCORRELATIONS

This situation is common to many (macroscopic) problems of hydrodynam-
ics, and – as described in section 3.3 – one usuallymakes the assumption that
the fluctuations Si j and Fx and their correlations are well approximated by
their local equilibrium values. Consequently, the noise correlations which
have been evaluated in the previous section will come in handy. In addition,
the noise will be assumed to be uncorrelated to the initial values of δh̃ and
δ ˙̃h, which is in agreementwith the fundamental concept of the orthogonality
of the distinguished variables and the corresponding fluctuating forces (cf.
section 2.3.3).2 These approximations will lead to the consistent result that
the correlations of the stable modes decay to the equilibrium correlations.

For simplicity, let us restrict our considerations to spatially homoge-
neous systems. In particular, we shall require that all two-point correlations
be translation invariant, meaning they only depend on the relative distance
x′ − x of the two positions, x and x′, they are evaluated at. One of the x-
values can therefore be set to zero without loss of generality, and the Fourier
transform of the height autocorrelation can accordingly be defined as

C̃(q, t , t′) :=
∫

dx⟨δh(x , t)δh(0, t′)⟩neqe−iqx . (8.118)

Hence,

⟨δh̃∗(q, t)δh̃(q′, t′)⟩neq =2πδ(q − q′)C̃(q, t , t′). (8.119)

Analogously, ¨̃C(q, t , t′) is defined for the autocorrelations of δ ˙̃h. Moreover,
it will be convenient to choose t′ = t + ∆t ≥ t in the following. This allows
for a clearer distinction of processes depending on the ‘absolute’ time t, like
the relaxation to equilibrium, from those depending on the relative time ∆t,
like the decay of equilibrium correlations. The case t′ < t can be obtained
via the relation C̃(q, t′, t) = C̃(−q, t , t′), which immediately follows from the
definition (8.118).

Our preparations are concluded by introducing the ‘thermal’ spectra

C̃th(q) :=
T

q2 + ϕ′′(H)
, ¨̃Cth(q) :=

q2HT

Re∗
, (8.120)

that is to say terms in the height correlations that appear due to the noise
terms. The results of the deterministic theory can thus be found by setting
these quantities (or T ) to zero. For stable (i.e. decaying) modes, the thermal
spectrum is identical to the equal time equilibrium correlations C̃eq(q,∆t =
0) and ¨̃Ceq(q,∆t = 0), as demonstrated in appendix C.2 and C.3.

2In the light of the findings in section 7.3, a closer inspection might, however, be appro-
priate.
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8.3.1 Weak slip and strong slip without inertia

In section 8.2, it was already established that – in the linear regime – a fluc-
tuation δh of the film height obeys a formally identical equation of motion
for the cases of weak and strong slip if inertia can be neglected. We can thus
treat both cases simultaneously. Moreover, the equations were also identical
to the one obtained for no-slip conditions in references [76, 116], wherefore
we recover the known result

C̃(q, t , t + ∆t) =
[(
C̃(q, 0, 0) − C̃th(q)

)
e2ωt + C̃th(q)

]
eω∆t . (8.121)

Under the present conditions, slip boundaries do not change the functional
form of the evolution of the height-height correlations as compared to a no-
slip substrate. The dependency on the slip length is limited to ω(q).

For stable modes (ω < 0), one furthermore finds the following equilib-
rium spectrum, which is approached in the limit of large absolute time t:

lim
t→∞

C̃(q, t , t + ∆t) = C̃th(q)eω∆t =: C̃eq(q,∆t). (8.122)

It is reassuring that indeed C̃eq(q,∆t = 0) = C̃th(q), as expected. Recall that
the inclusion of thermal noise is essential for this result (else the correla-
tions would decay to zero), and the fact that the correct equilibrium cor-
relations are obtained is a strong indication that the fluctuating boundary
conditions are the correct way of incorporating slip boundaries into this
framework. Moreover, it is interesting to note that the equilibrium corre-
lations decay in the same way as the deterministic part of a height fluctu-
ation (cf. eq. (8.104)), which is a manifestation of Onsager’s regression (cf.
section 2.3.4).

8.3.2 Strong slip with inertia

If inertia cannot be neglected in the strong slip regime, one gets the following
height autocorrelations:

C̃(q, t , t + ∆t) =
(
C̃(q, 0, 0) − C̃th(q)

)
× C

D

[
eω1∆t

(
ω2

ω1
e2ω1t − e−Bt

)
+ eω2∆t

(
ω1

ω2
e2ω2t − e−Bt

)]
+

( ¨̃C(q, 0, 0) − ¨̃Cth(q)
)

× 1
D

[
eω1∆t

(
e2ω1t − e−Bt

)
+ eω2∆t

(
e2ω2t − e−Bt

)]
+ C̃th(q)

1
√
D

(
ω1eω2∆t − ω2eω1∆t

)
. (8.123)
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Here, a dependency on the slip length is also found in the prefactors of the
exponentials – in contrast to the case of neglected inertia. The existence of
slip thus can be expected to have a richer influence on the behaviour of the
correlations.

As before, let us specifically consider the stable modes with ω1/2 < 0 or
q > qc , respectively. Their correlations decay to the following equilibrium
spectrum in the limit of large t:

lim
t→∞

C̃(q, t , t + ∆t) = C̃th(q)
1
√
D

(
ω1eω2∆t − ω2eω1∆t

)
=: C̃eq(q,∆t), (8.124)

where – once more – C̃eq(q,∆t = 0) = C̃th(q). This is yet another indication
that thermal fluctuations were included in a consistent fashion. Like in the
other cases, one can make the connection to Onsager’s regression (cf. sec-
tion 2.3.4) by observing that the equilibrium correlations decay in the same
way as the deterministic part of a height fluctuation (cf. eq. (8.112)) with no
initial velocity δ ˙̃h(0).

As an aside, concerning spinodal dewetting, which corresponds to that
part of the spectrum for which ω1 > 0, one could probably neglect the de-
caying terms e2ω2t and e−Bt in equation (8.123) for larger t.

8.4 Summary

Using fluctuating boundary conditions, stochastic equations of motion for
the height of a thin liquid film on substrates with different slip properties
have been derived (eqs. (8.59), (8.94), (8.96)). Explicit expressions for the
effective noise forces were given in terms of the stochastic stresses in the liq-
uid and the fluctuating boundary forces (eqs. (8.60), (8.95)), and the corre-
sponding fluctuation dissipation relations were deduced (eqs. (8.61), (8.97)).
These equations provide the basis for further analytical and numerical stud-
ies.

In accordance with the distinction of the weak and strong slip regime
by the type of the leading order momentum balance, it was found that the
effective noise comprises Fx and Sxz for weak slip, whereas it consists of Fx

and Szz − Sxx for strong slip. Even though instead of the shear stresses the
normal stresses are involved in the second case, their correlations still only
yield the shear viscosity, and no contribution from the bulk viscosity arises.

In the course of the derivation, a revision of the scaling of the noise terms
used in references [76, 116] became necessary (cf. eqs. (8.34), (8.35)). Instead
of the scaling of the corresponding deterministic term (e.g. Sxx scales like
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η∂xvx , the leading order term of the deterministic stress), the fluctuation
dissipation relation was used as a guide. The overall significance of noise is
set by the scaling of the temperature or – in other words – by the magnitude
of thermal energy as compared to other relevant energies (eqs. (8.31), (8.32)).

Moreover, the linearised thin film equations were solved (eqs. (8.104),
(8.112)) and the evolution of the height-height correlations was calculated
(eqs. (8.121), (8.123)). If inertia can be neglected, the difference between
the slip regimes is contained in the respective dispersion relations ω(q) (cf.
eqs. (8.101), (8.115)) and the effective stochastic forces (eqs. (8.102), (8.116)).
A richer behaviour is most likely to be expected for strong slip, where inertial
effects tend to be more important.

Last but not least, the considerations of this chapter demonstrated that
stochastic boundary conditions at the substrate are needed to obtain consis-
tent results for derived stochastic quantities such as the fluid velocity in the
film or the film height. In particular, the height autocorrelations were found
to decay to the expected equilibrium correlations (eqs. (8.122), (8.124)).
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Part III

External Friction without
Fluctuating External Forces





Chapter 9

External Friction
via Static Forces and
Viscous Dissipation

After the application of the fluctuating boundary conditions formalism in
the preceding chapters, let us now return to more fundamental, conceptual
questions.

In chapter 6, it became clear that a coarse graining procedure is nec-
essary to derive fluctuating external forces from a many particle system in
an external potential. Without the coarse graining, one instead obtains the
following equation of motion of the momentum density J(r, t):1

∂t Jk (r, t) = − kBT ⟨ρ(r)⟩eq∂k

∫
dr′ δρ(r′, t)H−1(r′, r)

−
∑
i jl

∫
dr′

t∫
0

ds
Ji(r′, s)
⟨ρ(r′)⟩eq

∂′j∂l χi jkl (r
′, r, t − s)

−
∑
l

∂lSkl (r, t). (9.1)

As already discussed in section 6.1, this equation is formally identical to that
of a homogeneous system (eq. (3.22)), and the external potential only enters
implicitly through the equilibrium averages and the reduced dynamics. In
particular, the equation neither contains a velocity-dependent friction force
nor fluctuating external forces. This observation raises the question how
then external friction is represented in or by equation (9.1).

1For definitions of the various quantities, see section 6.1.
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Besides scientific curiosity, a further incentive for basing a theory of ex-
ternal friction on equation (9.1) is the fact that the coarse graining in chap-
ter 6 excluded very small length scales from the regime that could be cov-
ered by the approach there. In contrast, equation (9.1) and the theory to be
developed in this chapter are valid for all scales for which a classical (not
quantum) description is possible. It is also able to cover arbitrary small or
large scales of the roughness, but the focus will lie on scales comparable to
the particle size of the liquid. In that, it differs from other theoretical studies
discussed in section 4.2, which are based on a clear separation of the rough-
ness scale from molecular dimensions, allowing for a treatment in terms of
classical, macroscopic hydrodynamics. A tentative attempt towards an ex-
tension to the microscale has been made by Hsu and Patankar [87], who,
however, still used the (compressible) classical Navier-Stokes equation. The
present rigorous derivation of hydrodynamic equations of motion of liquids
in external potentials demonstrates that and how the notions from classical
hydrodynamics can be transferred to the microscale. An effective theory to
cover trends on larger scales will be developed in chapter 10.

In the following, a way of splitting up the first term on the right-hand side
of equation (9.1) into a (pressure) gradient and an explicit external force den-
sity will be proposed, and the thus obtainedmicroscopic generalised Navier-
Stokes equation reflects the following intuitive picture: Instead of dealing
with an external friction force that combines momentum transfer and dissi-
pation (as the fluctuating boundary conditions approach does), we are now
faced with a rather clear separation of these aspects. Momentum transfer is
mediated by a deformation of the particle density, which leads to a net force
opposing the flow by interacting with the external potential. Dissipation, in-
stead, occurs due to additional viscous friction ‘inside’ the liquid. That said,
it is also clear that this formulation belongs to the second way of describing
external friction that was mentioned in section 1.2, and, moreover, since it is
based on equation (9.1), it belongs to the realm of bottom-up approaches.

Following these considerations, the external force density, which is ac-
tually a static quantity, will additionally be related to the flow velocity in
two ways to establish the connection to the usual (phenomenological) de-
scription. The first approach is aimed at the linear response of the particle
density to flow and thus focuses on the aspect of momentum transfer. Due
to the methodological similarity, commonalities to the results of Bocquet
and Barrat (cf. section 4.3.1) will be found, but also differences will be made
out. Moreover, the theory apparently can by extended far beyond the linear
regime by a simple phenomenological relation. The second approach uses

174



9.1 PRELIMINARIES

a balance of performed work and dissipation and yields a new expression
for the friction coefficient, which explicitly accounts for the role of viscous
dissipation by containing the viscosity kernel. This aspect is only included
indirectly in formulas based on correlations of (fluctuating) external forces.
Therefore, the new expression might help to gain more insights into the de-
pendence of friction on the properties of liquid and substrate. Moreover,
both descriptions have a local character, so that, in regions without external
potential, the external friction force density vanishes accordingly, whereas
the relation of Bocquet and Barrat probably constitutes an effective friction
coefficient of the entire system (cf. chapter 7).

In addition to the purely theoretical treatment, here and in the subse-
quent chapter, molecular dynamics simulations of a simple toy system will
be used as a proof of principle to illustrate and substantiate the previous
ideas and to test approximations.

As a byproduct, an interesting breakdown of friction at high flow veloc-
ities or, respectively, high driving forces used to generate the flow will be
discussed as well. In contrast to similar phenomena in the literature, there
are indications that, in the system under consideration, friction eventually
decreases to zero with increasing velocity instead of saturating or still grow-
ing slowly. It will be argued that this hypothesis could – in combination
with fluctuations of the velocity – also explain the observed behaviour that,
close to a critical driving force, the breakdown of friction in an individual
simulation run appears to be a spontaneous event.

9.1 Preliminaries

Before turning to the actual subject of this chapter, let us make several ad-
justments to the formalism and the situation under consideration. They are
mostly owed to the aim of making possible a direct comparison of theory
and simulations results and will, moreover, simplify the expressions, thus
placing more emphasis one the main ideas and concepts.

9.1.1 Adaptions

Non-equilibrium averages

As discussed in the introduction, equation (9.1) – the starting point of this
chapter – doesn’t feature fluctuating external forces. This is not because they
have been neglected – there are simply none since no coarse grained distin-
guished observables (cf. section 6.1) were used. Instead, all thermal noise
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is contained in the fluctuating stress tensor, which is, of course, influenced
by the presence of the external potential, too. Although there are no fluc-
tuating external forces, equation (9.1) still represents an exact and complete
fluctuating hydrodynamic theory. Nevertheless, regarding the description
of external friction, fluctuations will obviously play a considerably lesser role
than in part II of this monograph.

Against this background, and because analysing the simulation data it
is far more convenient to consider averaged quantities, the focus will be
on non-equilibrium averages of the observables instead of their fluctuating
evolution along single phase-space trajectories. Using Onsager regression
(see the corresponding part of section 2.3.4), the equations of motion of the
phase space variables δρ(r, t) and J(r, t) are thus translated into equations
for their non-equilibrium ensemble averages in the vicinity of equilibrium.
Formally, this is done by making the replacements δρ(r, t) → ⟨δρ(r, t)⟩neq
and J(r, t)→ ⟨J(r, t)⟩neq in equations (9.10) and (9.1). Furthermore, the fluc-
tuating stress tensor Skl (r, t) drops out. Again, it should be stressed that the
absence of fluctuating external forces has a deeper reason than this transi-
tion from a fluctuating theory to one for ensemble averages. In fact, a fluc-
tuating version of the equations of motion in section 9.4 could be derived
just as well, and it is simply for the sake of a uniform presentation and the
reasons mentioned above that we refrain from doing it here.

Last, for a better readability, the notation is adapted according to

⟨ρ(r)⟩eq → ρeq(r), (9.2)
⟨ρ(r, t)⟩neq → ρ(r, t), (9.3)
⟨δρ(r, t)⟩neq → δρ(r, t), (9.4)
⟨J(r, t)⟩neq → J(r, t). (9.5)

That is, unless stated otherwise, all appearances of our observables are to be
understood as their respective ensemble average.

External driving force

In the simulation, flow is generated by applying an additional driving force
Fdrv(r, t) to the fluid particles. In contrast to Fext(r, t), the driving force is not
accounted for in the transport coefficients H−1(r, r′) and χi jkl (r, r′, t) but is
viewed as a small perturbation. The response to a given perturbation Hamil-
tonian can be treated consistently in the framework of projection operators
(see, for instance, section 6.3 in reference [74]), and we content ourselves
with motivating and stating the final result.
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The additional force density due to the driving force field is, of course,
given by 1

m
ρ(r, t)Fdrv(r, t) = 1

m

(
ρeq(r, t) + δρ(r, t)

)
Fdrv(r, t). However, the

equations of motion for the non-equilibrium ensemble averages are only
made for the linear regime close to equilibrium. Since Fdrv(r, t) is the cause
of the departure from equilibrium, δρ(r, t) is at least of the first order in the
driving force, rendering the term δρ(r, t)Fdrv(r, t) a second order contribu-
tion, which can be neglected. To first order of non-equilibrium quantities,
the driving force field thus appears in the equations of motion by adding the
summand 1

m
ρeq(r, t)Fdrv(r, t) to the equation for ∂tJ(r, t).

9.1.2 Effectively one-dimensional systems

The aim of the present chapter is to gain a deeper insight into the fundamen-
tals of the generation of friction between liquid and external potential and to
answer the question of how this mechanism is represented in the equation
of motion without fluctuating external forces (9.1). In order to identify the
crucial ingredients and to carve out the basic principles as clearly as possible,
a very simple setup will be studied, leaving away all unnecessary complexity.
The considerations will therefore be restricted to systems which – although
three-dimensional – may be described by a one-dimensional effective the-
ory due to symmetry. Regarding the computer simulations, this property is
beneficial as it can be exploited to improve statistics. Besides, it is very con-
venient for the visualisation of observables and thus facilitates the presen-
tation of results both in terms of simulation data as well as formulas. Since
this section provides the basic equations and definitions for the subsequent
considerations, the microscopic expressions of the relevant quantities will
be recapitulated as well.

Denoting the position vector by r := (x , y, z)T, a quasi one-dimensional
system can be obtained by specialising to an external potential that is ho-
mogeneous in y- and z-direction. This implies that ρeq(r) is independent of
y and z, which we emphasise by suppressing the irrelevant arguments in our
notation according to

ρeq(x) ≡ ρeq(r) =
⟨
m

∑
α

δ(r − Rα)
⟩

eq
for arbitrary y, z. (9.6)

As usual, m is the particle mass, the Rα are the particle positions, and the
sum runs over all particles. Likewise H−1(r′, r) and χi jkl (r′, r, t) only depend
on y − y′ and z − z′ (apart from x, x′ and t), which will be used a little further
below in the definitions (9.13) and (9.14). Requiring the lateral homogeneity
to hold outside of equilibrium as well, we shall moreover assume that the
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non-equilibrium averages of the hydrodynamic fields are also independent
of y and z. As before, we simplify the notation by using

ρ(x , t) ≡ ρ(r, t) =
⟨
m

∑
α

δ(r − Rα(t))
⟩

neq
for arbitrary y, z , (9.7)

and
δρ(x , t) = ρ(x , t) − ρeq(x). (9.8)

Since the momentum density is supposed to depend only on x, too, a closer
inspection of equation (9.1), involving the structure2 of χi jkl (r′, r, t), reveals
that, in the present case, the equations for the different components of J(r, t)
are decoupled. Being interested in the inhomogeneous direction x, we may
hence restrict to unidirectional flow along this axis. That is to say, we stipu-
late

J(r, t) =
⟨∑

α

Pα(t)δ(r − Rα(t))
⟩

neq
= J(x , t)êx , (9.9)

where Pα(t) is again the momentum of particle α and êx is the unit-vector
in x-direction. Last, we ensure all these properties by choosing Fdrv(r, t) =
Fdrv(x , t)êx . Given this kind of driving force, the desired scenario is then, for
instance, realised by starting the evolution from thermal equilibrium.

Under these circumstances, using the adaptions introduced in the pre-
vious section and, additionally, ∂1 ≡ ∂x and so forth, one obtains from equa-
tion (9.1) and the continuity equation

∂tδρ(r, t) = −
∑
i

∂iJi(r, t) (9.10)

the following one-dimensional3 equations of motion:

∂tδρ(x , t) = − ∂xJ(x , t), (9.11)

∂t J(x , t) = − kBTρeq(x)∂x

∫
dx′ δρ(x′, t)H−1(x′, x)

−
∫

dx′
t∫

0

ds
J(x′, s)
ρeq(x′)

∂x′∂xη1(x′, x , t − s)

+
1
m
ρeq(x , t)Fdrv(x , t). (9.12)

2Following symmetry considerations similar to appendix A, it can be argued that
χi jkl (r′ , r, t) = 0 whenever it has an uneven number of indices 2 and 3, due to the invariance
of the system w.r.t. inversions y → −y and z → −z.

3In this context, the term one-dimensional refers to the dimensionality of the arguments
and not their number.
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They are the basis for all theoretical considerations in this chapter. The quasi
one-dimensional transport kernels are defined as

H−1(x′, x) :=
∫

dy′
∫

dz′ H−1(r′, r), (9.13)

η1(x′, x , t − s) :=
∫

dy′
∫

dz′ χ1111(r′, r, t − s). (9.14)

H−1(r′, r) is again the inverse (cf. eq. (3.18)) of the density autocorrelations

H(r, r′) = ⟨δρ(r)|δρ(r′)⟩ =
⟨
m2

∑
αβ

δ(r − Rα)δ(r′ − Rβ)
⟩

eq

−
⟨
m

∑
α

δ(r − Rα)
⟩

eq

⟨
m

∑
β

δ(r′ − Rβ)
⟩

eq
, (9.15)

and the definition of χi jkl (r′, r, t − s) is given in equation (6.9). The sums
over j and l in equation (9.1) vanish in equation (9.12) because χi jkl (r′, r, t)
only depends on relative distances concerning the y- and z-direction. First,
the latter enables us to replace ∂y′ and ∂z′ by −∂y and −∂z , respectively, and
pull themout of the y′ and z′ integrals. Second, these integrals also no longer
depend on y and z, wherefore the terms with the corresponding derivatives
evaluate to zero. Similarly, the above definitions ofH−1(x′, x) andη1(x′, x , t−
s) are insensitive to whether one integrates out over the primed or unprimed
coordinates and are independent of the remaining y and z values. Defining
analogously

H(x , x′) :=
∫

dy′
∫

dz′ H(r, r′), (9.16)

one can moreover show (cf. appendix B.7) that it is inverse to H−1(x , x′) in
the usual manner, that is∫

dx′H(x , x′)H−1(x′, x′′) = δ(x − x′′). (9.17)

To avoid confusion, let us also spend a few words on the viscosity kernel
η1(x′, x , t). Due to the symmetry of the external potential, the rank-four ten-
sor

∫
dy′

∫
dz′ χi jkl (r′, r, t) has five independent components (see appx. A.3

and ref. [162]). The quantity η1(x′, x , t), which was named analogously to
reference [162], is one of them, and it is because of the homogeneous unidi-
rectional flow in x-direction that the others do not appear in the equation
of motion. In the bulk, one would find η1 :=

∫
dx

∫ ∞
0 dt η1(x′, x , t) = 4

3η + ζ ,
where η and ζ are – as usual – the shear and bulk viscosity of a homogeneous
system.
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As a final remark, note that, while here the system is effectively one-
dimensional because we are using averages over an ensemble with suitable
symmetry, dependencies on y- and z-coordinates could alternatively be re-
moved by simply integrating them out. This procedure then also works for
observables and not just their ensemble averages. However, assuming the
usual ‘self averaging’ property, spatial averages of typical microstates can be
expected to approach the corresponding ensemble averages with increasing
integration domain. Thus, both methods essentially yield the same result,
and it is a matter of convenience which to chose. Here, the one presented
above is preferred, as some of the concepts to be used in the following, such
as linear response theory or (local) stationarity, are concerned with ensem-
ble averages, but spatial averaging will be used in appendix D.2.2 in the con-
text of processing simulation data.

9.1.3 Model system and computer simulation

At many places in this and the subsequent chapter, theory and simulation
results are going to be discussed in parallel. To facilitate this treatment, a
model system is used where the external potential is given by

Vext(x) = A cos
(
2π

x

λpot

)
. (9.18)

The potential having the specific form of a cosine will be of no particular
importance, but its periodicity will be exploited.

With regard to the simulation and the data analysis, the reader is referred
to appendix D for the technical details, and only a short overview is given
here. Since the main purpose is to illustrate the theoretical concepts rather
than to perform high precision quantitative measurements, simple methods
were often preferred over more elaborate and laborious techniques.

All simulations weremolecular dynamics simulations of a Lennard-Jones
(LJ) fluid in a box with periodic boundary conditions in all three directions.
In the following, all quantities will be given in LJ units, set by the ‘diameter’σ
and themass m of a particle and the depth ϵ of the LJ potential (cf. eq. (D.1)).
An exception is time, where usually the number of simulation steps, each
having a length of ∆t = 0.002 units of the LJ time, will be stated. Moreover,
Boltzmann’s constant is set to one: kB = 1. In the simulations, the kinetic
temperature was controlled by a simple thermostat which, with respect to
the centre of mass velocity of the whole system, rescaled the relative parti-
cle velocities if – roughly speaking – deviations from the target temperature
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x

Vext(x)

F 9.1: Snapshot of themolecular dynamics simulation. The LJ particles are represented
by spheres with diameter σ, and the external potential Vext is given by equation (9.18) with
parameter values A = 0.3ϵ and λpot = 1σ. The scales σ and ϵ are set by the LJ potential in
equation (D.1). Periodic boundary conditions apply at the faces of the simulation box, which
is indicated as a wire frame. The picture shows the smaller system (setup 2, see text below)
in equilibrium.

exceeded a tolerance value. Speaking of temperature, recall that all the the-
ories in this thesis have been designed for isothermal conditions, and a spot
check of this requirement can be found in appendix D.3. For simplicity, dur-
ing each run, the particle number was held constant, which – strictly speak-
ing – prevents the existence of the inverse density correlations H−1(x′, x),
as already mentioned in section 3.4.1. In appendix D.2.5, a workaround us-
ing a pseudoinverse is presented, which introduces the minor artefact that∫

dx′H−1(x′, x) is constant – a property one could else not generally expect.
Measurements were taken either in equilibriumor during stationary flow

driven by the external driving force field, and averages over time and differ-
ent simulation runs were used as an estimate for the corresponding ensem-
ble averages. In addition, the periodicity of the external potential was ex-
ploited where possible by averaging out over the different periods. Results
for densities such as δρ(x)were obtained by binning the data into 80 bins per
unit length in the x-direction, but, for the sake of a clear presentation, the
data points will be mostly displayed by connecting them in one solid line.
Correspondingly, sums and central differences of the binned quantities will
be used to approximate integrals and derivatives. Moreover, alluding again
to the aim of obtaining qualitative insights, a discussion of the uncertainty
of measured values will be usually omitted. If error bars are plotted, they are
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the standard error of themean (i.e. standard deviation divided by the square
root of the sample size) with respect to averaging over individual runs.

Three different setups were used, which – however – share some of their
properties. To give an impression, figure 9.1 presents a snapshot of one of
them (setup 2). In all setups, the target temperature was set to Ttarget = 1,
and the average particle density was N/V ≈ 0.816, so that, according to
references [113, 167], the system was in the liquid state, or to be precise, a
corresponding bulk system without external potential is in the liquid state.
Moreover, the values A = 0.3 and λpot = 1 were used throughout, lead-
ing to a rather strong interaction between liquid and external potential. As
described in section 4.1, the dependence of slip on substrate properties has
been extensively studied in the literature but is not the subject of the present
investigations, wherefore A and λpot were not systematically varied.

Setup 1 In setup 1, the simulation box had the dimensions 21 × 16.206 ×
16.206, referring to the extension in x-, y- and z-direction, and contained
N = 4500 particles. The tolerance of the thermostat was set to a value of
±0.013. This setup was either used for equilibrium simulations or with a ho-
mogeneous, temporally constant driving force. At the beginning, the sim-
ulation was run for 1000 time steps before switching on all external forces.
After that, the systemwas allowed to relax for 9500 steps before subsequently
measuring for a period of 20000 steps. A total of 1000 runs were conducted.

Setup 2 Setup 2 is a smaller version of setup 1, having a size of 11× 9.5× 9.5
and consisting of N = 810 particles. Because of the smaller size, fluctuations
of temperature were increased, wherefore an equally increased thermostat
tolerance of ±0.03 was applied. Since this setup was used for a systematic
variation of the driving force, only 100 runs each were carried out, however
with a longer measuring interval of 40000 steps to allow for a clearer view on
the phenomenon discussed in section 9.5.3.

Setup 3 Results from setup 3 will, in fact, only be used in the subsequent
chapter; but let us introduce it at this point as well while we’re at it. Setup
3 is essentially identical to setup 1 with the difference that the driving force
of strength Fdrv = 1 was only applied in the very small region from x = 10
to x = −10 across the periodic boundary to generate a pressure gradient.
Additionally, the relaxation period was extended from 9050 to 29050 time
steps.
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F 9.2: Simulation result from setup 1 for the equilibrium mass density ρeq(x) (cf.
eq. (9.6)). Due to its commensurability with the particle size, the external potential Vext(x)
(cf. eq. (9.18)) is able to impose a distinct structure on the fluid.

9.2 Equilibrium fluid structure

9.2.1 Density and density correlations

As already discussed before, the external force field makes no explicit ap-
pearance in the equation of motion that results directly from the projec-
tion operator formalism (eq. (9.12)), but enters more subtly by influencing
the equilibrium averages ρeq(x), H−1(x , x′) and η1(x′, x , t). Due to the re-
duced dynamics (R′(t)), which has to be used in calculating the viscosity
kernel η1(x′, x , t), the latter cannot be measured straightforwardly in a sim-
ple molecular dynamics simulation. However, for the manipulations in this
chapter, ρeq(x) and H−1(x , x′) are of much greater importance. To give an
impression of their form in the model system, some exemplary results from
setup 1 are presented.

Figure 9.2 shows the equilibrium distribution of the mass density inside
one period of the external potential. As the wavelength λpot of the potential
was chosen to be one molecular diameter σ of the Lennard-Jones particles,
they settle rather easily in theminima, leading to a strong variation of ρeq(x).

The next plot, figure 9.3, depicts the density autocorrelations, where –
for a clear presentation – a contribution proportional to δ(x − x′) has been
removed. The plotted function thus is

H(x , x′) − mδ(x − x′)ρeq(x) = ρeq(x)ρeq(x′)h(2)(x , x′), (9.19)

where h(2)(x , x′) :=
∫

dy′
∫

dz′ h(2)(r, r′) is the so-called pair correlation
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F 9.3: Measured density autocorrelations H(x , x′) (cf. eq. (9.16)) without the delta
peak at x = x′ (data from setup 1). The complete function can be constructed using sym-
metries (see text). The influence of the external potential is predominantly reflected in the
variations along the (x + x′)-axis.

function (cf. p. 47 in ref. [79]). The structure of H(x , x′) is best revealed and
explained by plotting it against x + x′ and x′ − x as done in figure 9.3. Only
a small section of the function is shown, as the rest can be reconstructed
exploiting symmetries. First of all, H(x , x′) = H(x′, x), wherefore it is sym-
metric with respect to an inversion of the (x′−x)-axis. Furthermore, because
of the periodicity of the external potential, H(x , x′) has a periodicity with re-
spect to x + x′ of period length 2λpot. In addition, the mirror symmetries of
Vext(x) are reflected in inversion centres at x + x′ = 0, 1, 2, . . . . Concerning
the relative distance x′ − x, one observes an overall decay of the correlations
on the scale of a few molecular diameters, which is superimposed by an un-
dulation indicating ‘shells’ of particles around a reference particle at x′ = x

(cf. ref. [79], p. 30). While the shell-like structure is also present in uniform
liquids, it can be seen that the details are strongly influenced by the external
potential, which becomes manifest in the dependency on the average posi-

184



9.2 EQUILIBRIUM FLUID STRUCTURE

0
15
30

x + x′ = 1

0
15
30

H
−

1 (x
,x

′ )

x + x′ = 0.5

0
15
30

0 1 2 3 4 5 6

x′ − x

x + x′ = 0

0 1 2 3 4 5 6

x′ − x

0

0.5

1

x
+
x
’

0
10
20
30

x
=

0
x
=
−1

x
=
−2x ′

=
1

x ′
=

2
x ′
=

3

H−1(x , x′)

F 9.4: The inverse H−1(x , x′) of the density autocorrelations (cf. eq. (9.13)), plotted
analogously to figure 9.3 and also based on data from setup 1. As compared to H(x , x′), the
range is much shorter, and also variations with x + x′ are less pronounced.

tion (x+ x′)/2. In particular, one sees that relatively large absolute values are
found where x and x′ both lie at the position of a minimum of the external
potential, whereas small values are analogously related to the maxima.

Last, the inverse of the correlations is illustrated in figure 9.4, where –
again – the δ(x − x′) term is omitted. The remaining quantity is the direct
correlation function

− c(2)(x , x′) = H−1(x , x′) − 1
mρeq(x)

δ(x − x′) (9.20)

(cf. p. 58 in ref. [79]), where c(2)(x , x′) :=
∫

dy′
∫

dz′ c(2)(r, r′). The inverse
correlation function H−1(x , x′) possesses the same symmetries as H(x , x′)
but has much less structure and – in particular – decays much faster, namely
on the scale of the intermolecular interactions, given by the Lennard-Jones
potential. Again, this behaviour is also observed in homogeneous systems
(cf. Fig. 3.1 on p. 59 of ref. [79]).
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9.2.2 Relating fluid structure and external potential

The equilibrium distribution of the mass density ρeq(x), the static density
autocorrelations H(x , x′) and the external force field Fext(x) := −∂xVext(x)
can be linked in an exact relation. As already mentioned, the considerations
here are restricted to the quasi one-dimensional case, but a generalisation
to three dimensions is straightforward.

Let us beginwith the one-dimensional version of the continuity equation
of the momentum density (cf. eq. (6.2))

∂t J(x , t) = −∂xΠxx (x , t) +
1
m
ρ(x , t)Fext(x), (9.21)

whereΠxx (x , t) is the non-equilibrium ensemble average of the (x , x) or (1, 1)
element of the stress tensor. By construction of the states under consider-
ation, it only depends on the x-coordinate. Note that, for simplicity, the
driving force Fdrv(x , t) was set to zero, which may be done without loss of
generality of the result to be derived. As the stress tensor only consists of
a convective term and one due to particle-particle interactions (see, for in-
stance, p. 130 in ref. [74]), it covers – loosely speaking – only internal stresses
and thus cannot contribute to a change of the total fluidmomentum. Hence,∫

dx ∂xΠxx (x , t) = 0, and

∂t

∫
dx J(x , t) =

1
m

∫
dx ρ(x , t)Fext(x). (9.22)

Next, we equate this result with the corresponding outcome of the projec-
tion operator formalism, that is the x-integral of equation (9.12). There,
integrating out the viscous dissipation term yields zero, which is due to∫

dx ∂xη1(x′, x , t − s) = 0. This statement is readily appreciated either
by recalling the definition of η1(x′, x , t − s) in terms of stress correlations
(cf. eq. (9.14) and eq. (6.9)) and arguing similarly as above, or by invok-
ing the decay of η1(x′, x , t − s) as |x′ − x | → ∞. By additionally using∫

dx ρeq(x)Fext(x) = 0, because the net external force in equilibrium is zero,
and swapping the integration variables x and x′ on the right-hand side, we
eventually obtain

1
m

∫
dx δρ(x , t)Fext(x) = −kBT

∫
dx

[∫
dx′ ρeq(x′)∂x′H−1(x , x′)

]
δρ(x , t).

(9.23)
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F 9.5: Verification of equation (9.24), relating the equilibrium fluid structure, repre-
sented by ρeq(x) and H−1(x , x′), to the external force field Fext(x) = −∂xVext(x) (given in
eq. (9.18)), with data from setup 1.

As this equality has to hold for arbitrary density fields δρ(x , t), it must also
be true that

Fext(x) = mkBT

∫
dx′ H−1(x , x′)∂x′ρeq(x′), (9.24)

where the right-hand side has been integrated by parts, in addition. Again,
boundary terms vanish, as H−1(x , x′) is assumed to decay sufficiently fast
as |x′ − x | → ∞. This result can also be obtained in an alternative way by
combining equation (5) in reference [183] with equation (9.20). Figure 9.5
provides a verification of the relation with simulation data from setup 1.

One can, moreover, invert the above equation to find

∂xρeq(x) =
1

mkBT

∫
dx′ H(x , x′)Fext(x′). (9.25)

This formula is closely related to the use of the density autocorrelations of an
homogeneous system as the linear response function for the change of the
density field if an external perturbation potential is applied (for instance, see
p. 62 in ref. [79]).
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9.3 Aspects of the external friction force

In the previous section, those components of the equation of motion (9.12)
were considered that are given in terms of equilibrium averages. In par-
ticular, a relation between the external potential and the equilibrium fluid
structure was obtained, which will be used in the next section to give equa-
tion (9.12) a more familiar form featuring again a pressure gradient and an
explicit external force term. Before these technical manipulations, however,
let us use this section to gain an intuitive understanding of how a flowing
liquid interacts with the external potential.

The term “friction force” comprises two aspects: momentum transfer
(force) and dissipation (friction). While the external friction force used in
part II of the thesis unites both facets, they are rather well separated on the
microscale. Momentum transfer is related to the particle density, whereas
dissipation is linked to the velocity field.

To demonstrate these points, sections 9.3.1 and 9.3.2 consider the ex-
ample of stationary flow generated by a homogeneous, temporally constant
driving force. After switching on the driving force, the liquid, which is ini-
tially at rest, begins to flow until it reaches a steady state, which is charac-
terised by a balance of the total external friction force and the total driving
force. With respect to the dynamics on larger length scales, microscopically
stationary states are of special significance as they constitute a generalisation
of the widely used principle of local equilibrium. This idea will be picked up
again in section 10.2.

9.3.1 Momentum transfer

Figure 9.6 illustrates the density distribution in the liquid during stationary
flow in setup 1. In comparison to the equilibrium profile, the non-equilibri-
um curves can essentially be described as shifted into the direction of flow
and having a slightly decreased amplitude. The stronger the driving force,
the stronger the effect. Although taking place on a scale smaller than the
particle size, this behaviour is very similar to that found on larger scales by
Hsu and Patankar [87] on the basis of classical compressible Navier-Stokes
equations. It also provides a very simple explanation for the origin of an ex-
ternal ‘friction’ force, experienced by a liquid flowing in an external potential.
Relative to equilibrium, there is an excess of particles on the upward slope of
the external potential, whereas there is a corresponding deprivation on the
downward slope. This imbalance causes a net force opposing the direction
of flow.
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F 9.6: Simulation results from setup 1 for the mass density ρ(x) (cf. eqs. (9.6), (9.7))
in equilibrium and during stationary flow in positive x-direction caused by the application
of a uniform driving force Fdrv.

The term ‘friction’ has been put in quotation marks on purpose to al-
lude to the fact that what we can see here is only the aspect of momentum
transfer. On the microscopic scale, the force density

fext(x , t) :=
1
m
ρ(x , t)Fext(x) (9.26)

caused by an external force field Fext(x) is a purely static quantity, which
is to say it does not depend on the dynamical state of the liquid but only
on particle positions. While this description obviously does not match the
phenomenological picture of a velocity-dependent friction force, it poses no
principle problem, as the evolution of the mass density ρ(x , t) is explicitly
accounted for by the closed set of equations (9.11) and (9.12). The question
how the mass density – and ultimately the external ‘friction’ force – depends
on the flow velocity will be addressed in section 9.5.

9.3.2 Dissipation

As just seen, the deviations of the mass density δρ(x , t) only account for the
aspect of momentum transfer of the external friction force. The dissipation
of the work performed by the driving force into heat, which is constantly
removed by the thermostat, is related to the other distinguished observable,
the momentum density J(x).

In a stationary state, J(x) is particularly simple in our present model.
Owing to the quasi one-dimensional character, the continuity equation (9.11)
dictates that J(x) ≡ J has to be constant throughout the entire system. This
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expectation is well met by the simulation data (not shown). While the mo-
mentum density is constant, the velocity field v(x) = J

ρ(x) , however, is not.
This is due to the spatial variation of the particle density, which is caused by
the influence of the external potential. Postponing a more formal descrip-
tion until the next section, we content ourselves with noting that gradients
of the velocity field entail viscous dissipation. The presence of the external
potential thus indirectly leads to an increased rate of dissipation via particle-
particle interactions due to a spatially inhomogeneous particle density.

Additional viscous dissipation is also noticed in the models discussed in
section 4.2, which treat liquid-solid interfaces with macroscopic roughness
on the basis of classical Navier-Stokes hydrodynamics. There, however, in-
compressibility is usually assumed, and the extra viscous friction originates
from the complex macroscopic flow field in the vicinity of the boundary. An
exception is the work of Hsu and Patankar [87], who try to understand and
model the microscopic mechanism of external friction using the compress-
ible classical Navier-Stokes equation.

9.4 Hydrodynamic equation of motion
with external force

The previous section outlined the mechanism how an external potential
causes a flowing liquid to transfer momentum to the exterior and dissipate
energy – even in a stationary state with spatially constant momentum den-
sity. It is now time to formalise these ideas and see how they can be reflected
in the equation of motion. Recall that in the original outcome of the projec-
tion operator formalism (eq. (9.12)) the external force field did not explicitly
appear, whereas it was just argued that momentum is transferred from the
fluid to the exterior due the force density δ fext(x , t) = 1

m
δρ(x , t)Fext(x). Can

this term be recovered in the equation of motion?
It should be stressed that, again, the following presentation is carried out

for a quasi one-dimensional system to stay in line with the general treatment
in this chapter but can easily be genearlised to three dimensions. Similarly, it
is straightforward to set up corresponding fluctuating equations for observ-
ables instead of ensemble averages. They would then include fluctuating
stresses but – of course – no fluctuating external forces.

After the preliminary work in section 9.2.2, the external force Fext(x) can
be brought in fairly easily by applying the chain rule in a backwards fashion
to the first term on the right-hand side of equation (9.12) and making use of
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relation (9.25). One obtains

∂t J(x , t) = − ∂xδp∗(x , t) + δ f ∗ext(x , t)

−
∫

dx′
t∫

0

ds
J(x′, s)
ρeq(x′)

∂x′∂xη1(x′, x , t − s) +
1
m
ρeq(x)Fdrv(x , t),

(9.27)

where the definitions

δp∗(x , t) := kBTρeq(x)
∫

dx′ δρ(x′, t)H−1(x′, x), (9.28)

δ f ∗ext(x , t) :=
∫

dx′
∫

dx′′ H−1(x′, x)H(x , x′′)
1
m
Fext(x′′)δρ(x′, t) (9.29)

have been introduced. The naming of these quantities does, of course, sug-
gest their interpretation, where – however – the asterisk is to denote a dif-
ference to the quantities δp(x , t) and δ fext(x , t).

This statement calls for further comments. To begin with, while there
are distinctive commonalities in the definitions of δ f ∗ext(x , t) and δ fext(x , t) (cf.
eq. (9.26)), they are – of course – locally not identical. This is demonstrated
for our test case (setup 1) in figure 9.7. A farther distance from equilibrium
(i.e. a stronger driving) is found to imply a stronger deviation. Admittedly,
as can be seen later in figure 9.9, the value of Fdrv = 0.2 clearly belongs to
the regime where the external force is already nonlinear in the momentum
density, and onemay thus speculate if δ fext(x , t) at least constitutes a suitable
approximation for δ f ∗ext(x , t) in the linear regime. In any case, and even in the
nonlinear region, both expressions yield the same total external force on the
global scale. This is readily appreciated by using the defining property of
H−1(x′, x) (cf. eq. (9.17)) to obtain∫

dx δ f ∗ext(x , t) =
∫

dx
1
m
δρ(x , t)Fext(x) =

∫
dx δ fext(x , t). (9.30)

Now let’s turn to δp∗(x , t). This term appears in equation (9.27) in the typi-
cal way of a pressure gradient that is familiar from bulk hydrodynamics. Fig-
ure 9.7 shows that – with respect to the direction of flow from left to right – it
meets the intuitive expectation of increased values in front of a maximum of
the external potential (an obstacle, if you want) and decreased values behind
it. For a wall with corrugations on a much larger scale, such a behaviour has,
for instance, been found in themolecular dynamics simulations of Niavarani
and Priezjev [130], and the figure demonstrates that δp∗(x , t) is capable of
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F 9.7: Simulation results from setup 1 for the ‘pressure’ field δp∗(x) (cf. eq. (9.28)) and
the external force densities δ f ∗ext(x) (cf. eq. (9.29)) and fext(x) (cf. eq. (9.26)) during stationary
flow. Stronger flow implies a stronger discrepancy between δ f ∗ext(x) and δ fext(x).

transferring these notions to the molecular scale. Moreover, the term is con-
sistent with the expression one has for the pressure in a homogeneous bulk
system (eq. (3.25)). Nevertheless, an asterisk was attached to this pressure-
like term for the following reason. As long as δ f ∗ext(x , t) and δ fext(x , t) are
integrable, one could in principle define a quantity δp(x , t) by adding the
integral of their difference to δp∗(x , t), so that −∂xδp∗(x , t) + δ f ∗ext(x , t) =
−∂xδp(x , t) + δ fext(x , t). This manipulation, however, appears to be some-
what artificial and suggests that δp∗(x , t) and δ f ∗ext(x , t) are more natural ex-
pressions to work with on the microscale. As mentioned, and as it will also
become apparent later, the difference between quantities with asterisk and
without may be negligible on larger scales or very close to equilibrium.

Having dealt with the instantaneous force densities, let us now take a
brief look on the retarded term in equation (9.27), the integral containing
the momentum density J(x′, s) that is. The last section motivated that the
work performed by the driving force is dissipated through viscous friction in
the fluid. This additional dissipation is revealed in the equation of motion
by a partial integration of the retarded term with respect to x′. In doing
so, a factor ∂x′ J (x′ ,s)

ρeq(x′) is obtained, which – after carrying out the derivative
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– yields a term that is directly proportional to J(x′, s) and which would be
absent in a homogeneous systemwith constant equilibrium particle density.
As a consequence, even in the stationary state, where J(x′, s) ≡ J is constant,
there is viscous dissipation.

Concluding, it can be put on record that the equation of motion of the
momentum density was successfully cast into a form that reflects the con-
siderations of the descriptive treatment in section 9.3. On the microscale,
there is actually no external friction force, but its two aspects, momentum
transfer and dissipation, are clearly separated. An exchange of momentum
with the exterior occurs by the interaction of single particles with the exter-
nal force field, whereas all energy dissipation takes place internally through
the interactions of the fluid particles with each other. While, locally, the
external potential thus not only causes an additional external force density
but also additional pressure and viscous force densities, the latter have no
influence on the global balance of forces as they vanish in an integral over x.

It is clear that, despite its structural resemblance to the classical Navier-
Stokes equation with external body force, equation (9.27) is more involved
due to the non-local integral kernels H−1(x′, x) and η1(x′, x , t). Simplifica-
tions are conceivable by using methods from the theory of inhomogeneous
liquids, which was touched upon in section 3.2 in the context of confine-
ment. Furthermore, effective local equations for the dynamics on scales ex-
ceeding that of the roughness will be derived in chapter 10.

9.5 Relating external friction and flow velocity

Although a description of fluid dynamics by equation (9.11) and (9.27) is
complete, it is still interesting to ask for the connection between the exter-
nal friction force and the flow velocity. For instance, the question becomes
relevant if one wants to work towards the usual slip boundary condition or if
one is interested in larger scales where microscopic density fluctuations are
averaged out as in section (10.1). The following considerations present two
different approaches to this problem. The first addresses the mass density
profile, whereas the second puts more emphasis on dissipation. In addition,
the complete breakdown of external friction at high velocities is discussed.

9.5.1 Response of the mass density to the velocity field

As already explained, the force exerted by the external force field on the liq-
uid is governed by the deformation of the profile of the mass or particle
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density. Considering ensemble averages – which is what we are doing in
this chapter – and starting from an equilibrium state, linear response theory
(LRT) can provide a relation between δρ(x , t) and the flow velocity, which
will be outlined very briefly in the following. To avoid the confusion of en-
semble averages with phase space observables, let us temporarily abandon
the simplified notation and explicitly denote all averages.

We are interested in the response of the density profile to a perturbation
given by the perturbation Hamiltonian

H ′(t) =
∫

dr Jx(r)v(x , t), (9.31)

where Jx (r) is the x-component of the momentum density and v(x , t) =
⟨J(x , t)⟩neq/⟨ρ(x)⟩eq. Note that the equilibrium density is used here in or-
der to stay linear in non-equilibrium quantities. As sketched in section 2.5,
the linear response of the mass density to the perturbation is given by

⟨δρ(x , t)⟩neq = −
1

kBT

∫
dx′

t∫
0

ds ⟨δρ(x , t − s)J̇(x′, 0)⟩eqv(x′, s), (9.32)

where the correlation, which again does not depend on y and z-coordinates,
is defined analogously to equation (9.13). Using

⟨δρ(x , t)J̇(x′, 0)⟩eq = −∂x′⟨δρ(x , t)δΠxx (x′, 0)⟩eq + ⟨δρ(x , t)δ fext(x′, 0)⟩eq ,

(9.33)
one can then establish the connection to the theory of Bocquet and Barrat
(cf. sec. 4.3.1) by plugging in the LRT result into the expression of the change
of the force density δ fext(x , t) = 1

m
Fext(x)δρ(x , t):

⟨δ fext(x , t)⟩neq =
1

kBT

∫
dx′

t∫
0

ds
(
∂x′⟨δ fext(x , t − s)δΠxx (x′, 0)⟩eq

)
v(x′, s)

− 1
kBT

∫
dx′

t∫
0

ds ⟨δ fext(x , t − s)δ fext(x′, 0)⟩eqv(x′, s).

(9.34)

This result has the same components as the one in section 4.3.1 (cf. eq. (4.3)),
but, instead of featuring global quantities like the total force, it is still on the
level of local densities. That way, the expression for ⟨δρ(x , t)⟩neq may be di-
rectly incorporated into the microscopic equation of motion (9.12) or (9.27).
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F 9.8: Demonstration of the phenomenological relation (9.35) of the deformation of
the density profile δρ(x) (cf. eq. (9.8)) with the average particle velocity vavg (cf. eq. (9.36)).
The data stem from setup 2.

Another difference to Bocquet and Barrat is that – even for a constant mo-
mentum density – the velocity field v(x , t) varies on scales comparable to the
length scales of equilibrium correlations, which ought to have an influence
on their joint integrals. Assuming a velocity field that is homogeneous in
the direction of flow, as Bocquet and Barrat did it, is probably unrealistic.

As an outlook, the section is concluded by a phenomenological relation
between the density profile and the flow velocity, which extends into the
nonlinear regime. Here, the average flow velocity of a fluid particle vavg,
which is introduced in the next section, is used as a variable. Moreover,
the simplified notation is used again, meaning that δρ(x) and vavg have to
be understood as averages over the stationary non-equilibrium ensemble.
Rescaling the average stationary density profile obtainedwith the simulation
setup 2 according to

δρ(x)→
δρ(x + c1vavg)

vavg + c2v
2
avg

(9.35)

with c1 =
1
2 and c2 = − 3

2 was found to produce a decent data collapse, as can
be seen in figure 9.8.
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eq. (9.36)) in the stationary state in dependence of the driving force Fdrv. At low veloci-
ties, the relation is linear like the one used for the usual slip boundary condition. The plot
contains vertical error bars, which – however – are hardly visible.

9.5.2 Dependence of the stationary momentum density
on the driving force

The last section ended already with some data obtained with setup 2, which
was used to go through a range of driving forces. Here, in figure 9.9, the
measured dependency of the average particle velocity

vavg
simpl. notation

≡ ⟨vavg⟩neq :=
⟨

1
N

∑
α

Px ,α

m

⟩
neq

=

∫
dx J(x)∫

dx ρeq(x)
=

J

m N
V

, (9.36)

which is proportional to the momentum density J , on the applied uniform
driving force Fdrv is visualised. As usual, the sum runs over all N particles,
Px ,α is the x-component of the momentum of particle α, and V is the vol-
ume. Since the liquid is in a stationary state, the driving force is balanced
by the force exerted on the liquid by the external potential, and figure 9.9
thus confirms that, indeed, for small velocities, the external friction force
goes linearly with vavg to a very good approximation. As the driving force
increases, nonlinear contributions gain importance, and – as an outlook to
section 9.5.3 – it shall be mentioned here that, for even stronger driving, an
abrupt and complete breakdown of external friction occurs in the simula-
tions.

For the linear regime, it is – in fact – quite simple to derive a relation
between J and Fdrv. To that aim, let us specialise the equation of motion of
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J to the considered stationary state,

0 = − kBTρeq(x)∂x

∫
dx′ δρ(x′)H−1(x′, x)

−
∫

dx′
J

ρeq(x′)
∂x′∂xη1(x′, x , ) +

1
m
ρeq(x)Fdrv , (9.37)

in the course of which, also the function η1(x′, x) :=
∫ ∞

0 dt η1(x′, x , t) was
defined to get rid of the time integral. So far, a stationary state has only
been characterised by a balance of the total driving and the total external
force. However, there is another balance: that of energy intake and dissi-
pation. The power density due to the work done by the driving force to the
fluid particles is 1

m
JFdrv. Some of the absorbed energy is – in some regions –

transferred into potential energy that is released again at other places. One
may associate this process with an effective force field that can be obtained
by dividing the first term of equation (9.37) by 1

m
ρeq(x). Since this force field

is conservative due to its gradient form, it only plays a role in the local bal-
ance of power but is evened out on the global scale. Eventually, all energy
taken in by the fluid has to be dissipated, so that it can be removed by the
thermostat. This part is taken over by the second term of equation (9.37),
being the one proportional to J , and which – divided by 1

m
ρeq(x) – acts as a

dissipative force field.
This is the physical motivation for dividing equation (9.37) by 1

m
ρeq(x)

and integrating it out over x to yield

Fdrv = µ
∗J , (9.38)

where
µ∗ :=

m

Lx

∫
dx

∫
dx′

∂x′∂xη1(x′, x)
ρeq(x)ρeq(x′)

. (9.39)

Here, Lx is a sloppy notation for the (infinite) size of the system, and a more
rigorous definition of µ∗ should involve the limit of a finite size going to
infinity. As the driving force is balanced by the ‘friction’ force, µ∗ constitutes
a friction coefficient. Integrating by parts and using equation (9.25), µ∗ can
as well be rewritten in a form that explicitly contains the external force field:

µ∗ =

(
1

mkBT

)2
m

Lx

∫
dx

∫
dx′

∫
dx′′

∫
dx′′′

× Fext(x′′)H(x′′, x′)η1(x′, x)H(x , x′′′)Fext(x′′′)
ρeq(x′)2ρeq(x)2 . (9.40)
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The appeal of these expressions – as compared to the one of Bocquet and
Barrat (eq. (4.5)) – is that they explicitly account for the role of viscous dissi-
pation in the generation of friction between liquid and external potential. In
particular, the last expression beautifully displays many different factors in-
fluencing external friction. In section 10.2.5, the derivation will be extended
to a position-dependent friction coefficient for smoothed out fields.

Let us conclude this section with the derivation of a relation between µ∗

and correlations of themomentumdensity, thereby providing an ansatz how
to measure this quantity directly in an experiment or simulation. Defining
the equilibrium correlations CJJ (x , x′, t) :=

∫
dy′

∫
dz′ ⟨J(r, 0)|J(r′, t)⟩ and

CJρ(x , x′, t) :=
∫

dy′
∫

dz′ ⟨J(r, 0)|δρ(r′, t)⟩, which – of course – both do not
depend on y and z due to translational symmetry, equation (9.1) immediately
yields

∂tCJJ (x , x′, t) = − kBTρeq(x′)∂x′
∫

dx′′ CJρ(x , x′′, t)H−1(x′′, x′)

−
∫

dx′′
t∫

0

dt′
CJJ (x , x′′, t′)

ρeq(x′′)
∂x′′∂x′η1(x′′, x′, t − t′).

(9.41)

After a Laplace transform, which for some function f (t) is defined as f̃ (s) :=∫ ∞
0 dt f (t)e−st , and using C̃Jρ(x , x′′, s) = − 1

s
∂x′′C̃JJ (x , x′′, s), which follows

from the continuity equation of δρ(r, t) (cf. eq. (9.10)), we have

sC̃JJ (x , x′, s) − CJJ (x , x′, 0)

=
kBT

s
ρeq(x′)

∫
dx′′

(
∂x′′C̃JJ (x , x′′, s)

)
∂x′H

−1(x′′, x′)

−
∫

dx′′
C̃JJ (x , x′′, s)
ρeq(x′′)

∂x′′∂x′η̃1(x′′, x′, s). (9.42)

Then, assuming the existence of the inverse correlations C̃−1
JJ

(x , x′, s), which
are defined in the usual way (i.e. analogously to eq. (9.17)), using that the
static correlations are CJJ (x , x′, 0) = kBTρeq(x)δ(x − x′) and performing a
partial integration of the integral containing H−1(x′′, x′) gives

∂x∂x′η̃1(x , x′, s)
ρeq(x)ρeq(x′)

= kBT

[
C̃−1
JJ (x , x′, s) − 1

s
∂x∂x′H

−1(x , x′)
]
− s

δ(x − x′)
ρeq(x)

.

(9.43)
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With
∫ ∞

0 dt η1(x′, x , t) = lim
s→0

η̃1(x , x′, s), we obtain

µ∗ =
mkBT

Lx

∫
dx

∫
dx′ lim

s→0

[
C̃−1
JJ (x , x′, s) − 1

s
∂x∂x′H

−1(x , x′)
]
. (9.44)

Provided the limit and the integrals can be swapped, this equation can be
rewritten to read

µ∗ =
mkBT

Lx

∞∫
0

dt
∫

dx
∫

dx′ C−1
JJ (x , x′, t), (9.45)

where now the order of the time integral and the space integrals is impor-
tant, as

∫ ∞
0 dt C−1

JJ
(x , x′, t) diverges in general. This equation can be seen as

a generalisation of the Einstein-Smoluchowski relation, linking the friction
coefficient of a Brownian particle to the constant of diffusion, which can be
expressed as an integral of the velocity autocorrelation function.

A related result where the ‘mobility’ 1/µ∗ is determined by CJJ (x , x′, t)
can probably also be directly obtained by considering the linear response of
the momentum density to the external driving force. This would be remi-
niscent of a similar expression proposed by Bazant and Vinogradova [11] –
where the surface mobility is given by the velocity autocorrelation function
of an interfacial fluid molecule in the rest frame of the average fluid velocity
– and of a sum rule obtained by Bocquet and Barrat [21].

9.5.3 Breakdown of external friction

So far, the external driving force has been kept at low to moderate values.
Now, let’s crank it up a notch! What happens then may come as a surprise
first, as the external friction breaks down completely – not gradually but
quite abrupt – after a certain threshold. Admittedly, the simulations were
primarily designed for states in or near equilibrium, so this byproduct should
probably be taken with a pinch of salt. It is, moreover, clear that for the same
reason, the simulation protocol is not ideal to study this phenomenon.

Looking at the literature, it turns out that the result should not be that
surprising after all, as – qualitatively – a similar but not identical behaviour
has been found by other authors as well. In 1997, Thompson and Troian [172]
observed that, in their simulations of a simple Newtonian liquid sheared
between two walls, the slip length Ls apparently depended on the shear rate
γ̇ according to a universal relation

Ls = L0
s

(
1 − γ̇

γ̇c

)−α
(9.46)
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with α = 1
2 . In particular, this formula implies a divergence at a critical

shear rate γ̇c. Since then, many efforts [35, 89, 106, 109, 110, 129, 130, 133, 144–
146, 148, 164, 182, 185, 186] have been devoted to studying the dependence
of the slip length on the shear rate or flow velocity and to clarifying un-
der which conditions the slip length does or does not diverge. The results
of Pahlavan and Freund [133] indicate that the thermostatting mechanism
plays a crucial role, as allowing for the liquid to heat up by only controlling
the temperature of the walls seems to suppress the divergence of Ls. In addi-
tion, Sega et al. [164] point out that small deviations from an atomically flat
surface, which may either be static or caused by thermal fluctuations, may
have a similar effect. Martini, Lichter and co-workers [106, 109, 110] arrive
at a similar conclusion to Pahlavan and Freund by observing a divergence
of the slip length for rigid walls, but a saturation to a constant value (af-
ter a rapid increase) for flexible walls that allow for the transfer of heat to
the solid. The same behaviour is reproduced by the theoretical models of
Lichter, Roxin and Mandre [106] and Hsu and Patankar [87] (see section 4.2
for a review) which both complement a rigid rough external potential with
a dissipative external friction force. These hybrid models can be linked to
the molecular mechanisms of slip and thus demonstrate that, although a
static potential cannot always be a faithful representation of a real solid, still
valuable insights may be gained from such systems.

Another formula best cited at this point for future reference was put for-
ward by Niavarani and Priezjev [129, 146], who found that their simulation
data of the dependence of the friction coefficient k on the slip velocity Vs

could be collapsed onto the master curve

k/k∗ =

1 + (
Vs

V ∗
s

)2−0.35

(9.47)

with k∗ and V ∗
s being constants. They also translated equation (9.46) to an

equation for the friction coefficient, yielding

k (Vs) = C1

(√
C2 +V

2
s − Vs

)
, (9.48)

where C1 and C2 are constants. At high velocities, the first relation lets k
decay as V −0.7

s , whereas it goes like V −1
s in the second expression. For the

absolute value of the friction force k · Vs , this means a slow increase in the
first case and a saturation in the second case.

Before presenting the results of the current simulation, it is indispens-
able to clarify the precise definitions of the plotted data. There are two cen-
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tral quantities, the average particle velocity

vavg(t) :=
1
N

N∑
α=1

Px ,α(t)
m

(9.49)

and the average external force per particle

Fext,avg(t) :=
1
N

N∑
α=1

Fext (Xα(t)) , (9.50)

where – as usual – N is the number of particles, and Xα and Px ,α are the x-
components of the position and momentum of particle α. Let us, moreover,
denote an average over several simulation runs by ⟨. . .⟩runs and a temporal
average of, for example, vavg(t) by

⟨vavg⟩time :=
1

t2 − t1

t2∫
t1

dt vavg(t). (9.51)

As alluded to in section 9.1.3 and explained in detail in appendix D.2.1, so
far, a combination of both averages has been often used to estimate non-
equilibrium ensemble averages, like in section 9.5.2, where ⟨vavg⟩runs,time was
employed as an estimator for ⟨vavg⟩neq (cf. eq. (9.36)) in the stationary state
and plotted against the driving force Fdrv.

Using the same simulation setup but extending the range of Fdrv tomuch
higher values produces the interesting plot shown in figure 9.10. At a value
of Fdrv ≈ 0.235, there occurs a very drastic increase of ⟨vavg⟩runs,time, before it
eventually starts growing linearly with amoremoderate but still much larger
rate as compared to the behaviour at weak driving forces. Moreover, while
below Fdrv ≈ 0.235 all curves collapse, they differ for values beyond, depend-
ing on the way the data was acquired. Trying to understand the dependence
on the temporal averaging interval, also the meaning of ‘non-diverging’ tra-
jectories (used in the plot) will become apparent in the following.

As already indicated, the origin of the observed behaviour ultimately
comes down to a complete breakdown of the external ‘friction’ force. Fig-
ure 9.11 clearly demonstrates that, for values below approximately 0.235, the
driving force is balanced by ⟨Fext,avg⟩runs,time, which – upon further increas-
ing Fdrv – however rapidly collapses to zero in a very short transition period.
The complete absence of this force at high values of Fdrv leads to a uniform
acceleration of the fluid, which explains the trend of ⟨vavg⟩runs,time in the cor-
responding region as well as the dependence on the position of the temporal
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F 9.10: Simulation results from setup 2 for the average particle velocity ⟨vavg⟩runs,time
(cf. eq. (9.49)) in dependence of the driving force Fdrv. The key indicates the intervals used
for temporal averaging in units of simulation steps. The term ‘non-diverging’ refers to data
obtained by discarding all diverging trajectories (see the text for an explanation). There, the
averaging interval extended from 10050 to 50050 steps.
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F 9.11: Collapse of the external ‘friction’ force ⟨Fext,avg⟩runs,time (cf. eq. (9.50)). For an
explanation of the key, see the caption of figure 9.10. The data are again from setup 2.
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F 9.12: Density profiles ρ(x) (cf. eq. (9.7)) for various values of the driving force, varying
from 0 to 0.5 (from dark to light) in steps of 0.05, obtained with setup 2. Above a certain
value, the profiles are essentially flat. As discussed below in the text, the density profiles at
intermediate driving forces are actually not temporally constant, so that the temporal average
from 10050 to 50050 time steps used in obtaining the data smoothes out the transition from
undulating to flat profiles.

averaging window. The robustness of this effect with respect to variations of
parameters of the algorithmwas briefly checked by running some additional
simulations with shorter time steps of ∆t = 0.001 and ∆t = 0.0005 and by in-
creasing the tolerance of the thermostat to ±0.06 for the original ∆t = 0.002.
Different thermostatting procedures were, however, not implemented.

As depicted in figure 9.12, the breakdown of friction is due to the den-
sity profile being completely leveled out above a critical driving force. The
same behaviour of ρ and the external force have also been observed in the
classical hydrodynamics model of Hsu and Patankar [87], there, however, in
dependence of the shear rate instead of a uniform driving force. Still, this
is another example for the successful transfer of classical macroscopic con-
cepts to the microscale. As an aside, Hsu and Patankar moreover relate the
described changes to a transition in the slip mechanism from a ‘hopping’
propagation of vacancies in the periodic fluid structure to concurrent slip of
all particles (cf. section 4.2).

More details are revealed by examining the temporal evolution of the
quantities under consideration, as depicted in figure 9.13. After 1000 simula-
tion steps, the external force field Fext(x) and the driving force Fdrv are turned
on, leading to a rapid response of the external ‘friction’ force ⟨Fext,avg(t)⟩runs.
At driving forces below the threshold at Fdrv ≈ 0.235, ⟨Fext,avg(t)⟩runs quickly
approaches −Fdrv and stays there, corresponding to a stationary state. At
Fdrv = 0.26, which is in the transition region, ⟨Fext,avg(t)⟩runs slowly starts to
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F 9.13: Time series of the mean values (w.r.t. averaging over simulation runs) of the
ratio of the average external ‘friction’ force ⟨Fext,avg(t)⟩runs (cf. eq. (9.50)) to the driving force
Fdrv, the average particle velocity ⟨vavg(t)⟩runs (cf. eq. (9.49)) and the kinetic temperature
⟨Tkin(t)⟩runs (cf. eq. (D.2)). The key in the central plot applies everywhere, and the data are
again from setup 2. The increase of the standard deviations is a footprint of the divergence
of individual runs at different times (see text).
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rise again approaching zero from below, and, at Fdrv = 0.3, which is a short
distance above the transition region, ⟨Fext,avg(t)⟩runs not quite reaches −Fdrv
and goes back to zero more quickly. Correspondingly, the average velocities
start to diverge faster or slower. Since temperature has been identified in
reference [133] as a probably important factor in the shear rate dependence
of the slip length, figure 9.13 also shows the course of the kinetic temperature
Tkin, defined in equation (D.2). The thermostat was set to keeping the fluid
at a temperature of Tkin = 1 with a tolerance of ±0.03. For more details, the
reader is referred to appendix D.1.2. In the stationary flow state, the work
done by the driving force is constantly dissipated into heat, wherefore the
mean temperature is slightly above the target temperature. Concerning the
other two curves, there is a clear signature of the breakdown of the external
‘friction’ force, but one can only speculate if what one sees is an initial rise
of the temperature, which could probably prevent a complete breakdown of
friction, being stopped by the thermostat.

In fact, only looking at the evolution of the mean values obtained by
averaging out over all 100 simulation runs for each value of Fdrv can be mis-
leading. The standard deviations plotted in figure 9.13 already indicate what
becomes obvious if one considers individual runs, as done in figure 9.14 for
three examples all belonging to Fdrv = 0.26. Interestingly, the trajectories
of the runs look very much alike but differ in the point in time at which
the breakdown of friction occurs. In particular (but not shown), there are
also runs in which there is no breakdown at all until the end of the simu-
lation. This is an indication that the transition from friction to no friction
happens somewhat spontaneously. Averaging over all runs, the variability
of the point in time acts as a smoothing kernel, leading to a slower change
of the mean value but an increased standard deviation.4 With increasing
driving force, the transition points generally move to earlier times and their
variance decreases (not shown).

At low driving forces, we could argue that due to the balance of Fdrv and
Fext,avg, the plot of the average velocity versus the driving force (cf. fig. 9.10
and fig. 9.9) can also be interpreted as a plot of the velocity versus the mag-
nitude of the external ‘friction’ force. Now, we have just learned that, even
above the critical value of Fdrv ≈ 0.235, the velocity can stay at a constant
level for some time before spontaneously diverging – sometimes even until
the end of the simulation. As a constant velocity indicates a balance of forces,

4A better way of analysing time series would thus probably be to shift each curve in time
to align the points of the breakdown.
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F 9.14: Time series of the ratio of the average external ‘friction’ force ⟨Fext,avg(t)⟩runs (cf.
eq. (9.50)) to the driving force Fdrv, the average particle velocity ⟨vavg(t)⟩runs (cf. eq. (9.49))
and the kinetic temperature ⟨Tkin(t)⟩runs (cf. eq. (D.2)) for three exemplary individual runs
at Fdrv = 0.26 with setup 2. The external friction appears to break down spontaneously at
different times.

a simple, crude way to extent its relation with the external ‘friction’ to larger
forces is to use only non-diverging trajectories in the analysis. This was im-
plemented by discarding all runs with a value of vavg greater than 0.6 at the
end of the simulation. Dealing with non-diverging trajectories only, the out-
come is expected to be insensitive to the position of the temporal averaging
window, wherefore the whole range from 10050 to 50050 time steps could
be used again. The results of this procedure are displayed in figures 9.10
and 9.11. Above a certain value of Fdrv, all simulation runs diverged, which
is why there are no corresponding data points. Of course, one can expect to
extent the curves a little further towards higher forces by performing more
runs, but, as it will become apparent below, there is probably a critical force
above which divergence is certain.
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F 9.15: Different combinations of forces plotted against velocities for the data from
setup 2 (see text for details and eqs. (9.50), (9.49)): Fdrv vs. ⟨vavg⟩runs,time ( ), Fdrv vs.
⟨vavg⟩runs,time non-diverging ( ), ⟨Fext,avg⟩runs,time vs. ⟨vavg⟩runs,time ( ), ⟨Fext,avg(t)⟩runs
vs. ⟨vavg(t)⟩runs (parametric) for different Fdrv increasing from 0.05 ( ) to 0.5 ( ) in
steps of 0.05, histogram of Fext,avg vs. vavg from all individual runs (grey scale)

Let us go one step further towards extending the relation between fric-
tion and velocity to even higher velocities and towards a possible explanation
for the spontaneous character of the breakdown of friction in single runs at
driving forces in the transition region. To do so, consider figure 9.15, where
again forces have been plotted versus velocities, but with swapped axes to
underline the new perspective of viewing the external ‘friction’ force as a
function of the average particle velocity. The black circles ( ) and grey
crosses ( ) are data that have already been displayed in figure 9.10, namely
Fdrv plotted against ⟨vavg⟩runs,time for all and non-diverging runs respectively,
and are there for reference. As before, the averaging interval extended from
40050 to 50050 time steps in the first case and from 10050 to 50050 steps
in the second case. For the grey triangles ( ), the measured values of
⟨Fext,avg⟩runs,time were used instead of the preset values of Fdrv. However, it
is probably inappropriate to interpret these results as the relation between
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the external ‘friction’ force and average velocities, because – as mentioned
before – the averaging over runs and time produces mean values which are
not representative of what is actually happening if individual runs start to
diverge spontaneously.

A supposedly more reliable result is found considering the solid lines.
They are the trajectories of the mean time series of figure 9.13 for different
values of the driving force plotted in the ⟨vavg⟩runs – ⟨Fext,avg⟩runs plane, where
the time assumes the role of the curve parameter. Fdrv starts at 0.05 ( )
and increases in steps of 0.05 up to a value of 0.5 ( ). It was just argued
that – loosely speaking – the coexistences of diverging and non-diverging
runs obscures what is actually happening at intermediate driving forces, so
one must be careful with an interpretation there, but at low and high values
of Fdrv we are probably good since there is no great variation between individ-
ual runs. Now, let us go through the different regimes of driving force step
by step. At low driving forces, we observe that the external ‘friction’ force
needs some small time to build up, causing the trajectory to temporarily as-
sume higher velocities before curving back to the stationary point around
which it then fluctuates. The reason for this retarded response is probably
a combination of δρ(x) needing time to grow and the – for this purpose –
unfavourable protocol of switching on the external potential and the driving
force at the same time. At high driving forces, also using figure 9.13, the sys-
tem is found to start with a very dynamical beginning, too, before a much
slower decrease of the external ‘friction’ force, accompanied by an increase of
the velocity, sets in. It is striking that the curves for different driving forces
deviate during the initial phase but collapse onto a single curve afterwards.
This could be an indication that this curve represents a universal relation
between ‘friction’ and velocity. The same behaviour is found in a linear plot
as well and is not just an artefact of the logarithmic axis. Last, let’s turn to
the stray solid curve (behind the grey triangles at intermediate velocities),
corresponding to the intermediate driving force Fdrv = 0.25. It seems most
plausible that the deviating behaviour is an artefact of mixing diverging and
non-diverging trajectories, which predominantly occurs at driving forces in-
side the transition regime, and the coincidence of this curve with the grey
triangles is consistent with this interpretation.

The conjecture is also supported by the grey scale plot, which indicates
the regions that are typically explored by the trajectories. It was obtained by
binning the values of vavg and Fext,avg from the time series of all individual
runs, thereby omittingmean valueswhich are combinations of diverging and
non-diverging trajectories. The plotted grey scale value corresponds to the
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F 9.16: Sketch of a hypothetical relation between flow velocity and friction force. For
driving forces below Fdrv,crit, there are two possible stationary states at vstat (stable) and vcrit
(unstable).

logarithm5 of the count in each bin. The darker values to the left and in
the centre are owed to the fact that, first, the trajectories of stationary states
spendmore time in the same region and, second, that simplymore runswere
conducted at intermediate driving forces, all passing through similar areas.

Based on this analysis of figure 9.15, a hypothesis which is able to ex-
plain the observed behaviour of the simulated liquid can be formulated. It
is clear that the external ‘friction’ force ultimately depends on the particle
distribution. From the measurements in stationary flow, we saw that if the
liquid and, in particular, the particle density are given enough time to re-
spond to a change of external driving or the flow velocity, there is, at low
velocities, a unique relation between the average particle velocity and the
external ‘friction’ force. This dependence is represented by the grey crosses
in figure 9.15. Motivated by the fact that the breakdowns of friction occur on
much larger time scales than the response to turning on the external forces
and by the observation that the solid lines in figure 9.15 collapse on a master
curve at higher velocities, let us hypothesise that, during the comparatively
slow transition from friction to no friction, the liquid passes through a se-
ries of quasi stationary states, and that thus the unique relation between the
external ‘friction’ force and the average particle velocity may be extended by
interpolating between the grey crosses on the left and the solid master curve
on the right of figure 9.15. A sketch of this hypothetical relation is displayed
in figure 9.16.

5to enhance small values
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Let us discuss the consequences of this model in more detail. First of all,
there is a maximal driving force Fdrv,crit that can be compensated by friction.
This would explain the second bend of the black circles at high velocities
in figure 9.15, the position of which coincides with the hypothetical Fdrv,crit.
At driving forces larger than Fdrv,crit, there are no stable stationary states, the
liquid continuously accelerates, and themeasured velocities are only limited
by the length of the simulation. At low driving forces, there are two veloc-
ities vstat and vcrit at which friction and driving are balanced. If the actual
velocity is below vstat, the driving force is stronger than friction, and the sys-
tem accelerates until it reaches vstat. At velocities between vstat and vcrit, fric-
tion overpowers the driving force, leading to a deceleration until again vstat
is assumed. If, at last, the velocity should be greater than vcrit, the driving
force dominates again, now leading to an unbound growth of the velocity.
In the present finite system, however, the average particle velocity is subject
to rather strong fluctuations. Hence, if vstat and vcrit are close, the velocity
could fluctuate – possibly aided by the retardation effects at the beginning
of each run – to values above vcrit, causing the run to diverge although the
driving force is below the critical value. This would explain why the black
circles in figure 9.15 curve away already before Fdrv,crit, that is why the tran-
sition between stationary and accelerated flow is smeared out and why the
breakdown of friction in an individual run is a spontaneous event.

To conclude this section, the behaviour of the present toy system is com-
pared to the findings of Thompson and Troian [172] and Niavarani and Priez-
jev [129, 146]. The decrease of themagnitude of the friction force to zero after
a maximum would be a qualitatively new behaviour, as the other authors ei-
ther asserted a saturation or a slowed increase. Moreover, by dividing the
value of the force by the corresponding velocity (cf. fig. 9.17) an effective
friction coefficient can be computed and compared to equations (9.47) and
(9.48). The dashed lines in figure 9.17 represent fits of these equations to the
grey crosses, which is the data we can bemost certain of. Here, the exponent
of the outer bracket of equation (9.47) was used as a fit parameter as well,
yielding a value of approximately −0.55 instead of −0.35. The slope of the
fit of equation (9.47) is thus a bit steeper than that of equation (9.48), but
good fits can also be obtained by fixing the exponent to −0.5, corresponding
to identical slopes. The main conclusion of this plot is that the solid curves,
which, according to our preceding discussion, are the best candidate for the
friction coefficient at high velocities, do not seem to follow a power law de-
cay as predicted by equations (9.47) and (9.48). However, the data strongly
influenced by the measurement protocol (i.e. the black circles ( )) does.
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F 9.17: Effective velocity-dependent friction coefficient, computed from the data in
figure 9.15 (see the key there). The dashed lines are fits of equation (9.47) and (9.48) to the
grey crosses ( ).

9.6 Summary

This chapter was devoted to the investigation of an alternative description
of external friction to the one presented and used in the previous chapters.
In particular, no fluctuating external forces, the correlations of which could
give rise to a friction coefficient, were used. Instead, the external ‘friction’
force could be extracted from the static terms of the equation of motion of
the momentum density (eq. (9.27)). Thus, the aspect of momentum trans-
fer between the fluid and the ‘exterior’ was moved from the retarded part of
the generalised Langevin equation to the instantaneous part, thereby sep-
arating it from the dissipative aspect of external friction. The mentioned
static contribution to the force density naturally splits into a gradient term
−∂xδp∗(x , t) (cf. eq. (9.28)), which can be interpreted as a microscopic pres-
sure force density, and a term δ f ∗ext(x , t) (eq. (9.29)), representing an explicit
contribution of the external force field. Although, locally, δ f ∗ext(x , t) is not
identical to the actual external force density δ fext(x , t) (e.g. see fig. 9.7), they
both exert the same net force on the liquid (cf. eq. (9.30)).
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This formal representation complies with a very intuitive understand-
ing of the mechanism of external friction. Momentum exchange with the
external force field occurs because of a deformation of the particle density,
responding to the flow (fig. 9.6). Dissipation – on the other hand – happens
through additional viscous friction. The latter is caused by the external po-
tential inducing spatial inhomogeneities to the (equilibrium) density, which
are reflected in variations of the velocity field even in situations where the
momentum density is spatially constant.

Although the ‘friction’ force exerted by the external force field on the liq-
uid naturally depends only on the particle distribution and not on the veloc-
ity field, it can be related to the average flow velocity, especially if the system
is considered to be in a locally quasi-stationary state due to fast microscopic
relaxation processes. Such a state features, for instance, a unique density
profile, which can be found with linear response theory (eq. (9.32)). The
thus obtained expression for the external force density (eq. (9.34)) looks sim-
ilar to the result of Bocquet and Barrat with the difference that the present
equations describe amicroscopic force density instead of a total friction force
between liquid and substrate. In this context, it was also pointed out that
Bocquet and Barrat’s ansatz with a velocity field which is homogeneous in
the direction of flow is unrealistic, and, in fact, the crucial role that variations
of the velocity field play in dissipating energy has just been demonstrated.
This aspect is emphasised by the second approach of relating friction and
flow, which makes use of the balance between the work done to the system
and the dissipated energy. Accordingly, a new expression for the friction
coefficient, which contains the viscosity kernel of the liquid, a feature not
present in other formulations, was derived (eqs. (9.39), (9.40)). The deduc-
tion of this rather simple formula was aided by the symmetries of the simple
quasi one-dimensional toy system, and it is an interesting question to ask if
or how the situation would change if one considered a more realistic situa-
tion. Having in mind the pronounced layering in confined liquids, is it, for
instance, possible to treat the first layer of a fluid at a substrate as an effec-
tively one-dimensional system to compute the force acting on the liquid?

Last, a complete breakdown of external friction was observed in com-
puter simulations if the driving force generating the flow exceeded a criti-
cal value (see fig. 9.11). It has to be remarked that these simulations were
originally not designed for the regime of high flow velocities and that more
suitable simulation protocols and thermostats should be used in a study ex-
plicitly dedicated to this phenomenon. An interesting feature is that, on
the level of single simulation runs, the breakdowns all seemed to follow the
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same pattern but occurred spontaneously at different times (fig. 9.14). This
behaviour, as well as the existence of a critical driving force, can be explained
by a hypothetical relation in which the friction force decreases with increas-
ing flow velocity after having passed through a maximum (fig. 9.16). In the
vicinity of this maximum, spontaneous fluctuations could then hoist the ve-
locity above a critical value, triggering the subsequent breakdown of friction.
The hypothetical decrease of friction with velocity is backed by simulation
data (fig. 9.15) and would supposedly constitute a new phenomenon. There
are other simulations in the literature which find a divergence of the slip
length, but the behaviour that was observed there corresponds to a satura-
tion or reduced growth of friction.
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Chapter 10

Effective Theory
for Larger Scales

A key feature of the equation of motion (9.27) developed in chapter 9 is
that it can be applied to microscopic scales in a way that transfers familiar
notions of classical macroscopic hydrodynamics to dimensions smaller than
the roughness of an external potential. There are, however, also situations
where the focus lies on trends on much larger scales as – for instance – in
the study of thin films in chapter 8. For these cases, effective theories are
called for that do not require an explicit treatment of themicroscopic details.
This motivates asking how variations over long distances can be covered by
equation (9.27).

As it is based on the results of chapter 9, the theory of this chapter can
be understood as an alternative to the one developed in chapter 6. While
there small scales were (or had to be) excluded by a Fourier cut-off, here
the applicability of a real space smoothing procedure will be explored for
systems with a (quasi-)periodic external potential. In doing so, the notion of
locally quasi-stationary states is going to be invoked and approximations will
be made for the hydrodynamic limit. The obtained equations form a closed
set in the smoothed variables, and microscopic details on the characteristic
scale of the external potential are integrated out and captured by effective
transport coefficients.

Being a complement of chapter 9, this chapter will make use of the same
toy system and molecular dynamics simulations (cf. sec. 9.1.3).
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F 10.1: Top: Themicroscopic pressure δp∗(x) (cf. eq. (9.28)), pressure force −∂xδp∗(x)
and external force δ f ∗ext(x) (cf. eq. (9.29)) in the stationary state corresponding to pressure
driven flow from left to right (setup 3). Indicated by the shaded regions, the driving force only
acts in a small part of the system. Bottom: The same quantities as above after smoothing
with a mask of width 1 according to equation (10.1). Obviously, the smoothing successfully
simplifies the complex behaviour of the data and emphasises global trends.

10.1 Smoothing

10.1.1 Motivation and definition

In the following, let us shift our focus away from the microscale to scales
larger than the wavelength λpot of the external potential (cf. eq. (9.18)). Ul-
timately searching for an effective theory for the meso- or macroscopic be-
haviour of the mass and momentum density, we are no longer interested in
microscopic variations of the observables. Trends on larger scales can be
separated from those on the scale of λpot by smoothing out the fields. Such
a procedure is also common in classical bulk hydrodynamics, where – ac-
cording to reference [79] (p. 220) – the hydrodynamic fields are obtained by
averaging out the microscopic densities over a subvolume.
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In a systemwith external potential, the smoothing is evenmore adequate
as motivated by the following example of a flow generated by an overall pres-
sure gradient. To simulate this situation, a driving force is applied only to a
small region (cf. setup 3 in section 9.1.3), leading to an increased averaged
particle density on one side of this area and a decreased density on the other.
Away from this region, the flow is thus driven by the imbalance of particle
densities. The top panel of figure 10.1 gives an impression of the microscopic
pressure δp∗(x) (cf. eq. (9.28)), pressure force −∂xδp∗(x) and external force
δ f ∗ext(x) (cf. eq. (9.29)) in the stationary state. Their rather complicated be-
haviour obscures the main trends, which can be revealed by smoothing the
data as depicted in the lower panel. There, the overall pressure gradient is
clearly exposed, and the force densities are found to be roughly constant
except for some undulations. A more detailed discussion is postponed to
section 10.1.2.

The data shown in figure 10.1 was smoothed by applying a running aver-
age of a width equal to λpot = 1. Mathematically, the smoothing can be ex-
pressed as a convolution with a normalisedmask function D(x) (

∫
dx D(x) =

1), according to

Ā(x) :=
∫

dx′ D(x − x′)A(x′), (10.1)

where A(x) is to represent some function of x. This is similar to the method
used in chapter 6 with the difference that the convolution is carried out after
instead of before the projection operator calculations. Moreover, the masks
may now be invertible, wherefore the term of ‘smoothing’ is used instead
of ‘coarse graining’. Here and in the following, let us choose a ‘rectangular’
mask given by

D(x) =
{ 1

a
if − a/2 ≤ x < a/2

0 else , (10.2)

where the width a is an integer multiple of the period length λpot of the
external potential. This last choice permits exploiting the periodicity and
is, in fact, not too strong a constraint, as the relative difference between a
mask that is an integer amount of λpot wide and one that is not decreases to
zero with increasing mask size. Along similar lines, one can argue that the
exact shape of the mask becomes irrelevant for large masks. Of course, there
are exceptions like the sinc function, but it is not the aim of this section to
discuss the mathematical requirements for suitable masks here. While the
theory will hold for mask widths that are arbitrary multiples of λpot, all plots
in this chapter will use a = λpot = 1, and the data will always be from setup 3.
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In preparation of the upcoming considerations, let’s also introduce the
notation

A(x) = Ā(x) + ∆A(x), (10.3)

which splits the function A(x) into its local average Ā(x) and the rest ∆A(x).
Moreover, note that smoothing and spatial derivatives are interchangeable,
that is ∂x Ā(x) = ∂xA(x), as can be easily checked.

The principle goal of the following sections will be to find a closed set of
equations of motion for the smoothed fields δρ(x , t) and J̄(x , t), which (or
rather their unsmoothed versions) are defined in equations (9.8) and (9.9).

10.1.2 Smoothing out the force densities

As a first step towards equations for the smoothed fields, the effect of the
smoothing operation introduced in the previous section on themass density,
the pressure force density, the external ‘friction’ force density and the viscous
force density is studied, using the example of the pressure gradient scenario
as far as possible. In particular, the consequence of the average trend of
the mass density changing only slowly will be clearly revealed. The topic of
slowly changing (smoothed) fields will be more elaborated in section 10.2,
where the hydrodynamic limit is considered.

Mass density

Before turning to the force densities, let us have a look at the smoothed hy-
drodynamic fields first. Since J(x , t) is constant in the simulation, an analysis
is rather boring, wherefore the focus is on the mass density.

Following equation (10.3), we decompose δρ(x , t) into its smoothed part
δρ(x , t) and the deviation ∆δρ(x , t). Figure 10.2 shows the effect of this pro-
cedure for the data obtained in the pressure gradient simulation. Apart from
the shaded regions where the driving force is applied, one observes that
δρ(x , t) captures an overall linear decrease of δρ(x , t), whereas ∆δρ(x , t) ac-
counts for the approximately periodic undulations, sitting on top the average
trend. This periodic behaviour can be easily understood by considering

∂xδρ(x , t) = ∂xδρ(x , t) + ∂x∆δρ(x , t)

= ∂xδρ(x , t) +
1
a

[
∆δρ

(
x +

a

2
, t

)
− ∆δρ

(
x − a

2
, t

)]
. (10.4)

Hence, if ∂xδρ(x , t) ≈ ∂xδρ(x , t), then ∆δρ
(
x + a

2 , t
)
− ∆δρ

(
x − a

2 , t
)
≈ 0,

or – in other words – if ∂xδρ(x , t) is essentially constant on the scale of the
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F 10.2: Decomposition of the deviation of the mass density from equilibrium δρ(x)
(cf. eq. (9.8)) into its smoothed component δρ(x) and the remainder ∆δρ(x) (cf. eqs. (10.1),
(10.3)) during pressure driven stationary flow (setup 3). The shaded areas indicate the regions
in which the driving force is applied.

mask width a, then ∆δρ(x , t) is approximately periodic with period length a.
Since a was chosen to be an integer multiple of the period length λpot of the
external potential, the periodicity of ∆δρ(x , t) may even be smaller than a. If
the average of ∂xδρ(x , t) over the length λpot is constant on the scale a, then
one can show along similar lines as above that the periodicity of ∆δρ(x , t)
is λpot. In our other scenario of a uniform driving force, ∆δρ(x , t) is exactly
periodic, and δρ(x , t) is zero.

Pressure force density

To get a better understanding of the smoothed pressure force density, let us
separate the influences of the smoothed mass density δρ(x , t) from those of
∆δρ(x , t) by virtue of

- ∂xδp∗(x , t) ≡ - ∂xδp∗
(
x , t ,

[
δρ

])
= - ∂xδp∗

(
x , t ,

[
δρ

])
- ∂xδp∗

(
x , t ,

[
∆δρ

])
.

(10.5)
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F 10.3: Decomposition of the smoothed pressure force density −∂xδp∗(x) (cf.
eqs. (9.28), (10.1)) into a part generated by δρ(x) and one by ∆δρ(x) (cf. eqs. (10.5), (10.3))
for pressure driven stationary flow (setup 3). The contribution of ∆δρ(x) approximately van-
ishes because of the roughly periodic nature of the latter (see text). The shaded areas indicate
the regions in which the driving force is applied.

The new notation is to signify a replacement of δρ(x , t) by the term in square
brackets in the expression for −∂xδp∗(x , t) (cf eqs. (9.28), (10.1)). Figure 10.3
shows the result of this decomposition for the exemplary data. Apparently,
we have −∂xδp∗

(
x , t ,

[
δρ

]) ≈ −∂xδp∗ (
x , t ,

[
δρ

])
, oscillating about a roughly

constant value, whereas −∂xδp∗
(
x , t ,

[
∆δρ

]) ≈ 0.
To understand this, let us rewrite the pressure force. Exploiting the peri-

odicity of the equilibrium state, that is ρeq(x+a) = ρeq(x) and H−1(x′+a, x+
a) = H−1(x′, x), we find from equation (9.28)

−∂xδp∗(x , t) = − kBTρeq

(
x +

a

2

)
∂x

∫
dx′ H−1(x′, x)δρ(x′, t)

= − kBTρeq

(
x +

a

2

) ∫
dx′ H−1

(
x′ +

a

2
, x +

a

2

)
∂x′δρ(x′, t).

(10.6)

For a more detailed calculation, see appendix E.1.1. The behaviour observed
in figure 10.3 is now easily explained. In the simulation, ∂x′δρ(x′, t) is approx-
imately constant, and, moreover,

∫
dx′ H−1(x′, x) is constant as well (see

appx. D.2.5). Therefore, one approximately has −∂xδp∗(x , t) ∝ ρeq
(
x + a

2

)
,

explaining the oscillations. As can be seen by inserting only ∆δρ(x , t) for
δρ(x , t) in equation (10.6), −∂xδp∗

(
x , t ,

[
∆δρ

]) ≈ 0 due to ∂x′∆δρ(x′, t) ≈
0. The latter is a consequence of the approximate periodicity of ∆δρ(x′, t),
which is induced by the more or less constant gradient of δρ(x , t) as dis-
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cussed in the previous section. Of course, all these approximations fail in the
vicinity of the region where the driving force is applied and δρ(x , t) changes
rapidly.

There is one more point to be made. It has just turned out that the
smoothed pressure force density −∂xδp∗(x , t) directly depends only on the
smoothed density δρ(x , t) and not its local deviations ∆δρ(x , t). However,
this property does not imply −∂xδp∗

(
x , t ,

[
δρ

])
= −∂xδp∗

(
x , t ,

[
δρ

])
in gen-

eral, since ∂x∆δρ(x , t) does not necessarily vanish. This aspect is related to
the fact that δρ(x , t) and∆δρ(x , t) are not independent. If one added a differ-
ent deviation ∆δρ′(x , t) to δρ(x , t) to obtain δρ′(x , t) := δρ(x , t) + ∆δρ′(x , t),
then the smoothed versions of δρ(x , t) and δρ′(x , t) would usually not be
identical, but δρ′(x , t) = δρ(x , t) + ∆δρ′(x , t) − ∆δρ(x , t). Only if the devi-
ation ∆δρ(x , t) was periodic with respect to a, ∆δρ(x , t) would be constant,
and the gradient of the smoothed density would be truly independent of the
specific choice of the deviation.

To summarise the insights of this section, let us note the following. By
averaging out over one or several periods of the external potential, the over-
all pressure gradient was successfully extracted. Yet, there is still an os-
cillatory behaviour, which is going to be addressed a little further below.
Concerning the set of hydrodynamic fields, the smoothed pressure force di-
rectly depends only on δρ(x , t), but if this dependency is made explicit in
the formula, the expression loses the familiar form of a pressure gradient. If,
however, ∂xδρ(x , t) is more or less constant on the smoothing scale a, then
−∂xδp∗

(
x , t ,

[
δρ

]) ≈ −∂xδp∗ (
x , t ,

[
δρ

])
.

External ‘friction’ force density

Analogously to the pressure force, let’s split up the external force density
according to

δ f ∗ext(x , t) ≡ δ f ∗ext
(
x , t ,

[
δρ

])
= δ f ∗ext

(
x , t ,

[
δρ

])
+ δ f ∗ext

(
x , t ,

[
∆δρ

])
. (10.7)

The resulting curves for our example are depicted in figure 10.4. Again, the
component which depends on the smoothed density field, δ f ∗ext

(
x , t ,

[
δρ

])
,

oscillates, while the one depending on the local deviations, δ f ∗ext
(
x , t ,

[
∆δρ

])
,

is more or less constant. The oscillations of the first term are almost but not
exactly centred around zero, and – in a corresponding fashion – the sec-
ond term is slightly shifted from the centre of the oscillations of the original
δ f ∗ext(x , t).
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F 10.4: Decomposition of the smoothed external force density δ f ∗ext(x) (cf. eqs. (9.29),
(10.1)) into a part generated by δρ(x) and one by ∆δρ(x) (cf. eqs. (10.7), (10.3)) for pressure
driven stationary flow (setup 3). In contrast to the pressure force density (cf. fig. 10.3), the
main effect can now be attributed to the contribution of ∆δρ(x). The shaded areas indicate
again the regions in which the driving force is applied.

The behaviour of δ f ∗ext

(
x , t ,

[
δρ

])
is more clearly revealed by rewriting

the latter as

δ f ∗ext

(
x , t ,

[
δρ

])
= ∆ρeq

(
x +

a

2

)
kBT∂x

∫
dx′ H−1(x′, x)δρ(x′, t)

− kBT∆ρeq(x)∂x

∫
dx′ H−1(x′, x)δρ(x′, t). (10.8)

Again, the calculation can be found in the appendix (cf. section E.1.2). With-
out intending to go into more detail here, it can be noted that the first term
basically generates the oscillations (about zero), whereas the second is the
source of the additional small offset. This is readily appreciated by noticing
that the first term is the same expression as −∂xδp∗(x , t) (cf. eq. (10.6)) if
one replaces ∆ρeq(x) by ρeq(x) in the equation above. Thus, in the same way
as the pressure force, it undulates around a constant value, now determined
by ∆ρeq(x) = 0 instead of ρeq(x).

Concerning the contribution of ∆δρ(x , t), one finds (cf. appendix E.1.2)
that, for the simulation data,

δ f ∗ext
(
x , t ,

[
∆δρ

]) ≈ 1
m
Fext(x)∆δρ(x , t) = δ fext

(
x , t ,

[
∆δρ

])
, (10.9)

because H(x , x′), H−1(x , x′) and Fext(x) are periodic and ∆δρ(x , t) is approx-
imately periodic. This approximation is confirmed in figure 10.5. Of course,
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F 10.5: Verification of approximation (10.9), which is possible due to the approximate
periodicity of ∆δρ(x) away from the shaded areas indicating the regions in which the driving
force is applied. The data were obtained using setup 3.

it does not hold in the vicinity of the shaded areas, where the prerequisite
of the local periodicity of ∆δρ(x , t) is not met. Away from these regions,
δ f ∗ext

(
x , t ,

[
∆δρ

])
is approximately constant with respect to x, as it is the

smoothed out version of an approximately periodic function.
Summarising, it can be said that the external force density is essentially

determined by ∆δρ(x , t). There is, however, a contribution from δρ(x , t),
which – if ∂xδρ(x , t) is roughly constant – leads to additional oscillations and
an offset. As an outlook to more general situations where Fext(x , t) also fea-
tures large scale variations on top of the microscopic undulations, it seems
a promising ansatz to divide Fext(x , t) into F̄ext(x , t) and ∆Fext(x , t) to dis-
tinguish ‘friction’ forces from superimposed external forces. Well separated
relevant length scales for both forces are probably a necessary prerequisite.

Regrouping the instantaneous force densities

In view of the oscillations of some of the smoothed force densities (see fig-
ures 10.3 and 10.4), the partitioning of the instantaneous term in the original
equation of motion (9.12) into −∂xδp∗(x , t) and δ f ∗ext(x , t) may appear not
quite ideal. We are, however, free to regroup the terms. In the present case,
where ∂xδρ(x , t) and

∫
dx′ H−1(x′, x) are constant, the oscillating term of

δ f ∗ext

(
x , t ,

[
δρ

])
(i.e. the first term on the right-hand side of eq. (10.8)) does

not contribute to the total force, that is it vanishes if integrated out over
x, even on a local scale. We could thus define an alternative pressure force
density by adding the mentioned term to the original pressure force density
and removing it from the external force density. Adding only this part of
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δ f ∗ext

(
x , t ,

[
δρ

])
moreover retains the gradient form of the new expression,

thus still allowing it to be considered as a pressure force density. Further-
more, since, in a homogeneous system, ∆ρeq(x) = 0, the manipulation does
not affect the consistency with the definitions of bulk hydrodynamics. Car-
rying out the addition and using equations (10.6) and (10.5), the result can
be written as

− ∂xδp∗
(
x , t ,

[
δρ

])
+ ∆ρeq

(
x +

a

2

)
kBT∂x

∫
dx′ H−1(x′, x)δρ(x′, t)

= −kBTρeq

∫
dx′ H−1

(
x′ +

a

2
, x +

a

2

)
︸                               ︷︷                               ︸

=const. here

∂x′δρ(x′, t)︸        ︷︷        ︸
≈const. here

− ∂xδp∗
(
x , t ,

[
∆δρ

])︸                   ︷︷                   ︸
≈0here

,

(10.10)

where ρeq ≡ ρeq(x) is constant. The expression reveals that, for the present
situation, this manipulation removes all the oscillations due to the proper-
ties of δρ(x , t) and H−1(x′, x) mentioned above. However, it should not be
forgotten that

∫
dx′ H−1(x′, x) being constant is an artefact of the fixed total

particle number N and the workaround for calculating the inverse density
correlations (cf. appendix D.2.5). On the other hand, appendix D.2.5 also
suggests that a theory for a corresponding constant N ensemble, into which
the workaround for H−1(x′, x) is formally included by using pseudoinverses,
would probably not look that different.

Viscous force density

Smoothing out the term of viscous dissipation in equation (9.27) yields

−
∫

dx′
t∫

0

ds
J(x′, s)
ρeq(x′)

∂x′∂xη1(x′, x , t − s)

=

∫
dx′

t∫
0

ds

∂2
x′

(
J(x′, s)
ρeq(x′)

) η1

(
x′ +

a

2
, x +

a

2
, t − s

)
. (10.11)

A detailed calculation can be found in appendix E.1.3. The form of this ex-
pression is very familiar from bulk hydrodynamics (cf., for instance, equa-
tion 3.27), but, for a closed set of equations, a dependency on J̄(x′, s) instead
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of J(x′, s)/ρeq(x′) is needed. Fortunately, this problem is easily solved by us-
ing the identity

∂x

(
J(x , t)
ρeq(x)

)
=

∂x J̄(x , t)

ρeq
(
x + a

2

) , (10.12)

which is also proven in appendix E.1.3.
It can hence be concluded that the smoothed viscous term only depends

on the smoothed momentum density J̄(x , t) and not its local deviations.
There is, of course, viscous dissipation on the microscale, related to the dis-
sipative aspect of the external friction force, but it has no impact on the force
densities on the coarser level. In addition, note that the present quasi one-
dimensional model can only feature gradients of the momentum density in
the direction of the periodicity of the external potential, whereas, at an inter-
face, a typical flow state is characterised by a gradient in the perpendicular
direction.

10.1.3 Equations of motion for the smoothed fields

After discussing the way the smoothing acts on the various contributions to
the force density, let us now combine the results of the previous section to
write down equations of motion for the smoothed fields. Although some
peculiarities due to the slow variation of δρ(x , t) in the test case have already
been pointed out, the intention of the present section is the formulation of
very general equations. Approximations and simplifications for the hydro-
dynamic limit of slow variations will be part of section 10.2.

The smoothed version of equation (9.11) is obtained straightforwardly
and reads

∂tδρ(x , t) = −∂x J̄(x , t). (10.13)

With regard to the equation of motion of the momentum density, it turned
out that the smoothed pressure force density −∂xδp∗(x , t) (cf. eq. (10.6)) and
the smoothed viscous force density (cf. eqs. (10.11), (10.12)) only depend on
the smoothed distinguished variables δρ(x , t) and J̄(x , t). One thus has

∂t J̄(x , t) = − kBTρeq

(
x +

a

2

) ∫
dx′ H−1

(
x′ +

a

2
, x +

a

2

)
∂x′δρ(x′, t)

+

∫
dx′

t∫
0

ds

∂x′ ∂x′ J̄(x′, s)

ρeq
(
x′ + a

2

)  η1

(
x′ +

a

2
, x +

a

2
, t − s

)

+ δ f ∗ext
(
x , t ,

[
δρ

])
+

1
m
ρeq(x)Fdrv(x , t). (10.14)

225



EFFECTIVE THEORY FOR LARGER SCALES

For these equations to form a closed system in the smoothed variables
δρ(x , t) and J̄(x , t), the term δ f ∗ext

(
x , t ,

[
δρ

])
(cf. eqs. (10.7)–(10.9)) – or at

least the part depending on ∆δρ(x , t) – has to be related to J̄(x , t). This can
be done using the results of section 9.5 – in particular, if J(x , t) is approx-
imately constant on the smoothing scale a. The latter is not an unrealistic
condition and related to the concepts of hydrodynamic limit and local sta-
tionarity, which will be addressed in the next section.

10.2 Hydrodynamic limit and local stationarity

10.2.1 Discussion of the concepts

In section 10.1.1, the relation between a smoothing of the microscopic densi-
ties and classical (bulk) hydrodynamics has already been alluded to. Two key
concepts have to be mentioned in this context, the hydrodynamic limit and
local equilibrium (cf. sections 3.4.1 and 3.1), and the existence of an external
potential makes it necessary to re-examine these subjects.

Let us begin with a brief recapitulation. The hydrodynamic limit is the
limit in which – in a homogeneous system – the mass and momentum den-
sity vary only on sufficiently large length and time scales, so that their dy-
namics is captured by the Navier-Stokes equations. This requires, for in-
stance, that ∂x′δρ(x′, t) is essentially constant on the scale of the spatial ex-
tent of the inverse microscopic density correlations H−1(x′, x), so that one
can approximate∫

dx′
(
∂x′δρ(x′, t)

)
H−1(x′, x) ≈ (∂xδρ(x , t))

∫
dx′ H−1(x′, x). (10.15)

Smoothing out the fields helps acquiring the necessary slow variability, par-
ticularly in the presence of an external potential. There are two points to be
made: Coming from the microscopic densities, which are defined as sums of
delta peaks, some form of smoothing is indispensable to have the mere pos-
sibility of slow variations in the first place. This is connected to the method
of obtaining the hydrodynamic fields by averaging out over subvolumes as
described in reference [79] (p. 220). In the present chapter, however, the
theory is concerned with non-equilibrium averages of the microscopic den-
sities, where the delta peaks have already been levelled out by forming the
ensemble average. Yet, there is another factor here that may lead to small
scale variations, and that is the external potential. While J(x , t) may still
be rather smooth (recall J(x , t) is constant in a stationary state), ρ(x , t) and
δρ(x , t) change on the scale of the external potential, which may very well
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be comparable to the range of correlation functions. Approximations as the
one above are thus no longer possible for the unsmoothed fields. More-
over, the smoothing has another beneficial effect. The original version of
the first term of the above equation reads

∫
dx′ δρ(x′, t)∂xH−1(x′, x), and it

is only because of the homogeneity of the bulk system that ∂xH−1(x′, x) =
−∂x′H−1(x′, x), which permits us to eventually shove the derivative onto
δρ(x′, t) with a partial integration. This step is, of course, no longer possi-
ble if an external potential destroys the symmetry. However, as can be seen
from equation (10.6) and (10.11), the smoothing quite naturally still transfers
the derivatives from the transport kernels to the hydrodynamic fields.

In a bulk system, large length scales also imply long time scales. This is
due to the fact that the equations of motion for the mass and momentum
density have the form of continuity equations. Hence, ρ(x , t) and J(x , t) do
not change spontaneously but only if there are currents that carry amounts
of these quantities to or from a region in space. Roughly speaking, this has
the consequence that the larger the region, the longer it takes to change the
average value of the quantity contained in it. In the presence of an external
force field, this statement is still valid for themass density, but the continuity
equation of J(x , t)now features an additional source term– the external force
density. Hence, a large length scale no longer guarantees a long time scale,
and some additional temporal smoothing might be needed. As this problem
is fairly easily dealt with, let us not dwell on this issue any further but keep
it in mind during the following considerations.

Let us instead address the second aspect: local thermodynamic equilib-
rium. Again, the case of standard bulk hydrodynamics is recapitulated first,
following reference [79] (p. 220). Because microscopic relaxation processes
are expected to be very fast, one assumes “that although the hydrodynamic
densities vary over macroscopic lengths and times, the fluid contained in
each of the subvolumes [used for averaging] is in a state of thermodynamic
equilibrium,” justifying the use of equilibrium thermodynamics for the lo-
cal values of the fields. This assumption, however, imposes an additional
requirement on the smoothed densities. The homogeneity of a local equi-
librium within each subvolume can only be achieved if the smoothed fields
are essentially constant on the scale of the mask width used for smooth-
ing. This is probably contained in the expression of “macroscopically small”
subvolumes opposed to “macroscopic lengths” over which the fields vary.
Similarly, reference [42] (p. 8) asserts that the “spatial and temporal de-
pendence of the thermodynamic fields are negligible at molecular length
and time scales”. To complete this short review, also recall that the local
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equilibrium has to be viewed with respect to a reference frame that is mov-
ing with the average fluid velocity.

In the presence of an external potential, a modification of the concept
of local equilibrium towards that of a local stationary state becomes neces-
sary. Local equilibrium would require the distribution of the mass density
in a subvolume to be the same as in a true equilibrium state. However, sec-
tion 9.3 demonstrated that the mass density reacts to the flow and adopts a
stationary distribution which is different from equilibrium. Hence, instead
of a rapid relaxation of the microscopic fields to a quasi equilibrium config-
uration, a relaxation to a quasi stationary state that is in accordance with
the local values of the smoothed fields is assumed. As J(x , t) is spatially and
temporally constant in a stationary state, local stationarity implies a slow
spatial and temporal variation of J(x , t) even without smoothing. It also im-
plies that, in a periodic potential, ∆δρ(x , t) is approximately periodic on a
local scale as well.

Let us summarise the preceding discussion by compiling the relations
defining the macroscopic lengths and times in the present context:

mac. length scale≫ smoothing scale ≥ scale of ext. potential
mac. length scale≫ mic. correlation lengths
mac. time scale ≫ relaxation times on the smoothing scale
mac. time scale ≫ relaxation time of mic. stress correlations

Cases where the smoothed fields only vary significantly on these macro-
scopic scales will be addressed as hydrodynamic limit, and local stationarity
will be assumed.

10.2.2 Approximation methods

Approximation of integrals with transport kernels

In the upcoming considerations, the slow spatial variability of δρ(x , t) and
J(x , t) or J̄(x , t) is going to be used to obtain approximations by virtue of se-
ries expansions of these quantities in the integrals. However, one should re-
alise that, in general, care has to be exercised with these kinds of approaches,
and a discussion, which takes the viscous term as an example, is the content
of this section. As our interest only is in spatial aspects here, the expressions
will be simplified by notationally suppressing all time dependencies.
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In a bulk system without external potential, the usual approximation for
the hydrodynamic limit is

∫
dx′

J(x′)
ρeq

∂x′∂xη1(x′, x) = −
∫

dx′
∂2
x′J(x′)
ρeq

η1(x′, x)

≈ − ∂
2
xJ(x)
ρeq

∫
dx′ η1(x′, x). (10.16)

Exploiting the translation invariance (η1(x′, x) ≡ η1(x′ − x) and ρeq(x) ≡
ρeq = const.), the derivatives have first been accumulated on the distin-
guished variable J(x′). The approximation then consist in assuming (i.e.
is valid for the case) that ∂2

x′J(x′) is essentially constant on the scale of the
extension of the respective transport kernel η1(x′ − x).

In principle, one could try to extend the approximation to smaller length
scales by expanding J(x′) in powers of (x′ − x), leading to

−
∫

dx′
(
∂2
x′J(x′)

)
η1(x′, x) =

∑
j

(
∂
j+2
x J(x)

) 1
j!

∫
dx′ (x′ − x) jη1(x′, x).

(10.17)

Unfortunately, the existence of the expansion coefficients is not guaranteed
as discussed in the literature (see p. 244 in ref. [79] and refs. [54, 95]). The
quantity of interest there was the Fourier transform η̃(k) of the shear viscos-
ity kernel η(|r′ − r|). This is not exactly the same object as in the present
case, yet the problems encountered there should make us cautious. It is
straightforward to show that the analogous expansion coefficients, the mo-
ments of η(|r′ − r|) with respect to |r′ − r| that is, are related to the co-
efficients of an expansion of η̃(k) in powers of k. These expansion coeffi-
cients are called Burnett coefficients, and their existence is debated, as η̃(k)
is probably not analytic in k = 0. There are indications that η̃(k) might go
as η̃(k) = η + k3/2η3/2 + . . . . On the other hand, however, simulation data of
η̃(k) could also be well fitted by analytic functions [2, 80, 150], which have,
for instance, successfully been used to predict shear stresses at very short
wavelength excitations [174, 175].

Although, due to this unclear situation, a too careless series expansion
may probably not be advisable, in the bulk, one may still expand J(x′) under
the integral if one terminates at the same order that appears in the final
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result of the approximation. This gives∫
dx′

J(x′)
ρeq

∂x′∂xη1(x′, x)

≈
∫

dx′
J(x) + (x′ − x)∂xJ(x) + 1

2 (x′ − x)2∂2
xJ(x)

ρeq
∂x′∂xη1(x′, x)

= −∂
2
xJ(x)
ρeq

∫
dx′ η1(x′, x). (10.18)

The effect is that the approximation takes place at a slightly different level.
Instead of ∂2

x′J(x′, t) being fairly constant on the scale of η1(x′, x), the cri-
terion for the validity of the approximation is reformulated to saying that
J(x′, t) is well represented by the first or first two orders of its Taylor se-
ries on the scale introduced by ∂x′ ∂xη1(x′ ,x)

ρeq(x′) . Regarding the existence of the
expansion coefficients, one finds that the zeroth, first and second moment
∂x′ ∂xη1(x′ ,x)

ρeq(x′) (the first two being zero) exist.

Taking these considerations as a guide, only expansions up to ∂xδρ(x)
and ∂2

xJ(x) or ∂2
x J̄(x) will be used in the following. Thereby, no higher order

derivatives are introduced, and the consistency with the usual expressions
of the homogeneous bulk case is retained.

Approximation of smoothing integrals

Approximating the force densities, we will, moreover, be confronted with
smoothing integrals of the type

f (x)g(x) =
1
a

x+ a
2∫

x− a
2

dx′ f (x′)g(x′), (10.19)

where f (x) is varying slowly on the scale a, and g(x) is periodic, that is g(x +
a) = g(x). Similar to section 10.2.2, f (x′) can be expanded to yield

f (x)g(x) =
∑
i

(
∂ix f (x)

) 1
i!

1
a

x+ a
2∫

x− a
2

dx′ (x′ − x)ig(x′). (10.20)

The norm of the ith order can be estimated according to

∣∣∣∣(∂ix f (x)
) 1
i!

1
a

x+ a
2∫

x− a
2

dx′ (x′ − x)ig(x′)
∣∣∣∣ ≤ |g(x)|

∣∣∣∂ix f (x)
∣∣∣ 1
i!

(
a

2

) i
, (10.21)
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which, except for the i-independent factor |g(x)|, is the analogous estimate
of the ith order of the expansion of f

(
x + a

2

)
around x. Hence, the number

of orders required to approximate f (x) on the scale of the mask width a (or
a
2 to be precise) determines the number of orders in the approximation of
f (x)g(x).

10.2.3 The force densities in the hydrodynamic limit

Second smoothing

Section 10.1.2 revealed that, in a system with an overall density gradient,
both the smoothed pressure force density and the smoothed external force
density feature some small scale undulations. With respect to the net force
density, these oscillations – however – compensate each other, which led to
mentioning a possible regrouping of the individual terms. Here, let us follow
a different, simpler approach which just consists in applying the smoothing
operation twice.

Before going through the force densities one by one, there is one point to
make about the temporal derivative of the momentum density. Recall that,
in the considered case, the system is in a slowly changing, quasi station-
ary state within each smoothing volume at any time. As the undulations
mentioned above, which each for itself alone could cause rapid changes of
the momentum density, cancel out, it is plausible to assume that not only
J(x , t) is basically constant on distances of length a, but that also its tempo-
ral derivative varies negligibly on these scales. Under this premise, one may
approximate

∂t
¯̄J(x , t) = ∂t J̄(x , t) +

1
24

a2∂2
x∂t J̄(x , t) + . . .︸                      ︷︷                      ︸
neglect

, (10.22)

which we will use in section 10.2.4 to close the equation of motion with re-
spect to J̄(x , t).

Pressure force density

In the hydrodynamic or long-wave limit, variations of δρ(x , t) occur onmuch
larger scales than that of the microscopic details and the smoothing length
a. Using the series expansion discussed in section 10.2.2 on equation (10.6)
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approx. ∝ ∂xδρ(x) (eq. (10.23))
−∂xδp∗
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F 10.6: Test of approximation (10.23), relating the twice smoothed pressure force den-
sity −∂xδp∗(x , t) to the gradient of the smoothed density deviations ∂xδρ(x , t) in the hydro-
dynamic limit. As the derivative amplifies the numerical noise of the measured stationary
δρ(x), also a smoothed version of the approximation is given for reference. The shaded areas
indicate the regions in which the driving force was applied in the simulation (setup 3).

yields in the leading order

− ∂xδp∗(x , t) = −kBTρeq

(
x +

a

2

) ∫
dx′ H−1

(
x′ +

a

2
, x +

a

2

)
∂x′δρ(x′, t)

≈ −kBT
(
∂xδρ(x , t)

)
ρeq

(
x +

a

2

) ∫
dx′ H−1

(
x′ +

a

2
, x +

a

2

)

≈ −∂xδρ(x , t)kBT ρeq(x)
∫

dx′ H−1(x′, x)︸                           ︷︷                           ︸
=const.

. (10.23)

As a consequence of the second smoothing, the coefficient of ∂xδρ(x , t) in
the last line is constant. This made it possible to get rid of the summands a

2 ,
and, most importantly, returns the final expression to the form of a gradient.
The obtained approximation for the effective pressure in the hydrodynamic
limit thus has a very similar structure to the corresponding term in classi-
cal bulk hydrodynamics (cf. eq. (3.28)) to which it moreover simplifies in a
homogeneous system.

In figure 10.6, the approximation is tested for the data from setup 3 with
a mask width of a = 1, and an excellent agreement is found for those regions
which are sufficiently far away from the locations where the driving force
is applied. Of course, one cannot expect the approximation to hold where
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approx. ∝ ∂xδρ(x) (eq. (10.25))
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[
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F 10.7: Test of approximation (10.25), relating that part of the twice smoothed external

force density that depends on the smoothed mass density, δ f ∗ext

(
x , t ,

[
δρ

])
, to the gradient of

the smoothed density deviations ∂xδρ(x , t) in the hydrodynamic limit. As in figure 10.6, also
a smoothed version of the approximation is given for reference, as the derivative amplifies
the numerical noise of the measured δρ(x). The shaded areas indicate the regions in which
the driving force was applied in the simulation (setup 3).

δρ(x , t) varies rapidly. The strong fluctuations of the data corresponding to
the approximate expression is caused by an amplification of numerical noise
by the discrete derivative and can be expected to vanishwith better statistics.

External ‘friction’ force density

Concerning δ f ∗ext
(
x , t ,

[
∆δρ

])
, it was already discussed in section 10.1.2 that

δ f ∗ext
(
x , t ,

[
∆δρ

]) ≈ 1
m
Fext(x)∆δρ(x , t) = δ fext

(
x , t ,

[
∆δρ

])
(10.24)

if ∆δρ(x , t) is approximately periodic. Moreover, it was also established that
this periodicity is given if the curvature of δρ(x , t) is negligible on the scale of
smoothing a, which is in accordancewith the definition of the hydrodynamic
limit. The second smoothing step is, of course, trivial.

The approximation of δ f ∗ext

(
x , t ,

[
δρ

])
is obtained by expanding again

δρ(x , t) according to the considerations in section 10.2.2. Using the iden-

tity
(
∂xρeq(x)

) ∫
dx′ H−1(x′, x) = 0 (cf. appx. E.2) and equation (9.29) and
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(9.25), one finds in the leading order

δ f ∗ext

(
x , t ,

[
δρ

])
= kBT

(
∂xρeq(x)

) ∫
dx′ δρ(x′, t)H−1(x′, x)

≈ ∂xδρ(x , t)kBT
(
∂xρeq(x)

) ∫
dx′ x′H−1(x′, x)︸                                    ︷︷                                    ︸
=const.

= ∂xδρ(x , t)
1
m

∫
dx′

∫
dx′′ x′H−1(x′, x)H(x , x′′)Fext(x′′)︸                                                        ︷︷                                                        ︸

=const.

.

(10.25)

Again, the approximation is tested with the simulation data (cf. figure 10.7),
and the same comments as in the previous section about the pressure force
density apply. In addition, note that the magnitude of δ f ∗ext

(
x , t ,

[
δρ

])
is

about one order less than that of −∂xδp∗(x , t) or δ f ∗ext
(
x , t ,

[
∆δρ

])
(see also

figure 10.5), so that the contribution of δρ(x , t) to the external ‘friction’ force
is almost negligible in the present case.

Viscous force density

In the hydrodynamic limit, J(x , t) is a spatially and temporally slowly varying
quantity with respect to microscopic scales. As a first simplification of the
viscous term, let us thus apply the Markov approximation (cf. sec. 2.3.4) and
pull J(x , t) out of the time integral. In this context, let’s also reintroduce the
definition η1(x′, x) :=

∫ ∞
0 dt η1(x′, x , t), which was already used before.

Regarding an approximation of the integral over x′ in equation (10.11),
we are confronted with the problem that we must expect ∂2

x′J(x′, t)/ρeq(x′)
to vary substantially on the scale of the wavelength of the external potential
because of equation (10.12). This scale may be similar to or even less than
the decay length of the stress correlationη1(x′, x), wherefore we cannot carry
out the usual approximation of taking the term ∂2

x′J(x′, t)/ρeq(x′) out of the
integral with η1

(
x′ + a

2 , x +
a
2

)
. J̄(x , t) instead does vary slowly, so that –
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using eq. (10.12) – we can again approximate by expanding under the integral:∫
dx′

∂2
x′

(
J(x′, t)
ρeq(x′)

) η1

(
x′ +

a

2
, x +

a

2

)
≈

(
∂x J̄(x , t)

) ∫
dx′

∂x′ 1

ρeq
(
x′ + a

2

)  η1

(
x′ +

a

2
, x +

a

2

)

+
(
∂2
x J̄(x , t)

) ∫
dx′

∂x′ (x′ − x)

ρeq
(
x′ + a

2

)  η1

(
x′ +

a

2
, x +

a

2

)
. (10.26)

As a remark: The spatial derivatives of the equilibrium mass density could
be related to the external force field via equation (9.25).

After carrying out the second smoothing step and only keeping terms up
to the second order, we arrive at the final approximation

∫
dx′

∂2
x′

(
J(x′, t)
ρeq(x′)

) η1

(
x′ +

a

2
, x +

a

2

)

≈
(
∂x J̄(x , t)

) ∫
dx′

(
∂x′

1
ρeq (x′)

)
η1 (x′, x)

+
(
∂2
x J̄(x , t)

) ∫
dx′

∂x′ x′ − x′′

ρeq
(
x′ + a

2

)  η1

(
x′ +

a

2
, x +

a

2

)∣∣∣∣∣∣∣∣
x′′=x

,

(10.27)

which – roughly speaking – is designed for the case that the curvature of
J̄(x , t) can be considered constant on the scale ofη1(x′, x) and the smoothing
mask. Here, use has been made of the fact that the first smoothed integral
over x′ on the right-hand side is independent of x to eliminate the sum-
mands a

2 in the arguments. The construction with x′′ is to signify that the
smoothing is carried out before x′′ is set to x, or – to put it differently – the
value of x′′ is kept constant at x in the convolution integral. It is straightfor-
ward to prove that the coefficient of ∂2

x J̄(x , t) is periodic in x. The coefficient
of ∂x J̄(x , t) is constant and may also be written as∫

dx′
(
∂x′

1
ρeq (x′)

)
η1 (x′, x) =

1
Lx

∫
dx′

(
∂x′

1
ρeq (x′)

) ∫
dx η1(x′, x),

(10.28)
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where Lx is, again, a sloppy notation for the (infinite) length of the system
and not to be confused with the length of the simulation box. Interest-
ingly, this coefficient is sensitive to the symmetry of the external potential.
If Vext(x) is symmetric, meaning Vext(x − x0) = Vext(x0 − x) for some x0, then –
because they are equilibrium ensemble averages – ρeq(x′) and

∫
dx η1(x′, x)

are symmetric as well. However, the derivative changes the symmetry of
1

ρeq(x′) from symmetric to antisymmetric. Hence, the joint integral of both
terms vanishes. Therefore, there may only be a dependence of the smoothed
viscous forces on the gradient of J̄(x , t) if the potential is not symmetric.

To conclude this section, note that the present approximation is consis-
tent with the usual expression for a homogeneous system without further
modifications. Because in the bulk ρeq(x) ≡ ρeq = const., the right-hand
side of equation (10.27) simplifies to ∂2

xJ(x , t)/ρeq
1
Lx

∫
dx′

∫
dx′′ η1(x′′, x′).

10.2.4 Equations of motion for the hydrodynamic limit

Let us assemble all the pieces to write down the approximate equations of
motion in the hydrodynamic limit. Of course, the continuity equation of the
smoothed mass density (10.13) can be used without further modifications.
Concerning the momentum density, we have from equations (9.27), (10.22)–
(10.25) and (10.27) that

∂t J̄(x , t) ≈ − ∂xδρ(x , t)kBTρeq(x)
∫

dx′ H−1(x′, x) + δ f ∗ext (x , t)

+
(
∂x J̄(x , t)

) ∫
dx′

(
∂x′

1
ρeq (x′)

)
η1 (x′, x)

+
(
∂2
x J̄(x , t)

) ∫
dx′

∂x′ x′ − x′′

ρeq
(
x′ + a

2

)  η1

(
x′ +

a

2
, x +

a

2

)∣∣∣∣∣∣∣∣
x′′=x

+
1
m
ρeq(x)Fdrv(x , t), (10.29)

where

δ f ∗ext (x , t) ≈ ∂xδρ(x , t)kBT
(
∂xρeq(x)

) ∫
dx′ x′H−1(x′, x)

+
1
m
Fext(x)∆δρ(x , t). (10.30)
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All the prefactors of the derivatives of the hydrodynamic fields are constants1

and constitute effective transport coefficients. Again, to close the equations,
the external force density has to be related to the smoothedmomentumden-
sity. Bearing in mind the local stationarity, this can be done by either using
the LRT result for ∆δρ(x , t) (cf. section 9.5.1) or by replacing the external
force density as a whole as in section 9.5.2, the result of which will be gen-
eralised in the next section.

10.2.5 The relation between external friction and flow velocity
revisited

As just alluded to, section 9.5.2 featured a relation between the driving force
field and the momentum density (cf. eqs. (9.38), (9.39)). In fact, by integrat-
ing out over x, we effectively actually considered the total driving force and
momentum, and only the spatial homogeneity of J(x) and Fdrv(x) allowed
for a direct translation of the expression for the integrated quantities to a
relation for the densities. In the following, the smoothing procedure will be
used to generalise these results to situations where Fdrv(x) depends weakly
on x.

Let us start by adapting the balance equation (9.37) of the stationary state
to the new situation:

0 = − kBTρeq(x)∂x

∫
dx′ δρ(x′)H−1(x′, x) −

∫
dx′

J

ρeq(x′)
∂x′∂xη1(x′, x , )

+
1
m
ρeq(x)Fdrv(x). (10.31)

If Fdrv(x) is essentially constant on the smoothing scale a, one can approxi-
mate

ρeq(x)Fdrv(x) ≈ ρeq(x)Fdrv(x) = ρeq(x)Fdrv(x) = ρeq

(
x +

a

2

)
Fdrv(x)

≈ ρeq

(
x +

a

2

)
Fdrv(x). (10.32)

In obtaining the above expression, ρeq(x) = const. = ρeq
(
x + a

2

)
was used,

which is due to the periodicity of the external potential. In fact, we could
relax this constraint to the extent that the potential is only ‘locally periodic’

1except the one of ∂2
x J̄(x , t), which is only periodic, but which could easily be made con-

stant by another smoothing
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implying that ρeq(x) is allowed to vary slowly on scales larger than a. Now,
solving equation (10.31) for Fdrv(x) and plugging it into equation (10.32) yields

1
m
ρeq(x)Fdrv(x) − ∂xδp∗(x) ≈ µ∗(x)J

ρeq(x)
m

, (10.33)

where

µ∗(x) := m

∫
dx′

∂x′∂xη1(x′, x)
ρeq(x)ρeq(x′)

, (10.34)

and use has been made of the fact that µ∗(x) does not vary significantly
on the smoothing scale a. If the external potential is exactly periodic, then
µ∗(x) = µ∗ (cf. equation (9.39)). If it is ‘locally periodic’ but changes slowly
on a larger scale, then µ∗(x) is a position-dependent friction coefficient.
Comparing the above relation to the twice smoothed version of the equation
of motion (9.27) in the stationary state with J(x , t) = const., where one has
to bear inmind that the viscous term vanishes as discussed in section (10.1.2),
one finds

δ f ∗ext(x) ≈ −µ∗(x)J
ρeq(x)
m

(10.35)

in the steady state, and it’s only a small step now to adapt this expression to
the situation of local stationarity by writing

δ f ∗ext(x , t) ≈ −µ∗(x)J̄(x , t)
ρeq(x)
m

, (10.36)

so that it can be used in equation (10.29). This result can probably be ex-
tended to stronger deviations from global equilibrium by not considering
local stationary states with respect to the global equilibrium state, but by
treating them as deviations from a local equilibrium reference state that has
an average mass density of ρ̄(x , t). This would by similar to the local average
density model addressed in section 3.2.

As a concluding remark, let us outline another generalisation. The cru-
cial step in the above derivation was to divide the equation of motion of the
stationary state by ρeq(x) before performing the smoothing integrals. This
can be extended to non-stationary states by approximating ∂t J(x , t)/ρeq(x) ≈
∂t J(x , t)1/ρeq(x). Approximating the integral containing the momentum
density similarly to section 10.2.2, then also yields a term that is directly pro-
portional to J(x , t). However, a possible disadvantage of this approach is
that the net force density is distributed differently among the terms as com-
pared to our previous treatment. For instance, also terms with derivatives of
J(x , t) may contribute to the total force, as

∫
dx ∂xη1(x′ ,x)

ρeq(x) , 0 in contrast to∫
dx ∂xη1(x′, x) = 0.
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10.3 Summary

This chapter addressed the question of how processes on scales that are con-
siderably larger than the wavelength of the external potential can be treated
in the theory developed in chapter 9.

It was demonstrated how a smoothing procedure by virtue of a spatial
convolution can be used to extract trends on these scales (e.g. see fig. 10.1).
With respect to the distinguished observables, the analysis yielded that the
smoothed external pressure force density −∂xδp∗(x , t) only depends on the
smoothed mass density δρ(x , t) (eq. (10.6)), and that the smoothed viscous
force density only depends on the smoothed momentum density J̄(x , t) (cf.
eqs. (10.11), (10.12)). Conversely, the smoothed external ‘friction’ force density
δ f ∗ext(x , t) is dominated by the local deviation of the mass density ∆δρ(x , t) =
δρ(x , −t) − δρ(x , t) but has a small contribution from δρ(x , t) as well, setting
aside oscillations that can be averaged out to zero (cf. fig. 10.4 and eqs. (10.8)
and (10.9)).

Due to the deviation of the mass density in a stationary flow state from
the equilibrium profile, the assumption of local thermodynamic equilib-
rium, which is usually associated with the hydrodynamic (i.e. long-wave)
limit, had to be extended to the concept of local stationarity. This notion
was then used to close the equations by relating the smoothed external force
density δ f ∗ext(x , t) to the smoothedmomentumdensity J̄(x , t) in a similar way
to chapter 9 (cf. eqs (10.34), (10.36)).

Moreover, approximations for the hydrodynamic limit (cf. eqs. (10.23)–
(10.25) and (10.27)) were developed and successfully tested against molecu-
lar dynamics data from pressure driven stationary flow (figs. 10.5–10.7). The
corresponding equations of motion (eqs. (10.13), (10.29)) constitute an effec-
tive theory for the dynamics on macroscopic scales much larger than the
molecular scale and the scale of the external potential. All the microscopic
details are captured by effective transport coefficients. In addition to terms
which are formally equivalent to the standard bulk Navier-Stokes equation,
the equation obtained here features an external ‘friction’ force and, in case
of an asymmetric external force field, a potential viscous dissipation term
that is proportional to the gradient of the smoothed momentum density.
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Appendix A

Symmetries and the Tensor of
Transport Coefficients

In this appendix, we will derive the form of the tensor of transport coef-
ficients χabcd (cf. eq. (3.8)) in a homogeneous, isotropic system and see
how the two viscosities η and ζ are defined. Then, in a similar fashion, we
sketch why there are five viscosities in a homogeneous system with one dis-
tinguished direction. As a preparation, however, let us begin with some gen-
eral remarks on symmetry properties of the correlations of the stochastic
stresses χabcd(r′, r, t) first.

A.1 Symmetries of the stress tensor correlations

As mentioned, we consider a homogeneous system that is either completely
isotropic or that is only symmetric with respect to rotations around some
distinguished axis. These symmetries imply that the phase space probability
density is invariant under the respective symmetry transformations, which
is reflected by the ensemble averages involved in the definition of the corre-
lations of the fluctuating stresses (cf. eq. (3.24))

χabcd(r′, r, t) :=
1

kBT
⟨Sab(r′, 0)|Scd(r, t)⟩. (A.1)

In addition to the spatial symmetries, the considered probabilities are also
invariant with respect to time inversion, which is the operation that reverses
the sign of all themomenta, and the ensemble averages do not change under
translations in time, that is R′†(t) = R′(−t) (analogous to R†(t) = R(−t) in
sec. 2.3.2). Last, some symmetries of χabcd(r′, r, t) are also inherited from
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the tensors Sab(r, t) and the definition of the Kubo scalar product in equa-
tion (2.9). In detail, the symmetries are:

• Symmetry of the stress tensor Sab(r, t) = Sba(r, t):

χabcd(r′, r, t) = χbacd(r′, r, t) = χabdc (r′, r, t) (A.2)

• Definition of the Kubo product and temporal translation invariance:

χabcd(r′, r, t) = χ∗cdab(r, r′, −t) (A.3)

• Time inversion symmetry:

χabcd(r′, r, t) = χabcd(r′, r, −t) (A.4)

• Spatial homogeneity:

χabcd(r′, r, t) = χabcd(r′ + a, r + a, t) ∀ a (A.5)

• Rotation invariance: As this symmetry is probably the least intuitive,
let us have a somewhat closer look. We consider rotations of the en-
tire system, that is rotations of all particle positions andmomenta (de-
noted as Γ → RΓ), as well as rotations of the positions the stress ten-
sors are evaluated at (denoted as r(′) → Rr(′)). Being made up of the
particle positions and momenta, the stress tensor sitting at some ro-
tated position Rr in the rotated system (RΓ) is a rotated version of the
tensor one finds at the original position r in the original system (Γ).
Put in equations, this reads Sab(Rr, RΓ, t) =

∑
i j RaiRb jSi j (r, Γ, t),

where (Rai) is the corresponding rotation matrix. As rotation invari-
ance implies that ensemble averages such as χabcd(r′, r, t) in the ro-
tated system (RΓ) and the original system (Γ) are indistinguishable,
we have:

χabcd(r′, r, t) =
∑
i jkl

R−1
ai R

−1
b j R

−1
ck R

−1
dl χi jkl (Rr′, Rr, t). (A.6)

• Spatial inversion (reverses signs of all vectors): From the microscopic
definition of the tensor Sab(r, t), one finds

χabcd(r′, r, t) = χabcd(−r′, −r, t). (A.7)

• Reflections across planes are combinations of inversions and rotations.
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A.2 Homogeneous, isotropic system

In this section, we exploit the symmetries introduced in section A.1 to de-
termine the explicit form of the tensor of transport coefficients in a homo-
geneous and isotropic system, defined by

χabcd :=
∫

dr
∞∫

0

dt χabcd(r, t), (A.8)

(cf. equation (3.29)) where χabcd(r, t) ≡ χabcd(0, r, t). In fact, by defining
χabcd as above, we have already made use of one of the symmetries, spa-
tial homogeneity, as the general definition should actually read χabcd(r) :=∫

dr′
∫ ∞

0 dt χabcd(r′, r, t).
Before explicitly deriving its form, let us outline how the symmetries af-

fect the tensor χabcd . Being of rank four, the latter has 81 elements, which,
however, have a huge degree of interdependence. First of all, the symme-
tries (A.2), (A.3) and (A.4) entail χabcd = χbacd = χabdc = χ∗

cdab
, which

leaves 21 independent components. Since, due to equation (A.6), rotating
the vector r in χabcd(r, t) is equivalent to rotating the tensor, the spatial in-
tegral in equation (A.8) implies integrating out over all orientations. To be
precise, one actually integrates out only two Euler angles, but an integration
over the third can be trivially added. The resulting tensor χabcd thus has to
be invariant under rotations, that is it has to behave as a scalar. According
to reference [91], we can expect two independent scalar components (which
will be the two viscosities) for a rank four tensor with the index symmetries
stated above. Spatial inversion, of course, does not affect scalars, wherefore
equation (A.7) will not produce a further reduction of the number of inde-
pendent components.

After this overview, we now turn to deriving the explicit form of χabcd .
Let us begin by changing from the Cartesian coordinates (x , y, z) of r to
spherical coordinates (r , ϕ, θ). As just mentioned, it will be useful later to
introduce a third angle ψ which corresponds to rotating r around its own
axis. Obviously, this operation leaves r invariant, so that we can always triv-
ially include an integration overψ. Using the abbreviations Ω ≡ (ϕ, θ,ψ) and∫

dΩ ≡
∫ 2π

0 dϕ
∫ π

0 dθ sin(θ)
∫ 2π

0 dψ, we can thus rewrite χabcd as

χabcd =
1

2π

∞∫
0

dr r2
∫

dΩ

∞∫
0

dt χabcd(r ,Ω, t). (A.9)
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Dealingwith rotations, it is convenient to use irreducible spherical repre-
sentations of the Cartesian stress tensors Sab(r, t). These are unique combi-
nations of the elements of the Cartesian tensor that transform in a particular,
simple way. Without going into toomuch detail and following reference [91],
for a symmetric rank two tensor like Sab (where, for now, we suppress the
arguments), these combinations are

S
(0)
0 := − 1

√
3

(S11 + S22 + S33), (A.10)

S
(2)
0 := − 1

√
6

(S11 + S22 − 2S33), (A.11)

S
(2)
±1 := − (±S13 + iS23), (A.12)

S
(2)
±2 :=

1
2

(S11 − S22) ± iS12 , (A.13)

and their transformation behaviour under a rotation by the Euler angles Ω
is given by

S
( j)
µ →

j∑
µ′=− j

D( j)
µµ′(Ω) S( j)

µ′ . (A.14)

The symbols D( j)
µµ′(Ω) are the Wigner D-matrices. Obviously, representa-

tions with different ‘angular momentum’ j don’t mix.
As the next step, we define a spherical representation1 of the stress cor-

relations where the time t and the radial coordinate r are already integrated
out:

χ
( jk )
µν (Ω) :=

1
kBT

∞∫
0

dr r2

∞∫
0

dt ⟨S( j)
µ (0, 0, 0)|S(k )

ν (r ,Ω, t)⟩. (A.15)

Since a rotation does not affect the zero vector, we may use S( j)
µ (0, 0, Γ, 0) =

S
( j)
µ (0,Ω, Γ, 0), so that the transformation behaviour of χ( jk)

µν (Ω) follows from
the symmetry (A.6) and the property (A.14):

χ
( jk )
µν (Ω) =

j∑
µ′=− j

k∑
ν′=−k

D( j)∗
µµ′(Ω)D(k )

νν′(Ω) χ( jk)
µ′ν′(0). (A.16)

Now, analogous to equation (A.9), we define

χ
( jk )
µν :=

1
2π

∫
dΩ χ

( jk )
µν (Ω). (A.17)

1It is not irreducible as it could be further reduced using Clebsch-Gordan coefficients.
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Due to the orthogonality of the Wigner D-matrices,∫
dΩ D( j)∗

µµ′(Ω)D(k )
νν′(Ω) =

8π2

2 j + 1
δ jkδµνδµ′ν′ , (A.18)

we have

χ
( jk)
µν =

4π
2 j + 1

δ jkδµν

j∑
µ′=− j

χ
( j j)
µµ′(0), (A.19)

which only leaves over two distinct non-vanishing types of component

χ(00)
00 =4πχ(00)

00 (0) =: 3ζ , (A.20)

χ(22)
µµ =

4π
5

2∑
µ′=−2

χ(22)
µ′µ′(0) =: 2η. (A.21)

Here, µ can take arbitrary integer values between −2 and 2. The above defi-
nitions are microscopic expressions for the shear and bulk viscosities η and
ζ .

Last, we have to bring everything back into a Cartesian form. The Carte-
sian stress tensor Sab can be expressed in terms of the irreducible spherical
tensors as

(Sab) = − 1
√

3


S

(0)
0 0 0
0 S

(0)
0 0

0 0 S
(0)
0



−


1√
6
S

(2)
0 −

1
2 (S(2)

2 + S
(2)
−2) i

2 (S(2)
2 − S

(2)
−2) 1

2 (S(2)
1 − S

(2)
−1)

i
2 (S(2)

2 − S
(2)
−2) 1√

6
S

(2)
0 +

1
2 (S(2)

2 + S
(2)
−2) i

2 (S(2)
1 + S

(2)
−1)

1
2 (S(2)

1 − S
(2)
−1) i

2 (S(2)
1 + S

(2)
−1) − 2√

6
S

(2)
0

 ,
(A.22)

which can be used to construct χabcd from the χ( jk )
µν . Carrying out this pro-

cedure, one eventually arrives at the familiar expression

χabcd = η (δacδbd + δadδbc ) +
(
ζ − 2

3
η

)
δabδcd . (A.23)

As an outlook, let us also briefly consider the case of generalised hydro-
dynamics. There, no spatial and temporalMarkov approximations have been
carried out, so that one uses the entire kernel χabcd(r, t) in the equation of
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motion. Obviously, the lack of the spatial integral prevents exploiting the
rotational symmetries except for rotations around the axis of r. This invari-
ance already leads to a significant reduction of the number of independent
components from 21 to 5, which will be demonstrated in a slightly different
context in the next section. One could hence expect 5 different viscosity ker-
nels. However, the way χabcd(r, t) appears in the generalised Navier-Stokes
equation causes only two to play a role. This is most easily seen in Fourier
space, where spatial derivatives correspond to multiplications with compo-
nents of the wavevector, and where the isotropy of the system always allows
for the coordinate frame to be chosen such that the wavevector points along
one of the axes, so that two of its components vanish.

A.3 Homogeneous system
with distinguished direction

This section motivates the existence of five instead of two viscosities in a
homogeneous system with distinguished direction. Allowing for an inho-
mogeneity along the distinguished axis (as in chapter 9) will not change the
line of arguments and yields very similar results. Also note that, in themodel
system of chapter 9, the x-axis is the distinguished direction, but since the
notation will be more familiar, we will use the z-axis in this demonstration
instead.

In this setting, all symmetries of section A.2 hold except that only ro-
tations around the z-axis are allowed. Instead of spherical coordinates, we
thus use cylindrical coordinates and represent r by (r , ϕ, z). The tensor of
transport coefficients is then given by

χabcd =

∞∫
0

dr r

2π∫
0

dϕ
∫

dz

∞∫
0

dt χabcd(r , ϕ, z , t). (A.24)

Analogously to section A.2 we will now use ‘cylindrical’ tensors

S
(0)
1 :=

1
2

(S11 + S22), (A.25)

S
(0)
2 := S33 , (A.26)

S(±1) :=
1
2

(S13 ± iS23), (A.27)

S(±2) :=
1
2

(S11 − S22) ± iS12 (A.28)
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which transform as
S

(µ)
{τ } → eiµϕ S

(µ)
{τ } (A.29)

when rotated around the z-axis by the angle ϕ. Still guided by section A.2,
we then define

χ
(µµ′)
{ττ′ } (ϕ) :=

1
kBT

∞∫
0

dr r
∫

dz

∞∫
0

dt ⟨S(µ)
{τ }(0, ϕ, 0, 0)|S(µ′)

{τ′ }(r , ϕ, z , t)⟩, (A.30)

which transforms as

χ
(µµ′)
{ττ′ } (ϕ) = ei(µ

′−µ)ϕ χ
(µµ′)
{ττ′ } (0). (A.31)

Consequently,

χ
(µµ′)
{ττ′ } :=

2π∫
0

dϕ χ(µµ′)
{ττ′ } (ϕ) = 2πδµµ′χ

(µµ)
{ττ′ }(0). (A.32)

Bearing in mind that Sab ∈ R, so that S(µ) = S(−µ)∗, and using ⟨A|B⟩∗ =
⟨A∗ |B∗⟩, one finds that, in total, only five independent non-vanishing com-
binations of µ, µ′, τ and τ′ remain. These five viscosities are χ(00)

11 , χ(00)
22 ,

χ(00)
12 = χ(00)∗

21 , χ(+1+1) = χ(−1−1)∗ and χ(+2+2) = χ(−2−2)∗. Note that giving
up the homogeneity in the distinguished direction z will not change this re-
sult but only turn the coefficients χ(µµ′)

{ττ′ } into corresponding integral kernels

χ
(µµ′)
{ττ′ } (z′, z). Expressing the Cartesian tensors Sab by the cylindrical tensors

S
(µ)
{τ } , one could then eventually write χabcd in terms of the χ(µµ′)

{ττ′ } to obtain
its final form.

Let us again conclude the section with an outlook. Abandoning the hy-
drodynamic limit, the only spatial symmetry left that can be exploited to
find dependencies of the elements of χabcd(r, t) are reflections on the plane
spanned by r and the z-axis. An analysis yields 13 independent components,
9 of which survive in the equation of motion.
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Inverse Correlations

B.1 Properties of inverse correlation functions

The aim of this section is to demonstrate that the implicit definition of the
inverse correlations via∫

dr′′ ⟨A(r)|A(r′′)⟩⟨A(r′′)|A(r′)⟩−1 = I δ(r − r′) (B.1)

implies that ∫
dr′′ ⟨A(r)|A(r′′)⟩−1⟨A(r′′)|A(r′)⟩ = I δ(r − r′). (B.2)

In the course of the proof we will also find another property of the inverse
correlations, namely(

⟨A(r)|A(r′)⟩−1
)∗
=

(
⟨A(r′)|A(r)⟩−1

)T
, (B.3)

where the superscript T denotes the transposed matrix.
To simplify the notation, let us begin by defining the matrix valued cor-

relation function
C(r, r′) := ⟨A(r)|A(r′)⟩ (B.4)

and its inverse
C−1(r, r′) := ⟨A(r)|A(r′)⟩−1. (B.5)

From the definition of the scalar product ⟨A|B⟩ := ⟨A∗B⟩eq, we have imme-
diately

C(r, r′)∗ = C(r′, r)T. (B.6)
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We now first prove equation (B.3). The definition of the inverse correla-
tions is rephrased as

∑
k

∫
dr′′ Cik (r, r′′)C−1

k j (r′′, r′) = δi jδ(r − r′). (B.7)

Being real-valued, complex conjugation yields

δi jδ(r − r′) =
∑
k

∫
dr′′ Cik (r, r′′)∗C−1

k j (r′′, r′)∗

=
∑
k

∫
dr′′ Cki(r′′, r)C−1

k j (r′′, r′)∗ , (B.8)

where we have used equation (B.3). But then

C−1
jl (r′, r′′′) =

∑
i

∫
dr δi jδ(r − r′)C−1

il (r, r′′′)

=
∑
i

∫
dr

∑
k

∫
dr′′ Cki(r′′, r)C−1

k j (r′′, r′)∗
 C−1

il (r, r′′′)

=
∑
k

∫
dr′′

∑
i

∫
dr Cki(r′′, r)C−1

il (r, r′′′)

 C−1
k j (r′′, r′)∗

=
∑
k

∫
dr′′δklδ(r′′ − r′′′)C−1

k j (r′′, r′)∗

= C−1
l j (r′′′, r′)∗ , (B.9)

which is nothing but equation (B.3).
It is now easy to prove that the right inverse equals the left inverse. We

have

I δ(r − r′) =
((

I δ(r − r′)
)∗)T

=

(∫
dr′′ C(r, r′′)∗C−1(r′′, r′)∗

)T

=

(∫
dr′′ C(r′′, r)TC−1(r′, r′′)T

)T

=

∫
dr′′ C−1(r′, r′′)C(r′′, r). (B.10)
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B.2 Inverse of the coarse grained correlations

We want to prove that

C−1
D (r, r′) =

∫
du

∫
du′ D−1(r − u)C−1(u, u′)D−1(r′ − u′) (B.11)

is inverse to

CD(r, r′) := ⟨(D ∗ A)(r)|(D ∗ A)(r)⟩ =
∫

du
∫

du′ D(r − u)C(u, u′)D(r′ − u′).

(B.12)
This can be done by a straightforward insertion into equation (6.16):

∫
dr′ CD(r, r′)C−1

D (r′, r′′)

=

∫
du

∫
dv′′ D(r − u)D−1(r′′ − v′′)

×


∫

du′
∫

dv′ C(u, u′)
[∫

dr′ D(r′ − u′)D−1(r′ − v′)
]

︸                                     ︷︷                                     ︸
=δ(u′−v′)

C−1(v′, v′′)

︸                                                                                        ︷︷                                                                                        ︸
=δ(u−v′′)

=

∫
du D(r − u)D−1(r′′ − u) = δ(r − r′′). (B.13)

Moreover, if the inverse exits, it is unique. Proof: LetC−1
D

(r, r′) and Ĉ−1
D

(r, r′)
be inverse to CD(r, r′). Then,

Ĉ−1
D (r, r′) =

∫
du δ(r − u)Ĉ−1

D (u, r′)

=

∫
du

∫
dv C−1

D (r, v)ĈD(v, u)Ĉ−1
D (u, r′)

=

∫
dv C−1

D (r, v)
∫

du ĈD(v, u)Ĉ−1
D (u, r′)

=

∫
dv C−1

D (r, v)δ(v − r′)

= C−1
D (r, r′). (B.14)
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B.3 Projection of coarse grained fields

The goal of this section is to prove that∫
dr′ Ā(r′)

[∫
dr′′ C+D(r′, r′′)CD(r′′, r)

]
= Ā(r) (B.15)

with Ā(r) := (D∗A)(r) andC+
D

(r, r′) being theMoore-Penrose pseudoinverse
of CD(r, r′) = ⟨Ā(r)| Ā(r′)⟩. One of the defining properties of the pseudoin-
verse can be written as∫

dr′
∫

dr′′ ⟨Ā(r)| Ā(r′)⟩C+D(r′, r′′)CD(r′′, r′′′) = ⟨Ā(r)| Ā(r′′′)⟩. (B.16)

Then, using the linearity of the scalar product, one has⟨
Ā(r)

∣∣∣∣Ā(r′′′) −
∫

dr′
∫

dr′′ Ā(r′)C+D(r′, r′′)CD(r′′, r′′′)
⟩
= 0 (B.17)

for any r. But then also

0 =
⟨
Ā(r)

∣∣∣∣Ā(r′′′) −
∫

dr′
∫

dr′′ Ā(r′)C+D(r′, r′′)CD(r′′, r′′′)
⟩

−
∫

du
∫

du′C+D(u, u′)CD(u′, r)

×
⟨
Ā(u)

∣∣∣∣Ā(r′′′) −
∫

dr′
∫

dr′′ Ā(r′)C+D(r′, r′′)CD(r′′, r′′′)
⟩

=
⟨
Ā(r) −

∫
du

∫
du′ Ā(u)C+D(u, u′)CD(u′, r)

∣∣∣∣∣∣∣∣Ā(r′′′) −
∫

dr′
∫

dr′′ Ā(r′)C+D(r′, r′′)CD(r′′, r′′′)
⟩
. (B.18)

The scalar product of a vector with itself can only be zero if the vector is the
zero element. Hence,

Ā(r) −
∫

dr′
∫

dr′′ Ā(r′)C+D(r′, r′′)CD(r′′, r) = 0, (B.19)

or ∫
dr′ Ā(r′)

[∫
dr′′ C+D(r′, r′′)CD(r′′, r)

]
= Ā(r). (B.20)

To be precise, the last statement should be slightly qualified. As the
scalar product involves an integration over phase space with a correspond-
ing equilibrium phase space probability density Peq(Γ), similar to pp. 214
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in reference [31], all observables that map Γ to 0 almost everywhere, that
is everywhere except a set of measure zero with respect to integration with
Peq(Γ)dΓ, are identified with the zero element. Likewise, the above identity
holds almost everywhere, which – in practice – will be that part of phase
space that is accessible to the system.

B.4 Equivalence of non-invertibility
and linear dependence

In this section, we discuss the relation of the linear dependence of the ele-
ments A(r) of a field of observables to the non-invertibility of their correla-
tionsC(r, r′) := ⟨A(r)|A(r′)⟩. Linear independence, in this context, is defined
by the statement ∫

dr c(r)A(r) = 0 ⇒ c(r) = 0 ∀ r. (B.21)

If it is not true, we call the A(r) to be linearly dependent.
Let us begin by showing that the linear independence of the observables

is equivalent to the linear independence of the ‘rows’ or ‘columns’ of their
correlations, that is to∫

dr′ c(r′)C(r, r′) = 0 ∀ r ⇒ c(r) = 0 ∀ r. (B.22)

It is clear that we could have usedC(r′, r) in the above equation just as well.
To prove the equivalence of both kinds of linear dependence, we show∫

dr c(r)A(r) = 0 ⇔
∫

dr′ c(r′)C(r, r′) = 0 ∀ r. (B.23)

If
∫

dr c(r)A(r) = 0, then obviously∫
dr′ c(r′)C(r, r′) =

∫
dr′ c(r′)⟨A(r)|A(r′)⟩ =

⟨
A(r)

∣∣∣∣ ∫ dr′ c(r′)A(r′)
⟩
= 0.

(B.24)
On the other hand, if

∫
dr′ c(r′)C(r, r′) = 0, then⟨∫

dr c(r)A(r)
∣∣∣∣ ∫ dr′ c(r′)A(r′)

⟩
=

∫
dr c(r)

∫
dr′ c(r′)⟨A(r)|A(r′)⟩

=

∫
dr c(r)

∫
dr′ c(r′)C(r, r′) = 0. (B.25)
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The scalar product of a vector with itself can only be zero if the vector is the
zero element, and thus

∫
dr c(r)A(r) = 0.

Next, we prove that property (B.22) is a necessary condition for the exis-
tence of the inverse correlationsC−1(r, r′). Suppose that

∫
dr′ c(r′)C(r, r′) =

0 and assume that C−1(r, r′) exists. Then

c(r) =
∫

dr′ c(r′)δ(r − r′)

=

∫
dr′ c(r′)

∫
dr′′C(r′, r′′)C−1(r′′, r)

=

∫
dr′′

[∫
dr′c(r′)C(r′, r′′)

]
C−1(r′′, r) = 0. (B.26)

In finite dimensions, the linear independence of the columns of a square
matrix would also be sufficient to guarantee its invertibility. As the integral
operatorT defined by (T f )(r) :=

∫
dr′ C(r, r′) f (r′) is self-adjointwith respect

to the scalar product ( f , g) :=
∫

dr f ∗(r)g(r), there would exist – in particular
– a spectral decomposition of T , and the inverse could be easily constructed
by simply inverting all eigenvalues. In this context, the linear independence
of the columns is equivalent to none of the eigenvalues being zero.

In infinite dimensions, the situation is more complicated in general as it
could be that the range of an operator on a Hilbert space does not coincide
with the whole of that space. Still, the fact of T being self-adjoint allows
for a spectral decomposition, where – however – the eigenvectors may no
longer be elements of the Hilbert space. A familiar example are the eigen-
states δ(r) of the position operator in quantum mechanics, which are no
elements of the space of square integrable functions. This apparent incon-
sistency can be resolved by extending the Hilbert space to a so-called rigged
Hilbert space (cf. refs. [41, 70, 114]). Using the spectral decomposition of T ,
it is then plausible that, in our case, the same considerations as in the finite
dimensional case apply, so that we will take the linear independence of the
‘columns’ or ‘rows’ of C(r, r′) to be a sufficient condition for its invertibil-
ity. While this motivation is certainly not rigorous, it is well justified in the
context of physical applications since we can always resort to an arbitrarily
good finite dimensional approximation, for instance by considering periodic
systems with arbitrarily large period length. Alternatively, one could try re-
stricting the domain of T to an invariant subspace.
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B.5 Existence of C̃−1
D

(q, q′)

The aim of this section is to prove that the correlations of the coarse grained
variables in Fourier space, C̃D(q, q′) (cf. eq. (6.29)), have an inverse. In sec-
tion B.4, it was already established that a correlation function is invertible
if and only if the variables it is composed of are linearly independent. Con-
cerning C̃D(q, q′), this means we are left with proving that∫

B

dq c̃(q)Ã(q) = 0 ⇒ c̃(q) = 0 ∀ q ∈ B. (B.27)

As discussed before, the zero element of the Hilbert space of observables is
the phase space variable that maps any state – or to be more precise any pair
(N , Γ), where N is the number of particles and Γ is a point in the accessible
part of phase space, – to the number 0. The statement we have to prove may
thus be reformulated in the following way:∫

B

dq c̃(q)Ã(q, N , Γ) = 0 ∀ (N , Γ) ⇒ c̃(q) = 0 ∀ q ∈ B. (B.28)

Let’s make use of the particular form of phase space variables such as
δρ̃(q, N , Γ) and J̃i(q, N , Γ). Their generic form is

Ã(q, N , Γ) =
N∑

α=1

a(Rα , Pα)eiqRα − b̃(q). (B.29)

Rα and Pα are the position and momentum of particle number α. For in-
stance, for Ã(q, N , Γ) to become themass density δρ̃(q, N , Γ), we would have
to set a(Rα , Pα) = m, m being the mass of each particle, and b̃(q) = ⟨ρ̃(q)⟩eq.
Note that, at this point, it becomes again obvious why the equilibrium en-
semble has to allow for fluctuations of the particle number. If not, we would
have δρ̃(q = 0) = 0, violating condition (B.28).

Plugging in equation (B.29) yields∫
B

dq c̃(q)Ã(q, N , Γ) =
N∑

α=1

∫
B

dq c̃(q)
[
a(Rα , Pα)eiqRα − 1

N
b̃(q)

]
. (B.30)

The summands are all identical functions and only differ by the values of Rα

and Pα they are evaluated at. As these are completely independent of each
other, the sum can only be zero for all N and Γ if and only if each summand
vanishes, that is if∫

B

dq c̃(q)a(R, P)eiqR =
1
N

∫
B

dq c̃(q)b̃(q). (B.31)
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Moreover, as this equation has to hold for any N , 0, both sides have, in fact,
to be zero, and in particular (assuming a(R, P) , 0 in general)∫

B

dq c̃(q)eiqR = 0 (B.32)

for all R. This last statement implies c̃(q) = 0 for all q because of the orthog-
onality of the exponential, completing the proof.

B.6 Relations ofCD(r, r′),C+
D

(r, r′) and D(r)

The first relation to prove is∫
dr′ C+D(r, r′)CD(r′, r′′) = D(r′′ − r) =

∫
dr′ CD(r, r′)C+D(r′, r′′), (B.33)

which follows from a straightforward calculation in Fourier space. For in-
stance, using equation (6.35), we find∫

dr′ C+D(r, r′)CD(r′, r′′) =
(

1
2π

)3 ∫
dq

∫
dk′′

∫
dq′ C̃−1

D (q, q′)

×
∫ dk′ C̃D(k′, k′′)

( 1
2π

)3 ∫
dr′ ei(k

′−q′)r′
 eiqre−ik′′r′′

=

(
1

2π

)3 ∫
dq

∫
dk′′

[∫
dq′ C̃−1

D (q, q′)C̃D(q′, k′′)
]

eiqre−ik′′r′′

=

(
1

2π

)3 ∫
dq D̃(q)e−iq(r′′−r) = D(r′′ − r). (B.34)

The proof for
∫

dr′ CD(r, r′)C+
D

(r′, r′′) is completely analogue. Next, let us
prove that ∫

dr′ CD(r, r′)D(r′′ − r′) = CD(r, r′′). (B.35)

Again, a simple calculation in Fourier space yields∫
dr′ CD(r, r′)D(r′′ − r′) =

(
1

2π

)6 ∫
dq

∫
dq′ C̃D(q, q′)

×
∫ dq′′ D̃(q′′)

( 1
2π

)3 ∫
dr′ ei(q

′′−q′)r′
 e−iq′′r′′

 eiqr

=

(
1

2π

)6 ∫
dq

∫
dq′ C̃D(q, q′)D̃(q′)︸             ︷︷             ︸

=C̃D (q,q′)

eiqre−iq′r′′ = CD(r, r′). (B.36)
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Here, use has been made of C̃D(q, q′)D̃(q′) = C̃D(q, q′) because C̃D(q, q′) =
D̃(q)C̃(q, q′)D̃(q′) and D̃(q′)2 = D̃(q′). The proof of the last relation∫

dr′ C+D(r, r′)D(r′′ − r′) = C+D(r, r′′) (B.37)

goes along the same lines.

B.7 Inverse of the density correlations
in a quasi 1D system

The aim of this appendix is to show that∫
dx′H(x , x′)H−1(x′, x′′) = δ(x − x′′) (B.38)

in a system that is homogeneous in y- and z-direction and where

H (−1)(x , x′) :=
∫

dy′
∫

dz′ H (−1)(r, r′). (B.39)

The notation H (−1) is to signify that a statement holds for both H and H−1.
For the sake of a clear presentation, the principle is demonstrated for the
two-dimensional case only and the dependency of H and H−1 on all of their
arguments is made explicit. Due to the translation invariance, one then has

H (−1)(x , y + c; x′, y′ + c) = H (−1)(x , y; x′, y′) ∀ c. (B.40)

Therefore,∫
dx′H(x , x′)H−1(x′, x′′)

=

∫
dx′

∫
dy′1

∫
dy′′ H(x , y; x′, y′1) H−1(x′, y′2; x′′, y′′)︸                   ︷︷                   ︸

=H−1(x′ ,y′
1 ;x′′ ,y′′−y′

2+y
′
1)

=

∫
du

∫
dx′

∫
dy′1 H(x , y; x′, y′1)H−1(x′, y′1; x′′, u)

=

∫
du δ(x − x′′)δ(y − u) = δ(x − x′′). (B.41)

The second to last equality employs the original definition of H−1(r′, r′′),
given in equation (3.18).
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Appendix C

Strong Noise and Equilibrium
Correlations in Thin Films

C.1 Strong noise

In section 8.1.2, it was stated that the overall significance of thermal noise
is set by the magnitude of kBT , and we used kBT = ϵ2σLT̃ , where T̃ is of
order one. In this section, let us take a brief look on what happens in case
of stronger noise.

Since the scaling of the stochastic stresses Si j and forces Fx is related
to the scaling of kBT via correlation functions where the Si j or Fx appear
in quadratic order, an intuitive choice to increase the importance of noise
would be to decrease its order of ϵ by a corresponding quadratic factor, lead-
ing to the relation kBT = σLT̃ . In that way, the Si j and Fx would gain one
power of ϵ less upon scaling. However, one would then obtain the spurious
results of Sxz = Fx = 0 for weak slip and Szz = 0 for strong slip. A possible
explanation could be that the rescaled velocities would then actually not be
of O(1) but O(ϵ−1).

One could try to fix this by introducing new regimes with larger typical
velocities. Our second attempt for strong noise and weak slip is thus given
by

kBT = ϵσLT̃ ,
PH

ηVx

∼ ϵ0 , (C.1)

corresponding to a characteristic velocityVx =
σϵ 2

η . The stochastic thin film
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equation for weak slip is then completely dominated by noise, and one finds

∂th = −∂x


h∫

0

dz (h − z)Sxz (z) + bhFx

 = −∂xN2. (C.2)

In a similar approach for strong slip with

kBT = ϵσLT̃ ,
PH

ηVx

∼ ϵ2 , (C.3)

the terms due to surface tension and pressure drop out of the lowest order
equations, and noise is found to play an important role. For instance, v(0)

z =
z
2Szz and ∂xv

(0)
x = − 1

2Szz . Again, a dubious result, ∂zSzz = 0, is found, calling
for a more thorough investigation, which – however – is beyond the scope of
this work.

C.2 Static equilibrium autocorrelations
of the film height

The following calculation of the static equilibrium height-height correla-
tions of a liquid film is based on the effective interface Hamiltonian

H [h] =
∫

dx e(h(x)) (C.4)

(see, for instance, refs. [43, 76]) with the local energy density

e(h) = Φ(h) +
σ

2
(∂xh)2 (C.5)

for a given interface profile h(x). Here, Φ(h) is the effective interface po-
tential and σ the surface tension, which, for the long wavelengths under
consideration, is approximately constant.

Now, let us consider fluctuations δh := h−H about the mean film height
H . With Φ(H + δh) ≈ Φ(H) + Φ′(H)δh + 1

2Φ
′′(H)δh2 and ⟨δh⟩eq = 0, one

obtains for the average of the fluctuations of e(h)

⟨δe⟩eq := ⟨e(h) − e(H)⟩eq ≈
1
2
⟨Φ′′(H)δh2 +σ(∂xδh)2⟩eq. (C.6)

Note that, as the system is translation invariant, ⟨δe⟩eq does not depend on x.
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Equipartition tells us that every (quadratic) degree of freedom should con-
tribute 1

2kBT to the average of fluctuations of the total energy. For a system
of size L, say, and N degrees of freedom, one thus has

⟨δH⟩eq =

∫
dx ⟨δe⟩eq = L⟨δe⟩eq = N

1
2
kBT . (C.7)

The last equality motivates the introduction of a density of degrees of free-
dom ρf , given here by N/L, so that

⟨δe⟩eq = ρf
1
2
kBT . (C.8)

The density of degrees of freedom can be defined more rigorously by intro-
ducing a cut-off qmax in Fourier space, which is reminiscent of the Nyquist-
Shannon theorem [166]. Then, ρf := qmax/π. In fact, such a cut-off was
already a precondition for using the energy density (C.5) in the first place.
See reference [12] for an additional discussion.

Carrying out a Fourier transform δh(x) = 1
2π

∫
dq δh̃(q)eiqx , cutting off

at qmax and using ⟨δh̃(q)δh̃(q′)⟩eq = 2πδ(q + q′)C̃eq(q,∆t = 0) (cf. eq. (8.119))
then leads to

⟨δe⟩eq =
1

2π

qmax∫
−qmax

dq
1
2

[
Φ

′′(H) +σq2
]
C̃eq(q,∆t = 0) =

qmax

π

1
2
kBT . (C.9)

As different modes do not couple in the Hamiltonian, every mode can be ex-
cited independently, and arbitrary values of qmax can be chosen in principle.
Hence, one concludes that

C̃eq(q,∆t = 0) =
kBT

Φ′′(H) +σq2 (C.10)

for any q inside the bounds set by the cut-off.
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C.3 Static equilibrium autocorrelations
of the time derivative of the film height

The equilibrium correlations of the rate of change of the film height can be
calculated by relating the variation of the height to the fluid velocity at the
liquid-gas boundary. Using equation (8.106), one finds

¨̃Ceq(q,∆t = 0) =
∫

dx ⟨δḣ(x)δḣ(0)⟩eqe−iqx

=

∫
dx

H∫
0

dz

H∫
0

dz′ ∂x∂x′ ⟨vx (x , z)vx (x′, z′)⟩eq

∣∣∣
x′=0 e−iqx .

(C.11)

With v = J/ρ and the correlations of themomentum density (3.16), one then
has

⟨vx (x , z)vx (x′, z′)⟩eq =
T

Re∗
δ(x − x′)δ(z − z′). (C.12)

After plugging it in, this yields the result

¨̃Ceq(q,∆t = 0) =
q2HT

Re∗
(C.13)

for the equal-time autocorrelations of the rate of change of the film height.
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Appendix D

Details of the Simulation
and the Data Analysis

This appendix provides the remaining technical details of the simulations
and the data analysis which were used to obtain the results presented in
chapter 9 and 10. Moreover, variations of the temperature field will be ad-
dressed, and their neglect will be justified.

D.1 Molecular dynamics simulation

D.1.1 Model fluid and integration method

A simple liquid was simulated by a Lennard-Jones (LJ) fluid contained in
a simulation box with periodic boundaries and characterised by pairwise
particle-particle interactions according to the potential

Vint(r) := 4ϵ
[(
σ

r

)2
−

(
σ

r

)6
]
, (D.1)

where r is the distance between the particles, andσ is the particle ‘diameter’.
To speed up the calculation of forces, a cut-off at r = 3σ was applied, which
is a widely used simplification, and the potential was shifted by −Vint(3σ) to
establish a continuous transition from Vint(r) , 0 to Vint(r) = 0 at r = 3σ.
The ‘diameter’ σ, the depth of the potential ϵ and

√
ϵ/(mσ2), where m is the

particle mass, provide natural units of length, energy and time, which will
be referred to as LJ units.

Following chapters 2 and 3 of reference [151], the equations of motion
were integrated using the leapfrog method, which is accurate to third order
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in the time step ∆t and algebraically equivalent to the Verlet method. Here,
∆t = 0.002 in LJ units was chosen. In addition, cell subdivision and a neigh-
bour list – both included in the same reference as well – were applied to
increase performance.

D.1.2 Ensemble

As the aim of the simulations was a proof of principle and illustration of
the analytical concepts rather than gaining exact quantitative results to be
compared with experiments, no efforts were made to accurately simulate
one of the usual statistical ensembles. The actual conditions probably come
closest to a canonical (NVT ) ensemble, but the thermostatting mechanism
is very simple and crude.

The measured and controlled temperature is directly derived from the
average kinetic energy per particle in the rest frame of the centre of mass
and is thus referred to as kinetic temperature:

Tkin :=
1

3mkBN

∑
α

Pα −
1
N

∑
β

Pβ


2

. (D.2)

Here, m is the particle mass, kB the Boltzmann constant and Pα the mo-
mentum of particle α, and the sums run over all N particles. The ensemble
average of Tkin corresponds to the actual temperature in a microcanonical
and canonical ensemble. Every 100 simulation steps, the average of Tkin over
the past 100 steps was computed. Then, if this value lay outside a tolerance
interval around the target temperature Ttarget, all relative velocities (w.r.t. the
centre of mass velocity) weremultiplied with the square root of the temporal
average of Tkin/Ttarget.

Considering the size of the simulation box and the particle number, both
were kept constant during a simulation run. Note that section 3.4.1 revealed
thatH(r, r′) (cf. eq. (3.15)) is not invertible if the number of particles is not al-
lowed to fluctuate. This, of course, actually calls for a grand-canonical simu-
lation, which, however, was refrained from being done for practical reasons.
Instead, the problem could be solved by using a pseudoinverse, which can
be obtained by a simple manipulation as explained in detail in section D.2.5.
Moreover, from the physical perspective, one could argue that if the system
is large enough, one can view the volume element around a point r inside of
which H(r, r′) is significantly different from zero as a smaller subsystemwith
fluctuating particle number, even if the total particle number is conserved.
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In all simulation runs, the target temperature was Ttarget = 1, and the
average particle density was N/V ≈ 0.816, values for which a bulk LJ fluid is
in the liquid state according to references [113, 167]. The various used particle
numbers and dimensions of the simulation box are stated in section 9.1.3.

D.1.3 Initialisation and data acquisition

Initial states were created by placing the particles on a regular grid and as-
signing a random, uniformly distributed unit velocity vector each. The seed
of the random number generator was used to discriminate different simula-
tion runs. Then, of each velocity, the centre of mass velocity was subtracted
to get a system at rest, before collectively rescaling all velocities to match the
desired kinetic temperature. Afterwards, the simulation was run for 1000
time steps to generate a uniform particle distribution before any external
forces (external potential, driving force) were switched on.

Quantities which are averages over all particles in the system, such as the
average particle velocity, the average external force or the kinetic tempera-
ture, were measured every 10 time steps to create a time series. Entire states
in phase-space, which were used to compute densities, were written every
100 steps at times shifted by 50 steps from potential actions of the thermo-
stat to decrease its influence. Moreover, these measurements did not begin
before allowing the system to relax towards equilibrium or a steady state for
a given amount of time steps after the external force fields were turned on.
The lengths of the corresponding intervals can also be found in section 9.1.3.

D.2 Data Analysis

D.2.1 Estimating ensemble averages

The goal of the simulation was to measure ensemble averages of global ob-
servables, such as the average particle velocity, of densities, such as ρ(x , t)
or J(x , t) (cf. eqs. (9.7) and (9.9)), and of correlations, such as H(x , x′) (cf.
eqs. (9.16) and (9.15)), and to evaluate more complex expressions composed
of these quantities.

To obtain estimates for the desired ensemble averages, several averaging
procedures were applied to the raw simulation data. The actual ensemble
average was represented by averaging out over a number of independent
simulation runs with different initial conditions (seeds), aided by tempo-
ral and spatial averages (to be defined below) where appropriate to improve
statistics. The number of runs for each setup is stated in section 9.1.3. In
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addition, densities where approximated by binning the data (cf. sec. D.2.4),
thereby relating the continuous parameter x to a discrete bin number i.

Except for the investigations in section 9.5.3, the system was either in
equilibrium or in a stationary state. In these cases, based on the expected
convergence towards the ensemble average, a temporal average of all data
recorded during the measuring period (also given in sec. 9.1.3) was taken.
Similarly, spatial symmetries were exploited to obtain better estimates for
the ensemble averages of densities and their correlations by averaging out
over y and z and – sometimes – the periods of the external potential.

While the averages over runs and time are straightforward, the spatial
averages require a more detailed treatment, which will be described in the
subsequent sections along with details of the binning and the inversion of
the density correlations. Please note that in the remainder of this chapter,
angular brackets ⟨. . .⟩ without subscript will stand for ensemble averages,
which are replaced in practice by averages over runs and – where possible –
time or periods of the external potential. Moreover, averages with respect to
the lateral coordinates y and z will be absorbed in the definitions of corre-
sponding one-dimensional fields. Last, one has to be aware that the standard
deviations from spatial and temporal averaging are no suitable estimates of
the standard error, due to correlations. This problem could be avoided by
using more sophisticated methods like block averaging, but, in the present
case, the standard deviation of the average over simulation runs was simply
used instead.

D.2.2 Spatial averaging in y- and z-direction

By construction, the theory and simulation only considered ensembles that
are homogeneous in y- and z-direction, which implies that the ensemble av-
erage of some phase space observable A(r) only depends on x, that is ⟨A(r)⟩ ≡
⟨A(x)⟩. In section 9.1.2, it was mentioned that alternatively one could inte-
grate out y and z to remove the corresponding dependencies. Moreover, it
was noted that one expects the spatial average of an observable to approach
its ensemble average with increasing size of the integration domain. Hence,
as only a sample of a finite number of microstates could be drawn in the sim-
ulations to estimate the ensemble average, spatial averaging was additionally
used to improve statistics.
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Taking for simplicity the lateral dimensions of the simulation box to be
of equal size ly = lz = l, let us therefore introduce

Al (x) :=
1
l2

l/2∫
−l/2

dy

l/2∫
−l/2

dz A(r). (D.3)

All measurements of densities were based on analogously averaged observ-
ables, as can be seen from the definition of the binned quantities in sec-
tion D.2.4.

As far as correlations CAB(r, r′) := ⟨δA(r)|δB(r′)⟩ of two observables are
concerned, the corresponding one-dimensional versions (e.g. H(x , x′)) were
all of the type CAB(x , x′) :=

∫
dy′

∫
dz′CAB(r, r′). Invoking the definition

CAB ,l (x , x′) := l2⟨δAl (x)|δBl (x′)⟩, (D.4)

they can be related to correlations of the spatially averaged observables Al (x)
and Bl (x) in the following way. Since – for an arbitrary periodic function f (y)
with f (y + l) = f (y) for all y – one has

l/2∫
−l/2

dy f (y) =

l/2∫
−l/2

dy f (y − y′) =
1
l

l/2∫
−l/2

dy

l/2∫
−l/2

dy′ f (y − y′), (D.5)

the periodic boundary conditions and the translational invariance (that is
CAB(r, r′) only depends on |y′ − y | and |z′ − z | w.r.t. the lateral dimensions)
lead to

l/2∫
−l/2

dy′
l/2∫

−l/2

dz′CAB(r, r′) = CAB ,l (x , x′). (D.6)

Consequently,

CAB(x , x′) = lim
l→∞

CAB ,l (x , x′). (D.7)

Moreover, if the correlationsCAB(r, r′) in the original infinite system have a
finite width smaller than l, which is to say that contributions to the value of
CAB(x , x′) are negligible for |y − y′ | > l/2 and |z − z′ | > l/2, the correlations
CAB ,l (x , x′) of the finite system already give a very good approximation.
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D.2.3 Averaging over periods of the external potential

One symmetry, the lateral homogeneity, has just been exploited by inte-
grating out over y and z. In case of a spatially constant driving force, the
periodicity of the external potential Vext(x) = Vext(x + λpot) provides another
translational symmetry. As the latter is reflected by the ensemble averages
⟨Al (x)⟩ = ⟨Al (x + λpot)⟩ andCAB ,l (x , x′) = CAB ,l (x + λpot , x

′+ λpot), it is suffi-
cient to consider values of x inside one representative period. In these cases,
the information of the remaining periods was used to improve statistics by
the following periodic averaging procedure.

Since in all simulation setups the simulation box consisted of an integer
number of periods Nper, the idea was implemented by forming the averages

⟨Al (x)⟩per :=
1

Nper

Nper−1∑
n=0

Al (x + nλpot), (D.8)

⟨Al (x)Bl (x′)⟩per :=
1

Nper

Nper−1∑
n=0

Al (x + nλpot)Bl (x′ + nλpot). (D.9)

To avoid cumbersome notation, the formulas implicitly assume that the pe-
riodic boundary conditions are applied to all x-values. It is clear from the
above that, due to the periodicity of ensemble averages, they are invari-
ant under additional averaging over periods. In practice – when they were
replaced by averages over runs and possibly time – periodic averaging im-
proved statistics; usually by a bit less than a factor of 1/

√
Nper in the standard

error, as the periods are too small to be uncorrelated.

D.2.4 Binning and discretisation

As already announced, densities were approximated by binning the data into
equally distributed bins of width w according to the definition

Ai :=
1
w

xi+w/2∫
xi−w/2

dx Al (x), (D.10)

where xi is the centre of bin i. Analogously, the binned correlations are de-
fined as

CAB ,i j :=
1
w2

xi+w/2∫
xi−w/2

dx

xi+w/2∫
xi−w/2

dx′ CAB ,l (x , x′) = l2
(
⟨A∗

i B j ⟩ − ⟨A∗
i ⟩⟨B j ⟩

)
.

(D.11)
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The asterisk denotes complex conjugation, which stems from the definition
of the Kubo product, but which plays no role here as all observables under
consideration are real.

The binning naturally leads to a discretisation of formulas containing
the measured quantities, where the discrete index takes over the role of the
continuous x-coordinate. Here, denoting by f some exemplary functions,
the simple rules ∫

dx f (1)(x) f (2)(x) · · · → w
∑
i

f
(1)
i

f
(2)
i
. . . , (D.12)

∂x f (x)→ fi+1 − fi−1

2w
(D.13)

were used, which correspond to approximating the smooth functions by step
functions similar to section 5.3.2.

D.2.5 Inverse density autocorrelations

The inverse density autocorrelations H−1(x , x′) play a role in many expres-
sions evaluated in chapter 9 and 10. In this section, several issues related
to discretisation, periodic boundaries and the conservation of the particle
number will be discussed, and it will be shown how the inverse correlations
were calculated in practice.

Discretisation

In the simulation, the density autocorrelations H(x , x′) were measured in
terms of the discrete correlations Hi j = Cρρ,i j , as given by equation (D.11).
Following the rules set up in section D.2.4, the defining property of the in-
verse H−1(x , x′) is discretised as∫

dx′ H(x , x′)H−1(x′, x′′) = δ(x − x′′) → w
∑
j

Hi jH
−1
jk =

1
w
δik .

(D.14)
There are probably better ways of approximating the integral of a product
of two functions in terms of their discretised representations, however this
approach allows for a particularly simple expression of the discrete analogue
of H−1(x , x′). One has

H−1
i j =

1
w2

(
H−1

)
i j
, (D.15)

where H−1 signifies the inverse matrix of H = (Hi j ).
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Periodic boundaries

Periodic boundaries are commonly introduced to reduce boundary effects.
The idea is that if the size of the simulation box is sufficiently larger than
any microscopic correlation length, it may be regarded as a small, open sec-
tion of an infinite system. In that sense, to every finite system with periodic
boundaries, a corresponding infinite system can be assigned by periodically
repeating the external force fields. Of course, a microstate of a thus defined
infinite system does not necessarily feature a similar periodicity, and only
ensemble averages of observables can be expected to be periodic continua-
tions of those of the finite system.

It could certainly be argued that the theoretical considerations in chap-
ter 9 and 10 can just as well be applied to a system with periodic boundaries,
yet it is helpful to spend a few words to clarify the relation of the measured
two-point correlations Hi j = Cρρ,i j (cf. eq. (D.11)) to those of the corre-
sponding infinite system. As this section is more of a supplementary nature,
the following considerations are intended to be rather illustrative than ab-
solutely rigorous.

Let us start by rendering the statement about the range of correlations
more precise. The system size lx shall be required to be large enough, so that
H∞(x , x′) ≈ 0 for |x − x′ | > lx/2. The superscript ‘∞’ is to signify density
correlations of the infinite system that is assigned to the finite system with
periodic boundaries. Denoting by Nb the number of bins corresponding to
lx , the above property translates to

H∞
i j ≈ 0 for |i − j | > Nb/2. (D.16)

Under this assumption, we can write

H∞ := (H∞
i j ) =



. . .
. . .

. . .
. . .

. . . A B 0 0

. . . BT A B 0 . . .

. . . 0 BT A B . . .

0 0 BT A . . .
. . .

. . .
. . .

. . .


, (D.17)

where A, B and 0 are Nb × Nb matrices. The matrix 0 consists of zeros
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BT A B H = BT + A + B

infinite finite, period. bound.

F D.1: Left: Sketch of a part (around at the main diagonal) of the matrix of density
autocorrelations H∞ (cf. eq. (D.17)) in an infinite system which is assigned to a finite sys-
tem with periodic boundaries as described in the text. White regions represent areas where
the matrix elements are approximately zero. The quadratic blocks have an edge length of
Nb , which is the number of bins (i.e. the size) of the corresponding finite system. Right:
The matrix H of density autocorrelations in the finite system. Due to the periodic boundary
conditions, H is a superposition of the three blocks of the infinite matrix in the left panel.

throughout, reflecting the requirement of the correlations dying out. The
sequence BT A B is schematically depicted in figure D.1 (left), where the
white areas indicate regions with entries approximately zero. On the right
side of the same figure is a corresponding sketch of the matrix H one obtains
in the finite system with periodic boundaries. Because of condition (D.16),
the shaded areas (i.e. the ones that are at least partially not zero) of BT, A
and B do not overlap if one stacks these matrices. This allows for the simple
relation

H = BT + A + B. (D.18)

Let us now turn to the problem of inversion. It is obvious that one cannot
directly infer the inverse of the infinite matrix H∞ from the inverse of H.
However, in all equations of interest, (H∞)−1 is always multiplied with some
vector v (e.g. (δρi)) that is periodic, too, that is it consists of equal blocks v0
of length Nb. Now, evaluating (H∞)−1v is equivalent to solving the equation
H∞x = v for x. As one can expect the solution to have the same periodic
structure, meaning that x consists of equal blocks x0, the problem reduces
to solving (BT+A+B)x0 = v0. Since BT+A+B = H, one eventually finds x0 =

H−1v0. Hence, for all practical purposes, the knowledge of H−1 is sufficient.
Moreover, it turns out that the latter decays even faster than H as one leaves
the main diagonal. One may thus propose an analogous decomposition into
three matrices, H−1 = DT + C + D, say, which – by themselves – are the
constituents of the inverse of H∞. The argument of finding the solution of
a linear equation could thus just be repeated in the opposite direction.
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Correcting the implications of the fixed particle number

In section D.1.2, it was mentioned that H−1 actually should not exist because
of the conserved number of particles N , and it was announced that using a
pseudoinverse instead solves the problem.

Let us begin by recapitulating the reason why H in not invertible. In the
absence of fluctuations δN = 1

m

∑
i δρi of the particle number, each row or

column of the matrix sums up to zero:∑
i

Hi j =
m

w
⟨δNδρ j ⟩ = 0. (D.19)

The rows or columns, respectively, are therefore not linearly independent,
thus preventing the inversion of H.

Now, let us take another perspective. Being a real-valued, symmetricma-
trix, H possess a set of orthogonal eigenvectors {vα }, which we can choose
to be normalised with corresponding eingenvalues {λα }. The above state-
ment then implies that one of the eigenvectors, v1 say, has the form v1 ∝
(1, 1, . . . , 1)T with eigenvalue λ1 = 0. Using the spectral decomposition

H =
∑
α

λαvα ⊗ vα , (D.20)

where the symbol ⊗ denotes the tensor product, we can formally write

H−1 =
∑
α

1
λα

vα ⊗ vα . (D.21)

The matrix v1 ⊗ v1 consists of ‘ones’ throughout, so that the corresponding
term in the sum adds an infinite offset to the remainder. In practice, how-
ever, λ1 is never exactly zero due to numerical inaccuracies, and H−1 can be
computed. From the considerations above, it’s clear that H−1 has a unique
form apart from a more or less random offset. This conclusion is verified by
the actual simulation data (not shown).

Based on these considerations, the inversion problem of the measured
matrix H−1 was solved by manually resetting the value of λ1 to meet the
physical expectation of H−1

i j
decaying to zero as |i − j | goes to infinity (e.g.

see p. 59 in ref. [79]). In detail, λ1 was simply adjusted, such that the average
of all matrix elements with the greatest distance from the main diagonal
(i.e. elements for which |i − j | = ⌊Nb/2⌋) was zero. There are certainly more
sophisticated methods for rescaling λ1, but this simple technique was found
to produce already absolutely satisfactory results.
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A handwaving motivation for this correction scheme is the observation
that 1/λ1 only determines the general offset but not the structure of H−1. A
mathematically more sound argument is that, by resetting 1/λ1 to a finite
value, a pseudoinverse of H was obtained (see also sec. 6.2.1). Denoting the
corrected inverse matrix by H−1

c and using the orthonormality of the eigen-
vectors, one readily finds that

H H−1
c H = H and H−1

c H H−1
c = H−1

c . (D.22)

As discussed in section 6.2.1, this is sufficient to construct a projection op-
erator, and using H−1

c thus does not interfere with this central aspect. A
potential difference could arise from the fact that HH−1

c , I, where I de-
notes the unit matrix. However, in the fundamental equation (9.12), the
inverse only appears in the term

∫
dx′ δρ(x′, t)H−1(x′, x), corresponding to

w
∑

j δρ j (t)H−1
ji
. Because, at any time,

∑
i δρi(t) = 0, the vector δρ(t) is or-

thogonal to v1, which implies that the matrix H−1
c behaves like a true inverse

when contracted with δρ(t), that is HH−1
c δρ(t) = δρ(t). A more general

version of this result was also already obtained in equation (6.26) in sec-
tion 6.2.1. Analogous considerations hold for all appearances of H−1(x , x′)
in the calculations of chapter 9 and 10, except for the term

∫
dx′ H−1(x , x′) ≡

w
∑

j H
−1
i j
, which arises in the course of finding approximations for the hy-

drodynamic limit. If the corrected inverse matrix is used, this expression is
proportional to the corrected eigenvalue λ1 and independent of x or i, re-
spectively. The term being constant instead of varying periodically with x or
i is an artefact of applying the theory for a system with fluctuating particle
number to a simulation with constant N , however a minor one, since the
overall amplitude of w

∑
j H

−1
c ,i j should have a reasonable value due to the

way of adjusting λ1. This conjecture is supported by the simulation results,
which show that the approximation which uses w

∑
j H

−1
c ,i j (cf. the smoothed

approximation in figure 10.6) agrees excellently with the original data.
Summarising, it can be put on record that, up to a minor difference, the

simulation results obtained at fixed particle number can very well be com-
pared to the theory for varying particle number if the inverse density auto-
correlations are corrected in the described manner.

D.3 Temperature field

In section 3.1, hydrodynamics was introduced as the theory of the transport
of mass, momentum and energy in liquids. Then, we made a restriction
by focusing on mass and momentum only, which amounts to considering
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isothermal conditions. This section is intended as a brief check that these
conditions are indeed met in the simulation.

There is, in fact, not a unique way in the literature as how to include en-
ergy or temperature into the set of distinguished observables. Some authors
(e.g. ref. [79], chapter 9.4) use the total energy density, which is favourable
with respect to conservation laws, whereas other authors (e.g. refs. [66, 72])
prefer to use only the kinetic energy density, which is more easily related
to temperature. In both cases, the energy densities are orthogonal to the
momentum density but not to the mass density ρ(r). The contribution of
the latter is therefore removed by a projection to obtain an orthogonal set
of distinguished variables, and the remainder is identified as a temperature
field. Since the external potential energy density is proportional to the mass
density, it is removed by the justmentioned projection, and it suffices to con-
centrate on the internal energy density eint(r) and the kinetic energy density
ekin(r), defined by the relation

eint(r) :=
∑
α

P2
α

2m
δ(r − Rα)︸                ︷︷                ︸

=:ekin(r)

+
1
2

∑
α

∑
β,α

Vint(∥Rβ − Rα ∥)δ(r − Rα)︸                                           ︷︷                                           ︸
=:epot,int(r)

. (D.23)

Here,Vint(∥Rβ −Rα ∥) is the particle-particle interaction potential. The other
symbols have their usual meaning.

Using the whole internal energy density, one can thus define a deviation
of the local temperature from equilibrium via

δT (1)(r) := δeint(r) −
∫

dr′
∫

dr′′δρ(r′′)H−1(r′′, r′)⟨δρ(r′)|δeint(r)⟩. (D.24)

Obviously, this quantity still has the units of an energy density, and, for non-
interacting particles, one could convert it to a temperature by multiplying
with 2V

3NkB
, guided by the equipartition of energy. For interacting particles,

however, the generally very complex interaction potential prevents such a
straightforward conversion. Moreover, in the spirit of local equilibrium, one
would probably want to subtract a local centre of mass velocity in the cal-
culation of the kinetic energy density, like it is done for the kinetic temper-
ature (D.2). It is, however, not the intention of this section to discuss how
the quantity δT (1)(r) could be interpreted as or related to a temperature field,
but merely to demonstrate that its role is negligible.

Before having a look at some results, let us briefly describe the second
variant, which uses only the kinetic energy density. Here, the equipartition
theorem is exploited to convert the energy density into a quantity with the
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δeint
3kBT/(2m) δρ

δekin

F D.2: Deviations of the internal and kinetic energy density (cf. eq. (D.23)) from their
equilibrium values and the corresponding contributions due to the mass density (see text
and eqs. (D.24), (D.25)). The data stem from a modified version of setup 2 (see text).

units of temperature, although – strictly speaking – it only applies to equi-
librium. The temperature is thus defined by the equation

N

V

3
2
kBδT

(2)(r) := δekin(r) −
∫

dr′
∫

dr′′δρ(r′′)H−1(r′′, r′)⟨δρ(r′)|δekin(r)⟩

= δekin(r) − 3
2
kBT

m
δρ(r). (D.25)

To assess the relevance of the energy density or temperature field, the
figures D.2 and D.3 show data from setup 2, which is defined in section 9.1.3,
but was used here with a measurement interval of only 20000 steps instead
of 40000 and binning into 40 bins instead of 80. The driving force was set to
Fdrv = 0.2, which is relatively strong, and all features are expected to be less
pronounced for lower values of Fdrv, that is situations closer to equilibrium.
Moreover, all equations are translated in the usual manner to effectively one-
dimensional systems and non-equilibrium ensemble averages.

Figure D.2 clearly demonstrates that the energy densities δeint(x) and
δekin(x) used in the definitions of δT (1)(x) and δT (2)(x) are absolutely domi-
nated by the corresponding contributions of themass density δρ(x). In other
words, the variations of the energy densities are already covered to a large
extend by the existing set of distinguished variables. The actual tempera-
ture fields are plotted in figure D.3. To make δT (1)(x) comparable to δT (2)(x),
the crude assumption was made that equipartition may also be applied to
the internal potential energy, resulting in an overall factor of V

3NkB
to convert

δT (1)(x) into a temperature. The similarity of both curves in figure D.3 seems
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F D.3: Temperature profiles according to equations (D.24) and (D.25). Data frommod-
ified setup 2 (see text).

to justify this approximation a posteriori. Interpreting the plotted quantities
as deviations of the local temperature from its equilibrium value, one recog-
nises that they are throughout positive. This can be attributed to the fact
that, first, the tolerance of the thermostat allowed for a slightly increased ki-
netic temperature (by about 0.012) in the driven non-equilibrium state, and
that, second, the kinetic energy of the centre of mass motion has not been
subtracted in the definitions of δT (1)(x) and δT (2)(x). Putting the absolute
values into perspective by comparing them to the equilibrium temperature
T = 1, one finds that the relative amplitude of temperature variations is in
the range of only 1%, even for this rather strongly driven system.
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Appendix E

Smoothed Fields

E.1 Smoothed force densities

E.1.1 Smoothed pressure force density

Using ρeq(x + a) = ρeq(x) and H−1(x′ + a, x + a) = H−1(x′, x), the expression
for the smoothed pressure force density (cf. eqs. (9.28), (10.1) and (10.2)) can
be reformulated in the following way:

−∂xδp∗(x , t) = − kBT

a
∂x

x+a/2∫
x−a/2

dx′′ ρeq(x′′)
∫

dx′ δρ(x′, t)H−1(x′, x′′)

= − kBT

a

[
ρeq

(
x +

a

2

) ∫
dx′ δρ(x′, t)H−1

(
x′, x +

a

2

)
+ρeq

(
x − a

2

) ∫
dx′ δρ(x′, t)H−1

(
x′, x − a

2

)]

= − kBTρeq

(
x +

a

2

) ∫
dx′ H−1

(
x′ +

a

2
, x +

a

2

)
× 1

a

[
δρ

(
x′ +

a

2
, t

)
− δρ

(
x′ − a

2
, t

)]

= − kBTρeq

(
x +

a

2

) ∫
dx′ H−1

(
x′ +

a

2
, x +

a

2

)
∂x′δρ(x′, t).

(E.1)
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E.1.2 Smoothed external force density

To reformulate that part of the smoothed external force density which de-
pends on the smoothed mass density, let us start from an expression for
δ f ∗ext

(
x , t ,

[
δρ

])
(see eq. (9.29) and (10.7)) where the step in which equa-

tion (9.25) led to an introduction of the external force field is revoked. Mak-
ing, moreover, use of ∂xρeq(x) = ∂x∆ρeq(x) because ρeq(x) is constant, we
then find

δ f ∗ext

(
x , t ,

[
δρ

])
= kBT

(
∂x∆ρeq(x)

) ∫
dx′ H−1(x′, x)δρ(x′, t)

= kBT

∫
dx′

1
a

[
∆ρeq

(
x +

a

2

)
H−1

(
x′, x +

a

2

)
−∆ρeq

(
x − a

2

)
H−1

(
x′, x − a

2

)]
δρ(x′, t)

− kBT∆ρeq(x)∂x

∫
dx′ H−1(x′, x)δρ(x′, t)

= ∆ρeq

(
x +

a

2

)
kBT∂x

∫
dx′ H−1(x′, x)δρ(x′, t)

− kBT∆ρeq(x)∂x

∫
dx′ H−1(x′, x)δρ(x′, t). (E.2)

In the first step, a partial integration of the smoothing integral was per-
formed, and, in the second step, the periodicity ∆ρeq(x + a) = ∆ρeq(x) was
exploited.

Now, let’s turn to δ f ∗ext
(
x , t ,

[
∆δρ

])
. Here, we make use of the approxi-

mate periodicity δ f ∗ext
(
x + a, t ,

[
∆δρ

]) ≈ δ f ∗ext
(
x , t ,

[
∆δρ

])
, which is inherited

from the periodic equilibrium structure and the approximate periodicity of
∆δρ(x). This is done by formally writing the length of the system as Lx ,
which is not to be confused with the length of the simulation box, and par-
titioning it into Lx

a
intervals of the size of the mask width a. Neglecting the

remainder of the division as Lx is taken to be infinitely large and letting n

run over all the intervals, we have

δ f ∗ext
(
x , t ,

[
∆δρ

]) ≈ a

Lx

∑
n

δ f ∗ext
(
x + na, t ,

[
∆δρ

])
. (E.3)

The small differences of δ f ∗ext
(
x + a, t ,

[
∆δρ

])
and δ f ∗ext

(
x , t ,

[
∆δρ

])
, which

are accumulated by the sum, are compensated by the factor 1
Lx
. Based on
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this consideration, we find from equation (9.29)

δ f ∗ext
(
x , t ,

[
∆δρ

]) ≈ a

Lx

∑
n

δ f ∗ext
(
x + na, t ,

[
∆δρ

])
=

a

Lx

∑
n

∫
dx′

∫
dx′′ H−1(x′, x + na)H(x + na, x′′)

1
m
Fext(x′′)∆δρ(x′, t)

=
a

Lx

1
a

∑
n

x+na+ a
2∫

x+na− a
2

dx′′′
∫

dx′
∫

dx′′ H−1(x′, x′′′)H(x′′′, x′′)×

× 1
m
Fext(x′′)∆δρ(x′, t)

=
1
Lx

∫
dx′

∫
dx′′ δ(x′ − x′′)

1
m
Fext(x′′)∆δρ(x′, t)

=
1
Lx

∫
dx

1
m
Fext(x)∆δρ(x , t) =

1
Lx

∑
n

x+na+ a
2∫

x+na− a
2

dx′
1
m
Fext(x′)∆δρ(x′, t)

=
a

Lx

∑
n

1
m
Fext(x + na)∆δρ(x + na, t) ≈ Fext(x)∆δρ(x , t). (E.4)

E.1.3 Smoothed viscous force density

To rewrite the smoothed viscous term of the equation of motion (9.27), we
use ρeq(x + a) = ρeq(x), η1(x + a, x′ + a, t) = η1(x , x′, t) and equations (10.1)
and (10.2)) and obtain

-
∫

dx′
t∫

0

ds
J(x′, s)
ρeq(x′)

∂x′∂xη1(x′, x , t - s)

=
1
a

∫
dx′

t∫
0

ds
(
∂x′

J(x′, s)
ρeq(x′)

) [
η1

(
x′, x +

a

2
, t - s

)
-η1

(
x′, x -

a

2
, t - s

)]

=
1
a

∫
dx′

t∫
0

ds

∂x′ J
(
x′ + a

2 , s
)

ρeq
(
x′ + a

2

) - ∂x′
J

(
x′ - a

2 , s
)

ρeq
(
x′ - a

2

)  η1

(
x′ +

a

2
, x +

a

2
, t - s

)

=

∫
dx′

t∫
0

ds

∂2
x′

(
J(x′, s)
ρeq(x′)

) η1

(
x′ +

a

2
, x +

a
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This result can be further modified using

∂x

(
J(x , t)
ρeq(x)

)
=

1
a

J
(
x + a

2 , t
)

ρeq
(
x + a

2

) − J
(
x − a

2 , t
)

ρeq
(
x − a

2

)  = ∂x J̄(x , t)

ρeq
(
x + a

2

) (E.6)

to show that it only depends on the smoothed momentum density.

E.2 A proof concerning ∂xρeq(x) and H−1(x′, x)

The aim of this section is to show that(
∂xρeq(x)

) ∫
dx′ H−1(x′, x) = 0. (E.7)

The first step is to notice that the expression is constant, which is easily
verified by exploiting the periodicity of ρeq(x) and

∫
dx′ H−1(x′, x). One

can hence stack together many of the smoothing integrals, extending the
integration domain to all space. Doing so, one obtains with help of equa-
tion (9.25) that

(
∂xρeq(x)

) ∫
dx′ H−1(x′, x)

=
1
Lx

∫
dx

(
∂xρeq(x)

) ∫
dx′ H−1(x′, x)

=
1

LxmkBT

∫
dx

∫
dx′

∫
dx′′ H−1(x′, x)H(x , x′′)Fext(x′′)

=
1

LxmkBT

∫
dx Fext(x)︸          ︷︷          ︸
bounded

Lx→∞
= 0, (E.8)

proving the above relation.
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