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Abstract

Most of the recent experimental achievements in the field of optomechanics, e.g. ground state
cooling of a vibrational mode, were realized in single-mode optomechanical systems comprising
one vibrational degree of freedom that interacts with one optical degree of freedom via radiation
pressure. In the present thesis, we theoretically study multi-mode optomechanical systems that
are made of multiple optical and multiple vibrational modes.

We first propose and analyze a scalable scheme in which linear quantum operations can be
performed on a set of vibrational modes by simply modulating the amplitude of the laser beam
that drives the system. The generation of entanglement between distinct vibrational modes and
squeezed mechanical states is analyzed. Moreover, we investigate the feasibility of state transfers
between distinct vibrational modes.

Next, we focus on the many-body dynamics of photons and phonons in a lattice with optome-
chanical on-site interaction and introduce the optomechanical band structure as a means to de-
scribe the linearized dynamics of the many-body non-equilibrium system. We then turn to de-
scribe its main features, i.e. the formation of photon-phonon polaritions and an array version
of self-induced mechanical oscillations, and discover a novel entangling instability that is only
present in multi-mode systems. Finally, we provide a universal stability diagram which is valid
for all symmetric multi-band lattices.

Subsequently, we turn to optomechanical arrays with a honeycomb geometry and investigate
the emergence of photon-phonon Dirac polaritons. In contrast to the usual case, Dirac polaritons
feature dispersive edge states, which consequently gives rise to polarition transport along the edge,
which is tunable via the driving laser. Putting the large external tunability of optomechanical arrays
to use, we predict a version of Klein tunneling for photons. A peculiarity of this effect is that pho-
tons can be interconverted into phonons while tunneling through the barrier that is solely created
by shaping the beam of the driving laser.

As a next step, we propose two schemes to all-optically create gauge fields for photons in op-
tomechanical arrays and analyze their feasibility numerically. Moreover, we study photon trans-
port and generalize the photonic gauge field to include the optomechanical coupling to phonons.
To this end, we introduce a synthetic photon-phonon dimension that provides a universal descrip-
tion of optomechanical gauge fields.

Finally, we investigate the interplay of the surface modes of a levitated fluid droplet with its ro-
tation. For this purpose, we extend the liquid drop model of nuclear physics to include the rotation
of the droplet. We derive a Lagrangian to leading order, using the Euler angles and the amplitudes
of the lowest energy surface modes as generalized coordinates. Finally, we display the lengthy and
highly non-linear equations of motion.
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Zusammenfassung

Die meisten der letzten großen experimentellen Erfolge auf dem Gebiet der Optomechanik, wie
z.B. das Kühlen einer mechanischen Mode in ihren quantenmechanischen Grundzustand, wurden
in optomechanischen Systemen erzielt, in denen eine einzige optische Mode über den Strahlungs-
druck des Lichtes an eine einzige mechanische Mode koppelt. In der vorliegenden Dissertation
werden wir optomechanische Systeme, die aus mehreren optischen und mehreren mechanischen
Moden bestehen, theoretisch untersuchen.

Im ersten Teil der Arbeit schlagen wir eine skalierbare, optomechanische Architektur vor, in der
lineare Quantenoperationen auf Vibrationsmoden angewendet werden können, indem die Ampli-
tude des treibenden Lasers zeitlich moduliert wird. Wir analysieren die Erzeugung von verschränk-
ten Zuständen zwischen unterschiedlichen mechanischen Moden, sowie die Generierung von ge-
quetschten Zuständen. Des Weiteren untersuchen wir, ob Zustände zwischen verschiedenen Mo-
den transferiert werden können.

Als nächstes führen wir die optomechanische Bandstruktur ein und zwar als ein Konzept, um die
linearisierte Nichtgleichgewichts-Dynamik des Vielteilchen-Systems zu beschreiben. Das Vielteil-
chen-System besteht hierbei aus den Photonen und Phononen des optomechanischen Gitters,
welche auf den Gitterplätzen miteinander wechselwirken. Wir beschreiben die wichtigsten Phäno-
mene und Eigenschaften der Bandstruktur, wie z.B. die Bildung von Photon-Phonon-Polaritonen
und eine Spielart von selbst-induzierten mechanischen Schwingungen des Gitters. Des Weiteren
beschreiben wir eine neuartige Instabilität, welche zur Verschränkung von Photonen führt und nur
in optomechanischen Gittern beobachtet werden kann. In optomechanischen Systemen mit einer
optischen und einer mechanischen Mode gibt es diese Instabilität hingegen nicht. Schließlich er-
arbeiten wir ein universelles Stabilitätsdiagramm, welches die Frage nach der Stabilität der linea-
risierten Dynamik für alle symmetrischen Gitter mit einem oder mehreren Bändern beantwortet.

Im darauffolgenden Kapitel studieren wir ein spezielles optomechanisches Gitter mit einer Honig-
waben-Symmetrie, in welchem wir die Bildung von Photon-Phonon-Dirac-Polaritonen betrach-
ten. Im Gegensatz zu dem bekannten Fall von Elektronen in Graphen bilden die besagten Pola-
ritonen dispersive Randzustände, deren Spektrum durch den Treiblaser veränderbar ist. Eine in-
teressante Anwendung der generell großen Kontrolle über die Dynamik von optomechanischen
Gittern durch den Treiblaser ist ein von uns vorgeschlagener photonischer Klein-Tunneleffekt. Ei-
ne Besonderheit dieses Effektes ist, dass Photonen während des Tunnelns durch die Barrieren in
Phononen (und andersherum) umgewandelt werden können. Die Barrieren werden dabei einzig
durch den Treiblaser erzeugt, dessen Lichtfeld dazu räumlich passend geformt wird.

Im anschließenden Kapitel schlagen wir zwei Schemata zur optischen Erzeugung von Eichfeldern
für die Photonen in optomechanischen Gittern vor und analysieren deren Realisierbarkeit nume-
risch. Wir untersuchen den Transport von Photonen im Gitter in Anwesenheit des Eichfeldes und
verallgemeinern das photonische Eichfeld, so dass es die Kopplung an die Phononen an den Gitter-
plätzen mit einschließt. Zu diesem Zweck führen wir eine synthetische Photon-Phonon Dimension
ein und finden eine universelle Beschreibung von Eichfeldern in optomechanischen Gittern.

Im letzten Kapitel untersuchen wir die Wechselwirkung von Oberflächenmoden eines schweben-
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den Flüssigkeitströpfchens mit dessen Rotation. Zu diesem Zweck erweitern wir das, auf dem Ge-
biet der frühen Kernphysik gebräuchliche, Tröpfchenmodell des Atomkerns um eine freie Rotati-
on. Wir leiten eine Lagrange-Funktion in führender Ordnung her, wobei wir die Eulerwinkel und
die Amplituden der Oberflächenmoden mit der kleinsten Eigenfrequenz als generalisierte Koor-
dinaten verwenden. Schlussendlich finden wir die umfangreichen und hochgradig nichtlinearen
Bewegungsgleichungen.
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1
INTRODUCTION

The theory of quantum mechanics was developed at the beginning of the 20th century and, at its
early stage, was already successfully applied to the physics of atoms. One of its great successes was
the provision of a sound theoretical explanation of phenomena (e.g. the discrete emission spec-
trum of the hydrogen atom) that were previously explained by more phenomenological theories
which failed to explain the spectrum of more complicated atoms such as the Helium atom, for in-
stance. Building on these successes, quantum mechanics was augmented to include relativistic
electrons, which ultimately led to the development of modern quantum field theories, including a
quantum theory of light and its interaction with matter and photon detectors. Nowadays, this field
is known as quantum optics.

The experimental progress regarding quantum mechanics has been even more impressive: In
the early days of quantum mechanics, it was only possible to conduct quantum experiments with
electrons, atoms and photons, whereas nowadays researchers routinely build artificial quantum
systems comprising billions of atoms (such as superconducting qubits for instance). Additionally,
these systems offer an unprecedented experimental controllability and future devices will proba-
bly combine many quantum systems of different nature in quantum networks to put their individ-
ual strengths to best use, which hopefully will ultimately lead to the realization of visions such as
quantum computing and quantum simulation.

1.1 The field of optomechanics

In comparison to quantum mechanics optomechanics is a rather young field (for reviews see [1–5])
that studies the interaction of light with the mechanical motion of mesoscopic and macroscopic
structures at the quantum level (and in the classical limit). Light carries momentum, and thus
exerts a radiation pressure force on matter when it is reflected of its surface. This force was already
postulated by Kepler as a possible explanation for the tails of comets pointing away from the sun,
and it was theoretically predicted by Maxwell. The experimental detection of the radiation pressure
force has been difficult since it is veiled by thermal effects that are caused by the absorption of light
and the consequent heating of the mechanical structure. This can lead to pressure changes and
consequently to a force on the mechanical structure. Nevertheless in 1901, radiation pressure was
observed in the familiar light mill setup.

The radiation pressure force of light in free space is rather weak, thus one has to find ways
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1. Introduction

laser drive

fixed mirror

movable cantilever

x̂optical cavity

Frad
â†â∝

â = xzpf(b̂
† + b̂)

Figure 1.1: Sketch of an optical cavity with a movable end mirror that is mounted on a cantilever
which constitutes the prototypical optomechanical setup. Since the cavity is laser driven (red ar-
row), photons circulate back and forth between the two mirrors and exert a radiation pressure force
on the mirrors (bold black arrow), which is proportional to the number of photons in the cavity, i.e.
proportional to the optical intensity. Moreover, it deflects the movable mirror, and thus detunes
the cavity from the drive. Consequently, there will be a coupling between the light field and the
mechanical motion. This optomechanical coupling leads to a variety of effects (see main text for
details.) Note that the deflection in the sketch is highly exaggerated.

to enhance it to efficiently manipulate mechanical motion. One of the easiest ways to escalate
the radiation pressure force is to make use of an optical cavity which boosts the light intensity,
and consequently greatly enhances the radiation pressure force. In pioneering experiments, the
dynamical effects of the radiation pressure force on macroscopic objects were demonstrated by
Braginsky in the late 1960s [6, 7] in the microwave domain.

Since then, the technological progress in the fabrication of nano-structures has enabled minia-
turized versions of Braginsky’s setup in the optical domain that can even be integrated on a chip
(see below). This technological advance in combination with the versatile coupling of the me-
chanical motion to many different quantum systems makes optomechanical systems to promising
candidates for the realization of future quantum buses that connect different quantum systems
in an quantum network. This prospect constitutes a major motivation to study optomechanical
systems, especially many-body optomechanical systems, as in the present thesis.

1.1.1 The prototypical setup: a cavity with a movable end mirror

The prototypical optomechanical setup comprises an optical cavity that is formed by two mirrors,
one of them is movable, since it is mounted on a bendable cantilever, see figure 1.1 for a sketch. The
cavity is driven by a laser, which populates one of its optical modes with photons that consequently
exert a radiation pressure force on both mirrors. In the sketch in figure 1.1 the left mirror is fixed,
while the mirror on the right is mounted on a bendable cantilever. Hence the radiation pressure
force displaces the latter mirror. Consequently, this alters the resonance frequency of the cavity
(since its length changes) and leads to a coupling between the optical mode and the mechanical
motion of the mirror. Displacing the mirror will bend the cantilever that supports it, which there-
fore leads to a restoring force, acting on the mirror. This mechanism is incorporated by modeling
the mechanical degree of freedom as an harmonic oscillator, which is an excellent approximation
for the tiny displacements that are encountered in optomechanical setups.

2



1.1. The field of optomechanics

The dynamics of the system is governed by the optomechanical Hamiltonian that reads

Ĥ =−ħ∆â†â +ħΩb̂†b̂ −ħg0â†â(b̂† + b̂)+ Ĥdrive + Ĥdiss . (1.1)

Here, â denotes the annihilation operator of the optical mode in the cavity, and we introduced
the phononic annihilation operator b̂ (and the creation operator b̂†) to describe the mechanical
displacement x̂ = xzpf(b̂†+ b̂), where xzpf =

pħ/2mΩ denotes the zero-point fluctuation of the me-
chanical oscillator (i.e. the width of its ground state wave function) with frequency Ω and mass
m. The Hamiltonian (1.1) is written in a frame that rotates with the frequency ωL of the driving
laser, thus only the difference between the cavity’s resonance frequency ωcav and the driving laser
frequency enters the Hamiltonian. This detuning is denoted by the symbol ∆ = ωL −ωcav, and
we note that the picture of the rotating frame is formally equivalent to the interaction picture, as
taught in quantum mechanics courses. The first two terms in the Hamiltonian simply describe the
dynamics of the optical mode and the cantilever which, as mentioned before, is modeled as an
harmonic oscillator.

The third term describes the optomechanical coupling, which is characterized by the coupling
strength g0 that characterizes the shift of the optical resonance by a single phonon. We emphasize
that the interaction is non-linear and can be interpreted in two ways: On the one hand, the pho-
tons that circulate in the cavity exert a radiation pressure force on the mirror. The force can readily
be recovered by taking the derivative with respect to the position, which yields F̂rad =ħg0â†â/xzpf.
On the other hand, displacing the mechanics shifts the resonance frequency of the optical cavity,
which is apparent from the Hamiltonian (1.1). The coupling term in the Hamiltonian (1.1) repre-
sents the leading order of the expansion of the resonance frequency of the cavity in the mechanical
displacement. Higher orders were neglected, which is an excellent approximation for tiny displace-
ments. Deriving the coupling strength g0 for the prototypical setup in figure 1.1 clarifies this: Say
the equilibrium length of the cavity is L, hence its optical resonances read

ω(0)
cav =

2πc

nL
, (1.2)

where n denotes an integer and c is the speed of light. The displacement of the mirror changes
the length of the cavity and consequently the resonance frequency of the cavity depends on the
position of the mirror, i.e. ωcav(x) = 2πc/n(L + x), where x ¿ L for realistic setups. We obtain
the optomechanical coupling strength by expanding the resonance frequency to first order in the
displacement

ωcav(x) ≈ω(0)
cav

(
1− x

L

)
, (1.3)

comparing ħωcav(x)â†â with the Hamiltonian (1.1) (noting that (1.1) is written in a rotating frame).
This yields the optomechanical coupling

g0 =ω(0)
cav

xzpf

L
, (1.4)

of the prototypical optomechanical setup, cf. sketch in figure 1.1. In addition, we now also have a
physical interpretation for the minus sign in the interaction term in the Hamiltonian (1.1): As the
mirror moves to the right, i.e. the displacement is increased, the resonance frequency of the cavity
is diminished. For most optomechanical setups it is sufficient to include only the linear term in
the expansion (1.3). However, we note that for special setups the linear term can vanish, and thus
the leading term in the expansion is quadratic in the displacement. Consequently, the coupling
term in the Hamiltonian (1.1) is not applicable to those setups and has to be replaced by a so-
called quadratic optomechanical interaction term, i.e. ħGâ†âx̂2, which leads to different physics.
Moreover, we note that a more rigorous derivation of the optomechanical Hamiltonian (including
the canonical quantization) can be found in [8, 9].

3



1. Introduction

The next to last term in the Hamiltonian (1.1) describes the laser that drives the cavity. In the
rotating frame it reads Ĥdrive = ħαL â† +h.c., where αL is proportional to the amplitude of the im-
pinging field. The last term in the Hamiltonian (1.1) accounts for the photon and phonon bath and
their coupling to the optomechanical system, which leads to dissipation (photons can leak out of
the cavity and phonons can decay in the bulk that supports the cantilever, i.e. there is mechani-
cal friction) and thermal heating of the vibrational mode (thermal phonons from the bath can be
absorbed by the system). At typical temperatures (and for typical mode frequencies in the optical
realm), the optical mode is not thermally heated, since there are no thermal photons that could be
absorbed. Nevertheless the vacuum fluctuations of the photon bath drive the cavity and have to
be taken into account in the quantum regime. In the present thesis, we will account for all of these
effects in the equations of motion, by either using the standard input-output formalism [4, 10, 11]
or the commonly employed Lindblad master equations [10].

Before we move on and review the manifold setups that realize the optomechanical Hamilto-
nian, we provide a brief overview of the most important regimes.

Resolved sideband regime. - The periodic motion of the cantilever with its eigenfrequencyΩwill
imprint sidebands at ±Ω on the optical “carrier” frequencyωL of the driving laser. We note that this
situation is analogous to a solid, whose index of refraction is temporally modulated by phonons,
which leads to sidebands in the scattered light. This effect is the basis of Raman spectroscopy,
hence, the sidebands are sometimes labeled as Stokes and anti-Stokes in the literature on optome-
chanics. The linewidth of the cavity is broadened by its coupling to the bath, i.e. by dissipation,
hence the resonance can only be employed to filter the sidebands if its broadening is smaller than
the distance between the sidebands. In the so-called resolved sideband regime it is possible to re-
solve the sidebands via the cavity and denoting the photonic ring-down rate by κ the system has to
meet the condition κ¿Ω to operate in the resolved sideband regime.

Strong coupling regime (and linearized interaction). - The easiest way to understand this regime
is to linearize the dynamics of the optomechanical system. To this end, we consider the dynam-
ics of the fluctuations of the optics around the stationary coherent state with amplitude 〈â〉 ≡ ᾱ

in which the cavity is driven by the strong laser. We note that due to the non-linearity multiple
steady-states are possible, i.e. the system features a bistability for suitable parameters that was al-
ready observed in 1983 [12], see also chapter 3. Moreover, we note that for large input powers the
motion is chaotic [13, 14]. We split the field in the cavity

â = ᾱ+δâ , (1.5)

and expand the interaction term of the Hamiltonian (1.1) in powers of ᾱ. We keep only those terms
that are at most quadratic in the fluctuations (including the annihilation and creation operators of
the mechanics) and find

−ħg0â†â(b̂† + b̂) ≈−ħg0|ᾱ|2(b̂† + b̂)−ħ(g∗δâ + gδâ†)(b̂† + b̂) , (1.6)

where we introduced the linearized optomechanical coupling strength

g = ᾱg0 . (1.7)

The first term on the right hand side of equation (1.6) represents the average radiation pressure
force that can be absorbed by shifting the equilibrium position of the mechanics. The second term
is the linearized optomechanical interaction, without loss of generality we can assume ᾱ ∈ R, and
thus the linearized optomechanical interaction can be identified as an XX-coupling between the
light field and the vibrational mode. We emphasize that equation (1.7) implies that the coupling

4



1.1. The field of optomechanics

strength g can be tuned at will by the driving laser, because the stationary coherent state of the
cavity ᾱ is determined by the strength of the driving laser. Consequently, the system is tunable
in-situ in an easy manner paving the way to effects and applications that we will review below. We
note that the tunability can be viewed as a consequence of the non-linearity of the optomechanical
interaction.

In the literature the strong coupling regime refers to the situation in which the linearized op-
tomechanical coupling strength is larger than the linewidth of the optical cavity, i.e. g > κ. In this
regime the coupling overcomes the dissipation and the optical mode and the vibrational mode hy-
bridize into two polaritonic modes. Experimentally the hybridization manifests in a splitting of the
resonance into two normal modes with different frequency.

Single-photon strong coupling regime. - The (non-linear) optomechanical interaction is cubic
in the operators, i.e. it comprises terms like â†âb̂†. Thus, it should be possible to study non-linear
quantum effects, provided the system operates in a suitable regime. Placing a single photon into
the empty cavity displaces the mechanics by

∆x = 2
g0

Ω
xzpf . (1.8)

A single photon yields a displacement that is larger than the width of the mechanical ground state
if the setup meets the condition

g0 >Ω . (1.9)

However, to experience truly non-linear effects, the lifetime of a photon in the cavity has to be large
enough to “feel” a complete cycle of the mechanical motion, i.e. κ <Ω. In other words, the setup
has to operate in the aforementioned resolved sideband regime. Combining the two prerequisites,
we find the condition for non-linear quantum dynamics

g0

κ
> 1. (1.10)

We note that one can also derive a condition for a non-linear back action. Equation (1.9) gives
the condition that a single photon shifts the mechanics by more than a ground state width. To
resolve this shift experimentally, the displacement due to the phonon has to shift the optical reso-
nance by more than the optical linewidth, which is the case if

g 2
0

Ωκ
> 1. (1.11)

In a setup that meets this condition, one will be able to observe strong back-action effects. For in-
stance, a single photon that enters the cavity shifts it out of resonance and prevents further photons
from entering the cavity, an effect of the non-linearity that is known as photon blockade effect.

In contrast to the former two regimes, this interesting regime will not be of great importance
in the present thesis. Nevertheless, we very briefly list important works about non-linear quantum
dynamics in optomechanical systems. The photon blockade effect and photonic counting statis-
tics have been studied in [15, 16]. The influence of the non-linearity on optomechanically induced
transparency [17] and related effects [18, 19] have been treated, as well as its influence on a me-
chanical instability [20]. Note that we will provide further details on both effects below. Moreover,
the non-linearity can be put to use in the generation of states with negative Wigner density [21]
and it leads to the emergence of additional sidebands [22]. Additionally, already in the 1990s the
non-linearity was discussed in the context of “Schrödinger cat states” [23–25]. The regime, in which
g0 ? κ, but due to large mechanical frequencies g 2

0 ¿ κΩ, has been studied theoretically in [26, 27].
We note that so far the regime of g0 ? κ,Ω has only been reached experimentally in setups

where the role of the mechanics is played by a cloud of cold atoms [28–30]. Unfortunately, in those
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setups the mechanical frequencies are small, hence those experiments do not yet operate in the
resolved sideband regime.

1.1.2 Experimental realizations

The optomechanical Hamiltonian (1.1) is a universal model which is realized in a wide range of
experimental setups that cover a huge parameter range. It is beyond the scope of the present thesis
to provide a complete overview of the experimental endeavors, and we note that a good snapshot
of state of the art experiments (including their parameters) can be found in the recent review [4].
Nevertheless, we exemplarily list a selection of optomechanical setups in this subsection with the
intention to create an impression of the versatility of the optomechanical Hamiltonian.

A straightforward implementation of the prototypical setup, as sketched in figure 1.1, is to sus-
pend a macroscopic mirror such that it can move and experience a restoring force [12, 31–33]. We
note that such setups have been implemented with mirrors in the kilogram scale by the LIGO sci-
entific collaboration [34] seeking to detect gravitational waves.

Following the same idea, i.e. to suspend a reflecting structure, miniaturized versions of the
optomechanical setup have been created. A mirror with a diameter of only 30µm, for instance, has
been mounted on a micro-cantilever [35], which is a realization of the prototypical setup sketched
in figure 1.1 on the micron scale. Recently, a number of similar setups have been built [36–41].

A conceptually different approach is to suspend a dielectric membrane, which is very thin
(nano scale width), in a cavity that is formed by two fixed mirrors [42–45]. One of the benefits
of this approach is that one can engineer quadratic or linear optomechanical coupling [46, 47] and
that the system realizes a multi-mode optomechanical system [48]. We will elaborate on multi-
mode systems in subsection 1.1.4. Provided the system is suitably configured, the frequency shift
of the optical mode depends on the square of the displacement, i.e. the system features a quadratic
optomechanical coupling. Accordingly, this enables a quantum non-demolition measurement of
the energy of the harmonic oscillator [42]. We note that an adaption of the setup has also been
studied. Here, the optical cavity is not formed by mirrors but rather by a gap between the ends of
two optical fibers [49].

The vibrational modes of membranes (or other structures) can be used to alter the capacity
of a capacitor in superconducting microwave circuits, which gives rise to a realization of the op-
tomechanical Hamiltonian in the microwave realm [50–55]. We note that conceptually similar ex-
periments in the microwave domain have already been conducted in the 1970s by Braginsky and
coworkers [7].

Cold atoms constitute a different platform for the realization of optomechanical systems in
the optical domain [28–30, 56, 57]. Here, the center-of-mass motion of a cloud of up to 106 cold
atoms plays the role of the mechanical motion and couples to the optics. As mentioned earlier, a
big advantage of this platform is the realization of large values for the optomechanical coupling
strength, i.e. g0 ÀΩ, however, the mechanical frequencies are rather small, and thus those setups
have not yet reach the resolved side band regime.

A different approach to the realization of the optomechanical Hamiltonian is to use optical
whispering-gallery modes in circular structures that also support many vibrational modes [58].
The mechanical vibration deforms the structure, which changes the path length of the whispering-
gallery mode. Consequently, there is an optomechanical coupling between the optical whispering-
gallery mode and the vibrational modes. Owing to the small size of the structures, the optomechan-
ical coupling can be very large [59, 60]. One can distinguish three common geometries that have
been studied: discs [59, 61–64], toroids [13, 65–70] and spheres [71–73].

We now turn towards the platform of so-called optomechanical crystals that are a major mo-
tivation for large parts of the present thesis. In essence optomechanical crystals [74] are a slab of
dielectric material in which a periodic pattern of holes has been etched. As a result, the index of
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refraction is spatially modulated (in a periodic way), which leads to the formation of optical bands,
i.e. the system constitutes a photonic crystal [75, 76]. If the pattern is suitably chosen, a band
gap in the optical band structure emerges. However, the spatial periodicity of the material also
affects the propagation of sound in the substrate and accordingly a suitable patterning leads to a
simultaneous band gap for photons and phonons. Artificial defects that break the periodicity of
the structure support localized defect modes for both photons and phonons. If the frequencies of
the photonic and phononic defect modes lie within the corresponding band gaps, optical and me-
chanical excitations can not travel in the bulk and are “trapped” at the defect. Building on this, it is
possible to engineer cavities and waveguides for photons and phonons in the substrate [77]. Each
defect supports co-localized optical and mechanical modes, which feature an optomechanical in-
teraction that can be understood as follows. Exciting the vibrational modes deflects the boundaries
of the substrate and alters the stress in the material, which affects the optical band structure and
consequently leads to the optomechanical coupling. This coupling between localized photonic
and phononic modes has been demonstrated for 1D [74, 78] and 2D [79, 80] structures. Figure 1.3
depicts a sketch of a 2D optomechanical crystal with multiple artificial defects. Due to the small
spatial extend of the defect mode’s wavefunction, the optomechanical coupling strength can be
large, i.e. g0/2π∼ MHz for state of the art experiments, and the setups operate in the resolved side
band regime [81].

Last but not least, we note that recently a microwave mode has been coupled optomechanically
to sound modes in superfluid helium [82], which constitutes an optomechanical system.

Before we discuss the basic effects of the optomechanical Hamiltonian in the next section, we
emphasize that the frequencies of the mechanical elements range from kHz to several GHz and
their masses span from kg down to the mass of a cloud of ∼ 106 atoms, i.e. 10−22kg.

1.1.3 Basic effects

In this subsection, we briefly review selected effects that can observed in optomechanical systems.
We will start with effects that can be understood in the linearized picture, i.e. by considering the
linearized optomechanical interaction (1.6), and then move on to briefly highlight features that
stem from the underlying non-linearity. In case of the linearized picture, we distinguish two cat-
egories, basic and advanced effects. For basic effects a suitable choice of the parameters of the
optomechanical system suffices, i.e. one has to pick a certain detuning and the system has to oper-
ate in the resolved side-band regime. For advanced effects, however, a simple tuning of parameters
is not sufficient. The system has rather to be augmented by a second driving laser for instance, or
the driving laser has to be modulated in a certain way.

Cooling (state-transfer). - A basic effect of great importance is the side-band cooling of the me-
chanical motion, which can be treated in the linearized picture. Tuning the frequency of the driving
laser such that −∆=Ωmakes the −ħgδâb̂† +h.c. terms in the interaction part of the Hamiltonian
(1.6) resonant. A phonon can now resonantly be converted into an optical excitation, while the
reverse process, i.e. the annihilation of a photon and the creation of a phonon, is off-resonant by
an energy 2ħΩ, and is thus suppressed in the resolved sideband regime. The optical mode can
be understood as a low temperature bath that is coupled to the mechanics and absorbs phonons,
and thereby cools the mechanics. A theoretical analysis can be found in [4, 83, 84] and the cool-
ing scheme has been implemented in a number of experiments [32, 36–38, 42, 45, 60, 85, 86], with
some of them reaching the quantum ground state of the mechanical motion [52, 81].

In the strong coupling regime the resonant −ħgδâb̂† +h.c. terms lead to a hybridization of
the optical and mechanical mode, which manifests in a frequency splitting of the new normal
modes. The interaction can be used to coherently transfer optical excitations to the mechanics
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and vice-versa. The time required by such a transfer process is inversely proportional to the cou-
pling strength g , hence it is not possible for g < κ, because the optical excitation decays before it
can be transferred (a similar condition applies to the mechanical decoherence rate). This has been
subject of experimental investigation in various setups, see for instance [40, 53, 54, 60, 87].

Two-mode squeezing. - It is a logical next step to tune the driving laser to the other mechan-
ical sideband. For this so called blue detuning, i.e. −∆ = −Ω, the two-mode squeezing terms,
−ħgδâ†b̂† +h.c. are resonant in the linearized optomechanical interaction, cf. (1.6). This process
creates correlated photons and phonons, hence the mechanical mode is heated. Increasing the
amplitude of the driving laser boosts g and consequently the system features an instability, when
the heating beats the mechanical damping. Due to non-linear effects, the system will finally set-
tle in self-sustained oscillations that are governed by a number of dynamical attractors [20, 88]. A
number of works that study the non-linear dynamics of the optomechanical system can be found
in the literature, see for instance [13, 66, 67, 89, 90].

Optical spring effect. - It is not surprising that the presence of the optical field alters the prop-
erties of the mechanical vibrations. In fact in a classical picture, the aforementioned sideband
cooling and the heating can also be understood as a change of the damping rate of the vibrational
mode that is induced by the light field. For red detuning (e.g. −∆=Ω), the coupling to the light field
increases the mechanical damping rate, i.e. it causes additional friction. Whereas for blue detun-
ing (e.g. −∆=−Ω), the retarded radiation pressure force diminishes the damping of the vibrational
mode. If the effective mechanical damping rate gets negative, the system exhibits an instability. In
essence, it is the retardation of the radiation pressure force due to the finite cavity ring down time
κ−1 that leads to additional friction in the mechanics (the sign of this “friction” is determined by
the detuning of the driving laser). We note that a complete treatment of these effects within the
classical equations of motion can be found in the recent review [4].

The light field also changes the effective eigenfrequency of the vibrational mode, an effect
known as optical spring effect. This effect can be understood by considering the classical linearized
equations of motion, cf. [4], here however, we sketch it from a more quantum mechanical per-
spective and treat the light field as a perturbation that changes the properties of the mechanical
Hamiltonian. Given that the driving laser is sufficiently far detuned (i.e., |∆|À g ,κ) integrating out
the light field in second order perturbation theory, yields the usual correction of the mechanical
eigenfrequency, which constitutes the so-called optical spring effect. Similar to the change in the
damping rate, the sign of the optical spring effect can also be controlled by the driving laser detun-
ing. For red detuning the mechanical eigenfrequencies is diminished, i.e. the spring is softened,
whereas for a blue-detuned laser the spring is hardened and the frequency of the vibrational mode
increases.

The optical spring effect has also been observed experimentally [91, 92]. Corbitt et. al. [32], for
instance, reported a shift of the mechanical eigenfrequency from 170Hz to 5kHz for a mirror with
a mass of 1g.

We note that the presence of the mechanics also alters the properties of the light field. In fact,
an optomechanical cavity resembles an effective Kerr medium and has been analyzed as a po-
tential source of squeezed light [93, 94] in this spirit. Almost twenty years later, this was shown
experimentally [95].

Back-action evading detection of mechanical quadratures. - Optomechanical systems offer a
large amount of tunability. This is due to the driving laser, whose frequency and intensity can
easily be tuned. A temporal modulation of the driving laser amplitude is particularly fruitful, be-
cause it translates into a temporal modulation of the linearized optomechanical coupling strength
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g = g (t ). In other words, an experimenter can switch the optomechanical coupling on and off (or
modulate it in time) at will, which is the foundation of a number of phenomena. We note that
plenty of schemes exist that make use of this tunability and we can only highlight a few to create
an impression of its versatility.

This empowers a quantum non-demolition measurement of arbitrary mechanical quadratures
and quantum state tomography [96, 97], for instance. In essence, the amplitude of a laser beam
(that is resonant with the cavity, i.e. ∆ = 0) is modulated at the mechanical eigenfrequency. The
reflected light reveals only information about the quadrature e iφb̂+h.c. and the phaseφ is selected
by the phase of the amplitude modulation. The measurement-induced back-action will solely per-
turb the other quadrature. By varying the phase φ, all quadratures can be read out in repeated
runs.

Entanglement and squeezing. - The modulation of the linearized optomechanical coupling strength
can also be put to use to produce robust entanglement between the light field and the mechanical
motion [98] or to create squeezed states of the vibrational modes [99] (see also [96, 100]).

A different approach to squeezing is to use two lasers with suitable amplitudes that drive the
cavity, which plays the role of a reservoir in this scheme. The reservoir can be engineered such that
a dissipative mechanism drives the mechanics into a (arbitrarily large) squeezed state [101], and
allows to squeeze the emitted light [102].

We will study the selective squeezing and entanglement of mechanical modes in an optome-
chanical array in chapter 2, see also [103].

Optomechanically induced transparency. - Instead of modulating the intensity of the driving
laser, one can employ a second laser with different frequency. Here, we imagine a situation were
one of the lasers is strong and drives the cavity into a coherent state around which we linearize the
dynamics. In presence of this strong pump laser, the transmission of the second weak probe beam
is strongly altered. In fact, this situation is analogous to electromagnetically induced transparency
in atomic systems, see [104] for a review, where due to an interference effect, the probe beam can
be perfectly transmitted. For optomechanical systems this effect has been theoretically predicted
[105, 106] and observed in a number of experiments [53, 107–109] and may as well be used to slow
down light, see for instance [108].

1.1.4 Multi-mode optomechanical systems and optomechanical arrays

Hitherto we have mainly reviewed phenomena that occur in an optomechanical setup compris-
ing one mechanical and one optical mode with optomechanical coupling and from now on we
will refer to this situation as an “optomechanical cell”. In principle, all experimental realizations
of an optomechanical cells are of course multi-mode systems. A Fabry-Pérot cavity, for instance,
supports many optical resonances and a mechanical structure (like the cantilever sustaining the
mirror) supports many vibrational modes. Many mechanical modes will change the optical path
length, and thus feature an optomechanical coupling, although with different coupling strengths.
Nevertheless, it is usually justified to restrict the analysis of the system to a single optical and me-
chanical mode. The wavelength of the driving laser will select a distinct resonance of the cavity
and in the resolved sideband regime the optomechanical coupling to a single mechanical mode is
dominant.

There are exceptions to this, mechanical modes might, for instance, be degenerate in frequency
and have similar mode shapes. We will refer to these systems as multi-mode optomechanical sys-
tems and study the mechanical dynamics of such a multi-mode system in chapter 6. Other exam-
ples where multiple mechanical modes have impact can be found in [89], where they influenced
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photonic mode

vibrational mode

optomechanical cell

coupling

Figure 1.2: Optomechanical arrays comprise many optomechanical cells that are spatially dis-
tributed (in the present thesis we consider only periodic arrangements of the cells). Each cell
consists of a localized optical mode (blue) and a localized vibrational mode (yellow) that feature
an on-site optomechanical interaction. Moreover, neighboring sites are coupled by photon and/or
phonon hopping (red lines).

the dynamics of self-induced mechanical oscillations, or in membrane-in-the-middle setups [49].
Here, the membrane features multiple vibrational modes, see also [110, 111]. We note that theo-
retical proposals exist that studied many membranes inside an optical cavity which constitutes a
multi-mode system where the mechanical modes would be spatially separated [112–114].

It is obvious that multiple optical modes have to be taken into account to model the membrane-
in-the-middle setup [42, 48]. Sometimes it is even beneficial to simultaneously couple to multiple
optical modes of a single resonator. This can , for instance, be used for optical wavelength conver-
sion, which has been demonstrated in microspheres [115, 116] and optomechanical crystals [117].

Plenty of theoretical proposals deal with multi-mode optomechanical systems. A running wave
photon phonon translator has been proposed [118], for instance, which would also allow to in-
terface the microwave domain. Other works deal with state transfer [119, 120], Landau-Zener-
Stückelberg dynamics [121] and its effect on phonon lasing [122]. Moreover, an enhancement of
the optomechanical non-linearity in a two mode system has been proposed [26, 27].

Optomechanical arrays. - In contrast to the more general term “multi-mode optomechanical
system” the present thesis mainly deals with so-called “optomechanical arrays”. For the purpose of
this thesis, an optomechanical array is defined as a spatial arrangement of optomechanical cells,
each comprising a localized optical and a localized vibrational mode that interact optomechani-
cally. The dynamics of each cell is described by the standard optomechanical Hamiltonian (1.1).
Hence, an optomechanical array is a special kind of multi-mode optomechanical system. Optome-
chanical arrays are set apart from multi-mode optomechanical systems by the spatial localization
of their modes, i.e. in an optomechanical array the optical and vibrational modes of different cells
are localized at different points (or better in different volumes) in space. Consequently, the stan-
dard Fabry-Pérot cavity with a movable mirror, as depicted in figure 1.1, may be viewed as an op-
tomechanical multi-mode system (both the cavity and the cantilever support multiple modes), but
not as an optomechanical array, since the modes share the same volume in space. The electrical
field configuration of all the optical modes is localized in the volume bounded by the two end mir-
rors. Figure 1.2 sketches an optomechanical array: The optical modes are sketched in blue, while
the vibrational modes are depicted in yellow. One may think of the circles indicating the area (or
volume), in which the electric field of the optical modes is predominantly localized, and the same
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�
optical mode

mech. mode defect

substrate

Figure 1.3: Optomechanical crystals (sketch on the left) are a promising candidate for the ex-
perimental realization of optomechanical arrays (sketch on the right). Optomechanical crystals
[74, 77, 80, 81, 123] consist of a free standing slab of dielectric (green) with a periodic pattern
of holes (white). Artificial defects are introduced by “filling” holes and these defects support co-
localized optical (∼ 102 THz) and mechanical (∼ GHz) modes that are localized at the defect and
interact optomechanically. Hence, every defect realizes an optomechanical cell. The evanescent
tails of the wavefunctions of the modes at neighboring sites overlap, which leads to a coupling
between photon and phonon modes of nearby sites.

applies for the yellow circles, which indicate the displacement field, caused by the localized vibra-
tional modes. A small overlap of the evanescent tails of the wave-function leads to a photonic and
phononic coupling between nearby modes, i.e. both photonic and phononic excitations can be
transmitted through the array. We will elaborate on the hopping in section 3.1.2.

Many experimental platforms allow to be scaled up to form optomechanical arrays. However,
optomechanical crystals seem to be the best suited candidate at the present stage. For this rea-
son, we have an optomechanical crystal realization in mind throughout this thesis. As mentioned
before, it is possible to engineer two-dimensional optomechanical crystals with a simultaneous
photonic and phononic band gap [77], using standard microfabrication techniques [74]. The in-
troduction of defects may create a two dimensional optomechanical array, which can be used to
route and localize photons and phonons [74, 79–81, 123], see sketch in figure 1.3. We note that
superconducting microwave circuits [50–55, 124] could also provide a suitable platform for the re-
alization of optomechanical arrays.

There have been a number of works that study optomechanical arrays theoretically. The clas-
sical non-linear dynamics of optomechanical arrays features synchronization, which has been an-
alyzed in [125–128]. The general many-body dynamics was addressed in [112, 114, 127, 129, 130]
and the non-linear quantum dynamics was investigated in [127]. The optical transport proper-
ties of a one-dimensional optomechanical chain have also been treated [131] and there have been
proposals for slowing down light [132].

1.2 Outline of this thesis

The content of the present thesis is twofold, its main objective is the theoretical investigation of
the dynamics of optomechanical arrays, which is presented in the chapters 2 to 5. In chapter 6, the
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mechanics of a completely different multi-mode optomechanical system is analyzed theoretically.
In chapter 2, we propose and analyze an optomechanical circuit, in which the light field is

utilized to perform linear quantum operations on a set of vibrational modes. We show that suitable
amplitude modulation of the incoming laser beam suffices to squeeze the mechanical states, to
entangle vibrational modes selectively and to transfer states between distinct modes. The modes
and the operations can be selected by tuning the frequency of the amplitude modulation of the
driving laser. We will discuss limitations for the generation of entanglement and the fidelity of the
state transfer, and show how to pick suitable designs to address these challenges.

In chapter 3, we introduce a band structure for optomechanical arrays and discuss its main fea-
tures that are determined by both the geometry of the array and the driving fields. The latter leads
to a large amount of tunability. This renders possible the engineering of certain features of the band
structure, such as the emergence of photon-phonon polaritions and two kinds of instabilities, one
of which is unique to multi-mode situations and not present in single-mode optomechanical sys-
tems. Among the other features, we will discuss the instabilities in detail and provide a universal
stability diagram that applies to all symmetric multi-band lattices. Moreover, we provide a more
detailed derivation of the tight-binding like coupling, which forms the basis of our studies. In ad-
dition, we show that the optomechanical band structure is revealed by the spectrum of the emitted
light, and can thus be observed experimentally via a simple imaging system.

Chapter 4 treats optomechanical Dirac physics, i.e. we focus on an optomechanical array with
honeycomb geometry, which leads to the emergence of photon-phonon Dirac polaritons. We in-
vestigate polaritonic edge states and find that in contrast to electrons in graphene, the edge states
are dispersive. This effect is caused by the spatial inhomogeneity of the optomechanical coupling
strength that naturally occurs even for a homogeneous laser driving. We move on to discuss trans-
port of polaritons along the edge. A neat illustration of the tunability of optomechanical arrays is an
all-optically generated Klein tunneling effect, which we analyze both analytically and numerically.
When driving the system with a non-homogenous laser profile, one can create arbitrary barriers in
the array. Probe photons that are injected by an additional probe laser will feature Klein tunnel-
ing through the barriers, with the little twist that they can be interconverted into phonons while
tunneling.

In chapter 5, we propose and analyze two schemes that allow to all-optically engineer artificial
gauge fields for photons in optomechanical arrays. One of the schemes is based on the aforemen-
tioned wavelength conversion scheme, whereas the other scheme employs optical link sites, whose
frequencies are periodically modulated via the non-linear optomechanical interaction. We illus-
trate the resulting optical spectrum (which resembles the famous Hofstadter butterfly), photon
transport in the presence of an artificial Lorentz force, edge states, and the photonic Aharonov-
Bohm effect. Moreover, we discuss gauge fields in connection with the synthetic dimension that is
related to the phonon/photon degree of freedom.

In the last part of this thesis, namely in chapter 6, we turn to the surface mode dynamics of
a levitated and rotating fluid droplet. The drop supports optical whispering gallery modes that
couple to the surface modes optomechanically. We review known results about the surface modes
of fluid droplets from the fields of fluid dynamics and nuclear physics (i.e. the liquid drop model
for the nuclear core), and recover the basic effects of a prescribed rotation: The formation of an
equatorial bulge and the splitting of the degenerate surface modes with equal angular mode num-
ber (“Bryan’s effect”). Next, we extend those studies to include the rotation of the drop (allowing
temporal changes of the angular velocity) and develop a theory (to leading order) that models the
dynamics of the surface modes and their non-linear interplay with the rotation of the droplet. Fi-
nally, we explicitly display the rather lengthy equations of motion.
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OPTOMECHANICAL CIRCUITS FOR

NANOMECHANICAL CONTINUOUS VARIABLE

QUANTUM STATE PROCESSING

In this chapter we propose and analyze a nanomechanical architecture based on optomechanical
crystals where light is used to perform linear quantum operations on a set of many vibrational
modes. Suitable amplitude modulation of a single laser beam is shown to generate squeezing,
entanglement, and state-transfer between modes that are selected according to their mechanical
oscillation frequency. In this chapter we follow the lines of our publication

[103] Optomechanical circuits for nanomechanical continuous variable
quantum state processing
M. Schmidt, M. Ludwig and F. Marquardt
New Journal of Physics 14, 125005 (2012)
DOI: doi:10.1088/1367-2630/14/12/125005
This article was first published in New Journal of Physics
by IOP Publishing and Deutsche Physikalische Gesellschaft,
which maintains the Version of Record,

and note that an intermediate state of this project formed the basis of the author’s master thesis
[133].

The field of cavity optomechanics studies the interaction between light and mechanical mo-
tion, with promising prospects in fundamental tests of quantum physics, ultrasensitive detection,
and applications in quantum information processing (see [1, 2, 134] for reviews). One particu-
larly promising platform consists of “optomechanical crystals”, in which strongly localized optical
and vibrational modes are implemented in a photonic crystal structure [74]. So far, several inter-
esting possibilities have been pointed out that would make use of multi-mode setups designed
on this basis. For example, suitably engineered setups may coherently convert phonons to pho-
tons [118] and collective nonlinear dynamics might be observed in optomechanical arrays [124].
Moreover, optomechanical systems in general have been demonstrated to furnish the basic ingre-
dients for writing quantum information from the light field into the long-lived mechanical modes
[60, 108, 135]. The recent success in ground state laser-cooling [52, 81] has now opened the door to
coherent quantum dynamics in optomechanical systems.
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modulated laser

optomechanical
crystal

localized vibrational modes

optical mode

Figure 2.1: Schematic setup figure illustrating an optomechanical crystal with localized vibra-
tional modes, coupled by a common optical mode. The optical mode is driven by an amplitude-
modulated laser beam to engineer frequency-selective entanglement, squeezing and state-transfer
operations of vibrations. (This figure has previously been published in [103].)

In this chapter, we propose a general scheme for continuous-variable quantum state process-
ing [136] utilizing the vibrational modes of such structures. We will show how entanglement and
state transfer operations can be applied selectively to pairs of modes, by suitable intensity modula-
tion of a single incoming laser beam. We will discuss limitations for entanglement generation and
transfer fidelity, and show how to pick suitable designs to address these challenges.

2.1 Model

We will first restrict our attention to a single optical mode coupled to many mechanical modes,
such that the following standard optomechanical Hamiltonian describes the photon field â, the
phonons b̂l of different localized vibrational modes (l = 1,2, . . . , N ), their mutual coupling, and the
laser drive:

Ĥ =−ħ∆â†â +∑
l
ħΩl b̂†

l b̂l −ħâ†â
∑

l
g (l )

0 (b̂†
l + b̂l )+ħαL(â + â†)+ . . . . (2.1)

We are working in a frame rotating at the laser frequency ωL with detuning ∆ = ωL −ωcav. Here,
αL denotes the coupling to the drive, which is proportional to the laser amplitude. We omitted
to explicitly write down the coupling to the photon and phonon baths, with damping rates κ and
Γl , respectively, although these will be included in our treatment. The bare (single-photon) cou-
pling constants g (l )

0 depend on the overlap between the optical and mechanical mode functions
and are on the order of ωcavxZPF/L, where xZPF = (ħ/2mlΩl )1/2 is the mechanical zero-point am-
plitude. In photonic crystals the effective cavity length L reaches down to wavelength dimensions
(see Figure 2.1 for the illustration of a setup).

After application of the standard procedure of splitting off the coherent optical amplitude in-
duced by the laser, â = α+δâ, and omitting terms quadratic in δâ (valid for strong drive) to the
Hamiltonian, we recover the linearized optomechanical coupling,

Ĥint =−ħ(δâ +δâ†)
∑

l
gl (b̂†

l + b̂l ) =−ħ(δâ +δâ†)Ŷ . (2.2)
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Here the dressed couplings gl = g (l )
0 α can be tuned via the laser intensity, i.e. the circulating photon

number: |α| = √
n̄phot (α ∈ R without loss of generality). We can now eliminate the driven cavity

field (noting that δâ is in the ground state) by second-order perturbation theory: At large detuning
|∆|ÀΩl the energy scales for phonons and photons separate, and we retain a fully coherent, light-
induced mechanical coupling between all the vibrational modes,

Ĥ eff
int =ħ Ŷ 2

∆
= 2ħ∑

l ,k
Jl k (t )X̂l X̂k , (2.3)

where X̂l ≡ b̂l + b̂†
l is the mechanical displacement in units of xZPF. For this to be valid we have to

fulfill κ¿|∆|, which prevents unwanted transitions. Eq. (2.3) may be viewed as a “collective optical
spring” effect, coupling all the mechanical displacements. The couplings Jlk (t ) = gl gk /2∆ can be
changed in-situ and in a time-dependent manner via the laser intensity or the detuning. In the
numerical simulations we take g (l )

0 = g0x(l )
zpf/x(1)

zpf = g0
√
Ω1/Ωl and assume all modes to have equal

masses. This feature will be crucial for our approach described below. Note that if multiple optical
modes are driven, the corresponding coupling constants will add.

In general, the couplings in Eq. (2.3) will induce quantum state transfer between mutually reso-
nant mechanical modes, and entanglement at low temperatures (usually with the help of optome-
chanical laser cooling). The generation of entanglement between two mechanical modes based on
the bilinear interaction, Eq. (2.3), has been analyzed in [112, 113, 137–141] or in [141–144] for en-
tanglement between the light field and the phononic mode. However, these schemes are not easily
scalable to many mechanical modes, mainly because it is not possible to address the modes that
are to be entangled. Moreover, these schemes produce an entangled steady-state that is sensitive
to thermal fluctuations. We will describe a different scheme that allows mode selective entangle-
ment and is particularly suited for muti-mode setups. Its robustness against thermal influences is
enhanced, since it employs parametric instabilities for entanglement generation.

2.2 General scheme

In contrast to the schemes mentioned above, we have in mind a multi-mode situation for con-
tinuous variable quantum information processing and are interested in an efficient approach to
selectively couple arbitrary pairs of modes, both for entanglement and state transfer. There are
several desiderata to address for a suitable optomechanical architecture of that style: one should
be able to (i) switch couplings in time; (ii) easily select pairs for operations; (iii) get by with only
one laser (or a limited number); (iv) achieve large enough operation speeds to beat decoherence;
(v) scale to a reasonably large number of modes.

2.2.1 Frequency selective operations

Static couplings as in Eq. (2.3) could be used for selective pairwise operations if one were able
to shift locally the mechanical frequency to bring the two respective modes into resonance. In
principle, this is achievable via the optical spring effect, but would require local addressing with
independent laser beams. This could prove challenging in a micron-scale photonic crystal, severely
hampering scalability.

Instead, we propose to employ frequency-selective operations, by modulating the laser inten-
sity (and thus J ) in time. Entanglement generation by parametric driving has been analyzed re-
cently in various contexts, including superconducting circuits [145], trapped ions [146], general
studies of entanglement in harmonic oscillators [147–149], optomechanical state transfer and en-
tanglement between the motion of a trapped atom and a mechanical oscillator [150] and entangle-
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2. Optomechanical circuits for nanomechanical continuous variable quantum state processing

ment between mechanical and radiation modes [98]. Parametric driving can also lead to mechan-
ical squeezing in optomechanical systems [99].

Let us now consider two modes with coupling 2ħJ (t )(X̂1 + X̂2)2. Note that for the purposes of
our discussion we set Jlk = J for sake of simplicity. The results mentioned below, however, remain
valid for the general case of unequal couplings, which is also used for the numerical simulations.
The time-dependent coupling is achieved by modulating the laser intensity at a frequencyω of the
order of the mechanical frequencies. For ω¿ |∆| the circulating photon number follows adiabat-
ically |α(t )|2 = |αmax|2 cos2(ωt ), and we have J (t ) = J cos2(ωt ) = J [1+ cos(2ωt )]/2. The resulting
time-dependent light-induced mechanical coupling can be broken down into several contribu-
tions, whose relative importance will be determined by the drive frequency ω. The static terms,
ħJ (X̂1 + X̂2)2, shift the oscillator frequencies by δΩ j = 2J , and give rise to an off-resonant coupling
that is ineffective for |Ω1 −Ω2| À J , but gains influence for |Ω1 −Ω2|. J . In a realistic setup this
X̂1X̂2 interaction might be enhanced due to intrinsically present phonon tunneling between dis-
tinct vibrational modes, which could easily be included into the analysis, since it is of the same
structure. Moreover the static terms contain single mode squeezing terms, b̂†

l b̂†
l + b̂l b̂l that are

always off-resonant and of negligible influence . For the oscillating terms

ħJ (e2iωt +e−2iωt )(b̂1 + b̂†
1)(b̂2 + b̂†

2), (2.4)

there are three important cases. A mechanical beam-splitter (state-transfer) interaction is selected
for a laser drive modulation frequency ω = (Ω1 −Ω2)/2. In the interaction picture with respect to
Ω1 andΩ2, the resonant part of the full Hamiltonian reads

Ĥb.s. =ħJ (b̂†
2b̂1 + b̂†

1b̂2). (2.5)

In contrast, forω= (Ω1+Ω2)/2, we obtain from equation (2.4) a two-mode squeezing (non-degenerate
parametric amplifier) Hamiltonian,

Ĥent =ħJ (b̂1b̂2 + b̂†
1b̂†

2), (2.6)

which can lead to efficient entanglement between the modes. Finally,ω=Ω j selects the squeezing
interaction for a given mode,

Ĥsq =ħ(J/2)(b̂2
j + b̂†2

j ), (2.7)

out of equation (2.4). These laser-tunable, frequency-selective mechanical interactions are the
basic ingredients for the architecture that we will develop and analyze here. Furthermore, com-
binations of these Hamiltonians can be constructed, when the laser intensity is modulated with
multiple frequencies. Note that one has to keep in mind that the modulation generates also a time
dependent radiation pressure force, ħg0|αmax|2 cos2(ωt )/xZPF, that leads to a coherent driving of
each of the mechanical modes for ω ≈Ωl /2. For the parameters we choose here, these processes
are off-resonant, though.

2.2.2 Limitations

We now address the constraining factors for the operation fidelity, both for the two-mode and the
multi-mode case. At higher drive powers (as needed for fast operations), the frequency-time un-
certainty implies that the different processes need not to be resonant exactly, with an allowable
spread |δω|. J . The parametric instabilities occur for |ω− (Ωi +Ω j )/2| < J . Once these intervals
start to overlap, process selectivity is lost and the fidelity suffers. At low operation speeds quantum
dissipation and thermal fluctuations will limit the fidelity. This is the essential problem faced by a
multi-mode setup, and we will discuss possible remedies further below. The schematic situation
for the example of three modes is illustrated in Figure 2.2.
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Figure 2.2: Schematic diagram of the resonance regions for squeezing and entanglement opera-
tions between vibrational modes (Ω1, Ω2 and Ω3), induced by harmonically modulating the laser
intensity at frequency ω. For too weak laser intensity (small J ), dissipation prevents parametric
resonances (dashed lines indicate resonance regions without dissipation). With increasing light-
induced coupling J dissipation is overcome and regions of parametric resonance for entangling
and squeezing operations emerge. By adjusting the modulation frequency ω, these operations can
be addressed selectively. When J is further increased, different regions start to overlap and selec-
tivity is lost. At large J unwanted swapping processes occur, leading to an off-resonant coupling
between the modes. (This figure has previously been published in [103].)

In order to analyze decoherence and dissipation, we employ a Lindblad master equation to
evolve the joint state of the mechanical modes. The evolution of any expectation value can be
derived from the master equation and is governed by:

d

d t

〈
Â

〉 = 1

iħ
〈

[Â, Ĥ ]
〉+∑

j
(n̄ j +1)Γ j

〈
R[b̂†

j ]Â
〉

(2.8)

+∑
j

n̄ jΓ j
〈
R[b̂ j ]Â

〉
. (2.9)

Here Ĥ describes the vibrational modes and already contains the effective interaction (2.3), with
modulated time-dependent couplings. Γ j are the damping rates of the vibrational modes, and n̄ j

their equilibrium occupations at the bulk temperature. Note that we effectively added the light-
induced decoherence rate Γϕopt ≈ g 2

0α
2κ/∆2 = 2J (κ/∆) to the intrinsic rate Γn̄ [151]. Γϕopt is sup-

pressed by a factor κ/|∆| and can be arbitrarily small for larger detuning (at the expense of higher
photon number α2 to keep the same J ). In the numerical simulation we use J and ∆ as indepen-
dent parameters. Note, however, that the sign of the detuning affects the sign of J . The dissipa-
tive term in the first line describes damping (spontaneous and induced emission), and the sec-
ond line refers to absorption of thermal fluctuations. The relaxation superoperators are defined by
R[b̂†]Â = b̂† Âb̂ − b̂†b̂ Â/2− Âb̂†b̂/2 (in contrast to the equation for ρ̂). For the quadratic Hamilto-
nian studied here, the equations for the correlators remain closed and are sufficient to describe the
Gaussian states produced in the evolution.

We evaluate the logarithmic negativity
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Figure 2.3: Selective entanglement between two out of three vibrational modes, produced by an
amplitude-modulated laser beam driving a common optical mode, as sketched in Figure 2.2. All
modes are coupled to a thermal bath and assumed to be cooled to their ground state initially.
(a,b) Entanglement measure (the logarithmic negativity) between modes 1 and 3, as a function
of the driving strength J and the modulation frequency ω, at time t = 5.6/J . [Contour lines:
entanglement between 1&2 or 2&3 larger than 0.5, blue arrows at Ω j , red line: resonance posi-
tion as derived in rotating wave approximation]. In (a) the vibrational modes are spaced densely
[Ωi = (1,1.025,1.075)Ω], leading to overlapping resonance regions (as in Figure 2.2). (b) Larger
frequency spacing increases the selectivity significantly [Ωi = (1,1.1,1.3)Ω]. (c) Dependence on
driving strength, i.e. cut along dashed red lines in (a,b), see main text. (d) Dependence on tem-
perature and mechanical quality factor Q. (e) Same as (d) but starting from thermal equilibrium.
[Parameters: n̄ = 100, Q = 106 (a,b,c),Ωi = (1,1.1,1.3)Ω (b,d,e), J/Ω= 0.003 (d,e), ∆= 10Ω, κ=Ω/8
(a-e)] (This figure has previously been published in [103].)
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EN (ρ̂) = log2

∥∥∥ρ̂TA
AB

∥∥∥
1

(2.10)

as a measure of entanglement for any two given modes (A and B), where ρ̂AB is the state of these
two modes, and the partial transpose TA acts on A only. For Gaussian states, EN can be calculated
via the symplectic eigenvalues of the position-momentum covariance matrix [152].

In Figure 2.3 we show the simulation results for entangling two out of three vibrational modes.
The entanglement saturates at later times, while the phonon number grows exponentially. We plot
the results at the fixed time t = 5.6/J , since there the logarithmic negativity has already saturated.
One clearly sees the features predicted above (Figure 2.2), i.e. the unwanted overlap between en-
tanglement processes at higher driving strengths (Figure 2.3a,b). Increasing the vibrational fre-
quency spacing suppresses these unwanted effects (Figure 2.3b). In Figure 2.3c the threshold
J = Γn̄ for entanglement generation at finite temperature is evident, as is the loss of entanglement
at large J . Finally, Figure 2.3d,e shows the dependence on temperature and mechanical quality
factor indicating that this scheme should be feasible for realistic experimental parameters (see be-
low).

2.2.3 Larger arrays

Having evenly spaced mechanical frequencies is impossible, because the state transfers between
adjacent modes would all be addressed at the same modulation frequency. Any simple layout that
offers selectivity and avoids resonance overlap seems to require a frequency interval that grows
exponentially with the number N of modes. Hence, another approach is needed for large N .

The scheme (Figure 2.4) that solves this challenge involves an auxiliary mode atΩaux, removed
in frequency from the array of evenly spaced “memory” modes in [Ωmin,Ωmax]. All operations
will take place between a selected memory mode and the auxiliary mode. Then, the state trans-
fer resonances are in the band [(Ωaux −Ωmax)/2,(Ωaux −Ωmin)/2], and entanglement is addressed
within [(Ωmin +Ωaux)/2,(Ωmax +Ωaux)/2]. To make this work, one needs to fulfill the mild con-
straint 2Ωmax −Ωmin < Ωaux < 2Ωmin, where the upper limit prevents unintended driving of the
modes caused by the modulated radiation pressure force (see above). Starting with an arbitrary
multimode state, state transfer between two memory modes is performed in three steps (swapping
1–aux, aux–2 and aux−1), as is entanglement (swap 1–aux, entangle aux–2 and swap aux–1). Note
that this overhead does not grow with the number of memory modes. Figure 2.5 shows the transfer
of a squeezed state from the auxiliary mode to a memory mode.

Several such arrays could be connected in a 2D scheme by linking their auxiliaries with an op-
tical mode (Figure 2.4c). The spectrum of the auxiliaries can be chosen as in the introductory
example (Figure 2.2), which is allowed by the above constraint and enables selective operations
between the auxiliaries. State transfer between memory modes of distinct arrays is possible in five
steps (swap mem1–aux1, swap mem2–aux2 swap aux–aux, swap aux1–mem1, swap aux2–mem2) as
well as entanglement (swap mem1–aux1, swap mem2–aux2, entangle aux–aux, swap aux1–mem1,
swap aux2–mem2). Note that the transfer from the memory modes to the auxiliaries can be done
in parallel, hence the scheme can effectively be completed in three steps and there is no time de-
lay compared to the single array with auxiliary. Moreover one might employ more sophisticated
transfer schemes [120, 153, 154], to improve the transfer fidelities. Two blocks can be connected by
introducing a higher order auxiliary that couples to both auxiliary arrays. State transfer can then
be performed between auxiliary modes from different blocks. In principle many blocks can be
connected, when their auxiliary modes are stringed together in a chain via higher order auxiliaries.
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Figure 2.4: (a) Layout for an optomechanical array with an auxiliary vibrational mode, circumvent-
ing the problem of frequency crowding (see main text). (b) Corresponding mechanical frequency
spectrum. The laser modulation frequency has to lie within certain intervals to select entangle-
ment or state-transfer operations between the “memory modes” and the auxiliary mode (arrows).
(c) Extension to 2D block consisting of three arrays with operations “around the corner”. (This
figure has previously been published in [103].)

2.3 Implementation

Regarding the experimental implementation, in principle any optomechanical system with long-
lived mechanical modes can be used. One promising platform are “optomechanical crystals”, as in-
troduced by Painter et al. [74] that feature vibrational defect cavities in the GHz regime with exper-
imentally accessible Q ∼ 106 [155]. These would be very well suited for the scheme presented here,
due to their design flexibility, particularly of two dimensional structures, and the all-integrated ap-
proach, as well as the very large optomechanical coupling strength. Given the currently achieved
coupling strength [81, 155] g0/2π∼ 1MHz, a detuning of∆/Ω= 10 and around 2000 cavity photons
(reached in recent experiments), we can estimate the induced coupling to approach the damping
rate, J ∼ Γ. This corresponds to the threshold for coherent operations, provided one were to cool
down the bath to kB Tbath < ħΩ. This is in principle possible (at 20mK), but will likely run into
practical difficulties due to the re-heating of the structure via spurious photon absorption or other
effects. At finite bath temperatures corresponding to a thermal occupation n̄ ∼ kB Tbath/ħΩ, the
light intensity must be increased by a factor n̄ towards J À Γn̄. Initially, the vibrational ground
state would be prepared via laser-cooling, as demonstrated in [81].

In these devices, localized vibrational and optical modes can be produced at engineered de-
fects in a periodic array of holes cut into a free-standing substrate. Adjacent optical and vibrational
modes are coupled via tunneling. The typical photon tunnel coupling for modes spaced apart by
several lattice constants is [124] in the range of several THz. Thus, hybridized optical modes will
form, one of which can be selected via the laser driving frequency while the others remain idle.
The vibrational modes’ frequencies can be different or equal, in which case delocalized hybridized
mechanical modes are produced. A ’snowflake’ crystal made of connected triangles (honeycomb
lattice) supports wave guides (line defects) and localized defect modes with optomechanical in-
teraction [118]. Placing point defects (heavier triangles/thicker bridges) in the structure, a tight
binding analysis indicates that the mechanical frequency spectrum (Figure 2.4b) can be generated.

Utilizing the phononic modes of an optomechanical system for processing continuous vari-
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Figure 2.5: Transfer of a squeezed state (∆x2 = e−2x2
ZPF) from the auxiliary to the second memory

mode (all in their ground state due to prior side-band cooling). (a) Dependence of the transfer
fidelity on driving strength (negative J due to red detuning∆< 0) and pulse time (swap pulse ideally
at |J |t = π/2). For long pulse times dissipation hampers the transfer, for large driving strengths
resonances overlap, medium times are optimal. (b) Wigner density of the initial squeezed state
in the auxiliary mode, and (c) after the transfer. Plotted Wigner density maximizes the transfer
fidelity for fixed J = −0.007Ω. (d) Maximization of transfer fidelity over parameter ranges used in
(a). [Parameters: Ω j = (1.0,1.1,1.2,1.8)Ω, n̄ = 100, Q = 106, ∆=−20Ω, κ=Ω/8, J/Ω=−0.007 (b,c)]
(This figure has previously been published in [103].)

able quantum information has a number of desirable aspects in comparison to other systems like
optical modes or cold atomic vapors. First, the phononic modes can be integrated on a chip and
the devices are thus naturally scalable. The Gaussian operations discussed above can be applied
easily and the decoherence times are already reasonable, although admittedly worse than for cold
atomic vapors.

We briefly mention another option for improving the fidelity: Optimal control techniques [147]
could be employed to numerically optimize the pulse shape J (t ).

Finally, an essential ingredient will be read-out. We have pointed out [96] how to produce a
quantum-non-demolition read-out of the mechanical quadratures in an optomechanical setup. A
laser beam (detuning ∆= 0) is amplitude-modulated at the mechanical frequencyΩ j of one of the

modes. The reflected light carries information only about one quadrature e iϕb̂ j +e−iϕb̂†
j . Its phase

ϕ is selected by the phase of the amplitude-modulation, while the measurement back-action per-
turbs solely the other quadrature. Different modes can be read out simultaneously, and the covari-
ance matrix may thus be obtained in repeated experimental runs. Taking measurement statistics
for continuously varied quadrature phases would also allow to do full quantum-state tomography,
and thereby ultimately process tomography. Alternatively, short pulses may be used for readout
(and manipulation) [97].
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2. Optomechanical circuits for nanomechanical continuous variable quantum state processing

2.4 Conclusions

The scheme described here would enable coherent scalable nanomechanical state processing in
optomechanical arrays. It can form the basis for generating arbitrary entangled mechanical Gaus-
sian multi-mode states like continuous variable cluster states [156]. An interesting application
would be to investigate the decoherence of such states due to the correlated quantum noise acting
on the nanomechanical modes. Moreover, recent experiments have shown in principle how arbi-
trary states can be written from the light field into the mechanics [60, 108, 135]. These could then
be manipulated by the interactions described here. Alternatively, for very strong coupling g0 > κ,
non-Gaussian mechanical states [20–22] could be produced, and the induced nonlinear interac-
tions (see e.g. [26, 157]) could potentially open the door to universal quantum computation with
continuous variables [136] in these systems.
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3
BAND STRUCTURES OF OPTOMECHANICAL ARRAYS

In this chapter, we introduce optomechanical band structures to describe the dynamics of excita-
tions in a periodic arrangement of many optical and mechanical modes. On-site the modes inter-
act optomechanically via the radiation pressure force and, moreover, the photonic and phononic
modes of nearby sites are tunnel coupled. The band structure is determined by both the geometry
of the setup and the driving fields. Consequently, the band structure can be easily manipulated in
experiments. By engineering the optomechanical band structure carefully, one can observe fea-
tures like instabilities and photon-phonon polaritons. Throughout this chapter, we will loosely
follow the lines of our preprint

[158] Optomechanical Metamaterials: Dirac polaritons, Gauge fields, and Instabilities
M. Schmidt, V. Peano and F. Marquardt
arXiv:1311.7095v2

and occasionally augment it with illustrations and elaborate the discussion. We note that the
preprint contains ideas that are elaborated in further publications [159] and in the chapters 4 and
5.

Studies of light interacting with nanomechanical motion have progressed rapidly in recent
years. Current successes in the field of cavity optomechanics include the radiative cooling of a
nanomechanical mode to the quantum ground state [52, 81], strong coupling physics [40, 60],
radiation-mechanics entanglement [55], and many more (for a review see [4]). Recently, a new
frontier is opening up: first steps have been taken towards exploring setups with more optical and
vibrational modes, e.g. by coupling two mechanical or optical modes to investigate issues such as
synchronization [160, 161], Brillouin cooling [162] or wavelength conversion [117, 163]. A setup
particularly well suited for this avenue consists in so-called optomechanical crystals, with strongly
interacting localized vibrational and mechanical modes [74, 77, 80, 81, 123].

3.1 Model

In this section, we will derive the many particle Hamiltonian that governs the dynamics of an op-
tomechanical array, and will thus form the foundation of this chapter. We have an experimental
realization in mind that is based on optomechanical crystals [74, 77, 80, 81, 123], but the result-
ing Hamiltonian is more general and could be implemented in every multi-mode optomechanical
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optical mode

mech. mode defect
ba

Figure 3.1: (a) Experimental implementation of optomechanical arrays in optomechanical crystals
[74, 77, 80, 81, 123]. A free standing silicon nitrite slab (green) with a periodic pattern of holes
(white) forms a superlattice of defects, i.e. filled holes. These structures are known to support co-
localized optical (∼ 102 THz) and vibrational modes (∼ GHz) which are localized at the defect and
coupled by the optomechanical interaction [74, 77, 80, 81, 123]. A laser (arrows) drives the system
with a spatially homogenous pattern, i.e. all optical defect modes are driven equally strongly. The
evanescent tails of the mode profiles of nearby defect sites overlap, hence photon and phonon
tunneling connects nearby defect modes. (b) A sketch of this setup: A blue circle represents an
optical defect mode that is optomechanically coupled to a vibrational mode symbolized by the
enclosed yellow circle. The lines illustrate the tunneling of photons and phonons between nearby
sites.

platform that supports suitable couplings between modes. We derive a tight binding approxima-
tion that describes the photonic and the phononic coupling between nearby defect modes in the
optomechanical crystal starting from the microscopic theory of elasticity and Maxwell’s equations.
Subsequently, we discuss stationary states of the laser driven array and the linearized dynamics of
fluctuations around the steady state. This will form the starting point for the optomechanical band
structure that is introduced in the next section.

3.1.1 Optomechanical arrays

We consider a so-called optomechanical array comprising a superlattice of optomechanical cells
with tight binding coupling. This model accurately describes many experimental realizations of
multi-mode optomechanical systems, hence our results will be general. Here, for sake of con-
creteness, we have “optomechanical crystals” [74, 77, 80, 81, 123] as the underlying experimental
realization in mind. These setups consist of a suspended silicon nitrite slab with a regular pat-
tern of holes and are homogeneously illuminated by a driving laser, cf. Figure 3.1(a). Tailoring the
geometry carefully turns the slab into a photonic crystal with a photonic band gap. On the other
hand, the holes and their geometry also affect the vibrational modes of the substrate. Safavi-Naeini
and Painter [77] have shown that a triangular lattice of snowflake holes as depicted in Figure 3.1(a)
features a large simultaneous optical and mechanical band gap. By distorting the hole pattern,
e.g. by omitting holes or changing their geometric properties, we create artificial defects within the
lattice. Figure 3.1(a) depicts a triangular superlattice (lattice constant a) of defects that were cre-
ated by simply “filling” snowflake holes. Due to the simultaneous band gap [77, 127], these defects
support both localized optical and localized vibrational modes. Moreover, the photons which are
trapped in the defect cavity exert a radiation pressure force on the co-localized vibrational mode,
which gives rise to the standard optomechanical interaction. Hence, a single defect at the site j of
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3.1. Model

the superlattice realizes an optomechanical cell described by the standard optomechanical Hamil-
tonian [4, 9]

Ĥ j =−ħ∆â†
j â j +ħΩb̂†

j b̂ j −ħg0â†
j â j (b̂†

j + b̂ j )+ħαL(â†
j + â j ), (3.1)

which is written in a frame that rotates with the driving laser frequency ωL . Here, ∆ = ωL −ωcav

denotes the detuning of the laser from the eigenfrequency ωcav of the (optical) defect mode and
â j is the photonic annihilation operator. Ω is the eigenfrequency of the phononic defect mode
(annihilation operator b̂ j ), the single-photon optomechanical coupling strength is denoted by g0

and αL is the amplitude of the driving laser. Simply speaking the overlap of the evanescent tails of
the localized modes leads to tunneling of photons and phonons, which can be described in a tight
binding approximation, see the following subsection for details. The non-linear dynamics of the
optomechanical array is thus described by the system Hamiltonian

ĤS =∑
j

(Ĥ j + Ĥhop)+ Ĥdiss, (3.2)

where
Ĥhop =−ħ ∑

〈i j 〉
(J â†

j âi +K b̂†
j b̂i ), (3.3)

describes the tunneling of photons and phonons with rate J and K , respectively and Ĥdiss models
the coupling to the environment.

3.1.2 Tight binding approximation

As we mentioned before, in optomechanical crystals the optomechanical array is realized as a su-
perlattice of defects in the pattern of holes in a dielectric material. In this microscopic context,
photons are the quantized excitations of the normal modes of the Maxwell equations with a space-
dependent electric permittivity [76] and the phonons are the quantized excitations of the elasticity
equations [164] with a space-dependent material density and sound velocity [165]. Due to the dis-
crete translational symmetry of the substrate (which is inherited from the superlattice of defects),
the normal modes are Bloch states,

Ψ(a/b)

n~k
(~x) = e i~k·~x u(a/b)

n~k
(~x), u(a/b)

n~k
(~x) = u(a/b)

n~k
(~x +~ai ). (3.4)

We note that ~ai denotes a unit vector of the superlattice, n is the band index, (a/b) refers to pho-
ton and phonon, respectively, and u(a/b) will usually be vector fields including the magnetic (or
the electric) field components or the mechanical displacements, respectively. Moreover, the Bloch
states are often solutions of a generalized eigenvalue problem. In this case, they satisfy the orthog-
onality relations with an appropriately defined inner product [76]. In order to define the Hamil-
tonian of a superlattice site one has to choose an orthonormal basis of states that are localized on
discrete superlattice sites. The standard choice is the Wannier basis W (a/b)

ni (x) which is obtained by
the inverse Fourier transform of the Bloch basis,

W (a/b)
ni (~x) = 1p

N

∑
~k

e i~k·~riΨ(a/b)

n~k
(~x). (3.5)

Each defect supports one or more optical and vibrational modes, whose frequencies lie within the
band gap. Thus, a superlattice of defects creates a narrow optical and a narrow mechanical band
in the band gaps of the optomechanical crystal. The widths of these bands decrease exponentially
with the distance between the defects. The hopping rates can then be obtained by projecting the
underlying “single-particle Hamiltonian”

ˆ̃H (a/b) =∑
n~k

ħω(a/b)
n (~k)|Ψ(a/b)

n~k
〉〈Ψ(a/b)

n~k
| (3.6)
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3. Band structures of optomechanical arrays

(the sum is over all bands n and quasimomenta~k in the Brillouin zone) onto the Wannier states of
the defect band

J|i− j | = −〈W (a)
na i | ˆ̃H |W (a)

na j 〉 =− 1

N

∑
~k

ω(a)
na

(~k)e i~k·(~r j−~ri ), (3.7)

K|i− j | = −〈W (b)
nb i | ˆ̃H |W (b)

nb j 〉 =− 1

N

∑
~k

ω(b)
nb

(~k)e i~k·(~r j−~ri ). (3.8)

Here,ω(a/b)
na,b

(~k) and na/b are the optical/vibrational band structure and the band index of the defect
band, respectively. In principle, the optomechanical interaction and disorder introduce a coupling
of the defect bands to the remaining bulk bands that are not included in the superlattice Hamilto-
nian. However, this coupling is suppressed due to the energy separation introduced by the coex-
isting optical/mechanical band gaps. The hopping matrix elements are necessarily finite because
the normal modes (the Bloch states) are extended and we recover a general short range hopping
Hamiltonian

Ĥhop,sr =−ħ∑
i j

J|i− j |â†
j âi +K|i− j |b̂†

j b̂i . (3.9)

For a long enough spacing between the defects, the Wannier states are strongly localized at a sin-
gle lattice site. Thus, the nearest-neighbor couplings J = J1 and K = K1 are much larger than all
other hopping rates. This situation corresponds to nearest neighbor hopping and we recover the
Hamiltonian (3.3). As the overlap between optical and mechanical modes that are localized at dif-
ferent lattice sites is exponentially suppressed, the optomechanical interaction effectively reduces
to the on-site interaction as written in the Hamiltonian (3.1). We note that an analogous reasoning
leads to an on-site interaction in other tight-binding models such as the Hubbard or the Holstein
model. The hopping rates J and K can be computed by means of ab-initio simulations [125, 127].
In particular, Ludwig et al. [127] considered a design similar to the one sketched in Figure 3.1(a).
They have diagonalized the Maxwell and the elasticity equations for an optomechanical crystal
comprising two defects with a finite element method. In this case, the hopping rates coincide with
the frequency splittings of the symmetric and the anti-symmetric photon/phonon eigenmodes in
the photon/phonon band gap. The splittings, shown in the Supplemental Material of Ref. [127],
decrease exponentially already on a distance of a few lattice constants of the underlying optome-
chanical crystal. Moreover, the phonon hopping rates are order of magnitudes smaller than the
photon hopping rates.

3.1.3 Stationary states and linearized dynamics

For a laser driving below the instability thresholds, which we will derive below, the light amplitudes
α = 〈â j 〉 and mechanical displacements β = 〈b̂ j 〉 at all cells reach a uniform steady state around
which we will linearize the dynamics. The steady state amplitudes can be immediately computed
by plugging the mean field ansatz in the full nonlinear equations of motion obtained from Hamil-
tonian (3.2). The resulting equations have the same form as the standard equations for a single
optomechanical cell [4, 166]

α=αL/[∆+2g0β−νO + iκ/2], β= g0|α|2/(Ω+νM ). (3.10)

As it is well known from the standard case of single-mode optomechanics, the eigenfrequency of
the optical mode is shifted by the radiation pressure, which can be incorporated in the effective
detuning

∆̃=∆+2g0β . (3.11)
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3.1. Model

Moreover, the optical and mechanical eigenfrequencies are shifted by the coupling to the modes in
the neighboring cells. In a Bravais lattice, the stationary solutions depend on the lattice geometry
only via the eigenfrequency shifts νO and νM . For nearest neighbor hopping as in Hamiltonian
(3.3), we have νO = −z J and νM = −zK , where z is the coordination number. On the other hand,
for a general short range hopping as described by Hamiltonian (3.9), we find νO = −∑

r Jr and
νM =−∑

r Kr .

For |αL | > [κ3(Ω+νM )/(6
p

3g 2
0 )]1/2, there exists a ∆-interval where Eq. (3.10) has three solu-

tions. As it is well known from the standard case of single-mode optomechanics, one of the three
solutions is always unstable. On the other hand, the stability analysis of the remaining two solu-
tions is specific of the optomechanical metamaterial and is carried out in the main text. Since for
appropriate values of the damping rates there are two stable solutions, it is possible to observe a
hysteresis of the band structure as a function of the driving parameters (∆ or αL).

We linearize the dynamics that is governed by the optomechanical array Hamiltonian (3.2)
around this stationary solution, following the standard procedure [4], which is an excellent ap-
proximation for current experimental values of g0. In a plane wave basis one finds

ĤS ≈ħ∑
k
Ωk b̂†

k b̂k −∆k â†
k âk − g (â†

k + â−k )(b̂†
−k + b̂k ). (3.12)

Here, âk and b̂k are the photonic and phononic Bloch modes, where

âk = 1p
N

∑
j

e−i k·r j
(
â j −α

)
(3.13)

for a Bravais lattice of N sites (likewise for b̂k ). We have introduced the band structure of the free
phonons Ωk = Ω−K f (k) (with f (k) = 2coska for a 1D chain of lattice constant a) and the pho-
tonic dispersion ∆k = ∆̃+ J f (k). The coupling constant g = g0α of the linearized interaction is
enhanced by the light amplitude α. The interaction comprises beamsplitter terms â†

k b̂k involving

Bloch modes with equal quasimomentum and two-mode squeezing terms â†
k b̂†

−k involving modes
with opposite quasimomentum. Note that we assumed g (or equivalently α) to be real and posi-
tive. This does not imply any loss of generality, since the phase of α can be fixed by a global gauge
transformation when all the cells are driven with the same phase. From Hamiltonian (3.12) we de-
rive the Heisenberg equations of motion to which we add dissipation and fluctuations caused by
the coupling to the environment via the standard input-output formalism [4, 10, 11]:

˙̂ak = (i∆k −κ/2)âk + i g (b̂k + b̂†
−k )+ ξ̂k

˙̂bk = (−iΩk −Γ/2)b̂k + i g (â†
−k + âk )+ η̂k , (3.14)

where ξ̂k and η̂k denote the noise operators for the optics and the mechanics, respectively. These
equations follow by assuming a weak linear coupling to a Markovian heat bath modeled by the
bath Hamiltonian Ĥbath and tracing out the bath degrees of freedom [167]. The bath describes
other mechanical and electronic degrees of freedom in the sample to which the phononic Bloch
modes b̂k couple and the electromagnetic field in free space which couples to the photonic Bloch
modes âk . If we assume an infinitely extended system with discrete translational symmetry in
the xy-plane, then the in-plane symmetry under discrete translation by the lattice unit vectors is
preserved in the full Hamiltonian Ĥ = ĤS + Ĥbath which incorporates the degrees of freedom of the
bath. Therefore, we will assume that Bloch modes with different quasimomentum are coupled to
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3. Band structures of optomechanical arrays

independent baths. With this assumption, we find the noise correlators

〈ξ̂k (t )ξ̂†
k ′(0)〉 = κδk,k ′δ(t ) (3.15)

〈ξ̂†
k (t )ξ̂k ′(0)〉 = 0

〈η̂k (t )η̂†
k ′(0)〉 = Γ(n̄ +1)δk,k ′δ(t )

〈η̂†
k (t )η̂k ′(0)〉 = Γn̄δk,k ′δ(t ).

Here n̄ is the phononic occupation number, n̄ = (exp[ħΩ/kB T ]−1)−1 and we note that the optical
bath is in its ground state for typical laser frequencies. In the generic case, the relaxation rates Γ
and κ depend on the quasimomentum whereas independent fluctuations on different lattice sites
correspond to quasimomentum independent relaxation rates.

3.2 The optomechanical band structure

In this section, we first introduce the optomechanical band structure as the set of eigenfrequen-
cies of the monochromatic Bloch modes that solve the linearized Langevin equations (3.14) that
were derived in the last section. These eigenfrequencies are determined by a quartic polynomial
and their real part relates to the energy of an excitation of the optomechanical array, whereas their
imaginary part is linked to the decay of the excitation. Moreover, we illustrate the optomechan-
ical band structure and characteristic features, i.e. the emergence of photon-phonon polaritons
and instabilities, for a linear chain of optomechanical cells. Then, we show that all these results
straightforwardly generalize to symmetric multi-band lattices, e.g. the honeycomb or Kagome lat-
tice, since the optomechanical interaction conserves the band index. Last, we discuss the experi-
mental accessibility of the optomechanical band structure. Even without an additional probe laser,
the band structure and its features manifest clearly in the far field of the light emitted by the laser
driven system. Moreover, an additional probe laser allows to probe the band structure momentum
and frequency resolved.

3.2.1 The characteristic quartic polynomial and its symmetry

The optomechanical band structure can now be obtained by solving the homogeneous part of the
Langevin equations (3.14), i.e. without the noise terms, in Fourier space. The resulting eigenfre-
quencies ω(k) are the roots of the quartic polynomial

[
(ω+ iκ/2)2 −∆2

k

][
(ω+ iΓ/2)2 −Ω2

k

]+4∆kΩk g 2 = 0. (3.16)

They are complex numbers, where −2Imω represents the intensity decay rate of the corresponding
excitation. In the non-interacting case g = 0, for example, two of the four bands describe photon
and photon holes with eigenfrequencies ∓∆k − iκ/2, respectively. The remaining two bands corre-
spond to phonons and phonon holes with eigenfrequencies ±Ωk − iΓ/2, respectively. The phonon
bands are flat compared to the photon bands, as for typical parameters K ¿Ω, J .

For finite frequency (Reω 6= 0) the four bands can be grouped in two pairs due to a general
symmetry of the band structure: Let ωs be a solution of equation (3.16), then by taking the com-
plex conjugate and noting that g is real, one readily finds that also −ω∗

s is a solution. Physically
this means that we can define a position quadrature, e.g. for the light field X̂ (a)

k = (âk + â†
−k )/

p
2,

with real expectation value. We note that X̂ (a)
k are actually the plane-wave coefficients of the fields

(δâ j+δâ†
j )/

p
2, whereδâ j = â j−α. The Langevin equations for a general multi-band array are sym-

metric under the substitution k →−k, hence the reality of the position quadrature implies that a
monochromatic solution with eigenfrequencyωs must be accompanied by the complex conjugate
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Figure 3.2: Illustration of the optomechanical band structure for a linear chain of optomechani-
cal cells and its features for different parameters. (a) Band structure with turned off control laser,
i.e. g = 0. Black cosine shaped band describes photonic excitations, the other solid black lines de-
scribes mechanical excitations. Mechanical band is cosine shaped, but appears to be flat, because
the phonon tunnel rate K is much smaller than the optical hopping rate J . Gray bands correspond
to the phononic (flat band) and photonic hole like excitations. (b) Corresponding damping rates
in the non interacting case are simply κ for photon and photon holes and Γ for mechanical holes
and excitations. (c) Band structure with finite optomechanical interaction (other parameters same
as in a,b). The interaction gives rise to an avoided crossing (red arrow) and a flat band region at
zero detuning that is a feature of a novel photon-pair conversion instability that has no counter-
part in single mode optomechanics. (d) Corresponding damping rates, unstable modes are marked
in blue. (e,f) Shifting the optical band to smaller frequencies by detuning the driving laser makes
parts of the optical band blue detuned (Reωk = −Ω). This gives rise to the an array version of the
blue detuning instability from single mode optomechanics (unstable modes are yellow). Note that
here, all three features occur simultaneously (blue: unstable modes due to photon pair conversion
instability). See main text for further details. [Parameters (a-d): ∆̃=−0.85Ω, κ= 0.1Ω, Γ= 0.002Ω,
J = Ω/2, K = 0.01Ω; (a,b): g = 0; (c,d): g = 0.157Ω; (e,f): ∆̃ = 0, g = 0.2Ω, κ = 0.1Ω, Γ = 0.06Ω,
J = 0.73Ω, K = 0.01Ω

solution with eigenfrequency−ω∗
s . Moreover, the symmetry guaranties that particle like excitations

decay with the same rate as their corresponding holes. Note that solutions describing overdamped
excitations can have purely imaginary eigenfrequencies. A graphical analysis of the quartic polyno-
mial (3.16) shows that two scenarios are possible: (i) either there are two pairs of opposite complex
conjugate eigenfrequencies or (ii) one pair and two purely imaginary eigenfrequencies. Note that
the latter are not identical in general, since the symmetry is trivially fulfilled for purely imaginary
solutions. The second case is only possible above a finite threshold for the coupling strength g and
for red detuning ∆< 0. In section 3.3.2 we will analyze it in detail and show that it corresponds to
a photon pair conversion process that has no analog in single mode optomechanics. We note that
purely real solutions, ωs ∈R, are not possible for finite damping rates κ,Γ> 0.
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3. Band structures of optomechanical arrays

3.2.2 Polaritions and instabilities in a linear chain

Figure 3.2 illustrates the optomechanical band structure for a linear chain of optomechanical cells.
To understand all features, we first discuss the non-interacting case, g = 0, i.e. when the strong
control laser is turned off. For this situation, the real and imaginary part of the optomechanical
band structure is depicted in Figure 3.2(a,b). The real part consists of a cosine shaped photonic
band with width 4J (solid black line in Figure 3.2(a)). Note that the dynamics is described in a
frame rotating with the drive frequency, even though it is turned off. Hence, the photon band is
centered around the laser detuning. The phonons also feature a cosine shaped band, its width
4K is, however, much smaller since the phonon tunnel coupling strength is much smaller than its
optical counterpart, K ¿ J . Hence, the band appears as the flat solid black line at the mechanical
eigenfrequency Ω in Figure 3.2(a). The solutions that describe hole like excitations give rise to the
remaining two gray bands, which simply mirror the particle bands. The corresponding damping
rates are shown in 3.2(b). Since there is no optomechanical interaction photons and photon holes
are damped with κ and phonons and phonon holes decay with rate Γ for all quasimomenta.

Photon-phonon polaritons We now turn to the case of finite optomechanical interaction, cf.
Figure 3.2(c). An avoided crossing emerges at the point where the bands would cross in the non
interacting case. At resonance the optomechanical interaction leads to a splitting of 2g in the real
part of the band structure, cf. red arrow in Figure 3.2(c). In the vicinity of the avoided crossing, the
optomechanical interaction resonantly couples the bare photon and phonon band, which leads to
the formation of photon-phonon polaritons. To the left of the avoided crossing the upper band is
purely mechanical and with larger quasimomenta one approaches the avoided crossing, hence the
band acquires a photonic component. At resonance, i.e. in the middle of the avoided crossing, it
describes polaritons with equal photonic and phononic parts. For larger quasimomenta the inter-
action gets more and more off-resonant and the band describes purely photonic excitations. Note
that for the lower particle band (i.e. the lower black line), the situation is reversed: it describes pho-
tons left of the avoided crossing and becomes phononic for large quasimomenta. The same analy-
sis applies to the two bands that describe holes. The damping rate of a polariton is the average of
photon and phonon damping rates weighted with its decomposition into photonic and phononic
components. At resonance, for example, the photon-phonon polaritons (and their corresponding
holes) are hence damped with rate (κ+Γ)/2. This gives rise to the characteristic crossing feature
in the imaginary part of the band structure, cf. Figure 3.2(d). We note that in the weak coupling
regime, i.e. g < κ/4, the dissipation prevents the splitting in the real part.

Photon pair creation instability The second striking feature in Figure 3.2(c) is a flat band region
at zero detuning. There, both the optical excitations and their corresponding holes are resonant
with the driving laser. Inspection of the imaginary part plotted in Figure 3.2(d) shows that, within
this region, one excitation is strongly damped whereas the other one is anti-damped. We note that
this behavior of the imaginary part is only possible, because the real part is zero. This corresponds
to the case (ii) which we identified in the above discussion of the symmetry of the quartic equation
(3.16). For a strong enough laser drive, the anti-damped mode gives rise to an instability. The un-
stable quasimomenta in Figure 3.2(c) are marked in blue. In section 3.3.2 we discuss this instability
feature in detail and show that it can be understood as a photon pair creation process. Photons
from the drive impinge perpendicular on the sample (hence they have quasimomentum k = 0)
and are resonantly converted into a pair of entangled Bloch photons with opposite but finite in
plane quasimomentum k 6= 0 by a mechanical mediated four wave mixing process [167]. We note
that no analog to this instability exists in single mode optomechanics.

A general remark on instabilities and the underlying linearization around a stationary state is in
order. As soon as a a single quasimomentum mode gets unstable, strictly speaking, the band struc-
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3.2. The optomechanical band structure

ture does only correctly describe the dynamics in a transient period of time. For longer times the
dynamics deviates from the steady state of the non-linear Hamiltonian (3.2) around which we lin-
earized the non-linear dynamics to obtain the band structure. In other words, the steady state used
for linearization is not stable, hence, one has to take the full non-linear dynamics into account. For
scenarios close to the instability threshold, e.g. the one depicted in Figure 3.2(c,d), the non-linear
dynamics will lead to a small depletion of the k = 0 pump mode and a small steady state popula-
tion of the unstable modes. This decreases the linearized optomechanical coupling strength g that
is proportional to the population of the pump mode, which in turn pushes the system below the
instability threshold. Hence, in the case of Figure 3.2(c,d), the non-linear dynamics self-stabilizes
the system by continuously converting drive photons into entangled pairs of Bloch photons. For a
holistic discussion of instabilities including a universal stability diagram, see subsection 3.3.1.

A pleasant feature of optomechanical arrays is their tunability, which is inherited from the laser
drive. Hitherto, we only make use of the fact that changing the drive’s amplitude allows to control
the strength of the optomechanical interaction and thus changes the features in the band struc-
ture. Tuning its frequency changes its detuning with respect to the defect modes’ eigenfrequency.
In the optomechanical band structure this manifests as a shift of the complete optical band with
respect to the mechanical band. Shifting the optical band up and down allows to select the quasi-
momentum at which distinct features occur, for example, it admits to select the quasimomentum
of the entangled beams which are produced in the photon pair conversion process.

Self-induced oscillations Making use of this flexibility provided by the driving laser, we can cre-
ate a situation in which parts of the optical band are resonant with the blue detuned mechanical
side band, i.e. −∆k = Ω. This will lead to an array version of the blue detuning instability corre-
sponding to self-induced mechanical oscillations, which is also present in single mode optome-
chanics [20, 88]. Figure 3.2(e,f) exhibits such a situation in combination with an avoided crossing
(red arrow) and a photon-pair conversion instability (blue). The inspection of the imaginary part,
cf. Figure 3.2 (f), confirms that the modes for which the optical band is blue detuned are indeed
unstable and those modes are marked in yellow. Within the region of instability, the frequency of
photons and phonon holes (and vice versa) seem to stick together and form a tilted almost linear
band segment, cf. real part in Figure 3.2 (e). We note that this situation is far above the instabil-
ity threshold and thus the band structure only describes the transient dynamics. We analyze this
instability in more detail in subsection 3.3.3.

3.2.3 Multi-band lattices

The above analysis applies also to any symmetric multi-band lattice, that is a lattice formed by
sublattices any of which can be mapped to another by a transformation belonging to the crystal-
lographic point group. Examples would be an optomechanical array on a Kagome lattice (which
has three bands) [168] or on a honeycomb lattice [159]. Due to the symmetry, the stationary light
amplitudes and displacements are independent of the position of the unit cell (index i ) and the
site within the unit cell, α= 〈âiσ〉 and β= 〈b̂iσ〉. Here, σ= 1, . . . , M labels the optomechanical cell
within the unit cell and we assume the unit cell comprises M sites. Hence, the mean field ansatz
we employed above to find stationary states of the non-linear dynamics governed by the system
Hamiltonian (3.2) is still valid. The stationary amplitudes α and β are given as solutions of equa-
tion (3.10) with νO =−∑

r s′ J (ss′′)
r and νM =−∑

r s′ K (ss′)
r . For nearest neighbor hopping, photons and

phonons have the same Bloch wavefunctions and the band index s is conserved by the linearized
optomechanical interaction. We thus recover the linearized Hamiltonian,

ĤS ≈ħ∑
ks
Ωks b̂†

ks b̂ks −∆ks â†
ks âks − g (â†

ks + â−ks)(b̂†
−ks + b̂ks), (3.17)
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which is the analog to Hamiltonian (3.12) for symmetric multi-band lattices with nearest neigh-
bor hopping and −∆ks and Ωks denote the bare optical and mechanical band with band index s,
respectively. Solving the homogenous part of the Langevin equations obtained from Hamiltonian
(3.17) in Fourier space, we recover the quartic polynomial (3.16) for the band structure that now
applies to each band separately[

(ω+ iκ/2)2 −∆2
ks

][
(ω+ iΓ/2)2 −Ω2

ks

]+4∆ksΩks g 2 = 0. (3.18)

The coupling to non-nearest neighbor sites can be regarded as a perturbation introducing a small
interaction between bands with different band index s which leads to additional resonances where
the optical-vibrational mixing is enhanced. For a general multi-band lattice, the stationary solu-
tions depend on the sublattice and the coupling between different bands is not necessarily small.

3.2.4 Experimental observation

Thus far, we have employed the optomechanical band structure as an ansatz to solve the Langevin
equations that govern the many-body dynamics of the optomechanical array. In this subsection we
show that both the real and the imaginary part of the band structure are experimentally accessible.

Figure 3.3(a) shows a cartoon of the experimental setup we have in mind. The optomechani-
cal crystal is illuminated by a strong pump laser, hence it will backscatter light both elastically and
inelastically. Here, the latter is caused by Raman processes due to the optomechanical interaction.
We will first derive the spectrum of the inelastically scattered light and find that the quasimomen-
tum resolved band structure emerges as bright lines in the spectrum. An experimental prerequisite
to observe features that are induced by the mechanics is the so called resolved side band regime, i.e.
Ω> κ, and we note that the observation even works at room temperature. Building on the frame-
work of input-output theory [4, 10, 11] the quasimomentum resolved emission spectrum reads

S(k,ω) ≡
ˆ

d t exp[iωt ]〈â†
k (t )âk〉 (3.19)

and after inserting the Langevin equations (3.14) and the noise correlators (3.15) we have

S(k,ω) = 4κg 4Ω2
k +ΓσM(ω,∆k ,Ωk )

|N (ω,∆k ,Ωk )|2 (3.20)

in terms of the analytical functions

σM(ω,∆,Ω) = g 2|χO (ω,∆)|−2 [
(n̄ +1)|χM (−ω,Ω)|−2 + n̄|χM (ω,Ω)|−2] (3.21)

N (ω,∆,Ω) = [χO (ω,∆)χM (ω,Ω)χ∗
O

(−ω,∆)χ∗
M

(−ω,Ω)]−1 +4g 2∆Ω. (3.22)

Here, χO (ω,∆) = [κ/2 − i (ω+∆)]−1 denotes the free optical susceptibility and χM (ω,Ω) = [Γ/2 −
i (ω−Ω)]−1 is its mechanical counterpart. Figure 3.3(c) depicts the real part of the optomechanical
band structure and Figure 3.3(d) depicts the corresponding emission spectrum that clearly mimics
the band structure. In the far field radiation the quasimomentum k maps to the emission angle
(assuming that the optical defect modes emit like point sources, see Figure 3.3(b)). Hence, the
quasimomentum resolved emission spectrum is experimentally accessible, by a simple imaging
system.

Another way to experimentally monitor the system is to use an additional probe laser that can
be spatially or momentum resolved. This allows to optically probe the band structure momentum
and frequency resolved, which is more flexible than the probing of electronic band structures. We
elaborate on this in section 4.2.
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Figure 3.3: (a) Sketch of the experimental setup to observe the optomechanical band structure: The
array is illuminated by a strong driving laser (black arrows) which gives rise to photon emission
that is monitored in the far field. (b) Light will be back-reflected from the structure into various
momenta whose projections onto the plane differ by reciprocal lattice vectors. The arrows indi-
cate elastic scattering of the pump light (bold arrow). In addition, around each elastic scattering
peak, there will be inelastically scattered signals due to the optomechanical interaction (schemat-
ically indicated by the blue and red dots). They reveal the optomechanical band structure and
Bloch modes with different (in-plane) quasimomentum emit at different angles enabling the quasi
momentum resolved observation. (c) Optomechanical band structure of a linear chain and (d) cor-
responding quasi momentum resolved photon emission spectrum S(k,ω) as it would be observed
in the far field. The main effects of the band structure are clearly visible in the emission spectrum.
[Parameters: ∆̃ = −0.85Ω, J =Ω/2, K = 0.01Ω, κ = 0.1Ω, Γ = 0.02Ω, g = 0.157Ω, n̄ = 100 ] (Parts of
this figure have been published in the preprint [158].)
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Figure 3.4: (a) Universal stability diagram of optomechanical arrays. Diagram is valid for all sym-
metric multi band lattices, given that the mechanical band width K is much smaller than the width
of the optical band J , i.e. K ¿ J which is the case for realistic parameters. The damping rates
κ= 0.1Ω and Γ= 0.002Ω are fixed. The color code shows the minimal effective damping rate of ex-
citations of the system for different coupling strengths (abscissa) and detunings −∆k of the (bare)
optical Bloch modes (ordinate). Blue points represent stable configurations and the solid white
line delineates the boundary of the unstable domain. The instability cone in the upper right cor-
responds to the photon pair creation instability and the tongue in the bottom represents the blue
detuning instability, where self-oscillations occur. The dashed white line depicts the boundary of
the stable domain for larger mechanical damping Γ= 0.02Ω. The instability region corresponding
to self-oscillation is susceptible to changes in the damping, the photon pair creation instability not,
since it is a purely optical instability. A (bare) optical band of the lattice is represented by a vertical
line in the stability diagram: The gray line in (a) corresponds to the bare optical band of width 4J
of the optomechanical band structure depicted in (b) [only hybridized bands are shown, cf. the
avoided crossing; color code: emission spectrum cf. section 3.2.4]. The gray line in (a) touches the
upper instability cone, which corresponds to the tiny region of unstable quasimomenta marked in
yellow in (b). Increasing the coupling strength moves the line in (a) to the right, in (b) the region
of unstable quasimomenta grows. Detuning the driving laser moves the band in (b) and the line in
(a) vertically. [Further parameters (a): J =Ω/2, K = 0.01Ω, g = 0.157Ω, ∆̃=−0.85Ω, n̄ = 100] (This
figure has been published in the preprint [158].)
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3.3 Optomechanical instabilities

We have seen that two kinds of instabilities may exist in the optomechanical band structure. In this
section, we present a holistic stability analysis of the linearized dynamics and show a stability dia-
gram that holds for all Bravais and symmetric multi-band lattices. The only prerequisites are a site
independent driving and the mechanical bandwidth has to be small compared to the optical one,
i.e. K ¿ J , which is the case for realistic parameters. Finally, we analyze the two aforementioned
types of instabilities in detail.

3.3.1 Universal stability diagram for Bravais and symmetric multi-band lattices

The damping rates of the excitations are determined by the negative imaginary part of the optome-
chanical band structure. Hence, the linearized dynamics is stable if the damping rates for all bands
(index s) and all quasimomenta are larger than zero, i.e.

min
nks

[−2Imωnks] > 0. (3.23)

Here n is indexing the four solutions to the quartic equation (3.18) and we note that for a two di-
mensional lattice the quasimomentum index k has to be understood as a multi-index. ωnks are
the roots of the quartic equation (3.18) that depends on many parameters in general. Typically
the mechanical tunnel coupling is much smaller than the optical hopping rate, K ¿ J . Thus, the
mechanical band, which enters in the quartic equation (3.18), can be approximated to be flat, i.e.
Ωk ≈Ω, whereΩ denotes the mechanical eigenfrequency of the defect mode. In this case, the solu-
tion of the quartic equation (3.18) will only depend on four parameters, ωnks =ωnks(−∆ks , g ,κ,Γ).
Note that this is independent of the underlying lattice geometry that will only enter via the disper-
sion of the free photons −∆ks .

Figure 3.4(a) depicts the minimal damping rate of the excitations, i.e. minns[−2Imωnks], against
the optomechanical coupling strength g and the dispersion of the free photons −∆ks for the fixed
damping rates κ and Γ of the free photons and phonons. An example may clarify this stability di-
agram: For a linear chain the dispersion of the free photons reads −∆k = −∆̃−2J cos(ka), where
∆̃ denotes the detuning of the driving laser (which incorporated a tiny shift due to the lineariza-
tion). In the stability diagram in Figure 3.4(a) this free photon band corresponds to the vertical
gray line with length 4J , which is centered around ∆̃. Detuning the drive moves the line up and
down. Increasing the driving laser amplitude enhances the optomechanical coupling strength,
which moves the line to the right. In Figure 3.4(a) stable regions are depicted blue and the solid
white line indicates the instability threshold, i.e. minns[−2Imωnks] = 0, for Γ= 0.002Ω. The dashed
white line corresponds to the instability threshold for Γ = 0.02Ω, which indicates that the lower
unstable region is sensitive to changes in the mechanical damping rate, whereas the upper region
is not. (There, the dashed line resides on top of the solid one and is thus invisible.) This becomes
clearer if we link the two regions to the two types of instabilities we identified before: The up-
per cone corresponds to the photon pair creation instability, which is a purely optical instability.
Hence, it does not crucially depend on the mechanical damping rate. On the other hand, the lower
cone corresponds to self-induced mechanical oscillations, hence it is plausible that the instability
threshold of this mechanical instability depends on the mechanical damping Γ. We note that from
the diagram in Figure 3.4(a) one can read off threshold values for the optomechanical interaction:
The photon pair creation instability requires 4g 2/κΩ> 1. Furthermore, the blue detuning instabil-
ity is only present for 4g 2/Ωκ> Γ/Ω, which is marked by the Γ/Ω label in the Figure that applies to
the solid white instability threshold. We will more rigorously derive both thresholds below.

Figure 3.4(b) depicts the optomechanical band structure of a linear chain that corresponds to
the gray line in the stability diagram in subfigure (a). Here, Γ = 0.002Ω such that the instability
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threshold indicated by the solid white line applies. The color code shows the corresponding emis-
sion spectrum and unstable quasimomentum modes are marked in yellow. The parameters are
chosen, such that the system is slightly above the instability threshold corresponding to the pho-
ton pair creation instability, see tiny yellow region (unstable modes) in Figure 3.4(b). In the stability
diagram in Figure 3.4(a) this manifests as the gray line seeming to touch the instability threshold
(the solid white line). We note that if one were to further blue detune the driving laser, the blue
detuning instability would kick in.

3.3.2 The photon pair creation instability

In this subsection, we elaborate the photon-pair creation instability in detail. We provide an effec-
tive Hamiltonian and provide a physical interpretation of the instability as a resonant four wave
mixing process that leads to significant features in the band structure even below the instability
threshold. We analyze the non-linear dynamics and show that the photon-pair creation instability
is not present in single mode optomechanics, and is thus a novel feature of optomechanical arrays.

We have a situation in mind for which the driving laser is detuned such that parts of the optical
band are resonant with the laser drive. For those Bloch modes, |∆k | ¿ Ω, which means that the
mechanical oscillations are faster than the fluctuations of the light field amplitude and can thus be
adiabatically eliminated in the linearized Hamiltonian (3.12) in the resolved side band regime, i.e
ΩÀ κ. This leads to a two-mode squeezing Hamiltonian [167]

H̃k /ħ=−(∆k + g̃ )(â†
k âk + â†

−k â−k )− g̃ (â†
k â†

−k +h.c.), (3.24)

with g̃ = 2g 2/Ω. Physically, two drive photons (arriving perpendicularly to the structure, i.e. at in-
plane quasimomentum k = 0) are converted, via mechanically-mediated four-wave mixing [167],
into a pair of counter-propagating Bloch photons in the array at finite k 6= 0, see Feynman diagram
in Fig. 3.5(a). We note that thus, in a 2D array, there will be entanglement in the momenta. This
physical interpretation can be understood by eliminating the mechanical modes in the underly-
ing non-linear Hamiltonian (3.2) that governs the lattice dynamics. For the Bloch modes that are
resonant with the drive, we recover an effective four wave mixing interaction Hamiltonian

Ĥeff. int. =−ħ g 2
0

NΩ

∑
k,k ′,k ′′

â†
k â†

k ′ âk+k ′′ âk ′−k ′′ . (3.25)

Since the â0 mode is driven into a coherent state by the laser drive, 〈â0〉 =
p

Nα, we can linearize
the four wave mixing Hamiltonian and recover the above Hamiltonian (3.24) noting that g = g0α.

For sufficiently strong driving (for 4g 2/κΩ > 1) this process gives rise to an instability towards
an optomechanically-induced optical parametric oscillator. A linear stability analysis of the Langevin
equations of motion obtained from the effective Hamiltonian (3.24) for the averaged field ampli-
tudes reveals the interval of instability. Bloch modes with detuning ∆k within

−
√

g̃ 2 −κ2/4 <∆k + g̃ <
√

g̃ 2 −κ2/4 (3.26)

are unstable. Requiring a finite interval of instability, one readily reads of the instability threshold,
4g 2/κΩ > 1. In the previous section, we displayed a stability diagram as a function of the Bloch
mode detuning ∆k and the driving strength 4g 2/Ωκ, see Figure 3.4(a). There, the region of insta-
bility given by eq. (3.26) corresponds to the upper cone.

Already below threshold this process modifies the optical band in a distinct way. This can be
seen in the close-up of the real part of the optomechanical band structure in Figure 3.5(b) and the
corresponding imaginary part in figure 3.5(c). Both the photon band (black line in Figure 3.5(b))
and the photon hole band (gray) feature a distinctive flat region when they are resonant with the
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Figure 3.5: (a) Feynman diagram illustrating the process of entangled photon pair creation that
leads to the photon pair creation instability: Two pump photons can resonantly be converted into
an entangled photon pair with opposite quasimomentum k for Bloch modes that are resonant with
the laser drive. The process is mediated by a virtual phonon (blue). (b) Close-up of optomechanical
band structure reveals a distinctive flat band feature due to this process even below the instability
threshold. (c) Damping rates of Bloch modes. Real (f) and imaginary (g) part of band structure
slightly above threshold. Unstable modes are marked in blue. Numerical simulation of non-linear
dynamics indicates a pump mode depletion mechanics that stabilizes the system. Time evolution
of optical population of pump mode in (d) and Bloch modes (e) for quasimomentum of the close-
up region. Far above threshold the process populates also formerly stable modes: Time evolution
of pump mode (h) and Bloch modes (i) with quasimomentum corresponding to the close-up region
of the band structure (j) and the damping (k). Yellow region marks modes that are unstable due to
the blue detuning instability. [(e): black: 〈âk〉 = 0, light blue: 〈âk〉 = 90; (i): black: 〈âk〉 = 0, light
blue: 〈âk〉 = 170 Parameters: −∆̃= 0.85Ω (b,c,f,g,j,k); J =Ω/2 (b-k); K = 0.01Ω (b-k); κ=Ω/10 (b-k);
Γ= 0.002Ω (b-k); g = 0.12Ω (b,c); g = 0.16Ω (f,g); g = 0.25Ω (j,k); g0 = 0.01Ω (d,e,h,i); ∆=−0.902Ω
(d,e); αL = 2.53Ω (d,e); ∆=−0.98Ω (h,i); αL = 3.95Ω (h,i), Nsites = 1000 (d,e,hi)] (Parts of this figure
have been published in the preprint [158].)
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drive. The close-up of the damping rates in Figure 3.5(c) shows that one of the modes is damped
whereas the other is anti-damped. We note that in the situation depicted here, the system is be-
low threshold and thus stable, because the optical damping rate κ is larger than the anti-damping
induced by the process.

Increasing the coupling strength, by tuning up the driving laser, we push the system slightly
above the instability threshold. The unstable Bloch modes are marked in blue in the close-ups of
the real and imaginary part of the band structure in Figure 3.5(f) and (g), respectively. The band
structure was obtained by linearization around a steady state of the non-linear optomechanical
equations of motion and only describes the dynamics correctly in the vicinity of this steady state.
Thus, in the situation depicted in Figure 3.5(f,g), strictly speaking, the band structure only describes
the transient dynamics correctly, since the non-linear dynamics might lead to a significant devia-
tion from the steady state we linearized around. In general, the system could even feature chaotic
dynamics and explore the whole phase space. Numerical simulations of the classical non-linear
dynamics of a linear chain indicate that slightly above threshold, however, the non-linear dynam-
ics self-stabilizes the system by depleting the pump mode. Figure 3.5(d) shows the time evolu-
tion of the optical k = 0 mode, which is driven by the laser and whose population determines the
linearized coupling strength, i.e. g = g0|〈ak=0〉|/

p
N . The dashed grey line indicates the popula-

tion that corresponds to the coupling strength g = 0.16Ω of the band structure shown in 3.5(f,g)
for which the system is slightly unstable. The photon pair conversion process depletes the pump
mode, cf. dropping curve in Figure 3.5(d), and thus lowers the linearized coupling strength and
thereby stabilizes the system. At the same time it populates a part of the former unstable Bloch
modes. This can be seen in Figure 3.5(e) that shows the time evolution (ordinate) of the popu-
lation 〈âk (t )〉 of the optical Bloch modes for the quasi-momentum region (abscissa) of the band
structure close-ups depicted in Figure 3.5 (f,g). Note that not all unstable modes that seem to be
populated but the system rather seems to select those with larger anti-damping. In this regime,
the array produces beams with opposite quasimomentum, entangled in their quadratures. When
further increasing the laser power (but remaining close to threshold), the intensity of the unstable
modes with largest anti-damping increases smoothly, while the pump mode at k = 0 still saturates.

By ramping up the driving laser intensity the system can be pushed far above the instability
threshold. The band structure for such a situation is depicted in Figure 3.5(j,k). The instability in-
terval (blue) is large and the modes feature anti-damping which is larger than the optical damping
rate κ. Note that for this set of parameters also low frequency modes in the yellow region are un-
stable due to the blue detuning instability. Their anti-damping is, however, much smaller than the
one caused by the photon-pair conversion instability (blue), cf. Figure 3.5(k). Our numerical sim-
ulations indicate that even far above threshold the pump mode is depleted, see its time evolution
depicted in Figure 3.5(h). In contrast to the slightly above threshold case, now, the non-linear dy-
namics populates also formerly stable modes. The time evolution of the optical amplitude 〈âk (t )〉
for the quasimomentum region of the band structure close-ups in Figure 3.5(j,k) is depicted in Fig-
ure 3.5(i).

We now turn to a detailed discussion of the instability region, i.e. the inequality (3.26), which
is plotted as the blue region in Figure 3.6 against the bare detuning, ωcav,k −ωL , and the linearized
optomechanical coupling strength g . Here, ωcav,k denotes the optical eigenfrequency of the Bloch
mode, e.g. ωcav,k=0 =ωcav −2J for the center of mass mode of a linear chain of defect modes with
optical eigenfrequency ωcav.

It is enlightening to discuss the instability condition (3.26) for the k = 0 mode, since its physics
is equivalent to the physics of a single optomechanical cell. For this mode to be unstable, the
red dot in Figure 3.6 that marks the point (ωcav,k=0 −ωL , g ) has to lie within the instability region.
We could try to achieve this by changing the driving laser’s frequency, ωL , which moves the point
horizontally and its amplitude which affects the linearized coupling strength g . In the situation we
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Figure 3.6: The instability condition (3.26) of the photon pair conversion process (blue area: un-
stable) is equivalent to the condition that determines the stability of the underlying linearization.
(A spatially homogeneous laser drives the center of mass mode around which we linearized the
dynamics.) Hence, the photon pair conversion instability can especially not be observed in a sin-
gle mode optomechanical system, since above threshold the system will jump to a stable steady
state pushing it back below the instability threshold. In the array case, Bloch modes of the optical
band (red line) may lie within the instability region, while the steady state of the driven center of
mass mode (red dot) remains stable. The response of the k = 0 mode to a spatially uniform driving
laser determines the linearized coupling strength. The black curves indicate the resulting coupling
strengths plotted against the detuning for a fixed driving amplitude |αL |. Detuning the driving laser
moves the center of mass mode (red dot) on the black curve. As soon as it enters the instability re-
gion the steady state is ceases to be stable (dashed line) and the system jumps to a stable steady
state with equal detuning. [Parameters: g0 = 0.01Ω, κ= 0.1Ω, αL = 0.12Ω (upper curve), αL = 0.035
(lower curve)]
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have in mind, a spatially homogenous laser drives the center of mass mode, hence, its detuning and
the resulting coupling strength are not independent but are rather linked via the resulting steady
state circulating photon number which is given by the response of the mode to the laser drive, cf.
equation (3.10). If we fix the laser amplitude to |αL | = 0.12Ω for example, the red point in Figure
3.6 is constrained to the upper black curve when detuning the laser. An analysis of the steady
state equation (3.10) reveals that the set of steady states that corresponds to the dashed segment
of the curve in Figure 3.6 are not stable [169]. Thus, tiny fluctuations make the system jump to
one of the stable branches resulting in a jump in the coupling strength while the detuning is fixed.
Moreover, it is shown in [169] that for arbitrary |αL | all steady sates within the zone of instability are
not stable. Hence, it is not possible to observe the photon pair creation instability for the center of
mass mode. In other words, when smoothly increasing the driving laser amplitude, the instability
threshold for the k = 0 mode is equivalent to the bifurcation point of the underlying steady state
equation. The physics of the center of mass mode is formally equivalent to the physics of a single
mode optomechanical system. Hence, the photon pair creation instability can not be observed in
single mode systems. In the case of an array, the optical modes form a band (red line in Figure 3.6)
with a finite width that might range into the interval of instability even though the k = 0 mode lies
outside it. In this case, one encounters unstable Bloch modes.

We note that the above argument always applies to the Bloch mode that is driven by the laser.
For a spatially homogeneous laser drive this would be the center of mass mode. Driving the system
by a tilted laser will drive a mode with finite quasimomentum k0. Then, the k0 mode cannot be
unstable, whereas the center of mass mode might be unstable for suitable parameters.

3.3.3 The blue detuning instability

In this subsection we provide a detailed discussion of the blue detuning instability that corresponds
to self-induced oscillations. We derive an effective Hamiltonian and an approximate form of the
optomechanical band structure. The band structure is qualitatively different in the strong (g À κ)
and weak (g ¿ κ) coupling regimes, in the latter we analyze the the non-linear dynamics around
the instability threshold.

We consider a laser detuning for which a part of the optical band is resonant with the blue
mechanical side band, i.e. −∆k = −Ω. Figure 3.7(a) depicts the band structure of a linear chain
for this situation: the optical modes in the red box are close to the band of mechanical holes (gray
line). For those optical and mechanical modes, we can apply a rotating wave approximation in the
interaction term of the linearized array Hamiltonian (3.12) and recover an approximate two mode
squeezing Hamiltonian

H̃k /ħ=Ωk b̂†
k b̂k −∆k â†

k âk − g (â†
k b̂†

−k + â−k b̂k ). (3.27)

In the underlying non linear optomechanical interaction, this corresponds to a resonant conver-
sion of a photon from the pump mode into an entangled Bloch photon phonon pair with opposite
quasimomentum, cf. Feynman diagram in Figure 3.7(b). Using the effective Hamiltonian (3.27) we
derive an approximate expression for the band structure

ωk ≈ −∆k −Ωk − i (Γ+κ)/2

2
±

√(
∆k −Ωk + i (κ−Γ)/2

2

)2

− g 2 . (3.28)

For realistic setups the optical damping rate is much larger than its mechanical counterpart, i.e.
κÀ Γ, and we can identify a regime of weak coupling (g ¿ κ) and strong coupling (g À κ). The
band structure looks qualitatively different in both regimes.

We start our discussion of the band structure in the weak coupling regime, i.e. g ,Γ¿ κ. Fig-
ure 3.7(c,d) depicts a close-up of the real and imaginary part of the band structure in the region

44



3.3. Optomechanical instabilities

below
threshold

Quasimom.

Fr
eq

.
(a)0

0

Po
pu

la
tio

n

Pump amplitude
0

35
(e)

-k k

Pump(b)
(c)

(d)

Quasimomentum
0D

am
pi

ng
Fr

eq
.

0

4g (g)

Ω
(f)

Ω

Ω

Figure 3.7: (a) Optomechanical band structure for a linear chain with a part of the optical band
being resonant with the blue detuned mechanical side band, i.e. −∆k ≈ −Ω in the red box. (b)
Diagram of the non-linear process that dominates in this region: A pump photon is resonantly
converted into an entangled Bloch photon phonon pair with opposite quasimomentum. Close
up of the resonance region [red box in (a)] for the weak coupling regime (g ¿ κ): real part in (c)
and effective damping rate in (d). The typical bifurcation behavior of the optical amplitude |αk | is
shown as a function of the driving amplitude |αL | in (e) [note

∣∣βk
∣∣ looks similar]. Depletion of the

pump mode stabilizes the system. Panels (f) and (g) show a close-up of the frequency and damping
rates of Bloch modes in the red box in (a) in the strong coupling regime (g À κ). [Parameters:
∆̃ = 0.2Ω (c,d), ∆̃ = 0.63Ω (f,g); g = 0.022Ω (c,d), g = 0.123Ω (f,g); κ = 0.1Ω (c,d), κ = 0.01Ω (f,g);
Γ = 0.02Ω (c,d); Γ = 0.002Ω (f,g); (e): ∆ = 0.2Ω, κ = 0.1Ω, Γ = 0.02Ω, 2.688 × 10−2Ω2 < g0αL <
2.693×10−2Ω2] (This figure has been published in the preprint [158].)

of the blue detuning instability, i.e. the red box in Figure 3.7(a). The real part shows that the
phonon hole band (gray line) features a kind of S-curve phenomenon. The imaginary part reveals
that its effective damping decreases, whereas the effective damping of the (more) optical mode
increases. In fact, parameters are chosen such that the system is pushed slightly above the insta-
bility threshold: the modes marked in yellow are unstable. For the approximate effective damping,
Γeff =−2Imωk , of the two relevant bands, we find Γeff = κ+4g 2/κ (cf. upper curve in Figure 3.7(d))
and Γeff = Γ−4g 2/κ (cf. lower curve in Figure 3.7(d)) by expanding the root in (3.28) in the small
parameters. We straightforwardly read off the instability threshold

4g 2

κΓ
> 1. (3.29)

Application of the same procedure to modes in vicinity of the resonance yields the interval of un-
stable modes

‖∆k −Ωk‖ <
√

4g 2 −κΓ . (3.30)

As we already discussed in subsection 3.3.2 about the photon pair conversion instability, the
band structure describes only the linearized dynamics of the system correctly. As soon as the sys-
tem is unstable, in general, the non-linear dynamics deviates significantly from the prediction of
the band structure for longer times. However, close to the instability threshold a pump mode de-
pletion mechanism stabilizes the system, hence, the band structure remains a valid description of
the system for situations as depicted in Figure 3.7(c,d). The results of a numerical simulation of the
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classical non-linear dynamics of a linear chain of optomechanical cells show the mode depletion
mechanism at work: Figure 3.7(e) depicts the optical amplitude, |αk | = 〈âk〉, of all Bloch modes
(except the center of mass mode) against the driving laser amplitude αL for a time at which the
system has settled into a dynamic attractor, i.e. the modulus of all the amplitudes is stationary. For
small pump amplitudes the system is below threshold, thus no mode is occupied. Increasing the
amplitude further pushes the system above the instability threshold (cf. yellow region in Figure
3.7(e)) and the occupation of some modes with Γeff < 0 increases smoothly. Simultaneously the
population of the k = 0 mode (not shown) that is pumped by the driving laser decreases smoothly,
which stabilizes the system, because it diminishes the coupling strength g = g0〈âk=0〉/

p
N .

Increasing the pump amplitude much further one eventually enters the strong coupling regime
for which g À κ. Here, the non-linear dynamics seems to be chaotic for long times, hence the
band structure only describes the transient dynamics correctly. We note that if desired one could
stabilize the strong coupling regime by engineering an artificially large mechanical damping Γ∼ κ
and require g À |κ−Γ|. In the strong coupling regime the optical and mechanical Bloch mode
are strongly coupled |b̂†

−k | ≈ |âk | in the frequency interval −2g < ∆k −Ωk < 2g , which can be seen
from the equations of motion of the Hamiltonian (3.27). Figure 3.7(f) depicts a close-up of the
real part of the optomechanical band structure in vicinity of the resonance, −∆k = −Ωk , and the
corresponding imaginary part is shown in Figure 3.7(g). In the interval of strong coupling, the real
part of the optical band and the mechanical hole band approximately coincide and feature half
of the slope of the bare optical band, i.e. −(1/2) ·d∆k /dk, and the dissipation introduces a tiny
difference ∼ (d∆k /dk)(κ−Γ)/g ¿ d∆k /dk in the slope.
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OPTOMECHANICAL DIRAC PHYSICS

We have already briefly encountered the formation of photon-phonon polariton in the discussion
of the optomechanical band structure for simple lattices, cf. subsection 3.2.2. Due to the laser
drive, optical and mechanical excitations with frequencies in the Thz and and Ghz, respectively,
can interact resonantly and form those hybridized excitations. Their physics will be especially in-
teresting in non trivial band structures and building upon the large design flexibility of optome-
chanical crystals, we may envision more sophisticated lattices as we did in the previous chapter,
which was mostly about Bravais lattices.

In the remaining parts of this chapter, we follow the lines of our article

[159] Optomechanical Dirac physics
M. Schmidt, V. Peano and F. Marquardt
New Journal of Physics 17, 023025 (2015)
DOI: 10.1088/1367-2630/17/2/023025
This article was first published in New Journal of Physics
by IOP Publishing and Deutsche Physikalische Gesellschaft,
which maintains the Version of Record.

In this chapter, we illustrate the possibilities offered by engineering nontrivial optomechanical
band structures of photons and phonons in optomechanical arrays. Specifically, we will investigate
an array with a honeycomb geometry. This lattice is the basis for modeling electrons in graphene
[170], but it has recently also been studied for photonic crystals [171, 172], exciton-photon polari-
tons [173] and other systems [172]. It is the simplest lattice with a band structure showing singular
and robust features called Dirac cones, mimicking the dispersion of relativistic massless particles.
As we will be interested in the long-wavelength properties of the structure, on scales much larger
than the lattice spacing, we may call this an “optomechanical metamaterial”. Tunability would be
the biggest advantage of optomechanical metamaterials, rivaling that of optical lattices: The band
structure is easily tunable by the laser drive (intensity, frequency, phases). Moreover, it can be ob-
served by monitoring the emitted light. Using spatial intensity profiles for driving, one can even
engineer arbitrary potentials and hence local changes in the band structure. We predict that these
features could be used to observe photon-phonon Dirac polaritons, an optomechanical Klein tun-
neling effect, and edge state transport.

49



4. Optomechanical Dirac physics

(a) (b)

localized mode

defect Laser
a

AB

XY
a1

a2

optical mode mechanical mode

Figure 4.1: (a) Setup: Thin slabs of free-standing dielectric (green) with periodically etched holes
(white), so-called optomechanical crystals [74, 77, 80, 81, 123], are know to give rise to an optome-
chanical interaction of localized optical (∼ 102 THz) and vibrational modes (∼ GHz) at engineered
defects. The interaction is controlled by a driving laser. When extended to an array, the modes of
nearby defect sites will be connected via phonon and photon tunneling. (b) In this chapter, we
consider defects arranged in a honeycomb superlattice. (This figure has been published in [159].)

4.1 Model and band structure

We consider a 2D honeycomb lattice of identical optomechanical cells, driven uniformly by a laser
(frequency ωL). Each cell supports a pair of co-localized mechanical (eigenfrequency Ω) and op-
tical (eigenfrequency ωcav) modes interacting via radiation pressure. This geometry could be im-
plemented based on optomechanical crystals, see Figure 4.1, but also in other physical realizations
such as arrays of microdisks, microtoroids, or superconducting cavities. We adopt the standard ap-
proach of linearizing the dynamics around the steady-state classical solution and performing the
rotating wave approximation, valid for red detuned (∆ = ωL −ωcav < 0) moderate driving [4]. In a
frame rotating with the drive, the linearized Hamiltonian reads

Ĥ/ħ=∑
j
Ωb̂†

j b̂ j −∆â†
j â j − g j (b̂†

j â j + â†
j b̂ j )+ Ĥhop. (4.1)

This Hamiltonian describes the non-equilibrium physics of the array of phonon modes (annihila-
tion operator b̂ j ) and photon modes (â j ), interacting via the linearized optomechanical interaction
of strength g j . The term

Ĥhop =−∑
(Ji j â†

i â j +Ki j b̂†
i b̂ j ) (4.2)

describes the tunneling of photons and phonons between neighboring sites i and j with ampli-
tudes Ji j and Ki j , respectively [118, 125, 127]. Here, j = [m,n,σ] is a multi-index, where m, n
indicate the unit cell, which contains two optomechanical cells on sublattices A/B (denoted by
σ=±1).

The interaction strength is g j = g0α j , where g0 is the bare optomechanical coupling, i.e. the
shift of the local optical resonance by a mechanical zero-point displacement, and α j is the local
complex light field amplitude, proportional to the laser amplitude [4]. For completeness, we men-
tion that the operators â j and b̂ j in Eq. (4.1) are assumed shifted, as usual [4], by α j and by the
radiation-pressure-induced mechanical displacement β j , respectively. The detuning∆=ωL−ωcav

incorporates a small shift in ωcav due to the static mechanical displacement.
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Figure 4.2: (a) Band structure of an optomechanical honeycomb array, featuring fast photons and
slow phonons that interact optomechanically. Detuning the driving laser will shift the photon
band up and down. Here, the photon and phonon Dirac points are chosen resonant, thus photon-
phonon polariton Dirac cones emerge in their vicinity for g 6= 0, see the close-up in (b). (c) Without
optomechanical interaction, g = 0, photon and phonon cones would simply intersect. (d) A cut
through the spectrum S(k,ω) of the light scattered by the setup reproduces the band structure,
in the presence of dissipation. (e) Detuned case: Avoided crossing (arrows) between bands with
equal helicity, see main text. [Parameters: vM = vO/10, g = J/10, ∆ = −Ω (a-d), ∆ = −Ω− 3g (e),
(d,e): J =Ω/3, κ= J/100, Γ= κ/10, n̄ = 5000] (This figure has been published in [159].)

The eigenfrequencies of Hamiltonian (4.1) form the optomechanical band structure, shown in
Fig. 4.2 (a,b) for realistic parameters and a translationally invariant system (g j = g ). It comprises
four polariton bands, constructed out of the original two photon and two phonon bands, giving
rise to photon-phonon polariton Dirac cones.

A weak additional probe laser can inject excitations at arbitrary frequency. It can be spatially
resolved (via tapered fiber) or momentum-resolved (extended beam). Even without the probe,
the momentum-resolved band structure is visible in the emitted far-field radiation in the form of
inelastically scattered laser-drive photons, see Fig. 4.2 (d,e). We emphasize that the band structure
(and transport) could be observed in this manner even at room temperature.

To obtain the power spectrum S(k,ω) of the emitted light, we incorporate dissipation and noise
via the standard input/output theory [4], taking into account the photon (phonon) decay rate κ (Γ)
and the thermal phonon number n̄. For sake of completeness, we state the linearized Langevin
equations

d

d t
b̂ j = i

ħ [Ĥ ′, b̂j]−Γb̂j/2+
p
Γb̂(in)

j (4.3)

= (−iΩ−Γ/2)b̂j + i gjâj + i gjâ
†
j + i

∑
l

Kjlb̂l +p
γb̂(in)

j (4.4)

d

d t
â j = i

ħ [Ĥ ′, âj]−κâj/2+p
κâ(in)

j (4.5)

= (i∆j −κ/2)âj + i gj(b̂j + b̂†
j )+ i

∑
l

Jjlâl +
p
κâ(in)

j , (4.6)
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with the noise correlators

〈â(i n)
j (t )â(i n)†

l (0)〉 = κδjlδ(t ), (4.7)

〈â(i n)†
j (t )â(i n)

l (0)〉 = 0, (4.8)

〈b̂(i n)
j (t )b̂(i n)†

l (0)〉 = Γ(n̄ +1)δjlδ(t ), (4.9)

〈b̂(i n)†
j (t )b̂(i n)

l (0)〉 = Γn̄δjlδ(t ). (4.10)

We have assumed that the dissipation is caused by independent fluctuations on the different lattice
sites. The output fields are related to the fields in the array and the input fields by the input output
relations [167],

â(out)
j = â(in)

j −p
κâj, b̂(out)

j = b̂(in)
j −

p
Γb̂j. (4.11)

Notice that Ĥ ′ = Ĥ + Ĥst contains also counter rotating terms, Ĥst = ∑
j gj

(
â†

j b̂†
j + âjb̂j

)
. These

terms have been omitted in the Hamiltonian (4.1) but are included in the emission spectrum. Ne-
glecting counter rotating terms is the standard rotating wave approximation which applies to any
side band resolved optomechanical system driven by a red detuned laser with a moderate intensity,
ΩÀ κ and g 2 . κΩ. In an optomechanical array, the laser should be red detuned compared to the
lowest frequency optical eigenmode. Thus, in the regime when Dirac photons and Dirac phonons
are resonantly coupled (−∆≈Ω), we find the additional constraint J <Ω/3. The quasimomentum
resolved power spectrum of the photons emitted by the array (periodic boundary conditions have
been assumed) reads

S(k,ω) ≡∑
σ

ˆ
d t exp[iωt ]〈â†

kσ(t )âkσ〉. (4.12)

Here, âkσ are the annihilation operators of the photonic Bloch modes,

âj = 1p
N

∑
j

e i k·r j âkσ , (4.13)

where rj is the position counted off from a site on sublattice A and N is the number of unit cells.
In a large array (where finite size effects are smeared out by dissipation), S(k,ω) is proportional
to the angle-resolved radiation emitted by the array at frequency ωL −ω. We elaborate on this in
subsection 3.2.4.

For periodic boundary conditions and nearest neighbor hopping, the Langevin equations (4.5)
can be solved analytically (including also the counter rotating terms). By plugging the correspond-
ing solutions into the definition of the emission spectrum (4.12) and taking into account the corre-
lators Eqs. (4.10), we find

S(k,ω) =∑
σ

4κg 4Ω2 +ΓσM(ω,∆(k,σ),Ω(k,σ))

|N (ω,∆(k,σ),Ω(k,σ))|2 (4.14)

in terms of the analytical functions

σM(ω,∆,Ω) = g 2|χO (ω,∆)|−2 [
(n̄ +1)|χM (−ω,Ω)|−2 + n̄|χM (ω,Ω)|−2] (4.15)

N (ω,∆,Ω) = [χO (ω,∆)χM (ω,Ω)χ∗
O

(−ω,∆)χ∗
M

(−ω,Ω)]−1 +4g 2∆Ω. (4.16)

Here, we have introduced the free susceptibilitiesχO (ω,∆) = [κ/2−i (ω+∆)]−1 andχM (ω,Ω) = [Γ/2−
i (ω−Ω)]−1. Moreover, −∆(k,σ) andΩ(k,σ) are the spectra of tight-binding photons and phonons
on the honeycomb lattice (the photon spectrum is defined in the rotating frame), respectively. They
are given by −∆(k,σ) =−∆− J f (k,σ) andΩ(k,σ) =Ω−K f (k,σ) where

f (k,σ) =±
∥∥∥1+e i k·a1 +e i k·a2

∥∥∥ . (4.17)
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The emergence of the Dirac cones at the Dirac points K and K′ follows from the symmetries
of the honeycomb lattice [174]. Without the drive (g j = 0), the standard scenario for honeycomb
lattices applies to photons and phonons separately: Excitations can be on sublattice A or B, corre-
sponding to a binary degree of freedom, σz =σ=±1. Diagonalizing the Hamiltonian using a plane
wave ansatz, one recovers a 2×2 Hamiltonian for every wave vector k. Close to a symmetry point,
this reduces to the Dirac Hamiltonian for 2D relativistic massless particles. Around K, it has the
form

ħvσ̂ ·δk, (4.18)

where δk = k−K and σ̂ is the vector of Pauli matrices σ̂x,y . The photon velocity at the Dirac point,
vO , will be generally significantly larger than the mechanical one, vM , see Fig. 4.2(c). For nearest-
neighbor hopping amplitudes J (photons) and K (phonons), we find

vO = 3a J/2 (4.19)

and

vM = 3aK /2. (4.20)

We now consider the interacting case (g 6= 0), turning the Hamiltonian (4.1) into its first-quantized
counterpart in momentum space and expanding it around a symmetry point. The particle type
can now be encoded in a second binary degree of freedom, τz = τ=±1 for photons/phonons (with
Pauli matrices τ̂x,z ). We find the optomechanical Dirac Hamiltonian:

ĤD /ħ= δωτ̂z /2+ (v̄ +δv τ̂z /2)σ̂ ·δk− g τ̂x + ω̄. (4.21)

This Hamiltonian describes the mixing of two excitations of very different physical origin, with
properties that are easily tunable. The terms describe, in this order, an offset between photon and
phonon bands, the Dirac part, and the optomechanical interaction (plus a constant offset). Here
we defined

v̄ = (vO + vM )/2, (4.22)

δv = vO − vM , (4.23)

ω̄ = (Ω−∆)/2, (4.24)

δω = −∆−Ω. (4.25)

The interaction g is tunable in-situ via the drive laser intensity (in contrast, e.g., to bilayer graphene
systems). Photon-phonon Dirac polaritons feature a dispersive spectrum

ωτ,σ(k) = ω̄−σv̄ |δk|+τ
√

g 2 + (δω−σδv |δk|)2/4, (4.26)

i. e. the velocity is momentum-dependent and varies on the momentum scale g /Ja, well within

the range of validity of Eq. (4.21),
∣∣∣δ~k∣∣∣ ¿ a−1. This effect comes from the mixing of two Dirac

excitations with different velocities.

At the Dirac points, the band structure comprises two pairs of cones split by
√
δω2 +4g 2. Sweep-

ing the laser detuning δω from positive to negative values, the upper cones evolve from purely opti-
cal (velocity vO), over polaritonic (slope v̄ = (vO +vM )/2) to purely mechanical (velocity vM ). Since
the helicity, σ̂·δk/|δk|, is conserved, bands of equal helicity feature avoided crossings, while bands
of different helicity cross, see Fig. 4.2(d,e).
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Figure 4.3: Polariton edge states of a semi-infinite optomechanical strip (zigzag edge) differ from
usual edge states in honeycomb lattices. (a) Optomechanical interaction strength g (y) of a homo-
geneously driven strip. (b) Wavefunction of the upper edge state band. (c) Local DOS (experimen-
tally accessible via a probe laser) in the bulk (gray) and at the edge (black) reveals the existence of
edge states (here for g À κ). (d) Corresponding band structure (real part of eigenfrequencies), indi-
cating the dispersive nature of the edge states (in red). (e) For g ¿ κ, a sharp dip is observable, due
to optomechanically induced transparency (width ∼ Γ). (f) Band structure for g ¿ κ. [Parameters:
J =Ω/6, K = 0.1J , gbulk = 0.007Ω (e,f), gbulk = 0.15 (else), −∆=Ω, κ= 0.04Ω (e,f), κ= 0.01Ω (else),
Γ= 0.001Ω] (This figure has been published in [159].)

4.2 Edge states

The physics of edge states is significantly modified by inhomogeneous optomechanical couplings
that can be tailored via the laser intensity but also naturally occur in a finite system under uniform
drive. Even though the laser drive itself is assumed to be uniform (which is the experimentally
simplest case), the resulting optomechanical coupling is smaller at the edges than in the bulk, see
Fig. 4.3(a). The reason for this is that the extended optical normal modes predominantly driven by
the laser have a reduced intensity near the sample edge for the finite sample (i.e. for open boundary
conditions). Note that this is the generic situation, and only for a very carefully designed spatially
inhomogeneous laser driving profile could one return to a spatially homogeneous coupling. For
the generic case considered here, the inhomogeneous coupling leads to physics that goes beyond
what is encountered for electrons in a strip of graphene. In an infinite strip with zigzag edges this
leads to a band of polariton edge modes with tunable velocity. That is because edge states with
momenta closer to the Dirac points have larger penetration lengths (compare Fig. 4.3(b)) and thus
explore regions of stronger optomechanical coupling, making their energy momentum-dependent
(Fig. 4.3(d)). In contrast, no transport occurs at the edge of graphene since it supports a flat band
of edge modes [170].

We obtain the inhomogeneous optomechanical couplings by numerically calculating the clas-
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4.2. Edge states

sical stationary optical (αj) and mechanical (βj) amplitudes (averaged over classical and quantum
fluctuations) that are determined by the equations of motion

β̇j = (−iΩ−Γ/2)β j + i g0|α j |2 + i
∑

l
Kjlβl ,

α̇j = (i∆(0) −κ/2)αj + i 2g0αjReβj + i
∑

l
Jjlαl +

p
καL , (4.27)

in a frame rotating with the laser drive, cf. section 3.1.3. Here, αL is the driving laser amplitude and
∆(0) =ωL −ω(0)

cav is the bare detuning. For a finite array, i.e. a strip, the stationary fields αj and βj are
not independent of j and we thus solve (4.27) numerically.

The photonic local density of states (LDOS) is experimentally accessible via reflection/transmission
measurements, e.g. with a tapered fiber probe brought close to the sample. The LDOS on site j,
ρj(ω), characterizes the probability to inject a photon with frequency ω. It is closely related to the
transmission amplitude tO(ω, l, j) that measures the emission in the output field at site l to an input
probe field at sites j with frequency ω via the relation〈

â(out)
l (t )

〉
= tO(ω, l, j)

〈
â(in)

j (t )
〉

, (4.28)

where 〈
â(in)

j (t )
〉
= f e−iωt . (4.29)

These two quantities are directly related to the photonic retarded Green’s function

G̃OO(ω, j, l) =−i

ˆ ∞

−∞
d te iωtΘ(t )〈[âj(t ), â†

l (0)]〉. (4.30)

In fact, the density of state is defined as

ρ(ω, j) =−2ImG̃O(ω, j, j). (4.31)

Moreover, using Kubo formula and the input output relation (4.11), we find the photon transmis-
sion amplitude to be

tO(ω, l, j) = δlj − iκG̃OO(ω, l, j). (4.32)

For an infinite strip of width M unit cells, it is most convenient to introduce the partial Fourier
transform of G̃(ω, j, l),

G̃OO(ω, j, l) = N−1
∑
kx

e i (n j−nl )kx G̃OO(ω,kx ;m j ,σ j ;ml ,σl ). (4.33)

Here, kx is the momentum in the translationally invariant direction (x-axis). Formally, we have
introduced a finite length of N cells and periodic boundary conditions. However, the spurious
finite size effects induced by this assumption are smeared out by dissipation for an appropriately
large N . After taking the partial Fourier transform of the classical displaced fields 〈âj〉 and 〈b̂j〉, we
organize their Fourier components αkx mσ, βkx mσ in a 2M-dimensional vector ck with equation of
motion in the form i 〈˙̂ck〉 = Ak〈ĉk〉 (when no probe laser is present). The 2M × 2M matrix Ak is
obtained from the Langevin equations (4.5) Thus, the Green’s function G̃OO(ω,kx ;m j ,σ j ;ml ,σl ) is
the block of the matrix G̃(ω,k) = (ω− Ak )−1 which acts on the optical subspace of ĉk . The LDOS
and transmission amplitudes t (ω, i, j) are then readily calculated from Eqs. (4.31-4.33)

Figure 4.3(c) shows the LDOS for sites in the bulk (gray) and at the edge (black line). Typical
features, like the vanishing DOS at the Dirac points, are smeared out slightly by dissipation. The
edge states show up as two peaks. For weak coupling one would naively expect a single edge state
peak broadened by dissipation. However, figure 4.3(e) shows a peak with a narrow dip on top. This
can be understood as optomechanically induced transparency [4, 53, 106–108], an interference
effect visible for Γ¿ κ. We note that the gradient in g leads to the formation of additional bands of
edge states, cf. close-up in Fig. 4.3(d).
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Figure 4.4: (a) Transport along the edge of a semi-infinite strip. The optical transmission, t (ω, x)
[color code: Re t (ω, x)] of a locally injected probe laser. (b) Real part of the transmission against the
probe detuning (∆p =ωprobe−ωL) and the distance x along the edge. See main text for explanation
of features. The mechanical transmission is proportional in magnitude to optical one. (c) Close-up
of relevant part optomechanical band structure. [g = 0.167Ω, other parameters as in Fig. 4.3 (d)]
(This figure has been published in [159].)

4.3 Edge state transport

The zigzag edge forms a polariton waveguide for excitations injected by a local probe at the edges.
Its group velocity is tunable in-situ via the laser amplitude. Although the edge states are not pro-
tected by a band gap, the transmission remains mainly along the edge, see Fig. 4.4(a). Figure 4.4(b)
depicts the optical transmission vs. the propagation distance and the probe frequency. For small
probe frequencies there are no edge states, thus the response is local and weak. Increasing the
probe frequency makes edge states resonant, leading to transmission along the edge. For a given
probe frequency, two edge modes are resonant, with a quasimomentum difference ∆k. This ex-
plains the interference pattern, with transmission minima at x =±nπ/∆k. The mechanical trans-
mission mirrors the optical one (|tM (ω, x)| ∝ |tO(ω, x)|) for strong coupling, and there is no trans-
port for weak coupling (a flat edge state band).

4.4 Optomechanical Klein tunneling

The in-situ tunability of optomechanical metamaterials allows to create arbitrary effective poten-
tial landscapes simply by generating a spatially non-uniform driving laser profile. This can be
nicely illustrated in a setup that permits the study of Klein tunneling, the unimpeded transmission
of relativistic particles through arbitrary long and high potential barriers. Electrons in graphene
realize a special variant of this [175]. Here, we show that the backscattering of Dirac polaritons
impinging on an optomechanical barrier is suppressed. Moreover, photons can be converted into
phonons (and vice versa) while being transmitted.

To create a barrier for Dirac photons propagating in the array, we make use of the distinctive in-
situ tunability of optomechanical metamaterials. As shown in Fig. 4.5(a), when a region of width D
is illuminated by a strong control laser (of detuning ∆=−Ω), a position-dependent optomechani-
cal coupling g (x) is created. This region represents a barrier for Dirac photons injected by a probe
laser at another spot. We first solve the scattering problem within the Dirac Hamiltonian (4.21) in
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mechanical transmission against barrier height . (gray line: optical transmission as predicted an-
alytically from the optomechanical Dirac equation) [Parameters: κ= 0.005Ω, Γ= 0.001Ω, J =Ω/6,
K = J/10] (This figure has been published in [159].)

the presence of a barrier with infinitely sharp edges: g (x) = g for 0 < x < D and 0 otherwise. We
consider a right-moving photon with quasimomentum perpendicular to the barrier,

|ψin〉 = e i qO x |σx = 1,τz = 1〉. (4.34)

Backscattering is forbidden, because the helicity is conserved and only the right-moving waves
[bold lines in Fig. 4.5(b)], have positive helicity σx = 1. Thus, the wave is entirely transmitted.
Beyond the barrier, it is a superposition of photons and phonons:∣∣ψout

〉= tOe i qO x |1,1〉+
√

vO/vM tM e i qM x |1,−1〉, (4.35)

where qM = vO qO/vM . Note that |tM |2 can be interpreted as the probability that the photon is
converted into a phonon, with |tO |2 = 1−|tM |2 ensuring conservation of probability. Matching the
solutions of the Dirac equation in the different regions, we find

|tM |2 = sin2[(q+−q−)D/2]
/

[1+ v3
O q2

O/(4vM g 2)], (4.36)

where q± are the two momenta of the right-moving polaritons in the interacting region, at the
probe frequency. In a more accurate description, we compute numerically the stationary light am-
plitude 〈â j 〉 and the mechanical displacements 〈b̂ j 〉 using the full Hamiltonian (4.1) and including
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also dissipation. We assume the probe laser to be injected at a finite distance from the barrier, in
a Gaussian intensity profile, see Fig. 4.5(a). We consider an infinite strip with armchair edges and
a width of N = 500 unit cells (in the x-direction). Notice that the unit cell of an armchair strip is
formed by four sites s = 1,2,3,4 and we label the unit cell by mx and my . Every sites of the array is
labeled by the multi index j = (mx ,my , s). The optomechanical barrier created by the strong control
laser is translationally invariant in the y-direction, and we assume a shape

g (mx ) = g
1[

eβ(mx−mR ) +1
] 1[

eβ(mL−mx ) +1
] (4.37)

with β = 2, mL = 200, and mR = 213 . The probe laser has a Gaussian intensity profile in the x-
direction with average inplane momentum close to the K symmetry point, â(in)

j = exp[−i∆p t −
(mx −m0)2/δm2 + i rj·k̄], where rj labels the physical position of the site j = (mx ,my , s). We choose
k̄−K = (0.029/a,0), ∆p =Ω+vO |k̄−K|, m0 = 90, and δm = 30. The solution, depicted in Fig. 4.5(c),
shows all the qualitative features predicted using the effective relativistic description of Eq. (4.36).
Inside the barrier, photons are converted back and forth into phonons. Phonons reach higher prob-
abilities, since their speed is smaller (vM < vO), and their decay length is shorter (for realistic pa-
rameters Γ/vM > κ/vO). We deliberately chose a steep barrier (on the scale of the lattice constant),
to illustrate a small Umklapp backscattering to the other Dirac point (tiny wiggles for x < 0). The
ratio of the photon current to the complete current at x0 > D , vO |a0|2 /(vM |b0|2 + vO |a0|2), serves
as an estimate for the photon transmission probability. Figure 4.5(d) shows the optical and me-
chanical transmission against the barrier height, which can be tuned via the control laser. The fact
that the numerical results with dissipation differ from the theoretical expectation (grey line: |tO |2)
is mostly due to vM ¿ vO . Having a large mechanical quasimomentum, qM = vO qO/vM À qO ,
diminishes slightly the quality of the Dirac approximation.

4.5 Experimental prospects and outlook

The strong coupling regime, g > κ, is routinely reached on several optomechanical platforms, in-
cluding optomechanical crystals. It is also crucial to avoid a phonon-lasing instability, which re-
quires J . Ω/3 (see section 3.3.2). In principle, J can be made small by design (e.g. distance be-
tween sites [118, 125, 127]), although disorder effects become more pronounced at smaller J . In
2D , even for frequency fluctuations of the order of J , the Anderson localization length is several
hundred sites, safely exceeding realistic sample sizes. We note that the edges states are not topo-
logically protected, hence disorder can lead to back scattering. For Klein tunneling, one has to
distinguish between disorder that is smooth on the scale of the lattice constant and disorder that
is not smooth on this scale. Klein tunneling should not be very susceptible to smooth disorder,
because it does not hamper the conservation of helicity. Thus back, scattering remains forbidden.
In the presence of disorder which is not smooth on the scale of the lattice constant, the helicity
is no longer conserved, which might induce Umklapp scattering between different Dirac points.
Numerical simulations indicate that the Klein tunneling is robust against this kind of disorder in
the optical eigenfrequency with a strength of 10% of J , cf. Figure 4.6, which illustrates the suscepti-
bility of the stationary light amplitudes and mechanical displacements to different levels of disor-
der. We note that current experiments on photonic crystal structures show that both mechanical
and optical eigenfrequencies of the localized modes have about the same fractional spread due to
slight imperfections of the geometry obtained in the fabrication process. However, since the me-
chanical eigenfrequency (∼ 10GHz) is orders of magnitude smaller than the optical eigenfrequency
(∼ 100THz), and K = 0.1J , the mechanical disorder measured in units of K is 1000 times smaller
than the optical disorder measured in J . Thus, the disorder in the optical frequencies, which was
considered in our simulations, should dominate the transport behavior.
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Figure 4.6: Susceptibility of the optomechanical Klein tunneling setup illustrated in figure 4.5
to disorder in the optical eigenfrequencies which is not smooth on the scale of the lattice con-
stant. The barrier is illustrated by the green region and the stationary light amplitudes (solid)
and mechanical displacements (dashed) are plotted against the position for increasing levels
of disorder. The optical eigenfrequencies are random and equally distributed in the interval
[ωcav −∆ωcav/2,ωcav +∆ωcav] the remaining parameters are identical to figure 4.5.

Optomechanical metamaterials will offer a highly tunable platform for probing Dirac physics
using tools distinct from other systems. Future studies could investigate the rich nonlinear dy-
namics expected for blue detuning, which would create novel particle pair creation instabilities for
a bosonic massless Dirac system. Pump-probe experiments could reveal time-dependent trans-
port processes. Novel features can also be generated by modifying the laser drive, e.g. optical
phase patterns could produce effective magnetic fields and topologically nontrivial band struc-
tures [168], and a controlled time-evolution of the laser would allow to study adiabatic changes,
sudden quenches and Floquet topological insulators [176].
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5
OPTOMECHANICAL GAUGE FIELDS

In this chapter we propose using the optomechanical interaction to create artificial magnetic fields
for photons on a lattice. The ingredients required are an optomechanical crystal, i.e. a piece of
dielectric with the right pattern of holes, and two laser beams with the right pattern of phases.
One of the two proposed schemes is based on optomechanical modulation of the links between
optical modes, while the other is a lattice extension of optomechanical wavelength-conversion se-
tups. We illustrate the resulting optical spectrum, photon transport in the presence of an artificial
Lorentz force, edge states, and the photonic Aharonov-Bohm effect. Moreover, we briefly describe
the gauge fields acting on the synthetic dimension related to the phonon/photon degree of free-
dom.

Throughout this chapter we follow the lines of our publication

[177] Optomechanical creation of magnetic fields for photons on a lattice
M. Schmidt, S. Keßler, V. Peano, O. Painter and F. Marquardt
Optica 2, 635 (2015)
DOI: 10.1364/OPTICA.2.000635
(c) 2015 Optical Society of America.
One print or electronic copy may be made for personal use only. Systematic reproduction and

distribution, duplication of any material in this paper for a fee or for commercial purposes,

or modifications of the content of this paper are prohibited.

Light interacting with nano-mechanical motion via the radiation pressure force is studied in the
field of optomechanics. The field has seen rapid progress in the last few years (see the recent review
[4]). So far, most experimental achievements have been realized in setups comprising one optical
mode coupled to one vibrational mode. Obviously, one of the next frontiers will be the combina-
tion of many such optomechanical cells into an optomechanical array, enabling the optical in-situ
investigation of (quantum) many-body dynamics of interacting photons and phonons. Many ex-
perimental platforms allow to be scaled up to arrays. However, optomechanical crystals seem to
be the best suited candidate at the present stage. Optomechanical crystals are formed by the peri-
odic spatial patterning of regular dielectric and elastic materials, resulting in an enhanced coupling
between optical and acoustic waves via moving boundary or electrostriction radiation pressure ef-
fects. Two-dimensional (2D) optomechanical crystals with both photonic and phononic bandgaps
[77] can be fabricated by standard microfabrication techniques through the lithographic pattern-
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5. Optomechanical gauge fields

ing, plasma etching, and release of a thin-film material [74]. These 2D crystals for light and sound
can be used to create a circuit architecture for the routing and localization of photons and phonons
[74, 79–81, 123].

5.1 Photonic gauge fields in optomechanical arrays

Optomechanical arrays promise to be a versatile platform for exploring optomechanical many-
body physics. Several aspects have already been investigated theoretically, e.g. synchronization
[125–127], long-range interactions [112, 114], reservoir engineering [129], entanglement [103, 130],
correlated quantum many-body states [127], slow light [132], transport in a 1D chain [131], and
graphene-like Dirac physics [159].

One of the central aims in photonics is to build waveguides that are robust against disorder
and do not display backscattering. Recently there have been several proposals [178–182] to engi-
neer non-reciprocal transport for photons. On the lattice, this corresponds to an artificial magnetic
field,which would (among other effects) enable chiral edge states that display the desired robust-
ness against disorder. First experiments have shown such edge states [183–185]. These develop-
ments in photonics are related to a growing effort across various fields to produce synthetic gauge
fields for neutral particles [186–188].

In this chapter we will propose two schemes to generate an artificial magnetic field for photons
on a lattice. In contrast to any previous proposals or experiments for photonic magnetic fields
on a lattice, these would be controlled all-optically and, crucially, they would be tunable in-situ
by changing the properties of a laser field (frequency, intensity, and phase pattern). They require
no more than a patterned dielectric slab illuminated by two laser beams with suitably engineered
optical phase fields. The crucial ingredient is the optomechanical interaction.

On the classical level, a charged particle subject to a magnetic field experiences a Lorentz force.
In the quantum regime, the appearance of Landau levels leads to the integer and fractional quan-
tum Hall effects, where topologically protected chiral edge states are responsible for a quantized
Hall conductance. On a closed orbit, a particle with charge q will pick up a phase that is given by
the magnetic flux Φ through the circumscribed area, where Φ = (q/ħ)

´
B ·dS in units of the flux

quantum, with B denoting the magnetic field. On a lattice, a charged particle hopping from site i
to j acquires a Peierls phase φi j = (q/ħ)

´ r j

ri
Adr determined by the vector potential A. Conversely,

if we can engineer a Hamiltonian for neutral particles containing arbitrary Peierls phases,

Ĥhop =ħJ
∑
〈i j 〉

e iφi j â†
j âi +h.c., (5.1)

we are able to produce a synthetic magnetic field. Here âi is the (bosonic) annihilation operator
on lattice site i. We note in passing that different phase configurations can lead to identical flux
patterns, reflecting the gauge invariance of Maxwell’s equations under the transformation A → A+
∇ξ(r) for any scalar function ξ.

Every defect in an optomechanical crystal [74, 79–81, 123] supports a localized vibrational (an-
nihilation operator b̂, eigenfrequency Ω0) and optical mode (â, frequency ωcav) that interact via
radiation pressure, giving rise to the standard optomechanical interaction [4]:

Ĥint =−ħg0â†â(b̂† + b̂). (5.2)

This can be utilized in two basic ways to introduce phases for the hopping of photons. First, one can
drive the optical mode by a control laser (frequency ωL) close to the red sideband, ωL ∼ωcav −Ω0.
Following the standard procedure of linearization and rotating wave approximation (RWA) [4] one
recovers a swap Hamiltonian, g â†b̂ +h.c., in which the phase φ of the coupling g ∈ C is set by the
control laser phase. We will show below how this can be used to create a photonic gauge field.
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Figure 5.1: Proposed schemes to create a photonic gauge field in optomechanical arrays by engi-
neering photon hopping phases. (a) Modulated link scheme. (b) Corresponding optical spectrum
of a row with relevant sidebands (dashed). Driven vibrational modes (yellow) optomechanically
modulate the frequency of optical link modes. Tunneling photons are thus up-converted to the
first sideband and pick up the phase of the modulation. Arrows in (b) indicate the resonant photon
transmission process in a row. (c) Wavelength conversion scheme and (d) corresponding opti-
cal spectrum: Neighboring modes in a row couple to a vibrational mode (yellow) optomechani-
cally (red lines, denoting the linearized optomechanical interaction). Two lasers, driving the op-
tical modes close to the red sidebands (wiggly arrows in d), give rise to resonant photon-phonon-
photon conversion with the phase set by the lasers. Different rows are connected via simple photon
hopping (blue lines), without a phase, in both schemes (a,c). The indicated phase configuration
corresponds to a constant magnetic field.

There is, however, also a second route, namely, driving the vibrational mode into a large amplitude
coherent state, 〈b̂(t )〉 = |β|e−i (Ωt+φ), using the radiation pressure force. These oscillations then
weakly modulate the optical eigenfrequency, ωcav(t ) =ωcav,0 +2g0|β|cos(Ωt +φ), with the phase φ
set by the oscillations. Again, in a suitable setting this will lead to an artificial magnetic field for the
photons. We now describe both methods in turn.

5.1.1 Modulated link scheme

Recently Fang et. al. [181, 189] proposed to create a photonic gauge field by electro-optically mod-
ulating the photon hopping rate Ji j = J cos(Ωt +φi j ) between neighboring cavities. This would
require locally wired electrodes for each link of the lattice. Here we propose a potentially more
powerful all-optical implementation of that idea. We employ optomechanically driven photon
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transitions, as first discussed in [121], but extended to a scheme with modulated interface modes,
depicted in Figure 5.1 (a). We now discuss the leftmost three optical modes in the first row, âA ,
âI , âB (from left to right), exemplary of the full grid. Their coherent dynamics is governed by the
Hamiltonian

Ĥ/ħ= ∑
i=A,B

ωi â†
i âi +ωI (t )â†

I âI − J (â†
I âA + â†

B âI +h.c.). (5.3)

The terms describe, in this order, the first (A) and third (B) optical mode, the temporally modu-
lated interface mode (I), and its tight binding coupling to the neighboring A and B modes with
photon tunneling rate J . As discussed further below, the eigenfrequency ω̄I of the interface mode
should be well separated from the eigenfrequencies of the adjacent A and B modes, for the transi-
tion A–I–B to be virtual. The interface mode is optomechanically coupled to a mechanical mode,
which itself is driven into a large amplitude coherent state. As mentioned above, this gives rise to
a weak modulation of its optical eigenfrequency, ωI (t ) = ω̄I +2g0|β|cos(Ωt +φ), with the phase φ
set by the driving. The required mechanical driving is easily generated by two-tone laser excitation
at a frequency difference Ω. The beating between the laser beams gives rise to a sinusoidal radi-
ation pressure force, which drives the mechanical mode. If ωB = ωA +Ω, then a photon hopping
from site A to B picks up the phase φ of the modulation: Starting from âA , it tunnels into âI where
it is inelastically up-scattered into the first sideband by the modulation and subsequently tunnels
into âB resonantly, as shown by the spectrum in Figure 5.1(b). We can derive an effective Hamil-
tonian, ħJeffe

iφâ†
B â A +h.c. for this process by integrating out the interface mode I using Floquet

perturbative methods to third order (see Appendix 5.5.1 ). For the effective hopping rate we find
Jeff = g0|β|J 2/[(ωA −ωI )(ωB −ωI )], to leading order in J and

∣∣β∣∣. Concatenating such three-mode
blocks, we create a linear chain (the first row in Figure 5.1a), with its optical spectrum schematically
depicted in Figure 5.1(b). Every time a photon hops to the right, it is up-converted and picks up the
phase of the drive. To obtain a 2d grid, we stack identical chains and connect neighboring rows by
direct photon hopping (whose rate must be chosen to equal Jeff, to obtain isotropic hopping), as
depicted in Figure 5.1(b). The phase configuration in Figure 5.1(a) corresponds to a constant mag-
netic field. Note that in contrast to the general Hamiltonian (5.1), this scheme does not allow for
phases when hopping between rows, yet it is still possible to achieve an arbitrary flux through every
plaquette. Hence, arbitrary magnetic fields can be generated, provided one can control the driving
laser phase at every interface mode. With the help of wave front engineering, this can be achieved
with no more than two lasers: A homogeneous ’carrier’ beam E1 = E10e−iωL t and a ’modulation’
beam E2 = E20e−i (ωL+Ω)t−iφ(x,y), with an imprinted phase pattern φ(x, y). Interference yields the
desired temporally modulated intensity |E10|2 +|E20|2 +2Re[E∗

10E20e−i (ωLt+φ(x,y))], exerting a radi-
ation force with a site-dependent phase. Care has to be taken to avoid exciting other vibrational
modes (those not at the interface mode), by engineering them to have different mechanical fre-
quencies. To this end, the driving frequency Ω would usually be chosen close to the mechanical
eigenfrequencyΩ0, so the mechanical amplitude is enhanced by the mechanical quality factor and
is thus much larger than any spurious amplitude in other (off-resonant) modes. By engineering the
intensity pattern |E20(x, y)| as well, one could suppress any such unwanted effects even further.

5.1.2 Wavelength conversion scheme

There is another, alternative way of engineering an optical Peierls phase, and it is related to op-
tomechanical wavelength conversion [117, 163]. In wavelength conversion setups, low frequency
photons in one mode are up-converted to a higher frequency in another mode by exploiting the
modes’ mutual optomechanical coupling to a vibrational mode. We propose to scale up this idea
into a grid as depicted in Figure 5.1(c). The leftmost three modes in the first row depict (in this
order) an optical mode (annihilation operator âA , frequency ωA), a mechanical mode (b̂, Ω0) and
another optical mode (âB ,ωB 6=ωA). The mechanical mode couples optomechanically to both op-
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Figure 5.2: Comparison between the experimentally accessible optical spectrum (LDOS) of the
ideal effective Hofstadter model (a) and the actual results from the proposed modulated link
scheme (b-d), for different optical decay rates and magnetic fluxes. The simulation results indicate
that the scheme works even beyond the perturbative regime. The resulting Hofstadter butterfly
could be observed by a local tapered fiber probe. Modulation of links produces higher side bands
(d). The phase configuration corresponds to a constant magnetic fluxΦ per plaquette, see Fig. 5.1.
[Parameters: grid: 10x10 (a), 12x12 (b-d); Jeff = 0.108Ω0 (a-d); κ = 0.01Ω0 (a,c,d), κ = 0.05Ω0 (b);
J = 0.3Ω0 (b-d); g0|β| = 0.3Ω0 (b-d); optical eigenfrequencies (relative to first mode) in a row (left
to right) including interface modes: (0,0.5,1,1.5, . . . )Ω0 (b-d).]

tical modes. A and B are driven by a laser with frequency ωL1 and ωL2, respectively: For mode A,
we requireωA −ωL1 =Ω0+δ≡ΩwhereωL1 denotes the driving laser’s frequency and δ¿Ω0 is the
detuning from the red sideband. For mode B , a similar relation ωB −ωL2 =Ω holds, as depicted in
the spectrum in Figure 5.1(d). After application of the standard linearization and RWA procedure
[4], the dynamics in a frame rotating with the drive is governed by the Hamiltonian

Ĥ/ħ=Ω ∑
i=A,B

â†
i âi +Ω0b̂†b̂ − (g∗

A âAb̂† + gB â†
B b̂ +h.c.). (5.4)

Elimination of the mechanical mode leads to an effective Hamiltonian ħJeffe
iφâ†

B âA +h.c. to lead-
ing order in |g A,B |/δ, with effective hopping rate Jeff = |g A||gB |/δ and hopping phase φ = φB −φA

. Here, φA and φB are the phases of the linearized optomechanical interaction, of the form g A =
|g A|e iφA , which are set by the phase of the laser drive at the corresponding site. Connecting alter-
nating A and B sites by mechanical link modes yields a row whose spectrum is depicted in Figure 5.1
(d). As in the previous scheme, we can simply connect rows by photonic hopping without phases
(at a rate Jeff) to yield a 2D grid. Phase front engineering of the two driving lasers is sufficient to
realize arbitrary magnetic fields for photons in the grid. We note that the scheme also works for
driving far away from the red sideband (yielding enhanced values ofΩ and thereby Jeff; see below),
though that requires stronger driving.

Another optomechanical scheme for non-reciprocal photon transport that could potentially
be extended to a lattice is based on optical microring resonators [182], but the connection of these
rather large rings via waveguides would presumably result in a more complicated and less compact
structure than what can be done with the photonic-crystal based approaches analyzed here.

5.1.3 Limitations

We now discuss the limitations imposed on the achievable effective hopping Jeff. The important
end result will be that Jeff is limited to about the mechanical frequencyΩ0, even though perturba-
tion theory would seem to imply a far smaller limit.
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We denote as ε¿ 1 the order of the three small parameters J/|ωA−ωI |, J/|ωB −ωI |, and g0|β|/Ω
in the modulated link scheme (Fig. 5.1 a,b). Then the effective coupling strength in the pertur-
bative regime reads Jeff = O (ε3)Ω. Even though the modulation frequency Ω need not equal the
eigenfrequency Ω0, they should usually be close to yield a significant mechanical response and
avoid other resonances. For the wavelength conversion scheme, where |g A,B |/δ=O (ε), we recover
Jeff = O (ε2)δ= O (ε3)Ω0, since RWA requires δ/Ω0 to be small as well. In any experimental realiza-
tion, photons will decay at the rate κ. Thus they travel ∼ Jeff/κ ∼ (Ω0/κ)O (ε3) sites. In order for
the photons to feel the magnetic field (or to find nontrivial transport at all), this number should
be larger than 1. That precludes being in the deep perturbative limit ε¿ 1, even for a fairly well
sideband-resolved system (where typically κ∼ 0.1Ω0). Similar considerations apply for other pro-
posed (non-optomechanical) schemes based on modulation [181].

We now explore numerically the full dynamics, beyond the perturbative limit. The optical local
density of states (LDOS) is experimentally accessible by measuring the reflection when probing an
optical defect mode via a tapered fiber, and it reveals the spectrum of the Hamiltonian. It thus pro-
vides a reasonable way to asses the validity of the effective Hamiltonian beyond the perturbative
limit. Figure 5.2 (a) shows the LDOS in the bulk calculated with the ideal effective Hofstadter model
(5.1) for a spatially constant magnetic field, depicting the famous fractal Hofstadter butterfly struc-
ture [190]. For comparison, we plot the LDOS of the modulated link scheme in Figure 5.2(b,c). It
is obtained by calculating numerically the Floquet Green’s function of the full equations of motion
(with time-periodic coefficients), see Appendix 5.5.2. The results indicate that the scheme works
even for Jeff ∼ 0.1Ω> κ, although perturbation theory clearly breaks down in this regime. We stress
that the butterfly in Fig. 5.2(b,c) could even be observed experimentally at room temperature, since
the spectrum is insensitive to thermal fluctuations. One would also observe sidebands, see Figure
5.2(d). Similar results hold for the wavelength-conversion scheme (not shown here).

5.2 Photon transport in an artificial photonic gauge field

In addition to measuring the optical spectrum, it is also possible to look at photon transport in a
spatially resolved manner, by injecting a probe laser locally and then imaging the photons leaving
the sample. This provides another way to observe the effects of the artificial gauge field, which
gives rise to distinct transport phenomena as depicted in Figure 5.3(a,b). For small magnetic fields,
|φ|¿ 2π, the dynamics can be understood in the continuum limit when probing the bulk: One re-
covers the standard Landau level picture for electrons in a constant magnetic field [190, 191], with
effective mass m∗ = ħ/2Ja2 and cyclotron frequency ωcyc = 2φJ , where a is the lattice constant.
In Figure 5.3 (a) the n = 1 Landau level is selected via the probe’s detuning ∆p with respect to the
drive. The circles indicate the semi-classical cyclotron orbits with radius R = a

√
(2n +1)/φ. In this

semi-classical picture, the momentum of a photon injected locally at a site in the bulk is equally
distributed over all directions, since the position is well-defined. Thus, the observed response re-
sembles a superposition of semi-classical circular Lorentz trajectories with different initial velocity
directions. A probe injected closer to the edge excites chiral integer Quantum Hall Effect edge
states, see Fig. 5.3(b).

The Aharonov-Bohm effect [192] is one of the most intriguing features of quantum mechanics.
In an interferometer, electrons can acquire a phase difference determined by the magnetic flux
enclosed by the interfering pathways, even though they never feel any force due to the magnetic
field. Figure 5.3(c) depicts a setup that is based on the wavelength conversion scheme and realizes
an optical analog of the Aharonov-Bohm effect: A local probe is transmitted via two pathways,
leading to an interference pattern in the transmission. The pattern is shifted according to the flux
through the ’ring’, see Fig. 5.3 (d), confirming the effect.
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Figure 5.3: Microscopic simulation of the wavelength conversion scheme, Eq. (5.4), indicating its
feasibility: Spatial distribution of light intensity upon local injection of a probe laser in the bulk (a)
and at the edge (b), for a constant artificial magnetic field. Bulk transport (a) is governed by Landau
levels and can be understood as a superposition of classical cyclotron orbits (yellow circles) for
different momentum directions. (b) At the edges robust edge channels exist. (c) Optical Aharonov-
Bohm effect in minimal symmetric setup: (d) The interference pattern (normalized probe laser
transmission intensity) is shifted by the magnetic flux through the ring. [Parameters: 22x22 grid
(a,b); δ= 0.3Ω0 (a,b), δ= 0.1Ω0 (d); g = 0.2Ω0 (a,b), g = 0.01Ω0 (d); κ= 0.01Ω0; Γ= κ/10; Φ= 2π/8
(a,b); J = 0.13Ω0 (a,b), J = 0.001Ω0 (d), ∆p = 1.278Ω0 (a), ∆p = 1.260Ω0 (b), ∆p = 1.103Ω0 (d)]

All the effects displayed in Fig. 5.3 have been simulated numerically for the wavelength conver-
sion scheme, see Appendix 5.5.3, but similar results hold for the modulated-link scheme.

5.3 The synthetic photon/phonon dimension and optomechanical
gauge fields

So far we have analyzed schemes to engineer hopping phases for photons. We now ask about sit-
uations where the phonons are not only employed as auxiliary virtual excitations, but rather occur
as real excitations, which can be interconverted with the photons. This means, in addition to the
modes making up the lattices described above (in either of the two schemes), we now consider
on-site vibrational modes b̂ j coupled optomechanically to the corresponding optical modes â j .
Using the standard approach [4], we arrive at a linearized optomechanical interaction of the form
−g â†

j b̂ j +h.c.. Moreover, to be general (and generate nontrivial features connected to the gauge
field structure), we will assume the neighboring phonon modes may also be coupled, as described
by a tight-binding Hamiltonian of the form −K

∑
〈i j 〉 b̂†

j b̂i +h.c..
When discussing the effects of gauge fields in such a setting, the system is best understood

within the concept of ’synthetic’ dimensions [193, 194]. The optomechanical interaction can be
viewed in terms of an extension of the 1D or 2D lattice into such an additional synthetic dimension.
In our case, this dimension only has two discrete locations, corresponding to photons vs. phonons.
In that picture, the optomechanical interaction, converting photons to phonons, corresponds to a
simple hopping between sites along the additional direction. Figure 5.4 (a) sketches this for an
optomechanical ring: photons and phonons represent two layers separated along the synthetic
dimension. Applying any of our two previously discussed schemes, a photon hopping from site i

to j will acquire a phase φi j =
´~r j

~ri
d~r ~A. The gauge field A must now be viewed as a vector field

in this new 3d space, where one of the dimensions is synthetic. A finite hopping phase φ at one
of the optical links creates a magnetic flux through the optical plaquette as desired, see Fig. 5.4
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Figure 5.4: Optomechanical gauge fields within the concept of synthetic dimensions. (a) The op-
tomechanical coupling, g , can be viewed as connecting sites along a synthetic dimension (photons
vs. phonons). A phase for the photon hopping, engineered using the schemes from above, creates
a flux in the optical plaquette (blue, top) and in the adjacent synthetic plaquette (gray). Hence,
the magnetic field (black lines) in the full space is divergence-free. (b) Engineering exclusively the
phases of g allows to create magnetic fields/fluxes, but only perpendicular to the synthetic dimen-
sion. Shining a single tilted laser on a 1D chain yields a synthetic optomechanical ladder system
with constant synthetic magnetic flux. (c) 2D array, with the field inside the (physical) plane gen-
erated by an arbitrary laser phase pattern.

(a). However, and this is the important point, since the magnetic field B is divergence-free, the
field must penetrate at least one additional plaquette, causing the opposite magnetic flux in the
synthetic dimension (assuming g ∈ R). In general, realizing that there is this kind of behavior is
crucial to avoid puzzles about seeming violations of gauge symmetry in situations with photon
magnetic fields in optomechanical arrays. It is necessary to keep track of the full vector potential
in the space that includes the synthetic dimension.

We now take a step back, getting rid of the previously discussed engineered schemes that re-
quired two lasers and some arrangement of ’link’ modes. Rather we will consider simple optome-
chanical arrays, i.e. lattices of optical and vibrational modes, with photon and phonon tunnel
coupling between modes and with the optomechanical interaction. We ask: What is the effect of
an arbitrary, spatially varying optical phase field in the driving laser that sets the strength of the
optomechanical coupling? It turns out that the resulting spatially varying phase of the optome-
chanical coupling, g j = |g j |e iϕ j , can be chosen to create arbitrary magnetic fields perpendicular to
the synthetic dimension. A particularly simple example is a simple linear chain of optomechanical
cells. Shining a tilted laser (i.e. with a phase gradient, ϕ j = j ·δϕ) onto such a 1D optomechani-
cal array creates a constant magnetic flux through the plaquettes of the “optomechanical synthetic
ladder” that can be drawn to understand the situation, cf. Figure 5.4 (b). The quantum mechan-
ics of excitations tunneling between the two ’rails’ of the ladder (corresponding to photon-phonon
conversion) is directly analogous to experiments on electron tunneling between parallel wires in a
magnetic field [195]. The magnetic field shifts the momenta of the tunneling particles, giving rise to
resonance phenomena when the shifted dispersion curvesω(k) of the excitations match. Via phase
front engineering one could create arbitrary synthetic magnetic fields also in 2D grids, see Figure
5.4(c). We note, though, that this method is constrained since it cannot create directly magnetic
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fluxes through optical or mechanical plaquettes, and in general only the schemes discussed above
provide full flexibility. On the other hand, if either the photon or phonon modes are occupied only
virtually, then effective fluxes can still be generated for the remaining real excitations, even with a
single laser, and this works best for phonons (see [168, 196]).

5.4 Experimental prospects and outlook

We now discuss the most salient aspects of the experimental realization. Both the ’butterfly’ opti-
cal spectrum and spatially resolved transport can be probed using homodyne techniques, which
are insensitive to noise. Real-space optical imaging is feasible, as the defects are a few microme-
ters apart. The optical phase pattern can be engineered using spatial light modulators. No time-
dependent changes of the pattern are needed here, since the time-dependence is generated via the
beat-note between the two laser beams.

For the modulated-link scheme, the mechanical oscillation amplitude β used for the modu-
lation should overwhelm any thermal fluctuations. In the example of Fig. 5.2, we assumed g0β =
0.3Ω0. At recently achieved parameters [79] g0/2π= 220kHz andΩ0/2π= 9GHz , this would imply
β∼ 104, i.e. a phonon number of 108 reached by driving, certainly larger than the thermal popula-
tion. If we drive the mechanical vibration using a radiation pressure force oscillating at resonance
(assuming the quoted g0 also for the optical mode used in that driving), then we have β= 2g0nc /Γ,
where nc is the circulating photon number and Γ the mechanical damping rate. Given a mechan-
ical quality factor of Ω0/Γ = 2 ·105, this requires nc ∼ 103 photons for Fig. 5.2, a realistic number.
We note that thermal fluctuations of the mechanical amplitude give rise to a fractional deviation ofp

n̄th/β in Jeff, with a slow drift on the time scale Γ−1. At typical temperatures used in experiments,
we have n̄th ∼ 100−1000, and so the fractional change is on the order of a percent, which will not
noticeably impact transport.

In the alternative wavelength-conversion scheme, one should strive for a large photon-enhanced
optomechanical coupling rate g = g0α. A general estimate implies we always need the photon
number to be larger than (κ/g0)2 in order to see the butterfly spectrum and the transport effects.
This condition (compatible with Fig. 5.3) would require a circulating photon number of around
3 ·105 for the parameters demonstrated in a recent successful wavelength conversion setup based
on optomechanical crystals [117]. It is also important to estimate the unwanted influx of thermal
excitations from the phonon subsystem into the photon subsystem, at least if the setup is to be
applied in the quantum regime, for observing the transport of single photons in the presence of a
magnetic field. In the wavelength-conversion scheme, there is a detuning δÀ κ between the red
sideband of the laser and the phonon mode, such that photon-phonon conversion is suppressed.
Nevertheless, it still happens at a rate γn̄, where γ= g 2/δ is the “cooling rate” (for the detuned case
applicable here) and n̄ is the number of phonons in the mode. Fortunately, this phonon number
is also reduced by the very same off-resonant cooling process. Balancing the inflow and outflow of
excitations, we find that there will be a remaining unwanted photon occupation of n̄th

phot = n̄thΓ/κ
due to the conversion of thermal phonons into photons, where n̄th is the bulk thermal phonon oc-
cupation. The factor Γ/κ suppresses this number strongly, and it should be possible to reach the
regime n̄th

phot ¿ 1 in low-temperature setups.
Reducing fabrication-induced disorder will be crucial for any future applications of photonic

crystals, including the one envisaged here (as well as other photonic magnetic field schemes). In
first experimental attempts, the optical and mechanical disorder is on the percent level, which
makes especially the fluctuations of the optical resonance frequencies significant. Nevertheless,
strong reductions of the disorder will be possible by post-fabrication methods [197–199], such as
local laser-induced oxidation. These are expected to reduce the fluctuations down to the level of
10−5 relative optical frequency fluctuations. This is enough to suppress the optical disorder to some
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fraction of the photon hopping rate Jeff ∼ Ω, which will enable near-ideal photon transport (e.g.
Anderson localization lengths would be at least hundreds of sites, larger than the typical arrays).
Disorder in the mechanical frequencies can be reduced by similar techniques, but is much less
problematic, due to the difference in absolute frequency scales between optics and mechanics.

Optomechanical crystals represent an interesting system for the realization of artificial pho-
tonic magnetic fields due to their all-optical controllability. Moreover, their rich non-linear (quan-
tum) dynamics [127] could be explored in the presence of an artificial magnetic field. In general,
the very flexible optical control could be used to create and explore novel features, e.g. varying the
optomechanical coupling strength spatially and/or temporally, both adiabatically and with sud-
den quenches. Moreover, a second strong control laser could be used to create a spatially and
temporarily varying optical on-site potential landscape.

5.5 Appendices

5.5.1 Derivation of the effective magnetic Hamiltonian for the modulated link
scheme

Here, we derive the effective Hamiltonian ħJeffe
iφâ†

B â A +h.c. that describes the tunneling of pho-
tons from site A to site B in the presence of an effective magnetic field created using the modu-
lated link scheme. We start from the full time dependent Hamiltonian Eq. (5.3). Since this second-
quantized Hamiltonian is particle conserving we can switch to a first-quantized picture in the stan-
dard way. The corresponding single-particle Hamiltonian ĤM reads

ĤM =ħ
ωA 0 −J

0 ωB −J
−J −J ω̄I +2g0|β|cos(Ωt +φ)

 . (5.5)

It acts on the photon wavefunction |ψ〉 ≡ (ψA ,ψB ,ψI ) where ψs describes the probability ampli-
tude that the photon is localized on site s, s = A,B , I . Since the Hamiltonian is time periodic,
there is a complete set of quasi-periodic solutions of the Schrödinger equation, |ψ j (t +2π/Ω)〉 =
exp[−i 2πω j /Ω]|ψ j (t )〉 where 2π/Ω is the period and index j spans the Hilbert space, j = 1,2,3. In
practice, one solves the eigenvalue problem ε j m |φ j m〉〉 =H j m |φ j m〉〉 where H ≡−iħ∂t+ĤM is the
Floquet-Hamiltonian, ε j m =ħ(ω j+mΩ) are the quasienergies and |φ j m〉〉 = exp[i (ω j+mΩ)t ]|ψ j (t )〉
are time-periodic states, the so-called Floquet eigenstates [m ∈ Z] [200]. Notice that the Floquet
Hamiltonian can be regarded as an operator on the extended Hilbert space of the time periodic
vectors equipped with the scalar product

〈〈φ j |φm〉〉 = 1

T

ˆ T

0
dt〈φ j (t )|φm(t )〉. (5.6)

In this framework, we can use the standard quantum mechanical perturbation theory to derive
an effective time independent single-particle Hamiltonian. We assume a resonant driveωA ≈ωB +
Ω, and weak tunneling/driving, J A,B /|ωA,B − ω̄I |, g0β/Ω¿ 1. We identify resonant Floquet-levels
with quasienergiesħωA andħ(ωB+Ω) coupled via the third order virtual tunneling process through
the interface site I shown in Figure 5.5. Up to leading order in perturbation theory, we can focus on
the block of the Floquet Hamiltonian comprising the four unperturbed quasienergy levels that are
involved in this process, cf. Figure 5.5,

Ĥ =ħ


ωA 0 −J 0
0 ωB +Ω 0 −J
−J 0 ωI g0β

0 −J g0β
∗ ωI +Ω

 . (5.7)
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! !

ωA ωB + Ω

ω̄I + Ω

ω̄I

g0β
g0β

∗

Jeffe−iφ

Jeffeiφ

Figure 5.5: Floquet level scheme, i.e. quasienergy levels, describing the hopping transitions be-
tween sites A and B mediated by the virtual transition trough site I accompanied by the exchange
of a phonon.

Application of a standard Schrieffer-Wolff transformation [201–203], i.e. applying degenerate per-
turbation theory to third order, leads to the effective block diagonal Floquet Hamiltonian

Ĥeff =ħ
(
ω̃A Jeffe

−iφ

Jeffe
iφ ω̃B +ωex

)
. (5.8)

where ω̃s =ωs + J 2
s /(ωs −ω̄I ) with s = A,B and Jeff = g0|β|J A JB /[(ωA−ω̄I )(ωB −ω̄I )]. Finally, we turn

back Hamiltonian 5.8 into its second-quantized form and switch to a frame rotating with frequency
ω̃A (ω̃B ) on site A (B). For a resonant drive, ω̃A = ω̃B +Ω, this yields the desired form of the second-
quantized effective Hamiltonian, Jeff(e−iφâ†

A âB +e iφâ†
B â A).

5.5.2 Transmission amplitudes and density of states for the modulated link scheme

Here, we calculate the LDOS for the modulated link scheme which is plotted in Figure 5.2. We
use the full time dependent Hamiltonian Eq. (5.3) extended to the whole lattice (including also the
sublattice formed by the link sites). Since we are dealing with a time periodic system where the
energy is not a constant of motion, we have to appropriately generalize the definition of the LDOS.
A natural generalization of the standard definition to time-periodic systems is the following,

ρ(ω, j) =−2ImG(ω,0; j, j) (5.9)

where G(ω,m; j, l) is the Floquet Green’s function

G = −i

T

ˆ T

0
dτ

ˆ ∞

0
d te i (ω+mΩ)t+i mΩτ〈[âj(t +τ), â†

l (τ)]〉. (5.10)

The Floquet Green’s function describes the (linear) response of the array to a probe laser. More
precisely, the light amplitude on site j in the presence of a probe drive on site l with frequency ω
and amplitudeα(i n) [described by the additional Hamiltonian term HI = iħpκα(i n)(â†

l e−iωt +h.c.)]
is

〈âj(t )〉 =∑
m

e−i (ω+mΩ)t i
p
κα(i n)G(ω,m; j, l). (5.11)

This is essentially a generalization of the Kubo formula which applies to any time periodic Hamil-
tonian. Using the input-output relations, â(out )

j (t ) = â(i n)
j (t )−p

κâj, we can also calculate the field
outside the cavity,

〈â(out )
j (t )〉 ≡∑

m
e−i (ω+mΩ)t tO(ω,m; j, l)α(i n), (5.12)

73



5. Optomechanical gauge fields

where
tO(ω,m; j, l) = δjlδm0 − iκG(ω,m; j, l) (5.13)

is the transmission amplitude of a photon from site l to site j if it has been up-converted m-times
(or down-converted |m|-times for m negative).

For a time-periodic system with a particle conserving Hamiltonian, the Floquet Green’s func-
tion can be easily expressed in terms of the first-quantized Floquet Hamiltonian H =−i∂t −H(t ),

G(ω,m; j, l) = 〈〈j,m| (ω−H + iκ/2)−1 |l,0〉〉 (5.14)

Notice that the Floquet Hamiltonian and the Green’s function can be regarded as operators acting
on the extended Hilbert space of the time-periodic photon states with the scalar product Eq. (5.6 ).
As such they acts on the time periodic states |j,m〉〉, where index j indicates the lattice site and m
the Fourier component. Thus, the density of states can be readily computed by diagonalizing the
Floquet Green’s function. We find

ρ(ω) =∑
k

κ

(ω−ωk )2 +κ2/4

∣∣∣〈〈j,0|φk〉〉
∣∣∣2

, (5.15)

where ħωk are the quasienergies and |φk〉〉 are the corresponding Floquet eigenstates obtained by
numerically diagonalizing H . Taking into account that the Floquet eigenfunctions |φk〉〉 forms a
complete orthonormal basis of the Hilbert space of the time-periodic states [with the scalar prod-
uct Eq. (5.6 )], it immediately follows that the density of states is appropriately normalized,

ˆ ∞

−∞
dωρ(ω) = 2π. (5.16)

5.5.3 Transmission amplitudes for the frequency-conversion scheme

For the frequency-conversion scheme we start from the linearized Langevin equations for the full
array including the mechanical links modes [4, 159],

˙̂bk = i

ħ [Ĥ , b̂k]−Γb̂k/2+
p
Γb̂(in)

k ,

˙̂aj = i

ħ [Ĥ , âj]−κâj/2+p
κâ(in)

j . (5.17)

The first line (second line) describes the sites hosting a mechanical (optical) mode. The Hamilto-
nian Ĥ is given by Eq. (5.4) extended to the full array and the noise forces have the usual commuta-
tion relations [4]. Notice that Eq. (5.17) is written in a frame where the optical modes on sublattice
A and B are rotating with frequencyωL1 andωL2, respectively. A probe laser on site l with frequency
ω and amplitude αi n is described by the additional Hamiltonian term HI = iħpκα(i n)(â†

l e−i∆p t −
h.c.), where ∆p =ω−ωLs (s = 1,2 for l on sublattice A or B, respectively). The linear response of the
light amplitude on site j to such probe laser is given by the Kubo formula

〈âj(t )〉 = i
p
κα(i n)e−i∆p tG ââ† (∆p , j, l)

−i
p
κα(i n)e i∆p tG ââ(−∆p , j, l), (5.18)

with the Green’s functions

G ââ† (ω, j, l) =−i

ˆ ∞

0
d te iωt 〈[âj(t ), â†

l (0)]〉, (5.19)

G ââ(ω, j, l) =−i

ˆ ∞

0
d te iωt 〈[âj(t ), âl(0)]〉. (5.20)
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Notice that in Figure 3 and 4 of the main text we plot the resonant part of the response corre-
sponding to the first line of Eq. (5.18). If j and l lie on different sublattices, the frequency of the
probe signal is converted [to read off this frequency from Eq. (5.18), one has to keep in mind that
the frame of reference is rotating at different frequencies on the two optical sublattices]. Finally,

we note that the light transmitted outside of the sample
〈

â(out)
j

〉
= t (ω, j, l)

〈
â(in)

l

〉
can be readily

computed using the input output relations [167] â(out)
j = â(in)

j −p
κâj. From Eq. (5.18) we find the

transmission amplitude
tO(ω, l, j) = δlj − iκG ââ† (ω, l, j). (5.21)

Since the transmission amplitudes of a probe laser beam are generally proportional to the corre-
sponding light amplitudes inside the array (on all sites except for the one where the light is in-
jected), the amplitude patterns shown in Figures 3 and 4 could be directly measured by a position
resolved measurement of the light scattered by the array.

In order to calculate the transmission in Figures 3 and 4 we have calculated the Green’s function
numerically. We note that for an array with N ×N optical sites, there is a total of N (2N −1) sites
(including also the mechanical sites) and a total of 2N (2N−1) degrees of freedom. Thus, computing
numerically the Green’s function amounts to inverting a 2N (2N −1)×2N (2N −1) matrix. In Figure
3 and 4 we have chosen N = 22.
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6
SURFACE MODE DYNAMICS IN A LEVITATED AND

ROTATING FLUID DROPLET

In the present thesis, we have hitherto discussed the interplay of light and mechanical vibrations in
optomechanical arrays, i.e. periodic arrangements of optomechanical cells comprising an optical
mode and a mechanical mode that interact optomechanically via radiation pressure. Although we
stressed that in principle our findings are general and apply to every (suitable) experimental real-
ization of optomechanical arrays, we always had an optomechanical crystal realization in mind. In
this case, i.e. for an optomechanical cell that is realized via a defect in an optomechanical crystal,
the standard optomechanical Hamiltonian is known to correctly describe the dynamics [74, 77],
thus we never focused on the microscopic physics at the heart of the optomechanical interaction
in the present thesis. In this chapter we investigate an “exotic” realization of an optomechanical
multi-mode system in which the optics interacts with vibrational modes that couple to a macro-
scopic rotation of the system. The purpose of this chapter will be to shed light on the microscopic
dynamics of the vibrational modes and their interplay with the rotation.

The system under consideration consists of a levitated fluid droplet of spherical shape. It is well
known that spherically shaped objects support optical whispering gallery modes [72, 73] that can
be populated with photons via a driving laser. Due to the surface tension of the fluid, vibrational
modes can be excited on the surface of the drop. The surface modes cause a deflection of the drop’s
surface, which in turn detunes the eigenfrequency of a suitable whispering gallery mode. This is be-
cause the surface deflection changes the optical path length of the whispering gallery mode, which
affects its eigenfrequency, see [92] for instance. Consequently, the vibrational (surface) modes cou-
ple optomechanically to the optical whispering gallery modes. The situation is analogous to the
realization of the optomechanical Hamiltonian in (silica) microspheres [72, 73] and similar to real-
izations based on optical microresonators with different geometry [13, 59, 60, 65, 67, 68, 86, 204]. In
those setups, the vibrational modes also couple optomechanically to the whispering gallery modes.
Nevertheless a levitated fluid droplet is different from those systems as it is not rigid: imagine the
drop is spun up to rotate like a rigid body, as a result a centrifugal force builds up and acts upon
the surface of the drop. Consequently, the drop deforms and the established equilibrium shape is
determined by the balance of the surface tension induced restoring force and the centrifugal force.
This deformation will also affect the eigenfrequencies of the optical whispering gallery modes, thus
it seems that there could be a connection between the macroscopic rotation and the optical modes.
On the other hand, this rotation induced deformation also interfaces with the surface modes. A
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Figure 6.1: Color encoded deformation (zero lines in black) of a levitated fluid droplet due to cap-
illary waves (first row) on its surface and the corresponding flow field of the fluid inside the drop
(second row). The fluid drop has a spherical equilibrium shape and we depict the surface modes
with the lowest frequency (which have an angular mode number of l = 2). In total there are five
(complex) l = 2 modes that are labeled by m =−2,−1, . . . ,2 but only three different real-valued de-
formation patterns and velocity fields (the complex m =−1,−2 modes are the complex conjugates
of the m = 1,2 modes). In the second row we depict the flow field that is caused by the surface
deformation, i.e. by the capillary waves. The colored arrows indicate the flow field in the three di-
mensional space (color and length of the arrows indicate the magnitude of the field) and the blue
arrows at the bottom depict a horizontal cut through the drop’s center of mass.

80



6.1. Potential quantum non-demolition measurement of angular momentum?

detailed insight into this coupling is crucial for a thorough understanding of the dynamics of the
rotating droplet, and to answer basic questions such as: Will a rotating fluid droplet precess like a
rotating rigid body? It will thus be the objective of this chapter to investigate the interplay of the
rotation of the drop with the surface modes it supports.

The chapter is structured as follows: First, we briefly sketch how one might conduct a quantum
non-demolition measurement of the squared component of the macroscopic angular momentum
of the rotating fluid droplet. It will turn out that in order to grasp the possible effects of the mea-
surement induced back action the dynamics of the surface modes and especially their interplay
with the rotation has to be understood. In the second section, we review the properties of sound
modes in the interior of the drop and the characteristics of capillary waves on the drop’s surface
which have both been studied in the context of the liquid drop model in nuclear physics. We sum-
marize this review by providing the spectrum of the excitations of the non rotating drop. In section
6.3 we review a publication by Busse [205] in which he studies the influence of a prescribed ro-
tation (with fixed angular velocity) on the surface modes of a levitated fluid drop. Technically he
employs perturbation theory in the angular velocity and his main findings are the formation of a
centrifugal bulge and a Coriolis force induced splitting of the formerly degenerate surface modes.
In addition to altering the existing modes, the prescribed rotation leads to the emergence of addi-
tional, so-called inertial modes that only exist in rotating fluids. We briefly review their properties
in subsection 6.3.3. In section 6.4 we relax the condition that the angular velocity has to be fixed
and turn to study of the mutual interplay between the rotation and the surface modes, i.e. how the
dynamics of the surface modes may alter the rotation of the drop. The key idea is to extend the ap-
proach of Bohr and Mottelson to the liquid drop model [206] to include the rotation of the drop. We
restrict ourself to the five surface modes with the lowest frequency (angular mode number l = 2)
that are displayed in figure 6.1 together with the corresponding flow field inside the drop. We use
the five amplitudes of those modes and the Euler angles that define the instantaneous rotation of
the drop as generalized coordinates. Utilizing an ansatz for the velocity field in the droplet, we ob-
tain expressions for the kinetic energy and the potential energy (stored in the deformed surface)
and write down the Lagrangian. Finally, we derive the (rather lengthy) equations of motion that are
formulated in the generalized coordinates, i.e., in the amplitudes of the five surface modes and the
three Euler angles.

6.1 Potential quantum non-demolition measurement of angular
momentum?

In this section we briefly sketch a potential application as a motivation to study the interaction
between surface modes and the drop’s rotation.

As we already stated in the introduction, we consider a levitated drop of spherical equilibrium
shape, cf. figure 6.2 in which the dashed line depicts the perimeter of the non rotating droplet. The
drop supports an optical whispering gallery mode [72, 73] whose optical amplitude is sketched in
figure 6.2. Now we spin up the drop until it rotates like a rigid body, which will result in a centrifugal
force that deforms the drop. In essence, the drop develops a centrifugal bulge and will get slightly
oblate, cf. figure 6.2 in which the fluid is colored in blue. As we mentioned before, the centrifugal
bulge changes the optical path length of the whispering gallery mode, and it seems as there is a
coupling between the rotation and the whispering gallery mode. Next, we make an educated guess
for the Hamiltonian of the compound system comprising the drop and the laser driven whispering
gallery mode (annihilation operator â)

Ĥguess = Ĥdrop −ħ∆â†â + Ĥint + Ĥdiss + Ĥdrive . (6.1)
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∆R

Ωzlevitated
Helium drop

whispering gallery
mode

Figure 6.2: “Optomechanical” coupling between the angular velocity (or the angular momentum)
of a rotating fluid droplet and a whispering gallery mode that is supported by the drop. It might
enable a quantum non-demolition measurement of the drop’s macroscopic angular momentum.
The dashed line indicates the perimeter of a (spherical) levitated fluid droplet. The electrical am-
plitude of the whispering gallery mode is sketched in red. Spinning the drop around the z-axis with
the angular velocity Ωz leads to a deformation of the drop: it develops an equatorial bulge. (Here,
the fluid of the rotating drop is depicted in blue and the drop’s deformed surface is delineated by
the solid black line.) At the equator, the radius changes by ∆R, which alters the path length of
the whispering gallery mode and leads to an “optomechanical” coupling between the whispering
gallery mode and the rotation of the drop. See main text for details.

The terms describe in this order, the Hamiltonian of the drop itself, the whispering gallery mode,
the interaction between the rotation and the optical subsystem, the coupling to the environment
and the laser drive. The Hamiltonian (6.1) is written in a frame that rotates with the driving laser
and −∆ = ωcav −ωL denotes the detuning between the driving laser (frequency ωL) and the whis-
pering gallery mode (eigenfrequency ωcav). We assume that we are able to selectively drive the
whispering gallery mode in the equatorial plane, i.e. the one that is depicted in figure 6.2, and that
we can neglect the remaining whispering gallery modes. (Note that in a spherical drop all the whis-
pering gallery modes are degenerate in frequency, hence, the selection has to be accomplished by
a mode matching of the driving laser.)

Next, we focus on the Hamiltonian of the drop and assume that it approximately behaves like
a rigid body. We will devote further work on this issue in the remaining part of the chapter and just
use the rigid-body approximation as a working hypothesis at this point. Denoting the components
of the drop’s macroscopic angular momentum with respect to a frame that co-rotates with the drop
by (L̄x , L̄y , L̄z ), we deduce its Hamiltonian

Ĥdrop =
ˆ̄L2

x + ˆ̄L2
y

2I1
+

ˆ̄L2
z

2I3
. (6.2)

Here, I1 denotes the moment of inertia around the x-axis and the y-axis and I3 is the moment of
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inertia around the z-axis (the drop is oblate and axisymmetric about the z-axis, cf. figure 6.2, hence
I1 6= I3) and we note that the inertia tensor is diagonal and time independent in the co-rotating
frame.

We now turn to the interaction Hamiltonian and make an educated guess for its form. The
change of the resonance frequency of the whispering gallery mode scales with the change of the
optical path length (to leading order), which is in essence given by the change of the equatorial ra-
dius of the drop, i.e. by∆R in figure 6.2. Consequently, the interaction term has the form ħg̃∆Râ†â
with some coupling constant g̃ . Intuitively it is clear that if the droplet rotates faster, the equatorial
bulge is larger and thus ∆R increases. We guess that ∆R ∝Ω2

z , since it must not be linear in Ωz (if
the drop rotates in the opposite direction, i.e. Ωz →−Ωz , the drop develops the same equatorial
bulge). Since we focus on the leading order, there is no need to include higher order terms (we
will review a rigorous derivation in subsection 6.3.1). Employing the rigid body assumption we can
express the angular velocity in terms of the angular momentum (for a rotation around the z-axis
we have L̄z = I3Ωz ) and find our first guess for the interaction Hamiltonian

Ĥint =ħg ˆ̄L2
z â†â . (6.3)

The interaction Hamiltonian (6.3) enables a quantum non-demolition (QND) measurement
of ˆ̄L2

z by monitoring the frequency shift of the whispering gallery mode. We note that formally
this situation seems similar to QND readout of qubits via a microwave field [207, 208] and spin
polarized states of an atom cloud in a magnetic field [209]. There, however, the optics couples to

L̂z , whereas in our case it couples to ˆ̄L2
z . During the measurement the whispering gallery mode is

driven by a laser and thus the photon shot noise leads to a back-action which affects ˆ̄Lx and ˆ̄Ly .
Consequently, this has to alter the rotation of the drop in some way (a real rigid body would feature
a kind of noisy precession) and leads to questions such as: Can a rotating fluid droplet precess like
a rigid body?

To answer this question one has to take a step back and investigate the microscopic dynamics
of a rotating fluid droplet, especially the coupling between its surface modes (to which the optical
mode really couples) and the rotation of the droplet. In the remainder of the present chapter, we
thus study the fluid dynamics of a rotating droplet and review helpful results from the literature.

6.2 Undamped oscillations of a levitated normal fluid drop

This section is intended as an introduction to selected areas of fluid dynamics and to review known
results regarding sound modes and vibrational modes in (non rotating) fluid droplets. In the first
subsection, we begin by reviewing the theoretical description of sound in ideal fluids starting from
the fundamental equations of hydrodynamics. For this purpose we follow the lines of the textbook
[210], which has an excellent introduction into this topic. We then move on to review how surface
effects can be included into fluid dynamics, cf. subsection 6.2.2. There we loosely follow [210], but
state the boundary conditions a bit more precisely using a formal framework to express the two
relevant boundary conditions for the velocity and the pressure at the surface in terms of an implicit
specification of the surface. In general the boundary conditions are rather involved and lead to
complicated non-linear surface phenomena, hence we have to restrict ourself to small deviations
in the surface. Within this approximation, the modes (sound and vibration) of a non rotating fluid
drop have already been studied in the literature, for example in the field of nuclear physics as a
potential model for the nuclear core (liquid drop model) or in 19th century fluid dynamics [211]. In
the last subsection, we will extensively review those results loosely following the (rather condensed)
appendix in the nuclear physics textbook [206]
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6. Surface mode dynamics in a levitated and rotating fluid droplet

6.2.1 Sound in ideal fluids

In the field of hydrodynamics the state of a fluid is commonly described by the fluid’s velocity field

v = v(r, t ), (6.4)

and two, in principle arbitrary, thermodynamic quantities. A common choice is the pressure

p = p(r, t ) (6.5)

and the mass density
%= %(r, t ) (6.6)

of the fluid. Other thermodynamic quantities may be obtained via the fluid’s equation of state if de-
sired. All quantities above depend on both the position in the three dimensional space, r = (x, y, z)T

and the time t . We emphasize that the velocity field is specified as a function of the position, thus
v(r0, t ) describes the velocity field at the fixed position r0 and might change its direction and mag-
nitude in the course of time. It must not be confused with the velocity vtrace of a specific tracer
particle in the fluid that will move as time evolves, since it is dragged by the fluid. The same applies
to the other quantities and is known as the so called Eulerian specification in the field of hydrody-
namics. Note that the trajectory of a tracer particle rtrace(t ) can be found by solving

d

d t
rtrace(t ) = v(rtrace(t ), t ) ≡ vtrace(t ) (6.7)

with appropriate initial conditions.
The dynamics of an ideal fluid is governed by the two equations

∂

∂t
% = −div(%v) (6.8)

∂

∂t
v+ (v∇)v = −1

%
grad p, (6.9)

where in the second equation

(v∇)v = vx
∂v

∂x
+ vy

∂v

∂y
+ vz

∂v

∂z
(6.10)

and vx ,vy and vz denote the cartesian components of the velocity field. The former equation (6.8)
is a continuity equation that expresses the fact that the mass of the fluid is locally conserved. One
can define a current density

j = %v (6.11)

that measures the mass flow per unit area perpendicular to the flow per unit time. Equation (6.9)
describes the force balance for every infinitesimal volume element within the fluid. It is attributed
to Leonhard Euler, hence the name Euler equation. It is non linear due to the (v∇)v term and does
not capture any dissipative processes that might occur in the fluid. Especially internal friction of
the fluid (viscosity) or heat transport within the fluid or between the fluid and its surroundings are
neglected. Due to this approximation the fluids that are described by Euler’s equation are called
ideal fluids. From a thermodynamic point of view, the dynamics of a ideal fluid is adiabatic.

In general the dynamics of ideal fluids is rather complicated and has to be tackled numerically.
Except for a few problems that can be solved analytically, one has to apply further approximations
to make analytic progress. We want to describe a levitated Helium droplet in which the pressure
and the density of the ideal fluid are fixed by the experimental setup, i.e. the drop is levitated
in a vacuum chamber at low pressure and defined temperature that determines the fluid density.
For the moment being, we restrict ourself to the case of a non rotating drop at rest, and thus the
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6.2. Undamped oscillations of a levitated normal fluid drop

relevant dynamics consists in small amplitude oscillations around the equilibrium pressure and
density known as sound waves.

In this case, it is convenient to decompose the pressure and the density

p(r, t ) = p0 +δp(r, t ) (6.12)

%(r, t ) = %0 +δ%(r, t )

into their spatially and temporarily constant equilibrium values (p0 and %0) and the small fluctu-
ations around them, i.e. δp ¿ p0 and δ%¿ %0. Since the fluid is at rest, these small amplitude
oscillations result only in small velocity fields, and hence, we neglect all terms that are quadratic in
the small quantities in the continuity equation (6.8) and then we have

∂

∂t
δ%+%0divv = 0. (6.13)

We note that within this approximation the non-linear term in Euler’s equation (6.9) is second order
and can thus be neglected which tremendously simplifies the problem. Its linearized version now
reads

%0
∂

∂t
v+gradδp = 0. (6.14)

To make further progress, we have to combine equations (6.13) and (6.14). As we already stated
above, the dynamics in an ideal fluid is adiabatic, hence we can locally link pressure and density
deviations via the fluid’s adiabatic compressibility

δp(r, t ) =
(
∂p

∂%0

)
S
δ%(r, t ). (6.15)

To combine equations (6.13),(6.14) and (6.15) it is convenient to introduce a velocity potential ψ=
ψ(r, t ) and express the velocity as its gradient, i.e.

v(r, t ) = gradψ(r, t ). (6.16)

Noting that we used the gauge invariance of the velocity potential to absorb a spatially constant
offset, we recover a wave equation for the velocity potential

∂2

∂t 2ψ(r, t )−u2
c∇2ψ(r, t ) = 0. (6.17)

Here, uc denotes the velocity of sound in the fluid, which is determined by its adiabatic compress-
ibility

uc =
√(

∂p

∂%0

)
S

. (6.18)

Before we make an ansatz for the eigenmodes of the drop, we have a closer look at the boundary
conditions on the drop’s surface.

6.2.2 Surface effects: boundary conditions and surface tension

Within this thesis we restrict ourself to “free surfaces” in the sense that there is no container, which
limits the fluid, but the fluid rather forms a domain with a surface that is not constraint by the
environment. We define the surface in the three dimensional space implicitly by the points that
fulfill the equation

F (r, t ) = 0. (6.19)
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6. Surface mode dynamics in a levitated and rotating fluid droplet

Notice that we allow the surface to change in time, hence the time dependence. For example, a
spherical drop with radius R0 would be defined by

Fsphere(r, t ) = x2 + y2 + z2 −R2
0 . (6.20)

This implicit surface specification might seem cumbersome at first view, but will turn out to be
convenient later one, because the expressions for the normal field on the surface and its mean
curvature are simple. For the normal field we have

n(r, t ) = gradF (r, t )∥∥gradF (r, t )
∥∥ , (6.21)

and the mean curvature is related to the normal

1

2

(
1

R1
+ 1

R2

)
= 1

2
divn(r, t )

∣∣∣∣
F (r,t )=0

. (6.22)

Here, we expressed the mean curvature by the two principal radii of curvature, R1 and R2. We note
that equation (6.21) defines a vector field in the whole space, which coincides with the surface
normal field when evaluated on the surface, i.e. when imposing the constraint F (r, t ) = 0. One
straightforwardly verifies that the mean curvature of a spherical drop equals its radius R0 and that
the normal field points outward.

Surface tension. - The boundary condition at the surface of the drop comprises two parts. First,
the pressure in the parts of the fluid that are infinitesimally close to the surface has to equal the
pressure of the surroundings outside the drop plus the excess pressure that is generated by the
surface tension which acts on the surface, i.e.

p(r, t )
∣∣
F (r,t )=0 = pout +σ

(
1

R1
+ 1

R2

)
, (6.23)

where σ is the surface tension coefficient with dimensions [σ] = Jm−2. In the literature, this is
known as Young-Laplace equation and states that the surface tension generated pressure is pro-
portional to the mean curvature of the surface. It can be derived from the condition of thermody-
namic equilibrium and assuming that the work δW that is necessary to enlarge the surface area by
δA is given by δW =σδA, see for instance [210].

Normal velocity match. - The second boundary condition has to ensure that the flow field of the
fluid at the surface matches with the time evolution of the surface. Before we state the condition, it
is enlightening to consider the flow of a river as an every day example. Imagine for a moment that
there were no waves on the river, thus its surface is perfectly flat. On the other hand, there might
still be a current that does not distort the flat surface, hence, we deduce that the tangential part of
the flow field on the surface is not constrained by the surface.

Besides it is also clear that by definition the fluid is not allowed to penetrate the surface. This
is obvious in the case of a fluid that is bounded by a container with unmovable walls. There, the
component of the velocity that is normal to the wall has to vanish on the wall (because otherwise
the fluid would penetrate the wall at later times). In case of a movable surface, i.e. the situation
we consider in this chapter, the fluid is allowed to shift the surface in its normal direction. Hence,
the normal component of the velocity field on the surface has to equal the “normal velocity of
the surface”, i.e. the velocity with which the surface moves in the direction of its normal field.
Consequently, we recover the second boundary condition

v⊥(r, t )|F (r,t )=0 = usurf(r, t ), (6.24)
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6.2. Undamped oscillations of a levitated normal fluid drop
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Figure 6.3: (a) Illustration of the boundary condition for the flow field on the surface, here for ex-
ample, a traveling plane surface wave on a fluid with bulk current is depicted. The black line delin-
eates a snapshot of the fluid’s surface while the blue arrows indicate the instantaneous flow field.
The close-up in the red frame depicts the decomposition of the flow field at the surface into parts
tangential and normal to the surface. (b) A small distortion of the surface in the normal direction
allows to define the normal velocity of the surface: The solid line marks the surface at time t0 and
its normal vector field is indicated by the little arrows. The dashed line delineates the surface that
we obtain if we shift every surface point by the distance ∆s along the normal. If the shifted surface
corresponds to a later time t0 +∆t , it is clear that usurf(r0, t0) =∆s/∆t is the normal velocity of the
surface, which measures how fast a point on the surface moves in the normal direction. We note
that in general the distance is, of course, a function of the position on the surface, i.e. ∆s =∆s(r).

where v⊥ = n ◦ v denotes the normal component of the velocity field and usurf(r, t ) is the normal
velocity of the surface.

Figure 6.3(a) depicts a snapshot of the flow field of a plane surface wave on a fluid with a con-
stant rightward bulk flow, i.e., a plane wave on a flowing river. Note that the bulk flow is modified
by the presence of the surface wave. The close-up shows a decomposition of the flow field at the
surface and, according to the boundary condition (6.24), the normal component implies that the
surface (in the close-up) moves to the right as time evolves. In fact, the whole wave pattern in Fig-
ure 6.3(a) will move rightward (due to its prescribed phase velocity), which causes the deviations
in the flow pattern. Moreover, one can see that the surface wave induced modifications of the flow
field are strongest at the surface and decay with increasing depth. At the bottom of the figure, the
flow is almost constant.

Although the intuitive meaning of the normal velocity of a surface is rather clear, in the remain-
ing part of this subsection, we want to derive an explicit expression to obtain it from the equation
F (r, t ) = 0 that defines the surface for all times. One possibility is to start with a given surface and
slightly distort it in the normal direction. When this change of form is viewed as a time evolution
of the surface, one straightforwardly obtains the desired expression: Let F (r, t0) = 0 define an arbi-
trary surface at time t0, we can now easily obtain the distorted surface by shifting every point on
the surface by the tiny distance ∆s in the direction of the normal, see figure 6.3(b) for a sketch of
this shape transformation. We note that ∆s in general depends on the position and the time, i.e.
∆s = ∆s(r, t0), but we omit this for the sake of brevity. Let us further assume that the deformed
surface corresponds to the later time t0 +∆t with ∆t being small. In this case the normal velocity
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6. Surface mode dynamics in a levitated and rotating fluid droplet

x

y

R0δR(θ,φ)

Figure 6.4: The deflection of the surface of the droplet is described by the deviationδR(θ,φ) from its
equilibrium radius R0 and is parametrized by the angles θ and φ of a spherical coordinate system.
The spherical equilibrium surface is delineated by the dashed line, whereas the solid line depicts
the deflected surface that bounds the deformed droplet (its fluid is colored in blue).

at time t0 of the surface reads

usurf(r, t0) ≡ ∆s

∆t
, (6.25)

provided that both∆t and∆s are sufficiently small. We note that we dropped the condition F (r, t0) =
0 for the sake of simplicity, since it is rather obvious that the surface normal velocity field can only
meaningfully be defined for points on the surface. As a next step, we derive an expression for the
equation F (r, t0 +∆t ) = 0 that defines the distorted surface. From figure 6.3(b) we read off that for
all points r0 on the original surface

F (r0 +∆sn(r0, t0), t0 +∆t ) = F (r0, t0), (6.26)

which simply reflects the distortion of the surface. Since both the distance and the time are small
we expand the left hand side of equation to first order and obtain the expression

usurf(r, t0) ≡ ∆s

∆t
= − ∂

∂t F (r, t )∥∥gradF (r, t )
∥∥ , (6.27)

where the right hand side has to be evaluated on the surface and for the time t = t0.
In general the boundary condition for the normal velocity (6.24) is non-linear due to the form

of (6.27), which leads to complicated non-linear surface effects. We thus restrict ourself to small
surface deformations, which allows to apply further approximations and eventually to recover a
boundary condition that is linear in the velocities and the surface deformations.

6.2.3 Surface and sound excitations in the drop’s spectrum

We now have all the tools at hand to calculate the sound eigenmodes of a non rotating fluid drop.
Interestingly, this problem has been studied in the field of nuclear physics in the context of the
liquid drop model for the nuclear core. In this subsection we loosely follow the derivation that can
be found in the appendix of [206].

88



6.2. Undamped oscillations of a levitated normal fluid drop
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Figure 6.5: (a) Frequency of the eigenmodes of a Helium-4 drop with radius R0 = 1mm plotted
against the angular mode number l (scaling factor uc /R0 = 2π×40kHz). For each l ≥ 2 there are n =
0,1,2 . . . solutions ωn=0,l <ωn=1,l < ... that are degenerate in m =−l ,−l +1, . . . , l . The dots indicate
selected numerical solutions of the equation (6.41) determining the spectrum and the lines depict
the approximative solutions (6.42) (for n = 0) and (6.52) (for n = 1). The spectrum features a large
gap between the branch of surface modes (n = 0) and the gray area that is densely populated with
sound modes with n ≥ 1. The radial dependence of the pressure in sound modes is shown in (b)
for n = 1 and (c) for n = 2 for different angular mode numbers (number of nodes: n − 1). The
pressure in the surface modes is not shown but it decreases as a power law (with exponent l ) with
increasing radial distance, see equation (6.49). We note that the velocity potentialψ is proportional
to the pressure deviations, cf. Euler equation (6.14), and thatωn=1,l=2 ≈ 225kHz×2π andωn=0,l=2 ≈
24Hz× 2π. [Parameters for Helium-4: uc = 245ms−1, %0 = 130kgm−3, σ = 3.75× 10−4 Jm−2, anl

denotes the mode amplitude (index m was dropped)]
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6. Surface mode dynamics in a levitated and rotating fluid droplet

Since the drop is levitated, we assume a spherical equilibrium shape and thus make the usual
ansatz for the monochromatic solutions of the wave equation (6.17) that fits the spherical symme-
try

ψnlm(r,θ,φ) = jl (knl r )Yl m(θ,φ)e−iωnl t ·anlm . (6.28)

Here, jl (x) denotes the spherical Bessel functions of the first kind, Ylm(θ,φ) are spherical harmon-
ics, ωn denotes the eigenfrequency, knl = ωnl /uc is the radial wave vector and anlm denotes the
amplitude of the (n, l ,m)-mode. We can read off that the mode function of the velocity potential
for the (n, l ,m)-mode of the drop is simply jl (knr )Yl m(θ,φ) from which we obtain the velocity and
pressure mode functions by taking the gradient and apply (6.14) if desired. We note that we have
introduced a spherical coordinate system in the usual way

x = r sinθcosφ (6.29)

y = r sinθ sinφ

z = r cosθ

and restricted the ansatz to spherical Bessel functions of the first kind, since those are regular at
the origin.

In a next step we have to determine ωnlm and kn from the boundary conditions at the surface,
which yields the mechanical spectrum of the drop. In the previous subsection, we have already
discussed the two boundary conditions in detail and have seen that the sound modes will cause
deformations of the surface of the drop. We define the surface of the drop by parametrizing its
outward deflection at time t in spherical coordinates

R(θ,φ, t ) = R0 +δR(θ,φ, t ). (6.30)

Note that δR can be viewed as a scalar field defined in the whole space, and we thus have the
implicit specification of the drop’s surface

F (r, t ) = r2 − (R0 +δR(θ,φ))2 != 0. (6.31)

We now turn to the boundary condition for the velocity field at the surface. For small deforma-
tions, δR ¿ R0, it is intuitively clear that the radial component of the velocity at the surface has to
equal the time derivative of the deflection. Moreover, for small deformation it is irrelevant whether
the velocity field is evaluated at the deflected surface or at the equilibrium shape and we thus find
the first boundary condition

∂

∂r
ψ

∣∣∣∣
r=R0

= ∂

∂t
δR . (6.32)

We note that this equation can also be obtained formally from the more general boundary con-
dition for the velocity field, i.e. equation (6.24), when all terms that are quadratic in the velocity
potential and the deflection (and their products) are neglected. Hence, equation (6.32) represents
the boundary condition to leading order in the small deflections from the spherical equilibrium
shape. Moreover we see, that the angular dependence of the surface deflection is independent of
n and solely determined by spherical harmonics

δR(θ,φ, t ) ∝ Ylm(θ,φ)e−iωnl t . (6.33)

The second boundary condition relates the pressure of the fluid at the surface to the additional
pressure that is caused by the deflection of the surface due to surface tension. After substituting
the pressure decomposition (6.12) into the pressure boundary condition (6.23) we can split it in a
condition for the bulk pressure

p0 = pout + 2σ

R0
(6.34)

90



6.2. Undamped oscillations of a levitated normal fluid drop

and one for the deviation δp from p0

%0
∂

∂t
ψ

∣∣∣∣
r=R0

= σ

R2
0

(
2+∆θφ

)
δR, (6.35)

where we used Euler’s equation (6.14) to express δp in terms of the time derivative of the velocity
potential in which we absorbed a spatial constant

δp =−%0
∂

∂t
ψ . (6.36)

We note that the surface tension σ enhances the equilibrium pressure in the drop p0, cf. equation
(6.34). The mean curvature of a slightly deformed drop can formally be obtained by expanding
(6.22) to first order in the deflection δR. The leading order result can also be found in [210] for
instance and up to first order in the deflections we have

1

R1
+ 1

R2
= 2

R0
− 1

R2
0

(
2+∆θφ

)
δR . (6.37)

Here, ∆θφ denotes the angular part of the Laplace operator in spherical coordinates

∆θφ ≡ 1

sin2θ

∂2

∂φ2 + 1

sinθ

∂

∂θ

(
sinθ

∂

∂θ

)
(6.38)

and we note that
∆θφYlm(θ,φ) =−l (l +1)Yl m(θ,φ). (6.39)

Next, we combine the boundary conditions by taking the time derivative of (6.35) and recover

%0
∂2

∂t 2ψ

∣∣∣∣
r=R0

= σ

R2
0

(
2+∆θφ

) ∂
∂r

ψ
∣∣
r=R0

, (6.40)

where we made use of the second boundary condition (6.32) to replace the time derivative of the
deflection by a spatial derivative of the velocity potential. Inserting the ansatz (6.28) into (6.40) we
readily obtain the spectrum ωnl as the solutions of the equation

ω2
nl

l

R0
jl (knl R0) =ω2

l ,surf

∂

∂r
jl (knl r )

∣∣∣∣
r=R0

, (6.41)

where we defined the frequency

ωl ,surf ≡
√

σ

%0R3
0

l (l −1)(l +2) . (6.42)

We note that the derivative of the spherical Bessel function can be expressed in terms of spherical
Bessel functions

∂

∂r
jl (knl r )

∣∣
r=R0

=− 1

2R0
jl (knl R0)+ knl

2

(
jl−1(knl R0)− jl+1(knl R0)

)
. (6.43)

For each l ≥ 2 equation (6.41) has n = 0,1,2 . . . possible solutions ωn=0,l < ωn=1,l < ... that are de-
generate in m = −l ,−l + 1, . . . , l and we note that for fixed l (6.41) is an equation that combines
spherical Bessel functions of different order and that n labels its nth solution and we note that
knl =ωnl /uc .
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6. Surface mode dynamics in a levitated and rotating fluid droplet

To gain further insights into the spectrum, it is convenient to introduce the dimensionless fre-
quency

ξnl ≡ R0knl =
R0ωnl

uc
, (6.44)

and the characteristic number

χ≡ 2u2
c%0R0

σ

∣∣∣∣
R0=1mm, 4He

= 4.16×107 , (6.45)

that subsumes the drops equilibrium radius and all relevant material properties. In the last step
in equation (6.45) we substituted the numerical values for a R0 = 1mm 4He droplet for which uc =
245ms−1, %0 = 130kgm−3 and σ = 3.75× 10−4 Jm−2. Substituting these quantities into equation
(6.41) we find

jl (ξnl )

(
1+χ ξ2

nl

(l −1)(l +2)

)
+ξnl

(
jl+1(ξnl )− jl−1(ξnl )

)= 0. (6.46)

We start looking for the smallest solution (n = 0) assuming that ξn=0,l is small enough such that we
can approximate the spherical Bessel function by a power law [212]

jl (x) ∼ x l

(2l +1)!!
, (6.47)

where (2l +1)!! = 1 ·3 ·5. . . (2l +1). We then recover an approximation for the smallest root

ξn=0,l ≈
√

2

χ
l (l −1)(l +2) , (6.48)

where we used that χ/l À 1. To understand the physical meaning of these solutions we calculate
the corresponding velocity potential, noting that since r ≤ R0 the argument of the Bessel function
in the ansatz (6.28) is always smaller than ξn=0,l hence we can use equation (6.47) and find

ψn=0,l ,m(r,θ,φ, t ) ∼
(

r

R0

)l ξl
n=0,l

(2l +1)!!
Ylm(θ,φ)e−iω0l t ·an=0,lm . (6.49)

From this result it becomes clear that the velocity potential is maximal at the surface, i.e. for r =
R0, and decays as a power law with decreasing radius. Hence, we identify the n = 0 branch of
the spectrum as surface modes, cf. figure 6.5(a). We note that the velocity potential (and derived
quantities like the pressure) do not feature a radial node. It is enlightening to consider the limit
of infinite velocity of sound, uc →∞. Physically this is the limit of an incompressible fluid, which
does not support sound modes and the wave equation (6.17) reduces to ∆ψ = 0. In this limit, the
approximations above become exact and we recover the dimensionful eigenfrequencies

lim
uc→∞ωn=0,l =ωl ,surf ∝ l 3/2 . (6.50)

Hence, ωl ,surf which we defined in equation (6.42) denotes the spectrum of the surface modes of
an incompressible fluid drop and we note that this result was already obtained by Lord Rayleigh in
1879 [211]. We note that the lowest energy excitation of the drop is the l = 2 surface mode and for
a Helium-4 droplet with a radius of 1mm it has a frequency of ωl=2,surf = 24Hz×2π.

We now turn towards the sound modes, i.e. n > 0. Here, an analysis of the the equation (6.46)
confirms that χ ∼ 107 is much larger than all other terms for reasonable angular mode numbers
and frequencies of interest. Hence we can approximate (6.46) by the much simpler equation

jl (ξnl ) = 0, (6.51)
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6.3. Effects of rotation with constant angular velocity

and the spectrum is simply given by the roots of the spherical Bessel function. Using a well known
expansion for the first root of spherical Bessel functions [212] we provide explicit expressions for
the dimensionful frequencies of the first sound mode

ωn=1,l ≈ uc

R0

[
l + 1

2
+1.86

(
l + 1

2

)1/3

+1.03

(
l + 1

2

)−1/3
]

. (6.52)

For a fixed angular mode number l there are infinitely many sound modes n = 1,2,3, . . . where
n denotes the number of radial nodes, cf. figure 6.5(b,c) in which the radial dependence of the
pressure mode function δp(r ) is depicted for selected modes. (Physically the number of sound
modes is limited of course: The wave length of the sound modes has to be larger than the length
scale at which fluid dynamics fails to describe the drop because microscopic effects become impor-
tant.) The n = 1 sound modes mark the lower frequency bound of the “sound continuum” which is
densely populated with the n ≥ 1 sound modes.

We are now in a position to estimate the frequency gap between the surface modes (n = 0) and
the “sound continuum”

∆El ∼
uc

R0

[
l − 2p

χ
l 3/2

]
, (6.53)

and we note that for the parameters of a R0 = 1mm Helium-4 drop the lowest l = 2 sound mode
has a frequency of ωn=1,l=2 ≈ 225kHz×2π which is much larger than the frequency of the corre-
sponding surface modeωn=0,l=2 = 24Hz×2π. Incidentally, we note that the gap diverges in the limit
uc →∞, since χ∝ u2

c . In the rest of this chapter we restrict ourself to the low frequency excitations,
i.e. the surface modes, and we can thus safely approximate the fluid as being incompressible.

6.3 Effects of rotation with constant angular velocity

In this section we review the main effects that emerge if the drop is rotating with a constant angular
velocity. Introductory textbooks treat fluids in rotating containers [213], infinitely large systems
[210] or in the context of modeling the atmosphere of the earth and its oceans [214]. Rotation
induced effects have also been studied in astrophysics [215–219] including the internal rotation of
the sun in the field of helioseismology [220, 221] and in nuclear physics in the context of the liquid
drop model [222, 223]. In the field of fluid dynamics the influence of rotation on the surface modes
of a liquid drop was investigated perturbatively by Busse [205] and we will loosely follow the lines of
his publication in large parts of this section. The rotation will have two main effects: First, it causes
a centrifugal force leading to an additional pressure that deforms the spherical drop. We review this
effect in subsection 6.3.1. Second, the rotation gives rise to the Coriolis force whose main effects
are a splitting of the degenerate modes know as Bryan’s effect [224] (reviewed in subsection 6.3.2)
and the emergence of inertial modes for which the Coriolis force acts as the restoring force. We
very briefly review inertial modes in subsection 6.3.3.

6.3.1 Stationary deflection

Let us assume that we have spun up the drop by application of a suitable time dependent electric
field. It seems reasonable to assume that after a sufficiently long transient time has passed the
drop will rotate like a rigid body, i.e. the velocity field in the lab frame reads v =Ω× r, where Ω
denotes the angular velocity vector. The small viscosity (which we neglect in our theoretic model,
but nevertheless will always be there for real normal fluids) will damp out possible deviations from
the rigid body rotation but not the rigid body rotation itself. Note that in the literature of rotating
fluids in containers this is known as the spin-up problem [213, 225, 226].
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6. Surface mode dynamics in a levitated and rotating fluid droplet

It is clear that the pressure which is caused by the centrifugal force in the rotating droplet will
cause a deformation of the surface. In fact, the equilibrium shape of a drop rotating with constant
angular velocity is determined by the balance of the centrifugal pressure and the surface tension
induced pressure, c.f. equation (6.23), at every point of the surface. Predicting the resulting equi-
librium shape is a rather difficult problem that has been studied for more than a century. First
experimental studies dealt with two non mixing fluids to avoid the experimental challenge of lev-
itation. In the 19th century Plateau [227] suspended an oil drop in a mixture of water and alcohol
to compensate gravity by buoyancy and rotated the drop to study its equilibrium shapes. His ex-
perimental approach suffered from the drag on the drop that is caused by the presence of the fluid
in which the drop is suspended. To circumvent this problem, spinning drop experiments have
been carried out in space, where gravity is tremendously reduced [228, 229]. Rather recently a
water droplet has been magnetically levitated and spun up via the Lorentz force enabling the ex-
perimental observation of equilibrium shapes in a table top experiment [230]. Simultaneously, the
problem was also studied theoretically [217, 223, 231–233]. We note that one can turn the problem
around and observe the equilibrium shape of the rotating fluid drop to measure its surface tension
[234]. In general these works have shown that a spherical drop that rotates slowly will develop an
equatorial bulge and become a little oblate. As soon as the angular frequency is increased above a
certain threshold, complicated non-axisymmetric shapes will emerge. We want to restrict ourself
to small rotation rates. In this case the drop deformations are small compared to its radius and
it will deform in an axisymmetric way. In this situation, the equilibrium shape can be computed
perturbatively. Here, for the sake of completeness, we briefly review this perturbative calculation
that can be found in [205], for instance.

In this section we assume that the angular velocity vectorΩ does not change with time, hence
the easiest way to address the problem of the stationary deformation is to introduce a frame that
is rotating with angular velocity Ω around the axisΩ/‖Ω‖. Obviously this is not an inertial frame
and therefore we have to take into account apparent forces, namely the centrifugal and the Coriolis
force in Euler’s equation. The motion of a fluid in the rotating frame is thus governed by [210, 213]

∂

∂t
v+ 1

%0
∇p =−Ω× (Ω× r)+2v×Ω , (6.54)

where all symbols are with respect to the rotating frame and we dropped the non linear (v∇)v term,
since we assume small velocities with respect to the rotating frame. We note that the angular veloc-
ity vectorΩ is identical in the lab frame and the rotating frame, since both the axis and the angular
frequency of the rotation are fixed in time. The terms on the right hand side of equation (6.54)
describe, in this order, the centrifugal force and the Coriolis force. Moreover, we assume that the
fluid is incompressible which is an excellent approximation for the situation we have in mind as
we have seen in the previous section. Hence, the continuity equation simplifies to

∇v = 0. (6.55)

The incompressibility implies that the volume of the drop has to be conserved. The surface modes
(l ≥ 2, cf. subsection 6.2.3) do conserve the volume to first order in the deformation. The centrifu-
gal force can be written as the gradient of a scalar function

−Ω× (Ω× r) = grad
(Ω× r)2

2
, (6.56)

which allows to combine it with the pressure by defining a reduced pressure

P = p − %0

2
(Ω× r)2 . (6.57)
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6.3. Effects of rotation with constant angular velocity

We thus recover a simplified form of equation (6.54)

∂

∂t
v+ 1

%0
gradP −2v×Ω= 0. (6.58)

In the stationary state the drop rotates like a rigid body, therefore the velocity field vanishes in the
rotating frame v = 0. Hence, we straightforwardly obtain the pressure in the drop

p(r) = p0 + %0

2
Ω2r 2 sin2θ , (6.59)

where we used that the gradP term in equation (6.58) formally allows an arbitrary constant pres-
sure, p0, which has to be determined from the boundary conditions. Moreover, we picked a coor-
dinate system such thatΩ ∥ ez , hence in spherical coordinates θ denotes the angle between r and
Ω. To obtain the stationary deformation of the drop we develop its stationary deflection in surface
modes, cf. equations (6.30) and (6.31)

δR(θ) = ∑
l≥2

Bl Yl ,m=0(θ,φ), (6.60)

where we made use of the rotational symmetry to restrict the ansatz to axisymmetric deflections
(m = 0). Inserting this ansatz into the boundary conditions (6.23) and (6.24) determines the ampli-
tudes Bl of the deflection. We note that for small rotation rates it seems reasonable to assume that
the deflection will be small and thus we can safely evaluate the boundary conditions at r = R0. An
evaluation of the boundary conditions at the deflected surface by expanding F (r, t ) = 0 to leading
order would lead to a product of spherical harmonics in (6.59) that would have to be expanded
again. We emphasize that we used this very same approximation to derive the spectrum of the
drop in subsection 6.2.3 and that the more general result using an expansion can be found in [205].
Finally, we recover the stationary deflection of the drop

Bl=2 =
%0R4

0Ω
2

σ

p
π

6
p

5
, (6.61)

and Bl 6=2 = 0, which is compatible with the lowest order of the result in [205]. We note that a l = 0
correction is necessary to enforce the conservation of volume to second order, see equation (6.101).

6.3.2 Splitting of degenerate surface modes (Bryan’s effect)

In this subsection we review the effect of a rotation with constant angular velocity Ω (and fixed
axis of rotation) on the surface modes, which was analyzed in detail by Busse in 1984 and in this
subsection we will loosely follow the lines of Busse’s publication [205].

The velocity field of an incompressible fluid in the rotating frame is determined by the (lin-
earized) Euler’s equation (6.58) and the continuity equation (6.55). It is possible to express the
Fourier transformed velocity

v[r, t ] = (2π)−1/2
ˆ ∞

−∞
dωe−iωt v[r,ω] (6.62)

in terms of the reduced pressure P

v[r,ω] = 1

%(Ω2 −ω2/4)

(
iω

4
∇P + 1

2
Ω× (∇P )− i

ω
Ω(Ω◦∇P )

)
, (6.63)

where ◦ denotes the scalar product. Taking the divergence of Euler’s equation (6.58) and using
(6.63) one can formulate an eigenproblem for the reduced pressure [205, 213](

∇2 − 4(Ω◦∇)2

ω2

)
P [r,ω] = 0. (6.64)
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6. Surface mode dynamics in a levitated and rotating fluid droplet

Together with the boundary conditions (6.23) and (6.24) this equation determines the eigenmodes
of the rotating drop [205].

In general this problem is rather complicated, thus we want to restrict ourself to rotation rates
that are small in comparison to the frequencies of the surface modes Ω/ωl=2,surf ¿ 1 and treat
the rotation as a perturbation. Busse [205] solved this problem to second order, and we review
his solution to first order. Equation (6.64) reduces to Lapace’s equation in first order in Ω/ω, i.e.
∆P = 0, hence we can use a solid spherical harmonics ansatz for the reduced pressure

P =∑
lm
βlm

(
r

R0

)l

Ylm , (6.65)

with l > 1 and we expand the deflection of the surface in spherical harmonics

δR =∑
lm
αlmYlm . (6.66)

In first order the equation (6.63) for the velocity simplifies,

v = 1

%

(
− i

ω
∇P − 2Ω

ω2 ez ×∇P

)
, (6.67)

where we assumed that Ω ∥ ez . We have already seen that to first order in Ω there is no static
deflection of the drop, cf. equation (6.61), hence we can evaluate the boundary conditions at the
equilibrium radius R0. For the pressure boundary condition, i.e. equation (6.23) we have

βlm + σ

R2
0

(2− l (l +1))αlm = 0, (6.68)

where we omitted to display the constant terms that define the equilibrium pressure inside the
drop. One has to distinguish between axisymmetric modes (m = 0) and non-axisymmetric modes
(m 6= 0) when evaluating the velocity boundary condition (6.24). Due to the spherical shape of the
non rotating drop, only the radial component of the velocity field (6.67) enters the velocity bound-
ary condition (6.24) to linear order inΩ/ω. This is because to leading order the normal field of the
drop’s surface does not change, i.e. we have n = er and only the normal component of the veloc-
ity field enters the left hand side of the velocity boundary condition (6.24). The relevant term, i.e.
(ez ×∇)r = r−1∂φ, vanishes for axisymmetric modes but not for the non-axisymmetric modes. This
implies that axisymmetric modes are not influenced in O (Ω). Evaluation of the velocity boundary
condition at r = R0 yields

βl m

%R0
(i l +2i mΩ/ω) = iω2αl m , (6.69)

and by combining the two conditions we find the equation that determines the spectrum of the
rotating drop to linear order in the rotation rate [205]

ω2 =ω2
l ,surf

(
1+ 2Ω

ω

m

l

)
, (6.70)

whereωl ,surf denotes the frequency of surface modes for the non rotating drop, cf. equation (6.42).
Expanding to linear order we find

ω≈ωl ,surf +Ω
m

l
, (6.71)

and see that the rotation simply splits the degenerate surface modes, cf. figure 6.6.
We note that the frequency shift of equation (6.71) implies that the deformation pattern of a real

valued eigenmode (which for m 6= 0 is a combination of ±m spherical harmonics) rotates around
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Figure 6.6: Spectrum of the low frequency modes of a drop that is rotating with constant an-
gular velocity Ω. The rotation splits the formerly degenerate surface modes into equidistantly
spaced modes. (In the spectrum both the surface modes of a non rotating drop and the split
modes are shown.) As a result the deflection pattern rotates with a frequency proportional to
Ω. This phenomenon is known as “Bryan’s effect” (see subsection 6.3.2 for details). The rotat-
ing drop also supports inertial modes in the (positive) frequency range marked in blue. These
special modes are caused by the Coriolis force, which acts as a restoring force and, hence, they
can only exist in rotating fluids (see subsection 6.3.3). For a R0 = 1mm Helium-4 drop we have
ω2,surf = 24Hz× 2π, ω3,surf = 47Hz× 2π, ω4,surf = 73Hz× 2π and the plot is to scale for a angular
frequency ofΩ= 4Hz×2π.

the drop at a rate which is proportional toΩ. This effect is know as Bryan’s effect [224] and was stud-
ied for rigid bodies [224, 235, 236], planets [237] and for liquid oscillations in wine glasses [238, 239].
We emphasize that Bryan’s effect is caused by the Coriolis force and is present for rotation rates that
are small in comparison to the lowest vibrational mode. It is an O (Ω/ωl=2,surf) effect, in contrast to
the centrifugal force that causes the deformation of the drop, which is of order O (Ω2/ω2

l=2,surf).

6.3.3 Inertial modes

We note that rotating fluids support a special kind of waves that are know as inertial waves in the
literature, and that were already analyzed in the nineteenth century [240, 241]. In this subsection,
we briefly review their main features and provide some references about studies of inertial waves
in spherical fluid bodies.

A good and brief derivation of the main properties of inertial modes can be found in the text-
book [210] and note that [213] covers the whole field of rotating fluids including inertial modes in
great detail. Here, for the sake of completeness, we review the phenomenon of inertial waves in
rotating and incompressible fluids following the lines of [210]. Taking the curl of Euler’s equation
(6.58) that describes the flow in a frame that is rotating with the fluid and noting that for incom-
pressible fluids

curl(Ω×v) =−(Ω∇)v, (6.72)
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we recover
∂

∂t
curlv = 2Ω

∂v

∂z
, (6.73)

where we assumed that,Ω=Ωez . Inserting a plane wave ansatz

v = Ae i (kr−ωt ) , (6.74)

with Ak = 0 due to the incompressibility, one can eliminate the velocity and obtains the dispersion
relation

ω= 2Ω
kz

k
= 2Ωcosθ , (6.75)

where θ denotes the angle betweenΩ and k.
From this brief review it is clear that the frequency of inertial modes is confined to the interval

−2Ω≤ω≤ 2Ω , (6.76)

which constitutes one of their most important properties. Moreover, the Coriolis force plays the
role of the restoring force, hence these waves are only present in rotating fluids. Furthermore, they
only contain kinetic energy, since the Coriolis force does not perform work. We note that inertial
modes have also been studied in spherical geometries, see for example [241–243] and were even
detected in the liquid core of the earth [244]. In our further analysis we will focus on the effect
of the rotation on the surface modes, partly because for rotation rates that are much smaller than
the eigenfrequency of the lowest surface mode,Ω¿ωl=2,surf, the inertial modes are well separated
from the surface modes by frequency, cf. figure 6.6. It thus seems reasonable to assume that the
surface modes will at least not strongly be affected by the formation of inertial modes and we leave
the question whether the inertial modes lead to surface deformations to future studies.

6.4 Non-linear interplay between free rotation and l = 2 surface
oscillations

Our objective in this section is to understand the interplay between the lowest order (l = 2) sur-
face modes of the (incompressible) droplet with a superimposed (rigid-body) rotation of the very
same drop. Our approach will be to extend the analysis of Bohr and Mottelson [206] to include
the rotation of the drop. Bohr and Mottelson derived an Hamiltonian for the (small amplitude)
surface modes of an incompressible drop using the surface mode coefficients as generalized coor-
dinates (including their generalized momenta). For small amplitude oscillations they find that the
expressions for the kinetic and potential energy are quadratic in the coordinates and the conjugate
momenta.

We have seen in subsection 6.2.3 and subsection 6.3.2 that the velocity field of the l = 2 vibra-
tions is linear in the coordinates. Hence, in subsection 6.4.1, we express it as a gradient of a scalar
function χ(r, t ) that is quadratic in the coordinates and that will be determined by the deflection
of the drop at each point in time via the velocity boundary condition. In addition, we have a su-
perimposed rigid body rotation of which neither the axis nor the angular frequency is fixed which
makes the problem more complicated. To tackle the problem we express the kinetic energy of the
whole drop in terms of the five coefficients (and their time derivatives) that define the surface de-
flection and the three Euler angles (including their time derivatives) that describe the rotation of
the drop. After doing the same with the potential energy, i.e. the energy that is stored in the de-
formed surface, we eventually write down a Lagrangian. The Lagrangian will mix coefficients that
define the deflection in the lab frame with those that describe the deflection in the momentarily
rotating frame. Consequently, we derive a 5×5 matrix Wmn to transform the coefficients between
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the lab and the rotating frame in subsection 6.4.2. This matrix will be given as a function of the
three Euler angles. In the last subsection, we finally use the Lagrangian to derive the equations of
motion for the coefficients of the surface modes and the Euler angles, which govern the non-linear
interplay between the surface modes and the rotation.

Last, we note that for the sake of notation we rescale lengths such that the equilibrium radius
of the drop equals one, i.e.

R0 ≡ 1, (6.77)

throughout this section.

6.4.1 Lagrangian of a freely rotating fluid droplet

For the velocity field of the fluid in the lab frame we make the naive ansatz

v(r) = Ω× r+gradχ(r, t )

= Ω× r+ 1

2

2∑
m=−2

DLab
m (t )∇φm(r) , (6.78)

which is almost correct and a certain correction will be discussed later. The first term describes the
rigid body rotation with the angular frequency vectorΩ=Ω(t ) that can change during the course
of time. The second term describes the flow field associated with surfaces modes as the gradient of
a scalar function χ, which (building on the results of the previous section) can be expanded in l = 2
solid spherical harmonics

φm(r) = r 2Ylm(θ,φ) , (6.79)

that fulfill Laplace’s equation ∆φm(r) = 0. It seems that (6.78) is the general ansatz for an arbitrary
flow field that is linear in the coordinates and that fulfills the continuity equation divv = 0, since
∆φm = 0. Hence, we should have enough freedom in the ansatz (6.78) to recover every possible flow
field that is linear in the coordinates. We also know from the previous section that the flow field of
the l = 2 surface modes, which we are interested in, is linear in the coordinates. We note that we did
not thoroughly investigate if the ansatz includes inertial modes, but since we are interested in the
surface modes, we leave this for future investigation. Before we move on we note that in equation
(6.79) θ andφ are the angles of a spherical coordinate system defined in equation (6.29), but further
calculations are carried out in cartesian coordinates x, y and z. By inserting (6.29) in (6.79) the l = 2
solid spherical harmonics can straightforwardly be expressed in cartesian coordinates in which
they become quadratic polynomials

φ±2 = N2(x ± i y)2 (6.80)

φ±1 = N 1(x ± i y)z

φ0 = N 0(x2 + y2 −2z2) ,

and the normalization constants read N2 = p
15/32π, N1 = p

15/8π and N0 = p
5/16π. We note

that our sign convention differs from the Condon-Shortley phase convention (Y ∗
lm = (−)mYl ,−m)

that is usually used in quantum mechanics. On the surface the φm are orthogonalˆ
dΩφ∗

mφm′ = δm,m′ , (6.81)

where dΩ= sinθdθdφ denotes the solid angle and the integral is over the full sphere at r = 1 (for
arbitrary r the right hand side would read r 4δm,m′). Moreover the solid spherical harmonics are
also orthogonal in the bulk. In addition, we find:ˆ

|r|≤1

d 3r
(∇φ∗

m

)◦ (∇φm′
)= 2δm,m′ . (6.82)
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In the lab frame the outward deflection of the drop’s surface is given by

δR(r, t ) =
2∑

m=−2
C Lab

m (t )φm(r) , (6.83)

which has to be evaluated for ‖r‖ = 1, i.e. on the spherical equilibrium surface (a graphical illustra-
tion can be found in figure 6.4). Notice that the φm reduce to regular spherical harmonics, when
they are evaluated on the unit sphere, i.e., for r = 1. Moreover, we note that the coefficients obey
the constraint

C Lab∗
−m =C Lab

m , (6.84)

since the deflection has to be real valued. Nevertheless, we can formally treat them as independent
variables when deriving the equations of motion. Formally, the drop’s surface is defined implicitly
as the solution of

F (r) = x2 + y2 + z2 − (1+δR(r, t ))2 != 0, (6.85)

and the formulas of subsection 6.2.2 apply.

Instantaneous rotating frame. - To make further progress we make use of an instantaneous ro-
tating frame which is specified by the three Euler angles (z-y-z convention) α(t ), β(t ) and γ(t )
which we combine into the tuple

~ϕ(t ) = (
α(t ),β(t ),γ(t )

)
. (6.86)

We note that ~ϕ is not a vector with regard to transformation properties of course. We defer further
details about the definition of the Euler angles and the coordinate transformation to subsection
6.4.2, since they are not necessary for the derivation of the Lagrangian. All that we need for the
moment is the velocity field and the surface deformation in the rotating frame. Physically, it is
clear that the velocity field in the instantaneous rotating frame is given by the gradient term in
equation (6.78) expressed in coordinates of the rotating frame. Note that formally, this could be
seen by transforming the gradient in the new coordinate system: Then, the Jacobi matrix cancels
with the transformation matrix of the unit vectors. TheΩ×r term in (6.78) drops, since there is no
rigid body rotation in the rotating frame. The five l = 2 solid spherical harmonics φm are complete
under rotations, that is to say it is always possible to express the rotated solid spherical harmonics,
i.e. φm′(r′) (r′ is the position vector in the rotated frame), as a linear combination of the solid
spherical harmonics in the lab frame φm(r), see subsection 6.4.2 for details. Regarding the surface
deformation, we can thus transform the five amplitudes that define the deflection in the rotating
frame to the lab frame by applying a unitary 5×5 matrix

C Lab
m =

2∑
m′=−2

Wmm′(~ϕ)C Rot
m′ . (6.87)

To write down the Lagrangian it is not necessary to explicitly display the matrix Wmm′ , hence, we
defer its derivation to the next subsection. We note that the transformation law (6.87) is not con-
strained to the surface deformation, but also applies to the coefficients that define the scalar veloc-
ity potential χ(r) in the second term in (6.78). We note that one can easily obtain certain properties
of the matrix Wmm′ by considering infinitesimal rotations aroundΩ. Consider a situation with C Rot

m

kept fixed, for instance: Evaluating the total time derivative of δR(r) in two ways we have

− (Ω× r)∇
2∑

m=−2
C Lab

m φm =
2∑

m=−2
φm

d

d t
C Lab

m =
2∑

m=−2

2∑
m′=−2

φm

(
d

d t
Wmm′

)
C Rot

m′ . (6.88)

Here, the term in the middle denotes the naive evaluation of dδR/d t . For the left hand side, we
evaluated the total derivative using the chain rule. To obtain the right hand side, we applied the
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transformation law (6.87). Building on (6.88) we are now in a position to define the three 5×5 anti-
hermitean matrices K (s)

mm′ that generate infinitesimal rotations by their action on the solid spherical
harmonics

[(Ω× r)∇]φm =
3∑

s=1

2∑
m′=−2

(
ΩsK (s))

mm′φm′ . (6.89)

Here, Ωs denotes the cartesian components of the angular velocity vectorΩ= (Ω1,Ω2,Ω3)T in the
lab frame. Turning back to equation (6.88), we read off the action of the generators on the unitary
rotation matrix Wmm′ which reads

d

d t
Wmm′ =−

2∑
k=−2

3∑
s=1

(
ΩsK (s))

km Wkm′ , (6.90)

by comparing (6.89) with the right hand side of (6.88) and using (6.87). We emphasize that the right
hand side of equation (6.90) can be written as a standard matrix product when using the transposed

matrix K (s)
km =

(
K (s)

mk

)T
. Note that from equation (6.89) we can identify the generators K (s) with the

angular momentum operator in quantum mechanics, L = r× (−i∇), expressed in the subspace of
l = 2 and with ħ ≡ 1. When equation (6.89) is expanded in cartesian components, we see that the
matrix K (s) equals i L(s), where L(s) denotes the component s of L. Therefore, the generators are
anti-hermitean

K (s)
mm′ =−K (s)∗

m′m (6.91)

and building on our knowledge from quantum mechanics, for rotations around the z-axis we have

K (3)
mm′ = i mδm,m′ . (6.92)

The remaining two generators are displayed in the following subsection.

Boundary condition for the velocity. - The boundary condition of the velocity links the surface
deflection (determined by the coefficients C Lab

m ) with the velocity field (coefficients DLab
m ). The

formally easiest way is to evaluate the boundary condition in the instantaneous rotating frame.
First, we derive the boundary condition for small deflections, i.e. to first order in the coefficients
DRot

m and C Rot
m , building on the general results of subsection 6.2.2. Physically it is clear that the

“velocity of the surface” has to equal the normal component of the velocity field at every point in
time. Using equations (6.24), (6.21) and (6.27) this formally reads

v′ ◦ (∇F (r′)) =− ∂

∂t
F (r′) , (6.93)

where v′ denotes the velocity field expressed in the instantaneous rotating frame, r′ is the position
vector in this frame and the surface is determined implicitly by equation (6.85) expressed in the
rotating frame. Note that the condition has to be evaluated on the surface, i.e. for F (r′, t ) = 0. After
evaluation of the derivatives, to first order in the deflection, we have

r′ ◦v′−v′ ◦ (∇δR) = ∂

∂t
δR , (6.94)

which has to be evaluated on the equilibrium surface (|r′| = 1). Inserting the expressions for the
velocity in the rotating frame

v′ = 1

2

2∑
m=−2

DRot
m ∇φm(r′) , (6.95)
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and the deflection (6.83), which has to be transformed to the rotating frame via equation (6.87), we
finally find the boundary condition to leading order

d

d t
C Rot

m = DRot
m . (6.96)

Here, we used that
1

2

(
2∑

m=−2
DRot

m ∇φm

)
◦ r′ =

2∑
m=−2

DRot
m φm , (6.97)

on the surface, i.e. for |r′| = 1, which can easily be seen in spherical coordinates (noting that r′ = er

at the surface and using equation (6.79)). Moreover, we dropped terms that are quadratic in the
coefficients C Rot

m and DRot
m . Equation (6.96) has an important consequence: In the rotating frame

the velocity field is determined by Ċ Rot
m , hence the position of a tracer particle is determined by

C Rot
m . In other words, choosing C Rot

m and the Euler angles as generalized coordinates results in a
holonomic system and the Lagrange formalism can be employed to study the dynamics.

Potential energy of the surface. - To write down a Lagrangian we need explicit expressions for
the potential and the kinetic energy. We now provide the expression for the potential energy that is
stored in the surface. We have seen in subsection 6.2.2 that the surface energy is the product of the
surface tension coefficient σ and the change of the surface area. One way to obtain the change of
the area is to infer the surface element dS′ on the deformed surface, integrate over the surface and
subtract the area of the equilibrium sphere, which equals 4π. This calculation is performed in the
appendix of [206] and yields

V = 2σ
2∑

m=−2
C Rot

m C Rot∗
m . (6.98)

Without diving into the details of the calculation, we note an important peculiarity: We have to
ensure that the deformation of the drop conserves its volume (and equivalently its mass) to second
order in the deformation. The second order is necessary, because the equations of motions should
be correct to first order. This results in a (constant) correction to the radial deflection, which is
important at this point (but luckily will not influence the velocity field). Consequently we define
the corrected deflection

δRCor = B̃0Y00 +δR , (6.99)

which has to be used when calculating the surface area, cf. [206]. Using the Heaviside step function
H(x), one determines the correction parameter B̃0 by expanding the fluid density function

%(r) = %0H(1− r +δRCor) (6.100)

to second order in δRCor around the spherical equilibrium. In a second step, one calculates the
mass of the deformed drop by integrating over the density. Due to mass (and volume) conservation,
the result has to equal 4π%0, which determines the correction to leading order [206]

B̃0 =− 1p
4π

∑
m

C Lab
m C Lab∗

m . (6.101)

Kinetic energy of the drop. - Now we turn to the kinetic energy of the whole drop. The total
kinetic energy of the drop is given by the integral over the velocity field squared over the interior
of the (deformed) drop |r| ≤ R ≡ 1+δR in the lab frame. We can split this in a bulk and a surface
contribution and find

T naive = %0

2

ˆ

|r|≤R

v2d 3r = %0

2

ˆ

|r|≤1

v2d 3r+ %0

2

ˆ

|r|=1

v2δRdΩ . (6.102)
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6.4. Non-linear interplay between free rotation and l = 2 surface oscillations

We label it “naive” due to the choice of coordinates, and we elaborate that below. After inserting
the naive ansatz for the velocity (6.78) we have to solve six integrals. Before we display the results
we introduce the moment of inertia of the drop

I = %0

ˆ

|r|≤1

x2 + y2d 3r = 8π%0

15
. (6.103)

The ansatz for the velocity field comprises two terms: one for the rigid body rotation and one for
the flow field of the surface mode, cf. equation (6.78). Hence in equation (6.102) both integrals over
the square of the velocity consist of three terms each. Consequently, we have to solve six integrals
in total. For the first integral of the bulk contribution we have

%0

2

ˆ

|r|≤1

(Ω× r)2 d 3r = I

2
Ω2 . (6.104)

The second term in the bulk integral vanishes, since rotating the integrand field inside the unit
sphere does not alter the result, i.e.

%0

2

ˆ

|r|≤1

(Ω× r)◦ (∇φm)d 3r = 0. (6.105)

The third term in the squared velocity leads to a finite contribution

%0

8

∑
m,m′

ˆ

|r|≤1

DLab
m DLab

m′
(∇φm

)◦ (∇φm′
)=∑

m

%0

4
DLab∗

m DLab
m =∑

m

%0

4
Ċ Rot∗

m Ċ Rot
m , (6.106)

where m,m′ =−2,−1, . . . ,2 and we employed the orthogonality relation (6.82). For the second step
we used the boundary condition (6.96), which we transformed to the lab frame via (6.87). For the
first term of the surface contribution we find

%0

2

ˆ

|r|=1

(Ω× r)2δR(r)dΩ=− I

2

2∑
m=−2

C Lab
m φm(Ω) =− I

2
δRLab(Ω) . (6.107)

To tackle the second integral, we utilize the action of the generators on the solid spherical harmon-
ics (6.89) and the orthogonality of the φm on the surface (6.81) and find

%0

2

∑
m,m′

ˆ

|r|=1

dΩ (Ω× r)◦ (∇φm
)

DLab
m C Lab

m′ = ∑
mm′

3∑
s=1

%0

2
DLab

m

(
ΩsK (s))

mm′ C
Lab∗
m′ . (6.108)

Also here, m,m′ =−2,−1, . . . ,2 and finally, we drop the last term, because it is of cubic order in the
deformations.

Correction term for the velocity ansatz. - Before we write down the Lagrangian, we correct a
small error in the ansatz for the velocity field in the drop. To understand the correction, it is helpful
to imagine the drop were a solid body that, for the moment, is not rotating. Once the rigid body
starts to vibrate, the atom at position r is displaced by the distance δu(r, t ) at time t . In other words,
the atom’s actual position is given by r+δu. We can define a velocity field v(r, t ) = δu̇(r, t ), which
(as in hydrodynamics) belongs to the point r in space and which we can express as the gradient
of a scalar function, v(r, t ) = ∇χ(r, t ). Now imagine, we spin up the body such that it rotates like a
rigid body. In this case we have to add the rigid body rotation to the velocity field. For a particle at
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rorig

r

δu(rorig, t)

Figure 6.7: Correction to the naive ansatz (6.78) for the velocity field of a rotating and vibrating
drop. Due to the vibration the volume elements of the fluid are shifted by the displacement field
δu(r, t ). The position vector r in the ansatz (6.78) corresponds to the dislocated position of the vol-
ume element (cf. Ω×r term), hence the vibrational velocity field (blue arrows) has to be evaluated
at the equilibrium position rorig (and not at r). To leading order, this leads to the correction given
in equation (6.112).

position r0 the additional term in the velocity field readsΩ× r0. Since the atoms are displaced by
the vibration the correct velocity field of a rotating and vibrating body reads

vcor(r+δu, t ) =Ω× (r+δu(r, t ))+∇χ(r) . (6.109)

Notice that in this picture the deformation of the drop is solely caused by the displacement field
δu, hence the correct way to calculate the kinetic energy would be to integrate over the spherical
equilibrium shape of the drop:

T correct =
ˆ

|r|≤1

v2
cor(r+δu, t ) d 3r . (6.110)

We can, however, rescue our naively obtained results from the last paragraph by making a coordi-
nate transformation to the displaced coordinates rdis ≈ r+δu(r) and due to the incompressibility
of the fluid the volume element is conserved. In the new coordinates we have to integrate over
the deformed droplet (as we already did naively) but we have to evaluate the vibrational flow field
(i.e., the gradχ(r, t ) term) at the equilibrium position of the atom (or the volume element in the
language of fluid dynamics), which we did not account for in the naive ansatz (6.78), cf. figure 6.7.
In other words we have to use the corrected velocity field

vcor(rdis, t ) =Ω× rdis +∇χ(rdis −δu) . (6.111)

We can incorporate this correction in all expressions that we have derived so far, by replacing the
gradient by a corrected field

∇χ(r) → (1−δu∇)∇χ(r) , (6.112)
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6.4. Non-linear interplay between free rotation and l = 2 surface oscillations

which is correct to leading order, see also figure 6.7. We note that the correction term is quadratic
in the displacement. Since we are interested in the kinetic energy to second order in the displace-
ments, this correction can be omitted in all integrals, except in the contribution from (6.105), i.e.
the Coriolis term in the bulk. There, it leads to an additional term that happens to be exactly −1/2
of the right hand side of (6.108). Hence, the corrected contribution from (6.108) comes out to be
one half of the above result.

Lagrangian. - We are now in the position to write down a Lagrangian that governs the interplay
between the rotation and the surface deflections. The generalized variables are the three Euler
angels ~ϕ = (α,β,γ) and the five (complex) coefficients of the l = 2 surface modes in the rotating
frame C Rot

m , which we treat as independent variables although they obey C Rot∗−m = C Rot
m , since the

deflection has to be real-valued. Making use of the expressions of the potential energy and the
kinetic energy (including the correction) that we derived in the course of this subsection, we have

L (C Rot
m ,Ċ Rot

m ,~ϕ, ~̇ϕ) = T −V

= I

2
Ω2 + %0

4
Ċ Rot∗

m Ċ Rot
m − I

2
δRLab(Ω)

+%0

4
DLab

m

(
ΩsK (s))

mm′ C
Lab∗
m′ −2σC Rot∗

m C Rot
m , (6.113)

where one has to sum over all indices (m,m′ run from −2 until 2, whereas s = 1,2,3). For the
sake of notation, we refrained from expressing everything in terms of the generalized coordinates
and note that before deriving the equations of motion, one has to express DLab

m , C Lab
m′ in terms of

C Rot
m (including its time derivatives) using the boundary condition (6.96) and the transformation

(6.87). Moreover, one needs explicit expressions for the transformation matrix W (~ϕ) (including its
generators K (s)) and for the angular velocity vectorΩ=Ω(~ϕ, ~̇ϕ). These are provided in the following
subsection.

The terms in the Lagrangian can be interpreted (in this order) as (i) the total kinetic energy of
a rotating unit sphere and (ii) the kinetic energy due to the l = 2 surface vibration in the rotating
frame. (iii) There are two ways to interpret the third term. First, it can be understood as a (rotation
induced) force acting on the surface modes that (in combination with the restoring force due to
the surface tension) will cause a finite deformation of the drop, i.e. the equatorial bulge that we
anticipate. Moreover, as expected, this force is proportional toΩ2. Alternatively, it may be viewed
as the correction to the moment of inertia caused by the equatorial bulge. Note that we formally
retain the expression for δR, cf. equation (6.83), and formally evaluate it atΩ. Hence, it will be neg-
ative if there is an equatorial bulge and the moment of inertia increases as expected. (iv) The fourth
term describes the effect of the Coriolis force, which for a prescribed rotation with constant angu-
lar velocity vector leads to Bryan’s effect, cf. subsection 6.3.2. (v) Finally, the last term describes a
restoring force caused by the surface tension.

6.4.2 Rotation of solid spherical harmonics

In this subsection, we introduce the Euler angles α, β and γ in the z-y-z convention to parametrize
the rotation from the lab frame to the instantaneously rotating frame and provide explicit expres-
sions for the coordinate transformation and the corresponding angular velocityΩ=Ω(α,β,γ, α̇, β̇, γ̇).
Moreover, we calculate the corresponding transformation matrix Wmm′(α,β,γ) for the l = 2 sur-
face modes, which is closely related to the Wigner D-matrices that were introduced to quantum
mechanics by Wigner in 1927 [245–247].

Transformation to the rotation frame parametrized in (zyz-)Euler angles. - The transformation
from the lab frame to the instantaneously rotated frame is parametrized by three successive (pas-
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α
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x

eRot
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eRot
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Figure 6.8: Sketch of a rotation parametrized in Euler angles (zyz-convention). First, the lab frame
(ex , ez , ez ) is rotated by α around ez resulting in the intermediate frame (e′x ,e′y ,e′z = ez ) displayed
in red. Second, the new frame is rotated by β around the new y-axis e′y generating the green frame
(e′′x ,e′′y = e′y ,e′′z ). Finally, we rotate this frame by γ around its z axis e′′z and obtain the blue frame

(eRot
x , eRot

y , eRot
z = e′′z ) which is the frame we refer to as the rotated frame in the main text.

sive) rotations, cf. sketch in figure 6.8. First, the lab frame is rotated by α, followed by a rotation
around the rotated y axis by β and finally the obtained frame is rotated by γ around its z axis. The
resulting frame is the instantaneously rotating frame. We note that other sequences of successive
rotations exist (and may as well be used to parametrize the rotation) and that in the literature our
choice is referred to as zyz-convention.

Introducing the generators for infinitesimal active rotations around the x-axis (J1), the y-axis
(J2) and the z-axis (J3), we can parametrize a passive rotation by the transformation of the unit
vectors. Before we move on, we display the 3×3 matrices of the generators for active rotations for
the sake of completeness

J1 =
 0 0 0

0 0 −1
0 1 0

 , J2 =
 0 0 1

0 0 0
−1 0 0

 , J3 =
 0 −1 0

1 0 0
0 0 0

 . (6.114)

We note that (1+dαJ3)r denotes the result of actively rotating the vector r by the infinitesimal angle
dα around the z-axis. Consider, for example, a passive rotation by the finite angle α (around the
z-axis). In this case, the unit vectors of the lab frame are actively rotated and the resulting unit
vectors of the rotated frame (e′x , e′y , e′z ) can conveniently be expressed in terms of the unit vectors
of the lab frame (ex , ey , ez ), i.e.  e′x

e′y
e′z

= e−αJ3

 ex

ey

ez

 . (6.115)
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Here, we used that JT
i =−Ji and that a rotation by a finite angle is described by the matrix exponen-

tial of the generator times the angle. This can easily be seen, when imagining a rotation by a finite
angle α as the result of N successive rotations by the small angle α/N . When sending N →∞ we
have

lim
N→∞

(
1+ α

N
J3

)N
= eαJ3 . (6.116)

Consequently, for the unit vectors of the momentarily rotating frame (specified by the Euler angles
above, cf. figure 6.8) we have  eRot

x

eRot
y

eRot
z

= R(α,β,γ)

 ex

ey

ez

 . (6.117)

With the rotation matrix R(α,β,γ) for which (after evaluating the matrix exponentials) we recover

R(α,β,γ) = e−γJ3 e−βJ2 e−αJ3 (6.118)

=
 cosγ sinγ 0

−sinγ cosγ 0
0 0 1

 cosβ 0 −sinβ
0 1 0

sinβ 0 cosβ

 cosα sinα 0
−sinα cosα 0

0 0 1

 . (6.119)

The rotation can straightforwardly be expressed as a coordinate transformation: By inserting (6.117)
into

rRot = xRoteRot
x + yRoteRot

y + yRoteRot
y (6.120)

!= xex + yey + zez = r , (6.121)

we recover
r = RT (α,β,γ)rRot. (6.122)

The time traces of the Euler angles not only specify the rotating frame at every point in time but
also, for every instant in time, they prescribe a momentary rotation around the axis Ω/|Ω| with
angular velocity |Ω|. Building on the well known result, that every particle with trajectory rp (t ) that
is rotating has the velocity

d

d t
rp (t ) =Ω× rp (t ) , (6.123)

which is characterized by the angular velocity vectorΩ, we can deduce the explicit expression for
the angular velocity vector that is required to derive the equations of motion. Consider a particle
that is fixed at position rRot in the rotating frame. Its trajectory in the lab frame is given by equation
(6.122) and consequently we obtain the angular velocity vector (in the lab frame)

Ω=
 −sin(α)β̇+cos(α)sin(β)γ̇

cos(α)β̇+ sin(α)sin(β)γ̇
α̇+cos(β)γ̇

 , (6.124)

by evaluating ṙ(t ) = ṘT rRot = ṘT Rr(t ). Here, we used that the action of the matrix ṘT R on r(t ) can
be written as a vector product.

Transformation matrix Wmm′ for the l = 2 solid spherical harmonics. - Our strategy to calcu-
late the transformation matrix Wmm′ will be the following. First, we derive the generators of the
infinitesimal rotation of the solid spherical harmonics φm around the z-axis and the y-axis, which
will yield two 5×5 matrices. Subsequently, we evaluate the concatenated matrix exponentials in
the same order as the rotations in the coordinate transformation, cf. equation (6.118).
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The l = 2 solid spherical harmonic functions φm(r) are complete under rotations. Conse-
quently, it is possible to express the rotated functions in terms of the original φm(r). Consequently,
for a passive rotation around ez by the infinitely small angle dα we have

φm(r′) =∑
m′

(
1−dα

(
K (3))T

m,m′

)
φm′(r) , (6.125)

where the 5×5 matrix K (3) denotes the generator that is to be determined. Inserting the coordinate
transformation (6.122), i.e. r′ = (1−dαJ3)r, in the definition of the solid spherical harmonics (6.80)
and keeping terms to first order in dα we find

K (3)
mm′ = i mδm,m′ . (6.126)

Application of the same procedure for infinitesimal passive rotations around the remaining two
axes yields the remaining two generators for a passive rotation around the x-axis

K (1)
mm′ =



0 i 0 0 0

i 0 −i
√

3
2 0 0

0 −i
√

3
2 0 i

√
3
2 0

0 0 i
√

3
2 0 −i

0 0 0 −i 0


, (6.127)

and a passive rotation around the y-axis

K (2)
mm′ =



0 1 0 0 0

−1 0 −
√

3
2 0 0

0
√

3
2 0

√
3
2 0

0 0 −
√

3
2 0 −1

0 0 0 1 0


. (6.128)

The transformation matrix of finite rotations can again be obtained by successive application of
infinitesimal rotations. Thus, it is given by the matrix exponential of the generator times the neg-
ative angle, as we saw in the paragraph about Euler angles. The solid spherical harmonics in the
rotating frame φm(rRot) are obtained by application of successive rotations in the same order as
they appear in the expression for the rotation matrix, cf. equation (6.118) and equation (6.122):

φm(rRot) =∑
m′

(
e−γK (3)

e−βK (2)
e−αK (3)

)
mm′φm′(r) . (6.129)

Comparing with equation (6.87) we straightforwardly find

Wmm′(α,β,γ) =
(
e−γK (3)

e−βK (2)
e−αK (3)

)T

mm′ (6.130)

= e−i mαdmm′(β)e−i m′γ ,

where dmm′(β) is closely related to the (small) Wigner D-matrix [245–247] and we note that Wmm′

may be viewed as an irreducible representation of the SO(3) group. For the sake of completeness
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we provide an explicit expression of

dmm′(β) = (6.131)

cos4
(
β
2

)
1
2 (cos(β)+1)sin(β) −1

2

√
3
2 sin2(β) 1

4 (sin(2β)−2sin(β)) sin4
(
β
2

)
−2cos3

(
β
2

)
sin

(
β
2

)
1
2 (cos(β)+cos(2β)) −

√
3
2 cos(β)sin(β) 1

2 (cos(2β)−cos(β)) sin2
(
β
2

)
sin(β)

−1
2

√
3
2 sin2(β)

√
3
2 cos(β)sin(β) 1

4 (3cos(2β)+1)
√

3
2 cos(β)sin(β) −1

2

√
3
2 sin2(β)

sin2
(
β
2

)
sin(β) 1

2 (cos(2β)−cos(β)) −
√

3
2 cos(β)sin(β) 1

2 (cos(β)+cos(2β)) −2cos3
(
β
2

)
sin

(
β
2

)
sin4

(
β
2

)
1
4 (sin(2β)−2sin(β)) −1

2

√
3
2 sin2(β) 1

2 (cos(β)+1)sin(β) cos4
(
β
2

)


6.4.3 Equations of motion

We are now ready to write down the equations of motion for the generalized coordinatesα,β,γ and
C Rot

m , which we obtain from the Lagrangian (6.113) via the Euler Lagrange equations and utilizing
the expressions that we derived in the previous subsection.

Unfortunately the resulting equations of motions are rather bulky and have to be analyzed nu-
merically. For the sake of completeness, we will state them split by the terms in the Lagrangian. For
a numerical analysis the equations of motion have to be expressed in the form, ~̇y = M(~y , t )~y , which
is challenging as we will see below. Before displaying the terms of the Lagrangian, we note again
that we use the Euler angles ~ϕ = (α,β,γ) and the coefficients C Rot

m as generalized variables. For
the sake of notation we drop the superscript “Rot” below. Throughout this subsection we assume
that expressions are summed over all free indices and that the greek indices ε,ζ,η,δ take the values
1,2,3, whereas latin indices take values from −2 to 2 (except when explicitly indicated differently).
In terms of the generalized variables the Lagrangian (6.113) reads

L (~ϕ,Cm , ~̇ϕ,Ċm) =
5∑

j=1
L ( j )(~ϕ,Cm , ~̇ϕ,Ċm) , (6.132)

and the five terms read

L (1)(~ϕ,Cm , ~̇ϕ,Ċm) = I

2
Ω2
ε (6.133)

L (2)(~ϕ,Cm , ~̇ϕ,Ċm) = %0

4
Ċ∗

mĊm (6.134)

L (3)(~ϕ,Cm , ~̇ϕ,Ċm) = − I

2
Wmm′Cm′φm(Ω) (6.135)

L (4)(~ϕ,Cm , ~̇ϕ,Ċm) = %0

4
Wmm′′W ∗

m′m′′′ΩεK
(ε)
mm′Ċm′′C∗

m′′′ (6.136)

L (5)(~ϕ,Cm , ~̇ϕ,Ċm) = −2σC∗
mCm . (6.137)

We will employ the symbols

Oεζ(~ϕ, ~̇ϕ) ≡ ∂Ωε

∂ϕζ
=

 −cos(α)β̇− sin(α)sin(β)γ̇ cos(α)cos(β)γ̇ 0
−sin(α)β̇+cos(α)sin(β)γ̇ sin(α)cos(β)γ̇ 0

0 −sin(β)γ̇ 0

 , (6.138)

and

Qεζ(~ϕ) ≡ ∂Ωε

∂ϕ̇ζ
=

 0 −sinα cosαsinβ
0 cosα sinαsinβ
1 0 cosβ

 , (6.139)
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and denote partial derivatives in an abbreviated way, i.e.

(
∂εφm

)
(s) ≡ ∂φm(r)

∂rε

∣∣∣∣
r=s

(6.140)

and note that the total time derivative of the transformation matrix Wmm′ can conveniently be
expressed in terms of the generators and the angular velocities, cf. equation (6.90), hence we do
not expand Ẇmm′ in the equations of motion for the sake of brevity.

The relevant terms for the equations of motion of the Euler angles read

d

d t

∂L (1)

∂ϕ̇ε
= IOζηQζεϕ̇η+ IQζηQζεϕ̈η+ IΩζ

(
∂ηQζε

)
(~ϕ)ϕ̇η , (6.141)

d

d t

∂L (2)

∂ϕ̇ε
= 0

d

d t

∂L (3)

∂ϕ̇ε
=− I

2

[
Ẇmm′Cm′

(
∂ζφm

)
(Ω)Qζε+Wmm′Ċm′

(
∂ζφm

)
(Ω)Qζε (6.142)

+Wmm′Cm′
(
∂η∂ζφm

)
Oηδϕ̇δQζε (6.143)

+Wmm′Cm′
(
∂η∂ζφm

)
Qηδϕ̈δQζε+Wmm′Cm′

(
∂ζφm

)
(Ω)

(
∂ηQζε

)
(~ϕ)ϕ̇η

]
d

d t

∂L (4)

∂ϕ̇ε
= %0

4

[ d

d t

(
Wmm′′W ∗

m′m′′′
)

K (ζ)
mm′Ċm′′C∗

m′′′Qζε+Wmm′′W ∗
m′m′′′K

(ζ)
mm′C̈m′′C∗

m′′′Qζε

+Wmm′′W ∗
m′m′′′K

(ζ)
mm′Ċm′′Ċ∗

m′′′Qζε+Wmm′′W ∗
m′m′′′K

(ζ)
mm′Ċm′′C∗

m′′′
(
∂ηQζε

)
(~ϕ)ϕ̇η

]
(6.144)

d

d t

∂L (5)

∂ϕ̇ε
= 0 , (6.145)

and for the right hand side of the Euler-Lagrange equations we need

∂L (1)

∂ϕε
=IΩζOζε (6.146)

∂L (2)

∂ϕε
=0 (6.147)

∂L (3)

∂ϕε
=− I

2

[
(∂εWmm′) (~ϕ)Cm′φm(Ω)+Wmm′Cm′

(
∂ζφm

)
(Ω)Oζε

]
(6.148)

∂L (4)

∂ϕε
=%0

4

[(
(∂εWmm′′) (~ϕ)W ∗

m′m′′′ +Wmm′′
(
∂εW

∗
m′m′′′

)
(~ϕ)

)
Ωζ

+Wmm′′W ∗
m′m′′′Oζε

]
K (ζ)

mm′Ċm′′C∗
m′′′ (6.149)

∂L (5)

∂ϕε
=0 (6.150)

For the dynamics of the surface modes we need the terms

d

d t

∂L (1)

∂Ċl
= d

d t

∂L (3)

∂Ċl
= d

d t

∂L (5)

∂Ċl
= 0 (6.151)

d

d t

∂L (2)

∂Ċl
=%0

2
C̈∗

l = %0

2
C̈−l (6.152)

d

d t

∂L (4)

∂Ċl
=%0

4

[ d

d t

(
Wml W ∗

m′m′′′
)
ΩζK (ζ)

mm′C
∗
m′′′ +Wml W ∗

m′m′′′Oζηϕ̇ηK (ζ)
mm′C

∗
m′′′ (6.153)

+Wml W ∗
m′m′′′Qζηϕ̈ηK (ζ)

mm′C
∗
m′′′ +Wml W ∗

m′m′′′ΩζK (ζ)
mm′Ċ

∗
m′′′

]
, (6.154)

110



6.4. Non-linear interplay between free rotation and l = 2 surface oscillations

and for the right hand side we provide

∂L (1)

∂Cl
=∂L

(2)

∂Cl
= 0 (6.155)

∂L (3)

∂Cl
=− I

2
Wmlφm(Ω) (6.156)

∂L (4)

∂Cl
=%0

4
Wmm′′W ∗

m′,−lΩζK (ζ)
mm′Ċm′′ (6.157)

∂L (5)

∂Cl
=−4σC∗

l . (6.158)

We remark that one has to take care of coordinate singularities when trying to solve the equa-
tions of motion numerically. This is a general problem that occurs when using Euler angles (or even
a spherical coordinate system). In our case, the singularity occurs for β = 0, and in this case the
equations of motions can not be written in the form ~̇y(t ) = ~f (~y , t ) as it is required for efficient nu-
merical methods. Here,~y comprises ~ϕ, Cm and their derivatives and ~f (~y , t ) is an arbitrary function
in which we collect all remaining terms. This is not surprising when we have a look at the definition
of the Euler angles in figure 6.8 again: For β= 0 rotations by α and γ are along the same axis, hence
the transformation does not have full rank and can not be inverted. This phenomenon is known as
“Gimbal lock”. More severely, even for small β the naive numerical methods (e.g. Runge-Kutta or
related methods) will be unstable. This can be seen when examining the second term on the right
hand side of equation (6.141): To transform the equations of motions into a form that is suitable
for efficient numerical methods, the matrix Mεη ≡QζηQζε has to be inverted. Its inverse comprises

terms ∼ sin−1(β) which enter a matrix multiplication in ~f . For β¿ 1, these will cause potential
instabilities in the numerics. The only way to avoid this is to use a second parametrization in dif-
ferent Euler angels such that the singularity occurs at a different point on the unit sphere. In the
numerics, one has to switch between these two parametrizations as one approaches a singularity.

We can recover Bryan’s effect, cf. subsection 6.3.2, as a special case of the more general model
that we developed here. To this end, we insert a prescribed rotation with γ̇ = Ω̄ and ˙̄Ω = 0 in the
equations of motion for the surface modes. Moreover, we assume that rotation rate is small in
comparison to the eigenfrequency of the surface modes.

Using all the relations that were derived above we have

Wmm′ = δmm′e−i mγ(t ), (6.159)

and
Ω= (0,0,Ω̄)T . (6.160)

Evaluating equations (6.151) to (6.158) in the Euler-Lagrange equations, we recover the equations
of motion that govern the dynamics of the surface modes:

C̈∗
m + i mΩ̄Ċ∗

m +ω2
surfC

∗
m = 0. (6.161)

Here, we introduced the eigenfrequency of the surface modes of the non-rotating drop ω2
surf =

8σ/%0 (cf. equation (6.42) and note that R0 ≡ 1) and kept only terms that are linear in Ω̄ like in
subsection 6.3.2. To leading order, equation (6.161) has the eigenfrequencies (C∗

m ∼ e iµt )

µ± =±ωsurf −
m

2
Ω̄ , (6.162)

which is Bryan’s effect for the l = 2 surface modes, cf. equation (6.71)

111





113



6. Surface mode dynamics in a levitated and rotating fluid droplet
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CONCLUSION

In the present thesis we have shown how to tailor the flow of photons and phonons in optomechan-
ical arrays. The scheme we have proposed in chapter 2 could enable coherent scalable nanome-
chanical state processing and might form the basis for the generation of arbitrary entangled me-
chanical Gaussian multi-mode states, such as continuous variable cluster states [156]. The in-
vestigation of the optomechanical band structure in chapter 3 and chapter 4 unraveled the great
tunability of the band structure and its features via the driving laser. The optomechanical coupling
strength can be spatially and/or temporally controlled, for instance. We illustrated a nice appli-
cation of this tunability by predicting an all-optical Klein tunneling effect, in which Dirac photons
tunnel through a barrier that is solely created by the driving laser. Moreover, the photons can be
converted into phonons, while tunneling.

In chapter 5, we predicted that by driving a suitably engineered optomechanical array with two
lasers, one can create artificial gauge fields for the photons in the array. The field configuration
is determined by engineering the phase-front of one of the driving lasers. The introduction of a
synthetic photon-phonon dimension allows a unified treatment of gauge fields for photons and
phonons in optomechanical arrays.

Future studies could deal with the rich (spatially and temporarily tunable) nonlinear dynamics
of competing unstable modes in the presence of a magnetic field and additional effects induced by
nonlinearities on the single-photon level. Moreover, a controlled time-evolution of the laser would
allow to study adiabatic changes, as well as sudden quenches and Floquet topological insulators
[176]. In general, both adiabatic and sudden quenches in the optomechanical coupling strength
are possible and might lead to novel effects.
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