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Abstract

Liquid Crystals exhibit various degrees of positional and orientational order
and thus constitute a state of matter intermediate between an unordered
liquid and a perfectly ordered crystal. In order to get deeper insights into
colloidal and molecular many-particle systems, a comprehensive theory from
first principles is essential.

Fundamental Measure Theory (FMT) constitutes an elegant geometrical
framework within classical density functional theory. It accurately describes
inhomogeneous systems of hard spherical particles in equilibrium, which are
a common model for simple colloids. A similar approach for anisotropic
shapes is more involved, as the pair interaction potential additionally de-
pends on the orientations of both particles in a non-trivial way. Moreover,
it is found in this work that some variants of the hard-sphere functional are
not appropriate for extremely anisotropic shapes.

In this thesis, I pursue two goals to improve upon current FMT func-
tionals. Firstly, I derive Fundamental Mixed Measure Theory (FMMT), a
new generalization of FMT to anisotropic bodies with arbitrary (convex)
shape, which is exact in the low-density limit. Integral geometry tells us
that it is not possible to factorize the Mayer function, describing the inter-
action between two hard bodies, into a finite number of one-body measures
unless both bodies are spheres. I introduce FMMT by employing a recent
theorem from integral geometry. The resulting decomposition of the Mayer
function in Eq. (3.2.37) contains a novel geometrical measure depending on
two bodies simultaneously. Secondly, I discuss different approximations to
better describe the dense system.

To test these new versions of FMT, I reconsider some well-studied sys-
tems, mostly consisting of hard spherocylinders. In particular, I study the
phase diagram including the isotropic, nematic and smectic-A phase, the
isotropic–nematic interface and the Frank elastic coefficients of the nematic
phase in chapter 5 and onwards.

The geometric nature of FMMT allows us to solve several problems
analytically, or make at least some preliminary simplifications. I derive a
general method to calculate the elastic coefficients according to Eq. (5.3.7).
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Abstract

The resulting analytical expressions are discussed in the low-density limit,
providing the required input to the closed formula for the isotropic–nematic
interfacial tension from Eq. (2.2.50), found within a Landau-de Gennes
theory reformulated for hard bodies. Linearizing the FMMT functional, the
free energy of the form given by Eq. (4.2.73) can be discussed analytically
for smectic-A phase. Restricting the orientational degrees of freedom, it
is possible to describe the Liquid Crystal phases of hard spherocylinders
analytically using the full FMMT functional.

To facilitate the numerical implementation of FMMT for a system with
free orientations, I validate two approximations to the two-body measure in
FMMT. Truncating a systematic expansion after a few terms yields accurate
results for hard spherocylinders with a finite length, as long as the orienta-
tional distribution does not depend on the position, which is discussed in
Sec. 7.2. According to Sec. 7.3, the rescaling of the first term of this ex-
pansion with a local function of this order parameter constitutes a simpler
and more general approach. The original strategy to employ a constant
correction results in a poor description of all inhomogeneous problems.

The requirement of a finite free energy per particle in a system of in-
finitely long rods does not allow all possible combinations of the building
blocks of FMMT at finite density. In particular, the originally proposed
form is excluded, which also comes into effect in its failure to predict a
stable smectic-A phase. As long as no additional measures are introduced,
the FMMT functional including the term in Eq. (8.2.10) is the only version
which has both the correct scaling behavior and the correct dimensional
crossover properties, being a necessary criterion to describe the solid state.
Particularly after a convenient semi-empirical choice of the prefactor to this
expression, the the description of hard spherocylinders in Sec. 8.2.3 is quan-
titatively accurate. None of the proposed more general approximations is
found to be superior, when we also take into account the need for an efficient
implementation.

As the essential result of this work, I provide a sophisticated theoretical
framework to predict the physical properties of a fluid from the microscopic
geometry of its particles. Such a theory allows a straightforward calculation
of interfacial tensions or elastic parameters, which requires a huge effort in
computer simulations. The accuracy of the refined FMMT for hard sphe-
rocylinders suggests future applications to mixtures or arbitrary external
potentials. The functional can be used as a starting point to describe more
realistic systems with long-range interactions. It is also possible to discover
new phenomena when studying complex particle shapes.
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Zusammenfassung

Teilchen mit einer anisotropen Wechselwirkung weisen sogenannte Flüs-
sigkristallzustände zwischen der ungeordneten Flüssigkeit und dem perfekt
geordneten Festkörper auf. Diese sind sowohl durch räumliche Ordnung als
auch durch eine bevorzugte Orientierung der Teilchen gekennzeichnet. Um
kolloidale und molekulare Vielteilchensysteme besser verstehen zu können,
benötigen wir eine allgemeine Theorie, die das Phasenverhalten allein durch
die Geometrie der einzelnen Teilchen beschreibt und keine empirischen Pa-
rameter enthält.

Hierfür stellt die Fundamental Measure Theory (FMT) eine elegante
Methode dar. Mit diesem erfolgreichen klassischen Dichtefunktional kön-
nen inhomogene Gleichgewichtssysteme harter Kugeln als gängiges Mo-
dell für einfach geformte Kolloide präzise beschrieben werden. Eine derar-
tige Herangehensweise ist deutlich schwieriger, wenn die betrachteten Kör-
per anisotrop sind, da die Paarwechselwirkung zusätzlich auf komplizierte
Weise von beiden Teilchenorientierungen abhängt. Wie die vorliegende Ar-
beit zeigt, sind außerdem einige Varianten des Hartkugelfunktionals nicht
geeignet, um extrem ausgedehnte Körperformen zu beschreiben.

In dieser Doktorarbeit stelle ich zwei prinzipielle Überlegungen an, mit
dem Ziel, die derzeitigen FMT Funktionale für anisotrope Körper zu verbes-
sern. Zunächst leite ich eine neue Verallgemeinerung für beliebige Formen
her. Diese Fundamental Mixed Measure Theory (FMMT) ist bei gerin-
gen Teilchendichten exakt. Aus der Integralgeometrie wissen wir, dass
die Mayerfunktion, die die Wechselwirkung zwischen zwei harten Körpern
beschreibt, außer bei harten Kugeln nicht durch einfache Einkörpermaße
ausgedrückt werden kann. Die Herleitung der FMMT geht auf ein neues
Theorem aus der Integralgeometrie zurück. Die resultierende Zerlegung der
Mayerfunktion in Gleichung (3.2.37) beinhaltet ein neuartiges geometrisches
Maß, welches von zwei Körpern gleichzeitig abhängt. Als zweiten Ansatz
diskutiere ich verschiedene Näherungen, um das System auch bei höheren
Dichten besser beschreiben zu können.

Um die vorgeschlagenen Versionen der FMT zu testen, betrachte ich
Systeme, für die bereits verschiedene Ergebnisse bekannt sind. Für harte
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Sphärozylinder betrachte ich im Speziellen das Phasendiagramm, das die
isotrope, die nematische und die smektische-A Phase beinhaltet, sowie die
isotrop–nematische Grenzfläche und die Frank-elastischen Koeffizienten in
der nematischen Phase. Diese Ergebnisse werden ab Kapitel 5 diskutiert.

Da die FMMT ausschließlich auf die Geometrie der Teilchen zurück-
zuführen ist, können wir zahlreiche Probleme analytisch lösen oder zumin-
dest im Vorfeld vereinfachen. Mit Gleichung (5.3.7) leite ich im Rahmen
der FMMT eine generelle Methode zur Berechnung der elastischen Koef-
fizienten her. Entwickelt man die damit berechneten analytischen Aus-
drücke nach den Ordnungsparametern, lässt sich der elastische Parame-
ter in der analytischen Formel (2.2.50) für die isotrop–nematische Grenz-
flächenspannung bestimmen. Diese wird mit Hilfe einer für harte Körper
abgewandelten Landau-de Gennes-Theorie hergeleitet. Mit dem lineari-
sierten FMMT Funktional in Gleichung (4.2.73) ist es möglich, die freie En-
ergie der smektischen-A Phase analytisch auszuwerten. Für eingeschränk-
te Orientierungsfreiheitsgrade kann man die Flüssigkristallphasen harter
Sphärozylinder auch mit der allgemeinen FMMT analytisch beschreiben.

Um die numerische Implementierung des FMMT Funktionals für ein all-
gemeines System zu erleichtern, schlage ich zwei gute Näherungen für das
Zweikörpermaß vor. In Abschnitt 7.2 diskutiere ich hierfür eine systema-
tische Entwicklung. Für harte Sphärozylinder mit einer endlichen Länge
ist ein Abbruch der Reihe nach wenigen Termen gerechtfertigt, solange
die Orientierungsverteilung nicht ortsabhängig ist. Wie in Abschnitt 7.3
beschrieben, stellt die Reskalierung des ersten Terms dieser Entwicklung
mit einer lokalen Funktion des Ordnungsparameters eine einfachere Nähe-
rung dar, die sogar für allgemeinere Probleme sinnvoll ist. Die ursprüngliche
Idee, eine konstante Korrektur zu verwenden, scheitert an den schlechten
Ergebnissen für inhomogene Systeme.

Um sicher zu stellen, dass die freie Energie pro Teilchen für beliebige
Körper einen endlichen Wert besitzt, sind nicht alle möglichen Kombi-
nationen der einzelnen Grundbausteine der FMMT bei endlicher Dichte
erlaubt. Insbesondere wird dadurch die ursprüngliche Form des Funktio-
nals ausgeschlossen, was man anschaulich an der in diesem Fall instabilen
smektischen-A Phase sieht. Solange keine weiteren Maße eingeführt werden,
ist der Beitrag in Gleichung (8.2.10) der Einzige, der zu einem Funktional
mit dem gewünschten Skalierungsverhalten führt, das gleichzeitig konsistent
mit der freien Energie eines Systems in niedrigeren Raumdimensionen ist.
Diese letzte Eigenschaft ist notwendig, um einen Festkörper beschreiben zu
können. Eine sinnvolle, zum Teil empirisch motivierte Wahl des Vorfaktors
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zu diesem Beitrag ermöglicht quantitativ richtige Vorhersagen, die in Ab-
schnitt 8.2.3 zusammengefasst sind. Es ist nicht möglich, mit den außer-
dem betrachteten allgemeineren Varianten des Funktionals einen besseren
Kompromiss zwischen gewünschter Genauigkeit und einfacher numerischer
Implementierung zu erreichen.

Als wesentliches Ergebnis dieser Arbeit stelle ich heraus, dass die physi-
kalischen Eigenschaften einer Flüssigkeit durch die mikroskopische Geome-
trie der einzelnen Teilchen mittels der weiterentwickelten FMMT genau
vorhergesagt werden können. Durch diese Theorie lassen sich Oberflächen-
spannungen und elastische Parameter deutlich einfacher als in einer Com-
putersimulation berechnen. Die diskutierten Resultate für harte Sphärozy-
linder legen weitere Anwendungen der FMMT nahe, zum Beispiel für Mi-
schungen, beliebige externe Potentiale oder als Ausgangspunkt zur Beschrei-
bung realistischerer Systeme mit langreichweitiger Wechselwirkung. Beson-
ders die Betrachtung von komplexen Körperformen ermöglicht es, neuartige
Phänomene zu entdecken.
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Preface and published papers

Parts of this work are based on the following publications, which I have
written as the first author.

R. Wittmann and K. Mecke, Surface tension of isotropic-nematic

interfaces: Fundamental Measure Theory for hard spherocylinders,
J. Chem. Phys. 140, 104703 (2014).

R. Wittmann, M. Marechal and K. Mecke, Fundamental measure

theory for smectic phases: Scaling behavior and higher order terms,
J. Chem. Phys. 141, 064103 (2014).

R. Wittmann, M. Marechal and K. Mecke, Fundamental Mixed

Measure Theory for non-spherical colloids, Europhys. Lett. 109,
26003 (2015).

R. Wittmann, M. Marechal and K. Mecke, Elasticity of nematic

phases with fundamental measure theory, Phys. Rev. E 91, 052501
(2015).

The first paper also contains original results from my diploma thesis Test

of the extended deconvolution Fundamental Measure Theory for inhomoge-

neous densities. Some paragraphs in the other publications were written
by Matthieu Marechal or describe his results. Whenever I refer to such
content, I add an explicit citation and a reference in the bibliography.

In this work, I adopt the notation used in my publications as far as
possible and convenient. At some points, I revised the notation to make it
more consistent and improve the readability. I provide lists of abbreviations
and different symbols in the appendix. Note that there are some typos in
my publications, which I corrected in this thesis.

In addition to the content covered in my publications, I provide a more
detailled account of my results and consider additional projects. I also pur-
sue some approaches only proposed in the discussions therein. Hopefully,
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the detailled introduction of the fundamentals of statistical physics and den-
sity functional theory also encourages non-experts to dwell upon the special
topic of this thesis. The technical sections, describing general strategies for
an efficient calculation, shall make it easier for future researchers to continue
the work with the presented theory.

The following parts are arranged in a way placing special emphasis on
the proposed theoretical approaches rather than on the results calculated as
a test of the applied methods. Therefore, the phenomenological description
of the particular problem, its theoretical implementation and the results
obtained with each version of the density functional are located in different
chapters. The lists of figures and tables in the appendix serve as a quick
guide to the results. The reader mostly interested in the results is referred
to chapter 5.

Erlangen,

June 9, 2015
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1.1. Liquid Crystals

1.1. Liquid Crystals

Liquid Crystals in a nutshell Fluids of non-spherical particles can
spontaneously align at sufficiently high densities or low temperatures [1].
As a result of their anisotropic interaction, the symmetry of the isotropic
bulk liquid can be broken partially, resulting in long-range order limited
to some particular spatial directions or the orientational degrees of free-
dom. These Liquid Crystal phases constitute some intermediate states
of matter (mesophases), which possess both the fluidity of a liquid and
direction-dependent physical properties, e.g., optical, dielectric and mag-
netic anisotropy, which are more commonly found for solids.

With their unique properties, Liquid Crystals are used nowadays in
many technological devices and are important in many areas of current
soft matter research [2]. In one of the oldest and most famous applications,
the birefringence of aligned Liquid Crystals, whose direction of preferred
orientation can be easily tuned by external fields, is used to control visual
displays [3]. Figure 1.1 shows a schematic sketch of such a Liquid Crystal

Fig. 1.1.: Schematics of a pixel within a Liquid Crystal Display. The two opposing
surfaces (glass layers) impose an alignment of a nematic Liquid Crystal parallel
to each nearby polarizer (horizontal and vertical filter). In between, the nematic
director is twisted, see Fig. 1.4a. In this mode, the light entering through a
respective color filter can pass, as its polarization axis is rotated by the birefringent
Liquid Crystal to become parallel to the second polarizer. In each pixel, an electric
field perpendicular to the incoming light controls the twist. When the field is at
its strongest, such that the director lies parallel to one of the polarizers, the pixel
becomes black. From Ref. [U2].

3



1. Introduction

(a) (b) (c) (d)

Fig. 1.2.: Liquid Crystal structures formed by macroscopic objects of daily life.
For other pictures, see Ref. [U3]. (a) Isotropic order of jellybabies. (b) Nematic
order of candy mice. (c) Smectic-A order of CDs in a shelf. (d) Columnar order
of stacked bowls.

Display. In the following, I introduce the fundamental types of Liquid Crys-
tals and describe their properties, with a special focus on the particular
models and approaches which are relevant for this thesis. For more detailed
reviews see, e.g., Refs. [1,4,5].

Classification of Liquid Crystals Liquid Crystalline order can be ob-
served from a molecular length scale up to objects visible with the bare eye,
like tree logs floating in the water. Some humorous examples are shown in
Fig. 1.2. The fundamental reason why such states can exist is the anisotropy
of the particle shape, or, more precisely, the particular interaction potential
between particles—mediated, e.g., through forbidden overlap, electrostatic
repulsion, van der Waals attraction or dipolar forces. The rigid component
of a Liquid Crystal molecule, mainly responsible for its ordering behavior,
is called a mesogen. There exist both prolate (rod-like shape) and oblate
(disk-like shape) types of such mesogens.

From a more general point of view, we distinguish between two fun-
damental classes of Liquid Crystals, depending on the dominant physical
driving force responsible for the phase behavior.1 Molecular Liquid Crys-
tals are usually considered thermotropic. Temperature (and secondly pres-
sure) is the control parameter, which characterizes the balance between
kinetic energy of the particles and the strength of their interaction. We can

1 See Sec. 2.1 for an overview of different thermodynamic parameters.

4



1.1. Liquid Crystals

Fig. 1.3.: Phase sequence of hard spherocylinders, a model system for lyotropic
Liquid Crystals. The isotropic fluid transforms into states with an increasing de-
gree of order, up to the perfectly ordered crystal, when the density ρ increases. A
decreasing temperature T , which is irrelevant for hard bodies, is the relevant driv-
ing force for thermotropic Liquid Crystals. The nematic phase exhibits only ori-
entational order, whereas the smectic-A phase additionally shows one-dimensional
positional order.

understand the reverse sequence of phases shown in Fig. 1.3 as the melting of
a crystal into an isotropic liquid via different mesophases when temperature
is increased, such that the interaction forces, favoring an ordered structure,
become less and less relevant.

The particles of a lyotropic Liquid Crystalline substance are commonly
suspended within a solvent, which makes the specific shape more important
than long-range interactions. Entropic forces, arising from excluded vol-
ume effects, dominate the phase behavior, whereas temperature is only of
secondary relevance. Increasing the density, the phase sequence in Fig. 1.3
proceeds from the isotropic liquid to the more ordered phases that pack bet-
ter. The class of lyotropic Liquid Crystals includes macromolecules, colloids
as well as amphiphilic molecules assembled into micelles.

Liquid Crystal phases Although they cover a wide range of physical
systems, Liquid Crystals exhibit a quite universal behavior. Depending
on the specific shape and interaction, the particles form different phases,
which are shown in Fig. 1.3 in a typical sequence for a rod-like mesogen.
The ordinary fluid of anisotropic particles is called isotropic phase, as the
particle orientations and positions are distributed equally.

The nematic phase is the simplest mesophase, only showing orientational
order. The direction of preferred alignment is called the nematic director.
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splay(K1)

twist (K2)

bend (K3)

(a) (b)

Fig. 1.4.: (a) Illustration of the three elastic deformations of the nematic director.
An associated elastic coefficient Ki describes the increase of the Frank elastic free
energy [6] due to the particular deformation. By Ellen Fischermeier with kind
permission. (b) Texture of a nematic film between two crossed polarizers, which
visualizes the director deformations, since the birefringence of Liquid Crystals
depends on the local orientation of the director. The black regions correspond
to the isotropic phase or topological defects in the nematic director field. From
Ref. [U4].

The average number density is completely homogeneous, as in the isotropic
fluid. As long as no surfaces or interfaces are present, the orientation of the
nematic director is arbitrary.

External forces acting on each particle, such as an electric field within
a Liquid Crystal Display, see Fig. 1.1, induce reversible and continuous de-
formations (curvature strains) of the nematic director. To characterize this
bulk elasticity, we need to distinguish three types of deformations, namely,
splay, twist and bend, as illustrated in Fig. 1.4a. Due to the low viscosity of
nematic Liquid Crystals, their elasticity [6] is very weak compared to solids
with a fix equilibrium lattice.2 As a consequence, even small fluctuations
are sufficient to drive the local director alignment out of equilibrium, such
that nematic samples often appear opaque. Hence, the isotropic–nematic
(IN) transition of molecular Liquid Crystals is sometimes referred to as the

2 I introduce the theory for the elasticity of nematic Liquid Crystals in Sec. 2.2.2.
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1.1. Liquid Crystals

clearing point. Moreover, the measurement of the IN interfacial tension is
expected to be quite difficult, as the phase transition commonly has a weak
first-order character.3

As in Fig. 1.4b, a thin nematic film between two crossed polarizers is
ideal to visualize the textures of a deformed nematic phase. Such defor-
mations, accompanied by topological defects with discontinuous director
orientation, may actually occur in the equilibrium state of lowest free en-
ergy, e.g., near complex surfaces. The rotational symmetry of the uniaxial
nematic bulk phase may also break down at interfaces or when the meso-
gens have a particular shape. Such nematic Liquid Crystals exhibit biaxial
order, i.e., further alignment along a secondary axis.

Spatially inhomogeneous Liquid Crystal phases that preserve a two-
dimensional fluid-like behavior are called smectic phases. Their common
characteristic is a preferred quasi long-range order of the particles’ centers-
of-mass, which is well-described by a one-dimensional lattice. The order de-
cays so slowly that one observes equidistant smectic layers even on macro-
scopic length scales. Depending on the director alignment and substruc-
tures, several different types of smectics are known. In the smectic-A phase,
which is the most common and was the first to be classified, the particles
align perpendicular to the smectic layers. Other examples are smectic-B,
where the particles within the layers additionally form a local hexatic sub-
structure, and smectic-C, which has a tilted director with respect to the
smectic layers and therefore possesses biaxial material properties. In some
literature, the smectic phase of lyotropic Liquid Crystals, which usually
features considerably stronger layering effects, is referred to as the lamellar

phase.

While most prolate mesogens form smectic phases, the nematic symme-
try of oblate Liquid Crystals is commonly broken by columnar phases How-
ever, the historical term discotic phase was proven incorrect with the dis-
covery of some prolate mesogens exhibiting columnar order. Typically, the
aligned particles are stacked in columns on a two-dimensional lattice, e.g.,
with a triangular or rectangular unit cell. Only within these columns, the
system behaves as a (one-dimensional) fluid. The positional long-range or-
der in the columnar phase is more pronounced than in smectics. The elastic-
ity of both of these partially inhomogeneous phases combines nematic- and
solid-like behavior, such that their deformation requires stronger external

3 See Sec. 2.1.6 for the classification of phase transitions.
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fields than that of the nematic phase.

The Liquid Crystal phases formed by chiral particles are also almost
always chiral. In equilibrium, the director of the homogeneous cholesteric

phase, which is the chiral equivalent to the nematic phase, has a helical
modulation. With its one-dimensional periodic structure, resembling a uni-
formly twisted nematic phase, the cholesteric phase possesses the same sym-
metry as the smectic-A phase.

1.2. Experiments and theory

Molecular Liquid Crystals The early thermotropic Liquid Crystals
were rod-like molecules. After first being described in 1888 [7], they were
classified for their phase behavior [8]. Oblate thermotropic mesogens were
found considerably later [9]. Novel imaging techniques, resolving single
smectic layers with periodicity of a few nanometers, reveal detailed infor-
mation about the structure of molecular Liquid Crystals [10]. For a study
of molecules forming lyotropic micelles, see, e.g., Ref. [11].

Fig. 1.5.: Sketch of the 4-cyano-4′-pentylbiphenyl (5CB) molecule with the molec-
ular formula C18H19N. The corners denote the location of a carbon atom. Other
cyanobiphenyls have additional CH2 groups in the tail. From Ref. [U5].

A famous example for thermotropic molecules is the family of cyanobi-

phenyls, first synthesized in 1973 [12,13]. Figure 1.5 illustrates the chemical
structure of 4-cyano-4′-pentylbiphenyl (5CB). This Liquid Crystal became
highly relevant for experiments and applications in Liquid Crystal Displays,
as its nematic phase is stable at room temperature between 24◦C and 35◦C.
A smectic phase was first discovered for 4-cyano-4′-octylbiphenyl (8CB) [14].
Further experiments consider the elasticity [15,16,17] and some properties
of the IN interface [18] using different cyanobiphenyls.

Model systems As a simple but well-studied model system for lyotropic
Liquid Crystals, we consider the extreme case of hard rods, which are forbid-
den to overlap [19] or, more generally, anisotropic hard bodies of arbitrary

8
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HS HSC

HD HC

oblate isotropic

  long rod

prolate

HC

D

L

L

l = L/D
l→ 0

l→ 0 l = 1
l →
∞

l →∞

Fig. 1.6.: Scaling behavior of differently shaped hard bodies. A hard spherocylin-
der (HSC) with cylinder length L and diameter D reduces to a hard sphere (HS)
for vanishing aspect ratio l = L/D = 0. In the prolate (rod-like) regime with
l ≫ 1, hard cylinders (HC) are quite similar to HSC with the same dimensions.
The limit l → ∞ of both a HC and a HSC results in an infinitely long and thin
rod. For l ≪ 1 the shape of a HC becomes oblate (plate-like), with the extreme
case of an infinitely thin hard disk (HD) in limit l→ 0. The most isotropic variant
of a HC with l = 1 is not suited as a model for a Liquid Crystal. In the extreme
case of parallel bodies, a HD, a HC and an infinitely long HSC can be mapped
onto each other, such that their phase behavior is equivalent.

shape [20]. The simplicity of this hard-core repulsion, with is only of short
range, completely eliminates the temperature as a thermodynamic control
parameter. Besides the number density, the phase behavior of such parti-
cles only depends on their size (in case of mixtures) and shape. There are
both quantitative theories, first of all Onsager’s exact description of the IN
transition of infinitely long and thin rods [21],4 and reliable experimental
reference systems ranging from colloids with screened electrostatic interac-
tion [22] to granular materials [23]. Figure 1.6 illustrates the shapes that
are most relevant for the calculations made in this thesis.

Only one parameter, namely the aspect ratio l = L/D of cylindrical
length L and diameter D, is sufficient to characterize the anisotropy of a
hard spherocylinder (HSC) or a hard cylinder (HC). For an extreme elonga-
tion l→∞, the limit described within Onsager’s approach [21], both shapes

4 For more details about the Onsager theory, see Sec. 2.3.3.
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1. Introduction

become indistinguishable. The case of vanishing cylinder length, l → 0, is
rather different. The limiting shape of a HSC is a hard sphere (HS), a
well-known model for simple fluids [24], i.e., isotropic particles which do
not form Liquid Crystal phases. On the other hand, a HC reduces to an
infinitely thin hard disk (HD), a model for an oblate Liquid Crystal. Ellip-
soidal shapes are common in early computer simulations, but do not show
smectic or columnar behavior.5

The more complex interaction of thermotropic Liquid Crystals usually
has a longer range. Some approximate potential models for this soft in-

teraction arise from anisotropic versions of the Lennard-Jones potential,
as introduced by Kihara [25] or Gay and Berne [26]. The soft repulsive
core resembles a spherocylinder or an ellipsoid of revolution, respectively.
In addition, the Gay-Berne model includes an orientation-dependent inter-
action strength, which was adapted in an improved model combining fea-
tures of both potentials [27]. Alternatively, we can describe thermotropic
behavior within anisotropic mean-field theories that ignore the molecular
structure [28,29,30,31]. Different short-ranged variants of soft interaction
potentials are primarily used in computer simulations.5

We have seen that there is a wide range of suitable models for Liquid
Crystals—from the restriction to short-range repulsion, solely depending
on the particle geometry, to continuous interaction potentials, which do
not account for the molecular size. Incorporating the latter aspect, hard-
body fluids also provide an excellent theoretical basis for the description of
molecular systems. Modifying a hard-body theory by adding a perturbation
term [24], constitutes a simple theoretical account of the (finite) long-range
part of the interaction potential.6 For example, such an approach is used
in generalized van der Waals-type models [32,33] for orientation-dependent
systems. Therefore, we emphasize the importance of a good theory for the
hard-body reference system. However, there are several lyotropic systems
which may be directly compared to the predictions of the pure hard-body
model.

Colloidal Liquid Crystals Solutions of vanadium pentoxide [34] and
clay particles [35] can also form Liquid Crystal phases. Such anisotropic col-

loidal systems are particularly interesting for experimentalists. With typical

5 Computer simulations of hard and soft bodies are discussed in Sec. 1.3.
6 Within the framework of density functional theory, introduced in Sec. 2.3, the sepa-

ration into reference system and perturbation is done according to Eq. (2.3.14).
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1.2. Experiments and theory

Fig. 1.7.: Electron micrograph of the Tobacco Mosaic Virus (TMV), which shows
lyotropic Liquid Crystal behavior. From Ref. [U6].

dimensions between 1nm and 1µm, colloidal particles are not significantly
influenced by gravity, whereas the particles are large enough to be directly
observed by means of optical imaging techniques [36,37]. Colloids are driven
by Brownian motion through collisions with the solvent, such that they
exhibit a fluid-like behavior similar to molecular systems. Electrostatic
(adding ions to the solvent) or steric stabilization (surrounding the colloids
with polymers) prevents undesired aggregation. As a desirable side effect,
the electrostatic and dipolar interactions between the colloidal particles be-
come less relevant compared to molecular liquids. Hence, suitable colloids
can be made to interact as nearly hard bodies [22]. In addition, an appro-
priate rescaling of the aspect ratio facilitates the comparison to idealized
hard-body mesogens. In order to do so, the second experimental challenge
is to prepare a highly monodisperse system, which is a common assumption
in computer simulations and most microscopic theories.

For a long time, the principal type of colloidal rods were viruses [38,39],
which are relatively monodisperse by nature. The first particle which came
to be known for its Liquid Crystal behavior [40], e.g., with the observation
of its birefringence [41], is the Tobacco Mosaic Virus (TMV). A microscopic
image of this rigid rod with length L = 300nm and diameter D = 18nm
[42] is shown in Fig. 1.7. The phase behavior of the TMV, including the
nematic [43] and the smectic-A [44] phase, is well studied. In particular,
the IN transition does not depend on temperature [45]. The viscoelastic
properties of the nematic phase were characterized in Refs. [46,47]. However,
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the isolation of the TMV from infected tobacco plants is a difficult and
tedious procedure. Hence, experimentalists tend to favor viruses which
infect bacteria [39], such as the semi-flexible fd-virus. The fd-virus is longer
than the TMV and has an aspect ratio of approximately l ≈ 130. It forms
cholesteric [48] and smectic [49,50] phases. However, its non-rigidity leads
to a temperature dependence of the phase transitions [51].

Both rod-like viruses, the TMV and the fd-virus have a highly negative
charge at pH 7 [38]. Hence, a crucial component of experimental phase
diagrams is the ionic strength in the solvent, which determines the range
of the charge-stabilized electrostatic interaction. At high ionic strength,
such that this additional repulsive contribution is sufficiently screened, the
behavior of the colloids approaches that of an effective hard-body system.
The concept of an effective diameter, which takes into account the charge
of the particle and increases with the screening length [52], gives rise to
an accurate approximation by the reference hard bodies. This approach
works well for the IN transition of the fd-virus [53] but becomes worse
for decreasing ionic strength or increasing density, such that a quantitative
comparison fails for its smectic phase [54]. The other way round, models
beyond idealized hard bodies are applied in a simulation study [55] and a
theoretical approach [56] designed to describe the specific interaction of the
TMV.

One of the few inorganic hard-rod-like colloidal systems studied since
the 20th century is formed by β-ferric oxyhydroxide (β-FeOOH) [36,57,58].
Early synthetic systems of anisotropic particles usually suffered from a too
pronounced polydispersity, which, e.g., suppressed the formation of smectic
layers [59]. Further challenges for the synthesis of colloids are to achieve an
efficient production rate and to make a direct observation possible. Nowa-
days, the shape and physical properties of synthetic colloids, can be fine-
tuned with increasing precision [60]. A recently developed method gives rise
to silica rods of variable aspect ratio, resembling HSC [37]. In addition to
the observation of their rich phase behavior, a simultaneous tracking of each
particle is possibly by means of optical microscopy due to their relatively
large size [61]. Some other examples are gold nanowires [62], which align
in smectic patterns [63], or carbon nanotubes [64,65], which may have ex-
tremely large aspect ratios. Gibssite platelets [66] are oblate colloids, which
form isotropic, nematic and columnar phases [67] and compare well to thin
HD [68].
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1.2. Experiments and theory

Fig. 1.8.: Smectic-A-like ordering of granular sweets after shaking a rectangular
box. The boundaries cause a misalignment of the nearby rods.

The interfacial and elastic properties of nematic colloids are closely re-
lated [69]. Common experiments involve the formation of tactoids, which
are small nematic drops in a surrounding isotropic liquid near the IN tran-
sition. The properties of interest are related to the shape of the tactoid
and the orientations of the enclosed colloids. Various other experimental
methods are described in Ref. [70]. The first measurement of an interfa-
cial tension between an isotropic and an anisotropic (cholesteric) suspen-
sion of colloids was carried out for rod-like cellulose particles [71]. How-
ever, these suspensions are only stable at low ionic strength and the results
strongly depend on the density. Therefore, a comparison to the predictions
for hard rods is difficult. One remarkable finding is the extremely low value
γIN . 10−3mN/m of the interfacial tension, similar to the result with carbon
nanotubes [65]. The splay elastic coefficient and the IN interfacial tension
of Gibssite platelets [72] were measured from deformed tactoids in a mag-
netic field. Studying capillary effects, it is possible to extract information
about the bend constant [73], different surface tensions and the anchoring
behavior [68,69].

Granular Liquid Crystals At length scales beyond colloidal dimensions,
there are several examples of hard-rod-like granular materials [23], even in
our daily life, such as rice grains or the rod-like sweets in Fig. 1.8. How-
ever, most systems are highly dissipative and the effect of gravity may not
be neglected. For example, the structure shown in Fig. 1.8, resembling a

13



1. Introduction

(a) (b)

Fig. 1.9.: Snapshots of molecular dynamics simulations of hard spherocylinders
with an aspect ratio L/D = 5. Courtesy of Ellen Fischermeier. (a) Isotropic fluid
at reduced density ρ∗ = 0.4. (b) Nematic phase at reduced density ρ∗ = 0.5.

smectic-A phase, only forms after shaking the box. The image taken after-
wards shows granular packing rather than an equilibrium Liquid Crystal.

In order to observe fluid behavior, a granular system needs to be ther-
malized, which can be achieved by periodic shaking. Still, it is hard to ex-
tract information about the bulk phases due to the necessary confinement
in a container. A particularly simple example are (quasi) two-dimensional
systems perpendicular to the gravitational field [74]. To study the bulk
phase behavior of three-dimensional systems, we need to eliminate the ef-
fect of gravity. Single particle dynamics in the isotropic state of anisotropic
granular particles were recently recorded in microgravity experiments [75].
Such a setup should also be suitable to locate the IN transition, when more
particles are used.

1.3. Computer simulation

Numerical methods Returning to the microscopic model of perfectly
hard and rigid bodies, computer simulations [76] provide the obvious ref-
erence "experiment" of most theories, as both consider exactly the same
idealized system. Figure 1.9 shows some typical snapshots of a simulation
for bulk HSC with periodic boundary conditions. There are two widely used
types of simulation techniques.

Monte-Carlo routines involve stochastic methods to solve integrals with
a high dimension. The idea of Monte-Carlo integration is to calculate a
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non-deterministic estimate of a definite integral by adding up the integrand
for some uniformly distributed random numbers within the given limits.
Implementations of the more sophisticated MISER [77] and VEGAS [78]
algorithms, using more efficient sampling methods, can be found in the
GNU Scientific Library [79].

In Monte-Carlo simulations, the integral over the phase space is calcu-
lated using a generalized metropolis algorithm [80] to determine the equi-
librium configuration of a thermodynamic system. Starting with an initial
configuration, the energy of the system is calculated after each displacement
and rotation of a randomly picked particle. Grand-canonical Monte-Carlo
algorithms additionally allow the insertion or removal of particles.7 Such a
Monte-Carlo step will be accepted, if the energy becomes smaller or, other-
wise, if the energy difference does not exceed a randomly chosen threshold.
In particular, a step that leads to an overlap of hard cores, leads to an
infinite energy, such that the acceptance probability becomes zero. After a
rejected step, the previous configuration is restored. This procedure contin-
ues until the system reaches equilibrium, i.e., additional Monte Carlo steps
do not change the observables beyond the range of thermal fluctuations.
The averaging process over the fluctuations leads to some statistical uncer-
tainties in the equilibrium parameters and there may be systematical errors
as a result of too small particle numbers.

A molecular dynamics simulation provides the possibility to study the
explicit time evolution of a model system, including non-equilibrium pro-
cesses. The key principle is the explicit numerical solution of the discretized
equations of motion, maintaining their time-reversibility. For anisotropic
particles, both translational and rotational motion, induced by forces and
torques, respectively, needs to be considered. In ergodic systems, the equi-
librium thermodynamics result from the time average. The input param-
eters are the particle number, the duration of a time step and the total
time. Besides the errors related to a too small system size, the numerical
integrations at each time step may lead to a significant cumulative error for
long simulation runs.

Simulation of Liquid Crystal models The complete phase behavior
and equation of state (EOS) of the HSC fluid are best understood by means
of computer simulations [81,82,83,84]. In earlier efforts, the orientational

7 See Sec. 2.1.1 for an introduction to the different statistical ensembles.
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degrees of freedom were neglected to determine the EOS [85,86] and the
phase diagram [87,88,89,90] for the much simpler system of parallel HSC.
Such an artificial system, which is easier to implement, could be realized,
in theory, by using an infinitely strong aligning field. As there obviously is
no isotropic phase, the transition between the highest-symmetry phases is
the second-order nematic–smectic-A (NSm) transition. The phase behavior
of a binary mixture of parallel HSC indicates that polydispersity tends to
destabilize smectic order in favor of the columnar phase [91].

In 1997, Bolhuis and Frenkel presented a complete phase diagram for
freely rotating HSC [83].8 The IN transition is of weak first order and the
coexistence densities decrease with increasing aspect ratio l and tend to
become zero in the well-studied Onsager limit [21], l → ∞. For l . 3.5,
the isotropic fluid directly transfers into a smectic-A phase, when the den-
sity increases. With the shape becoming more and more spherical, there
are no more Liquid Crystal phases for l . 3. Both isotropic–smectic-A
and NSm transitions are of first order, the latter even in the limit of in-
finite aspect ratio [84]. At higher densities, Bolhuis and Frenkel reported
different crystalline states, whereas the columnar phase is only metastable.
Compared to HSC with a similar aspect ratio, the transition densities of
soft spherocylinders were reported to decrease [92] or increase [93] for rela-
tively low or high temperatures, respectively. More recent time-dependent
simulation studies consider a nematic phase of HSC subjected to periodic
aligning fields [94] or focus on the individual dynamics of hard [95,96,97,98]
and soft [99] spherocylinders in inhomogeneous bulk phases.

Computer simulations were also applied to study the IN transition [100,
101,102,103,104,105] and the complete phase diagram [106,107] of several
oblate shapes. In particular, a system of infinitely thin HD [108] has a first
order nematic–columnar transition, whereas ellipsoidal bodies [109,110,111]
do not exhibit inhomogeneous mesophases at all. As a simple explanation,
the highly aligned ellipsoids may be approximately mapped onto HS and
therefore behave like a simple fluid [89].

The elastic coefficients of the nematic phase are usually extracted from
fluctuations of the Fourier-transformed order tensor.9 This method has
been applied to systems of HSC [112,113], hard ellipsoids [114,115] or, quite
recently, infinitely thin HD [116]. An alternative approach involves the

8 The simulation values from Ref. [83] are shown, e.g., in Fig. 5.3 and compared to the
theoretical results of this work in Sec. 5.1.

9 The order tensor is defined in Eq. (2.1.66).
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numerical calculation of the direct correlation function [114,115,117] to use
the theoretical framework invented by Poniewierski and Stecki [118,119].10

Despite the simplicity of the hard-body model, an accurate computer
simulation of the interface between coexisting isotropic and nematic phases
is quite difficult. One reason is the weak nature of the first-order transition,
which leads to a low IN interfacial tension, as already predicted by different
experiments [65,71]. Simulations for ellipsoids [120,121,122] indicate that
the interfacial tension of hard bodies is even lower than for particles with
an attractive interaction. In succession of earlier works using soft sphero-
cylinders [123,124], Schilling and co-workers simulated the IN interface of
HSC with an aspect ratio of l = 15 [125,126,127]. Other interfacial phe-
nomena of hard-body fluids were considered at hard walls [107,128] and in
confinement [107,129]. A new method to calculate the pressure tensor from
volume perturbations is suitable to extract surface tensions for systems of
various anisotropic hard- [130] or soft bodies [131].

As the numerical implementation of potentials with an infinite range is
difficult, one can simulate thermotropic Liquid Crystals using different types
of soft-core models. This short-range interaction still accounts for the par-
ticle shape but does not completely forbid an overlap between two bodies.
Some typical repulsive potentials have the form of a truncated Kihara (soft
spherocylinders) [92,93,99,123] and Gay-Berne (soft ellipsoids) [115,121,122]
potential or consist of a simple step function jumping from a finite value to
zero at the boundary of the soft body [124,125]. Another soft-core model
includes an attractive square well around the hard core [93,114]. All of these
models can recover the hard-core potential in a specific limit.

As a more realistic model, one can use the plain Gay-Berne potential [26]
with a significantly larger cut-off radius than for soft bodies. The phase
behavior [132], interfaces [133,134] and elasticity [135,136] were studied ex-
tensively for prolate and oblate variants of this interaction.

1.4. Survey of the theoretical part

Development of Fundamental Measure Theory The theoretical de-
scription of Liquid Crystal phases, beyond their macroscopic phenomenol-
ogy, dates back to the seminal work of Onsager in 1949 [21], who found that

10 The Poniewierski-Stecki equations, given by Eq. (2.3.36), are the basis to calculate
the elastic coefficients within density functional theory, considered in Sec. 2.3.5.
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pair potentials are sufficient to describe the IN transition of infinitely long
hard rods at vanishing density, and Evans [137] who formalized liquid state
theory into the rigorous mathematical framework of classical density func-
tional theory (DFT) in his paper from 1971. From then on, the remaining
effort was to find approximate density functionals beyond Onsager’s exact
low-density limit. Undoubtedly, the most elegant density functional for the
HS system is Rosenfeld’s Fundamental Measure Theory (FMT) [138], which
he derived in 1989.

The early FMT-like functionals for anisotropic hard bodies are either
valid for some particular shapes only or restricted to discrete orientations.
It took 20 years before a general version for arbitrary convex hard bodies was
invented by Hansen-Goos and Mecke [139,140]. It is the first functional to
predict the IN transition of HSC. However, in contrast to the non-empirical
Onsager functional and Rosenfeld’s FMT, a crude approximation is used in
this extended deconvolution Fundamental Measure Theory (edFMT) from
2009. The role of the free parameter introduced to correct the error that
arises from the truncation of an infinite series is still imperfectly understood.

Goal of this work In my thesis, I carry on the theoretical description of
hard-body Liquid Crystals. The goal of my work is to validate the edFMT
functional—as far as it predicts sensible physics—and to push forward the
necessary improvements. To this end, I only consider simple shapes, which
are understood by means of computer simulation, or systems for which a
similar FMT-like functional is available. The comparison of my results to
experiments is of secondary importance. The interested reader is referred
to the prior description of experimental Liquid Crystal systems in Sec. 1.2
and the relation to the predictions of computer simulations, as reviewed in
Sec. 1.3. The possible implementation of a finite part of the interaction
potential, providing a more realistic account of experimental systems, is
beyond the scope of this work. However, the improvement of the hard-body
reference theory constitutes an important step towards the quantitative
description of experimentally more relevant systems.

In order to refine FMT for hard bodies of arbitrary shape, I concern
myself with the two central questions:

(1) How accurate is the empirical parameter?

(2) Is it justified to establish the structure of the functional on the basis
of the experience with HS systems?
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Outline To answer these questions, I divide my theoretical work into two
parts. Part I contains a review of liquid state theory in the grand canonical
ensemble, specializing to the hard-body interaction and the monodisperse
HSC fluid in particular. Therefore, I pay special attention to the role of the
orientational degrees of freedom.

In chapter 2, I condense the required fundamentals of statistical physics
and outline the framework of macroscopic continuum theories for anisotropic
particles and microscopic DFT, which I extend successively to describe mix-
tures and orientation-dependent problems. After a digression to some re-
lated topics in integral geometry, I introduce FMT and different general-
izations in chapter 3. Particularly, I derive a new parameter-free approach,
namely, Fundamental Mixed Measure Theory (FMMT). I discuss the re-
lation to edFMT and summarize different ways to modify the functionals.
Based on some preparatory calculations for HSC in chapter 4, I reveal gen-
eral criteria for (1) the choice of parameters and (2) the structure of the
functional. I describe the numerical implementation for specific problems
and illustrate the numerical demands to evaluate the full FMMT functional.

Comparing my results in Part II to computer simulations and other
theories, I deepen the insights gained by the preliminary studies and disclose
the advantages and problems of FMMT. Moreover, I explore some ideas to
further improve the functional.

In chapter 5, I start with a comparative presentation of the results for
phase diagram, IN interfacial tension and Frank elastic coefficients of the
monodisperse HSC fluid, obtained with different versions the functional.
The findings clearly show that the simple parameter (1) is not sufficient to
approximate the FMMT results. An outstanding feature of the geometry-
based FMT functionals is that we obtain analytic results for some specific,
usually homogeneous, systems. In chapter 6, I pursue different analytic
approaches for inhomogeneous problems using simplifying assumptions re-
garding the orientations of the particles. These approximate results increase
our understanding of the behavior with full orientational degrees of freedom
and help understand the answers to the questions (1) and (2).

Although FMMT is exact in the low-density limit, one might wish to
implement a numerically more efficient approximation, improving upon an
empirical correction (1). In chapter 7, I examine the convergence of a sys-
tematic expansion. Another promising approach is to consider the original
correction as a function of the nematic order parameter. In chapter 8, I
test some new ideas to improve the functional beyond the quadratic order
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in the density. Some criteria I demand are the same as for the HS fluid (2).
In order to consistently describe anisotropic shapes, there is a large num-
ber of additional constraints. In particular, I also consider hard cylinders
and cubes and study the IN coexistence of infinitely thin disks as a further
application. Finally, I propose further tests and possible improvements of
the functional in chapter 9. I also outline some interesting problems beyond
the scope of this work.
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spherocylinders





2. Hard-body Liquid Crystals

"What we observe is not nature itself, but nature exposed

to our method of questioning."

Werner Heisenberg

23





2.1. Statistical physics and thermodynamics

2.1. Statistical physics and thermodynamics

The theoretical route to study the behavior and structure of liquids is to cal-
culate the density distribution and correlation functions for a model system
with known interactions. For a homogeneous bulk fluid, i.e., an unper-
turbed and infinitely large system, with equilibrium number density ρ0, the
structure factor

S(k) = 1 + ρ0

∫

drh(2)(r) exp(ikr) , (2.1.1)

which can be measured in scattering experiments, is related to the Fourier
transform of the total correlation function h(2)(r), which is accessible from
theory [24]. This fundamental relation allows the experimental verification
of theoretical predictions and serves as a guide to derive new theories.

Preferably, a quantitative and general approach should be based on a
microscopic model that allows a statistical calculation from first principles,
i.e., without empirical input. However, in more than one dimension [141],
it is not possible to describe the intrinsic many-body interaction of a gen-
eral fluid exactly, not even for the simple hard-body model. Therefore, we
need numerical methods or an elegant approximation by means of a suit-
able interaction potential, which can be efficiently implemented. Regarding
anisotropic shapes, we also have to account for the orientation-dependence
of the interaction and the related physical quantities.

To this end, I derive the the most general expression for the grand canon-
ical partition function, a statistical quantity that contains the full thermody-
namic information about a system, in Sec. 2.1.1. Starting within this grand
canonical ensemble, I derive further thermodynamic quantities in Sec. 2.1.2.
Section 2.1.3 provides the framework to study inhomogeneities and fluctu-
ations and Sec. 2.1.4 accounts for a systematic description of interacting
systems. In Sec. 2.1.5, I formally introduce the hard-core interaction, which
is of particular importance in the remainder of this work, and review some
common approaches to determine the thermodynamic properties of bulk
phases. In Sec. 2.1.6, I discuss the conditions to locate a phase transition
in the light of the order phenomena characteristic to Liquid Crystals.

These introductory sections are loosely based on lectures by Roth [142,
143]. Additional information can be found in the textbooks by Hansen
and McDonald [24], Barrat and Hansen [144], Kalikmanov [145], Das [146]
and Mayer and Mayer [147]. To complement the discussion in Sec. 2.1.6 of
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2. Hard-body Liquid Crystals

order phenomena, see also the textbooks of de Gennes [1] and Landau and
Lifshitz [148], as well as, the calculations following in Sec. 2.2.

2.1.1. Grand canonical ensemble of anisotropic molecules

Many-particle systems The framework of statistical physics provides
a relates macroscopic observables, as pressure, temperature and order pa-
rameters, to the interaction and motion of individual molecules. Due to
the large number N ≃ 1023 of particles in a bulk system, we require prob-
abilistic methods to calculate average values of the observables which are
not fixed in the chosen system. According to the ergodic hypothesis, all
microstates are uniformly distributed. Hence, we assign the macroscopic
equilibrium to the state that has the most microscopic realizations under
the given constraints.

In the most general case, we consider a classical system of N =
∑κ

i=1Ni

particles, where Ni is the particle number of species i and κ the number of
components. A point particle or one with a spherical symmetry has fi = d

degrees of freedom due to the translations of the centers-of-mass, where
d is the dimension of space. Anisotropic particles additionally have one
rotational degree of freedom for each principal rotation axis with distinct
symmetry, such that fi = 2d in the most general case. To describe uniaxial
Liquid Crystals in three dimensions, we consider cylindrically-symmetric
particles, which usually have fi = 5 degrees of freedom.

Each microstate corresponds to one point in the (2
∑κ

i=1 fiNi)-dimensio-
nal phase space ΓN . The many-particle Hamiltonian HN

(

rN ,ON ,pN ,LN
)

,
which depends on the centers-of-mass r and momenta p, as well as, orien-
tations O and angular momenta L of each of the N particles, provides the
energy of one microstate described by these phase-space variables. Particles
with cylindrical symmetry only have two distinct principal rotation axes.
In bulk systems with uniaxial order, we can describe the dependence on the
orientation O ≡ ̟ ≡ (θ, φ) with the azimuthal θ and polar φ angles in the
usual spherical coordinates, instead of using the full three Euler angles [24].

We conveniently split the Hamiltonian

HN

(

rN ,ON ,pN ,LN
)

= T
(

pN ,LN
)

+ U
(

rN ,ON
)

+ V
(

rN ,ON
)

, (2.1.2)

into three different contributions. The particles interact with each other
via a position- and orientation-dependent intrinsic interaction potential
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2.1. Statistical physics and thermodynamics

S

T

µ(2)

µ(1)

Fig. 2.1.: Illustration of a system S of volume V corresponding to the grand
canonical ensemble. The system can exchange energy with a heat bath of temper-
ature T and particles of species i with a reservoir at chemical potentials µ(i).

U
(

rN ,ON
)

and are subjected to an external potential

V
(

rN ,ON
)

=
κ
∑

i=1

Ni
∑

ki

V
(i)
ext (rki ,Oki) , (2.1.3)

which is a function of the positions {rki} and orientations {Oki} and acts
on each particle depending on its species. The kinetic energy

T
(

pN ,LN
)

=
κ
∑

i=1

Ni
∑

ki

(

p2
ki

2mi
+
L2
ki,x

2Ii,xx
+
L2
ki,y

2Ii,yy
+
L2
ki,z

2Ii,zz

)

(2.1.4)

consists of a translational part, where the {pki} denote the momenta of each
particle of species i, with the common mass mi, and the rotation energy
with the angular momenta {Lki} and diagonal elements Ii,αα of the inertia
tensor in a principal-axis frame (x, y, z).

Statistical ensembles Depending on the experimental setup, i.e., the
parameters that are controlled macroscopically, we can use different statis-
tical ensembles to derive the thermodynamic behavior. The microcanonical

description assumes a fixed internal energy, volume V and chemical com-
position {Ni}, as found in an (idealized) isolated system. More realistic
systems, described in the canonical ensemble, exchange energy with the
environment, which we imagine as a heat reservoir of fixed temperature T .
To study the entropy-driven phase transitions of lyotropic Liquid Crystals,
it is most convenient to consider the grand canonical ensemble, illustrated
in Fig. 2.1. In addition to the energy fluctuations, the system can exchange
particles with a reservoir, such that only the average particle numbers of
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2. Hard-body Liquid Crystals

each species are controlled via the corresponding chemical potentials µ(i).

The grand canonical partition function

ZGK(T, V, {µ(i)}) =
∞
∑

N1=0

. . .
∞
∑

Nκ=0

κ
∏

i=1

1

Ni!hfiNi

∫

ΓN

dΓN e
−β(HN−µ(i)Ni)(2.1.5)

with the phase space volume element

dΓN = dr1 dp1 dL1 dO1 . . . drN dpN dLN dON (2.1.6)

reckons the total number of microstates in a system of given volume V ,
chemical potentials {µ(i)} of species i and inverse temperature β−1 = kBT ,
where kB ≈ 1.38 · 10−23J/K is the Boltzmann constant. The factors 1/Ni!

account for the possible exchange of indistinguishable particles and the ap-
propriate power of Planck’s constant h ≈ 6.63 · 10−34Js makes the partition
function dimensionless.

Simplified scenarios A general study of anisotropic systems is computa-
tionally expensive, even when we assume a simplified interaction potential to
calculate the partition function in Eq. (2.1.5) approximately. As a first step
to test a new theory, it is worthwhile to consider an idealized system of par-
allel molecules for two reasons. Firstly, dropping the integrals over orienta-
tions and angular momenta in Eq. (2.1.6) results in a considerably narrower
configurational space, which allows a more efficient—possibly analytical—
calculation. Secondly, perfectly aligned anisotropic particles constitute the
most anisotropic interaction, which is of particularly importance for testing
theories first developed for spherically symmetric interactions.

The most simplistic method to include the orientational degrees of free-
dom is the restricted orientations model introduced by Zwanzig [149], re-
placing the integrals over the orientations by a sum over three mutual per-
pendicular directions. Alternatively, anisotropic particles can be approxi-
mately defined and studied within lattice models [150].

2.1.2. Thermodynamics from the grand potential

Grand canonical ensemble For the moment, I follow the standard pro-
cedure of most textbooks and drop the orientational degrees of freedom
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2.1. Statistical physics and thermodynamics

to introduce important thermodynamic relations and statistical methods.1

For a three-dimensional system of non-rotating and monodisperse particles,
the partition function from Eq. (2.1.5) becomes

ZGK(T, V, µ) =

∞
∑

N=0

1

N !h3N

∫

dΓNe
−β(T (pN)+U(rN)+V(rN)−µN) (2.1.7)

with dΓN = dr1dp1 . . . drNdpN . Given as a function of the independent
state variables T , V and µ, also called its natural variables, the grand
potential

Ω(T, V, µ) := −kBT lnZGK(T, V, µ) (2.1.8)

allows us to deduce the full equilibrium thermodynamics of a system. The
statistical definition in Eq. (2.1.8) maintains the fundamental property of
any thermodynamic potential to be minimal in equilibrium, as the minimum
corresponds to the maximal number of microscopic states.

Only the partial derivatives of a thermodynamic potential with respect
to its natural variables, which are fixed macroscopically within the asso-
ciated statistical ensemble, do not vanish. Instead, they give rise to the
equilibrium values of the respective conjugated variables. In case of the
grand potential, these are the entropy

S(T, V, µ) = −
(

∂Ω(T, V, µ)

∂T

)

V,µ

, (2.1.9)

the pressure

p(T, V, µ) = −
(

∂Ω(T, V, µ)

∂V

)

T,µ

(2.1.10)

and the particle number

N(T, V, µ) = −
(

∂Ω(T, V, µ)

∂µ

)

T,V

, (2.1.11)

where the subscript natural variables remain constant, such that we find
the differential representation

dΩ = −SdT − pdV −Ndµ (2.1.12)

1 Within the framework of density functional theory, we see in Sec. 2.3.3 that we can
include the orientation dependence as a straightforward generalization, rather than
repeating the following calculations using the partition function from Eq. (2.1.5).
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2. Hard-body Liquid Crystals

of the grand potential. The second derivatives are related to stability criteria
and fluctuations, which becomes more obvious from the statistical point of
view, depicted in the following.

Classical operators and observables Define the grand canonical prob-
ability density

f0
(

rN ,pN
)

=
e−β(HN(rN ,pN)−µN)

ZGK
(2.1.13)

in equilibrium and the classical trace

Trcl :=
∞
∑

N=0

1

N !h3N

∫∫

dr1dp1 . . .

∫∫

drNdpN , (2.1.14)

such that Trcl [f0] = 1, regarding Eq. (2.1.7). Then we can calculate the
(ensemble) average

〈

Â
〉

:= Trcl
[

f0Â
]

(2.1.15)

of an operator Â over the whole grand canonical phase space. Using the
partition function defined in Eq. (2.1.7), we easily find the relation

〈N〉 = Trcl [f0N ] = kBT
∂ lnZGK(T, V, µ)

∂µ
= −

(

∂Ω

∂µ

)

T,V

(2.1.16)

for the average particle number, which is equivalent to the thermodynamic
expression in Eq. (2.1.11). Similarly, we find

〈

N2
〉

− 〈N〉2
〈N〉 = −kBT

〈N〉

(

∂2Ω

∂µ2

)

T,V

=
kBT

〈N〉

(

∂〈N〉
∂µ

)

T,V

= ρkBTκT

(2.1.17)
for the normalized mean-square fluctuation in the particle number. The
resulting inequality κT > 0 for the isothermal compressibility κT is a nec-
essary requirement for thermodynamic stability [24,144].

Thermodynamic limit Each conjugated pair of state variables consists
of one extensive and one intensive quantity. The extensive variables S,
V and N are additive and scale with the system size V , while intensive
variables remain unchanged. In the thermodynamic limit of an infinitely
large system, the extensive variables diverge, whereas their densities, i.e.,
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2.1. Statistical physics and thermodynamics

ratios of two extensive quantities remain finite.

We easily see that the ratio of the mean-square fluctuation and the
average particle number on the right-hand side of Eq. (2.1.17) is an inten-
sive quantity. Therefore, the fluctuation in the number density ρ = N/V

vanishes in the thermodynamic limit, such that the state with the most
microscopical realizations is occupied almost for sure.2 The statistical def-
inition of state variables is consistent with thermodynamics, in the sense
that Eq. (2.1.16) becomes identical to Eq. (2.1.11), as 〈N〉 → N . In the
following, I always assume that the thermodynamic limit can be taken and
omit the brackets denoting the ensemble average if the meaning is clear
from the context.

Other thermodynamic potentials Given in terms of their natural vari-
ables, all thermodynamic potentials contain the complete information about
a system in equilibrium and are equivalent in the thermodynamic limit. Ap-
plying Legendre transformations, we can transfer different potentials into
each other, together with their characteristic set of natural state variables,
i.e., without loss of information. We find the Helmholtz free energy

F(T, V,N) = Ω(T, V, µ(T, V,N)) + µ(T, V,N)N (2.1.18)

from the grand potential, where µ(T, V,N) results from the inversion of
N(T, V, µ) in Eq. (2.1.11). From its differential form

dF = −SdT − pdV + µdN , (2.1.19)

we easily recognize relations for the conjugated variables similar to those in
Eqs. (2.1.9), (2.1.9) and (2.1.11).

Another Legendre transformation yields the internal energy

U(S, V,N) = F + TS = Ω+ µN + TS , (2.1.20)

which exclusively depends on extensive variables. For convenience, I have
suppressed the dependence on these variables on the right-hand side, which
is analog to Eq. (2.1.18). Rearranging Eq. (2.1.20) yields the Gibbs entropy

S(U, V,N) = kBβU − kBβµN + kB lnZGK , (2.1.21)

2 To be more precise, we may only neglect fluctuations far away from a critical point,
where the isothermal compressibility diverges. A more detailed discussion follows in
Sec. 2.1.6. In Sec. 2.2.3, I perform an exemplary calculation.
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2. Hard-body Liquid Crystals

which gives rise to the information theoretical interpretation of the vari-
ables in grand canonical ensemble. According to Jaynes’ principle, the
equilibrium configuration has the maximal number of microstates under
the constraint that the average total energy U = 〈HN 〉 and particle num-
ber N = 〈N〉 are known from a macroscopic measurement, such that the
Gibbs entropy in Eq. (2.1.21) takes its maximal value. In this sense, we
can understand the inverse temperature β and the chemical potential µ as
Lagrange multipliers for the constrained maximization.

As the entropy is a homogeneous and additive quantity, we obtain the
Euler relation

U(S, V,N) = TS − pV + µN (2.1.22)

for the internal energy. The deviation of the resulting total differential to
the differential representation

dU = TdS − pdV + µdN (2.1.23)

of Eq. (2.1.20) gives rise to the Gibbs-Duhem relation

0 = SdT − V dp+Ndµ (2.1.24)

pointing out the linear dependence of the intensive variables. Comparing
Eqs. (2.1.20) and (2.1.22), we obtain

Ω(T, V, µ) = −p(T, µ)V =: kBTω(T, µ)V (2.1.25)

which implies that the negative grand potential density −ω(T, µ) = βp is
equivalent to the pressure.

As a last thermodynamic potential, I introduce the Gibbs free energy

G(T, p,N) = F − pV = Ω+ µN +−pV = µN , (2.1.26)

where the last equality follows from the Euler relation in Eq. (2.1.25). We
find the Maxwell relation

(

∂V

∂N

)

T,p

=

(

∂µ

∂p

)

T,N

(2.1.27)

by taking first the partial derivative of G with respect to p and then to N
and vice versa on the right-hand side. Using Eq. (2.1.27) and the special
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case dp = ρdµ of the Gibbs-Duhem relation, Eq. (2.1.24) with dT = 0, we
find different representations for the isothermal compressibility

κ−1
T := − V

(

∂p

∂V

)

T,N

= V

(

∂p

∂N

)

T,V

(

∂N

∂V

)

T,p

= ρ

(

∂p

∂ρ

)

T,V

= Nρ

(

∂µ

∂N

)

T,V

(2.1.28)

including the version used in Eq. (2.1.17).

2.1.3. Inhomogeneous systems

Density-operator formalism Fluctuations and the presence of an exter-
nal potential V

(

rN
)

in Eq. (2.1.7) can induce local variations in the particle
number. Even some bulk phases, as solids or smectic Liquid Crystals, are
locally inhomogeneous in equilibrium. To characterize such inhomogeneous
systems microscopically, we define the density operator

ρ̂(r) =

N
∑

k=1

δ(r− rk) , (2.1.29)

such that in equilibrium the local ensemble-averaged density becomes

ρ0(r) = 〈ρ̂(r)〉 = Trcl

[

f0

N
∑

k=1

δ(r − rk)

]

. (2.1.30)

We define the global average density

ρ =
N

V
=

1

V

∫

V
drρ0(r) (2.1.31)

as an average over the accessible volume V . In a homogeneous system, we
find that ρ0(r) = ρ0 = ρ is constant.

Interfaces An interface between two fluids or a fluid in contact with a
hard wall, i.e., an infinitely high barrier in the external potential, constitute
other examples for inhomogeneous problems. Microscopically, an interfacial
region is not sharp, but rather characterized by a smooth modulation of the
average number density. In the presence of an interface, the form of grand
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2. Hard-body Liquid Crystals

potential from Eq. (2.1.25) becomes

Ω(T, V, µ,A) = −p(T, µ)V + γ(T, µ)A , (2.1.32)

where γ is the interfacial tension and A the interface area. Hence, we can
calculate the interfacial tension

βγ(T, µ) =
V

A
(βp + ω(T, µ)) (2.1.33)

comparing the bulk pressure p to the grand potential density ω describing
the actual system. We notice from Eq. (2.1.33) that a well-defined interface
between two different phases of a fluid only forms at equal temperature,
chemical potential and pressure. This is the requirement for coexistence
between the two phases on either side of the interface.3 A common phe-
nomenon at liquid-liquid interfaces are fluctuation-induced deformations,
called capillary waves.

Two-point correlations Fluctuations δρ̂(r) = ρ̂(r) − ρ0(r) in the den-
sity give rise to the correlation of two points r′ and r′′ on the microscale.
Equivalently to Eq. (2.1.17), we define the two-point correlation function

G
(

r, r′
)

:=
〈

δρ̂(r) δρ̂(r′)
〉

=
〈

ρ̂(r) ρ̂(r′)
〉

− ρ0(r) ρ0(r′)

=

〈

N
∑

k,l=1

δ(r− rk) δ(r
′ − rl)

〉

− ρ0(r) ρ0(r′)

=ρ0(r) δ(r
′ − r) + ρ0(r) ρ0(r

′)
(

g(2)
(

r, r′
)

− 1
)

, (2.1.34)

where the first term arises from separating the terms with k = l from the
pair distribution function

g(2)
(

r, r′
)

:=
1

ρ0(r) ρ0(r′)

〈

N
∑

k=1

N
∑

l 6=k=1

δ(r − rk) δ(r
′ − rl)

〉

. (2.1.35)

In a (spatially) homogeneous fluid, these correlation functions usually only
depend on the radial distance r = |r| = |r′ − r′′| between the two points
considered in their argument. In the following, we use the different notations
G(r′, r′′) ≡ G(r) ≡ G(r) for any correlation function, depending on the

3 I formally introduce these condition for a phase transition in Sec. 2.1.6.
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particular integral we want to calculate.

In three dimensions, the total correlation function

h(2)(r) = g(2)(r)− 1 ∝
exp

(

− r
ξ

)

r
, r →∞ (2.1.36)

of a homogeneous fluid with a spherically symmetric interaction is isotropic
and decreases to zero for large distances. The correlation length ξ provides
the length scale of this exponential decay.4 We can easily compare the
integral V

∫

V drG(r) =
〈

N2
〉

− 〈N〉2 of Eq. (2.1.34) to the macroscopic
fluctuations in Eq. (2.1.17) and find the relation

ρ0 kBT κT = 1 + ρ0

∫

dr
(

g(2)(r)− 1
)

(2.1.37)

between the isothermal compressibility and the structure of the fluid at the
microscale. It can be further shown [24,144] that the correlation length
ξ ∝ √κT is also a direct measure for the strength of the fluctuations.

In general, the total correlation function from Eq. (2.1.36) may have
an oscillatory structure and, for anisotropic particles, may depend on the
director orientation.5 In the latter case, it is more convenient to consider
a planar geometry, where the non-oscillatory part of the total correlation
function behaves like

h(2)(z) ∝ exp

(

−z
ξ

)

, z →∞ , (2.1.38)

with the same correlation length ξ as in the radial case.5

In contrast to h(2)(r, r′), the more intuitive (two-body) direct correlation
function (DCF) c(2)(r, r′), which only accounts for the correlation between
two directly interacting particles, usually decays more rapidly. According
to the integral equation

h(2)
(

r, r′
)

= c(2)
(

r, r′
)

+

∫

dr′′ ρ0
(

r′′
)

c(2)
(

r, r′′
)

h(2)
(

r′′, r′
)

(2.1.39)

formulated by Ornstein and Zernicke [151], the direct correlations between
the intermediate molecules successively contribute to the total correlation

4 At a critical point, the decay of the correlation function is algebraic, compare Sec. 2.1.6.
5 See Secs. 2.2.3 and 2.3.5 for more details. In Sec. 5.2.3, I calculate some approximate

results for orientation-dependent correlation length of HSC.
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function, which we understand by iterating Eq. (2.1.39). With a given DCF,
e.g., extracted from a microscopic theory, this equation is the key to obtain
further structural information about the system and compare the results to
experimental findings via the structure factor S(k) in Eq. (2.1.1). To do
so, we have to take one step back and consider the interaction between the
particles explicitly.

2.1.4. Interacting systems

Ideal gas As we have seen in Sec. 2.1.2, we can extract the thermody-
namic behavior of a system from the grand canonical partition function
ZGK. However, in three spatial dimensions, we can solve the spatial inte-
grals

∫

dr1 . . . dr1 only for the non-interacting ideal gas, where U
(

rN
)

= 0

in Eq. (2.1.7). Further using V
(

rN
)

=
∑N

k Vext (rk) and T
(

pN
)

=
∑N

k
p2
k

2m

according to Eq. (2.1.3) and Eq. (2.1.4), respectively, we find

Z id
GK =

∞
∑

N=0

eβµN

N !

∫∫

dp1 . . . dpN
e−βT (pN)

h3N

∫∫

dr1 . . . drN e
−βV(rN)

=

∞
∑

N=0

eβµN

N !

(∫ −∞

∞

dp

h
e−

βp

2m

)3N (∫

V
dr e−βVext(r)

)N

=

∞
∑

N=0

1

N !

(

eβµ

Λ3

∫

V
dr e−βVext(r)

)N

= exp

(

eβµ

Λ3

∫

dr e−βVext(r)

)

, (2.1.40)

where Λ =
√

h2β/2πm is the thermal wavelength. In a similar calculation,
we obtain the equilibrium density profile

ρ0,id(r) = Trcl
[

f id
0 ρ̂(r)

]

=
eβµ

Λ3
e−βVext(r) (2.1.41)

from Eq. (2.1.30). In the absence of an external potential, Vext(r) ≡ 0, we
find the well-known equation of state (EOS)

βpid = −βΩid

V
=
∂ lnZ id

GK

∂V
=
eβµ

Λ3
= ρ (2.1.42)

of an ideal gas with the homogeneous number density ρ = N/V . Finally,
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we calculate the free energy density

Φid :=
βFid

V
=
βΩid

V
+ ρ βµ(ρ0) = ρ (ln(ρΛ3)− 1) (2.1.43)

of the ideal gas according to Eq. (2.1.18).

Mayer cluster expansion The theory of diagrammatic expansions [24,
147] allows us to systematically extend the EOS from Eq. (2.1.42) to higher
order terms and therefore describe interacting systems. Having carried out
the integrals over the momenta as in Eq. (2.1.40), the general partition
function from Eq. (2.1.7) becomes

ZGK(T, V, µ) =

∞
∑

N=0

eβµN

N !Λ3N

∫∫

dr1 . . . drNe
−βU(rN)e−βV(rN) . (2.1.44)

Now we approximate the many-body interaction

U
(

rN
)

=

N
∑

k,l=1
k<l

ukl (|rk − rl|) (2.1.45)

by a sum of additive pair interactions ukl between two particles at rk and
rl. The Mayer function [147]

fkl (|rk − rl|) := exp (−βukl (|rk − rl|))− 1 , (2.1.46)

which conveniently decreases to zero for potentials with a finite range, is
the starting point of the expansion

e−βU(rN) =

N
∏

k,l=1
k<l

e−βukl =

N
∏

k,l=1
k<l

(1 + fkl) = 1 +

N
∑

k,l=1
k<l

fkl + . . . , (2.1.47)

into single clusters, in which two interacting particles are connected by so-
called Mayer-bonds.

Substituting Eq. (2.1.47) into Eq. (2.1.44), we find a hierarchy

ZGK = Z id
GK +Z

(2)
GK +Z

(3)
GK + . . . = Z id

GK

(

1 +
Z

(2)
GK + Z

(3)
GK + . . .

Z id
GK

)

(2.1.48)
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of partition functions Z(n)
GK, which count the microstates in all possible clus-

ters consisting of n simultaneously interacting particles. The leading term
is the canonical partition function Z id

GK of the non-interacting ideal gas. As-
suming that Z(n)

GK ≪ Z id
GK at low density, we obtain the general expression

βΩ = − lnZ id
GK − ln

(

1 +
Z

(2)
GK + Z

(3)
GK + . . .

Z id
GK

)

=: βΩid + βFex (2.1.49)

for the grand potential according to Eq. (2.1.8). The excess free energy
Fex formally describes the complete many-body interaction in addition to
the contribution Ωid of an ideal gas, given by Eq. (2.1.43). In practice, the
number of clusters increases rapidly with n, such that the cluster expansion
has to be truncated at a reasonable order. Although the simultaneous in-
teraction of many particles at a given density becomes increasingly unlikely,
the convergence is quite slow.

Considering only the clusters of size two in Eq. (2.1.47), connected by a
single Mayer bond f ≡ fkl of identical particles, we obtain the leading-order
excess contribution

Z
(2)
GK =

∞
∑

N=2

1

N !Λ3N

∫∫

dr1 . . . drN

N
∑

k,l=1
k<l

f (|rk − rl|)
N
∏

g=1

e−β(Vext(rg)−µ)

=
1

2

∫

dr1

∫

dr2 f (|r1 − r2|)
2
∏

g=1

eβµ

Λ3
e−βVext(rg)

×
∞
∑

N=2

N(N − 1)

N ! Λ3(N−2)

∫∫

dr3 . . . drN

N
∏

g=3

e−β(Vext(rg)−µ)

= Z id
GK

1

2

∫∫

dr1 dr2 f (|r1 − r2|) ρ0(r1) ρ0(r2) (2.1.50)

to the partition function in Eq. (2.1.48). In the last step, we recover the
ideal contribution according to Eq. (2.1.40). The equilibrium density ρ0
follows analogously to ρ0,id in Eq. (2.1.41), using the appropriate probability
density f (2)0 for including the considered clusters. The corresponding excess
free energy

βF (2)
ex = −1

2

∫∫

dr1 dr2 f (|r1 − r2|) ρ0(r1) ρ0(r2) = lim
ρ→0

βFex (2.1.51)
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becomes exact in the limit of vanishing density, ρ → 0, where only pair
interactions contribute. In this case, we may neglect all Z(n)

GK for n > 2,
which describe the simultaneous interaction between n particles and contain
higher-order terms in the density. Due to its simple form, Eq. (2.1.51) is
also a convenient starting point to derive sophisticated approximations to
the excess free energy and the EOS of the dense system.6

Virial series In generalization of Eq. (2.1.42), the virial expansion [152]

βp = ρ+ βpex = ρ+

∞
∑

n=2

Bn(T ) ρ
n (2.1.52)

provides a series representation of the pressure in terms of the density, where
the virial coefficients Bn describe the contribution of n interacting particles.
In a homogeneous fluid, the thermodynamic relation

βp(ρ) = −ω(ρ) = −
(

Φ− ρ∂Φ
∂ρ

)

= ρ− Φex + ρ
∂Φex

∂ρ
(2.1.53)

from Eq. (2.1.25) can be expressed in terms of the intrinsic free energy
density Φ = Φid +Φex, where we used the explicit expression for the ideal-
gas term from Eq. (2.1.43) in the last step. Therefore, we also find the virial
coefficients in the expansion

Φ = Φid +B2(T ) ρ
2 +

1

2
B3(T ) ρ

3 + . . . (2.1.54)

for the free energy density. Comparing to Eq. (2.1.51), we obtain the second
virial coefficient according to

B2(T ) = −
1

2Vρ20

∫∫

dr1 dr2 f (|r1 − r2|) ρ0(r1) ρ0(r2) = −
1

2

∫

drf (r) ,

(2.1.55)
where the last equality holds for a homogeneous density.

2.1.5. Equations of state for hard-body fluids

Hard-body interaction From now on, we consider hard bodies as intro-
duced in Sec. 1.2. As defined in Eq. (2.1.45), the pair interaction potential

6 The low-density limit is the basis of many density functionals described in Secs. 2.3.2
and 2.3.4, in particular, those based on Fundamental Measure Theory, which I intro-
duce in chapter 3.
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of two anisotropic hard bodies Bi and Bj of species i and j reads

uij(R1,R2) = βuij(R1,R2) =

{

0 if Bi ∩ Bj = ∅
∞ if Bi ∩ Bj 6= ∅

. (2.1.56)

It depends on the positions and orientations, written in the short nota-
tion R ≡ (r,O). Note that we use R in the same way as r, in the sense
that r +R1 ≡ (r + r1,O1). To be more precise, the interaction potential
uij(R1,R2) = uij(R1 − R2) = uij(r1 − r2,O1,O2) between two particles
only depends on their relative distance. We see that the energy scale of
the hard-core interaction cannot be compared to the thermal energy, as the
scaling factor β does not change the values of the potential. Therefore, the
virial coefficients Bn(T ) ≡ Bn of hard bodies in Eq. (2.1.52) are tempera-
ture independent. Hence, the phase behavior of hard-body systems is only
determined by their densities ρi = Ni/V . The temperature becomes a triv-
ial scaling factor to the pressure and the different thermal wavelengths Λi

are absorbed in the renormalized chemical potentials. Moreover, the Mayer
function

fij(R1,R2) =

{

0 if Bi ∩ Bj = ∅
−1 if Bi ∩ Bj 6= ∅

, (2.1.57)

defined in Eq. (2.1.46), takes a simple form as a characteristic function of
the intersection up to a minus sign.

Resummed virial series In the case of shape-isotropic HS with the radii
Ri and a trivial orientation dependence, the criterion in Eqs. (2.1.56) and
(2.1.57) for the intersection of Bi and Bj becomes r = |r1 − r2| < Ri + Rj.
For the one-component HS system, the virial coefficients up to the fourth
order are known exactly. Higher-order terms were calculated with high
numeric precision, such that the HS fluid is well-described within the virial
expansion [153,154]. Carnahan and Starling used these reference values to
postulate an approximate analytic representation of the virial coefficients
Bn+1, which allows the resummation of the virial series in Eq. (2.1.52).
They obtained the EOS [155]

βpCS = ρ+
∞
∑

n=1

(n2 + 3n) vnρn+1 = ρ
1 + η + η2 − η3

(1− η)3 , (2.1.58)

where v is the volume of a sphere and η = ρv the dimensionless packing
fraction. Note that the fourth virial coefficient B4 = 18.365v3 [154] is the
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first one to be captured incorrectly, which we see in the expansion

βpCS

ρ
= 1 + 4η + 10η2 + 18η3 +O

(

η4
)

(2.1.59)

of Eq. (2.1.58). Despite its empirical character, the Carnahan-Starling EOS
is surprisingly close to simulation results. The equation is widely used and
there are different generalized versions for mixtures of HS [156,157].

For anisotropic hard bodies, the truncated virial expansion was used to
study phase transitions [158,159,160,161] and to calculate the Frank elastic
coefficients [116] or the DCF [162]. In a similar way as Carnahan and
Starling, Nezbeda derived an EOS [163]

βpNez

ρ
=

1 + (3α − 2)η + (α2 + α− 1)η2 − α(5α − 4)η3

(1− η)3 , α =
sm̃

3v
(2.1.60)

for HSC from the virial series. The parameter α accounts for the shape7 of a
HSC with length L and diameter D via the volume v = π(3LD2+2D3)/12,
surface area s = π(LD +D2) and the (4π)−1 multiple of the integral mean
curvature m = 4πm̃ = π(L + 2D). In the HS limit, l = L/D → 0, we
have α = 0 and Eq. (2.1.60) reduces to Eq. (2.1.58). A more general route
yields the EOS of arbitrarily shaped convex bodies from a comparison to
the Carnahan-Starling EOS for HS of the same volume [164]. An EOS for
mixtures of HSC was derived in Ref. [165]. The formula reduces to the
Nezbeda EOS in the one-component case, as this approach was found to be
the most accurate therein.

Integral equation theories We have seen in Sec. 2.1.3 that the Ornstein-
Zernicke equation, Eq. (2.1.39), is useful to calculate the total correlations
in a system when we know the DCF c(2)(r). However, we can solve this
integral equation for h(2)(r) and c(2)(r) simultaneously when we impose
an additional closure relation by some (approximate) knowledge about the
correlations in the system. Particularly appropriate for highly repulsive and
short-range potentials, such as hard cores, is the approximation

g(2)(R1,R2) = 0 if Bi ∩ Bj 6= ∅ ,
c(2)(R1,R2) = 0 if Bi ∩ Bj = ∅ (2.1.61)

7 See Sec. 3.1.1 for a systematic introduction of these shape measures.
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by Percus and Yevick [166]. The first (exact) assumption accounts for the
rigidity of the hard core, whereas the direct correlations outside the range
of the interaction potential, Eq. (2.1.56), are neglected. The mean spherical

approximation [167], generalizes the Percus-Yevick (PY) closure to HS-like
potentials with a tail and the hypernetted chain model [168,169] aims to
describe arbitrary interaction potentials.

A crucial feature and advantage of the PY theory compared to the hy-
pernetted chain closure is the existence of closed analytical solutions for the
EOS and DCF in the HS system [170,171,172]. However, as the relation in
Eq. (2.1.61) is not exact, the overall solution for the DCF

c
(2)
PY(r) = −

(1 + 2η)2

(1− η)4 +
3η(2 + η)2

2(1− η)4
r

2R
− η(1 + 2η)2

2(1 − η)4
r3

8R3
if r < 2R

(2.1.62)
and c

(2)
PY(r) = 0 if r > 2R is thermodynamically inconsistent. As a con-

sequence, the result for the pressure depends on the chosen route for the
calculation. As already pointed out by PY [166], the compressibility route,
which involves the calculation of the κT via Eq. (2.1.37), should be the most
accurate. Integration of Eq. (2.1.28) with respect to the density gives rise
to the PY compressibility EOS [170,171,172]

βpPY

ρ
=

1 + η + η2

(1− η)3 = 1 + 4η + 10η2 + 19η3 +O
(

η4
)

, (2.1.63)

in the following only referred to as the PY EOS, which captures the correct
second and third virial coefficients of the HS fluid. This result is quite accu-
rate for low densities but overestimates the fourth virial coefficient and the
pressure at higher densities compared to both simulations and the empirical
Carnahan-Starling EOS.

On the other hand, the solution of the virial equation with the PY
correlation function [170,172] results in the significantly too small fourth
virial coefficient B4 = 16v3, such that the EOS deviates stronger from
simulations than Eq. (2.1.63). An empirical modification of the PY EOS
and correlation function was proposed in Ref. [173]. Combining the ideas of
PY and the hypernetted chain model gives rise to a closure which allows to
enforce consistency between the compressibility and virial EOS but can be
solved only numerically [174]. There is also an analytic solution of the PY
closure for HS mixtures [175], but not for most anisotropic systems. For
homogeneous HSC fluids, there are only numerical integral equation studies
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based on both the PY and the hypernetted chain approximation [176,177,
178]. In principle, some more general integral equation theories may also
be applied to inhomogeneous systems. However, such an approach requires
a high numerical effort, while still being thermodynamically inconsistent.

Scaled Particle Theory Scaled Particle Theory (SPT) [179,180,181,182]
provides an elegant approach to derive an approximate EOS of homogeneous
hard-body systems. The basic idea is to calculate the reversible work, i.e.,
the excess chemical potential µ(i)ex = ∂Fex/∂Ni, necessary to create a spher-
ical cavity of arbitrary size within a HS fluid with κ − 1 components and
then insert a spherical test particle of radius Ri. One key result is that

lim
Ri→∞

βµ
(i)
ex

vi
= βp (2.1.64)

where vi = 4πR3
i /3 is the volume of the scaled particle, which is taken

to the limit of infinite size, such that only the leading term, given by the
pressure, of the reversible work remains. Further considering the limit of
a very small scaled particle, an EOS for the monodisperse HS fluid was
found [179], which turned out to be equal to the PY compressibility result,
Eq. (2.1.63), obtained a few years later in its analytic form.

The generalization of SPT to anisotropic particles is straightforward,
but not unique. Moreover, the early approaches [183,184,185,186,187,188]
are thermodynamically inconsistent for mixtures of different shapes and
therefore also ordered phases. This is because SPT distinguishes the in-
serted particle from the surrounding fluid, such that the Maxwell equality
∂µ(i)

∂ρj
= ∂µ(j)

∂ρi
is violated.

There are different ways to obtain a thermodynamically consistent the-
ory. Based on an analytic approximation of the reversible work, Cotter de-
veloped a consistent SPT for mixtures of HSC [32,189,190] that reproduces
the earlier results for the isotropic and perfectly aligned fluids [186,187].
The theory was applied in the context of a van-der Waals approach [32] and
used to calculate the IN coexistence densities [191].

Barboy and Gelbart [192,193,194] found that the so-called y expansion,
i.e., a representation of the EOS in terms of the variable y = η

1−η , converges
faster than the virial expansion, Eq. (2.1.52). For example, the PY EOS
βpv = y + 3y2 + 3y3 from Eq. (2.1.63) becomes a polynomial of third de-
gree [192]. The postulate of existence and convergence of the y expansion
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enforces a symmetry to the SPT approach for mixtures of more general
hard bodies that removes the thermodynamic inconsistency. However, the
expansion coefficients need to be determined from the (in general only nu-
merically known) virial coefficients. Using the virial coefficients of parallel
hard cubes, one obtains the y expansion

βpv = y + 3y2 + 2y3 = η
1 + η

(1− η)3 (2.1.65)

up to third order [192,194].

With his Scaled Field Particle Theory, Rosenfeld presented an version
of SPT that is based on the virial expansion of the DCF [195]. Moreover,
Rosenfeld’s work provides a unifying framework for the PY theory and the
SPT treatment of anisotropic hard bodies. For the isotropic phase, he
derived the EOS and DCF in terms of fundamental measures.8

In summary, the SPT treatment gives rise to different EOS for parallel
HC or HSC [186,194,196] and the isotropic phase of HSC [183,187,195,197].
In the latter case, a more sophisticated representation, given by Eq. (2.1.60),
was derived from the virial expansion [163]. With the scaling procedure of
the inserted particle, the results from SPT are limited to convex shapes,
although a semi-empirical description of non-convex hard dumbbells via
effective shape parameters is possible [198]. The main drawback of SPT is
that it does not yield an EOS of inhomogeneous phases. One simple way to
construct an EOS for parallel HSC which, e.g., includes a smectic branch,
is to incorporate the two-dimensional SPT result for hard disks [199].

2.1.6. Phase transitions of Liquid Crystals

Order parameters The HS fluid, as described in Sec. 2.1.5, becomes
metastable for packing fractions η > 0.494, where it undergoes an entropy-
driven phase transition to the denser crystalline state. A liquid-vapor transi-
tion is only observed for fluids with attractive interactions, whereas different
Liquid Crystal phases, as introduced in Sec. 1.1, are found for pure hard
bodies like HSC [83]. We are particularly interested in phase transitions at
which the symmetry of the Hamiltonian in Eq. (2.1.2) is broken, such that
the two phases a and b exhibit a different degree of order. The extent of the

8 This work constitutes the foundations of Rosenfeld’s seminal Fundamental Measure
Theory, providing an elaborate description of inhomogeneous HS mixtures, see Sec. 2.3
and chapter 3 fore more details.
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symmetry breaking can be quantified by an order parameter, which is zero
in the less-ordered phase and takes a non-zero value in the broken-symmetry
phase. Regarding anisotropic hard bodies, the symmetry is at its highest
in the homogeneous and isotropic fluid.

For the nematic phase, an appropriate order parameter describes the
degree of alignment along the director, which can be determined experi-
mentally by measuring, e.g., the (direction-dependent) anisotropy of elec-
tric or magnetic susceptibilities [1]. Therefore, it is convenient to define the
uniaxial nematic order parameter [200,201]

Qαβ(r) = Q(r)

(

n̂α(r)n̂β(r)−
1

3
δαβ

)

(2.1.66)

as a traceless, symmetric tensor, where Q(r) is the scalar order parameter,
δαβ is the Kronecker delta and the unit vector n̂(r) denotes the (position-
dependent) nematic director. The more general expression

Q
(biax)
αβ (r) = Qαβ(r) +

P (r)

3

(

m̂α(r)m̂β(r)− k̂α(r)k̂β(r)
)

(2.1.67)

accounts for biaxiality with the scalar biaxial order parameter P (r) and the
unit vectors m̂(r) and k̂(r) = n̂(r)× m̂(r).

Microscopically, the uniaxial order parameter S of the nematic bulk
phase is related to the distribution function g(cos θ) of single molecules.9

The direct statistical definition

S =
〈

Ŝ
〉

= Trcl

[

f0
1

N

N
∑

k=1

(

3

2
cos2 θk −

1

2

)

]

(2.1.68)

requires the ensemble average, defined in Eq. (2.1.15), with the orientation-
dependent Hamiltonian from Eq. (2.1.2) for κ = 1 components including
the phase space volume element given by Eq. (2.1.6). First defining the
orientational distribution as

g(cos θ) = 〈ĝ(cos θ)〉 = Trcl

[

f0
1

N

N
∑

k=1

δ
(

cos2 θ − cos2 θk
)

]

, (2.1.69)

9 To avoid confusion in Sec. 2.2, I use two different symbols Q and S for the nematic order
parameter, denoting a phenomenological parameter and the result of a microscopic
theory, respectively.
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we find a more general expression

S =

∫ 1

0
d cos θ

(

3

2
cos2 θ − 1

2

)

g(cos θ) (2.1.70)

for the nematic order parameter, which does not involve all phase space
integrals. We may define a sequence of higher nematic order parameters

P̄2n := 〈P2n(cos θ)〉 =
∫ 1

0
d cos θP2n(cos θ) g(cos θ) , (2.1.71)

where P2n(x) are the even Legendre Polynomials, such that S ≡ P̄2n.

A common order parameter of the smectic-A phase is the smectic ampli-
tude λ, which measures the difference between the local density in a smectic
layer and the intermediate plane. To study smectic phases, it is convenient
to impose a spatial density profile ρ(z) perpendicular to the smectic lay-
ers, which already depends on this order parameter.10 Another possible
smectic order parameter is the difference ∆S ≥ 0 of the orientational order
parameter to the nematic value at the same average density.

Phase equilibrium The driving force for a phase transition is the aim
of a system to be in the state of minimal free energy. More precisely, a
bulk phase transition occurs when two (or more) phases have the same
temperature T1 = T2 (thermal equilibrium), pressure p1 = p2 (mechan-
ical equilibrium) and chemical potential µ1 = µ2 (chemical equilibrium),
whereas the extensive variables (and order parameters) may be different.
Therefore, it is convenient to use the grand potential, Eq. (2.1.25), or the
Gibbs free energy, Eq. (2.1.26), to study phase transitions.

The condition for the coexistence of hard-body phases in the thermody-
namic limit can be condensed in the relation

− pc = ω1(µc) = ω2(µc) , µc = µ1 = µ2 (2.1.72)

bearing in mind Eq. (2.1.25). As the interaction potential is independent
of the temperature, the thermal equilibrium is fulfilled trivially.

The grand potential Ωid of an ideal gas becomes minimal when the
centers-of-mass of the particles are distributed homogeneously, whereas the

10 I propose different expressions for such a density modulation in Sec. 2.3.5.
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interaction free energy Fex of a hard-body fluid favors a maximal free volume
per particle and therefore positional order. The competition between these
two terms in Eq. (2.1.49) explains that the entropic forces are sufficient to
drive a phase transition. There is an analog interpretation for the driving
forces that lead to the formation Liquid Crystal phases of anisotropic hard
bodies, related to the interplay between transitional and rotational entropy.

Classification of phase transitions We distinguish between two fun-
damental types of phase transitions. A discontinuous jump of the order
parameter is characteristic of a first-order transition between two phases,
which have a different entropy and density at coexistence. Therefore, at
intermediate densities ρ1 < ρ < ρ2, the separation into two physically dif-
ferent states is energetically favorable compared to the pure phases, which
are at least metastable. Such a contact of two distinct coexisting phases
leads to the formation of an interface with a finite and positive interfacial
tension, as defined in Eq. (2.1.33).

At a continuous, second-order transition, the two phases cannot be dis-
tinguished and the order parameter sets in continuously. Likewise, the
extensive variables are continuous at the transition point, whereas quanti-
ties related to second derivatives, such as the isothermal compressibility in
Eq. (2.1.37) diverge, which implies an infinite correlation length ξ. Hence,
the correlations at such a critical point do not decay exponentially according
to Eq. (2.1.36), but rather by a power law. The critical points associated
with a first-order transition can be identified with the limits of metasta-
bility of the two phases, such that the correlation length is finite for all
equilibrium points in the phase diagram.

An important consequence of the presence of a critical point is that
fluctuations, which are neglected in so-called mean-field theories, remain
important even in the thermodynamic limit. In the commonly used mean-
field approximation, the many-body interaction potential is replaced with
an effective mean field, acting on each particle as an external potential. This
requires the assumption that the equilibrium state is occupied permanently
by the system. To do so, all observables are treated as their average values,
such that the two-point correlation function in Eq. (2.1.34) vanishes and the
fluctuations around the equilibrium configuration are ignored. Despite their
failure to accurately describe real fluctuating systems, mean-field theories
are ideal to pinpoint the location of phase transitions.
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Landau Theory The famous mean-field Landau expansion of the free en-
ergy provides a comprehensive phenomenological description of phase tran-
sitions [148,202]. The fundamental idea is to use the simplest expression
that appropriately describes the symmetry of the ordered phase near the
transition. Therefore, the Gibbs free energy

Gb(q)(T, p, q) = G0(T, p) + a(T − Tcr)q
2 +Bq3 + Cq4 +O

(

q5
)

(2.1.73)

is expanded in terms of an order parameter q around the less-ordered phase
with the free energy G0(T, p). The Landau parameters a, B and C are
chosen to maintain the symmetry of the system. If the free energy has the
symmetry Gb(T, p, q) = Gb(T, p,−q), only even powers of q are allowed in
the expansion, i.e. B = 0. This assumption results in a continuous phase
transition at the critical temperature T = Tcr, when the prefactor of the
quadratic term changes its sign. To generally describe a discontinuous first-
order phase transition, we require the cubic term with B 6= 0 in Eq. (2.1.73).
However, Landau theory may not be applied to transitions of strong first-
order character with a large gap in the order parameter q, as the Taylor
expansion in terms of q can no longer be justified.

Adding a square-gradient term, proportional to (∇q(r))2, and intro-
ducing position-dependence, we can extend Landau theory to describe the
order-parameter fluctuations δq(r) = q(r)− 〈q(r)〉 at lowest order in a sim-
ilar manner as for the density fluctuations in Eq. (2.1.34). Demanding
that the contribution of fluctuations 〈(δq)2〉 ≪ 〈q〉2 can be neglected com-
pared to the mean, such that the phenomenological Landau expansion from
Eq. (2.1.73), i.e., mean-field theory is appropriate, gives rise to the Ginzburg
criterion [203], predicting an upper critical dimension d = 4. This means
that the mean-field approximation in three dimensions breaks down near
a second-order or weak first-order transition and becomes worse when de-
creasing the spatial dimension d. A more general Landau expansion for the
IN transition of Liquid Crystals was formulated by de Gennes [200,201]. I
describe this theory in detail in Sec. 2.2 to promote a comparison to the
(mean-field) results from density functional theory, introduced in Sec. 2.3.

2.2. Continuum theories for Liquid Crystals

On a macroscopic level, Liquid Crystals may be considered as a continuum
rather than a system composed of single molecules, which is justified when
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inhomogeneities occur on a much larger length scale than the typical par-
ticle size l0, i.e., l0∇n̂≪ 1. We can use continuum theories to study phase
transitions or the response of a fluid to external distortions without ex-
plicit knowledge of the intrinsic structure and interaction on the molecular
scale. The parameters in the phenomenological expressions for the thermo-
dynamic potentials can be determined from microscopic models—either for
thermotropic or lyotropic Liquid Crystals.

I describe the phenomenology of the IN transition in Sec. 2.2.1 by the
means of Landau-de Gennes (LdG) theory. The description of inhomo-
geneities and elasticity within LdG theory is intrinsically connected to
the elastic continuum theory by Frank, which I explore in Sec. 2.2.2. In
Sec. 2.2.3, I discuss the role of fluctuations near the IN transition. Finally,
I use LdG theory in Sec. 2.2.4 to describe the IN interface of hard bodies.

2.2.1. Landau-de Gennes theory for lyotropic systems

Introduction The order tensor from Eq. (2.1.67) can be related to the
anisotropic part of the dielectric tensor [200] near the IN transition. This
observation motivated de Gennes to generalize the Landau expansion by
including the order tensor to describe the thermotropic behavior molecular
Liquid Crystals. [201]. LdG theory provides the most simplistic but pow-
erful approach to characterize both the first-order IN transition and the
phenomenology of the nematic director field for a sufficiently small nematic
order parameter [1,204].

Despite its simplicity, LdG theory successfully predicts qualitative fea-
tures of complex systems, including biaxial effects at the IN interface [205,
206,207] and wetting at sinusoidal or non-monotonic surfaces [208]. The
phenomenological parameters can be adapted to describe real systems, such
as a 5CB sample [209]. The efforts to describe the elastic behavior of the ne-
matic phase beyond the IN transition point [210] or to implement different
types of surface anchoring [211,212] result in several additional unknown
parameters. Hence, LdG theory is not designed to make quantitative cal-
culations. Still, a LdG study of capillary waves at the IN interface shows
good agreement with simulation results [127,213].

Landau-de Gennes grand potential In the following, we modify LdG
theory to describe the lyotropic behavior of hard bodies. To this end, we
reformulate the LdG expansion introduced in Ref. [201] in terms of the
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grand potential

Ω
(

T, V, µ,
[←→
Q
])

= β−1

∫

V
drω(µ, r) = β−1

∫

V
drω

(

µ,
[←→
Q
]

(r)
)

, (2.2.1)

which is a functional of the tensor order parameter Qαβ from Eq. (2.1.66),
or, in scenarios with biaxial order, Q(biax)

αβ from Eq. (2.1.67). Note that the
grand potential density trivially depends on the temperature via βµ, which
we suppress in the argument.

The expansion of the bulk grand potential density

ωb

(

µ,
←→
Q(r)

)

=ω0(µ) +
3

4
A(µ)QαβQβα +

3

2
BQαβQβγQγα

+
9

8
C(QαβQβα)

2 +O(Q5) (2.2.2)

generalizes the form of Eq. (2.1.73) to a function of the order tensor, where
the prefactors are arbitrary. The parameter

β−1A(µ) = −a(µ− µ∗) (2.2.3)

of the quadratic term depends linearly on the chemical potential replacing
the temperature as the principal thermodynamic control parameter. As the
grand potential is a decreasing function of the chemical potential, Eq. (2.2.3)
contains a minus sign in front of the positive constant a, in contrast to the
expansion in Eq. (2.1.73) of the free energy.

The full LdG grand potential density from Eq. (2.2.1) reads

ω
(

µ,
[←→
Q
]

(r)
)

= ωb

(

µ,
←→
Q(r)

)

+Φd

([←→
Q
]

(r)
)

(2.2.4)

in the absence of external fields and without surface terms. In generalization
of the square-gradient extension to the Landau expansion, the deformation
free energy density [201]

β−1Φd

([←→
Q
]

(r)
)

=
1

2
(L1Qαβ,γQαβ,γ+L2Qαγ,αQβγ,β)+O((∇Q)3) (2.2.5)

contains two independent combinations of derivatives Qαβ,γ := ∂Qαβ/∂rγ
of the order tensor and the two elastic parameters L1 and L2. Note that we
do not have to modify this term when writing the LdG expansion in terms
of the grand potential.
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2.2. Continuum theories for Liquid Crystals

Isotropic–nematic coexistence For the moment, we consider the ho-
mogeneous bulk fluid, i.e., Q(r) = Q and n̂(r) = n̂ do not depend on the
position, such that Φd = 0 in Eq. (2.2.4).11 We can generally express the
nematic director

n̂ = n̂(Θ,Φ) =





sinΘ cosΦ

sinΘ sinΦ

cosΘ



 (2.2.6)

as the radial unit vector in spherical coordinates, such that Θ is the tilt angle
between the director and the z axis. For an arbitrary director orientation
and the uniaxial tensor order parameter from Eq. (2.1.66), we find

QαβQβα =
2

3
Q2 , QαβQβγQγα =

2

9
Q3 , (QαβQβα)

2 =
4

9
Q4 . (2.2.7)

Hence, the LdG expansion from Eq. (2.2.2) reduces to the simple Landau-
type expression

ω(µ,Q) ≡ ωb(µ,Q) = ω0(µ)+
1

2
A(µ)Q2+

1

3
BQ3+

1

4
CQ4+O(Q5) . (2.2.8)

With our choice of the prefactors, the first derivative

ω′(µ,Q) :=
∂ω(µ,Q)

∂Q
= A(µ)Q+BQ2 + CQ3 (2.2.9)

with respect to the scalar order parameter takes a simple form. Analogously
to Eq. (2.1.11), the derivative

∆ρ(Q) := −∂ (ω(µ,Q)− ω0(µ))

∂(βµ)
=

1

2
aQ2 (2.2.10)

with respect to the chemical potential at constant Q results in the density
difference ∆ρ(Q) between the nematic and the isotropic phase at a given
chemical potential. Note that Landau theory always outputs the excess
quantities with respect to the particular less-ordered reference state.

The need for a cubic term in Eq. (2.2.8) becomes intuitively clear, as
negative values of the order parameter indicate a different sort of align-
ment, namely in the plane perpendicular to the director, describing an
isotropic liquid near a planar wall. This asymmetry provides a fundamental

11 Scenarios with a non-vanishing gradient of the tensor order parameter are considered
in Secs. 2.2.2, 2.2.3 and 2.2.4.
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ω
ω

Fig. 2.2.: Schematic Landau-de Gennes expansion of the grand potential ω(μ,Q)
in terms of the order parameter Q for characteristic values of the chemical poten-
tial, which is the relevant controlling variable for lyotropic Liquid Crystals. The
solid line illustrates the coexistence between the isotropic and the nematic phase
at μ = μc, as the two minima of the expansion have the same value. At higher
chemical potentials, the global minima for Q > 0 indicate a stable nematic phase
(dot-dash-dashed and dashed lines), whereas the local minimum at Q = 0 corre-
sponding to a metastable isotropic phase vanishes at μ = μ0. For μ < μc, isotropic
order results in a global minimum of the grand potential (dot-dot-dashed and dot-
dashed lines). The inflection point at μ = μ1 denotes the limit of metastability of
the nematic phase. The thin dotted line denotes the extremal values ω±

e (μ) of the
grand potential at corresponding order parameter Q±

e (μ), defined in Eqs. (2.2.20)
and (2.2.18) for a continuous variation of the chemical potential.

explanation for the first-order nature of the IN transition. Sketching the
function ω(μ,Q) from Eq. (2.2.8), we can deduce the behavior near the IN
coexistence. At a given chemical potential μ, the minimum of the expansion,
fulfilling ω′(μ,Q) = 0, describes the (meta-) stable state. The first solution,
Q = 0, describes the isotropic phase, which is always an extremum. To
study the nematic phase, we calculate the other two solutions

Q±(μ) =
−B ±

√

B2 − 4CA(μ)

2C
. (2.2.11)

The smaller value of Q corresponds to an intermediate maximum of the
grand potential, whereas the physical solution provides the equilibrium ne-
matic order parameter. Additionally demanding ω(μ,Q) − ω0 = 0, we can
describe the coexistence of the isotropic and nematic phase with the order
parameters 0 and Q+(μc) at μ = μc.
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2.2. Continuum theories for Liquid Crystals

The critical points correspond to the inflection points

dω(µ,Q)

dQ
=

d2ω(µ,Q)

dQ2
= 0 (2.2.12)

of the Landau expansion. With the form of A(µ) from Eq. (2.2.3), the
isotropic phase becomes unstable above the critical chemical potential µ0 =
µ∗. A metastable nematic solution sets in above the critical value µ > µ1,
determined from the condition B2 − 4A(µ1)C = 0. We easily see from
Eq. (2.2.11) that the nematic order parameter is minimal at µ = µ1. The
qualitative behavior of the bulk LdG expansion is shown in Fig. 2.2 for some
characteristic values of the chemical potential.

Inputs from a microscopic theory Suppose we have a microscopic the-
ory for a fluid of anisotropic hard bodies with volume v. Also suppose that
we can extract the nematic order parameter SN, the isotropic and nematic
packing fractions ηI and ηN and the chemical potential µc at coexistence
from this theory. Then, it is possible to determine the Landau parameters
in Eq. (2.2.2) only in terms of these microscopic results. To this end, we
evaluate the two conditions

ω(µc, SN)− ω0 = 0 (2.2.13)

and
dω(µc, Q)

dQ

∣

∣

∣

∣

Q=SN

= 0 , (2.2.14)

for IN coexistence at Q = SN and µc. To find the third condition

∆ρ(Q)|Q=SN
=

1

2
aS2

N
!
=

∆ηIN

v
, (2.2.15)

we impose the difference ∆ηIN = ηN − ηI of densities at coexistence to the
result for ∆ρv = ∆η in Eq. (2.2.10). The unique solution of this system of
equations yields the three Landau parameters

a = 2
∆ηIN

vS2
N

, B = 6
∆ηIN β(µc − µ∗)

vS3
N

, C = −4 ∆ηIN β(µc − µ∗)
vS4

N

, (2.2.16)

where µc < µ∗.

However, the value of µ∗, which is not important at phase coexistence,
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cannot be uniquely determined from the two critical chemical potentials
µunst and µcr of a microscopic theory. Considering the two solutions

µ0 = µ∗ ≃ µunst , µ1 =
1

8
(9µc − µ∗) ≃ µcr (2.2.17)

of Eq. (2.2.12), respectively corresponding to µunst and µcr, we see that we
can only impose the location of one critical point. All order parameters

Q±
e (µ) =

SN

4

(

3±
√

9µc − µ∗ − 8µ

µc − µ∗
)

(2.2.18)

that yield an extremum of the Landau expansion follow from Eq. (2.2.11)
and the parameters in Eq. (2.2.16). In particular, we find at the criti-
cal points that Q−

e (µ0) = 0 and Q±
e (µ1) = 3SN/4 do not depend on µ∗.

Therefore, it is not possible to adapt the behavior near coexistence to the
microscopic reference theory by the choice of this parameter. For the best
possible description, we may choose one of the constraints on µ∗, given by
Eq. (2.2.17), according to the considered region within the phase diagram.

Substituting Eq. (2.2.18) into Eq. (2.2.10), we obtain the difference

∆η±e (µ) = ∆ρ±e (µ)v := ∆ηIN
Q±

e (µ)
2

S2
N

(2.2.19)

between the packing fractions of the two phases at same chemical potential.
The analog procedure with Eq. (2.2.8) yields the extremal values

ω±
e (µ) := ω

(

µ,Q±
e (µ)

)

(2.2.20)

of the grand potential as a function of the chemical potential µ, as indicated
in Fig. 2.2. The maximal value

ω−
e (µc) =

A(µc)S
2
N

32
=

∆ηIN
16v

β(µ∗ − µc) (2.2.21)

of the grand potential at coexistence corresponds to the unstable inter-
mediate solution Q−

e (µc) = SN/2 of Eq. (2.2.14), which does not fulfill
Eq. (2.2.13).

The lower this energy gap the weaker is the first-order character of the
IN transition. As long as we are only interested in the description of the
phase transition, for µ = µc, Eq. (2.2.21) provides a possibility to resolve
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the ambiguity of the parameter µ∗ in Eq. (2.2.17). We can choose

µ∗m := 16β−1∆ωm
v

∆ηIN
+ µc ≃ 16β−1(ω−

e (µc)− ω0(µc))
v

∆ηIN
+ µc

(2.2.22)
by imposing the difference ∆ωm between the intermediate maximum of the
nematic grand potential, which is not necessarily found at S = SN/2, and
the isotropic value at coexistence.

To get rid of the explicit dependence on the ambiguous parameter µ∗

and to obtain a more compact notation, we express the coefficients in
Eq. (2.2.16) in terms of A(µ) as defined in Eq. (2.2.3). In the following,
we use the resulting form

ωb(µ,Q(r)) = ω0(µ) +
1

2
A(µ)Q2 − A(µc)

SN
Q3 +

A(µc)

2S2
N

Q4 (2.2.23)

of the bulk LdG expansion for the scalar order parameter Q(r). To study
such inhomogeneous systems, which we do in Sec. 2.2.4, we need a more
profound understanding of the deformation term in Eq. (2.2.4), which does
not vanish in this more general case.

2.2.2. Elastic free energy of the nematic phase

Frank picture To describe the unique elastic properties of the nematic
phase, we consider local deformations of the nematic director n̂(r) while
the scalar order parameter Q(r) ≡ Q takes its bulk equilibrium value. As
the bulk LdG expansion, Eq. (2.2.8), does not depend on the tilt angles
in Eq. (2.2.6), there is a priori no preferred director orientation. There-
fore, we formally find infinitely many states of minimal energy, emerging
continuously from one another. However, it requires elastic energy to lo-
cally disturb the director field. With the similarity to a second-order phase
transition, we can understand that small fluctuations are sufficient to drive
the director alignment out of equilibrium. External constraints due to the
presence of a potential can further induce a deformed equilibrium state.
The resulting distortions and topological defects, shown in Fig. 1.4b, can
be described on a macroscopic level.

The two Landau parameters in the deformation free energy given by
Eq. (2.2.5), represent the symmetry of the isotropic phase. Hence, they are
suitable to describe the behavior near the IN coexistence, but do not account
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for the full curvature elasticity of the nematic bulk phase, which is based
on three fundamental types of deformations, shown in Fig. 1.4a. Describing
the nematic director as a unit vector field, Frank [6] established his famous
continuum theory in 1958, which goes back to the work of Oseen [214] and
Zocher [215].

Suppose that the nematic director n̂(r) varies slowly in space. Then we
can choose local coordinates, such that the director is parallel to the z axis
around which the system is axially symmetric. Therefore, the gradient of
n̂z vanishes, according to [1]

0 = ∂β1 =
∑

α

∂βn̂
2
α = 2

∑

α

n̂α∂β n̂α = 2n̂z∂βn̂z , (2.2.24)

where ∂α = ∂/∂rα and α ∈ {x, y, z}. The axial symmetry gives rise to three
different curvature strains

s1 := ∂xn̂x , s2 := ∂yn̂y (splay)

t1 := −∂xn̂y , t2 := ∂yn̂x (twist)

b1 := ∂z n̂x , b2 := ∂zn̂y (bend) . (2.2.25)

Now we expand the nematic director

n̂(r) =





0

0

1



+ (r · ∇) n̂+O(r2) =





s1x+ t2y + b1z

−t1x+ s2y + b2z

1



+O(r2)

(2.2.26)
around the locally uniform system [6].

It is convenient to postulate that the distortion free energy

Fd =
1

2

∫

dr
(

K1 (s1 + s2)
2 +K2 (t1 + t2)

2 +K3

(

b21 + b22
)

)

, (2.2.27)

can be likewise expanded up to quadratic order in the curvature strains
defined in Eq. (2.2.25), with the coefficients Kǫ, where ǫ ∈ {1, 2, 3}. This
expression contains all possible invariants with respect to the symmetry of
the system, including rotations around the z axis of arbitrary angle, inver-
sion symmetry for r → −r and the arbitrariness n̂ → −n̂ of the sign of
the nematic director. Note that we neglected a fourth contribution corre-
sponding to a so-called saddle-splay distortion, which is only relevant at
surfaces [6].
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The elastic coefficients Kǫ in Eq. (2.2.27) are the proportionality con-
stants denoting the increase of the free energy, compared to the uniform sys-
tem, due to the corresponding curvature strain, as illustrated in Fig. 1.4a.
Plugging the explicit expressions from Eq. (2.2.25) into Eq. (2.2.27) and
bearing in mind the choice of the local coordinate frame, we obtain the
general form

Fd [n̂(r)] =
1

2

∫

dr
(

K1 (∇ · n̂)2 +K2 (n̂ · (∇× n̂))2 +K3 (n̂× (∇× n̂))2
)

(2.2.28)

of the Frank free energy as a functional of the nematic director in global
coordinates.

The Frank elastic constants Kǫ in Eq. (2.2.28) depend on the specific
system and are to be determined from experiments [15,16,17,46,47,72,73],
simulations [112,113,114,115,116,135,136] or (microscopic) theories,12 see
Ref. [216] for a review. Common findings are K3 > K1 > K2 for rod-like
and K2 > K1 > K3 for disk-like mesogens [31]. The lowest order in theory
yields only two distinct elastic parameters, as K1 = K3 [217]. This limit is
conform with the elastic energy in Landau-de Gennes theory, Eq. (2.2.5).

Elasticity in Landau-de Gennes theory In contrast to LdG theory,
the Frank free energy merely depends on the nematic director field instead
of a more general symmetric order tensor as in Eqs. (2.1.66) and (2.1.67).
However, a unit vector does not account for biaxiality and the strength
of nematic order, which may be included only indirectly via the explicit
value of the elastic coefficients. Expanding a symmetric, traceless tensor
in analogy to Eq. (2.2.26) and neglecting surface terms, results in the LdG
deformation energy, Eq. (2.2.5). Inserting the uniaxial order tensor from
Eq. (2.1.66) with a constant scalar order parameter Q(r) = Q yields [218]

β−1 2Φd

Q2
= L1∂γ(n̂αn̂β)∂γ(n̂αn̂β) + L2∂α(n̂αn̂γ)∂β(n̂βn̂γ)

= L1

(

n̂αn̂α(∂γ n̂β)
2 + n̂βn̂β(∂γ n̂α)

2
)

+ L2 (n̂γ(∂αn̂α)n̂γ(∂β n̂β) + n̂α(∂αn̂γ)n̂β(∂βn̂γ))

= 2L1(∂γ n̂α)
2 + L2

(

(∂αn̂α)
2 + n̂αn̂β(∂αn̂γ)(∂β n̂γ)

)

, (2.2.29)

12 See Sec. 2.3.4 for references to different theories and Sec. 2.3.5 for the theoretical
approach.

57



2. Hard-body Liquid Crystals

where we used the equalities n̂αn̂α = 1 and n̂α∂βn̂α = 0. Switching
to the representation in terms of the differential operator ∇, as found in
Eq. (2.2.28), the LdG expression for the elastic term becomes

β−1 2Φd

Q2
= 2L1

(

(∇ · n̂)2 + (n̂ · (∇× n̂))2 + (n̂× (∇× n̂))2
)

+ L2

(

(∇ · n̂)2 + (n̂× (∇× n̂))2
)

. (2.2.30)

Now we can compare this deformation term from LdG theory to the Frank
elastic energy in Eq. (2.2.28) and identify the elastic coefficients

K1 = Q2(2L1 + L2) = K3 , K2 = 2Q2L1 , (2.2.31)

with the Landau parameters

L1 =
K2

2Q2
, L2 =

K1 −K2

Q2
. (2.2.32)

Equation (2.2.31) implies that the Frank elastic coefficients are quadratic
in the nematic order parameter Q in the leading order.

Additional elastic parameters Extending Eq. (2.2.5) by one additional

term which is of cubic order in
←→
Q (but still of quadratic order in the gradi-

ent) reproduces the Frank free energy with three different elastic coefficients
at constant order parameter [218]. However, there are further independent
terms, which lead to an overdetermined system of equations for the Frank
coefficients. A convenient practice is to choose the one expression

β−1Φ̃d =
1

2
(L1Qαβ,γQαβ,γ + L2Qαγ,αQβγ,β +QαβL3Qγδ,αQγδ,β) (2.2.33)

for the deformation free energy in LdG theory which fits best to experimen-
tal data [219]. Then we have the unambiguous relation

L1 =
−K1 + 3K2 +K3

6Q2
, L2 =

K1 −K2

Q2
, L3 =

−K1 +K3

2Q3
, (2.2.34)

which reduces to Eq. (2.2.32) setting K1 = K3. More general expressions
for the Frank elastic energy in Eq. (2.2.28), which contain additional elas-
tic terms, were derived in Refs. [210,220]. Considering inhomogeneous and
biaxial nematics, there are overall 12 invariant elastic terms necessary to

58



2.2. Continuum theories for Liquid Crystals

achieve full consistency between the Frank and LdG elastic terms respec-
tively generalizing Eqs. (2.2.28) and (2.2.5) [210]. The latter expansion
needs to be carried out up to fifth order in Q.

2.2.3. Order parameter fluctuations

Planar distortions As a second application, we can use the distortion
term of the LdG expansion, given by Eq. (2.2.5), to study inhomogeneities
in the scalar order parameter Q(r) = Q(z) in one dimension [201]. With the
otherwise constant uniaxial order tensor from Eq. (2.1.66), the distortion
free energy

Φd ([Q](z)) =
β

2
(L1Qαβ,zQαβ,z + L2Q3γ,zQ3γ,z) =: b2Θ

(

dQ

dz

)2

(2.2.35)

depends on the second derivative of the scalar order parameter, where all
other constituents of the order tenor are comprised within the generalized
elastic parameter bΘ. In contrast to the homogeneous case, the orientation
of the nematic director is no longer arbitrary and needs to be considered in
relation to the planar distortion. Using the first equality in Eq. (2.2.7) and
employing the director n̂(Θ,Φ) from Eq. (2.2.6), we find

β−1b2Θ =
L2

2

(

(

cos2Θ − 1

3

)2

+ (cosΘ sinΘ cosΦ)2 + (cosΘ sinΘ sinΦ)2
)

+
L1

2
· 2
3
=

6L1 + L2

(

1 + 3 cos2Θ
)

18
, (2.2.36)

which is a monotonic function of the tilt angle Θ between the director and
the z axis in the interval 0 ≤ Θ ≤ π

2 .

Gaussian approximation Consider planar fluctuations δQ(z) := Q(z)−
Q0 in the scalar order parameter around the homogeneous equilibrium value
Q0 = 〈Q(z)〉 at given chemical potential µ. The simplest approach to go
beyond the mean-field description discussed in Sec. 2.2.1 is the Gaussian
approximation to consider fluctuations up to quadratic order in δQ(z). A
detailed description of fluctuations in thermotropic systems can be found
in Ref. [204].

Employing the Gaussian approximation, the fluctuation in the grand
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potential density given by Eq. (2.2.23) and Eq. (2.2.35) becomes

δω(µ, z) = ω(µ, [Q](z)) − ω(µ,Q0)

=
1

2
A(µ)

(

2Q0δQ(z) + δQ(z)2
)

− A(µc)

SN

(

3Q2
0δQ(z) + 3Q0δQ(z)2

)

+
A(µc)

2S2
N

(

4Q3
0δQ(z) + 6Q2

0δQ(z)2
)

+ b2Θ

(

dδQ(z)

dz

)2

. (2.2.37)

To describe fluctuations in the isotropic phase, we set Q0 = 0 and find

δω(µ, z) =
1

2
A(µ)δQ(z)2 + b2Θ

(

dδQ(z)

dz

)2

. (2.2.38)

Note that bΘ still depends on the nematic director accounting for pretransi-
tional effects in the isotropic phase.13 To describe the "pure" isotropic fluc-
tuations, we would have to average the distortion free energy in Eq. (2.2.5)
over all possible director orientations, resulting in a squared gradient of the
scalar order parameter Q(r) = Q(r).

Now we require some kind of partition function taking into account
all possible fluctuations [204,221]. To this end, we write the real function
δQ(z) =

∑

q δQqe
iqz as a (one-dimensional) Fourier series with the coef-

ficients δQq, which have the complex conjugate δQ∗
q = δQ−q. In Fourier

space, the variation of the grand potential reads

βδΩ
(

T, V, µ, {δQq} ,
{

δQ∗
q

})

=

∫

dr δω(µ, z)

=

∫

dr
∑

q,q′

(

1

2
A(µ)− b2Θqq′

)

ei(q+q′)zδQqδQq′

= V
∑

q

(

1

2
A(µ) + b2Θq

2

)

|δQq|2 . (2.2.39)

The normalized Boltzmann weight of Eq. (2.2.39) serves as a probability
density—similar to Eq. (2.1.13)—for the phase space variables 〈δQp〉 and
〈

δQ∗
p

〉

. Hence, we find the average value [204,221]

〈

|δQq|2
〉

=

∫

dδQq dδQ
∗
q |δQq|2 e−βδΩ

∫

dδQq dδQ∗
q e

−βδΩ
=

1

2βV
(

1
2A(µ) + b2Θq

2
) (2.2.40)

13 Such a scenario can be found at the IN interface, which I consider in Sec. 2.2.4.
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of each Fourier mode.

Coherence length Using the result for the orthogonal Fourier modes
from Eq. (2.2.40), we obtain the two-point correlation function, similar to
the definition in Eq. (2.1.34), according to [201]

G(z) = 〈δQ(z) δQ(0)〉 =
∑

q

〈

|δQq|2
〉

eiqz ≃ exp

(

−z
√

A(µ)√
2bΘ

)

. (2.2.41)

To find the asymptotic behavior for z →∞ in the last step, we convert the
sum over q into an integral [204] and substitute q → q

√

A(µ)/bΘ/
√
2 to

eliminate the parameters from the denominator in Eq. (2.2.40). Comparing
the exponent in Eq. (2.2.41) to that in Eq. (2.1.38), we can identify the
isotropic coherence length

ξ2Θ(µ) :=
2b2Θ
A(µ)

∝ (µ − µ∗)−1 (2.2.42)

relative to the director orientation of the perturbation. As discussed at the
end of Sec. 2.1.6, the correlation length diverges at the isotropic critical
point, i.e., for µ → µ∗, around which we may not neglect the thermal
fluctuations. At the IN phase transition itself, the correlation length is
finite but may become very large when µ∗ − µ is small. This is the case at
a weak first-order transition, which is also characterized by a small nematic
order parameter.

The calculation of the nematic coherence length is considerably more
difficult, as Q0 > 0 does not vanish in Eq. (2.2.37), which leads to additional
linear terms in δQ(z). However, at coexistence, we find the same expression
δω(µc, z), given by Eq. (2.2.38), for both the isotropic and the nematic
phase,i.e., for both Q0 = 0 and Q0 = SN. Therefore, the correlation lengths
ξΘ := ξΘ(µc) are the same. Note that within LdG theory, we can describe
the fluctuations in the isotropic phase more accurately than in the nematic
phase, as the nematic grand potential is based on an expansion around the
isotropic phase.

2.2.4. Phenomenology of hard-rod interfaces

Interfacial tension As a last step, I use the LdG expansion to study
the IN interface at coexistence [201]. Starting with the thermodynamic
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2. Hard-body Liquid Crystals

definition from Eq. (2.1.33), we obtain the interfacial tension

βγΘ[Q] = β
Ω(T, V, µc, [Q]) + pV

A
=

∞
∫

−∞

dz
(

ωb(µc, Q(z)) + Φd

(

Q′(z)
)

− ω0

)

=

∞
∫

−∞

dz

(

A(µc)

(

Q2

2
− Q3

SN
+

Q4

2S2
N

)

+ b2Θ

(

dQ

dz

)2
)

(2.2.43)

as a functional of the scalar order parameter Q(z). The LdG grand poten-
tial functional Ω(T, V, µ, [Q]) at µ = µc consists of the bulk expansion ωb

from Eq. (2.2.23) and the elastic term Φd from Eq. (2.2.35), whereas the
negative isotropic grand potential density ω0 equals the bulk pressure p at
coexistence. Note that the interfacial tension also depends on the tilt angle
Θ between the nematic director and the interface normal through the elastic
parameter bΘ and recall that ωb(µc, SN) = ω0 by definition of Eq. (2.2.13).

To determine the minimal interfacial tension, corresponding to the equi-
librium state at a given director orientation, we calculate the Euler-Lagrange
equation

∂ωb(µc, Q)

∂Q
=

d

dz

∂Φd (Q
′)

∂Q′
= 2b2Θ

d2Q

dz2
. (2.2.44)

Integration with respect to Q yields the differential equation

ωb(µc, Q(z))− ω0 = b2Θ

(

dQ

dz

)2

. (2.2.45)

Explicitly, we have to solve

1

2

(

Q(z)

(

1− Q(z)

SN

))2

=
b2Θ

A(µc)

(

dQ

dz

)2

=
ξ2Θ
2

(

dQ

dz

)2

(2.2.46)

for appropriate boundary conditions, where we introduce the correlation
length from Eq. (2.2.42) at coexistence.

Suppose, we find the isotropic and nematic bulk phases at z → −∞ and
z →∞ respectively. Then we can solve the integrated Euler-Lagrange equa-
tion, Eq. (2.2.46), demanding limz→−∞Q(z) = 0, limz→∞Q(z) = SN and
limz→−∞Q′(z) = limz→∞Q′(z) = 0, such that the integrand in Eq. (2.2.43)
vanishes far away from the interface. As a result, we obtain the order
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2.2. Continuum theories for Liquid Crystals

parameter profile

Q(z) =
SN

2

(

1 + tanh

(

z

2ξΘ

))

, (2.2.47)

revealing the correlation length as the characteristic length scale for the
interface width. As the correlations in the two coexisting phases are the
same, we can understand the interfacial region as a distortion at z = 0,
which decays to the respective equilibrium phase on each side at |z| & ξΘ.

The second modulation characterizing the IN interface is due to the
density. Inserting the order parameter from Eq. (2.2.47) and the Landau
parameter a from Eq. (2.2.16) into Eq. (2.2.10), we obtain the continuous
density profile

ρ(z) = ρI +∆ρ(Q(z)) = ρI +
∆ηIN

4v

(

1 + tanh

(

z

2ξΘ

))2

. (2.2.48)

To calculate the corresponding interfacial tension, we substitute either
side of Eq. (2.2.46) into Eq. (2.2.43) and solve one of the three equivalent
integrals

βγΘ = 2A(µc)

∫ ∞

−∞
dz

(

Q(z)2

2
− Q(z)3

SN
+
Q(z)4

2S2
N

)

= 2b2Θ

∫ ∞

−∞
dz

(

dQ

dz

)2

= 2bΘ
√

A(µc)

∫ SN

0
dQ

√

Q2

2
− Q3

SN
+

Q4

2S2
N

, (2.2.49)

where we explicitly insert the equilibrium order parameter profile from
Eq. (2.2.47) in the first two cases. The result

βγΘ =
b2Θ
3ξΘ

S2
N = 2bΘ

√

A(µc)

6
S2

N = bΘ

√

−∆ηIN(µc − µ∗)β
3
√
v

SN (2.2.50)

is directly proportional to the elastic prefactor bΘ. Hence, the lowest value
of bΘ given by Eq. (2.2.36) minimizes γΘ and provides the equilibrium
state. The monotonic behavior reveals that parallel alignment (Θ = π/2)
to the interface is favored over perpendicular alignment (Θ = 0) when
L2 > 0, which is usually the case for prolate Liquid Crystals as we see from
Eq. (2.2.32) and the discussion in Sec. 2.2.2.
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Fluctuations at the interface We further see that the correlation length
ξΘ ∝ bΘ and therefore the strength of fluctuations is minimal for the equilib-
rium director alignment with Θ = π/2, i.e., the state that is most probably
occupied. Taking bπ/2 as a material constant, we see from the first equal-
ity in Eq. (2.2.50) that the value of the interfacial tension decreases with
increasing correlation length. Therefore, the observation of clear interfaces
and the measurement of the IN interfacial tension is difficult in real sys-
tems, in particular when the transition is only of weak first order and the
correlation length is large. Note that for a second-order transition, there is
no well-defined interfacial region at all. As the correlation length diverges
at the critical point, the appropriate order parameter profile, obtained from
Eq. (2.2.46), is linear, such that both phases are indistinguishable in an
infinitely large system.

We can also describe the strength of a first-order transition with the
height of the intermediate maximum ω−

e (µc) from Eq. (2.2.21) of the LdG
expansion at coexistence. We can use this result to calculate the interfacial
tension

βγΘ = ξΘ
A(µc)

6
S2

N = ξΘ
4ω−

e (µc)

3
(2.2.51)

from Eq. (2.2.50) in a different way. The appropriate version of the Ginzburg
criterion [203] for a valid description of the IN transition within the mean-
field approximation reads [222]

ω−
e (µc) ξ

3
Θ ∝ βγΘ ξ2Θ ≫ 1 (2.2.52)

in terms of the correlation length and this barrier height or the interfacial
tension, respectively. Further note that the assumption of a planar interface
itself is only justified when we may neglect the effects of fluctuations, which
are manifest in capillary waves along the interface. In this case, one has to
include the fully position-dependent order tensor

←→
Q (~r) in Eq. (2.2.43) [213].

Concluding remarks Using LdG theory, I have derived a closed analytic
expression for the IN interfacial tension and profiles, exclusively in terms of
equilibrium properties at bulk phase coexistence. Recall that we can deter-
mine µ∗ through Eq. (2.2.22) and the Landau parameters in bΘ are related
to the Frank constants of the nematic phase, according to Eq. (2.2.32). To
improve upon the discrepancy, that this approach includes only two different
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elastic parameters, we can repeat the calculations from Secs. 2.2.3 and 2.2.4
using the generalized distortion term from Eq. (2.2.33). The resulting dif-
ferential equation has an additional prefactor linear in Q on the right-hand
side of Eq. (2.2.46). Its non-analytic solution provides the first correction
to the approximate hyperbolic tangent profile from Eq. (2.2.47). However,
we do not obtain an analytic formula for the interfacial tension, which is
the purpose of this calculation. In the following, I return to the microscopic
description of fluids.14

2.3. Density functional theory

The rigorous framework of density functional theory (DFT), formally intro-
duced in 1979 by Evans [137], arguably offers the most general description of
inhomogeneous and anisotropic systems. The fundamental variational prin-
ciple allows the calculation of the orientation-dependent and inhomogeneous
equilibrium density ρ(r,O) for an arbitrary external potential. This mecha-
nism goes back to the quantum mechanical Hohenberg-Kohn-Theorem [223],
which was generalized to statistical systems at finite temperatures by Mer-
min [224]. The orientational and positional order phenomena, characteristic
for different Liquid Crystal phases or the elastic deformations of the nematic
director, are found as a result of DFT and not used a phenomenological as-
sumption. To do this, DFT requires a computationally efficient free energy
functional which comprises the many-body interaction of the system appro-
priately.

In Sec. 2.3.1, I introduce the fundamentals of DFT following the original
article and review of Evans [137,225] and a lecture given by Roth [142]. Dif-
ferent functionals for the essential excess free energy are successively intro-
duced for a spherical interaction, Sec. 2.3.2, infinitely long rods, Sec. 2.3.3,
and anisotropic hard particles, Sec. 2.3.4, see also the review articles in
Refs. [20,226,227,228]. In Sec. 2.3.5, I provide toolbox to extract some typ-
ical properties and the phase behavior of Liquid Crystals from any given
density functional.

14 To later calculate the observables in Eq. (2.2.50), I introduce the theoretical framework
in Sec. 2.3 and the explicit theory in chapter 3. I present the corresponding results for
the IN coexistence in Sec. 5.1.1 and for the elastic coefficients in Sec. 5.3.2. Finally,
we see in Sec. 6.1.3 that our microscopic theory is consistent with the two-constant
approximation in LdG theory, which can be used to calculate the IN interfacial tension
in a good approximation.
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2. Hard-body Liquid Crystals

2.3.1. Theoretical framework

Functional for the grand potential Recall the formalism introduced in
Sec. 2.1.2 to calculate thermal averages via the classical trace, Eq. (2.1.14),
of an operator times the grand canonical equilibrium probability distri-
bution f0

(

rN ,pN
)

from Eq. (2.1.13). We can formally write the grand
potential defined in Eq. (2.1.8) as

Ω(T, V, µ) = Trcl
[

f0
(

HN − µN + β−1 ln f0
)]

, (2.3.1)

where the last term corresponds to the Gibbs entropy from Eq. (2.1.21) in
(grand-canonical) equilibrium. Define a functional [137,224]

Ω (T, V, µ, [f ]) := Trcl
[

f
(

HN − µN + β−1 ln f
)]

= Ω(T, V, µ, [f0]) + β−1Trcl [f (ln f − ln f0)] (2.3.2)

for any probability density f with Trcl [f ] = 1. Therefore, we have

Ω (T, V, µ, [f ]) > Ω (T, V, µ, [f0]) ≡ Ω(T, V, µ) if f 6= f0 (2.3.3)

according to the Gibbs inequality.

Given an arbitrary internal interaction U
(

rN
)

, we can show [137,224]
that the equilibrium number density ρ0(r) profile is uniquely determined by
the external potential Vext(r) acting on each particle. Note that there are
some pathological counterexamples for hard bodies [229]. More generally,
we write

f0 = f0[ρ0(r)] = f0[Vext(r)] . (2.3.4)

Therefore, Eq. (2.3.2) is equivalent to a density functional Ω(T, V, µ, [ρ(r)]),
which we usually abbreviate by Ω[ρ(r)], with the two fundamental proper-
ties

Ω[ρ0(r)] = Ω(T, V, µ) and Ω[ρ(r) 6= ρ0(r)] > Ω(T, V, µ) , (2.3.5)

following from Eq. (2.3.3). Thus, we can determine the equilibrium density
profile ρ0(r) from the Euler-Lagrange equation

δΩ[ρ(r′)]

δρ(r)

∣

∣

∣

∣

ρ(r)=ρ0(r)

= 0 . (2.3.6)
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Separating the contributions to the Hamiltonian from Eq. (2.1.2), we can
split the density functional according to

Ω[ρ(r)] = Trcl
[

f
(

T + U + β−1 ln f
)]

+ Trcl

[

f

(

N
∑

k=1

Vext(rk)− µN
)]

= Fintr[ρ] + Trcl

[

f

∫

dr

(

N
∑

k=1

δ(r− rk) (Vext(r)− µ)
)]

= Fid[ρ] + Fex[ρ] +

∫

drρ(r) (Vext(r)− µ) . (2.3.7)

Recognizing the density operator from Eq. (2.1.29), the extrinsic part can
be written as an integral over the density profile. The functional

βFintr[ρ] =:

∫

drΦ(r) =

∫

dr (Φid(r) + Φex(r)) (2.3.8)

for the intrinsic Helmholtz free energy, where Φ(r) is the intrinsic free energy
density, can be separated into an ideal and excess contribution similar to
Eq. (2.1.49).15 To construct the appropriate density functional of the ideal
gas, we proceed as in Sec. 2.1.4 but do not neglect the external potential in
Eq. (2.1.41). Similarly to Eq. (2.1.43), the intrinsic free energy of the ideal
gas becomes

βFid [ρ] =

∫

drΦid(r) :=

∫

drρ(r)
(

ln
(

ρ(r)Λ3
)

− 1
)

(2.3.9)

where ρ(r) is not necessarily the equilibrium density distribution.

Correlations in density functional theory We can use DFT to define
a family of direct correlation functions

c(n)({rm}) = −
δnβFex[ρ(r)]
∏n

m=1 δρ(rm)
. (2.3.10)

We recover the (pair) DCF c(2)(r = |r1 − r2|) ≡ c(2)(r1, r2) of a bulk
fluid in equilibrium, which we alternatively defined through the Ornstein-
Zernicke equation, Eq. (2.1.39). Employing the condition from Eq. (2.3.6)

15 In the derivation of Eq. (2.1.49), we have explicitly assumed that Vext = 0. The total
free energy in the presence of an external field reads F = Fintr[ρ] +

∫
drρ(r)Vext(r).
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to determine the equilibrium density in the homogeneous bulk fluid, we can
relate the one-body potential

β−1c(1) =
δFid[ρ]

δρ(r)

∣

∣

∣

∣

ρ(r)=ρ0

− µ = µid − µ = −µex (2.3.11)

to the excess chemical potential µex. Vice versa, calculation the functional
derivative of the density functional with respect to ψ(r) := µ − Vext(r)

trivially yields the equilibrium density profile

ρ0(r) = −
δΩ[ρ(r′)]

δψ(r)

∣

∣

∣

∣

ρ(r)=ρ0(r)

. (2.3.12)

The second functional derivative δρ0(r)/δψ(r′) = βG (r, r′) reproduces the
two-point correlation function from Eq. (2.1.34), which can be used to re-
derive the Ornstein-Zernicke relation, Eq. (2.1.39), and therefore show that
the definition of the DCF through Eq. (2.3.10) is justified [137,225].

The account of correlations within DFT goes beyond the mean-field ap-
proximation characteristic for the continuum theories introduced in Sec. 2.2.
Yet, some kind of mean-field-like assumption is also inherent in DFT, as a
result of the approximate implementation of interactions [144], which we
consider in the following.

2.3.2. Free energy functionals. I. Spherical interaction

Expansion approaches Now that we have introduced the framework
of DFT to study inhomogeneous systems we still face the same problem
as in Sec. 2.1.4 to find a good approximation to the excess free energy
functional Fex[ρ], which is only known exactly for one-dimensional hard
rods [141]. Knowing the Mayer f function for a given pair interaction in
three dimensions, we have an exact expression for the low-density limit of
the the excess free energy, already given in the form of a density functional
by Eq. (2.1.51). In the following, I briefly outline some approximations
beyond the dilute regime. For more extensive reviews of DFT for spherical
interactions, see Refs. [225,227].

Performing a functional integration of the correlation functions defined
in Eq. (2.3.10), we can Taylor expand the excess free energy functional
Fex around a reference density ρr(r) [137,225]. For a homogeneous ref-
erence system, Ramakrishnan and Yussouff introduced the approximate
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functional [230]

βFex [ρ] = βFex(ρr) + β µex|ρ=ρr

∫

dr δρ(r)

− 1

2

∫∫

drdr′ c(2)(|r− r′|)
∣

∣

∣

ρ=ρr

δρ(r) δρ(r′) +O
(

δρ(r)3
)

,(2.3.13)

truncated after the quadratic order in δρ(r) = ρ(r)− ρr, see also Refs. [146,
225,227]. The second term causes a constant shift in the chemical potential
and is usually ignored when comparing results with the same reference state.
As input, we only require some known expressions for the reference EOS
and DCF, e.g., the analytic results from PY theory given by Eqs. (2.1.63)
and (2.1.62). One can also approximate a known functional by expanding
it in the form of Eq. (2.3.13), which allows a simpler implementation.

Splitting the pair interactions potential u(r, r′) = ur(r, r
′) + up(r, r

′)

from Eq. (2.1.45) into a reference ur and perturbation term up, we find a
similar expansion [145,225,227]

Fex [ρ] ≃ F (r)
ex [ρ] +

1

2

∫∫

drdr′ up(r, r
′) g(r, r′) ρ(r)ρ(r′) , (2.3.14)

where we claim to know the excess free energy functional F (r)
ex [ρ]. The ad-

ditional random phase approximation setting the pair distribution function
g(r, r′) = 1 leads to a mean-field description of the perturbation term for a
small mean-field potential up. It is convenient to choose a reference system
of purely repulsive hard bodies, describing the molecular cores, with the
attractive tail as a perturbation.

Hard spheres One of the main challenges in DFT is the search for a
sophisticated hard-body reference functional. For the HS fluid, it appears
natural to derive a free energy functional that reproduces the established
Carnahan-Starling EOS from Eq. (2.1.58) in the bulk. The simplest ap-
proach to incorporate this equation into a density functional for inhomo-
geneous systems is the local-density approximation setting ρ→ ρ(r) in the
excess free energy density Φex(r) that yields the pressure pCS according
to Eq. (2.1.53). This approximation is obviously good for a homogeneous
density, but yields poor results for the DCF and therefore the structure of
inhomogeneous systems, e.g., at a hard wall.

Note that the Mayer-f function defined in Eq. (2.1.46) constitutes the
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DCF in the limit of vanishing density ρ → 0, which we see comparing
Eq. (2.1.51) to Eq. (2.3.13) with ρr = 0. To account for these correlation at
lowest order, we can construct a weighted density n(r) := −

∫

dr′ ρ(r′)f(|r−
r′|)/8, which reduces to the packing fraction η = ρv = const in the homo-
geneous case [231,232]. Replacing the packing fraction in the local den-
sity functional with this weight function gives rise to a functional that
yields both an exact low-density limit and the Carnahan-Starling EOS
of the HS fluid [232,233]. Moreover, this weighted-density approximation
yields the correct contact density at a hard wall [233] and describes the
solid state [232]. Tarazona proposed a systematic extension to incorporate
better approximations to the homogeneous DCF at higher densities [234].
Further advancements of the weighted-density approach are described in
Refs. [235,236].

Density functional theory for mixtures We can easily extend the
formalism introduced in Sec. 2.3.1 to derive a density functional

Ω [{ρi}] =
κ
∑

i=1

∫

drρi(r)
(

ln
(

ρi(r)Λ
3
i

)

− 1 + V
(i)
ext(r)− µ(i)

)

+ Fex [{ρi}]

(2.3.15)

for mixtures of κ components with different thermal wavelengths Λi, chem-
ical potentials µ(i), densities ρi and possibly also external potentials V (i)

ext .
16

To do so, we define the density functional Ω
(

T, V, {µ(i)}, [f ]
)

similarly to
Eq. (2.3.2) but using the Hamiltonian, the classical trace and the proba-
bility density defined for mixtures of spherical objects, compare Sec. 2.1.1.
Given a functional of the form of Eq. (2.3.15), we can solve the generalized
Euler-Lagrange equations

δΩ[{ρi}]
δρk(r)

= 0 (2.3.16)

as in Eq. (2.3.6) to determine the density profile ρk,0(r) of each species k.

Fundamental Measure Theory Introducing his famous Fundamental

Measure Theory (FMT) for mixtures of additive HS in 1989 [138], Rosenfeld

16 Although this work does not contain any DFT calculation for fluid mixtures, Fun-
damental Measure Theory and its generalizations, are valid for mixtures. Therefore,
this paragraph complements the general derivation of these functionals in chapter 3.
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established a new class of density functionals.17 His elaborate weighted-
density functional includes scalar and vectorial weight functions, which he
defined within a decomposition of the Mayer f function. The extrapolation
scheme of this exact expression towards higher densities follows the lines of
SPT and therefore does not require any empirical input but rather yields
the PY EOS and DCF from Eqs. (2.1.63) and (2.1.62) as an output [138].
Rosenfeld’s functional describes the phase behavior of HS exclusively in
terms of their fundamental geometrical measures, which he already depicted
in his treatment of SPT [195]. The framework of FMT can be derived in
any spatial dimension d [237]. As an alternative to using concepts from
SPT, the Rosenfeld functional was derived from the virial expansion [238].
Kierlik and Rosinberg [239] found a similar functional, which is equivalent
to Rosenfeld’s expression [240] but only contains scalar weighted densities.

Particularly in three dimensions, FMT is considered the most successful
framework to study systems with spherical interactions [228]. It is fur-
ther possible to refine the functional without giving up the fundamental
property that the excess free energy functional is constructed solely using
geometric measures of one spherical particle. A correct crossover to lower
spatial dimensions, which is vital for an appropriate description of HS in
highly confined geometries and the solid state, requires the modification of
Rosenfeld’s FMT [241,242,243,244,245,246]. Tarazona and Rosenfeld sys-
tematically derived a version of FMT with the desired properties from the
exact zero-dimensional limit [243]. Recently, this sophistication was also
found from the virial expansion [247]. Extending FMT by one additional
tensorial weight function is a convenient approximation to ensure the correct
dimensional crossover. However, the first version of such a functional [243]
does not yield the PY DCF, which was restored by Tarazona in a subsequent
work [244].

We may further demand that a generalized version of the Carnahan-
Starling EOS [156,157] for the homogeneous HS mixtures results from FMT
by employing a different extrapolation scheme towards higher densities [248,
249,250]. The White Bear mark II functional [157,250] is fully consistent
with the extrapolation based on SPT used by Rosenfeld [138]. The state-of-
the-art version of FMT [244,250] provides a very a sophisticated reference
theory for the perturbation approach according to Eq. (2.3.14). Not be-
ing based on the DCF of the fluid phase as the ordinary weighted-density

17 See Secs. 3.2.1 and 3.3 for the derivation and explicit calculations with FMT as a
special case of the functionals for anisotropic hard bodies considered in chapter 3.
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functionals [232,234,235,236], FMT yields an accurate description of the HS
crystal [244,251] and the fluid–crystal interface [252].

2.3.3. Onsager Theory for long rods

Density functional theory for anisotropic particles As a further
generalization of the DFT framework, we consider free energy functionals
for systems of anisotropic hard particles. Therefore, we need to account
for the orientation-dependent interaction in Eq. (2.1.56) and consider an
external potential Vext(r,O). As a result, also the number density

ρ(R) = ρ(r,O) = ρ(r)g(r,O) (2.3.17)

depends on the orientation O. It is convenient to separate the density into
the total averaged density

ρ =
1

V

∫

dR ρ(R) = 1

V

∫

dr

∫

dO ρ(r,O) =
1

V

∫

dr ρ(r) (2.3.18)

and the normalized orientational distribution g(r,O). The orientational
average

∫

dO yields the condition
∫

dOg(r,O) = 1 for the normalization.

For uniaxial particles, which I consider in this work, the orientational
average becomes

∫

dO ≡
∫

d̟ =
1

4π

∫ 2π

0
dφ

∫ π

0
sin θ dθ . (2.3.19)

Note that it is enough to carry out the second integral up to θ = π
2 and

change the normalization factor to (2π)−1, when the particles are for point-
symmetric and the directions given by (θ, φ) and (π − θ, φ+ π) are equiv-
alent. For a convenient choice of coordinates in a spatially homogeneous
system with the density ρ(R) ≡ ρ(̟), we find that the orientational distri-
bution g(r,̟) ≡ g(cos θ) becomes a function of the azimuthal angle θ only,
which agrees with the definition of the nematic orientational distribution in
Eq. (2.1.69).

Instead of repeating the previous calculations with the grand canonical
partition function from Eq. (2.1.5) of a freely rotating system, we consider
an effective mixture of uniform and non-rotating bodies with an infinite
number κ → ∞ of components, each corresponding to one particular ori-
entation. In the density functional from Eq. (2.3.15), the sum over all
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components turns into an integral, which we identify with the orientational
average in Eq. (2.3.19). We further set the chemical potentials µ(i) = µ

of each component to the same value, such that we only fix the average
total particle number N and do not impose an artificial constraint on the
equilibrium orientational distribution.

It is straightforward to write down the density functional

Ω[ρ(R)] = β−1

∫

drω[ρ(R)](r) (2.3.20)

for monodisperse anisotropic molecules with the grand potential density

ω[ρ(R)](r) = Φid(r) + Φex(r) + β

∫

dO ρ(R) (Vext(R)− µ) . (2.3.21)

The excess free energy density Φex(r) is yet to be determined. The free
energy density

Φid(r) = ρ(r)

(

ln
(

ρ(r)Λ3
)

− 1 +

∫

dO g(r,O) ln g(r,O)

)

(2.3.22)

for the ideal gas of hard bodies becomes particularly simple when we split
the density as in Eq. (2.3.17) and choose the thermal wavelength Λ3 = v,
such that the argument of the logarithm describes the modulation of the
local packing fraction.

Performing the variations with respect to ρ(R), we can calculate the
equilibrium configuration and orientation-dependent correlation functions
according to Eq. (2.3.6) and Eq. (2.3.10), respectively. As a special case
of the Euler-Lagrange equations, we can determine the equilibrium orienta-
tional distribution from

δΩ[ρ(R′)]

δg(r,O)
= 0 (2.3.23)

as a functional of the spatial density modulation ρ(r).

Substituting r → R in Eq. (2.3.15), we obtain a general functional
for mixtures of anisotropic particles, which depends on the orientation-
dependent densities ρi(R) of each species. In conclusion, we formally in-
cluded orientation dependence to an equilibrium theory derived with the
partition function from Eq. (2.1.7), which does not contain the integrals
over angular momenta and orientations. An explicit derivation of the for-
malism, based on the general partition function from Eq. (2.1.5) with an
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orientation-dependent Hamiltonian, only redefines the thermal wavelengths
Λi in Eq. (2.3.15) as a result of the integrals over the angular momenta.
However, this parameter is mostly irrelevant, in particular for hard-body
systems.

Original Onsager approach Thirty years before the formal invention
of DFT, Onsager made the first step towards a density functional that
describes the interaction of anisotropic hard bodies [21]. In his seminal
work, Onsager studied the IN transition of infinitely long rods, i.e., HSC
or HC with aspect ratio l → ∞ (see Fig. 1.6) with an excess free energy
based on the second virial coefficient B2, ignoring higher-order terms in
Eq. (2.1.54). This result is impressive for two reasons. Firstly, the transition
can be explained solely with entropic arguments as there is no finite part
of the interaction in the simple hard-body model. Secondly, the order–
disorder transition in the Onsager limit occurs at vanishing density, where
pair interactions are dominant according to the discussion in Sec. 2.1.4.
Therefore, Onsager’s functional is exact.

For a general homogeneous and anisotropic fluid, we find

B2 =
1

2

∫∫

dO1 dO2 vexcl(O1,O2) (2.3.24)

with the mutual excluded volume vexcl of two hard bodies. Defining the ho-
mogeneous and dimensionless concentration c = ρL2Dπ/4, which remains
finite in the Onsager limit, and choosing Λ3 = L2Dπ/4, the excess free
energy density of long rods

lim
l→∞

L2Dπ

4
Φ = c

(

ln c− 1 +

∫

d̟g(cos θ) ln g(cos θ)

)

+
4c2

π

∫∫

d̟1d̟2 sin γ(̟1,̟2)g(cos θ1)g(cos θ2) (2.3.25)

is a functional of the orientational distribution g(cos θ), which only depends
on the azimuthal angle θ. The orientation dependence enters via the inter-
molecular angle γ(θ1, φ1, θ2, φ2), which is found in the leading term of the
excluded volume [21]

v
(HC)
excl (γ) = 2L2D sin γ + LD2

(π

2
(1 + | cos γ|) + 2E(γ)

)

+
π

2
D3 sin γ

(2.3.26)
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between two HC, where E(γ) =
∫ π/2
0 dt

√

1− sin2 γ sin2 t, or

vexcl(γ) = 2L2D sin γ + 2πLD2 +
4

3
πD3 (2.3.27)

between two HSC, for l → ∞. Onsager used the analytic trial distribu-
tion [21]

g(cos θ) =
α cosh(α cos θ)

sinhα
(2.3.28)

for a minimization with respect to the order parameter α. The resulting
IN transition has a strong first-order character with the nematic order pa-
rameter SN = 0.85 at coexistence and the concentrations cI = 3.34 and
cN = 4.49 in the isotropic and nematic phase, respectively.

Improved evaluation More elaborate analytical [185,253,254,255,256]
or numerical [257,258,259] minimization procedures for the nematic orien-
tational distribution allow an accurate study of the IN coexistence of rigid
rods within the Onsager theory. For instance, we can expand the integrand

sin γ − π

4
= −

∞
∑

n=1

d2nP2n(cos γ) ≈ −
nt
∑

n=1

d2nP2n(cos γ) (2.3.29)

in Eq. (2.3.25) in terms of even Legendre Polynomials P2n(cos γ) with the
coefficients [253,255]

d2n = π
(4n + 1)(2n − 3)!!(2n − 1)!!

22n+2n!(n+ 1)!
. (2.3.30)

Truncating the expansion at n = nt, we obtain an approximate expres-
sion for Eq. (2.3.25) in terms of nt order parameters {P̄2n}, defined in
Eq. (2.1.71), as a consequence of the relation [254]

∫∫

d̟1d̟2P2n(cos γ(̟1,̟2))g(cos θ1)g(cos θ2) = P̄ 2
2n . (2.3.31)

Applying Eq. (2.3.23) in the absence of an external potential, we can
determine the equilibrium orientational distribution [255]

g[nt](cos θ) = C exp

(

nt
∑

n=1

α2
[2n]P2n(cos θ)

)

(2.3.32)
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at each order nt of truncation according to

0 =
δΦ

δg(cos θ)
= c(ln g(cos θ) + 1)− 8c2

π

nt
∑

n=1

d2nP̄2nP2n(cos θ) (2.3.33)

The order parameters α[2n] and the normalization constant C follow self-
consistently from the system

α2
[2n] =

8c

π
d2nP̄2n (2.3.34)

1 =

∫ 1

0
d cos θg[nt](cos θ) (2.3.35)

of nt + 1 equations. At nt = 7, the expansion has converged. The results
SN = 0.79, cI = 3.29 and cN = 4.19 show that the results in the previous
paragraph with Onsager’s trial function from Eq. (2.3.28) are quite rea-
sonable [255]. The Frank elastic coefficients of infinitely long nematic rods
were calculated using different trial functions [258,260]. There are several
extensions to the Onsager approach [256] giving rise to studies of charged
particles [258], semi-flexible polymers [259] or polydisperse mixtures. See
Ref. [226] for a review of Onsager theory and some of these extensions.

Advancements and limitations To study inhomogeneous or biaxial
systems, we can write the Onsager theory as a functional of the concen-
tration c(R), generalizing Eq. (2.1.51). Such an Onsager functional was
employed to calculate the IN interfacial tension approximately, assuming a
sharp interface [261], or quantitatively, by means of numerical minimiza-
tion [262,263,264]. The the second-virial approximation is also sufficient to
describe the director alignment and density profiles of long rods at a hard
wall [265,266].

However, this approach fails at non-zero density, i.e., for HSC with a
finite length, especially for small aspect ratios [19], and particularly the HS
limit, as discussed in Sec. 2.3.2. Even infinitely long rods forming spatially
inhomogeneous phases, which are only stable at non-zero packing fraction,
cannot be studied exactly by means of the Onsager functional. For exam-
ple, the density at the bifurcation point of the NSm transition of parallel
rods changes by 38% when the third virial coefficient is added to the free
energy [160]. Poniewierski found a first-order NSm-A transition of freely
rotating HSC doing an extended bifurcation analysis of the virial series
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truncated after the third virial coefficient [161].

One considerable qualitative observation made with the Onsager func-
tional is a strong coupling between positional and orientational degrees of
freedom in the smectic-A phase, which increases with decreasing aspect ra-
tio [267]. To achieve a more quantitative description of dense fluids, we
need to find more elaborate functionals for the full excess free energy den-
sity Φex(r) of anisotropic hard bodies in Eq. (2.3.21) beyond the second
virial approximation.

2.3.4. Free energy functionals. II. Anisotropic interaction

Beyond Onsager’s approximation A typical strategy to derive a sim-
ple DFT for anisotropic particles is to start with a generalized expansion
of the free energy, as in Eq. (2.3.13), with a homogeneous and isotropic
reference fluid. Expanding the DCF of the isotropic phase in terms of
spherical harmonics gives rise to theories for the IN transition [268,269],
smectic phases [270] and elasticity [269,271,272,273]. However, as stated in
Sec. 2.1.5, there is no analytical solution to the Ornstein-Zernicke equation,
Eq. (2.1.39) for anisotropic hard bodies. Therefore, the theories for the
IN interface developed in Refs. [274,275] were only used to calculate the
interfacial tension of HSC within the Onsager approximation, choosing the
Mayer function as DCF.

A common strategy to find a more general analytic approximation is to
replace the reference isotropic DCF with a conveniently modified version of
the PY DCF from Eq. (2.1.62), e.g., introducing an orientation-dependent
scaling factor to the distance r = |r1 − r2| [276] between the centers-of-
mass or multiplying the DCF with an excluded-volume term of anisotropic
bodies [277]. Such a procedure leads to a decoupling of the integrals over
position and orientation [226,227]. The first variant [276] was applied to cal-
culate the phase diagram of parallel HSC [278,279]. A comparative study
of the quality of different analytical approximations to the DCF was car-
ried out by means of computer simulations for hard ellipsoids [280]. Best
agreement was found with a more general variational approach [281]. A
later representation of the DCF goes beyond the PY approximation as a
reference expression [282].

To systematically construct a free energy functional for anisotropic hard
bodies, it appears convenient to extend the Onsager functional, such that
the general expression reduces to Eq. (2.3.25) in the limit l → ∞ and
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ρ → 0. To this end, an appropriate EOS for the isotropic phase must
be chosen. Unfortunately, we still face the problem that the most accu-
rate expressions for the free energy of hard bodies are those for the HS
system. Therefore, Parsons [283] proposed a general functional that con-
tains the orientationally averaged excluded volume of two anisotropic bodies
with a density-dependent prefactor, chosen in such a way that we obtain
the Carnahan-Starling EOS for HS. Lee first applied Parson’s functional to
study the IN transition for HSC [284] and hard ellipsoids of revolution [285]
and calculated the Frank elastic coefficients in the nematic phase [286].
Despite this reasonable description of homogeneous problems, the DCF ob-
tained from the Parsons-Lee approach is not very accurate [280]. Still,
some further generalizations of this extended Onsager model were derived
to describe smectic phases [287,288] and the phase behavior of hard-body
mixtures [289,290,291,292].

Generalizing Tarazona’s HS functional [232,234], Somoza and Tarazona
adapted the successful weighted density approach for anisotropic hard bod-
ies and examined the Liquid Crystal behavior of parallel [293,294] and ori-
entationally disordered HSC [295], including elastic coefficients [296,297].
They evaluated the weighted density for parallel ellipsoids, i.e., appropri-
ately scaled HS, as a reference system. The orientation-dependence of arbi-
trary bodies enters the free energy density via their Mayer function. Again,
this approach ensures that the exact low-density limit is recovered and addi-
tionally reduces to the Parsons-Lee description for a homogeneous nematic.
A simplified assumption for the dimension of the reference system allows
a more efficient minimization of the Somoza-Tarazona functional for HSC,
as used to revisit the phase diagram [298], calculate the IN interfacial ten-
sion [299] and study the confined system [300,301]. There is another early
weighted-density functional by Poniewierski and Hołyst, which was used to
study the phase behavior of HSC [302,303,304,305,306], the IN transition of
different anisotropic hard bodies [304] and the Frank elasticity of HSC [305].
Graf and Löwen [307] used a modified weighted-density approximation [236]
to study the phase diagram of HSC.

Extension of Fundamental Measure Theory With the success of
Rosenfeld’s FMT [138] for various HS systems, outlined at the end of
Sec. 2.3.2, one might guess that a generalized FMT functional for anisotropic
particles should surpass all previous functionals which have a more ad

hoc character. However, the geometric issues of the hard-core interaction
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become substantially more complicated for anisotropic shapes. The first
generalization by Rosenfeld, introducing an orientational average to the
present weighted densities, yields a decent account of the isotropic state
but does not suffice to describe nematic ordering [308,309]. Although the
HS functional is exact up to second order in density, this approach does
not even reproduce the Onsager limit properly. Further note that the low-
density limit of the Rosenfeld functional for hyperballs in d dimensions
is only exact in odd values of d [138,237]. Regarding the benefits of a
derivation from first principles, it is desirable to find a more appropriate
generalization of FMT. Such a functional should be capable to describe
polydisperse mixtures and not rely on the choice of a reference system or
empirical input.

In 2009, Hansen-Goos and Mecke achieved the first breakthrough to-
wards the generalization of FMT [139].18 Their extended deconvolution
of the orientation-dependent Mayer f function gives rise to additional ge-
ometrical weight functions, which are sensitive to anisotropy. The re-
sulting extended deconvolution Fundamental Measure Theory (edFMT) is
an appropriate functional for mixtures of convex hard bodies.19 Tested
for monodisperse HSC, the new functional yields remarkably good results
for the isotropic–nematic transition and the isotropic fluid next to a hard
wall [139,140]. This success encouraged the application of edFMT for fur-
ther inhomogeneous problems and various shapes. Although the predicted
IN interfacial tension of HSC is much too low, edFMT accounts for all
qualitative features of the interfacial profile [310,311]. There are studies of
different polyhedra [312], parallel cubes with rounded edges [313] and even
non-convex dumbbells [314]. Moreover, an extension to the two-dimensional
FMT [138,243] along the lines of edFMT facilitates the description of hard
disks [315]. However, edFMT contains a free parameter [139], which may
not be determined uniquely, such that the non-empirical character of the
Rosenfeld functional is somehow spoiled.

Specific fundamental measure functionals Before the invention of
edFMT, a variety of functionals for mixtures of particular anisotropic hard

18 As the results in chapter 5 confirm, the original version of edFMT constitutes only
the first step to find a general functional for arbitrarily shaped hard bodies.

19 In this work, I introduce an alternative generalization of FMT, namely, Fundamental
Mixed Measure Theory, which is closely related to edFMT. A more detailed intro-
duction to both functionals is given in chapter 3.
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particles emerged. Although being deduced from FMT, these approaches
do not share the generality of edFMT. Introducing an artificial weighted
density that interpolates between FMT and the Onsager functional, Cinac-
chi and Schmid enforced the exact low-density limit of their fundamental
measure functional for rod-like hard bodies [316]. However, this functional
was never used for inhomogeneous problems.

In a sequence of papers [317,318,319], Schmidt and co-workers derived
FMT functionals for mixtures of HS and different infinitely thin hard par-
ticles introducing convenient terms to describe the three-body interaction.
A generalized version of the functional for sphere-rod mixtures [317,318]
describes rods of finite thickness [320] on a simple level. Notably, the ex-
tension of the framework to HD [319] provides a theory for oblate Liquid
Crystals, which have not received that much theoretical attention as prolate
shapes. The free energy of HD is included up to an approximation at the
third-virial level. The predicted EOS and DCF were extensively compared
to Monte Carlo simulations and different integral equation theories [321].
The functional was further used to study the IN interface [322] and binary
mixtures of HD [323] and also compared to different experiments including
Gibbssite platelets [68,324].

Cuesta and co-workers used dimensional scaling arguments to construct
functionals for anisotropic hard bodies of finite thickness, an approach that
can only account for discrete orientations. The free energy for mixtures of
parallel squares and cubes can be derived [325] along the lines of Rosen-
feld [138] or from the zero-dimensional limit [326,327,328], which ensures
the correct dimensional crossover in the spirit of Ref. [243]. More generally,
the latter approach also works for parallelepipeds [326,329,330]. Thereupon,
one can define various functionals for different two-dimensional shapes [331],
e.g., hard hexagons [332], by restricting the centers of the three-dimensional
cubes to certain planes. The crossover from two-dimensional disks [237,243]
and squares [326,327] results in an appropriate FMT functional for parallel
HC [333,334].

The functionals for parallel bodies have a particularly simple structure
and are analytically tractable for homogeneous fluids, which suggests a
later comparison to a more general version of FMT.20 The EOS of ho-
mogeneous hard cubes is equivalent to the y expansion from Eq. (2.1.65),

20 Such a consistency test is done in Sec. 8.1.2 for the generalized FMT functionals which
I introduce in chapter 3.
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which is consistent with the fact that the structure of FMT resembles that
of SPT [327,328]. The phase behavior of parallel HC does not depend on
the aspect ratio. Therefore, it is easy to understand that the homogeneous
EOS is the same as for parallel hard cubes [334], as both bodies may be
scaled towards infinitely long and thin rods.

Zwanzig model Using the fundamental measure functional for mixtures
of aligned parallelepipeds [326], we can calculate an effective phase diagram
of the orientation-dependent fluid within the Zwanzig approximation [149]
considering only two or three mutual perpendicular orientations in two [335]
and three [330,336] dimensions, respectively. This is a major achievement,
as previous calculations for this system were limited to Onsager-type ap-
proximations [337,338,339,340,341] or other less sophisticated density func-
tionals [342,343]. However, even on the level of the second virial coefficient,
the restricted-orientations model provides a reliable approximation for in-
homogeneous systems, e.g., for the density profile at a hard wall [338,339],
which was found is in good agreement with a simulation for freely rotat-
ing HSC of finite aspect ratio [128]. Therefore, the Zwanzig model appears
to be suitable to study complex systems, such as fluids at structured sub-
strates [340,341], which are difficult to implement within a fully orientation-
dependent DFT.

2.3.5. Liquid Crystal behavior in density functional theory

Preliminary remarks In Sec. 2.3.3, we have discussed the procedure
to analytically minimize a free energy functional for the isotropic and ne-
matic bulk phases. The study of inhomogeneous systems generally requires
numerical methods or further simplifying assumptions.

However, the framework of DFT, in particular the inherent method to
calculate the DCF according to Eq. (2.3.10), gives rise to some peculiar
approaches to characterize distortions in the homogeneous phases of cylin-
drically symmetric particles. In the following, I outline how to extract the
elastic coefficients and the correlation lengths from a given DCF. Moreover,
I collect some usual assumptions used for a parametrized minimization of
density functionals for the uniaxial IN interface or smectic phases.21

21 In chapter 5, I apply the methods introduced in this section to a system of HSC.
Chapter 3 contains a detailed introduction to the density functionals I use to obtain
these results.
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Frank elastic coefficients The Frank elastic coefficients Kǫ, defined in
Sec. 2.2.2, characterize the orientational long-range correlations in the ne-
matic phase. Poniewierski and Stecki [118] found a variational approach
which provides a general recipe to calculate these constants according to

βKǫ =
1

2

∫∫∫

drd̟1d̟2 r
2
ǫ c

(2)(r,̟1,̟2) ρ
′(n̂ · ˆ̟ 1) ρ

′(n̂ · ˆ̟ 2) ˆ̟ 1,x ˆ̟ 2,x ,

(2.3.36)
see also Refs. [119,269,297]. We only require an appropriate orientation-
dependent DCF of the nematic phase, where r = r1−r2 denotes the relative
position vector with the components rǫ with ǫ ∈ {1, 2, 3} ∼= {x, y, z}. Sub-
stituting ˆ̟ 1,x → ˆ̟ 1,y and ˆ̟ 2,x → ˆ̟ 2,y, yields an equivalent representation
for K3. To calculate K1 or K2, we further have to replace rx with ry or ry
with rx, respectively.

The unit vector

ˆ̟ (θ, φ) =





ˆ̟ x

ˆ̟ y

ˆ̟ z



 =





sin θ cosφ

sin θ sinφ

cos θ



 (2.3.37)

describes the uniaxial molecular orientation ̟ = (θ, φ) in spherical co-
ordinates. Considering bulk deformations, the orientation n̂ of the ne-
matic director is arbitrary. We conveniently choose n̂ = (0, 0, 1), such that
n̂ ·̟ = cos θ. Therefore, we may express the derivatives

ρ′(n̂ · ˆ̟ ) = ρ′(cos θ) = ρ
dg(cos θ)

d cos θ
(2.3.38)

of the orientation-dependent density in terms of the nematic orientational
distribution g(cos θ), which follows from Eq. (2.3.23) for any DFT.

The accuracy of the Poniewierski-Stecki equations was checked in a com-
puter simulation study for a system of soft ellipsoids [115] The solution
based on a numerically determined DCF [117] was found in good agreement
with a simulation according to the method described in Sec. 1.3. Evaluat-
ing Eq. (2.3.36), we can extract appropriate values of the elastic coefficients
from a given DFT [118,119,258,286,296,297,305]. However, as expounded
in Sec. 2.3.4, the functionals used so far do not account for the correct
correlations in anisotropic fluids and not even the DCF in the isotropic
phase is known analytically. The results of the Poniewierski-Stecki equa-
tions were compared [344] using different analytic approximations of the
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DCF [276,277,281,282] of ellipsoidal particles.

There is an alternative approach based on an expansion of the DCF in
terms of spherical harmonics [271,272,273]. The resulting elastic free energy
functional gives rise to a series representation of the elastic coefficients,
involving different nematic order parameters P̄2n, defined in Eq. (2.1.71).

The universal low-order expansion

∆K1

K̄
= ∆− 3∆′ P̄4

P̄2
+ . . . ,

∆K2

K̄
= −2∆−∆′ P̄4

P̄2
+ . . . ,

∆K3

K̄
= ∆+ 4∆′ P̄4

P̄2
+ . . . (2.3.39)

of the ratios

∆Kǫ

K̄
:=

Kǫ − K̄
K̄

, K̄ =
1

3
(K1 +K2 +K3) (2.3.40)

in terms of order parameters was first discovered by Priest [217]. The con-
stants ∆ and ∆′ solely depend on the shape of a hard body. Adding a
correction term to the relation K1 = K3 at zero order, Eq. (2.3.39) ex-
tends the LdG result from Eq. (2.2.31), which was derived only considering
squared gradient terms in the nematic order parameter S = P̄2. In his
calculation based on the second virial coefficient, Priest obtained [217]

∆ =
2 l2 − 2

7 l2 + 20
≈ 0.286 − 1.10 l−2 + 3.15 l−4 − 9.00 l−6 +O

(

l−8
)

,

∆′ =
9

16

3 l2 − 8

7 l2 + 20
≈ 0.241 − 1.33 l−2 + 3.80 l−4 − 10.9 l−6 +O

(

l−8
)

(2.3.41)

for a system of HSC. Using their approach from Eq. (2.3.36), Poniewierski
and Stecki found [118]

∆ =
1

7

2 l2 − 3

l2 + 3
≈ 0.286 − 1.29 l−2 + 3.86 l−4 − 11.6 l−6 +O

(

l−8
)

,

∆′ =
9

56

3 l2 − 8

l2 + 3
≈ 0.482 − 2.73 l−2 + 8.20 l−4 − 24.6 l−6 +O

(

l−8
)

. (2.3.42)

Calculated in different ways, these two results are not the same but, ac-
cording to Ref. [118], numerically close to each other. We easily see this for
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the first constant ∆ from the shown expansion in the inverse aspect ratio.
However, it appears that there is a factor two missing in ∆′ from either
reference.

Correlation length The asymptotic behavior of the total correlation
function h(2)(r) from Eq. (2.1.36) of a system with a spherical interac-
tion is related the leading-order pole of the Ornstein-Zernicke equation,
Eq. (2.1.39), in Fourier space [345,346,347,348]. Therefore, we need to solve
the equation

1− ρ ĉ(2)(q) = 0 , (2.3.43)

for the complex wave number q = a1 + ia0 with the real part a1 ∈ R and
imaginary part a0 ∈ R. The function ĉ(2)(q) is the Fourier Transform of the
DCF c(2)(r), which we obtain in DFT according to Eq. (2.3.10). Separating
the real and imaginary parts in Eq. (2.3.43) gives rise to the two equations

1 = ρ 4π

∫ ∞

0
r2 dr c(2)(r) cosh a0r

sin a1r

a1r

1 = ρ 4π

∫ ∞

0
r2 dr c(2)(r)

sinh a0r

a0r
cos a1r (2.3.44)

for a1 and a0. A similar but more general method was used to study the
correlations in the isotropic phase of hard rods [349].

The inverse of the radial correlation length

ξ = |a0,min|−1 , (2.3.45)

defined in Eq. (2.1.36), is equal to the overall smallest absolute value a0,min

of the imaginary part of any complex wave number q solving Eq. (2.3.44).
The total correlation function h(2)(r) exhibits an exponentially damped
and oscillatory decay with the wavelength 2π/a1,min, when the value a1,min

corresponding to a0,min is non-zero. This is a typical behavior for systems
with short-range repulsive interactions. A purely exponential decay with
a1 = 0 is found for square-well or Lennard-Jones potentials [348].

We consider a planar distortion at z = 0, e.g., a hard wall or an interface,
as done in Sec. 2.2.3 within LdG theory. The density decays to the bulk
value ρ at z →∞ according to [350,351]

ρ(z)− ρ ∝ ℜ [exp(−a0,minz) exp(ia1,min(z − z0))] , z →∞ . (2.3.46)
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Solving the linear differential equation derived in the appendix of Ref. [352]
with the ansatz from Eq. (2.3.46) yields the same system of equations [351]
as in Eq. (2.3.44). Regarding the decay of the density far away from the
distortion, we understand that the definition of the correlation length ac-
cording to Eq. (2.3.45) is sensible. As an alternative to considering the poles
of the Ornstein-Zernicke equation, Eq. (2.3.44) was derived using a similar
ansatz as in Eq. (2.3.46) for a spherically symmetric distortion [351,353].
We see that the length scale given by ξ is identical in both planar and
spherical geometry [345,346].

The total correlation function h(2)(R1,R2) of anisotropic particles de-
pends on the orientations and so does the DCF c(2)(R1,R2). Hence, we
cannot solve Eq. (2.3.43) via Eq. (2.3.44), not even in the isotropic phase.
It is convenient to expand the DCF into rotational invariants [321,349].
Averaging the DCF over all orientations according to

c̄(2)(r1, r2) =

∫∫

d̟1 d̟2 c
(2)(R1,R2) g(̟1) g(̟2) (2.3.47)

constitutes the zero-order term of this expansion. Assuming an effectively
spherically symmetric pair potential in an anisotropic system, we can use
Eq. (2.3.47) to solve the same system of equations as for spherical parti-
cles [349]. As an artifact of this crude approximation, however, the result
for a0 is expected to be too large.

Sticking to the same approximation, we consider the orientationally av-
eraged planar DCF

c̄(2)(z) =

∫∫∫∫

dx1 dy1 dx2 dy2 c̄
(2)(r1, r2) = −

δ2βFex[ρ(R)]
δρ(z1)δρ(z2)

(2.3.48)

with z = |z1 − z2|. This function explicitly correlates two planes of dis-
tance z, irrespective of the radial distances between the particles. Now,
using Cartesian coordinates, we proceed analogously to the radial case and
calculate the one-dimensional Fourier transform

ˆ̄c(2)(qz) =

∫ ∞

−∞
dz c̄(2)(z) eiqzz (2.3.49)

of the DCF from Eq. (2.3.48). To determine the poles of the Ornstein-
Zernicke equation for the complex qz = a1 + ia0 according to Eq. (2.3.43),
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we separate the real and imaginary parts and obtain

1 = ρ

∫ ∞

−∞
dz c̄(2)(z) sin a1z e

−a0z

0 = ρ

∫ ∞

−∞
dz c̄(2)(z) cos a1z e

−a0z . (2.3.50)

Again, the (approximate) correlation length ξ follows from Eq. (2.3.45).

Note that in the nematic phase the director orientation relative to the
distortion is no longer arbitrary as, e.g., in Eq. (2.3.38). Therefore, the
averaged DCF from Eq. (2.3.47) is not a function of one scalar variable r in
the nematic phase. Using Eq. (2.3.48) instead, we can qualitatively study
director dependence of the correlation length as found in Eq. (2.2.42) by
means of LdG theory. To do so, we define the generalized orientational
distribution function

gn̂(θ, φ) := g(n̂(Θ,Φ) · ˆ̟ ) = g (sinΘ cos (φ− Φ) sin θ + cosΘ cos θ) ,

(2.3.51)
using the more general nematic director given by Eq. (2.2.6). Therefore, the
nematic DCF and correlation length depend on the tilt angle Θ between
the director and the normal vector to the planar distortion. The cylindrical
symmetry of the system allows us to choose Φ = 0 without loss of generality.

IN interface and coexistence To carry out a microscopic study of the
IN interface, we convert Eq. (2.1.33) into a density functional

βγIN[ρ(z,̟)]=
βΩ[ρ(z,̟)] + βpIVI + βpNVN

A

=

∫

dz (ω[ρ(z,̟)](z) − ω[ρI] Θ(−z)− ω[ρN(̟)]Θ(z))(2.3.52)

for the interfacial tension γIN between the isotropic phase with the ho-
mogeneous density ρI and the nematic phase with the homogeneous but
orientation-dependent density ρN(̟) = ρNgN(̟) at coexistence. Accord-
ing to Eq. (2.1.72), we find an equal coexistence pressure pc = pI = pN and
chemical potential µc in both phases. We call the half space with z < 0 the
isotropic and that with z > 0 the nematic side of the interface. Accordingly,
we can divide the total volume V = VI + VN into the volumes VI and VN of
the isotropic and nematic side of the interface, respectively.
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2.3. Density functional theory

The density profile ρ(z,̟) describing the interface in Eq. (2.3.52) obeys
the constraint ρ (−∞,̟) = ρI to describe the isotropic bulk phase at
z → −∞. The isotropic orientational distribution gI(̟) ≡ 1 results in
the order parameter S = 0 according to Eq. (2.1.70). On the other side of
the interface, we find the nematic bulk phase with ρ(∞,̟) = ρN(̟) and
the nematic order parameter SN as the limit for z →∞.

To calculate the equilibrium interfacial tension, we have to perform a free
numerical minimization of a given density functional. The usual practice
is to solve the Euler-Lagrange equations, Eq. (2.3.6), for ρ(z,̟) using a
grid along the z axis and discrete orientations [262,263,264]. Then we can
extract the behavior of the uniaxial and biaxial order parameters. Imposing
a parametrized orientational distribution, we can minimize the functional
with respect to the density and a set of order parameter profiles [299]. In
the following, we only consider the uniaxial problem, as biaxial effects on
the value of the interfacial tension are negligible [263,264,299].

As a computationally more efficient approximation, I assume a den-
sity profile of the form ρ(z,̟) = ρ(z)g(z,̟) and impose a spatial mod-
ulation for the density ρ(z) and orientational distribution g(z,̟).22 One
natural choice is the pair of analytic profiles of the order parameter from
Eq. (2.2.47) and the density from Eq. (2.2.48), derived within LdG theory.
However, we may not expect that the correlation length has the simple form
of Eq. (2.2.42) in a theory beyond the square gradient approximation [353].
Therefore, we conveniently replace the correlation length ξ → δ/2 with a
free parameter δ for the interface width and perform a parametrized mini-
mization of the interfacial tension functional from Eq. (2.3.52).23

Introducing the modulation function

hIN(z) =
1

2

(

1 + tanh
(z

δ

))

(2.3.53)

and and switching to the notation S ≃ Q for a microscopic theory, the LdG

22 The reason why I do not perform a free minimization is twofold. Firstly, we can
work with the analytic orientational distribution derived from a free minimization in
Sec. 4.2.1. Secondly, a free minimization would not have provided additional infor-
mation in the early stages of this work. Originally only intended as a first step, the
results with the approximate approach, shown in Sec. 5.2.2, reveal that the interfacial
tension from the density functionals used first is already too low. Therefore, the major
task was to improve the theory and compare the results to existing calculations.

23 In Sec. 5.2.3, I also compare the interface width δ to the approximate DFT results for
the correlation length ξ, calculated as described in the previous paragraph.
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Fig. 2.3.: Profiles of the density ρ(z) and the nematic order parameter S(z) at the
isotropic–nematic interface. We also show the profile of the intrinsic order param-
eter α(z) of the orientational distribution defined in Eq. (4.2.9), where α ∝

√
S at

lowest order. (a) Parametrization given by Eqs. (2.3.54) and (2.3.55) with one pa-
rameter δ for the interface width. (b) Parametrization given by Eqs. (2.3.56)
and (2.3.57) with two parameters including a shift Δz between the inflection
points.

approximation of the density and order parameter profiles reads

ρ(z) = ρNh2
IN(z) + ρI

(

1− h2
IN(z)

)

(2.3.54)

S(z) = SNhIN(z) . (2.3.55)

Figure 2.3a reveals that nematic order begins to develop further on the
isotropic of the interface side than the density.

Although this observation coincides with DFT [264,299] and computer
simulation results [125,126], it is difficult to unambiguously determine a
value for the shift Δz between these two profiles. Instead, it might be
better to approximate the equilibrium profiles by assuming

ρ(z) = ρNhIN(z) + ρI (1− hIN(z)) (2.3.56)

S(z) = SNhIN(z −Δz) (2.3.57)

and performing the minimization with respect to the two parameters δ

and Δz. Doing so, we can directly determine the distance between the
inflection points of both profiles in Fig. 2.3b and compare the parameter
Δz, accounting for the shift of nematic order to the isotropic side of the
interface, to the respective results found in other works.
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As discussed in Sec. 2.1.6, the nematic order parameter S is no direct
ingredient to a microscopic theory but rather results from the orientational
average weighted with a distribution g(z,̟) found according to Eq. (2.3.23).
Therefore, we need to find a sensible relation between the orientational dis-
tribution and the order parameter profiles from Eqs. (2.3.55) and (2.3.57).24

As for the nematic correlation length, we also need to account for the de-
pendence on the director orientation relative to the interface.

The sharp-kink approximation, i.e., the limit δ → 0 of vanishing inter-
face width, allows a further simplification of Eq. (2.3.52) [310,311].25 How-
ever, the resulting interfacial tension is one order of magnitude above its
equilibrium value and the director dependence is non-monotonic [261,311].

Smectic phases The usual approach in DFT to describe the positional
order in smectic phases is to parametrize the profile of the number density.
I will primarily use the modulation [279,298]

ρ(z) = ρC exp

(

λ cos
2πz

d

)

, (2.3.58)

where d is the spacing between the smectic layers, also referred to as smectic
period. The normalization constant C follows from the condition

ρ =
1

d

∫ d

0
dzρ(z) =

2

d

∫ d
2

0
dzρ(z) (2.3.59)

to obtain the global number density from the average over one smectic layer
or, in the case of point-symmetric particles, one half layer.

The more general series representation [160,295,302,303,305,306,307]

ρ(z) = ρ

(

1 +

∞
∑

n=1

λn cos
n2πz

d

)

(2.3.60)

gives rise to a hierarchy of smectic order parameters λn. Truncating this
expansion after the first position-dependent term, we obtain the simple

24 A more detailed discussion based on the simple form of the orientational distribution
from Eq. (4.2.9) can be found in Sec. 5.2, see also Fig. 2.3.

25 I describe the sharp-kink approximation in Sec. 6.3.2 and calculate an analytic formula
for the interfacial tension in the Zwanzig model.
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normalized profile [278]

ρ(z) = ρ

(

1 + λ cos
2πz

d

)

=: ρ+ ρΛ(z) , (2.3.61)

which coincides with the Taylor expansion of Eq. (2.3.58) in terms of the
smectic amplitudes λ up to first order. This simplistic profile is only a good
approximation for a small λ and therefore sufficient to locate the NSm
bifurcation point and study a second-order phase transition. Calculating
higher-order terms of the Taylor expansion of Eq. (2.3.58), we obtain a
similar profile as in Eq. (2.3.60), which only contains one order parameter
λ. For example, truncating the expansion after n = 4, we find λ1C4 =

λ + λ3/8, λ2C4 = λ2/4 + λ4/48, λ3C4 = λ3/24 and λ4C4 = λ4/192 with
C4 = 1 + λ2/4 + λ4/64. This approximation is quite convenient, as it
allows to calculate the free energy analytically for some simplified systems.26

One may also consider the spatial density profile ρ(z) as a superposition of
equidistant Gaussian peaks [354], similar to a model of the HS crystal [232].
A free minimization was performed for parallel molecules [294].

Although there is a strong spatial modulation of the orientational dis-
tribution [267], it is a common practice to assume orientational decoupling
and consider the density modulation ρ(z,̟) = ρ(z)g(̟) [56,288,295,302,
305,307]. We further assume g(̟) ≡ g(cos θ), as we are only interested in
smectic-A alignment. To model the smectic-C phase, we would have to con-
sider the form of the orientational distribution given by Eq. (2.3.51) with
the tilt angle Θ as an additional parameter. Despite orientational decou-
pling, the smectic orientational distribution is different from the nematic
at a given average density. Therefore, we consider the orientational order
parameter S as a free parameter. Otherwise, the resulting NSm transition
would not be found to be of first order [302,305]. It is reasonable to ex-
pect a larger smectic order parameter than in an equally dense nematic
phase, as the local density within the smectic layers is higher. The same
argumentation may explain the success of the orientational decoupling ap-
proximation, as the less-ordered and locally dilute region between the smec-
tic layers does not significantly contribute to the free energy. The results
obtained in this approximation deviate by less than 0.2% from a minimiza-
tion of the Somoza-Tarazona functional without assuming an orientational
decoupling [298].

26 Following the approach described in Sec. 4.2.2, we find analytic weighted densities for
the smectic phase of highly aligned HSC, as shown in Sec. 6.2.1.
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To calculate the intrinsic free energy

βFintr[ρ] =

∫

drΦ(z) =
2V

d

∫ d
2

0
dzΦ(z) =: V Φ̄ (2.3.62)

according to Eq. (2.3.8), it is sufficient to determine the average free energy
density Φ̄ over one smectic layer. Choosing a spatial density profile with
only one smectic order parameter λ, we can perform a Landau expansion,
similar to Eq. (2.1.73), for the free energy density Φ(z), which yields

Φ̄ =
2

d

∫ d
2

0
dz

(

Φ0 +
∑

k=2

Φk(z)λ
k

)

. (2.3.63)

The coefficients Φk(z) are still functionals of the (orientation-dependent)
density, where the zero-order term Φ0 = Φ̄0 corresponds to the free energy
density of the nematic phase. This expansion is particularly meaningful,
when we do not have to take into account the orientational order parameter
S, e.g., for parallel molecules. Then, we find the bifurcation point of the
NSm transition at the density where the coefficient

Φ̄2 =
2

d

∫ d
2

0
dzΦ2(z)

!
= 0 (2.3.64)

of the quadratic term changes its sign.

91





3. Fundamental Measure Theory

"There could be no fairer destiny for any physical theory

than that it should point the way to a more comprehensive

theory in which it lives on as a limiting case."

Albert Einstein
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3.1. Geometry of hard bodies

Rosenfeld’s FMT is a geometry-based density functional for mixtures of
HS [138]. Derived from first principles, it does not require empirical input
and is superior to other DFT approaches for this system. As reviewed in
Sec. 2.3.4, there already exist some related functionals for anisotropic hard
bodies, but no universal generalization that is exact in the lowest order of
the density.

To conclude the review of DFT from Sec. 2.3, we now consider a density
functional

Ω [{ρi(R)}] = Fid [{ρi}] + Fex [{ρi}] +
κ
∑

i=1

∫

dR ρi(R)
(

V
(i)
ext(R)− µ(i)

)

(3.1.1)
for κ component mixtures of anisotropic hard bodies, where

βFid [{ρi(R)}] =
∫

drΦid(r) =

κ
∑

i=1

∫

dR ρi(R)
(

ln
(

ρi(R)Λ3
i

)

− 1
)

(3.1.2)

denotes the free energy of the ideal gas. To determine the equilibrium
density profile ρk,0(R1) of species k, we need to solve the Euler-Lagrange
equations

δΩ[ρi(R′)]

δρk(R1)
= β−1 ln

(

ρk(R1)Λ
3
k

)

+
δFex[ρi(R′)]

δρk(R1)
+ V

(k)
ext (R1)− µ(k) = 0 ,

(3.1.3)

The usual first step to derive the free energy Fex[{ρi}] in FMT is to
consider the limit of vanishing density, where only one Mayer-bond con-
tributes to the interaction. The generalization of Eq. (2.1.51) to mixtures
of anisotropic shapes is straightforward. With the Mayer bond fij for hard
bodies, given by Eq. (2.1.57), we find

lim
ρi→0

βFex[{ρi}] = −
1

2

κ
∑

i,j=1

∫∫

dR1 dR2 ρi(R1) ρj(R2) fij(R1,R2) , (3.1.4)

which we consider as a functional of the orientation-dependent densities
ρi(R) of the κ component system.

The relation in Eq. (2.1.57) of the Mayer f function for purely repul-
sive hard bodies to their intersection illustrates that the interaction solely
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depends on geometrical quantities. Integral geometry [355] equips us with
powerful tools to describe such fluids of hard bodies in theory. The ma-
jor observation of Onsager [21] is that the pair interaction of infinitely
long rods can be associated with their excluded volume. The fundamen-
tal insights provided by integral geometry give rise to more sophisticated
weighted-density functionals for hard-body systems, especially FMT [138]
for anisotropic shapes [139].

In Sec. 3.1.1, I explore different applications of integral geometry in
physics and expose the developments that are relevant to FMT, in particular
for anisotropic bodies. The major part of this review relies on chapters 5
and 14 of the textbook by Schneider and Weil [355], which I recommend for
further reading. As an application, I consider parametrize a HSC and HC
in Sec. 3.1.2.

3.1.1. Integral geometry

Minkowski functionals and tensors in physics The connection be-
tween geometry and physics, or more specifically shape and thermodynam-
ics, does not only become apparent in the phase behavior of hard-body
fluids. Minkowski functionals Wν(K) [356], describing the shape of a con-
vex body K in an arbitrary spatial dimension d, are a powerful tool in
statistical physics and beyond. These measures are additive, i.e.,

Wν(K ∪M) =Wν(K) +Wν(M)−Wν(K ∩M) (3.1.5)

for two bodies K and M , motion-invariant and conditionally continuous,
which is particularly important for the discretized numerical implementa-
tion. According to Hadwiger’s completeness theorem [357], any morphome-
trical functional with these properties can be expressed as a linear combi-
nation of Minkowski functionals.

In three dimensions, there are four such scalar shape measures, namely
volume v(K), surface area s(K), integral mean curvature m(K) and Euler
characteristic χ(K) or integral Gaussian curvature g(K) = 4πχ(K), respec-
tively. Their relation to the Minkowski functionals and some equivalent
expressions1 are shown in Tab. 3.1 together with the explicit values for HS.
We already introduced the shape measures of a HSC within the Nezbeda

1 I introduce the intrinsic volumes Vν(K) in the following paragraph. The weighted
densities nν defined in Eq. (3.3.2) are the building blocks of FMT.
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shape measure HS MF IV FMT
volume v(K) 4R3π/3 W0(K) V3(K) n3/ρ
surface area s(K) 4R2π 3W1(K) 2V2(K) n2/ρ
int. mean curvature m(K) 4Rπ 3W2(K) πV1(K) 4πn1/ρ
Euler characteristic χ(K) 1 3W3(K)/4π V0(K) n0/ρ

Tab. 3.1.: Four scalar shape measures of a body K ⊂ R3 in three dimensions
and explicit results for hard spheres (HS) of radius R, i.e., K = RB3. Alternative
representations are the Minkowski functionals (MF) Wν(K), intrinsic volumes (IV)
Vν(K) and homogeneous weighted densities nν = ρ

∫

drω(ν)(r) from Fundamental
Measure Theory (FMT).

EOS, Eq. (2.1.60). In two dimensions, we have area a(K), perimeter l(K)

and Euler characteristic χ(K).

Making use of the completeness of the Minkowski functionals [357], mor-
phological thermodynamics allows us to determine the geometric properties
of a system from the bulk thermodynamics of a confined fluid [358]. The
grand potential

Ω(T, µ, [S]) = −p(T, µ) v[S] + γ(T, µ) a[S] + κ(T, µ)m[S] + κ̄(T, µ)χ[S] ,

(3.1.6)
of an arbitrary fluid confined in a general domain S has contributions due
to the curved interfaces. Therefore, we introduce two new thermodynamic
coefficients κ and κ̄ in addition to the bulk pressure p and interfacial tension
γ from Eq. (2.1.32). Note that finite systems S are not strictly additive,
which is a requirement for Hadwiger’s theorem. There are always additional
contributions decaying exponentially with the system size. Moreover, a
slower decay is observed for non-convex domains and systems with long-
range correlations [359]. Strictly speaking, the free energy is only additive
in the thermodynamic limit and in the absence of critical points. Recently,
a joint DFT and computer simulation study confirmed the quantization of
the Euler characteristic χ[S], and therefore the morphological approach,
from bulk phase behavior of HS confined within different triply-periodic
minimal surfaces (m[S] = 0) [360]. With a similar approach as Eq. (3.1.6),
one can study the solvation of proteins [361].

Minkowski functionals are applied to analyze images taken on various
lengthscales. e.g., to characterize the structure of nuclear matter [362],
to describe the dynamics of copolymers on the nanoscale [363] or for sig-
nal detection in sky maps from gamma-ray astronomy [364,365]. Using
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stochastical models, one can accurately reconstruct porous materials from
three-dimensional images, and study the relation between their structure
and physical properties [366,367]. The definition of higher-order correlation
functions from the Minkowski functionals of Voronoi cells provides a deeper
insight into the structure of fluids [368]. These Voronoi correlations are
non-trivial even for an ideal gas, in contrast to the two-point correlations,
defined in Eq. (2.1.34).

We see that Minkowski functionals are powerful descriptors of shape,
but they contain no information about direction dependence in anisotropic
structures. A simple scalar measure for anisotropy is the ratio of the smallest
and largest eigenvalues of the more general Minkowski tensors [369,370].
The generalization of Hadwiger’s theorem to isometry-covariant tensorial
measures was proven by Alesker [371] and later by Hug et al. considering
all special cases [372]. For example, the analysis of Voronoi diagrams of
HS packings by means of Minkowski tensors shows an anisotropic local
structure [373,374]. This method was also applied to ellipsoids, which pack
more efficiently due to their inherent anisotropy [375]. The notion of such
tensorial quantities is also vital for the description of the nematic phase
in FMT [139,140]. In the following, we explore and extend the underlying
integral geometrical structure of such density functionals.

Introduction to invariant measures and notational convention In
order to bridge the gap between integral geometry and FMT, we need a
deeper mathematical insight into the concept of Minkowski functionals and
their generalizations. We consider two bodies K,M ⊂ Rd as subsets of
the d-dimensional space and introduce the calculus with sets [355]. The
addition r+K = K + r := {r+ x : x ∈ K} of a vector r ∈ Rd denotes the
translation of a body K. We introduce multiplication aK := {ax : x ∈ K}
of a body K with any real number a ∈ R. As a special case, we find the
image −K := (−1)K under point reflection at the origin, which we also
need for a pointwise subtraction r−K := r+ (−K). Finally, we define the
Minkowski sum

K ⊎M := {x+ y : x ∈ K,y ∈M} (3.1.7)

of two bodies K and M . We use the usual Euclidean scalar product xy =
∑d

n=1 xnyn (without a dot if clear from the context) and the metric |x| =√
xx. The metric projection p(K,x) ∈ K of x ∈ Rd onto K denotes the
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nearest point in K to x. Therefore, we define the distance d(x,K) :=

|x− p(K,x)| of a point x from K.

We introduce invariant measures on a Borel set A, which we can assem-
ble from countable union, countable intersection and relative complement
of open sets [355]. The Lebesgue measure λ(dr) is invariant under all trans-
lations by x ∈ Rd, such that λ(A + x) = λ(A) provides the volume of
A ⊂ Rd. Let Gd denote the motion group of Rd. Then g ∈ Gd can describe
both a translation and a rotation, such that gA ⊂ Rd. The associated
motion-invariant measure µ(A) = µ(gA) is called the Haar measure.

We can write a local measure Φ(A) on A ⊂ Rd in the form of a Lebesgue
integral

∫

A Φ(dr) = Φ(A). For any function f(r), we have the identity

∫

A
f(r)Φ(d(−r)) =

∫

−A
f(−r)Φ(dr) , (3.1.8)

which tells us that the point reflection dr → d(−r) of an infinitesimal set
is equivalent to a point reflection of the region A. We further define the
Cartesian product A × B := {(a,b) : a ∈ A,b ∈ B} ⊂ Rp+q of two sets
A ⊂ Rp and B ⊂ Rq.

We denote the d-dimensional volume of a body K by Vd(K). For the
unit ball Bd, we calculate

κd := Vd(B
d) = πd/2/Γ(1 + d/2) , (3.1.9)

with the explicit results κ0 = 1, κ1 = 2, κ2 = π and κ3 = 4π/3. Consider
Eq. (3.1.7) with M a d-dimensional ball εBd of radius ε > 0. We speak of
the set K ⊎ εBd = {x ∈ Rd : d(x,K) ≤ ε} as the parallel body of K at
distance ε.

Intrinsic volumes The volume

Vd(K ⊎ εBd) =

d
∑

ν=0

(

d

ν

)

ενWν(K) =

d
∑

ν=0

εd−νκd−νVν(K) (3.1.10)

of the parallel set of a body K is a polynomial in ε, known as the Steiner
formula, which defines the Minkowski functionals W1, . . . ,Wd and W0 = Vd.
We consider the equivalent intrinsic volumes Vν(K), which have a different
normalization, see Tab. 3.1 for a comparison in three dimensions. Also note
the opposed enumeration of indices in Eq. (3.1.10). Intrinsic volumes are
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mathematically more convenient, as their value does not depend on the
dimension of the space in which they are embedded.

We turn to the special case of a smooth and convex body K in d = 3

spatial dimensions. At each point on the surface ∂K, there are two well-
defined principal curvatures κIK and κIIK . Introducing the mean curvature
HK = 1

2(κ
I
K + κIIK) and the Gaussian curvature KK = κIKκ

II
K on ∂K, we

find the respective measures

s(K) = 2V2(K) =

∫

∂K
dA

m(K) = πV1(K) =

∫

∂K
dAHK

χ(K) = V0(K) =

∫

∂K
dA

KK

4π
=
g(K)

4π
(3.1.11)

for the surface area, integral mean curvature and Euler characteristic. To
parametrize these integrals, we choose a coordinate system, such that its
origin coincides with the center of K. Now we consider an arbitrary scalar,
vectorial or tensorial function F(∂K) depending on the properties of the
particle’s surface. We can calculate the surface integrals in Eq. (3.1.11)
according to
∫

∂K
dAF(∂K) ≡

∫

∂K
dAr F(∂K, r) =

∫

R3

dr
δ(|RK(r̂)| − |r|)

nK(r̂) r̂
F(∂K, r)

(3.1.12)
with the function F(∂K, r) additionally depending on a point r. For each
r, the vector RK points from the center to the surface along the radial unit
vector r̂ = r/|r| and the Dirac δ distribution ensures that only the points
on the surface contribute to the integral. The factor (nK(r̂) r̂)−1, where
nK denotes the outward normal vector, ensures the correct result for the
surface area element dAr.2 Similarly, we express the volume

v(K) = V3(K) =

∫

R3

drΘ(|RK(r̂)| − |r|) (3.1.13)

in terms of the Heaviside Θ function.

Polytopes P are a simple example for a non-smooth body, which does not
have well-defined curvatures, as in Eq. (3.1.11), over the whole boundary.
It is more practical to calculate the intrinsic volumes in a different way, e.g.,

2 Some examples of such a parametrization can be found in Sec. 3.1.2.
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3.1. Geometry of hard bodies

using Steiner’s formula. The result is quite intuitive. In d = 3 dimensions,
the flat faces are the only two-dimensional elements and we can add up their
area to calculate the total surface area, i.e., 2V2(P). Likewise, only the
one-dimensional edges and zero-dimensional vertices contribute to V1(P)
and V0(P), respectively. With this knowledge, it might be beneficial to
approximate a smooth body K with an appropriate polytope Pn containing
n vertices to calculate the intrinsic volumes Vν(K) ≈ Vν(Pn), making use
of their conditional continuity, i.e., Vν(K) = lim

n→∞
Vν(Pn).

We see in Eq. (3.1.11) that the Euler characteristic χ(K) of a body
K is proportional to its integral Gaussian curvature. Consider the more
general case of a two-dimensional manifold A with a boundary curve C.
The Gauss-Bonnet theorem [376]

∫

A
dAKA +

∫

C
ds κgA = 2πχ(A) (3.1.14)

indicates an additional contribution to the Euler characteristic χ(A) due to
the geodesic curvature kg

A along C in A.

Mixed volumes In the following, we consider different integrals over
functionals of a fixed body K ⊂ Rd intersecting with a free body M ⊂ Rd.
Averaging over all translations by r ∈ Rd of M , we speak of translative
integrals. In kinematic integrals, we average over all possible translations
and orientations g ∈ Gd.

Steiner’s formula, Eq. (3.1.10), is a special case of the principal kinematic
formula (Theorem 5.1.3 in Ref. [355])

∫

Gd

Vν(K ∩ gM)µ(dg) =

d
∑

µ=ν

cµ,d−µ+ν
ν,d Vµ(K)Vd−µ+ν(M) , (3.1.15)

where cµ,d−µ+ν
ν,d can be written in terms of κν defined in Eq. (3.1.9). Setting

ν = 0, the left-hand side of Eq. (3.1.15) is equal to the total Haar measure
corresponding to all motions g for which the intersection is non-empty.
Note that we average over all rotations, such that we may not identify this
expression with the Minkowski sum from Eq. (3.1.7), where the orientation
of M is fixed. Considering M ≡ εBd in addition to ν = 0, such that any
rotation becomes an identity mapping, we obtain Steiner’s formula, i.e., a
representation of a particular Minkowski sum with d dimensional ball.
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3. Fundamental Measure Theory

To calculate the general Minkowski sum (see Eq. (14.20) in Ref. [355])

Vd(K ⊎M) =

∫

Rd

χ(K ∩ (M + r))λ(dr) =

d
∑

ν=0

(

d

ν

)

V (K[ν],M [d− ν])

(3.1.16)
of two convex bodies K and M with fixed orientation, we study the transla-
tive equivalent to the integral from Eq. (3.1.15) with ν = 0. This translative
integral, involves mixed volumes V (K[ν],M [d−ν]), depending on both bod-
ies simultaneously, and does not always factorize into intrinsic volumes.

Mutual excluded volume In Sec. 2.3.3, we have discussed, that the
mutual excluded volume of two hard bodies gives rise to the second virial
coefficient of the spatially homogeneous fluid according to Eq. (2.3.24). Con-
sidering Eq. (2.1.55) with the Mayer f function of anisotropic hard bodies,
defined in Eq. (2.1.57), the excluded volume becomes

vexcl(O1,O2) = −
∫

R3

drfij(r,O1,O2) . (3.1.17)

As the physical interpretation of the Minkowski sum in Eq. (3.1.7), we see
that the mutual excluded volume of two bodies K and M is

vexcl = Vd(K ⊎ (−M)) . (3.1.18)

Applying the Steiner formula for two (point-symmetric) HS of radii R1 and
R2, we find

vexcl = V
(1)
3 V

(2)
0 + V

(1)
0 V

(2)
3 +

1

2
V

(1)
2 V

(2)
1 +

1

2
V

(1)
1 V

(2)
2 (3.1.19)

setting d = 3, K = R1B
3 and ε = R2. In this case, the excluded volume

separates into the intrinsic volumes V (i)
ν := Vν(RiB

3) =
(3
ν

)

Rν
1κ3/κ3−ν

listed in Tab. 3.1, which only depend on the geometry of one sphere with
radius Ri.

Regarding the principal kinematic formula from Eq. (3.1.15), we obtain
a similar representation as in Eq. (3.1.19) for the orientationally averaged
excluded volume

∫∫

dO1 dO2 vexcl(O1,O2) and the second virial coefficient

in Eq. (2.3.24) of two anisotropic bodies K and M with V
(1)
ν := Vν(K)

and V
(2)
ν := Vν(M). The resulting factorization has already been used in
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SPT to describe the isotropic phase of anisotropic particles [183,184]. The
shape-anisotropy parameter in the Nezbeda EOS, Eq. (2.1.60), also depends
on these four scalar measures. Recall that the more general Minkowski sum
of two anisotropic grains in Eq. (3.1.16) cannot be factorized into intrinsic
volumes. Hence, such rotation-invariant scalar measures are not sufficient
to characterize orientational order.

The idea to use the Gauss-Bonnet theorem, Eq. (3.1.14), to decompose
the Mayer function for anisotropic bodies was developed independently by
Rosenfeld [308,309], in the context of FMT, and Wertheim [377]. Both
recover a representation similar to Eq. (3.1.19) for the second virial coeffi-
cient of isotropic fluids according to Eq. (3.1.17). In contrast to Rosenfeld’s
attempts, Wertheim was the first to find an exact expression, but he did
not consider applications beyond the homogeneous and isotropic fluid of
anisotropic hard bodies. Instead, Wertheim aimed to extend his approach
to a higher virial level [377,378,379]. On the other hand, it took the FMT
community 20 years to finalize Rosenfeld’s ideas and obtain a similar de-
composition of the Mayer function [139,140] as Wertheim 15 years earlier.3

However, the new term was only considered in an approximate way using
tensorial measures depending on one body, which are more familiar in FMT.

Local measures Now we provide a proper mathematical foundation of
FMT for anisotropic shapes that allows exact calculations on the second
virial level. Therefore, we need to introduce local measures, which are
necessary to describe inhomogeneous systems. The goal is to derive a local
version of Eq. (3.1.16), which allows us to decompose the Mayer function
in a new way.4 In generalization of Eq. (3.1.10), the local Steiner Formula
(Eq. (14.12) in Ref. [355])

λ
(

x ∈ (K ⊎ εBd) : p(K,x) ∈ A
)

=

d
∑

ν=0

εd−ν κd−ν Φν(K,A) , (3.1.20)

defines the curvature measures Φν(K,A) on a Borel set A ⊂ Rd. These
local measures are motion covariant, i.e., Φν(K,A) = Φν(gK, gA). Evaluat-
ing the curvature measures on Rd, we obtain the motion-invariant intrinsic
volumes Vν(K) = Φν(K,R

d).

3 See Sec. 3.2.2 for the derivation.
4 I perform the decomposition in Sec. 3.2.3.
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The curvature measures Φ0 . . . Φd−1 of convex bodies K with a twice
differentiable boundary ∂K have a well-defined representation (page 607 in
Ref. [355])

Φν(K,A) =

(d
ν

)

dκd−ν

∫

A∩∂K
dAH

(d−1−ν)
K (3.1.21)

in terms of the principal curvatures κ(I1)K . . . κ
(Id−1)
K within

H
(k)
K :=

1
(

d−1
k

)

∑

1≤I1<I2<...<Ik≤d−1

k
∏

g=1

κ
(Ig)
K , k ∈ {1 . . . d− 1} . (3.1.22)

For d = 3, we have KK = H
(2)
K , HK = H

(1)
K and trivially 1 = H

(0)
K . Setting

A ≡ R3, we arrive at the formulas for the intrinsic volumes from Eq. (3.1.11).
Similar to the special case from Eq. (3.1.12), we can write

∫

A∩∂K
dAr F(∂K, r) =

∫

A
dr

δ(|RK(r̂)| − |r|)
nK(r̂) r̂

F(∂K, r) (3.1.23)

for the surface integral in Eq. (3.1.21), restricted to the Borel set A. The
expression for Φd trivially follows from Eq. (3.1.20) with ε = 0 and

Φ3(K,A) =

∫

A
drΘ(|RK(r̂)| − |r|) (3.1.24)

generalizes Eq. (3.1.13) in three dimensions. For brevity, we often use
the infinitesimal representation of the (well-defined) curvature measures
Φν(K,dr) by leaving out the

∫

A in Eq. (3.1.23) or Eq. (3.1.24).5

As in Eq. (3.1.15), we find the local principal kinematic formula (Theo-
rem 5.3.2 in Ref. [355])

∫

Gd

Φν(K ∩ gM,A ∩ gB)µ(dg) =

d
∑

µ=ν

cµ,d−µ+ν
ν,d Φµ(K,A)Φd−µ+ν (M,B) ,

(3.1.25)
for curvature measures of the bodies K and M and the Borel sets A,B ⊂
Rd. We are interested in translative integrals of curvature measures pre-
serving the orientation of body M in Eq. (3.1.25). Similar to the global
case, Eq. (3.1.16), such integrals do not factorize to measures of one body.

5 In this notation, the curvature measures are similar to the weight functions in FMT,
see Sec. 3.2.1.

104



3.1. Geometry of hard bodies

Therefore, we define the mixed measures Φ(ν)
k,d−k(K,M ;A×B) on two Borel

sets A and B, a local equivalent to mixed volumes V (K[ν],M [d−ν]) in the
translative integral formula (Theorem 5.2.3 in Ref. [355])

∫

R3

Φν(K ∩ (M + x), A ∩ (B + x)) λ(dx) =

d
∑

k=ν

Φ
(ν)
k,d−k(K,M ;A ×B) .

(3.1.26)

This fundamental relation between a curvature measure Φν and the mixed
measures Φ(ν)

k,d−k is equivalent to (Eq. (5.18) in Ref. [355])

∫

Rd

∫

Rd

F (x,x− y)Φν(K ∩ (M + y),dx) λ(dy)

=
d
∑

k=ν

∫

Rd×Rd

F (x,y)Φ
(ν)
k,d−k(K,M ; d(x,y)) (3.1.27)

for all continuous functions F on Rd × Rd.

The mixed measures

Φ
(ν)
k,d−k(K,M ;A ×B) = Φ

(ν)
d−k,k(M,K;B ×A) . (3.1.28)

are symmetric and factorize for k = ν and equivalently k = d into curva-
ture measures, which follows respectively for mixed volumes and intrinsic
volumes by specialization. In particular, the mixed measures

Φ
(0)
0,d(K,M ;A ×B) = Φ0(K,A) Φd(M,B) (3.1.29)

for ν = 0 are equivalent to the curvature measures corresponding to Euler
characteristic and volume in an arbitrary spatial dimension.

In two dimensions, we find the explicit expression [380,381]

Φ
(0)
1,1(K,M ;A ×B) =

φKM

2π
|sinφKM | C1(K,A)C1(M,B)

=
arccos(nKnM )

2π
|nK × nM | C1(K,A)C1(M,B) ,

(3.1.30)

where φKM is the angle between the two normal vectors nK and nM , defined
by cosφKM = nKnM , and × denotes the cross product of the two normal
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vectors with their third component imagined to be zero. We define the
boundary measure

Cd−1(K,A) := 2Φd−1(K,A) =

∫

A∩∂K
dA (3.1.31)

of a d-dimensional body K. The three-dimensional mixed measure [380,381]

Φ
(0)
1,2(K,M ;A ×B)) =

κIK
(

vII
KnM

)2
+ κIIK

(

vI
KnM

)2

4π(1 + nKnM )
C2(K,A)C2(M,B)

(3.1.32)

depends on the directions vI
i and vII

i of the principal curvatures. Using the
infinitesimal representation

Φ
(0)
1,2(K,M ; d(r1, r2))

=
κIK
(

vII
KnM

)2
+ κIIK

(

vI
KnM

)2

4π(1 + nKnM )
C2(K,dr1)C2(M,dr2) , (3.1.33)

which we need to rewrite Eq. (3.1.27), we intuitively see that we have to
evaluate the curvatures and unit vectors corresponding to K and M at the
positions r1 and r2, respectively. Wertheim’s decomposition of the Mayer
function involves a similar expression [377]. Now we are at a point to write
down the pair interaction between two arbitrarily-shaped anisotropic hard
bodies as an exact density functional based on such mixed measures.6 I am
primarily interested in the interaction of HSC and secondarily of HC. In the
last section, I describe the geometry of these bodies in more detail.

3.1.2. Measures of a cylinder and a spherocylinder

Intrinsic volumes The simplest way to calculate the intrinsic volumes of
a HSC and HC is to calculate the volume V3 of the parallel body, illustrated
in Fig. 3.1, and use Steiner’s formula, Eq. (3.1.10). The parallel body of a
HSC is a HSC with radius D

2 + ε and the same length L. Its volume

V3(HSC ⊎ εB3) =
4

3

(

D

2
+ ε

)3

π +

(

D

2
+ ε

)2

Lπ (3.1.34)

6 Strictly speaking, the derivation, which I show in Sec. 3.2.3, only holds for convex
shapes.
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D + 2ε

L
+
2ε

L
+
D

+
2ε

D + 2ε

Fig. 3.1.: Two-dimensional illustration of the parallel bodies (dashed lines) at
distance ε (dotted lines) to a cylinder (left) and a spherocylinder (right), both
painted in solid lines. The three-dimensional images follow from a rotation around
the vertical symmetry axis.

gives rise to vHSC = (3LD3π + 2D3π)/12, sHSC = LDπ + D2π, mHSC =

Lπ + 2Dπ and χHSC = 1. The parallel volume

V3(HC ⊎ εB3) =

(

D

2
+ ε

)2

Lπ + 2

(

D

2

)2

πε + 2

(

D

4
ε2π2 +

2

3
ε3π

)

(3.1.35)
of a HC can be calculated from the contributions of three cylinders and two
quarter tori. We obtain the measures vHC = LD2π/4, sHC = LDπ+D2π/2,
mHC = Lπ +Dπ2/2 and χHC = 1.

Parametrization Now we parametrize the surface ∂K of a HSC and a HC
at each point RK(r̂) to provide explicit expressions of the intrinsic volumes
and curvature measures in the curvature representation from Eqs. (3.1.11)
and (3.1.13) and Eqs. (3.1.21) and (3.1.24), respectively. With the additiv-
ity, Eq. (3.1.5), of Minkowski functionals (and curvature measures), we may
think of a HSC surface as the composite of an open cylinder (cyl) and two
hemispherical caps (hs). A HC consists of a cylinder, two diskoidal caps
(disk) and two circles (circ). This separation into individual bodies with a
constant curvature on their surface conveniently allows us to parametrize
each constituent individually.

We choose cylindrical coordinates r(̺, ϕ, z) with dr = ̺d̺dϕdz, such
that the z axis coincides with the symmetry axis of the body. Hence, the
parametrization is invariant under rotations of the bodies with respect to the
polar angle ϕ. The radial vector reads r = ̺ ê̺ + z êz, with the usual unit
vectors ê̺ = (cosϕ, sinϕ, 0) and êz = (0, 0, 1) in cylindrical coordinates,
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such that we have |r| =
√

̺2 + z2. For each constituent ∂Ki to the surface
∂K = ∪i ∂Ki of a cylindrical-symmetric convex body K, we can find at
least one sensible expression either for the maximal radius ̺Ki

(z) along ê̺
or the extremal elongations z±Ki

(̺) in the directions ±êz.
There are the two possibilities

RKi
(z, ϕ) =





̺Ki
(z) cosϕ

̺Ki
(z) sinϕ

z



 , RKi
(̺, ϕ) =





̺ cosϕ

̺ sinϕ

zKi
(̺)



 (3.1.36)

to parametrize the surface vector RKi
(r̂) of each Ki. Either way, the con-

straint

|RKi
(r̂)| =

√

̺2Ki
(z) + z2 =

√

̺2 + z2Ki
(̺)

!
=
√

̺2 + z2 = |r| . (3.1.37)

for the absolute value of the surface vector, found in the δ distribution in
Eq. (3.1.12), only applies to one coordinate ̺ or z. Hence, we can simplify

δ(|RKi
(r̂)| − |r|)

nKi
(r̂)r̂

=
δ(̺Ki

(z)− ̺)
nKi

(z, ϕ) · ê̺
IKi

(z) (3.1.38)

=





δ
(

z+Ki
(̺)− z

)

n+
Ki
(̺, ϕ) · êz

+
δ
(

z−Ki
(̺)− z

)

n−
Ki
(̺, ϕ) · (−êz)



 IKi
(̺) (3.1.39)

in two ways, where the characteristic functions IKi
(z) and IKi

(̺) are ei-
ther one or zero, depending on whether there is a point on the surface
corresponding to the respective argument or not. For any two-dimensional
surface embedded in the R3 and parametrized by R(u, v), we calculate the
outward surface normal vector

n(u, v) =
∂R(u, v)

∂u
× ∂R(u, v)

∂v

∣

∣

∣

∣

∂R(u, v)

∂u
× ∂R(u, v)

∂v

∣

∣

∣

∣

−1

(3.1.40)

in the variables u and v.

For an open cylinder, only the first parametrization in Eq. (3.1.36) with
a constant ρcyl(z) =

D
2 makes sense. The characteristic function

Icyl(z) = Θ

(

−|z|+ L

2

)

(3.1.41)

accounts for the length L of a cylinder centered at z = 0. The surface normal
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ncyl = ê̺ = (cosϕ, sinϕ, 0) is the radial unit vector, such that ncyl ê̺ = 1.
The surface has the principal curvature κIcyl =

2
D in the direction vI

cyl =

êϕ = (− sinϕ, cosϕ, 0) and κIIcyl = 0 vanishes in the direction vII
cyl = êz =

(0, 0, 1) perpendicular to ncyl and vI
cyl. We calculate the mean Hcyl =

1
D

and Gaussian curvature Kcyl = 0.

We can easily parametrize the upper (+) and lower (-) diskoidal cap
of a HC according to z±disk(̺) = ±L

2 and Idisk(̺) = Θ(−̺ + D
2 ). The

surface is flat, i.e., there are no distinct directions of the principal curvatures
κIdisk = κIIdisk = 0. Moreover, the normal vector n±

disk = ±êz = (0, 0,±1) is
constant, such that the scalar products in both denominators in Eq. (3.1.39)
are equal to one.

To locate the two circular corners between the open cylinder and the
capping disks of a HC, we require a constraint for each variable z and
̺. Different to the conversion in Eq. (3.1.38) or Eq. (3.1.39), we simplify
the corresponding δ distribution to Icirc(̺, z) = δ

(

̺− D
2

)

δ
(

z − L
2

)

and use
Icirc(̺,−z) to describe the lower circle. However, we cannot provide a well-
defined surface normal and curvatures in cylindrical coordinates. Therefore,
we return to the concept of the parallel body and consider the surface of
two quarter tori with the same major radius ρ = D

2 and polar angle ϕ as
the circles. As described in Ref. [382], we add the minor radius ε and the
polar angle ϑ of the tube to the cylindrical coordinate frame. Such a torus
has the surface element dA = ε (̺+ ε cos ϑ) dϕdϑ and the volume element
dV = r (̺ + r cosϑ) dϕdr dϑ, where r runs from 0 to ε. Now we find the
surface unit vectors

ncirc =





cos ϑ cosϕ

cos ϑ sinϕ

sinϑ



 , vI
circ =





− sinϕ

cosϕ

0



 , vII
circ =





− sinϑ cosϕ

− sinϑ sinϕ

cosϑ



 ,

(3.1.42)
the principal curvatures κIcirc =

cosϑ
ρ+ε cosϑ and therefrom κIIcirc =

1
ε and further

curvature expressions [382].7 With this parametrization, we obtain the
curvature measures of the circles in the limit ε → 0. In particular, we
generalize Eq. (3.1.12) to calculate the surface integral
∫

∂K
dAF(∂K) ≡ ± lim

ε→0

∫∫∫

d̺dϕdz

∫ ±π
2

0
dϑ ε (̺+ ε cos ϑ) Icirc(̺,±z)

× F(∂K, r, ϑ, ε) (3.1.43)

7 The sign convention of the principal curvatures in Ref. [382] is inconsistent.
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for ∂K equivalent to the upper (+) and lower (-) circle. See Ref. [382] for
some explicit calculations.

The capping hemispheres of a HSC are uniformly curved. Therefore,
the two directions of the principal curvatures perpendicular to the surface
normal are arbitrary. We have κIhs = κIIhs = Hhs = 2

D and the Gaussian
curvature is Khs = 4

D2 . Both strategies from Eq. (3.1.36) are suitable to
parametrize the hemispherical surface. Similarly to the diskoidal caps, we
find z±hs(̺) = ±

(

L
2 +

(

D2

4 − ̺2
)1/2

)

, Ihs(̺) = Idisk(̺),

n±
hs(̺, ϕ) =







2̺
D cosϕ
2̺
D sinϕ

±
√

1− 4̺2

D2






=

2̺

D
êϕ ±

√

1− 4̺2

D2
êz (3.1.44)

and n±
hs · (±êz) =

√

1− 4̺2

D2 . For the other parametrization, we make use
of the symmetry and find

̺hs(z) =

√

D2

4
−
(

−|z|+ L

2

)2

(3.1.45)

with the characteristic function

Ihs(z) = Θ

(

−z + L+D

2

)

Θ

(

z − L

2

)

(3.1.46)

of the upper hemisphere. For the lower hemisphere, we use Ihs(−z). Sub-
stituting Eq. (3.1.45) into Eq. (3.1.44), we find

nhs(z, ϕ) =
2

D





cosϕ̺hs(z)

sinϕ̺hs(z)

z ∓ L
2



 , (3.1.47)

where the minus sign in the third component corresponds to the upper
hemisphere with z > 0. We see that nhs(z, ϕ) = −nhs(−z, ϕ + π) and
nhs(z, ϕ) · ê̺ = 2̺hs(z)

D . The result of the integral

∫

̺d̺
δ(̺hs(z)− ̺)
nhs(z, ϕ) · ê̺

=
̺hs(z)

nhs(z, ϕ) · ê̺
=
D

2
(3.1.48)

is the same as for the open cylinder in the respective interval Icyl(z). On
the other hand, we obtain a ̺-dependent denominator after calculating the
integral over z by fixing z±hs(̺).
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Important properties of a spherocylinder In summary, it is con-
venient to use the conversion of the δ distribution from Eq. (3.1.38) to
parametrize a HSC and calculate the surface properties as a function of
z. In the following, we provide a survey of all important quantities, which
are only defined where one characteristic function IKi

(z) is non-zero. We
further introduce the hemispherical coordinate

zD(z) := sgn(z)
2

D

(

|z| − L

2

)

, sgn(z) =

{

1

−1
z ≥ 0

z < 0
, (3.1.49)

such that ±zD Ihs(±z) ∈ [0, 1], where sgn(z) is the sign function.

We find the complete formulas for the radius

̺HSC(z) = ̺cyl(z) Icyl(z) + ̺hs(z) Ihs(|z|) =
D

2

(

Icyl(z) +
√

1− z2D Ihs(|z|)
)

(3.1.50)
and the outward surface normal

nHSC(z, ϕ) =





cosϕ

sinϕ

0



 Icyl(z) +









cosϕ
√

1− z2D
sinϕ

√

1− z2D
zD









Ihs(|z|) (3.1.51)

of the HSC, while the directions of the principal curvatures

vI
HSC =





− sinϕ

cosϕ

0



 Icyl(z) , v
II
HSC =





0

0

1



 Icyl(z) (3.1.52)

are only defined for the cylindrical part. We find the curvatures

HHSC(z) =
1

D
Icyl(z) +

2

D
(Ihs(z) + Ihs(−z)) , (3.1.53)

KHSC(z) =
4

D2
(Ihs(z) + Ihs(−z)) , (3.1.54)

∆κHSC(z) =
1

D
Icyl(z) , (3.1.55)

introducing the deviatoric curvature ∆κ(z) := 1
2(κI(z)− κII(z)) from that

of a sphere. This quantity is characteristic for the additional weight func-
tions in the generalized FMT functionals for anisotropic bodies, which I
introduce in the following section.
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3. Fundamental Measure Theory

3.2. Decomposition of the Mayer function

We have seen in Sec. 2.3.4 that there is no fundamental measure functional
for anisotropic hard bodies that constitutes a comprehensive generalization
of Rosenfeld’s FMT. However, the currently available approaches already
show a good agreement with both computer simulations and some experi-
mental findings.

The results for the IN transition of HSC obtained with edFMT, a gen-
eralization of FMT using an empirical parameter [139], excellently fit to
simulation data [83]. The fluids of different polyhedral particles, as studied
with edFMT [312], are of interest in recent experiments [383] and simu-
lations [384]. The interfacial properties of colloidal platelets, as predicted
by experiment, simulation and the fundamental measure functional for mix-
tures of HS, infinitely long HSC and HD [319], agree quantitatively [68]. The
latter DFT also predicts the floating nematic phase observed in a mixture
of Gibssite platelets and silica spheres under the influence of gravity [324].

The first goal of this section is to explore the relation of FMT to the ge-
ometric measures introduced in Sec. 3.1.1 The second goal is to review and
extend the generalization of Rosenfeld’s original framework to anisotropic
shapes without restricting ourselves to specific types of particles or using
empirical parameters. With such a functional, we aim to qualitatively repro-
duce present results and improve them on a quantitative level. Therefore,
we can better understand the role of the free parameter in edFMT and later
test more sophisticated approximations.

To do so, we need to decompose the Mayer function of anisotropic hard
bodies in Eq. (3.1.4) into geometrical measures. It is relatively simple to do
this exactly for a system of shape-isotropic HS, which I outline in Sec. 3.2.1.
In Sec. 3.2.2, I review the procedure proposed for edFMT, which gives rise
to an approximate deconvolution. The new Fundamental Mixed Measure
Theory (FMMT), introduced in Sec. 3.2.3, provides a general and exact
decomposition into mixed measures.

3.2.1. Rosenfeld’s Fundamental Measure Theory

Deconvolution for spherical particles In his seminal work, Rosenfeld
found the exact representation [138]

−fij(r,O1,O2) = ω
(0)
i ⊗ ω

(3)
j +ω

(1)
i ⊗ ω

(2)
j −−→ω

(1)
i ⊗ −→ω

(2)
j +(i↔ j) , (3.2.1)
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3.2. Decomposition of the Mayer function

of the Mayer function of hard spheres in terms of convolution products

ω
(ν)
i ⊗ ω

(µ)
j (r =r1 − r2,O1,O2) =

∫

dr′ ω
(ν)
i (r′ − r,O1) ω

(µ)
j (r′,O2)

=

∫

dr′ ω
(ν)
i (r′ −R1) ω

(µ)
j (r′ −R2) (3.2.2)

of the four scalar

ω
(3)
i (R) = Θ

(

|Ri(R̂)| − |r|
)

, ω
(2)
i (R) = δ(|Ri(R̂)| − |r|)

ni(R̂)r̂
,

ω
(1)
i (R) = Hi(R̂)

4π
ω
(2)
i (R) , ω(0)

i (R) = Ki(R̂)
4π

ω
(2)
i (R) (3.2.3)

and the two vectorial

−→ω (2)
i (R) = ni(R̂)ω(2)

i (R) , −→ω (1)
i (R) = Hi(R̂)

4π
−→ω (2)

i (R) (3.2.4)

weight functions. The shortcut (i↔ j) denotes the addition of all previous
terms with exchanged indices i and j, such that the weight functions of
species i and j always depend on R1 and R2, respectively. The convolution
of two vectors (and later tensors) is defined as the sum over all convolutions
according to Eq. (3.2.2) of the respective components with the same indices.

The weight functions defined in Eqs. (3.2.3) and (3.2.4) are local shape
measures, which fully contain the geometry of a single HS of species i. In
order to do calculations for an arbitrary convex body Bi(R), we use a more
general notation depending on the orientation O. For HS, this dependence
is trivial and we find fij(r,O1,O2) ≡ fij(r) in Eq. (3.2.1). We see that ω(3)

i ,
resembling the integrand of Eq. (3.1.13), is a measure of the volume. All
other weight functions contain curvatures and unit vectors on the surface
∂Bi(R), as introduced for Eqs. (3.1.11) and (3.1.12). The label ν of the
weight functions [ω(ν)

i ] =
[

lengthν−d
]

is related to its dimension.

The main achievement of the deconvolution in Eq. (3.2.1) is that the
Mayer bond fij(r) = −Θ(r − (Ri + Rj)) simultaneously depending on two
HS with radii Ri and Rj factorizes into a set of one-body weight func-
tions. Note that we introduced a dependence on the orientation O, which
is not present for HS. Rosenfeld’s original expression for the spherical weight
functions does not require the factor (ni(R̂)r̂)−1, as the surface normal is
equivalent to the radial unit vector. However, the weight functions from
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3. Fundamental Measure Theory

Ri

Bi(r1,O1)

r

r1

(a)

Bi(−r,O1)

B̄i(r,O1)

d(−r1)

dr1

r

−r

(b)

−r1
Ri

−r

Bi(−r,O1)

(c)

Fig. 3.2.: Oriented bodies Bi ⊂ R3 in a coordinate system with the origin denoted
by a square. The dots define the centers of the bodies. (a) Illustration of Bi(r1,O1)
centered at r1 and parametrized by a point Ri(r̂− r1) on the surface ∂Bi(r1,O1),
as used in the weight functions from Eq. (3.3.2). If the vector r ∈ R3 points to the
surface, the equality Ri(r̂− r1) = r−r1 holds. (b) Illustration of Eq. (3.2.9). The
elements dr1∩B̄i(r,O1) and d(−r1)∩Bi(−r,O1) are point symmetric with respect
to the origin, such that the curvature measures of both bodies are equivalent. (c)
A body Bi(−r,O1) parametrized by the same Ri(r̂− r1) as in picture (a).

Eqs. (3.2.3) and (3.2.4) are also appropriate for anisotropic hard bodies
with given orientation.8

As found in the the convolution product from Eq. (3.2.2) or the definition

of a weighted density from Eq. (3.3.2), the weight functions ω(ν)
i (r− r1,O)

depend on two points in space and on the orientation O1 of the body Bi(R1).
We evaluate the local density ρ(R1) at the position r1, i.e., the body’s
center. The integration variable r in the convolution runs over the full
R3, see Fig. 3.2a. The δ distribution in ω

(ν)
2 (r − r1,O) from Eq. (3.2.3)

contributes to the surface integral whenever r lies on ∂Bi, such that r− r1

is equivalent to the vector Ri(r̂− r1) parametrizing the surface.

Relation to curvature measures We already remarked the similarity of
our weight function to the integral geometric measures defined in Sec. 3.1.1.
The four scalar weight functions from Eq. (3.2.3) are related to the intrinsic
volumes Vν(K) in d = 3 according to

cνVν(K) =

∫

R3

drω
(ν)
i (r) =

∫

R3

drω
(ν)
i (r− r1,O1) . (3.2.5)

8 I introduce additional weight functions characterizing shape anisotropy in Secs. 3.2.2
and 3.2.3. In Sec. 4.1.1, I discuss how to implement the orientation dependence for
cylindrical symmetric bodies in explicit calculations.
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3.2. Decomposition of the Mayer function

We find the prefactors c3 = 1, c2 = 2, c1 = 1/4 and c0 = 1 comparing this
expression with Eqs. (3.1.11) and (3.1.13), see also Tab. 3.1. The respective
integral vanishes for the vectorial weight functions from Eq. (3.2.4). Calcu-
lating the excluded volume of two HS according to Eq. (3.1.17) with Rosen-
feld’s decomposition of the Mayer function from Eq. (3.2.1), we recover the
factorized expression from Eq. (3.1.19). The last equality in Eq. (3.2.5),
which holds for any translation along r1 and an arbitrary orientation O1,
demonstrates the motion invariance of the intrinsic volumes.

In the local picture, the position of K relative to the Borel set A ⊂
R3, on which we calculate the respective measure, becomes important. To
bridge the gap to the notation in FMT, illustrated in Fig. 3.2a, we identify
K ≡ Bi(R1) with an oriented body located at r1. As we can easily show
with Eq. (3.1.21), we generalize Eq. (3.2.5) to

cνΦν(Bi(r1,O1), A) =

∫

A
dr ω

(ν)
i (r−R1) . (3.2.6)

Writing the curvature measures Φν(Bi(r1,O1),dr) in the infinitesimal rep-
resentation with the volume element dr, we find the weight functions

ω
(ν)
i (r−R1) dr = cνΦν(Bi(r1,O1),dr) (3.2.7)

in the form of Eq. (3.2.3). For non-smooth bodies Bi, however, this relation
is not obvious. In Sec. 3.1.2, we considered another method to calculate
the intrinsic volumes of a HC, which easily translates to both curvature
measures and weight functions of an arbitrary convex body. The paral-
lel set Bi ⊎ εBd has well-defined curvatures on its surface, which we can
parametrize explicitly. Taking the limit ε → 0 and writing the surface in-
tegrals similarly to Eq. (3.1.43) implies a parametrization of Bi validating
Eqs. (3.2.5) and (3.2.6) in general. The latter relation to curvature measures
provides an alternative definition of the weight functions instead of using
the inconvenient infinitesimal notation involving the Dirac δ distribution.

Consider the inversion

B̄i(r,O1) := r− Bi(0,O1) = 2r− Bi(r,O1) (3.2.8)

of the body Bi(r,O1) at its center r. Figure 3.2b illustrates the identity

Φν(B̄i(r,O1),dr1) = Φν(Bi(−r,O1),d(−r1)) (3.2.9)
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3. Fundamental Measure Theory

resulting from the invariance of the curvature measures under simultaneous
motion and reflection of its arguments. Plugging the right-hand side of
Eq. (3.2.9) into Eq. (3.2.7), we find the similar relation

ω
(ν)
i (r−R1) dr1 = cνΦν(B̄i(r,O1),dr1) (3.2.10)

for the inverted body. The volume element dr1 on the left-hand side does
not contain a minus sign, as we need to transform the whole integral in
Eq. (3.2.6) according to Eq. (3.1.8). More precisely, we calculate

∫

B
cνΦν(B̄i(r,O1),dr1) =

∫

B
cνΦν(Bi(−r,O1),d(−r1))

=

∫

−B
cνΦν(Bi(−r,O1),dr1) =

∫

−B
dr1 ω

(ν)
i (r1 − (−r),O1)

=

∫

B
dr1 ω

(ν)
i (r−R1) . (3.2.11)

In the DFT picture, the vector r1 in the weight function from Eq. (3.2.10)
still denotes the position of the body Bi(r1,O1). This is because the vector
r − r1 from the respective center of Bi(−r,O1) or Bi(r1,O1) points to the
same position relative to the particle’s surface, compare Figs. 3.2a and 3.2c.
Therefore, we may consider the relations in Eq. (3.2.7) and Eq. (3.2.10)
as equivalent representations of the same weight function. For a point-
symmetric particle Bi = B̄i, these equalities are truly identical, which we
see by interchanging the role of r1 and r in one of them. This is because
the scalar weight functions in Eq. (3.2.3) are also point symmetric in this
case.

3.2.2. Extended deconvolution

Application of the Gauss-Bonnet theorem In this section, we extend
Rosenfeld’s deconvolution from Eq. (3.2.1), which is the starting point of
edFMT [139,140]. We already know from Sec. 3.1.1 that scalar measures
do not contain information about orientation dependence. Therefore, we
need to find an additional contribution to Eq. (3.2.1), which vanishes for
spherical particles. According to Eq. (2.1.57), the Mayer function depends
on whether the intersection

Iij(R1,R2) := Bi(R1) ∩ Bj(R2) (3.2.12)
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3.2. Decomposition of the Mayer function

of two bodies is empty or non-empty. Restricting ourselves to convex bodies,
whose intersection region is simply connected, we set

− fij(R1,R2) =
1

2
χ (∂Iij(R1,R2)) . (3.2.13)

Thus, we ensure that the Euler characteristic χ(∂Iij) = 2 whenever Iij 6= ∅.
As already proposed by Rosenfeld [308,309], we apply the Gauss-Bonnet

theorem from Eq. (3.1.14) to the manifolds defined by the intersection of
Bi∩ ∂Bj and ∂Bi ∩Bj and use the additivity, Eq. (3.1.5), of the Euler char-
acteristic. Dividing the result by 4π, we can rewrite the Mayer f function
for non-spherical particles according to [139]

−fij =
1

2
(χ(Bi ∩ ∂Bj) + χ(∂Bi ∩ Bj))

=

∫

∂Bi∩Bj

dAi
Ki

4π
+

∫

Bi∩∂Bj

dAj
Kj

4π
+

∫

∂Bi∩∂Bj

ds
κgi + κgj

4π
. (3.2.14)

The geodesic curvatures κgi and κgj of the intersection line ∂Bi∩∂Bj depend
on the shape and position of both particles simultaneously. With the result

κgi + κgj = Hi
1− ninj

|ni × nj |
−∆κi

(vI
i nj)

2 − (vII
i nj)

2

(1 + ninj) |ni × nj|
+ (i↔j) (3.2.15)

of the calculation presented in Appendix A of Ref. [140], we obtain

−fij =
∫

∂Bi∩Bj

dAi
Ki

4π
+

∫

∂Bi∩∂Bj

ds

|ni × nj |
Hi

4π
(1− ninj)

−
∫

∂Bi∩∂Bj

ds

|ni × nj|
∆κi
4π

(vI
i nj)

2 − (vII
i nj)

2

(1 + ninj)
+ (i↔ j) . (3.2.16)

in terms of surface properties of the individual particles.

Now that we have a general expression for the Mayer function, we aim
to separate the contribution of the two intersecting bodies, as in Rosenfeld’s
deconvolution from Eq. (3.2.1). In the first term

∫

∂Bi(R1)∩Bj(R2)

dAi
Ki

4π
= ω

(0)
i ⊗ ω

(3)
j (r,O1,O2) (3.2.17)
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with r = r1 − r2, we recognize the similarity to Eq. (3.1.12). This sur-
face integral only contributes for the part of ∂Bi within the volume of Bj.
Therefore, we recover the weight functions from Eq. (3.2.3). We simplify
the integrals

∫

∂Bi(R1)∩∂Bj (R2)

ds

|ni × nj |
= ω

(2)
i ⊗ ω

(2)
j (r,O1,O2) , (3.2.18)

along the intersection line according to Appendix B of Ref. [140].

Approximate deconvolution for anisotropic bodies It is possible to
transfer all integrals in Eq. (3.2.16) over manifolds depending on the inter-
section of two particles to simple convolution integrals over R3. However,
the integrand in the last term does not factorize into functions either de-
pending on Bi or Bj. Expanding the denominator

(1 + ninj)
−1 =

∞
∑

r=2

(−ninj)
(r−2) , (3.2.19)

we find a complete deconvolution

−fij(r,O1,O2) = ω
(0)
i ⊗ ω

(3)
j + ω

(1)
i ⊗ ω

(2)
j −−→ω

(1)
i ⊗ −→ω

(2)
j

−
∞
∑

r=2

ω
(1)
i,[r] ⊗ ω

(2)
j,[r] + (i↔ j) (3.2.20)

of the Mayer f function into the tensorial weight functions ω(2)
i,[r] and ω

(1)
i,[r]

of rank r with the components

ω
(2)
α1...αr ,i

(R) = nα1,i(R̂) . . . nαr ,i(R̂) ω(2)
i (R) ,

ω
(1)
α1...αr ,i

(R) = ∆κ(R̂)
4π

(

vIαr−1,i(R̂) vIαr ,i(R̂)− vIIαr−1,i(R̂) vIIαr ,i(R̂)
)

× nα1,i(R̂) . . . nαr−2,i(R̂) ω
(2)
i (R) . (3.2.21)

When applied to HS mixtures, Eq. (3.2.20) reduces to Rosenfeld’s ex-
pression, as the deviatoric curvatures ∆κi and hence all ω(1)

α1...αr,i
vanish.

For anisotropic bodies, this extended deconvolution is difficult to imple-
ment due to the infinite number of terms. For practical reasons, it appears
convenient to truncate the expansions in Eqs. (3.2.19) and (3.2.20) at a
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large enough value r = rt. Even then, we need to evaluate

rt
∑

r=2

((

r + 2

r

)

+ 6

(

r

r − 2

))

= −3 + 5

6
rt + r2t +

7

6
r3t (3.2.22)

individual tensorial components in the most general case. The first term
arises from ω

(2)
i,[r] and the second from ω

(1)
i,[r] when we do not count permu-

tations of identical components of the unit vectors in Eq. (3.2.21). For
example, we have 290 components for rt = 6. We can reduce this number
assuming certain symmetries of the considered system. Still, there are only
a few attempts to go beyond the leading terms in explicit calculations.

We further introduce the approximation (1 + ninj)
−1 ≈ ζ to the expan-

sion in Eq. (3.2.19). The resulting deconvolution [139,140]

−fij(r,O1,O2) ≈ ω(0)
i ⊗ ω

(3)
j + ω

(1)
i ⊗ ω

(2)
j −−→ω

(1)
i ⊗ −→ω

(2)
j

− ζ←→ω (1)
i ⊗ ←→ω

(2)
j + (i↔ j) , (3.2.23)

is exact only for HS. Introducing the dyadic product abT of two identical
vectors a and b, where bT denotes the transpose of b, we do not require the
component notation from Eq. (3.2.21). Then the tensorial weight functions
of rank two read

←→ω (2)
i (R) = ni(R̂)ni(R̂)T ω(2)

i (R) ,

←→ω (1)
i (R) = ∆κi(R̂)

4π

(

vI
i (R̂)vI

i (R̂)T − vII
i (R̂)vII

i (R̂)T
)

ω
(2)
i (R) . (3.2.24)

Note that we can write the sum
∑3

α=1

∑3
β=1Aαβ Bαβ = Tr

[←→
A
←→
B
]

over all
components as the trace Tr[ · ] of the matrix multiplication of the rank-two
tensors

←→
A and

←→
B .

3.2.3. Fundamental Mixed Measure Theory

Application of the translative integral formula As a third approach,
we here introduce FMMT. This theory provides an exact generalization of
Eq. (3.2.1) with a finite number of terms introducing mixed weight func-
tions. We know from Sec. 3.1.1 that the Euler characteristic χ(K) = V0(K)

of a body K has a local analog, namely the curvature measure Φ0(K, ·).
With this geometric point of view, we find the (local) representation of the
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Mayer function

− fij(R1,R2) = χ(Iij(R1,R2)) =

∫

R3

Φ0 (Iij(R1,R2),dr) (3.2.25)

depending on the intersection Iij(R1,R2) between two convex bodies, de-
fined in Eq. (3.2.12). Note that in Eq. (3.2.13), we considered the Euler
characteristic χ(∂Iij) of the boundary, which differs from χ(Iij). A non-
empty intersection Iij is topologically equivalent to a ball B3, whereas ∂Iij
corresponds to a ball with a hole. Using the representation of fij from
Eq. (3.2.25), Eq. (3.1.4) becomes

lim
ρi→0

βFex[{ρi}] =
1

2

κ
∑

i,j=1

∫∫

dR1 dR2 ρi(R1) ρj(R2)

∫

R3

Φ0 (Iij(R1,R2),dr)

=:
1

2

κ
∑

i,j=1

∫∫

dO1 dO2Xij(O1,O2) . (3.2.26)

Now we substitute r1 → x and r2 → x− y to transform the integrand

Xij =

∫∫

dr1 dr2 ρi(r1,O1) ρj(r2,O2)

∫

Φ0 (Iij(r1,O1, r2,O2),dr)

=

∫∫

dx dy ρi(x,O1) ρj(x− y,O2)

∫

Φ0 (Iij(x,O1,x− y,O2),dr)

=

∫

dr

∫∫

dy ρi(x,O1) ρj(x− y,O2) Φ0

(

Īij(r,O1, r+ y,O2),dx
)

,

(3.2.27)

with Īij(r,O1, r+ y,O2) := B̄i(r,O1) ∩ B̄j(r+ y,O2). In the last step, we
use the identity

Φν (B(x),dr) dx = Φν

(

B̄(r),dx
)

dr , (3.2.28)

derived in appendix A of Ref. [385], for the curvature measure Φ0. More
precisely, we identify the body B(x) ≡ Iij(x,O1,x − y,O2) at position x

with the intersection of two bodies of distance y. Its inversion becomes

B̄(r) = r− B(0) = r+ (−Bi(0,O1) ∩ (−Bj(−y,O2)))

= r+
(

B̄i(0,O1) ∩ B̄j(y,O2)
)

= B̄i(r,O1) ∩ B̄j(r+ y,O2) (3.2.29)

according to Eq. (3.2.8). Thereby, we have verified the last equality in

120



3.2. Decomposition of the Mayer function

B̄j(r + y,O2)

B̄i(x,O1)

−y

Bj(x− y,O2) Bi(x,O1)

x x
rr

y

Fig. 3.3.: Illustration of the relation for the intersection Bi(r,O1)∩Bj(r−y,O2) of
two bodies given by Eq. (3.2.28). The first picture corresponds the left-hand side,
where x ∈ Rd determines the location of the intersection and r ∈ Rd is the local
point, where we evaluate the curvature measure Φν . In the second picture, the
role of x and r is vice versa and the bodies are inverted, as is the intersection. For
any location of these vectors, the measure at the point relative to the intersection
is the same in both cases.

Eq. (3.2.27), also illustrated in Fig. 3.3.

We proceed by applying the translative integral formula, Eq. (3.1.27), in
d = 3 dimensions setting ν = 0 and F (x,x − y) = ρi(x,O1) ρj(x− y,O2).
Doing so, we bring the integrand in Eq. (3.2.26) to the form

Xij =

∫

dr

d
∑

k=0

∫∫

ρi(x,O1) ρj(y,O2) Φ
(0)
k,d−k

(

B̄i(r,O1), B̄j(r,O2); d(x,y)
)

=

∫

dr
d
∑

k=0

∫∫

ρi(R1) ρj(R2) Φ
(0)
k,d−k

(

B̄i(r,O1), B̄j(r,O2); d(r1, r2)
)

,

(3.2.30)

substituting the spatial variables x → r1 and y → r2 to restore the ar-
guments of the densities from the first line of Eq. (3.2.27). Comparing
Eq. (3.2.30) with Eq. (3.2.26), we find the representation

− fij(R1,R2) dr1 dr2 =

∫

dr

d
∑

k=0

Φ
(0)
k,d−k(B̄i(r,O1), B̄j(r,O2); d(r1, r2))

(3.2.31)

of the Mayer f function in terms of the mixed measures Φ(0)
k,d−k. Note that

we need to interpret this decomposition in a slightly different way than those
found in Sec. 3.2.1 and 3.2.2. In this form, we rewrite the Mayer function
of two bodies centered at arbitrary r1 and r2 as an expression depending
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3. Fundamental Measure Theory

on two equidistant inverted bodies. The positions r1 and r2 take the new
role as the sets on which we evaluate the mixed measures.

Exact decomposition for anisotropic bodies To make Eq. (3.2.31)
compatible with the FMT notation, we define the mixed weight functions

Ω
(k,d−k)
ij (r−R1, r−R2) dr1 dr2 := Φ

(0)
k,d−k(B̄i(r,O1), B̄j(r,O2); d(r1, r2))

(3.2.32)

according to the relation in Eq. (3.2.10) for one-body measures. For a
mathematically consistent interpretation of the mixed weight functions, we
integrate Eq. (3.2.32) over the Borel set A×B. Proceeding as in Eq. (3.2.11),
we find

∫

A×B
Φ
(0)
k,d−k(B̄i(r,O1), B̄j(r,O2); d(r1, r2))

=

∫

−(A×B)
Φ
(0)
k,d−k(Bi(−r,O1),Bj(−r,O2); d(r1, r2))

=

∫

A×B
dr1 dr2Ω

(k,d−k)
ij (r−R1, r−R2) (3.2.33)

omitting the second step and the fourth step therein.

Following the definition in Eq. (3.2.2) for a pair of ordinary weight func-
tions, we introduce the self-convolution product

Ω
(k⊗d−k)
ij,(υ) (r,O1,O2) =

∫

dr′Ω
(k,d−k)
ij,(υ) (r′ −R1, r

′ −R2) (3.2.34)

of any mixed weight function Ω(k,d−k)
ij,(υ) depending on two bodies. Note that

we introduced the label υ to indicate that the definition in Eq. (3.2.34) also
applies to the other mixed weight functions defined later. We arrive at a
formal decomposition

− fij(r,O1,O2) =

d
∑

k=0

Ω
(k⊗d−k)
ij (r,O1,O2) (3.2.35)

of the Mayer function using effective convolution products, which are eval-
uated for one measure of two bodies.

Note that the notion of a mixed weight function is not completely new.
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3.2. Decomposition of the Mayer function

Similar quantities depending on more than one body were introduced by
necessity for FMT in two dimensions [243] or to simplify the Mayer-bonds
of hard rods [316] and infinitely thin disks [319]. Now we introduce FMMT
providing a rigorous mathematical definition of such measures, exactly de-
scribing the Mayer bond of convex hard bodies in an arbitrary spatial di-
mension d. However, we do not generally know explicit representations for
the mixed measures and therefore the mixed weight functions. In the fol-
lowing, we consider the three-dimensional case. Then we will see that we
are able to recover all previous forms of FMT from our general derivation.

Comparing Eq. (3.2.32) for d = 3 with Eq. (3.1.33), we find the mixed
weight function

Ω
(12)
ij (R1,R2) =

κIi
(

vII
i nj

)2
+ κIIi

(

vI
inj

)2

4π(1 + ninj)
ω
(2)
i ω

(2)
j = Ω

(21)
ji (R2,R1)

(3.2.36)
from Φ

(0)
1,2, where we replaced the boundary measure C2(B̄i,dr1) with the

scalar weight function ω(2)
i from Eq. (3.2.3) according to Eq. (3.2.10). The

last equality follows from Φ
(0)
2,1 and Eq. (3.1.28). Regarding Eq. (3.1.29), we

see that the other mixed measures Φ(0)
0,3 and Φ

(0)
3,0 factorize into the curva-

ture measures Φ0 and Φ3, or, applying Eq. (3.2.10), into the scalar weight
functions ω(0)

i and ω(3)
i from Eq. (3.2.3). The resulting exact decomposition

− fij(r,O1,O2) = ω
(0)
i ⊗ ω

(3)
j +Ω

(1⊗2)
ij + (i↔ j) , (3.2.37)

of the Mayer function does not require all of the original weight functions
present in Eq. (3.2.1). Note that we replaced Ω

(2⊗1)
ij with Ω

(1⊗2)
ji by using

the short notation (i↔ j).

Alternative representations and approximations The three differ-
ent unit vectors found in the mixed weight function from Eq. (3.2.36) are
mutually orthonormal. Using the relation

1 =
(

vI
inj

)2
+
(

vII
i nj

)2
+ (ninj)

2 , (3.2.38)

we split the expression

κIi
(

vII
i nj

)2
+ κIIi

(

vI
i nj

)2

1 + ninj
= Hi (1− ninj)−∆κi

(

vI
inj

)2 −
(

vII
i nj

)2

1 + ninj

(3.2.39)
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by separating the terms proportional to the mean curvature Hi =
1
2 (κ

I
i+κ

II
i )

from those proportional to the deviatoric curvature ∆κi =
1
2 (κ

I
i −κIIi ). This

representation resembles the result from Eq. (3.2.15), found after applying
the Gauss-Bonnet theorem. From here on, we can proceed as in Sec. 3.2.2 to
recover all approximations made in edFMT. Our new derivation is therefore
consistent with the previous approaches [138,140] but it also allows us to
go one step further.

Since we have introduced mixed weight functions as mathematically well-
defined building blocks of a generalized FMT functional, we aim to derive
alternative decompositions of the Mayer function using further mixed weight
functions. First define

ω
(12)
ij (R1,R2) =

∆κ

4π

(

vI
inj

)2 −
(

vII
i nj

)2

(1 + ninj)
ω
(2)
i ω

(2)
j . (3.2.40)

Following Eq. (3.2.39), we may now rewrite the mixed weight function from
Eq. (3.2.36) as

Ω
(12)
ij (R1,R2) = ω

(1)
i (R1)ω

(2)
j (R2)−−→ω (1)

i (R1)
−→ω (2)

j (R2)− ω(12)
ij (R1,R2) .

(3.2.41)

Similar to edFMT, we recover Rosenfeld’s scalar and vectorial weight func-
tions defined in Eqs. (3.2.3) and (3.2.4). The additional term is proportional
to the deviatoric curvature. Hence, it is important if we wish to describe
orientationally anisotropic systems. Equivalently to Eq. (3.2.37), we de-
compose the Mayer function

−fij(r,O1,O2) = ω
(0)
i ⊗ ω

(3)
j + ω

(1)
i ⊗ ω

(2)
j −−→ω

(1)
i ⊗ −→ω

(2)
j

− ω(1⊗2)
ij + (i↔ j) (3.2.42)

in a similar manner as in edFMT but with a finite number of terms. Here,
ω
(12)
ij provides the additional contribution extending Rosenfeld’s deconvolu-

tion, Eq. (3.2.1).

Expanding of the denominator in Eq. (3.2.40), we find the series repre-
sentation

ω
(12)
ij =

∞
∑

r=2

ω
(12)
ij,[r] =

∞
∑

r=2

3
∑

α1=1

. . .

3
∑

αr=1

ω
(1)
α1...αr ,i

ω
(2)
α1...αr ,j

(3.2.43)
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with the mixed weight functions

ω
(12)
ij,[r](R1,R2) =

∆κ

4π

(

(

vI
i nj

)2 −
(

vII
i nj

)2
)

(−ninj)
r−2 ω

(2)
i ω

(2)
j (3.2.44)

of order r ≥ 2, which are equivalent to the rank r tensors from Eq. (3.2.21).
In particular for order two, we can express the mixed weight function

ω
(12)
ij,[2] = Tr

[←→ω (1)
i
←→ω (2)

j

]

(3.2.45)

with the rank-two tensors defined in Eq. (3.2.24). As in Eq. (3.2.20), we
obtain an exact decomposition

−fij(r,O1,O2) = ω
(0)
i ⊗ ω

(3)
j + ω

(1)
i ⊗ ω

(2)
j −−→ω

(1)
i ⊗ −→ω

(2)
j

−
∞
∑

r=2

ω
(1⊗2)
ij,[r] + (i↔ j) (3.2.46)

of the Mayer function with an infinite number of terms.

3.3. Excess free energy density

In Sec. 3.2, we presented two approaches to generalize FMT involving dis-
tinct theorems from integral geometry. We found different exact and ap-
proximate representations for the Mayer function of anisotropic hard bodies
in the low-density limit, Eq. (3.1.4), of the excess free energy functional
Fex[{ρi(R)}]. Now we construct the corresponding density functionals for
the excess free energy density Φex(r) found in Eq. (2.3.8).

To describe the interaction in more realistic denser systems, we extrap-
olate the respective expressions to finite densities by following Rosenfeld’s
procedure [138]. Being based on the homogeneous and isotropic fluid, this
final step is the same for all versions of FMT derived in the low-density limit.
It is well-known that the resulting theory also has to provide an accurate
description of extremely confined systems, which has been extensively stud-
ied for HS [241,242,243,244] and confirmed for more general shapes [314].
However, we face a new challenge for anisotropic particles regarding the
behavior in the limit of extreme elongations.

This section is arranged as follows. I introduce weighted densities as
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3. Fundamental Measure Theory

the fundamental building blocks of any FMT functional in Sec. 3.3.1. In
Sec. 3.3.2, I present different forms of the free energy for higher densities. I
conclude in Sec. 3.3.3 and discuss the general method to calculate the DCF
using any version of FMT.

3.3.1. Low-density limit

Weighted densities The idea behind the deconvolution of the Mayer
function is to reformulate the density functional

lim
ρi→0

βFex[{ρi(R)}] = lim
ρi→0

dr

∫

Φex

(

{nν(r)},
{

N
(υ)
12 (r)

})

(3.3.1)

from Eq. (3.1.4), such that the excess free energy density becomes a function
of one-body weighted densities nν [{ρi(R)}](r) and mixed weighted densities
N

(υ)
12 [{ρi(R)}](r). These simple density functionals are linear and quadratic

in the density, respectively. We define the weighted densities

nν(r) :=

κ
∑

i=1

∫

dR1 ρi(R1) ω
(ν)
i (r−R1) , (3.3.2)

where the index ν counts all scalar, vectorial and tensorial quantities ac-
cording to the weight functions from Eqs. (3.2.3), (3.2.4) and (3.2.21). We
obtain the product

nν(r)nµ(r) =

κ
∑

i,j=1

∫∫

dR1 dR2 ρi(R1) ρj(R2)ω
(ν)
i (r−R1)ω

(µ)
j (r−R2)

(3.3.3)
from the integrand of the convolution product in Eq. (3.2.2), after summa-
tion and integration as in the free energy functional from Eq. (3.1.4). In a
similar manner, we now define the mixed weighted densities

N
(υ)
12 (r) :=

κ
∑

i,j=1

∫∫

dR1 dR2 ρi(R1) ρj(R2)Ω
(12)
ij,(υ)(r−R1, r−R2) , (3.3.4)

where N (υ)
12 ∈ {N12, n12, n

[r]
12}, for all types Ω(12)

ij,(υ) ∈ {Ω
(12)
ij , ω

(12)
ij , ω

(12)
ij,[r]} of

mixed weight functions found in Eqs. (3.2.36), (3.2.40) and (3.2.44).

The first term of all decompositions in Sec. 3.2 commonly contains the
convolution of ω(0)

i and ω
(3)
j . Therefore, we obtain the general low-density
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3.3. Excess free energy density

expression of the excess free energy density

Φex(r) = n0(r)n3(r) + φ2(r) +O(ρ3) , (3.3.5)

corresponding to Eq. (3.3.1). The contribution φ2, referred to as the second

term throughout the rest of this work, is built up with different combina-
tions of weighted densities with indices 1 and 2. As for the weight functions
in Sec. 3.2.1, we determine the dimensions of the scalar, vectorial or ten-
sorial weighted densities [nν ] =

[

V ρ̟(ν)
]

=
[

lengthν−3
]

with label ν and
relatedly [N

(υ)
12 ] = [n1n2] =

[

length−3
]

. We see that the free energy density
has the correct dimension [Φex] =

[

length−3
]

of a number density.

Variants of the second term Now we introduce all expressions for the
second term which arise from Sec. 3.2. Regarding FMMT, the obvious
choice is the exact φ2 = N12, which we calculate with the mixed weight
function Ω

(12)
ij from the decomposition in Eq. (3.2.37). Using Eq. (3.2.42)

instead, we find an alternative representation in terms of n12 corresponding
to ω(12)

ij . We denote both expressions

φ
(MM)
2 := N12 = n1n2 −−→n 1

−→n 2 − n12 (3.3.6)

interchangeably as the second term of the (full) FMMT functional.9 The
separation of N12 into n12 and one-body weighted densities allows us to
consider further approximations. First of all, setting n12 = 0, we recover
Rosenfeld’s FMT, which we also find from Eq. (3.2.1)

Following Eq. (3.2.46) or equivalently Eq. (3.2.20), we obtain the ex-
panded second term

φ
[rt]
2 := n1n2 −−→n 1

−→n 2 −
rt
∑

r=2

n
[r]
12 = n1n2 −−→n 1

−→n 2 −
rt
∑

r=2

[

n
[r]
1 n

[r]
2

]

, (3.3.7)

which we truncate at order r = rt. In the second case, we consider the
contraction products

[

n
[r]
1 n

[r]
2

]

:=
3
∑

α1=1

. . .
3
∑

αr=1

(

n
[r]
1

)

α1...αr

(

n
[r]
2

)

α1...αr

(3.3.8)

9 It depends on the explicit problem which form is more convenient for a calculation,
compare the discussion in Sec. 4.2.3.

127



3. Fundamental Measure Theory

of tensorial weighted densities n[r]ν of rank r. Taking into account all values
of r ∈ {2 . . .∞}, we define φ[∞]

2 := lim
rt→∞

φ
[rt]
2 . However, it remains to be

shown whether φ[∞]
2 ≡ φ

(MM)
2 , i.e., whether the series

∑∞
r=2 n

[r]
12 of mixed

weighted densities converges towards n12 in the same way as the weight
functions in Eq. (3.2.43).10

In Eq. (3.2.23), we introduced the ζ parameter to improve the functional
when truncating Eq. (3.3.7) after the first term only including tensors of
rank rt = 2. Therefore, we define the second term

φ
(ζ)
2 := n1n2 −−→n 1

−→n 2 − ζn[2]12 = n1n2 −−→n 1
−→n 2 − ζ Tr[←→n 1

←→n 2] (3.3.9)

within the ζ approximation.

Similarly, we can improve upon Eq. (3.3.7) by adding free parameters to
each higher-order term [140]. However, this approach makes the functional
even more empirical. We rather want to systematically fix these param-
eters, such that the convergence towards φ[∞]

2 becomes faster. To make
things simpler, we neglect the vectors and the odd-order terms, which are
usually small for point-symmetric particles. We define the approximate
series representation

φ
{ζ[nt]}
2 = n1n2 −

nt
∑

n=1

n
∑

m=1

ζ [n]m n
[2m]
12 = n1n2 −

nt
∑

n=1

n
∑

m=1

ζ [n]m

[

n
[2m]
1 n

[2m]
2

]

(3.3.10)

of n12, truncated after the term of order 2nt. The coefficients ζ [n]m need to
fulfill

∑∞
n=m ζ

[n]
m = 1 in order to ensure that φ{ζ[∞]}

2 = φ
[∞]
2 neglecting the

odd-order terms in Eq. (3.3.7). For a finite number of terms, the overall
prefactor

∑nt

n=m ζ
[n]
m of each term depends on the truncation order 2nt.

One obvious way to determine explicit values is a comparison with a known
formula on the second-virial level.11

Second virial coefficient According to Eq. (2.1.55), the low-density ex-
pression for the excess free energy yields the second virial coefficient

B2ρ
2V =

∫

drn0(r)n3(r) + φ2(r) . (3.3.11)

10 Note the comparison for the smectic phase of parallel HSC in Sec 7.1.1.
11 I derive the coefficients for HSC in Sec. 4.1.3 using an expansion of the mutual excluded

volume. See Eq. (4.1.85).
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The major achievement of FMMT is that it provides the exact second virial
coefficient for all convex particle shapes. Recall that Rosenfeld’s FMT has
this feature only for HS and edFMT only in principle, as it requires in-
finitely many terms. Though, it might be worthwhile to use a good enough
truncated expansion instead of the full FMMT functional.

A good test for the correctness of a decomposition or the quality of an
approximation made in φ2 is to determine the excluded volume vexcl of two
hard bodies. To do so, we define the orientation-depend weighted densities

ñν(O) = ρ

∫

drω(ν)(r,O) (3.3.12)

and analogously mixed weighted densities Ñ (υ)
12 of a homogeneous fluid with

one component. According to Eq. (2.3.24), we obtain the excluded volume

vexcl(O1,O2) = 2B̃2(O1,O2) , (3.3.13)

where B̃2(O1,O2) corresponds to the expression from Eq. (3.3.11) where all
weighted densities are replaced with their orientation-dependent versions.
Alternatively, we can use Eq. (3.1.17) for the different representations of
the Mayer function in Sec. 3.2. Also compare Appendix C of Ref. [140] for
a less general derivation.

Using FMMT, we can calculate the exact excluded volume for arbitrary
particle shapes according to12

vMM(O1,O2) = 2

∫∫

dr1 dr2

(

ω(0)(R1)ω
(3)(R2) +Ω(12)(R1,R2)

)

.(3.3.14)

Therefore, the low-density limit of FMMT, i.e., Eq. (3.3.1) with Eq. (3.3.6),
generalizes the Onsager functional from Eq. (2.3.25) to mixtures and inho-
mogeneous systems.13

In conclusion, the notion of a mixed weight function provides more than
just an alternative notation for the Mayer f function. Obviously, we can
split off the simpler one-body weight functions ω(0) and ω(3) and, if necessary
or desired, four additional measures according to Eq. (3.2.41). Despite de-
pending on two particles simultaneously, the mixed weight functions in the
representation from Eq. (3.2.36) or Eq. (3.2.40) are solely written in terms

12 See Sec. 4.1.3 for the explicit calculation for HSC.
13 See Sec. 4.2.2 for how to calculate the weighted densities in this limit.
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of geometrical quantities of the single particles. In contrast, the excluded
volume constitutes a body, whose shape depends on the two orientations O1

and O2 of the overlapping particles in a non-trivial way. Moreover, there
might be no analytically known expression for the excluded volume of bod-
ies with a more complicated shape, such that Eq. (3.3.14) can be used for a
straightforward calculation. Now we extend the excess free energy density
from Eq. (3.3.5) to higher orders in the density.

3.3.2. Extrapolation to finite densities

Ansatz The most characteristic feature of Rosenfeld’s FMT is that there
is a family of weighted densities, which are sufficient to express the excess
free energy. In Sec. 3.3.1, we have shown this for the limit of vanishing
density. It is straightforward to find a related expression for the dense fluid.
To do so, we consider only scalar weighted densities for the moment. As
n3 is dimensionless, we must expect a free energy depending on arbitrary
functions fn(n3). However, there are only three independent combinations
of weighted densities with the correct dimension of a number density.

We assume that the free energy density takes the general form [138,228]

Φex = f1(n3)n0 + f2(n3)n1 n2 + f4(n3)n
3
2 . (3.3.15)

In addition to the first two combinations already present in Eq. (3.3.5),
there is a third term ∝ n32 of cubic order in the density. To ensure the
correct low-density behavior (including the third virial coefficient of HS),
the leading-order terms

f1(n3) = n3+
n23
2
+O

(

n33
)

, f2(n3) = 1+n3+O
(

n23
)

, f4(n3) =
1

24π
+O(n3)
(3.3.16)

in the expansion of the yet unknown functions are already fixed.

Note that we did not include the vectorial weighted densities present
in Rosenfeld’s original ansatz. As described in Ref. [228], the prefactors
f3(n3) and f5(n3) of the invariant vectorial terms are proportional to the
respective functions for scalars. This observation allows us to determine
Φex by using thermodynamic relations only involving the weight functions
in Eq. (3.3.15), i.e., for a homogeneous (and isotropic) bulk fluid. Later, we
conveniently substitute n1 n2 → n1 n2−−→n 1

−→n 2 and n32 → n32 − 3n2
−→n 2
−→n 2.

Regarding anisotropic bodies, we require additional tensorial or mixed
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weighted densities in the second term. Hence, we go one step further and
assume that n1 n2 → φ2 for all representations of the second term found in
Sec 3.3.1, such that we always recover the low-density limit in Eq. (3.3.5)
without spoiling the applied thermodynamic relations. This is because all
tensorial weighted densities n[r]1 and mixed weighted densities N (υ)

12 are zero
for a homogeneous and isotropic system, except for N12 which reduces to
n1 n2. Note that there is no technical problem to including the empirical ζ
parameter from Eq. (3.3.9) to the expression at finite density, although the
excess free energy density is not exclusively a function of weighted densities
in this case. In the following, we derive different FMT functionals using the
ansatz from Eq. (3.3.15) and a constraint related to the HS fluid. Thus, we
make sure that the resulting relations for anisotropic bodies always agree
with FMT in the HS limit.14

Scaled-particle differential equation To determine the unknown func-
tions of n3 in Eq. (3.3.15), we again follow Rosenfeld’s footsteps and use
a result of SPT for the homogeneous HS system. In Eq. (2.1.64), we have
found a relation between the pressure p and the excess chemical potential
µ
(i)
ex of species i. With the property of the excess free energy density to be

a function of weighted densities, we find the expression

βµ(i)ex =
Φex

∂ρi
=

3
∑

ν=0

∂Φex

∂nν

∂nν
∂ρi

(3.3.17)

for the the excess chemical potential of the FMT functional, where the
partial derivative replaces the usual variational derivative as the densities
ρi are homogeneous. The weighted densities of HS with radius Ri read
n3 = 4π/3

∑

i ρiR
3
i , n2 = 4π

∑

i ρiR
2
i , n1 =

∑

i ρiRi and n0 =
∑

i ρi. For
an infinitely large radius Ri of species i, corresponding to the scaled particle,
only the leading term ∝ ∂n3/∂ρi = 4π/3R3

i = vi remains. Therefore, we
can write the left-hand side of Eq. (2.1.64) as

lim
Ri→∞

βµ
(i)
ex

Vi
=
∂Φex

∂n3
= βp . (3.3.18)

The ideal part βµ(i)id = ln(ρiΛ
3) of the chemical potential µ(i) = µ

(i)
id + µ

(i)
ex

follows from the ideal-gas free energy in Eq. (2.3.9).

14 I resume this discussion in Sec. 8.1 regarding the EOS for fluids of anisotropic bodies.
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With FMT, we can write the pressure of the homogeneous HS fluid as

βp = −βΩ
V

= −Φ+
κ
∑

i=1

ρi µ
(i) = −Φex +

3
∑

ν=0

∂Φex

∂nν
nν + n0 , (3.3.19)

where we have used the relation nν =
∑

i ρi∂ nν/∂ρi and replaced the ideal
contribution

∑

i ρi with n0. Comparing Eq. (3.3.18) with Eq. (3.3.19), we
find the SPT differential equation

∂Φex

∂n3
= −Φex +

3
∑

ν=0

∂Φex

∂nν
nν + n0 . (3.3.20)

Inserting Φex from Eq. (3.3.15), it is straightforward to solve the individ-
ual differential equations for f1(n3), f2(n3) and f4(n3). The integration
constants are chosen to match Eq. (3.3.16) in the low-density limit [228].

We obtain the general form

Φex = −n0 ln(1− n3) +
φ2

(1− n3)
+

φ3
(1− n3)2

(3.3.21)

of the excess free energy density, where we denote φ3 as the third term

throughout the rest of this work. The solution of Eq. (3.3.20) yields Rosen-
feld’s result

φ
(RF)
3 (n2,

−→n 2) =
1

24π
(n32 − 3n2

−→n 2
−→n 2) . (3.3.22)

Now we can calculate the pressure

βp =
n0

1− n3
+

n1n2
(1− n3)2

+
n32

12π(1 − n3)3
(3.3.23)

of the homogeneous and isotropic fluid in terms of scalar weighted densities
according to Eq. (3.3.19). Inserting the weighted densities of HS for only one
component, we recover the PY compressibility result, which corresponds to
Eq. (2.1.63).

White-Bear versions of FMT It is a nice feature of FMT that it out-
puts a well-known EOS without imposing any information about the bulk
phase behavior of HS in its derivation. However, the PY EOS is less accurate
than the (semi-empirical) EOS in Eq. (2.1.58) by Carnahan and Starling.
One might ask whether we can adjust the prefactors fn(n3) to n0, φ2 and
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3.3. Excess free energy density

φ3 in Eq. (3.3.21) to improve this description. The groundbreaking idea, ac-
knowledged to the White Bear, is to use Eq. (3.3.19) instead of Eq. (3.3.20)
for the extrapolation to higher densities [228,248]. Therefore, we may im-
pose any EOS which can be written in terms of weighted densities to result
from the final version of an accordingly modified FMT functional.

The Mansoori-Carnahan-Starling-Leland EOS [156] is one appropriate
generalization of Eq. (2.1.58) to mixtures, which can be written in the
form [248]

βpMCSL =
n0

1− n3
+

n1 n2
(1− n3)2

+
n32
(

1− 1
3n3
)

12π(1 − n3)3
. (3.3.24)

Substituting this expression into the left-hand side of Eq. (3.3.19), we ob-
tain a new differential equation, which we can solve with the ansatz from
Eq. (3.3.15). The resulting functional is not consistent with the SPT differ-
ential equation, Eq. (3.3.20), which constitutes a severe drawback due to the
violation of an exact thermodynamic relation. The output pressure [248]

βp∗ :=
∂Φex

∂n3
(3.3.25)

is closer to Eq. (3.3.24) than the PY EOS, though.

In order to minimize this discrepancy, the new generalization [157]

βpWBII =
n0

1− n3
+
n1 n2

(

1 + 1
3n

2
3

)

(1− n3)2
+
n32
(

1− 2
3n3 +

1
3n

2
3

)

12π(1 − n3)3
(3.3.26)

of the Carnahan-Starling EOS was derived in such a way that the resulting
White Bear mark II excess free energy density [250]

Φ(WBII)
ex = −n0 ln(1− n3) +

5n3 − n23 + 2(1− n3) ln(1− n3)
3n3(1− n3)

φ2

+
−2n3 + 6n23 − 2n33 − 2(1 − n3)2 ln(1− n3)

3n23(1− n3)2
φ3 (3.3.27)

is consistent with Eq. (3.3.20) at least for the one-component HS system.
This means that we recover p∗WBII = pCS from Eq. (2.1.58) when substi-
tuting the weighted densities of HS into Eq. (3.3.25) with the White Bear
mark II free energy Φ

(WBII)
ex . The equality in Eq. (3.3.20) with Φ

(WBII)
ex does

not hold in general, which we see by inserting the weighted densities of
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anisotropic bodies.15 We can only achieve full consistency with respect to
the SPT differential equation, in the sense that we do not need to explic-
itly insert the weighted densities, when we use the functional Φex given by
Eq. (3.3.21), which yields the PY EOS for mixtures of HS.

Third term including tensors To derive the functional in Eq. (3.3.21),
we considered homogeneous and isotropic hard-body fluids. The free en-
ergy of such fluids can be exclusively expressed in terms of scalar weighted
densities. All contributions of tensorial or mixed weighted densities in the
second term φ2 of the generalized FMT functionals, found in Sec 3.3.1,
vanish. Such terms can be easily included to describe aligned and inhomo-
geneous systems by replacing n1n2 → φ2.

A similar modification of the third term φ
(RF)
3 from Eq. (3.3.22) is more

demanding. Repeating the dimensional analysis that dictates the ansatz in
Eq. (3.3.15), we see that a more general third term φ3 (n2,

−→n 2, {n[r]2 }) may
contain additional invariant combinations of different weighted densities
with the label ν = 2. The tensorial weighted densities n[r]2 of even rank
do not vanish for homogeneous and isotropic fluids but are proportional to
the scalar n2. For example, regarding the weight functions of rank two in
Eq. (3.2.24), we find ←→n 2 = 1

3n2I, where I denotes the unit matrix. Note
that the equality n2 = Tr[←→n 2] always holds.

We expect that tensorial quantities play an important role, in particular,
for the orientationally ordered phases we wish to describe for anisotropic
bodies. Hence, our first goal is to find an expression for φ3(n2,

−→n 2,
←→n 2),

which has up to five invariant terms n32, n2
−→n 2
−→n 2, Tr

[←→n 3
2

]

, n2Tr
[←→n 2

2

]

and
−→n T

2
←→n 2
−→n 2. As the number of invariants increases rapidly when adding

tensors of higher rank, we do not consider a further generalization for the
moment.16 To include rank-two tensors, we still need more information
than we can get out of SPT for the homogeneous HS system.

The framework of FMT possesses an intrinsic trick to check its own
consistency, such that it is not necessary to impose the thermodynamics
of anisotropic bodies at this stage. Assuming extremely peaked density
distributions, e.g., ρ(z) ∝ δ(z), we force the system to behave as a quasi
lower-dimensional fluid. The FMT functionals in the actual and the effec-
tive dimension have to be equivalent, which is called a correct dimensional

15 In Sec. 8.1.1, I use Eq. (3.3.20) to derive a functional based on an EOS for HSC.
16 In Sec. 8.2.2, I derive a third term containing rank-four tensors.
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crossover [241,242,243,244]. The first thing we learn from dimensional
crossover is that the third term Eq. (3.3.22) is not even sufficient to describe
the HS fluid accurately. This is because the lattice points of the crystal re-
quire a strong localization, such that this phase is never stable using the
original Rosenfeld functional [138]. As we know the zero-dimensional func-
tional exactly, it is possible to systematically derive a consistent version of
FMT [243,314] for anisotropic bodies from this limit. In particular, we find
a general condition for the form of the third term φ3, which simultaneously
depends on the geometry of three bodies.17

The most convenient approximation is to postulate an additional ten-
sorial weighted density, which we have verified in Eq. (3.2.23) as a natural
ingredient of a more general version of FMT. We introduce the third term

φ
(TR)
3 (n2,

←→n 2) =
3

16π

(

n32 − 3n2Tr
[←→n 2

2

]

+ 2Tr
[←→n 3

2

])

(3.3.28)

by Tarazona and Rosenfeld [243] and the refined version

φ
(T)
3 (n2,

−→n 2,
←→n 2) =

3

16π

(−→n T
2
←→n 2
−→n 2 − n2−→n 2

−→n 2 + n2Tr
[←→n 2

2

]

− Tr
[←→n 3

2

])

(3.3.29)
by Tarazona [244]. The latter expression is also used in the current ver-
sion of edFMT [139,140]. Calculating the EOS according to Eq. (3.3.19),
we formally have to add the tensor ←→n 2 (or its individual components) to
the summation over all weighted densities. Both results for the homoge-
neous HS fluid (and isotropic fluids of anisotropic bodies) are equivalent to
Eq. (3.3.23) obtained with φ

(RF)
3 , although, in terms of weighted densities,

all EOS look different. The advantage of φ(T)
3 is that its DCF for HS coin-

cides with the result of Rosenfeld’s expression and the PY closure, leading
to Eq. (2.1.62). However, we need to see which choice is best when we con-
sider orientationally ordered fluids, where we expect larger differences than
for inhomogeneous HS systems.

3.3.3. Generalized Fundamental Measure Theory

Structure of the density functional We have derived the excess free
energy

βFex[{ρi(R)}] =
∫

drΦex

(

{nν(r)},
{

N
(υ)
12 (r)

})

(3.3.30)

17 See Eq. (8.2.11) for the full expression derived in Sec. 8.2.1.
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for mixtures of anisotropic hard bodies, which constitutes the final ingre-
dient to write down a density functional according to Eq. (3.1.1). Conve-
niently, the FMT functional is a simple function of weighted densities nν(r),
defined in Eq. (3.3.2) and, in the case of FMMT, also of mixed weighted
densities N (υ)

12 , see Eq. (3.3.4). This form reflects the low-density limit from
Eq. (3.3.1). Likewise, we may introduce constant parameters without com-
plicating the functional.18

The two representations, either using mixed or tensorial weighted den-
sities, of each approximate second term in Eq. (3.3.7), Eq. (3.3.9) and
Eq. (3.3.10), are equivalent. However, they differ in the number of indi-
vidual terms and the dimension of the integral which has to be solved. We
may choose the method which allows the most efficient calculation for the
problem we are interested in.

In particular, for integrals which we can solve analytically, the notion
of a mixed weighted density obviates the factorization into tensors, where
we need to consider a rapidly increasing number of components, according
to Eq. (3.2.22), when we add higher-order terms. When we have to solve
the integrals using numerical methods, there is usually no point in writing
the expansion in terms of mixed weighted densities, as the evaluation of
the exact term in Eq. (3.3.6) requires practically the same effort. The only
advantage would be an easier analytic calculation, if this was possible. The
numerical calculation of a weighted density depending on one single body
is always significantly faster than that of a mixed weighted density. In
this case, we need to find a sensible truncation order rt that provides a
good balance between the desired accuracy and the efforts to calculate all
included higher-order terms.

Variation of weighted densities To do explicit calculations in DFT, we
need to apply a variational calculus according to Sec. 2.3.1. It is straight-
forward to calculate variations of any true fundamental measure functional
with the general form given by Eq. (3.3.30). To do so, we consider the
functional derivative of its density-dependent building blocks. We easily
see that the first functional derivative

δnν(r
′)

δρk(R1)
=

κ
∑

i=1

∫

dR′
1δki δ(R1−R′

1)ω
(ν)
i (r′−R′

1) = ω
(ν)
k (r′−R1) (3.3.31)

18 I discuss a correction depending on the nematic order parameter in Sec. 7.3.
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of a weighted density is equivalent to the corresponding weight function of
species k with the argument r′ −R1. The second variation vanishes as the
one-body weights are linear in the density.

For a mixed weighted density, depending on two bodies, the first two
functional derivatives

δN
(υ)
12 (r′)

δρk(R1)
=

κ
∑

j=0

∫

dR′
2 ρ(R′

2)Ω
(12)
kj,(υ)(r

′ −R1, r
′ −R′

2)

+

κ
∑

i=0

∫

dR′
1 ρ(R′

1) Ω
(12)
ik,(υ)(r

′ −R′
1, r

′ −R1) (3.3.32)

and

δ2N
(υ)
12 (r′)

δρk(R1) δρl(R2)
= Ω

(12)
kl,(υ)(r

′ −R1, r
′ −R2) +Ω

(12)
lk,(υ)(r

′ −R2, r
′ −R1)

(3.3.33)
do not vanish. The integral

∫

dr′
δ2N

(υ)
12 (r′)

δρi(R1) δρj(R2)
=
(

Ω
(1⊗2)
ij,(υ) +Ω

(1⊗2)
ji,(υ)

)

(r,O1,O2) (3.3.34)

constitutes the sum of the self-convolution products, defined in Eq. (3.2.34),
of the mixed weight function Ω(12)

ij,(υ) and the same one with exchanged indices
(i ↔ j), where r = r1 − r2. Such two terms can be found in different
decompositions of the Mayer function, see, e.g., Eq. (3.2.37).

Direct correlation functions Now we calculate correlation functions for
mixtures of anisotropic hard bodies in generalization of Eq. (2.3.10). We
find the first functional derivative

δβFex[{ρi(R′)}]
δρk(R1)

=

∫

dr′

(

∑

ν

∂Φex

∂nν

δnν(r
′)

δρk(R1)
+
∑

υ

∂Φex

∂N
(υ)
12

δN
(υ)
12 (r′)

δρk(R1)

)

(3.3.35)

of the functional from Eq. (3.3.30), where we already calculated the special
case for the homogeneous scalar weighted densities in Eq. (3.3.17). Here,
the sum over ν includes all scalar, vectorial and tensorial weighted densi-
ties and υ accounts for all involved mixed weights. These one-body direct
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correlation functions for species k are the required ingredient to solve the
Euler-Lagrange equations, Eq. (3.1.3).

The DCF corresponds to the second functional derivative of the free
energy. Considering all possible expressions for the excess free energy in
FMMT, we calculate the most general form

c
(2)
ij (r,O1,O2) = −

δ2βFex[{ρk(R′)}]
δρi(R1) δρj(R2)

= −
∑

µ,ν

∂2Φex

∂nµ ∂nν
ω
(µ)
i ⊗ ω(ν)

j −
∑

υ

∂Φex

∂N
(υ)
12

(

Ω
(1⊗2)
ij,(υ) +Ω

(1⊗2)
ji,(υ)

)

−
∑

υ

∂2Φex

∂n3 ∂N
(υ)
12

(

ω
(3)
i ⊗

δN
(υ)
12

δρj
+
δN

(υ)
12

δρi
⊗ ω(3)

j

)

(3.3.36)

of the DCF. Employing one of the versions of Φex given by Eq. (3.3.5) for
a vanishing density, we easily recover the respective representation of the
Mayer function, shown in Sec. 3.2, which constitutes the appropriate DCF
in this limit.

Overview For our calculations with the generalized FMT functional from
Eq. (3.3.21), we may choose between different versions of the second φ2 and
third term φ3. We could alternatively consider the form of the free energy
given by Eq. (3.3.27), which outputs the better EOS when applied to HS.
However, we cannot a priori say that this functional also performs better for
anisotropic bodies. We rather assume that the dependence on the tensors
and mixed measures in φ2 and φ3 outweighs the effect of the prefactors only
containing scalar weights and stick to the functional in Eq. (3.3.21) for the
moment.19

In Eq. (3.3.6), we found the exact representation φ
(MM)
2 for the second

term, including either N12 or n12. We use these results as a reference for
the empirical ζ correction φ(ζ)2 of the leading-order term in Eq. (3.3.9).20 It
has already been remarked [140] that the expansion in φ[rt]2 from Eq. (3.3.7)
converges quite slowly, which makes it unsuitable for our calculations.21 In

19 In Sec. 8.1.1, I discuss the isotropic EOS of HSC using different forms of the functional.
20 In Sec. 7.3, I introduce a further developed correction ζ(S), depending on the nematic

order parameter.
21 I demonstrate the convergence of the different expansions in Sec. 4.1.3. The full series

representation φ
[∞]
2 is considered in Sec. 7.1.
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contrast, the generalized correction of φ{ζ[nt]}
2 in Eq. (3.3.10) with appro-

priately chosen coefficients constitutes a promising approximation of the
mixed weighted density.22

To carry on previous research on the phase behavior of HSC [139,140,310]
we adapt Tarazona’s third term φ

(T)
3 from Eq. (3.3.29). We also include the

third term φ
(TR)
3 from Eq. (3.3.28) by Tarazona and Rosenfeld, to examine

the influence of the prefactors to the tensorial weighted densities.23 Rosen-
feld’s original expression φ(RF)

3 from Eq. (3.3.22) is already outdated for the
HS system, such that there is no reason to use it for anisotropic bodies,
especially as it does not contain tensorial measures.

Finally, I introduce a color code, which I use in the tables and figures
throughout the remainder of this work to illustrate the results obtained
with the particular approaches. The green color indicates that φ(T)

3 is used
for the third term, usually together with the empirical second term φ

(ζ)
2 for

ζ = 1.6, i.e., the original edFMT approach [139]. At some points, I also
consider different values for the ζ parameter or the exact reference φ(MM)

2

for the second term. The ζ correction together with φ
(TR)
3 constitutes our

modified edFMT functional, denoted by the blue color. Using the second
term φ

(MM)
2 with a mixed weighted density and φ

(TR)
3 , sometimes simply

referred to as FMMT when the context is clear, we color our results in red.

22 I verify the equivalence of both terms in Sec. 4.2.3 for the nematic bulk phase of HSC.
See Sec. 7.2 for further results using φ

{ζ[nt]}
2 .

23 In Sec. 8.2, I discuss more general expressions for the third term.

139





4. Application to monodisperse hard

spherocylinders

"Someone told me that each equation I included in the

book would halve the sales."

Stephen Hawking
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4.1. Weighted densities

Sections 3.2 and 3.3 provide a full survey of the general FMT framework
for anisotropic bodies. Now we consider a one-component fluid of HSC, see
Fig. 1.6, with length L, diameter D and volume v = π(3LD2 + 2D3)/12.
Recall from Sec. 1.2 that the phase behavior of HSC only depends on their
aspect ratio l = L/D and the average number density ρ or the packing
fraction η = ρv. This simple system, which is well understood by means of
the computer simulations described in Sec. 1.3, provides an excellent test
for new density functionals. Emphasizing that FMMT and its approximate
versions may be readily applied to more general problems, we set κ = 1 and
drop the indices i and j for the rest of this work. We only study uniaxial
orientations and therefore also replace O with ̟.

In this section, I discuss some technical issues of anisotropic FMT func-
tionals and apply the introduced procedures to the HSC fluid. In Sec. 4.1.1,
I illustrate the orientation dependence of the weight functions and provide
the explicit expressions for inhomogeneous HSC systems in one dimension.
For a fixed orientation, I also evaluate the mixed weight functions and
consider the full series representation in Sec. 4.1.2. The excluded volume
calculated in Sec. 4.1.3 provides a simple test of the approximations made
for the second term of the functional.

4.1.1. Orientation dependence

Preliminary remarks We have already seen that we can describe the
uniaxial orientation ˆ̟ (θ, φ) as the radial unit vector in spherical coordi-
nates according to Eq. (2.3.37). We calculate the orientational average with
respect to ̟ = (θ, φ) as in Eq. (2.3.19), restricting the azimuthal angle θ to
0 ≤ θ ≤ π/2. Doing the separation shown in Eq. (2.3.17), we can express
the orientational part of the density in terms of an orientational distribution
function. Yet, we have not provided explicit expressions for the orientation-
dependent weight functions ω(ν)(R) defined throughout Sec. 3.2, which is
an elaborate task for practical reasons.

With the point-symmetry of a HSC, it is sufficient to calculate the weight
functions only for one half-space of R3. For any point r on the surface of
a HSC centered in the origin, we see that the surface normal n(r,̟) =

−n(−r,̟) is anti-symmetric. As we see in Eq. (3.2.21), the tensorial weight
functions ω(2)

[r] and ω(1)
[r] of rank r contain r or r− 2 products of this vector,
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respectively. Therefore, we can make use of the general relation

ω(ν)(r,̟) = σν ω
(ν)(−r,̟) (4.1.1)

with the sign function σν = (−1)r. Accordingly, we set r = 0 and r = 1 for
the scalar and vectorial weight functions from Eq. (3.2.3) and Eq. (3.2.4),
respectively. With this symmetry, it is easy to understand that vectors and
odd-rank tensors are irrelevant in spatially homogeneous systems. In this
case, it is justified to assume the form of Eq. (3.3.10) for the second term
of the functional.

The mixed weight functions from Eq. (3.2.36) and Eq. (3.2.40) have no
symmetry in either of their arguments. Writing the denominator as

1

1 + n(R1)n(R2)
=

1

1− (n(R1)n(R2))
2 +

−n(R1)n(R2)

1− (n(R1)n(R2))
2 , (4.1.2)

we split the functions into a symmetric and an anti-symmetric part, which
we can expand into even-order and odd-order mixed weight functions, re-
spectively. Inverting both arguments at a time, any mixed weight function
Ω

(12)
ij,(υ)

(r1,̟1, r2,̟2) = Ω
(12)
ij,(υ)

(−r1,̟1,−r2,̟2) is symmetric. In the fol-
lowing, we only consider one-body weight functions explicitly. If not de-
noted otherwise, the procedure is analog for mixed weights.

The goal of this section is to provide general methods to calculate inte-
grals of the type
∫

R3

dr1 ω
(ν)(r− r1,̟1)h(r1) =

∫

R3

dr1 ω
(ν)(r1,̟1)h(−r1 + r) , (4.1.3)

where h(r) is an arbitrary function depending on the three spatial coor-
dinates r = (x, y, z)T. Most importantly, we find such an integral in the
weighted densities, Eq. (3.3.2), where h denotes the spatial density modu-
lation. With the substitution on the right-hand side,1 we achieved that the
argument of the weight functions ω(ν)(R1) resembles the definitions from
Eqs. (3.2.3), (3.2.4) and (3.2.21). In this case, we find the center of the
HSC at −r1 + r, in contrast to the picture in Fig. 3.2a with the vector r1

denoting the particle’s center.

1 In Ref. [311], I substituted r1 → r1 + r to provide a more intuitive illustration of
thresholded weight functions, obtained for h(z) = Θ(z), see Fig. 1 therein. With the
conversion in Eq. (4.1.3), we do not have to drag along the sign function σν from
Eq. (4.1.1).
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b

z
R

R

R
−1

êz̄ =





0

0

1





ˆ̟

r̂1

ˆ̄r
nR(ˆ̄r)

nR

(

ˆ̄r (r̂1, ̟)
)

n(r̂1, ̟) = R(̟)nR(R
−1(̟) r̂1)

Fig. 4.1.: Hard spherocylinder with the arbitrary orientation ˆ̟ in a body-fixed
(dashed lines, position vector r̄) and a space-fixed (solid line, position vector r1)
coordinate frame. The shown vectors are related to each other by the rotation
matrix R(̟) from Eq. (4.1.4). We parametrize the quantities on the surface of
the body parallel to the unit vector êz̄ along the radial unit vector ˆ̄r of the body-
fixed frame (subscript R). Within the space-fixed frame, we find the vectorial and
scalar functions on the surface of the oriented body in the direction r̂1 according
to Eqs. (4.1.5) and (4.1.6), respectively, as illustrated for the normal vector n.

Parametrization As we have demonstrated in Sec. 3.1.2, it is possi-
ble to parametrize a HSC in a body-fixed system using cylindrical coor-
dinates with the position vector r̄(¯̺, ϕ̄, z̄) = ¯̺ ê ¯̺ + z̄ êz̄. In this coordinate
frame, a body of any orientation is parallel to êz̄ = (0, 0, 1)T. There-
fore, we use Eq. (3.1.50) for the radius and Eqs. (3.1.51) to (3.1.55) for
the unit vectors and curvatures on the surface of a HSC as functions of
the coordinates z̄ and ϕ̄. This is exemplarily shown for the surface nor-
mal vector nR

(

ˆ̄r
)

= nHSC(z̄, ϕ̄) from Eq. (3.1.51) on the HSC with the
dashed boundary in Fig. 4.1. The constraint that r̄ constitutes a point on
the surface is given by Eq. (3.1.38). In the following, we denote all oc-
curring vectorial and scalar quantities by vR ∈ {nHSC,v

I
HSC,v

II
HSC, ê ¯̺} and

sR ∈ {̺HSC,HHSC,KHSC,∆κHSC}, respectively.

In the space-fixed system, the unit vector êz̄(̟) always points in the
direction of the symmetry axis of the HSC and therefore is identical to its
orientation ˆ̟ . Rotating the unit vector êz̄ of the body-fixed coordinate
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system with respect to the orientation matrix [140]

R(̟) =





cosφ

sinφ

0

− sinφ

cosφ

0

0

0

1









cos θ

0

− sin θ

0

1

0

sin θ

0

cos θ





=





cosφ cos θ

sinφ cos θ

− sin θ

− sinφ

cosφ

0

cosφ sin θ

sinφ sin θ

cos θ



 , (4.1.4)

we recover the vector ˆ̟ (θ, φ) = R(̟) êz̄ from Eq. (2.3.37). In the case
that the HSC is oriented parallel to the z axis, the matrix R(0, 0) depicts
an identity mapping, i.e., both coordinate frames are the same.

In general, we can transfer all vectors v(ˆ̄r) parametrized in the body-
fixed coordinates to the space-fixed frame according to

v (r̂1,̟) = R(̟) vR

(

ˆ̄r (r̂1,̟)
)

= R(̟) vR

(

R
−1(̟) r̂1

)

, (4.1.5)

where r̂1 is the vector pointing from the center of a HSC to its surface.
In the last step, we appropriately transferred the argument ˆ̄r(r̂1,̟) to the
space-fixed coordinates, by inverting the special case r1 = R(̟) r̄. This
rotation is illustrated in Fig. 4.1, where the HSC with the solid boundary
and its surface normal are the images of the dashed picture transformed by
R(̟). The scalar quantities

s (r̂1,̟) = sR

(

ˆ̄r (r̂1,̟)
)

= sR

(

R
−1(̟) r̂1

)

(4.1.6)

do not depend on the reference frame. However, the direction of r̂1 always
depends on the orientation.

Inserting the expressions from Eqs. (4.1.5) and (4.1.6), one arrives at a
general representation

ω(ν)(r1,̟) = ω(ν)
(

{v (r̂1,̟)} , {s (r̂1,̟)} ,R−1(̟) r1
)

(4.1.7)

of orientation-dependent weight functions. For this purpose, we require the
position vector r̄ (r̂1,̟) = R−1(̟) r1 in cylindrical coordinates according
to our parametrization. In practice, e.g., for resolving the δ distribution
in Eq. (3.1.38) numerically, this procedure becomes difficult. Therefore,
it is more convenient to substitute r1 → R(̟) r̄ and define some effec-
tive orientation-dependent weight functions depending on the body-fixed
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4.1. Weighted densities

coordinates according to

ω
(ν)
R

(r̄,̟) := ω(ν)
({

v
(

R(̟) ˆ̄r,̟
)}

,
{

s
(

R(̟) ˆ̄r,̟
)}

, r̄
)

, (4.1.8)

such that we find ˆ̄r
(

R(̟) ˆ̄r,̟
)

≡ ˆ̄r in Eqs. (4.1.5) and (4.1.6).

Doing so, we express the integral in Eq. (4.1.3) as
∫

R3

dr1 ω
(ν)(r−r1,̟1)h(r1) =

∫

R3

¯̺d¯̺dϕ̄dz̄ ω
(ν)
R

(r̄,̟1)h(−r1(r̄,̟1)+r) ,

(4.1.9)
where the rotation R(̟) ( ¯̺ ê ¯̺ + z̄ êz̄) of the body-fixed position vector r̄

yields the instruction

r(r̄,̟) =





cosφ cos θ ¯̺cos ϕ̄− sinφ ¯̺sin ϕ̄+ cosφ sin θz̄

sinφ cos θ ¯̺cos ϕ̄+ cosφ ¯̺sin ϕ̄+ sinφ sin θz̄

− sin θ ¯̺cos ϕ̄+ cos θz̄



 (4.1.10)

for how to substitute a space-fixed vector r. Hence, in Eq. (4.1.9), the
orientation dependence of the weight functions is partially, or, for scalar
quantities, completely, transferred to the modulation h. The rotated weight
functions ω(ν)

R
(r̄,̟) from Eq. (4.1.8) do not represent the full expressions

ω(ν)(r1,̟) but can be conveniently used for explicit calculations.

One-dimensional problems When we do not need to consider a mod-
ulation h(r) depending on all three coordinates, it is convenient to sim-
plify the weight functions according to the symmetry of the system [228].
In Sec. 2.3.5, we introduced one-dimensional density modulations h(z) to
model the IN interface and smectic layering. For such planar geometries,
we can simplify the integral
∫

R3

dr1 ω
(ν)(r− r1,̟1)h(z1) =

∫ ∞

−∞
dz1 ω

(ν)(z − z1,̟1)h(z1) (4.1.11)

from Eq. (4.1.3), such that we only require the one-dimensional weight
functions ω(ν)(z,̟). For a HSC, we can derive explicit expressions.

To do so, we slice a HSC centered at z = 0 along planes E(z) perpen-
dicular to the z axis. For each value of z, we calculate the weight function
of the two-dimensional manifolds given by the intersection. According to
Fig. 4.2, there are four cases where we have a non-empty set when E(z) in-
tersects with (a) one hemisphere, (b) the cylinder and one hemisphere and,
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z
zM

z+
S

z−S

zS

(a)

(b)

(c)

θ < θc

θ

θc

z

zM

z+
S

−z−S
z−S

(a)

(b)

(d)

θ > θc

θ
θc

Fig. 4.2.: Hard spherocylinder centered at z = 0 with its symmetry axis tilted
by the angle 0 < θ < π/2. We show four regions with a different shape of the
intersection with a plane E(z) perpendicular to the z axis. In region (a), only
the upper hemisphere intersects with E(z). In addition, the cylindrical body
contributes in region (b). Depending on whether θ < θc or θ > θc, we find a region
(c), whereE(z) only intersects with the cylinder, or a region (d) with a contribution
of the cylinder and both hemispheres. The boundaries of these regions are defined
in the text, compare the characteristic functions in Eq. (4.1.13).

depending on the angle θ, with (c) the cylinder or (d) the cylinder and two
hemispheres. As a consequence of the symmetry of a HSC, we only need to
consider z ≥ 0 and use Eq. (4.1.1) when z < 0.

We denote the center of the upper hemisphere with radius R = D/2 by
the coordinate zS(θ) = L cos θ/2. The boundaries of the regions (a), (b),
(c) and (d) on the z axis are given by

zM = zS +R =
L cos θ

2
+
D

2
,

z±S = zS ±R sin θ =
L cos θ

2
± D sin θ

2
, (4.1.12)

see Fig. 4.2. The respective characteristic functions are

χa(z, θ) = Θ
(

z − z+S
)

Θ(−z + zM) ,

χb(z, θ) = Θ
(

z −
∣

∣z−S
∣

∣

)

Θ
(

−z + z+S
)

,

χc(z, θ) = Θ (z)Θ
(

−z + z−S
)

Θ(−θ + θc) ,

χd(z, θ) = Θ (z)Θ
(

−z − z−S
)

Θ(θ − θc) . (4.1.13)

We further introduce the critical angle θc = arctan l, such that there is no
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MH−

∆C−

MC

∆H−

⊙z

d−

(a)

θ
θ

MH−

∆C−

MC−

0

Z−

D−

E(z)

∆H−
(b)

Fig. 4.3.: Intersection (thick solid line) of a hard spherocylinder with a plane
E(z) perpendicular to the z axis in region (b), see Fig. 4.2. The symmetry axis
of the body is tilted by θ and the polar orientation φ is arbitrary. We show the
centersM−

H andMC of the intersection with the hemispherical and cylindrical part,
respectively. The dotted lines indicate the continuation of both figures to a full
circle and ellipse, which we cut off at the common interface D−(̟) between the
cylinder and the hemisphere. Within E(z), we denote the distances from D−(̟)
to M−

H and MC by ∆−
H and ∆C , respectively. (a) Topview. The intersection

d−(z,̟) := E(z)∩D−(̟) defines the chord of both the circular and the elliptical
segment, which is perpendicular to the dashed line connecting the centers. (b)
Sideview. The coordinate Z−(z) is relative to the center of the hemisphere at
z = zS. The dashed lines show the positions of M−

H and MC for other values of z.

intersection of a plane with solely the cylindrical part for θ > θc. Therefore,
the condition z−S > 0 is equivalent to θ < θc.

The intersection between a sphere and a plane is a disk. For a cylin-
der with its symmetry axis tilted with respect to the normal of E(z), the
result is an ellipse. We find these intersection figures in region (a) and
(c), respectively. Considering a HSC, we also need to combine segments of
both figures. Let D∓(̟) denote the disks separating the cylindrical part
of a HSC from the hemispheres centered at ±zS. In region (b), we cut the
disk and the ellipse along the common chord d−(z,̟) := E(z) ∩ D−(̟)

connecting the intersection points of their boundaries, which we illustrate
in Fig. 4.3a. Similarly, in region (d), we cut the ellipse a second time at
d+(z,̟) := E(z) ∩D+(̟) and join another circular segment from the in-
tersection with the second hemisphere.

Fixing the orientation, the centers MH∓(z,̟) of the disks corresponding
to upper (minus sign) and lower (plus sign) hemisphere lie on a line parallel
to the z axis, whereas the centers MC(z,̟) of the ellipses always coincide
with the symmetry axis of the cylinder, see Fig. 4.3b. These lines meet in
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4. Application to monodisperse hard spherocylinders

MH−

y

⊙z
r̂
ϕ

x

n⊥
H−

φ

d−

(a)

E(z) MH−

z

R

nH−

n
‖
H−

n⊥
H−Z−

̺H−

·
zS

(b)

Fig. 4.4.: Parametrization of the circular (or analogously the elliptical) intersec-
tion, see Fig. 4.3, by the polar angle ϕ. (a) Topview. Enclosing the orientational
polar angle φ with the x axis, the dashed line connects the origin with the center
MH− and is perpendicular to the chord d−(z,̟). Therefore, it constitutes the
symmetry axis of the intersection. We define the angle ϕ, such that this axis is
parallel to the radial unit vector r̂(ϕ, φ) from Eq. (4.1.19) for ϕ = 0. The compo-
nent n⊥

H−
(z, ϕ,̟) of the normal vector that lies within E(z) is always parallel to

r̂(ϕ, φ). (b) Sketch of the complete normal vector nH−(z, ϕ,̟) from Eq. (4.1.21)
to the surface of a sphere with radius R. We calculate the components of this vec-
tor and the radius ̺H−(z, θ) of the circular intersection from Eq. (4.1.20) within
the indicated right triangle, where Z− = z − zS.

the centers of the hemispheres at z = ±zS. For simplicity, we introduce the
relative coordinates

Z∓(z, θ) := z ∓ zS = z ∓ L cos θ

2
. (4.1.14)

We find the shortest distances

∆H∓(z, θ) =
|Z∓|
tan θ

(4.1.15)

∆C∓(z, θ) = tan θ |Z∓|+∆H∓ =
|Z∓|

sin θ cos θ
(4.1.16)

from the centers MH∓ and MC to the chords d∓, respectively. We can
easily verify these formulas for region (b) with the drawings in Fig. 4.3 and
analogously for region (d).

In the following calculations, we restrict ourselves to at least rank-two
tensors. As in Sec. 3.1.2, we determine the weight functions

ω(ν)(z,̟) = ω
(ν)
H (z,̟) + ω

(ν)
C (z,̟) , (4.1.17)
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4.1. Weighted densities

from the contributions ω(ν)
H of the two hemispheres and ω(ν)

C of the cylinder.
The weight function ω(3)(z,̟) measures the intersection area of E(z) with
the HSC. All other ω(ν)(z,̟) correspond to integrals over the intersection
line with its boundary. As the curvatures on these surfaces are constant,
we find

ω(0)(z,̟) =
1

πD2
ω
(2)
H (z,̟)

ω(1)(z,̟) =
1

2πD
ω
(2)
H (z,̟) +

1

4πD
ω
(2)
C (z,̟)

~ω(1)(z,̟) =
1

2πD
~ω
(2)
H (z,̟) +

1

4πD
~ω
(2)
C (z,̟) . (4.1.18)

Therefore, we do not need to consider these weight functions separately.

We parametrize the boundary line of each intersection by a polar angle
ϕ. The unit vector

r̂(ϕ, φ) =





cos(ϕ+ φ)

sin(ϕ+ φ)

0



 , (4.1.19)

pointing from MH∓ or MC to the boundary, also depends on the polar
angle φ of the orientation, see Fig. 4.4a. We further introduce the index
ς ∈ {◦,−,+}, setting Z◦ := Z−. The quantities labeled with ς = ∓ refer
to the segments of disks and ellipses with the chord d∓. The label ς = ◦
denotes that we consider a full disk or ellipse.

Weight functions of circular intersections First, we consider the in-
tersections of the planes E(z) with the capping hemispheres of the HSC. As
we see for the example with ς = − in Fig. 4.4b, we have the radius

̺Hς (z, θ) =
√

R2 − Z2
ς (4.1.20)

of the circular intersection and the normal vector

nHς (z, ϕ,̟) =
1

R





̺Hς (z, θ) cos(ϕ+ φ)

̺Hς (z, θ) sin(ϕ+ φ)

Zς



 (4.1.21)

to the hemisphere at the boundary of the intersection region. We find that
the scalar product

r̂(ϕ, φ)nHς (z, ϕ,̟) =
̺Hς (z, θ)

R
(4.1.22)
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MH∓
d−d+

ϕ
(2)
H+ ϕ

(1)

H−

∆H−∆H+

ϕ
(1)
H+

ϕ
(2)
H−

(a)

MC

d+ d−

ϕ
(1)
C+

ϕ
(2)
C+ ϕ

(2)
C−

∆C−∆C+

ϕ
(1)
C−

(b)

Fig. 4.5.: Example for the integral limits in regions (b) and (d). For region (b),
only the symbols with the label ‘ − ‘ are relevant, as described in the caption of
Fig. 4.3a. We integrate over the polar angle ϕ, defined as in Fig. 4.4a, from ϕ(1)

to ϕ(2) in each case. We find the expressions for these limits by comparing cosϕ
to ∆−

H and ∆C from Eqs. (4.1.15) and (4.1.16). The gray-shaded parts denote the
area of the intersection, which we measure by ω(3). (a) Intersections of E(z) with
the two hemispheres, drawn into one picture. The two circles centered at MH−

and MH+ have the same radius. To calculate the hemispherical weight functions,
we add up both integrals with the limits from Eq. (4.1.24). By this method, we
unwantedly account for the sectors corresponding to the two gray segments and
therefore subtract the area of the adjacent triangles to obtain ω(3). (b) Intersection
of E(z) with the cylinder. The limits are defined in Eq. (4.1.39). To account for
the boundary of the darker gray sectors, we subtract the integrals with the label
‘ + ‘. For ω(3), we add the area of the lighter gray triangles to this difference.

of the normal vector with the unit vector from Eq. (4.1.19) is independent
of both polar angles ϕ and φ. As ∆κ = 0 for the hemispheres, we do not
need to determine the directions of the principal curvatures in this case.

In region (a), the full circle contributes to the weight functions. Hence,
we have the trivial limits ϕ(1)

H◦ = 0 and ϕ
(2)
H◦ = 2π of the integral over ϕ.

Figure 4.5a shows that we obtain the distance ∆H∓ in Eq. (4.1.15) between
the chords d∓ and the centers MH∓ , projecting the two endpoints of d∓ onto
the line connecting the point (0, 0, z)T with MH∓ . The resulting condition

− ̺H∓(z, θ) cosϕ =
Z∓

tan θ
, (4.1.23)

yields the limits

ϕ
(2)
H−(z, θ) = arccos(−ZH−) = −ϕ(1)

H−(z, θ) ,

ϕ
(2)
H+(z, θ) = 2π − arccos(−ZH+) = 2π − ϕ(1)

H+(z, θ) , (4.1.24)
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indicated in Fig. 4.5a for an example in region (d). We define

ZH∓(z, θ) :=
Z∓

√

R2 − Z2
∓ tan θ

, (4.1.25)

such that ZH−(z+S , θ) = 1 and ZH−(z−S , θ) = −1 for the two bounds of
region (b). We deduce from Fig. 4.2 that the angle ϕ(2)

H− increases from
0 to π and ϕ

(1)
H− decreases from 0 to −π when we increase z from z−S to

z+S . As we restrict ourselves to z ≥ 0, we have a minimal opening angle
ϕ
(2)
H−(0, θ)− ϕ(1)

H−(0, θ) > 0 for θ > θc. Likewise, we find ZH+(−z−S , θ) = 1

for the upper bound of region (d), where ϕ(2)
H+ = ϕ

(1)
H+ = π. We find the

relation ϕ
(2)
H+ − ϕ(1)

H+ ≤ ϕ(2)
H− − ϕ(1)

H− ≤ π for the opening angles. For z = 0

and θ = π/2, the intersections of both hemispheres add up to a full disk
with the radius R.

Using the introduced parametrization, we define

ω
(ν)
Hς (z,̟) = ̺Hς

∫ ϕ
(2)
Hς

ϕ
(1)
Hς

dϕ
FHς (z, ϕ,̟)

r̂(ϕ, φ)nHς (z, ϕ,̟)
= R

∫ ϕ
(2)
Hς

ϕ
(1)
Hς

dϕFHς (z, ϕ,̟) ,

(4.1.26)

where FHς ∈ {1, nα1,Hς , nα1,Hς nα2,Hς} with αr ∈ {1, 2, 3}. In the last step,
we inserted Eq. (4.1.22). To calculate

ω
(3)
Hς (z, θ) = ̺2Hς

(

∫ ϕ
(2)
Hς

ϕ
(1)
Hς

dϕ

2
− sinϕ

(2)
Hς cosϕ

(2)
Hς

)

, (4.1.27)

measuring the area of the circular intersections, we need to take into account
that the integral over ϕ provides the area of full sectors instead of the
required segments. Therefore, we have to subtract the area of an isosceles
triangle with the legs ̺Hς and the vertex angle ϕ(2)

Hς − ϕ(1)
Hς < π, which we

see in Fig. 4.5a. In the case where ϕ(2)
Hς − ϕ(1)

Hς > π, we need to add the
corresponding area. Now we can assemble the full hemispherical weight
function

ω
(ν)
H (z,̟) = ω

(ν)
H◦ χa(z) + ω

(ν)
H− χb(z) +

(

ω
(ν)
H− + ω

(ν)
H+

)

χd(z) , (4.1.28)

required in Eq. (4.1.17), from the individual contributions calculated for the
regions (a), (b) and (d).
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Introducing the short notations

AH◦ = 2π , AH∓(z, θ) = 2 arccos (∓ZH∓) ,

BH◦ = 0 , BH∓(z, θ) = ±2
√

1− Z2
H∓ ,

CH◦ = 0 , CH∓(z, θ) = ∓2ZH∓

√

1− Z2
H∓ , (4.1.29)

with ZH∓(z, θ) from Eq. (4.1.25), we obtain

ω
(3)
Hς =

R2 − Z2
ς

2
(AHς −CHς ) ,

ω
(2)
Hς = RAHς ,

~ω
(2)
Hς =





√

R2 − Z2
ς cosφ BHς

√

R2 − Z2
ς sinφ BHς

Zς AHς



 (4.1.30)

and

(←→ω (2)
Hς

)

11
=
R2 − Z2

ς

2R

(

AHς +
(

2 cos2 φ− 1
)

CHς

)

,

(←→ω (2)
Hς

)

22
=
R2 − Z2

ς

2R

(

AHς −
(

2 cos2 φ− 1
)

CHς

)

,

(←→ω (2)
Hς

)

33
=
Z2
ς

R
AHς ,

(←→ω (2)
Hς

)

12
=
R2 − Z2

ς

R
cosφ sinφ CHς ,

(←→ω (2)
Hς

)

13
=
Zς

√

R2 − Z2
ς

R
cosφ BHς ,

(←→ω (2)
Hς

)

23
=
Zς

√

R2 − Z2
ς

R
sinφ BHς . (4.1.31)

Weight functions of elliptical intersections As long as we do not cut
off segments, the intersection of E(z) with a cylinder tilted relatively to the
z axis by the angle θ is a uniform ellipse with the semi-axes R

cos θ and R.
For an arbitrary value of z, we parametrize the radius

̺C(ϕ, θ) =
R

√

1− sin2 θ cos2 ϕ
, (4.1.32)
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by the polar angle ϕ. To determine the unit vectors on the surface, we
consider the vector

RC(z, ϕ,̟) =





cosφ

sinφ

0

− sinφ

cosφ

0

0

0

1









z tan θ + ̺(ϕ) cosϕ

̺(ϕ) sinϕ

z





=





cosφz tan θ + ̺(ϕ) cos(φ+ ϕ)

sinφz tan θ + ̺(ϕ) sin(φ+ ϕ)

z



 (4.1.33)

pointing to the surface of an oblique elliptical cylinder through the origin.
According to Eq. (3.1.40), we obtain the normal vector

nC(ϕ,̟) =
1

√

1− sin2 θ cos2 ϕ





cosφ cosϕ cos2 θ − sinφ sinϕ

cosφ sinϕ+ sinφ cosϕ cos2 θ

− cosϕ cos θ sin θ



(4.1.34)

to its surface and the scalar product in the denominator of the weight func-
tions becomes

r̂(ϕ, φ)nC(ϕ,̟) =

√

1− sin2 θ cos2 ϕ . (4.1.35)

The direction

vII
C (̟) = ˆ̟ (θ, φ) =





cosφ sin θ

sinφ sin θ

cos θ



 (4.1.36)

of the principal curvature is parallel to the symmetry axis of the cylinder,
i.e., the orientational unit vector. According to the relation vI = vII ×n of
the orthonormal vectors, we find

vI
C(ϕ,̟) =

1
√

1− sin2 θ cos2 ϕ





− cos θ(cosφ sinϕ+ sinφ cosϕ)

cos θ(cosφ cosϕ− sinφ sinϕ)

sin θ sinϕ





(4.1.37)

from Eq. (4.1.34) and Eq. (4.1.36). We see that all formulas describing the
geometry of the intersection region of E(z) with the cylindrical part do not
explicitly depend on z.

As the cylindrical part of a HSC is to be considered as a tilted cylinder
rather than the oblique cylinder indicated in Fig. 4.3b, we need to introduce
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4. Application to monodisperse hard spherocylinders

the z-dependent cut-off angles ϕ(1)
Cς and ϕ(2)

Cς , as illustrated in Fig. 4.5b. The
only exception is region (c), where we obviously have an oblique cylinder
with ϕ

(1)
C◦ = 0 and ϕ

(2)
C◦ = 2π. Following an analog argumentation to that

yielding Eq. (4.1.23), we arrive at

− ̺C(ϕ, θ) cosϕ =
Z∓

sin θ cos θ
. (4.1.38)

As we see in Fig. 4.3b for Z−, we have Z∓ > 0 whenever cosϕ < 0 and vice
versa. Hence, we obtain the limits

ϕ
(2)
C∓(z, θ) = 2π − arccos(−ZC∓) = 2π − ϕ(1)

C∓(z, θ) . (4.1.39)

of the ϕ integration with

Z̃C∓(z, θ) :=
Z∓

√

R2 cos2 θ + Z2
∓ sin θ

. (4.1.40)

As for Eq. (4.1.25), we see that Z̃C−(z±S , θ) = ±1. However, we carry out
the integration in a different order than for the circle with the limits from
Eq. (4.1.24), which we understand looking at Fig. 4.5. The opening angles
ϕ
(2)
C∓ − ϕ(1)

C∓ decrease when we increase z and we have to subtract the integral
running from ϕ

(1)
C+ to ϕ(2)

C+ in region (d).

We calculate the partial weight functions

ω
(ν)
C (z,̟) = ω

(ν)
C− χb(z) + ω

(ν)
C◦ χc(z) +

(

ω
(ν)
C− − ω(ν)

C+

)

χd(z) (4.1.41)

for the elliptical segments of the cylindrical parts from the general expres-
sions

ω
(ν)
Cς (z,̟) =

∫ ϕ
(2)
Cς

ϕ
(1)
Cς

dϕ̺C(ϕ, θ)
FC(ϕ,̟)

r̂(ϕ, φ)nC(ϕ,̟)
, (4.1.42)

where FC ∈ {1, nα1,C, nα1,C nα2,C, v
I
α1,C

vIα2,C
, vIIα1,C

vIIα2,C
} and αr ∈ {1, 2, 3}.

According to Fig. 4.5b, we calculate

ω
(3)
C (z,̟) =

∫ ϕ
(2)
Cς

ϕ
(1)
Cς

dϕ
̺2C(ϕ, θ)

2
+ ̺2C

(

ϕ
(1)
Cς , θ

)

sinϕ
(1)
Cς cosϕ

(1)
Cς (4.1.43)

adding or subtracting a triangle when ϕ
(2)
C∓ − ϕ(1)

C∓ > π or ϕ(2)
C∓ − ϕ(1)

C∓ < π,
respectively.
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4.1. Weighted densities

Introducing the parameters

AC◦(θ) =
2π

cos θ
, AC∓(z, θ) =

2

cos θ
arccos (ZC∓) ,

BC◦ = 0 , BC∓(z, θ) = −2
√

1− Z2
C∓ ,

CC◦ = 0 , CC∓(z, θ) =
2

cos θ
ZC∓

√

1− Z2
C∓ (4.1.44)

with

ZC∓(z, θ) :=
Z∓

R sin θ
=
Z̃C∓

√

R2 cos2 θ + Z2
∓

R
, (4.1.45)

which is different to Z̃C∓ , defined in Eq. (4.1.40), we obtain

ω
(3)
Cς =

R2

2
(ACς − CCς )

ω
(2)
Cς = RACς

~ω
(2)
Cς = R





cosφ

sinφ

− tan θ



BCς , (4.1.46)

(←→ω (2)
Cς

)

11
=
R

2

((

1− sin2 θ cos2 φ
)

ACς +
(

cos2 θ cos2 φ− sin2 φ
)

CCς

)

,

(←→ω (2)
Cς

)

22
=
R

2

((

1− sin2 θ sin2 φ
)

ACς +
(

cos2 θ sin2 φ− cos2 φ
)

CCς

)

,

(←→ω (2)
Cς

)

33
=
R

2

(

sin2 θ ACς + sin2 θ CCς

)

,

(←→ω (2)
Cς

)

12
=
R

2

(

− sin2 θ sinφ cosφ ACς + (1 + cos2 θ) sinφ cosφ CCς

)

,

(←→ω (2)
Cς

)

13
=
R

2
(− sin θ cos θ cosφ ACς − sin θ cos θ cosφ CCς ) ,

(←→ω (2)
Cς

)

23
=
R

2
(− sin θ cos θ sinφ ACς − sin θ cos θ sinφ CCς ) (4.1.47)

and
(←→ω (1)

Cς

)

11
=

1

16π

((

1− 3 sin2 θ cos2 φ
)

ACς −
(

cos2 θ cos2 φ− sin2 φ
)

CCς

)

,

(←→ω (1)
Cς

)

22
=

1

16π

((

1− 3 sin2 θ sin2 φ
)

ACς −
(

cos2 θ sin2 φ− cos2 φ
)

CCς

)

,

(←→ω (1)
Cς

)

33
=

1

16π

((

1− 3 cos2 θ
)

ACς − sin2 θ CCς

)

,
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(←→ω (1)
Cς

)

12
=

1

16π

(

−3 sin2 θ sinφ cos φACς − (1 + cos2 θ) sinφ cosφCCς

)

,

(←→ω (1)
Cς

)

13
=

1

16π
(−3 sin θ cos θ cosφACς + sin θ cos θ cosφCCς ) ,

(←→ω (1)
Cς

)

23
=

1

16π
(−3 sin θ cos θ sinφACς + sin θ cos θ sinφCCς ) . (4.1.48)

Summary and comparison We discussed two possibilities to calculate
weighted densities, solving the spatial integrals either with the conversion in
Eq. (4.1.9) by a rotation matrix or using the one-dimensional weight func-
tions ω(ν)(z,̟) in Eq. (4.1.11) for a planar geometry. The first approach
has the obvious advantage that it is valid for higher-dimensional problems
and other one-dimensional geometries, e.g., with a radial symmetry of h(r)
or with h(ϕ) depending on the polar angle in a cylindrically symmetric sys-
tem. In a planar geometry, this rotation method can be straightforwardly
applied for particles with a different shape without having to calculate sim-
plified weight functions in advance. On the downside, we need to calculate
two additional integrals compared to the second method. For some simple
systems, however, we can solve the integral in Eq. (4.1.9) analytically, e.g.,
considering a spatially homogeneous problem with h being constant. In
this case, the splitting of ω(ν)(z,̟) into contributions of different regions,
as in Eqs. (4.1.28) and (4.1.41), is unnecessary and actually complicates the
calculation.

The once-only procedure to simplify the weight functions reduces the
numerical effort remarkably. Calculating the integral from Eq. (4.1.11) in
real space, we use the symmetry of a spherocylinder from Eq. (4.1.1). Doing
so, the one-dimensional weighted densities read

nν(z) =

∫

d̟

∫ ∞

−∞
dz1 ω

(ν)(z − z1,̟) ρ(z1,̟)

=

∫

d̟

∫ ∞

0
dz1 ω

(ν)(z1,̟) (σν ρ(z1 + z,̟) + ρ(−z1 + z,̟)) (4.1.49)

as a special case of Eq. (3.3.2). More efficiently, the convolution in

nν(z) =

∫

d̟FT −1
(

FT
(

ω(ν)
)

∗ FT (ρ)
)

(4.1.50)

becomes a simple product in Fourier space, which is easy to implement [228]
using an appropriate algorithm to calculate the Fourier transforms FT .
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4.1. Weighted densities

Note that the orientational part of the density profile does not need to
be cylindrically symmetric. To describe systems with a tilted director, we
can convert the orientational distribution function according to Eq. (2.3.51).
We can further calculate the one-dimensional tensorial weight functions of
higher rank by the described method substituting FHς and FC in Eq. (4.1.26)
and Eq. (4.1.42), respectively, with the appropriate combinations of unit
vectors found in Eq. (3.2.21). It is, however, not possible to calculate the
mixed weight functions Ω(12)(z1, z2,̟1,̟2) and ω(12)(z1, z2,̟1,̟2) by this
method, as we cannot solve the integrals over the polar angles ϕ1 and ϕ2

analytically.

4.1.2. Weight functions of perfectly aligned bodies

Planar geometry Considering parallel HSC, the one-dimensional weight
functions

ω(ν)
pa (z) :=

∫ 2π

0

dφ

2π
ω(ν)(z, 0, φ) =

∫ 2π

0

dφ

2π

∫ 2π

0
dϕ

∫ ∞

0
̺d̺ω

(ν)
R

(r, 0, φ)

(4.1.51)
can be obtained from both methods described in Sec. 4.1.1 when setting the
azimuthal angle θ = 0. For a cylindrically symmetric body, the polar angle
φ is arbitrary and we include the average only for formal reasons. With the
trivial rotation matrix R(0, 0) from Eq. (4.1.4), the rotated ω

(ν)
R

and full
weight functions ω(ν) in Eq. (4.1.9) are equivalent.

According to Fig. 4.2, we only need to consider regions (a) and (c) to cal-
culate the one-dimensional weight functions ω(ν)(z, 0, φ) from Eq. (4.1.17).
Hence, both the hemispherical part from Eq. (4.1.28) and the cylindrical
part from Eq. (4.1.41) solely contain contributions with the label ς = ◦.
The associated characteristic functions from Eq. (4.1.13) reduce to the def-
initions Ihs(z) = χa(z, 0) and Icyl(z) = χc(|z|, 0) from Eq. (3.1.46) and
Eq. (3.1.41), respectively.

Using the formulas from the final paragraph of Sec. 3.1.2 to calculate
the weight function in the integral on the right-hand side of Eq. (4.1.51),
we obtain

ω(3)
pa (z) =

πD2

4

(

Icyl(z) + (1− z2D) Ihs(|z|)
)

, ω(0)
pa (z) =

1

D
Ihs(|z|) ,

ω(2)
pa (z) = πD (Icyl(z) + Ihs(|z|)) , ω(1)

pa (z) =
1

4
(Icyl(z) + 2Ihs(|z|)) (4.1.52)
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4. Application to monodisperse hard spherocylinders

and
−→ω (2)

pa (z) = πDzD Ihs(|z|) êz = 2πD−→ω (1)
pa (z) . (4.1.53)

With the chosen parametrization, the surface integral over ̺ yields the factor
D/2 according to Eq. (3.1.48). Note that the hemispherical coordinate
zD = sgn(z) 2

D (|z| − L
2 ) from Eq. (3.1.49) is equivalent to 2

DZ∓ for ±z > 0,
respectively. We find the same results with ω(ν)(z, 0, φ), only defined for
z > 0. In Eq. (4.1.52) and Eq. (4.1.53), we directly see that the scalar and
vectorial weight functions are symmetric and anti-symmetric, respectively.

Mixed weight functions Assuming two parallel HSC, we can also sim-
plify the mixed weight functions for a planar geometry. With the mixed
weight function ω(12) from Eq. (3.2.40), we find

ω(12)
pa (z1, z2) = I

(1)
cyl D

∫∫

dϕ1dϕ2(1− cos(ϕ1 − ϕ2)) I
(2)
cyl

+ I
(1)
cyl D

∫∫

dϕ1dϕ2

(1− z22,D) cos2(ϕ− ϕ′)− 1 + 2z22,D

1 +
√

1− z22,D cos(ϕ1 − ϕ2)
I
(2)
hs

=
πD

4
I
(1)
cyl

(

I
(2)
cyl + (1− 2|z2,D|) I(2)hs

)

, (4.1.54)

where I
(i)
cyl := Icyl(zi) and I

(i)
hs := Ihs(|zi|). Interestingly, we verify that

ω(12)
pa (z1, z2) = ω(12)

pa (−z1, z2) = ω(12)
pa (z1,−z2) = ω(12)

pa (−z1,−z2) (4.1.55)

is completely symmetric, in contrast to the general case. This means that
the second term on the right-hand side of Eq. (4.1.2) does not contribute
to ω(12)

pa , which implies that all odd-order terms ω(12)
[2n+1],pa in the expansion

from Eq. (3.2.43) vanish. The only non-vanishing perfectly aligned weight
functions of odd order are the vectors found in Eq. (4.1.53).

We can perform the same calculation as in Eq. (4.1.54) using the full
mixed weight function Ω(12) from Eq. (3.2.36). According to Eq. (3.2.41),
the result

Ω(12)
pa (z1, z2) =

πD

2

(

|z2,D| I(1)cyl I
(2)
hs + I

(1)
hs I

(2)
cyl + (1− z1,D z2,D) I(1)hs I

(2)
hs

)

= ω(1)
pa (z)ω

(2)
pa (z2)−−→ω (1)

pa (z)
−→ω (2)

pa (z2)− ω(12)
pa (z1, z2) (4.1.56)

can be expressed in terms of the previously calculated weight functions. The
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4.1. Weighted densities

vectors constitute the anti-symmetric part of Ω(12)
pa , i.e., the term propor-

tional to z1,D z2,D. Importantly, there is no term in Eq. (4.1.56) depending
on both cylindrical parts simultaneously, in contrast to Eq. (4.1.54).

Series expansion Consider the mixed weight functions ω(12)
[r]

of order r
from Eq. (3.2.44) in a perfectly aligned system. As we understand from the
symmetry in Eq. (4.1.55), we only find the even-order terms

ω
(12)
[2n],pa(z1, z2) =

D

16π
I
(1)
cyl Π

(I)
n

(

I
(2)
cyl +

(

1− z22,D
)n

I
(2)
hs

)

+
D

16π
I
(1)
cyl Π

(II)
n

(

1− z22,D
)n−1

z22,D I
(2)
hs . (4.1.57)

The two factors Π
(I)
n and Π

(II)
n comprise the results of the integrals over ϕ1

and ϕ2. The superscripts (I) and (II) denote a connection to the direc-
tions vI

HSC and vII
HSC of the principal curvatures from Eq. (3.1.52), respec-

tively. To understand Eq. (4.1.57), it is convenient to think of the mixed
weight function ω(12)

[2n] (z1, z2) as a composition, according to Eq. (3.2.43), of
the single components ω(1)

α1...α2n(z1) and ω(2)
α1...α2n(z2) of two tensorial weight

functions, defined in Eq. (3.2.21).

The necessary condition that a component ω(1)
α1...α2n of the first weight

function has a non-zero value is that either (I) αg 6= 3 for g ∈ {1 . . . 2n} or
(II) αg 6= 3 for g ∈ {1 . . . 2n−2} and α2n−1= α2n= 3. Otherwise, there is at
least one entry nα1 , . . . , nα2n−2 , v

I
α2n−1

, vIα2n
or nα1 , . . . , nα2n−2 , v

II
α2n−1

, vIIα2n

of the unit vectors on the cylindrical surface which is zero for case (I) or (II),
respectively. Since we always calculate a product of both weight functions,
we apply the same restriction to ω(2)

α1...α2n , which only depends on the normal
vector from Eq. (3.1.51). The resulting dependence on z2 in the first and
second line of Eq. (4.1.57), is the same for all non-vanishing components in
each case (I) and (II). There is no term with I

(2)
cyl in the second line, as the

third component of the cylindrical normal vector is zero.

We obtain the factors Π
(I)
n and Π

(II)
n in Eq. (4.1.57) by combining all

occurring integrals over ϕ1 and ϕ2, which resemble

Ip,q :=

∫ 2π

0
dϕ (cos2 ϕ)p (sin2 ϕ)q = 2

Γ(p+ 1
2)Γ(q +

1
2)

Γ(p + q + 1)
= Iq,p (4.1.58)

with the integers p and q. In general, we have (I) 2p + 2q = 2n or (II)

2p + 2q = 2n − 2. In the following, we ignore the case where p and q are
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4. Application to monodisperse hard spherocylinders

half-integers, as the integral Ip,q vanishes. For case (I), we find the factor

Π(I)
n = 2

n−1
∑

k=0

(

2n− 2

2k

)

Ik,n−k Ik+1,n−k−1 − 2
n−1
∑

k=1

(

2n− 2

2k − 1

)

I
2
k,n−k

= 2π
3
2
Γ(n− 1

2)

Γ(n+ 1)
. (4.1.59)

The first term considers all tensorial components with α2n−1 = α2n = 1.
We choose 2k of the first 2n−2 indices αg with αg = 1 and elsewise αg = 2,
such that p = k and p = k+1 for the integrals over ϕ1 and ϕ2, respectively.
The factor 2 accounts for the analog case with α2n−1 = α2n = 2. In the
second term, we consider α2n−1 = 1 and α2n = 2, which gives rise to the
minus sign in ω

(1)
α1...α2n , regarding the vector vI

HSC in Eq. (3.1.52). Again,
the analogy for α2n−1 = 2 and α2n = 1 yields a factor 2. Now we assume
αg = 1 for 2k − 1 of the first 2n − 2 indices, where k is at least one, to
ensure integer values of p and q. Setting α2n−1 = α2n = 3, we calculate

Π(II)
n = −

n−1
∑

k=0

(

2n− 2

2k

)

I
2
k,n−k−1 = −4π

3
2
Γ(n− 1

2)

Γ(n)
(4.1.60)

These contributions corresponding to vII
HSC imply a minus sign according to

the definition of ω(1)
α1...α2n in Eq. (3.2.21). With 2k being the overall number

of indices αg with αg = 1, we considered all non-vanishing permutations.

Defining the overall prefactor

Πn := Π(I)
n = −Π

(II)
n

2n
= 2π

3
2
Γ
(

n− 1
2

)

Γ(n+ 1)
, (4.1.61)

we simplify Eq. (4.1.57) to

ω
(12)
[2n],pa(z1, z2) =

D

16π
I
(1)
cyl Πn

(

(

1− z22,D
)n − 2n

(

1− z22,D
)n−1

z22,D

)

I
(2)
hs

+
D

16π
I
(1)
cyl ΠnI

(2)
cyl . (4.1.62)

Inserting Πn from Eq. (4.1.61), we can explicitly verify the result

ω(12)
pa (z1, z2) =

∞
∑

n=1

ω
(12)
[2n],pa(z1, z2) (4.1.63)
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4.1. Weighted densities

from Eq. (4.1.54). Note that it is easy to show that it is sufficient to consider
only even-order terms with r = 2n. Repeating the above calculation for
tensors of odd rank r = 2n + 1, we see that all integrals of the form in
Eq. (4.1.58) are zero as either p or q, obeying 2p+2q = 2n+1 or 2p+2q =

2n− 1, is a half-integer.

4.1.3. Mutual excluded volume

Exact calculation In Sec. 3.3.1, we have seen that we can calculate the
mutual excluded volume of two hard bodies using the functional in the low-
density limit, according to Eq. (3.3.13). As there is no spatial modulation,
we do not need to consider vectorial and odd-order weight functions. It is
convenient to use the rotated weight functions ω(ν)

R
(r,̟) from Eq. (4.1.8).

The general relation of the orientations ̟1 and ̟2 of the two bodies to
their intermolecular angle [140]

γ(̟1,̟2) = | ˆ̟ 1 × ˆ̟ 2| (4.1.64)

can be obtained from the vector product of two orientational vectors, defined
in Eq. (2.3.37). Here, we simply choose the orientations ̟1 = (0, 0) and
̟2 = (γ, 0) for a more straightforward calculation and write Eq. (3.3.14) as

vMM(γ) = 2

∫∫

dr1 dr2

(

ω
(0)
R

(r1, 0)ω
(3)
R

(r2, γ) +Ω
(12)
R

(r1, 0, r2, γ)
)

.(4.1.65)

We replace Ω(12)
R

= ω
(1)
R
ω
(2)
R
− ω(12)

R
and express the excluded volume as

vMM(γ) = 2L2D
(π

4
+ gMM(γ)

)

+ 2πLD2 +
4

3
πD3 , (4.1.66)

defining the additional contribution

gMM(γ) := − 1

L2D

∫∫

dr1 dr2 ω
(12)
R

(r1, 0, r2, γ) (4.1.67)

to the result of Rosenfeld’s FMT, i.e., only using scalar weight functions.
In consequence of the motion invariance, the common contribution to ω(12)

R

of both hemispheres of the HSC at r2 does not depend on the angle γ and
can be treated as if both bodies were parallel. Therefore, after integrating
over the other coordinates, we find the same form of the term proportional
to I

(2)
hs as in Eq. (4.1.54), which then vanishes after the integral over z2.
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4. Application to monodisperse hard spherocylinders

Only the cylindrical parts contribute to the integral in Eq. (4.1.67), which
is proportional to L2D. We conveniently calculate

gMM(γ) =

∫∫

dr1 dr2
L2D

(

Ω
(12)
R

(r1, 0, r2, γ)− ω(1)
R

(r1, 0)ω
(2)
R

(r2, γ)
)

I
(1)
cyl I

(2)
cyl

=

∫∫

dϕdϕ′ cos2 ϕ′(1− cos2 γ)

8π (1 + cosϕ cosϕ′ cos γ + sinϕ sinϕ′)
− π

4

=

∫

dϕ′

√

1− cos2 γ

4

∣

∣cosϕ′
∣

∣− π

4
= sin γ − π

4
(4.1.68)

and see that Eq. (4.1.66) reproduces the exact result from Eq. (2.3.27).

Series expansion In analogy to Eq. (4.1.67), we define the expansion
coefficients

gn(γ) := −
1

L2D

∫∫

dr1 dr2 ω
(12)
[2n],R(r1, 0, r2, γ) (4.1.69)

corresponding to the mixed weight functions of even order 2n in Eq. (3.2.44).
The first three expressions for gn(γ) were already calculated in Ref. [140].
However, it requires just a minor generalization of the approach shown in
the last paragraph of Sec. 4.1.2 to derive a general formula for an arbitrary
value of n.

As in the derivation of Eq. (4.1.57), we consider the two cases (I) and
(II), using the unit vectors from Eq. (3.1.51) and Eq. (3.1.52) for the HSC
at r1. The normal vector of the cylinder at r2 is tilted according to

R(γ, 0)nHSC(z2, ϕ2) I
(2)
cyl =





cosϕ2 cos γ

sinϕ2

− cosϕ2 sin γ



 I
(2)
cyl . (4.1.70)

Regarding Eq. (4.1.62), the hemispherical contribution to the integral over
z2 in Eq. (4.1.69) vanishes for the same reason as discussed for Eq. (4.1.67).
The integrals over z1 and z2 simply provide a factor L and we find the
general coefficients

gn(γ) = −
Π

(I)
n (γ) + Π̃

(II)
n (γ)

16π
, (4.1.71)

where Π
(I)
n (γ) and Π̃

(II)
n (γ) depend on the intermolecular angle γ. This is
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because we get a factor cos γ for each component αg of the normal vector
in ω(2)

α1...α2n(z2) with αg = 1, in addition to the integrals from Eq. (4.1.58).

In generalization of Eq. (4.1.59), we derive

Π(I)
n (γ) =

n−1
∑

k=0

(

2n− 2

2k

)

Ik,n−k Ik+1,n−k−1 (cos
2 γ)k+1

(

1 + (cos2 γ)−1
)

− 2

n−1
∑

k=1

(

2n− 2

2k − 1

)

I
2
k,n−k(cos

2 γ)k . (4.1.72)

In the first term, the transition from α2n−1 = α2n = 1 to α2n−1 = α2n = 2

only yields the same symmetric integral Ik+1,n−k−1, whereas we loose a
factor cos2 γ. In case (II), we find the contribution

Π̃(II)
n (γ) = −

n−1
∑

k=0

(

2n − 2

2k

)

Ik,n−k−1 Ik+1,n−k−1 (cos
2 γ)k sin2 γ (4.1.73)

of the cylinder due to the rotated normal vector from Eq. (4.1.70). The
third component of this vector, which occurs twice in each ω

(2)
α1...α2n , yields

the factor sin2 γ and an additional cos2 ϕ2 in the integral Ik+1,n−k−1 over
ϕ2. Hence, we have q = k + 1 instead of q = k in Eq. (4.1.60). Note that
we have Π

(I)
n = Π

(I)
n (0) and the cylindrical factor Π̃

(II)
n = Π̃

(II)
n (0) = 0 does

not occur in Eq. (4.1.57).

Now we add up the results in Eq. (4.1.72) and Eq. (4.1.73) according to

Π(I)
n (γ) + Π̃(II)

n (γ) =

n
∑

k=1

(

2n − 2

2k − 2

)

Ik−1,n−k+1 Ik,n−k (cos
2 γ)k

+

n−1
∑

k=0

(

2n− 2

2k

)

Ik,n−k Ik+1,n−k−1 (cos
2 γ)k

− 2

n−1
∑

k=1

(

2n− 2

2k − 1

)

I
2
k,n−k(cos

2 γ)k

−
n−1
∑

k=0

(

2n− 2

2k

)

Ik,n−k−1 Ik+1,n−k−1 (cos
2 γ)k

+
n
∑

k=1

(

2n − 2

2k − 2

)

Ik−1,n−k Ik,n−k (cos
2 γ)k , (4.1.74)
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where we used the identity sin2 γ = 1− cos2 γ and conveniently shifted the
sums, such that we only find terms proportional to (cos2 γ)k. Merging the
five coefficients, we obtain

gn(γ) =

n
∑

k=0

Πnk

(

cos2 γ
)k

:=
Π

(I)
n (γ) + Π̃

(II)
n (γ)

−16π (4.1.75)

from Eq. (4.1.71). Note that the overall coefficient

Πnk =
π(2n)!

42n+1n!2(2n − 1)

(2n − 2k)!(2k + 1)!

(n− k)!2k!2(2n − 2k − 1)
(4.1.76)

is also correct for k = 0 and k = n, although not all sums in Eq. (4.1.74)
do contribute. To recover the exact result

∞
∑

n=1

gn(γ) =

∞
∑

n=1

n
∑

k=0

Πnk(cos
2 γ)k = −Π00 +

∞
∑

k=0

∞
∑

n=k

Πnk(cos
2 γ)k

= −π
4
−

∞
∑

k=0

(2k − 2)!(cos2 γ)k

22k−1(k − 1)!k!
= sin γ − π

4
= gMM(γ) (4.1.77)

in Eq. (4.1.68), we need to interchange the order of the sums over n and k.
In the last step, we recognize the Taylor series of

√

1− cos2 γ.

Considering the special cases of two parallel, γ = 0, and two perpen-
dicular, γ = π/2, HSC, it is possible to evaluate the sum over k directly
and therefore make an analytic statement about the convergence of the
expansion. Truncating the expansions after n = nt, we calculate

nt
∑

n=1

gn

(π

2

)

=

nt
∑

n=1

Πn0 =

nt
∑

n=1

πn2(2n− 2)!2

42nn!4
=
π(1 + 4nt)(2nt)!

2

42nt+1nt!4
− π

4
(4.1.78)

and

nt
∑

n=1

gn(0) =

nt
∑

n=1

n
∑

k=0

Πnk =

nt
∑

n=1

−2nπ(2n − 2)!

4n+1n!2
=

π(2nt)!

4nt+1nt!2
− π

4
. (4.1.79)

Using Stirling’s approximation n! ≃
√
2πn (n/e)n of the factorials in

π

4
+

nt
∑

n=1

gn

(π

2

)

− 1 ∼ 1

4nt
,

π

4
+

nt
∑

n=1

gn(0) ∼
√
π

4
√
nt

(4.1.80)
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4.1. Weighted densities

γ /π

Δ

(a)

γ /π

Δ

ζ
ζ
ζ
ζ (b)

Fig. 4.6.: Difference Δvexcl(γ) between the exact excluded volume of two sphe-
rocylinders, which we find with FMMT (horizontal reference line) according to
Eq. (4.1.68), and different approximations as a function of the intermolecular an-
gle γ. (a) Series expansion (dotted lines) according to Eq. (4.1.82) and generalized
ζ correction (dashed lines), which is equivalent to Eq. (4.1.83), for different trun-
cation orders nt (increasing line thicknesses). The inset shows a closeup for nt = 9.
(b) Truncation after nt = 1 corrected with some representative values of the ζ
parameter, see Eq. (4.1.86). The plots with ζ = 1 and ζ = 5/4 correspond to the
first orders of the two expansions shown in Fig. 4.6a. For γ = 0, the correction
with ζ = 2 is exact.

for large nt, we see that the expansion converges markedly faster for per-
pendicular rods. For intermediate intermolecular angles 0 < γ < π

2 , we
need to examine this behavior numerically.

Comparison to approximations We are interested in the approximate
excluded volume

vFMT(γ) = 2L2D

(

π

4
+

nt
∑

n=1

gn(γ)

)

+ 2πLD2 +
4

3
πD3 , (4.1.81)

calculated using a truncated functional based on the second term φ
[rt]
2 from

Eq. (3.3.7). To this end, we regard in Fig. 4.6a the difference [140]

vFMT(γ)− vexcl(γ)

2L2D
=

π

4
+

nt
∑

n=1

gn(γ)− sin γ (4.1.82)

to the exact excluded volume from Eq. (2.3.27). Indeed, this expansion
converges slowly, in particular for small intermolecular angles γ, which is in
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4. Application to monodisperse hard spherocylinders

ζ
[n]
n nt = 1 nt = 2 nt = 3 nt = 4 nt = 5

∑nt

n=m ζ
[n]
m

ζ
[1]
m

5
4

7
8

69
64

121
128

533
512

∑nt

n=1 ζ
[n]
1

ζ
[2]
m

−3
8

21
8

−33
32

429
128

−13
8

∑nt

n=2 ζ
[n]
2

ζ
[3]
m

13
64

−117
32

429
64

−1573
128

6409
256

∑nt

n=3 ζ
[n]
3

ζ
[4]
m

−17
128

561
128

−2431
128

2431
128

−4199
64

∑nt

n=4 ζ
[n]
4

ζ
[5]
m

49
512

−637
128

9555
256

−10829
128

29393
512

∑nt

n=5 ζ
[n]
5

ζ
[n]
m m = 1 m = 2 m = 3 m = 4 m = 5

∑nt

n=nt
ζ
[nt]
n

Tab. 4.1.: Values of the coefficients ζ
[n]
m from Eq. (4.1.85), corresponding to the

generalized correction for the second term φ
{ζ[nt]}
2 from Eq. (3.3.10). We show the

pure coefficients at the lower left and the overall correction
∑nt

n=m ζ
[n]
m for weighted

densities of order 2m when the series is truncated after n = nt at the upper right

The bold-faced numbers for ζ
[n]
n on the diagonal are the same in both cases.

accordance with our analytical predictions from Eq. (4.1.80). When describ-
ing the Liquid Crystal behavior of HSC, we expect that the approximation
with a truncated functional becomes worse when the nematic order param-
eter increases. This is because, in an aligned system, we find more pairs of
particles with a small intermolecular angle than in a less-ordered nematic
or the isotropic phase.

To efficiently evaluate the Onsager functional, Eq. (2.3.25), the expan-
sion of sin γ from Eq. (2.3.29) into Legendre Polynomials P2n(cos γ) of even
order can be used [255]. In Fig. 4.6a, we also consider the difference

vLP(γ)− vexcl(γ)

2L2D
=
π

4
−

nt
∑

n=1

d2nP2n(cos γ)− sin γ (4.1.83)

of this expansion to the exact result and compare the convergence with
the approximation in Eq. (4.1.82) derived from FMT. It is obvious that a
pure truncation of the expansion in Eq. (3.3.7) is not suitable for explicit
calculations, regarding the increasing effort to include higher-order terms.

We argue that it is rather convenient use the second term φ
{ζ[nt]}
2 from

Eq. (3.3.10) and determine the prefactors ζ [n]m to the terms of order 2m

according to

−
n
∑

m=1

ζ [n]m gm(γ) = d2nP2n(cos γ) . (4.1.84)

Comparing the FMT contribution from Eq. (4.1.75) with the coefficients in
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4.2. Minimization of FMT

Eq. (2.3.30), we find

ζ [n]m =
(−1)n+m4−n(4n + 1)(2n + 2m)!

2n(n+ 1)(4n2 − 1)(n +m)!(n −m)!(2m − 2)!
. (4.1.85)

We display the first values up to m = 5 in Tab. 4.1. The systematic expan-
sion for the second term constructed upon this semi-empirical generalized ζ
correction converges rapidly, which we verify explicitly for the excluded vol-
ume in Fig. 4.6a. By construction, the result is the same as in Eq. (4.1.83).

Finally, we consider the empirical ζ correction of φ(ζ)2 from Eq. (3.3.9),
when we truncate the expansion after the first term with nt = 1. We
see that Eq. (4.1.85) implies the first-order correction ζ = ζ

[1]
1 = 5/4 as a

sensible semi-empirical choice. We obtain the same result demanding that
the correction of g1(γ) in Eq. (4.1.82) with the parameter ζ minimizes the
average difference

vζ(γ)− vexcl(γ)

2L2D
=
π

4
+ ζ

π

16
(1− 3 cos2 γ)− sin γ (4.1.86)

applying a least-square criterion [139]. A more elaborate procedure yields a
correction which depends on the average intermolecular angle that is actu-
ally found in the orientationally ordered fluid and is therefore related to the
nematic order parameter [140].2 Other popular choices of this parameter,
which we compare in Fig. 4.6b, are ζ = 1.6 providing the best result for the
IN coexistence [139] or ζ = 2, which is exact for parallel HSC.

4.2. Minimization of FMT

The building blocks of all fundamental measure functionals are the weighted
densities nν(r) from Eq. (3.3.2) and, as introduced in this work, the mixed
weighted densities N (υ)

12 (r) from Eq. (3.3.4). Knowing explicit formulas
for these quantities, the minimization of the functional can be practically
performed analytically. We now calculate the weighted densities of HSC
following the discussion in Sec. 4.1.1.

In a DFT for anisotropic systems, the key quantity which we need to
extract is the orientational distribution of the molecules. The knowledge of
an appropriate expression of this function reduces the numerical effort to

2 I consider this running correction ζ(S) in Sec. 7.3.
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4. Application to monodisperse hard spherocylinders

determine the equilibrium density. Moreover, we can spare a free minimiza-
tion of the functional for inhomogeneous systems using the approximations
described in Sec. 2.3.5.

In this section, I describe how to minimize different versions of FMT
for the problems we are interested in. A full minimization, involving the
explicit calculation of the orientational distribution function, is carried out
in Sec. 4.2.1 for homogeneous systems using truncated functionals. The
scaling of the weight functions done Sec. 4.2.2 allows a similar treatment
of inhomogeneous problems in highly aligned systems. In Sec. 4.2.3, I con-
clude with some remarks about the numerical calculation of mixed weighted
densities.

4.2.1. Nematic orientational distribution

Homogeneous weighted densities To calculate the weighted densities
of a homogeneous HSC fluid according to Eq. (3.3.2), we employ the rotation
method introduced in Eq. (4.1.9). Considering at least rank-two tensors,
the results are [140]

n3 = ρ
(π

4
LD2 +

π

6
D3
)

= η , n0 = ρ ,

n2 = ρ(πLD + πD2) , n1 = ρ

(

L

4
+
D

2

)

,

(←→n 2)11 = (←→n 2)22 = ρ
(π

6
LD(2 + S) +

π

3
D2
)

,

(←→n 2)33 = ρ
(π

3
LD(1− S) + π

3
D2
)

,

(←→n 1)11 = (←→n 1)22 = −1

2
(←→n 1)33 = ρ

L

8
S (4.2.1)

The nematic order parameter S, defined in Eq. (2.1.70), arises from the ori-
entational average of the terms proportional to cos2 θ. The mixed weighted
density

n
[2]
12 = 2 (←→n 1)11 (

←→n 2)11 + (←→n 1)33 (
←→n 2)33 = ρ2

π

8
L2DS2 (4.2.2)

of order two, which we calculate using Eq. (3.3.4), is equal to the contraction
product of the rank-two tensors. This result implies that all hemispherical
contributions to ←→n 2 cancel for the same reason as in the calculation done
in Sec. 4.1.3 of the excluded volume. The construction of the generalized ζ
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4.2. Minimization of FMT

parameters from Eq. (4.1.84) ensures that each sum of the form

n
∑

m=1

ζ [n]m n
[2m]
12 = ρ2L2Dd2nP̄

2
2n = ρ2πL2D

(4n + 1)(2n − 3)!!(2n − 1)!!

22n+2n!(n+ 1)!
P̄ 2
2n

(4.2.3)
including weighted densities up to order 2n constitutes one additional ne-
matic order parameter P̄2n from Eq. (2.1.71).

Choosing Λ3 = v, we simplify the ideal-gas free energy density to

Φid = ρ

(

ln η − 1 +

∫ 1

0
d cos θ g(cos θ) ln g(cos θ)

)

. (4.2.4)

In this homogeneous system, the Euler-Lagrange equation

0 =
δΦ

δg(cos θ)
= ρ ln g(cos θ) + ρ) +

δΦex

δg(cos θ)
(4.2.5)

gives rise to the general form

g(cos θ) = C exp

(

− δΦex

ρ δg(cos θ)

)

(4.2.6)

of the nematic orientational distribution function. All terms that do not
depend on θ are absorbed in the normalization constant C. We see that the
density functional Ω(µ, [ρ(̟)])→ Ω(µ, η, [g(cos θ)]) reduces to a functional
of the orientational distribution only.

Minimization in second-order approximation For the moment, we
restrict ourselves to weighted densities with order at least two and use the
ζ correction from Eq. (3.3.9) for the second term of the functional from
Eq. (3.3.21). Then the orientation dependence of the excess free energy
density is solely contained within the nematic order parameter S. Hence,
the functional derivative in Eq. (4.2.5) becomes

δΦex

δg(cos θ)
=
∂Φex

∂S

δS

δg(cos θ)
=
∂Φex

∂S

(

3

2
cos2 θ − 1

2

)

. (4.2.7)

Defining the intrinsic order parameter

α2 := − 3

2ρ

∂Φex

∂S
, (4.2.8)
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4. Application to monodisperse hard spherocylinders

we simplify Eq. (4.2.6) and find the normalized form [139,140]

g(α, cos θ) =
α

D(α) exp
(

−α2
(

1− cos2 θ
))

(4.2.9)

with Dawson’s integral

D(α) = exp(−α2)

∫ α

0
du exp(u2) . (4.2.10)

For this explicit form of the orientational distribution, the nematic order
parameter becomes

S(α) =

∫ 1

0
d cos θ

(

3

2
cos2 θ − 1

2

)

g(α, cos θ) =
3

4αD(α) −
3

4α2
− 1

2
(4.2.11)

and we can write the ideal-gas term from Eq. (4.2.4) as

Φid(η, α) = ρ

(

ln η
α

D(α) +
2α2

3
(S(α)− 1)− 1

)

. (4.2.12)

Considering the explicit form of Φex, the intrinsic order parameter α
from Eq. (4.2.8) obeys the condition

A(η, α) := α2 +
3

2ρ

∂Φex

∂S
= α2 − ζ A2 S −A( · )

3,[1]S −A
( · )
3,[2]S

2 = 0 , (4.2.13)

where the coefficient

A2 :=
9

2

ηl2

(2 + 3l)(1 − η) (4.2.14)

corresponds to the second term φ2. The superscript ( · ) serves as a dummy
for (TR) or (T) denoting the contributions

A(TR)
3,[2] =

27

4

η2l3

(2 + 3l)2(1− η)2 , A(TR)
3,[1] =

27

2

η2l2(l + 1)

(2 + 3l)2(1− η)2 (4.2.15)

A(T)
3,[2] = −

27

8

η2l3

(2 + 3l)2(1− η)2 , A
(T)
3,[1] = 0 , (4.2.16)

of the third term from Eq. (3.3.28) or Eq. (3.3.29), respectively. Note
that the functional Ω(µ, η, [g(cos θ)]) → Ω(µ, η, α) now is a simple func-
tion of both the packing fraction and the order parameter α. We can solve
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4.2. Minimization of FMT

Eq. (4.2.13) self-consistently to determine the equilibrium value of α(η) at
each packing fraction η.

Additional order parameters Truncating the series in Eq. (4.2.3) after
n = nt, the functional derivative of the excess free energy density with the
second term φ

{ζ[nt]}
2 from Eq. (3.3.10) becomes

δΦex

δg(cos θ)
=

nt
∑

n=1

∂Φex

∂P̄2n

δP̄2n

δg(cos θ)
=: −ρ

nt
∑

n=1

α2
[2n]P2n(cos θ) . (4.2.17)

According to the number of contained nematic order parameters, we need to
define nt intrinsic order parameters α[2n] similarly to Eq. (4.2.8). Hence, for
nt = 1, we recover α2 = 3α2

[2]/2 setting ζ = 5/4. The resulting orientational
distribution function

g[nt](cos θ) = C exp

(

nt
∑

n=1

α2
[2n]P2n(cos θ)

)

(4.2.18)

has the same form as Eq. (2.3.32), found in the Onsager limit.

In generalization of Eq. (2.3.34), we find the self-consistency equations

α2
[2n] := −

∂Φex

ρ ∂P̄2n
=

16

3π
A2 d2nP̄2n +A( · )

3,[1]S +A( · )
3,[2]S

2 = 0 (4.2.19)

beyond the low-density limit, with n ≤ nt. We determine the prefactor
2ζ/3d2 to A2 setting n = 1 and comparing to Eq. (4.2.13) with ζ = 5/4. To
calculate the equilibrium nematic order parameters, we need to solve the
nt equations in Eq. (4.2.19) and normalize the orientational distribution
g[nt](cos θ) according to Eq. (2.3.35).

Obviously, the minimization becomes increasingly difficult when we suc-
cessively add higher-order terms. To study the IN transition in the Onsager
limit, it is sufficient to truncate the functional after nt = 7 [255]. However,
we suspect from the behavior of the excluded volume, studied in Sec. 4.1.3,
that the convergence becomes slower for systems with a higher degree of
orientational order.

Gaussian approximation of the orientational distribution To be
able to perform an appropriate minimization of the functional using φ{ζ[nt]}

2

with an arbitrary truncation order nt, we impose the simple orientational

173



4. Application to monodisperse hard spherocylinders

distribution from Eq. (4.2.9). Doing so, it is possible to solve all integrals
of the type

Ir :=

∫ 1

0
d cos θ cosr θg(cos θ) (4.2.20)

analytically. These moments of the orientational distribution function are
are zero for odd values of r. For an even r = 2n, we find the recurrence
formulas

I2n(α) =
1

2αD(α) −
(2n − 1) I2n−2

2α2
, I2(α) =

α−D(α)
2α2D(α) (4.2.21)

as a simple function of the intrinsic order parameter α, which is related to
the nematic order parameter S by Eq. (4.2.11).

With a convenient series representation of the even Legendre Polynomi-
als, we also find the explicit expressions for the order parameters

P̄2n(α) =

n
∑

k=0

(−1)k (4n − 2k)!

4n(2n − k)!(2n − 2k)!k!
I2n−2k(α) . (4.2.22)

As within the ζ approximation, the density functional Ω(µ, η, α) becomes a
function of the intrinsic order parameter α. We generalize the equilibrium
condition regarding the orientational degrees of freedom in Eq. (4.2.8) to

β

V

∂Ω(µ, η, α)

∂α
=
∂Φ(η, α)

∂α
= 0 . (4.2.23)

The effort for solving this self-consistency equation for an arbitrary trun-
cation order is practically the same as a free minimization for nt = 1.
Moreover, it is straightforward to apply the methods described in Sec. 2.3.5
to study the Liquid Crystal behavior of HSC, which would be more difficult
using an orientational distribution depending on several order parameters.
To describe the behavior of systems with a small degree of order, we can
expand the order parameters

S(α) =
2

15
α2 +

4

315
α4 − 8

4725
α6 +O

(

α8
)

,

P̄4(α) =
4

315
α4 +

16

10395
α6 +O

(

α8
)

,

P̄6(α) =
8

9009
α6 +O

(

α8
)

, P̄2n = O
(

α2n
)

(4.2.24)
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η nt ñ12D
3 ∆ñ12D

3 S ∆S βp v

0.3 1 0.05790 0 0.9291 0 3.162
0.3 2 0.07141 3.2e-6 0.9508 4.1e-5 2.623
0.3 3 0.07723 1.3e-5 0.9602 1.2e-4 2.390
0.3 5 0.08210 4.2e-5 0.9686 3.4e-4 2.191
0.3 8 0.08418 4.0e-5 0.9725 5.6e-4 2.106
0.3 10 0.08448 -1.8e-5 0.9731 5.5e-4 2.093
0.3 19 0.08456 - 0.9733 - 2.090
0.5 1 0.17917 0 0.9806 0 15.83
0.5 2 0.21894 5.5e-8 0.9854 5.5e-7 12.98
0.5 3 0.23659 4.6e-7 0.9881 2.2e-6 11.68
0.5 5 0.25282 3.3e-6 0.9910 8.4e-6 10.46
0.5 8 0.26265 1.5e-5 0.9930 2.4e-5 9.704
0.5 10 0.26589 2.7e-5 0.9938 3.7e-5 9.451
0.5 20 0.27104 - 0.9951 - 9.043
0.5 44 0.27141 - 0.9953 - 9.007

Tab. 4.2.: Minimization of the functional with the third term from Eq. (3.3.28)
at different truncation orders nt of the generalized ζ correction from Eq. (3.3.10)
for nematic phase of hard spherocylinders with aspect ratio l = 20. We use the
orientational distribution function from Eq. (4.2.9) to calculate the approxima-
tion ñ12 :=

∑nt

n=1

∑n

m=1 ζ
[n]
m n

[2m]
12 for the mixed weighted density n12, the ne-

matic order parameter S and the pressure p. We also show the differences ∆ñ12

and ∆S, subtracting the respective results obtained with free minimization, using
Eq. (4.2.18). At first order, nt = 1, both distribution functions are the same. At
each packing fraction η, we consider the expansion as converged when βpv changes
by less than 10−6 after adding the term with the largest shown value of nt.

in terms of α.

In Tab. 4.2, we compare the Gaussian approximation, using the ne-
matic orientational distribution from Eq. (4.2.9), to a full minimization.
Up to nt = 10, the resulting difference is negligibly small. For higher trun-
cation orders, the benefit of the straightforward minimization according to
Eq. (4.2.23) clearly outweighs higher accuracy of a free minimization, which
we did not perform in this case. The packing fractions η = 0.3 and η = 0.5 of
HSC with aspect ratio l = 20, where the truncated expansion with nt = 10

has not converged, are beyond the expected location of the IN transition.
The error due to truncation is clearly larger than the deviation from the
freely minimized result. Moreover, the accuracy of the Gaussian approxi-
mation seems to increase with the density and the nematic order parameter,
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4. Application to monodisperse hard spherocylinders

just where its application becomes inevitable. On the other hand, we can
conveniently study systems with a small enough order parameter setting
nt ≤ 10 to perform a free minimization.

Stability of the homogeneous phases For a given chemical potential
µ, the grand potential takes its minimum in equilibrium. Assuming the
form Ω(µ, η, α), we can easily deduce the limits of stability of the isotropic
and nematic phase. As a first step, it is convenient to determine the solution
of Eq. (4.2.23). With the ideal-gas contribution from Eq. (4.2.12), we can
write

∂Φ(η, α)

∂α
=

2

3
ρα2 ∂S(α)

∂α
+
∂Φex

(

η,
{

P̄2n(α)
})

∂α
= 0 , (4.2.25)

recognizing the derivative of Eq. (4.2.11). We now discuss the solutions
arising from the ζ correction in more detail. Neglecting higher nematic
order parameters, the condition

∂Φ(η, α)

∂α
=

2

3
ρα2 ∂S

∂α
+
∂Φex (η, S)

∂S

∂S

∂α
=

2

3
ρ
∂S(α)

∂α
A(η, α) = 0 . (4.2.26)

is equivalent to Eq. (4.2.13), as ∂S(α)
∂α > 0 for α > 0.

Depending on the density, there are up to three possible solutions of
Eq. (4.2.13), illustrated in Fig. 4.7a. According to

∂2Φ(η, α)

∂α2
=
∂
(

2
3 ρ

∂S(α)
∂α A(η, α)

)

∂α
> 0 ⇒ ∂A(η, α)

∂α
> 0 , (4.2.27)

the stability of the numerical solution α(η) is determined by the corre-
sponding slope of A(η, α). The isotropic state with α = S = 0 obviously is
a solution for any density but is unstable for packing fractions η > ηunst.
The nematic phase may exist as soon as there are solutions for α > 0, which
is the case for η > ηcr. We can determine the inverted solutions η(α) an-
alytically by solving a simple quadratic equation. As shown in Fig. 4.7b,
we find that ηunst = η(0) and ηcr corresponds to the global minimum of the
packing fraction.

The intermediate solution in Fig. 4.7a with the negative slope is always
unstable according to Eq. (4.2.27). To make a more precise statement about
the stability of the second solution, we need to discuss the behavior of the
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Fig. 4.7.: Constraints upon the packing fraction η and the order parameter α due
to Eq. (4.2.23). We consider the original edFMT with ζ = 1.6 and the third term
φ
(T)
3 for spherocylinders with an aspect ratio l = 10. (a) Graphical solution of

Eq. (4.2.13) for characteristic packing fractions η, increasing from top to bottom.
The horizontal dotted line indicates that A(η, α) = 0. The isotropic solutions with
α = 0 are stable for η < ηunst, whenever the slope is positive. The zeros with a
positive slope for η > η(μcr) at α > 0 correspond to a stable nematic phase. For
ηcr < η < η(μcr), these solutions constitute a minimum of the free energy but are
unstable, compare Fig. 4.7c. All intermediate solutions maximize the free energy.
We denote the isotropic and nematic packing fraction at coexistence by ηI and ηN,
respectively. (b) Sketch of the two analytical nematic solutions η(α). Interestingly,
we observe a maximal packing fraction, above which the order parameter decreases.
Therefore, the dotted lines denote an unphysical solution. The minimal packing
fraction is ηcr = η(αmin). The result for 0 < α < αmin with a negative slope
represents the intermediate solution of Eq. (4.2.13) with ηunst = η(0) The isotropic
solution is trivial. (c) Chemical potential μ(η) calculated with the solution α(η).
The solid lines denote the stable isotropic (lower density) and nematic (higher
density) phases, which coexist at μ = μc. Following these branches beyond μc

(dashed lines), the phases are only metastable. The limit of nematic metastability
is at the minimal chemical potential μ = μcr We find two unstable regions, where
the grand potential is maximal. The dotted lines result from the intermediate
solution of Eq. (4.2.13), whereas the region denoted by the crosses corresponds to
the case ηcr < η < η(μcr) in Fig. 4.7a.
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4. Application to monodisperse hard spherocylinders

chemical potential µ(η) as a function of its conjugated variable η. To this
end, we substitute α(η) into the grand potential and calculate

∂Ω(η, α(η), µ)

∂η
= 0 ⇒ βµ(η, α(η)) =

∂Φ(η, α(η))

∂η
v . (4.2.28)

We notice that there is a smallest chemical potential µcr for the nematic
phase. The µ(η) diagram in Fig. 4.7c resembles a Van-der-Waals loop p(V )

of the pressure. Likewise, we consider the state points with a negative slope

β
∂µ

∂η
=
∂2Φ(η, α(η))

∂η2
v < 0 (4.2.29)

of the chemical potential as unphysical. This branch contains all interme-
diate solutions of Eq. (4.2.13), which maximize both the free energy and
the grand potential. However, in the range µcr < µ < µ(ηcr) all nematic
solutions are stable according to the criterion in Eq. (4.2.27), although the
ones with the smaller density obey Eq. (4.2.29).

In conclusion, not all solutions of Eq. (4.2.25), which correspond to a
minimum in the free energy, correspond to an equilibrium state in the grand
canonical ensemble. Moreover, doing a Maxwell construction in Fig. 4.7c,
we find a chemical potential µc at which the isotropic and nematic phase
coexist at the densities ηI and ηN > ηI, respectively. The nematic branch
for µcr < µ < µc and the isotropic branch for µunst > µ > µc are therefore
metastable. The limit of metastability of the isotropic phase is µunst =

µ(ηunst), as the isotropic free energy does not depend on the order parameter
α. To describe a small nematic perturbation, responsible for the change of
the slope in Eq. (4.2.27) at α = 0, we only need to consider the leading term
in α, which is solely provided by the nematic order parameter S according
to Eq. (4.2.24). Therefore, the isotropic branch and ηunst do not depend on
the number of higher-order terms in Eq. (4.2.3) but indeed on the value of
the ζ parameter.

Instead of solving Eq. (4.2.23), we can first calculate

∂Ω(µ, η, α)

∂η
= 0 ⇒ βµ(η, α) =

∂Φ(η, α)

∂η
v . (4.2.30)

Eliminating the equilibrium packing fraction η(µ, α) numerically, the grand
potential Ω(µ, η(µ, α), α) ≃ Ω(µ, S) has the form of a LdG expansion,
Eq. (2.2.8), for the nematic bulk fluid.3

3 In Sec. 6.1.2, I compare the FMT results to an appropriate LdG expansion.
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4.2. Minimization of FMT

4.2.2. Infinitely long rods

Onsager limit For inhomogeneous systems, we cannot generally calculate
analytic weighted densities, as found in Eqs. (4.2.1) or (4.2.3). However,
it is possible to simplify the one-dimensional weighted densities nν(z) for
HSC with an infinitely long aspect ratio l → ∞. We start by considering
the well-known Onsager limit [21], where also the density ρ → 0 vanishes,
such that the dimensionless concentration

c =
L2Dπ

4
ρ =:

ρ

b
(4.2.31)

remains finite when evaluating the limit

lim
l→∞

c = lim
l→∞

ηl (4.2.32)

At the IN transition, the nematic phase is only moderately aligned. In this
homogeneous case, we already know the functional from Eq. (2.3.25).

For inhomogeneous problems, such as the IN interface, (or also fluid mix-
tures after a simple generalization) we have to rescale the one-dimensional
weighted densities

lim
l→∞

nν(z)

lb
= lim

l→∞

∫

d̟

∫ ∞

0

dz1
lb

ω(ν)(z1,̟)χc(z1, θ)

× (σν ρ(z1 + z,̟) + ρ(−z1 + z,̟)) , (4.2.33)

from Eq. (4.1.49), such that they remain finite when evaluated for infinitely
long rods. The only relevant contribution comes from the part of the weight
functions in Eq. (4.1.17) proportional to the characteristic function χc from
Eq. (4.1.13). Doing the substitution z1 → zLL in Eq. (4.2.33), the limits in
Eq. (4.1.12) become

lim
l→∞

zM
L

= lim
l→∞

z±S
L

=
cos θ

2
. (4.2.34)

Hence, regions (a) and (b) are null sets and so is region (d), as the critical
angle θc = arctan l→ π/2, compare Fig. 4.2.

In region (c), we only find the partial weight functions ω(ν)
C◦ (̟) of the

cylinder, see Eq. (4.1.41). Therefore, the scalar weighted density n0 as well
as all vectorial and odd-order weighted densities become zero in the Onsager
limit. Replacing the density profile with an according modulation of the
dimensionless concentration, defined in Eq. (4.2.31), and setting σν = 1, we
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4. Application to monodisperse hard spherocylinders

write

lim
l→∞

nν(z)

lb
= D

∫

d̟ω
(ν)
C◦ (̟)

∫ cos θ
2

0
dzL (c(zL + z,̟) + c(−zL + z,̟)) .

(4.2.35)
As an alternative, we can use the second proposed conversion in Eq. (4.1.9)
to calculate

lim
l→∞

nν(z)

lb
= D

∫∫∫

d̟ ¯̺d¯̺dϕ̄

∫ 1
2

− 1
2

dz̄L ω
(ν)
R

(r̄,̟) c(− cos θz̄L + z,̟) ,

(4.2.36)
omitting the term − sin θ ¯̺cos ϕ̄ in the argument of the density modulation
and setting z̄L = z̄/L. In contrast to Eq. (4.2.35), this expression is easily
generalized to scale a mixed weighted density, which remains finite in the
normalization N

(υ)
12 (z)/l2b2.

In conclusion, the excess free energy becomes

lim
ρ→0
l→∞

Φex

ρ
∝ lim

ρ→0
l→∞

l2Φex ({nν}) = lim
ρ→0
l→∞

l2N12 ≈ lim
ρ→0
l→∞

l2 (n1n2 − ζTr[←→n 1
←→n 2])

(4.2.37)
in the Onsager limit. We find the same scaling behavior of the ideal-gas
term in Eq. (4.2.4), rescaled with Λ3 = b−1 rather than Λ3 = v to obtain
the concentration c in the argument of the logarithm. The intrinsic free
energy becomes

F (On)
intr := V Φ = V

D

2LL l2
∫ LL

−LL

dzL lim
l→∞

l2Φ(zLL) , (4.2.38)

where L is a typical length in the z direction. As in Eq. (4.2.35), it is
convenient to substitute z → zLL and consider L = LLL, which yields
dimensionless and finite integral limits. Note that the intrinsic free energy
per particle Fintr/N = Φ/ρ should always remain finite for l→∞.

Scaling at finite packing For larger packing fractions η > 0, the scaling
behavior of the weighted densities changes, as ρLD2 = ηLD2/v remains
finite and the concentration in Eq. (4.2.31) diverges in the limit l→∞. We
further need to go beyond the low-density limit, as higher-order virial coef-
ficients and also the third term φ3 in Eq. (3.3.21) do not vanish. Therefore,
we reconsider the scaling of the functional. As the IN transition occurs at
η = 0, we only expect orientationally ordered phases. Hence, we first take
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4.2. Minimization of FMT

a closer look at the nematic order parameter S, using the ζ approximation.

Expanding the coefficients in Eq. (4.2.13), we see that A2(η, l) = O
(

l1
)

andA( · )
3,[i](η, l) = O

(

l1
)

, where i ∈ {1, 2}. Since the nematic order parameter
S ≤ 1 is bounded, we can expand the intrinsic order parameter

α2 =: α2
1l + α2

0 +O
(

l−1
)

(4.2.39)

in powers of l. Plugging this result into Eq. (4.2.11), we find the expansion

S = 1− 3

2α2
1

l−1 +
6α2

0 − 3

4α4
1

l−2 +O
(

l−3
)

. (4.2.40)

These two equations (including higher-order terms) provide an analytic
route to solve Eq. (4.2.13) at finite aspect ratios l by iteration for the co-
efficients αk. In the limit l → ∞, we only consider the two first terms,
exclusively containing the coefficient α1, and define S2 := 3

2α2
1l

.

Inserting Eqs. (4.2.39) and (4.2.40) into Eq. (4.2.12), we find the free
energy density

Φid = ρ
(

ln
(

2ηα2
1l
)

− 2
)

≃ ρ
(

ln
(

2ηα2
1

)

− 2
)

+O
(

l−2
)

(4.2.41)

of the ideal gas. We cure the logarithmic divergence in the term ∝ lnα2

of the orientational entropy by setting the thermal wavelength to Λ3 = v/l

instead of choosing Λ3 = v. Hence, the ideal-gas free energy per particle
Φid/ρ remains finite for l→∞ also at higher packing. However, the general
excess free energy from Eq. (3.3.21) does not necessarily show the same
behavior as in Eq. (4.2.37) for a vanishing density. As the weighted density
n3 = O

(

l0
)

is of the same order as the packing fraction, the second φ2 and
third term φ3 need to be of O

(

l−1
)

when l→∞.

With the nematic weighted densities from Eq. (3.3.2), we find the explicit
expression

πD3φ
(ζ)
2 = 18η2

4 + 6l + (2− ζS2)l2

(3l + 2)2
= 2η2(2− ζ) +O

(

l−1
)

(4.2.42)

for the second term of the functional. In the last step, we inserted the scaled
nematic order parameter from Eq. (4.2.40). Hence, we only get the correct
scaling for ζ = 2. In Sec. 4.1.3, we have seen that this choice yields the exact
excluded volume of two parallel HSC but disagrees with the semi-empirical
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4. Application to monodisperse hard spherocylinders

value ζ = 5/4 of this parameter. A similar calculation also rules out the
generalized ζ correction for higher truncation orders.

Interestingly, Tarazona’s third term

16πD3

3
φ
(T)
3 = 48η3

8 + 24l + 24l2 + (8 + S3)l3

(3l + 2)3
= 16η3 +O

(

l−1
)

, (4.2.43)

used in the original edFMT functional, always results in a diverging free
energy per particle for highly aligned systems. In contrast, the expression
by Tarazona and Rosenfeld

16πD3

3
φ
(TR)
3 = 96

4 + 12l + (12 − 3S2)l2 + (4− 3S2 − S3)l3

(3l + 2)3
= O

(

l−1
)

(4.2.44)
remains valid. In conclusion, we must use this modified edFMT with ζ = 2

to describe highly aligned systems with a truncated functional.4

Linearized weighted densities The Onsager-functional in Eq. (4.2.37),
written in terms of weighted densities, only requires the leading-order (LO)
contribution of the weighted densities, meaning the terms which scale as
nν(z) ∝ ρl = O

(

l0
)

for l→∞. The findings of the previous paragraph indi-
cate, that also next-to-leading-order (NLO) terms of O

(

l−1
)

in the weighted
densities should be relevant in systems of infinitely long rods with a high
degree of order. In particular, the correction S2 to the order parameter
S ≃ 1 due to non-zero but small azimuthal angles θ between the molecules
and the director should enter the density functional.

Now we generalize the discussion from the previous paragraph and lin-
earize the weighted densities nν(z) by Taylor expanding the integrand

ñν(z, θ, φ) :=

∫ ∞

0
dz1 ω

(ν)(z1,̟) (σν ρ(z1 + z) + ρ(−z1 + z)) (4.2.45)

in Eq. (4.1.49) up to the first non-vanishing order in θ before calculating
the orientational average. Note that we exclude the orientation-dependent
part of the density profile ρ(z,̟) = ρ(z) g(z,̟), separated according to
Eq. (2.3.17). To be able to do so consistently, we make use of the ori-
entational decoupling approximation and introduce the scaled distribution
g2(θ), which has its sharp maximum for θ = 0.

4 In Sec. 8.2, I discuss more general expressions of the third term.
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4.2. Minimization of FMT

For small azimuthal angles θ, we calculate the orientational average ac-
cording to

nν(z) =

∫

d̟ ñν(z, θ, φ) g(cos θ) ≃
1

2π

∫ 2π

0
dφ

∫ π
2

0
θ dθ ñν(z, θ, φ) g2(θ) .

(4.2.46)
We define the weighted densities

n(lin)ν (z) := n(pa)
ν +n(S2)

ν :=

∫ 2π

0

dφ

2π

(

ñν(z, 0, φ) +
S2
3

∂2

∂θ2
ñν(z, θ, φ)

∣

∣

∣

∣

θ=0

)

,

(4.2.47)
which are linear in the order parameter

S2 =

∫ π
2

0
θ dθ

3

2
θ2 g2(θ) , (4.2.48)

found from the orientational average of the terms proportional to θ2. The
factor 3/2 is included to make S ≈ 1 − S2 consistent with Eq. (4.2.11),
regarding the Taylor expansion of cos2 θ therein.

Note that there are terms in the expansion of Eq. (4.2.45) which are
proportional to θ, when we calculate the integral for each region shown
in Fig. 4.2 separately. These terms are exclusively due to the expression
D sin θ/2 in Eq. (4.1.12), providing the corresponding limits for the integral
over z1, and cancel when adding up all contributions. It is a good approx-
imation to drop D sin θ/2 for highly aligned systems (particularly for long
rods) overall, as D sin θ ≪ L cos θ. Doing so, we neglect the contribution
of region (b). For small angles θ ≪ θc, it is obvious that we can ignore
region (d) as well. Regarding regions (a) and (c), we distinguish between
the contribution of the capping hemispheres and the cylinder by adding the
label H and C, respectively. As short notations for the density modulation,
we define

ρ
(ν)
H (z, zD) = σν ρ

(

zD
D

2
+
L

2
+ z

)

+ ρ

(

−zD
D

2
− L

2
+ z

)

(4.2.49)

with zD = 2
D (z1 − L

2 ) > 0, compare Eq. (3.1.49), and

ρC(z, zL) = ρ (zLL+ z) + ρ (−zLL+ z) , (4.2.50)

only relevant for even-order weight functions, where zL := z1/L. Doing

183



4. Application to monodisperse hard spherocylinders

these respective substitutions to z1, we can simplify the integral limits.

The first term of Eq. (4.2.47) with θ = 0 gives rise to the weighted densi-
ties n(pa)

ν (z) = n
(pa)
ν,C (z) + n

(pa)
ν,H (z) for a perfectly aligned system. With the

weight functions ω(ν)
pa (zL) for perfectly aligned HSC, defined in Eq. (4.1.51),

we calculate the hemispherical

n
(pa)
ν,H (z) =

D

2

∫ 1

0
dzD ω

(ν)
pa

(

zD
D

2
+
L

2

)

ρ
(ν)
H (z, zD) = O

(

l−1
)

(4.2.51)

and cylindrical

n
(pa)
ν,C (z) = L

∫ 1
2

0
dzL ω

(ν)
pa (zLL) ρC(z, zL) = O

(

l0
)

(4.2.52)

contributions the weighted densities, the latter providing the LO term in
the aspect ratio l. Similarly to setting θ = 0 in Eq. (4.2.35), we can write

n
(pa)
ν,C (z) = ρD C0(z)

∫ 2π

0

dφ

2π
ω
(ν)
C◦ (0, φ) (4.2.53)

with the common integral

C0(z) :=
l

ρ

∫ 1
2

0
dzL ρC(z, zL) = O

(

l1
)

(4.2.54)

found in all weighted densities.

The orientation-dependent contributions n
(S2)
ν := n

(S2)
ν,C + n

(S2)
ν,H to the

linearized weighted densities from Eq. (4.2.47) also separate into

n
(S2)
ν,H (z) ≈ DS2

6

∫ 2π

0

dφ

2π

× ∂2

∂θ2

∫ l(cos θ−1)+1

l(cos θ−1)
dzD ω

(ν)
H◦

(

zD
D

2
+
L

2
, θ, φ

)

ρ
(ν)
H (z, zD)

∣

∣

∣

∣

∣

θ=0

= O
(

S2 l
−1
)

(4.2.55)

and

n
(S2)
ν,C (z) ≈ LS2

3

∫ 2π

0

dφ

2π

∂2

∂θ2

∫ cos θ
2

0
dzL ω

(ν)
C◦ (θ, φ) ρC(z, zL)

∣

∣

∣

∣

∣

θ=0

= O
(

S2 l
0
)

,

(4.2.56)
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ignoring the sin θ in the limits of the integral.5 Again, we can simplify the
contribution

n
(S2)
ν,C (z) ≈ ρD2S2

3

∫ 2π

0

dφ

2π

(

C0(z)
∂2ω

(ν)
C◦ (θ, φ)

2 ∂θ2

∣

∣

∣

∣

∣

θ=0

+ ω
(ν)
C◦ (0, φ) Cθ(z)

)

(4.2.57)
of the cylindrical weighted density with

Cθ(z) :=
l

2ρ

∂2

∂θ2

∫ cos θ
2

0
dzL ρC(z, zL)

∣

∣

∣

∣

∣

θ=0

= O
(

l1
)

. (4.2.58)

Functional of linearized weighted densities It is not possible to find
analytic expressions of the weighted densities containing the full informa-
tion about the orientational degrees of freedom in inhomogeneous systems.
However, the scaled functional Φ(lin)

ex (z) := Φex({n(lin)ν }) including the lin-
earized weighted densities n(lin)ν (z) from Eq. (4.2.47) constitutes a good
approximation for a large enough order parameter. As in the excess free
energy truncated after terms of order two, there is only one orientational
order parameter S2, defined in Eq. (4.2.48). Therefore, we can determine
the corresponding orientational distribution g2(θ) by a similar minimization
as in Sec. 4.2.1. Recall from the previous paragraph that this procedure is
only possible within the orientational decoupling approximation.

Assuming a highly aligned system, the Euler-Lagrange equation reads

δΩ

δg2(θ)
=

∫

dr

(

ρ(z)(ln g2(θ) + 1) +
∂Φ

(lin)
ex (z)

∂S2

3

2
θ2

)

θ = 0 . (4.2.59)

As in Eq. (4.2.8), we define the intrinsic order parameter

α2 :=
1

2L

∫ L

−L
dz

3

2ρ

∂Φ
(lin)
ex (z)

∂S2
, (4.2.60)

of the orientational distribution function

g2(θ) =
2α2e−α2θ2

1− E(α)
≃ 2α2 exp

(

−α2θ2
)

, (4.2.61)

5 The complete results, including the contributions of region (b), for a particular density
modulation are shown in Sec. 6.2.1
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where E(α) := exp(−π2α2/4). We find the order parameter

S2(α) =
3

2α2
− 3π2

8

E(α)

1− E(α)
≃ 3

2α2
(4.2.62)

according to Eq. (4.2.48) and the ideal-gas term becomes

Φid(z) = ρ(z)

(

ln
(

2ρ(z)Λα2
)

− 2− ln(1− E(α)) − E(α) lnE(α)

1− E(α)

)

≃ ρ(z)
(

ln
(

2ρ(z)Λα2
)

− 2
)

, (4.2.63)

resembling Eq. (4.2.40) and Eq. (4.2.41), respectively. Calculating the ori-
entational average in Eq. (4.2.46) by integrating over θ from zero to infinity,
we directly obtain the simplified expressions of g2, S2 and Φid, which are
equivalent to setting E(α) = 0. With the fast decay of E(α), this approx-
imation, also used in Ref. [295], is quite good for large order parameters
α and exact in the limit α → ∞. Solving Eq. (4.2.60) for a given den-
sity profile ρ(z) (containing some free parameters) allows a straightforward
minimization of the approximate functional Φ(lin)

ex .

We are particularly interested in the limit l →∞, where this approach
becomes exact. As the excess free energy density per particle Φex/ρ ∝ l0
remains finite when choosing ζ = 2 and φ(TR)

3 , all terms only containing the
LO weighted densities n(pa)

ν,C ∝ l0 from Eq. (4.2.52) cancel in combination to
the full functional. Hence, we need to identify all NLO contributions to the
weighted densities n(lin)ν , which are proportional to l−1. For perfectly aligned
systems, we already know the hemispherical contributions n(pa)

ν,H ∝ l−1 from
Eq. (4.2.51). We now verify that n(S2)

ν,C from Eq. (4.2.56) also contribute to
the NLO of the weighted densities

n(inf)
ν := n

(pa)
ν,C + n

(pa)
ν,H + n

(S2)
ν,C , (4.2.64)

providing the exact functional Φ(inf)
ex (z) := Φex({n(inf)

ν }) in the limit l→∞.

To this end, we assume that the angle θ ∝ l−p scales towards l→∞ with
some exponent p > 0, such that S2 ∝ l−2p according to Eq. (4.2.48). With
the scaling in Eq. (4.2.52) and Eq. (4.2.56), we see that ∂Φ(lin)

ex /∂S2 ∝ l0
and therefore α2 ∝ l1 in Eq. (4.2.60). Comparing to Eq. (4.2.62), we find
p = 1/2 implying θ ∝ l− 1

2 and S2 ∝ l−1, in accordance with the NLO term
in Eq. (4.2.40). Finally, we see that n(S2)

ν,C = O
(

l−1
)

. All other orientation-
dependent terms can be strictly ignored in Eq. (4.2.64).
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Moreover, the quadratic, cubic or reciprocal dependence on the order
parameter S2 vanishes in the scaled excess free energy density per particle

lim
l→∞

Φ
(inf)
ex (z)

ρ
= lim

l→∞

Φ
(lin)
ex (z)

ρ
= lim

l→∞

Φ
(pa)
ex (z)

ρ
+ C̃(z)S2 . (4.2.65)

We calculate the functional Φ(pa)
ex (z) := Φex({n(pa)

ν }) for the strictly parallel
system with the weighted densities n(pa)

ν . To deduce the coefficient C̃(z) ∝ l
of the term linear in S2, we also take into account n(S2)

ν . With this simple
form of the free energy, Eq. (4.2.60) yields the order parameter

S2 =
3

2

(

1

2L

∫ L

−L
dz

3

2
C̃(z)

)−1

, (4.2.66)

which is proportional to the inverse of the integral over its prefactor. Cal-
culating the corresponding overall intrinsic free energy

F (inf)
intr := V

D

2LL l

∫ LL

−LL

dzL lim
l→∞

lΦ(inf)
ex (zLL) = F (pa)

(intr)
+2N lnα+C (4.2.67)

as in Eq. (4.2.38), this trivial term only contributes to a constant C, which
has no influence on the thermodynamics of the system. Only the (renor-
malizable) orientational entropy 2N lnα, found in Eq. (4.2.63), explicitly
depends on the order parameter, where N =

∫

drρ(z) is the overall parti-

cle number. The intrinsic free energy F (pa)
intr of perfectly aligned bodies is

calculated in a similar way with Φ
(pa)
ex instead of Φ(inf)

ex in Eq. (4.2.67).

Linearized FMMT functional Being easier to minimize than the full
functional, the simple version from Eq. (4.2.67) allows a detailed study
of inhomogeneous problems at finite packing fraction. Including weighted
densities of higher order, we find the same scaled orientational distribution
function as in Eq. (4.2.61). This is because we always define the single
order parameter S2, found in the linearized weighted densities, according to
Eq. (4.2.48), independently of the number of order parameters in the less-
ordered system. However, we can never describe the orientational degrees
of freedom exactly using a truncated functional.

To see this, we linearize the FMMT functional, which has the exact
orientation dependence in the second term. In Sec. 4.1.3, we have seen
that the mixed weighted density N12 yields the only orientation-dependent
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4. Application to monodisperse hard spherocylinders

contribution to the excluded volume via the sine of the intermolecular an-
gle γ(̟1,̟2), compare Eq. (4.1.68). In contrast to the results using the
truncated expansion, the leading term

sin γ → γ ≃
√

θ21 + θ22 + 2θ1θ2 cos(φ1 − φ2) , (4.2.68)

regarding the orientation dependence in a highly aligned system, is linear
in the intermolecular angle γ(̟1,̟2) from Eq. (4.1.64) and therefore also
in each azimuthal angle θ1 and θ2. Hence, the linearized mixed weighted
density N12 is proportional to the averaged intermolecular angle

〈〈γ〉〉 =
∫ 2π

0

dφ1
2π

∫ ∞

0
θ1 dθ1

∫ 2π

0

dφ2
2π

∫ ∞

0
θ2 dθ2 γ(̟1,̟2)G(θ1)G(θ2)(4.2.69)

providing the dominant order parameter of the system, where G(θ) is the yet
undetermined orientational distribution. As in the previous paragraph, we
introduce the exponent q > 0 describing the scaling behavior towards l →
∞. We find that 〈〈γ〉〉 ∝ θ ∝ l−q and S2 ∝ l−2q, such that the orientation
dependence of the one-body weighted densities is irrelevant.

To minimize the linearized functional

Φ(LIN)
ex (z) := Φ(PA)

ex (z) +
ρ2D3 C20(z)
1− n(pa)

3 (z)
〈〈γ〉〉 (4.2.70)

with C0 from Eq. (4.2.54), we proceed as Somoza and Tarazona using their
density functional [295]. The superscripts in capital letters indicate that
we calculate the free energy via the mixed weighted density n12. As in
Eq. (4.2.59), we calculate the first functional derivative of the free energy
and find the condition

lnG(θ) + 1 = − 1

2L

∫ L

−L
dz
∂Φ

(LIN)
ex (z)

ρ ∂〈〈γ〉〉
δ〈〈γ〉〉
δG(θ)

. (4.2.71)

to determine the orientational distribution function G(θ). Its explicit form,
however, is irrelevant (compare Ref. [295]). This is because we find that
〈〈γ〉〉 ∝ α̃−2, with the intrinsic order parameter α̃ defined as

α̃2 :=
1

2L

∫ L

−L
dz
∂Φ

(LIN)
ex (z)

ρ ∂〈〈γ〉〉 =
ρD3

2L

∫ L

−L
dz

C20(z)
1− n(pa)

3 (z)
. (4.2.72)
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Hence, FMMT yields the linearized intrinsic free energy

F (LIN)
intr = F (PA)

intr + 4N ln α̃+ C , (4.2.73)

which has the same form as Eq. (4.2.67), but is also correct for finite aspect
ratios at the first relevant order in θ.

As α̃2 ∝ l for l → ∞, we see that q = 1. Therefore, θ ∝ l−1 scales in
a different way as found in the previous paragraph. The usual scaling [83]
in computer simulations is the same that we found here using the exact
FMMT functional. The failure to predict the correct scaling behavior is
thus a fingerprint of any truncated functional.6

4.2.3. Implementation of mixed weighted densities

Monte-Carlo integration Except for the special cases already discussed,
we need to calculate the mixed weighted densities n12 and N12 by numerical
methods. We evaluate Eq. (3.3.4) by means of the rotated mixed weight
functions Ω(υ),R according to Eq. (4.1.9). There are six integrals over the
body-fixed coordinates z̄1, z̄2, ϕ̄1, ϕ̄2, ¯̺1 and ¯̺2, whereas the latter two,
including a δ distribution in the integrand, are trivial, and four orientational
averages with respect to the angles θ1, θ2, φ1 and φ2. Hence, we perform a
Monte-Carlo integration, described in Sec. 1.3, with up to eight dimensions
using the adaptive MISER algorithm [77]. To determine the running time
and accuracy, we need to provide the number cMC of calls of the integrand,
evaluated for random numbers within the specified limits. Depending on
the symmetry of the problem, there are up to three additional integrals
necessary to calculate the free energy from its density Φ(r).

For a homogeneous density, the hemispheres do not contribute to n12,
as in the expansion from Eq. (4.2.3). Therefore, the integrals over z1 and
z2 become trivial. Moreover, we can perform the integrals over the polar
orientational angles φ and φ′ analytically when the substituted argument of
the density ρ(−r1(r̄1,̟1) + r,̟1) does not depend on φ1. This is the case
for a planar modulation in z direction with the nematic director parallel
to the z axis, as found in the smectic-A phase. However, the resulting
formula requires a careful implementation, as there are many fractions with
a denominator that may be close to zero. In the following, when speaking

6 In Sec. 7.3, I present a more general correction for terms of order two, which artificially
restores the correct scaling behavior.
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η S n12D
3 N12D

3

0.15 0.741 0.00987 ± 3.0e-6 0.02111 ± 6.9e-6
0.2 0.912 0.02954 ± 8.3e-6 0.02556 ± 1.6e-5
0.3 0.973 0.08454 ± 3.3e-5 0.03934 ± 3.8e-5
0.4 0.989 0.16506 ± 5.1e-5 0.05540 ± 7.7e-5
0.5 0.995 0.27138 ± 8.8e-5 0.07309 ± 1.3e-4

Tab. 4.3.: Nematic mixed weighted densities n12 and N12 at different packing
fractions of hard spherocylinders with aspect ratio l = 20. The uncertainty of
the given values with the shortcut e-x denoting ·10−x is the estimate provided by
the MISER algorithm with cMC = 107 function calls to solve the six-dimensional
integral described in the text.

of a six-dimensional Monte-Carlo integral, we refer to the variables z̄1, z̄2,
ϕ̄1, ϕ̄2, θ1 and θ2. Likewise, the four- and eight-dimensional integration
includes ϕ̄1, ϕ̄2, θ1 and θ2 and, in addition, z̄1, z̄2, φ and φ′, respectively.

Minimization For the nematic bulk phase, we have seen in Sec. 4.2.1 that
it is convenient to impose the simple nematic orientational distribution from
Eq. (4.2.9). Doing so, we can evaluate the expanded second term φ

{ζ[nt]}
2

of the functional, using the formulas in Eq. (4.2.3), until it has converged.
We now show that the mixed weighted density n12 =

∑nt

n=1

∑n
m=1 ζ

[n]
m n

[2m]
12

is the limit of this series for the nematic bulk phase when using the same
intrinsic order parameter α. To this end, we calculate n12 for HSC with l =
20 by a four-dimensional Monte-Carlo integration with cMC = 107 function
calls, taking about 40 seconds. The results n12D3 = 0.08457 ± 2.1 · 10−5

for η = 0.3 and n12D
3 = 0.27141 ± 1.4 · 10−5 for η = 0.5 are in perfect

agreement with the data shown in Tab. 4.2.

Using the same method, but for the six-dimensional integral, we compare
the values of n12 and N12 at different densities in Tab. 4.3. Both mixed
weight functions and the estimated error of the MISER algorithm increase
with the density and accordingly the order parameter. However, we find
n12 < N12 for small densities and the opposite behavior at higher packing.
In each case, the estimated error of the MISER algorithm is smaller for
n12. To get a better feeling for the error of the Monte-Carlo integration,
we evaluate both mixed weight functions in Tab. 4.4 with different levels of
accuracy. For the considered numbers cMC of function calls, the numerical
error always appears to be proportional to c

−1/2
MC . The algorithm for the
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4.2. Minimization of FMT

dim log cMC n12D
3 |n12 − ñ12| time

4 5 0.08437 ± 2.1e-4 1.9e-4 <1s
4 6 0.08459 ± 6.8e-5 3.6e-5 4s
4 7 0.08453 ± 1.9e-5 2.9e-5 35s
4 8 0.08456 ± 4.9e-6 3.1e-6 5.5min
4 9 0.08456 ± 1.1e-6 6.3e-7 57min
6 5 0.08486 ± 3.3e-4 3.1e-4 <1s
6 6 0.08461 ± 1.0e-4 5.3e-5 4s
6 7 0.08457 ± 3.3e-5 1.2e-5 34s
6 8 0.08454 ± 1.1e-5 1.2e-5 5.5min
6 9 0.08456 ± 3.5e-6 5.7e-7 56min
8 5 0.08440 ± 3.2e-4 1.6e-4 3.5s
8 6 0.08455 ± 1.0e-4 2.2e-6 32s
8 7 0.08455 ± 3.6e-5 8.8e-6 5min
8 8 0.08456 ± 1.2e-5 6.3e-7 52min
8 9 0.08455 ± 3.9e-6 7.6e-6 515min

Tab. 4.4.: Mixed weighted density n12 for a nematic phase of hard spherocylinders
with aspect ratio l = 20 at the packing fraction η = 0.3. The equilibrium order
parameter is S = 0.973. We compare the estimated error (e-x is short for ·10−x) of
the MISER algorithm for different dimensions (dim) of the integral (see text) and
numbers cMC of function calls with its running time. We also show the actual error,
regarding the exact reference value ñ12 :=

∑50
n=1

∑n

m=1 ζ
[n]
m n

[2m]
12 = 0.8456/D3,

compare Tab. 4.2.

four-dimensional integration runs as long as in the six-dimensional case but
it is more accurate. On the other hand, including the two φ integrals, the
calculation takes ten times longer, whereas the numerical error remains the
same. We further see that the estimate provided by the algorithm is a good
bound for the actual error.

In conclusion, the generalized ζ correction from Eq. (3.3.10) with a suffi-
ciently large truncation order of usually nt = 50 is practically equivalent to
the exact second term from Eq. (3.3.6). It is clear that both approaches give
rise to the same equilibrium orientational distribution distribution. Hence,
we employ the Gaussian approximation also in FMMT to avoid a tedious
numerical minimization in the remainder of this work. Doing so, we con-
veniently determine the order parameter and the mixed weighted densities
in the nematic bulk fluid from the expansion. These results serve as exact
reference values, which help to reduce the numerical error when calculating
the IN interfacial tension and the NSm coexistence.
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4. Application to monodisperse hard spherocylinders

Study of Liquid Crystal behavior To evaluate the functional, we
usually calculate the one-dimensional inhomogeneous weighted densities in
Fourier space according to Eq. (4.1.50). The time such a convolution takes
is negligible compared to the running time of the Monte-Carlo algorithm
to calculate the mixed weighted densities. Using such non-deterministic
integration method, a free minimization of the FMMT functional becomes
difficult, even when we impose the orientational distribution. It is more con-
venient to do the minimization with respect to a specific set of parameters,
as described in Sec. 2.3.5.

In practice, we still require highly accurate results to study both the
IN interface and phase transitions to the smectic-A phase, as the difference
to the grand potential of the nematic bulk phase may be quite small. To
calculate the total free energy, we need to run the Monte-Carlo algorithm
with the specified value of cMC for each sampling point. To find a good
balance between duration and accuracy of the overall calculation, we deter-
mine the most convenient setting of sampling points doing test runs with
the ζ-corrected functional, only including one-body weighted densities. We
subsequently coarsen the integration region until the deviation from the
most accurate value is of the same order as the expected (cumulative) error
of the Monte-Carlo integration.

We calculate the smectic free energy according to Eq. (2.3.62) using 50
sampling points for the integral over z. The total error is similar to one
single Monte-Carlo integration, as we average the free energy density over
one smectic layer (we multiply the estimated error with the according factor
(1 − n3(z))−1 at each sampling point). To avoid calculating the difference
between large numbers obtained with different methods, we calculate N12,
which is small compared to n12 at large densities, according to Tab. 4.3.
The required number cMC of function calls in this six-dimensional integral
depends on the free energy difference we need to resolve, which becomes
small for a small equilibrium smectic amplitude λ. Therefore, it is difficult
to tell a weak first-order from a second-order transition. To locate the
region of phase coexistence, we start with a rough calculation increasing
the accuracy up to cMC = 1 · 108 for l < 10 and cMC = 2 · 108 for l ≥ 10.

The integral in Eq. (2.3.52), which yields the IN interfacial tension, for-
mally has an infinite range. The choice of the cut-off values is particularly
important, as the total numerical error approximately scales with the length
of the considered interval I . Also note that the numerical integral is eight-
dimensional in general. Only for a tilt angle Θ = 0, we can employ the
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4.2. Minimization of FMT

faster calculation in six dimensions. We find that it is sufficient to use 11
sampling points within the range I = [−3δ, 3δ] of about six times the in-
terface width δ. The calculation of n12 has the smaller error for a density
at the IN transition, as we see in Tab. 4.3. We use cMC = 3 · 109 calls of
the integrand for Θ = π

2 and cMC = 3 · 108 elsewise. Moreover, we coun-
teract the systematic error by calculating the one-body weighted densities
for the reference excess free energy of the homogeneous phases numerically.
Although this procedure has no remarkable effect on the phase diagram, it
is vital to get a reliable result for the IN interfacial tension, which otherwise
would depend on the length of the interval I .

For infinitely long rods, as studied in Sec. 4.2.2, the characteristic length
scales δ = δLL and d = dLL of the modulations defined in Eq. (2.3.53) and
Eq. (2.3.58), respectively, also become infinitely large. This rescaling is
in accordance with the substitution z → zLL made in Eq. (4.2.38) and
Eq. (4.2.67) in the sense that the integration limits, as determined above,
become finite and the aspect ratio l cancels in the density modulation.
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Part II.

Results of anisotropic

Fundamental Measure Theory





5. Orientationally disordered

spherocylinders

"The fundamental laws necessary for the mathematical

treatment of a large part of physics and the whole of

chemistry are thus completely known, and the difficulty

lies only in the fact that application of these laws leads

to equations that are too complex to be solved."

Paul Dirac
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5.1. Phase behavior

5.1. Phase behavior

In Secs. 3.2 and 3.3, I derived FMT for arbitrary convex hard bodies from
a geometrical foundation and first principles. One would expect that FMT
functionals are superior to the ad hoc approaches described in the first
paragraph of Sec. 2.3.4. Regarding anisotropic bodies, however, we must
carefully analyze any involved approximation. As a first test, we study the
phase diagram of HSC with the different forms of the free energy functional
from Eq. (3.3.21) outlined in conclusion of Sec. 3.3.3.

For the isotropic–nematic (IN) transition, we already know [139] that
the predictions of the original functional with the second term φ

(ζ)
2 from

Eq. (3.3.9) fit well to computer simulations [83] for an appropriate choice
of the ζ parameter. With the constraints found from the scaling behavior
towards long rods in Sec. 4.2.2, we have to query this empirical approach,
in particular for inhomogeneous phases. We rid the theory of the empirical
ζ parameter by using FMMT with φ(MM)

2 from Eq. (3.3.6).

In addition to the original third term φ
(T)
3 from Eq. (3.3.29), we consider

φ
(TR)
3 from Eq. (3.3.28), which has the correct scaling behavior. Recall that

both expressions are approximations. With the latter version, however, we
are able to calculate a phase diagram of monodisperse HSC for the first time,
including the isotropic, nematic and smectic-A phase. To do so, we compare
the grand potentials of the different phases according to the conditions for
coexistence in Eq. (2.1.72).

For the homogeneous phases, we derived the orientational distribution
g(α, cos θ) from Eq. (4.2.9), which we minimize by solving Eq. (4.2.13). As
a result, we directly find the chemical potential µ according to Eq. (4.2.28).
We calculate the smectic free energy as described in Sec. 2.3.5, considering α
as a free parameter. The additional parameters λ and d are contained in the
trial profile from Eq. (2.3.58). At given density, we determine the values for
λ, d and α that yield the minimal smectic free energy. In the limit l→∞,
we Taylor expand the density profile up to fifth order in λ. This approach
yields an analytic expression for the smectic free energy from Eq. (4.2.67)
within the ζ correction or from Eq. (4.2.73) when using FMMT.1 For each
chemical potential µ, we determine the pair of density and corresponding
free energy, such that the smectic grand potential becomes minimal.

This section is arranged as follows. In Sec. 5.1.1, I revisit the results at

1 The required analytic weighted densities for a simpler profile can be found in Sec. 6.2.1.
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η

ζ
(a)

η
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ζ 1.6, Τ
ζ
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ζ

(b)

Fig. 5.1.: Isotropic–nematic coexistence densities ηI < ηN of hard spherocylinders
as a function of the inverse aspect ratio l−1 = D/L in comparison to computer sim-
ulations by Bolhuis and Frenkel [83], denoted by the black dots. The simulations
predict a first-order transition for all aspect ratios, although it is not resolved for
l ≤ 5. For the third term, of the functional, we use both expressions by Tarazona
and Rosenfeld (TR, thicker lines) from Eq. (3.3.28) and Tarazona (T, thinner lines)
from Eq. (3.3.29). The behavior for large aspect ratios is emphasized in the inset,
zooming into the box with the dashed boundary. (a) Results with Fundamental
Mixed Measure Theory (FMMT, dashed lines) from Eq. (3.3.6). We see that the
correction in Eq. (3.3.9) with ζ = 5/4 (solid lines) provides a good approximation.
(b) Results for typical values of the ζ parameter, also used in Fig. 4.6b. With
Tarazona’s third term, the result for ζ = 1.6 (dot-dashed lines) yields the best
fit [139] to the simulation data. The dotted lines correspond to ζ = 2.

the IN coexistence of HSC, comparing our new FMT approaches to some
previous efforts. I proceed with a similar analysis of the nematic–smectic-A
(NSm-A) transition in Sec. 5.1.2. In Sec. 5.1.3, I discuss the drawbacks
of the ζ correction when drawing the full phase diagram and present the
results for the EOS including the isotropic, nematic and smectic-A phase.

5.1.1. Isotropic–nematic coexistence

Full FMMT results We first study the coexistence between the isotropic
and nematic phase, labeled with the subscript I and N, respectively. As we
could expect from the discussion in Sec. 4.2.1 and the computer simula-
tions by Bolhuis and Frenkel [83], the IN transition is of first order for all
considered functionals.

FMMT, which is exact at quadratic order in the density, yields the
concentrations cI = 3.315 and cN = 4.232, defined in Eq. (4.2.31), and the
nematic order parameter SN = 0.799 in the Onsager limit. Although we
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5.1. Phase behavior

imposed the orientational distribution from Eq. (4.2.9), these results deviate
by less than 1% from those of a more elaborate minimization [255] of the
Onsager functional, which is described in Sec. 2.3.3.

When decreasing the aspect ratio l, the transition densities increase,
which implies that the contribution of the third term φ3 of the functional
becomes more and more important. Indeed, we see in Fig. 5.1a that the
choice of this term has a major influence on the phase behavior. The results
with both our expressions φ(TR)

3 and φ
(T)
3 do not match the simulation

data [83] for l < 5, predicting too low and too high coexistence densities,
respectively.

For aspect ratios in the range 15 < l < 50, it appears that φ(TR)
3 yields

a better agreement. The improvement becomes more obvious regarding the
difference ∆ηIN = ηN − ηI of the packing fractions at coexistence, which is
clearly underestimated by the functional with φ(T)

3 . Moreover, the predicted
nematic order parameter is too small when this expression is used. At
l = 20, we find SN = 0.641. Tarazona and Rosenfeld’s third term yields
SN = 0.779, in good agreement with the simulation result SN = 0.808 [83].

Approximation by an empirical parameter In Sec. 4.1.3, we dis-
cussed the ζ correction regarding the mutual excluded volume of two HSC.
We identified some natural choices of this parameter, which we now apply
to approximate the exact mixed weighted density. We show the results in
Fig. 5.1b. In general, we observe that the transition is located at lower
densities when increasing ζ. The correction with ζ = 5/4, which also min-
imizes the quadratic difference in the excluded volume, is clearly the best
approximation to FMMT. Despite the perfect agreement in the location of
the transition region, which we see best in Fig. 5.1a, the density gap and
the nematic order parameter are smaller. We obtain SN = 0.610 with φ(TR)

3

and ζ = 5/4 for the aspect ratio l = 20.

Increasing ζ, we find larger values for ∆ηIN and SN. However, the order
parameter SN = 0.664 with φ

(TR)
3 and ζ = 2 is still markedly smaller than

the FMMT result for l = 20. Most significantly, the location of the phase
transition does not match with the predictions of both FMMT and com-
puter simulations [83]. All in all, this choice of the ζ parameter, which yields
the exact excluded volume for parallel HSC, fails to describe the IN transi-
tion, where the particles in the nematic phase are only moderately aligned.
In combination with Tarazona’s third term φ

(T)
3 , the location of the phase
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Fig. 5.2.: (a) Nematic–smectic-A transition of hard spherocylinders as a function
of the inverse aspect ratio l−1 = D/L. Only Tarazona and Rosenfeld’s third term
from Eq. (3.3.28) yields a stable smectic-A phase for the shown aspect ratios. For
the results with different forms of the second term, we use the same lines as in
Fig. 5.1. The simulation data by Bolhuis and Frenkel [83] are denoted by the
empty downward triangles. Although the transition was found to be of first order
for all aspect ratios, only its location was determined for l > 5. With FMT,
we find a true second-order phase transition above the tricritical point, where
the two lines, denoting the coexistence densities, merge into one single line. We
also compare our FMT results to the modified Somoza-Tarazona DFT [298] (filled
upward triangles). (b) Smectic layer spacing d (top) and amplitude λ (bottom)
at coexistence. We also show smaller aspect ratios than in Fig. 5.2a, where the
isotropic and smectic-A phases coexist, compare Fig. 5.3.

transition perfectly fits to the simulation data for ζ = 1.6 [139]. Now we
understand that the nice fit just means that the error from replacing an ex-
act term with this poor approximation compensates the deviation resulting
from the third term of the functional.

The shortcomings of the ζ approximation become even more apparent in
the Onsager limit, where the third term does not contribute. The concen-
trations cI = 3.50 and cN = 3.87 for ζ = 5/4 and cI = 2.70 and cN = 3.15

for ζ = 1.6 are smaller than those predicted by FMMT and the Onsager
functional [255]. In the inset of Fig. 5.1b, we see that the results calcu-
lated for different third terms but the same ζ parameter get closer to each
other with increasing aspect ratio. In conclusion, we can describe the IN
transition with ζ = 5/4 in a good approximation and find that the third
term φ

(TR)
3 by Tarazona and Rosenfeld yields slightly better results than

Tarazona’s version.2

2 Further results at IN coexistence are listed in Tab. 5.2.
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5.1.2. Nematic–smectic-A transition

Qualitative overview Increasing the density, the HSC fluid exhibits
smectic order [83]. However, it is not possible to predict a stable smectic-
A phase for aspect ratios l > 2 when we use the original third term φ

(T)
3

by Tarazona—neither with the ζ correction nor with FMMT.3 Replacing
this expression with φ

(TR)
3 , we can calculate the densities at the NSm-A

transition, shown in Fig. 5.2a.

Increasing the aspect ratio, we observe a change from a first-order to
a second-order phase transition, which is not observed in computer sim-
ulations [83,84], although the first-order character becomes considerably
weaker. Such a tricritical point is also found with other density function-
als [295,306]. Studying the virial expansion up to third order, Poniewierski
verified by theory that the NSm-A transition is of first order in the limit
l→∞ [161].

Beyond the tricritical point, the transition line calculated with ζ = 5/4

appears to diverge with increasing aspect ratio l. Only for ζ = 2 or the ex-
act φ(MM)

2 , the slope of the NSm-A transition as a function of l is negative,
according to our expectations [83,295]. Note that a wrong positive slope
is also predicted by some other density functionals [302,305,306,307]. For
the described versions of FMT, the transition density appears to decrease
smoothly towards the result for l → ∞, which we determined analytically.
Therefore, we emphasize that the orientational distribution imposed for
finite aspect ratios is a sensible choice for the smectic-A phase. The ori-
entational decoupling approximation, applied in all our calculations, was
shown to be accurate especially for large aspect ratios [267], such that our
qualitative observations should not change when performing a free mini-
mization. In particular, the presence of a tricritical point should not be an
artifact of the simplified calculation.

Figure 5.2b reveals the behavior of the relative smectic layer spacing d/L
and amplitude λ/D at coexistence. As expected [295,306], both parameters
decrease with the aspect ratio l. The smectic amplitude λ, acting as an order
parameter, is constantly zero whenever the NSm-A transition is continuous.

Comparison of the results With the failure of the original third term,
the currently most accurate functional to study the NSm-A transition is

3 The nematic–smectic transition for parallel bodies studied in Sec. 6.2.3 provides us
with a better understanding of the stability of the smectic-A phase.
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5. Orientationally disordered spherocylinders

work ηN∗ SN∗ ηS SS dL η
(∞)
NS d

(∞)
L

ζ = 5/4, TR 0.459 0.869 0.481 0.921 1.25 ∞ -
ζ = 2, TR 0.400 0.858 0.435 0.924 1.30 0.360 1.20
FMMT, TR 0.425 0.881 0.465(2) 0.953(1) 1.29 0.370 1.19
simulation 0.453 0.74 0.482 0.90 0.426
Pon 0.526 0.875 0.549 0.898 1.41† 0.417 1.24
ST-DFT 0.507 0.912 0.554 0.985 1.26† 0.393 1.21†

ST-DFT∗ 0.477 0.503

Tab. 5.1.: Packing fractions η, orientational order parameters S and normalized
smectic layer spacing dL = d/L at the nematic–smectic-A transition of hard sphe-
rocylinders. We show the data at phase coexistence for an aspect ratio l = 5,
where the nematic and smectic values have the subscript N∗ and S, respectively.
For infinitely long rods, denoted by the superscript (∞), we show the transition
density η

(∞)
NS , whereas S = 1 for all approaches. The number in brackets denotes

the estimated error in the last digit. If none is shown, this error is at least 0.4. We
compare our results using FMMT and the ζ correction with φ

(TR)
3 to computer

simulations by Bolhuis and Frenkel [83,84]. The values by Poniewierski (Pon) and
co-workers are obtained using DFT for l = 5 [306] and the virial expansion in the
limit l → ∞ [161] and ST-DFT denotes the original [295] and (denoted by the
asterisk) modified [298] functional by Somoza and Tarazona.

† Values are read off from graphs

FMMT with φ
(MM)
2 and φ

(TR)
3 . As at the IN transition in Fig. 5.1, the

predictions for the nematic ηN∗ (not to confuse with the result ηN at the IN
coexistence) and smectic-A ηS coexistence densities in Fig. 5.2a lie below
the simulation results [83,84]. For l ≤ 5, the difference ηS − ηN∗ is larger
than found in the simulations, which we see in Tab. 5.1 for l = 5. Note
that we can determine ηN∗ with a higher accuracy than ηS. The table also
features the nematic SN∗ and smectic SS orientational order parameters.
Interestingly, both values are larger than the simulation results, in contrast
to the nematic order parameter SN at the IN transition.

With increasing aspect ratio and weaker first-order character, it becomes
increasingly difficult to calculate the smectic free energy with an accuracy
sufficient to locate the NSm-A transition and determine the width of the
coexistence. It appears that the transition is still of first order at l = 20,
although the error is larger than the difference of the coexistence densities.
At l = 40, there is little evidence for a first-order transition. We expect
that the tricritical point in Fig. 5.2a is situated around l ≈ 20, between the
distinct findings l = 5.9 [306] to l = 50 [295] from the DFT literature.
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5.1. Phase behavior

We also compare our FMT predictions in Tab. 5.1 to other DFT ap-
proaches. For an aspect ratio of l = 5, FMMT gets closer to the simula-
tions than the early weighted-density functionals [295,306], which locate the
transition at too large densities. In the limit l→∞, the transition density
from the linearized Somoza-Tarazona functional [295] is smaller than the
simulation result but closer to it than the FMMT prediction. For all aspect
ratios, both theories agree well in predicting the smectic layer spacing d to
be larger than the rod length L + D. When we only regard the location
of the NSm-A transition, the modified Somoza-Tarazona theory [298], also
considered in Fig. 5.2a, yields the currently best DFT results. Compared
to the simulation for l = 5, this theory is as good as FMMT, but it further
improves when decreasing the aspect ratio. In the latter case, however, the
qualitative behavior and the difference ηS − ηN∗ of the densities at coexis-
tence appear to be better reproduced with FMMT. For l > 5, the number
of data points provided by Ref. [298] is not sufficient to make an informa-
tive comparison with FMMT. The theory getting closest to the simulation
results for l →∞ is Poniewierski’s virial approach [161], whereas his DFT
results seem to diverge [306].

At the NSm-A coexistence, it is not possible to accurately approach
the FMMT result by using the simple ζ approximation. In Fig. 5.2b, the
phase transition with ζ = 2, which is the only value that yields the same
qualitative behavior, is found at lower densities. At least, the parameters
d and λ found within this approximation agree nicely with the full FMMT
predictions, which we see in Fig. 5.2b. This is not the case for ζ = 5/4,
which is only accurate in locating the coexistence region for small aspect
ratios l . 4. With this choice of the parameter, we find the tricritical point
already for 7 < l < 8 and the slope of the transition line for l > 8 is
wrong. Using ζ = 2, the tricritical point is located at a larger aspect ratio
12 < l < 13, closer to the benchmark provided by FMMT. Therefore, this
choice better approximates the second virial coefficient of highly aligned
particles compared to ζ = 5/4.

Note that the transition for infinitely long rods, where S → 1, does not
occur at the same density as predicted by FMMT, although ζ = 2 yields
the same exact excluded volume for parallel bodies. This discrepancy is
related to the wrong scaling behavior of the orientational degrees of freedom,
discussed in Sec. 4.2.2, and therefore an artifact of truncation. All in all,
the second term φ

(ζ)
2 with ζ = 2 constitutes a fair approximation, when we

are only interested in the NSm-A transition.
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5. Orientationally disordered spherocylinders

ηηη

(a)

ηη

ζ
ζ

η

(b)

Fig. 5.3.: Phase diagram of hard spherocylinders calculated with (a) FMMT and
(b) the ζ approximation. The lines and symbols are the same as in Figs. 5.1
and 5.2a. At small aspect ratios l = L/D, we observe a direct transition from the
isotropic to the smectic-A phase.

5.1.3. Isotropic, nematic and smectic-A phase

Phase diagram Using the exact second term φ
(MM)
2 , we have seen that

the IN and NSm-A transitions are well-described with Tarazona and Rosen-
feld’s expression φ

(TR)
3 for the third term. Regarding the HSC phase dia-

gram in Fig. 5.3, we conclude about the quality of the current approxima-
tions of the second term. Obviously, the ζ correction suffers from some
severe drawbacks, when we want to study different phases simultaneously.
While the correction with ζ = 5/4 approximates the FMMT results for the
IN transition quite well, it fails to describe the smectic-A phase for large
aspect ratios. The only value ζ = 2, which is qualitatively correct for in-
finitely long rods, suffers from quantitative shortcomings. Only for l � 4, it
is not obvious which value of the ζ parameter yields the best approximation
to FMMT.

To gain further information, we extend our study to aspect ratios down
to l = 2, where the isotropic phase directly transfers into the smectic-A
phase. Indeed, we can say that the coexistence densities calculated with
ζ = 5/4 get markedly closer to FMMT than those for ζ = 2. However, the
smectic amplitude for ζ = 5/4, shown in Fig. 5.2b, does not agree at all.
Using FMMT, we find the isotropic–nematic–smectic-A triple point in the
range 3 < l < 3.5, similar to the prediction of computer simulations [83]
and other density functionals [288,295,306]. The location of the triple point
at l = 2.90 for ζ = 2 and l = 2.95 for ζ = 5/4 appears to be quite universal
for different theories and approximations.
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η

β
ζ
ζ
ζ

(a)

(b)

Fig. 5.4.: (a) Equation of state of hard spherocylinders with aspect ratio l = 5.
The lines, representing the different FMT results, have the same style as in Fig. 5.1.
The horizontal lines denote the pressure at coexistence of two phases and separate
the stable from the metastable branches. We use different symbols to denote the
simulation results from Ref. [82] for each phase. (b) Closeup of the two regions near
the isotropic–nematic (top) and nematic–smectic-A (bottom) transition marked
with the boxes in Fig. 5.4a. The thin dotted lines denote the intermediate minima
of p(η).

Equation of state So far, we have only discussed the results at phase
transitions. However, we can draw similar conclusions from the EOS of HSC
with aspect ratio l = 5, shown in Fig. 5.4. The FMMT results corresponding
to φ

(TR)
3 compare nicely to simulations [82], although the regions of the

phase transition are different. At a density where all considered versions of
the second term yield the same phase, we see that the nematic branch for
ζ = 5/4 is closer to the FMMT result, whereas ζ = 2 is more accurate for
the smectic-A branch. The original functional with φ

(T)
3 overestimates the

nematic pressure significantly. Using the exact second term instead of the
shown approximation with ζ = 1.6, the pressure becomes even larger.

With all yet proposed approximations to the second and third term, we
obtain the same isotropic branch. The particular limits of stability and
metastability are different when changing either the ζ parameter or the
third term. However, the isotropic phase becomes unstable at exactly the
same density for ζ = 5/4 and FMMT, which are equivalent in the low-
order limit, S → 0, for the nematic bulk phase.4 The isotropic branch does
not fit perfectly to the simulation result. This is because the form of the

4 In general, the approximation with ζ = 5/4 is not exact in the low-order limit, which
we see in Sec. 6.1.1.
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5. Orientationally disordered spherocylinders

functional, given by Eq. (3.3.21), does not rely on a theory for anisotropic
bodies and yields the PY EOS from Eq. (2.1.63) in the HS limit, l → 0,
rather than the more accurate expression from Eq. (2.1.58) by Carnahan
and Starling.5 However, this minor deviation is negligible compared to the
influence of the third term (or approximations to φ2) on the nematic and
the smectic-A branch.

The behavior of the pressure in the vicinity of the phase transitions is
emphasized in Fig. 5.4b. Near IN coexistence, we recall the discussion in
the final paragraph of Sec. 4.2.1. As for the chemical potential, shown in
Fig. 4.7c, we see that the isotropic phase is still metastable for densities
at which the system shows nematic order. However, the loop depicting the
unstable maxima of the smectic-A grand potential looks different. There is
only a short range of densities, where we find two local minima in the free
energy. Hence, the smectic-A phase is not even metastable at the nematic
bifurcation point and we find a true gap in the density between the two
limits of metastability.

We further see in Fig. 5.4 that the smectic-A branch is not as steep as
the nematic branch, which explains the different errors of the FMMT values
for the densities at coexistence, shown in Tab. 5.1. The EOS of longer rods
looks slightly different, as the NSm-A transition is continuous. Interestingly,
the smectic layer spacing d for l = 5 does not increase monotonically with
the density. For ζ = 2, we have d/L = 1.28 in the unstable regime at
the smallest possible η = 0.409. We find the maximum d/L = 1.30 near
coexistence and the spacing decreases for higher packing fractions, where
d/L = 1.27 for η = 0.5. This behavior was confirmed in a calculation
with polyhedra approximating the shape of a HSC [386]. As expected, the
amplitude λ accounts for a monotonically increasing degree of smectic order
when increasing the density.

5.2. Isotropic–nematic interface

The phase transition between the homogeneous isotropic and nematic phase
is qualitatively well described with all introduced versions of the functional.
The most important quantitative observation made in Sec. 5.1.1 is that the
nematic order parameter SN and the density difference ∆ηIN at coexistence
predicted by all functionals with φ

(TR)
3 are in markedly better agreement

5 In Sec. 8.1.1, I discuss some possible improvements to the isotropic EOS.
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5.2. Isotropic–nematic interface

with computer simulations than for those with φ
(T)
3 . Moreover, FMMT

is well approximated by the correction with ζ = 5/4. Including the in-
homogeneous smectic-A phase to the discussion of the phase behavior in
Sec. 5.1.2, the functionals with φ(T)

3 and ζ 6= 2 are not accurate at all. Now
we study in how far FMMT and the outlined approximations capture the
right properties of the inhomogeneous IN interface.

To calculate the IN interfacial tension γIN, we translate the strategy
developed in Sec. 2.3.5 to the language of FMT. According to Eq. (4.2.24),
we find that, at lowest order, the nematic order parameter S is proportional
to the squared intrinsic order parameter α2 of the orientational distribution
g(α, cos θ) from Eq. (4.2.9). Assuming that α(z) ∝

√

S(z), we combine
the spatial modulation from Eq. (2.3.54) with the order parameter profile
from (2.3.55) and use

ρ(z,̟) =
(

ρNh
2(z) + ρI

(

1− h2(z)
))

gn̂

(

αN

√

h(z), θ, φ
)

. (5.2.1)

Likewise, from Eq. (2.3.56) and Eq. (2.3.57), we find

ρ(z,̟) = (ρNh(z) + ρI(1− h(z))) gn̂
(

αN

√

h(z −∆z), θ, φ
)

. (5.2.2)

To account for the tilt angle Θ between the nematic director and the in-
terface normal, we use the generalized the orientational distribution from
Eq. (2.3.51). Imposing either of these profiles of the orientation-dependent
density, we minimize the functional γIN[ρ(z,̟)] from Eq. (2.3.52) with re-
spect to the contained parameters, i.e., the interface width δ, the shift ∆z

between density and order parameter profile and the tilt angle Θ.

As a first step, I impose different tilt angles in Sec. 5.2.1 to study the
director dependence. In Sec. 5.2.2, I compare the minimal interfacial tension
to results from computer simulation and other DFT approaches. I conclude
in Sec. 5.2.3 discussing the relation between the width of the interface and
the correlation lengths in the bulk fluids.

5.2.1. Director dependence

Qualitative behavior To facilitate the minimization of FMMT at a
given tilt angle Θ, we only consider the trial profile from Eq. (5.2.1), which
only contains the free parameter δ. We find that the minimum is quite
flat. As the calculation of the mixed weighted density, described in the last
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5. Orientationally disordered spherocylinders
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Fig. 5.5.: Results at the IN interface for hard spherocylinders of aspect ratio
l = 15 obtained with for the one-parameter profile from Eq. (5.2.1). We compare
the behavior of FMMT with the ζ approximation as a function of the tilt angle Θ
between the nematic director and the interface normal. We use the same line styles
as in Fig. 5.1 including error bars to the results from FMMT. (a) Isotropic–nematic
interfacial tension γIN. The equilibrium state has a tilt angle Θ = π/2 between
the nematic director and the interface normal. Mind the different normalizations
of the three curves. (b) Width of the interface in equilibrium. Each data point
from FMMT is denoted by a star. The dashed line is a fit to a hyperbolic tangent
as a guide to the eye.

paragraph of Sec. 4.2.3, is quite susceptible to numerical errors, there are
large error bars to the value of the equilibrium interface width. We conve-
niently determine the equilibrium value of γIN(δ) through a fit to a parabola
near the minimum.

In Fig. 5.5a, we see how the interfacial tension of HSC with l = 15 de-
pends on the orientation of the nematic director relative to the interface. As
expected [299], γIN is a monotonically decreasing function of the tilt angle.
This means that in equilibrium the particles preferably align parallel to the
interface [125,264,299]. The width δ of the interface also decreases monoton-
ically with increasing tilt angle, as shown in Fig. 5.5b. We can understand
this behavior when we consider the average length of the projection of the
rods on the z axis.

Using the ζ approximation, we make the same qualitative observations in
Fig. 5.5. However, FMMT predicts a larger ratio γmax

IN /γmin
IN ≈ 1.41 between

the two extrema compared to γmax
IN /γmin

IN ≈ 1.31 from the modified edFMT
with ζ = 5/4 and φ

(TR)
3 . Substituting the third term of the functional, the

qualitative behavior of the interfacial tension is not affected and this ratio
nearly remains the same. Likewise, we find δmax/δmin ≈ 1.43 with FMMT
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Fig. 5.6.: Interfacial tension γIN (left axis, solid lines) of hard spherocylinders
and equilibrium values of the parameters in the imposed density profiles (right
axis) as a function of the tilt angle Θ. The width δ of the interface and the
shift Δz (renormalized by a factor of −2 to fit to this plot) are printed in dashed
and dotted lines, respectively. The results with Eq. (5.2.1), only containing the
parameter δ, are additionally denoted by filled dots to highlight the difference to
the results with Eq. (5.2.2), containing both parameters. We consider the aspect
ratios (a) l = 5, (b) l = 10, (c) l = 15 and (d) the Onsager limit l → ∞, where
liml→∞ βγIN(L + D)D = liml→∞ βγINLD.

and δmax/δmin ≈ 1.35 using the ζ correction. Moreover, we see that for
each approach this ratio of the interface widths is similar to the ratio of the
extremal interfacial tensions.

Comparison of trial profiles We have seen that all considered FMT
functionals yield the same qualitative results. In Fig. 5.6, we see the director
dependence of the interfacial tension for the aspect ratios l = 5, l = 10, l =

15 and in the Onsager limit using the original edFMT with ζ = 1.6 and φ
(T)
3 .

In this approximation, it is easy to additionally minimize the functional with
respect to the two parameters in the trial profile from Eq. (5.2.2).

For small tilt angles Θ, the interfacial tension predicted by the trial
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Fig. 5.7.: (a) Isotropic–nematic interfacial tension γIN for tangential alignment,
Θ = π/2, to the interface and (b) difference ΔηIN = ηN − ηI of the densities
at coexistence (see Fig. 5.1) for different (inverse) aspect ratios l−1 = D/L of
hard spherocylinders. We use the functional with the third term by Tarazona
(T) from Eq. (3.3.29) in the ζ approximation from Eq. (3.3.9) with ζ = 1.6 (dia-
monds) and ζ = 5/4 (dots). For Tarazona and Rosenfeld’s expression (TR) from
Eq. (3.3.28), we consider ζ = 5/4 (circles) and the exact second term, Eq. (3.3.6),
from FMMT (stars). Our data correspond to either imposed density profile from
Eq. (5.2.1) or Eq. (5.2.2) that yields the smaller interfacial tension. For FMMT, we
only use the one-parameter profile. The numerical errors for FMMT are smaller
than the symbol size. We compare our results to grand-canonical Monte-Carlo
simulations [125,126,127] (downward triangles), the modified Somoza-Tarazona
DFT [299] (upward triangles) and a DFT in the Onsager limit [264,387] (squares).

profile from Eq. (5.2.1) is always smaller. As we see in Fig. 5.6d, it also
yields a better approximation for the presumed equilibrium configuration
at Θ = 0.5π for l � 40. In all other cases, the two-parameter profile yields
the smaller global minimum. The small difference between both methods
suggests that they provide a good approximation to the result of a free
minimization.

However, we see in Fig. 5.6a that the interfacial tension minimized us-
ing Eq. (5.2.1) exhibits a slightly non-monotonic behavior for l = 5. This
appears to be an artifact of the parametrized minimization, which is barely
observable when using the two-parameter profile. Note that a plain mini-
mum at Θ ≈ π/3 is observed when imposing an artificial sharp-kink pro-
file [310,311]. We also see that the equilibrium parameters, particularly the
shift Δz between the inflection points of the density and order parameter
profile, are non-monotonic functions of the tilt angle for small aspect ratios.
In general, we observe that the ratios γmax

IN /γmin
IN ≈ δmax/δmin increase with

increasing aspect ratio l of the HSC.
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5.2. Isotropic–nematic interface

l work ηI ηN SN γ∗IN δ/L |∆z|/L
5 ζ = 5/4, T 0.460 0.462 0.349 0.0119 1.50 1.13
5 ζ = 1.6, T 0.396 0.400 0.407 0.0159 1.29 0.84
5 ζ = 5/4, TR 0.345 0.363 0.625 0.0568 0.90 0.48
5 FMMT, TR 0.339 0.365 0.723 0.0905(1) 0.90(1) -
5 ST-DFT 0.400 0.417 0.0634

10 ζ = 5/4, T 0.281 0.286 0.430 0.0237 1.12 0.67
10 ζ = 1.6, T 0.232 0.239 0.477 0.0263 1.02 0.56
10 ζ = 5/4, TR 0.226 0.243 0.623 0.0632 0.82 0.42
10 FMMT, TR 0.219 0.249 0.758 0.1169(1) 0.77(1) -
10 ST-DFT 0.251 0.276 0.0877

15 ζ = 5/4, T 0.202 0.207 0.465 0.0311 1.01 0.56
15 ζ = 1.6, T 0.163 0.171 0.510 0.0329 0.94 0.49
15 ζ = 5/4, TR 0.169 0.184 0.616 0.0650 0.80 0.40
15 FMMT, TR 0.164 0.191 0.772 0.1305(1) 0.74(0) -
15 simulation 0.173 0.198 0.7 0.10 0.71 0.37

20 ζ = 5/4, T 0.157 0.163 0.486 0.0361 0.97 0.52
20 ζ = 1.6, T 0.126 0.134 0.531 0.0375 0.90 0.46
20 ζ = 5/4, TR 0.136 0.148 0.610 0.0655 0.80 0.40
20 FMMT, TR 0.131 0.155 0.779 0.1389(3) 0.70(8) -
20 ST-DFT 0.143 0.164 0.114

∞ ζ = 5/4 3.504/l 3.872/l 0.574 0.0637 0.81 0.40
∞ ζ = 1.6 2.700/l 3.151/l 0.624 0.0641 0.76 0.37
∞ FMMT 3.315/l 4.232/l 0.799 0.1677(4) 0.69(2) -
∞ On-DFT 3.287/l 4.184/l 0.792 0.156 0.66 0.45

Tab. 5.2.: Results at isotropic–nematic coexistence of hard spherocylinders with
different aspect ratios l = L/D. We show the densities ηI and ηN of both phases
and the nematic order parameter SN, as discussed in Sec. 5.1.1. We further show
the interfacial tension γ∗IN = βγIN(L +D)D, interface width δ and distance |∆z|
between the density and order parameter profile in equilibrium. We consider the
same versions of FMT as in Fig. 5.7. All results for the ζ correction are calculated
imposing the density profile from Eq. (5.2.2), which minimizes the interfacial ten-
sion at tilt angle Θ = π/2 for all shown aspect ratios except for the limit l →∞,
compare Fig. 5.6. The results with FMMT are always calculated with the pro-
file Eq. (5.2.1), and therefore do not include the shift parameter. The number
in brackets denotes the estimated error in the last digit. We compare our results
to Monte-Carlo simulations [125,126,127], the modified Somoza-Tarazona (ST)
DFT [299] and the Onsager functional (On-DFT) [264,387]. For the latter, we
estimate the interface width δ = ξI + ξN from the results for the isotropic ξI and
nematic ξN correlation lengths [387].
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5. Orientationally disordered spherocylinders

5.2.2. Interfacial tension

Full FMMT results From now on, we assume the orientation of the
director to be parallel to the interface, as we expect to find the global min-
imum of the interfacial tension at Θ = 0.5π. In Fig. 5.7a, we compare our
FMT results to different values from the literature. Note that we increase
the accuracy of the numerical integration compared to the calculation for
other tilt angles Θ 6= 0.5π in Sec. 5.2.1, such that there are no visible
error bars to the FMMT values. We provide an estimate for this error in
Tab. 5.2, where we also consider the packing fractions and the nematic order
parameter at bulk coexistence, as well as, the parameters of the interfacial
profile. We observe the expected trend of the normalized interfacial tension
βγIN(L+D)D to increase with the aspect ratio. The interface width δ/L,
however, appears to have a minimum at l ≈ 30.

For an aspect ratio l = 15, FMMT predicts the minimal interfacial
tension βγIN(L + D)D = 0.1305 ± 10−4 for δ/L = 0.74 ± 0.002, slightly
overestimating the results βγIN(L+D)D = 0.10 [125] and δ/L = 0.71 [127]
from Monte-Carlo simulation. For other aspect ratios, we make a similar
observation when comparing to the DFT results [299] in Tab. 5.2, obtained
with the modified functional by Somoza and Tarazona [295,298]. Due to the
severe drawbacks of Tarazona’s third term φ

(T)
3 , demonstrated in Sec. 5.1,

we spared the computational effort to calculate the interfacial tension using
FMMT with this expression.6

With the third term of the functional being irrelevant, FMMT is exact
in the Onsager limit, l → ∞ and η → 0. Therefore, the difference of
about 7% between the calculated interfacial tension and the result of a
free minimization [264,387] is mainly due to the fact that we the imposed
the form of the density profile from Eq. (5.2.1). Note that the different
minimization procedure in both calculations also leads to slightly different
results at bulk coexistence, compare Tab. 5.2. Baring in mind the expected
decrease of the interfacial tension, the true equilibrium results from a free
minimization of FMMT should be closer to the predictions from other works.

The difference ∆ηIN of bulk coexisting densities, shown in Fig. 5.7b, is
only slightly larger than in the literature. Comparing this plot to Fig. 5.7a,
we suppose that this result provides a rough idea about the agreement of
the equilibrium interfacial tension. The result for the IN interfacial tension

6 In Fig. 7.6c, I show the results for both third terms using an improved approximation
to FMMT, introduced in Sec. 7.3.
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5.2. Isotropic–nematic interface

from LdG theory in Eq. (2.2.43), however, indicates a more general scaling
behavior including, e.g., the nematic order parameter SN.7

Approximate results Replacing the mixed weighted density with the ζ
approximation, we observe a significant quantitative difference in our re-
sults, which is already apparent in Fig. 5.5a, where we renormalized the
plot corresponding to ζ = 5/4 by a factor 2. For the the common third
term φ

(TR)
3 , the gap in Fig. 5.7a between the results of FMMT and edFMT

with ζ = 5/4 becomes larger with increasing aspect ratio. As the transition
density likewise decreases with the aspect ratio, the second virial coefficient
becomes more and more dominant. Hence, this result constitutes a clear
evidence for the failure of the ζ correction at the inhomogeneous IN inter-
face, although homogeneous systems, in particular the IN transition, are
well-described with ζ = 5/4 for long rods.

Regarding the interfacial tension βγIN(L + D)D as a function of the
aspect ratio, this approximation does not even yield the same qualitative
behavior as FMMT. Using the density profile from Eq. (5.2.1), we observe
a maximum at l = 20. The ζ correction also predicts a minimal interface
width δ/L at l = 30. This non-monotonic behavior can only be suspected
from the FMMT data for l ≥ 20. According to Tab. 5.2, the interface width
found with ζ = 5/4 is larger than predicted by FMMT and therefore in
poorer agreement with the computer simulation for l = 15. However, the ζ
correction allows us to impose the density profile from Eq. (5.2.2) to predict
the equilibrium value of the shift parameter ∆z, which is always negative.
This observation, indicating a stronger alignment on the isotropic side of
the interface, confirms previous findings [125,299,387]. We further find that
|∆z|/L decreases monotonically with increasing aspect ratio l.

Requiring a relatively small computational effort, the ζ correction is
convenient to study the effect of changing the third term of the functional.
Let us first note that the value of the ζ parameter itself has no signifi-
cant influence on the value of the interfacial tension, as we see in Fig. 5.7a
for Tarazona’s third term. With both choices ζ = 1.6 and ζ = 5/4, the
interfacial tension is nearly an order of magnitude below the FMMT re-
sults. Comparing the two results with ζ = 5/4, the modification of φ(T)

3

to the version of Tarazona and Rosenfeld yields a remarkable quantitative

7 Including the results from Sec. 5.3 for the elastic coefficients, I compare the formula
from LdG theory to the FMT results for the interfacial tension in Sec. 6.1.3.
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5. Orientationally disordered spherocylinders

improvement. For small aspect ratios l . 5, the resulting increase of the
interfacial tension is even larger than due to replacing the ζ correction in
the second term with the exact FMMT. We further see in Tab. 5.2 that
the interface width δ predicted with the original expression is too large.
Overall, we can say that the value of the interfacial tension is very sensi-
tive to different forms of the functional. The predicted density difference
∆ηIN, shown in Fig. 5.7b, provides a first clue about the magnitude of the
corresponding interfacial tension for all shown approaches.

5.2.3. Correlation length

Calculation According to Eq. (2.2.47), the correlation lengths ξI in the
isotropic and ξN in the nematic phase at coexistence, provide each half the
width δ of the IN interface. Although the strict equality ξI = ξN = δ/2

only holds in LdG theory, it provides an interesting approach to check the
self-consistency of a more elaborate DFT. Moreover, the input of a known
correlation length as an estimate for δ would facilitate the calculation of
an approximate value for the IN interfacial tension. Unfortunately, the
full procedure, described in Ref. [349], to calculate the isotropic correlation
length of anisotropic bodies appears to be more computationally demanding
than the minimization performed in Secs. 5.2.1 and 5.2.2.

As a first attempt, we here calculate only some approximate values of the
correlation lengths by solving Eq. (2.3.50). The employed planar DCF from
Eq. (2.3.48) constitutes the leading order of an expansion into rotational
invariants [349]. In the nematic phase, we expect that the result depends
on the director orientation, contained within the orientational distribution
from Eq. (2.3.51). Using the ζ correction, we restrict ourselves to one-body
measures. The convolution products in the general DCF from Eq. (3.3.36)
depend on r = r1 − r2. Integrating over the x and y coordinates as in
Eq. (2.3.48), we obtain the convolution

ω(ν) ⊗ ω(µ)(z,̟1,̟2) =

∫∫∫∫

dx1 dy1 dx2 dy2 ω
(ν) ⊗ ω(µ)(r,̟1,̟2)

(5.2.3)
of the one-dimensional weight functions ω(ν)(z,̟) calculated in Sec. 4.1.1.
For anisotropic bodies, these planar weight functions are easier to determine
than those for a spherical geometry, which constitutes another advantage
of using the DCF from Eq. (2.3.48) rather than that from Eq. (2.3.47).
We further simplify the remaining spatial integrals, including an arbitrary
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5.2. Isotropic–nematic interface

δ δ
ξ
ξ

ξ ξ

π

ζ

Θ

(a)

δ δ
ξ
ξ

ξ ξ

π

ζ

Θ

(b)

Fig. 5.8.: Width δ of the isotropic–nematic interface, as in Fig. 5.5b, compared to
different combinations of approximate results for the isotropic ξI and the nematic
ξN correlation length at coexistence, according to the expected relation δ ≈ 2ξ.
We consider hard spherocylinders with aspect ratio l = 15 and use ζ correction
for the (a) original and (b) modified functional.

function H(z), according to

∫ ∞

−∞
dzH(z)ω(ν) ⊗ ω(μ)(z,�1,�2)

=

∫ ∞

−∞
dz

∫ ∞

−∞
dz2H(z)ω

(ν)(z2 − z,�1)ω
(μ)(z2,�2)

=

∫ ∞

−∞
dz1

∫ ∞

−∞
dz2H(z2 − z1)ω

(ν)(z1,�1)ω
(μ)(z2,�2) , (5.2.4)

where we have substituted z → −z1 + z2 in the last step.

Results In a first calculation, we discuss the HS limit, l → 0, of a HSC.
In this case, we may drop the orientational average and the described cal-
culation yields the proper correlation length corresponding to the DCF of a
given functional. Therefore, we can validate our modified approach, based
on a planar rather than a radial DCF. Indeed, we confirm the results [348]
calculated with the PY DCF from Eq. (2.1.62) when using Tarazona’s third
term φ

(T)
3 , constructed to result in the same DCF. In particular, there is

no bulk instability point, i.e., a density above which there exist solutions of
Eq. (2.3.44) or Eq. (2.3.50) with a0 = 0. Using the version φ

(TR)
3 instead, we

observe an instability point at η = 0.4982 = 0.9515v/D3, somewhat below
η = 1.1v/D3 [351], found with another weighted-density functional [234].

Now we consider HSC with an aspect ratio l = 15. Figure 5.8 shows
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5. Orientationally disordered spherocylinders

l work ηI ηN 2ξI/L 2ξN/L (ξI + ξN)/L δ/L

5 ζ = 5/4, T 0.460 0.462 0.477 0.354 0.416 1.56
5 ζ = 1.6, T 0.396 0.400 0.493 0.348 0.421 1.33
5 ζ = 5/4, TR 0.345 0.363 0.496 0.262 0.379 0.93

10 ζ = 5/4, T 0.281 0.286 0.429 0.266 0.348 1.15
10 ζ = 1.6, T 0.232 0.239 0.433 0.263 0.348 1.05
10 ζ = 5/4, TR 0.226 0.243 0.430 0.219 0.325 0.85

15 ζ = 5/4, T 0.202 0.207 0.413 0.243 0.328 1.04
15 ζ = 1.6, T 0.163 0.171 0.412 0.239 0.326 0.96
15 ζ = 5/4, TR 0.169 0.184 0.411 0.211 0.311 0.83

20 ζ = 5/4, T 0.157 0.163 0.404 0.231 0.318 0.99
20 ζ = 1.6, T 0.126 0.134 0.402 0.227 0.314 0.92
20 ζ = 5/4, TR 0.136 0.148 0.402 0.209 0.305 0.82

Tab. 5.3.: FMT results for the isotropic ξI and the nematic ξN correlation lengths
(multiplied by a factor two) of hard spherocylinders with different aspect ratios
l using the ζ correction. The results are at phase coexistence and for a parallel
alignment to the distortion with the tilt angle Θ = π/2. We show the show the
corresponding packing fractions as in Tab. 5.2. The isotropic–nematic interface
width δ is obtained from the profile Eq. (5.2.1), where it is the only parameter.
As an estimate for δ, we also show the sum ξI + ξN.

the correlation lengths as a function of the angle Θ between the z axis and
the nematic director. In contrast to the prediction of LdG theory, we find
that the (approximate) isotropic correlation length is constant. The nematic
correlation length decreases with increasing tilt angle, which is in qualitative
agreement with the behavior of the width δ of the IN interface. Interestingly,
we find ξI = ξN at the same angle Θ ≈ π/3 at which the IN interfacial
tension becomes minimal in the sharp-kink approximation [310,311]. For
the actual equilibrium director alignment at the IN interface, Θ = π/2, we
have ξI > ξN, which is also found with DFT in the Onsager limit [387].

We clearly see that our approximate findings for ξI + ξN do not provide
a sufficiently good estimate for the interface width δ, which is markedly
larger. The ratio between maximum and minimum is about twice as large
as the ratio of the interface width. Comparing the results from the different
FMT functionals, we see that the nematic correlation length predicted with
Tarazona’s third term in Fig. 5.8a is smaller than the result with Tarazona
and Rosenfeld’s third term in Fig. 5.8b for Θ . 0.4π, in contrast to the
corresponding values of δ. Only for larger tilt angles, the results for both
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5.2. Isotropic–nematic interface
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Fig. 5.9.: Leading-order pole of the Ornstein-Zernicke equation in Fourier space
for the isotropic phase of hard spherocylinders. We show the minimal imagi-
nary part a0 of the solutions of Eq. (2.3.50) and the corresponding real part
a1. The FMT results in the ζ correction are shown with the same lines as in
Fig. 5.1b and symbols as in Fig. 5.7. The simulation results (squares), obtained
from Eq. (2.3.44), are read off from the plot in Ref. [349]. (a) Results for the
aspect ratio l = 5. With either approach, the symbols correspond to the packing
fractions η = 0.1288, η = 0.2003 and η = 0.3694 from the left to the right. (b)
Results for the aspect ratio l = 10. The symbols are at η = 0.0922, η = 0.1257,
η = 0.1591 and η = 0.1927.

quantities become consistently smaller when changing the third term of the
functional to φ

(TR)
3 . In the isotropic phase, the correlation length is nearly

independent of the version of the functional. From Tab. 5.3, we can draw
similar conclusions also for other aspect ratios. We see that changing the
ζ parameter has no significant influence on the correlation length although
the packing fraction at coexistence is markedly different.

It is also demonstrated by computer simulation [349] that the isotropic
correlation length is underestimated when only the first order of the ex-
pansion of the DCF is used. In Fig. 5.9, we compare our FMT results for
the solutions of Eq. (2.3.50) with minimal a0 to simulations using the same
approximation of the DCF in Eq. (2.3.44). We confirm the behavior that
a1 increases when increasing the density. The imaginary part a0, however,
has a minimum at about η ≈ 0.28 for l = 5. Only for l = 10, we observe
the expected decrease of a0 within the density range considered in the sim-
ulation. The quantitative agreement becomes worse for larger aspect ratios
and higher densities, i.e., for a system which is less and less similar to HS.
In conclusion, we expect that also the full DCF from our approach does
not agree well the simulation result for anisotropic particles, which could
be another artifact of the ζ approximation.
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5. Orientationally disordered spherocylinders

5.3. Frank elastic coefficients

As a final application, we determine the Frank elastic coefficients Kǫ in the
nematic phase of HSC, introduced in Sec. 2.2.2. The index ǫ ∈ {1, 2, 3} ac-
counts for splay, twist and bend distortions, respectively. We have already
seen that the ζ correction provides an approximation close to FMMT when
describing the homogeneous IN transition but fails for the inhomogeneous
IN interface. In this respect, the calculation of elastic coefficients provides
an interesting test, as the elastically deformed nematic phase is only in-
homogeneous regarding the orientational degrees of freedom, whereas the
particle’s centers are distributed homogeneously.

Recalling the framework introduced in Sec. 2.3.5 to calculate the elas-
tic coefficients using DFT, we conveniently rewrite the Poniewierski-Stecki
equations, Eq. (2.3.36), as

βKǫ = −
ρ2

2

∫∫

d̟ d̟′Rǫ(̟,̟
′)W (α,̟)W (α,̟′) . (5.3.1)

We introduce the positional integral

Rǫ(̟,̟
′) := −

∫

dr r2ǫ c
(2)(r,̟,̟′) (5.3.2)

including the DCF, which we calculate in FMT according to Eq. (3.3.36).
We further define

W (α,̟) := g(α, cos θ) 2α2 cos θ cosφ sin θ . (5.3.3)

This universal contribution is the same for all elastic coefficients, as it only
depends on the particle orientations. Here, we explicitly inserted the deriva-
tive

dg(α, cos θ)

d cos θ
= g(α, cos θ) 2α2 cos θ (5.3.4)

of the analytic orientational distribution from Eq. (4.2.9) and the compo-
nent ˆ̟ x(θ, φ) of the orientational unit vector from Eq. (2.3.37). To further
evaluate Eq. (5.3.1) and calculate the elastic coefficients, we require dif-
ferent approximations for the DCF provided by our considered versions of
FMT.
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5.3. Frank elastic coefficients

This section is arranged as follows. In Sec. 5.3.1, I identify the relevant
contributions to the Frank elastic coefficients, which arise from the single
terms of the different FMT functionals. Using the ζ correction, I provide
an approximate analytic result. In Sec. 5.3.2, I compare the results ob-
tained with FMMT and the ζ approximation to different values found in
the literature.

5.3.1. Solution of the Poniewierski-Stecki equations

General calculation Given a FMT functional, we know all required in-
gredients to evaluate the Poniewierski-Stecki equations. The crucial part
of the calculation is to simplify the integrand in Eq. (5.3.2) regarding the
most general form of the DCF from Eq. (3.3.36) for one fluid component.
To this end, we consider the functional

Tǫ [H](̟,̟
′) :=

∫

dr r2ǫ H(r,̟,̟
′) (5.3.5)

of an arbitrary function H(r,̟,̟′) depending on the relative position of two
particles and their orientations. In particular, we identify H with different
convolution products. Including the orientational averages and the factors
from Eq. (5.3.3), we define

Tǫ [H] :=
∫∫

d̟ d̟′ Tǫ [H](̟,̟
′)W (α,̟)W (α,̟′) . (5.3.6)

Now we plug into this functional the convolution product ω(ν)⊗ ω(µ) of two
weight functions and the self-convolution Ω

(1⊗2)
(υ) .

As a result, we bring Eq. (5.3.1) to the most general form

βKǫ = −
ρ2

2

∑

ν,µ

∂2Φex

∂nν∂nµ
Tǫ
[

ω(ν) ⊗ ω(µ)
]

− ρ2
∑

υ

∂Φex

∂N
(υ)
12

Tǫ
[

Ω
(1⊗2)
(υ)

]

(5.3.7)

yielding the Frank elastic coefficients from FMT. Hence, we only need to
calculate partial derivatives of the excess free energy density Φex from
Eq. (3.3.21) and evaluate the functionals Tǫ for each type of distortion.

Note that we disregarded the contribution of ω(3) ⊗ (δN
(υ)
12 /δρ), which is

additionally present in Eq. (3.3.36). Still, Eq. (5.3.7) is correct, which can
be understood after the following consideration.
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5. Orientationally disordered spherocylinders

Similar to the procedure in Eq. (5.2.4), we can simplify the functional

Tǫ

[

ω(ν) ⊗ ω(µ)
]

=

∫

dr r2ǫ ω
(ν) ⊗ ω(µ)(r,̟,̟′)

=

∫∫

drdr′ r2ǫ ω
(ν)(r′ − r,̟)ω(µ)(r′,̟′)

=

∫∫

dr′dr (r′ǫ − rǫ)2 ω(ν)(r,̟)ω(µ)(r′,̟′)

=

∫∫

dr̄′dr̄ (rǫ(r̄
′,̟′)− rǫ(r̄,̟))2 ω

(ν)
R

(r̄,̟)ω
(µ)
R

(r̄′,̟′)

(5.3.8)

from Eq. (5.3.5) by substituting r → r′ − r, such that the form of the two
integrals becomes similar. In the last step, we switched to the rotation
method to calculate the integrals, as demonstrated in Eq. (4.1.9). We use
the components rǫ(r̄,̟) of the position vector from Eq. (4.1.10). Note that
the conversion in Eq. (5.3.8) can be used for any sort of convolution product.
For a proper convolution (excluding the self-convolution of a mixed weight
function), the functional

Tǫ
[

ω(ν) ⊗ ω(µ)
]

= ω̄
(ν)
(ǫ,2)ω̄

(µ)
(ǫ,0) − 2ω̄

(ν)
(ǫ,1)ω̄

(µ)
(ǫ,1) + ω̄

(ν)
(ǫ,0)ω̄

(µ)
(ǫ,2) (5.3.9)

factorizes into the integrals

ω̄
(ν)
(ǫ,q) =

∫∫

dr̄d̟ rqǫ (r̄,̟)ω
(ν)
R

(r̄,̟)W (α,̟) , q ∈ {0, 1, 2} (5.3.10)

over the weight functions of one body. Accordingly, we can simplify the
first term in Eq. (5.3.7), which only contains one-body weights. We further
see that ω̄(3)

(ǫ,q) = 0 for all q in the uniaxial nematic phase. Therefore, the
second term in Eq. (3.3.36), involving the first functional derivative of mixed
weighted densities, does not contribute to Eq. (5.3.7).

Rank-two tensors As a first step, we consider the excess free energy in
the ζ approximation, according to Eq. (3.3.9), such that we only need to
consider the weighted densities from Eq. (4.2.1). Then we find the approx-
imate elastic constants

βKǫ ≈ −
ρ2

2

∑

ν,µ

∂2Φex

∂nν∂nµ
Tǫ
[

ω(ν) ⊗ ω(µ)
]

(5.3.11)
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according to the first sum in Eq. (5.3.7). In general, we find ω̄(ν)
(ǫ,1) = 0 from

Eq. (5.3.10) for all weight functions of a cylindrical symmetric body up to
rank two. Moreover, we find ω̄(ν)

(ǫ,0) 6= 0 only for the off-diagonal components
(←→ω (1)

)

13
and

(←→ω (2)
)

13
of the tensorial weight functions. Hence, there are

only two contributions to Eq. (5.3.11), which arise from the second φ2 and
third term φ3 of the excess free energy, Eq. (3.3.21), respectively. Therefore,
we define

K(ζ)
ǫ := ζK

[2]
ǫ,2 +K

( · )
ǫ,3 , (5.3.12)

where the general superscript ( · ) stands for (TR) or (T), referring to the
two different versions of the third term φ3 from Eq. (3.3.28) or Eq. (3.3.29),
respectively.

We explicitly calculate the contribution of the second term according to

βK
[2]
ǫ,2 : = −

ρ2

2 ζ

2 ∂2Φex

∂ (←→n 1)13 ∂ (
←→n 2)13

Tǫ
[(←→ω (1)

)

13
⊗
(←→ω (2)

)

13

]

=
2ρ2

1− n3
Tǫ
[(←→ω (1)

)

13
⊗
(←→ω (2)

)

13

]

. (5.3.13)

The factor 2 follows from interchanging the role of ν and µ, as the functional
Tǫ
[

ω(ν) ⊗ ω(µ)
]

is symmetric in all its arguments. Similarly, we find

βK
(TR)
ǫ,3 :=

9ρ2 (n2 − (←→n 2)22 − (←→n 2)33)

8π(1 − n3)2
Tǫ
[(←→ω (2)

)

13
⊗
(←→ω (2)

)

13

]

(5.3.14)

and

βK
(T)
ǫ,3 :=

ρ2 (3 (←→n 2)22 + 3 (←→n 2)33 − 2n2)

16π(1 − n3)2
Tǫ
[(←→ω (2)

)

13
⊗
(←→ω (2)

)

13

]

(5.3.15)

from the second derivative ∂2Φex/(∂ (
←→n 2)13)

2.

Analytic results Now we provide analytic formulas for the individual
contributions to the Frank elastic coefficients from Eq. (5.3.12) in the ζ

approximation. In the integrand of Eq. (5.3.10), we find a polynomial in
cos θ, which gives rise to the moments I2n from Eq. (4.2.20) after calculating
the orientational average. Taking a closer look at the three individual results
for ω̄(ν)

(ǫ,2), we see that six is the highest power of cos θ that may occur when
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using a tensorial weight function of rank two.

We calculate the contributions

βK
[2]
1,2 =

CN

(

(I2 + 2I4 − 3I6) + 3l2(I2 − 2I4 + I6)
)

64(1 − η) ,

βK
[2]
2,2 =

CN

(

(4I2 − 3I4 − I6) + l2(I2 − 2I4 + I6)
)

64(1 − η) ,

βK
[2]
3,2 =

CN

(

(I2 − 2I4 + I6) + l2(I4 − I6)
)

16(1 − η) (5.3.16)

from the second term according to Eq. (5.3.13). The common factor reads

CN := ρ2L2D3α4π(I2 − I4) . (5.3.17)

The contributions from the third terms are

βK
( · )
1,3 =

C
( · )
3

(

3(I2 + 2I4 − 3I6) + 12l2(I2 − 2I4 + I6)
)

2048(1 − η)2 ,

βK
( · )
2,3 =

C
( · )
3

(

3(3I2 − 2I4 − I6) + 4l2(I2 − 2I4 + I6)
)

2048(1 − η)2 ,

βK
( · )
3,3 =

C
( · )
3

(

3(I2 − 2I4 + I6) + 4l2(I4 − I6)
)

512(1 − η)2 , (5.3.18)

with the factors

C
(TR)
3 = CN

ρ

2
D2(3L(I2 + 1) + 4D) , (5.3.19)

C
(T)
3 = −CN

ρ

4
LD2(3I2 − 1) (5.3.20)

corresponding to the result from Eq. (5.3.14) and Eq. (5.3.15), respectively.
For the first time, we have closed analytic formulas for the Frank elastic
coefficients. However, the explicit dependence on the intrinsic order param-
eter α in the factor CN complicates possible applications of these formulas
beyond this work.

Our objective is to find a more convenient representation of the elastic
coefficients solely in terms of the packing fraction η, the aspect ratio l and
the nematic order parameters P̄2n from Eq. (2.1.71). To this end, we insert
the explicit expressions for the moments I2n(α) from Eq. (4.2.21) in terms
of the intrinsic order parameter α and Dawson’s integral D(α) and compare
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the resulting formulas to the similar representation of the nematic order
parameters P̄2n(α) from Eq. (4.2.22). Doing so for Eq. (5.3.16), we obtain
the alternative expressions

βK
[2]
1,2D =

9η2l2S
(

(4S + 3P̄4) + 3l2(S − P̄4)
)

7π(1− η)(3l + 2)2
,

βK
[2]
2,2D =

9η2l2S
(

(31S + 4P̄4) + 4l2(S − P̄4)
)

28π(1 − η)(3l + 2)2
,

βK
[2]
3,2D =

9η2l2S
(

4(S − P̄4) + l2(3S + 4P̄4)
)

7π(1− η)(3l + 2)2
. (5.3.21)

As desired, these formulas do not contain the factor α4 explicitly. The non-
trivial relation between Eq. (5.3.16) and Eq. (5.3.21) can only be understood
with the knowledge of the analytical orientational distribution g(α, cos θ)

from Eq. (4.2.9).

Similarly, we find the formulas

βK
(TR)
1,3 D =

81η3l2S(4S + 3P̄4)

28π(3l + 2)3(1− η)2 +
81η3l4S(S − P̄4)

7π(3l + 2)3(1− η)2

+
81η3l3S(320S + 9P̄4 + 325S2 + 396P̄ 2

4 − 210SP̄6)

2240π(3l + 2)3(1− η)2

+
81η3l5S(80S − 3P̄4 − 15S2 − 132P̄ 2

4 + 70SP̄6)

560π(3l + 2)3(1− η)2 ,

βK
(TR)
2,3 D =

81η3l2S(6S + P̄4)

28π(3l + 2)3(1− η)2 +
27η3l4S(S − P̄4)

7π(3l + 2)3(1− η)2

+
81η3l3S(480S + 3P̄4 + 295S2 + 132P̄ 2

4 − 70SP̄6)

2240π(3l + 2)3(1− η)2

+
27η3l5S(80S − 3P̄4 − 15S2 − 132P̄ 2

4 + 70SP̄6)

560π(3l + 2)3(1− η)2 ,

βK
(TR)
3,3 D =

81η3l2S(S − P̄4)

7π(3l + 2)3(1− η)2 +
27η3l4S(3S + 4P̄4)

7π(3l + 2)3(1− η)2

+
81η3l3S(80S − 3P̄4 − 15S2 − 132P̄ 2

4 + 70SP̄6)

560π(3l + 2)3(1− η)2

+
27η3l5S(60S + 3P̄4 + 85S2 − 132P̄ 2

4 + 70SP̄6)

140π(3l + 2)3(1− η)2 (5.3.22)
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and

βK
(T)
1,3 D = −81η3l3S2

(

(4S + 3P̄4) + 4l2(S − P̄4)
)

112π(3l + 2)3(1− η)2 ,

βK
(T)
2,3 D = −27η3l3S2

(

(18S + 3P̄4) + 4l2(S − P̄4)
)

112π(3l + 2)3(1− η)2 ,

βK
(T)
3,3 D = −27η3l3S2

(

3(S − P̄4) + l2(3S + 4P̄4)
)

28π(3l + 2)3(1− η)2 , (5.3.23)

corresponding to Eq. (5.3.18). A significant difference between these results
is the appearance of the additional order parameter P̄6 in K

(TR)
ǫ,3 and the

lack of a term proportional to S2 in K
(T)
ǫ,3 , which is not apparent from the

expressions in Eq. (5.3.19) and Eq. (5.3.20), respectively.

To recapitulate, we provide closed expressions for the different contri-
butions to the elastic coefficients, which we can combine to an approximate
analytical result, Eq. (5.3.12), using the ζ correction. With the equilib-
rium value α(η, l) of the intrinsic order parameter, obtained by solving
Eq. (4.2.23), the FMT results effectively depend on the aspect ratio l of
the HSC and the packing fraction η only. Therefore, both shown repre-
sentations, either in terms of α and the moments I2n of the orientational
distribution or in terms of the nematic order parameters P̄2n, are equiv-
alent. However, the latter version only contains quantities which can be
determined without explicitly using FMT.

Calculation with FMMT Now we consider the exact second term φ
(MM)
2

from Eq. (3.3.6). To define the corresponding contribution to the elastic
coefficients, we only need to consider the term in Eq. (5.3.7) involving mixed
weights, as all scalar and vectorial weight functions yield the vanishing
integrals ω̄(ν)

(ǫ,0) = ω̄
(ν)
(ǫ,1) = 0 in Eq. (5.3.10). Hence, the calculation of the

elastic coefficients

βK
(MM)
ǫ,2 = − ρ2

1− n3
Tǫ
[

Ω(1⊗2)
]

=
ρ2

1− n3
Tǫ
[

ω(1⊗2)
]

(5.3.24)

corresponding to this term only requires the second functional derivative
of either mixed weighted density N12 or n12, with both representations
being practically equivalent. It is, however, more convenient to use the
right-hand side of Eq. (5.3.24). In this case, the weight function ω(12) from
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5.3. Frank elastic coefficients

Eq. (3.2.40) contains the factor ∆κ, such that we do not have to calculate
the hemispherical integral for one HSC. Adding the formulas for the third
term, we define the full expressions

K(MM)
ǫ := K

(MM)
ǫ,2 +K

( · )
ǫ,3 (5.3.25)

for the elastic coefficients of FMMT.

To calculate K(MM)
ǫ,2 numerically, we use Monte-Carlo integration for the

mixed weight function, as described in Sec. 4.2.3. Regarding the integrands
in Eq. (5.3.6) and Eq. (5.3.8), we solve an eight-dimensional numerical in-
tegral. However, in contrast to studying the NSm-A transition or the IN
interface, we only need to perform one integration per data point and we
do not have to deal with small differences. Therefore, both the calculation
time and the estimated error are comparable to those for the nematic bulk
phase, shown in Tab. 4.4 for different numbers of function calls. Without
requiring exceedingly long running times of the algorithm, the uncertainty
of our results is smaller than the line width in our figures and at least ±1
in the last digit of our given numbers.

Note that before adding up the individual contributions to the elastic
coefficients according to Eq. (5.3.12) or Eq. (5.3.25), we need to determine
the equilibrium order parameters via the condition in Eq. (4.2.23). This
means in particular, that the functional we minimize has to be the same
functional we use to calculate the elastic coefficients. Hence, we may not
literally "replace" or "interchange" the numerical values of the contributions
K

(TR)
ǫ,3 or K(T)

ǫ,3 of the third term.

5.3.2. Results

General observations We show our results for the elastic coefficients
of HSC with an aspect ratio of l = 5 in Tab. 5.4 and Fig. 5.10. The
nematic order parameter S ≈ 0.73 is found in computer simulations [112,
113] after the equilibration of a system with an initial packing fraction
η ≈ 0.4418 [112,113]. Figure 5.11b shows that the equilibrium nematic
order parameter S of different approaches differs noticeably. We already see
such a difference comparing the results of the density functionals by Somoza
and Tarazona [296] and Poniewierski and Hołyst [305]. In our calculation
using φ(TR)

3 as the contribution of the third term, the order parameter is
larger than in all considered references. On the other hand, with φ

(T)
3 it
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5. Orientationally disordered spherocylinders

work η S βK1D βK2D βK3D

0.4418 0.901 0.951 0.457 5.276
FMMT, TR 0.3658 0.727 0.401 0.181 1.222

0.3809 0.791 0.507 0.233 1.836

0.4418 0.849 0.607 0.309 3.089
ζ = 5/4, TR 0.3831 0.727 0.382 0.176 1.211

0.4063 0.791 0.477 0.229 1.863

0.4418 0 - - -
FMMT, T 0.4992 0.727 0.590 0.277 1.735

0.5181 0.791 0.761 0.360 2.593

0.4418 0 - - -
ζ = 5/4, T 0.5547 0.727 1.553 0.699 4.952

0.6071 0.791 2.470 1.148 9.721

0.4418 0.652 0.366 0.174 0.955
ζ = 1.6, T 0.4733 0.727 0.480 0.238 1.499

0.5174 0.791 0.622 0.325 2.377
simulation 0.4418 0.727 0.763(45) 0.348(24) 1.226(45)
simulation 0.4418 0.727 0.812(19) 0.352(16) 1.583(27)
simulation∗ 0.4418 0.73 0.83(25) 0.59(7) 1.10(11)
PH-DFT 0.4418 0.728 0.513 0.239 1.526
ST-DFT 0.4418 0.791 0.630 0.297 2.403

Tab. 5.4.: Frank elastic coefficients of hard spherocylinders with aspect ratio
l = 5. We show the results of Eq. (5.3.12), within the ζ approximation, and
Eq. (5.3.25), using the full FMMT functional. We consider both contributions
from the third term by Tarazona and Rosenfeld (TR) and Tarazona (T), defined
in Eq. (5.3.14) and Eq (5.3.15), respectively. The input parameters are constrained
by the equilibrium condition, Eq. (4.2.23), from minimizing the FMT functionals
with respect to the order parameter. For each of our approaches, the first row
corresponds to the fixed packing fraction η = 0.4418. The dashes in the seventh
and tenth row indicate that the nematic phase is unstable in this case, compare
Fig. 5.1. Our other results correspond to the imposed nematic order parameters
S = 0.727 and S = 0.791, obtained in the literature for an initial packing fraction
η = 0.4418. The most recent simulation data are from Fischermeier et al. [113],
using two different fit methods. We indicate the pioneering work by Allen and
Frenkel [112] by the asterisk, where the elastic coefficients are multiplied with the
factor 9/4, according to the erratum [112]. The number in brackets denotes the
error in the last digit, which is smaller than one in the calculations with FMMT.
The other DFT results are by Poniewierski and Hołyst (PH) [305] and Somoza
and Tarazona (ST) [296]. Also compare Fig. 5.10.
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Fig. 5.10.: Elastic coefficients Kε of hard spherocylinders with aspect ratio l = 5.
The results from different versions of FMT are shown as lines with the same
style as in Fig. 5.1. We compare to computer simulations for an initial packing
fraction η = 0.4418 [113] (diamonds). The DFT results by Poniewierski and Hołyst
(PH) [305] and Somoza and Tarazona (ST) [296] are denoted by squares and dots,
respectively. These data points correspond to η = 0.4418 and η = 0.5181. Note
that all considered approaches predict a different equilibrium order parameter for
a given packing fraction, compare Fig. 5.11b. We show the elastic coefficients (a)
and (b) K1 for splay (c) and (d) K2 for twist (e) and (f) K3 for bend; each as a
function of the packing fraction η and the nematic order parameter S, respectively.
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η
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η
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Fig. 5.11.: (a) Nematic equation of state and (b) nematic order parameter as a
function of the packing fraction in the same range and with the same approaches
as in Fig. 5.10. Like in Fig. 5.4a, the triangles denote additional simulation results
from Ref. [82].

is significantly too small, as previously discussed in Sec. 5.1.1. Using both
η and S as an input for our calculations violates the equilibrium condition
from Eq. (4.2.23). Therefore, a comparison of our FMMT results with the
literature becomes difficult.

In Fig. 5.10, we consider the elastic coefficients Kε(η) as a function of
the packing fraction and Kε(S) depending on the nematic order param-
eter, where we calculate the corresponding equilibrium density according
to Eq. (4.2.23). This latter calculation is straightforward in our DFT ap-
proach, in contrast to computer simulations. It appears that the elastic
coefficients are more sensitive to changes in the nematic order parameter
than in the density, as the different values for Kε(S) are closer to each other
than those for Kε(η). Note that we need to discuss the dependence on both
η and S for a comprehensive comparison. We use the same scale for the
y axis of the plots in Fig. 5.10 corresponding to the same elastic constant,
such that these can be directly compared. In Tab. 5.4, we show the results
using either the value of η or S from the literature as the initial value for
our FMT calculation.

Comparison to results from the literature Discussing the behavior
of Kε(η), we see that the FMMT results, adding K

(TR)
ε,3 , are closer to the

values from the literature than those with K
(T)
ε,3 . Note that the agreement

is not as convincing as for the nematic EOS in Fig. 5.4a, which we replot in
Fig. 5.11a for the sake of the comparison with Figs. 5.10a, 5.10c and 5.10e.
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5.3. Frank elastic coefficients

However, the poor description of the EOS with the original expression φ(T)
3

results in an unstable nematic phase at the packing fraction η = 0.4418,
corresponding to the data point in the computer simulation [113].

Using the correction with ζ = 1.6 instead, we can calculate the elastic
coefficients at this packing fraction. For higher densities, these results are
larger than those with FMMT or ζ = 5/4, and therefore closer to the values
from the literature. Including K(TR)

ǫ,3 , the correction with ζ = 5/4, yielding
smaller results than the full FMMT, misleadingly appears to perform better.
We emphasize that the ζ correction does not provide a sufficiently good
approximation to FMMT when calculating the elastic coefficients.

As a function of the nematic order parameter S, the behavior of the elas-
tic coefficients Kǫ(S) is completely different. Interestingly, the results of the
two density functionals by Poniewierski and Hołyst [305] and Somoza and
Tarazona [296], predicting different equilibrium order parameters for the
same initial density, fit together nicely, confirming the qualitative behavior
of our results in Figs. 5.10b, 5.10d and 5.10f. However, the simulation result
for K1 and K2 is markedly larger than all DFT predictions.

The FMMT results with the different third terms show the opposite
behavior as when being compared at the same packing fractions. The elastic
coefficients with the contribution K

(T)
ǫ,3 are larger than those with K

(TR)
ǫ,3 .

In the latter case, we underestimate all results from the literature. Indeed,
FMMT with Tarazona’s expression for the third term seems to get closer
to the simulations and also other DFT results at the same value of S, in
particular for K3 according to Fig. 5.10f. This observation needs to be
regarded in the context of the poor description of the equilibrium nematic
order parameter S when using the latter approach in Fig. 5.11b.

The correction with ζ = 5/4 constitutes a fair approximation of FMMT
when considering the results at the same order parameter rather than at
same packing fraction. For small values of S, the deviation between these
two approaches is barely visible for both versions of the third term. Using
K

(TR)
ǫ,3 , the values of K1(S), K2(S) and K3(S) corresponding to ζ = 5/4

are smaller, approximately equal to and larger than those from FMMT,
respectively. We also see in Fig. 5.10, that the maximal order parameter
(compare Fig. 4.7b) being a solution of Eq. (4.2.23) for the functional with
ζ = 5/4 and φ(T)

3 is way too small.

As it is difficult to make an absolute statement about the agreement
with simulations by discussing the elastic coefficients Kǫ as sole functions
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5. Orientationally disordered spherocylinders

work η S βK1D βK2D βK3D

FMMT, TR 0.4418 0.727 0.741 0.332 2.274
FMMT, T 0.4418 0.727 0.423 0.198 1.247
simulation 0.4418 0.727 0.763(45) 0.348(24) 1.226(45)
simulation 0.4418 0.727 0.812(19) 0.352(16) 1.583(27)
PH-DFT 0.4418 0.728 0.513 0.239 1.526
FMMT, TR 0.4418 0.791 0.822 0.376 3.003
FMMT, T 0.4418 0.791 0.490 0.232 1.680
ST-DFT 0.4418 0.791 0.630 0.297 2.403
FMMT, TR 0.5027 0.849 1.399 0.656 6.334
FMMT, T 0.5027 0.849 0.809 0.385 3.254
PH-DFT 0.5027 0.849 0.907 0.430 3.705
FMMT, TR 0.5027 0.910 1.502 0.726 8.888
FMMT, T 0.5027 0.910 1.014 0.476 4.984
ST-DFT 0.5027 0.908 1.380 0.646 7.202

Tab. 5.5.: As Tab. 5.4 but with non-equilibrium FMMT results. We impose both
the equilibrium packing fraction η and the equilibrium nematic order parameters
S found in the different references to our calculation.

of η or S, we show in Tab. 5.5 the results of FMMT when imposing both the
packing fraction and the corresponding nematic order parameter predicted
in the literature. This procedure constructs an artificial non-equilibrium sit-
uation. Including the contribution K

(TR)
ǫ,3 , we find a good agreement with

the simulation result [113] for K1 and K2, whereas K3 is clearly overesti-
mated. For K(T)

ǫ,3 , all values are significantly smaller and only the result for
K3 appears reasonable. We can draw similar conclusions for other combi-
nations of η and S predicted by other density functionals [296,305]. When
comparing the relative behavior of the results obtained with the two dif-
ferent versions of the third term, the discussed approach is more similar to
calculating the equilibrium Kǫ(η) rather than Kǫ(S).

Dependence on the aspect ratio For other aspect ratios l, there are
no simulation data available. However, we can confirm the mean-field pre-
diction K3 > K1 > K2 [31] for all l ≥ 3. Only for shorter rods, where the
nematic phase is no longer stable according to Fig. 5.3, we observe devia-
tions from this common behavior of prolate particles. For example, using
the original functional with ζ = 1.6, we find K2 > K1 > K3 for l = 1.
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Fig. 5.12.: FMMT results for the elastic coefficients K
(MM)
ε of hard spherocylin-

ders with different aspect ratios l = L/D as a function of the packing fraction η.
We use the contribution K

(TR)
ε,3 of the third term by Tarazona and Rosenfeld. The

nematic phase is stable at packing fractions, where the line is colored in red. The
black color denotes that the nematic phase is unstable with respect to smectic-A
distortions, which we see in Fig. 5.3a. We show the (a) splay, (c) twist and (e)
bend elastic coefficients, as well as, (b) the nematic order parameter and the ratios
(d) splay vs. twist and (f) splay vs. bend.
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5. Orientationally disordered spherocylinders

In Fig. 5.12, we show the behavior of the elastic coefficients K(MM)
ǫ (η),

using the full FMMT functional with the third term by Tarazona and Rosen-
feld, for some aspect ratios 3 ≤ l ≤ 20. The twist constant K2 exhibits a
similar behavior as the splay constant K1. As we see in Fig. 5.12d, the ratio
K1/K2 appears to remain finite for all aspect ratios. The bend constant K3

increases more rapidly than K1 or K2 with both increasing packing fraction
η and aspect ratio l. Hence, the ratios K3/K1 and K3/K2 appear to diverge
for l → ∞, which we see in Fig. 5.12f, where K1/K3 approaches zero for
large values of η and l.

Infinitely long rods With the ζ correction, we qualitatively obtain the
same plots as in Fig. 5.12 forK(ζ)

ǫ (η) from Eq. (5.3.12). As we know analytic
expressions for the elastic coefficients in this case, it is possible to discuss
the limit l → ∞ explicitly. To this end, we consider the formulas from
Eqs. (5.3.16) and (5.3.18) depending on the orientational moments I2n.

As the LO term in each equation is proportional to I2 − 2I4 + I6, we
easily find the ratio

lim
l→∞

K
(ζ)
1

K
(ζ)
2

= 3 (5.3.26)

for both versions of the third term. This result agrees with earlier predic-
tions in the Onsager approximation [118,119,217,258,260]. Note that the
ratio does not depend on the packing fraction η any more. Indeed, it ap-
pears from Fig. 5.12d that the same limit is taken by the FMMT results.

To study the ratio

3 lim
l→∞

K
(ζ)
3

K
(ζ)
1

= lim
l→∞

K
(ζ)
3

K
(ζ)
2

=
4 (I4(α)− I6(α))

I2(α)− 2I4(α) + I6(α)
, (5.3.27)

at a non-zero packing fraction, we substitute the scaled intrinsic order pa-
rameter α from Eq. (4.2.39) into the formulas from Eq. (4.2.21) for I2n(α).
Expanding these orientational moments in terms of l−1 yields

lim
l→∞

K
(ζ)
3

K
(ζ)
1

= lim
l→∞

2

3
α2
1l =∞ . (5.3.28)

Similarly, we can show that the normalized elastic coefficients βK(ζ)
1 D/l,

βK
(ζ)
2 D/l and βK(ζ)

3 D/l2 remain finite for l→∞.
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However, the scaling in Eq. (5.3.28) contradicts Poniewierski’s observa-
tion K3/K1 = O

(

l2
)

[161]. We have already seen in Sec. 4.2.2 that the ζ
correction, as all truncated FMT functionals, spoils the correct scaling of the
orientational degrees of freedom in FMMT. To see this, we re-examine the
ratio K3/K1 regarding the Poniewierski-Stecki equations from Eq. (2.3.36)
or, after the modifications required for FMT, Eq. (5.3.7). The integrand of
the elastic coefficients only differs by a factor r2ǫ , which we write in terms of
the rotated positional vector from Eq. (4.1.10) according to the transforma-
tion shown in Eq. (5.3.8). Only considering the terms which contain z̄, we
find K3/K1 ∝ r23/r21 ∝ θ−2 for l →∞. Therefore, the finding in Eq. (5.3.28)
is related to the wrong prediction θ ∝ l− 1

2 using the truncated functional in
the ζ approximation. Using FMMT instead, we expect the correct scaling,
as θ ∝ l−1 for l →∞.

Considering the artificial limit of perfectly aligned bodies, the ratio
K

(ζ)
3 /K

(ζ)
1 shows the correct scaling behavior for l → ∞ also within the

ζ correction. We see this by setting all P̄2n ≡ 1 in Eqs. (5.3.21), (5.3.22)
and Eq. (5.3.23). Then the LO terms of K(ζ)

1 and K
(ζ)
2 in the aspect ra-

tio become identically zero and all non-vanishing terms are proportional
to one. We precisely observe the opposite behavior for K(ζ)

3 , where only
the LO terms remain. Hence, we now have to choose the normalizations
βK

(ζ)
1 D, βK(ζ)

2 D and βK
(ζ)
3 D/l2 to calculate finite values for the elastic

coefficients in the limit l→∞. This result constitutes further evidence for
the incorrect account for the orientational degrees of freedom when we use
a truncated functional.

5.4. Discussion

Synopsis In this chapter, we studied different problems for a fluid of HSC
using FMMT and the ζ correction. The latter approach is computationally
more efficient but constitutes only an approximation to the exact second
term φ

(MM)
2 of the functional. Hence, we may not conclude that an indi-

vidual result corresponding to φ(ζ)2 suggests an improvement upon FMMT
when being closer to the prediction from computer simulation, as we see,
e.g., for the IN transition in Fig. 5.1b. In particular, it is not appropriate to
use ζ as a fit parameter. Such an approach means that we make two errors
that cancel in the final result.

Using FMMT, on the other hand, we learn more about the accuracy of
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5. Orientationally disordered spherocylinders

other components of the functional, especially its third term φ3. Indeed, we
notice that this issue is quite delicate for orientationally ordered systems, as
we obtain significantly different results from our two considered expressions,
which are equivalent for the isotropic phase. It becomes clear, however, that
our modification to use Tarazona and Rosenfeld’s version φ

(TR)
3 improves

upon the original choice φ(T)
3 . Most notably, the failure of Tarazona’s term

to exhibit the correct scaling behavior for long rods, discovered in Sec. 4.2.2,
results in an overall unstable smectic-A phase.

FMMT results Comparing our FMMT results to computer simulations,
we see the need to further improve the third term. Regarding the simpler
DFT approaches by Poniewierski and Hołyst [302,305,306] or Somoza and
Tarazona [295,296], it is difficult to tell in how far the current version of
FMMT yields more accurate predictions. However, we stress the universal-
ity of FMMT, which can be used to describe mixtures of arbitrarily shaped
particles. In further contrast to other functionals, FMMT is derived from
first principles and does not require additional empirical input.

The phase diagram of HSC nicely compares to the qualitative picture
from simulations, except for the second-order character of the NSm-A tran-
sition for long rods. However, a tricritical point appears to be a common
feature of all DFT approaches. From Poniewierski’s work [161], we infer that
solely including the exact second virial coefficient, as provided by FMMT,
is not sufficient to predict a first-order transition for infinitely long rods.
One drawback of all current versions of the third term of the functional is
that they do not contribute an orientation-dependent term to the linearized
functional in the limit l→∞, which we see in Eq. (4.2.70).

Regarding the IN interface, we reproduce the expected monotonic di-
rector dependence of the interfacial tension [262,264,274,299]. However, we
did not study the explicit shape of the interfacial profiles, which we im-
posed to resemble a hyperbolic tangent. Performing a free minimization as
in Refs. [264,299], we expect to observe a slightly non-monotonic behavior
of the density and also biaxial order. Moreover, a free minimization will
result in smaller values of the interfacial tension and therefore, presumably,
a better agreement between the values from FMMT and the literature in
Fig. 5.7a.

Pursuing the approach by Poniewierski and Stecki within the framework
of FMT, we derived a general formula, Eq. (5.3.7), to calculate the Frank
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elastic coefficients in the nematic phase of arbitrarily shaped hard bodies.
FMMT provides us with an analytical representation of the required DCF
for anisotropic bodies without imposing any constraint on its form, while
other approximations are usually constructed from a DCF for the HS sys-
tem, as reviewed in Sec. 2.3.4. It is difficult to compare the FMMT results
for HSC to other predictions in the literature, as the equilibrium nematic
order parameter S(η) at a given packing fraction is different. Our approach
can also be used to calculate the elastic coefficients imposing both the den-
sity and the order parameter. However, there are not enough simulation
data available to make a clear statement about the utility of such an ap-
proach.

Accuracy of the ζ correction To discuss the accuracy of the empirical
ζ correction, we compare the results only to FMMT. It is not possible to
reproduce a phase diagram of HSC similar to the one from FMMT with a
fixed value of the ζ parameter. Therefore, we would need a more general
approach, which interpolates between the quantitative accuracy of ζ = 5/4

for the IN transition and the correct scaling (of the free energy) with ζ = 2

for long rods at a finite density. Changing the ζ parameter leads to a notice-
able relocation of the IN transition, whereas the width of the coexistence is
not that sensitive to such a change.

Likewise, the value of the IN interfacial tension, which does not agree
with the FMMT result at all, is nearly independent of the ζ parameter. We
see that, in particular for inhomogeneous problems, an approximation of
FMMT with the ζ parameter is not sufficient to get quantitatively correct
results. Qualitatively, this approach yields the right sign of the shift between
the inflection points of the density and order parameter profile at the IN
interface [125,126,262,264,299]. Moreover, the director dependence of the
interfacial tension and the width of the interface are captured correctly. The
latter behavior is also confirmed by the approximate result for the nematic
correlation length. However, we do not find any quantitative agreement at
all due to our simplified calculation.

Regarding the Frank elastic coefficients, the ζ approximation gives rise
to the first analytic solution of the Poniewierski-Stecki equations for an
arbitrary aspect ratio. We also expect to be able to calculate analytic
elastic coefficients for other systems than the HSC fluid with this approach.
However, to achieve a quantitative agreement with FMMT, we require more
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accurate formulas, which we expect to find, when taking the expansion to
higher order.

The semi-empirical strategy to fix the ζ parameter by demanding that
the average difference in the excluded volume becomes minimal can be used
for arbitrary particles. However, such a functional could not describe mix-
tures of different shapes consistently. In addition, for most particles, the
ζ parameter would explicitly depend on their geometry, such that we face
the same problem also for mixtures of the same species. For example, we
expect a correction ζ(l) depending on the aspect ratio of a HC, which we
see when regarding the different terms in Eq. (2.3.26) depending on the
intermolecular angle γ. In this case, it might even be that there is no exact
choice for the parallel system, i.e., γ = 0.8

Beyond FMMT In conclusion, we have seen that FMMT constitutes
the currently best general FMT functional for anisotropic bodies. There
are two major points revealing the need for further improvement of this
theory, which we explore is in the remainder of this work.

Firstly, FMMT is only exact at the quadratic order in the density. We
demonstrated that its higher virial coefficients, which sensitively depend
on the third term φ3 of the functional are less accurate. To improve upon
current versions, we could adapt the third virial coefficient semi-empirically
or add tensors of higher rank. Introducing a mixed weighted density (other
than N12) to the third term, we could probably overcome the lack of orien-
tation dependence in the limit l →∞.

Secondly, we should explore different possibilities for a more efficient nu-
merical implementation of the mixed weighted densities. This could also be
in the form of an approximation providing an optimal balance of accuracy
and simplicity. It is clear that the ζ correction does not fulfill this require-
ment. Therefore, we need to consider this correction in a more general form
or systematically include higher-order terms.

8 In Sec. 8.1.2, I demonstrate the failure of the ζ correction for parallel HC.
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spherocylinder systems

"The first principle is that you must not fool yourself and

you are the easiest person to fool."

Richard P. Feynman
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6.1. Low-order limit

At the IN transition, the nematic order parameters P̄2n jump discontin-
uously from zero in the isotropic phase to a finite value in the nematic
phase. In Sec. 4.2.1, we also found solutions of Eq. (4.2.23) corresponding
to smaller order parameters than at coexistence. We discuss the predictions
of FMT in the low-order limit by Taylor expanding the order parameters
in terms of the intrinsic order parameter α of the orientational distribution
from Eq. (4.2.9). Doing so, Eq. (4.2.24) reveals that only the nematic order
parameter S ∝ α2 +O

(

α2
)

is relevant at the lowest order in α, such that
the nematic bulk phase is appropriately described with ζ = 5/4 in this limit.
Note that, according to Fig. 4.7b, there is a minimal value of α describing
a metastable nematic phase.

Strictly speaking, the limit of low orientational order is unphysical and
rather an issue of purely theoretical interest. As such, it constitutes a good
test for the consistency of FMT. We can compare the results to exactly
known relations, as Priest’s expansion from Eq. (2.3.39) of the Frank elastic
coefficients, or to alternative approaches which yield an analytical solution
for problems requiring a numerical treatment of FMT. In particular, we
showed in the last paragraph of Sec. 4.2.1 how to determine all ingredients
to Eq. (2.2.23) providing the bulk grand potential in LdG theory applied in
Sec. 2.2. The primary goal of this section is to simplify the analytic LdG
result for the IN interfacial tension γΘ from Eq. (2.2.50) to an expression
solely depending on values of thermodynamic quantities at coexistence and
the aspect ratio l of a HSC.

To this end, I discuss the low-order behavior of the elastic coefficients
in Sec. 6.1.1 and study the nematic bulk fluid using an appropriate LdG
expansion in Sec. 6.1.2. Finally, I combine these findings in Sec. 6.1.3 by
introducing the low-order elastic coefficients from FMT to the elastic term in
LdG theory. This approach yields a good approximation of the IN interfacial
tension γIN calculated with FMT.

6.1.1. Elastic coefficients

Leading-order contribution Using the ζ approximation, we determine
the low-order limit of the Frank elastic coefficients K(ζ)

ǫ from Eq. (5.3.12),
with Tarazona and Rosenfeld’s contribution K(TR)

ǫ,3 , by simply adding up the
formulas from Eq. (5.3.21) and Eq. (5.3.22), while only keeping the term
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6. Analytical study of simplified spherocylinder systems

proportional to S2. Doing so, we find

βK
(ζ)
1 D = ζ

9η2l2
(

3l2 + 4
)

7π(1− η)(3l + 2)2
S2 +

81η3l2(l + 1)(l2 + 1)

7π(1− η)2(3l + 2)3
S2 +O

(

α6
)

,

βK
(ζ)
2 D = ζ

9η2l2
(

4l2 + 31
)

28π(1 − η)(3l + 2)2
S2 +

27η3l2(l + 1)(2l2 + 9)

14π(1 − η)2(3l + 2)3
S2 +O

(

α6
)

(6.1.1)

and K(ζ)
3 = K

(ζ)
1 +O

(

α6
)

. Note that K(T)
ǫ,3 from Eq. (5.3.23) has no quadratic

term in S. Therefore, we only find the term proportional to the ζ parameter
when using Tarazona’s expression for the third term of the functional.

Unfortunately, it is not possible to directly derive a low-density expres-
sion from the full FMMT functional. The simplest approximation is to
rescale Eq. (6.1.1) with the parameter ζ = 5/4, which is the best choice to
minimize the averaged quadratic deviation from the exact excluded volume
in Eq. (4.1.86) when no orientation is preferred. We further propose the
more accurate formulas

βK
(MM)
1 D =

135 η2l2
(

l2 + 2
)

28π(1 − η)(3l + 2)2
S2 +

81η3l2(l + 1)(l2 + 1)

7π(1− η)2(3l + 2)3
S2 +O

(

α6
)

,

βK
(MM)
2 D =

45η2l2
(

l2 + 9
)

28π(1 − η)(3l + 2)2
S2 +

27η3l2(l + 1)(2l2 + 9)

14π(1 − η)2(3l + 2)3
S2 +O

(

α6
)

(6.1.2)

and K
(MM)
3 = K

(MM)
1 +O

(

α6
)

for the low-order behavior of the elastic co-
efficients from Eq. (5.3.25).1 The contribution of K( · )

ǫ,3 is the same as in
Eq. (6.1.1).

In the limit l → ∞, the expressions from Eq. (6.1.2) are equivalent
to those in Eq. (6.1.1) with ζ = 5/4. For finite aspect ratios, we test
the accuracy of our analytical predictions numerically. To do so, we choose
l = 5, η = 0.2 and a sufficiently small α = 0.01. Neglecting the contribution
of the third terms in our formulas, we calculate βK(ζ)

1 D ≈ 0.1748S2 and
βK

(ζ)
2 D ≈ 0.07246S2 with ζ = 5/4, as well as, βK(MM)

1 D ≈ 0.1792S2

and βK
(MM)
2 D ≈ 0.07523S2 . The numeric results βK(MM)

1 D = 0.1792S2,
βK

(MM)
2 D = 0.07522S2 and βK

(MM)
3 D = 0.1792S2 confirm Eq. (6.1.2)

perfectly, where the error is at least 1.5 in the last digit. In conclusion, we
obtain the typical result K1 = K3 [217] at low order for any approximation.

1 See Sec. 7.1.2 for the derivation of Eq. (6.1.2) by extrapolating the result obtained
with the expanded second term φ

[rt]
2 from Eq. (3.3.7).
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6.1. Low-order limit

Expansion of ratios in terms of order parameters Now we discuss
the ratios ∆Kǫ/K̄, defined in Eq. (2.3.40), using our analytic formulas in
the ζ approximation. Regarding the expansion of the order parameters
from Eq. (4.2.24), we can understand Priest’s result in Eq. (2.3.39) as an
expansion in terms of α. The quadratic term of this expansion corresponds
to P̄4/P̄2 = 2/21α2 +O(α4).

First, we neglect the contributions K( · )
ǫ,3 of the third term. In that case,

we easily see from Eq. (5.3.12) that the ratios of the elastic coefficients in the
second-order approximation are independent of the ζ parameter. Explicitly,
we find

∆[2] =
1

7

8l2 − 15

4l2 + 9
≈ 0.286 − 1.18 l−2 + 2.65 l−4 − 5.97 l−6 +O

(

l−8
)

,

∆′
[2] =

12

7

l2 − 1

4l2 + 9
≈ 0.429 − 1.39 l−2 + 3.13 l−4 − 7.05 l−6 +O

(

l−8
)

(6.1.3)

from K
[2]
ǫ,2. Only depending on the aspect ratio of the HSC, these constants

have the same form as those in Eq. (2.3.41) and Eq. (2.3.42) determined
by Priest [217] and Poniewierski and Stecki [118], respectively. All three
approaches yield the same first constant liml→∞∆[2] = 2/7 in the Onsager
limit. The limit of our second constant ∆′

[2] is smaller by a factor 8/9

than Poniewierski and Stecki’s result and also Priest’s result, provided we
multiply his second constant with a factor two. In general, the numeri-
cal agreement of our approximate results in Eq. (6.1.3) with Eqs. (2.3.41)
and (2.3.42) is only reasonable for the first constant ∆[2].

2 Note that it is
sufficient to use the lowest-order expressions from Eq. (6.1.1) to determine
the constant ∆[2].

When we add the formulas forK(TR)
ǫ,3 , the expansion becomes ambiguous.

In addition to P̄4/P̄2, we find a term proportional to P̄2, which is also of
quadratic order in α but not included in Priest’s result. Therefore, we
neglect the latter contributions to ∆′. The constants

∆ ≈ 1

7

−6η(l + 1)(4l2 − 3)− ζ(1− η)(3l + 2)(8l2 − 15)

−6η(l + 1)(2l2 + 3)− ζ(1− η)(3l + 2)(4l2 + 9)
,

∆′ ≈ 3

560

−3η(3l + 80)(4l2 − 3)− 320ζ(1− η)(3l + 2)(l2 − 1)

−6η(l + 1)(2l2 + 3)− ζ(1− η)(3l + 2)(4l2 + 9)
(6.1.4)

2 I resume this discussion in the third paragraph of Sec. 7.1.2, including approximate
constants for FMMT.
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6. Analytical study of simplified spherocylinder systems

explicitly depend on the ζ parameter and the density, which spoils Priest’s
geometric interpretation of Eq. (2.3.39). However, we recover the result
from Eq. (6.1.3) for a vanishing packing fraction η → 0. Moreover, the
limit liml→∞∆ = 2/7 does not depend on the packing fraction and is the
same as without the third term. Using K

(T)
ǫ,3 instead, we simply recover

the constants from Eq. (6.1.3) when neglecting the term proportional to
P̄2. Recall that Priest used Onsager’s second-virial approximation to derive
his expansion. Hence, the density dependence and the presence of further
terms does not depict a drawback of our approach but rather an extension
of Priest’s theory.

6.1.2. Comparison with Landau-de Gennes theory

FMT results for the LdG parameters The low-order limit of the
FMT results is beneficial regarding the calculations made in Sec. 2.2 with
LdG theory. With the restriction to the least number of necessary terms
in an expansion in powers of the scalar nematic order parameter Q, the as-
sumption of low orientational order intrinsically becomes a requirement of
this phenomenological approach. The corresponding grand potential den-
sity ωb(µ,Q) from Eq. (2.2.8) can be discussed analytically to describe the
system near the IN transition. Using FMT, we depicted this behavior in
Fig. 4.7. As remarked in the final lines of Sec. 4.2.1, we can go one step
further and calculate the grand potential Ω(µ, S) from FMT numerically by
eliminating the packing fraction η(µ, S) according to Eq. (4.2.30). There-
fore, we can directly compare a chosen FMT functional to the much simpler
LdG theory. To do so, it is reasonable to choose the Landau parameters as
in Eq. (2.2.23) for each considered system and functional.

As a first step, we study the nematic bulk phase of HSC with aspect
ratio l = 10 near coexistence. For the original edFMT functional with ζ =

1.6 and Tarazona’s third term φ
(T)
3 , we know the results for the difference

∆ηIN = 0.007304 between the nematic and the isotropic density, the nematic
order parameter SN = 0.476535 and the chemical potential βµc = 10.23924

at coexistence, compare also Fig. 4.7c.

As a final input to Eq. (2.2.23), we require the chemical potential µ∗ at
which the isotropic phase becomes unstable in LdG theory. As determined
with edFMT, the isotropic phase becomes unstable at βµunst = 12.0370

and the nematic phase becomes metastable at βµcr = 10.0319. According
to Eq. (2.2.17), we find the two possibilities βµ∗1 = βµunst = 12.0370 and
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ζ

(a)

Δη

ζ

(b)

ω
ω

ζ(c)

Fig. 6.1.: Comparison of different FMT results for hard spherocylinders of as-
pect ratio l = 10 to Landau-de Gennes theory with the parameters determined
from the FMT predictions at coexistence. We show the behavior at the minimum
of the grand potential corresponding to the nematic phase and at its unphysical
intermediate maximum as a function of the chemical potential μ. All values are
relative to the result at the isotropic minimum. As in Fig. 4.7, we use the original
edFMT with ζ = 1.6 and φ3 = φ

(T)
3 . We consider different parameters t, defin-

ing the critical chemical potential μ∗ in Landau-de Gennes theory according to
Eq. (6.1.5). By setting t = 1 or t = 0, we fit the chemical potential at the the limit
of stability of the isotropic or nematic phase, respectively, to the corresponding
value from FMT. The crosses denote the equilibrium results at phase coexistence
in both theories. The insets show a closeup of the region enclosed by the nearest
dashed box. (a) Extremal nematic order parameter Q±

e (μ), defined in Eq. (2.2.18).
(b) Difference Δη±

e (μ) between nematic and isotropic packing fraction, defined in
Eq. (2.2.19). (c) Difference ω±

e (μ) between nematic and isotropic grand potential
density, defined in Eq. (2.2.20).

βμ∗
2 = 9βμc − 8βμcr = 11.8980, each imposing one of these results. We

further introduce the parameter 0 ≤ t ≤ 1 and define the critical chemical
potential

μ∗
(t) = t μ∗

1 + (1− t)μ∗
2 (6.1.5)

interpolating between these two ambiguous values.
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ω
ω

ζ

(a)

ω
ω

ζ 1.6, Τ

(b)

Fig. 6.2.: Landau-de Gennes expansion of the nematic grand potential ωb(μ,Q)
as a function of the nematic order parameter Q ≡ S, compared to the equiva-
lent result from edFMT. The different approaches and the style of the lines are
described in Fig. 6.1. (a) Comparison at phase coexistence with the chemical po-
tential μ = μc. We further show the expansion for t = 0.1, which yields the same
maximal value of the grand potential for both theories according to Eq. (2.2.22).
The respective order parameters at the maximum are slightly different. (b) Com-
parison for different chemical potentials, as indicated. In contrast to Fig. 2.2, we
use critical values of μ from FMT, where the nematic phase becomes stable at
μ = μcr and the isotropic phase becomes unstable at μ = μinst.

Behavior near coexistence In Fig. 6.1, we see that the quantitative
description of nematic phase with our LdG approach, adapted to reproduce
the DFT results, is quite accurate in the vicinity of the IN transition. All un-
stable results, corresponding to the intermediate maximum, and metastable
results, found at a smaller order parameter Q < SN than at coexistence,
agree very well. In the stable regime, the results of edFMT and LdG theory
start to disperse significantly for order parameters Q � 0.54, see Fig. 6.1a.
Taking a closer look, we see that it depends on the problem of interest
which value of t in Eq. (6.1.5) is the most sensible choice. As expected,
the unstable region at μc � μ ≤ μunst is better described by t = 1 and for
μcr ≤ μ � μc the results for t = 0 are closer to those with edFMT. Com-
paring for the stable nematic phase at μ > μc, we find another indication
to choose t = 1. However, the overall deviation from the reference theory
outweighs the difference due to changing the value of t further away from
coexistence. Directly at coexistence, we cannot tell from the nematic min-
imum which value is better, as the critical chemical potential μ∗ does not
affect the imposed equilibrium results for the order parameter and density.

Regarding in Fig. 6.2a the different values of the intermediate maximum
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6.1. Low-order limit

at µ = µc, it appears to be most convenient to impose the edFMT result
∆ωmD

3 = 9.1157 · 10−5 according to Eq. (2.2.22), when we are only in-
terested in the behavior at phase coexistence. In our considered case, this
means that we fix µ∗ at the intermediate value βµ∗m = 11.9119 ≃ βµ∗(0.1)
corresponding to t ≈ 0.1 in Eq. (6.1.5), which is close to the fit yielding the
correct critical chemical potential µcr.

Fixing t = 0.1, the LdG expansions for some values of µ are drawn and
compared to edFMT in Fig. 6.2b. Apart from coexistence, the agreement
becomes worse, particularly for larger values of the chemical potential, e.g.,
at the critical point with µ = µunst. This can be seen by means of both the
different location and value of the nematic minimum. At the other critical
point, the LdG expansion appears to perform much better for the reason of
both the choice of t and the fact that the critical chemical potential µ = µcr

is much closer to µc.

We have verified that LdG theory can be used to make qualitatively
reliable predictions for the behavior of the nematic bulk phase when im-
posing some equilibrium results at coexistence. It is easy to do so also
for other aspect ratios, particles or functionals. Note that the agreement,
apart from the particularly relevant results at coexistence, could become
worse for a reference theory predicting a larger nematic order parameter
SN. The alternative approach via LdG theory is most interesting for the
FMMT functional, which requires a higher computational effort compared
to edFMT. This does especially apply to inhomogeneous problems, which
we discuss in the following section.

6.1.3. Isotropic–nematic interfacial tension

Elastic term in LdG theory The similarity between the low-density
expansion of FMT and LdG theory becomes even more apparent when re-
garding the LdG elastic free energy from Eq. (2.2.5), which only contains
two parameters, L1 and L2. This fundamental result is consistent with our
finding in Sec. 6.1.1, such that we can determine the related Landau pa-
rameters analytically. Substituting Eq. (6.1.1) into Eq. (2.2.32), we obtain

βL
(ζ)
1 D = ζ

9η2l2
(

4l2 + 31
)

56π(1 − η)(3l + 2)2
+

27η3l2(l + 1)(2l2 + 9)

28π(1 − η)2(3l + 2)3
,

βL
(ζ)
2 D = ζ

9η2l2
(

8l2 − 15
)

28π(1 − η)(3l + 2)2
+

27η3l2(l + 1)(4l2 − 3)

14π(1 − η)2(3l + 2)3
. (6.1.6)
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Using Tarazona’s expression φ
(T)
3 in the functional, the second terms in

Eq. (6.1.6) are not present. Equivalently, we find

βL
(MM)
1 D =

45η2l2
(

l2 + 9
)

56π(1 − η)(3l + 2)2
+

27η3l2(l + 1)(2l2 + 9)

28π(1 − η)2(3l + 2)3
,

βL
(MM)
2 D =

45η2l2
(

2l2 − 3
)

28π(1 − η)(3l + 2)2
+

27η3l2(l + 1)(4l2 − 3)

14π(1 − η)2(3l + 2)3
(6.1.7)

from Eq. (6.1.2).

For problems with a planar inhomogeneity the elastic energy reduces to
the form in Eq. (2.2.35), only depending on tilt angle Θ between the nematic
director and the z axis. Inserting our results for the Landau parameters into
Eq. (2.2.36), we find the generalized elastic parameter

β−1b2Θ,(ζ)D =
3ζη2l2

(

8l2 − 15
)

cos2Θ

56π(1 − η)(3l + 2)2
+

ζη2l2
(

10l2 + 39
)

28π(1 − η)(3l + 2)2
+ β−1b2Θ,3D

(6.1.8)
from Eq. (6.1.6) and

β−1b2Θ,(MM)D =
15η2l2

(

2l2 − 3
)

cos2Θ

56π(1 − η)(3l + 2)2
+

5η2l2
(

5l2 + 24
)

56π(1 − η)(3l + 2)2
+ β−1b2Θ,3D

(6.1.9)
when using Eq. (6.1.7) instead. The common contribution corresponding
to Tarazona and Rosenfeld’s third term reads

β−1b2Θ,3D =
9η3l2(l + 1)

(

4l2 − 3
)

cos2Θ

28π(1 − η)2(3l + 2)3
+

3η3l2(l + 1)
(

5l2 + 12
)

14π(1 − η)2(3l + 2)3
,(6.1.10)

whereas bΘ,3 = 0 for Tarazona’s expression.

Analytic formula for the interfacial tension Substituting the ana-
lytic formulas for the elastic parameter at coexistence, setting η = ηN, into
Eq. (2.2.42) and Eq. (2.2.50), we obtain analytic expressions for the coher-
ence length ξΘ ∝ bΘ at coexistence and the IN interfacial tension γΘ ∝ bΘ,
respectively. For sensible values of the aspect ratio l & 2, both quanti-
ties are monotonously decreasing functions of the tilt angle Θ between the
nematic director and the interface normal, as also found with FMT.

The minimal interfacial tension γt for Θ = π/2 indicates a tangential
alignment of the director to the interface in equilibrium. In this particular
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case, we find the formulas

βγ
(ζ)
t =

√

ζ l2 (10l2 + 39)∆ηIN β(µ∗ − µc)

21(1 − ηN)(3l + 2)3
SN ηN

πD2
(6.1.11)

and

βγ
(MM)
t =

√

5 l2 (5l2 + 24)∆ηIN β(µ∗ − µc)

42(1 − ηN)(3l + 2)3
SN ηN

πD2
(6.1.12)

using the elastic terms from Eq. (6.1.8) and Eq. (6.1.8) with bΘ,3 = 0,
respectively. Including the elastic contribution corresponding to φ(TR)

3 in-
stead, the latter expression becomes

βγ
(MM)
t =

√

15l3(5− ηN) + 10l2(5 + ηN) + 72l(5− 3ηN) + 48(5 − 2ηN)

×
√

l2 ∆ηIN β(µ∗ − µc)

42(1 − ηN)2(3l + 2)4
SN ηN

πD2
. (6.1.13)

The formulas for other approaches or including the dependence on the tilt
angle Θ can be easily derived analogously.

Provided we impose ∆ωm to determine µ∗ according to Eq. (2.2.22),
we have shown that the IN interfacial tension can be approximated as a
function of just the bulk properties at the IN coexistence and the aspect
ratio l, as used in Sec. 6.1.2. These formulas confirm qualitatively the scaling
behavior presumed comparing Figs. 5.7a and 5.7b, i.e., that γIN increases
with increasing ∆ηIN. Indeed, we realize that the relation between these
two quantities is no simple proportionality, as the different parameters at
coexistence depend on each other in a non-trivial way.

In the Onsager limit, l → ∞ and η → 0, we derive the qualitative
director dependence

lim
l→∞

γΘ ∝ lim
l→∞

ξΘ ∝ lim
l→∞

√

1 +
1

2

L2 cos2Θ

L1 +
L2
6

∝
√

1 +
6

5
cos2Θ (6.1.14)

of the IN interfacial tension and the coherence length. The predicted ratio
liml→∞L2/L1 = 4 of the Landau parameters is the same for FMMT and
the ζ approximation. Relatedly, both results for the ratio of the Frank
constants K1 andK2 from Eq. (5.3.26) and for the constant liml→∞∆ = 2/7

in Priest’s expansion from Eq. (2.3.39), already known from the literature,
lead to the same conclusion. As a result, LdG theory predicts the universal
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βγ
δ

ζ

πΘ

(a)

βγ

ζ
ζ

(b)

Fig. 6.3.: Isotropic–nematic interfacial tension of hard spherocylinders obtained
with FMT and approximated by Landau-de Gennes theory using related parame-
ters. (a) Director dependence for the aspect ratio l = 10. The lines have the same
style as in Fig. 6.2a. We show the width δ of the interface, corresponding to twice
the coherence length ξΘ, at the top and the interfacial tension γIN or γΘ at the
bottom, both as a function of the tilt angle Θ. (b) Equilibrium interfacial tension
at Θ = π/2 for different versions of FMT and aspect ratios, as in Fig. 5.7a. The
smaller symbols of each style are from Landau-de Gennes theory with t = 0.

ratio liml→∞ γn/γt =
√

11/5 ≈ 1.48 between the maximal value of the
interfacial tension γn for normal alignment and its minimum γt. In good
agreement, we find γmax

IN /γmin
IN ≈ 1.51 and δmax/δmin ≈ 1.49 with ζ = 1.6

and the one-parameter profile from Eq. (5.2.1). A similar behavior of the
interfacial tension as in Eq. (6.1.14) was derived in Ref. [274], introducing
the numerical factor 2.61 instead of 6/5.

Comparison to FMT For finite aspect ratios, LdG theory also predicts
the same ratio between maximum and minimum of both the interfacial ten-
sion and the interface width, i.e., the coherence length. As in Eq. (6.1.14),
the particular value of μ∗ is irrelevant for this result. In Fig. 6.3a, we see
that the edFMT prediction for these ratios is markedly smaller than with
LdG theory, in contrast to the good agreement in the Onsager limit. How-
ever, we find γmax

IN /γmin
IN ≈ δmax/δmin for all FMT approaches discussed in

Sec. 5.2.1. In contrast, our direct estimates from Sec. 5.2.3 for the sum
ξI + ξN of the isotropic and nematic correlation length indicate a clearly
larger ratio between the maximal and minimal value, compare Fig. 5.8.

As expected from comparing the predictions for the bulk nematic phase,
we find a better quantitative agreement between edFMT and LdG theory
in Fig. 6.3a when choosing t = 0 to determine μ∗

(t) than for t = 1. Note

250



6.2. Highly aligned systems

that, when performing a free minimization of edFMT at the IN interface,
the quantitative agreement presumably improves for the equilibrium align-
ment with Θ = π/2 but will become worse for small tilt angles. We also see
that the difference between the LdG results with t = 0 and t = 0.1 is not
significant. Therefore, we use t = 0 in the following, as it is easier to de-
termine µcr from FMT than to locate the unstable intermediate maximum.
Further note that the agreement between LdG theory and FMT becomes
worse when we use the full equilibrium results for K2 and either K1 or K3

instead of the convenient low-order values.

Figure 6.3b reveals that LdG theory provides us with a good estimate
of γIN for all aspect ratios. However, we see that, at a fixed aspect ratio,
the deviation from the reference result with FMT becomes larger when
replacing the third term φ

(T)
3 of the functional with φ

(TR)
3 and also when

using FMMT instead of the ζ correction. This could be an evidence that our
parametrized minimization becomes less accurate for the respective FMT
functionals. As a second possibility, we can imagine that the fit to LdG
theory becomes worse due to the higher value of the order parameter at
coexistence. The latter point stands in contrast to the better agreement of
each approach with LdG theory when the aspect ratio is increased. To be
able to make a more precise statement, these results should be compared
after having performed a free minimization of FMT.

6.2. Highly aligned systems

In Sec. 4.2.2, we examined the scaling of different FMT functionals towards
large aspect ratios l of the HSC. At non-zero packing fraction η > 0, the
orientational alignment becomes nearly perfect and it is sufficient to con-
sider the LO terms in the expansion of the order parameters. The linearized
free energy functionals for edFMT, Eq. (4.2.67), and FMMT, Eq. (4.2.73),
are sufficient to appropriately describe orientationally disordered systems
in the limit l→∞, which we verified in Sec. 5.1.2.

Following the example of Somoza and Tarazona with their linearized
weighted density functional [295], we can also use our simplified approaches
to calculate approximate results for finite aspect ratios. Doing so, we can
perform the minimization as expounded for the limit l → ∞, which is not
possible for the fully orientation-dependent functionals. For FMMT, we
may also use the functional from Eq. (4.2.73), which is already minimized
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6. Analytical study of simplified spherocylinder systems

with respect to the orientational distribution. For truncated functionals,
we calculate the linearized weighted densities n(lin)ν , defined in Eq. (4.2.47),
and solve the self-consistency equation in Eq. (4.2.60).

One major failure of some approximate FMT approaches, disclosed in
Sec. 4.2.2, is the diverging free energy per particle for l → ∞. Relatedly,
in Sec. 5.1.2, we did not find a stable smectic-A phase when using the
original third term φ

(T)
3 from Eq. (3.3.29). Moreover, the NSm-A transition

line in Fig. 5.2a appears to diverge for ζ = 5/4, despite using φ(TR)
3 from

Eq. (3.3.28), which scales correctly. We now shed more light upon this issue
by discussing the analytical results of our linearized functionals.

Considering the system of perfectly aligned HSC, there is no difference
between the normal and linearized functionals, as the weighted densities do
not depend on the orientation any more. Ignoring these NLO contributions
of the order parameters in the linearized weighted densities, the relevant LO
terms, responsible for the possible divergence, are still present. Moreover,
the phase diagram of parallel HSC was studied extensively using computer
simulations [87,88,89,90] and theory [160,278,279,288,293,294,303,354].

This section is arranged as follows. In Sec. 6.2.1, we provide the re-
quired analytic weighted densities of HSC to construct the linearized FMT
functionals. In Sec. 6.2.2, we compare the results for the NSm-A transition
predicted by the functionals with full and linearized dependence on the par-
ticle orientations. Finally, we study perfectly aligned HSC in Sec. 6.2.3 and
discuss our findings for the NSm transition.

6.2.1. Linearized weighted densities

Parallel systems In this section, we summarize the results for the lin-
earized weighted densities n(lin)ν (z) of a HSC calculated with the simple
cosine modulation from Eq. (2.3.61). We consider at least tensors of rank
two. All contributions, which are not listed explicitly, are zero.

Consider first the zero order in the orientation dependence, i.e., the
weighted densities n(pa)

ν (z) = n
(pa)
ν,C (z) + n

(pa)
ν,H (z) for a perfectly aligned sys-

tem with the director pointing in the z direction. The results

n
(pa)
3,C = ρ

π

4
D3C0(z) , n(pa)

2,C = 2
(←→n (pa)

2,C

)

11
= ρπD2C0(z) ,

n
(pa)
1,C = 2

(←→n (pa)
1,C

)

11
= −

(←→n (pa)
1,C

)

33
= ρ

1

4
DC0(z) (6.2.1)
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of Eq. (4.2.53) for the weighted densities containing the LO term in the
aspect ratio l can be written with the common cylindrical integral

C0(z) =
L

D
+ Λ(z)

d

Dπ
sin

Lπ

d
= l + Λ(z)ΞL sin

π

dL
, (6.2.2)

defined in Eq. (4.2.54), where we have introduced the dimensionless quanti-
ties dL := d/L and ΞL := d/πD = ldL/π as well as the modulation function
Λ(z) := λ cos 2πz

d . We see that n(pa)
ν,C = O

(

l0
)

as l →∞, in agreement with
the behavior deduced from Eq. (4.2.52).

The hemispherical contributions from Eq. (4.2.51) to the weighted den-
sities of perfectly aligned HSC read

n
(pa)
3,H

ρD3π
=

1

6
+

Λ(z)

4

(

(ΞL − 2Ξ3
L) sin

π

dL

+2Ξ3
L sin

π(1 + l)

dLl
− 2Ξ2

L cos
π(1 + l)

dLl

)

,

n
(pa)
2,H

ρD2π
= 1 + Λ(z)

(

ΞL sin
π(1 + l)

dLl
− ΞL sin

π

dL

)

= 2
n
(pa)
1,H

ρD
=
n
(pa)
0,H

ρ
,

(−→n 2,H)3
ρD2π

= Λ

(

z − d

4

)(

Ξ2
L sin

π(1 + l)

dLl
− Ξ2

L sin
π

dL
− cos

π(1 + l)

dLl

)

= 2

(−→n (pa)
1,H

)

3

ρD
,

(←→n (pa)
2,H

)

11

ρD2π
=

1

3
+

Λ(z)

2

(

(−ΞL − 2Ξ3
L) sin

π

dL

+2Ξ3
L sin

π(1 + l)

dLl
− 2Ξ2

L cos
π(1 + l)

dLl

)

,

(←→n (pa)
2,H

)

33

ρD2π
=

1

3
+ Λ(z)

(

(ΞL − 2Ξ3
L) sin

π(1 + l)

dLl

+2Ξ3
L sin

π

dL
+ 2Ξ2

L cos
π(1 + l)

dLl

)

. (6.2.3)

The factor Λ
(

z − d
4

)

= λ sin 2πz
d in the vectorial weight functions results
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from the different symmetry of the weight functions, which leads to σν = −1
in Eq. (4.2.49). Substituting the Taylor series

sin
π(1 + l)

dLl
= sin

π

dL

∞
∑

k=0

(−1)k
(2k)!

Ξ−2k
L + cos

π

dL

∞
∑

k=0

(−1)k
(2k + 1)!

Ξ−2k−1
L ,

cos
π(1 + l)

dLl
= cos

π

dL

∞
∑

k=0

(−1)k
(2k)!

Ξ−2k
L − sin

π

dL

∞
∑

k=0

(−1)k
(2k + 1)!

Ξ−2k−1
L (6.2.4)

for the trigonometric functions into Eq. (6.2.3), we can explicitly verify that

n
(pa)
ν,H = O

(

l−1
)

as l →∞.

From the mixed weight function ω
(12)
pa (z1, z2) in Eq. (4.1.54), we analo-

gously calculate the mixed weighted density

n
(pa)
12 (z) = ρ2

πD3

4
C0(z) (C0(z) +H(z)) (6.2.5)

of two perfectly aligned HSC with the result for C0 from Eq. (6.2.2) and the
hemispherical contribution

H(z) = Λ(z)

(

2Ξ2
L

(

cos
π

dL
− cos

π(1 + l)

dLl

)

−ΞL

(

sin
π(1 + l)

dLl
+ sin

π

dL

))

= O
(

l−1
)

. (6.2.6)

Calculating the limit l→∞, we see that n(pa)
12 = O

(

l0
)

has the same scaling
behavior as n(pa)

ν,C in Eq. (6.2.1). Interestingly, the term ρH = O
(

l−2
)

does
not provide a NLO contribution, in contrast to the hemispherical weight
functions n(pa)

ν,H from Eq. (6.2.3).

Orientation dependence Now we consider the orientation-dependent
terms n

(S2)
ν := n

(S2)
ν,C + n

(S2)
ν,H in the weighted densities from Eq. (4.2.47),

which are linear in the scaled order parameter S2, defined in Eq. (4.2.48). To
calculate the complete result, we have to evaluate the integral in Eq. (4.2.55)
over zD from l(cos θ − 1) + sin θ to l(cos θ − 1) + 1 and the integral in
Eq. (4.2.56) over zL from 0 to cos θ/2 − sin θ/2l. Moreover, there are
additional contributions of both the cylinder and the upper hemisphere
in region (b) with the limits z−S and z+S from Eq. (4.1.12). Substituting
z → z̃DD sin θ/2− L cos θ/2, this integral runs from −1 to 1 and we can
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conveniently expand the integrand in terms of θ beforehand.

Doing so, we find

n
(S2)
3,C

ρD3π
=

Λ(z)S2
48

(

(4ΞL − Ξ−1
L ) sin

π

dL
− 4l cos

π

dL

)

,

n
(S2)
2,C

ρD2π
=

Λ(z)S2
6

(

(2ΞL − Ξ−1
L ) sin

π

dL
− 2l cos

π

dL

)

= 4
n
(S2)
1,C

ρD
,

(−→n (S2)
2,C

)

3

ρD2π
=

Λ
(

z − d
4

)

S2

3
sin

π

dL
= 4

(−→n (S2)
1,C

)

3

ρD
,

(←→n (S2)
2,C

)

11

ρD2π
= −S2 l

6
− Λ(z)S2

12

(

Ξ−1
L sin

π

dL
+ 2l cos

π

dL

)

,

(←→n (S2)
2,C

)

33

ρD2π
=
S2 l

3
+

Λ(z)S2
3

ΞL sin
π

dL
,

(←→n (S2)
1,C

)

11

ρD
= −S2 l

8
− Λ(z)S2

48

(

(4ΞL + Ξ−1
L ) sin

π

dL
+ 2l cos

π

dL

)

= −

(←→n (S2)
1,C

)

33

2ρD
(6.2.7)

and

n
(S2)
3,H

ρD3π
=

Λ(z)S2
48

(

Ξ−1
L sin

π

dL
− 8lΞL sin

π(1 + l)

dLl

+4l(1 + 2Ξ2
L) cos

π

dL
− 8lΞ2

L cos
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dLl

)

,

n
(S2)
2,H

ρD2π
=

Λ(z)S2
6

(

Ξ−1
L sin

π

dL
+ 2l cos

π

dL
− 2l cos

π(1 + l)

dLl

)

= 2
n
(S2)
1,H

ρD
=
n
(S2)
0,H

ρ
,

(−→n (S2)
2,H

)

3

ρD2π
=

Λ
(

z − d
4

)

S2

6

(

− sin
π

dL
− 2l sin

π(1 + l)

dLl
+ 2lΞL cos

π

dL

−2lΞL cos
π(1 + l)

dLl

)

= 2

(−→n (S2)
1,H

)

3

ρD
,
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(←→n (S2)
2,H

)

11

ρD2π
=

Λ(z)S2
12

(

Ξ−1
L sin

π

dL
− 4lΞL sin

π(1 + l)

dLl

+2l(1 + 2Ξ2
L) cos

π

dL
− 4lΞ2

L cos
π(1 + l)

dLl

)

,
(←→n (S2)

2,H

)

33

ρD2π
=

Λ(z)S2
3

(

2lΞL sin
π(1 + l)

dLl

−2lΞ2
L cos

π

dL
− l(1− 2Ξ2

L) cos
π(1 + l)

dLl

)

.(6.2.8)

Dropping the gray terms, which are proportional to Ξ−1
L sin π

dL
or, for the

vectorial weighted densities, sin π
dL

, yields the result of the approximations
from Eq. (4.2.57) and Eq. (4.2.55), respectively. Note that these gray terms
cancel in the combined n(S2)

ν for ν = 3 and ν = 2 but remain when we weight
the contributions of the cylinder and the hemisphere with the curvature
on the surface of the respective body. Still, these contributions are not
important at large aspect ratios l, which we easily verify with an appropriate
expansion, shown in the final paragraph of this section.

With the scaling behavior of S2 = O
(

l−1
)

for l → ∞, determined in
Sec. 4.2.2, we confirm that n(S2)

ν,C = O
(

l−1
)

. As an exception, we find that
the contributions −→n (S2)

ν,C = O
(

l−2
)

to the vectorial weighted densities, which
exclusively result from region (b), scale differently. In contrast, all non-
vanishing hemispherical weighted densities n(S2)

ν,H = O
(

l−2
)

exhibit the same
scaling behavior.

The mixed weighted density n12 depends on the particle orientations in
a different way than the one-body weighted densities, which leads to the
linearized FMMT functional given by Eq. (4.2.73). Therefore, we do not
need to determine the according expression n(S2)

12 (z). In principle, we could
define an according expression by adding up all (mixed) weighted densities
found in the expanded second term from Eq. (3.3.7).

Scaling for infinite aspect ratio Finally, we provide the constituents to
the weight functions n(inf)

ν (z) from Eq. (4.2.64). In particular, we are only
interested in the LO terms of the expansion in terms of l−1, which contribute
to the free energy functional from Eq. (4.2.67) in the limit l →∞. To this
end, we accordingly expand the number density

ρ =
η

v
=

4η

D3πl
− 8η

3D3πl2
+O

(

l−3
)

. (6.2.9)
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The weighted densities of parallel HSC from Eq. (6.2.1) and Eq. (6.2.3)
have the respective LO terms

n
(pa)
3,C =

η C0(z)
l
− 2η C0(z)

3l2
+O

(

l−2
)

,

n
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(←→n (pa)
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)

11
=
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− 8η C0(z)
3Dl2

+O
(

l−2
)

,
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= −
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)

33
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D2πl

− 2η C0(z)
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(
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(6.2.10)

and
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=
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, (6.2.11)

where

Cθ(z) = −
l

2

(

1 + Λ(z) cos
π

dL

)

. (6.2.12)

For the mixed weighted density from Eq. (6.2.5), we find

n
(pa)
12 (z) =

4η2 C20(z)
D3πl2

− 16η2 C20(z)
3D3πl3

+O
(

l−2
)

. (6.2.13)

The only relevant contributions in the limit l → ∞ for the orientation-
dependent weighted densities n(S2)

ν = n
(S2)
ν,C +O

(

l−2
)

are those of the cylin-
drical parts in Eq. (6.2.7). We find that all LO terms of

n
(S2)
2 =

4

D
n
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3 = 4πDn
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1 =

4ηS2
3lD
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(

l−2
)
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)

33
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4ηS2
3lD

C0(z) +O
(
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)
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)

11
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)

33
= − ηS2

3lπD2
(C0(z)− Cθ(z)) +O

(

l−2
)

,(6.2.14)

result from the approximate calculation according to Eq. (4.2.57). Note
that in the nematic phase we have (C0 + 2Cθ)|λ=0 = 0, such that the scalar
weighted densities do not depend on the order parameter.
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η

(a)

ζ
ζ
ζ
ζ

(b)

Fig. 6.4.: Nematic–smectic-A transition as in Fig. 5.2. We also show the results
using the linearized versions of the different FMT functionals, which we denote
by the thicker lines of the same style. The linear FMMT functional is given by
Eq. (4.2.73) and for the ζ approximation, we calculate the free energy with the
linearized weighted densities n

(lin)
ν (z) from Eq. (4.2.47). We also compare the

results to the linearized version of the Somoza-Tarazona functional [295] (filled
triangles) and a linear approximation to the location of bifurcation points from
the virial expansion [161] (dot-dot-dashed line). We do not show the smectic
amplitude λ as at the bottom of Fig. 5.2b, as all linear FMT functionals predict a
second-order transition at which λ = 0.

6.2.2. Nematic–smectic-A transition

Linearized Fundamental Mixed Measure Theory Now we study the
orientation-dependent system of HSC with an arbitrary aspect ratio l using
the linearized weighted densities n

(lin)
ν . For FMMT, the LO orientation-

dependent term in Eq. (4.2.70), which is proportional to the averaged in-
termolecular angle 〈〈γ〉〉, does not possess the same scaling behavior as the
orientation-dependent weighted densities n

(S2)
ν . Therefore, we only require

the weighted densities of the parallel system. In Fig. 6.4a, we see that the
NSm-A transition predicted by the linearized FMMT functional always is
of second order. For the shown range l � 3.5 of aspect ratios, the cor-
responding transition line lies slightly below the nematic density at phase
coexistence calculated with the functional including the full orientation de-
pendence.

With the similarly linearized Somoza-Tarazona DFT, a first-order tran-
sition is found for l � 50 which is, however, extremely weak [295]. For
example, this functional has a different expression for the order parame-
ter α̃ from Eq. (4.2.72). We also verified our predictions by calculating
the weighted densities corresponding to higher-order terms in the Taylor
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expansion of the density modulation from Eq. (2.3.58) instead of using those
from Sec. 6.2.1.

The NSm-A transition line from the linearized FMMT functional in
Fig. 6.4a is fitted well by η = 0.370 + 0.238l−1, which is linear in the
inverse aspect ratio l−1 = D/L. Predicting a first-order transition in the
limit l → ∞ when including the exact third virial coefficient, Poniewierski
derived the linear relation η = 0.417+0.425l−1 for the transition line, which
has a steeper slope [161]. The smectic layer spacing d, shown in Fig. 6.4b,
predicted by both the linearized and the full FMMT functional appears
to be a linear function of the inverse aspect ratio as well. However, the
slope predicted by these two approaches is clearly different, being larger or
smaller than Poniewierski’s result, respectively.

Truncated functionals To perform a similar calculation with edFMT,
we require all contributions to the linearized weight functions, given in
Sec. 6.2.1. For the approximation with ζ = 2, the qualitative picture in
Fig. 6.4a is the same as for FMMT. We observe a similar, nearly linear,
behavior of the transition line given by η = 0.359 + 0.181l−1, which has
a smaller slope than in FMMT. Likewise, we do not obtain a first-order
transition. The slope of the smectic layer spacing in Fig. 6.4b becomes
smaller than for the functional with full orientation dependence, which is
exactly opposite to the behavior found with FMMT.

For very small aspect ratios l . 4, the slope of the lines in Fig. 6.4
appears to be independent of the value of the ζ parameter. Moreover, we
observe for all three considered FMT approaches that the approximate tran-
sition density equals the nematic density at coexistence at about the same
aspect ratio l ≈ 3.5. Increasing the aspect ratio, the agreement between
the full and linearized functional remains good also for ζ = 5/4. Therefore,
we can confirm that the transition line indeed diverges when using this ap-
proximation. In the following, we discuss this unphysical artifact in more
detail.

6.2.3. Parallel spherocylinders

Nematic phase Only considering the weighted densities n(pa)
ν from the

first paragraph of Sec. 6.2.1, we obtain an appropriate functional for the
system of perfectly aligned HSC. Note that the artificial restriction of the
orientational degrees of freedom to one single allowed direction induces a
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η

(a)

ζ
ζ
ζ

(b)

Fig. 6.5.: Nematic–smectic transition of parallel hard spherocylinders as a func-
tion of the inverse aspect ratio. The style of the lines denoting the different FMT
results is as in Fig. 5.1. We compare to results from computer simulations [90]
(downward triangles) and the DFT by Somoza and Tarazona (upward triangles),
where the values are read off from the graphs [293,294]. (a) Packing fraction η
at the transition. The inset shows a closeup of the FMMT result for large aspect
ratios. (a) Smectic layer spacing d at the transition.

diverging orientational entropy, which we see, e.g., in the form of the ideal-
gas free energy from Eq. (4.2.63) when setting α = ∞.3 To calculate the
phase behavior of perfectly aligned particles, it is convenient to renormalize
the thermal wavelength Λ to remove this irrelevant logarithmic divergence.
This procedure, however, illustrates the difference to a highly aligned system
with full orientational degrees of freedom.

To describe the nematic phase, we set the smectic amplitude λ = 0.
Equivalently, we may consider the formulas from Eq. (4.2.1) with the ne-
matic order parameter S = 1. Combining the tensorial weighted densities
from Eqs. (6.2.1) and (6.2.3) for the nematic phase according to

Tr
[←→n (pa)

1
←→n (pa)

2

]

=
(←→n (pa)

1,C

)

11

(

2
(←→n (pa)

2

)

11
− 2
(←→n (pa)

2

)

33

)

, (6.2.15)

we see that all hemispherical contributions cancel. As H from Eq. (6.2.6)
is zero for λ = 0, the mixed weighted density from Eq. (6.2.5) becomes

n
(pa)
12 (z) = 2Tr

[←→n (pa)
1
←→n (pa)

2

]

= ρ2
πL2D

4
. (6.2.16)

As a consequence, we see that the correction with ζ = 2 is not just the only

3 In Sec. 6.3.1, I explicitly calculate the ideal-gas free energy in the Zwanzig model,
where the orientation is restricted to three mutually perpendicular directions.
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work ηNS dL η
(∞)
NS d

(∞)
L

ζ = 5/4, TR 0.373 1.374 ∞ -
ζ = 2, TR 0.304 1.475 0.302 1.299
FMMT, TR 0.305 1.472 0.302 1.299
simulation 0.41 1.39† 0.35 1.27
simulation∗ 0.41 1.39† 0.44
ST-DFT 0.35† 1.48† 0.35† 1.30†

PH-DFT 0.28† 1.59† 0.28 1.39
HC-FMT 0.314 1.302 0.314 1.302

Tab. 6.1.: Packing fraction ηNS and normalized smectic layer spacing dL = d/L
at the nematic–smectic transition of parallel hard spherocylinders for an aspect
ratio l = 5 and in the limit l → ∞, denoted by the superscript (∞). We use
FMMT and the ζ approximation with the third term φ

(TR)
3 . With Tarazona’s

expression φ
(T)
3 for the third term, the smectic phase is no longer stable at the

considered aspect ratios, compare Fig. 6.5. The simulation data by Stroobants
and Lekkerkerker [87,88] and, for a larger system, by Veerman and Frenkel [90]
(denoted by the asterisk). We also compare to DFT results with the functionals
by Somoza and Tarazona (ST) [293,294], Poniewierski and Hołyst (PH) [303] and
the fundamental measure functional for parallel hard cylinders (HC-FMT) [334].

† Values are read off from graphs

qualitatively sensible choice in a highly aligned HSC system; it is actually
exact for parallel HSC in the nematic phase.

Nematic–smectic transition The results for the NSm transition of par-
allel HSC are shown in Fig. 6.5a. Using FMMT together with the third term
φ
(TR)
3 by Tarazona and Rosenfeld, we find a second-order transition. The

transition density decreases monotonically when increasing the aspect ra-
tio, which qualitatively confirms the simulation results [87,88,90], except for
the case l → ∞ [90]. However, the simulation in this limit appears to be
challenging, which we see in the big difference to the preceding result [88]
and the fact that the simulation for the orientationally disordered system
locates the NSm-A transition at a smaller density only in this case [84]. A
decreasing NSm transition density is also found with other DFT calcula-
tions [293,294,302].

Quantitatively, the transition density predicted by FMMT is signifi-
cantly smaller than observed in the simulation [90], which is also the case
for most other DFT results, compare Tab. 6.1. However, we see in Fig. 6.5b
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η
ζ
ζ
ζ

Fig. 6.6.: Comparison of the nematic–smectic(-A) transition between results for
the orientationally disordered and perfectly aligned system of hard spherocylin-
ders, shown in Fig. 6.4a and Fig. 6.5a, respectively. We focus on the case where
the transition line diverges for l → ∞ due to choosing the approximation with
ζ = 5/4, whereas the third term φ

(TR)
3 has the correct scaling. Differing from pre-

vious plots, we denote the result corresponding to the fully orientation-dependent
functional by dots and the linearized version by the usual solid line. For parallel
rods, we use the brighter dot-dashed line.

that the result for the smectic layer spacing d is closer to the simulation and
nearly identical to the result with the Somoza-Tarazona functional [293,294].
As expected, the transition for strictly parallel rods occurs at lower density
than in a highly aligned system with orientational degrees of freedom. This
is because the two-dimensional packing in a smectic layer is more efficient
for parallel bodies.

The truncated functional corrected with ζ = 2 provides a remarkably
good approximation to FMMT. The curves in Fig. 6.5a corresponding to
these two approaches are clearly closer to each other than for orientationally
disordered HSC in Fig. 5.2a. In Tab. 6.1, we see that the difference of
the transition packing fraction ηNS and the normalized layer spacing dL
is only manifest in the third digit for the aspect ratio l = 5. However,
the inset of Fig. 6.5a reveals that the NSm transition line corresponding
to ζ = 2 exhibits a slightly non-monotonic behavior at large aspect ratios.
For infinitely long rods, this correction becomes exact and yields the same
result η

(∞)
NS = 0.3024 as FMMT. Indeed, we can show by only considering

the LO terms from Eq. (6.2.11) that the hemispherical contributions of the
tensorial weighted densities vanish in Eq. (6.2.15) for l→∞.

Diverging leading-order terms Figure 6.5a plainly illustrates that the
wrong the scaling behavior for highly aligned systems has a major effect on
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the stability of smectic phases. It becomes obvious that the NSm transition
density diverges when we use the original third term φ

(T)
3 or ζ 6= 2. We can

explicitly show that there is no solution to Eq. (2.3.64) in the limit l→∞.

According to Sec. 4.2.2, the observed divergence is due to the fact that
the LO terms in the excess free energy do not cancel. For both parallel and
orientational disordered systems of HSC, these terms exclusively consist
of contributions from the weight functions in Eq. (6.2.10), corresponding
to the perfectly aligned cylindrical part, whereas all orientation-dependent
contributions are NLO. Therefore, the divergence of the NSm(-A) transition
line becomes universal, no matter in which way the orientational degrees of
freedom are accounted for. As an example, we see in Fig. 6.6 for ζ = 5/4

that the results obtained with both the linearized and the fully orientation-
dependent functional approach those for parallel HSC with increasing aspect
ratio and density. Recall from the previous paragraph that we do not make
such an observation when we use a functional which scales correctly.

The divergence of the NSm transition line in Fig. 6.5a for the function-
als using φ

(T)
3 becomes manifest at a relatively small aspect ratio l ≈ 2.

Hence, we now understand why the NSm-A transition in the orientation-
ally disordered system cannot be located. As the transition density for
parallel rods is already quite high, we have clear evidence that there is no
stable smectic-A phase with Tarazona’s expression for the third term for the
range of parameters shown in Fig. 5.2. It could even be that the smectic-A
phase is completely unstable. Returning to parallel HSC, also the agree-
ment between the predicted smectic layer spacing and the simulation data
in Fig. 6.5b is clearly not as good as when φ(TR)

3 is used. This is also the case
in the regime, where the phase transition is described qualitatively correct.

Note that a similar observation as in Fig. 6.5a was made for a system
of parallel HSC confined between two hard walls perpendicular to the z
axis [388]. For a small enough wall separation, one expects the behavior of
an ideal gas in the z direction. Choosing ζ = 5/4 instead of ζ = 2, there
are unphysical peaks in the density profile η(z) close to the wall, which are
even sharper when Tarazona’s third term is used.

6.3. Restricted-orientations model

In the previous sections, we considered systems with both an extremely
low and an extremely high degree of orientational order, such that we were
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able to employ a simplified version of the FMMT functional. With such an
approach, however, it is not possible to accurately describe systems with
moderate orientational order. In the low-order limit, studied in Sec. 6.1
by only considering the nematic order parameter S, the nematic phase is
technically unstable. As demonstrated in Sec. 6.2.2, the results for a fully
orientation-dependent problem obtained by means of a linearized functional
become less and less accurate when decreasing the aspect ratio of the HSC.

Restricting the orientational degrees of freedom and only allowing the
rods to be parallel, as done in Sec. 6.2.3, the linearized functionals are equiv-
alent to those that can describe the full orientation dependence. The next
logical step is to restrict the particle orientations in such a way that we can
easily minimize the full functional for an arbitrary order parameter. Using
the Zwanzig model [149] with three mutually perpendicular orientations,
an accurate free minimization was performed in the Onsager limit for vari-
ous inhomogeneous problems [338,339]. Current FMT studies for particles
with a finite length and beyond Onsager’s second-virial approximation are
limited to parallelepipeds [330,336].

Assuming an appropriate orientational distribution, we can apply the
Zwanzig model to FMMT and therefore obtain a more general FMT ap-
proach for arbitrary particle shapes. With this approximation, we can study
the problems discussed in chapter 5 with less computational effort, although
some noticeable quantitative deviations can be expected. Moreover, we can
learn more about the ζ approximation, which yields the best description of
the IN transition for ζ = 5/4 and describes the nematic EOS of perfectly
aligned HSC exactly for ζ = 2.

This section is arranged as follows. In Sec. 6.3.1, I determine the nematic
free energy in the Zwanzig model using FMMT and the ζ approximation
and compare the predictions of both approaches for the IN transition. As a
further application, I derive an analytic approximation of the IN interfacial
tension in Sec. 6.3.2.

6.3.1. Isotropic–nematic transition

Free energy In order to appropriately describe a fluid of HSC in the
Zwanzig model, we formally have to restrict our density functional, con-
tinuously depending on an infinite number of possible particle orientations,
to only three allowed directions. Therefore, we consider the orientation-
dependent density ρ(r,̟) = ρ(r) gro(̟) with the discrete orientational
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distribution

gro(̟) =
∑

ǫ=x,y,z

αǫ δ(1 − ˆ̟ ǫ) . (6.3.1)

The coefficients αǫ have to fulfill the condition αx+αy+αz = 1 for a proper
normalization and ˆ̟ ǫ denotes a component ǫ ∈ {x, y, z} of the orientational
unit vector from Eq. (2.3.37). With this definition and the usual assumption
of a nematic director parallel to the z axis, we calculate the nematic order
parameter

S =
1

2π

∫ 2π

0
dφ

∫ 1

0
d cos θ

(

3

2
ˆ̟ 2
z −

1

2

)

gro(̟) =
3

2
αz −

1

2
(6.3.2)

according to the definition in Eq. (2.1.70). For the reason of symmetry in the
perpendicular direction, we have αx = αy in the uniaxial case. Therefore,
we find the expressions

αx = αy =
1− S
3

, αz =
2S + 1

3
(6.3.3)

in terms of the nematic order parameter.

Inserting the orientational distribution from Eq. (6.3.1) into the ideal-
gas free energy from Eq. (2.3.22), we obtain

Φ̃id(r) = ρ(r)

(

ln
(

ρ(r)Λ̃3
)

− 1 +
∑

ǫ=x,y,z

αǫ (ln(αǫ) + ln δ(0))

)

(6.3.4)

with the contribution

∑

ǫ=x,y,z

αǫ ln(αǫ) =
2− 2S

3
ln(1− S) + 2S + 1

3
ln(2S + 1)− ln 3 (6.3.5)

and a logarithmically diverging term, which is irrelevant for the phase be-
havior. As for a system of perfectly aligned bodies, we can cure the diver-
gence by renormalizing the thermal wavelength in Eq. (6.3.4) according to
Λ̃3 → Λ3/δ(0). Note that this procedure is equivalent to defining the ori-
entational average as a simple sum over the three components ǫ ∈ {x, y, z}
and setting gro(̟) = αǫ, i.e., considering an effective fluid with three non-
rotating components.

For a homogeneous density, we can determine the equilibrium order
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parameter directly from the derivative

3

2ρ

∂(Φid +Φex)

∂S
= ln(2S + 1)− ln(1− S) + 3

2ρ

∂Φex

∂S
= 0 , (6.3.6)

of the free energy with Φid from Eq. (6.3.4). To determine the required
excess free energy Φex, we introduce the three rotation matrices

Rx =





0

0

−1

0

1

0

1

0

0



 , Ry =





0

0

−1

−1
0

0

0

1

0



 , Rz =





1

0

0

0

1

0

0

0

1





(6.3.7)
as special cases of R(̟) from Eq. (4.1.4). Inserting these matrices into
Eq. (4.1.8), we define an appropriate weight function

ω
(ν)
R,ǫ(r̄) := ω

(ν)
R

(r̄,̟)
∣

∣

∣

R(̟)=Rǫ

(6.3.8)

for each orientation in the direction ǫ ∈ {x, y, z}.
Now we calculate the associated weighted densities n(ǫ)ν (r) from ω

(ν)
R,ǫ in

analogy to Eq. (4.1.9). In particular, we find that the weighted densities
n
(z)
ν ≡ n(pa)

ν are equivalent to the expressions for the parallel system. Adding
up the single contributions with regard to the orientational distribution from
Eq. (6.3.1), we obtain the complete weighted densities

nν(r) =
∑

ǫ=x,y,z

αǫn
(ǫ)
ν =

1− S
3

(

n(x)ν + n(y)ν

)

+
2S + 1

3
n(z)ν (6.3.9)

where we have inserted the coefficients from Eq. (6.3.3). For HSC, we
recover the weighted densities in the form given by Eq. (4.2.1). Therefore,
the partial derivative

3

2ρ

∂Φex

∂S
= ζA2 S +A( · )

3,[1]S +A( · )
3,[2]S

2 (6.3.10)

of the excess free energy density yields the same result as in Eq. (4.2.13). In
the Zwanzig model, the explicit nematic solution of Eq. (6.3.6) is, however,
different to that of Eq. (4.2.13) for the full orientational degrees of freedom.

We can further calculate the full nematic mixed weighted density n12
within the Zwanzig model. To do so, we only have to determine two contri-
butions. In the case where two HSC are parallel to each other, we already
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know n
(pa)
12 from Eq. (6.2.5) for a more general density profile, now setting

λ = 0. For two perpendicular bodies, we find

n
(per)
12 = ρ2L2D

(π

4
− 1
)

. (6.3.11)

Note the similarity of both expressions to the contribution gMM(γ) to the
mutual excluded volume calculated in Eq. (4.1.68) with γ = 0 and γ = π/2,
respectively. In combination, we obtain

n12 =
(

α2
x + α2

y + α2
z

)

n
(pa)
12 + 2 (αxαy + αxαz + αyαz)n

(per)
12

=
1

12
ρ2L2D

(

3π − 8 + 8S2
)

. (6.3.12)

Interestingly, this mixed weighted density does not vanish in the isotropic
phase with S = 0, which is a result of the approximate account of the
particle orientations.

Values of the ζ parameter With an exact analytical reference, we can
easily verify by comparing

ζ (2 (←→n 1)11 (
←→n 2)11 + (←→n 1)33 (

←→n 2)33) = ζ
1

8
ρ2L2DπS2 6= n12 (6.3.13)

that the ζ approximation is never exact in the general case with S 6= 1.
Again, we see that the correction is only appropriate for a parallel system
when we choose ζ = 2.

Adapting the strategy for the functional with full orientation depen-
dence, we can minimize the appropriate average

3

9

(

vζ(0)− vexcl(0)

2L2D

)2

+
6

9

(

vζ
(

π
2

)

− vexcl

(

π
2

)

2L2D

)2

= ζ2
π2

128
−ζ π

12
+
π2

16
+
2− π
3

(6.3.14)
of the squared difference from Eq. (4.1.86) between the approximate and the
exact result for the mutual excluded volume. Due to our different method
of averaging in the restricted-orientations model, we find a larger value
ζ = 16/3π ≈ 1.70 than the familiar ζ = 5/4.

Comparing Eqs. (6.3.12) and (6.3.13), we can introduce a correction with

ζro(S) := 2
3π − 8 + 8S2

3πS2
(6.3.15)
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l work ηI ηN SN

5 FMMT, T 0.196 0.205 0.604
5 ζ = 5/4, TR 0.204 0.223 0.775
5 ζ = 16/3π, TR 0.170 0.191 0.786
5 ζ = 2, TR 0.151 0.174 0.802
5 FMMT, TR 0.169 0.193 0.803
5 PE-FMT 0.22 0.24 -

10 FMMT, T 0.101 0.113 0.714
10 ζ = 5/4, TR 0.117 0.133 0.779
10 ζ = 16/3π, TR 0.0924 0.110 0.816
10 ζ = 2, TR 0.0802 0.100 0.848
10 FMMT, TR 0.0917 0.113 0.847

20 FMMT, T 0.0504 0.0614 0.780
20 ζ = 5/4, TR 0.638 0.0735 0.775
20 ζ = 16/3π, TR 0.0483 0.0603 0.834
20 ζ = 2, TR 0.411 0.0555 0.879
20 FMMT, TR 0.0477 0.0636 0.877

∞ ζ = 5/4 1.408/l 1.649/l 0.759
∞ ζ = 16/3π 1.010/l 1.344/l 0.855
∞ ζ = 2 0.839/l 1.277/l 0.915
∞ FMMT 0.988/l 1.504/l 0.915

Tab. 6.2.: Packing fractions ηI and ηN and nematic order parameter SN at the
isotropic–nematic transition of hard spherocylinders with different aspect ratios
l = L/D in the Zwanzig model, which allows only three different particle orien-
tations. We use FMMT for both versions φ

(TR)
3 and φ

(T)
3 of the third term and

the approximation with different values of the ζ parameter. The choice ζ = 16/3π
results from a specific optimization in the Zwanzig approximation by minimizing
Eq. (6.3.14). For l = 5, we compare our results to the coexistence densities found
with the FMT functional for hard parallelepipeds (PE-FMT), estimated at κ = 6
from Fig. 1 in Ref. [330].

depending on the nematic order parameter S. Doing so, we can reproduce
the FMMT result for the nematic free energy exactly. In an approximate
manner, such an approach was also proposed for the orientationally disor-
dered system [140].

Results In Tab. 6.2, we show the results for the IN transition of HSC.
In the Onsager limit, the restricted FMMT functional with the weighted
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density n12 from Eq. (6.3.12) is exact and equals that found in Ref. [339]
(note the different normalization of the density therein). Compared to the
results in Tab. 5.2 for the situation with full orientational degrees of free-
dom, the transition occurs at a lower density but at a larger nematic order
parameter. We make the same observation also for finite aspect ratios. For
l = 5, the location of the transition is below the result for parallelepipeds
with the same aspect ratio [330].

The difference between the results for the two choices of the third term is
not as large as we observe in Fig. 5.1a for the free system. We even see that
for l = 20 the nematic packing fraction at coexistence is higher when we use
Tarazona and Rosenfeld’s φ(TR)

3 instead of Tarazona’s φ(T)
3 . As expected,

the coexistence width and the nematic order parameter predicted with φ(T)
3

are clearly smaller.

We also compare the FMMT results to the ζ approximation in Tab. 6.2.
All qualitative observations are the same as for the system with full orien-
tational degrees of freedom. We see that the coexistence width is always
smaller than predicted by FMMT. Interestingly, the correction with ζ = 2

nearly yields the same value of the nematic order parameter and we barely
notice a difference in the Onsager limit. Decreasing the value of ζ, the or-
der parameter decreases and the values of the coexistence densities increase.
Indeed, it becomes clear that the correction with ζ = 16/3π ≈ 1.70 predicts
the location of the phase transition closest to the FMMT result, especially
for small aspect ratios. In contrast, the choice ζ = 5/4 is not appropriate
in the Zwanzig model.

6.3.2. Isotropic–nematic interfacial tension

Sharp-kink approximation To illustrate the advantages of the Zwanzig
model regarding the calculation of inhomogeneous weighted densities, we
briefly study the IN interface. We consider the simplest possible way to
calculate the interfacial tension, employing the simple sharp-kink approxi-
mation with the interfacial profile [311]

ρ(z,̟) = ρI −Θ(z)(ρI − ρN gro(̟)) , (6.3.16)

where Θ(z) denotes the Heaviside step function. This extreme profile, where
both the density and order parameter profile jump at z = 0, corresponds
to the limit for vanishing interface width δ → 0 of the hyperbolic-tangent
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profile from Eq. (5.2.1).

As in Ref. [311], we define the thresholded weight functions

ω
(ν)
th (z, S) =

∑

ǫ=x,y,z

αǫ ω
(ν)
th,ǫ(z) (6.3.17)

with the contributions

ω
(ν)
th,ǫ(z) =

∫

R3

¯̺d¯̺dϕ̄dz̄ ω
(ν)
R,ǫ(r̄)Θ(−zǫ(r̄) + z) (6.3.18)

for each particle orientation in the direction ǫ ∈ {x, y, z}. We find the
respective third component zx = zy = − ¯̺cos ϕ̄ and zz = z̄ of the rotated
position vector as the special cases of Eq. (4.1.10) corresponding to the
rotation matrices Rǫ from Eq. (6.3.7).

As yet, we can only describe a system with the nematic director per-
pendicular to the interface. This is because of the particular form of the
orientational distribution gro(̟) from Eq. (6.3.1), i.e., the choice of the co-
efficients αǫ from Eq. (6.3.3). To describe a system with the director being
parallel to the interface, we use the values

αx =
2S + 1

3
, αz = αy =

1− S
3

, (6.3.19)

without loss of generality. At coexistence, we set S = SN and find the
weighted densities

nν(z) = ρN ω
(ν)
th (z, SN) + nν |ρ=ρI

− ρI ω
(ν)
th (z, 0) (6.3.20)

corresponding to the density profile from Eq. (6.3.16), where the condition
ρ = ρI for the bulk weighted densities nν implies that S = 0. Finally, we
can simplify the density functional from Eq. (2.3.52), as the ideal-gas free
energy only depends locally on the density. We calculate the interfacial
tension by minimizing [311]

βγIN[ρ(z,̟)] =

∫

dz
(

Φex({nν(z)}) − Φ(I)
ex Θ(−z)− Φ(N)

ex Θ(z)
)

, (6.3.21)

where Φ
(I)
ex and Φ

(N)
ex denotes the excess free energy density of the isotropic

and nematic bulk phase, respectively.

We have seen in Refs. [310,311] that the results for the freely rotating
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system at a sharp interface are well-approximated by the functional

βγIN[ρ(z,̟)] ≃ 1

2

∑

ν,µ

σν
∂2Φex

∂nν∂nµ

∣

∣

∣

∣

ρ=ρI

∫

dz ñν(z) ñµ(−z) (6.3.22)

for interfacial tension, found from an expansion of the excess free energy
according to Eq. (2.3.13) with the homogeneous isotropic phase as reference
state, i.e., ρr = ρI and δρ(z,̟) = ρ(z,̟) − ρI. Here, we have defined the
combined weighted densities

ñν(z) = ρN ω
(ν)
th (z, SN)− ρI ω

(ν)
th (z, 0) (6.3.23)

and the sign function σν , where σν = 1 or σν = −1 when the weighted
density with label ν is of even or odd order, respectively.

Analytic expressions for the interfacial tension With the introduced
approximations and the ζ correction, it is straightforward to determine the
IN interfacial tension analytically, which we briefly sketch in the following.
The derivatives of the excess free energy, required in Eq. (6.3.22), are easily
calculated. For the original third term φ

(T)
3 , e.g., the results can be found

in Ref. [310].

The crucial part of the calculation is to determine the thresholded weight
functions ω(ν)

th,ǫ(z) from Eq. (6.3.18). For a HSC, we have to consider up
to five different cases depending on the position on the z axis and the
orientation. For example, we find

ω
(3)
th,z =







































0 if z < −L+D
2

π
(

D3

12 + LD2

8 − L3

24 + D2−L2

4 z − Lz2

2 − z3

3

)

if − L+D
2 < z < −L

2

π
(

D2

4

(

L
2 + z

)

+ D3

12

)

if − L
2 < z < L

2

π
(

D3

12 + LD2

8 + L3

24 + D2−L2

4 z + Lz2

2 − z3

3

)

if L
2 < z < L+D

2

π
(

LD2

4 + D3

6

)

if L+D
2 < z

(6.3.24)
when the rods are parallel to the z axis. In the other two cases, the weight
functions ω(ν)

th,y(z) = ω
(ν)
th,x(z) have a non-trivial dependence on z only in the

interval −D/2 < z < D/2. With the results in this form, we can carry out
the integral over z in Eq. (6.3.22) analytically. The resulting formulas are
too lengthy to be listed here.
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l work profile orientations γ∗IN,n γ∗IN,t

10 ζ = 1.6, T sharp restricted 0.1215 0.05665
10 ζ = 1.6, T sharp restricted* 0.4015 0.1646
10 ζ = 1.6, T sharp continuous 0.382 0.216
10 ζ = 1.6, T ht continuous 0.0348 0.0263

∞ ζ = 5/4 sharp restricted 0.1909 0.07234
∞ ζ = 16/3π sharp restricted 0.1913 0.07220
∞ ζ = 2 sharp restricted 0.2150 0.07921
∞ ζro(S) sharp restricted 0.3087 0.1115
∞ On-DFT free restricted 0.05066 0.02796

Tab. 6.3.: Isotropic–nematic interfacial tension γ∗IN = βγIN(L + D)D of hard
spherocylinders in Zwanzig’s restricted-orientations model. We show the results
for a normal (n) and tangential (t) alignment of the nematic director relative to
the interface. For FMT, we use the ζ approximation and calculate analytic results
with the sharp density profile from Eq. (6.3.16). In the Onsager limit, l → ∞,
the explicit formulas are given by Eqs. (6.3.25) and (6.3.26). The running gener-
alization ζro(S) of the ζ parameter is defined in Eq. (6.3.15). For the aspect ratio
l = 10, we use a more general version of these formulas, calculated with Tara-
zona’s third term φ

(T)
3 . In this case, we also impose the coexistence data of the

freely rotating system with ζ = 1.6, found in Tab. 5.2, to evaluate the formulas for
the restricted-orientations model (denoted by the asterisk). We compare our re-
sults to a similar calculation [311] and the hyperbolic-tangent (ht) approximation,
Eq. (5.2.2), for continuous orientations and a free minimization of the Onsager
functional (On-DFT) in the Zwanzig model [339].

Replacing the coexistence densities ρI and ρN with the concentrations
cI and cN according to Eq. (4.2.31), we find some shorter formulas in the
Onsager limit, namely

lim
l→∞

βγIN,n LD =
2

27π

(

−4(cN − cI)2 − 7cN(cN − cI)S + 2c2NS
2
)

+
ζ

54π

(

−(cN − cI)2 + 5cN(cN − cI)S + 14c2NS
2
)

(6.3.25)

for the director in normal direction to the interface and

lim
l→∞

βγIN,t LD =
1

27π

(

−8(cN − cI)2 + 7cN(cN − cI)S + c2NS
2
)

+
ζ

108π

(

−2(cN − cI)2 − 5cN(cN − cI)S + 7c2NS
2
)

(6.3.26)

for a tangential alignment.
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6.4. Discussion

Results From the result of a free minimization of the Onsager functional
in the Zwanzig model [339], we know that the IN interfacial tension is clearly
smaller than for free orientations. We also know that the sharp-kink ap-
proximation provides a bad estimate for the true equilibrium value of the
interfacial tension [311]. Therefore, we can only make a quantitative com-
parison between different results calculated with the same idealized profile.
Qualitatively, we confirm in Tab. 6.3 that the interfacial tension γIN,n for
a normal alignment of the director to the interface is larger than γIN,t for
a tangential alignment. In the Onsager limit, we can easily extract this
behavior from our formulas in Eqs. (6.3.25) and (6.3.26). The term in γIN,t,
proportional to c2N, which has the largest contribution, is smaller than in
γIN,n by the factor four.

Similar to the observation for free orientations, we see in Tab. 6.3 that
the value of the ζ parameter has no significant influence on the interfacial
tension in the Onsager limit. In contrast, we obtain clearly larger values
when we use the correction with ζro(S) from Eq. (6.3.15). Keeping in mind
the results with FMMT and the ζ approximation in Fig. 5.7a, this running
correction appears to provide an appropriate approximation to FMMT in
the Zwanzig model, also working for inhomogeneous problems. As we only
considered a sharp-kink profile, the interfacial tension found with this ap-
proach is nearly one order of magnitude larger than expected from a free
minimization [339].

Finally, we consider the functional with ζ = 1.6 and the third term
φ
(T)
3 for HSC with the aspect ratio l = 10. The same approach was also

used in the sharp-kink approximation for the orientationally disordered sys-
tem [311]. According to Tab. 6.3, the interfacial tension in the Zwanzig
model is smaller by the factor three. Imposing the coexistence packing
fractions and nematic order parameter of the freely rotating system, we see
that our analytical formulas (not shown explicitly) provide a quite accurate
approximation of the result for this artificial density profile.

6.4. Discussion

Synopsis In this chapter, we discussed some approximate results going
back to different assumptions related to the orientations of the particles.
The considered approaches are either based on simplified functionals, by lin-
earization or by considering LdG theory instead, or on a simplified system
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with restricted orientational degrees of freedom. As a consequence, the im-
plementation of FMMT becomes considerably easier. The mixed weighted
densities can be evaluated analytically or at least with a dramatically re-
duced numerical effort.

For most of the considered problems, it was shown explicitly that we
cannot reproduce the exact FMMT result with a simple rescaling of the
terms of order two by means of the ζ parameter. This can be seen by the
following examples: the low-order limit of the Frank elastic coefficients, the
nematic free energy in the Zwanzig model and, most obviously, the form of
the linearized functionals used to study highly aligned systems. The only
exception is the free energy of perfectly aligned HSC in the nematic phase
and, for infinitely long rods, the smectic phase, where ζ = 2 constitutes an
exact correction. As a refinement of the constant ζ parameter, the results
in the Zwanzig model encourage us to use a running correction ζ(S) also
for the orientationally disordered system.

Application of the analytical formulas Within the ζ approximation,
the Frank elastic coefficients were already determined analytically and dis-
cussed in Secs. 5.3 and 5.4, respectively. Regarding the low-order behavior,
it is particularly worthwhile to explicitly verify the correctness of the result
from Eq. (6.1.2), which we introduced as the appropriate expression corre-
sponding to FMMT. This can be done by calculating further contributions
of higher-order terms.

We presented two closed analytic formulas for the IN interfacial tension
of HSC, which only depend on properties of the bulk phases. Such a formula
can be of particular interest to estimate the interfacial tension based on the
bulk phase behavior predicted by computer simulations or experimental
systems.

As verified in Sec. 6.1.3, the expressions determined by means of LdG
theory are quite accurate, whereas a more precise discussion requires a free
minimization of the considered FMT functionals. The only information
that we explicitly require from FMMT is the low-order expansion of the
elastic coefficients. It is difficult to find these expressions consistently from
another reference approach, as we require analytic formulas proportional to
S2, such that K1 = K3. In conclusion, the general formula in Eq. (2.2.50)
with the elastic parameter determined from FMMT constitutes a convenient
approach to calculate the IN interfacial tension for bodies with arbitrary
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shape. The only drawback is that we require a critical chemical potential,
which is more difficult to determine by means other than a microscopic
theory. It is, however, possible to relate this parameter to other (non-
equilibrium) results at coexistence, e.g., according to Eq. (2.2.22).

In contrast to the LdG result, the expressions found in Sec. 6.3.2 using
the simpler Zwanzig model only depend on directly measurable quantities at
IN coexistence. However, there is no further application of these formulas as
the involved approximations are too drastic. It should be checked whether
it is possible to derive a similar result for the more accurate hyperbolic
tangent profiles from Eqs. (2.3.56) and (2.3.57). In combination with the
coexistence data of the freely rotating system, the resulting formulas should
be useful. Moreover, one should calculate the appropriate mixed weighted
density in the sharp-kink approximation to unequivocally test the accuracy
of the correction with ζro(S) from Eq. (6.3.15) for anisotropic systems.

Linearized functionals In contrast to the other problems considered
here, we do not obtain an explicit analytical formula for the NSm-A transi-
tion line from evaluating the linearized functionals in Sec. 6.2.2. However,
the calculation of the smectic-A free energy and the location of the bifur-
cation point according to Eq. (2.3.64) is straightforward.

To improve upon the current description of shorter rods, we can extend
the linearized weighted densities, defined in Eq. (4.2.47), to higher orders
in θ. These more advanced expressions can still be determined analytically,
which allows a computationally cheaper calculation of the NSm-A transition
line or densities. Provided that the results of the full functionals can be
reproduced accurately, this approach constitutes a convenient alternative,
which is particularly helpful to test a new version of the functional.
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virial coefficient

"An approximate answer to the right problem is worth a

good deal more than an exact answer to an approximate

problem."

John Tukey
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7.1. Infinite summation of higher-order terms

By using FMMT, which captures the exact low-density limit, we demon-
strated in chapter 5 that it is important for an anisotropic FMT functional
to yield an accurate second virial coefficient. On the downside, the numer-
ical evaluation of a mixed weighted density requires a huge computational
effort, as described in Sec. 4.2.3. Now we discuss some approximations of
the second term φ

(MM)
2 from Eq. (3.3.6) beyond the empirical ζ correction

from Eq. (3.3.9), which is sufficiently good for most considered problems.
It is desirable to find a more accurate approach which still is easier to
implement numerically than a mixed weighted density. Moreover, such a
functional should be universally valid for different inhomogeneous systems.

First, we consider the expanded second term φ
[rt]
2 from Eq. (3.3.7).

Adding higher-order contributions instead of a semi-empirical rescaling of
the term with rt = 2 constitutes the simplest systematic approximation to
FMMT. To gain a computational advantage, we must use the representation
of φ[rt]2 in terms of tensorial weighted densities of rank r ∈ {2 . . . rt}. This
becomes particularly inconvenient as the expansion converges slowly, which
we know from Sec. 4.1.3. Therefore, the approximation of φ(MM)

2 with this
truncated series does not make much sense in general.

However, this picture changes when we consider problems with an an-
alytic solution. An explicit formula for an arbitrary truncation order rt
allows us to cross-check the predictions of FMMT. Moreover, it might even
be the case that an analytic expression corresponding to the limit rt →∞
cannot (or not that easily) be obtained directly from a full mixed weighted
density.

In Sec. 7.1.1, I provide the higher-order weighted densities for the smectic
phase of perfectly aligned HSC. I further discuss the higher-order contribu-
tions to the Frank elastic coefficients in Sec. 7.1.2.

7.1.1. Parallel spherocylinders

Smectic phase To extend the compilation from Sec. 6.2.1 containing
the smectic weighted densities for a system of perfectly aligned HSC, we
calculate the weighted densities n[r],(pa)

12 (z) of arbitrary order r, using the
density modulation from Eq. (2.3.61). The corresponding weight functions
ω
(12)
[2n],pa(z1, z2) are found in Eq. (4.1.62). The terms containing a character-

istic function I
(i)
cyl of the cylindrical part are constant in the argument zi.
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Therefore, the corresponding integrals give rise to the trivial contribution
C0(z) defined in Eq. (4.2.54). Analogously to Eq. (4.2.51), we define the
hemispherical contribution

Hn(z) :=
1

2ρ

∫ 1

0
dzD

(

(

1− z2D
)n − 2n

(

1− z2D
)(n−1)

z2D

)

ρH(z, zD) .

(7.1.1)

For even orders r = 2n, we find the weighted densities

n
[2n],(pa)
12 (z) = ρ2

D3

16π
ΠnC0(z)(C0(z) +Hn(z)) (7.1.2)

of parallel HSC, where we know C0 from Eq. (6.2.2) and the factor Πn

from Eq. (4.1.61). Inserting the density modulation from Eq. (2.3.61) into
Eq. (7.1.1), we calculate the hemispherical integrals

Hn(z) = Λ(z)

n
∑

g=0

(

n

g

)

(2g + 1)! ΣgΞ
2g+1
L (7.1.3)

with the trigonometric sum

Σg = sin
π(1 + l)

dLl

g
∑

h=0

(−1)hΞ
−2h
L

(2h)!
−sin π

dL
−cos π(1 + l)

dLl

g−1
∑

h=0

(−1)hΞ
−(2h+1)
L

(2h + 1)!
.

(7.1.4)
As the weight functions from Eq. (4.1.62) are only non-vanishing when their
order is even, we have n[2n+1],(pa)

12 = 0 for all n.

Convergence of nematic weighted densities For a homogeneous den-
sity, i.e., in the nematic phase, a quick calculation shows that Eq. (7.1.2)
simplifies to

n
[2n],(pa)
12 = ρ2

L2D

16π
Πn , (7.1.5)

as all hemispherical contributions Hn from Eq. (7.1.3) vanish when setting
λ = 0. In this case, we can easily verify that

∞
∑

n=1

n
[2n],(pa)
12 = ρ2

L2D

16π

∞
∑

n=1

Πn = ρ2
πL2D

4
= n

(pa)
12 (7.1.6)

agrees with Eq. (6.2.16).
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Convergence of smectic weighted densities In contrast to this finding
for the nematic phase and the more general relation, Eq. (4.1.63), of the
corresponding weight functions, the equality of Eq. (7.1.2) and Eq. (6.2.5) is

not obvious in the smectic phase. This is because the sum
∑∞

n=1 n
[2n],(pa)
12 (z)

cannot be evaluated directly. Interchanging the order of summation as in
Eq. (4.1.77), we get

∞
∑

n=1

ΠnHn = Λ(z)

∞
∑

n=1

Πn

n
∑

g=0

(

n

g

)

(2g + 1)! ΣgΞ
2g+1
L

= −Π0H0 + Λ(z)
∞
∑

g=0

∞
∑

n=g

Πn

(

n

g

)

(2g + 1)! ΣgΞ
2g+1
L , (7.1.7)

where the sum over n diverges. A similar problem occurs when inserting
the binomial formula for (1− z22,D)n in Eq. (4.1.62) and trying to verify
Eq. (4.1.63).

The calculation in Eq. (7.1.7) is not correct because the terms in the
sum over g are alternating, which means that the series, which supposedly
converges, does not converge absolutely.1 Therefore, we may not rearrange
the terms or change the order of summation. It is also questionable whether
we may consider the three terms in the sum from Eq. (7.1.4) separately, as
there is no term proportional to cos π/dL, which is found in the result for
the complete hemispherical contribution H from Eq. (6.2.6).

Increasing the order n of the weighted densities, we see that the maximal
power of ΞL ∝ l increases in Eq. (7.1.3). However, we can generally show
that all Hn(z) vanish in the limit l → ∞, as we have seen for H(z) in
Eq. (6.2.6). Defining

Σ̄g = sin
π(1 + l)

dLl

∞
∑

h=g+1

(−1)hΞ
−2h
L

(2h)!
− cos

π(1 + l)

dLl

∞
∑

h=g+1

(−1)hΞ
−(2h+1)
L

(2h+ 1)!
,

(7.1.8)
we rewrite

Hn(z) = Λ(z)
n
∑

g=0

(

n

g

)(

(2g + 1)!
(

Σ∞ − Σ̄g

)

Ξ2g+1
L + cos

π(1 + l)

dLl
(−1)g

)

.

(7.1.9)

1 In Sec. 7.2.2, I introduce systematic prefactors to n
[2n],(pa)
12 (z) and verify the conver-

gence of this series numerically.
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7. Representations of the second virial coefficient

The term Σ∞ includes the full Taylor series of the trigonometric functions
from Eq. (6.2.4) and vanishes after application of an addition theorem.
The last expression, obtained from subtracting the term with h = g, be-
comes zero after summation over g. With the resulting scaling behavior of
Hn = O

(

l−1
)

, we see that

∞
∑

n=1

lim
l→∞

n
[2n],(pa)
12 (z)

ρ2l2
= lim

l→∞

n
(pa)
12 (z)

ρ2l2
(7.1.10)

in the same way as for the nematic phase in Eq. (7.1.6).

A consistent evaluation of Eq. (7.1.7) might be possible when we Taylor
expand the trigonometric functions in Eq. (7.1.4). However, a much simpler
and mathematically convenient approach to calculate the exact hemispher-
ical contribution H is to resum the series of the weight functions according
to Eq. (4.1.63) before calculating the spatial integrals in Eq. (7.1.1). This
approach is equivalent to using the full mixed weight function in the first
place. Hence, there is no benefit in considering the expansion in terms
of smectic weighted densities of perfectly aligned HSC. Yet, this approach
turns out to be useful for some other problems, as we see in the following
section.

7.1.2. Expansion of elastic coefficients

Contributions from higher-order terms It is straightforward to use
the framework from Sec. 5.3.1 to calculate the Frank elastic coefficients with
FMT for terms of arbitrary order r. To do so, we evaluate the functional
Tǫ from Eq. (5.3.6) for the weight functions found in the expansion of ω(12)

from Eq. (3.2.43). Choosing the representation in terms of the tensorial
weight functions ω(ν)

α1...αr , we can calculate the elastic coefficients according
to Eq. (5.3.11). As already remarked in Sec. 3.2.2, it is a tedious procedure
to identify and add up the non-vanishing contributions from individual ten-
sorial components.

Instead, we calculate the general higher-order elastic coefficients

K
[r]
ǫ,2 :=

ρ2

1− n3
Tǫ
[

ω
(1⊗2)
[r]

]

(7.1.11)

from the equivalent mixed weight functions ω(12)
[r] in Eq. (3.2.44). For r = 2,

we recover the result of Eq. (5.3.13). As in Eq. (3.3.7), we can approximate
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the exact contribution

K
(MM)
ǫ,2 ≈

rt
∑

r=2

K
[r]
ǫ,2 (7.1.12)

of the second term when summing up all terms up to the order r = rt of
truncation.

Analytic results Indeed, evaluating Eq. (7.1.11) is more convenient than
factorizing the mixed weight functions into one-body weight functions be-
forehand, as we can solve all integrals analytically. Note that it is not
obvious at all that there are contributions of odd-order terms, which vanish
in the nematic bulk phase. Interestingly, only the terms −2rǫr′ǫ in the in-
tegrand of Eq. (5.3.8) contribute in this case. On the other hand, we have
found in Sec. 5.3.1 that this part of the integrand is irrelevant for weight
functions of order r ≤ 2, which is equivalent to the finding ω̄

(ν)
(ǫ,1) = 0 in

Eq. (5.3.10). We now see that this is true for all even-order terms. In this
case, we only need to consider r2ǫ + r′2ǫ in Eq. (5.3.8). Also mind the minus
sign in Eq. (3.2.44) for odd values of r.

In generalization of Eq. (5.3.16), we find expressions for K [r]
ǫ,2 in terms

of the orientational moments Is with s ≤ r + 4 or s ≤ r + 3 for even or
odd order r of the corresponding mixed weight function ω(12)

[r] , respectively.
Written in terms of nematic order parameters, the first expression of even
order after K [2]

ǫ,2 from Eq. (5.3.21) reads

βK
[4]
1,2D =

3η2l2
(

1056S2 + 2277SP̄4 + 4801P̄ 2
4 + 2646P̄4P̄6

)

4312π(1 − η)(3l + 2)2

+
9η2l4

(

132S2 − 187SP̄4 + 300P̄ 2
4 − 245P̄4P̄6

)

2156π(1 − η)(3l + 2)2
,

βK
[4]
2,2D =

9η2l2
(

682S2 + 253SP̄4 + 927P̄ 2
4 + 294P̄4P̄6

)

4312π(1 − η)(3l + 2)2

+
3η2l4

(

132S2 − 187SP̄4 + 300P̄ 2
4 − 245P̄4P̄6

)

2156π(1 − η)(3l + 2)2
,

βK
[4]
3,2D =

3η2l2
(

264S2 − 759SP̄4 + 1377P̄ 2
4 − 882P̄4P̄6

)

1078π(1 − η)(3l + 2)2

+
3η2l4

(

198S2 + 374SP̄4 + 555P̄ 2
4 + 490P̄4P̄6

)

1078π(1 − η)(3l + 2)2
. (7.1.13)
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We further find the first two contributions

βK
[3]
1,2D =

45η2l2
(

32S2 + 69S P̄4 + 46P̄ 2
4

)

784π(3l + 2)2(1− η) ,

βK
[3]
2,2D =

45η2l2
(

20S2 + 23S P̄4 + 6P̄ 2
4

)

784π(3l + 2)2(1− η) ,

βK
[3]
3,2D =

45η2l2
(

8S2 − 23S P̄4 + 15P̄ 2
4

)

196π(3l + 2)2(1− η) , (7.1.14)

and

βK
[5]
1,2D=

3η2l2
(

19360S2+41745SP̄4+55956P̄ 2
4 +60711P̄4P̄6+35672P̄ 2

6

)

94864π(1 − η)(3l + 2)2
,

βK
[5]
2,2D=

3η2l2
(

12100S2+13915SP̄4+18036P̄ 2
4 +20237P̄4P̄6+6860P̄ 2

6

)

94864π(1 − η)(3l + 2)2
,

βK
[5]
3,2D=

3η2l2
(

4840S2−13915SP̄4+17307P̄ 2
4 −20237P̄4P̄6+12005P̄ 2

6

)

23716π(1 − η)(3l + 2)2

(7.1.15)

of odd order.

These expressions in terms of order parameters are unique. However,
with the explicit representations of these parameters from Eq. (4.2.22) in
terms of α, we find relations like

715SP̄6 − 525P̄ 2
4 + 104P̄4P̄6 − 910P̄ 2

6 + 616P̄4P̄8 = 0 . (7.1.16)

Therefore, there are different possibilities to write down the contributions
for r ≥ 6, which are equivalent in our calculation. The simplest way is to
choose the formulas with the least number of terms including the highest
order parameter, which is P̄r+1 for odd and P̄r+2 for even values of r,
respectively. The corresponding results for K [6]

ǫ,2 and K
[7]
ǫ,2 can be found

in Ref. [385]. We also determined higher-order terms, but the formulas are
too long to be included here.

Generalized low-order behavior Unfortunately, we cannot find uni-
versal formulas for K [r]

ǫ,2 with arbitrary r as it is possible for the smectic
mixed weighted densities of perfectly aligned HSC in Eq. (7.1.2). However,
it is interesting to see how the successive addition of the higher-order terms
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from Eq. (7.1.11) affects the low-order behavior, discussed in Sec. 6.1.1. As
for the ζ approximation, we only keep the terms proportional to S2 in our
analytic formulas. Doing so up to r = 25, we find the relations

K
[2n]
ǫ,2 =

15

(2n+ 3)(2n + 1)(2n − 1)
K

[2]
ǫ,2 +O

(

α6
)

,

K
[2n+1]
ǫ,2 =

105

(2n+ 5)(2n + 3)(2n + 1)
K

[3]
ǫ,2 +O

(

α6
)

. (7.1.17)

Summing up both expressions from n = 1 up to infinity according to

K
(MM)
ǫ,2 =

∞
∑

r=2

K
[r]
ǫ,2 =

∞
∑

n=1

(

K
[2n]
ǫ,2 +K

[2n+1]
ǫ,2

)

=
5

4
K

[2]
ǫ,2 +

7

4
K

[3]
ǫ,2 +O

(

α6
)

,

(7.1.18)
we find the accurate analytic representation up to quadratic order in S,
which we already stated in Eq. (6.1.2). Neglecting the odd-order terms
in Eq. (7.1.17) at large enough aspect ratio, we recover Eq. (6.1.1) with
ζ = 5/4. This calculation constitutes a third motivation for this choice of
the parameter in the nematic phase of HSC, besides ζ = 5/4 providing the
best approximation to the exact mutual excluded volume and being equal
to the first parameter in the systematic expansion from Eq. (4.1.85).

To determine the influence of the higher-order terms K [r]
ǫ,2 on the ratios

∆Kǫ/K̄, we first have to add up the single contributions up to the truncation
order rt according to Eq. (7.1.12). Then we can calculate the constants ∆[rt]

and ∆′
[rt]

in the expansion from Eq. (2.3.39). We find the expressions from
Eq. (6.1.3) for rt = 2 and

∆[3] =
1

7

28l2 − 45

14l2 + 39
, ∆′

[3] =
3

56

112l2 − 227

14l2 + 39
,

∆[4] =
1

7

64l2 − 105

32l2 + 87
, ∆′

[4] =
1

28

404l2 − 819

32l2 + 87
,

∆[5] =
1

7

16l2 − 25

8l2 + 23
, ∆′

[5] =
1

56

202l2 − 467

8l2 + 23
(7.1.19)

when successively increasing the truncation order. Calculating the numeric
values, we see that the sequence appears to converge with increasing trun-
cation order rt but in a non-monotonic way.

Now we look for higher-order terms in Priest’s expansion, Eq. (2.3.39),
which for rt = 2 terminates after P̄4/P̄2, i.e., the quadratic term in alpha,
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and gives rise to the universal constants from Eq. (6.1.3). The reason for this
simple form is that K̄ [2]

ǫ,2 ∝ S2. For rt > 2, we perform a multidimensional
Taylor expansion of (Kǫ − K̄)/K̄ in terms of {P̄2n/P̄2} or, alternatively,
in terms of {P̄2n/P̄2n−2}, where 4 ≤ 2n ≤ rt + 2. In any case, we find
a term proportional to P̄ 2

4 /P̄
2
2 as the only construct of O(α4). However,

the corresponding prefactors ∆′′
ǫ,[rt]

depend on the index ǫ of the elastic
coefficient. For example, we find

∆′′
1,[3] = −

15

28

14l2 − 289

(14l2 + 39)2
, ∆′′

2,[3] = −
15

28

70l2 + 851

(14l2 + 39)2
,

∆′′
3,[3] =

15

14

42l2 + 281

(14l2 + 39)2
, ∆′′

3,[4] =
3

77

1280l4 + 18446l2 + 62321

(32l2 + 87)2
, (7.1.20)

where there is term proportional to l4 in the numerator of all constants
with rt ≥ 4. In the Onsager limit, l → ∞, we find the same ratios
∆′′

1,[rt]
/∆′′

2,[rt]
→ 3 and ∆′′

1,[rt]
/∆′′

3,[rt]
→ −3/4 for all truncation orders

rt ≥ 4. Introducing a universal contribution in this limit, we have the
same prefactors as in Eq. (2.3.39) for the constant ∆′.

Returning to the original constants in the two leading terms of Priest’s
expansion, we see from Eq. (7.1.19) that it is not as straightforward as in
Eq. (7.1.18) to determine ∆(MM) and ∆′

(MM) corresponding to K(MM)
ǫ,2 from

the expanded second term, which means calculating the limit for rt → ∞.
From the result in Eq. (6.1.2), we can deduce the first constant

∆(MM) =
1

7

2l2 − 3

l2 + 3
, (7.1.21)

which is exactly the same as in Eq. (2.3.42), obtained by Poniewierski and
Stecki. This result indicates that the imposed orientational distribution
function g(α, cos θ) from Eq. (4.2.9), containing at most quadratic terms
in cos θ, is exact in the low-order limit. Note that this approximation in
our calculation is the only difference to the calculation by Poniewierski and
Stecki. We can only suspect, that also the second constant ∆′

(MM) agrees
with Poniewierski and Stecki’s result, which we corroborate by numerically
comparing the expansion in Eq. (2.3.42) to the approximation

∆′
[20] =

3

140

3572l2 − 9359

160l2 + 477
≈ 0.478−2.68 l−2+7.99 l−4−23.8 l−6+O

(

l−8
)

.

(7.1.22)
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To be able to extrapolate the second constant up to infinity, we can
also use an approximation and neglect the contribution of odd-order terms.
We first discuss the constants ∆̃[2nt] corresponding to even orders rt =

2nt of truncation, approximating ∆[rt] ≈ ∆̃[2nt]. Subsequently adding the
even contributions K

[2n]
ǫ,2 of higher-order terms leaves the first constant

∆̃[2nt] = ∆[2] from Eq. (6.1.3) invariant, providing an approximation of
∆(MM) ≈ ∆̃[2nt] from Eq. (7.1.21). We find the general expression

∆̃′
[2nt]

=
3

28

(36l2 − 50)n2t + (162l2 − 225)nt + 138l2 − 61

(2 + nt)(5 + 2nt)(4l2 + 9)
(7.1.23)

for the second constant up to at least nt = 10. This expression converges
to the approximate constant

∆′
(MM) ≈ lim

nt→∞
∆̃′

[2nt]
=

3

28

18l2 − 25

4l2 + 9

≈ 0.482 − 1.75 l−2 + 3.95 l−4 − 8.88 l−6 +O
(

l−8
)

(7.1.24)

for FMMT. In the limit l → ∞ this result is the same as obtained by
Poniewierski and Stecki and thus provides a strong evidence for a miss-
ing factor two in Priest’s result from Eq. (2.3.41). This agreement further
suggests that the neglected odd-order terms do not contribute in the On-
sager limit. The improvement upon truncation after second order, which
in Eq. (6.1.3) yields an incorrect result for l → ∞, is even more mani-
fest in Eq. (7.1.24) than in Eq. (7.1.21). For finite aspect ratios, the nu-
merical agreement of Eq. (7.1.24) with Poniewierski and Stecki’s result in
Eq. (2.3.42) is not as good as when including a sufficient number of even
and odd higher-order terms, as in Eq. (7.1.22). In the following paragraph,
we explore the significance of the odd-order terms in more detail.

Orientational alignment and the role of odd-order terms Adding
the higher-order contributions K [r]

ǫ,2 to the elastic coefficients, the ratios in
the limit l → ∞ remain the same as found with the formulas for K(ζ)

ǫ .
This calculation confirms the conjectures that the ratio in Eq. (5.3.26) is
universal and that all truncated functionals predict a wrong scaling behavior
of the diverging ratio K3/K1 ∝ l for l → ∞, as in Eq. (5.3.28). Note that
the behavior of this ratio between the bend and the splay constant stands in
contrast to the prediction K1 = K3 in the low-order limit. Note that both
results do not contradict each other. This is because, at a finite packing
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7. Representations of the second virial coefficient

fraction η > 0, the long rods are nearly perfectly aligned in equilibrium,
i.e., S ≃ 1.

Compared to the results at low orientational order, the qualitative pre-
dictions for infinitely long HSC and the artificial system of parallel HSC
are closer to the results discussed in Sec. 5.3.2 at moderate orientational
order, where K3 is clearly larger than K1 or K2. Therefore, the latter two
limits help us to understand the role of odd-order terms K [2n+1]

ǫ,2 , which
we have found in the previous paragraph to be important. We see from
the formulas in Eq. (7.1.14), Eq. (7.1.15) and those for larger r = 2n + 1

that there is no term proportional to l4 in the numerator, in contrast
to, e.g., Eq. (7.1.13) for r = 4. Therefore, the expressions βK [2n+1]

1,2 D/l,
βK

[2n+1]
2,2 D/l and βK

[2n+1]
3,2 D/l2 vanish for l → ∞, whereas the even-order

terms remain finite in the respective normalizations. Therefore, the odd-
order terms do not contribute to the elastic coefficients in the Onsager limit.

Assuming perfect orientational alignment at finite aspect ratio, the situ-
ation is not that obvious. In this case, we have P̄2n ≡ 1, such that allK [2n+1]

3,2

vanish completely, and so does the term proportional to l4 in the numera-
tor of the even K

[2n]
1,2 and K

[2n]
2,2 , which we exemplarily see in Eq. (5.3.21)

or Eq. (7.1.13). As a consequence, we expect for the splay and twist elas-
tic coefficients in the orientationally disordered system that the order of
magnitude of the odd-order terms is the same as of the other contribu-
tions. Therefore, the effect on the values of K1 and K2 when including
the odd-order terms should become more significant with increasing orien-
tational order, which, at given density, also corresponds to increasing the
rod length. This effect competes with the discussed scaling of the order pa-
rameters for l → ∞. In conclusion, we need to be careful when neglecting
the odd-order terms, even for large aspect ratios. On the other hand, the
even-order terms should be sufficient to calculate K3 with a high accuracy,
as the contributions of odd-order to this coefficient become less relevant
when increasing either the order parameters or the aspect ratio.

7.2. Results for a systematic expansion

We expounded in Sec. 7.1 that the expansion of FMMT into an infinite
series constitutes a helpful alternative to evaluating the full mixed weighted
density in the second term φ

(MM)
2 from Eq. (3.3.6). This approach be-

comes impracticable when we have to truncate the series, which is usually
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necessary, in particular for a numerical implementation.

As a second approximation, we consider the generalized ζ correction in
the φ{ζ[nt]}

2 from Eq. (3.3.10). Introducing the coefficients from Eq. (4.1.85)
to each term of the series, this systematic expansion improves upon pure
truncation and reproduces the simplistic ζ correction of the term of order
two. For homogeneous problems of HSC, we already have seen in Secs. 4.1.3
and 4.2.3 that the generalized ζ correction also converges towards the full
FMMT result. The convergence is markedly faster than when using the
simple expansion. However, we need to verify that the terms of odd order
do not contribute to the expansion for inhomogeneous systems. Otherwise,
the limit of the expansion might deviate from the true FMMT result.

The simplest inhomogeneous problems we discussed are the smectic
phase of parallel HSC and the distorted director field of the nematic phase,
characterized by the Frank elastic coefficients. The occurring inhomo-
geneities in these systems are solely due to the positional and orientational
degrees of freedom, respectively. From the particular results in Sec. 7.1.1
and Sec. 7.1.2, we see that the odd-order terms only vanish in the first case.

To outline the benefits and drawbacks of the generalized ζ correction,
I proceed as follows. In Sec. 7.2.1, I revisit homogeneous nematic phase
and perform a free minimization at IN coexistence. I discuss the conver-
gence of the systematic expansion in the perfectly aligned system and when
calculating the elastic coefficients in Sec. 7.2.2 and Sec. 7.2.3, respectively.

7.2.1. Nematic bulk phase

Free minimization at the isotropic–nematic transition The gener-
alized ζ correction is the result of the comparison in Eq (4.1.84) to an ex-
pansion used to study the IN transition with the Onsager functional [255],
introduced in Sec. 2.3.3. Therefore, it is clear that we can exactly reproduce
this accurate result in the limit l → ∞ performing a free minimization of
FMT with the second term φ

(MM)
2 . Moreover, we can use the more general

approach based on FMT also for finite aspect ratios, following the mini-
mization described in Sec. 4.2.1.

In Fig. 7.1, we see that the systematic expansion converges rapidly at
IN coexistence. Both the difference ∆ηIN = ηN − ηI between the nematic
and the isotropic densities and the nematic order parameter SN at coexis-
tence increase when we subsequently add higher-order terms. The deviation
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Fig. 7.1.: Results at the isotropic–nematic transition of hard spherocylinders with
the aspect ratios l = 5 (top) and l = 20 (bottom) obtained from a free minimization
of FMT with the generalized ζ correction in φ

{ζ[nt]}
2 from Eq. (3.3.10). We consider

different truncation orders 2nt and both expressions φ
(TR)
3 from Eq. (3.3.28) (plus

signs) and φ
(T)
3 from Eq. (3.3.29) (crosses) for the third term of the functional.

We see that the expansion up to order 2nt = 10 is sufficient. Denoted by the
same symbols as in Fig. 5.7, the results with the simple ζ approximation are
equivalent to those for 2nt = 2 when we choose ζ = 5/4. We also show the
second-order results corrected with the numeric ζ(S) correction [140] in φ

(ζ(S))
2

from Eq. (7.3.2) (right and left triangles). FMMT (stars/squares) is equivalent
to the converged generalized ζ correction imposing the orientational distribution
function from Eq. (4.2.9) in the Gaussian approximation (GA). We compare the
DFT results to simulation data [83] and Parsons-Lee theory [283,284], shown with
the thick and thin dotted lines respectively. We show (a) the isotropic ηI and
nematic ηN packing fractions and (b) the nematic order parameter SN.

between the results for truncation order nt = 4 and nt = 5 is barely no-
ticeable. As in the Onsager limit [255], we may consider the expansion for
nt = 7 as converged.

Recall from Tab. 4.2 that nt = 7 may not be sufficient for higher densi-
ties or, more precisely, larger order parameters than at coexistence. How-
ever, the difference between a free minimization and the approximation
imposing the orientational distribution from Eq. (4.2.9) appears to be more
pronounced at coexistence. We recognize some small deviations between
FMMT (using this Gaussian approximation) and the converged result for
nt = 5 in Fig. 7.1, which are most significant for the nematic order param-
eter SN from the functional with φ

(T)
3 .
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Fig. 7.2.: Thermodynamics of the bulk nematic phase determined with FMT in
the generalized ζ correction with the second term φ

{ζ[nt]}
2 from Eq. (3.3.10) and

the third term φ
(TR)
3 from Eq. (3.3.28) by Tarazona and Rosenfeld. Truncation at

first order nt = 1 corresponds to the correction with ζ = 5/4 and we identify the
results for nt = 50 with FMMT. For these approaches, we use the same lines as in
Fig. 5.1. We further consider the truncation orders nt = 2 (dotted lines), nt = 3
(dot-dot-dashed lines) and nt = 5 (dot-dashed lines). (a) Nematic equation of
state p(η) of hard spherocylinders with aspect ratio l = 5. We show a closeup of
Fig. 5.4a, leaving out the smectic-A branches. We continue to plot the nematic
branches for densities beyond the vertical dotted line, where the nematic phase is
unstable with respect to the smectic-A phase. (b) Nematic order parameter S(η)
for the same conditions as in Fig. 7.2a.

Equation of state For now, we return to the Gaussian approximation of
the orientational distribution function. To further discuss the convergence
of the generalized ζ correction towards FMMT, we compare in Fig. 7.2 the
EOS p(η) and the nematic order parameter S(η) obtained with φ

(TR)
3 . The

limit of metastability of the isotropic branch does not depend on the order
nt of truncation. In the final paragraph of Sec. 4.2.1, we explained that we
only need to consider the nematic order parameter S to determine at which
point the isotropic phase becomes unstable with respect to a small nematic
perturbation. By construction, the generalized ζ correction leaves the term
proportional to S2 invariant when adding higher-order terms.

With increasing truncation order nt, the nematic pressure in Fig. 7.2a
decreases and the nematic order parameter in Fig. 7.2b increases. As already
demonstrated in Tab. 4.2, this convergence becomes slower with increasing
density. Within the stability range of the nematic phase, we barely see a
difference between FMMT and the result for truncation after nt = 5. In
general, the expansion has converged when truncating after least at nt = 50,
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7. Representations of the second virial coefficient

which we verified in Sec. 4.2.3 to be equivalent to FMMT for the nematic
phase. Note that when we consider larger aspect ratios, we might also need
a larger truncation order nt to accurately describe the fluid at high densities.
However, we recall that this procedure is straightforward when using the
simple orientational distribution from Eq. (4.2.9). Now we discuss under
which condition the generalized ζ correction can be used with a similar
accuracy for inhomogeneous systems.

7.2.2. Parallel Spherocylinders

Nematic phase For a system of perfectly aligned HSC, we know the
mixed weighted densities n[2n],(pa)

12 (z) of arbitrary order 2n from Eq. (7.1.2).
Before discussing the inhomogeneous smectic phase, we investigate the con-
vergence of this series for the homogeneous nematic phase, where the factor
Πn from Eq. (4.1.61) is the only term proportional to n. In Eq. (7.1.6), we
have calculated the sum

∑∞
n=1Πn = 4π2.

Using the generalized ζ correction from Eq. (3.3.10), we effectively find
an alternative expression for the mixed weighted densities in Eq. (7.1.5),
replacing the factors Πn with

Π(ζ)
n =

n
∑

m=1

Πmζ
[n]
m = π

(2n − 1)(4n + 1)Γ
(

n− 1
2

)2

(n+ 1)Γ(n + 1)2
. (7.2.1)

The infinite sum over these modified factors converges to the same limit as
the sum over Πn. As in Eq. (4.1.80), we use Stirling’s approximation in

−
nt
∑

n=1

Πn

4π2
+ 1 =

(2nt)!

4ntnt!2
∼ 1√

πnt
, (7.2.2)

−
nt
∑

n=1

Π
(ζ)
n

4π2
+ 1 =

(nt + 1)(2nt + 2)!2

42nt+1(2nt + 1)(nt + 1)!4
∼ 2nt + 1

π(nt + 1)nt
∼ 2

πnt
(7.2.3)

to point out the improvement upon the simple expansion when using the
systematically chosen prefactors.

For example, an accuracy of
∑nt

n=1Πn/(4π
2) > 0.9 requires the trun-

cation order nt ≥ 32 without rescaling, whereas nt ≥ 6 is sufficient with
the generalized ζ correction. Note that in each case the series converges in
the same way as for the mutual excluded volume at intermolecular angle
γ = 0, shown in Fig. 4.6a. This behavior is obvious from the definition in
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Fig. 7.3.: Nematic–smectic transition density for parallel hard spherocylinders.
We show a closeup of Fig. 6.5a and add results corresponding to a systematic
interpolation between the different results. The lines corresponding to results for
order nt are as in Fig. 7.2. We further consider nt = 10 (thin dot-dash-dashed
lines), nt = 20 (thin dashed lines) and nt = 200 (thin solid lines). (a) Generalized
ζ correction in the second term φ

{ζ[nt]}
2 from Eq. (3.3.10). (b) Effective parameter

ζ
{ζ[nt]}
eff in φ

(ζ)
2 from Eq. (3.3.9), determined according to Eq. (7.2.4).

Eq. (4.1.75), which implies that Πn = −16π∑n
k=0 Πnk. For example, we

see that Eq. (7.2.2) is equivalent to Eq. (4.1.79) when choosing the same
normalization.

We can determine an effective value of the ζ parameter in Eq. (3.3.9) to
reproduce the cumulative contribution of weighted densities up to trunca-
tion order nt. Without correction, the weighted densities of order two yield
the result from Eq. (7.1.5) with Π1 = 2π2. We define

ζ
[nt]
eff :=

nt
∑

n=1

Πn/Π1 , ζ
{ζ[nt]}
eff :=

nt
∑

n=1

Π(ζ)
n /Π1 . (7.2.4)

Comparing the explicit values ζ
[5]
eff ≈ 1.51, ζ

[10]
eff ≈ 1.65 and ζ

[50]
eff ≈ 1.84 with

ζ
{ζ[5]}
eff ≈ 1.78, ζ

{ζ[10]}
eff ≈ 1.88 and ζ

{ζ[50]}
eff ≈ 1.97, it also becomes obvious

that the convergence towards the exact

lim
nt→∞

ζ
[nt]
eff = lim

nt→∞
ζ
{ζ[nt]}
eff = 2 (7.2.5)

is significantly faster with the generalized ζ correction. Note that the values
of the effective ζ parameters are only correct, in the sense of their intention
to exactly compensate higher-order terms, for parallel HSC in the nematic
phase.
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Nematic–Smectic transition Using the generalized ζ correction, we re-
consider the convergence of the smectic weighted densities n[2n],(pa)

12 (z) of
order 2n. In Fig. 7.3a, we see that the expansion appears to converge to the
FMMT result, although we require larger truncation orders nt than for the
nematic bulk phase in Fig. 7.2. It becomes increasingly difficult to substanti-
ate such a statement solely from the plot in Fig. 7.3a, as the NSm transition
line diverges with increasing aspect ratio for all truncated functionals with-
out appropriate rescaling. In the limit of infinitely long rods, however, we
already verified the suspected convergence in Eq. (7.1.10). Accordingly, the
minimum is found at larger aspect ratios for increasing truncation order.
We find it at l ≈ 1.9, l ≈ 3.4 and l ≈ 5.5 for nt = 1, nt = 5 and nt = 20,
respectively.

We have seen in Fig. 6.6 that the diverging behavior of the NSm transi-
tion line can be related exclusively to the LO terms of the weighted densi-
ties. Therefore, we can use the effective parameter ζ{ζ[nt]}

eff from Eq. (7.2.4)
to approach the behavior predicted with the generalized ζ correction for
large enough aspect ratios, which we verify by comparing the two plots
in Fig. 7.3. With this simple method, we can easily consider an arbitrary
truncation order. The accuracy of the approximation with nt = 200 clearly
improves upon nt = 20 and the minimum of the NSm transition line is
found at l ≈ 9.5. Obviously, the results with the effective correction in
Fig. 7.3b do not converge towards the FMMT result but rather towards
that obtained with ζ = 2, which constitutes an excellent approximation.
Hence, we find that for parallel rods the agreement between the effective
and the generalized ζ correction is quite good for all aspect ratios.

In conclusion, we understand that the results for perfectly aligned HSC
indicate the qualitative behavior of the orientationally disordered system.
Using the generalized ζ correction, or another truncated expansion, there
is always a minimum at a moderate aspect ratio, which is not found in
computer simulations. This means, in particular, that we do not expect to
find a stable smectic-A phase in the limit l→∞ with such an approximate
version of the second term.

7.2.3. Elastic coefficients

Definitions Adapting the generalized ζ correction for the higher-order
contributions K

[r]
ǫ,2 from Eq. (7.1.11) to the Frank elastic coefficients, we
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Fig. 7.4.: Frank elastic coefficients K
{ζ[nt]}
ε (η) or K

{ζ[nt]},[mt]
ε (η) from the ex-

pansions in Eq. (7.2.7) and Eq. (7.2.8), respectively. The lines corresponding to
even-order terms, i.e, mt = 0 are as in Fig. 7.2 and for the truncation order nt = 7,
we use dot-dash-dashed lines. We also show the results for nt = 7 including odd
terms up to mt = 12 (thick dotted line), which constitutes our best analytic ap-
proximation to the numeric FMMT results, first shown in Fig. 5.10. The nematic
phase is stable to the left of the vertical dashed line. We show the (a) splay co-
efficient K1 and (b) bend coefficient K3. The change due to adding odd terms is
not visible in the latter case.

define the approximate contribution

K
{ζ[nt]}
ε,2 :=

nt
∑

n=1

n
∑

m=1

ζ [n]m K
[2m]
ε,2 (7.2.6)

of the second term similarly to φ
{ζ[nt]}
2 in Eq. (3.3.10). Unfortunately, we

cannot derive a similar systematic expansion for the odd-order terms, which
do not contribute to the mutual excluded volume of two HSC, by the same
method as for the even-order terms. Therefore, it is not clear whether
Eq. (7.2.6) constitutes an improvement compared to the simple expansion
in Eq. (7.1.12).

In the following, we discuss the approximations

K{ζ[nt]}
ε := K

{ζ[nt]}
ε,2 + K

( · )
ε,3 (7.2.7)

and

K{ζ[nt]},[mt]
ε := K

{ζ[nt]}
ε,2 +

mt
∑

m=1

K
[2m+1]
ε,2 + K

( · )
ε,3 (7.2.8)

to the FMMT result K
(MM)
ε from Eq. (5.3.25), where we only consider
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K
(TR)
ǫ,3 . In the latter case, we also account for the odd-order terms up to

r = 2mt + 1.

Inconsistency at low order As a short note, we expound that the sys-
tematic expansion from Eq. (7.2.6) fails to predict the Priest expansion,
Eq. (2.3.39), for the ratios ∆K

{ζ[nt]}
ǫ,2 /K̄

{ζ[nt]}
ǫ,2 when nt > 1. In this case,

we find that K̄{ζ[nt]}
ǫ,2 ∝ P̄ 2

2nt
∝ O

(

α4nt
)

, whereas all other terms cancel. In
contrast, we find the leading order of K{ζ[nt]}

ǫ,2 ∝ P̄2(nt−1)P̄2nt ∝ O
(

α4nt−2
)

in the numerator. As a consequence, the ratios diverge in the limit α → 0

as α−2. Including some odd-order terms or removing the prefactors ζ [n]m

in Eq. (7.2.6), the approximate formulas for both K̄ and Kǫ are propor-
tional to S2 in their leading order instead, which allows the discussion of
the low-order behavior as in Sec. 7.1.2.

Comparison with FMMT In Fig. 7.4, we compare different approxima-
tions to the elastic coefficients K1 and K3 of HSC with aspect ratio l = 5

to the FMMT result. The qualitative behavior of K2 is the same as for
K1 in each case. We first discuss the convergence of the generalized ζ ex-
pansion from Eq. (7.2.7) only including contributions of even order. For all
elastic coefficients, this expansion converges as rapidly as for the nematic
EOS in Fig. 7.2a, such that truncation after nt = 7 is sufficient. However,
the limit for nt →∞ does not agree with K(MM)

ǫ , as we ignore all odd con-
tributions K [2n+1]

ǫ,2 . Following the discussion in Sec. 7.1.2, this result rather
corresponds to an approximation of K(MM)

ǫ neglecting the contribution of
−2rǫr′ǫ in Eq. (5.3.8).

Figure 7.4b reveals that the deviation from the correct FMMT result is
nearly negligible for K3, which confirms the conclusion in the final para-
graph of Sec. 7.1.2, based on the limits of a large aspect ratio and perfect
orientational order. In contrast, the expected mismatch for K1 becomes
obvious in in Fig. 7.4a. Compared to FMMT, we find the significant error
of 26% for K1 and 19% for K2 at l = 5 and η = 0.5. We further verify
our expectation that this deviation becomes smaller when we increase the
aspect ratio and decrease the nematic order parameter.

To approach the exact result for any deformation and aspect ratio,
we need to consider the expansion in Eq. (7.2.8) including the odd-order
terms. For the even-order terms, we conveniently retain the truncation
order nt = 7. However, the second sum including the odd-order terms
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converges slowly, comparable to the sum over the even-order terms without
a systematic correction. Setting mt = 12, the approximate results are in
good agreement with the full numeric calculation for K1 (and also K2) in
Fig. 7.4a. In particular for packing fractions where the nematic phase is sta-
ble, the deviation between those two approaches is not significant. For K3,
we do not see any difference for mt = 12 compared to mt = 0 in Fig. 7.4b.
In conclusion, we found the useful analytic approximation K

{ζ[nt]},[mt]
ǫ in

Eq. (7.2.8) to the Frank elastic coefficients.

7.3. Running correction of second-order terms

We have seen that the truncated expansions including higher-order terms,
discussed in Secs. 7.1 and 7.2, do not overcome all deficiencies of only in-
cluding weighted densities up to order two in the second term φ

(ζ)
2 from

Eq. (3.3.9). In particular, we still find the wrong scaling behavior of the

orientational azimuthal angle θ ∝ l−
1
2 for l → ∞ and the free energy per

particle diverges without appropriate rescaling, as discussed in Sec. 4.2.2.
Moreover, the implementation of higher-order terms remains a challenging
task for some problems.

As a final approach, we return to the simple idea to neglect all higher-
order terms and reconsider the ζ parameter. We know from calculating the
mutual excluded volume of two HSC in Sec. 4.1.3 that the choice ζ = 5/4

minimizes the quadratic difference in Eq. (4.1.86) between the approximate
vζ(γ) and exact result vexcl(γ) when no intermolecular angle γ is more likely
than another. On the other hand, the value ζ = 2 is exact for γ = 0, as
found for all pairs of HSC in the perfectly aligned system. As a result, either
approach fails to describe some particular regions of the phase diagram of
HSC in Fig. 5.3b accurately.

To overcome this inconsistency, it appears to be convenient to define
a running correction ζ(S) [140], which depends on the orientational order
parameter S and interpolates between these two results. As this correction
constitutes a (local) density functional itself, we expect different predic-
tions than with a constant ζ parameter, which we understand best when
comparing two phases with a different degree of orientational order. How-
ever, it was found, using Tarazona’s expression φ

(T)
3 in the third term of

the functional, that the numerical data for ζ(S) [140] does not result in a
good agreement with the simulation data for the IN transition of HSC by
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Fig. 7.5.: Values of (a) the running parameter ζ(S) and (b) its derivative ζ′(S) =
dζ(S)/dS. This semi-empirical correction of missing higher-order terms in the
FMT functional is used in the second term φ

(ζ(S))
2 from Eq. (7.3.2). The numerical

results for ζ(S) from Ref. [140] are denoted by the solid line. We also show the
parabolic approximation ζpar(S) (dot-dashed lines) from Eq. (7.3.13) and the more
general expression ζfit(S) (dashed lines) from Eq. (7.3.14). The insets show a
closeup of the regions near S = −1/2 and S = 1, indicated by the boxes with the
dashed boundary.

Bolhuis and Frenkel [83]. A better description was found with the constant
ζ = 1.6 [139], compare Fig. 5.1b, and a more ad hoc parabolic approxima-
tion to ζ(S) [140].

Now that we know the exact reference results from FMMT, we see in
Fig. 7.1 that the running correction with the original numeric values per-
forms very well for the IN transition, using either version of the third term
φ3 of the functional. Another compelling motivation to approximate the
full mixed weighted density in this way is the exact correction found in
Sec. 6.3.1 within the Zwanzig model.

The goal of this section is to study the running ζ(S) correction in more
detail and explore the relation to FMMT. To this end, I introduce the basics
of this approach in Sec. 7.3.1 and derive an improved analytic representa-
tion. In Sec. 7.3.2, I reconsider different results for HSC.

7.3.1. Analytic representation

Derivation To improve upon the constant ζ parameter, we demand that
the averaged difference [140]

∫∫

d�1 d�2 (vζ(γ)− vexcl(γ))
2 g(α, cos θ1) g(α, cos θ2) (7.3.1)
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from Eq. (4.1.86) becomes minimal. According to Eq. (4.1.64), the inter-
molecular angle γ(̟1,̟2) is a function of the orientations of both particles.
In addition to the approach yielding the constant ζ correction, we weight
this difference with the nematic equilibrium orientational distribution from
Eq. (4.2.9). Choosing different values of the intrinsic order parameter α, we
obtain the ζ parameter as a function of nematic order parameter S(α).

As expected, the numerical data in Fig. 7.5a for ζ(S) [140] reproduces
the results ζ = 5/4 for S = 0 and ζ = 2 for S = 1. Moreover, the value
ζ = 16/11 is found for S = −1/2, corresponding to an alignment of all
particles in the plane perpendicular to the director. With this new running
correction, we define the alternative version

φ
(ζ(S))
2 := n1n2 −−→n 1

−→n 2 − ζ(S)n[2]12 = n1n2 −−→n 1
−→n 2 − ζ(S)Tr[←→n 1

←→n 2]

(7.3.2)

for the second term of the general FMT functional from Eq. (3.3.21).

To minimize this functional in the nematic phase, we use the weighted
densities from Eq. (4.2.1). The result is the same as with a constant pa-
rameter, except for the self-consistency equation

α2 = A2

(

ζ(S)S +
1

2
ζ ′(S)S2

)

+A( · )
3,[1]S +A( · )

3,[2]S
2 , (7.3.3)

which generalizes Eq. (4.2.13). To determine the intrinsic order parameter
α, we also need to be aware of the orientation-dependence of ζ(S) and its
non-vanishing derivative ζ ′(S) = dζ(S)/dS. The behavior of the function
ζ ′(S) is shown in Fig. 7.5b. For S = 0, we see that ζ ′(S) = 0 vanishes.
However, it appears that this derivative diverges for S → 1.

Scaling for infinitely long rods As a result of this divergence, the semi-
empirical correction with ζ(S) presumably restores the correct scaling of θ
for l→∞ at a finite packing fraction η > 0. To show this, we assume that
ζ ′(S) ∝ (1−S)−1/2 as S → 1, which means that an analytic representation
of ζ(S) contains a term b1

√
1− S with the yet undetermined parameter b1.

As in Sec. 4.2.2, we rewrite the order parameter

S = 1− S2 ≃ 1− 3

2α2
(7.3.4)

for l → ∞ and S → 1. In contrast to Eq. (4.2.40), we now find a different
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scaling behavior of the intrinsic order parameter

α2 ∝ A2 ζ
′(S) ∝ l√

1− S
∝ l√

S2
, (7.3.5)

which is determined by the diverging derivative of the running ζ parameter
according to Eq. (7.3.3). Comparing Eqs. (7.3.4) and (7.3.5), we find the
correct scaling of

〈θ2〉 ∝ S2 ∝
√
S2
l
∝ l−2 (7.3.6)

for l → ∞ and S → 1, as the intermediate steps imply
√
S2 ∝ l−1. How-

ever, the functional corrected with ζ(S) does not possess the same order
parameter as FMMT.

Considering the corresponding linearized functional, we see that the ex-
pansion of

ζ(S) = 2 + b1
√

S2 +O
(

l−2
)

(7.3.7)

introduces
√
S2 as the effective order parameter of the highly aligned system.

All orientation-dependent weighted densities n(S2)
ν calculated in Sec. 6.2.1

are proportional to S2 =
√
S2

2
and do not contribute in the limit l → ∞.

Therefore, the running ζ correction gives rise to the linearized functional

Φ̃(LIN)
ex (z) :=Φ(PA)

ex (z) −
Tr
[←→n (pa)

1,C
←→n (pa)

2,C

]

1− n(pa)
3 (z)

b1
√

S2

=Φ(PA)
ex (z) − π

8

ρ2D3 C20(z)
1− n(pa)

3 (z)
b1
√

S2 , (7.3.8)

which has exactly the same form as the expression in Eq. (4.2.70), derived
from FMMT. The only difference is the prefactor −πb1/8 to the second
term of Eq. (7.3.8), which we calculate with the weighted densities from
Eq. (6.2.1). The functional Φ(PA)

ex for perfectly aligned HSC corresponds to
the constant correction with ζ = 2, which we have seen in Sec. 7.1.1 to be
equivalent to FMMT in the limit l→∞.

The minimization of Eq. (7.3.8) is slightly different compared to FMMT.
Instead of Eq. (4.2.71), the variation of the free energy results in

ln g2(θ) + 1 = − 1

2L

∫ L

−L
dz
∂Φ̃

(LIN)
ex (z)

ρ ∂
√
S2

−1
2
√
S2

3

2
θ2 (7.3.9)

300



7.3. Running correction of second-order terms

and we obtain g2(θ) from Eq. (4.2.61), as for the functional with a constant
ζ parameter. The corresponding intrinsic order parameter is defined as

α2 := −π
8

ρD3

2L

∫ L

−L
dz

C20(z) b1
1− n(pa)

3 (z)

−3
4
√
S2

=
3πb1

32
√
S2

α̃2 , (7.3.10)

where the expression for α̃2 is the same as in Eq. (4.2.72).

To eliminate the dependence on S2 for infinitely long rods, we use the
result for the LO term

S2 =
3

2α2
=

16
√
S2

πb1 α̃2
(7.3.11)

from Eq. (4.2.62). We see that, as for the linearized functionals considered
in Sec. 4.2.2, the order parameter

√
S2 is proportional to the inverse integral

over its prefactor in Eq. (7.3.8), such that this term becomes irrelevant for
the phase behavior. We further simplify Eq. (7.3.10) to

α2 :=
3π2b21
512

α̃4 . (7.3.12)

Comparing this result to the ideal-gas free energy, 2N lnα ≃ 4N ln α̃, in
Eq. (4.2.67) and absorbing all linear terms in the density into the constant

C, we obtain exactly the same linearized intrinsic free energy F (LIN)
intr as in

Eq. (4.2.73). Therefore, the correction with ζ(S) predicts the same result
for the NSm-A transition of infinitely long HSC as FMMT.

Analytic approximations As the running ζ correction appears to pro-
vide a promising approximation to FMMT in general, it is desirable to have
a full analytic expression for the numeric values of ζ(S) [140], which can be
implemented more easily. The most simplistic possibility is the parabolic
approximation [140]

ζpar(S) = (5 + 3S2)/4 , (7.3.13)

determined from imposing the minimum ζ(0) = 5/4 and the result ζ(1) = 2.
In Fig. 7.5a, we see that this formula does not get close to the numeric
values for intermediate order parameters. Moreover, the derivative ζ ′par(S)

does not reproduce the qualitative behavior in Fig. 7.5b at all. In particular,
it remains finite at S = 1. Therefore, the functional corrected with ζpar(S)

has the same scaling behavior as for the constant correction with ζ = 2.
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7. Representations of the second virial coefficient

To derive a better analytic approximation than ζpar(S), we suggest a
more sophisticated expression which, according to the discussion in the pre-
vious paragraph, includes a term ∝

√
1− S. In addition, a similar term

could be dominant when approaching S → −1/2. Regarding the numerical
derivatives, it appears that ζ ′(S) remains finite, whereas the second deriva-
tive presumably diverges. Unfortunately, we cannot think of a similar way
to determine the exact exponent q in the term b2(1/2+S)q as it is possible
for S → 1. Therefore, we leave 1 < q < 2 as a free parameter.

In conclusion, we propose the most general analytic approximation

ζfit(S) =

kt
∑

k=0

akS
k + b1

√
1− S + b2(1/2 + S)q . (7.3.14)

In the following, we use this formula including the polynomial in S of degree
kt = 5, impose the conditions ζ(0) = 5/4, ζ(1) = 2, ζ(−1/2) = 16/11 and
ζ ′(0) = 0 and determine the remaining parameters through a fit to ζ(S). We
obtain a0 = −27.90, a1 = −65.87, a2 = −1.229, a3 = 0.7880, a4 = −1.233,
a5 = 0.3174, b1 = −2.525, b2 = 64.23 and q = 1.02. Interestingly, our value
of b1 is nearly the same as −8/π ≈ 2.546. Assuming that b1 = −8/π is
exact, Eq. (7.3.8) and Eq. (4.2.70) would become equal when we identify√
S2 with 〈〈γ〉〉.
The behavior of ζfit(S) determined in this way fits perfectly to the nu-

meric data in Fig. 7.5. The only exception is the region near S = −1/2, as
it is difficult to fit the exponent q unambiguously. However, the deviations
in the regime S < 0 are irrelevant for our following calculations.

7.3.2. Results

Phase diagram The running correction with the numerical data for ζ(S)
yields similar results for the IN transition as FMMT, which we see in
Fig. 7.1. The transition densities from the running correction are slightly
smaller but the deviation is at most 2.5% for l = 5 and 4.9% for l = 20.
Now we discuss further results, shown in Fig. 7.6, which we obtained with
the analytical representations of ζ(S) derived in Sec. 7.3.1.

In Fig. 7.6a, we barely see a difference between the results at IN coexis-
tence calculated with the analytic approximation ζfit(S) from Eq. (7.3.14)
and the numerical ζ(S). We verify for all aspect ratios that the result-
ing densities at coexistence lie below those predicted with FMMT. Also
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Fig. 7.6.: Different results with FMMT from chapter 5 compared to the running
ζ(S) correction in φ

(ζ(S))
2 from Eq. (7.3.2). The dotted lines or circles denote the

parabolic approximation ζpar(S) from Eq. (7.3.13) and the solid lines or squares
denote ζfit(S) from Eq. (7.3.14) using the parameters listed afterwards. The lines
calculated with Tarazona’s third term φ

(T)
3 are thinner than those for φ

(TR)
3 . The

symbols in the first case are smaller and filled. (a) Isotropic–nematic transition,
as in Fig. 5.1a. The crosses denote the results with the numeric data for ζ(S), see
also Ref. [140]. (b) Nematic–smectic-A transition, as in Fig. 5.2a. (c) Isotropic–
nematic interfacial tension, as in Fig. 5.7a. (d) Renormalized difference of the
isotropic and nematic packing fractions at coexistence, as in Fig. 5.7b.

regarding the difference between these densities in Fig. 7.6d, which we know
to be clearly underestimated by the constant ζ correction, we see that ζfit(S)

constitutes an excellent approximation to FMMT. The parabolic approxi-
mation ζpar(S) from Eq. (7.3.13), on the other hand, produces results similar
to ζ = 1.6 in Fig. 5.1b. Moreover, it significantly overestimates the width
of the coexistence.

The running correction can also describe the inhomogeneous smectic-A
phase with a remarkable accuracy. The employed orientational decoupling
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7. Representations of the second virial coefficient

approximation yields a global value of S and we obtain the NSm-A tran-
sition densities in Fig. 7.6b. As explicitly shown in Sec. 7.3.1, the second
term φ

(ζ(S))
2 becomes exact for l→∞ and S → 1. Note that this is not the

case at the IN transition, where S < 1.

For smaller aspect ratios, where the NSm-A is of first order, the dif-
ference of the coexistence densities calculated with ζfit(S) is overestimated
compared to FMMT. Most importantly, this simple approximation helps
us to better resolve the location of the tricritical point. We find that the
order of the transition changes in between 14 < l < 15, which is at a larger
aspect ratio than found with either choice of the constant ζ correction. This
observation indicates that the NSm-A transition at l = 20 with FMMT is
probably also of second order, comparing the width of the coexistence from
both approaches in Fig. 7.6b.

Isotropic–nematic interface When we calculate the IN interfacial ten-
sion using a functional with a running correction ζ(S), we face another sit-
uation than for the problems considered in the previous paragraph. As we
see in Fig. 2.3, the density profile at the IN interface is also inhomogeneous
in the orientational distribution and therefore the nematic order parame-
ter S(z) depends on the position. In contrast to the non-local weighted
densities, the ζ parameter needs to be calculated locally [140]. As its main
purpose is to correct the absence of higher-order weighted densities, this ap-
proximation is inconsistent for such inhomogeneous systems, although the
implementation by calculating ζ(S(z)) from the imposed order parameter
profile is straightforward.

However, the results for the interfacial tension in Fig. 7.6c with ζfit(S)

show that the running correction is also reliable when S(z) is locally deter-
mined. By this method, we can easily obtain approximate FMMT results
for the original third third term φ

(T)
3 , which we did not consider in Sec. 5.2.2

for computational reasons. As expected, the interfacial tension is smaller
than with the modified third term φ

(TR)
3 and also smaller than the results

from the literature [125,264,299]. Keeping in mind that we expect to find
even smaller values after a free minimization, we argue that the modifica-
tion of the third term also improves the quantitative description of the IN
interface, based on a direct comparison in Fig. 7.6c.

For both choices of the third term, the interfacial tension obtained with
the parabolic approximation ζpar(S) is about twice as large as with ζfit(S) or
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FMMT. This result can be understood regarding the clearly overestimated
difference of the coexistence densities in Fig. 7.6d. In conclusion, we verified
the accuracy of the running correction ζ(S) despite the statement from
Ref. [140] in favor of the imprecise parabolic approximation. As for the
empirical value ζ = 1.6 of the constant correction, the good agreement at
the IN coexistence in Fig. 7.6a between the simulation data [83] and the
results corresponding to ζpar(S) with the original third term by Tarazona
is pure coincidence.

7.4. Discussion

Synopsis In this chapter, we tested some alternative approaches to eval-
uating the full FMMT functional or applying the simple ζ correction, both
discussed in Sec. 5.4. The presented approximations are based on the ideas
of expanding the denominator of the mixed weight function in Eq. (3.2.43)
and systematic rescaling of the single terms. All strategies give rise to a
functional in terms of (tensorial) one-body weighted densities, which can be
easier implemented in a numeric calculation than a mixed weighted density.

Up to now, we only performed specific calculations for the system of
monodisperse HSC to test the accuracy of the different approaches. Hence,
we need to draw our conclusions from these results regarding the validity for
other inhomogeneous problems. Moreover, we discuss whether the strategies
can be adapted to mixtures and more general particle shapes.

Series expansion Converging very slowly compared to systematic rescal-
ing, a simple expansion of the mixed weight function appears to be at most
sensible when we can derive an analytic result. However, the expansion un-
necessarily complicates the evaluation, when the full mixed weighted den-
sity can be calculated analytically as well. Moreover, we have to be aware
not to make mistakes by changing the order of different sums during the
resummation when the series does not converge absolutely.

We analytically determined the full series representation of the mixed
weighted density and therefore validated the equivalence of the expansion
and FMMT for the nematic phase of parallel HSC and the smectic phase
of infinitely long parallel HSC in Eq. (7.1.6) and Eq. (7.1.10), respectively.
Most notably, we were able to derive an exact representation, Eq. (7.1.18), of
the elastic coefficients in the limit of low orientational order only when using
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7. Representations of the second virial coefficient

the expansion. To accurately account for the contribution of higher-order
terms in Eq. (7.1.24), we would need to pursue an approach as Priest [217]
or Poniewierski and Stecki [118] instead of using FMT, which is beyond the
scope of this work.

For the analytical calculation of the elastic coefficients in the series rep-
resentation, the notion of a mixed weight function of order r is particularly
beneficial compared to its factorization, which is rather desirable only from
a numerical point of view. This is because it is considerably easier to evalu-
ate one eight-dimensional integral than several individual four-dimensional
integrals for each component of a tensorial weight function of rank r.

As the mere expansion of the mixed weight function does not require fur-
ther semi-empirical input, we can use such an approach for arbitrary particle
shapes and mixtures, although the resummation would become even more
demanding. For more complicated shapes, however, an analytic calculation
is not possible, such that we have to truncate the expansion. In this case,
it is preferable to use an alternative approach, which converges faster.

Truncated systematic expansions The easiest way to derive a more
sophisticated series representation of the mixed weight function is to include
a prefactor to each term. The strategy to systematically determine these
parameters according to Eq. (4.1.84) has the drawback that odd-order terms
of the expansion are not included. To make sure that the resulting series
generally converges towards the correct limit, we have to add these terms
without correction. Understandably, the resulting series converges markedly
slower than the improved series including only the even-order terms.

The considered generalized ζ correction relies on the assumption that
the contributions of odd order either vanish, can be neglected or are known
up to sufficiently high order. The first requirement is obviously fulfilled
in a homogeneous system, as such a situation was used to derive the cor-
rection in the first place. In addition, we have found that the even-order
terms are sufficient for the smectic phase of perfectly aligned HSC, i.e., a
purely spatially inhomogeneous problem. Note that the non-vanishing vec-
torial weight functions in Eq. (6.2.3), which are technically of odd order,
constitute the only counterexample. In contrast, we require the odd-order
contribution to the Frank elastic coefficients to describe the orientationally
deformed nematic phase. Interestingly, the vectorial weight functions do
not contribute in this case.
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Our accurate analytic result for the elastic coefficients in Eq. (7.2.8) only
depends on the packing fraction, different nematic order parameters and
the aspect ratio of the considered rods. It is easy to impose the equilibrium
parameters from the literature, as done in Tab. 5.5 for FMMT. As the
direct measurement of the elastic constants is highly involved, this approach
could provide a computationally cheaper alternative in future computer
simulations or experiments.

Presumably, we face some difficulties when using the generalized ζ cor-
rection for problems which require numerical treatment. We expect that it
is vital to additionally incorporate the odd-order terms for the IN interface,
which is both spatially and orientationally inhomogeneous. In contrast, it
might be that the odd-order weighted densities vanish for the smectic-A
phase, as we assume that, in a good approximation, the orientational dis-
tribution function is homogeneous. However, we have also seen that the
convergence of the generalized ζ correction becomes slower with increasing
orientational order parameter. To accurately study the NSm-A transition,
we have to consider a relatively large number of tensor components, in
particular for large aspect ratios. In addition, only a purely empirical cor-
rection, such as ζ = 2 for truncation after the terms of order two, can
completely overcome the divergence of the free energy per particle in the
limit l→∞.

As derived in this work, the generalized ζ correction only works for
HSC, or other simple shapes, whose mutual excluded volume only depends
on the intermolecular angle γ in the same way. This means that the result
of the calculation of gMM(γ) according to Eq. (4.1.68) has to be equal or
proportional to the result for HSC. In the general case, this contribution
of the mixed weight function ω(12) contains more terms depending on γ

in a different way. A simple example is the excluded volume of two HC
in Eq. (2.3.26). Hence, it is not possible to apply a similar strategy to
find other values for the generalized ζ parameters in such a case. However,
the generalized ζ correction is consistent for polydisperse HSC mixtures, or
mixtures with other compatible shapes in the sense of the same dependence
on the angle γ.

Running correction As an upgrade of the empirical ζ parameter, the
running ζ(S) correction constitutes a reliable approach, which is even sim-
pler than any expansion including weighted densities beyond second order.
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In contrast to a comprehensive expansion, the results do not get arbitrarily
close to FMMT. It is clear that the more accurate generalized ζ correction
should be preferred when we are only interested in the nematic bulk phase,
where the implementation of both approaches is quite simple. The running
ζ(S) correction approximation is particularly beneficial for inhomogeneous
problems, where we found an overall good agreement with the FMMT re-
sults. We also find the correct scaling behavior of the functional for l→∞,
where all truncated expansions are inconsistent.

In principle, the strategy to determine ζ(S) can be used for arbitrary
uniaxial shapes. In biaxial phases, there is an additional order parameter
and the form of the orientational distribution becomes more complicated.
As already remarked in Sec. 5.4 for the constant ζ parameter, the running
correction may also depend on the geometry of the particles, e.g., we expect
ζ(S, l) for a system of HC. Likewise, this approach breaks down for mixtures
of different shapes.

The biggest problem of a non-constant ζ parameter is that it spoils
the fundamental property of FMT that the excess free energy density is
solely a function of non-local weighted densities. Now, in addition, also
the ζ(S) parameter constitutes a functional, which depends locally on the
orientational part of the density. A free minimization, as performed for the
isotropic fluid at a hard wall [140], requires a careful implementation, as
there is no explicit orientational distribution, which can be used to deduce
the local order parameter.
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general shapes

"How can a functional with such a name possibly not

work?"

Roland Roth
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8.1. Comparison with other theories

The results in chapter 5 let us conclude that a further improvement of
the FMMT functional from Eq. (3.3.21) could be beneficial. Beyond the
exact low-density limit, Eq. (3.1.4), the excess free energy is only captured
approximately. Taking the cluster expansion from Eq. (2.1.47) to the next
order and following further steps described in Sec. 2.1.4, we obtain the exact
contribution

βF (3)
ex [{ρi}] = −

1

6

κ
∑

i,j,k=1

∫∫∫

dR1 dR2 dR3 ρi(R1) ρj(R2) ρk(R3)

× fij(R1,R2) fik(R1,R3) fjk(R2,R3) (8.1.1)

to the excess free energy functional at cubic order in the density in its
general form for a mixture of κ components.

Rosenfeld’s FMT does not reproduce this general result but it yields
the exact third virial coefficient of the one-component HS fluid. In the
framework of FMT, the approximation to F (3)

ex arises from two different
considerations. With the form of the extrapolated excess free energy den-
sity given by Eq. (3.3.15), the terms describing the low-density limit also
contribute to higher virial coefficients due to the expansions of the functions
fn(n3) from Eq. (3.3.16). The other contribution at cubic order depends
on the explicit form of the third term φ3, which is irrelevant at quadratic
order in the density.

In Sec. 3.3.2, we reviewed two ideas to modify the form of the functional
in order to better describe the HS fluid and solid at high densities. Imposing
a more advanced EOS [248,249,250] gives rise to another form of the prefac-
tors fn(n3), improving the virial expansion beyond third oder. Systemati-
cally rederiving the functional from the zero-dimensional limit [243,314,388]
provides us with a general expression for the third term φ3. In particular,
our currently used approximations from Eqs. (3.3.28) and (3.3.29) can be
deduced.

Regarding FMMT, it is presumably not sufficient to only refer to pre-
dictions for HS. One semi-empirical way to improve the description of
anisotropic hard bodies is to introduce a prefactor to the third term fix-
ing the third virial coefficient of the homogeneous fluid. This strategy was
proposed for edFMT to study hard cubes with rounded edges [313].
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In this chapter, I revisit these approaches to improve the functional. A
special focus is on new constraints arising from the application to anisotropic
shapes. First, we consider homogeneous fluids, for which an approximate
EOS is known analytically, see Sec. 2.1.5. For an isotropic fluid, all yet
introduced choices of the second term φ2 and the third term φ3 of the FMT
functional are equivalent. We may conveniently substitute the functional
to a form solely depending on scalar weighted densities. Moreover, we can
impose any EOS which may be written in terms of such weighted densities to
derive a new functional by solving the differential equation in Eq. (3.3.19).

It is clear that a general FMT functional also needs to be tested for
some hard bodies other than a HSC. HC are especially interesting due to
their diversity, illustrated in Fig. 1.6. Their shape spectrum reaches from
Onsager-type long rods, as found for accordingly scaled HSC, to HD, which
show a completely different phase behavior. Moreover, there are specific
FMT functionals for parallel HC [333,334] and HD [319]. The system of
parallel hard cubes is also well-studied using FMT [313,325,326,327,328].

This section is arranged as follows. In Sec. 8.1.1, I discuss the isotropic
EOS of HSC including some refined and alternative expressions of the func-
tional. In Sec. 8.1.2, I calculate the nematic EOS for different systems of
parallel hard bodies and study the IN transition of HD.

8.1.1. Isotropic equation of state

Improving the hard-sphere limit Based on the experience with HS, a
logical step to obtain a better functional is to use the White Bear mark II
version of the excess free energy density Φ

(WBII)
ex from Eq. (3.3.27). In the

HS limit, l → 0, this modified FMMT functional yields the more accurate
Carnahan-Starling EOS from Eq. (2.1.58) instead of the the expression from
Eq. (2.1.63), resulting from the PY closure. We now discuss in how far this
refinement of Rosenfeld’s FMT also improves the description of HSC.

Inserting the weighted densities from Eq. (4.2.1) for a homogeneous HSC
fluid into Eq. (3.3.26), we calculate the expansion

βpWBII

ρ
= 1+

3l2 + 12l + 8

3l + 2
η+

30l3 + 111l2 + 120l + 40

(3l + 2)2
η2+O

(

η3
)

(8.1.2)

of the pressure provided by the White Bear mark II version of FMT. In
order to fulfill the SPT differential equation, Eq. (3.3.20), this expansion

312



8.1. Comparison with other theories

η

β
ρ

(a)

η

β
ρ

(b)

Fig. 8.1.: Isotropic equation of state p(η) of hard spherocylinders. Regardless of
the specific limits of stability, the solid line corresponds to either FMT functional
of the form given by Eq. (3.3.21), where the vertical line indicates the density
at IN coexistence with FMMT and φ

(TR)
3 . We compare to the predicted pres-

sures from the White Bear mark II version of FMMT from Eq. (3.3.27) (dashed
line), and the functional from Eq. (8.1.6), based on the Nezbeda EOS (dot-dashed
line). As a result of scaled particle theory, the pressure calculated according to
Eq. (3.3.25) is denoted by the dotted and dot-dot-dashed line, respectively. The
crosses correspond to the modified FMT functional from Eq. (8.1.9). To better
resolve the differences between the shown lines, we use another normalization of
βp/ρ = βpv/η than in Fig. 5.4a. (a) Results for the aspect ratio l = 5. As in
Fig. 5.4a, we also compare the FMT values to simulation data [82]. (b) Results
for the aspect ratio l = 10.

has to be equal to that of

βp∗WBII

ρ
= 1 +

3l2 + 12l + 8

3l + 2
η +

88
3 l3 + 331

3 l2 + 120l + 40

(3l + 2)2
η2 +O

(

η3
)

,

(8.1.3)
calculated from Eq. (3.3.25) with Φ

(WBII)
ex . By construction of the functional,

both expressions are fully consistent in the HS limit. For non-zero aspect
ratios, the quadratic term in the packing fraction, corresponding to the
third virial coefficient of the isotropic HSC fluid, is different. However, the
difference between pWBII and p∗WBII is quite small. In Fig. 8.1, we can barely
resolve the difference between the corresponding lines.

The FMT functional from Eq. (3.3.21), which is fully consistent regard-
ing the SPT differential equation, yields the same expansion as in Eq. (8.1.2)
up to the quadratic order. The higher-order terms are different, as we al-
ready know for the HS limit, where we find the expansion from Eq. (2.1.63)
instead of Eq. (2.1.59). We see in Fig. 8.1a that the White Bear mark II
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8. Higher virial coefficients for more general shapes

version of FMT slightly improves upon Rosenfeld’s FMT when compared
to the Nezbeda EOS for HSC from Eq. (2.1.60) and computer simulations.
Increasing the aspect ratio, the two functionals yield more and more similar
results. According to Fig. 8.1b, both EOS are close to Nezbeda’s result for
l = 10, as long as the isotropic phase is stable. In the Onsager limit, l→∞
and η → 0, the expansion in Eq. (8.1.2) terminates after the linear term in
η, as both functionals reduce to the form given by Eq. (3.3.5).

Imposed result for hard spherocylinders By choosing the White Bear
mark II version of FMT, we do not impose further knowledge about fluids
of anisotropic hard bodies. The Nezbeda EOS in Eq. (2.1.60) describes the
system of monodisperse HSC more accurately at a moderate rod elonga-
tion [163,165]. Compared to Eq. (8.1.2), its expansion

βp∗Nez

ρ
= 1 +

3l2 + 12l + 8

3l + 2
η +

l4 + 36l3 + 114l2 + 120l + 40

(3l + 2)2
η2 +O

(

η3
)

(8.1.4)
deviates from the EOS provided by FMT and White Bear mark II at the
quadratic order in the packing fraction. Substituting η → n3, ρ → n0 and
α→ n1n2

3n0n3
, we can write the Nezbeda EOS

βpNez =
1− 2n3 − n23
(1− n3)3

n0 +
1 + 1

3n3 +
4
3n

2
3

(1 − n3)3
n1n2 +

1
9 − 5

9n3

(1− n3)3
n21n

2
2

n0
(8.1.5)

in terms of the weighted densities from Eq. (4.2.1).

The differential equation that we obtain when substituting Eq. (8.1.5)
into Eq. (3.3.19) cannot be solved with the usual ansatz from Eq. (3.3.15).
To accordingly extrapolate the excess free energy towards a consistent ex-
pression, we introduce a new term proportional to the factor n2

1n
2
2

n0
. Doing

so, we derive the functional

Φ(Nez)
ex =

− ln(1− n3)(1− n3)2 − n23
(1− n3)2

n0

+
−4 ln(1− n3)(1− n3)2 − n3 + 5n23

3(1 − n3)2n3
n1n2

+
5 ln(1− n3)(1− n3)2 + 5n3 − 7n23

9(1 − n3)2n23
n21n

2
2

n0
. (8.1.6)

We notice that only the first term in the expansion of the prefactors f1(n3)
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to n0 and f2(n3) to n1n2 is the same as in Eq. (3.3.16). Moreover, we find
the relation

n32
4π
≡ n21n

2
2

n0
(8.1.7)

for the one-component hard sphere fluid. With this in mind, we see that the
first term in the expansion of f4(n3) is different to the result in Eq. (3.3.16).

Inserting the excess free energy density Φ
(Nez)
ex into Eq. (3.3.25), we ob-

tain the pressure

βp∗Nez

ρ
= 1 +

5l2 + 12l + 8

3l + 2
η +
−2

3 l
4 + 46l3 + 389

3 l
2 + 132l + 44

(3l + 2)2
η2 +O

(

η3
)

(8.1.8)
which already deviates in the linear order in η from the Nezbeda EOS. As
a result, we observe a significant violation of the SPT differential equation,
Eq. (3.3.20), in Fig. 8.1. Moreover, we see in the term proportional to η2

that the new functional is not even consistent for the HS fluid.

Consistency with SPT To derive a functional which fulfills the SPT
differential equation, we use the ansatz including the new term n2

1n
2
2

n0
to

solve this equation directly. According to the relation in Eq. (8.1.7), the
resulting functional

Φ(new)
ex = − ln(1− n3)n0 +

n1n2
1− n3

+
n21n

2
2

6n0(1− n3)2
(8.1.9)

constitutes an alternative version for Rosenfeld’s FMT of monodisperse HS.
Likewise, we obtain the PY EOS as the output pressure. However, we see
in Fig. 8.1 that the pressure of the isotropic HSC fluid is poorly described.

Note that it is not possible to obtain a functional which is consistent
with the SPT differential equation when inserting the weighted densities
of a HSC, even when we make an ansatz including both combinations of
weighted densities from Eq. (8.1.7). The effort to successively make the
pressure partially consistent on the level of the individual virial coefficients
and only including terms proportional to a particular power of the aspect
ratio results in too complex functionals without providing any benefit.

Results for ordered phases Comparing the small influence of the pro-
posed modifications of the functional on the isotropic EOS in Fig. 8.1 to
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Fig. 8.2.: Comparison of FMMT to the Nezbeda-FMMT (Nez-FMMT) from
Eq. (8.1.6) for different systems of hard spherocylinders. The results with the
the Nezbeda-FMMT are denoted by the thin short-dashed lines. (a) Isotropic–
nematic coexistence, as in Fig. 5.1a. (b) Equation of state for l = 5, as in Fig. 5.4a.
All branches are continued in the unstable regime. (c) Nematic–smectic transi-
tion of parallel bodies, as in Fig. 6.5a. The thick dotted lines correspond to the
approximation with ζ = 2. (d) Equation of state for l = 40 ignoring the smectic-A
branches. We also show the results in the unstable regime. The inset zooms into
the boxed region near the isotropic–nematic transition.

the different nematic branches in Fig. 5.4a, it appears that the explicit
form of the third term φ3 is much more important for the phase behavior
of anisotropic particles. However, we also see that the deviations between
the different isotropic EOS increase for increasing density, such that it is
worthwhile to study the phase behavior of HSC beyond the isotropic phase
using our new approaches.

The White Bear mark II version of FMMT with the familiar third term
φ
(TR)
3 predicts the packing fractions ηI = 0.346 and ηN = 0.372 at IN coex-

istence of HSC with l = 5. These values are larger than those reported in
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Tab. 5.2 for the normal FMT functional by about 0.006. The corresponding
nematic order parameter SN = 0.717 is smaller and has the same absolute
difference to the original result. For the aspect ratio l = 20, there is no
difference in the third digit of the coexistence packing fractions at all and
the deviation in the order parameter is only 0.002. This is because the tran-
sition densities decrease with increasing rod length and both functionals are
equivalent in the Onsager limit.

Using White Bear mark II with ζ = 2, we also find nearly the same
values of the NSm transition density and the corresponding smectic layer
spacing for parallel HSC as in Tab. 6.1, namely ηNS = 0.305 and dL = 1.478

for l = 5, as well as, η(∞)
NS = 0.306 and d(∞)

L = 1.302 for l→∞.

In contrast to this modification, the new functional from Eq. (8.1.6)
has a completely different form of the third term. To obtain an appro-
priate functional for ordered systems, we substitute n1n2 → φ2, such that
φ3 ∝ φ22/n0. Setting φ2 = φ

(MM)
2 , we see in Fig. 8.2a that the description of

the IN transition of short rods is clearly improved by this Nezbeda-FMMT,
compared to our previous results. Interestingly, the nematic branches in the
EOS from FMMT and the Nezbeda-FMMT in Fig. 8.2b are quite similar
and close to the simulation result [82]. It would be interesting to calculate
also the smectic-A branch with the new approach.

Considering parallel HSC, we see in Fig. 8.2c that the result for the NSm
transition line does not improve that significantly when using the Nezbeda-
FMMT. However, due to the additional appearance of φ2 in the third term,
the difference between the results for ζ = 2 and the full mixed weighted
density at finite aspect ratios is bigger than for FMMT. Hence, we only find
a mentionable improvement for short rods. In this regime, the slope of the
transition line appears to be similar to the slope predicted by Somoza and
Tarazona [293,294].

Finally, we discuss two apparent problems of the Nezbeda EOS. Re-
garding the behavior beyond the IN transition, the pressure of the unstable
isotropic phase starts to decrease and finally becomes negative. Increasing
the aspect ratio, this happens at smaller and smaller packing fractions. The
maximum for l = 40 is at η = 0.282 and the sign changes at η = 0.355,
which we see in Fig. 8.2d. However, we expect from the qualitatively cor-
rect behavior of the nematic branch, that this shortcoming does not spoil
the description of the phases which are stable in this regime. With the
qualitatively correct description of the smectic phase for long parallel HSC
in Fig. 8.2c, we might come to the same conclusion.
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8. Higher virial coefficients for more general shapes

Still, the new functional faces a more severe problem for long rods, as
the Nezbeda EOS only relies on the virial coefficients of HSC with rela-
tively small aspect ratios [163]. The inset in Fig. 8.2a clearly reveals that
the IN transition densities from the Nezbeda-FMMT lie below the results
from both simulation and the quite accurate FMMT. This inconsistency be-
comes most apparent in the Onsager limit. In general, the expression n2

1n
2
2

n0

constitutes a term proportional to l4 in the coefficient of η2 in the virial ex-
pansion, which we see in Eq. (8.1.4). Substituting η → c/l, we recognize an
unphysical contribution of the third virial coefficient to the Nezbeda EOS
in the Onsager limit.

8.1.2. FMT for different shapes

Weighted densities of hard cylinders Parametrizing the surface of
a HC, as outlined in Sec. 3.1.2, and integrating over the rotated weight
functions, as in Eq. (4.1.9), we calculate the weighted densities [382]

n3 = ρ
π

4
LD2 = η , n0 = ρ ,

n2 = ρ
(

πLD +
π

2
D2
)

, n1 = ρ

(

L

4
+ π

D

8

)

,

(←→n 2)11 = (←→n 2)22 = ρ
(π

6
LD(2 + S) +

π

6
D2(1− S)

)

,

(←→n 2)33 = ρ
(π

3
LD(1− S) + π

6
D2(2S + 1)

)

,

(←→n 1)11 = (←→n 1)22 = −
1

2
(←→n 1)33 = ρ

(

1

8
LS − π

32
DS

)

(8.1.10)

of the homogeneous HC fluid. The term proportional to L, corresponding
to the cylindrical body, is the same as in the weighted densities of a HSC
from Eq. (4.2.1).

The mixed weighted density

n
[2]
12 = ρ2

π

32

(

4L2D − (4 + π)LD2 + πD3
)

S2 (8.1.11)

has a more general form than for HSC in Eq. (4.2.2). Although this function
is proportional to S2, it is not appropriate to write the contributions of
the higher-order terms n[2n]12 in the form of Eq. (4.2.3). This is because
the term proportional to LD2 depends on the particle orientations in a
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more complicated way, which we see in the mutual excluded volume in
Eq. (2.3.26). As discussed in Sec. 7.4, we may not use the generalized ζ

correction in this case. However, to describe the system in limit l →∞, it
is sufficient to consider the LO term with the highest power of the aspect
ratio l and therefore use Eq. (4.2.3). The same consideration is possible for
the limit l→ 0, such that we can use

n
∑

m=1

ζ [n]m n
[2m]
12 = ρ2

π2

4
D3 (4n+ 1)(2n − 3)!!(2n − 1)!!

22n+2n!(n+ 1)!
P̄ 2
2n (8.1.12)

to accurately describe a system of HD.

Parallel hard cylinders Restricting the orientation of the HC to one
direction, the system becomes particularly simple. Scaling the system in
the z direction, which we identify with the orientation of the symmetry axis
of the HC, we also scale their length by the same factor. Therefore, the
phase behavior of perfectly aligned HC does not depend on the aspect ratio
l, which has two important consequences.

Firstly, the scaling of the second term φ2 and third term φ3 of the FMT
functional from Eq. (3.3.21) has to obey a stricter condition than for a HSC,
which we considered in Sec. 4.2.2. We require φ2 ∝ φ3 ∝ l−1, which means
that not only the LO term in the aspect ratio has to vanish. Equivalently,
we could demand that the excess free energy per particle remains finite in
the limit l→ 0. Analogously to Eq. (4.2.44), we find that this requirement
is fulfilled by φ(TR)

3 from Eq. (3.3.28).

Secondly, it is possible to derive an explicit FMT functional for paral-
lel HC [333,334] from a two-dimensional version of FMT [138,243]. Such
a functional should be consistent with a general three-dimensional FMT
for anisotropic bodies. Moreover, a system of infinitely long parallel HSC
should be equivalent to parallel HC with arbitrary aspect ratio, according
to Fig. 1.6. To check these suppositions, we consider the nematic EOS,
which should be similar to the result from SPT [180].

Equation of state for parallel hard bodies Both FMT functionals for
parallel hard cubes [325] and parallel HC [334] predict the nematic EOS

βpv = y + 3y2 + 2y3 , y =
η

1− η , (8.1.13)
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which is equivalent to the y expansion [192,193,194] for a hard cube in
Eq. (2.1.65). Knowing that FMMT always reproduces the correct result up
to the term proportional to y2, we discuss the edFMT functional, corrected
with ζ = 2, and use the third term φ

(TR)
3 , which yields a correct scaling of

the free energy for both HSC and HC.

We calculate nematic EOS

βpv = y + 3y2 + 3y3 (8.1.14)

of parallel HSC in the limit l →∞ and

βpv = y +
3

4
(2 + π)y2 +

9

2
y3 (8.1.15)

of parallel HC. In the latter case, the ζ correction does not provide the
exact result as it does for HSC. Yet, the value ζ = 2 is the only possible
choice to ensure the correct scaling of a HC. As discussed in Sec. 5.4, the
reason is that the excluded volume of HC from Eq. (2.3.26) contains different
orientation-dependent terms at the relevant order ∝ LD2, which apparently
yield expansions converging in a different way.

Comparing the cubic terms in in Eqs. (8.1.14) and (8.1.15), we see that
the current version of the third term yields a different description of two
essentially identical bodies. Hence, we detected a first severe qualitative
drawback of Tarazona and Rosenfeld’s expression [243] for anisotropic bod-
ies. Even more significantly, both predicted EOS differ from the result in
Eq. (8.1.13). For parallel HC, our result deviates by a factor of 4/9, which
can be remedied when we use a functional with the substituted third term
φ
(TR)
3 → 4

9φ
(TR)
3 .

A similar observation was made for parallel hard cubes, which have the
weighted densities

n3 = ρ a3 = η , n2 = ρ 6a2 , n1 = ρ
3

4
a , n0 = ρ , (←→n 2)αα = ρ 2a2 , (8.1.16)

where α ∈ {1, 2, 3} (no sum convention applied) and ←→n 1 = 0 [313]. Using
at most rank-two tensors in φ(ζ)2 , we find the EOS

βpv = y +
9

2
y2 +

18

π
y3 . (8.1.17)

For all introduced versions of the third term from Eq. (3.3.22), Eq. (3.3.28)
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work σI σN SN

ζ = 5/4, T 4.067 5.539 0.875
ζ = 1.6, T 3.451 4.496 0.803
nt = 8, T 3.737 5.508 0.900
ζ = 5/4, TR 2.948 2.991 0.171
nt = 8, TR 2.944 3.009 0.211
ζ = 5/4, 4/9TR 3.771 3.917 0.302
nt = 8, 4/9TR 3.747 4.017 0.407
nt = 8, On 5.334 6.791 0.792

simulation 3.78 4.07 0.37
simulation∗ 4.03 4.34 0.52
HD-FMT 3.344 3.680 0.492

Tab. 8.1.: Densities σ = ρD3 and nematic order parameter SN at isotropic–
nematic coexistence of infinitely thin hard disks (HD). We compare the results from
a free minimization using different versions of FMT to the computer simulation
from Ref. [100], more recent simulation results from Ref. [105] (denoted by the
asterisk) and a specific FMT functional for the considered system (HD-FMT) [319].
For the second term of the functional, we use the ζ correction from Eq. (3.3.9) and
the generalized ζ correction from Eq. (3.3.10) truncated after nt = 8. In addition
to the present versions φ

(TR)
3 from Eq. (3.3.28) and φ

(T)
3 from Eq. (3.3.29) of the

third term, we consider the modified expression 4/9φ
(TR)
3 , yielding the correct

EOS from Eq. (8.1.13) of parallel HC and therefore also parallel HD.

and Eq. (3.3.29), we find the same cubic term in the EOS. To obtain the
correct result from Eq. (8.1.13) in this case, we have to make the substitution
φ
(TR)
3 → π

9φ
(TR)
3 , which gives rise to a functional that reproduces the correct

third virial coefficient of hard cubes [313].

However, such a semi-empirical modification of the FMT functional re-
sults in a bad description of the HS fluid. A more general strategy is to
introduce a prefactor to φ3 depending on the particle shape, e.g., defined
by imposing a known value for the third virial coefficient. Considering hard
cubes with rounded edges, such a parameter interpolates between Rosen-
feld’s FMT in the HS limit and the correction just proposed in the limit of
hard cubes [313].

Results for infinitely thin disks To get a better idea of how FMT
performs for particles with a completely different shape than a HSC, we
consider the IN transition in a fluid of HD. In contrast to infinitely long
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rods, the isotropic EOS depends sensitively on higher virial coefficients. As
the volume of a HD is zero, we introduce the normalized density σ = ρD3,
which remains finite in this limit. To calculate the nematic free energy, we
use the weighted densities from Eq. (8.1.10) setting L = 0.

Beyond the ζ correction, we perform a free minimization including fur-
ther terms, according to Eq. (8.1.12), up to truncation order nt = 8. The
convergence of this expansion for HD is comparable to that for HSC, illus-
trated in Fig. 7.1. Hence, it provides an excellent approximation to FMMT.

The results in Tab. 8.1 confirm that three-body overlaps are important
at the IN transition of HD, as the Onsager functional, which ignores terms
beyond quadratic order in the density, is not accurate. Moreover, we find
significantly stronger deviations between our results using the different ex-
pressions φ(TR)

3 and φ(T)
3 than in Fig. 5.1a for HSC. In qualitative contrast

between these two systems, the density gap and the nematic order param-
eter of HD are overestimated by φ

(T)
3 and underestimated by φ

(TR)
3 , when

comparing our results to computer simulations [100,105]. With the general-
ized ζ correction, we calculate σN−σI ≈ 1.8 and σN−σI ≈ 0.1, respectively,
whereas simulations predict σN − σI ≈ 0.3.

Interestingly, we find the best quantitative agreement in Tab. 8.1 be-
tween computer simulations [100,105] and our results for the substituted
third term 4

9φ
(TR)
3 , which also provides a good estimate for the density gap

σN − σI ≈ 0.3.

The performance of the ζ correction is comparable to that at the IN
transition of HSC. We always find a smaller density gap and a smaller
nematic order parameter than for the converged result at nt = 8, which
is in principle the FMMT result. For φ(T)

3 , we see that the approximation
with ζ = 5/4 is clearly better than ζ = 1.6 when compared to the more
accurate results from higher-order terms.

For the particular system of HD, an accurate version of the third term
of the functional was derived on the basis of Eq. (8.1.1) [319]. This specific
FMT functional can be efficiently evaluated though containing a weighted
density depending on three bodies simultaneously. It predicts the nematic
order parameter quite close to the finding from Ref. [105], whereas our semi-
empirical rescaling of FMT performs better in locating the transition. In
the following section, we discuss in how far a more general version of the
third term, as found in this specific functional [319], can be adapted for our
general FMT approach.
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8.2. Generalized third term

In Sec. 8.1.1, we have seen that the prefactors fn(n3) in Eq. (3.3.15) are
only of secondary importance when we want to describe the phase behavior
of anisotropic bodies at higher densities. Sticking to the general form of the
excess free energy density provided by Eq. (3.3.21), a much more important
step to derive a better functional is to reconsider the third term φ3. In the
remainder of this chapter, we discuss some more general expressions for this
crucial contribution.

One compulsory requirement for any FMT functional is that it yields a
proper crossover to lower spatial dimensions. The related versions of the
third term [243,244] are particularly successful for HS system. However,
the constraints arising from the dimensional crossover do not necessarily
imply the correct scaling of the functional for particles with an extreme as-
pect ratio, which we have seen in Sec. 4.2.2 for Tarazona’s third term φ

(T)
3

from Eq. (3.3.29). Changing this expression, used in the original version of
edFMT, to Tarazona and Rosenfeld’s variant φ(TR)

3 from Eq. (3.3.28), which
fulfills both requirements simultaneously, we obtain a clearly improved func-
tional. This was shown in chapter 5 by means of discussing the predictions
for the Liquid Crystal behavior of HSC. Most notably, the modified func-
tionals allow us to study smectic phases, which are in general only stable
when all contributions scale properly.

In conclusion, we argued that φ(TR)
3 still constitutes an insufficient func-

tional at cubic order in the density due to some quantitative deviations from
simulation results. More explicitly, this was shown in Sec. 8.1.2 by means
of the nematic EOS of parallel HC and parallel hard cubes. In addition, we
found an unphysical difference between the results for infinitely long par-
allel HSC and HC. In fact, the only hard-body system whose third virial
coefficient is reproduced exactly is the HS fluid.

To further improve the third term of the functional, I examine the follow-
ing approaches. In Sec. 8.2.1, I introduce a more general scaling argument
based on the weighted densities of a HC and review the most important
results of dimensional crossover. With the help of the resulting constraints
upon the third term, I discuss the most general expression including tensors
up to rank two and then, in Sec. 8.2.2, up to rank four. The new functionals
are discussed regarding the IN transition of HSC. Finally, in Sec. 8.2.3, I
present some improved results for HSC obtained with a semi-empirically
rescaling of the third term.
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8.2.1. Scaling behavior and dimensional crossover

Scaling of a HSC In this section, we demonstrate that Tarazona and
Rosenfeld’s φ(TR)

3 is the only expression for the third term which (i) can
account for the correct scaling of anisotropic hard bodies in highly aligned
systems (ii) has the correct dimensional crossover properties and (iii) yields
the PY EOS for HS. To do so, we neglect the contributions of the vectorial
weighted density −→n 2 for the moment, as it does not possess a LO term in
Eq. (6.2.1). Using at most rank-two tensors, the most general form of the
third term is

φ
[2]
3 (n2,

←→n 2) =
3

16π

(

ξ
[2]
1 n

3
2 + ξ

[2]
2 n2Tr

[←→n 2
2

]

+ ξ
[2]
3 Tr

[←→n 3
2

]

)

(8.2.1)

with the free parameters ξ[2]k and k ∈ {1, 2, 3}. This expression includes
all independent combinations of the scalar weighted density n2 and the
tensorial weighted density ←→n 2.

Inserting the weighted densities of a HSC into Eq. (8.2.1), we obtain the
LO term

16πD3

3
φ
[2]
3 = 16

(

4ξ
[2]
1 + 2ξ

[2]
2 + ξ

[2]
3

)

η3 +O
(

l−1
)

(8.2.2)

in generalization of Eq. (4.2.43) or Eq. (4.2.44). To ensure that this expres-
sion vanishes and φ[2]3 = O

(

l−1
)

, as for φ(TR)
3 , we demand that

4ξ
[2]
1 + 2ξ

[2]
2 + ξ

[2]
3 = 0 . (8.2.3)

In the HS limit, l→ 0, the functional with the third term φ
[2]
3 yields the

EOS

βp

ρ
=

1 + η + 3
2

(

9ξ
[2]
1 + 3ξ

[2]
2 + ξ

[2]
3

)

η2 − 2η2

(1− η)3 . (8.2.4)

Comparing this expansion to the PY EOS from Eq. (2.1.63), we find the
second condition

9ξ
[2]
1 + 3ξ

[2]
2 + ξ

[2]
3 = 2 (8.2.5)

for the parameters.

Solving Eqs. (8.2.3) and (8.2.5), we find the parameters

ξ
[2]
2 = 2− 5ξ

[2]
1 , ξ

[2]
3 = −4 + 6ξ

[2]
1 . (8.2.6)
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8.2. Generalized third term

Interestingly, we can reproduce the nematic EOS from Eq. (8.1.13) for
infinitely long parallel HSC by setting the remaining parameter ξ[2]1 = 0.
For this choice, however, we see in the following that the third term from
Eq. (8.2.1) does not describe the system of parallel HC properly.

Scaling of a HC According to the discussion in Sec. 8.1.2, the third
term φ

[2]
3 has to be proportional to the inverse aspect ratio l−1. Using the

weighted densities of a HC from Eq. (8.1.10) with S = 1, we generalize
Eq. (8.2.2) to

16πD3

3
φ
[2]
3 = 16

(

4ξ
[2]
1 + 2ξ

[2]
2 + ξ

[2]
3

)

η3 + 16
(

6ξ
[2]
1 + ξ

[2]
2

)

η3 l−1

+ 16
(

3ξ
[2]
1 + ξ

[2]
2

)

η3 l−2 + 8
(

ξ
[2]
1 + ξ

[2]
2 + ξ

[2]
3

)

η3 l−3 (8.2.7)

Demanding that the LO term vanishes leads to the same condition as in
Eq. (8.2.3). In general, we have to ensure that

4ξ
[2]
1 + 2ξ

[2]
2 + ξ

[2]
3 = 3ξ

[2]
1 + ξ

[2]
2 = ξ

[2]
1 + ξ

[2]
2 + ξ

[2]
3 = 0 . (8.2.8)

This system of equations is not linearly independent and gives rise to
the parameters

ξ
[2]
1 =: ξ[2] , ξ

[2]
2 = −3ξ[2] , ξ[2]3 = 2ξ[2] . (8.2.9)

Inserting this result into Eq. (8.2.1), the third term

φ
[2]
3 (n2,

←→n 2) = ξ[2]
3

16π

(

n32 − 3n2Tr
[←→n 2

2

]

+ 2Tr
[←→n 3

2

])

= ξ[2] φ
(TR)
3 (8.2.10)

is unambiguously determined to have the form of Tarazona and Rosenfeld’s
expression up to the prefactor ξ[2]. This final parameter can be chosen
to adapt the third virial coefficient of the considered fluid. In order to
retain the correct functional for the HS limit, we impose the condition from
Eq. (8.2.5) and find ξ[2] = 1. Now we understand why we may not choose
ξ
[2]
1 = 0 in Eq. (8.2.6), as suggested at the end of the previous paragraph.

In conclusion, we reproduced a known result, φ(TR)
3 , for the third term of

the functional only by demanding the correct scaling behavior for some ex-
treme cases of anisotropic hard bodies. Originally, it was derived from con-
sidering HS in zero-dimensional cavities to ensure the correct predictions of
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8. Higher virial coefficients for more general shapes

FMT for sharply-peaked density profiles [242,243], which, of course, should
always be guaranteed by a general FMT functional. The only result we need
to borrow from this dimensional crossover is the explicit knowledge of the
from of φ(TR)

3 , i.e., that it does not depend on the vectorial weighted density
−→n 2. As our scaling argumentation does not provide any information about
the presence of odd-order weighted densities in general, it is worthwhile to
include the dimensional-crossover result to our discussion, regarding a more
general form of third term.

Dimensional crossover for arbitrary shapes In the following, we
briefly discuss the most general expression for the third term providing
the correct crossover to zero dimensions [243]. To systematically construct a
consistent FMT functional, we consider some grand canonical systems which
can hold at least one particle. For such combinations of zero-dimensional
cavities, the excess free energy is known exactly. This procedure also works
for anisotropic hard bodies [314,388].

For three overlapping cavities with the particle number N ≤ 1, we have
to describe the intersection between three anisotropic particles with orien-
tation ̟i centered at ri. The resulting third term [243,314,388]

φ
(0D)
3 =

∫∫∫ 3
∏

i=1

(

dRi ω
(2)(r−Ri) ρ(Ri)

)

K3({nj(r−Rj)}) (8.2.11)

depends on the kernel

K3({nj}) =
|n1 · (n2 × n3)|

24π

[

2π −
3
∑

i=1

arccos

(

(ni−1 × ni) · (ni × ni+1)

|ni−1 × ni| |ni × ni+1|

)]

(8.2.12)

with j ∈ {1, 2, 3}, where we identify n0 ≡ n3 and n4 ≡ n1. This expression
is a function of all three normal vectors ni(r − ri,̟i) on each surface at
the position r, compare the illustration in Fig. 3.2a for a one-body weight
function. Considering only one cavity and two overlapping cavities with the
same properties, yields the first and the second term of the functional in
Eq. (3.3.21) with the exact φ(MM)

2 from Eq. (3.3.6), respectively [388].

Using the full expression for the third term from Eq. (8.2.11), it can
be shown [386] for a system of parallel hard cubes that the EOS from
Eq. (8.1.13) and, therefore, the exact third virial coefficient is recovered.
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8.2. Generalized third term

However, even this general version of the third term does not yield the
exact contribution from Eq. (8.1.1) to the free energy functional at cubic
order in the density for arbitrary fluids, not even for HS. To recover the PY
EOS in the latter case, we have to renormalize the third term φ

(0D)
3 with

the prefactor 16/π2 [243]. The reason for this inaccuracy are the so-called
lost cases, i.e., three-particle configurations with with each pair of particles
overlapping but without a triple overlap, which cannot be described with
the kernel from Eq. (8.2.12) or, in fact, any other FMT expression [243,
246]. Still, the third term φ

(0D)
3 constitutes the most general non-empirical

approximation which can be found in the framework of FMT.

Expansion of the full kernel For orientationally disordered systems or
for bodies with a continuously curved surface, the general expression for the
third term from Eq. (8.2.11) is impractical regarding its numerical imple-
mentation. To deduce a consistent representation in terms of weighted den-
sities, one can Taylor expand the normalized kernel K3({nj})/|n1·(n2×n3)|2
from Eq. (8.2.12) in terms of the single components (nj)α, α ∈ {1, 2, 3} of
the normal vectors [314]. Moreover, it is convenient to introduce a free
parameter to each resulting term in order to counteract the missing contri-
bution of the full kernel for the lost cases.

Restricting ourselves to an approximation including only scalar, vecto-
rial and second-order tensorial weighted densities, we find the convenient
expression [314,388]

K[2]
3 =

ξ
[2]
A

16π
[n1 · (n2 × n3)]

2 +
ξ
[2]
B

16π

∏

{ij}

(1− ni · nj) , (8.2.13)

which contains the two parameters ξ[2]A and ξ[2]B . Replacing the exact kernel
in Eq. (8.2.11) with this approximation, we obtain the representation

φ̃
[2]
3 = +

ξ
[2]
A + ξ

[2]
B

16π
n32 −

3 ξ
[2]
A

16π
n2Tr

[←→n 2
2

]

+
2ξ

[2]
A − ξ

[2]
B

16π
Tr
[←→n 3

2

]

+
3 ξ

[2]
B

16π

(−→n T
2
←→n 2
−→n 2 − n2−→n 2

−→n 2

)

(8.2.14)

in terms of weighted densities.

As the general third term φ
[2]
3 in Eq. (8.2.10), obtained from demand-

ing the correct scaling behavior of a HC, this result does not a priori give
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8. Higher virial coefficients for more general shapes

Fig. 8.3.: Triplets of outward surface normals ni, i ∈ {1, 2, 3} of three intersecting
parallel cylinders, projected onto one body in each of the five characteristic con-
figurations. The only case with a non-zero triple scalar product n1 · (n2 × n3) in
the kernel K3 from Eq. (8.2.12) is configuration (II), where the intersection point
lies on the boundaries of two cylinders and one capping disk. Due to the term
proportional to ξ

[2]
B , the approximate kernel K[2]

3 in Eq. (8.2.13) does not vanish
in the cases (I-IIIa), where there is no pair of strictly parallel normals. Therefore,
the choice of ξ

[2]
B 6= 0 constitutes a bad approximation for systems with many con-

figurations of type (I) and (IIIa). For configurations (IIIb) and (IV), both versions
of the kernel vanish irrespective of the value of ξ

[2]
B .

rise to a functional which yields the PY EOS in the HS limit. Choosing
the parameters ξ[2]B = 0 and ξ

[2]
A = 3 or ξ[2]B = −ξ[2]A = 1, we recover φ(TR)

3

from Eq. (3.3.28) or φ(T)
3 from Eq. (3.3.29), respectively. These refined ver-

sions [243,244] of the Rosenfeld functional yield the same description of the
homogeneous HS fluid by choice of the parameters. Comparing Eq. (8.2.14)
with the restrictions for the parameters given by Eq. (8.2.9), we recognize
that the approximate kernel is compatible with the scaling of extremely
anisotropic bodies only when setting the parameter ξ

[2]
B = 0. This defi-

ciency of φ(T)
3 obviously has no noticeable influence on the description of

HS systems, which we understand after the following discussion.

Illustration and interpretation of the approximations According to
the form of the full kernel from Eq. (8.2.12), a point in which the surfaces
of three particles intersect does not contribute to the third term φ

(0D)
3 from

Eq. (8.2.11) whenever we find n1 ·(n2×n3) = 0 for the three normal vectors.
In contrast, approximate kernel (8.2.13) with ξ[2]B 6= 0 may have a non-zero
value in this case. The violation of this condition, deduced from the exact
kernel, is the reason for wrong scaling behavior of a functional with ξ[2]B 6= 0

for extremely anisotropic bodies.
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8.2. Generalized third term

To illustrate this observation, we consider a fluid of parallel HC. The
only three-particle configurations which should contribute to φ3 are those
where a diskoidal cap of one body intersects with the cylindrical parts of
two other HC, ensuring the required proportionality of φ3 ∝ ρ3L2D ∝ η3l−1,
explained in Sec. 8.1.2. As shown in Fig. 8.3, this case (II) constitutes the
only configuration where the triplet of normal vectors at the intersection
point is not coplanar. In all other cases (I), (III) and (IV), we calculate
n1 · (n2×n3) = 0 and the full kernel from Eq. (8.2.12) vanishes accordingly.

In its most general form, the approximate kernel from Eq. (8.2.13) is only
zero if ni = nj for at least one pair of i 6= j ∈ {1, 2, 3}, i.e., the configura-
tions (IIIb) and (IV). When we choose ξ[2]B 6= 0, this kernel does not vanish
in case (II), as the full kernel, but also in case (I) and case (IIIa), although
the normal vectors are coplanar. For increasingly long or increasingly short
HC, it becomes less and less likely to find a triplet of normals in the configu-
ration (II) than in (I) or (IIIa), respectively. Therefore, we understand that
the free energy per particle diverges in either case, as the contribution of
the respective configuration becomes dominant in the approximate kernel.
However, an approximation based on ξ

[2]
B 6= 0 is not that problematic for

bodies where such extreme configurations with n1 · (n2 × n3) = 0 become
null sets, as we see for HS systems.

Now we have discussed two independent explanations for the failure of
Tarazona’s third term φ

(T)
3 for anisotropic particle shapes. In contrast,

we have seen that Tarazona and Rosenfeld’s expression φ
(TR)
3 yields the

only sensible extension of the original Rosenfeld functional, regarding both
anisotropic bodies and extremely confined systems, when we include at most
rank-two tensors. However, in Sec. 8.1.2, we recognized some shortcomings
of this term, which we also expect to be remedied by the exact expression
φ

(0D)
3 from Eq. (8.2.11) or a more general approximation.

8.2.2. Expansion including tensors of higher rank

Weighted densities of rank four The logical next step in searching
a better approximation to the third term of the functional is to include
tensorial weighted densities n[r]2 of higher rank r > 2, calculated from the
weight functions in Eq. (3.2.21). In its most general form, the third term
φ
[rt]
3 ({n2,−→n 2, {n[r]2 }) may be a function of all weighted densities with in-

dex ν = 2, i.e., those with the dimension [length−1], where we consider a
maximal tensor rank rt, such that r ≤ rt.
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8. Higher virial coefficients for more general shapes

The corresponding nematic free energy depends on some additional order
parameters P̄2n, as it is the case for the functional with the generalized ζ

correction in the second term φ
{ζ[nt]}
2 from Eq. (3.3.10), truncated after

mixed weighted densities of order 2nt or, equivalently, tensors of the rank
2nt. Hence, we find the same form of the nematic orientational distribution
as in Eq. (4.2.18) when minimizing the functional. To examine the influence
of the different expressions for φ[rt]3 on the description of the nematic phase
of HSC, we only consider even values of rt. Assuming that rt ≤ 2nt, we
generalize the condition from Eq. (4.2.19) to calculate the intrinsic order
parameters

α2
[2n] := −

∂Φex

ρ ∂P̄2n
=

16

3π
A2 d2nP̄2n +A3

({

P̄2m

})

, (8.2.15)

where n ≤ nt and m ≤ rt/2.
Choosing r = 4, we find 14 independent combinations of the weighted

densities n2,
−→n 2,

←→n 2 ≡ n
[2]
2 , n[3]2 and n

[4]
2 in the most general form of the

third term. To narrow the number of possible combinations, we proceed
as in Sec. 8.2.1 using scaling arguments and the result from dimensional
crossover. Moreover, we can impose further conditions to rectify the incon-
sistent results obtained in Sec. 8.1.2 with φ

(TR)
3 .

To calculate the nematic free energy of HSC, we require the weighted
densities from Eq. (4.2.1) and the non-vanishing components

(

n
[4]
2

)

1111
=
ρ π

280

((

56 + 40S + 9P̄4

)

LD + 56D2
)

=
(

n
[4]
2

)

2222
= 3
(

n
[4]
2

)

1122
,

(

n
[4]
2

)

1133
=
ρ π

210

((

14 − 5S − 9P̄4

)

LD + 14D2
)

,

(

n
[4]
2

)

3333
=
ρ π

35

((

7− 10S + 3P̄4

)

LD + 7D2
)

(8.2.16)

of the rank-four tensors, where we find the same results for all permutations
of the indices. For parallel HSC, we set S = 1 and P̄4 = 1 The weighted
densities of a parallel HC are equal to those for a HSC with D = 0, except
for (n[4]2 )3333, which is equal to the rank-two tensor (←→n 2)33 of a HC, found in
Eq. (8.1.10), with S = 1. This is because the third component of the normal
vector to the surface of a HC is either zero on the cylindrical body or ±1 on
the capping disks. Likewise, only the components (n

[4]
2 )αααα = ρ 2a2 with

all four indices α ∈ {1, 2, 3} being equal contribute for parallel hard cubes,
as also found for the rank-two tensorial weighted densities in Eq. (8.1.16).
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Dimensional crossover result Expanding the normalized full kernel
from Eq. (8.2.12) up to fourth order in the components of each normal
vector, one finds [386]

φ̃
[4]
3 = ξ

[4]
A n32 − 3

(

ξ
[4]
A − ξ

[4]
B

)

n2Tr
[←→n 2

2

]

+
(
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[4]
C + 2 ξ

[4]
A

)

Tr
[←→n 3

2

]

− 3 ξ
[4]
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(4)
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n
[4]
2 , n

[4]
2

]

− 6 ξ
[4]
B C(2)
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[4]
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←→n 2

]]
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[4]
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[4]
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[4]
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[4]
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+ 3 ξ
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−→n 2
−→n 2 + 3 ξ
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(2)
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+ 6 ξ
[4]
E Tr

[

C(2)
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[3]
2 ,C
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− 3 ξ
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D n2C
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[

n
[3]
2 , n

[3]
2

]

− 6 ξ
[4]
E C(1)
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[
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[3]
2
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(8.2.17)

in generalization of Eq. (8.2.14). This general expression for the third term
still contains the five parameters ξ[4]A , ξ[4]B , ξ[4]C , ξ[4]D and ξ

[4]
E . As short nota-

tions, we have introduced the n-fold contraction

(

C(n)[A,B]
)

β1...βr+r′−2n

:=
∑

α1,...,αn

Aβ1...βr−nα1...αn
Bβr−n+1...βr+r′−2nα1...αn

(8.2.18)
of the product of a symmetric rank r tensor A and a symmetric rank r′

tensor B and the generalized trace

(

Tr(n)[A]
)

β1...βr−2n

:=
∑

α1,...,αn

Aα1...αnβ1...βN−2nα1...αn
(8.2.19)

of a symmetric tensor A with rank r ≥ 2n. For n = 1 and r = 2, we recover
the usual trace Tr[A] ≡ Tr(1)[A]. To express the invariants only containing
−→n 2 and ←→n 2, we conveniently stick to the familiar notation for the scalar
product and matrix-vector multiplication instead of writing C(1)[ · , · ].

Unfortunately, we see that, in contrast to Eq. (8.2.14), the coefficients
ξ
[4]
D and ξ[4]E of the terms depending on the vectorial and rank-three tensorial

weighted densities are not found in either of the terms which only include
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even-order weight functions. As our further considerations are solely based
on parallel systems and homogeneous phases, we cannot determine the val-
ues of these parameters by this method.

Scaling of a HC In generalization of the ansatz for φ[2]3 from Eq. (8.2.1),
we define

φ
[4]
3 = ξ

[4]
1 n32 + ξ

[4]
2 n2Tr

[←→n 2
2

]

+ ξ
[4]
3 Tr

[←→n 3
2

]

+ ξ
[4]
4 n2 C

(4)
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[4]
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[4]
2

]

+ ξ
[4]
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]]

+ ξ
[4]
6 Tr
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+ ξ
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2 ,C
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2

]]]

. (8.2.20)

Comparing this expression to Eq. (8.2.17), we already find the four condi-
tions

ξ
[4]
4 =

1

2
ξ
[4]
5 = −3ξ[4]1 − ξ

[4]
2 , ξ

[4]
6 = 12ξ

[4]
1 +2ξ

[4]
2 − 3ξ

[4]
3 , ξ

[4]
7 = −4ξ[4]1 +2ξ

[4]
3

(8.2.21)
for the parameters {ξ[4]k } with k ∈ {1 . . . 7}.

As in Eq. (8.2.7), we evaluate the third term

16πD3
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η3 l−3 (8.2.22)

corresponding to parallel HC. Inserting the parameters from Eq. (8.2.21),
all terms vanish, except for the term proportional to l−1. Hence, we do not
find an additional constraint from demanding the correct scaling of a HC
when starting with the result from Eq. (8.2.17), in contrast to the situation
in Sec. 8.2.1. Obviously, we cannot determine all parameters in the more
general third term from Eq. (8.2.20) by these two methods.

EOS for different hard-body fluids Our further strategy is to de-
termine the remaining parameters by demanding that the resulting func-
tional yields the PY EOS in the HS limit and the EOS from Eq. (8.1.13)
for a system of HC, infinitely long HSC and hard cubes. Each of these
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four conditions yields an additional constraint upon the the seven param-
eters {ξ[4]k }, which is linearly independent of all others, including those in
Eq. (8.2.21). Therefore, we find an overdetermined system of eight equa-
tions including seven parameters. There is no other possibility than to drop
one constraint, such that the resulting third term is still inconsistent for the
corresponding problem.

The mandatory condition arising from Eq. (8.2.22) fixes the three pa-
rameters

ξ
[4]
4 = −3ξ[4]1 − ξ

[4]
2 , ξ

[4]
6 = −6ξ[4]1 − 3ξ

[4]
3 − 4ξ

[4]
2 − 3ξ

[4]
5 ,

ξ
[4]
7 = 8ξ

[4]
1 + 2ξ

[4]
3 + 4ξ

[4]
2 + 2ξ

[4]
5 , (8.2.23)

which we impose in the following calculations yielding
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y3 = 3y3 ,

[HC]
9

16

(

11ξ
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1 + ξ

[4]
2
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y3 = 2y3 ,

[HSC]
1

40

(
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5 + 201ξ

[4]
1 + 33ξ

[4]
2 + 9ξ

[4]
3
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y3 = 2y3 ,

[Hcu]
18

π
ξ
[4]
1 y

3 = 2y3 ,

[DC] ξ
[4]
5 = −6ξ[4]1 − 2ξ

[4]
2 . (8.2.24)

We find the first constraint [HS] from comparing the contribution of the
third term φ

[4]
3 to the EOS for HS with the cubic term of the PY EOS,

Eq. (2.1.63), written in the form of a y expansion. The following equations
likewise ensure the correct EOS of [HC] parallel HC, [HSC] infinitely long
parallel HSC and [Hcu] parallel hard cubes. Finally, we recall the expres-
sion [DC] for ξ[4]5 from Eq. (8.2.21), ensuring the correct the dimensional
crossover.

IN transition of HSC To test our expansions of the third term from
Eq. (8.2.20) and discuss the influence of the different strategies to fix the
parameters, we calculate the IN coexistence densities of HSC using FMMT
in the second term. Ignoring either one of the constraints from Eq. (8.2.24),
we calculate the results shown in Fig. 8.4. We see that there is still a
significant difference between the resulting versions of φ[4]3 . However, we
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η

(a)

η

(b)

Fig. 8.4.: Isotropic–nematic coexistence densities of hard spherocylinders as in
Fig. 5.1a. We also consider the third term φ

[4]
3 from Eq. (8.2.20) using the param-

eters determined from the system of equations given by Eqs. (8.2.23) and (8.2.24).
We show the FMMT results for the unique third term obtained when dropping one
constraint from Eq. (8.2.24), which would ensure the correct (a) [HS] third virial
coefficient of hard spheres (dot-dash-dashed lines), [DC] dimensional crossover
(dot-dot-dashed lines), (b) [HSC] third virial coefficient of infinitely long parallel
hard spherocylinders (dotted lines), [Hcu] third virial coefficient of parallel hard
cubes (solid lines) and [HC] third virial coefficient of parallel hard cylinders (dot-
dashed lines).

observe that all of these new results are closer to those obtained with φ
(TR)
3

than to those for φ
(T)
3 .

Comparing the results for the different choices of the parameters, we see
that the constraints [DC] and [Hcu] are closely related, as ignoring either
of them yields a similar result. We make the same observation without
[HS] or [HSC], yielding the best agreement with simulations. In particular,
at large aspect ratios, where the contribution of the spherical caps is less
important, the agreement is excellent. However, the width of the coexistence
is overestimated for smaller aspect ratios, most apparently when dropping
the constraint [HSC]. When we determine the parameters by ignoring the
constraint [HC], the agreement with the simulation results is poor. In this
case, the transition is located clearly below the prediction with φ

(TR)
3 .

However, the shown results alone are not sufficient to argue whether one
specific choice of the parameters {ξ[4]k } is better than another one. Such
a decision would lead to a functional that is only optimized to describe
the HSC system. We rather expect that the most general values of the
parameters yield an average of the shown results, similar to the transition
densities from the functional with φ

(TR)
3 . This could be probably shown
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by loosening the constraints in Eq. (8.2.21), except for the equality [DC],
and numerically minimize the quadratic deviations for the four remaining
equalities.

While this strategy appears convenient for rt = 4, we require further and
more specific empirical input when taking the expansion of φ(0D)

3 to higher
orders. Still, a system of interest would not be described accurately, if it
is not accounted for in the first place with a particularly chosen constraint.
Therefore, we expect that a simpler version of the third term with only one
empirical parameter, which can be chosen for each case, is more convenient,
as long as no less empirical approximation is found.

8.2.3. Results of a semi-empirical modification

Preliminary remarks In Sec. 8.2.1, we found the most general form,
given by Eq. (8.2.10), of the third term φ

[2]
3 including at most rank-two

tensorial weighted densities. The free parameter ξ[2] can be chosen to re-
produce the correct third virial coefficient [313]. In order to decide whether
it is worthwhile to do so, we reconsider different results for HSC using this
correction with the fixed ξ[2] = 4/9. This value, found to be appropriate for
parallel HC, has already turned out to be very powerful in describing the
IN transition for the HD system, according to Tab. 8.1. Note that we would
obtain another factor ξ[2] = 2/3 when correcting the result from Eq. (8.1.14)
for infinitely long parallel HSC accordingly.

To test the predictions of the rescaled FMMT with the third term
φ
(TR)
3 → 4

9φ
(TR)
3 , we evaluate the mixed weighted density with a slightly

lower accuracy compared to the effort to obtain the results in chapter 5.
For problems with a long running time, we reduce the number cMC of func-
tion calls, specified in the last paragraph of Sec. 4.2.3, by a factor of about
ten. The results are shown in Figs. 8.5 and 8.6 and compared to our earlier
predictions with FMMT using φ(TR)

3 without rescaling, i.e., ξ[2] = 1. Where
it is sensible, we also discuss the relation to the results with the original
third term φ

(T)
3 .

Phase behavior of HSC reconsidered The location of the IN transi-
tion is found at higher densities when decreasing the parameter ξ[2]. For
our choice ξ[2] = 4/9, we observe a nice agreement with the simulation
data [83] in Fig. 8.5a. Likewise, also the value of the nematic order param-
eter at coexistence is improved, according to Fig. 8.6h. On the downside,
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Fig. 8.5.: Different results for hard spherocylinders with FMMT. We also consider
the semi-empirically modified third term 4

9φ
(TR)
3 from Eq. (8.2.10), denoted by the

thin short-dashed lines or the plus signs. (a) Isotropic–nematic coexistence as in
Fig. 5.1a. (b) Equation of state as in Fig. 5.4a. The dotted lines indicate the
continued nematic branch, where the nematic phase is meta- or unstable. (c)
Nematic–smectic-A transition as in Fig. 5.2a. The dotted lines serve as a guide
to the eye. (d) Nematic–smectic transition of parallel bodies as in Fig. 6.5a. The
thick dotted lines correspond to the approximation with ζ = 2. (e) Phase diagram
as in Fig. 5.3a. The dotted lines serve as a guide to the eye. (f) Isotropic–nematic
interfacial tension as in Fig. 5.7a.

336



8.2. Generalized third term

η

β (a) β (b)

η

β (c) β (d)

η

β (e) β (f)

η

β

(g)

η

(h)

Fig. 8.6.: Continuation of Fig. 8.5. Elastic coefficients as in Figs. 5.10 and 5.11.

337



8. Higher virial coefficients for more general shapes

the predicted pressure has lower values than with φ
(TR)
3 , which we see in

Fig. 8.5b for l = 5. We probably underestimate the third virial coefficient
for this small aspect ratio with the choice of ξ[2] = 4/9. The deviations
from the simulation result [82] are more significant for the nematic branch,
whereas isotropic EOS becomes quite accurate in the metastable regime.

The coexistence densities at the NSm-A transition, shown in Fig. 8.5c,
become higher when rescaling the third term. The qualitative behavior ap-
pears to be the same as for the normal FMMT, whereas the quantitative
agreement with the simulation results [83] becomes clearly better. However,
the current correction of the third term does not provide a proper improve-
ment of the smectic-A free energy on the third-virial level, which we see in
the presence of the tricritical point, presumably at about the same aspect
ratio as found with FMMT. A similar qualitative observation is made for
parallel HSC in Fig. 8.5d. We verify for both FMMT and the approxi-
mation with ζ = 2 in the second term that the behavior of the transition
line is nearly independent of the parameter ξ[2]. The improved results for
ξ[2] = 4/9 still do not agree with the simulation data [90] but are comparable
to the predictions of the Somoza-Tarazona functional [293,294].

The phase diagram of freely rotating HSC in Fig. 8.5e provides an
overview of the previously discussed points and illustrates that the influence
of rescaling the third term increases with increasing density. On the other
hand, we see in Fig. 8.5f that the IN interfacial tension does not change
significantly for a different value of ξ[2]. Recall that also the value of the ζ
parameter is of minor relevance for this problem, according to Tab. 5.2.

Elastic coefficients of HSC reconsidered Using the expression 4
9φ

(TR)
3 ,

the results for the Frank elastic coefficients in Figs. 8.6a to 8.6f are located
in between those with φ

(TR)
3 and φ

(T)
3 , irrespective of the way of presenta-

tion. Regarding the behavior of Kǫ(η) as a function of the packing fraction
η, our new predictions are the closest to the simulation data [113]. For
K1 and K2, the agreement is also better than found with other DFT ap-
proaches [296,305]. Recall that the nematic EOS, ignoring the limits of sta-
bility, is better described without a rescaling of Tarazona and Rosenfeld’s
third term. In contrast to the values of the elastic coefficients, the pressure
from our new approach is smaller than both previous predictions, which we
see in Fig. 8.6g. The behavior of Kǫ(S) as a function of the nematic order
parameter S is also improved after the rescaling with ξ[2] = 4/9.
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work η S βK1D βK2D βK3D

FMMT, 4/9TR 0.4418 0.727 0.583 0.265 1.763
simulation 0.4418 0.727 0.763(45) 0.348(24) 1.226(45)
simulation 0.4418 0.727 0.812(19) 0.352(16) 1.583(27)
PH-DFT 0.4418 0.728 0.513 0.239 1.526
FMMT, 4/9TR 0.4418 0.791 0.658 0.305 2.349
ST-DFT 0.4418 0.791 0.630 0.297 2.403
FMMT, 4/9TR 0.5027 0.849 1.109 0.523 4.823
PH-DFT 0.5027 0.849 0.907 0.430 3.705
FMMT, 4/9TR 0.5027 0.910 1.263 0.604 6.983
ST-DFT 0.5027 0.908 1.380 0.646 7.202

Tab. 8.2.: As Tab. 5.5 but for the FMMT functional with the semi-empirically
rescaled third term 4

9φ
(TR)
3 from Eq. (8.2.10).

These results encourage us to reconsider the idea of imposing both the
packing fraction and the packing fraction from a data point in the literature,
as first done in Tab. 5.5. The further comparison in Tab. 8.2 reveals that
our new approach reproduces the reference values for the elastic coefficients
with a reasonable accuracy. As the form of this functional only differs in
a factor, we can confidently use the analytic series representation validated
in Sec. 7.2.3. Taking up the conclusion from Sec. 7.4, we suggest using
our formulas from Eq. (7.2.8) with 4

9K
(TR)
ǫ,3 to obtain a simple but reliable

estimate for the elastic coefficients from measuring only the density and the
order parameters in a future study.

8.3. Discussion

Synopsis In this chapter, we aimed at improving the predictions of the
FMMT functional at high densities. We stressed that the third term φ3,
which is given by Eq. (8.2.11) in its most general form, provides the crucial
contribution to the FMT functional for anisotropic bodies. As demanded
for the second term in Sec. 7.4, we require a sophisticated approximation
which is compatible with mixtures of arbitrarily shaped particles. At best,
such an expression should not rely on empirical input.

The third term from Eq. (8.2.10), proportional to Tarazona and Rosen-
feld’s φ(TR)

3 , is the only combination of at least rank-two tensors which
provides the correct scaling of the functional for extremely anisotropic hard
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bodies. Simultaneously, it accounts for the right dimensional crossover. In-
cluding tensors of higher rank, there are multiple possibilities to fulfill these
two conditions, such that we need further empirical input. For HSC, the
semi-empirical rescaling φ(TR)

3 → 4
9φ

(TR)
3 provides an accurate and compu-

tationally cheaper alternative.

Effects of a modified extrapolation To extrapolate the functional to-
wards higher densities, we imposed some more advanced isotropic EOS and
thereby modified its general form in two different ways. Firstly, we consid-
ered the White Bear mark II version of FMMT providing different prefactors
to the existing terms. This modification only has a subsidiary effect on the
predicted behavior of anisotropic bodies. Considering a functional which
yields the Nezbeda EOS for the isotropic HSC fluid, we also find another
expression for third term itself, which is then proportional to n2

1n
2
2

n0
.

Except for the Onsager limit and the IN transition of long rods, the
Nezbeda-FMMT, based on Eq. (8.1.6), yields an improved description of
the phase behavior of HSC. The substitution n1n2 → φ

(MM)
2 in the third

term guarantees the correct scaling for infinitely long rods at a finite den-
sity. Moreover, the new functional contains a mixed weighted density in
the third term, which, according to the discussion in Sec. 5.4, could result
in the prediction of a first-order NSm-A transition of infinitely long rods.
This is because there is an additional term to the linearized free energy
from Eq. (4.2.70), proportional to 〈〈γ〉〉2. The corresponding intrinsic or-
der parameter from Eq. (4.2.72) then has to be determined self-consistently,
such that the orientation-dependent terms are still present in the final form,
Eq. (4.2.73), of the intrinsic free energy.

However, the notion of a term proportional to n2
1n

2
2

n0
should be seen skep-

tically in general. Such an expression including a weighted density in the
denominator is new to the whole framework of FMT. This could lead to
serious problems for systems where n0(r) is locally nearly zero, e.g., for
a strongly layered smectic-A phase. At the NSm-A transition, the smec-
tic amplitude usually has a moderate value or even vanishes, as it is the
case for the second-order transition of parallel HSC, considered in Fig. 8.2c.
Moreover, the SPT differential equation is not even approximately fulfilled
by the Nezbeda-FMMT and the new functional lacks of self-consistency in
Onsager’s low-density limit.

Regarding the desired generality of FMT, it seems unlikely that the

340



8.3. Discussion

particular functional derived from the Nezbeda EOS provides a reasonable
description of bodies with a completely different shape. One would rather
guess that the functional from Eq. (8.1.9), obtained from solving the SPT
differential equation, should be more appropriate in this case, but it does
not even yield an accurate description of the isotropic EOS of HSC. It has
to be verified that these functionals have the correct dimensional crossover
properties.

In conclusion, the presented functionals should be probed more carefully
for different anisotropic bodies before ultimately deciding whether it is sen-
sible to carry on with this approach. One could also think of new deriving
functionals for other shapes by a similar method. However, this strategy
becomes difficult as there are not many systems with an analytically known
isotropic EOS.

Without imposing any EOS, it would be interesting to set up a more
general differential equation for the extrapolation of the functional to higher
densities, which could be based on tensorial or new mixed weighted densi-
ties. However, it seems unlikely to find a more general form of the third
term than the one presented in Eq. (8.2.11). This expression should rather
be used as the starting point to find a better approximation, while sticking
to the familiar form of the functional or using White Bear mark II.

Expansion of the general third term The issue of finding a good
representation for the third term φ3 resembles the situation for the second
term φ2, discussed in Sec. 7.4. In principle, φ(0D)

3 from Eq. (8.2.11) provides
a desired expression, which constitutes a mixed weighted density depend-
ing on three bodies simultaneously. As the particle orientations enter in
a non-trivial way, this expression should also overcome the drawbacks of
simpler versions of the third term, regarding the linearized FMMT func-
tional. However, as demonstrated in Sec. 4.2.3, the numerical effort is al-
ready marginally large for calculating an inhomogeneous two-body weighted
density. Except for some special systems, as parallel hard cubes, or infinitely
thin disks [319], the implementation of a three-body measure is impractica-
ble.

Therefore, it is even more important to find a good approximation to
φ

(0D)
3 than for the exact second term φ

(MM)
2 . In fact, we know that the

general third term is not exact due to the lost cases in zero dimensions,
which has some consequences for the description of all hard-body systems
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except for parallel cubes. Hence, an appropriately modified expansion can
even provide improved results. In particular, we understand that the devi-
ations between the EOS of parallel HC and parallel hard cubes calculated
from FMMT and the specific FMT functionals from Refs. [325,334] are no
intrinsic inconsistencies of the FMT framework but rather a result of the
multiple possibilities to rewrite the third term of the Rosenfeld functional
in terms of orientation-dependent quantities.

Regarding the IN transition of HSC, it is difficult to tell whether the
expansion in terms of tensorial weighted densities up to rank rt = 4, dis-
cussed in Sec. 8.2.2, improves upon Tarazona and Rosenfeld’s expression
in terms of at least rank-two tensors. For rt > 4, it becomes increasingly
difficult to determine the prefactors to all invariant combinations of the in-
cluded weighted densities. Therefore, we cannot make a precise statement
about the convergence of such an expansion. Further note that we require
an approximation of the third term which should be equally accurate for
all particle shapes and mixtures. In this respect, the empirical procedure
to fix the right results for some specific problems is arbitrary.

Adapting the third virial coefficient The rescaling of φ(TR)
3 with a

free parameter ξ[2], according to Eq. (8.2.10), is more practicable than an
extension to higher-order terms. To make a precise statement about the ac-
curacy of this simple approach, we have to impose a general semi-empirical
condition to determine a certain value of ξ[2] for each particle shape. The
most obvious choice is to demand that the resulting functional yields cor-
rect third virial coefficient of the considered fluid [313], which is known
numerically for many different shapes [152]. The results with ξ[2] = 4/9,
discussed in Sec. 8.2.3, indicate the positive effect such a correction has on
the description of the HSC fluid. In general, the prefactor to the third term
also depends on the approximation in the second term φ2. For the following
discussion, we assume an exact second term using FMMT.

With the condition to adapt the third virial coefficient, the proposed
modification of φ(TR)

3 resembles the ζ approximation, determined to improve
the description of the second virial coefficient. Regarding fluids of freely
rotating particles, the most important difference is that the parameter ξ[2]

is also relevant for the isotropic EOS. Moreover, this correction explicitly
depends on the geometry of the body. For HSC, e.g., the parameter ξ[2](l)
is a function of the aspect ratio and we find ξ[2](0) = 1 in the HS limit.
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Adapting the third virial coefficient of the nematic phase by calculating
ξ[2](S, l), we have an analogy to the running ζ(S) correction, introduced
in Sec. 7.3. In further contrast to the ζ correction, the parameter ξ[2](S, l)
is a simple prefactor and therefore has no influence on the correct scaling
behavior of φ(TR)

3 for extreme aspect ratios. An accurate rescaling of the
functional for the smectic-A phase would require non-available data due
to the additional parameters describing the inhomogeneous density profile.
We should rather use the result ξ[2](S, l) found for a nematic phase with the
same order parameter. Nevertheless, we expect that this choice has quite
an effect on the description of the NSm-A transition compared to using
the same value for both phases, comparable to the observation made when
replacing the constant ζ parameter with the running ζ(S).

Regarding the generality of the functional, the parameter in the mod-
ified third term has the same shortcomings as the (running) ζ correction,
previously discussed in Secs. 5.4 and 7.4. It is not consistent to use a
functional rescaled to describe a particular one-component system for fluid
mixtures, not even for a similar shape. However, there are also some avail-
able results for the virial coefficients of binary mixtures [152]. In its general
form, depending locally on the orientational order parameter, the parameter
ξ[2](S, l) constitutes a density functional, which has to be accounted for in
the minimization process. Moreover, the accuracy of such a calculation de-
pends on the amount of available numerical results or estimates for the third
virial coefficient. For an efficient implementation, we preferably require an
approximate analytical representation of ξ[2](S, l) or stick to adapting the
isotropic value for all studied phases.

In conclusion, we can assess the proposed modification of the third term
from two different perspectives. On the one hand, the resulting functional
presumably surpasses the earlier DFT approaches. Besides being more gen-
eral, we also obtain quantitatively accurate predictions for HSC. On the
other hand, the modified FMMT now shares the semi-empirical character
of the earlier functionals, which we aimed to prevent for the second term
by introducing a mixed weighted density. Still, it would be interesting to
repeat the presented calculations for HSC with a well-motivated parameter
ξ[2](S, l) and check whether the accuracy of the results remains or whether
we even observe a further improvement.
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"Having every question answered is it gonna help at all?"

We are scientists
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9.1. About this work

9.1. About this work

Achieved goals In this thesis, I proposed different strategies to refine
FMT for anisotropic hard bodies. To validate these new approaches, I only
considered some simple systems, usually consisting of monodisperse HSC,
such that the FMT results could be compared to existing data from com-
puter simulations. As a result, this work does not provide new predictions
for such fluids but rather an improved density functional for mixtures of
hard bodies with an arbitrary (convex) shape. In addition, I obtained some
new analytical results.

One important observation made in this work is that the correct scaling
of HSC towards infinitely long rods at finite packing fraction is required to
draw a qualitatively correct phase diagram. Introducing FMMT, I provide
a new general FMT approach, which is exact up to second order in the
density. The general second term of this functional fulfills the obligatory
scaling condition for HSC. Regarding the known variants of the third term,
describing the interaction between three particles, only the form introduced
by Tarazona and Rosenfeld [243] yields the correct scaling behavior. I also
outlined that it is possible to obtain quantitatively accurate results for mod-
ified versions of the third term.

We have seen that the refined FMT framework is appropriate to study
various problems of HSC. Describing the IN transition of HD, I exemplarily
verified the accuracy of such an approach also on the other end of the shape
spectrum. In future work, it can be used with confidence to predict new
physics for yet unstudied problems.

On the empirical character of the functional In the spirit of Rosen-
feld’s FMT, it would be desirable that the ultimate version of the FMMT
functional neither relies on empirical input nor has other ingredients than
(mixed) weighted densities. Otherwise, its general nature could be spoiled
regarding arbitrary shapes and mixtures. With the notion of an exact mixed
weighted density, FMMT can obviate any semi-empirical approximation in
the second term or validate the accuracy of such an approach. In particular,
the originally proposed ζ correction neither yields quantitatively accurate
predictions nor does it generally possess the required scaling properties. In
contrast, more systematic expansions and a more elaborate rescaling con-
stitute some useful alternatives.
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Unfortunately, all presented modifications of Rosenfeld’s original third
term have some kind of empirical character. Even the most general form
found in the FMT framework, given by Eq. (8.2.11), requires an empiri-
cal correction to describe the HS fluid [243], which makes this issue rather
delicate. As a generalized version of Rosenfeld’s third term is obligatory
to describe the HS crystal, such a rescaling is generally accepted. In this
work, I revealed that the specific constraint to fix the EOS of HS does not
always provide the best results for anisotropic shapes. Hence, the inevitable
empirical decision in the third term becomes ambiguous, in particular when
there is more than one parameter to fix. The only convenient empirical
approximation with the desired generality is to adapt the third virial coef-
ficient of the specific fluid, depending on the phase, number and shape of
each component, as far as the required data is available.

As it is difficult to implement the full expression from Eq. (8.2.11) for
most shapes, we do not know how accurate the FMMT functional with this
version of the third term is in general. Its non-empirical nature and the
fact that it is exact for parallel hard cubes make a systematic expansion
desirable, such that we can test the predictions of the general third term
for some other problems. The considered expansion in terms of tensorial
weighted densities, however, appears to be impracticable and to converge
slowly.

9.2. Outlook. I. Further refinement

Current problems reconsidered Complementing the outcome of this
work, we can learn even more about the performance of the FMMT func-
tional by reconsidering some of the presented calculations in more detail.
First of all, a free numerical minimization provides more accurate results for
inhomogeneous problems. This procedure is most needed for the descrip-
tion of the IN interface, where we expect a noticeable effect on the value of
the interfacial tension, leading to a better agreement with the simulation
result. Moreover, there are some additional qualitative features of the equi-
librium density profile, i.e., a non-monotonic modulation and biaxial effects,
which have not yet been observed in a calculation with FMT. Regarding
the computational effort, a good compromise would be to use the running
ζ(S) correction as a convenient approximation of the full mixed weighted
density in FMMT.
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As a further test of our new functionals, we can consider problems with
a lower symmetry than the smectic-A phase. For HD or oblate HC with
a finite thickness, FMMT should predict a stable columnar phase. The
solid state constitutes the ultimate test. As long as we ensure that the
third term has the correct dimensional-crossover properties, we expect that
the results for the crystal of anisotropic particles are quite accurate, i.e.,
that the deficiencies of the general third term affecting the fluid phases are
not that relevant. As done for the smectic phase of HSC, we can restrict
the orientational degrees of freedom and consider parallel rods to reduce the
computational effort. Moreover, it would be interesting to examine whether
HSC exhibit a similarly rich phase behavior in the Zwanzig model as hard
parallelepipeds [330,336].

Calculating the correlation length of the isotropic and nematic phase by
solving Eq. (2.3.50) does not provide a quantitatively accurate result. It
would be interesting to compare the result of a more elaborate calculation
with the predicted width of the IN interface. To do so, we have to extend
the presented approach by including further rotational invariants in the ex-
pansion of the DCF [349]. To test the functional, the calculated expansion
coefficients of the DCF should also be compared to an appropriate simu-
lation result. This systematic strategy was applied in Ref. [321] with the
FMT functional for HD [319].

Enhancing the first attempts made in Ref. [382], the calculation of the
Frank elastic coefficients of HC will be beneficial. The results in the HD
limit can be compared to recent simulation data [116]. One should further
discuss the elastic coefficients as a function of the aspect ratio, i.e., for a
continuous change from a prolate to an oblate particle shape. The behavior
of the ratio K1/K3 is particularly interesting in this respect.

Alternative approximations Up to now, we possess two approxima-
tions of the exact mixed weighted density in the second term, which are quite
accurate for the presented problems of HSC when compared to FMMT. In
general, both the running correction with ζ(S) and the generalized ζ cor-
rection do have their limitations, which we discussed in Sec. 7.4.

The most general systematic approximation of the mixed weighted den-
sity from Eq. (3.2.36) is arguably provided by Wertheim’s expansion into
spherical harmonics [377]. In contrast to the approaches considered in this
work, this expansion takes into account all contributions to the exact second
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term when taken to infinite order, is not limited to a specific type of par-
ticles and can be used for mixtures. The first two terms are equivalent
to the scalar and vectorial weight functions, according to the separation
Eq. (3.2.41). Therefore, also this expansion has to be taken to a high order
to avoid an inconsistent description of bodies with a very large or small
aspect ratio at finite packing. The expansion into spherical harmonics be-
comes particularly simple when we consider polyhedra instead of bodies
with a continuously curved surface [312,386]. Note that one can approx-
imate any smooth shape by an appropriate polyhedron with an arbitrary
precision and therefore obtain comparable results. A similar strategy can
also be applied for an expansion of the general third term from Eq. (8.2.11)
into spherical harmonics, which currently is work in progress [386].

Alternatively, it might be worthwhile to expand the denominator of the
full mixed weight function Ω(12)

ij from Eq. (3.2.36) rather than that of ω(12)
ij

from Eq. (3.2.40), which yet has been exclusively done to obtain the current
approximations of the second term. The resulting functional presumably
would not suffer from the divergence of the free energy per particle for
extremely elongated bodies at a finite packing fraction. However, it becomes
difficult to define well-motivated corrections for the truncated expansion.
Even for a HSC, a parameter equivalent to the ζ correction would depend
on the aspect ratio.

9.3. Outlook. II. New applications

General overview We can think of various future applications of our
new theory for anisotropic particles. The framework of FMMT is valid for
mixtures of differently shaped particles. As a fundamental feature of all
density functional approaches, it can describe fluids in the presence of an
arbitrary external potential. Moreover, a general equilibrium theory for
hard-body systems is an ideal starting point to describe non-equilibrium
situations or fluids with long-range interactions.

With the general decomposition of the Mayer function from Eq. (3.2.35),
we can derive FMMT in an arbitrary dimension d. This is particularly
helpful for even values of d, where it is not possible to find a deconvolution
into a finite number of one-body weight functions [237]. In two dimen-
sions, the version of FMT derived from zero-dimensional cavities contains a
mixed weighted density [243], which was also generalized to mixtures [333].
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We can show by comparing the kernel therein to the mixed measure from
Eq. (3.1.30) that this functional is reproduced by FMMT when applied to
(two-dimensional) hard disks. The same result was also found from a de-
convolution with an infinite number of terms [315], which is similar to that
in Eq. (3.2.20) for the three-dimensional case.

Hard walls and mixtures Like the IN interface, a fluid in the presence of
a hard wall constitutes a simple example for an inhomogeneous system with
a homogeneous bulk limit far away from the distortion. The behavior of the
isotropic HSC fluid at a hard wall was already studied with the constant ζ
parameter [139] and the running ζ(S) correction [140]. The shortcomings
of both approaches were pointed out to be a result of the truncation after
the term including weighted densities of order two. To carry on with this
discussion, FMMT or the generalized ζ correction with a higher truncation
order should be used for the same problem. Likewise, the predictions for
the nematic fluid at a hard wall can be compared to results from computer
simulation [128] and the (extended) Onsager approximation [266,389].

Regarding binary mixtures, FMMT provides a sophisticated approach
beyond the current extended Onsager models [289,290,291,292]. Restricting
the shape of the particles to the special cases of HS, HD and Onsager HSC,
one should further compare FMMT to the FMT functionals for mixtures of
these bodies [317,318,319,320,323]. One can also use FMT to study poly-
disperse mixtures. Polydispersity is inherent in real colloidal systems [61].
According to both DFT [390] and computer simulations [91,391], the phase
diagram is quite sensitive to the degree of polydispersity. In particular, the
smectic-A phase appears to be destabilized in a highly polydisperse system.

More exotic systems With the generality of FMMT, one may consider
almost any particle shape. The mathematical restriction to convex bod-
ies in the derivation of the functional does not need to be considered as a
strict constraint in the sense that it is possible to calculate an approximate
free energy also for fluids of non-convex particles, for example, hard dumb-
bells [314]. Therefore, FMMT can be used to describe most colloidal systems
observed in experiments [60] or considered in computer simulations. As an
interesting example, one can study a system of hard pear-shaped bodies,
which exhibits a phase with the symmetry of a gyroid [392,393].

One can further introduce more general constraints provided by external
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9. Concluding remarks

potentials, such as aligning fields [394,395], solely acting on the orientation
of each particle, or confining geometries [395]. A more realistic colloidal
system can be modeled with a potential in the form of a gravitational field,
for example, to describe sedimentation experiments [324,396] and calculate
stacking diagrams [397,398].

The first step to obtain a more quantitative theory for thermotropic Liq-
uid Crystals is to perturbatively include an attractive part of the interaction
potential according to Eq. (2.3.14). Doing so, one can also compare some
appropriate FMMT results to computer simulations for soft bodies.

FMT for time-dependent problems Dynamical density functional the-

ory (DDFT) [399,400] is a tool to study the time evolution of colloidal parti-
cles exhibiting Brownian motion. As an extension of equilibrium DFT, one
has to solve a differential equation for the time-dependent density ρ(r, t). It
is assumed in this original formulation of DDFT that the non-equilibrium
correlations have the same form as those in an equilibrium system, which
is called an adiabatic approximation [401]. However, the superadiabatic
contributions which force the instantaneous system out of equilibrium are
important even in simple systems [402].

Recently, the framework of DDFT was taken to the next level by intro-
ducing power functional theory [403], which also accounts for non-adiabatic
forces. The theory gives rise to a convenient generalization of the Ornstein-
Zernicke equation [404,405,406] describing the particle correlations in a non-
equilibrium situation. In analogy to the Euler-Lagrange equations in clas-
sical DFT, Eq. (2.3.6), the equation of motion results from the variation
of the free power, which is a functional of both the density ρ(r, t) and the
current J(r, t). As a special case of power functional theory, DDFT is recov-
ered when ignoring all contributions to the power dissipation beyond that
of an ideal gas [403].

The framework of adiabatic DDFT was also generalized to describe the
translational and rotational Brownian motion of anisotropic particles [401,
407]. Such an approach can be used to predict the collective dynamics of
active hard particles [407,408] as a model for biological swimmers, as the
E. Coli bacterium [409]. The foundation of each proper dynamical theory
is a good account of the static situation, i.e., a sophisticated expression for
the excess free energy of the system. To do DDFT for anisotropic systems,
FMMT, or an appropriate approximation, is a convenient starting point.
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9.3. Outlook. II. New applications

As a further application, one can calculate the short-time diffusion co-
efficients [410] of anisotropic bodies by deriving a diffusion equation from
DDFT [411]. Using the original edFMT functional, some analytic results
describing translational diffusion were obtained for the isotropic and the
nematic phase of HSC [411]. In a future effort, also the rotational diffu-
sion coefficients should be addressed. However, with the considered version
of DDFT for anisotropic bodies, it was not possible to describe the long-
time self-diffusion of HSC [412], which is especially relevant in experimental
systems [413]. For a more realistic description of diffusion, one has to go
beyond the standard formulation of DDFT [403,414,415,416] or include hy-
drodynamic interactions [417,418,419].

The time evolution of the orientational distribution of HSC in a peri-
odic aligning field was also examined within a DDFT based on the original
edFMT [394,420]. Depending on the excitation frequency, different dynam-
ical states were observed. The state diagram from a subsequent simula-
tion study [94] differs quantitatively from the DDFT result. It is not clear
whether these deviations are due to the shortcomings of the original edFMT
functional for the static system or of adiabatic DDFT itself. With the ex-
perience gained in the present work, we stress that it should be checked
whether the agreement between theory and computer simulation can be en-
hanced by using a more appropriate version of the excess free energy as an
input for DDFT. In particular, we recommend to use one of the presented
improvements upon the empirical ζ correction and third term proportional
to Tarazona and Rosenfeld’s expression [243] instead of the original choice.
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