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Abstract

Beamformer designs that provide high directional gain witha small array aperture and a small

number of sensors are highly desirable for applications such as hands-free communication and
telecommunication, and acoustic front-ends for human-machine interfaces. However, their ap-
plication in practice is greatly limited due to the high sensitivity of these designs to sensor

self-noise, mismatch between sensor characteristics, andimprecise sensor positioning, which
are typically unavoidable in practice. It is therefore necessary to control the robustness of these

beamformer designs. The white noise gain (WNG) is a well-known and widely used robustness
measure for beamformers. However, its application in controlling the robustness of broadband

beamformer designs has been somewhat limited due to the difficulty of incorporating it directly
into the design as a constraint. Beamformer designs that control the robustness by constraining

the WNG directly are highly desirable.
This thesis provides a generic framework for the design of robust time-invariant broadband

beamformers as a constrained optimization problem, where robustness is achieved by constrain-

ing the WNG directly. In the constrained problem we seek to minimize a beamformer cost
function that is convex subject to constraints on WNG and on the response in the desired look

direction.
Six special cases of the generic framework were derived. Theconstrained problems are

shown to be convex and therefore well-known methods for convex optimization can be used to
solve these problems resulting in globally optimal solutions for the chosen design parameters.
Simulations confirmed the ability of these designs to constrain the WNG effectively, thus en-

suring robust beamformer designs. Thus the generic framework allows for flexible robustness
control via constraining the WNG directly.

Furthermore, this thesis provides a method for three-dimensional room geometry infer-
ence based on robust and high-resolution beamforming techniques that are special cases of

the generic framework. Uncontrolled broadband acoustic sources such as speech are used to
infer the room geometry. The high accuracy of the proposed room geometry inference tech-

nique is confirmed by experimental evaluations based on bothsimulated and measured data for
moderately reverberant rooms.
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Zusammenfassung

Keulenformer-Entwurfsmethoden, (engl. Beamformer designs) die eine hohe

richtungsabhängige Verstärkung (engl. directivity) mit einer kleinen Sensorgruppen-
Apertur (engl. sensor-array aperture) und einer geringen Anzahl an Sensoren bieten, sind

sehr wünschenswert, insbesondere für Freisprechanwendungen und andere Mensch-Maschine-
Schnittstellen mit akustischer Vorverarbeitung. Der praktische Nutzen solcher Methoden ist

jedoch auf Grund der hohen Empfindlichkeit gegenüber dem Eigenrauschen der Sensoren,
einem fehlendem Abgleich ihrer bertragungseigenschaftenund einer zu ungenauen Platzierung

der Sensoren stark beschränkt. Daher ist es notwendig, dieRobustheit dieser Entwurfsmetho-
den zu steuern. Der Gewinn für inkohärentes Rauschen (engl. White Noise Gain (WNG)) ist
ein etabliertes und weit verbreitetes Maß zur Bestimmung der Robustheit von Keulenformern.

Allerdings war die Verwendung dieses Maßes zur Steuerung der Robustheit breitbandiger
Keulenformer-Entwürfe bislang beschränkt, da sich einedirekte Einbeziehung dieses Maßes

in den Entwurfsprozess schwierig gestaltet. Entwurfsmethoden für Keulenformer, die die
Robustheit durch Begrenzung des WNG direkt steuern sind hochgradig wünschenswert.

Die vorliegende Arbeit stellt einen allgemeingültigen Ansatz vor, in dem sich der En-

twurf robuster zeitinvarianter Breitband-Keulenformer als Optimierungsaufgabe mit Nebenbe-
dingung darstellt, wobei die gewünschte Robustheit durcheine gezielte Begrenzung des WNG

erreicht wird. In dieser Optimierung mit Nebenbedingung ist eine Kostenfunktion des Keu-
lenformers zu minimieren, die konvex hinsichtlich der Einschränkungen des WNG sowie der
Übertragungsfunktion für die gewünschte Blickrichtungist.

Sechs Spezialfälle des vorgestellten Rahmenwerks wurdenin der vorliegenden Arbeit
abgeleitet. Es wird gezeigt, dass die Probleme mit Nebenbedingung konvexer Natur sind und
deswegen bekannte Methoden der konvexen Optimierung verwendet werden können, sodass

das globale Optimum für die gewählten Entwurfparameter erreicht wird. Simulationen belegen
die Eigenschaft der vorgeschlagenen Herangehensweise, den WNG effektiv zu begrenzen und

so robuste Keulenformer-Entwürfe zu gewährleisten. Daher erlaubt dieser allgemeine Ansatz
eine flexible Einstellung der Robustheit durch die direkte Begrenzung des WNG.

Darüber hinaus beschreibt diese Arbeit eine Methode zur Gewinnung von Information über

die Geometrie dreidimensionaler Räume durch hochauflösende Keulenformer-Techniken, die
sich als Spezialfälle des allgemeinen Ansatzes ergeben. Unbekannte und breitbandige akustis-

che Quellen wie Sprache werden zur Ableitung der Raumgeometrie eingesetzt. Die hohe
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Genauigkeit des Verfahrens zur Bestimmung der Raumgeometrie wird durch experimentelle

Auswertungen gezeigt, die sowohl auf simulierten als auch auf real gemessenen Daten mit
moderatem Nachhall basieren.
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1 Introduction

In recent times, the interest in and research on acoustic human-machine interfaces has in-

creased dramatically due to the increasing desire for convenient and natural human/machine
interaction. One of the main components of such interfaces is the multichannel acoustic

front-end processing for the extraction of acoustic sources in noisy and reverberant environ-
ments, with minimum constraints on the location of the acoustic sources (e.g., the speak-

ers) relative to the microphones. Typical applications include interactive TV [MSM+09],
speaker diarization [LJF94, AWH07, ABE+12], teleconferencing [CNBE91, KJG94, Chu95,
Elk96, MV96, Chu97, Fla04], hands-free communication and telecommunication in cars

[GX90, OVP92, Gre93, DCN97, SH06], robot audition [VRM04, NINN12], and public in-
formation terminals [RSSM, Fla04, RVCT09].

One of the main goals of acoustic front-ends is the extraction of the desired source signal
with little or no distortion, and the suppression of unwanted interference signals and noise. The

early acoustic human-machine interfaces were restricted to a single acquisition channel which
implied single-channel signal processing algorithms. Now, with multichannel acquisition, the
application of multichannel signal processing algorithms, which allow spatial filtering in addi-

tion to temporal filtering1, becomes common.

Up to now, multichannel acquisition is facilitated mostly by a compact array of sensors,

e.g., microphones, which sample the acoustic wavefield. A wide range of off-the-shelf prod-
ucts have built-in compact microphone arrays, e.g., laptops, cellphones, and digital hearing

aids. If the geometries of the compact arrays are fixed and known a priori, a versatile form of
spatial filtering termedbeamformingmay be applied. The fundamental idea is to process the

array signals so that desired signals are captured undistorted while attenuating the undesired
signals. Beamformers were originally developed for satellite communication, radar, and sonar,
where the signals processed were typically narrowband [VB88]. This work inspired and formed

the basis of the development of beamformers for broadband signals [BW01], such as speech,
where a beam of increased sensitivity is steered towards thedesired and possibly moving source

[FJZE85, FBE+91, Kel91, SPFR97, MSM+09]. Broadband beamforming is especially challeng-
ing for acoustic signals, considering a frequency range from 20 Hz to 20 kHz, as these are 10

octaves (3 decades) of bandwidth that may need to be covered.

Beamformers can be grouped into two broad categories, namely time-invariant beamform-

1Note that the terms spatial filtering and temporal filtering are used to represent spatially selective filtering and
spectrally selective filtering, respectively.
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ers and time-variant beamformers. In time-invariant beamforming, a set of filters are typi-

cally computed offline and are kept fixed during the entire period of operation. The time-
invariant beamformers can be further subdivided into two sub-categories depending on whether
the design of their filters uses knowledge derived from the sensor signals or not, i.e., time-

invariant data-independent beamformers, e.g., the delay-and-sum beamformer [Van02, EM08],
and time-invariant data-dependent beamformers for stationary processes and time-invariant

scenes [BW01], respectively. The work presented in this thesis focuses on time-invariant beam-
forming.

In contrast, the filters in time-variant beamforming are updated over time, i.e., they are not
fixed. The filters are typically updated based on knowledge onthe current sensor signals or the

short-term statistics derived from them. The time-variantbeamformers can be subdivided into
time-variant statistically optimal beamformers for non-stationary processes and time-variant

scenes, e.g., the linearly constrained minimum variance beamformer [Fro72], and adaptive
beamformers, e.g., the generalized side-lobe canceler [GJ82].

Two underlying assumptions in most beamformer designs are that the array geometry is
perfectly known, i.e., no positioning errors exist, and thephases and gains of all the sensors
are perfectly matched. When dealing with real arrays, theseassumptions are usually violated

to some extent, i.e., the sensors can only be positioned withfinite precision and the sensors
characteristics are not perfectly matched. This is especially the case when dealing with low-

cost off-the-shelf arrays. Additionally, the sensor self-noise may not be negligible. All these
aspects degrade the beamformer’s performance.

The incorporation of arrays in relatively small devices that have strict constraints on size and
cost results in arrays with a limited aperture and consisting of a small number of sensors. Due

to the broadband nature of acoustic signals such as speech, the spatial selectivity of classical
beamformers is limited at low frequencies. In such cases, the application of beamformer designs

which provide high directional gain with a small array aperture and a small number of sensors
is desired. However, this comes at the price of high sensitivity to spatially white noise, such

as sensor self-noise, mismatch between sensor characteristics, and sensor positioning errors
[GM55, CZK86]. This greatly limits their application in practice [BS01]. Therefore, the control
of the robustness of these beamformer designs is necessary.

Various methods have been proposed to increase robustness of broadband beamformers
in literature: Iterative design schemes based on maximizing the array gain subject to a con-

straint on the white noise gain (WNG) for data-dependent beamformers were developed in
[CZO87, BS01]. In [EKG05] a method was proposed based on the optimization of the worst-

case performance. Doclo et al. [DM07] proposed methods which take into account the statistics
of the microphone characteristics under the assumption that they are known a priori. Diagonal

loading of the covariance matrix for time-variant data-dependent beamformers was proposed in
[Car88]. For the time-invariant data-independent broadband frequency-invariant beamforming

design proposed in [Par06], Tikhonov regularization [Han98] was used.
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One of the most widely accepted and commonly used measures ofrobustness of a beam-

former is the WNG [Van02, BS01] (see Chapter 2, Section 2.4.3). This is due to the fact that er-
rors due to mismatch between sensor characteristics and position errors are nearly uncorrelated
from sensor to sensor and affect the beamformer in a manner similar to spatially white noise.

Thus, constraining the WNG is an effective way of controlling the robustness of a beamformer
design. Although this measure has been known for some time, e.g., it was used in [CZO87], its

application in controlling the robustness of broadband beamformer designs has been somewhat
limited due to the difficulty of incorporating it directly into the design as a constraint. This re-

striction has now been effectively removed, especially for time-invariant beamformer design, by
the application of optimization methods to beamformer design, since optimization methods are
well suited for solving constrained problems [BV04]. This is especially true for beamformer

designs whose cost functions are convex and therefore convex optimization methods, which
guarantee globally optimal solutions, may be used. Fortunately, a large number of beamformer

designs have convex cost functions.

The application of convex optimization methods for the design of beamformers has in-

creased significantly in recent times [LB97, Luo03, VGL03, EKG05, HZYE07, KMM+08,
GSS+10, PE10, GSS+10, BC13]. One of the main conclusions of [LB97] was that convex opti-

mization is an excellent tool for beamformer design. This isespecially the case for offline op-
erations such as the determination of the filter coefficients for beamformers with time-invariant

filters, i.e., time-invariant beamformers. It is of interest to note that the publication [MB10]
shows that convex optimization is now applicable to an increasingly wider range of real-time

applications, and therefore may be applicable for time-variant beamforming in the near future.
The major advantage of formulating beamformer designs as convex optimization problems is
the inherent flexibility in allowing the addition of multiple convex constraints to convex beam-

forming cost functions [GSS+10].

In this thesis we will address the design of robust time-invariant broadband beamformers as
a convex optimization problem, with the main focus on time-invariant data-independent broad-
band beamformers. In contrast to previous work, we address this by directly constraining the

WNG of time-invariant beamformers by solving constrained problems. Since the WNG is one
of the most widely used measures for beamformer robustness,constraining the WNG directly is

an important and logical step. Although constraining the WNG of a beamformer design, whose
cost function is convex, does not generally result in a convex problem (the WNG constraint is

not convex (see Appendix B.4)), adding a constraint that aims at ensuring that the desired sig-
nal is not distorted results in a constrained problem that isconvex. Therefore, well-established

methods for convex optimization may be used to solve them efficiently and the solutions are
globally optimal.

The main contribution of this thesis is the formulation of a generic framework for the de-
sign of robust time-invariant broadband beamformers. The generic framework is based on a

constrained problem that is convex. Several beamformer designs, which are special cases of the
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generic framework, will be introduced. The beamformer designs may vary from plain delay-

and-sum beamformers to highly sensitive superdirective beamformers according to the user’s re-
quirements. The application of one of the robust beamformerdesigns to the field of room geom-
etry inference is also presented. It should be noted that although this thesis is mainly restricted

to convex problems and time-invariant beamformer designs,the introduced generic framework
can be applied to non-convex problems and time-variant data-dependent beamformer designs.

Although for the resulting nonconvex problems a global optimum is no longer guaranteed, it
is still possible to obtain good solutions. The role of convex optimization methods for finding

good solutions for nonconvex problems is briefly discussed in [BV04].

The work presented in this thesis is structured as follows: In Chapter 2 we start by dis-

cussing the fundamentals of propagating acoustic waves andhow they are modeled. The signal
and array model is then introduced. Based on these models, the fundamental concepts for

the beamforming paradigm are then described and the most common beamformer performance
measures are introduced. Subsequently, a sensitivity analysis of beamformers to imperfections
in the array model is carried out and the validity of the WNG asa robustness measure is verified.

Next, some known time-invariant and time-variant beamformer designs are described, and some
examples are used to highlight the strengths and the limitations of some common beamformer

designs.

Motivated by the need to flexibly control the robustness of beamformer designs, Chapter 3

introduces a generic framework for the design of robust time-invariant broadband beamform-
ers based on constraining the WNG directly. Five special cases of this generic framework

are introduced: First, two least-squares designs for robust distortionless beamformers are de-
rived. Second, a least-squares design of robust polynomialbeamformers, which allow for easy,

continuous-angle, and dynamic steering, is derived and a method that exploits symmetries in
the array to enhance the performance of these beamformers isdescribed. Third, a robust maxi-
mum directivity beamformer is described that also allows the incorporation frequency-invariant

nulls. Finally, a robust time-invariant data-dependent beamformer design for stationary pro-
cesses and time-invariant scenes is described. Design examples for different array geometries

are used to evaluate the performance of these designs. The important conclusions of the chapter
are summarized at the end.

Chapter 4 presents a beamformer-based technique for the inference of the geometry of a
room. The beamforming methods used here are based on the generic framework for robust

beamformer design introduced in Chapter 3. The inference precision is greatly enhanced by the
application of the robust beamformers, even allowing for successful inference in highly chal-

lenging acoustic scenarios. A comprehensive experimentalevaluation of the inference tech-
nique for both simulated and real measurements, using a compact off-the-shelf microphone
array, is presented.

Finally, the thesis is summarized and concluded in Chapter 5. In addition, some ideas and

suggestions for future work are presented.
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In Appendix A the overdetermined linear least squares problem is introduced. The basic

principles of convexity are presented in Appendix B and someimportant proofs are given. The
application ofCVX, a package for specifying and solving convex optimization problems, to
solve constrained optimization problems is described in Appendix C. In Appendix D a concise

overview of eigenbeam processing for correlated signal processing is described. Some results
for one dimensional reflection point estimation are presented in Appendix E.
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2 Fundamentals of Broadband
Beamforming

The performance of systems designed to capture a desired signal in an acoustic environment is

often severely affected by the presence of interfering signals and/or noise [JD93, BW01, Her05].
The characteristics of the signals, which are emitted by physical sources, vary depending on the

application scenario. If the desired and interfering signals occupy the same temporal frequency
band, then linear temporal filtering alone cannot completely recover the desired signal without
distortion [Bol79, BMC05, BSH08]. However, when the signals, which may originate from

different spatial locations, are captured using an array of sensors2, spatial filtering in addition to
temporal filtering can be applied to facilitate a better extraction of the undistorted desired source

signal and suppression of unwanted interference signals [VB88, BW01, Her05, BSH08]. This
may be accomplished by abeamformer, which is a spatial filter that uses a spatially extended

aperture in order to allow signals propagating in a small angular region to pass undistorted
while attenuating signals from all other directions. The term beamformingderives from the fact
that for early spatial filters the sensitivity, as a functionof the direction of arrival (DOA), was

designed to form beams in order to receive a signal radiatingfrom a specific DOA and attenuate
signals from other directions [VB88].

In the following, we will first discuss the fundamentals of acoustic wave propagation. Then
the signal model and the array model are introduced. Some important beamforming concepts

and the most common beamformer performance measures are then described. Subsequently,
the sensitivity of beamformer designs to imperfections in the array model is analyzed and it is

shown that maximizing the WNG, as introduced in Section 2.4.3, is analogous to minimizing
sensitivity. Furthermore, some existing time-invariant and time-variant beamformer designs are
described, and some examples of common data-independent beamforming designs are used to

highlight the strengths and the limitations of each design.

2Since we consider acoustic wave fields, the sensors used are microphones. However, the term sensor will be
used in the following discussions because the analysis and the techniques which are developed in the following are
applicable to other fields [Teu07], e.g., antennas for radarand hydrophones for sonar [JD93, Van02].
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2.1 Propagating Acoustic Waves in Space

The propagation of acoustic waves in a homogeneous, dispersion-free, and lossless medium can
be modeled by the linearized scalar wave equation, which is given by [JD93]

▽2s(t, p) =
1
c2

∂2s(t, p)
∂t2

, (2.1)

wheres(t, p) is the instantaneous acoustic pressure fluctuation of sound, which is a function of
the position of the observation,p, and timet, ▽2 is the Laplacian operator, andc is the wave

propagation speed. For an acoustic wave traveling through air, c is given by [JD93]

c =
√

ZT0, (2.2)

whereT0 is the ambient temperature andZ = 4.007× 102 m2s−2K−1 is a constant, which is
computed using the gas constant per mole, the specific heat ratio, and the molar mass of air

[JD93]3. The scalar acoustic wave field must satisfy (2.1) at all points in space.

ϑ

ϕ

ρ

x

y

z

Figure 2.1: Right-handed orthogonal coordinate system with Cartesian coordinates (x, y, z) and spherical

coordinates (ρ, ϑ, ϕ).

The position vectorp denotes the three spatial variables, i.e., (x, y, z) in Cartesian coordi-
nates and (ρ, ϑ, ϕ) in spherical coordinates, as depicted in Fig. 2.1. The variableρ is the radius,

ϑ ∈ [0◦, 180◦] is the elevation angle, andϕ ∈ [0◦, 360◦[ is the azimuth angle. The Cartesian
coordinates are related to the spherical coordinates by

x = ρ sinϑ cosϕ,

y = ρ sinϑ sinϕ,

z = ρ cosϑ. (2.3)

3Unless stated otherwise, throughout this thesis we assumec = 343 ms−1 for a temperatureT0 = 293◦ K (20◦C)
and normal atmospheric pressure of 101 kPa.
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One solution to (2.1) is the plane wave, which describes a sound field where all acoustical

quantities depend only on the timet and only a single direction [JD93, Aic07]. The wave fronts
are parallel planes of constant amplitude. If we assume justone wave traveling away from the
acoustic source in a free-field environment, then a solutionto (2.1) for a monochromatic signal,

which may be interpreted as amonochromatic plane wave, is given by [JD93]

s(t, p) = A0 e− j(ω0t−kT
0 p), (2.4)

whereA0 is the amplitude,ω0 is the temporal frequency and (· )T denotes the transpose. The
vectork0 is called thewavenumber vectorand is defined as [Van02]

k0 = −
ω0

c
[sinϑ cosϕ, sinϑ sinϕ, cosϑ]T

= −ω0

c
a(Ω), (2.5)

wherea(Ω) is a unit vector pointing in the direction of propagation, withΩ = (ϑ, ϕ). Therefore,
a plane wave has constant amplitudeA0 and propagates in the direction determined bya(Ω).

The wavevector’s magnitude
k0 = ω0/c = 2π/λ0, (2.6)

whereλ0 as the wavelength, expresses the number of cycles in radiansper meter of length in

the direction of propagation and thus can be considered to bea spatial frequency variable. It is
termed the wavenumber. It should be noted that

τ(Ω) = −aT(Ω)p
c

(2.7)

is the propagation delay with the origin of the coordinate system as reference.

Another solution to (2.1) is the spherical wave which describes a sound field where a spher-
ically symmetric wave spreads out from a point source centered at the origin of the coordinate

system. In this case the wave fronts are spheres concentric to the spatial origin [Aic07]. A
solution to (2.1) for a monochromatic signal, which is termed amonochromatic spherical wave,

is given by [JD93]

s(t, ρ) =
A0

ρ
e− j(ω0t−k0ρ) . (2.8)

In this case, the amplitude of the wave is inversely proportional to the distanceρ. In general,

the radiation patterns of a large number of sources may be modeled by spherical waves if the
positions of observation are close to the source [JD93, Zio95]. In this case, the source is con-
sidered to be in thenearfield. However, as the distance of observation increases, the radiation

patterns of the sources may then be modeled as plane waves because the wavefront’s curvature
as observed by a given finite aperture decreases with increasing distance. The source is now

considered to be in thefarfield. In many cases the approximate distance at which the farfield
condition may be valid is [Teu07]

ρ >
2d2

max

λ0
, (2.9)
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wheredmax is the maximum distance between observation positions within the given aperture.

Since acoustic wave propagation in air can be considered in many cases a process satisfying
the criteria of linearity, the superposition principle applies4. Therefore, several propagating

sources, which may even be broadband, can occur simultaneously without interaction. Thus,
the wave equation governs how signals pass from a source radiating energy to an observation
point [JD93].

2.2 Signal and Array Model

An array ofNsensensors located at distinct spatial locationspm, m= 0, . . . ,Nsen− 1, as depicted
in Fig. 2.2, is used to sample an acoustic wavefield [JD93]. The center of gravity of the array
is assumed to coincide with the origin of the coordinate system. With regards to anideal array

model, we consider the case where there are no sensor positioning errors and all sensors are
perfectly matched, i.e., the magnitude and phase responsesare identical, and omnidirectional5.

We also assume that the sensor self-noise is negligible and waves propagate in a free field, i.e.,
the sensors do not alter the wavefield they are measuring [Teu07].

p0

pm

pNsen−1

x

y

z

Figure 2.2: Arbitrary array geometry withNsensensors and an acoustic source.

The discrete time signalxm(κ), with κ being the discrete time index, captured by each of the

4The propagation of acoustic waves can be described by linearlaws only in the case of infinitesimal amplitudes.
When the acoustical pressure is of finite amplitude (high-intensity acoustic waves), the equations of motion become
nonlinear[CPDGJ99]

5It should be noted that in general the sensors’ spatial characteristics are not restricted to being omnidirectional.
They may be, e.g., cardioid or supercardioid. Here we restrict our analysis to omnidirectional sensors for simplicity.
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Nsen sensors of the array is modeled as a filtered version of the desired source signals1(κ) and

the interference signalssi(κ), i = 2, . . . ,NS, plus additive noisenm(κ). The signalxm(κ) captured
by them-th sensor, which is real and of broadband nature here, can then be expressed as [Aic07]

xm(κ) =
NS
∑

i=1

L0(m)−1
∑

l=0

him,l(κ)si(κ − l) + nm(κ), (2.10)

wherehi,m,l(κ), l = 0, . . . , L0(m)−1, are the coefficients of a time-variant finite impulse response

(FIR) filter model from thei-th source to them-th sensor. TheNS − 1 local interferers, which
may, e.g., be competing human speakers, traffic noise, or air-conditioning noise, will here be

assumed to be zero-mean broadband signals that originate from point sources at spatial locations
different from the desired source location. The zero-mean additive noise is assumed to originate

from the sensors themselves, i.e., sensor self-noise, and is generally assumed to be spatially and
temporally white.

For the monochromatic plane wave of frequencyω0, the discrete-time sample function cap-
tured by a sensor at positionpm can be written as

xm(κ) = A0 e− j(ω0κTs−kT
0 pm), (2.11)

and for the monochromatic spherical wave as

xm(κ) =
A0

ρm
e− j(ω0κTs−k0ρm), (2.12)

whereρm is the distance between the point source and them-th sensor, andTs is the sampling
period.

When arrays capture broadband sources, the transition between nearfield and farfield de-
pends on both the bandwidth of the sources and the spatial extension of the array (see (2.9)).

The distance at which the farfield assumption becomes valid as a function of frequency and
the spatial extension of the array is depicted in Fig. 2.3. Itis clear that for large arrays and
high frequencies, a large distance between the source and the array is necessary for the farfield

assumption to hold.

In this work, all sources are assumed to be located in the farfield relative to the array, i.e.,

the farfield condition holds.

2.3 Fundamental Concepts of Beamforming

In beamforming with sensor arrays, the aim is to extract the desired source with minimal distor-

tion while attenuating interference and noise. To accomplish this goal, the signal captured by
them-th sensor is processed by an FIR filterwm,l(κ), l = 0, . . . , L − 1, with L denoting the FIR

filter length, as depicted in Fig. 2.4.
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dmax = 0.05, 0.1, 0.2, 0.6, 1,2 m

Frequency [Hz]

D
is

ta
n

ce
[m

]

Figure 2.3: Nearfield-farfield transition according to [Teu07].

Although we consider only signal capture in this thesis, it should be noted that due to the

reciprocity principle of acoustics [Ber96], the paradigm of sensor array processing can be re-
versed. Thus, the theory derived for spatially selective sound capture can be directly applied to

spatially selective sound playback [VB88, MK07].

x0(κ)

xm(κ)

xNsen−1(κ)

w0,l(κ)

wm,l(κ)

wNsen−1,l(κ)

y(κ)

Figure 2.4: Filter-and-sum beamformer with a sensor array.

The goal of a beamformer design method is to compute the filters wm,l(κ) that perform spa-
tial filtering so as to satisfy predefined criteria. Beamformers can be classified into two broad

categories depending on whether the beamforming filters change over time or not, i.e., time-
invariant beamformers and time-variant beamformers. Moredetailed beamformer classifica-

tions will be introduced in Section 2.6. Assuming an ideal array model, the outputy(κ) of the
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beamformer depicted in Fig. 2.4 comprisingNsen sensors is obtained by

y(κ) =
Nsen−1
∑

m=0

L−1
∑

l=0

wm,l(κ)xm(κ − l). (2.13)

Assuming a time-invariant beamformer, i.e.,wm,l(κ) := wm,l, and computing the discrete-time
Fourier transform (DTFT) results in

Y(ω) =
Nsen−1
∑

m=0

Wm(ω)Xm(ω), (2.14)

where

Wm(ω) =
L−1
∑

l=0

wm,l e
− jωlTs (2.15)

is the DTFT of them-th FIR filter6 andXm(ω) is the DTFT of them-th microphone signal.
Consider now a point source located in the farfield of the array. The DTFT of the temporally

sampled monochromatic plane wave (see (2.11)) is given by [Her05]

Xm(ω) =
2πA0

Ts
δ((ω − ω0)Ts) e− jkT

0 pm . (2.16)

Substituting (2.16) into (2.14), we obtain

Y(ω) =
2πA0

Ts
δ((ω − ω0)Ts)

Nsen−1
∑

m=0

Wm(ω) e− jkT
0 pm

=
2πA0

Ts
δ((ω − ω0)Ts)wH

f (ω)ĝ(k0), (2.17)

where

wf(ω) =
[

W0(ω), . . . ,WNsen−1(ω)
]H
, (2.18)

and
ĝ(k0) =

[

e− jkT
0 p0, . . . , e− jkT

0 pNsen−1
]T

(2.19)

is termed the array manifold vector in the wavenumber space [Van02]. It is the response of

them-th sensor located at positionpm to a plane wave with radial frequencyω traveling in the
directionΩ. (·)H denotes the Hermitian transpose. Applying the inverse DTFT(IDTFT) to
(2.17), we obtain the discrete-time domain signal as

y(κ) = A0 e− jω0κTs wH
f (ω0)ĝ(k0). (2.20)

A beamformer is characterized here by its response to the wavefield produced by a har-
monically oscillating point source with frequencyω located in the farfield. A beamformer’s

frequency-wavenumber response7 is given by

B̂(ω, k) = wH
f (ω)ĝ(k). (2.21)

6Note that in (2.15)ω is continuous and we make an assumption of finite support onwm,l for l = 0 to l = L− 1.
7Note thatω andk are not independent variables (see (2.6)).
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In order to emphasize the angular dependence of the response, the frequency-wavenumber re-

sponse (2.21) is evaluated on a sphere with spherical coordinates (ω/c, ϑ, ϕ) [Van02], resulting
in

B(ω,Ω) = wH
f (ω)g(ω,Ω), (2.22)

where

g(ω,Ω) =
[

e− jωτ0(Ω), . . . , e− jωτNsen−1(Ω)
]T

(2.23)

andτm(Ω) = −aT(Ω)pm/c are the delays of the signals arriving at them-th sensor relative to the

origin of the coordinate system. We term (2.22) thebeamformer responsehere. The magnitude
square of the beamformer response,|B(ω,Ω)|2 is referred to as thepower pattern[Van02].

One of the oldest known beamforming techniques is the delay-and-sum beamformer

(DSB), which is also known as theclassical beamformeror the conventional beamformer

[Van02, EM08]. The idea behind the DSB is relatively simple:Assume the desired signal

impinges on the array fromΩld = (ϑld, ϕld), whereΩld is the desired look direction. Since the
desired signal is delayed by

τm(Ωld) = −aT(Ωld)pm

c
(2.24)

in each of theNsen sensors relative to the origin of the coordinate system, by applying a delay,
τ̂m(Ωld) = −τm(Ωld), to them-th sensor, we can compensate for the delay in (2.24). This time

alignment of the desired signal is also referred to assteering. The sensor signals are additionally
scaled by a constant weighting factor,wm,0 := wm, i.e.,L = 1, and thus

wH
f (ω) = wH

t ⊙ gH(ω,Ωld), (2.25)

wherewt = [w0, . . . ,wNsen−1]H, ⊙ is the Hadamard product (effecting element-wise multiplica-

tion). Finally the time-aligned sensor signals are added up. The DSB response is then obtained
by substituting (2.25) into (2.22) resulting in

B(ω,Ω) = (wH
t ⊙ gH(ω,Ωld))g(ω,Ω). (2.26)

If the weighting factors are normalized such that
∑Nsen−1

m=0 wm = 1, thenB(ω,Ωld) = 1. Thus,

the signal originating fromΩld is summed up coherently, while signals originating from any
other direction are typically attenuated due to destructive interference. It should be noted that

an additional constant delay, which is applied to every sensor, may be necessary to ensure
causality when implementing (2.25) [EM08].

In order to obtain a better insight into the fundamental concepts of beamforming, we restrict

ourselves to the case where the sensors are located along thez-axis with a uniform spacing
d. This is termed auniformly-spaced linear array(ULA). It should be noted, however, that

in general the aspects that will be shown in the following aresimilar for nonuniformly spaced
arrays [EM08]. We also assume that the center of the ULA lies on the origin of the coordinate

system as depicted in Fig. 2.5.
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Nsen− 1

d

x

y

z

Figure 2.5: ULA withNsen= 5 sensors.

In this case, the relative delays to the array center are given by

τm(Ω) = −aT(Ω)pm

c

= −1
c

[sinϑ cosϕ, sinϑ sinϕ, cosϑ][0, 0, (m− Nsen− 1
2

)d]T

= −
(m− Nsen−1

2 )dcosϑ

c
, ∀m= 0, . . . ,Nsen− 1, (2.27)

which now only depend on the angleϑ, i.e.,τm(Ω) := τm(ϑ), and thereforeB(ω,Ω) := B(ω, ϑ).

The general beamformer response for a linear array is thus given by

B(ω, ϑ) = wH
f (ω)g(ω, ϑ), (2.28)

whereg(ω, ϑ) = [exp(− jωτ0(ϑ)), . . . , exp(− jωτNsen−1(ϑ))]. The response of the DSB with a
ULA is obtained by substituting (2.25) and (2.27) into (2.28), which gives

B(ω, ϑ) =
Nsen−1
∑

m=0

wm ejωτm(ϑld) e− jωτm(ϑ)

=

Nsen−1
∑

m=0

wm e− jω(2m−(Nsen−1))d cosϑld/2c ejω(2m−(Nsen−1))d cosϑ/2c

= e− jω(Nsen−1)d(cosϑ−cosϑld)/2c
Nsen−1
∑

m=0

wm ejωmd(cosϑ−cosϑld)/c . (2.29)
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In order to obtain a better visualization of the spatial characteristics of a beamformer we sub-

stituteu = cosϑ in (2.29) and emphasize the beamformer responses dependence ond, thus
obtaining [EM08, Kel12]

B′(ω, u, d) = e− jω(Nsen−1)d(u−uld)/2c
Nsen−1
∑

m=0

wm ejωmd(u−uld)/c . (2.30)

Note that|u| ≤ 1 is termed thevisible region, i.e., it corresponds to real anglesϑ in space,|u| > 1

is theinvisible region.

The beampattern8, which is given by the power pattern in dB, i.e., 20 log10 |B′(ω, u)| in u-

space for a fixedd [VB88, BW01], for the uniformly weighted DSB (UW-DSB) steered to
broadside, i.e.,wm = 1/Nsen anduld = 0, is depicted in Fig. 2.6. A ULA consisting of eleven

sensors with spacingd = λ/2, was used. The beampattern will be discussed in more detailin
Section 2.4.1. Themain-lobe, side-lobes, grating-lobes, and visible region are highlighted in

Fig. 2.6.

20
lo

g 1
0
|B
′ (
ω
, u

)|

u

side-lobes
grating-lobe main-lobe

visible region

Figure 2.6: Beampattern of UW-DSB for an 11-sensor ULA withd = λ/2 andu ∈ [−3, 3]. The main-

lobe, side-lobes, grating lobes, and visible region are highlighted.

The identity

B′(ω, u, d) = B′(ωK, u,
d
K

) (2.31)

8Strictly speaking this is thefarfield beampatternas we assume the plane wave model for a point source, i.e.,
the farfield assumption.
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holds for (2.30), whereK ∈ R is a constant. Equation (2.31) implies that doubling the spacing

gives the same pattern for half the frequency (doubled wavelength). Note that an increase in the
frequency for fixed sensor spacingd leads to a decrease in the main-lobe width, and vice versa.

Another identity which holds for (2.30) is

B′(ω, u, d) = B′(ω, u+
2πc
ωd

µ, d), (2.32)

whereµ is an integer. This shows that the beamformer response is periodic in u. Note that for a
fixed sensor spacingd, it is periodic inω [EM08]. The main-lobe has an infinite set of identical

copies which are termed grating-lobes (see Fig. 2.6). When the peak of a grating-lobe appears
in the visible region then this is termedspatial aliasing9. The positions of these grating-lobes

are a function of bothω andd. An increase in frequency for a fixed spacing or an increase in
spacing for a fixed frequency causes the grating-lobes to move closer to the main-lobe.

In order to avoid spatial aliasing we require that 2πc/(ωd) > 1, i.e., the first grating-lobes,
|µ| = 1, should lie outside the visible region|u| ≤ 1, and therefore the following inequality
should hold [EM08]:

d <
2πc
ω
= λ. (2.33)

In order to allow for any steering angle|uld| ≤ 1 and still avoid spatial aliasing, we require that

2πc/(ωd) > 2 and therefore [EM08]

d <
2πc
2ω
=
λ

2
(2.34)

should hold. Thus, the sensor locations must be chosen whiletaking the wavelength of the

signal into account if spatial aliasing is to be avoided. Although (2.34) implies that the spacing
λ/2, termedhalf-wavelength spacing, should not be used if spatial aliasing is to be avoided, the

half-wavelength spacing is commonly used [Van02] for narrowband line arrays, even though it
causes the appearance of a grating-lobe in the visible region atu = −uld if the beamformer is

steered to endfire, i.e.,uld = ±1.
If we restrict the response to the visible region,|u| ≤ 1 and substitutedλ = d/λ, wheredλ

expresses the ratio ofd andλ, into (2.30) we obtain

B′′(dλ, u) = e− jπ(Nsen−1)dλ(u−uld)
Nsen−1
∑

m=0

wm ej2πmdλ(u−uld) . (2.35)

If dλ approaches zero, we obtain

B′′(dλ, u)
dλ→0
= e− j0

Nsen−1
∑

m=0

wm ej0 = 1, |u| ≤ 1, (2.36)

which means that no spatial discrimination is possible for the entire visible region fordλ → 0,

i.e.,λ≫ d.
9Spatial aliasing is the spatial equivalent of temporal aliasing.
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It is of interest to note that the response in (2.30) is the same for uld = cos(ϑld) anduld =

cos(2π − ϑld). This is the forward-backward ambiguity, which is inherent when using linear
arrays for beamforming, e.g., when the main-lobe is steeredto π/4, i.e., 45◦, another lobe
appears at 2π − π/4, i.e., 315◦.

2.4 Beamformer Performance Measures

In this section, we introduce some of the most common beamformer performance measures for
beamformers with arbitrary geometry. In general, all performance measures are a function of

the number of sensors, frequency of operation, array geometry, and the beamforming filters.
For clarity, examples are presented for the ULA with a UW-DSB. Some of these performance

measures may also be used as design specifications as will be shown later.

2.4.1 Beampattern

The beampattern quantifies the spatial selectivity of a beamformer with respect to its desired
look direction. A plot of the beampattern gives a visual impression of the performance of a

beamformer. If the ideal array model holds, the resulting beampattern is referred to as the
nominal beampattern.

The beampattern for the same parameters that were used for producing Fig. 2.6, but in the
angular space, is depicted on the left-hand side of Fig. 2.7.Thenull-to-null beamwidth BWNN,
3 dB beamwidth, which is also referred to as thehalf-power beamwidth BWHP, and therelative

side-lobe level(RSL), which will be discussed in the following, can be clearly visualized by
zooming into the relevant area as depicted on the right-handside of Fig. 2.7.
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Figure 2.7: Beampattern of UW-DSB for an 11-sensor ULA withdλ = 0.5 (half-wavelength spacing).

The null-to-null beamwidthBWNN, half-power beamwidthBWHP, and the relative side-lobe level (RSL)

are highlighted.
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Beamwidth

The beamwidth is a measure of the width of the main-lobe [Van02]. The two most commonly
used measures are the null-to-null beamwidth and the 3 dB beamwidth. Let us consider the

UW-DSB, i.e.,wm = 1/Nsen, then (2.29) becomes

B(ω, ϑ) =
1

Nsen
e− jω(Nsen−1)d(cosϑ−cosϑld)/2c

Nsen−1
∑

m=0

ejωmd(cosϑ−cosϑld)/c

=
1

Nsen

sin(ωNsen
d
2c(cosϑ − cosϑld))

sin(ω d
2c(cosϑ − cosϑld))

, (2.37)

where the last term is obtained by writing the truncated geometric series in closed form.

The spatial nulls of the response (2.37) occur when

sin

(

ωNsen
d
2c

(cosϑ − cosϑld)

)

= 0 (2.38)

and therefore the first spatial null, relative to the peak of the main-lobe, occurs when

ωNsen
d
2c

(cosϑ − cosϑld) = π. (2.39)

By rearranging terms and solving forϑ, we finally obtain

ϑ = cos−1

(

cosϑld +
λ

Nsend

)

. (2.40)

The null-to-null beamwidthBWNN is therefore given by [Her05]

BWNN = 2 cos−1

(

cosϑld +
λ

Nsend

)

. (2.41)

The null-to-null beamwidth increases with increasing wavelength (decreasing frequency), with
decreasing array length, and with steering towards endfire.The smallest null-to-null beamwidth

is obtained with broadside arrays, i.e.,ϑld = 90◦. It is of interest to note that no spatial null exists
in the response if cosϑld + λ/(Nsend) > 1. For better interpretation, let us assume a broadside

array (smallest null-to-null beamwidth),ϑld = 90◦, and resolve forλ. We obtainλ > Nsend, i.e.,
if the wavelength is greater than the length of the array thenno spatial nulls exist.

The 3 dB beamwidth is a measure of the width of the main-lobe that is defined as the
angular distance where|B(ω, ϑ)|2 = 0.5 relative to the center of the main-lobe.

Relative Side-lobe Level

The relative side-lobe level is the ratio of the peak of the main-lobe and the peak of the

highest side-lobe [Her05]. This is commonly used as a designcriterion for data-independent
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beamformers as will be explained in Section 2.6.1.

Response in Desired Look Direction

When extracting a desired signal, one of the main goals is to ensure that the desired signal
from the desired look directionΩld is not distorted. Therefore, the beamformer response in the

desired look direction is an important quality indicator. The beamformer response in the desired
look direction is usually constrained [Van02] such that theequality

B(ω,Ωld) = 1 (2.42)

must be satisfied. For the beampattern this corresponds to 20log10 |1| = 0 dB. In some cases

a small magnitude deviation from unity may be tolerated and this may then be corrected by a
post filter [Mab06].

2.4.2 Directivity

The directivity is commonly used as another measure of the performance of a beamformer and
is defined by [Van02]

D(ω, ϑld, ϕld) =
|B(ω, ϑld, ϕld)|2

1
4π

∫ 2π

0

∫ π

0
|B(ω, ϑ, ϕ)|2 sinϑdϑdϕ

. (2.43)

Obviously, it can be understood as a normalized version of the beampattern and carries accord-

ing information. The logarithm of the directivity, i.e.,DI(ω, ϑld, ϕld) = 10 log10 D(ω, ϑld, ϕld) (in
dB), is termed thedirectivity index. The directivity of a linear array placed along thez-axis is

given by [Van02]

D(ω, ϑld) =
|B(ω, ϑld)|2

1
2

∫ π

0
|B(ω, ϑ)|2 sinϑdϑ

. (2.44)

For more insight into the effect of sensor spacing and steering on the directivity, we consider
the directivity of a UW-DSB with a ULA consisting of eleven sensors. In the following analysis
we do not consider the effect of the different types of weightings which will be addressed in

Section 2.6.1. The directivity thus becomes a function of both dλ and the look directionuld.
Substituting (2.35) into (2.44) we obtain

D′(dλ, uld) =
|B′′(dλ, uld)|2

1
2

∫ 1

−1
|B′′(dλ, u)|2 du

(2.45)

=
1

∑Nsen−1
m=0

∑Nsen−1
m′=0 wmw∗m′ e

j2πdλ(m′−m)uld sinc(2πdλ(m−m′))
, (2.46)
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where the final result is obtained by substituting (2.35) into the denominator and integrating

directly [Van02], and where sinc(x) := sin(x)/x. Note thatD′(dλ, uld) in (2.45) is always real-
valued as the magnitude squares and integrals thereof alongthe real axis will always be real-
valued. To show this, we assumeNsen= 2 and expand the denominator of (2.46) to obtain

1
∑

m=0

1
∑

m′=0

wmw∗m′ e
j2πdλ(m′−m)uld sinc

(

2πdλ(m−m′)
)

= w1w
∗
1 + w1w

∗
2 ej2πdλuld sinc(−2πdλ) + w2w

∗
1 e− j2πdλuld sinc(2πdλ) + w2w

∗
2

= w1w
∗
1 + 2w1w

∗
2 cos(2πdλuld)sinc(2πdλ) + w2w

∗
2, (2.47)

which is real-valued.

By choosing uniform weights, i.e.,wm = 1/Nsen, and substituting foruld, we obtain

D′(dλ, ϑld) =
N2

sen
∑Nsen−1

m=0

∑Nsen−1
m′=0 ej2πdλ(m′−m) cosϑld sinc(2πdλ(m−m′))

. (2.48)

Now we will evaluate the directivity for different steering directionsϑld anddλ. First, the half-
wavelength spacing,dλ = 0.5, is chosen and the beamformer is steered from endfire to broad-

side, i.e.,ϑld ∈ [0◦, 90◦]. Insertingdλ = 0.5 into (2.48) givesD′(dλ, ϑld) = Nsenfor anyϑld. It can
also be shown [Van02] that for a given frequency the directivity index fordλ = 0.5 is maximum

for uniform weighting and any other weighting leads to a decrease of directivity index.

Next, we keep the look direction constant and varydλ. Varying dλ corresponds to varying

the wavelength for fixed sensor spacing or vice versa. In the first example, the beamformer
is steered towards broadsideϑld = 90◦ anddλ ∈ [0, 1]. The upper bound is selected taking

into account spatial aliasing limits which we considered inSection 2.3 for an array whose look
direction is fixed to broadside. The directivity index increases with increasingdλ until the

maximum is reached at approximatelydλ = 0.92 as depicted in Fig. 2.8, which means that
the spacing is approximately to 0.92 of one wavelength. Beyond this value, the appearance
of grating-lobes in the visible region reduces the directivity index. In the second example,

the beamformer is steered towards endfireϑld = 0◦ anddλ ∈ [0, 0.5]. In this case the upper
bound is selected based on the spatial aliasing limits for a steered array. The directivity index

also increases with increasingdλ until it reaches its maximum at approximatelydλ = 0.46 as
depicted in Fig. 2.8.

It is of interest to note that the maximum directivity index for both examples is the same,
i.e.,D′I ≈ 12.7 dB. If we assume that frequency is constant and spacingd varies, then the length

of the array that results in the maximum directivity index for ϑld = 90◦ is almost twice as long
as that forϑld = 0◦, as a result of the increase in sensor spacing. Sincedλ = 0.46, then the

spacing isd = 0.46λ. Thus, steering towards endfire while using a sensor spacingof d = 0.46λ
increases the directivity index by more than 2.5 dB. Note that forNsen = 11, dλ = 0.5 leads to

D′ = 11, which corresponds toD′I = 10.41 dB.
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Figure 2.8: Directivity index w.r.t.dλ of UW-DSB for an 11-sensor ULA.

2.4.3 Array Gain and White Noise Gain

One of the main goals of a beamformer is to maximize thearray gain. The array gain is a
measure of the improvement of thesignal-to-interference-plus-noise ratio(SINR) at the output

of the beamformer relative to the SINR of a single omnidirectional sensor [Teu07]. This is
achieved by adding desired signal components coherently and noise (here interferers are also
classified as noise) incoherently. The input SINR at the sensors is thus given by

S INRin(ω) =
SS S(ω)
SNN(ω)

, (2.49)

whereSS S(ω) andSNN(ω) are the power spectral densities (PSDs) of the desired signal and the
noise, respectively. In the following, we assume the desired signal and noise are uncorrelated.

The array output is given by

Y(ω) =
Nsen−1
∑

m=0

Wm(ω)Xm(ω)

= wH
f (ω)xf(ω)

= wH
f (ω)g(ω,Ωld)S(ω) + wH

f (ω)nf(ω), (2.50)

wherexf(ω) = [X0(ω), . . . ,XNsen−1(ω)]T , nf(ω) = [N0(ω), . . . ,NNsen−1(ω)]T , S(ω) is the DTFT
of the desired source signal10, and the last step was obtained by noting thatXm(ω) =

10With reference the model (2.10),S(ω) is the DTFT ofs1.
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S(ω) exp(− jωτm(Ωld)). The PSD of the beamformer output is

SYY(ω) = E {Y(ω)Y∗(ω)}
= E {S(ω)S∗(ω)}

∣

∣

∣wH
f (ω)g(ω,Ωld)

∣

∣

∣

2
+ wH

f (ω)Snf nf (ω)wf(ω)

= SS S(ω)
∣

∣

∣wH
f (ω)g(ω,Ωld)

∣

∣

∣

2
+ SNN(ω)wH

f (ω)Γnfnf (ω)wf(ω), (2.51)

whereSnfnf (ω) is the PSD matrix of the noise andΓnfnf (ω) is the spatial coherence matrix with

elements

[Γnfnf (ω)]mm′ =
SNmNm′ (ω)

√

SNmNm(ω)SNm′Nm′ (ω)
. (2.52)

Therefore, the array gain is given by

A(ω) =
S INRout

S INRin

=
SS S(ω)

∣

∣

∣wH
f (ω)g(ω,Ωld)

∣

∣

∣

2

SNN(ω)wH
f (ω)Γnfnf (ω)wf(ω)

SNN(ω)
SS S(ω)

=

∣

∣

∣wH
f (ω)g(ω,Ωld)

∣

∣

∣

2

wH
f (ω)Γnfnf (ω)wf(ω)

. (2.53)

It should be noted that for a diffuse noise field the array gain is equivalent to the directivity
[BS01]. In this case, the elements of the spatial coherence matrix of a diffuse noise-field are

given by [CWB+55, BS01]

[Γ diff
nfnf

(ω)]mm′ = sinc
(

ωd′m,m′/c
)

, (2.54)

whered′m,m′ is the distance between the sensors in the Cartesian coordinate system, which for a

ULA is given byd′m,m′ = (m−m′)d.
When only spatially and temporally white noise is present, which may originate from the

self-noise of the sensors, thenΓnfnf (ω) = I (I is an identity matrix) and the array gain for white
noise, termed thewhite noise gain(WNG), is given by [Van02, BS01]

Aw(ω) =

∣

∣

∣wH
f (ω)g(ω,Ωld)

∣

∣

∣

2

wH
f (ω)wf(ω)

=

∣

∣

∣wH
f (ω)g(ω,Ωld)

∣

∣

∣

2

‖wf(ω)‖22
≤ Nsen, (2.55)

where the maximum WNG,Aw(ω) = Nsen, is only achieved when uniform weighting is applied

due to the Schwarz inequality [Her05]. Thus, the UW-DSB, i.e., wm = 1/Nsen, is an optimum
beamformer with respect to maximizing the WNG [McD71]. It isalso worth noting that for

a ULA with d = λ/2, the WNG is identical to the directivity [Van02]. The WNG quantifies a
beamformer’s ability to suppress spatially white noise as it expresses the gain of the beamformer

for the desired signal from the desired look direction relative to the amplification of spatially
white noise. ThereforeAw(ω) < 1 effectively corresponds to an amplification of spatially white

noise at frequencyω.
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2.5 Sensitivity Analysis to Imperfections in Array Model

Until now, we considered an ideal array model, but in practice, deviations from this model are
common. Real sensors are neither perfectly matched nor perfectly omnidirectional. There are

also errors in the positioning of the sensors, as they can only be positioned with finite precision.
If a beamformer is designed assuming an ideal array model, deviations from the model may lead
to significant degradation in the performance. Although precise measurement or calibration

[Syd94, Teu07] may be used to reduce the impact of these random errors on the beamformer
performance, they cannot be eliminated completely in practice, e.g., if they vary with time. It

is therefore imperative to analyze how these deviations affect the beamformer performance and
come up with ways of making the beamformer design robust to these deviations. For the most

part, the argumentation follows [GM55, Van02].

The sensor characteristics of them-th sensor are described by [Van02, MK07, DM07]

Âm(ω,Ω) = aideal(ω,Ω)(1+ ∆am(ω,Ω)) e− j(φideal(ω,Ω)−∆φm(ω,Ω))

= aideal(ω,Ω) e− jφideal(ω,Ω)(1+ ∆am(ω,Ω)) ej∆φm(ω,Ω)

:= Aideal(ω,Ω)Em(ω,Ω), (2.56)

whereAideal(ω,Ω) = aideal(ω,Ω) exp(− jφideal(ω,Ω)) is the frequency response model, which is
identical for allNsen sensors, andEm(ω,Ω) incorporates random errors in magnitude and phase

of them-th sensor with∆am(ω,Ω) and∆φm(ω,Ω) being random variables.

When a positioning error occurs, the distance between them-th sensor and the center of the
array is given bypm + ∆pm, where∆pm is a three-dimensional random variable. This can be
seen as a frequency- and angle-dependent phase shift for them-th sensor signal [DM03b].

We assume that variables∆am(ω,Ω), ∆φm(ω,Ω), and each element of∆pm are statistically

independent, zero mean, Gaussian random variables with standard deviationsσa, σφ, andσp,
respectively.

The nominal array response in this case is given by

B(ω,Ω) = Aideal(ω,Ω)
Nsen−1
∑

m=0

Wm(ω) ej ωc aT (Ω)pm, (2.57)

while the actual array response, is given by [DM07]

B̃(ω,Ω) =
Nsen−1
∑

m=0

Âm(ω,Ω) ej ωc aT (Ω)∆pm Wm(ω) ej ωc aT (Ω)pm . (2.58)

Since the actual response is a random function, we can compute the expectation of its power
pattern, which can be interpreted as averages taken over a large number of different arrays

[GM55]. This may be written as
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E
{

∣

∣

∣B̃(ω,Ω)
∣
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2
}

= E














Nsen−1
∑

m=0

Nsen−1
∑

m′=0

Âm(ω,Ω) ej ωc aT (Ω)∆pm Wm(ω) ej ωc aT (Ω)pm Â∗m′(ω,Ω) e− j ωc aT (Ω)∆pm′ W∗
m′(ω) e− j ωc aT (Ω)pm′















= |Aideal(ω,Ω)|2
Nsen−1
∑

m=0
m,m′

Nsen−1
∑

m′=0

Wm(ω)W∗
m′(ω) ej ωc aT (Ω)(pm−pm′ ) E

{

Em(ω,Ω)E∗m′(ω,Ω)
}

· E
{

ej ωc aT (Ω)∆pm
}

E
{

e− j ωc aT (Ω)∆pm′
}

+ |Aideal(ω,Ω)|2
Nsen−1
∑

m=0

|Wm(ω)|2E
{

|Em(ω,Ω)|2
}

= |Aideal(ω,Ω)|2
Nsen−1
∑

m=0
m,m′

Nsen−1
∑

m′=0

Wm(ω)W∗
m′(ω) ej ωc aT (Ω)(pm−pm′ ) E

{

e− j∆φm(ω,Ω
}

E
{

ej∆φm′ (ω,Ω)
}

· E
{

ej ωc aT (Ω)∆pm
}

E
{

e− j ωc aT (Ω)∆pm′
}

+ |Aideal(ω,Ω)|2
Nsen−1
∑

m=0

|Wm(ω)|2E
{

(1+ ∆a2
m)

}

, (2.59)

where the final result is obtained by using the independence assumption of the random variables.
Since the characteristic function of a Gaussian random variableξ with varianceσ2

ξ
is given by

E
{

ejuξ
}

=

∫ ∞

−∞
ejuξ p(ξ)d(ξ)

= e−
1
2u2σ2

ξ , (2.60)

(2.59) becomes

E
{

∣

∣

∣B̃(ω,Ω)
∣

∣

∣

2
}

= |Aideal(ω,Ω)|2 e−
(

(ωc σp)2+σ2
φ

)

Nsen−1
∑

m=0
m,m′

Nsen−1
∑

m′=0

Wm(ω)W∗
m′(ω) ej ωc aT (Ω)(pm−pm′ )

+ |Aideal(ω,Ω)|2 (1+ σ2
a)

Nsen−1
∑

m=0

|Wm(ω)|2

= e−(σ2
λ
+σ2

φ) |B(ω,Ω)|2 + |Aideal(ω,Ω)|2
(

1+ σ2
a − e−(σ2

λ
+σ2

φ)
)

Nsen−1
∑

m=0

|Wm(ω)|2

= |B(ω,Ω)|2 Q+ |Aideal(ω,Ω)|2 R‖wf(ω)‖22 , (2.61)

where the termσ2
λ
= (ωσp/c)2 = (2πσp/λ)2 is the variance of the position errors scaled in

wavelengths [Van02]. Thus the influence of position errors on the power pattern decreases as
the frequency decreases.

Equation (2.61) implies that if we design a beamformer, assuming the nominal response
(2.57) holds, array imperfections will cause deviations inthe resulting power pattern.Q causes

an attenuation of the power pattern which may lead to a non-constant response in the desired
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look direction. On the other hand,R raises the expected value of the power pattern and therefore

raises the side-lobe levels.

Similar to [GM55], we can also compute the normalized expectation

Q−1E
{∣

∣

∣B̃(ω,Ω)2
∣

∣

∣

}

= |B(ω,Ω)|2 + |Aideal(ω,Ω)|2 RQ−1 ‖wf(ω)‖22 , (2.62)

which shows that the normalized expectation is the sum of thenominal power pattern and an

additional term which is termed thebackground power level[GM55]. It is imperative that this
background power level should be significantly lower than the response in the desired look
direction in order for the beamformer design to be useful. The ratio of the background power

level and response in the desired look direction

|Aideal(ω,Ω)|2 RQ−1 ‖wf(ω)‖22
|B(ω,Ωld)|2

= |Aideal(ω,Ω)|2 RQ−1 1
Aw(ω)

, (2.63)

can thus be seen as a measure of the sensitivity of the design to random errors. We see
that minimizing the sensitivity is analogous to maximizingthe WNG. Thus the effect of

|Aideal(ω,Ω)|2 RQ−1 on the power pattern can be limited by constraining the WNG tolie above
a given lower limit, i.e.,Aw(ω) ≥ γ ≤ Nsen. The choice ofγ clearly depends on the variances of

the random errors present in a given scenario and on the desired relative side-lobe levels. This
constraint is referred to as thewhite noise gain constraint.

Although the sensitivity analysis here was restricted to errors in the array model, it was also
shown to be valid for perturbations of the gain and phase in the designed filters [Van02, GM55],

deviations in the waveform model [McD71], and signal mismatch [CZK86].

The considerations above clearly demonstrate that the WNG is a very meaningful robust-
ness measure for beamformers. Therefore, the UW-DSB is an optimal beamformer in terms of

robustness, as it has the maximum WNG of all possible designs11, i.e.,Aw = Nsen.

2.6 Beamformer Classification

Beamformers may be classified into two broad categories. Namely, time-invariant beamformers

with fixed filterswm,l and time-variant beamformers with filterswm,l(κ) that vary over time. The
filters are typically obtained by applying the beamformer designs for a set of monochromatic

plane waves, which sample the desired frequency range, and then using conventional FIR filter
designs to obtain the time-domain filter coefficients [Her05]. In the following, we will discuss
the design of both beamformer types with emphasis on time-invariant beamformer designs, i.e.,

time-invariantdata-independent beamformerdesigns and time-invariantdata-dependent beam-

former designs, as they are the main focus of this thesis. Although all beamformer design

11In [McD71] it was shown that maximizing the array gain with a constraint on the desired response results in a
UW-DSB.
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methods have two parameter sets for optimization, i.e., thenumber and positions of the sen-

sors, and the filters [Teu07], we mainly focus on the design ofthe filters and only consider the
sensor positions with regard to avoiding spatial aliasing and ensuring that the farfield condition
is met. In Section 2.6.1 we introduce some time-invariant beamformer designs and highlight

their strengths and limitations through design examples. In Section 2.6.2 we introduce two
well known and widely applied time-variant data-dependentbeamformers, namely the linearly

constrained minimum variance (LCMV) beamformer and the minimum variance distortionless
response (MVDR) beamformer. Note that specializing LCMV and MVDR beamformers for

stationary processes and time-invariant scenes leads to the time-invariant beamformer designs
(see Section 3.6).

2.6.1 Time-Invariant Beamforming

The spatial characteristics of time-invariant beamformers are fixed for all scenarios and
therefore, they are also referred to asfixed beamformers. Time-invariant beamformers can be

either data-independent or data-dependent. The filterswm,l in a time-invariant data-independent
beamformer are designed independent of the sensor signals or any statistics derived from them.
Time-invariant data-independent beamformer designs thatallow for flexible control of spatial

characteristics typically make use of one or more of the beamformer performance measures,
introduced in Section 2.4, as design specifications. The most common designs are based on

approximating a predefined desired response, which specifies the desired directional gain,
[Van02, ZLL09, Dot09], maximizing the array gain for different noise fields that do not change

over time [BS01], or ensuring a desired relative side-lobe level is achieved [HHM08]. Some
designs also use a combination of the performance measures as design specifications, e.g.,
restricting the desired response definition to the main-lobe region while specifying a desired

relative side-lobe level [YMH07]. In contrast, the filters in a time-invariant data-dependent
beamformer for stationary processes and time-invariant scenes are designed based on the sensor

signals or the statistics derived from them. In the following, we describe some time-invariant
beamformer designs and also present some design examples.

Delay-and-Sum Beamformer Designs

Although the DSB was initially used for narrowband operation for antenna arrays, it is inher-
ently broadband [EM08]. Although many authors make a distinction between the DSB and
filter-and-sum beamformers, here we place it in the filter-and-sum beamformer category as the

delays can be implemented using FIR filters. This interpretation complies with the application
of fractional delay filters [LVKL96] for delaying the sensorsignals.

First, we consider a UW-DSB which is steered to broadside. A ULA consisting ofNsen= 11
sensors with spacingd = 0.03 m is used. The spacing is chosen so as to satisfy (2.33), i.e.,

no grating-lobes appear in the visible region. The resulting beampattern, WNG, and directiv-
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ity index over a wide frequency range are depicted in Fig. 2.9. The beampattern, depicted in

Fig. 2.9a, shows that the null-to-null beamwidth becomes smaller with increasing frequency,
i.e., the beamwidth is frequency-dependent. At low frequencies below 500 Hz, there is hardly
any spatial selectivity. This is supported by the fact that the directivity index approaches 0 dB

for these frequencies. As expected, the WNG is constant overthe entire frequency range and
equal toAw,log = 10 log10 11= 10.41 dB. The relative side-lobe level is approximately 13.3 dB.
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Figure 2.9: Beampatterns of a) UW-DSB and b) DCW-DSB for an 11-element ULA with spacingd =

0.03 m. The corresponding WNGs and directivity indices are depicted in c) and d), respectively.

So far we only considered the DSB with uniform weighting. It is however instructive to see

how the choice of different weights affects the performance of the beamformer. In [Van02] the
performance of beamformers with a large number of different weighting schemes (windows)

is analyzed. Here, we will consider a DSB weighted by a Dolph-Chebyshev window (DCW-
DSB) [Dol46, Van02] because this design is of major interestas it results in the lowest null-to-

null beamwidth for a specified relative side-lobe level. Theside-lobes also have an equiripple
characteristic. In this example the design criterion was toobtain a relative side-lobe level of
30 dB and the same array parameters are used as before. The Dolph-Chebyshev window weights

are depicted in Fig. 2.10 and the uniform weights are also shown as a reference. The resulting
beampattern, WNG, and directivity index are also depicted in Fig. 2.9.

It is obvious from the beampattern depicted in Fig. 2.9b thatthe null-to-null beamwidth of
the DCW-DSB is larger than for the UW-DSB (see Fig. 2.9a), butthe side-lobes are significantly

lower, i.e., the relative side-lobe level is 30 dB as desired. The WNG isAw,log = 9.71 dB and
the directivity index is lower, by 1.6 dB on average, than the one for the UW-DSB design in the

previous example.
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Figure 2.10: Weights of a DCW-DSB and a UW-DSB for an 11-element ULA.

Note that since
∑Nsen−1

m=0 wm = 1 for both designs, they both have distortionless responsesin

ϑld = 90◦. While the UW-DSB design is very robust, the beampattern canonly be controlled
by changing the array geometry. On the other hand, the DCW-DSB design allows for control of

the relative side-lobe level.

Comparing the results in Fig. 2.9a and Fig. 2.9b, the trade-off between narrow beamwidth
and high relative side-lobe level is apparent. A trade-off between the directivity index and these

two measures also exists and was shown, by way of example, in [Teu07]. The UW-DSB has
higher directivity, smaller null-to-null beamwidth, and smaller relative side-lobe level than the
DCW-DSB.

Wideband Dolph-Chebyshev Designs

The major drawback of all DSB designs is the frequency-dependence of the beampattern and
the main-lobe. At low frequencies there is no spatial selectivity, while at very high frequencies

the main-lobe becomes narrow which renders the designs sensitive to steering errors. A steering
error occurs when the assumed desired source position deviates from the actual source position.

When the main-lobe becomes very narrow, a small steering error may lead already to the desired
source being attenuated at the beamformer output as the source might move out of the main-lobe

region.

To reduce the sensitivity to steering errors, the wideband Dolph-Chebyshev design [Dol46,

Her05] may be used. The FIR filters are obtained by applying Dolph-Chebyshev windows
to a set of discrete frequencies with a predefined frequency-invariant peak-to-zero distance of

the beampattern [Her05]. These frequency-dependent Dolph-Chebyshev windows are then fed
into the Fourier approximation filter design [PB87, Her05] to determine the FIR filters. A

beamformer is designed, where the first null is frequency-independent for frequencies greater
than a lower limit,f0, which is determined by the array length. For frequencies less thanf0, a

UW-DSB is designed.
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For this example, we chosef0 = 2 kHz, L = 128, and a peak-to-zero distance of 25◦. The

peak-to-zero distance is equal to half the null-to-null beamwidth. The resulting beampattern,
WNG, and directivity index are depicted in Fig. 2.11. The beampattern shows that above 2 kHz
the null-to-null beamwidth, of approximately 50◦, is almost constant. The peak to side-lobe

ratio of the design is 13 dB. Belowf0 the spatial characteristics, directivity and WNG are
consistent with the UW-DSB as expected.
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Figure 2.11: Beampattern, WNG, and directivity index of wideband Dolph-Chebyshev design [Her05]

for an 11-element ULA with spacingd = 0.03 m, f0 = 2 kHz, L = 128, and null-to-null beamwidth of

50◦.

Thus, the sensitivity to steering errors is significantly reduced but the loss of spatial

selectivity at low frequencies is still present for this design.

Constant Directivity Beamformer

If a noise source or interferer is originating from, e.g.,ϑ = 50◦, a lowpass filtered version

of the noise or interferer will be present in the output of allthe designs considered so far.
This is due to the large beamwidth, i.e., loss of spatial selectivity, at low frequencies and is
highly undesirable. Designs that aim at a constant spatial response over a large frequency

range, which are termedconstant directivity beamformer(CDB) designs [WKW01, EM08] or
frequency-invariant beamformerdesigns, can remedy this problem. The general idea behind

CDB designs is to scale the array aperture and sensor spacingwith frequency and thus produc-
ing a constant spatial response [WKW01]. Many different CDB designs have been proposed in

literature (see [WKW01, Teu07] and references therein). Here, we will consider a fan filter de-
sign procedure proposed by [SMKK96, TK00] in combination with harmonically nested arrays

[FJZE85, FBE+91, Kel91]. A detailed description and evaluation of this design procedure can
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be found in [Kra09].

The design procedure is explained by way of a design example.First, a one-dimensional

prototype lowpass filter with zero-phase characteristics and odd filter length is designed using
a filter design technique [PB87]. The filter response, which can be written in closed form,

determines the spatial characteristics of the resulting fan filter. Because of the equiripple char-
acteristics in the stopband, optimum filters based on Chebeyshev approximation are used. A
filter length of 7 and a cut-off frequency of 1.8 kHz is chosen, which corresponds to a desired

beamwidth of approximately 54◦. Next, a spectral transformation [Kra09] is applied to the filter
response in order to obtain the two-dimensional fan filter response, which is real and has zero

phase. The FIR filter coefficients are then obtained by applying the two dimensionalinverse

discrete Fourier transform(IDFT) to the fan filter response. Finally, the filters are truncated and

shifted to ensure causality. FIR filters of lengthL = 101 are used.

A harmonically nested array comprising four sub-arrays, each consisting of eleven sensors,
was chosen. The sensor spacings for the four sub-arrays are 0.03 m, 0.06 m, 0.12 m, and 0.24 m,

respectively. Thus, the array is of length 2.4 m and comprises 29 sensors. The fan filter design
procedure was carried out for each sub-array, which operates in a different frequency range

by applying appropriate bandpass filtering to the sub-arrayoutputs. The bandpass filters are
chosen to cover the frequency bands 100. . .750 Hz, 751. . .1500 Hz, 1501. . .3000 Hz, and
3001. . .6000 Hz. The bandpass filters were designed by using a Hammingwindowed FIR

design algorithm, with a filter length ofL = 512 and identical linear phase characteristics for
each filter. The overall array output is obtained by combining the outputs of the bandlimited

sub-arrays. For a general sub-array broadband beamformer,the beamforming filters are applied
to the microphone signals before applying the bandpass filters.

The resulting beampattern, WNG, and directivity index for the CDB are depicted in

Fig. 2.12. Results for a UW-DSB are also shown for comparison. The beampattern of the
CDB, depicted in Fig. 2.12a, shows that the null-to-null beamwidth, of approximately 50◦, is

relatively constant above 250 Hz and the directivity index is also fairly constant. The relative
side-lobe level of the CDB is 13 dB. This could be lowered of course but at the expense of

a larger beamwidth. The magnitude response of the CDB in the desired look direction is not
constant12. At low frequencies, this may be remedied by further increasing the array length. As
expected, the beamwidth of the UW-DSB is not constant over frequency as shown in Fig. 2.12b,

i.e., it is wider at low frequencies and very narrow at high frequencies. Although the side-lobes
of the UW-DSB are lower than the CDB on average, the relative side-lobe level of the UW-DSB

is only about 5 dB due to spatial aliasing.

The average directivity index of the CDB over the entire frequency range is 6.7 dB. This
is significantly lower than for the UW-DSB, especially for higher frequencies, as shown in

Fig. 2.12d. The WNG, depicted in Fig. 2.12c, remains above 0 dB throughout the frequency

12It should be noted that nested arrays with perfect reconstruction filterbanks [ZG04] instead of bandpass filters
would improve the performance especially at the transitionregions.



32 2. Fundamentals of Broadband Beamforming

range, which shows that this design method is relatively robust. Of course the WNG of the

UW-DSB is higher, i.e.,Aw,log = 14.62 dB.
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Figure 2.12: Beampatterns of a) fan filter-based CDB and b) UW-DSB for a 29-element harmonically

nested array of length 2.4 m. The corresponding WNGs and directivity indices are depicted in c) and d),

respectively.

The main advantage of the fan-filter-based CDB design is thatit achieves an almost constant
spatial response over a relatively large frequency range. Amajor drawback of the CDB designs

in general is that in order to ensure a constant spatial response even for low frequencies, a
very large array of several meters length may be required, i.e., the array size determines the

lowest frequency of operation [WKW01]. As discussed in Section 2.1, the farfield condition
for such large arrays only becomes valid for sufficiently large distances between the source

and the array. Therefore, care must be taken regarding the choice of the wave model for these
beamformer designs in practice.

If restrictions exist on the array size due to constraints onavailable space or cost, then other

designs that allow for greater control of the spatial response for relatively small arrays are
desirable.Superdirective beamforming(SDB) techniques can be used to accomplish this goal.

Superdirective Beamformers

SDBs achieve higher directivity than UW-DSBs. Classical SDBs designs were based on the
knowledge that a significant increase in the gain of a linear array over that of a UW-DSB can

be achieved in isotropic noise fields when the beamformer is steered towards endfire and the
adjacent sensors are separated by less than half a wavelength [HW38, Sch43, Duh53, Pri55,

CZK86]. For example, in order to make the main-lobe narrower, Hansen and Woodyard
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[HW38] proposed to increase the inter-element phase shift of a UW-DSB steered to endfire

from ωd/c to ωd/c + π/Nsen, which was obtained by maximizing the directivity with respect
to the inter-element phase shift [HW38, Bac70, Van02]. In this thesis, the term superdirective
beamformer is used for any beamformer that achieves higher directivity than UW-DSB, inde-

pendently of the ratio of the wavelength to the distance between the sensor elements and the
chosen look direction.

SDBs achieve high directivity with small aperture arrays even for low frequencies by mea-

suring spatial derivatives of the sound pressure instead ofthe sound pressure itself [Kel08]. The
spatial derivatives are approximated by computing sound pressure differences between closely
spaced sensor locations in the sound field. The SDB sensor weights oscillate in and out of phase

between sensors [EM08]. It should be noted that differential microphone arrays [Kel08, EM08]
can be interpreted as a special case of SDBs [Teu07].

SDB designs are often desirable due to their inherent ability to provide high directional gain

with small array apertures [CZK86]. However, the WNG for SDBdesigns is typically very
small, e.g.,Aw(ω) < 10−3, at low frequencies [CZK86]. Consequently, if the optimization of

the directional gain is done assuming an ideal array model, these beamformer designs are highly
sensitive to sensor self-noise and small deviations in the array model (see Section 2.5), i.e., mis-
match between sensor characteristics and positioning errors. Therefore, although the nominal

beampatterns of the resulting beamformers show very good spatial selectivity, the performance
may degrade significantly to the point of becoming useless when applied in practice. Next, we

introduce a common SDB design.

When the aim of a beamformer design is to maximize the array gain assuming a given noise
field (2.53), then designs based on theoretically well-defined noise fields are of interest [BS01].
These designs are referred to as the directional gain-optimized beamformer (DGOB) designs

here. In order to maximize the gain (2.53), the constrained minimization problem [BS01]

min
wf(ω)

wH
f (ω)Γnfnf (ω)wf(ω)

subject to

wH
f (ω)g(ω,Ωld) = 1, (2.64)

which is the constraint of an undistorted look direction, has to be solved. The method of La-

grangian multipliers can be used to solve (2.64) resulting in the optimum solution [BS01]

wf(ω) =
Γ−1

nfnf
(ω)g(ω,Ωld)

gH(ω,Ωld)Γ−1
nfnf

(ω)g(ω,Ωld)
. (2.65)

The beamformer design procedure is reduced to the choice of theoretically well-defined noise-
fields in order to obtain optimal designs for different scenarios [BS01]. The solution (2.65) may

describe superdirective beamformers that are noise-sensitive [BS01].
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For example, when optimizing the directional gain assuminga diffuse noise field, (2.65)

reads

wf(ωq) =
(Γdiff

nfnf
(ωq))−1g(ωq,Ωld)

gH(ωq,Ωld)(Γdiff
nfnf

(ωq))−1g(ωq,Ωld)
. (2.66)

Since maximizing the gain in this case is equivalent to maximizing the directivity [BW01],
we use the termmaximum directivity beamformer(MDB) here. Fig. 2.13 depicts the results

obtained using the MDB design for a ULA consisting ofNsen = 4 sensors with spacingd =
0.03 m. The results of the UW-DSB are shown as reference. Both designs were steered to

endfire, i.e.,ϑld = 0◦. Note that the chosen sensor spacing causes spatial aliasing at high
frequencies but we use it to show some aspects of interest.

The MDB design achieves significantly higher spatial selectivity than the UW-DSB as
shown by the beampatterns in Figs. 2.13a and 2.13b, respectively. This is especially obvious at

low frequencies. Correspondingly, the directivity of the MDB is also significantly higher than
for the UW-DSB. However, the WNG for the MDB is very small at low frequencies meaning
the design is extremely sensitivity to sensor self-noise and small deviations in the array model.
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Figure 2.13: Beampatterns of a) MDB and b) UW-DSB for a 4-element array with spacingd = 0.03 m.

The corresponding WNGs and directivity indices are depicted in c) and d), respectively.

In order to obtain a better insight how the high directivity is achieved, the MDB is designed

for Nsen = 2 while all other parameters are the same as in the previous example. The magni-
tude responses and normalized phase-responses of the filtercoefficients of the MDB design are
depicted in Fig. 2.14.

The filter coefficients are obviously complex conjugates. Since the filters force the normal-

ized phase between the spatially correlated components toπ at low frequencies frequencies (see
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Fig. 2.14b), all spatially correlated signals at the sensors are attenuated [BW01]. Although this

results in high directivity, it also leads to a low magnituderesponse in the desired look direction,
since the desired signal is also correlated. To satisfy the distortionless response constraint, the
filters have large gains at low frequencies as shown in Fig. 2.14a. Unfortunately, this also am-

plifies the uncorrelated noise. At high frequencies (dλ ≥ 0.5), the responses converge to those
of the UW-DSB.
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Figure 2.14: MDB filter coefficients for a 2-element array with spacingd = 0.03 m; a) Magnitude

responses and b) normalized-phase responses.

Note that for stationary processes and time-invariant scenes, the statistics of noise and

interference can then be measured a priori and used in (2.65)to compute the according
time-invariant beamforming filters (see Section 3.6). In Section 2.6.2 we will show that the

MDB can be seen as a special MVDR beamformer for a diffuse noise field.

Least Squares Beamformer Designs

One of the most widely used data-independent beamformer designs is theleast squares beam-

former (LSB) design [Van02]. This is because it allows flexible control of the spatial char-
acteristics of the beamformer via the specification of a desired response and additional spatial
constraints, e.g., distortionless response constraints,null constraints, and relative side-lobe level

constraints [Van02]. These designs also have no restrictions on the array geometry. Due to the
least squares-based cost function, many tools exist that may be used to solve the resulting design

problems (see Appendices A and B). The desired response is usually chosen to be frequency-
invariant.

Optimization of the directional gain at frequencies where the sensor spacing is smaller than

half the acoustic wavelength results in SDBs [Par06, GM55, BS01]. It should be noted that for
LSB designs, the directional gain is directly related to thechosen desired response. Therefore,

LSB designs may necessarily result in SDBs for a given desired response.
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Most of the beamformer designs that will be presented in Chapter 3 are based on constrain-

ing the conventional LSB design in order to obtain a robust design that is applicable in practice.
Other constraints on the spatial characteristics of the beamformer will also be discussed.

Steering of Time-invariant Beamformers

All the designs considered so far compute the filter coefficients for one desired look direction
Ωld. With broadband beamforming for acoustic human-machine interfaces a beam of increased

sensitivity has to be steered towards the desired and possibly moving source [FBE+91, Kel91,
MSM+09]. This need can be addressed by the implementation of several data-independent

beamformers with different look-directions and the selection of one depending onthe source
position.

An alternative data-independent beamformer design, whichenables easy and dynamic steer-
ing, is the polynomial beamforming method proposed in [KH01]. A polynomial beamformer

with a sensor array is depicted in Fig. 2.15 and consists of two parts: P + 1 fixed filter-and-
sum units (FSUs) and a polynomial postfilter (PPF) of orderP. The output of the polynomial
beamformer is given by

yψ(κ) =
P

∑

p=0

ψp
Nsen−1
∑

m=0

L−1
∑

l=0

wp,m,l xm(κ − l). (2.67)

The advantages of this method are that with a fixed set of coefficientswp,m,l, the steering direc-
tion of the beam is controlled by a single variableψ and the look direction can assume all values
in a continuum of angles.

The response of a polynomial beamformer withNsen sensors, as depicted in Fig. 2.15, is

given by

Bψ(ω,Ω) =
P

∑

p=0

ψp
Nsen−1
∑

m=0

Wp,m(ω) e− jωτm(Ω), (2.68)

where

Wp,m(ω) =
L−1
∑

l=0

wp,m,l e
− jωlTs (2.69)

is the DTFT of them-th FIR filter of thep-th FSU andψ denotes the steering direction.
In [KH01] the directivity of the polynomial beamformer was optimized by minimizing the

MSE between the desired and the actual responses of the beamformer for a set of predefined
look directions, which inherently leads to superdirectivebeamformers for low frequencies if the

wavelengths are larger than twice the sensor spacing [CZK86].
As a relevant application of the polynomial beamforming, inacoustic human-machine

interfaces, acoustic echo cancellation is often combined with beamforming. Generic struc-
tures for combining acoustic echo cancellers (AECs) with beamformers were discussed in

[Kel97, Kel01]. It was shown in [HM07] that polynomial beamformer can be combined
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Figure 2.15: Polynomial beamformer with a sensor array.
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Figure 2.16: Polynomial beamformer combined with AEC (PB-AEC).

efficiently with an AEC (PB-AEC), resulting in AEC processing that is independent of beam-
steering, as depicted in Fig. 2.16. The number of AECs required for the PB-AEC combination

is directly related to the PPF orderP and it is therefore desirable to have a low PPF order while
maintaining good spatial selectivity. It is instructive tonote that the polynomial beamformer
can be steered to multiple directions simultaneously, i.e., multibeamforming is possible, by pro-

cessing the output of the FSUs by multiple PPF units with different steering parameter valuesψ.
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Robustness Considerations for Superdirective Time-Invariant Beamformers

It is evident from the previous discussions that the majority of the designs that aim at high

directivity lead to superdirective beamformers, which arehighly sensitive to small deviations in
the array model. Therefore, it is necessary to control the robustness of these designs.

For the design of robust time-invariant beamformers, thereare two commonly used meth-

ods. The designs may be either based on an assumed model with constraints on the allowable
sensitivity [BS01, Par06] or they may incorporate statistics about the random errors in the array

model if they are known a priori [DM07]. For the coherence matrix-based beamformers, diag-
onal loading with a frequency-dependent loading factor obtained via iterative design schemes
has been proposed [BS01]. The application of Tikhonov regularization (see Appendix A) was

suggested for the design of robust beamformers in [Par06]. Unfortunately, there is no known
analytic relationship between the regularization parameters used in the regularization procedure

and a desired WNG value.

Since the WNG has been shown to be a useful measure of robustness in Section 2.4.2, in
this thesis, we propose a novel method to control the robustness of time-invariant beamformer

designs by constraining the WNG directly.

2.6.2 Time-Variant Beamforming

For time-variant data-dependent beamforming, or time-variant statistically optimum beamform-

ing, the filters are typically designed based on the second-order statistics of the array signals
in order tooptimizethe beamformer response such that interference and noise are minimized,

i.e., minimization of the noise power in the beamformer output possibly under some additional
constraints [VB88, BS01, Van02]. In general, this is typically accomplished by placing nulls in

the directions of interfering point sources and simultaneously maximizing the signal-to-noise
ratio (SNR) of the beamformer output. Time-variant beamformers can be obtained from

different criteria, e.g., the minimum mean square error (MMSE) criterion [Hay96], or using
independent component analysis (ICA) techniques [HKO01, PA02, PF02, ZRK09]. Here, we
will focus on time-variant data-dependent beamformers based on the MMSE criterion. Note

that these time-variant beamformers can be implemented either by computing the optimum
MMSE weights directly or by applying adaptive filtering algorithms [Hay96] that iteratively

approximate the MMSE solution.

MMSE Beamformer

Consider MMSE optimum multichannel filtering (often termedMultichannel Wiener Filter) for

an array of sensors, as depicted in Fig. 2.17. The linear MMSEestimate, i.e., beamformer
output, is given by

y(κ) = wH
t (κ)xt(κ) (2.70)
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where

wt(κ) = [w0,0(κ),w0,1(κ), . . . ,w0,L−1(κ), . . . ,wNsen−1,L−1(κ)]
H

and

xt(κ) = [x0(κ), x0(κ − 1), . . . , x0(κ − L + 1), . . . , xNsen−1(κ − L + 1)]T .

wt(κ)

xt(κ)

e(κ)y(κ)

yref(κ)

Figure 2.17: MMSE beamformer with reference signalyref(κ).

The mean square error (MSE) cost function is given by [Hay96,Kel13]

JMSE(κ) = E
{

|e(κ)|2
}

= E
{

|yref(κ) − y(κ)|2
}

. (2.71)

Expanding (2.71) and solving for the extremal values, we obtain the optimum MMSE coefficient
vector, which is given by [Kel13]

wt,MMSE(κ) = arg min
wt

JMSE(κ)

= R−1
xtxt

(κ)r xtyref(κ), (2.72)

whereRxtxt = E
{

xt(κ)xH
t (κ)

}

is the autocorrelation matrix of the sensor signals andr xtyref =

E
{

xt(κ)y∗ref(κ)
}

is the crosscorrelation vector. Transformation of (2.72) into the Short-Time
Fourier Transform (STFT) domain yields the optimum MMSE weight vector [SBM01, Van02,

Her05, BSH08]

wf,MMSE(κ) = S−1
xf xf

(ω)Sxfyref(ω), (2.73)

whereSxf yref(ω) is the cross-power spectral density vector between the sensor signals and the

reference signal. Assume the sensor signal consists of a single desired signal and additive
noise. Assuming a mutually uncorrelated reference signal and noise, and applying the matrix

inversion lemma [Hay96], (2.73) can be written as [EFK67, SBM01, Van02]
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wf,MMSE(κ) =
SS S(ω)

SS S(ω) + Λ(ω)
Λ(ω)gH(ω,Ωld)S−1

nfnf
(ω), (2.74)

where

Λ(ω) =
(

gH(ω,Ωld)S−1
nfnf

(ω)g(ω,Ωld)
)−1

. (2.75)

To solve (2.74),SS S(ω) must be known or estimated, which is challenging [SBM01].

Linearly Constrained Minimum Variance Beamformers

In typical beamforming scenarios, the reference signalyref(κ) is not readily available. By assum-
ing yref(κ) = 0, the MSE cost function becomes

JMSE(κ) = E
{

|e(κ)|2
}

= E
{

|y(κ)|2
}

= wH
t (κ)Rxtxt(κ)wt(κ). (2.76)

Obviously, (2.76) is minimized bywt = 0, which is useless. To obtain a meaningful solution,

linear constraints, based on the DOA of the desired source and interferers, are added to the MSE
cost function.

Assume a harmonic source signals(κ) = A0 exp(− jω0κTs) in the farfield originating from

Ωld. In order to ensure that a desired signals(κ) is captured without distortion, the condition
[Kel13]

wH
t (κ)xt(κ)

!
= s(κ) (2.77)

must hold. Using (2.11) and (2.24), the signal at them-th sensor is given by

xm(κ) = A0 e− jω0(κTs+τm(Ωld))

= s(κ) e− jω0τm(Ωld), (2.78)

Using (2.23) and (2.78), (2.77) can now be written as

s(κ)wH
t (κ)g(ω0,Ωld)

!
= s(κ). (2.79)

By dividing both sides bys(κ), we obtain the constraint

wH
t (κ)g(ω0,Ωld) = 1, (2.80)

which is commonly known as the distortionless response constraint [Van02]. To suppressNI

interfering sources arriving fromΩi , Ωld, i = 1, . . . ,NI , we can addNI further constraints

wH
t (κ)g(ω0,Ωi) = 0, i = 1, . . . ,NI . (2.81)

Combining (2.80) and (2.81), we obtain

wH
t (κ)Gc(ω0) = ac, (2.82)
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where

Gc(ω0) =
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, (2.83)

and
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0
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. (2.84)

Combining (2.76) and (2.82), the LCMV cost function is obtained as [Fro72, Hay96]

JLCMV(κ) = wH
t (κ)Rxtxt(κ)wt(κ) + λ

H(GH
c (ω)wt(κ) − ac) (2.85)

whereλ is a complex-valued Lagrangian multiplier vector. Obviously, the total number of
constraints should be less than the number of microphones, i.e., NI + 1 < Nsen, so that there

are degrees of freedom left for minimizing the output power of (2.85). Solving (2.85) for the
extremal values, we obtain the optimum coefficient vector [VB88, Kel13]

wt,LCMV(κ) = arg min
wt

JLCMV(κ)

= R−1
xtxt

(κ)Gc(ω)
(

GH
c (ω)R−1

xtxt
(κ)Gc(ω)

)−1
ac. (2.86)

Due to the frequency-dependent constraints, (2.86) has to be solved for all frequencies of in-
terest (typically obtained by discretizing the frequency range), thus obtaining optimum weights

wm(ωq, κ) for them-th sensor andq-th frequency. Digital filter designs [RS78, OS89] can then
be used to obtain the corresponding filters for each sensor.

Formulating (2.86) in the STFT domain, we obtain13 [Van02]

wf,LCMV (ω) = S−1
xf xf

(ω)Gc(ω)
(

GH
c (ω)S−1

xfxf
(ω)Gc(ω)

)−1
ac, (2.87)

where

wf,LCMV (ω) = [W0(ω), . . . ,WNsen−1(ω)]H

andSxfxf (ωq) is the PSD matrix of the microphone signals. Note that the solution to (2.87) may

result in a SDB design.

Minimum Variance Distortionless Response Beamformers

The general idea behind the MVDR beamformer is to minimize the beamformer output noise

power subject to constraining the response such that signals coming from a specific direction

13For convenience, the time-dependency in the STFT-domain formulation is dropped.
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Ωld are passed without distortion [VB88]. It is a special case ofthe LCMV beamformer, where

only a single constraint for distortionless response in thedesired look direction is applied. In
this caseGc(ω0) = g(ω0,Ωld) and ac = K, and the optimum coefficient vector is given by
[Fro72, VB88, Kel13]

wt,MVDR(κ) =
R−1

xtxt
(κ)g(ω,Ωld)

gH(ω,Ωld)R−1
xtxt

(κ)g(ω,Ωld)
K. (2.88)

Formulating (2.88) in the STFT domain, we obtain [BS01, Van02]

wf,MVDR(ω) =
S−1

xf xf
(ω)g(ω,Ωld)

gH(ω,Ωld)S−1
xfxf

(ω)g(ω,Ωld)
K. (2.89)

The MVDR beamformer, which may also result in a SDB design, isusually sensitive to steering
errors. A Robust MVDR (RMVDR) beamformer, based on the optimization of the worst-case

performance, has been proposed in [VGL03, EKG05]. An RMVDR beamformer may also
be achieved by incorporating a WNG constraint to the conventional MVDR, as proposed in

[CZO87]. Iterative design schemes based on this idea have been developed to increase robust-
ness [CZO87, BS01].

The MDB design is a special case of the MVDR beamformer, whereK = 1, xf(ω) = nf(ω)
and the noise field is diffuse [BS01], i.e.,Sxf xf (ω) in (2.89) is replaced byΓdiff

nfnf
(ω). Therefore,

the MDB design is also based on the MMSE criterion. Note also that the multichannel Wiener

filter presented in (2.74) can be factorized into a product ofthe MVDR beamformer and a
single-channel Wiener filter applied to the beamformer output [SBM01].

An efficient implementation of the LCMV beamformer and the MVDR beamformer, imple-
menting (2.87) or (2.89), respectively, is given by the Generalized Side-lobe Canceler (GSC)

proposed in [GJ82]. A GSC with an adaptive interference canceller and an adaptive blocking
matrix, which addressed reverberation and array imperfections, has been presented in [HSH99].

A robust GSC for application in real acoustic environments was presented in [Her05].

2.7 Discussion

In this chapter, we introduced the beamforming concept based on an ideal array model and
highlighted many of its basic properties. The most commonlyused performance measures were
described and it was shown that some of these measures are actually used as design criteria,

especially in the case of time-invariant data-independentbeamformers.
It was shown that if a beamformer is designed for a given arraymodel, small deviations

in the array model, such as imprecise sensor positioning andsensor magnitude and phase mis-
match, which are typically unavoidable in practice, may lead to significant degradation of the

resulting spatial characteristics of the beamformer. It was then shown that the sensitivity of
the designs is inversely proportional to the WNG. Therefore, the WNG is a commonly used

robustness measure and constraining it leads to less sensitive designs.
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Finally, some prominent time-invariant data-independentdesigns were described. Design

examples were used to highlight their strengths and limitations. The LSB design is highly flex-
ible in terms of design specifications and poses no restrictions on array geometry. It was shown
that all the designs that aim at high directivity and/or frequency-invariant beampatterns in sce-

narios where the sensor spacing is less than half the acoustic wavelength result in SDB designs,
which are highly sensitive to sensor-self noise and deviations in the array model. Therefore,

their application in practice is typically limited to well-calibrated arrays with matched sensors.
This limitation may be removed by allowing for the control ofthe robustness of these beam-

former designs. Of course, there exists a trade-off between robustness and spatial selectivity.
Finally, resulting from a constrained MMSE estimation, theLCMV beamformer and MVDR
beamformer were described as examples of time-variant data-dependent beamformers.
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3 Design of Robust Time-Invariant
Broadband Beamformers

In the previous chapter, beamformer designs that allow for flexible control of spatial charac-
teristics while using relatively small arrays were shown tobe desirable. Moreover, frequency-

invariant beampatterns, with high spatial selectivity, are usually required for the capture of
broadband audio signals. Typically, designs that achieve these goals result in noise-sensitive
beamformers, e.g., SDBs, and are therefore highly sensitive to sensor self-noise and small de-

viations from the array model. Therefore, it is of paramountimportance to facilitate the control
of the robustness of these designs if they are to be successfully applied in practice. Since the

WNG is inversely proportional to the sensitivity of the beamformer, constraining the WNG
in the beamformer design is an effective technique to control the robustness of the resulting

beamformers.
The chapter is organized as follows: Section 3.1 presents a brief overview of classical ro-

bust time-invariant beamformer designs. Section 3.2 introduces a generic framework for the
design of robust time-invariant broadband beamformers based on constraining the WNG. In
Section 3.3, two least squares designs for robust distortionless data-independent beamformers

are presented, and design examples for different array geometries are used to highlight the
advantages and limitations of each method. Section 3.4 describes the least squares design of

robust data-independent polynomial beamformers, which allow for easy, continuous-angle, and
dynamic steering. Additionally, by exploiting any existing symmetry in the array geometry, spa-

tial selectivity can be enhanced and/or complexity can be reduced. Section 3.5 describes how
constraints, which control robustness, can be incorporated into designs that aim at maximiz-

ing the directivity of the data-independent beamformer. A method for incorporating additional
frequency-invariant nulls into the design is also described. Design examples are used to eval-
uate the performance of these designs. In Section 3.6, a time-invariant data-dependent MVDR

beamformer design is presented, which is applied for the task of room geometry inference in
Chapter 4. Finally, the chapter is summarized in Section 3.7.

3.1 Classical Robust Time-Invariant Beamformer Designs

Time-invariant broadband beamformers were introduced in Section 2.6.1. It is clear from Sec-
tion 2.6.1 that a wide range of different cost functions exist that facilitate flexible time-invariant

beamformer design. Here, we restrict ourselves to beamformer designs based on convex opti-
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mization. Time-invariant beamformer designs based on convex optimization have been a topic

of extensive recent research [LB97, Dot09, YMH07, HZYE07, ZLL09].
There are two common methods to control the robustness of time-invariant beamformers.

The first method achieves this goal by designing the beamforming filters assuming an ideal array

model while constraining the allowable sensitivity. This is typically in the form of a constraint
on the resulting filters or additional regularization in thecost function.

In [LB97], a convex optimization problem was solved to obtain near-field broadband beam-
formers using linear arrays. The design aimed at minimizingthe maximum deviation (Cheby-

shev approximation) to a predefined desired response, whichwas defined in the main-lobe re-
gion only, while ensuring a desired relative side-lobe level. Robustness was achieved by adding
norm constraints on the filter weights.

In [YMH07], a method for designing broadband FIR beamformerwith frequency-invariant
mainlobe while ensuring a desired relative side-lobe levelwas proposed. The operating fre-

quency range of the proposed beamformer design was rather limited14. Constraining the norm
of the time-domain FIR filter weights was suggested as a way ofimproving robustness.

For the coherence matrix-based beamformers, it has been proposed to assure robustness by
diagonal loading with a frequency-dependent loading factor that is obtained via iterative design

schemes [BS01]. Although there is a monotonic relation between the loading factor and the
WNG, so far there is no known analytic relationship.

In [Par06], the robustness of the least squares-based time-invariant beamformer design was

achieved by incorporating Tikhonov regularization into the design. Again, although there is a
monotonic relation between the regularization factor and the WNG, so far there is no known

analytic relationship.
The second common method to achieve robustness is to incorporate statistics about the ran-

dom errors in the array model [DM03a, DM03b, DM07, LNL10, CT10, CT11]. Of course, the
statistics of the errors have to be known or hypothesized a priori in order to achieve satisfactory
performance.

In summary, all these designs discussed so far result in robust beamformers but they do not
constrain the WNG directly. Typically, the WNG is subsequently computed from the resulting

filters in order to quantify the achieved robustness of the design.
The method to control the robustness of time-invariant beamformers presented in this chap-

ter falls into the first category, i.e., we design the beamforming filters assuming an ideal array
model while constraining the allowable sensitivity. Sincethe sensitivity was shown to be in-

versely proportional to the WNG (see Section 2.5), we constrain the sensitivity by constraining
the WNG directly and thereby overcome the main limitation ofthe existing methods, namely,
we avoid the need for an iterative procedure to reach a prescribed WNG.

14The example given had a frequency range of 960Hz-1920Hz witha sampling frequency of 6400Hz.
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3.2 Generic Framework for Robust Broadband Time-

Invariant Beamformer Design

This section introduces a generic framework for the design of robust time-invariant broad-

band beamformers, i.e., time-invariant data-independentbeamformers and time-invariant data-
dependent beamformers. To ensure a predetermined robustness, we propose to incorporate a
WNG constraint into beamformer designs, thus facilitatingflexible control of the robustness of

the designs. A general constrained problem for robust broadband beamformer design given a
certain array geometry may be formulated as

minimize F(w)

subject to CBR(w,Ωldν) = ζ ldν

CWNG(w,Ωldν) ≥ γ
∀ν = 1, . . . ,Nld, (3.1)

whereF is the beamformer design cost function,w are the filter responses or the time-domain

FIR filter coefficients,γ > 0 is the lower bound for the WNG,ζ ldν are frequency-independent
constant gains for the responses in the desired look directions, andNld is the total number of

desired look directions.CBR(w,Ωldν) andCWNG(w,Ωldν) represent the mathematical expres-
sions of the beamformer response in the desired look direction and the WNG, respectively.

The only restriction placed on the beamformer cost functiondefinition here is that it must
be convex [BV04, Dat12] (see Appendix B.2 for more details).Fortunately, this applies to
a large number of the beamformer designs, e.g., typical least squares-based and Chebyshev

norm-based beamformer designs [Van02, Dot09]. Note that the only restriction imposed on the
constraints is that their intersection must be convex. We introduce this general problem formu-

lation because, as will be seen later in this chapter, the mathematical expressions of the cost
function and the constraints vary depending on the given design. Since the constrained prob-

lem is convex, the problems can be solved using a wide range ofconvex optimization methods
[Fle87, BTN01, BV04, Dat12] and the solutions that are obtained are globally optimal (see
Appendix B for more details).

Since Nsen is the maximum attainable WNG, the upper limit for the user-defined WNG

lower bound isNsen, i.e., γmax = Nsen. The WNG constraint in (3.1) can only be satisfied if
0 < γ ≤ Nsen. By varying the parameterγ, the designs can be adapted to any given prior

knowledge on sensor mismatch, positioning errors, and sensor self-noise.

In order to obtain a geometric interpretation of the constrained problem defined in (3.1), we
consider the classical FSB designs, whereζ ld = 1 andNld = 1, and restrict ourselves to the

two-dimensional (2D) case, as depicted in Fig. 3.1. The colored rings represent the contours of
the convex cost function, where the values decrease from redto blue. Constraining the response

in the desired look direction in 2D defines a line and constraining the WNG, in conjunction with
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the response constraint, defines the area inside a circle with the center at the origin and a radius

of 1/γ (see Appendix B.4.1). Therefore, the solution lies on the intersection, i.e., the lowest
point of the cost function along the solid line.

w1

w2

Contours of cost function

Constraint on WNG

Constraint on beamformer
response in desired look direction

Intersection

Figure 3.1: Illustration of constrained problem for two dimensions andNld = 1.

Of course, other convex constraints may also be added to the beamformer designs, such
as null constraints, but it should be noted that every additional design constraint reduces the

number of degrees of freedom of the design. It is therefore important to only use constraints
where necessary.

Since the data-independent LSB design is a widely used design method, which allows for
flexible desired spatial response definition, we present in this chapter three data-independent

LSB designs which are based on the generic framework introduced here. First, two robust LSB
designs with a distortionless response in the desired look direction are presented in Section 3.3.

Then, a robust least squares-based polynomial beamformer is presented in Section 3.4. In addi-
tion, a data-independent beamformer design that aims at maximizing directivity is presented in
Section 3.5. A time-invariant data-dependent beamformer design based on the generic frame-

work is then introduced in Section 3.6. All the beamformer design problems are shown to be
convex. In general, the treatment follows [MSK09, MK10, MSK11, Bür11, MBK12], while

additional references are given where appropriate.

3.3 Least Squares Design of Robust Distortionless Beam-

formers

In the following, two least squares-based methods to designrobust broadband beamformers

with a distortionless response in the desired look direction are presented. The effectiveness of



3.3. Least Squares Design of Robust Distortionless Beamformers 49

these methods in controlling the robustness and providing good spatial selectivity is shown by

design examples. Their strengths and limitations are subsequently discussed.

3.3.1 DFT Domain Optimization

In this section, a robust LSB design is presented, which is shown to be a constrained least

squares problem incorporating constraints on the responseand on the WNG, and thus represents
a special case of the generic design problem (3.1). A block diagram of the design procedure is

depicted in Fig. 3.2. Once all design parameters have been defined, a constrained least squares
problem is defined for each element of a set of monochromatic plane waves, which sample the

desired frequency range. Typically, the frequencies are uniformly spaced and the narrowband
condition [YMH07, Van02]

∆B∆Tmax≪ 1 (3.2)

should be satisfied within each frequency bin, where∆B is the frequency spacing of two sam-
ples of a DTFT and∆Tmax is the maximum travel time between any two elements in the array.
Applying a solver to the constrained least squares problemsresults in the sampled frequency

responses of the beamformer filters. The time-domain FIR filters,wt, are subsequently obtained
by approximating the sampled frequency responses in the least squares sense. This FIR fil-

ter design method is essentially the inverse Fourier transform of the sampled complex-valued
frequency responses of the beamformer filters.

Robust Distortionless Beamformer Design

Design
Parameters

Constrained Constrained

Formulation
LS Problem LS Problem

Solver

LS FIR Filter
Approximation· ·

· wt

Figure 3.2: Flow chart of a robust least squares (LS) distortionless beamformer design with optimization

in the DFT domain.

3.3.1.1 Unconstrained Least Squares Design

As a first step, we consider the unconstrained LSB [VB88], which optimally approximates a
desired response,Bdes(ω,Ω,Ωld)15, by B(ω,Ω) in the least squares sense. Typically, a numerical

solution is obtained by discretizing the frequency range into Nf frequenciesωq, q = 0, . . . ,Nf−1,
with ωq − ωq−1 = ∆B, and the angular range intoNa anglesΩn, n = 0, . . . ,Na − 1, and solving

15The desired response is defined with a third argument, i.e., the desired look directionΩld, in order to emphasize
the steering direction of the beamformer.
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the resulting set of linear equations numerically. The beamformer design problem then reads

for a given frequencyωq:

Bdes(ωq,Ωn,Ωld)
!
=

Nsen−1
∑

m=0

Wm(ωq) ejωqτm(Ωn) . (3.3)

Reformulating (3.3) in matrix notation leads to

bdes(ωq)
!
= G(ωq)wf(ωq),

wherebdes(ωq) = [Bdes(ωq,Ω0,Ωld), . . . , Bdes(ωq,ΩNa−1,Ωld)]T , wf(ω) is given by (2.18), and

[G(ωq)]n,m = exp(jωqτm(Ωn)). Note that theNa × Nsen array manifold matrix can be written
as G(ωq) = [g(ωq,Ω0), . . . , g(ωq,ΩNa−1)]T , whereg(ωq,Ωn) are the sampled array manifold
vectors (see (2.23)).

Since the number of discretized angles is typically greaterthan the number of sensors,
Na > Nsen, the problem is overdetermined and reads:

min
wf(ωq)

∥

∥

∥G(ωq)wf(ωq) − bdes(ωq)
∥

∥

∥

2

2
, q = 0, . . . ,Nf − 1. (3.4)

The least squares problem16 in (3.4) is to be solved for each frequencyωq. A least squares
frequency-invariant beamformer (LSFIB) design is obtained by choosing the same desired re-
sponse for all frequencies, i.e.,bdes(ωq) := bdes. This design inherently leads to noise-sensitive

beamformers for low frequencies if the directivity of the desired response is significantly higher
than that of the UW-DSB. In this case, the beamformers are sensitive to small deviations in the

array model as encountered in real-world applications.

Several existing methods can be used to provide the solutionof (3.4) as explained in Ap-
pendix A. The selection of an appropriate method and the sensitivity of the solution depend on

thecondition numbersof the array manifold matrices,G(ωq), q = 0, . . . ,Nf −1, which are given
by (see Appendix A)

κ2(G(ωq)) =
σmax(G(ωq))

σmin(G(ωq))
, ∀q = 0, . . . ,Nf − 1, (3.5)

whereσmin(G(ωq)) andσmax(G(ωq)) are the minimum and maximum singular values ofG(ωq),

respectively.

Now, we will analyze the condition numbers of array manifoldmatrices. In order to ren-
der the analysis of the condition number with respect to the array parameters mathematically

16The minimization of an overdetermined system of equations under the Euclidean norm,‖·‖2, is known as the
overdetermined linear least squares problem [GV89] (see Appendix A for more details). It should be noted that the
solution for‖·‖2 is equivalent to the solution for‖·‖22, which is typically used in the LSB design problem statement
as it results in a quadratic problem.
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tractable, we consider the special case of a linear array. For the most part, the analysis follows

[Sch08]. The elements of the array manifold matrix for a linear array are given by

[G(ωq)]n,m = ejωqdm/ccosϕn, (3.6)

wheredm is the distance of them-th sensor from the origin. Without loss of generality, we as-

sume the linear array is located on thex-axis in the Cartesian coordinate system. The condition
number of the array manifold matrix depends on the linear dependency of the columns, i.e., the
condition number increases with increasing linear dependency between columns of the matrix.

If the columns are nearly linearly dependent this is referred to asnear-rank deficiencybut if
at least one of the columns is linearly dependent to another column, then this is referred to as

rank-deficiency[GV89].
Now, let us consider the elements of two adjacent columns [G(ωq)]:,m and [G(ωq)]:,m+1 of

the matrixG(ωq) and assume that the distance between the sensors isd′m,m+1, i.e., d′m,m+1 =

|dm+1 − dm|. The difference between the two columns is given by

[G(ωq)]:,m − [G(ωq)]:,m+1 =
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, (3.7)

where the final result is obtained by the substitutiond′
λq;m,m+1 = d′m,m+1/λq. If d′

λq;m,m+1 ap-
proaches zero, then (3.7) becomes

[G(ωq)]:,m − [G(ωq)]:,m+1

d′
λq;m,m+1→0
=









































ejωqdm/ccosϕ0
(

1− ej0
)

ejωqdm/ccosϕ1
(

1− ej0
)

...

ejωqdm/ccosϕNa−1
(

1− ej0
)









































=







































0

0
...

0







































. (3.8)
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This means that if the spacing becomes much smaller than the wavelength, i.e.,λq ≫ d′m,m+1,

the two columns approach linear dependency and therefore, the matrix becomes near-rank de-
ficient. This results in a large condition number. This implies that the solution obtained at low
frequencies may differ significantly from the optimum solution (see Appendix A).
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Figure 3.3: Condition number of array manifold matrices w.r.t. frequency for an 8-element ULA with

different sensor spacings.

If the directivity of the desired response is required to be high for all frequencies, which
typically occurs if a frequency-invariant response is desired, this leads to a solution of (3.4)

with a very large 2-norm ofwf at low frequencies. Therefore, small deviations in the actual
array manifold matrix may lead to large deviations between the resulting response and the de-

sired response to the extent of rendering the design useless. Since superdirectivity can only be
achieved if the sensor spacing is smaller than half the wavelength [BS01], i.e.,d′

λq;m,m+1 is small,

this implies that a superdirective LSB may only be obtained when the condition number of the
array manifold matrix is large. The condition number of array manifold matrices with respect
to frequency, for an exemplary ULA consisting of eight sensors with different sensor spacings,

is depicted in Fig. 3.3. It is clear that for low frequencies,whered′
λq;m,m+1 is small, the condition

number is very large. For high frequencies the condition number approaches unity. If the direc-

tivity of the desired response for a LSB design should be high, then an increase of the condition
number of the array manifold matrix corresponds to a decrease of the WNG of the design.

Although the desired response in (3.4) is typically defined with unity gain in the desired
look direction, this does not guarantee a distortionless response in that direction for the resulting

beamformer. This is because all angles have equal importance, i.e., equal weight, and thus, the
resulting magnitude response in the desired look directionwill typically not be unity at allωq.

These deviations may be reduced, but not eliminated, by using a weighted LSB design with
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larger weights in the main-lobe region. The problem then reads:

min
wf (ωq)

∥

∥

∥PG(ωq)wf(ωq) − bdes(ωq)
∥

∥

∥

2

2
, q = 0, . . . ,Nf − 1, (3.9)

whereP is anNa × Na diagonal matrix, i.e., the weights lie on the diagonal.

3.3.1.2 Distortionless Response and Robustness Constraints

In order to ensure that the desired signal originating from the desired look directionΩld remains
undistorted, the linear constraint

wH
f (ωq)g(ωq,Ωld) = 1, (3.10)

must be satisfied for all frequenciesωq.
For controlling the robustness of the LSB design, a constraint to the WNG is now applied

as follows:
∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

≥ γ, (3.11)

whereγ > 0 is the user-defined lower bound for the WNG, which allows direct control of the

robustness of the beamforming design.

3.3.1.3 Constrained Least Squares Design

A robust LSB (RLSB) design is now defined by combining (3.4), (3.10), and (3.11) resulting in

the constrained least squares optimization problem

min
wf (ωq)

∥

∥

∥G(ωq)wf(ωq) − bdes(ωq)
∥

∥

∥

2

2
,

subject to
∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

≥ γ,

wH
f (ωq)g(ωq,Ωld) = 1, (3.12)

which is a convex problem as shown in Appendix B.4.1. This is clearly a special case of the

general constrained problem (3.1) with

F(w) =
∥

∥

∥G(ωq)wf(ωq) − bdes(ωq)
∥

∥

∥

2

2
,

CBR(w,Ωld) = wH
f (ωq)g(ωq,Ωld),

CWNG(w,Ωld) =

∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

,
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and withw := wf(ωq), Nld = 1, andζ ld = 1. Since the constrained problem (3.12) is convex, the

solution is a globally optimal solutionwf,opt(ωq), if it exists, i.e., there is no other vectorw̃f(ωq)
that satisfies the constraints, (3.10) and (3.11), and yields a smaller quadratic error. As there is
no known analytic solution to (3.12), constrained optimization techniques are used. The general

idea behind constrained optimization is to transform the problem into a simpler subproblem that
is known to be solvable and used as the basis of an iterative algorithm [Fle87]. Here we use

CVX, a package for specifying and solving convex optimization problems [GBb, GB08].
By changing the WNG lower limit, the RLSB design may vary fromrelatively robust beam-

formers,γ > 1, to highly sensitive SDBs,γ ≪ 1, as desired. This flexibility allows the designs
to be adapted to any given prior knowledge on sensor mismatch, positioning errors, and sensor
self-noise.

Note that it is possible to add other convex constraints to (3.12) if required. A typical
example is if an interferer is known to originate from a certain fixed directionΩo, it may be

suppressed by adding the constraint

wH
f (ωq)g(ωq,Ωo) = ζo (3.13)

to (3.12), whereζo is a real variable that controls the suppression level. Ifζo = 0, this is typically
referred to as anull constraint.

3.3.1.4 Design Examples

In this section, the robust least squares frequency-invariant beamformer (RLSFIB) design, i.e.,

RLSB with bdes(ωq) := bdes, is evaluated for microphone array beamforming, by investigating
various array geometries and WNG values.

As mentioned before, the design procedure is as follows: Once all design parameters have

been defined, the constrained problem (3.12) is to be solved for every discrete frequency point
ωq. The time-domain FIR filterswm,l, of lengthL, are used to approximate the frequency re-

sponse vectors [Wm(ω0), . . . ,Wm(ωNf−1)] in the least squares sense. The performance of the
design is evaluated based on these filters.

The sampling frequency isfs = 8 kHz. 512 equally spaced frequency bins, with∆B =

15.625 Hz, will be used throughout this chapter unless stated otherwise. Lower and upper cut-

off frequencies of 0.3 kHz and 3.4 kHz, respectively, are chosen with telephone speech signal
capture in mind. Uniform sampling of 5◦ is used to discretize the angular range. Each of
the design examples is represented by a figure containing multiple subfigures depicting the

beamformer’s beampattern, directivity index, magnitude response (MR) in the desired look
directionΩld, and WNG on a logarithmic scale (γlog = 10 log10γ), respectively. Note that the

beampatterns are always normalized w.r.t. their maximum and the magnitude responses are
normalized w.r.t. their mean values.
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Figure 3.4: Desired response for linear array withϕld = 90◦; a) linear scale; b) zoomed-in logarithmic

scale.

Uniform Linear Array

The RLSFIB design is first applied to linear arrays where the elements of the array manifold

matrix are given by (3.6). The desired response,bdes, is depicted in Fig. 3.4a. The main-lobe
has a 3 dB beamwidth of twenty degrees as depicted in Fig. 3.4b.

The results of the LSFIB design according to (3.4), i.e., unconstrained beamformer design,

and RLSFIB design according to (3.12) are depicted in Fig. 3.5 for an eight-element ULA with
spacingd = 0.04 m and filter lengthL = 511. The beampattern of the LSFIB design depicted

in Fig. 3.5a shows good spatial selectivity, which is confirmed by the corresponding directivity
index shown in Fig. 3.5d. However, the magnitude response inthe desired look direction, de-

picted in Fig. 3.5e, deviates significantly from the desiredvalue, especially at low frequencies
where the deviation is about 2.3 dB. Its magnitude response has a highpass characteristic.Note
that the magnitude response is normalized to its mean over all frequencies. The WNG of the

LSFIB design, which is depicted in Fig. 3.5f, is very small atlow frequencies where it reaches
a minimum of−71 dB at about 600 Hz17. The design is therefore highly sensitive to sensor

self-noise and small deviations in the array model.

The beampattern of the RLSFIB design with a WNG lower bound ofγlog = −30 dB is

depicted in Fig. 3.5b. This beamformer also has high spatialselectivity as confirmed by the high
directivity index. However, the directivity index is lowerthan for the LSFIB design at lower
frequencies. This is due to the WNG constraint, i.e., due to the inherent trade-off between design

robustness and spatial selectivity. The deviations of the magnitude response in the desired look
direction are less than 0.002 dB and the phase in the desired look direction is linear. The WNG

is constrained successfully above−30 dB as expected and therefore, this design is more robust
than the LSFIB design.

17Below 600 Hz, there is a loss in spatial selectivity, which results in the larger beamwidth and lower directivity.
This in turn leads to a larger WNG below 600 Hz.
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Figure 3.5: 8-element ULA with 0.04 m spacing;L = 511; ϕld = 90◦; Beampatterns for a) LSFIB, b)

RLSFIB with γlog = −30 dB, and c) RLSFIB withγlog = 9.03 dB; d) Directivity indices; e) Magnitude

responses (MR) inϕ = 90◦; f) WNGs.

The beampattern of the RLSFIB design with a WNG lower bound ofγlog = 9.03 dB is

depicted in Fig. 3.5c. The chosen WNG lower bound corresponds to the WNG of the UW-
DSB, i.e., 10 log10(8) = 9.03 dB, which is the maximum possible WNG for an eight-element

array and therefore corresponds to the most robust design possible. The beampattern shows
that the spatial selectivity is reduced significantly as expected, especially at low frequencies.
The distortionless and WNG constraints are met. The resulting WNG and directivity index

confirm that the resulting design is equivalent to the UW-DSB. This beamformer has the highest
directivity at high frequencies. This is mainly due to the beamwidth, which monotonically

decreases with increasing frequency. However, the side-lobes are significantly higher when
compared to the two previous designs.

As mentioned earlier, the performance of the beamformer designs are ultimately evaluated

based on the FIR filters that approximate the computed optimum filter responses, which are the
solutions of the constrained least squares problems (3.12).

However, in order to gain an insight into the deviations caused by the least squares-based
FIR filter approximation on the magnitude response in the desired look direction and WNG,

an exemplary beamformer, i.e., the RLSFIB design withγlog = −30 dB, is considered and
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Figure 3.6: 8-element ULA with 0.04 m spacing;L = 511;γlog = −30 dB; a) Design-domain magnitude

response (MR) inϕ = 90◦; b) MR deviations due to FIR filter approximation relative todesign domain;

c) Design-domain WNG; d) WNG deviations due to FIR filter approximation relative to design domain.

the results are shown in Fig. 3.6. In Figs. 3.6a and 3.6b the magnitude response inϕ = 90◦

based on the computed filter responses and the correspondingmagnitude response after FIR

filter approximation, respectively, are shown. As expected, the FIR filter approximation results
in marginally larger deviations relative to the design-domain magnitude response18 behavior.
These deviations are due to small ripples in the magnitude responses of the approximated

filters [PB87, OS89], which are typically larger at the extremities of frequency range due to the
FIR filter design method used here. In Figs. 3.6c and 3.6d the WNG computed based on the

computed filter responses and the corresponding deviationsdue to FIR filter approximation,
respectively, are shown. The same conclusions as for the magnitude response results can be

made here. However, the deviations due to the FIR filter approximation are relatively small
due to the large filter length, i.e.,L = 511, used here. The effects of small filter lengths on the

design performance will be dealt with later.

Sensitivity to Array Model Errors

A mathematical analysis of the sensitivity of beamformer designs to imperfections in the array

model was presented Section 2.5. Now we investigate, by way of examples, the effect of errors
on the beamformer performance when the beamformer is designed assuming an ideal model,
i.e., no errors.

First, we consider the case where errors in the microphone positions exist, but the micro-

18The design-domain magnitude response deviations are so small that they can be considered negligible.
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Figure 3.7: Sensitivity to positioning errors withσp = 0.01d; 8-element ULA withd = 0.04 m spacing;

L = 511;ϕld = 90◦; Beampatterns for a) LSFIB, b) RLSFIB withγlog = −30 dB, and c) RLSFIB with

γlog = 9.03 dB; d) Directivity indices; e) Magnitude responses (MR) in ϕ = 90◦.

phones are assumed to be perfectly omnidirectional.

The results obtained by adding a zero mean Gaussian distributed position error with a stan-

dard deviation ofσp = 0.01d = 0.4 mm are depicted in Fig. 3.7. The actual position offset
vector is [0.2 − 0.5 − 0.1 − 0.4 − 0.6 0.3 0.7 0.3] mm19. The beampattern of the LSFIB de-
sign, depicted in Fig. 3.7a, shows a significant loss in spatial selectivity below 1.2 kHz, which

coincides with the region where the WNG is small, as depictedin Fig. 3.5f. The worst per-
formance occurs at around 600 Hz, which corresponds to the location of the minimum WNG

(see Fig. 3.5f). Of course, this is the region where the design is most sensitive. There is a
significant, uniform attenuation of the beamformer response across the entire angular range at

frequencies greater than 1.2 kHz, i.e., an angle-independent lowpass characteristic.The direc-
tivity index above 1.2 kHz is therefore relatively high and similar to the case without any errors

(see Fig. 3.5d). The maximum deviation in the magnitude response is approximately 2.3 dB, as
depicted in Fig. 3.7e.

The beampattern of RLSFIB design withγlog = −30 dB, depicted in Fig. 3.7b, shows good

19Although these vectors are only a sample of possible positioning error vectors, they allow us to obtain an
insight into the performance of the beamformer designs. Note that positioning errors of this order can occur in
practice when using small microphones, e.g., MicroElectrical-Mechanical System (MEMS) microphones whose
dimensions are in the order of millimeters.
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Figure 3.8: Sensitivity to positioning errors withσp = 0.1d; 8-element ULA withd = 0.04 m spacing;

L = 511;ϕld = 90◦; Beampatterns for a) LSFIB, b) RLSFIB withγlog = −30 dB, and c) RLSFIB with

γlog = 9.03 dB; d) Directivity indices; e) Magnitude responses (MR) in ϕ = 90◦.

spatial selectivity that is similar to the beampattern obtained when no errors are present (see

Fig. 3.5b) and the magnitude response deviations are similar. The directivity index is still high.
Constraining the WNG clearly improves beamformer robustness. The beampattern for the RLS-

FIB design withγlog = 9.03 dB, depicted in Fig. 3.7c, shows that the spatial selectivity is similar
to the case without positioning errors (see Fig. 3.5c). The directivity index is similar and the

magnitude response deviation is small.

The standard deviation is now increased toσp = 0.1d = 4 mm. The results are depicted

in Fig. 3.8. The actual position offset vector is [1.1 2.0 − 5.9 4.8 − 1.8 5.1 − 4.0 − 1.2] mm.
The increase in the standard deviation results in a strongerangle-independent lowpass charac-

teristic at high frequencies in the beampattern of the LSFIBdesign, as depicted in Fig. 3.8a. The
maximum deviation in the magnitude response is 2.3 dB, as before. Therefore, due to the loss

in spatial selectivity in the presence of the small positioning errors considered here, the LSFIB
design becomes practically useless.

The beampattern of the RLSFIB design withγlog = −30 dB shows a significant loss of spatial
selectivity below 2 kHz due too high side-lobes, as depictedin Fig. 3.8b. Above this frequency,

the beampattern shows a significant angle-independent attenuation and the magnitude response
is still flat. Although the RLSFIB design withγlog = −30 dB is shown to be robust against small

positioning errors with standard deviationσp = 0.01d, larger errors, with standard deviations
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in the order ofσp = 0.1d or greater, would require a higher WNG lower bound. Even for a

standard deviation ofσp = 0.1d, the performance of the RLSFIB design withγlog = 9.03 dB is
still good, as depicted in Fig. 3.8c. Of course, the performance worsens as the errors become
larger.
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Figure 3.9: Sensitivity to magnitude variations withσa = 0.01 dB; 8-element ULA with 0.04 m spacing;

L = 511;ϕld = 90◦; Beampatterns for a) LSFIB, b) RLSFIB withγlog = −30 dB, and c) RLSFIB with

γlog = 9.03 dB; d) Directivity indices; e) Magnitude responses (MR) in ϕ = 90◦.

Next, we consider the case where no microphone positioning and phase errors exist, but the

magnitude responses are not identical.

Here, zero mean Gaussian distributed gain errors were addedto the microphone
gain at each frequency bin. The results for gain errors with astandard deviation of
σa = 0.01 dB are depicted in Fig. 3.9. The actual microphone gain deviation vector is

[0.005 0.023 − 0.006 0.016 − 0.008 0.01 0.001 0.018] dB. The beampattern for the LSFIB
design, depicted in Fig. 3.9a, shows a significant loss of spatial selectivity below 1 kHz and

an angle-independent attenuation above this frequency. The magnitude response, which is rela-
tively flat above 1.2 kHz, has a maximum deviation of about 30 dB.

The beampattern for the RLSFIB design withγlog = −30 dB, depicted in Fig. 3.9b, shows

that good spatial selectivity is maintained and the directivity index is similar to the case with
no errors. The magnitude response, depicted in Fig. 3.9e, has a maximum deviation of less

than 0.25 dB. The beampattern of the RLFSIB design withγlog = 9.03 dB shows that the
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Figure 3.10: Sensitivity to magnitude variations withσa = 1 dB; 8-element ULA with 0.04 m spacing;

L = 511;ϕld = 90◦; Beampatterns for a) LSFIB, b) RLSFIB withγlog = −30 dB, and c) RLSFIB with

γlog = 9.03 dB; d) Directivity indices; e) Magnitude responses (MR) in ϕ = 90◦.

performance, in terms of spatial selectivity, is hardly degraded at all. The magnitude response
deviation is also negligible.

The gain errors are now increased. The results for gain errors with a standard devia-

tion of σa = 1 dB are depicted in Fig. 3.10. The actual microphone gain deviation vector
is [−1.357 − 0.433 0.959 − 2.318 − 0.28 1.069 − 0.598 − 0.662] dB. For the LSFIB design,

increasing the standard deviation toσa = 1 dB results in further loss of spatial selectivity and
an increase in the deviation of the magnitude response, as depicted in Figs. 3.10a and 3.10e,

respectively.

The beampattern for the RLSFIB design withγlog = −30 dB, depicted in Fig. 3.10b, shows
a performance degradation in terms of spatial selectivity.The beampattern also displays an

angle-independent lowpass characteristic. The results for RLFSIB design withγlog = 9.03 dB
are similar to those forσa = 0.01 dB.

Finally, we consider the case where no microphone positioning and magnitude errors exist,
but the phases of the microphones are not identical.

The results shown in Fig. 3.11 were obtained by choosing the standard devia-

tion of the phase error asσφ = 1◦. The corresponding phase offset vector is
[1.16◦ − 0.061◦ 0.76◦ − 0.96◦ 0.56◦ 0.85◦ − 0.55◦ − 1.87◦].

For σφ = 1◦, the beampattern for the LSFIB design, depicted in Fig. 3.11a, shows a total
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Figure 3.11: Sensitivity to phase variations withσφ = 1◦; 8-element ULA with 0.04 m spacing;L = 511;

ϕld = 90◦; Beampatterns for a) LSFIB, b) RLSFIB withγlog = −30 dB, and c) RLSFIB withγlog =

9.03 dB; d) Directivity indices; e) Magnitude responses (MR) in ϕ = 90◦.

loss in spatial selectivity at low frequencies and significant attenuation at frequencies greater
than 1.3 kHz in the whole angular range. The magnitude response forσφ = 1◦, depicted in

Fig. 3.11e, has a maximum deviation of about 23 dB.

The beampattern for the RLSFIB design withγlog = −30 dB, depicted in Fig. 3.11b, shows
that good spatial selectivity is still achieved, which is confirmed by the relatively high directivity
index, but the side-lobes are higher at lower frequencies compared to the beampattern obtained

when no errors are present (see Fig. 3.5b). The magnitude response forσφ = 1◦ has maximum
deviation of 0.9 dB. The beampattern for the RLSFIB design withγlog = 9.03 dB, depicted

in Fig. 3.11c shows that the performance, in terms of spatialselectivity, is not degraded. The
deviations of the magnitude responses forσφ = 1◦ are negligible.

The results shown in Fig. 3.12 were obtained by choosing the standard devia-

tions of the phase error asσφ = 5◦. The corresponding phase offset vector is
[−1.60◦ 2.74◦ 6.51◦ 0.23◦ 4.62◦ − 8.74◦ 0.80◦ − 9.39◦].

The beampattern of the LSFIB design, depicted in Fig. 3.12a,shows that increasing the stan-

dard deviation toσφ = 5◦ results in further performance degradation. The magnituderesponses
for σφ = 5◦, depicted in Fig. 3.12e, has a maximum deviation of about 23 dB.

The beampattern for the RLSFIB design withγlog = −30 dB, depicted in Fig. 3.12b, shows

that the standard deviation ofσφ = 5◦ leads to a total loss of spatial selectivity at low frequencies
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Figure 3.12: Sensitivity to phase variations withσφ = 5◦; 8-element ULA with 0.04 m spacing;L = 511;

ϕld = 90◦; Beampatterns for a) LSFIB, b) RLSFIB withγlog = −30 dB, and c) RLSFIB withγlog =

9.03 dB; d) Directivity indices; e) Magnitude responses (MR) in ϕ = 90◦.

and significant attenuation at frequencies greater than 2 kHz in the whole angular range. The

magnitude response forσφ = 5◦ has maximum deviations of 4.7 dB. The results for RLFSIB
design withγlog = 9.03 dB are similar to those forσφ = 1◦.

In general, deviations in the array model cause a loss in spatial selectivity mainly at low
frequencies if the WNG is small and an angle-independent attenuation at high frequencies.

The results shown in this section confirm the conclusions drawn in the sensitivity analysis
presented in Section 2.5. It is also confirmed that the errorscan be modeled as spatially white

noise and constraining the WNG reduces the effect of these deviations. Therefore, using
the WNG constraint as a remedy appears to be a reasonable and effective way to control the

robustness of beamformer designs, i.e., constraining the WNG in a beamformer design results
in beamformers that are robust against small sensor positioning errors, as well as sensor gain
and phase mismatch.

Nonuniform Linear Array

Due to geometrical constraints that may be encountered in practice, uniform spacing in the
array is not always possible nor necessary. To this end, the RLSFIB design is applied to an

eight-element nonuniform linear array (NULA) withγlog = −30 dB. The actual positioning
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Figure 3.13: RLSFIB design for 8-element NULA;L = 511;ϕld = 90◦; γlog = −30 dB; Beampattern,

directivity index, magnitude response inϕ = 90◦, and WNG.

vector used is [−0.15 − 0.10 − 0.07 − 0.02 0.03 0.06 0.11 0.13]m. The total aperture size

and the considered bandwidth is the same as in the previous example. The results are depicted
in Fig. 3.13. The beampattern shows good spatial selectivity and is similar to that of the ULA
depicted in Fig. 3.5b. The directivity index is also high. The magnitude response deviations

are very small and the WNG is constrained successfully. Thisresult clearly demonstrates the
applicability of the RLSFIB design to nonuniform array configurations.

Harmonically Nested Linear Array

The RLSFIB design is now applied to a harmonically nested linear array comprising four

sub-arrays, each consisting of five microphones. The microphone spacings for the four
sub-arrays are 0.04 m, 0.08 m, 0.16 m, and 0.32 m, respectively. Thus, the array is of length

1.28 m and comprises eleven microphones in total. For this example, the sampling frequency
is 12 kHz and the bandwidth is chosen such that the lower and upper cut-off frequencies are
0.1 kHz and 6 kHz, respectively. This is done because such largearrays may be used in acoustic

front-ends that are required to use a relatively large bandwidth, e.g., if the output of the acoustic
front-end is fed into a speech recognition system. The same desired response is used as before.

The results are depicted in Fig. 3.14. The beampattern showsthat good spatial selectivity is
achieved throughout the frequency range. The beampattern is also nearly frequency-invariant,

and the directivity index is almost constant above 0.5 kHz. The magnitude response deviations
are less than 0.05 dB, and the WNG is constrained successfully. A major advantage of the

RLSFIB design over the CDB design, which was presented in Section 2.6.1, is that it avoids
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Figure 3.14: RLSFIB design for 11-element nested array;L = 511;ϕld = 90◦; γlog = −10 dB; Beampat-

tern, directivity index, magnitude response inϕ = 90◦, and WNG.

the problems of filterbank design for avoiding discontinuities at the band edges when applied
to harmonically nested arrays. This example clearly shows the ability of the RLSB design

method to use the underlying array configuration to enhance the performance of the resulting
beamformer, i.e., the design can be applied successfully towidely differing array configurations.

Uniform Linear Array Steered to Endfire

Superdirectional beamformers are especially desirable due to their ability to obtain a good spa-
tial selectivity with a small array consisting of few sensors satisfying constraints on space and

cost. Therefore, the RLSFIB design is now evaluated for a three-element ULA with spac-
ing d = 0.008 m and different filter lengths. The desired magnitude response is depicted in

Fig. 3.15, where the main-lobe is steered towardsϕld = 0◦.

The results are depicted in Fig. 3.16. Note, as is typical fordepicting beampatterns of
beamformers steered to endfire, the azimuth angular range [−180◦, 180◦] is used for clarity.
Although the beamwidth of the main-lobe is large due to the small aperture size, good

spatial selectivity is achieved forL = 511 andL = 63, as depicted in Figs. 3.16a and 3.16b,
respectively. The corresponding directivity indices are both higher than the directivity index

for a UW-DSB, i.e., greater than 10 log10(3) = 4.77 dB. ForL = 15, similar spatial selec-
tivity is achieved above 0.5 kHz, as depicted in Fig. 3.16c, and the corresponding directivity

index is also high in this region. As the filter length decreases, the magnitude response
deviations also increase, as shown in Fig. 3.16e. ForL = 511 andL = 63, the magnitude

response deviations are less than 0.2 dB and 1.1 dB, respectively. The magnitude response
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Figure 3.15: Desired response for a linear array withϕld = 0◦.

deviation reaches 7.7 dB at low frequencies forL = 15. One could design a post-filter which

compensates for these deviations but this would amplify thenoise, cause additional delay,
and increase complexity. The WNG deviations forL = 511 andL = 63 are both less than
0.15 dB. The WNG deviation forL = 15 reaches 4.5 dB due to the limited number of degrees

of freedom for the FIR filters that are used to approximate thefrequency responses of the design.

Circular Array

The RLSFIB design is now evaluated for circular arrays that are located in theϑ = 90◦ plane,

i.e., x− y plane in the Cartesian coordinate system. The desired magnitude response is depicted
in Fig. 3.17, where the main-lobe is steered towardsϕld = 120◦. The 3 dB beamwidth of twenty

degrees is maintained. The elements of the array manifold matrix for an unbaffled circular array
in a plane coplanar with the array, i.e.,ϕ = 90◦, are given by [TK05]

[G(ωq)]n,m = ejωqρ/ccos(ϕm−ϕn), (3.14)

whereρ is the radius andϕm is the angle at which them-th microphone is located.
A six-element uniform circular array (UCA), with a radius of0.02 m and microphones

placed atϕmic = [0◦ 60◦ 120◦ 180◦ 240◦ 300◦], is depicted in Fig. 3.18. In Fig. 3.19 the results
for a filter length ofL = 511 and different WNG lower bounds are shown. The beampat-
tern of the LSFIB design is frequency invariant and shows good spatial selectivity, as depicted

in Fig. 3.19a. The directivity index of approximately 8.4 dB is constant across the entire fre-
quency range as depicted in Fig. 3.19d. However, the WNG, depicted in Fig. 3.19f, goes down

to −60 dB at low frequencies, highlighting the sensitivity of this design. The magnitude re-
sponse has deviations of less than 0.5 dB.

The beampattern for the RLSFIB design with a WNG lower bound of γlog = −20 dB is de-
picted in Fig. 3.19b. The beampattern shows good spatial selectivity and is frequency invariant

above 1.7 kHz. It broadens below this frequency due to the WNG constraint. The directivity
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Figure 3.16: RLSFIB design for 3-element ULA with 0.008 m spacing;γlog = −30 dB;ϕld = 0◦; Beam-

patterns for a)L = 511, b)L = 63, and c)L = 15; d) Directivity indices; e) Magnitude responses in

ϕ = 0◦; f) WNGs.
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Figure 3.17: Desired response for circular array withϕld = 120◦.

index is also high for this design. The magnitude response deviations are less than 0.2 dB and

the WNG is successfully constrained. By increasing the WNG lower bound toγlog = 7.78 dB,
we approximate the UW-DSB. This is confirmed by the beampattern depicted in Fig. 3.19c and

the negligible magnitude response deviation.
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Figure 3.18: 6-element UCA withρ = 0.02 m.
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3.3.1.5 Discussion

The RLSB design which allows full control of the robustness of an LSB design has been derived.
The beamformer design is formulated as a constrained least squares problem incorporating two

constraints, which ensure that the resulting design has a distortionless response in the desired
look direction and the WNG lies above a user-defined lower limit. The constrained least squares
problem is shown to be convex and therefore well-established methods for convex optimization

may be used to solve the constrained problem. The main features of the RLSB design are:

(a) Flexible definition of the desired response.

(b) Guarantees the optimal solution for the given array geometry, desired response, and cho-

sen constraints.

(c) Applicable to arbitrary array geometries, i.e., there are no restrictions on sensor place-

ment.

The results confirm that the RLSB design is capable of controlling the robustness of the
resulting beamformer according to the user’s requirementswhich underlines the flexibility of

this design procedure. Thus, the resulting beamformers canbe made robust against small errors
in sensor placement and mismatches in the phase and gain of the sensors. The magnitude

responses in the desired look directions are also relatively flat, with only small deviations. When
the FIR filter length is chosen to be sufficiently large, the deviations in the magnitude response

and WNG are very small. However, the performance degrades with reduction in filter length
due to the limited degrees of freedom available for approximating the computed filter responses.

3.3.2 Time Domain Optimization

A limitation of narrowband RLSB design in the DFT domain becomes obvious when the fil-

ter length is reduced significantly: Then, the deviations from the optimum constraint values
increase due to the limited degrees of freedom provided by the FIR filters in approximating
the computed filter responses. In this section, a time-domain robust broadband beamforming

design for low filter orders, which is also formulated as a constrained least squares problem
incorporating constraints on the frequency response and onthe WNG, is presented. A block

diagram of the design procedure is depicted in Fig. 3.20. Thedesign obtains the FIR filter co-
efficients directly from the solution of the constrained optimization problem while ensuring the

constraints are still met, i.e., the FIR filter approximation block, as depicted in Fig. 3.2, is no
longer required. The advantages and limitations of this design method over the RLSB design

will be shown in the following.
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Robust Distortionless Beamformer Design

Design
Parameters

Constrained Constrained

Formulation
LS Problem LS Problem

Solver
wt

Figure 3.20: Flow chart of a time-domain robust least squares (LS) distortionless beamformer design.

3.3.2.1 Unconstrained Least Squares Design

Considering a given frequencyωq, the vectorwf(ωq) may also be written as

wf(ωq) = [I Nsen⊗ fL(ωq)]wt

= F(ωq)wt, (3.15)

where⊗ denotes the Kronecker product,wt = [w0,0,w0,1, . . . ,w0,L−1, . . . ,wNsen−1,L−1]T , I Nsen is an
Nsen× Nsen identity matrix, andfL(ωq) = [1, exp(− jωqTs), . . . , exp(− jωq(L − 1)Ts)] can be seen

as oneL × 1 vector of a DFT matrix.F(ωq) describes the transform to the frequency domain
andwt is the (time-domain) vector containing all the FIR filter coefficients. The beamformer

design problem then reads:
bdes(ωq)

!
= G(ωq)F(ωq)wt.

The least squares solution to this problem is given by:

min
wt

Nf−1
∑

q=0

∥

∥

∥G(ωq)F(ωq)wt − bdes(ωq)
∥

∥

∥

2

2
. (3.16)

Letting M = [G(ω0)F(ω0), . . . ,G(ωNf−1)F(ωNf−1)]T , bdesNf
= [bT

des(ω0), . . . , bT
des(ωNf−1)]T , the

problem can be reformulated as

min
wt

∥

∥

∥Mw t − bdesNf

∥

∥

∥

2

2
. (3.17)

This design allows for flexible control of spatial characteristics. The main advantage of using
the cost function (3.17) as opposed to using (3.4) is that thetime-domain filter coefficients are
obtained directly as the solution of the problem. However, it also leads to noise sensitive beam-

formers for low frequencies if the directivity of the desired response is significantly higher than
that of the UW-DSB and may therefore be sensitive to sensor self-noise and small deviations on

the array model.
The problem (3.17) is a commonly used cost function for leastsquares-based beamformer

designs, e.g., in [YMH07, ZLL09]. However, this design still faces similar problems to the
design described in Section 3.3.1 with respect to the large condition numbers of the matrices,

which may even be larger due to the significantly larger matrices used in this design. Figure 3.21



3.3. Least Squares Design of Robust Distortionless Beamformers 71

illustrates the differences in sizes of the vectors and matrices used in the LSB design problem

(3.4) and the TD-LSB design problem (3.17), where the dimensions of the vectors and matrices
are larger by factorsL andNf . Additionally, the size of the matrices and vectors in (3.17) may
become so large20 that solvers, e.g., the MATLAB Optimization Toolbox andCVX, may run into

numerical problems. Thus, in some cases, no feasible solution may be found. This is especially
the case if the angular and frequency sampling grid are fine, and a large filter length is desired.

In order to obtain feasible solutions, small filter lengths are typically used and, additionally,
relatively coarse sampling grids may also be used if necessary.

Nsen

Nsen

Na
Na

11

11

NsenL

NsenL

NaNfNaNf

G(ωq) wf(ωq) bdes(ωq)

M wt bdesNf

a)

b)

Figure 3.21: Illustration of matrix sizes for a) the LSB design problem (3.4) and b) the TD-LSB design

problem (3.17).

20Here, large refers to vectors and matrices whose dimensionsare of order of magnitude 3 or greater.
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3.3.2.2 Distortionless Response and Robustness Constraints

In order to ensure that the desired signal from the look direction Ωld remains undistorted, the

linear constraints

wH
t FH(ωq)g(ωq,Ωld) = e− jωqTs(L−1)/2, ∀q = 0, . . . ,Nf − 1, (3.18)

must be satisfied. These constraints ensure unity magnituderesponse and a linear phase in

the desired look direction. Lettingu(ωq,Ωld) = FH(ωq)g(ωq,Ωld), these constraints can be
combined into a single equality constraint

wH
t U(Ωld) = c, (3.19)

where

U(Ωld) = [u(ω0,Ωld), . . . , u(ωNf−1,Ωld)]

and

c = [e− jω0Ts(L−1)/2, . . . , e− jωNf−1Ts(L−1)/2].

For controlling the robustness of the beamformer design, a constraint is applied to the WNG

at each frequencyωq as follows:

∣

∣

∣wT
t u(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥F(ωq)wt

∥

∥

∥

2

2

≥ γ. (3.20)

Note that here we constrain the actual WNG at a given frequency ωq directly and not the norm
of the resulting filters.

3.3.2.3 Constrained Least Squares Design

A time-domain implementation of a RLSB (RLSB-TD) design maybe ensured by combining
(3.17), (3.19) and (3.20) resulting in the constrained least squares optimization problem

min
wt

∥

∥

∥Mw t − bdesNf

∥

∥

∥

2

2
,

subject to

∣

∣

∣wT
t u(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥F(ωq)wt

∥

∥

∥

2

2

≥ γ, ∀q = 0, . . . ,Nf − 1

wT
t U(Ωld) = c, (3.21)
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which is a convex problem as shown in Appendix B.4.2. This is also a special case of the

general constrained problem (3.1) with

F(w) =
∥

∥

∥Mw t − bdesNf

∥

∥

∥

2

2
,

CBR(w,Ωld) = wT
t u(ωq,Ωld),

CWNG(w,Ωld) =

∣

∣

∣wT
t u(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥F(ωq)wt

∥

∥

∥

2

2

,

w := wt, Nld = 1, andζ ld = e− jωqTs(L−1)/2. Like (3.12), as the constrained problem (3.21) is

convex, the solution to (3.21) results in a globally optimalsolution.

3.3.2.4 Design Examples

The performance of the RLSFIB-TD design, i.e., RLSB-TD withbdesNf
= 1Nf ,1 ⊗ bdes, where

1Nf ,1 is a row vector with all ones, is now evaluated for a three-element ULA with a spacing of
d = 0.008 m and the main-lobe is steered towards endfire. The designparameters used here are

the same as those used for the RLSFIB design whose results aredepicted in Fig. 3.16, except
that∆B = 50 Hz (160 equally spaced frequency bins) and the largest filter length considered

here isL = 127 because no feasible solution is obtained for large filterlengths21, e.g.,L = 511.

Fig. 3.22 depicts the results of the RLSFIB-TD design for different filter lengths. For
L = 127, the beampattern shows good spatial selectivity despite the small array size, as de-

picted in Fig. 3.22a. The relative side-lobe level is approximately 10 dB. The directivity index
is high throughout the frequency range reaching 9.45 dB at high frequencies, as depicted in

Fig. 3.22d. The maximum magnitude response deviations are less than 0.009 dB and is rela-
tively constant above 1 kHz. The WNG is constrained successfully. Reducing the filter length
to L = 63, the beampattern still shows good selectivity, as shown in Fig. 3.22b. The direc-

tivity index is similar to the design withL = 127. The magnitude response deviation is only
slightly smaller in comparison. The WNG constraint is stillsatisfied. Comparing these results

with those obtained for the RLSFIB design withL = 63, which are depicted in Fig. 3.16, the
beampattern and directivity index are similar. However, the magnitude response deviations are

significantly smaller22 for the RLSFIB-TD design.

When the filter length is further reduced toL = 15, the spatial selectivity is still relatively
good but the side-lobes at low frequencies are higher, as shown by the beampattern in Fig. 3.22c.

Although the maximum magnitude response deviation of only 0.004 dB is smaller than for
L = 127 andL = 63, the relative side-lobe level is only 6 dB. The directivity index is high

21This was the case when using MATLAB 7.10.0 with the CVX optimization toolbox, Version 1.2, to solve the
constrained problem. The code was run on a desktop computer with an Intel Pentium dual-core 3GHz processor
and 2 GB of RAM.

22The maximum magnitude response deviations differ by more than 2 orders of magnitude.
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Figure 3.22: RLSFIB-TD design for 3-element ULA with 0.008 m spacing;γlog = −30 dB; ϕld = 0◦;

Beampatterns for a)L = 127, b)L = 63, and c)L = 15; d) Directivity indices; e) Magnitude responses

(MR) in ϕ = 0◦; f) WNGs.

above 0.5 kHz. Below 0.5 kHz it is lower than for the RLSFIB design with the same filter

length. The WNG is still constrained successfully. These results are significantly better than
those for the RLSFIB design forL = 15.

3.3.2.5 Discussion

The RLSB-TD design which allows full control of the robustness of a least squares beamformer
design for low filter orders has been derived. The beamformerdesign has been formulated as

a constrained least squares problem incorporating a set of constraints, which effectively ensure
a distortionless response and constrain the WNG of the resulting design. The constrained least

squares problem is shown to be convex. The main features of the RLSB-TD design are:

(a) Flexible definition of the desired response.

(b) Guarantees the optimal solution for the given array geometry, desired response, and cho-

sen constraints.
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(c) Applicable to arbitrary array geometries, i.e., there are no restrictions on sensor place-

ment.

(d) The time-domain FIR filters are obtained directly from the solution of the constrained

least squares problem, thus ensuring good performance withlow filter orders.

The results show that the RLSFIB-TD design is especially suitable for low filter orders while
for higher filter orders, the RLSFIB design is preferable fornumerical and performance reasons.

For large bandwidths, the RLSFIB design is preferable for the same reasons. The results shown
also confirm that the proposed design is capable of controlling the robustness of the resulting

beamformer by constraining the WNG according to the user’s requirements, which underlines
the flexibility of this design procedure. The magnitude responses in the desired look directions

are also relatively flat, with only small deviations.

3.4 Least Squares Design of Robust Polynomial Beamform-

ers

Polynomial broadband beamforming designs enable an easy, smooth, and dynamic steering of
the main-lobe as described in Section 2.6.1. In this section, a least squares design of robust poly-

nomial beamformers, which is formulated as a constrained least squares problem incorporating
constraints on the response and on the WNG, is presented.

3.4.1 Unconstrained Least Squares Design

Here, we consider linear and circular arrays that are located in the horizontal (ϑ = 90◦) plane,

i.e., thex− y plane in the Cartesian coordinate system. The sources are assumed to be coplanar
with the arrays. As a first step, we define a desired responseBdes(ω, ϕ, ϕld) whose main-lobe

points to the desired look directionϕld. Consider an unconstrained LSB that simultaneously
approximatesNpld desired responses,Bdesn′ (ω, ϕ, ϕldn′ ), n′ = 0, . . . ,Npld−1, each with a different
look direction, byBψn′ (ω, ϕ), ψn′ = (ϕldn′ − ϕmax/2)/(ϕmax/2), cf. (2.68) in the least squares

sense. Note that the anglesϕldn′ , n′ = 0, . . . ,Npld − 1, are termed theprototype look directions

(PLDs) and the range over which the PLDs are distributed is termedPLD rangehere.ϕmax is the

maximum steering angle, e.g.,ϕmax = 180◦ andϕmax = 360◦ are the maximum steering angles
for linear and circular arrays, respectively23. A numerical solution is obtained by discretizing the

frequency range and the angular range as in Section 3.3.1.1 and solving the resulting set of linear
equations numerically. Using the polynomial beamformer response (2.68), the beamformer

23For linear arrays,ϕmax = 180◦ is chosen as the maximum steering angle because steering towards 180◦ + ϕ′,
ϕ′ ∈]0◦, 180◦[, is the same as steering towardsϕ′ due to the forward-backward ambiguity.
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design problem in the DFT domain, for eachn′ ∈ [0,Npld − 1], then reads:

Bdesn′ (ωq, ϕn, ϕldn′ )
!
=

P
∑

p=0

ψ
p
n′

Nsen−1
∑

m=0

Wm,p(ωq) ejωqτm(ϕn) . (3.22)

Reformulating (3.22) in matrix notation leads to

bdesn′ (ωq)
!
= G(ωq)W f(ωq)dn′ , ∀n′ = 0, . . . ,Npld − 1,

where [W f(ωq)]m,p = Wm,p(ωq) (see (2.69) forWm,p(·)), dn′ = [ψ0
n′ , . . . , ψ

P
n′ ]

T , andbdesn′ (ωq) =

[Bdesn′ (ωq, ϕ0, ϕldn′ ), . . . , Bdesn′ (ωq, ϕNa−1, ϕldn′ )]
T . Since the number of discretized angles is typi-

cally greater than the product of the number of sensors timesthe number of FSUs (cf. Fig. 2.15),

i.e.,Na > Nsen(P+1), each of then′ problems is overdetermined. Therefore, the resulting beam-
former design problem reads:

min
Wf (ωq)

Npld−1
∑

n′=0

∥

∥

∥G(ωq)W f(ωq)dn′ − bdesn′ (ωq)
∥

∥

∥

2

2
, (3.23)

for all q = 0, . . . ,Nf − 1.
The combined least squares problem (3.23) is now shown to be equivalent to a conventional

least squares problem. If the rows of the matrixW f(ωq) are stacked in a column vectorwfP(ωq) =
[W0,0(ωq), . . . ,W0,P(ωq),W1,0(ωq), . . . ,WNsen−1,P(ωq)]T , then

W f(ωq)dn′ = (I Nsen⊗ dT
n′)wfP(ωq)

= Dn′wfP(ωq), (3.24)

whereDn′ is anNsen× Nsen(P+ 1) matrix. Substituting (3.24) into (3.23), we obtain

min
wfP(ωq)

Npld−1
∑

n′=0

∥

∥

∥G(ωq)Dn′wfP(ωq) − bdesn′ (ωq)
∥

∥

∥

2

2
. (3.25)

Letting N(ωq) = [G(ωq)D0, . . . ,G(ωq)DNpld−1]T , bdesNpld
(ωq) = [bT

des0
, . . . , bT

desNpld−1
]T , the prob-

lem can be reformulated as

min
wfP(ωq)

∥

∥

∥

∥

N(ωq)wfP(ωq) − bdesNpld
(ωq)

∥

∥

∥

∥

2

2
. (3.26)

Solving (3.26), the filter responses for the FSUs are obtained in the DFT domain. These re-

sponses are subsequently approximated by FIR filters. Although these filters are fixed, steering
is achieved by simply varying the value ofψ within the range [−1, 1]. Therefore, although the

optimization is carried out for onlyNpld look directions, the main-lobe can be steered to any look
direction within the steering range by interpolating between theNpld PLDs, which may be inter-

preted as sampling points on a circle in the far-field around the array center. This design allows
for dynamic steering of the main-lobe. However, it also leads to noise-sensitive beamformers if

the directivity of the desired response is significantly higher than that of the UW-DSB.
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3.4.2 Distortionless Response and Robustness Constraints

In order to ensure the signal from the desired look directionϕldn′ remains undistorted,Npld linear
constraints

wH
fP

(ωq)DT
n′g(ωq, ϕldn′ ) = 1, ∀n′ = 0, . . . ,Npld − 1, (3.27)

must be satisfied. Lettingvn′(ωq, ϕldn′ ) = DT
n′g(ωq, ϕldn′ ), these constraints can be combined into

a single equality constraint
wH

fP
(ωq)V(ωq) = 1Npld,1, (3.28)

whereV(ωq) = [v0(ωq, ϕld0), . . . , vNpld−1(ωq, ϕldNpld−1)]
T , 1Npld,1 is anNpld × 1 vector with all en-

tries equal to one. For controlling the robustness of the polynomial beamformer design,Npld

constraints are applied to the WNG as follows:
∣

∣

∣wH
fP

(ωq)vn′(ωq, ϕldn′ )
∣

∣

∣

2

∥

∥

∥Dn′wfP(ωq)
∥

∥

∥

2

2

≥ γ, ∀n′ = 0, . . . ,Npld − 1. (3.29)

Varyingγ allows direct control of the robustness of the polynomial beamforming design.

3.4.3 Constrained Least Squares Design

Thus, a robust least squares polynomial beamformer (RLSPB)design is obtained by solving

(3.26) subject to (3.28) and (3.29) resulting in the constrained least squares optimization prob-
lem

min
wfP(ωq)

∥

∥

∥

∥

N(ωq)wfP(ωq) − bdesNpld
(ωq)

∥

∥

∥

∥

2

2

subject to
∣

∣

∣wH
fP

(ωq)vn′(ωq, ϕldn′ )
∣

∣

∣

2

∥

∥

∥Dn′wfP(ωq)
∥

∥

∥

2

2

≥ γ, ∀n′ = 0, . . . ,Npld − 1

wH
fP

(ωq)V(ωq) = 1Npld,1, (3.30)

which is a convex problem as shown in Appendix B.4.3. This is also a special case of the

general constrained problem (3.1) with

F(w) =
∥

∥

∥

∥

N(ωq)wfP(ωq) − bdesNpld
(ωq)

∥

∥

∥

∥

2

2
,

CBR(w,Ωld) = wH
fP

(ωq)DT
n′g(ωq, ϕldn′ ),

CWNG(w,Ωld) =

∣

∣

∣wH
fP

(ωq)vn′(ωq, ϕldn′ )
∣

∣

∣

2

∥

∥

∥Dn′wfP(ωq)
∥

∥

∥

2

2

,

w := wfP(ωq), Nld = Npld, andζ ldn′ = 1. Like (3.12) and (3.21), the constrained problem (3.30)

is convex, and the solution results in a globally optimal solution.
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3.4.4 Performance Enhancement by Exploiting Array Symmetry

The RLSPB design ensures the robustness of the resulting beamformer by imposing a set of
constraints. Of course, the accumulation of these necessary constraints reduces the number of

degrees of freedom of the design. In this section, we presenta method to enhance the spatial
selectivity of the RLSPB design by exploiting the structureof symmetric arrays while still
satisfying the robustness constraints.

For most RLSPB designs, the PLDs,ϕldn′ , are typically uniformly distributed over the entire
steering range in order to allow steering of the main-lobe towards any desired direction, i.e.,

the PLD range is equal to the entire steering range. It shouldbe noted that the PLDs do not
necessarily have to be uniformly distributed, however nonuniform distribution usually leads

to significantly larger deviations from the desired response in areas where the PLDs are far
apart and smaller deviations in others where they are closertogether. The angular spacing

between the PLDs has a direct bearing on the performance of the RLSPB designs, i.e., large
angular distances between PLDs lead to inferior performance in the adjoining angular regions.
Therefore, in order to enhance the performance of RLSPB designs, the angular distance between

the PLDs should be reduced while still ensuring that the ability to steer across the entire steering
region is maintained. It should be noted that simply increasing the number of PLDs in order

to have a finer sampling grid over the entire steering region is often undesirable because this
necessitates an increase in the PPF orderP, which corresponds to an increase in the number of

FSUs and therefore complexity.

Lai et al., [LNL10] proposed a method for enhancing the performance for uniformly spaced

spiral arrays. The authors showed that it is sufficient to design the polynomial beamformer for
uniform spiral arrays with the PLD range restricted to [0◦, 360◦/Nsen] as opposed to [0◦, 360◦].
Thus, this method enhances design performance by reducing the PLD range by a factorNsen.

Steering the main-lobe outside this range is achieved by rotating the sets of filters to the corre-
sponding microphones [LNL10].

In the same vein, by exploiting existing symmetries in the array geometry, the PLD range
can be reduced to only a part of the entire steering range. Thus, the same number of PLDs can

then be used to cover a smaller angular region. As a consequence, the angular distance between
these PLDs, which act as sampling points for interpolation,is decreased.

Here, a method for enhancing the RLSPB design performance, which is more general and
is applicable to any type of symmetric array whose sensors reside in a plane, is presented. For
linear arrays24, the method exploits the symmetry plane in the broadside direction, i.e., we do

not consider the symmetry plane along the array axis. For planar arrays, the method exploits
the symmetry planes that are perpendicular to the array plane, i.e., thex−y plane.β will denote

the number of symmetry planes exploited by the method for a given geometry. The major
advantage of this method over that proposed in [LNL10] is that it is applicable for a larger set of

24For linear arrays, the following discussions are limited totwo-dimensional (2D) space.
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symmetric arrays and it is capable of providing similar spatial selectivity without compromising

the robustness of the resulting beamformer.

Now, let us consider how the array symmetry may be used for steering the main-lobe of a

beamformer. Although the following considerations are valid for symmetric linear and planar
arrays, for the sake of simplicity let us first consider a symmetric linear array and a UW-DSB.
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Figure 3.23: Exploiting array symmetry for steering a UW-DSB with ϕ2 = 180◦ − ϕ1; Steering towards

a)ϕ1 and b)ϕ2.

Assume a sources1 generates a plane wave which impinges on the array fromϕ1, as depicted
in Fig. 3.23a. The main-lobe of the beamformer can be steeredin this direction by computing

the delay elements as

τm(ϕ1) =
dm

c
cosϕ1. (3.31)

The main-lobe can be steered toward another sources2 located atϕ2 = 180◦ − ϕ1 by simply

mirroring the delay elements w.r.t. the center of the array as depicted in Fig. 3.23b. Thus, only
the delaysτm(ϕ) for ϕ ∈ [0◦, 90◦] need to be computed and mirroring can be applied to steer
beyond 90◦. Although this result is trivial for the UW-DSB case, we can apply exactly the same

concept to limit the PLD range of a RLSPB design for symmetriclinear and planar arrays. Note
that a regular sensor spacing is not required as long as the arrangement is symmetric, i.e., a

symmetry plane exists. Note also that even the weights only have to be symmetric.

Let us first consider the design of a RLSPB for a symmetric linear array, whereβ = 1
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andϕmax = 180◦. The PLD range can now be limited to [0◦, 90◦] instead of [0◦, 180◦]. Steering

beyond 90◦ is achieved simply by mirroring the filters w.r.t. the symmetry plane SP1, as depicted
in Fig. 3.24. Note that the linear array geometry is not restricted to uniform spacing.

SP1

s2 s1

ϕ2

ϕ1

Figure 3.24: Steering of RLSPB with symmetric linear arrayϕ2 = 180◦ − ϕ1.

Without loss of generality, let us assume one of the symmetryplanes lies along thex-axis.

In the case of a RLSPB design for a symmetric circular array with non-uniform spacing,β ≥ 1
depending on the sensor positions andϕmax = 360◦. If β = 1 the PLD range can now be limited
to [0◦, 180◦] instead of [0◦, 360◦]. Steering beyond 180◦ is achieved simply by mirroring the

filters w.r.t. the symmetry plane SP1, as depicted in Fig. 3.25a. Ifβ = 2 the PLD range is further
limited to [0◦, 90◦] and steering is achieved by mirroring about the two symmetry planes.

In the case of a circular array withNsen uniformly spaced sensors, which is a special case
of a symmetric circular array,β = Nsen. In this case the PLD range can be further limited to

[0◦, 360◦/(2Nsen)] which is a significant reduction compared to the original range of [0◦, 360◦].
For Nsen = 3, steering beyond 60◦ is achieved by simply mirroring the filters w.r.t. the three

symmetry planes SP1, SP2, and SP3, as depicted in Fig. 3.25b. For example, let us assume that
we steer towardsϕ1 by settingψ = (ϕ1 − 60◦)/60◦. If ϕ2 = 120◦ − ϕ1, we can steer towardsϕ2

by mirroring the filters about symmetry plane SP3. If ϕ3 = 120◦ + ϕ1, steering towardsϕ3 may

be achieved by mirroring the filters about symmetry planes SP3 and SP2, respectively. Note that
the method proposed in [LNL10] based on filter rotation can also be used to steer towardsϕ3

but not towardsϕ2. Therefore, the method in [LNL10] is a special case of the method proposed
here.

From the considerations above the maximum angle that shouldbe considered in the PLD
range for symmetric arrays is equal to

ϕPLD =
ϕmax

2β
, (3.32)

i.e., the PLD range is [0, ϕPLD].

An RLSPB design which exploits array symmetry is termed RLSPBS. It should be noted that
if no symmetry exists the PLD range should cover the entire steering range, i.e.,ϕPLD = ϕmax.

The RLSPB and RLSPBS designs may vary from very robust beamformers,γ = Nsen, to highly
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Figure 3.25: Steering of RLSPB with symmetric circular array; a) Nonuniform spacing; b) Uniform

spacing.

sensitive superdirective beamformers,γ ≪ 1, as desired. This flexibility allows the designs to

be adapted to any given prior knowledge on sensor mismatch, positioning errors, and sensor
self-noise.

3.4.5 Design Examples

The performance of the RLSFIPB and RLSFIPBS designs, i.e., RLSPB and RLSPBS designs

with bdesNpld
(ωq) = bdesNpld

, are now evaluated for symmetric linear and circular arrays. For
UCAs, we also compare the performance of these designs with the method based on rotating
filters proposed by Lai et al., [LNL10] (here termed RLSFIPBLdesign). The same frequency

range and sampling rate are used as in Section 3.3.1.4. The filter length isL = 511 unless stated
otherwise. The performance of the designs are also comparedto the RLSFIB design. Note that

for the RLSFIB design, steering the main-lobe of the beamformer equates to designing a new
beamformer for each new look direction. Therefore, the performance of the RLSFIB design is

an upper limit for the performance of the RLSFIPB, RLSFIPBS,and RLSFIPBL designs. Here
performance includes both spatial selectivity and adherence to the constraints.

If the RLSFIB design is used in a scenario where the main-lobehas to be steered towards
different look directions on the fly, e.g., in some acoustic human-machine interfaces, typically,

several beamformers with different look-directions are designed and one is selected depending
on the source position. However, by taking the considerations presented in Section 3.4.4 into

account, the total number of designs can be reduced, for symmetric arrays, by restricting the
designs to a smaller angular range, i.e., the PLD range, and using mirroring to steer beyond this

range. Although this reduces the number of necessary designs and storage memory required,
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the possible steering directions are still fixed a priori, asopposed to steering with polynomial

beamformers.

Linear Uniform Array
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(MR) in ϕ = 90◦; f) WNGs.

First, we consider a five-element ULA with a uniform spacing of d = 0.04 m and a WNG
lower bound ofγlog = −25 dB. The RLSFIPB and RLSFIPBS designs are jointly optimized for

Npld = 5 uniformly distributed PLDs and the PPF order isP = 4. The desired response depicted
in Fig. 3.4 is used here, with the main-lobe shifted to the PLDs. In Fig. 3.26 the results for the

RLSFIB, RLSFIPB, and RLSFIPBS designs are shown. For this array, β = 1. In case of the
RLSFIPB design, the PLD range is [0◦, 180◦], i.e., the PLDs are [0◦ 45◦ 90◦ 135◦ 180◦]. This
range is reduced in the RLSFIPBS design to [0◦, 90◦] by exploiting the array symmetry, i.e., the

PLDs are [0◦ 22.5◦ 45◦ 67.5◦ 90◦].

The beamformers are first steered towardsϕld = 90◦. Both the RLSFIPB and RLSFIPBS
designs are optimized for this look direction. Steering forthe RLSFIB design equates to

computing beamforming filters specifically forϕld = 90◦. Steering the RLSFIPB and RLS-
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FIPBS designs toϕld = 90◦ is accomplished by simply settingψ = (90◦ − 90◦)/90◦ = 0 and

ψ = (90◦ − 45◦)/45◦ = 1, respectively. The beampatterns of the RLSFIB, RLSFIPB, and
RLSFIPBS designs, depicted in Figs. 3.26a, 3.26b, and 3.26c, respectively, show similar spa-
tial selectivity. The magnitude response deviations of allthe designs are less than 0.002 dB.

Although the maximum magnitude response deviations of the RLSFIPB and RLSFIPBS are
0.001 dB lower than for the RLSFIB design, the directivity index of the RLSFIB design is on

average 0.001 dB higher. The WNG is constrained successfully for all three designs25.
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Figure 3.27: 5-element ULA with 0.04 m spacing;γlog = −25 dB; ϕld = 160◦; Beampatterns for a)

RLSFIB, b) RLSFIPB, and c) RLSFIPBS; d) Directivity indices; e) Magnitude responses (MR) inϕ =

160◦; f) WNGs.

Next, the three beamformers are steered towardsϕld = 160◦. The results are de-

picted in Fig. 3.27. Note that the RLSFIPB and RLSFIPBS designs are not optimized for
ϕld = 160◦. Steering toϕld = 160◦ for the RLSFIPB design is achieved by simply set-
ting ψ = (160◦ − 90◦)/90◦. For the RLSFIPBS design, steering is achieved by setting

ψ = ((180◦ − 160◦) − 45◦)/45◦ and then mirroring the filters about the symmetry plane. For

25The WNG of the RLSFIPB design increases below 600 Hz. This coincides with the region where the RLSFIPB
design achieves slightly lower spatial selectivity compared to the other designs, i.e., in this region the side-lobes
are about 0.1 dB higher and the directivity index is about 0.02 dB lower. Therefore, the WNG increases due to the
reduction in the achieved spatial selectivity.
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the RLSFIB design, beamforming filters are computed forϕld = 160◦. The beampatterns for

the RLSFIB and RLSFIPBS designs, which are depicted in Figs.3.27a and 3.27c, respectively,
are similar. This also holds for the respective directivityindices depicted in Fig. 3.27d. The rel-
atively flat magnitude responses of the RLSFIB and RLSFIPBS designs, depicted in Fig. 3.27e,

have deviations of 0.3 dB and 1 dB, respectively. Note that the magnitude responsedeviations
can be reduced by increasing the filter length. However, the beampattern for the RLSFIPB

design depicted in Fig. 3.27b shows degraded spatial selectivity mainly due to high side-lobes.
This is confirmed by the low directivity index and the significant magnitude response deviations

of up to 5.6 dB. While the WNG for the RLSFIB is constrained successfully, the maximum
WNG deviations for the RLSFIPB and RLSFIPBS designs are 8.2 dB and 2.2 dB, respectively.
The deviations for the RLSFIPBS design are relatively smalleven though the design is not

optimized for this look direction. Therefore, by exploiting array symmetry, the RLSFIPBS de-
sign significantly outperforms the RLSFIPB design and has similar performance to the RLSFIB

design.

In order to evaluate the beamformer performance over a largenumber of look directions,
the MSE between the frequency-invariant desired responseBdes(ωq, ϕn, ϕld) := Bdes(ϕn, ϕld) and

the actual responseBact(ωq, ϕn) of the designs (Bact(ωq, ϕn) := B(ωq, ϕn) for the RLSFIB design
andBact(ωq, ϕn) := Bψ(ωq, ϕn) for both the RLSFIPB and RLSFIPBS designs) are computed in

five degree steps over the entire steering range. The MSE is estimated here according to

MS E(ϕld) =
1

NfNa

Nf−1
∑

q=0

Na−1
∑

n=0

(|Bact(ωq, ϕn)| − |Bdes(ϕn, ϕld)|)2. (3.33)

Although the MSE is a measure that allows the evaluation of the beamformer performance over
a large design set, the choice of the superior design should always be made by combining it

with additional criteria, e.g., sample beampatterns and WNGs.

Fig. 3.28 depicts the MSE for the three beamformer designs. There are relatively small

differences between the MSE values obtained for the RLSFIB and RLSFIPBS designs. The
RLSFIPB design shows a significant increase of the MSE between the outer PLDs, i.e., be-
tween [0◦, 45◦] and [135◦, 180◦], and thus a degradation in performance. The results shown in

Fig. 3.27 clearly support this observation. Therefore the RLSFIPBS design, which allows for
an easy, smooth, and dynamic steering of the main-lobe by only changingψ, closely matches

the performance of the RLSFIB design, which requires recomputation of the filter coefficients
for each new look direction.

The MSE shows a behavior similar to Runge’s phenomenon [DB08], which is a problem

of oscillation at the edges of an interval that occurs when using polynomial interpolation with
polynomials of relatively high degree. Therefore, the MSE in these regions can be reduced

by using PLDs that are distributed more densely towards the edges of the steering range, e.g.,
Chebyshev points [DB08]. However, this will lead to larger MSE in the areas where the PLDs

are further apart. Of course, the number of PLDs used can be increased, but this will lead to
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Figure 3.28: MSE w.r.t. desired look direction for 5-element ULA with 0.04 m spacing.

higher complexity as the number of FSUs may also need to be increased (see Fig. 3.29 and the

corresponding explanation).
By fixing all other design parameters, we now investigate theeffect of using different PPF

orders, which corresponds to a varying number of FSUs. In Fig. 3.29 the MSE,MS Et, for in-
creasing values of the PPF order is shown.MS Et is obtained by averaging (3.33) over all look

directions for a given PPF order. Figure 3.29 shows that by increasing the PPF order (which
corresponds to increasing the number of FSUs) the MSE for theRLSFIPB and RLSFIPBS de-
crease monotonically untilP = 4, after which it begins to increase. This may be interpretedin

this context by the fact that the polynomial beamformer is aninterpolator andNpld − 1 degrees
of freedom (PPF order) are sufficient forNpld prototype look directions. The MSE of the RLS-

FIPBS design forP = 4 is very close to that of the RLSFIB design, which is also shown as a
reference.

Figure 3.30 depicts the MSE w.r.t the PPF order for the RLSFIPBS, for a varying number
of prototype look directions. ForNpld > 2, the minimum MSE is obtained forP = Npld − 1 as

expected. Although the minimum MSE forNpld = 2 is obtained forP = 2, the MSE forP = 1 is
only marginally higher. Therefore,P = Npld−1 is a good guideline for selecting the parameters.

By fixing all other design parameters, we now investigate theperformance of the RLSFIPB

and RLSFIPBS designs for different filter lengths. HereP = 4 andNpld = 5. The MSE is
fairly constant for filter lengths aboveL = 63. Below this, the MSE increases significantly.

Figure 3.31 shows that the RLSFIPB and RLSFIPBS designs havesimilar performance
limitations w.r.t. filter length as the RLSFIB design.
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Figure 3.29: MSE w.r.t. PPF order for a 5-element ULA with 0.04 m spacing.
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Figure 3.30: MSE of RLSFIPBS design w.r.t. PPF orderP and number of prototype look directionsNpld

for a 5-element ULA with 0.04 m spacing;γlog = −30 dB.

Uniform Circular Array

Now, we evaluate the performance of the designs for a six-element UCA with a radius ofρ =

0.02 m, as depicted in Fig. 3.18. The RLSFIPB and RLSFIPBS designs are jointly optimized
for Npld = 5 uniformly distributed PLDs and the PPF order isP = 4. The microphones are

placed at [0◦ 60◦ 120◦ 180◦ 240◦ 300◦] (see Fig. 3.18) andβ = Nsen. In case of the RLSFIPB
design, the PLD range is [0◦, 360◦[, i.e., the PLDs are [0◦ 89.75◦ 179.5◦ 269.25◦ 359◦]26. The

26Note that here the PLDs are uniformly distributed in the range [0◦, 359◦], as the angles 0◦ and 360◦ represent
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Figure 3.31: MSE w.r.t. filter lengthL for 5-element ULA with 0.04 m spacing.

PLD range for the RLSFIPBS design is reduced by a factor 2Nsen to [0◦, 30◦] by exploiting the

array symmetry, i.e., the PLDs are [0◦ 7.5◦ 15◦ 22.5◦ 30◦]. We compare the performance of
these designs with the RLSFIPBL design, where the PLD range is reduced by a factor ofNsen

to [0◦, 60◦], i.e., the PLDs are [0◦ 15◦ 30◦ 45◦ 60◦].

Fig. 3.32 depicts the results for the RLSFIB, RLSFIPB, RLSFIPBL, and RLSFIPBS designs

after steering towardϕld = 180◦. All beamformer designs are optimized for angles that are very
close or equal toϕld = 180◦. The beampatterns for the RLSFIB, RLSFIPB, RLSFIPBL, and
RLSFIPBS designs, depicted in Figs. 3.32a, 3.32b, and 3.32c, and 3.32d, respectively, show

very similar spatial selectivity which is confirmed by the very similar directivity indices de-
picted in Fig. 3.32e. The magnitude response and WNG deviations are less than 0.17 dB and

0.12 dB, respectively, for all designs (see Figs. 3.32f and 3.32g).

The results obtained by steering towardsϕld = 45◦ are depicted in Fig. 3.33. None of the

polynomial beamformer designs have been optimized for thislook direction. The beampattern
of the RLSFIPB design, depicted in Fig. 3.33b, shows inferior spatial selectivity compared to
the other three designs. The directivity index even becomesnegative due to the relatively large

magnitude response deviations and the high side-lobes. Themagnitude response and WNG
deviations reach 5 dB and 7.2 dB, respectively. The beampatterns for the RLSFIB, RLSFIPBL,

and RLSFIPBS designs, depicted in Figs. 3.33a, 3.33c, and 3.33d, respectively, are very similar
and also have very similar directivity indices. The magnitude response deviations and WNG

deviations are below 0.3 dB and 0.5 dB, respectively, as shown in Figs. 3.33f and 3.33g, respec-
tively. Therefore, by exploiting array symmetry, the RLSFIPBL and RLSFIPBS designs, whose

performance is almost identical due to the relatively smallangular spacing between PLDs used

the same look direction.
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Figure 3.32: 6-element UCA with radius 0.02 m;γlog = −30 dB;ϕld = 180◦; Npld = 5; P = 4; Beampat-

terns for a) RLSFIB, b) RLSFIPB, c) RLSFIPBL, and d) RLSFIPBS; e) Directivity indices; f) Magnitude

responses (MR) inϕ = 180◦; g) WNGs.

here, outperform the RLSFIPB design and have similar performance to the RLSFIB design.

The MSE results for the four beamformer designs are depictedin Fig. 3.34. The differ-

ences in the MSE values for the RLSFIB, RLSFIPBL, and RLSFIPBS designs are negligible.
However, relatively large MSE values are obtained for the RLSFIPB design between the outer

PLDs, i.e., between [0◦, 89.75◦] and [269.25◦, 359◦], leading to a degradation in performance.
The results shown in Fig. 3.33 clearly support this observation.

Figure 3.35 depicts the averaged MSE,MS Et, for increasing values of the PPF order. It is

clear that by increasing the PPF order (which corresponds toincreasing the number of FSUs)
the MSEs for the RLSFIPB, RLSFIPBL, and RLSFIPBS decrease monotonically untilP = 4,

after which it begins to increase. The MSEs of the RLSFIPBL and RLSFIPBS designs forP = 4
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Figure 3.33: 6-element UCA with radius 0.02 m;γlog = −30 dB;ϕld = 45◦; Npld = 5; P = 4; Beampat-

terns for a) RLSFIB, b) RLSFIPB, c) RLSFIPBL, and d) RLSFIPBS; e) Directivity indices; f) Magnitude

responses (MR) inϕ = 45◦; g) WNGs.

are almost equal to the MSE of the RLSFIB design, which is alsoshown as a reference. Thus,
the minimum MSE is obtained forP = Npld−1, similarly to the linear array case. It is of interest

to note that for low PPF order, the RLSFIPBS design achieves aslightly lower MSE than the
RLSFIPBL design, i.e., forP = 1 it is approximately 0.04 lower.

The difference between the performance of the RLSFIPBS design and the RLSFIPBL design
only becomes significant as the number of microphones and/or PLDs is reduced, as this leads
to larger angular spacings between PLDs. Of course, the performance of the RLSFIPBS design

will be superior since the angular spacings between PLDs is always half that of the RLSFIPBL
design (see Fig. 3.43).

Figure 3.36 depicts the MSE w.r.t the PPF order for the RLSFIPBS, for a varying number
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Figure 3.34: MSE w.r.t. desired look direction for a 6-element UCA with radius 0.02 m;γlog = −30 dB.
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Figure 3.35: MSE w.r.t. PPF order for a 6-element UCA with radius 0.02 m;γlog = −30 dB.

of prototype look directions. Note that the designs withNpld = 2 achieve the lowest MSE
because their beampatterns have lower side-lobes than the other designs. However, they also

have a significantly larger null-to-null beamwidth. Since the MSE has uniform weighting over
all angles, their MSE is lower. For the designs withNpld > 2, the MSE is relatively constant,

reaching a minimum atP = Npld − 1. This confirms thatP = Npld − 1 is a good guideline for
selecting the parameters.
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Figure 3.37: 6-element NUCA withρ = 0.02 m.

Now, the RLSFIB, RLSFIPB, and RLSFIPBS designs are evaluated for a six-element nonuni-

form circular array (NUCA), which is depicted in Fig. 3.37. Note that the RLSFIPBL design
cannot be applied in this case as it is restricted to UCAs. TheRLSFIPB and RLSFIPBS designs

are jointly optimized forNpld = 5 uniformly distributed PLDs and the PPF order isP = 4. The
microphones are placed at [0◦ 55◦ 135◦ 180◦ 225◦ 305◦] and β = 1. In case of the RLSFIPB

design, the PLD range is [0◦, 360◦[, i.e., the PLDs are [0◦ 89.75◦ 179.5◦ 269.25◦ 359◦]. The
PLD range for the RLSFIPBS design is reduced by a factor 2 to [0◦, 180◦] by exploiting the

array symmetry, i.e., the PLDs are [0◦ 45◦ 90◦ 120◦ 180◦].
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Figure 3.38: 6-element NUCA with radius 0.02 m; γlog = −30 dB; ϕld = 180◦; Npld = 5; P = 4;

Beampatterns for a) RLSFIB, b) RLSFIPB, and c) RLSFIPBS; d) Directivity indices; e) Magnitude

responses (MR) inϕ = 180◦; f) WNGs.

In Fig. 3.38 the results for the RLSFIB, RLSFIPB, and RLSFIPBS designs steered towards
ϕld = 180◦ for the NUCA are shown. All beamformer designs are optimizedfor angles that are

very close or equal toϕld = 180◦. The beampatterns for the RLSFIB, RLSFIPB, and RLSFIPBS
designs show similar spatial selectivity and a relative side-lobe level of 13.3 dB, as depicted in

Figs. 3.38a, 3.38b, and 3.38c, respectively. The respective directivity indices are also similar, as
shown in Fig. 3.38d. The deviations in the magnitude response atϕ = 180◦ and the WNG are
less than 0.2 dB for all designs, as depicted in Figs. 3.38e and 3.38f, respectively.

In Fig. 3.39 the results obtained when steering the main-lobe towardsϕ = 320◦, for which
only the RLSFIB design is optimized, are shown. The beampattern for the RLSFIPB, depicted

in Fig. 3.39b, shows that although the main-lobe is relatively narrow, it is not centered at the
desired look direction, i.e., the main-lobe is shifted. Theside-lobes are very high and the relative

side-lobe level is only 2.6 dB. The deviations in the magnitude response atϕ = 320◦ reach 7 dB,
which would cause a significant distortion of the desired signal. The magnitude response shows

a lowpass characteristic. Consequently, the directivity index is very low and is even negative
above 0.5 kHz. The deviations in the WNG reach 9.3 dB. However, the beampatterns for the

RLSFIB and RLSFIPBS designs, which are depicted in Figs. 3.39a and 3.39c, respectively, are
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similar and have a relative side-lobe level of 10 dB. Although the directivity index is lower than

for the designs steered toϕld = 180◦, it is still relatively high. The deviations in the magnitude
response atϕ = 320◦ and the WNG are less than 0.3 dB for the RLSFIPBS design.
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Figure 3.39: 6-element NUCA with radius 0.02 m; γlog = −30 dB; ϕld = 320◦; Npld = 5; P = 4;

Beampatterns for a) RLSFIB, b) RLSFIPB, and c) RLSFIPBS; d) Directivity indices; e) Magnitude

responses (MR) inϕ = 320◦; f) WNGs.

The MSE results for the RLSFIB, RLSFIPB, and RLSFIPBS designs are depicted in
Fig. 3.40. The MSE results for the RLSFIB and RLSFIPBS designs are similar. However, for

the RLSFIPB design, the results are very similar to the UCA case (see Fig. 3.34), where the
MSE values between the outer PLDs are high.

Low PPF order

Obviously, it is desirable to have a low PPF order while maintaining good spatial selectivity

and a low MSE in order to minimize the computational complexity27. Since the MSE for the
RLSFIPBS design increases only marginally with decreasingPPF order, it is of interest to eval-

27In addition, if the beamformer is used in the PB-AEC combination (see Section 2.6.1), a low PPF order reduces
the number of required AECs, which has significant impact on the overall computational cost due to the typically
long adaptive FIR filters for AEC.
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Figure 3.40: MSE w.r.t. desired look direction for 6-element NUCA with radius 0.02 m.

uate the performance for very low PPF order. It should be noted that as a low MSE is obtained

for P = Npld − 1, this relation is used to choose the corresponding number of PLDs in this ex-
ample. To this end, the same UCA as in previous examples is used but the PPF order is reduced

to P = 1 and the number of PLDs isNpld = 2, i.e., there are only two FSU’s. The PLDs are
[0◦ 30◦]. Note that although we use two PLDs, the angular distance between them is only 30◦.

Figures 3.41 and 3.42 depict the results forP = 4 andP = 1, respectively. The beampatterns

for ϕld = 180◦, for which both designs have been optimized, are depicted inFigs. 3.41a and
3.42a, respectively. Both beampatterns show similar spatial selectivity as confirmed by the

respective directivity indices. Thus, the lower PPF order does not compromise the performance
in this case. The deviations in the magnitude responses and the WNG are less than 0.2 dB for

both designs.

Steering towardsϕld = 100◦, for which neither design has been optimized, the main-lobeof
the beampattern for the design withP = 4 is marginally narrower than forP = 1, as depicted

in Figs. 3.41b and 3.42b, respectively. The directivity index for P = 1 is similar to that for
P = 4. The magnitude response deviations forP = 4 andP = 1 are less than 0.2 dB and 0.4 dB,

respectively. The WNG deviations are less than 0.4 dB for this look direction. TheMS Et for
the two designs is approximately 0.08. Therefore, the design withP = 1 does not result in any

significant degradation in performance compared to that forP = 4 for this example.

Thus, a reduced PPF order can be chosen without any significant degradation in perfor-
mance, as long as the angular distance between the PLDs remains small, i.e., if the number of

array symmetry planes,β, is large, a small PPF order can be used.

Figure 3.43 depicts the results for the RLSFIPBS design and the RLSFIPBL design for

P = 1, Npld = 2, andϕld = 100◦. Note that both designs are not optimized for this look di-
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Figure 3.41: RLSFIPBS design withP = 4; 6-element UCA with radius 0.02 m;γlog = −30 dB; Beam-

patterns for a)ϕld = 180◦ and b)ϕld = 100◦; c) Directivity indices; d) Magnitude responses (MR) inϕld;

e) WNGs.

rection. The PLDs for RLSFIPBL design are [0◦ 60◦] in this case, i.e., the angular distance
between the PLDs is twice that of the RLSFIPBS design. The beampatterns of the RLSFIPBS

and RLSFIPBL designs, depicted in Figs. 3.43a and 3.43b, respectively, show that the RLS-
FIPBS achieves better spatial selectivity. This is confirmed by the directivity indices depicted in

Fig. 3.43c. The magnitude response of the RLSFIPBS design isrelatively flat with a maximum
deviation of 0.4 dB, whereas the magnitude response of the RLSFIPBL design has a maximum

deviation of 2.2 dB. The magnitude response of the RLSFIPBL design has a lowpass charac-
teristic. The WNGs of both designs are constrained successfully. The superior performance
of the RLSFIPBS design is due to the angular distance betweenPLDs being half that of the

RLSFIPBL design. Therefore, it is again confirmed that exploiting array symmetry enhances
beamforming performance.

3.4.6 Discussion

The RLSPB design which allows full control of the robustnessof a least-squares polynomial

beamformer design has been derived. The beamformer design has been formulated as a con-
strained least squares problem incorporating constraintson the responses and constraints on

the WNG, which try to ensure that the WNG of the resulting design lies above a user-defined
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Figure 3.42: RLSFIPBS design withP = 1; 6-element UCA with radius 0.02 m;γlog = −30 dB; Beam-

patterns for a)ϕld = 180◦ and b)ϕld = 100◦; c) Directivity indices; d) Magnitude responses (MR) inϕld;

e) WNGs.

lower limit. The RLSPBS design, which is based on a method to enhance the spatial selectivity
of the RLSPB design by exploiting the structure of symmetricarrays while still satisfying the

robustness constraints, has also been presented. The constrained least-squares problems have
been shown to be convex and therefore well-established tools for specifying and solving convex

problems may be used. The main features of the RLSPBS design are:

(a) Flexible definition of the desired response.

(b) Allows for easy, continuous-angle, and dynamic steering.

(c) Guarantees the optimal solution for the given array geometry, desired response, and cho-

sen constraints.

(d) Applicable to linear and planar array geometries.

(e) Exploits symmetries in linear and planar arrays to enhance performance of the RLSPB
design. The design is not limited to uniformly spaced circular arrays as is the case for the

RLSPBL design.

Simulations with linear and circular arrays have been used to compare the performance

of the RLSFIPB, RLSFIPBS, RLSFIPBL and RLSFIB designs, i.e., the desired responses are
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Figure 3.43: 6-element UCA with radius 0.02 m; P = 1; γlog = −30 dB; L = 511; ϕld = 100◦; Beam-

patterns for a) RLSFIPBS, and b) RLSFIPBL; d) Directivity indices; e) Magnitude responses (MR) in

ϕ = 100◦; f) WNGs.

frequency-invariant in all cases. Note that the performance of the RLSFIB design is the upper
limit for all other designs. The main results are as follows:

(a) For symmetric linear arrays, the RLSFIPBS design offers superior spatial selectivity and

improves the adherence to the WNG and distortionless response constraints compared to
the RLSFIPB design. The performance of the RLSFIPBS design even approaches that of

the RLSFIB design for moderate PPF orders, e.g.,P ≥ 2 with Npld = P+ 1.

(b) For symmetric non-uniform circular arrays, the RLSFIPBS design offers superior perfor-
mance to the RLSFIPB design.

(c) For UCAs, the performance of the RLSFIPBS is significantly better than for RLSFIPB
and as good as or even slightly better than the RLSFIPBL design. For low PPF orders

the performance is actually superior to the RLSFIPBL designdue to reduced distance be-
tween PLDs. The performance of the RLSFIPBS design is similar to that of the RLSFIB
design even for very low PPF orders, e.g.,P = 1.

(d) The RLSFIPBS design may be used with a reduced PPF order, therefore reduced com-
plexity, without a significant compromise in performance, as long as the distance between

the PLDs remains sufficiently small.
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(e) P = Npld − 1 is a good guideline for selecting the parameters for the RLSFIB and RLS-

FIPBS designs.

The design examples confirm the effectiveness of these designs in achieving good spatial

selectivity while ensuring the desired robustness.

The performance of the RLSFIPB and RLSFIBS designs were shown to degrade with re-

duction in filter length due to the limited degrees of freedomavailable for approximating the
computed filter responses. To overcome this limitation, theRLSPB design can also be formu-

lated such that the time-domain filter coefficients are obtained directly from the design similar
to the RLSB-TD design presented in Section 3.3.2. However, due to the size of the resulting

matrices28 and the large number of constraints, the methods used to solve this problem will run
into numerical problems, which typically leads to convergence problems, and the solution may

be infeasible.

Note that the RLSB design, (3.12), can be obtained from the RLSPB design, (3.30), by

settingP = 0 andNpld = 1, i.e., it may be viewed as a special case. In general the conclusions
drawn from the beamformer designs with frequency-independent desired responses are similar

for designs with frequency-dependent desired responses.

3.5 Maximum Directivity Beamformers

Until now we have considered least squares-based robust beamformer designs which aim at ap-
proximating a predefined desired response, which is typically frequency-invariant. A common

alternative beamformer design is the DGOB, which was introduced in Section 2.6.1. The MDB
was presented as a special case of the DGOB assuming a diffuse noise field. Now we introduce

the robust maximum directivity beamformer (RMDB), which can be seen as a special RMVDR
beamformer (see Section 3.6).

3.5.1 Robust Maximum Directivity Beamformer Design

The MDB design (see (2.66)) may result in SDBs. Robustness control may be achieved by

applying diagonal loading (Tikhonov regularization) [Car88, BS01] to the spatial coherence
matrix resulting in

wf(ωq) =
(Γdiff

nfnf
(ωq) + µdlf I )−1g(ωq,Ωld)

gH(ωq,Ωld)(Γ diff
nfnf

(ωq) + µdlf I )−1g(ωq,Ωld)
, (3.34)

whereµdlf is a scalar termed the diagonal loading factor, which in principle can vary from zero

to infinity. Since the WNG is a monotonic function ofµdlf [GM55], this controls the robustness
of the resulting design. It is typically chosen between 0.1 and 0.001 [BS01]. However, no

28The matrices will be larger than those for the RLSB-TD design.
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simple relation exists betweenµdlf and the WNG. A frequency-dependent scaling factorµdlf

has to be computed using iterative designs [CZO87, Dör98, BS01] in order to satisfy a desired
WNG constraint value, i.e., the WNG is not constrained directly.

By constraining the WNG directly, in the same way as presented in the previous sections, a

RMDB design is obtained by solving the following constrained optimization problem:

min
wf (ωq)

wH
f (ωq)Γ

diff
nfnf

(ωq)wf(ωq),

subject to

∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

≥ γ,

wH
f (ωq)g(ωq,Ωld) = 1. (3.35)

This formulation allows for the resulting design to maximize the directivity while ensuring the
WNG remains above a predefined value, i.e., the WNG is constrained directly. Of course,

there is no closed form solution for (3.35), but as the minimization of the cost function can
be formulated as a second order cone problem (SOCP) [BV04, YM04], it results in a convex
problem that can be solved using conventional convex optimization algorithms.

When information on the directions of arrival of dominant interferers is available, nulls can
be placed in those directions by incorporating this information into (3.35). AssumingNnull ≤
Nsen−1 interferers originate from look directionsϕν, ν = 1, . . . ,Nnull, the elements of the spatial
coherence function are given by [BS01]

[Γ null
nfnf

(ωq)]mm′ =

Nnull
∑

ν=1

ζnullν(cos(ωq cosϕνd
′
m,m′/c) − j sin(ωq cosϕνd

′
m,m′/c)), (3.36)

whereζnullν are weights which can be chosen in relation to the amplitudesof the interferers, if
these are known, otherwiseζnullν = 1 is assumed. A beamformer design which maximizes the

directivity while placing nulls at anglesϕν is obtained by solving

min
wf (ωq)

wH
f (ωq)Γ

diff
nfnf

(ωq)wf(ωq) + ξwH
f (ωq)Γ

null
nfnf

(ωq)wf(ωq),

subject to

∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

≥ γ,

wH
f (ωq)g(ωq,Ωld) = 1, (3.37)

whereξ is a variable that controls the depth of nulls. This is also a special case of the general
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constrained convex problem (3.1) with

F(w) = wH
f (ωq)Γ

diff
nfnf

(ωq)wf(ωq) + ξwH
f (ωq)Γ

null
nfnf

(ωq)wf(ωq),

CBR(w,Ωld) = wH
f (ωq)g(ωq,Ωld),

CWNG(w,Ωld) =

∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

,

wherew := wf(ωq), Nld = 1, andζ ld = 1. Note that by choosingξ = 0, (3.37) is equivalent to
(3.35) .

3.5.2 Design Examples
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Figure 3.44: RMDB design for 5-element ULA with 0.04 m spacing;γlog = −25 dB; L = 511; ξ = 0;

ϕld = 90◦; Beampattern, directivity index, magnitude response inϕ = 90◦, and WNG.

The performance of the RMDB design according to (3.37) is nowevaluated for a five-
element ULA withd = 0.04 m, γlog = −25 dB, andξ = 0. First, the beamformer design
is steered towardsϕld = 90◦. The results are depicted in Fig. 3.44. The beampattern shows

good spatial selectivity and the directivity index is relatively high. In comparison to the results
for the RLSFIB design for the same array configuration, depicted in Fig. 3.26, the beamwidth is

narrower and the directivity index is higher by approximately 0.2 dB across the entire frequency
range, but the side-lobes are higher. The magnitude response deviates by less than 0.0021 dB

and the WNG is constrained successfully. It should be noted that the relative side-lobe level
of 4.2 dB is low due to the high side-lobes at endfire. This is because the directivity weights

the angular beamformer response by the sinusoid of the angle, i.e., the directivity inherently



3.5. Maximum Directivity Beamformers 101

places more emphasis on the angular region around broadsideand less on angular regions that

are further away from broadside. Such a design would be suitable for wall-mounted arrays,
where interferers and noise do not typically originate fromendfire.
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Figure 3.45: RMDB design with a null placed atϕ = 30◦; 5-element ULA with 0.04 m spacing;ξ = 100;

γlog = −25 dB;L = 511;ϕld = 90◦; Beampattern, directivity index, magnitude response inϕ = 90◦, and

WNG.

Next, the RMDB is evaluated for null placement withξ = 100. The high value is chosen
to ensure a deep null. An interferer, i.e.,ζnull1 = 1, is assumed to originate fromϕ1 = 30◦.

The results are depicted in Fig. 3.45. The beampattern stillshows good spatial selectivity and
a frequency-invariant null is placed successfully atϕ1 = 30◦. The directivity index is similar

to the example depicted in Fig. 3.44. The deviations in the magnitude response are small, less
than 0.0021 dB, and the WNG is constrained successfully. This clearly shows the ability of the

design to successfully place a frequency-invariant null. It should be noted that the number of
nulls which can be successfully placed is restricted to the number of microphones [EM08], i.e.,
it cannot be greater thanNsen− 1.

Finally, the main-lobe is steered towards endfire andξ = 0. The results are depicted in
Fig. 3.46. The beampattern shows good spatial selectivity across the entire frequency range

and the directivity index is high. This is an SDB design for the entire frequency range, as the
directivity index is higher than 10 log10 5 = 6.99 dB, i.e., directivity index of a UW-DSB. The

main-lobe is wider than for the design steered towards broadside but the relative side-lobe level
of 13.6 dB is significantly larger. The beampattern is also relatively frequency-invariant. The

magnitude response deviations and WNG deviations are both less than 0.3 dB. With respect to
the magnitude response deviations they are larger than in Fig. 3.44 due to steering of the beam-

former, i.e., the further the desired look direction is frombroadside, the larger the deviations.
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Figure 3.46: RMDB design for 5-element ULA with 0.04 m spacing;γlog = −25 dB; L = 511; ξ = 0;

ϕld = 0◦; Beampattern, directivity index, magnitude response, andWNG.

This may be due to the fact that the FIR filters also additionally approximate fractional delay
filters [LVKL96] to facilitate steering. Of course, these can be further reduced by increasing the

FIR filter length, if desired.

3.5.3 Discussion

The RMDB design which allows full control of the robustness of the MDB design has been
presented. It is a viable option for designing robust beamformers that maximize directivity.

This is especially true when steering towards endfire. Although we no longer obtain a closed
form solution, the WNG can be constrained directly by solving a constrained problem, which
is convex. The main features of the RMDB design are:

(a) Maximizes directivity for given constraints.

(b) Ensures a distortionless response in the desired look direction.

(c) Straightforward incorporation of frequency-invariant nulls without adding extra con-
straints.

(c) Applicable to arbitrary array geometries.

Obviously, in the design problem (3.35), we can replace the spatial coherence matrix of a

diffuse noise-field with any other theoretical noise field.
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3.6 Time-Invariant Robust Minimum Variance Distortion-

less Response Beamformer

Until now, we have considered only time-invariant data-independent beamformer designs. In
this section, we present a time-invariant data-dependent robust MVDR (RMVDR) beamformer

design for stationary processes and time-invariant scenes. Thus, the filter coefficients of the
RMVDR beamformer are fixed.

The time-invariant RMVDR beamformer design is obtained by solving a constrained prob-

lem which is similar to (3.35), except that the spatial coherence matrix of a diffuse noise-field
is replaced by the PSD matrixSxfxf (ωq) obtained from the measured sound field. Thus, a time-

invariant RMVDR beamformer design is obtained by solving the following constrained opti-
mization problem

min
wf (ωq)

wH
f (ωq)Sxfxf (ωq)wf(ωq),

subject to
∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

≥ γ,

wH
f (ωq)g(ωq,Ωld) = 1, (3.38)

which is a special case of the general convex problem (3.1) with

F(w) = wH
f (ωq)Sxf xf (ωfoc)wf(ωq),

CBR(w,Ωld) = wH
f (ωq)g(ωq,Ωld),

CWNG(w,Ωld) =

∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

,

w := wf(ωq), Nld = 1, andζ ld = 1. The RMVDR beamformer can provide high spatial selectivity

and automatic null placement. This beamformer design will be utilized for room geometry
inference in Chapter 4.

The RMVDR beamformer can be considered as a generalization of the RMDB beamformer.
If it is applied to a point source in the far-field positioned at Ωld in a diffuse sound field, it will

be identical to an RMDB beamformer.

3.7 Summary

In this chapter, a generic framework that allows full control of the robustness of time-invariant
beamformer designs has been presented. The general idea is based on adding constraints to a

beamformer design cost function that is convex. Of course, non-convex cost functions can also
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be used, as methods exist that can solve these problems [BV04, Chi09], but this is beyond the

scope of this work. Additionally, other convex constraintsmay also be added to the beamformer
designs as desired. The generic framework can also be applied to a wider range of beamformer
designs, e.g., time-variant data-dependent beamformer designs.

Specifically, four examples of data-independent beamformer designs with least squares-

based and directivity maximization-based cost functions have been formulated as constrained
problems incorporating constraints on the responses and onthe WNG. Additionally, a time-

invariant data-dependent RMVDR beamformer was presented.All the design problems are
shown to be convex and therefore well-established tools forspecifying and solving convex

problems may be used. Thus, the designs guarantee the optimal solution for the chosen design
parameters, i.e., array geometry, desired response, chosen constraints, etc. The results confirm
that the beamformer designs are capable of providing good spatial selectivity while perfectly

controlling the robustness of the resulting beamformer according to the users requirements.

The two RLSB designs were shown to be complementary, i.e., the RLSB design based on
DFT-domain optimization has superior performance for large FIR filter lengths while the RLSB

design based on time-domain optimization has superior performance for small filter lengths.
By exploiting array symmetry, the RLSPBS design was shown tosignificantly outperform the

RLSPB design and achieve similar performance to the RLSB design.

For the RMDB design, we can set the positions and depths of thespatial nulls manually. Of
course, for the least squares-based beamformer designs, spatial nulls can also be incorporated

by including additional null constraints. Their positionsand depth also have to be set manually.
However, it should be noted that for each new constraint thatis added, we lose degrees of
freedom for the design.

A major advantage of the beamformer designs presented in Sections 3.3 and 3.5 is that they

are applicable to arbitrary array geometries, i.e., there are no restrictions on sensor placement.
The robust polynomial beamformer design, presented in Section 3.4, is restricted to planar array

geometries, i.e., linear and planar arrays, and the steering range is also confined to a plane.
The extension of this beamformer design to arbitrary geometries and two-dimensional steering

capabilities is work for the future.

The performance of all least squares-based beamformer design methods depend on
the definition of the desired response. It should be noted that a solution only exists if
bdes(ωq)/bdesNf

/bdesNpld
(ωq) lies in the column space ofG(ωq)/M /N(ωq), respectively [GV89] (see

(3.4), (3.17), and (3.26), respectively). Therefore, defining the desired response arbitrarily may
lead to poor spatial selectivity or even an infeasible solution in the worst case. Therefore,

although the least squares-based beamformer designs allowfor flexible desired response def-
inition, the restrictions on the definition of the optimal desired response may be seen as the

main limitation of this design method [YMH07]. However, with a working knowledge of ba-
sic beamforming principles one should be able to define a proper (even if not optimal) desired

response.
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The evaluation of all beamformer designs was based on the time-domain FIR filters. For

all the presented beamformer designs, excluding RLSB-TD, the time-domain FIR filters were
obtained by approximating the sampled frequency responsesin the least squares sense. The
FIR approximation was shown to cause some deviations. Thesedeviations, even if relatively

small, could further be reduced by the application of other filter design methods, e.g., based on
Chebyshev approximation, which is known to result in smaller deviations than least squares-

based designs [OS89].
Although convex optimization is typically used for offline operation such as the determi-

nation of the filter coefficients for time-invariant beamformers, convex optimization is now ap-
plicable to an increasingly wider range of real-time applications [MB10], and therefore may be
applicable for real-time time-variant data-dependent beamforming in the near future. Therefore,

the generic framework may also be applied to the time-variant MVDR beamformer introduced
in Section 2.6.2, where the robustness can be controlled by adding the WNG constraint to the

design problem, i.e., where the cost function in (3.1) seeksto minimize output power of the
beamformer andNld = 1. Then, a closed form solution no longer exists but a solution can be

found applying convex optimization on a frame-by-frame basis.
As a final note, almost all beamformer designs which control robustness of the resulting

beamformer, including designs based on the framework presented here, are only useful if the
array model errors are not too large, which is common for usual arrays, i.e., compact arrays
that use sensors with sufficiently well-specified characteristics. If the errors are very large, then

even the performance of the UW-DSB, as the most robust beamformer, will degrade to the point
of being useless. Therefore, if the errors are very large, prior sensor calibration [FM94, Syd94]

will be required.
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4 Room Geometry Inference using Robust
Broadband Beamforming Techniques

The extraction of parameters characterizing an acoustic environment using broadband acoustic
signals is a topic of increasing interest in the field of acoustic signal processing as they may

then be used to enhance the performance of classical signal processing algorithms and therefore
is used as a representative application for the beamformingtechniques developed above.

A wide range of useful parameters characterizing an acoustic environment may be esti-
mated, i.e., directions of arrival (DOAs) of early room reflections [TKL10, Gün02], speed

of sound [AR10], and room volume [Kus08]. Typically, the extraction of such param-
eters involves the measurement and processing of many room impulse responses (RIRs)
[Gün02, KdHG04, TKL10, AST10]. For example, the knowledgeof the DOAs of early re-

flections is useful, e.g., for signal enhancement methods such as dereverberation [PR10], two-
dimensional (2D) and three-dimensional (3D) localizationof reflectors [MSKK11b, SMKK11,

MHA+12, MKSK13], robust data-dependent beamforming [SYS10], and matched filter-based
signal recovery [JSF95, ODZ10]. However, one of the most challenging tasks is to estimate the

geometry of the whole acoustic enclosure, for which multichannel RIRs measured by micro-
phone arrays are typically employed.

Due to the major effort required in the measurement and processing of many RIRs,efforts
have been made to develop alternative geometry inference methods. Although robust broadband

beamforming with microphone arrays is typically used for the extraction of desired speech
signals from noisy and reverberant environments for, e.g.,hands-free telephony and hands-
free distant-talking acoustic human-machine interfaces,beamforming can also be successfully

applied to the estimation of parameters characterizing an acoustic environment.

In this chapter, a novel technique which utilizes robust broadband beamforming for the
inference of room geometry is presented. The robust beamforming methods used here are based
on the generic framework introduced in Chapter 3. The inference method is based solely on the

recorded microphone signals and the relative positions of the source and the array. Thus, the
approach presented here does not involve identifying RIRs and can generally be applied for any

source signals which provide spectral support for excitingroom modes across the frequencies
of interest. The knowledge about the positions of the walls,floor, and ceiling with reference

to the listener position may be of interest for many audio signal processing applications, such
as spatial sound rendering [ACC+09], multichannel upmixing [Kus09], and dereverberation

[PR10].
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In general, the treatment is based on [MSKK11a, MSKK11b, SMKK11, SMKK12,

MKSK13] and on reports compiled for the Self Configuring Environment-aware Intelligent
Acoustic Sensing (SCENIC) project [SCE11], while additional references are given when ap-
propriate.

This chapter is structured as follows. An overview of classical room geometry inference
methods is presented in Section 4.1. An overview of the proposed room geometry inference

method is presented in Section 4.2, and beamformer designs for correlated signal processing are
discussed in Section 4.3.1. The beamformer-based DOA and time-difference of arrival (TDOA)
estimation of room reflections is presented in Secs. 4.3.2 and 4.3.3, respectively. The pro-

posed inference of boundary plane parameters is then presented in Section 4.4. A comprehen-
sive experimental evaluation of the proposed inference technique using both simulated and real

measurements, and using a compact off-the-shelf microphone array [ME02], is presented in
Section 4.5, followed by concluding remarks in Section 4.6.

4.1 Overview of Classical Room Geometry Inference Meth-

ods

The classical room geometry inference methods in literature involve the measurement and pro-

cessing of measured RIRs.

A boundary plane parameter estimation method was proposed in [Gün02] that uses the time
of arrival (TOA) of the first reflection only, where hierarchical grouping, for many source po-

sitions, is applied to avoid estimates of the same plane. Theinfluence of the changes in the
boundary shape on the impulse responses has been analyzed in[KdHG04].

A method where a common tangent algorithm is applied to the 2Dreflector localization
based on TOAs of reflections estimated from RIR measurementsfor a moving source was pro-
posed in [AST10]. The method was extended in [FCT+11] and [AFT+12] to 2D room inference,

where space parameterization based on the Hough transform is applied to disambiguate between
TOAs of reflections from different walls and reflection orders, and also to increase the robust-

ness against noise in TOA estimation. Given a set of RIRs measured simultaneously using a set
of array microphones, one of the main challenges is to associate the peaks corresponding to the

same reflector, which is typically required when estimatingTOAs of reflections directly from
measured RIRs.

Contrary to the above approach, where the number of walls must be knowna priori, a

heuristic method for room geometry inference without any assumption on the number of reflec-
tors was proposed in [TT12], where a set of reflective planes is deduced iteratively. In [DLV11],

a method was proposed that infers the room geometry from onlyone RIR. However, the algo-
rithm requires the knowledge of TOAs of all first- and second-order reflections, which may be

very challenging to achieve in practice. This method also imposes co-location of source and
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sensor, i.e., the source-sensor relationship is known. In [MBN13], a method was proposed that

infers the room geometry from only one RIR without knowledgeof the source location. Meth-
ods to estimate the room shape by fitting a shoebox room model to a set of measured RIRs were
proposed in [BRZF10] and [RZFB10].

4.2 Room Geometry Inference Method

In this section, an overview of a method for the inference of the geometry of a room29 is pro-

posed. The method allows for full 3D room geometry inferenceof an acoustic enclosure with
walls that are piecewise planar and whose overall geometry is convex. When a source signal

is played back via a loudspeaker, a compact microphone arraylocated within the same room
samples the acoustic wave field, which includes the direct sound, multiple room reflections, as

well as background noise and interfering signals (if they are present)30.

An exemplary scenario is depicted in Fig. 4.1, where a sound source in a room results in a

reflection from one of the planar room boundaries. It is assumed that the impinging wave is
reflected from the boundary in a specular fashion [Kut00]. Such an assumption is justified for
most room boundaries, which can typically be considered locally planar and highly reflecting

for a wide frequency range. The corresponding first-order image source [AB79], which is
defined as a point that is mirrored with respect to the boundary, and a background noise source

are also shown.

The room geometry inference task can be accomplished by applying a two-step procedure,

as depicted in Fig. 4.2. First, the DOAs corresponding to allsound sources are estimated and
then the TDOAs between the direct-path signal and the early room reflections are estimated.

Finally, the estimated DOAs and TDOAs, in conjunction with the relative positions of the source
and array, are used to estimate the desired geometric boundary parameters, i.e., the location and

orientation of room boundaries. Here, the term boundary refers to the walls, ceiling, and floor
of a room.

The first task of localizing room reflections can in general beachieved applying robust and
high resolution acoustic source localization techniques that are capable of localizing coherent
sources. Here, the aim of acoustic source localization algorithms is to accurately estimate the

DOAs corresponding to the original source and room reflections by utilizing the recorded micro-
phone array signals. Next, the signals originating from theestimated DOAs are extracted and the

TDOAs between the direct-propagation path and each early room reflection are then estimated
using crosscorrelation analysis of the extracted signals.The estimated TDOAs correspond to

the additional distance that a reflected wave travels in comparison to the direct-propagation
path.

29It should be noted that the term ‘room’ covers any acoustic enclosure.
30Note that we assume throughout the following that there are no interfering sources in the enclosure unless

stated otherwise.
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Figure 4.1: Reflection due to a planar boundary.
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Figure 4.2: Block diagram of the inference procedure.

In the second step, the estimated DOAs and TDOAs are combinedin order to estimate
the locations of image sources. Since the distance from the sound source to the center of the

microphone array is assumed to be known a priori, the position of the point of reflection on the
boundary can be calculated using simple geometric relations. In addition to the boundary point,

a vector normal to the boundary plane is also computed. This pair of parameters fully defines
the geometric information about a plane.

Finally, the proposed two-step procedure can be repeated for several different sound source

positions, thus obtaining multiple sets of boundary plane parameters that correspond to multiple
planes. These planes are then categorized, based on their relative orientation, into groups, with

each member of a group corresponding to an estimate of the same boundary. The final boundary
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parameters can then be calculated as the best fit approximation.

In general, the two-step inference procedure places no restrictions on the array geometry to
be used. Obviously, linear arrays are not suitable for full 2D and 3D inference due to forward-
backward ambiguity as explained in Section 2.3.

4.3 DOA and TDOA Estimation of Room Reflections

The localization and extraction of room reflections, for DOAand TDOA estimation, respec-

tively, is difficult even for early and pronounced room reflections, mainly due to the following
reasons:

(a) Reflections have usually relatively low energy in comparison to the energy of the direct
sound.

(b) Reflections have low SNR, i.e., the energy of reflections is typically not significantly
higher than that of the ambient noise and the microphone self-noise.

(c) Reflections are highly correlated with the original sound source and with each other.

Since each reflection is treated as a separate coherent source, the power of a reflected sig-
nal is lower than the power of the direct signal due to the attenuation during propagation and
reflection coefficient values being smaller than unity. Note that the other reflected signals, ir-

respective of their order, and the direct signal act as interferers, and the microphone self-noise
levels remain the same. Consequently, each reflected signalhas a much lower SINR than the

direct signal, and thus its extraction becomes increasingly challenging with the order of the
reflection and the travel distance of the sound wave.

The application of source localization techniques with high resolution and extraction tech-
niques with high spatial selectivity is necessary to overcome challenges (a) and (b). However,

such techniques are typically sensitive to microphone self-noise and errors in the array char-
acteristics, as found in real world applications. Therefore, control of the robustness of these
techniques is required. In addition, the performance of these techniques may be severely de-

graded due to (c). Therefore, techniques for correlated signal processing must be applied in
order to increase the robustness and accuracy of the DOA and TDOA estimation.

4.3.1 Beamformer Design for Correlated Signal Processing

In general many acoustic source localization and signal extraction methods exist [Van02,
BSH08]. Here we consider beamformer-based source localization and extraction methods,

which are based on the RMVDR design presented in Section 3.6.The RMVDR beamformer
can provide high spatial selectivity, which is very important for extraction of the low-energy

reflected signals.
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An inherent property of the RMVDR beamformer is that it suffers from severe performance

degradation in environments where interference sources are highly correlated with the desired
source, which is prevalent in our scenario as the direct-path and reflected signals are highly
correlated. To achieve its goal of minimum output power, thebeamformer tends to cancel the

portion of the desired source that is correlated with the interference signals.

Furthermore, the PSD matrix of the microphone signals may beill-conditioned. For illus-
tration, we assume a sound played back in a room results inNr reflections. Then the PSD matrix

of the microphone signal is given by

Sxfxf (ω) = E
{

xf(ω)xH
f (ω)

}

(4.1)

= Ḡ(ω,Ω)Ssfsf (ω)ḠH(ω,Ω) + Snfnf (ω),

whereḠ(ω,Ω) = [g(ω,Ω0), . . . , g(ω,ΩNr)], Ssfsf (ω) = E
{

sf(ω)sH
f (ω)

}

is the source PSD matrix
andsf(ω) = [S0(ω), . . . ,SNr(ω)]. SinceS1(ω), . . . ,SNr(ω) are delayed and attenuated versions

of S0(ω), for high SNR and long observation time the source PSD matrix Ssfsf (ω) can even
be nearly singular, which in turn may result in an ill-conditioned PSD matrixSxfxf (ω) (see

[WK85, SMKK12] for more details), which is used in the beamformer design. To cope with this
ill-conditioned PSD matrix, we apply focusing matrices andfrequency smoothing techniques

[WK85, AB03, APSH04].

The main idea of frequency smoothing relies on finding focusing matrices that can map
all the narrowband frequency bins into one reference frequency, followed by the smoothing of

the mapped narrowband PSD matrices. The frequency range is discretized intoNf frequencies,
with, e.g., Nf = 1024 equally spaced frequency bins for a sampling rate of 44.1 kHz. The
Nsen× Nsen focusing matricesT(ωq) must satisfy [WK85]

Ḡ(ωfoc,Ω) = T(ωq)Ḡ(ωq,Ω) (4.2)

for each frequency binωq, q = 0, . . . ,Nf − 1, and the focusing frequencyωfoc ∈ [ω0, ωNf−1]. For

DOA estimation and signal extraction here, a single focusing frequency is used31.

Several methods for computing the focusing matrices have been suggested in [WK85,
AB03, APSH04]. It should be noted that for some of the classical methods, such as com-

puting a least squares approximation, the DOAs of the sources are required in order to compute
the focusing matrices. Finally, the focused and frequency-smoothed PSD matrix̂Sxf xf (ωq) is
obtained as

Ŝxfxf (ωfoc) =
1
Nf

Nf−1
∑

q=0

T(ωq)Sxf xf (ωq)TH(ωq). (4.3)

31For other applications, e.g., signal enhancement, it may bebeneficial to subdivide the frequency range into
subbands and chose a separate focusing frequency for each subband. Here, the focusing frequency is always chosen
as the largest frequency in the relevant frequency range.
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A time-invariant RMVDR beamformer design for correlated signal processing is obtained

by replacingSxfxf (ωq) with Ŝxfxf (ωfoc) in (3.38), for all frequenciesq. Thus, the RMVDR beam-
former coefficients are computed by solving

min
wf(ωq)

wH
f (ωq)Ŝxfxf (ωfoc)wf(ωq),

subject to

∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

≥ γ,

wH
f (ωq)g(ωq,Ωld) = 1. (4.4)

The purpose of using the smoothed PSD matrix is to avoid coherent signal self-cancellation,

which is a typical problem for narrowband data-dependent beamformers. This method is more
robust to coherent signals, at the cost of signal extractionperformance degradation, since the

array weights are not optimum for all the frequencies (they are optimum only for the focusing
frequency).

For 3D room geometry inference, it is convenient to use a spherical microphone array due

to its 3D symmetry. Although conventional element space (ES) processing, as in (4.4), can be
applied for both DOA and TDOA estimation with spherical arrays, eigenbeam [ME04] (EB)

processing is typically preferred, where the localizationand extraction technique does not op-
erate on the sensor signals directly but on EBs, which are obtained by decomposing the 3D

wavefield into orthogonal eigen-solutions of the acoustic wave equation in spherical coordinates
[ME02, Teu07]. EB processing offers several advantages, e.g., simpler calculation of arrayman-
ifold vectors in the EB domain than in the traditional element space and frequency-independent

manifold vectors can be obtained by decoupling and removingthe frequency-dependent com-
ponents from the EB-domain manifold vectors [Teu07]. Therefore, EB processing will be used

for the 3D inference task here. The transformation of the original microphone signals to the EB
domain is explained in Appendix D. A comprehensive treatment of the theory and application of

EB processing in waveform and parameter estimation can be found in ,e.g., [Teu07, RPA+10].

Givenxeb(kρ)32 as the EB-domain microphone signal (see (D.6) in Appendix D.1), the EB-
domain PSD matrix is given bySxebxeb(kρ) = E

{

xeb(kρ)xH
eb(kρ)

}

, whereρ is the radius of the

sphere. Frequency smoothing in the EB domain, which is described in detail in Appendix D.2,
is similar to that in the element space. Similar to (4.2), the(N+1)2×(N+1)2 focusing matrices33

in the EB domain must satisfy [KR09, SMKK11]

P̄(kfocρ,Ω) = T(kq)P̄(kqρ,Ω), (4.5)

32Note thatk = ω/c is used instead ofω in the following in order to conform with common literature on EB
processing [Teu07, RPA+10].

33N is a nonzero order that satisfies the inequalityNsen≥ (N+ 1)2 [ME02] (see Appendix D.1 for more details).
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where P̄(kρ,Ω) is the associated EB-domain manifold matrix (see (D.7)). The closed-form

solution for the focusing matrices is given as [SMKK11]

T(kq) = B(kqρ)−1B(kfocρ), (4.6)

whereB(kqρ) = diag[b0(kqρ), b1(kqρ), b1(kqρ), b1(kqρ), b2(kqρ), . . . , bN(kqρ)] is an (N+1)2×(N+
1)2 diagonal matrix, which is the frequency-dependent mode amplitude obtained from decou-
pling the array manifold matrix. It is worth noting that the focusing matrix computation in the

EB-domain does not require the DOA of the source signal, which is the case for some methods
used in the element space. The focused and frequency-smoothed PSD matrixŜxebxeb(kfocρ) is

obtained as [SMKK11]

Ŝxebxeb(kfocρ) =
1
Nf

Nf−1
∑

q=0

T(kq)Sxebxeb(kqρ)TH(kq), (4.7)

wherekfoc ∈ [k0, kNf−1]. Finally, The EB-RMVDR beamformer coefficients, which are fixed,
can then be computed by solving

min
web(kq)

wH
eb(kq)Ŝxebxeb(kfocρ)web(kq)

subject to

wH
eb(kq)P(kqρ,Ωld) =

4π
Nsen

, (4.8)

wH
eb(kq)P(kqρ,Ωld)

wH
eb(kq)web(kq)

≥ γ,

whereweb(kq) = vec([Wn̂(−n̂)(kq),Wn̂(−n̂+1)(kq), . . . ,Wn̂(n̂−1)(kq),Wn̂n̂(kq)]
N
n̂=0) is the (N + 1)2 × 1

EB-domain array weight vector, and vec(·) represents stacking of all vectors in the parenthesis.

Note that a uniform sampling over the sphere is assumed here,and thus the output amplitude for
the spherical harmonics domain array processing is higher than for the conventional element-

space domain by a factor of 4π/Nsen [RPA+10]. The EB-RMVDR optimization problem (4.8)
is also a special case of the generic problem presented in Section 3.2.

4.3.2 DOA Estimation

The DOA estimation can be carried out as shown in the detailedDOA and TDOA estimation

framework depicted in Fig. 4.3. Robust, high resolution, and accurate localization of coherent
sources is very important for ensuring accurate boundary parameter estimation. A comparison

of several steered beamformer-based and subspace-based reflection localization techniques has
been presented in [MSKK11a, SMKK12]. In general, the steered beamformer-based methods

have similar or higher computational cost compared with thesubspace-based methods. A major
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RMVDR (ES/EB)
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Ω̂i,r

Ω̂i,r
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maxNr+1{AI }

maxNr,lags{CCFs}

Nsen− 1

0

yΩi,0

yΩ̂i,Nr

yΩ̂i,1

DOA Estimation

Signal Extraction

TDOA Estimation

Crosscorrelation (CC) Analysis

of CCs

Computation

Figure 4.3: Block diagram of proposed DOA and TDOA estimation procedure. Either element space (ES)

processing or eigenbeam (EB) processing can be applied for both DOA estimation and signal extraction

with spherical arrays. The DOAs are obtained from the maximaof the acoustic image (AI).

limitation of the subspace-based EB-MUSIC [RPA+10] and EB-ESPRIT [Teu07, STMK11]

methods is, however, that the subspace dimension, i.e., thenumber of sources to be localized,
must be known a priori. This information is obviously not available in our scenario, where the

number of acoustic paths corresponds to the number of sources. Thus, the steered beamformer-
based source localization techniques are better suited forthe localization of reflections.

When applying beamformer-based localization methods, theroom is scanned using a beam-

former and the output power for each look-direction is plotted to form anacoustic image(AI)
(also known as anacoustic map) of the environment [MSKK11a, SMKK12]. An exemplary

acoustic image of a room, for a single source located in the room34, is depicted in Fig. 4.4. The
locations of the peaks in the acoustic image, highlighted byblack crosses, correspond to the

estimated DOAs of the direct-path and reflected signals.

In [SMKK12], it was concluded that the steered EB-domain RMVDR [SMKK11, YSS+10]
(EB-RMVDR) beamformer with focusing and frequency smoothing is the best choice for es-

timating the DOAs of the direct-path and reflected signals. It is therefore also used here for
DOA estimation. The cost function of the focused and frequency-smoothed EB-RMVDR beam-

34For a detailed description of the experimental setup, see Section 4.5.2.
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Figure 4.4: Exemplary acoustic image. The locations of the peaks are highlighted by black crosses.

former, for a spherical array with radiusρ, can be written as [SMKK12]

min
web(kfoc)

wH
eb(kfoc)Ŝxebxeb(kfocρ)web(kfoc)

subject to

wH
eb(kfoc)P(kfocρ,Ωld) =

4π
Nsen

, (4.9)

wH
eb(kfoc)P(kfocρ,Ωld)

wH
eb(kfoc)web(kfoc)

≥ γ.

Obviously, (4.9) is a special case of (4.8), where the cost function is solved for a single fre-
quency, i.e., the focusing frequencykfoc. Note that the frequency range could be subdivided

into several subbands, each with a different focusing frequency. Then (4.9) would be solved
for each focusing frequency to obtain one DOA estimate per subband. The robustness and/or

accuracy of the final DOA estimates may then be improved by averaging over the DOA es-
timates obtained for each separate subband. Obviously, this will also result in an increase in
computational complexity.

An EB-RMVDR beamformer with frequency smoothing is used to scan the room, i.e., (4.9)
is solved for every look direction on the predefined angular sampling grid, and the output power

Z(kfoc,Ω) for each look-direction is plotted to form an acoustic image (see Fig. 4.4) of the en-
vironment. For thei-th sound source position, withi = 1, . . . ,NS, the locations of the peaks

of the acoustic image determine the estimated DOAsΩ̂i,r = (ϑ̂i,r , ϕ̂i,r), r = 0, . . . ,Nr, where
Nr + 1 is the total number of estimated DOAs. Therefore, the totalnumber of localized reflec-

tions isNr andΩi,0 corresponds to the DOA of the original sound source. Finally, only DOA
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estimates whose peak power in the acoustic image is at leastZnoisedist dB above the noise floor

are selected. The value ofZnoisedist is determinedheuristically(see Section 4.5.3). The exclu-
sion of DOAs with low power levels is necessary because the DOA estimates and hence the
corresponding TDOA and boundary parameter estimates become worse as the power level in

the acoustic image decreases [MSKK11a, SMKK12].

The DOA estimates that are finally obtained are assumed to correspond to the directions of

first-order reflections. This appears to be a reasonable assumption, as long as the microphone
array is positioned centrally in a room, because the reflection coefficients of most surfaces
are not close to unity and the propagation paths of higher-order reflections will generally be

significantly longer than for the more pronounced first-order reflections with higher amplitude.
Then, higher-order reflections will exhibit significantly lower peaks in the acoustic images than

the direct signal and dominant first-order reflections, and these peaks are then discarded as they
fall below the threshold ofZnoisedist dB. Additional robustness against higher-order reflections

is achieved by post-processing, as described in Section 4.4.5.

4.3.3 TDOA Estimation

Once the DOAs have been estimated, TDOA estimation can now becarried out, as illustrated
in Fig. 4.3. Firstly, the signals originating from the localized directions are extracted using

robust broadband beamforming for correlated sources. Crosscorrelation functions between the
extracted signals are then estimated. These crosscorrelation functions are used to estimate the
TDOAs of the reflected signals relative to the direct-path signal.

Signal Extraction

In order to extract the broadband direct-path and reflected signals, robust broadband beamform-

ers are employed. Beamformers are steered towardsΩi,0 to extract the direct-path signal and
towardsΩ̂i,r = (ϑ̂i,r , ϕ̂i,r), for r = 1, . . . ,Nr, to extract the reflected signals.

The beamformer design problem is formulated as (4.8), wherethe beamformer coefficients
web(kq) are calculated for each frequencykq, while the same frequency-smoothed PSD
Ŝxebxeb(kfocρ) is used across all frequencies. Note that for DOA estimation, according to (4.9),

the beamformer coefficients were computed only for one frequencykfoc. The beamformers
are then applied to obtain the time-domain beamformer outputs yΩ̂i,r

as depicted in Fig. 4.3.

Note that a relatively narrow frequency range is used (see Section 4.5.3) for good performance
in terms of spatial selectivity of the beamformers on the onehand and to avoid poor SNR

and spatial aliasing issues on the other hand [SMKK12], thusallowing for accurate TDOA
estimation.
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Crosscorrelation Analysis

Once all the signals of interest have been extracted, the TDOAs of the reflected signals rela-
tive to the direct-path signal can be estimated using crosscorrelation analysis, as indicated in

Fig. 4.3. In this step, for each source positioni = 1, . . . ,NS, the crosscorrelations between the
reference beamformer outputyΩi,0 and all other beamformer outputsyΩ̂i,r

are calculated. The
reference signalyΩi,0 is extracted by steering the beamformer to the DOA of the direct propa-

gation path,Ωi,0, which is assumed to be knowna priori or alternatively the highest peak in
the acoustic image is used. For all source positionsi = 1, . . . ,NS and all localized reflections

r = 1, . . . ,Nr, the crosscorrelations are estimated by the biased yet consistent estimate [Orf88]

CyΩi,0 ,yΩ̂i,r
[̺i,r ] =

1
Ls

Ls−̺i,r−1
∑

κ=0

yΩi,r [κ + ̺i,r ]yΩ̂i,0
[κ], (4.10)

whereLs is the length of extracted signals,̺i,r is the lag index, andκ is the sample index. By

searching for maxima in crosscorrelation functions, the TDOAs of first-order reflections can be
determined as

τ̂i,r = ̺i,r,peak/ fs, (4.11)

where̺i,r,peak is the time lag of the highest peak in the crosscorrelation function excluding the ze-
roth and neighboring lags which correspond to the direct-path signal, i.e.,̺ i,r,peak < [−Λi,r ,Λi,r ],
whereΛi,r > 0 is a time lag threshold. Figure 4.5a depicts an exemplary crosscorrelation be-

tween an extracted direct-path signal and a reflection, where the position of maximum̺1,2,peak is
highlighted by an arrow. The sampling rate was 44.1 kHz and the extracted signals where five

seconds long35, i.e., Ls = 220500. Applying a thresholdΛi,r is necessary because the direct-
path signal, which typically has significantly more energy than the reflected signal, may still be

present in the output of the beamformer that is steered towards the reflection, i.e., the beam-
former may not be able to suppress the direct-path signal completely and a significant peak may

appear in the crosscorrelation around the zeroth lag as depicted in Fig. 4.5a.
The value ofΛi,r can be determined adaptively by using the corresponding crosscorrelation

function CyΩi,0 ,yΩ̂i,r
. First, the upper envelope of the crosscorrelation function is computed by

linearly interpolating the maxima of the function. Finally, the first minimum of the envelope
after the zeroth lag is chosen asΛi,r , as depicted in Fig. 4.5b. Note that the peak corresponding

to the reflected signal in the crosscorrelation function always has a positive lag value since the
reflection has a longer propagation path than the direct-path signal.

In the case when more than one sound source is active within the enclosure, categorization of
the acoustic sources into direct sound, reflections and interference may be achieved by analyzing
the computed crosscorrelations [SMKK11], i.e., there is significant correlation between the

direct signal and the corresponding reflected signals but low correlation between these signals
and the interference (here we assume the interference is uncorrelated with the direct signal and

its reflections).
35For a detailed description of the experimental conditions,see Sections 4.5.2 and 4.5.4.
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Figure 4.5: Exemplary crosscorrelation between an extracted direct-path signal and a reflection. The

peak corresponding to the reflected signal is highlighted bythe arrow.

4.4 Boundary Parameter Estimation

Since the distancedi,0 and orientation of the sourceΩi,0 relative to the center of the microphone

array are assumed to be known a priori, the DOA and TDOA estimates can be jointly used
to either compute the point of reflection or the boundary plane parameters, by using simple

trigonometric relations. In the following, both methods are briefly described.

As mentioned before, we assume here that all room boundariesare piecewise planar and
thus can be represented by planes. We also set the location ofthe center of the microphone
array as (0, 0, 0) in a Cartesian coordinate system.

4.4.1 Reflection Point Estimation

In this section, a method to estimate the point of reflectionb̂i,r ∈ R3, as depicted in Fig. 4.6, in
a room is described.

First, the known source position (di,0, ϑi,0, ϕi,0) is transformed from the spherical coordinate

system to the Cartesian coordinate system, yielding a pointai,0 ∈ R3. Note thatΘ̂r is the
angular distance between two unit vectors pointing to the DOA of the direct sound impinging

from (ϑi,0, ϕi,0) and the estimated DOA of the reflection impinging from (ϑ̂i,r , ϕ̂i,r), respectively.
The angular distance,̂Θr , is depicted in Fig. 4.7 and is given by

Θ̂r = 2 arcsin
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, (4.12)

where r (ϑ, ϕ) = [sinϑ cosϕ, sinϑ sinϕ, cosϑ] is the unit vector of the DOA (ϑ, ϕ)

on a unit sphere and the distance between two vectorsr (ϑi,0, ϕi,0) and r (ϑ̂i,r , ϕ̂i,r), i.e.,
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Figure 4.6: Reflection point estimation.

∥

∥

∥r (ϑi,0, ϕi,0) − r (ϑ̂i,r , ϕ̂i,r)
∥

∥

∥

2
, is defined as

∥

∥

∥r (ϑi,0, ϕi,0) − r (ϑ̂i,r , ϕ̂i,r)
∥

∥

∥

2
=

√

ǫ2
1 + ǫ

2
2 + ǫ

2
3, (4.13)

whereǫ1 = sinϑi,0 cosϕi,0−sinϑ̂i,r cosϕ̂i,r , ǫ2 = sinϑi,0 sinϕi,0−sinϑ̂i,r sinϕ̂i,r andǫ3 = cosϑi,0−
cosϑ̂i,r .
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Figure 4.7: Angular distancêΘr between DOA of direct sound and a reflection.
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The TDOAτ̂i,r of the reflected signal is used to estimate the distance from the original sound

source to the reflector and then upon the reflection to the array center by solving

d̂i,r = cτ̂i,r + di,0. (4.14)

Using estimated distancêdi,r and the angular distancêΘr , we apply the law of cosines to obtain

the following trigonometric equation

(

d̂i,r − d̂i,r,rp

)2
= d2

i,0 + d̂2
i,r,rp − 2di,0d̂i,r,rp cos(Θ̂r ). (4.15)

Subsequently, by rearranging (4.15), the distanced̂i,r,rp to the r-th reflecting surface can be
estimated by solving

d̂i,r,rp =
d2

i,0 − d̂2
i,r

2(di,0 cos(Θ̂r ) − d̂i,r)
. (4.16)

From (4.12) and (4.16), the position of the boundary reflection point (d̂i,r,rp, ϑ̂i,r , ϕ̂i,r) in the

spherical coordinate system is obtained.

Although the method is developed for reflection point estimation, it may also be applicable
for room geometry inference. When a measurement is taken from only one source position,

NS = 1, a maximum of one point per boundary can be found. By taking measurements at many
different source positions, we can obtain multiple points for each boundary. All estimated points

should then be categorized into groups, the number of which is equal to the number of actual
boundaries. A plane can then be approximated for each group as a least squares fit to the plane.

However, the major challenge in this procedure is the categorization of the estimated points to
their respective planes. In the next section we show that we can estimate planes directly from
each measurement.

4.4.2 Plane Parameter Estimation

In order to infer the geometry of a room, the boundary plane parameters have to be estimated.
A planeP(b, n) is defined here by a point that lies on the planeb ∈ R3 and a vector normal to

the planen ∈ R3, as depicted in Fig. 4.8. Therefore, by estimating these twoplane parameters
we obtain complete geometric information about the boundary.

The position of a boundary point is estimated as described inSection 4.4.1, i.e., the esti-

mated point of reflection̂bi,r . Now a vector normal to the plane is estimated. Given a sound
source atai,0, the location of ther-th image sourcêai,r can be estimated. First the distance from

the array center to the image sourced̂i,r,is has to be estimated. Obviously, this is equal to the
distance from the original sound source to the reflector and then upon the reflection to the array

center and therefore, we can estimate it by solving (4.14), i.e.,

d̂i,r,is = cτ̂i,r + di,0. (4.17)
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Figure 4.8: Plane parameter estimation.

By combining the distance to the image source with the estimated DOA (ϑ̂i,r , ϕ̂i,r), we obtain the

image source position in the spherical coordinate system as(d̂i,r,is, ϑ̂i,r , ϕ̂i,r). A transformation to
the Cartesian coordinate system is then carried out to obtain âi,r . Finally, a vector normal to the

boundary planêni,r is computed as36

n̂i,r =
ai,0 − âi,r

∥

∥

∥ai,0 − âi,r

∥

∥

∥

2

. (4.18)

For a given source position, this procedure is repeated for each reflectionr = 1, . . . ,Nr,

thus resulting inNr boundary plane estimates, which correspond to the first-order reflections.
Theoretically, all the enclosure boundaries can be obtained from one measurement if accurate

reflection DOA and TDOA estimates are obtained for all boundaries. However, in practice,
this is typically not possible due to the influence of the directivity of the source and the micro-

phone array, low values of the reflection coefficients, long reflection propagation paths, and the
presence of background noise. Therefore, when only one array is used for the measurements,
the use of more than one source position, i.e.,NS > 1, is recommended to ensure robust room

geometry inference.

36The normalization here is important with respect to the dot product metric (see Section 4.4.3).
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4.4.3 Plane Categorization

When measurements are taken using several different source positions, several plane estimates
corresponding to the different boundaries are obtained for each source position. Therefore, it is

necessary to group the planes that approximate the same boundary together, which is achieved
here using a plane categorization procedure.

The plane categorization procedure is based on comparing the unit normals of all estimated
planes (i.e., for all (i, r) pairs) using the dot product metric defined as

qη,η′ = n̂T
η · n̂η′ , (4.19)

whereqη,η′ ∈ [−1, 1] is the cosine of the angle between the normals of the planes, andn̂η is the

normal of the plane estimated using source positioni and reflectionr, while n̂η′ is the normal
of the plane for source positioni′ and reflectionr ′. η′ = 1, . . . ,Npl, η = 1, . . . ,Npl, andNpl

is the total number of (i, r) pairs. In the special case when the number of localized reflections
Nr is the same for allNS source positions, thenNpl = NSNr. If qη,η′ is close to one, the angle

between normals of these two planes is very small, i.e., the normal vectors point nearly in the
same direction. Lower values represent a larger angular deviation between the plane normals.

As a first step in plane categorization, the dot product is calculated between all estimated

plane candidates, which results in a square and symmetricNpl × Npl matrix of alignment values
Q

Q = [q1, q2, . . . , qNpl] = (qη)η∈{1...Npl}, (4.20)

whereqη = [qη,1, . . . , qη,Npl]
T denotes theη-th column vector with elements computed from

(4.19).
Secondly, we seek to decide which of the estimated planes correspond to the same boundary.

For that purpose, a binary masking of all dot productsqη,η′ is performed such that a new matrix

Q̂ is obtained, with its elements given by

q̂η,η′ =

{

1 if qη,η′ > Znormal diff

0 if qη,η′ ≤ Znormal diff,
(4.21)

whereZnormal diff is a threshold that is chosen close to unity. This means the masked dot product
is set to unity if the given two planes are considered estimates of the same boundary, while dot
products for all other planes (that belong to different boundaries) are set to zero.

Finally, in order to group the estimated planes into sets, where each plane in the set is an
estimate of the same room boundary, we remove all columnsqη′′ from Q̂ that fulfill

∃η ∈ {1, ..., η′′ − 1} : qη′′ � qη, (4.22)

where� is a component-wise inequality (i.e., in sense of a partially ordered set [Sch03]). As
a result of such grouping, each column of the resulting matrix Q̂ defines a set of planes that

estimate the same boundary.
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For illustration of the plane categorization procedure, Fig. 4.9 depicts how 21 estimated

planes are assigned to 6 boundaries. Figure 4.9a depicts thedot products between vectors nor-
mal to planes (see (4.19)), Fig. 4.9b depicts the results of the binary masking (see (4.21)), and
Fig. 4.9c depicts the assignment of planes to room boundaries (see (4.22)). Table 4.1 shows

how the results in Fig. 4.9c are obtained from Fig. 4.9b, i.e., which of the estimated planes are
assigned to which boundary. For example, the four planes assigned to boundary 5 in Fig. 4.9c

are obtained from column 5 in Fig. 4.9b, while columns 9, 10, and 19 are discarded (see (4.22)).
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Figure 4.9: Exemplary scenario for the plane categorization procedure where 21 planes are assigned

to 6 boundaries; a) Dot products between vectors normal to planes according toqη,η′ (4.19); b) Binary

masking according to ˆqη,η′ (4.21); c) Assignment of planes to room boundaries according to (4.22).

4.4.4 Room Geometry Inference

Having identified the number of boundaries and having assigned each estimated plane to the

corresponding boundary, the final inference of boundary parameters can be performed. In this
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Table 4.1: Assignment of 21 estimated planes to 6 boundaries.

Boundary Selected Discarded Planes assigned

Number columns ofQ columns ofQ to boundary

1 1 7 12 17 1 7 12 17

2 2 6 13 18 2 6 13 18

3 3 8 14 - 3 8 14 -

4 4 15 20 - 4 15 20 -

5 5 9 10 19 5 9 10 19

6 11 16 21 - 11 16 21 -

last step, geometrical inference is performed either by taking the plane parameters directly, if
only a single plane is assigned to the given boundary, or by calculating the boundary plane as

a least-squares approximation using the estimated positions of the boundary points that corre-
spond to the same boundary (if the group consists of several plane estimates).

Such a least-squares problem can be formulated as follows. Lets assume thatNbp estimated

boundary points that belong to the same boundary, are given by b̂υ ∈ R3, with υ = 1, . . . ,Nbp.
The goal is to determine the normal vectorn̄ ∈ R3 such that

P = {b̂υ ∈ R3 | n̄T(b̂υ − b̄) = 0} (4.23)

is the least squares best-fit plane w.r.t. the vectorsb̂1, b̂2, . . . , b̂Nbp, whereb̄ is the approximated

boundary point, the position of which can be calculated froman arithmetic mean as a maximum
likelihood estimate (if thêbυ can be assumed to be normally distributed and independent)

b̄ =
1

Nbp

Nbp
∑

υ=1

b̂υ. (4.24)

It can be shown [HZ03] that the solution to the above problem can be found as a normalized

eigenvector of the smallest eigenvalue of the covariance matrix H ∈ R3×3 with its elements
given by

[H]ς,ς′ =
1

Nbp

Nbp
∑

υ=1

([b̂υ]ς − [b̄]ς)([b̂υ]ς′ − [b̄]ς′), (4.25)

where the matrix and vector indices areς = 1, 2, 3 andς′ = 1, 2, 3. Thus finally the boundary
planeP̂(b̄, n̄) is obtained as a least-squares approximation toNbp boundary points.

4.4.5 Post-Processing for Highly Reflective Boundaries

For rooms that have boundaries with typical reflection coefficient values, the number of planes

estimated according to Section 4.4.4 does not exceed the number of actual boundaries. How-
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ever, if many room boundaries have very high reflection coefficient values, such as is the case

for a room with walls made of glass, there may be many high peaks in the acoustic image,
some of which correspond to higher-order reflections. This in turn can lead to the number of
estimated planes being greater than the number of actual boundaries.

This problem may be remedied by an additional, final postprocessing step. If the number

of estimated boundary planes is greater than the number of actual boundaries, the normals of
all the estimated planes are compared and planes with similar orientation are grouped together.

From each group, a plane which was estimated using the largest number of boundary points
Nbp is selected as a boundary estimate, i.e, all other planes arediscarded. Here it is assumed
that the probability that plane estimates due to higher-order reflections (the few which have

sufficient energy to be accurately localized and extracted) for different source positions coincide
in orientation is low, whereas plane estimates for first-order reflections from the same wall do

coincide.

4.5 Experimental Results

In this section the performance of the proposed room geometry method is evaluated. The eval-
uation measures and the experimental setup are introduced,and the method is evaluated for

different scenarios.

4.5.1 Evaluation Measures

For comparison of estimated and ‘ground truth’ boundary parameters, where the ‘ground truth’

planeP(b, n) and the estimated planêP(b̄, n̄) are both defined by the normal vector and the
boundary point, the following measures are applied: Since any plane is fully defined by the

perpendicular distance from the plane to the origin of the coordinate system and a normal vector,
a combination of measures for these two plane parameters canbe used to compare positioning
of planes. The first metric is defined here as the difference between the distancedP of the

‘ground truth’ planeP to the origin and the distancedP̂ of the estimated planêP to the origin in
centimeters, i.e.,dP,P̂ = dP − dP̂

37. The second metric, which measures the angle between the

two planes, can be defined as the inverse cosine of the dot product of their normals, i.e.,

Θn,n̄ = arccos
(

nT n̄
)

. (4.26)

Assuming a room withNb boundaries, the average distance and orientation deviations for

37Note that the selected standard measure of the distance froma point to a plane is not independent of the
estimated plane normal. However, considering each plane independently, it is difficult to find a viable alternative
that would be independent of the estimated plane normal (seeSection 4.6). Note that we use centimeters instead
of meters for the sake of brevity, as typical values for this measure are in the order of centimeters.
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all estimated boundaries are given by

d̄P,P̂ =
1
Nb

Nb
∑

v=1

|dPv − dP̂v
|, (4.27)

and

Θ̄n,n̄ =
1
Nb

Nb
∑

v=1

Θnv,n̄v, (4.28)

respectively. Another informative measure about the similarity of both room geometries is the

relative volume error that is given byΓV̂,V = 100(1− V̂/V)[%], whereV̂ andV are the estimated
and ‘ground truth’ room volumes, respectively.

4.5.2 Experimental Setup

To verify the effectiveness and quantify the accuracy of the proposed room inference method,

we evaluate its performance with both simulations and real measurements. Both stationary
white Gaussian noise (WGN) and speech are used as source signals in the experiments. In

order to objectively compare the accuracy of the inference method in different scenarios, the
results for the WGN are shown for most cases. The use of a WGN asa source signal ensured

that spectral support for exciting room modes across all frequencies is provided. Note that in
experiments with speech signals, the DOAs are only estimated during periods of speech activity,

as estimation during speech-absence periods would degradethe estimation performance. For
voice activity detection, a simple wideband energy-based voice activity detector (VAD) is used,
which operates as an energy detector applied to a reference microphone signal, see [RGS07] for

an overview of various VAD methods. Obviously, other audio signals such as music can also be
used for the estimation of the room geometry.

The microphone signals, with a duration of five seconds, weresimulated or recorded, de-
pending on the experiment, at a sampling rate of 44.1 kHz and then processed offline. Nf = 1024

equally spaced frequency bins, each representing a width ofapproximately 43 Hz, are used.
Note that there are no restrictions on the order of reflections in simulated RIRs, and the RIR

filter length is set such that it corresponds to the reverberation timeT60 [Kut00]. Unless stated
otherwise, a frequency smoothing range of 1.3− 4.5 kHz (i.e.,kρ ∈ [1, 3.5]) is used and the fo-
cusing frequency is set to 4.5 kHz (i.e.,kfocρ = 3.5). A relatively narrow frequency smoothing

range is chosen to ensure that the beamformers achieve good spatial selectivity, and to avoid
poor SNR and spatial aliasing issues [SMKK12]. The WNG is setto Aw,log = 0.6 dB in order

to ensure the robustness of the EB-RMVDR beamformer. The angular difference between the
look directions of two neighboring beams for DOA estimationis set to 1◦ both along azimuth

and elevation, corresponding to an angular resolution of 1◦ for DOA estimation.

In order to evaluate the performance for different room sizes, input SNRs, reflection coef-

ficient values, and number of source positions, a number of room acoustic simulations were
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Figure 4.10: Experimental setup in room 1.

performed. The experimental setups for two simulated roomsare depicted in Figs. 4.10 and

4.11, respectively. Note that the pillars in the lower left-and right-hand corners in room 1 were
excluded in simulations. For both rooms, ‘ground truth’ planesP5 andP6 correspond to the

floor and ceiling, respectively, and the heights of room 1 androom 2 are 3.03 m and 2.9 m,
respectively.

Real measurements were then carried out in a mid-sized lecture room with a reverberation
time of aboutT60 = 900 ms, which has the dimensions of room 1, as depicted in Fig.4.10.

Note that the room geometry inference results were comparedto the ‘ground truth’ obtained
through manual measurements of the size of the room. Thus itsdimensions and the positions of

the loudspeaker and the spherical array can be considered accurate up to manual measurement
error.

Unless stated otherwise, the spherical array used for the measurements is the Eigenmiker

[ME02], which has a radius of 0.042 m and consists of 32 well-calibrated high-quality micro-

phones placed on a rigid sphere. It can decompose the sound field for up to fourth-order spher-
ical harmonics (N = 4). The source signal is reproduced via a loudspeaker with a diaphragm

diameter of 0.08 m. On the other hand, in room acoustic simulations, an omnidirectional source
is simulated, and the microphone array of exactly the same geometry as the Eigenmiker is used

but an open sphere array is simulated instead.
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Figure 4.11: Experimental setup in room 2.

4.5.3 Simulation Results

To evaluate the performance of the inference method for different parameter settings, a simula-
tion software based on the image-source method [AB79] is applied to generate the microphone

signals.

4.5.3.1 DOA and TDOA Estimation

In order to analyze the DOA and TDOA estimation, an exemplaryacoustic image of room 1 (see
Fig. 4.10) for a noise source and a speech source positioned at (3.44, 4.33, 1.44) are depicted

in Figs 4.12a and 4.12b, respectively. For TDOA estimation,exemplary cross-correlations of
extracted noise and speech source signals are shown in Figs 4.13a and 4.13c, respectively. An

SNR of 30 dB38 and a reflection coefficient value ofα = 0.7 (for all boundaries) were chosen.

Out of all peaks found in the acoustic image, only those peakswere selected for further pro-

cessing which exceeded the noise floor by more thanZnoisedist = |min(10 log10(Z(kfoc,Ω)))/3| dB
(see Sec. 4.3.2), i.e., only those peaks lying in the upper two-thirds of the acoustic image power
range. The value ofZnoisedist was foundheuristicallyto be a good compromise between accurate

DOA estimates (and thus accurate room inference) and a largenumber of estimated boundaries
per measurement. For both noise and speech sources, six peaks were selected corresponding

38For a speech source, this is the SNR only during speech activity.
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Figure 4.12: Acoustic images obtained from simulations in room 1; a) noise source and b) speech source.

Loudspeaker positioned at (3.44, 4.33, 1.44). Red circles indicate estimated DOAs of five reflections.

to the estimated direct-path DOA and five reflection DOAs. Theblack and the red circles in
Fig. 4.12 highlight the locations of the direct-path and reflection DOAs, respectively. The es-

timated DOAs are subsequently used for steering the beamformers for signal extraction and
subsequently for the image point estimation.

Figures 4.13a and 4.13c depict the crosscorrelations between the extracted direct-path sig-

nal and a reflected signal originating from the ceiling for a noise source and a speech source,
respectively. It can be seen that the crosscorrelations have several distinct peaks that correspond

to the TDOAs of the direct-path signal and early room reflections. In particular, the former typi-
cally cannot be completely suppressed and it is pronounced around the zero lag. In order to find

the time lag thresholdΛ (see Section 4.3.3 for explanation), the envelope of the crosscorrelation
is computed and the lag corresponding to the first minimum is set asΛ value. Figures 4.13b

and 4.13d show the zoomed-in crosscorrelations around the zeroth time lag, the correspond-
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Figure 4.13: Crosscorrelations between the extracted direct-path signal and a reflection from the ceiling

from simulations in room 1; a) and b) noise source; c) and d) speech source.

ing crosscorrelation envelopes, and the location of the time lag thresholds for noise and speech

sources areΛ1,2 = 69 andΛ1,2 = 68, respectively. Note that the peaks corresponding to the
reflected signal, which are highlighted by the arrow in Figs.4.13a and 4.13c, are the highest

in these examples and hence the parameterΛ has no effect on the results. However, this is not
always the case especially in real acoustic scenarios (see Sec. 4.5.4) where the highest peak

may be found around time lag zero due to imperfect original source suppression.

In order to have a clear objective measure of the DOA accuracy, the angular deviation from
the ‘ground truth’,Θdev, is computed asΘdev = arccos[cosϑ cosϑ̂ + sinϑ sinϑ̂ cos(ϕ − ϕ̂)]

[Teu07]. Table 4.2 presents the ‘ground truth’ and estimated DOAs and TDOAs for a noise
and speech source39 positioned at (3.44, 4.33, 1.44). In this case, six DOAs and five TDOAs
are compared, i.e., five reflections were localized. It should be noted that the DOA estimates

are arranged in order of decreasing estimated power from theacoustic images. In general,
we obtain good DOA estimates from the peaks which exceed the noise floor by more than

Znoisedist = |min(10 log10(Z(kfoc,Ω)))/3| dB. However, the DOA deviation measure,Θdev, clearly
shows that with decreasing peak power, the accuracy of the DOA estimates also decreases

(see [SMKK12] for a comprehensive discussion on reflection DOA estimation). Although the
evaluation in [SMKK12] was restricted to WGN source signals, the majority of the results

here show that there is no significant degradation in accuracy when using a speech source.
The TDOA estimates for both noise and speech are very accurate, which confirms that the

39The subscripts ‘n’ and ‘s’ denote a noise or a speech source, respectively.
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beamformer design presented in Sec. 4.3.3 is well suited forcorrelated signal extraction.

Table 4.2: ‘Ground truth’ and estimated DOAs, in degrees, TDOAs, in milliseconds, arranged in de-

creasing order of the output power in the acoustic image for simulations in room 1.

DOAs TDOAs

Ω Ω̂n Ω̂s Θdevn Θdevs τ τ̂n τ̂s

(92, 0) (91, 359) (91, 359) 1.4 1.4 - - -

(135, 0) (137, 0) (139, 0) 2.0 4.0 3.6 3.6 3.6

(44, 0) (41, 0) (39, 1) 3.0 5.0 3.9 3.9 3.9

(91, 298) (93, 295) (94, 297) 3.6 3.2 9.8 9.9 9.9

(91, 71) (95, 75) (105, 66) 5.7 14.8 18.0 18.0 18.0

(90, 180) (90, 186) (91, 184) 6.0 4.1 24.4 24.4 24.4

Now we investigate, by way of an example, the effect of microphone gain deviations on the
DOA and TDOA estimation accuracy. Here, there are no microphone positioning and phase

errors. A zero-mean Gaussian distributed gain error with a standard deviation ofσa = 1 dB was
added to each microphone gain.

The DOAs and TDOAs obtained when using the EB-RMVDR withAw,log = 0.6 dB (as be-

fore) are shown in Table 4.3. The results forσa = 0 dB, i.e., no gain deviations, are also shown.
Five reflections are localized successfully in both cases. As expected, the DOA estimates for

σa = 1 dB are only marginally worse than forσa = 0 dB. The TDOAs forσa = 1 dB are almost
equivalent to those forσa = 0 dB. The robustness introduced by constraining the WNG ensures

that the loss in performance is not significant.

Table 4.3: ‘Ground truth’ and estimated DOAs, in degrees, TDOAs, in milliseconds, for simulations with

the microphone gain variations in room 1 (Aw,log = 0.6 dB).

Reference σa = 0 dB σa = 1 dB

Ω τ Ω̂n Θdevn τ̂n Ω̂n Θdevn τ̂n

(92, 0) - (91, 359) 1.4 - (91, 0) 1.0 -

(135, 0) 3.6 (137, 0) 2.0 3.6 (141, 0) 6.0 3.6

(44, 0) 3.9 (41, 0) 3.0 3.9 (40, 358) 4.2 3.9

(91, 298) 9.8 (93, 295) 3.6 9.9 (97, 295) 6.7 9.7

(91, 71) 18.0 (95, 75) 5.7 18.0 (97, 69) 6.3 18.0

(90, 180) 24.4 (90, 186) 6.0 24.4 (93, 188) 8.5 24.3

To further justify the use of the EB-RMVDR with a constrainedWNG, we use a non-robust
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design, which is obtained by settingAw,log = −∞ dB40, for DOA and TDOA estimation. Ta-

ble 4.4 shows the DOAs and TDOAs corresponding to the six mostsignificant peaks41 found in
the acoustic image. The first three DOAs and two TDOAs correspond to the source and the floor
and ceiling reflections, respectively, and have larger angular deviations than forAw,log = 0.6 dB.

Note that the fourth DOA and the corresponding TDOA are also caused by the ceiling reflec-
tion. This would degrade the inference performance as the proposed method would assume that

these are two separate reflections. All the remaining DOAs and TDOAs do not correspond to
any of the first-order reflections. Such DOA and TDOA errors lead to erroneous room inference

results. This renders the use of the robustness control in the EB-RMVDR beamformer for DOA
and TDOA estimation highly desirable.

Table 4.4: Estimated DOAs, in degrees, TDOAs, in milliseconds, for simulations with the microphone

gain variations in room 1 (σa = 1 dB andAw,log = −∞ dB). Only first six most significant peaks are

shown.

Ω̂n (91, 1) (139, 358) (42, 355) (40, 0) (105, 290) (74, 301)

τ̂n - 3.4 3.9 3.9 5.9 11.7

It is clear from the example above that the ability to controlthe beamformer robustness

is necessary for accurate DOA and TDOA estimation, especially for off-the-shelf microphone
arrays built using cost-effective hardware.

4.5.3.2 Room Geometry Inference

Dependency on the Number of Source Positions in Room 1

Here we evaluate the performance of the proposed method for various numbers of source po-
sitions, the results of which are presented in Table 4.5. An SNR of 30 dB and a reflection

coefficient value ofα = 0.7 (for all boundaries) were chosen.

When only one source position is used, at (3.44, 4.33, 1.44), five of the six possible room
boundaries are estimated, i.e., it is not possible to estimate all walls. In this case, estimating the

position of the boundaryP1 is extremely difficult as the angular distance between the reflection
on the boundary and the direct path seen by the array is too small so that the spatial resolution

of the beamformer does not suffice to discriminate them sufficiently well.

The average distance and orientation deviations, according to (4.27) and (4.28), respec-
tively, are also shown in Table 4.5. Except forNS = 1, where one boundary is not found, all

40This is equivalent to removing the WNG constraint from the constrained optimization problem for the EB-
RMVDR design, as the WNG constraint is never active, i.e., ithas no influence on the solution.

41Actually, a total of ten peaks were found to lie above the thresholdZnoisedist.
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Table 4.5: Orientation deviationsΘn,n̄, in degrees, and distance deviationsdP,P̂, in centimeters, for

different number of source positions in Room 1 (SNR= 30 dB andα = 0.7). Averages and relative

volume errors are also provided.

NS = 1 NS = 2 NS = 3 NS = 4

Plane Θn,n̄ dP,P̂ Θn,n̄ dP,P̂ Θn,n̄ dP,P̂ Θn,n̄ dP,P̂
P1 - - 4.8 -8.18 2.6 -0.87 1.9 0.93

P2 4.6 1.01 2.9 3.83 2.9 3.83 2.7 4.33

P3 6.1 11.33 6.1 11.33 3.8 7.79 3.3 1.33

P4 3.9 3.41 2.7 -0.92 1.6 -0.56 1.6 -0.56

P5 2.0 4.81 2.0 4.81 0.2 0.20 0.2 -0.16

P6 2.5 3.17 2.6 3.87 0.1 -1.97 0.2 -1.82

Ave. 3.8 4.75 3.5 5.49 1.8 2.54 1.6 1.52

ΓV̂,V - 1.51% 1.52% 0.35%

room boundaries are estimated successfully. As to be expected, in general, the averaged devia-

tions become smaller with an increasing number of source positions. Additionally, the inferred
geometry can be used to calculate the room volume and compareit with the ‘ground truth’ vol-
ume of 229.32 m3 of the simulated room (disregarding the pillars). The estimated volumes for

NS = 2, NS = 3, andNS = 4 are 225.85 m3, 225.83 m3, and 228.53 m3, respectively. The ac-
curacy in volume estimation increases with the number of sources. The corresponding relative

volume errors are presented in Table 4.5.

Fig. 4.14 illustrates the reference and estimated room boundaries, in light pink and green,
respectively, forNS = 4. As can be seen, the proposed method infers the geometry rather
correctly, the largest deviations appearing at the room corners, which is caused by tilting of the

estimated planes relative to the reflection points that are located close to the boundary centers.
This could be further reduced by taking more measurements.

Dependency on the Signal-to-Noise Ratio in Room 1

The performance of the room inference is also evaluated withrespect to the SNR.NS = 4

source positions and the same reflection coefficient value as in the previous example is used, i.e.,
α = 0.7. Table 4.6 presents the inference results for different SNRs. For an SNR of 10 dB, five

of the possible six room boundaries are estimated. Furthermore, one of the boundaries deviates
strongly from ‘ground truth’. Increasing the SNR to 20 dB and30 dB, results in all boundaries

being estimated successfully. The average distance and orientation deviations decrease with
increasing SNR thus increasing the accuracy of volume estimates. The estimated volume for

SNRs of 20 dB and 30 dB are 231.39 m3 and 228.53 m3, respectively.
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Figure 4.14: Reference (pink) and estimated (green) room boundaries for simulated room 1 withNS = 4

and an SNR of 30 dB using noise sources.

Although the detailed results are not shown here, the average deviations for the case
without any noise, i.e., SNR=∞, are (d̄P,P̂, Θ̄n,n̄) = (2.20, 3.67◦). In general, an increase in

the SNR leads to a larger number of estimated boundaries per source position thus leading to
good estimates. It should be noted that an increase in SNR canalso lead to the estimation of

spurious planes resulting from higher-order reflections, which in turn can result in the number
of estimated boundary planes being greater than the number of actual boundaries. However,

by applying the post-processing presented in Section 4.4.5, the estimation of all six room
boundaries is successfully performed.

Dependency on the Reflection Coefficients in Room 1

The performance of the proposed technique is also evaluatedfor different reflection coefficient

values. In all simulations, the reflection coefficient value is equal for all boundaries and an SNR
of 30 dB is used forNS = 4 source positions. The results for the reflection coefficient values

of α = 0.5, 0.6, 0.7, 0.8, 0.9 are shown in Table 4.7, indicating that all room boundariesare
estimated successfully, as confirmed by the average deviations. For a very high reflection coef-

ficient value ofα = 0.9, which corresponds to highly reflective surfaces such as wood paneling,
the average deviations start to increase. This is because very high reflection coefficients result

in many spurious planes resulting from higher-order reflections. Although postprocessing (see
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Table 4.6: Orientation deviationsΘn,n̄, in degrees, and distance deviationsdP,P̂, in centimeters, for

different SNRs in Room 1 (NS = 4 andα = 0.7). Averages and relative volume errors are also provided.

SNR= 10 dB SNR= 20 dB SNR= 30 dB

Plane Θn,n̄ dP,P̂ Θn,n̄ dP,P̂ Θn,n̄ dP,P̂
P1 - - 2.5 -0.87 1.9 0.93

P2 11.1 -15.33 2.7 6.73 2.7 4.33

P3 3.7 -5.36 0.4 -2.84 3.3 1.33

P4 14.1 3.48 5.7 -0.79 1.6 -0.56

P5 0.7 1.27 0.3 0.43 0.2 -0.16

P6 0.8 0.10 0.2 -1.80 0.2 -1.82

Ave. 6.1 5.11 1.9 2.24 1.6 1.52

ΓV̂,V - −0.90% 0.35%

Section 4.4.5) does eliminate the majority of the planes resulting from higher-order reflections,
one could discard the remaining planes by using the method proposed in [KY10].

Table 4.7: Orientation deviationsΘn,n̄, in degrees, and distance deviationsdP,P̂, in centimeters, for

different reflection coefficients in Room 1 (NS = 4 and SNR= 30 dB). Averages and relative volume

errors are also provided.

α = 0.5 α = 0.6 α = 0.7 α = 0.8 α = 0.9

Plane Θn,n̄ dP,P̂ Θn,n̄ dP,P̂ Θn,n̄ dP,P̂ Θn,n̄ dP,P̂ Θn,n̄ dP,P̂
P1 1.0 0.06 1.9 0.93 1.2 0.11 3.0 -0.88 4.4 -0.88

P2 1.3 -0.20 2.7 4.33 0.6 0.69 3.2 4.56 6.7 -1.13

P3 3.2 0.09 3.3 1.33 2.9 0.44 4.9 2.61 11.0 -2.15

P4 8.9 1.33 1.6 -0.56 4.3 -0.75 1.6 0.30 11.9 8.46

P5 0.6 0.90 0.2 -0.16 0.5 -0.73 0.4 0.45 0.2 -0.09

P6 0.6 -1.07 0.2 -1.82 0.7 -1.02 0.1 -1.71 1.0 -0.12

Ave. 2.6 0.61 1.6 1.52 1.7 0.62 2.2 1.75 5.8 2.14

ΓV̂,V −1.20% 0.35% −0.81% 0.38% −2.94%

Room 2

In this experiment, the microphone signals were generated in room 2, which is depicted in
Fig. 4.11. This office-size room is approximately one-third of the volume of room 1. An SNR

of 30 dB,α = 0.7 (for all boundaries) andNS = 4 source positions were chosen for simula-
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tions, with the results presented in Table 4.8. Similarly tothe evaluations for room 1, all room

boundaries are successfully estimated, with relatively small average deviations, as depicted in
Fig. 4.15. In this case the reference volume is 87 m3 and estimated volume is 86.7 m3, which
yields a relative volume error of only 0.33%. These results confirm the applicability of the

proposed method to rooms of different sizes.

Table 4.8: Orientation deviationsΘn,n̄, in degrees, and distance deviationsdP,P̂, in centimeters, for Room

2 (NS = 4 and SNR= 30 dB).

Plane P1 P2 P3 P4 P5 P6 Ave.

Θn,n̄ 4.3 3.8 1.7 0.9 1.6 1.6 2.4

dP,P̂ 1.48 -0.63 4.95 -0.96 -1.43 -0.03 1.58

Figure 4.15: Reference (pink) and estimated (green) room boundaries for simulated room 2 withNS = 4

and an SNR of 30 dB using noise.

Application of a Large Array in Room 1

The results shown so far indicate that the proposed method leads to a successful inference of the

room geometry with relatively high accuracy. It should alsobe noted that the errors in boundary
plane estimation are mainly due to the errors in the DOA estimation, which substantially influ-

ence the orientation of the boundaries and may cause a disproportionate error indP,P̂. Since the
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presented DOA estimation is based on optimum array processing, a significant improvement

can already be achieved by increasing the size of the array. To this end, we evaluated the pro-
posed procedure with a spherical array consisting 240 microphones with a radius of 0.111 m.
NS = 4 source positions were chosen. A frequency smoothing rangeof 1.5 − 4.9 kHz (i.e.,

kρ ∈ [3, 10]) is used and the focusing frequency is set to 4.9 kHz (i.e.,kfocρ = 10). The order is
set toN = 10.

Table 4.9: Orientation deviationsΘn,n̄, in degrees, and distance deviationsdP,P̂, in centimeters, for

different arrays in Room 1. Averages and relative volume errors are also provided.

Small array Large array

Plane Θn,n̄ dP,P̂ Θn,n̄ dP,P̂
P1 1.9 0.93 0.5 0.37

P2 2.7 4.33 0.6 -1.62

P3 3.3 1.33 0.4 -2.84

P4 1.6 -0.56 0.4 -1.68

P5 0.2 0.16 0.9 0

P6 0.32 -1.82 0.7 -1.77

Ave. 1.6 1.52 0.6 1.38

ΓV̂,V 0.35% −1.43%

Table 4.9 depicts the results obtained using the room 1 setupwith SNR= 30 dB and
α = 0.7; the results for the 32-element array are repeated here forthe convenience of

comparison. As expected, there is a significant improvementin the DOA estimation accuracy,
(d̄P,P̂, Θ̄n,n̄) = (1.4, 0.6◦), which in turn leads to a very accurate inference of the boundary

planes, as depicted in Fig. 4.16. In this case the estimated volume is 232.25 m3 (and the
reference volume is 229.32 m3), which yields a relative volume error of only−1.43% but is

larger than 0.35% obtained using the small array where the larger individual errors of the
boundary estimates average out. In Fig. 4.16, the referenceand estimated room boundaries,

in light pink and green, respectively, are depicted. The room geometry is estimated very
accurately in this case.

Speech sources in Room 1

Table 4.10 presents the results obtained using a male speechsignal as a source with SNR=
30 dB,α = 0.7, andNS = 4 source positions; the results for the noise are repeated here for

the convenience of comparison. As can be observed, the inference method works successfully
with speech. There is a slight degradation in the DOA estimation accuracy, (̄dP,P̂, Θ̄n,n̄) =

(1.08, 2.4◦), in comparison to the results for the WGN. However, an accurate inference of the
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Figure 4.16: Reference and estimated room boundaries forNS = 4 and an SNR of 30 dB with large array.

boundary planes is still obtained, as depicted in Fig. 4.17.The estimated volume is 232.43 m3

(the reference volume is 229.32 m3), which yields a relative volume error of only−1.36%.

Table 4.10: Orientation and distance deviations,Θn,n̄ anddP,P̂, for noise and speech sources in simulated

room 1 (NS = 4 and SNR= 30 dB). Averages and relative volume errors are also provided.

Plane Noise speech

Θn,n̄ dP,P̂ Θn,n̄ dP,P̂
P1 1.9 0.93 3.2 -1.11

P2 2.7 4.33 2.0 -0.79

P3 3.3 1.33 3.0 2.16

P4 1.6 -0.56 4.5 -0.97

P5 0.2 0.16 1.0 -1.03

P6 0.2 -1.82 0.6 -0.41

Ave. 1.6 1.52 2.4 1.08

ΓV̂,V 0.35% −1.36%
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Figure 4.17: Reference (pink) and estimated (green) room boundaries for simulated room 1 withNS = 4

and an SNR of 30 dB using speech.

4.5.4 Experiments in a Real Room

In this section, the proposed method is evaluated via measurements in a real mid-size lecture

room. The setup is the same as depicted in Fig. 4.10. Both stationary WGN and speech are
used as source signals. An SNR of approximately 15 dB42 was measured at the microphones

and the atmospheric temperature was 22.8◦C during the measurements. The same algorithmic
parameters as presented in Section 4.5.2 were used here.

4.5.4.1 DOA and TDOA Estimation

Similar to the simulation results evaluation, exemplary acoustic images for a noise and speech
source signal played back via a loudspeaker positioned at (3.44, 4.33, 1.44) are depicted in

Figs 4.18a and 4.18b, respectively, to be compared with Figs4.12a and 4.12b, respectively.
Several distinct peaks in the acoustic image were found, from which four peaks (denoted

with circles) were selected, as reliable DOA estimates, as peaks that are at leastZnoisedist =

|min(10 log10(Z(kfoc,Ω)))/3| dB (same as for the simulations) above the noise floor.

Figures 4.19a and 4.19c depict the crosscorrelations between the extracted direct-path noise
and speech signal, respectively, and a reflected signal originating from the opposite wall

42Note that for speech this was the SNR measured during periodsof source activity.
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Figure 4.18: Acoustic images obtained from real measurements in room 1; a) noise source and b) speech

source. Loudspeaker positioned at (3.44, 4.33, 1.44). Red circles indicate the estimated DOAs of three

reflections.

(93◦, 184◦). As before, for a noise source the crosscorrelation exhibits several distinct peaks
corresponding to the direct-path and reflection signals. Inorder to set the parameterΛ, the

envelope of the crosscorrelation is computed and the lag corresponding to the first minimum
is used, which yieldsΛ1,2 = 29, as depicted in Fig. 4.19b, where the zoomed-in crosscorrela-
tion, corresponding envelope, and location of time lag threshold are shown. In this case the

application of the threshold is crucial as the highest peak in the crosscorrelation occurs around
the zeroth time lag, which is due to the relatively high residual of the direct-path signal in the

extracted reflection. The peak corresponding to the reflection is highlighted by the arrow in
Fig. 4.19a. Figure 4.19c clearly shows the challenge encountered when computing the cross-

correlations for a speech signal, especially at such low SNRs. Although the highest peak does
correspond to the correct TDOA and the direct signal is attenuated significantly, as confirmed

by the absence of a significant peak at the zeroth lag, anotherstrong peak is also present which
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corresponds to the ceiling reflection. This problem may be alleviated by using a larger array in

order to attain higher spatial selectivity.
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Figure 4.19: Crosscorrelations between the extracted direct-path signal and a reflection from the ceiling

from real measurements in room 1; a) and b) noise source; c) and d) speech source.

Table 4.11 presents the ‘ground truth’ and estimated DOAs and TDOAs for a noise and

speech source positioned at (3.44, 4.33, 1.44). In this case, four DOAs and three TDOAs are
compared, i.e., three reflections were localized. Similarly to the analogous simulation results,

the DOA deviation increases with decreasing peak power and the TDOA estimates remain
very accurate. Additionally, the TDOAs obtained when usingan eigenbeam delay-and-sum
[SMKK12] (EB-DAS) beamformer for signal extraction are shown. Although the first two

TDOAs are accurately estimated, the last TDOA, which is estimated from the reflection with
the lowest power, is wrong. Such TDOA errors lead to erroneous room inference results. This

confirms the superiority of the EB-RMVDR over the EB-DAS, forTDOA estimation, in adverse
acoustic conditions.

4.5.4.2 Room Geometry Inference

Table 4.12 presents the final results of the real room inference using noise and speech sources,
which indicate that all room boundaries are inferred successfully by usingNS = 4 source po-

sitions. Small average deviations of (d̄P,P̂, Θ̄n,n̄) = (1.04, 2.4◦) and (d̄P,P̂, Θ̄n,n̄) = (1.44, 3.2◦),
respectively, clearly confirm the applicability of the proposed 3D room inference method to

geometry inference in real rooms.
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Table 4.11: ‘Ground truth’ and estimated DOAs, in degrees, and TDOAs, in milliseconds, for real mea-

surements in Room 1.

DOAs TDOAs

Ω Ω̂n Ω̂s Θdev,n Θdev,s τ τ̂n τ̂s τ̂das
s

(92, 0) (92, 359) (92, 359) 1.0 1.0 - - - -

(90, 180) (93, 184) (90, 183) 5.0 3.0 24.4 24.4 24.4 24.4

(135, 0) (136, 0) (137, 359) 1.0 2.1 3.6 3.6 3.6 3.6

(44, 0) (41, 0) (46, 1) 3.0 2.1 3.9 3.8 3.8 0.9

Table 4.12: Orientation deviationsΘn,n̄, in degrees, and distance deviationsdP,P̂, in centimeters, for real

measurements using noise and speech sources taken in Room 1 (NS = 4 and SNR= 15 dB).

Plane Noise speech

Θn,n̄ dP,P̂ Θn,n̄ dP,P̂
P1 2.6 -0.79 2.5 0.06

P2 3.6 0.56 2.2 0.48

P3 2.2 2.09 2.9 2.52

P4 3.5 0.33 5.1 -0.10

P5 1.3 0.28 3.2 3.71

P6 1.4 2.20 2.8 1.80

Ave. 2.4 1.04 3.2 1.44

ΓV̂,V −0.23% −0.21%

Figures 4.20 and 4.21, respectively, depict the reference and estimated room boundaries

using noise and speech source signals in a real room. Note that there is only a marginal degra-
dation in performance for speech, and that the room geometryestimate for measured signals is
in general similar to that obtained using simulated signals. The largest deviations are again at

the corners and edges.

In this case the reference volume is 229.32 m3 and the estimated volumes are 229.85 m3 and

229.80 m3 for noise and speech, respectively. Thus the correspondingrelative volume errors for
noise and speech are only−0.23% and−0.21%, respectively.

4.5.5 Discussion

Experimental results of both simulations and real measurements, using both noise and speech

source signals, for various room sizes, reflections coefficient values, and input SNRs, confirm
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Figure 4.20: Reference (pink) and estimated (green) room boundaries for real room withNS = 4 and an

SNR of 12 dB using noise.

the high accuracy of the proposed room inference method. Thepositions of the walls, even in

relatively large acoustic enclosures, are estimated precisely up to a few centimeters only. The
results for real measurements confirm the applicability of the proposed technique for practical

acoustic scenarios, even with challenging acoustic conditions. Furthermore, several methods for
improving robustness of the estimation have been presented, which allow for fully automatic

inference even in highly challenging acoustic scenarios. Finally, the method is also directly
applicable to room volume estimation, with an estimation accuracy error of two percent or less.

4.6 Summary

A novel beamformer-based technique for room geometry inference has been proposed, which is

based on the playback and capture of acoustic signals in an acoustic enclosure using a compact
off-the-shelf microphone array. For 3D room inference, beamformer-based processing using a

spherical microphone array in the EB domain is applied. Acoustic images of rooms obtained
from steered EB-RMVDR beamformers with frequency smoothing are successfully applied

to accurately estimate the DOAs of reflected signals. Cross-correlation analysis of reflection
signals extracted using broadband EB-RMVDR beamformers with frequency smoothing and

steered to the estimated DOAs facilitate the estimation of TDOAs. Finally, the DOA and TDOA
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Figure 4.21: Reference (pink) and estimated (green) room boundaries for real room withNS = 4 and an

SNR of 12 dB using speech.

information is combined to estimate boundary parameters using some geometric relations. For
robust performance in real acoustic scenarios, the use of multiple source positions is proposed

and evaluated, and a suitable technique for combining and postprocessing the results of such
measurements (referred to as plane categorization) has been proposed and verified. The infer-
ence method was successfully applied to small to mid-sized rooms with six walls in simulations

and real experiments.

The proposed geometry inference technique has a decisive advantage over standard geom-
etry inference methods in that it does not involve measuringRIRs, i.e., any broadband source

signal such as speech can be used. The only a priori information required is the relative position
of the source to the array and the array geometry.

Although the classical room geometry inference methods [RZFB10, TT12, DLV11,
AFT+12], which involve the measurement and processing of measured RIRs, have been shown

to achieve relatively high accuracy in inferring room geometry [RZFB10, AFT+12], we did not
consider them more closely here as they are restricted to using measured RIRs as opposed to

using uncontrolled sources, such as speech.

The evaluation of the plane estimation accuracy was based ontwo measures, i.e., the angle
between the normals of the ‘ground truth’ and estimated planesΘn,n̄ and the difference in dis-

tances between the ‘ground truth’ and estimated planes to the origindP,P̂. It should be noted
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that the selected standard measure of the distance from a point to a plane is not independent of

the estimated plane normal. However, considering each plane independently, it is difficult to
find a viable alternative that would be independent of the estimated plane normal. For the room
boundaries found, the measure proved to be sufficient for evaluation purposes. An alternative

measure could be defined by first inferring the complete geometry and thus obtaining the room
boundaries, i.e., bounded planes. One could then compute the center-of-mass of each boundary

and calculate its distance to the origin. This measure wouldthen be less sensitive to tilting of
the normal. However, the application of this measure would be restricted to the cases where all

boundaries are successfully inferred. In addition, the estimation accuracy of other boundaries
would also have an effect on this evaluation measure.

The beamformer designs for correlated signal processing presented in this chapter were

based on using a single focusing frequency for the entire frequency range of interest. Alterna-
tively, the frequency range could be subdivided into subbands, each with a different focusing

frequency. Obviously, this increases the computational complexity but may also improve the
beamformer performance. For DOA estimation, the robustness and/or accuracy of the DOA

estimates may be improved by averaging over the DOA estimates obtained for each separate
subband. The signal extraction performance may also be enhanced, as the beamformer weights

will be optimum for a larger number of frequencies, i.e., allthe focusing frequencies.
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5 Summary and Conclusions

In recent years, a fair amount of research has been devoted tothe design of robust broadband
beamformers for the capture of desired acoustic signals with minimal distortion using an array

of sensors, e.g., the capture of a desired speech signal by acoustic front-ends of acoustic human-
machine interfaces. Due to the increasing number of off-the-shelf products with small and cost-

effective built-in arrays, the broadband beamformer designs need to be able to cope with varying
degrees of sensor self-noise, sensor positioning errors, and mismatches in sensor characteristics.
Therefore, robustness control of the beamformer designs isnecessary. Failure to do so will lead

to designs that have good performance in theory but are not very useful in practice.

Although time-variant data-dependent beamformers typically achieve superior performance
compared to time-invariant beamformers, this comes at the cost of higher computational com-
plexity and the performance may differ significantly in different acoustic environments, i.e.,

algorithmic parameters typically have to be tuned to the given acoustic environment to achieve
good performance, especially for broadband acoustic signals such as speech. On the other hand,

the application of time-invariant beamformers has severaladvantages: First, they generally have
lower complexity than time-variant data-dependent beamformers because they are designed of-

fline and are fixed over time and are therefore suitable for devices that have strict constraints
on complexity. Second, the spatial selectivity of time-invariant data-independent beamformers

does not change in different acoustic environments as they do not depend on the sensor signals,
i.e., the beamformer is designed to approximate a specified response for all signal/interference
scenarios [VB88].

The application of optimization methods for time-invariant beamformer design [GSS+10,
BC13] has increased significantly in recent times due to the inherent flexibility in defining

different cost functions and incorporating additional constraints. Additionally, if the resulting
constrained problem is convex, the solution of the problem is globally optimal with respect to

the given array geometry and constraint values.

This thesis focused on the design of robust time-invariant broadband beamformers as a con-

vex optimization problem. To obtain robust broadband beamformers, we introduced several
known beamformer designs whose cost functions are convex. By constraining the WNG of

these designs directly to lie above a user-defined lower limit, we are able to control the robust-
ness of the broadband beamformer designs. By additionally constraining the response in the

desired look direction, it was shown that the resulting constrained problem is convex. Thus,
well-known methods for convex optimization can be used to solve these problems resulting

in globally optimal solutions for the chosen design parameters, i.e., array geometry, desired
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response, chosen constraint values, etc.

The main contributions of this thesis can be summarized as follows. First, we presented a
generic framework for the design of robust broadband time-invariant beamformers as a convex
optimization problem, where the desired robustness is achieved by defining a WNG lower limit.

In particular, the following special cases of the generic framework have been derived:

(a) Two data-independent robust least-squares beamformer(RLSB) designs, which were pre-

sented in Section 3.3. The main features of these designs are:

1. They allow for the flexible definition of a desired spatial response.

2. They effectually ensure a distortionless response in the desired look direction.

3. They are applicable to arbitrary array geometries, i.e.,no restrictions on sensor

placement are necessary.

(b) The data-independent robust least-squares polynomialbeamformer (RLSPBS) design,

which was presented in Section 3.4. The main features of the RLSPBS design are:

1. It allows for the flexible definition of a desired spatial response.

2. It allows for easy, continuous-angle, and dynamic steering.

3. It is applicable to linear and planar arrays.

4. It achieves a significant enhancement in performance by exploiting symmetries

present in the array.

(c) The data-independent robust maximum directivity beamformer (RMDB) design, which
was presented in Section 3.5.1. The main features of the RMDBdesign are:

1. It maximizes the directivity for given constraints.

2. It effectually ensures a distortionless response in the desired look direction.

3. It allows for straightforward incorporation of frequency-invariant nulls without
adding extra constraints.

4. It is applicable to arbitrary array geometries.

(d) The data-dependent robust minimum variance distortionless response (RMVDR) beam-
former, which was presented in Section 3.6. The RMVDR beamformer is derived from

the RMDB as a special variation that is derived from real data. The main features of the
RMVDR beamformer design are:

1. It effectually ensures a distortionless response in the desired look direction.

2. It achieves automatic null-placement by virtue of the cost function definition.

3. It is applicable to arbitrary array geometries.
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(e) The data-dependent RMVDR beamformer for correlated signal processing, which was

presented in Section 4.3.1. This beamformer is the basis of the room geometry inference
method presented in Chapter 4. The main features of the RMVDRbeamformer design
for correlated signal processing are:

1. It utilizes focusing and frequency smoothing to avoid coherent signal self-

cancellation and is therefore suitable for extraction of correlated signals.

2. It achieves automatic null-placement by virtue of the cost function definition.

3. It is applicable to arbitrary array geometries.

The strengths and limitations of the different beamformer designs are analyzed to allow
proper use and parameter choices. For example, the two RLSB designs were shown to be com-
plementary, i.e., the RLSB design based on DFT-domain optimization (see Section 3.3.1) has

superior performance for large FIR filter lengths while the RLSB design based on time-domain
optimization (see Section 3.3.2) has superior performancefor small filter lengths. The generic

framework presented in this thesis should provide a useful guideline for defining constrained
convex problems for time-invariant beamformer design.

Finally, the application of time-invariant RMVDR beamformers for correlated signal pro-
cessing to the extraction of parameters characterizing an acoustic environment was described.
In particular, a novel beamformer-based technique for roomgeometry inference has been pro-

posed, which is based on the playback and capture of acousticsignals in an acoustic enclosure
using a compact off-the-shelf microphone array. The RMVDR design for correlated signal pro-

cessing was used for both DOA estimation and extraction of reflections. The major advantage
of the proposed inference method over classical inference methods is that it does not involve

identifying RIRs and can generally be applied for any sourcesignals, e.g., speech. The effec-
tiveness of this inference technique was confirmed by simulations and experiments carried out

in a room.
As an outlook, some areas that may be of interest for future research will now be outlined

briefly. In relation to the design of robust beamformers, thefollowing points may be of interest:

(a) The generic framework can also be applied to a wider rangeof beamformer designs than

presented in this thesis as it allows for the definition and application of different beam-
forming cost functions and constraints. In particular, thedesign of time-variant data-
dependent beamformers for acoustic signals using convex optimization methods is a field

that warrants further research. Here, the adaptive beamforming would be carried out on a
block-by-block basis, where for each block a convex optimization problem is solved.

(b) Regarding robust beamforming with WNG constraints, theautomatic choice of the WNG
constraint value for a given array may be desirable. This maybe accomplished in a

manner similar to and in conjunction with array calibration.
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(c) Research is also currently being carried out in the optimal placement of sensors within

an array [KH99, GMM10, CT10, KRD11]. The incorporation of this modality into the
framework presented in this thesis could be a rewarding research area. If the convexity
of the resulting problem is not assured, non-convex optimization methods may be used to

solve the resulting optimization problems.

(d) In this thesis, the proposed robust polynomial beamformer design is restricted to planar

array geometries, i.e., linear and planar arrays, and the steering range is also confined
to a plane. The extension of this beamformer design to arbitrary geometries and two-

dimensional steering capabilities is of major interest.

In relation to the inference of room geometry, as presented in Chapter 4, we list some ideas and
open points in the following.

(a) The proposed inference method is based on a fixed source, which emits a broadband
source signal, whose position is known relative to the array. The extension of this in-

ference method to estimating the position of a source, whichis not fixed43, relative to
the array using, e.g., GCC-PHAT [Car87], could be useful in,e.g., a teleconferencing

scenario where the speakers are used as sources.

(b) The acoustic image is obtained by steering a beamformer in different directions and
computing the output power. Currently this is done sequentially, which may be time-

consuming if a fine angular sampling grid is used. By applyingparallel processing, e.g.,
using graphical processing units [BHQ+11], the processing time may be reduced signif-

icantly. The application of the inference method to more complex environments and the
possible addition of postprocessing steps for improved robustness may be an interesting

area of research. For example, the classification of the reflection order, as described in
[KY10], could also be incorporated to discard planes due to higher-order reflections.

(c) The room inference method presented here is restricted to rooms with walls that are piece-
wise planar and whose overall geometry is convex due to the boundary parameter esti-
mation procedure that is used, i.e., it is restricted to finding planes. Extension to other

types of boundaries, e.g., curved boundaries, might be accomplished by using sufficiently
many source positions and alternative boundary estimationprocedures, e.g., point clus-

tering. It may also be of interest to estimate other parameters characterizing an acoustic
environment, e.g., reflection coefficients.

43Here, we assume a source which moves slowly or intermittently.
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A Overdetermined Linear Least Squares
Problems

A.1 Linear Least Squares Problem

Given a matrixA ∈ Rm×n, m> n and a vectorb ∈ Rm, we aim to find a vectorx ∈ Rn such that

Ax = b. Sincem > n, it is an overdetermined system and a solution, which is not exact, exists
if b lies in the column space ofA, i.e., the set of all linear combinations of the column vectors

of A. We therefore aim to minimize theleast squares(LS) problem

min
x
‖Ax − b‖2 , (A.1)

where‖·‖2 is the 2-norm, which is also known as the Euclidean norm. Denoting the solution of
(A.1) asxLS, the residual

ρLS = ‖AxLS − b‖2 (A.2)

is a measure of how wellb is approximated.

A.2 Unconstrained Linear Least Squares Problem

The solution to the LS problem (A.1) may be obtained by applying one of the numerous methods
available [GV89]. The choice of the method generally depends on the properties of the matrix

A.

If A has full column rank, and is therefore non-singular, a unique solution exists and can
be found by applying, e.g.,the method of normal equations, QR factorizationor singular value

decomposition(SVD) [GV89]. The choice of which method to use is determinedby the 2-norm
condition number44 of A, which is defined as [GV89]

κ2(A) =
σmax(A)
σmin(A)

, (A.3)

whereσmin(A) andσmax(A) are the minimum and maximum singular values ofA, respectively.

The singular values of the matrixA can be obtained by computing the SVD. The condition
number quantifies the sensitivity of the LS problem as the relative error in the solution is related

to the relative errors inA andb, and the round-off errors [GV89]. If the condition number

44The 2-norm condition number will be referred to as the condition number from here on.
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is large, the columns ofA are nearly dependent (near-rank deficient matrix) and we refer to

the matrix as beingill-conditioned. In this case, errors present in the data, i.e., errors inA
andb, and round-off errors before and during computation, lead to a solution which differs
significantly from the optimum solution and whose 2-norm is very large, i.e., methods which

assume full rank become highly sensitive. It should be notedthat we may run into numerically
problems if [Sch08]

1
κ2(A)

≫ ǫp, (A.4)

whereǫp is the machine precision, which is approximately 10−22 for MATLAB.

If the condition number is small, the matrix iswell-conditionedand the solution of the LS

problem is close to the optimum. In this case we can use the method of normal equations where
the linear system to be solved is given by

ATAx = ATb. (A.5)

These are called the normal equations. It is shown in [GV89] that minimizing the normal

equations is equivalent to solving the gradient equation▽φ(x) = 0, whereφ(x) = 1/2‖Ax − b‖22.
For a relatively large condition number, QR factorization is preferable [Sch08]. IfA is rank

deficient, the LS problem has an infinite number of solutions and methods such as truncating

the SVD expansion of the solution may be applied [GV89, GHL97].

A.3 Regularized Linear Least Squares Problem

Let us now consider the case where the matrixA is ill-conditioned. As discussed before, this
may lead to the norm of the solution being large. Here we seek to bound the norm of the

solution‖x‖2, which is equivalent to minimization over a sphere [GV89]. Bounding the norm
of the solution leads to a solution which is less sensitive tosmall changes inA andb, i.e., the
difference between the residual computed with the optimal and bounded solution is significantly

smaller than the difference between the optimal and unbounded solution.

One possible solution is obtained by solving the following problem [GHL97]

min
x
‖Ax − b‖22 + ̺ ‖x‖22 , (A.6)

where̺ is a small positive constant which controls the size of the solution x. Here the 2-norm is

squared leading to a quadratic problem whose solution is equivalent to the solution of original
problem. This formulation is advantageous as numerical optimization algorithms typically aim
to approximate a quadratic function. Note that (A.6) is a special case ofTikhonov regularization

or the Tikhonov problem in standard form [GHL97]. The linearsystem to be solved is then
given by

(ATA + ̺I )x = ATb. (A.7)
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Although this is no longer the original problem, for small̺, a near-by problem that is less

sensitive is solved. As̺ increases, the norm of the solution‖x‖2 decreases monotonically while
the residual increases monotonically [GHL97].

An equivalent formulation of (A.7) is given by [GHL97]

min
x
‖Ax − b‖22 s.t. ‖x‖22 ≤ ξ, (A.8)

whereξ is a positive constant which specifies the upper bound of the norm of the solution. There
is a monotonic relation between̺andξ, i.e., increasing̺ has the same effect on the solution
as decreasingξ and vice versa. The problem (A.8) belongs to thequadratically constrained

quadratic program(QCQP) class of problems [BV04] and can be solved numerically.
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B Convex Optimization

Convex optimization techniques give solutions for a special class of mathematical optimization

problems [BV04, Hin04, Dat12], which includes linear leastsquares (LS) problems. Recent
advances in convex optimization have led to a significant increase in the application of these

convex optimization techniques in signal processing (see,e.g., [LY06, PE10] and references
therein). The major advantage of formulating a problem as a convex optimization problem is

that methods exist which solve such problems very reliably and efficiently, i.e., if a problem
can be formulated as a convex optimization problem, many solvers exist which can solve it
efficiently45 [NY83, Kar84, NN94, BTN01, BV04].

B.1 Convex Sets

A setΥ is convex if and only if every point on the line segment between two points inΥ lies in
Υ [BV04], i.e., for anyx1, x2 ∈ Υ and 0≤ α ≤ 1

αx1 + (1− α)x2 ∈ Υ (B.1)

must hold. An important operation that preserves the convexity of convex sets is intersection

[BV04], i.e., if Υ1 andΥ2 are convex, thenΥ1 ∩ Υ2 is also convex. It should be noted that the
intersection of non-convex sets may result in a convex set [BV04].

We will now consider some examples of convex sets following [BV04, Dat12].

(a) A hyperplane inRn is a set of the form

Υ = {x|aTx = b}, (B.2)

whereb ∈ R. A hyperplane is a convex set because for anyx1, x2 ∈ Υ, i.e.,aTx1 = b and

aTx2 = b, and 0≤ α ≤ 1 we have

αaTx1 + (1− α)aTx2 = αb+ (1− α)b

= b. (B.3)

45This means that the solution, accurate to within a specified tolerance, of a convex optimization problem can
typically be found in polynomial time and with low complexity.
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(b) The solutions to a linear system of equations is a set of the form

Υ = {x|Ax = b}, (B.4)

whereA ∈ Rm×n andb ∈ Rm. The solutionsx1, x2 ∈ Υ to a linear system of equations is a

convex set because for anyx1, x2 ∈ Υ, i.e.,Ax1 = b andAx2 = b, and 0≤ α ≤ 1 we have

αAx1 + (1− α)Ax2 = αb + (1− α)b

= b. (B.5)

Note that (B.4) denotes an intersection of hyperplanes, which is convex as it is a subset
of (B.2).

(c) A hypersphere inRn with centerxc and radius
√
γ is a set of the form

Υ = {x| ‖x − xc‖22 ≤ γ}, (B.6)

whereγ ≥ 0. A hypersphere is a convex set because for anyx1, x2 ∈ Υ, i.e.,‖x1 − xc‖22 ≤ γ
and‖x2 − xc‖22 ≤ γ, and 0≤ α ≤ 1 we have

‖αx1 + (1− α)x2 − xc‖22 = ‖α(x1 − xc) + (1− α)(x2 − xc)‖22
≤ α ‖x1 − xc‖22 + (1− α) ‖x2 − xc‖22
≤ γ, (B.7)

where the Cauchy-Schwarz inequality,‖x + y‖2 ≤ ‖x‖2 + ‖y‖2, has been applied in the
second step.

(d) Ellipsoids, where the hypersphere is obtained as a special case, are also convex sets

[BV04].

B.2 Convex Functions

Let thedomain46 of a function f be a convex setΥ. The function f is convex if and only if

[BV04]

f (αx1 + (1− α)x2) ≤ α f (x1) + (1− α) f (x2) (B.8)

46Here, the domain is the set of input valuesx for which f (x) is defined.
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holds for anyx1, x2 ∈ Υ andα ∈ R with 0 ≤ α ≤ 1. In order to obtain a geometric interpretation

of (B.8) let us consider the graph of an exemplary convex function f (x), with x ∈ R and the line
segment between two points (x1, f (x1)) and (x2, f (x2)), as depicted in Fig. B.1. Obviously, the
line segment lies above the graph and therefore the inequality (B.8) holds. Geometrically, the

inequality (B.8) means that a function is convex if the graphof the function lies below a line
segment joining any two points of the graph [BV04].

f (x)

f (x1)

f (x2)

α f (x1) + (1− α) f (x2)

f (αx1 + (1− α)x2)

x1 x2αx1 + (1− α)x2

x

Figure B.1: Graph of convex function in one dimension (adapted from [BV04]).

As an example let us consider an unconstrained linear LS problem. The residual, which is
given by

ρLS(x) = ‖Ax − b‖2 , (B.9)

is a convex function because for anyx1, x2 ∈ Υ and 0≤ α ≤ 1, we have

ρLS(αx1 + (1− α)x2) = ‖A(αx1 + (1− α)x2) − b‖2
= ‖α(Ax1 − b) + (1− α)(Ax2 − b)‖2
≤ α ‖Ax1 − b)‖2 + (1− α) ‖Ax2 − b)‖2
= αρLS(x1) + (1− α)ρLS(x2), (B.10)

which satisfies (B.8).

B.3 Convex Optimization Problem

A fundamental property of convex optimization problems is that any locally optimal solution is

guaranteed to be a global optimum [BV04, Hin04, Dat12]. A convex optimization problem in
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standard form47 is defined as [BV04]

min
x

f (x) x ∈ Rn

subject to gi(x) ≤ 0, ∀i = 1, . . . ,K

h j(x) = 0, ∀ j = 1, . . . ,P, (B.11)

where the objective functionf (x), the inequality constraint functionsgi(x) are convex, and the
equality constraint functionsh j(x) = aT

j x−b j are linear. The domain of the convex optimization

problem (B.11) is the set of input valuesx for which the objective functionf (x) and the con-
straint functionsgi(x) andh j(x) are defined. A setx, which is a member of the domain, is feasi-
ble if it satisfies all the constraints. Afeasible setor constraint setis the set of all feasible points.

The hypersphere is an example of an inequality constraint in(B.11), i.e.,g(x) = ‖x − xc‖22 − γ,
and the equality constraint defines a hyperplane. Since the intersection of convex sets preserves

convexity48 [BV04], we minimize a convex function over a convex set.

In this thesis, a convex optimization problem is defined as a problem of minimizing a convex
function over a convex set, i.e., there are no restrictions on the functionsgi(x) being convex or

h j(x) being linear, but their intersection must define a convex set. Note that such problems can
be cast in standard form by finding a description of the set in terms of convex inequalities and

linear equality constraints [BV04].

There are, in general, no analytic solutions for these problems but effective methods exist
which can reliably solve them [NN94, BTN01, BV04]. Details with regard to convergence

behaviour and computational complexity of different methods can be found in [BTN01, BV04,
Dat12]. The interior point polynomial time algorithms [NN94, NT08] are typically used to
solve these constrained convex problems [BTN01, BV04]. Thetutorial [Hin06] describes the

fundamental concepts behind these algorithms. A comprehensive description of interior-points
methods and their application to convex programming can be found in [NT08].

B.4 Proofs of Convexity

B.4.1 Convexity of RLSB Design Problem

The constrained LS problem (developed in Section 3.3.1)

min
wf (ωq)

∥

∥

∥G(ωq)wf(ωq) − bdes(ωq)
∥

∥

∥

2

2
,

47A common and intuitive form of describing a convex optimization problem. Maximization problems with a
concave objective functionf (x) can be solved by minimization the convex objective function− f (x) [BV04].

48For example, the set of solutions to a linear system of equations denotes an intersection of hyperplanes, which
are convex (see Chapter B.1).
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subject to

∣

∣

∣wH
f (ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥wf(ωq)
∥

∥

∥

2

2

≥ γ,

wH
f (ωq)g(ωq,Ωld) = 1, (B.12)

is a convex optimization problem in the form of (B.11). Sincethe RLSB design problem (B.12)
can be viewed as a special case of the RLSPB design problem (B.16), by settingP = 0 and

Npld = 1, the proof given in Appendix B.4.3 applies here.

B.4.2 Convexity of RLSB-TD Design Problem

The constrained LS problem (developed in Section 3.3.2)

min
wt

∥

∥

∥Mw t − bdesNf

∥

∥

∥

2

2
,

subject to

∣

∣

∣wT
t FH(ωq)g(ωq,Ωld)

∣

∣

∣

2

∥

∥

∥F(ωq)wt

∥

∥

∥

2

2

≥ γ,

wT
t FH(ωq)g(ωq,Ωld) = e− jωqTs(L−1)/2,

∀q = 0, . . . ,Nf − 1, (B.13)

is a convex optimization problem which can be cast in the formof (B.11).

Proof.The objective function is an unconstrained LS problem and istherefore a convex function

(see (B.10) and [Sch08]).

The constraint functions can be rearranged to obtain

∥

∥

∥F(ωq)wt

∥

∥

∥

2

2
∣

∣

∣wT
t FH(ωq)g(ωq,Ωld)

∣

∣

∣

2
− 1
γ
≤ 0,

wT
t FH(ωq)g(ωq,Ωld) − e− jωqTs(L−1)/2 = 0,

∀q = 0, . . . ,Nf − 1, (B.14)

with the corresponding feasible sets given by

Υ1q =

{

wt

∣

∣

∣

∣

wT
t FH(ωq)g(ωq,Ωld) − e− jωqTs(L−1)/2 = 0

}

and

Υ2q =

{

wt

∣

∣

∣

∣

∥

∥

∥F(ωq)wt

∥

∥

∥

2

2

/ ∣

∣

∣wT
t FH(ωq)g(ωq,Ωld)

∣

∣

∣

2 − 1/γ ≤ 0
}

,
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respectively. It is clear that the equality constraint functions are linear but the inequality con-

straint functions are not convex.
In order to analyze the constraints it is sufficient to consider the feasible set of the intersec-

tion49 of theNf pairs of sets, i.e.,Υq = Υ1q ∩ Υ2q. The feasible set of the intersection for eachq

is given by

Υq = {wt

∣

∣

∣

∣

wT
t FH(ωq)g(ωq,Ωld) − e− jωqTs(L−1)/2 = 0,

∥

∥

∥F(ωq)wt

∥

∥

∥

2

2
− 1/γ ≤ 0},

which is convex, because
∥

∥

∥F(ωq)wt

∥

∥

∥

2

2
− 1/γ ≤ 0 describes a hypersphere with radius 1/

√
γ,

whose center lies at the origin. Note thatwf(ωq)
·
= F(ωq)wt (see Section 3.3.2). Since convexity

is preserved under intersection, the constrained LS problem (B.13) is therefore convex, because
we minimize a convex function over the intersection ofNf convex sets [BV04].

Thus, (B.13) can be reformulated as

min
wt

∥

∥

∥Mw t − bdesNf

∥

∥

∥

2

2
,

subject to

∥

∥

∥F(ωq)wt

∥

∥

∥

2

2
− 1
γ
≤ 0,

wT
t FH(ωq)g(ωq,Ωld) − e− jωqTs(L−1)/2 = 0,

∀q = 0, . . . ,Nf − 1, (B.15)

which is a convex optimization problem in standard form (see(B.11)) and is equivalent to

(B.13), i.e., the solution of (B.15) is equivalent to solution of (B.13).

B.4.3 Convexity of RLSPB Design Problem

The constrained LS problem (developed in Section 3.4)

min
wfP(ωq)

∥

∥

∥

∥

N(ωq)wfP(ωq) − bdesNpld
(ωq)

∥

∥

∥

∥

2

2

subject to

∣

∣

∣wH
fP

(ωq)vn′(ωq, ϕldn′ )
∣

∣

∣

2

∥

∥

∥Dn′wfP(ωq)
∥

∥

∥

2

2

≥ γ,

wH
fP

(ωq)vn′(ωq, ϕldn′ ) = 1,

∀n′ = 0, . . . ,Npld − 1 (B.16)

is a convex optimization problem.

49It is worth noting that the intersection of convex and non-convex sets may result in a convex set [BV04].
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The objective function is an unconstrained LS problem and istherefore a convex function

(see (B.10) and [Sch08]).

The constraint functions can be rearranged to obtain

∥

∥

∥Dn′wfP(ωq)
∥

∥

∥

2

2
∣

∣

∣wH
fP

(ωq)vn′(ωq, ϕldn′ )
∣

∣

∣

2
− 1
γ
≤ 0,

wH
fP

(ωq)vn′(ωq, ϕldn′ ) − 1 = 0,

∀n′ = 0, . . . ,Npld − 1, (B.17)

with the corresponding feasible sets given by

Υ1n′ =

{

wfP(ωq)
∣

∣

∣

∣

wH
fP

(ωq)vn′(ωq, ϕldn′ ) − 1 = 0
}

and

Υ2n′ =

{

wfP(ωq)
∣

∣

∣

∣

∥

∥

∥Dn′wfP(ωq)
∥

∥

∥

2

2

/ ∣

∣

∣wH
fP

(ωq)vn′(ωq, ϕldn′ )
∣

∣

∣

2 − 1/γ ≤ 0
}

,

respectively. The equality constraint functions are linear but the inequality constraint functions
are not convex.

In order to analyze the constraints it is sufficient to consider the feasible set of the intersec-
tion of theNpld pairs of sets, i.e.,Υn′ = Υ1n′ ∩ Υ2n′ . The feasible set of the intersection for each

q is given by

Υn′ =

{

wfP(ωq)
∣

∣

∣

∣

wH
fP

(ωq)vn′(ωq, ϕldn′ ) − 1 = 0,
∥

∥

∥Dn′wfP(ωq)
∥

∥

∥

2

2
− 1/γ ≤ 0

}

. (B.18)

Therefore, the optimization problem

min
wfP(ωq)

∥

∥

∥

∥

N(ωq)wfP(ωq) − bdesNpld
(ωq)

∥

∥

∥

∥

2

2

subject to

∥

∥

∥Dn′wfP(ωq)
∥

∥

∥

2

2
− 1
γ
≤ 0,

wH
fP

(ωq)vn′(ωq, ϕldn′ ) − 1 = 0,

∀n′ = 0, . . . ,Npld − 1 (B.19)

is equivalent to (B.16). The inequality constraint function in (B.19) can be written as

wH
fP

(ωq)DT
n′Dn′wfP(ωq) ≤

1
γ
. (B.20)

In the following, we prove that (B.20) defines a convex set. The inner productA = DTD ∈
R

MN×MN is symmetric and positive semi-definite [GV89].



162 B. Convex Optimization

Theorem B.1 Every setQ � {x̂ ∈ CN|x̂HAx̂ ≤ c} with c > 0 and A ∈ RN×N symmetric and

positive semi-definite is convex.

Proof: SinceA is symmetric there exists an orthogonal matrixS ∈ RN×N such that

A = Sdiag(λ1, . . . , λN)ST (B.21)

where diag(·) is a matrix whose elements are non-zero only along the main diagonal and
λ1, . . . , λN are nonegative eigenvalues ofA. We define a coordinate rotationx � ST x̂ (which
does not change the convexity ofQ) then

Q = {x̂ ∈ CN | x̂TAx̂ ≤ c}
= {x̂ ∈ CN | x̂TSdiag(λ1, . . . , λN)STx ≤ c}
= {x ∈ CN | xTdiag(λ1, . . . , λN)x ≤ c} (B.22)

For convexity ofQ, we need to show that∀x, y ∈ Q, µ ∈ [0, 1] : µx+ (1− µ)y ∈ Q, i.e., for
∑

i λi |xi |2 ≤ c∧
∑

i λi |yi |2 ≤ c, therefore
∑

i λi |µxi + (1− µ)yi)|2 ≤ c.
Since 2Re(a∗b) ≤ |a|2 + |b|2 ∀a, b ∈ C andλi ≥ 0 due to the positive semi-definiteness of

A, we get
∑

i

λi |µxi + (1− µ)yi)|2 =
∑

i

λi

(

µ2|xi |2 + 2µ(1− µ)Re(x∗i yi) + (1− µ)2|yi |2
)

≤
∑

i

λi

(

µ2|xi |2 + µ(1− µ)(|xi |2 + |yi |2) + (1− µ)2|yi |2
)

=
∑

i

λi

(

µ|xi |2 + (1− µ)|yi |2
)

= µ
∑

i

λi |xi |2 + (1− µ)
∑

i

λi |yi |2

≤ µc+ (1− µ)c

= c. (B.23)

Q therefore is convex. Thus (B.20) defines a convex set. 2

Therefore, each of the intersectionsΥn′ in (B.18) is a convex set. Since convexity is pre-

served under intersection, the constrained LS problem (B.16) is therefore convex because we
minimize a convex function over the intersection ofNpld convex sets [BV04]. Therefore, (B.19)
is a convex optimization problem in standard form and is equivalent to (B.16).
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C Solving Constrained Problems for
Robust Beamformer Design using CVX

In this appendix, we present examples of howCVX, a package for specifying and solving convex

optimization problems [GB08, GBb], is used to solve the constrained problems introduced in
Chapter 3. CVX is a Matlab-based modeling system for convex optimization,where convex

problems can be specified and solved. TheCVX package can be downloaded from the internet
[GBa], where a detailed documentation can be found (at the time of writing).

C.1 Design Procedures for Least Squares-based Beamformer

Designs

C.1.1 RLSB and RLSPB Designs

To obtain the filter coefficients for the RLSB and RLSPB designs, we follow a five-step design

procedure:

1. Specify

- number of microphonesNsen,

- microphones positionspm,

- number of design look directionsNpld,

- desired responsesbdesNpld
,

- PPF orderP,

- FIR filter lengthL,

- WNG lower boundγ.

2. Initialize variables.

3. ApplyCVX to constrained problem to obtainwfP(ωq).

4. Approximate frequency response vectorwfP(ωq) by FIR filters.
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5. Check whether constraints are met after FIR filter approximation.

If not, increase FIR filter length of FSUs and go to Step 4.

The following is a code example for the application ofCVX to solve the constrained
problems for the RLSB and RLSPB designs, i.e., Step 3. The specific variables for each

particular design are given in Table C.1.

for q = 1:Q

cvx begin

variablex(M*N,1) complex;

minimize ( norm(A(q)*x - b(q) ,2 ) )

subject to

for i = 1:I+1

imag(x.′*d(q,i) ) == c1;

real(x.′*d(q,i) ) == c2;

norm(G(i)*x ,2 )<= 1/sqrt(c3);

end

cvx end

w(q)= x;

end

Table C.1: Variable definitions for the RLSB and RLSPB designs.

M N Q w(q) A(q) b(q) I d(q,i) G(i) c1 c2 c3

RLSB Nsen 1 Nf wf(ωq) G(ωq) bdes(ωq) 0 g(ωq,Ωld) I 0 1 γ

RLSPB Nsen Npld Nf wfP(ωq) N(ωq) bdesNpld
(ωq) P vn′(ωq, ϕldn′ ) DT

n′ 0 1 γ

C.1.2 RLSB-TD Design

To obtain the filter coefficients for the RLSB-TD design, we follow a three-step designproce-
dure:

1. Specify

- Number of microphonesNsen,
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- Microphones positionspm,

- Desired responsebdesNf
,

- FIR filter lengthL,

- WNG lower boundγ.

2. Initialize variables.

3. ApplyCVX to constrained problem to obtainwt.

The following is a code example for the application ofCVX to solve the constrained

problems for the RLSB-TD designs, i.e., Step 3. The specific variables are given in Table C.2.

cvx begin

variablex(M*N,1);

minimize ( norm(A*x - b ,2 ) )

subject to

for q = 1:Q

imag(x.′*d(q) ) == c1(q);

real(x.′*d(q) ) == c2(q);

norm(G(q)*x ,2 )<= 1/sqrt(c3);

end

cvx end

Table C.2: Variable definitions for RLSB-TD design.

M N Q x A b d(q) G(q) c1(q) c2(q) c3

Nsen L Nf wt M bdesNf
u(ωq,Ωld) FH(ωq) sin(ωqTs(L − 1)/2) cos(ωqTs(L − 1)/2) γ

C.2 Design Procedure for RMDB Design

To obtain the filter coefficients for the RMDB design, we follow a five-step design procedure:

1. Specify

- number of microphonesNsen,
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- microphones positionspm,

- desired look directionΩld,

- FIR filter lengthL,

- WNG lower boundγ.

2. Initialize variables.

3. ApplyCVX to constrained problem to obtainwf(ωq).

4. Approximate frequency response vectorwf(ωq) by FIR filters.

5. Check whether constraints are met after FIR filter approximation.
If not, increase FIR filter length and go to Step 4.

The following is a code example for the application ofCVX to solve the constrained
problems for the RMDB design, i.e., Step 3. The variables corresponding to the design are
given in Table C.3.

for q = 1:Q

cvx begin

variablex(M,1)complex;

minimize( quadform( x,A1(q)) + c4*quadform(x,A2(q)) )

subject to

imag(x.′*d(q) ) == c1;

real(x.′*d(q) ) == c2;

norm(x,2 )<= 1/sqrt(c3);

cvx end

w(q)= x;

end

Table C.3: Variable definitions for RMDB design.

M Q A1(q) A2(q) w(q) d(q) c1 c2 c3 c4

Nsen Nf Γ diff
nfnf

(ωq) Γ null
nf nf

(ωq) wf(ωq) g(ωq,Ωld) 0 1 γ ξ
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D Eigenbeam Processing for Reflection
Localization and Extraction

In this appendix, a concise overview of eigenbeam processing for reflection localization and

extraction is presented. In general, this overview follows[MSK11, SMKK12], while additional
references are given when appropriate.

D.1 Spherical Array Eigenbeam Decomposition

In this section, the transformation of the original sensor signals to the EB domain, which in
three-dimensional space is also referred to as the spherical harmonics domain, is presented.

3D-EB array processing is based on the transformation (decomposition) of the original sensor
signals of a spherical microphone array into the EB domain.

When a unit magnitude plane wave arrives at a sphere of radiusρ from directionΩld =

(ϑld, ϕld)50, the sound pressure at any observation pointΩm = (ϑm, ϕm) and wavenumberk, lying
on the sphere, can be expressed in the frequency domain as [ME02, Teu07, RPA+10]

P(kρ,Ωld,Ωm) =
∞
∑

n̂=0

bn̂(kρ)
n̂

∑

m̂=−n̂

[Ym̂
n̂ (Ωld)]∗Ym̂

n̂ (Ωm), (D.1)

wherebn̂(kρ) is a function of the array configuration (with analytical expressions for rigid or

open sphere given, e.g., in [Teu07, RPA+10]), andYm̂
n̂ is the spherical harmonic of order ˆn and

degreem̂, 0≤ n̂ ≤ ∞, −n̂ ≤ m̂≤ n̂, which is given by

Ym̂
n̂ (Ω) = Ym̂

n̂ (ϑ, ϕ)

=

√

(2n̂+ 1)
4π

(n̂− m̂)!
(n̂+ m̂)!

Pm̂
n̂ (cosϑ) ejm̂ϕ, (D.2)

wherePm̂
n̂ (cosϑ) denotes the associated Legendre polynomial of order ˆn and degree ˆm. The

spherical Fourier transform, or EB-domain expression ofP(kρ,Ωld,Ω) can be written as
[RPA+10]

Pn̂m̂(kρ,Ωld) =
∫

Ω∈S2
P(kρ,Ωld,Ω)[Ym̂

n̂ (Ω)]∗dΩ

= bn̂(kρ)[Ym̂
n̂ (Ωld)]∗, (D.3)

50Here, the elevation and azimuth angles denote the angular displacements in radians
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where, in the first step, the integration is carried out over the entire surface of the unit sphere

S2.
In practical realizations, the sound pressure is spatiallysampled at the microphones, located

on the surface of a sphere, with positionsΩm, m= 0, . . . ,Nsen− 1. In order to compute up toN-

th order spherical harmonics, the number of sensors must satisfy the inequalityNsen≥ (N + 1)2

[ME02, AW02]. WhenD plane waves impinge on theNsen-element microphone array51 from

directionsΩ1, . . . ,ΩD in the presence of uncorrelated noise, them-th microphone signal can be
expressed as

X(kρ,Ωm) =
D

∑

κ=1

P(kρ,Ωκ,Ωm)Sκ(k) + V(k,Ωm), (D.4)

whereSκ(k) andV(k,Ωm) denoteD source signal spectra and the additive noise spectrum, re-

spectively. The discrete spherical Fourier transform of (D.4) results in the ˆn-th order andm̂-th
degree EB-domain microphone signal, which is given by [TK08]

Xn̂m̂(kρ) =
4π
Nsen

Nsen−1
∑

m=0

X(kρ,Ωm)[Ym̂
n̂ (Ω)]∗

=

D
∑

κ=1

Pn̂m̂(kρ,Ωκ)Sκ(k) + Vn̂m̂(k), (D.5)

whereVn̂m̂(k) denotes the spherical Fourier transform of the noise. Finally, the (N + 1)2 × 1
signal vectorxeb can be written as [SMKK12]

xeb(kρ) = P̄(kρ,Ω)S(k) + V(k), (D.6)

P̄(kρ,Ω) = [P(kρ,Ω1), . . . ,P(kρ,ΩD)], (D.7)

P = vec([Pn̂(−n̂),Pn̂(−n̂+1), . . . ,Pn̂(n̂−1),Pn̂n̂]
N
n̂=0), (D.8)

S(k) = [S1(k), . . . ,SD(k)], (D.9)

whereP̄(kρ,Ω) is the (N+1)2×D associated manifold vector and vec(·) represents stacking of all
vectors in the parenthesis. TheD×1 EB-domain source signal spectra vector and the (N+1)2×1

EB-domain additive noise spectrum vectors are given byS(k) andV(k), respectively.
Furthermore, the (N + 1)2 × (N + 1)2 EB-domain PSD matrix is

Sxebxeb(kρ) = E
{

xeb(kρ)xH
eb(kρ)

}

. (D.10)

D.2 Frequency Smoothing

For high SNR and long observation time, the source PSD matrixdefined asSSS(k) =

E
{

S(k)SH(k)
}

, with S(k) according to (D.9), can be nearly singular, which in turn may result

51Here, we assume uniform sampling over a sphere, which satisfies the discrete orthonormality condition of
spherical harmonics [Teu07]. Aliasing is assumed to be negligible, i.e., high orders in the EB domain are not
aliased into low orders.
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in an ill-conditioned PSD matrixSxebxeb(kρ) in (D.10) (see [WK85, SMKK12] for more details),

which is used in many localization and extraction techniques.
For broadband-signal cases, frequency smoothing techniques [WK85, Abh06, KR09] can

be used to address this singular-matrix issue. The main ideaof frequency smoothing consists

in finding focusing matrices that can map all the narrowband frequency bins into one reference
frequency, followed by the smoothing of the mapped narrowband PSD matrices. Therefore, for

the boundary parameter estimation using broadband signals, frequency smoothing techniques
[WK85, KR09] can be used to address this singular-matrix issue. The main idea of frequency

smoothing consists in finding focusing matrices that can mapall the narrowband frequency
bins into one reference frequency, followed by the smoothing of the mapped narrowband PSD
matrices. The idea relies on applying the (N + 1)2 × (N + 1)2 focusing matricesT(kq) such that

[WK85, Abh06]
P̄(kfocρ,Ω) = T(kq)P̄(kqρ,Ω) (D.11)

for each frequency binkq, q = 0, . . . ,Nf − 1, and the focusing frequencykfoc ∈ [k0, kNf−1].
Similarly to (D.3), the frequency-dependent mode amplitude and the angle-dependent spherical

harmonics of the array manifold matrix (D.7) are decoupled,yielding

P̄(kρ,Ω) = B(kρ)Y(Ω), (D.12)

where the (N + 1)2 × (N + 1)2 diagonal matrixB(kρ) reads

B(kρ) = diag[b0(kρ), b1(kρ), b1(kρ), b1(kρ), b2(kρ), . . . , bN(kρ)] (D.13)

and the (N + 1)2 × D spherical harmonics matrix is given by

Y(Ω) = [y(Ω1), . . . , y(ΩD)], (D.14)

with each element defined as

y(Ωd) = [Y0
0(Ωd),Y−1

1 (Ωd),Y
0
1(Ωd),Y

1
1(Ωd), . . . ,Y

N
N (Ωd)].

Knowing the spherical-array configuration, the closed-form solution for the focusing matri-

cesT(kq) can be written as [SMKK11, SMKK12]

T(kq) = B(kqρ)−1B(kfocρ). (D.15)

Finally, the focused and frequency-smoothed PSD matrixŜxebxeb(kfocρ) is obtained as

Ŝxebxeb(kfocρ) =
1
Nf

Nf−1
∑

q=0

T(kq)Sxebxeb(kqρ)TH(kq). (D.16)



170 D. Eigenbeam Processing for Reflection Localization and Extraction



171

E Results for 1D Reflection Point
Estimation

In this appendix, we evaluate the method for reflection pointestimation, described in Sec-

tion 4.4.1, with a real measurements. In general, the treatment follows [MSKK11b].

E.1 Algorithms for DOA Estimation and Signal Extraction

For 1D reflection point estimation the ES frequency-smoothed RMVDR as in (4.4) is used for

DOA estimation. The focusing matrices are given by [AB03]

T(ωq) = J(ωfoc)[JH(ωq)J(ωq)]
−1JH(ωq), (E.1)

where entries of the matrixJ(ωq) are obtained from the angle-independent part of the array

response, i.e., they only depend on the frequency and the microphone positions. This is due to
the fact that an array response can be given as the product of an angle-independent part and a
frequency-independent part (see [AB03, TK06] for more details).

Additionally, the RLSFIPBS design, presented in Section 3.4, which exploits array symme-
try (see Section 3.4.4) was used for signal extraction here instead of the ES frequency-smoothed

RMVDR design according to (4.4). Of course, the ES frequencysmoothed RMVDR could also
have been applied but the results in this case were similar. Note that data-independent beam-

formers do not require frequency smoothing. The RLSFIPBS design was used because it can
exploit any existing symmetries in an array and allows for easy steering.

To compute the distance from the array center to the point of reflection on the boundary for
the 1D case, (4.16) simplifies to

d̂i,r,rp =
d2

i,0 − d̂2
i,r

2(di,0 cos(|ϕi,0 − ϕ̂i,r |) − d̂i,r)
. (E.2)

E.2 Experimental Setup

The experiment was carried out at the University of Erlangen-Nuremberg in a room, referred to

as themultimedia roomhere, that has a reverberation time T60 of approximately 400ms. Figure
E.1 shows the dimensions of the room and the experimental setup. The height of the room is

3.13m and the loudspeaker was placed at 270◦ relative to the array.
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Figure E.1: Experimental setup in the multimedia room.

For 1D room reflection point estimation, a circular microphone array with a radius of

0.04m, that comprises ten omnidirectional microphones mounted into a rigid cylindrical baffle
[TK08], as depicted in Fig. E.2, is used. the cylindrical microphone array is placed in the room

as shown in Fig. E.1. A white noise signal with a duration of five seconds was played back via
the loudspeaker and the microphone signals were recorded. An SNR of 35dB and a sampling

frequency of 48kHz was used.

Source localization

For source localization in 1D using a cylindrical array, an element space frequency smoothed
RMVDR beamformer is applied. Lower and upper cut-off frequencies of 1kHz and 6kHz,

respectively, were chosen in order to ensure good spatial selectivity and avoid spatial aliasing
at higher frequencies. The WNG lower limit was set to 5dB, i.e., γ = 3.16. The focusing

frequency of the RMVDR beamformer was set toωfoc = 4.5kHz, and scanning was performed
in 1D with an angular resolution of 1◦.

The resulting acoustic image depicted in Fig. E.3 clearly shows multiple peaks which
correspond to the DOAs of the sound sources, where the red lines correspond to the expected
DOAs of the first order reflection and the green line corresponds to the expected DOA of the

reference (direct) source. As expected, the highest peak inthe acoustic image corresponds to
the DOA of the reference source.
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Figure E.2: Cylindrical ten-element microphone array withradius 0.04m.
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Figure E.3: Localization results for ES frequency smoothedRMVDR.

Source extraction and categorization

The RLSFIPBS was used to extract the signals arriving from directions corresponding to the
four highest peaks. The main beams were steered to 22◦, 92◦, 164◦, and 270◦ degrees, respec-

tively, as depicted in Fig E.4.

Next, the crosscorrelations between the reference beamformer output, i.e.,y270◦, and beam-

former outputs for the other three selected directions are computed, and the results are depicted
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Array
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Figure E.4: Steering directions of main beams.

in Fig. E.5. All results are normalized to the autocorrelation ofy270◦ . It can be clearly seen that
distinct peaks are present in the crosscorrelation functions. The highest peak which is situated

at the zeroth lag is due to the direct sound present in all the beamformer outputs. This is because
the direct sound has significantly more energy than the reflections and the beamformers are not
able to completely attenuate the direct sound. In all figures, the second highest peaks (highest

peaks excluding the zeroth and neighboring lags) correspond to the strongest reflections which
were localized initially. Although other smaller peaks in crosscorrelation functions may give us

additional information, we will restrict the discussion tothese dominant peaks for the sake of
clarity. The largest peak corresponding to a reflection occurs for crosscorrelation between the

outputs ofy270◦ andy91 as expected since this corresponds to the reflection from thewindow.
By considering the positions of the peaks and the sampling frequency, the TDOAs of the

reflections can be determined (see (4.11)). These respective TDOAs of the reflections are
11.7ms, 13.1ms and 19.3ms.

E.3 Reflection Point Estimation

To evaluate the performance of the proposed procedure for reflection point estimation, the local-

ization results were compared to the ‘ground truth’. The ‘ground truth’ is based on the manually
measured dimensions of the room and the positions of the loudspeaker and cylindrical array, as

shown in Fig. E.1, and thus the results are accurate up to measurement error.
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Figure E.5: Computed crosscorrelations.

Table E.1 shows that the results obtained by the proposed method are very similar to the

ground truth, and thus confirms the accuracy and applicability of the method to reflection point
estimation.

Table E.1: Results for 1D reflection point estimation: ground truth vs. estimates.

DOA [deg] TDOA [ms] Distance [m]

ϕ ϕ̂ τ τ̂ d d̂

90 91 19.1 19.3 3.25 3.28
198 197 13.4 13.1 3.28 3.26

340 339 11.5 11.7 2.96 2.96
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F Notation

F.1 Conventions

In this thesis we use lower case boldface for vectors and upper case boldface denotes matrices.
The quantity [·]ν denotes theν-th element of a vector and [·]ν,η denotes an element in theν-th

row and in theη-th column of a matrix.

F.2 Abbreviations and Acronyms

AEC acoustic echo canceller

AI acoustic image
CC crosscorrelation

CCF crosscorrelation function
CDB constant directivity beamformer

DCW-DSB delay-and-sum beamformer weighted by a Dolph-Chebyshev window
DFT discrete Fourier transform

DGOB directional-gain optimized beamformer
DOA direction of arrival
DTFT discrete-time Fourier transform

DSB delay-and-sum beamformer
EB eigenbeam

EB-RMVDR eigenbeam-domain robust minimum variance distortionless response
ES element space

FIR finite impulse response
FSU filter-and-sum unit
GSC generalized side-lobe canceler

IDFT inverse discrete Fourier transform
IDTFT inverse discrete-time Fourier transform

LCMV linearly constrained minimum variance
LS least squares

LSB least squares beamformer
LSFIB least squares frequency-invariant beamformer

MDB maximum directivity beamformer
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MR magnitude response

MSE mean square error
MMSE minimum mean square error
MVDR minimum variance distortionless response

NUCA nonuniform circular array
NULA nonuniform linear array

PB polynomial beamforming
PLDs prototype look directions

PPF polynomial postfilter
PSD power spectral density
QCQP quadratically constrained quadratic program

RIRs room impulse responses
RLSB robust least squares beamformer

RLSB-TD time-domain implementation of a robust least squares beamformer
RLSFIB robust least squares frequency-invariant beamformer

RLSFIB-TD time-domain implementation of a robust least squares frequency-invariant
beamformer

RLSFIPB robust least squares frequency-invariant polynomial beamformer
RLSFIPBS robust least squares frequency-invariant polynomial beamformer exploiting

symmetries

RLSFIPBL robust least squares frequency-invariant polynomial beamformer according
to Lai

RLSPB robust least squares polynomial beamformer
RLSPBS robust least squares polynomial beamformer exploiting symmetries

RMDB robust maximum directivity beamformer
RMVDR robust minimum variance distortionless response
RSL relative side-lobe level

SDB superdirective beamforming
SINR signal-to-interference-plus-noise ratio

SNR signal-to-noise ratio
SOCP second order cone problem

STFT short-time Fourier transform
SVD singular value decomposition

TDOA time-difference of arrival
TOA time of arrival
UCA uniform circular array

ULA uniformly-spaced linear array
UW-DSB uniformly weighted delay-and-sum beamformer

WGN white Gaussian noise
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WNG white noise gain

1D one-dimensional
2D two-dimensional
3D three-dimensional

F.3 Mathematical Symbols

Operators

(·)T transpose of (·)
(·)∗ conjugate complex of (·)
(·)H hermitian transpose of (·)
(·)−1 inverse of (·)
exp(x) exponential function ofx
log10(·) logarithm to base 10 of (·)
|(·)| absolute value of (·)
‖(·)‖2 Euclidean norm of (·)
arcsin(·) arcsine of (·)
arccos(·) arccosine of (·)
E {·} expectation operator

� component-wise inequality
sinc(·) :=

sin(·)
(·) sinc function

diag(x) operator generating a square matrix with elements of a vector x on the main

diagonal
▽2 laplacian operator
∂
∂x partial derivative with respect tox

⊗ Kronecker product
⊙ Hadamard product

∀ for all
∈ element of

∩ intersection with
δ(x− x0) Kronecker delta

vec(·) represents stacking of all vectors in (·)
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Symbols

α reflection coefficient value

âi,r r-th image source ofi source
a(Ω) unit vector pointing in the direction of propagation

aideal(ω,Ω) model magnitude response of allNsen sensors
ai,0 position ofi-th source
A0 amplitude of monochromatic wave

Aideal(ω,Ω) frequency response model for allNsensensors
A(ω) array gain

Aw(ω) white noise gain
Aw,log(ω) white noise gain on a logarithmic scale (decibels)

Âm(ω,Ω) sensor characteristics of them-th sensor
b point that lies on boundary plane
b̄ center of gravity of estimated plane boundary points

b̂i,r estimated point ofr-th reflection
bdes(ωq) vector containing coefficientsBdes(ωq,Ωn,Ωld), n = 0, . . . ,Na − 1

bdesNf
vector formed by concatenating the vectorsbT

des(ωq),
q = 0, . . . ,Nf − 1

bdesn′ (ωq) vector containing coefficientsBdesn′ (ωq, ϕn, ϕldn′ ), n = 0, . . . ,Na − 1
bdesNpld

(ωq) vector formed by concatenating vectorsbT
desn′

, n′ = 0, . . . ,Npld − 1

B(ω,Ω) beamformer response

Bdes(ω,Ω,Ωld) desired beamformer response
Bdesn′ (ω, ϕ, ϕldn′ ) Npld desired beamformer responses each with a different look

direction
B̂(ω, k) beamformer frequency-wavenumber response
Bψ(ω,Ω) polynomial beamformer response

B(kqρ) frequency-dependent mode amplitude
BWNN null-to-null beamwidth

c speed of sound
c vector containing coefficients exp(− jωqTs(L − 1)/2),

q = 0, . . . ,Nf − 1
ξ variable that controls the depth of nulls
CyΩi,0 ,yΩ̂i,r

[̺i,r ] crosscorrelation between thei-th source and ther-th reflection

d distance between sensors in a uniformly-spaced linear array
dλ sensor spacing scaled by the wavelength

dP distance of the planeP to origin
dP,P̂ difference between the distances of two planesP andP̂
dmax maximum distance between observation positions
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d′m,m′ distance between them-th andm′-th sensors

d̂i,r,rp distance from the array center to the reflection point
d̂i,r,is distance from the array center to ther-th image source
D(ω) directivity of a beamformer for monochromatic signals

DI(ω) directivity index of a beamformer for monochromatic signals
∆B bandwidth of a frequency bin

∆Tmax maximal travel time between any two elements in the array
dn′ vector containing coefficientsψp

n′ , p = 0, . . . ,P

Dn′ Kronecker product of an identity matrix anddn′

Em(ω,Ω) incorporates random errors in magnitude and phase of them-th sensor
fs sampling frequency

f0 frequency lower limit for wideband Dolph-Chebyshev design
fL(ωq) vector containing the coefficients exp(− jωqlTs), l = 0, . . . , L − 1

F(ωq) describes a frequency domain transform
g(ω,Ω) array manifold vector

ĝ(k) array manifold vector in the wavenumber space
G(ωq) array manifold matrix

Ḡ(ω,Ω) matrix with columnsg(ω,Ωr), r = 0, . . . ,Nr

Γnfnf (ω) spatial coherence matrix
Γdiff

nfnf
(ω) spatial coherence matrix of a diffuse noise field

γ lower bound for the WNG
γmax maximum WNG

γlog lower bound for the WNG in decibels
him,l(κ) coefficients of the time-variant FIR filter model from thei-th

source to them-th sensor
I identity matrix
j imaginary unit (

√
−1)

k wavenumber
k wavenumber vector

κ discrete time index
K real constant

κ2(G(ωq)) 2-norm condition number of array manifold matrix
l filter coefficient index

L FIR filter length
λ wavelength
Λi,r crosscorrelations time lag threshold

di,0 distance of sourcei to microphone array center
m sensor index

M matrix formed by concatenating matrix productsG(ωq)F(ωq),
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q = 0, . . . ,Nf − 1

µ integer
µdlf scalar diagonal loading factor
nm(κ) additive sensor noise

n̂, m̂ order and mode
nf(ω) vector containing coefficientsNm(ω), m= 0, . . . ,Nsen− 1

n vector normal to boundary plane
n̂i,r estimated vector normal to boundary plane

n̄ least squares estimate of plane normal
N spherical harmonics order
Na number of descritized angles

Nf number of frequency bins
Nld total number of desired look directions

Nnull number of interferers or nulls
Npl total number of estimated planes

Npld number of prototype look directions
Nr total number of reflections

Nsen number of sensors
NS number of sound source positions
Nm(ω) DTFT of the noise in sensor signals

N(ωq) matrix formed by concatenating matrix productsG(ωq)Dn′ ,
n′ = 0, . . . ,Npld − 1

ω temporal frequency
Ω two-dimensional vector with elevation and azimuth angle

Ωld origin of desired signal or desired look direction
Ωi,0 real DOA for thei-th source position
Ωi,r real DOA for ther-th (r , 0) reflection resulting from thei-th source

position
Ω̂i,r estimated DOA for ther-th (r , 0) reflection resulting from thei-th

source position
P polynomial postfilter of order

p three-dimensional position vector
φideal(ω,Ω) model phase response of allNsensensors

ψ controls the steering direction of the polynomial beamformer
P̄(kρ,Ω) associated EB-domain manifold matrix
ϕm angle of them-th sensor in a circular array

ϕmax maximum steering angle
ϕPLD maximum angle in PLD range

P(b, n) plane
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P̂(b̄, n̄) estimated plane

qη,η′ cosine of the angle between the normals of two planes
Q matrix with elementsqη,η′, η, η′ = 1, . . . ,Npl

q̂η,η′ binary maskedqη,η′

Q̂ matrix where each column defines a set of planes that estimatethe
same boundary

(ρ, ϑ, ϕ) spherical coordinates (right-handed orthogonal coordinate system)
ρm distance between a point source and them-th sensor

ζnullν weight chosen in relation to the amplitude of theν-th interferer
̺i,r lag index of crosscorrelation fori-th source andr-th reflection
̺i,r,peak time lag of the highest peak in the crosscorrelation function

s(t, p) propagating wave observed at positionp and timet

si(κ) source signals

sf(ω) vector containing coefficientsSr(ω), r = 0, . . . ,Nr

S INRin(ω) input SINR at the sensors

S INRout(ω) SINR at the beamformer output
SYY(ω) PSD of beamformer output

SNN(ω) PSD of noise
SS S(ω) PSD of desired signal
Snfnf (ω) PSD matrix of noise

Sxfxf (ω) PSD matrix of the microphone signals
Ssfsf (ω) source PSD matrix

Ŝxfxf (ω) the focused and frequency-smoothed PSD matrix
Sxebxeb(ka) EB-domain PSD matrix

σa standard deviation of gain errors
σφ standard deviation of phase errors
σp standard deviation of postion errors

σmin(G(ωq)) minimum singular value ofG(ωq)
σmax(G(ωq)) maximum singular value ofG(ωq)

t continuous time
Ts sampling period

T(ω) focusing matrices
τ(Ω) propagation delay with the origin of the coordinate systemas

reference
τm(Ω) propagation delay of the signal arriving at them-th sensor relative to

the origin of the coordinate system

τ̂i,r TDOA betweeni-th source andr-th reflection
Θ̂r the angular distance between two unit vectors

Θn,n̄ inverse cosine of dot product of two plane normals
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Θdev DOA deviation measure

u cosine of elevation angle
u(ωq,Ωld) vector containing coefficients obtained from the matrix product

FH(ωq)g(ωq,Ωld)

U(Ωld) matrix with columnsu(ωq,Ωld), q = 0, . . . ,Nf − 1
vn′(ωq, ϕldn′ ) vector obtained fromDT

n′g(ωq, ϕldn′ )

V(ωq) matrix with columnsvn′(ωq, ϕldn′ ), n′ = 0, . . . ,Npld − 1
wt (time-domain) vector containing all the FIR filter coefficients

wf(ω) vector containing coefficientsWm(ω), m= 0, . . . ,Nsen− 1
wfP(ωq) vector obtained by concatenating vectorsWm,p(ωq), m= 0, . . . ,Nsen− 1,

p = 0, . . . ,P

web(kq) EB-domain array weight vector
wm,l(κ) l-th coefficient of them-th time-variant FIR filter

wm,l l-th coefficient of them-th time-invariant FIR filter
wp,m,l l-th coefficient of them-th FIR filter of thep-th FSU

Wm(ω) DTFT of them-th FIR filter
Wp,m(ω) DTFT of them-th FIR filter of thep-th FSU

W f(ωq) matrix with elementsWm,p(ωq), m= 0, . . . ,Nsen− 1, p = 0, . . . ,P
(x, y, z) Cartesian coordinates (right-handed orthogonal coordinate system)
xm(κ) signal captured by them-th sensor

xf(ω) vector containing coefficientsXm(ω), m= 0, . . . ,Nsen− 1
xeb(ka) EB-domain microphone signal

Xm(ω) DTFT of the sensor signals
y(κ) beamformer output

yψ(κ) output of a polynomial beamformer
Y(ω) DTFT of beamformer output
ζ ld weight that controls the beamformer response in the desiredlook

direction
Z(kfoc,Ω) acoustic image of the environment

Znoisedist acoustic image threshold
Znormal diff angular threshold

Special Functions

Jn̂(x) Bessel function of order ˆn with respect to argumentx
Pm̂

n̂ (x) associated Legendre polynomial of order ˆn and degree ˆm with respect to

argumentx
Ym̂

n̂ (x) spherical harmonics of order ˆn and degree ˆm with respect to argumentx
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[Gün02] B. Günel. Room shape and size estimation using directional impulse response

measurements. InProc. of 3rd EAA Congress on Acoustics, Forum Acusticum,
Sevilla, Spain, September 2002.

[GV89] G.H. Golub and C.F. Van Loan.Matrix Computations. The John Hopkins Press
Ltd., London, 1989.

[GX90] Y. Grenier and M. Xu. An adaptive array for speech input in cars. InInt. Symp.

Automotive Technology and Automation (ISATA), Florence, Italy, May 1990.

[Han98] P.C. Hansen.Rank-Deficient and Discrete Ill-Posed Problems: NumericalAspects

of Linear Inversion. SIAM, Philadelphia, 1998.

[Hay96] M.H. Hayes, editor.Statistical Digital Signal Processing. John Wiley and Sons

Inc., New York, 1996.

[Her05] W. Herbordt. Sound Capture for Human/Machine Interfaces. Springer, Berlin,
2005.

[HHM08] Y. Han, C. Hou, and X. Ma. Optimum beamforming based on second order cone
programming. InCongress on Image and Signal Processing (CISP), pages 59–62,

Hainan, China, May 2008.

[Hin04] H. Hindi. A tutorial on convex optimization.Proc. of the American Control

Conference, 4:3252–3265, June 2004.

[Hin06] H. Hindi. A tutorial on convex optimization II: duality and interior point methods.
Proc. of the American Control Conference, 1:1–11, June 2006.

[HKO01] A. Hyvärinen, J. Karhunen, and E. Oja.Independent Component Analysis. Wiley,

New-York, 2001.

[HM07] M. Hamalainen and V. Myllyla. Acoustic echo cancellation for dynamically

steered microphone array systems. InProc. IEEE Workshop on Applications of

Signal Processing to Audio and Acoustics (WASPAA), pages 58–61, New Paltz,

New York, October 2007.

[HSH99] O. Hoshuyama, A. Sugiyama, and A. Hirano. A robust adaptive beamformer for

microphone arrays with a blocking matrix using constrainedadaptive filters.IEEE

Trans. Signal Process., 47(10):2677–2684, October 1999.

[HW38] W.W. Hansen and J.R. Woodyard. A new principle in directional antenna design.

Proc. IRE, (3):333–345, March 1938.



192 Bibliography

[HZ03] R. Hartley and A. Zisserman.Multiple View Geometry in Computer Vision. Cam-

bridge University Press, Cambridge, 2003.

[HZYE07] X.X. Hu, H. Zhang, Z.L. Yu, and M. Er. Pattern synthesis via convex optimization

for microphone arrays. InProc. IEEE Workshop on Signal Processing Systems,
pages 548–551, Shanghai, China, 2007.

[JD93] D.H. Johnson and D.E. Dudgeon.Array Signal Processing - Concepts and Tech-

niques. Prentice Hall, New Jersey, 1993.

[JSF95] E.-E. Jan, P. Svaizer, and J.L. Flanagan. Matched-filter processing of microphone
array for spatial volume selectivity. InProc. IEEE Int. Symposium on Circuits

and Systems (ISCAS), pages 1460–1463, Seattle, Washington, USA, April 1995.

[Kar84] N.K. Karmarkar. A new polynomial-time algorithm for linear programming.
Combinatorica, 4(4):373–395, 1984.

[KdHG04] M. Kuster, D. de Vries, E.M. Hulsebos, and A. Gisolf. Acoustic imaging in en-
closed spaces: Analysis of room geometry modifications on the impulse response.

J. Acoust. Soc. Am., 116(4):2126–2137, October 2004.

[Kel91] W. Kellermann. A self-steering digital microphonearray. InProc. IEEE Int.

Conf. on Acoustics, Speech, and Signal Processing (ICASSP), pages 3581–3584,
Toronto, Ontario, Canada, May 1991.

[Kel97] W. Kellermann. Strategies for combining acoustic echo cancellation and adaptive
beamforming microphone arrays. InProc. IEEE Int. Conf. on Acoustics, Speech,

and Signal Processing (ICASSP), pages 219–222, Munich, Bavaria, Germany,
April 1997.

[Kel01] W. Kellermann. Acoustic echo cancellation for beamforming microphone arrays.
In M. Brandstein and D. Ward, editors,Microphone Arrays: Signal Processing

Techniques and Applications, pages 281–306. Springer-Verlag, Berlin, Germany,
2001.

[Kel08] W. Kellermann. Beamforming for speech and audio signals. In D. Havelock,
S. Kuwano, and M. Vorlander, editors,Handbook of Signal Processing in Acous-

tics, pages 691–702. Springer, 2008.

[Kel12] W. Kellermann.Signal Processing for Speech and Audio. Lecture Notes. LMS,

University of Erlangen-Nuremberg, Erlangen, Germany, 2012.

[Kel13] W. Kellermann.Statistical Signal Processing. Lecture Notes. LMS, University of

Erlangen-Nuremberg, Erlangen, Germany, 2013.



Bibliography 193

[KH99] M. Kajala and M. Hamalainen. Broadband beamforming optimization for speech

enhancement in noisy environments. InProc. IEEE Workshop on Applications of

Signal Processing to Audio and Acoustics (WASPAA), pages 19–22, New Paltz,
New York, October 1999.

[KH01] M. Kajala and M. Hamalainen. Filter-and-sum beamformer with adjustable filter
characters. InProc. IEEE Int. Conf. on Acoustics, Speech, and Signal Processing

(ICASSP), pages 2917–2920, Salt Lake City, Utah, USA, 2001.

[KJG94] F. Khalil, J.P. Jullien, and A. Gilloire. Microphone array for sound pickup in

teleconference systems.J. Audio Eng. Soc., 42(9):691–700, September 1994.

[KMM +08] S.J. Kim, A. Magnani, A. Mutapcic, S.P. Boyd, and Z.Q. Luo. Robust beamform-

ing via worst-case SINR maximization.IEEE Trans. Signal Process., 56(4):1539–
1547, April 2008.

[KR09] D. Khaykin and B. Rafaely. Coherent signals direction-of-arrival estimation us-
ing a spherical microphone array: Frequency smoothing approach. InProc. IEEE

Workshop on Applications of Signal Processing to Audio and Acoustics (WAS-

PAA), pages 221–224, New Paltz, New York, October 2009.

[Kra09] M.G. Kratschmer. A wideband adaptive microphone array for multi-beamforming
in interactive TV scenarios. Diploma thesis, University ofErlangen-Nuremberg,

Erlangen, December 2009.

[KRD11] I. Kodrasi, T. Rohdenburg, and S. Doclo. Microphoneposition optimization

for planar superdirective beamforming. InProc. IEEE Int. Conf. on Acoustics,

Speech, and Signal Processing (ICASSP), pages 109–112, Prague, Czech Repub-

lic, May 2011.

[Kus08] M. Kuster. Reliability of estimating the room volume from a single room impulse

response.J. Acoust. Soc. Am., 124(2):982–993, 2008.

[Kus09] M. Kuster. Multichannel room impulse response rendering on the basis of under-

determined data.J. Audio Eng. Soc., 157(6):403–412, 2009.

[Kut00] H. Kuttruff. Room acoustics. 4th Ed. Spon Press, London, 2000.

[KY10] M. Kreissig and B. Yang. A graph theoretical framework for consistent time
differences of arrival. InProc. ITG-Fachtagung Sprachkommunikation, pages 1–

4, Bochum, Berlin, September 2010.

[LB97] H. Lebret and S. Boyd. Antenna array pattern synthesis via convex optimization.

IEEE Trans. Signal Process., 45(3):526–532, March 1997.



194 Bibliography

[LJF94] Q. Lin, E. Jan, and J. Flanagan. Microphone arrays and speaker identification.

IEEE Trans. on Speech and Audio Process., 2(4):622–629, October 1994.

[LNL10] C. Lai, S. Nordholm, and Y. Leung. Design of robust steerable broadband beam-
formers with spiral arrays and the farrow filter structure. In Proc. International

Workshop on Acoustic Echo and Noise Control (IWAENC), Tel Aviv, Israel, Au-

gust 2010.

[Luo03] Z.Q. Luo. Applications of convex optimization in signal processing and digital
communication.Mathematical Programming, Series B, pages 177–207, 2003.

[LVKL96] T.I. Laasko, V. Valimaki, M. Karjalainen, and U.K.Laine. Splitting the unit dely -

tools for fractional delay filter design.IEEE ASSP Mag., 13:30–60, January 1996.

[LY06] Z. Luo and W. Yu. An introduction to convex optimization for communications
and signal processing.IEEE J. Sel. Areas Commun., 24(8):1426–1438, August

2006.

[Mab06] E.T. Mabande. Evaluation of a new method for least-squares frequency-invariant
beamforming. Diploma thesis, University of Erlangen-Nuremberg, Erlangen,
2006.

[MB10] J. Mattingley and S. Boyd. Real-time convex optimization in signal processing.

IEEE Signal Processing Magazine, Special Issue on Convex Optimization for Sig-

nal Processing, 27:62–75, May 2010.

[MBK12] E. Mabande, M. Buerger, and W. Kellermann. Design ofrobust polynomial beam-

formers for symmetric arrays. InProc. IEEE Int. Conf. on Acoustics, Speech, and

Signal Processing (ICASSP), pages 1–4, Kyoto, Japan, March 2012.

[MBN13] A.H. Moore, M. Brookes, and P.A. Naylor. Room geometry estimation from a

single channel acoustic impulse response. InProc. European Signal Processing

Conf. (EUSIPCO), pages 1–4, Marrakech, Morroco, September 2013.

[McD71] R.N. McDonough. Degraded performance of nonlineararray processors in the
presence of modeling errors.J. Acoust. Soc. Am., 51(4):1186–1193, April 1971.

[ME02] J. Meyer and G. Elko. A highly scalable spherical microphone array based on

an orthonormal decomposition of the soundfield. InProc. IEEE Int. Conf. on

Acoustics, Speech, and Signal Processing (ICASSP), pages 1781–1784, Orlando,

Florida, USA, May 2002.

[ME04] J. Meyer and G.W. Elko. Spherical microphone arrays for 3D sound recording. In
Y. Huang and J. Benesty, editors,Audio Signal Processing for Next-Generation

Multimedia Communication Systems, pages 67–89. Kluwer, 2004.



Bibliography 195
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