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Summary

This dissertation is concerned with the numerical approximation of the in-
compressible Navier-Stokes equation. As our main contribution, we propose
and analyze a new stabilized mixed finite element scheme for computing in-
compressible laminar flows, and investigate several properties of this new
scheme. The finite element analysis is presented for the Oseen model prob-
lem. The scheme is based on the Scott-Vogelius mixed finite element and on
symmetric stabilization operators for dominant convection, proposed in the
last recent years. In particular, the scheme delivers divergence-free pointwise
velocity approximations, with an approximation quality that is completely in-
dependent of the pressure. Therefore, the cumbersome grad-div stabilization
drops out from the discrete equations, and standard multi-grid approaches
are possible for the solution of the evolving linear systems. We propose such
a multi-grid method and deliver a multi-grid analysis for the full symmetric
part of the discrete Oseen equation, including the symmetric stabilization
operator for dominant convection.

We further propose a coupled FEM-FVM scheme for convection-diffusion
problems in an incompressible flow field. For the numerical computation of a
stationary incompressible Navier-Stokes equation we propose the above sta-
bilized Scott-Vogelius scheme, and for a stationary or nonstationary scalar
convection-diffusion equation, we propose a Voronöı-box-based finite volume
scheme on boundary conforming Delaunay meshes. Since Scott-Vogelius fi-
nite element approximations are divergence-free pointwise, we can prove a
discrete maximum principle for the discrete convection-diffusion equation.

Finally, we present several numerical examples, in order to illustrate in
which situations the proposed stabilized Scott-Vogelius scheme delivers more
accurate numerical approximations than other approaches. Here, a 2D ex-
ample of a colliding flow might deserve further interest, since it seems to have
some physical relevance. Further, we present a 3D application from electro-
chemistry, where the coupled FEM-FVM scheme seems to be promising due
to the establishment of a discrete maximum principle.
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Zusammenfassung

Diese Dissertation befasst sich mit der numerischen Approximation der in-
kompressiblen Navier-Stokes-Gleichung. Als Hauptbeitrag der Arbeit führen
wir eine neue, stabilisierte gemischte Finite-Elemente-Diskretisierung für die
numerische Behandlung von inkompressiblen laminaren Strömungen ein, ana-
lysieren sie, und untersuchen einige Eigenschaften dieser Diskretisierung.
In der Finite-Element-Analysis untersuchen wir das lineare Oseen-Modell-
problem. Die Diskretisierung basiert auf dem Scott-Vogelius-Element, und
benutzt symmetrische Stabilisierungsoperatoren, um die diskreten Oseen-
Gleichungen gegenüber dominanter Konvektion zu stabilisieren. Eine Beson-
derheit der Diskretisierung besteht darin, dass sie punktweise divergenz-
freie Geschwindigkeitsapproximationen liefert, und damit die Approxima-
tionsgüte der Geschwindigkeiten von der Druckapproximation völlig entkop-
pelt. Aufgrund der Divergenzfreiheit fällt die lästige Grad-Div-Stabilisierung
aus den diskreten Oseen-Gleichungen heraus, und Standard-Mehrgitter-Me-
thoden sind anwendbar, um die entstehenden linearen Gleichungssysteme zu
lösen. Wir stellen eine solche Standard-Mehrgitter-Methode vor, und ent-
wickeln eine Mehrgitter-Analysis für den gesamten symmetrischen Teil der
diskreten Oseen-Gleichung, inklusive dem symmetrischen Stabilisierungsope-
rator.

Weiter stellen wir eine gekoppelte Finite-Volumen/Finite-Element-Dis-
kretisierung vor, mit der Konvektions-Diffusions-Probleme in einem inkom-
pressiblen Strömungsfeld behandelt werden können. Für die numerische
Approximation der Navier-Stokes-Gleichung wird das vorgeschlagene sta-
bilisierte Scott-Vogelius-Element verwendet, und für die gekoppelte skalare
Konvektions-Diffusions-Gleichung setzen wir eine Voronöı-Box-basierte Fini-
te-Volumen-Methode auf randkonformen Delaunaygittern ein. Da das Scott-
Vogelius-Element punktweise divergenz-freie Approximationen liefert, kön-
nen wir ein lokales diskretes Maximumprinzip für die angekoppelte skalare
Konvektions-Diffusions-Diskretisierung beweisen.

Endlich stellen wir einige numerische Beispiele vor, um veranschaulichen
zu können, in welchen Situationen das vorgestellte Scott-Vogelius-Element
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numerisch genauere Approximation liefert als andere Ansätze. Besonders
scheint ein 2D-Beispiel eines kollidierenden Fluids Beachtung zu verdienen,
da es vergleichsweise physikalisch bedeutsam ist. Weiter stellen wir Ergeb-
nisse einer 3D-Anwendungsrechnung aus der Elektrochemie vor, bei der das
gekoppelte Finite-Volumen/Finite-Element-Schema aufgrund des diskreten
Maximumsprinzips eine interessante Diskretisierungsvariante zu sein scheint.
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Chapter 1

Introduction

This dissertation is concerned with the numerical approximation of the in-
compressible Navier-Stokes equation, which is currently the standard physi-
cal model for the description of a broad class of fluid flows, ranging from lam-
inar and turbulent flow of water to the flow of semiconductor melts in crystal
growth processes [8]. Moreover, also the flow of gases is sometimes modeled
by the incompressible Navier-Stokes equation, whenever the gas velocities are
small, e.g., in the simulation of indoor air flow [73]. Despite the importance
of the equation in applied sciences, mathematical efforts to treat it have not
been fully satisfying. On the one hand, uniqueness of the three-dimensional
problem in appropriate function spaces is an open problem. On the other
hand, numerical approximation of the problem in the singularly perturbed
case ν � 1 remains challenging, and computing Navier-Stokes solutions at
high Reynolds numbers requires the introduction of turbulence models based
on further physical assumptions on the flow. Up to now, fully convincing
additional physical assumptions have not been formulated, although some
progress has been made in recent years [61].

But even research on the numerical approximation of laminar flows at
moderate Reynolds numbers is far away from being completely solved. In
recent years, many new research fields within the huge area of fluid flow
simulation have been developed. The simulation of complex phenomena like
free surface flow and Marangoni convection requires advanced mathematical
tools for the appropriate modeling of the surface curvature [6, 82, 76]. Active
research has also been performed in the numerical simulation of laminar
two- and multi-phase flows [48]. Another topic of recent research is the
numerical approximation of coupled flow problems, where concentrations of
reactants or temperature distributions in a fluid are the relevant quantities of
interest, and not the flow itself. Here, it turns out that the problem of mass
conservation in finite element discretizations of the Navier-Stokes equation
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is often underestimated [84].
But weak mass conservation can already cause problems for finite el-

ement approximations of the plain incompressible Navier-Stokes equation
[86]. This is especially true for high Reynolds numbers, but can occur as
well in the low Reynolds number regime, when large pressure norms come
into play. Therefore, mixed finite element discretizations have to be endorsed
by additional stabilizing terms, usually the so-called grad-div stabilization.
This is well known in theory [91], but often neglected in practice, since the
additional terms are stiff and lead to stronger couplings in the system ma-
trices, which arise. As a consequence, for standard multi-grid approaches
in mixed finite element discretizations of the Navier-Stokes equation serious
convergence problems are sometimes reported in the literature [86]. Includ-
ing the grad-div stabilization would be troublesome for many Navier-Stokes
multi-grid solvers, which fit into the general geometric multi-grid framework
developed by [66], as well as for the coupled algebraic multi-grid method
proposed by [119]. But this problem should be very similar also for iterative
solvers based on Schur complement preconditioners as proposed by [33], be-
cause then the inner multi-grid iteration should be affected by the grad-div
stabilization. However, in both cases some recently developed, non-standard
multi-grid approaches as developed by [97, 11] could possibly cure the prob-
lem.

Another important strongly evolving research topic on laminar incom-
pressible flows concerns stabilization of dominant convection. The classi-
cal method to stabilize dominant convection in mixed finite element dis-
cretizations of the Navier-Stokes equation is the streamline diffusion method
[91, 52, 79]. Although this method has been highly successful in many ap-
plications, it has still some drawbacks. Mainly, it introduces an artificial
strong coupling between velocities and pressure by the stabilizing least square
term, and in optimization problems it is sometimes not clear how to stabilize
best the adjoint problem [15, 22]. In recent years, symmetric stabilization
methods have been developed, which solve some of the mentioned problems
[10, 23, 14, 22, 15, 83, 63, 27].

Stabilized finite element methods usually require the choice of appropri-
ate stabilization parameters. From the practical point of view it would be
advantageous to have a discretization method, which is completely free from
parameters, or equivalently, which allows an a priori computation of opti-
mal stabilization parameters, before a numerical computation starts. The
quest for optimal parameters is ongoing research and seems to be answered
in a satisfying manner only for the classical streamline diffusion method
[52, 79]. This usually calls for several independent stabilization parameters,
since both dominant convection and weak mass conservation must be sta-
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bilized [91, 52, 79]. Additionally, equal order approximations for pressure
and velocities must stabilize the discrete pressure against the violation of
the discrete LBB condition [91, 22]. Moreover, current numerical analysis
for the Oseen equation predicts that we need such a pressure stabilization
Petrov Galerkin (PSPG) approach in connection with the streamline upwind
Petrov Galerkin (SUPG) method, even if we use LBB-stable finite element
pairs [52, 79]! On the other hand, numerical experiments by Lube et al. [52]
suggest that the combined SUPG/PSPG method is perhaps not necessary in
the case of LBB-stable elements. But Lube et al. have only tested continuous
pressure elements.

In order to overcome some of the problems mentioned above a new dis-
cretization scheme for the incompressible Navier-Stokes equation at low and
moderate Reynolds numbers is proposed and analyzed in this dissertation.
The scheme is a LBB-stable conforming mixed finite element method, which
is based on the Scott-Vogelius element pair [102], which uses continuous La-
grangian elements for the discrete velocities and discontinuous Lagrangian
elements for the pressure. Here, the approximation order of the velocities is
one order higher than the approximation order of the pressure. Due to this
special construction the velocity divergence operator is a mapping into the
discrete pressure space. This enforces that discrete Navier-Stokes solutions
are divergence-free pointwise [25]. If the approximation order for the discrete
velocities is at least as high as the space dimension of the problem, then the
Scott-Vogelius element will be LBB stable on quite general macro element
meshes [55, 88, 3, 122]. Results on more general meshes can be found in Sub-
section 5.5.2. Therefore, all problems arising from weak mass conservation
are completely cured [25]. In particular, standard iterative solution methods
for the evolving linear systems can be used at once [78], since the grad-div
stabilization drops out from the discrete equations.

Moreover, in the numerical computation of coupled flow problems, where
concentrations or temperature distributions in an incompressible flow field
are described by convection-diffusion equations, a discretization scheme pre-
serving a discrete local maximum principle is presented. Here, the convec-
tion-diffusion equation is discretized by a Voronöı-box-based finite volume
method on boundary-conforming Delaunay meshes [36, 44], and the incom-
pressible Navier-Stokes equation is discretized by the Scott-Vogelius element.
Usually, the discrete local maximum principle is crucially dependent on the
fact that the underlying flow field is discretely divergence-free in a certain
finite volume sense. Since discrete Scott-Vogelius flow fields are divergence-
free pointwise, they are divergence-free in this finite volume sense, too. It
should be mentioned that the discrete maximum principle is sometimes very
important in numerical computations, especially when nonlinearities occur.
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Dominant convection can be stabilized by an abstract class of symmetric
stabilizations. At least two symmetric stabilization operators fit into this
abstract class [25]. For the Oseen linearization of the incompressible Navier-
Stokes equation a stabilized finite element analysis will be presented. Here,
typical convergence orders for stabilized, but LBB-stable, mixed elements can
be achieved [91], and a complete independence of the velocity convergence
order from the pressure regularity can be shown. This is possible, because
the Scott-Vogelius element is an interior mixed finite element method, while
usually mixed finite element schemes deliver exterior approximations. This
means that the Scott-Vogelius element guarantees that discrete Navier-Stokes
solutions are divergence-free in the strong sense. Then, the entire problem
can be formulated as an elliptic one in the subspace of all divergence-free
vector functions and the pressure vanishes completely from the variational
problem.

The proposed method needs the tuning of only one stabilization param-
eter. In that sense it has a minimal stabilization property and one could
say that it is “as Galerkin-like as possible” when using Lagrangian ansatz
functions. Moreover, applying the edge/face stabilization method in order to
stabilize dominant convection, the method is even consistent in the sense of
Galerkin orthogonality, whenever the continuous Oseen solution is in [H2]d

[23, 25]. However, we will see in the numerical examples given in Chapter
9 that at least the edge/face stabilization will not produce really satisfying
results on coarse grids, when boundary layers are not resolved by the mesh.
Here, the non-symmetric streamline diffusion method seems to produce bet-
ter results.

Although the main contribution of the present dissertation is the numer-
ical simulation of laminar flows in the small and moderate Reynolds number
regime, it should be mentioned that this research may also have value for
the computation of turbulent flows. Large-eddy modifications of the incom-
pressible Navier-Stokes equation like the Smagorinsky model often do not
differ very much from the original Navier-Stokes equation [61] and therefore
this research can also pay off in this challenging flow regime. The thesis is
structured as follows:

In Chapter 2, we introduce the nonstationary incompressible Navier-
Stokes equation in its strong form. We discuss different ways to deal with
the nonlinearity of the equation and to proceed in time by an appropriate
time stepping scheme. This leads us to a model problem, the Oseen equa-
tion, which we will concentrate on in the rest of the thesis. Then, we present
a weak formulation for the Oseen equation, and we state some well-known
theoretical results for it.

In Chapter 3, we recapitulate some general results of the theory of mixed
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methods. We present an abstract approximation theory for mixed problems.
Here, the significance of continuous and discrete inf-sup constants in mixed
methods is emphasized, and their relation to existence and uniqueness ques-
tions is described.

In Chapter 4, these results are applied to the Oseen equation. Moreover,
the continuous Velte decomposition is introduced, and a H2 higher regularity
theorem for the generalized Stokes equation is formulated.

In Chapter 5, we introduce conforming mixed finite elements for the Os-
een equation, especially methods based on Lagrangian finite elements. The
emphasis here lies on Galerkin discretizations, and their possible instabili-
ties. All these instabilities can be understood from the theoretical results
developed in the abstract framework for mixed methods in Chapter 3. But
in order to gain an intuitive understanding for these instabilities, four illus-
trative examples will be presented concerning:

1. violation of the discrete LBB condition,

2. wrong polynomial order of the pressure space,

3. weak mass conservation, and

4. dominant convection.

We then present the Scott-Vogelius mixed finite element, and we collect
known theoretical results for this element:

1. conditions for the LBB stability and existence of divergence-free inter-
polation operators with optimal approximation properties,

2. incompressibility pointwise of discrete velocity solutions, which implies

3. the mixed finite element approximation is interior, not exterior as most
mixed methods, which implies

4. the velocity approximations are completely independent of the pressure,
and

5. existence of a discrete Velte decomposition.

Three of the possible weaknesses above are cured by the Scott-Vogelius ele-
ment, and only convection must be stabilized. Especially, the cumbersome
grad-div stabilization drops out from the discretization.

In Chapter 6, we present and analyze a new stabilized mixed finite el-
ement scheme for the Oseen equation, based on the Scott-Vogelius element
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and symmetric stabilization operators, proposed in recent years. This re-
quires tuning of only one stabilization parameter, the parameter for domi-
nant convection. For the new stabilized scheme, error estimates are proven
in a discrete energy norm. The quality of the velocity approximation turns
out to be completely independent of the pressure regularity. Further, for the
generalized Stokes problem an elliptic analysis is presented, yielding a L2

error estimate, important for the multi-grid scheme in Chapter 7.
In Chapter 7, we prove that the linear systems arising from the new

stabilized scheme can be solved efficiently by standard multi-grid solvers.
The analysis is presented for a stabilized generalized Stokes problem, and
therefore comprises the full symmetric part of the discrete stabilized Oseen
operator.

In Chapter 8, the incompressible flow problem is coupled with a scalar
convection-diffusion equation. Then the convection-diffusion equation is dis-
cretized by a Voronöı-box-based finite volume method on boundary-confor-
ming Delaunay meshes. We prove that the incompressible Scott-Vogelius
elements contribute to the establishment of a discrete local maximum prin-
ciple for this finite volume scheme.

In Chapter 9, we present different numerical examples illustrating the the-
oretical results. First, we show some academic test examples with a specially
constructed force vector demonstrating that the Scott-Vogelius element can
be dramatically superior to other mixed finite element approaches.

Further, we present an instructive, and practically relevant stationary 2D
Navier-Stokes example of a colliding flow in a cross-shaped domain, demon-
strating, in which situations the Scott-Vogelius element delivers better results
than a Taylor-Hood discretization.

A 2D example inspired by electrochemical applications demonstrates nu-
merically, that the proposed coupled FEM-FVM discretization indeed fulfills
a maximum principle for the scalar convection-diffusion equation.

Further, we present 3D simulations of a flow cell used in electrochemistry
demonstrating the relevance of the approach for practical computations.

Finally, in Chapter 10 we discuss the significance of the obtained results,
and suggest further theoretical investigations on the proposed stabilized finite
element method.

6



Chapter 2

The Incompressible
Navier-Stokes Equation

2.1 Notations and Sobolev Spaces

In order to investigate the Navier-Stokes equation mathematically, we in-
troduce the usual variational calculus for deriving weak formulations of the
Oseen problem in appropriate Sobolev spaces [54, 112]. Therefore, we intro-
duce the vector space C∞(Ω) of infinitely differentiable scalar functions f .
Here, differentiability is understood in the classical sense. Further, C∞

0 (Ω) is
the vector subspace of C∞(Ω) with functions having compact support in the
domain Ω. Then L2(Ω) is the Banach space completion of C∞(Ω) [75] with
respect to the norm

‖f‖0,Ω :=

(∫
Ω

|f(x)|2dx
) 1

2

.

Since this norm is derived from the scalar product

(f, g) :=

∫
Ω

f(x)g(x)dx

with f , g ∈ L2(Ω), the Banach space L2(Ω) is also a Hilbert space, which is
well-known. By L2

0(Ω) we will denote the subspace of L2 functions with zero
average member functions, i.e., L2

0(Ω) = {q ∈ L2(Ω):
∫

Ω
qdx = 0}.

Using multi-indices α = (α1, α2, . . . , αd) ∈ [N0]
d for the space dimensions

d ∈ {2, 3} with |α| = α1+. . .+αd, and using the multi-index partial derivative
∂α = ∂α1∂α2 · · · ∂αd , we introduce the following Sobolev norms for s ∈ N:

‖f‖s,Ω :=

∑
|α|≤s

∫
Ω

|∂αf(x)|2dx

 1
2

.
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Then, we define Hs(Ω) as the Banach space completion of C∞(Ω) with re-
spect to the norm ‖f‖s,Ω. These are the s times weakly differentiable func-
tions on the domain Ω. Obviously, these Banach spaces are Hilbert spaces,
too. By Hs

0(Ω) we denote the Hilbert subspaces of Hs(Ω), which are derived
by a Banach space completion of C∞

0 (Ω) with respect to the same norm in
Hs(Ω). These are the s times weakly differentiable functions on the domain
Ω with homogeneous Dirichlet boundary conditions. For all f ∈ Hs(Ω) with
s ∈ N we also define the following Sobolev semi-norm

|f |s,Ω :=

∑
|α|=s

∫
Ω

|∂αf(x)|2dx

 1
2

.

Further, we use the corresponding dual spaces to Hs
0(Ω). Therefore, we

introduce the space of distributions D(Ω) as the dual space of C∞
0 (Ω). Then,

we denote the duality pairing between f ∈ D(Ω) and φ ∈ C∞
0 (Ω) as <f, φ>.

We remark that, when f is a locally integrable function, then f can be
identified with a distribution by

<f, φ>=

∫
Ω

f(x)φ(x)dx .

Therefore, the duality pairing <., .> is an extension of the usual L2 scalar
product. Now, H−s(Ω) is a normed space with norm

‖f‖−s,Ω = sup
v∈Hs

0(Ω),v 6=0

< f, v >

‖v‖s,Ω

.

For more see [54].
Sometimes we also need Banach and Sobolev spaces which are not derived

from a scalar product. The most important one is L∞(Ω) := {f: Ω → R:
f is Lebesgue measurable ∧ ess sup f <∞} with the corresponding norm for
f ∈ L∞(Ω)

‖f‖L∞(Ω) := ess sup f.

Then we define the following Sobolev norm

‖f‖W 1,∞(Ω) := max
|α|≤1

‖∂αf‖L∞(Ω),

andW 1,∞(Ω) is again the Banach space completion with respect to this norm.
This space comprises all functions with bounded first derivatives.
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We further introduce the following spaces of vector functions, which are
natural generalizations of the scalar spaces. Here, we only present the ap-
propriate norms. Then, the Banach spaces can be defined by appropriate
Banach space completions. For f = (f1, f2, . . . , fd)

T ∈ [L2(Ω)]d we define

‖f‖0,Ω :=
(
‖f1‖2

0,Ω + ‖f2‖2
0,Ω + . . .+ ‖fd‖2

0,Ω

) 1
2 ,

for f = (f1, f2, . . . , fd)
T ∈ [Hs(Ω)]d we define

‖f‖s,Ω :=
(
‖f1‖2

s,Ω + ‖f2‖2
s,Ω + . . .+ ‖fd‖2

s,Ω

) 1
2 ,

for f = (f1, f2, . . . , fd)
T ∈ [L∞(Ω)]d we define

‖f‖L∞(Ω) := max
1≤k≤d

‖fk‖L∞(Ω),

and finally for f = (f1, f2, . . . , fd)
T ∈ [W 1,∞(Ω)]d we define

‖f‖W 1,∞(Ω) := max
1≤k≤d

‖fk‖W 1,∞(Ω).

The most important Sobolev spaces in this thesis will be denoted by the
following short abbreviations:

V := H1
0 (Ω),

V d := [H1
0 (Ω)]d,

Q := L2
0(Ω),

V0 := {v ∈ V d: ∇ · v = 0},
V1 := {v ∈ V d: ∇× v = 0}.

(2.1)

Here, we note that the notations in Chapter 3 slightly differ from the rest of
the dissertation. For example, in Chapter 3, which is devoted to the general
theory of mixed methods, the space V corresponds to the space V0 in (2.1).

Besides the usual L2 scalar product, we will often use the following scalar
product for all u,v ∈ V d

(∇u,∇v) = (∇ · u,∇ · v) + (∇× u,∇× v) (2.2)

[54]. Then for arbitrary vector spaces U,W ⊂ V d, U ⊂ W, we denote the
orthogonal complement of U w.r.t. the scalar product in (2.2) and w.r.t. W
by

U⊥1 := {v ∈ W ⊂ V d: (∇v,∇u) = 0 for all u ∈ U}. (2.3)
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Further, orthogonal complementarity of two subspaces U1,U2 ⊂ W w.r.t.
the scalar product (2.2) and to W will be abbreviated by

U1 ⊕1 U2 = W.

Usually, it will be clear from the context from which space the orthogonal
complement is built. Now we can introduce a further important Sobolev
space by taking the orthogonal complement with respect to V d

Vβ := (V0 ⊕1 V1)
⊥1 . (2.4)

Then we trivially have the following orthogonal decomposition of V d into a
direct sum of three subspaces:

V d = V0 ⊕1 V1 ⊕1 Vβ. (2.5)

Further in this thesis we sometimes work with the space of continuous
functions, which is denoted by C0(Ω), as usual.

In Chapter 3, we will also use the space L(X;Y ) of bounded linear oper-
ators, i.e., let X and Y be normed vector spaces and let T ∈ L(X, Y ) be a
linear operator T: X → Y . Then it holds for all x ∈ X that

‖Tx‖Y ≤ C‖x‖X ,

with C a constant. Introducing the operator norm

‖T‖L(X,Y ) = sup
x∈X,x 6=0

‖Tx‖Y

‖x‖X

, (2.6)

we see that L(X;Y ) is also a normed vector space [75].
Next, we introduce the Poincaré inequality, and an appropriate Poincaré

constant CF > 0, which is dependent on the underlying domain Ω. With CF

given, we have for all v ∈ V , and for all u ∈ V d the following two inequalities

‖v‖0,Ω ≤ CF‖∇v‖0,Ω,

‖u‖0,Ω ≤ CF‖∇u‖0,Ω.
(2.7)

For more see [2, 16, 90].
Finally, we note that in Chapter 8 we will use the space L2((0, T );H1

0 (Ω))
of Bochner-integrable functions, with the norm

‖c‖L2((0,T );H1
0 (Ω))

{∫ T

0

[∫
Ω

|c|21,Ωdx

]} 1
2

, (2.8)

for c ∈ L2((0, T );H1
0 (Ω)).
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2.2 Nonstationary Navier-Stokes Equation

We look for weak solutions (u(x, t), p(x, t)), (x, t) ∈ Ω×(0, T ), of the nonsta-
tionary incompressible and isothermal Navier-Stokes equation on polyhedral
domains Ω ⊂ Rd, d ∈ {2, 3} in appropriate function spaces

ut − ν∆u + (u · ∇)u +∇p = f (x, t) ∈ Ω× (0, T ),

∇ · u = 0 (x, t) ∈ Ω× (0, T ), (2.9)

u = 0 (x, t) ∈ ∂Ω× (0, T ),

u(x, 0) = u0(x) x ∈ Ω.

The incompressible Navier-Stokes equation describes the time evolution of
a velocity distribution u within an incompressible fluid. The first equation
models the conservation of momentum. Here, ut is the acceleration of the
fluid, ν∆u models friction within the fluid, (u · ∇)u models the inertial fic-
titious forces due to the choice of the coordinate system, ∇p is the pressure
gradient within the fluid and f are the given exterior forces. The second
equation enforces the mass conservation of the fluid. We remark that in the
incompressible Navier-Stokes model the pressure p is just the corresponding
Lagrange parameter for the incompressibility constraint. Further, it is as-
sumed that the problem above is properly scaled, i.e., a typical velocity U
for a given problem is chosen such that ‖U‖∞,Ω ≈ 1 holds, and a typical
length scale of the domain may also be O(1). We call Re := 1

ν
the Reynolds

number of the problem. In order to simplify the notation in the following,
we only treat the case of homogeneous Dirichlet boundary conditions. Then,
the pressure is determined only up to a constant, since in the Navier-Stokes
equation the pressure itself does not appear, only its gradient ∇p. Therefore,
we can postulate that the pressure may have a zero average, i.e.,

∫
Ω
pdx = 0.

Sometimes, we also look for stationary solutions of the incompressible
Navier-Stokes equation fulfilling ut = 0:

−ν∆u + (u · ∇)u +∇p = f x ∈ Ω,

∇ · u = 0 x ∈ Ω, (2.10)

u = 0 x ∈ ∂Ω.

Such solutions exist, whenever the exterior forces f(x, t) ∈ (H−1)d(Ω) do
not depend on time [112]. For appropriately small Reynolds numbers such
stationary solutions are unique and can also be approximated from nonsta-
tionary computations by computing the limit t→∞.

Different time discretization schemes are proposed in the literature, in or-
der to efficiently approximate the nonstationary incompressible Navier-Stokes
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equation, and to reduce this nonlinear problem to a sequence of linearized
subproblems. Here, we only want to mention the semi-implicit operator
splitting scheme introduced by Glowinski [21], and fully implicit time step-
ping schemes, which have to solve in each time step a sequence of linearized
Navier-Stokes problems [33].

The Glowinski fractional θ step scheme is an operator splitting scheme,
which treats two main difficulties of the incompressible Navier-Stokes equa-
tion in two decoupled parts of the discretization algorithm. These main
difficulties are the nonlinearity and the incompressibility condition. The
Glowinski fractional θ scheme has been successfully implemented in the soft-
ware Navier [5] and has been applied to several problems in practice [7, 8].
In the following it is briefly sketched. The time interval [0, T ] is divided into
n time steps tk. Assuming that a discrete solution tk with 0 ≤ k < n is given
we explain how to compute a new approximation tk+1. Defining τ := tk+1−tk
and θ = 1−

√
2

2
≈ 0.2929 the interval [tk, tk+1] is subdivided into three subin-

tervals [tk, tk + θτ ], [tk + θτ, tk + (1 − θ)τ ], [tk + (1 − θ)τ, tk+1]. Then, one
has to choose two parameters α and β with α + β = 1 and α > 1

2
. The

θ scheme time discretization for (2.9) in the time interval [tk, tk+1] is then:
find uk+θ : Ω → Rd, uk+1−θ : Ω → Rd, uk+1 : Ω → Rd and pk+θ : Ω → R ,
pk+1: Ω → R with

uk+θ − uk

θτ
− αν∆uk+θ +∇pk+θ = fk+θ + βν∆uk − (uk · ∇)uk x ∈ Ω,

∇ · uk+θ = 0 x ∈ Ω,
(2.11)

uk+θ = 0 x ∈ ∂Ω.

uk+1−θ − uk+θ

(1− 2θ)τ

−βν∆uk+1−θ + (uk+1−θ · ∇)uk+1−θ = fk+1−θ + αν∆uk+θ −∇pk+θ

x ∈ Ω, (2.12)

uk+1−θ = 0 x ∈ ∂Ω.

uk+1 − uk+1−θ

θτ
− αν∆uk+1 +∇pk+1 = fk+1 + βν∆uk+1−θ

− (uk+1−θ · ∇)uk+1−θ x ∈ Ω,

∇ · uk+1 = 0 x ∈ Ω,
(2.13)

uk+1 = 0 x ∈ ∂Ω.

12



Here, fk+θ, fk+1−θ and fk+1 represent the force vector f at times tk + θτ ,
tk + (1 − θ)τ and tk+1. The fractional θ scheme is sometimes called semi-
implicit. In the first and third step the pressure is treated implicitly, but the
convection term (u ·∇)u is treated explicitly. In the second step the pressure
is treated explicitly, but the nonlinearity is treated implicitly. Treating the
pressure explicitly means violating the incompressibility constraint, of course.
But this is fixed in the third step. Usually, the parameter α is chosen as α =
1−2θ
1−θ

. In Ref. [72] and Ref. [58] it is shown that this scheme has interesting
stability properties and converges with second order accuracy in time.

On the other hand the classical backward Euler scheme is paradigmatic
for a fully implicit time stepping method. With the same notations as above
the discretization looks like: find (uk+1, pk+1) with

uk+1 − uk

τ
− ν∆uk+1 + (uk+1 · ∇)uk+1 +∇pk+1 = fk+1 x ∈ Ω,

∇ · uk+1 = 0 x ∈ Ω, (2.14)

uk+1 = 0 x ∈ ∂Ω.

The backward Euler scheme is absolutely stable [99] and of first order accu-
racy in time. Obviously, in each time step a nonlinear equation has to be
solved due to the convection term (uk+1 ·∇)uk+1. Here, different linearization
schemes are possible, in order to iteratively solve the full nonlinear problem.
Such schemes yield a sequence of approximations um

k+1 converging to uk+1

for m → ∞. In this thesis, the focus is on the Oseen linearization [33]
(un+1

k+1 · ∇)un+1
k+1 ≈ (un

k+1 · ∇)un+1
k+1 . Then, only first order convergence of the

iterates is achieved, but in practice this scheme is quite successful, since its
domain of convergence is quite large and the assembling step for the system
matrices is rather cheap [62]. The linear equation solved in each step of the
iteration process looks like:

um+1
k+1 − uk

τ
− ν∆um+1

k+1 + (um
k+1 · ∇)um+1

k+1 +∇pm+1
k+1 = fk+1 x ∈ Ω,

∇ · um+1
k+1 = 0 x ∈ Ω, (2.15)

um+1
k+1 = 0 x ∈ ∂Ω.

In an nonstationary problem, u0
k+1 := uk is a good initial value for the non-

linear iteration and convergence is ensured provided τ is small enough [70].
It should be mentioned that the Oseen linearization is also applicable in sta-
tionary problems, when ut drops out from the equation. The corresponding
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nonlinear iteration reads as

−ν∆um+1 + (um · ∇)um+1 +∇pm+1 = f x ∈ Ω,

∇ · um+1 = 0 x ∈ Ω, (2.16)

um+1 = 0 x ∈ ∂Ω.

Then, finding a good initial value is more difficult, although an open domain
of convergence always exists [70]. But for small enough Reynolds numbers,
the solution of the corresponding Stokes problem will work. Indeed, defining
Γ∗ as the smallest constant which fulfills

((z · ∇)u,v) ≤ Γ∗‖∇z‖0,Ω‖∇u‖0,Ω‖∇v‖0,Ω

for all z,u,v ∈ V d, see [54], and defining ‖f‖∗ as

‖f‖∗ := sup
v∈V0(Ω),∇v 6=0

(f ,v)

‖∇v‖0,Ω

,

then a sufficient condition for uniqueness of solutions of the stationary Navier-
Stokes is known to be

‖f‖∗ ≤
ν2

Γ∗

[54]. Even more, under this uniqueness assumption we can conclude global
convergence of the Oseen iteration, i.e., the nonlinear iteration converges
with every starting velocity u0 fulfilling the boundary conditions [70].

For computing stationary Navier-Stokes solutions at high Reynolds num-
bers, we can solve a sequence of stationary Navier-Stokes problems with
growing Reynolds numbers, by using solutions at a lower Reynolds number
as initial values for problems with a higher Reynolds number.

2.3 Oseen Equation

The Oseen problem is the classical model problem for the analysis of mixed
finite element methods for the incompressible Navier-Stokes equation and
will therefore be a focus of our attention in this thesis. Here, we look for
solutions u(x) and p(x) of the following partial differential equation in the
domain Ω ⊂ Rd, with d ∈ {2, 3}:

−ν∆u + (a · ∇)u + αu +∇p = f x ∈ Ω,

−∇ · u = 0 x ∈ Ω, (2.17)

u = 0 x ∈ ∂Ω.
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This problem comprises the two subproblems of a Navier-Stokes time dis-
cretization, namely the time discretization itself and the linearization as
described in (2.15) and (2.16). Here, u(x) denotes a velocity field in an
incompressible fluid, and p denotes a pressure. When investigating the sta-
tionary Navier-Stokes subproblem (2.16) we will have α = 0, otherwise in the
nonstationary case (2.15) we would have α = 1

τ
. The velocity flow field a(x)

replaces um
k+1 in (2.15), and um in (2.16). Since the velocity field a(x) is al-

ways derived from a linearization process, we can assume that both ∇·a = 0
and a(x) = 0 for all x ∈ ∂Ω hold. Computing discrete Navier-Stokes ap-
proximations by a mixed finite element scheme leads to discrete nonlinear
iterations, too. Therefore, we can further assume that a(x) is given by a
discrete finite element function with bounded derivatives. Moreover, the
generalized Stokes equation arising in (2.11) and (2.13) within the fractional
θ scheme can be modeled by a ≡ 0 and α = 1

τ
. Again, the pressure is only

determined up to a constant, and we arbitrarily force the pressure to fulfill∫
Ω
pdx = 0.
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Chapter 3

Mixed Problems

The Oseen equation can be analyzed in the context of mixed methods. In
particular, the role of the celebrated inf-sup condition for establishing ex-
istence and uniqueness of solutions for mixed problems can be worked out
nicely in a fully abstract problem setting. This framework of mixed methods
is especially important when we discuss discretization methods for the Oseen
equation.

In this chapter the notation slightly differs from the rest of the dissertation
and follows closely the presentation in Ref. [54].

3.1 Abstract Problem

Let X and M be two real Hilbert spaces with norms ‖.‖X and ‖.‖M respec-
tively. Let X ′ and M ′ be their corresponding dual spaces and let ‖.‖′X and
‖.‖′M denote their dual norms. As usual, we denote by < ., . > the duality
pairing between the spaces X and X ′ or M and M ′.

We introduce the two bilinear continuous forms

a(., .) : X ×M → R, b(., .) : X ×M → R,

with norms

‖a‖ = sup
u,v∈X,u,v 6=0

a(u, v)

‖u‖X‖v‖X

, ‖b‖ = sup
v∈X,µ∈M,v 6=0,µ 6=0

b(v, µ)

‖v‖X‖µ‖X

.

Then we consider the following variational problem, called Problem (Q):
Given l ∈ X ′, find a pair (u, λ) ∈ X ×M such that

a(u, v) + b(v, µ) =<l, v>, for all v ∈ X,

b(u, µ) = 0, for all µ ∈M.
(3.1)
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Now we associate with the bilinear forms a(., .) and b(., .) two linear operators
A ∈ L(X;X ′) and B ∈ L(X;M ′) defined by

<Au, v> = a(u, v) for all u, v ∈ X,
<Bv, µ> = b(v, µ) for all v ∈ X, µ ∈M.

(3.2)

Let B′ ∈ L(M ;X ′) be the dual operator of B, i.e.,

<B′µ, v>=<µ,Bv>= b(v, µ) for all v ∈ X, µ ∈M. (3.3)

It can be readily verified that

‖A‖L(X;X′) = ‖a‖, ‖B‖L(X;M ′) = ‖b‖.

With these operators (3.1) may be equivalently written in the form: Find
(u, λ) ∈ X ×M satisfying

Au+B′λ = l, in X ′,

Bu = 0 in M ′.

Now we introduce the linear operator Φ ∈ L(X ×M ;X ′ ×M ′) defined by

Φ(v, µ) = (Av +B′µ,Bv).

Then we shall say that (3.1) is well-posed if Φ is an isomorphism from X×M
onto X ′ ×M ′. Our purpose is to state necessary and sufficient conditions
for (3.1) to be well-posed.

Therefore, we set
V = Ker(B). (3.4)

The continuity of the operator B implies that V is a closed subspace of X.
We associate the following problem, called Problem (P), with (3.1): Find

u ∈ V such that
a(u, v) =<l, v> for all v ∈ V . (3.5)

Clearly, if (u, λ) ∈ X×M is a solution of (3.1), then u ∈ V and u is a solution
of (3.5), i.e., u is solution of (3.5). The question is now, what are suitable
conditions ensuring the converse of this statement? For this, we define the
polar set V 0 of V by

V 0 = {g ∈ X ′ :<g, v>= 0 for all v ∈ V }.

Now we can state the following important result.

Lemma 3.1. The three following properties are equivalent:
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1. there exists a constant β > 0 such that

inf
0 6=µ∈M

sup
0 6=v∈X

b(v, µ)

‖v‖X‖µ‖M

≥ β; (3.6)

2. the operator B′ is an isomorphism from M onto V 0 and

‖B′µ‖X′ ≥ β‖µ‖M for all µ ∈M ; (3.7)

3. the operator B is an isomorphism from V ⊥ onto M ′ and

‖Bv‖M ′ ≥ β‖v‖X for all v ∈ V ⊥. (3.8)

Proof. The proof is given by Ref. [54].

Theorem 3.1 (Well-Posedness of Mixed Problems). Assume that the bilinear
form a(., .) is V -elliptic, i.e., there exists a constant α > 0 such that

a(v, v) ≥ α‖v‖2
X v ∈ V. (3.9)

Then, the Problem (Q) in (3.1) is well-posed if and only if the bilinear form
b(., .) satisfies the inf-sup condition (3.6).

Proof. For the proof see Ref. [54].

3.2 Approximation of Mixed Problems

This section is devoted to the approximation of abstract mixed problems
stated in the previous section. We keep the same notation here, and we
further assume that the conditions of Theorem 3.1 are fulfilled. Our pre-
sentation slightly varies from that of Ref. [54], since their results are more
general than ours.

Let h now denote a discretization parameter tending to zero and, for each
h, let Xh and Mh be two finite-dimensional spaces such that

Xh ⊂ X, Mh ⊂M.

Let X ′
h and M ′

h denote their dual spaces with the dual norm

‖lh‖X′
h

= sup
06=vh∈Xh

<lh, vh>

‖vh‖X

,
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for all lh ∈ X ′
h. Further, for all l ∈ X ′ it holds

‖l‖X′
h
≤ ‖l‖X′ .

As in the continuous case, we associate with a(., .) and b(., .) the operators
Ah ∈ L(X;X ′

h), Bh ∈ L(X;M ′
h), and B′

h ∈ L(M,X ′
h) defined by

<Ahu, vh> = a(u, vh) for all vh ∈ Xh, u ∈ X,

<Bhv, µh> = b(v, µh) for all µh ∈Mh, v ∈ X,

<vh, B
′
hµ> = b(vh, µ) for all vh ∈ Xh, µ ∈M.

(3.10)

Here, B′
h is not the dual operator of Bh. But if Bh is restricted to Xh and B′

h

to Mh then Bh and B′
h are again dual operators. In addition, we obviously

have
‖Bhv‖M ′

h
≤ ‖Bv‖M ′ for all v ∈ X

with similar inequalities for ‖Ahv‖X′
h

and ‖B′
hµ‖X′

h
.

Now, we define the finite-dimensional analogue to (3.4)

Vh = Ker(Bh) ∩Xh = {vh ∈ Xh: b(vh, µh) = 0 for all µh ∈Mh}. (3.11)

We remark that generally Vh 6⊂ V , because Mh is a proper subspace of M .
Now we approximate Problem (Q) in (3.1) by Problem (Qh):

find (uh, λh) ∈ Xh ×Mh satisfying

a(uh, vh) + b(vh, λh) =<l, vh> for all vh ∈ Xh,

b(uh, µh) = 0 for all µh ∈Mh,
(3.12)

and we associate with (Qh) the following Problem (Ph): find uh ∈ Vh such
that

a(uh, vh) =<l, vh> for all vh ∈ Vh. (3.13)

As Vh 6⊂ V , (3.13) may be viewed as an external approximation of (3.5), we
make the following definition:

Definition 3.1 (Interior/Exterior Mixed Approximations). The mixed ap-
proximation scheme Problem Qh in (3.12) for Problem Q in (3.1), with Xh ⊂
X, Mh ⊂ M , with Ah ∈ L(X;X ′

h), Bh ∈ L(X;M ′
h), and B′

h ∈ L(M,X ′
h) as

defined in (3.10) will be called an interior mixed approximation, when we
have Vh ⊂ V . In case of Vh 6⊂ V , the scheme will be called exterior.

Here, again, the first component uh of any solution (uh, λh) of (3.12) is
also a solution of (3.13). The converse is part of the following theorem.

In order to prepare this theorem, we introduce two different conditions,
which are important for the approximation theory of mixed problems:

19



1. There exists a constant α∗ > 0 such that

a(vh, vh) ≥ α∗‖vh‖X for all vh ∈ Vh. (3.14)

2. There exists a constant β∗ > 0 such that

sup
vh∈Xh,vh 6=0

b(vh, µh)

‖vh‖X

≥ β∗‖µh‖M for all µh ∈Mh. (3.15)

Now we can present the following general theorem:

Theorem 3.2. 1. Under condition (3.14) Problem (Ph) in (3.13) has a
unique solution uh ∈ Vh and there the following error estimate holds

‖u−uh‖X ≤
(

1 +
‖a‖
α∗

)
inf

wh∈Vh

‖u−wh‖X+
1

α∗
inf

µh∈Mh

sup
0 6=vh∈Vh

b(vh, λ− µh)

‖vh‖X

.

(3.16)

2. Now assume that conditions (3.14) and (3.15) hold. Then we have:

(a) Vh 6= ∅ and there exists a unique (uh, λh) ∈ Xh ×Mh such that
(uh, λh) is the only solution of Problem (Qh) in (3.12).

(b)

inf
wh∈Vh

‖u− wh‖X ≤
(

1 +
‖b‖
β∗

)
inf

vh∈Xh

‖u− vh‖X . (3.17)

(c) There exists a constant C1 depending only upon α∗, ‖a‖ and ‖b‖
such that

‖u−uh‖X+‖λ−λh‖M ≤C1

(
inf

vh∈Xh

‖u− vh‖X + inf
µh∈Mh

‖λ− µh‖M

)
.

(3.18)

Proof. First, we mention that Vh is not empty, since we have at least 0 ∈ Vh.
1.) As Vh is non-empty, and together with the ellipticity assumption (3.14)
we conclude from the Lax-Milgram lemma that (3.13) has a unique solution
uh ∈ Vh.

Now let wh be an arbitrary element of Vh. Then we introduce vh :=
uh − wh ∈ Vh and get

a(vh, vh) =<l, vh> −a(wh, vh). (3.19)

Since vh ∈ Xh, we can take v = vh in (3.1) and get

a(vh, vh) = a(u− wh, vh) + b(vh, λ).
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Moreover, since vh ∈ Vh, we have b(vh, µh) = 0 for all µh ∈Mh. Hence

a(vh, vh) = a(u− wh, vh) + b(vh, λ− µh) for all µh ∈Mh. (3.20)

Using (3.14), we get the inequality

‖vh‖X ≤ 1

α∗

(
‖a‖‖u− wh‖X + inf

µh∈Mh

sup
vh∈Vh,vh 6=0

b(vh, λ− µh)

‖vh‖X

)
. (3.21)

With the triangle inequality

‖u− uh‖X ≤ ‖u− wh‖X + ‖vh‖X

and (3.21) we easily get (3.16).
2.) Since Vh is not empty, there is a unique solution uh solving Problem Ph

in (3.13). From Theorem 3.1 it then follows that there also exists a unique
λh ∈ Mh such that the pair (uh, λh) is the only solution of Problem (Qh)
in (3.12).

For the following, we note that Bhu = 0. Now, let vh be an arbitrary
element of Xh. Lemma 3.1 assures that Bh is an isomorphism from V ⊥

h onto
M ′

h, and therefore there exists a unique zh ∈ V ⊥
h fulfilling

Bhzh = Bhvh = −Bh(u− vh)

with

‖zh‖X ≤ 1

β∗
‖Bh(u− vh)‖M ′

h
≤ 1

β∗
‖b‖‖u− vh‖X .

Thus, if we set wh = zh + vh, then we have for all µh ∈Mh

b(wh, µh) = b(u− vh, µh) + b(vh, µh) = 0,

and therefore wh ∈ Vh. Furthermore,

‖u− wh‖X ≤ ‖u− vh‖X + ‖zh‖X ≤
(

1 +
‖b‖
β∗

)
‖u− vh‖X .

For the proof of (3.18) we refer to Ref. [54], since the convergence properties
of µh are not in the centre of our interest.

Remark 3.1. Note that the quantity

inf
µh∈Mh

sup
vh∈Vh,vh 6=0

b(vh, λ− µh)

‖vh‖X

takes into account the fact that Vh 6⊂ V , and the expression vanishes when
Vh ⊂ V .
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Remark 3.2. We emphasize that (3.17) represents an important tool for
demonstrating the existence of interpolation operators πVh

: V → Vh with
optimal approximation properties. Indeed, assuming the existence of inter-
polation operators πXh

: X → Xh with optimal approximation properties, and
assuming that β∗ > 0 is bounded away from zero independent of the mesh
size h, the results holds.

3.3 Fortin Operator

The bilinear form a(., .) is Vh-elliptic as soon as a(vh, vh) > 0 for all 0 6=
vh ∈ Vh. Similarly, the bilinear form b(., .) satisfies the discrete inf-sup con-
dition (3.15) provided Ker(B′

h) ∩Mh = {0}. In general, both constant α∗

and β∗ depend upon h. Now, in order to derive optimal error bounds in
Theorem 3.2, both constants must be independent of h. In the context of
the Navier-Stokes equation the first postulate does not pose a problem, since
we investigate bilinear forms a(., .), which are elliptic on the entire space
X. On the other hand, the discrete inf-sup condition (3.15) acts as a uni-
form compatibility condition between Xh and Mh, and is much more delicate
to check. Introducing the Fortin operator establishes a useful criterion for
checking (3.15) [40]. Further, it is an interesting alternative for formulating
the inf-sup condition.

Lemma 3.2. The inf-sup condition (3.15) holds with a constant β∗ > 0 in-
dependent of h if and only if there exists the Fortin operator πF,h ∈ L(X;Xh)
satisfying

b(v − πF,h v, µh) = 0 for all v ∈ X,
‖πF,h v‖X ≤ C‖v‖X for all v ∈ X

(3.22)

with a constant C > 0 independent of h.

Proof. First, we assume that such an operator πF,h exists. Then, we have for
all µh ∈Mh

sup
vh∈Xh,vh 6=0

b(vh, µh)

‖vh‖X

≥ sup
v∈X,v 6=0

b(πF,h v, µh)

‖πF,h v‖X

= sup
v∈X,v 6=0

b(v, µh)

‖πF,h v‖X

.

Thus, (3.22) and (3.6) imply that

sup
vh∈Xh,vh 6=0

b(vh, µh)

‖vh‖X

≥ 1

C
sup

v∈X,v 6=0

b(v, µh)

‖v‖X

≥ β

C
‖µh‖M ,

and (3.15) follows with β∗ = β/C.
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Conversely, suppose that (3.15) holds with a constant β∗ > 0 independent
of h. Then, for each v ∈ X there exists a unique element πF,h v of V ⊥

h such
that

b(πF,h v, µh) = b(v, µh) for all µh ∈Mh

and

‖πF,h v‖X ≤ 1

β∗
‖Bhv‖M ′

h
≤ ‖b‖

β∗
‖v‖X .

Clearly, πF,h ∈ L(X;Xh) and satisfies (3.22) with C = ‖b‖/β∗.
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Chapter 4

Mixed Problems and Oseen
Equation

4.1 The Oseen Equation as a Mixed Problem

Now, we can present the variational formulation of the Oseen equation. We
look for (u, p) ∈ V d ×Q such that

A[(u, p), (v, q)] = (f ,v), (4.1)

for all (v, q) ∈ V d ×Q, where

A[(u, p), (v, q)] := a(u,v) + b(p,v) + b(q,u)

a(u,v) := ν(∇u,∇v) + ((a · ∇)u,v) + α(u,v) (4.2)

b(p,v) := −(p,∇ · v).

Recalling explanations given above about the Navier-Stokes equation, we
further assume a ∈ V0 ∩ [W 1,∞(Ω)]d, p ∈ Q, and f ∈ [L2(Ω)]d. The problem
posed in (4.1) is the analogue of (3.1) in Chapter 3, in a slightly different
representation.

Sometimes, we will also investigate the following elliptic Oseen problem
for the velocities alone: find u ∈ V0 such that

a(u,v) = (f ,v), (4.3)

for all v ∈ V0. Here the bilinear form a(., .) is elliptic, since ((a · ∇)u,u)
vanishes due to ∇ · a = 0.

Problem (4.3) is the analogue of (3.5). In particular, V0 corresponds to V
in Chapter 3. Therefore, there exists an unique u ∈ V0 fulfilling the elliptic
Oseen equation (4.3) for the velocities.
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The weak form of the problem (2.17) is formally derived by multiplying
the momentum equation with a test function v ∈ [C∞

0 (Ω)]d and a subsequent
integration of the momentum equation over the entire domain Ω. Assuming
u ∈ [C∞

0 (Ω)]d and p ∈ C∞(Ω) we may apply standard rules for integration
and differentiation and obtain all the terms in (4.1) and (4.2) connected with
v. Multiplying the continuity equation by q ∈ C∞

0 (Ω) and a subsequent
integration over the entire domain Ω yields the terms in (4.1) and (4.2)
connected with q.

The notations a(., .) and b(., .) are chosen in order to clarify the connection
between the Oseen equation and general mixed methods, as presented in
Section 3.1.

4.2 Inf-Sup Constant, Div-Stability and Vel-

te Decomposition

In Chapter 3, we encountered the inf-sup constant in (3.6). In the context of
the Stokes and the Navier-Stokes equations the corresponding inf-sup con-
stant is the famous Ladyzhenskaja constant, which is given by

β := inf
0 6=q∈Q

sup
v∈V d\{0}

(q,∇ · v)

‖q‖0,Ω|v|1,Ω

. (4.4)

See Refs. [54] and [57]. Due to (2.2), we have

‖∇ · v‖0,Ω ≤ ‖∇v‖0,Ω (4.5)

for all v ∈ V d, and we conclude using the Cauchy-Schwarz inequality that
we have at least 0 ≤ β ≤ 1. For polyhedral domains this inf-sup constant
is positive [54, 85]. The constant is only dependent on the shape of the
domain Ω, since linear transformations like stretching and rotation of Ω do
not change its value [30].

In Section 3.1, we stated that (3.6) is equivalent to (3.8). Here, this
can be understood in the sense that the operator div: V1 ⊕1 Vβ → Q is a
topological isomorphism. More precisely, for div ∈ L(V1 ⊕1 Vβ;Q) we have
‖div‖L(V1⊕1Vβ ;Q) ≤ 1 due to (4.5). Further, for the inverse operator we have

div−1 ∈ L(Q;V1 ⊕1 Vβ) with

‖div−1‖L(Q;V1⊕1Vβ) ≤ 1/β,

which can be derived from (4.4). Sometimes this continuous invertibility of
the divergence operator is called div-stability [57]. We especially want to
emphasize that div: V d → Q is surjective.
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The exact value of β is known only for a few types of domains, e.g., the
circle and the sphere in two and three dimensions [71]. Analytically, it can
be computed from the following generalized eigenvalue problem. Search for
eigenvalues λ ∈ R and corresponding eigenvectors u ∈ V d such that

(∇ · u,∇ · v) = λ(∇u,∇v),

= λ(∇ · u,∇ · v) + λ(rotu, rotv),
(4.6)

holds for all v ∈ V d. Obviously, we have λ ∈ [0, 1]. The eigenvalue problem
is directly connected with the Velte decomposition of the space V d

V d = V0 ⊕1 V1 ⊕1 Vβ, (4.7)

known from (2.5), and investigated previously in [115].
Defining the eigenspaces for (4.6) by

Eigλ(Ω) = {u ∈ V d: λ(∇u,∇v) = (∇ · u,∇ · v) for all v ∈ V d},

we recognize that V0 and V1 can be regarded as two eigenspaces

Eig0(Ω) = Ker(div) = V0,

Eig1(Ω) = Ker(rot) = V1.
(4.8)

Moreover, it can also be shown that the space Vβ possesses a basis made up
from eigenvectors of (4.6). Defining

Λβ = {λ ∈ R: ∃v∈Vβ
: (∇ · v,∇ ·w) = λ(∇v,∇w) for all w ∈ Vβ },

we finally have
β = inf

λ∈Λβ

√
λ. (4.9)

For more see [115, 71].

4.3 Existence and Uniqueness for the Oseen

Equation

In this section, we show that the weak formulation of the Oseen problem in
(4.1) and (4.2) leads to a well-posed problem.

Theorem 4.1 (H1). The Oseen problem in a polyhedral domain Ω is well-
posed, i.e., for f ∈ [L2(Ω)]d there exists a solution (u, p) ∈ V d × Q fulfilling
(4.1). Moreover, this solution is unique and we have the following continuous
dependence on the problem data f

ν‖∇u‖0,Ω + α‖u‖0,Ω ≤ C‖f‖0,Ω,

‖p‖0,Ω ≤ C‖f‖0,Ω.
(4.10)
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Proof. In Section 4.2, we stated that in a polyhedral domain, there exists
a positive inf-sup constant β > 0. Further, the corresponding bilinear form
a(., .) in (4.2) is elliptic; see the remarks on (4.3). Together with Theorem
3.1 this proves the well-posedness of the Oseen equation.

Testing by u ∈ V0 directly delivers the above estimate ν‖∇u‖0,Ω +
α‖u‖0,Ω ≤ C‖f‖0,Ω by an application of the Cauchy-Schwarz and the Poincaré
inequalities. The pressure term b(u, p) drops out, since u ∈ V0.

For the pressure p, we now have

−(p,∇ · v) = b(p,v) = (f ,v)− a(u,v) (4.11)

for all v ∈ V d. Again, due to the inf-sup condition, we can test with v := vp,
vp ∈ V1 ⊕1 Vβ with −∇ · vp = p and

β|vp|1,Ω ≤ ‖p‖0,Ω. (4.12)

Then, we obtain

‖p‖2
0,Ω ≤ C (‖f‖0,Ω + ν‖∇u‖0,Ω + α‖u‖0,Ω) ‖p‖0,Ω,

where we used (4.12), the Cauchy-Schwarz and the Poincaré inequalities.

Remark 4.1. This theorem proves the first of five crucial Theorems (H1)–
(H5), which will be necessary for the multi-grid approach in Chapter 7.

4.4 H2 Regularity for the Generalized Stokes

Equation

For special domains Ω and special problem data f , it is possible to gain better
regularity results than only (u, p) ∈ V d ×Q. This is especially important in
standard multi-grid proofs, where commonly the Aubin-Nitsche argument is
used [16, 34]. In the multi-grid part of this thesis for the generalized Stokes
problem, we make such a regularity assumption on the problem domain:

Theorem 4.2. The unique solution (u, p) ∈ V d × Q of the Oseen problem
(4.1) with a ≡ 0 has the additional regularity (u, p) ∈ [H2(Ω)]d × H1(Ω),
whenever f ∈ L2(Ω) and Ω is a convex domain in the plane. Moreover, the
following estimate holds:

ν|u|2,Ω ≤ C‖f‖0,Ω.

Proof. For the proof see Ref. [56].
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Chapter 5

Conforming Mixed Finite
Elements for the Oseen
Equation

5.1 An Introductory Note on Mixed Finite

Element Methods

Finite element methods are well-established and rather generally applicable
discretization schemes. They have been applied to a wide range of elliptic,
parabolic and even hyperbolic partial differential equations [34]. Among
their many advantages, there is the elegant way to formulate a discretization
method, whenever the problem can be written as a variational problem. The
finite element discretization consists of a finite dimensional approximation,
i.e., the continuous solution of a partial differential equation is approximated
by functions from a finite dimensional trial space, and the variational form
is tested by functions from a finite dimensional test space. The method is
especially easy to formulate when the trial and test spaces coincide, and when
they are subspaces of their continuous counterparts. Such methods are called
conforming mixed finite element methods.

The simplest way for the formulation of a conforming mixed finite element
method is the Galerkin method. Here, the discrete bilinear forms ah(., .) and
bh(., .) are just the restrictions of the continuous bilinear forms a(., .) and
b(., .) to the conforming discrete spaces. The Galerkin method has the addi-
tional nice property that many mathematical results valid for the continuous
problem carry over to the discrete problem as well, without any change in
the arguments used.

Further, the abstract approximation theory for mixed problems in Sec-
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tions 3.2 and 3.3 is applicable to the conforming Galerkin method, and this
analysis is sufficient to understand the behavior of such conforming Galerkin
methods.

But despite the simplicity and elegance of conforming Galerkin mixed
finite element discretizations, many problems can occur in practice, when
the method is applied to the Oseen equation, and the abstract analysis in
Sections 3.2 and 3.3 predicts these problems in a correct manner.

5.2 Simplicial Lagrangian Finite Elements

In this section, we introduce conforming mixed finite element methods for the
Oseen equation, which are based on simplicial Lagrangian finite elements.

5.2.1 Regular Triangulations

First, we explain what an admissible finite element triangulation is.

Definition 5.1 (Finite Element Triangulation). Let Th = {T1, . . . , TM} be
a partition of the domain Ω built up from closed simplices Ti. We call this
partition a “triangulation”, when it fulfills the following requirements:

1. Ω̄ =
⋃M

i=1 Ti.

2. If Ti ∩ Tj with i, j ∈ {1, . . . ,M} consists of exactly one point, then this
is a common corner point of Ti as well as of Tj.

3. If Ti ∩ Tj with i, j ∈ {1, . . . ,M} and i 6= j consists of more than one
point, then Ti ∩ Tj is a common edge or a common face of Ti as well
as Tj.

For each simplex T ∈ Th, we denote hT as the diameter of the simplex,
and ρT as the largest inscribed ball in T . Then, for any triangulation Th, we
will call

h = max
T∈Th

hT

the mesh size of the triangulation. In the following, we will only investigate
finite element discretizations on meshes, which fulfill the following regularity
definition:

Definition 5.2 (Finite Element Mesh Regularity). A finite element trian-
gulation is called “regular”, when for all simplices T ∈ Th it holds

hT

ρT

< σ,
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with σ a fixed constant. Whenever we investigate an entire family of trian-
gulations (Th)h>0 we will further assume that the constant σ is independent
of the mesh size h. Then, the family of triangulation is called quasi-uniform
[16, 74].

5.2.2 Some Lagrangian Finite Elements

Now, we introduce a reference element T̂ , which is the convex hull of the
d + 1 points x̂0 := 0, x̂1 := e1, x̂2 := e2, . . . , x̂d := ed. Here, ei denotes the
i-th unit vector in the standard Cartesian coordinate system, e.g., in R3 we
have e1 = (1, 0, 0). Then we can define the finite element space Pk on T̂ as
the vector space of all polynomials with order at most k, k ∈ N0

Pk(T̂ ) := {p : T̂ → R : p(x) =
∑
|α|≤k

aαx
α}

[16, 26]. Here xα = xα1
1 x

α2
2 · . . . · xαd

d where α = (α1, α2, . . . , αd) is a multi-
index. Then we have

dimPk(T̂ ) =

(
k + d
k

)
[34]. For k ≥ 1 we define the fundamental grid of order k by

Fk(T̂ ) := {1

k
α : α = (α1, α2, . . . , αd) ∧ |α| ≤ k}. (5.1)

From the definition of Pk(T̂ ) and Fk(T̂ ) we can conclude at once that it holds

|Fk(T̂ )| = dimPk(T̂ ) =

(
k + d
k

)
.

We now define the nodal linear forms on the finite element space Pk(T̂ ) by

Nk(T̂ ) := {nx̂i
: Pk(T̂ ) → R : x̂i ∈ Fk(T̂ ), p ∈ Pk(T̂ ), nx̂i

(p) = p(x̂i)}. (5.2)

Classical finite element theory assures that Nk(T̂ ) is linearly independent.
Moreover, we can find a basis Bk(T̂ ) in Pk(T̂ ) that for all px̂j

∈ Pk(T̂ ) and

for all nx̂i
∈ Nk(T̂ ) we have

nx̂i
(px̂j

) = δij (5.3)

[26]. Therefore, the linear nodal forms from Nk(T̂ ) are often called the de-
grees of freedom of T̂ .
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In the special case k = 0 we define

F0(T̂ ) :=

{(
1

d+ 1
, . . . ,

1

d+ 1

)}
and

N0(T̂ ) :=

{
n0: P0(T̂ ) → R : p ∈ P0(T̂ ), n0(p) = p

(
1

d+ 1
, . . . ,

1

d+ 1

)}
.

Defining finite element spaces on an arbitrary simplex T ∈ Th is now possible
by an invertible affine transformation from the reference simplex T̂ onto T .
Denoting the vertices of T by a0, a1, . . . , ad we obtain a unique characteri-
zation of this affine transformation by

FT : T̂ → T,

FT (x̂0) = a0,

FT (x̂1) = a1,

. . .

FT (x̂d) = ad.

(5.4)

Then the finite element space Pk(T ) is defined for k ∈ N0 as

Pk(T ) := {p : T → R : p = p̂ ◦ F−1
T , p̂ ∈ Pk(T̂ )},

and the corresponding linear nodal forms are

Nk(T ) := {n : Pk(T ) → R : x̂i ∈ Fk(T̂ ), n(p) = p(FT (x̂i))}.

Finally, we introduce the classical Lagrangian finite elements Pk(Th) for k ∈ N
on regular triangulations Th by

Pk(Th) := {f : Ω → R : f ∈ C0(Ω),∀T∈Th
: f|T ∈ Pk(T )}. (5.5)

Pk(Th) consists of continuous functions, which are piecewise polynomial of
order at most k.

In this dissertation we also use the discontinuous counterpart P−k(Th) for
k ∈ N0, which is also piecewise polynomial, but possibly discontinuous over
simplex faces:

P−k(Th) := {f : Ω → R : f ∈ L2(Ω),∀T∈Th
: f|Ṫ ∈ Pk(T )}. (5.6)

Here we denote by Ṫ the interior of the set T in the topological sense.

Definition 5.3 (Finite Element Spaces Pk). For regular triangulations Th

in the sense of Definition 5.2 we will use in the following the short notation
Pk for Pk(Th), k ∈ Z. Likewise, Pk will mean both the scalar finite element
space Pk(Th) and the vector finite element space [Pk(Th)]

d, depending on the
context.
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5.2.3 Optimal Approximation Order

Finally, we define the concept of an optimal approximation order of a finite
element space Pk with k ∈ Z.

Definition 5.4 (Optimal Approximation Order). The finite element spaces
Pk with k ∈ N fulfill the following property [16]: for all v ∈ V ∩Hr(Ω), we
have

inf
vh∈Pk

‖∇v −∇vh‖0,Ω ≤ Chtu |v|tu+1,Ω,

inf
vh∈Pk

‖v − vh‖0,Ω ≤ Chtu+1|v|tu+1,Ω,
(5.7)

with C a constant and tu = min(r − 1, k). The corresponding results also
hold for the vector finite element spaces Pk.

Similarly, the following property holds for the scalar finite element spaces
P−l with l ∈ N0: for all q ∈ Q ∩Hs(Ω), we have

inf
qh∈P−l

‖q − qh‖0,Ω ≤ Chtp |v|tp,Ω, (5.8)

with C a constant and tp = min(s, l).
Finite element spaces Pk fulfilling estimates similar to (5.7) and (5.8)

with the same approximation orders htu and htp, are called finite element
spaces with optimal approximation order.

5.3 Conforming Galerkin Mixed Finite Ele-

ments for the Oseen Equation

With all the necessary definitions at hand, we introduce Galerkin discretiza-
tions for the Oseen problem.

5.3.1 Discrete Inf-Sup Theory

In a Galerkin finite element discretization we choose appropriate finite el-
ement spaces [Vh]

d ⊂ V d for the velocities and Qh ⊂ Q for the pressure,
and search for discrete solutions (uh, ph) ∈ [Vh]

d × Qh such that for all test
functions (vh, qh) ∈ [Vh]

d ×Qh it holds that

A[(uh, ph), (vh, qh)] = (f ,vh). (5.9)

We emphasize again that conforming mixed Galerkin finite elements for the
Oseen equation fit perfectly well in the framework for general mixed methods
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set up in Chapter 3. Therefore, in a straightforward manner we can apply
Theorem 3.2, devoted to the approximation theory for mixed problems. Then
(5.9) corresponds to Problem (Qh) in (3.12).

The equivalent to Problem (Ph) in (3.13) is posed in the following space
of discretely divergence-free functions:

V0,h := {vh ∈ [Vh]
d : ∀qh∈Qh

(∇ · vh, qh) = 0}. (5.10)

The space V0,h is the equivalent to the space Vh in Chapter 3. Then from
Theorem 3.2 the unique existence of uh ∈ V0,h fulfilling (5.9) follows at once,
since a: V0,h ×V0,h → R is elliptic, see Section 4.1.

But at first, nothing is guaranteed about the approximation properties of
uh ∈ V0,h, even if a sequence of velocity approximation spaces ([Vh]

d)h pos-
sesses optimal approximation properties. Optimal approximation properties
of a mixed method strongly depend on the special structure of the space
combination [Vh]

d ×Qh.
According to Section 3.2, this is reflected in the existence of a discrete

inf-sup constant given by

βh := inf
0 6=qh∈Qh

sup
vh∈[Vh]d\{0}

(qh,∇ · vh)

‖qh‖0,Ω|vh|1,Ω

, (5.11)

which is bounded away from zero for a sequence of discretizations ([Vh]
d ×

Qh)h. Here, βh in (5.11) is the equivalent to β∗ in Chapter 3. Moreover, it is
the discrete equivalent to (4.4). Therefore it is often called the discrete LBB
constant in the following. For basic information on βh, see also for instance
Refs. [54, 57].

With the exception of Subsection 5.4.1, we will only investigate mixed
finite element methods, where the inf-sup condition is fulfilled.

Under this assumption, from Lemma 3.1 and Theorem 3.2 follow the
following statements:

1. There exists a unique solution (uh, ph) fulfilling (5.9).

2. The discrete divergence operator is surjective. It is defined by divh :
[Vh]

d → Qh

divh(vh) = πh(∇ · vh) for all vh ∈ [Vh]
d, (5.12)

with πh : Q→ Qh the L2 projection from Q onto Qh.

3. The space of discretely divergence-free functions V0,h has optimal ap-
proximation properties w.r.t. V0, whenever [Vh]

d has optimal approxi-
mation properties w.r.t. V d, i.e., for all v ∈ V0, we have

inf
wh∈V0,h

‖∇v −∇wh‖0,Ω ≤ C inf
vh∈[Vh]d

‖∇v −∇vh‖0,Ω. (5.13)
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See Theorem 3.2 and Remark 3.2.

Only for the inequality (5.13) it is necessary that the inf-sup constant is
bounded away from zero for any mesh size h.

Now we apply the estimate (3.16) from Theorem 3.2 to (5.9), and ob-
tain a general estimate for various conforming Galerkin mixed finite element
methods for the Oseen equation

‖∇u−∇uh‖0,Ω ≤
C1

ν
inf

wh∈V0,h

‖∇u−∇wh‖0,Ω

+
C2

ν
inf

qh∈Qh

sup
06=vh∈V0,h

(p− qh,∇ · vh)

‖∇vh‖0,Ω

.
(5.14)

We emphasize the factors C1

ν
and C2

ν
in this estimate. For the generalized

Stokes equation with a ≡ 0, we obtain a significantly better estimate, since
C1

ν
is replaced by C1

‖∇u−∇uh‖0,Ω ≤ C1 inf
wh∈V0,h

‖∇u−∇wh‖0,Ω

+
C2

ν
inf

qh∈Qh

sup
06=vh∈V0,h

(p− qh,∇ · vh)

‖∇vh‖0,Ω

.
(5.15)

Now we can state a main theorem on LBB-stable conforming Galerkin mixed
finite elements for the Oseen and the generalized Stokes equation.

Theorem 5.1. Let Vh and Qh be Pk and Pl spaces in the sense of Definition
5.3 with k ∈ N and l ∈ Z such that [Vh]

d × Qh is discretely inf-sup stable.
Define Θ by

Θ :=

{
0 : V0,h ⊂ V0,
1 : V0,h 6⊂ V0.

Then if u ∈ [Hr(Ω)]d and p ∈ [Hs(Ω)]d we obtain the following two estimates
with tu = min(r − 1, k) and tp = min(s, l + 1).

1. For the Oseen equation it holds:

‖∇u−∇uh‖0,Ω ≤
C1

ν
htu |u|tu+1,Ω +

C2

ν
Θhtp |p|tp,Ω. (5.16)

2. For the Stokes equation it holds:

‖∇u−∇uh‖0,Ω ≤ C1h
tu |u|tu+1,Ω +

C2

ν
Θhtp |p|tp,Ω. (5.17)
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Proof. The theorem is proven by (5.14), (5.15), the Cauchy-Schwarz inequal-
ity and the estimates for finite element spaces fulfilling optimal approxima-
tion properties in the sense of Definition 5.4.

In the low Reynolds number case, ν = O(1), both estimates seem to be
sensible, but in the high Reynolds number case with ν � 1, we expect in-
stabilities due to the amplifying factors 1

ν
. Therefore, despite the elegance

of the conforming Galerkin mixed finite element method for the Oseen equa-
tion in (5.9), estimate (5.14) predicts that the method is inappropriate for
producing accurate results in all possible flow regimes.

Further, we remind the reader of Remark 3.1. The estimate (5.14) pre-
dicts that interior mixed finite element approximations with V0,h ⊂ V0 will
behave in a more stable way, since the second term on the right hand side
completely vanishes, i.e., we expect a different behavior for interior and ex-
terior methods in some situations. In particular, in the generalized Stokes
case, estimate (5.15) predicts that LBB-stable interior Galerkin methods are
completely stable.

This difference in behavior between the internal and exterior methods will
be investigated in this dissertation. Moreover, we propose an interior stabi-
lized mixed finite element method for the Oseen equation. This stabilization
ameliorates the instable behavior of the first term on the right hand side of
(5.14), in the case of dominant convection.

In Section 5.4, we will present four examples illustrating different weak-
nesses of the general discretization method (5.9). All these weaknesses can
be understood from the considerations of this Subsection 5.3.1.

5.3.2 Computation of the Discrete Inf-Sup Constant

Provided that βh > 0 exists, sometimes we want to know its exact value.
Then it can be numerically computed by formulating appropriate eigenvalue
problems. Therefore, let {ϕi : i ∈ Ih} and {ψj : j ∈ Jh} be bases for the
spaces [Vh]

d and Qh, respectively, where Ih, Jh denote the corresponding
index sets. The unique representations

uh =
∑
i∈Ih

ui ϕi, ph =
∑
j∈Jh

pj ψj (5.18)

define the finite element isomorphisms Φh : Uh → [Vh]
d, Ψh : Ph → Qh

between the vector spaces Uh = Rdim[Vh]d , Ph = Rdim Qh of coefficient vectors
uh = (ui)i∈Ih

, p
h

= (pj)j∈Jh
and the finite element spaces [Vh]

d and Qh,
respectively. We introduce the finite element matrices Ah and Bh having the
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entries aij = a(ϕj, ϕi) and bij = b(ϕj, ψi). Now the discrete problem (5.9) is
equivalent to (

Ah BT
h

Bh 0

)(
uh

p
h

)
=

(
f

h

0

)
(5.19)

with f
h

= (fi)i∈Ih
and fi = (f , ϕi).

In the Stokes case with ν = 1, α = 0 and a ≡ 0, the matrix Ah is symmet-
ric. Then we can formulate two different discrete eigenvalue problems. The
first one is the Schur complement formulation, where we search for λh ∈ R
and ph ∈ Qh with

BhA
−1
h BT

h ph
= λhMhph

. (5.20)

Here, Mh is the pressure mass matrix having the entries mij = (ψj, ψi). If λ0

is the smallest possible eigenvalue of this eigenvalue problem, then it holds
that βh =

√
λ0, as shown in Refs. [80] and [107].

The following generalized eigenvalue problem is also useful, in order to
compute βh. It is the discrete version of the continuous generalized eigenvalue
problem in (4.6) and it is stated by: search for λh ∈ R and uh ∈ [Vh]

d such
that

BT
hM

−1
h Bhuh = λhAhuh (5.21)

holds. This eigenvalue problem increases the multiplicity of the eigenvalue
λh = 0. The corresponding eigenvectors belong to the space of discretely
divergence-free vector functions V0,h. Besides this, the eigenvalue prob-
lems (5.20) and (5.21) are equivalent. Indeed, by setting uh := A−1

h BT
h ph

we can derive the first eigenvalue problem from the second one, and vice
versa by setting p

h
:= M−1

h Bhuh. For the second problem, we obtain

βh = min
λh>0

√
λh (5.22)

[80, 107].

5.4 Some Possible Weaknesses of Mixed Me-

thods

In this section, we briefly want to draw attention to four illustrative problems,
which can occur in conforming Galerkin mixed finite element methods for the
Oseen problem. This section may serve as an illustration for the theoreti-
cal results, presented in Subsection 5.3.1. This will allow our discretization
method for the Oseen equation to be better understood. Three of the pre-
sented problems can be fully understood by simple Stokes model problems.
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For the fourth problem we refer to a simple one-dimensional convection-
diffusion model problem.

5.4.1 Violation of the Discrete LBB Condition

This short subsection is devoted to instabilities, which are related to viola-
tions of the discrete LBB condition. See also Subsection 5.3.1 and Chapter
3. We will not go into details, as it has been widely discussed elsewhere
[20, 34, 54, 57]. But since the instabilities caused from a violation of the dis-
crete LBB condition are closely related to the instabilities coming from weak
mass conservation, we will illustrate both. Moreover, since the Scott-Vogelius
element cures both problems, this shows the possible gain when using this
mixed finite element.

As the first model problem we will investigate the standard Stokes prob-
lem on the unit square Ω = [0, 1]× [0, 1], i.e., the Oseen equation (2.17) with
parameters ν = 1, α = 0, and a ≡ 0. The weak form of this problem is then
(4.1) with corresponding parameters.

For a mixed finite element discretization the so-called P1-P1 finite element
seems to be very attractive. Here, we approximate the velocities and the
pressure by piecewise linear finite element functions, i.e., Vh := P1 and Qh :=
P1 according to Definition 5.3. The implementation of this mixed element is
comparatively simple, but the discrete divergence operator divh: [Vh]

d → Qh

is not surjective. We show this by an example taken from Ref. [34].
Given a triangle T we denote by {a0,T , a1,T , a2,T} its three vertices. Then

consider a pressure field p̃h such that
∑2

i=0 p̃h(ai,T ) = 0 is zero for each
triangle as shown in Figure 5.1. Then we have for all vh ∈ [Vh]

d∫
Ω

p̃h∇ · vhdx =
∑
T∈Th

(∇ · vh)|T

∫
T

p̃hdx

=
∑
T∈Th

(∇ · vh)|T
|T |
3

2∑
i=0

p̃h(ai,T ) = 0.

Here, we demonstrated that for the Galerkin P1-P1 mixed finite element
method, there generally exists a pressure subspace

Qh,spurious = {qh ∈ Qh: (∇ · vh, qh) = 0, for all vh ∈ [Vh]
d}, (5.23)

with dimension dimQh,spurious ≥ 1. Such pressures are called “spurious pres-
sure modes”, which are always oscillating functions.

Obviously, the existence of spurious pressure modes means that the dis-
crete inf-sup constant βh of the corresponding mixed finite element scheme is
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Figure 5.1: The P1-P1 finite element: A mesh for the unit square (left); one
spurious pressure mode, where the pressure at nodes is shown (right)

zero. Moreover, in such a case the discrete divergence operator divh: [Vh]
d →

Qh is not surjective, since there does not exist a vh ∈ [Vh]
d with ∇ · vh = q̃h

for all 0 6= q̃h ∈ Qh,spurious.
In accordance with Theorem 3.1, we now can state that the existence of

spurious pressure modes destroys the unique solvability of the discrete system
(5.9). Indeed, assuming that (uh, ph) solves the discrete system (5.9), and
assuming that we have 0 6= p̃h ∈ Qh,spurious, then (u, ph + p̃h) is obviously also
a solution of (5.9).

Such spurious pressure modes are not always a big problem, since some-
times they can be filtered out from the pressure solution, and the resulting
method continues to be reduced stable:

Definition 5.5 (Reduced Stability). Let ([Vh]×Qh)h be a sequence of con-
forming mixed finite element Galerkin discretizations of the Oseen equation
in the sense of Subsection 5.3.1 with βh = 0 for some or possibly all h > 0.
Let be (Q̃h)h := (Q⊥

h,spurious)h be the sequence of orthogonal complements of
Qh,spurious in Qh with respect to the L2 scalar product.

Then the sequence of discretizations [Vh]
d × Q̃h is called reduced stable,

when the sequence of corresponding discrete inf-sup constants β̃h is bounded
away from zero. Especially, estimate (5.13) is true, for a reduced-stable mixed
finite element method, and the sequence (V0,h)h of discretely divergence-free
function spaces has optimal approximation properties with respect to V0.

But for the P1-P1 finite element this is not the method of choice. How-
ever, by relaxing the weak mass conservation (∇ · uh, qh) = 0 it is possible
to construct a stabilized P1-P1 mixed finite element discretization, where the
discrete pressure is stabilized. This pressure stabilization avoids the evolu-
tion of pressure oscillations due to spurious pressure modes, and the method
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converges with optimal convergence order. Possible stabilization methods for
the pressure can be found in Refs. [41, 10, 24, 27].

Another interesting example is the P1-P0 mixed finite element for 2D
Stokes problems. Here, it is easy to show that the discrete inf-sup constant is
zero for any triangulation Th of the underlying domain Ω, since we have more
degrees of freedom for the pressure than for the velocities [20, 34]. Moreover,
for some mesh families the only discrete velocity solution uh for the Stokes
equation is uh ≡ 0. Then the discrete divergence operator divh: [Vh]

d → Qh

is injective and dim(V0,h) = 0. This is called the locking phenomenon [20].
On the other hand, there are mesh families, for which the P1-P0 element is
reduced stable, and therefore delivers optimal approximation properties for
the velocities [20, 89, 88]. Then a significant number of constraints enforcing
∇ · uh = 0 are linearly dependent.

Loosely speaking, both these examples show that pressure instabilities
due to a violation of the discrete inf-sup condition stem from a too large
pressure space.

5.4.2 Wrong Polynomial Order for the Pressure Space

Finding appropriate combinations of discrete velocity and discrete pressure
spaces for optimal mixed approximations of the Oseen problem is a classical,
but nonetheless non-trivial task [20]. One possible problem is demonstrated
by the P2-P0 mixed finite element. It is LBB stable [20], but its pressure space
has a too small polynomial order compared to the velocity space. Therefore
the overall method has suboptimal approximation properties.

In our example, we investigate the classical Stokes problem with ν = 1,
α = 0 and a ≡ 0.

Due to the LBB stability, there exists a unique pair (uh, ph) of discrete
solutions for velocity and pressure. Moreover, the corresponding space of
discretely divergence-free velocity functions V0,h has optimal approximation
properties, i.e., for all w ∈ V0 ∩ [H3(Ω)]d there exists wh ∈ V0,h with

|w −wh|1,Ω ≤ Ch2|w|3,Ω,

and C independent of the mesh size h. Of course, for the P2-P0 element it
holds that V0,h 6⊂ V0.

Now we approximate the following illustrative test problem on Ω = [0, 1]2

with the force vector f = c(3x2 + 1, 3y2)T . Here, the continuous solution of
the corresponding Stokes problem is

(u, p) = (0, c(x3 + y3 + x− 1)). (5.24)
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Figure 5.2: A typical mesh for Ω = [0, 1] × [0, 1], used for checking the
experimental order of convergence of different mixed finite element methods.
Here the mesh used at refinement level 3 is shown

Therefore, we call this problem the “no flow example”.
Approximating this continuous solution in the case c = 1 on a sequence

of grids delivers a sequence of discrete solutions (uh, ph) with the following
approximation properties:

Level ‖∇u−∇uh‖0,Ω ‖u− uh‖0,Ω ‖p− ph‖0,Ω

1 1.27 · 10−1 1.03 · 10−2 1.85 · 10−1

2 7.67 · 10−2 3.53 · 10−3 9.57 · 10−2

3 4.19 · 10−2 1.02 · 10−3 4.79 · 10−2

4 2.19 · 10−2 2.74 · 10−4 2.38 · 10−2

5 1.12 · 10−2 7.11 · 10−5 1.19 · 10−2

6 5.65 · 10−3 1.81 · 10−5 5.92 · 10−3

The level 3 grid is shown in Figure 5.2. From the table above we obtain the
following experimental orders of convergence:

Level EOC(‖∇uh‖0,Ω) EOC(‖uh‖0,Ω) EOC(‖ph‖0,Ω)
2 0.73 1.54 0.95
3 0.71 1.79 1.00
4 0.94 1.90 1.01
5 0.97 1.95 1.00
6 0.99 1.97 1.01

Obviously, the convergence order for ‖ph‖0,Ω is optimal, but the convergence
order for ‖∇uh‖0,Ω is only one, i.e., we loose one order of convergence for
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the velocity space. From Theorem 5.1 we can easily derive the rule that the
polynomial order of the velocity space should exceed the polynomial order
of the pressure space by exactly one, i.e., for a Pk-Pl mixed finite element
discretization we need |l| = k − 1, in order to get optimal approximation
properties.

5.4.3 Weak Mass Conservation

A famous Pk-Pl mixed finite element, satisfying the above requirements on
LBB stability and the polynomial order relation |l| = k − 1 of velocity and
pressure space, is the well-known Taylor-Hood element family Pk-Pk−1 with
k ≥ 2. Proofs on the LBB stability of this element family in 2D and 3D
have appeared in Refs. [12, 116, 39, 20]. But it has been known for a long
time that the Taylor-Hood element sometimes delivers unsatisfying results,
especially when local mass conservation is important, see e.g., [113]. The
reason for this poor behavior is the discrete weak mass conservation

(∇ · uh, qh) = 0,

for all qh ∈ Qh.
Here, mass conservation is not even preserved on elements, since the

pressure test functions are continuous and their support is given by some
element patches. In order to guarantee at least local mass conservation a
mass conserving variant of the Taylor-Hood element has been proposed, the
Pk-(Pk−1 + P0) element for k ≥ 2 [113, 60]. The discrete pressure space
Qh then consists of all linear combinations built up by continuous piecewise
linear P1 finite element functions and discontinuous constant P0 finite element
functions.

But the problem of too weak mass conservation is much more important
when the Stokes problem is singularly perturbed. Therefore, we investigate
the following Oseen problem with ν > 0, α = 0, and a ≡ 0. The error
estimate in Theorem 5.1 then reads

‖∇u−∇uh‖0,Ω ≤ C1h
2|u|3,Ω +

C2

ν
Θh2|p|2,Ω. (5.25)

Since the Taylor-Hood element is an exterior approximation with V0,h 6⊂ V0,
i.e., Θ 6= 0, we recognize that this error estimate indicates severe instability
for ν � 1.

We now reconsider the “no flow example” posed in (5.24). First, we con-
sider discrete solutions for the classical quadratic Taylor-Hood element P2-P1

with parameters ν = 1 and c = 1. Here, we use the same meshes as in the
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previous subsection and obtain the following errors:

Level ‖∇u−∇uh‖0,Ω ‖u− uh‖0,Ω ‖p− ph‖0,Ω

1 2.09 · 10−2 1.41 · 10−3 3.76 · 10−2

2 5.63 · 10−3 1.70 · 10−4 9.48 · 10−3

3 1.42 · 10−3 2.03 · 10−5 2.37 · 10−3

4 3.54 · 10−4 2.49 · 10−6 5.92 · 10−4

5 8.85 · 10−5 3.10 · 10−7 1.48 · 10−4

6 2.21 · 10−5 3.86 · 10−8 3.70 · 10−5

Computing the corresponding experimental orders of convergence yields:

Level EOC(‖∇uh‖0,Ω) EOC(‖uh‖0,Ω) EOC(‖ph‖0,Ω)
2 1.89 3.05 1.99
3 1.99 3.07 2.00
4 2.00 3.02 2.00
5 2.00 3.01 2.00
6 2.00 3.01 2.00

Obviously, the quadratic Taylor-Hood element delivers discrete velocity and
pressure approximations with the optimal convergence rates. Next we com-
pute the same discrete Stokes problem on the coarsest mesh (Level 1) for
different parameters ν and c.

ν c ‖∇u−∇uh‖0,Ω ‖u− uh‖0,Ω ||p− ph||0
1 1 2.09 · 10−2 1.41 · 10−3 3.76 · 10−2

1 10 2.09 · 10−1 1.41 · 10−2 3.76 · 10−1

1 100 2.09 · 100 1.41 · 10−1 3.76 · 100

10−4 1 2.09 · 102 1.41 · 101 3.76 · 10−2

10−4 10 2.09 · 103 1.41 · 102 3.76 · 10−1

10−4 100 2.09 · 104 1.41 · 103 3.76 · 100

The numerical results for the error in the velocity approximation are propor-
tional to c

ν
, while the pressure error scales only as c. For finer meshes, the

discrete velocities and the discrete pressure show the same dependence on c
ν

and, respectively c. In Figures 5.3, 5.4, and 5.5 we present graphs for the
absolute values |uh|, the pressure ph and the divergence ∇ · uh. This result
exactly agrees with the prediction of the error estimate (5.25).

But the error estimate also shows that every interior mixed approximation
method fulfilling V0,h ⊂ V0 delivers the exact result uh ≡ 0. This is con-
firmed by the following results for the divergence-free P2-P−1 Scott-Vogelius
discretization, which is introduced in Section 5.5:
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Figure 5.3: No-flow example with ν = 1.0 × 10−4, and c = 100: graph of
the absolute values |uh| for a discrete Galerkin Taylor-Hood solution on the
mesh shown in Figure 5.2

ν c ‖∇u−∇uh‖0,Ω ‖u− uh‖0,Ω ||p− ph||0
1 1 0 0 6.50 · 10−3

1 10 0 0 6.50 · 10−2

1 100 0 0 6.50 · 10−1

10−4 1 0 0 6.50 · 10−3

10−4 10 0 0 6.50 · 10−2

10−4 100 0 0 6.50 · 10−1

Therefore it is easily possible to construct discrete velocity approximations,
which are arbitrarily bad in the Galerkin Taylor-Hood case, but always ex-
act in the Scott-Vogelius case. This is a dramatic example, but in prac-
tice Galerkin Taylor-Hood discretizations often deliver good approximations.
This apparent contradiction is again explained by examining the estimate
(5.25). In many physical examples, such as Hagen-Poiseuille channel flow,
the continuous pressure solution is proportional to ν, and therefore the pro-
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Figure 5.4: No-flow example with ν = 1.0× 10−4, and c = 100: graph of ph

for a discrete Galerkin Taylor-Hood solution on the mesh shown in Figure
5.2

portionality of the estimate to 1
ν

is not visible in numerical simulations.
But, when the rotation-free part of the right hand side f is large, the

instability predicted in (5.25) will generally occur for all exterior Galerkin
mixed finite element discretization of the Stokes problem, except we have the
exceptional case p ∈ Qh as seen from the estimate (5.15).

In order to improve mass conservation in mixed finite element simulations
for the generalized Stokes equation, the so-called grad-div stabilization has
been proposed [86, 91, 52]. In the weak form of the discretization we must add
γ(∇·u,∇·v) to the momentum equation, with γ an appropriate stabilization
parameter. In the continuous case this term drops out, since we have ∇·u =
0. But in the discrete case γ(∇ · uh,∇ · vh) penalizes violation of mass
conservation. For LBB-stable mixed finite elements we need to choose the
stabilization parameter γ to be O(1) [91]. This stabilized finite element
method then possesses improved error estimates corresponding to (5.25),
where the dependence on 1

ν
is removed. The name grad-div stabilization for
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Figure 5.5: No-flow example with ν = 1.0× 10−4, and c = 100: graph of the
divergence ∇ · uh for a discrete Galerkin Taylor-Hood solution on the mesh
shown in Figure 5.2

γ(∇ · u,∇ · v) is derived from its strong form −γ∇∇ · u.
However, introducing this stabilization also causes trouble. First, the

optimal value of γ is not known a priori. Second, the term introduces new
couplings in the velocity stiffness matrix, such that the original block diagonal
form is lost. Third, and probably most important, the grad-div stabilization
is a stiff linear operator, for which standard iterative linear solvers often
fail. At least, this has been reported for standard multi-grid solvers for
mixed finite element systems [86]. The first multi-grid solver adapted to this
stabilization seems to be that of Benzi and Olshanskii[11]. The multi-grid
solver uses ideas from earlier work by Schöberl [97] and must be carefully
designed for different mixed finite elements.
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5.4.4 Dominant Convection

This fourth problem in our collection can be illustrated by a simple one-
dimensional convection-diffusion equation on the domain Ω = (0, 1)

−νuxx + ux = 1 x ∈ Ω,

u(0) = 0,

u(1) = 0.

(5.26)

We are especially interested in the singularly perturbed case 0 < ν � 1. For
this problem a unique analytical solution can be found. Checking that

u(x) = x− 1

e1/ν − 1
ex/ν +

1

e1/ν − 1
(5.27)

fulfills the differential equation (5.26) is an easy task. Moreover, we can
compute that the average of this solution is given by

(u, 1) =

∫ 1

0

u(x)dx =
1

2
− ν +

1

e1/ν − 1
.

Now, the weak form of (5.26) is just: find u ∈ H1
0 (Ω) such that for all

v ∈ H1
0 (Ω) it holds that:

ν(ux, vx) + (ux, v) = (v, 1). (5.28)

Testing this equation by v := u, we obtain

ν‖ux‖2
0,Ω = (u, 1). (5.29)

Discretizing (5.26) by conforming finite elements with a finite element space
Vh ⊂ H1

0 (Ω) uses (5.28) and therefore delivers exactly the same estimate for
the discrete solution uh

ν‖d(uh)

dx
‖2

0,Ω = (uh, 1). (5.30)

Sometimes, (5.30) is called the energy conservation of a Galerkin finite ele-
ment method.

Now we want to investigate Galerkin P1 finite element discretizations on
triangulations of Ω = (0, 1) with n intervals of length h = 1

n
. We pose the

following question: can we expect to achieve good approximations in the L2

norm on uniform coarse meshes for a Galerkin P1 finite element discretization
in the case 0 < ν � 1?

46



Since for ν → 0 it holds that ‖u(x)− x‖0,Ω → 0, the continuous solution
u(x) for small ν is nearly piecewise linear. More precisely we can state
that, under our assumptions, the L2 projection of u onto Vh is an excellent
approximation of u in the L2 sense.

If it were possible to approximate u(x) on coarse meshes for 0 < ν � 1,
then we could at least expect that for the average values (u, 1) and (uh, 1) it
held that

(uh, 1) ≈ (u, 1).

For ν → 0 we get (u, 1) ≈ 1
2
, and therefore we have |uh|1,Ω ≈

√
1
2ν

, due to the

discrete analogue to (5.29). This means that the discrete Galerkin solution
uh must be highly oscillating on coarse meshes provided it approximates the
average (u, 1) well. But then, for small values of ν and coarse meshes, uh

cannot be a good approximation to u(x) in the L2 norm.
This oscillations illustrate the well-known instability of Galerkin finite

element discretizations for problems with dominant convection. In this dis-
sertation, we present many examples of this in Chapter 9.

More precisely, the Galerkin scheme above becomes stable against artifi-
cial oscillations when h ≤ 2ν, i.e., we obtain an h-dependent stability. This
can be concluded by a more thorough investigation on the properties of the
underlying stiffness matrix, since then this matrix is an M-Matrix. But in any
case, we assert that the stability condition h ≤ 2ν is usually too restrictive
in practice, especially in three dimensional computations.

Therefore, we look for finite element schemes for dominant convection,
which are stable in some norm for any h. The search for such stabilized
schemes has been only partially successful over the last decades. The most
famous of such stabilized schemes is the streamline diffusion method, but in
recent years many new schemes have been introduced, as discussed in Refs.
[91] and [15] and in Chapter 1.

It is only recently that the first serious numerical comparisons between all
these different stabilization methods have been made [64, 65]. These studies
made clear that all these methods do not possess all the properties desired of
discretizations of a scalar convection-diffusion equation, e.g., accuracy away
from boundary layers, positivity, and the discrete local maximum principle.

Two of these stabilization operators investigated in Refs. [64] and [65]
are used in this dissertation for the stabilization of dominant convection in
the Oseen equation. In Chapter 6 we present an abstract class of symmetric
stabilization operators which comprises these two operators in particular. All
these stabilization operators introduce some artifical diffusion, relaxing the
discrete energy conservation of the Galerkin method in (5.30).

Finally, we want to stress that three of the four problems mentioned above
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are closely related. The instability arising from the violation of the discrete
LBB condition and the instability arising from weak mass conservation stems
from the terms (∇ · vh, ph) and (∇ · uh, qh), respectively. The instability in
the case of dominant convection arises from (a · ∇uh,vh). In every case, a
discontinuous finite element function coming from a derivative is tested by a
continuous finite element function.

Obviously, controlling a discontinuous finite element function by contin-
uous finite element functions is delicate. The streamline diffusion method
overcomes this problem by an additional testing by some discontinuous finite
element functions, which leads to a Petrov-Galerkin scheme. The grad-div
stabilization introduces the penalty term (∇ · uh,∇ · vh), which tests the
discontinuous divergence term by a discontinuous finite element function.

Symmetric stabilization procedures work similarly by introducing sta-
bilization terms penalizing non-smooth trial and test functions. They are
effective stabilizers, when all boundary layers are resolved. The smoother
the discrete solution uh is, the more effective the continuous finite element
functions vh are in controlling the convective term a · ∇uh.

5.5 The Scott-Vogelius Element

In this section we present the classical Scott-Vogelius mixed finite element
for the generalized Stokes equation, the Pk-Pk−1 element with k ≥ 1. This
element delivers divergence-free pointwise velocity solutions and has been
known for a long time. Further, we will present known results on LBB
stability of Scott-Vogelius discretizations.

Under these circumstances this mixed finite element completely solves the
first three problems mentioned in Section 5.4, i.e., it possesses optimal sta-
bility, approximation, and convergence properties for the generalized Stokes
equation. Further, we will introduce the concept of a discrete Velte decompo-
sition. This is the discrete counterpart to the continuous Velte decomposition
introduced in Equation (2.5) and further investigated in Section 4.2. It will
turn out that the Scott-Vogelius element is one of the few mixed finite ele-
ments that possesses such a discrete Velte decomposition.

5.5.1 Incompressibility and Interior Approximation

The most prominent property of the Scott-Vogelius mixed finite element is
that it ensures divergence-free pointwise approximations.

Lemma 5.1. The Pk-P−k+1 mixed finite element, with k ∈ N, for the Oseen
equation in (5.9) delivers divergence-free pointwise solutions uh.
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Proof. Due to Subsection 5.3.1 there exists a discrete uh solving (5.9). Now,
weak mass conservation means: for all qh ∈ Qh it holds

(∇ · uh, qh) = 0. (5.31)

But due to the special choice of Vh = Pk and Qh = P−k+1 we get the simple
relation

∇ · ([Vh]
d) ⊂ Qh.

Therefore we can choose the special test function qh := ∇ · uh in (5.31),
yielding exact mass conservation ‖∇ · uh‖2

0,Ω = 0 in the L2 sense.
But since discrete solutions uh are piecewise polynomial, we also get

∇ · uh = 0 pointwise inside each simplex of the triangulation. From the
interior of the simplices this result transfers to its boundaries. Therefore, we
have ∇ · uh = 0 for all x ∈ Ω. Hence, Scott-Vogelius mixed finite elements
are interior mixed approximation, with V0,h ⊂ V0.

Recalling the error estimate (5.15) for the generalized Stokes problem
with ν > 0, we find for the Scott-Vogelius element

‖∇u−∇uh‖0,Ω ≤ C1 inf
wh∈V0,h

‖∇u−∇wh‖0,Ω. (5.32)

We emphasize that here nothing is said about the approximation quality
of uh. As mentioned in Subsection 5.4.1, for the P1-P0 element arbitrarily
fine meshes can be constructed such that the discrete solution uh would be
uh ≡ 0.

But obviously, the second and the third problem presented in Section 5.4
completely vanish, as we can see from (5.32).

5.5.2 LBB Stability

We would now like to collect some results in which situations concerning the
dimension d, the polynomial degree k ≥ 1 and the underlying triangulation
Th the Scott-Vogelius element is LBB stable. Important for this aim is the
following definition:

Definition 5.6. Let T̂h denote a regular triangulation of the domain Ω in the
sense of Definition 5.2. We will call T̂h a “macro triangulation”, whenever
we regard mixed finite element discretizations on a triangulation Th, which
is derived from T̂h in the following way: for each macro simplex T̂i ∈ T̂h

we connect its barycentre with its vertices. Then, in two space dimensions
we get three triangles Ti,1, Ti,2, Ti,3 ∈ Th from each macro triangle T̂i and in
three space dimensions we get four tetrahedra Ti,1, Ti,2, Ti,3, Ti,4 ∈ Th from
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each macro tetrahedron T̂i. Sometimes we will write that the “triangulation
Th possesses a macro element structure”.

Then the triangulation Th is also regular in the sense of Definition 5.2,
although the constants for interpolation estimates are worse, because we get
larger angles.

Collection of Results

Here, we do not want to present a complete representation. For additional
information see Zhang [124].

1. The P1-P0 element is never LBB stable, but it is reduced stable in the
sense of Definition 5.5 on some mesh families [89]

2. The Pk-P−k+1 element for k ≥ 4 is LBB stable in 2D on quite general
meshes that do not possess “singular vertices” [118, 117, 101, 102].
We will explain this term below. But for k ≥ 4 and not smaller the
Scott-Vogelius element is reduced stable on any mesh [123]

3. The Pk-P−k+1 element in 3D is reduced stable for at least k ≥ 8 [125]

4. The Pk-P−k+1 with k ≥ d is LBB stable on meshes with a macro element
structure in the sense of Definition 5.6, i.e., in 2D we need k ≥ 2 and
in 3D we need k ≥ 3. For the two-dimensional P2-P−1 Scott-Vogelius
element LBB stability on these meshes has been known for a long time
[55, 88, 3]. But, for the three-dimensional case, no result has been
available until recently [122]

Remark 5.1. The Scott-Vogelius element with k ≥ 2 on 2D meshes with a
macro element structure is closely related to the well-known Hsieh-Clough-
Tocher C1 finite element [26]. Interpreting these C1 finite element functions
as stream functions ψh we get the divergence-free base functions of the P2-P−1

element by vh := rot ψh ∈ V0. Bernadou and Hassan have presented a basis
for the Hsieh-Clough-Tocher element [13].

In the rest of this work we make the following assumption:

Assumption 5.1 (Scott-Vogelius LBB Stability). Whenever we investigate
Scott-Vogelius discretizations on a regular triangulation Th in the sense of
Definition 5.2, we assume that the Pk-P−(k−1) element with k ≥ d Scott-
Vogelius element is LBB stable.

Remark 5.2. This assumption does not necessarily include that Th possesses
a macro element structure according to Definition 5.6, but nevertheless this
is usually true.
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Figure 5.6: One interior type and three boundary type singular vertices
can arise in two dimensional Scott-Vogelius discretizations. v0 indicates the
position of the singular vertex

Singular Vertices in 2D

For the sake of completeness, we will explain the classical result [118, 117, 101,
102] concerning singular vertices in 2D for k ≥ 4. Therefore, we introduce
the concept of a singular vertex in a triangulation Th. A singular vertex of a
two dimensional triangulation arises when the edges within the triangulation
meeting at this vertex fall on exactly two straight lines. Then, there is
one type of an internal singular vertex, and there are three types of singular
boundary vertices, shown in Figure 5.6. In non-Lipschitzian domains a fourth
singular boundary type can occur [102].

The results by Scott and Vogelius assure that, for d = 2 and k ≥ 4, Scott-
Vogelius discretizations possess discrete inf-sup constants βh > 0 provided
the underlying triangulation is free of singular vertices [102]. Otherwise, each
singular vertex corresponds to exactly one spurious pressure mode in the
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Figure 5.7: Situation at an interior non-singular vertex v0: the degeneracy
measure R(v0) is defined by Equation (5.33)

pressure space Qh. These discrete inf-sup constants are uniformly bounded
away from zero for h → 0, when the singularity measure R(Th), which we
now define, is uniformly bounded away from zero, too. For every non-singular
vertex v0 in the triangulation Th let θi, 1 ≤ i ≤ n be the angles of the triangles
Ti ∈ Th meeting at v0. Let the triangles Ti be numbered consecutively. For
internal vertices we define

R(v0) := max{|θi + θj − π| : 1 ≤ i, j ≤ n ∧ i− j = 1 modn}, (5.33)

as shown in Figure 5.7. For the definition of R(v0) for boundary vertices see
[102]. Then, let R(Th) define the minimum angle R(v0) for all vertices in
the triangulation. This singularity measure R(Th) is required to be bounded
away from zero for h→ 0, in order to guarantee LBB stability of the Scott-
Vogelius discretization for k ≥ 4.

5.5.3 Existence of a Discrete Velte Decomposition

We now present the discrete Velte decomposition. The discrete Velte de-
composition for the Scott-Vogelius element is the discrete counterpart to the
continuous Velte decomposition introduced in (2.5) and further investigated
in Section 4.2. The value of the result is that the existence of a discrete Velte
decomposition assures that the eigenvalue structure of the discrete pressure
Schur complement operator is quite similar to its continuous analogue [111],
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and usually this eigenvalue structure is considerably more compact than in
comparable methods without such a decomposition. For this eigenvalue prob-
lem, see Subsection 5.3.2.

There are several different discretizations of the Stokes equation, which
allow such a discrete Velte decomposition. On the finite element side, we
have the non-conforming Fortin-Soulie element [111] and the non-conforming
Gauss-Legendre element family [9, 110]. On the finite volume side, we can
find discrete Velte decompositions for two and three-dimensional staggered
grid approximations [111, 31].

But it is well-known that for many conforming finite element discretiza-
tions, discrete Velte decompositions do not exist. For example, the Dyakonov
element proposed by [32], does not contain any discretely rotation-free func-
tions [107]. Also, the Taylor-Hood family does not possess such a discrete
Velte decomposition. Therefore, in the corresponding eigenvalue problem
(5.20) many eigenvalues appear with 1 > λh ≈ 1, due to nearly discretely
rotation-free velocity functions [111]. On the contrary, in a discretization
with a Velte decomposition, many eigenvalues have exactly the value 1, rep-
resenting discretely rotation-free velocities, in analogy to the continuous Velte
decomposition in Section 4.2. Therefore, Krylov-type iterative solvers may be
able to solve such discrete Stokes problems faster, when they have a discrete
Velte decomposition [109]. Here, the eigenvalue distribution of the Schur
complement operator is more compact.

We now introduce the concept of a discrete Velte decomposition by using
some analogy considerations. The concept of the discrete Velte decomposi-
tion is presented in a more general manner elsewhere [31, 108, 107, 109, 111].
We start by investigating the term BT

hM
−1
h Bh in (5.21), Subsection 5.3.2.

The matrix equation p
h

= M−1
h Bhwh is equivalent to the expression

b(wh, qh) = (ph, qh) for all qh ∈ Qh. Therefore, we have ph = πh (∇ ·wh)
with πh the L2 projection onto the discrete pressure space Qh. Then it holds
that

(BT
hM

−1
h Bhwh, vh) = (M−1

h Bhwh, Bhvh)

= (∇ · vh, πh (∇ ·wh))

= (∇ ·wh, πh (∇ · vh)).

The last equality is due to the symmetry of the matrix BT
hM

−1
h Bh. Therefore,

we can now pose the generalized eigenvalue problem (5.21) in the following
equivalent form: we search for eigenvalues λh ∈ R and corresponding eigen-
vector uh ∈ [Vh]

d such that

(∇ · uh, πh (∇ · vh)) = λh(∇uh,∇vh) (5.34)
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holds for all vh ∈ [Vh]
d.

Defining the corresponding discrete eigenspaces by

Eigh
λh

= {uh ∈ [Vh]
d: ∀vh ∈ [Vh]

d: λh(∇uh,∇vh) = (∇ · uh, πh (∇ · vh))},

and defining divh : [Vh]
d → Qh as the linear operator acting by divh(vh) =

πh(∇·vh), we can conclude due to the surjectivity of the discrete divergence
operator that

Eigh
0 = Ker divh = V0,h.

In an analogous manner to (4.8) we define the space of discretely rotation-free
functions

V1,h = Eigh
1 .

Then we have V0,h ⊥1 V1,h and we can further introduce the third discrete
Velte subspace

Vβ,h = (Eigh
0 ⊕1 Eigh

1)
⊥1 .

Now such a discrete decomposition of [Vh]
d is a discrete Velte decomposi-

tion only when V1,h may be denoted as a space of discretely rotation-free
functions. A reasonable condition for this is

wh ∈ [Vh]
d ∧ rot wh = 0 ⇒ wh ∈ V1,h. (5.35)

Let us investigate an arbitrary wh ∈ [Vh]
d with rot wh = 0, and wh ∈

V1,h. From (5.34) follows

(∇ ·wh, πh (∇ · vh)) = (∇ ·wh,∇ · vh).

Testing by vh := wh, we recognize that for a conforming mixed finite element
discretization, possessing a discrete Velte decomposition, it must hold:

∇ · [Vh]
d ⊂ Qh. (5.36)

Obviously, the Scott-Vogelius element fulfills this (Subsection 5.5.1). Spectra
of the Schur complement operator for different Scott-Vogelius elements are
presented in [111].
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Chapter 6

A New Scheme: Stabilized
Scott-Vogelius Elements for the
Oseen Equation

6.1 Stabilized Scott-Vogelius Discretization

In the following section, we propose a stabilized mixed finite element based on
the Scott-Vogelius element Pk-P−k+1. Here, we assume that the underlying
triangulation is LBB stable (Assumption 5.1) and we denote the underlying
velocity and pressure finite element spaces as

[V k
h ]d := [Pk(Th)]

d,

Qk−1
h := P−k+1(Th).

(6.1)

Further, we sometimes use the abbreviation a . b for a < Cb with C a
positive constant.

We assume, that there exist projection operators π̃h: V
d → [V k

h ], and
πh: Q→ Qk−1

h , with optimal approximation properties

‖v − π̃h(v)‖0,Ω ≤ Chtu+1|v|tu+1,Ω,

‖∇(v − π̃h(v))‖0,Ω ≤ Chtu |v|tu+1,Ω,
(6.2)

for all v ∈ V d ∩ [Hr(Ω)]d, r ∈ N, tu = min(r − 1, k) and

‖q − πh(q)‖0,Ω ≤ Chtp |q|tp,Ω, (6.3)

for all q ∈ Q ∩ Hs(Ω) and s ∈ N0, tp = min(s, k). We let the pressure pro-
jection πh be defined by the standard L2 projection, whereas the properties
of π̃h depend on the stabilization operator under investigation.
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Assumption 6.1. The projection π̃h will be required to satisfy an orthogonal-
ity condition (v − π̃h(v), zh) = 0 for all zh ∈ [Zh]

d where [Zh]
d is a discrete

space that will be specified for each of the possible stabilization methods in
Chapter 6.3.

In the following we denote by ah ∈ [V k
h ]d some piecewise linear interpolant

of a satisfying ‖ah‖L∞(T ) ≤ ‖a‖L∞(T ) and ‖a− ah‖L∞(T ) ≤ hT‖a‖W 1,∞(T ) for

all T ∈ T̃h. For the error analysis, we will use the following inverse estimate,
which is valid for all v ∈ Pk(T ), T ∈ T̃h

hT‖∇vh‖0,T ≤ C‖vh‖0,T . (6.4)

Discrete LBB stability is equivalent to the existence of the Fortin interpolant
(Section 3.3), i.e., for all v ∈ V d there is a πF,h(v) ∈ [V k

h ]d such that

∀qh ∈ Qk−1
h : b(qh,v) = b(qh, πF,h(v)) ∧ ‖πF,h(v)‖1,Ω ≤ C‖v‖1,Ω. (6.5)

Now we propose the following finite element method: find (uh, ph) ∈ [V k
h ]d×

Qk−1
h such that

Ah[(uh, ph), (vh, qh)] = (f,vh),

with Ah[(uh, ph), (vh, qh)] := A[(uh, ph), (vh, qh)] + Sh(uh,vh)
(6.6)

for all (vh, qh) ∈ [V k
h ]d ×Qk−1.

Here, Sh(·, ·) is an abstract stabilization operator that may be needed in
the case of dominant convection. For the abstract stabilization operator we
postulate the following properties:

• (linearity) For all u,v,w ∈
(
V d ∩ [H2(Ω)]d + [V k

h ]d
)

and λ, µ ∈ R we
have

Sh(λu + µv,w) = λ Sh(u,w) + µ Sh(v,w). (6.7)

• (symmetry) For all u,v ∈
(
V d ∩ [H2(Ω)]d + [V k

h ]d
)

we have

Sh(u,v) = Sh(v,u). (6.8)

• (non-negativity) For all u ∈
(
V d ∩ [H2(Ω)]d + [V k

h ]d
)

we have

Sh(u,u) ≥ 0. (6.9)

• (h-perturbation) For all u ∈
(
V d ∩ [H2(Ω)]d + [V k

h ]d
)

we have

|Sh(u,u)|
1
2 ≤ C‖a‖

1
2

L∞(Ω)h
1
2‖u‖1,Ω. (6.10)
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• (weak consistency) For all u ∈ V d ∩ [Hr(Ω)]d with r ≥ 2, tu = min(r−
1, k) we have

|Sh(u,u)|
1
2 ≤ C‖a‖

1
2

L∞(Ω)h
tu+ 1

2‖u‖tu+1,Ω,

|Sh(π̃h u, π̃h u)|
1
2 ≤ C‖a‖

1
2

L∞(Ω)h
tu+ 1

2‖u‖tu+1,Ω.
(6.11)

• (stability) There exists a quasi-interpolation operator π̃*
h : [Qk−1

h ]d →
[Zh]

d such that for all vh ∈ [V k
h ]d, w ∈ V d there holds

(w − π̃h(w), π̃*
h(ah · ∇vh)) = 0,

‖h
1
2 (ah · ∇vh − π̃*

h(ah · ∇vh))‖0,Ω ≤ C‖a‖
1
2

L∞(Ω)|Sh(vh,vh)|
1
2 .

(6.12)

The properties (6.7), (6.8) and (6.9) ensure that for all u,v ∈ V d∩[H2(Ω)]d+
[V k

h ]d the inequality ∣∣ Sh(u,v)
∣∣ ≤ Sh(u,u)1/2 Sh(v,v)1/2 (6.13)

holds.

Lemma 6.1. The discrete system (6.6) possesses a unique solution (uh, ph) ∈
[V k

h ]×Qk−1
h . Moreover, it holds that ∇ · uh = 0 pointwise.

Proof. The bilinear form ah: [V k
h ]d × [V k

h ]d → R with

ah(uh,vh) = a(uh,vh) + Sh(uh,vh),

for all uh,vh ∈ [V k
h ]d is elliptic, due to (6.7), (6.8) and (6.9). Together with

the assumed LBB stability, it follows from Theorem 3.1 that there exists a
unique pair (uh, ph) ∈ [V k

h ] × Qk−1
h fulfilling (6.6). The discrete velocity is

divergence-free pointwise due to Lemma 5.1.

6.2 Convergence Analysis

In the following a priori convergence analysis we investigate the convergence
behavior of the proposed method depending on higher regularity assumptions
and the parameters {ν, α, a}.

For the analysis we introduce the following energy scalar product for all
u,v ∈ V d

(u,v)e := ν(∇u,∇v) + α(u,v).
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The corresponding energy norm is denoted by ‖·‖e. Further, we introduce
the following triple norm for all (u, p) ∈ X

|||(u, p)|||2 := ‖u‖2
e + ‖∇ · u‖2

0,Ω +M−1
p ‖p‖2

0,Ω.

where Mp is a coefficient depending on the parameters of the problem that
will be determined later. We also introduce the mesh-dependent discrete
counterpart norm for (uh, ph) ∈ [V k

h ]d×Qk−1
h which also accounts for the size

of the stabilization term

|||(uh, ph)|||2h := ‖uh‖2
e + ‖∇ · uh‖2

0,Ω + Sh(uh,uh) +M−1
p ‖ph‖2

0,Ω.

Lemma 6.2 (Coercivity). For all u ∈ V d, p ∈ Q we have the following
coercivity property

Ah[(u, p), (u,−p−∇ · u)] = |||(u, 0)|||2h.

Proof. The proof follows from the anti-symmetry of the convective term,
since ∇ · a = 0 holds.

Lemma 6.3 (Weak consistency). Let (u, p) be the continuous solution of
(4.1), and let (uh, ph) be the solution of (6.6). Then we get

A[(u− uh, p− ph), (vh, qh)] = Sh(uh,vh),

Ah[(u− uh, p− ph), (vh, qh)] = − Sh(u,vh).

Proof. The result is obtained by subtracting (6.6) from (4.1).

Lemma 6.4 (Young). For all a, b ≥ 0 and ε > 0 we have

ab ≤ 1

2ε
a2 +

ε

2
b2.

Lemma 6.5. Suppose u ∈ V d ∩ Hr(Ω), r ≥ 2 and suppose that [V k
h ]d is a

piecewise polynomial space with k ≥ d. Then it holds that

|||(u− π̃h(u), 0)|||+ Sh(π̃h(u), π̃h(u))
1
2 < C

(
ν

1
2 + α

1
2h+ h0 + ‖a‖

1
2

L∞(Ω)h
1
2

)
×htu‖u‖tu+1,Ω,

(6.14)

with tu = min(r − 1, k).

Proof. The lemma is proven by applying (6.2) and (6.11).
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Lemma 6.6. Suppose u ∈ V d ∩ Hr(Ω), r ≥ 2, p ∈ Q ∩ Hs(Ω), s > 0 and
suppose that [V k

h ]d is a piecewise polynomial velocity space with k ≥ d and
Qk−1

h is the corresponding pressure space. Then it holds that

|||(u− π̃h(u), p− πh(p))|||

+Sh(π̃h(u), π̃h(u))
1
2 < C

((
ν

1
2 + α

1
2h+ h0 + ‖a‖

1
2

L∞(Ω)h
1
2

)
×htu‖u‖tu+1,Ω +M−1

p htp‖p‖tp,Ω

)
,

(6.15)

with tu = min(r − 1, k) and tp = min(s, k).

Proof. See Lemma 6.5 and inequality (6.3).

Theorem 6.1 (Stability). The stabilized finite element method in (6.6) sat-
isfies the following stability property. For all (uh, ph) ∈ [V k

h ]d × Qk−1
h with

k ≥ d it holds that

cS|||(uh, ph)|||h ≤ sup
(vh,qh)∈[V k

h ]d×Qk−1
h ,

|||(vh,qh)|||6=0

Ah[(uh, ph), (vh, qh)]

|||(vh, qh)|||h
, (6.16)

with the coefficient Mp in the triple norm given by:

Mp ∼
(
ν + α+ ‖a‖L∞(Ω)

)(
1 + ‖a‖L∞(Ω) min

(
1

ν
,
1

α

))
Here, the constant cS is independent of the mesh size and does not degenerate
as either ν → 0 or α→ 0.

Remark 6.1. However, the control of the pressure, given by the parameter
Mp that will be specified below, is dependent on the problem parameters.

Proof. By discrete LBB stability we find vph
∈ V d such that ∇ · vph

= ph,
∇ · (πF,h(vph

)) = ph, ‖vph
‖1,Ω < C‖ph‖0,Ω and ‖πF,h(vph

)‖1,Ω < C‖ph‖0,Ω.
Taking (vh, qh) = (−πF,h(vph

), 0), we compute

Ah[(uh, ph), (−πF,h(vph
), 0)] ≥ ‖ph‖2

0,Ω

− ν‖∇uh‖0,Ω‖∇ πF,h(vph
)‖0,Ω − α‖uh‖0,Ω‖πF,h(vph

)‖0,Ω

− ‖uh‖0,Ω‖a‖L∞(Ω)‖∇ πF,h(vph
)‖0,Ω

− [Sh(uh,uh)]
1
2 [Sh(πF,h(vph

), πF,h(vph
))]

1
2 . (6.17)
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We conclude, using the stability properties of vph
and πF,h(vph

) and by the
boundedness of the stabilization operator (6.10), that

‖πF,h(vph
)‖0,Ω < C‖ph‖0,Ω,

‖∇ πF,h(vph
)‖0,Ω < C‖ph‖0,Ω,

[Sh(πF,h(vph
), πF,h(vph

))]
1
2 < C‖a‖

1
2

L∞(Ω)h
1
2‖ph‖0,Ω.

(6.18)

For each of the four negative terms on the right hand side of the inequal-
ity (6.17) we use Lemma 6.4 with some ε > 0, which is to be determined.
We get

Ah[(uh, ph), (−πF,h(vph
), 0)] & ‖ph‖2

0,Ω−
1

2ε
(ν‖∇uh‖2

0,Ω + α‖uh‖2
0,Ω

+ Sh(uh,uh) + ‖a‖L∞(Ω)‖uh‖2
0,Ω)

− ε

2
(ν + α+ ‖a‖L∞(Ω)(1 + h)) ‖ph‖2

0,Ω.

Now we set
ε−1 := ν + α+ (1 + h)‖a‖L∞(Ω) (6.19)

and have

Ah[(uh, ph), (−πF,h(vph
), 0)] &

1

2
‖ph‖2

0,Ω

− 1

2ε
(ν‖∇uh‖2

0,Ω + (α+ ‖a‖L∞(Ω))‖uh‖2
0,Ω

+ Sh(uh,uh))

&
1

2
‖ph‖2

0,Ω − 1

2ε
(1 +

‖a‖L∞(Ω)

α
)|||(uh, 0)|||2h.

Similarly, by estimating the convection term |(a · ∇uh, πF,h(vph
))| without

using its anti-symmetry we also get the similar estimate

Ah[(uh, ph), (−πF,h(vph
), 0)] &

1

2
‖ph‖2

0,Ω

− 1

2ε
((ν + ‖a‖L∞(Ω))‖∇uh‖2

0,Ω + α‖uh‖2
0,Ω

+ Sh(uh,uh))

&
1

2
‖ph‖2

0,Ω − 1

2ε
(1 +

‖a‖L∞(Ω)

ν
)|||(uh, 0)|||2h.
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Also in this second estimate the expression for ε−1 remains the same. Now
setting

Mp := ε−1

(
1 + ‖a‖L∞(Ω) min

(
1

ν
,
1

α

))
=
(
ν + α+ ‖a‖L∞(Ω)(1 + h)

)(
1 + ‖a‖L∞(Ω) min

(
1

ν
,
1

α

))
we finally have

Ah[(uh, ph), (−M−1
p πF,h(vph

), 0)] &
1

2Mp

‖ph‖2
0,Ω −

1

2
|||(uh, 0)|||2h.

Now we choose

(vh, qh) := (uh −M−1
p πF,h(vph

),−ph −∇ · uh)

and immediately obtain, using Lemma 6.2 and the previous calculation, that

Ah[(uh, ph), (vh, qh)] &
1

2
|||(uh, ph)|||2h.

We end the proof by showing that

|||(vh, qh)|||h . |||(uh, ph)|||h. (6.20)

To this end, we use first the triangle inequality for the triple norm

|||(vh, qh)|||h ≤ |||(uh, ph)|||h + |||( 1

Mp

πF,h(vph
),∇ · uh)|||h.

By squaring and using Lemma 6.4 we get

|||(vh, qh)|||2h ≤ 2

(
|||(uh, ph)|||2h + |||( 1

Mp

πF,h(vph
),∇ · uh)|||2h

)
. (6.21)

Since we have

1

Mp

=
1

ν + α+ ‖a‖L∞(Ω)(1 + h)
max

(
ν

ν + ‖a‖L∞(Ω)

,
α

α+ ‖a‖L∞(Ω)

)
<

1

ν + α+ ‖a‖L∞(Ω)

,

(6.22)
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the second part on the right hand side in (6.21) can be estimated as follows:

|||( 1

Mp

πF,h(vph
),∇ · uh)|||2h =

1

M2
p

|||(πF,h(vph
), 0)|||2h +

1

Mp

‖∇ · uh‖2
0,Ω

<
1

M2
p

|||(πF,h(vph
), 0)|||2h

+
1

ν + α+ ‖a‖L∞(Ω)

|||(uh, ph)|||2h.

For the first term on the right hand side we apply the three estimates in
(6.18) and use (6.22):

1

M2
p

|||(πF,h(vph
), 0)|||2h .

1

Mp

ν + α+ ‖a‖L∞(Ω)h

ν + α+ ‖a‖L∞(Ω)(1 + h)

×max

(
ν

ν + ‖a‖L∞(Ω)

,
α

α+ ‖a‖L∞(Ω)

)
‖ph‖2

0,Ω

.
1

Mp

‖ph‖2
0,Ω

. |||(uh, ph)|||2h.
(6.23)

Altogether we have shown

|||(vh, qh)|||h .

1 +
1(

ν + α+ ‖a‖L∞(Ω)

) 1
2

 |||(uh, ph)|||h.

Now using the assumptions that ν � 1, α ∼ 1 and ‖a‖L∞(Ω) = O(1), we
conclude that (6.20) holds. We have proven

Ah[(uh, ph), (vh, qh)]

|||(uh, ph)|||h|||(vh, qh)|||h
& cS,

with cS ∼ O(1).

Remark 6.2. Note further that if we assume h small we obtain for ν → 0

Mp ∼
(α+‖a‖L∞(Ω))

2

α
and for α → 0 we have Mp ∼

(ν+‖a‖L∞(Ω))
2

ν
. In the case

that ‖a‖L∞(Ω) = 0 and α = 0 we recover the value of Mp ∼ ν known from the
case of the Stokes equations.

Theorem 6.2 (A priori error estimate). Let (u, p) be solution of (4.1), and
let (uh, ph) be solution of (6.6) then, under the same assumptions on the
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regularity of u and p as for Lemma 6.6, it holds that

cS|||(u− uh, p− ph)||| .
{
ν

1
2 + α

1
2h+ (1 +M

1
2
p )h0 + ‖a‖

1
2

L∞(Ω)h
1
2

+ min

(
‖a‖L∞(Ω)h

1
2

ν
1
2

,
‖a‖W 1,∞h

1
2

α
1
2

+ ‖a‖
1
2

L∞(Ω)

)
h

1
2

}
× htu‖u‖tu+1,Ω +M

− 1
2

p htp‖p‖tp,Ω,

(6.24)

where tu = min(r − 1, k) and tp = min(s, k).
Here, cS is the stability constant appearing in (6.16), i.e., we have cS =

O(1) for ν � 1, α ∼ 1 and ‖a‖L∞(Ω) = O(1).
In addition, for the velocities alone, we have the result

cS|||(u− uh, 0)||| .
{
ν

1
2 + α

1
2h+ (1 +M

1
2
p )h0 + ‖a‖

1
2

L∞(Ω)h
1
2

+ min

(
‖a‖L∞(Ω)h

1
2

ν
1
2

,
‖a‖W 1,∞h

1
2

α
1
2

+ ‖a‖
1
2

L∞(Ω)

)
h

1
2

}
× htu‖u‖tu+1,Ω,

(6.25)

where the approximation order of the discrete velocities is independent of the
regularity of the pressure.

Proof. For the estimate (6.24), we start by using the triangle inequality for
the triple norm

|||(u− uh, p− ph)||| ≤ |||(u− π̃h(u), p− πh(p)|||
+ |||(uh − π̃h(u), ph − πh(p))|||h.

The first term of the right hand side can be estimated immediately by Lemma
6.6. In order to obtain the estimate (6.25) we simply start the analysis with

|||(u− uh, 0)||| ≤ |||(u− uh, πh(p)− ph)|||
≤ |||(u− π̃h(u), 0)|||+ |||(uh − π̃h(u), ph − πh(p))|||h.

(6.26)

Similar to the previous case we can estimate the first term of the second line
by Lemma 6.5. We then apply Theorem 6.1 to the second term, which is
identical in both cases. Introducing the discrete errors ξuh := uh− π̃h(u) and
ξp
h := ph − πh(p) we have

cS|||(ξuh , ξ
p
h)|||h ≤ sup

(vh,qh)∈[V k
h ]d×Qk−1

h ,
|||(vh,qh)|||h 6=0

Ah[(ξ
u
h , ξ

p
h), (vh, qh)]

|||(vh, qh)|||h
.
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Now we investigate the numerator of the fraction on the right hand side. By
weak consistency in Lemma 6.3 and the Cauchy-Schwarz inequality we get

|Ah[(ξ
u
h , ξ

p
h), (vh, qh)]| = |A[(u− π̃h(u), p− πh(p)), (vh, qh)]− Sh(π̃h(u),vh)|

≤ |||(u− π̃h(u), 0)||||||(vh, 0)|||
+ |(u− π̃h(u), a · ∇vh)|
+ |(p− πh(p),∇ · vh)|+ |(qh,∇ · (u− π̃h(u)))|
+ [Sh(π̃h(u), π̃h(u))]

1
2 [Sh(vh,vh)]

1
2 .

(6.27)

First note that by the orthogonality of the L2 projection we have

|(p− πh(p),∇ · vh)| = 0

so the only term involving the projection error of the pressure vanishes. Since
the L2 norms of the pressure and the divergence are included in the triple
norm, we can conclude

|Ah[(ξ
u
h , ξ

p
h), (vh, qh)]| . |||(u− π̃h(u), 0)||||||(vh, qh)|||

+ |(u− π̃h(u), a · ∇vh)|

+M
1
2
p ‖∇ · (u− π̃h(u))‖0,Ω|||(0, qh)|||

+ [Sh(π̃h(u), π̃h(u))]
1
2 |||(vh, 0)|||h.

The second term on the right hand side is estimated as follows. First, we
apply a simple estimate without using the stabilizing properties of the scheme

|(u− π̃h(u), a · ∇vh)| ≤ ‖a‖L∞(Ω)ν
− 1

2‖u− π̃h(u)‖0,Ω|||(vh, 0)|||.

Second, we use the triangle inequality, the stability property of the stabiliza-
tion operator (6.12) and the inverse estimate (6.4).

|(u− π̃h(u), a · ∇vh)| ≤ |(u− π̃h(u), (a− ah) · ∇vh)|
+ |(u− π̃h(u), ah · ∇vh − π̃*

h(ah · ∇vh))|
. ‖a‖W 1,∞α−

1
2‖u− π̃h(u)‖0,Ω|||(vh, 0)|||h

+ ‖a‖
1
2

L∞(Ω)‖h
− 1

2 (u− π̃h(u))‖0,Ω Sh(vh,vh)
1
2 .

Collecting the above upper bounds and using Lemma 6.6 we have the follow-
ing estimate

cS|||(ξuh , ξ
p
h)||| .

{
ν

1
2 + α

1
2h+ (1 +M

1
2
p )h0 + ‖a‖

1
2

L∞(Ω)h
1
2

+ min

(
‖a‖L∞(Ω)h

1
2

ν
1
2

,
‖a‖W 1,∞h

1
2

α
1
2

+ ‖a‖
1
2

L∞(Ω)

)
h

1
2

}
htu‖u‖tu+1,Ω,
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with tu = min(r − 1, k).

Remark 6.3. We can conclude from the above analysis that convergence of
the velocities is completely independent of the pressure and its regularity.

Remark 6.4. The a priori error estimate does not allow us to conclude that
convergence improves in the L2 norm thanks to the stabilization operator.
This is due to the fact that the contribution of the divergence of the solution
dominates the error estimate in the case of high Reynolds numbers.

This is a typical theoretical result for stabilized mixed finite elements for
the Oseen equation, when using LBB-stable elements. But, in the numerical
examples given in Chapter 9, we show in a linear example in Section 9.1 that
the stabilized method can lead to smaller error in both L2- and H1 norms.
Then, in a non-linear example in Section 9.2, we show that the stabilization
damps spurious oscillations on coarse meshes.

Remark 6.5. In the case α→ 0 the triple norm is a norm only when using
the Poincaré inequality and the constant in the a-priori error estimate will
then scale as ν−1/2 corresponding to the physical instability of the stationary
problem.

Remark 6.6. In the case of dominant diffusion ‖a‖L∞(Ω)h ≤ ν it is possible
to show optimal error estimates in the L2 norm. We will present this in
Section 6.3 for the symmetric case with a ≡ 0. Here, we have to use a
duality argument. The stabilization parameter may be chosen independently
of ν, and optimal convergence is still recovered in the low Reynolds number
regime. It follows that for the proposed method the perturbation induced by
the stabilization operator is independent of the viscosity, which is not the case
for stabilized equal order interpolation methods, where also the pressure has
to be stabilized.

6.3 Two Concrete Stabilization Operators

In the following we present two different stabilization operators, that enter
the abstract framework proposed above. Other methods such as the or-
thogonal subscales proposed by Codina [27], or the subgrid viscosity method
proposed by John and Kaya [63] could also be considered. An overview of
some recent stabilization methods for the Oseen equation is given by Braack
et al. [15].
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6.3.1 Interior Penalty Stabilization

The interior penalty stabilization was analyzed for the first time by [23]
for finite element discretizations of convection-diffusion-reaction equations.
Later, the method was extended to incompressible flow problems [22]. The
stabilization operator is

Sh(u,v) =
∑
T∈T̃h

1

2

∫
∂T

γh2
∂T [∇u] · [∇v]ds . (6.28)

Here, h∂T is a function giving the diameter of each face in ∂T , [q] denotes
the jump in q across ∂T for ∂T ∩ ∂Ω = ∅, where [q] = 0 on ∂T ∩ ∂Ω 6= ∅,
and γ denotes a stabilization parameter that has to be chosen so as to give
Sh(·, ·) the correct scaling of ‖a‖L∞(Ω) in the estimates (6.10)–(6.12).

For this operator we see that (6.7)–(6.10) hold at once. Also the first part
of (6.11) is easily verified, since for functions u ∈ [H2(Ω)]d the trace of ∇u
is well defined and the stabilization vanishes. Therefore, the interior penalty
stabilization is consistent if the exact solution is in H2. For the remaining
features of the stabilization we refer the reader to [23, 22] . Here the operator
π̃h is defined by the standard L2 projection onto the space [Zh]

d := [V k
h ]d

and π̃*
h : [Qk−1

h (T̃h)]
d → [Zh]

d is defined by the quasi-interpolation operator
defined at each node xi as the average

π̃*
h u(xi) =

1

ni

∑
{K:xi∈K}

u(xi)|k

where ni denotes the number of triangles sharing node xi [22]. One may then
show that the stabilization term (6.28) satisfies also the condition (6.12). A
streamline-diffusion type operator is obtained by choosing γ = γ0|a · n∂T |.
For details see Ref. [22].

6.3.2 Local Projection Stabilization

The local projection method was introduced by [10] and was analyzed for
the Oseen equation by [14]. In order to define the method we introduce the
space of discontinuous functions on the macro element mesh and set Zh :=
[Qk−1

h (Th)]
d. With the (local) L2 projection π̄h,k−1 : [Qk−1

h (T̃h)]
d → [Zh]

d we
define the following fluctuation operator

κ̄h := I − π̄h,k−1, (6.29)

where I stands for the identity mapping. Now the convection is stabilized by

Sh(u,v) = (γhT κ̄∇u, κ̄∇v). (6.30)
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Again, we readily verify that (6.7), (6.8), and (6.9) are valid for this operator.
In the abstract setting above π̃*

h is given by the operator π̄h,k−1. The corre-
sponding projector π̃h is defined as a variant of the Scott-Zhang interpolation
[100], modified to satisfy the orthogonality constraint of (6.12). For details
on the analysis we refer to Refs. [14] and [83]. The stabilization coefficient
should be chosen as γ|T = γ0‖a‖L∞(T ) for all T ∈ Th.

6.4 Divergence-Free Analysis for the Gener-

alized Stokes Problem

The generalized Stokes problem with a ≡ 0 is an important special case of the
Oseen problem. The problem appears in semi-implicit methods for solving
the nonstationary Navier-Stokes equations, as mentioned in Chapter 1.

The generalized Stokes equation can be analyzed in the above mixed
framework, but by using the elliptic formulation for the velocities alone in
(4.3), we can present a more elegant analysis, fully sufficient for the needs
of the multi-grid analysis in Chapter 7. This presentation closely follows our
earlier work [78].

In order to simplify the notation in the multi-grid analysis below, we will
further assume ν = 1. In contrast to the Oseen problem, this is only a scaling
of the generalized Stokes equation.

Moreover, we will make the following assumption:

Assumption 6.2 (Multi-grid regularity assumption). The unique solution
(u, p) ∈ V d × Q of problem (4.1) with a ≡ 0 and ν = 1 has the additional
regularity (u, p) ∈ [H2(Ω)]d ×H1(Ω), whenever f ∈ L2(Ω); see also Theorem
4.2. Moreover, the following estimate holds:

|u|2,Ω ≤ C‖f‖0,Ω. (6.31)

Hence, we analyze the following discrete elliptic problem with a ≡ 0,
ν = 1, and α > 0: find uh ∈ V0,h fulfilling

ah(uh,vh) := a(uh,vh) + Sh(uh,vh) = (f ,vh) (6.32)

for all vh ∈ V0,h. Clearly, the discrete velocity solution uh also satisfies (6.6),
when we assume there ν = 1 and a ≡ 0, i.e., there exists a mixed formulation
for (6.32), also. This will also be used below.

Further, we will introduce the following divergence-free interpolation op-
erator, πV0,h

: V0 → V0,h, having approximation properties such that for all
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v ∈ V0 it holds that:

‖∇v −∇πV0,h
(v)‖0,Ω ≤ inf

wh∈V0,h

‖∇v −∇wh‖0,Ω, (6.33)

i.e., the operator is the divergence-free H1
0 projection from V0 into V0,h.

Then, we have the following lemma:

Lemma 6.7. For the divergence-free interpolation operator πV0,h
it holds for

all v ∈ V0 ∩ [H2(Ω)]d that

‖∇v −∇πV0,h
(v)‖0,Ω ≤ Ch|v|2,Ω. (6.34)

Proof. Due to the assumed LBB stability and due to the results in Sub-
section 5.3.1, the space of discretely divergence-free functions has optimal
approximation properties with respect to V0.

Similar to Lemma 6.3, we only have a weak consistency,

ah(u− uh,vh) = Sh(u,vh) for all vh ∈ V0,h, (6.35)

and the consistency error has to be estimated additionally.
In order to derive the approximation property of the multi-grid scheme

in Chapter 7, for the problem in (6.32) we will prove a L2 error estimate for
the velocity uh. For that, we first prove an estimate in the corresponding
error norm of the problem, and then we apply an Aubin Nitsche argument
to get the desired L2 estimate for the velocity error.

The energy norm of the continuous elliptic problem (4.3) given in the
space of divergence-free functions is equivalent to the H1 norm ‖ · ‖1. The
energy norm of the discrete elliptic problem (6.32) is defined as

|||v|||h :=
(
|v|21 + α‖v‖2

0 + Sh(v,v)
)1/2

which is well defined for all v ∈ V0 ∩ [H2(Ω)]d + [V k
h ]d. Note that |||·|||h is a

norm on V0 ∩ [H2(Ω)]d + [V k
h ]d due to the assumptions on Sh in Section 6.1.

To study the unique solvability of (6.32), we start with the coercivity of
the bilinear form ah.

Lemma 6.8 (Discrete coercivity). The stabilized bilinear form ah satisfies

ah(vh,vh) ≥ |||vh|||2h

for all vh ∈ V0,h.
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Proof. The coercivity follows directly from the definitions of the bilinear form
and the discrete energy norm.

We proceed with the approximation property in the discrete energy norm.

Lemma 6.9 (Approximation). Suppose v ∈ V0 ∩ [H2(Ω)]d. Then it holds
that

|||v − πV0,h
(v)|||h ≤ Ch|v|2,Ω.

Proof. The lemma is a direct consequence of Lemma 6.7 and the prop-
erty (6.11) of the stabilizing term Sh. Here, we assume that in the generalized
Stokes case, the inequality (6.11) is independent of the term ‖a‖L∞(Ω), i.e.,
we may assume that in (6.11) ‖a‖L∞(Ω) is set to 1.

We are now able to state an a priori energy estimate.

Lemma 6.10 (A priori energy estimate). Let u and uh be the solutions
of (4.3) and (6.32), respectively. Under the additional smoothness assump-
tion u ∈ [H2(Ω)]d, we have

|||u− uh|||h ≤ Ch|u|2,Ω.

Proof. We get for any vh ∈ V0,h

|||u− uh|||h ≤ |||u− vh|||h + |||uh − vh|||h
by the triangle inequality. To estimate the second term, we start with

|||uh − vh|||2h ≤ ah(uh − vh,uh − vh)

= ah(u− vh,uh − vh) + ah(uh − u,uh − vh)

= ah(u− vh,uh − vh)− Sh(u,uh − vh)

where the representation of the consistency error from (6.35) was applied.
Using (6.13) and the definition of |||·|||h, we end up with

|||uh − vh|||h ≤ |||u− vh|||h + Sh(u,u)1/2.

After setting vh := πV0,h
(u), we apply Lemma 6.9 and (6.11) to yield the

assertion of the lemma.

Additionally, we prove an a priori L2 estimate using a duality argument.
To this end, we consider the following continuous adjoint problem for a given
g ∈ [L2(Ω)]d:

Find wg ∈ V0 such that

a(v,wg) = (g,v) for all v ∈ V0. (6.36)

This problem is well-posed. Due to Assumption 6.2 on the regularity of the
Stokes problem, we conclude wg ∈ H2(Ω) and |wg|2,Ω ≤ C‖g‖0.
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Theorem 6.3 (A priori L2 estimate, H2). Let u and uh be the solutions
of (4.3) and (6.32), respectively. If in addition u ∈ [H2(Ω)]d, we have the a
priori L2 estimate

‖u− uh‖0 ≤ Ch2|u|2,Ω.

Proof. We start by using v := u− uh as a test function in (6.36) to obtain

(g,u− uh) = a(u− uh,wg) = ah(u− uh,wg)− Sh(u− uh,wg)

where the definitions of a and ah were used. Let vh ∈ V0,h be arbitrary.
Using (6.35) in the form Sh(u,vh)− ah(u− uh,vh) = 0, we get

(g,u− uh) = ah(u− uh,wg)− ah(u− uh,vh)

+ Sh(u,vh)− Sh(u− uh,wg)

= ah(u− uh,wg − vh) + Sh(u,vh)− Sh(u− uh,wg).

By setting g := u− uh, we obtain

‖u− uh‖2
0 = (g,u− uh)

≤ |||u− uh|||h|||wg − vh|||h + |Sh(u,u)|1/2|Sh(vh,vh)|1/2

+ |Sh(u− uh,u− uh)|1/2|Sh(wg,wg)|1/2

≤ |||u− uh|||h
(
|||wg − vh|||h + |Sh(wg,wg)|1/2

)
+ |Sh(u,u)|1/2|Sh(vh,vh)|1/2.

We choose vh := πV0,h
(wg), apply Lemmata 6.9 and 6.10, inequality (6.11)

and |wg|2,Ω ≤ C‖g‖0 (Assumption 6.2), and obtain the stated estimate.

Remark 6.7. We can see from the proof above that the expected asymptotic
convergence order of the scheme does not deteriorate by adding the symmetric
stabilization operator.
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Chapter 7

Multi-Grid Approach

John et al. [66] identified five sufficient conditions (H1)–(H5), which al-
low us to conclude that some standard multi-grid solvers for quite general
discretizations of mixed problems converge at optimal convergence rates.
Their considerations include non-nested discretizations and even discretiza-
tions with different finite element ansatz functions on different levels. The
Theorems 4.1 and 6.3 which were proved in the previous section are the
conditions (H1) and (H2) for the special case of the proposed stabilized
Scott-Vogelius scheme. We will outline in the following section a multi-grid
approach for the proposed stabilized Scott-Vogelius element, first presented
by us in earlier work [78]. For the multi-grid analysis of this approach, we
will apply the general framework developed by John et al. [66] to our special
situation. For the sake of completeness, we will repeat some of the arguments
used by them [66]. We also mention that hints to a multi-grid convergence
analysis for the non-stabilized Scott-Vogelius element are already given in
the work of Zhang [122].

We emphasize that all constants C used in the estimates in this chapter
are always independent of the corresponding grid level.

7.1 Multi-Grid Discretization

Let T̃0 denote the coarse macro triangulation. The finer macro triangula-
tions T̃l, l ≥ 1, are obtained by successive regular refinement. Since the
Scott-Vogelius element is not necessarily LBB stable on such meshes, we
construct triangulations Tl from the macro triangulations T̃l as described in
Definition 5.6. Note that the mesh size of Tl is just the half of the mesh
size of Tl−1. Let Vl and Ql denote the spaces V k

h and Qk−1
h with respect to

the triangulation Tl, see Chapter 6. Note that both the sequence {V d
l }l≥0 of
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Figure 7.1: Two successive triangulations of the unit square with two and
eight macro elements which result in six and 24 elements, respectively.

velocity spaces and the sequence {Ql}l≥0 of pressure spaces are non-nested.
This is caused by the non-nested triangulations which are, however, derived
from nested macro triangulations. Figure 7.1 shows two subsequent trian-
gulations of the unit square into two and eight macro triangles, which are
refined into 6 and 24 triangles, respectively. The non-nested character of the
grid hierarchy is clearly demonstrated.

7.2 Matrix Representation

Let {ϕl,i : i ∈ Il} and {ψl,j : j ∈ Jl} be bases of the spaces V d
l and Ql,

respectively, where Il, Jl denote the corresponding index sets. The solution
(uh, ph) of (6.6) with V k

h and Qk−1
h based on the triangulation Th = Tl will

be denoted by (ul, pl). The unique representations

ul =
∑
i∈Il

ul,i ϕl,i, pl =
∑
j∈Jl

pl,j ψl,j

define the finite element isomorphisms Φl : Ul → V d
l , Ψl : Pl → Ql bet-

ween the vector spaces Ul = Rdim V d
l , Pl = Rdim Ql of coefficient vectors ul =

(ul,i)i∈Il
, p

l
= (pl,j)j∈Jl

and the finite element spaces V d
l and Ql, respectively.

Let al be the bilinear form ah based on Th = Tl. We introduce the finite
element matrices Al and Bl having the entries al,ij = al(ϕl,j, ϕl,i) and bl,ij =
b(ψl,i, ϕl,j). Now the discrete problem (6.6) is equivalent to(

Al BT
l

Bl 0

)(
ul

p
l

)
=

(
f

l

0

)
(7.1)

with fl,i = (f , ϕl,i). Note that Al is a symmetric matrix. We will use in the
vector spaces Ul and Pl the usual Euclidean norms scaled by suitable factors
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such that the following norm equivalences

C−1‖vl‖Ul
≤ ‖vhl

‖0 ≤ C‖vl‖Ul
∀vhl

∈ V d
l ,

C−1‖q
l
‖Pl

≤ ‖qhl
‖0 ≤ C‖q

l
‖Pl

∀qhl
∈ Ql,

are satisfied with a constant C which is independent of both the mesh and
level of refinement.

7.3 Smoothing Property

For smoothing the error of an approximate solution of (7.1), we take the
basic iteration(

αlDl BT
l

Bl 0

)(
uj+1

l − uj
l

pj+1
l

− pj
l

)
=

(
f

l

0

)
−
(
Al BT

l

Bl 0

)(
uj

l

pj
l

)
, j ≥ 0. (7.2)

This can be considered as a special case of the symmetric incomplete Uzawa
algorithm proposed by Bank, Welfert, and Yserentant [4]. The smoothing
properties of (7.2) have been studied for the special case Dl = Il [18], for the
general case provided that an additional projection step is performed [93],
and for a more general setting [126].

The matrix Dl is a preconditioner of Al such that the linear system (7.2)
is more easily solvable than (7.1). Note that we have

Bl(u
j+1 − uj

l ) = −Blu
j
l , j ≥ 0,

implying that after one smoothing step the iterate uj+1
l is divergence-free,

i.e., Blu
j+1
l = 0.

Theorem 7.1 (H5). The matrix BlB
T
l in (7.1) is non-singular.

Proof. The invertibility of BlB
T
l is a consequence of the fulfillment of the

discrete LBB condition.

Remark 7.1. It is easy to verify that(
ul − uj+1

l

p
l
− pj+1

l

)
=

(
αlDl BT

l

Bl 0

)−1(
(αlDl − Al)(ul − uj

l )
0

)
where (ul, pl

) is the solution of (7.1). This shows that the iteration is a so-

called u-dominant method since the new iterate (uj+1
l , pj+1

l
) depends on uj

l

but not on pj
l
.
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Lemma 7.1. Assume that Dl is symmetric and that αl can be chosen such
that

1

δ
λmax(Al) < αlλmin(Dl) ≤ αl‖Dl‖ ≤ γλmax(Al)

for some level- and mesh-independent constants δ ∈ [1, 2) and γ > 0. More-
over, let the basis of V d

l be chosen such that λmax(Al) = O(h−2
l ). Then the

basic iteration (7.2) satisfies the smoothing property

‖Al(ul − um
l ) +BT

l (p
l
− pm

l
)‖Ul

≤ C

m
h−2

l ‖ul − u0
l ‖Ul

.

Proof. See Refs. [18, 93] and [126].

7.4 Prolongation and Restriction

Essential ingredients of a multi-grid algorithm for mixed problems are ap-
propriate prolongations

P u
l−1,l : Ul−1 → Ul, P p

l−1,l : Pl−1 → Pl

and restrictions

Ru
l,l−1 := (P u

l−1,l)
∗ : Ul → Ul−1, Rp

l,l−1 := (P p
l−1,l)

∗ : Pl → Pl−1.

Since we deal with a non-nested finite element discretization, we define pro-
longations by

P u
l−1,l := Φ−1

l ◦ iu ◦ Φl−1, P p
l−1,l := Ψ−1

l ◦ ip ◦Ψl−1,

where iu : (Vl−1 + Vl)
d → V d

l and ip : Ql−1 + Ql → Ql are suitable transfer
operators.

A convergence analysis based on the u-dominance of the smoother, i.e.,
the new iterate (uj+1

l , pj+1
l

) depends on uj
l but not on pj

l
, has already been

performed [66]. Thus, we only have to investigate in depth the velocity
prolongation, which is much simpler here than in the general framework.
First, we restrict our considerations to a scalar prolongation for one velocity
component. Second, we can make important simplifications since the velocity
spaces Vl are continuous. Third, the local finite element space Vl|eT on any

macro simplex T̃ ∈ T̃l is derived from a single corresponding finite element
space V̂ on a reference macro simplex T̂ by

Vl|eT =
{
v̂ ◦ F−1eT : v̂ ∈ V̂

}
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where FeT : T̂ → T̃ is an affine transformation with FeT (T̂ ) = T̃ and T̂ denotes
the unit reference simplex (Subsection 5.2.2).

We will construct a scalar velocity transfer operator iu : Σl → Vl with
Σl := Vl−1 + Vl which fulfills the necessary properties [66]. Note that for

macro elements T̃ ∈ T̃l−1 the local finite element space Σl|eT = Vl−1|eT + Vl|eT
can be derived from Σ̂ = V̂c + V̂f where the finite element spaces V̂c and V̂f

on the reference macro element T̂ correspond to the refinement levels l = 0
and l = 1 of the reference simplex T̂ . Let n := dim V̂f . We introduce n linear

nodal functions N̂i, i = 1, . . . , n, such that

N̂i : Σ̂ → V̂f , v̂ 7→ v̂(xi), i = 1, . . . , n,

for the set {xi, i = 1, . . . , n} of Lagrange points with respect to V̂f . Let

{ϕ̂1, . . . , ϕ̂n} be the basis of V̂f which is dual with respect to {N̂1, . . . , N̂n},
i.e., N̂i(ϕ̂j) = δij, i, j = 1, . . . , n, where δij denotes the Kronecker delta. We
define

ı̂u : Σ̂ → V̂f , v̂ 7→
n∑

i=1

N̂i(v̂) ϕ̂i.

Obviously, ı̂u is a continuous linear operator on Σ̂ since the nodal functionals
N̂i are linear and since dim Σ̂ <∞. Hence, the estimate

‖ı̂uv̂‖0, bT ≤ C‖v̂‖0, bT for all v̂ ∈ Σ̂, (7.3)

holds true. We define for each macro element T̃ ∈ T̃l−1 a local transfer
operator by

i
eT
u : Σl|eT → Vl|eT , v 7→

n∑
i=1

N̂i(v ◦ FeT ) (ϕ̂i ◦ F−1eT ).

Due to the chosen set of Lagrange points, the restriction of i
eT
u v to ∂T̃ depends

only on the restriction of v to ∂T̃ . Hence, the local operators can be put
together to a global operator iu : Σl → Vl such that

iuv|eT = i
eT
u

(
v|eT ), T̃ ∈ T̃l−1.

Theorem 7.2 (H3). For the transfer operator iu : Σl → Vl, it holds for all
v ∈ Vl that

iuv = v.

Proof. The statement of this theorem is a direct consequence of the definition
of the operator iu.
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Theorem 7.3 (H4). For all vl ∈ Σl, it holds that

‖iuv‖0 ≤ C‖v‖0.

Proof. Setting v := v̂ ◦ F−1eT and x̂ := F−1eT (x), we compute

‖iuv‖2
0 =

∑
eT∈eTl−1

∫
eT
{
(i

eT
u v)(x)

}2
dx =

∑
eT∈eTl−1

d! |T̃ |
∫

bT
{
(i

eT
u v)(FeT (x̂))

}2
dx̂

=
∑

eT∈eTl−1

d! |T̃ |
∫

bT
{
(̂ıuv̂)(x̂)

}2
dx̂ =

∑
eT∈eTl−1

d! |T̃ | ‖ı̂uv̂‖2
0, bT .

We can apply the estimate (7.3) and conclude

‖iuv‖2
0 ≤ C2

∑
eT∈eTl−1

d! |T̃ | ‖v̂‖2
0, bT = C2

∑
eT∈eTl−1

‖v‖2
0, eT = C2‖v‖2

0.

Thus, the L2 stability of the transfer operator is shown with a constant C
independent of the level.

Remark 7.2. It would have been possible to rely completely on the much
more general existing proof in [66] about the L2 stability of a general class
of possible velocity transfer operators. There, two additional assumptions
(H6) and (H7) are introduced which imply (H3) and (H4). These assump-
tions are clearly true in our case but the proof presented above is much more
simpler.

7.5 Approximation Property

Suppose an approximation (ũl, p̃l) ∈ V d
l ×Ql of the discrete solution (ul, pl) is

available. We can think of (ũl, p̃l) as the result obtained after some smoothing
steps and consequently assume that

∇ · ũl = 0.

Then the coarse-grid correction is defined as the solution of the following
problem:

Find (u∗l−1, p
∗
l−1) ∈ V d

l−1×Ql−1 such that, for all (vl−1, ql−1) ∈ V d
l−1×Ql−1,

Al−1[(u
∗
l−1, p

∗
l−1), (vl−1, ql−1)] = (f , iuvl−1)− Al[(ũl, p̃l), (iuvl−1, 0)]. (7.4)
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The coarse-grid correction yields, using the transfer operator iu from Section
7.4, the new velocity approximation

unew
l := ũl + iuu

∗
l−1. (7.5)

The basic idea for proving the approximation property is to construct an
continuous auxiliary problem such that (u∗l−1, p

∗
l−1) and (ul − ũl, pl − p̃l) are

finite element approximations of the auxiliary problem in the spaces V d
l−1 ×

Ql−1 and V d
l × Ql, respectively. This idea has been used for scalar elliptic

equations [19] and has been applied to more general situations [17, 69]. The
auxiliary problem is:

Find (z, w) ∈ V d ×Q such that, for all (v, q) ∈ V d ×Q,

A[(z, w), (v, q)] = (Fl,v).

where Fl ∈ Σd
l is given via the Riesz representation of the residue by

(Fl, s) := (f , ius)− Al[(ũl, p̃l), (ius, 0)] ∀s ∈ Σd
l .

Due to (H3), we have for s ∈ V d
l that

(Fl, s) = (f , s)− Al[(ũl, p̃l), (s, 0)] = Al[(ul − ũl, pl − p̃l), (s, 0)]

which means that (ul− ũl, pl− p̃l) is a finite element approximation of (z, w)
in the space V d

l ×Ql. On the other hand, (Fl, s) becomes just the right hand
side of (7.4) if s ∈ V d

l−1, i.e., (u∗l−1, p
∗
l−1) is the finite element approximation

of (z, w) in the space V d
l−1 ×Ql−1. Furthermore, we have for s ∈ Σd

l

(Fl, s) = ah(ul − ũl, ius) + b(ius, pl − p̃l) =
(
Al(ul − ũl) +BT

l (p
l
− p̃

l
), ius

)
Ul
.

Applying the Cauchy-Schwarz inequality and setting s = Fl, we get

‖Fl‖0 ≤ C‖Al(ul − ũl) +BT
l (p

l
− p̃

l
)‖Ul

(7.6)

where ‖ius‖Ul
≤ C‖ius‖0 ≤ C‖s‖0 was used, which follows from the equiva-

lence of norms in V d
l and Ul together with (H4).

Lemma 7.2. The approximation property

‖ul − unew
l ‖0 ≤ Ch2

l ‖Al(ul − ũl) +BT
l (p

l
− p̃

l
)‖Ul

holds.

Proof. From (H3) and (7.5) we find that ul − unew
l = iu(ul − ũl − u∗l−1).

Applying (H4), the triangle inequality, and Theorem 6.3, we get

‖ul − unew
l ‖0 ≤ C‖ul − ũl − u∗l−1‖0 ≤ C

(
‖ul − ũl − z‖0 + ‖z− u∗l−1‖0

)
≤ C(h2

l + h2
l−1) ‖z‖2.

Using Assumption 6.2, inequality (7.6), and hl−1 = 2hl yields the statement
of this lemma.
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7.6 Multi-Grid Convergence

We briefly describe the two-grid algorithm using m smoothing steps on the
level l, l ≥ 1, and the coarse-grid correction (7.5). Let (u0

l , p
0
l ) be an initial

guess for the solution (ul, pl) of (6.6). We apply m smoothing steps of the
basic iteration (7.2) and obtain (um

l , p
m
l ). Now the coarse-grid correction (7.5)

is performed using
(ũl, p̃l) = (um

l , p
m
l )

as an approximate solution of the discrete problem (6.6). Finally, the new
velocity approximation is obtained by

unew
l := um

l + iuu
∗
l−1.

Combining the smoothing and the approximation properties, we get the
multi-grid convergence.

Theorem 7.4. Under the assumptions of Lemma 7.1 and Lemma 7.2, the
two-grid method converges for sufficiently many smoothing steps with respect
to the L2 and Ul norms. In particular, there are level- and mesh-independent
constants C and C̃ such that

‖ul − unew
l ‖Ul

≤ C

m
‖ul − u0‖Ul

and

‖ul − unew
l ‖0 ≤

C̃

m
‖ul − u0

l ‖0.

Once the convergence of the two-grid method is proven, the convergence
of the W-cycle multi-grid method follows in a standard way.
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Chapter 8

Coupled Systems:
Convection-Diffusion in a
Divergence-Free Flow Field

In this chapter, we investigate the linear parabolic convection-diffusion equa-
tion. This equation serves as a simple model problem, in order to avoid tech-
nicalities. But all results obtained here are extendable to many nonlinear
reaction-convection-diffusion problems.

Nonlinear reaction-convection-diffusion equations model a wide range of
different physical phenomena. Well-known applications are the modeling of
diffusion and transport of molar species concentrations within a fluid, or the
description of a temperature distribution in a fluid.

The model problem will be discretized by a Voronöı-box-based finite vol-
ume discretization described in Section 8.2. Our interest in the Voronöı-box-
based finite volume method is driven by the successful results that have been
obtained with this method in different application areas like electrochemistry
or semiconductor device simulation [28, 29, 49, 50]. In these applications, we
usually have to solve systems of nonlinear reaction-convection-diffusion equa-
tions. The Voronöı-box-based finite volume scheme seems to be appropriate
for these problems, since there exist nonlinear schemes with proper nonlin-
ear stability properties, at least for a class of scalar nonlinear convection-
diffusion equations [36]. For instance in one dimension, the scheme proposed
by Eymard et al. [36] delivers for stationary nonlinear problems nodally exact
values [42], since it is a nonlinear extension of the classical linear exponential
fitting scheme [94, 1, 59].

Moreover, by using boundary conforming Delaunay meshes in two and
three dimensions [106], the scheme in Ref. [36] possesses a discrete local
maximum principle, is stable for all mesh sizes h, guarantees positivity, and
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leads to M-Matrices, even in the nonlinear iteration, provided the underlying
flow field is divergence-free.

Here, incompressibility is understood in the finite volume sense given by
Definition 8.2. Since there does not seem to exist a finite volume scheme for
the Navier-Stokes equation which produces discrete velocities that are dis-
cretely divergence-free in the sense of Definition 8.2, the idea of coupling the
Scott-Vogelius finite element for the Navier-Stokes equation with a Voronöı-
box-based finite volume scheme for convection-diffusion problems, is appar-
ent. Since discrete Scott-Vogelius velocities are divergence-free pointwise,
they are also divergence-free in the sense of Definition 8.2.

8.1 The Convection-Diffusion Equation

In this section, we introduce a simple continuous model problem, together
with some theoretical results known for it. These continuous results serve to
illustrate the meaning of the discrete results obtained by the Voronöı-box-
based finite volume method. We study the temporal evolution of a variable
c ∈ L2((0, T );H1

0 (Ω)) satisfying

ct +∇ · (−D∇c+ cu) = 0 (t,x) ∈ (0, T )× Ω,

c(x) = 0 x ∈ (0, T )× ∂Ω, (8.1)

c(0,x) = c0(x) x ∈ Ω,

where c0 ∈ L∞(Ω), u ∈ V0 and D > 0.
The solution of this convection-diffusion equation exists and is unique in

the above setting [77, 90]. Moreover, it is continuous in C((0, T ) × Ω) [77].
For t→∞ the solution c(t) converges to c∞(x) ≡ 0, since in the variational
form of (8.1)

(ct, φ) +D(∇c,∇φ) + ((u · ∇)c, φ) = 0 for all φ ∈ L2((0, T );H1
0 (Ω)),

we can test by φ := c. This yields

1

2

d

dt
(‖c‖2

0,Ω) = −D‖∇c‖2
0,Ω ≤ − D

C2
F

‖c‖2
0,Ω,

using the Poincaré inequality (2.7). Therefore, ‖c‖2
0,Ω decreases exponentially

with a rate of at least 2D/C2
F , and we have proven the desired result.

Furthermore, since ∇ · u = 0 we have the following result [77]: defining
c[ := min(infx∈Ω c0(x), 0) and c] := max(supx∈Ω c0(x), 0) we obtain

c(t,x) ∈ [c[, c]] for all t > 0 ∧ for allx ∈ Ω. (8.2)
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Figure 8.1: Left picture: Voronöı diagram (black lines) and boundary con-
forming Delaunay triangulation (gray lines) of a set of points in R2. Right
picture: One Delaunay edge and one Delaunay triangle in this triangulation
are highlighted by circles. Here, for both simplices there is at least one cir-
cumcircle, such that no other vertex in the mesh is within this circumcircle.
In a Delaunay triangulation all simplices have this Delaunay property

8.2 A Voronöı-Box-Based Finite Volume Dis-

cretization

This section introduces a finite volume discretization method for scalar con-
vection-diffusion equations. The presentation closely follows the work of
Eymard et al. [36, 37]. First, we introduce the concept of an admissible dis-
cretization for the finite volume method. We will not explain how to construct
concrete finite volume triangulations of the domain Ω meeting these require-
ments. Instead, it suffices to point out that the construction of boundary
conforming Delaunay triangulations in two and three dimensions naturally
leads to such admissible discretizations [92, 104, 105]. From such triangula-
tions we can derive the corresponding Voronöı diagram and thereby get an
admissible finite volume mesh in the sense of Subsection 8.2.1 [37].

Since this is the usual construction for such admissible finite volume
meshes, in the following the finite volume method (8.6) will be called the
“Voronöı-box-based finite volume method”. An example of such a boundary
conforming Delaunay triangulation is presented in Figure 8.1. In the follow-
ing, the term “boundary conforming Delaunay triangulation”, will usually
be abbreviated to simply “Delaunay triangulation”.
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8.2.1 Admissible Finite Volume Meshes

The following definition for an admissible finite volume mesh is due to Ey-
mard et al. [36]. Here we introduce necessary terms, in order to present the
actual finite volume discretization in the next subsection.

Definition 8.1 (Admissible discretization). Under the assumptions on Ω in
Section 2.2, an admissible finite volume discretization of (0, T )×Ω, denoted
by D, is given by D = (T , E ,P , τ), where:

• T is a finite family of non-empty open polygonal convex disjoint subsets
of Ω (the “control volumes”) such that Ω = ∪K∈TK. We then denote,
for all K ∈ T , the boundary of K by ∂K = K \ K and by mK > 0
the d-dimensional Lebesgue measure of K. The quantity mK is the
area of K in the two-dimensional case and the volume of K in the
three-dimensional case.

• E is a finite family of disjoint subsets of Ω (the “edges” of the mesh),
such that, for all σ ∈ E, there exists a hyperplane E of Rd and K ∈ T
with σ = ∂K ∩ E and σ is a non-empty open subset of E. We then
denote by mσ > 0 the (d− 1)-dimensional Lebesgue measure of σ. We
assume that, for all K ∈ T , there exists a subset EK of E such that
∂K = ∪σ∈EK

σ. It then results from the previous hypotheses that, for
all σ ∈ E, either σ ⊂ ∂Ω or there exists (K,L) ∈ T 2 with K 6= L such
that K ∩ L = σ; in the latter case we denote by σ the set K|L. We
denote by NK the set of control volumes L 6= K such that there exists
σ ∈ EK with σ = K|L. The subset of E of the edges σ such that there
exist two control volumes K and L with σ = K|L is denoted by Eint.

• P is a family of points of Ω indexed by T , denoted by P = (xK)K∈T .
This family is such that, for all K ∈ T , xK ∈ K̄. For all σ ∈ E
such that there exists (K,L) ∈ T 2 with σ = K|L, it is assumed that
xK 6= xL and that the straight line (xK , xL) going through xK and xL is
orthogonal to K|L. We denote dKL = dist(xk, xl). For all K ∈ T such
that meas(∂K ∩ ∂Ω) 6= 0 we assume that xK ∈ ∂Ω. The set of such
control volumes is denoted by Text, the set of control volumes such that
meas(∂K ∩ ∂Ω) = 0 is denoted by Tint. For all K ∈ T and σ ∈ EK, we
set

DK,σ = {txK + (1− t)y, t ∈ (0, 1), y ∈ σ}

and we assume that for all K ∈ T , K̄ =
⋃

L∈NK

D̄K,K|L.

• τ > 0 is the time step. Let NT be the largest integer such that NT τ ≤ T .
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The size and regularity of the discretization are defined by

size(D) = sup{diam(K), K ∈ T } ∪ {τ},

reg(D) = inf

{
dist(xK , K|L)

diam(K)
, K ∈ T , L ∈ NK

}
.

For all K ∈ T and L ∈ NK , we denote by nK,L the unit vector normal to
K|L outward to K.

8.2.2 Finite Volume Discretization

We now present an implicit finite volume scheme for the parabolic convection-
diffusion equation, which preserves the local maximum principle. This prop-
erty of the scheme will be proven in the next subsection. Here existence and
uniqueness of a discrete solution is assumed [44, 36]. The convergence proof
is presented in its full length by [36]. A sketch for that proof was already
given by [38].

But to the best of our knowledge, these schemes have never been applied
before in combination with discrete incompressible flow computations, where
the discrete velocity field was indeed divergence-free. Hence, the proposed
coupled scheme assures the local maximum principle for practical computa-
tions, and not only in theory.

First, for any family of values {vn
K}K∈D,n∈N, we define the piecewise con-

stant function vD: R× Ω → R as

vD(t, x) := vn+1
K ,

for all (t, x) ∈ (nτ, (n+ 1)τ)×K and (n,K) ∈ N× T .
Second, we introduce the following flux function

g(a, b, U, h) = D
aB(−Uh

D
)− bB(Uh

D
)

h
= U

ae
Uh
D − b

e
Uh
D − 1

,

where B(x) = x
ex−1

is the Bernoulli function. This discrete flux approxima-
tion corresponds to a well-known finite volume upwind scheme, which has
been independently invented and named after Il’in [59], Allen and Southwell
[1] or Scharfetter and Gummel [94]. This upwinding procedure minimizes
artificial diffusion. The function g is strictly increasing in the first variable,
and strictly decreasing in the second variable, since xex

ex−1
and x

ex−1
are both

positive for all x ∈ R. Further, we have g(a, a, U, h) = aU .
The implicit finite volume discretization method for equation (8.1) is now

defined as follows: under the above assumptions on Ω, let D be an admissible
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discretization of (0, T )×Ω in the sense of Definition 8.1. For all K ∈ T and
for all L ∈ NK we set

uKL :=
1

mKL

∫
K|L

u · nKLds . (8.3)

We take into account the boundary condition by imposing

cn+1
K = 0, (8.4)

for all K ∈ Text and for all n ∈ N. Also, we take into account the initial
condition by setting

c0K =
1

mK

∫
K

c0(x)dx , (8.5)

for all K ∈ T . Then we define the scheme by

mK(cn+1
K − cnK) + τ

∑
L∈NK

mKL g(c
n+1
K , cn+1

L , uKL, dKL) = 0, (8.6)

for all K ∈ Tint and for all n ∈ N. Assuming existence and uniqueness of the
scheme, an approximate solution to problem (8.1) is given by cD(t, x).

We now are able to define a discretely divergence-free velocity field.

Definition 8.2. The velocity flow field u is called “discretely divergence-free”
in the sense of the Voronöı-box-based finite volume scheme (8.6), when for
all K ∈ T it holds that

0 = ΣL∈NK
mKLuKL

= ΣL∈NK

∫
K|L

u · nKLds

=

∫
∂K

u · nds

=

∫
K

∇ · udx .

(8.7)

Remark 8.1. Since discrete Scott-Vogelius velocity fields uh are divergence-
free pointwise, they are also divergence-free in the sense of Definition 8.2.

8.2.3 Discrete Local Maximum Principle

In this subsection, we assume that the discrete scheme (8.6) delivers unique
discrete solutions cD(t, x) [44, 36]. Then we can prove the following discrete
local maximum principle [36]:
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Theorem 8.1 (Discrete Local Maximum Principle). Let Ω be a polyhedral
domain, and let D be an admissible discretization of (0, T )× Ω in the sense
of Definition 8.1. Let n ∈ N0.

1. For any solution cD of the above scheme (8.6), we have the estimates

cn+1
K ≤ max{cnK} ∪ {cn+1

L }L∈NK
for allK ∈ Tint

cn+1
K ≥ min{cnK} ∪ {cn+1

L }L∈NK
for allK ∈ Tint.

(8.8)

2. Defining c[ := min(infx∈Ω c0(x), 0) and c] := max(supx∈Ω c0(x), 0) we
get

cn+1
K ∈ [c[, c]] for allK ∈ Tint. (8.9)

Proof. Let us consider the above scheme in the following form:

mK
cn+1
K − cnK

τ
+
∑

L∈NK

mKL g(c
n+1
K , cn+1

L , uKL, dKL) = 0, (8.10)

for all K ∈ Tint and for all n ∈ N. The expression is obviously linear in
the variable cn+1

K . Since mK and mKLU
eUh

eUh−1
are positive, we are allowed to

solve each individual equation of (8.10) for cn+1
K , thus yielding a function CK

such that
cn+1
K = CK(cnK , {cn+1

L }L∈NK
). (8.11)

CK is non-decreasing with respect to all of its arguments. To prove this, we
first assume L0 ∈ NK , and let vn+1

L0
≥ cn+1

L0
and define vn+1

K by

mK
vn+1

K − cnK
τ

+
∑

L∈NK\{L0}

mKL g(v
n+1
K , cn+1

L , uKL, dKL)

+mKL0 g(v
n+1
K , vn+1

L0
, uKL0 , dKL0) = 0.

Subtracting this equation from (8.10) and adding

0 = −mKL0 g(v
n+1
K , cn+1

L0
, uKL0 , dKL0) +mKL0 g(v

n+1
K , cn+1

L0
, uKL0 , dKL0)

yields

mK
vn+1

K − cn+1
K

τ

+
∑

L∈NK\{L0}

(
mKL g(v

n+1
K , cn+1

L , uKL, dKL)−mKL g(c
n+1
K , cn+1

L , uKL, dKL)
)

+mKL0 g(v
n+1
K , cn+1

L0
, uKL0 , dKL0)−mKL0 g(c

n+1
K , cn+1

L0
, uKL0 , dKL0)

+mKL0 g(v
n+1
K , vn+1

L0
, uKL0 , dKL0)−mKL0 g(v

n+1
K , cn+1

L0
, uKL0 , dKL0)

= 0.
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Define
C̃K(ξ) =

mK

τ
ξ +

∑
L∈NK

mKL g(ξ, c
n+1
L , uKL, dKL).

By monotonicity of g in the second argument, we get

C̃K(vn+1
K )− C̃K(cn+1

K ) = mKL0 g(v
n+1
K , cn+1

L0
, uKL0 , dKL0)

−mKL0 g(v
n+1
K , vn+1

L0
, uKL0 , dKL0)

≥ 0.

But by construction, C̃K is strictly monotone, so necessarily, vn+1
K ≥ cn+1

K .
Now let vn

K ≥ cnK and define vn+1
K by

mK
vn+1

K − vn
K

τ
+
∑

L∈NK

mKL g(v
n+1
K , cn+1

L , uKL, dKL) = 0.

Subtracting from (8.10) yields

mK
vn+1

K − cn+1
K

τ

+
∑

L∈NK

(
mKL g(v

n+1
K , cn+1

L , uKL, dKL)−mKL g(c
n+1
K , cn+1

L , uKL, dKL)
)

= mK
vn

K − cnK
τ

≥ 0.

Therefore, we get as above C̃K(vn+1
K )− C̃K(cn+1

K ) ≥ 0, yielding vn+1
K ≥ cn+1

K .
As the next step, we verify that for all a ∈ R,

a = CK(a, {a}L∈NK
). (8.12)

Looking at (8.10), it remains to show that∑
L∈NK

mKL g(a, a, uKL, dKL) = 0,

for all K ∈ Tint and for all n ∈ N. Since, it holds that g(a, a, uKL, dKL) =
uKLa, we finally get

a
∑

L∈NK

mKL uKL = 0.

Now, this is just the condition that the flow field u is discretely divergence-
free in the sense of Definition 8.2.
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Let cmax = max{cnK} ∪ {cn+1
L }L∈NK

. Then by (8.12) and monotonicity of
CK ,

cmax = CK(cmax . . . cmax) ≥ CK(cnK , {cn+1
L }L∈NK

) = cn+1
K ,

thus verifying the first inequality of (8.8). A similar argument yields the
second inequality.

Let K be such that cn+1
K = cmax = max{cn+1

L }L∈T . Assume that K ∈ Tint.
Then we remark that

cn+1
K = cmax = CK(cnK , {cn+1

L }L∈NK
) ≤ CK(cnK , {cmax}L∈NK

).

On the other hand, we have cmax = CK(cmax, {cmax}L∈NK
). We note that CK

is strictly increasing in its first argument. This implies cmax ≤ cnK , and the
proof of the L∞ estimate (8.9) follows by induction.

Remark 8.2. The property (8.9) of the discrete scheme corresponds directly
to the continuous result in (8.2).

8.2.4 A Note on the Numerical Implementation

In numerical computations, u may be a divergence-free Scott-Vogelius finite
element flow-field. Then the condition ∇ · u = 0 guarantees the discrete
local maximum principle of the above finite volume scheme. From the imple-
mentational point of view, the actual challenge for the coupling of the finite
element and the finite volume scheme consists of the actual computation of
the boundary integrals in (8.3).

Figure 8.2 shows a finite element triangulation and one control volume
K from an admissible finite volume mesh. In order to compute (8.3), we
intersect the finite element triangles with the edges of the control volume
K. Thereby, each edge E ⊂ ∂K is partitioned into sections E1 = E ∩ Ti1 ,
E2 = E ∩ Ti2 , . . . , Em = E ∩ Tim , Ti1 , . . . , Tim ∈ Th, such that E =

⋃m
j=1Ei.

On each triangle Tij , u is polynomial and (8.3) can be exactly integrated on
sections Ej. By adding these integrals, we obtain the desired result.

In three dimensions this process is much more complicated, since we have
to intersect the boundaries of convex polyhedra with entire tetrahedra. In-
stead of sets of sections as in the two-dimensional case, we obtain sets of
planar convex (sub-)polygons in three-dimensional space. Such subpolygons
are divided into a finite number of triangles in space, and then we integrate
over polynomials using well-known cubature formulas for two-dimensional
integration on triangles.
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Figure 8.2: Finite element triangulation (black triangles) and one finite vol-
ume control volume (red pentagon)
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Chapter 9

Numerical Examples

In this chapter we illustrate the theoretical results obtained above by compu-
tational experiments. The numerical investigations concerning the discretiza-
tion quality of the proposed stabilized Scott-Vogelius scheme were conducted
by the author. Here, numerical computations were performed using the fi-
nite element toolbox Alberta [96]. The evolving sparse linear systems were
solved by Pardiso, an efficient direct solver [51, 95]. All numerical com-
putations concerning the multi-grid convergence for the Scott-Vogelius ele-
ment were performed by Gunar Matthies [78], using the software package
MooNMD [68].

Numerical computations concerning the coupling of Voronöı-box-based fi-
nite volume discretizations for convection-diffusion equations with the Scott-
Vogelius discretization for the incompressible Navier-Stokes equation were
performed by J. Fuhrmann and the author. Here, the discrete convection-
diffusion equations were solved by the Pdelib software package, while the
numerical integration of the velocity field over the Voronöı surfaces was im-
plemented within the Alberta toolbox.

9.1 2D Oseen Example

First, we consider the linear problem (2.17) in the two-dimensional case. We
approximated the following continuous solution u = (u, v) in the domain
Ω = [0, 1] × [0, 1]. The example is a slight modification of a previously
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published one [47].

ψ(x, y) = c1x
2(x− 1)2y2(y − 1)2

u(x, y) = ∂yψ

v(x, y) = −∂xψ

p(x, y) = c2(x
3 + y3 − 1

2
).

We chose ν = 10−4, α = 200 ·π2ν ≈ 0.197392, a = u, c1 = 256, c2 = 21.03485
and computed the resulting right hand side f . The chosen value of α is
related to the smallest eigenvalue of the Laplace operator and therefore allows
resolution of the dissipation of energy in the equation. By the choice of the
parameter c2 the rotation and the divergence part of the (smooth) right
hand side f are balanced. Therefore, a large pressure gradient is guaranteed,
and exterior Galerkin mixed finite element schemes will produce velocity
approximations which are polluted by a poor mass conservation.

For this numerical test problem we compared three different discretiza-
tions: the Galerkin Taylor-Hood element P2−P1 (GTH), the Galerkin Scott-
Vogelius element P2 − P−1 (GSV) and the Scott-Vogelius element with edge
stabilization (SSV)

γ = γ0‖a‖0,Ω. (9.1)

For the stabilization parameter γ0 we set γ0 = 3.085× 10−3. The parameter
was tuned by minimizing the error on the coarsest mesh. All the compu-
tations were performed on macro element meshes as described in Definition
5.6, which are derived from a uniform triangulation of the unit square, as
shown in Figure 9.1. For the first numerical example we used 4 consecutive
meshes, with N = 16, 32, . . . , 128 elements on each side of the unit square.
We present the velocity errors in the L2 and the H1 norms. The pressure
error is presented in the L2 norm.

For the first test case we note the following experimental convergence
orders for the stabilized Scott-Vogelius element:

• ‖u− uh‖0,Ω . h3.29

• ‖∇(u− uh)‖0,Ω . h2.25

• ‖p− ph‖0,Ω . h2.05

• |||u− uh|||h . h2.44.

The corresponding convergence behavior is shown in Figures 9.2 and 9.3.
We observe that the error of the stabilized Scott-Vogelius solution is smaller
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Figure 9.1: Macro element triangulation of the unit square, with N = 2
subdivisions on each side of the square

Figure 9.2: Comparison of velocity errors between Galerkin Taylor-Hood
(GTH), Galerkin Scott-Vogelius (GSV) and (edge-)stabilized Scott-Vogelius
(SSV)

than that of its Galerkin counterpart on the computational meshes consid-
ered, by about one half refinement step in the L2 norm and one refinement
step in the H1 norm. The superior performance of the Scott-Vogelius element
compared to the standard Taylor-Hood element for the velocity approxima-
tions is clearly visible in Figure 9.2. This is explained by the control of the
divergence in the L2 norm, obtained for the Scott-Vogelius element. Recall
that in the case of the Taylor-Hood element only the projection of ∇ · uh

onto the space of continuous piecewise affine functions is controlled.
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Figure 9.3: Left picture: energy norm of the (edge-)stabilized Scott-
Vogelius element (SSV). Right picture: comparison of pressure errors be-
tween Galerkin Taylor-Hood (GTH), Galerkin Scott-Vogelius (GSV) and
(edge-)stabilized Scott-Vogelius (SSV)

9.2 2D Driven Cavity at Reynolds Number

5000

As a second example, we present numerical computations for the full Navier-
Stokes equation. Again, these computations were performed within the finite
element toolbox Alberta [96].

We investigate the well-known driven cavity problem in two space di-
mensions at Reynolds number 5000 and prescribe the velocity u = (1, 0) at
the top of the cavity and no-slip boundary conditions elsewhere. At this
Reynolds number the steady-state solution is stable, and reference solutions
for comparison are available in the literature [53, 35].

By computing the asymptotic limit for t→∞, we approximated numeri-
cally this stable steady solution. In this situation, the fully implicit backward
Euler method is sufficient as time discretization scheme. We started from
Stokes solutions and increased the time step manually during the computa-
tion. The nonlinear system was solved by an Oseen iteration.

Discretization in space was performed by the quadratic Scott-Vogelius
element, similar to the linear example above. We compare the corresponding
Galerkin discretization (GSV-N) to a stabilized formulation with the interior
penalty stabilization (SSV-N) defined by Equation (6.28) on a sequence of
four uniform macro element meshes. On the coarsest grid (N = 8) we used
2 · 8 · 8 = 128 macro elements resulting in about 450 divergence-free ansatz
functions in the approximation space. For the stabilized method we chose
γ = 4.0× 10−3 as stabilization parameter.

In Figure 9.4 we show the stabilized solution on the finest grid with
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Figure 9.4: Driven cavity at Reynolds number 5000 using the SSV-64 dis-
cretization. Left picture: Velocity field. Right picture: Five numerical tra-
jectories in the velocity field beginning at the following points: (0.1, 0.9),
(0.1, 0.1), (0.9, 0.1), (0.5, 0.5), (0.978, 0.022)

N = 64. We observe the typical picture of the continuous solution quite
well. There are two secondary vortices in the bottom corner and a third one
in the upper left corner. In addition, the small tertiary vortex in the lower
right corner is resolved. The numerical results compare well to the data given
in the literature [53].

While the Galerkin discretization seems to be quite stable on the finest
grid and hardly differs there from the stabilized solution, we expected pro-
nounced spurious oscillations in the Galerkin solution on coarse grids due
to the non-dissipative approximation of the gradient. Such oscillations can
easily be made visible by plotting the velocity components of the Galerkin
solution on straight lines through the cavity.

First, we demonstrate in Figure 9.5 that the Galerkin (GSV-64) and the
stabilized discretization (SSV-64) do not differ much on the finest grid. Even
on this fine grid the standard Galerkin method presents spurious oscillations
although their amplitude is very small. The influence of the grid resolution
on the Galerkin and the stabilized discretization is studied in Figures 9.6
and 9.7. As expected, spurious oscillations in the stabilized discretization
are reduced compared to the Galerkin discretization. However, it is not clear
from these figures that the solution quality actually improves in he L2 norm
when adding the stabilization terms. This is not shown in the theoretical
result either. It seems that the control of the divergence in the L2 norm is the
dominating factor here and that the additional stabilization term smoothes
local oscillations without necessarily increasing the order of convergence in
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Figure 9.5: Absolute values of the difference between GSV and SSV dis-
cretizations on the straight line y = 0.9, when N = 64. Left picture: differ-
ence of u components. Right picture: difference of v components

Figure 9.6: u and v components of GSV discretizations with N = 16 and
N = 64 on the straight line y = 0.9

the L2 norm. For the straight lines x = 0.5 and y = 0.5 we can find some
reference values for the u and v components in the literature [35]. In Figures
9.8 and 9.9, the results are compared to this reference solution. The reference
values are shown by points.

9.3 Collision in a Cross-Shaped Domain

In this section, we present a numerical example for a stationary 2D Navier-
Stokes problem, where a Galerkin Scott-Vogelius discretization delivers bet-
ter numerical approximations than a Galerkin Taylor-Hood discretization.
We performed these computations with the finite element toolbox Alberta
[96].

Our aim is to present an example which has physical relevance. Moreover,
this example is especially interesting, since we prescribe a zero force vector
f = 0. In this case any instabilities in the Galerkin Taylor-Hood method
coming from a weak approximation of the divergence, can only have their
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Figure 9.7: u and v components of SSV discretizations with N = 16 and
N = 64 on the straight line y = 0.9

Figure 9.8: Left picture: u component of GSV discretizations with N = 16
and N = 64 on the straight line x = 0.5. Right picture: v component of
GSV discretizations with N = 16 and N = 64 on the straight line y = 0.5

origin in a large curvature of the pressure polluting the velocity approxi-
mations. The term responsible for such divergence oscillations in the error
estimate in (5.14) is

C2

ν
inf

qh∈Qh

sup
vh∈V0,h,vh 6=0

(∇ · vh, p− qh)

|vh|1,Ω

. (9.2)

This term vanishes for the interior Scott-Vogelius approximation, since we
have V0,h ⊂ V0, but remains in the exterior Taylor-Hood approximation with
V0,h 6⊂ V0. Here, we again emphasize the amplifying factor 1

ν
. It predicts

that the effect should be visible at high Reynolds numbers, at least.
The example consists of a colliding flow in a cross-shaped domain. Using

a completely symmetric setting, we restricted the computation to one quarter
of the entire domain by using appropriate symmetry boundary conditions.
The domain used is shown in Figure 9.10 and is described as

Ω = [−32, 0]× [0,
1

2
] ∪ [0,

1

2
]× [−32, 0] ∪ [0,

1

2
]× [0,

1

2
].

Different boundary conditions were prescribed on different parts of the do-
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Figure 9.9: Left picture: u component of SSV discretizations with N = 16
and N = 64 on the straight line x = 0.5. Right picture: v component of SSV
discretizations with N = 16 and N = 64 on the straight line y = 0.5

main:

∂Ω0 := {0} × [−32, 0] ∪ [−32, 0]× {0},

∂Ω1 := [0,
1

2
]× {−32},

∂Ω2 := {−32} × [0,
1

2
],

∂Ω3 := {1

2
} × [−32,

1

2
] ∪ [−32,

1

2
]× {1

2
}.

We prescribed homogeneous boundary conditions at ∂Ω0. Here it is possible
that boundary layers evolve. At the boundary ∂Ω1 we prescribed an inflow
Dirichlet boundary condition with a Hagen-Poiseuille profile. At the bound-
ary ∂Ω2, we prescribed an outflow Dirichlet boundary condition, also with a
Hagen-Poiseuille profile:

u(x, y) = (0, 4x(1− x)) for all x ∈ ∂Ω1

u(x, y) = (−4y(1− y), 0) for all x ∈ ∂Ω2.

In both cases, we only prescribed one half of the Hagen-Poiseuille profile,
since we used symmetry boundary conditions at the boundary ∂Ω3, i.e.,

u · n = 0,
∂u

∂n
= 0 for all x ∈ ∂Ω3.

The first condition u · n = 0 was imposed as a strong boundary condi-
tion, while the second boundary condition ∂u/∂n = 0 was prescribed only
weakly. Using symmetry boundary conditions, we approximated a Navier-
Stokes problem in the physical domain

Ωphys = [−32, 32]× [0, 1] ∪ [0, 1]× [−32, 32],
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Figure 9.10: Computational domain for the colliding flow example

a simple cross-shaped domain.
We remark that Navier-Stokes solutions on the domain Ω can be contin-

ued to Navier-Stokes solution on Ωphys by reflecting the solution at the axes
x = 1

2
and y = 1

2
. By doing this, we construct a Navier-Stokes problem with

a colliding flow in a cross-shaped domain with inflows in the south and in
the north of the domain Ωphys, and outflows in the west and in the east.

The most interesting part of the solution (u, p) is, where the collision of
the flow actually happens

Ωcollision = [0,
1

2
]× [0,

1

2
].

The rest of the domain Ω \ Ωcollision, i.e., the long channels coming from the
inlet and conducting to the outlet, only serve to set up more or less realistic
boundary conditions.

Solving the colliding flow problem for Reynolds numbers about Re < 100,
allows us to see a typical behavior of the continuous pressure. The L2 norm of
the pressure seems to be proportional to ν. This is well-known from channel
flows. The effect of (9.2) in Taylor-Hood computations is then small, since
the amplifying factor 1

ν
is multiplied by ν canceling each other out. But

for Reynolds numbers larger than about 100 the L2 norm of the pressure
increases slowly with the Reynolds number, and then we expected to observe
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some divergence oscillations due to (9.2). The reason for the increase of the
pressure is that the pressure gradient must supply a force vector, which forces
the incompressible flow to stream from the inflow channel into the outflow
channel.

Therefore, we computed the problem at the moderate Reynolds number
1024, i.e., we set ν = 1/1024. We expected to observe the effect the better,
the coarser the underlying mesh is. But then we had to pay attention to
another problem. Oscillations on coarse meshes at high Reynolds number
arise due to the term (9.2) and due to non-resolved boundary layers (5.14),
too. During our investigations of the problem, it emerged that the impact
of non-resolved boundary layers is more severe than the problem with the
term (9.2), when we use uniform triangulations of the domain. The rea-
son is that the Scott-Vogelius element has much fewer discretely divergence-
free trial functions than the Taylor-Hood element, since its discrete pressure
space is discontinuous. Therefore, the Taylor-Hood element has more trial
functions for approximating boundary layers, and this usually outweighs its
disadvantage with respect to its non-zero divergence.

But, the situation is completely different on meshes where all boundary
layers are adequately resolved by the mesh. Therefore, we used meshes for
the following computations, which are refined in an anisotropic way at the
boundary ∂Ω0. Additionally, at the corner (0, 0), we used an isotropic mesh
refinement. In Figure 9.11, we see a typical macro element grid, used for our
computations. After constructing the real computation grid by adding the
barycentres of all macro triangles, we computed both the Taylor-Hood and
the Scott-Vogelius approximations on such grids. For the construction of the
grids, we estimated the width of the boundary layer to be about 0.05. We
tried to resolve the boundary layer with the same number of points as the
coarser region in the interior of the domain. We generated grids with 2, 4,
8, 16 and 32 points in the boundary layer. For the grid generation we used
Triangle [103]. Some information on the Galerkin Scott-Vogelius and the
Galerkin Taylor-Hood discretizations on these grids is shown in Tables 9.1
and 9.2.

First, we show the global convergence behavior of the L2 norm in the
entire domain Ω in Figure 9.12. From this figure we conclude that the velocity
L2 norm for the Scott-Vogelius element converges significantly faster than
the corresponding L2 norm for the Taylor-Hood element. Unfortunately, we
could not draw such clear conclusions for the H1 norm of the velocities and
the L2 norm of the pressure. Here, neither element type showed a definite
asymptotic convergence behavior, and so we were not able to decide whether
one element was superior than the other.

Since better convergence of ‖uh‖0,Ω to ‖u‖0,Ω does not necessarily tell us
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Figure 9.11: Detail from the centre of a macro element triangulation used for
the colliding flow example. Note the anisotropic triangulation at the Dirichlet
boundary ∂Ω0 and the isotropic triangulation around the corner (0, 0)

Figure 9.12: Colliding flow in a cross-shaped domain: convergence behavior
of ‖uh‖0,Ω for Galerkin Scott-Vogelius (sv2) and Galerkin Taylor-Hood (th2)
discretizations. x-axis: 2.0×mesh size. y-axis: ‖uh‖0,Ω
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Table 9.1: Colliding flow: degrees of freedom (DOF) for the Galerkin Scott-
Vogelius element

Level 1 2 3 4 5

velocity DOF 26,114 102,146 403,970 1,606,658 6,408,194
pressure DOF 18,792 75,024 299,808 1,198,656 4,793,472
div-free DOF 7,322 27122 104,162 408,002 1,614,722
total DOF 44,906 177,170 703,778 2,805,314 11,201,666
div-free/total 0.16 0.15 0.15 0.15 0.14

Table 9.2: Colliding flow: degrees of freedom for the Galerkin Taylor-Hood
element. Div-free stands for discretely divergence-free

Level 1 2 3 4 5

velocity DOF 26,114 102,146 403,970 1,606,658 6,408,194
pressure DOF 3,397 13,033 51,025 201,889 803,137
div-free DOF 22,717 89,113 352,945 1,404,769 5,605,057
total DOF 29,511 115,179 454,995 1,808,547 7,211,331
div-free/total 0.77 0.77 0.78 0.78 0.78

that uh also converges to u faster, we tried to compute a reference solution
on a quite fine grid, in order to compare the convergence of Taylor-Hood and
Scott-Vogelius approximations against this reference solution. The largest
linear systems the direct solver Pardiso [51] could solve, had 11, 201, 666
degrees of freedom. At the next refinement step, the direct solver had insuf-
ficient memory available on our computer.

Since we are mainly interested in the flow field within Ωcollision, we im-
plemented a discrete L2 norm for evaluating the difference between two ap-
proximations uh and ũh at 961 points within Ωcollision. In the following, this
discrete norm will be called l2961(., .), and the discrete velocity approxima-
tions will be denoted by uSV

i resp. uTH
i with i = 1, . . . , 5. Since it is a priori

unclear which discretization delivers better results, we will regard both uSV
5

and uTH
5 as reference solutions and we will then present the norm of the

differences of all approximations against both reference solutions (Tables 9.3
and 9.4).

The values of this discrete L2 error norm seem to be meaningful for the
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Table 9.3: Colliding flow: convergence for Galerkin Scott-Vogelius approxi-
mations uSV

i against the two reference solutions uSV
5 and uTH

5

l2961(u
SV
1 , ·) l2961(u

SV
2 , ·) l2961(u

SV
3 , ·) l2961(u

SV
4 , ·)

uSV
5 : 4.16201 · 10−3 9.89292 · 10−4 1.3798 · 10−4 3.19216 · 10−5

uTH
5 : 4.16361 · 10−3 9.97280 · 10−4 1.90774 · 10−4 1.35295 · 10−4

Table 9.4: Colliding flow: convergence for Galerkin Taylor-Hood approxima-
tions uTH

i against the two reference solutions uSV
5 and uTH

5

l2961(u
TH
1 , ·) l2961(u

TH
2 , ·) l2961(u

TH
3 , ·) l2961(u

TH
4 , ·)

uSV
5 : 9.37985 · 10−3 2.14044 · 10−3 5.46704 · 10−4 2.77048 · 10−4

uTH
5 : 9.37439 · 10−3 2.15659 · 10−3 5.6353 · 10−4 2.52655 · 10−4

first, second and third levels of mesh refinement. The error l2961(u
SV
5 ,uTH

5 )
between the two reference solutions is about 1.31 · 10−4. On the first level,
we observe that the l2961 error of the Galerkin Taylor-Hood approximation is
about 2.25 times larger than the corresponding Scott-Vogelius error. For the
second refinement level, we obtain a 2.14 times larger error for Taylor-Hood,
and on the third level this factor grows to at least 2.86.

Therefore, we can definitely judge that in the given example of a collid-
ing flow in a 2D cross-shaped domain at Reynolds number 1024 the Galerkin
Scott-Vogelius element indeed yields slightly better results than the Galerkin
Taylor-Hood element, provided the underlying mesh has adaptive mesh re-
finement at the boundary.

Finally, we demonstrate that indeed oscillations due to the term (9.2)
are responsible for the better convergence behavior of the Galerkin Scott-
Vogelius method. Therefore, we show the velocity approximations on the
two lines

l1 := {x = (x, 0): 0 ≤ x ≤ 1

2
},

l2 := {x = (x, 0.4): 0 ≤ x ≤ 1

2
},

in Figures 9.13 and 9.14. The solution (u, p) in the physical domain Ωphys is
visualized in Figures 9.15 and 9.16. In the centre of the domain the flow field
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Figure 9.13: Colliding flow: different approximations for u component on
line l1. Reference solution: Galerkin Scott-Vogelius at refinement level 5.
Left picture: Galerkin Scott-Vogelius at refinement level 2. Right picture:
Galerkin Taylor-Hood at refinement level 2.

Figure 9.14: Colliding flow: different approximations for v component on
line l2. Reference solution: Galerkin Scott-Vogelius at refinement level 5.
Left picture: Galerkin Scott-Vogelius at refinement level 2. Right picture:
Galerkin Taylor-Hood at refinement level 2.

is at rest, corresponding to a maximum of the pressure. In the slip stream
of the corners distinct vortices are visible.

9.4 Multi-Grid Convergence

This section presents some numerical results for the Scott-Vogelius element
applied to the non-stabilized Stokes problem, i.e., the case with α = 0 and
Sh ≡ 0. Numerical results for different mixed finite element pairs applied
to the stabilized generalized Stokes problems have been presented in [87],
where multi-grid convergence for the stabilized scheme was demonstrated
numerically, but not proved. All numerical computations shown here used
the software package MooNMD [68] and were performed by G. Matthies on
a Linux PC (Pentium IV, 2.8 GHz). We presented these results previously
in Ref. [78].

Let Ω = (0, 1)2. The right-hand side f and the inhomogeneous boundary
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Figure 9.15: Colliding flow example: flow field u. Shading indicates the
absolute values of the velocity

condition in the Stokes problem were chosen such that

u(x, y) =

(
sin(x) sin(y)
cos(x) cos(y)

)
,

p(x, y) = 2 cos(x) sin(y)− 2 sin(1)
(
1− cos(1)

)
is the solution. This example was taken from Braess and Sarazin [18].

We used the lowest order two-dimensional Scott-Vogelius element pair
P2/P−1 on a family of non-nested meshes with a macro element structure
according to Definition 5.6. Table 9.5 shows the number of triangles and the
number of degrees of freedom for the discretizations on different refinement
levels. The coarsest mesh (level 0) consists of six triangles obtained from
a macro decomposition of the unit square into two macro triangles by the
diagonal of slope +1 shown in Fig. 7.1. We observe that the number of
triangles and the number of degrees of freedom increase by a factor of four
from one level to the next finer one. Furthermore, the number of degrees of
freedom for both velocity components together is approximately 4/3 times
the number of pressure degrees of freedom.

In our calculation with the Braess-Sarazin smoother [18, 93], we have
chosen Dl to be the incomplete LU decomposition of the matrix Al and
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Figure 9.16: Colliding flow example: the pressure p

Table 9.5: Number of triangles and number of degrees of freedom (DOF) on
different refinement levels.

level 5 6 7 8

number of triangles 6,144 24,576 98,304 393,216
velocity DOF 24,834 98,818 394,242 1,574,914
pressure DOF 18,432 73,728 294,912 1,179,648
total DOF 43,266 172,546 689,154 2,754,562

αl = 1. Furthermore, we carried out calculations with Vanka-type smoothers
[67, 114]. These smoothers can be seen as block Gauss-Seidel smoothers. In
our calculations we have chosen as blocks all degrees of freedom which are
associated with a single macro element, i.e., each block contains 20 velocity
and 9 pressure degrees of freedom.

Table 9.6 shows the averaged multi-grid rates for a W-cycle with m pre-
smoothing and m post-smoothing steps. It can be seen that the averaged
multi-grid rates are independent of the number of levels within the multi-
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Table 9.6: Averaged multi-grid rates for a W (m,m)-cycle.

Braess-Sarazin Vanka-type

m 7 levels 8 levels 8 levels 9 levels

1 0.8013 0.8056 0.3563 0.3550
2 0.6674 0.6756 0.1600 0.1606
3 0.5553 0.5657 0.0924 0.0911
4 0.4626 0.4749 0.0545 0.0580
5 0.3878 0.3978 0.0455 0.0459
6 0.3235 0.3347 0.0338 0.0345
7 0.2757 0.2861 0.0260 0.0264
8 0.2270 0.2396 0.0250 0.0257
9 0.1922 0.1932 0.0215 0.0221

10 0.1592 0.1702 0.0180 0.0218

grid hierarchy. Moreover, the rates for the Vanka-type smoother are much
better than those for the Braess-Sarazin smoother. However, it should be
noted that almost nothing is known about the smoothing properties of the
multiplicative Vanka-type smoothers which we have used in our calculations.
Additive Vanka-type smoothers have been considered and transformed into
inexact Uzawa methods under certain conditions [98]. Unfortunately, these
conditions cannot be satisfied in general [81]. Nevertheless, in the case of
the nonconforming Crouzeix-Raviart discretization of lowest order, a con-
vergence rate of O(

√
m) for the additive Vanka-type smoother has been

proven [98]. Concerning the convergence of Vanka-type solvers for the Stokes
and Navier-Stokes problem (in the case of small Reynolds numbers), we refer
to Manservisi [81].

9.5 Convection-Diffusion with Discrete Max-

imum Principle

In this section, we demonstrate numerically that in coupled systems with an
incompressible flow and a convection-diffusion equation for a scalar variable
c the maximum principle in Theorem 8.1 for the discrete convection-diffusion
equation depends crucially on the incompressibility of the flow. In this exam-
ple the flow is an incompressible Stokes flow. Here, we computed solutions
to the classical backward-facing step problem [33].
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The numerical solution of the incompressible Navier-Stokes equation, and
the evaluation of the surface integrals (8.3) over the Voronöı surfaces of the
boundary-conforming Delaunay mesh, were performed within the Alberta
finite element toolbox [96]. The convection-diffusion equation was solved by
J. Fuhrmann using the Pdelib finite volume toolbox [43].

The numerical example is inspired by applications from electrochemistry
and it illustrates that violations of the maximum principle can pollute nu-
merical solutions considerably. In these applications, the actual quantity of
interest is an accurate numerical calculation of the surface integral

cA =

∫
∂ΩA

∂c

∂n
ds , (9.3)

where ∂ΩA is a certain part of the boundary of the domain Ω. The physi-
cal or chemical meaning of this functional of the solution c is explained in
more detail in Section 9.6. Examples where Voronöı-box-based finite volume
schemes (8.6) indeed allow the accurate numerical computation of surface
integrals like (9.3) are presented by Fuhrmann et al. [46]. However, such an
accurate computation requires two ingredients:

1. A divergence-free numerical approximation uh of the incompressible
flow field in order to establish the discrete maximum principle from
Theorem 8.1.

2. An admissible finite volume mesh of the domain Ω in the sense of Def-
inition 8.1, that additionally must be aligned with the incompressible
flow field.

It has recently been demonstrated that a Voronöı-box-based finite volume
scheme, coupled with a Taylor-Hood discretization, and discretized on an
aligned admissible finite volume mesh, performed significantly worse than
the corresponding scheme coupled with the Scott-Vogelius element [46]. In
our example, we did not construct such an aligned admissible finite volume
mesh for the backward-facing step flow. Hence, we demonstrate only the
establishment of the discrete maximum principle.

For the backward-facing step problem, we have the following computa-
tional domain

Ω = (0, 5)× (0, 1) ∪ (−3, 0)× (
1

2
, 1),

shown in Figure 9.17. The boundary conditions for the stationary Stokes
flow were prescribed as follows: at the inlet ∂Ωinlet = {−3} × (1

2
, 1) we

prescribed a parabolic inflow profile with inhomogeneous Dirichlet conditions
v(y) = 16(y − 1

2
)(1− y). At the outflow Ωoutflow = {5} × (0, 1), we used the
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Figure 9.17: Macro triangulation at refinement level 0 for the backward-
facing step problem with Ω = (0, 5)× (0, 1) ∪ (−3, 0)× (1

2
, 1)

classical outflow condition ∂u
∂n
− pn = 0, and on the rest of the boundary we

prescribed no-slip Dirichlet conditions, i.e., u = 0. For further explanations
of the backward-facing step Stokes problem, see Ref [33].

The initial and boundary conditions for c were set as follows: at t = 0
we assumed c(0,x) ≡ 0 for all x ∈ Ω. For t > 0 there is an inflow of a
concentration c = 1 at ∂Ωinlet, prescribed by an inhomogeneous Dirichlet
boundary condition.

At the outflow ∂Ωoutlet, we prescribed homogeneous Neumann conditions
∂c
∂n

= 0 as outflow boundary conditions. The part of the boundary ∂ΩA on
which the surface integral (9.3) was evaluated is located at the full length of
the vertical boundary edge below the step, i.e.,

∂ΩA = {0} × (0,
1

2
).

Here, we prescribed homogeneous Dirichlet boundary conditions c = 0. On
the rest of the boundary we assumed that c cannot leave the flow cell and
there we imposed zero-flux boundary conditions

0 = (−D∇c+ cu) · n

= −D ∂c

∂n
.

Hence, we indeed prescribed a Neumann boundary condition for c, since we
have no-slip boundary conditions for the incompressible flow at this part of
the boundary.

We computed solutions to this problem with two different discretizations
for the stationary incompressible Stokes flow, first with the P2-P−1 Galerkin
Scott-Vogelius element and second with the P2-P1 Galerkin Taylor-Hood el-
ement.

In order to obtain a LBB-stable discretization in the Scott-Vogelius case,
we derived it from a macro triangulation. We show numerical solutions for c
on the fifth refinement level for the macro element mesh in Figure 9.17 above.
Then we obtain a mesh size for the finite element Stokes discretization of
hFEM =

√
5

64
≈ 0.035.
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Figure 9.18: Voronöı-box-based finite volume scheme for a scalar convection-
diffusion equation (D = 1.0× 10−12, variable c) coupled with incompressible
Stokes flow: The variable c obtained from two numerical computations for
t → ∞, using two different discretizations for the incompressible flow. Left
picture: Scott-Vogelius flow field leads to the discrete maximum principle as
predicted by Theorem 8.1. Right picture: Taylor-Hood flow field destroys the
maximum principle. Here, divergence errors, and hence unphysical values of
c, are transported through the domain

The mesh used in the finite volume discretization was constructed by the
Triangle Delaunay mesh generator [103]. The mesh size in the numerical
computations was hFV ≈ 0.0024. In the numerical computations below we
set D := 1.0× 10−12.

Now, we can observe from Figure 9.18 that the Taylor-Hood element leads
to a violation of the maximum principle, since for t = 0 we have c ∈ [0, 1]
and for t = ∞ we have discrete values with cFV, Taylor-Hood ∈ [0, 1.2]. Here,
this violation of the maximum principle starts at the corner singularity of the
step and leads to a local divergence error in the Taylor-Hood approximation
of the Stokes flow. Due to strongly dominant convection in the convection-
diffusion equation, the local divergence error is transported along streamlines
of the Stokes flow into the rest of the domain.

Since the Scott-Vogelius discretization is mass-preserving, a discrete max-
imum principle holds. Therefore, this discretization fulfills

0 ≤ cFV, Scott-Vogelius(x) ≤ 1,

for all t > 0, and for all x ∈ Ω.

9.6 3D Application from Electrochemistry

The following numerical results are a collaborative work by J. Fuhrmann and
the author. Similar to the 2D example from Section 9.5, the numerical solu-
tion of the incompressible Navier-Stokes equation, and the evaluation of the
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Figure 9.19: Cross-section of a thin-layer flow cell. Main chemical processes
are realized in the working chamber. Picture used with permission of Prof.
Baltruschat, University of Bonn. The working chamber was marked by the
author

surface integrals (8.3) over the Voronöı surfaces of the boundary-conforming
Delaunay mesh were performed within the Alberta finite element toolbox
[96]. The convection-diffusion equation was solved by J. Fuhrmann using the
Pdelib finite volume toolbox [43].

In the research group for “Numerical Mathematics and Scientific Com-
puting” at the Weierstrass Institute for Applied Analysis and Stochastics
in Berlin there has been a long term interest in the simulation of direct
methanol fuel cells (DMFC) [29, 28, 45]. But despite the capability of the
model, a major obstacle for a successful simulation of fuel cells in practice
is the uncertainty of accurate values of rate constants and the lack of know-
ledge about actual pathways of the catalytic reactions between the chemical
species involved.

Differential electrochemical mass spectroscopy in flow cell devices, such as
those shown in Figures 9.19 and 9.20, is used as a tool to gain more informa-
tion on the heterogeneous catalytic reactions taking place in fuel cell catalytic
layers. Wang et al. [121] describe such efforts regarding methanol fuel cells.
Mathematical modeling and numerical simulation are important tools for the
understanding and quantitative interpretation of the experimental data. The
main processes to be understood in such a flow cell are coupled free fluid flow,
species transport and catalytic reactions in the working chamber of the cell.
In Figures 9.19 and 9.20 the working chamber is visible in both perspectives
in the centre of the device, and consists of a relatively small volume of the
entire device.

In this section, we present results of a numerical simulation of a flow
cell, which is actually used at the University of Bonn in the electrochemistry
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Figure 9.20: Bottom view of a thin-layer flow cell. Main chemical processes
are realized in the working chamber. Picture from the group of Prof. Baltr-
uschat, University of Bonn. The working chamber was marked by the author

group of Prof. H. Baltruschat. A description of this flow cell together with
measurements has previously been published by [120]. Our simulation results
can only be understood as a first step, quite far away from the ultimate aim
of supporting the theoretical interpretation of electrochemical measurements.
Nevertheless, the results below demonstrate that the proposed coupled Scott-
Vogelius/Voronöı-box-based finite volume scheme for the coupled system of
the convection-diffusion and Navier-Stokes equation allows us in principle,
to simulate challenging 3D problems in electrochemistry.

Here we present simulation results of a typical calibration experiment for
flow cells in electrochemistry, the reaction of H2 dissolved in sulphuric acid
H2SO4 at a Pt electrode. The electrode is located in the working chamber of
the flow cell, and the electrode reaction can be modeled as

H2 → 2H+ + 2e−.

The electrons e− enter an external electrical circuit, and recombine with the
protons H+ at a counter-electrode outside of the domain of consideration.

The numerical simulation of this calibration experiment will also serve to
calibrate the geometry assumptions and physical system parameters, such as
operation temperature and diffusion coefficients, used in our simulations.
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Figure 9.21: Working chamber of the thin-layer flow cell: Bottom view.
Radius of working chamber: 3mm. Radius of inlet: 0.5mm. Radius of outlets:
0.25mm. By symmetry, the problem is reduced to the 30 degrees (red) circular
arc shown

The geometry of the working chamber is as follows. The working chamber
consists of a flat cylinder with height of 50–100µm. Indeed, due to the pro-
duction technique for the flow cell, the actual height of its working chamber
is not exactly known. Therefore, in our simulations we calculate with the
average value of 75µm for the height of the flow cell, i.e., hcyl := 7.5×10−5m.
The radius of the cylinder is 3mm, i.e., rcyl = 3.0 × 10−3m. At the bottom
of the cylinder there are one inlet hole for the incoming fluid, and six outlet
holes. The centre of the inlet hole is on the cylinder axis. Its radius is 0.5mm,
i.e., rI = 5.0× 10−4m. The distance of the centres of the outlet holes to the
cylinder axis is 2.5mm, i.e., xO = 2.5 × 10−3m. Their radius is 0.25mm,
i.e., rO = 2.5 × 10−4m. The angle between the centres of two neighboring
outlets is 60 degrees. A bottom view of the working chamber is presented
in Figure 9.21. Due to the geometrical symmetry of the working chamber
we reduced the computational domain of our simulations by using symmetry
assumptions. The calculations were performed on one twelfth of the volume
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Figure 9.22: Computational domain for simulations of the thin-layer flow cell:
Coarsest macro element mesh used in the computations. Only one twelfth
of the entire working chamber is triangulated due to symmetry assumptions.
Anisotropic boundary-conforming 3D Delaunay mesh produced by H. Lang-
mach. First, a 2D anisotropic boundary-conforming Delaunay mesh for the
bottom of the working chamber was produced. Then, a prismatic extru-
sion technique was applied, in order to preserve the boundary-conforming
Delaunay property for the 3D mesh

of the entire domain, and we define

Ω = {(x, y, z): 0 ≤ z ≤ hcyl ∧ 0 ≤
√
x2 + y2 ≤ rcyl

∧ x ≥ 0 ∧ y ≥ 0 ∧ y ≤ 1√
3
x},

recalling that the identity tan π
6

= 1√
3

holds. In Figure 9.21, the actual
computational domain is plotted in red color. The coarsest macro element
mesh used in our computations is shown in Figure 9.22.

In our simulation, free fluid flow was modeled by the stationary incom-
pressible Navier-Stokes equation. The assumption of incompressibility is jus-
tified when the solution of the dissolved species can be regarded as diluted.
In that case we may ignore the influence of the density variations in the fluid,
which are induced by a non-homogeneous distribution of the concentrations.
Further, for the typical small Reynolds numbers in electrochemical measure-
ments, we expect a steady flow field. In fact, it is a design principle for such
measurements, that the flow should be steady in experiments.

The steady transport of a species dissolved in the fluid is described by
the system

∇ · q = 0, q = −(D∇c− cu). (9.4)
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Here, q is the species molar flux, c is the species molar concentration, D is
the diffusion coefficient, and u is the fluid velocity, which is a solution of a
stationary incompressible Navier-Stokes equation.

The model assumptions will allow us to decouple the solution of the in-
compressible Navier-Stokes equation from (9.4). Therefore, the first step of
the simulation is the calculation of a stationary velocity field, and the second
step is the calculation of a stationary solute distribution using (9.4).

The boundary of the computational domain Ω is partitioned as follows:

∂Ω = ∂ΩI + ∂ΩO + ∂ΩD + ∂ΩA + ∂ΩS

∂ΩI = {(x, y, z) ∈ Ω: z = 0 ∧ 0 ≤
√
x2 + y2 ≤ rI},

∂ΩO = {(x, y, z) ∈ Ω: z = 0

∧ 0 ≤
√

(x− xO)2 + y2 ≤ rO},
∂ΩD = {(x, y, z) ∈ Ω: z = 0} \ ∂ΩI \ ∂ΩO

∪ {(x, y, z) ∈ Ω: z < hcyl ∧
√
x2 + y2 = rcyl},

∂ΩA = {(x, y, z) ∈ Ω: z = hcyl},
∂ΩS = ∂Ω \ (∂ΩI ∪ ∂ΩO ∪ ∂ΩD ∪ ∂ΩA) .

Here, ∂ΩI denotes the inlet, ∂ΩO denotes the outlet, and ∂ΩA denotes the
anode at the top of the working chamber. ∂ΩD denotes the part of the bottom
of the chamber which is neither inlet nor outlet, together with the curved
part of the boundary. Finally, ∂ΩS denotes that part of the boundary of the
computational domain, where the symmetry assumptions were imposed on.

We imposed the following boundary conditions:

(u, p) c

∂ΩI: u(x) = umax

(
1− x2+y2

r2
I

)
, c = cI ,

∂ΩO: ∂u
∂n

= pn, ∂c
∂n

= 0,
∂ΩD: u(x) = 0, ∂c

∂n
= 0,

∂ΩA: u(x) = 0, c = 0,
∂ΩS: u · n = 0, ∂u

∂n
= 0, ∂c

∂n
= 0.

The boundary equations for the Navier-Stokes equation are the usual ones:
no-slip conditions at ∂ΩD and ∂ΩA, and typical outflow boundary conditions
at the outflow ∂ΩO [33]. At ∂ΩS we imposed symmetry boundary conditions.

At the inlet ∂ΩI we imposed a Hagen-Poiseuille profile with the maximum
velocity umax. Here, we have umax = 2flow rate at the inlet

πr2
I

for a given flow rate.

Typical flow rates at the inlet in the experiments are between 1 and 20
µl/s, i.e., umax ∈ [7.07× 10−5, 1.41× 10−3]m/s. The corresponding Reynolds
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numbers at the inlet are between [2.85, 57.0]. Therefore, we can indeed expect
steady Navier-Stokes solutions. But this inlet boundary condition seems to be
the most problematic one in our assumptions, since it is quite unphysical for
larger Reynolds numbers. In the future, our working group at the Weierstrass
Institute will also model the incoming channel, which conducts the fluid to
the inlet. The situation is similar to the “colliding flow in a cross-shaped
domain” example in Section 9.3, where we explicitly modeled an incoming
channel.

The boundary conditions for the molar species concentration c deserve
some explanation. First, we mention that the boundary conditions for c are
perhaps more intuitive when formulated in terms of molar fluxes q:

∂ΩO: q · n = cu · n,
∂ΩD, ∂ΩS: q · n = 0,

i.e., the outflow molar fluxes are purely convective, and the boundary parts
∂ΩD and ∂ΩS are impermeable walls.

Second, some physical interpretation for the boundary conditions at the
inlet ∂ΩI , the anode ∂ΩA, and the outlet ∂ΩO can be given as follows: at the
inlet ∂ΩI , an electrolyte transported by the imposed Hagen-Poiseuille profile
is injected with an inlet concentration cI of dissolved species. In the exper-
iments cI is assumed to be about 0.65mol/m3 and therefore we expect that
our assumption of a diluted solution is physically justified. Then, the flow
passes the anode ∂ΩA, where the fraction of the dissolved substance reaching
the boundary reacts immediately and is removed from the system. The flow
leaves the domain at the outlet, taking with it any unreacted remains of the
dissolved substance.

Indeed, if the acid concentration is high enough, it can be assumed that
the protons produced do not influence the overall system, so there is no need
to take them into account during modeling. At expected potential values,
the reaction rate of H2 on Pt is indeed very high, so the assumption that all
hydrogen reaching the electrode will react immediately is indeed realistic.

The calibration experiment consists of measuring the reaction rate of the
H2 dissolved in the sulphuric acid H2SO4 at the Pt anode. This reaction rate
can be computed from measurements of the following anodic current

IA = 2F

∫
∂ΩA

∂c

∂n
ds , (9.5)

with F the Faraday constant. In the electrochemical literature, this electrical
current is called the limiting current due to the fact that this is the upper
bound of an electrical current, which can be measured at the anode under
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Figure 9.23: Working chamber of the thin-layer flow cell: Graph of velocity
magnitude |u| in the plane z = 3.75× 10−5m for a flow rate of 1.0µl/s.

given transport conditions. Therefore, in our numerical simulation of the
calibration experiment, we have to evaluate this surface integral, and to
compare it with experimental data.

In the following we present some numerical results for our simulations.
In Figures 9.23 and 9.25 we show the absolute values of u at z = 1

2
hcyl

for different flow rates, namely 1.0µl/s and 20.0µl/s. These flow rates are
the minimum and maximum rates used in experiments. Corresponding iso-
surfaces of the molar species concentration are shown in Figures 9.24 and
9.26.

These figures show that the discrete maximum principle is preserved by
the finite volume discretization and that we have indeed c ∈ [0; 0.65]mol/m3,
i.e., the discrete maximum molar species concentration do not exceed the
extremal values of the boundary condition at the inlet.

This numerically confirms the theoretical results from Theorem 8.1 that
a divergence-free flow field in combination with a Delaunay triangulation
preserves the discrete maximum principle for the discrete convection-diffusion
equation, when discretized by a Voronöı-box-based finite volume method. For
this, see also the 2D example in Section 9.5 and Fuhrmann et al. [46].

But here, we want to mention that an accurate solution of the underlying
linear systems evolving from the Scott-Vogelius discretization is required. Fi-
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Figure 9.24: Working chamber of the thin-layer flow cell: Different concen-
tration iso-surfaces for a flow rate of 1.0µl/s. The concentration distribution
is dominated by diffusion, as little of the species reaches the outlet

nally, we remark that we used the same macro element triangulation for the
incompressible Navier-Stokes equation and the convection-diffusion equation.
This triangulation is an anisotropic Delaunay mesh, and it is mostly aligned
to the underlying flow field. This alignment property is very important at
high Peclet numbers, because in that case discrete molar species concen-
trations are surely convected into the direction indicated by the underlying
flow field. For the Navier-Stokes problem we used 1,319,013 total degrees of
freedom, and the evolving linear systems were solved by the Pardiso direct
solver [51].

Finally, we present the first numerical results for the limiting current as
a function of the flow rate in Figure 9.27. These numerical results are of
the right order of magnitude, and show that we can simulate the problem.
But at the moment, there are many open questions. Such questions include
the precise height of the working chamber, the operational temperature, the
real pressures in the system, and the diffusion coefficients. Further, we will
use finer and better grids, and we will model the channel conducting the
fluid into the working chamber. We will then obtain more realistic boundary
conditions for the velocity profile at the inlet, as for the modeling of the inlet
in Section 9.3.
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Figure 9.25: Working chamber of the thin-layer flow cell: Graph of velocity
magnitude |u| in the plane z = 3.75× 10−5m for a flow rate of 20.0µl/s.

Figure 9.26: Working chamber of the thin-layer flow cell: Different concen-
tration iso-surfaces for a flow rate of 20.0µl/s. The problem appears to be
convection-dominant, since a boundary layer in the molar species concentra-
tions is visible at the anode
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Figure 9.27: Working chamber of the thin-layer flow cell: Numerical simula-
tion data for the limiting current y [mA], vs. flow rate x [µl/s]
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Chapter 10

Conclusions and Outlook

In this dissertation, we presented a new stabilized conforming mixed finite
element scheme for the Navier-Stokes equation in primal variables, based on
the Scott-Vogelius element. The most interesting point of this LBB-stable
mixed scheme is that it delivers an interior approximation of the continuous
problem with V0,h ⊂ V0. Usually, mixed finite element schemes are exte-
rior approximations with V0,h 6⊂ V0. Therefore, discrete approximations
uh are divergence-free pointwise, and the cumbersome grad-div stabilization
drops out from the equation. With the new mixed scheme only dominant
convection must be stabilized. Therefore only one stabilization parameter is
needed, contrary to some mixed finite element schemes for the Navier-Stokes
equation, which need sometimes two, three or four independent parameters.
Appropriate stabilization operators can be chosen from an entire class of sym-
metric stabilization operators, introduced into the literature in recent years.
Here we presented an abstract framework for such symmetric stabilization
operators, which fit into our scheme. At least, the local projection method
and the edge/face stabilization method fall into this framework. As a model
problem we presented a finite element analysis for our stabilized scheme for
the Oseen equation. In addition to obtaining results comparable to related
successful LBB-stable mixed finite element schemes from the literature, we
gained the independence of the velocity approximations from the pressure
regularity. This is due to the interior character of our mixed approximation.
To the best of our knowledge this is the first stabilized finite element scheme
for the Navier-Stokes equation in primal variables which delivers divergence-
free approximations and stabilizes dominant convection.

Since the cumbersome grad-div stabilization drops out from the stabilized
scheme, standard multi-grid approaches are available. We presented such a
multi-grid analysis for a W-cycle multi-grid with Braess-Sarazin smoother
and L2-stable grid-transfer operators. Since the three-dimensional Scott-
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Vogelius element is proven to be LBB stable only on meshes which are derived
from a certain macro element structure, the evolving multi-grid approach
is non-nested. In the multi-grid analysis we fully included the symmetric
stabilization operator for dominant convection. We believe this to also be a
novel result.

We also demonstrated the possibility of coupling this mixed finite element
scheme for the Navier-Stokes equation with finite volume discretizations of
convection-diffusion problems. The use of Delaunay triangulations for the fi-
nite volume discretization, and divergence-free Navier-Stokes Scott-Vogelius
approximations leads to the establishment of a discrete local maximum prin-
ciple and positivity results for the discrete convection-diffusion approxima-
tions. This seems to be especially important in nonlinear problems. We pre-
sented a numerical example, in which the discrete maximum principle was
violated in a coupled computation with a Galerkin Taylor-Hood scheme for
the incompressible flow and a finite volume scheme for chemical concentra-
tions. With very small diffusion coefficients, this lead to significant errors in
the numerical computation of the concentrations. On the other hand, a cou-
pling with a Galerkin Scott-Vogelius flow approximation was able to deliver
satisfying results, although the errors of both flow computations measured in
the L2 norm were comparable. But we must mention here that such superior
results for the Scott-Vogelius element can only be obtained when the corre-
sponding linear systems are solved accurately. Numerical errors leading to
a non-vanishing divergence can lead to a violation of the discrete maximum
principle.

In this context we presented a three-dimensional example from electro-
chemistry, where we showed first results for a simulation of a flow cell from
electrochemical research. Measurements with the flow cell are intended to
investigate basic catalytic processes, and a successful numerical simulation
could help to improve the interpretation of such measurements. Numerically,
we confirmed our theoretical results that the simulated molar species con-
centrations indeed fulfill a discrete maximum principle. For the solution of
the evolving linear matrix equations, we used the efficient Pardiso parallel
direct solver. But for larger linear systems, the use of iterative methods like
the multi-grid method investigated above should be considered.

Obviously, we have to pay a price for the nice properties of the Scott-
Vogelius element. The main disadvantage of the Scott-Vogelius element is
that the divergence-free constraint is very restrictive and the evolving space of
divergence-free trial functions is quite small. For example, using the P3-P−2

element in 3D, only about 20 per cent of all degrees of freedom correspond
to divergence-free trial functions. In 2D, the situation for the P2-P−1 is
even worse: only about 14 per cent of all degrees of freedom correspond
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to divergence-free trial functions. But the use of higher order methods can
slightly improve these findings. Of course, the Scott-Vogelius element has
optimal approximation properties, but in many situations other schemes with
a larger discretely divergence-free trial space on the same mesh will deliver
better approximations.

The question is now: in which situations can the Scott-Vogelius element
deliver better results than competing discretization methods? At first, it is
very easy to construct problems with a given forcing, for which the Scott-
Vogelius element produces significantly better results than non-divergence-
free methods. We only mention the above no-flow example. Here, we have a
gradient part of the force vector with a quite large curvature, and this leads
to a large pressure curvature, too. The continuous pressure dramatically
spoils the velocity approximations of a Galerkin Taylor-Hood method.

But in practice, many numerical computations have a zero force vector,
e.g., the classical channel flow. Then, the curvature of the evolving con-
tinuous pressure is often relatively small, and non-divergence-free methods
deliver good results. But in this dissertation, we constructed an example
of a colliding flow in a cross-shaped domain, where the pressure curvature
becomes quite large, although the force vector is zero. Then, a Galerkin
Scott-Vogelius scheme can indeed act in a superior way than a Galerkin
Taylor-Hood scheme. The reason is instabilities in the Taylor-Hood approxi-
mation due to the weak approximation of the divergence. But this advantage
can only be exploited when all existing boundary layers in the problem are
resolved by an adaptive mesh refinement at the boundary. Otherwise, the
Galerkin Taylor-Hood method will deliver better approximations, since it has
more degrees of freedom available for approximating these boundary layers,
and instabilities coming from dominant convection usually have a stronger ef-
fect than instabilities coming from the violation of the divergence constraint.
But we should not regard this as a major disadvantage of the Scott-Vogelius
element, since the resolution of boundary layers in finite element methods
is mandatory, when Dirichlet boundary conditions are posed in the usual
strong way. A possible way out of this problem could be in the use of weak
Dirichlet boundary conditions of Nitsche type. Here, boundary layers only
evolve when the underlying mesh is fine enough for their representation.

This sort of boundary conditions nicely corresponds to the conditions
which are necessary for the effectivity of modern, symmetric stabilization
methods. As we see above, in the numerical computations for the 2D Navier-
Stokes driven cavity problem at Reynolds number 5000, symmetric stabi-
lization methods like the edge/face stabilization method strongly smear out
boundary layers, which leads to large global approximation errors. Therefore,
with the uniform triangulations no improvement of the edge-stabilized Scott-
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Vogelius method compared to a Galerkin Scott-Vogelius method was seen,
when measured in a discrete L2 norm. A further comparison between sta-
bilized and Galerkin Scott-Vogelius discretizations should therefore be per-
formed on grids with an adaptive mesh refinement at the boundary.

A further possible disadvantage of the Scott-Vogelius element is the macro
element structure which is used for proving the LBB stability in 3D. There-
fore, we must accept worse angle conditions than in other methods. But as
in two dimensions, further research may clarify the conditions under which
this macro element structure is not necessary.

The role of the grad-div stabilization in numerical computations for the
Navier-Stokes equation should also be investigated. In this dissertation,
we showed in which cases such a stabilization is actually needed in non-
divergence-free methods. The answer is simple: grad-div stabilization is
necessary in similar cases as when the Scott-Vogelius element delivers supe-
rior results compared with non-divergence-free methods, i.e., large curvatures
of the continuous pressure. Further research could make this more precise.
If an underlying mesh with a macro element structure is used, a Galerkin
Taylor-Hood method corresponds to a grad-div stabilization with stabiliza-
tion parameter γ = 0. However, a Taylor-Hood method on the same mesh
with grad-div stabilization parameter γ →∞ would deliver the same results
as a Galerkin Scott-Vogelius element. Of course, there should exist an opti-
mal, probably problem-dependent, grad-div stabilization parameter γ. The
question is, how large is this optimal parameter, and what do we gain from
an optimal choice, compared to γ = ∞, i.e., the Scott-Vogelius element.

Continued research into the stabilized Scott-Vogelius scheme presented
here should also deliver a convergence analysis for the full nonlinear Navier-
Stokes problem, as well as a convergence analysis for the coupling of this
scheme with Voronöı-box-based finite volume discretizations for convection-
diffusion equations.

Finally, we should clarify the relations of the scheme to other divergence-
free approaches for the Navier-Stokes equation such as stream-function-vor-
ticity formulations.
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