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Abstract

Modern exchange trading systems facilitate the market participants to electronically
submit detailed information about their buy and sell preferences. With the help of
so-called combinatorial orders, they can buy or sell several different items at once.

Tradable items are, for instance, company shares, futures contracts, electricity,
or natural gas. The most basic combinatorial order is the fill-or-kill order in stock
exchanges. This order is either executed entirely or not executed at all. That is, the
participant either buys or sells all requested or offered items at once or none of them.
Combinatorial orders are also available in electricity exchanges (e.g., block orders)
and in futures exchanges (e.g., futures combination order).

An exchange usually determines a single price for each class of tradable items.
For example, one price is determined for futures contracts of type A and a further
price is determined for futures contracts of type B. In the absence of combinatorial
orders, these prices can be determined separately. However, if participants submit
combinatorial orders that comprise futures contracts of type A and B, then the prices
must be determined simultaneously. This is necessary in order to make the prices for
combinatorial orders consistent with the ones of the underlying futures contracts.

The first part of this work presents general modeling techniques and algorithms.
For instance, we present a framework model for auctions in which the prices for sev-
eral classes of items are determined simultaneously. Roughly speaking, we perform
several auctions in parallel and integrate the combinatorial orders in such a way that
they couple the parallel auctions among each other. For a certain class of combinato-
rial auctions this work provides model formulations that are solvable in polynomial
time (e.g., the futures opening auction). For the general case, where the problem is
NP-hard, we provide model formulations and algorithms which are fast enough such
that they can be used in practice (e.g., in the European day-ahead electricity auction).

In the second part of this work, we present specific auction models for futures
opening auctions, European day-ahead electricity auctions, and European natural gas
auctions. Thereby we apply our general models and algorithms, go into problem
specific details, and perform numerical tests on real-world instances.





IX

Zusammenfassung

Moderne Börsenhandelssysteme ermöglichen es den Marktteilnehmern, ihre Kauf-
und Verkaufspräferenzen in detaillierter Form elektronisch zu übermitteln. Mit Hilfe
von sogenannten kombinatorischen Geboten können beispielsweise mehrere verschie-
dene Güter simultan gekauft oder verkauft werden.

Handelbare Güter sind zum Beispiel Aktien, Futures-Kontrakte, Strom oder Erdgas.
Das einfachste kombinatorische Gebot ist die sogenannte Fill-or-kill-Order an der
Wertpapierbörse. Dieses Gebot wird entweder vollständig oder gar nicht ausgeführt.
Das bedeutet, dass ein Teilnehmer entweder alle nachgefragten oder angebotenen
Wertpapiere am Stück kauft oder verkauft, oder kein einziges. Kombinatorische
Gebote werden auch an Strombörsen (z.B. das Blockgebot) und Terminbörsen (z.B.
die Futures-Kombinationsorder) angeboten.

Normalerweise bestimmt eine Börse einen Preis für jede Klasse von handelbaren
Gütern. Zum Beispiel wird ein Preis für Futures-Kontrakte vom Typ A und ein Preis
für Futures-Kontrakte vom Typ B ermittelt. Falls keine kombinatorischen Gebote
abgegeben wurden, dann sind die Preise voneinander unabhängig und können se-
parat bestimmt werden. Falls jedoch kombinatorische Gebote abgegeben wurden, die
sowohl Futures-Kontrakte vom Typ A als auch vom Typ B beinhalten, dann müssen
die Preise simultan berechnet werden. Dies ist notwendig, damit die Preise für die
kombinatorischen Gebote konsistent zu den Preisen der zugrundeliegenden Futures-
Kontrakte sind.

Im ersten Teil dieser Arbeit stellen wir allgemeine Modellierungstechniken und
Algorithmen vor. Unter anderem präsentieren wir allgemeine Rahmenmodelle für
Auktionen, bei denen die Preise für mehrere Klassen von handelbaren Gütern simul-
tan berechnet werden. Grob gesagt werden mehrere Auktionen parallel durchgeführt
und dabei die kombinatorischen Gebote so eingebunden, so dass die Auktionen unter-
einander gekoppelt werden. Für bestimmte Klassen von kombinatorischen Auktionen
präsentieren wir Modellformulierungen, die in polynomieller Zeit gelöst werden kön-
nen (z.B. die Futures-Eröffnungsauktionen). Für den allgemeinen Fall, in dem das
Auktionsproblem NP-schwer ist, stellen wir Modellformulierungen und Algorithmen
vor, die schnell genug sind, um in der Praxis verwendet werden zu können (z.B. in
europäischen day-ahead Strommarktauktionen).

Im zweiten Teil dieser Arbeit werden spezielle Auktionsmodelle für Futures-Eröff-
nungsauktionen, europäische day-ahead Stromauktionen und europäische Erdgas-
auktionen vorgestellt. Dabei wenden wir unsere allgemeinen Modelle und Algorith-
men an, gehen auf problemspezifische Details ein und führen numerische Tests mit
Probleminstanzen aus der Praxis durch.
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Introduction

Exchange trading systems are playing an increasingly important role in today’s finan-
cial and energy markets. In 2013, approximately 673GWh of electrical energy were
auctioned each day in Germany1. In these auctions, the average price for electrical en-
ergy amounted to 38BC/MWh and the daily trading volume was worth approximately
25 million Euro. In order to perform auctions of this size, the European energy ex-
changes make use of electronic trading systems.

Such trading systems allow the market participants to express their buy and sell
preferences in an increasingly detailed fashion. In the European electricity market,
for instance, the participants may submit preference curves, which specify the de-
manded or supplied quantity depending on the electricity price. Participants may also
indicate that they are willing to buy or sell electricity within several hours and that
the demanded or supplied quantities must either be completely executed, or not ex-
ecuted at all. As we will see, these all-or-nothing conditions lead to difficulties in
performing an auction. The European day-head electricity auctions take place as fol-
lows: In a predefined time window, the participants can submit their preferences to
the exchange via the electronic trading system. This time window is called bidding
window and the digitally encoded preferences are called orders or bids. As soon as
the bidding window closes, the trading system starts to match the buy and sell orders
such that the sum of the utilities of all participants gets maximized in compliance with
the market rules. To accomplish this task, the system must solve a large-scale math-
ematical optimization problem, called the auction model. The auction model of the
European day-ahead electricity market, however, cannot be solved by state of the art
standard solvers [42, 45]. For this reason, the system uses a specialized algorithm to
find a solution for this problem within a given time limit. Such a solution determines
the price of each class of tradable items and the quantities that each participant has
to buy or sell. This means that at the end of the auction, the participants are com-
mitted to trade the determined quantities at the given prices. The above mentioned
market rules ensure that no participant incurs a loss at the given prices. Due to the
all-or-nothing conditions it is in general impossible to determine solutions which are
completely satisfactory to all participants. In Chapter 5, we show how this issue is
addressed in the European day-ahead electricity market. We will see that each order
can be associated with an individual optimization problem. From this point of view,
it becomes apparent that the market rules are motivated by the optimality conditions
of these individual optimization problems. We used this knowledge about the auc-

1Day-ahead trading volumes and prices in 2013, source www.epexspot.com/en/market-data.

http://www.epexspot.com/en/market-data


2 Introduction

tion model to develop specialized decomposition algorithms which exploit the model
structure. We implemented these algorithms and performed numerical tests, which
showed that the algorithms work well in practice. We also compared the algorithms
with the improved decomposition method of [42] and with the commercial EMCC
Solver.

During the course of the electricity market study the question arose whether the
electricity auction model can be extended to cover a wider range of order types and,
if so, whether the decomposition methods are still applicable. These questions are
covered in Chapter 2. Still, the principle aim is to allocate the items and to determine
one price for each class of tradable items such that each participant is completely
satisfied. A solution which satisfies this condition is called a competitive equilibrium.
As such an equilibrium does not exist in general, we developed a generalized auction
model in which this condition is partially relaxed. In this model, we incorporated
the individual optimization problems of all orders as subproblems. Problems of this
type are called mathematical programs with equilibrium constraints. We will see that
this model can be regarded as a generalization of the electricity auction model. In
the literature, the individual optimization problems are typically modeled by using
quantity vectors which reflect bought or sold quantities. We decided to use a more
general concept which allows us to express the quantity vectors with the help of
auxiliary variables. We call these auxiliary variables decision variables and the function
which maps them onto the space of quantity vectors is called quantity function. This
concept allows us, for instance, to express the admissible quantity vectors with the
help of the feasible region of a mixed integer program or with the help of a so-called
extended formulation. The most important result with respect to this auction model is
that we can adapt the electricity market algorithms such that they become applicable
to the general model (see Thm. 2.29 and Alg. 2.4.1). This means that, in fact,
we present heuristics and decomposition methods for a certain class of mathematical
programs with equilibrium constraints. Moreover, the level of abstraction allows to
easily identify the properties of the model, and in particular those of the electricity
auction model. We observed that there are cases where the computed solutions are
inefficient. We addressed this issue by developing a further auction model. An optimal
solution to this model is efficient in the following sense: each class of tradable items
has a uniform price, no participant incurs a loss, and no participant can be made
better off without making another one worse off. A slight modification of the previous
mentioned decomposition method yielded an exact algorithm for this type of problem.

Beside studying the European day-ahead electricity auction and its generalization,
we also considered a problem which arises at derivative exchanges such as EUREX.
A derivative is a financial product whose value derives from the value of another fi-
nancial product, which is called the underlying. A futures contract, for example, is a
derivative. It commits a participant to buy or sell the underlying at a specified price
on a specified future date. This specified date is called expiration date or delivery date.
On the expiration date, the value of a futures contract coincides with the value of the
underlying. Its value thus depends on the value of the underlying. Futures contracts
with the same expiration date and the same underlying have the same value and shall

http://www.eurexchange.com
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have the same price. There also exist derivatives whose underlying is a basket of
financial products. A futures contract combination, for example, is a combination of
two futures contracts out of which one is a buy contract and one is a sell contract.
On the expiration date, it commits the participant to buy the underlying of the buy
contract and to sell the underlying of the sell contract. Its value is exactly the differ-
ence of the values of the two underlying futures contracts. For this reason, its price
shall be the difference of the prices of the underlying contracts. In practice, however,
futures contracts and futures contract combinations are traded in separate auctions,
which determine a separate price for each derivative. The result is that, in general,
the prices are inconsistent. A person skilled in the art may exploit this inconsistencies
by quickly buying and selling selected derivatives in order to make a risk-free profit.
Such a practice is called arbitrage. The aim of Chapter 4 is to compute consistent
prices for futures contracts and futures contract combinations whose values are in-
terdependent. On the one hand, consistent prices increase the sum of the utilities
of all participants. On the other hand, they can reduce the possibilities of arbitrage.
In order to reduce the possibilities of arbitrage, the computation of the prices must
be as fast as possible. The method which was proposed in [57] did not fulfill this
requirement. For this reason, we investigated the question of whether there exist effi-
cient algorithms for this problem. We discovered that the problem can be formulated
as a minimum cost flow problem with two hierarchical objectives. Problems of this
type can be solved efficiently. We implemented a polynomial time algorithm which
uses a minimum cost flow algorithm as a subroutine. In practice, however, we can
significantly speed up the algorithm if we use the simplex method as a subroutine.

This specific auction problem motivated us to study linear programs with hierar-
chical objectives in more detail. In particular, we are interested in those programs
which have a unimodular constraint matrix, as is the case in the futures opening auc-
tion model. In Chapter 1, we derive the theorems which form the foundation of our
fastest algorithms for this general class of problems. The principle idea is to create a
single weighted objective from the two hierarchical objectives and to solve the pro-
gram with the weighted objective instead the hierarchical one. This method is called
the weighted objective method. The objective with the highest priority is given a high
weighting by scaling it with a sufficiently large factor. Roughly speaking, the factor is
chosen in such a way that an optimal solution to the weighted program is also an opti-
mal solution to the hierarchical program. To be precise, it is the smallest factor for this
class of problems which is sufficiently large such that an optimal basis to the weighted
program is also an optimal basis to the so-called inner program. The inner program is
the program in which the low priority objective is completely ignored, that is, only the
high priority objective is to be maximized. Due to the previous mentioned property, it
suffices to call the simplex method only once in order to compute an optimal solution
to the hierarchical program, a dual optimal solution to the weighted program, and
a dual optimal solution to the inner program. In practice, the latter is of economic
interest, because it can be interpreted as a price vector. To the best of our knowledge,
our findings about the basic solutions and the smallest scaling factor (Thm. 1.10) are
new results. The practical benefit of these results is that we could reduce the comput-
ing time in the numerical test for the futures opening auction problem by replacing a
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naively chosen factor with the smallest factor. We also present another small scaling
factor which is chosen in such a way that a dual optimal solution to the inner pro-
gram can be computed by rescaling and rounding half up each entry of a dual optimal
extreme point of the weighted program (Prop. 1.12). The advantage of this method
is that no optimal basis is needed in order to compute a dual optimal solution to the
inner program. This is particularly useful if we solve the weighted program with a
subroutine which does not provide an optimal basis. To the best of our knowledge
this alternative scaling factor is also a new result.

Another emerging field of study is the natural gas market in Europe. The European
Union aims at coupling the European natural gas markets, as this increases the liquid-
ity and the economic surplus of the market. This objective shall be achieved by the
creation of so-called virtual trading points, which are connected by interconnection
points. At the virtual trading points, the market participants can trade natural gas via
auctions. Often, these auctions are performed separately for each trading point. The
transfer of natural gas from one trading point to another is facilitated via the inter-
connection points. In order to transfer natural gas, a participant must possess transfer
capacity rights. These rights are traded at capacity exchanges. The auctions at capac-
ity exchanges are performed independently of the adjoining natural gas auctions, that
is, the prices are determined independently. However, in a competitive equilibrium,
the price of capacity from point a to b depends on the prices of the adjoining areas.
Being precise, the price should be greater than or equal to the natural gas price at
b minus the natural gas price at a (Prop. 6.8). To our knowledge, there currently
exists no market coupling algorithm that performs natural gas and capacity auctions
simultaneously and determines consistent prices. Beside the capacities, there also ex-
ist so-called locational spreads, which essentially allow the traders for swapping gas
at one trading point for gas at another trading point. These locational spreads were
introduced by the Pan-European Gas Cooperation (PEGAS). As in the case of the fu-
tures contract combinations, the price of a locational spread should be equal to the
difference of the natural gas prices at the respective trading points. In order to pre-
vent arbitrage opportunities, it is necessary to determine consistent prices for natural
gas and locational spreads, as well as for natural gas and capacity rights. This can
only be done by performing one simultaneously auction for all three trading products.
In Chapter 6, we propose such an auction model for the day-ahead natural gas auc-
tions. The model is a specialized case of one of our general auction models. Due
to the current regulatory framework, the long-term capacity auctions are performed
in such a way that they cannot be coupled with the long-term natural gas auctions.
However, it is still possible to couple long-term gas auctions with long-term locational
spread auctions. The corresponding auction model is equivalent to the one of the fu-
tures opening auction in Chapter 4. Moreover, we studied a peculiarity of the natural
gas auctions at European Energy Exchange (EEX): there is one separate order book
for orders with which participants trade multiples of 1MW, and one for orders with
which participants trade multiples of 10 MW. Both auctions are performed separately
and the exchange actually computes two natural gas prices. In order to compute a
single price for all orders, the auctions need to be coupled. We showed that this can
be done in polynomial time.
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In order to prove that this type of auction problems can be solved in polynomial
time, we studied the zero-one equality knapsack problem and the equality constrained
integer knapsack problem with a fixed number of weights. We showed that both prob-
lems are solvable in polynomial time. The main idea is to transform the problem into
an integer program with a fixed number of variables, and it is well known that such
problems can be solved in polynomial time. Furthermore, we studied a generaliza-
tion of the zero-one equality knapsack problem: the minimum cost all-or-nothing flow
problem. In contrast to the classical minimum cost flow problem the flow on each
arc must either be zero or at its upper bound. We showed that this problem is also
solvable in polynomial time if the number of different upper bounds and the number
of nodes is fixed. Essentially, we decompose the problem into several minimum cost
flow problems which are coupled by a fixed number of integer variables. This is done
in such way that the number of solution candidates is bounded by polynomial in the
number of arcs. In other words, we can basically enumerate all solution candidates
in polynomial time.

Overview

The following figure provides an overview of all chapters and displays how they are
connected.

1. Linear programs with
hierarchical objectives

3. Minimum cost all-or-nothing
flow problems

4. Futures opening auction
problem

6. European day-ahead
natural gas spot auction

Modeling techniques
and algorithms

Real-world applications

2. Competitive equilibrium 
relaxations in non-convex auctions

5. European day-ahead 
electricity auctions

Figure 0.1: Relations between the chapters. A B means that B uses results form A
or builds on A. And A B means that B provides the motivation for A.



6 Introduction

In the first part, we introduce modeling techniques and algorithms which are ap-
plicable in a general context. Especially, Chapter 1 and Chapter 3 are valid in a context
that goes beyond auctions in exchange trading systems. The models and algorithms
in Chapter 2 are also valid in a broad context. Being precise, the algorithms for the
main model in this chapter are applicable to all auctions in which the individual op-
timization problems of the participants are either convex optimization problems or
mixed integer programs.

In the second part, we address the specific features of the futures opening auction,
the European day-ahead electricity auctions, and the natural gas auctions. From a
general point of view, the specific auction models are special cases of the models
from Chapter 2. However, some aspects and details of the different markets must
be considered separately: for example, the execution volume maximization in the
futures market or the capacity auctions in the gas market.



Part I

Modeling techniques and algorithms





Chapter 1

Linear programs with hierarchical
objectives

In general, linear programs do not possess a unique optimal solution. In the event
that there are multiple optimal solutions it can make economic sense to maximize
a second objective over the set of optimal solutions to the original linear program.
Furthermore, we are interested in dual optimal solutions, which are not biased by
the second objective, as these dual solutions can be interpreted as prices. In practice,
such an optimization problem arises if we want to compute a competitive equilibrium
which maximizes the execution volume, as we will see in Chapter 4.

It is well known that linear programs can be solved in polynomial time. The
same holds for the above described problem. This becomes apparent if we apply,
for example, the following technique, which is known from goal programming. At
first one solves the dual of the original problem in order to compute a dual optimal
solution including the reduced costs. Then one fixes all primal variables with non-zero
reduced costs to their lower or upper bounds and maximizes the second objective over
the remaining free primal variables. In principle, one thus solves two linear programs.
The details of this method are presented in Section 1.4.

In this chapter the primary focus will be on using a variant of the simplex method
as a subroutine for solving the hierarchical problem. It is an open question, whether
there exists a deterministic polynomial-time variant of the simplex method for gen-
eral linear programs. For essentially all deterministic variants of the simplex method
linear programs have been found for which the running time is exponentially [25].
Nevertheless, the simplex method performs well in practice. If we consider, for exam-
ple, the minimum cost flow problem, then a large number of polynomial algorithms
is available to us (see, e.g., [39]). “However, the algorithm of choice in practice is the
network simplex algorithm due to its simplicity and speed” [52]. This rule of thumb is
in line with our numerical observations in Chapter 4. The network simplex variant of
[52] is a polynomial algorithm and runs in O

�

min{m2n log mC , m2n2 log m}
�

time,
where n is the number of variables, m is the number of rows of the constraint matrix,
and C is the largest absolute objective coefficient (given that all objective coefficients
are integral, otherwise C = +∞). This means that for large n the running time de-
creases if the largest absolute objective coefficient decreases. In order to solve an
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hierarchical minimum cost flow problem, we could use this network simplex variant
as a subroutine for the above described iterative method. In practice, however, we
observed that this problem can be solved more rapidly if we use the weighted objec-
tive method. In order to do so, we give the high priority objective a strong weight by
scaling it with a sufficiently large factor. This factor must be large enough such that
each optimal basis of the weighted problem is also optimal for the original problem.
As the computing time of the network simplex variant decreases if the absolute objec-
tive coefficients decrease, we are interested in finding the smallest sufficiently large
factor.

In the following, we will show that the smallest sufficiently large integral factor
for the class of linear programs with two hierarchical objectives, integral objective
coefficients, and unimodular constraint matrix only depends on the number of rows
of the constraint matrix and the magnitude of the coefficients of the low priority
objective. Furthermore, we show that if we use a slightly larger factor, then a dual
solution to the original problem can be computed by rescaling and rounding the dual
solution of the weighted problem.

1.1 Introduction

Consider the following two linear programs

max c>x ,

s.t. Ax = b, (P)

0≤ x ≤ u,

and

min b>π+ u>ν ,

s.t. A>π+ ν − ν = c, (D)

ν ,ν ≥ 0.

The linear program (P) is called the primal program whereas (D) is called the dual
program of (P). The term x is called primal variable, π is called the dual variable for
the primal constraint Ax = b, and the term ν − ν is called the reduced costs of the
primal variable bounds 0 and u. A tuple (x ,π) is called a primal dual optimal solution
to (P) if there exist variables ν and ν such that

x maximizes (P) and (π,ν ,ν) minimizes (D). (1.1)

As the linear program (P) does not necessarily possess a unique solution, the ques-
tion arises which solution is to be selected among the optimal ones. In the following,
we will select a primal solution by maximizing a further objective over the set of
optimal solutions. In addition, we are interested in an optimal dual solution, as it
provides price information. The following model formalizes the previous thoughts:

max d>x s.t. x maximizes (P) and (π,ν ,ν) minimizes (D). (1.2)
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The part on the left-hand side of the “and” in the equation is a linear program with
two hierarchical objectives. And the program on the right-hand side is exactly the
dual of (P). This motivates us to introduce the following compact notation for (1.2):

max d>x , (1.3)

s.t. (x ,π) solves max{c>x ′ | Ax ′
[π]
= b, 0≤ x ′ ≤ u}.

The tuple (x ,π) denotes a primal dual optimal solution to the so-called inner problem
max{c>x ′ | Ax ′ = b, 0≤ x ′ ≤ u}. The vector c is called the inner objective and d the
outer objective.

In Chapter 4, we will show that the previous model is a good formulation for
a certain type of combinatorial auctions. The following example provides a more
general motivation for studying this type of problems.

Example 1.1. Let c, d, u ∈ Rn and A ∈ Rm×n be given. Consider the optimization
problem

max d>x , (1.4)

s.t. Ax = 0,

x i ∈ arg max{ci x
′
i −π

>A·,i x
′
i | 0≤ x ′i ≤ ui} ∀i ∈ {1, . . . , n},

π ∈ Rm,

which is a so-called bi-level program and computes a competitive equilibrium. We will
introduce competitive equilibria in detail in Chapter 2. Due to the second constraint
each feasible x i must maximize a π-parameterized linear program. If we model this
constraint explicitly with the help of KKT optimality conditions (see Appendix A),
the problem becomes non-convex, as some of the KKT conditions are non-convex
quadratic constraints. There exist a lot of methods for treating these non-convex
constraints [23, 6], but in this case the most natural approach is to completely re-
formulate the problem, as a solution to (1.4) turns out to be optimal if and only if
it is an optimal solution to (1.3). One can prove this assertion be writing down the
KKT conditions of the inner problems or by referring to the fundamental welfare the-
orem (Thm. 2.17). However, the proof is not important right now. The equivalence
of both optimization models yields that it suffices to solve the hierarchical program
(1.3) in order to find a solution to the bi-level program. The former can be solved
with elementary linear optimization techniques, as the following sections will show.

1.2 Extreme points in linear programming

Before we analyze model (1.3), we focus on the linear programs (P) and (D). The
simplex method can compute optimal solutions to both programs at once. If a finite
solution exists, it returns a primal and a dual optimal extreme point.

Definition 1.2 ([53]). Let P ⊆ Rn be an arbitrary set. x ∈ P is an extreme point of
P if and only if for any x1, x2 ∈ P and 0< λ < 1 with x = λx1+ (1−λ)x2 it follows
that x = x1 = x2.
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The definition becomes more convenient if we express it in terms of the primal
and the dual program (P) and (D).

Theorem 1.3. Let P = {x ∈ Rn | Ax = b, 0 ≤ x ≤ u} be a polyhedron with A ∈ Rm×n,
m ≤ n, u ∈ Rn, and let A have full rank: rank(A) = m. Then the following statements
are equivalent:

1. The point x0 ∈ Rn is an extreme point of the polyhedron P .

2. There exist disjoint index sets B, NL, NU ⊆ {1, . . . , n} with |B| = m, |NL∪̇NU | =
n−m, A·B regular, x0

NL
= 0, x0

NU
= uNU

, and 0≤ x0
B = (A·B)

−1(b− A·NU
uNU
)≤ uB.

A tuple (B, NL, NU) with these properties is called a primal feasible basis.

Theorem 1.4. Let D = {(π,ν ,ν) ∈ Rm+2n | A>π+ν−ν = c, ν ,ν ≥ 0} be a polyhedron
with A ∈ Rm×n, m ≤ n, c ∈ Rn, and let A have full rank: rank(A) = m. Then the
following statements are equivalent:

• The point (π,ν ,ν) ∈ Rm+2n is an extreme point of D.

• There exist disjoint index sets B, NL, NU ⊆ {1, . . . , n} with |B| = m, |NL∪̇NU | =
n−m, A·B regular and

π> = c>B (A·B)
−1,

+ν>NU
= c>NU

−π>A·NU
≥ 0, νNU

c = 0,

−ν>NL
= c>NL

−π>A·NL
≤ 0, νNL

c = 0.

A tuple (B, NL, NU) with these properties is called a dual feasible basis.

Both theorems are well known. They are, for example, a consequence of Theorem
7.2(b) in [53]. If a basis is primal and dual feasible, then the objective value of the
associated primal extreme point coincides with the one of the associated dual extreme
point. Due to the weak duality (see Remark 6.1(ii) in [53]), this primal extreme point
maximizes (P) and the dual one minimizes (D). For this reason, a primal and dual
feasible basis is called optimal.

1.3 Weighted objective method for unimodular linear
programs with hierarchical objectives

In this section, we analyze the properties of model (1.3) under the assumption that
the constraint matrix A is unimodular.

Definition 1.5. An integer m × n matrix A with rank(A) = m is called unimodular
if every basis B (that is, B ⊆ {1, . . . , n} with |B| = m and rank(A·B) = m) satisfies
det(A·B) = ±1. A matrix is called totally unimodular if every square submatrix has
determinant ±1 or 0.
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The unimodularity of the constraint matrix ensures that all extreme points of (P)
and (D) are integral if b, u, and c are integral. The next theorem proves this assertion.

Theorem 1.6 ([66], [63] Thm. 1 slightly modified). The following statements are
equivalent for an integer m× n matrix A with rank(A) = m.

1. A is unimodular.

2. For every basis B the matrix (A·B)−1 is integral.

3. All extreme points of {x | Ax = b, 0≤ x ≤ u} are integral for all b, u ∈ Zn.

4. All extreme points of {(π,ν ,ν) | A>π+ ν − ν = c, 0 ≤ ν ,ν} are integral for all
c ∈ Zn.

5. For every basis B the matrix A·B is unimodular and (A·B)−1A is totally unimodular.

Proof. We can show the equivalence of 1, 2, and 3 if we extend the proof in [66] by
combing it with Theorem 1.3. Similarly, we can prove the equivalence of 1, 2, and
4 if we combine the proof in [66] with Theorem 1.4. Please refer to [63] for the
equivalence of 1 and 5.

Let the constraint matrix A be unimodular and let b, u, and c be integral. Then
each extreme point of the inner optimization problem of (1.3) is integral and therefore
each extreme point has an integral objective value. This motivates us to construct a
single weighted objective function that incorporates the inner and the outer objective
and allows us to maximize both hierarchical objectives at once by solving only one
linear program.

Proposition 1.7. Let X ⊆ Zn be a finite set, let c ∈ Zn, d ∈ Rn, G ∈ R, and let
G >max{dT (x∗− x) | x∗, x ∈ X }. An optimal solution to

max
¦

Gc>x + d>x | x ∈ X
©

(1.5)

is optimal to

max
¦

d>x | x ∈ argmax{c>x ′ | x ′ ∈ X }
©

. (1.6)

Proof. Let x∗ ∈ X be an optimal solution to (1.5). At first we show that x∗ is feasible
for (1.6), i.e., x∗ maximizes the inner problem. Suppose that x∗ does not maximize
the inner problem, then there exists an integral x ∈ X with c>x > c>x∗. The left and
the right-hand side of the inequality are integral, thus we have c>x ≥ c>x∗+ 1 and

G c>x
︸︷︷︸

≥c>x∗+1

+d>x ≥ Gc>x∗+ G+ d>x − d>x∗
︸ ︷︷ ︸

>0

+d>x∗ > Gc>x∗+ d>x∗. (1.7)

Equation (1.7) yields that x∗ does not maximize (1.5), which is a contradiction.
Now we show that x∗ maximizes (1.6). All feasible solutions to (1.6) maximize

the inner problem. This is in particular true for x∗, because we already know that it
is feasible for (1.6). Let x be another feasible solution for (1.6), then c>x = c>x∗.
Furthermore, we have

d>x = d>x + Gc>x − Gc>x∗
︸ ︷︷ ︸

=0

≤ d>x∗+ Gc>x∗− Gc>x∗ = d>x∗.
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In particular, the previous theorem holds if X ⊆ Zn is the finite set of extreme
points of the inner problem (P). In this case, the simplex method provides a solution
to (1.5) and (1.6) if we maximize Gc>x + d>x subject to the constraints of (P).

The naive approach in Proposition 1.7 works well in practice, as long as the scaling
factor G is small. If we have X ⊆ {0,1}n, then we can set G = 1+

∑n
i=1 |di|, where

n is the number of variables. Note that G has the order of magnitude O(n maxi |di|).
If n is big, then we might get numerical issues, as the coefficients of the objective
increase with n. In particular the objective value might be too big to be stored without
numerical error in a native data type1. For this reason, we are interested in finding
a smaller scaling factor. The next theorem shows that under certain conditions an
optimal basis to the weighted optimization problem is optimal for the inner problem.
Later we combine this result with the unimodularity of the constraint matrix to obtain
a small scaling factor. Note that this theorem neither requires the unimodularity of A
nor the integrality of c.

Theorem 1.8. Let c, d, u ∈ Rn, A ∈ Rm×n with rank(A) = m, b ∈ Rm, and G ∈ R. Let
(B, NL, NU) be a primal feasible basis to (1.8) and let for all j ∈ NL ∪ NU

�

�c j − c>B (A·B)
−1A· j

�

� ∈ {0} ∪ [1,∞) and
�

�d j − d>B (A·B)
−1A· j

�

�< G.

If (B, NL, NU) is an optimal basis to

max Gc>x + d>x , (1.8)

s.t. Ax = b,

0≤ x ≤ u,

then it is also an optimal basis to

max c>x , (1.9)

s.t. Ax = b,

0≤ x ≤ u.

Proof. Let ec> := Gc> + d>. We know that A·B is regular. Let xNL
= 0, xNU

= uNU
, and

A·B xB + A·NU
uNU
= b. The primal and the dual feasibility ensure the following:

primal feasibility 0≤ (A·B)−1(b− A·NU
uNU
)≤ uB,

dual feasibility ec j −ec>B (A·B)
−1A· j

(

≤ 0 j ∈ NL

≥ 0 j ∈ NU
.

The basis is obviously primal feasible to the subproblem (1.9). The dual feasibility to
the main problem (1.8) yields:

ec j −ec>B (A·B)
−1A· j = (Gc j + d j)− (GcB + dB)

>(A·B)
−1A· j

= G
�

c j − c>B (A·B)
−1A· j

�

+
�

d j − d>B (A·B)
−1A· j

�

(

≤ 0 , j ∈ NL

≥ 0 , j ∈ NU
.

1A 64 bit double precision floating point number can represent about 16 significant digits.
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A basis that is dual feasible to (1.9) must satisfy

c j − c>B (A·B)
−1A· j

(

≤ 0 , j ∈ NL

≥ 0 , j ∈ NU
.

Let j ∈ NL. Assume that c j − c>B (A·B)
−1A· j > 0, then we have c j − c>B (A·B)

−1A· j ≥ 1 and

G ≤ G
�

c j − c>B (A·B)
−1A· j

�

︸ ︷︷ ︸

1≤

≤−
�

d j − d>B (A·B)
−1A· j

�

︸ ︷︷ ︸

|·|<G

< G.

This is a contradiction, thus we have c j − c>B (A·B)
−1A· j ≤ 0 for j ∈ NL.

Let j ∈ NU . Assume that c j− c>B (A·B)
−1A· j < 0, then we have c j− c>B (A·B)

−1A· j ≤−1
and

G >
�

d j − d>B (A·B)
−1A· j

�

︸ ︷︷ ︸

|·|<G

≥−G
�

c j − c>B (A·B)
−1A· j

�

︸ ︷︷ ︸

≤−1

≥ G.

This is a contradiction, thus we have c j − c>B (A·B)
−1A· j ≥ 0 for j ∈ NU .

Corollary 1.9. Let c ∈ Zn, d, u ∈ Rn, A∈ Zm×n unimodular with rank(A) = m, b ∈ Rm,
and G > d(1+m), where d =maxi |di|. If (B, NL, NU) is an optimal basis to (1.8), then
it is also an optimal basis to (1.9).

Proof. Matrix A is unimodular, thus (A·B)−1A is totally unimodular and all its elements
are in {−1,0, 1}. So for all j ∈ NL ∪ NU we have (A·B)−1A· j ∈ {−1, 0,1}m. Therefore
we have c j − c>B (A·B)

−1A· j ∈ Z and
�

�d j − d>B (A·B)
−1A· j

�

�≤ d +
�

d, . . . , d
�

1m,1 = d(1+m)< G,

where 1i, j ∈ {1}i× j. We can now apply Theorem 1.8.

In the following, we show that the bound G > d(1+m) is tight in the following
sense: if we choose G = d(1+m), then the corollary becomes false in general, that is,
there is an example where an optimal basis to (1.8) is not optimal for (1.9). In this
sense, G = b1+d(1+m)c is the smallest sufficiently large integral factor for this class
of problems.

Let A∈ R4×5 be a network flow matrix without super node. Each of the four rows
represents a network node and each of the five columns represents an arc. The first
four arcs build a path of length m= 4 which starts in the super node and ends in node
four. The fifth arc starts in the super node and ends in node four (see Figure. 1.1).

Let c> = (1,1, 1,1, 3), d> = (−1,−1,−1,−1,+1), and b> = (0, 0,0,−1). If we
choose G = d(1 + m) = 5, then the weighted objective is given by Gc> + d> =
(4, 4,4, 4,16) and the weighted program is

max
�

4 4 4 4 16
�

x , (1.10)

s.t.











−1 1 0
−1 1 0

−1 1 0
−1 −1











x =











0
0
0
−1











, (1.11)

0≤ x i ≤ 1 for i ∈ {1, . . . , 5}. (1.12)
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Figure 1.1: Directed path of length m and arc A· j for j = 5.

The basis (B = {1,2, 3,4}, NL = {}, NU = {5}) is primal and dual feasible to the
previous model. This becomes apparent when we look at the feasible flows. All
feasible flows have the same objective value, and thus all flows are optimal. If we
replace the weighted objective (1.10) by the original objective c>, then the basis
becomes dual infeasible:

c j − c>B (A·B)
−1A· j = 3− (1, 1,1, 1) · (1,1, 1,1)> =−1< 0 for j ∈ NU = {5}.

The previous corollary showed that an optimal solution to the weighted optimiza-
tion problem (1.8) is also an optimal solution to the inner optimization problem (1.9).
We will now show how to construct an optimal solution to the hierarchical optimiza-
tion problem (1.3).

Theorem 1.10. Let c ∈ Zn, d, u ∈ Rn, A∈ Zm×n unimodular with rank(A) = m, b ∈ Rm,
and G > d(1+m), where d = maxi |di|. If (B, NL, NU) is an optimal basis to (1.8) and
x∗ is an optimal solution to (1.8), then (x∗,π∗) with π∗> = c>B (A·B)

−1 is an optimal
solution to (1.3).

Proof. Let (B, NL, NU) be an optimal basis to (1.8), x∗ an optimal solution to (1.8),
and π∗> = c>B (A·B)

−1. According to Corollary 1.9, (x∗,π∗) is a feasible solution
to (1.3). Suppose that (x∗,π∗) does not maximize (1.3). Then there is a solution
(x ′,π′) to (1.3) with d>x ′ > d>x∗. Note that x ′ maximizes the inner problem, that is,
c>x ′ = c>x∗. Thus we have Gc>x ′ + d>x ′ > Gc>x∗ + d>x∗. Furthermore, x ′ is also
a feasible solution to (1.8), which implies that x∗ does not maximize (1.8). This is a
contradiction.
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Algorithm 1.3.1 Algorithm for (1.3) with unimodular constraint matrix

Input: c ∈ Zn, d, u ∈ Rn, A∈ Zm×n unimodular with rank(A) = m, b ∈ Rm.
Output: An optimal solution to

max d>x s.t. (x ,π) solves max{c>x ′ | Ax ′
[π]
= b, 0≤ x ′ ≤ u}.

d ←maxi

�

�di

�

�

G← b1+ d(1+m)c
Solve (1.8) with any variant of the simplex method to optimality:

max Gc>x + d>x , (1.8)

s.t. Ax = b, [π],
0≤ x ≤ u.

x∗← the previously computed primal optimal extreme point of (1.8).
(B, NL, NU)← the previously computed optimal basis to (1.8).
π∗>← c>B (A·B)

−1 // Use the previously computed inverse basis matrix (A·B)−1.

Return (x∗,π∗).

In Algorithm 1.3.1 we summarize the previous results. In order to compute the
dual variables π∗ of the inner problem we require the inverse basis matrix (A·B)−1.
However, as soon as the simplex method has solved the weighted optimization prob-
lem (1.8), we already have access to the primal optimal extreme point, the dual op-
timal extreme point, the optimal basis, and the inverse basis matrix. This means that
we do not need to compute the inverse matrix a second time. State of the art simplex
implementations usually provide a function, which solves the system y>(A·B)−1 for
arbitrary vectors y .

The rest of this section deals with the special case, where the constraint matrix is
totally unimodular. In such a situation, a simple relationship provides an alternative
method for computing π∗: We can use a dual optimal extreme point of the weighted
optimization problem to compute a dual optimal extreme point of the inner optimiza-
tion problem. The next proposition proves this assertion.

Lemma 1.11. If A is a regular totally unimodular matrix, then A−1 is totally unimodular.

Proof. C. Shafroth [61] uses a generalization of Cramer’s rule to prove this lemma:
Let A be a regular matrix of order n and let I , J ⊆ N := {1, . . . , n} be index sets. Then
we have

det(A−1)I ,J = (−1)δ
det AN\J ,N\I

det A
,

where δ =
∑

i∈I i +
∑

j∈J j. As the matrix A is regular and totally unimodular, we get
det(A−1)I ,J ∈ {−1, 0,1}.

Proposition 1.12. Let c ∈ Zn, d, u ∈ Rn, b ∈ Rm, A ∈ Zm×n totally unimodular with
rank(A) = m ≥ 1, and G > 2md with d = maxi |di|. If x∗ and π∗ are primal and dual
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optimal extreme points of (1.8), then x∗ and π′ with π′i =
�

π∗i /G+
1
2

�

for i = 1, . . . , m
are primal and dual optimal extreme points of (1.9).

Proof. Let (B, NL, NU) be an optimal basis for the optimal solution (x∗,π∗) to (1.8).
Corollary 1.9 yields that the basis is also optimal for (1.9), because d(1+m)≤ 2md <
G. The following equations reflect the relation between the dual variables and the
basis.

π′
> = c>B

︸︷︷︸

integral

(A·B)
−1

︸ ︷︷ ︸

integral

∈ Zm

π∗> = ec>B (A·B)
−1 = (GcB + dB)

>(A·B)
−1 = G c>B (A·B)

−1

︸ ︷︷ ︸

π′>

+d>B (A·B)
−1

= Gπ′>+ d>B (A·B)
−1

We will now determine the maximal absolute distance between π∗i /G and π′i. Recall
that (A·B)−1 is totally unimodular, as A·B is totally unimodular. In particular, all of its
components are ±1 or 0.

π∗i = Gπ′i +
�

d>B (A·B)
−1
�

i
= Gπ′i + d>B

�

(A·B)
−1
�

·,i
(1.13)

�

�π∗i − Gπ′i
�

�=
�

�d>B
�

(A·B)
−1
�

·,i
︸ ︷︷ ︸

∈{−1,0,1}m

�

�≤ (d, . . . , d)1m,1 = dm<
G

2
(1.14)

�

�

�

�

π∗i
G
−π′i

�

�

�

�

<
1

2
(1.15)

Equation (1.15) and π′i ∈ Z yield the desired result.

Note that the previous proposition requires optimal extreme points. If we relax this
condition such that x∗ and π∗ are arbitrary primal and dual optimal solutions, then π′

is generally not a dual optimal solution to (1.9).
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Algorithm 1.3.2 Algorithm for (1.3) with total unimodular constraint matrix

Input: c ∈ Zn, d, u ∈ Rn, A∈ Zm×n total unimodular with rank(A) = m≥ 1, b ∈ Rm.
Output: An optimal solution to

max d>x s.t. (x ,π) solves max{c>x ′ | Ax ′
[π]
= b, 0≤ x ′ ≤ u}.

d ←maxi

�

�di

�

�

G← b2md + 1c
Solve (1.8) with any variant of the simplex method to optimality:

max Gc>x + d>x , (1.8)

s.t. Ax = b, [π],
0≤ x ≤ u.

x∗← the previously computed primal optimal extreme point of (1.8).
π∗← the π-part of the previously computed dual optimal extreme point of (1.8).
for i = 1, . . . , n do π′i ←

�

π∗i /G+
1
2

�

Return (x∗,π′)

Algorithm 1.3.2 uses the previous proposition to compute the π-part of a solution
to (1.3) without involving the inverse basis matrix (A·B)−1. The primal optimal ex-
treme point of the weighted optimization problem (1.8) directly provides the x-part
of an optimal solution to (1.3), whereas the π-part is computed with the help of the
dual optimal extreme point. At first each entry of the dual optimal solution is rescaled
by 1/G and then rounded to the nearest integer, where G = b2md + 1c. This scaling
factor G is roughly two times greater than the one in Algorithm 1.3.1.

Let A be a node-arc incidence matrix and d be integral. If we use the network
simplex variant of [52] as a subroutine in both algorithms, then both of them run
in O

�

min{m2n log mC , m2n2 log m}
�

time, where n is the number of variables, m is
the number of rows of the constraint matrix, and C is the largest absolute objective
coefficient of the respective instance. In this case, the scalar C of the second algorithm
is roughly two times greater than the scalar C of the first algorithm, in other words
for large n Algorithm 1.3.2 is slightly slower than the first one.

In practice the scaling factor should be small enough such that state of the art
solvers can handle the weighted objective without numerical difficulties. However, if
the scaling factor becomes too big, one can maximize the objectives successively by
fixing variables with non-zero reduced costs. The next section considers this iterative
approach.
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1.4 Iterative approach: fixing primal variables
with non-zero reduced costs

As in the previous section, we want to compute an optimal solution to

max d>x , (1.16)

s.t. (x ,π) solves max{c>x ′ | Ax ′
[π]
= b, 0≤ x ′ ≤ u}. (1.17)

This time, we do not require the unimodularity of A, and therefore, omit it in this
section. We present a method that only relies on elementary properties of linear
programming. Therefore, it is applicable to a wider range of optimization problems.
The method solves two linear programs successively and is numerically more robust
but also slightly slower than the previous method. It is based on a standard technique,
which is sometimes used in goal programming analyses2.

At first we study the properties of optimal solutions to the inner problem

max c>x , (1.18)

s.t. Ax = b [π], (1.19)

x ≤ u [ν], (1.20)

0≤ x [ν]. (1.21)

Let x∗ be a primal feasible solution and (π∗,ν∗,ν∗) be a dual feasible solution to
(1.18)-(1.21). Then x∗ is primal optimal and (π∗,ν∗,ν∗) dual optimal if and only if
they satisfy the complementarity condition

(x∗i − ui)ν
∗
i = 0 and x∗i ν

∗
i = 0 for all i = 1, . . . , n. (1.22)

In other words, if (π∗,ν∗,ν∗) is a dual optimal solution, then a primal feasible solution
x is optimal if and only if it satisfies the complementarity condition

(x i − ui)ν
∗
i = 0 and x iν

∗
i = 0 for all i = 1, . . . , n. (1.23)

This yields that the set of optimal solutions to the inner problem (1.18)-(1.21) is
defined by the constraints (1.19)-(1.21) and (1.23). Furthermore, the optimal dual
solution is independent of the optimal primal solution. In particular the price π∗ is
independent of the primal optimal solution. (Proposition A.3 shows a similar result
in a more general context.) Recall that ν∗ and ν∗ are non-negative and observe that
equation (1.23) holds if and only if

x i =

(

ui if ν∗i > 0,

0 if ν∗i > 0,
for all i = 1, . . . , n. (1.24)

2cf. CPLEX online documentation: www.ibm.com → Performing a goal programming analysis using
CPLEX

https://www-304.ibm.com/support/docview.wss?uid=swg21399935
https://www-304.ibm.com/support/docview.wss?uid=swg21399935
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Note that ν∗i > 0 and ν∗i > 0 imply that ui = 0. Equation (1.24) holds if and only if

x i =

(

ui if (ν∗i − ν
∗
i )> 0,

0 if (ν∗i − ν
∗
i )< 0,

for all i = 1, . . . , n. (1.25)

The term (ν∗i − ν
∗
i ) is called reduced cost of variable x i. State of the art solvers re-

turn the reduced costs and an optimal dual variable π∗ in conjunction with a primal
optimal solution x∗.

We are now ready to maximize the outer objective over the set of optimal solutions
to the inner program. Let (π∗,ν∗,ν∗) be an optimal dual solution to the inner program
(1.18)-(1.21) and let x∗ be a primal optimal solution to the (ν∗,ν∗)-parameterized
linear program

max d>x ,

s.t. Ax = b,

0≤ x ≤ u,

x i =

(

ui if (ν∗i − ν
∗
i )> 0,

0 if (ν∗i − ν
∗
i )< 0,

for all i = 1, . . . n.

Then (x∗,π∗) is an optimal solution to (1.16)-(1.17). Empirical tests suggest that the
computing time can be reduced if we do the presolving by our own. The next model
shows the elementary presolving operations. It is equivalent to the previous one.

Let P = {i ∈ {1, . . . , n} | (ν∗i − ν
∗
i )> 0}, (1.26)

Z = {i ∈ {1, . . . , n} | (ν∗i − ν
∗
i ) = 0}, and (1.27)

N = {i ∈ {1, . . . , n} | (ν∗i − ν
∗
i )< 0}. (1.28)

Let x∗P = uP and (1.29)

x∗N = 0. (1.30)

max d>Z xZ + d>P uP , (1.31)

s.t. A·,Z xZ = b− A·,PuP , (1.32)

0≤ xZ ≤ uZ . (1.33)

Note that this linear program is also (ν∗,ν∗)-parameterized and that the term d>P uP is
a constant, which can be omitted. Let (π∗,ν∗,ν∗) be an optimal dual solution to the
inner program (1.18)-(1.21), let x∗Z be an optimal solution to (1.31)-(1.33), and let x∗

be the vector that is composed of x∗Z , x∗P , and x∗N . Then the solution (x∗,π∗)maximizes
the bilevel program (1.16)-(1.17). Algorithm 1.4.1 summarizes the procedure.
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Algorithm 1.4.1 Algorithm for (1.3)

Input: c, d, u ∈ Rn, A∈ Rm×n with rank(A) = m, b ∈ Rm.
Output: An optimal solution to

max d>x s.t. (x ,π) solves max{c>x ′ | Ax ′
[π]
= b, 0≤ x ′ ≤ u}.

(π∗,ν∗,ν∗)← Compute a dual optimal solution to

max{c>x | Ax = b, 0≤ x ≤ u}.

P ← {i ∈ {1, . . . , n} | (ν∗i − ν
∗
i )> 0}

Z ← {i ∈ {1, . . . , n} | (ν∗i − ν
∗
i ) = 0}

N ← {i ∈ {1, . . . , n} | (ν∗i − ν
∗
i )< 0}

x∗P ← uP

x∗N ← 0
x∗Z ← Compute a primal optimal solution to

max d>Z xZ ,

s.t. A·,Z xZ = b− A·,PuP ,

0≤ xZ ≤ uZ .

Return (x∗,π∗).



Chapter 2

Competitive equilibrium relaxations
in non-convex auctions

The goal of an auction is to determine commodity prices and winning orders in a way
that is completely satisfactory to all participants. Such a solution is called a com-
petitive equilibrium and does not exist in general. For this reason, several European
exchanges, in particular electricity exchanges, compute solutions which partially relax
the requirements of a competitive equilibrium [42, 45].

We present three non-convex auction models which relax these requirements to a
varying extent. All three models are non-convex optimization problems with which
we determine one price per commodity. The first two models generalize the standard
market model of non-convex European day-ahead electricity auctions, as we will see
in Chapter 5. Both models are mathematical programs with equilibrium constraints,
which are hard to solve in practice. The decomposition methods of [42, 45] are the
best known algorithms for solving large-scale real-world instances of the European
day-ahead electricity auction. We will show that these decomposition methods are
also valid in the general context. In some situations, optimal solutions to the first
or the second model might be inefficient. This issue is addressed in the third model,
which is a mathematical program with vanishing constraints. An optimal solution to
this model ensures that no participant can be made better off without making another
one worse off. We also provide a decomposition method for this model.

There is a large number of publications on auction models which are based on
pricing schedules with compensation payments. A brief overview on different pricing
schedules can be found in [64] and [58]. In Section 5.2.2, we exemplarily present
a pricing schedule with compensation payments which is used in some US electricity
auctions. In European exchanges, compensation payments are commonly avoided, as
they are considered to be discriminatory. For this reason, we will only focus on auction
models which do not make use of compensation payments. This chapter is a revised
and extended version of the discussion paper “Competitive equilibrium relaxations in
general auctions” [49].
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Outline

Section 2.1 provides a brief overview on auctions, bid expression, strict linear pricing
schedules, and surplus maximization. Section 2.2 provides definitions for quasi-linear
utility, competitive equilibria, and extends these concepts by introducing decision sets,
quantity functions, and decision valuations. With these extensions we can model the
participants optimization problems with the help of standard techniques like the lin-
earization of non-convex functions, the introduction of auxiliary binary variables, or
the usage of extended formulations. Section 2.3 introduces the fundamental welfare
theorem, which holds under certain convexity assumptions. Difficulties arise when
these assumptions are violated and the auctioneer wants to determine exactly one
price per tradable commodity. Section 2.4 addresses these difficulties by introducing
three different models. The first model is introduced in Section 2.4.1. An exact al-
gorithm and two heuristics are provided for this model. The other two models are
presented in Section 2.4.2. An optimal solution to the last model is an efficient solu-
tion at which each commodity has a uniform price and no participant incurs a loss.
In Section 2.4.3, we show that under certain conditions all three models coincide and
in Section 2.4.4 we provide a decomposition method for the efficient model. Section
2.4.5 briefly shows that the algorithms for the first model perform well in large-scale
real-world problems.

2.1 Introduction

All auctions have in common that there is a non-empty set of buyers and a non-
empty set of sellers. Otherwise the outcome of the auction is trivial, as nothing can be
traded. Furthermore, there is a non-empty set of different tradable commodities and
there might exist several interchangeable copies of each commodity. Examples for
commodities are company shares, futures contracts, or electricity at a specific location
and time. In general, it is difficult to distinguish between buyers and sellers, as there
might be participants who want to swap different commodities. Such a participant is
a buyer and a seller at once. For this reason, we will use the term participants (also
called traders) instead of buyers and sellers.

An auction is, for example, performed by an exchange, an auction office, a market
operator, or an auctioneer. In the following, we use the term auctioneer as an umbrella
term for the party who performs the auction and is not a participant (cf. [59]).

2.1.1 Bidding language

The participants need to tell the auctioneer in which commodity bundles they are
interested. Each participant expresses his preferences by submitting a so-called bid to
the auctioneer. In our auction, a bid is determined by the following bid parameters:

Definition 2.1. Let T be the set of tradable commodities (without numéraire). The bid
of a participant i is determined by his bid parameters (Di,υi, fi), where
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• Di is the feasible region of his decision variables (hereinafter also referred to as
decision set),

• υi : Di → R is his decision valuation (benefit if υi(·)> 0 / costs if υi(·)< 0), and

• fi : Di → RT is his quantity function (buy t ∈ T if fi,t(·)> 0 / sell if fi,t(·)< 0).

Note that in the literature, the term bid often denotes the encoded preferences of
a buyer, and the term ask or offer often denotes the encoded preferences of a seller. In
order to ease the notation, we use the term bid, irrespective of whether the participant
wants to buy, sell, or swap commodities, as it is done for example in [54].

In Subsection 2.1.4 we will see that the bid parameters describe individual opti-
mization problems that return the optimal demanded or supplied quantities depend-
ing on the commodity prices given by the auctioneer. In [15] these individual opti-
mization problems are called oracles.

Let (Di,υi, fi) be the bid parameters of a participant i. If δi ∈ Di, then δi is a feasi-
ble decision and fi(δi) is the associated quantity vector in RT . Positive values indicate
that the participant demands the specified amount of a good and negative values in-
dicate that he supplies the specified amount of a good. The value υi(δi) indicates the
benefit (or cost) that is associated with the decision δi. If the quantity function fi is
injective on Di, then it assigns a unique benefit (or cost) to each commodity bundle
in fi(Di). However, we do not need to require injectivity.

2.1.2 Clearing condition

Let T be the set of commodities, I be the set of participants, and (Di,υi, fi) be the
bid parameters of participants i ∈ I . A solution to an auction must satisfy at least the
following two constraints:

∑

i∈I

fi(δi) = 0, (2.1)

δi ∈ Di ∀i ∈ I . (2.2)

The first equation is called clearing condition and ensures that for each commodity
the bought quantity minus the sold quantity is equal to zero. The equality sign is
important as the auctioneer is not interested in keeping any goods. In some auctions
there is only one seller and the seller is the auctioneer. In our case we assume that the
seller and the auctioneer are different parties. The seller will keep the commodities
which are not sold. The second equation ensures that the decision variables of each
participant are in the respective decision set.

2.1.3 Linear pricing schedules

Participants who supply a commodity will only participate in the auction if they re-
ceive money for supplying a commodity. The money is to be collected from the partic-
ipants who demand the commodity. We will now define a common pricing schedule,
which is a multidimensional extension of the definition in [62, p. 136].
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Definition 2.2. Let T be the set of different commodities (without numéraire). A pricing
schedule P : RT → R is a map that returns the total amount of money to be paid by
a participant depending on his consumption vector q ∈ RT . A negative P(q) specifies
the amount of money to be received and a negative entry −qi in the consumption vector
represents qi sold units of commodity i. A pricing schedule is called linear if the map is
linear, i.e., P(q) = π>q. In this case, π is called a linear price vector and πi is the price
per unit for commodity i.

Definition 2.3. A pricing schedule is strict linear if it is linear and the number of com-
modities |T | is equal to the number of clearing conditions in the auction model (cf. [64]).

An example for a linear pricing schedule which is not strict linear can be found
in [51]. There, the number of commodities equals the number of clearing conditions
plus the number of binary variables.

2.1.4 Surplus maximization

We assume that the auctioneer decides to implement a strict linear pricing schedule.

Definition 2.4. Let P be a strict linear pricing schedule and let (Di,υi, fi) be the bid
parameters of participant i. Then his surplus depending on his decision variable δi ∈ Di

is given by
υi(δi)− P( fi(δi)).

The individual optimization problem, which maximizes his surplus, is given by

max{υi(δi)− P( fi(δi)) | δi ∈ D}.

A participant is completely satisfied if his individual optimization problem is maximized.
The sum of the surpluses of all participants is called economic surplus or social welfare.

Note that the surplus is non-negative whenever we have υi(δi) ≥ P( fi(δi)). In
other words if the participant is a buyer, his surplus is non-negative whenever the
benefit is greater or equal to the amount of money to be paid. If he is a seller, the
surplus is non-negative whenever −P( fi(δi)) ≥ −υi(δi), i.e., whenever the amount
of money to be received is greater than or equal to the costs.

Now assume that the auctioneer wants to maximize the economic surplus subject
to the clearing condition and the feasibility of the decision variables:

max
∑

i∈I

�

υi(δi)−π> fi(δi)
�

, (2.3)

s.t.
∑

i∈I

fi(δi) = 0, (2.4)

δi ∈ Di, ∀i ∈ I , (2.5)

π ∈ RT . (2.6)
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Proposition 2.5. The following optimization problem is equal to (2.3)-(2.6).

max
∑

i∈I

υi(δi), (2.7)

s.t.
∑

i∈I

fi(δi) = 0, (2.8)

δi ∈ Di, ∀i ∈ I , (2.9)

π ∈ RT . (2.10)

Proof. Let (δ,π) be a feasible solution to (2.3)-(2.6). Equation (2.4) yields that the
objective is given by

∑

i∈I

�

υi(δi)−π> fi(δi)
�

=
∑

i∈I

υi(δi)−π>
∑

i∈I

fi(δi) =
∑

i∈I

υi(δi).

Observe that π can be chosen arbitrarily. The economic surplus is not depend-
ing on the values of π. If we choose arbitrary prices, then some of the participants
might incur a loss, that is, they have a negative surplus. Section 2.2 introduces the
competitive equilibrium, a state which is completely satisfactory to all participants. In
particular no participant incurs a loss. Section 2.3 shows that a competitive equilib-
rium exists if the model (2.7)-(2.10) is convex. Section 2.4 addresses the non-convex
case. There, an optimal solution to (2.7)-(2.10) does not necessarily possess a strict
linear pricing schedule where no participant incurs a loss.

2.2 Economic definitions and extensions

Definition 2.6. Let I be a finite set of auction participants and let L be a finite set
of tradable commodities. The first element in L will be called numéraire commodity
and represents money. T := L \ {0} is the set of tradable commodities without the
numéraire commodity. A set X i ⊆ RL is called a quantity set of participant i (also
called consumption set / production set). A positive entry in a quantity vector x i ∈ X i

indicates that participant i receives the specified amount of that good, and a negative
entry indicates that he gives away the specified amount of that good. A function ui :
X i → R is called a utility function of participant i.

If a utility function has the form ui(w, q) = w + Φi(q) with Φi : RT → R, then it
is called a quasi-linear utility function. The term w ∈ R is first entry of the quantity
vector (w, q), which represents the amount of the numéraire commodity. The function Φi

is called valuation (also called benefit if ≥ 0 / cost if ≤ 0).
These definitions are consistent with [46] and [7].

Proposition 2.7. Let i be a consumer and let ui(w, q) = w +Φi(q) be his quasi-linear
utility function. The willingness to pay function Mi : RT → R that returns the amount
of money the consumer is willing to pay for the consumption of the bundle q ∈ RT is
implicitly defined by

ui(w0−Mi(q), q) = ui(w0, 0),

where w0 is the initial amount of the numéraire. If ui is quasi-linear and Φ(0) = 0, then
we have Mi(q) = Φi(q) for all q ∈ RT , i.e., the willingness to pay is equal to the benefit.
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Definition 2.8. [46, Def. 10.B.1] An allocation (x i)i∈I is a tuple of quantity vectors
x i ∈ X i for each participant (buyer/seller) i ∈ I .

Definition 2.9. [46, Def. 10.B.3] An allocation (x∗i )i∈I and a price vector p∗ ∈ RL

constitute a competitive (Walrasian) equilibrium with respect to a strict linear pricing
schedule if the following conditions hold.

• Utility maximization for each participant:

∀i ∈ I : x∗i ∈ argmax
¦

ui(x i) | x i ∈ X i, (p
∗)>x i ≤ 0

©

(2.11)

• Clearing condition for each commodity:

∀l ∈ L :
∑

i∈I

x∗i,l = 0 (2.12)

The constraint (p∗)>x i ≤ 0 is called the budget constraint of participant i. Note that the
clearing condition of money must hold in a competitive equilibrium because it is also a
commodity in L.

Proposition 2.10. Let the utility functions of all participants i ∈ I be quasi-linear,
i.e., ui(w, q) = w + Φi(q). Let the quantity sets of all participants i ∈ I be given by
X i = R×Q i with Q i ⊆ RT . Let the price of money (the numéraire commodity) amount
to p∗0 = 1 currency unit.

Then the allocation
�

(w∗i , q∗i )
�

i∈I
and the price vector p∗ = (1,π∗>)> ∈ RL constitute

a competitive equilibrium with respect to a strict linear pricing schedule if and only if
the following conditions hold.

• Utility maximization for each participant:

∀i ∈ I : q∗i ∈ arg max
¦

Φi(qi)−π∗
>qi | qi ∈Q i

©

(2.13)

∀i ∈ I : w∗i =−π
∗>q∗i (2.14)

• Clearing condition for each commodity:
∑

i∈I

w∗i = 0 (2.15)

∀t ∈ T :
∑

i∈I

q∗i,t = 0 (2.16)

If (2.14) and (2.16) are satisfied, then the clearing condition of money (2.15) is also
satisfied.

Proof. The utility maximization problem of each participant is given by

max wi +Φi(qi), (2.17)

s.t. p∗0wi +π
∗>qi ≤ 0, (2.18)

qi ∈Q i, (2.19)

wi ∈ R, (2.20)
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where p∗0 = 1. At first we will show that an optimal solution to (2.17)-(2.20) satisfies
(2.13)-(2.14). Let (w∗i , q∗i ) be an optimal solution to (2.17)-(2.20), then (−π∗>q∗i , q∗i )
is a feasible solution to the same problem and we have

w∗i +Φi(q
∗
i ) | (w∗i , q∗i ) maximizes (2.17)-(2.20),

≥−π∗>q∗i +Φi(q
∗
i ) | (w∗i , q∗i ) satisfies (2.18): −π∗>q∗i ≥ w∗i ,

≥ w∗i +Φi(q
∗
i ).

As the terms in the first and last row are equal, the inequalities are satisfied with
equality. This yields that w∗i =−π

∗>q∗i , thus (2.14) is satisfied. Let qi ∈Q i be arbitrary,
then (−π∗>qi, qi) satisfies (2.17)-(2.20) and we have

Φi(q
∗
i )−π

∗>q∗i | (w∗i , q∗i ) satisfies (2.14),

= Φi(q
∗
i ) +w∗i | (w∗i , q∗i ) maximizes (2.17)-(2.20),

≥ Φi(qi)−π∗
>qi

This yields that q∗i is an optimal solution to max
¦

Φi(qi)−π∗
>qi | qi ∈Q i

©

, thus it
satisfies (2.13).

We will now show that a solution that satisfies (2.13)-(2.14) is an optimal solution
to (2.17)-(2.20). Let q∗i be an optimal solution to max

¦

Φi(qi)−π∗
>qi | qi ∈Q i

©

and
let w∗i =−π

∗>q∗i . Let (wi, qi) be a feasible solution to (2.17)-(2.20), then we have

Φi(q
∗
i ) +w∗i

= Φi(q
∗
i )−π

∗>q∗i | q∗i satisfies (2.13),

≥ Φi(qi)−π∗
>qi | (wi, qi) satisfies (2.18):−π∗>qi ≥ wi,

≥ Φi(qi) +wi.

This yields that (w∗i , q∗i ) is an optimal solution to (2.17)-(2.20).
Let (2.14) and (2.16) be satisfied, then

∑

i∈I

w∗i =−
∑

i∈I

π∗>q∗i =−
∑

i∈I

∑

t∈T

p∗t q
∗
i,t =−

∑

t∈T

p∗t
∑

i∈I

q∗i,t = 0.

2.2.1 Decision sets and quantity functions

In many cases it is convenient to express the valuation function Φi (cost ≤ 0 / benefit
≥ 0) with the help of decision variables (control variables) instead of quantity vari-
ables. For this reason, we introduce the concept of quantity functions and valuation
functions depending on decision variables.

Definition 2.11. Let i be a participant with a quasi-linear utility function ui(w, q) =
w+Φi(q) and let his quantity set be given by X i = R×Q i with Q i ⊆ RT . If there is a set
Di ⊆ Rni , a function fi : Di → RT , and a function υi : Di → R such that

Q i = fi(Di) and
∀q ∈Q i : Φi(q) =max{υi(δ) | fi(δ) = q, δ ∈ Di},
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then Di is called decision set, fi is called quantity function, and υi is called decision
valuation of participant i.

In Blumrosen and Nisan [7] the evaluation of the quantity-parameterized opti-
mization problem Φi(q) = max{υi(δ) | fi(δ) = q, δ ∈ Di} is called a value query:
“The auctioneer presents a bundle q, the bidder reports his value Φi(q) [in numéraire
units] for this bundle”. In a value query the participant has to choose his decision
variables such that he can buy / sell exactly the specified quantities ( fi(δ) = q). Sub-
ject to this constraint he will choose his decision variables such that they maximize
an individual valuation function υi depending on his decision variables. Then he will
return the optimal value to the auctioneer. For example, a producer will try to find
the cheapest production schedule to produce the quantities q. Then he will return the
production costs (< 0) to the auctioneer.

Proposition 2.12. Let the utility functions of all participants i ∈ I be quasi-linear, i.e.,
ui(w, q) = w+Φi(q). Let the quantity sets of all participants i ∈ I be given by X i = R×Q i

with Q i ⊆ RT . Let Di ⊆ Rni be the decision set, fi the quantity set, and υi the decision
valuation of participant i ∈ I , that is,

Q i = fi(Di) and
∀q ∈Q i : Φi(q) =max{υi(δ) | fi(δ) = q, δ ∈ Di}.

Let the price of money (the numéraire commodity) amount to p∗0 = 1 currency unit.
Then the allocation

�

(w∗i , q∗i )
�

i∈I
and the price vector (1,π∗>)> ∈ RL constitute a

competitive equilibrium with respect to a strict linear pricing schedule if and only if
the following conditions hold.

• Utility maximization for each participant:

∀i ∈ I : δ∗i ∈ arg max
¦

υi(δi)−π∗
> fi(δi) | δi ∈ Di

©

(2.21)

∀i ∈ I : q∗i = fi(δ
∗
i ) (2.22)

∀i ∈ I : w∗i =−π
∗>q∗i (2.23)

• Clearing condition for each commodity:
∑

i∈I

w∗i = 0 (2.24)

∀t ∈ T :
∑

i∈I

q∗i,t = 0 (2.25)

Before we will prove this proposition we present a model transformation that
holds in a general setting. Similar to extended formulations the transformation allows
us to express the feasible region (quantity set) with the help of additional (or less)
variables. The transformation also expresses the objective with the help of these
additional variables. This is extremely useful as it allows us to model certain non-
linear objectives with the help of mixed-integer-formulations.
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Theorem 2.13. Let Q ⊆ Rm and D ⊆ Rn be arbitrary sets and let Φ : Q→ R, υ : D→ R,
and f : D→Q be arbitrary functions with

f (D) =Q,

∀q ∈Q : Φ(q) =max{υ(δ) | δ ∈ f −1(q)},

where f −1(q) := {δ ∈ D | f (δ) = q} is the fiber of f at q. Then we have

max
q∈Q
Φ(q) =max

δ∈D
υ(δ),

argmax
q∈Q
Φ(q) = f

�

argmax
δ∈D

υ(δ)
�

.

The next figure visualizes the relationship between the different sets and functions.
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Proof. In the following, the sets of optimal solutions will be denoted by

Q∗ := arg max
q∈Q
Φ(q) and D∗ := argmax

δ∈D
υ(δ).

Q∗ ⊆ f (D∗) Let q∗ ∈ Q∗, that is, Φ(q∗) ≥ Φ(q) for all q ∈ Q. The function Φ is

finite at all points q ∈ Q. In particular Φ(q∗) is finite and there exists δ∗ ∈ f −1(q∗)
with Φ(q∗) = υ(δ∗). We want to show that δ∗ is in D∗. Let δ ∈ D be arbitrary, then
δ ∈ f −1( f (δ)) holds.

υ(δ) ≤
︷ ︸︸ ︷

δ∈ f −1( f (δ))

�

max υ(δ′)
s.t. δ′ ∈ f −1( f (δ))

�

= Φ( f (δ)) ≤
︷︸︸︷

f (δ)∈Q

Φ(q∗) = υ(δ∗).

Now we have δ∗ ∈ D∗.
Q∗ ⊇ f (D∗) Let δ∗ ∈ D∗, that is, υ(δ∗)≥ υ(δ) for all δ ∈ D. We know that f (δ∗) ∈Q

and we want to show that it is in Q∗. Let q ∈Q be arbitrary.

Φ( f (δ∗)) =
�

max υ(δ)
s.t. δ ∈ f −1( f (δ∗))

�

=
︷ ︸︸ ︷

δ∗∈ f −1( f (δ∗))

�

max υ(δ)
s.t. δ ∈ D

�

≥
�

max υ(δ)
s.t. δ ∈ f −1(q)

�

= Φ(q).

Now we have f (δ∗) ∈Q∗.
maxq∈QΦ(q) =maxδ∈Dυ(δ) Let δ∗ ∈ D∗ and q∗ ∈Q∗, then f (δ∗) ∈Q∗.

Φ(q∗) =
︷ ︸︸ ︷

f (δ∗)∈Q∗

Φ( f (δ∗)) =
�

max υ(δ)
s.t. δ ∈ f −1( f (δ∗))

�

=
︷ ︸︸ ︷

δ∗∈ f −1( f (δ∗))

�

max υ(δ)
s.t. δ ∈ D

�

= υ(δ∗).
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Corollary 2.14. Let Q ⊆ Rm and D ⊆ Rn be arbitrary sets and let Φ : Q→ R, υ : D→ R,
f : D→Q, and g : Q→ R be arbitrary functions with

f (D) =Q,

∀q ∈Q : Φ(q) =max{υ(δ) | δ ∈ f −1(q)},

where f −1(q) := {δ ∈ D | f (δ) = q} is the fiber of f at q. Then we have

max
q∈Q
Φ(q)− g(q) =max

δ∈D
υ(δ)− g( f (δ)), (2.26)

argmax
q∈Q
Φ(q)− g(q) = f

�

argmax
δ∈D

υ(δ)− g( f (δ))
�

. (2.27)

Proof. Let eΦ(q) := Φ(q)− g(q) and eυ(δ) := υ(δ)− g( f (δ)). For all q ∈Q we have

eΦ(q) = Φ(q)− g(q)

=
�

max υ(δ)
s.t. δ ∈ f −1(q)

�

− g(q) | g(q) is not depending on δ,

=
�

max υ(δ)− g(q)
s.t. δ ∈ f −1(q)

�

| q = f (δ) holds for all δ ∈ f −1(q),

=
�

max eυ(δ)
s.t. δ ∈ f −1(q)

�

.

We can now apply Theorem 2.13 to the functions eΦ, eυ, and f .

Proof of Prop. 2.12. The notation of Proposition 2.12 is consistent with the notation
of Corollary 2.14. We only need to define the function g(q) := π∗>q. The left-hand
side of equation (2.27) is equivalent to equation (2.13) whereas the right-hand side
of (2.27) is equivalent to (2.21) and (2.22).

We will now introduce a succinct definition of a competitive equilibrium that only
involves decision sets and quantity functions. This modified definition allows us to
introduce auxiliary variables, which can be used to reformulate non-convex utility
maximization problems as mixed integer linear programs. The auxiliary variables can
also be used to express quantity sets with the help of extended formulations. The
definition is consistent with the previous definitions and propositions.

Definition 2.15. Let T be the set of tradable commodities without the numéraire. Let
Di ⊆ Rni be the decision set, fi : Di → RT the quantity function, and υi : Di → R the
decision valuation of participant i ∈ I . Remember that participant i has a quasi linear
utility function.

Then the tuple
�

δ∗i

�

i∈I
and the price vector π∗ ∈ RT constitute a competitive equi-

librium with respect to a strict linear pricing schedule if and only if the following three
conditions hold.

• Utility maximization for each participant:

∀i ∈ I : δ∗i ∈ arg max
¦

υi(δi)−π∗
> fi(δi) | δi ∈ Di

©

(2.28)
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• Strict Linear Pricing Schedule:

∀i ∈ I : w∗i :=−π∗> fi(δ
∗
i ) (2.29)

• Clearing condition for each commodity in T:
∑

i∈I

fi(δ
∗
i ) = 0 (2.30)

The term fi(δ∗i ) is the quantity vector of participant i and w∗i is the amount of money
to be payed (< 0) or received (> 0). The clearing condition of money

∑

i∈I w∗i = 0 is
implied by (2.29) and (2.30).

2.3 Competitive equilibria in convex auctions

In this section, we study a fundamental property of convex auctions. A convex auction
is an auction where all participants submit convex bid parameters. If the auction is
convex, then we are able to find a competitive equilibrium by just solving a convex
optimization problem.

In the previous sections, the individual optimization problems of the participants
where expressed with the help of the bid parameters (Di,υi, fi): the decision set,
the decision valuation, and the quantity function. This time we will assume that all
participants express their bids by submitting convex bid parameters:

Definition 2.16. Let T be the set of commodities without the numéraire. The bid pa-
rameters (Di,υi, fi) of a participant i are convex if the decision valuation υi : Di → R is
concave and differentiable, the quantity function fi : Di → RT is affine and the decision
set is given by

Di = {δi ∈ Rni | gi,k(δi)≤ 0 for k = 1, . . . , mi},

where gi,k : Rni → R are convex differentiable functions. We will use the tuple (gi,υi, fi)
to denote convex bid parameters. A bid is convex if its parameters are convex. If the
quantity function is given by fi(δi) =Q iδi, then Q i is called the quantity matrix.

In the following, we recall the well-known fundamental welfare theorem [4, 46]
and combine it with the convex bidding language and with convex duality theory.

Theorem 2.17 (Fundamental welfare theorem). Let T be the set of commodities with-
out the numéraire. Let the bids of all participants i ∈ I be given by convex bid parameters
(gi,υi, fi) and let the weak Slater assumption hold for the constraints (2.32)-(2.33).

Then the tuple (δ∗i )i∈I and the price vector π∗ ∈ RT constitute a competitive equi-
librium with respect to a strict linear pricing schedule if and only if δ∗ is an optimal
solution to

max
∑

i∈I

υi(δi), (2.31)

s.t.
∑

i∈I

fi(δi) = 0 [π], (2.32)

δi ∈ Di [λi] ∀i ∈ I , (2.33)
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and (π∗,λ∗) is an optimal dual solution. π is the dual variable to the clearing condition
and λi,k is the dual variable to the decision set constraint gi,k(δi) ≤ 0. An optimal
solution to this problem is called a welfare maximizing solution.

Proof. As the weak Slater assumption holds for (2.32)-(2.33) it also holds for the in-
dividual optimization problems (2.28). This yields that in both cases the KKT condi-
tions are necessary and sufficient to describe optimal solutions. The proof is basically
a straightforward reformulation of the KKT conditions.

At first we write out the optimization problem (2.31)-(2.33) in detail:

max
∑

i∈I

υi(δi),

s.t.
∑

i∈I

fi,t(δi) = 0 [πt] ∀t ∈ T ,

gi,k(δi)≤ 0 [λi,k] ∀i ∈ I , k = 1, . . . , mi,

δi, j ∈ R ∀i ∈ I , j = 1, . . . , ni.

A solution δ∗ is optimal to this problem if and only if there exist variables π∗ and λ∗

such that
∑

i∈I

fi,t(δ
∗
i ) = 0 ∀t ∈ T , (2.34)

gi,k(δ
∗
i )≤ 0 ∀i ∈ I , k = 1, . . . , mi, (2.35)

∑

t∈T

π∗t
∂ fi,t

∂ δi, j
(δ∗i ) +

mi
∑

k=1

λ∗i,k
∂ gi,k

∂ δi, j
(δ∗i ) =

∂ υi

∂ δi, j
(δ∗i ) ∀i ∈ I , j = 1, . . . , ni, (2.36)

λ∗i,k ≥ 0 ∀i ∈ I , k = 1, . . . , mi, (2.37)

gi,k(δ
∗
i )λ

∗
i,k = 0 ∀i ∈ I , k = 1, . . . , mi. (2.38)

For each i ∈ I equations (2.35), (2.36)-(2.37), and (2.38) correspond to the primal
feasibility, the dual feasibility, and the complementarity condition of the individual
optimization problem (2.28) of participant i. This yields the following reformulation:

∑

i∈I

fi,t(δ
∗
i ) = 0 ∀t ∈ T ,

�

δ∗i ∈ argmax υi(δi)−
∑

t∈T π
∗
t fi,t(δi)

s.t. gi,k(δi)≤ 0 ∀k = 1, . . . , mi

�

∀i ∈ I .

Note that the price π∗ is an exogenously given parameter in the individual optimiza-
tion problem. In other words:

∑

i∈I

fi,t(δ
∗
i ) = 0 ∀t ∈ T ,

δ∗i ∈ argmax{υi(δi)−π∗
> fi(δi) | δi ∈ Di} ∀i ∈ I .

These two equations in conjunction with the linear pricing schedule w∗i :=−π∗> fi(δ∗i )
for all participants i ∈ I yield that δ∗ and the price vector π∗ constitute a competitive
equilibrium with respect to a strict linear pricing schedule.
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2.4 Competitive equilibrium relaxations
in non-convex auctions

The previous section introduced the fundamental welfare theorem that allows us to
compute a competitive equilibrium in a convex auction by solving a convex optimiza-
tion problem. As soon as at least one participant submits non-convex bid parameters,
the auction becomes non-convex. In such cases a competitive equilibrium with respect
to a strict linear pricing schedule might not exist, as the following example shows.

Example 2.18. There is one buyer and one seller. The buyer wants to buy at most
one quantity unit and his benefit per unit amounts to four currency units per quantity
unit. He submits the convex bid parameters (D0 = [0,1], υ0(δ0) = 4δ0, f0(δ0) = δ0).
The seller wants to sell exactly two units or no unit at all and his cost per quantity
unit amounts to three currency units per quantity unit. He submits the non-convex
bid parameters (D1 = {−2, 0}, υ1(δ1) = 3δ1, f1(δ1) = δ1). The only feasible solution
is δ0 = δ1 = 0. We will see that there is no price π0 such that the tuple of decision
vectors (δ0,δ1) and the price π0 constitute a competitive equilibrium: If the price
is strictly lower than four currency units, then the optimal strategy of the buyer is
to buy exactly one unit which is not possible. If the price is strictly greater than
three currency units, then the optimal strategy of the seller is to sell exactly two units
which is not possible. Even though the solution is not a competitive equilibrium, we
can observe that at least no participant incurs a loss.

Regardless of whether a competitive equilibrium exists or not, we can determine
a welfare maximizing solution by solving the model in Theorem 2.17. However the
next example shows that a welfare maximizing solution does not necessarily admit a
strict linear pricing schedule where no participant incurs a loss.

Example 2.19. There are two buyers and one seller. Buyer 1 wants to buy at most one
unit if the price is lower or equal to four. Buyer 2 wants to buy at most two units if
the price is lower or equal to six. Seller 1 wants to sell exactly three or no units if the
price is greater or equal to five.

buyer 1 : (D1 = [0, 1],υ1(δ1) = 4δ1, f1(δ1) = δ1),
buyer 2 : (D2 = [0, 2],υ2(δ2) = 6δ2, f2(δ2) = δ2),
seller 1 : (D3 = {−3, 0},υ3(δ3) = 5δ3, f3(δ3) = δ3).

max 4δ1+ 6δ2+ 5δ3,

s.t. δ1+δ2+δ3 = 0,

δ1 ∈ [0, 1],
δ2 ∈ [0, 2],
δ3 ∈ {−3, 0}.

The welfare maximizing solution (δ∗1,δ∗2,δ∗3) is (1,2,−3). If the price π0 is strictly
greater than four, then buyer 1 incurs a loss, as he is only willing to pay at most four
CU/QU (currency units per quantity unit). If the price is strictly less than five, then
seller 1 incurs a loss, as he wants to receive at least five CU/QU.

As shown by the previous examples, a competitive equilibrium might not exist
and a welfare maximizing solution does not necessarily admit a strict linear pricing
schedule, where no participant incurs a loss. This implies that in general there is no
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(δ,π) such that
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T ,

δi ∈ argmax{υi(δ
′
i)−π

> fi(δ
′
i) | δ

′
i ∈ Di} ∀i ∈ I .

In practice a lot of exchanges facilitate the participants to submit non-convex bid pa-
rameters. A well-known non-convex bid in stock exchanges is the so-called fill-or-kill
limit order. The sell order in Example 2.18 is such a non-convex fill-or-kill limit or-
der, whereas the buy order is a convex limit order. In other words the example is a
small auction at a stock exchange and it shows that in general stock exchanges can-
not publish execution schedules and strict linear prices that constitute a competitive
equilibrium. In fact most of the exchanges are publishing strict linear prices. This im-
plies that they relax some of the optimality conditions of the individual optimization
problems to make the previous optimization problem feasible. It is clear that there
are various possibilities for relaxing optimality conditions and for choosing a solution
within these newly introduced degrees of freedom.

We will present three closely related approaches. All three approaches maximize
the total economic surplus subject to slightly different constraints. The first one shows
that it is sufficient to relax some of the optimality conditions: the execution state of
a non-convex bid either maximizes the individual surplus or the bid is rejected. The
second approach relaxes the optimality conditions of non-convex bids even further:
it only ensures that the surplus of non-convex bids is non-negative. And the third
approach is a pragmatic one: it relaxes all optimality conditions while ensuring the
minimal requirement that no bid incurs a loss. However, relaxing all optimality condi-
tions does not necessarily mean that all of them will be violated. On the contrary, the
idea is to relax all optimality conditions such that the optimizer automatically decides
which optimality conditions must be violated in order to maximize the economic sur-
plus subject to the minimal requirements. Later we will see that, in contrast to the
other models, the third model indeed computes some sort of efficient solutions.

2.4.1 A model with individual surplus maximization or rejection

Again let T be the set of commodities without the numéraire. Let I = IC ∪̇IN be the
set of all bids, at which IC is the set of convex bids and IN is the set of non-convex
bids. The bid parameters of bid i ∈ IC ∪ IN are denoted by (Di,υi, fi), and we assume
that 0 ∈ Di and fi(0) = 0 for all non-convex bids i ∈ IN . Consider the model

max
∑

i∈I

υi(δi), (A)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T , (2.39)

δi ∈ arg max{υi(δ
′
i)−π

> fi(δ
′
i) | δ

′
i ∈ Di} ∀i ∈ IC , (2.40)

δi ∈ arg max{υi(δ
′
i)−π

> fi(δ
′
i) | δ

′
i ∈ Di} ∪ {0} ∀i ∈ IN . (2.41)
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The Greek letters δ and π denote the variables of the model. If there are only convex
bids (i.e., IN = ;), then equations (2.39)-(2.40) sufficiently describe a welfare max-
imizing solution. In equation (2.41) we extended the feasible region by adding an
element of the kernel of each quantity function. This relaxation enables us to reject
non-convex bids, regardless of the prices π: If the decision vectors of all non-convex
bids are in the kernel of the respective quantity function (e.g., δi = 0 for all i ∈ IN ),
then the terms fi,t(δi) in the clearing condition (2.39) vanish for all non-convex bids
i ∈ IN . This yields that the model is feasible if there is a solution that only involves
the convex bids. If, for example, the image of the quantity function of each convex
bid contains the zero (i.e., 0 ∈ fi(Di) for all i ∈ IC), then the model is feasible.

In Example 2.18 the model would select a solution with a price π0 ≥ 4: Let for
example π0 = 4, then δ0 ∈ arg max{4δ′0 − 4δ′0 | δ

′
0 ∈ [0,1]} = [0, 1] and δ1 ∈

arg max{3δ′1−4δ′1 | δ
′
1 ∈ {−2,0}}∪ {0}= {−2, 0}. This yields that δ0 = δ1 = 0. Note

that this solution is not a competitive equilibrium because at price four the optimal
strategy of the seller is to sell exactly two units instead of selling nothing.

In Example 2.19 the model cuts off the welfare maximizing solution and returns a
solution that satisfies δ1 = δ2 = δ3 = 0 and π0 ≥ 6.

In general, we cannot find a competitive equilibrium, but we can find strict linear
prices where the decision variables of all convex bids are profit maximizing:

Corollary 2.20. Let T be the set of commodities without the numéraire and let (gi,υi, fi)
be the bid parameters of convex bids i ∈ IC and (Di,υi, fi) the bid parameters of non-
convex bids i ∈ IN .

Let δ∗ be an optimal solution to

max
∑

i∈I

υi(δi), (MaxWelfare)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T , (2.42)

gi(δi)≤ 0 ∀i ∈ IC , (2.43)

δi ∈ Di ∀i ∈ IN . (2.44)

Let the weak Slater assumption hold for
∑

i∈IC
fi(δi) = −

∑

i∈IN
fi(δ∗i ) and ∀i ∈ IC :

gi(δi)≤ 0. This assumption holds if, for example, all convex decision sets are polyhedra.
Then there exists π ∈ RT with

δ∗i ∈ argmax{υi(δi)−π> fi(δi) | gi(δi)≤ 0} ∀i ∈ IC .

In other words: for all i ∈ IC there exists π and µi with

µ>i gi(δ
∗
i ) = 0 ∧ µ>i D gi(δ

∗
i ) = D υi(δ

∗
i )−π

>D fi(δ
∗
i ) ∧ µi ≥ 0.

The terms D gi, D υi, and D fi denote the Jacobian matrices of the respective functions
(see Appendix A).

Proof. Let δ∗ be an optimal solution. We will replace all non-convex bids by “constant”
convex bids such that the fundamental welfare theorem yields the desired result. For
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all i ∈ IN let D∗i = {δ
∗
i }, f ∗i (δ) = fi(δ∗), and υ∗i (δ) = υi(δ∗). Each bid (D∗i ,υ

∗
i , f ∗i )

is convex, as the decision set is a singleton, the decision valuation is constant, and
the quantity function is constant. If we replace all non-convex bids by these constant
bids, then δ∗ is still an optimal solution to the modified problem. As the modified
problem is a convex auction, we can apply the fundamental welfare theorem.

In the following, we present an algorithm that exploits this property and ensures
the optimality conditions without modeling them explicitly. Similar to the generalized
Benders decomposition (cf. [29]), the algorithm decomposes the problem into a
master problem and a subproblem. Readers who are not interested in algorithmic
details can safely skip the rest of this subsection.

In our applications the individual optimization problems of non-convex bids are
bounded mixed integer programs, that is, the decision valuations and the quantity
functions are affine linear functions and the decision sets are feasible regions of
bounded mixed integer programs. In our case these mixed integer programs are
very small such that we can specify the polyhedral convex hull of each non-convex
decision set. This property is crucial for the algorithm and points out an important
computational limitation.

For the sake of exposition we will focus only on mixed integer auctions. In a mixed
integer auction all bids are either convex or mixed integer bids. Mixed integer bids
are introduced in the following definition.

Definition 2.21. Let T be the set of commodities without the numéraire. A bid i with
parameters (Di,υi, fi) is a mixed integer bid if Di is bounded, 0 ∈ Di, and there exist
parameters ((Ai, ai, zi), ci,Q i) with

υi(δi) = c>i δi, fi(δi) =Q iδi, Di = {δi ∈ Rni−zi ×Zzi | Aiδi ≤ ai}, and zi ≥ 1.

The price parameterized individual optimization problem is given by

max c>i δi −π>Q iδi, (MIBid)(π)

s.t. Aiδi ≤ ai,

δi ∈ Rni−zi ×Zzi .

The matrix Q is called quantity matrix.

Theorem 2.22. Let υi(δi) = c>i δi, fi(δi) =Q iδi, Di ⊆ Rn bounded, and let conv(Di) =
{δi ∈ Rn | Aiδi ≤ ai}. Then

δ∗i ∈ arg max{c>i δi −π>Q iδi | δi ∈ Di} ∪ {0}

if and only if there exists λ∗i such that

δ∗i ∈ argmax{c>i δi −π>Q iδi | Aiδi ≤ λ∗i ai},
δ∗i ∈ Di ∪ {0},
λ∗i ∈ {0, 1}.
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Lemma 2.23. Let D ⊆ Rn and c ∈ Rn. Then

argmax{c>δ | δ ∈ D}= argmax{c>δ | δ ∈ conv D} ∩ D.

Lemma 2.24. Let X = {x ∈ Rn | Ax ≤ a} be a bounded polyhedron (i.e., a polytope).
Then

X ∪ {0}= {x ∈ Rn | Ax ≤ λa,λ ∈ {0,1}}.

This is also true if we parameterize X : Let µ ∈ Rm and X (µ) = {x ∈ Rn | A(µ)x ≤ a(µ)}
be a bounded parameterized polytope, then

X (µ)∪ {0}= {x ∈ Rn | A(µ)x ≤ λa(µ),λ ∈ {0, 1}}.

Proof. See [5] or [35, Sect. 2.2].

Proof of Theorem 2.22. For overview purposes we will omit the indices i. Recall that
π is exogenously given. If D is empty, then the theorem is trivial. Let D be non-empty.

S := argmax{c>δ−π>Qδ | δ ∈ D} ∪ {0} | Lemma 2.23

=
�

argmax{c>δ−π>Qδ | δ ∈ conv(D)} ∩ D
�

∪ {0} | (A∩ D)∪ N
= (A∪ N)∩ (D ∪ N)

=
�

arg max{c>δ−π>Qδ | Aδ ≤ a} ∪ {0}
�

∩ (D ∪ {0}) | KKT conditions

=





















δ
�

�

∃µ≥ 0 with
A>µ= c−Q>π
(Aδ− a)>µ= 0

Aδ ≤ a











∪ {δ | δ = 0}











∩ (D ∪ {0})

The set D is bounded. Therefore, {δ | Aδ ≤ a} is bounded and hence for all µ≥ 0 the
parameterized polyhedron X (µ) = {δ | Aδ ≤ a, (µ>A)δ = (µ>a)} is bounded as well.
Let P(π) =max{c>δ−π>Qδ | Aδ ≤ a} and P ′(π) = {µ≥ 0 | A>µ= c−Q>π}.

S =
�

{δ | ∃µ : µ ∈ P ′(π),δ ∈ X (µ)} ∪ {δ | δ = 0}
�

∩ (D ∪ {0})

We know that P(π) has a finite optimal solution for all π ∈ RT and the strong duality
yields that P ′(π) has a solution for all π ∈ RT .

S =
�

{δ | ∃µ : µ ∈ P ′(π),δ ∈ X (µ)} ∪ {δ | ∃µ : µ ∈ P ′(π),δ ∈ {0}}
�

∩ (D ∪ {0})
=
�

δ | ∃µ : µ ∈ P ′(π),δ ∈ (X (µ)∪ {0})
	

∩ (D ∪ {0})
=
�

δ | ∃µ : µ ∈ P ′(π),δ ∈ (X (µ)∪ {0}),δ ∈ (D ∪ {0})
	

Lemma 2.24 yields that X (µ) ∪ {0} = {δ | ∃λ ∈ {0,1} : Aδ ≤ λa, (µ>A)δ = λ(µ>a)}
for all µ.

S =































δ
�

�

∃λ,µ with
µ≥ 0

A>µ= c−Q>π
λ ∈ {0,1}

(Aδ−λa)>µ= 0
Aδ ≤ λa
δ ∈ D ∪ {0}































.
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We will now describe the algorithm step by step. Given a mixed integer auction,
the algorithm finds an optimal solution to (A). It computes the optimal solution by
solving a sequence of relaxations. These relaxations omit the optimality conditions
such that each relaxation is a mixed integer convex program, an MICP. The algorithm
requires that for each mixed integer bid the convex hull of the decision set is given.
For Λ∗ ⊆ {0,1}IN consider the Λ∗-parameterized optimization problem

max
∑

i∈I

υi(δi), (MICP)(Λ∗)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T , (2.45)

gi(δi)≤ 0 ∀i ∈ IC , (2.46)

Aiδi ≤ λiai ∀i ∈ IN , (2.47)

δi ∈ Rni−zi ×Zzi ∀i ∈ IN , (2.48)

λ ∈ Λ∗, (2.49)

where T is the set of commodities without the numéraire, all i ∈ IC are convex bids
with parameters (gi,υi, fi), and all i ∈ IN are mixed integer bids with parameters
((Ai, ai, zi), ci,Q i). The binary variable λi models whether a non-convex bid i is re-
jected or not (cf. Theorem 2.22).

Assumption 2.25. In the rest of this chapter we always assume the following:
For all mixed integer bids i ∈ IN we have conv(Di) = {δi | Aiδi ≤ ai} and for all

convex bids i ∈ IC the decision set Di is bounded. For all λ ∈ {0,1}IN the weak slater
assumption holds for (2.45)-(2.47).

(For example, the last assumption holds if there is a feasible solution δ∗ to (2.45)-
(2.46) with gi(δ∗i )< 0 for all i ∈ IC and δ∗i = 0 ∈ Di for all i ∈ IN .)

In the first step, the algorithm computes an optimal solution (δ∗,λ∗) to the pro-
gram (MICP)({0,1}IN ). Without loss of generality, we may assume that λ∗i = 1 for
all i ∈ IN . Note that if we fix all λi to 1, then the previous model is equivalent
to the (MaxWelfare) model in Corollary 2.20. In other words (δ∗,λ∗) is a wel-
fare maximizing solution. Observe that whenever (δ∗,λ∗) is an optimal solution to
(MICP)(Λ∗), we can apply Corollary 2.20. This becomes clear if we use parameterized
decision sets D′i(λ

∗) in the (MaxWelfare) model: for all non-convex bids i ∈ IN use
D′i(λ

∗) := {δi | δi satisfies (2.47) and (2.48)} instead of Di.
In the next step, a linear program checks whether there exists a strict linear pricing

schedule π such that (δ∗,π) is feasible for (A). In other words, the program checks
whether there exists a strict linear pricing schedule such that all convex bids are profit
maximizing and all non-convex bids are either profit maximizing or rejected. Theorem
2.22 provides that it is sufficient to check whether there is a pricing schedule π such
that

δ∗i ∈ argmax{υi(δi)−π> fi(δi) | gi(δi)≤ 0} ∀i ∈ IC and (2.50)

δ∗i ∈ argmax{c>i δi −π>Q iδi | Aiδi ≤ λ∗i ai} ∀i ∈ IN . (2.51)
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According to Corollary 2.20 there is a strict linear pricing schedule such that all con-
vex bids are profit maximizing, i.e., such that the first equation holds. Recall that
the welfare maximizing solution does not necessarily possess a pricing schedule that
satisfies both equations (cf. Example 2.19).

We use the KKT conditions to reformulate equations (2.50) and (2.51). The ob-
jective of the following program is zero if and only if there exists a π such that the
two equations hold. This will be discussed in the following two paragraphs.

min −
∑

i∈IN

µ>i (Aiδ
∗
i −λ

∗
i ai), (LP)(δ∗,λ∗)

s.t. µ>i gi(δ
∗
i ) = 0 ∀i ∈ IC , (2.52)

µ>i D gi(δ
∗
i ) = D υi(δ

∗
i )−π

>D fi(δ
∗
i ) ∀i ∈ IC , (2.53)

µi ≥ 0 ∀i ∈ IC , (2.54)

µ>i Ai = c>i −π
>Q i ∀i ∈ IN , (2.55)

µi ≥ 0 ∀i ∈ IN . (2.56)

In this model the terms δ∗ and λ∗ are exogenously given parameters, whereas the
terms π and µ are the variables. Observe that the model is a linear program. The
term π represents a strict linear price vector and µi corresponds to the dual variables
of the price parameterized convex optimization problems (2.50) and (2.51).

The next paragraph shows that (LP)(δ∗,λ∗) is feasible and the objective equals
zero if and only if there is a π with (2.50) and (2.51). Recall that (δ∗,λ∗) is an
optimal solution to (MICP)(Λ∗). This allows us to apply Corollary 2.20, which yields
that there exists µ and π such that the constraints (2.52)-(2.54) are satisfied. Note
that these three constraints are the complementarity condition and the dual feasibility
of (2.50). It remains to be checked that for a given π the constraints (2.55)-(2.56)
are feasible. Note that these two constraints correspond to the dual feasibility of the
price parameterized linear programs in (2.51). The definition of mixed integer bids
ensures that the feasible regions of these linear programs are bounded, thus they have
a finite optimal solution for all π. Therefore, the dual problems of (2.51) are feasible
for all π. Since the last two constraints correspond to the dual feasibility of (2.51), for
all π there exists µ such that they are satisfied. Note that the objective of (LP)(δ∗,λ∗)
corresponds to the complementarity conditions of (2.51). Therefore, the objective is
zero if and only if there exists a π with (2.50) and (2.51).

Even though the model (LP)(δ∗,λ∗) depends on the parameters δ∗ and λ∗, under
certain conditions it is actually independent of the particular choice of δ∗:

Proposition 2.26. Let Λ∗ ⊆ {0, 1}IN and let (δ∗,λ∗) and (δ′,λ∗) be optimal solutions
to (MICP)(Λ∗). If the optimal objective value of (LP)(δ∗,λ∗) is zero, then the opti-
mal objective of (LP)(δ′,λ∗) is zero and the sets of optimal solutions of both problems
coincide.

Proof. Let (δ∗,λ∗) and (δ′,λ∗) be optimal solutions to (MICP)(Λ∗), then δ∗ and δ′ are
optimal solutions to (MICP)({λ∗}). Let the optimal objective value of (LP)(δ∗,λ∗) be
zero. Then there is a π with (2.50) and (2.51). Furthermore, δ∗ satisfies the clearing
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condition
∑

i∈I fi(δ∗i ) = 0, as it is a feasible solution to (MICP)(Λ∗). The fundamental
welfare theorem yields that δ∗ maximizes the convex program

max
∑

i∈I

υi(δi), (CP)(λ∗)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T , (2.57)

gi(δi)≤ 0 ∀i ∈ IC , (2.58)

Aiδi ≤ λ∗i ai ∀i ∈ IN . (2.59)

Note that (CP)(λ∗) is the convex relaxation of (MICP)({λ∗}). As both δ∗ and δ′ max-
imize (MICP)({λ∗}), we have

∑

i∈I υi(δ∗i ) =
∑

i∈I υi(δ′i), and thus δ′ also maximizes
(CP)(λ∗). This time, the fundamental welfare theorem yields that there is a π such
that (2.50) and (2.51) hold for δ′. In other words, the objective of (LP)(δ′,λ∗) is
zero.

Recall that δ∗ and δ′ maximize (CP)(λ∗). Proposition A.3 provides that the set
of dual solutions that satisfy the KKT conditions of (CP)(λ∗) is independent of the
particular primal optimal solution δ∗ or δ′. In other words, the set of optimal solutions
to (LP)(δ∗,λ∗) is equal to the set of optimal solutions to (LP)(δ′,λ∗).

The next paragraph explains the meaning of the set Λ∗. Recall that we want to
solve (A) for a mixed integer auction. Theorem 2.22 provides the following reformu-
lation:

max
∑

i∈I

υi(δi), (A′)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T , (2.60)

δi ∈ arg max{υi(δ
′
i)−π

> fi(δ
′
i) | gi(δ

′
i)≤ 0} ∀i ∈ IC , (2.61)

δi ∈ arg max{υi(δ
′
i)−π

> fi(δ
′
i) | Aiδ

′
i ≤ λiai} ∀i ∈ IN , (2.62)

δi ∈ Rni−zi ×Zzi ∀i ∈ IN , (2.63)

λ ∈ {0, 1}IN . (2.64)

Recall that the variables of this model are δ, λ, and π. The fundamental welfare
theorem provides that there exists a π such that δ satisfies (2.60)-(2.62) if and only
if δ maximizes (CP)(λ). In this respect, the previous model is equivalent to:

max
∑

i∈I

υi(δi), (A′′)

s.t. δ maximizes (CP)(λ), (2.65)

δi ∈ Rni−zi ×Zzi ∀i ∈ IN , (2.66)

λ ∈ {0,1}IN . (2.67)

Observe that the λ-part of a feasible solution to (A′′) is in the set

Λ◦ := {λ ∈ {0,1}IN | (CP)(λ) has an optimal solution that is mixed integral}
= {λ ∈ {0,1}IN | there is a δ that maximizes (CP)(λ) and satisfies (2.66)}.
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The feasible region of (A′′) remains unchanged if we restrict the variable λ to the set
Λ◦, i.e., replace λ ∈ {0, 1}IN by λ ∈ Λ◦. The fundamental welfare theorem yields that
this also applies to (A′). The following two lemmas will allow us to transform the
bilevel program into a program with just one level.

Lemma 2.27. Let f : Rn → R and X , Y ⊆ Rn. If max{ f (x) | x ∈ X } has an optimal
solution x∗ with x∗ ∈ Y , then

�

arg max f (x)
s.t. x ∈ X ∩ Y

�

=
�

arg max f (x)
s.t. x ∈ X

�

∩ Y.

Lemma 2.28. Let f : Rn → R, Y ⊆ Rm, and for all y ∈ Y let X (y) ⊆ Rn. If for all
y ∈ Y the program max{ f (x) | x ∈ X (y)} has an optimal solution, then











argmax f (x)
s.t. x ∈ arg max f (x)

s.t. x ∈ X (y)
y ∈ Y











=







arg max f (x)
s.t. x ∈ X (y)

y ∈ Y






.

The program (A′′) is equivalent to (MICP)(Λ◦)

max
∑

i∈I

υi(δi), (MICP)(Λ◦)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T , (2.68)

gi(δi)≤ 0 ∀i ∈ IC , (2.69)

Aiδi ≤ λiai ∀i ∈ IN , (2.70)

δi ∈ Rni−zi ×Zzi ∀i ∈ IN , (2.71)

λ ∈ Λ◦. (2.72)

Putting all together we obtain that (A) is equivalent to (MICP)(Λ◦). In other words,
there is a λ∗ such that (δ∗,λ∗) maximizes (MICP)(Λ◦) if and only if there is a π such
that (δ∗,π) maximizes (A).

The following theorem shows how to compute valid inequalities for Λ◦. It is a
generalization of Theorem 6 in [42]. Note that in [42] the term incumbent solution
denotes an integer feasible solution which maximizes the current branch-and-bound
node. However, in the IBM CPLEX terminology such a solution is called a node solu-
tion, whereas an incumbent solution is either a heuristic solution, a user solution, or a
node solution. In the following, we will use the IBM CPLEX terminology and we will
assume that incumbent solutions are optimal with respect to the continuous variables.

Theorem 2.29. Let Λ∗ ⊆ {0,1}IN . If (δ∗,λ∗) maximizes (MICP)(Λ∗) and the optimal
value of (LP)(δ∗,λ∗) is non-zero, then

∑

i∈IN :λ∗i=1

(1−λi)≥ 1 (2.73)

holds for all λ ∈ Λ◦ ∩Λ∗ and thus it is a locally valid inequality. In particular λ∗ /∈ Λ◦.
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Proof. Let (δ∗,λ∗) maximize (MICP)(Λ∗) and let (LP)(δ∗,λ∗) > 0. Then δ∗ does not
maximize (CP)(λ∗), because otherwise the optimal value of (LP)(δ∗,λ∗) would be
equal to zero (cf. proof of Prop. 2.26).

Suppose that λ ∈ Λ◦ ∩Λ∗ and
∑

i∈IN :λ∗i=1(1−λi) = 0. Then λ∗ ≤ λ and

(MICP)({λ})≤ (MICP)(Λ∗)= (MICP)({λ∗})< (CP)(λ∗)≤ (CP)(λ). (2.74)

The first inequality holds, as the right-hand side is a relaxation of the left-hand side.
The equality relation holds, because (δ∗,λ∗) maximizes (MICP)(Λ∗). The strict in-
equality holds, as δ∗ does not maximize (CP)(λ∗), which is the convex relaxation of
(MICP)({λ∗}). And the last inequality holds, because the right-hand side is a relax-
ation of the left-hand side (recall that 0 ∈ Di for all i ∈ IN ).

The model (CP)(λ) is the convex relaxation of (MICP)({λ}). And equation (2.74)
yields that (CP)(λ) does not possess a mixed integral optimal solution, that is, λ /∈ Λ◦.
This is a contraction.

Now we come to the next step of the algorithm. Recall that (δ∗,λ∗) is an optimal
solution to (MICP)(Λ∗). Let (π,µ) be an optimal solution to (LP)(δ∗,λ∗). If the
objective value is zero, then (δ∗,π) is an optimal solution to (A) and we are finished.
Otherwise we notice that λ∗ /∈ Λ◦, thus our set Λ∗ is too big. According to the previous
theorem, we can add the cut (2.73) to the model, in order to cut of Λ∗ and several
similar bid selections which are not in Λ◦. Therefore, we set Λ∗ ← {λ ∈ Λ∗ | (2.73)}
and go back to the first step using the modified set Λ∗. If there exists a competitive
equilibrium the algorithm finds it in the first iteration. Otherwise it finds a bid selection
λ∗ such that all selected mixed integer bids (i.e., bids with λ∗i = 1) and all convex bids
are profit maximizing. All rejected mixed integer bids (i.e., bis with λ∗i = 0) are not
executed at all (δ∗i = 0). The algorithm terminates after a finite number of steps,
because Λ∗ is finite and the size of the set decreases in each step. The procedure is
summarized in Algorithm 2.4.1.

This exact algorithm generalizes the decomposition procedure of [42] and im-
proves and generalizes the decomposition procedure of [45]. While the algorithms
and the results in [42] and [45] are limited to the specific electricity market model,
this algorithm uses the general concept of convex bids and mixed integer bids in order
to cover a huge variety of different trading products. From a local perspective, the
new cut (2.73) is stronger than the so-called no-good cut

∑

i∈IN :λ∗i=0

λi +
∑

i∈IN :λ∗i=1

(1−λi)≥ 1, (2.75)

which is used by the exact algorithm of [45]. From a global perspective, however, the
cuts are difficult to compare, as the new cut is only locally valid, while the no-good
cut is globally valid. Irrespective of whether we use the one or the other cut, in the
worst case, Algorithm 2.4.1 requires O(2|IN |) iterations (there is an example, where
it requires exactly 2|IN |−1 iterations). In our numerical tests in Section 5.8, Algorithm
2.4.1 also converged very slowly. Only when we combined it with a heuristic, it
produced high quality solutions in short time. We obtain a fast heuristic if we use a
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Algorithm 2.4.1 Exact algorithm for mixed integer auctions

Input: Instance of a mixed integer auction.
Output: Optimal solution to (A).

Λ∗← {0,1}IN

done← false
while ¬done do

(δ∗,λ∗)← solve (MICP)(Λ∗) to optimality
(π∗,µ∗)← solve parameterized model (LP)(δ∗,λ∗)

if
�

∑

i∈IN
µ∗i
>(Aiδ

∗
i −λ

∗
i ai) = 0

�

, then
// there exist prices at which no bid incurs a loss
done← true

else
// current solution is infeasible, add a cut that removes at least λ∗

Λ∗←
n

λ ∈ Λ∗ |
∑

i∈IN :λ∗i=1(1−λi)≥ 1
o

end if

end while

Return (δ∗,π∗)

more aggressive cut instead of the previous one. Let L be the set of mixed integer
bids that incur a loss in the current iteration, then a heuristic cut is given by

∑

i∈L

λi ≤ |L| − 1, where L := {i ∈ IN | µ∗i
>(Aiδ

∗
i −λ

∗
i ai)< 0}. (2.76)

This heuristic is a generalized version of the Bid Cut Heuristic (see Chapter 5 or [45]).
Numerical tests showed that we can improve the solutions of the Bid Cut Heuristic
if we provide a start solution for the heuristic. For this purpose we designed an
algorithm which computes feasible solutions as fast as possible: the Relax-and-Fix
Heuristic. At first the algorithm solves the convex relaxation of (MICP)(Λ∗). If the
solution is mixed integral, we are finished. Otherwise the algorithm fixes the decision
variables of fractional non-convex bids (i.e., δ∗i /∈ Di) to zero and goes back to the first
step using the modified model. Algorithm 2.4.2 describes the procedure in detail.

Note that it would be sufficient to fix only one non-convex bid to zero in each
iteration. On the one hand this would improve the solution quality, but on the other
hand it would slow down the computing time.
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Algorithm 2.4.2 Relax-and-Fix Heuristic for mixed integer auctions

Input: Instance of a mixed integer auction.
Output: Heuristic solution to (A).

Λ∗← [0, 1]IN

done← false
while ¬done do

(δ∗,λ∗)← solve convex relaxation of (MICP)(Λ∗)

if
�

δ∗i ∈ Di for all i ∈ IN

�

, then
// there exist prices at which no bid incurs a loss

for i ∈ IN do λ∗i ←

(

0 if δ∗i = 0

1 if δ∗i 6= 0
done← true

else
// current solution is fractional
// dive into branch-and-bound tree by fixing fractional variables to zero
Λ∗←

¦

λ ∈ Λ∗ | λi = 0 for all i ∈ IN : δ∗i /∈ Di

©

end if

end while
(π∗,µ∗)← solve parameterized model (LP)(δ∗,λ∗)

Return (δ∗,π∗)

2.4.2 Models with non-negative surplus constraint

In model (A), non-convex bids are either surplus maximizing or rejected. This is a
very mild relaxation of a competitive equilibrium. However, if we consider non-trivial
mixed integer bids, the model may imply certain diseconomies.

Example 2.30. A participant i has a production plant. If the plant is used, then on
the one hand start-up costs of s = 30BC arise and on the other hand marginal costs of
m= 10BC/unit arise for each produced unit. The variable δi,1 ∈ {0, 1}models whether
the plant is used or not and δi,2 ∈ [0,δ]models the produced quantity which is limited
to δ = 50 units. The price parameterized optimization problem is as follows:

�

max υi(δi)−π> fi(δi)
s.t. δi ∈ Di

�

=







max −(s, m)δi −π>(0,−1)δi

s.t. 0≤ δi,2 ≤ δδi,1

δi,1 ∈ {0,1}






, (SellBid)(π)

where π ∈ R is the exogenously given price. Recall that negative quantities denote
production. For this reason, the objective contains the additional minus signs. The
producer receives −π> fi(δi) = πδi,2 Euro for the production of δi,2 units. The pro-
duction costs are covered if

υi(δi)−π> fi(δi)≥ 0 or rather πδi,2− sδi,1−mδi,2 ≥ 0. (2.77)
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Figure 2.1: thick line and marked area: price-quantity combinations with a non-
negative surplus.
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Figure 2.2: thick lines: quantities are either zero or maximize (SellBid)(π).

If δi,2 > 0, this boils down to π≥ m+ s/δi,2 = 10+ 30/δi,2. If δi,2 = 0, the inequality
yields δi,1 = 0. The blue area and the blue line in Figure 2.1 depict the price-quantity
combinations (π,δi,2) where inequality (2.77) holds. In model (A), the decision vari-
able δi of a mixed integer bid either maximizes the individual optimization problem
or it is zero, that is,

δi ∈ arg max{υi(δ
′
i)−π

> fi(δ
′
i) | δ

′
i ∈ Di} ∪ {0}. (2.78)

The blue lines in Figure 2.2 depict the price-quantity combinations that satisfy this
equation. We can see that the blue area in this figure is significantly smaller than in
the previous figure.

Now assume that there is a convex demand bid j. The marginal willingness to pay
amounts to 20BC/unit and the maximal demanded quantity amounts to 40 units. The
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individual optimization problem is as follows:

�

max υ j(δ j)−π> f j(δ j)
s.t. δ j ∈ D j

�

=
�

max 20δ j −π>δ j

s.t. δ j ∈ [0, 40]

�

. (BuyBid)(π)

In model (A), the sell bid either produces nothing or 50 units (cf. Figure 2.2). There-
fore, the buy bid cannot be executed, because it buys at most 40 units. Model (A)
ends up with an economic surplus of zero Euro. If we replace the equation (2.78)
by the less restrictive constraint (2.77), the following solution becomes feasible:
δi = (1,40), δ j = 40, and π = 15. The solution generates an economic surplus
of 20 · 40 − 30 − 10 · 40 = 370 Euro. The sell bid i has a non-negative surplus of
15·40−30−10·40= 170 Euro and the decision variable δi is feasible for (SellBid)(π).
The buy bid j has a surplus of 20 · 40− 15 · 40 = 200 Euro and the decision variable
δ j maximizes (BuyBid)(π).

The example shows that it may be disadvantageous to enforce constraint (2.78).
This is done in model (A), which computes the trivial zero solution in the previous
example. No bid is executed, even though there exists a solution where both partici-
pants have a strictly positive surplus. This is not desirable. To address this issue, one
can consider the following relaxation of (A).

max
∑

i∈I

υi(δi), (B)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T , (2.79)

δi ∈ argmax{υi(δ
′
i)−π

> fi(δ
′
i) | δ

′
i ∈ Di} ∀i ∈ IC , (2.80)

δi ∈ Di and υi(δi)−π> fi(δi)≥ 0 ∀i ∈ IN . (2.81)

This model ensures that the decision variables of each convex bid maximize the in-
dividual surplus and the decision variables of each non-convex bid are feasible and
the associated surplus is non-negative. Similar to constraint (2.78) in model (A), con-
straint (2.80) may lead to unfavorable solutions. Model (B) may compute the trivial
zero solution, even if there exists a solution where all participants have a strictly
positive surplus. These considerations lead to a further relaxation of (A).

max
∑

i∈I

υi(δi), (C)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T ,

δi ∈ Di and υi(δi)−π> fi(δi)≥ 0 ∀i ∈ I .

The model does not distinguish between convex and non-convex bids. It maximizes
the economic surplus subject to the clearing condition, the feasibility of the decision
variables, and the guarantee that no participant incurs a loss. Recall that δ and π
are the variables of the model. Therefore, the non-negative surplus constraint is non-
convex, thus it is difficult to handle.



2.4. Competitive equilibrium relaxations in non-convex auctions 49

In the following paragraph, we show that the diseconomies described above do
not arise in model (C). Therefore, we introduce an efficiency term that characterizes
economically desirable solutions and takes the strict linear prices into account.

Definition 2.31. A tuple (δ∗,π∗) is an efficient solution to the multicriteria optimiza-
tion problem

max









υ1(δ1)−π> f1(δ1)
...

υ|I |(δ|I |)−π> f|I |(δ|I |)









(D)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T ,

δi ∈ Di ∀i ∈ I ,
πt ∈ R ∀t ∈ T

if there is no other feasible solution (δ,π) to (D) with

υi(δi)−π> fi(δi)≥ υi(δ
∗
i )−π

∗> fi(δ
∗
i ) for all i ∈ I and (2.82)

υi(δi)−π> fi(δi)> υi(δ
∗
i )−π

∗> fi(δ
∗
i ) for some i ∈ I . (2.83)

In other words, (δ∗,π∗) is an efficient solution to (D) if the surplus of a participant
cannot be increased without decreasing the surplus of another participant.

Proposition 2.32. An optimal solution to (C) is an efficient solution to (D).

Proof. Let (δ∗,π∗) be an optimal solution to (C). At this solution the surplus of each
participant i ∈ I is non-negative: υi(δ∗i ) − π

∗> fi(δ∗i ) ≥ 0. Assume that there is a
feasible solution (δ,π) to (D) with (2.82) and (2.83). Equation (2.82) yields

υi(δi)−π> fi(δi)≥ υi(δ
∗
i )−π

∗> fi(δ
∗
i )≥ 0 for all i ∈ I .

In other words, (δ,π) is also a feasible solution to (C). We will now compare the
objective values of both solutions.
∑

i∈I

υi(δi) =
∑

i∈I

�

υi(δi)−π> fi(δi)
�

>
︷ ︸︸ ︷

(2.82)−(2.83)

∑

i∈I

�

υi(δ
∗
i )−π

∗> fi(δ
∗
i )
�

=
∑

i∈I

υi(δ
∗
i ).

This is a contradiction, because (δ∗,π∗) maximizes (C). The objective value of (δ,π)
cannot be strictly greater than the objective value of (δ∗,π∗).

An optimal solution to (C) is an allocation that maximizes the economic surplus
subject to the existence of a strict linear pricing schedule where no participant incurs
a loss. It is not possible to increase the surplus of one participant without decreasing
the surplus of another participant. In particular any allocation with a higher economic
surplus requires the use of another pricing schedule, because otherwise at least one
participant incurs a loss. Due to these properties we call the prices of an optimal
solution to (C) efficient strict linear prices or efficient uniform prices.
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2.4.3 A link between the different models

This section shows that model (A), (B), and (C) coincide if all bids are binary bids.

Definition 2.33. Binary bids (Di,υi, fi) are mixed integer bids which have a binary de-
cision set Di = {0,1}. The valuation and the quantity function of mixed integer bids are
linear. Therefore, there exists a scalar ci and a vector Q i such that the price parameterized
individual optimization problem is given by:

max c>i δi −π>Q iδi,

s.t. δi ∈ {0,1}.

Proposition 2.34. Let (Di,υi, fi) be a binary bid. Then

δi ∈ argmax{υi(δ
′
i)−π

> fi(δ
′
i) | δ

′
i ∈ Di} ∪ {0} (2.84)

holds if and only if
δi ∈ Di and υi(δi)−π> fi(δi)≥ 0. (2.85)

Proof. Let (Di,υi, fi) be a binary bid. There exists a scalar ci and a vector Q i such that

υi(δi)−π> fi(δi) = c>i δi −π>Q iδi = (c
>
i −π

>Q i)δi.

Let (c>i −π
>Q i) < 0. Then arg max{(c>i −π

>Q i)δi | δ′i ∈ Di} = {0}. Furthermore,
(c>i −π

>Q i)δi ≥ 0 implies that δi = 0. Therefore, both (2.84) and (2.85) boil down
to δi = 0.

Let (c>i −π
>Q i) ≥ 0. Then arg max{(c>i −π

>Q i)δi | δ′i ∈ Di} ⊇ {1}. Furthermore,
(c>i − π

>Q i)δi ≥ 0 holds for all δi ∈ {0, 1}. Therefore, both (2.84) and (2.85) boil
down to δi ∈ {0, 1}.

Corollary 2.35. If all non-convex bids are binary, then model (A) and (B) coincide. If
all bids are binary, then model (A), (B), and (C) are equal. This is a direct consequence
of Proposition 2.34.

2.4.4 A decomposition procedure for the non-negative surplus
constraint

This section presents a Benders-like decomposition procedure for model (C). The
master problem maximizes the surplus subject to the clearing condition and the de-
cision sets. And the subproblem checks whether the non-negative surplus constraints
can be met. If they cannot be met, the procedure adds an infeasibility cut.

The coupling constraints are non-convex quadratic constraints. More precisely,
they are so-called vanishing constraints (see [1]) and can also be reformulated as
so-called indicator constraints (as we will see in Chapter 4). In such a situation the
generalized Benders decomposition [29] yields non-convex infeasibility cuts. Madani
and Van Vyve [42] use the big-M method to linearize the non-convex constraints and
then apply the Benders decomposition to create infeasibility cuts for the European
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electricity market model. The resulting cuts are linear, but contain big-M constants.
The authors use a specific property of the model to strengthen the cuts and to elimi-
nate the big-M constraints. In Section 2.4.1, we used a completely different technique
to show that this strengthened cut is valid in a wider context: it is valid for model
(A) (see Theorem 2.29). If all bids are binary, then it is also valid for model (C),
as both models coincide in such a situation. In the following, we show that in some
situations it is possible to strengthen the cut even further such that the strengthened
cut is valid for model (A), (B), and (C). It suffices to prove the validity for model
(C), as it is a relaxation of the other models. It is clear that the cut can only separate
solutions which violate the non-negative surplus constraint. This means that it is not
a complete replacement for the cut in Section 2.4.1, but it can be used whenever a
solution violates the non-negative surplus constraint.

In the following, we assume that all bids i ∈ I are one-dimensional, that is, the
individual surplus maximization problem is given by

max c>i δi −π>Q iδi,

s.t. δi ∈ Di,

where 0 ∈ Di ⊆ [0,δi] and 0 < δi ∈ R. Note that the variable δi can be, for instance,
discrete, continuous, or semi-continuous. This assumption is less restrictive than it
might appear to be at first sight. If some bids are not one-dimensional, then the
cut can still separate solutions in which the set of one-dimensional bids violates the
non-negative surplus constraint. In the European electricity market, for example, all
non-convex bids and some of the convex bids are one-dimensional bids.

Similar to Section 2.4.1, we introduce auxiliary variables λ that model whether a
bid is non-zero. Consider the following master problem:

max
∑

i∈I

υi(δi), (C’)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T ,

δi ∈ Di ∀i ∈ I ,

δi ≤ δiλi and λi ∈ {0,1} ∀i ∈ I .

Let (δ∗,λ∗) be a feasible (or optimal) solution to (C’). The non-negative surplus
condition

c>i δ
∗
i −π

>Q iδ
∗
i ≥ 0 ∀i ∈ I (2.86)

has a solution π∗ if and only if

c>i −π
>Q i ≥ 0 ∀i ∈ I1(δ

∗) := {i ∈ I | δ∗i > 0} (Sub)(δ∗)

is feasible. This holds, because δ∗i is either zero or strictly greater than zero and
because (2.86) vanishes if δ∗i is zero. If (Sub)(δ∗) is feasible, then δ∗ is feasible (or
optimal) for (C). Otherwise the Farkas lemma (cf. [60]) yields that

∑

i∈I1(δ∗)

c>i αi < 0,
∑

i∈I1(δ∗)

Q iα= 0, 0≤ αi for all i ∈ I1(δ
∗) (Far)(δ∗)
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has a solution α∗. We can compute such a solution by determining an unbounded
direction for the unbounded linear program

min

¨

∑

i∈I1(δ∗)

c>i αi |
∑

i∈I1(δ∗)

Q iα= 0 and 0≤ αi for all i ∈ I1(δ
∗)

«

. (Inf)(δ∗)

Let α∗ be an unbounded direction of (Inf)(δ∗). Then α∗ is feasible for (Inf)(δ∗) and
has a negative objective value. Moreover, the constraint

∑

i∈I1(δ∗):α∗i>0

(1−λi)≥ 1 (Cut)(α∗)

cuts of (δ∗,λ∗), because λ∗i = 1 for all i ∈ I1(δ∗). We will now verify that the con-
straint is valid, that is, it only cuts of infeasible solutions. The main idea is that α∗

identifies incompatible bids, which cannot be matched against each other because of
incompatible limit prices. Any solution that contains these bids is infeasible. The
technical details of this idea are described below. Assume that (δ′,λ′) solves (C’) and
violates (Cut)(α∗). Without loss of generality we may also assume that λ′i is zero if δ′i
is zero. In other words, λ′i = 1 if and only if δ′i > 0. λ′ violates the cut, that is, for all
i ∈ I1(δ∗) with α∗i > 0 we have λ′i = 1 and δ′i > 0 and i ∈ I1(δ′). This means that the
solution δ′ contains the incompatible bids which are identified by α∗. Let

α′i =

(

α∗i for all i ∈ I1(δ∗) with α∗i > 0,

0 otherwise.

Then α′ is feasible for (Far)(δ′), because α∗ is feasible for (Far)(δ∗). This yields that
(Sub)(δ′) is infeasible and there exist no prices for δ′.

2.4.5 Real-world application

The previous models and algorithms are motivated by a real-world application. In the
article [45] we modeled the European day-ahead electricity auction and developed
an exact algorithm and a heuristic for this specific auction. In Chapter 5, we show
that the electricity auction model is similar to model (B) and can be interpreted as an
instance of model (A). This motivated us to generalize the results of [45] and [42]
and to develop Algorithms 2.4.1 and 2.4.2. The decomposition algorithms in both
articles are special cases of Algorithm 2.4.1 and the numerical results in both articles
show that they produce high quality solutions for large-scale real-world electricity
auctions. In Section 5.8, we provide additional detailed numerical results for 327
realistic instances.
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2.5 Summary

We presented three relaxations of a competitive equilibrium. For the first relaxation
(A) we constructed an exact algorithm and two heuristics, which are applicable to
mixed integer auctions. We showed that under mild conditions model (A) and (B)
coincide. Even though the first relaxation has desirable algorithmic properties, we
showed that an optimal solution might be inefficient from an economical point of
view: there exist situations, where all participants can be made better off. Such an
improvement can be achieved if we replace all optimality conditions by the minimal
requirement that no participant may incur a loss. This leads us to the third relaxation
(C), which maximizes the economic surplus such that no participant incurs a loss. A
solution to this model turns out to be efficient: no participant can be made better
off without making another one worse off. For this reason, the third relaxation is
economically preferable. We provided a decomposition procedure which solves model
(C) for auctions at which all bids are one-dimensional. In some situations, the cut of
this procedure can be used to strengthen the cut for relaxation (A). Further research
could be concerned about algorithms that can solve large-scale instances of the third
relaxation, at which some bids are not one-dimensional.





Chapter 3

Minimum cost all-or-nothing flow
problems

This chapter introduces a minimum cost flow problem, where each flow variable must
either use the maximal capacity or the minimal capacity. This additional constraint
already renders the problem NP-hard, as the equality knapsack is a special case of
this problem. However, we show that in theory the problem is solvable in polynomial
time if the number of different capacities (i.e., weights in the knapsack problem)
and the number of nodes is fixed. In order to prove this assertion, we first provide
a polynomial algorithm for the equality knapsack problem with a fixed number of
weights and then formulate an integer program with a fixed number of variables, that
is, an IP in fixed dimension. Lenstra [41] showed that integer programming in fixed
dimension is solvable in polynomial time. However, in practice his algorithm is only
applicable to small problems. For this reason, we present a MIP model for the all-
or-nothing flow problem and show that the standard branch-and-bound method has
polynomial running time if the number of weights and nodes is fixed.

3.1 Introduction

The minimum cost flow problem is defined as follows (see [3]):

min c>x ,

s.t. N x = d, (3.1)

l ≤ x ≤ u,

where N is a |T | × |I | node-arc incidence matrix, T is the set of nodes, and I is the
set of arcs of a directed graph G = (T, I). The vectors l and u define the capacity
bounds for each arc i ∈ I , the variable x represents the flow on each arc, the vector d
represents the demand/supply at a node t ∈ T , and the row-vector c defines the costs
per flow unit. Recall that node-arc incidence matrices are totally unimodular and that
a polyhedron has the integral property if and only if every minimal face contains an
integral point.
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Theorem 3.1 (Hoffman and Kruskal [33]). A matrix A of integers is totally unimodular
if and only if {x |d ≤ Ax ≤ d ′ and l ≤ x ≤ u} has the integral property for all vectors
d, d ′, l, u, whose components are integers or ±∞.

In other words, the polyhedron of (3.1) has the integral property if d is integral
and all entries of l and u are integers or ±∞. If it has the integral property and we
add the constraint x ∈ ZI to the model, then it is still solvable in polynomial time.
The situation becomes more difficult if we consider the minimum cost all-or-nothing
flow problem

min c>x ,

s.t. N x = b, (3.2)

x i ∈ {0, ui} ∀i ∈ {1, . . . , n},

whereN is a node-arc incidence matrix, c ∈ Zn, b ∈ Zm, and ui ∈ {a0, a1, . . . , ak} ⊆ N+
with k ∈ N+. Without loss of generality, we may assume that all lower bounds li are
equal to zero. The LP-relaxation of this problem has the integral property, but an
integral solution is not necessarily feasible, as the IP formulation requires x i to be
either zero or equal to its upper bound. If k = n, then the problem is NP-hard. To
illustrate this, we choose m = 1 such that the problem is equivalent to the equality
knapsack problem (EKP), which is NP-hard. However, EKP still admits a pseudo-
polynomial algorithm, as we will see in Section 3.2. If the number of weights k in the
equality knapsack problem is fixed for all instances (i.e., it is independent of n), then
the problem even admits a polynomial algorithm, as we will demonstrate in Section
3.3.

Definition 3.2. 1 An algorithm for a problem Π has polynomial running time if for each
instance I ∈ Π the running time is bounded from above by a one-variable polynomial
p in the binary encoding length |I |. If the running time is bounded from above by a
two-variable polynomial p in the binary encoding length |I | and the magnitude of the
largest number ‖I‖∞, then the running time is pseudo-polynomial.

3.2 A pseudo-polynomial algorithm
for equality knapsack

Assume that the number of nodes in problem (3.2) equals two. In this case, the
two equalities are linearly dependent such that one of them can be omitted. The
remaining row of N only contains entries in {−1,1}. We can substitute x such that
the problem becomes an equality knapsack instance (EKP) with positive weights u
and a positive right-hand side b.

1See [26] or [65].
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max c>x (KP)

s.t. u>x ≤ b
x ∈ {0, 1}n

input c ∈ Nn
+, u ∈ Nn

+, b ∈ N+

max c>x (EKP)

s.t. u>x = b
x ∈ {0, 1}n

input c ∈ Zn, u ∈ Nn
+, b ∈ N+

Let U be an upper bound on the objective value and let n be the number of items.
Then the knapsack problem (KP) can be solved in O(nU) time by using dynamic
programming [36, Lem. 2.3.2]. To solve an instance of equality knapsack, we can
transform it into a knapsack instance and solve the resulting instance with dynamic
programming as well. As we will see, this yields a pseudo-polynomial algorithm for
equality knapsack.

The transformation uses the fact that the absolute objective value of (EKP) is in-
tegral and bounded from above. An upper bound is given by nc̄, where c̄ =maxi |ci|.
This is also an upper bound on the absolute difference of the objective values of two
feasible solutions x∗ and x: |c>x∗ − c>x | ≤ nc̄. In a preprocessing step we eliminate
variables with zero weight. The transformed model maximizes the weight with the
highest priority and the actual objective has the lowest priority:

max (nc̄+ 1)u>x + c>x , (3.3)

s.t. u>x ≤ b,

x ∈ {0, 1}n.

Lemma 3.3. If (EKP) is feasible, then an optimal solution to (3.3) solves (EKP).

Proof. If we choose G := nc̄+1, then the requirements of Proposition 1.7 are met and
the proposition yields that an optimal solution x∗ to (3.3) is also optimal to

max c>x , (3.4)

s.t. x ∈ arg max
¦

u>x ′ | u>x ′ ≤ b, x ′ ∈ {0, 1}n
©

. (3.5)

Since (EKP) is feasible, constraint (3.5) holds if and only if u>x = b and x ∈ {0,1}n.
Therefore, x∗ maximizes (EKP).

Proposition 3.4. (EKP) admits a pseudo-polynomial algorithm and can be solved with
dynamic programming in O(n2 c̄ b) time, where c̄ =maxi |ci|.

Proof. Problem (3.3) is an instance of (KP) and has positive objective coefficients
(nc̄+1)ui+ ci ≥ (nc̄+1)− c̄ ≥ 1. Recall that u>x ≤ b and c>x ≤ nc̄ for all feasible x .
An upper bound on the objective is given by U ′ = (nc̄ + 1)(b+ 1). Therefore, we can
solve (3.3) in O(nU ′) = O(n(nc̄+ 1)(b+ 1)) = O(n2 c̄ b) time.

In practice, it might happen that we are facing an equality knapsack problem for
which an upper bound on the term c̄ b is known for all instances. In an auction, such a
bound could be a consequence of a maximal trading quantity and a maximal/minimal
limit price.
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If, for example, in a problem class both the magnitude of the objective coefficients
and the weights are bounded by U , then we can solve instances of this problem class
in polynomial time. This is made evident by the following two estimations. On the
one hand b must be less or equal to

∑

i ui, because otherwise the equality constraint
is infeasible. This yields that b ≤

∑

i ui ≤ n(maxi ui) ≤ nU . On the other hand, we
have c̄ = maxi |ci| ≤ U . We can therefore compute an optimal solution in O(n3U2)
time.

In the next section, we show that the equality knapsack is solvable in polynomial
time even if the objective coefficients are not bounded. A fixed number of weights is
already sufficient to ensure the existence of a polynomial time algorithm.

3.3 A polynomial algorithm for equality knapsack
with a fixed number of weights

Assume that there is an upper bound on the number of different weights that can
occur in our (EKP) instances. This section analyzes whether there is an algorithm
whose computing time is independent of the magnitude of the input values. In the
following we present an exponential algorithm for (EKP) whose computing time is
bounded by a polynomial in the number of items with exponents given by the number
of different weights. If we consider a problem class with a fixed number k of different
weights, then this algorithm has polynomial running time. The method can also be
adjusted in order to solve (KP) with k different weights in polynomial time.

Proposition 3.5. Let b ∈ N+ be a positive integer, k ≥ 1, and 0 < a0 < a1 < . . . < ak

positive integers. Then the number of partitions of b of the form

a0 y0+ a1 y1+ . . .+ ak yk = b (3.6)

with y0, . . . , yk ∈ N is bounded from above by

k
∏

i=1

��

b

ai

�

+ 1
�

.

Note that the index i = 0 is not included in this product. For k ≥ 1 the bound is lower
than or equal to bk. If k = 1 and a0 = 1, then the bound is tight. For k = 0 the number
of partitions is trivially bounded by 1.

Proof. For all i ∈ {1, . . . , k} we have yi ≤
�

b/ai
�

. So we know that the variables
y1, . . . , yk must be chosen from the finite set Y :

Y =
�

(y1, . . . , yk) ∈ Zk : 0≤ yi ≤
�

b

ai

�

for all i
�

, |Y |=
k
∏

i=1

��

b

ai

�

+ 1
�

.

Let (y1, . . . , yk) ∈ Y be fixed. Then y0 is uniquely determined by (3.6). If y0 is a
non-negative integer, then we have found a partition of b. With this technique we can
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construct all partitions of b. The number of partitions is obviously bounded by |Y |. If
k = 1 and a0 = 1, then the uniquely determined y0 is always a non-negative integer
such that the number of partitions equals |Y |.

Corollary 3.6. Let n, b ∈ N+ and let a0, . . . , ak be positive integers. Then the number of
partitions of b of the form

a0 y0+ a1 y1+ . . .+ ak yk = b (3.7)

0≤ y0, . . . , yk ≤ n (3.8)

y0, . . . , yk ∈ N (3.9)

is bounded from above by (n+ 1)k.

Proof. Replace
�

b/ai
�

by n in the previous proof.

As will be seen below, each partition represents a set of similar (EKP) solutions.
This motivated us, to develop Algorithm 3.3.1 for (EKP) that simply iterates over all
partitions. And for each partition, the algorithm can efficiently choose the best (EKP)
solution from the set of similar solutions.

Proposition 3.7. For k ≥ 1 Algorithm 3.3.1 solves (EKP) with k + 1 different weights
in O(min{(n+ 1)k+1, nbk}) time.

Proof. The sorting can be done in O(n log n) time, the construction of the sets I j needs
O(n(k+1)) time, and the two inner for-loops that initialize the entries of x ′ need O(n)
time. To construct the feasible partitions we use the same technique as in Corollary
3.6. Therefore, it is sufficient to cycle through (n + 1)k partition candidates. This
yields that the computing time for the outer for-loop is O(n(n+ 1)k) = O((n+ 1)k+1)
time. In general, the total computing time is dominated by the computing time of the
outer for-loop. According to Proposition 3.5, the number of partition candidates is
also bounded from above by bk. Therefore, the computing time is also bounded by
O(nbk), as we may assume that bk dominates log n and k+ 1 in general.

Note that Algorithm 3.3.1 has a polynomial running time if k is fixed, that is, if
the number of different weights is fixed. Of course, the computing time depends on
the encoding length of the input parameters c, b, and u, as the algorithm does com-
putations with these parameters. But in contrast to the pseudo-polynomial algorithm
in Proposition 3.4, it is independent of the magnitude of these input parameters.

This result motivates us to develop polynomial algorithms for a certain type of
combinatorial auctions. The equality constraint of (EKP) can be interpreted as a
clearing condition, which ensures that the number of sold items equals the number
of bought items. If the participants are only allowed to trade quantities which are a
multiple of predefined volume ticks, then the (EKP) model of the auction is solvable in
polynomial time. The natural gas day-ahead auction at EEX, for example, only allows
1 MW and 10MW orders. More details about gas auctions can be found in Chapter 6.

The previous results basically aimed for proving the existence of a polynomial
algorithm. The algorithm itself is only useful for a small number of weights, especially
for two different weights.

We will now present a more efficient method that is based on the following result.
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Algorithm 3.3.1 Polynomial algorithm for (EKP) with a fixed number of weights

Input: An instance of (EKP) with k+ 1 weights.
Output: Optimal solution of the problem or the result that no solution exists.

Let a0 < a1 < . . .< ak be the different weights given by the entries of u
I ← {1, . . . , n} // I is a sequence of all items
I ← sort I by the objective coefficients c in descending order
I j ← {i ∈ I | ui = a j} for j = 0, . . . , k // I j = sorted items with weight a j

feasible← false

for
�

y0, . . . , yk
�

∈
∏k

j=0

¦

0, . . . ,min
¦

|I j|, bb/a jc
©©

with a0 y0+ . . .+ ak yk = b do

for i ∈ I do x ′i ← 0

// For each weight index j . . .
for j ∈ {0, . . . , k} do
// . . . choose y j of the best items of I j, i.e., the first items of the sequence.
for l ∈ {1, . . . , y j} do

i← I j(l) // the l-th element of the sequence I j

x ′i ← 1
end for
x ′i ← 1 for the first y j items i in I j

end for

if (feasible= false), then
feasible← true
x∗← x ′

end if

if (c>x ′ > c>x∗), then x∗← x ′

end for

if (feasible= false), then throw exception "no solution exists"

Return x∗.
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Theorem 3.8 (Lenstra [41]). Integer programming with a fixed number of variables is
solvable in polynomial time. To solve the problem

max{d> y | Ay ≤ b, y ∈ Zk} with A∈ Zm×k, b ∈ Zm, d ∈ Zk (3.10)

we need O(ms + s2) operations on O(s)-bit numbers, where s is the binary encoding
length of (3.10) (see [19]).

Algorithm 3.3.1 performs a simple brute-force search on the model

max
∑

j∈J

υ j(y j), (EKP′)

s.t. a> y = b,

0≤ y j ≤min
¦

|I j|, bb/a jc
©

∀ j ∈ J := {0, . . . , k},
y j ∈ Z ∀ j ∈ J ,

where for each j ∈ J the term I j denotes the set of items with the weight a j and the
function υ j : [0, |I j|]→ R is defined by

υ j(y j) =

















max
∑

i∈I j

ci x i

s.t.
∑

i∈I j

x i = y j

0≤ x i ≤ 1

















. (3.11)

We can observe that υ j is a piecewise linear concave function which has at most
|I j| ≤ n linear segments. Let g j ∈ Z|I j | be a descending sorted sequence of the objective
coefficients cI j

of the items with weight a j. Then g j(l) is the slope of the l-th segment
of υ j. Figure 3.1 gives an example.

1 2 3 4
-1

1

2

3

Figure 3.1: Example for g j = (2, 1,0,−1,−3).

In the next model, for each j the function value υ j(y j) is modeled with the help
of an additional variable t j which is bounded by linear inequalities depending on y j.
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The model is equivalent to (EKP′).

max
∑

j∈J

t j (EKP′′)

s.t. t j ≤ g j(i)
�

y j − i
�

+
i
∑

l=1

g j(l) ∀ j ∈ J , i ∈ {1, . . . , |I j|}

a> y = b

0≤ y j ≤min
¦

|I j|, bb/a jc
©

∀ j ∈ J := {0, . . . , k}
y j ∈ Z ∀ j ∈ J

An optimal solution automatically satisfies the constraint t0, . . . , tk ∈ Z. Therefore, we
can add it as an artificial constraint to the model. The model has 2k variables. As 2k
is a fixed number, we can apply Theorem 3.8. In order to determine the running time
we need to compute the encoding length. The model (EKP′′) has m= n+2+2(k+1)
inequality constraints and we need at most the following number of bits to encode
them:

(2k+ 1)(m+ 1)〈1〉 for coefficients which are in {−1,0, 1},
〈c〉+ n〈2n maxi|ci|〉 for non-trivial coefficients in the objective constraint,

2〈a〉+ 2〈b〉 for non-trivial coefficients in the equality constraint,

and (k+ 1)〈n〉 for non-trivial coefficients of the upper bounds.

We need O(s)-bits to encode (EKP′′), where s = n log2 n+n〈maxi |ci|〉+〈a〉+〈b〉. The-
orem 3.8 yields that the problem is solvable in O(ms+ s2) = O(ns+ s2) operations on
O(s)-bit numbers. This is an improvement on the result of Proposition 3.7. However,
in practice it is recommended to solve (EKP′′) with standard MIP techniques.

3.4 A polynomial algorithm for integer equality
knapsack with a fixed number of weights

In this section, we show that the equality constrained integer knapsack problem, short
integer equality knapsack (IEKP), with a fixed number of weights is solvable in poly-
nomial time.

max c>x (IEKP)

s.t. u>x = b
x i ∈ {0,1, . . . , x i} ∀i ∈ I := {1, . . . , n}

input c ∈ Zn, u ∈ Nn
+, b ∈ N+, x ∈ Nn

+

In the following, we assume that the number of weights k ∈ N+ is fixed, that is, for
all i ∈ I we have ui ∈ {a0, a1, . . . , ak} ⊆ N+. For each weight j ∈ J := {0, . . . , k} let I j
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be a sequence of the items i ∈ I with weight a j. Let the items in the sequence I j be
sorted in descending order by their objective coefficients ci. Let

g j(l) be the objective coefficient ci of the l-th item of the sequence I j, and

h j(l) be the upper bound x i of the l-th item of the sequence I j.

The following model is equivalent to (IEKP). The green marked terms make the
difference to model (EKP′′) from the previous section.

max
∑

j∈J

t j (IEKP′)

s.t. t j ≤ g j(i)

 

y j −
i
∑

l=1

h j(l)

!

+
i
∑

l=1

g j(l)h j(l) ∀ j ∈ J , i ∈ {1, . . . , |I j|}

a> y = b

0≤ y j ≤min

¨

∑

i∈I j

x i,

�

b

a j

�«

∀ j ∈ J

y j ∈ Z ∀ j ∈ J

The model has m = n+ 2+ 2(k+ 1) inequality constraints and we need at most the
following number of bits to encode them:

(2k+ 1)(m+ 1)〈1〉 for coefficients which are in {−1, 0,1},
〈c〉+ n〈2n maxi|ci|maxi|x i|〉 for non-trivial coefficients in the objective constraint,

2〈a〉+ 2〈b〉 for non-trivial coefficients in the equality constraint,

and (k+ 1)〈n maxi|x i|〉 for non-trivial coefficients of the upper bounds.

In other words, we need O(s′)-bits to encode (IEKP′), where

s′ = n log2 n+ n〈maxi|ci|maxi|x i|〉+ 〈a〉+ 〈b〉.

Let e be the encoding length of the maximum absolute coefficient of c, u, b, and x .
Recall that 〈p · q〉 ≤ 2e − 1 if p and q are e-bit numbers. This yields that we need
O(s)-bits to encode the problem, where

s = n log2 n+ ne.

According to Theorem 3.8, we can solve (IEKP′) in O(ns+ s2) operations on O(s)-bit
numbers.
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3.5 A polynomial algorithm
for the min cost all-or-nothing flow problem
with a fixed number of weights and nodes

This section provides a reformulation of the min cost all-or-nothing flow problem. If
the number of different weights and the number of nodes is fixed, then the reformu-
lated model can be solved in polynomial time. Consider the problem

min c>x , (AON)

s.t. N x = b,

x i ∈ {0, ui} ∀i ∈ I := {1, . . . , n},

where N is an m× n-node-arc incidence matrix, c ∈ Zn, ui ∈ {a0, a1, . . . , ak} ⊆ N+,
and k ∈ N+. As a first step, we group the variables by the different weights. For this
purpose, we define the index sets I j := {i ∈ I | ui = a j} for all j ∈ J := {0, . . . , k}.

min
∑

j∈J

c>I j
x I j

s.t.
∑

j∈J

N·,I j
x I j
= b

x i ∈ {0, a j} ∀ j ∈ J , i ∈ I j

Next, we scale each variable x i such that x i = a jzi.

min
∑

j∈J

a jc
>
I j

zI j

s.t.
∑

j∈J

a jN·,I j
zI j
= b

zi ∈ {0, 1} ∀i ∈ I

Then we introduce k + 1 auxiliary vector valued variables y j ∈ Zm which model the
terms N·,I j

zI j
and ensure their integrality.

min
∑

j∈J

a jc
>
I j

zI j
(AON′)

s.t.
∑

j∈J

a j y j = b (3.12)

y j ∈ Zm ∀ j ∈ J (3.13)

N·,I j
zI j
= y j ∀ j ∈ J (3.14)

zi ∈ [0, 1] ∀i ∈ I (3.15)

Note that the last two equations represent the feasible regions of k+ 1 separate net-
work flow problems. If (y∗, z∗) is an optimal solution to (AON′), then for all j the



3.5. Fixed number of weights and nodes 65

solution z∗I j
minimizes the parameterized min cost flow problem

min
n

a jc
>
I j

zI j
| N·,I j

zI j
= y∗j , zi ∈ [0, 1]

o

. (3.16)

We may assume that z∗I j
is an extreme point solution of (3.16) and hence it is integral.

For this reason, it is save to relax the integrality condition of the variables zi.
All entries of the node-arc incidence matrix N·,I j

are either equal to 1, 0, or −1.
This allows us to compute an upper bound on the components of the variables y j. For
a feasible solution (y∗, z∗) we have N·,I j

z∗I j
∈ [−n, n]m, because |I j| ≤ n. And thus we

have y∗j ∈ [−n, n]m. This bound is valid for any feasible solution (y, z) of (AON′). In
the next corollary, we use it to compute an upper bound on the number of different
values that the variables y j can take.

Corollary 3.9. Let n ∈ N+, b ∈ Zm, and let a0, . . . , ak ∈ N+ be positive integers. Then
the number of partitions of b of the form

a0 y0+ a1 y1+ . . .+ ak yk = b
y0, . . . , yk ∈ [−n, n]m

y0, . . . , yk ∈ Zm

is bounded from above by (2n+ 1)km.

Proof. The proof is similar to the one of Proposition 3.5.

Algorithm 3.5.1 Polynomial algorithm for (AON) with k weights and m nodes

Input: An instance of (AON) with k+ 1 weights and m nodes.
Output: Optimal solution of the problem or the result that no solution exists.

Transform the (AON) instance into an instance of (AON′).
x ← Solve (AON′) with branch-and-bound.

Return x .

The branch-and-bound tree of model (AON′) has at most 2 · (2n + 1)km nodes,
because there are at most (2n + 1)km solution candidates. If we use a polynomial
algorithm to solve the node LPs, then Algorithm 3.5.1 has a polynomial running time.
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Summary

In model (EKP′′) we used a model transformation which replaces all variables with the
same weight by a single variable with a piecewise linear concave objective function.
This enabled us to model the inner problem (3.11) without the use of the original
variables. The inner problem (3.16) in model (AON′) is slightly more complicated.
However, we can still perform a similar transformation. The parallel arcs in each inner
problem can be interpreted as a single variable with a piecewise linear convex objec-
tive [3, Sec. 14.3]. This means that each inner problem is equivalent to a min cost
flow problem with a separable piecewise linear convex objective and without parallel
arcs. Such objectives can either be modeled like in (EKP′′) such that standard solvers
can handle them or we make use of special purpose solvers. A polynomial algorithm
for this type of problem can be found in [3, Sec. 14.5]. And a specialized simplex
method is presented in [24]. It is not clear, which method or model is most suited for
a particular problem case. For this reason, it is necessary to perform numerical tests
in order to be able to make a good choice.



Part II

Real-world applications





Chapter 4

Futures opening auction problem

In futures markets, it is possible to trade futures contracts with different expiration
dates. Moreover, there exist so-called futures contract combinations, which allow
the traders for swapping two futures contracts with different expiration dates (time
spread) or for swapping two futures contracts with different underlyings (inter-product
spread). The price for a futures contract combination should be the price difference
of the two involved futures contracts. In the opening auction at EUREX (European
Exchange AG) this constraint is in some cases not satisfied such that the prices of the
different products are inconsistent, creating potential arbitrage opportunities.

We present a minimum cost flow formulation of the futures opening auction prob-
lem that guarantees consistent prices. The minimum cost flow model has two hierar-
chical objectives and can be solved efficiently in polynomial time.

This chapter is a revised and extended version of the article “Perfect formulation
of the futures opening auction problem” [44]. The original article is joint work with
A. Martin, S. Pape, A. Peter, S. Pokutta, and T. Winter. The aim of this chapter is to
apply the new findings of Chapter 1 to the futures opening auction problem.

4.1 Introduction to futures opening auctions

In this chapter, we discuss opening auctions in futures markets. We will focus on the
following two EUREX products: futures contracts and futures contract combinations.

Definition 4.1. “A futures contract (short: contract) is an agreement between two par-
ties to buy or sell an asset at a certain time in the future for a certain price.” [34] As the
price is determined by the auction mechanism, it is sufficient to distinguish the futures
contracts only by the underlying asset and the expiration date. We say that two futures
contracts are equal if the underlyings and the expiration dates are equal.

Definition 4.2. A futures contract combination (short: combination) allows for swap-
ping one futures contract for another futures contract.

EUREX offers two different futures contract combinations that are special cases of
the above mentioned definition:

http://www.eurexchange.com
http://www.eurexchange.com
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Definition 4.3. A time spread allows for swapping two futures contracts with the same
underlying but with different expiration dates. An inter-product spread allows for swap-
ping two futures contracts with different underlyings but not necessarily different expira-
tion dates.

Beside the two different products there are two different order types in the open-
ing auction: limit orders and market orders. If a participant submits a limit order,
then he has to specify the product he wants to buy or sell, the quantity, and the limit
price. The limit price specifies the highest price per unit a buyer is willing to pay or
the lowest price per unit a seller is willing to accept.

If a participant submits a market order, then he has to specify the product and the
quantity that he wants to buy. Market orders have a higher priority than limit orders
and the trader is accepting all prices. In an opening auction a market order can be
treated like a limit order with the highest feasible limit price if it is a buy order, or
the lowest feasible limit price if it is a sell order; therefore, we do not need to model
them explicitly.

Note that a partial execution of limit orders or market orders is feasible if the
limit price coincides with the market clearing price. Fractional partial executions are
infeasible, as contracts are indivisible; therefore, a partial execution must be integral.
For the sake of completeness, we want to mention that the fill-or-kill order type is not
available in the opening auction.

4.1.1 Related work

The futures opening auction is a combinatorial auction. There exists a lot of literature
about different kinds of combinatorial auctions. A good survey about this topic is
written by De Vries and Vohra [15]. The authors point out that there exist combina-
torial auctions that can be solved in polynomial time. This is, for example, the case
if the constraint matrix is total unimodular and the right-hand side is integral. Two
useful special cases of total unimodular matrices are node-arc incidence matrices and
matrices that satisfy the consecutive-ones property (in each column non-zero entries
are equal to one and occur consecutively). The authors suggest to choose a bidding
language that admits a good formulation of the problem. In our case we only have
limit orders for contracts and for contract combinations. If we are able to model these
orders with the help of a total unimodular matrix, then the problem can be solved
easily. The authors also point out that there are situations where the constraint ma-
trix of an auction can be interpreted as a graph. Each row represents a node (good)
and each column represents an arc (order). In our problem a combination order only
involves two contracts and simply swaps them. This motivated the study whether
contract combinations can be handled like arcs that connect two nodes (contracts).

Mark Rudel [57] developed a pure linear integer program to solve the problem
for at most three futures contracts. He invents preprocessing techniques to reduce
the problem size for the three contracts case. Even though he models orders as arcs
in a graph he does not exploit the properties of network flows. His model is basically
driven by price conditions that involve binary variables. He does not observe that the
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price conditions are a consequence of a market equilibrium. A market equilibrium is
usually achieved by maximizing the economic surplus. Furthermore, Rudel enforces
the existence of bid ask spreads with the help of binary variables. Also in this case, he
does not observe that the bid ask spread is a consequence of the auctioneers objective
function: the volume maximization. We will later compare the computational results
of this work with our results.

There is a lot of literature that discusses so-called linear prices. In the absence of
binary variables the dual variables of the clearing condition provide us with linear
prices if we maximize the economic surplus. In our previous publications [48, 45]
we used this property to ensure the existence of linear prices in the European day-
ahead electricity auction. If we generalize the electricity market model slightly, then
the futures opening auction problem becomes a subproblem of the electricity market
model. For this purpose, we need to generalize the definition of block bids and replace
the single limit price by a price vector that vanishes at all but one entry. In this case,
one area represents the whole market and each hour represents a different contract.
Each futures order is represented by a generalized block bid with a relaxed fill-or-kill
condition.

4.1.2 Contribution

Our contribution is a natural formulation for the futures opening auction problem.
We show that the problem can be formulated as a min cost flow problem. The price
conditions of limit orders for contracts and contract combinations can be introduced
into the model by choosing the right objective function. To the best of our knowledge
previous authors were not aware of the existence of such an objective function that
automatically yields the desired equilibrium conditions for this problem. The desired
equilibrium conditions are: the order books are uncrossed, no further combinatorial
matching cycle exists, and there is a bid ask spread.

This new formulation has two advantages. On the one hand, the model is solvable
in polynomial time with a standard solver and the numerical results indicate that the
computing times are sufficiently fast enough for the use in production environments.
The algorithm is about 193 times faster than the approach presented in [57]. On
the other hand, the model is very flexible: in contrast to previous models it is not
restricted to a limited number of different contracts. The model is even capable to
solve the opening auction problem for contracts with several different underlyings at
once.

Another important advantage of an integrated model is that the economic surplus
of all participants is maximized. It is not possible to find a solution with a higher eco-
nomic surplus. One consequence of a maximized economic surplus is that all heuris-
tic solutions generate a lower or equal economic surplus. In light of the integrated
model, the current algorithm at EUREX can be viewed as a heuristic and therefore
generates in most cases a lower economic surplus: At first prices are determined for
each contract separately. At that time the prices can be inconsistent in reference to
the combination orders. Then the combination orders get triggered according to the
prices of the underlying contracts. When the algorithm finishes, the prices are consis-
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tent again. Another consequence of a maximized economic surplus is a high quality
for the prices: at any time the prices for contracts are consistent with the prices for
combinations.

4.2 Notation

Let T be the set of the different contracts in a futures opening auction. Hereinafter
T is also referred to as the contract set. Remember that a contract is characterized by
its underlying asset and its expiration date. Two contracts are equal if they have the
same underlying asset and the same expiration date. Let the contract set be a totally
ordered set sorted in ascending order, where the first sort criterion is the underlying
asset id and the second criterion is the expiration date.

The main idea of the model is to treat the contracts as nodes in a graph and to
treat the orders as directed arcs connecting the nodes. To be able to model all trading
products we need to introduce a super node ◦ that represents the source or sink of
futures products that only involve a single futures contract. Let T ′ = T ∪ {◦} be the
extended node set (contract set), where ◦ is appended to the end of the sorted set.
Then the set of trading products C is a subset of arcs in T ′×T ′. The arc (r, s) ∈ T ′×T ′

represents the product “demand contract r and offer contract s”.

Definition 4.4. The product (r, s) is a buy product if r < s. If r > s, then it is a sell
product. The case r = s is not allowed. Per definition r < ◦ for all r ∈ T.

The basic futures products are denoted as follows:

(r,◦) ∈ C buy contract r: demand contract r
(◦, s) ∈ C sell contract s: offer contract s
(r, s) ∈ C with r < s buy combination r, s: demand contract r and offer contract s
(s, r) ∈ C with r < s sell combination r, s: demand contract s and offer contract r

Remark. The super node ◦ is only used to visualize products and orders in a graph. We
will omit it in the LP representation of the network flow model, as the flow conserva-
tion equation of the super node is a redundant equation and is a source of degeneracy
in the dual LP.

The set of limit orders (and market orders) is denoted by I and hereinafter also
referred to as the order book. To model an order i ∈ I we use the parameters Q i,t

and pi,t with t ∈ T . The parameter Q i,t is the t-th entry of the characteristic vector
Q i ∈ {−1,0, 1}T of the futures product associated with order i and pi,t is the t-th
entry of a price vector pi ∈ ZT that represents the limit price of order i. If (r, s) is
the product associated with i and t = min{r, s} is the smallest index, then the price
vector vanishes at the entries T \ {t} and the entry pi,t is the limit price of order i.
The execution state of order i is represented by a non-negative integer variable δi.
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In other words, let (r, s) be the product associated with order i ∈ I , then the input
parameters are filled as follows: for all t ∈ T

Q i,t ∈ {−1,0, 1} Q i,t =







+1 if t = r (demand contract r)

−1 if t = s (offer contract s)
0 otherwise

pi,t ∈ Z pi,t =

(

limit price of order i if t =min{r, s}
0 otherwise

δi ∈ N+ δi = maximal demanded/offered quantity of order i.

And the solution variables are interpreted as follows:

δi ∈ [0,δi]∩Z δi =







δi i is completely executed

otherwise i is partially executed

0 i is not executed

πt ∈ Z πt =market clearing price per unit for contract t ∈ T .

Note that the market clearing price for combinations is given by the difference of the
prices of the two underlying contracts; therefore, it is not necessary to model them
explicitly.

Example 4.5. Assume that there are three different contracts T = {1,2, 3}. An order
i ∈ I for the product (1,◦) (buy contract 1) with limit price 40 is modeled as follows:

Q i =
�

1 0 0
�>

pi =
�

40 0 0
�>

.

And an order j ∈ I for the product (◦, 2) (sell contract 2) with limit price 53 is char-
acterized by

Q j =
�

0 −1 0
�>

p j =
�

0 53 0
�>

.

Whereas an order k ∈ I for the product (1, 2) (buy combination 1,2 = buy contract 1
and sell contract 2) with a minimal spread of at least 13 currency units is modeled by
directly involving the minimal spread

Qk =
�

1 −1 0
�>

pk =
�

−13 0 0
�>

.

Alternatively we can also use reference prices for the two underlying contracts

Qk =
�

1 −1 0
�>

pk =
�

40 53 0
�>

.

The negative limit price indicates that the buyer wants to receive at least 13 currency
units.

Observe that if we model a single buy or sell order, then the quantity vector and
the price vector vanish at all but one entry. If we model a combination order, being
a linear combination of a single buy and a single sell order, then the quantity vector
vanishes at all but two entries. As order k is a linear combination of order i and j, we
can write Q i +Q j =Qk and pi + p j = pk.
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4.3 Derivation of an hierarchical min cost flow model

We will first present a complete model that covers all market requirements and guar-
antees consistent prices. The objective is the maximization of the executed volume
subject to the price constraints given by the limit prices of all limit orders.

max
∑

i∈I

δi (MIP:futures)

s.t. ∀t ∈ T
∑

i∈I

Q i,tδi = 0 clearing constraint (4.1)

∀i ∈ I δi > 0 ⇒
∑

t∈T

(pi,t −πt)Q i,t ≥ 0 price condition (4.2)

∀i ∈ I δi < ui ⇒
∑

t∈T

(pi,t −πt)Q i,t ≤ 0 price condition (4.3)

∀i ∈ I 0≤ δi ≤ δi quantity restriction (4.4)

∀i ∈ I δi ∈ Z integrality condition (4.5)

∀t ∈ T πt ∈ Z price variable (4.6)

The price conditions (4.2) and (4.3) are so-called indicator constraints, which can be
modeled with linear constraints by using big-M formulations. Later we will see that it
is not necessary to model them explicitly as they can be enforced implicitly.

To solve this problem we analyze a relaxation of (MIP:futures). The integrality of
the execution variables δ is relaxed, as well as the price conditions are relaxed. We
also replace the objective function so that we maximize the economic surplus of all
participants instead of the execution volume.

max
∑

i∈I

δi

∑

t∈T

pi,tQ i,t (LP1)

s.t. [π] ∀t ∈ T
∑

i∈I

Q i,tδi = 0 clearing constraint

[ν] ∀i ∈ I δi ≤ δi quantity restriction

[ν] ∀i ∈ I −δi ≤ 0 quantity restriction

The variables in square brackets denote the dual variables of the corresponding primal
constraints. The fundamental welfare theorem yields that an integral primal optimal
solution δ∗ and a dual optimal solution (π,ν ,ν) to (LP1) constitute a competitive
equilibrium. In the following, we show that such an integral competitive equilibrium
exists if (LP1) is feasible. Furthermore, we show that an integral solution maximizes
(LP1) if and only if it is feasible for (MIP:futures).

Recall that a matrix A of integers is totally unimodular if and only if for all vectors
b, b′, c, c′, whose components are integers or ±∞, every minimal face of the polyhe-
dron {x |b ≤ Ax ≤ b′ and c ≤ x ≤ c′} contains an integral point (see Thm. 3.1).

By construction the matrix Q is a node-arc incidence matrix of a directed graph
and it is known that node-arc incidence matrices are totally unimodular. As the poly-
hedron of (LP1) is bounded, every minimal face is an extreme point of the polyhedron,
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and thus all extreme points are integral. In particular all extreme points of (LP1) that
maximize the objective are integral.

Now we analyze the properties of such an optimal extreme point δ∗. For that
purpose we apply the Karush-Kuhn-Tucker optimality conditions (see Appendix A).

Let δ∗ be integral and primal optimal to (LP1), then there exist dual variables π,ν ,
and ν that satisfy equations (4.7) to (4.10).

∀i ∈ I −
∑

t∈T

pi,tQ i,t +
∑

t∈T

Q i,tπt + (ν i − ν i) = 0 (4.7)

∀i ∈ I ν i,ν i ≥ 0 (4.8)

∀i ∈ I (δ∗i −δi)ν i = 0 (4.9)

∀i ∈ I (−δ∗i )ν i = 0 (4.10)

Proposition 4.6. The previous condition holds if and only if there exist prices π such
that equations (4.11) and (4.12) hold.

∀i ∈ I δ∗i > 0 ⇒
∑

t∈T

(pi,t −πt)Q i,t ≥ 0 (4.11)

∀i ∈ I δ∗i < δi ⇒
∑

t∈T

(pi,t −πt)Q i,t ≤ 0 (4.12)

These equations coincide with price conditions (4.2) and (4.3). This means that
given an integral optimal solution δ∗ to (LP1), there exist prices π such that the price
conditions hold and (δ∗,π) is feasible for (MIP:futures). Vice versa, a feasible solution
for (MIP:futures) is optimal for (LP1), as it satisfies the price condition and thereby
maximizes the economic surplus of all participants.

Now we can characterize a feasible solution to (MIP:futures) in the following
way: Any integral point of (LP1) that maximizes the economic surplus is feasible
to (MIP:futures). As the polyhedron of (LP1) is integral, also the polyhedron of opti-
mal solutions is integral; hence, we can maximize the execution volume subject to the
constraints of (MIP:futures) by using a linear program where the economic surplus is
fixed to its optimal value. We can use a fixed optimal solution δ∗ to (LP1) to fix the
economic surplus to its optimal value.

max
∑

i∈I

δi (LP2)

s.t. ∀t ∈ T
∑

i∈I

Q i,tδi = 0 clearing constraint

∀i ∈ I δi ≤ δi quantity restriction

∀i ∈ I −δi ≤ 0 quantity restriction
∑

i∈I

δi

∑

t∈T

pi,tQ i,t =
∑

i∈I

δ∗i

∑

t∈T

pi,tQ i,t optimality of economic surplus

Now we can construct an optimal solution to (MIP:futures) by finding at first an
optimal solution δ∗ to the linear program (LP1). Then we solve (LP2) using δ∗ as
input to fix the economic surplus to the optimal value. An optimal extreme point of
(LP2) is feasible and optimal to (MIP:futures).
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4.3.1 Combining both hierarchy levels in one model

In this section, we show that it is not necessary to solve the two LPs successively.
Both LPs can be incorporated into just one LP. At first we describe an intuitive scaling
technique based on an upper bound of the executed volume. Then we improve the
scaling technique by using a smaller scaling factor which exploits the network flow
structure of the model.

We know that each component of p and Q is integral. If a solution δ∗ is integral,
then the objective of (LP1) is also integral. The objective of (LP2) (volume maximiza-
tion) is strictly bounded from above by V := 1+

∑

i∈I δi. We define a new objective
function that is given by V times the objective of (LP1) (surplus maximization) plus
the objective function of (LP2):

max V
∑

i∈I

δi

∑

t∈T

pi,tQ i,t +
∑

i∈I

δi. (4.13)

Now we replace the objective in (LP1) by objective (4.13). An optimal solution to
the resulting LP will be optimal to both (LP1) and (LP2). Thus, it is optimal to
(MIP:futures).

In practice the scaling factor V might be too big such that it causes numerical
difficulties. In fact we can choose a much smaller factor, which does not depend on
the number of orders. In Chapter 1, we studied linear programs with hierarchical
objectives and a unimodular constraint matrix. The futures opening auction problem
is such a linear program. It maximizes the economic surplus with a higher priority
than the executed volume and has a unimodular constraint matrix. We will now apply
Proposition 1.12. Without loss of generality, let the rank of the constraint matrix
amount to |T |, where T is the contract set. According to Proposition 1.12 we can
use the scaling factor G := 2|T |+ 1 instead of V . In futures opening auctions, G is
typically much smaller than V , because the number of contracts (e.g. 4) is typically
much smaller than the number of orders (e.g. 1500). For this reason, the scaling
factor G causes less numerical problems than the scaling factor V . Putting all together
we obtain the linear program (LP3).

max
∑

i∈I

 

1+ G
∑

t∈T

pi,tQ i,t

!

δi (LP3)

s.t. [π] ∀t ∈ T
∑

i∈I

Q i,tδi = 0

∀i ∈ I 0≤ δi ≤ δi

An optimal primal solution to (LP3) provides us with the δ-part of an optimal solution
to (MIP:futures). In the next section, we present an efficient technique for computing
the π-part, the prices, of an optimal solution to (MIP:futures).
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4.3.2 Market clearing prices and bid and ask prices

Market clearing prices

Let δ∗ be an optimal solution to (LP3). We want to compute prices π for all contracts
such that all participants are completely satisfied, that is,

∀i ∈ I δ∗i ∈ arg max
δi∈{0,...,δi}

 

∑

t∈T

pi,tQ i,tδi −
∑

t∈T

πtQ i,tδi

!

. (4.14)

The prices π are called market clearing prices (MCP). They determine the amount of
money a participant has to pay or receive for the execution of his order. The net
amount of money he has to pay or receive is given by

−
∑

t∈T

πtQ i,tδ
∗
i .

If this amount is positive he will receive money, otherwise he has to pay money. The
most straightforward method to compute market clearing prices π is to solve the δ∗-
parameterized linear feasibility problem

∀i ∈ I with δ∗i > 0
∑

t∈T

(pi,t −πt)Q i,t ≥ 0, (LP4)

∀i ∈ I with δ∗i < δi

∑

t∈T

(pi,t −πt)Q i,t ≤ 0.

The model is motivated by the optimality conditions of (4.14). However solving yet
another LP costs additional computing time. Theorem 1.10 from Chapter 1 shows that
we can compute the prices without solving a further LP. If (B, NL, NU) is an optimal
basis to (LP3) and G > 1+|T |, then the market clearing prices π, which satisfy (4.14),
are given by

π> = c>B (A·B)
−1, (4.15)

where c is the objective vector of (LP1) and A is the constraint matrix of the clearing
condition of (LP1). If we use the simplex method for solving (LP3), then the method
computes the matrix (A·B)−1 in its last step. This means that the computation of the
prices is simply a vector-matrix multiplication. In IBM CPLEX, for example, we can
use the C API function CPXbtran(·) to perform this task. According to Proposition
1.12, there is also another way to compute the prices. If π∗ is the π-part of a dual
optimal extreme point of (LP3) and G > 2|T |, then the market clearing prices π are
given by

πi =
�

π∗t/G+
1

2

�

for all t ∈ T. (4.16)

Such a dual optimal extreme point is a by-product of the simplex method if we use it
for solving (LP3).

http://pic.dhe.ibm.com/infocenter/cosinfoc/v12r6/topic/ilog.odms.cplex.help/refcallablelibrary/cpxapi/btran.html


78 Chapter 4. Futures opening auction problem

Bid and ask prices

The bid and ask prices for each product are given by the limit prices of the best non-
executed buy and sell orders of each product. The search for the best non-executed
buy and sell orders can be done in linear time by iterating only once through all
orders.

4.4 Algorithms

In this section, we provide four different algorithms that are based on primal optimal
and dual optimal extreme points of linear programs.

The first two algorithms only differ in the scaling factor. Both algorithms only
solve one linear program, (LP3), and scale and round the dual variables to compute
the market clearing prices. Algorithm 4.4.3 solves two LPs successively. At first it
solves (LP1) to compute market clearing prices and reduced costs. Then it fixes all
variables with positive reduced costs to the upper bound, and variables with negative
reduced costs to the lower bound. The remaining free variables are used to maximize
the execution volume. A justification of these techniques can be found in Section 1.3
and 1.4. Algorithm 4.4.4 also solves two LPs successively. It uses (LP1) to compute
the market clearing prices and (LP2) to maximize the executed volume subject to the
maximized economic surplus of the first LP. Algorithm 4.4.5 is the method which was
presented in [44]. It scales the objective with the naive scaling factor and solves (LP3)
and (LP4) successively.

For the sake of completeness, we want to mention that Algorithm 1.3.1 is also ap-
plicable to this problem. In general, this algorithm will slightly outperform Algorithm
4.4.1 because it uses a smaller scaling factor (|T |+2 versus 2|T |+1). However, both
factors have the same order of magnitude O(|T |) and we expect that their running
times also have the same order of magnitude.

Algorithm 4.4.1 1LP scaled objective (see Algorithm 1.3.2)

G← 2|T |+ 1
(δ∗,π∗)← Compute a primal and a dual optimal extreme point of (LP3).
for t ∈ T do π′t ←

�

π∗t/G+
1
2

�

Return (δ∗,π′).
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Algorithm 4.4.2 1LP naive scaled objective

G← 1+
∑

i∈I δi

(δ∗,π∗)← Compute a primal and a dual optimal extreme point of (LP3).
for t ∈ T do π′t ←

�

π∗t/G+
1
2

�

// Warning: Scaling and rounding of π∗ is only correct if G > 2|T |.

Return (δ∗,π′).

Algorithm 4.4.3 2LP reduced costs (cf. Algorithm 1.4.1)

(π∗,ν∗,ν∗)← Compute a dual optimal extreme point of (LP1).
P ← {i ∈ I | (ν∗i − ν

∗
i )> 0}

Z ← {i ∈ I | (ν∗i − ν
∗
i ) = 0}

N ← {i ∈ I | (ν∗i − ν
∗
i )< 0}

δ∗P ← δP // Fix variables with positive reduced costs to upper bound.
δ∗N ← 0 // Fix variables with negative reduced costs to lower bound.
δ∗Z ← Compute a primal optimal extreme point of

max

(

∑

i∈Z

δi |
∑

i∈Z

Q iδi =−
∑

i∈P

Q iδi, 0≤ δZ ≤ δZ

)

.

Return (δ∗,π∗).

Algorithm 4.4.4 2LP fixed objective

(δ′,π∗)← Compute a primal and a dual optimal extreme point of (LP1).
δ∗← Compute a primal optimal extreme point of (LP2) using δ′ as input.

Return (δ∗,π∗).

Algorithm 4.4.5 2LP naive scaled objective [44]

G← 1+
∑

i∈I δi

δ∗← Compute a primal optimal extreme point of (LP3).
π∗← Compute a primal optimal extreme point of (LP4) using δ∗ as input.

Return (δ∗,π∗).
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4.5 Numerical results

This section provides numerical results for the previously introduced algorithms. In
each algorithm up to two linear programs need to be solved by a subroutine. In
Algorithm 4.4.1, for instance, the subproblem (LP3) must be solved. In general, we
can use the simplex method for solving these subproblems. In the case of (LP3), we
can use special purpose solvers, as it is a min cost flow problem.

In the numerical test in Section 4.5.1, we compare four different subroutines.
For this purpose, we implemented four different variants of Algorithm 4.4.1. Each
variant uses a different subroutine. Then we solved 3000 random instances with the
four different variants. The instances have 20 contracts and a up to 10,000 orders.

In Section 4.5.2, we compare the running times of the Algorithms 4.4.1 to 4.4.5.
For each algorithm we present numerical results of the algorithm variant that uses the
IBM CPLEX network simplex as a subroutine. In this test, we solved 40 real instances
with each algorithm. The instances were generated form historical order books of
EUREX.

4.5.1 Random instances

This section analyzes the running time of four different variants of Algorithm 4.4.1.
Each variant solves the model (LP3) with another standard solver. Model (LP3) is a
min cost flow problem with a large number of parallel arcs and a small number of
nodes. Ahuja et al. propose to solve such problems with algorithms which handle
the parallel arcs implicitly [3, Chapter 14.4]. In Chapter 14.5, the authors describe
a polynomial time algorithm that handles them implicitly. In order to be able to
apply this algorithm to (LP3), one must transform it into a convex cost flow problem
with separable piecewise linear cost functions. This can be done in polynomial time.
However, instead of implementing min cost flow algorithms by ourselves, we utilized
state of the art software libraries.

We decided to use the COIN-OR Lemon Graph Library [40] for our tests. It provides
several efficient implementations of min cost flow algorithms [37], for instance, the
network simplex and the cost-scaling algorithm of Goldberg and Tarjan [10]. As min
cost flow problems can also be solved by the simplex method, we decided to compare
the running times of the Lemon network simplex and the Lemon cost scaling algorithm
with the running times of the CPLEX network simplex and the Gurobi dual simplex.

The two graphs in Figure 4.1 display the average computing time1 for instances
with 20 contracts/nodes and a varying number of orders/parallel arcs. Each data
point represents the average computing time of 50 random-instances. The instances
are solved as follows: At first we load the raw instance parameters into the memory
(RAM). Then, in the model creation phase, we create and load an instance of (LP3)
with scaling factor G := 2|T | + 1 into the memory of the respective solver via its
application programming interface (API). Next, in the raw computing phase, we call

1 C++ program running on a Core i7-920, 6GB-DDR3, 64Bit Linux using Lemon 1.3, CPLEX 12.6.
Network C API, and Gurobi 5.6.3 without presolving.
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Figure 4.1: Computing times for 3000 random instances with 20 contracts/nodes and
a varying number of orders/arcs. The wide bars represent the model creation times.
The thick marked upper borders of these bars represent the total computing times and
the thin marked lower borders represent the raw computing times.
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the solver routine that starts the computations, we import the results via the API, and
finally compute the prices as described in equation (4.16).

Figure 4.1 shows that in our test cases, the Lemon network simplex clearly out-
performed the other three algorithms. For example, its average computing time for
instances with 1000 orders amounts to only 678µs, whereas Gurobi’s dual simplex
requires 3168µs. And in average, instances with 10 000 orders are solved in 9.3 ms,
whereas Gurobi requires 28.5 ms. The long total computing times of Gurobi are ba-
sically due to the fact that the creation of the LP model requires a lot of time. In
contrast to Gurobi, CPLEX provides a network API that allows for a fast model cre-
ation. Due to this fast API, the CPLEX network simplex easily outperforms Gurobi’s
dual simplex. Nevertheless, the Lemon cost scaling is still slightly faster than the
CPLEX network simplex. However, the cost scaling algorithm is actually not a valid
subroutine for Algorithm 4.4.1, as it provides arbitrary optimal solutions and does not
provide the required optimal extreme points. We included this algorithm just for the
sake of comparison.

Despite the short computing times, the Lemon network simplex has further ad-
vantages in comparison to CPLEX and Gurobi: on the one hand, it is an open source
project and we can modify the source code to fit our needs. On the other hand, it
computes results without any numerical error, whereas CPLEX and Gurobi use float-
ing point operations, which are exposed to small numerical errors. However, these
numerical errors are of secondary importance as they can be safely ignored: due to
the integral property, rounding a flawed fractional basic solution yields the correct
integral basic solution.

4.5.2 Real instances

In the previous section, we used different standard solvers as subroutines for Algo-
rithm 4.4.1 (1LP scaled objective). We observed that the Lemon network simplex out-
performed the other algorithms. In this section, we compare Algorithms 4.4.1 to
4.4.5. As two of the algorithms require an LP solver as subroutine, we decided to use
the CPLEX network simplex for the comparative computations2 in this section.

The 40 real instances were provided by EUREX and were initially studied by
M. Rudel [57]. He developed an integer programming model (IP Model3) to solve
the futures opening auction problem. Originally he solved 55 instances, but we were
only able to reconstruct the order books of 40 instances.

Figure 4.2 shows the computing times of Algorithm 4.4.1 to 4.4.5. The figure in-
dicates that the computing time is proportionally depending on the number of orders.
Furthermore, we can see that Algorithm 4.4.4 (2LP fixed objective) is the slowest one.
The computing times of the other three algorithms are similar.

Table 4.1 presents the average computing times of the five algorithms and the
ones of [57]. Note that the computing times of [57] are not directly comparable, as
the computations where performed on a slower machine and with a different solver.

2 Java program running on a Core i7-920, 6GB-DDR3, 64Bit Linux using CPLEX 12.4 and OpenJDK
IcedTea6 1.12.6.

3 ZIMPL model running on a Pentium 4, 3.06GHz, 512MB, Windows XP SP3 using SCIP 1.1.0.
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Table 4.1: Computing times for 40 real instances

computing time in µs computing time in µs
(average of 10 runs per instance) (comparison with [44, 57])

1LP 1LP 2LP 2LP 2LP
scaled naive scaled reduced fixed naive scaled IP Model

# bids objective objective costs objective obj. [44] Rudel [57]
1 246 937 931 1120 1464 1947 270000
2 300 1115 1095 1307 1729 2121 80000
3 324 1037 1060 1231 1666 2112 70000
4 334 1161 1101 1629 1841 2157 750000
5 336 1170 1106 1386 1947 2140 970000
6 342 1102 1139 1290 1757 2251 90000
7 361 1184 1148 1449 1909 2273 530000
8 393 1192 1180 1387 1880 2167 500000
9 443 1186 1193 1387 1904 2360 210000
10 445 1511 1442 1894 2305 2520 340000
11 478 1821 1744 2056 2621 2477 120000
12 491 1473 1512 1661 2488 2786 140000
13 496 1807 1736 2227 2956 2829 250000
14 505 1355 1364 1555 2137 2468 110000
15 516 1441 1437 1871 2322 2665 630000
16 518 1695 1637 2215 2690 2608 700000
17 555 1774 1809 2076 2645 2327 130000
18 614 1747 1685 1941 2997 2871 220000
19 701 2277 2303 2640 3530 3769 80000
20 787 2454 2643 3117 4336 4071 480000
21 794 2363 2457 2821 3705 3360 110000
22 833 2132 2063 2943 3885 3399 110000
23 917 2155 2113 2416 3934 3307 8220000
24 2023 4354 4105 4906 7404 5340 30000
25 2190 4470 5089 5066 9720 7328 90000
26 2361 3828 4154 5345 8046 5957 100000
27 2424 3925 3869 4112 7788 6557 1270000
28 2502 4271 5907 4612 11424 7782 110000
29 2530 5180 5250 6536 11706 7710 220000
30 2537 3787 4089 4311 10686 6083 120000
31 2663 4244 4522 4806 12753 6650 5330000
32 2767 4286 4947 4656 11623 7130 450000
33 2812 3877 3853 4358 8922 5678 50000
34 2906 4446 4449 4734 10205 6465 150000
35 3074 4693 6626 5067 16617 8976 11970000
36 3616 6072 6431 7611 15096 8746 1200000
37 3683 7731 8211 9356 16172 10004 350000
38 3684 4764 4960 5172 13393 7731 40000
39 3751 7156 7785 8831 16996 10173 70000
40 4298 5458 6829 5844 16254 10701 70000
avg. 1539 2966 3174 3474 6586 4750 918250
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Figure 4.2: Comparison of four different algorithms.

The table shows that Algorithm 4.4.1 (1LP scaled objective) is the fastest method. Its
average computing time amounts to only 2966µs. Furthermore, we see that Algo-
rithm 4.4.2 (2LP reduced cost) is an admissible alternative to Algorithm 4.4.1. With
an average computing time of 3474µs it is only slightly slower but numerically more
robust than Algorithm 4.4.1, as it does not scale the objective.

Furthermore, we could observe that the running time of the CPLEX network sim-
plex depends on the size of the scaling factor: the smaller the factor, the shorter
the running time (see Table 4.1). The polynomial network simplex variant of [52] be-
haves in a qualitatively similar way. It runs in O

�

min{|T |2|I | log |T |C , |T |2|I |2 log |T |}
�

time, where C is the largest absolute objective coefficient.

Solution details

In Appendix C we provide for each instance the solution details of one optimal solu-
tion. These details include the market clearing prices, the bid and ask prices, and the
executed volumes of each product. The optimal solutions were computed by Algo-
rithm 4.4.1. The solution details are unique with respect to the surplus and the total
executed volume, whereas the prices and the volumes of the products are not unique
in general. However, in all but one instance we computed exactly the same solutions
as in [57].



Chapter 5

European day-ahead electricity
auctions

The European power grid comprises several market areas where the prices of elec-
tricity are determined in day-ahead auctions. Market participants can submit convex
bids (e.g. hourly bid curves and cross-border bids) and mixed integer bids (e.g. block
bids and flexible bids) to express the quantities they are willing to buy or sell given
the prices. Based on these bids, the auctioneer maximizes the economic surplus sub-
ject to quantity restrictions and price constraints. Similar to Chapter 2, the auction
determines for each commodity a single price such that the individual optimization
problems of convex bids get maximized and such that no mixed integer bid incurs
a loss. The resulting problem is a large-scale mathematical program with equilib-
rium constraints (MPEC) and binary variables which cannot be solved efficiently by
standard solvers.

This chapter is a modified and extended version of the article “Strict linear prices
in non-convex European day-ahead electricity markets” by Alexander Martin, Jo-
hannes C. Müller, & Sebastian Pokutta, Optimization Methods and Software Vol.29:1
(2014) pp.189-221 [45] (available at www.tandfonline.com). The original article
is based on the masters dissertation “Optimierungsmethoden für die Kopplung von
Day-Ahead-Strommärkten” [48]. In contrast to the masters dissertation, we use a
generalized notation and motivate the model with the help of individual optimiza-
tion problems of the participants. Seen in this light, it becomes apparent that the
market requirements represent, in fact, a relaxed competitive equilibrium as it was
introduced in Chapter 2. The aim of this chapter is to point out these interrelations
to Chapter 2 and to provide recent numerical results for the presented algorithms.

5.1 Introduction

This chapter provides a precise formulation of a real-world optimization problem that
needs to be solved anew each day: the market coupling problem between European
day-ahead electricity exchanges. The presented auction model is currently in use by
most of the European electricity exchanges. It maximizes the economic surplus sub-

http://www.tandfonline.com
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ject to price constraints. In general, the auction is non-convex, as the participants
may submit mixed integer bids. In Section 2.4, we showed that non-convex auctions
do not necessarily possess a competitive equilibrium and we proposed two different
relaxations of a competitive equilibrium. Both relaxations can compute solutions,
where each tradable commodity has a single price and where no participant incurs
a loss. Such prices avoid the same commodity of having different prices to different
parties, which is a market requirement in Europe. However, the existence of such
prices must be enforced by price constraints. In the case of the European day-ahead
electricity auctions, the price conditions are motivated by individual optimality condi-
tions yielding a mathematical program with equilibrium constraints (MPEC) and binary
variables.

We will show that the auction model is similar to model (B) from Section 2.4.2 and
that it can be interpreted as an instance of model (A) from Section 2.4.1. This allows
us to apply the results and algorithms from Chapter 2 to this problem. It turns out
that the algorithms in the original article [45] are specialized versions of Algorithm
2.4.1. All presented algorithms solve the large-scale MPEC indirectly by decomposing
it into a mixed integer quadratic program (MIQP) and linear pricing problems. The
exact algorithm yields provably optimal solutions and the heuristics determine high
quality solutions in a short computing time.

The Chapter also proposes rules for choosing unique prices. In addition to the
original article, we will point out that the prices are independent of the particular
choice of the optimal continuous variable values. This allows us, to further speed up
the algorithms.

Even though the main focus of the paper will be on solving the underlying prob-
lem, we also explain why the market model evolved to its current state. Furthermore,
we discuss the differences to unit commitment models used in the US.

Outline

The structure of the chapter is as follows. At first, we provide background information
on European and US electricity markets. In Section 5.3, we give a brief introduction
to the European electricity market and its features. In Section 5.4, we introduce the
combinatorial optimization problem that is used to determine welfare maximizing
solutions subject to price constraints. Analyzing this model we obtain optimality con-
ditions which are formulated in Section 5.5. We then establish in Section 5.6 the
uniqueness of prices and then we formulate a clearing heuristic and an optimal al-
gorithm in Section 5.7. We conclude with computational results in Section 5.8 and
some final remarks in Section 5.9.

5.2 Background information

In this section, we provide background information on linear prices and on the insti-
tutional differences between US electricity markets and European electricity markets.
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5.2.1 Linear pricing schedules

The European day-ahead electricity auctions are using strict linear pricing schedules.
Recall that a pricing schedule is linear if each commodity has a single price. Moreover,
it is called strict linear if the number of commodities is equal to the number of clearing
conditions (cf. Definition 2.2 and 2.3).

In the electricity market, the clearing conditions are the flow conservation equa-
tions of each network node and time slot. Therefore, for each network node and each
time slot there is a single electricity price. These prices and the amount of consumed
or produced electric power determine the amount of money to be payed or received
by a participant.

It is well known that dual variables of convex programs (e.g. linear programs)
can be interpreted as prices (cf. [13, Ch. 12], [9, Ch. 5]). The fundamental welfare
theorem (Thm. 2.17) showed that an optimal dual solution provides a strict linear
pricing schedule of a competitive equilibrium. Roughly speaking, such an equilibrium
is completely satisfactory to all participants, as their individual optimization problems
are maximized.

However, most of the electricity auctions in the US and in Europe are non-convex.
In such a situation, the determination of prices becomes more difficulty, as the funda-
mental welfare theorem is not applicable to non-convex auctions.

5.2.2 The US market

We begin with a short introduction to electricity markets in the US. In the US there
exist several pool-based electricity markets, operated by independent system operators
(ISO). The ISOs organize day-ahead auctions where both suppliers and consumers
can submit bids. Using these bids the auction determines prices for each network
node and each hour of the next day. Finally a unit commitment model computes
a dispatch that minimizes total production cost while ensuring system reliability. A
standard reference for unit commitment models is [32]. These models allow the
participants to submit the cost structure and production capacities of each power
plant. In particular it is possible to submit startup costs and minimal production
capacities which are modeled by using binary variables. This detailed information
allows the ISOs to ensure system reliability while minimizing the total production
cost. In many unit commitment models the demand is assumed to be a price inelastic
bid with a fixed given quantity.

Let us hypothetically assume a unit commitment problem can be described by
a linear program (LP). Then the optimal dispatch would be determined by solving
the LP and a strict linear pricing schedule is given by the dual variables of the flow
conservation equations of the network nodes. As soon as binary variables are involved
we have to solve a mixed integer linear program (MIP) and the determination of a
reasonable strict linear pricing schedule is not as easy as in the LP case. Given an
optimal solution to a MIP, in general it is impossible to find a strict linear pricing
schedule where all participants neither incur a loss nor miss a not-realized profit.
Definition 5.6 formally introduces the concept of a not-realized profit. O’Neill et
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al. [51] present a method that defines a linear pricing schedule for an optimal solution
to a MIP based unit commitment model. The main idea is to treat binary actions like
separate commodities. Then we can find linear prices for all commodities, including
the binary actions. No participant incurs a loss and no participant misses a not-
realized profit. Each binary action can be attributed to a single market participant
and only this participant can carry out this binary action. For this reason, the price
for the individual binary action can be understood as an individual compensation
payment that is paid or received by each participant. According to [51], the electricity
auctions of New York Independent System Operator (NYISO) and Pennsylvania-New
Jersey-Maryland Interconnection (PJM) are using similar pricing methods. Another
technique that defines prices for a MIP solution is called convex hull pricing ([30],
[67]). This pricing schedule reduces the impact of compensation payments but still
requires the use of individual compensation payments.

In Europe, the common practice is to avoid compensation payments and to im-
plement strict linear prices. This major difference renders methods that are based on
compensation payments inapplicable.

5.2.3 The European market

Similar to the US there exist several national and regional transmission system oper-
ators (TSO)1 in Europe. The main difference to the ISOs in the US is that the Euro-
pean TSOs only maintain system feasibility and reliability. They do not control the
spot market for electricity, but they determine network boundary conditions within
which they can guarantee the system feasibility and reliability. These boundary con-
ditions (e.g., available transmission capacities) are submitted to independent power
exchanges (PX)2 who will run the financial spot market auctions subject to the net-
work constraints. Some power exchanges also split their market into several bidding
areas. These bidding areas are often given by national borders or network bottle-
necks. For example, the power exchange EPEX Spot splits its market into the bidding
areas France, Germany/Austria, and Switzerland.

On top of these power exchanges, market coupling systems collect all order book
data from the power exchanges and network constraints from the TSOs and compute
welfare maximizing power flows between adjacent market areas and prices for the
bidding areas of the power exchanges. These flows and price signals are submitted
back to the exchanges and TSOs. Finally the exchanges run their own auction incor-
porating the cross-border flows and the price signals. For example, the SESAM system
couples the bidding areas of the Nordic region (NPS region) that consists of Denmark,
Estonia, Finland, Lithuania, Norway, and Sweden. The COSMOS system couples the
bidding areas of the Central Western European region (CWE region) that consists of
Belgium, France, Germany, Luxembourg, and Netherlands. On top of these coupling

1Nordic TSOs (NPS region): Elering, Energinet.dk, Fingrid, Litgrid, Statnett SF, Svenska Kraftnät.
Central Western Europe TSOs (CWE region): Amprion, Creos Luxembourg, Elia System Operator, Rte,
Tennet TSO, TransnetBW. (cf. www.entsoe.eu)

2Nordic PX (NPS region): Nordpool Spot AS. Central Western Europe PXs (CWE region): APX Endex,
Belpex, EPEX Spot.

http://www.nyiso.com
http://www.pjm.com
https://www.entsoe.eu/the-association/members/
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Figure 5.1: NPS and CWE region in 2011 (The Europe map is taken from Wikipedia)

systems, European Market Coupling Company (EMCC) is computing the flows between
the NPS and the CWE region. SESAM is in use since 2007 and in Nov. 2009 EMCC
started to couple the NPS region with Germany. In Nov. 2010 COSMOS was launched
and from there on the EMCC system is coupling the NPS and the CWE region.3 Figure
5.1 shows the interconnected NPS and CWE region in 2011. Note that these systems
are distinct entities and guided by different regulations while maintaining a certain
set of compatibility constraints as put forth in the European regulation of energy mar-
kets.

All European power exchanges that we consider here are already existing and are
using strict linear pricing schedules. Electricity at a specific bidding area at a specific
delivery time is viewed as a commodity. Thus, for each bidding area and each hour
of the next day an electricity price (BC/MWh) is computed such that no compensation
payments are needed. This will not be subject to change in the foreseeable future.
The strict linear pricing schedule is determined by a welfare maximizing optimization
problem subject to quantity constraints and additional price constraints. In order to
perform a correct market coupling between such power exchanges a market coupling
system needs to model the underlying power exchanges exactly as they are. For this
reason, a European market coupling system must also implement a strict linear pricing

3cf. www.nordpoolspot.com/About-us/History, www.epexspot.com/en/market-coupling, and
www.marketcoupling.com/market-coupling/european-market.

http://www.nordpoolspot.com/About-us/History
http://www.epexspot.com/en/market-coupling
http://www.marketcoupling.com/market-coupling/european-market
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schedule and thus cannot implement any other pricing schedule.
As of now, the TSOs in the NPS and the CWE region only submit upper and lower

bounds for the flows and upper bounds for the change of flows. Therefore a market
coupling system that couples these two regions only implements these basic trans-
mission constraints. However the algorithms that we present can be easily adjusted
to solve more complex transmission constraints, as long as the constraints are lin-
ear or convex. In the CWE region the introduction of so-called power transmission
distribution factor matrices (PTDF) is planned for 2014 (cf. [2]).

5.3 Bidding language in European day-ahead electric-
ity auctions

Usually the auctioneer defines a bidding language that allows the participants for ex-
pressing their bids, or in other words, their preferences. In a day-ahead electricity
auction participants bid today for electricity that they want to buy or sell on the fol-
lowing day. They are allowed to submit their bids up to a predetermined point in
time. As soon as the submission deadline has passed the submitted bids cannot be
changed anymore and the auctioneer has to decide which bids to accept and which
bids to reject. Then the auctioneer publishes a pricing schedule that determines the
amount of money that a participant has to pay or receive if his bid was accepted.

The day-ahead electricity auctions in the CWE and NPS region have a common
bidding language. The bidding language allows for submitting four different types of
bids: hourly bid curves, block bids, flexible bids, and cross-border bids. The number of
different commodities the participants can bid for is given by the number of market
areas times the number of time slots of the next day (e.g., 24 hours). For this reason,
an entry of a strict linear price vector reflects the price for one electrical power unit
that is delivered at a specific market area throughout a specific time slot.

In order to refer to a specific area or time slot we will use the following notation:
The set A denotes the set of market areas and T denotes the set of time slots. Note that
the set of tradable commodities is given by A× T , and this set will be interpreted as
an index set. An entry of a strict linear price vector π ∈ RA×T will be called price in
area a ∈ A at time t ∈ T and is denoted by πa,t ∈ R. Similar to Chapter 2 all bids i
are characterized by a decision set Di, a decision valuation υi, and a quantity function.
All quantity functions in this model are linear, therefore, we will introduce a quantity
matrix Q i for each bid i instead of a quantity function. We now define the four bid
types in detail.

Hourly bid curve

A participant can submit hourly bid curves for every area and hour to specify the
optimal quantities that he is willing to buy or sell depending on a given price. At first
we will study a simple linear bid curve to understand the details of bid curves, then we
will see that the concept of linear bid curves can be used to express piecewise linear
bid curves.
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Figure 5.2: marginal willingness to pay, consumer surplus, surplus maximizing quan-
tities, and linear bid curve

Assume that a participant submits a linear bid curve h to buy electricity in area a at
time t. He wants to buy at most δh > 0 units and at least δh = 0 units. Let his marginal
willingness to pay be given by an affine non-increasing function m(u) = ph −∆phu.
Figure 5.2 depicts his marginal willingness to pay. The function valuates the price
that the consumer is willing to pay for each additional unit. If the function is constant
(∆ph = 0), then the price he is willing to pay for the first consumed unit is equal to
the price he is willing to pay for the last consumed unit. His willingness to pay for the

consumption of δh ∈ [δh,δh] quantity units is given by
∫ δh

0
mh(u)du. If mh is constant,

then this term reduces to ph ·δh. In this case, he would buy electricity if the price per
unit is lower or equal to ph. We will now assume that the participant is interested in
maximizing his consumer surplus.

Definition 5.1. The consumer surplus of a participant is his willingness to pay for the
consumption of q units minus the total amount of money to be paid for q units (cf. [62,
p. 8]). The term is sometimes also called net consumers surplus (cf. [38, Chapter 2.2]).

Let the price per unit in area a at time t be exogenously given by the auctioneer
and let it amount to πa,t currency units per quantity unit. The participant has only
one decision variable: the quantity δh that he wants to buy. He can maximize his
consumer surplus by solving the following parameterized optimization problem (πa,t

is the exogenously given parameter).









max υh(δh)−π>Qhδh

s.t. δh ∈ Dh









:=









max

∫ δh

0

mh(u)du−πa,tδh

s.t. δh ≤ δh ≤ δh









(QP-Hourly)

The term υh denotes the valuation function, Qh the quantity matrix, and Dh the deci-
sion set of order h. Note that the quantity matrix Q i is the (a, t)-th unit vector.
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Figure 5.3: construction of piecewise linear bid curves with the help of linear bid
curves

Definition 5.2. Let mh : [δh,δh] → R be an affine non-increasing function and let
0 ∈ [δh,δh]. The set of surplus maximizing quantities depending on the price is given
by

Hh(πa,t) := arg max
δh≤δh≤δh

∫ δh

0

mh(u)du−πa,tδh.

Note thatHh(πa,t) is equal to [δh,δh] if mh is constant and πa,t = ph. The set

Lh :=
¦�

δh,πa,t

�

| πa,t ∈ R and δh ∈Hh(πa,t)
©

⊆ R2

is called a linear bid curve. It is called linear, because it contains exactly one linear
segment that indicates a change in the quantity. Figure 5.2 illustrates both definitions.

In Section 5.4, we will study the optimality conditions that characterize the surplus
maximizing quantities; for now, it suffices to be aware of the structure of linear bid
curves as depicted in Figure 5.2.

If a participant wants to submit a more complex bid curve he can simply submit a
set H of linear bid curves to construct a piecewise linear bid curve LH . The following
definition formally introduces piecewise linear bid curves and Figure 5.3 provides an
example.

Definition 5.3. Let H be a finite set of linear bid curves and let mh : [δh,δh]→ R be an
affine non-increasing function and 0 ∈ [δh,δh] for all h ∈ H. The set

LH :=
¦�∑

h∈H δh,πa,t

�

| πa,t ∈ R and δh ∈Hh(πa,t) for h ∈ H
©

⊆ R2

is called a piecewise linear bid curve. Let Ha,t be the set of all linear bid curves in area
a at time t. The piecewise linear bid curve LHa,t

is called the aggregated bid curve of
area a at time t.



5.3. Bidding language in European day-ahead electricity auctions 93

marginal cost

producer
surplus

depending on
the quantity

marginal cost

surplus
maximizing

quantity

for a given
price per unit

marginal cost : price per unit

linear bid curve:

surplus
maximizing

quantity-price
tuples

Figure 5.4: marginal cost, producer surplus, surplus maximizing quantity, and linear
bid curve

Now suppose that a participant wants to sell electricity in area a at time t. He
is able to generate at most |δh| units and at least δh = 0 units. The maximal supply
quantity is modeled by a negative number δh < 0. This allows us to use the definitions
from above, such that we do not need to distinguish between demand and supply. A
positive quantity indicates demand and a negative quantity indicates supply. Like
above, we assume that the marginal cost curve mh : [δh,δh] → R is an affine non-
increasing function: the last supplied unit (unit δh) is the most expensive one, the
first supplied unit is the cheapest one. The cost for generating δh ∈ [δh,δh] units is

given by
∫ 0

δh
mh(u)du.

Definition 5.4. The producer surplus of a participant is the amount of money to be
received for producing q units minus the cost for generating q units. Figure 5.4 provides
an example.

Equation (5.1) shows that the producer and consumer surplus can be expressed
by the same formula. For this reason, the producer can maximize his producer surplus
by solving (QP-Hourly).

πa,t(−δh)−
∫ 0

δh

mh(u)du=

∫ δh

0

mh(u)du−πa,tδh (5.1)

Notation used for hourly bid curves

As we have seen in the previous section, we do not need to model piecewise linear
bid curves directly. It is sufficient to treat each underlying linear bid curve separately.
For this reason, we only need one set of linear bid curves for each area and time to
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model all piecewise linear bid curves that were submitted by the participants.

H set of all linear bid curves

Ha,t ⊆ H set of all linear bid curves in area a at time t

δh ≤ 0≤ δh quantity bounds of the linear bid curve h ∈ H

mh : [δh,δh]→ R affine non-increasing marginal willingness to pay / marginal cost

δh ∈ [δh,δh] decision variable: bought quantity if ≥ 0 / sold quantity if ≤ 0

Block bids

Block bids enable traders to buy or sell electricity in an area for several (not neces-
sarily consecutive) time slots with a single bid. A block bid can either be executed
entirely or it is not executed at all. This condition is called fill-or-kill condition. Sup-
pose that a participant wants to buy electricity in area a and wants to use a block bid
b. Then for each hour t ∈ T he has to specify the quantity qb,t that he wants to buy or
sell. Positive quantities indicate that he wants to buy electricity and negative quanti-
ties indicate that he wants to sell electricity. Currently it is only allowed to transmit
either a pure buy bid with qb,t ≥ 0 or a pure sell bid with qb,t ≤ 0 for all t ∈ T (cf.
[22]). Let βb ∈ {0,1} be the binary variable that models whether the bid b is (βb = 1)
or is not (βb = 0) executed. Then

∑

t∈T qb,tβb is the total bought (or sold) quantity.
Let pb be his constant marginal willingness to pay, that is, for each bought electricity
unit he is willing to pay pb currency units. His willingness to pay for the consumption
of
∑

t∈T qb,tβb units is given by pb ·
∑

t∈T qb,tβb. Let the prices πa,t in area a and time
slots t ∈ T be given. Then the price-parameterized surplus maximization problem for
bid b looks as follows:







max υb(βb)−π>Qbβb

s.t. βb ∈ Db






:=







max pb

∑

t∈T

qb,tβb −
∑

t∈T

πa,tqb,tβb

s.t. βb ∈ {0,1}






.

(MIP-Block)

According to Definition 2.21, each block bid b is a mixed integer bid. The auctioneer
cannot guarantee that at the end of the auction the binary variable βb is a surplus
maximizing solution to (MIP-Block), because this is simply impossible in general.

Example 5.5. Let the set of areas and the set of hours be singletons: A= {a}, T = {t}.
Bid b is a sell block bid with quantity qb,t = −1 MWh and marginal cost pb =
1BC/MWh. Bid c is a buy block bid with quantity qc,t = 2MWh and marginal will-
ingness to pay pc = 2BC/MWh. The two orders cannot be matched, because of the dif-
ferent quantities. The only feasible solution is to reject both bids, that is, βb = βc = 0.
If we publish a price that is strictly smaller than 2BC/MWh, then bid c is wondering
why it is rejected. If we publish a price that is strictly greater than 1BC/MWh, then bid
b is wondering why it is rejected. Therefore, there exists no price where everyone is
completely satisfied: there is no price πa,t such that βb maximizes (MIP-Block)b and
βc maximizes (MIP-Block)c.
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Instead of ensuring the individual surplus maximization of a block bid, the auc-
tioneer ensures that the surplus is non-negative if the block bid is executed. In other
words, a buy block bid can only be executed if the willingness to pay is greater or
equal to the amount of money to be paid:

pb

∑

t∈T

qb,tβb −
∑

t∈T

πa,tqb,tβb ≥ 0. (5.2)

If the block bid is a sell block bid, then all quantities are smaller or equal to zero:
qb,t ≤ 0. In this case, pb is the marginal cost of production and equation (5.2) en-
sures that the sell block bid can only be executed if the money to be received for
generating electricity is greater or equal to the cost for generating the electricity:
−
∑

t∈T πa,tqb,tβb ≥−pb

∑

t∈T qb,tβb.

Definition 5.6. A block bid b incurs a loss if equation (5.2) is violated. A block bid b
misses a not-realized profit if it is rejected even though

pb

∑

t∈T

qb,t −
∑

t∈T

πa,tqb,t > 0, (5.3)

holds. Block bids that miss a not-realized profit, are called paradoxically rejected bids,
because they are rejected even though from the local point of view of the owner of the
block the rejection is not a surplus maximizing solution to (MIP-Block).

In Example 5.5 either block b or block c is paradoxically rejected, showing that
paradoxically rejected blocks are inevitable.

The trader further has the possibility to link certain block bids so that the execution
of some block b1 ∈ B implies the execution of some other block b2 ∈ B.

Notation used for block bids

B set of all block bids

Ba ⊆ B set of all block bids in area a
L ⊆ B× B if (b, c) ∈ L, then b can only be executed if also c is executed

qb,t ∈Q quantity to be bought (≥ 0) / sold (≤ 0) in hour t ∈ T by block bid b
pb ∈ R constant marginal willingness to pay / marginal cost of block bid b
βb ∈ {0,1} decision variable: rejected (0) / executed (1)

Flexible bids

With flexible bids a participant can buy or sell electricity in a specific area in exactly
one hour without specifying the hour in which the bid should be executed. Flexible
bids must satisfy the fill-or-kill condition as well, that is, a partial execution is not
feasible. Suppose that a participant wants to buy q f > 0 units in area a in a not
specified time slot. Let his marginal willingness to pay amount to p f currency units
per quantity unit. We need to introduce one binary variable ϕ f ,t ∈ {0,1} for each time
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slot t ∈ T . If ϕ f ,t = 1, then the flexible bid f is executed in time slot t. The bid may
only be executed in at most one time slot:

∑

t∈T ϕ f ,t ≤ 1. The willingness to pay for
the total consumed quantity of q f

∑

t∈T ϕ f ,t units is given by p f q f

∑

t∈T ϕ f ,t . Now we
can write down the price-parameterized surplus maximization problem of a flexible
bid:







max υ f (ϕ f ,T )−π>Q fϕ f ,T

s.t. ϕ f ,T ∈ D f






:=















max p f q f

∑

t∈T

ϕ f ,t −
∑

t∈T

πa,tq fϕ f ,t

s.t.
∑

t∈T

ϕ f ,t ≤ 1

ϕ f ,t ∈ {0, 1} for all t ∈ T















.

(MIP-Flex)

In general, it is impossible to ensure that at the end of the auction all decision vari-
ables ϕ f ,t will be surplus maximizing for (MIP-Flex), but it is possible to ensure that
the surplus is non-negative if the flexible bid is executed:

p f q f

∑

t∈T

ϕ f ,t −
∑

t∈T

πa,tq fϕ f ,t ≥ 0. (5.4)

If this inequality is violated, then the flexible bid incurs a loss. At the end of the
auction some flexible bids might miss a not-realized profit, that is, from the local point
of view of the owner of a flexible bid the current solution is not necessarily surplus
maximizing for (MIP-Flex).

Notation used for flexible bids

F set of all flexible bids

Fa ⊆ F set of all flexible bids in area a
q f ∈Q quantity to be bought (> 0) / sold (< 0) by flexible bid f
p f ∈ R constant marginal willingness to pay / marginal cost of flexible bid f

ϕ f ,t ∈ {0,1} decision variable: ϕ f ,t =

(

1 bid f ∈ F is executed in hour t ∈ T
0 no execution in hour t ∈ T

Cross-border bids

Cross-border bids allow for electricity trades across areas. The regulatory body stip-
ulates that in European day-ahead electricity auctions, only transmission system op-
erators are allowed to submit cross-border bids. The set of cross-border bids will be
denoted by K . Without loss of generality, we assume that there is exactly one cross-
border bid k. Therefore, K = {k}. The cross-border bid k buys electricity in low price
areas and sells electricity in high price areas. Such a trade is only possible if there are
interconnectors connecting the areas. The latter will be denoted by C ⊆ A× A, where
A is the set of areas. An interconnector c = (r, s) ∈ C is modeled by a directed arc,
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where r denotes the source and s denotes the sink. The transmitted electricity on in-
terconnector c ∈ C in time slot t ∈ T is denoted by a signed variable τc,t . We use the
convention that a positive flow indicates a transfer from the source r to the sink s, and
a negative flow indicates a transfer from s to r. There are upper and lower bounds
[τc,t ,τc,t] on the transmission quantity. These bounds are called available transmis-
sion capacity (ATC). Also the change of flow between two consecutive hours can be
limited by an upper bound eτc, called ramp rate. Now suppose that there is a positive
flow τc,t > 0 on interconnector c = (r, s) in hour t, then electricity is bought in area r
and sold in area s. The marginal cost for buying electricity is πr,t and the price per unit
to be received for selling electricity is πs,t . The surplus of a cross-border bid is called
congestion rent and can be maximized by solving the following price-parameterized
optimization problem.

�

max υk(τ)−π>Qkτ

s.t. τ ∈ Dk

�

:=













max 0−
∑

c=(r,s)∈C

∑

t∈T

(πr,t −πs,t)τc,t

s.t. ∀c ∈ C , t ∈ T τc,t ≤ τc,t ≤ τc,t

∀c ∈ C , t ∈ T − eτc ≤ τc,t −τc,t−1 ≤ eτc













(LP-TSO)

The parameter τc,−1 is the given flow of the last hour of the previous day. Note that
the valuation υk(τ) is equal to zero. Furthermore, we may observe that the quantity
matrix Qk is a node-arc incidence matrix. Let C+a and C−a be the set of interconnectors

which start/end in area a. Then we have C = ˙⋃
a∈AC+a =

˙⋃
a∈AC−a , and with this

equation we can reformulate the congestion rent as follows:

−
∑

t∈T

∑

c=(r,s)∈C

(πr,t −πs,t)τc,t =−
∑

t∈T

∑

a∈A

πa,t

�

∑

c∈C+a

τc,t −
∑

c∈C−a

τc,t

�

. (5.5)

The last term in brackets is the net withdrawal (if > 0) or net injection (if < 0) of the
cross-border bid k at area a and time t.

At the end of the auction the flows maximize the congestion rent, but we need to
keep in mind that the cross-border trader is considered a price taker, that is, the price
is exogenously given by the auctioneer. We will later see that in this case the opti-
mality conditions of cross-border bids imply that prices only diverge if a transmission
constraint is active.
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Notation used for cross-border bids

K = {k} set of cross-border bids

C ⊂ A× A set of all interconnectors

C+a = {(r, s) ∈ C | r = a} set of all interconnectors starting in a
C−a = {(r, s) ∈ C | s = a} set of all interconnectors ending in a
τc,−1 ∈Q flow on c in the last time slot of the previous day

eτc ∈Q+0 ∪ {∞} ramp rate; we put eτc =∞ if we have no ramping on c
τc,t ∈ [τc,t ,τc,t] decision variable: flow on c ∈ C in time t ∈ T

5.4 Optimization problem of the auctioneer

In this section, we present the MPEC formulation of the auctioneers optimization
problem. The aim of the auctioneer is to maximize the total economic surplus subject
to the clearing condition and the constraints given by the submitted bids. The model
is structured as follows.

max (econ. surplus)
∑

h∈H

υh(δh) +
∑

b∈B

υb(βb) +
∑

f ∈F

υ f (ϕ f ,T ) +υk(τ) (5.6)

s.t.
∑

h∈H

Qhδh+
∑

b∈B

Qbβb +
∑

f ∈F

Q fϕ f ,T +Qkτ= 0 (5.7)

∀h ∈ H δh ∈ argmax
δ′h∈Dh

¦

υh(δ
′
h)−π

>Qhδ
′
h

©

(5.8)

τ ∈ argmax
τ′∈Dk

¦

υk(τ
′)−π>Qkτ

′
©

(5.9)

∀b ∈ B βb ∈ Db and υb(βb)−π>Qbβb ≥ 0 (5.10)

∀ f ∈ F ϕ f ,T ∈ D f and υ f (ϕ f ,T )−π>Q fϕ f ,T ≥ 0 (5.11)

∀(b, c) ∈ L βb ≤ βc (5.12)

∀a ∈ A, t ∈ T πa,t ∈ R (5.13)

Observe that this model coincides with model (B) from Chapter 2 if we exclude con-
straint (5.12). We will now show that it can be transformed to model (A) from Chap-
ter 2. According to Proposition 2.34, equation (5.10) holds if and only if (5.18) holds.
A similar argument holds for flexible bids f ∈ F if we introduce functions υ f ,t , matri-
ces Q f ,t , and sets D f ,t = {0,1} for each time slot t ∈ T . The transformed model is as
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follows.

max (econ. surplus)
∑

h∈H

υh(δh) +
∑

b∈B

υb(βb) +
∑

f ∈F

υ f (ϕ f ,T ) +υk(τ) (5.14)

s.t.
∑

h∈H

Qhδh+
∑

b∈B

Qbβb +
∑

f ∈F

Q fϕ f ,T +Qkτ= 0 (5.15)

∀h ∈ H δh ∈ argmax
δ′h∈Dh

¦

υh(δ
′
h)−π

>Qhδ
′
h

©

(5.16)

τ ∈ argmax
τ′∈Dk

¦

υk(τ
′)−π>Qkτ

′
©

(5.17)

∀b ∈ B βb ∈ argmax
β ′b∈Db

¦

υb(β
′
b)−π

>Qbβ
′
b

©

∪ {0} (5.18)

∀ f ∈ F , t ∈ T ϕ f ,t ∈ argmax
ϕ′f ,t∈D f ,t

n

υ f ,t(ϕ
′
f ,t)−π

>Q f ,tϕ
′
f ,t

o

∪ {0} (5.19)

∀ f ∈ F
∑

t∈T

ϕ f ,t ≤ 1 (5.20)

∀(b, c) ∈ L βb ≤ βc (5.21)

∀a ∈ A, t ∈ T πa,t ∈ R (5.22)

If we exclude constraints (5.20) and (5.21), then the model is equal to model (A).
Therefore, Algorithm 2.4.1 can solve this problem if we simply initialize the set Λ∗

such that both constraints are satisfied.
Now assume that we want to solve this model with a standard solver. Then the

conditions which involve the prices π can be modeled with the help of auxiliary vari-
ables. This is done in model (MPEC).

The primal variables of the model (MPEC) are β ,φ,τ,δ and π,ρ
e

, eρ,µ,µ,ν ,ν .
The former are used to model the executed quantities and the latter are used to
model the price constraints. In the next section, we show that the primal variables
ρ
e

, eρ,µ,µ, and ν ,ν in this model are used to model the Karush-Kuhn-Tucker optimality
conditions (KKT) of the price-parameterized surplus maximization problems of cross-
border bids (LP-TSO) and linear bid curves (QP-Hourly). A short introduction to the
KKT optimality conditions can be found in [9, Chapter 5.5.3]. Because of the KKT
conditions, some of the price constraints are non-convex. The bar below or above the
variables ρ

e

, eρ,µ,µ,ν ,ν indicates that the variable is associated with a lower or upper
quantity bound of a quantity constraint of (LP-TSO) or (QP-Hourly). For example, the
variable νh is associated with the upper quantity bound δh ≤ δh of (QP-Hourly). We
will make this precise below. As the auctioneer needs to model all optimal solutions of
each individual surplus maximization problem of linear bid curves and cross-border
bids, the dual variables of these subproblems are primal variables in the auctioneers
optimization problem. We need to explicitly add the optimality conditions (price
conditions) to the model, because in general they are not automatically fulfilled in an
optimal solution.

An important property of the model is that the determined strict linear prices are
consistent with the strict linear prices that we know from convex auctions: Assume
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max (economic surplus)
∑

h∈H

∫ δh

0

mh(u)du+
∑

b∈B
t∈T

pb qb,t βb +
∑

f ∈F
t∈T

p f q f ϕ f ,t (MPEC)

s.t. (quantity constraints)

∀a ∈ A, t ∈ T
∑

h∈Ha,t

δh+
∑

b∈Ba

qb,tβb +
∑

f ∈Fa

q fϕ f ,t =
∑

c∈C−a

τc,t −
∑

c∈C+a

τc,t

(C1)

∀c ∈ C , t ∈ T − eτc ≤ τc,t −τc,t−1 ≤ eτc (C2)

∀(b, c) ∈ L βb ≤ βc (C3)

∀ f ∈ F
∑

t∈T ϕ f ,t ≤ 1 (C4)

∀b ∈ B βb ∈ {0, 1}
∀ f ∈ F , t ∈ T ϕ f ,t ∈ {0, 1}
∀c ∈ C , t ∈ T τc,t ∈ [τc,t ,τc,t]

∀h ∈ H δh ∈ [δh,δh]
(price constraints)

Strict linear prices:
∀a ∈ A, t ∈ T πa,t ∈ R

Non-negative surplus of block and flexible bids:

∀a ∈ A, b ∈ Ba pb

∑

t∈T

qb,tβb −
∑

t∈T

πa,tqb,tβb ≥ 0 (C5)

∀a ∈ A, f ∈ Fa p f q f

∑

t∈T

ϕ f ,t −
∑

t∈T

πa,tq fϕ f ,t ≥ 0 (C6)

Optimality conditions of cross-border flow, (LP-TSO):
∀c = (r, s) ∈ C , t ∈ T (µc,t −µc,t

) + (eρc,t −ρ
e

c,t) + [(ρ
e

c,t+1− eρc,t+1)]

+πr,t −πs,t = 0 (C7)

∀c ∈ C , t ∈ T (τc,t −τc,t) µc,t = 0 (C7)

∀c ∈ C , t ∈ T (−τc,t +τc,t) µc,t
= 0 (C7)

∀c ∈ C , t ∈ T (τc,t −τc,t−1− eτc) eρc,t = 0 (C7)

∀c ∈ C , t ∈ T (τc,t−1−τc,t − eτc) ρ
e

c,t = 0 (C7)

∀c ∈ C , t ∈ T µc,t , µc,t
, eρc,t , ρ

e

c,t ≥ 0 (C7)

Optimality conditions of linear bid curves, (QP-Hourly):
∀a ∈ A, t ∈ T , h ∈ Ha,t −mh(δh) +πa,t + νh− νh = 0 (C8)

∀a ∈ A, t ∈ T , h ∈ Ha,t (δh−δh) νh = 0 (C8)

∀a ∈ A, t ∈ T , h ∈ Ha,t (−δh+δh) νh = 0 (C8)

∀a ∈ A, t ∈ T , h ∈ Ha,t νh, νh ≥ 0 (C8)
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that we solve a relaxed model that only contains the quantity constraints (except
for constraint (C3)) and assume that its QP-relaxation admits an integral optimal
solution, with respect to the binary variables. Then we can find strict linear prices
to this optimal solution that satisfy all previously mentioned price conditions. In this
case, all price conditions are dispensable and could be omitted. This assertion can be
verified by writing down the KKT conditions of the QP-relaxation. Proposition 3 in
[64] also proves this assertion. The same result in a similar context is also provided
in [7, Corollary 11.16].

5.4.1 Objective function

The objective of the auctioneer is to maximize the economic surplus. Recall that the
economic surplus is the sum of consumer surplus and producer surplus (cf. [55]). It
is also called global welfare (cf. [38]) or social welfare.

In Section 5.3, we already introduced the price-parameterized surplus maximiza-
tion problems of the four different bid types. Each bid i is characterized by a decision
set Di, a valuation function υi, and a quantity matrix Q i (i.e., a linear quantity func-
tion). Let I be the set of all bids: I := H∪̇B∪̇F ∪̇K . Then the economic surplus of a
solution δ with δi ∈ Di for all i ∈ I is given by

∑

i∈I

�

υi(δi)−π>Q i(δi)
�

. (5.23)

Proposition 2.5 shows that the terms with the price vector π can be omitted if the
clearing condition is satisfied. Equation (5.7) in model (5.6)-(5.13) is exactly the
clearing condition, therefore, the economic surplus of a feasible solution to (5.6)-
(5.13) is given by

∑

i∈I

υi(δi). (5.24)

Note that this equation is exactly the objective of model (5.6)-(5.13). The next propo-
sition expands this small formula by replacing the valuation functions with the ones
of the four different bid types. The expanded formula is equivalent to the formulas
which can be found in the literature (e.g. the objective of the welfare maximization
problem in [50, Section II.B]).

Proposition 5.7. Let the decision variables of all participants (i.e., β ,ϕ,δ, and τ) be
in their respective decision sets and let the clearing condition (C1) be satisfied. Then the
economic surplus is given by

ω(β ,ϕ,δ) :=
∑

a∈A

∑

t∈T







∑

h∈Ha,t

∫ δh

0

mh(z)dz+
∑

b∈Ba

pb qb,t βb +
∑

f ∈Fa

p f q f ϕ f ,t







=
∑

h∈H

�

phδh−
1

2
∆phδ

2
h

�

+
∑

b∈B
t∈T

pb qb,t βb +
∑

f ∈F
t∈T

p f q f ϕ f ,t .

Proof. See Proposition 2.5 in Chapter 2 or Theorem 4.9 in [45].
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If we expand equation (5.23), we may observe that the congestion rent is part of
the economic surplus. The congestion rent is usually reinvested in order to reduce tar-
iffs or build new lines4. Later we will see that the flows are not uniquely determined
by the maximal economic surplus, but in general ambiguities only exist when prices
of adjacent areas coincide. In these situations, there is no price difference (πs,t−πr,t)
and thus no congestion rent, and the congestion rent cannot be influenced by chang-
ing the flow τc,t within the ambiguities. For more details on ambiguities of flows and
how to choose unique flows refer to Section 5.6.3.

Observe that economic surplus in Proposition 5.7 is a quadratic concave function
and does not involve price variables π or flow variables τ. While this is convenient
for the actual computation, these variables still have to satisfy the stated conditions
and so they implicitly influence the economic surplus.

5.4.2 Constraints

We now introduce the constraints mentioned above and explain them in detail.

(C1) Clearing condition. This constraint ensures the identity of executed net de-
mand and net import. The constraint is similar to the classical conservation of
flow constraint typically present in network flow models. In every area and
every hour the executed net demand must coincide with the net import:

∀a ∈ A, t ∈ T
∑

h∈Ha,t

δh+
∑

b∈Ba

qb,tβb +
∑

f ∈Fa

q fϕ f ,t =
∑

c∈C−a

τc,t −
∑

c∈C+a

τc,t .

(C2) Ramping condition. This condition incorporates the ramping requirements on
the interconnectors by limiting the change between two consecutive time slots
accordingly. From one hour to the next hour the flow on interconnector c may
only change by eτc units:

∀c ∈ C , t ∈ T |τc,t −τc,t−1| ≤ eτc .

(C3) Block bid links. To model the linking of block bids we add the following con-
straint. If (b, c) ∈ L, then block b may only be executed if block c is executed:

∀(b, c) ∈ L βb ≤ βc .

(C4) Flexible bid execution at most once. A flexible bid f can be executed in at
most one time slot:

∀ f ∈ F
∑

t∈T

ϕ f ,t ≤ 1 .

(C5) Block price condition. In principle it is possible to obtain an equally high or
even higher economic surplus by requiring altruistic behavior from some of the

4In 2007: Energinet.dk: 100% to reduce tariffs, Fingrid: 100% to build new lines, Statnett: 100%
to reduction, Svenska Kraftnät: 100% to build new lines. (cf. http://www.nordpoolspot.com)

http://www.nordpoolspot.com/Global/Download%20Center/TSO/How-to-calculate-the-TSO-Congestion-rent.pdf
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participants. However this is not in line with general economic principles as
no participant is willing to sell at a loss. Therefore, a block bid can only be
executed if it does not incur a loss:

∀a ∈ A, b ∈ Ba βb

∑

t∈T

(pb −πa,t)qb,t ≥ 0 .

As mentioned before the converse cannot be guaranteed: some block bids might
miss a not-realized profit at the end of the auction. In other words, they might
be rejected, even though the prices would allow the execution.

The block price condition is a quadratic non-convex constraint that is difficult to
handle, but it is easy to linearize it if we introduce a sufficiently large constant
Mb for each b ∈ B. We know that βb is a binary variable and we assume that
πa,t ∈ [p, p]. Now we can rewrite the constraint as follows (cf. [13, Chapter
26-3-I(g)]):
∑

t∈T

(pb−πa,t)qb,t ≥ Mb(1−βb) with Mb :=
∑

t∈T

min{(pb−π)qb,t | π ∈ [p, p]}.

(C6) Flexible bid price condition. A flexible bid is only executed if it does not incur
a loss:

∀a ∈ A, f ∈ Fa, t ∈ T ϕ f ,t(p f −πa,t) sgn(q f )≥ 0,

where sgn(·) denotes the sign function. This formulation is equivalent to equa-
tion (5.4). Similar to block bids, also flexible bids might miss a not-realized
profit, that is, they might get rejected, even though the prices would allow the
execution.

(C7) Flow price condition. This condition represents the optimality condition of
the cross-border traders optimization problem. The regulators force them to be
price takers such that the prices are externally given by the auctioneer and the
only remaining decision variable is the flow τc,t . The individual optimization
problem is to maximize the congestion rent subject to the available transmission
capacity and the ramp rate:

max
∑

c∈C

∑

t∈T

(πs,t −πr,t)τc,t (LP-TSO)

s.t. [µ] ∀c ∈ C , t ∈ T τc,t ≤ τc,t ATC

[µ] ∀c ∈ C , t ∈ T −τc,t ≤−τc,t ATC

[eρ] ∀c ∈ C , t ∈ T τc,t −τc,t−1 ≤ eτc ramp rate

[ρ
e

] ∀c ∈ C , t ∈ T τc,t−1−τc,t ≤ eτc ramp rate.

The variables in squared brackets are the dual variables to the primal con-
straints. By duality, essentially a flow is optimal if a price difference between
two adjacent areas implies that at least one transmission constraint is active.
The KKT conditions provide a precise description of an optimal flow. From now
on the KKT conditions of (LP-TSO) will be called the flow price condition.
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Definition 5.8 (flow price condition). Let τ ∈ RC×T , τc,t ≤ τ ≤ τc,t , and π ∈
RA×T . The flow-price tuple (τ,π) satisfies the flow price condition if there exist
µ,µ, eρ,ρ

e

∈ RC×T so that for all c = (r, s) ∈ C and t ∈ T the following conditions
hold:

µc,t ,µc,t
, eρc,t ,ρ

e

c,t ≥ 0 , (5.25)

(µc,t −µc,t
) + (eρc,t −ρ

e

c,t) + [(ρ
e

c,t+1− eρc,t+1)] +πr,t −πs,t = 0 , (5.26)

(τc,t −τc,t) µc,t = 0 , (5.27)

(−τc,t +τc,t) µc,t
= 0 , (5.28)

(τc,t −τc,t−1− eτc) eρc,t = 0 , (5.29)

(τc,t−1−τc,t − eτc) ρ
e

c,t = 0 . (5.30)

In terms of duality theory the conditions (5.25) and (5.26) correspond to dual
feasibility conditions and the remaining ones are complementarity conditions. The
term in square brackets is only added if t + 1 ∈ T.

In the following, we provide three implications that help to understand the
properties of an optimal flow. The proofs of these implications can be found in
[45].

If there is no ramping on an interconnector c = (r, s), the condition simplifies to

∀t ∈ T πs,t −πr,t

(

≤ 0 ,τc,t < τc,t ,

≥ 0 ,τc,t < τc,t .

The economic interpretation of this simplified condition is that free transfer
capacity in the forward direction implies that the price πr,t in the source area
must be higher or equal to the price πs,t in the sink area. If this would not be the
case, then the free capacity should be used to transfer additional electricity from
the source to the sink, and therefore the market would not be in an equilibrium.

If, on the other hand, the ramping condition (C2) on an interconnector c = (r, s)
is only binding (i.e., satisfied with equality) in two consecutive hours t and
t + 1, and there is still available transfer capacity in that time window, then the
condition simplifies to:

πs,t −πr,t = −(πs,t+1−πr,t+1) .

This establishes that the price difference at one point in time can have an impact
on the price difference in the following ones.

As mentioned before the flow price condition implies that prices of adjacent
areas can only deviate if at least one respective transmission constraint is active
(terms in square brackets are only present if t + 1 ∈ T):

∀ c = (r, s) ∈ C , t ∈ T
πr,t < πs,t ⇒ τc,t = τc,t ∨ τc,t −τc,t−1 = eτc [∨ τc,t −τc,t+1 = eτc ],
πr,t > πs,t ⇒ τc,t = τc,t ∨ τc,t−1−τc,t = eτc [∨ τc,t+1−τc,t = eτc ].
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(C8) Filling condition of linear bid curves. This constraint represents the optimality
conditions of linear bid curves. Participants who submit linear bid curves are
modeled as price takers. In the optimization problem associated with a linear
bid curve h the price is exogenously given and the only remaining decision
variable is δh. The objective is to maximize the economic surplus.

max

∫ δh

0

mh(u)du−πa,tδh (QP-Hourly)

s.t. [ν] +δh ≤ δh

[ν] −δh ≤ δh

with mh(δh) = ph −∆phδh. The variables in squared brackets correspond to
the dual variables of this problem. From now on the KKT conditions of this
price-parameterized optimization problem will be called filling condition.

Definition 5.9 (filling condition). Let δh ≤ δh ≤ δh for h ∈ H and π ∈ RA×T .
The tuple (δ,π) satisfies the filling condition if and only if there exist variables
ν ,ν ∈ RH so that for all a ∈ A, t ∈ T, h ∈ Ha,t

−mh(δh) +πa,t + νh− νh = 0, (5.31)

(+δh−δh) νh = 0, (5.32)

(−δh+δh) νh = 0, (5.33)

νh, νh ≥ 0 . (5.34)

This condition can be reformulated to an equivalent condition:

Proposition 5.10 (filling condition). Let δh ≤ δh ≤ δh for h ∈ H and π ∈ RA×T .
The tuple (δ,π) satisfies the filling condition if and only if

∀a ∈ A, t ∈ T , h ∈ Ha,t with δh < δh : πa,t







≤ mh(δh), if δh = δh

= mh(δh), if δh ∈ (δh,δh)
≥ mh(δh), if δh = δh

with mh(δh) = ph−∆phδh.

Proof. Let a ∈ A, t ∈ T , and h ∈ Ha,t . If δh = δh, then νh and νh are free and
(5.31) is trivially satisfied. Let δh < δh. We will now consider three cases.
In the first case, let δh = δh. Then νh = 0 and νh ≥ 0, and (5.31) simplifies to
−mh(δh)+πa,t ≤ 0. For the second case suppose δh ∈ (δh,δh). Then νh = 0 and
νh = 0, and (5.31) simplifies to−mh(δh)+πa,t = 0. For the last case, let δh = δh.
Then νh ≥ 0 and νh = 0, and (5.31) simplifies to −mh(δh) +πa,t ≥ 0.

The second definition directly shows that an optimal solution only contains
quantity-price-combinations (δ,π) that were defined by the piecewise linear bid
curves. The filling condition can be modeled with the help of the delta-method
(cf. [13, Chapter 26-3-I(f)]). A graphical illustration of the filling condition is
given in Figure 5.5.
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Figure 5.5: The tuple (δ′,π′) satisfies the filling condition. The points (δ′h,π′a,t) are
in Lh for h= 1, 2,3 and the point (δ′1+δ

′
2+δ

′
3,π′a,t) is in L{1,2,3}.

5.4.3 Additional market rules

For the sake of completeness, we need to mention that there exist additional market
rules that are not covered by the previous model. Some of these additional rules are
only valid for either the CWE region or the NPS region. For example, in the CWE
region there is a parameter that prevents block bids with low marginal costs or high
marginal willingness to pay from being rejected. In the NPS region participants can
submit so-called convertible block bids. A convertible block bid is basically a block bid,
but if it gets rejected, it is transformed into several linear hourly bid curves and the
auction starts again. Some interconnectors are facing a significant transmission loss.
The factor that models this loss is called deadband. There also exist rules related to
situations with extremely high or low area prices: The exchanges impose additional
upper and lower bounds on the prices. If a price reaches a bound, then curtailment rules
come into effect: If, for example, an area price is at its upper bound, then demand
block bids in this area have a lower priority than linear bid curves. Except for the
different price intervals we will not explain these rules in detail as they are out of the
scope of this work.

Remark. Different price intervals. The prices in the NPS region are limited to the
interval [−200,2000]BC/MWh whereas the prices in the CWE region are limited to
[−3000,3000]BC/MWh. On the on hand the area prices πa,t must be within the
specific regional bounds. On the other hand all submitted limit prices (marginal will-
ingness to pay / marginal cost) must be within the specific regional price interval:
Let Pa be the feasible price interval in area a, then pb, p f ∈ Pa for all block bids b
and flexible bids f in area a, and mh([δh,δh]) ⊆ Pa for all linear bid curves h in area
a. Note that linear bid curves are defined for all prices πa,t in R and that they are
parallel to the price axis for prices in R \ Pa.

If a solution contains a price πa,t /∈ Pa, then πa,t is changed to the nearest price
in Pa. By doing so, we might violate the flow price condition. In other words, there
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might be a price difference between two adjacent areas although none of the transport
restrictions is binding. In fact, this might happen if one of the areas has a small price
interval and reaches the maximal possible hourly demand or supply.

5.4.4 Computational comments on standard solvers

The problem formulation (MPEC) is in principle solvable by convex mixed integer
quadratic constrained programming (MIQCP) solvers like IBM CPLEX if we convexify
the price conditions by using the big-M method. Recently, Madani and Van Vyve
presented an MICQP formulation [42] which models the non-convex constraints with
the help of one big-M constraint for each non-convex bid and a singe dense convex
quadratic constraint. The formulation combines primal and dual constraints in one
model and makes use of Dorn’s dual (see Theorem A.4). Solving real-world instances
with this technique, however, is very hard. The authors observed that “today’s state-
of-the-art MIQCP solvers are not able to deal with large-scale programs with this
structure”. Alternatively, one could consider to solve the model (MPEC) directly with
MINLP solvers or general MIQCP solvers like BONMIN, COUENNE, SCIP, or BARON.
However, we observed that none of these solvers was able to solve a typical instance
of the relaxed (QPBidCut) model to optimality within 10 minutes5. This indicates that
these solvers will not be able to solve the the problem to optimality within 10 minutes
if we add the non-convex complementarity conditions. This is clearly unsatisfactory
as the actual market coupling auction needs to be cleared within 10 minutes. We
therefore propose a heuristic and an exact algorithm for this problem.

5.5 Optimality conditions

In this section, we define a convex relaxation of (MPEC) and analyze its optimality
conditions. Based on this analysis we derive a heuristic and an exact algorithm that
performs very well in practice. We say that (β∗,ϕ∗) is a bid selection if β∗ ∈ {0,1}B
and ϕ∗ ∈ {0,1}F×T . Note that a bid selection does not necessarily satisfy the block
price condition.

We consider the following parameterized and relaxed version of (MPEC). We relax
all price constraints and assume that a fixed bid selection (β∗,ϕ∗) is exogenously

5Run on a 64-bit Debian server with two 6-Core AMD Opteron 2435 (2.6GHz) CPUs and 64GB RAM.



108 Chapter 5. European day-ahead electricity auctions

given:

max
∑

h∈H

∫ δh

0

mh(u)du+
∑

b∈B, t∈T

pb qb,t β
∗
b +

∑

f ∈F , t∈T

p f q f ϕ
∗
f ,t (QPRelaxβ∗,ϕ∗)

s.t. [π] ∀a ∈ A, t ∈ T
∑

h∈Ha,t

δh+
∑

c∈C+a

τc,t −
∑

c∈C−a

τc,t =−
∑

b∈Ba

qb,t β
∗
b −
∑

f ∈Fa

q f ϕ
∗
f ,t

[ν] ∀h ∈ H δh ≤ δh

[ν] ∀h ∈ H −δh ≤ δh

[µ] ∀c ∈ C , t ∈ T τc,t −τc,t ≤ 0

[eρ] ∀c ∈ C , t ∈ T τc,t −τc,t−1− eτc ≤ 0

[µ] ∀c ∈ C , t ∈ T −τc,t +τc,t ≤ 0

[ρ
e

] ∀c ∈ C , t ∈ T τc,t−1−τc,t − eτc ≤ 0.

Note that (QPRelaxβ∗,ϕ∗) is a parameterized optimization problem where the bi-
nary variables (β∗,ϕ∗) are exogenously given parameters. It is a convex optimization
problem with a polyhedral feasible region. Therefore, it is well defined to associate
dual variables with every primal constraint. The dual variables are denoted by the
Greek letters that are given in squared brackets. The next theorem is a modified ver-
sion of Corollary 2.20. It will show that in this relaxation we do not need to require
the filling condition (C8) or the flow price condition (C7) explicitly as these naturally
follow from the KKT conditions.

Theorem 5.11 (Natural spot price characteristics). Let (β∗,ϕ∗) be an exogenously
given fixed bid selection, that is, β∗ and ϕ∗ are exogenously given parameters. A feasible
solution (δ,τ) to (QPRelaxβ∗,ϕ∗) is optimal if and only if there exist prices π so that
(δ,π) satisfies the filling condition and (τ,π) satisfies the flow price condition. These
prices are given by the optimal dual variables to the clearing condition of (QPRelaxβ∗,ϕ∗).

Proof. Let (β∗,ϕ∗) be a fixed bid selection. The objective of the parameterized op-
timization problem (QPRelaxβ∗,ϕ∗) is concave and continuous differentiable and the
constraints are affine linear. The Karush-Kuhn-Tucker optimality conditions provide
the following: A primal feasible solution (δ,τ) to (QPRelaxβ∗,ϕ∗) is an optimal solu-
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tion if and only if there exist dual variables π,ν ,ν ,µ,µ, eρ,ρ
e

with

ν ,ν ,µ,µ, eρ,ρ
e

≥ 0, (5.35)

∀a ∈ A, t ∈ T , h ∈ Ha,t −mh(δh) +πa,t + νh− νh = 0, (5.36)

∀c = (r, s) ∈ C , t ∈ T (µc,t −µc,t
) + (eρc,t −ρ

e

c,t) + [(ρ
e

c,t+1− eρc,t+1)] = πs,t −πr,t ,

(5.37)

∀a ∈ A, t ∈ T , h ∈ Ha,t (δh−δh) νh = 0, (5.38)

(−δh+δh) νh = 0, (5.39)

∀c = (r, s) ∈ C , t ∈ T (τc,t −τc,t) µc,t = 0, (5.40)

(τc,t −τc,t−1− eτc) eρc,t = 0, (5.41)

(−τc,t +τc,t) µc,t
= 0, (5.42)

(τc,t−1−τc,t − eτc) ρ
e

c,t = 0, (5.43)

where the term in squared brackets is only added if t + 1 ∈ T . The conditions (5.35)
to (5.37) are the dual feasibility conditions and conditions (5.38) to (5.43) are the
complementarity conditions. Observe that equations (5.35), (5.37), and (5.40) to
(5.43) imply that (τ,π) fulfills the flow price condition (C7). The filling condition
(C8) corresponds to the equations (5.35), (5.36), and (5.38) to (5.39).

We will later use Theorem 5.11 to extend solutions to (QPRelaxβ∗,ϕ∗) to feasible
ones for (MPEC).

5.6 Uniqueness of a solution

In the following section, we will discuss uniqueness aspects of the computed solution.
More precisely, we will show that the economic surplus for a given bid selection is
unique. The flows and the prices however are not necessarily unique as we will see.
Suppose that an algorithm finds an optimal solution to (MPEC). We will see that if
we fix the binary variables in (MPEC) to the optimal values, then all feasible solutions
to the remaining model have the same objective value, thus the remaining model
is just a feasibility problem. In practice there exist several feasible solutions to the
remaining model. For this reason, an auctioneer must define rules that determine
a unique solution among these feasible solutions. In practice SESAM and COSMOS
use slightly different rules to choose unique solutions. For the sake of exposition we
propose a simple rule that chooses unique flows and prices without changing the total
economic surplus. At first an algorithm chooses a bid selection, then a unique flow is
chosen, and finally a unique price. As a corollary of 5.11 we obtain:

Corollary 5.12. Let (β∗,ϕ∗) be a fixed bid selection and let (δ∗,τ∗) be a feasible so-
lution to the parameterized optimization problem (QPRelaxβ∗,ϕ∗). Then (δ∗,τ∗) is an
optimal solution to (QPRelaxβ∗,ϕ∗) if and only if there exist prices π∗ that satisfy the
filling condition and the flow price condition.
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Figure 5.6: Both flows generate the same economic surplus.

5.6.1 Unique economic surplus for a given bid selection

Let (β∗,ϕ∗) be a bid selection. Recall that the model (MPEC) requires the filling con-
dition and the flow price condition to be satisfied. We can therefore only construct a
solution to (MPEC) from a solution to (QPRelaxβ∗,ϕ∗) if there exist prices that satisfy
the filling and the flow price condition. Fortunately, these are exactly the KKT optimal-
ity conditions of (QPRelaxβ∗,ϕ∗). Let (δ∗,τ∗) be a feasible solution to (QPRelaxβ∗,ϕ∗)
and suppose that there exist prices that satisfy the filling condition and the flow price
condition. Corollary 5.12 provides that in this case (δ∗,τ∗) is an optimal solution
to (QPRelaxβ∗,ϕ∗). There exists exactly one optimal objective value for each param-
eterized (QPRelaxβ∗,ϕ∗). If we fix the bid selection in the model (MPEC), then the
remaining degrees of freedom cannot influence the economic surplus anymore.

5.6.2 Uniqueness of hourly bid execution

Let (β∗,ϕ∗) be a bid selection and let I ⊂ H be the indices of linear bid curves with a
strict decreasing marginal willingness to pay / costs function mh, that is,

I :=
�

h ∈ H |∆ph 6= 0
	

.

An optimal solution to (QPRelaxβ∗,ϕ∗) is unique with respect to δI , as ω is strictly
concave with respect to δI (cf. [14]).

5.6.3 Choosing unique flows

The optimality of a solution to (QPRelaxβ∗,ϕ∗) and the constraints in Section 5.4.2 are
not sufficient to imply a unique flow. This follows from the non-uniqueness of the
execution state of some linear bid curves (those with ∆ph = 0). To obtain a unique
flow, we minimize the squared flow while fixing the economic surplus. In Figure 5.6
an example of a non-unique flow is depicted. The left part shows the solution with
minimized squared flows. In this example the prices of the adjacent areas coincide
and there is no congestion rent.

The following model selects a unique flow: Let (β∗,ϕ∗) be a bid selection, (δ∗,τ∗)
be an optimal solution to (QPRelaxβ∗,ϕ∗), and let J ⊂

�

h ∈ H |∆ph = 0
	

be the set of
linear bid curves with non-unique execution state.
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min
∑

t∈T

∑

c∈C

τ2
c,t (FixFlow)

s.t. The economic surplus must not change (cf. Theorem 5.7):
∑

h∈J

phδh =
∑

h∈J

phδ
∗
h.

Clearing condition (cf. (C1)):

∀a ∈ A, t ∈ T
∑

h∈J∩Ha,t

δh+
∑

c∈C+a

τc,t −
∑

c∈C−a

τc,t =
∑

h∈J∩Ha,t

δ∗h+
∑

c∈C+a

τ∗c,t −
∑

c∈C−a

τ∗c,t .

Upper bounds, lower bounds, and ramp rate:

∀h ∈ J δh ≤ δh ≤ δh,

∀c ∈ C , t ∈ T τc,t ≤ τc,t ≤ τc,t ,

∀c ∈ C , t ∈ T − eτc ≤ τc,t −τc,t−1 ≤ eτc.

Note that the objective is strictly convex and the constraints are affine linear. So
the obtained solution is unique with respect to the flow. The unique flow determines
a unique net export per area and hour, therefore also the execution state of the linear
bid curves in J is unique.

5.6.4 Choosing unique prices

In this section, we will explain a way of how to obtain unique prices. Let (β∗,ϕ∗)
be a bid selection and (δ∗,τ∗) an optimal solution to (QPRelaxβ∗,ϕ∗) with unique
flows. Then there exist prices π∗ that satisfy the filling condition and the flow price
condition. The following example will illustrate that these prices are not unique in
general.

Suppose that there is only one market area a, and one time slot t. Let the hourly
bid curve LHa,t

be parallel to the price axis in a price interval I (i.e., no volume
change). Let δ∗ be an optimal solution to (QPRelaxβ∗,ϕ∗) and let π∗ be a price that
satisfies the filling condition. The flow price condition is trivially satisfied as there
exists no interconnector. If π∗ is in I , then all prices in I satisfy the filling condition.

The following model takes as input a given bid selection and an optimal solution to
(QPRelaxβ∗,ϕ∗), and then determines unique prices by minimizing the squared prices
subject to all price conditions.
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min (squared prices)
∑

a∈A

∑

t∈T

π2
a,t (QPPrice)

s.t. (price constraints)

∀a ∈ A, b ∈ Ba β∗b

∑

t∈T

(pb −πa,t)qb,t ≥ 0 (C5)

∀a ∈ A, f ∈ Fa, t ∈ T ϕ∗f ,t(p f −πa,t) sgn(q f )≥ 0 (C6)

∀c = (r, s) ∈ C , t ∈ T (µc,t −µc,t
) + (eρc,t −ρ

e

c,t) + [(ρ
e

c,t+1− eρc,t+1)]

+πr,t −πs,t = 0 (C7)

∀c ∈ C , t ∈ T (τ∗c,t −τc,t) µc,t = 0 (C7)

∀c ∈ C , t ∈ T (−τ∗c,t +τc,t) µc,t
= 0 (C7)

∀c ∈ C , t ∈ T (τ∗c,t −τ
∗
c,t−1− eτc) eρc,t = 0 (C7)

∀c ∈ C , t ∈ T (τ∗c,t−1−τ
∗
c,t − eτc) ρ

e

c,t = 0 (C7)

∀c ∈ C , t ∈ T µc,t , µc,t
, eρc,t , ρ

e

c,t ≥ 0 (C7)

∀a ∈ A, t ∈ T , h ∈ Ha,t −mh(δ
∗
h) +πa,t + νh− νh = 0 (C8)

∀a ∈ A, t ∈ T , h ∈ Ha,t (δ∗h−δh) νh = 0 (C8)

∀a ∈ A, t ∈ T , h ∈ Ha,t (−δ∗h+δh) νh = 0 (C8)

∀a ∈ A, t ∈ T , h ∈ Ha,t νh, νh ≥ 0 (C8)

∀a ∈ A, t ∈ T πa,t ∈ R

Observe that the filling condition, the flow price condition, and the bid price con-
straints simplify to linear constraints, because the flow τ∗, the hourly bid execution
δ∗, and the bid selection (β∗,ϕ∗) are fixed.

5.7 The bid cut heuristic and an exact algorithm

We will now apply the algorithms of Section 2.4.1 to the European electricity market
problem. The basic idea is to relax all price constraints. For example, we allow that
block or flexible bids incur a loss. The following model corresponds to (MICP)(Λ∗).
It is similar to (QPRelaxβ∗,ϕ∗), but this time the bid selection is not fixed. The model
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can choose the best bid selection in terms of the total economic surplus.

max (econ. surplus)
∑

h∈H

∫ δh

0

mh(u)du+
∑

b∈B
t∈T

pb qb,t βb +
∑

f ∈F
t∈T

p f q f ϕ f ,t (QPBidCut)

s.t. (quantity constraints)

∀a ∈ A, t ∈ T
∑

h∈Ha,t

δh+
∑

b∈Ba

qb,tβb +
∑

f ∈Fa

q fϕ f ,t =
∑

c∈C−a

τc,t −
∑

c∈C+a

τc,t (C1)

∀c ∈ C , t ∈ T − eτc ≤ τc,t −τc,t−1 ≤ eτc (C2)

∀(b, c) ∈ L βb ≤ βc (C3)

∀ f ∈ F
∑

t∈T

ϕ f ,t ≤ 1 (C4)

∀b ∈ B βb ∈ {0, 1}
∀ f ∈ F , t ∈ T ϕ f ,t ∈ {0, 1}
∀c ∈ C , t ∈ T τc,t ∈ [τc,t ,τc,t]

∀h ∈ H δh ∈ [δh,δh]

Theorem 5.13. Let (β∗,ϕ∗,δ∗,τ∗) be an optimal solution to (QPBidCut). Then there
exist prices π that satisfy the filling condition and the flow price condition. The objective
value ω(β∗,ϕ∗,δ∗) is the economic surplus in the point (β∗,ϕ∗,δ∗,τ∗).

Proof. See Corollary 2.20. Alternatively, we may reprove this theorem using the elec-
tricity market notation. Let (β∗,ϕ∗,δ∗,τ∗) be optimal for (QPBidCut). Then (β∗,ϕ∗)
is a fixed bid selection and (δ∗,τ∗) is optimal for (QPRelaxβ∗,ϕ∗). Theorem 5.11 yields
the existence of prices that satisfy the filling condition and the flow price condition.
As every feasible solution to (QPBidCut) satisfies the clearing condition (C1), Propo-
sition 5.7 yields that ω(β∗,ϕ∗,δ∗) is the economic surplus.

Note that the theorem above only guarantees that the filling condition and the
flow price condition can be satisfied in an optimal solution. It does not guarantee that
none of the executed block bids or flexible bids incurs a loss.

Suppose now that we have an optimal solution to (QPBidCut). Then we can find
prices that satisfy the filling condition and the flow price condition, but there might
exist block or flexible bids that incur a loss. Thus the solution is not feasible for
(MPEC). In this case an additional constraint, a so-called bid cut, is added to the
problem. This constraint cuts off the infeasible bid selection and a class of similar
bid selections. This process is repeated until a selection is found that is feasible for
(MPEC). The feasibility of a selection can be checked with a model that is similar
to (QPPrice). As shown in Theorem 5.13 the flow price condition and the filling
condition can be satisfied. The block and flexible bid price condition must be relaxed.
Instead of choosing unique prices, we are now interested in minimizing the violation
of these two conditions. Model (LPPrice) shows these modifications. It corresponds
to model (LP)(δ∗,λ∗) from Section 2.4.1. We introduced a positive continuous slack
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variable λb for every executed block or flexible bid b and used them to relax the
according block or flexible bid price condition. Instead of minimizing the squared
prices we minimize the sum of these slack variables. Now the variable λb models the
loss of the executed block or flexible bid b.

Let (β∗,ϕ∗,δ∗,τ∗) be an optimal solution to (QPBidCut), then the parameterized
linear program (LPPrice) checks whether the solution is feasible to (MPEC): If there
exists a solution with λ= 0, then we have found a feasible solution to (MPEC).

min (incurred loss)
∑

b∈B

λb +
∑

f ∈F

λ f (LPPrice)

s.t. (price constraints)

∀a ∈ A, b ∈ Ba β∗b

∑

t∈T

(pb −πa,t)qb,t ≥−λb (relaxed C5)

∀a ∈ A, b ∈ Ba λb ≥ 0

∀a ∈ A, f ∈ Fa, t ∈ T ϕ∗f ,t(p f −πa,t) sgn(q f )≥−λ f (relaxed C6)

∀a ∈ A, f ∈ Fa λ f ≥ 0

∀c = (r, s) ∈ C , t ∈ T (µc,t −µc,t
) + (eρc,t −ρ

e

c,t) + [(ρ
e

c,t+1− eρc,t+1)]

+πr,t −πs,t = 0 (C7)

∀c ∈ C , t ∈ T (τ∗c,t −τc,t) µc,t = 0 (C7)

∀c ∈ C , t ∈ T (−τ∗c,t +τc,t) µc,t
= 0 (C7)

∀c ∈ C , t ∈ T (τ∗c,t −τ
∗
c,t−1− eτc) eρc,t = 0 (C7)

∀c ∈ C , t ∈ T (τ∗c,t−1−τ
∗
c,t − eτc) ρ

e

c,t = 0 (C7)

∀c ∈ C , t ∈ T µc,t , µc,t
, eρc,t , ρ

e

c,t ≥ 0 (C7)

∀a ∈ A, t ∈ T , h ∈ Ha,t −mh(δ
∗
h) +πa,t + νh− νh = 0 (C8)

∀a ∈ A, t ∈ T , h ∈ Ha,t (δ∗h−δh) νh = 0 (C8)

∀a ∈ A, t ∈ T , h ∈ Ha,t (−δ∗h+δh) νh = 0 (C8)

∀a ∈ A, t ∈ T , h ∈ Ha,t νh, νh ≥ 0 (C8)

∀a ∈ A, t ∈ T πa,t ∈ R

We will now introduce three families of cuts that can separate infeasible solutions.
The first one works very well in practice but is inexact as it might converge to a
suboptimal solution. The second family is exact but more cuts have to be added. And
the third family of cuts is a tightened version of the second one.

Definition 5.14. Let (β∗,ϕ∗,δ∗,τ∗) be an optimal of (QPBidCut) and let π∗ be an
optimal solution to (LPPrice). The set of bids that incur a loss at prices π∗ is given by

Bloss = {b ∈ B | β∗b = 1 and
∑

t∈T

(pb −π∗a,t)qb,t < 0}

and Floss = { f ∈ F | ex. t ∈ T with ϕ∗f ,t = 1 and (p f −π∗a,t) sgn(q f )< 0}.
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where Bloss is the set of executed block bids that incur a loss at prices π∗ and Floss is the set
of executed flexible bids that incur a loss at prices π∗. The linear constraint that prohibits
the execution of at least one bid of the set Bloss ∪ Floss is given by

Cut(Bloss, Floss) :
∑

b∈Bloss

βb +
∑

f ∈Floss,t∈T :ϕ∗f ,t=1

ϕ f ,t ≤ |Bloss|+ |Floss| − 1.

We refer to this class of constraints as bid cuts (cf. [48, Def. 5.2]). This cut corresponds
to equation (2.76).

As mentioned above, for this family of cuts, the obtained solution might be slightly
suboptimal, that is, these cuts provide us with a heuristic. Nonetheless, this cut can
be applied iteratively as shown in Algorithm 5.7.1 or it can be incorporated into a
branch-and-cut framework. The latter is the more effective one as it provides a very
fast heuristic: The solving process of IBM CPLEX is only started once and the bid cuts
are injected directly into the process by using callback functions.

If the bid cut is replaced with a less aggressive one that only removes infeasible bid
selections, then the resulting algorithm will converge to the globally optimal solution.

Theorem 5.15. Let (β∗,ϕ∗,δ∗,τ∗) be an incumbent solution of (QPBidCut) that vio-
lates the price conditions. Then the following inequality is globally valid for (MPEC):

∑

b∈B:β∗b=0

βb +
∑

f ∈F,t∈T :ϕ∗f ,t=0

ϕ f ,t +
∑

b∈B:β∗b=1

(1− βb) +
∑

f ∈F,t∈T :ϕ∗f ,t=1

(1−ϕ f ,t)≥ 1.

We refer to this class of constraints as no-good cuts (see [48, Thm. 5.4] and [12]). Each
cut separates exactly one invalid bid selection.

Proof. Per definition (p. 43), (δ∗,τ∗) maximizes (QPRelaxβ∗,ϕ∗). The dual feasibility
and the complementary slackness of the KKT conditions of (QPRelaxβ∗,ϕ∗) are given by
equations (5.35) to (5.40). These constraints are exactly the same as the constraints
(C7) and (C8) in (LPPrice)(δ∗,τ∗). In the following, we show that there exists no
(δ′,τ′) such that (β∗,ϕ∗,δ′,τ′) is feasible for (MPEC). Such a (δ′,τ′) maximizes
(QPRelaxβ∗,ϕ∗) (see Thm. 5.11). According to Proposition A.3, the feasible region
of (LPPrice)(δ∗,τ∗) is equal to the one of (LPPrice)(δ′,τ′). As the optimal value of
the former is non-zero, the optimal value of the latter is also non-zero. Therefore,
(β∗,ϕ∗,δ′,τ′) violates the price conditions and the no-good cut is globally valid.

Theorem 5.16. Let (β∗,ϕ∗,δ∗,τ∗) be a node solution of (QPBidCut) that violates the
price conditions. Then the following inequality is locally valid for (MPEC):

∑

b∈B:β∗b=1

(1− βb) +
∑

f ∈F,t∈T :ϕ∗f ,t=1

(1−ϕ f ,t)≥ 1.

We refer to this class of constraints as MVV-cuts. Each cut separates a class of similar
invalid bid selections.

Proof. See [42] or Theorem 2.29.
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Algorithm 5.7.1 Iterative Bid Cut Heuristic

Input: An instance of the model (QPBidCut).
Output: (π∗,β∗,ϕ∗,δ∗,τ∗) feasible for (MPEC).

done← false
i← 0

while ¬done do

(β∗,ϕ∗,δ∗,τ∗) ← solve (QPBidCut)
(π∗, Bi

loss, F i
loss) ← solve (LPPrice) with input values (β∗,ϕ∗,δ∗,τ∗)

if |Bi
loss ∪ F i

loss|= 0, then
done← true

else
add Cut(Bi

loss, F i
loss) to the model (QPBidCut)

end if

i← i+ 1
end while
(τ∗) ← solve (FixFlow) with input values (β∗,ϕ∗,δ∗)

Return (π∗,β∗,ϕ∗,δ∗,τ∗).

The most effective way to implement an exact algorithm that uses one of the exact
cuts is to inject them into a branch-and-cut framework. We call such an algorithm
Branch-and-Cut Decomposition, because it decomposes the model into the upper level
problem (QPBidCut) and the parameterized lower level problems (LPPrice) and uses
exact cuts to connect both levels.

5.8 Numerical results

The numerical results in this section allow for a comparison of the absolute gaps
and computing times of several different heuristics and exact algorithms. The results
also include the commercial algorithm EMCC Optimizer 4.0.0 of European Market
Coupling Company (EMCC), which was used in 2013 to determine flows between the
NPS and the CWE region. The results further include the new algorithm which was
recently published in [42] and which is a special case of Algorithm 2.4.1. It seems that
the new cut in this algorithm is also used in the commercial COSMOS / EUPHEMIA
solver, however, the authors do not state this explicitly6.

For our computational tests we used 327 realistic instances of the European mar-
ket coupling problem, including the 79 instances of [45]. Table 5.1 provides details

6“COSMOS is the algorithm used in the Central-Western European integrated market since Novem-
ber 2010. It is similar to the algorithm described by [45]. However the cuts added at integer nodes
that do not support linear prices are stronger while still guaranteed not to cut any optimal solution.”
[64, p. 16]
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Table 5.1: Details about the test sets: average number of combinatorial orders, linear
bid curves, fractional combinatorial orders in an optimal solution to the QP-relaxation,
and number of areas.

Comb. Linear bid Fract. orders
# Test set Instances orders curves in QP-relax. Areas
1 NPS+GER 2009 [45] 79 595 31,692 2.2 9.8
2 NPS+CWE 2011 59 1,457 71,439 3.8 20.0
3 random small 79 653 40,433 4.9 9.7
4 random large 110 1,555 76,187 10.2 20.0

all instances 327 1,088 55,943 5.9 15.1

about the different instances which are grouped into four different test sets.
In the following, we will give a brief introduction to the different algorithms and

provide some statistics. All algorithms were run on the same hardware7, except for
the EMCC Optimizer 4.0.0, which was was run on a different machine8.

EMCC Optimizer 4.0.0

In this comparison, we analyze version 4.0.0 of the EMCC Optimizer, which was used
by EMCC in 2013. It significantly differs from version 2.1.2, which is described in
[20]. To the best of our knowledge the algorithm is a heuristically implemented
branch-and-bound method. Instead of branching fractional binary variables to their
upper and lower bounds, they are only branched downwards to their lower bounds.
On the one hand, this technique ensures that each intermediate result possesses strict
linear prices where no participant incurs a loss. On the other hand, intermediate
results might be fractional, that is, binary variables might be fractional. If an interme-
diate result is fractional, the algorithm creates several new branches such that binary
variables are branched to their lower bounds. Otherwise the intermediate result is
mixed integral and satisfies all price conditions, that is, it is a feasible solution and its
objective value can be used to prune branches with smaller or equal objective values.

The branch-and-bound tree can be very large. In order to ensure a short comput-
ing time, the algorithm terminates and returns the best feasible solution if it reaches
the time limit of 200 seconds. In our analysis, we observed that even if it finishes
before this time limit, the solution is not necessarily optimal. In other words, the
EMCC Optimizer 4.0.0 is a heuristic. However, in 70% (229/327) of the instances the
algorithm finishes in less than 195 seconds, and in 93% (213/229) of these instances
the algorithm returned the best known solution (±1 Euro).

The average computing time amounts to 75 seconds and in 25.7% (84/327) of the
cases we could prove the optimality of the solution. A solution is considered optimal
here if the absolute gap is less than or equal to 0.1 Euro, which roughly corresponds

72x Intel Xeon Core E5640 with 32 GB memory using IBM CPLEX 12.5 and OpenJDK 7
82x Intel Xeon Core E5440 with 8 GB memory using IBM CPLEX 12.5
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to a relative gap of 1×10−12. On average the absolute gap amounts to 8471 Euro, and
in 80% (260/327) of the cases the algorithm found the best known solution (±0.1
Euro). On average there are 8.4 combinatorial bids which miss a not-realized profit.
These bids are called paradoxically rejected bids (cf. [47]).

Relax-and-Fix Heuristic

The Relax-and-Fix Heuristic is described in Chapter 2, Algorithm 2.4.2. In brief, the
algorithm solves the QP-relaxation of the surplus maximization problem and fixes
fractional binary variables successively to zero until all of them are integral. The
main advantage of this algorithm is its short computing time, which averages only 1.4
seconds. Unfortunately, this short computing time has its price: the average absolute
gap amounts to 14,493 Euro, which is roughly twice the average absolute gap of the
other algorithms. However, the heuristic can quickly compute start solutions for other
algorithms.

Bid Cut Heuristic (a) and (b)

For this numerical test, we reimplemented the Bid Cut Heuristic (Algorithm 5.7.1) in
two different fashions. The main difference to the old implementation in [45] lies in
the following two aspects. On the one hand, the results in Chapter 2 show that it is
sufficient to run the (FixFlow) model only once at the end of the algorithm, as the
prices are independent of the particular optimal flow. On the other hand, the new
implementation uses the bid cuts less often than the old implementation. It only adds
the cut to the model if the incumbent solution is a node solution that violates the
price conditions. Otherwise it simply rejects or accepts the solution. The two new
implementations differ in the following way. Implementation (a) generates the bid
cut at the incumbent callback and stores it in a pool. The branch callback and the
lazy constraint callback have access to this pool and can use the cuts to either create
a new branch or to add a new lazy constraint. Implementation (b) generates the bid
cut at the lazy constraint callback if the incumbent is a node solution that violates the
price conditions. Otherwise it passes the solution to the incumbent callback, which
either accepts or rejects it. The branch callback is not used at all.

The numerical results show that both implementations produce similar results,
however implementation (a) slightly outperforms (b). In the following, we briefly
discuss the numerical results of implementation (a). The absolute gap averages 7,619
Euro, which is a significant improvement to the Relax-and-Fix Heuristic. In 25.4% of
the tests the absolute gap is smaller than 0.1 Euro. In 76% of the cases, the solutions
found by the Bid Cut Heuristic could not be outperformed by any other algorithm of
the test. The most important property of the algorithm, however, is its running time,
which averages only 33 seconds. In 3.7% of the test instances the computing time
exceeds 195 seconds and the time limit of ten minutes is reached in 1.8% (6/327) of
the cases. If we use a time limit like ten minutes, the algorithm might find different
solutions if we run it on different machines. In order to be able to reproduce the
results on other machines, one should consider to limit the number of added lazy cuts
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or to limit the number of branch-and-bound nodes. Note that reproduction of prices
is crucial for market transparency and confidence and an algorithm that is terminated
by a time limit is less suited for market clearing as the results can be influenced by
side effects like CPU load that is generated by other processes.

In theory, a time limit, a limit on the number of branch-and-bound nodes, or
a limit on the number of lazy cuts might prevent the algorithm from finding any
feasible solution. For this reason, one should pass a feasible start solution to the Bid
Cut Heuristic in order to guarantee that it always returns a feasible solution. This is
done in the next algorithm.

RNFBidCut Heuristic

This heuristic uses the solution of the Relax-and-Fix Heuristic as a start solution for Bid
Cut Heuristic (b). This initial solution ensures that the algorithm always returns an
acceptable solution which is generally better than the trivial solution. In 23 instances
the solution of Bid Cut Heuristic (b) improved because of the start solution, in 20
instances it deteriorated, and in the other instances it remained unchanged.

The numerical results suggest that on average the start solutions improve the re-
sults of the Bid Cut Heuristic (b) with respect to the best known solution (78% vs
76%) and with respect to the absolute gap (7,825 vs 8,186 Euro). In order to com-
bine the advantages of the three different implementations (RNFBidCut and Bid Cut
Heuristic (a) and (b)) we can run them in parallel and then return the best of the
three solutions. This best solution is used as start solution for the exact algorithms.

B&C Decomposition with no-good cut

For the sake of comparison we also include the B&C Decomposition of [45], which
is equivalent to Algorithm 2.4.1 with the no-good cut (2.75) instead of the new cut
(2.73). The only difference to the original algorithm in [45] is that the (FixFlow)
model is only used once. The algorithm can compute optimal solutions to the Euro-
pean electricity market problem in finite time. However, in practice it does not finish
within the given time limit of ten minutes. For this reason, it is used to improve
heuristic solutions, to compute upper bounds for objective values, and, if possible, to
prove the optimality of a solution within the given time limit.

We used the best solutions of the three Bid Cut Heuristic implementations as warm
start solutions. During the ten minutes only 1.8% (6/327) of the heuristic start so-
lutions could be improved by more than one Euro. These improvements reduced the
average absolute gap to 6,852 Euro. In 25.4% of the cases we could prove the op-
timality of the solutions and in 84% of the cases the algorithm computed the best
known solution within ten minutes.

B&C Decomposition with MVV-cut

This algorithm corresponds to Algorithm 2.4.1 and uses the new cut (2.73), which
is hereafter referred to as MVV-cut. Madani and Van Vyve first showed that for each
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Listing 5.1: Solution source workaround for lazy constraint callback
boolean i sHeur i s t i cSo lOrF ixedNodeSo l ( IloNumVar [] binVars , double eps )

throws I l oExcep t i on {
double [] l b = getLBs ( binVars ) ;
double [] ub = getUBs ( binVars ) ;
for ( in t i = 0; i < ub . length ; i++) {

i f (Math . abs (ub[ i ]− l b [ i ]) > eps ) return fa l se ;
}
return true ;

}

node solution in the branch-and-bound tree that violates the price conditions, the
MVV-cut is valid in the subtree (cf. Thm. 6 in [42]). We implemented the algorithm
by using the lazy constraint callback and the incumbent callback of IBM CPLEX. Un-
fortunately, the application programming interface does not provide a functionality
to check whether an incumbent in the lazy constraint callback is a node solution or
not. However, the unofficial workaround in Listing 5.1, allows us to check whether
the solution is a heuristic solution or a node solution in which all binaries are fixed9.

If the function in Listing 5.1 returns false, then the incumbent is a node solution.
This implies that, if an incumbent in the lazy constraint callback violates the price
conditions and the function returns false, then the MVV-cut is locally valid and we can
add it to the current subtree. Otherwise we must pass it to the incumbent callback,
where we can either accepted or reject it.

The numerical results show that the plain algorithm converges very slowly and
computes unsatisfactory solutions if we use the trivial solution as start solution. On
average the absolute gap amounts to 7,481, 037 Euro and there are 123 paradoxically
rejected bids. If we use the best solution of the three Bid Cut Heuristics as start solu-
tion, then the algorithm finds in 91% of the cases the best known solution, its average
absolute gap amounts to 6,578 Euro, and the number of paradoxically rejected bids
averages 9.1. In comparison to the no-good cut, the algorithm with the MVV-cut has
a shorter computing time (see Figure 5.8). However, the difference of the average
absolute gaps of both algorithms is not significant and only amounts to 274 Euro (see
Figure 5.7). In 8.3% (27/327) of the cases, the algorithm can improve the heuris-
tic start solutions by more than one Euro. This indicates that the start solutions are
very good. Being precise, in 82% (268/327) of the cases the start solution, which is
provided by the three Bid Cut Heuristics, is the best known solution (±0.1 Euro).

B&C Decomposition with MVV- and α-cut

In Section 2.4.4, we presented a decomposition method for a relaxation of the electric-
ity market model. The method uses the cut (Cut)(α∗), which is hereinafter referred to
as α-cut. If an electricity market solution violates the non-negative surplus constraint
of the relaxation, then the α-cut can separate the infeasible solution. An electricity
market solution violates the non-negative surplus constraint if the optimal value of

9See IBM CPLEX forum, topic “Incumbent cbk returns the same solution multiple times”.

https://www.ibm.com/developerworks/community/forums/html/topic?id=77777777-0000-0000-0000-000014817257
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the problem (Inf)(δ∗) is negative. The term “δ∗” represents the values of the decision
variables of the current solution. In the electricity market it corresponds to a solution
(β∗,ϕ∗,δ∗,τ∗). Unfortunately, the α-cut can only handle one-dimensional orders, but
some of the orders in the electricity market are not one-dimensional. Block bids are
one-dimensional and flexible bids can be decomposed into several one-dimensional
bids. Cross-border bids can also be decomposed into one-dimensional bids if there
is no ramping on the corresponding interconnector. And linear bid curves are one-
dimensional if their objective is linear, that is, if the quadratic term vanishes. In
theory we could focus on the one-dimensional bids, check whether they violate the
non-negative surplus constraint, and then generate the corresponding α-cut. In gen-
eral, such a cut would create a logical relation between non-convex bids and convex
bids. For example, it could link block bids with hourly bids. However, it is not clear
whether the α-cut interferes with the MMV cut. Being precise, it is an open question
whether Theorem 2.29 is still valid in the presence of α-cuts which link non-convex
bids with convex bids. For this reason, we decided to consider only non-convex bids,
that is, we only consider block and flexible bids. Then the α-cut only modifies the set
Λ∗ ⊆ {0, 1}IN , where IN represents the indices of the binary variables (β ,ϕ) such that
Theorem 2.29 is still applicable.

The algorithm is implemented in the same way as the previous algorithm. The
only difference is that before adding an MVV-cut we check whether the non-convex
bids violate the non-negative surplus constraint. If so, we use the α-cut instead of
the MVV-cut. In the numerical tests, the algorithm with MVV- and α-cut computed
exactly the same solutions as the algorithm which only uses the MVV-cut. Only in 2%
(6/327) of the instances there where node solutions which violated the non-negative
surplus constraint. This means that the α-cut was rarely used. However, in these few
instances, the α-cut reduced the absolute gap on average by 298 Euro. However, in
the other instances the non-negative surplus tests slowed down the entire process such
that the absolute gap deteriorated in most cases. Taking all instances into account,
the α-cut improved the average absolute gap by only 3.5 Euro.

We also tested whether the results of the Bid Cut Heuristics improve if we use
the α-cut. Only the result of a single instance improved while the computing time
of all other instances deteriorated. For this reason, we did not use the α-cut in the
heuristics.

5.8.1 Tables and figures

Table 5.2 summarizes the results. We can see that the relative gaps of almost all
algorithms have the same order of magnitude. Only the plain B&C MVV algorithm,
which uses the trivial start solution, has an unsatisfactory relative gap. The best
solutions are computed by the B&C MVV Meta algorithm, which uses the best solution
of the Bid Cut Heuristics as start solution. The improvement of the relative gap in
comparison to the best heuristic is not significant. The best suited algorithm in terms
of time consumption and quality of the solution is the Bid Cut Heuristic (a) that finds
very good bid selections in about 33 seconds.

Figure 5.7 visualizes the absolute gap of five selected algorithms. On the x-axis the
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Table 5.2: Numerical results for all 327 instances

Computing time Rel. gap Absolute gap Best known
Algorithm Avg. (s) ≥ 195 s Avg. Avg. (€ ) ≤ 0.1 € solution
B&C MVV+α Meta 447.3 74.3% 2.50E-6 6,578 26.9% 91%
B&C MVV Meta 447.2 74.3% 2.50E-6 6,578 26.9% 91%
B&C no-good Meta 511.0 85.3% 2.61E-6 6,852 25.4% 84%
Heur BidCut (a) 33.0 3.7% 2.89E-6 7,619 25.4% 76%
Heur RNFBidCut 34.6 4.3% 3.03E-6 7,825 25.1% 78%
Heur BidCut (b) 33.4 4.6% 3.23E-6 8,186 25.1% 76%
EMCC Solver 4.0.0 74.7 30.0% 3.38E-6 8,471 25.7% 80%
Heur RelaxNFix 1.4 0.0% 5.26E-6 14,493 20.2% 36%
B&C MVV 450.8 74.6% 2.48E-3 7,481,037 26.6% 47%
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solutions are ordered by some sort of difficulty measure, the best know absolute gap.
It is computed as follows: the best known upper bound, which was computed by any of
the previous algorithms, minus the objective value of the best known solution, which
was computed by any of the previous algorithms. The y-axis shows the absolute gap
of a particular solution. It is computed externally, that is, it is given by the best known
upper bound (computed by any algorithm) minus the objective value of the particular
solution. Each solution is represented by a data point. Its x-position shows the dif-
ficulty of the particular instance and the y-position the absolute gap of the solution.
If an algorithm always finds better solutions than all other algorithms, then all of its
data points lie on a straight line through the origin with slope one. If an algorithm
does not compute the best known solution, then its data points are scattered above
this line. The overlaid line plots visualize the 25-moving average of the scattered data
points of each algorithm. In other words, the line plots visualize the average absolute
gaps. The graph shows that even though the MVV-cut is stronger than the no-good
cut, the average absolute gap of both algorithms is almost the same. Both algorithms
compute the best known solutions, and both algorithms slightly improve the solutions
of the Bid Cut Heuristic (a).

Figure 5.8 shows the computing times of the algorithms. It uses the number of
fractional binary variables at the QP-relaxation as a measure for the difficulty of an
instance. Similar to the previous figure, each data point represents a solution. Its
y-position is the computing time and the x-position the number of fractions binary
variables. The line plots show the 25-moving average of the data points. One can see
that the Relax-and-Fix Heuristic and the Bid Cut Heuristic (a) outperform the other
algorithms. The EMCC solver is the third-fastest algorithm, however, the computing
times are biased, because its time limit amounts to 200 seconds whereas the time
limit of the other algorithms amounts to 600 seconds. We can see that the algorithm

http://mathworld.wolfram.com/MovingAverage.html
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with the MVV-cut slightly outperforms the one with the no-good cut. This advantage
in terms of speed is actually the reason why, in some cases, the algorithm with the
MVV-cut computes better solutions than the one with the no-good cut.

5.9 Concluding remarks

The presented approaches work very well in practice. We achieved the best results
by using the best solution of the Bid Cut Heuristics as start solution for the branch-
and-cut algorithm with new MVV-cut. The new cut is stronger than the old no-good
cut, however, our numerical results show that the improvements in comparison to
the old cut are not significant. A good heuristic is the most important instrument for
achieving the best results. If we do not use a good start solution, then both the MVV-
and the no-good cut fail to provide satisfactory results. Both cuts are better suited
for improving a good start solution, for proving its optimality, and for computing an
upper bound on the objective value. However, the solutions of the Bid Cut Heuristics
are so good that only 8% of them can be improved with the help of the MVV-cut.

A possible route for further improvement is to check whether the α-cut can be
used in conjunction with the MVV-cut if we consider both non-convex and convex
one-dimensional orders.

A nice additional consequence of the presented model are the transparent pricing
rules. In fact, the optimality with respect to the convex orders can be checked eas-
ily: a market participant could collect all relevant information to check the flow price
condition. Furthermore, a solution will also satisfy the filling condition, because oth-
erwise some participants would immediately complain about the incorrect execution
of their orders. So by applying Theorem 5.11 the participant knows that the economic
surplus is maximal for the actual bid selection. This transparency is crucial for market
confidence and liquidity.

We would like to mention that the flow price condition is subject to change in the
future as it will include more detailed network constraints (e.g., power transmission
distribution factors). While this change will alter the optimality conditions of our
model, our model can be adjusted to incorporate additional network constraints.



Chapter 6

Proposals for a European day-ahead
natural gas spot auction

There are several natural gas exchanges in Europe, which facilitate market partici-
pants to trade natural gas at virtual trading points (VTP, sometimes also called trading
hub). For example, the natural gas spot auctions at European Energy Exchange, ICE En-
dex, and Powernext comprise the virtual trading points of Belgium, France, Germany,
the Netherlands, and the United Kingdom. Adjacent trading points are connected by
interconnection points or interconnection zones, which facilitate the transfer of natural
gas from one trading point to another. Figure 6.1 shows an abstract network of a
selection of European virtual trading points and interconnection points.

Interconnection points and zones were established to simplify the trading of nat-
ural gas across different trading points and in particular across national borders. The
more natural gas is transferred from one virtual trading point to another, the more
the prices at these points will converge. If an algorithm automatically determines
an optimal amount of natural gas to be transferred between adjacent trading points,
then this mechanism is called market coupling.

Beside the price convergence, there is an even more important aspect of market
coupling: it increases the total economic surplus of the market participants. From a
mathematical point of view, the economic surplus is the objective function and the
feasible region of the auction model increases as soon as we take interconnection
points/zones into account. And, in most situations, an increase in the feasible region
entails an increase in the optimal objective value.

This chapter proposes methods which allow for the market coupling of natural
gas trading points. In Section 6.1 and 6.2, we start with a short introduction to
the regulatory framework. Then, in Section 6.3 to 6.5, we present long-term and
day-ahead market coupling models, which are based on this regulatory framework.
Finally, Section 6.6 shows that 1 MW and 10MW natural gas auctions can be coupled
in polynomial time.

Sections 6.1 to 6.2.3 are based on the internal report “Bericht: Gasmarktkopplung
(April 24, 2012)”, which is joint work with A. Martin, S. Pokutta, and L. Schewe.

http://www.eex.com
http://www.iceendex.com
http://www.iceendex.com
http://www.powernext.com
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Figure 6.1: Abstract European gas network with VTPs and interconnection points
(This example network is based on data of www.entsog.eu. The map only shows a

selection of cross-border and in-country interconnection points.)

6.1 The entry-exit-model in the European Union

The Council of European Energy Regulators (CEER) states that “in the end, the design
of the EU gas market should be as follows: a set of entry/exit market zones with their
own virtual hub connected through a limited number of bundled capacity products
identical all over the EU and allocated via auctions” [11]. The European Regulation
(EC) No 715/2009 [17] specifies the access to the European natural gas transmission
system. For example, it states that capacity rights, which handle the access to the
network, shall be freely tradable. The allocation of these capacity rights shall

“(a) provide appropriate economic signals for the efficient and maximum
use of technical capacity, [...] and facilitate cross-border exchanges in
natural gas;
(b) be compatible with the market mechanisms including spot markets
and trading hubs [...]; and
(c) be compatible with the network access systems of the Member States.”
[17, Article 16.2]

Note that the capacity allocation shall not hamper the cross-border gas trades and
shall be compatible with spot market auctions and virtual trading points. Moreover,
“the transmission system operator shall implement and publish non-discriminatory
and transparent congestion-management procedures which facilitate cross-border ex-
changes in natural gas on a non-discriminatory basis [...]” [17, Article 16.3]. Thus,
the regulators explicitly require the market coupling of adjacent virtual trading points.

http://www.entsog.eu


6.2. The entry-exit-model in Germany 127

6.2 The entry-exit-model in Germany

The regulatory framework in Germany is compatible with the European one. How-
ever, it contains more detailed provisions than those in Regulation [17]. The access
to the German natural gas transmission system is handled by the so-called entry-exit-
model (see Energiewirtschaftsgesetz [21], §20.1b), which facilitates the trading of
natural gas as well as the trading of capacity rights. Capacity rights allow the partici-
pants to supply or withdraw natural gas at an entry- or exit-point. Participants must
possess such rights in order to trade and transfer natural gas.

The next two sections explain the details of natural gas trading (Sec. 6.2.1) and
natural gas capacity trading (Sec. 6.2.2) in the German entry-exit-model.

6.2.1 Natural gas trading

In Germany, natural gas can be traded at a commodity exchange or directly between
two parties. The latter is called over-the-counter (OTC) and allows the buyer and seller
to negotiate individual supply contracts, whereas exchanges facilitate the anonymous
trading of standardized supply contracts. The standardized contracts are basically char-
acterized by the supplied quantity, the price per quantity unit, the delivery period, and
the delivery point (e.g., the VTP). Contracts with the same delivery period and point
can thus be compared easily by means of the price. Depending on the length of the
delivery period, contracts are either called short-term or long-term contracts. Intra-
day and day-ahead contracts are short-term contracts, whereas monthly, quarterly,
seasonal, and yearly contracts are long-term contracts. The trading of short-term con-
tracts is called spot market and the trading of long-term contracts is called futures
market.

The German Regulation [27, §21.1] divides the German natural gas market into
(at most) two H-gas market areas (Gaspool and NCG) and one L-gas market area.
Each market area has exactly one VTP, therefore, we can use the terms market area
and VTP interchangeably. Each entry- or exit-point is assigned to exactly one VTP
whereas each interconnection point or zone links two adjacent VTPs and is conse-
quently assigned to these two VTPs. The transportation costs from an entry-point to
its VTP or from a VTP to an exit-point are covered by standardized capacity contracts1

[27, §3.3]. These contracts also define the quantitative boundaries within which par-
ticipants may inject or withdraw natural gas at the specific entry- or exit-point.

At a virtual trading point, or rather within a market area, the exchange can match
natural gas orders without any restrictions. In particular, the German regulation stip-
ulates that the exchange does not model physical transportation constraints. Physical
constraints of a market area shall be modeled indirectly by determining individual
quantitative boundaries for each entry- or exit-point. These quantitative boundaries
are called technical capacities and determine the amount of tradable transmission
rights, which can be acquired by buying standardized capacity contracts.

This means that the technical capacity is not a physical constraint, but rather a

1 The standardized capacity contracts are defined in [8, Anlage 1].
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regulatory constraint. The technical capacities are chosen in such a way that the fol-
lowing holds: if supply and demand are balanced at a virtual trading point and the
traded quantities at each entry- or exit-point do not exceed the technical capacities,
then the network operator can dispatch the traded quantities. Figure 11.5 in [28]
shows that the amount of available technical capacities depends on the number of
virtual trading points within a given natural gas network. This relationship is illus-
trated by considering a given network in two different ways. On the one hand, due
to a bottleneck, the given network is divided into two geographically small market
areas. On the other hand, despite the bottleneck, the two small market areas are
combined into a single geographically large market area. However, due to this amal-
gamation, the available technical capacities decrease at each entry- and exit-point.
As each market area corresponds to exactly one VTP, we observe the following: The
available technical capacities in the given natural gas network decrease if one reduces
the number of VTPs in this network, that is, if one amalgamates small market areas
into geographically larger ones.

6.2.2 Capacity trading

In Germany, standardized capacity contracts, short capacities, are exclusively traded
at exchanges. They are basically characterized by

• the entry- or exit-point (or an interconnection point or zone),

• the delivery period,

• the gas quality (H-gas: high calorific gas/L-gas: low calorific gas),

• the price per quantity,

• upper and lower bounds on the supply/withdraw quantities,

• the interruptibility (firm/interruptible), and

• whether they are freely or restrictively allocable (FAC/RAC).

Transmission system operators (TSO) emit new capacities at the primary capacity
platform, whereas the secondary capacity platform facilitates the participants to trade
their capacities among each other. Detailed rules regarding capacity trading in Ger-
many can be found in [8] (BK7-10-001, “KARLA Gas”), [27], and [56].

Definition 6.1. The acquisition of capacities is called booking. One day before delivery
the participants tell the TSO to what extent they will use the booked capacities. This
procedure is called nomination. Participants can change their nomination within certain
limits. This is called renomination.

The capacities are divided into two different types: Long-Term-Capacities (LTC)
and Day-Ahead-Capacities (DAC). Both types differ not only in the length of the deliv-
ery period, but also regarding the nomination rights and the way they are auctioned.
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LTCs are traded in iterative auctions, which comprise multiple bidding rounds, and
DACs are traded in auctions that only comprise a single bidding round [56, Sec. 5.3].

In the following, we focus on firm capacities. They ensure that nominated gas flows
“are always transportable if the network is in a fully functioning technical state” [28].
In addition, we assume that the capacities are freely allocable, which means that the
participants “can freely choose partners among the other customers having matching
rights to virtually exchange the gas at the VTP” [28]. These two assumptions ensure
that the capacities are suitable for market coupling.

Timetable and nomination rights

• A gas day begins at 6:00 and ends on the following day at 6:00 [27, §23].

• LTCs must be nominated until 14:00. Based on these nominations the TSOs can
(and must) offer DACs at the primary capacity platform. Renominations of LTCs
are allowed up to two hours before delivery, i.e., up to 4:00. The renomination
rights must be considered when computing the amount of available DACs. A
renomination is valid if it does not exceed 90% and does not fall below 10%
of the total booked capacity at the specific entry- or exit-point. If the initial
nomination amounts at least 80%, then an upward renomination is valid up
to half of the non-nominated quantity. If the initial nomination amounts at
most 20%, then a downward renomination is valid up to half of the nominated
quantity [8, Anlage 1, §5.3]. If a participant only booked a small amount of
long-term capacity (at most 10% of the so-called technical capacity), then the
above restrictions do not apply.

• From 16:30 until 17:002, participants can submit their DAC bids at the primary
capacity platform (https://platform.prisma-capacity.eu). At 17:00 the bidding
window closes and the auction algorithm starts to determine the capacity prices
and the winning bids. The details of the current algorithm are defined by the
European Regulation [18, Article 14 and 18] and can also be found in [56,
Sec. 5.3.2 to 5.3.3]. One may observe that the algorithm handles non-convex
capacity bids by computing a greedy like heuristic solution to model (B) from
Chapter 2.

• From 17:00 to 17:15 EEX performs gas futures and day-ahead gas auctions3,
which comprise single bidding rounds.

• DACs must be nominated until 20:00 and cannot be renominated [8, Anlage 1,
§5.10].

The following example illustrates the renomination rights of LTCs and shows how
to compute the available DACs.

215:30 - 16:00 UTC during winter time or 14:30 - 15:00 UTC during daylight saving time.
3 cf. www.eex.de→ EEX Product Brochure Natural Gas – English (2012-06-14)

https://platform.prisma-capacity.eu
http://www.eex.de
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Example 6.2. A participant booked 100MW LTCs at an interconnection point from
area A to area B. At 14:00 he nominates 50% of his booked capacity. If he wants
to renominate, then the renominated quantity must be at least 10MW and at most
90 MW. In other words, the flow from A to B amounts to at least 10MW and at most
90 MW. As the technical capacity only limits the net flow, the TSO can sell 10 MW
DAC from A to B and 10 MW DAC from B to A.

Observation. If there is a participant who booked more than 10% of the technical
capacity from area A to B, then DAC from A to B and/or from B to A will be sold at the
primary capacity platform. This capacity can and should be used for market coupling.

Day-ahead market coupling can only be accomplished if a coupling algorithm has
access to DAC. The algorithm can, for example, simply have a higher priority than all
other DAC bidders, or the algorithm could couple both the day-ahead capacity and
the natural gas spot auctions. In principle, this is possible, as the bidding windows of
both auctions close at the same time. We will later present mathematical models for
both situations.

6.2.3 Competing capacities

The concept of competing capacities is only relevant for primary capacity auctions.
Competing capacities are defined on entry-networks or exit-networks, which have
a tree structure. The capacities of two or more entry-points are competing if the
available capacity at one entry-point depends on the demanded capacity at another
entry-point. Competing capacities are defined with the help of arc capacities in a
directed out-tree whose root node has degree one. A directed out-tree is a directed
tree G with a root node s such that the unique path from s to all other nodes of G is
a directed path. Figure 6.2 shows two rooted out-trees.

The root node s has degree one and the arc which starts in s can be interpreted as
a sell order of the TSO. The leaves of the out-tree (without s) model the entry-points
at which the competing capacities shall be auctioned. The network structure and the
capacities of the arcs determine the boundary conditions under which the compet-
ing capacities can be distributed among the entry-points. Figure 6.2 (a) provides an
example network, where the TSO offers 100 competing capacity units.

We assume that the participants submit a set of limit orders to bid for capacity at
an entry-point. A limit order b is characterized by a price cb and a quantity ub. The
price cb represents the marginal willingness to pay for competing capacity and ub is
the positive quantity which is demanded if the price is less than or equal to cb. If
the price is exactly cb, then a partial execution of the order is feasible. Furthermore,
we assume that all prices are non-negative (cb ≥ 0), as the TSO has no incentive for
selling capacities at negative prices.

The market clearing problem for this auction can be modeled with a min cost flow
problem. Without loss of generality we may assume that ub = 1 for all limit orders
b, because we can simply split a limit order with ub > 1 into ub limit orders with
quantity one. Let B be the set of all bids. We will now extend the graph as follows:
For each order b ∈ B, which was submitted for an entry-point e, we add a node b to
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Figure 6.2: Competing capacity

the graph and add an arc which starts in e, ends in b, has weight cb, and capacity 1.
All other arcs in the graph have weight zero. The extended graph is also a directed
out-tree and will be denoted by G . Figure 6.2 (b) provides an example.

Any min cost flow algorithm can solve the resulting min cost flow problem to opti-
mality. However, the tree-structure of the graph allows to use specialized algorithms.
This is in particular useful if the specialized algorithms are less complex than the
original ones. Consider, for example, the following algorithm.

Algorithm 6.2.1 Greedy (specialized cycle-canceling)

Input: Directed out-tree G which has the above described structure (ub = 1 etc.).
Output: A min cost flow for graph G . The flow determines winning bids in such a

way that the economic surplus is maximized.

x ← 0 // the zero flow is feasible
B← list of all bids, sorted in descending order by their weights (prices)
for b ∈ B do

if there is a directed path p from s to b in the residual graph G (x), then
augment the flow x by the directed path p

end if
end for

Return x

It is easy to see that the algorithm is similar to the cycle-canceling algorithm [3,
Cp. 9.6]. However, it is not trivial to see that it indeed computes an optimal solution.
For the sake of completeness, we will show that it computes an optimal solution. The
proof is quite technical and is not relevant for the rest of this chapter. The reader may
skip directly to the next section.

The flow conservation at the nodes {s} ∪ B is not part of the min cost flow model
which is associated with the directed out-tree G . However, in classical min cost flow
models, the flow conservation must hold in all nodes. This can be achieved if we
contract the nodes {s} ∪ B to one super node es. This operation is also called vertex
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identification. The super node is depicted by the two gray boxes in Figure 6.2 (b).
The new graph is denoted by G ′ := G/({s} ∪ B). In contrast to the original graph G
the graph G ′ is not a tree, as it contains cycles.

The contraction of the nodes {s} ∪ B does not delete any arcs. Only the start node
of the arcs in δout({s} ∪ B) and the end node of the arcs in δin({s} ∪ B) change. The
weights and the capacities remain unchanged. We can uniquely identify each arc in
G with an arc in G ′ and vice versa. We say that G and G ′ have the same set of arcs
E. The start and end node of an arc e ∈ E simply depends on which graph we are
considering.

Observation. A flow x is feasible in G if and only if x is feasible in G ′. If x is a
feasible flow in G , then the arcs in the residual graphs G (x) and G ′(x) have the same
capacities and weights. We have G ′(x) = G (x)/({s} ∪ B).

Theorem 6.3 (Negative cycle optimality conditions). A feasible flow x in a directed
graph G ′ is an optimal solution of the min cost flow problem if and only if the residual
graph G ′(x) contains no negative cost directed cycles [3, Thm. 9.1].

Lemma 6.4. Let x0, . . . , xn denote the flows which are computed in the n := |B| itera-
tions of algorithm 6.2.1. Let a and b be arbitrary nodes in G and let i ∈ {0, . . . , n}. If
there is no directed path from a to b in G (x i), then there is also no directed path from
a to b in G (x j) for all i < j ≤ n. If there is a directed path from a to b in G (x i), then
there is also a directed path from a to b in G (x j) for all 0≤ j < i.

Proof. We know that x0 ≤ · · · ≤ xn. Therefore, the unused capacity of each arc e ∈ E
decreases or remains unchanged from one iteration to another: ue − x i−1

e ≥ ue − x i
e

for all i = 1, . . . , n. If there is no directed a-b-path in G (x i), then there is also no
directed a-b-path in G (x j) for i < j ≤ n, as the unused capacity does not increase in
subsequent iterations. The second part of the proof holds for a similar reason.

Proposition 6.5. Algorithm 6.2.1 computes a min cost flow for the graph G .

Proof. Let x0, . . . , xn denote the flows which are computed in the n := |B| iterations
of algorithm 6.2.1. The flow xn in G is optimal if and only if it is an optimal flow in
G ′. Suppose that xn is not optimal. Then there is a positive benefit (negative cost)
directed cycle K ⊆ E in G ′(xn). The cycle must pass the edge of a non-executed bid b
in forward direction, as cb ≥ 0 holds for all bids. At the beginning of iteration b there
is no directed s-b-path in G (x b−1), because otherwise b would have been executed.
According to the previous lemma there is also no directed s-b-path in G (xn). There-
fore, there is no directed cycle in G ′(xn) which contains the edge of s and the edge
of b. In other words, the cycle K leaves the super node via the edge of an executed
bid a in backward direction. As K has a positive benefit, we have cb− ca > 0, yielding
b < a. At the beginning of iteration a there is a directed s-a-path in G (x a−1), and
according to the previous lemma there is also a directed s-a-path D in G (x b−1) at the
beginning of iteration b. This path D is unique, because G is a tree. Note that the
s-a-path D passes the edge of a in forward direction and recall that K passes it in
backward direction. In other words, the cycle K partially walks backwards on D. Let
k /∈ {s, a, b} be the node where K leaves the path D. After passing the node k the
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cycle walks towards the edge of b. Therefore, there is a directed k-b-path in G (xn),
and thus also in G (x b−1). The latter will be denoted by F . We can now construct a
directed s-b-path in G (x b−1) by walking from s to k on D and from k to b on F . This
is a contradiction, as b is not executed.

6.2.4 Locational spreads

In May 2013, European Energy Exchange and Powernext launched the Pan-European
Gas Cooperation (PEGAS)4. The cooperation introduced a common trading platform
for the gas products of both exchanges. This platform enabled the trading of loca-
tional spread products between the gas market areas of both exchanges. A locational
spread allows the participants to swap gas in one area for gas in another area. In other
words, a locational spread is some sort of inter-product spread (see Def. 4.3). Figure
6.3 depicts the locational spreads which are available in the PEGAS region.

ZTP

NPTF

NBP

CEGH

CH

IBP

VOB

PL

ES
PT

PSV
TIGF
PEG

SUD
PEG

NORD
PEG NCG

GPL
TTF

Figure 6.3: VTPs of European gas exchanges. The VTPs in the marked region are part
of the PEGAS cooperation and the arcs represent the availability of locational spreads.
List of the gas exchanges: eex.com (GPL, NCG, TTF), powernext.com (PEG NORD, SUD,
TIGF), iceendex.com (ZTP, NBP, TTF), gaspointnordic.com (NPTF), polpx.pl (PL), ote-cr.cz
(VOB), ceghex.com (CEGH), mercatoelettrico.org (PSV), omie.es / omip.pt (ES, PT).

Capacities at interconnection points are related to locational spreads. On the one
hand, a participant who owns capacity from a to b can offer the locational spread
“demand gas in a and offer gas in b”. After selling such a spread the capacity owner

4www.pegas-trading.com

http://www.pegas-trading.com
http://www.eex.com
http://www.powernext.com
http://www.iceendex.com
http://www.gaspointnordic.com
http://polpx.pl/en
http://www.ote-cr.cz
http://www.ceghex.com
http://www.mercatoelettrico.org
http://www.mercadosgas.omie.es
http://www.omip.pt
http://www.pegas-trading.com
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has to nominate the sold quantity. On the other hand, participants can buy locational
spreads to simulate capacities: If someone buys the spread “demand gas in a and
offer gas in b”, he virtually transfers gas from a to b without the need of owning
capacity but also without the option to freely nominate (or renominate) the quantity
to be shipped. So the main difference is that capacity products allow the participant
to choose the quantity to be shipped at a later point in time, whereas the locational
spread does not offer this option.

Observation. Capacity offers at interconnection points can be converted to locational
spread offers.

6.3 Long-term market coupling: convex case

As mentioned before, long-term capacity products are traded in iterative auctions
whereas natural gas futures, including locational spreads, are traded in single round
auctions. It is not possible to couple these two different auction types. However, it
is possible to couple the gas futures auctions with the locational spread auctions. For
this purpose, the coupling algorithm collects all natural gas orders and all locational
spread orders which have the same delivery period. We may assume that all orders
are limit orders with integral parameters. The algorithm creates an hierarchical min
cost flow model, by analogy with the futures auction model in Chapter 4. Each market
area is modeled by a network node, each arc between two market areas represents
a locational spread order and each arc starting from or ending at the super node
represents a natural gas order. The algorithms from Chapter 4 can solve the resulting
model. For example, we could use Algorithm 4.4.1, which is the fastest one. An
optimal solution to this model couples the gas and locational spread markets and
maximizes the total economic surplus of all participants.

Note that this method is not only applicable to single round auctions (e.g., an
opening auction), but also to continuous trading. In continuous trading, the auction
algorithm always starts anew whenever the order book changes, that is, whenever a
participant adds, deletes, or modifies an order.

6.4 Day-ahead market coupling: convex case
Generalized implicit capacity allocation

Similar to the long-term market, it is feasible to couple day-ahead natural gas products
with day-ahead locational spread products. In contrast to the long-term market, it is
additionally feasible to couple both of them with the day-ahead capacity products. An
auction algorithm which allocates both capacity products and natural gas products at
the same time, is called an implicit capacity allocation method [18].

In this section, we present a generalized implicit capacity allocation method which
handles natural gas products, capacity products, and locational spread products at
once. Similar to the previous section, the method uses an hierarchical min cost flow
model to maximize the total economic surplus.
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Figure 6.4: Generalized implicit capacity allocation

Figure 6.4 gives a first impression of the min cost flow model, which enhances the
model of the previous section. In this example, the set of market areas is A = {a, b}
and the set of interconnection points is C = {c, d}. Each market area or interconnec-
tion point is modeled by a node and each order (bid or offer) is modeled by an arc.
Arcs which start or end at the super node are natural gas offers or bids. Arcs which
connect two market areas are locational spread orders, e.g. an (a, b) arc represents
an (a, b) spread offer. The interconnection point c provides capacity products from a
to b. Therefore, an (a, c) arc models an (a, b) capacity offer and a (c, a) arc models a
capacity bid.

Recall that it is possible to convert an (a, b) capacity offer into an (a, b) spread
offer. This is modeled indirectly by ensuring that (a, b) spread bids (i.e., (b, a) spread
offers) can be matched with (a, b) capacity offers. An additional (c, b) arc with infinite
capacity and zero weight ensures that these spread bids can be matched against the
corresponding capacity offers.

Under the assumption that all orders are limit orders with integral parameters,
we can now construct an hierarchical min cost flow model, again by analogy with
Chapter 4. The set T from the futures auction model represents an ordered set of in-
terconnection points C and areas A such that c < a for all c ∈ C and a ∈ A. The main
difference to the futures auction model lies in the additional arcs with infinite capac-
ity. However, the algorithms are still applicable, as we can, for example, replace the
infinite capacities with sufficiently large fixed capacities. Therefore, we can use Algo-
rithm 4.4.1 to maximize the total economic surplus of all participants and to couple
the natural gas, locational spread, and capacity auctions. Hence, it is a generalized
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implicit capacity allocation mechanism.
Note that, on the one hand, the model coincides with the long-term coupling

model of the previous section if we delete all capacity orders and interconnection
points. On the other hand, if we delete all locational spread orders and capacity
bids and set the weight of the capacity offers to zero, we obtain the model, which is
used by conventional implicit capacity allocation methods. In particular, this reduced
model is equivalent to the implicit capacity allocation method which is used in the
electricity market model in Chapter 5.

6.5 Day-ahead market coupling: non-convex case

In the previous section, we assumed that all bids are limit orders. However, in practice
the participants can submit non-convex capacity bids. In contrast to limit orders, they
are not only defined by the limit price and the maximal demanded quantity but also
by the minimal quantity the participant is willing to be allocated (see [18]).

Before introducing the non-convex capacity bids, we formally introduce convex
capacity bids using the notation from Chapter 4. Again, T is an ordered set of inter-
connection points C and areas A and we define that c < a for all c ∈ C and a ∈ A.
Recall that per definition the super node ◦ satisfies t < ◦ for all t ∈ T .

Proposition 6.6. Let i be a convex (a, b) capacity bid at interconnection point c with
limit price p̂i ∈ N and maximal demanded quantity δi ∈ N+. Then the quantity matrix
of i is the characteristic vector of the arc of i, that is,

Q i,t =







+1 if t = c (start node)
−1 if t = a (end node)
0 otherwise

for all t ∈ T , (6.1)

the price vector is given by

pi,t =

(

p̂i if t =min{c, a}, i.e., t = c
0 otherwise

for all t ∈ T , (6.2)

and the bid parameters (Di,υi, fi) are given by

Di = [0,δi], υi(δi) = p>i Q iδi, and fi(δi) =Q iδi. (6.3)

Definition 6.7. Let i be a non-convex (a, b) capacity bid at interconnection point c
with limit price p̂i ∈ N, maximal demanded quantity δi ∈ N+, and minimal demanded
quantity δi ∈ N+ with 0< δi ≤ δi. Then the bid parameters (Di,υi, fi) are given by

Di = {(δi,1,δi,2) ∈ R2 | δi,1 ∈ {0,1}, δiδi,1 ≤ δi,2 ≤ δiδi,1}, (6.4)

υi(δi) = p>i Q iδi,2, and (6.5)

fi(δi) =Q iδi,2, (6.6)

where Q i and pi are defined as in equations (6.1) and (6.2).
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We assume that all other orders (i.e., natural gas orders, locational spread orders,
capacity offers, and converted spread offers) are limit orders. The parameters of these
limit orders have the same structure as in equation (6.3), however, Q i and pi must be
adjusted in relation to the arc of order i. For converted spread offers the parameter
δi is a sufficiently large number and pi = 0 ∈ RT .

In order to couple the three different order types, we consider model (B) from
Chapter 2:

max
∑

i∈I

υi(δi), (B)

s.t.
∑

i∈I

fi,t(δi) = 0 ∀t ∈ T , (6.7)

δi ∈ argmax{υi(δ
′
i)−π

> fi(δ
′
i) | δ

′
i ∈ Di} ∀i ∈ IC , (6.8)

δi ∈ Di and υi(δi)−π> fi(δi)≥ 0 ∀i ∈ IN , (6.9)

where IC is the set of all convex orders and IN is the set of all non-convex orders.
Recall that the variable πt models the price at the network node t ∈ T . For example,
the natural gas price in area a is modeled by πa. The price of a locational (a, b) spread
is given by πb−πa and the price of (a, b) capacity at interconnection point c is given
by πc −πa.

Proposition 6.8. For each feasible solution to the previous model, the price of (a, b)
capacity is greater than or equal to the price of a locational (a, b) spread. This holds in
particular if (δ,π) is a competitive equilibrium.

Proof. Let c be an interconnection point which provides (a, b) capacity. Recall that the
arc (c, b) represents the converted spread offers and is modeled by a limit order i ∈ IC .
According to equation (6.8) a feasible flow δi on (c, b) must satisfy the optimality
conditions of this limit order i. We may choose the parameter δi sufficiently large such
that δi < δi holds for all feasible flows. Such a flow can only satisfy the optimality
conditions of i if −π>Q i ≤ 0. In other words, we have πb−πc ≤ 0 and thus πb−πa ≤
πc − πa. The second part of the proposition is a direct consequence of Definition
2.15: equation (6.8) holds for all orders. In particular, it holds for the limit order
i ∈ IC which is represented by the arc (c, b) and models the converted (a, b) spread
offers. The rest of the proof is as above.

Due to the non-convex constraints in equations (6.8) and (6.9) it is difficult to
find optimal solutions to this problem. One could investigate whether the new MIP
modeling technique of [42] is applicable in this context. If so, then this technique
would probably be the best approach for solving this problem. However, the European
Regulation [18, Article 14 and 18] explicitly stipulates that the capacity bids shall be
handled by a greedy like heuristic. In order to comply with this regulation, we shall
not compute an optimal solution, which maximizes the economic surplus. We actually
need to develop a market coupling model, which simulates the greedy like behavior
of the capacity auctions at each interconnection point.
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6.6 Matching orders with two different tick sizes
in polynomial time

In the previous models, we assumed that the smallest tradable quantity of all orders
amounts to 1 MW. This quantity is called the volume tick and the executed volume
of an order must be an integral multiple of the volume tick. Extreme point solutions
to the previous min cost flow models automatically yielded execution volumes which
are multiples of the volume tick.

However, in the EEX market areas the participants can submit natural gas limit
orders with two different volume ticks: 1 MW and 10MW. Using the notation from
above, this implies that

Di = {0, 1,2, . . . ,δi} for all orders i with volume tick 1MW,

Di = {0, 10,20, . . . ,δi} for all orders i with volume tick 10MW,

υi(δi) = p>i Q iδi for all orders i, and

fi(δi) =Q iδi for all orders i.

For each market area and for each volume tick the exchange performs a separate auc-
tion and publishes a separate price. In other words, the exchange solves the following
optimization problems

















max
∑

i∈I(t,k)

υi(δi)

s.t.
∑

i∈I(t,k)

fi,t(δi) = 0

δi ∈ Di ∀i ∈ I(t, k)

















∀t ∈ T, k ∈ {1, 10} (6.10)

where T is the set of areas and I(t, k) is the set of natural gas limit orders in area
t ∈ T with volume tick k MW. Recall that for all natural gas orders i in area t the
quantity matrix Q i is a vector that vanishes at all but the t-th component. Instead of
solving a separate optimization problem for each volume tick we consider for each
area t ∈ T the optimization problem

max
∑

i∈I(t)

υi(δi) (6.11)

s.t.
∑

i∈I(t)

fi,t(δi) = 0

δi ∈ Di ∀i ∈ I(t)

where I(t) := I(t, 1) ∪̇ I(t, 10) is the set of natural gas limit orders in area t ∈ T . Let
t ∈ T be fixed. The model (6.11) has exactly one equality constraint and for each
i ∈ I(t) the coefficient Q i,t is either 1 or −1. We can perform standard transforma-
tions in order to transform the model into an integer equality knapsack (IEKP) with
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the weights a0 = 1 and a1 = 10. The absolute objective coefficients of the IEKP in-
stance are bounded by maxi

�

�p̂ia1

�

� and the right-hand side and the upper bounds are
bounded by n maxi δi, where n= |I(t)| ≤ |I |. Let e be the encoding length of

max
�

max
i∈I(t)

�

�p̂ia1

�

� , n max
i∈I(t)

δi

�

. (6.12)

Then for each t ∈ T we can solve (6.11) in O(ns+s2) operations on O(s)-bit numbers,
where s = n log2 n+ ne (see Section 3.4).

In general, models of the form (6.11) do not possess a competitive equilibrium.
Similar to Example 2.19, we can construct instances where the welfare maximizing
solution does not admit strict linear prices at which no participant incurs a loss. We
use model (C) form Chapter 2 to handle this issue. For each t ∈ T we solve

max
∑

i∈I(t)

υi(δi), (6.13)

s.t.
∑

i∈I(t)

fi,t(δi) = 0,

δi ∈ Di and υi(δi)−πt fi,t(δi)≥ 0 ∀i ∈ I(t).

We may observe that the set of price candidates is limited by the number of orders.
This allows us to apply the polynomial Algorithm 6.6.1 to each of the |T | models.

Algorithm 6.6.1 Matching orders with two different tick sizes

Input: An instance of the t-th model of (6.13), where t ∈ T .
Output: An optimal solution to the t-th model (6.13).

δ∗← 0 // The zero solution is feasible.
for i ∈ I(t) do
// Solve a separate model for each order i.
M ← t-th model of (6.11)
for j ∈ I(t) \ {i} do
// Check whether j incurs a loss at the price pi,t .
// In other words: υ j(δ j)− pi,t f j,t(δ j)< 0 if δ j > 0?
if p j,tQ j,t − pi,tQ j,t < 0, then

add constraint δ j = 0 to model M .
end if

end for
δ′← Compute optimal solution to M . // computable in polynomial time
if
∑

i∈I(t)υi(δ′i)>
∑

i∈I(t)υi(δ∗i ), then
δ∗← δ′

end if
end for

Return δ∗
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For each t ∈ T the algorithm requires O(n2 + n(ns + s2)) operations on O(s)-bit
numbers, where n= |I(t)| and s, which is depending on t, is as above. The algorithm
can also be parallelized such that each of the n iterations runs in parallel. Instead of
using a polynomial algorithm as a subroutine, we could also use a standard branch-
and-bound solver for solving the subproblems. However, this algorithm is primarily
of a theoretical nature. It proofs that problems of the form (6.13) are solvable in
polynomial time. In practice, the standard approach is to simply use a big-M formu-
lation and to solve the problem with a standard solver. Alternatively, one could apply
the decomposition method form Section 2.4.4. We performed some preliminary tests
on random data for model (C) and observed that the decomposition method outper-
forms the big-M method if the number of areas is small (e.g., three), whereas the
big-M method outperforms the decomposition method if the number of areas is big
(e.g., ten). In the problem from above, each market area has its own model (6.13).
This means that there is only one market area in each model. It is thus likely that the
decomposition method is better suited for solving (6.13) than the big-M method.

6.7 Summary

In this chapter we showed that market coupling is possible within the current regula-
tory framework. For instance, we can use locational spreads to couple long-term and
short term natural gas auctions. In order to do this, we couple the locational spread
auctions with the natural gas auctions. The resulting model computes a competi-
tive equilibrium and is equivalent to the min cost flow model of the futures opening
auction from Chapter 4. In short term gas auctions, there is another possibility to
couple adjacent market areas: the system operators offer unused day-ahead capaci-
ties, which can be transformed into locational spread offers. This relationship allowed
us to extend the previous mentioned min cost flow model such that the new model
couples the day-ahead auctions for natural gas, locational spreads, and capacities at
once. However, this min cost flow model can only handle convex orders. And in prac-
tice, the participants may submit non-convex capacity orders. In such a situation, a
competitive equilibrium might not exist. We proposed to choose model (B) in order
to address this issue. This model most closely resembles the heuristic capacity auc-
tion which is stipulated by Regulation [18]. In order to completely comply with the
current regulation, we would need to add additional heuristic constraints.

Apart from the aforementioned models, we also showed that, given a set of limit
orders, the greedy algorithm computes optimal solutions to competing capacity auc-
tions. Furthermore, we presented a polynomial algorithm which couples a fixed num-
ber of auctions with different volume ticks in polynomial time.



Chapter 7

Summary and outlook

In the first part of this work, we presented modeling techniques and algorithms, which
are applicable in a general context. The following topics were addressed: linear pro-
grams with hierarchical objectives, mathematical programs with equilibrium condi-
tions which are motivated by competitive equilibrium relaxations, and minimum cost
all-or-nothing flow problems. In the second part, we showed that these general results
can be applied to futures opening auctions, European day-ahead electricity auctions,
and European natural gas auctions.

Linear programs with hierarchical objectives. The primary focus of this chapter
was on using the weighted objectives method for solving linear programs with hier-
archical objectives and a unimodular constraint matrix. We determined the smallest
sufficiently large integral scaling factor for the high priority objective. The factor is
sufficiently large in the following sense: an optimal extreme point solution to the
weighted program is also optimal for the original program. In practice we used the
weighted objectives method for solving hierarchical minimum cost flow problems.
As a subroutine we used the network simplex variant of [52]. It has a polynomial
running time which depends, inter alia, on the size of the objective coefficients: the
smaller the coefficients, the faster the method. To our knowledge, it is an open ques-
tion whether there exists a polynomial time simplex variant for linear programs with
a unimodular constraint matrix. In particular, it is an open question whether the
running time of such an algorithm would also depend on the size of the objective
coefficients.

Competitive equilibrium relaxations. We studied auction models which are based
on strict linear prices. We focused on strict linear prices as all other pricing sched-
ules make use of individual compensation payments, which are commonly avoided
in European exchanges. Our first auction model represents a class of mathematical
programs with equilibrium constraints (MPEC) that are motivated by a relaxation of
a competitive equilibrium. The model is a generalization of the European day-ahead
electricity auction. We showed that the decomposition methods for electricity auc-
tions in [42, 45] are also valid for this general problem class. In particular, these
methods turn any standard solver for mixed integer convex constrained programs
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into a solver for this class of MPECs. We observed that an optimal solution to our
first auction model is inefficient in some situations. For this reason, we developed an
alternative auction model: an optimal solution to this model is efficient with respect
to all solutions which are based on strict linear prices. The economic surplus of such
a solution is greater than or equal to the economic surplus of a solution to any other
auction model that is based on strict linear prices at which no participant incurs a
loss. Moreover, in this auction model, all participants are treated equally irrespective
of whether they submit a convex or a non-convex order. This auction model is a math-
ematical program with vanishing constraints. We showed that it can be solved with a
Benders-like decomposed procedure.

Minimum cost all-or-nothing flow problems. In this chapter, we showed that
equality constrained integer knapsacks with a fixed number of weights are solvable in
polynomial time. We proved this proposition by reducing the problem to an integer
program with a fixed number of variables. Furthermore, we introduced the class of
minimum cost all-or-nothing flow problems. If the number of weights and the number
of nodes is fixed, then we can solve all instances in this problem class in polynomial
time. The main idea is to perform a model transformation which reduces the num-
ber of solution candidates in such a way that the standard branch-and-bound method
only requires a polynomial number of nodes for solving the transformed model.

In the second part of this work, we applied the general results to three different
real-world problems. However, some specific aspects needed to be considered sepa-
rately for each problem.

Futures opening auctions. In our general auction models we solely maximize the
economic surplus, whereas in the futures opening auction, the executed volume shall
be maximized subject to standard market requirements. We observed that these
standard requirements simply represent a competitive equilibrium. Furthermore, we
showed that all orders can be modeled with the help of arcs in a graph. These ob-
servations yielded that the auction problem is equivalent to solving a minimum cost
flow problem with two hierarchical objectives. These problems can be solved in poly-
nomial time with the weighted objectives method and the network simplex variant of
[52]. Numerical tests with our Java prototype showed that this method is fast enough
for being used in practice. In a production environment, however, the method should
be implemented in a native programming language like C instead of Java, in order to
eliminate the latency of the Java native interface.

European day-ahead electricity auctions. The auction model of the European day-
ahead electricity market can be viewed as a special case of one of our general auction
models. Our results on relaxations of competitive equilibria are thus not only of the-
oretical nature, but also have a real-world application. We applied the general algo-
rithms to this specific problem and observed that they compute high quality solutions
in a short time. We obtained the best results, when we first computed a start solution
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with our Bid Cut Heuristics and then passed this start solution to the exact algorithm
that uses the MVV-cut. If we did not provide a start solution for the exact algorithm,
then it computed significantly worse solutions within the given time limit. Moreover,
we observed that the utilization of the new MVV-cut and the new α-cut has not led
to a significant improvement in comparison to the solutions of [45]. A possible route
for further research could be to use the MIP formulation of [42] as an approximation
for the actual auction model and then successively refine the approximation until the
approximation error is small enough.

European natural gas auctions. We showed that in principle it is possible to cou-
ple the European natural gas day-ahead auctions with the capacity auctions and the
locational spread auctions. However, the regulation on day-ahead capacity auction
algorithms leads to an unnecessarily complicated market coupling model. For this
reason, we presented a model which is not in compliance with these algorithmic reg-
ulations. Beside the short-term day-ahead auctions, it is also possible to couple long-
term natural gas auctions with long-term locational spread auctions. In this case, the
market coupling model corresponds to the futures opening auction model. Due to
the regulation on long-term capacity auctions, it is not possible to couple them with
the long-term natural gas and locational spread auctions. In order to couple all three
long-term auctions, the regulation needs to be adapted accordingly.

To conclude, we hope that the presentation of our general auction models and of
the specific real-world auction models stimulates further discussions and research on
European auction models in exchange trading systems.
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Appendix A

Convex optimization

In this section, we shortly introduce some basic definitions and results concerning
convex optimization. A function F : Rn → Rm is said to be (total) differentiable if for
each point x ∈ Rn there exists a linear map D F(x) : Rn→ Rm such that

lim
h→0

F(x + h)− F(x)−D F(x)(h)
‖h‖

= 0.

This linear map is given by the Jacobian matrix, which is also denoted by D F(x).
Now consider the convex optimization problem

max υ(x), (A.1)

s.t. fi(x) = 0 i = 1, . . . , k, (A.2)

gi(x)≤ 0 i = 1, . . . , m, (A.3)

where υ, fi, gi : Rn → R are differentiable functions, υ concave, gi convex, and fi

affine. To describe optimal solutions to this problem it is convenient if the weak
Slater assumption holds. In [31], the assumption is defined as follows:

Definition A.1. The constraints (A.2)-(A.3) satisfy the weak Slater assumption if there
is a feasible point at which all non-affine constraints are strictly satisfied, that is, there
exists an x̄ ∈ Rn with

fi( x̄) = 0 i = 1, . . . , k,

gi( x̄)≤ 0 i = 1, . . . , m and gi is affine,

gi( x̄)< 0 i = 1, . . . , m and gi is non-affine.

With this assumption the Karush-Kuhn-Tucker conditions, short KKT conditions,
are necessary and sufficient to describe an optimal solution to our convex problem:
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Theorem A.2 (KKT for differentiable convex problems). Let υ, fi, gi : Rn → R be
differentiable functions, υ concave, gi convex, and fi affine. If for x̄ , π̄, λ̄ the KKT condi-
tions

fi( x̄) = 0 i = 1, . . . , k, (A.4)

gi( x̄)≤ 0 i = 1, . . . , m, (A.5)
k
∑

i=1

π̄i

∂ fi

∂ x j
( x̄) +

m
∑

i=1

λ̄i

∂ gi

∂ x j
( x̄) =

∂ υ

∂ x j
( x̄) j = 1, . . . , n, (A.6)

λ̄i ≥ 0 i = 1, . . . , m, (A.7)

λ̄i gi( x̄) = 0 i = 1, . . . , m, (A.8)

hold, then x̄ is primal optimal and (π̄, λ̄) dual optimal for (A.1)-(A.3). If x̄ is primal
optimal and the weak Slater assumption holds, then there exists (π̄, λ̄) such that the KKT
conditions are satisfied.

Proof. Recall that the subdifferential of a convex differentiable function F : Rn→ R at
x ∈ Rn is given by ∂c F(x) = {∇F(x)} = {(D F(x))T} (see Thm. I.2.1.6 in [43]). The
rest of the proof is a direct consequence of Theorem VII.2.1.4 and VII.2.2.5 in [31],
as equation (2.1.8) in [31] corresponds to

0 ∈ ∂c(−υ)( x̄) +
k
∑

i=1

π̄i(D fi( x̄))
>+

m
∑

i=1

λ̄i∂c gi( x̄)

and boils down to (A.6). Chapter 5.5.3 in [9] provides a similar result using a less
technical notation.

Proposition A.3. Let υ, fi, gi : Rn→ R be differentiable functions, υ concave, gi convex,
and fi affine. Let x̄ and x̄ ′ be optimal solutions to (A.1)-(A.3) and let M( x̄) := {(π̄, λ̄) |
(A.6)− (A.8)}. Then M( x̄) = M( x̄ ′).

Proof. Cf. Proposition VII.3.3.1 in [31].

Theorem A.4 (Dorn’s dual [16]). Let Q be a symmetric positive semi-definite matrix.
The program on the right-hand side is the dual of the left primal program.

max − 1
2
x>Qx + c>x

s.t. Ax ≤ b
x ≥ 0

min + 1
2

y>Q y + b>λ

s.t. A>λ+Q y ≥ c
λ≥ 0

If x̄ is an optimal primal solution, then there exists an optimal dual solution ( ȳ, λ̄) with
ȳ = x̄ . Conversely, if ( ȳ, λ̄) is a dual optimal solution, then there exists a primal optimal
solution x̄ with Q ȳ =Qx̄. In both situations, the optimal objective values coincide.

If x̄ is primal and ( x̄ , λ̄) dual optimal, then the KKT conditions (A.6)-(A.8) hold:

A>λ̄+Qx̄ ≥ c,

λ̄≥ 0,

x̄>(A>λ̄+Qx̄ − c) = 0,

λ̄>(Ax̄ − b) = 0.
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Mathematical programs with
equilibrium constraints

This chapter introduces the definitions of finite-dimensional variational inequalities
and mathematical programs with equilibrium constraints.

Definition B.1. [23] Given a subset D ⊆ Rn and a mapping F : D→ Rn, the variational
inequality, denoted by V I(D, F), is to find a vector δ ∈ D such that

∀δ′ ∈ D (δ′−δ)>F(δ)≥ 0.

Theorem B.2. Let υ : Rn → R be a convex differentiable function and D ⊆ Rn be a
closed convex set. A vector δ ∈ D minimizes

min
�

υ(δ′) | δ′ ∈ D
	

(B.1)

if and only if
∀δ′ ∈ D (δ′−δ)>∇υ(δ)≥ 0. (B.2)

Proof. See Theorem VII.1.1.1 in [31].

Note that equation (B.2) is exactly the variational inequality V I(D,∇υ). This
means that the optimality conditions of a convex optimization problem can be ex-
pressed by a variational inequality.

Definition B.3. [23] Let F(π) : Rn → Rn be a parameterized function, where π ∈ Rm

is the parameter and F(π)(δ) is the function value of the function F(π) at the point
δ ∈ Rn. Let D(π) ⊆ Rn be a parameterized set with π ∈ Rm. And let θ : Rn ×Rm → R
and P ⊆ Rn×Rm. The optimization problem

min θ(δ,π),
s.t. (δ,π) ∈ P,

δ solves V I(D(π), F(π)),

is called a mathematical program with equilibrium constraints (MPEC).
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Theorem B.2 yields that the following class of optimization problems is a subclass
of MPEC.

min θ(δ,π)
s.t. (δ,π) ∈ P

δi ∈ arg min{υi(δ
′
i,π) | δ

′
i ∈ Di(π)} ∀i ∈ I

where I is a finite index set, υi(·,π) : Rni → R is a π-parameterized convex differen-
tiable function and Di(π)⊆ Rni is a π-parameterized closed convex set for each i ∈ I .
Problems of this type are also called bilevel problems.
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Appendix C

Futures market: solution details

Listing C.1 provides the details of the optimal solutions, which were computed by
Algorithm 4.4.1. The listing was generated automatically. We added this detailed
information as a proof of concept: in all but one instance we computed exactly the
same solutions as in [57]. The differences in instances 15, 17, and 39 are due to
typos in [57]. In instance 37 we computed a solution with a higher total execution
volume. This indicates that the solution in [57] is either not optimal or the difference
is due to a wrong reconstruction of the order book.

The cryptic names of the instances have the following structure: yyyymmdd-xxxx,
where yyyymmdd is the date of the futures opening auction and xxxx is the name of
the considered class of futures contracts. All contracts in the same class have the same
underlying. In other words, xxxx can be viewed as the name of the underlying. In
the columns BID, MCP, and ASK you find the bid prices, the market clearing prices,
and the ask prices (see Section 4.3.2 for a definition). If a bid or ask price is null,
this means that there exists no best non-executed buy or sell order (e.g., in instance
11). If the bid or ask price is equal to ±10, 000,000, this means that the best non-
executed buy or sell order is a market order (e.g., in instance 37 and 39). In the
columns VolBid and VolAsk you find the number of executed buy and sell orders. If
for a product both VolBid and VolAsk are zero, then this product was not traded at
all and it is not necessary to publish market clearing prices. However, for the sake
of completeness, we listed them regardless of the traded volumes. Note that the bid
price is always strictly smaller than the ask price and that the market clearing price is
always in the interval [BID, ASK].

All prices are multiplied by 1000 such that they are integral. This ensures that the
objective is integral, which is crucial for most of our algorithms. It is also possible to
choose an individual multiplication factor for each instance. For example, we know in
advance that all limit prices are an integral multiple of a so-called tick size. It amounts
to 1 for FESX limit prices, 0.5 for FDAX limit prices, 0.01 for FGBL limit prices, and
0.005 for all FGBM and FGBS limit prices. We did not use this specific information in
our prototype, however, it should be used in a production environment.
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Listing C.1: Solution details of each instance
I n s t a n c e : 1 / 20081201−FGBS Bids : 246
Surp lus : 9687355005 Volume : 1448
ID Product BID MCP ASK VolB id VolAsk
0 FGBS−2008−DEC 106575 106580 106580 720 712
1 FGBS−2008−DEC FGBS−2009−MAR −340 −310 −310 0 8
2 FGBS−2009−MAR 106865 106890 106925 0 8

I n s t a n c e : 2 / 20080317−FGBM Bids : 300
Surp lus : 13224787005 Volume : 3342
ID Product BID MCP ASK VolB id VolAsk
0 FGBM−2008−JUN 112160 112160 112170 1671 1671
1 FGBM−2008−JUN FGBM−2008−SEP −1150 −1150 −140 0 0

I n s t a n c e : 3 / 20080319−FGBM Bids : 324
Surp lus : 2165500675 Volume : 386
ID Product BID MCP ASK VolB id VolAsk
0 FGBM−2008−JUN 111570 111585 111585 193 193
1 FGBM−2008−JUN FGBM−2008−SEP −900 −900 −430 0 0

I n s t a n c e : 4 / 20080304−FGBS Bids : 334
Surp lus : 51314110555 Volume : 6487
ID Product BID MCP ASK VolB id VolAsk
0 FGBS−2008−MAR 104700 104705 104705 682 1175
1 FGBS−2008−MAR FGBS−2008−JUN −535 −535 −510 493 0
2 FGBS−2008−JUN 105230 105240 105240 2315 1822

I n s t a n c e : 5 / 20081202−FGBS Bids : 336
Surp lus : 23485141005 Volume : 3781
ID Product BID MCP ASK VolB id VolAsk
0 FGBS−2008−DEC 106710 106710 106725 1711 1710
1 FGBS−2008−DEC FGBS−2009−MAR −380 −370 −365 0 1
2 FGBS−2009−MAR 107050 107080 107080 179 180

I n s t a n c e : 6 / 20081201−FGBM Bids : 342
Surp lus : 8610295885 Volume : 1706
ID Product BID MCP ASK VolB id VolAsk
0 FGBM−2008−DEC 114670 114670 114675 839 827
1 FGBM−2008−DEC FGBM−2009−MAR −130 −110 −110 0 12
2 FGBM−2009−MAR 114745 114780 114785 8 20

I n s t a n c e : 7 / 20080305−FGBS Bids : 361
Surp lus : 12552745630 Volume : 3712
ID Product BID MCP ASK VolB id VolAsk
0 FGBS−2008−MAR 104810 104815 104815 350 886
1 FGBS−2008−MAR FGBS−2008−JUN −550 −550 −525 536 0
2 FGBS−2008−JUN 105300 105365 105365 1238 702

I n s t a n c e : 8 / 20081202−FGBM Bids : 393
Surp lus : 15851301545 Volume : 4451
ID Product BID MCP ASK VolB id VolAsk
0 FGBM−2008−DEC 115290 115310 115310 2062 2125
1 FGBM−2008−DEC FGBM−2009−MAR −200 −200 −160 63 0
2 FGBM−2009−MAR 115500 115510 115530 132 69

I n s t a n c e : 9 / 20080530−FGBS Bids : 443
Surp lus : 6616534955 Volume : 2730
ID Product BID MCP ASK VolB id VolAsk
0 FGBS−2008−JUN 102815 102815 102820 1317 1301
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1 FGBS−2008−JUN FGBS−2008−SEP −115 −100 −100 0 16
2 FGBS−2008−SEP 102915 102915 102970 40 56

I n s t a n c e : 10 / 20080303−FGBS Bids : 445
Surp lus : 34177678995 Volume : 7071
ID Product BID MCP ASK VolB id VolAsk
0 FGBS−2008−MAR 104885 104915 104915 2616 2913
1 FGBS−2008−MAR FGBS−2008−JUN −460 −460 −415 297 0
2 FGBS−2008−JUN 105310 105375 105380 771 474

I n s t a n c e : 11 / 20080229−FGBM Bids : 478
Surp lus : 15355881050 Volume : 4325
ID Product BID MCP ASK VolB id VolAsk
0 FGBM−2008−MAR 110855 110860 110860 2150 2143
1 FGBM−2008−MAR FGBM−2008−JUN nu l l −140 −110 0 7
2 FGBM−2008−JUN 110995 111000 111000 9 16

I n s t a n c e : 12 / 20081201−FDAX Bids : 491
Surp lus : 1454595500 Volume : 221
ID Product BID MCP ASK VolB id VolAsk
0 FDAX−2008−DEC 4648000 4651000 4653000 101 106
1 FDAX−2008−DEC FDAX−2009−MAR −28500 −28500 −27500 5 0
2 FDAX−2008−DEC FDAX−2009−JUN −59500 −57500 −55500 0 0
3 FDAX−2009−MAR 4676000 4679500 4688000 7 2
4 FDAX−2009−MAR FDAX−2009−JUN −31000 −29000 −29000 0 0
5 FDAX−2009−JUN 4310000 4708500 4848000 0 0

I n s t a n c e : 13 / 20080303−FGBM Bids : 496
Surp lus : 16621478205 Volume : 4758
ID Product BID MCP ASK VolB id VolAsk
0 FGBM−2008−MAR 111455 111460 111460 2315 2333
1 FGBM−2008−MAR FGBM−2008−JUN −210 −210 −100 18 0
2 FGBM−2008−JUN 111590 111670 111685 55 37

I n s t a n c e : 14 / 20080530−FGBM Bids : 505
Surp lus : 8202528670 Volume : 2389
ID Product BID MCP ASK VolB id VolAsk
0 FGBM−2008−JUN 106885 106885 106910 1137 1168
1 FGBM−2008−JUN FGBM−2008−SEP −270 −270 −240 31 0
2 FGBM−2008−SEP 107130 107155 107185 42 11

I n s t a n c e : 15 / 20080305−FGBM Bids : 516
Surp lus : 4057606820 Volume : 1366
ID Product BID MCP ASK VolB id VolAsk
0 FGBM−2008−MAR 111525 111550 111550 270 396
1 FGBM−2008−MAR FGBM−2008−JUN −240 −240 −205 126 0
2 FGBM−2008−JUN 111720 111790 111790 350 224

I n s t a n c e : 16 / 20080304−FGBM Bids : 518
Surp lus : 12608982765 Volume : 2110
ID Product BID MCP ASK VolB id VolAsk
0 FGBM−2008−MAR 111285 111300 111300 610 636
1 FGBM−2008−MAR FGBM−2008−JUN −225 −225 −195 26 0
2 FGBM−2008−JUN 111515 111525 111525 432 406

I n s t a n c e : 17 / 20080229−FGBS Bids : 555
Surp lus : 11186489625 Volume : 6630
ID Product BID MCP ASK VolB id VolAsk
0 FGBS−2008−MAR 104705 104710 104710 3184 3152
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1 FGBS−2008−MAR FGBS−2008−JUN −450 −415 −415 0 32
2 FGBS−2008−JUN 105105 105125 105140 115 147

I n s t a n c e : 18 / 20081202−FDAX Bids : 614
Surp lus : 2404960000 Volume : 381
ID Product BID MCP ASK VolB id VolAsk
0 FDAX−2008−DEC 4347000 4348000 4348000 187 188
1 FDAX−2008−DEC FDAX−2009−MAR −26500 −26500 −26000 1 0
2 FDAX−2008−DEC FDAX−2009−JUN −55000 −55000 −54500 2 2
3 FDAX−2009−MAR 4368000 4374500 4380000 1 0
4 FDAX−2009−MAR FDAX−2009−JUN −29000 −28500 −28000 0 0
5 FDAX−2009−JUN 4310000 4403000 4644500 0 0

I n s t a n c e : 19 / 20080304−FDAX Bids : 701
Surp lus : 3414486000 Volume : 560
ID Product BID MCP ASK VolB id VolAsk
0 FDAX−2008−MAR 6691000 6692500 6692500 280 280
1 FDAX−2008−MAR FDAX−2008−JUN −73500 −73500 −72500 0 0
2 FDAX−2008−MAR FDAX−2008−SEP −138500 −138500 −136000 0 0
3 FDAX−2008−JUN 6764000 6766000 6775500 0 0
4 FDAX−2008−JUN FDAX−2008−SEP −68500 −65000 −60500 0 0
5 FDAX−2008−SEP n u l l 6831000 8080500 0 0

I n s t a n c e : 20 / 20080229−FDAX Bids : 787
Surp lus : 2285296000 Volume : 576
ID Product BID MCP ASK VolB id VolAsk
0 FDAX−2008−MAR 6865000 6866000 6866000 288 288
1 FDAX−2008−MAR FDAX−2008−JUN −75500 −74500 −74500 0 0
2 FDAX−2008−MAR FDAX−2008−SEP −143500 −142500 −140500 0 0
3 FDAX−2008−JUN 6930000 6940500 7098000 0 0
4 FDAX−2008−JUN FDAX−2008−SEP −68000 −68000 −65500 0 0
5 FDAX−2008−SEP 6838000 7008500 8080500 0 0

I n s t a n c e : 21 / 20080303−FDAX Bids : 794
Surp lus : 7120819500 Volume : 1028
ID Product BID MCP ASK VolB id VolAsk
0 FDAX−2008−MAR 6627000 6628000 6628000 506 496
1 FDAX−2008−MAR FDAX−2008−JUN −73500 −72500 −72500 0 10
2 FDAX−2008−JUN 6683500 6700500 6816000 3 13
3 FDAX−2008−JUN FDAX−2008−SEP −68500 −68500 −60500 0 0
4 FDAX−2008−SEP n u l l 6769000 8080500 0 0

I n s t a n c e : 22 / 20080305−FDAX Bids : 833
Surp lus : 2350988500 Volume : 396
ID Product BID MCP ASK VolB id VolAsk
0 FDAX−2008−MAR 6606000 6606000 6607500 198 198
1 FDAX−2008−MAR FDAX−2008−JUN −72500 −72500 −72000 0 0
2 FDAX−2008−MAR FDAX−2008−SEP −137500 −137500 −135000 0 0
3 FDAX−2008−JUN 6672000 6678500 6690000 0 0
4 FDAX−2008−JUN FDAX−2008−SEP −65000 −65000 −62000 0 0
5 FDAX−2008−SEP n u l l 6743500 6829500 0 0

I n s t a n c e : 23 / 20080318−FDAX Bids : 917
Surp lus : 4342301500 Volume : 1065
ID Product BID MCP ASK VolB id VolAsk
0 FDAX−2008−MAR 6272000 6272000 6274000 440 457
1 FDAX−2008−MAR FDAX−2008−JUN −70000 −70000 −69500 37 20
2 FDAX−2008−MAR FDAX−2008−SEP −132000 −131000 −131000 0 0
3 FDAX−2008−JUN 6334000 6342000 6345500 64 47
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4 FDAX−2008−JUN FDAX−2008−SEP −61500 −61000 −61000 0 0
5 FDAX−2008−SEP 5850000 6403000 8080500 0 0

I n s t a n c e : 24 / 20080303−FESX Bids : 2023
Surp lus : 28571352000 Volume : 5564
ID Product BID MCP ASK VolB id VolAsk
0 FESX−2008−MAR 3649000 3649000 3650000 2713 2741
1 FESX−2008−MAR FESX−2008−JUN 78000 80000 80000 50 22
2 FESX−2008−MAR FESX−2008−SEP 53000 3649000 n u l l 0 0
3 FESX−2008−JUN 3564000 3569000 3576000 33 5
4 FESX−2008−SEP n u l l 0 3930000 0 0

I n s t a n c e : 25 / 20081201−FESX Bids : 2190
Surp lus : 11665760000 Volume : 2032
ID Product BID MCP ASK VolB id VolAsk
0 FESX−2008−DEC 2422000 2422000 2423000 1001 1011
1 FESX−2008−DEC FESX−2009−MAR −9000 −9000 −7000 10 0
2 FESX−2008−DEC FESX−2009−JUN 35000 43000 n u l l 0 0
3 FESX−2009−MAR 2426000 2431000 2433000 10 0
4 FESX−2009−MAR FESX−2009−JUN 30000 52000 52000 0 0

I n s t a n c e : 26 / 20080304−FESX Bids : 2361
Surp lus : 14156835000 Volume : 2580
ID Product BID MCP ASK VolB id VolAsk
0 FESX−2008−MAR 3680000 3680000 3682000 1284 1272
1 FESX−2008−MAR FESX−2008−JUN 79000 80000 80000 0 12
2 FESX−2008−MAR FESX−2008−SEP 55000 55000 56000 0 0
3 FESX−2008−JUN 3597000 3600000 3604000 0 12
4 FESX−2008−JUN FESX−2008−SEP −25000 −25000 −23000 0 0
5 FESX−2008−SEP n u l l 3625000 3930000 0 0

I n s t a n c e : 27 / 20081201−FGBL Bids : 2424
Surp lus : 23862756450 Volume : 3735
ID Product BID MCP ASK VolB id VolAsk
0 FGBL−2008−DEC 121700 121700 121720 1477 1490
1 FGBL−2008−DEC FGBL−2009−MAR −320 −320 −290 13 0
2 FGBL−2008−DEC FGBL−2009−JUN −900 80 n u l l 0 0
3 FGBL−2009−MAR 121970 122020 122030 384 371
4 FGBL−2009−MAR FGBL−2009−JUN −50 400 400 0 0

I n s t a n c e : 28 / 20081202−FESX Bids : 2502
Surp lus : 12504493000 Volume : 4422
ID Product BID MCP ASK VolB id VolAsk
0 FESX−2008−DEC 2261000 2262000 2262000 2208 2204
1 FESX−2008−DEC FESX−2009−MAR −8000 −7000 −7000 0 4
2 FESX−2008−DEC FESX−2009−JUN 43000 43000 nu l l 0 0
3 FESX−2009−MAR 2268000 2269000 2274000 1 5
4 FESX−2009−MAR FESX−2009−JUN 30000 50000 53000 0 0
5 FESX−2009−JUN 1950000 2219000 nu l l 0 0

I n s t a n c e : 29 / 20080229−FGBL Bids : 2530
Surp lus : 6387584200 Volume : 4733
ID Product BID MCP ASK VolB id VolAsk
0 FGBL−2008−MAR 116170 116180 116180 2358 2341
1 FGBL−2008−MAR FGBL−2008−JUN 420 430 430 0 17
2 FGBL−2008−JUN 115500 115750 115830 0 17
3 FGBL−2008−SEP n u l l 0 117000 0 0

I n s t a n c e : 30 / 20080305−FESX Bids : 2537
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Surp lus : 9048725000 Volume : 1781
ID Product BID MCP ASK VolB id VolAsk
0 FESX−2008−MAR 3644000 3645000 3645000 845 860
1 FESX−2008−MAR FESX−2008−JUN 79000 79000 81000 15 0
2 FESX−2008−MAR FESX−2008−SEP 56000 57000 58000 0 0
3 FESX−2008−JUN 3560000 3566000 3567000 38 23
4 FESX−2008−JUN FESX−2008−SEP −23000 −22000 −22000 0 0
5 FESX−2008−SEP n u l l 3588000 3930000 0 0

I n s t a n c e : 31 / 20080318−FESX Bids : 2663
Surp lus : 22134145000 Volume : 6076
ID Product BID MCP ASK VolB id VolAsk
0 FESX−2008−MAR 3475000 3476000 3476000 1585 1573
1 FESX−2008−MAR FESX−2008−JUN 80000 81000 81000 216 0
2 FESX−2008−MAR FESX−2008−SEP 59000 61000 61000 0 228
3 FESX−2008−JUN 3391000 3395000 3400000 1117 1129
4 FESX−2008−JUN FESX−2008−SEP −20000 −20000 −19000 228 0
5 FESX−2008−SEP n u l l 3415000 3449000 0 0

I n s t a n c e : 32 / 20080317−FESX Bids : 2767
Surp lus : 28950543000 Volume : 27506
ID Product BID MCP ASK VolB id VolAsk
0 FESX−2008−MAR 3470000 3470000 3471000 3587 3095
1 FESX−2008−MAR FESX−2008−JUN 79000 79000 80000 9592 10084
2 FESX−2008−MAR FESX−2008−SEP 57000 57000 58000 0 0
3 FESX−2008−JUN 3390000 3391000 3396000 328 820
4 FESX−2008−JUN FESX−2008−SEP −22000 −22000 −21000 0 0
5 FESX−2008−SEP n u l l 3413000 3641000 0 0

I n s t a n c e : 33 / 20080318−FGBL Bids : 2812
Surp lus : 19136373830 Volume : 6314
ID Product BID MCP ASK VolB id VolAsk
0 FGBL−2008−JUN 118140 118150 118150 3157 3157
1 FGBL−2008−JUN FGBL−2008−SEP −170 −170 −50 0 0
2 FGBL−2008−SEP 118030 118320 119600 0 0

I n s t a n c e : 34 / 20081202−FGBL Bids : 2906
Surp lus : 20681548660 Volume : 6300
ID Product BID MCP ASK VolB id VolAsk
0 FGBL−2008−DEC 122960 122960 122970 2954 2954
1 FGBL−2008−DEC FGBL−2009−MAR nu l l −410 −400 0 0
2 FGBL−2008−DEC FGBL−2009−JUN −890 −10 n u l l 0 0
3 FGBL−2009−MAR 123340 123370 123370 196 196
4 FGBL−2009−MAR FGBL−2009−JUN −50 400 400 0 0

I n s t a n c e : 35 / 20080319−FESX Bids : 3074
Surp lus : 21763870000 Volume : 3807
ID Product BID MCP ASK VolB id VolAsk
0 FESX−2008−MAR 3609000 3610000 3610000 927 516
1 FESX−2008−MAR FESX−2008−JUN 79000 80000 80000 96 507
2 FESX−2008−MAR FESX−2008−SEP 57000 57000 58000 0 0
3 FESX−2008−JUN 3529000 3530000 3530000 675 1086
4 FESX−2008−JUN FESX−2008−SEP −23000 −23000 −22000 0 0
5 FESX−2008−SEP n u l l 3553000 3641000 0 0

I n s t a n c e : 36 / 20080305−FGBL Bids : 3616
Surp lus : 41386569030 Volume : 7334
ID Product BID MCP ASK VolB id VolAsk
0 FGBL−2008−MAR 117620 117630 117630 1138 1708
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1 FGBL−2008−MAR FGBL−2008−JUN 420 420 430 570 0
2 FGBL−2008−JUN 117200 117210 117210 2244 1674
3 FGBL−2008−JUN FGBL−2008−SEP −140 −20 −20 0 0
4 FGBL−2008−SEP n u l l 117230 125010 0 0

I n s t a n c e : 37 / 20080303−FGBL Bids : 3683
Surp lus : 25186583060 Volume : 7172
ID Product BID MCP ASK VolB id VolAsk
0 FGBL−2008−MAR 117250 117250 117260 3165 3165
1 FGBL−2008−MAR FGBL−2008−JUN 430 430 440 0 0
2 FGBL−2008−JUN 116810 116820 116820 421 421
3 FGBL−2008−JUN FGBL−2008−SEP −110 10000000 10000000 0 0
4 FGBL−2008−SEP n u l l −9883180 117000 0 0

I n s t a n c e : 38 / 20080530−FESX Bids : 3684
Surp lus : 8145080000 Volume : 2134
ID Product BID MCP ASK VolB id VolAsk
0 FESX−2008−JUN 3771000 3771000 3772000 1067 1067
1 FESX−2008−JUN FESX−2008−SEP −30000 −30000 −29000 0 0
2 FESX−2008−JUN FESX−2008−DEC −58000 −57000 −57000 0 0
3 FESX−2008−SEP 3790000 3801000 3810000 0 0
4 FESX−2008−SEP FESX−2008−DEC −28000 −27000 −27000 0 0

I n s t a n c e : 39 / 20080304−FGBL Bids : 3751
Surp lus : 63637720110 Volume : 9672
ID Product BID MCP ASK VolB id VolAsk
0 FGBL−2008−MAR 117260 117280 117290 3360 3368
1 FGBL−2008−MAR FGBL−2008−JUN 400 410 410 103 95
2 FGBL−2008−JUN 116870 116870 116930 1377 1369
3 FGBL−2008−JUN FGBL−2008−SEP −90 10000000 10000000 0 0
4 FGBL−2008−SEP n u l l −9883130 125010 0 0

I n s t a n c e : 40 / 20080530−FGBL Bids : 4298
Surp lus : 14087420840 Volume : 6697
ID Product BID MCP ASK VolB id VolAsk
0 FGBL−2008−JUN 111770 111780 111780 3016 2869
1 FGBL−2008−JUN FGBL−2008−SEP −140 −130 −130 49 196
2 FGBL−2008−SEP 111900 111910 111950 210 357
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