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Abstract

The present thesis is concerned with the finite-dimensional output feedback control of

linear time-invariant infinite-dimensional systems with bounded control and measure-

ment. This system class contains a variety of linear parabolic, hyperbolic, and bihar-

monic distributed-parameter systems with spatially distributed inputs and outputs, as

well as some time-delay systems. For these systems an observer-based compensator,

i.e., a dynamic output feedback control, is designed by the early-lumping approach.

The concept of this approach is to use an approximation of the infinite-dimensional

system as the basis for the design of the compensator, which enables to apply the well-

known methods for finite-dimensional systems. The impact of the neglected system

dynamics on the closed-loop behavior, commonly referred to as spillover, is an inherent

shortcoming of the approach that might lead to instability. Usually, this problem is

tackled by iterating the compensator design and the closed-loop analysis with a more

and more precise approximation until an acceptable control performance is achieved.

It is the intention of this thesis to extend the early-lumping-based compensator design

method such that the undesired side effect of the model reduction can be diminished

more systematically and efficiently. Thereby, approaches both for continuous-time and

discrete-time control are presented. In contrast to most contributions dealing with

the early-lumping approach the system operator is not assumed to have a discrete

spectrum.

In the continuous-time case spillover reduction is achieved by employing fictitious out-

puts of the infinite-dimensional plant, which are reconstructed by means of so-called

output observers of finite order. Since these outputs contain less contributions of the

neglected dynamics than the actual outputs of the plant that are available by measure-

ment, the spillover becomes reduced if a fictitious output, instead of the plant output,

is used as compensator input. For quantifying the resulting spillover suppression the

spectrum of the closed-loop system is analyzed in detail. Under the assumption that

the system operator is similar to a normal operator this leads to an estimate for the
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spectrum perturbation, that is caused by the spillover. It is shown that this estimate

decreases exponentially with respect to the order of the output observers. Addition-

ally, the structure of the closed-loop spectrum is analyzed, leading to the result that

this spectrum coincides with the closure of the set of eigenvalues under fairly mild

assumptions.

The spillover reduction approach for continuous-time control can also be applied for

sampled-data systems in an adapted form, to which end discrete-time output observers

have to be added to the control loop. In addition, two further approaches for dis-

crete-time control are presented which require the system operator to be a Riesz-

spectral operator. Their central idea is to utilize either a specially adapted hold device

or sampling device. These are designed such that the contribution of the neglected

dynamics to the system output becomes small at the sampling time instances. The

sampled-data system has therefore a transfer behavior that comes arbitrarily close to

that of a finite-dimensional system. Thus, the spectrum perturbation can be suppressed

to an arbitrary extent, for which an estimate is provided.

The approaches are based on state space representations of the approximation and the

neglected dynamics, for which modal approximations are considered.
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Zusammenfassung

Diese Arbeit befasst sich mit dem Entwurf endlich-dimensionaler Regelungen für lin-

eare, zeitinvariante unendlich-dimensionale Systeme mit beschränkten Stelleingriffen

und Messungen. Diese Systemklasse umfasst eine Vielzahl linearer parabolischer, hy-

perbolischer und biharmonischer Systeme mit örtlich verteilten Ein- und Ausgängen,

sowie eine Klasse von Totzeitsystemen. Die Regler für diese Systeme werden mithilfe

des “early-lumping”-Ansatzes entworfen. Bei diesem Verfahren wird das zu regelnde

unendlich-dimensionale System durch eine Approximation angenähert, auf deren Ba-

sis die Regelung ausgelegt wird. Hierzu können die üblichen Verfahren für endlich-

dimensionale Systeme angewendet werden. Die als Spillover bezeichnete Auswir-

kung der vernachlässigten Streckendynamik auf das Regelkreisverhalten stellt eine

grundsätzliche Schwäche des Verfahrens dar. Dieser wird üblicherweise dadurch begeg-

net, dass dem Reglerentwurf eine Analyse der Regelkreisdynamik folgt und der Entwurf

ggf. für eine erhöhte Approximationsordnung wiederholt wird, bis sich eine zufrieden-

stellende Regelkreisgüte einstellt. Ziel der Arbeit ist es, die “early-lumping”-basierte

Entwurfsmethode so zu erweitern, dass der unerwünschte Nebeneffekt der Modellver-

einfachung systematischer und effektiver reduziert werden kann. Hierfür werden Ver-

fahren sowohl für zeitkontinuierliche als auch für zeitdiskrete Regelungen vorgestellt.

Anders als in früheren Arbeiten zum “early-lumping”-Ansatz ist die betrachtete Sys-

temklasse nicht auf Systemoperatoren mit diskretem Spektrum beschränkt.

Im zeitkontinuierlichen Fall wird eine Spillover-Reduzierung durch Verwendung fik-

tiver Systemausgänge erzielt, welche mittels sogenannter Ausgangsbeobachter endlicher

Ordnung gewonnen werden. Da diese Ausgangsgrößen einen geringeren Beitrag der ver-

nachlässigten Dynamik enthalten als die durch Messung verfügbaren Systemausgänge,

wird der Spillover-Effekt verringert, wenn ein solcher fiktiver Ausgang anstelle des

Streckenausgangs in den Regler eingespeist wird. Zur quantitativen Bewertung der

erzielten Spillover-Abschwächung wird eine detaillierte Analyse des Regelkreisspek-

trums angestellt. Dies führt zu einer Abschätzung der Störung dieses Spektrums,

xi



welche durch den Einfluss der vernachlässigten Dynamik verursacht wird. Als Ergeb-

nis zeigt sich, dass eine obere Schranke der Störung exponentiell bezüglich der Ordnung

der Ausgangsbeobachter verringert wird. Dabei ist vorauszusetzen, dass der System-

operator durch eine Ähnlichkeitstransformation in einen normalen Operator überführt

werden kann. Desweiteren zeigt eine Analyse der Struktur des Regelkreisspektrums,

dass dieses unter wenig einschränkenden Annahmen dem Abschluss der Menge der

Eigenwerte gleicht.

Auch für Abtastregelungen lässt sich das Spillover-Reduktionsverfahren aus dem zeit-

kontinuierlichen Bereich in angepasster Form anwenden, wozu zeitdiskrete Ausgangs-

beobachter in den Regelkreis eingefügt werden. Zusätzlich werden für zeitdiskrete

Regelungen zwei weitere Verfahren vorgestellt, wobei der Systemoperator als Riesz-

Spektraloperator vorauszusetzen ist. Deren Grundidee besteht darin, entweder ein

spezielles Halteglieder oder ein spezielles Abtastglied zu verwenden. Diese werden

so entworfen, dass der Beitrag der vernachlässigten Dynamik zum Systemausgang

zu den Abtastzeitpunkten vernachlässigbar wird. Das Abtastsystem besitzt dadurch

ein Übertragungsverhalten, welches dem eines endlich-dimensionalen Systems beliebig

nahegebracht werden kann. Dies hat zur Folge, dass die Störung des Regelkreis-

spektrums beliebig klein gemacht werden kann. Eine Abschätzung der verbleibenden

Störung wird angegeben.

Für die Verfahren werden Zustandsmodelle der Approximation sowie der vernach-

lässigten Dynamik herangezogen, wobei speziell von modalen Approximationen des

unendlich-dimensionalen Systems ausgegangen wird.
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Chapter 1

Introduction

Many processes in the fields of engineering and physics as well as chemistry and biol-

ogy are dynamical systems whose dynamics depend both on the time and on one or

several spatial coordinates. Such systems are commonly called distributed-parameter

systems. In contrast to their counterpart, the lumped-parameter systems, whose be-

havior can be described by a finite number of scalar variables, the system variables of

distributed-parameter systems are elements of an infinite-dimensional function space.

These systems belong therefore to the so-called class of infinite-dimensional systems

which in addition covers also the class of time-delay systems. This thesis is concerned

with the finite-dimensional output feedback control of linear time-invariant infinite-

dimensional systems with bounded control action and measurement. An introduction

to the description of such systems is given, e.g., in [46, 51, 67].

The eigenvalue assignment problem for the control of linear distributed-parameter sys-

tems by dynamic output feedback has been a wide field of research during the last

decades. The restriction to finite-dimensional control, that is essential for the appli-

cation because infinite-dimensional control laws cannot be implemented directly, is a

particular challenging issue. An overview of finite-dimensional control approaches for

linear distributed-parameter systems can be found in [5, 37, 42, 51].

It is a widely spread engineering practice to design a compensator, i.e., a dynamic

output feedback control, on the basis of a system approximation. At first glance,

this so-called early-lumping approach seems to be the easiest way of a compensator de-

sign for infinite-dimensional systems because a variety of well-developed approximation

methods and their software implementations are available, and once the approximation

has been computed one can proceed with the established design techniques for lumped-
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1 Introduction

parameter systems. Of course, since a part of the system dynamics is neglected for the

compensator design, the control loop may have an unintended behavior. This negative

impact of the neglected system dynamics, which even may destabilize the closed-loop

system, is known as spillover and was studied intensively during the 1970s and the

1980s (see [3, 4, 5, 8, 105]).

A self-evident possibility to deal with the spillover is to reduce the approximation

error sufficiently by increasing the approximation order. In this way the spillover

can always be made marginal. However, besides the shortcoming that the resulting

compensator order may be undesired high, this approach, though being rather simple

from a conceptual point of view, is not easy to deal with in theory in a satisfying way. In

particular, an a priori bound for the required compensator order is not available and the

design procedure may require several iteration steps consisting of computing a more

accurate approximation and redesigning the compensator. The overall method can

therefore not be regarded systematic. Although some approaches have been suggested

for reducing the spillover (see [13, 31, 105]) the mentioned general difficulties have not

been overcome yet.

This is the reason why new concepts such as the late-lumping approach (see [11, 12,

42, 46]), the direct approach (see [38, 50, 121, 122]) and the robustness-based design

approaches (see [23, 42, 46]) have been developed during the 1990s. It is the concept

of the late-lumping approach to design an infinite-dimensional compensator first and

to approximate it for the implementation in a second step, where the reduction causes

spillover similar to the early-lumping approach. The other two approaches, in contrast,

avoid the spillover problem at heart by designing the compensator finite-dimensional

right from the beginning so that no approximation is involved. Nevertheless, the

early-lumping approach still plays an important role for the engineering practice which

certainly comes from the fact that its application does not require a deep theoretical

background.

It is therefore the intention of this thesis to adhere to the basic idea of early-lumping—

to design a compensator on the basis of a finite-dimensional model instead of the

infinite-dimensional plant—but to modify the underlaying finite-dimensional model

such that the impact of spillover is reduced. This leads to the system analytic problem

to identify and characterize the influence of spillover, and to the synthesis problem

to extend the classical early-lumping approach such that an efficient and systematic

spillover reduction is achieved. The considerations in the thesis for addressing these
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1.1 Problem formulation and contribution of the thesis

problems make use of some basic concepts of functional analysis and the Hilbert space

theory, more specifically. However, the bare application of the proposed approaches

does not require a deep insight into this field.

1.1 Problem formulation and contribution of the thesis

This thesis is concerned with the design of finite-dimensional compensators for infinite-

dimensional linear time-invariant systems on the basis of the early-lumping approach,

where both continuous-time and discrete-time compensators are addressed. The gen-

eral objective is to extend the classical approach such that the spillover phenomenon

can be handled more systematically, whereupon a low order of the controller dynamics

is desired. For this aim different approaches are developed in this thesis, one for con-

tinuous-time control that can be adapted in a straightforward manner to sampled-data

control, and two alternative approaches for spillover reduction in discrete-time domain.

These techniques can be summarized as follows.

Spillover reduction approach for continuous-time control

The basic degree of freedom, that is used for spillover reduction in the continuous-time

domain, consists in combining the infinite-dimensional plant with a suitable finite-

dimensional dynamic extension and to design an observer-based compensator for the

resulting extended system. In this way, the actual control synthesis can still be done

in the classical way but only the system to be controlled is modified. For determining

a suitable extension the fact is used that certain fictitious outputs of the infinite-

dimensional system can be reproduced by means of a finite-dimensional dynamical

system that is named output observer (see [56]). These fictitious outputs have the

advantage compared to the plant outputs available by measurement, that they are less

affected by the neglected dynamics. In consequence, the effect of spillover is reduced

when such reconstructed outputs are used for the compensator instead of the mea-

surable outputs. This basic idea can be employed repeatedly by accomplishing the

output reconstruction multiple times, whereby the detrimental impact of the system

reduction is successively diminished. A class of reconstructible fictitious outputs is

identified and a method for the reproduction is given. These results have been pub-

lished in [55, 56, 77]. A compensator design approach that makes use of a fictitious

output is presented subsequently.
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1 Introduction

In order to end up with a systematic approach it is necessary to analyze the spillover

reduction in a quantitative way. To this end, the spectrum of the closed-loop system

operator is examined, that determines the behavior of the control loop essentially, as

is well-known. Studies on the perturbation of the closed-loop spectrum can be found

in [40, 68]. However, in both references the assumptions are too restrictive for the

purpose of this thesis and the results do hardly give any advice for spillover avoidance.

In this work a simple estimate for the perturbation of the closed-loop spectral points is

found that is used as a measure for the spillover effect. On the basis of this result it is

shown that by using a fictitious output for the compensator the spectrum perturbation

of the control loop is reduced exponentially with respect to the order of the output

observers. Therefore, this spillover suppression method turns out to be more effective

than the classical practice to increase simply the approximation order which may lead

to a comparatively high compensator order. Finally, an a priori estimate for the overall

order of the controller dynamics is given that guarantees certain performance criteria.

This concept and the results have been presented in [55, 76, 80, 81].

Spillover reduction approach for discrete-time control

It is not surprising that the spillover reduction method for continuous-time control can

be applied in an analog way when the early-lumping approach is applied to sampled-

data system. This yields also in the discrete-time domain an efficient suppression of

the spectrum perturbation. Since the adaption of the approach for continuous-time

control to the discrete-time case is straightforward, it is not discussed in the thesis.

Instead, two alternative methods are presented that make use of the observation that

sampled-data systems provide degrees of freedom for spillover reduction that are un-

available in the domain of continuous-time control. These are related to the choice of

the hold device and sampling device that are added to the plant in order to constitute a

sampled-data system. The commonly used zero-order hold, that keeps the last control

vector of the compensator constant during the current sampling interval, is replaced by

a more general type of hold device. Its output equals in the single-input case a certain

hold function which is weighted by the control value that the compensator has gener-

ated at the last sampling time instant. Since the hold function is a step function, it

can be implemented easily, for which a zero-order hold can be used that operates with

a higher sampling rate than the compensator. Alternatively, the commonly used sam-

pling device, that simply takes the plant output vector at the sampling time instances

and passes them to the compensator, is replaced by a more general sampling device.
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1.2 Outline of the thesis

It takes the system output at several time instances within the current sampling in-

terval and computes the weighted sum of these measurements. At each sampling time

instance the resulting sum is passed to the discrete-time compensator.

For suppressing the spillover the observation is used that the hold function and the

sampling function can be chosen such that the error between the output of the approx-

imation and the infinite-dimensional plant at the sampling time instances becomes

arbitrarily small. Thus, the spillover can be reduced without increasing the approxi-

mation order or the compensator order, where, in doing so, the implementation of the

general hold device or general sampling requires additional efforts, compared to the use

of a zero-order hold and standard sampling. The closed-loop dynamics is analyzed as

in the continuous-time case and an estimate for the spectrum perturbation is provided.

These concepts are addressed in [78, 79].

Generalization of the system class

It is a further objective of the thesis to generalize the early-lumping approach to sys-

tems with accumulation points in their spectra. This is motivated by the fact that

mechanical structures with Kelvin-Voigt damping, which make up a relevant system

class in the applications, possess such accumulation points (see [73, 101]). This gen-

eralization impacts particularly the spectral analysis. Almost all contributions in the

literature concerning the early-lumping approach consider systems whose spectra con-

sist solely of isolated eigenvalues. These systems do not have any accumulation points

since if the eigenvalues accumulate, the closed-loop spectrum contains additional spec-

tral points that are not eigenvalues. Since all kinds of spectral points are responsible

for the system’s stability it is essential to include also the additional spectral points in

the analysis. Therefore, the examination of the closed-loop spectrum’s structure is a

main issue of the thesis which leads to a detailed characterization.

1.2 Outline of the thesis

Chapter 2 provides in the first section some fundamentals for applying the classical

early-lumping approach. Since the considerations in this thesis refer to state space

representations of infinite-dimensional systems some basics of such models are summa-

rized. Afterwards, the considered system class is defined and the state space models
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1 Introduction

for some applications are determined that are used in subsequent chapters. Modal

approximations are employed throughout the thesis for the system reduction. For

that reason this type of approximation is reviewed in the second section of Chapter 2.

Subsequently, the classical finite-dimensional compensator design by the early-lumping

approach is summarized in the third section, for which observer-based compensators

are considered. Finally, the closed-loop spectrum is analyzed in the last section of

Chapter 2 which leads to a characterization of the spillover impact on the controlled

system.

The new finite-dimensional compensator design approach is presented in Chapter 3 that

combines the classical early-lumping design scheme for observer-based continuous-time

control with the proposed spillover reduction technique. To this end, the reconstruction

of fictitious outputs by means of output observers is demonstrated in the first section.

Afterwards, the actual compensator design approach is addressed in the second section

which makes use of fictitious outputs. Both closed-loop structures with a single output

observer and with a cascaded setup of output observers are considered. In the last

section of Chapter 3 it is shown that the spillover reduction approach enables to sup-

press two different kinds of spillover, namely the observation spillover and the control

spillover.

Chapter 4 is concerned with the design of digitally implemented compensators that

thus operate in the discrete-time domain. In the first section of this chapter some

basics of infinite-dimensional sampled-data systems are summarized, and the system

class considered for discrete-time control is defined. The classical early-lumping based

compensator design approach for such discrete-time systems is discussed subsequently

in the second section, wherein also the closed-loop dynamics is analyzed in terms of

the spectrum structure and spectrum perturbation.

Finally, the spillover reduction approaches for discrete-time control systems are pre-

sented in Chapter 5. While the use of general hold devices is subject of the first section,

the second section makes use of general sampling. Besides presenting design methods

for these devices estimates for the closed-loop spectrum perturbation are given.

6



Chapter 2

The early-lumping approach for

continuous-time control

The design of compensators for linear distributed-parameter systems on the basis of a

finite-dimensional approximation is a classical technique. This so-called early-lumping

approach enables to use an arbitrary synthesis method for finite-dimensional systems

which is why this approach is still wide spread. The early-lumping approach has

been studied intensively during the 1970s and the 1980s (see the overview in [5] and

[3, 4, 8, 105]).

On the one hand reducing the infinite-dimensional system to a finite-dimensional ap-

proximation has the obvious merit that the design step is particular simple. On the

other hand this method entails the shortcoming that the neglected system dynamics

may affect the behavior of the closed-loop system in an undesired way, which even may

lead to instability of the closed-loop system. This phenomenon, known as spillover, is

analyzed, e.g., in [2, 14, 105]. Since the spectrum of the closed-loop system operator

is an essential characteristic of the controlled system with regard to the stability and

control performance, it is reasonable to analyze the spillover impact in terms of this

spectrum. It turns out that all eigenvalues are shifted away from the desired locations

on the complex plane, due to the neglected system dynamics. This perturbation of

the spectrum has been studied in [40] and [68]. Unfortunately, the characterization

in [40] is fairly involved and does therefore hardly give any advice for a stabilizing

compensator, and the latter reference is restricted to special applications and yields

estimates that are in many cases very conservative.

For that reason the early-lumping approach is reviewed in this chapter and an estimate

7



2 The early-lumping approach for continuous-time control

for the spectrum perturbation, i.e., an upper bound for the deviations of the closed-

loop eigenvalues caused by spillover, is presented. It is shown that this estimate is

proportional to the norm of a perturbation operator that is related to the neglected

system dynamics. The estimate allows not only to assure the closed-loop stability

but also to guarantee performance criteria such as a minimum stability margin and

damping.

Another reason why the early-lumping approach is analyzed from a new perspective is

that most of the contributions in this field confine to system operators with discrete

spectra. These do therefore not apply to systems with accumulations in the spectrum,

such as, e.g., mechanical structures with Kelvin-Voigt damping (see [73, 101]). When

the system operator is restricted to have a discrete spectrum the closed-loop system

operator’s spectrum again is discrete and thus consists solely of isolated eigenvalues.

In the general case, however, the structure of the spectrum, i.e., the decomposition

into the point spectrum, which is the set of eigenvalues, the continuous spectrum, and

the residual spectrum is more involved. The behavior of the controlled system depends

on the spectral points of all three categories for which reason it is essential not only to

consider the eigenvalues but to identify also the remaining spectral points. Therefore,

the decomposition of the closed-loop spectrum is analyzed. As a main result of this

chapter it is shown that for a fairly large system class the whole spectrum of the

closed-loop system operator always equals the closure of the set of eigenvalues. As a

basic conclusion it is sufficient to concentrate on the eigenvalues in order to analyze

the closed-loop behavior.

The discussion of the effects of the neglected system dynamics become particular simple

when modal approximations are used for the compensator design because the infinite-

dimensional system dynamics separates then into two decoupled subsystems in a natu-

ral way, namely the modal approximation and the decoupled residual dynamics. There-

fore, the early-lumping approach using this type of approximation is presented in this

chapter.

The chapter is organized as follows. In Section 2.1 some fundamentals of infinite-

dimensional state space models are reviewed and the considered system class is de-

fined. In particular, systems with bounded input and output operators are assumed

which simplifies the considerations significantly. In addition, some examples are con-

sidered which will be referred to repeatedly later on. The computation of modal ap-

proximations is summarized in Section 2.2, and Section 2.3 addresses the classical

8



2.1 Continuous-time state space representations

finite-dimensional observer-based compensator design by the early-lumping approach.

Finally, the resulting spillover is discussed by analyzing the closed-loop spectrum in

Section 2.4.

2.1 Continuous-time state space representations

The compensator design and the analysis of the closed-loop behavior will be presented

throughout the thesis for a certain class of state space models, namely for the class

of state linear systems. This fairly well-known representation of infinite-dimensional

systems is reviewed in the following subsection. Afterwards, important properties,

such as, e.g., the solvability of the state equation and the stability of the system are

addressed in the Subsections 2.1.2 and 2.1.3. In Subsection 2.1.4 some important sub-

classes of state linear systems are discussed and the system class, that is considered for

the time-continuous control, is defined. Finally, the section ends with some examples

of state space models for standard applications.

2.1.1 State linear systems

Distributed-parameter systems are often described by partial differential equations

(PDEs), where the describing variables depend on both the time and the spatial co-

ordinates (see, e.g., [102]). These models have therefore a different form compared to

the state space representations

ẋn(t) = Axn(t) +Bu(t), t > 0, xn(0) = xn,0 ∈ C
n (2.1)

y(t) = Cxn(t), t ≥ 0 (2.2)

with u(t) ∈ Rp, y(t) ∈ Rm, and xn(t) ∈ Cn of finite-dimensional linear systems whose

state depends only on the time t. The analogy to these systems can be recovered for

infinite-dimensional systems by using a suitable function space as state space X , which

is the linear space that the state belongs to for all t ≥ 0, instead of Cn that is commonly

used in finite dimensions. A simple example of such a function space is the Lebesgue

space L2(a, b) of complex-valued functions f : [a, b] 7→ C that satisfy
∫ b

a
|f(z)|2dz <∞,

wherein [a, b] describes the spatial domain of the system. The state x(t) represents

then for every time instant a function that depends on the spatial coordinate z ∈ [a, b].

However, from the set-theoretic point of view, x(t) is just an element of the state

9



2 The early-lumping approach for continuous-time control

space, i.e., x(t) ∈ X , ∀ t ≥ 0, for which reason the spatial argument is omitted in

the notation. Therefore, the linear time invariant (LTI) infinite-dimensional systems

considered throughout this thesis have the form

Σ : ẋ(t) = Ax(t) + Bu(t), t > 0, x(0) = x0 ∈ X (2.3)

y(t) = Cx(t), t ≥ 0 (2.4)

which apparently is formally almost the same as in the finite-dimensional case. Of

course, instead of the matrices A, B, and C in (2.1)–(2.2) the operators A, B, and
C in (2.3)–(2.4) are more general linear maps. The system operator A commonly

contains spatial differential operators that correspond to the spatial partial derivatives

appearing in the models on the basis of PDEs. Therefore, A can be applied only

to functions that are sufficiently smooth which means that the domain1 D(A) of A
is a subset of X . For the systems to be considered the input operator B maps the

(possibly vector-valued) input u(t) ∈ Rp, p ∈ N, onto a function Bu(t) ∈ X and the

output operator C maps the state onto the (possibly vector-valued) output y(t) ∈ R
m,

m ∈ N, typically by means of an integral operator. Besides the set-theoretic point of

view from which x(t) is an element of X , the geometric perspective plays an important

role for generalizing to the infinite-dimensional case. As for finite-dimensional state

space models the elements of X and thus x(t) appear from that point of view to be

vectors that can be assigned a length by a norm ‖ · ‖X . In addition, it is useful for

many considerations to describe the relation between two vectors by aid of an inner

product 〈g, h〉X with g, h ∈ X . Therefore, the state spaces considered in the sequel

consist not only of a function space but of a (complex) Hilbert space2 for which an

inner product and the induced norm ‖h‖X ..=
√

〈h, h〉X , h ∈ X , are defined. At first

glance, the model (2.3)–(2.4) does not contain any boundary conditions that are part of

PDE-based models. However, the boundary conditions are embedded in the definition

of the domain D(A). This is demonstrated in the following simple example, where a

state space model of a one-dimensional heat conductor is determined.

1 The domain D(M) of an operator M : D(M) ⊆ H1 7→ H2 consists of all elements of H1 for that

the application of M is defined.

2 A linear space H over C, in which an inner product 〈·, ·〉H is defined, is called a complex Hilbert

space if it is a Banach space with respect to the induced norm ‖h‖H =
√

〈h, h〉H , ∀h ∈ H , i.e.,

every Cauchy sequence in H has its limit w.r.t. to ‖ · ‖H in H .
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2.1 Continuous-time state space representations

Example 2.1-1 (1-D heat conductor)

The system to be considered is a heat conducting rod with length ℓ, heat conductivity

µ, effective heat capacity c and density ρ (see Figure 1). The temperature ϑ(z, t) along

the spatial coordinate z ∈ [0, ℓ] is described by the heat equation

∂tϑ(z, t) =
µ

c ρ
∂2zϑ(z, t) +

1

c ρ
b(z)u(t), t > 0, z ∈ (0, ℓ) (2.5)

with the initial condition

ϑ(z, 0) = ϑ0(z), z ∈ [0, ℓ] (2.6)

(see [91]), wherein the abbreviation ∂αη = ∂α

∂ηα
is used. At both ends of the rod Dirichlet

boundary conditions

ϑ(0, t) = ϑ(ℓ, t) = 0, t > 0 (2.7)

are considered. The input u(t) represents the heating power of a heat source with a

spatial distribution that is described by b : [0, ℓ] 7→ R. Finally, a temperature sensor

provides the weighted average temperature

y(t) =

∫ ℓ

0

ϑ(z, t)c(z)dz (2.8)

with weight c : [0, ℓ] 7→ R which is used as the output of the system. If the temperature

ϑ(z, t) is used as the state x(t) ..= ϑ(·, t), the system (2.5)–(2.8) can be described by

a state space model (2.3)–(2.4) on the complex state space X ..= L2(0, ℓ) (for the

definition of L2(0, ℓ) see Appendix D) which is known to be a Hilbert space with the

inner product

〈g, h〉X = 〈g, h〉L2

..=

∫ ℓ

0

g(z)h(z)dz (2.9)

���������������
���������������
���������������
���������������

c(z) b(z)

y(t)

temperature sensorz

ϑ(ℓ, t) = 0ϑ(0, t) = 0

z = 0 z = ℓ

ϑ(z, t)
temperature heat source

u(t)

Figure 1 – One-dimensional heat conductor with temperature distribution ϑ(z, t).

The input u(t) is the power of a heat source, and the output y(t) is the

average temperature at the sensor surface.
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2 The early-lumping approach for continuous-time control

which induces the norm ‖h‖X = ‖h‖L2

..=
√

∫ ℓ

0
|h(z)|2dz. It is easy to verify that the

corresponding operators A, B, and C are then given by

Ah =
µ

c ρ
d2
zh, ∀h ∈ D(A) =

{

h ∈ H2(0, ℓ)
∣

∣

∣
h(0) = h(ℓ) = 0

}

(2.10)

Bv =
1

c ρ
b v, ∀ v ∈ C (2.11)

Ch = 〈h, c〉X, ∀h ∈ X, (2.12)

in which dα
η = dα

dηα
is used as shorthand notation (for the definition of the Sobolev space

H2(0, ℓ) see Appendix D). It is important to note that the domain D(A) reflects the

boundary conditions (2.7). In addition, the requirement h ∈ H2(0, ℓ) within the defi-

nition of D(A) assures that A is applied only to functions that are twice differentiable

w.r.t. z in the weak sense. ◭

2.1.2 Solution of the state equation

The state space model (2.3)–(2.4) is meaningful only, if the abstract initial value prob-

lem (abstract IVP) composed of the state equation in combination with the initial

condition (see (2.3)) is well-posed, i.e., it has a unique solution which depends con-

tinuously on the initial state and on the input trajectory. In order to discuss this

question the homogeneous case, i.e., u ≡ 0, is considered for the time being. Then,

well-posedness of the abstract IVP is ensured if the semigroup3 S(t), t ≥ 0, which is

the map defined by

x(t) = S(t)x0, ∀ t ≥ 0, ∀ x0 ∈ X, (2.13)

has the property to be strongly continuous, i.e., limt→0+ ‖S(t)x0−x0‖X = 0, ∀ x0 ∈ X .

In this case S(t) is said to be a C0-semigroup and A is the corresponding infinitesimal

generator of the C0-semigroup. Thus, A will be assumed to be such a generator

throughout this thesis so that the homogeneous abstract IVP is well-posed. In order

to make sure that the same is valid also for the inhomogeneous abstract IVP the

following assumption is used.

3 A one-parameter semigroup or just semigroup is a map S : R+ 7→ L(X) that satisfies S(t1 + t2) =

S(t1)S(t2), ∀ t1, t2 ≥ 0, where L(X) is the space of bounded maps on X .
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Assumption 2.1-2 (Boundedness of the input and output operators)

The operators B : Cp 7→ X and C : X 7→ C
m are assumed to be linear and bounded4

so that they have the representations

Bv =
[

b1 · · · bp

]

v =

p
∑

i=1

bivi, ∀ v ∈ C
p (2.14)

Ch =







〈h, c1〉X
...

〈h, cm〉X






, ∀h ∈ X (2.15)

with the input distribution functions b1, b2, . . . , bp ∈ X and the output distribution

functions c1, c2, . . ., cm ∈ X (for (2.15) see [92, Thm. 3.8-1]). Furthermore, b1, b2, . . . , bp

are assumed to be linear independent, and the same is assumed for c1, c2, . . . , cm. ◭

This assumption combined with the property of A to be an infinitesimal generator of

a C0-semigroup has the consequence that the considered systems belong to the class

of state linear systems (see [46]). It is well known that the abstract IVP is therefore

well-posed not only in the homogeneous but also in the inhomogeneous case. To be

more precise, (2.3) has a unique mild solution x(t), t ≥ 0, that can be shown to be

continuous with respect to t for every input trajectory u ∈ Lq([0, τ ];R
p), τ > 0, q ∈ N

(see [46, Lem. 3.1.5]; for the definition of Lq see Appendix D). For the heat conductor

considered in Example 2.1-1 Assumption 2.1-2 is discussed next.

Example 2.1-3 (1-D heat conductor, continued)

If the input distribution function b(z) in Example 2.1-1 is non-vanishing on an interval

of the z-axis, the heat power enters the system in a spatially distributed way which

is why this type of input is called distributed control . Similar, if the output distribu-

tion function c(z) is non-vanishing on an interval of the z-axis, the sensor action is

distributed which is referred to as distributed measurement . Clearly, when b(z) and

c(z) are real-valued bounded functions on [0, ℓ], one has b, c ∈ X = L2(0, ℓ). Since

the the input and output operators B and C according to (2.11)–(2.12) have the form

(2.14)–(2.15), Assumption 2.1-2 is satisfied in this case. In some applications the size

4 A linear operator M : D(M) = H1 7→ H2 between two normed spaces H1 and H2 with norm

‖ · ‖H1
and ‖ · ‖H2

, respectively, is called bounded if a constant C ∈ R exists such that ‖Mh‖H2
≤

C‖h‖H1
, ∀h ∈ D(M), holds.
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2 The early-lumping approach for continuous-time control

of the heat source and the sensor are so small compared to the length ℓ of the rod

that it is natural to model them as they would act only at a single point. The heat

source is then called a point actuator at position β ∈ [0, ℓ] and the sensor provides a

point measurement at position γ ∈ [0, ℓ]. In fact, this situation can be described by

setting b(z) = δβ(z) and c(z) = δγ(z), with δζ(z) denoting the Dirac delta function5

centered at ζ , since then the heat enters the system only at the point β and the heat

power amounts to
∫ ℓ

0
b(z)dz u(t) =

∫ ℓ

0
δβ(z)dz u(t) = u(t), and the output becomes

y(t) =
∫ ℓ

0
ϑ(z, t)c(z)dz =

∫ ℓ

0
ϑ(z, t)δγ(z)dz = ϑ(γ, t) as intended. In the same way also

point actuations and measurements at the boundaries—so-called boundary control and

boundary measurement—can be described. However, since δζ(z) 6∈ L2(0, ℓ), ζ ∈ [0, ℓ],

Assumption 2.1-2 is violated for this type of input and output distribution functions

and it is therefore not possible to describe the dynamics by a state linear system as is

assumed for the considerations in this thesis. Instead, the larger class of regular linear

systems can be used that provides a profound theory for systems with point actuation

and point measurement (see [44, 130] and the references therein). This approach how-

ever requires advanced efforts for the analysis of the well-posedness (see, e.g., [27]). It

is therefore in most cases easier to approximate the delta functions by small rectangular

shaped functions b(z) = 1
2ε
1[β−ε,β+ε](z) and c(z) =

1
2ε
1[γ−ε,γ+ε](z) with ε > 0, where

1[ζ1,ζ2](z)
..=

{

1 : z ∈ [ζ1, ζ2]

0 : else
(2.16)

is the characteristic function. In this way it is achieved that Assumption 2.1-2 holds.

◭

An explicit expression for the solution x of (2.3) can be determined if the eigenvectors

φi, i ∈ N, of A have a certain property. The eigenvectors are defined as the non-trivial

solutions of the eigenvalue-eigenvector equation

Aφi = λiφi, i ∈ N, φi ∈ D(A) (2.17)

with λi denoting the eigenvalue that corresponds to φi. For determining the solution

x of the state equation it is assumed that {φi, i ∈ N} constitutes a Riesz basis , which

is the case in many applications of practical interest. Such a basis is defined as follows

(see [46, Def. 2.3.1]).

5 The Dirac delta function δζ(z), z ∈ R, has the defining properties δζ(z) = 0 for all z ∈ R \ ζ and
∫∞

−∞ δζ(z)α(z)dz = α(ζ) for any continuous function α : R 7→ C.
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Definition 2.1-4 (Riesz basis)

Suppose that a set {vi}i∈N of vectors vi ∈ X satisfies both of the following two condi-

tions:

1. spani∈N{vi} = X

2. There exist constants m,M > 0 such that

m
N
∑

i=1

|αi|2 ≤ ‖
N
∑

i=1

αivi‖2X ≤M
N
∑

i=1

|αi|2 (2.18)

is satisfied for arbitrary but square summable αi ∈ C, i.e.,
∑∞

i=1 |αi|2 < ∞, and

for an arbitrary N ∈ N, in which m and M have to be independent from N .

Then, {vi, i ∈ N} is called a Riesz basis for X . ◭

One can show that a Riesz basis satisfies (2.18) also for the limit N → ∞, i.e., one has

m

∞
∑

i=1

|αi|2 ≤ ‖
∞
∑

i=1

αivi‖2X ≤M

∞
∑

i=1

|αi|2 (2.19)

for square summable αi ∈ C. Note, that the equalities in (2.19) hold withm =M = 1 if

{vi, i ∈ N} is an orthonormal basis for X since the generalized theorem of Pythagoras

can be applied. For a general Riesz basis, however, only the inequalities hold with

m,M > 0. The left inequality implies that the vectors vi are linearly independent

and the right inequality guarantees that any linear combination is contained in X ,

provided that
∑∞

i=1 |αi|2 < ∞ holds. This, combined with spani∈N{vi} = X , assures

that any element of X can be represented as a unique linear combination of these

vectors. Thus, if the eigenvectors φi, i ∈ N, of A are a Riesz basis, every element

h ∈ X has the expansion

h =

∞
∑

i=1

〈h, ψi〉Xφi, ∀h ∈ X (2.20)

(see [46, Lem. 2.3.2]), wherein {ψi, i ∈ N} is the (unique) biorthonormal sequence

associated with {φi, i ∈ N}, i.e.,

〈φi, ψj〉X = δij ..=

{

1 : i = j

0 : else ,
(2.21)
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2 The early-lumping approach for continuous-time control

with δij denoting the Kronecker symbol6. An explicit expression for the solution x(t)

of system Σ can be obtained by inserting

x(t) =
∞
∑

i=1

〈x(t), ψi〉Xφi (2.22)

into (2.3). Using the eigenvalue-eigenvector equation (2.17) and relation (2.21) one can

show that the state trajectory x(t) is given by

x(t) =

∞
∑

i=1

eλit〈x0, ψi〉Xφi +

∞
∑

i=1

p
∑

j=1

∫ t

0

eλi(t−τ)uj(τ)dτ 〈bj , ψi〉Xφi, t ≥ 0, x0 ∈ X

(2.23)

(see [46, Example 3.1.8] and [51, Sec. 2.2.2]), wherein uj(t) denotes the j-th element of

the vector u(t). Remember that for this expression a state linear system was assumed

whose system operator has an eigenvector Riesz basis. Without analyzing the conver-

gence of the infinite sums in detail it is obvious that the eigenvalues λi have to satisfy

λ0 ..= supi∈NReλi < ∞ because one has divergence for any t > 0 otherwise. In fact,

this condition is necessary for generators of a C0-semigroup in general. Observe, that

(2.23) is analog to the solution

xn(t) =

n
∑

i=1

eλit〈x0, wi〉Cnvi +

n
∑

i=1

p
∑

j=1

∫ t

0

eλi(t−τ)uj(τ)dτ〈bj , wi〉Cnvi, t ≥ 0, x0 ∈ C
n

(2.24)

of a finite-dimensional system (2.1)–(2.2), wherein vi and wi denote the eigenvectors

of A and A
T
, respectively, that are related to the eigenvalues λi and λi, and bj is the

j-th column of B. Comparison with (2.23) shows that the eigenvalues influence in both

cases the solution and thus the dynamics in the same way. Particularly, the system’s

stability depends essentially on the eigenvalues which is addressed more in detail in

the next subsection.

6 If {φi, i ∈ N} is an orthonormal sequence, i.e., 〈φi, φj〉X = δij , i, j ∈ N, the biorthonormal sequence

is obviously simply given by ψi = φi, i ∈ N. The eigenvectors of A are in fact orthonormal

(after normalization), if A is self-adjoint or skew-adjoint (see [89, Sec. V 3.5]). If {φi, i ∈ N} is

non-orthonormal but the eigenvalues are solely simple, the corresponding biorthonormal sequence

{ψi, i ∈ N} can be determined by computing the eigenvectors ψi, i ∈ N, of the adjoint operator A∗

(see Appendix C), where ψi corresponds to the eigenvalue λi of A∗ with λi denoting the eigenvalue

of A that corresponds to φi. That these vectors ψi, i ∈ N, infact satisfy (2.21) after suitable scaling

follows from λi〈φi, ψj〉X = 〈Aφi, φj〉X = 〈φi,A∗ψj〉X = λj〈φi, ψj〉X and λi 6= λj for i 6= j.
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2.1.3 Exponential stability

A state linear system and its C0-semigroup are said to be exponentially stable if its

norm decays exponentially w.r.t. the time, which means that

‖S(t)x0‖X ≤ Ceωt‖x0‖X , ∀ t ≥ 0, ∀ x0 ∈ X (2.25)

has to hold for constants C ≥ 1, ω < 0. Since S(t)x0 has the meaning of the homoge-

neous solution of the state equation (see (2.13)), the C0-semigroup can be determined

for systems with eigenvector Riesz basis by inserting u ≡ 0 into (2.23), yielding

x(t) = S(t)x0 =
∞
∑

i=1

eλit〈x0, ψi〉Xφi, t ≥ 0, x0 ∈ X. (2.26)

A simple calculation gives

‖S(t)x0‖2X ≤M
∞
∑

i=1

|eλit〈x0, ψi〉X |2

≤M |eλ0t|2
∞
∑

i=1

|〈x0, ψi〉X |2 ≤
M

m
(eλ0t)2‖x0‖2X , (2.27)

wherein (2.19), (2.22), and λ0 = supλi∈N Reλi have been used. Hence, one has

‖S(t)x0‖X ≤
√

M

m
eλ0t‖x0‖X . (2.28)

Comparison with (2.25) shows that the system is exponentially stable if λ0 < 0. Thus,

a necessary condition for stability is that all eigenvalues of A are located in the left half-

plane as it is well-known from the finite-dimensional case, whereas they may not come

arbitrarily close to the imaginary axis. This remains true also for system operators

without eigenvector Riesz basis. However, in contrast to the finite-dimensional case,

the spectrum σ(A) of A may in general contain not only the eigenvalues λi but also

additional spectral points which also influence the system’s stability. For discussing

this more in detail, σ(A) is decomposed into three disjoint parts

σ(A) = σp(A) ∪ σc(A) ∪ σr(A), (2.29)

where the point spectrum σp(A) contains all the eigenvalues, and the continuous spec-

trum σc(A) and the residual spectrum σr(A) contain additional spectral points. All

λ ∈ σ(A) have in common that the equation

(λI −A)g = h (2.30)
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2 The early-lumping approach for continuous-time control

cannot be solved uniquely for arbitrary h ∈ X . If λ is an eigenvalue, i.e., λ ∈ σp(A),

an eigenvector φ ∈ X exists such that (λI − A)φ = 0 holds, implying a loss of the

uniqueness of (2.30). This relation shows that λI − A loses its injectivity7 whenever

λ is an eigenvalue of A, which therefore can be considered the basic property of an

eigenvalue. Spectral points λ belonging to the residual or the continuous spectrum in

contrast are defined by the requirement that the range8 ran(λI − A) does not cover

the whole state space so that (2.30) has no solution for any h ∈ X \ ran(λI − A). In

other words, these spectral points λ ∈ σr(A) ∪ σc(A) can be characterized by λI − A
losing the surjectivity9 but being injective. Finally, the difference between σr(A) and

σc(A) is that for λ ∈ σc(A) one has ran(λI − A) dense10 in X which means that an

arbitrary small change of h ∈ X \ ran(λI − A) suffices for (2.30) to be solvable. In

contrast, this is not possible for λ ∈ σr(A) since ran(λI − A) is then not dense in X

(see [92]). For completeness, (2.30) is solvable for arbitrary h ∈ X if λ belongs to the

resolvent set

ρ(A) ..= C \ σ(A) (2.31)

so that the resolvent (operator) (λI − A)−1 is a bounded operator that is defined on

whole X if λ ∈ ρ(A).

In summary, not only the eigenvalues but all spectral points in σ(A) must necessarily

have negative real parts and may not come arbitrary close to the imaginary axis for

S(t) to be exponential stable. A quantitative characterization of the behavior of C0-

semigroup is its growth bound ω0, which is the infimum of all real numbers ω for that

(2.25) holds. For system operators with eigenvector Riesz basis (2.28) makes apparent

that the growth bound is given by ω0 = λ0. However, the relation

ω0 = sup
λ∈σ(A)

Reλ (2.32)

may not hold in the more general case without eigenvector Riesz basis. If it does hold,

A and S(t) are said to satisfy the spectrum determined growth assumption (SDGA).

In view of the above reasoning the following statement is immediate.

7 An operatorM : D(M) = H1 7→ H2 is said to be injective if the implication Mg = Mh ⇒ g = h,

∀ g.h ∈ H1 holds. This is equivalent to the implication g 6= h ⇒ Mg 6= Mh, ∀ g, h ∈ H1.

8 The range ranM of an operator M : D(M) ⊆ H1 7→ H2 is the image of D(M) under M, i.e.,

ranM = {g ∈ H2 | ∃h ∈ D(M) : g = Mh}.
9 An operator M : D(M) = H1 7→ H2 is said to be surjective if for any g ∈ H2 it exists at least one

element h ∈ D(M) such that Mh = g.

10 A subspace V of a Hilbert space H is said to be dense in H if its closure V satisfies V = H .
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2.1 Continuous-time state space representations

Proposition 2.1-5

Suppose that A is the generator of a C0-semigroup. If the eigenvectors of A constitute

a Riesz basis, then A satisfies the spectrum determined growth assumption.

Since the subsequent chapters discuss the compensator design by the eigenvalue as-

signment method it is reasonable to assume that A satisfies the SDGA.

2.1.4 Classes of system operators

The considerations in the subsequent chapters simplify when the system operator is

restricted to a certain system class that is established now.

Besides the discussed properties of operators A with eigenvector Riesz basis these

operators have the pleasant representation

Ah = A
(

∞
∑

i=1

〈h, ψi〉Xφi

)

=

∞
∑

i=1

λi〈h, ψi〉Xφi, ∀h ∈ D(A) (2.33)

which is called modal decomposition (see (2.17) and (2.20)). An important class of

such operators are the Riesz-spectral operators. These are particular important be-

cause they have some properties that avoid technical difficulties on the one hand and

appear in many applications on the other hand. Their definition is given next (see [46,

Def. 2.3.4]).

Definition 2.1-6 (Riesz-spectral operator)

Suppose that a linear operator A : D(A) ⊂ X 7→ X , whose domain D(A) is dense in

X , has the following properties:

1. A is closed11,

2. the eigenvalues λi, i ∈ N, of A are isolated12 and simple,

11 An operatorM : D(M) ⊂ H1 7→ H2 is said to be closed if for every sequence hk ∈ D(M) such that

hk converges in H1 and Mhk converges in H2 one has h ..= limhk ∈ D(M) and limMhk = Mh.

12 An element s of a subset S of a metric space (V, d) is called isolated if an ε > 0 exists such that

d(s, s̃) > ε holds for every s̃ ∈ S \ s. In particular, an eigenvalue λi ∈ σp(A) is isolated if an ε > 0

exists such that |λi − λ| > ε holds for every λ ∈ σp(A) \ λi.

19



2 The early-lumping approach for continuous-time control

3. σp(A) is totally disconnected, i.e., no two points a, b ∈ σp(A) with a 6= b can be

joined by a continuous open curve lying entirely in σp(A)13,

4. the eigenvectors φi, i ∈ N, of A form a Riesz basis for X .

Then, A is called a Riesz-spectral operator. ◭

An important property of these operators is, that although their eigenvalues are isolated

they may accumulate. That means that the point spectrum σp(A) contains convergent

sequences, whose limits are called accumulation points. Different from the eigenvalues

λi, each of which has a neighborhood that entirely belongs to the resolvent set ρ(A), the

accumulation point does not have such a neighborhood because the eigenvalues come

arbitrarily close to it. Therefore, σp(A) is discrete14 while σp(A) is not. Besides the

fact that the eigenvectors of Riesz-spectral operators form a Riesz basis by assumption

so that these operators satisfy the SDGA, their spectrum has the properties

σ(A) = σp(A) = {λi, i ∈ N} (2.34)

σr(A) = ∅ (2.35)

(see [46, Thm. 2.3.5] and [73, Thm. 2.8]). This is important because it is therefore

sufficient to consider the operator’s eigenvalues in order to analyze the stability of the

generated semigroup S(t) since (2.32) and (2.34) imply that the eigenvalue criterion

sup
i∈N

Reλi < 0 ⇐⇒ S(t) is exponentially stable (2.36)

is valid. A Riesz-spectral operator is the infinitesimal generator of a C0-semigroup if its

eigenvalues satisfy supi∈N Reλi <∞. This situation is assured if the sector condition

∃ a ∈ R, ε ∈ [0, 1
2
π) : σp(A) ⊂ Sa,ε

..=
{

λ ∈ C

∣

∣

∣
|arg(a− λ)| ≤ 1

2
π − ε

}

, (2.37)

is satisfied, i.e., a sector Sa,ε with ε ≥ 0 as depicted in Figure 2 can be found such that

it contains all eigenvalues of A. Therefore, the following operator class is important

for the considerations in this thesis.

13 Let M be a set. Then, M has the meaning of the closure of M . If M is in contrast a complex

number, M denotes the complex conjugate of M .

14 A subset S of a metric space is called discrete if each element s ∈ S is isolated. In particular,

S ⊂ C is discrete if for every s ∈ S an ε > 0, depending on s, exists such that |s− s̃| > ε holds for

every s̃ ∈ S \ s.
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2.1 Continuous-time state space representations

Sa,ε

a

ε

Re λ

jIm λ
C

Figure 2 – Sector Sa,ε related to the sector condition.

Definition 2.1-7 (Sectorial Riesz-spectral operator)

Suppose that a linear operator A : D(A) ⊂ X 7→ X , whose domain D(A) is dense in

X , has the following properties:

1. The eigenvalues λi, i ∈ N, of A satisfy the sector condition (2.37),

2. the eigenvalues λi, i ∈ N, are isolated and simple,

3. σp(A) is totally disconnected,

4. the eigenvectors φi, i ∈ N, of A form a Riesz basis for X .

Then, A is called a sectorial Riesz-spectral operator. ◭

Different from Definition 2.1-6 there is no closedness requirement for sectorial Riesz-

spectral operators. In fact, this property is implied by the Items 1 and 4 of Defini-

tion 2.1-7. If the sector condition holds even for a sector angle ε > 0 it is assured

that A generates a C0-semigroup that is analytic15. This plays an important role in

Section 2.3 for the SDGA w.r.t. the closed-loop system. This leads to the following

statement that is proven in Appendix A.1.

Proposition 2.1-8

15 S(t) is said to be an analytic C0-semigroup if it is a C0-semigroup that is defined for t ∈ ∆ ..=

{z ∈ C : |arg z| < θ} ∪ {0} with 0 < θ < π/2 and S(t) is an analytic function w.r.t. t ∈ ∆ \ {0}.
Since xh(t) = S(t)x0 is the homogeneous solution of (2.3) this implies that xh is smooth in the

sense of xh ∈ C∞(0,∞). An example of analytic C0-semigroups are those corresponding to heat

conduction systems, where the smoothness of the solution can be motivated by the pronounced

low-pass character of these systems.
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2 The early-lumping approach for continuous-time control

If A is a sectorial Riesz-spectral operator, then it is a Riesz-spectral operator that is

the generator of a C0-semigroup. Moreover, if the sector condition holds for ε > 0,

then the generated C0-semigroup is analytic.

So far, it has been argued that system operators A will be considered in the following

chapters that generate C0-semigroups and that satisfy the SDGA. For simplifying the

considerations concerning the continuous-time control it turns out to be helpful to

impose some additional restrictions on the spectrum σ(A). These are summarized in

the following assumption that thereby defines the considered operator class.

Assumption 2.1-9 (Properties of the system operator)

A : D(A) ⊂ X 7→ X is assumed to have the following properties:

1. A is the infinitesimal generator of a C0-semigroup.

2. A satisfies the spectrum determined growth assumption.

3. The spectrum σ(A) of A satisfies all the following conditions:

a) σp(A) consists solely of isolated eigenvalues with finite multiplicities,

b) σp(A) is totally disconnected,

c) σr(A) = ∅,

d) σ(A) = σp(A). ◭

While the Items 1 and 2 have been explained already above the Items 3a–3d concern-

ing the spectrum of A are satisfied by most of the system operators relevant for the

applications and are needed to avoid technical difficulties. Particularly, systems with

A being a Riesz-spectral operator and time-delay systems have these properties (see

Definition 2.1-6 and [46]). The task to check the items of Assumption 2.1-9 is simplified

if A is a sectorial Riesz-spectral operator by the following statement that immediately

follows from the mentioned properties of these operators.

Proposition 2.1-10

If A is a sectorial Riesz-spectral operator, then A satisfies Assumption 2.1-9.
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2.1 Continuous-time state space representations

In some applications −A belongs to the more specific class of Sturm-Liouville operators

which have the following form (see [106, Def. 7.5.1]).

Definition 2.1-11 (Sturm-Liouville operator)

Let p : [a, b] 7→ R, q : [a, b] 7→ R, and ρ : [a, b] 7→ R be continuous functions such

that ρ(z) > 0 and p(z) > 0 for all z ∈ [a, b], and dp/dz is continuous. Then, a linear

operator of the form

ASLh =
1

ρ(z)

(

d

dz

(

−p(z)dh
dz

(z)

)

+ q(z)h(z)

)

(2.38)

D(ASL) =
{

h ∈ H2(a, b)
∣

∣ αa
dh

dz
(a) + βah(a) = 0, αb

dh

dz
(b) + βbh(b) = 0

}

, (2.39)

with (αa, βa) 6= (0, 0) and (αb, βb) 6= (0, 0) is called a Sturm-Liouville operator. ◭

It can be shown that A is a sectorial Riesz-spectral operator if −A is a Sturm-Liouville

operator (see [49, Lem. 1] and [106, Thm. 7.5.6]). Using this makes it particularly

simple to check Assumption 2.1-9 by aid of Proposition 2.1-10.

Example 2.1-12 (1-D heat conductor, continued)

For the system operator A in Example 2.1-1, defined in (2.10), −A satisfies (2.38)–

(2.39) for a = 0, b = ℓ, ρ(z) ≡ 1, p(z) ≡ µ
cρ
, q(z) ≡ 0, αa = 0, βa = 1, αb = 0, and

βb = 1. Thus, −A is a Sturm-Liouville operator and hence A a sectorial Riesz-spectral

operator. Therefore, A satisfies Assumption 2.1-9 according to Proposition 2.1-10. ◭

Next, the state space models for some applications are established and shown to belong

to the assumed system class.

2.1.5 Examples of state space models

In this subsection the state space models of a heat conducting plate, an Euler-Bernoulli

beam with structural damping, an Euler-Bernoulli beam with Kelvin-Voigt damping,

and a time-delay system are determined. These models will be used repeatedly in

the subsequent chapters. The first example, examining a heat conducting plate, is in

many aspects similar to the one-dimensional heat conductor considered before. The
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2 The early-lumping approach for continuous-time control

difference is however, that now two spatial coordinates have to be taken into account.

Example 2.1-13 (Heat conducting plate)

A rectangular heat conducting plate as shown in Figure 3 is considered. The tempera-

ture ϑ(z1, z2, t) along the two spatial coordinates z1 ∈ [0, 1] and z2 ∈ [0, π] is described

by the state space model

ẋ(t) = Ax(t) + Bu(t), t > 0, x(0) = x0 ∈ X (2.40)

y(t) = Cx(t), t ≥ 0 (2.41)

with the state x(t) = ϑ(·, ·, t) on the state space X = L2(Ω) with Ω = (0, 1) ×
(0, π), which is known to be a Hilbert space with the usual inner product 〈u, v〉X =

〈u, v〉L2(Ω) =
∫∫

Ω
u(z1, z2)v(z1, z2)dz1dz2. The operators A, B, and C are given by

Ah =
∂2h

∂z21
+
∂2h

∂z22
, ∀h ∈ D(A) =

{

h ∈ H2(Ω)
∣

∣

∣
h
∣

∣

Γ
= 0
}

(2.42)

Bv = b v, ∀ v ∈ C (2.43)

Ch = 〈h, c〉X , ∀h ∈ X (2.44)

(see [91]), in which Γ ..= ∂Ω denotes the boundary of the plate, and H2(Ω) is defined

in Appendix D. The input distribution function b(z1, z2) and the output distribution

function c(z1, z2) are bounded functions that characterize the distribution of the heat

u(t)

S

Ω

y(t)

z1

Γ

ϑ(z1, z2, t)
z2

Figure 3 – Heat conducting plate with temperature ϑ(z1, z2, t). The input u(t) is

the power of a heat source whose distribution over the plate is described

by b(z1, z2), and the output y(t) is the weighted average temperature

with weight c(z1, z2).
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c(z) b(z)

z
z = 0

force u(t)

y(t)

distance sensor

w(z, t)
deflection

z = ℓ

w(ℓ, t) = 0
w′′(ℓ, t) = 0w′′(0, t) = 0

w(0, t) = 0

Figure 4 – Euler-Bernoulli beam which is actuated by a force u(t). The resulting

displacement w(z, t) is measured by a sensor that provides the average

displacement at the sensing area as output y(t).

power u over the spatial domain and the averaging weight for the output, respectively

(compare to Example 2.1-1). The system operator A has the point spectrum

σp(A) = {λj,k | j, k ∈ N} = {−j2π2 − k2 | j, k ∈ N}. (2.45)

The eigenvalues λj,k of A are isolated and simple, which satisfy the sector condition

for, e.g., a = 0 and ε = 1
4
π, and σp(A) is totally disconnected. The normalized

corresponding eigenvectors are given by

φj,k(z1, z2) =
2√
π

sin(jπz1) sin(kz2), j, k ∈ N (2.46)

which form an orthonormal basis and hence a Riesz basis for X = L2(Ω). Thus, A
is a sectorial Riesz-spectral operator in view of their Definition 2.1-7 so that Assump-

tion 2.1-9 holds according to Proposition 2.1-10. ◭

In the next example it will be demonstrated that the choice of the state coordinates

can be more difficult than it was for the heat conductors in the Examples 2.1-1 and

2.1-13. Different from these examples the state is not scalar-valued but a vector of two

spatially distributed variables in the following example.

Example 2.1-14 (Euler-Bernoulli beam with structural damping)

The state space representation of a flexible one-dimensional beam with a single force ac-

tuator and a displacement sensor is considered as depicted in Figure 4. The transverse
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2 The early-lumping approach for continuous-time control

displacement w(z, t) of the beam along the spatial coordinate z ∈ [0, ℓ] is described by

the Euler-Bernoulli beam model with structural damping

∂2tw(z, t) = −∂4zw(z, t) + 2δ∂2z∂tw(z, t) + b(z)u(t), t > 0, z ∈ (0, ℓ) (2.47)

and the initial condition

w(z, 0) = w0(z), ∂tw(z, 0) = v0(z), z ∈ [0, ℓ] (2.48)

which is based on the assumptions that cross-sections remain plane under deformation,

and the shear strain and the rotational inertia are neglected (see, e.g., [28, 75, 85,

128]). The term 2δ∂2z∂tw(z, t) takes structural damping into account with the damping

constant δ. The input u(t) in (2.47) represents a force acting on the spatial interval

[β1, β2] with 0 ≤ β1 < β2 ≤ ℓ. The influence of this force on the displacement is

therefore described by the input distribution function b(z) = 1
β2−β1

· 1[β1,β2](z). The

beam is simply supported, i.e., the displacement and the momentum at both ends of

the beam vanish which is described by the boundary conditions

w(0, t) = w(ℓ, t) = 0, t > 0. (2.49)

and

∂2zw(0, t) = ∂2zw(ℓ, t) = 0, t > 0, (2.50)

respectively. Finally, the output y(t) of the system is the average displacement within

the sensing area of a displacement sensor, i.e.,

y(t) =

∫ ℓ

0

w(z, t)c(z)dz, t ≥ 0 (2.51)

with the output distribution function c(z) = 1
γ2−γ1

· 1[γ1,γ2](z), where [γ1, γ2] with 0 ≤
γ1 < γ2 ≤ ℓ is the interval that the sensor is located on. In what follows, the energy

coordinates x1(t) ..= ∂2zw(·, t) and x2(t) ..= ∂tw(·, t) are used for a state space model

with state vector x(t) = [x1(t) x2(t)]
T . The space X = L2(0, ℓ)⊕ L2(0, ℓ) turns out to

be a suitable state space, wherein the symbol ⊕ denotes the direct sum16, which is a

Hilbert space with the inner product
〈[

g1
g2

]

,

[

h1
h2

]〉

X

=

∫ ℓ

0

g1(z)h1(z)dz +

∫ ℓ

0

g2(z)h2(z)dz. (2.52)

16 The direct sum V = V1 ⊕ V2 of two linear spaces V1 and V2 is the set V1 × V2 equipped with

the addition operation (v1, v2) + (w1, w2) = (v1 + w1, v2 + w2) and the scalar multiplication

c(v1, v2) = (cv1, cv2) for all (v1, v2) ∈ V1 × V2.
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2.1 Continuous-time state space representations

In order to describe the operators of the state space model the operator A0 : D(A0) ⊂
L2(0, ℓ) 7→ L2(0, ℓ) is introduced that is defined by

A0h = d2
zh, ∀h ∈ D(A0) =

{

h ∈ H2(0, ℓ)
∣

∣ h(0) = h(ℓ) = 0
}

. (2.53)

Then, it is straightforward to verify that (2.47) can be represented by

ẋ(t) =

[

0 A0

−A0 2δA0

]

x(t) +

[

0

b

]

u(t), x(0) = x0 ..=

[

d2
zw0

v0

]

. (2.54)

Thus, the operators A and B in (2.3) are given by

A
[

h1
h2

]

=

[

0 A0

−A0 2δA0

][

h1
h2

]

=

[

A0h2
A0(−h1 + 2δh2)

]

, ∀
[

h1
h2

]

∈ D(A) (2.55)

Bv =

[

0

b

]

v, ∀ v ∈ C, (2.56)

where D(A) = D(A0) ⊕ D(A0). Note, that the definitions of D(A) and D(A0)

ensure directly the boundary conditions (2.50) but do not solely imply (2.49). In-

stead, ∂tw(0, t) = ∂tw(ℓ, t) = 0, t > 0, is implied. However, since x0 always satisfies

x0(0) = x0(ℓ) = 0 due to the mechanical setup, all the boundary conditions in (2.49)–

(2.50) are assured. It is known that A0 is self-adjoint with a bounded inverse on L2(0, ℓ)

(see [46, Example 2.2.5]) so that w(t) = A−1
0 x1(t). Hence, (2.51) becomes

y =

〈[

A−1
0 x1(t)

0

]

,

[

c

0

]〉

X

=

〈[

x1(t)

x2(t)

]

,

[

A−1
0 c

0

]〉

X

, (2.57)

where it is used that also A−1
0 is self-adjoint, and this yields

Ch =

〈

h,

[

A−1
0 c

0

]〉

X

=

〈

h,

[

c̃

0

]〉

X

, ∀h ∈ X. (2.58)

Therein, c̃ ..= A−1
0 c is obtained from solving the boundary value problem

A0c̃ = d2
z c̃ = c, c̃(0) = c̃(ℓ) = 0 (2.59)

in view of (2.53) which yields the piecewise defined polynomial

c̃(z) = − 1

2ℓ















(2ℓ− γ1 − γ2)z : z ∈ [0, γ1)
ℓz2 + (γ22 − γ21 − 2ℓγ2)z + ℓγ21

γ1 − γ2
: z ∈ [γ1, γ2)

−(γ1 + γ2)z + ℓ(γ1 + γ2) : z ∈ [γ2, ℓ].

(2.60)
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λ1

λ−1

λ−3

λ−2

λ2

λ3

Re λ

α

jIm λ C

Figure 5 – Eigenvalue distribution of the Euler-Bernoulli beam with structural

damping.

Thus, (2.56) and (2.58) show that Assumption 2.1-2 is satisfied. It can be verified

easily that the operator A has the isolated and simple eigenvalues

λ±i = (−δ ± j
√
1− δ2)

π2i2

ℓ2
, i ∈ N, (2.61)

which means that the eigenvalues are located on rays through the origin of the complex

plane with angle α = arcsin(δ) (see Figure 5), where the absolute values |λ±i| = π2i2

increase quadratically with respect to i. Of course, one has to make sure that the eigen-

values (2.61) describe whole σp(A). That this is true is shown in [51, Sec. 2.2.2]. The

eigenvalues satisfy the sector condition (2.37) for a = 0 and ε = α, and σp(A) is totally

disconnected. In [51, Sec. B.2] it is also shown that the eigenvectors corresponding to

λ±i, that are given by

φ±i(z) =
1√
ℓ
sin

(±iπz
ℓ

)

[

1

−λ±i/|λ±i|

]

, i ∈ N, (2.62)

form a Riesz basis for X . Therefore, A is a sectorial Riesz-spectral operator so that

Assumption 2.1-9 holds due to Proposition 2.1-10. Thus, both Assumptions 2.1-2 and

2.1-9 are satisfied by the state space model (2.54) and (2.57). The choice x1(t) =

∂2zw(·, t) has the shortcoming that the deflection w is not represented by the state

directly. Instead, it is obtained from solving the boundary value problem corresponding

to A0w(·, t) = x1(t).

It should be remarked that the property of the eigenvectors φ±i to be a Riesz ba-

sis does not depend on the boundary conditions but instead holds in general (see

[28]). In contrast, they do not form a Riesz basis if the more intuitive choice x̃(t) =

[w(·, t) ∂tw(·, t)]T of the state and the inner product as defined above is used for which

A is even not a C0-semigroup generator. That this choice of the state does not make
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2.1 Continuous-time state space representations

sense from a physical point of view can be understood by considering the sequences

wk(z) = k−1 sin(kπz/ℓ), ∂twk(z) ≡ 0, k ∈ N, of the deflection and the deflection

velocity. Then,

‖x̃‖2X = 〈x̃, x̃〉X =
1

2

ℓ

k2
→ 0 for k → ∞ (2.63)

shows that the state converges to its equilibrium. However, the potential energy

Ek =
1

2

∫ ℓ

0

(∂2zw(z, t))
2dz =

1

4

k2π4

ℓ3
(2.64)

stored in the system increases ad infinitum for k → ∞. Thus, the behavior of the state

x̃ does not represent reasonably the actual physical behavior of the beam. In contrast,

the state x considered before yields ‖x‖2X = 2Ek → ∞, indicating correctly that the

system does not come to rest. This shows that the choice of the state coordinates is a

critical issue. ◭

It is a strength of the analysis and design approaches presented in the following chapters

that systems with accumulation points in their spectra are covered by the considered

system class. An example for such a system is given next.

Example 2.1-15 (Euler-Bernoulli beam with Kelvin-Voigt damping)

As in the previous example the Euler-Bernoulli beam depicted in Figure 4 is considered

with the only difference that instead of structural damping now Kelvin-Voigt damping

is assumed which is characteristic for visco-elastic materials such as many polymers.

The Euler-Bernoulli beam model with Kelvin-Voigt damping reads

∂2tw(z, t) = −∂4zw(z, t)− 2δ∂4z∂tw(z, t) + b(z)u(t), t > 0, z ∈ (0, ℓ) (2.65)

(see [29, 85, 101]). This type of damping, reflected by the term −2δ∂4z∂tw(z, t), cor-

responds to the physical effect that the stress is proportional to the rate of strain

changes (see [47]). As in the previous example again ℓ is the beam length, z ∈ [0, ℓ]

the spatial coordinate, and δ is the damping constant. The beam is simply sup-

ported so that the boundary conditions (2.49)–(2.50) hold, and the distributed in-

put and output are described as before by b(z) = 1
β2−β1

1[β1,β2](z) and (2.51) with

c(z) = 1
γ2−γ1

1[γ1,γ2](z), respectively. A state space model of the beam with energy co-

ordinates x(t) ..= [∂2zw(·, t) ∂tw(·, t)]T on the state space X ..= L2(0, ℓ)⊕ L2(0, ℓ) with

the inner product 〈
[

g1
g2

]

,
[

h1

h2

]

〉X =
∫ ℓ

0
g1(z)h1(z)dz +

∫ ℓ

0
g2(z)h2(z)dz can be determined
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2 The early-lumping approach for continuous-time control
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Figure 6 – Distribution of the eigenvalues λ±i of the Euler-Bernoulli beam with

Kelvin-Voigt damping for the damping constant δ = 10−3 and length

ℓ = 1. While the branch λ−i has the asymptotical decrease λ−i →
−2δ(iπ)4, the eigenvalues λi accumulate at λacc = −500 for i → ∞.

The eigenvalues satisfy the sector condition for the sector bounded by

the dashed lines.

in the same way as in Example 2.1-14. The only difference is that A in (2.55) now

becomes

A
[

h1
h2

]

=

[

A0h2
−A0(h1 + 2δA0h2)

]

, ∀
[

h1
h2

]

∈ D(A) (2.66)

D(A) =

{[

h1
h2

]

∈ D(A0)⊕D(A0)
∣

∣

∣
h1 + 2δA0h2 ∈ D(A0)

}

(2.67)

with A0 defined in (2.53). The operators B and C remain the same as in (2.56) and

(2.58) with (2.60) so that Assumption 2.1-2 is satisfied. The main difference between

the Euler-Bernoulli beam with structural damping and the Euler-Bernoulli beam with

Kelvin-Voigt damping lies in the eigenvalue distribution of A. The eigenvalues

λ±i =



−δ
(

iπ

ℓ

)2

±
√

δ2
(

iπ

ℓ

)4

− 1





(

iπ

ℓ

)2

, i ∈ N (2.68)

of A, whose locations in the complex plane are depicted in Figure 6, form two branches.

While the eigenvalues λ−i, i ∈ N, with negative index decay asymptotically according

to

lim
i→∞

λ−i = −2δ

(

iπ

ℓ

)4

, (2.69)

the eigenvalues λi, i ∈ N, with positive index satisfy

lim
i→∞

λi = λacc = − 1

2δ
. (2.70)
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2.1 Continuous-time state space representations

Thus, different from the Euler-Bernoulli beam with structural damping, whose eigen-

values are located on rays through the origin of the complex plane (see Figure 5), the

beam with Kelvin-Voigt damping has an accumulation point λacc in its spectrum. Al-

though this spectral point is not isolated because the eigenvalues come arbitrarily close

to it, each of the eigenvalues is isolated. The eigenvalues are simple in view of (2.68)

if δ 6= (ℓ/iπ)2 holds for all i ∈ N. Finally, it is clear that σp(A) is totally disconnected

and the sector condition (2.37) holds for, e.g., a = 500 and ε = π/4 (see Figure 6).

The eigenvectors φ±i of A that correspond to λ±i are given by

φi(z) =
1√
ℓ
sin

(

iπ

ℓ
z

)

[

1
−λiℓ

2

(iπ)2

]

, i ∈ N (2.71)

φ−i(z) =
1√
ℓ
sin

(

iπ

ℓ
z

)

[

ℓ2

(iπ)2

−λ−iℓ4

(iπ)4

]

, i ∈ N (2.72)

and form a Riesz basis in X . In summary, A is a sectorial Riesz-spectral operator17,

and Assumption 2.1-9 is satisfies due to Proposition 2.1-10. ◭

A type of systems that are infinite-dimensional but do not have spatially distributed

parameters are time-delay systems. The initial state x0 of state space models for such

systems consists of a trajectory of lumped-parameter states over a time interval with

the duration of the system’s time-delays. Since these trajectories belong to a function

space it is clear that the state space must be infinite-dimensional. An example for this

system class is considered next.

Example 2.1-16 (Time-delay system)

The time-delay system shown in Figure 7 is described by

ẋl(t) = Alxl(t) + Adxl(t− T ) +Blu(t), t > 0 (2.73)

y(t) = Clxl(t), t ≥ 0 (2.74)

with xl(t) ∈ Cr, u(t) ∈ Rp, y(t) ∈ Rm, and delay T > 0. In order to describe this

system by a state space model, the delay term xl(t− T ) in (2.73) can be expressed by

17 Therefore, A is a Riesz-spectral operator and thus in particular closed in view of Definition 2.1-6.

In fact, the result in [28] stating that A is not closed is false.
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2 The early-lumping approach for continuous-time control
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Figure 7 – Structure of a time-delay system with delayed state feedback.

aid of the transport equation

∂txd(τ, t) = ∂τxd(τ, t), t > 0, τ ∈ (−T, 0) (2.75)

xd(0, t) = xl(t), t > 0 (2.76)

which has the solution

xd(τ, t) = xl(t+ τ), t ≥ 0, τ ∈ [−T, 0]. (2.77)

Thus, by inserting xd(−T, t) = xl(t − T ) into (2.73) the system (2.73)–(2.74) can be

written as
[

ẋl(t)

∂txd(τ, t)

]

=

[

Al Ad(·)|τ=−T

0 ∂τ (·)

][

xl(t)

xd(τ, t)

]

+

[

Bl

0

]

u(t) (2.78)

y(t) =
[

Cl 0
]

[

xl(t)

xd(τ, t)

]

, (2.79)

wherein the time-delay does not occur explicitly anymore. Instead, (2.79) is a state

space model of the form (2.3)–(2.4) for the state x(t) ..= [xl(t) xd(·, t)]T with

A
[

hl
hd

]

=

[

Alhl + Adhd(−T )
dτhd

]

, ∀
[

hl
hd

]

∈ D(A) (2.80)

Bv =

[

Bl

0

]

v, ∀ v ∈ C (2.81)

Ch =
[

Cl 0
]

h, ∀h ∈ X (2.82)

and the state space

X ..= C
r ⊕ L2([−T, 0];Cr) (2.83)

(for the definition of L2([−T, 0];Cr) see Appendix D). Thereby, the domain of A is

given by

D(A) =

{[

hl
hd

]

∈ C
r ⊕W1,2([−T, 0];Cr)

∣

∣

∣
hd(0) = hl

}

, (2.84)

32



2.1 Continuous-time state space representations

-2 -1.5 -1 -0.5 0 0.5
-60

-40

-20

0

20

40

60

Re λ

C

jI
m

λ

Figure 8 – Eigenvalue distribution of the time-delay system (2.78)–(2.79) with Al =

Ad = −1, Bl = Cl = 1, and T = 2.

(for the definition of W1,2([−T, 0];Cr) see Appendix D) which reflects the boundary

condition (2.76). Now, it will be checked if this system satisfies the Assumptions 2.1-2

and 2.1-9. When the matrices Bl and Cl are decomposed according to

Bl =
[

bl,1 · · · bl,p

]

, Cl =







cTl,1
...

cTl,m






(2.85)

and the inner product on X is introduced as
〈[

g1
g2

]

,

[

h1
h2

]〉

X

..= gT1 h1 +

∫ 0

−T

gT2 (τ)h2(τ)dτ, (2.86)

then B and C according to (2.81)–(2.82) can be written in the form (2.14)–(2.15) with

bi =

[

bl,i
0

]

, i = 1, 2, . . . , p, ci =

[

cl,i
0

]

, i = 1, 2, . . . , m. (2.87)

Thus, Assumption 2.1-2 holds. With the inner product (2.86) the system (2.78)–(2.79)

belongs to a class of time-delay systems for which it is shown in [46, Thm. 2.4.4 and

Thm. 5.1.7] that the Items 1 and 2 of Assumption 2.1-9 are satisfied. Further, it is

stated in [46, Thm. 2.4.6] that the spectrum of A is discrete, consisting of eigenvalues

with finite multiplicities so that the Items 3a, 3b, 3c, and 3d are satisfied. Thus, both

Assumptions 2.1-2 and 2.1-9 are verified so that the system (2.78)–(2.79) belongs to

the class of systems within the scope of this thesis. The eigenvalue distribution for the

simple case Al = Ad = −1, Bl = Cl = 1, and T = 2 is depicted in Figure 8. ◭
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2 The early-lumping approach for continuous-time control

2.2 Modal system approximation

The basic idea behind most approximation schemes is to reduce the dimension of the

infinite-dimensional state by projecting it onto a finite-dimensional linear subspace18

Xn of the state space X . Thus, one considers the projected state xn(t) = Px(t), where
P denotes the projection (operator)19 onto the subspace Xn. The dynamics of xn can be

described by a finite-dimensional model which approximates the infinite-dimensional

system. Besides the question on which subspace the state x is projected, it is an

important issue to decide which part of the state space X shall be truncated by the

projection because the part xr of the state x within this subspace Xr will be neglected

by the approximation. In terms of the projection this means that its range space20

ranP = Xn and its null space21 nulP = Xr have to be chosen suitably. This freedom

inXn andXr offers the possibility to determine approximations with certain properties.

A general setting that provides this kind of degrees of freedom is the Petrov-Galerkin

approximation (see [82]). The model reduction approach considered throughout this

thesis is the classical modal approximation for which Xn and Xr are modal subspaces.

These are subspaces of X that are spanned by eigenvectors of A or are A-invariant22

more generally. In this case all the eigenvalues of the approximation coincide with some

of the infinite-dimensional system. For this reason approximations of stable systems

are again stable, which is not guaranteed in general for other types of approximations.

Moreover, only for modal subspaces Xn and Xr it is possible to describe the dynamics

of the projected state xn(t) = Px(t) by means of a finite-dimensional model exactly.

For what follows, the eigenvalues λi of A are divided into the eigenvalues λ1, λ2, . . . , λn

that will be incorporated in the modal approximation and the remaining eigenvalues

λn+1, λn+2, . . . that will be neglected in the approximation. In the following subsection

the modal approximation scheme is explained for system operators whose eigenvectors

18 A subset H̃ of a linear space H over C is called a linear subspace of H if αg + βh ∈ H̃ holds for

all g, h ∈ H̃ and α, β ∈ C. Then, H̃ itself is a linear space over C.

19 A linear operator P : D(P) = X 7→ X is called a projection if P2 = P is satisfied. It is said to

project onto Xn along Xr if ranP = Xn and nulP = Xr.

20 The range space ranM of an operator M : D(M) ⊆ H1 7→ H2 is the set of images of D(M) under

M, i.e., ranM ..= {h ∈ X | ∃ g ∈ D(M) : h = Mg}.
21 The null space nulM of an operator M : D(M) ⊆ H1 7→ H2 is the subset of D(M) for whose

elements their images vanish, i.e., nulM ..= {h ∈ D(M) |Mh = 0}.
22 A linear subspace X̃ of X is said to be A-invariant if Ah ∈ X̃ holds for all h ∈ X̃ ∩D(A).
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2.2 Modal system approximation

are a Riesz basis. Afterwards in Subsection 2.2.2, the approach is extended to system

operators whose eigenvectors are not a basis for X .

2.2.1 Systems with eigenvector Riesz basis

It has been said already before that the eigenvectors φi of the system operator build a

Riesz basis—after suitable scaling—in many applications, which is the case especially

for Riesz-spectral operators. This situation will be assumed in this subsection, in

addition to Assumption 2.1-9. The projection P that maps x(t) onto a subspace Xn

along a subspace Xr apparently must have the property

Px(t) = xn(t) (2.88)

for all

x(t) = xn(t) + xr(t), xn(t) ∈ Xn, xr(t) ∈ Xr, (2.89)

where Xn and Xr are the modal subspaces

Xn
..= span{φ1, φ2, . . . , φn}, Xr

..= span
i>n

{φi} (2.90)

that correspond to the dominant eigenvalues {λ1, λ2, . . . , λn} and the remaining eigen-

values, respectively. Note, that the decomposition (2.89) is unique for every x(t) ∈ X

because it was assumed that the eigenvectors φi, i ∈ N, form a Riesz basis and due

to Xn ∩Xr = {0} (see [106, Thm. 4.11.3]). In other words, X has the internal direct

sum23 X = Xn +Xr.

An explicit expression for P is given by

Ph =

n
∑

i=1

〈h, ψi〉Xφi, ∀h ∈ X, (2.91)

where {ψi, i ∈ N} is the biorthonormal sequence associated with {φi, i ∈ N} (see

Subsection 2.1.2). In order to justify this expression (2.88) will be verified. Writing

x(t) ∈ X as

x(t) =

∞
∑

i=1

〈x(t), ψi〉Xφi (2.92)

23 Let H be a Hilbert space and H1, H2 linear subspaces of it. Then, H is said to be the internal

direct sum of H1 and H2, denoted H = H1 + H2, if every h ∈ H has a unique decomposition

h = h1 + h2 with h1 ∈ H1 and h2 ∈ H2.
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2 The early-lumping approach for continuous-time control

(see (2.22)) immediately leads to the decomposition (2.89) with

xn(t) =

n
∑

i=1

〈x(t), ψi〉Xφi, xr(t) =

∞
∑

i=n+1

〈x(t), ψi〉Xφi, (2.93)

and application of (2.91) and use of 〈φi, ψj〉X = δij (see (2.21)) confirms (2.88). Now,

the projection P is used for determining the modal approximation model for xn(t) =

Px(t). From (2.3) and x(t) = xn(t) + xr(t) it follows

Pẋ(t) = PAx(t) + PBu(t) = PAxn(t) + PAxr(t) + PBu(t). (2.94)

Since φi, i > n, are eigenvectors of A it is straightforward to verify that Xr is A-

invariant, i.e., Ah ∈ Xr for all h ∈ Xr∩D(A). In view ofXr = nulP (see (2.88)–(2.89))

it follows therefore

PAxr(t) = 0, t ≥ 0. (2.95)

Similar, Xn is A-invariant, i.e., Ah ∈ Xn for all h ∈ Xn ∩ D(A), which by aid of

(2.88)–(2.89) leads to

PAxn(t) = Axn(t) = APx(t), t ≥ 0. (2.96)

Thus, inserting (2.95)–(2.96) into (2.94) yields

Pẋ(t) = APx(t) + PBu(t), t > 0 (2.97)

so that the dynamics of xn(t) = Px(t) is given by

ẋn(t) = Axn(t) + PBu(t), t > 0, xn(0) = xn,0 = Px0. (2.98)

Note, that this model describes the dynamics of the projected state xn(t) exactly which

is not possible to achieve if Xn and Xr are non-modal. For the purpose of the controller

design it is desirable to have a lumped-parameter model Σn on the state space Cn in

the usual form

Σn : ξ̇n(t) = Anξn(t) +Bnu(t), t > 0, ξn(0) = ξn,0 ∈ C
n (2.99)

yn(t) = Cnξn(t), t ≥ 0, (2.100)

where An, Bn, and Cn are matrices of appropriate dimensions. In order to convert

(2.98) to the state equation (2.99) note that (2.88) and (2.91) yield

xn(t) = Px(t) =
n
∑

i=1

x∗i (t)φi, (2.101)
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2.2 Modal system approximation

where

x∗i (t) = 〈x(t), ψi〉X , i ∈ N (2.102)

are called modal states . Under use of (2.17) one obtains

Axn(t) =
n
∑

i=1

Ax∗i (t)φi =

n
∑

i=1

λix
∗
i (t)φi (2.103)

from (2.101). In addition, (2.14) and (2.91) yield

PBu(t) =
n
∑

i=1

[

〈b1, ψi〉X · · · 〈bp, ψi〉X
]

φi u(t), (2.104)

and (2.101) gives

xn(0) =

n
∑

i=1

x∗i (0)φi. (2.105)

Thus, insertion of (2.101)–(2.105) into (2.98), combined with equating coefficients with

respect to φi, leads to

ẋ∗i (t) = λix
∗
i (t) +

[

〈b1, ψi〉X · · · 〈bp, ψi〉X
]

u(t), x∗i (0) = 〈x(0), ψi〉X (2.106)

for i = 1, 2, . . . , n. When these equations are written in vector form with ξn(t) =

[x∗1(t) x
∗
2(t) · · · x∗n(t)]T , and the approximative output

yn(t) ..= CPx(t) = Cxn(t) =
n
∑

i=1

Cφix
∗
i (t) =

[

Cφ1 · · · Cφn

]

ξn(t) (2.107)

is introduced, the approximation model Σn is given by (2.99)–(2.100) and

An = diag(λ1, . . . , λn) (2.108)

Bn =







〈b1, ψ1〉X · · · 〈bp, ψ1〉X
...

...

〈b1, ψn〉X · · · 〈bp, ψn〉X






(2.109)

Cn =
[

Cφ1 · · · Cφn

]

(2.110)

ξn,0 =







〈x0, ψ1〉X
...

〈x0, ψn〉X






. (2.111)

Next, the dynamics of the residual state

xr(t) = (I − P)x(t) = x(t)− xn(t) (2.112)
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2 The early-lumping approach for continuous-time control

is considered. By an analog reasoning as in (2.94)–(2.98) and (2.107) this dynamics as

well as their contribution yr to the output y can be described by

ẋr(t) = Axr(t) + (I − P)Bu(t), xr(0) = (I −P)x0 ∈ Xr (2.113)

yr(t) = Cxr(t). (2.114)

Since xr(t) belongs to Xr for all t ≥ 0 the operators A and C in this model can be

replaced by the restrictions24

Ar
..= A

∣

∣

D(A)∩Xr
, Cr ..= C

∣

∣

Xr
. (2.115)

Thus, by introducing the new input operator

Br
..= (I −P)B (2.116)

the residual dynamics (2.113)–(2.114) become

Σr : ẋr(t) = Arxr(t) + Bru(t), t > 0, xr(0) = (I − P)x0 ∈ Xr (2.117)

yr(t) = Crxr(t), t ≥ 0 (2.118)

on Xr which is a Hilbert space with the inner product 〈g, h〉Xr
= 〈g, h〉X, ∀ g, h ∈ Xr.

Ar inherits from A the property to generate a C0-semigroup on Xr (see [46, Lem. 2.5.3,

Lem. 2.5.8]), and Br is obviously bounded as it is B so that the abstract initial value

problem (2.117) is well-posed. Note, that (2.115) implies

σ(Ar) = σ(A) \ σ(An) (2.119)

by aid of (2.90) which enables to analyze the stability of the residual dynamics. For

doing so, it is important that the SDGA holds forAr because its eigenvectors constitute

a Riesz basis for Xr (see (2.90) and Proposition 2.1-5). In view of (2.107), (2.112), and

(2.114) the output y(t) = Cx(t) = CPx(t) + C(I − P)x(t) has the representation

y(t) = yn(t) + yr(t), t ≥ 0, (2.120)

which shows that the approximation model Σn and the residual dynamics Σr are com-

plementary with respect to their outputs. Since there is no coupling between the states

of the systems Σn and Σr these two systems can be regarded as a parallel decomposition

of Σ as depicted in Figure 9.

24 An operator M2 is said to be a restriction of an operator M1, which is written as M2 ⊂ M1, if

D(M2) ⊂ D(M1) and M1h = M2h, ∀h ∈ D(M2). M2 = M1|H2
denotes the restriction of M1

with D(M2) = H2.
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Figure 9 – Parallel decomposition of the infinite-dimensional system Σ into the

modal approximation model Σn and the residual dynamics Σr.

It is interesting to note that projecting the state x onto Xn leads to minimizing the

approximation error in the following sense. Introducing the bijection25 F : l2 7→ X ,

defined by

Fh ..=

∞
∑

i=1

hiφi, ∀h ∈ l2 (2.121)

(for the definition of l2 see Appendix D) and the coefficient sequences x∗ ..= (x∗1, x
∗
2, . . .),

x∗n
..= (x∗1, x

∗
2, . . . , x

∗
n, 0, 0, . . .), and x

∗
r

..= (0, . . . , 0, x∗n+1, x
∗
n+2, . . .) one has

x(t) = Fx∗, xn(t) = Fx∗n, xr(t) = Fx∗r (2.122)

due to the unique expansions

x(t) =
∞
∑

i=1

x∗i (t)φi, xn(t) =
n
∑

i=1

x∗i (t)φi, xr(t) =
∞
∑

i=n+1

x∗i (t)φi (2.123)

(compare to (2.92)–(2.93) and (2.102)). In the same way as xn is the projection of

x, also x∗n can be regarded as a projection of x∗, i.e., x∗n(t) = P̃x∗(t). The related

projection operator P̃ = F−1PF is orthogonal because 〈x∗n(t), x∗r(t)〉l2 = 0, ∀ t ≥ 0,

is obviously satisfied. It is a well-known property of orthogonal projections that the

resulting error is minimized (see [106, Thm. 5.16.5]), which means that x∗r(t) = x∗(t)−
x∗n(t) satisfies

‖x∗r(t)‖l2 ≤ ‖x∗(t)− x̂∗n(t)‖l2 , ∀ x̂∗n(t) ∈ Xn, ∀ t ≥ 0. (2.124)

In the following example a modal approximation of the one-dimensional heat conductor

introduced in Example 2.1-1 is determined.

25 A linear operator M : H1 7→ H2 is called a bijection if M is defined and bounded on H1, and

M−1 exists and is defined as a bounded operator on whole H2.
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2 The early-lumping approach for continuous-time control

Example 2.2-1 (1-D heat conductor, continued)

The eigenvalues λi and the corresponding eigenvectors φi of the system operator (2.10)

of the heat conductor in Example 2.1-1 can be found as

λi = −i2π2 µ

c ρ ℓ2
, i ∈ N (2.125)

φi(z) =

√

2

ℓ
sin

(

iπ

ℓ
z

)

, i ∈ N (2.126)

which form an orthonormal basis forX . Therefore, the biorthonormal sequence {ψi, i ∈
N} corresponding to {φi, i ∈ N} is simply given by ψi = φi, i ∈ N (see Footnote 6).

Thus, the state x(t) has the series expansion

x(t) =
∞
∑

i=1

x∗i (t)φi, x∗i (t) = 〈x(t), ψi〉X (2.127)

(see (2.22) and (2.102)), where the modal states x∗i satisfy x
∗
i (t) → 0 for i→ ∞, ∀ t ≥ 0,

because the infinite sum would otherwise not converge. It is therefore plausible that the

approximation error can be reduced arbitrarily by increasing the approximation order

in view of (2.101). Taking ψi = φi into account, the approximation (2.108)–(2.111)

under use of (2.9), (2.11)–(2.12), and (2.125) becomes

An = − π2 µ

c ρ ℓ2











1 0 · · · 0

0 4
...

. . .
...

0 · · · n2











(2.128)

Bn =

√

2

ℓ

1

c ρ













∫ ℓ

0
b(z) sin(π

ℓ
z)dz

∫ ℓ

0
b(z) sin(2π

ℓ
z)dz

...
∫ ℓ

0
b(z) sin(nπ

ℓ
z)dz













(2.129)

Cn =

√

2

ℓ

[

∫ ℓ

0
sin(π

ℓ
z)c(z)dz

∫ ℓ

0
sin(2π

ℓ
z)c(z)dz · · ·

∫ ℓ

0
sin(nπ

ℓ
z)c(z)dz

]

(2.130)

and

xn,0 =

√

2

ℓ













∫ ℓ

0
x0(z) sin(

π
ℓ
z)dz

∫ ℓ

0
x0(z) sin(2

π
ℓ
z)dz

...
∫ ℓ

0
x0(z) sin(n

π
ℓ
z)dz













. (2.131)
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2.2 Modal system approximation

It is important to note that, depending on b(z) and c(z), the pair (An, Bn) may be not

controllable and the pair (Cn, An) may be not observable. For example, for

b(z) = 1[ 1
2
−ε, 1

2
+ε](z), c(z) = 1[ 1

4
−ε, 1

4
+ε](z) (2.132)

with ε ≤ 1/4 all rows of Bn with index i = 2, 4, 6, . . . and all columns of Cn with

index i = 4, 8, 12, . . . vanish leading to the mentioned defect of controllability and

observability, respectively. Since these do not contribute to the transfer behavior of

the system they need not be contained in the approximation. For the specific case

ℓ = µ = c = ρ = 1 and b(z), c(z) according to (2.132) with ε = 0.01 the step responses

of the approximations with orders n = 2, 3, 4, 5, 6 are depicted in Figure 10, wherein

only the dominant modes that are relevant for the transfer behavior are contained in

the approximations. The figure shows that the output trajectories converge quite fast

for increasing n. ◭
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Figure 10 – Step responses yn of modal approximations with different orders n for

the heat conductor as well as the errors y− yn w.r.t. a reference model

with step response y that is a 60-th-order modal approximation.
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2 The early-lumping approach for continuous-time control

2.2.2 Systems without eigenvector Riesz basis

In some applications, for instance for time-delay systems, the assumption used in the

previous subsection that the eigenvectors of A form a Riesz basis is violated. This

condition is now relaxed by considering instead the following weaker assumption. In

this way it is possible to compute modal approximations for systems with eigenvectors

φi that do not span the whole state space X .

Assumption 2.2-2

It is assumed that there exist n linearly independent eigenvectors φ1, φ2, . . . , φn of A
that correspond to λ1, λ2, . . . , λn, where these eigenvalues have finite algebraic mul-

tiplicities26 that coincide with their geometric multiplicities27. In addition, there

shall exist n eigenvectors ψ̃1, ψ̃2, . . . , ψ̃n of an algebraic adjoint Ã∗ that correspond

to λ1, λ2, . . . , λn. Without loss of generality these are assumed biorthonormalized, i.e.,

〈φi, ψ̃j〉X = δij , i, j = 1, 2, . . . , n. Finally, it is assumed that a rectifiable, closed, sim-

ple curve Γ ⊂ C can be drawn such that it contains {λ1, λ2, . . . , λn} in its interior and

σ(A) \ {λ1, λ2, . . . , λn} in its exterior. ◭

While an algebraic adjoint Ã∗ of A is defined as an operator Ã∗ : D(Ã∗) ⊂ X 7→ X

such that

〈Ag, h〉X = 〈g, Ã∗h〉X , ∀ g ∈ D(A), ∀h ∈ D(Ã∗) (2.133)

holds, the adjoint A∗ of A has to fulfill the additional condition that its domain is

maximal (see Appendix C). However, since Assumption 2.2-2 involves only an algebraic

adjoint the maximal domain needs not to be determined for checking the assumption.

It should be remarked that the requirement 〈φi, ψ̃j〉X = δij can be achieved always

under the mentioned assumptions by suitably scaling the eigenvectors of Ã∗.

In the previous subsection the property of Xn and Xr to be A-invariant was essential

26 Let M : D(M) ⊆ H 7→ H denote a linear operator. The algebraic multiplicity α(λ) of an

eigenvalue λ of M is given by α(λ) =
∑∞

k=1
dimnul (λI −M)k.

27 Let M : D(M) ⊆ H 7→ H denote a linear operator. The geometric multiplicity γ(λ) of an

eigenvalue λ of M is given by γ(λ) = dim nul (λI −M).
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2.2 Modal system approximation

because it implied

ẋn(t) = Axn(t) + PBu(t) (2.134)

ẋr(t) = Axr(t) + (I −P)Bu(t) (2.135)

(see (2.98) and (2.113)). These equations have the important meaning that the ap-

proximation and the residual dynamics are decoupled subsystems. However, the de-

composition X = Xn+Xr with Xn and Xr defined in (2.90) is no longer possible if the

eigenvectors φi do not span the whole state space X . Therefore, the question arises in

which way Xn, Xr, and the corresponding projection P have to be redefined such that

(2.134)–(2.135) hold. The answer is given in the following statement. Additionally,

these subspaces must be S-invariant28 since this property is needed for assuring that

Ar = A|D(A)∩Xr
is the infinitesimal generator of a C0-semigroup.

Proposition 2.2-3

Let Xn
..= span{φ1, φ2, . . . , φn} and Xr

..= span{ψ̃1, ψ̃2, . . . , ψ̃n}⊥, where (·)⊥ denotes

the orthogonal complement29 of a linear subspace. Then, the following holds:

1. Xn +Xr = X.

2. The operator

Ph =

n
∑

i=1

〈h, ψ̃i〉Xφi, ∀h ∈ X (2.136)

is the projection onto Xn along Xr.

3. Xn and Xr are A-invariant and S-invariant.

4. (2.134)–(2.135) hold for the redefined projection P according to (2.136).

For the proof see Appendix A.2. By using this redefined projection P and the bijection

F , redefined by F : Cn 7→ Xn and

Fh ..=
n
∑

i=1

hiφi, ∀h ∈ C
n, (2.137)

the approximation Σn in (2.99)–(2.100) can be derived in the same way as for systems

28 Let S(t) denote a C0-semigroup on X . A linear subspace X̃ of X is said to be S-invariant if

S(t)h ∈ X̃ holds for all h ∈ X̃ and all t ≥ 0.

29 Let X̃ be a linear subspace of X . Then, the orthogonal complement X̃⊥ is the linear subspace of

X defined by X̃⊥ ..= {g ∈ X | 〈g, h〉X = 0, ∀h ∈ X̃}.
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2 The early-lumping approach for continuous-time control

with eigenvector basis yielding

An = diag(λ1, . . . , λn) (2.138)

Bn =







〈b1, ψ̃1〉X · · · 〈bp, ψ̃1〉X
...

...

〈b1, ψ̃n〉X · · · 〈bp, ψ̃n〉X






(2.139)

Cn =
[

Cφ1 · · · Cφn

]

(2.140)

xn,0 =







〈x0, ψ̃1〉X
...

〈x0, ψ̃n〉X






= F−1Px0. (2.141)

Finally, the residual dynamics Σr is described by (2.113)–(2.114) with the operators

Ar = A
∣

∣

D(A)∩Xr
, Br = (I − P)B, Cr = C

∣

∣

Xr
(2.142)

as in the case with eigenvector Riesz basis, at which Xr is now redefined as in Propo-

sition 2.2-3. Again, Ar is the infinitesimal generator of a C0-semigroup

Sr(t) = (I − P)S(t), ∀ t ≥ 0, (2.143)

which follows immediately from [46, Lem. 2.5.3]. Furthermore,

σ(Ar) = σ(A) \ σ(An) (2.144)

is still valid which now follows from (2.142) and Item 1 of Proposition 2.2-3. As

explained in Subsection 2.1.3, the spectrum of Ar determines the stability margin of

the generated C0-semigroup only if Ar satisfies the SDGA. This condition holds since

A satisfied the SDGA due to Assumption 2.1-9 and in view of (2.143).

It goes without saying that the discussed approach can be applied also for systems

with eigenvector Riesz basis because one can show that then ψ̃i = ψi, i = 1, 2, . . . , n,

holds so that the approximations for both approaches are the same. For convenience,

the state ξn of the approximation Σn will be denoted xn from now on. In the following

example a modal approximation for a system without complete eigenvector basis is

determined.
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2.2 Modal system approximation

Example 2.2-4 (Time-delay system, continued)

The time-delay system of Example 2.1-16 is considered for which the operators

A
[

hl
hd

]

=

[

Alhl + Adhd(−T )
dτhd

]

, ∀
[

hl
hd

]

∈ D(A) (2.145)

D(A) =

{[

hl
hd

]

∈ C
r ⊕W1,2([−T, 0];Cr)

∣

∣

∣
hd(0) = hl

}

(2.146)

Bv =

[

Bl

0

]

v, ∀ v ∈ C (2.147)

Ch =
[

Cl 0
]

h, ∀h ∈ X (2.148)

of the state space model (2.3)–(2.4) have been found, wherein

X ..= C
r ⊕ L2([−T, 0];Cr) (2.149)

is the state space. For the computation of the approximation according to (2.138)–

(2.141) the eigenvectors φi, i = 1, 2, . . . , n, of A and the corresponding eigenvectors ψ̃i

of an algebraic adjoint Ã∗ must be determined. The eigenvalue-eigenvector equation

(λI −A)

[

φl

φd

]

=

[

(λ− Al)φl −Adφd(−T )
λφd − dτφd

]

= 0 (2.150)

shows that φd has to satisfy

φd(τ) = φle
λτ (2.151)

(see the second row of (2.150)), where φd(0) = φl, following from D(A), has been used.

The first row of (2.150), combined with (2.151), yields

(λI −Al)φl − Adφd(−T ) = (λI −Al −Ade
−λT )φl = 0. (2.152)

This equation is satisfied if φl is an eigenvector of the matrix Al + Ade
−λT for the

eigenvalue λ, where it is a necessary condition that the characteristic equation

det(λI − Al − Ade
−λT ) = 0 (2.153)

holds, whose solutions are the eigenvalues λi, i ∈ N, of A. Thus,

φi(τ) =

[

φl,i

φl,ie
λiτ

]

, i ∈ N (2.154)
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2 The early-lumping approach for continuous-time control

are eigenvectors of A with the corresponding eigenvalues λi satisfying (2.153) and φl,i

satisfying (2.152). For the computation of the vectors ψ̃i appearing in the approxi-

mation an algebraic adjoint Ã∗ has to be found. A straightforward calculation shows

that

Ã∗

[

hl
hd

]

=

[

Ad
T
hl + hd(0)

−dτhd

]

, ∀
[

hl
hd

]

∈ D(Ã∗) (2.155)

D(Ã∗) =

{[

hl
hd

]

∈ C
r ⊕W1,2([−T, 0];Cn)

∣

∣

∣ hd(−T ) = Ad
T
hl

}

(2.156)

satisfies the defining relation 〈Ag, h〉X = 〈g, Ã∗h〉X , ∀ g ∈ D(A), ∀h ∈ D(Ã∗), of an

algebraic adjoint. The eigenvectors ψ̃i of Ã∗ that correspond to λi can be determined

in an analog way as the vectors φi above which yields

ψ̃i(τ) = αi

[

ψ̃l,i

Ad
T
ψ̃l,ie

−λi(T+τ)

]

, (2.157)

where ψ̃l,i are eigenvectors of the matrix Al
T
+ Ad

T
e−λiT for the eigenvalue λi, and

αi ∈ C are scaling factors. For

αi =
1

φT
l,i(I + AT

d Te
−λiT )ψ̃l,i

(2.158)

the sequences {φi, i ∈ N} and {ψ̃i, i ∈ N} are biorthonormal. Inserting φi and ψ̃i

according to (2.154) and (2.157)–(2.158), respectively, into (2.138)–(2.140) and using

(2.147)–(2.148) and (2.86) finally yields the approximation Σn with

An = diag(λ1, . . . , λn) (2.159)

Bn =









α1ψ̃l,1

T

...

αnψ̃l,n

T









Bl (2.160)

Cn = Cl

[

φl,1 · · · φl,n

]

. (2.161)

For the special case Al = Ad = −1, Bl = Cl = 1, and T = 2 some of the eigenval-

ues with largest real parts are computed by numerically solving (2.153) and shown in

Table 1 and Figure 8. In Figure 11 the Bode plots of a 6-th-order modal approxima-

tion is shown. As expected, the transfer behavior of the modal approximation in the

frequency regions close to the eigenvalues λ±i, i = 1, 2, 3, is in accordance with the

behavior of the original system. ◭
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2.2 Modal system approximation

Table 1 – Eigenvalues of A with largest real parts. Due to Reλ±1 > 0 the system

is unstable. See also Figure 8.

i 1 2 3 4

λ±i 0.086± j0.837 −0.680± j3.839 −0.978± j6.999 −1.162± j10.153
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Figure 11 – Bode plots of the infinite-dimensional time-delay system (|G(jω)|dB)
and the 6-th-order modal approximation (|Gmodal (jω)|dB).
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2 The early-lumping approach for continuous-time control

2.3 Observer-based compensator design

In this section the control of infinite-dimensional systems Σ of the form (2.3)–(2.4) by

means of state feedback control is considered. The feedback law is implemented by

a Luenberger observer, which, combined with the state feedback, forms an observer-

based compensator. Thus, the closed-loop has the structure as depicted in Figure 12a.

In many applications it is desired not only to assure the stability of the closed-loop

system and to assign a certain stability margin but, in addition, to achieve a specified

reference tracking performance. For this purpose the two-degrees-of-freedom control, as

shown in Figure 12b, provides a suitable control scheme. While the tracking behavior

w.r.t. the reference input w is adjusted by the feedforward control Σff , errors between

the desired output trajectory yd and the actual plant output signal y are regulated

by the feedback control Σc. It is a benefit of the two-degrees-of-freedom structure

that feedforward control and feedback control can be designed independently from

each other (see [51]). Since the spillover effect basically endangers the stability of the

closed-loop system, this thesis focuses on the stabilization issue, for which purpose

the simpler structure in Figure 12a is considered in what follows. Nevertheless, the

feedforward control Σff , that does not affect the closed-loop stability, can be designed

separately (see [51, 114]).

For the design of the observer-based compensator a modal approximation Σn is used.

Hence, the standard design approaches for finite-dimensional LTI systems can be ap-

plied, which is the basic concept of the early-lumping approach. The fundamental

problem of doing so is that the observer expects to receive the output yn of the ap-

proximation model. However, since this output is not available, the observer is fed

instead with the measurable output y of the infinite-dimensional system Σ. As a con-

u

−

Σc

Σ
y

Σc

a)

−

yu
Σ

b)
w

yd

ud
Σff

Figure 12 – a) Structure of the control loop with plant Σ and observer-based com-

pensator Σc. b) Control loop in two-degrees-of-freedom structure with

feedforward control Σff and compensator Σc, besides plant Σ.
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2.3 Observer-based compensator design

sequence, the observation error is excited by the residual dynamics which in turn affects

the closed-loop behavior. Due to this effect, which is introduced in [5] as observation

spillover, the closed-loop dynamics has to be checked after the compensator has been

designed.

In the following subsection the requirements concerning stabilizability and detectability

of the infinite-dimensional system are discussed. Afterwards, the design of the compen-

sator on the basis of the closed-loop structure as shown in Figure 12a is considered in

Subsection 2.3.2, and the closed-loop dynamics is analyzed in Subsection 2.3.3, where

the effect of spillover becomes apparent. Finally, the asymptotic rejection of exogenous

disturbances is considered briefly in Subsection 2.3.4.

2.3.1 Stabilizability and detectability

By an appropriately designed compensator it shall be possible to achieve a prescribed

stability margin β > 0 for the closed-loop dynamics which is defined as the negative

growth bound of the corresponding C0-semigroup30. To this end, the system Σ in

(2.3)–(2.4) is assumed to be exponentially β-stabilizable in the following. This means

that it is possible to apply the state feedback u(t) = −Kx(t) with a bounded linear

operator K : X 7→ Cp to (2.3) such that the resulting closed-loop system operator

A − BK generates a C0-semigroup with a growth bound ω0 ≤ −β. This requires to

shift all eigenvalues that are located in the right half-plane

C
+
−β

..= {s ∈ C |Re s > −β} (2.162)

into the left half-plane

C
−

−β
..= {s ∈ C |Re s ≤ −β}. (2.163)

The fact that the considered systems Σ have a bounded input operator B and a finite

numbers p of inputs implies that the input operator B has finite rank 31. This has the

consequence that only finitely many eigenvalues ofA can be shifted by the compensator

from C
+
−β to C

−

−β (see [46, Thm. 5.2.6]). Therefore, a system Σ can be exponentially

β-stabilizable only if C+
−β contains not more than a finite number of spectral points. Of

30 That means that the stability margin β of a C0-semigroup SM(t) on X is the supremum of all

real numbers β̃ such that a constant C exists with ‖S(t)x0‖X ≤ Ce−β̃t‖x0‖X for all x0 ∈ X and

all t ≥ 0.

31 An operator M : H1 7→ H2 is said to have a finite rank if dim ranM <∞.
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2 The early-lumping approach for continuous-time control

course, this requirement excludes systems with an accumulation point within the half-

plane C+
−β as may be the case, e.g., for the Euler-Bernoulli beam with sufficiently strong

Kelvin-Voigt damping, as well as systems whose eigenvalues are entirely located on a

vertical line in C
+
−β, such as the undamped Euler-Bernoulli beam. Since the observer-

based compensator will be designed by aid of a modal approximation Σn only those

eigenvalues, whose corresponding eigenmodes32 are contained in the approximation,

can be incorporated in the design. Therefore, the eigenvalues λ1, λ2, . . . , λn of An must

comprise all unstable eigenvalues of A as well as those that are intended to be shifted

by means of the control. The remaining eigenvalues λn+1, λn+2, . . . of the residual

dynamics, i.e., the eigenvalues of Ar, which are not contained in the approximation,

must have sufficiently negative real parts so that they can be left unchanged. To be

more precise, the decomposition

σ(An) = {λ1, λ2, . . . , λn} ⊂ C
+
−β, σ(Ar) ⊂ C

−

−β (2.164)

of σ(A) = σ(An) ∪ σ(Ar) is assumed (see (2.144)). This assures that the residual

dynamics have a stability margin of at least β so that these dynamics need not be

changed by the control. This conclusion holds true, however, only if Ar satisfies the

SDGA, which will be assured later by assuming the SDGA for the closed-loop system

(see Assumption 2.3-2).

The following considerations require that multiple eigenvalues are repeated accord-

ingly to their multiplicities. That means that the eigenvalues {λq1, λq2, . . . , λqr} ⊆
{λ1, λ2, . . . , λn} that are mutual different, i.e., λqi 6= λqj for i 6= j, are repeated as

often as the algebraic multiplicity νi of λqi so that

λqi = λqi+1 = . . . = λqi+νi−1, i = 1, 2, . . . , r (2.165)

holds. An easily verifiable condition for Σ to be exponentially β-stabilizable can be ob-

tained from the fact that this property is equivalent in this set up to the controllability

of the modal approximation Σn (see [46, Thm. 5.2.6]). Using the Gilbert controllability

criterion it is straightforward to see in view of (2.108)–(2.109) that this in turn is

equivalent to

rank







〈b1, ψqi〉X · · · 〈bp, ψqi〉X
...

...

〈b1, ψqi+νi−1〉X · · · 〈bp, ψqi+νi−1〉X






= νi, ∀ i = 1, 2, . . . , r (2.166)

32 By the term eigenmode the subsystem of a state space system is meant that corresponds to a

certain single eigenvalue of the system operator.
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(see [86, Sec. 6.2]) under which condition the eigenvalues λ1, λ2, . . . , λn are said to be

modal controllable. Of course, ψqi therein has to be replaced by ψ̃qi if the approximation

(2.138)–(2.141) is used.

For achieving the stability margin β of the closed-loop system it has to be assumed in

addition to the β-stabilizability that the system Σ is exponentially β-detectable which

means that it is possible to find a bounded linear operator L : Cm 7→ X such that the

C0-semigroup corresponding to A−LC has a growth bound ω0 ≤ −β. This is guaran-
teed if and only if the mentioned approximation is observable (see [46, Thm. 5.2.10]).

In view of (2.108) and (2.110) this in turn is equivalent to

rank
[

Cφqi · · · Cφqi+νi−1

]

= νi, ∀ i = 1, 2, . . . , r (2.167)

by the Gilbert observability criterion (see [86, Sec. 6.2]). In this case, the eigenval-

ues λ1, λ2, . . . , λn are called modal observable. Summing up these considerations, the

compensator design will be based on the following assumption.

Assumption 2.3-1 (Exponential β-stabilizability and β-detectability)

For the system (2.3)–(2.4) the following is assumed in order to assure exponential

β-stabilizability and exponential β-detectability:

1. There are not more than finitely many eigenvalues located in the half-plane C+
−β =

{s ∈ C |Re s > −β}, where β > 0 is the desired stability margin of the closed-

loop system.

2. The eigenvalues λ1, λ2, . . . , λn are modal controllable and modal observable, i.e.,

(2.166)–(2.167) are satisfied. ◭

2.3.2 Design of the observer-based compensator

Now, the observer-based compensator

Σc : ˙̂xn(t) = (An − LCn)x̂n(t) +Bnu(t) + Ly(t), t > 0, x̂n(0) = x̂n,0 ∈ C
n (2.168)

u(t) = −Kx̂n(t), t ≥ 0 (2.169)

is designed, in which (Cn, An, Bn) are the parameters of the approximation Σn with

the dominant eigenvalues λ1, λ2, . . . , λn ∈ C
+
−β. Since it is the basic concept of the
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2 The early-lumping approach for continuous-time control

early-lumping approach to consider only the approximation for the compensator design

instead of the infinite-dimensional system, the intention to achieve the stability margin

β for the closed-loop system requires the eigenvalues of the controlled approximation

to be located in C
−

−β. It is a well-known result that these coincide with the eigenvalues

of the matrices An −BnK and An −LCn (see [86, Sec. 4.2]). These eigenvalues can be

assigned by standard techniques for the computation of appropriate gains K and L.

The eigenvalues λn+1, λn+2, . . . of the residual dynamics cannot be influenced by this

control method in a systematic way. But since these are assumed to be contained in C
−

−β

anyway (see (2.164)) they can be left unchanged by the control. Thus, the union of the

assigned spectra σ(An − BnK) and σ(An − LCn) as well as the unmodified spectrum

σ(Ar) of the residual dynamics is regarded as the desired spectrum of the closed-

loop system. As explained in the previous subsection Assumption 2.3-1 guarantees

that the pair (An, Bn) is controllable and the pair (Cn, An) is observable. Thus, the

controller gain K ∈ Cp×n and the observer gain L ∈ Cn×m can be computed such

that σ(An − BnK) ∪ σ(An − LCn) ⊂ C
−

−β, for which purpose standard methods for

finite-dimensional LTI systems can be applied.

The impact of neglecting the residual dynamics for the compensator design becomes

apparent when it is noted that not the output yn(t) of the approximation is used in

(2.168) but instead the output y(t) of the infinite-dimensional system. This comes from

the fact that yn(t) is not available by measurement and is legitimated by the assumption

that the approximation describes the dominant part of the system’s transfer behavior

so that the error y(t) − yn(t) = yr(t) can be ignored. The impact of this disregard

becomes apparent when the dynamics of the observation error en(t) ..= xn(t) − x̂n(t),

that are referred to as observer dynamics , are considered that are given by

ėn(t) = (An − LCn)en(t)− LCrxr(t) (2.170)

in view of (2.99) and (2.168), using (2.100), (2.118), and (2.120). This equation shows

that the observer dynamics are excited by the residual state xr, an effect that is intro-

duced in [5] as observation spillover.

If the residual state xr approaches zero, also the error en will vanish exponentially since

An − LCn is a Hurwitz matrix. However, the residual dynamics are excited by en in

view of the control law u(t) = −Kx̂n(t) = −Kxn(t) +Ken(t), yielding

ẋr(t) = Arxt(t)− BrKxn(t) + BrKen(t) (2.171)

(see (2.117) and (2.169)). This influence on the residual dynamics is called control
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2.3 Observer-based compensator design

spillover (see [5]). Since the residual dynamics and the observer dynamics impact each

other in both directions the control performance may be deteriorated which even can

lead to instability. This interplay of observation and control spillover is analyzed in

the next subsection.

2.3.3 Dynamics of the closed-loop system

Since the residual dynamics are not taken into account for the compensator design,

the impact of the compensator on the actual infinite-dimensional system Σ is not clear

a priori. Therefore, the dynamics of the closed-loop system will be analyzed next. To

this end, the composed state

xcl(t) ..=







en(t)

xn(t)

xr(t)






(2.172)

with en(t) = xn(t)− x̂n(t) on the state space Xcl
..= Cn ⊕ Cn ⊕Xr is considered that

is a Hilbert space with the inner product

〈







g1
g2
g3






,







h1
h2
h3







〉

Xcl

..= 〈g1, h1〉Cn + 〈g2, h2〉Cn + 〈g3, h3〉Xr
(2.173)

with g1, g2, h1, h2 ∈ Cn and g3, h3 ∈ Xr, where 〈g1, h1〉Cn =
∑n

i=1 g1,ih1,i is the usual

inner product on C
n. It can be verified easily by insertion of (2.169) into (2.99) and

(2.117) in combination with (2.170) that the closed-loop dynamics are described by

the abstract initial value problem

Σcl : ẋcl(t) = Aclxcl (t), t > 0, xcl(0) = xcl ,0 ∈ Xcl (2.174)

with the closed-loop system operator

Acl =







An − LCn 0 −LCr
BnK An − BnK 0

BrK −BrK Ar






(2.175)

with D(Acl) = Cn ⊕Cn ⊕D(Ar) ⊂ Xcl . For the analysis of the spillover this operator

is decomposed according to

Acl = Acl,0 +∆, (2.176)

wherein

Acl,0 =







An − LCn 0 0

BnK An −BnK 0

BrK −BrK Ar






, ∆ =







0 0 −LCr
0 0 0

0 0 0






(2.177)
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2 The early-lumping approach for continuous-time control

with D(Acl,0) = D(Acl) andD(∆) = Xcl . From the fact that An−LCn, An−BnK, and

Ar generate C0-semigroups and from the boundedness of the off-diagonal blocks of Acl,0

it can be concluded that also the composite operator Acl,0 is the infinitesimal generator

of a C0-semigroup (see [46, Lem. 3.2.2]). Furthermore, due to the boundedness of ∆,

also Acl = Acl,0 +∆ is an infinitesimal generator of a C0-semigroup so that the initial

value problem (2.174) is well-posed (see [46, Thm. 3.2.1]).

Before the closed-loop behavior is discussed by considering the spectrum of Acl it has

to be noted that this makes sense only if the closed-loop spectrum is meaningful for

the behavior of the control loop in the way that the stability margin β is given by

β = − supλ̃cl∈σ(Acl )
Re λ̃cl . Therefore, the following assumption has to hold (see also

Subsection 2.1.3 for the SDGA).

Assumption 2.3-2 (SDGA for the closed-loop system)

The closed-loop system operator Acl is assumed to satisfy the spectrum determined

growth assumption, i.e., β = − supλ̃cl∈σ(Acl )
Re λ̃cl holds for the closed-loop stability

margin β. ◭

An easy method to conclude that this assumption holds is available if A generates

an analytic C0-semigroup, which implies that Ar = A|D(A)∩Xr
(see (2.115)) is the

generator of an analytic C0-semigroup. SinceXcl andXr differ by the finite-dimensional

space C2n it can be shown that also the C0-semigroup, generated by Acl,0, is analytic.

Due to the fact that ∆ is bounded, finally Acl = Acl ,0 +∆ generates an analytic C0-

semigroup (see [89, Cor. IX 2.5]) which in turn assures that Acl satisfies the SDGA (see

[126, Sec. 2]) so that Assumption 2.3-2 holds. However, for A to generate an analytic

C0-semigroup it is necessary that its spectrum satisfies the sector condition (2.37) with

a sector angle ε > 0. This excludes, e.g., entirely undamped flexible systems and beam

systems with viscous or Rayleigh damping. The following statement assures the SDGA

for the closed-loop system for spectra of A that are contained in a sector with sector

angle ε = 0.

Theorem 2.3-3

Suppose that A is the infinitesimal generator of a C0-semigroup and has an eigenvector

Riesz basis. Then, Assumption 2.3-2 is satisfied.
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2.3 Observer-based compensator design

The proof is given in Appendix A.3. Apparently, this statement can be applied partic-

ularly when A is a sectorial Riesz-spectral operator. For proving the statement it plays

an essential role that Acl has “almost” an eigenvector Riesz basis under the mentioned

condition in the following sense: Acl has an infinite number of eigenvectors φ̃cl,i, i > N ,

that, when combined with an at most finite number N of suitable additional vectors

ϕ̃i ∈ Xcl , i = 1, 2, . . . , N , yield a Riesz basis for Xcl . If A neither is the generator of

an analytic C0-semigroup nor has an eigenvector Riesz basis, the SDGA for Acl has to

be checked individually. This is demonstrated next for the control of the time-delay

system that has been introduced in Example 2.1-16.

Example 2.3-4 (Time-delay system)

Applying the observer-based compensator Σc in (2.168)–(2.169) to the time-delay sys-

tem considered in the Examples 2.1-16 and 2.2-4, the closed-loop dynamics is described

by






ẋl(t)
˙̂xn(t)

∂txd(τ, t)






=







Al −BlK Ad(·)|τ=−T

LCl An −BnK − LCn 0

0 0 ∂τ (·)













xl(t)

x̂n(t)

xd(τ, t)






(2.178)

with xd(0, t) = xl(t), t > 0. This system has the same form as the time-delay system

(2.78) with (2.76), at which the lumped part xl of the state in (2.78) is extended by the

state x̂n of the compensator. For these systems it is known that the SDGA is satisfied

in general (see [46, Thm. 5.1.7]). Thus, Assumption 2.3-2 holds. ◭

The spectrum of Acl ,0 is given by

σ(Acl,0) = σ(An − BnK) ∪ σ(An − LCn) ∪ σ(Ar) (2.179)

due to its triangular structure. This makes apparent that the compensator, which is

designed by eigenvalue assignment for An − BnK and An − LCn assigns the desired

eigenvalues to Acl,0. However, the actual closed-loop dynamics are not described by

Acl,0 but instead by the perturbed operator Acl = Acl,0 +∆ (see (2.174)). In general,

all closed-loop eigenvalues λ̃cl ,i ∈ σ(Acl), i ∈ N, differ therefore from the desired values

λcl,i ∈ σ(Acl,0), i ∈ N, so that the performance of the controlled system may be

unsatisfying. If one of the eigenvalues is shifted in this way into the right half of the

complex plane, the closed-loop system is unstable. It is therefore important to have an

estimate how far the eigenvalues λ̃cl,i may be shifted away from λcl ,i under the influence

of the perturbation ∆. This question will be addressed in Section 2.4.
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2 The early-lumping approach for continuous-time control

2.3.4 Asymptotic disturbance rejection

A stabilizing control has the effect that the plant output y approaches zero in the

considered structure of the control loop as it is shown in Figure 12a. For a two-degrees-

of-freedom control (see Figure 12b) one has y(t) → yd(t) for t→ ∞, which means that

the control assures that the output approaches the desired trajectory. However, this

intended behavior of the closed-loop system changes when an exogenous disturbance

d(t) ∈ Rpd affects the closed-loop system, i.e., the plant is described by

Σ : ẋ(t) = Ax(t) + Bu(t) + Gd(t), t > 0, x(0) = x0 ∈ X (2.180)

y(t) = Cx(t), t ≥ 0 (2.181)

instead of the model (2.3)–(2.4) with a bounded linear operator G : Cpd 7→ X and

m outputs, i.e., y(t) ∈ Rm. For modifying the compensator such that it rejects the

influence of the disturbance d on the output y asymptotically it is assumed that d can

be described by the signal model

ẋs(t) = Asxs(t), t > 0, xs(0) = xs,0 ∈ C
ns (2.182)

d(t) = Csxs(t), t ≥ 0 (2.183)

with (Cs, As) being observable, which is possible, e.g., for constant, ramp, or sinusoidal

signals. In the important case of constant disturbances one has As = 0, Cs = 1, and

ns = 1. An approach to robustly and asymptotically reject the modeled disturbance is

the internal model principle (see [48, 65]). For single-output systems, i.e., m = 1, the

plant model (2.180)–(2.181) is extended by a copy

˙̃xs(t) = Asx̃s(t) +Bsy(t), x̃s(0) = 0 (2.184)

of the signal model that is excited by the plant output y, where Bs ∈ Cn
s is arbitrary

except that (As, Bs) has to be controllable. For multi-output systems, i.e., m > 1,

one has to add such a copy of the signal model for each of the outputs, and p ≥ m

has to hold (see [48]). Typically, As has eigenvalues on the imaginary axis in order to

generate persistent disturbances. If the compensator stabilizes the extended plant, it

follows

lim
t→∞

y(t) = 0, ∀ x0 ∈ X, ∀ xs,0 ∈ C
ns (2.185)

because x̃s is excited by y (see (2.184)) so that this state would otherwise diverge due to

the instability of the signal model and the controllability of (As, Bs). Thus, asymptotic

disturbance rejection is assured. Since the rejection is achieved whenever the control
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loop is exponentially stable, the rejection is robust w.r.t. model uncertainties that do

not destabilize the closed-loop system.

The design of the compensator is based on an approximation of the extended sys-

tem (2.180)–(2.181) and (2.184). This approximation can be obtained by adding the

signal model dynamics (2.184) to the previously used modal approximation Σn (see

(2.99)–(2.100) and (2.138)–(2.141)), for what the output y(t) = Cx(t) in (2.184) is

approximated by yn(t) = Cnxn(t). This leads to the approximation

Σn,e :

[

ẋn(t)
˙̃xs(t)

]

=

[

An 0

BsCn As

][

xn(t)

x̃s(t)

]

+

[

Bn

0

]

u(t) (2.186)

[

xn(0)

x̃s(0)

]

=

[

x0
0

]

∈ X ⊕ C
ns (2.187)

yn(t) =
[

Cn 0
]

[

xn(t)

x̃s(t)

]

. (2.188)

In this approximation the disturbance d is not taken into account because it does

neither influence the compensator design nor the closed-loop spectrum. The state

feedback (2.169) can now be designed for the extended approximation, where this

(unstable) dynamics can be stabilized if and only if the approximation Σn does not

have any transmission zero that coincides with any of the eigenvalues of As in view

of the assumed controllability of (An, Bn) and (As, Bs) (see [48]). Since the signal

model (2.184) has to be implemented, the state x̃s is directly available for realizing the

state feedback and needs not to be reconstructed by the observer. Thus, the observer

(2.168) can still be designed for the unextended approximation Σn. This leads to the

compensator

Σc,e : ˙̂xn(t) = (An − LCn)x̂n(t) +Bnu(t) + Ly(t), t > 0, x̂n(0) = x̂n,0 ∈ C
n (2.189)

u(t) = −Kx̃n(t)−Ksx̃s(t), t ≥ 0, (2.190)

where x̃s is taken from (2.184), which has to be implemented additionally. Apparently,

this control scheme differs from that considered in the previous subsection for the

analysis of the closed-loop dynamics. However, it will be shown later that the spillover

reduction approaches, presented in the Chapters 3 and 5, can be applied to both the

control with and without asymptotic disturbance rejection (see the Remarks 2.4-14

and 4.2-5). It should be noted that the internal model principle may lead to severe

windup problems in case of input saturation. Therefore, windup prevention measures

are necessary that can be found in [51].
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2 The early-lumping approach for continuous-time control

2.4 Analysis of the closed-loop spectrum

Different from the finite-dimensional case the dynamical behavior of the closed-loop

system depends not only on the eigenvalues of the system operator but also on its con-

tinuous spectrum σc(Acl) as well as the residual spectrum σr(Acl) (for their definitions

see Subsection 2.1.3). For that reason the structure of σ(Acl), i.e., the decomposition

σ(Acl) = σp(Acl)∪ σc(Acl)∪ σr(Acl), has to be analyzed. This will be discussed in the

following subsection. Afterwards an estimate of the eigenvalue perturbation caused by

the spillover is given in Subsection 2.4.2.

2.4.1 Structure of the closed-loop spectrum

While the spectrum of Acl,0 can be described by the simple expression (2.179), the

spectrum structure of the actual closed-loop system operator Acl = Acl ,0 + ∆ is far

less obvious due to the influence of the perturbation operator ∆. It is useful to note,

however, that ∆ is a degenerate operator , i.e., ∆ is bounded and its range ran∆ is finite-

dimensional (see (2.177)), because this simplifies to gain some insight into the structure

of the closed-loop spectrum σ(Acl). One consequence is that, if σ(Ar) does not contain

any accumulation point, the spectrum of Acl entirely consists of isolated eigenvalues

with finite multiplicities and thus is discrete. This can be shown by aid of the first

Weinstein-Aronszajn formula (see [89, Sec. IV 6]). The structure analysis of the closed-

loop spectrum is more sophisticated if σ(A) contains accumulation points. An example

for such systems are mechanical vibrating systems with Kelvin-Voigt damping (see,

e.g., [73, Sec. 4]). It is a known fact that an accumulation point λ̃cl ∈ σ(Acl) cannot

be shifted by any degenerate perturbation operator and thus not by the control law

(2.169) so that the stability margin β is limited by the location of the accumulation

points in σ(A) (see, e.g., [46, Sec. 5.2]). However, the following questions need some

further analysis:

1. Under which circumstances may σc(Acl) or σr(Acl) be non-empty?

2. May it happen that σc(Acl) or σr(Acl) contain elements that do not belong to

σp(Acl)?

3. Can it happen that accumulation points in σ(A) appear in σ(Acl) as isolated

points instead of accumulation points?

58



2.4 Analysis of the closed-loop spectrum

Particularly, Item 2 is an important issue because if the closed-loop can possess a

spectral point λ̃cl ∈ σc(Acl) ∪ σr(Acl) that is not in the closure of σp(Acl), it would

not be sufficient to analyze only the closed-loop eigenvalues. A detailed characterization

of the closed-loop spectrum σ(Acl) can be derived from the following general result for

the spectrum of a perturbed operator.

Lemma 2.4-1

Suppose that a linear operator M0 : D(M0) ⊂ H 7→ H on a Hilbert space (H, 〈·, ·〉H)
has the following properties:

(P1) M0 is the generator of a C0-semigroup,

(P2) the point spectrum σp(M0) of M0 consists solely of isolated eigenvalues with

finite algebraic multiplicities,

(P3) σ(M0) is totally disconnected, and

(P4) the residual spectrum satisfies σr(M0) = ∅.

Let the perturbation operator D : H 7→ H be degenerate. Then, the spectrum of

M = M0 +D satisfies the following statements.

(S1) σc(M) ⊆ σc(M0) ⊂ σ(M)

(S2) σr(M) = ∅

(S3) Any spectral point λ of M in the set σ(M) \ σc(M0) is an isolated eigenvalue of

M with finite algebraic multiplicity.

Furthermore, it holds

σ(M) = σp(M) (2.191)

so that σc(M) entirely consists of accumulation points of eigenvalues in σp(M).

For the proof see Appendix A.4. The first Item (S1) states that the accumulation points

in M0 are not influenced by the perturbation und are thus also accumulation points

in M, and the Properties (S2) and (S3) show that all the remaining spectral points

of M are eigenvalues with finite algebraic multiplicities. Note, that σc(M) = σc(M0)

is not assured in general because an element of σc(M0) may appear in σp(M) as an

accumulation point that is an eigenvalue. Instead, only σc(M) ⊆ σc(M0) is assured.

59



2 The early-lumping approach for continuous-time control

Remark 2.4-2 In the case where M0 satisfies the additional requirement to be

the infinitesimal generator of an analytic C0-semigroup the statements of Lemma 2.4-1

hold even for unbounded perturbations D that are M0-degenerate. Such an operator

D : D(D) ⊂ H 7→ H with D(D) ⊇ D(M0) has a finite-dimensional range ranD and

is unbounded in H but M0-bounded, i.e., ‖Dh‖H ≤ α‖M0h‖H + γ‖h‖H , ∀h ∈ D(D),

holds for constants α, γ ≥ 0. In order to show this it plays an essential role that the

infinitesimal generator of an analytic C0-semigroup remains such a generator under

M0-degenerate perturbations, which follws from [133, Prop. 1] and [89, Rem. IV 1.13].

This generalization is important for modelling pointwise measurements of parabolic

systems (see, e.g., [52]). ◭

Now, this general result shall be applied in order to characterize the structure of the

closed-loop spectrum. To this end, remember that it has been argued in Subsec-

tion 2.3.3 that Acl,0 has the Property (P1) in Lemma 2.4-1. This is implied by the

fact that A is the infinitesimal generator of a C0-semigroup due to Item 1 of Assump-

tion 2.1-9. Furthermore, the Properties (P2)–(P4) can be verified for Acl,0 under use

of the Items 3a, 3b, and 3c of Assumption 2.1-9 and (2.179). Thus, Acl ,0 satisfies the

requirements on M0 in Lemma 2.4-1, and ∆ is a degenerate operator as follows from

(2.177) so that the above result can be applied to Acl = Acl,0 + ∆. Note, that for

doing so it is not required that Acl ,0 has simple eigenvalues or an eigenvector Riesz ba-

sis. Apparently, (2.179) shows that σc(Acl,0) = σc(Ar) = σc(A). Hence, Lemma 2.4-1

directly yields the following characterization of the closed-loop spectrum, which is the

main result of this section.

Theorem 2.4-3

Let the Assumption 2.1-9 hold. Then, the spectrum σ(Acl) of the closed-loop system

operator Acl can be decomposed as

σ(Acl) = {λ̃cl,i, i ∈ N} ∪ σc(A), (2.192)

where λ̃cl ,i, i ∈ N, are eigenvalues of Acl that have finite algebraic multiplicities and

are isolated. Particularly,

σr(Acl) = ∅ (2.193)

σ(Acl) = σp(Acl) (2.194)

holds.
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Apparently, any spectral point in σ(Acl) that is not an eigenvalue is an accumulation

point in σ(A) and in σ(Acl). However, an accumulation point in σ(Acl) might be an

eigenvalue with infinite multiplicity. This result greatly simplifies the analysis of the

closed-loop dynamics since the accumulation points in σ(A) are usually known so that

one needs only to determine the closed-loop eigenvalues. An approach for estimating

them is shown in the next subsection. It is interesting to note that the same result

as in Theorem 2.4-3 would be obtained from Lemma 2.4-1 in the more general case

where instead of the observer-based state feedback (2.168)–(2.169) an arbitrary finite-

dimensional compensator for the system (2.3)–(2.4) is used. This follows from the fact

that for any controller the closed-loop system operator Acl differs from the open-loop

system operator Acl,0 by a degenerate perturbation.

According to Theorem 2.4-3 the closed-loop spectrum equals the closure of its point

spectrum (see (2.194)). In order to determine the closed-loop stability margin under

Assumption 2.3-2 it is therefore sufficient to check only the eigenvalues instead of the

whole spectrum. Thus, the following statement is obvious.

Corollary 2.4-4

Let the Assumptions 2.1-9 and 2.3-2 hold. Then,

ωcl = sup
λ̃cl∈σ(Acl )

Re λ̃cl = sup
λ̃cl∈σp(Acl )

Re λ̃cl (2.195)

is the growth bound ωcl of the C0-semigroup Scl(t) generated by Acl .

This result confirms that by shifting the dominant eigenvalues λ1, λ2, . . . , λn of A such

that all the eigenvalues λ̃cl ,i, i ∈ N, of Acl are contained in the half-plane C
−

−β, the

stability margin β is achieved, as it is well-known from the finite-dimensional case.

Example 2.4-5 (Euler-Bernoulli beam with Kelvin-Voigt damping, continued)

The Euler-Bernoulli beam with Kelvin-Voigt damping introduced in Example 2.1-15

is considered. There, it has been found that A is a sectorial Riesz-spectral operator

so that the SDGA for the closed-loop system holds because A is analytic (see the

explanation following Assumption 2.3-2). Furthermore, it has been stated that the

continuous spectrum consists of the accumulation point λacc = −1/(2δ), i.e., σc(A) =

{λacc}. In addition, it has been explained that the corresponding state space model
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satisfies Assumption 2.1-9 so that Theorem 2.4-3 can be applied to this system. Thus,

according to (2.192) the closed-loop spectrum σ(Acl) consists of isolated eigenvalues

with finite multiplicities and the accumulation point λacc . This means in particular

that this spectral point cannot be shifted by the compensator and that σc(Acl) can

contain at most λacc . Further, σr(Acl) = ∅ holds. Since Acl satisfies the SDGA, i.e.,

Assumption 2.3-2 holds, Corollary 2.4-4 can be applied which states that it is sufficient

to consider the point spectrum of Acl in order to determine the growth bound of the

corresponding C0-semigroup. ◭

Clearly, a more specific characterization of the closed-loop behavior can be obtained

when the locations of the eigenvalues λ̃cl ,i are known. However, since the eigenvalues

considered for the compensator design are the eigenvalues λcl,i, i ∈ N, of Acl,0 due to

(2.179), the difference between λcl ,i and λ̃cl,i has to be taken into account in the design

step. An upper bound for these errors is obtained in the next subsection.

2.4.2 Enclosure of the closed-loop spectrum

Now, a relation between the perturbed spectrum σ(Acl) of Acl and the spectrum

σ(Acl,0) of the nominal operator Acl,0 will be determined. To be more precise, the

spectrum perturbation

d ..= sup
λ̃cl∈σ(Acl )

inf
λcl∈σ(Acl ,0)

|λ̃cl − λcl | (2.196)

will be estimated by an upper bound. Note, that the term infλcl∈σ(Acl ,0) |λ̃cl − λcl |
therein describes the distance of the spectral point λ̃cl of the perturbed spectrum to

the set σ(Acl ,0). Thus, d can be regarded as the largest distance of a point λ̃cl to its

neighboring spectral point in the unperturbed spectrum σ(Acl,0). Knowing this worst-

case difference enables to estimate not only the stability margin of the closed-loop

system but also further performance aspects such as its damping. Therefore, having an

estimate for d, the early-lumping-based compensator design approach by assigning the

eigenvalues of the controlled approximation is justified since the closed-loop behavior

can be estimated a priori .

A result for the spectrum perturbation can be obtained by a generalized version of

the Bauer-Fike Theorem [18, Thm. IIIa] which provides estimates for the eigenvalues

of a finite-dimensional matrix under bounded perturbations. For the purposes of this
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2.4 Analysis of the closed-loop spectrum

contribution an extension to a class of unbounded operators is used that are similar to

a normal operator 33. This generalized statement reads as follows.

Lemma 2.4-6

Suppose that for a linear operator M0 : D(M0) ⊂ H 7→ H on a Hilbert space

(H, 〈·, ·〉H) there exists a linear transformation34 T : H 7→ H such that T −1M0T
is normal. In addition, let D : H 7→ H be a bounded operator. If the operator

M = M0 +D satisfies σr(M) = ∅, then the spectrum perturbation

dM ..= sup
λ̃∈σ(M)

inf
λ∈σ(M0)

|λ̃− λ| (2.199)

with respect to M0 and M satisfies

dM ≤ ‖T −1DT ‖. (2.200)

The proof is given in Appendix A.5. Note, that different from Lemma 2.4-1 this state-

ment cannot be generalized in a straightforward manner to perturbation operators D

that are M0-bounded. However, this result is applied next for analyzing the spectrum

of Acl = Acl,0 + ∆, where the perturbation operator ∆ satisfies the condition to be

bounded (see (2.177)). For doing so, the following assumption is needed.

Assumption 2.4-7 (Existence of a normalizing transformation)

The existence of a linear transformation Tcl : Xcl 7→ Xcl , such that T −1
cl Acl,0Tcl is

normal, is assumed. ◭

This condition can be assured in a particular simple way if the system operator is a

Riesz-spectral operator. For this case the following statement is useful.

33 A linear operator M : X 7→ X is said to be normal if it holds

MM∗h = M∗Mh, ∀h ∈ D(MM∗) (2.197)

D(MM∗) = D(M∗M). (2.198)

34 A linear operator T : X 7→ X is called a linear transformation if it is a bijection on whole X .

Thus, D(T ) = D(T −1) = X which implies that T and T −1 are bounded.
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2 The early-lumping approach for continuous-time control

Proposition 2.4-8

Suppose that A is a Riesz-spectral operator. If the observer-based compensator Σc in

(2.168)–(2.169) is designed such that An−BnK and An−LCn have simple and mutually

different eigenvalues that are not contained in σ(Ar), then Assumption 2.4-7 holds. In

particular, a normalizing transformation is then given by

Tclh ..=
∞
∑

i=1

〈h, ϕi〉Xφcl,i, T −1
cl h =

∞
∑

i=1

〈h, ψcl ,i〉Xϕi, ∀h ∈ X, (2.201)

wherein φcl ,i and ψcl ,i, i ∈ N, are the eigenvectors of Acl,0 and A∗
cl,0, respectively, that

correspond to each other and are scaled such that they form biorthonormal sequences.

Furthermore, ϕi, i ∈ N, is an arbitrary orthonormal basis for Xcl .

For the proof see Appendix A.6.

Remark 2.4-9 This result remains valid if A is not a Riesz-spectral operator but

the eigenvectors φcl ,i of the closed-loop system operator Acl,0 form a Riesz basis, and

(ψcl ,i)i∈N is the biorthonormal sequence corresponding to (φcl,i)i∈N. This is relevant for

systems with multiple eigenvalues whose system operator is therefore not Riesz-spectral

in the sense of Definition 2.1-6 (see [73] for a more general definition). Furthermore,

Assumption 2.4-7 is satisfied for system operators A that are self-adjoint, skew-adjoint,

or unitary, even if their eigenvectors do not form a Riesz basis. In this case, a nor-

malizing transformation is obtained from (2.201), when φcl,1, φcl,1, . . . , φcl,2n are the

eigenvectors of Acl,0 that correspond to the eigenvalues of An − BnK and An − LCn,

the vectors φcl,i, i > 2n, and ϕi, i ∈ N, are chosen as

ϕi =























[

ei 0 0
]T

: 1 ≤ i ≤ n
[

0 ei−n 0
]T

: n < i ≤ 2n
[

0 0 ϕr,i−2n

]T

: i > 2n

, φcl,i = ϕi, i > 2n (2.202)

with ei, i = 1, 2, . . . , n, and ϕr,i, i ∈ N, being the canonical basis for Rn and an

orthonormal basis for Xr, respectively, and (ψcl ,i)i∈N is the biorthonormal sequence

corresponding to (φcl ,i)i∈N. However, for time-delay systems as considered in Exam-

ple 2.1-16 a normalizing transformation is easy to determine only under restrictive

conditions (see [46, Sec. 2.4]), so that the following spectrum perturbation estimate

cannot be applied to this system class. ◭
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Now, Lemma 2.4-6 can be applied to Acl = Acl,0 + ∆ under the Assumption 2.4-7

because all requirements are met in view of ∆ being a bounded perturbation, and

σr(Acl) = ∅ holds according to Theorem 2.4-3. Applying Lemma 2.4-6 immediately

leads to the following result.

Theorem 2.4-10

Let the Assumptions 2.1-9 and 2.4-7 hold. Then,

d ≤ ‖T −1
cl ∆Tcl‖ ≤ ‖T −1

cl ‖‖Tcl‖‖∆‖ (2.203)

is an upper bound for the spectrum perturbation d, in which Tcl is the normalizing

transformation in the sense of Assumption 2.4-7.

Remark 2.4-11 An equivalent formulation of this statement is that the spectrum

of Acl is enclosed by the union

σ(Acl) ⊆
⋃

λcl∈σp(Acl,0)

{

λ̃cl ∈ C

∣

∣

∣
|λ̃cl − λcl | ≤ r

}

(2.204)

of disks with radius

r = ‖T −1
cl ∆Tcl‖, (2.205)

at which σ(Acl ,0) = σp(Acl,0) (see Item 3d of Assumption 2.1-9) has been taken into

account. Thus, Theorem 2.4-10 shows that all the eigenvalues λ̃cl,i, i ∈ N, are enclosed

by at least one of the disks that are centered around the unperturbed eigenvalues

λcl,i ∈ σ(Acl,0) that are known (see (2.179)). ◭

Remark 2.4-12 A similar result can be obtained by the so-called Gerschgorin

disks . In [68] this approach was extended to the situation where the system operator

can be represented as an infinite-dimensional matrix. However, in order to assure that

the radii of the enclosing circles are finite the system operator has to satisfy certain

conditions that are restrictive for applications with discontinuous input and output

distribution functions bi and ci (see (2.14)–(2.15)). In contrast, the radius r in (2.205)

is always finite because ∆, Tcl , and T −1
cl in (2.203) are bounded. Of course, it is
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2 The early-lumping approach for continuous-time control

intuitively clear that if the controller is designed such that ‖∆‖ is small, then the

eigenvalue deviation caused by spillover is small as well. However, Theorem 2.4-10

provides a quantitative and simple relation for the possible differences between the

unperturbed eigenvalues and the actual closed-loop eigenvalues. ◭

In Appendix B an approach is given for computing the radius r of the enclosure (2.204)–

(2.205) exactly under the condition that A is a Riesz-spectral operator with orthonor-

mal eigenvectors. In other situations r has to be computed on the basis of an accurate

approximation of the closed-loop dynamics. To this end, one increases the approxima-

tion order until the resulting values for r converge.

Example 2.4-13 (Heat conducting plate, continued)

In order to demonstrate the presented approach the control of the heat conducting

plate, for which a state space model has been determined in Example 2.1-13, is con-

sidered. The temperature x(z1, z2, t) over the rectangular domain Ω = (0, 1) × (0, π)

with the two spatial coordinates z1 ∈ [0, 1] and z2 ∈ [0, π] is described by the a state

space model (2.3)–(2.4) with the operators

Ah =
∂2h

∂z21
+
∂2h

∂z22
, ∀h ∈ D(A) =

{

h ∈ H2(Ω)
∣

∣

∣
h
∣

∣

Γ
= 0
}

(2.206)

Bv = b v, ∀ v ∈ C (2.207)

Ch = 〈h, c〉X, ∀h ∈ X, (2.208)

where Γ = ∂Ω denotes the boundary of the plate and the input and output distribution

functions are given by

b(z1, z2) =

{

1− (z1 − 1/2)2 − (z2 − π/4)2) : 0 ≤ z1 ≤ 1, 0 ≤ z2 ≤ π/2

0 : otherwise
(2.209)

c(z1, z2) =

{

103 : 0.49 ≤ z1 ≤ 0.51, π/4− 0.01 ≤ z2 ≤ π/4 + 0.01

0 : otherwise.
(2.210)

For convenience, the eigenvalues and eigenvectors, given in (2.45)–(2.46), are re-indexed

as λi and φi, i = 1, 2, . . ., such that λi+1 < λi, i ∈ N. It is apparent from (2.203) that

the estimate for the spectrum perturbation d depends on the norm of the perturbation

operator ∆. In the following, it will be shown that this norm can be changed by

considering the transformed state x̃(t) = Txx(t), which is advantageous for obtaining
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tight eigenvalue enclosures. The operator Tx : X 7→ X is the self-adjoint, positive, and

bounded linear operator

Txh =
∞
∑

i=1

ρi〈h, φi〉Xφi, m ≤ ρi ≤M, i ≥ 1, ∀h ∈ X (2.211)

with constants m,M > 0. Tx has a bounded inverse, because all its eigenvalues ρi

satisfy ρi > m > 0, that is given by T −1
x =

∑∞
i=1 ρ

−1
i 〈·, φi〉Xφi. Rewriting the state

space model (2.3)–(2.4) in terms of the new state x̃(t) = Txx(t) leads to the transformed

state space model

˙̃x(t) = Ax̃(t) + TxBu(t), t > 0, x̃(0) = Txx0 (2.212)

y(t) = CT −1
x x̃(t), t ≥ 0. (2.213)

Observe that only the input and output operators are modified by the transformation

but the system operator remains unchanged because TxAT −1
x = A holds as can be

checked easily. Combining (2.211) and the representations

Bv = bv =

∞
∑

i=1

〈bv, φi〉Xφi, ∀ v ∈ C (2.214)

Ch = 〈h, c〉X =

〈

h,

∞
∑

i=1

〈c, φi〉Xφi

〉

X

=

∞
∑

i=1

〈c, φi〉X〈h, φi〉X , ∀h ∈ X (2.215)

and h =
∑∞

i=1〈h, φi〉Xφi (see (2.20)), that are possible because the eigenvectors φi are

orthonormal (see (2.46)), leads to

B̃v ..= TxBv =
∞
∑

i=1

ρi〈bv, φi〉Xφi, ∀ v ∈ C (2.216)

C̃h ..= CT −1
x h =

∞
∑

i=1

1

ρi
〈c, φi〉X〈h, φi〉X , ∀h ∈ X. (2.217)

Although the observer gain L is not fixed yet it is apparent from (2.217) that ‖LCr‖
with Cr = C̃|Xr

(see (2.115)) can be made arbitrarily small by choosing ρi, i ≥ 1,

sufficiently large. At first glance, increasing ρi results in reducing the radius r of the

enclosures in view of (2.205) and ‖∆‖ = ‖LCr‖ (see (2.177)). However, at the same

time when ‖LCr‖ is reduced by using large parameters ρi the norm ‖BrK‖ is increased

for a given feedback gain K as can be seen from (2.216). This in turn often leads to

an increased norm ‖T −1
cl ‖. So, making ‖∆‖ small by the state transformation yields

‖T −1
cl ‖ being large, and the other way round. In view of (2.203) one has therefore to
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2 The early-lumping approach for continuous-time control

find a balance between ‖LCr‖ and ‖BrK‖ in order to obtain good estimates. To this

end, the parameters ρi are chosen in this example as

ρ1 = 1.5, ρ2 = 0.1, ρ3 = 2, ρ∞ ..= ρi = 15 for i ≥ 4. (2.218)

Doing so, comparison of (2.216)–(2.217) with (2.214)–(2.215) leads to

B̃v = ρ∞bv −
3
∑

i=1

(ρ∞ − ρi)〈bv, φi〉Xφi, ∀ v ∈ C (2.219)

C̃h = ρ−1
∞ Ch−

3
∑

i=1

(ρ−1
∞ − ρ−1

i )〈c, φi〉X〈h, φi〉X , ∀h ∈ X. (2.220)

It was explained in Subsection 2.3.3 that the spillover can be divided into two different

effects, namely the control spillover, for which the operator BrK plays an essential

role, and the observation spillover, that depends on LCr. Since these operators become

changed by introducing the state transformation, such a change of the state allows to

influence both kinds of spillover, which is the basic reason for the improvement of the

perturbation estimate. This aspect will be discussed more in detail in Section 3.3.

Next, the compensator is designed on the basis of an approximation for (C̃,A, B̃) such
that the slowest eigenvalue λ1 = −π2 − 1 = −10.87 is shifted to λcl,1 = −13 and

all the other eigenvalues remain unaffected. In view of the decay of the eigenvalues

(see (2.45)) the approximation model Σn (2.99)–(2.100) can be regarded to cover the

dominant part of the system dynamics if it contains the first two modes, i.e., n = 2.

Applying (2.108)–(2.110) to (C̃,A, B̃) yields

An = diag(λ1, λ2) = diag(−10.87,−13.87) (2.221)

Bn =

[

0.824

0.060

]

(2.222)

Cn =
[

0.213 4.513
]

(2.223)

which gives a controllable and observable approximation Σn. The controller gain K is

chosen as K = [2.585 0] so that it assigns the eigenvalues σ(An−BnK) = {−13, λ2} =

{−13,−13.87}, and the observer gain L = [20.260 −0.0109]T provides σ(An−LCn) =

{−14,−15}. It has been found in Example 2.1-13 that A satisfies Assumption 2.1-9,

which is required for applying Theorem 2.4-10, and that A is a sectorial Riesz-spectral

operator. Therefore, also Assumption 2.3-2, which is the SDGA for the closed-loop

system, holds. Finally, it has been shown in Example 2.1-13 that A is a Riesz-spectral

operator. Taking this into account, Proposition 2.4-8 yields that Assumption 2.4-7
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2.4 Analysis of the closed-loop spectrum

Table 2 – The unperturbed eigenvalues λcl ,i ∈ σ(An−BnK)∪σ(An−LCn)∪σ(Ar)

and closed-loop eigenvalues λ̃cl ,i ∈ σ(Acl ) with largest real parts.

i 1 2 3 4 5 6 7

λcl,i −13 −13.87 −14 −15 −18.87 −25.87 −40.48

λ̃cl,i −12.61 −13.87 −13.91 −17.13 + j1.59 −17.13− j1.59 −25.87 −40.48

is satisfied. Thus, Theorem 2.4-10 can be applied. This shows that the closed-loop

eigenvalues λ̃cl ,i of Acl lie entirely within the union of circles that are centered at the

unperturbed eigenvalues λcl,i of Acl,0 (see Table 2), and their radius r = 5.11 can be

determined by (2.205) on the basis of a 60-th-order modal approximation. Due to their

location in the complex plane as shown in Figure 13 it is assured that the closed-loop

system has a stability margin of at least β = 7.89 and a damping of d = 0.92 in the

worst case. The slowest 7 closed-loop eigenvalues λ̃cl,i are listed in Table 2 that were

computed on the basis of a modal approximation of order 40. The actually occurring

maximal difference to the desired values is d = 2.36 so that due to r/d = 2.17 the disk

radius r is about 2 times larger than it would be in case of an ideal estimate. This

shows that the proposed approach yields a viable eigenvalue estimate. Note, that the

overestimation depends on the parameters ρi, so that these should be chosen with care.

◭

The system operator Acl (see (2.175)) of the closed-loop dynamics Σcl has been divided

in (2.177) into the sum of Acl,0 and ∆. This decomposition of the system operator

is chosen with the intention that the estimate (2.203) is particularly sharp. For the

further considerations in the next chapter, however, it is more convenient to use a

different decomposition

Acl = Acl ,0 +∆ (2.224)

with redefined operators

Acl,0
..=







An − LCn 0 0

0 An −BnK 0

0 −BrK Ar






, ∆ ..=







0 0 −LCr
BnK 0 0

BrK 0 0






. (2.225)

Theorem 2.4-10 remains valid for this new decomposition if the changed operators

Acl,0 and ∆ are used therein. The only difference is that the estimate for the spectrum

69



2 The early-lumping approach for continuous-time control
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Figure 13 – Locations of the first six unperturbed eigenvalues λcl ,i (’◦’) and closed-

loop eigenvalues λ̃cl,i, i = 1, 2, . . . , 6 (’×’) with largest real parts (com-

pare to Table 2). The gray disks describe the estimated regions for the

closed-loop eigenvalues that assure the stability margin β = 7.89 and

the damping d = cos(γ) = 0.92 due to γ = 23.1◦.

perturbation is different. Instead of (2.203) one has now the more conservative upper

bound

d ≤ d̃ with d̃ ..= ‖T −1
cl ‖‖Tcl‖‖∆‖. (2.226)

In the next chapter a control system design method is presented that allows to sys-

tematically reduce d̃.

Remark 2.4-14 In Subsection 2.3.4 it has been explained that asymptotic distur-

bance rejection can be assured by adding a signal model of the exogenous disturbance

to the control loop. The analysis of the corresponding closed-loop spectrum can be

done in an analog way as shown in this section. To this end, the operators in (2.225)

have to be replaced by

Acl,0
..=











An − LCn 0 0 0

0 As BsCn 0

0 −BnKs An −BnK 0

0 −BrKs −BrK Ar











(2.227)

∆ ..=











0 0 0 −LCr
0 0 0 BsCr

BnK 0 0 0

BrK 0 0 0











(2.228)

in order to describe the dynamics w.r.t. the state xcl ..= [en x̃s xn xr]
T , where x̃s is
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the state of the signal model (see (2.184)). Note, that the sub-block

Ãn =

[

As BsCn

−BnKs An − BnK

]

(2.229)

in Acl,0 has the eigenvalues that are assigned by the compensator to the extended

approximation (2.186)–(2.188). Thus, Acl ,0 has the desired eigenvalues due to its block-

diagonal structure. Using these modified operators the statements of this section as

well as those of the next chapter remain valid. ◭
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Chapter 3

Spillover reduction for

continuous-time control

The detrimental influence of the residual dynamics on the closed-loop behavior has

the consequence that an iterative design procedure may be needed: After an initial

compensator design, the analysis of the closed-loop system may yield that its behavior

is unsatisfying so that the design has to be repeated with modified parameters, until

the closed-loop behavior meets the specifications. Since it is not clear a priori in

which way the redesign has to be modified this approach can hardly be considered as

systematic. This motivates to seek for an approach that reduces the spillover effectively

and systematically (see [2, 105]).

A quite natural approach is to increase the order of the approximation so that less of

the system dynamics is neglected, so that in consequence the residual dynamics has

less influence on the closed-loop behavior. Alternatively, the same can be achieved by

reconstructing some of the residual modal states by means of a so-called residual mode

filter , that acts as an observer for single eigenmodes without correction term. These

reconstructed states can be used to eliminate their contributions to the measurement

y (see [13]). Consequently, those modes do then not cause observation spillover since

they do not excite the observation error (see (2.170)). In principle, the spillover can be

made arbitrarily small in these ways by increasing the order of the compensator or the

residual mode filter. However, for these approaches no a priori estimates are available

that yield the required order for assuring prescribed performance criteria so that the

design procedure still has to be done in a “trial and error” manner. Furthermore, it

turns out that typically a comparatively large number of residual modes have to be
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3 Spillover reduction for continuous-time control

eliminated and thus a high order of the compensator or the filter may be needed for

a satisfying reduction of the spillover (see Example 2.1-15). In case that it is desired

that the total order of the compensator is low, a more efficient approach for spillover

reduction is thus needed.

In this chapter the classical early-lumping design scheme for observer-based continuous-

time control is improved by combining it with a new effective spillover reduction tech-

nique. The reduction relies basically on the results in [56, 77], where it is shown that

certain linear combinations of the modal states can be reconstructed by means of a

finite-dimensional dynamical system, which is named output observer. These linear

combinations have the essential characteristic that the error of the reconstruction can

be assured to decay exponentially. This makes it possible to use them as fictitious out-

puts, because the error dynamics is separated from the remaining closed-loop dynamics

so that both dynamics can be designed independently from each other. It turns out

that the fictitious outputs contain less contributions of the residual modes than the

measurable output so that the spillover becomes reduced when they are used for an

observer-based compensator (see Figure 14a). In this chapter the results of [56] are

extended in two directions. First, it is shown that the spillover reducing effect can

be increased by using several output observers that are arranged in a cascaded struc-

ture (see Figure 14b). Second, the properties of the resulting closed-loop spectrum are

analyzed using the results of Section 2.4.

A comparison of the spectrum perturbations of the closed-loop with and without an

output observer yields a measure for the achieved spillover suppression. It turns out

that an upper bound for the spectrum perturbation decreases exponentially with re-

spect to the order of the additional dynamics that is used for the reconstruction of

the fictitious output. For the classical spillover reduction approaches by increasing the

order of the approximation or the residual mode filter, in contrast, it is not possible

to describe the spectrum perturbation by a simple relation. Moreover, the proposed

method proves to be significantly more effective in many applications so that the ap-

proach is useful when low order controllers are desired. Furthermore, an a priori upper

bound for the total compensator order, that assures a prescribed reduction of the

spectrum perturbation, is given.

Inserting output observers in the control loop has the effect that both the observation

and the control spillover can be reduced. It is shown that the impact on these two

kinds of spillover depends on the choice of the state variables of the plant. However,
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Σ2

o Σq
o

Figure 14 – Structure of the closed-loop system with the infinite-dimensional sys-

tem Σ and with a) a single output observer Σo and b) several cascaded

output observers Σ1
o, . . . ,Σ

q
o. The observer-based compensators Σc and

Σq
c use the resulting reconstructions ŷo and ŷo,q, respectively.

the resulting reduction of the spectrum perturbation is the same, regardless if the

approach is applied for the suppression of observation or control spillover.

In the first section of this chapter the reconstruction of fictitious outputs is introduced.

The design of the compensator on the basis of a system approximation for the fictitious

output and the analysis of the resulting spillover suppression are subject of Section 3.2,

where also a cascaded arrangement of output observers is considered. The approach is

presented in this section such that solely the observation spillover becomes reduced. It

is shown in Section 3.3 how the approach can be used also for the reduction of control

spillover.

3.1 Reconstruction of fictitious outputs

In Section 2.3.3 it has been discussed how the residual dynamics, that is not contained

in the approximation and thus neglected during the compensator design, influences the

spectrum σ(Acl) of the closed-loop system operator, and an estimate for the spectrum

perturbation was given in Section 2.4.2. The causation for the spillover effect becomes
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apparent if the dynamics (2.170) of the observation error en(t) = xn(t) − x̂n(t) are

considered. It shows that the output yr(t) = Crxr(t) of the residual dynamics ex-

cites the error dynamics so that the observer cannot converge correctly because the

residual dynamics itself is excited by the observation error due to the control law

u(t) = −Kx̂n(t) = −Kxn(t) +Ken(t) (see (2.169)).

In order to reduce the spillover it is for this reason the core idea to design the observer

on the basis of a fictitious output yo instead of the measurable output y, where the

contributions of the residual state to yo are reduced compared to y. The spillover can

then expected to be small since the observer is less affected. In terms of the closed-loop

dynamics (2.174)–(2.177) this can be understood when it is taken into account that

suppressing the contributions of the residual state corresponds to reducing the norm

of Cr in (2.177) so that the spectrum σ(Acl,0), that contains the desired closed-loop

eigenvalues, is less perturbed (see Theorem 2.4-10).

If the error dynamics of the output observer can be excited by the input u or the states

x and x̂, the usage of the output observer will cause additional spillover and thus might

destabilize the control loop. It is therefore essential for the approach that the error

dynamics are homogeneous and asymptotically stable so that the error decays and

cannot be excited. In this case the separation principle holds for the output observer

which means that the spectra of the output observer dynamics and the dynamics of

the remaining closed-loop system are independent from each other. Hence, the output

observer does then not cause additional spillover in the closed-loop system.

Let the fictitious output operator that corresponds to yo be denoted as C1 : X 7→ Cno ,

i.e.,

yo(t) = C1x(t), t ≥ 0. (3.1)

Since the fictitious output yo is not available by measurement, it must be possible to

generate this output by means of a finite-dimensional dynamic system

Σo : ˙̂yo(t) = Aoŷo(t) +Bou(t) + Loy(t), t > 0, ŷo(0) = ŷo,0 ∈ C
no. (3.2)

Such a system is called output observer Σo (see [56, 77]). It provides the reconstructed

output ŷo that converges toward the fictitious output yo. In Section 3.2 a compensator

will be designed that uses ŷo instead of y in which way the spillover turns out to be

reduced (see Figure 14a). Due to the above discussion the output operator C1 in (3.1)

must satisfy the following two requirements:
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3.1 Reconstruction of fictitious outputs

1. The output yo can be reconstructed asymptotically, i.e., ŷo(t) → yo(t), by means

of a finite-dimensional output observer Σo according to (3.2).

2. The contribution of xr to yo must be suppressed.

In the following subsection a class of fictitious outputs, that satisfy Item 1, is identified.

Item 2 is addressed afterwards in Subsection 3.1.2.

3.1.1 Characterization of reconstructible fictitious outputs

While an infinite-dimensional Luenberger observer for the plant would reconstruct the

whole state x so that an output yo for any fictitious output operator C1 can be obtained,

one cannot expect that this is possible with an output observer of the form (3.2) with

finite order no. For that reason it will be analyzed under which conditions on C1 it is

possible to satisfy Item 1. More precisely, the following problem is considered.

Problem 3.1-1

Find a bounded linear operator C1 : X 7→ Cno such that there exist matrices Ao, Bo,

and Lo for which the output observer Σo in (3.2) reconstructs yo(t) = C1x(t), i.e.,

lim
t→∞

ŷo(t) = yo(t), ∀ yo(0), ŷo(0) ∈ C
no (3.3)

holds. ◭

In order to solve this problem, Ao ∈ Cno×no , Bo ∈ Cno×p, and Lo ∈ Cno×m are designed

such that the dynamics of the error

eo(t) ..= yo(t)− ŷo(t), t ≥ 0 (3.4)

are homogeneous and exponentially stable. These dynamics are obtained from (3.2),

ẏo(t) = C1ẋ(t) = C1Ax(t) + C1Bu(t), and y(t) = Cx(t), yielding

ėo(t) = −Aoŷo(t) + (C1A− LoC)x(t) + (C1B −Bo)u(t), (3.5)

and insertion of

−ŷo(t) = eo(t)− yo(t) = eo(t)− C1x(t) (3.6)

gives

ėo(t) = Aoeo(t) + (C1A− LoC − AoC1)x(t) + (C1B − Bo)u(t). (3.7)
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3 Spillover reduction for continuous-time control

Condition (3.3) implies that neither x nor u can excite the error eo. Therefore, it is

apparent from (3.7) that

Bov
!
= C1Bv, ∀ v ∈ C

p (3.8)

C1Ah− LoCh− AoC1h !
= 0, ∀h ∈ D(A) (3.9)

has to be satisfied, in which case (3.7) simplifies to

ėo(t) = Aoeo(t), t > 0. (3.10)

Thus, Ao has to be a Hurwitz matrix1, so that the error eo decays and consequently

(3.3) holds. These considerations yield the following general result (see also [56, 99]).

Lemma 3.1-2

Let Ao be a Hurwitz matrix and suppose that Lo and C1 are such that (3.9) holds. Then,

C1 solves Problem 3.1-1 and the corresponding Bo is given by (3.8).

The Sylvester-operator equation (3.9) has a unique solution if and only if the spectra

of A and Ao are disjoint (see [100]). Furthermore, in [56] a parametric solution of (3.9)

was proposed. However, the special choice

Ao = µI, µ < 0 (3.11)

will be used in the following to simplify the derivation of the results, in which I denotes

the identity matrix on Cno×no . Then, (3.9) can be solved for C1 yielding

C1h = LoC(A− µI)−1h, ∀h ∈ X, (3.12)

where Lo ∈ C
no×m can be chosen arbitrarily and µ has to satisfy

µ ∈ S ..= (−∞, 0) ∩ ρ(A) (3.13)

for ensuring that the resolvent in (3.12) exists and that Ao is a real Hurwitz matrix

(for the definition of ρ(A) see Subsection 2.1.3). The corresponding Bo according to

(3.8) becomes

Bo = LoC(A− µI)−1B = −LoG(µ) (3.14)

1 A matrix M is called a Hurwitz matrix if Reλ < 0, ∀λ ∈ σ(M), holds.
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3.1 Reconstruction of fictitious outputs

with

G(s) = C(sI −A)−1B (3.15)

denoting the transfer matrix of the system Σ (see, e.g., [43]). In conclusion, the

following result has been obtained.

Theorem 3.1-3

Suppose that Ao = µI and Bo = −LoG(µ) for arbitrary Lo ∈ Cno×m and µ ∈ S (see

(3.13)). Then, the output observer Σo in (3.2) reconstructs the output

yo(t) = C1x(t) = LoC(A− µI)−1x(t), t ≥ 0 (3.16)

asymptotically, at which

ėo(t) = µeo(t), t > 0 (3.17)

holds for the error eo(t) = yo(t)− ŷo(t), t ≥ 0.

An important question in this regard is whether it is possible to reconstruct outputs

that contain only the contribution of a single modal state. If this is possible, these

outputs can be used directly for the implementation of state feedback control resulting

from the early-lumping approach. In this way the spillover could be avoided completely.

In order to analyze that question, the case m = no = 1 is considered for simplicity, and

A is assumed to be a Riesz-spectral operator. In order to reconstruct the modal state

x∗i by the output observer, i.e., x∗i (t) = yo(t) = C1x(t), relation x∗i (t) = 〈x(t), ψi〉X ,
i ∈ N, (see (2.102)) is used that makes C1h = 〈h, ψi〉X apparent. Inserting this output

operator and Ao = µI into the Sylvester-operator equation (3.9) yields

〈Ah, ψi〉X − LoCh− µ〈h, ψi〉X = 0, ∀h ∈ D(A). (3.18)

By taking

〈Ah, ψi〉X = 〈h,A∗ψi〉X = λi〈h, ψi〉X (3.19)

into account, for which it is used that ψi is an eigenvector of A∗ corresponding to the

eigenvalue λi (see Footnote 6 on page 16), (3.18) can be rearranged as

(λi − µ)〈h, ψi〉X = LoCh, ∀h ∈ D(A). (3.20)

This finally leads to

x∗i (t)
!
=

Lo

λi − µ
y(t) (3.21)
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3 Spillover reduction for continuous-time control

when h is replaced by x(t). This shows that yo coincides with the modal state x∗i

only if the system output y is proportional to the same modal state. In this case,

however, which is very restrictive for the applications, no spillover would be present

anyway when y is used as compensator input so that the output observer does not

gain any advantage. Thus, except for this degenerate case the reconstruction of single

modal states is not possible by means of the output observer Σo. Nevertheless, the

reconstructed output yo has the property to suppress the contributions of the residual

modal states in many cases as was claimed before. This is discussed next.

3.1.2 Suppression of the residual modal state contributions

It has been argued at the beginning of Section 3.1 that the spillover can be expected to

be reduced by using a fictitious output yo for the compensator design if the contribu-

tions of the residual modal states to yo are suppressed compared to the contributions to

y. This reduction of the contributions is analyzed now, at which its extent depends on

the application so that only a qualitative discussion is possible. The situation is most

transparent if A is a Riesz-spectral operator. For more general systems the spillover

reducing effect of the output observer becomes apparent in Subsection 3.2.2. If A is a

Riesz-spectral operator, it has the representation

Ah =

∞
∑

i=1

λi〈h, ψi〉Xφi, ∀h ∈ D(A) (3.22)

(see (2.33)) with φi and ψi denoting the eigenvectors of A and A∗, respectively. Then,

ci in (2.15) and x can be written as

ci =

∞
∑

j=1

c∗i,jψj , i = 1, 2, . . . , m, c∗i,j ∈ C (3.23)

x(t) =
∞
∑

i=1

x∗i (t)φi, t ≥ 0, x∗i (t) ∈ C, (3.24)

wherein x∗i are the modal states (see (2.22) and (2.102)). Using this, one obtains for

the k-th output

yk(t) = 〈x(t), ck〉X =
∞
∑

i=1

∞
∑

j=1

x∗i (t)c
∗
k,j〈φi, ψj〉X =

∞
∑

i=1

c∗k,i x
∗
i (t), (3.25)

wherein the biorthonormality of φi and ψi (see (2.21)) has been used. In contrast,

when (A − µI)−1h =
∑∞

i=1
1

λi−µ
〈h, ψi〉Xφi, ∀h ∈ X , following from (3.22), is taken
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3.1 Reconstruction of fictitious outputs

into account, the k-th fictitious output yo,k is obtained from (3.16), (2.15), and (3.23)–

(3.24) yielding

yo,k(t) =

∞
∑

i=1

c∗k,i
λi − µ

x∗i (t), (3.26)

where the case no = m and Lo = I has been assumed for simplicity. In the more

general case no 6= m and Lo 6= I one has to replace c∗k,i in (3.26) by

c̃∗k,i = lTo,k







c∗1,i
...

c∗m,i






(3.27)

with lTo,k denoting the k-th row of Lo. Comparison of (3.25) and (3.26) shows that the

absolute values |x∗i c∗k,i| of the contributions of the modal states x∗i are reduced in the

output yo,k by 1/|λi−µ|. This factor decreases fast in many applications for increasing

index i so that the modes of the residual dynamics Σr do less contribute to yo than

to y. Note, that it is not required for the spillover reducing effect that the real parts

of the eigenvalues of A decay, but instead, their absolute values have to increase. For

instance, the eigenvalues λi of the Euler-Bernoulli beam in Example 2.1-14 and those

of the heat conductor in Example 2.2-1 satisfy |λi| ∼ i2 so that 1/|λi − µ| → 0 for

i→ ∞. For that reason, the usage of the fictitious output yo for feedback control can be

expected to cause less spillover than the use of the output y. This is the basic concept

of the spillover suppressing compensator design presented in [56]. This approach is

further refined in the next section to obtain a systematic spillover reduction scheme.

In the following example the reconstruction of a fictitious output for the Euler-Bernoulli

beam with Kelvin-Voigt damping considered in Example 2.1-15 is demonstrated. Since

this system has an accumulation point in its spectrum (see Figure 6), the contributions

x∗i (t)c
∗
k,i/(λi−µ) to the fictitious output yo do not become arbitrarily small for i→ ∞,

which is why the accumulation point reduces the effectiveness of the approach. It will

be demonstrated, that the spillover is reduced significantly, nevertheless.

Example 3.1-4 (Euler-Bernoulli beam with Kelvin-Voigt damping, continued)

For the Euler-Bernoulli beam with Kelvin-Voigt damping, that was considered in Ex-

ample 2.1-15, a fictitious output shall be reconstructed by aid of an output observer

Σo with order no = 1. For the length ℓ = 1 and the damping constant δ = 0.004

the most dominant eigenvalues of the system operator A are λ±1 = −0.39 ± j9.86,

λ±2 = −6.23 ± j38.98, λ±3 = −31.56 ± j83.03 according to (2.68). Thus, choosing
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3 Spillover reduction for continuous-time control

Ao = µ = −4, the observer dynamics is sufficiently fast compared to the system dy-

namics in view of (3.17). Since the observer gain Lo ∈ Cno×m may be chosen arbitrarily,

Lo = 1 is a natural choice due to no = m = 1. Thus, it remains to determine

Bo = −G(µ) = −C(µI −A)−1B. (3.28)

Therein, A, B, and C are given by (2.66), (2.56), and (2.58), respectively, in which the

input and output distribution functions b and c are given by

b(z) =
1

β2 − β1
· 1[β1,β2](z), c(z) =

1

γ2 − γ1
· 1[γ1,γ2](z) (3.29)

with β1 = 0.25 − 10−3, β2 = 0.25 + 10−3, γ1 = 0.75 − 10−3, and γ2 = 0.75 + 10−3.

Instead of computing the inverse in (3.28) the equation

(µI −A)h =

[

µ −A0

A0 µ+ 2δA2
0

][

h1
h2

]

!
=

[

0

b

]

(3.30)

is solved, which yields h = (µI −A)−1B, and then

Bo = −G(µ) = −C
[

h1
h2

]

= −
〈[

h1
h2

]

,

[

A−1
0 c

0

]〉

X

(3.31)

is evaluated (see (2.58)). Assuming a beam length ℓ = 1 and taking A0hi = h′′i ,

hi ∈ D(A0), i = 1, 2, with D(A0) defined in (2.53) into account, (3.30) amounts to

solve the boundary value problem

µh1(z)− h′′2(z) = 0 (3.32)

h′′1(z) + µh2(z) + 2δh′′′′2 (z) = b(z) (3.33)

h1(0) = h1(1) = h′′2(0) = h′′2(1) = 0, (3.34)

which can be done by means of symbolic computing software. In a second step, Bo is

obtained from (3.31) which becomes

Bo = −〈h1,A−1
0 c〉L2

= −〈A−1
0 h1, c〉L2

(3.35)

by the definition of the inner product (2.52) and the self-adjointness of A0. Using

A−1
0 h1 =

1
µ
h2, following from (3.32), and 〈g, h〉L2

=
∫ ℓ

0
g(z)h(z)dz yields

Bo = −1

µ
〈h2, c〉L2

= −500

−4

∫ γ2

γ1

h2(z)dz = −0.006275, (3.36)

where (3.29) has been taken into account. In order to show that the fictitious output

yo(t) = LoC(A − µI)−1x(t) = C(A + 4I)−1x(t) (see (3.16)), that is reconstructed by
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3.1 Reconstruction of fictitious outputs

Table 3 – Comparison of the first ten modal state weights |c∗i | of the measurable

output y and the modal state weights |c∗o,i| of the fictitious output yo.

i 1 −1 2 −2 3 −3 4 −4 5 −5

|c∗i |/|c∗1| 1 0.101 0.354 0.0090 0.111 0.0013 0 0 0.040 1.62 · 10−4

|c∗o,i|/|c∗o,1| 1 0.101 0.095 0.0024 0.013 0.0002 0 0 0.002 0.07 · 10−4

the designed output observer, suppresses the higher modal states, the absolute values

of the modal state weights c∗i and c∗o,i
..= c∗i /(λi − µ) (see (3.25)–(3.26)) are given in

Table 3 for i = ±1,±2, . . . ,±5, scaled by the first weights |c∗1| and |c∗o,1|, respectively.
The comparison of these coefficients shows that the high frequency modal states do

significantly less contribute to the fictitious output yo than to the measurable output

y. The same result is obtained when the step responses with respect to y and yo are

compared to the step responses of modal approximations with respect to y and yo.

In Figure 15 these are plotted for modal approximations with order n = 2. In the

subfigure (a) the output y and the output yn of the approximation differ significantly.

This error corresponds to the contributions of the modal states x∗±i(t), i > 2. As shown

in the subfigure (b) the difference and thus the contribution of the residual dynamics

is much smaller when the fictitious output yo and the corresponding approximation is

used. Therefore, one can expect that an observer-based compensator designed on the

basis of yo is less affected by the residual dynamics so that the spillover effect becomes

small. This is the basic idea of the design procedure presented in the next section. ◭

3.1.3 Extended System with the reconstructed output

In the following, it is investigated how the reconstruction of a fictitious output influ-

ences the controller design. To this end, consider the extended system Σe consisting of

the plant Σ and the output observer Σo (see Figure 16). Its state-space model with

the states x and eo reads

Σe : ẋ(t) = Ax(t) + Bu(t), t > 0, x(0) = x0 ∈ X (3.37)

ėo(t) = µ eo(t), t > 0, eo(0) = eo,0 ∈ C
no (3.38)

ŷo(t) = C1x(t)− eo(t), t ≥ 0 (3.39)
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Figure 15 – Step responses of the Euler-Bernoulli beam with Kelvin-Voigt damp-

ing with respect to (a) the measurable output y and (b) the fictitious

output yo. The solid lines show the behavior of reference modal ap-

proximations of order nhigh = 60 and the dashed lines correspond to

modal approximations with low order n = 2.

with

C1 = LoC(A− µI)−1 (3.40)

(see (2.3), (3.1), and (3.16)–(3.17)). Due to the fact that the dynamics of eo are

homogeneous, they are uncontrollable and do therefore not contribute to the transfer

behavior of the extended system Σe. Since only the transfer behavior is relevant for

the compensator design while uncontrollable subsystems do not affect the impact of

the controller, it is essential for the design approach proposed in Section 3.2 to observe

from (3.37)–(3.39) that the transfer behavior of Σe equals that of Σ when C in (2.4) is

replaced by the output operator C1.
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3.2 Compensator design using output observers

3.2 Compensator design using output observers

In this section an observer-based compensator will be designed using a fictitious output

that is reconstructed by an output observer. The corresponding structure of the closed-

loop system is depicted in Figure 16. It has been shown in the previous section that the

output observer suppresses the contributions of the residual modes to the reconstructed

fictitious. This fact will be exploited in the following to reduce the spillover, where

the extent of the reduction is analyzed in terms of the spectrum perturbation. The

basic idea to reduce the spillover by adding an output observer to the closed-loop

can be used in a repeated manner. Thus, after the spillover reduction technique has

been presented for the use of a single output observer, the approach is extended by

utilizing several output observers. This ends up in a systematic approach to assure a

predefined spectrum perturbation that can be summarized as follows: The observer-

based compensator, that was determined in Subsection 2.3.2, forms the starting point

of the design approach. The resulting spillover will then be suppressed by adding a

sufficient number of output observers into the control loop. Since the compensator is

fed by a reconstructed output instead of the plant output, the observer gain has to be

adapted such that the eigenvalues of the controlled approximation, remain the same

that were used for the compensator design. Thus, the spillover reduction technique

consists of two parts: first, adding successively output observers until the spectrum

perturbation becomes sufficiently small, and second, adapting the initially designed

compensator to the fictitious output.

Σ
y

Σc

Σo

Σe

−

ŷou

Figure 16 – Structure of the closed-loop system with an output observer Σo whose

output ŷo is used by the observer-based compensator Σc.
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3 Spillover reduction for continuous-time control

3.2.1 Observer-based state feedback control using a single output

observer

In order to simplify the following considerations the gain Lo and the dynamic matrix

Ao of the output observer and its order no are chosen as Lo = I, Ao = µI, and no = m,

wherein m is the number of outputs of system Σ. Thus, the output observer (3.2) has

the form

Σo : ˙̂yo(t) = µŷo(t) +Bou(t) + y(t), t > 0, ŷo(0) = ŷo,0 ∈ C
m, (3.41)

and the output operator of the extended system Σe becomes C1 = C(A − µI)−1 (see

(3.37)–(3.40)). The compensator is designed on the basis of an n-dimensional approxi-

mation of Σe. Note, that the subsystem of Σe that corresponds to the observation error

eo is uncontrollable (see (3.38)) so that it does not have to be taken into account for

the approximation since only the transfer behavior plays a role for the control perfor-

mance (see Section 3.1.3). A modal approximation of Σe with eo ≡ 0 is obtained from

(2.108)–(2.110) when the output operator C therein is replaced by C1 = C(A− µI)−1.

It is straightforward to verify that doing so yields the approximation

Σ1
n : ẋn(t) = Anxn(t) +Bnu(t), t > 0, xn(0) = F−1Px0 ∈ C

n (3.42)

yn,1(t) = Cn,1xn(t), t ≥ 0 (3.43)

with

Cn,1 = Cn(An − µI)−1. (3.44)

For the analysis of the closed-loop behavior a state space representation of the residual

dynamics Σ1
r of the extended system is needed that describes the error of the approx-

imation Σ1
n. That means that the output yn,1 of Σ1

n and the output yr,1 of Σ1
r are

complementary w.r.t. the output ŷo of Σe, i.e.,

yn,1(t) + yr,1(t) = ŷo(t), ∀ t ≥ 0. (3.45)

In Appendix A.7 it is shown that the following state space model describes the residual

dynamics Σ1
r .
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3.2 Compensator design using output observers

Lemma 3.2-1

The infinite-dimensional system

Σ1
r : ẋr(t) = Arxr(t) + Bru(t), t > 0, xr(0) = (I −P)x0 ∈ Xr (3.46)

ėo(t) = µeo(t), t > 0, eo(0) = eo,0 ∈ C
m (3.47)

yr,1(t) = Cr,1xr(t)− eo(t), t ≥ 0 (3.48)

with

Cr,1 = Cr(Ar − µI)−1 (3.49)

satisfies (3.45) and thus describes the residual dynamics of the extended system Σe.

Comparison of Σ1
n with the approximation Σn of the infinite-dimensional plant Σ shows

that the matrices An and Bn are the same but the output matrix Cn is different (see

(2.99)–(2.100)). Therefore, Σ1
n is stabilizable, respectively controllable, if Σn is. In

contrast, it is less obvious whether (Cn,1, An) is observable. The following lemma gives

an answer to this question.

Lemma 3.2-2

Suppose µ ∈ S with S according to (3.13). Then, (Cn,1, An) is detectable if and only if

(Cn, An) is detectable. Furthermore, (Cn,1, An) is observable if and only if (Cn, An) is

observable.

The proof is given in Appendix A.8. Since observability of (Cn, An) was assumed before

so that also (Cn,1, An) is observable, an observer-based compensator

Σ1
c :

˙̂xn(t) = (An − L1Cn,1)x̂n(t) +Bnu(t) + L1ŷo(t), t > 0, x̂n(0) ∈ C
n (3.50)

u(t) = −Kx̂n(t), t ≥ 0 (3.51)

may be designed for Σ1
n that uses the output ŷo provided by the output observer Σo.

For the assignment of the desired eigenvalues of An −BnK the state feedback gain K

remains the same as for the closed-loop system without output observer since An and

Bn have not been changed. In contrast, the observer gain L has to be adapted to the

new output matrix Cn,1 such that the prescribed eigenvalues of An −LCn are also the

eigenvalues of An − L1Cn,1. A relation between L and L1 can be derived by help of
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3 Spillover reduction for continuous-time control

the observer dynamics that, by aid of en(t) = xn(t)− x̂n(t), (3.42)–(3.43), and (3.50),

is given by

ėn(t) = (An − L1Cn,1)en(t)− L1(ŷo(t)− yn,1(t)). (3.52)

The transformed error ẽn(t) ..= (An − µI)−1en(t) has thus the dynamics

˙̃en(t) = (An − µI)−1(An − L1Cn,1)en(t)− (An − µI)−1L1(ŷo(t)− yn,1(t)), (3.53)

which by use of (An − µI)−1An = An(An − µI)−1 (see [89, Problem III 6.2]) and

(3.44)–(3.45) can be written as

˙̃en(t) = (An − (An − µI)−1L1Cn)ẽn(t)− (An − µI)−1L1yr,1(t). (3.54)

Defining

L1
..= (An − µI)L (3.55)

as the new observer gain therein yields

˙̃en(t) = (An − LCn)ẽn(t)− Lyr,1(t). (3.56)

This shows that by use of the observer gain (3.55) the observer dynamics of the compen-

sator (3.50)–(3.51) is the same as the observer dynamics of the compensator (2.168)–

(2.169) that was designed for the control loop without output observer.

In the next subsection the spillover is analyzed, which is resulting from the excitation

of the observation error dynamics (3.56) by the output yr,1 of the residual dynamics

Σ1
r . This excitation signal apparently contains the contribution yr,1(t) of the residual

dynamics to the reconstructed output ŷo and thus is responsible for the observation

spillover.

3.2.2 Analysis of the spillover reduction

In Section 2.4 the spectrum perturbation due to spillover was estimated for the classical

compensator design scheme. Now, the spectrum perturbation for the control loop with

the additional output observer is considered and the improvement determined in a

quantitative way. The behavior of the closed-loop system consisting of the extended

system and the observer-based compensator can be described in terms of the redefined

composed state

xcl (t) ..=







ẽn(t)

xn(t)

xr(t)






. (3.57)
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3.2 Compensator design using output observers

When the state feedback

u(t) = −Kx̂n(t) = −Kxn(t) +K(An − µI)ẽn(t) (3.58)

is applied, which results from x̂n(t) = xn(t) − en(t) and en(t) = (An − µI)ẽn(t),

combining the dynamics of ẽn (see (3.56)), Σ1
n (see (3.42)–(3.44)), and Σ1

r (see (3.46)–

(3.49)) yields

Σ1
cl : ẋcl(t) = Acl,1xcl(t) + Leo(t), t > 0, xcl(0) = xcl ,0 ∈ Xcl (3.59)

ėo(t) = µeo(t), t > 0, eo(0) = eo,0 ∈ C
m (3.60)

with Xcl = Cn ⊕ Cn ⊕Xr. Therein, the operators Acl,1 and L are given by

Acl ,1 =







An − LCn 0 −LCr(Ar − µI)−1

BnK(An − µI) An − BnK 0

BrK(An − µI) −BrK Ar






(3.61)

L =







L

0

0






, (3.62)

where D(Acl,1) = Cn ⊕ Cn ⊕D(Ar) and D(L) = Cm. A comparison of Acl,1 and Acl,0

in (2.225) shows that Acl,1 can be decomposed into

Acl,1 = Acl,0 +∆1 (3.63)

with

∆1 =







0 0 −LCr(Ar − µI)−1

BnK(An − µI) 0 0

BrK(An − µI) 0 0






. (3.64)

Thus, the system operators Acl = Acl,0 + ∆ (see (2.224)) and Acl,1 = Acl,0 + ∆1 of

the control loop without and with output observer, respectively, distinguish themselves

only by the perturbation operator. If ∆1 = 0, the eigenvalues of the system operator

Acl,1 are the desired eigenvalues of An − LCn, An − BnK, and Ar due to the block

diagonal structure of Acl,0. For ∆1 6= 0 all these eigenvalues are perturbed which

is again the consequence of spillover. Note, that the error eo does not influence the

spectrum of Acl,0 because of its homogeneous dynamics. Some insight concerning a

quantitative measure of this perturbation can be gained from the observation that ∆1

relates to ∆ (see (2.225)) by

∆1 = ∆Λ (3.65)
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3 Spillover reduction for continuous-time control

with

Λ =







An − µI 0 0

0 0 0

0 0 (Ar − µI)−1






. (3.66)

It has been shown in Section 2.4 that the spectrum perturbation depends on the norm

of the disturbing operator (see (2.226)). The following estimate for ‖∆1‖ is therefore

useful for the analysis of the spectrum perturbation.

Theorem 3.2-3

Suppose that L1 and L are related according to (3.55), and assume µ ∈ S with S

according to (3.13). Then, the perturbation operators ∆ and ∆1, that correspond to

the closed-loop systems Σcl and Σ1
cl without and with output observer, respectively, (see

(2.174) and (3.59)–(3.60)) satisfy

‖∆1‖
‖∆‖ ≤ η ..=

√

η1
η2

(3.67)

with

η1 = ‖An − µI‖, η2 = ‖(Ar − µI)−1‖−1. (3.68)

For the proof see Appendix A.9.

Remark 3.2-4 In case that An and Ar have orthogonal eigenvectors the constants

η1 and η2 have a simple interpretation. In this case An and Ar can be shown to be

normal which leads to

η1 = max
λ∈σ(An)

|λ− µ|, η2 = inf
λ∈σ(Ar)

|λ− µ| (3.69)

(see [89, Sec. I 6.6 and Sec. V 3.8]). Thus, η1 describes the radius of the smallest disk

with the origin as its center that contains the whole spectrum of the approximation

that is shifted by the output observer eigenvalue µ, and η2 is the largest radius of a

disc, centered at the origin, that does not contain any of the shifted spectral points

of the residual dynamics (see Figure 17). So, the ratio η1/η2 in (3.67) characterizes

the “spectral distance” between σ(An − µI) and σ(Ar − µI). Of course, the estimate

(3.67) is useful only, if η < 1 holds so that a reduction of the perturbation opera-

tor norm is assured. Fortunately, this condition is satisfied in most applications since

90



3.2 Compensator design using output observers

the approximation contains typically the eigenvalues with the smallest absolute values

while the eigenvalues of the residual dynamics have larger absolute values (see Subsec-

tion 2.3.1). Furthermore, it is possible to lower η by means of a residual mode filter (see

[13]). By such a filter some of the modes of Σr with largest eigenvalue absolute values

can be compensated so that these modes do not contribute to the spillover effect. In

consequence, the corresponding eigenvalues of Ar need not be taken into account for

computing the infimum in (3.69), which leads to a lower value of η. In this way the

effectiveness of the approach can be increased essentially, in particular when several

output observers are used (see the next subsection). ◭

Amore precise characterization of the spillover reduction can be obtained by estimating

the spectrum perturbation

d1 ..= sup
λ̃cl∈σ(Acl ,0+∆1)

inf
λcl∈σ(Acl ,0)

|λ̃cl − λcl | (3.70)

of the closed-loop system. Such an estimate can be obtained by help of (2.226) wherein

only the perturbation operator ∆ has to be replaced by ∆1, which is possible because

∆1 is a bounded operator as ∆ is. This yields the relation d1 ≤ d̃1 with

d̃1 ..= ‖T −1
cl ‖‖Tcl‖‖∆1‖ = ‖T −1

cl ‖‖Tcl‖‖∆‖‖∆1‖
‖∆‖ = d̃

‖∆1‖
‖∆‖ , (3.71)

jIm λ

λ2

λ4

λ−1

λ−4

λ−2

C

λ−4 − µ

λ−2 − µ

λ−1 − µ

λ1 − µ

λ2 − µ

λ4 − µ

λ3 λ3 − µ

λ−3 − µλ−3

η1λ1

η2

Re λµ

Figure 17 – Illustration of the spectral distance η1/η2 with η1 = maxλ∈σ(An) |λ−µ|
and η2 = infλ∈σ(Ar) |λ−µ| between the spectra σ(An−µI) = {λ±i−
µ, i = 1, 2} and σ(Ar − µI) = {λ±i − µ, i ≥ 3}.
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3 Spillover reduction for continuous-time control

in which Tcl is the normalizing transformation in the sense of Assumption 2.4-7. These

considerations yield the following bound for d1, that makes use of the Theorems 2.4-10

and 3.2-3.

Corollary 3.2-5

Consider the closed-loop system consisting of the plant Σ, the output observer Σo and

the observer-based compensator Σc. Suppose that the following conditions are met:

1. The Assumptions 2.1-9 and 2.4-7 hold,

2. the observer gains L1 and L satisfy (3.55), and

3. it holds µ ∈ S (see (3.13)).

Then, the spectrum perturbation d1 in (3.70) of the closed-loop system has the upper

bound

d1 ≤ d̃1 with d̃1 = d̃ η, (3.72)

where η is given by (3.67)–(3.68) and d̃ = ‖T −1
cl ‖‖Tcl‖‖∆‖ (see (2.226)).

Remember that d̃ is an upper bound for the spectrum perturbation d that corresponds

to the control loop without any output observer (see Section 2.4). In contrast, d̃1 is

an upper bound for the spectrum perturbation d1 of the control system that utilizes

an output observer. According to (3.72) this upper bound is reduced compared to d̃

if η < 1. Thus, when the spectrum perturbation is considered as a measure of the

spillover, this makes apparent that the spectrum perturbation is suppressed whenever

η is small, which in fact is satisfied in many applications as explained above (see

Remark 3.2-4). Hence, (3.72) characterizes the benefit of inserting the output observer

into the control loop.

3.2.3 Improved spillover reduction by cascaded output observers

The full strength of the approach presented so far lies in the fact that it can be applied

in a repeated manner for successively reducing the spillover. To do so, an additional

output observer is added to the extended system (3.37)–(3.39) as shown in Figure 18

(see also Figure 14b). Therein, Σ1
o equals the output observer Σo that was used already

in the subsection before, and Σ2
o is an additional output observer. This one is designed
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u ŷo,2

Σ2
e

ŷo,1

Σ1
e = Σe

Σ
y

Σ2
oΣ1

o

Figure 18 – Structure of the system extension with two output observers Σ1
o
.

.= Σo

and Σ2
o.

in the same way as Σ1
o with the only difference that Σ1

e
..= Σe is taken as the basis for

its design instead of Σ. The observer-based compensator uses the output ŷo,2 of the

doubly extended system and is designed for an approximation of it. It suggests itself

to add output observers repeatedly since in this way the spectrum perturbation of

the closed-loop system operator can be successively reduced (see Figure 14). In what

follows, it is assumed that q > 1 output observers are used. In order to describe the

cascaded control system structure adequately some notation has to be introduced.

Definition 3.2-6

Let Σi
e

..= (Σi−1
e ,Σi

o), i = 1, 2, . . . , q, denote the composition of a system Σi−1
e and

the associated output observer Σi
o, wherein Σ0

e
..= Σ and Σ1

o
..= Σo. The fictitious

output of Σi
e is denoted yo,i for that the output observer Σi

o provides the asymptotic

estimation ŷo,i. Furthermore, Σi
n stands for the n-dimensional modal approximation

of Σi
e with output yn,i, and Σi

r is the corresponding residual dynamics with output yr,i

that satisfies

yn,i(t) + yr,i(t) = ŷo,i(t), i = 1, 2, . . . , q. (3.73)

Finally, Σi
c denotes the observer-based compensator designed on the basis of Σi

n with

controller gain K and observer gain Li. ◭

As before, the output observers have the form

Σi
o :

˙̂yo,i(t) = µŷo,i(t) +Bo,iu(t) + ŷo,i−1(t), t > 0, ŷo,i(0) ∈ C
m, (3.74)

for i = 1, 2, . . . , q, where ŷo,0(t) ..= y(t) (compare to (3.41)). They are intended to

reconstruct the fictitious output yo,i(t) asymptotically. The same reasoning as in Sec-

tion 3.1 reveals that the fictitious outputs, that can be reconstructed by the output
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3 Spillover reduction for continuous-time control

observers, have the form yo,i(t) = Cix(t) with

Ci = C(A− µI)−i. (3.75)

In Section 3.1 it was found that the fictitious output yo,1 contains less contributions

of the residual modes than the system output y does, which leads to reduced spillover

when yo,1 is used for the compensator. This effect can be understood in a way that

the factor (A − µI)−1 in C1 = C(A − µI)−1 deals as a filter which suppresses the

residual modes. For that reason it is clear that using the reconstructed output yo,q =

Cqx = C(A−µI)−qx (see (3.75)) for the compensator allows to successively reduce the

spillover by increasing the number q of output observers.

For discussing the dynamics of the observation errors

eo,i(t) ..= yo,i(t)− ŷo,i(t) = Cix(t)− ŷo,i(t), i = 1, 2, . . . , q (3.76)

note, that in view of (3.74) all output observers have the same eigenvalue µ ∈ S =

(−∞, 0) ∩ ρ(A), for simplicity. While Σ1
o was designed in Section 3.1 such that the

error eo,1 satisfied the homogeneous dynamics ėo,1(t) = µeo,1(t) (see Theorem 3.1-3),

the further output observers Σi
o, i > 1, have different error dynamics because the error

of an output observer Σi
o is fed into the following output observer Σi+1

o . By the same

considerations as in Section 3.1 it can be shown that the matrix Bo,i in (3.74), that

corresponds to the output operator (3.75), is given by

Bo,i = CiB, (3.77)

and the dynamics of the observer errors read

ėo,i(t) = µeo,i(t) + eo,i−1(t), i > 1. (3.78)

Thus, the vector

ēo ..=











eo,1
eo,2
...

eo,q











(3.79)

of the errors of all output observers satisfies

˙̄eo(t) =Mēo(t) (3.80)

with

M =











µ 0

1 µ
. . .

. . .

0 1 µ











. (3.81)
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3.2 Compensator design using output observers

Since M is a Hurwitz matrix due to µ ∈ S, the error ēo decays exponentially to-

ward zero so that the fictitious outputs yo,i, i = 1, 2, . . . , q, are indeed reconstructed

asymptotically as intended.

For the compensator design the approximation

Σq
n : ẋn(t) = Anxn(t) +Bnu(t), t > 0, xn(0) = F−1Px0 ∈ C

n (3.82)

yn,q(t) = Cn,qxn(t), t ≥ 0 (3.83)

with

Cn,q = Cn(An − µI)−q (3.84)

is considered which is the modal approximation of Σq
e that contains the eigenvalues

λ1, λ2, . . . , λn of A. The residual dynamics

Σq
r : ẋr(t) = Arxr(t) + Bru(t), t > 0, xr(0) = (I −P)x0 ∈ Xr (3.85)

˙̄eo(t) =Mēo(t), t > 0, ēo(0) = ēo,0 ∈ C
qm (3.86)

yr,q(t) = Cr,qxr(t)−
[

0 · · · 0 I
]

ēo(t), t ≥ 0 (3.87)

with

Cr,q = Cr(Ar − µI)−q (3.88)

describes the output error

yr,q(t) = ŷo,q(t)− yn,q(t) (3.89)

of the approximation Σq
n, which can be verified in the same way as Lemma 3.2-1. Next,

the observer-based compensator on the basis of Σq
n is designed that reads

Σq
c :

˙̂xn(t) = (An − LqCn,q)x̂n(t) +Bnu(t) + Lq ŷo,q(t), t > 0, x̂n(0) ∈ C
n (3.90)

u(t) = −Kx̂n(t), t ≥ 0. (3.91)

The corresponding error ẽn(t) ..= (An − µI)−qen(t) has the dynamics

˙̃en(t) = (An − (An − µI)−qLqCn)ẽn(t)− (An − µI)−qLqyr,q(t) (3.92)

which is the analog of (3.54). Apparently, the observer dynamics is the same as the

dynamics of the observer in the control system without output observer if

Lq
..= (An − µI)qL (3.93)

is used as the new observer gain because the dynamic matrix in (3.92) simplifies then

to An − (An − µI)−qLqCn = An − LCn. By combing the dynamics of ẽn, Σ
q
n, and Σq

r
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3 Spillover reduction for continuous-time control

(see (3.92), (3.82)–(3.84), and (3.85)–(3.88)) the closed-loop dynamics in terms of the

state

xcl(t) =







ẽn(t)

xn(t)

xr(t)






(3.94)

reads

Σq
cl : ẋcl(t) = (Acl ,0 +∆q)xcl(t) + Lēo(t), t > 0, xcl(0) = xcl ,0 ∈ Xcl (3.95)

˙̄eo(t) =Mēo(t), t > 0, ēo(0) = ēo,0 ∈ C
qm (3.96)

with Acl,0 according to (2.225), M according to (3.81), and

L =







0 · · · 0 L

0 · · · 0 0

0 · · · 0 0






(3.97)

∆q =







0 0 −LCr(Ar − µI)−q

BnK(An − µI)q 0 0

BrK(Ar − µI)q 0 0






= ∆Λq, (3.98)

wherein the right equation for ∆q follows from the comparison with (2.225) and (3.66).

As before, the part Acl,0 of the system operator in (3.95) has the desired eigenvalues of

An − LCn, An −BnK, and Ar that are perturbed by the operator ∆q, while the error

ēo does not influence the spectrum of Acl,0 because of its homogeneous dynamics. As

argued in the previous subsections, the spectrum perturbation due to spillover depends

on the norm of ∆q which is analyzed next. From (3.93) it follows Lq = (An −µI)Lq−1,

and (3.98) gives ∆q = ∆q−1Λ. Therefore, Theorem 3.2-3 can be applied when L, L1, ∆,

and ∆1 are replaced by Lq−1, Lq, ∆q−1, and ∆q, respectively, within the theorem. This

yields the estimate ‖∆q‖/‖∆q−1‖ ≤ η with η according to (3.67)–(3.68), and using this

result recursively leads to

‖∆q‖
‖∆‖ ≤ ηq. (3.99)

In case that η is smaller than 1 this shows that the norm ‖∆q‖ of the perturbation

operator decreases rapidly by increasing the number q of output observers. One can

therefore expect that also the closed-loop spectrum perturbation

dq ..= sup
λ̃cl∈σ(Acl ,0+∆q)

inf
λcl∈σ(Acl ,0)

|λ̃cl − λcl | (3.100)

is successively reduced by repeatedly adding output observers. In order to derive an

upper bound d̃q for dq (2.226) is applied with ∆ replaced by ∆q. This is possible
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3.2 Compensator design using output observers

because the system operator of Σq
cl has the same unperturbed part Acl,0 as the system

operator of the closed-loop system Σcl without any output observer (compare (3.95)

and (2.174) using (2.224)), and ∆q is a bounded operator as ∆ is. Doing so yields

dq ≤ d̃q with

d̃q ..= ‖T −1
cl ‖‖Tcl‖‖∆q‖ = ‖T −1

cl ‖‖Tcl‖‖∆‖‖∆q‖
‖∆‖ = d̃

‖∆q‖
‖∆‖ , (3.101)

in which Tcl is the normalizing transformation in the sense of Assumption 2.4-7. Using

this result the following upper bound for dq is obtained from Theorem 2.4-10 and

Theorem 3.2-3.

Corollary 3.2-7

Consider the closed-loop system consisting of the plant Σ, the q output observers Σi
o, i =

1, . . . , q, and the observer-based compensator Σq
c. Suppose that the following conditions

are met:

1. The Assumptions 2.1-9 and 2.4-7 hold,

2. the observer gains Lq and L satisfy (3.93), and

3. all output observers have the same eigenvalue µ ∈ S (see (3.13)).

Then, the spectrum perturbation dq of the closed-loop system has the upper bound dq ≤
d̃q with

d̃q = d̃ ηq, (3.102)

wherein η is given by (3.67)–(3.68) and d̃ = ‖T −1
cl ‖‖Tcl‖‖∆‖ (see (2.226)).

Relation (3.102) makes apparent that the bound d̃q for the spectrum perturbation dq

decreases exponentially toward zero with respect to q provided that η < 1 holds. For

that reason a certain degree of reduction of the spectrum perturbation can be achieved

in many cases with a smaller compensator order compared to the conventional early-

lumping design. If an admissible perturbation dq is given and d̃ is known, then (3.102)

can be solved for the number

q ≥ logη
dq

d̃
=

ln(dq/d̃)

ln(η)
(3.103)

of output observers that are needed in the worst case to guarantee the specified spec-

trum perturbation dq. Since each output observer has the order m by assumption, the

97



3 Spillover reduction for continuous-time control

required compensator order is nc = n +mq which hence can be determined a priori .

When, for comparison, a classically designed observer-based compensator is used, an

estimate is not available that relates the order nc to the spectrum perturbation or vice

versa. Furthermore, the applications reveal that a significant decrease of the spec-

trum perturbation requires often a comparatively high compensator order so that the

required efforts for design and implementation may be undesired high.

Remark 3.2-8 A smaller compensator order can be achieved when the assumption

that the order of the output observers satisfies no = m is removed. The output

observers have then the more general form (3.2) with the extra parameter Lo ∈ Cno×m.

The degrees of freedom in Lo can be used for additionally reducing the spillover because

the impact of m − 1 modal states of the residual dynamics Σr can be eliminated by

choosing Lo appropriately. ◭

Remark 3.2-9 For the evaluation of (3.102) and (3.103) d̃ = ‖T −1
cl ‖‖Tcl‖‖∆‖ (see

(2.226)) is needed. In fact, since ∆ has finite rank, it is possible to compute ‖∆‖
exactly by means of standard software tools, and for ‖Tcl‖ and ‖T −1

cl ‖ some easy to

evaluate upper bounds can be derived when it is taken into account that Tcl and T −1
cl

have a special form due to the triangular structure of Acl,0. However, the constant d̃

leads often to very conservative estimates (3.102). This relation is therefore primarily

of qualitative value. Most applications reveal that the actual spillover reduction is

much better than guaranteed by this estimate. This turns out also in the following

example. ◭

Example 3.2-10 (Euler-Bernoulli beam with Kelvin-Voigt damping, continued)

The presented approach is applied to the control of the Euler-Bernoulli beam with

Kelvin-Voigt damping for that a state space model (2.3)–(2.4) with

A
[

h1
h2

]

=

[

A0h2
−A0(h1 + 2δA0h2)

]

, ∀
[

h1
h2

]

∈ D(A) (3.104)

Bv =
[

0

b

]

, ∀ v ∈ C (3.105)
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Ch =

〈

h,

[

A−1
0 c

0

]〉

X

, ∀h ∈ X (3.106)

was derived in Example 2.1-15, where A0 is given in (2.53). The parameters that

determine the input and output distribution functions b(z) = 1
β2−β1

·1[β1,β2] and c(z) =
1

γ2−γ1
·1[γ1,γ2], respectively, are β1 = 0.199, β2 = 0.201, γ1 = 0.749, and γ2 = 0.701 in this

example, and the length and the damping constant are ℓ = 1 and δ = 10−3, respectively.

It has been found in Example 3.1-4 that the SDGA for the closed-loop system operator

is satisfied which is preliminary for a compensator design by eigenvalue assignment to

make sense. Since the pairs of eigenvalues λ±1 = −0.097 ± j9.9, λ±2 = −1.6 ± j39.4

and λ±3 = −7.9 ± j88.5 are badly-damped with damping constants D±1 = 0.0099,

D±2 = 0.040, and D±3 = 0.089, respectively, it is desired to shift these eigenvalues

by means of an observer-based compensator that is designed on the basis of a modal

approximation Σn of the order n = 6 that contains these modes. In order to determine

An, Bn, and Cn of the approximation by aid of (2.108)–(2.110), the biorthonormal

sequence {ψi, i ≥ 1} associated to the eigenvectors {φi, i ≥ 1} according to (2.71)–

(2.72) is needed. It is straightforward to verify that this sequence is given by

ψi(z) = sin(iπz)
−2(iπ)4

λi − λ−i

[

λ−i

(iπ)4

1
(iπ)2

]

, i ∈ N (3.107)

ψ−i(z) = sin(iπz)
2(iπ)4

λi − λ−i

[

λi

(iπ)2

1

]

, i ∈ N (3.108)

so that the approximation can be computed by aid of (2.108)–(2.110). Next, the

observer-based compensator Σc (see (2.168)–(2.169)), that uses the available measure-

ment y, is designed by eigenvalue assignment. It is desired to achieve a stability margin

β ≥ 5 and a damping D ≥ 1
2

√
2. The eigenvalues λc,i that are assigned to An − BnK

and the eigenvalues λo,i assigned to An−LCn are listed in Table 4. Unfortunately, the

resulting closed-loop system consisting of the plant Σ and the compensator Σc has an

unstable complex conjugate pair of eigenvalues λ̃cl ,±1 = 0.15±j5.53 due to the spillover.
For its suppression q output observers Σ1

o, . . . ,Σ
q
o according to (3.41) are added, where,

in doing so, their eigenvalues are assigned to µ = −12. The resulting distribution of

Table 4 – Eigenvalues λc,i assigned to An −BnK and λo,i assigned to An − LCn.

i 1, 2 3, 4 5, 6

λc,i −8 ± j2 −23± j14 −39± j28

λo,i −12± j2 −27± j14 −43± j28
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the seven most dominant pairs of closed-loop eigenvalues λ̃cl,±1, λ̃cl,±2, . . . , λ̃cl,±7 are

displayed for q = 4 in Figure 19, together with the desired eigenvalue locations and

the boundary of the specified eigenvalue region. The computation of the closed-loop

eigenvalues has been carried out on the basis of a 60th-order modal approximation of

the closed-loop system. For comparison, a residual mode filter is applied instead of

the cascade of output observers. The filter order is nrmf = 4 so that the order of the

dynamic system consisting of the observer-based compensator and the residual mode

filter coincides with the order of the compensator with the q = 4 output observers, since

each of which has the order no = 1. The resulting eigenvalue distribution is also shown

in Figure 19. Apparently, the residual mode filter does not yield satisfying closed-loop

dynamics because there are several pairs of eigenvalues outside the specified region. In

fact, the eigenvalues are not placed within that region unless nrmf is increased up to

nrmf ≥ 23. The decrease of the spectrum perturbation dq by increasing q and nrmf is

illustrated in Figure 20, where the mentioned modal approximation of the beam with

order nhigh = 60 has been used for the computations. The figure shows that the effect

of the residual mode filter is moderate even for a comparatively high order nrmf while

the presented approach allows to lower dq effectively. According to Theorem 3.2-3 one

obtains η = ‖∆1‖/‖∆‖ = 0.53 < 1, where it is taken into account that the eigenvalues

λ±4 and λ±5 are not modal observable and not modal controllable, respectively, so

that these can be omitted in the evaluation of (3.68) (see Remark 3.2-4). It has been

found in Example 2.1-15 that Assumption 2.1-9 is satisfied and Assumption 2.4-7 holds

in view of Proposition 2.4-8 because A was shown in Example 2.1-15 to be a Riesz-

spectral operator and the eigenvalues of An −BnK and An − LCn have been assigned

appropriately (see Table 4 and (2.68)). Thus, Corollary 3.2-7 can be applied with the

observer gain Lq = (An − µI)qL so that relation (3.103) can be used. It reveals that

the number q = 16 of output observers assures closed-loop stability of the transformed

system which is equivalent to the stabilization of the original system. However, this

estimate is quite conservative. In fact, for achieving the specified minimum stability

margin and minimum damping q = 4 output observers are sufficient. ◭
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Figure 19 – Desired eigenvalue locations (‘o’), eigenvalues resulting from the use of

q = 4 output observers (‘x’) and from the use of a residual mode filter

of the order nrmf = 4 (‘+’). The dashed lines define the boundary

of the region with the required stability margin β ≥ 5 and damping

D ≥ 1
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Figure 20 – Spectrum perturbation dq of the closed-loop system with q output

observers of order no = 1 (‘�’) and with residual mode filter of the

order nrmf (‘◦’). The spectrum perturbation has been computed on

the basis of a modal approximation of the beam with order nhigh = 60.
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3 Spillover reduction for continuous-time control

3.3 Observation spillover reduction versus control

spillover reduction

It has been explained in Subsection 2.3.2 that the overall spillover is caused by two

different effects: first, the observation spillover, by which the impact of the residual

dynamics on the observer dynamics

ėn(t) = (An − LCn)en(t)− LCrxr(t) (3.109)

(see Section 2.3.2) is meant, where en = xn − x̂n is the observation error. The second

spillover effect comes from the excitation of the residual dynamics by the observation

error, which is called control spillover and is described by

ẋr(t) = Arxr(t)− BrKxn(t) + BrKen(t) (3.110)

(see (2.171)). Since the term LCrxr(t) = Lyr(t) in (3.109) is responsible for the obser-

vation spillover it is the basic idea of the compensator design approach in the previous

Section 3.2 to utilize reconstructed outputs for the compensator. In consequence, the

mentioned term is modified in an advantageous way. In fact, the observer dynamics

(3.109) becomes

ėn(t) = (An − LqCn(An − µI)−q)en(t)− LqCr(Ar − µI)−qxr(t) + Lqeo,q(t) (3.111)

for the control loop with q output observers, which follows from (3.82)–(3.84), and

(3.87)–(3.90). The comparison with (3.109) shows that the excitation of en by the

residual state xr has changed due to the new output operator Cr(Ar−µI)−q in (3.111).

Thus, the spillover reduction of the design approach is achieved by modifying the ob-

servation spillover. In contrast, the control spillover is unaffected since (3.110) remains

valid for the control loop with output observers (see (3.85) and (3.91)). This raises the

following questions:

1. Is it possible to suppress the control spillover alternatively or additionally to the

observation spillover?

2. How is a modification of the control spillover related to the corresponding spec-

trum perturbation?

These issues are discussed in the following two subsections.
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3.3 Observation spillover reduction versus control spillover reduction

3.3.1 Modification of the control spillover

Here, the possibility to affect the control spillover instead of or in addition to the

observation spillover is analyzed. For this purpose the residual dynamics

Σq
r : ẋr(t) = Arxr(t) + Bru(t), t > 0, xr(0) = xr,0 ∈ Xr (3.112)

˙̄eo(t) =Mēo(t), t > 0, ēo(0) = ēo,0 ∈ C
qm (3.113)

yr,q(t) = Cr(Ar − µI)−qxr(t)− ēo(t), t ≥ 0 (3.114)

of the extended system (see (3.85)–(3.88)), that corresponds to the closed-loop system

with q output observers, is rewritten in terms of the transformed state

x̃r(t) ..= (Ar − µI)−kxr(t), k ∈ {0, 1, . . . , q}, (3.115)

in which (Ar − µI)−k is defined on whole Xr because µ ∈ ρ(A) ⊂ ρ(Ar) was claimed

before (see (3.13)). This leads to

Σ̃q
r : ˙̃xr(t) = Arx̃r(t) + (Ar − µI)−kBru(t), t > 0, x̃r(0) = x̃r,0 ∈ Xr (3.116)

˙̄eo(t) =Mēo(t), t > 0, ēo(0) = ēo,0 ∈ C
qm (3.117)

yr,q(t) = Cr(Ar − µI)k−qx̃r(t)− ēo(t), t ≥ 0, (3.118)

where it is used that an operator and its resolvent commutes2 (see [89, Problem III

6.2]) so that

(Ar − µI)−kAr(Ar − µI)k = Ar(Ar − µI)−k(Ar − µI)k = Ar (3.119)

holds. Apparently, the state transformation has the effect that both the input and

the output operator become changed while the system operator remains unaffected.

Similarly, the approximation of the extended system with q output observers, which is

described by

Σq
n : ẋn(t) = Anxn(t) +Bnu(t), t > 0, xn(0) = xn,0 ∈ C

n (3.120)

yn,q(t) = Cn(An − µI)−qxn(t), t ≥ 0 (3.121)

(see (3.82)–(3.84)), is expressed by the transformed state

x̃n(t) ..= (An − µI)−kxn(t), k ∈ {0, 1, . . . , q}, (3.122)

2 Two operatorsM1 : D(M1) = H 7→ H , M2 : D(M2) ⊆ H 7→ H are said to commute if M1M2 ⊂
M2M1 holds, i.e., M1h ∈ D(M2), ∀h ∈ D(M2), and M2M1h = M1M2h, ∀h ∈ D(M2).
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3 Spillover reduction for continuous-time control

where the existence of the inverse follows again from µ ∈ ρ(A) ⊂ ρ(An), yielding

Σ̃q
n : ˙̃xn(t) = Anx̃n(t) + (An − µI)−kBnu(t), t > 0, x̃n(0) = x̃n,0 ∈ C

n (3.123)

yn,q(t) = Cn(An − µI)k−qx̃n(t), t ≥ 0. (3.124)

By insertion of xn(t) = (An−µI)kx̃n(t) and xr(t) = (Ar−µI)kx̃r(t) into (3.110)–(3.111)
one arrives at

˙̃xr(t) = Arx̃r(t)− (Ar − µI)−kBrK(An − µI)kx̃n(t) + (Ar − µI)−kBrKen(t) (3.125)

ėn(t) = (An − LqCn(An − µI)−q)en(t)− LqCr(Ar − µI)k−qx̃r(t) + Lqeo,q(t). (3.126)

This shows that the operators Br and Cr(Ar−µI)−q in (3.110)–(3.111), that are related

to the control and observation spillover, respectively, are replaced by (Ar − µI)−kBr

and Cr(Ar − µI)k−q in (3.125)–(3.126). Thus, the state transformations have the con-

sequence that both the control and the observation spillover are changed, at which the

parameter k controls the individual change of both kinds. However, it will be shown

in the next subsection that it is not possible to suppress both sorts of spillover at

the same time. Instead, the parameter k determines if the control or the observation

spillover is more dominant while the other is suppressed. For the particular choice

k = q the operator Cr(Ar − µI)k−q in (3.126) simplifies to Cr(Ar − µI)q−q = Cr so that

the observer dynamics is influenced by the same output of the residual dynamics as in

the control loop without any output observers (see (3.109)). Thus, the compensator

design approach in Section 3.2 yields in this case a modification of the control spillover

the observation spillover is not affected. For k = 0, in contrast, one has the situation

discussed in Subsection 3.2.3, where the utilization of the output observers suppressed

solely the observation spillover but not the control spillover. Finally, by choosing k

in between these two special cases the impact of the fictitious outputs is divided up

between both kinds of spillover. However, the question remains whether for any choice

of k the same extent of reduction of the spectrum perturbation is achieved. This is

investigated next.

3.3.2 Reduction of the spectrum perturbation by modification of

the control spillover

Since only state transformations have been used in the considerations before it can

be expected that modifying the control spillover by introducing fictitious outputs and
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3.3 Observation spillover reduction versus control spillover reduction

choosing k ∈ {1, 2, . . . , q} has the same effect on the spectrum perturbation as it was

shown in Subsection 3.2.3, where the observation spillover was modified. This is proven

in the following by considering the closed-loop dynamics in terms of the state

x̃cl(t) ..=







ẽn(t)

x̃n(t)

x̃r(t)






(3.127)

that is composed of the transformed states ẽn(t) = (An − µI)−qen(t) and x̃n and x̃r

from (3.122) and (3.115), respectively. It is straightforward to show that the dynamics

of the control loop with q output observers with regard to x̃cl is described by

Σ̃q
cl :

˙̃xcl(t) = Ãcl,qx̃cl(t) + Lēo(t), t > 0, x̃cl(0) = x̃cl ,0 ∈ Xcl (3.128)

˙̄eo(t) =Mēo(t), t > 0, ēo(0) = ēo,0 ∈ C
qm (3.129)

with Xcl = Cn ⊕ Cn ⊕Xr, M according to (3.81), and

Ãcl ,q =







An − LCn 0 −LCr(Ar − µI)k−q

(An − µI)−kBnK(An − µI)q An − (An − µI)−kBnK(An − µI)k 0

(Ar − µI)−kBrK(Ar − µI)q −(Ar − µI)−kBrK(An − µI)k Ar







(3.130)

L =







0 · · · 0 L

0 · · · 0 0

0 · · · 0 0






(3.131)

(see (3.80), (3.91), (3.93), (3.123) and (3.125)–(3.126)). In order to examine the spec-

trum of Ãcl ,q it is compared to the system operator Acl,q = Acl,0+∆q that was derived

in Subsection 3.2.3 for the closed-loop system Σq
cl with respect to the untransformed

states. This system operator is given by

Acl,q =







An − LCn 0 −LCr(Ar − µI)−q

BnK(An − µI)q An − BnK 0

BrK(Ar − µI)q −BrK Ar






(3.132)

(see (2.225), (3.95), and (3.98)) and apparently related to Ãcl,q according to

Ãcl,q = T̃ Acl ,qT̃ −1 (3.133)

with

T̃ =







I 0 0

0 (An − µI)−k 0

0 0 (Ar − µI)−k






. (3.134)
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3 Spillover reduction for continuous-time control

It is well-known that two linear operators that can be converted into one another by

a linear transformation have coinciding spectra. However, T̃ −1 is unbounded on X

and hence not a transformation. In order to show that the spectra of Acl,q and Ãcl,q

coincide nevertheless, the fact is used that the state x̃cl is confined to the subspace

X̃cl
..= {T̃ h, h ∈ Xcl} (3.135)

with Xcl = Cn ⊕ Cn ⊕Xr since

x̃cl = T̃ xcl (3.136)

(see (3.94), (3.115), (3.122), (3.127) and (3.134)). Therefore, it is sufficient to consider

the state space model Σ̃q
cl in (3.128)–(3.129) on the reduced state space X̃cl . In this

space the norm

‖h‖X̃cl

..= ‖T̃ −1h‖Xcl
(3.137)

is used which is defined for all h ∈ X̃cl since for all h = T̃ g with g ∈ Xcl one has

‖h‖X̃cl
= ‖T̃ g‖X̃cl

= ‖g‖Xcl
. This leads to the following result that is proven in

Appendix A.10.

Theorem 3.3-1

The closed-loop system operator Ãcl ,q in (3.130) is the generator of a C0-semigroup on

the state space X̃cl . Furthermore,

σ(Ãcl,q) = σ(Acl,q) (3.138)

holds.

This statement shows that the spectrum of the closed-loop system is independent of

the parameter k of the state transformations. The considerations in this section can

be summarized therefore as follows: The compensator design method for reducing the

spectrum perturbation was formulated in Section 3.2 such that only the observation

spillover is reduced. However, whether the control spillover or the observation spillover

or both are affected by the approach depends on the choice of the state variables for the

approximation and the residual dynamics. Thus, the observation spillover reduction

can be converted into control spillover reduction simply by transforming these states.

The achieved suppression of the spectrum perturbation for a givcn q is in any case the

same.
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Chapter 4

The early-lumping approach for

discrete-time control

In the previous chapters the compensator design for linear infinite-dimensional systems

on the basis of the early-lumping approach was addressed, where the considerations

referred to dynamical systems and controllers that operate in continuous time. While

this assumption is appropriate for processes in many applications it deserves a more

differentiated treatment regarding the compensators. These are implemented almost

always by digital devices, which leads to a discrete-time operation.

In Figure 21 the structure of a sampled-data closed-loop system is shown. While a

continuous-time operation is assumed for the infinite-dimensional plant Σ the observer-

based compensator Σd
c works in discrete time at instances tk ..= kT , k ∈ N0, of time,

where T > 0 is the sampling constant. It generates the discrete-time control input

ud[k], and is fed by the discrete-time measurement yd[k] as well as ud[k]. For the

conversion between the discrete-time signals ud and yd and the continuous-time signals

u and y a hold device H and a sampling device S is used.

Often, the sampling constant is chosen small compared to the time constants of the

controlled system. In this case, that is referred to as quasi continuous-time control , the

sampled-data closed-loop system has almost the same behavior at the sampling time

instances as the corresponding continuous-time control system. It is then admissible

to apply the considerations in the Chapters 2–3 for continuous-time control although a

discrete-time compensator is used. However, the smaller the sampling constant is, the

more computational efforts are needed for evaluating the control algorithm. Therefore,

it may be desirable to choose the sampling constant so large that a quasi continuous-
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4 The early-lumping approach for discrete-time control

Σd
c

−

u(t) y(t) yd[k]
S

ud[k]
H Σ

Figure 21 – Structure of a sampled-data control system consisting of a continuous-

time plant Σ, a discrete-time observer-based compensator Σd
c , as well

as a hold device H and a sampling device S. The latter ones convert

the discrete-time control input ud[k], k ∈ N0, to the continuous-time

plant input u(t), t ≥ 0, and the continuous-time plant output y(t),

t ≥ 0, to the discrete-time measurement yd[k], k ∈ N0, respectively.

time treatment is not suitable and the sampled-data nature of the control system has

to be taken into account.

When using the continuous-time control, a new value can be assigned to the input

u(t) at each and every instant of time t. In the discrete-time case in contrast, the

compensator provides a new control input ud[k] only at the discrete sampling time

instances tk. In this way, the digital control is significantly restricted. This observation

can be described by the fact that the resulting input u is confined in the discrete-time

case to a certain subspace of Lq([0, τ ];R
p), τ > 0, q ∈ N, while these whole function

spaces are admissible for continuous-time control (see Subsection 2.1.2). That the

excitation of the plant is restricted in this way has the consequence that a number of

technical difficulties of the continuous-time domain appearing for infinite-dimensional

systems are avoided in the discrete-time case. In particular, the stability of both

the open-loop and the closed-loop system is determined by the corresponding spectra,

which is not true in general for continuous-time systems (see Subsection 2.1.3). At the

same time, however, considering the system dynamics only at discrete instances of time

leads to the shortcoming that the behavior of the plant within the sampling intervals

is not covered by the system description so that its analysis requires additional efforts.

Furthermore, inserting the hold and sampling devices into the control loop leads to the

problem that additional controllability and observability defects may be introduced.

As can be expected, the compensator design for sampled-data systems on the basis

of the early-lumping approach equals the procedure in the continuous-time case to a

large extent. After an approximation of the infinite-dimensional plant has been de-
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4.1 Discrete-time state space system representations

termined it is transformed to the corresponding sampled-data system. Subsequently,

the compensator can be computed by the established approaches for finite-dimensional

sampled-data systems (see, e.g., [93]), whereat observer-based compensators are con-

sidered in this chapter as has been done before. It will be shown that the spillover

discussed in Chapter 2 appears in an analog manner also for sampled-data systems

which affects the closed-loop spectrum and thus influences the performance of the con-

trol loop (see also [9]). In order to analyze the spectrum perturbation the residual

dynamics have to be taken into account for which purpose a discrete-time description

of these continuous-time dynamics have to be determined. Then, the spectrum pertur-

bation can be estimated analog to the statements in Section 2.4 for the continuous-time

control.

The chapter is organized as follows. In Section 4.1 the representation of sampled-data

systems is reviewed and the differences of their properties in comparison to continu-

ous-time infinite-dimensional models are addressed. Furthermore, the class of systems

in consideration is defined in that section. In Section 4.2 the compensator design by

means of the early-lumping approach for discrete-time control is summarized and the

spillover is characterized by analyzing the spectrum perturbation.

4.1 Discrete-time state space system representations

It comes from the nature of a digitally implemented compensator that its state x̂n

changes only at the discrete sampling time instances tk, k ∈ N0, which suggests itself

to describe it as a sequence x̂n = (x̂n,k)k∈N0
instead of a function that depends contin-

uously on the time. Since the elements of this sequence correspond each to a certain

instant of time tk, such a sequence can be regarded as a map that is defined on the

discrete set

Ξ ..= {tk = kT, k ∈ N0}, (4.1)

where T > 0 is the sampling constant . For instance, the compensator state x̂n =

(x̂n,k)k∈N0
defines the map

x̂n : t 7→ x̂n,t/T , ∀ t ∈ Ξ. (4.2)

In order to emphasize the character of a map depending on the time, any discrete-

time signal (χk)k∈N0
will be referred to in the following by χ[k], k ∈ N0. This notation

is convenient because it is closer related to the notation of a continuous-time signal
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4 The early-lumping approach for discrete-time control

ν(t), t ≥ 0, than the sequence form, where the square brackets indicate that the signal

belongs to the discrete-time domain. Thus, ud[k] and yd[k] denote the discrete-time

inputs and the output of the compensator (see Figure 21).

The hold device considered in this chapter is the commonly used zero-order hold . It

keeps the last control instant ud[k] of the compensator during the current sampling

interval [tk, tk+1) and passes it to the system input u, i.e.,

u(t) = ud[k], t ∈ [tk, tk+1), k ∈ N0. (4.3)

The standard sampling device simply takes the plant output y at the sampling time

instances and passes it to the compensator, i.e.

yd[k] = y(tk), k ∈ N0. (4.4)

For doing so it is important to note that y is continuous in general (see [46, Lem. 3.1.5])

so that y(tk) is well-defined for all k ∈ N0. Due to the output equation y(t) = Cx(t)
of the continuous-time system Σ (see (2.4)) this makes apparent that the compensator

takes only the state x of Σ at the sampling time instances tk into account while x(t)

for t 6∈ Ξ does not influence the compensator at all. This motivates to describe the

infinite-dimensional system Σ only at the sampling time instances. Thus, instead of

using the model (2.3)–(2.4) a discrete-time model will be applied throughout this and

the following chapter. Such a model is determined next.

4.1.1 State space models of sampled-data systems

The following considerations are based on the continuous-time plant model

Σ : ẋ(t) = Ax(t) + Bu(t), t > 0, x(0) = x0 ∈ X (4.5)

y(t) = Cx(t), t ≥ 0 (4.6)

with u(t) ∈ Rp, y(t) ∈ Rm, and x(t) ∈ X . Thereby, it is assumed as before that

this model is a state linear system. That means that B and C are bounded and

hence satisfy Assumption 2.1-2, and A is the generator of a C0-semigroup (compare to

Subsection 2.1.1). It is the aim of this subsection to determine a model that takes the

hold device and the sampling device into account and that describes the system state

x on the discrete-time axis. That means that the state

x[k] ..= x(kT ), k ∈ N0 (4.7)
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4.1 Discrete-time state space system representations

Σd
c

Σ
u(t)

S
y(t)

−

ud[k] yd[k]Σd

H

Figure 22 – The sampled-data system, that consists of the continuous-time plant

Σ, the hold device H, and the sampling device S, is described by the

infinite-dimensional discrete-time model Σd. It is controlled by the

discrete-time observer-based compensator Σd
c .

is described by a discrete-time system Σd that models the aggregation of the continu-

ous-time plant Σ as well as the hold device H and the sampling device S (see Figure 22).

Such a combination of a continuous-time system with a hold and sampling device is

referred to as sampled-data system. Note, that for both the continuous-time and the

discrete-time signal the same identifier x is used for simplification of the notation. For

the output yd of this system (see Figure 22) it follows directly from (4.4) and (4.6) that

yd[k] = y(tk) = Cx(tk) = Cx[k] (4.8)

holds which is the output equation of Σd. In order to obtain a relation between x[k] =

x(tk) and x[k + 1] = x(tk+1) the state equation (4.5) is solved formally using

x(tk+1) = S(tk+1 − tk)x(tk) +

∫ tk+1

tk

S(tk+1 − τ)Bu(τ)dτ (4.9)

(see [46, Thm. 3.1.7]), wherein S(t) is the C0-semigroup generated by A. Making use

of the fact that the input u is constant within the sampling intervals due to (4.3) this

can be transformed to

x[k + 1] = S(T )x[k] +
∫ T

0

S(T − τ)dτ Bud[k] (4.10)

by substituting τ by τ − tk. Thus, when the operators

Adh ..= S(T )h, ∀h ∈ X (4.11)

Bdv ..=

∫ T

0

S(T − τ)dτ Bv =

∫ T

0

S(τ)dτ Bv, ∀ v ∈ C
p (4.12)

are introduced, where the right equation in (4.12) is obtained by aid of the substitution

τ → T − τ , one obtains from (4.8) and (4.10) the discrete-time model

Σd : x[k + 1] = Adx[k] + Bdud[k], k ∈ N0, x[0] = x0 ∈ X (4.13)

yd[k] = Cx[k], k ∈ N0 (4.14)
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4 The early-lumping approach for discrete-time control

of the sampled-data system. Note, that (4.12) can be simplified to

Bdv = A−1(S(T )− I)Bv, ∀ v ∈ C
p (4.15)

in case that A is invertible on X (see [46, Thm. 2.1.10]). An explicit expression for Ad

and Bd can be obtained when A is a Riesz-spectral operator. Then, taking (2.26) and

(2.14) into account for (4.11)–(4.12) yields

Adh =

∞
∑

i=1

eλiT 〈h, ψi〉Xφi, ∀h ∈ X (4.16)

Bdv =

∞
∑

i=1

p
∑

j=1

∫ T

0

eλiτdτ 〈bj, ψi〉Xvjφi, ∀ v ∈ C
p, (4.17)

wherein λi are the eigenvalues of A, and φi and ψi denote the corresponding eigen-

vectors of A and A∗, respectively. Note, that
∫ T

0
eλiτdτ in (4.17) can be simplified

to
∫ T

0

eλiτdτ =

{

1
λi
(eλiT − 1) : λi 6= 0

T : λi = 0.
(4.18)

It is shown later that Ad again is a Riesz-spectral operator if A is a Riesz-spectral

operator that satisfies a mild condition (see Proposition 4.1-3). Comparison of (4.16)

with the modal decomposition (2.33) of A shows that Ad has the same eigenvectors φi

as A, and its eigenvalues are

λd,i ..= eλiT , i ∈ N. (4.19)

This shows that the eigenvalues λd,i of Ad accumulate at λaccd = 0 if Reλi → −∞ for

i→ ∞.

Of course, the model Σd provides a description of the system state only at the time

instances t ∈ Ξ so that no information is available about x(t) for t 6∈ Ξ directly from this

model. However, restricting the class of input signals and confining the considerations

to the discrete-time axis has the consequence that some basic properties, such as the

solvability of the state equation (4.13), become simplified compared to the continuous-

time counterpart. This is discussed in the following subsection.

4.1.2 Solution of the state equation and power stability

The difference equation and the initial condition (4.13) determine the state x on the

discrete set Ξ of time instances tk uniquely. This can be seen by applying (4.13)
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4.1 Discrete-time state space system representations

recursively which directly yields the solution

x[k] = Ak
dx0 +

k−1
∑

l=0

Ak−1−l
d Bdud[l], k ∈ N, ∀ x0 ∈ X, ∀ud[l] ∈ C

p. (4.20)

Note, that Ad = S(T ) is a bounded operator in view of (2.25), so that it is unprob-

lematic to consider the powers of this operator. This is an important difference to the

system operator A of the continuous-time system Σ that is unbounded. For systems

with A being a Riesz-spectral operator this becomes

x[k] =

∞
∑

i=1

ekλiT 〈x0, ψi〉Xφi +

k−1
∑

l=0

∞
∑

i=1

p
∑

j=1

e(k−1−l)λiT

∫ T

0

eλiτdτ 〈bj , ψi〉Xud,j[l]φi

=

∞
∑

i=1

λkd,i〈x0, ψi〉Xφi +

k−1
∑

l=0

∞
∑

i=1

p
∑

j=1

λk−1−l
d,i

∫ T

0

eλiτdτ 〈bj, ψi〉Xud,j[l]φi, (4.21)

where (2.21), (4.16)–(4.17), and (4.19) have been used.

The stability of discrete-time systems is commonly characterized by the power stability

of Ad. It is defined by the existence of constants C ≥ 1 and 0 < γ < 1 such that

‖Ak
d‖ ≤ Cγk, ∀ k ∈ N0 (4.22)

(see [97, Def. 2]). This relation implies that ‖x(tk)‖ decays exponentially toward zero

for u ≡ 0 because in this case x[k] = Ak
dx0, k ∈ N, follows from (4.20) so that

‖x[k]‖X ≤ ‖Ak
d‖‖x0‖X → 0 for k → ∞. Moreover, if and only if the discrete-time

system Σd is power stabilized, the continuous-time system Σ is stabilized exponentially

so that ‖x(t)‖X → 0 for t → ∞ (see [111, Prop. 2.1]). A sufficient and necessary

condition for Ad being power stable is

rAd

..= sup
λd∈σ(Ad)

|λd| < 1 (4.23)

(see [97, Lem. 1]) which is the generalized version of the well-known condition for

finite-dimensional discrete-time systems. Therein, rAd
denotes the spectral radius of

Ad. More generally, for the homogeneous state solution x[k] = Ak
dx0 the relation

‖x[k]‖X ≤ C‖x0‖X β̃k
d , ∀ β̃d > βd, ∀ k ∈ N0 (4.24)

with a constant C ≥ 1 and

βd = rAd
(4.25)
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4 The early-lumping approach for discrete-time control

can be shown1. Since x approaches zero for βd < 1 with a certain minimum decay

rate, βd is referred to as the stability margin of the discrete-time system, which is

then called power βd-stable. Thus, in contrast to the continuous-time case, where the

(exponential) stability is determined by the spectrum only if the spectrum determined

growth assumption (SDGA) holds (see Subsection 2.1.3), it is possible for discrete-time

systems in general to analyze the power stability with the help of the spectrum σ(Ad).

This relies basically on the fact that Ad = S(T ) is a bounded operator (see (2.25))

which is an important difference to A which is unbounded.

Usually, only the spectrum σ(A) is known while σ(Ad) is unknown initially. The

relation between both spectra is characterized by the following statements.

Proposition 4.1-1

The spectra σ(A) and σ(Ad) are related by

{eλT | λ ∈ σ(A)} ⊆ σ(Ad). (4.26)

More specifically, the relations

{eλT | λ ∈ σp(A)} ⊆σp(Ad) ⊆ {eλT | λ ∈ σp(A)} ∪ 0 (4.27)

σr(Ad) ⊆ {eλT | λ ∈ σr(A)} (4.28)

hold.

The proof follows immediately from [107, Chapter 2, Thm. 2.3–2.5]. Unfortunately,

a relation for σc(Ad) analog to (4.28) is not assured in general. In fact, it may exist

a λd ∈ σc(Ad) that is not contained in {eλT | λ ∈ σ(A)}. Consequently, (4.26) is in

general an inclusion but not an equality relation. As a simple example consider the

spectrum

σ(A) = σp(A) = {−1/k ± j2πk | k ∈ N} (4.29)

consisting of isolated eigenvalues. Equation (4.26) yields for T = 1

{e−1/k±j2πk | k ∈ N} = {e−1/k | k ∈ N} ⊆ σ(Ad), (4.30)

1 For proving this one considers the operator Ãd
..= β̃−1

d Ad with β̃d > βd = rAd
, that is power stable

in view of rÃd
= β̃−1

d rAd
< 1 and (4.23). Thus, it holds ‖Ak

d‖ = ‖β̃k
dÃk

d‖ ≤ Cβ̃k
d , ∀ β̃d > βd, by

(4.22) yielding (4.24).
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4.1 Discrete-time state space system representations

where the left hand-side accumulates at λaccd = 1 while σ(A) has no accumulation point.

This is an additional spectral point in σc(Ad) that is not contained in {eλT | λ ∈ σ(A)}.
In consequence, it is not possible to conclude the power stability of Ad alone from

the spectrum σ(A) in general. This, however, is not surprising because it is known

that the stability of continuous-time systems is determined by the spectrum of its

system operator only under the SDGA (see Subsection 2.1.3). If this assumption holds,

supλ∈σ(A) Reλ < 0 implies exponential stability of S(t), i.e., there exist constants

C ≥ 1, ω < 0 such that ‖S(t)‖ ≤ Ceωt, ∀ t ≥ 0 (see (2.25)). Thus,

‖Ak
d‖ = ‖Sk(T )‖ = ‖S(kT )‖ ≤ CeωkT = C(eωT )k, ∀ k ∈ N (4.31)

is satisfied2, which shows that also power stability of Ad is assured in this situation in

view of (4.22) and eωT < 1.

In the next subsection a class of continuous-time systems is defined that is consid-

ered for sampled-data control in the following with the aim to avoid some technical

difficulties.

4.1.3 Definition of the considered system class

It has been shown in the previous subsection that it is not easy in general to describe

the continuous spectrum σc(Ad) in terms of the spectrum σ(A) of the continuous-

time plant’s system operator so that this spectrum is unknown in many applications.

Since the continuous spectrum of Ad, however, plays an important role for the analysis

of the spectrum perturbation caused by spillover, the focus will be restricted for the

discrete-time control to systems with A being a Riesz-spectral operator. Thus, As-

sumption 2.1-9, that is the basis for the considerations in the continuous-time domain,

is replaced from now on by the following one.

Assumption 4.1-2 (Properties of A for discrete-time control)

The system operatorA of the continuous-time model Σ is assumed to have the following

properties:

1. A is the generator of a C0-semigroup.

2 The relation Sk(T ) = S(kT ) follows from the semigroup property S(t1)S(t2) = S(t1 + t2),

∀ t1, t2 ≥ 0, that yields S2(T ) = S(2T ) for t1 = t2 = T . Repeated application gives

Sk(T ) = S(kT ), k ∈ N.
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4 The early-lumping approach for discrete-time control

2. A is a Riesz-spectral operator.

3. The eigenvalues λi, i ∈ N, of A satisfy

λi − λk 6= j
2lπ

T
, ∀ l ∈ N0 (4.32)

for all i, k ∈ N. ◭

Note, that it is avoided by Item 3 that several eigenvalues of A correspond to the same

eigenvalue of Ad according to (4.19). In this way it is assured that the eigenvalues λd,i,

i ∈ N, of Ad are simple. Consequently, an eigenvalue λd,i is modal controllable and

modal observable whenever the corresponding eigenvalue λi of A has this property. In

addition to this assumption also Assumption 2.1-2, that requires the boundedness of

B and C, has to hold also in the discrete-time case. For the relation between σ(A) and

σ(Ad) one has for this system class the following characterization.

Proposition 4.1-3

Let Assumption 4.1-2 hold. Then, the associated system operator Ad of the sampled-

data system Σd is a sectorial Riesz-spectral operator. For its spectrum the relations

σp(Ad) = {eλT | λ ∈ σp(A)} (4.33)

σc(Ad) = σp(Ad) \ σp(Ad) ⊇ {eλT | λ ∈ σc(A)} (4.34)

σr(Ad) = σr(A) = ∅ (4.35)

σ(Ad) = σp(Ad) (4.36)

are satisfied.

For the proof see Appendix A.11. Besides having the characterization (4.33)–(4.36)

the considered class of system operators A has the benefit that Ad and Bd have the

modal representations (4.16)–(4.17), and also the state equation can be solved in the

explicit form (4.21). Furthermore, considering the defined class enables to apply the

statements in Section 2.4 concerning the spectrum analysis of continuous-time systems

also to sampled-data systems. Before this will be done in the next section the sampled-

data system corresponding to an Euler-Bernoulli beam is determined.
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Example 4.1-4 (Euler-Bernoulli beam with Kelvin-Voigt damping, continued)

For an Euler-Bernoulli beam with Kelvin-Voigt damping, that was introduced in Ex-

ample 2.1-15, a discrete-time model shall be determined that results from adding a

zero-order hold and a standard sampling device. Compared to Example 2.1-15 the

considerations are specialized here to the beam length ℓ = 1. There, a continuous-

time model Σ on the state space X ..= L2(0, 1) ⊕ L2(0, 1) with the inner product

〈
[

g1
g2

]

,
[

h1

h2

]

〉X ..=
∫ 1

0
g1(z)h1(z)dz +

∫ 1

0
g2(z)h2(z)dz was found. It was verified that A is

a Riesz-spectral operator with the eigenvalues

λ±i =
(

−δ(iπ)2 ±
√

δ2(iπ)4 − 1
)

(iπ)2, i ∈ N, (4.37)

that have an accumulation point λacc = − 1
2δ

(see (2.68) and (2.70)). The corresponding

eigenvectors of A are given by

φi(z) = sin(iπz)

[

1
−λi

(iπ)2

]

, i ∈ N (4.38)

φ−i(z) = sin(iπz)

[

1
(iπ)2
−λ−i

(iπ)4

]

, i ∈ N, (4.39)

and the related biorthonormal sequence is

ψi(z) = sin(iπz)
−2(iπ)4

λi − λ−i

[

λ−i

(iπ)4

1
(iπ)2

]

, i ∈ N (4.40)

ψ−i(z) = sin(iπz)
2(iπ)4

λi − λ−i

[

λi

(iπ)2

1

]

, i ∈ N (4.41)

(see (2.71)–(2.72), and (3.107)–(3.108)). By taking the zero-order hold and the stan-

dard sampling device with sampling constant T into account one obtains from (4.16)–

(4.17) the operators

Adh =
∑

i∈Z\{0}

eλiT 〈h, ψi〉Xφi, ∀h ∈ X (4.42)

Bdv =
∑

i∈Z\{0}

1

λi
(eλiT − 1)

〈[

0
1

β2−β1
· 1[β1,β2](·)

]

, ψi

〉

X

φiv, ∀ v ∈ C (4.43)

of the sampled-data system Σd, wherein (2.56) and b(z) = 1
β2−β1

· 1[β1,β2](z) have been

used. The output operator C of Σd coincides with that of the continuous-time system

Σ (see (4.6) and (4.14)) and thus is given by

Ch =

〈

h,

[

c̃

0

]〉

X

, ∀h ∈ X (4.44)
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Figure 23 – Spectrum of the system operator Ad of the sampled-data system Σd

that corresponds to the Euler-Bernoulli beam with structural damping

for damping constant δ = 8 · 10−4 and sampling constant T = 10−3.

While the system operator A of the continuous-time system has a

single accumulation point λacc = −625, the spectrum of Ad has two

accumulation points at λaccd,1 = eλ
accT = 0.535 and λaccd,2 = 0.

according to (2.58), in which c̃(z) is defined in (2.60).

It has been shown in Example 2.1-15 that A satisfies Assumption 2.1-9 and hence

is the generator of a C0-semigroup. One can show easily that (4.32) holds for T 6=
lπ/Imλi, ∀ l, i ∈ N. SinceA is a Riesz-spectral operator that generates a C0-semigroup,

Assumption 4.1-2 is confirmed so that Proposition 4.1-3 can be applied. Therefore, Ad

is a sectorial Riesz-spectral operator and its spectrum is given by

σp(Ad) = {eλ±iT | i ∈ N} (4.45)

σc(Ad) = {0, eλaccT} (4.46)

σr(Ad) = ∅. (4.47)

Note, that σ(Ad) has two accumulation points while σ(A) has only one. For δ = 8·10−4

and T = 10−3 the eigenvalue distribution of Ad is shown in Figure 23. ◭
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4.2 Observer-based control and analysis of the closed-loop spectrum

4.2 Observer-based control and analysis of the

closed-loop spectrum

In this section the design of an observer-based compensator is addressed that is imple-

mented digitally and thus operates in discrete time. Since the early-lumping approach

is applied the design is based on an approximation that can be determined in two ways:

In the first approach a discrete-time model Σd, that corresponds to the continuous-time

plant Σ, is determined in a first step, and an approximation Σd
n of Σd is computed in

a second one. In the second approach the continuous-time system Σ is reduced first

yielding the continuous-time approximation Σn, which is converted subsequently to the

discrete-time model Σd
n (see Figure 24). While both approaches lead to the same ap-

proximation Σd
n, the second one is certainly more relevant for the applications because

both the approximation of the continuous-time system Σ and the time-discretization of

the approximation can be computed by standard techniques. Therefore, this approach

is considered here. To describe the approximation error, also the sampled-data system

Σd
r corresponding to the continuous-time residual dynamics Σr is determined.

As in the continuous-time case the output feedback control design is considered without

taking a reference input into account. However, this and the related feedforward control

can be added separately by means of the two-degrees-of-freedom control method that is

Σd
c

Σn

u(t)
S

yn(t)

Σr

u(t)
S

yr(t)

−

ud[k] yd[k]yd,n[k]

yd,r[k]
H

Σd
n

Σd
r

H

Figure 24 – Structure of a sampled-data control system. For applying the early-

lumping approach the continuous-time infinite-dimensional plant is ap-

proximated by the finite-dimensional system Σn. In combination with

the hold and sample devices H and S it yields the sampled-data approx-

imation Σd
n. In the same way, the continuous-time residual dynamics

Σr are converted to the sampled-data residual dynamics Σd
r .
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4 The early-lumping approach for discrete-time control

mentioned at the beginning of Section 2.3. In addition, robust asymptotic disturbance

rejection can be achieved by extending the continuous-time plant model by a suitable

continuous-time signal model as it is explained in Subsection 2.3.4. However, one has

to take care about the eigenvalues that are added in this way since Assumption 4.1-2

requires the system operator of the continuous-time system to be a Riesz-spectral

operator which has simple eigenvalues (see Definition 2.1-6). For this reason, a more

general class of Riesz-spectral operators, as defined in [73], has to be considered when,

e.g., a signal model for the rejection of ramp disturbances shall be used, which would

have an eigenvalue λs = 0 with algebraic multiplicity νs = 2. Such a generalization

has to be considered also when the plant has an eigenvalue that coincides with one of

the signal model.

In the following subsection the discrete-time systems Σd
n and Σd

r are determined. A

digital observer-based compensator is designed in Subsection 4.2.2, and the resulting

dynamics of the control loop is analyzed in Subsection 4.2.3.

4.2.1 Discrete-time system approximation

The compensator will be designed on the basis of the sampled-data system that corre-

sponds to the modal approximation

Σn : ẋn(t) = Anxn(t) +Bnu(t), t > 0, xn(0) = F−1Px0 ∈ C
n (4.48)

yn(t) = Cnxn(t), t ≥ 0 (4.49)

of order n, that was introduced in Section 2.2. For determining this system the hold

device, whose operation is described by u(t) = ud[k] for t ∈ [tk, tk+1), k ∈ N0, and the

sampling device yielding yd,n[k] = yn(tk) = yn(kT ) have to be taken into account. This

can be carried out in the analog way as the conversion of the plant Σ to the sampled-

data system Σd that was discussed in Subsection 4.1.1. The resulting discrete-time

approximation is

Σd
n : xn[k + 1] = Ad,nxn[k] +Bd,nud[k], k ∈ N0, xn[0] = F−1Px0 ∈ C

n (4.50)

yd,n[k] = Cnxn[k], k ∈ N0 (4.51)

with

Ad,n = eAnT (4.52)

Bd,n =

∫ T

0

eAnτdτ Bn (4.53)
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(see [93, Sec. 2.1]). In view of (2.108) one can evaluate (4.53) by

Bd,n = diag

(
∫ T

0

eλ1τdτ, . . . ,

∫ T

0

eλnτdτ

)

Bn (4.54)

with
∫ T

0

eλiτdτ =

{

1
λi
(eλiT − 1) : λi 6= 0

T : λi = 0.
(4.55)

By construction, the discrete-time state and the output of this model coincide with the

respective state and output of the continuous-time approximation Σn at the sampling

time instances, i.e., xn[k] = xn(tk) and yd,n[k] = yn(tk), k ∈ N0. In order to describe

the approximation error, the residual dynamics

Σr : ẋr(t) = Arxr(t) + Bru(t), t > 0, xr(0) = (I −P)x0 ∈ Xr (4.56)

yr(t) = Crxr(t), t ≥ 0, (4.57)

that was introduced in Section 2.2, is time-discretized yielding

Σd
r : xr[k] = Ad,rxr[k] + Bd,rud[k], k ∈ N0, xr[0] = (I − P)x0 ∈ Xr (4.58)

yd,r[k] = Crxr[k], k ∈ N0 (4.59)

with

Ad,rh = Sr(T )h, ∀h ∈ Xr (4.60)

Bd,rv =

∫ T

0

Sr(τ)dτ Bv, ∀ v ∈ C
p. (4.61)

Thereby, Sr(t) is the C0-semigroup generated by Ar. Since A is a Riesz-spectral

operator due to Assumption 4.1-2 one has the representation

Sr(t)h =
∞
∑

i=n+1

eλit〈h, ψi〉Xφi, ∀h ∈ Xr, (4.62)

which follows from (2.26) when restricted to Xr in view of the Riesz basis property.

The derivation of Σd
r is analog to the approach for determining Σd in Subsection 4.1.1.

In view of (4.60) and (4.62) Ad,r is bounded so that the difference equation (4.58) has

a unique solution (see Subsection 4.1.2). Note, that yd,r[k] = yr(tk) and xr[k] = xr(tk),

k ∈ N0, hold due to the construction of Σd
r . In view of

yd,n[k] = Cnxn[k] = Cnxn(tk) = yn(tk) (4.63)

yd,r[k] = Crxr[k] = Crxr(tk) = yr(tk) (4.64)

yd[k] = Cx[k] = Cx(tk) = y(tk) (4.65)
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(see (4.6), (4.14), (4.49), (4.51), (4.57), and (4.59)) as well as y(t) = yn(t) + yr(t) (see

(2.120)) it holds

yd,n[k] + yd,r[k] = yn(tk) + yr(tk) = y(tk) = yd[k], ∀ k ∈ N0, (4.66)

which shows that the sampled-data models Σd
n and Σd

r of the approximation and the

residual dynamics are complementary w.r.t. their outputs.

In general, controllability and observability may be lost when a hold and a sampling

device is added to the closed-loop system for certain isolated values of the sampling

constant T > 0. Necessary and sufficient conditions for (Ad,n, Bd,n) to be stabilizable

are provided in [115]. Of course, it is assumed for the following, that (Ad,n, Bd,n) is

controllable and (Cn, Ad,n) is observable, since this enables to assign the dynamics of

the controlled system Σd
n by output feedback arbitrarily. These properties have to be

checked after the approximation Σd
n has been determined. In case that a controllability

or an observability defect has occurred in (Ad,n, Bd,n) or (Cn, Ad,n) that is not present

in (An, Bn) and (Cn, An), respectively, a slight change of the sampling constant is

typically sufficient to avoid the defect.

4.2.2 Design of the discrete-time observer-based compensator

In accordance with the explanations in Subsection 4.1.2 the discrete-time closed-loop

system is power stable if and only if the spectrum of the corresponding system operator

Ad,cl is entirely contained within the unit circle, i.e.,

sup
λd∈σ(Ad,cl )

|λd| < 1. (4.67)

For stabilization of the control loop it is therefore necessary to shift all spectral points

of the system operator Ad, that are located outside the unit circle, into its interior

by means of control. Instead of stability of the closed-loop system the stronger design

objective is often desired that the closed-loop system is power βd-stable for which

purpose the spectral points of the system operator Ad located in

C
o
βd

..= {s ∈ C
∣

∣ |s| > βd} (4.68)

have to be shifted into

C
i

βd

..= {s ∈ C
∣

∣ |s| ≤ βd} (4.69)
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(compare to (4.25)). According to Assumption 4.1-2 the system operators A and thus

also Ad are Riesz-spectral operators for which reason the spectrum σ(Ad) consists

of isolated eigenvalues λd,i and possibly accumulation points (see Proposition 4.1-3).

Analog to the continuous-time case the finite rank and the boundedness of both the

input operator Bd and the output operator C allow to shift only a finite number3 of

eigenvalues from Co
βd

into C
i

βd
. Therefore, the number of eigenvalues λd,i of Ad that

are contained in Co
βd

must be finite. Particularly, they may not have any accumula-

tion point in this set. Of course, the eigenvalues to be shifted by the control must

be contained in the approximation in order to take them into account in the design

procedure. These considerations lead to the following assumption, in which it is useful

to remember that the eigenvalues λi of the continuous-time models Σn and Σr and the

eigenvalues λd,i of the discrete-time counterparts are related by λd,i = eλiT , i ∈ N, in

view of (4.33).

Assumption 4.2-1 (Stabilizability of the closed-loop sampled-data system)

For the discrete-time systems Σd
n and Σd

r the following is assumed:

1. There are not more than finitely many eigenvalues of Ad,n located in Co
βd

=

{s ∈ C
∣

∣ |s| > βd}, where 0 ≤ βd < 1 is the desired stability margin of the

discrete-time closed-loop system.

2. (Ad,n, Bd,n) is controllable and (Cn, Ad,n) is observable.

3. All spectral points of Ad,r are located in C
i

βd
= {s ∈ C

∣

∣ |s| ≤ βd}. ◭

For distinct values of T Item 2 of this assumption may be not satisfied, although the

continuous-time counterparts (An, Bn) and (Cn, An) are controllable and observable,

respectively, as said in the previous subsection. Besides this aspect for choosing the

sampling constant, T should be not larger than the largest time constant Tcl,i ..= 1/|λcl,i|
of the desired closed-loop eigenvalues λcl ,i in the continuous-time domain. Otherwise,

the rejection of initial errors or (unmodeled) disturbance influences is limited by a

too low sampling rate instead of the assigned dynamics. Thus, an unsatisfying inter

sampling behavior would be the consequence (see also [61, Sec. 12.2]). Additionally,

unstable modes of the approximation lead to large input amplitudes when the sampling

3 This follows from [46, Thm. 5.2.6 and Thm. 5.2.7] when applied to sampled-data systems under

use of (4.26).
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constant is large. The discrete-time observer-based compensator to be designed has

the form

Σd
c : x̂n[k + 1] = (Ad,n − LCn)x̂n[k] +Bd,nud[k] + Lyd[k], k ∈ N0 (4.70)

x̂n[0] = x̂n,0 ∈ C
n (4.71)

ud[k] = −Kx̂n[k], k ∈ N0. (4.72)

Following the early-lumping approach the controller gainK and the observer gain L are

chosen such that applying this compensator to the approximation Σd
n assigns the desired

eigenvalues. It is well-known that these are the eigenvalues of the matrices Ad,n−Bd,nK

and Ad,n −LCn (see [93, Sec. 5.1]). Appropriate gains K and L can be determined by

the established design methods for finite-dimensional eigenvalue assignment.

However, the compensator Σd
c is actually not applied to the approximation but to the

infinite-dimensional sampled-data system Σd. The discrete-time residual dynamics Σd
r

consequently influences the closed-loop behavior, leading to the same spillover effect

that was discussed in the Chapters 2–3 for continuous-time control. This impact is

investigated next.

4.2.3 Analysis of the closed-loop dynamics

In this subsection the behavior of the controlled system is analyzed in the analog way

as it has been discussed in the Sections 2.3–2.4 for continuous-time control by investi-

gating the spectrum of the closed-loop dynamics. For determining these dynamics the

extended state

xcl [k] ..=







en[k]

xn[k]

xr[k]






(4.73)

with en[k] ..= xn[k] − x̂n[k] is considered. By taking the system equations of Σd
n, Σ

d
r ,

and Σd
c into account (see (4.50)–(4.51), (4.58)–(4.59), and (4.70)–(4.72)), some basic

manipulations result the closed-loop model

Σd
cl : xcl [k + 1] = Ad,clxcl [k], k ∈ N0, xcl [0] = xcl ,0 ∈ Xcl (4.74)
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on the state space Xcl = Cn ⊕ Cn ⊕ Xr, wherein the closed-loop system operator is

given by

Ad,cl =







Ad,n − LCn 0 −LCr
Bd,nK Ad,n − Bd,nK 0

Bd,rK −Bd,rK Ad,r






(4.75)

with D(Ad,cl) = Xcl . Since all sub-blocks in Ad,cl are bounded this system operator

is also bounded, which is why the discrete-time closed-loop system Σd
cl has a unique

solution (compare to Subsection 4.1.2). Furthermore, the spectrum of Ad,cl determines

the stability margin and thus the behavior of the control loop in the usual way as for

finite-dimensional systems (see (4.24)–(4.25)). Particularly, the continuous-time plant

Σ is stabilized in the sense that the norm ‖x(t)‖X of its state decays exponentially if

and only if Ad,cl is power stable. This can be shown in the same way as [111, Prop. 2.1].

For the spillover analysis the system operator Ad,cl is decomposed as

Ad,cl = Ad,cl,0 +∆ (4.76)

with

Ad,cl,0 =







Ad,n − LCn 0 0

Bd,nK Ad,n − Bd,nK 0

Bd,rK −Bd,rK Ad,r






, ∆ =







0 0 −LCr
0 0 0

0 0 0






, (4.77)

where D(Ad,cl,0) = D(∆) = Xcl . Since Ad,cl,0 has a triangular structure its spectrum

is given by

σ(Ad,cl,0) = σ(Ad,n − Bd,nK) ∪ σ(Ad,n − LCn) ∪ σ(Ad,r). (4.78)

This makes apparent that the compensator, which is designed such that Ad,n −Bd,nK

and Ad,n − LCn have the desired eigenvalues, assigns these eigenvalues also to Ad,cl,0.

However, the closed-loop dynamics are described by the perturbed operator Ad,cl =

Ad,cl,0+∆ so that the controlled system has the intended behavior only if ‖∆‖ = ‖LCr‖
is sufficiently small. In general, however, all closed-loop eigenvalues λ̃cl,i ∈ σ(Ad,cl),

i ∈ N, differ from the desired values λcl,i ∈ σ(Ad,cl,0), i ∈ N, due to the spillover impact

so that the performance of the controlled system may be unsatisfying. In this concern

it is interesting to note, that the summands in (4.17), that correspond to eigenvalues λi

of Ai in the left half-plane with large absolute values, become small in view of (4.18).

In relation to the spillover effect this has the consequence that the corresponding

eigenmodes, that belong to the residual dynamics, are qualitatively less influenced
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4 The early-lumping approach for discrete-time control

than in the continuous-time case which suggests that the spillover becomes reduced

just by using sampled-data control. However, small perturbations of the eigenvalues

λd,i close to the origin in the discrete-time domain correspond to larger changes of the

related eigenvalues λi = T−1 lnλd,i (see (4.19)), wherein ln(·) is the complex logarithm.

Thus, the spillover impact qualitatively remains the same for discrete-time and con-

tinuous-time control.

The deviations of the eigenvalues and the structure of the closed-loop spectrum can be

characterized by help of the results of Section 2.4 that have been presented there for the

continuous-time control. Theorem 2.4-3, which gives a description of the closed-loop

spectrum’s structure, requires that the system operator A satisfies Assumption 2.1-9.

In fact, since A is a Riesz-spectral operator that generates a C0-semigroup due to

Assumption 4.1-2, the corresponding system operator Ad of the sampled-data system

Σd satisfies Assumption 2.1-94. Since, in addition, Ad,cl,0 has the same structure as the

closed-loop system operator Acl,0 for the continuous-time case, and the perturbation

operator ∆ is even the same (compare (2.177) with (4.77)), Theorem 2.4-3 can readily

be applied.

Corollary 4.2-2

Let the Assumption 4.1-2 hold. Then, the spectrum σ(Ad,cl) of the closed-loop system

operator in (4.75) can be decomposed as

σ(Ad,cl) = {λ̃cl ,i, i ∈ N} ∪ σc(Ad), (4.79)

where λ̃cl,i, i ∈ N, are eigenvalues of Ad,cl that have finite algebraic multiplicities and

are isolated. Particularly,

σr(Ad,cl) = ∅ (4.80)

σ(Ad,cl) = σp(Ad,cl) (4.81)

holds.

Thus, the closed-loop spectrum consists simply of isolated eigenvalues and of the ac-

cumulation points in σ(Ad). Now, the deviations of the eigenvalues caused by the

4 This is stated by Proposition 2.1-10 when applied to Ad. This is possible since this operator is a

sectorial Riesz-spectral operator according to Proposition 4.1-3.
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spillover are estimated, for which purpose the spectrum perturbation is redefined as

dd ..= sup
λ̃cl∈σ(Ad,cl )

inf
λcl∈σ(Ad,cl ,0)

|λ̃cl − λcl | (4.82)

with Ad,cl,0 and Ad,cl according to (4.77) and (4.75), respectively. An estimate for the

spectrum perturbation can be obtained directly by aid of Theorem 2.4-10. For the

applicability of this theorem Assumption 2.1-9 has to hold for Ad which is satisfied as

discovered before. In addition, a transformation Tcl : Xcl 7→ Xcl must exist such that

T −1
cl Ad,cl,0Tcl is normal. Since Ad is a Riesz-spectral operator and Ad,cl,0 has the same

structure as the continuous-time closed-loop system operator Acl,0, Proposition 2.4-8

can be applied by replacing A, Ar, An, and Bn by Ad, Ad,r, Ad,n, and Bd,n, respectively.

It states that a normalizing transformation Tcl exists if Ad,n − Bd,nK and Ad,n − LCn

have simple and mutually different eigenvalues that are not contained in σ(Ad,r). Thus,

Theorem 2.4-10 can then be applied where, in doing so, it is again essential that Ad,cl,0

and ∆ have the same structure for both continuous-time and discrete-time control

(compare (2.177) with (4.77)). This leads immediately to the following estimate for

dd.

Corollary 4.2-3

Let the Assumption 4.1-2 hold and assume that the observer-based compensator Σd
c in

(4.70)–(4.72) is designed such that the eigenvalues of Ad,n−Bd,nK and Ad,n−LCn are

simple, mutually different, and not contained in σ(Ad,r). Then,

dd ≤ ‖T −1
cl ∆Tcl‖ ≤ ‖T −1

cl ‖‖Tcl‖‖∆‖ (4.83)

is an upper bound for the spectrum perturbation dd, wherein Tcl denotes a transforma-

tion such that T −1
cl Ad,cl,0Tcl is normal.

As in the continuous-time case the evaluation of ‖T −1
cl ∆Tcl‖ is not straightforward

because Tcl and ∆ are operators on the infinite-dimensional state space X . In fact,

Tcl has the same structure as in the continuous-time domain, and the perturbation

∆ is even the same. As before, the algorithm in Appendix B can be applied for the

evaluation of ‖T −1
cl ∆Tcl‖ by means of standard numerical computing software, provided

that A is normal. Otherwise this norm has to be determined on the basis of an accurate

approximation of the closed-loop dynamics.
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An alternate estimate for dd, that will be used in Subsection 5.1.3, can be obtained by

reformulating the closed-loop dynamics Σd
cl as

Σ̃d
cl : x̃cl [k + 1] = (Ãd,cl,0 + ∆̃)x̃cl [k], k ∈ N0, x̃cl [0] = x̃cl ,0 ∈ Xcl (4.84)

with

x̃cl [k] ..=







xn[k]

en[k]

xr[k]






(4.85)

and

Ãd,cl,0 =







Ad,n − Bd,nK Bd,nK 0

0 Ad,n − LCn −LCr
0 0 Ad,r






, ∆̃ =







0 0 0

0 0 0

−Bd,rK Bd,rK 0






, (4.86)

where D(Ãd,cl,0) = D(∆̃) = Xcl . This form of the closed-loop dynamics follows from

(4.73)–(4.75) when the order of the states en and xn is interchanged in the composed

state vector (compare (4.73) and (4.85)). Since Ãd,cl,0 has, as Ad,cl,0, the desired

eigenvalues of Ad,n −Bd,nK, Ad,n −LCn, and Ad,r due to its triangular structure, this

shows that the control loop behaves as intended if ‖Bd,rK‖ and thus ‖∆̃‖ is negligible.

This observation is characterized quantitatively by the following statement.

Theorem 4.2-4

Let the Assumption 4.1-2 hold and assume that the observer-based compensator Σd
c in

(4.70)–(4.72) is designed such that the eigenvalues of Ad,n−Bd,nK and Ad,n−LCn are

simple, mutually different, and not contained in σ(Ad,r). Then,

dd ≤ ‖T̃ −1
cl ∆̃T̃cl‖ ≤ ‖T̃ −1

cl ‖‖T̃cl‖‖∆̃‖ (4.87)

is an upper bound for the spectrum perturbation dd, where T̃cl denotes a linear trans-

formation such that T̃ −1
cl Ãd,cl,0T̃cl is normal.

Analog to Theorem 2.4-10 this result follows immediately from Lemma 2.4-6 when

applied to Ãd,cl
..= Ãd,cl,0 + ∆̃. This is possible because ∆̃ is a bounded perturbation

operator, σr(Ãd,cl) = σr(Ad,cl) = ∅ holds according to Corollary 4.2-2. Finally, the

existence of a normalizing transformation is ensured by Assumption 4.1-2 as argued

above, because the difference between the state vectors x̃cl and xcl is only the order
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of the first two vector elements. Thus, all requirements of Lemma 2.4-6 are met. Its

application to Ãd,cl leads to Theorem 4.2-4.

Remark 4.2-5 For achieving asymptotic disturbance rejection w.r.t. the discrete-

time dynamics a signal model of the exogenous disturbance has to be incorporated into

the control loop (see Subsection 2.3.4). The considerations in this and the following

chapter remain true for the modified control structure when the matrices in (4.77) are

replaced by

Ad,cl,0
..=











Ad,n − LCn 0 0 0

0 Ad,s Bd,sCn 0

Bd,nK −Bd,nKs Ad,n − Bd,nK 0

Bd,rK −Bd,rKs −Bd,rK Ad,r











(4.88)

∆ ..=











0 0 0 −LCr
0 0 0 Bd,sCr
0 0 0 0

0 0 0 0











, (4.89)

and the matrices in (4.86) are replaced by

Ãd,cl,0
..=











Ad,s Bd,sCn 0 Bd,sCr
−Bd,nKs Ad,n −Bd,nK Bd,nK 0

0 0 Ad,n − LCn −LCr
0 0 0 Ad,r











(4.90)

∆̃ ..=











0 0 0 0

0 0 0 0

0 0 0 0

−Bd,rKs −Bd,rK Bd,rK 0











. (4.91)

Therein, Ad,s = eAsT and Bd,s =
∫ T

0
eAsτdτBs are the discrete-time counterparts of As

and Bs, respectively (compare to (4.52)–(4.53)). ◭

The design of a discrete-time observer-based compensator and the analysis of the

closed-loop spectrum are demonstrated in the following example.

Example 4.2-6 (Euler-Bernoulli beam with Kelvin-Voigt damping, continued)

The sampled-data system determined in Example 4.1-4 for an Euler-Bernoulli beam

with length ℓ = 1 and Kelvin-Voigt damping is considered here for designing a dis-

crete-time compensator. The damping constant is chosen as δ = 0.005 and the input
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and output distribution functions are given by

b(z) =
1

2ε
· 1[0.4−ε,0.4+ε](z), c(z) =

1

2ε
· 1[0.6−ε,0.6+ε](z) (4.92)

with ε = 10−3. Some of the eigenvalues of the continuous-time system operator A
with largest real parts, that are given by (4.37), are listed in Table 5. In order to shift

the eigenvalues λ±1 and λ±2 more to the left in the complex for reducing the settling

time of the system response an observer-based compensator is designed on the basis

of a 4-th-order sampled-data modal approximation Σd
n. For determining Σd

n the con-

tinuous-time approximation Σn with order n = 4 of the continuous-time plant Σ has

to be computed first which subsequently is converted to a sampled-data system. The

approximation Σn is obtained from (2.108)–(2.110) when the eigenvectors φi and the

vectors ψi of the corresponding biorthonormal sequence are inserted, which are given

by (4.38)–(4.41). The resulting parameters An, Bn, and Cn of the continuous-time

approximation lead, by help of (4.52)–(4.53), to the discrete-time approximation Σd
n

with

Ad,n = diag
(

0.9581± j0.2410, 0.4669± j0.6777
)

(4.93)

Bd,n =











−0.00289 + j0.02342

−0.02857− j0.23117

−0.00591 + j0.01169

−0.23314− j0.46144











(4.94)

Cn =
[

−0.09636 −0.00976 0.01489 0.000377
]

. (4.95)

Taking Ad,n, Bd,n, and Cn into account, it can be verified easily that (Ad,n, Bd,n) is

controllable and (Cn, Ad,n) is observable so that Item 2 of Assumption 4.2-1 holds.

Next, the observer-based compensator Σd
c (see (4.70)–(4.72)) is designed by eigenvalue

assignment. Instead of choosing the eigenvalues λd,c,i = σ(Ad,n − Bd,nK) of the con-

trolled discrete-time approximation and the eigenvalues λd,o,i = σ(Ad,n − LCn) of the

Table 5 – Eigenvalues λi of the continuous-time system operator A with largest

real parts and corresponding eigenvalues λd,i of the discrete-time system

operator Ad.

i λ±i λd,±i |λd,±i|
1 −0.487± j9.86 0.9581± j0.2410 0.9879

2 −7.79± j38.70 0.4669± j0.6777 0.8229

3 −39.45± j79.59 −0.1517± j0.3407 0.3730

4 −124.68± j96.91 −0.0333± j0.0292 0.0443
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discrete-time observer dynamics directly, it is easier to select the eigenvalues λc,i and

λo,i of the corresponding continuous-time counterparts of these dynamics since the

influence of the eigenvalues on the behavior of a continuous-time dynamics is well-

known (see, e.g., (2.24)). In order to reduce the settling time of the system response

and to increase the damping the eigenvalues λ±1 and λ±2 are shifted by choosing

λc,±1 = −10 ± j5, λc,±2 = −10 ± j10 and λo,±1 = −15 ± j5, λo,±2 = −15 ± j10.

Thus, for assuring a stability margin β = 7 of the controlled system in continuous

time the spectrum perturbation must satisfy d ≤ 3 since the maximal real parts of

the desired eigenvalues is given by Reλc,i = −10. The sampling constant, is chosen

as T = 1/40 = 0.025 so that (4.32) is satisfied. Thus, as claimed in Subsection 4.2.2,

it is smaller than the largest time constant Tcl ,i = 1/|λcl,i| of the desired closed-loop

eigenvalues {λcl ,i, i ∈ N} = {λc,i, i = ±1,±2} ∪ {λo,i, i = ±1,±2} ∪ σ(Ar) in the

continuous-time domain (for σ(Ar) see Table 5). The corresponding eigenvalues to be

assigned in the discrete-time domain are obtained from

λd,c,i = eλc,iT , λd,o,i = eλo,iT , i = ±1,±2 (4.96)

(compare to (4.19)), and the stability margin of the discrete-time closed-loop system is

βd = eβT = 0.839. Since there are two and hence finitely many eigenvalues λd,i located

within Co
βd

(see Table 5), and since these eigenvalues belong to the approximation Σd
n

(see (4.93)), Assumption 4.2-1 is satisfied which enables to design a compensator that

achieves the desired stability margin. Note, that the stability margin is limited by

the accumulation points of σ(Ad) that are λ
acc
d,1 = 0.0821 and λaccd,2 = 0 (see (4.46) and

(2.70)).

In Example 4.1-4 it has been shown that Assumption 4.1-2 is satisfied so that Corol-

lary 4.2-2 can be applied. It states that the spectrum σ(Ad,cl) of the closed-loop system

operator (4.75) consists of isolated eigenvalues λ̃cl,i, i ∈ N, with finite algebraic mul-

tiplicities and the accumulation points λaccd,1 and λaccd,2 of Ad. The resulting eigenvalue

distribution of the closed-loop system is depicted in Figure 25. It shows that five eigen-

values of the closed-loop system are located outside the region C
i

βd
so that the specified

control performance is not achieved, which reflects the impact of the spillover. The

requirements of Corollary 4.2-3 are satisfied in view of the mentioned eigenvalue as-

signments and since Assumption 4.1-2 holds. Applying this corollary yields the bound

dd ≤ 15.7 for the spectrum perturbation, where the computations have been carried

out on the basis of a 60-th-order modal approximation. A computation of the eigen-

values by using this accurate approximation reveals that the perturbation is actually
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dd = 0.329, which confirms the correctness of the estimate, though being rather con-

servative. ◭
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Figure 25 – Closed-loop eigenvalues (‘o’) in comparison with the desired eigenval-

ues. The desired ones consist of the eigenvalues assigned to Ad,n−LCn

and Ad,n−Bd,nK (‘x’) and those of Ad,r (‘+’). Only some of the lat-

ter eigenvalues are visible in the plot because most of them are located

close to the accumulation points λaccd,1 = 0.0821 and λaccd,2 = 0. The

dashed circle defines the boundary of the region C
i
βd

that corresponds

to the specified control performance, and the circle with solid line de-

scribes the region of stability.
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Chapter 5

Spillover reduction for discrete-time

control

It was shown in the previous chapter that the early-lumping approach for the design

of sampled-data control systems leads to the same spillover effect as in the continu-

ous-time case that was discussed in Chapter 2. It is straightforward to adapt the

spillover reduction approach of Chapter 3 to discrete-time control. To this end, the

continuous-time output observers introduced in Section 3.1 have to be converted to

the discrete-time version, which is straightforward in the light of Subsection 4.2.1. By

extending the discrete-time plant Σd (see (4.13)–(4.14)) by a sufficient number of such

output observers the spillover effect can be made arbitrarily small. The results of Sub-

section 3.2.3 about the reduction of the spectrum perturbation can be adapted to the

discrete-time description of the closed-loop system. Thus, this spillover reduction ap-

proach is typically more efficient, as in the continuous-time case, than the conventional

approach to increase simply the approximation order.

Alternatively to the approach based on output observers the control of sampled-data

systems offers degrees of freedom that do not exist for continuous-time control, namely

the choice of the hold device and the sampling device. In this chapter it is therefore the

basic idea to use this freedom for spillover suppression. For that, a general hold device

or a general sampling device is used instead of the zero-order hold and the standard

sampling that was considered previously.

The hold functions θi(t) of a hold device, defined on the sampling interval [0, T ], de-

scribe the relation between an element ud,i[k] of the discrete-time control vector ud[k]

and the corresponding continuous-time system input ui(t) during the current sampling
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5 Spillover reduction for discrete-time control

interval [tk, tk+1), i.e.,

ui(t) = θi(t− tk)ud,i[k], t ∈ [tk, tk+1), k ∈ N0, i = 1, 2, . . . , p. (5.1)

In contrast to a zero-order hold, where the hold functions are simply constant, a gen-

eral hold device can have in principal arbitrary bounded hold functions. Since these

determine the excitation of the continuous-time residual dynamics Σr, the freedom in

the choice of the hold functions can be used to influence Σr in a desired way. Par-

ticularly, the hold functions will be chosen in the following such that the state of the

continuous-time residual dynamics has a small norm at the sampling time instances

tk. Thus, when a standard sampling device is used that passes the measurements

yd[k] = y(tk) to the compensator the contributions of the residual dynamics do hardly

appear in the discrete-time signal yd[k]. In this way, the influence of these dynamics on

the compensator becomes small so that the spillover effect is suppressed. The fact that

the general hold device causes the state of the continuous-time residual dynamics to

have a small norm at the sampling time instances has the meaning that the excitation

of the corresponding sampled-data system becomes reduced. In other words, it is the

aim of the general hold device to suppress the control spillover while the observation

spillover is not affected (see Subsection 2.3.2).

The implementation of the general hold device becomes particularly simple when the

hold functions are step functions, since it is then possible to realize the general hold

by a conventional zero-order hold that operates at a higher sampling rate. This class

of hold functions is therefore considered in the following. When the step heights are

considered as the free parameters of a step function it is clear that only a finite number

of degrees of freedom is available for reducing the spillover effect. For this reason, the

spectrum perturbation caused by spillover cannot be eliminated entirely, but can be

made arbitrarily small by choosing the number of steps sufficiently large. An estimate

of the resulting spectrum will be provided. The approach requires to solve the state

equations for both the approximation and the residual dynamics for a certain input

signal. While the solution of the approximation model can be determined by standard

software, the solution of the residual dynamics can be computed by a suitable PDE

solver or on the basis of an accurate approximation.

The spillover reduction approach based on output observers and the alternative method

involving a general hold device can be compared transparently when the continuous-

time output u(t) of the general hold is regarded as the response of a dynamical system

that is excited by the discrete-time control ud[k]. To be more precise, the general
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hold has the effect of a finite impulse response (FIR) filter since the excitation ud[0] =

[1 1 · · · 1]T and ud[k] = 0, k ≥ 1, yields the signal u(t) = [θ1(t) θ2(t) · · · θp(t)]T on the

finite interval t ∈ [0, T ] and u(t) = 0 for t > T . For this reason both spillover reduction

methods introduce additional dynamics, which are contained in the output observers

on the one hand, and in the general hold device on the other. The implementation of

both types of dynamics, however, is apparently quite different. While a conventional

discrete-time dynamical system is implemented as a recursion formula, the general hold

device can be implemented by reading the step heights of the hold functions θi directly

out of a memory and multiplying them by the control ud,i[k]. For both approaches

the order of the additional dynamics has to be increased for increasing the extent of

spillover reduction. Which of both is more suitable for a specific application depends

on several aspects. Particularly, the actor has to operate at a high sampling rate for

realizing the general sampling law. In return, the output observer based approach

leads to a comparatively complex structure of the control loop and may require more

efforts for the design procedure.

Alternatively to the use of a general hold device it will be shown that the spillover

can also be suppressed in a similar way by using a standard zero-order hold device but

replacing the conventional sampling device by a general sampling device. It generates

the instances yd[k] of the discrete-time output signal by computing the mean value of

the weighted system output y(t) over the previous sampling interval, i.e.,

yd,i[k] =

∫ tk

tk−1

πi(τ − tk−1)yi(τ)dτ, i = 1, 2, . . . , m, (5.2)

where yd,i and yi denote the i-th element of the vectors yd and y, respectively. The

related weighting functions πi(t) are called sampling functions, and are chosen such that

the contributions of the residual dynamics Σr to yd[k] are kept small. Consequently, the

observation spillover is suppressed (see Subsection 2.3.2), in contrast to the approach

with a general hold, where the control spillover becomes small. In general, it is not easy

to implement the general sampling law since it involves an integration of the weighted

continuous-time system output. In order to avoid this problem the sampling functions

are restricted to a certain set of functions. The integration reduces then to a finite sum

of output values that are obtained from standard sampling with higher sampling rate.

Thus, the general sampling can be implemented in this way easily. The comparison

of this approach to the output observer based spillover reduction technique is similar

as discussed for the use of a general hold device. Also the general sampling device

can be regarded as a dynamical system whose order increases for a larger extent of
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spillover suppression. Different from the use of a general hold device not the actor but

the sensor has to operate with a high sampling rate for general sampling, which may

be easier to implement.

In the first section of this chapter the spillover reduction technique for sampled-data

control systems with a general hold device and a standard sampling device is pre-

sented. The design of the hold functions is discussed and an estimate for the spectrum

perturbation is given. Section 5.2 addresses the sampled-data control scheme with a

zero-order hold device and a general sampling device, where again a design procedure

and a perturbation estimate are presented.

5.1 Control using general hold devices

In this section the control of sampled-data systems is discussed that contain a general

hold device while the sampling device is of the standard type (see Figure 26). The

functionality of the considered general hold device HΘ can be described by

u(t) = Θ(t− tk)ud[k], t ∈ [tk, tk+1), k ∈ N0 (5.3)

with

Θ(t) = diag
(

θi(t), . . . , θp(t)
)

. (5.4)

Therein, the hold functions

θi : [0, T ] 7→ R, i = 1, 2, . . . , p (5.5)

are arbitrary but bounded, i.e., θi ∈ L∞(0, T ) (see Appendix D), since only bounded

control inputs can be implemented, and p is the number of inputs, i.e., the length of

Σd
c

Σ
u(t)

HΘ

y(t)

−

ud[k] yd[k]Σd

S

Figure 26 – Structure of a control system with a sampled-data system Σd and a

discrete-time observer-based compensator Σd
c . The first one consists of

a continuous-time plant Σ, a general hold device HΘ, and a standard

sampling device S.
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u
(
t)

,
u

d
[k

]

0 1 2 3 4 k
0 T 2T 3T t4T

0

θ1(t)ud[0]

θ1(t)ud[1]

θ1(t)ud[2]

θ1(t)ud[3]

udu zero-order holdu general hold

Figure 27 – Continuous-time system input u(t) generated by a general hold device

(solid lines) with hold function θ1 and a zero-order hold (dashed lines)

for the discrete-time control ud[k].

the vector u(t) ∈ R
p. Figure 27 illustrates the operation of a general hold device for

single-input systems. It shows that the continuous-time input u(t) is obtained from

concatenating the hold function repeatedly, where the discrete-time control instances

ud[k] have the meaning of weights of the hold function. Apparently, the general hold

device behaves in the special case θi ≡ 1, i = 1, 2, . . . , p, as a zero-order hold. It

is the aim of the approach presented in the following to design the hold functions

such that the residual dynamics is excited in a specific way, namely such that their

contributions to the system output y become marginal at the sampling time instances.

In consequence, these contributions to the sampled output sequence yd vanish almost so

that the residual dynamics hardly influence the compensator and thus the closed-loop

behavior.

As in the previous chapter, the sampled-data control is designed for continuous-time

state linear systems

Σ : ẋ(t) = Ax(t) + Bu(t), t > 0, x(0) = x0 ∈ X (5.6)

y(t) = Cx(t), t ≥ 0 (5.7)

that satisfy the Assumptions 2.1-2 and 4.1-2, and a standard sampling device is used

for converting the continuous-time system output y to the corresponding discrete-time

signal yd by

yd[k] = y(tk), k ∈ N0. (5.8)

In the following subsection state space representations of sampled-data systems with

a general hold device are determined. A modal approximation is provided for the

compensator design and a state space model of the corresponding residual dynamics
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5 Spillover reduction for discrete-time control

for the purpose of closed-loop analysis. Subsection 5.1.2 addresses the design of the

hold functions. Finally, the resulting closed-loop dynamics and the impact of spillover

are analyzed in Subsection 5.1.3.

5.1.1 Sampled-data systems with general hold devices

The sampled-data systems considered in Chapter 4 were derived from the continuous-

time plant models under the assumption that a zero-order hold device was used. Now,

a discrete-time model of the sampled-data system will be determined that involves a

hold device of the general type, whose functionality is described by (5.3)–(5.4). Since

a sampled-data approximation of Σ is used for the compensator design the modal

approximation

Σn : ẋn(t) = Anxn(t) +Bnu(t), t > 0, xn(0) = F−1Px0 ∈ C
n (5.9)

yn(t) = Cnxn(t), t ≥ 0, (5.10)

that was introduced in Section 2.2, is converted to a discrete-time model. For this

purpose, the solution of the state equation (5.9) is represented as

xn(tk+1) = eAn(tk+1−tk)xn(tk) +

∫ tk+1

tk

eAn(tk+1−τ)Bnu(τ)dτ, ∀ k ∈ N0 (5.11)

(see [86, Sec. 2.5]). Inserting (5.3) and tk+1 − tk = T , and substituting τ by τ + tk

yields

xn[k + 1] = eAnTxn[k] +

∫ T

0

eAn(T−τ)BnΘ(τ)dτ ud[k], ∀ k ∈ N0. (5.12)

So, by introducing the matrices

Ad,n
..= eAnT (5.13)

Bd,n
..=

∫ T

0

eAn(T−τ)BnΘ(τ)dτ (5.14)

one arrives at the discrete-time model

Σd
n : xn[k + 1] = Ad,nxn[k] +Bd,nud[k], k ∈ N0, xn[0] = F−1Px0 ∈ X (5.15)

yd,n[k] = Cnxn[k], k ∈ N0 (5.16)
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5.1 Control using general hold devices

of the sampled-data approximation, where (5.16) follows immediately from (5.10) and

the sampling law (5.8). In the analog way also the sampled-data system that corre-

sponds to the continuous-time residual dynamics

Σr : ẋr(t) = Arxr(t) + Bru(t), t > 0, xr(0) = (I −P)x0 ∈ Xr (5.17)

yr(t) = Crxr(t), t ≥ 0 (5.18)

(see (2.117)–(2.118)) can be determined, yielding the discrete-time model

Σd
r : xr[k + 1] = Ad,rxr[k] + Bd,ru[k], k ∈ N0, xr[0] = (I − P)x0 ∈ Xr (5.19)

yd,r[k] = Crxr[k], k ∈ N0 (5.20)

with

Ad,rh = Sr(T )h, ∀h ∈ Xr (5.21)

Bd,rv =

∫ T

0

Sr(T − τ)BrΘ(τ)dτ v, ∀ v ∈ C
p, (5.22)

wherein Sr(t) is the C0-semigroup generated by Ar (compare to Subsection 4.2.1). As

in Subsection 4.2.1 one can show that the sampled-data approximation Σd
n and the

sampled-data residual dynamics Σd
r are complementary w.r.t. the transfer behavior,

i.e.,

yd,n[k] + yd,r[k] = yd[k] = y(tk), ∀ k ∈ N0 (5.23)

(see (4.66)). Comparison of the models Σd
n and Σd

r with those determined in Sec-

tion 4.2.1 shows that the system operators and output operators are the same but

Bd,n and Bd,r are changed and depend on Θ(t) = diag(θi(t), . . . , θp(t)) (see (5.14) and

(5.22)). The freedom in the choice of the hold functions θi is used in the next subsec-

tion to keep the impact of the residual dynamics on the closed-loop behavior small so

that hence the spillover is suppressed.

5.1.2 Design of the hold functions

It suggests itself to choose the sampling functions such that ‖Bd,r‖ becomes as small

as possible because the excitation of the discrete-time residual dynamics Σd
r is then

reduced due to (5.19) so that it impacts the closed-loop system less. This is described

in a more quantitative way by Theorem 4.2-4 that can be applied here because only

Bd,n and Bd,r have been modified, compared to the closed-loop system considered
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5 Spillover reduction for discrete-time control

in Subsection 4.2.3. This theorem shows that the perturbation of the closed-loop

spectrum becomes small if so is ‖Bd,r‖ because then also the perturbation operator ∆̃

has a small norm due to (4.86). For this reason the relation (5.22) between Θ and

Bd,r is analyzed with respect to the objective to minimize ‖Bd,r‖. However, besides

Bd,r also Bd,n depends on Θ according to (5.14). Therefore, the choice of the sampling

functions is restricted by the requirement that (Ad,n, Bd,n) is controllable in order to

ensure that an arbitrary eigenvalue assignment by the state feedback is possible. Thus,

for determining the hold functions the following problem is considered.

Problem 5.1-1

Minimize ‖Bd,r‖ under the constraints

1. θi ∈ L∞(0, T ), i = 1, 2, . . . , p

2. (Ad,n, Bd,n) is controllable. ◭

For analyzing this problem the solution xr,i of the state equation (5.17) is considered

that results from the input

u(t) = eiθi(t) = Θ(t)ei (5.24)

with ei denoting the i-th canonical basis vector of Rp, and vanishing initial state

xr,i(0) = 0. This solution, evaluated at the time instant t = T , is given by

xr,i(T ) =

∫ T

0

Sr(T − τ)BrΘ(τ)dτ ei, i = 1, 2, . . . , p (5.25)

(see [46, Thm. 3.1.7, Def. 3.1.4]), where the subscript i stands for the index of the hold

function that is used for the input. Comparing this with (5.22) yields

xr,i(T ) = Bd,rei, i = 1, 2, . . . , p. (5.26)

This shows that the minimization of ‖Bd,rei‖ is achieved if and only if the state xr,i of

the continuous-time residual dynamics Σr is steered by the input u(t) = eiθi(t) from

the initial state xr,i(0) = 0 to a final state xr,i(T ) with minimal norm, for which reason

it is desirable to yield xr,i(T ) = 0. Thus, the design problem for the hold functions

has the form of a feedforward control problem for the continuous-time residual dy-

namics Σr. It is a well-known fact that the considered state linear systems are not
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exactly controllable1 due to the finite number p of inputs (see [46, Thm. 4.1.5]). Thus,

one cannot expect to achieve xr,i(T ) = 0 and thus a complete spillover suppression

in general2. Instead of exact controllability the concept of approximate controllabil-

ity3 is adequate for state linear systems with a finite-rank input operator (see [46,

Sec. 4.1]). The fact that a system is not exactly but approximately controllable has

the meaning that no input signal u ∈ L2([0, τ ];R
p) exists such that ‖xr,i(T )‖Xr

= 0

holds, but instead ‖xr,i(T )‖Xr
can be made arbitrarily small. This leads to two impor-

tant practical difficulties. Firstly, any algorithm for computing u that minimizes this

norm cannot terminate since a smallest value of ‖xr,i(T )‖Xr
does not exist. Secondly,

the corresponding input signals u that result from reducing the norm further and fur-

ther divergate, i.e., the maximal absolute values maxt∈[0,T ] |u(t)| exceed any bound.

Of course, both shortcomings are unacceptable for an implementation which is why

Problem 5.1-1 is not feasible in general. Another difficulty comes from the fact that

the minimization problem is infinite-dimensional as long as u ∈ L∞(0, T ) is considered.

In order to avoid these difficulties the hold functions are restricted in the following to

the finite-dimensional set of step functions over the interval [0, T ] with N steps, i.e.,

θi ∈ KΘ
..=
{

∑N

j=1
αjκj

∣

∣ αj ∈ R, j = 1, 2, . . . , N
}

, i = 1, 2, . . . , p (5.27)

with N ≥ 1 and the characteristic functions

κj(t) =

{

1 : t ∈
[

(j − 1) T
N
, j T

N

)

0 : else
for t ∈ [0, T ], j = 1, 2, . . . , N. (5.28)

Note, that the coefficients αj in (5.27) have the meaning of the step heights (see

Figure 28). These parameters will be determined in the following such that ‖Bd,r‖
becomes small. This task will be done by solving a finite-dimensional convex opti-

mization problem. Once they have been computed, the αj are constant at runtime of

1 A system Σ on the state space X is said to be exactly controllable if for any xτ ∈ X an input

u ∈ L2([0, τ ];R
p) with a finite τ > 0 exists such that the corresponding system state x satisfies

x(0) = 0 and x(τ) = xτ (see [46, Def. 4.1.3]).

2 For some certain classes of parabolic and biharmonic systems it is possible to find feedforward

controls u such that xr,i(T ) = 0, i = 1, 2, . . . , p, and thus Bd,r = 0 so that the spillover is avoided

entirely (see [19, 118]).

3 A system Σ on the state space X is said to be approximately controllable if for any xτ ∈ X and

any ε > 0 an input u ∈ L2([0, τ ];R
p) for finite τ > 0 exists such that the corresponding system

state x satisfies x(0) = 0 and ‖x(τ) − xτ‖X < ε. If the system is approximately controllable but

not exactly controllable, ‖u‖2L2
=
∫ τ

0
‖u(τ̃)‖2

Rpdτ̃ tends toward infinity for ε → 0. Thus, ε = 0

cannot be yield due to the limitation to a finite amount of control energy (see [46, Def. 4.1.3]).
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Figure 28 – Step function θi as characterized by the setKΘ in (5.27), which consists

of linear combinations of the characteristic functions κj (see (5.28)).

the control. The use of this type of hold functions has the advantage that the gen-

eral hold device can be implemented in an easy way by using a zero-order hold that

operates with the reduced sampling constant TH = T/N . Thus, the resulting closed-

loop system can be regarded as a multirate control system4. The second constraint

of Problem 5.1-1, the controllability of (Ad,n, Bd,n), can be assured by choosing a ma-

trix Bdesired
d,n ∈ Cn×p such that (Ad,n, B

desired
d,n ) is controllable, and designing the hold

functions such that Bd,n = Bdesired
d,n . This approach, to assign the input matrix of the

discrete-time approximation, offers the possibility to avoid not only uncontrollability

but also that (Ad,n, Bd,n) is “almost not controllable”, which means that the closed-

loop performance could be achieved only by undesired large input amplitudes |u(t)|.
This issue is explained more in detail in Remark 5.1-5. These considerations lead to

the following relaxed problem formulation.

Problem 5.1-2

Choose the hold functions θi such that ‖Bd,r‖ is minimized under the constraints

1. θi ∈ KΘ, i = 1, 2, . . . , p

2. Bd,n = Bdesired
d,n . ◭

4 Multirate control systems are considered, e.g., in [32, 119].
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For solving this problem single-input systems are considered first so that (5.3) becomes

u(t) = θ1(t)ud[k] =

N
∑

j=1

αjκj(t)ud[k], t ∈ [0, T ), (5.29)

wherein (5.27) is used. Then, the results are extended to the multi-input case subse-

quently. Let xjr,1, j = 1, 2, . . . , N , denote the solutions of (5.17) that result when the

residual dynamics Σr with initial state xjr,1(0) = 0 are excited by u(t) = κj(t). Then,

the solution xr,1 of Σr with initial state xr,1(0) = 0 that corresponds to the input u

according to (5.29) can be written by superposition as

xr,1(t) =

N
∑

j=1

αjx
j
r,1(t) (5.30)

due to the linearity of the system. By taking ‖Bd,r‖ = ‖xr,1(T )‖Xr
(see (5.26))

into account this shows that the minimization of ‖Bd,r‖ is equivalent to minimizing

‖∑N
j=1 αjx

j
r,1(T )‖Xr

with αj ∈ R. In order to reformulate the second constraint of

Problem 5.1-2 one finds

xn,1(T ) =

∫ T

0

eAn(T−τ)Bnθ1(τ)dτ = Bd,n (5.31)

in an analog way as (5.25)–(5.26). Similar to (5.30), the state trajectory xn,1 of the

approximation Σn that results from the input u(t) =
∑N

j=1 αjκj(t) and the initial state

xn,1(0) = 0 can be represented as

xn,1(t) =

N
∑

j=1

αjx
j
n,1(t), (5.32)

wherein the trajectories xjn,1, j = 1, 2, . . . , N , correspond to the excitations of Σn by

u(t) = κj(t) and vanishing initial state xjn,1(0) = 0. Thus, Item 2 of Problem 5.1-2

becomes
∑N

j=1 αjx
j
n,1(T ) = Bdesired

d,n due to (5.31)–(5.32). In summary, Problem 5.1-2

can be solved in the following way, leading to a design approach for the hold function

θ1 for systems with a single input.

Theorem 5.1-3

Assume that Σ has a single input u(t) ∈ R and let xjr,1 and xjn,1 denote the respective

state trajectories of Σr and Σn for vanishing initial state and input u(t) = κj(t).

Suppose that α1, α2, . . . , αN solve the minimization problem

min
α∈RN

αTMα (5.33)
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with

α =







α1

...

αN






, M = Re







〈x1r,1(T ), x1r,1(T )〉Xr
· · · 〈x1r,1(T ), xNr,1(T )〉Xr

...
...

〈xNr,1(T ), x1r,1(T )〉Xr
· · · 〈xNr,1(T ), xNr,1(T )〉Xr






(5.34)

subject to
[

x1n,1(T ) x2n,1(T ) · · · xNn,1(T )
]

α = Bdesired
d,n . (5.35)

Then, θ1(t) =
∑N

j=1 αjκj(t) is the optimal hold function that solves Problem 5.1-2 for

the single-input case.

The proof is given in Appendix A.12. Of course, the constraint (5.35) can be satisfied in

general only if the states xjn,1(T ) span Cn for real coefficients αj. This can be influenced

by the number N ≥ n of steps of the hold functions. It is possible to assure that (5.35)

has a (real) solution α by choosing the vector Bdesired
d,n equal to the input vector Bd,n in

(4.53) that results when a zero-order hold is used. Since a general hold with αj = 1,

j = 1, 2, . . . , N , is the same as a zero-order hold, this means that (5.35) has at least

the solution αj = 1, and the optimization problem is thus feasible. If (5.35) has a

solution, the optimization problem is convex because M is positive semidefinite and

hence (5.33) a convex objective function, and (5.35) is an affine constraint (see [24]).

Thus, every local minimum is a global one which can be computed, e.g., by the solver

quadprog of MathWorks’ numerical computing software Matlab.

Remark 5.1-4 For determining xjn,1(T ) and xjr,1(T ), j = 1, 2, . . . , N , the state

equations (5.9) and (5.17) have to be solved for vanishing initial states and the cor-

responding input u(t) = κj(t). Since the approximation Σn is described by a set of

ODEs the computation of xjn,1 can be done by standard software tools. In contrast,

the residual dynamics involve the same PDEs as the plant Σ so that a suitable solver

has to be available for computing the state trajectories. Alternatively, it might be eas-

ier to consider a sufficiently accurate finite-dimensional approximation of the residual

dynamics that is based on ODEs whose treatment is a standard issue. For reducing

the computational costs it is useful to observe that it holds

xjn,1(t) = x1n,1 (t− (j − 1)T/N) , j = 2, 3, . . . , N (5.36)

xjr,1(t) = x1r,1 (t− (j − 1)T/N) , j = 2, 3, . . . , N (5.37)
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due to the time-invariance of the considered systems, where x1n,1(t) = x1r,1(t) = 0 for

t < 0. This shows that xjn,1(T ) and x
j
r,1(T ) have to be computed only for j = 1 while

the remaining trajectories for j = 2, 3, . . . , N are yield from (5.36)–(5.37). ◭

Remark 5.1-5 As mentioned before, the freedom in the input vector Bdesired
d,n can be

used to avoid that the approximation is hardly controllable, which leads to large am-

plitudes of the discrete-time control ud. A particularly simple measure for quantifying

the individual controllability of the single modes of the discrete-time approximation,

that makes use of the diagonal shape of the dynamic matrix Ad,n (see (2.138) and

(5.13)), is given by

µc,i
..= ‖bd,n,i‖Cp, i = 1, 2, . . . , n, (5.38)

where bTd,n,i denotes the i-th row of Bd,n (compare to [96]). This measure has the

following meaning: Applying the state feedback ud[k] = −keTi xn[k] to the approxi-

mation enables to shift the eigenvalue λd,i to λ̃d,i, where the difference has the bound

|λd,i − λ̃d,i| ≤ µc,i‖k‖Cp. Thus, low numbers µc,i correspond to large feedback gains

and thus large input amplitudes |ud[k]| for a specified eigenvalue shift. Therefore, it

suggests itself to choose Bdesired
d,n such that the numbers µc,i are large and thus |ud[k]|

is kept small. However, doing to leads to qualitatively large step heights αj in view of

(5.35) and (5.38), which has the consequence that the reduction of the amplitudes of

ud is compensated by a large gain of the general hold device. A more detailed analysis

shows that the amplitudes of the finally resulting continuous-time input signal u de-

pend on the quotients µc,i/µc,j, i, j = 1, 2, . . . , n, which should not be excessively large

in order to avoid large amplitudes.

The algorithm of Theorem 5.1-3 yields a minimization of ‖Bd,r‖. In addition, it may

be desirable that the differences αj+1 − αj , that describe the step height changes of

the holds function θ1, are not excessively large because otherwise the resulting input

trajectories might be not realizable by the actor. These differences can be described

by











α2 − α1

α3 − α2

...

αN − αN−1











= Dα ..=













−1 1 0 · · · 0

0 −1 1
. . .

...
...

. . .
. . .

. . . 0

0 · · · 0 −1 1













α. (5.39)

Thus, for taking the step height differences into account in the design, (5.33) is replaced
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by

min
α∈RN

αT (M + δDTD)α, (5.40)

where αTDTDα describes the square of the norm of the difference vector, and δ > 0 is

a corresponding weight. ◭

Remark 5.1-6 If the system Σ has several inputs, i.e., u(t) ∈ Rp, p > 1, the

approach of Theorem 5.1-3 has to be applied for each of the inputs. This means that

the trajectories x1n,i and x1r,i, i = 1, 2, . . . , p, of Σn and Σr, respectively, have to be

computed, that result from the input u(t) = eiκ1(t) and vanishing initial states. By

aid of Remark 5.1-4 the trajectories xjn,i and x
j
r,i, i = 1, 2, . . . , p, j = 2, 3, . . . , N , that

correspond to u(t) = eiκj(t) are obtained from

xjn,i(t) = x1n,i (t− (j − 1)T/N) , xjr,i(t) = x1r,i (t− (j − 1)T/N) . (5.41)

Then, the minimization problems

min
αi∈RN

αT
i Miαi, i = 1, 2, . . . , p (5.42)

with

αi =







α1,i

...

αN,i






, Mi = Re







〈x1r,i(T ), x1r,i(T )〉Xr
· · · 〈x1r,i(T ), xNr,i(T )〉Xr

...
...

〈xNr,i(T ), x1r,i(T )〉Xr
· · · 〈xNr,i(T ), xNr,i(T )〉Xr






(5.43)

subject to

[

x1n,i(T ) x2n,i(T ) · · · xNn,i(T )
]

αi = Bdesired
d,n ei, i = 1, 2, . . . , p (5.44)

have to be solved. Finally,

θi(t) =

N
∑

j=1

αj,iκj(t) (5.45)

are the corresponding hold functions. However, instead of the operator norm ‖Bd,r‖ =

min‖v‖Cp≤1 ‖Bd,rv‖Xr
the Hilbert-Schmidt Norm ‖Bd,r‖HS =

√

∑p
i=1 ‖Bd,rei‖2Xr

is min-

imized which comes from minimizing each of the norms ‖Bd,rei‖Xr
, i = 1, 2, . . . , p,

independently. Thus, Problem 5.1-2 is solved for multi-input systems in the sense that

the minimization refers to the Hilbert-Schmidt norm. Note, that ‖Bd,r‖ and ‖Bd,r‖HS

coincide in the single-input case, and one has ‖Bd,r‖ ≤ ‖Bd,r‖HS in general. Thus, by

minimizing the Hilbert-Schmidt norm also the operator norm becomes small. ◭

146



5.1 Control using general hold devices

By minimizing the norm ‖Bd,r‖HS the excitation of the residual dynamics Σr and hence

the control spillover become small, as has been argued in detail in Subsection 2.3.2

for the continuous-time control. In consequence, the perturbation of the closed-loop

spectrum can be expected to be small. This will be analyzed in the following subsection.

5.1.3 Analysis of the closed-loop dynamics for observer-based

control

As in Section 4.2 the sampled-data system Σd is controlled by an discrete-time observer-

based compensator

Σd
c : x̂n[k + 1] = (Ad,n − LCn)x̂n[k] +Bd,nud[k] + Lyd[k], k ∈ N0 (5.46)

x̂n[0] = x̂n,0 ∈ C
n (5.47)

ud[k] = −Kx̂n[k], k ∈ N0 (5.48)

(see Figure 26) that is designed on the basis of the discrete-time approximation Σd
n

in (5.15)–(5.16), for which purpose the aspects of Subsection 4.2.2 for achieving a

prescribed stability margin have to be taken into account. Consequently, the closed-

loop spectrum is again described by (4.84)–(4.86). Furthermore, the results in Corol-

lary 4.2-2 and Theorem 4.2-4 concerning the structure of the closed-loop spectrum

and the spectrum perturbation can be applied. As discussed before, the use of the

general hold device instead of the zero-order hold has the effect that the norm of Bd,r

becomes small when the hold functions are designed as suggested by Theorem 5.1-3.

Therefore, also the norm of the perturbation operator ∆̃ has a small value in view of

(4.86). An expression for Bd,r follows directly from (5.26), wherein the state xr,i of Σr,

that corresponds to the input u(t) = eiθi(t) =
∑N

j=1 αj,iκj(t), is given by

xr,i(t) =
N
∑

j=1

αj,ix
j
r,i(t), i = 1, 2, . . . , p (5.49)

in view of Remark 5.1-6 and the linearity of the system. Taking this in (5.26) into

account gives

Bd,rv =
N
∑

j=1

[

αj,1x
j
r,1(T ) αj,2x

j
r,2(T ) · · · αj,px

j
r,p(T )

]

v, ∀ v ∈ C
p. (5.50)

It can be shown easily that it holds ‖∆̃‖ ≤
√
2‖K‖‖Bd,r‖ for the perturbation operator

∆̃ in (4.86). Consequently, Theorem 4.2-4 can be reformulated as follows.
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5 Spillover reduction for discrete-time control

Corollary 5.1-7

Let the Assumption 4.1-2 hold and assume that the observer-based compensator Σd
c in

(5.46)–(5.48) is designed such that the eigenvalues of Ad,n−Bd,nK and Ad,n−LCn are

simple, mutually different, and not contained in σ(Ad,r). Then,

dd ≤
√
2‖T̃ −1

cl ‖‖T̃cl‖‖K‖‖Bd,r‖ (5.51)

is an upper bound for the spectrum perturbation dd (see (4.82)). Therein, Bd,r is

given by (5.50), where the xjr,i(T ) result from the approach of Theorem 5.1-3 and Re-

mark 5.1-6, and T̃cl is a linear transformation such that T̃ −1
cl Ãd,cl,0T̃cl with Ãd,cl,0 from

(4.86) is normal.

Thus, the influence of the residual dynamics on the closed-loop behavior can be

suppressed by suitably choosing the hold functions such that the norms ‖∑N
j=1 αj,i

xjr,i(T )‖Xr
, i = 1, 2, . . . , p, are minimized. Note, that these norms can be made small

in a trivial way by choosing Bdesired
d,n in (5.35) and (5.44) with a small norm. However,

doing so leads to a large norm of K so that both effects cancel in the right hand-side

of (5.51). Nevertheless, dd can be reduced arbitrarily by increasing N , so that the

spectrum perturbation becomes arbitrarily small, which is stated next.

Theorem 5.1-8

Let the assumptions of Corollary 5.1-7 be satisfied. Then, for every ε > 0 a number

N of steps of the step functions in (5.27)– (5.28) exists such that the design approach

of Theorem 5.1-3 and Remark 5.1-6 yields a spectrum perturbation dd that satisfies

dd < ε.

The proof is given in Appendix A.13. In the following example the approach of this

section is demonstrated.

Example 5.1-9 (Control of an Euler-Bernoulli beam with Kelvin-Voigt damping, con-

tinued)

In Example 4.2-6 a sampled-data control was designed for an Euler-Bernoulli beam

with Kelvin-Voigt damping. The length of the beam is ℓ = 1, the damping constant

is δ = 0.005, and the input and output distribution functions are given by (4.92).
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5.1 Control using general hold devices

As there, also here the most four dominant eigenvalues λ±1 = −0.487 ± j9.86 and

λ±2 = −7.79 ± j38.70 of the system operator A in the continuous-time domain are

shifted by assigning the eigenvalues λc,±1 = −10 ± j5, λc,±2 = −10 ± j10 of the con-

trolled continuous-time approximation and λo,±1 = −15± j5, λo,±2 = −15± j10 of the

continuous-time counterpart of the observer dynamics. In view of the sampling con-

stant T = 0.025 this should yields a stability margin βd = 0.839 for the discrete-time

closed-loop system. The discrete-time approximation Σd
n determined in Example 4.2-6

(see (4.93)–(4.95)) is used. Thus, the discrete-time observer-based compensator Σd
c in

(5.46)–(5.48) is the same as in Example 4.2-6. There, it was shown that the compen-

sator in combination with the standard hold device and standard sampling did not

yield the desired stability margin βd = 0.839 for the discrete-time closed system opera-

tor due to the spillover impact. In order to reduce the spectrum perturbation a general

hold device is designed in the following.

For applying the approach of Theorem 5.1-3 the state trajectory x1n,1 of the approxima-

tion Σn, that results from the input u(t) = κ1(t) (see (5.28)) and initial state x1n,1(0) =

0, is computed by numerical integration. The trajectories xjn,1, j = 2, 3, . . . , N , are ob-

tained subsequently by suitable time-shifts of x1n,1 (see Remark 5.1-4). For determining

the trajectory x1r,1 of the residual dynamics Σr the state trajectory x11 of the plant Σ

is computed first, that results from the input u(t) = κ1(t) and initial state x11(0) = 0.

This is done by discretizing the spatial coordinate uniformly into 200 intervals and

using the method of lines (see [95]). Then, x1r,1 is determined from

x1r,1(t) = (I − P)x11(t) = x11(t)− Fx1n,1(t), t ≥ 0 (5.52)

(see Section 2.2). Finally, xjr,1, j = 2, 3, . . . , N , is obtained by time-shifting x1r,1 in view

of Remark 5.1-4. For the choice of the vector Bdesired
d,n in (5.35) the vector

Bdesired
d,n

..=











−0.0029 + j0.0234

−0.0286− j0.2312

−0.0059 + j0.0117

−0.2332− j0.4615











(5.53)

is used that coincides with the input vector Bd,n in (4.94) that results when a zero-order

hold is used. In this way it is assured that (5.35) can be fulfilled for N = 1 and hence for

any N ∈ N at least by choosing αj,1 = 1. Moreover, and (Ad,n, B
desired
d,n ) is controllable

and the quotients µc,i/µc,j, i, j = 1, 2, . . . , n, are acceptable (see Remark 5.1-5). Since,

finally, (Cn, Ad,n) is observable, the desired eigenvalues λd,c,i = eλc,iT , i = ±1,±2, can

be assigned to Ad,n − Bd,nK and λd,o,i = eλo,iT to Ad,n − LCn. The hold functions
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5 Spillover reduction for discrete-time control

θ1 with N ∈ {4, 10, 20} steps that result from the minimization (5.42)–(5.44) are

shown in Figure 29, and the corresponding closed-loop eigenvalue distributions are

depicted in the Figures 30–32. The latter ones show that the perturbation of the

desired eigenvalues becomes smaller when the number of steps N is increased, as can

be expected in view of Theorem 5.1-8. This can be seen also from Table 6 in which the

related spectrum perturbations dd are given that have been determined on the basis

of a modal approximation of the beam with order nhigh = 60. The desired stability

margin βd = 0.839 is achieved for N ∈ {10, 20} steps, as becomes apparent from the

Figures 31–32.

In order to demonstrate the effect of taking the step height differences αi+1 − αi into

account as suggested in Remark 5.1-5 the parameter δ in the modified objective func-

tion (5.40) is chosen δ ∈ {0, 10−6, 10−5}, where N = 20 is considered. The resulting

hold functions are depicted in Figure 33. As can be expected this figure shows that

increasing δ leads to hold functions with reduced changes of the step heights, so that

the required bandwidth of the actor is lowered. On the other hand, the spectrum

perturbation dd increases as δ is chosen larger. While δ = 0 yields dd = 0.077, one has

dd = 0.104 for δ = 10−6, and dd = 0.142 for δ = 10−5. In all three cases the desired

stability margin βd = 0.839 is obtained. ◭

Table 6 – Spectrum perturbation dd of the closed-loop system with a general hold

device with N = 1, 4, 10, 20 steps that is yield by minimizing (5.33)

subject to (5.35). The case N = 1 corresponds to the conventional

zero-order hold. The Spectrum perturbation has been computated on

the basis of a modal approximation of the beam with order nhigh = 60.

N 1 4 10 20

dd 0.329 0.220 0.136 0.077
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5.1 Control using general hold devices

0 0.005 0.01 0.015 0.02 0.025
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-2

0
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θ
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N = 4 N = 10 N = 20

Figure 29 – Hold functions with N = 4, 10, 20 steps that minimize (5.33) subject

to (5.35).
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|λ| = 1

|λ| = βd
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0

0.5

Reλ

jI
m

λ

Figure 30 – Eigenvalues ‘o’ of the closed-loop system with a general hold device

with N = 4 steps. For comparison the desired eigenvalues are shown,

where ‘x’ marks λd,c,±1, λd,c,±2, λd,o,±1, λd,o,±2, and ‘+’ describes

σ(Ad,r). The dashed circle defines the boundary of the region C
i
βd

that corresponds to the stability margin βd = 0.839.
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-1 -0.5 0

|λ| = 1

|λ| = βd
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Reλ

jI
m

λ

Figure 31 – Eigenvalues ‘o’ of the closed-loop system with a general hold device

with N = 10 steps. For comparison the desired eigenvalues are shown,

where ‘x’ marks λd,c,±1, λd,c,±2, λd,o,±1, λd,o,±2, and ‘+’ describes

σ(Ad,r).
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Figure 32 – Eigenvalues ‘o’ of the closed-loop system with a general hold device

with N = 20 steps. For comparison the desired eigenvalues are shown,

where ‘x’ marks λd,c,±1, λd,c,±2, λd,o,±1, λd,o,±2, and ‘+’ describes

σ(Ad,r).
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Figure 33 – Hold functions with N = 20 steps that minimize (5.40) with δ =

0, 10−6, 10−5 subject to (5.35).
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5 Spillover reduction for discrete-time control

5.2 Control using general sampling

In this section a spillover suppression technique for sampled-data systems is consid-

ered whose basic concept is to use a general sampling device SΠ instead of standard

sampling. As hold device the usual zero-order hold H is applied (see Figure 34). The

general sampling device computes the instances yd[k] of the discrete-time output as the

mean value of the system output y(t) over the previous sampling interval, where, in

doing so, the output is weighted by specifically designed sampling functions πi. That

means that its operation is described by

yd[k] =























0 : k = 0








∫ tk
tk−1

π1(τ − tk−1)y1(τ)dτ
...

∫ tk
tk−1

πm(τ − tk−1)ym(τ)dτ









: k ∈ N,
(5.54)

wherein m is the number of outputs, i.e., y(t) ∈ Rm. The sampling functions

πi : [0, T ] 7→ R, i = 1, 2, . . . , m (5.55)

are considered at first as arbitrary functions. Later, however, they are restricted to

a class of weighted linear combinations of Dirac delta functions since the integrals

in (5.54) can then be replaced by sums. This has the consequence that the general

sampling law can be implemented easily by means of standard sampling with a higher

sampling rate. By introducing

Π(t) ..= diag(π1(t), π2(t), . . . , πm(t)), (5.56)

(5.54) can be simplified to

yd[k] =

{

0 : k = 0
∫ tk
tk−1

Π(τ − tk−1)y(τ)dτ : k ∈ N.
(5.57)

Σd
c

Σ
u(t)

H SΠ

y(t)

−

ud[k] yd[k]Σd

Figure 34 – Structure of a sampled-data control system that contains a zero-order

hold device H and a general sampling device SΠ.

154



5.2 Control using general sampling

The sampling functions will be designed in the following such that the contributions of

the residual dynamics to the discrete-time output yd are suppressed as far as possible.

In consequence, these dynamics hardly influence the compensator and thus the closed-

loop behavior.

As before, continuous-time state linear systems

Σ : ẋ(t) = Ax(t) + Bu(t), t > 0, x(0) = x0 ∈ X (5.58)

y(t) = Cx(t), t ≥ 0 (5.59)

that satisfy the Assumptions 2.1-2 and 4.1-2 are the basis for the considerations in this

section. In the first subsection state space representations of sampled-data systems

with a zero-order hold, which is described by

u(t) = ud[k], t ∈ [tk, tk+1), k ∈ N0, (5.60)

and a general sampling device according to (5.57) are determined, where a modal

approximation is determined for the compensator design and a state space model of

the residual dynamics. In Subsection 5.2.2 an approach for the design of the sampling

functions is presented. Finally, the resulting closed-loop dynamics and the impact of

spillover are analyzed in Subsection 5.2.3.

5.2.1 Sampled-data systems with general sampling and

observer-based control

It was shown in the previous section that the general hold device HΘ impacts the

state space models for the approximation and the residual dynamics such that only

Bd,n and Bd,r become changed. It is not surprising that the influence of the general

sampling device is dual in the sense that the output matrix of the approximation and

the output operator of the residual dynamics depend on the sampling functions πi

but the remaining operators are independent from πi. Nevertheless, the situation with

generalized sampling is more involved than the approach with a general hold device. To

see this, it is important to observe from (5.57) and (5.59) that the discrete-time output

yd does not depend only on the current state x(tk) of the plant Σ but on the whole

state trajectory x(t), t ∈ [tk−1, tk], over the last sampling interval. Clearly, this effect

cannot be taken into account by simply modifying Cn and Cr since the output equations
would then still depend only on x(tk). Instead, one has the following description of

discrete-time approximation and the residual dynamics.

155



5 Spillover reduction for discrete-time control

Proposition 5.2-1

Define the operator

Bd(τ)v ..=

∫ τ

0

S(κ)dκ Bv, τ ≥ 0, ∀ v ∈ C
p, (5.61)

where S(t) is the C0-semigroup generated by A that is given in (2.26), and consider

the finite-dimensional system

xn[k + 1] = Ad,nxn[k] +Bd,nud[k], k ∈ N0, xn[0] = F−1Px0 ∈ C
n (5.62)

yd,n[k] =

{

0 : k = 0
∫ T

0
Π(τ)Cne

Anτdτ xn[k − 1] +
∫ T

0
Π(τ)CBd(τ)dτ ud[k − 1] : k ∈ N

(5.63)

and the infinite-dimensional system

xr[k + 1] = Ad,rxr[k] + Bd,rud[k], k ∈ N0, xr[0] = (I − P)x0 ∈ Xr (5.64)

yd,r[k] =

{

0 : k = 0
∫ T

0
Π(τ)CrSr(τ)dτ xr[k − 1] : k ∈ N.

(5.65)

Therein, Ad,n and Bd,n are the matrices of the discrete-time approximation Σd
n given in

(4.52)–(4.53), and An and Cn are the matrices of the continuous-time approximation

Σn (see (2.138) and (2.140)). Analog, Ad,r and Bd,r are the operators of the dis-

crete-time residual dynamics Σd
r given in (4.60)–(4.61), Cr is the output operator of

the continuous-time residual dynamics Σr (see (2.142)), and Sr(t) is the C0-semigroup

generated by Ar that is given in (4.62).

Then, the output yd of the sampled-data system with input ud, that consists of the con-

tinuous-time plant Σ, a zero-order hold device H, and a general sampling device SΠ,

satisfies yd[k] = yd,n[k] + yd,r[k], ∀ k ∈ N0.

The proof can be found in Appendix A.14. This shows that the systems (5.62)–(5.63)

and (5.64)–(5.65) are complementary w.r.t. their outputs, i.e., yd,n[k] + yd,r[k] = yd[k],

∀ k ∈ N0, holds. Therefore, the first system can be regarded as an approximation for

the sampled-data system and the second system describes the corresponding residual

dynamics.

Remark 5.2-2 The integral in (5.61) can be evaluated by help of the representation
∫ τ

0

S(κ)dκ h =

∞
∑

i=1

∫ τ

0

eλiκdκ 〈h, ψi〉Xφi, ∀h ∈ X (5.66)
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5.2 Control using general sampling

(see (2.26)) and using

∫ τ

0

eλiκdκ =

{

1
λi
(eλiτ − 1) : λi 6= 0

τ : λi = 0.
(5.67)

In a similar way the integrals in (5.63) and (5.65) can be evaluated by considering the

integrals for the single eigenmodes. ◭

Remark 5.2-3 Observe, that standard sampling is obtained from the general sam-

pling in the special case πi(t) = δT (t), i = 1, 2, . . . , m, where δT denotes the Dirac delta

function5 centered at T , since insertion of these sampling functions into (5.54) yields

yd[k] = y(tk). One can show that in this case

yd[k] = yd,n[k] + yd,r[k] = Cx[k], k ∈ N (5.68)

holds, which, as expected, coincides with the output equation found in (4.14). ◭

Note, that the state equations (5.62) and (5.64) are the same as in (4.50) and (4.58).

This is not surprising since the latter ones were determined for the use of a zero-order

hold that is considered also here. In consequence, xn[k] coincides with the state xn(tk)

of the continuous-time modal approximation Σn. However, the equations (5.62)–(5.63)

do not constitute a state space model of the usual form since the output yd,n depends on

xn[k− 1] and ud[k− 1], which means that the input-output relation contains dynamics

that are not covered by the state equation. Hence, this model is not suitable as a basis

for the compensator design. For that reason, the additional states xn,−1[k] ..= xn[k−1]

and xu,−1[k] ..= ud[k − 1] are introduced and the extended state

x̄n[k] ..=







xn[k]

xn,−1[k]

xu,−1[k]






=







xn[k]

xn[k − 1]

ud[k − 1]






∈ X̄n

..= C
n ⊕ C

n ⊕ C
p (5.69)

is considered in the following. This leads to the discrete-time approximation

Σ̄d
n : x̄n[k + 1] = Ād,nx̄n[k] + B̄d,nud[k], k ∈ N0 (5.70)

x̄n[0] =
[

F−1Px0 0 0
]T

∈ X̄n (5.71)

yd,n[k] = C̄d,nx̄n[k], k ∈ N0 (5.72)

5 That means that δt0 , t0 ∈ [0, T ], has in this context the defining properties δt0(t) = 0 for all

t ∈ [0, T ] \ t0 and
∫ T

0
δt0(τ)η(τ)dτ = η(t0) for any continuous function η : [0, T ] 7→ R.
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with

Ād,n =







Ad,n 0 0

I 0 0

0 0 0






(5.73)

B̄d,n =







Bd,n

0

I






(5.74)

C̄d,n =
[

0
∫ T

0
Π(τ)Cne

Anτdτ
∫ T

0
Π(τ)CBd(τ)dτ

]

(5.75)

by help of (5.62)–(5.63). Similar, the extension

x̄r[k] ..=

[

xr[k]

xr,−1[k]

]

..=

[

xr[k]

xr[k − 1]

]

∈ X̄r
..= Xr ⊕Xr (5.76)

yields the discrete-time residual dynamics

Σ̄d
r : x̄r[k + 1] = Ād,rx̄r[k] + B̄d,rud[k], k ∈ N0 (5.77)

x̄r[0] =

[

(I − P)x0
0

]

∈ Xr ⊕Xr (5.78)

yd,r[k] = C̄d,rx̄r[k], k ∈ N0 (5.79)

with

Ād,r =

[

Ad,r 0

I 0

]

(5.80)

B̄d,r =

[

Bd,r

0

]

(5.81)

C̄d,r =
[

0
∫ T

0
Π(τ)CrSr(τ)dτ

]

(5.82)

under use of (5.64)–(5.65). Since Ād,r is bounded as Ad,r is, the difference equation

(5.77) has a unique solution (see Subsection 4.1.2). Note, that σ(Ād,r), compared to

σ(Ad,r), has an additional eigenvalue λd,0 = 0 whose multiplicity is infinite, i.e.,

σp(Ād,r) = σp(Ad,r) ∪ {0}. (5.83)

Apparently, this additional spectral point is irrelevant for the stabilizability of the

closed-loop system (see Assumption 4.2-1) since it is contained in C
i

βd
for any βd ≥ 0.

It is straightforward to verify that (Ād,n, B̄d,n) is controllable if and only if (Ad,n, Bd,n)

is controllable. The observability of (C̄d,n, Ād,n), in contrast, depends on Π and thus

on the sampling functions. This issue will be addressed later.
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The discrete-time approximation Σ̄d
n is used in the following as the basis for the design

of an observer-based compensator Σ̄d
c that, analog to (5.46)–(5.48), is described by

Σ̄d
c : ˆ̄xn[k + 1] = (Ād,n − LC̄d,n)ˆ̄xn[k] + B̄d,nud[k] + Lyd[k], k ∈ N0 (5.84)

ˆ̄xn[0] = ˆ̄xn,0 ∈ X̄n (5.85)

ud[k] = −K ˆ̄xn[k], k ∈ N0. (5.86)

Note, that the controller order is nc = 2n + p instead of the order nc = n of the

previously discussed compensators due to the extension of the state space. The con-

siderations concerning the assignment of a desired stability margin, that have been

discussed in Subsection 4.2.2, are relevant also here in analog form.

It becomes apparent from (5.65) that yd,r depends on the sampling functions πi in view

of Π(t) = diag(π1(t), π2(t), . . . , πm(t)). The freedom in the choice of them will be used

subsequently with the aim to suppress yd,r since this contribution to the discrete-time

output yd excites the observer dynamics and thus leads to spillover (see Subsection 2.3.2

for the detailed discussion in continuous-time).

5.2.2 Design of the sampling functions

It is clear that the spillover is avoided entirely if the operator

Cd,rh ..=

∫ T

0

Π(τ)CrSr(τ)dτ h, ∀h ∈ Xr (5.87)

in (5.82) vanishes so that yd,r[k] = C̄d,rx̄r[k] = 0 holds, because then the residual

dynamics Σ̄d
r have no influence on the closed-loop system. Therefore, it is the aim in

this subsection to design Π(t) such that ‖Cd,r‖ becomes small. To this end, the adjoint

of Cd,r is considered that reads

C∗
d,rv =

∫ T

0

S∗
r (τ)C∗

rΠ
∗(τ)dτ v, ∀ v ∈ C

m. (5.88)

By introducing

Π̃(τ) ..= Π∗(T − τ) = diag(π1(T − τ), π2(T − τ), . . . , πm(T − τ)) (5.89)

(5.88) becomes

C∗
d,rv =

∫ T

0

S∗
r (τ)C∗

r Π̃(T − τ)dτ v =

∫ T

0

S∗
r (T − τ)C∗

r Π̃(τ)dτ v, ∀ v ∈ C
m, (5.90)
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5 Spillover reduction for discrete-time control

wherein τ is substituted by T − τ for the right term. Observe that this is the dual

equation6 of

Bd,rv =

∫ T

0

Sr(T − τ)BrΘ(τ)dτ v, ∀ v ∈ C
p (5.91)

that was found in (5.22), wherein Π̃ in (5.90) plays the role of Θ(t) in (5.91). In

Subsection 5.1.2 an approach was presented for the design of Θ(t) such that ‖Bd,r‖
becomes small. Since ‖C∗

d,r‖ shall be minimized here, it suggests itself to apply again

this method because (5.90) and (5.91) have the same form. To this end, the dual

residual dynamics

˙̃xr(t) = A∗
rx̃r(t) + C∗

ru(t), t > 0, x̃r(0) = 0 (5.92)

is considered for which the input signals u(t) = Π̃(t)ei = eiπi(T − t), i = 1, 2, . . . , m,

yield the state trajectories

x̃r,i(t) =

∫ t

0

S∗
r (t− τ)C∗

r Π̃(τ)eidτ, i = 1, 2, . . . , m (5.93)

for the initial conditions x̃r,i(0) = 0 (see [46, Thm. 3.1.7, Def. 3.1.4]). Thus,

C∗
d,rei =

∫ T

0

S∗
r (T − τ)C∗

r Π̃(τ)eidτ, i = 1, 2, . . . , m, (5.94)

which follows from (5.90), coincides with the state x̃r,i(T ) of the dual residual dynamics

when excited by u(t) = eiπi(T − t), i.e.,

C∗
d,rei = x̃r,i(T ), i = 1, 2, . . . , m. (5.95)

The objective to minimize ‖C∗
d,r‖ can be regarded therefore as the feedforward control

problem to find πi such that ‖x̃r,i(T )‖Xr
is as small as possible. To solve this problem,

impulse functions are considered for the sampling functions, i.e.,

πi ∈ KΠ
..=
{

∑N

j=1
αjκj

∣

∣ αj ∈ R, j = 1, 2, . . . , N
}

, i = 1, 2, . . . , m (5.96)

with N ≥ 1 and

κj(t) = δ(j−1) T
N
(t), t ∈ [0, T ], j = 1, 2, . . . , N, (5.97)

6 In the context of linear system theory an equation E1 is called the dual equation of another

equation E2 if E1 is obtained from E2 by substituting a system operator Ã and the corresponding

C0-semigroup S̃(t), an input operator B̃, and an output operator C̃ in E2 by Ã∗, S̃∗(t), C̃∗, and

B̃∗, respectively.
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5.2 Control using general sampling

where δt0 denotes the Dirac delta function centered at t0. A general sampling de-

vice with such sampling functions can be implemented comparatively simple by using

standard sampling with a higher sampling rate. To see this, note that insertion of

πi(t) =

N
∑

j=1

αj,iδ(j−1) T
N
(t) (5.98)

into the sampling law (5.54) yields7

yd[k] =



















0 : k = 0






∑N
j=1 αj,1 y1

(

(j − 1)T/N + (k − 1)T
)

...
∑N

j=1 αj,m ym
(

(j − 1)T/N + (k − 1)T
)






: k ∈ N.

(5.99)

Thus, the integrations in the general sampling law are replaced by weighted sums

gained by standard sampling with the smaller sampling constant TS = T/N , as it is

known from the concept of multirate control (see, e.g., [32, 119]). A further advantage

of restricting the sampling functions to a finite-dimensional function space is that the

minimization of ‖C∗
d,r‖ becomes a finite-dimensional problem.

Besides the minimization of the norm of C∗
d,r it has to be avoided that the discrete-time

approximation Σ̄d
n becomes unobservable since its output matrix C̄d,n depends on Π(t)

in view of (5.75). More precisely, it suffices that the subsystem of Σ̄d
n that corresponds

to the states xn and xn,−1 is observable because the subsystem that corresponds to

xu,−1 has only eigenvalues at λd = 0 so that these need not to be changed by the

compensator. For ensuring this, the sampling functions shall fulfill the additional

requirement that the matrix

Cd,n
..=

∫ T

0

Π(τ)Cne
Anτdτ (5.100)

in (5.75) coincides with a specified output matrix Cdesired
d,n . Thus, the following problem

is considered.

Problem 5.2-4

Choose the sampling functions πi such that ‖C∗
d,r‖HS is minimized under the constraints

1. πi ∈ KΠ, i = 1, 2, . . . , m

7 It is used that y is continuous (see [46, Lem. 3.1.5]).
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5 Spillover reduction for discrete-time control

2. Cd,n = Cdesired
d,n .

◭

This problem can be solved by an approach that is analog to that of Theorem 5.1-3.

Note, that it is claimed to minimize the Hilbert-Schmidt norm ‖C∗
d,r‖HS =

√

∑m
i=1 ‖C∗

d,rei‖2Xr
instead of the operator norm ‖C∗

d,r‖ = min‖v‖Cm≤1 ‖C∗
d,rv‖Xr

since

Theorem 5.1-3 minimizes the Hilbert-Schmidt norm in the multi-input case (see Re-

mark 5.1-6). To solve Problem 5.2-4, the dual approximation

˙̃xn(t) = A∗
nx̃n(t) + C∗

nu(t), t > 0, x̃n(0) = 0 (5.101)

is introduced. Then, the following design method for the sampling functions can be

shown in an analog way as Theorem 5.1-3 when Remark 5.1-6 is taken into account.

The basic difference is that the considerations refer now to the dual approximation

(5.101) and the dual residual dynamics (5.92) instead of Σn and Σr.

Theorem 5.2-5

Let x̃jr,i and x̃
j
n,i denote the state trajectories that solve (5.92) and (5.101), respectively,

for u(t) = eiκj(T − t), i = 1, 2, . . . , m, j = 1, 2, . . . , N . Suppose that the vectors

αi =
[

α1,i α2,i · · · αN,i

]T

, i = 1, 2 . . . , m, solve the minimization problems

min
αi∈RN

αT
i Miαi, i = 1, 2, . . . , m (5.102)

with

Mi = Re







〈x̃1r,i(T ), x̃1r,i(T )〉Xr
· · · 〈x̃1r,i(T ), x̃Nr,i(T )〉Xr

...
...

〈x̃Nr,i(T ), x̃1r,i(T )〉Xr
· · · 〈x̃Nr,i(T ), x̃Nr,i(T )〉Xr






(5.103)

subject to

[

x̃1n,i(T ) x̃2n,i(T ) · · · x̃Nn,i(T )
]

αi = (Cdesired
d,n )∗ ei, i = 1, 2, . . . , m. (5.104)

Then, πi(t) =
∑N

j=1 αj,iκj(t), i = 1, 2, . . . , m, are the optimal sampling functions that

solve Problem 5.2-4.

Similar to Theorem 5.1-3, the constraints (5.104) can be satisfied in general only if the

states x̃jn,i(T ) span Cn for real coefficients αi,j. This can be influenced by the number
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5.2 Control using general sampling

N ≥ n. In Example 5.2-10 an approach is shown how it can be assured that (5.104)

has a (real) solution αi so that the optimization problems are feasible. If they are

feasible, they are also convex because the matrices Mi are positive semidefinite which

is why (5.102) describes convex objective functions, and the constraints in (5.104) are

affine. Thus, every local minimum is a global one (see [24]) which can be computed,

e.g., by Matlab’s convex programming solver quadprog.

Remark 5.2-6 For determining x̃jn,i(T ) and x̃
j
r,i(T ), i = 1, 2, . . . , m, j = 1, 2, . . . , N ,

the state equations (5.101) and (5.92) of the dual approximation and the dual residual

dynamics have to be solved for vanishing initial states and the corresponding input

signals u(t) = eiκj(T − t) = eiδ(j−1) T
N
(T − t). Thus, x̃jn,i and x̃jr,i are time-shifted

impulse responses of the dual approximation (5.101) and the dual residual dynamics8

(5.92). Under use of

x̃jn,i(t) = eA
∗
ntx̃jn,i(0) +

∫ t

0

eAn(t−τ)C∗
nu(τ)dτ (5.105)

x̃jr,i(t) = S∗
r (t)x̃

j
r,i(0) +

∫ t

0

S∗
r (t− τ)C∗

ru(τ)dτ, (5.106)

wherein S∗
r (t) is the C0-semigroup generated by A∗

r (see [86, Sec. 2.5] and [46, Thm.

3.1.7]), one obtains for x̃jn,i(0) = x̃jr,i(0) = 0 and u(t) = eiδ(j−1) T
N
(T − t)

x̃jn,i(t) = eA
∗
n(t−T+(j−1) T

N
)C∗

nei (5.107)

x̃jr,i(t) = S∗
r (t− T + (j − 1) T

N
)C∗

r ei. (5.108)

Comparison with (5.105)–(5.106) shows that especially for j = N + 1 the trajectories

xN+1
n,i and xN+1

r,i can equivalently be obtained from

˙̃xN+1
n,i (t) = A∗

nx̃
N+1
n,i (t), t > 0, x̃N+1

n,i (0) = C∗
nei (5.109)

˙̃xN+1
r,i (t) = A∗

rx̃
N+1
r,i (t), t > 0, x̃N+1

r,i (0) = C∗
r ei. (5.110)

Thus, instead of considering the impulse excitation the homogeneous (abstract) initial

value problems (5.109)–(5.110) with appropriate initial states can be considered. The

system (5.109) of ODEs can be solved by standard software tools, and the solution of

8 Note, that despite the impulse excitation the resulting state trajectories are well-defined since a

mild solution exists for u ∈ Lρ([0, τ ],R
p) for a ρ ∈ N, τ > 0 (see [46, Lem. 3.1.5]). This is satisfied

for ρ = 1.
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5 Spillover reduction for discrete-time control

(5.110) can be computed by a suitable PDE solver or by considering an accurate finite-

dimensional approximation. The trajectories for j = 1, 2, . . . , N are finally obtained

from

x̃jn,i(t) = x̃N+1
n,i

(

t− T + (j − 1) T
N

)

, i = 1, 2, . . . , m, j = 1, 2, . . . , N (5.111)

x̃jr,i(t) = x̃N+1
r,i

(

t− T + (j − 1) T
N

)

, i = 1, 2, . . . , m, j = 1, 2, . . . , N (5.112)

in view of (5.107)–(5.108) and the time-invariance of the considered systems, where

x̃N+1
n,i (t) = x̃N+1

r,i (t) = 0 for t < 0. ◭

Note, that Remark 5.1-5 applies also here in an analog form. In the next subsection

the closed-loop dynamics that result from the designed general sampling device and

the observer-based compensator Σ̄d
c (see (5.84)–(5.86)) are analyzed.

5.2.3 Analysis of the closed-loop dynamics

A state space model for the closed-loop system can be obtained by taking the system

equations of Σ̄d
n, Σ̄

d
r , and Σ̄d

c into account (see (5.70)–(5.72), (5.77)–(5.79), and (5.84)–

(5.86)). This yields

Σ̄d
cl : x̄cl [k + 1] = Ād,cl x̄cl [k], k ∈ N0, x̄cl [0] = x̄cl ,0 ∈ X̄cl (5.113)

with the state

x̄cl =







ˆ̄xn
x̄n
x̄r






(5.114)

and the state space X̄cl
..= X̄n⊕ X̄n ⊕ X̄r (see (5.69) and (5.76)). The system operator

in (5.113) has the decomposition Ād,cl = Ād,cl,0 + ∆̄ with

Ād,cl,0 =







Ād,n − LC̄d,n 0 0

B̄d,nK Ād,n − B̄d,nK 0

B̄d,rK −B̄d,rK Ād,r






, ∆̄ =







0 0 −LC̄d,r
0 0 0

0 0 0






(5.115)

with D(Ād,cl,0) = D(∆̄) = X̄cl . Comparison with (4.74)–(4.77) shows that the control

loop considered here has the same structure as the closed-loop dynamics determined

in Subsection 4.2.3. The only difference is that the state space Xcl is replaced here by

the extended one X̄cl . For that reason, Corollary 4.2-2 needs to be modified slightly, at
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5.2 Control using general sampling

which (5.83) has to be taken into account. This yields the following characterization

of the closed-loop spectrum σ(Ād,cl).

Corollary 5.2-7

Let the Assumption 4.1-2 hold. Then, the spectrum σ(Ād,cl) of the closed-loop system

operator in (5.113) can be decomposed as

σ(Ād,cl) = {λ̃cl ,i, i ∈ N} ∪ σc(Ad,r) ∪ {λd,0}, (5.116)

where λ̃cl,i, i ∈ N, are eigenvalues of Ād,cl that have finite algebraic multiplicities and

are isolated, and λd,0 = 0 is an eigenvalue with infinite multiplicity. Particularly,

σr(Ād,cl) = ∅ (5.117)

σ(Ād,cl) = σp(Ād,cl) (5.118)

holds.

It has been argued before, that the use of the general sampling device leads to a small

norm ‖C∗
d,r‖ ≤ ‖C∗

d,r‖HS if the sampling functions are designed by Corollary 5.2-5. Thus,

the norm of the perturbation operator ∆̄ becomes small in view of

‖∆̄‖ = ‖LC̄d,r‖ ≤ ‖L‖‖Cd,r‖ = ‖L‖‖C∗
d,r‖ (5.119)

(see (5.115), (5.82), and (5.87)). An expression for C∗
d,r follows from (5.95) when

x̃r,i(t) =
N
∑

j=1

αj,ix̃
j
r,i(t), i = 1, 2, . . . , m (5.120)

is taken into account, which follows from (5.93) by aid of Π̃ei(t) =
∑N

j=1 αj,iκj(t) and

the definition of x̃jr,i. Thus, insertion into (5.95) yields

C∗
d,rv =

N
∑

j=1

[

αj,1x̃
j
r,1(T ) αj,2x̃

j
r,2(T ) · · · αj,mx̃

j
r,m(T )

]

v, ∀ v ∈ C
m. (5.121)

By use of this and (5.119), Corollary 4.2-3 can be reformulated as follows.

Corollary 5.2-8

Let the Assumption 4.1-2 hold and assume that the observer-based compensator Σ̄d
c
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5 Spillover reduction for discrete-time control

is designed such that the eigenvalues of Ād,n − B̄d,nK and Ād,n − LC̄d,n are simple,

mutually different, and not contained in σ(Ad,r). Then,

dd ≤ ‖T̄ −1
cl ‖‖T̄cl‖‖L‖‖C∗

d,r‖ (5.122)

is an upper bound for the spectrum perturbation

dd ..= sup
λ̃cl∈σ(Ād,cl )

inf
λcl∈σ(Ād,cl ,0)

|λ̃cl − λcl |. (5.123)

Therein, T̄cl denotes a linear transformation such that T̄ −1
cl Ād,cl,0T̄cl is normal, and C∗

d,r

is given in (5.121), where the x̃jr,i(T ) result from the approach of Theorem 5.2-5.

Thus, the impact of the residual dynamics Σ̄d
r on the closed-loop behavior can be

suppressed by suitably choosing the sampling functions such that ‖∑N
j=1 αj,ix̃

j
r,i(T )‖Xr

becomes small for i = 1, 2, . . . , m. Note, that these norms can be made small just by

choosing Cdesired
d,n in (5.104) with a small norm. This, however, leads to a large norm

of L so that both effects cancel in the right hand-side of (5.122). Despite this, the

spectrum perturbation dd can be made arbitrarily small by choosing the number N of

Dirac delta functions in (5.96)–(5.97) sufficiently large, as for the spillover reduction

approach with a general hold device. This is stated next.

Theorem 5.2-9

Let the assumptions of Corollary 5.2-8 be satisfied. Then, for every ε > 0 a number

N of Dirac delta functions in (5.96)– (5.97) exists such that the design according to

Theorem 5.2-5 yields dd < ε.

The proof is given in Appendix A.15. The approach of this section is demonstrated in

the following example.

Example 5.2-10 (Control of an Euler-Bernoulli beam with Kelvin-Voigt damping, con-

tinued)

In Example 5.1-9 a sampled-data control with a general hold device was designed for an

Euler-Bernoulli beam with Kelvin-Voigt damping. Instead of a general hold a general

sampling device is designed now for the purpose of spillover reduction. The length ℓ = 1

of the beam, the damping constant δ = 0.005, and the input and output distribution
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5.2 Control using general sampling

functions, given by (4.92), are considered as before, and it is again the intention to shift

the most four dominant eigenvalues λ±1 = −0.487± j9.86 and λ±2 = −7.79± j38.70 of

the continuous-time system operator A. In view of the sampling constant T = 0.025

these assignments shall yield a stability margin βd = 0.839 for the discrete-time closed-

loop system. For the design of the compensator (5.84)–(5.86) the approximation from

Example 4.2-6 is extended as in (5.70)–(5.75) which yields a discrete-time approxima-

tion Σ̄d
n of order n = 9. Apparently, C̄d,n depends on the sampling function whose

design is described below. Note, that the dynamic matrix Ād,n of the approximation

has the eigenvalues of Ad,n and, in addition, an eigenvalue λd,0 = 0 with algebraic

multiplicity ν0 = 5 (see (5.73)). Since this latter eigenvalue is located already within

the circle C
i

βd
that corresponds to the specified stability margin βd = 0.839, it needs

not to be changed by the control. The eigenvalues of Ad,n are shifted by assigning

the eigenvalues λc,±1 = −10 ± j5 and λc,±2 = −10 ± j10 to the controlled continu-

ous-time approximation as well as λo,±1 = −15 ± j5 and λo,±2 = −15 ± j10 to the

continuous-time counterpart of the observer dynamics.

For the design of the general sampling device the approach of Theorem 5.2-5 and Re-

mark 5.2-6 is applied. To this end, the state trajectory x̃N+1
n,1 of the dual approximation

(5.101) is computed, that results from the initial state x̃N+1
n,1 (0) = C∗

n and the input

u(t) ≡ 0 (see (5.109)). The trajectories x̃jn,1, j = 1, 2, . . . , N , are obtained subsequently

by suitable time-shifts of x̃N+1
n,1 (see (5.111)). The trajectory x̃N+1

r,1 of the dual residual

dynamics (5.92) is computed on the basis of a modal approximation of order nr = 60,

where x̃N+1
r,1 results from the initial state x̃N+1

r,1 (0) = C∗
r and the input u(t) ≡ 0 (see

(5.110)). Afterwards, x̃jr,1, j = 1, 2, . . . , N , is obtained by time-shifting x̃N+1
r,1 in view

of (5.112). In (5.104) the vector

Cdesired
d,n

..= Cn =
[

−0.0964 −0.00976 0.0149 0.000377
]

(5.124)

is used. In this case it follows x̃1n,1(T ) = (Cn)
∗ = (Cdesired

d,n )∗ from (5.109) and (5.111) so

that (5.104) can be fulfilled for any N ∈ N at least by α1 = [1 0 · · · 0]T . Furthermore,

the eigenvalues of Ad,n, that shall be shifted by the compensator, are observable. The

additional eigenvalue λd,0 = 0 of Ād,n (see (5.73)) is unobservable, but is there is no

need to shift it, as explained above. Since, in addition, (Ād,n, B̄d,n) is controllable,

the desired eigenvalues λd,c,i = eλc,iT , i = ±1,±2, can be assigned to Ād,n − B̄d,nK

and λd,o,i = eλo,iT to Ād,n − LC̄d,n. The minimization (5.102)–(5.104) finally yields

the sampling function π1 that is shown in Figure 35 for N ∈ {4, 10, 20}, and the

corresponding closed-loop eigenvalue distributions are depicted in the Figures 36–38.
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5 Spillover reduction for discrete-time control

These figures make apparent that the perturbation of the desired eigenvalues becomes

smaller when the number of Dirac delta impulses N is increased, as is expected in

view of Theorem 5.2-9. Table 7 gives the related spectrum perturbations dd. These

have been determined on the basis of a modal approximation of the beam with order

nhigh = 60. For N ∈ {10, 20} the desired stability margin βd = 0.839 is achieved, as

becomes apparent from the Figures 37–38. In summary, the use of a general sampling

device yields a spillover reduction to qualitatively the same extent as the approach with

a general hold device. However, the extension of the state spaces for the approach with

general sampling leads to discrete-time approximations with the order 2n+m, where

n is the order of the corresponding continuous-time approximation. In contrast, the

orders of the discrete-time and the continuous-time approximation coincide for the

approach with a general hold device. ◭

Table 7 – Spectrum perturbation dd of the closed-loop system with a general sam-

pling device with N = 4, 10, 20 Dirac delta impulses. The case N = 1

corresponds to the standard sampling device. The Spectrum perturbation

has been computated on the basis of a modal approximation of the beam

with order nhigh = 60.

N 1 4 10 20

dd 0.329 0.173 0.108 0.0997
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Figure 35 – Sampling functions with N = 4, 10, 20 Dirac delta impulses that min-

imize (5.102) subject to (5.104). A marker at (τ, α) stands for the

Dirac delta function αδτ (t).
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Figure 36 – Eigenvalues ‘o’ of the closed-loop system with a general sampling device

with N = 4 steps. For comparison the desired eigenvalues are shown,

where ‘x’ marks λd,c,±1, λd,c,±2, λd,o,±1, λd,o,±2, and ‘+’ describes

σ(Ad,r). The dashed circle defines the boundary of the region C
i
βd

that corresponds to the desired stability margin βd = 0.839.

169



5 Spillover reduction for discrete-time control

-1 -0.5 0 0.5 1

-0.5

0

0.5

Re λ

jI
m

λ

Figure 37 – Eigenvalues ‘o’ of the closed-loop system with a general sampling device

with N = 10 steps. For comparison the desired eigenvalues are shown,

where ‘x’ marks λd,c,±1, λd,c,±2, λd,o,±1, λd,o,±2, and ‘+’ describes

σ(Ad,r).
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Figure 38 – Eigenvalues ‘o’ of the closed-loop system with a sampling hold device

with N = 20 steps. For comparison the desired eigenvalues are shown,

where ‘x’ marks λd,c,±1, λd,c,±2, λd,o,±1, λd,o,±2, and ‘+’ describes

σ(Ad,r).
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Chapter 6

Concluding remarks

The classical early-lumping based compensator design scheme exhibits two basic short-

comings: firstly, the spillover problem itself, that is inherently connected to utilizing an

approximation in the overall approach. Secondly, the resulting design procedure, that

consists of alternating compensator synthesis and control loop analysis steps, lacks an

approach to improve the redesign such that the spillover is reduced systematically and

efficiently. These problems are attenuated by the suggested approaches in the following

way.

For the continuous-time control the impact of the neglected system dynamics is de-

creased by reconstructing suitable fictitious system outputs by output observers. Such

an observer has the effect of a filter that suppresses the contributions of the residual

dynamics to the system output but passes the contributions of the approximation. Re-

peated application of this filtering method allows to reduce the spillover in the sense

that an upper bound for the provoked closed-loop spectrum perturbation is lowered.

The implementation of the additional dynamics of the output observers can be con-

sidered as the expenses of the spillover reduction. However, since the perturbation

estimate decreases exponentially with regard to the order of the additional dynamics

the suggested approach is more effective than the bare increase of the approximation

order. An a priori estimate is available that relates the order of the output observers

to a maximum perturbation specification. Though being rather conservative this es-

timate helps to constitute a systematic design procedure. It should be remarked that

the spillover reduction approach can be applied not only for the considered modal

system approximations but also for alternative types of approximations. However, it

is particularly simple to determine a state space model of the residual dynamics that

correspond to a modal approximation and to analyze their spectrum.
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6 Concluding remarks

For sampled-data systems two approaches for spillover reduction in the discrete-time

domain are presented, where the system operator is assumed to be a Riesz-spectral

operator. The first one makes use of a general hold device with specially shaped hold

functions, and the second uses a general sampling device. The general sampling is

designed such that the contribution of the residual dynamics to the output becomes

small at the sampling time instances. The general hold, in contrast, is chosen such

that the residual dynamics are excited only to a minor amount so that these again

have small contributions to the plant output in consequence. Thus, the action of

the digital control is affected only marginally for both approaches. Upper bounds for

the perturbation of the closed-loop spectrum are provided for both methods. Since

step functions are considered for the hold functions, it is possible to implement the

general hold by a conventional zero-order hold that operates at a higher sampling

rate in relation to the control. Similar, general sampling can be implemented by

standard sampling with lower sampling constant because Dirac delta functions are

used for the sampling functions. It has been shown in Section 3.3 that control spillover

can be converted to observation spillover and vice versa. Therefore, it has the same

spillover reducing effect, regardless whether a general hold device, that suppresses the

control spillover, or general sampling, which aims at observation spillover reduction,

is used. From the practical point of view, however, there are some aspects that help

to decide between both approaches. Since the approach with the general hold device

uses standard sampling and thus does not require measurements of the system output

within the sampling intervals, this approach is more suitable when digital sensors

with a comparatively low rate of measurements are used. In contrast, the approach

with general sampling is more suitable when the actors cannot operate at the fast

sampling rate of a general hold device. Another difference between both approaches

is that a discrete-time approximation for general sampling has a higher order than a

comparable discrete-time approximation for the general hold approach since the state

space has to be extended in a certain way. Although the utilization of a general

hold and general sampling have been discussed separately, it is possible to combine

both approaches to yield an increased spillover suppression. Finally, if the additional

efforts for implementing the general hold or the general sampling device are undesired,

one has the possibility to adapt the spillover reduction approach for continuous-time

control based on adding ouput observers to the control loop. Since this adaption to

the discrete-time case is straightforward, it has not been discussed in the thesis.

In summary, both in the continuous-time and the discrete-time case the classical
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early-lumping approach is extended to a systematic design approach for the finite-

dimensional control of linear distributed-parameter systems.

The methods in the thesis have been presented under the assumption that the con-

trol and measurement is spatially distributed. However, the approaches can readily

be applied to systems with boundary control by aid of the boundary control system

approach in [46, Sec. 3.3], which enables to convert such an input to a distributed one.

A desirable extension of the approaches, however, is the generalization to pointwise

measurements and measurements at the boundary. A suitable framework to this end

might be the theory of regular linear systems (see [130]).

An alternative to the observer-based compensators, that are considered throughout the

thesis, is the use of a static output feedback controller for the plant that is dynamically

extended by the output observers. This enables to assign some of the eigenvalues

exactly, i.e., without any spillover perturbation. This approach has been elaborated in

[55, 56]. In addition, it is interesting to remark that the concept to reconstruct fictitious

outputs has a dual counterpart that provides fictitious inputs. This is possible in the

framework of the dual state feedback approach (see [50, 52]) that allows to assign some

of the closed-loop eigenvalues without any spillover impact.

Besides in the field of infinite-dimensional systems the suggested methods can readily

be applied for systems that are finite-dimensional but whose order is too high to design

the compensator on the basis of the plant model. Systems with a very high but finite

order result commonly from finite-elements models of distributed-parameter systems.

In order to apply the presented compensator design approaches to such systems the

high-dimensional state space of the plant plays the role of the infinite-dimensional state

space considered throughout the thesis.
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Appendix A

Proofs

A.1 Proof of Proposition 2.1-8

Due to Item 1 of Definition 2.1-7 there exist constants a ∈ R, ε ∈ (0, 1
2
π) such that

σp(A) ⊂ Sa,ε (see (2.37)). Now, the operator

Qh ..=
∞
∑

i=1

1

λi − λ0
〈h, ψi〉Xφi, λ0 > a, ∀h ∈ X (A.1)

is considered, in which φi are the eigenvectors of A that correspond to its eigenvalues

λi and ψi are the eigenvectors of A∗ corresponding to λi. Note, that from σp(A) ⊂ Sa,ε

it follows

|λi − λ0| ≥ λ0 − a > 0, ∀ i ∈ N (A.2)

so that the fraction in (A.1) is defined. Using (2.19) for (A.1) yields the upper bound

‖Qh‖2X ≤M
∞
∑

i=1

∣

∣

∣

∣

1

λi − λ0
〈h, ψi〉X

∣

∣

∣

∣

2

=M
∞
∑

i=1

1

|λi − λ0|2
|〈h, ψi〉X |2 (A.3)

for h ∈ X , which by aid of (A.2) becomes

‖Qh‖2X ≤M
1

(λ0 − a)2

∞
∑

i=1

|〈h, ψi〉X |2 (A.4)

for which the upper bound

M
1

(λ0 − a)2

∞
∑

i=1

|〈h, ψi〉X |2 ≤
M

m

1

(λ0 − a)2

∥

∥

∞
∑

i=1

〈h, ψi〉Xφi

∥

∥

2

X
=
M

m

1

(λ0 − a)2
‖h‖2X

(A.5)
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again follows from (2.19) and (2.20). Thus, (A.4)–(A.5) show that Q is bounded and

thus can be defined on whole X . From

(A− λ0I)Qh = A
∞
∑

i=1

1

λi − λ0
〈h, ψi〉Xφi − λ0

∞
∑

i=1

1

λi − λ0
〈h, ψi〉Xφi

=
∞
∑

i=1

λi
λi − λ0

〈h, ψi〉Xφi −
∞
∑

i=1

λ0
λi − λ0

〈h, ψi〉Xφi

=

∞
∑

i=1

〈h, ψi〉Xφi = h, ∀h ∈ X (A.6)

wherein (2.17) and (A.1) have been used, it follows that Q is the (bounded) inverse of

A− λ0I that is defined on X . Thus, A− λ0I is closed according to [46, Thm. A.3.46]

and hence also A is closed in view of [89, Problem III 5.6]. Taking the Items 2–4 of

Definition 2.1-7 into account, all requirements of Definition 2.1-6 are satisfied so that

A is a Riesz-spectral operator as stated.

That A is the infinitesimal generator of a C0-semigroup if its eigenvalues λi satisfy the

sector condition σp(A) ⊂ Sa,ε for a sector angle ε ≥ 0 follows from [46, Thm. 2.3.5].

Finally, it is stated in [46, Exercise 2.18] that A is the infinitesimal generator of an

analytic C0-semigroup if its eigenvalues λi satisfy the sector condition σp(A) ⊂ Sa,ε for

an ε > 0. Thus, the proof is complete.

A.2 Proof of Proposition 2.2-3

First, observe that the biorthonormality relation 〈φi, ψ̃j〉X = δij, i, j = 1, 2, . . . , n (see

Assumption 2.2-2) implies that P according to (2.136) satisfies P2h = Ph, ∀h ∈
X , showing that this operator is a projection. Obviously, ranP = span{φi, i =

1, 2, . . . , n} = Xn and nulP = {h ∈ X | 〈h, ψ̃i〉X = 0, i = 1, 2, . . . , n} = Xr hold

which is why P projects onto Xn along Xr. In [106, Thm. 4.11.2] it is stated that these

subspaces satisfy therefore Xn +Xr = X . Thus, the Items 1 and 2 of the proposition

have been verified.

Now, it will be shown that Xn and Xr are S-invariant. To this end, introduce the

projection

PΓh =
1

2πj

∫

Γ

(λI −A)−1hdλ, ∀h ∈ X, (A.7)

in which Γ is the closed curve in the sense of Assumption 2.2-2. It follows from [46,
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Lem. 2.5.7e] that this operator has the range

ranPΓ = span{φ1, φ2, . . . , φn} = Xn (A.8)

when it is taken into account that λi, 1, 2, . . . , n, are assumed to have coinciding al-

gebraic and geometric multiplicities. Using nulPΓ = (ranP∗
Γ)

⊥ (see [89, Sec. III 3.3])

and

P∗
Γh =

1

2πj

∫

Γ

(λI −A∗)−1hdλ, ∀h ∈ X (A.9)

(see [89, Sec. III 6.6]) one obtains

nulPΓ =

(

ran
1

2πj

∫

Γ

(λI −A∗)−1hdλ

)⊥

. (A.10)

Applying [46, Lem. 2.5.7e] again yields

nulPΓ = (span{ψ1, ψ2, . . . , ψn})⊥ , (A.11)

where ψi, i = 1, 2, . . . , n, are the eigenvectors of A∗ that correspond to λi. Due to

Assumption 2.2-2 the algebraic adjoint Ã∗ has n eigenvectors ψ̃i that correspond to

these eigenvalues, which are also eigenvectors of A∗. Therefore, ψ̃i = ψi, i = 1, 2, . . . , n,

has to hold. Thus, (A.11) gives nulPΓ = Xr. This and (A.8) show that PΓ is a

projection onto Xn along Xr as is P. However, since every h ∈ X has a unique

decomposition h = hn + hr with hn ∈ Xn and hr ∈ Xr due to X = Xn + Xr (see

Item 1), the projection is uniquely determined so that PΓ = P. It follows therefore

from [46, Lem. 2.5.7a] that Xn and Xr are S-invariant and from [46, Lem. 2.5.3] that

Xn and Xr are A-invariant. Thus, Item 3 of the proposition has been shown.

For verifying Item 4

˙̂x(t) = Pẋ(t) = PAx(t) + PBu(t) = PAxn(t) + PAxr(t) + PBu(t) (A.12)

is considered. Therein, one has PAxn(t) = Axn(t) because Axn(t) ∈ Xn due to the

A-invariance of Xn and Ph = h, ∀h ∈ Xn. Furthermore, PAxr(t) = 0 holds since

Axr(t) ∈ Xr and Ph = 0, ∀h ∈ Xr. Thus, (A.12) simplifies to (2.134). Similar,

ẋr(t) = ẋ(t)− ẋn(t) = Ax(t) + Bu(t)− ẋn(t) (A.13)

simplifies to (2.135) by inserting (2.134), which completes the proof.
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A.3 Proof of Theorem 2.3-3

In order to prove the theorem some auxiliary lemmas are presented first.

Lemma A.3-1

Let D : H 7→ H denote a degenerate linear operator on a separable Hilbert space H with

inner product 〈·, ·〉H. If PN : H 7→ HN ⊂ H is a projection onto a finite-dimensional

subspace HN of H, then one has ‖D(I − PN )‖ → 0 for N → ∞.

Proof. Let HR denote an algebraic complement of HN , i.e., H = HN + HR.

Since H is separable one has basis vectors ϕi, i ∈ N, such that HN = span{ϕi, i =

1, 2, . . . , N} and {ϕi, i > N} is a Riesz basis for HR. Furthermore, one has correspond-

ing biorthonormal vectors ψi, i ∈ N, i.e., 〈ϕi, ψj〉H = δij, i, j ∈ N. It is straightforward

to check that

PNh =
N
∑

i=1

〈h, ψi〉Hϕi, ∀h ∈ H (A.14)

is a projection onto HN along HR, and I −PN is given by

(I − PN)h =
∞
∑

i=N+1

〈h, ψi〉Hϕi, ∀h ∈ H. (A.15)

Since D is degenerate it has the representation

Dh =

ND
∑

j=1

〈h, γj〉Hζj, ∀h ∈ H (A.16)

with appropriate γj ∈ H , in which {ζj, j = 1, 2, . . . , ND} is a basis for ranD (see [89,

Sec. III 4.3]). Thus, (A.15)–(A.16) yield

D(I − PN)h =

ND
∑

j=1

∞
∑

i=N+1

〈h, ψi〉H〈ϕi, γj〉Hζj, ∀h ∈ H. (A.17)

Since {ζj, j = 1, 2, . . . , ND} is a finite-dimensional basis for ranD and thus a Riesz

basis this leads to

‖D(I −PN )h‖2H ≤MD

ND
∑

j=1

∣

∣

∣

∞
∑

i=N+1

〈h, ψi〉H〈ϕi, γj〉H
∣

∣

∣

2

≤ 2MD

ND
∑

j=1

∞
∑

i=N+1

|〈h, ψi〉H |2|〈ϕi, γj〉H |2 (A.18)
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withMD > 0 (see (2.19) and the parallelogram inequality). Since {ϕi, i > N} is a Riesz

basis for HR also {ψi, i > N} is a Riesz basis for HR so that one has the representation

γj =
∞
∑

i=1

〈γj, ϕi〉Hψi, j = 1, 2, . . . , ND (A.19)

(see [46, Sec. 2.2]). Using again the Riesz basis property and (2.19) yields

‖γj‖2H ≥ mj

∞
∑

i=1

|〈γj, ϕi〉H |2, mj > 0, (A.20)

which implies
∑∞

i=N+1 |〈γj, ϕi〉H |2 → 0 for N → ∞. Using this in (A.18) shows ‖D(I−
PN)h‖H → 0 for N → ∞, ∀h ∈ H . Thus, ‖D(I − PN )‖ → 0 for N → ∞ has been

confirmed which completes the proof.

Lemma A.3-2

Let M0 : D(M0) ⊆ H 7→ H be a linear operator on a Hilbert space H. Suppose

that M0 has eigenvectors φi, i > N0, that, augmented by appropriate vectors ϕi ∈ H,

i = 1, 2, . . . , N0, form a Riesz basis for H. Let D : H 7→ H be a degenerate linear

operator. Then, a number N ≥ N0 exists such that the following holds: M = M0 +D
has eigenvectors φ̃i, i > N , which can be augmented by appropriate vectors ϕ̃i ∈ H,

i = 1, 2, . . . , N , such that {ϕ̃i, i = 1, 2, . . . , N}∪{φ̃i, i > N} forms a Riesz basis for H.

Proof. Define the subspaces

HN
..= span({ϕi, i = 1, 2, . . . , N0} ∪ {φi, i = N0 + 1, N0 + 2, . . . , N}) (A.21)

HR
..= span{φi, i > N} (A.22)

with N ≥ N0, and let PN : H 7→ HN denote the projection onto HN along HR. Thus,

one has

PNφi = 0, ∀ i > N. (A.23)

In the following, the eigenvectors of

M = M0 +D = M0 +DPN +D(I − PN ) (A.24)

are analyzed. Since H has a countable basis it is separable. Thus, Lemma A.3-1 can

be applied, yielding ‖D(I − PN)‖ → 0 for N → ∞. Since D is degenerate and thus

bounded, this implies that M has eigenvectors φ̃i for sufficiently large N that are
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related to the eigenvectors of M0 + DPN by a linear transformation T : H 7→ H (see

[89, Thm. IV 2.24 and Thm. IV 4.16]). Note, that the eigenvectors φi, i > N , of M0

are also eigenvectors of M0 +DPN in view of (A.23). Thus, one has

φ̃i = T φi, i > N. (A.25)

Since {ϕi, i = 1, 2, . . . , N0} ∪ {φi, i > N0} is a Riesz basis for H and T is a linear

transformation also

{T ϕi, i = 1, 2, . . . , N0} ∪ {T φi, i = N0 + 1, N0 + 2, . . . , N } ∪ {φ̃i, i > N} (A.26)

is a Riesz basis for H (see [46, Exercise 2.21]). This proves the assertion.

Lemma A.3-3

Let H1 and H2 be Hilbert spaces with inner product 〈·, ·〉H1
and 〈·, ·〉H2

, respectively.

Suppose M11 : D(M11) ⊂ H1 7→ H1 and M22 : D(M22) ⊂ H2 7→ H2 are the infinites-

imal generators of C0-semigroups on H1 and H2, respectively, that satisfy the SDGA,

and M21 : H1 7→ H2 is a bounded linear operator. Then,

M =

[

M11 0

M21 M22

]

(A.27)

is the infinitesimal generator of a C0-semigroup on H = H1⊕H2 with the growth bound

ω0 = sup
λ∈σ(M11)∪σ(M22)

Reλ (A.28)

and satisfies the SDGA.

Proof. Since the SDGA holds for Mii, i = 1, 2, the corresponding C0-semigroups

Si(t) satisfy

‖Si(t)‖ ≤ Cie
ωit, i = 1, 2, ∀ t ≥ 0 (A.29)

for appropriate constants Ci ≥ 1, depending on ωi, and for all

ωi > ω0,i
..= sup

λ∈σ(Mii)

Reλ, i = 1, 2 (A.30)

(see Subsection 2.1.3). In order to prove the assertion, that the C0-semigroup S(t),
generated by M, has a growth bound ω0 according to (A.28), it has to be shown that

S(t) satisfies
‖S(t)‖ ≤ Ceωt, ∀ t ≥ 0 (A.31)
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for all ω > ω0 and some C ≥ 1, depending on ω. Observe

ω0 = max(ω0,1, ω0,2) (A.32)

due to (A.28) and (A.30). For any ω̃ > ω0 choose ω1
..= ω̃ and ω2

..= 1
2
(ω̃ + ω0). Thus,

ω1 > ω0 ≥ ω0,1 and ω2 > ω0 ≥ ω0,2 holds in view of (A.32), so that (A.29) holds.

Furthermore, one has ω1 6= ω2. Under these conditions [46, Lem. 3.2.2] can be applied,

which states that the S(t) satisfies (A.31) for

ω = max(ω1, ω2) = ω̃ (A.33)

Since ω̃ > ω0 is arbitrary (A.28) is confirmed. In order to show that S(t) satisfies the
SDGA it remains to check that ω0 = supλ∈σ(M) Reλ holds. This, however, is apparent

from (A.28) and σ(M11) ∪ σ(M22) = σ(M), which comes from the block-triangle

structure of M. Thus, the proof is complete.

Lemma A.3-4

Let M : D(M) ⊆ H 7→ H be the infinitesimal generator of a C0-semigroup on a Hilbert

space H. Suppose that M has eigenvectors φ̃i, i > N , that, augmented by appropriate

vectors ϕ̃i ∈ H, i = 1, 2, . . . , N , form a Riesz basis for H. Then, M is the infinitesimal

generator of a C0-semigroup that satisfies the SDGA.

Proof. Define

H̃N
..= span{ϕ̃i, i = 1, 2, . . . , N}, H̃R

..= span{φ̃i, i > N}. (A.34)

Since H = H̃N + H̃R, the map

ι : H 7→ H̃N ⊕ H̃R : h 7→
[

hN
hR

]

, hN ∈ H̃N , hR ∈ H̃R (A.35)

is an isomorphism. One can check easily that the operator M̂ ..= ιMι−1 has the form

M̂ =

[

M̂11 0

M̂21 M̂22

]

(A.36)

when it is taken into account that H̃R is M-invariant. Since M is the infinitesimal

generator of a C0-semigroup by assumption M̂22 is the infinitesimal generator of a C0-

semigroup in view of M̂22 = M|D(M)∩H̃R
. Furthermore, also M̂11 is the infinitesimal

generator of a C0-semigroup since H̃N is finite-dimensional, and M21 is compact and
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thus bounded for the same reason. Thus, Lemma A.3-3 can be applied, which states

that M̂ and hence M satisfy the SDGA. So, the proof is complete.

Now, Theorem 2.3-3 can be proven easily by aid of the lemmas above. First, observe

that Acl,0 has the eigenvectors

φcl,i =







0

0

φi−n






, i > 2n, (A.37)

in which φi, i > n, are eigenvectors of Ar and thus of A in view of the block-triangular

structure of Acl ,0 (see (2.177)). These eigenvectors are a Riesz basis for Xr due to

(2.90) and in view of the assumption that A has an eigenvector Riesz basis for X .

Thus, {φcl,i, i > 2n}, augmented by any basis for Cn ⊕Cn ⊕ 0, is a Riesz basis for Xcl .

In addition, ∆ is a degenerate operator (see (2.177)), so that Lemma A.3-2 can be

applied to Acl,0 and ∆. It states that Acl = Acl ,0+∆ has eigenvectors φ̃i, i > N ≥ 2n,

which can be augmented by appropriate vectors ϕ̃i ∈ Xcl , i = 1, 2, . . . , N , such that

{ϕ̃i, i = 1, 2, . . . , N}∪{φ̃i, i > N} forms a Riesz basis for Xcl . Recall that Acl has been

found in Subsection 2.3.3 to be the infinitesimal generator of a C0-semigroup on Xcl .

Thus, Lemma A.3-4 can be applied to Acl which states that this operator satisfies the

SDGA, which completes the proof.

A.4 Proof of Lemma 2.4-1

For the proof the theory of semi-Fredholm operators is used. A closed, linear operator

F : D(F) ⊂ H 7→ H is said to be semi-Fredholm if ranF is closed and at least one

of the spaces nulF and (ranF)⊥ is finite-dimensional. Let DF (M0) denote the set of

all λ ∈ C for which λI −M0 is a semi-Fredholm operator. The complementary set of

DF (F) with respect to C is introduced in [89, Sec. IV 5.6] as the essential spectrum

σe(M0) ..= C \DF (F) ⊆ σ(F).

Now, Statement (S1) will be shown. In view of the general relation C = ρ(·) ∪ σp(·) ∪
σc(·) ∪ σr(·) (see Subsection 2.1.3) and the assumption σr(M0) = ∅ (see Property P4)

one has the decomposition

C = ρ(M0) ∪ σp(M0) ∪ σc(M0), (A.38)

182



A.4 Proof of Lemma 2.4-1

where σc(M0) contains the accumulation points of the eigenvalues of M0 if there are

any. Due to Property P2 the eigenvalues of M0 are isolated and have finite multiplic-

ities so that

ρ(M0) ∪ σp(M0) ⊆ DF (M0) (A.39)

holds in view of [89, Thm. IV 5.28 and Problem IV 5.6]. In contrast,

σc(M0) ⊆ σe(M0) (A.40)

follows from the fact that ran(λI−M0) is open for any λ ∈ σc(M0) (see [89, Thm. IV

5.2]) so that λI − M0 cannot be semi-Fredholm according to the definition. Hence,

(A.38)–(A.40) and C = DF (M) ∪ σe(M) yield

σe(M0) = σc(M0). (A.41)

It is an important result of the perturbation theory for semi-Fredholm operators that

the essential spectrum is not changed under arbitrary compact1 perturbations (see [89,

Thm. IV 5.35]). Consequently, one has

σe(M) = σe(M0) (A.42)

since D is a degenerate operator and therefore compact. By aid of (A.41) one obtains

σe(M) = σe(M0) = σc(M0), and since σe(M) ⊂ σ(M) this proves the part σc(M0) ⊂
σ(M) in the statement. To verify the relation σc(M) ⊆ σc(M0) note that by an analog

reasoning as for (A.40) it holds σc(M) ⊆ σe(M), and in virtue of (A.41)–(A.42) it

follows σc(M) ⊆ σe(M) = σe(M0) = σc(M0) as claimed.

Now, Statement (S3) shall be shown. From (A.41)–(A.42) it follows

C \ σc(M0) = C \ σe(M) = DF (M), (A.43)

where the right equality holds by definition. As argued in [89, Sec. IV 5.6] each of the

spectral points of M within DF (M) is an isolated eigenvalue of M and has a finite

algebraic multiplicity, provided that both of the following conditions are met:

1. DF (M) is connected2 and

1 A bounded linear operator Q : H1 7→ H2 defined on whole H1 is said to be compact if for any

bounded sequence (hi)i∈N in H1 the sequence (Qhi)i∈N has a subsequence that is convergent in

H2. A sufficient condition for Q to be compact is that it is degenerate.

2 A subset of a topological space is connected if it cannot be partitioned into two nonempty subsets

such that each subset has no points in common with the set closure of the other.
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2. ρ(M) 6= ∅.

The first condition is satisfied because DF (M) = C \ σe(M) and σe(M) = σe(M0) ⊂
σ(M0) is totally disconnected (see Property P3). In order to verify the second condition

the fact is used that, due to the boundedness ofD, the perturbed operatorM = M0+D
is the infinitesimal generator of a C0-semigroup as M0 is (see Property P1 and [46,

Thm. 3.2.1]) which implies ρ(M) 6= ∅ (see [46, Lem. 2.1.11]). So, both conditions are

met which proves Statement (S3) of the lemma.

Now, in order to show Statement (S2), assume that there exists a λ ∈ σr(M). Then,

dimnul(λI − M) = 0 holds because λI − M is injective by the definition of σr(·),
and ran(λI −M) is closed which follows from the fact that (λI − M)−1 is bounded

again due to the definition of σr(·) (see [89, Thm. IV 5.2]). Consequently, λ ∈ DF (M)

follows by the properties of DF (·). But in view of (A.43) this means λ ∈ C \ σc(M0)

which contradicts Statement (S3) of the lemma.

Finally, the last statement can be shown by aid of theWeinstein-Aronszajn determinant

of the first kind

ω(λ) ..= det((M− λI)(M0 − λI)−1) = det(I +D(M0 − λI)−1). (A.44)

This function is analytic on any domain3 of C that is a subset of ρ(M0) and has (not

removable) singularities at all spectral points of M0. To be more precise, if λ is a pole4

of ω with order ν < ∞, then λ is an eigenvalue of M0 with algebraic multiplicity ν.

Similar, if λ is a zero of ω with order ν̃ and λ ∈ ρ(M0), then M has an eigenvalue

with algebraic multiplicity ν̃ <∞ (see [89, Sec. IV 6]). Now, consider a λ ∈ σi
c(M) (if

there is any), where σi
c(M) ⊆ σc(M) consists of all spectral points in σc(M) that are

isolated in σc(M). Clearly, ω(λ) has a singularity at λ because λ ∈ σc(M) ⊆ σc(M0)

(see Statement (S1)). This singularity is not a pole with finite order because λ is not

an eigenvalue of σ(M0) with finite multiplicity. Therefore, λ must be an essential

singularity of ω. According to Picard’s Great Theorem the map ω(λ) can have all

complex values on any open set containing λ, with at most a single exception (see

[33]). If the exceptional value η is different from zero, ω(λ) has therefore a zero in any

neighborhood of λ. Taking into account that λ is an isolated spectral point of M0

so that λ has a neighborhood entirely belonging to ρ(M0), this shows that M has

3 A subset of a topological space is called a domain if it is nonempty, connected, and open.

4 A singularity ω0 of a function f(ω) is called a pole with order m if the Laurent series f(ω) =
∑∞

k=−∞ ak(ω − ω0)
k satisfies a−m 6= 0 and a−k = 0, ∀ k > m.
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eigenvalues arbitrarily close to λ. Thus, σp(M) accumulates at λ which yields

σi
c(M) ⊆ σp(M). (A.45)

The case where the exceptional value η equals zero can be excluded as follows. In this

case λ is not a point of accumulation but by replacing D = M −M0 by a modified

perturbation (1 + ε)D with ε > 0 arbitrarily small it follows η 6= 0 in view of the

right part in (A.44). Thus, the property of λ being a point of accumulation depends

discontinuously on ε which contradicts the fact that any isolated eigenvalue with finite

multiplicity depends continuously on the perturbationD (see [89, Sec. IV 3.5]). In order

to prove (2.191) it remains to consider the part σa
c (M) = σc(M) \ σi

c(M). This set is

totally disconnected as σ(M0) is because of σa
c (M) ⊆ σc(M) ⊆ σc(M0) ⊂ σ(M0) in

view of Statement (S1), and because M0 is totally disconnected (see Property P3). For

that reason and since the elements in σa
c (M) are not isolated in σc(M) by definition

it follows that all elements of σa
c (M) must be points of accumulation in σc(M) which

yields σa
c (M) ⊂ σi

c(M) and thus

σc(M) = σi
c(M) ∪ σa

c (M) ⊆ σi
c(M). (A.46)

Relation (A.45) implies σi
c(M) ⊂ σp(M) so that by aid of (A.46) and σr(M) = ∅ (see

Statement (S2)) it has been shown that (2.191) is satisfied.

A.5 Proof of Lemma 2.4-6

First, it is assumed that M0 is normal so that T = I and hence (2.200) becomes

dM ≤ ‖D‖, (A.47)

which in view of (2.199) equivalently can be written as

dist(λ̃, σ(M0)) ..= inf
λ∈σ(M0)

|λ̃− λ| ≤ ‖D‖, ∀ λ̃ ∈ σ(M), (A.48)

wherein dist(ω,Ω) denotes the distance between ω ∈ C and Ω ⊂ C. The general case

follows later. In case that σ(M) ⊆ σ(M0) (A.48) is trivially satisfied. Now, suppose

σ(M) 6⊆ σ(M0) so that there is a λ̃ ∈ σ(M)∩ ρ(M0) in view of ρ(M0) = C \ σ(M0).

As a first step it will be shown that such a λ̃ always satisfies ‖(λ̃I−M0)
−1‖−1

H ≤ ‖D‖H.
To this end, consider a ϕ ∈ D(M) with ‖ϕ‖H = 1 and define θ ..= (M− λ̃I)ϕ, yielding

λ̃ ϕ = Mϕ− θ, λ̃ ∈ σ(M) ∩ ρ(M0). (A.49)
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Subtracting M0 ϕ on both sides of (A.49) and using M−M0 = D yields (λ̃I−M0)ϕ =

D ϕ− θ and thus

ϕ = (λ̃I −M0)
−1(D ϕ− θ) (A.50)

because λ̃ ∈ ρ(M0). Taking the norm on both sides of (A.50) yields

1 = ‖(λ̃I −M0)
−1(Dϕ− θ)‖H ≤ ‖(λ̃I −M0)

−1‖(‖D‖+ ‖θ‖H), (A.51)

wherein the triangular inequality and the fact that the operator norm ‖ · ‖ is sub-

multiplicative are used. It is essential to observe, that ‖θ‖H can be made smaller than

any positive number by a suitable choice of ϕ. To verify this for all λ̃ ∈ σ(M)∩ρ(M0)

it is sufficient to consider the two cases λ̃ ∈ σp(M) ∩ ρ(M0) and λ̃ ∈ σc(M) ∩ ρ(M0)

because σr(M) = ∅ holds by assumption so that σ(M) = σp(M) ∪ σc(M). For the

case λ̃ ∈ σp(M) ∩ ρ(M0) take ϕ as an eigenvector of M corresponding to λ̃, so that

θ = (M− λ̃I)ϕ = 0 and thus ‖θ‖H = 0. For λ̃ ∈ σc(M)∩ρ(M0) note that (λ̃I−M)−1

is densely defined on H but unbounded. By the definition of the operator norm this

means that for every α > 0 there is a ψ ∈ H with ‖ψ‖H ≤ 1 such that

‖(M− λ̃I)−1ψ‖H > α > 0. (A.52)

Choosing

ϕ =
(M− λ̃I)−1ψ

‖(M− λ̃I)−1ψ‖H
(A.53)

one obtains

θ = (M− λ̃I)ϕ =
ψ

‖(M− λ̃I)−1ψ‖H
, (A.54)

which yields

‖θ‖H → 0 for α→ ∞ (A.55)

due to (A.52) and ‖ψ‖H ≤ 1. Taking this result into account, (A.51) implies

‖(λ̃I −M0)
−1‖−1 ≤ ‖D‖, ∀λ̃ ∈ σ(M) ∩ ρ(M0). (A.56)

It is known that

‖(λ̃I −M0)
−1‖−1 = inf

λ∈σ(M0)
|λ̃− λ| = dist(λ̃, σ(M0)), ∀ λ̃ ∈ σ(M)∩ ρ(M0) (A.57)

holds for any normal operator M0 (see [89, Sec. V 8]). In addition, one has

dist(λ̃, σ(M0)) = 0, ∀ λ̃ ∈ σ(M) ∩ σ(M0). (A.58)
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Thus, (A.56)–(A.58) yield (A.48).

Now, the case where M0 is not normal is considered. Applying the transformation T
to the perturbed operator M = M0 +D yields

T −1MT = T −1M0T + T −1DT . (A.59)

Therein, T −1M0T is normal by assumption and T −1∆T is bounded due to the bound-

edness of ∆, T , and T −1 (see [89, Thm. III 4.8]). In addition, σr(T −1MT ) = ∅ because
σr(M) = ∅ was assumed and

σ(T −1MT ) = σ(M) (A.60)

holds due to the similarity of T −1MT and M. Consequently, M0, M, and D in

(A.48) can be replaced by T −1M0T , T −1MT , and T −1DT , respectively, yielding

dist(λ̃, σ(T −1M0T ))) ≤ ‖T −1DT ‖, ∀ λ̃ ∈ σ(T −1MT ). (A.61)

Taking (A.60) and the analog relation σ(T −1M0T ) = σ(M0) into account, (A.61)

gives

dist(λ̃, σ(M0)) ≤ ‖T −1DT ‖, ∀ λ̃ ∈ σ(M), (A.62)

which is equivalent to (2.199)–(2.200).

A.6 Proof of Proposition 2.4-8

First, it is shown that Acl,0 is a Riesz-spectral operator under the assumptions in the

proposition. For that, the four items in Definition 2.1-6 will be checked. In Section 2.3

it was argued that Acl,0 is the generator of a C0-semigroup so that Acl,0 is closed

(see [46, Thm. 2.1.10]) which is Item 1 of the definition. To verify the Items 2 and

3 first note that the eigenvalues of Ar are isolated and simple, and σp(Ar) is totally

disconnected in view of the assumed Riesz-spectral property of A. Further, according

to (2.179) σp(Acl,0) and σp(Ar) differ only by a finite number of eigenvalues which is

why also σp(Acl,0) is totally disconnected, and the contained eigenvalues are isolated

and simple due to the prerequisites in the proposition. Thus, the Items 2 and 3 of

the definition hold. Finally, in order to verify the Riesz basis property observe from
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(2.177) that the eigenvectors φcl,i of Acl,0 have the form

φcl,i =

[

φ2n,i

⋆

]

, i = 1, 2, . . . , 2n (A.63)

φcl,i =

[

0

φr,i−2n

]

, i = 2n+ 1, 2n+ 2, . . . (A.64)

with φ2n,i being the eigenvectors of the sub-block

A2n =

[

An − LCn 0

BnK An − BnK

]

(A.65)

of Acl ,0, and φr,i denoting the eigenvectors of Ar. Since the eigenvalues of A2n are sim-

ple by assumption, the vectors φ2n,i ∈ C2n, i = 1, 2, . . . , 2n, are linearly independent

and thus form a basis for C2n. In addition, the vectors φr,i ∈ Xr, i = 1, 2, . . ., constitute

a Riesz basis for Xr because Ar inherits from A the property to be a Riesz-spectral

operator. Finally, since the eigenvalues of A2n are assumed to be disjoint from the

eigenvalues of Ar so that the φcl ,i, i = 1, 2, . . . , 2n, are linear independent from φcl,i,

i = 2n + 1, 2n + 2, . . . (see [92, Thm. 7.4-3]), this shows that {φcl,i, i ∈ N} is a Riesz

basis for Xcl = C2n ⊕ Xr. In summary, Acl,0 is a Riesz-spectral operator. Therefore,

the eigenvectors ψcl ,i of A∗
cl,0 can be scaled such that {φcl,i, i ∈ N} and {ψcl ,i, i ∈ N}

are biorthonormal sequences (see [46, Thm. 2.3.5]), as is assumed in the proposition.

In consequence, it is easy to verify that T −1
cl is given by (2.201). Taking the modal de-

composition Acl,0h =
∑∞

i=1 λcl ,i〈h, ψi〉Xcl
φcl,i and the biorthonormality of {φcl,i, i ∈ N}

and {ψcl ,i, i ∈ N} into account, one obtains by aid of (2.201) that Ãcl,0
..= T −1

cl Acl,0Tcl

has the representation

Ãcl,0h =
∞
∑

i=1

λcl ,i〈h, ϕi〉Xcl
ϕi, h ∈ D(Ãcl,0) (A.66)

which leads to

Ã∗
cl,0h =

∞
∑

i=1

λcl,i〈h, ϕi〉Xcl
ϕi, h ∈ D(Ã∗

cl,0). (A.67)

Combining (A.66)–(A.67) yields

Ãcl,0Ã∗
cl ,0h =

∞
∑

i=1

λcl ,iλcl,i〈h, ϕi〉Xcl
ϕi =

∞
∑

i=1

λcl,iλcl,i〈h, ϕi〉Xcl
ϕi = Ã∗

cl ,0Ãcl,0h, (A.68)

where the orthonormality of {ϕi, i ∈ N} has been used. Moreover, using the Riesz

basis property of {φi, i ∈ N} and the orthonormality of {ϕi, i ∈ N} one can show that

Tcl and T −1
cl are defined on whole X which is why Tcl is a linear transformation. This
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can be used to verify that Ãcl ,0 is a Riesz-spectral operator as Acl,0 is. Therefore, one

has the domains

D(Ãcl,0Ã∗
cl ,0) =

{

h ∈ Xcl

∣

∣

∞
∑

i=1

|λcl,iλcl,i|2|〈h, ϕi〉Xcl
|2 <∞

}

(A.69)

D(Ã∗
cl,0Ãcl ,0) =

{

h ∈ Xcl

∣

∣

∞
∑

i=1

|λcl,iλcl,i|2|〈h, ϕi〉Xcl
|2 <∞

}

(A.70)

(see [46, Thm. 2.3.5]) which reveals D(Ãcl,0Ã∗
cl,0) = D(Ã∗

cl,0Ãcl,0). This and (A.68)

confirms that Ãcl,0 = T −1
cl Acl,0Tcl is normal (see (2.197)–(2.198)). Thus, the proof is

complete.

A.7 Proof of Lemma 3.2-1

First, note that the operator F in (2.137) satisfies

Fv =
n
∑

i=1

〈v, ei〉Cnφi, ∀ v ∈ C
n, F−1h =

n
∑

i=1

〈h, ψ̃i〉Xei, ∀h ∈ Xn, (A.71)

where ei denotes the i-th unit vector of Rn and 〈φi, ψ̃〉X = δij, i, j = 1, 2, . . . , n, (see

Assumption 2.2-2) is applied. Using this and the projection P according to (2.136),

that yields xn(t) = F−1Px(t) and xr(t) = (I − P)x(t), the fictitious output yo =

C(A− µI)−1x(t) (see (3.16) for Lo = I) can be written as

yo(t) = C(A− µI)−1Px(t) + C(A− µI)−1(I − P)x(t)

= CF F−1(A− µI)−1F F−1Px(t) + C(A− µI)−1(I − P)x(t)

= CF F−1(A− µI)−1F xn(t) + C(A− µI)−1xr(t). (A.72)

Taking (A− µI)−1φi = (λi − µ)−1φi (see (2.17)) into account, one has in (A.72)

CF v =
n
∑

i=1

Cφi〈v, ei〉Cn = Cnv, ∀ v ∈ C
n (A.73)

F−1(A− µI)−1F v =

n
∑

i=1

F−1(λi − µ)−1〈v, ei〉Cnφi

=
n
∑

i=1

(λi − µ)−1〈v, ei〉Cnei = (An − µI)−1v, ∀ v ∈ C
n, (A.74)

wherein (2.138) and (2.140) are used. Moreover, (A−µI)−1 in (A.72) can be replaced

by (Ar − µI)−1 because it holds Ar = A
∣

∣

Xr
(see (2.142)) and xr(t) ∈ Xr. Similar,
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C can be substituted by Cr since Cr = C
∣

∣

Xr
(see (2.142)) and Xr is A-invariant due

to Proposition 2.2-3 implying (A − µI)−1xr(t) ∈ Xr. Using these observations and

(A.73)–(A.74) for (A.72) gives

yo(t) = Cn(An − µI)−1xn(t) + Cr(Ar − µI)−1xr(t). (A.75)

Finally, subtracting eo(t) on both sides of this equation yields

ŷo(t) = Cn(An − µI)−1xn(t) + Cr(Ar − µI)−1xr(t)− eo(t) (A.76)

in view of yo(t) − eo(t) = ŷo(t) (see (3.4)). This confirms that (3.45) holds by aid of

(3.43)–(3.44) and (3.48)–(3.49), which completes the proof.

A.8 Proof of Lemma 3.2-2

First, note that T ..= An − µI is invertible because µ ∈ S ⊂ ρ(A) ⊂ ρ(An) is assumed

(see (3.13) and (2.108)). Thus, T qualifies as a similarity transformation. Applying T

to the realization (Cn,1, An, Bn) of Σ
1
n yields the new realization (C̃n, Ãn, B̃n) with

C̃n = Cn,1T = Cn,1(An − µI) (A.77)

Ãn = T−1AnT = (An − µI)−1An(An − µI). (A.78)

Taking (3.44) into account as well as the fact that (An − µI)−1 and An commute (see

[89, Problem III 6.2]) (A.77)–(A.78) simplify to

C̃n = Cn, Ãn = An. (A.79)

Since the properties detectability and observability are preserved under similarity trans-

formations (see [86, Sec. 6.2.2]), (Cn,1, An) is detectable, respectively observable, if and

only if so is (C̃n, Ãn), and in view of (A.79) this proves the statement.

A.9 Proof of Theorem 3.2-3

First,

‖∆1‖
‖∆‖ ≤ max(η1, η

−1
2 ) (A.80)
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is shown instead of (3.67). From (3.66) it follows with E ..= {(h1, h2) ∈ Cn ×
Xr | ‖h1‖2Cn + ‖h2‖2Xr

≤ 1} and the definition of the operator norm5 that

‖Λ‖ = sup
(h1,h2)∈E

√

‖(An − µI)h1‖2Cn + ‖(Ar − µI)−1h2‖2Xr
(A.81)

holds. The submultiplicativity of the operator norm applied to (3.65) yields ‖∆1‖ ≤
‖∆‖‖Λ‖ and insertion of (A.81) gives

‖∆1‖ ≤ ‖∆‖ sup
(h1,h2)∈E

√

‖(An − µI)h1‖2Cn + ‖(Ar − µI)−1h2‖2Xr

≤ ‖∆‖ sup
(h1,h2)∈E

√

‖An − µI‖2‖h1‖2Cn + ‖(Ar − µI)−1‖2‖h2‖2Xr

≤ ‖∆‖max
(

‖An − µI‖, ‖(Ar − µI)−1‖
)

sup
(h1,h2)∈E

√

‖h1‖2Cn + ‖h2‖2Xr
. (A.82)

Taking therein sup(h1,h2)∈E

√

‖h1‖2Cn + ‖h2‖2Xr
= 1 into account one obtains

‖∆1‖
‖∆‖ ≤ max

(

‖An − µI‖, ‖(Ar − µI)−1‖
)

(A.83)

which confirms (A.80) in view of (3.68).

Now, (3.67) shall be shown. To this end, it is essential to observe that η depends on

the choice of the time coordinate. To explain this, the normalized time τ ..= t/T with

respect to the time basis T > 0 is introduced. The dynamics of x̄(τ) ..= x(t(τ)), given

by

dx̄

dτ
(τ) =

dx

dt
(t(τ))

dt

dτ
=
(

Ax(t(τ)) + Bu(t(τ))
)

T = AT x̄(τ) + BT ū(τ) (A.84)

with ū(τ) ..= u(t(τ)), leads to the transformed plant model

Σ̄ : ˙̄x(τ) = Āx̄(τ) + B̄ū(τ), τ > 0, x̄(0) = x0 (A.85)

ȳ(τ) = Cx̄(τ), τ ≥ 0 (A.86)

with Ā = AT , B̄ = BT , and ȳ(τ) ..= y(t(τ)). To analyze the influence of the time

transformation on (A.80) observe that Ān = AnT is the dynamic matrix of the approx-

imation that corresponds to Σ̄ (see (2.138)). Furthermore, the system operator Ār of

the related residual dynamics satisfies Ār = ArT (see (2.142)), and the corresponding

output observer has the eigenvalue µ̄ = µT , which follows from reformulating (3.38)

5 The operator norm ‖M‖ of a bounded operator M on a Banach space (H, ‖ · ‖H) is defined by

‖M‖ ..= sup‖h‖H≤1 ‖Mh‖H .
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w.r.t. the time coordinate τ . Applying the time transformation to the closed-loop sys-

tem Σcl in (2.174) without output observer shows that its closed-loop system operator

Acl is modified to Ācl = AclT , and the related perturbation operator is

∆̄ = ∆T (A.87)

(see (2.176)). Analog, the time transformation has the effect that the perturbation

operator ∆1 of the closed-loop system Σ1
cl in (3.59)–(3.60) with output observer is

transformed to

∆̄1 = ∆1T. (A.88)

When the considerations for proving (A.80) are repeated on the basis of the state space

models w.r.t. the new time coordinate τ one arrives at

‖∆̄1‖
‖∆̄‖ ≤ max(η̄1, η̄

−1
2 ) (A.89)

with

η̄1 = ‖Ān − µ̄I‖ = ‖An − µI‖T = η1T (A.90)

η̄−1
2 = ‖(Ār − µ̄I)−1‖ = ‖(Ar − µI)−1‖ 1

T
= η−1

2

1

T
(A.91)

(see (3.68)). Inserting (A.87)–(A.88) and (A.90)–(A.91) into (A.89) yields

‖∆1‖
‖∆‖ ≤ max

(

η1T, η
−1
2

1

T

)

. (A.92)

In order to obtain a tight estimate, the right hand-side is minimized over T > 0.

Apparently, this minimum is yield if η1T = η−1
2 /T holds, which gives

T =
1√
η1η2

. (A.93)

Inserting this into (A.92) yields (3.67), so that the proof is complete.

A.10 Proof of Theorem 3.3-1

In view of the norm ‖ · ‖X̃cl
defined in (3.137) it holds

‖T̃ h‖X̃cl
= ‖h‖Xcl

, ∀h ∈ Xcl (A.94)

‖T̃ −1h‖Xcl
= ‖h‖X̃cl

, ∀h ∈ X̃cl (A.95)
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implying ‖T̃ ‖ = ‖T̃ −1‖ = 1. This shows that both operators T̃ : Xcl 7→ X̃cl and

T̃ −1 : X̃cl 7→ Xcl are bounded which is why T̃ is a bijection between Xcl and X̃cl .

Thus, x̃cl and xcl can be converted into one another by (3.136). Let Scl(t) denote

the C0-semigroup generated by Acl,q, i.e., xcl(t) = Scl(t)xcl (0) holds for t ≥ 0. Using

(3.136) this yields

x̃cl(t) = T̃ xcl(t) = T̃ Scl(t)T̃ −1x̃cl(0) = S̃cl(t)x̃cl(0), t ≥ 0 (A.96)

with S̃cl(t) = T̃ Scl(t)T̃ −1, ∀ t ≥ 0. This operator inherits the semigroup property from

Scl(t), i.e., Scl(t1 + t2) = Scl(t1)Scl(t2), ∀ t1, t2 ≥ 0, in view of

S̃cl(t1 + t2) = T̃ Scl(t1 + t2)T̃ −1 = T̃ Scl(t1)Scl(t2)T̃ −1

= T̃ Scl(t1)T̃ −1T̃ Scl(t2)T̃ −1 = S̃cl(t1)S̃cl(t2), ∀ t1, t2 ≥ 0. (A.97)

That S̃cl(t) is in addition strongly continuous w.r.t. ‖ · ‖X̃cl
follows with (A.95) from

‖S̃cl(t)x̃cl(0)− x̃cl(0)‖X̃cl
= ‖T̃ −1

(

T̃ Scl(t)T̃ −1 T̃ xcl(0)− T̃ xcl(0)
)

‖Xcl

= ‖Scl(t)xcl(0)− xcl(0)‖Xcl
→ 0 for t→ 0+ (A.98)

for all x̃cl(0) ∈ X̃cl since Scl(t) is strongly continuous. Thus, Ãcl,q is the infinitesimal

generator of a C0-semigroup as stated.

Now, σ(Ãcl,q) = σ(Acl,q) is proven by verifying ρ(Ãcl,q) = ρ(Acl ,q), which is equivalent

since the resolvent set and the spectrum are complementary sets in general. To this

end, it is used that

(λI −Acl,q)g = h, h ∈ Xcl (A.99)

has a unique solution g for any h ∈ Xcl if and only if λ ∈ ρ(Acl,q) (see Subsection 2.1.3),

which is assumed for the following. Taking (3.133) into account this equation can be

rewritten as

(λT̃ −1T̃ − T̃ −1Ãcl,qT̃ )g = h, h ∈ Xcl , (A.100)

which by multiplication with T̃ from the left becomes

(λT̃ − Ãcl ,qT̃ )g = (λI − Ãcl,q)T̃ g = T̃ h, h ∈ Xcl . (A.101)

Since the right hand-side represents all elements of X̃cl , and g and hence T̃ g are

uniquely determined this shows that λ is contained in ρ(Ãcl,q) whenever λ ∈ ρ(Acl,q).

The same argumentation applies also in the reverse direction, which finally gives

ρ(Ãcl,q) = ρ(Acl,q) and hence σ(Ãcl,q) = σ(Acl,q). Thus, the proof is complete.
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A.11 Proof of Proposition 4.1-3

In order to prove that Ad is a sectorial Riesz-spectral operator the items of Defini-

tion 2.1-7 are checked. Comparison of (4.16) with the modal decomposition (2.33) of

A shows that Ad has the same eigenvectors φi as A, which hence form a Riesz ba-

sis for X because A is a Riesz-spectral operator by Assumption 4.1-2 (see Item 4 of

Definition 2.1-6). Thus, Item 4 of the definition holds.

Taking the biorthonormality of φi and ψi into account (see (2.21)), (4.16) shows

that the eigenvalue λd,i of Ad that corresponds to φi can be expressed by a function

f : C 7→ C \ {0} according to

λd,i = f(λi) = eλiT , i ∈ N, (A.102)

wherein λi is an eigenvalues of A. Note, that Ad cannot have any additional eigenvalue

λd,0 besides the eigenvalues λd,i, i ∈ N, because the eigenvector corresponding to λd,0

would be linear independent from φi, i ∈ N, (see [92, Thm. 7.4-3]) which contradicts

the fact that the latter ones form a Riesz basis for X . Thus, (4.33) is confirmed.

That the eigenvalues λd,i satisfy the sector condition follows from the assumption that

A is the infinitesimal generator of a C0-semigroup (see Assumption 4.1-2) which implies

supi∈N Reλi < ∞ (see [46, Lem. 2.1.11]). Using (A.102) this shows that Ad has a

bounded spectral radius rAd
= supi∈N |λd,i| so that the sector condition holds. Thus,

Item 1 of Definition 2.1-7 is confirmed.

In order to prove Item 3 assume that σp(Ad) is not totally disconnected, i.e., there

exist two points a, b ∈ σp(Ad) with a 6= b that can be joined by a continuous open

curve Γ ⊂ σp(Ad). First, the situation is considered, where

Γ ⊂ F ..= C \ (−∞, 0]. (A.103)

Then, every γ ∈ Γ is the limit point of a sequence (λd,ik)k∈N ⊂ F because γ ∈ σp(Ad).

While the map f in (A.102) is not invertible on C, it has an inverse f−1 : F 7→ {s ∈
C | − π < Im s < π} on the smaller set F , and one has

(f−1(λd,ik))k∈N = (λik)k∈N ⊂ σp(A) (A.104)

due to (A.102). Since f−1 is continuous on F this sequence has an accumulation point

γ̃ ∈ σp(A), because (λd,ik)k∈N accumulates at γ, and it holds γ̃ = f−1(γ) (see [116,

Thm. 4.6]). Using again the continuity of f−1 shows that the image

Γ̃ ..= {f−1(γ) | γ ∈ Γ} (A.105)
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of Γ is a continuous curve contained in σp(A). This however contradicts the fact that

σp(A) is totally disconnected since A is assumed to be a Riesz-spectral operator. Thus,

a curve Γ ⊂ F ∩ σp(Ad) does not exist. Now, the case is considered, where Γ has one

or several intersections with (−∞, 0] so that Γ 6⊂ F . Then, Γ can be split at the

intersection points into open curves that each are entirely contained in F . These,

however, lead to the same contradiction as above which shows that σp(Ad) is totally

disconnected. This gives Item 3 of Definition 2.1-7.

Finally, Item 2 of Definition 2.1-7 has to be shown. To this end note, that f is injective

on

E ..= {s ∈ C | 0 ≤ Im s < 2π/T} (A.106)

for which reason the λd,i = f(λi) for λi ∈ E are simple and mutual different because

the eigenvalues λi are simple and mutual different due to the Riesz-spectral property

of A. Relation (4.32) assures that the same is true for the images of all eigenvalues

of A so that λd,i, i ∈ N, are distinct numbers. It follows from [46, Cor. 2.3.6] that

Ad is therefore a Riesz-spectral operator when it is taken into account that it has the

representation (4.16), its eigenvectors φi form a Riesz basis for X , and (φi)i∈N and

(ψi)i∈N are biorthonormal sequences. Thus, Item 2 of Definition 2.1-7 is verified in

view of Item 2 of Definition 2.1-6 so that, in summary, Ad is a sectorial Riesz-spectral

operator.

The equations (4.35)–(4.36) immediately follow from (2.34)–(2.35) since A and Ad are

Riesz-spectral operators. The equality in (4.34) is obtained from σ(Ad) = σp(Ad) ∪
σc(Ad)∪ σr(Ad) and (4.35)–(4.36). Finally, the inclusion in (4.34) follows from (4.26),

(4.33), and (4.35). Thus, the proof is complete.

A.12 Proof of Theorem 5.1-3

First, it is shown that the Items 1 and 2 of Problem 5.1-2 hold. Item 1 is apparently

satisfied due to the ansatz θ1(t) =
∑N

j=1 αjκj(t) and in view of (5.27). Since (5.31)–

(5.32) and (5.35) yield

Bd,n = xn,1(T ) =

N
∑

j=1

αjx
j
n,1(T ) = Bdesired

d,n (A.107)

also Item 2 is confirmed. Finally, it has to be shown that ‖Bd,r‖ is minimized in the

case of single-input systems for θ1(t) =
∑N

j=1 αjκj(t). To this end, the norm of the
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operator

Bd,rv = xr,1(T )v =

N
∑

j=1

αjx
j
r,1(T ) v, ∀ v ∈ C (A.108)

(see (5.26) and (5.30)) is expressed by

‖Bd,r‖2 =
〈

N
∑

j=1

αjx
j
r,1(T ),

N
∑

k=1

αkx
k
r,1(T )

〉

Xr

=

N
∑

j=1

N
∑

k=1

αjαk〈xjr,1(T ), xkr,1(T )〉Xr
= αTM̃α (A.109)

with α as defined in (5.34) and

M̃ =







〈x1r,1(T ), x1r,1(T )〉Xr
· · · 〈x1r,1(T ), xNr,1(T )〉Xr

...
...

〈xNr,1(T ), x1r,1(T )〉Xr
· · · 〈xNr,1(T ), xNr,1(T )〉Xr






, (A.110)

where it is used that the αj are real. Note, that M̃ is hermitian. It can be shown

easily that for this reason Im M̃ is skew-symmetric, and that Im M̃ does therefore not

contribute to the right hand-side in (A.109). Consequently, M̃ therein can be replaced

by M = Re M̃ . Thus, if the objective function αTMα is minimized, as claimed in

(5.33), then ‖Bd,r‖ becomes minimal. So, Problem 5.1-2 is satisfied, which completes

the proof.

A.13 Proof of Theorem 5.1-8

Recall that xr,i(T ), i = 1, 2, . . . , p, is the state of the continuous-time residual dynamics

Σr at the instant of time t = T for vanishing initial state and input u(t) = eiθi(t) =
∑N

j=1 eiαj,iκj(t) (see (5.24) and (5.45)). By introducing the controllability map Bt
r :

L2([0, t];R
p) 7→ Xr, defined by

Bt
ru

..=

∫ t

0

Sr(t− τ)Bru(τ)dτ, ∀ u ∈ L2([0, t];R
p), (A.111)

this can be expressed by

xr,i(T ) = BT
r eiθi, (A.112)

wherein (5.25) and Θei = eiθi are used. Analog, xn,i, i = 1, 2, . . . , p, is the state of the

continuous-time approximation Σn for vanishing initial state and input u(t) = eiθi(t)
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which can be written as xn,i(T ) = BT
n eiθi with

Bt
nu

..=

∫ t

0

eAn(t−τ)Bnu(τ)dτ, ∀ u ∈ L2([0, t];R
p) (A.113)

(see [86, Sec. 2.5]). In the following, input signals ũ ∈ Ei with

Ei
..=
{

ũ = eiθ̃i | θ̃i ∈ L2([0, T ];R), BT
n eiθ̃i = Bdesired

d,n ei
}

, i = 1, 2, . . . , p (A.114)

are considered. The hold functions θ̃i that define this set are not confined to the set

KΘ of step functions (see (5.27)–(5.28)) but assure that Item 2 of Problem 5.1-2 is

satisfied (see (5.31)).

For the moment it is assumed that

ran(BT
r |Ei

) = Xr, i = 1, 2, . . . , p (A.115)

is satisfied which means that the space of input signals u ∈ Ei allows to approach all

states of the residual dynamics arbitrarily close. Thus, a feedforward control ũ(t) =

eiθ̃i(t) ∈ Ei exists such that the state

x̃r,i(T ) = BT
r ũ (A.116)

of Σr, that corresponds to the input ũ and vanishing initial state, satisfies ‖x̃r,i(T )‖ < ε

for arbitrary ε > 0. Since the hold functions θi are confined to the set KΘ of step

functions, the control ũ(t) = eiθ̃i(t) may not be implementable by the general hold

device exactly. However, the error ‖ũ− u‖L2([0,T ];Rp) can be made arbitrarily small by

using a sufficiently large number N of steps, which follows from the construction of the

Lebesgue integral and the L2 space (see, e.g., [112, Sec. 2.3]). Thus, ‖ũ−u‖L2([0,T ];Rp) <

ε̃ for arbitrary ε̃ > 0 may be assumed. Taking into account that BT
r is bounded (see

[46, Lem. 4.1.4]) it follows by aid of (A.112) and (A.116)

‖xr,i(T )− x̃r,i(T )‖Xr
= ‖BT

r (u− ũ)‖Xr
≤ ‖BT

r ‖ε̃. (A.117)

Using the triangular inequality yields

‖xr,i(T )‖Xr
≤ ‖x̃r,i(T )‖Xr

+ ‖xr,i(T )− x̃r,i(T )‖Xr
≤ ε+ ‖BT

r ‖ε̃. (A.118)

Since ε > 0 and ε̃ > 0 can be made arbitrarily small as argued above, this shows that

for a sufficiently large N a hold function θi ∈ KΘ exists such that Bd,rei = xr,i(T ) (see

(5.26)) satisfies

‖Bd,rei‖Xr
< δ, i = 1, 2, . . . , p (A.119)
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for any given δ > 0. Since the approach of Theorem 5.1-3 and Remark 5.1-6 minimizes

‖Bd,rei‖, this approach yields θi such that (A.119) indeed holds if N is sufficiently large.

Thus,

‖Bd,r‖ =
∥

∥

∥

[

xr,1(T ) xr,2(T ) · · · xr,p(T )
]∥

∥

∥
→ 0 for N → ∞. (A.120)

Hence, by help of (5.51) the statement is proven under the assumption (A.115). Note,

that the norms ‖T̃ −1
cl ‖, ‖T̃cl‖, and ‖K‖ in (5.51) are independent from N because only

Bd,r depends on the choice of the general sampling device when Item 2 of Problem 5.1-2

is taken into account.

Now, the situation is considered, where (A.115) does not hold. To this end, the state

space Xr is divided into Xr = X̃r + X̃⊥
r , where

X̃r = ran(BT
r |Ei

). (A.121)

By restricting Σr to the subspace X̃r, i.e., Xr, Ar, and Cr in (5.17)–(5.18) are replaced

by X̃r, Ar|X̃r
, and Cr|X̃r

, respectively, the resulting system Σ̃r is approximately con-

trollable (see [123, Thm. 9.1.9]). Hence, when the state xr,i is decomposed according

to

xr,i(t) = x
‖
r,i(t) + x⊥r,i(t), x

‖
r,i(t) ∈ X̃r, x

⊥
r,i(t) ∈ X̃⊥

r (A.122)

the same considerations as above can be applied to the part x
‖
r,i, yielding

‖x‖r,i(T )‖Xr
→ 0 for N → ∞. (A.123)

The part x⊥r,i satisfies

x⊥r,i(T ) = 0 (A.124)

because one has xr,i(T ) ∈ X̃r due to xr,i(0) = 0 and the definition of X̃r. Thus, (A.122)–

(A.124) and Brei = xr,i(T ) yields (A.120). In view of (5.51), this finally confirms the

statement so that the proof is complete.

A.14 Proof of Proposition 5.2-1

Let yx[k−1](t) denote the output of the plant Σ in (5.58)–(5.59) for t ∈ [tk−1, tk), k ∈ N,

that results from u ≡ 0 and x[k − 1] ∈ X , and similar, let yu(t) be the output of Σ for

t ∈ [tk−1, tk), k ∈ N, that results from x[k − 1] = 0 and u 6≡ 0. Then, the output y of

Σ can be decomposed into

y(t) = yx[k−1](t) + yu(t), t ∈ [tk−1, tk), k ∈ N (A.125)

198



A.15 Proof of Theorem 5.2-9

due to the linearity of Σ. Using (2.120) the part yx[k−1] in turn has the decomposition

yx[k−1](t) = yx[k−1]
n (t) + yx[k−1]

r (t), t ∈ [tk−1, tk), k ∈ N, (A.126)

where y
x[k−1]
n denotes the output of the continuous-time approximation Σn in (4.48)–

(4.49) with u ≡ 0, and y
x[k−1]
r is the output of the continuous-time residual dynamics

Σr in (4.56)–(4.57) for u ≡ 0. By taking yd[k] =
∫ T

0
Π(τ)y(τ + tk−1)dτ , k ∈ N, (see

(5.57)) and (A.125)–(A.126) into account, the discrete-time output yd can be written

as

yd[k] =

∫ T

0

Π(τ)yx[k−1]
n (τ+tk−1)dτ+

∫ T

0

Π(τ)yx[k−1]
r (τ+tk−1)dτ+

∫ T

0

Π(τ)yu(τ+tk−1)dτ

(A.127)

for k ∈ N, and yd[0] = 0. Now, observe that y
x[k−1]
n is obtained from (4.48)–(4.49) and

xn(tk−1) = xn[k − 1] by

yx[k−1]
n (τ + tk−1) = Cnxn(τ + tk−1) = Cne

Anτxn[k − 1] (A.128)

for τ ∈ [0, T ) (see [86, Sec. 2.5]), and y
x[k−1]
r satisfies analog

yx[k−1]
r (τ + tk−1) = Crxr(τ + tk−1) = CrSr(τ)xr[k − 1] (A.129)

in view of (4.56)–(4.57) and xr(tk−1) = xr[k − 1] (compare to (2.13)). Furthermore,

(5.58)–(5.59) yields

yu(τ+tk−1) = Cx(τ+tk−1) = C
∫ τ

0

S(κ)Bu(τ+tk−1−κ)dκ = CBd(τ)ud[k−1] (A.130)

for τ ∈ [0, T ), where (5.60) and (5.61) have been used (see [46, Def. 3.1.4, Thm. 3.1.7]).

Insertion of (A.128)–(A.130) into (A.127) confirms that yd,n and yd,r according to (5.63)

and (5.65) satisfy yd[k] = yd,n[k]+ yd,r[k], as claimed. Finally, the equations (5.62) and

(5.64) have been determined in Subsection 4.2.1 (see (4.50) and (4.58)). Thus, the

proof is complete.

A.15 Proof of Theorem 5.2-9

Consider some sampling functions π̂i ∈ L2([0, T ];R), i = 1, 2, . . . , m, that are not con-

straint to consist of Dirac delta functions but are such that Item 2 of Problem 5.2-4

is satisfied. It can be shown in the same way as in the proof of Theorem 5.1-8 (see

Appendix A.13) that these sampling functions can be chosen such that the norms
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‖x̂r,i(T )‖Xr
become arbitrarily small, where x̂r,i is the state of the dual residual dy-

namics (5.92) for the input u(t) = eiπ̂i(T − t) and x̂r,i(0) = 0. For the operator

Ĉd,rh ..=

∫ T

0

diag(π̂1(τ), π̂2(τ), . . . , π̂m(τ)) CrSr(τ)dτ h, ∀h ∈ Xr, (A.131)

that results when the sampling functions π̂i are used in (5.87) instead of πi, one has

Ĉ∗
d,rei = x̂r,i(T ), i = 1, 2, . . . , m, analog to (5.95). Consequently, the above reasoning

shows that one can assume

‖Ĉ∗
d,r‖HS < ε̂ (A.132)

for arbitrary ε̂ > 0. The corresponding general sampling law (5.54) with πi replaced

by π̂i cannot be implemented exactly in general since the sampling functions πi are

confined to the set KΠ of weighted Dirac delta functions, which means that πi has

the form πi(t) =
∑N

j=1 αj,iδ(j−1) T
N
(t) (see (5.96)–(5.97)), so that the integrals in (5.54)

become for k = 1
∫ T

0

πi(τ)yi(τ)dτ =
N
∑

j=1

αj,i yi
(

(j − 1) T
N

)

. (A.133)

In order to make the error between this sum and the integral
∫ T

0
π̂i(τ)yi(τ)dτ small,

that is the analog to the left hand-side of (A.133) for the use of the sampling function

π̂i, this integral is approximated by the rectangle method for integration calculus, i.e.,

∫ T

0

π̂i(τ)yi(τ)dτ ≈ T

N

N
∑

j=1

π̂i
(

(j − 1) T
N

)

yi
(

(j − 1) T
N

)

(A.134)

(see, e.g., [74, Sec. I.3]). Apparently, by choosing αj,i = T
N
π̂i
(

(j − 1) T
N

)

the right

hand-sides of (A.133)–(A.134) coincide, which gives

N
∑

j=1

αj,i yi
(

(j − 1) T
N

)

≈
∫ T

0

π̂i(τ)yi(τ)dτ (A.135)

and equivalently

N
∑

j=1

diag
(

αj,1, . . . , αj,m

)

y
(

(j − 1) T
N

)

≈
∫ T

0

diag
(

π̂1(τ), . . . , π̂m(τ)
)

y(τ) dτ. (A.136)

By substituting y(t) therein by CrSr(t)h and taking (A.131) and

N
∑

j=1

diag
(

αj,1, . . . , αj,m

)

CrSr

(

(j − 1) T
N

)

h

=

∫ T

0

Π(τ)CrSr(τ)dτ h = Cd,rh, ∀h ∈ Xr (A.137)
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(see (5.56), (5.87), and (5.98)) into account, (A.136) becomes

Cd,rh ≈ Ĉd,rh, ∀h ∈ Xr. (A.138)

It is well-known that the error in (A.134) and thus also in (A.136) can be made arbi-

trarily small for sufficiently large N if y is continuous (see [74, Sec. I.3]). For (A.137)–

(A.138) y(t) has been replaced by y
x[0]
r (t) ..= CrSr(t)h which is the output of the residual

dynamics Σr that results from u ≡ 0 and xr(0) = h (see (A.129)). This output is known

to be continuous (see [46, Lem. 3.1.5]). Therefore,

‖C∗
d,r − Ĉ∗

d,r‖HS = ‖Cd,r − Ĉd,r‖HS < ε, ε > 0 (A.139)

is achieved if N is sufficiently large. Taking (A.132) into account, this shows that for

sufficiently large N sampling functions πi ∈ KΠ exist such that

‖C∗
d,r‖HS ≤ ‖C∗

d,r − Ĉ∗
d,r‖HS + ‖Ĉ∗

d,r‖HS < ε+ ε̂ (A.140)

by the triangular equation. Since the approach of Theorem 5.2-5 minimizes ‖C∗
d,r‖HS ,

this approach yields πi such that (A.140) indeed holds if N is sufficiently large. Thus,

by help of (5.122) and ‖C∗
d,r‖ ≤ ‖C∗

d,r‖HS the statement is proven since the norms

‖T̄ −1
cl ‖, ‖T̄cl‖, and ‖L‖ in (5.122) can be verified to be independent from N by use of

Item 2 of Problem 5.2-4.
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Appendix B

Computation of the disk radius for

spectrum enclosure

In this appendix the numerical computation of the disk radius r for the spectrum

enclosure (2.204)–(2.205) is addressed. Indeed, making use of the fact that T −1
cl ∆Tcl

has finite rank, i.e., dim ran(T −1
cl ∆Tcl) <∞, it is possible to convert the computation

of ‖T −1
cl ∆Tcl‖ to the standard problem of determining the norm of a finite-dimensional

matrix. The following lemma provides a step-by-step procedure for the calculation of

r that is suitable for the computation by standard numeric software. However, it has

to be assumed that A is normal. An important class of operators that satisfies this

condition consists of Riesz-spectral operators with orthonormal eigenvectors φi, i ∈ N.

Theorem B-1

Suppose that A is normal. Accomplish the following procedure:

1. Compute the eigenvectors φcl,i, i ≤ 2n, of the operator Acl,0 by solving the bound-

ary value problems

Acl ,0 φcl ,i = λcl,iφcl,i, φcl,i ∈ D(Acl,0), i = 1, 2, . . . , 2n (B.1)

for the assigned eigenvalues λcl ,i ∈ σ(An −BnK) ∪ σ(An − LCn).

2. Define the 2n× 2n-matrix T1 and the operator T2 : C
2n 7→ Xr by the partitioning

[

T1
T2

]

..=
[

φcl,1 φcl ,2 · · · φcl,2n

]

(B.2)
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and compute

[

ψ1 ψ2 · · · ψ2n

]

..=

[

T−1
1

−T2T
−1
1

]

, ψi ∈ Xcl , i = 1, 2, . . . , 2n. (B.3)

Therein, T−1
1 can be calculated easily because T1 is an invertible 2n× 2n-matrix.

3. Calculate the m× 2n-matrix G = CrT2 and define the vectors

ce,i ..=

[

gi
ci

]

, i = 1, 2, . . . , m (B.4)

with c1, c2, . . . , cm from (2.15) and g1, g2, . . . , gm from






gT1
...

gTm






= G. (B.5)

4. Compute the Gramian matrices

Π ..=







〈ψ1, ψ1〉Xcl
· · · 〈ψn, ψ1〉Xcl

...
...

〈ψ1, ψn〉Xcl
· · · 〈ψn, ψn〉Xcl






(B.6)

Γ ..=







〈ce,1, ce,1〉Xcl
· · · 〈ce,m, ce,1〉Xcl

...
...

〈ce,1, ce,m〉Xcl
· · · 〈ce,m, ce,m〉Xcl






(B.7)

with the vectors in (B.3) and (B.4).

Then, the radius r in (2.204)–(2.205) of the enclosing circles is given by

r = ‖Π 1

2LΓ
1

2‖Cn×m , (B.8)

where L is the observer gain of Σc (see (2.168)).

Note, that the boundary value problems in the first step of the procedure can be solved

numerically because the assigned eigenvalues λcl ,i ∈ σ(An − BnK) ∪ σ(An − LCn) are

known (see (2.179)). The Steps 3 and 4 require the evaluation of several inner products

on Xcl which involves in most cases a numerical integration. Thus, the presented

algorithm can be implemented by numerical software packages.

In order to prove the statement Theorem 2.4-10 will be applied, in which the normal-

izing transformation Tcl can be shown to have a certain structure under the condition

that A is normal. This is subject of the following auxiliary statement.
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Lemma B-2

Assume that A is normal. Let T1 and T2 be as defined in Theorem B-1. Then, the

operator Tcl : Xcl 7→ Xcl defined by

Tcl

[

h2n
hr

]

=

[

T1 0

T2 IXr

][

h2n
hr

]

, ∀h2n ∈ C
2n, hr ∈ Xr, (B.9)

with IXr
denoting the identity operator on Xr, is a linear transformation, and T −1

cl Acl,0Tcl

is normal. Furthermore, T −1
cl is given by

T −1
cl

[

h2n
hr

]

=

[

T−1
1 0

−T2T
−1
1 IXr

][

h2n
hr

]

, ∀h2n ∈ C
2n, hr ∈ Xr. (B.10)

Proof. First, it can be verified easily under use of (B.9) that (B.10) holds. Since

T1, T2, and IXr
are bounded operators, also Tcl and T −1

cl are bounded so that Tcl is a

linear transformation as claimed. Using the fact that the eigenvectors φcl,i satisfy the

eigenvalue-eigenvector equation

Acl,iφcl,i = λcl ,iφcl,i, i = 1, 2, . . . , 2n, (B.11)

one obtains from (B.2)

Acl,0

[

T1
T2

]

=

[

T1
T2

]

Λ2n (B.12)

with

Λ2n = diag(λ1, λ2, . . . , λ2n), (B.13)

and thus

Acl,0Tcl = Acl ,0

[

T1 0

T2 IXr

]

=

[

T1 0

T2 IXr

][

Λ2n 0

0 Ar

]

. (B.14)

by aid of (2.177). Combined with (B.10) this yields

T −1
cl Acl,0Tcl =

[

T−1
1 0

−T2T
−1
1 IXr

][

T1 0

T2 IXr

][

Λ2n 0

0 Ar

]

=

[

Λ2n 0

0 Ar

]

(B.15)

and

(T −1
cl Acl,0Tcl)

∗ =

[

Λ∗
2n 0

0 A∗
r

]

. (B.16)
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B Computation of the disk radius for spectrum enclosure

Using the fact that Ar is normal, i.e., ArA∗
r = A∗

rAr, since A is normal by assumption

and Arh = Ah, ∀h ∈ D(Ar) (see (2.115)), it follows from (B.15)–(B.16) and (B.13)

(T −1
cl Acl,0Tcl)(T −1

cl Acl,0Tcl)
∗ =

[

Λ2nΛ
∗
2n 0

0 ArA∗
r

]

=

[

Λ∗
2nΛ2n 0

0 A∗
rAr

]

= (T −1
cl Acl,0Tcl)

∗(T −1
cl Acl,0Tcl) (B.17)

D((T −1
cl Acl,0Tcl)(T −1

cl Acl,0Tcl)
∗) = C

2n ⊕D(ArA∗
r) = C

2n ⊕D(A∗
rAr)

= D((T −1
cl Acl,0Tcl)

∗(T −1
cl Acl,0Tcl)). (B.18)

Thus, T −1
cl Acl,0Tcl is normal, so that the proof is complete.

Now, the proof of Theorem B-1 follows next.

Proof of Theorem B-1. In order to show (B.8) Theorem 2.4-10 is applied,

for which the transformation Tcl according to (B.9) will be used. In order to avoid

confusion the identity operator on Xr is denoted IXr
in this proof. With the structure

of ∆ (see (2.177)) ∆̃ ..= T −1
cl ∆Tcl can easily be verified to be given by consequently

∆̃ =

[

T−1
1

−T2T
−1
1

][

−L
0n×m

]

Cr
[

T2 IXr

]

(B.19)

with 0n×m being the n×m zero matrix. Defining

Ce ..= Cr
[

T2 IXr

]

(B.20)

Ψ ..=
[

ψ1 ψ2 · · · ψn

]

, (B.21)

where ψi, i = 1, 2, . . . , n, are as in (B.3), the relation (B.19) becomes

∆̃ = −ΨL Ce (B.22)

by aid of (B.3). Next, a connection between Ce and Ψ on the one hand and Γ and Π in

(B.6)–(B.7) on the other will be examined. As a first step it has to be be shown that

the operator Ce can be represented as

Ce
[

h2n

hr

]

=







〈
[

h2n

hr

]

, ce,1〉Xcl

...

〈
[

h2n

hr

]

, ce,m〉Xcl






=







〈h2n, g1〉C2n + 〈hr, c1〉Xr

...

〈h2n, gm〉C2n + 〈hr, cm〉Xr






, ∀

[

h2n

hr

]

∈ Xcl (B.23)
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with ce,1, . . . , ce,m defined by (B.4)–(B.5). In order to prove this relation apply Ce to
[

h2n

hr

]

∈ Xcl with h2n ∈ C2n and hr ∈ Xr yielding

Ce
[

h2n
hr

]

= Cr
[

T2 IXr

]

[

h2n
hr

]

= Gh2n + Crhr (B.24)

(see (B.20)), where G is the m × 2n-matrix defined in Step 3 of Theorem B-1. Using

(B.5) leads to

Gh2n =







gT1 h2n
...

gTm h2n






=







〈h2n, g1〉C2n

...

〈h2n, gm〉C2n






, (B.25)

and from (2.15) and (2.115) one gets

Crhr =







〈hr, c1〉Xr

...

〈hr, cm〉Xr






. (B.26)

Then, insertion of (B.25)–(B.26) into (B.24) yields (B.23). It is straightforward to

check by aid of (B.21) and (B.23) that the adjoint operators of Ψ and Ce are given by

Ψ∗hr =







〈hr, ψ1〉Xcl

...

〈hr, ψn〉Xcl






, ∀hr ∈ Xr (B.27)

C∗
ehm =

[

ce,1 · · · ce,m

]

hm, ∀hm ∈ C
m, (B.28)

and consequently the matrices Π and Γ in (B.6)–(B.7) satisfy

Π = Ψ∗Ψ, Γ = CeC∗
e . (B.29)

Note, that ψi, i = 1, 2, . . . , n, are linearly independent because T −1
cl is invertible (see

(B.3) and (B.10)) so that any α ∈ Cn \{0} yields Ψα 6= 0. Similar, ce,i, i = 1, 2, . . . , m,

are linearly independent as a consequence of ci, i = 1, 2, . . . , m, being linear indepen-

dent (see Assumption 2.1-2), and this assures C∗
eβ 6= 0 for all β ∈ Cm \ {0}. Using

αTΨ∗Ψα = (Ψα)∗Ψα = 〈(Ψα)∗Ψα, 1〉C = 〈Ψα,Ψα〉Xcl
(B.30)

βTCeC∗
eβ = (C∗

eβ)
∗ C∗

eβ = 〈(C∗
eβ)

∗ C∗
eβ, 1〉C = 〈C∗

eβ, C∗
eβ〉Xcl

(B.31)

the relations in (B.29) lead to

αT Πα = αTΨ∗Ψα = 〈Ψα,Ψα〉Xcl
= ‖Ψα‖2Xcl

> 0 ∀α 6= 0 (B.32)

βT Γ β = βTCeC∗
eβ = 〈C∗

eβ, C∗
eβ〉Xcl

= ‖C∗
eβ‖2Xcl

> 0 ∀ β 6= 0, (B.33)
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B Computation of the disk radius for spectrum enclosure

showing that Π and Γ are positive definite matrices. In addition, these matrices are

hermitian which is obvious in view of (B.29). For that reason there uniquely exist

the square root matrices Π
1

2 and Γ
1

2 which are invertible because the square roots

themselves are positive definite (see [21, Sec. 8.5]).

In order to avoid the computation of ‖∆̃‖ = ‖T −1
cl ∆Tcl‖ in the infinite-dimensional

space Xcl it is the aim in the sequel to show that the operators

H ..= Π− 1

2Ψ∗ and J ..= C∗
eΓ

− 1

2 (B.34)

are isometric so that H∆̃J is an n×m-matrix that satisfies

‖∆̃‖ = ‖H∆̃J ‖. (B.35)

This allows to determine the norm of ∆̃ easily as the norm of the n × m-matrix

H∆̃J . First, it will be verified that ‖H∆̃J ‖ = ‖∆̃J ‖ holds. In the light of (B.22),

H∆̃J β = −HΨL CeJ β with β ∈ Cm can be written as

H∆̃J β = HΨα (B.36)

with

α = −LCeJ β ∈ C
n, (B.37)

and using (B.29) and (B.34) gives

HΨα = Π− 1

2Πα = Π
1

2α. (B.38)

Consequently, by an analog reasoning as in (B.31), it follows with (B.36)

‖H∆̃J β‖2Cn = ‖HΨα‖2Cn =
〈

Π
1

2α,Π
1

2α
〉

Cn
= αT

(

Π
1

2

)∗

Π
1

2 α = αT Πα, (B.39)

where the fact was used that Π
1

2 is hermitian since so is Π (see [21, Sec. 8.5]). Fur-

thermore, in view of (B.22), (B.29), and (B.37), one obtains

‖∆̃J β‖2Xcl
= ‖ −ΨLCeJ β‖2Xcl

= 〈Ψα,Ψα〉Xcl
= αTΨ∗Ψα = αT Πα. (B.40)

Since the relations (B.39)–(B.40) are valid of arbitrary β ∈ Cm, comparison of (B.39)

and (B.40) yields

‖H∆̃J ‖ = ‖∆̃J ‖. (B.41)

Now, it shall be shown that also J is isometric, i.e., ‖∆̃J ‖ = ‖∆̃‖. This can be done

by an analog way as above, when it is used that ‖∆̃J‖ = ‖(∆̃J )∗‖ and ‖∆̃‖ = ‖∆̃∗‖
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holds in general (see [89, Sec. III 3.3]), so that it is sufficient to check the equality

‖J ∗∆̃∗‖ = ‖∆̃∗‖. Making use of the defining relation (B.34) as well as (B.22) and

(B.29) it holds

J ∗∆̃∗ = −
(

Γ− 1

2

)∗

CeC∗
eL

∗Ψ∗ = −Γ− 1

2ΓL∗Ψ∗ = −Γ
1

2L∗Ψ∗ (B.42)

because Γ− 1

2 is hermitian. Consequently, for any h ∈ Xcl it follows

‖J ∗∆̃∗h‖2
Cm =

〈

−Γ
1

2L∗Ψ∗h,−Γ
1

2L∗Ψ∗h
〉

Cm
= hTΨLΓL∗Ψ∗h, (B.43)

and comparison with

‖∆̃∗h‖2Xcl
= 〈−C∗

eL
∗Ψ∗h,−C∗

eL
∗Ψ∗h〉Xcl

= hTΨLCeC∗
eL

∗Ψ∗h = hTΨLΓL∗Ψ∗h (B.44)

(see (B.22)) makes apparent that ‖J ∗∆̃∗‖ = ‖∆̃∗‖. Thus, J has the desired property

‖∆̃J ‖ = ‖∆̃‖. (B.45)

Hence, (B.41) and (B.45) give (B.35). By aid of (B.22), (B.29), and (B.34) it follows

‖H∆̃J‖ = ‖ − Π− 1

2Ψ∗ΨLCeC∗
eΓ

− 1

2‖ = ‖Π− 1

2ΠLΓΓ− 1

2‖ = ‖Π 1

2LΓ
1

2‖. (B.46)

In view of r = ‖T −1
cl ∆Tcl‖ = ‖∆̃‖ (see (2.205)), insertion of (B.46) in (B.35) finally

completes the proof.
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Appendix C

The adjoint operator

In this section it is demonstrated on the basis of an example how the adjoint A∗ of a

system operator A can be determined in many cases. For that purpose a system is con-

sidered that consists of two connected heat conducting rods as shown in Figure 39. The

temperature distributions ϑ(zi, t) along the heat conductors with spatial coordinates

z1 ∈ [0, ℓ1] and z2 ∈ [0, ℓ2] are described by the homogeneous heat equations

∂tϑi(zi, t) = ∂2ziϑi(zi, t), t > 0, i = 1, 2, zi ∈ (0, ℓi) (C.1)

(see Example 2.1-1). Since the heat flow

Φi(zi, t) = ∂ziϑi(zi, t), i = 1, 2 (C.2)

is considered to vanish at z1 = 0 and z2 = ℓ2 for all t > 0 Neumann boundary conditions

∂z1ϑ1(0, t) = 0, t > 0 (C.3)

∂z2ϑ2(ℓ2, t) = 0, t > 0 (C.4)

are used. In the following the shorthand notation ϑ′1(z1, t)
..= ∂z1ϑ1(z1, t), ϑ

′
2(z2, t)

..=

∂z2ϑ2(z2, t) is applied. The temperatures of both heat conductors must coincide at the

connection point, and the energy flow Φ1(ℓ1, t) out of heat conductor 1 at its right end

has to equal the energy flow Φ2(0, t) into the heat conductor 2 at the left end, which

is described by

ϑ1(ℓ1, t) = ϑ2(0, t), t > 0 (C.5)

ϑ′1(ℓ1, t) = ϑ′2(0, t), t > 0. (C.6)
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z1 = ℓ1 z2 = 0

heat conductor 2

ϑ1(z1, t)
ϑ2(z2, t)

z1 z2

heat conductor 1

z1 = 0 z2 = ℓ2

Figure 39 – Two connected heat conductors with lengths ℓ1 and ℓ2, and tempera-

ture distributions ϑ1(z1, t) and ϑ2(z2, t), respectively.

In conjunction with the initial condition ϑi(zi, 0) = ϑi,0(zi), zi ∈ [0, ℓ1], i = 1, 2, (C.1)–

(C.6) shall be described by a state space model with the state

x(t) =

[

ϑ1(·, t)
ϑ2(·, t)

]

(C.7)

on the state space X = L2(0, ℓ1) ⊕ L2(0, ℓ2), which is a Hilbert space with the inner

product

〈[

h1
h2

]

,

[

g1
g2

]〉

X

..=

∫ ℓ1

0

h1(z1)g1(z1)dz1 +

∫ ℓ2

0

h2(z2)g2(z2)dz2. (C.8)

Then, using (C.1)–(C.6), the system can be described by the homogeneous state equa-

tion

ẋ(t) = Ax(t), t > 0, x(0) = x0 ∈ X, (C.9)

where A is given by

A
[

h1
h2

]

=

[

h′′1
h′′2

]

,

[

h1
h2

]

∈ D(A) (C.10)

D(A) =
{

h1 ∈ H2(0, ℓ1), h2 ∈ H2(0, ℓ2)
∣

∣

h′1(0) = 0,

h′2(ℓ2) = 0,

h1(ℓ1) = h2(0),

h′1(ℓ1) = h′2(0)
}

(C.11)

which is the generator of a C0-semigroup (see Appendix D for the definition ofH2(0, ℓi)).

Now, an algebraic adjoint of A shall be determined, which by definition is an operator

Ã∗ : D(Ã∗) ⊂ X 7→ X (C.12)
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such that

〈Ah, g〉X = 〈h, Ã∗g〉X, ∀h ∈ D(A), g ∈ D(Ã∗) (C.13)

holds. Introducing g =
[

g1
g2

]

, h =
[

h1

h2

]

, and

[

g̃1
g̃2

]

= g̃ = Ã∗g (C.14)

this means in view of (C.8) and (C.10) that g̃1, g̃2 must satisfy

∫ ℓ1

0

h′′1(z1)g1(z1)dz1 +

∫ ℓ2

0

h′′2(z2)g2(z2)dz2

=

∫ ℓ1

0

h1(z1)g̃1(z1)dz1 +

∫ ℓ2

0

h2(z2)g̃2(z2)dz2. (C.15)

Integration by parts, applied two times to the left-hand side of (C.15), yields

∫ ℓ1

0

h′′1g1dz1 +

∫ ℓ2

0

h′′2g2dz2 = h′1g1
∣

∣

ℓ1

0
− h1g

′
1

∣

∣

ℓ1

0
+

∫ ℓ1

0

h1g
′′
1dz1

+ h′2g2
∣

∣

ℓ2

0
− h2g′2

∣

∣

ℓ2

0
+

∫ ℓ2

0

h2g′′2dz2, (C.16)

wherein the spatial arguments have been omitted for the sake of a simple notation.

Relation (C.15) can be satisfied with g̃1, g̃2 ∈ X only if the part

h′1g1
∣

∣

ℓ1

0
− h1g′1

∣

∣

ℓ1

0
+ h′2g2

∣

∣

ℓ2

0
− h2g′2

∣

∣

ℓ2

0

= h′1(ℓ1) g1(ℓ1)− h′1(0) g1(0)− h1(ℓ1) g′1(ℓ1) + h1(0) g′1(0)

+ h′2(ℓ2) g2(ℓ2)− h′2(0) g2(0)− h2(ℓ2) g′2(ℓ2) + h2(0) g′2(0) (C.17)

in (C.16) vanishes. Inserting the boundary conditions (see (C.11)) this means that

h1(0) g′1(0)− h2(ℓ2) g′2(ℓ2) + h′2(0)
(

g1(ℓ1)− g2(0)
)

+ h2(0)
(

g′2(0)− g′1(ℓ1)
) !
= 0 (C.18)

has to hold which can be satisfied for arbitrary h1(0), h2(ℓ2), h
′
2(0), and h2(0) only if

the adjoint boundary conditions

g′1(0) = 0 (C.19)

g′2(ℓ2) = 0 (C.20)

g1(ℓ1) = g2(0) (C.21)

g′1(ℓ1) = g′2(0) (C.22)

hold. Under these conditions (C.16) simplifies to

∫ ℓ1

0

h′′1g1dz1 +

∫ ℓ2

0

h′′2g2dz2 =

∫ ℓ1

0

h1g′′1dz1 +

∫ ℓ2

0

h2g′′2dz2 (C.23)
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C The adjoint operator

which leads to

Ã∗

[

g1
g2

]

=

[

g′′1
g′′2

]

,

[

g1
g2

]

∈ D(Ã∗) (C.24)

in view of (C.14)–(C.15). Before the domain of Ã∗ is discussed it should be remarked

that (C.24) defines an algebraic adjoint for any D(Ã∗) that incorporates the conditions

(C.19)–(C.22) and that assures that the derivatives in (C.24) exist, since the defining

relation (C.13) is then satisfied. Thus, an algebraic adjoint is not unique since any

subset of this domain D(Ã∗) leads to another algebraic adjoint. In case however that

D(Ã∗) is maximal1, this special algebraic adjoint is called adjoint, which is denoted

A∗. Such an operator can be found if A is densely defined2 (see [89, Sec. III 5.5]).

Since g1 and g2 have to be sufficiently smooth for g′′1 and g′′2 in (C.24) to be defined,

one could assume g1 ∈ C2(0, ℓ1), g2 ∈ C2(0, ℓ2) (see Appendix D for the definition of

C2(0, ℓ2)) which yields

D(Ã∗) =
{

g1 ∈ C2(0, ℓ1), g2 ∈ C2(0, ℓ2)
∣

∣

g′1(0) = g′2(ℓ2) = 0, g1(ℓ1) = g2(0), g
′
1(ℓ1) = g′2(0)

}

(C.25)

in view of (C.19)–(C.22). However, the operator (C.24)–(C.25) can be extended be-

cause g1 ∈ H2(0, ℓ1), g2 ∈ H2(0, ℓ2) still yields Ã∗
[

g1
g2

]

∈ X as postulated in (C.12) so

that a larger domain for Ã∗ is achieved in view of H2(0, ℓi) ⊃ C2(0, ℓi). In fact, it can

be shown that the adjoint A∗ is given by (C.24) and

D(A∗) =
{

g1 ∈ H2(0, ℓ1), g2 ∈ H2(0, ℓ2)
∣

∣

g′1(0) = g′2(ℓ2) = 0, g1(ℓ1) = g2(0), g
′
1(ℓ1) = g′2(0)

}

. (C.26)

Comparison of A∗ and A (see (C.10)–(C.11)) shows that both operators coincide in

this example, i.e.,

Ah = A∗h, h ∈ D(A) (C.27)

D(A) = D(A∗). (C.28)

An operator A with adjoint A∗ satisfying these two conditions is called self-adjoint.

If A and A∗ satisfy (C.27), but instead of (C.28) one has D(A) ⊆ D(A∗), then A is

called symmetric.

1 This means that if Ã∗
1 and Ã∗

2 are algebraic adjoints of A, in which D(Ã∗
1) is maximal, then

D(Ã∗
1) ⊆ D(Ã∗

2) implies D(Ã∗
1) = D(Ã∗

2) and thus Ã∗
1 = Ã∗

2.

2 An operator M : D(M) ⊂ X 7→ X is said to be densely defined if D(M) is dense in X , i.e.,

D(M) = X .
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Appendix D

Definitions of function spaces

Ck(a, b) : classical functions space

Space of complex functions f : [a, b] 7→ C over the inter-

val [a, b] for that the derivative f (k), k ∈ N0, is continu-

ous on (a, b) and has a continuous extention on [a, b].

C∞(a, b) : classical functions space

Space of complex functions f : [a, b] 7→ C over the in-

terval [a, b] for that any derivative f (k), ∀ k ∈ N0, is

continuous on (a, b) and has a continuous extention on

[a, b].

L2(Ω) : Lebesgue space

Space of complex functions f : Ω 7→ C over the compact

set Ω that are absolute square Lebesgue integrable, i.e.,

∫

Ω

|f(ω)|2dω <∞.

L2(Ω) is a Hilbert space with the inner product

〈g, h〉L2

..=

∫

Ω

g(ω)h(ω)dω.

L2(a, b) : Lebesgue space

L2(a, b) ..= L2(Ω) with Ω = [a, b]
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D Definitions of function spaces

Lp([a, b];C
n) : Lebesgue space

Space of Cn-valued functions f : [a, b] 7→ Cn over

the interval [a, b] ⊆ R that are absolute Lebesgue

p-integrable with p ∈ N, i.e.,

∫ b

a

‖f(ω)‖p
Cndω <∞.

L2([a, b];C
n) (i.e., p = 2) is a Hilbert space with the

inner product

〈g, h〉L2([a,b];Cn)
..=

∫ b

a

gT (ω)h(ω)dω.

L∞(a, b) : Lebesgue space

Space of C-valued functions f : [a, b] 7→ C over the

interval [a, b] ⊂ R that satisfy

|f(ω)| <∞, ∀ω ∈ [a, b].

Wm,p(Ω) : Sobolov space

Space of complex functions f : Ω 7→ C over the com-

pact set Ω that and their first m derivatives are absolute

Lebesgue p-integrable. To be more precise, it holds

∫

Ω

m
∑

i=0

|f (i)(z)|pdω <∞,

where the derivatives are to be taken in the weak sense.

Wm,p(a, b) : Sobolev space

Wm,p(a, b) ..=Wm,p(Ω) with Ω = [a, b]
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Wm,p([a, b];C
n) : Sobolev space

Space of complex functions f : [a, b] 7→ Cn over the

interval [a, b] ⊆ R that and their first m derivatives are

absolute Lebesgue p-integrable. To be more precise, it

holds
∫ b

a

m
∑

i=0

‖f (i)(ω)‖p
Cndω <∞,

where the derivatives are to be taken in the weak sense.

H2(Ω) : Sobolev space

H2(Ω) ..=W2,2(Ω).

H2(Ω) is a Hilbert space with the inner product

〈g, h〉H2

..=

∫

Ω

2
∑

i=0

g(i)(ω)h(i)(ω)dω.

H2(a, b) : Sobolev space

H2(a, b) ..= H2(Ω) with Ω = [a, b]

l2 : Sequence space

Space of complex-valued sequences that are absolute

square summable, i.e.,

l2 ..=
{

(νi)i∈N |
∞
∑

i=1

|νi|2 <∞}

l2 is a Hilbert space with the inner product

〈g, h〉l2 ..=
∞
∑

i=1

gihi.
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