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Summary

Ultracold atoms can be trapped in periodic intensity patterns of light created by
counterpropagating laser beams, so-called optical lattices. In contrast to its nat-
ural counterpart, electrons in a solid state crystal, this man-made setup is very
clean and highly isolated from environmental degrees of freedom. Moreover, to
a large extent, the experimenter has dynamical control over the relevant system
parameters: the interaction between atoms, the tunneling amplitude between
lattice sites, and even the dimensionality of the lattice. These advantages ren-
der this system a unique platform for the simulation of quantum many-body
dynamics for various lattice Hamiltonians as has been demonstrated in several
experiments by now.

The most significant step in recent times has arguably been the introduction
of single-site detection of individual atoms in optical lattices. This technique,
based on fluorescence microscopy, opens a new doorway for the study of quantum
many-body states: the detection of the microscopic atom configuration.

In this thesis, we theoretically explore the dynamics of ultracold atoms in op-
tical lattices for various setups realized in present-day experiments. Our main
focus lies on aspects that become experimentally accessible by (realistic exten-
sions of) the novel single-site measurement technique.

The first part deals with the expansion of initially confined atoms in a ho-
mogeneous lattice, which is one way to create atomic motion in experiments.
We analyze the buildup of spatial correlations during the expansion of a finitely
extended band insulating state in one dimension. The numerical simulation re-
veals the creation of remote spin-entangled fermions in the strongly interacting
regime. We discuss the experimental observation of such spin-entangled pairs
by means of a single-site measurement.

Furthermore, we suggest studying the impact of observations on the expan-
sion dynamics for the extreme case of a projective measurement in the spatial
occupation number basis realized by a single-site detection. The analysis of
the resulting quantum Zeno physics shows regimes for which the initial many-
particle configurations are stabilized or destabilized, depending on the observa-
tion time interval and the interaction strength.

In the second part, the measurement of the local current operator in an op-
tical lattice is discussed. We propose a measurement protocol that combines
single-site detection with already existing optical superlattices. The measure-
ment outcomes can even be used to calculate spatial current-current correla-
tions since the local currents are simultaneously measured at various positions.
We illustrate the prospects of this new sensing method by a numerical study of
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the current statistics for interacting bosons in one and two dimensions. In the
latter case, we discuss how the on-site interactions affect the equilibrium cur-
rents of bosons in an artificial magnetic field. We substantiate the feasibility of
the protocol by considering possible error sources, restrictions in currently used
single-site detection, and its applicability in experimental setups used to create
artificial gauge fields.
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Zusammenfassung

Ultrakalte Atome lassen sich in periodischen Intensitätsmustern, welche durch
entgegenlaufende Laserstrahlen erzeugt werden, fangen. Diese werden optische
Gitter genannt. Im Gegensatz zu ihrem natürlichen Gegenstück, Elektronen in
Festkörpern, ist das System äußerst rein und lässt sich sehr gut von der Um-
gebung abschirmen. Zudem hat der Experimentator in großem Umfang dyna-
mische Kontrolle über die relevanten Größen des Systems: die Wechselwirkung
zwischen den Atomen, das Tunnelmatrixelement zwischen Gitterplätzen und
sogar die Dimension des Gitters. Diese Eigenschaften machen ultrakalte Atome
in optischen Gittern zu einer einzigartigen Plattform um die Quantendynamik
von Vielteilchensystemen in verschiedenen Gittermodellen zu studieren.

Die wohl bedeutendste Entwicklung in jüngster Vergangenheit ist die Detek-
tion einzelner Atome auf einzelnen Gitterplätzen des optischen Gitters. Diese
auf der Fluoreszenzmikroskopie beruhende Methode eröffnet einen völlig neu-
en Zugang zur Untersuchung von quantenmechanischen Vielteilchenzuständen:
Die Messung der mikroskopischen Verteilung der Atome.

Diese Dissertation widmet sich der theoretischen Untersuchung der Quan-
tendynamik ultrakalter Atome in optischen Gittern für verschiedene Modelle,
die zurzeit in Experimenten simuliert werden können. Unser Hauptaugenmerk
liegt dabei auf Eigenschaften, welche mittels der neuartigen hochaufgelösten
Fluoreszenzabbildung einzelner Atome experimentell beobachtet werden kön-
nen.

Der erste Abschnitt der Arbeit betrachtet die Expansion von zunächst räum-
lich eingeschränkten Atomen in einem homogenen optischen Gitter. Während in
bisherigen Experimenten die Zeitentwicklung des Dichteprofils studiert wurde,
analysieren wir die Herausbildung von räumlichen Korrelationen während der
Expansion eines endlich ausgedehnten Bandisolators in einer Dimension. Ins-
besondere zeigen die numerischen Simulationen, dass eine starke lokale Wech-
selwirkung zur Erzeugung von Spin-verschränkten Fermionenpaaren an ent-
fernten Gitterplätzen führt. Wir beschreiben wie sich diese Spin-verschränkten
Paare mit Hilfe des oben beschriebenen Messverfahrens nachweisen lassen.

Zudem schlagen wir vor den Einfluss der quantenmechanischen Messung auf
die Expansionsdynamik durch wiederholte Beobachtung der einzelnen Atome
zu studieren. Wir simulieren diese Dynamik für den idealisierten Fall einer pro-
jektiven Messung in die räumliche Besetzungszahlbasis. Die Untersuchung der
resultierende Quanten-Zeno Dynamik zeigt eine erhöhte oder verringerte Zer-
fallsrate der anfänglichen Vielteilchenkonfiguration, in Abhängigkeit von dem
Beobachtungsintervall und der Wechselwirkungsstärke zwischen den Atomen.
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Der zweite Abschnitt der Arbeit widmet sich der Messung des lokalen Strom-
operators in optischen Gittern. Wir entwerfen ein Messprotokoll, welches auf
einer Kombination der Detektion einzelner Atome auf einzelnen Gitterplätzen
und experimentell schon eingesetzten optischen Übergittern beruht. Dieses Pro-
tokoll erlaubt die gleichzeitige Messung der lokalen Stromoperatoren an unter-
schiedlichen Orten, wodurch sich auch räumliche Strom-Strom Korrelations-
funktionen berechnen lassen. Wir veranschaulichen die Möglichkeiten dieser
neuen Strommessung durch numerische Simulationen und diskutieren die Sta-
tistik der Eigenwerte des lokalen Stroms für wechselwirkende Bosonen in ei-
ner und zwei Dimensionen. Im letzteren Fall untersuchen wir den Einfluss der
lokalen Wechselwirkung zwischen Bosonen auf deren Gleichgewichtsströme in
einem künstlichen Magnetfeld. Wir belegen die experimentelle Umsetzbarkeit
des Protokolls durch Berücksichtigung möglicher Fehlerquellen, von Einschrän-
kungen in der zurzeit eingesetzten Detektion einzelner Atome, sowie seines Ein-
satzes in experimentellen Aufbauten zur Erzeugung künstlicher Eichfelder.
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1 Introduction

1.1 Exploring many-body dynamics in synthetic quantum
systems

The last two decades have witnessed a revolution in the study of quantum ef-
fects, which is characterized by the use of synthetic quantum systems, such
as trapped ions, ultracold atoms, superconducting circuits, photonic waveguide
structures, and quantum dots. These systems provide the experimenter with an
unprecedented control for the preparation, manipulation, and detection of quan-
tum states. They also provide a large flexibility in tuning the parameters of the
system Hamiltonian, e.g., the interaction between particles.

An important motivation for engineering these systems is the quantum sim-
ulation, i.e., the use of a quantum system to study the behavior of a different,
inaccessible quantum system. This idea was put forward by Feynman [1], who
envisioned a programmable quantum device that can efficiently simulate other
quantum systems (which is often called a digital quantum simulator). The ba-
sic idea has already been successfully demonstrated for small systems, such as
strings of a few trapped ions, where the quantum dynamics of a spin chain
was simulated via successive application of quantum gate operations on the
ions [2, 3]. A more practical approach is the emulation of a specific microscopic
model of interest in a synthetic quantum system (which is often called an ana-
log quantum simulation). Often even simple models can only be solved approxi-
mately and elude exact numerical simulations on conventional computers, as the
numerical cost typically scales exponentially with the size of the quantum sys-
tem. Thus, the study of many-body properties in engineered quantum systems
will improve our understanding of the microscopic origin of many-body quantum
effects. An example of great interest is high-temperature superconductivity [4],
whose basic physics is believed to be described by the two-dimensional Hubbard
model [5]. In addition, synthetic quantum systems can find applications as high
precision quantum sensors. For instance, high accuracy optical ion clocks have
been realized, which exploit entangling operations between different ions [6,7].

The simulation of quantum many-body dynamics with ultracold atoms in op-
tical lattices, which are created by counterpropagating laser beams, is a very
active field of research. Nonequilibrium quantum states can be created by a
quantum quench, i.e., a sudden change in the system parameters, and the sub-
sequent coherent time evolution of the atoms can observed for long times. In the
last years, experiments have started to address fundamental questions, such as
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1 Introduction

under which conditions isolated interacting quantum systems “thermalize” [8],
i.e., simple correlation functions become stationary and can be described by a
thermal ensemble. An experimental example for an isolated quantum system
that shows no thermalization is the quantum version of Newton’s cradle real-
ized with interacting bosons in quasi-one-dimensional tubes [9]. The observed
nonequilibrium dynamics showed no noticeable damping due to the collisions
between atoms.

Experimentalists have also realized nonequilibrium scenarios, where the mass
transport of atoms [10–13] and the relaxation of excitations [14,15] can be stud-
ied. Due to the close resemblance of ultracold atoms in optical lattices to solid
state crystals (electrons are replaced by atoms) such studies may result in new
insights into nonequilibrium transport in solids. Another benefit of studying
many-body dynamics with ultracold atoms is that the coherent time evolution
can be observed up to times which are inaccessible to state-of-the-art numerical
simulations. This has been demonstrated for the relaxation dynamics of inter-
acting bosons in a one-dimensional chain of lattice sites [15]. The high numerical
cost of simulating quantum many-body dynamics is related to the large amount
of entanglement in the time-evolved state [16]. The quantification and mea-
surement of the entanglement in a many-body state [17] as well as the buildup
of quantum correlations after a quantum quench are currently a central topic
at the intersection of quantum many-body dynamics and quantum information
theory.

Our knowledge about a quantum system is limited by our ability to measure
its observables. Or put differently, taking a closer look opens new pathways for
addressing and answering questions about the quantum system at hand. The
recently implemented single-site-resolved detection of individual atoms in an
optical lattice [18, 19] represents such a new pathway for the study of strongly
correlated quantum many-body systems. The images reveal the atom configura-
tion of a many-body state and give access to almost arbitrary real-space corre-
lation functions of the atoms. This technique has already been used to monitor
the propagation of spin excitations [20, 21] and particle-hole excitations [22, 23]
in the Mott insulating regime and to measure the entropy of ultracold bosons in
an optical lattice [19, 24]. This thesis pursues the goal of exploring aspects of
quantum many-body dynamics that can be addressed in the near future by this
novel single-site detection technique.

The following sections give a short introduction to experiments with ultracold
atoms in optical lattices and the basic theoretical models. We especially empha-
size the single-site-resolved detection of atoms and experimental setups which
are used to study quantum many-body dynamics. Both are crucial for the work
presented in this thesis. For further details we refer to the review articles on
experiments with ultracold atoms [25–27] and many-body physics in optical lat-
tices [28–30]. We conclude the introduction by discussing the topics of this thesis
in the context of recent developments in the field of ultracold atoms in optical
lattices.
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1.2 Ultracold atoms in optical lattices: basic setup

1.2.1 Production of ultracold atoms in the lab

Ultracold atoms refer to dilute atomic gases that are so cold that their quantum
properties become important. Typically, this requires the thermal de Broglie
wavelength of the atoms to be larger than the mean distance between atoms and
corresponds to temperatures well below 1µK. The production of ultracold atoms
starts with the heating of alkali metal dispensers in an ultra high vacuum cham-
ber.1 The cooling and trapping of the resulting vapor to these unprecedented
temperatures combines various experimental techniques, which have been in-
vented during the last decades, see Refs. [25, 26, 31]. All these techniques (and
other tools to manipulate ultracold atoms) are based on the interaction of atoms
with light fields and the interaction of their magnetic moments with magnetic
fields.

The interaction between an atom and a laser beam consists of an absorptive
and a dispersive part. In the absorption process a photon excites an atomic tran-
sition, which is energetically close to the photon energy, and subsequently the
atom decays to the ground state by spontaneous emission. This process transfers
in average a momentum from the light field to the atom (all absorbed photons
carry the same momentum whereas the average momentum of the emitted pho-
tons vanishes as they have random directions), which can be used to laser cool
the atom. The dispersive part of the atom-light interaction can be understood as
the interaction of the electric light field E with the induced dipole moment of the
atom, d = α(ω)E. Here, α(ω) is the polarizability of the atom and ω is the laser
frequency. Hence, the electric field creates a potential landscape, the so-called
dipole potential, for the atom:

Vdip(r) = −1

2
〈d(r) ·E(r)〉 = −1

2
α(ω)〈|E(r)|2〉. (1.1)

The dipole potential depends only on the time-averaged laser intensity 〈|E(r)|2〉
as the oscillation of the electric field takes place on a much smaller time scale
than the motion of the atom. For laser frequencies near the transition frequency
ω0 between the ground state and the excited state of the atom, the polarizability
is approximately given by α(ω) ≈ | 〈e| d̂E |g〉 |2/[~(ω − ω0)], where d̂E is the dipole
operator in the direction of the electric field [28]. Depending on the sign of the
detuning, ω − ω0, the atoms are either attracted towards the minimum or the
maximum of the laser intensity.

External magnetic fields lead to a shift in the energy levels of the atom, which
is due to the coupling of the total electron angular momentum and the nuclear
spin to the magnetic field. For weak magnetic fields B, the corresponding Zee-

1The most commonly used isotopes are the bosonic 87Rb and the fermionic 40K.
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man energies are small compared to the hyperfine splitting and are given by

E(mF , F ) = E(F ) + gFmFµB|B|, (1.2)

where mF is a Zeeman level of the hyperfine state F , which has energy E(F )
for |B| = 0, gF is the Landé g-factor and µB is the Bohr magneton [31]. Hence,
atoms in low-field seeking states (i.e., gFmF > 0) are trapped in local magnetic
field minima. Moreover, for setups that trap atoms in different hyperfine states
|F,mF 〉, radio frequency pulses can be used to transfer atoms between different
hyperfine states. This is exploited for the preparation of fermionic atoms in a
mixture of two hyperfine states that mimics a mixture of spin-up and spin-down
electrons.

1.2.2 Creation of lattice Hamiltonians with optical lattices

After the atoms have been cooled and prepared in the desired hyperfine states,
they can be loaded into an optical lattice. Optical lattices are periodic light inten-
sity patterns created by counterpropagating laser beams. They create periodic
dipole potentials for the atoms (see section 1.2.1).

We follow Ref. [28] in our discussion and consider two counterpropagating
laser beams in x-direction with wave vectors k = ±2π/λ, where the wavelength
λ is typically about 1µm, and a Gaussian profile of width w(x) in the radial
direction r. The dipole potential [see Eq. (1.1)] felt by the atoms equals

Vl(r, x) = V0e
−2r2/w2(x) sin2(kx), (1.3)

where V0 is the depth of the potential, which depends linearly on the intensity
of the laser beams.2 The relevant energy scale in an optical lattice is the re-
coil energy ER = k2/(2M), which is the change in kinetic energy of a resting
atom of mass M due to the emission or absorption of a photon with momen-
tum k.3 Two- and three-dimensional lattices can be created by superimposing
one-dimensional lattice potentials in different spatial directions. The cross in-
terference of electric fields between different laser beams is avoided by the use
of different polarization vectors or slightly detuned laser frequencies.

In the following, we consider atoms in a central region (r ≈ 0), where the
optical lattice potential simplifies to Vl(x) = V0 sin2(kx). The motion of an atom
of mass M in the x-direction is determined by the Hamiltonian:

Ĥ0 = p̂2/(2M) + V0 sin2(kx). (1.4)

2The relative importance of absorption processes in this setup can be suppressed by increasing
the detuning ∆ between the laser frequency and the atomic transition. A two-level approxima-
tion shows that the absorption rate is proportional to (Γ/∆)2I(r) whereas Vl(r) ∝ (Γ/∆)I(r),
with the laser intensity I(r) and the damping rate Γ of the excited level [32].

3We set ~ = 1 throughout the thesis except for rare cases where we want to emphasize the
dimension of a quantity.
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Figure 1.1: (a) Band structure in the first Brillouin zone for different depths V0 of the
one-dimensional optical lattice. The energy gaps between the bands (shown in different
colors) increase with the depth of the optical lattice, while the width of the bands becomes
smaller. (b) Eigenenergy Ek and group velocity vk of a single atom in a tight-binding
band (see section 1.2.2.1). We set the lattice constant a = 1. The width of the tight-
binding band as well as the maximal group velocity depend linearly on the tunneling
matrix element J, which is given by Eq. (1.8).

Since the optical lattice potential is periodic with lattice constant a = λ/2, the
eigenfunctions of Ĥ0 are Bloch functions, which have the form [33]:

ψn,k(x) = eikxun,k(x). (1.5)

Here, k denotes the quasi-momentum with −π/a < k ≤ π/a, n is the band index
corresponding to eigenenergies En,k in different energy bands, and un,k(x) satis-
fies un,k(x) = un,k(x+ a). The band structure is shown in Fig. 1.1(a) for different
lattice depths V0. For the study of lattice models in relatively deep optical lat-
tices, where the atoms tend to be localized at the local minima of the lattice, xj ,
the Wannier basis is more convenient. The Wannier functions [34] are defined
by

wn,xj (x) =
1

(2π/a)

ˆ π/a

−π/a
dk e−ikxjψn,k(x). (1.6)

They only depend on the difference x−xj , and we write in the following wn(x−xj)
instead of wn,xj (x) and use w(x − xj) for the Wannier functions of the lowest
band. The crucial property of the Wannier functions is their exponential falloff
with distance [35].

1.2.2.1 Noninteracting atoms in a tight-binding band

A fundamental model for the discussion of particles in a lattice is the tight-
binding band. The tight-binding approximation assumes that the particles only
occupy the lowest energy band, which is justified if the energy gap to the second
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band is much larger than all other energy scales of the system. Accordingly, the
field operators of the atoms can be expanded in terms of the Wannier functions
of the lowest band, Ψ̂(x) =

∑
j w(x − xj)ĉj . Here, ĉj annihilates an atom at

lattice site j ∈ Z, which is the potential well localized around xj , and the sum
runs over all sites. Using this definition for the noninteracting Hamiltonian
Ĥ =

´
dx Ψ̂†(x)Ĥ0Ψ̂(x), where Ĥ0 is given by Eq. (1.4) and the lattice is assumed

to be infinite, results in the tight-binding Hamiltonian

Ĥ = −J
∑
j

{ĉ†j+1ĉj + ĉ†j ĉj+1}, (1.7)

with nearest-neighbor tunneling matrix element:4

J = Jj,j+1 = −
ˆ

dxw∗(x− xj)
[
p̂2/(2M) + V0 sin2(kx)

]
w(x− xj+1). (1.8)

Here, we relied on the second assumption of the tight-binding approximation:
Only nearest-neighbor tunneling matrix elements are nonzero. The approxi-
mation becomes better the smaller the extension of the Wannier functions and,
thus, the deeper the optical lattice. The Hamiltonian (1.7) is diagonal in the
quasi-momenta, Ĥ =

∑
k Ek ĉ

†
k ĉk, with eigenenergies

Ek = −2J cos(k) (1.9)

and annihilation (creation) operators ĉk = 1√
N
∑

j e
−ikj ĉj (ĉ†k = 1√

N
∑

j e
ikj ĉ†j),

where N is a normalization constant. In this thesis we use integer numbers as
lattice site labels, which is equivalent to setting the lattice constant a = 1, and
thus the quasi-momenta k are defined in (−π, π]. The dispersion relation and the
group velocity vk = ∂Ek/∂k in the tight-binding band are shown in Fig. 1.1(b).
For small momenta k ≈ 0, the dispersion relation has the same form as for a free
particle. The maximal (minimal) group velocity in a tight-binding band is given
by vπ/2 = 2J (v−π/2 = −2J) and as a result the atoms can only propagate within
a light cone of velocity 2J .

We will now turn to the most prominent models for interacting atoms in opti-
cal lattices, i.e., the Bose-Hubbard and Fermi-Hubbard models.

1.2.2.2 The Bose-Hubbard model

In their seminal paper Jaksch et al. [36] showed that the dynamics of ultracold
bosons in an optical lattice is (to a very good approximation) described by the
Bose-Hubbard model [37, 38]. Later on, the setup was realized experimentally

4In a three-dimensional optical lattice potential Vl(r) = Vx sin2(kx) + Vy sin2(ky) + Vz sin2(kz),
the tunneling matrix element J〈i,j〉 between nearest-neighbor lattice sites 〈i, j〉 is given by
J〈i,j〉 = −

´
d3r w∗(r − ri) [p̂2/(2M) + Vl(r)]w(r − rj), with the Wannier function w(r − rj) =

w(x− xj)w(y − yj)w(z − zj).
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[39] and the quantum phase transition between the superfluid and the Mott
insulating phase of the Bose-Hubbard model has since been studied in various
experiments.

The derivation presented in Ref. [36] starts from the many-body Hamiltonian

Ĥ =

ˆ
d3r Ψ̂†(r)

[
p̂2

2M
+ Vl(r) + Vt(r)

]
Ψ̂(r) +

1

2

4πas~2

M

ˆ
d3r Ψ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r),

(1.10)
with the boson field operator Ψ̂†(r) [Ψ̂(r)], which creates [annihilates] an atom
of mass M at the space point r. The first term describes the motion of single
atoms in the three-dimensional optical lattice Vl(r) [cf. Eq. (1.4)] with an ad-
ditional external trapping potential Vt(r). The experimentally used trapping
potentials are usually harmonic and vary marginally between adjacent lattice
sites in the central region of the optical lattice. The second term encodes the
two-particle interaction between atoms. It is assumed that the atoms interact
via a contact potential (4πas~2/M)δ(r), where as is the s-wave scattering length.
This is a valid approximation as the de Broglie wavelength of the atoms is much
larger than the range of the interatomic interaction potential, see, for instance,
Ref. [31]. Moreover, the diluteness of the quantum gases justifies the restriction
to two-particle collisions.5

Using the tight-binding approximation (see section 1.2.2.1) and expanding the
field operators in the Wannier basis of the lowest band, Ψ̂(r) =

∑
j w(r − rj)b̂j ,

where b̂j annihilates a boson at lattice site j,6 yields the Bose-Hubbard Hamil-
tonian:

ĤBH = −J
∑
〈i,j〉

b̂†i b̂j +
U

2

∑
i

n̂i(n̂i − 1) +
∑
i

εin̂i. (1.11)

Here, b̂i and b̂†i are the annihilation and creation operator, respectively, of a bo-
son at site i and n̂i = b̂†i b̂i is the number operator. The first term describes the
tunneling of atoms between nearest-neighbor sites 〈i, j〉 with the tunneling ma-
trix element J given by the three-dimensional extension of Eq. (1.8), where it
was assumed that the trapping potential Vt(r) does not affect the tunneling be-
tween adjacent sites. The interaction between atoms is encoded in the on-site
interaction energy U = (4πas~2/M)

´
d3r |w(r)|4 for each pair of bosons on the

same lattice site. The energy offset εi at site i is due to the external trapping po-
tential and reads εi =

´
d3r |w(r − ri)|2Vt(r). The restriction to the lowest Bloch

band, nearest-neighbor tunneling matrix elements, and on-site interactions is
well justified for typical experimental parameters as shown in Ref. [36].

5We note that multi-body interactions of ultracold bosons are in principle present and have
already been observed experimentally by the study of quantum phase revivals [40].

6Throughout the thesis we use b̂(†) for bosonic annihilation (creation) operators, while we use
f̂ (†) for the corresponding fermionic operators. In expressions that hold for both, fermions and
bosons, typically ĉ(†) is used.

7



1 Introduction

For a homogeneous lattice (i.e., εi is constant), the physics of the Bose-Hubbard
model is determined by the competition between the on-site interaction energy
U and the “kinetic energy” J . Both parameters depend on the optical lattice
depth V0, U ∝ (V0/ER)3/4 and J ∝ (V0/ER)3/4 exp {−2

√
V0/ER}, and can be tuned

by changing the intensity of the lattice beams [28]. By increasing the lattice
depth starting from small values, the transition from a superfluid to a Mott
insulating phase can be studied experimentally. Since this thesis focuses on the
dynamics of ultracold atoms, we discuss the characteristic atom distribution in
the extreme superfluid and Mott regime and refer to Ref. [37] for a study of the
phase diagram.

For the superfluid phase in the noninteracting limit (U = 0), all N atoms
occupy the single particle state with the lowest energy, which corresponds to the
momentum k = 0 [see Fig. 1.1(b)]:

|Ψ〉U=0 =
1√
N !

(b̂†k=0)N |vac〉 . (1.12)

For systems with a large number of lattice sites Ns and mean atom number per
lattice site, n̄ = N/Ns, the state becomes indistinguishable from a product of
local coherent states [28]:

Ns∏
j=1

[
e−n̄/2 exp{

√
n̄ b̂†j} |vac〉j

]
. (1.13)

The atom number at each lattice site is Poisson distributed with the variance
Var(n) = 〈n̂2〉 − 〈n̂〉2 = n̄. In addition, this state exhibits off-diagonal long range
order (i.e., 〈b̂†i b̂j〉 6= 0 in the limit |i − j| → ∞) as 〈b̂†i b̂j〉 = n̄ independent of the
lattice sites i and j.

The opposite extreme is the Mott insulator7 in the atomic limit, i.e., U/J →∞.
It is given by a product of local Fock states with a fixed, integer number n̄ of
atoms at each lattice site:

|Ψ〉 =
∏
j

1√
n̄!

(b̂†j)
n̄ |vac〉 . (1.14)

In this state, the on-site atom number fluctuations are completely suppressed
[Var(nj) = 0] and the off-diagonal one-particle density matrix vanishes since
〈b̂†i b̂j〉 = n̄δij . The presence and absence of off-diagonal long range order can
be nicely seen in experiments using time-of-flight measurements, which are dis-
cussed in section 1.3.2.1.

7We note that the Mott insulator is defined by its incompressibility property, i.e., an increase of
the chemical potential does not change the particle number in the system [37].
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Figure 1.2: Sketch of the Mott insulating phase (a) and band insulating phase (b) for a
two-component Fermi gas. (a) The on-site interaction energy U exceeds the energy gap
between the chemical potential µ and the tight-binding band. This leads to the formation
of a Mott insulator and the fermions are basically localized at the lattice sites. (b) In the
opposite case (U is smaller than the energy gap), all states of the band are filled by one
fermion of each component, which means that all lattice sites are doubly occupied.

1.2.2.3 The Fermi-Hubbard model

The fundamental model for describing a two-component Fermi gas in an optical
lattice is the Fermi-Hubbard model.8 It can be derived using the same assump-
tions made for the Bose-Hubbard model, i.e., the tight-binding approximation
and the use of a contact potential for the interatomic interaction, and reads

ĤFH = −J
∑
〈i,j〉,σ

f̂ †i,σf̂j,σ + U
∑
i

n̂i,↑n̂i,↓ +
∑
i,σ

εin̂i,σ. (1.15)

Here, f̂ †i,σ (f̂i,σ) creates (annihilates) a fermion at lattice site i in the hyperfine
state σ ∈ {↑, ↓} and n̂i,σ is the spin-dependent local atom number operator. The
fermions can tunnel between nearest-neighbor lattice sites 〈i, j〉 with amplitude
J , which is given by the three-dimensional extension of Eq. (1.8). An external
trapping potential results in a site-dependent energy offset εi. The on-site in-
teraction term, where U = (4πas~2/M)

´
dr3 |w(r)|4, takes into account that only

fermions in different hyperfine states interact via s-wave scattering.
The (Fermi-) Hubbard model was first introduced to study the interactions

between fermions in single energy bands [41]. Despite its simplicity it can de-
scribe the magnetic and electric properties of solid state bodies. The physics
of the (Fermi-) Hubbard model is far from being completely understood (for an
overview of current experiments and the phase diagram, see Refs. [29,42]) and it
is hoped that further investigations provide new insights into high-temperature
superconductivity [5].

In this thesis, we will consider the expansion of a two-component Fermi gas
in an optical lattice. The expansion dynamics (see also section 1.3.1) has been

8This model [Eq. (1.15)] is essentially the same as the Hubbard model [41] known in condensed
matter physics. The only difference is the origin of the on-site interaction energy, which comes
from elastic collisions of the ultracold atoms instead of Coulomb repulsion between electrons
in a solid.
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recently studied theoretically [43–45] for the Mott insulating and the band in-
sulating state, which can be prepared experimentally [13, 46, 47]. Fig. 1.2 sum-
marizes the characteristics of both states. Doublons, i.e., doubly occupied lattice
sites, play a crucial role in the dynamics of strongly interacting fermions. For
large on-site interaction energy U , the doublon energy is larger than the max-
imal kinetic energy of two fermions in the tight-binding band [as indicated in
Fig. 1.2(a)] and, thus, doublons are very stable against decay into “free” fermi-
ons. The on-site interaction dependence of the doublon lifetime in the Fermi-
Hubbard model has been studied experimentally and theoretically in Refs. [14]
and [48], respectively.

1.2.3 Unique features of ultracold atoms in optical lattices

In the previous section, we have seen the implementation of lattice models, such
as the Fermi-Hubbard and Bose-Hubbard models, with ultracold atoms in an
optical lattice. We now discuss the most important properties that render this
system a unique playground for exploring the physics of lattice models.

Purity and isolation

The optical lattice potential is due to standing laser fields whereas solid state
crystals are formed by a periodic arrangement of atoms. As a consequence opti-
cal lattices do not contain lattice defects nor do they support phonons, which are
present in solid state crystals. The main decoherence mechanisms for ultracold
atoms in an optical lattice are the atom loss due to collisions with atoms from
the background gas and due to inelastic scattering between the atoms in the
lattice, as well as heating by inelastic scattering of light from the lattice beams.
The latter has been recently addressed in theoretical studies [49, 50]. The time
scales of these processes are usually of the order of a second and much longer
than the typical inverse tunneling amplitude, which is roughly a few millisec-
onds. Thus, quantum dynamics can be essentially studied without decoherence
effects.

Dynamical control of interaction strength and tunneling matrix elements

The relevant parameter of the Fermi-Hubbard and Bose-Hubbard models, i.e.,
the ratio between on-site interaction energy U and the nearest-neighbor tunnel-
ing matrix element J , can be experimentally adjusted by two methods. First,
U/J depends on the optical lattice depth (see section 1.2.2.2), which can be con-
trolled by the intensity of the lattice beams. However, this is often impractical
for studying quantum dynamics as J decreases exponentially with the optical
lattice depth, which would result in tunneling times larger than the lifetime
of the experiment. Second, the on-site interaction energy U can be controlled
by means of Feshbach resonances, which allow to tune the s-wave scattering
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length as between atoms by an external magnetic field [51]. A Feshbach reso-
nance occurs due to the resonant coupling of the two-particle scattering state to
a bound molecular state. The magnetic field dependence of the scattering length
is given by a(B) = abg[1−∆B/(B −B0)], with the off-resonant background scat-
tering length abg, the width ∆B and the position B0 of the Feshbach resonance,
see Ref. [28] for details. Consequently, the on-site interaction strength between
atoms (U ∝ as, see section 1.2.2.2) can be tuned over a wide range of repulsive
and attractive interactions by varying the external magnetic field B close to the
resonance.

By combining these methods, the experimenter cannot only set the values of
the parameters U and J , but also change them on time scales which can be much
smaller or larger than the tunneling time of the atoms.

Lattice geometry and dimensionality

Optical lattices are highly flexible in their geometry and dimension. Two- and
three-dimensional lattices can be realized by superimposing one-dimensional
lattice potentials in different spatial directions. They also provide means to
study the crossover between different dimensions by decreasing the tunneling
matrix element in one spatial direction. Apart from cubic lattices, triangu-
lar [52] and hexagonal [53, 54] optical lattices have been implemented by the
intersection of three laser beams at an angle of 120 degrees in a two-dimensional
plane. These lattice geometries permit the study of magnetic frustration [55,56]
and graphene-like physics [57]. More complicated superlattice structures can
be created by superimposing optical lattice potentials with different lattice con-
stants. For instance, arrays of double well potentials have been used to study
the exchange coupling between quantum mechanical spins [58–60].

Measurement of observables

Ultracold atoms in optical lattices can be directly controlled and probed due
to the atom-light interaction. Therefore, the experimenters have a number of
optical imaging techniques at hand to measure observables, such as the real-
space density of the atoms. This, together with the dynamical control of the
lattice and trapping potentials, makes the setup a versatile platform for the
study of quantum dynamics as we will discuss in detail in the next section.

1.3 Simulation of quantum many-body dynamics in optical
lattices

The study of many-body dynamics requires the deterministic creation of out-
of-equilibrium states as well as tools for measuring observables after a certain
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evolution time. This section presents the most important techniques to achieve
these tasks with ultracold atoms in optical lattices.

1.3.1 Preparation of nonequilibrium initial states

Ultracold atoms in optical lattices are typically prepared in an equilibrium state
by adiabatically increasing the lattice potential to the desired value. The system
is essentially in the ground state of the Hamiltonian if the temperature of the
atoms is much smaller than the energy gap between the ground state and the
first excited state.

The study of quantum many-body dynamics, however, requires the repro-
ducible creation of well-defined nonequilibrium initial states. The central idea
to generate nonequilibrium states of ultracold atoms is the quantum quench: a
parameter in the Hamiltonian is suddenly changed such that the system, ini-
tially in the ground state of the Hamiltonian, is afterwards in an excited state
of the new Hamiltonian. The dynamic control of the optical lattice potential and
the trapping potential on time scales much smaller than the time scale of the
lattice Hamiltonian allows the experimental realization of such quenches.

Fig. 1.3 sketches different quench protocols, which have been implemented in
experiments. Atomic transport has been studied by quenches in an additional
trapping potential by either switching it off [13,61] (the observed expansion dy-
namics is in detail discussed in chapter 2) or by displacing its minimum [10–12],
see Figs. 1.3(a) and 1.3(b). The on-site interaction strength can be quenched
by the sudden increase or decrease of the optical lattice depth as shown in
Fig. 1.3(c). This has been used to study the collapse and revival of the coher-
ence for a quench from the superfluid to the Mott insulating regime [62] or the
formation of excitations of the condensate for a quench in the opposite direc-
tion [63]. Also quenches in superlattice structures that form arrays of double
well potentials have been used to prepare nonequilibrium initial states [15,64].

A promising new tool for the creation of various many-body initial states in an
optical lattice is the single-site addressability reported in Ref. [65]. The prepa-
ration of the atom configuration starts with a bosonic Mott insulator with one
atom per lattice site in a very deep optical lattice. In the next step, the hyper-
fine state of individual atoms is changed site by site to another hyperfine state.
This is achieved by using a focused off-resonant laser beam to change the tran-
sition energy between the hyperfine levels at a selected lattice site and applying
a microwave pulse whose frequency corresponds to this transition energy. In
addition, vacant lattice sites in the initial configuration can be created by ap-
plying a laser pulse, which removes atoms in the “new” hyperfine state from
the lattice. The time evolution of the prepared atom configuration can be initi-
ated by lowering the depth of the optical lattice, see Fig. 1.3(d). This technique
has already been used for the study of the motion of a spin-impurity atom in a
one-dimensional Mott insulator [20].
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a b

c d

Figure 1.3: Preparation of nonequilibrium initial states by a quantum quench. All panels
show the system directly before and after the quench. (a,b) Quench in the harmonic
trapping potential by switching it off (a) or shifting its minimum (b). (c) The sudden
decrease of the optical potential depth results in a quench of the effective on-site inter-
action energy U/J . (d) Atoms are prepared in the desired spin states at each lattice site
by means of single-site addressability [65], while tunneling between sites is suppressed in
the very deep optical lattice. The dynamics is initiated by lowering the lattice potential.
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1.3.2 How to measure observables?

Studying the dynamics of the ultracold atoms requires the time-dependent ob-
servation of quantities such as the real-space density distribution, the distribu-
tion of the momentum, and the density-density correlations. The key to measure
these quantities is the interaction between atoms and light. We review some of
the most important experimental techniques.

A standard tool for measuring the density profile of an ultracold gas is the
absorption imaging. The atom cloud is illuminated by a laser beam, whose fre-
quency matches an internal atomic transition, and a CCD camera image is taken
behind the atom cloud. The absorbed photons do not reach the CCD camera and
the atom cloud is seen as a shadow in the image. For not too dense gases and a
weak probe laser beam in z-direction, the intensity in the direction of the beam
is given by I(x, y, z) = I0 exp{−σ0

´ z
0 dz′n(x, y, z′)}, where σ0 = 3λ2/(2π) is the

resonant light scattering cross section and λ is the laser wavelength [25]. The
integrated atom density along the z-direction can be calculated by the compari-
son with a reference image of the undisturbed laser beam.

For larger atom densities phase-contrast imaging can be used. This method
exploits that a dispersive light beam (i.e., the frequency is detuned from the
atomic transitions) acquires a phase shift in the atom cloud, which is propor-
tional to the integrated density [25]. By combining the phase shifted beam with
a reference beam, small phase shifts result in a linear change of the intensity
measured by the CCD camera. This method allows the in situ observation of
the atom density in an optical lattice and was used for example in the expansion
experiment presented in Ref. [13].

In the following, we describe in more detail the time-of-flight expansion, which
is a workhorse in experiments with ultracold atoms, and the single-site-resolved
detection of atoms, which lays the foundation for the experimental observation
of the many-body dynamics discussed in this thesis.

1.3.2.1 Time-of-flight expansion

The time-of-flight expansion is a destructive measurement that consists of three
steps: First, the optical lattice and the trapping potential are turned off abruptly;
then, the ultracold atoms expand for a time-of-flight period t; finally, an absorp-
tion image of the expanded cloud is taken. As we will see, the measured density
distribution of the expanded atom cloud is related to the momentum distribu-
tion of the quantum state in the optical lattice. In our discussion we follow
Refs. [30,66].

Under the assumption that interactions between atoms can be neglected dur-
ing the expansion, the time evolution of the field operators can be written as
Ψ̂(r, t) =

∑
jW (r − rj , t)ĉj . The operator ĉj annihilates an atom at site j of the

original lattice and W (r − rj , t) encodes the time evolution after the lattice has
been turned off. It fulfills the initial condition W (r − rj , 0) = w(r − rj), where
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w(r − rj) is the Wannier function of the lowest Bloch band (see section 1.2.2).
After the release from the optical lattice, the localized Wannier functions time
evolve as a superposition of plane waves with dispersion relation ω = ~k2/(2M).
This yields (up to a normalization constant)

W (r− rj , t) ∝ w̃(k) exp{iM (r− rj)
2

2~t
}, (1.16)

with momentum ~k = M(r − rj)/t, which corresponds to an atom moving from
rj to r during time t, and the Fourier transform of the Wannier function w̃. For
large time-of-flight times t, the size of the expanded cloud is much larger than
the extension of the initial state in the lattice and we can set k ≈ Mr/(~t) in
w̃ and neglected terms proportional to r2

j in the exponent.9 Thus, the density
distribution equals

〈n̂(r, t)〉tof = 〈Ψ̂†(r, t)Ψ̂(r, t)〉tof ∝ |w̃(k)|2〈n̂(k)〉lat, (1.17)

with momentum ~k = Mr/t and mean momentum distribution in the lattice
〈n̂(k)〉lat =

∑
j,l e

ik(rl−rj)〈ĉ†l ĉj〉lat. Hence, the measured density distribution after
a time-of-flight expansion represents the momentum distribution in the lattice
multiplied by the envelope function |w̃(k)|2.

The time-of-flight expansion has been used to study the phase coherence of
ultracold bosons along the Mott insulator to superfluid phase transition [39,62,
63, 67, 68]. For the superfluid phase, 〈ĉ†l ĉj〉lat is approximately constant over a
large range of distances |ri − rj |, which leads to a sharp interference pattern in
the absorption image. For a perfect Mott insulator, these interference patterns
are completely lost.

The absorption image of the time-of-flight measurement does not only con-
tain information about the mean momentum distribution in the lattice, but also
about the noise correlations [69,70]. A careful study of the density-density corre-
lations in these images revealed the different quantum statistics of a fermionic
band insulator [71] and a bosonic Mott insulator [72].

1.3.2.2 Single-site-resolved detection of individual atoms

The single-site-resolved measurement of the atom configuration in optical lat-
tices has been a long standing goal. Such a detection scheme that realizes
a projective measurement in the occupation number basis would revolutionize
the study of many-body states as all higher-order real-space density correlation
functions can be calculated from ensembles of measurement outcomes.

To be more specific, let us consider a many-body state |Ψ〉 of a system with
N atoms and Ns lattice sites. The expectation value of any n-particle density
operator Ô (e.g., Ô = ĉ†1ĉ

†
3ĉ3ĉ1) is given by

9Without loss of generality, we assume that the origin of the coordinate system is in the center
of the original lattice.
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Figure 1.4: Basic protocol for the single-site-resolved detection of individual atoms in
a many-body state [depicted in (a)]. We show for simplicity a one-dimensional lattice,
while in experiments the atoms are detected in a two-dimensional plane of the optical
lattice [18,19]. (b) The optical lattice potential is rapidly increased to large values, which
results in a complete suppression of the tunneling of atoms between lattice sites. (c) The
atoms are illuminated by optical molasses beams and the fluorescence light of the atoms
is detected by a high resolution imaging system. In current experiments, pairs of atoms
at a single site are ejected due to light-assisted collisions at the very beginning of the
detection process. Thus, only the parity of the atom number is observed.

〈Ψ| Ô |Ψ〉 =
∑
{nj}

〈n1, . . . , nNs | Ô |n1, . . . , nNs〉 |〈n1, . . . , nNs |Ψ〉|2 . (1.18)

The sum runs over all occupation number states |n1, . . . , nNs〉 with N atoms, i.e.,∑Ns
j=1 nj = N , and we used that n-particle density operators are diagonal in the

occupation number basis. The probability to obtain a specific occupation num-
ber state |n1, . . . , nNs〉 in the single-site measurement of the many-body state
|Ψ〉 equals |〈n1, . . . , nNs |Ψ〉|2. Each measured occupation number state yields a
value Oi of the n-particle density operator Ô, and for a large number S of mea-
surements the expectation value of Ô is approximately given by the ensemble
average over the single measurement outcomes:

〈Ψ| Ô |Ψ〉 ≈ 1

S

S∑
i=1

Oi. (1.19)

Single-site-resolved detection of atoms has been shown for optical lattices with
large lattice constants of about 5µm [73, 74] or for very small atom fillings [75].
Only very recently, single-site detection has been experimentally realized for
lattice parameters which allow the creation of strongly correlated many-body
states (i.e., a lattice constant of 0.5µm and atom fillings of about one atom per
lattice site) [18,19]. Fig. 1.4 summarizes the basic measurement protocol, which
has been implemented in these experiments for a two-dimensional gas of ultra-
cold 87Rb atoms in an optical lattice. First, the tunneling of the atoms between
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lattice sites is completely suppressed by increasing the optical lattice depth by a
factor of ∼ 100. As the ramp up time is much smaller than the time scale of the
atom motion set by the inverse tunneling amplitude, J−1, the many-body state
is to a good approximation not affected by this quench. The atom distribution in
the deep lattice is detected by fluorescence imaging. The atoms are illuminated
for roughly one second by optical molasses beams, which at the same time cool
the atoms. During this time a few thousand fluorescence photons per atom are
collected by a high resolution imaging system, which basically consists of a mi-
croscope lens and a CCD camera. For further details on the experimental setup
and the reconstruction of the atom distribution from the fluorescence images we
refer to Refs. [76,77].

So far, only the parity of the atom number at a single lattice site can be ob-
served as pairs of atoms are lost at the very beginning of the detection process
due to light-assisted collisions. This unwanted loss of information may be cir-
cumvented by expanding the atoms in a third direction before the imaging pro-
cess, which decreases the number of doubly occupied lattice sites. Other ideas
are the use of blue detuned laser light and gray molasses cooling during the
imaging process [77].

Single-site detection of ultracold fermions has been not achieved so far, but
several groups are currently working on its implementation.

Despite its current limitation to the parity of the atom number, single-site
detection has already been used in several studies. These include the direct
observation of the shell structure of a Mott insulator in an optical lattice with
harmonic confinement [19, 78], the detection of the paramagnetic and antifer-
romagnetic phase of an Ising chain simulated by a bosonic Mott insulator in
a tilted optical lattice [79], and the study of propagating particle-hole excita-
tions [22, 23] and spin-impurity atoms [20, 21] in the Mott insulating regime.
The use of single-site detection has also been proposed for measuring many-body
entanglement [80,81].

1.4 Aspects covered in this thesis

This thesis aims at exploring the quantum dynamics of ultracold atoms in opti-
cal lattices. The theoretical study focuses on aspects that can be observed exper-
imentally by the recently implemented single-site-resolved detection of individ-
ual atoms.

Chapter 2 revisits the expansion dynamics [see Fig. 1.3(a)] from a finite size
band insulator of an interacting two-component Fermi gas. While the previous
experiment [13] and theoretical work [44] analyzed the time evolution of the
density profile, our focus lies on the buildup of correlations during the expan-
sion. We show that the spin-dependent single-site detection of fermions would
not only permit the study of density-density correlations, but also the measure-
ment of spin-entanglement between fermions. A time-dependent density-matrix
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1 Introduction

renormalization group simulation reveals the buildup of spin-entanglement dur-
ing the expansion process and the existence of remote spin-entangled fermionic
pairs.

The almost nondestructive nature of the single-site detection has so far not
been exploited in experiments. This property differs fundamentally from the
time-of-flight measurement, where the optical lattice is turned off and the atoms
are completely lost (see section 1.3.2.1). In chapter 3 we envision the study
of the impact of measurements on quantum many-body dynamics via periodic
snapshots of an idealized single-site detection, which realizes a projective mea-
surement in the occupation number basis. We describe a numerically efficient
way to simulate the outcomes of the single-site measurement and study the
stroboscopic dynamics for the expansion of interacting fermions using the time-
dependent density-matrix renormalization group. The simulation shows quan-
tum Zeno dynamics, where the decay rate of the initial configuration may be
accelerated or decelerated depending on the interaction strength and the time
interval between observations.

In chapter 4 we pose the question: “How to directly measure currents of ul-
tracold atoms in an optical lattice?”. The mean current has so far been inferred
from the time dependence of the experimentally observed density profile. But
is there a more direct measurement, e.g., counting the number of atoms that
tunnel between two lattice sites, which is applicable for equilibrium currents
and allows to study the statistics of the current? We propose such a measure-
ment protocol, which is based on the single-site detection and realizes a projec-
tive measurement in the eigenbasis of the current operator between two lattice
sites. This new measurement tool is especially interesting in the context of the
recent experimental breakthrough in creating artificial gauge fields for ultracold
atoms in optical lattices, which is reviewed in section 4.2. Many-body states in
these setups can exhibit complicated equilibrium current patterns, which are so
far experimentally inaccessible. We illustrate the prospects of the measurement
protocol by numerically studying the equilibrium currents of interacting bosons
in an artificial magnetic field and discuss the possibility to observe a transition
in the ground state rotational symmetry.
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2 Creation and dynamics of remote
spin-entangled pairs in the expansion of
strongly interacting fermions

2.1 Introduction

The tremendous experimental progress with ultracold atoms in optical lattices
makes them a unique playground for studying nonequilibrium dynamics of many-
body systems (see chapter 1).

A primary example for the generation of mass transport is the expansion of
an initially confined atomic cloud into a homogeneous lattice shown in Fig. 2.1.
This expansion dynamics has been realized recently for interacting fermions [13]
(and bosons in a follow-up experiment [61]) in a three-dimensional optical lat-
tice. In that experiment, the authors observed a bimodal expansion with a bal-
listic and diffusive part and were able to explain its anomalous behavior using
a Boltzmann-based approach. In addition, expansion dynamics of this kind has
been studied numerically in one dimension, going beyond a kinetic description.
These studies revealed the dependence of the expansion velocity [44,82], the mo-
mentum distribution function, and the spin and density structure factors [43] on
the on-site interactions and the initial filling. Furthermore, the effects of the dif-
ferent quench scenarios [83] and of the gravitational field [84] on the time evo-
lution of the density distribution have been discussed. The sudden expansion
of a spin-imbalanced fermionic gas has been recently considered for observing
Fulde-Ferrell-Larkin-Ovchinnikov correlations [85–87].

In general, the dynamics is crucially affected by the difference in behavior be-
tween a single fermion and that of a doublon (i.e., a pair of fermions at the same
lattice site). For large interaction strength, doublons are very stable against
decay into fermions (analogously to the repulsively bound boson pairs [88]) and
move slowly. These properties can lead to the condensation of doublons [89] and
a decrease of the entropy [90] in the center of the cloud during the expansion.
They also play a role in the decay dynamics of doublon-holon pairs in a Mott
insulator [91–93].

In the present chapter, we study a different aspect of these systems: the cre-
ation and dynamics of spin-entanglement during the expansion of a strongly
interacting, spin-balanced fermionic gas in an optical lattice. We find that the
expansion out of an initial cluster of fermions can automatically generate long-
range spin-entanglement.
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2 Creation and dynamics of remote spin-entangled pairs

While we focus here on the buildup of correlations in a many-body state (which
is mainly driven by the creation of correlated fermions out of doublons), the ef-
ficient production of entangled atom pairs is by itself an important topic, es-
pecially in the context of atom interferometry [94]. Using such nonclassical
atom pair sources would allow matter-wave optics beyond the standard quan-
tum limit. Recent experiments succeeded in generating large ensembles of pair-
correlated atoms from a trapped Bose-Einstein condensate, using either spin-
changing collisions [95, 96] or collisional de-excitation [97]. In the context of
such experiments, detection methods able to image single freely propagating
atoms have also recently become available [98].

This chapter is organized in the following way: First, we will describe in detail
the expansion protocol, starting from a finitely extended band insulating state,
i.e., a cluster of spin-singlet doublons (section 2.2). Moreover, we review the time
evolution of density profile, which was studied by previous works [44, 82], and
the role of doublons. Before turning to the spin-physics, we first discuss corre-
lations in the density of the expanding cloud (section 2.4), where the influence
of interactions is already significant. The dynamics of spin-entangled pairs, the
main focus of this work, is then presented in section 2.5. First of all, we re-
late the concurrence to the spin-spin correlation functions. Then we discuss the
propagation of spin-entangled pairs in the cloud. Furthermore, we compare the
cumulative “amount” of spin-entanglement in different regions of the cloud and
for various interaction strengths. We find that spin-entanglement between re-
mote lattice sites is only found for large interaction strength, while for small
on-site interactions there is entanglement preferentially only between nearby
sites. Moreover, the Pauli-blocked core of the cluster favors both partners of a
spin-entangled pair to be emitted into the same direction when compared to the
decay of a single doublon, where they almost always are emitted into different
directions. In addition, we consider the expansion under the action of a time-
dependent (modulated) tunneling amplitude and the effect of impurities in the
initial state (section 2.6). Last of all we discuss the prospects of observing this
spin-entanglement dynamics using spin-dependent single-site detection.

The presentation given here mainly follows the lines of the publication:

[99] Stefan Keßler, Ian P. McCulloch, and Florian Marquardt
Creation and dynamics of remote spin-entangled pairs in the expan-
sion of strongly correlated fermions in an optical lattice
New Journal of Physics 15, 053043 (2013).

2.2 Experimental setup and theoretical description

The system we study in this chapter is an ultracold gas of fermionic atoms loaded
into a homogeneous one-dimensional lattice (a three-dimensional optical lattice
with a strong confinement in two spatial directions). The atoms can be prepared
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2.2 Experimental setup and theoretical description

in two different hyperfine states, which we label ↑ and ↓, and fermions of dif-
ferent “spin” interact via s-wave scattering. This fermionic mixture represents
a realization of the standard Fermi-Hubbard Hamiltonian [46, 47], see also sec-
tion 1.2.2.3:

Ĥ = −J
L−1∑
i=1

∑
σ=↑,↓

{
f̂ †i,σf̂i+1,σ + f̂ †i+1,σf̂i,σ

}
+ U

L∑
i=1

n̂i,↑n̂i,↓. (2.1)

The first term describes the tunneling of fermions between adjacent lattices sites
with amplitude J . The second term encodes the effective on-site interaction
energy U of fermions in different hyperfine states. The particle number operator
is n̂i,σ = f̂ †i,σf̂i,σ, with the creation (annihilation) operator f̂ †i,σ(f̂i,σ) satisfying the
fermionic commutation relations.

In the following, we focus on the expansion from a finitely extended band in-
sulating state, i.e., the sites in the center of the lattice are doubly occupied.
The experimental protocol to initialize this expansion is sketched in Fig. 2.1, see
Ref. [13] for technical details.1 The atoms, initially located in a harmonic trap
[Fig. 2.1(a)], are loaded into an optical lattice. Using an additional hold time
with a deeper optical lattice to dephase atoms at different lattice sites, a band
insulating state is prepared [Fig. 2.1(b)]. Before the expansion is started the on-
site interaction strength can be set by means of the Feshbach resonance. At time
t = 0 the harmonic trapping potential is switched off and the fermions expand
into the empty lattice sites, as depicted in Fig 2.1(c).

It is a peculiar property of lattice systems that a strong attractive and re-
pulsive on-site interaction can lead to the same effects, e.g., the formation of
bound pairs [88]. For the expansion dynamics discussed in this chapter the spin-
entanglement as well as the density-density correlation is invariant under the
change of the sign in the interaction strength U. This is a direct consequence of
a transformation property of the (spin- or density-) correlators and of the initial
state under time reversal and π-boost (translation of all momenta by π). This
dynamical U 7→ −U symmetry in the Fermi-Hubbard model is discussed in more
detail in Refs. [13, 100] and was experimentally observed for the density profile
in Ref. [13]. We therefore restrict ourselves in the following to the case U ≥ 0.

For the numerical evaluation of the nonequilibrium time evolution, we use the
time-dependent density-matrix renormalization group (tDMRG) method [101–
105], see appendix A for a detailed discussion. The initial state is a cluster con-
sisting of 10 doublons, which are located in the center of a lattice of size L = 100
with open boundary conditions. Our tDMRG simulation uses a Krylov subspace
method with time step Jτ = 0.125 and the discarded weight is set to either 10−5

or 10−6, depending on the interaction strength. For all evolution times shown in

1We note that in the experiment reported in Ref. [13], the fermions expand in a two-dimensional
sheet of the three-dimensional optical lattice. For the realization of an expansion in one dimen-
sion, the tunneling has to be suppressed in another direction, which can be done by increasing
the optical lattice potential in this direction [61].
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2 Creation and dynamics of remote spin-entangled pairs

turn off trapping 
potential

ramp up
optical lattice

a

b

c

Figure 2.1: Schematic of the experimental sequence used to initiate the expansion dy-
namics of ultracold atoms. (a) Initially the ultracold fermions are spatially trapped and
cooled in a dipole trap. (b) The optical lattice is ramped up and, after applying an addi-
tional dephasing mechanism, the atoms in the two hyperfine states (denoted as spin-up
and spin-down) form a band insulating state. (c) The trapping potential, which confines
the fermions to the central region, is turned off and the fermions start to expand in the
homogeneous optical lattice.
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2.3 Density profile of an expanding two-component Fermi gas

the figures, the density remains negligible at the boundaries of the lattice. We
also verified that the features presented here do not depend on the precise po-
sition of the cluster in the lattice nor do they change when the truncation error
is modified within the given range. For noninteracting fermions, we have used
the exact expressions for the time-dependent correlation functions as given in
appendix C.

2.3 Density profile of an expanding two-component Fermi
gas

The time evolution of the average fermion density and the average doublon den-
sity has been studied for the expansion protocol shown in Fig. 2.1 by numeri-
cal simulations for one-dimensional lattices [44]. For large on-site interactions
strengths U/J & 4 two wave fronts with different velocities are visible in the
time-dependent density profile, while there is a single wave front for small on-
site interaction strengths, see Figs. 2.2(a) and 2.2(b). It turns out that the ex-
pansion can be basically understood as a mixture of propagating single fermions
and doublons, see also Ref. [82].

The crucial point is that a doublon is a superposition of two types of eigen-
states as depicted in Fig. 2.2(e): one localized bound state (that exist for all
U 6= 0) and a number of scattering states with different relative and center of
mass momenta of the fermions. The overlap between the doublon and the bound
state (and thus also the overlap with the scattering states) drastically changes
with U . While it vanishes in the limit U → 0, it approaches one for |U/J | → ∞.
A detailed calculation and the explicit expressions for the bound and scattering
states are given in appendix D.

For small on-site interaction strengths, the initial state (consisting of dou-
blons) quickly decays into single fermions, which move ballistically through the
lattice. Due to the cosine dispersion relation of a single particle in a tight-
binding lattice, E(k) = −2J cos(k) with wavenumber k ∈ (−π, π], its maximal
velocity is given by |vmax| = 2J . Thus, each fermion moves within a light cone
leading to the wave front in the density distribution indicated by the white lines
in Figs. 2.2(a) and 2.2(b). For large on-site interaction, U/J & 4, only a small
fraction of doublons decays into fermions, which move away ballistically. In the
strong interaction limit, U/J � 1, an effective tunneling amplitude of the dou-
blon can be derived by adiabatically eliminating states where the fermions are
located at different sites. It is given by 2J2/U � J . As a consequence, the dou-
blons initially remain in the central region and then move through the lattice on
a much larger time scale than single fermions.

An important point, which has not been addressed so far, is that the propaga-
tion of the single fermions is highly correlated, as they are always created as a
spin-singlet pair when a doublon decays. As sketched in Figs. 2.2(c) and 2.2(d),
the two fermions of such a spin-entangled pair may be either detected on the
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Figure 2.2: (a,b) Time-dependent density distribution of fermions expanding from a band
insulating state. The density profile exhibits a single wave front (white solid lines) in the
noninteracting case (a) while large on-site interactions (U/J ? 4) lead to the emergence
of a second wave front [red dotted lines] (b). (c,d) Examples of fermion configurations at
different expansion times, where only the rightmost doublon decayed into single fermions.
(c) A spin up (down) excitation can propagate through the band insulating cluster as a
spin down (up) hole (time evolution from bottom to top). (d) In this case, both fermions
have been emitted to the same direction. (e) A single doublon is a superposition of two
types of eigenstates: a bound state (for U 6= 0) and a number of scattering states.

same side of the initial cluster or on different sides. In the subsequent sections
we will discuss the spin-entanglement between remote lattice sites generated by
this decay process.

2.4 Buildup of density correlations during the expansion

Before turning to the spin-entanglement (in the next section), we will first study
the density-density correlation function Dij(t) = 〈n̂i(t)n̂j(t)〉−〈n̂i(t)〉〈n̂j(t)〉, with
n̂i = n̂i,↑ + n̂i,↓. For the expansion, sketched in Fig. 2.1, the density at different
lattice sites is expected to be correlated for several reasons, in particular because
the fermions are always created in pairs out of doublons.

Note that the single-site detection of density correlations (more precisely the
parity correlations) has been very recently used to study the quasi-particle prop-
agation in a commensurate ultracold bosonic gas after an interaction quench
[23, 106]. It has also been employed to study the role of on-site interaction in a
bosonic two-body quantum walk, experimentally realized in a nonlinear optical
waveguide lattice [107].

As a point of reference, we first consider the density-density correlations for
the initial state consisting of a single doublon. The fluctuation in the density
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Figure 2.3: Density-density correlations Dij 6=i(t) = 〈n̂i(t)n̂j 6=i(t)〉− 〈n̂i(t)〉〈n̂j 6=i(t)〉 for
the expansion from an initial state consisting of a single doublon (a,b) and a cluster of
ten doublons (c-h). For better visibility we display the values of D1/3

ij as a color scale
and set Dii to zero. (c,f) Initially all fermions but the outermost ones are Pauli blocked.
This leads to non-vanishing density-density correlations only close to the edge of the
initial configuration for small evolution times. (a,c-e) For vanishing on-site interaction
U , the density-density correlation is proportional to the spin-spin correlation and always
nonpositive, cf. Eqs. (C.8) and (C.10). (b,f-h) In the interacting case, the density-density
correlation can be positive. (b) For a single doublon, Dij 6=i(t) > 0 only for i and j at
different sides of the initially occupied lattice site. Thus, the doublon decays primarily
into fermions moving in opposite directions. (f-h) For a cluster of doublons, positive
density correlations are also found for lattice sites i and j that are both located to the
left or to the right of the initial cluster position, or within the initial cluster (indicated by
the dashed square).
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2 Creation and dynamics of remote spin-entangled pairs

at a lattice site i, Dii(t), is the variance of the occupation number n̂i. For the
expansion from a doublon, we find that it is maximal for those lattice sites lo-
cated at the edge of the single fermion light cone (doublon light cone) in the
noninteracting (strongly interacting) case. In the following we focus on the off-
diagonal density-density correlations Dij 6=i(t), which are shown in Figs. 2.3(a)
and 2.3(b). The most striking effect due to the on-site interaction U is the posi-
tive correlation of those fermions propagating with almost maximal velocity |2J |
in opposite directions, compare Fig. 2.3(b) with the noninteracting case shown
in Fig. 2.3(a). We will discuss its origin in the next paragraph. On the other
hand, the density-density correlation assumes large negative values between
those lattice sites in the center that are most likely occupied by the doublon
(and not by single fermions) [central square region in Fig. 2.3(b)]. In contrast,
the off-diagonal density-density correlations are always nonpositive for clusters
of noninteracting fermions, as detailed in appendix C, see also Figs. 2.3(a) and
2.3(c)-2.3(e).

The bunching effect in the interacting case can be understood by writing the
motion of the two fermions in relative and center of mass coordinates, r and R,
respectively (see appendix D for details of the discussion). Note that we assume
an infinite lattice for this argument, which is compatible with the simulation
as the boundary conditions do not play a role for the evolution times consid-
ered here. The center of mass motion is described by a plane wave with total
wavenumberK = (k1+k2) mod 2π, where k1 and k2 are the asymptotic wavenum-
bers of the single fermions. The relative motion is described by a K-dependent
Hamiltonian. For U 6= 0, the eigenstates of this Hamiltonian are one bound
state and scattering states. The probability for the doublon to decay into one
specific scattering state with wavefunction ψK,k(r) [where k = (k1 − k2)/2 is the
relative wavenumber] is given by the modulus squared of that wavefunction’s
probability amplitude at r = 0: |ψK,k(0)|2. This decay probability is, up to an
overall normalization constant [see Eq. (D.5) and Fig. D.1]:

|ψK,k(0)|2 ∝
[
1 + U2/

(
16J2 cos2(K/2) sin2(k)

)]−1
. (2.2)

For small on-site interactions |U/4J | � 1, the decay probability is almost the
same for the different scattering states, except for K ≈ π or k ≈ {0, π} where
it drops to zero. In the strongly interacting case, it exhibits a pronounced max-
imum for K = 0 and k = ±π/2, that is k1 = ±π/2 and k2 = ∓π/2. In other
words, for large on-site interaction the doublon decays primarily into two fermi-
ons moving in opposite directions with velocity close to |2J |.

Next we study the density correlations for the expansion of a cluster of several
doublons in a homogeneous lattice. The results are displayed in Figs. 2.3(c)-
2.3(h). Just as for the single doublon, the off-diagonal density correlation has
regions of positive values in the presence of on-site interaction. However, in
contrast to the case of a single doublon, the existence of other doublons now
leads to positive correlations also at lattice sites located on the same side of
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2.5 Creation and dynamics of remote spin-entangled pairs

the initial cluster, see Figs. 2.3(f)-2.3(h). Positive correlations between sites on
different sides of the cluster are only observed for evolution times larger than
the time a hole takes to propagate through the cluster, cf. Fig. 2.3(h).

The results suggest that the initially Pauli-blocked core of the cluster leads to
an enhanced decay of the outermost doublons into single fermions moving away
in the same direction. However, the alternative case, where the edge doublon
decays into a fermion and a hole moving into opposite directions close to the
maximal velocity |2J | also leads to positive correlations. Further simulations
show that positive density correlations between lattice sites on the same side of
the initial cluster position are found for clusters of about four and more doublons
and U/J & 2. Note that as the single fermions are created by the decay of an edge
doublon, the situation is different from a free single fermion or fermionic wave
packet approaching a cluster of doublons. In the latter situations, the fermion is
almost perfectly transmitted through the cluster (band insulating state) in the
limit of large on-site interaction [108,109].

In the next section, we discuss the spin-entanglement. This will reveal that
the positive density correlations indeed stem from singlet pairs, which become
delocalized by the decay of a doublon.

2.5 Creation and dynamics of remote spin-entangled pairs

In this section, we discuss the entanglement between fermions located at dif-
ferent lattice sites by means of the concurrence [110]. First, the relation be-
tween the concurrence and the spin-spin correlations is established. Then we
use tDMRG simulations to find the regions where fermions are likely and un-
likely to be entangled during the expansion. We examine the role of the on-site
interaction and the core of the cluster on the entanglement dynamics.

2.5.1 Relation between spin-spin correlations and the concurrence

In this paragraph we derive the reduced density matrix and the concurrence
for fermions located at different lattice sites within the expanding cloud (see
Ref. [111] for a related discussion in the context of solid state physics).

2.5.1.1 Two-site reduced density matrix

Given the full many-body wavefunction |Ψ(t)〉, the reduced density matrix for
the lattice sites i and j is

ρ̂ij(t) = Trsites 6=i,j{|Ψ(t)〉 〈Ψ(t)|}, (2.3)

where all other lattice sites have been traced out. Whenever two fermions are
situated at the same lattice site they form a spin-singlet pair as their spatial
degrees of freedom are symmetric under particle exchange. Thus, entanglement
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2 Creation and dynamics of remote spin-entangled pairs

in the spin degree of freedom between fermions at two different lattice sites can
only occur if each lattice site is occupied by a single fermion. Projecting ρ̂ij(t)
onto those states yields

ρ̂sij(t) =
1

Tr{ρ̂ij(t) n̂si n̂sj}
n̂sj n̂

s
i ρ̂ij(t) n̂

s
i n̂
s
j . (2.4)

Here, n̂si = n̂i,↑ + n̂i,↓ − 2n̂i,↑n̂i,↓ is the single fermion number operator at site i,
which projects onto a subspace with exactly one fermion on that site. The nor-
malization factor in the denominator, Tr{ρ̂ij(t)n̂si n̂sj} = 〈n̂si (t)n̂sj(t)〉, is the proba-
bility of finding at time t a single fermion at each of the lattice sites i and j. The
state described by ρ̂sij(t) is the state obtained after a successful projective mea-
surement. The reduced density matrix ρ̂sij(t) is equivalent to a two-qubit density
matrix, which can be expressed in the form ρ̂ =

∑3
α,β=0 λ

αβ σ̂α(1) ⊗ σ̂β(2), where
σ̂1,2,3 are the Pauli spin operators, σ̂0 = 1, and the factors λαβ are determined
by the correlation functions λαβ = 1

4〈σ̂α(1)σ̂
β
(2)〉 [112]. Consequently, the reduced

density matrix of single fermions at lattice sites i and j can be written as

ρ̂sij(t) =
1

〈n̂si (t)n̂sj(t)〉
3∑

α,β=0

〈Ŝαi (t)Ŝβj (t)〉 σ̂αi ⊗ σ̂βj , (2.5)

where Ŝ1,2,3
i = 1

2

∑
σ,σ′=↑,↓ f̂

†
i,σ(σ̂1,2,3)σσ′ f̂i,σ′ is the x-, y-, and z-component of the

spin operator and Ŝ0
i is, for compactness, defined as half the single fermion num-

ber operator, Ŝ0
i := 1

2 n̂
s
i . Note that 〈Ŝαi (t)Ŝβj (t)〉 is calculated using the full (un-

projected) wavefunction since states with vacancies or doublons at site i or j do
not contribute to the expectation value.

Symmetries of the initial state and the Hamiltonian can simplify the form
of the reduced density matrix, such that only a few correlation functions are
needed to determine ρ̂sij(t). As detailed now, the reduced density matrix ρ̂sij(t)

depends only on 〈Ŝzi (t)Ŝzj (t)〉/〈n̂si (t)n̂sj(t)〉 for the initial state shown in Fig. 2.1(c).
The Fermi-Hubbard Hamiltonian (2.1) preserves the spin-dependent particle

number, i.e., [Ĥ, N̂↑,↓] = 0, with N̂↑,↓ =
∑L

i=1 n̂↑,↓. Given an initial state with
fixed number of spin-up and spin-down fermions (experimentally an incoherent
mixture of ↑- and ↓-fermions can be prepared by using the phase decoherence of
atoms moving in the magnetic field curvature of the trapping potential [26])
the time-dependent expectation values of operators, which change the spin-
dependent particle number, vanish. This yields 〈n̂si (t)Ŝx,yj (t)〉 = 0, 〈Ŝx,yi (t)Ŝzj (t)〉 =

0, and 〈Ŝxi (t)Ŝxj (t)〉 − 〈Ŝyi (t)Ŝyj (t)〉 ± i[〈Ŝxi (t)Ŝyj (t)〉 + 〈Ŝyi (t)Ŝxj (t)〉] = 0. The latter
condition comes from creating two spin-down (spin-up) fermions while destroy-
ing two spin-up (spin-down) fermions at lattice sites i and j and can also be
written as 〈Ŝxi (t)Ŝxj (t)〉 = 〈Ŝyi (t)Ŝyj (t)〉 and 〈Ŝxi (t)Ŝyj (t)〉 = −〈Ŝyi (t)Ŝxj (t)〉.

Moreover, the Hamiltonian (2.1) is rotationally invariant, [Ĥ,∑L
i=1 Ŝ

x,y,z
i ] = 0,

see, for example, Ref. [113]. If the initial state is also rotationally invariant [i.e.,
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2.5 Creation and dynamics of remote spin-entangled pairs

exp{−iφn · Ŝ} |Ψ(0)〉 = |Ψ(0)〉, where the rotation axis is given by the unit vector
n and φ is the rotation angle], for instance a cluster of doublons, then the many-
body state remains SU(2) spin symmetric during the time evolution. It follows
that 〈Ŝzi (t)Ŝzj (t)〉 = 〈Ŝxi (t)Ŝxj (t)〉 = 〈Ŝyi (t)Ŝyj (t)〉, 〈n̂si (t)Ŝzj (t)〉 = 〈n̂si (t)Ŝx,yj (t)〉 = 0,
and 〈Ŝxi (t)Ŝyj (t)〉 = 〈Ŝx,yi (t)Ŝzj (t)〉 = 0.

In summary, the reduced density matrix of two single fermions reads for the
expansion from a cluster of doublons

ρ̂sij(t) =
1

4
· 1 +

〈Ŝzi (t)Ŝzj (t)〉
〈n̂si (t)n̂sj(t)〉

[
σ̂xi ⊗ σ̂xj + σ̂yi ⊗ σ̂

y
j + σ̂zi ⊗ σ̂zj

]
=

(
1

4
+
〈Ŝzi (t)Ŝzj (t)〉
〈n̂si (t)n̂sj(t)〉

)[
|T 1
ij〉 〈T 1

ij |+ |T 0
ij〉 〈T 0

ij |+ |T−1
ij 〉 〈T−1

ij |
]

+

(
1

4
− 3
〈Ŝzi (t)Ŝzj (t)〉
〈n̂si (t)n̂sj(t)〉

)
|Sij〉 〈Sij | . (2.6)

Here, |Sij〉 = 1√
2
(|↑i, ↓j〉 − |↓i, ↑j〉) denotes the singlet state and |Tmij 〉 is a triplet

state with the spin projection in z-direction given by m ∈ {−1, 0, 1}. As ρ̂sij(t) has
to be positive-semidefinite it follows that−1/4 ≤ 〈Ŝzi (t)Ŝzj (t)〉/〈n̂si (t)n̂sj(t)〉 ≤ 1/12.
In the case of an initial cluster of doublons, the wavefunction is for all times a
superposition of products of (localized and delocalized) fermionic singlet-pairs.
Fermions at sites i and j that do not form a singlet-pair do not contribute to
〈Ŝzi (t)Ŝzj (t)〉 and, thus, in total 〈Ŝzi (t)Ŝzj (t)〉 ≤ 0.

Instead of 〈Ŝzi (t)Ŝzj (t)〉 one could in principle evaluate the spin-spin correla-
tion in any other direction. However, for cold atomic gases in optical lattices
the correlation function 〈Ŝzi (t)Ŝzj (t)〉 = 1

4〈[n̂i,↑(t) − n̂i,↓(t)][n̂j,↑(t) − n̂j,↓(t)]〉 seems
to be experimentally most realistic to access as it could be obtained from snap-
shots of the spin-dependent single-site detection of the particle number, see also
section 2.7.

2.5.1.2 Concurrence

The spin-entanglement between single fermions can be derived from the reduced
density matrix. Here, we use the concurrence C(ρ̂) [110] to quantify the entan-
glement. Given the time-reversed density matrix ˆ̃ρ = (σ̂y ⊗ σ̂y)ρ̂∗(σ̂y ⊗ σ̂y), with
the complex conjugation ρ̂∗ taken in the standard basis {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉}, the
concurrence is defined by C(ρ̂) = max{0,

√
λ1−

√
λ2−

√
λ3−

√
λ4}, where the λi’s

are the eigenvalues of ρ̂ ˆ̃ρ in descending order. For our case we find ˆ̃ρsij = ρ̂sij and
the concurrence of the reduced density matrix (2.6) is given by

Ci,j(t) = max

{
0,−1

2
− 6
〈Ŝzi (t)Ŝzj (t)〉
〈n̂si (t)n̂sj(t)〉

}
. (2.7)
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Figure 2.4: Dependence of the concurrence and the singlet probability on the spin
correlation. (a) The concurrence is strictly zero for 〈Ŝzi (t)Ŝzj (t)〉/〈n̂si (t)n̂sj(t)〉 ≥
−1/12 and approaches one when the two fermions have always opposite spin, i.e.,
〈Ŝzi (t)Ŝzj (t)〉/〈n̂si (t)n̂sj(t)〉 = −1/4. (b) Probabilities of detecting the two fermions in
a spin-singlet state and in one of the spin-triplet states. For uncorrelated fermions, the
singlet and each triplet state have probability 1/4. The concurrence becomes nonzero
when the singlet probability is larger than 1/2.

We note that even finite spin-spin correlations can result in a zero concurrence.
The probability that single fermions at lattice sites i and j form a spin-singlet

pair can be directly read off the reduced density matrix (2.6):

PSingletij (t) = Tr
[
ρ̂sij(t) |Sij〉 〈Sij |

]
=

1

4
− 3
〈Ŝzi (t)Ŝzj (t)〉
〈n̂si (t)n̂sj(t)〉

. (2.8)

Analogously, we find that each of the three spin-triplet states is measured with
the probability 1/4 + 〈Ŝzi (t)Ŝzj (t)〉/〈n̂si (t)n̂sj(t)〉.

The concurrence and the singlet probability are shown in Fig. 2.4 as function
of the spin correlation 〈Ŝzi (t)Ŝzj (t)〉/〈n̂si (t)n̂sj(t)〉.

2.5.2 Dynamics of spin-entangled pairs

2.5.2.1 Single fermion density-density correlation

Spin-entanglement between different lattice sites, which we denote by i and j,
requires that both sites are singly occupied as discussed in section 2.5.1.1. The
corresponding probability is 〈n̂si (t)n̂sj 6=i(t)〉, with the single fermion number oper-
ator already defined above (n̂si = n̂i,↑ + n̂i,↓ − 2n̂i,↑n̂i,↓). Fig. 2.5 shows numerical
results for 〈n̂si (t)n̂sj 6=i(t)〉 for different evolution times Jt and on-site interaction
strengths U/J .

Shortly after the quench, single fermions are created at the edges of the clus-
ter, see Figs. 2.5(a), 2.5(d), and 2.5(g). For the noninteracting system, the fermi-
ons escape the cluster successively (i.e., starting at the edges, and finally from
the center of the cluster). They move ballistically and the correlation function
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Figure 2.5: Density-density correlation of single fermions 〈n̂si (t)n̂sj 6=i(t)〉 (i.e. excluding
doublons) for the expansion from an initial cluster of doublons in one dimension (the
initial position of the ten doublons is indicated by the dashed square). (a-c) Without
on-site interactions, U/J = 0, the fermions move ballistically through the lattice. This
is reflected by the fourfold symmetry of the correlation matrix shown here. (d-i) When
increasing U/J , fermions are created only rarely by the decay of a doublon at the edge of
the cluster. These two fermions move within the same light cone, cf. Fig. 2.2. The light
cone leads to a square shape of the correlation function having its center at the edge of
the initial cluster, shown by the dotted square in panel (i). The dotted lines indicate pairs
of coordinates corresponding to fermions emitted with opposite velocities by a doublon
at the edge of the cloud. Moreover, an increased correlation between nearest neighbor
lattice sites is found for larger evolution times, see (f) and (i).
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2 Creation and dynamics of remote spin-entangled pairs

displays a fourfold symmetric structure, Figs. 2.5(b) and 2.5(c). In the interact-
ing case, in contrast, the decay of a doublon into fermions is heavily suppressed.
This results in a correlation function 〈n̂si (t)n̂sj(t)〉 that has its main contributions
within two square regions given by the light cones of fermions emitted by the
outermost doublons of the cluster, see Figs. 2.5(f) and 2.5(i). Within the light
cones, single fermions are more likely to be found at lattice sites corresponding
to a motion with almost maximal velocity |vmax| = 2J into opposite direction.
The density correlation between single fermions attains its largest values for
nearest-neighbor lattice sites within the cloud, cf. Figs. 2.5(e), 2.5(f), 2.5(h), and
2.5(i). This may be due to virtual transitions between two configurations: ei-
ther a doublon with a neighboring vacancy, or a state of two adjacent single
fermions. Note that the mean total number of single fermions,

∑L
i=1〈n̂si 〉, ap-

proaches within a few Jt an almost constant value, cf. area under the curves for
Jt = 3.5,7.5 and U/J = 3, 6 in the last column of Fig. 2.5. That means only the
edges of the cluster evaporate for large interactions, releasing a finite number
of single fermions. Moreover, 〈n̂si (t)〉 becomes relatively flat in the center of the
cloud for larger evolution times Jt.

2.5.2.2 Spatial distribution of spin-entangled pairs

Let us now consider the spatial distribution of spin-entangled fermions during
the expansion. For this purpose, the concurrence between two fermions at dif-
ferent lattice sites is numerically evaluated using Eq. (2.7). Fig. 2.6 shows the
concurrence for any pair of lattice sites i and j, at different times Jt and on-site
interaction strengths U/J .

For the expansion of noninteracting fermions, Figs. 2.6(a)-2.6(c), the concur-
rence is finite only for nearby lattice sites. It is almost 1 within the outermost
wings of the expanding cloud. This can be physically understood the following
way: Due to the Pauli principle, fermions with the same spin become spatially
antibunched during the expansion. Thus, fermions at neighboring sites are more
likely to have opposite spin, cf. Figs. 2.3(c)-2.3(e). In addition, the outermost re-
gion of the cloud lies only within the light cones of the doublons close to the edge
of the initial cluster. Two fermions detected in this region are almost certainly
emitted by the same edge doublon and in consequence have a high probability
to be spin-entangled.

When increasing the on-site interaction U, spin-entangled pairs are formed
on remote lattice sites, too, cf. Figs. 2.6(d)-2.6(i). Indeed, spin-entanglement
is found between lattice sites within and outside the initial cluster position,
Figs. 2.6(e) and 2.6(h), as well as on different sides of the initial cluster posi-
tion, Figs. 2.6(f) and 2.6(i).

These figures are a fingerprint of the creation of a counterpropagating hole
and single fermion by the decay of an edge doublon. When the hole moves
through the cluster, the spin-entanglement with the single fermion outside the
cluster is swapped sequentially from one fermion to the next in the cluster. In
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Figure 2.6: Concurrence Ci,j(t) of two (single) fermions located at lattices sites i and
j after different expansion times Jt, see Eq. (2.7). Initially, ten doublons are located at
the sites indicated by the dashed square. We emphasize that dark red indicates strictly
zero concurrence (also see the cuts displayed to the right). The black color code is used
whenever the probability of finding fermions at sites i and j is too small, 〈n̂si (t)n̂sj(t)〉 <
10−5. In those cases, the concurrence is not computed as it would become susceptible to
numerical inaccuracies. (a,d,g) For short evolution times, here Jt = 1, single fermions
are mainly created at the edge of the cluster since the central fermions are initially Pauli
blocked. Fermions close to the same edge of the cloud are likely to be entangled as
they are likely to originate from the same doublon. Fermions at opposite edges are not
entangled since they cannot have been emitted from the same doublon. (b,c) At larger
evolution times and without on-site interactions, the concurrence is 0 for most sites i
and j. However, it is close to 1 when two fermions are located at the outermost part of
the cloud. (e,f,h,i) By increasing the on-site interaction U/J , entanglement of fermions
across the cluster becomes possible. In this case, the concurrence is highest when the
fermions result from the decay of a doublon at the edge and escape with opposite velocity,
indicated by the dotted line [see also cut through panel (i)]. Moreover, the concurrence
of fermions at neighboring sites becomes almost 1.
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2 Creation and dynamics of remote spin-entangled pairs

this way fermions become entangled that have never been on the same lattice
site and have never directly interacted with each other. At the end of this pro-
cess, a spin-singlet pair is created with a fermion at each side of the cluster. The
concurrence for two fermions on different sides of the initial cluster position in-
creases with the interaction strength, compare Figs. 2.6(f) and 2.6(i). This can
be understood by the suppression of the decay probability of doublons with in-
creasing interaction strengths. For larger interaction strength, a hole is more
likely to cross the cluster without being disturbed by another hole.

For nearest-neighbor sites, which have a relatively large probability to be si-
multaneously singly occupied [see Figs. 2.5(f) and 2.5(i)], we observe a concur-
rence close to 1. This implies the creation of vacant lattice sites within the cloud
during the expansion. The singlet pairs on nearest-neighbor sites come from vir-
tual transitions between a doublon with neighboring vacancy and a state of two
single fermions. We verified this behavior in addition by numerically creating an
ensemble of snapshots for the distribution of fermions as described in section 3.3
for a single fermion species.

2.5.2.3 Comparison to the spin structure factor

For inhomogeneous systems, such as the one discussed in this chapter, the spa-
tially resolved measurement of two-point correlations provides more information
than structure factors. While the latter gives insight into the relative momen-
tum (and thus distance) of two-point correlations, it contains no information
how these correlations are spatially distributed. Let us discuss this difference
in more detail by considering the spin structure factor S(k) for the expansion
from a band insulating state. It is given by

S(k) =
∑
l,m

e−ik(l−m)〈Ŝzl Ŝzm〉 =
∑
l

〈[Ŝzl ]〉+ 2
∑
l<m

cos(k[l −m])〈Ŝzl Ŝzm〉, (2.9)

where the summation goes over all lattice sites m and l. The integral over the
spin-structure factor is determined by the total number of single fermions in the
lattice,

´ π
−π

dk
2π S(k) = 〈N̂ s〉/4, which may vary during the expansion. A standard

tool for detecting the spin structure factor in experiments with ultracold atoms
in optical lattices is still missing, but a scheme using optical Bragg diffraction
has been recently proposed [114].

Fig. 2.7 shows the spin structure factor S(k) of the fermionic cloud after dif-
ferent expansion times. For noninteracting fermions [Fig. 2.7(a)] and large evo-
lution times S(k) might be very roughly approximated by a box, i.e., S(k) ∝
Θ(|k| − k′)Θ(π − |k|), with some momentum k′. Consequently, the average spin
correlation at distance d,

∑
l〈Ŝzl Ŝzl+d〉 ∝ − sin(k′d)/d, falls off as d−1 for larger

distances, cf. Figs. 2.3(d) and 2.3(e).
For large on-site interactions a peak in S(k) is observed at momentum k ≈

π/(4Jt), see Fig. 2.7(b). This peak corresponds to a (negative) two-point spin
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Figure 2.7: Spin structure factor S(k) for different time points of the expansion shown
in Fig. 2.1. (a) In the noninteracting case, the spin structure factor at first increases
linearly with k and then becomes roughly flat at larger momenta. (b) For large on-site
interactions a peak appears in the spin structure factor at k ≈ π/(4Jt). The position of
the peak is consistent with the one expected for two fermions of different spin moving in
opposite direction with velocity |v| ≈ 2J .

correlation moving with relative velocity 4J , which is obviously the singlet pair
created by the decay of a doublon. The overall shape of the spin structure factor
seems to be mainly determined by the virtual transitions of the doublon, which
are visible in Fig. 2.6(i). Assuming a dominant contribution of 〈Ŝzl Ŝzl+1〉 to the
spin correlations, results in S(k) = 〈N̂ s〉/4 + 2 cos(k)

∑
l〈Ŝzl Ŝzl+1〉, which roughly

reproduces the overall k-dependence seen in Fig. 2.7(b).
We found that the existence of spin-correlated fermions moving with relative

velocity v = 4J and the dominant spin correlations at small distances for a non-
interacting fermionic could be diagnosed from the spin structure factor. How-
ever, it cannot be decided whether correlations are dominant in some parts of
the cloud, nor is it possible to evaluate the concurrence this way. In the sub-
sequent section, we will use the knowledge of the spatial two-point correlation
functions to discuss in detail the “amount” of spin-entanglement in different re-
gions of the expanding cloud and analyze its dependence on the cluster size and
the interaction strength.

2.5.3 Spin-entanglement in different regions of the cloud: summed
concurrence

Above, we examined the spin-entanglement between two lattice sites for fixed
time points. In this subsection we aim to quantify the spin-entanglement for en-
tire regions in the lattice. In particular, we address the questions: Are there sites
which share more spin-entanglement with the rest than other lattice sites? How
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Figure 2.8: Spin-entanglement of a single lattice site i with all the other sites. The
panels show the time evolution of Ctot,i(t), given by Eq. (2.10), for different interaction
strengths U/J . (a) In the absence of interaction, it is primarily the sites at the edge of
the cloud which are spin-entangled. (b,c) For finite interactions, we observe the following:
At larger times Ctot,i(t) is nearly homogeneous in a central region within the doublon
light cones [dotted lines in (c)]. Spin-entanglement for lattice sites removed from this
central region is finite at locations corresponding to trajectories of fermions, which have
dissolved from the edges of the cluster. For the left edge the single fermion light cone is
shown as dashed lines.

does the spin-entanglement in different regions built up as function of time?
Which locations are most entangled in the weakly and strongly interacting case?
How does the size of the cluster affect these results?

2.5.3.1 Time evolution of the summed concurrence

In the following we discuss the amount of pairwise spin-entanglement of a lattice
site or a region in the lattice in terms of the summed concurrence. We define it as
the sum over the concurrences, Ci,j(t), which are weighted by the probability of
detecting a single fermion at both lattice sites, 〈n̂si (t)n̂sj(t)〉. The weights are in-
troduced to accommodate for the possibility of vacant or doubly occupied lattice
sites, in contrast to the summed concurrence used in spin systems [115]. For a
system consisting of spin-singlet pairs whose wavefunctions do not overlap, i.e.,
Ci,j(t) is either zero or one for all sites i and j, the summed concurrence equals
the average number of delocalized spin-singlet pairs. Note that the summed con-
currence is by no means a measure for the total entanglement of the system. It
neither includes multipartite entanglement nor entanglement in the occupation
numbers. For a detailed discussion on entanglement in many-body systems we
refer to Ref. [17], see also Refs. [80,81,116–119] for recent proposals on detecting
entanglement in cold atom systems.

Let us consider the spin-entanglement of a site with all the other lattice sites.
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2.5 Creation and dynamics of remote spin-entangled pairs

The summed concurrence for site i is defined by

Ctot,i(t) =
∑
j 6=i
〈n̂si (t)n̂sj(t)〉Ci,j(t). (2.10)

The time evolution of Ctot,i(t) is shown in Fig. 2.8 for different values of the
interaction strength U/J . For noninteracting fermions [Fig. 2.8(a)], lattice sites
close to the edge of the cloud display the strongest entanglement, while sites in
the rest of the cloud are hardly entangled. For increasing interaction strength
a central region with almost uniform Ctot,i(t) builds up during the evolution,
see Figs. 2.8(b) and 2.8(c). For large U/J , we find that Ctot,i(t) approaches the
expectation value 〈n̂si 〉. This turns out to be related to the fact that in this case
the probability of having two doublons decay is negligible, and the contribution
comes almost entirely from the decay of a single doublon.

In Fig. 2.6(i) it is apparent that on-site interactions can lead to spin entan-
glement across the expanding cluster. In the following we compare the summed
concurrences of lattice sites on the same side and on different sides of the initial
cluster location, Css and Cds, respectively. They are defined by

Css(t) =
∑

i+1<j<l ∨ i−1>j>r

〈n̂si (t)n̂sj(t)〉Ci,j(t), (2.11)

Cds(t) =
∑

i<l ∧ j>r
〈n̂si (t)n̂sj(t)〉Ci,j(t), (2.12)

where l and r denote the leftmost and rightmost occupied lattice sites of the
initial state. Note that nearest-neighbor lattice sites are excluded from Css(t).
That means we do not take into account contributions from virtual transitions
of doublons (decaying virtually into two adjacent fermions) that move away from
the cluster initial position. In addition, we consider the summed concurrence of
sites at fixed distance d, Cd, and the summed concurrent of all sites, Ctot:

Cd(t) =
∑
i

〈n̂si (t)n̂si+d(t)〉Ci,i+d(t), (2.13)

Ctot(t) =
∑
i<j

〈n̂si (t)n̂sj(t)〉Ci,j(t). (2.14)

The time evolution of these summed concurrences is shown in Fig. 2.9. For
noninteracting fermions and small evolution times, the total summed concur-
rence is dominated by contributions from nearest-neighbor sites. For larger
times more and more spin-entanglement is transferred to fermions found on
the same side of the initial cluster position (Css), see Fig. 2.9(a). The spin-
entanglement remains relevant only for small distances, reflected in C8(t) = 0
for all simulated times, cf. Fig. 2.9(d).
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Figure 2.9: Time evolution of spin-entanglement in different areas of the expanding
cloud. (a-c) We show: the summed concurrence Ctot of all lattice sites, the summed
concurrence C1 between nearest-neighbor sites, as well as the summed concurrences of all
lattice sites at same side (Css) and at different sides (Cds) of the cloud (see the main text
for the definitions). Nonvanishing Cds is found only for finite on-site interaction. Ctot
and C1 quickly settle into a damped oscillation around a constant value, for U/J & 2.
The arrows in panel (c) show corresponding values of the summed concurrences for the
decay of a single doublon, cf. Fig. 2.10. (d-f) Summed concurrence Cd of lattice sites at
distance d ≥ 2. (d) Without interactions only close lattice sites are spin-entangled. (e,f)
With increasing interaction strength U/J , Cd(t) equals zero for times up to Jt ≈ d/4,
followed by a peak and a decay for larger times. At fixed time Cd is approximately uniform
for the distances d . 4Jt.
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By contrast, in the interacting case, spin-entanglement is generated via fer-
mions propagating away on different sides of the cluster. This is seen as a finite
value of Cds(t) for times Jt & 5, which is the time a hole needs to propagate
through the cluster, cf. Figs. 2.9(b) and 2.9(c). The total summed concurrence
and concurrence between nearest-neighbor sites quickly settle into a damped
oscillation around a constant value. The time evolution of the summed con-
currence of sites at distance d ≥ 2 is displayed in Figs. 2.9(e) and 2.9(f). Cd(t)
remains zero for small times, peaks at times Jt slightly exceeding d/4, and de-
creases for larger times. This shows that spin-entangled pairs mainly propagate
at almost maximal (relative) velocity 4J . For large U/J , Cd(t) is approximately
uniform for distances d ≤ 4Jt and roughly decays as (Jt)−1 for the simulated
times. Note that C1(t) plays a special role. Its main contribution does not stem
from “free” fermions. Rather, it is generated by a doublon virtually dissolving
into adjacent fermions.

2.5.3.2 Impact of the initial cluster size

Let us finally discuss the impact of the cluster size on the spin-entanglement
dynamics. For very weak interactions, a larger number of doublons means that
more delocalized singlet pairs are created shortly after switching off the con-
fining potential. For large interaction strengths up to U/J = 40, we simulated
the expansion and compare the summed concurrences for different cluster sizes,
including the case of a single doublon. We summarize the results in Fig. 2.10.
Note that reasonably large evolution times (Jt ≈ 20) for the comparison of the
summed concurrences are reached only for U/J & 6. The summed concurrence
of all sites, Ctot, agrees for all considered cluster sizes and matches the analyt-
ical result for a single doublon, see Fig. 2.10(a). Apparently, the initially Pauli
blocked core has no effect on the number of created single fermions for the con-
sidered times. For Css and Cds, however, we find a clearly different behavior for
a single doublon and a cluster of four and more doublons [Fig. 2.10(b)]: A cluster
is more likely to emit (delocalized) spin-entangled pairs into the same direction.

In the remainder of this section we provide the analytical calculation of the
summed concurrences for the expansion from a single doublon. These results
are depicted as solid lines in Fig. 2.10.

Starting with a single doublon, the fermions form a spin-singlet for all times.
Consequently, the concurrence Ci,j(t) [defined by Eq. (2.7)] equals one for all
sites i and j, and the summed concurrences simplify to sums over the expecta-
tion values 〈n̂si (t)n̂sj(t)〉, see the definitions given in the section 2.5.3.1.

Let us first consider the total summed concurrence for a single doublon, which
is given by Ctot(t) =

∑
i<j〈n̂si (t)n̂sj(t)〉. This is nothing but the probability of

finding the fermions at different lattice sites. It can be expressed as 1 − PD(t),
with the doublon survival probability PD(t), i.e., the probability of finding the
doublon intact at time t. In the long time limit, only fermions in a bound

39



2 Creation and dynamics of remote spin-entangled pairs

10 doublons
  7 doublons
  4 doublons
  1 doublon

on-site interaction strength

su
m

m
ed

 c
on

cu
rre

nc
e 

/
0 10 20 4030

U/J

a b

C
to

t

0.001

0.01

0.1

1

0 10 20 40300

0.2

0.4

0.6

[1 doublon]Css

[10 doublons]Css

[10 doublons]

[1 doublon]

Cds

Cds

C1 [10 doublons]

[1 doublon]C1

C
to

t

Figure 2.10: Summed concurrences for different sizes of the initial cluster. We compute
the values at time Jt = 20 (except for U/J = 6, where Jt = 13.5), when they are
almost constant as function of time. (a) The total summed concurrence, Ctot, shows no
dependence on the cluster size for large on-site interaction strengths U/J ≥ 6. The data
agrees with the exact result for a single doublon [Eq. (2.15)], Ctot = 1−[1+16J2/U2]−1/2,
which is shown as solid line. (b) The summed concurrences of lattice sites at same
side (Css) and at different sides (Cds) of the cloud [given by Eqs. (2.11) and (2.12),
respectively] disagrees for a single doublon (dots) and a cluster of doublons (squares).
Note that clusters of sizes 4,7, and 10 give similar values. For strong interactions, a cluster
prefers the emission of (delocalized) singlet pairs into the same direction compared to a
single doublon. The summed concurrence between nearest-neighbor sites (C1) approaches
Ctot/2 in both cases. Solid lines show analytical results for C1 as well as the contribution
of scattering states to Css and Cds for a single doublon.
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2.5 Creation and dynamics of remote spin-entangled pairs

state remain localized close to each other and we find in appendix D.2 that
PD(∞) = 1

2π

´ π
−π dK |ψbK(0)|4 = [1 + 16J2/U2]−1/2, where ψbK(r) is the bound state

with relative coordinate r and total wavenumber K. Thus, the total summed
concurrence for the expansion from a single doublon is in the limit of infinite
times

Ctot(∞) = 1− [1 + 16J2/U2]−1/2 = 8J2/U2 +O([J/U ]4). (2.15)

The concurrence between nearest-neighbor sites, C1(t) =
∑

i〈n̂si (t)n̂si+1(t)〉,
equals probability of finding the fermions at time t at adjacent lattice sites. Anal-
ogous consideration as for the long time limit of the doublon survival probability
lead to C1(∞) = 1

2π

´ π
−π dK |ψbK(0)|2|ψbK(1)|2. Using the explicit expression for the

bound state wavefunction ψbK(r) = γ
|r|
K /
√NK given by Eq. (D.6) we find

C1(∞) =
1

2π

ˆ π

−π
dK |γK |2N−2

K = 4J2/U2 +O([J/U ]4). (2.16)

For large evolution times, the summed concurrences of lattice sites at same
side [Css(t)] and at different sides [Cds(t)] of initial doublon position can be
related to the scattering states calculated in appendix D.1. In the following
we denote the contributions stemming from these scattering states by C

(scat)
ds

and C
(scat)
ss . C

(scat)
ds equals the decay probability of the doublon into scattering

states where the fermions move in opposite direction [k1 ∈ (0, π), k2 ∈ (−π, 0) or
k1 ∈ (−π, 0), k2 ∈ (0, π)], while the decay probability into scattering states with
fermions moving into the same direction [k1, k2 ∈ (0, π) or k1, k2 ∈ (−π, 0)] is
equal to C(scat)

ss . Here, k1 and k2 denote the asymptotic wavenumbers of the two
fermions. The doublon decay probability into a scattering state with wavefunc-
tion ψK,k(r) is just |ψK,k(0)|2 and the corresponding value is given by Eq. (D.5).
Taking the continuum limit we obtain

C
(scat)
ds =

1

(2π)2

[ˆ π

0
dk1

ˆ 0

−π
dk2 +

ˆ 0

−π
dk1

ˆ π

0
dk2

]
(2.17)

×
[
1 + U2/

(
16J2 cos2([k1 + k2]/2) sin2([k1 − k2]/2)

)]−1

= 4
J2

U2
[1/2 + 4/π2] +O([J/U ]4), (2.18)

C(scat)
ss =

1

(2π)2

[ˆ π

0
dk1

ˆ π

0
dk2 +

ˆ 0

−π
dk1

ˆ 0

−π
dk2

]
(2.19)

×
[
1 + U2/

(
16J2 cos2([k1 + k2]/2) sin2([k1 − k2]/2)

)]−1

= 4
J2

U2
[1/2− 4/π2] +O([J/U ]4). (2.20)

The summed concurrences Css(t) and Cds(t) calculated from the numerical data
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2 Creation and dynamics of remote spin-entangled pairs

[as defined by Eqs. (2.11) and (2.12)] contain additional contributions from the
bound state. In the definition of Css(t) we excluded nearest-neighbor lattice sites
in order to remove most of these contributions [note that nearest-neighbor sites
do not appear in Cds(t)]. From the bound state wavefunction [Eq. (D.6)] follows
that all other terms are of the order O([J/U ]4). Thus, Css(t) and Cds(t) agree
with C

(scat)
ss and C(scat)

ds for large Jt and U/J , cf. Fig. 2.10(b).
For an initial cluster of a single doublon we obtain following relations be-

tween the summed concurrences for long evolution times and large interaction
strengths U/J � 1: C1 = Ctot/2, Css = [1/4−2/π2]Ctot, andCds = [1/4+2/π2]Ctot.

2.5.4 Spin-entanglement dynamics with temporally modulated tunneling
amplitude

In the previous section we have seen for the interacting case that total summed
concurrence, Ctot, approaches a fixed value shortly after switching off the poten-
tial, via the escape of a few fermions from the cluster edges. Here, we discuss a
way of “continuously” generating single fermions and enhancing Ctot compared
to the free time evolution. We consider an expansion during which the tun-
neling amplitude is repeatedly varied in time, while the interaction strength
is constant. Such modulation may be experimentally realized by either vary-
ing the laser intensity (the tunneling amplitude decreases much faster with in-
creased laser intensity than the on-site interaction strength, see, e.g., Ref. [28])
or by shaking the lattice sinusoidally [120]. We find for certain values of the
tunneling amplitudes and time intervals between the quenches an increased
amount of spin-entanglement as shown in Fig. 2.11. For the presented case,
the repeated quenches lead to the generation of more and more single fermions,
see Fig. 2.11(a). This results in an enhanced spin-entanglement between dis-
tant lattice sites, while the spin-entanglement between nearest-neighbor sites
is suppressed [compare Figs. 2.11(b) and 2.11(c) with Figs. 2.9(c) and 2.9(f)].

2.6 Impact of impurities in the initial state

We have discussed in depth the creation of remote spin-entangled pairs for the
expansion from a cluster of doublons in the previous section. We complete this
discussion by addressing the effect of impurities in the initial state. In the fol-
lowing we restrict ourselves to the simplest case of a single impurity in the clus-
ter, which can be a spin-up (spin-down) hole or a vacancy, i.e., an empty lattice
site.

An initial state with a vacancy is still rotationally invariant and the concur-
rence is given by Eq. (2.7). The main effect of the vacancy is that adjacent fer-
mions are not Pauli blocked. Thus spin-singlet pairs can be created by the decay
of doublons located next to the vacancy at the beginning of the expansion, which
is seen in the concurrence in Fig. 2.12(a). For larger evolution times we find
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Figure 2.11: Expansion with time-dependent tunneling amplitude (modulated in a step-
wise fashion). The tunneling amplitude is repeatedly switched between the values J [time
intervals marked by gray background in panel (a)] and J ′ = J/2 [white background in
panel (a)], while the on-site interaction strength is fixed at U/J = 6. (a) This dynamics
(dashed line) produces a larger total number of single fermions 〈N̂ s(t)〉 than the free
expansion with amplitude J (solid line). (b,c) Time evolution of the summed concur-
rences. In comparison to the free expansion, cf. Figs. 2.9(c) and 2.9(f), the total summed
concurrence as well as the concurrences Css and Cds are enhanced, while the summed
concurrence at nearest-neighbor sites, C1, is decreased. This is also seen in the enlarged
summed concurrence of sites at distances d ≥ 2.

in the noninteracting case the same behavior as for a perfect cluster of dou-
blons shown in Fig. 2.6(c). For larger on-site interactions, however, additional
spin-entanglement at remote lattice sites is observed that originates from coun-
terpropagating spin-entangled pairs created from doublons next to the vacancy,
see Fig. 2.12(b).

The motion of a hole in a band insulator is identical to the ballistic motion
of a single fermion in a lattice. When a hole with momentum k approaches
the edge of the finite cluster of doublons it dissolves from the cluster without
any reflection at the edge, which is different for the bosonic case [108]. The
spin-up (spin-down) hole breaks the SU(2) symmetry of the initial state and the
concurrence is not determined by the simple formula (2.7). Instead it is given by
(Eq. (10) in Ref. [111])

Ci,j(t) = max

(
0,

4|Ŝxi (t)Ŝxj (t)− iŜxi (t)Ŝyj (t)| − 2
√
〈P̂ ↑i (t)P̂ ↑j (t)〉〈P̂

↓
i (t)P̂

↓
j (t)〉

〈n̂si (t)n̂sj(t)〉

)
,

(2.21)
where the projection operator P̂ ↑i (t) [P̂ ↓i (t)] onto states with a single spin-up
[spin-down] fermion at lattice site i can be expressed as P̂ ↑i (t) = 1

2 n̂
s
i (t) + Ŝzi (t)

[P̂ ↓i (t) = 1
2 n̂

s
i (t) − Ŝzi (t)]. A numerical simulation shows that the presence of the

hole has almost no effect on the distribution of spin-entangled pairs for noninter-
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Figure 2.12: Spatial distribution of spin-entangled pairs for the expansion from a finitely
extended band insulating state with a single impurity: (a,b) a vacancy, (c,d) a spin-
down hole. The panels show the concurrence Ci,j(t) of single fermions at lattices sites
i and j for strong on-site interactions, U/J = 6, and different expansion times Jt (see
Fig. 2.6 for further explanations). (a) Doublons next to the vacancy in the initial cluster
can decay into spin-singlet pairs. These pairs lead to additional entanglement between
remote lattice sites, which are indicated by arrows in panel (b). In the presence of a
hole in the initial cluster we find a suppression of the concurrence at remote lattice sites
compared to a perfect cluster of doublons, compare panel (d) with Fig. 2.6(i).

acting fermions. In the strongly interacting case, see Figs. 2.12(c) and 2.12(d), we
observe a reduction of the spin-entanglement at remote lattice sites. Physically
speaking, a hole created by the decay of an edge doublon is (partially) hindered
in the propagation through the cluster by the spin-up (spin-down) impurity. This
finding indicates that a large number of incoherent holes prevents the formation
of spin-entangled pairs at different sides of the initial cluster position.

2.7 Observing spin-entanglement dynamics in experiments

So far we have theoretically analyzed the dynamics of the spin-entanglement
for the expansion from a cluster of doublons. As discussed in section 2.5.1, the
concurrence between two lattice sites i and j can be determined by the density-
density correlation of single fermions 〈n̂si (t)n̂sj(t)〉 and the spin-spin correlation
〈Ŝzi (t)Ŝzj (t)〉 = 1

4〈[n̂i,↑(t)− n̂i,↓(t)][n̂j,↑(t)− n̂j,↓(t)]〉.
Experimentally, both expectation values could be obtained by averaging over

many snapshots of the spin-dependent single-site fermionic particle number
analogous to the already implemented single-site detection of bosonic parti-
cles [18, 19].2 Since doubly occupied lattice sites do not contribute to these ex-

2Currently, a number of groups are building up experiments for the site-resolved single-atom
detection of fermions including the groups led by Markus Greiner and Stefan Kuhr, which
have realized this technique for bosons [18, 19]. Thus, it seems only a question of time until
this tool will be available to study fermionic many-body states.
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pectation values, it would suffice to be able to detect singly occupied sites. Thus,
the loss of atom pairs due to inelastic light-induced collision during the imaging
process, showing up in the bosonic case, would not be an issue.

Measuring correlations of the spin-z component will be sufficient for obtain-
ing the concurrence under the following assumptions: (i) the initial state is of
the type we have described (total singlet, i.e. total spin 0); (ii) the dynamics
proceeds according to the model Hamiltonian, i.e., a SU(2) symmetric Hamil-
tonian with no decoherence or entanglement with external degrees of freedom.
A scenario where the initial state violates condition (i) would be a cluster with
impurity sites that contain only single fermions. If there is only one impurity
containing a single fermion, then the problem can still be diagnosed because the
final snapshot will reveal unequal numbers of spin-up and spin-down fermions.
In general, however, if these two conditions are in doubt, the experiment would
have to measure the full spin-spin density matrix of two lattice sites, by repeated
runs and measurements of spin projections in different directions. This could be
done by implementing a rotation in spin space before measurements, in anal-
ogy to the state tomography realized with trapped ions [121]. While being much
more challenging than measuring the spin-dependent fermion number, such a
kind of coherent spin control seems to be possible in future experiments. Spin
flips at single lattice sites have already been shown experimentally for ultracold
bosons [65]. This setup could be in principle extended to coherent spin control,
replacing the Rabi frequency sweep by driving a Rabi oscillation [77].

2.8 Conclusions

In this chapter, we have analyzed the buildup of correlations during the sud-
den expansion of a cluster of doublons in a homogeneous lattice. We especially
focused on the time evolution of spin-entanglement. Interestingly, remote spin-
entangled pairs are created for large on-site interaction. In addition, an ex-
tended cluster favors the emission of the two fermions of a pair into the same di-
rection when compared against the decay of a single doublon. Finally, we found
that a time-dependent modulation of the tunneling amplitude can be used to
increase the “production” of spin-entangled pairs.

In the scenario considered here, the spin-entanglement can be extracted from
the two-site spin-z correlation functions. Thus, it will become experimentally
accessible once spin-dependent single-site detection has been implemented.

Our result gives insights into a more general topic: the creation and evolu-
tion of entanglement in quenches of many-body systems. Future studies could
address extensions to spin-imbalanced fermionic gases, bosonic systems, other
initial states and different quench protocols. A very intriguing (but numeri-
cally very difficult) task would be to study the role of dimensionalities on the
buildup of spin-entanglement, e.g., the crossover from one to two dimensions.
A drastic change of the dynamics is expected because of the integrability of the
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2 Creation and dynamics of remote spin-entangled pairs

Fermi-Hubbard model in strictly one dimension while the expansion of interact-
ing fermions in two dimensions shows diffusion [13].
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3 Stroboscopic observation of quantum
many-body dynamics

3.1 Introduction

The difference between quantum measurements and classical observations has
intrigued people since the formulation of quantum mechanics. For a quantum
system, the measurement outcome is in general undetermined before the ac-
tual measurement takes place, which is often considered to collapse the wave-
function. The description of a continuous observation, such as the decay of an
unstable particle in a bubble chamber, turned out to be rather subtle in the
framework of quantum mechanics. Considering this continuous observation to
be an infinitely frequent (projective) measurement, which determines whether
the particle has decayed, leads to the paradoxical situation that the unstable
particle never decays. This inhibition of quantum evolution by repeated mea-
surements was termed quantum Zeno effect [122].1 While it seems impossible to
observe this effect for the decay of an unstable particle (the required observation
time intervals are much too small to be realized in experiments and would lead
to a huge energy uncertainty in the measured state [124,125]), the inhibition of
a radio-frequency transition between two hyperfine states of an ion due to a re-
peated measurement has been experimentally observed [126]. For an unstable
state, created by atoms located at a lattice site of an accelerated optical lattice,
the quantum Zeno effect and the anti-Zeno effect (i.e., the decay acceleration
due to frequent measurements, see Ref. [127]) were reported in Ref. [128]. For a
detailed history of the quantum Zeno effect we refer to Ref. [129].

Zeno physics has also been observed in recent cold-atom experiments with
atomic loss channels due to inelastic collisions [130] or due to an external elec-
tron beam [131]. Theoretical studies [132–137] have shown the use of this Zeno-
related physics to create strongly correlated states and to manipulate many-
body states.

In this chapter, we envision the study of the time evolution of a quantum
many-body state via periodic snapshots of an ideal single-site measurement that
reveals the position of each single atom. Such experiments would reveal the ef-

1In their paper [122] Misra and Sudarshan note ironically that the quantum Zeno effect might
save the life of Schrödinger’s cat [123]: “In the view of the Zeno’s paradox formulated above,
should we conclude that the particle will never decay? Will the cat escape the cruel death
awaiting it, against which it has no defense, provided its vital signs are constantly watched
with loving care?”.
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3 Stroboscopic observation of quantum many-body dynamics

fect of nondestructive observations (i.e., there is no atom loss) on the dynamics of
an interacting quantum many-body system. We discuss a numerically efficient
approach to simulate the repeated projective measurements in the occupation
number basis for interacting lattice models (section 3.3). Then, in section 3.4,
we elaborate the main features of this “stroboscopic” many-body dynamics in
the case of a one-dimensional lattice of spin-polarized fermions with nearest-
neighbor interactions. We find a variant of the quantum Zeno effect and discuss
its tendency to inhibit or accelerate the break-up of certain many-particle con-
figurations. In particular, the decay rate of these configurations depends in a
nonmonotonic fashion on the time interval between observations. In section 3.5,
we show that a similar behavior is expected for the Fermi-Hubbard and Bose-
Hubbard models.

The main results discussed in this chapter have been published in:

[138] Stefan Keßler, Andreas Holzner, Ian P. McCulloch, Jan von Delft,
and Florian Marquardt
Stroboscopic observation of quantum many-body dynamics
Phys. Rev. A 85, 011605(R) (2012)
Copyright (2012) by the American Physical Society.

3.2 Setting the stage: stroboscopic dynamics of a single
atom

Let us start our discussion with the motion of a single atom in a lattice whose
position is observed repeatedly.

We consider an infinite tight-binding lattice (see section 1.2.2) with eigenen-
ergies E(k) = −2J cos(k). An atom located initially at a single lattice site, which
we call site 0, is in a superposition of all plane wave momenta k ∈ (−π, π]. After
a time t, the probability of detecting it at lattice site l reads 〈n̂l(t)〉 = J 2

|l|(2Jt),
where J is the Bessel function of the first kind [see Eq. (C.4)]. The time evolution
of this density distribution is shown in Fig. 3.1(a). The atom moves ballistically,
with the variance of the atom position given by Var(l) = 〈l2〉 = 2(Jt)2:2

〈l2〉 =
∞∑

l=−∞
l2J 2

l (2Jt) = (Jt)2
∞∑

l=−∞
[Jl−1(2Jt) + Jl+1(2Jt)]2

= 2(Jt)2
∞∑

l=−∞
J 2
l (2Jt) + (Jt)2

∞∑
l=−∞

Jl−1(2Jt)Jl+1(2Jt) = 2(Jt)2. (3.1)

Let us now turn to the case where the position of the atom is observed re-
peatedly, at intervals ∆t. Figs. 3.1(b) and 3.1(c) show single trajectories of the

2In the second and in the last step of this evaluation we make use of the recurrence relation and
the addition theorem for Bessel functions, respectively. They are given by Eqs. (9.1.27) and
(9.1.75) in Ref. [139].
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Figure 3.1: Time-dependent density profile for an atom initially located at the central
site of a tight-binding lattice. (a) Without observations, the atom moves ballistically
and the density is largest at the edges of the light cone. (b,c) Specific realizations of
the stroboscopic dynamics where the atom position is observed at regular time intervals
J∆t = 5 (b) and J∆t = 0.5 (c). With decreasing observation time interval J∆t, it
becomes more likely to detect the atom in successive observations at the same lattice
site.

atom for different observation time intervals ∆t. The ballistic motion turns into
diffusion and after m time steps of duration ∆t = t/m, we find

〈l2〉 = 〈
[ m∑
i=1

li

]2
〉 =

m∑
i=1

〈l2i 〉+
∑
i 6=j
〈lilj〉 = 2(Jt)2/m = 2J2t∆t. (3.2)

Here, li denotes the “random step” of the atom between the (i − 1)th and ith
observation and we used that these steps are uncorrelated. Thus the motion
slows down, and in the limit of an infinite observation rate (∆t→ 0), the atom is
frozen, which is known as the quantum Zeno effect.

Finally, let us make contact with the usual description of the quantum Zeno
effect, see, for instance, Ref. [129], by considering the atom to be “decayed” when
it is observed at a lattice site, which is not the initial lattice site. Note that
in contrast to the decay of an unstable atom, the atom can return to its orig-
inal position if it has been observed at another lattice site. The probability
that the atom remains at its lattice site is given by the “survival probability”:
P (∆t) = 〈n̂0(∆t)〉 = J 2

0 (2J∆t). For small observation time intervals, J∆t � 1,
the survival probability can be approximated by P (∆t) ≈ 1 − 2(J∆t)2. If the
position of the atom is observed at m equidistant time points of a final time t,
the probability that it is always found at the same lattice site equals

[P (t/m)]m =
[
1− 2(Jt/m)2

]m m→∞−−−−→ 1. (3.3)

Thus, the atom remains at its initial position in the limit of an infinite observa-
tion rate.
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3 Stroboscopic observation of quantum many-body dynamics

3.3 Numerical simulation of the stroboscopic dynamics

An ideal single-site resolved observation of atoms is a projective measurement
in the basis of many-particle configurations (occupation number states in real
space). However, due to the exponential increase of the number of states with
the system size and the number of atoms, we need a numerically efficient way
to sample such outcomes. This is achieved by generating the measurement out-
comes in a stepwise fashion, building on the fact that (positive) n-particle densi-
ties ρn factorize into conditional probabilities

ρn(s1, . . . , sn) = ρ1(s1) ·
n∏
i=2

ρi(si|si−1, . . . , s1). (3.4)

Here, si ∈ {1, . . . , Ns} denotes the lattice site of the ith atom and ρi(si|si−1, . . . , s1)
is the conditional probability of finding the ith atom at site si given that there
are i− 1 atoms at the sites s1, . . . , si−1. The procedure starts by randomly draw-
ing the position of the first atom from a distribution given by the one-particle
density. In the next step, we draw the position of the second atom, conditioned
on the location of the first one, and continue iteratively until the positions of all
N atoms are determined. This way less than or equal to NNs values of joint
probability densities have to be calculated, in comparison to the full number of
fermionic or bosonic many-body configurations,

(
Ns
N

)
and

(
Ns+N−1

N

)
, respectively.

This approach relies on being able to calculate efficiently both the pure time
evolution between observations and the n-particle densities (1 ≤ n ≤ N ). In
the present work, we use the time-dependent density-matrix renormalization
group [101–104], which is an extremely powerful method for interacting one-
dimensional systems. For the numerical results to be discussed in the following
sections, we choose a time step of Jτ = 0.1 and a lattice of typically 115 sites,
and we keep up to approximately 1000 states, at a discarded weight of 10−6.
For more details on the numerical simulation, see appendix A. In the case of
noninteracting fermions, we have directly made use of the exact expression for
the time-dependent n-particle densities given by Eq. (C.5) in appendix C.

3.4 Stroboscopic dynamics of interacting spin-polarized
fermions

In section 3.2 we have seen the slowing down of the motion of a single atom
due to repeated observations. We now turn to the stroboscopic dynamics of an
interacting quantum many-body system. In order to work out rather generic
features in our analysis we consider in this section the instructive case of spin-
polarized fermions with nearest-neighbor interactions. These results will guide
us in the next section where we discuss our expectations for the stroboscopic
dynamics in the Fermi-Hubbard and Bose-Hubbard models.
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Figure 3.2: Density profile for the expansion of spin-polarized fermions, which are initially
located at adjacent lattice sites. (a,b) In the weakly interacting regime, |V/J | > 2,
fermions gradually resolve from the others and move away ballistically. (c) In contrast,
almost all fermions remain at their initial position for large nearest-neighbor interaction
strength.

3.4.1 Theoretical description and expansion dynamics

In this section, we study spin-polarized fermions in a one-dimensional lattice
governed by the Hamiltonian

Ĥ = −J
∑
i

(
f̂ †i f̂i+1 + h.c.

)
+ V

∑
i

n̂in̂i+1. (3.5)

The first term describes hopping with amplitude J between adjacent sites, the
second encodes the interaction between fermions at nearest-neighbor lattice
sites, with density n̂i = f̂ †i f̂i. This Hamiltonian displays a dynamical V 7→ −V
symmetry, which is similar to the one showing up in the expansion experiment
[13] discussed in section 2.2. Following analogous steps as in Refs. [13, 100],
we can conclude that if both the initial state and the experimentally measured
quantity Ô are invariant under both time reversal and π-boost (a translation of
all momenta by π), the observed time evolution 〈Ô(t)〉 is identical for repulsive
and attractive interactions of the same strength. The initial occupation number
states and the n-particle density observables in our case fall within the scope of
this theorem. Thus, the stroboscopic dynamics does not depend on the sign of V
and the only relevant dimensionless parameters are |V/J | and the rescaled time
between observations, J∆t.

The Hamiltonian (3.5) is related to the Heisenberg XXZ model by the Jordan-
Wigner transformation [140], which defines a mapping between fermionic cre-
ation and annihilation operators and spin operators. The stroboscopic dynamics
is identical for both models as the outcome of observations depends only on spa-
tial density-density correlations. These models could be experimentally realized
in optical lattices with fermionic polar molecules [141] or two-component fermi-
ons or bosons in the insulating phase [142,143].

We will focus on the expansion of an interacting cloud from an initially con-
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3 Stroboscopic observation of quantum many-body dynamics

fined state. Figs. 3.2(a)-3.2(c) show the effect of the interaction on the unmea-
sured time evolution of the density profile. For increasing interaction strength,
the fermions tend to remain localized near their initial positions. For |V/J | ? 3
and the times shown here, Jt < 16, a more detailed analysis reveals that evap-
oration proceeds via the rare event of a single fermion dissociating from the
edge of the cloud. The particle then moves away ballistically. This evaporation
process is hindered by the formation of bound states. This is a crucial phe-
nomenon that we will also encounter in the context of repeated measurements.
For smaller interaction strengths (|V/J | > 2), the fermions split gradually into a
larger and larger number of clusters as time increases. The interaction regimes
in which the model (3.5) exhibits diffusive or ballistic transport was addressed
in Ref. [144].

3.4.2 Impact of observations on the expansion dynamics

Let us now turn to the effects of the stroboscopic observation on the expansion
shown in Fig. 3.2. We present typical trajectories for this stochastic process in
Fig. 3.3. For noninteracting fermions, we find the behavior expected from the
single-particle case discussed in section 3.2: The spread (and thus, the diffusion
constant) increases with larger observation time intervals J∆t. For very small
J∆t (strong Zeno effect), the motion is diffusive with a small diffusion constant
that becomes independent of |V/J |. In general, it is useful to discuss the initial
decay rate of the cluster that evaporates via expansion. For the interacting case,
this decay rate depends non monotonically on the observation time interval J∆t.
It is largest at a finite value of J∆t [Figs. 3.3(g) and 3.3(i)], while it is reduced
for large J∆t [Figs. 3.3(h) and 3.3(l)]. Apparently, at very large |V/J|, the ini-
tial decay rate may have yet another local minimum for intermediate J∆t, see
Fig. 3.3(j).

We confirm this striking nonmonotonic behavior of the initial decay rate by
simulating 400 realizations for each panel shown in Fig. 3.3. In Fig. 3.4, we
plot the average number of fermions at the central 15 lattice sites as a function
of time.3 For sufficiently large |V/J |, this number decays roughly linearly at
a rate that sets the initial decay rate. Starting from a very small observation
time interval, the decay rate first increases with increasing J∆t and then falls
off for large values of J∆t, cf. Figs. 3.4(b) and 3.4(c). For very large interaction,
the decay rate shows a nonmonotonic behavior even at intermediate J∆t, see
Fig. 3.4(c). We will see in the following that these features can be mainly at-
tributed to a bound state and the two-level dynamics between the initial state
and the state with a fermion detached from the others.

3The number of central lattice sites is chosen in such a way that the virtual dissolution of a
fermion from the cluster (see discussion in the next subsection) does not contribute to the
decay rate.
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3.4.3 Understanding the physics behind the accelerated and decelerated
decay of the initial cluster

In this section, we analyze the basic physics behind the nonmonotonic behavior
of the initial decay rate as a function of the observation time interval. We first
discuss the limit of a very small observation time interval and then turn to the
effect of large interaction between the fermions.

3.4.3.1 Quantum Zeno limit

Let us consider the survival probability of the initial cluster state |Ψin〉, i.e., the
probability to detect the atoms at their initial position. For an evolution time
∆t, it read P (∆t) = | 〈Ψin| e−iĤ∆t |Ψin〉 |2, where Ĥ is given by Eq. (3.5). In the
limit of a very small observation time interval J∆t � 1,4 an expansion of the
survival probability in ∆t yields

P (∆t) ≈ 1− 2(J∆t)2. (3.6)

The decay of the initial configuration occurs by a single hopping event of the left-
most or rightmost fermion of the cluster [see also Figs. 3.3(a), 3.3(e), and 3.3(i)],
which happens with probability (J∆t)2 during ∆t. As we have discussed in sec-
tion 3.2, a decay probability, which is quadratic in time, leads to the quantum

4For large interaction strength, the approximation requires that |V |∆t � 1 since there are
fourth order terms in the expansion of the survival probability that have the form J2|V |2(∆t)4.
This restriction is also seen in the discussion of the short-time dynamics given below.
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Zeno effect when system is observed at an infinite rate. The average decay time
of the initial cluster configuration, τ , is given by

〈Jτ〉 =
∞∑
n=1

nJ∆t · 2(J∆t)2[1− 2(J∆t)2]n−1 = (2J∆t)−1, (3.7)

where the second factor in the sum is the probability that the decay of the cluster
is detected in the nth observation. It is independent of the cluster size since all
fermions in the center of the cluster are Pauli blocked.

3.4.3.2 Doublets and the role of interaction

The effect of the interaction can be discussed already for the stroboscopic dy-
namics of two fermions. We focus on the decay of a doublet, i.e., two fermions
sitting at adjacent lattice sites.

It is convenient to separate the motion of the fermions into relative and center
of mass motion. Considering the basis |r,K〉 = 1√

N
∑

j exp{iK[j+r/2]}c†jc
†
j+r|vac〉

of the two-particle sector with (positive) relative coordinate r, center of mass
coordinate j + r/2, and total wavenumber K = (k1 + k2) mod 2π, the action of
the Hamiltonian (3.5) is Ĥ|r,K〉 = |K〉 ⊗ ĤK |r〉. The first part describes a plane
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3 Stroboscopic observation of quantum many-body dynamics

wave with wavenumber K, the second the relative motion given by

ĤK |r〉 = −2JK
[
|r + 1〉+ (1− δr,1)|r − 1〉

]
+ V δr,1|r〉, (3.8)

with K-dependent tunneling amplitude JK = J cos(K/2). Using an exponential
ansatz for the wavefunction of the relative motion, we find (using analogous
steps as in appendix D.2) that a bound state exists for |V | ≥ |2JK |. It is given by

|ψbK〉 =
√

1− (2JK/V )2

∞∑
r=1

(−2JK/V )r−1 |r〉 , (3.9)

with corresponding eigenenergy EbK = V [1 + (2JK/V )2]. Note that bound states
also exist for clusters of more particles [145].

We now discuss the decay of a doublet [see Fig. 3.5(a)] by means of the doublet
survival probability PD(t), i.e., the probability of finding the doublet intact after
time t. Without observations it reads PD(t) =

∑
R′ |〈r = 1, R′|e−iĤt|r = 1, R〉|2,

where R and R′ are center of mass coordinates. In the limit t → ∞, only the
contributions from the bound state remain localized in the relative coordinate
and we obtain PD(∞) = 1

2π

´ 2π
0 dK

∣∣〈ψbK |r = 1〉
∣∣4.5 For large interaction strengths

|V/2J | ≥ 1, this expression reduces to

PD(∞) = 1− (2J/V )2 +
3

8
(2J/V )4 . (3.10)

While PD(∞) is determined by the bound state, the evolution for times Jt < 1
can be approximated by the two-level dynamics between the states |r = 1〉 and
|r = 2〉. In this short-time limit, we obtain

PD(t) = 1− 1

π

ˆ π

0
dK

cos2(K/2)

ξ2
K

sin2(2ξKJt), (3.11)

with ξK =
[
( V4J )2 + cos2(K/2)

]1/2. For the strongly interacting regime, we find
three regions for the doublet survival probability: for times Jt � ξ−1

K=0 the
probability is independent of the interaction strength, PD(t) = 1 − 2(Jt)2; for
times ξ−1

K=0 > Jt > 1 one expects an oscillating behavior of PD(t) determined by
Eq. (3.11) with a period approximately given by 2π/|V | for |V/4J | � 1; and for
Jt� 1 the probability approaches PD(∞).

The full evolution of PD(t) calculated from exact diagonalization is shown in
Fig. 3.5(b). PD(t) is interaction independent at times Jt > ξ−1

K=0/2. Temporal
oscillations in PD(t) develop for higher interaction strengths (V/J ? 3.5). These
oscillations suggest that in the presence of stroboscopic observations, illustrated
in Fig. 3.5(c), the survival probability will depend non monotonically on the ob-
servation time interval. This effect is confirmed in Fig. 3.5(d). In that figure, the

5The calculation can be done in the same way as in appendix D.2.
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by triangles). Ovals indicate processes where single fermions are exchanged between
clusters or attached to a new cluster.

observation time interval J∆t is varied, while keeping the total evolution time
constant, Jt = 18 (with a corresponding number of observations t/∆t). The stro-
boscopic evolution is independent of the interaction for small J∆t. For larger
J∆t, there is a drastic recovery of PD in the strong interacting case, which can
show oscillations as a function of J∆t. This behavior agrees with the one of
clusters of more fermions, shown in Figs. 3.3 and 3.4, and does not depend in
detail on the total time Jt. Thus, we have found and explained the most promi-
nent features of the stroboscopic many-body dynamics in our discussion of the
doublet.

3.4.4 Stroboscopic dynamics for an initial state with several small
clusters

We show the stroboscopic dynamics for an initial state consisting of several small
clusters of fermions in Fig. 3.6. In comparison to the expansion from a large clus-
ter discussed in section 3.4.2, two new features are visible: the motion of whole
clusters of fermions through the lattice and the exchange of fermions between
different clusters. As expected from the previous discussion of the bound states,
clusters are very stable for large interaction strength. The effective tunneling
amplitude for a cluster of n fermions is of order Jn/ |V |n−1 and decreases strongly
for larger clusters, as can be perceived in Fig. 3.6(c).

3.5 Expectations for the Fermi-Hubbard and Bose-Hubbard
models

In this section, we show that the previously found nonmonotonic decay of a clus-
ter as a function of the observation time interval is not unique to the model

57



3 Stroboscopic observation of quantum many-body dynamics

0.0

0.2

0.4

0.6

0.8

b
0 1.20.80.40 1.20.80.4

1.0

4
6
8
10

0

a

pr
ob
ab
ilit
y

Jttime Jttime

U/J

Figure 3.7: Decay of a cluster in the one-dimensional Fermi-Hubbard (a) and Bose-
Hubbard models (b). We show the probability to detect the initial configuration depicted
in the insets for small evolution times. The results were numerically calculated using exact
diagonalization. For both models, a large on-site interaction results in a nonmonotonic
time dependence of the decay probability.

of spin-polarized fermions with nearest-neighbor interaction [Eq. (3.5)]. It could
also be observed in the experimentally highly relevant Bose-Hubbard and Fermi-
Hubbard models, which are given by Eqs. (1.11) and (1.15), respectively. To keep
numerics manageable, we will restrict ourselves to the expansion of a cluster of
doubly occupied sites in one spatial dimension.

The dissolution of a single particle from the edge of the cluster is well de-
scribed by considering the survival probability of a doublon (fermionic or bosonic
double occupancy). Using a similar analysis as for the doublets,6 one finds qual-
itatively the same behavior of the survival probability as shown in Fig. 3.5(b).
However, this description is not sufficient to understand the decay of clusters. It
neglects the tunneling of bosons between occupied lattice sites within the clus-
ter. It also does not include the escape of paired particles (doublons), which
exists even for large on-site interaction strength U .

In the Fermi-Hubbard model, the fermions in the center of the cluster are ini-
tially Pauli blocked [as in model (3.5)], such that the dynamics is restricted to the
edges. For small evolution times, the escape of single fermions or doublons can
be very well approximated by considering a doublon in a two-site system. The
associated probability equals sin2(2Jt

√
([U/(4J)]2 + 1)/[2 + 2[U/(4J)]2] for single

fermions at times Jt� 1. For doublons and large on-site interaction strength U
it is given by (Jt)4 for Jt � J/U and 4(J2t/U)2 for J/U � Jt � 1. We verified
numerically that this oscillating behavior of the single fermion escape leads to
nonmonotonic decay of the cluster for on-site interaction strengths U/J ? 4, see
Fig. 3.7(a).

The probability for an initial bosonic cluster configuration of N sites to be de-
stroyed is given by 4[1 + 3(N − 1)](Jt)2 for short times (t � 1/max[J, |U |]). The

6The survival probability of a doublon is the same for bosons and fermions. It is derived for the
case of fermions in appendix D.2.
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Figure 3.8: Dissociation of doublons during the stroboscopic dynamics in the Fermi-
Hubbard model. The panels show the mean number of doublons for the expansion of
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lines correspond to an expansion without observations. For large on-site interaction
strength U/J [panel (b)], the dissociation of doublons is greatly increased by repeated
observations, while it is slowed down in the noninteracting case [panel (a)].

first term in brackets stems from a single boson escaping from the edge, while
the other term comes from the tunneling of a boson between occupied sites. This
means that the initial atom configuration is destroyed primarily via “internal”
tunneling processes. For larger times we studied numerically the destruction
of clusters [see Fig. 3.7(b)] and find that the survival probability of the initial
cluster configuration displays a nonmonotonic behavior for U/J ? 6 with a pro-
nounced local minimum at t ≈ π/U (about half the oscillation period for the
dissolution of a boson and tunneling of a boson between doubly occupied sites).

Both models show a strong nonmonotonic behavior of the cluster decay prob-
ability for large on-site interaction strengths. Thus, by tuning the time interval
between observations in a stroboscopic measurement, one is able to enhance
and suppress the decay of the clusters. Moreover, we expect additional effects
for these models. For the Bose-Hubbard model, the large number of possible
tunneling events within the cluster (compared to the number of bosons at the
edge that can escape from the cluster) might result in a tendency towards the
formation of smaller clusters with a larger mean occupation number when the
system is observed at an appropriate rate. For the Fermi-Hubbard model, we
address the dissociation of doublons by repeated observations, which is related
to the idea of using the quantum Zeno effect to control the fragmentation of a
van der Waals complex [146, 147]. The numerical results for the mean number
of doublons in the lattice (obtained by averaging over about 400 trajectories) are
shown in Fig. 3.8 for various observation time intervals. We find that the strobo-
scopic observation could be used to decrease the number of double occupancies
in a system of strongly interacting two-component fermions.
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3 Stroboscopic observation of quantum many-body dynamics

3.6 Limit of a large number of measurements

Let us finally discuss the probability distribution of the outcomes of a strobo-
scopic measurement after a large number of observations. After each measure-
ment the system is in one occupation number state and the probability to mea-
sure the occupation number state |m〉 given the system was detected in state |n〉
at the preceding observation equals

Γmn =
∣∣∣〈m|e−iĤ∆t|n〉

∣∣∣2 = Γnm, (3.12)

where ∆t is the time interval between observations. Using these transition ma-
trix elements, the repeated observations can be described by a time-discrete
Markov chain. The probabilities to observe different occupation number states,
pm(t), are related by

pm(t+ ∆t) =
∑
n

Γmnpn(t). (3.13)

Since
∑

n Γmn = 1, the equation possesses the stationary distribution pm = 1/D,
where D is the finite dimension of the Hilbert space (assuming a finite lattice
with a fixed number of atoms). The Markov chain converges to the stationary
distribution if it is irreducible and aperiodic [148]. These conditions are met if
the transition matrix Γ is not a block diagonal matrix and it has at least one di-
agonal element, which is positive. This is almost always the case for the Hamil-
tonians discussed in this chapter. Exceptions are, e.g., J = 0 or ∆t = 0, where
there is no transition at all between occupation number states (Γ is the identity
matrix), and a single atom at two lattice site with ∆t adjusted such that the
atom is in subsequent observations always found at different sites.

In summary, the distribution of the measured atom configuration after a large
number of previous observations corresponds (except for very rare cases) to the
one of a system with infinite temperature. Basically the same result has been
found for a single particle in a lattice with position measurement [149] or detec-
tion at a single lattice site [150,151].

3.7 Conclusions

In this chapter, we have studied the time evolution of interacting atoms in an op-
tical lattice, which are repeatedly observed by a projective measurement in the
occupation number basis. In particular, we have considered the expansion from
an initially confined atom cloud for a model of spinless fermions as well as for
the Fermi-Hubbard and Bose-Hubbard models. The results show that the decay
of the initial configuration of strongly interacting atoms can be accelerated or
decelerated by repeated observations. Noninteracting atoms, in contrast, only
exhibit a slowing down of the decay of the initial configuration when the obser-
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vation rate is increased.
Experimentally, the most challenging step needed to observe the interplay

of many-body dynamics and measurements discussed here would be to make
the observation completely nondestructive, whereas currently atoms are heated
into higher site orbitals and atom pairs are lost due to light-induced collisions
[18,19]. The complete freeze out of the quantum evolution could not be observed
in currently used experimental setups, as the ramp up (ramp down) of the op-
tical lattice potential before (after) the single-site detection takes some time.
However, this time scale is considerably smaller than the inverse tunneling am-
plitude of the atoms in typical experiments and it should be therefore possible
to observe the nonmonotonic behavior of the decay rate.

The considered stroboscopic dynamics might be used to simulate an artificial
decoherence effect for ultracold atoms in optical lattices. First steps beyond
this scenario could be measurements that are either weak or target only specific
sites. In the long run, experimental progress toward this direction together with
techniques that can produce dissipation, e.g., the loss of atoms at a single lattice
site due to a focused electron beam [152,153], may lead to the ability to simulate
open quantum systems with ultracold atoms in optical lattices.

61





4 Single-site measurement of current
statistics in optical lattices

4.1 Introduction

In the chapters 2 and 3 we highlighted the dynamics of a many-body system in
terms of the time evolution of the real-space density, starting from a nonequi-
librium initial state created by a quantum quench. Similarly, the current of
ultracold atoms has been inferred from density measurements in experiments.

Only very recently, the question “How to directly measure currents of ultracold
atoms in optical lattices?” has attracted much attention in the field. While the
mean current can be calculated from the time-dependent density for the pre-
viously discussed experiments, the situation changes completely for Hamiltoni-
ans that break time-reversal invariance. These systems can exhibit equilibrium
currents (with a stationary real-space density), where the observation of cur-
rent fields is of special interest on its own. Outstanding examples are quantum
Hall systems [154] that feature current carrying edge states while their bulk
is insulating. Recent breakthrough experiments [155–159] proved the realiza-
tion of artificial gauge fields for ultracold atoms in optical lattices. This success
promises for the future the study of prominent condensed matter effects, such as
the integer and the fractional quantum Hall effects [160–162] or, more generally,
topological insulators [163], with ultracold atoms.

Previous theoretical work has addressed the characterization of such systems
via the visualization of the current patterns [164, 165], the imaging of topologi-
cal edge states [166–168], or the measurement of the Chern number for different
setups [169–176]. In this chapter we go beyond visualizing the current patterns
and answer the question: How to realize a projective quantum measurement of
the local current operator for ultracold atoms in optical lattices? Such a measure-
ment gives access to the full local current statistics and to the spatial current
correlations as we will see later. These correlation functions, which cannot be
measured by previous proposals, provide new means of characterizing quantum
many-body states (even in cases without artificial gauge fields).

We start our discussion by describing the effect of magnetic fields on electri-
cally charged particles in lattice models and review different proposals on the
realization of effective gauge fields for neutral ultracold atoms (section 4.2). We
especially focus on a scheme employing the so-called laser-assisted tunneling,
which was used recently in the first experimental implementation of artificial
gauge fields in two-dimensional optical lattices. Thereafter, we give the explicit
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form of the current operator in lattice systems and comment on the meaning of
its eigenvalues. Then, in section 4.4, we describe our measurement protocol for
the current operator. The subsequent sections 4.5 and 4.6 present numerically
studies of the current statistics for two experimentally relevant cases: the su-
perfluid to Mott insulator transition of interacting bosons in a one-dimensional
lattice and the equilibrium currents of bosons in a two-dimensional lattice with
an artificial magnetic field. For the latter case we point out the prospects of ob-
serving a transition in the ground state rotational symmetry. Finally, we eval-
uate in detail restrictions and error sources of the measurement scheme using
currently existing experimental tools (section 4.7).

This chapter presents a substantially extended discussion of the publication:

[177] Stefan Keßler and Florian Marquardt
Single-site resolved measurement of the current statistics in optical
lattices
arXiv:1309.3890 preprint (2013) (submitted).

4.2 Creation of gauge fields in optical lattices

In the introduction (section 1.2.2), we stressed that various solid state systems
can be emulated with ultracold atoms in optical lattices. However, a very impor-
tant ingredient, which led to the observation of intriguing many-body effects in
solid state physics, such as the fractional quantum Hall effect, was missing in
the previous discussions: the external magnetic field.

In this section, we discuss the realization of abelian gauge fields with U(1)
symmetry, where electromagnetism is the archetypal example, for neutral atoms
in optical lattices. We focus on static gauge fields, in the sense that they are not
influenced by the motion of the atoms. Note that there are a number of proposals
for the implementation of non-abelian gauge fields as well as for the realization
of dynamical gauge fields, which might ultimately allow simulating interacting
gauge theories, such as, for instance, quantum electrodynamics. For these topics
and for an extensive discussion on gauge fields in ultracold atom systems we
refer to Refs. [30,178,179].

4.2.1 Peierls substitution

In this section, we discuss how the effect of an external magnetic field can be
incorporated into a tight-binding Hamiltonian. The Hamiltonian for a nonrel-
ativistic particle with mass M and charge q in a vector potential A(r) is given
by

Ĥ =

ˆ
d3r Ψ̂†(r)

[
1

2M

(
p̂− q

c
A(r)

)2
+ Vl(r)

]
Ψ̂(r), (4.1)
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4.2 Creation of gauge fields in optical lattices

where the field operators Ψ̂(†)(r) annihilate (create) a particle at the space point
r, Vl(r) is the periodic lattice potential and c is the speed of light.

Following Luttinger [180], we assume that the magnetic field is weak enough
such that the contributions from higher bands can be neglected and we can
choose the lowest band Wannier functions w(r−ri) as basis states, similar to the
usual tight-binding approximation (see section 1.2.2). This approximation holds
when the Landau energy ~ωc is much smaller than the energy gap between the
two lowest bands [178]. As it turns out later, it is more suitable to consider mod-
ified Wannier functions, eiφj(r)w(r−rj), where φj(r) = q

c

´ r
rj

dr′ ·A(r′) and the line
integral is taken along the straight line from rj to r. The tunneling amplitude
between two nearest-neighbor lattice sites at ri and rj is then given by

Jij(A) = −
ˆ

d3r w∗(r− ri) e
−iφi(r)

[(p̂− q
cA(r)

)2
2M

+ Vl(r)
]
eiφj(r)w(r− rj) (4.2)

= −
ˆ

d3r w∗(r− ri) e
iφj(r)−iφi(r)

[[p̂− q
cA(r) +∇φj(r)

]2
2M

+ Vl(r)
]
w(r− rj).

Using the relation ∇φj(r) = q
cA(r) + q

c

´ 1
0 dλλ(r − rj)×B(rj + λ[r − rj ]), where

B(r′) = ∇r′ ×A(r′) denotes the magnetic field (see appendix I in Ref. [180]), the
tunneling matrix element can be rewritten as

Jij(A) =−
ˆ

d3r w∗(r− ri) e
iφj(r)−iφi(r) (4.3)

×
[

1

2M

(
p̂ +

q

c

ˆ 1

0
dλλ(r− rj)×B(rj + λ[r− rj ])

)2

+ Vl(r)

]
w(r− rj).

We might now argue the following way to obtain a simple expression for the
tunneling matrix element, where the dependence on the vector potential ap-
pears only in a phase factor. The Wannier function w(r− rj) is strongly localized
around rj so we might put r ≈ rj in the operator acting on w(r − rj), which
simplifies to p̂2/(2M) + Vl(r). Moreover, due to the localization of the Wannier
functions, the main contributions of the remaining integral stem from space
points r that lie close to a straight line between ri and rj . For these r, the phase
factor eiφj(r)−iφi(r) is approximately constant, exp {i qc

´ ri
rj

dr′ ·A(r′)}, and can be
pulled out of the integral, which then agrees the definition of the tunneling ma-
trix element without vector potential [see Eq. (1.8)].1 Thus, we finally arrive at

1It is difficult to give an estimate of the error made by this approximation (apart from the ten-
dency that a stronger localization of the Wannier functions and a smaller magnetic field de-
crease the error). Deviations from the effective Hamiltonians derived by this method and
calculations taking into account the vector potential have been discussed for, e.g., the energies
of electrons in two dimensions [181] or the Hofstadter Butterfly spectrum [182, 183]. Let us
note that the effective Hamiltonian (4.6) can be directly implemented with ultracold atoms as
we will see later in this section.

65



4 Single-site measurement of current statistics in optical lattices

the simple relation
Jij(A) = eiφijJij(A = 0). (4.4)

This change of the tunneling matrix element to take into account a vector poten-
tial is called Peierls substitution (Peierls [184] arrived at this phase factor in a
different way starting from electrons bound to the atom core) with the so-called
Peierls phase:

φij =
q

c

ˆ ri

rj

dr ·A(r), (4.5)

where the line integral is evaluated along a straight line.
In summary, the effective tight-binding Hamiltonian in the presence of a vec-

tor potential is obtained by changing the tunneling matrix element according to
Eq. (4.4). The Bose-Hubbard model, for instance, takes the form

Ĥ = −J
∑
<i,j>

{
b̂†i b̂je

iφij + h.c.
}

+
U

2

∑
i

n̂i(n̂i − 1) +
∑
i

εin̂i, (4.6)

where b̂(†)i annihilates (creates) a boson at lattice site i (which is located at the
space point ri), n̂i = b̂†i b̂i is the number operator, and the first sum goes over pairs
of nearest-neighbor lattice sites, denoted by <,>. The interaction of the bosons
is captured by the on-site interaction energy U and εi is the on-site energy at
lattice site i.

This Hamiltonian is modified under a U(1) gauge transformation, b̂j 7→ eiΛj b̂j ,
by a change in the phases of the tunneling matrix elements, φij 7→ φij + Λi − Λj .
Indeed this change agrees with a transformation of vector potential A(r) 7→
A(r)+∇Λ(r) in the definition of the Peierls phase [Eq. (4.5)]. As the spectrum of
the Hamiltonian is invariant under gauge transformation and the phases in the
tunneling matrix elements depend on the specific gauge, we still have to clarify
which quantities define the physics of the problem described by the Hamilto-
nian. Let us consider the total phase φe.p. obtained by a particle that hops in
anti-clockwise direction around an elementary plaquette of the lattice as de-
picted in Fig. 4.1. The total phase φe.p. is invariant under gauge transformation
and it is related by Eq. (4.5) to the magnetic flux through the elementary pla-
quette, φe.p. = q

c

›
dr · A(r) = 2πα, where α = Φ/Φ0 denotes the number of

magnetic flux quanta Φ0 = h
|q| per elementary plaquette. Thus, the configuration

of the magnetic fluxes through each elementary plaquette or, equivalently, the
total phases a particle obtains when going around each elementary plaquette
determines the physics of the system.

4.2.2 Different ways of implementing gauge fields

Having the discussion of the previous section in mind, there are basically two
options for implementing gauge fields for neutral atoms in optical lattices: Se-
tups with a potential that acts as the vector potential in Hamiltonian (4.1) or
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Figure 4.1: Sketch of a particle hopping around an elementary plaquette in a square
lattice. While the phase of the each tunneling matrix element depends on the chosen
gauge, the total phase picked up when encircling a plaquette, φ21 + φ32 + φ43 + φ14, is
independent of the gauge and equals 2πα. The number of flux quanta on each elementary
plaquette, α, determines the magnetic field configuration.

schemes that lead to phases in the tunneling matrix elements of the effective
Hamiltonian [Eq. (4.6)].

The first case has been realized with Bose-Einstein condensates in rotating
two-dimensional optical lattices [185, 186]. The atoms feel in the corotating
frame a centrifugal force, MΩ2r, and a Coriolis force, 2Mv × Ω, with constant
angular frequency Ω, atom mass M and velocity v. The Coriolis force has the
same form as the Lorentz force and corresponds to a vector potential A = Ω× r
(regarding M as the “charge”), while the centrifugal force can be compensated
by an external trapping potential in radial direction Vext = Mω2

rr
2/2. This to-

gether realizes a Hamiltonian of the form (4.1). Note that these experiments
used optical lattices with a lattice constant of a few µm and did not reach the
strongly correlated regime.

One possible realization of an effective Hamiltonian with a complex tunneling
amplitude employs the shaking of the lattice, i.e., a time-dependent modulation
of the optical lattice. A fast (compared to the atomic motion) time-periodic po-
tential modulation V̂ (t) = f(t)

∑
j jn̂j leads to a renormalized of the tunneling

amplitude, see, for instance, Ref. [187]. A constant Peierls phase has been real-
ized experimentally in a one-dimensional lattice [157] using a modulation f(t),
where a period consists of a sinusoidal pulse followed by a time span of rest. Re-
cently, a similar scheme has been used to engineer staggered magnetic fields in a
triangular lattice [56]. However, the creation of space-dependent Peierls phases
requires in addition spatially dependent energy shifts as discussed in Ref. [188].

Let us present in more detail the use of laser-assisted tunneling to create
gauge fields. The basic idea was originally proposed by Jaksch and Zoller [189]
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Figure 4.2: Sketch for the realization of gauge fields via laser-assisted tunneling in a
two-dimensional plane of an optical lattice as proposed in Ref. [189]. (a) The atoms can
occupy two different hyperfine states (denoted by red and blue circles), which are trapped
in different columns of the optical lattice. (b) A tilt of the lattice in x-direction suppresses
the tunneling of atoms between different columns, while they can hop between lattice
sites within each column. The tunneling is x-direction is restored by a laser-assisted
transition between the two hyperfine states. The laser beams are running waves in y-
direction, which results in a spatially dependent phase in the tunneling matrix elements,
φm,n 6= φm,n+1.

and modified versions have been recently used in the experimental realizations
of staggered magnetic fields [155,190] and the Harper model [158,159]. We con-
sider a three-dimensional optical lattice, where the tunneling in the z-direction
is suppressed such that the atoms move in a two-dimensional plane. Moreover,
we assume that the atoms can occupy two different hyperfine states, which are
trapped in different columns as shown in Fig. 4.2. The creation of a Peierls phase
in the tunneling amplitudes is achieved by switching off the bare tunneling in
x-direction via a tilt in the lattice potential (the on-site energies εm,n ∝ m∆).
The tilt might be either realized by accelerating the lattice in x-direction or by a
static electric field with a constant slope in x-direction if the two hyperfine states
have the same polarizability. Then, the tunneling is restored by two lasers Ω1

and Ω2 that are resonant with Raman transitions between the two hyperfine
states as indicated in Fig. 4.2(b). Each of them is realized by two running plane
waves in ±y-direction, which results in a y-dependent phase in the tunneling
matrix elements. Thus, the atoms acquire a nonzero phase when going around
a plaquette (see Ref. [189] for details on the calculation of tunneling matrix ele-
ments).

Recent experimental implementations [158, 159] use only one internal state
of the atoms. The tunneling in x-direction is restored by two running Raman
beams with the frequency difference ω1 − ω2 adjusted to the energy offset ∆ be-

68



4.3 Current operator for lattice models

tween neighboring lattice sites (in x-direction) and a finite momentum transfer
k1 − k2.

Let us finally stress an important peculiarity of the artificial gauge fields.
In contrast to real electromagnetic fields the experimental setups realize one
specific gauge or put differently the experiments directly implement the gauge
potential (by means of the Peierls phases). An even more surprising fact is that
the time-of-flight image (see section 1.3.2.1) of, e.g., the ground state, depends
in general on the experimentally implemented gauge and could be in principle
used to verify the realized gauge [157,191]. The reason is that the time-of-flight
image reveals the distribution of the quasi-momenta nk, which depends on the
gauge, whereas quantities such as the energy and the real-space density are
gauge invariant.

4.3 Current operator for lattice models

This chapter deals with the (mass) current of ultracold atoms in an optical lattice
described by a tight-binding Hamiltonian of the form

Ĥ = −
∑

<l,r>,σ

{
Jlr,σ ĉ

†
l,σ ĉr,σ + J∗lr,σ ĉ

†
r,σ ĉl,σ

}
+ Ĥint + Ĥpot. (4.7)

Here, ĉl,σ and ĉ†l,σ are bosonic or fermionic annihilation and creation operators,
respectively, of an atom at lattice site l in the hyperfine state σ, Jlr,σ is the pos-
sibly complex tunneling amplitude between sites r and l, and the sum goes over
pairs of nearest-neighbor lattice sites, denoted by <,>. The interaction part
Ĥint is a polynomial of local density operators and the potential energy is given
by Ĥpot =

∑
l,σ εl,σ n̂l,σ, with on-site energy εl,σ at site l. This Hamiltonian de-

scribes to a very good approximation the commonly realized systems with ul-
tracold atoms in optical lattices as already discussed in the sections 1.2.2 and
4.2.

4.3.1 Current operator and continuity equation

As pointed out in the introduction (see section 1.2.3) ultracold atoms in optical
lattices are very well isolated quantum systems. For instance, the atom loss
due to scattering with atoms from the background gas in the vacuum chamber
appears on time scales longer than the typical lifetime of the experiment. There-
fore, the atom number in the hyperfine states (which are energetically detuned
from each other) can be considered to be a conserved quantity. This is explicit in
Hamiltonian (4.7), as there is no coupling to an environment that could act as a
source or a drain, and thus [

∑
l n̂l,σ, Ĥ] = 0. The time evolution of the local atom

number can be captured by a continuity equation, which takes for a lattice the
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4 Single-site measurement of current statistics in optical lattices

form:
d

dt
n̂l,σ +

∑
r∈NN(l)

ĵl→r,σ = 0. (4.8)

Here, ĵl→r,σ is the current of atoms in the hyperfine state σ from site l to site r
and NN(l) denotes the set of nearest-neighbor lattice sites of l. The time deriva-
tive of the density operator n̂l,σ is given by Heisenberg’s equation of motion and
reads for the Hamiltonian (4.7):

d

dt
n̂l,σ = i

∑
r∈NN(l)

{Jlr,σ ĉ†l,σ ĉr,σ − h.c.}. (4.9)

Thus, a sensible definition of the current operator between nearest-neighbor lat-
tice sites l (left) and r (right) is (for bosons as well as for fermions):

ĵl→r,σ = −i
{
Jlr,σ ĉ

†
l,σ ĉr,σ − h.c.

}
. (4.10)

Note that the expression of the current operator involves the tunneling ampli-
tude and depends therefore on the gauge used in the Hamiltonian. In the follow-
ing we consider systems with only one hyperfine state and skip the spin index σ
in Eq. (4.10).

4.3.2 Eigenvalues of the current operator

Having defined the current operator between nearest-neighbor sites [Eq. (4.10)],
let us gain physical intuition for its eigenvalues and their distribution. We will
first discuss the spectrum of the eigenvalues and the eigenstates in general
terms and then consider the case of a single atom in a momentum eigenstate
in a one-dimensional lattice.

4.3.2.1 General discussion

The current operator (4.10) between nearest-neighbor lattice sites l and r is eas-
ily diagonalized to yield

ĵl→r = J(ĉ†→ĉ→ − ĉ†←ĉ←), (4.11)

with J = |Jlr| and the new annihilation operators defined by

ĉ→ = (ĉr + iJ∗lr ĉl/J)/
√

2, (4.12)
ĉ← = (ĉr − iJ∗lr ĉl/J)/

√
2. (4.13)

The operators ĉ→ and ĉ← have a simple meaning: They correspond to right-
and left-going atoms. More precisely, if we were to consider an extended one-
dimensional tight-binding lattice with site-independent nearest-neighbor tun-
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neling amplitude Jlr [which results in the dispersion relation Ek = −2|J | cos(k+
arg(Jlr))], these would be the states with maximal velocity ±2J , at the momenta
k = ±π/2 − arg(Jlr). The eigenvalues of the current between nearest-neighbor
lattice sites can thus be regarded as the difference in the number of atoms going
to the right and left, times the modulus of the tunneling matrix element.

As the total atom number operator at the left and right site, n̂l+ n̂r, commutes
with the current operator ĵl→r, we can assume a situation with fixed nl + nr.
Then, the spectrum of the current operator turns out to be J ·{−n,−n+2, . . . , n},
with n = nl + nr for bosons and n = [nl + nr] mod 2 for fermions (where nl + nr is
at most two and the fermions have to be in different current eigenstates due to
the Pauli principle).

Incidentally, in the bosonic case, the states in a double well potential can be
treated as a collective spin of spin-1/2 systems. Following Schwinger [192], the
corresponding spin operators are defined by L̂2 = [(n̂l + n̂r)/2](n̂l + n̂r + 1)/2,
L̂z = (n̂r − n̂l)/2, and L̂y is related to the current operator by L̂y = ĵr→l/(2Jlr).

4.3.2.2 Toy example: single particle on a ring lattice

Let us illustrate the previous discussion for the example of a single particle in a
momentum eigenstate k of a ring lattice with the Hamiltonian

Ĥ = −J
Ns−1∑
m=0

{ĉ†mĉm+1 + h.c.}, (4.14)

where 0 and Ns denote the same lattice site. The state of the particle is given
by ĉ†k |vac〉 = 1√

Ns

∑Ns−1
m=0 eimk ĉ†m |vac〉, with some k ∈ nπ

Ns
, n ∈ {0, 1, 2, . . . , Ns − 1}.

Due to the translation symmetry of the system, the current statistics between
two nearest-neighbor lattice sites is independent of the considered sites.

There are three possible (disjoint) outcomes for the current measurement be-
tween site m and m+1: The particle is not at the lattice sites, i.e., nm+nm+1 = 0,
and thus the current has to be zero; The particle is at the two lattice sites, i.e.,
nm + nm+1 = 1, then it can be detected either in the left moving or right moving
eigenstate corresponding to j = −J and j = J , respectively. The probabilities of
theses outcomes are given by the expectation value of the corresponding mea-
surement operators and read

p(j = 0) = 〈1− (n̂m + n̂m+1)〉 = (Ns − 2)/Ns,

p(j = J) = 〈ĉ†→ĉ→〉 = [1 + sin(k)]/Ns,

p(j = −J) = 〈ĉ†←ĉ←〉 = [1− sin(k)]/Ns, (4.15)

where the operators ĉ→ and ĉ← are defined according to Eqs. (4.12) and (4.13),
respectively. The probabilities p(j = ±J) assume values between 0 and 2/Ns

depending on the momentum of the particle and the mean value of the current
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equals

〈ĵm→m+1〉 =
1

Ns
2J sin(k). (4.16)

This expression agrees with the usual description of the current as the density
(1/Ns) times the velocity, which is for a momentum mode k in a tight-binding
lattice vk = ∂E(k′)

∂k′ |k = 2J sin(k).

4.4 Scheme for measuring the current operator

This section presents the experimental protocol, which realizes a measurement
of the current operator between nearest-neighbor lattice sites given by Eq. (4.10).
As detailed in the previous section, the eigenvalues of the current operator are
essentially the difference between the atom number in the right and left going
state defined by Eqs. (4.12) and (4.13). Thus, a measurement setup has to reveal
this atom number difference.

4.4.1 Experimental protocol

The crucial steps in measuring the eigenvalues of the current operator (4.10)
are summarized in Fig. 4.3. The main idea is to use a bichromatic superlat-
tice (a setup with an additional laser with double the wavelength of the original
optical lattice, which allows to create an array of double well potentials as imple-
mented, for instance, in Refs. [59,193]) and to apply a beam-splitter operation to
map the eigenstates of the current operator to the states localized at the left and
right lattice site [Fig. 4.3(b)].2 The current operator is then essentially given by
the difference of the particle number operators of both lattice sites. The parti-
cle number can be measured [Fig. 4.3(c)] in principle by the recently developed
single-site imaging technique [18,19], although at present it is restricted to par-
ity measurements (see the discussion on experimental details in sections 1.3.2.2
and 4.7). In this way all currents between two sites of a double well potential are
measured simultaneously, cf. Fig. 4.3(d). As a consequence, any equal-time cor-
relation function of these current operators can be calculated from an ensemble
of outcomes generated by repeated measurement runs.

The protocol assumes that the bichromatic lattice can be adjusted instanta-
neously, which is justified as the typical time scale for the lattice ramp up is
200µs and considerable smaller than the time scale of the atomic motion in
the lattice (see also the discussion of the quantum quench in section 1.3.1).
Moreover, the on-site interaction energy U between the atoms has to be set to

2A similar idea has been used in Ref. [15] to observe the average quasi-local current for the
time evolution of an initial state with a single boson at every second site in a one-dimensional
lattice. The authors observed the time-dependent oscillation in the total particle number at
odd lattice sites after ramping up a bichromatic lattice. This time-dependent particle number
can be used to calculate the average magnitude and the direction of the quasi-local current.
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a cb

d
ĵl→r �→ J [n̂r − n̂l]

Figure 4.3: Protocol for measuring the current statistics of a quantum many-body state
in an optical lattice [depicted in (a)]. (b) An additional optical lattice with double wave
length is ramped up (for a two-dimensional system, tunneling in the other direction is
also turned off) and the on-site interaction between atoms is set close to zero. In the
subsequent time evolution the atoms move within a double well potential. (c) After
some time, the motion is frozen out completely by also ramping up the barrier within
each double well, and the atoms are detected by a single-site resolved measurement. (d)
An appropriate choice [see Eq.(4.18)] of the evolution time in the double well potential
(b) maps the current operator to the difference of the particle number at the right and
left lattice site (shown for a two-dimensional setup) and realizes a spatially resolved
measurement of the current operator [Eq. (4.10)].

U/J ≈ 0, which can be realized experimentally using a Feshbach resonance (see
section 1.2.3).

Our protocol relies on the fact that the time evolution of noninteracting parti-
cles in a symmetric double well potential, described by

Ĥ(2) = −(Jlr ĉ
†
l ĉr + J∗lr ĉ

†
r ĉl), (4.17)

maps ĉ→ and ĉ← [Eqs. (4.12) and (4.13)] onto ĉr(t) and ĉl(t) at a suitably cho-
sen time t. Concretely, the time-dependent annihilation operators are given by
ĉl(t) = cos(Jt)ĉl + iJlrJ sin(Jt)ĉr and ĉr(t) = cos(Jt)ĉr + iJlrJ sin(Jt)ĉl, which results
in the atom number difference between the right and left lattice site

n̂r(t)− n̂l(t) = cos(2Jt)[n̂r(0)− n̂l(0)] + sin(2Jt)
ĵl→r(0)

J
. (4.18)

Thus, the current at time t = 0 can be obtained as the density difference,

ĵl→r(0) = (−1)mJ
[
n̂r(t̃)− n̂l(t̃)

]
, (4.19)

after evolution times Jt̃ = π(2m+ 1)/4, m ∈ N0.
Let us note that the measurement of n̂r(t̃) and n̂l(t̃) gives not only access to the

current operator [via Eq. (4.19)], but also to the atom number in each double well
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potential, n̂l + n̂r, which is conserved during the time evolution in the array of
double well potentials depicted in Fig. 4.3(b). Thus, the detection scheme could
be used for measuring the distribution of the current eigenvalues conditioned
to the total atom number at the two lattice sites, or the spatial correlations be-
tween current operators and density operators [as for instance 〈ĵ1→2(n̂3 + n̂4)〉
in a one-dimensional lattice with lattice site numbers 1, 2, . . . , Ns]. In the follow-
ing, we will restrict ourselves to correlation functions of the current operator.
However, we believe that the use of the additional information about the density
distribution provided by the measurement scheme is an interesting option for
studying correlations in many-body states.

4.4.2 Extended scheme with an array of triple well potentials

In the previous subsection, we described a projective measurement of the cur-
rent operator between nearest-neighbor lattice sites. From the measurement
outcomes one can calculate the expectation values of any sum of current opera-
tors of the form (4.10), as for instance the edge current discussed in section 4.6.1.
This subsection presents an extended setup with the double well potential re-
placed by a triple well potential, cf. Fig. 4.3(b). This modification allows to
measure the statistics of the (one-dimensional) current through a lattice site,
ĵi−1→i + ĵi→i+1. The obtained statistics can be used (together with the one of the
“usual” setup) to evaluate, e.g., the variance of the (one-dimensional) current
into a lattice site, ĵi−1→i − ĵi→i+1. This variance cannot be conceived from the
statistics of ĵi→i+1 alone as it involves the expectation value 〈ĵi−1→i ĵi→i+1〉.

We assume a laser configuration which allows to create a triple well superlat-
tice structure in one spatial direction such that the dynamics within each triple
well potential is described by the Hamiltonian

Ĥ(3) = −J
2∑
l=1

(ĉ†l ĉl+1 + h.c.). (4.20)

We restrict to the case of a real-valued tunneling amplitude J .3 Experimentally,
the triple well superlattice might be realized by the use of a bichromatic lattice
with an additional laser beam with half the wavelength of the short lattice, as
discussed in Ref. [194]. The diagonalization of the three-site Hamiltonian yields

Ĥ(3) = −2J

3∑
m=1

cos(
πm

4
)d̂†md̂m, (4.21)

with d̂m =
∑3

l=1(U †)mlĉl and Ulm = 1√
2

sin(πlm4 ).

3For a setup with an artificial magnetic field created by laser-assisted tunneling, as shown in
Fig. 4.2(a), this means that the superlattice structure is applied in the direction of the columns
(see also the discussion of experimental details in section 4.7).
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4.5 Current statistics of interacting bosons in one dimension

Using the expression for the time-dependent annihilation operator, ĉl(t) =∑3
m,n=1 Ulm exp{i2J cos(mπ4 )t}[U †]mnĉn(0), the current through lattice site 2 at

time t = 0 (ramp up of the triple well potential) can be expressed in terms of the
one-particle density matrix after an evolution time t:

ĵ1→2(0) + ĵ2→3(0) = J
3∑

l,m=1

ĉ†l (t)Alm ĉm(t), (4.22)

with

A =

 −
√

2 sin(
√

2Jt) −i cos(
√

2Jt) 0

i cos(
√

2Jt) 0 −i cos(
√

2Jt)

0 i cos(
√

2Jt)
√

2 sin(
√

2Jt)

 . (4.23)

At time points Jt̃ = π(m + 1
2)/
√

2 only the diagonal terms of the one-particle
density matrix contribute to the current and the current is given by

ĵ1→2(0) + ĵ2→3(0) = (−1)m
√

2J [n̂3(t̃)− n̂1(t̃)], (4.24)

which can be measured by a single-site resolved measurement of the atom num-
ber. The meaning of Eq. (4.24) is rather simple: For the time span Jt̃ = π/(2

√
2),

the single-particle eigenstates corresponding to the current eigenvalues −
√

2J,
0, and

√
2J are mapped on the states localized at the lattice sites 1,2, and 3, re-

spectively. Note that a symmetric triple well potential cannot be used to directly
measure the current into lattice site 2, ĵ1→2(0)− ĵ2→3(0), as this current operator
and three-site Hamiltonian (4.20) have the common eigenstate 1√

2
(ĉ†3− ĉ†1) |vac〉 .

Let us note that the unitary mapping from eigenstates of ĵ1→2± ĵ2→3 (and even
for ĵ1→2 ± ĵ2→3 ± . . .± ĵN−1→N ) to the localized states of the one-dimensional 3-
site (N -site) system could be realized in principle by a sequence of the so-called√

SWAP operation between nearest-neighbor sites and single-site phase shifts
(they form a set of universal quantum gates). These operations can be realized
by the coherent time evolution in a double well potential and the

√
SWAP oper-

ation has been experimentally realized in Refs. [58,59]. However, making use of
the time evolution in a triple well superlattice seems to be much less error-prone
(only one evolution time has to be adjusted) and it also provides a direct way of
measuring simultaneously the currents in different triple well potentials of the
superlattice.

4.5 Current statistics of interacting bosons in one dimension

In this section, we study the current statistics for the Bose-Hubbard model in
the absence of synthetic gauge fields (whose effects will be discussed in the next
section). This model is the standard model for ultracold bosons in optical lattices
and its quantum phase transition from a Mott insulator to a superfluid phase
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4 Single-site measurement of current statistics in optical lattices

has been extensively studied as outlined in section 1.2.2. To keep the numerics
manageable, we will focus on the one-dimensional case, even though we believe
the qualitative features of the local properties we are going to discuss should not
be dependent on dimensionality in a significant way. The homogeneous Bose-
Hubbard Hamiltonian in one dimension reads

Ĥ = −J
∑
i

{
b̂†i b̂i+1 + h.c.

}
+
U

2

∑
i

n̂i(n̂i − 1), (4.25)

where we use the standard convention [see Eq. (4.6)].
The two phases of the Bose-Hubbard model exhibit a characteristic atom num-

ber statistics at a single site: a Poisson distribution for the superfluid state
(U/J → 0) and a fixed atom number in the extreme Mott insulating regime
(U/J →∞) for integer filling n̄, see section 1.2.2.2.

The corresponding local current statistics of the ground state is presented
in Figs. 4.4(a)-4.4(d) for increasing on-site interaction strength U and at filling
n̄ = 1. The distribution of the current eigenvalues is symmetric to j = 0 [a conse-
quence of the time-reversal symmetry of the Hamiltonian (4.25)], which means
that the mean current 〈ĵi→i+1〉 vanishes. In the superfluid phase in the absence
of interactions (U = 0), the atoms are in a product state of local coherent states at
individual lattice sites (see section 1.2.2.2). Thus, n̂→ = ĉ†→ĉ→ and n̂← = ĉ†←ĉ←
[defined via Eqs. (4.12) and (4.13)] are Poisson distributed, with mean n̄. The
current (4.10), being the difference between two Poisson distributed variables,
is then given by the so-called Skellam distribution, Pn̄(j = Jm) = e−2n̄I|m|(2n̄),
where I denotes the modified Bessel function. The eigenvalue distribution ob-
tained from 25000 simulation runs, shown in Fig. 4.4(a), agrees almost per-
fectly with Pn̄(j). When increasing U/J , the distribution becomes more and
more concentrated at the eigenvalues ±2J. This is a consequence of the Mott
insulating state being a product of local Fock states with one boson per lat-
tice site in the limit U/J → ∞. This state can be written as a superposi-
tion of the current eigenstates corresponding to the eigenvalues j = ±2J since
b̂†l b̂
†
l+1 |vac〉 = 1

2 [(b̂†→)2− (b̂†←)2] |vac〉. In general, the current eigenvalues are even
multiples of J in the extreme Mott insulating regime at arbitrary integer filling
n̄.

Fig. 4.4(e) summarizes the interaction dependence of various current corre-
lation functions, which might be detected using the measurement scheme dis-
cussed above. The variance of the current increases monotonically with the on-
site interaction strength, from 〈ĵ2

i→i+1〉SF = 2J2n̄ for U = 0 to 〈ĵ2
i→i+1〉MI =

2J2n̄(n̄ + 1) deep in the Mott insulating regime (see below for the derivation of
the analytic expressions). Therefore, the frequency-integral over the “local” cur-
rent spectrum 〈ĵi→i+1ĵi→i+1〉ω of the Mott insulator is larger than the one of a
superfluid state since 〈ĵ2

i→i+1〉 =
´∞
−∞〈ĵi→i+1ĵi→i+1〉ω dω

2π . The current correlation
between neighboring pairs of lattice sites, 〈ĵi→i+1ĵi+2→i+3〉, becomes negative for
intermediate U/J with a minimum close to the superfluid to Mott insulator tran-
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Figure 4.4: Current statistics for the ground state of interacting bosons in a one-
dimensional lattice. The results are obtained by exact diagonalization of a lattice with 12
(a-e) or 16 (f) sites with periodic boundary conditions (for details see appendix B).
(a-d) Distribution of the current eigenvalues for unit filling and interaction strength
U/J = 0, 3, 6, 20 [(a) to (d)] calculated from 25000 snapshots. The vanishing mean
current 〈ĵi→i+1〉 is reflected by the j 7→ −j symmetry of the distributions. (e,f) Current-
current correlations as function of the interaction strength for unit filling (e) and half filling
(f). In each panel, the four lines (from top to bottom) display the variance of the current
into a site, 〈(ĵi−1→i − ĵi→i+1)2〉, of the current through a site, 〈(ĵi−1→i + ĵi→i+1)2〉,
of the current, 〈(ĵi→i+1)2〉, and the current-current correlation 〈ĵi→i+1ĵi+2→i+3〉. The
variance of the current increases monotonically with the U/J in both cases. Interestingly,
extremal values of current correlations show up at intermediate interaction strengths for
unit filling (e).
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4 Single-site measurement of current statistics in optical lattices

sition (Uc/J = 3.37 [195]), while it vanishes for U → 0 and U/J → ∞. Finally,
the variance of the current through and into a lattice site, ĵi−1→i + ĵi→i+1 and
ĵi−1→i − ĵi→i+1, respectively, are shown in Fig. 4.4(e). These currents could be
measured by the extended scheme discussed in section 4.4.2. The results show
clearly that, for the superfluid, the fluctuation of the current into a lattice site,
and thus 〈(dtn̂i)2〉, is much stronger than the fluctuation of the current through
a lattice site. In contrast, they are the same in the extreme Mott insulating
regime. Fig. 4.4(f) shows the same current correlations, but for a half-filled lat-
tice. Most notably, the current correlator 〈ĵi→i+1ĵi+2→i+3〉 now decreases asymp-
totically as one goes into the hardcore boson limit (U/J →∞).

In the rest of this section, we provide details on the analytic expressions of the
current correlations in the Mott insulating and the superfluid regime. For the
Bose-Hubbard model (4.25), the variance of the current operator (4.10) can be
explicitly written as

〈ĵ2
i→i+1〉 = −J2〈(b̂†i b̂i+1 − b̂†i+1b̂i)

2〉
= J2

{
〈n̂i〉+ 〈n̂i+1〉+ 2〈n̂in̂i+1〉 − 2<〈b̂†i+1b̂

†
i+1b̂ib̂i〉

}
. (4.26)

For U = 0, the ground state of the Bose-Hubbard model is a product of local
coherent states, |β〉i = exp{−n̄/2} exp{

√
n̄b̂†i} |vac〉i, with mean atom number n̄.

Making use of b̂i |β〉i =
√
n̄ |β〉i, one finds that the last two terms of Eq. (4.26)

cancel each other out and thus 〈ĵ2
i→i+1〉SF = 2J2n̄. In the extreme Mott insu-

lating regime, the ground state is given by a product of local Fock states, i.e.,
|Ψ〉 =

∏
i

1√
n̄!

(b̂†i )
n̄ |vac〉i. Hence, the last term in Eq. (4.26) vanishes and the

variance of the current is given by 〈ĵ2
i→i+1〉MI = 2J2n̄(n̄+ 1).

Analogously to Eq. (4.26) the variance of the current through and into a lattice
site can be expressed as

〈(ĵi−1→i ± ĵi→i+1)2〉 = 〈ĵ2
i−1→i〉+ 〈ĵ2

i→i+1〉 (4.27)

±2J2<
[
2〈b̂†i+1b̂

†
i−1b̂ib̂i〉 − 〈(2n̂i + 1)b̂†i−1b̂i+1〉

]
.

Both currents have the same variance, 〈(ĵi−1→i ± ĵi→i+1)2〉MI = 4J2n̄(n̄ + 1), in
the extreme Mott insulating regime. For noninteracting bosons, the variances
are given by 〈(ĵi−1→i+ ĵi→i+1)2〉SF = 2J2n̄ and 〈(ĵi−1→i− ĵi→i+1)2〉SF = 6J2n̄. The
numerical results shown in Fig. 4.4(e) are consistent with these expressions.

4.6 Current statistics of interacting bosons in artificial
magnetic fields

In this section, we consider the current statistics of interacting bosons in a two-
dimensional lattice subject to a synthetic gauge field, which corresponds to a
uniform magnetic field perpendicular to the lattice (see section 4.2 for a survey
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4.6 Current statistics of interacting bosons in artificial magnetic fields

of experimental implementations). This system is the bosonic analog to a two-
dimensional electron gas in a magnetic field. The Hamiltonian describing the
dynamics of the bosons reads, in Landau gauge (A = Bx ey) :

Ĥ = −J
∑
x,y

{
b̂†x+1,y b̂x,y + b̂†x,y+1b̂x,ye

i2παx + h.c.
}

+
U

2

∑
x,y

n̂x,y(n̂x,y − 1). (4.28)

Here, b̂(†)x,y annihilates (creates) a boson, where x, y denotes the integer x- and y-
coordinates of the lattice sites. The effect of the magnetic field is encoded in the
phase 2πα, which a boson picks up when circulating in anti-clockwise direction
around an elementary plaquette (see section 4.2.1). In the following, we will
restrict ourselves to the interval α ∈ [0, 0.5] as the Hamiltonian is invariant
under α 7→ α+1, and α 7→ −α corresponds to the inversion of the direction of the
magnetic field (a relation between the currents for different signs of α is given
in section 4.6.1).

For a single boson the model is identical to a crystal electron in a magnetic
field analyzed by Hofstadter in his seminal paper [196]. The single-particle spec-
trum of the Hamiltonian (4.28) as a function of the flux number α shows a com-
plex, fractal pattern known as the “Hofstadter Butterfly” (Fig.1 in Ref. [196]).

The main focus of this section is the study of the ground state equilibrium
currents of Hamiltonian (4.28), which could be experimentally accessed by the
previously presented measurement protocol. The model (4.28) can exhibit equi-
librium currents as it breaks time-reversal symmetry. For a Hamiltonian of
spinless particles expressed in on-site creation and annihilation operators, this
simply means that not all its coefficients are purely real (the time reversal
operator T̂ leaves the on-site creation and annihilation operators unchanged,
T̂ b̂

(†)
x,yT̂−1 = b̂

(†)
x,y, and in the coordinate representation T̂ equals the complex con-

jugation operator K̂, where K̂cK̂ = c∗ for a complex number c [197]).4

In the following discussion we restrict ourselves to relatively small rectangu-
lar lattices, which are numerically tractable by exact diagonalization (see ap-
pendix B), and might be realized first in experiments (with a suitable superlat-
tice structure dividing the entire lattice into such small plaquettes [155]).

4.6.1 Equilibrium current patterns of the many-body ground state

Typical current patterns and density profiles of the ground state are shown in
Fig. 4.5 for a 4× 4 lattice and different interaction strengths U/J and flux num-
bers α. For small α, the current flows in clockwise direction and increases with

4For time-reversal invariant Hamiltonians of spinless particles, e.g., the standard Bose-Hubbard
Hamiltonian (4.25), one finds by using ĤT̂ = T̂ Ĥ that any nondegenerate eigenstate of the
Hamiltonian expressed by on-site creation operators is (up to a global phase) real. Thus, the
expectation value of the current between nearest-neighbor sites vanishes for these eigenstates,
〈ĵl→r〉 = −iJ〈ĉ†l ĉr − ĉ

†
r ĉl〉 = 2J=〈ĉ†l ĉr〉 = 0.
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Figure 4.5: Ground state current and density patterns of a single boson (a-d) and nine
interacting bosons (e-l) in a 4×4 lattice with an artificial magnetic field (similar behavior is
found for different fillings). Increasing the flux number starting from α = 0, the current
flows in clockwise direction and grows with α. The current in the center is generally
suppressed for larger U/J , and it reverses its direction above a certain critical value of
α [which decreases with increasing U/J , see also Fig. 4.7(a)]. Large interactions lead
to additional configurations, as shown, e.g., in panel (k). For α close to 0.5, the same
current pattern [depicted in (h) and (l)] shows up for all considered interaction strengths
0 ≤ U/J ≤ 20.
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α. At a critical value of α, which decreases with U/J , the current around the
central plaquette reverses its direction. In the next section, we will see that this
is related to the entry of a vortex, which changes the rotational symmetry of the
ground state. Note that this behavior is rather general and it has been verified
for different lattice sizes, e.g., 5 × 4 and 5 × 5 lattices, and different numbers of
bosons. Increasing α further, one observes that the on-site interaction between
the bosons can lead to additional current configurations, see Fig. 4.5(k).

In addition to the current pattern, the density distribution changes nonmono-
tonically with α. For instance in the case U/J = 1, one observes starting from
α = 0 an increase of the central density with α up to the critical value (reversal of
the current flow direction at the central plaquette) at which the central density
is depleted, for larger α the central density increases again, cf. Figs. 4.5(e)-4.5(g).

The current patterns for a setup with a negative value of α (a different direc-
tion of the artificial magnetic field) are related to the ones shown in Fig. 4.5 as
follows: The Hamiltonian (4.28) is invariant under α 7→ −α combined with an in-
version of one spatial direction in the lattice (x 7→ −x or y 7→ −y, with the origin
of the coordinate system defined as the center of mass of the lattice). Thus, this
transformation changes any nondegenerate eigenstate of the Hamiltonian only
up to a global phase. The corresponding expectation values of the current oper-
ator for different signs of α are then related by 〈ĵx,y→x,y±1〉−α = 〈ĵ−x,y→−x,y±1〉α
and 〈ĵx,y→x±1,y〉−α = 〈ĵx,−y→x±1,−y〉α.

4.6.2 Edge currents and the ground state rotational symmetry

Ultracold bosons in finite, two-dimensional lattices have been theoretically stud-
ied in the context of rotating Bose-Einstein condensates [198–203], which are de-
scribed by a Hamiltonian similar to the Hamiltonian (4.28), where the “Lorentz
force” would be replaced by the Coriolis force.5 In Ref. [198] the authors found
a transition between ground states of different rotational symmetry when the
rotation frequency is increased, which shows up as a discontinuity in the edge
current. While this previous work discussed only the limit of hardcore bosons,
we address the effect of on-site interactions on the appearance of such a transi-
tion and the behavior of the edge current for the model (4.28).

In the following, we first discuss the rotational symmetry in a rectangular
lattice. Then, we consider a simple toy model and work out analytically the basic
features of the edge current and the transition in the ground state symmetry,
before we present the numerical results for an interacting many-body system.

4.6.2.1 Rotational symmetry of a rectangular lattice

We consider a square lattice of Ns × Ns lattice sites. An anti-clockwise rota-
tion of the coordinate system (passive rotation) by an angle π/2 maps the lat-

5Actually, the Hamiltonian (4.28) and the one used in Ref. [198] are only equivalent in the limit
of small α, as detailed in Ref. [204].
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tice sites onto themselves, R̂(π/2) |x, y〉 = |y,−x〉, with the x- and y-components
x, y ∈ {−Ns−1

2 ,−Ns−1
2 + 1, . . . , Ns−1

2 }. Applying R̂(π/2) four times is equivalent to
the identity transformation and, thus, its possible eigenvalues are given by the
fourth roots of one, λm = exp{i2πm/4} with m = 0, 1, 2, 3.6

Let us now consider the Hamiltonian (4.28) for this square lattice. It reads in
the symmetric gauge [A = B

2 (x ey − y ex)], which identifies the center of mass of
the lattice as a special point:

Ĥ = −J
∑

y;x 6=(Ns−1)/2

{
b̂†x+1,y b̂x,ye

−iπαy + h.c.
}

(4.29)

−J
∑

x;y 6=(Ns−1)/2

{
b̂†x,y+1b̂x,ye

iπαx + h.c.
}

+
U

2

∑
x,y

n̂x,y(n̂x,y − 1).

The transformation of the annihilation (creation) operator under the rotation is
given by R̂(π/2)b̂

(†)
x,yR̂(π/2)T = b̂

(†)
−y,x and we find that the Hamiltonian commutes

with R̂(π/2), Ĥ = R̂(π/2)ĤR̂(π/2)T . Thus, for an eigenstate |Ψi〉 of Ĥ, R̂(π/2) |Ψi〉
is also an eigenstate with the same eigenvalue Ei. If Ei is nondegenerate then
|Ψi〉 is an eigenstate of R̂(π/2), too.

Let us now consider the rotational symmetry of the ground state of Hamilto-
nian (4.28) as function of the parameters α and U/J . A change in the rotational
symmetry of a (nondegenerate) ground state happens by an exact level cross-
ing of the two lowest eigenenergies as these states correspond to two different
irreducible representations of the rotation, see Ref. [205]. In contrast, two eigen-
states with the same rotational symmetry show an avoided crossing. This exact
level crossing implies that the ground state energy is nonanalytic at the cross-
ing point and we observe a discontinuity in the edge current, i.e., the sum of the
currents around the boundary of the lattice counted in anti-clockwise direction
(see also Ref. [199]). In the next section, we will illustrate this argument for a
very simple system.

4.6.2.2 Toy example: single atom on a plaquette

Let us illustrate the points discussed in the last section for a single atom on
a plaquette, i.e., a 2 × 2 lattice. The corresponding Hamiltonian in symmetric
gauge equals the one of a ring with four lattice sites

Ĥ = −J
4∑
l=1

{
eiπα/2b̂†l+1b̂l + e−iπα/2b̂†l b̂l+1

}
, (4.30)

where the periodic boundary conditions imply b̂(†)5 = b̂
(†)
1 and the site number l is

counted in anti-clockwise direction. This Hamiltonian is diagonal in the momen-

6For a rectangular lattice the reasoning is essentially the same replacing R̂(π/2) by R̂(π), which
results in two eigenvalues m = 0, 1.
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Figure 4.6: Eigenenergies (left) and ground state edge current (right) in dependence of
the flux number α for a single atom on a plaquette, i.e., a 2 × 2 lattice. The four mo-
mentum eigenstates correspond to different rotational symmetries m = 0, 1, 2, 3 (shown
by different colors) and are independent of α. Exact level crossings of the two lowest
eigenenergies occur at α = n+ 1/2, n ∈ Z and result in a jump in the ground state edge
current.

tum eigenstates b̂†k = 1
2

∑4
l=1 e

iklb̂†l with k ∈ {0, π2 , π, 3π
2 } and the corresponding

eigenenergies are Ek = −2J cos(k − πα/2), which depend on the flux number α.
Note that the single particle states b̂†k |vac〉 are eigenstates of the rotation op-
erator R̂(π/2) with k = mπ/2. The current expectation value for a single atom
eigenstate k equals 〈ĵl→l+1〉 = J

2 sin(k−πα/2) and, thus, the edge current is given
by 2J sin(k − πα/2).

The α-dependence of the eigenenergies and the ground state edge current is
shown in Fig. 4.6. For an increasing flux number α, the two lowest eigenenergies
cross each other at α = n+ 1/2, n ∈ Z, and the eigenstate with the next higher k
modulo 2π (or m modulo 4) becomes the new ground state. The phase difference
of the wavefunction around the plaquette changes by 2π corresponding to the
entry of a vortex. This is reflected, for instance, in the discontinuity of the edge
current at the transition point (for a single atom the edge current changes by
2
√

2J).
Let us finally remark that the density distribution can drastically change at

the transition points of the ground state rotational symmetry, while, for the
previous example, the density is always 1/4 at each lattice site. This is, for
instance, the case for square lattices with an odd number of lattice sites, where
a rotation of the lattice maps the central lattice site onto itself. For a single
atom, this means that the density at the central site vanishes for all eigenstates
with rotational symmetry m 6= 0.

4.6.2.3 Transition in the ground state rotational symmetry

In the following, we consider the rotational symmetry and the edge current for
the ground state of a many-body system and focus especially on the effect of
finite on-site interactions.
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Figure 4.7: Edge current and rotational symmetry of the ground state of interacting
bosons as function of the on-site interaction strength U and the flux number α. We
show the case of nine bosons in a 4 × 4 lattice as in Figs. 4.5(e)-4.5(l). A transition
in the ground state rotational symmetry [the lines for different values of U/J or α are
shifted vertically for clarity in panel (a) and (c)] is accompanied by a jump in the edge
current, while the edge current changes smoothly for other values, see (b) and (d). As
already indicated in Fig. 4.5, the first transition in the rotational symmetry (inversion of
the flow around the central plaquette) appears at smaller α for larger interaction strength,
cf. (a). Moreover, for an intermediate interaction regime, ground states with rotational
symmetry m = 2 show up, see (a) and (c). We note that the corresponding current
patterns are similar to the one shown in Fig. 4.5(k).

For n noninteracting bosons, the edge current 〈ĵEn 〉 and the rotational sym-
metry mn are connected to the corresponding values of a single boson, 〈ĵE1 〉 and
m1, respectively, by 〈ĵEn 〉 = n 〈ĵE1 〉 and mn = nm1mod 4. The latter results from
R̂(π/2)(b̂†g)n |vac〉 = eiπnm1/2(b̂†g)n |vac〉, where b̂†g creates a boson in the ground
state and R̂(π/2)b̂†g |vac〉 = eiπm1/2b̂†g |vac〉. For the opposite case, i.e., hardcore
bosons and noninteracting fermions, the rotational symmetry of the ground state
has been discussed in Refs. [198–200].

The effect of finite interaction strengths is shown in Fig. 4.7 for the setup al-
ready considered for the equilibrium current patterns presented in Fig. 4.5. The
most important findings are: Firstly, the strength of the on-site interaction influ-
ences the value of α, at which the first transition in the ground state rotational
symmetry discussed in section 4.6.1 takes place. Secondly, new transitions ap-
pear for intermediate interaction strengths, even with rotational symmetries
not present in the noninteracting case. Finally, for large U/J ? 10, the behavior
hardly changes with increasing interaction strength.
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4.6 Current statistics of interacting bosons in artificial magnetic fields

It is clearly visible in Fig. 4.7(a) that an increasing interaction strength leads
to a transition to a ground state with m = 1 at a smaller value of α. For very
strong interactions, however, the critical value of α seems to approach a constant
value. For on-site interaction strengths up to U/J = 50 (not shown), we find
numerically no ground state with rotational symmetry m = 1 for α ≤ 0.15. In
the regime of small α, the absolute value of the ground state edge current shown
in Fig. 4.7(b) becomes larger with increasing U/J up to a value of U/J ≈ 4, while
it decreases for larger on-site interactions. At each transition point of the ground
state rotational symmetry a discontinuity in the edge current is observed, with
varying “jump heights”. The edge currents approach a nonzero value for α→ 0.5.
As the edge current is invariant under α 7→ α + 1 and 〈ĵE〉α = −〈ĵE〉−α (as
discussed in section 4.6.1), this indicates a jump in the edge current at α = 0.5.
Indeed, we observe in the numerics a transition in the rotational symmetry from
m = 0 to m = 1 at α = 0.5 for all considered interaction strengths.7

Figs. 4.7(c) and 4.7(d) show the transition in the rotational symmetry and the
discontinuity of the edge current for a fixed flux number α as a function of the
interaction strength. For most values of α, the ground state rotational symmetry
changes only for intermediate interaction strengths and is constant for larger
U/J . A similar behavior is found for the edge current, which only shows a slight
dependence on the interaction strength for large U/J .

We stress that the discussed current patterns and the edge currents can be
measured by the previously proposed measurement protocol. This, together with
the control over the on-site interaction between the bosons using a Feshbach
resonance (see section 1.2.3), provides means to study the interaction-dependent
transition of the ground state rotational symmetry.

4.6.3 Spatially dependent current-current correlations

We now turn to spatial current-current correlations in the presence of a mag-
netic field. An illustrative example is displayed in Fig. 4.8, for a half-filled 8× 2
lattice. For the situation shown in Fig. 4.8(a), we address the questions whether
the currents at links A, B, and C are correlated. This can be done by construct-
ing the joint probability distribution of the eigenvalues from an ensemble of
snapshots, since the currents ĵA, ĵB, and ĵC can be measured simultaneously.
Figs. 4.8(d) and 4.8(e) show two examples of these joint probability distributions.
The measured values of the current operators ĵA and ĵC at the two far-removed
links A and C are (to a very good approximation) independent of each other, i.e.,
the joint probability distribution is just a product of the eigenvalue distribution
of ĵA and ĵC , cf. Fig. 4.8(e). In contrast, the current operators ĵA and ĵB for
nearby sites are correlated. This can be, e.g., read off from the fact that the joint
probabilities p(jA = −1, jB = −1) and p(jA = −1, jB = 0) are clearly different

7Note that this change in the rotational symmetry depends on the number of bosons and the size
of the considered square lattice.
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ĵB ĵC

eigenvalues of 

0.14

0

pr
ob

ab
ilit

y

cu
rre

nt
 c

or
re

la
tio

n 
[  

  ]

fed

0 1 2 3-3 -2 -10 1 2 3-3 -2 -1
-3
-2
-1
0
1
2
3

current [  ]: J

α

0 0.1 0.2 0.3 0.4 0.5
flux number α

-0.05

0

0.05

0.1

0.15

0.2

0 0.1 0.2 0.3 0.4 0.5
flux number α

0

0.1

0.2

0.3

0.4

�ĵ
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Figure 4.8: Current statistics of the ground state of interacting bosons in a 8× 2 lattice
at half filling, calculated from 25000 snapshots. (a-c) Density and current profile for
interaction strength U/J = 8 and different flux numbers α. (d,e) Joint eigenvalue
distribution for different current operators and the parameters used in panel (a). Note
that the currents at the links A,B, and C are defined in positive x-direction. While ĵB
and ĵC have the same eigenvalue distribution (see histograms), their joint distribution
with ĵA is different: ĵA and ĵC are (to a very good approximation) uncorrelated, but
ĵA and ĵB are correlated. (f) Current correlation 〈ĵAĵB〉 − 〈ĵA〉〈ĵB〉 as function of the
flux number α for different interaction strengths (U/J = 0.5, 2, 4, 8, 25 bright to dark).
Surprisingly, large on-site interactions lead to a strong positive current correlation for flux
numbers corresponding to the current pattern (a). The inset shows the dependence of
the current expectation value 〈ĵB〉 on α for the same interaction strengths (note that
〈ĵA〉 = −〈ĵB〉 is required for a stationary density at the two leftmost lattice sites).

86



4.7 Experimental requirements and robustness of the measurement scheme

even though p(jB = −1) and p(jB = 0) are almost equal, see Fig. 4.8(d). The ef-
fect of the synthetic magnetic field and the on-site interaction on the correlation
between ĵA and ĵB is shown in Fig. 4.8(f) by means of the current correlation
function, 〈ĵAĵB〉 − 〈ĵA〉〈ĵB〉 . We find a positive and roughly stable current corre-
lation function for α > 0.3 [parameter regime with the current pattern shown in
Fig. 4.8(a)], which becomes larger with increasing on-site interaction strength.
Note that this dependence on the interaction strength is the same as found for
the case of the half-filled one-dimensional chain without synthetic gauge field
(when considering the sites corresponding to links A and B as part of a one-
dimensional chain), see Fig. 4.4(f). For larger values of the flux number, the
current correlation function falls off to smaller values around zero and no clear
dependence on the interaction strength is visible.

4.7 Experimental requirements and robustness of the
measurement scheme

This section gives more details on the combination of the proposed measurement
protocol with setups that implement gauge fields via laser-assisted tunneling
(see section 4.2.2). It also addresses experimental restrictions and error sources:
parity detection, timing error, and residual interactions.

Combination of the current measurement with a setup required for gauge fields

As depicted in Fig. 4.2, the laser-assisted tunneling used for imprinting a phase
onto the tunneling amplitude of the atoms relies on a two-dimensional lattice
that consists of alternating columns with different on-site energies (and may
trap different internal states). Tunneling between different columns is only
nonzero when it is driven by additional light fields, while bare tunneling exists
within each column. The current measurement requires the use of a bichromatic
superlattice in one direction in combination with the suppression of the tunnel-
ing of atoms in the other direction. This seems to be most easily achieved by
applying the bichromatic superlattice in the direction of the columns and turn-
ing off the laser fields for the laser-assisted tunneling, which suppresses the
tunneling of atoms between different columns.

Parity detection

All present experiments with single-site resolved detection measure only the
parity of the boson number at the lattice sites. The reason is the loss of atom
pairs due to light-induced collisions at the beginning of the imaging process (see
section 1.3.2.2 for details). For a single or two coupled one-dimensional chains,
considered in Figs. 4.4 and 4.8, one might let the atoms expand into another di-
rection before the detection process to avoid double or higher occupancies. How-
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4 Single-site measurement of current statistics in optical lattices

ever, for true two-dimensional configurations, one is currently restricted to small
filling factors, until the parity problem can be circumvented via alternative ap-
proaches. We have further investigated this limitation of the measurement pro-
tocol for the configuration shown in Fig. 4.8 by numerically simulating situations
with parity detection only. We find that the current patterns and the current cor-
relations can still be observed in the presence of parity detection, even though
the absolute value of the observed current decreases by up to 25%.

Timing error

Let us discuss on more general grounds the effect of an imprecisely chosen evolu-
tion time in the double well potential [Fig. 4.3(b)] on the current measurement.
We consider an evolution time Jt̃ = π/4 +J∆t, where J∆t is the (dimensionless)
timing error. The actually measured density difference between the left and the
right well is given by Eq. (4.18). For a small timing error J∆t � 1, it yields up
to second order in (J∆t)2:

n̂r(t̃)− n̂l(t̃) = [1− 2(J∆t)2] ĵl→r(0)/J − 2(J∆t) [n̂r(0)− n̂l(0)] +O([J∆t]3). (4.31)

The comparison with the ideal case, n̂r(t̃) − n̂l(t̃) = ĵl→r(0)/J , shows that there
are two contributions that lead to an error in the current measurement: one pro-
portional to the true value of the current and another proportional to the initial
density difference between the two lattice sites. The first term is just a relative
change of the current by 2(J∆t)2, which should be very small in an experimental
realization of the measurement protocol. The second term seems to be more se-
vere since it is linear in the timing error J∆t and does not depend on the value
of the current. For the evaluation of the average current, however, this error is
suppressed for a system with an approximately homogeneous density distribu-
tion or in case that the distribution of timing errors over different measurement
runs is roughly symmetric with respect to J∆t = 0.

We further analyzed numerically the timing error for the results shown in
Fig. 4.8, where the density distribution is roughly homogeneous. Indeed, we
find a surprisingly small effect of the timing error: A timing error of J∆t ≤ 0.05,
which seems to be realistic for experiments, leads to a change in the current and
the current correlations of less than 0.02J and 0.01J2, respectively.

Residual interactions

Another error source is a residual on-site interaction, Ures, between the atoms
during the time evolution in the double well potential. In this case, the map-
ping between the current and the density imbalance [Eq. (4.19)] does not hold.
Naturally, the effect of the residual interaction is stronger for a larger number
of atoms in the double well potential, while it has no effect for less than two
atoms. In a numerical simulation of the setup shown in Fig. 4.8 the current

88



4.8 Conclusions

and the current correlations deviate by a few percent from the true values for
Ures/J ≤ 1/4.

4.8 Conclusions

In this chapter, we presented a spatially resolved measurement of the local cur-
rent of ultracold atoms in optical lattices. It is to our best knowledge the first
proposal which gives a direct access to the eigenvalues of the current operator.
The simultaneous measurement of currents at different links [depicted as red
boxes in Fig. 4.3(d)] of the lattice permits the evaluation of spatial current cor-
relations by averaging over an ensemble of measurements outcomes.

We numerically simulated this protocol and analyzed the current statistics
for two cases: the superfluid to Mott insulator transition of interacting bosons
in a one-dimensional lattice and interacting bosons in a two-dimensional lattice
subject to a synthetic magnetic field. In the latter case, we discussed in detail
how finite on-site interactions modify the transition in the rotational symmetry
of the ground state.

We further analyzed the feasibility of the proposed protocol considering cur-
rent restrictions in the single-site detection and possible error sources. We find
that the discussed features can be observed with present day experimental tools
for small filling factors. The measurement scheme can be extended to fermions
(once single-site detection of fermions is realized experimentally) and for fermi-
ons single-site parity detection and residual interactions would not impose any
errors.

The implementation of the proposed measurement protocol will add a signifi-
cant new sensing method to the experimental toolbox that is available to charac-
terize quantum many-body states in optical lattices. This ability to measure cur-
rents and current correlations seems to be especially promising for the emerging
field of ultracold atoms in synthetic gauge fields.

The work presented in this chapter offers several starting points for further
theoretical investigations. First of all, having a tool for measuring current cor-
relations at hand studying the full counting statistics of current patterns in
arbitrary interacting quantum many-body systems becomes relevant. Another
point, which we have only touched in this chapter, is that the measurement
protocol gives also access to the total particle number at each double well, see
section 4.4.1. It remains to be addressed what can be learned about the many-
body state from this additional information, which can be, e.g., used to con-
struct current-density correlation functions. Finally, a more general question
is whether there are other combinations of a simple unitary transformation,
induced by a suitable superlattice structure, and a subsequent single-site detec-
tion, which realize the measurement of other “not directly accessible” quantities.
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5 Conclusions and outlook

This thesis deals with the quantum dynamics of ultracold atoms in optical lat-
tices. In particular, we have theoretically explored aspects that become experi-
mentally accessible by the recently implemented single-site detection of individ-
ual atoms: These include the buildup of entanglement in expansion dynamics,
the effect of observations on quantum many-body dynamics, and the measure-
ment of local currents.

First, we simulated the expansion of a finite size band insulating state of
interacting two-component fermions in one dimension by means of the time-
dependent density-matrix renormalization group. While previous works have
focused on the density profile [44] and the expansion velocity [82], our numerical
analysis revealed the buildup of spatial correlations and, more important, the
propagation of spin-entangled pairs of fermions. The study of these correlations
deepens the understanding of the expansion process and shows the crucial role
of the decay of doublons (i.e., doubly occupied lattice sites) into correlated single
fermions. Moreover, we found that extended band insulators favor the emission
of spin-entangled fermion pairs into the same direction when compared against
the decay of a single doublon. This observation highlights a critical advantage
of single-site detection for inhomogeneous systems: In contrast to structure fac-
tors, which encode the momentum of an excitation, it also contains information
about the center of mass position of the excitation. So far, single-site detection
has mainly been used to study correlations in homogeneous systems, either the
relative motion of particle-hole excitations [22,23] or the motion of spin impuri-
ties [20,21] in a Mott insulator.

Second, we investigated the impact of repeated single-site measurements on
the expansion of a confined cloud of interacting atoms. The simulation shows
quantum Zeno dynamics, where the decay rate of the initial configuration may
be accelerated or decelerated depending on the interaction strength and the time
interval between observations. We argued that these effects are mainly due to
the existence of a bound state as well as the short-time dynamics at the edge of
the cloud.

Third, we discussed the use of the single-site detection for realizing a quan-
tum measurement of the local current operator in optical lattices. We proposed
a measurement scheme which only requires optical superlattices that have al-
ready realized experimentally [59, 64] and verified its feasibility in present-day
experiments. This protocol realizes a simultaneous measurement of local cur-
rents at various positions, which allows evaluating higher-order current-current
correlation functions. This feature distinguishes the protocol from previous
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works on probing equilibrium current patterns [164, 165] or the experimental
measurement of the mean current for a very specific initial state [15]. We il-
lustrated the prospects of this sensing tool for interacting bosons and discussed
the influence of on-site interactions on equilibrium currents of bosons in a two-
dimensional lattice with an artificial magnetic field.

After having summarized the main findings of this thesis, I will give an out-
look on future extensions of the presented work.

For the expansion of a finite size band insulating state, the study of the cross-
over from one to two dimensions is intriguing. In two dimensions, the Fermi-
Hubbard model is nonintegrable, in contrast to the one-dimensional case dis-
cussed in this thesis, and we expect a drastic change in the formation of corre-
lations. Moreover, the buildup of spin-entanglement between fermions on differ-
ent lattice sites is related to a more fundamental topic, namely the creation and
evolution of entanglement in quenches of many-body systems. In this perspec-
tive it may be insightful to combine the results reported here with proposals on
measuring a lower bound of the many-body entanglement in experiments with
ultracold atoms [80, 81, 116–119]. While the latter allows to quantify the en-
tanglement in the system, the study of the correlations in real space and the
spin-entanglement between fermions on two lattice sites sheds light onto the
underlying physical processes.

The repeated observation of the coherent time evolution by single-site mea-
surements is a very specific way to study the interplay between quantum mea-
surements and many-body dynamics. For further explorations it would be de-
sirable to increase the flexibility of the detection scheme such that it addresses
only certain lattice sites or realizes weak measurements. The combination of
such measurements with techniques that induce dissipation, such as the loss of
atoms due to a focused electron beam [152, 153], may in the long run lead to
the ability to simulate open quantum systems with ultracold atoms in optical
lattices.

The implementation of the measurement protocol for the current operator will
add a significant new sensing method to the experimental toolbox. It provides in-
formation that is complementary to the spatial distribution of the atom number
measured by “usual” single-site detection and is especially suited for the study
of ultracold atoms in synthetic gauge fields, which can exhibit equilibrium cur-
rents. For theoreticians, studying the full counting statistics of current patterns
in interacting quantum many-body systems becomes now relevant. On a more
general level, the proposed setup shows the power of combining the coherent
time evolution induced by a superlattice structure with single-site-resolved de-
tection of individual atoms. While in our proposal, the time evolution maps the
eigenstates of the current operator onto states localized at single lattice site, fu-
ture studies may consider different superlattices and evolution times to measure
quantities that are so far experimentally inaccessible. A significant progress in
the experimental study of many-body states would be, for instance, the measure-
ment of the single-particle density matrix [206].
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A Time-dependent density-matrix
renormalization group

The interacting many-body dynamics presented in chapters 2 and 3 was simu-
lated using the time-dependent density-matrix renormalization group (tDMRG).
The tDMRG is a very powerful method for the numerical simulation of the quan-
tum dynamics of one-dimensional lattice systems with short-range interactions.
It has been used in a number of works discussing, for instance, quench dynamics
of interacting bosons [15, 45, 106, 207, 208] and fermions [82, 90, 209], real-time
evolution in spin chains [144,210], or transport in nanostructures [91,211,212].

This appendix briefly highlights crucial aspects of the density-matrix renor-
malization group (DMRG) and the tDMRG and gives details on the simulation
used in the previous chapters. An extensive discussion and algorithmic details
can be found in the review articles [105,213].

Density-matrix renormalization group

The wavefunction |Ψ〉 in a one-dimensional lattice with Ns lattice sites can be
represented in the product basis

|Ψ〉 =
∑

σ1,...,σNs

cσ1...σNs |σ1〉 . . . |σNs〉 , (A.1)

where |σi〉 is a basis state of the state space at lattice site i, which has, e.g., the
dimension d = 2 for a spin-1/2 chain. The number of coefficient cσ1...σNs equals
dNs and increases exponentially with the system size. Thus, this representation
can be implemented numerically only for very small system sizes.

The DMRG invented by White [214] provides a prescription to find a reduced
Hilbert space, which captures the relevant information about the wavefunction
of interest, e.g., the ground state of the system. Let us consider a bipartition
of the lattice in two parts A and B to illustrate the truncation scheme of the
DMRG. In this bipartition, the wavefunction can be expressed as

|Ψ〉 =
∑
iA,jB

ciAjB |i〉A |j〉B , (A.2)

with basis states |i〉A and |j〉B of the subsystems A and B, respectively. The
Schmidt decomposition of the wavefunction with respect to the bipartition is
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given by

|Ψ〉 =

Ms∑
α=1

√
wα |α〉A |α〉B , (A.3)

with nonnegative coefficients of decreasing magnitude
√
wα, which satisfy the

equation
∑Ms

α=1wα = 1. The states |α〉A and |α〉B form bases of the subsystems A
and B, respectively, and Ms equals the dimension of the smaller subsystem.

An optimal representation of |Ψ〉 keeping onlym ≤Ms states consists in choos-
ing the states that corresponds to the largest weights wα. The error of this ap-
proximation is characterized by the discarded weight

∑Ms
α=m+1wα. For instance,

the error of the expectation value of an observable in subsystem A (or B) calcu-
lated by the approximate wavefunction is less than the discarded weight times
the norm of the observable [213].

The number m of states needed for a certain value of the discarded weight
depends crucially on the distribution of the weights wα. To get a qualitative
insight whether a state |Ψ〉 can be represented efficiently, let us consider the
entanglement entropy of the subsystem A

S = −Tr [ρ̂A log2 ρ̂A] = −
Ms∑
α=1

wα log2wα, (A.4)

where ρ̂A is the reduced density matrix of subsystem A. A distribution of wα that
quickly decays corresponds to a small amount of entanglement. In contrast,
a flat distribution of weights wα results in a maximal entanglement entropy
and the number of states required roughly scales as eS [105]. In summary, the
discussed representation is typically extremely efficient (i.e., |Ψ〉 can be very well
approximated by a small number m of states) for slightly entangled states, while
a large amount of entanglement makes it inefficient.

The DMRG algorithms make extensive use of the truncation scheme discussed
above. The infinite-system algorithm presented by White [214] for the calcula-
tion of the ground state of the Heisenberg chain consists in the repetition of the
steps shown in Fig. A.1. Assume we are given two subsystems A and B with
m (reduced) basis states each and the Hamiltonian in each subsystem. At ini-
tialization, the subsystems may be chosen small enough such that their exact
basis states can be represented. The system size is increased by introducing
two sites between the subsystems A and B. The dimension of this so-called su-
perblock equals m2d2. For this superblock, the ground state of the Hamiltonian
is calculated by sparse matrix diagonalization. Using a Schmidt decomposition
of the ground state with respect to new subsystems A′ and B′, which consist of
the old subsystem and one additional site, a reduced basis of m states for A′ and
B′ is found by choosing the states with the largest weights. The Hamiltonian is
represented in the new reduced bases of A′ and B′, and the whole procedure is
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Figure A.1: Schematic of a single iteration of the infinite-system DMRG procedure. The
different steps are explained in the text.

repeated until the desired system size is reached.1

The tDMRG simulation used for this thesis is part of the Matrix Product
Toolkit2 developed by McCulloch, which implements the DMRG algorithm in
the matrix product state language [215, 216]. A general matrix product state
has the form

|Ψ〉 =
∑

σ1,...,σNs

Aσ1 . . .AσNs |σ1〉 . . . |σNs〉 , (A.5)

where Aσi is a matrix associated to state σi at site i and each coefficient in
Eq. (A.1) corresponds to a product of matrices. The approximation of |Ψ〉 in a
reduced Hilbert space can be achieved by suitable truncation of the dimension
of the matrices Aσi . The formulation of DMRG in the language of matrix product
states is discussed in detail in Refs. [105,217].

Simulation of the time evolution

The use of the DMRG for simulating the time evolution of a quantum system
has become possible with the invention of the time-dependent density-matrix
renormalization group (tDMRG) [101–105]. There are two integral parts of the
simulation. First, the time evolution operator e−iĤτ , for a small time step τ , has
to be numerically represented and applied to the current state |Ψ(t)〉. Second, a
new reduced Hilbert space has to be found for the time-evolved state after each
time step. This is crucial since the quantum state explores different parts of the
Hilbert space during the time evolution and the application of the time evolution

1Usually, a second, so-called finite-system DMRG procedure is used after the desired system
size is reached. In this procedure the total size of the system remains constant, while one
subsystem grows in expense of the other subsystem in each iteration step, see Ref. [105].

2Details on the Matrix Product Toolkit project can be found at
http://physics.uq.edu.au/people/ianmcc/mptoolkit/.
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operator increases the numerical cost of representing the state.
There are two commonly used techniques to approximate the time evolution

operator: the Suzuki-Trotter decomposition and the Krylov subspace method,
which was used in the presented simulations. The Suzuki-Trotter decomposi-
tion relies on the structure of the Hamiltonian. If the Hamiltonian contains
only local and nearest-neighbor terms, it can be written as sum of operators
acting on two adjacent sites (a bond). Then, the time evolution operator is in
first order Suzuki-Trotter decomposition given by e−iĤτ = e−iĤoddτe−iĤevenτ +
O(τ2). As all operators at odd (even) bonds commute among each other, the
time evolution operator e−iĤoddτ (e−iĤevenτ ) at all odd (even) bonds is a product
of the time evolution operators at the corresponding single bonds, which can be
carried out simultaneously, see, e.g., Ref. [105]. The Krylov subspace method
takes into account the state |Ψ(t)〉, which is time evolved. It approximates the
time evolution operator in the Krylov space, which is spanned by the vectors
|Ψ(t)〉 , Ĥ |Ψ(t)〉 , . . . , Ĥr |Ψ(t)〉, for a chosen dimension r + 1, see, for instance,
Refs. [104,218].

It turns out that the number of states required for a faithful representation of
the time-evolved state increases for large evolution times [210]. This increase in
the numerical cost has its origin in the linear growth of the entanglement for the
nonequilibrium evolution of a one-dimensional quantum system, which is due to
the propagation of excitations [219].

This limitation is visible in the simulation of the expansion dynamics dis-
cussed in chapter 2. For small on-site interaction strengths, U/J ≤ 3, where the
fermions rapidly dissolve from the cluster, the simulation is restricted to evo-
lution times Jt . 7 (keeping about 5000 states at a discarded weight of 10−5).
For large U/J ≥ 9, where most fermions remain localized, evolution times of
Jt ≈ 20 are reached keeping only 1500 states, with the same discarded weight.
For the stroboscopic many-body dynamics discussed in chapter 3, the entangle-
ment grows only during the coherent time evolution, whereas the measurement
projects the system into an occupation number state in real space with entan-
glement entropy S = 0.
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B Numerical simulation of the
measurement scheme for local currents

In this appendix we give details of the numerical simulation used for calculating
the current statistics presented in chapter 4. The main purpose of the simula-
tion is the illustration of the measurement protocol. This especially requires the
calculation of the eigenvalue distribution of the current operator and the evalua-
tion of spatial current correlations from an ensemble of measurement outcomes.
For this purpose we use the exact diagonalization, which allows to generate the
measurement outcomes taking into account the full Hilbert space, on the ex-
pense of being restricted to small systems. Since there is a number of tutorials
on exact diagonalization, see, for instance, Ref. [220] for a more general discus-
sion and Ref. [221] especially for the Bose-Hubbard model, we restrict ourselves
here to the most relevant points for our simulation.

The basic steps of the program for the two-dimensional case are summarized
in Fig. B.1. The main part of the program has been written in C++ using Eigen,1

a template library for linear algebra. For the calculation of the ground state
we use the function eigs() of octave,2 which relies on efficient and well tested
linear algebra routines such as, for instance, LAPACK and ARPACK.

The class LatticeWithBosons is defined by the size of the lattice and the
number of particles. It contains member functions for mapping the lattice coor-
dinates (x, y), with x ∈ {0, . . . , Nx − 1} and y ∈ {0, . . . , Ny − 1}, to an ordered site
number s = y Nx + x and vice versa, for obtaining the nearest-neighbor lattice
site in positive and negative x- and y-direction (or the information that there is
no other site in this direction), and for calculating the corresponding site number
in a rotated coordinate system (which is used to define the transformation ma-
trix of the many-particle basis states under rotation, from which the rotational
symmetry of the ground state is calculated). Moreover, a hash function and a
function for generating the basis states are defined, see below. The derived class
FluxLattice implements the vector potential in terms of the phases a boson
acquires when it tunnels between nearest-neighbor lattice sites.

A many particle state is defined by a vector containing the number of bosons
for each of the Ns = NxNy sites, e.g., |N0, 01, . . . , 0Ns−1〉. There are in total(
Ns+N−1

N

)
basis states (the different states are equivalent to the unordered out-

comes for the well-known combinatorial problem of drawing N times Ns marbles
1Details on the Eigen project can be found at http://eigen.tuxfamily.org.
2Octave is a high-level interpreted language for numerical computations, which uses a language

very similar to MATLAB. For details see http://www.gnu.org/software/octave.
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B Numerical simulation of the measurement scheme for local currents

LatticeWithBosons

FluxLattice
|Ψ0� |Ψev�

set up

measurements
•mean current
•mean current correlations
• rotational symmetry

flux configuration

Nx, Ny, N

initialize

U ; J = 1

time evolution

set up

measurements
•ensemble of 
snapshots

eigs( )ĤBH

ĤDW

t = π/4

Figure B.1: The schematic shows the basic program steps used in the calculation of the
current statistics of bosons in a two-dimensional lattice subject to a synthetic magnetic
field. The mean current and the density profile as shown, for instance, in Fig. 4.5
are directly calculated from the ground state |Ψ0〉. The gray shaded part sketches the
simulation of the proposed measurement protocol, see Fig. 4.3, where the time evolution
in the array of double well potential (described by ĤDW ) is the central ingredient. Details
of the different steps are explained in the text.

of different colors from a bag with replacement).
The crucial point in efficiently setting up the Hamiltonian and calculating

correlation functions is the use of a hash function, which maps the basis states
to unique numbers, and a fast way to loop through all basis states. We employ
the perfect hash function proposed in Ref. [222] (see also appendix C of Ref. [223]
for a detailed discussion):

I =
N∑
i=1

(
si + i− 1

i

)
. (B.1)

Here, si denotes the site number of the i-th boson with 0 ≤ s1 ≤ . . . ≤ sN ≤
Ns − 1. The hash function I maps the basis states to the consecutive integers
0, 1, . . . ,

(
Ns+N−1

N

)
− 1, which are used as the indices of the state vectors and

Hamiltonian matrices. We generate the basis states with increasing order in I
by: (1) The first state is |N0, 01, . . . , 0Ns−1〉, which corresponds to I = 0. (2) For
a basis state (except the last state), the next basis state is generated by putting
the boson with the smallest site number, s1, to the next higher lattice site, s1 +1.
In case that initially there has been another boson at the same site, s2 = s1,
all remaining bosons at site s1 are put to the lattice site 0. (3) The last state is
reached when all bosons sit at site Ns − 1, i.e., |00, 01, . . . , NNs−1〉.

The Bose-Hubbard Hamiltonian ĤBH [Eq. (4.28)] for this lattice system is
implemented as sparse matrix. The interaction term leads to nonzero diago-
nal elements for basis states, where at least one lattice site is occupied by two
or more bosons. Other nonzero elements are found by going through all basis
states (as discussed above) and applying the kinetic term to theses states. The
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pair of the hash values from the resulting state and the initial basis state are
the indices of the nonzero element (its value is calculated from the Fock state
representation of the basis state and the phases in the tunneling amplitude
defined in FluxLattice). The expectation values of the current and the cur-
rent correlations are calculated using the same strategy to obtain the pairs of
basis states which are coupled by the current operators. For a square lattice
and a uniform magnetic field in the symmetric gauge, the ground state rota-
tional symmetry is calculated by numerically checking for which m the relation
R̂(π/2) |Ψ0〉 = eimπ/2 |Ψ0〉 is satisfied.3

The time evolution within the array of double well potentials (see section 4.4.1)
is given by e−iĤDW t, with the corresponding Hamiltonian ĤDW set up similarly
to the Bose-Hubbard Hamiltonian. The evolution time t = π/4 (we choose J = 1
as energy scale in the numerical simulation) is sliced into a few hundreds time
steps δt. For each time step the time evolution operator e−iĤDW δt is expanded up
to fourth order in δt and applied to the present many-body state.

After the time evolution the many-body state is projected onto one of the ba-
sis states during the final single-site detection. Numerically, the ensemble of
outcomes is randomly drawn from the distribution given by the probabilities for
observing the different basis states, i.e., the absolute squares of the overlap be-
tween the different basis states and the time-evolved state |Ψev〉. The random
numbers are generated by the gsl_rng_ranlxd2 algorithm of the GNU Scien-
tific Library [224], whose state is saved and restored between different runs of
the simulation.

3It would be in principle more efficient to exploit the invariance of the Hamiltonian ĤBW under
rotation by π/2 and already set it up in the subspaces corresponding to m = 0, 1, 2, 3. Since
ĤBW is block-diagonal in these subspaces the ground state rotational symmetry is obtained by
diagonalizing each subspace and finding the one with the smallest eigenenergy. Here, we do
not exploit this symmetry and prefer to directly use the obtained ground state wavefunction for
the time evolution in the array of double well potentials, which is not invariant under rotation
by π/2.
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C Correlation functions of noninteracting
fermions in a lattice

In this appendix, we derive analytical formulae for the correlation functions
of expanding, noninteracting fermions. We use these exact expressions in the
chapters 2 and 3 to analyze which features of the many-body dynamics stem
from interactions between the fermions and to check the numerical simulations
in the noninteracting case.

Noninteracting fermions propagate according to the free dispersion relation,
which is for an infinite tight-binding lattice in one dimension given by E(k) =
−2J cos(k) with momentum k ∈ (−π, π], see section 1.2.2. The time evolution of
the annihilation operator at lattice site j can be expressed as

f̂j,σ(t) =
∑
m

Gjm(t)f̂m,σ, (C.1)

with spin index σ =↑, ↓ and the free fermion propagator

Gjm(t) =

ˆ π

−π

dk
2π

exp{i[(j −m)k + 2Jt cos(k)]} = ij−mJj−m(2Jt). (C.2)

Here, J denotes the Bessel function of the first kind [139]. In higher dimensions
the free propagator would just be a product of such propagators for each spatial
direction. For initial states of localized fermions the Green’s function reads

Glj,σ(t) := 〈f̂ †l,σ(t)f̂j,σ(t)〉 =
∑
m∈Oσ

G∗lm(t)Gjm(t) = ij−l
∑
m∈Oσ

Jl−m(2Jt)Jj−m(2Jt),

(C.3)
where Oσ denotes the set of lattice sites initially occupied by a fermion with spin
index σ and it was used that Jn(x) is real for x ∈ R. Accordingly, the time-
dependent density is given by

Ni,σ(t) = Gii,σ(t) =
∑
m∈Oσ

J 2
|i−m|(2Jt), (C.4)

which means that the one-particle density is just the sum of the densities of the
individual fermions. At all time points and for all lattice sites the density and
the Green’s function satisfy the inequality |Gij,σ(t)|2 ≤ Ni,σ(t)Nj,σ(t), which can
be derived from the Cauchy-Schwarz inequality.
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C Correlation functions of noninteracting fermions in a lattice

C.1 Time-dependent n-particle density

Let us consider the case of a single fermionic species and states where each of the
N fermions is localized at a lattice site (this is exactly the situation after each
observation of the stroboscopic dynamics discussed in chapter 3). This many-
particle wavefunction is a Slater determinant of single-particle wavefunctions,
and for noninteracting fermions this remains true during the subsequent time
evolution. Using Wick’s theorem, the n-particle density (n ≤ N ) of the many-
body state at time t can be written as (see also Refs. [225,226]):

ρn(s1, . . . , sn; t) := 〈f̂ †s1(t) . . . f̂ †sn(t)f̂sn(t) . . . f̂s1(t)〉 =

∣∣∣∣∣∣
Gs1s1(t) . . . Gs1sn(t)
. . . . . .

Gsns1(t) . . . Gsnsn(t)

∣∣∣∣∣∣ .
(C.5)

Here, Gsisj (t) denotes the Green’s function defined by Eq. (C.3). The n-particle
density for the motion in arbitrary potentials would be captured by different
propagators Gjm(t) entering into the Green’s function.

C.2 Time-dependent spin-spin and density-density
correlations

Let us now come to the setup analyzed in chapter 2: The expansion of a cloud of a
two-component Fermi gas from an occupation number state with either empty or
doubly occupied lattice sites. The spin-spin correlation function 〈Ŝzi (t)Ŝzj (t)〉 can
be written in terms of spin-dependent density-density correlations using that
Ŝzi := 1

2(n̂i,↑ − n̂i,↓). The spin-dependent density-density correlations are given
by

〈n̂i,σ(t)n̂j 6=i,σ′(t)〉 = Ni(t)Nj(t)− δσσ′ |Gij(t)|2 , (C.6)
〈n̂i,σ(t)n̂i,σ′(t)〉 = [Ni(t)]2−δσσ′ , (C.7)

where δσσ′ is the Kronecker delta, Ni(t) and Gij(t) are defined by Eqs. (C.4) and
(C.3), respectively, and are independent of the spin index, which is dropped. This
results in the spin-spin correlation functions:

〈Ŝzi (t)Ŝzj 6=i(t)〉 = −1

2
|Gij(t)|2 , (C.8)

〈Ŝzi (t)Ŝzi (t)〉 =
1

2
Ni(t) [1−Ni(t)] . (C.9)

Note that Eq. (C.8) implies that the probability of finding two fermions with
the same spin at different lattice sites i and j is by 2|Gij(t)|2 smaller than the
probability for fermions with antiparallel spin. Thus, there are finite spin-spin
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C.2 Time-dependent spin-spin and density-density correlations

correlations even in the absence of on-site interaction.
For noninteracting fermions, the spin-spin correlation is related to the density-

density correlation Dij(t) = 〈n̂i(t)n̂j(t)〉 − 〈n̂i(t)〉〈n̂j(t)〉 via

Dij(t) = 4〈Ŝzi (t)Ŝzj (t)〉. (C.10)

Therefore, the density-density correlation Dij(t) at different lattice sites i and j
is always smaller or equal to zero [see Eq. (C.8)] and a positive value of Dij(t) is
a signature of interactions between the fermions as highlighted in Fig. 2.3.

The evaluation of the concurrence Ci,j(t) [defined by Eq. (2.7)] requires, in
addition to the spin-spin correlation calculated before [Eq. (C.8)], the density-
density correlation of single fermions. The single fermion density operator reads
n̂si = n̂i,↑ + n̂i,↓ − 2n̂i,↑n̂i,↓ and we find using Eqs. (C.6) and (C.7):

〈n̂si (t)n̂si (t)〉 = 2Ni(t) [1−Ni(t)] , (C.11)

〈n̂si (t)n̂sj 6=i(t)〉 = 4
[
Ni(t)−

(
Ni(t)Nj(t)− |Gij(t)|2

)]
×[

Nj(t)−
(
Ni(t)Nj(t)− |Gij(t)|2

)]
− 2 |Gij(t)|2 . (C.12)

The concurrence approaches one in the limit 〈Ŝzi (t)Ŝzj 6=i(t)〉/〈n̂si (t)n̂sj 6=i(t)〉 ↘ −1
4

as discussed in section 2.5.1.2. In the noninteracting case, Ci,j(t) = 1 is reached
for |Gij 6=i(t)|2 = Ni(t)Nj 6=i(t), which simply means that two fermions at lattice
sites i and j always have opposite spin, cf. Eq. (C.6).
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D Bound and scattering states of two
fermions in a lattice

This appendix presents the calculation of the bound state and scattering states
of a spin-singlet fermionic pair in an infinite one-dimensional lattice. From
these expressions we determine the decay probability of the doublon state, |Ψ〉 =

f̂ †i,↑f̂
†
i,↓ |vac〉, into different scattering states as well as the probability that the

doublon remains intact in the long time limit. The discussion mainly adopts
the procedure for two-particle states in the Bose-Hubbard model presented in
Ref. [227].

For one spin-up and one spin-down fermion and an infinite lattice, the Hamil-
tonian (2.1) can be expressed in the form

ĤD = −J
∑
i

{|↑i〉 〈↑i+1|+ |↑i+1〉 〈↑i|+ |↓i〉 〈↓i+1|+ |↓i+1〉 〈↓i|}

+U
∑
i

|↑i, ↓i〉 〈↑i, ↓i| . (D.1)

Analogously, we write the two-fermion states in terms of the basis {|↑i, ↓j〉},
|Ψ〉 =

∑
i,j Ψ(↑i, ↓j) |↑i, ↓j〉 . In a doublon the fermions form a spin-singlet (in

order to have a wavefunction that is antisymmetric under particle exchange)
and after the decay the fermions remain in the spin-singlet subspace as the
Hamiltonian preserves the total spin (see, for instance, Ref. [113]). Thus, we
can write the two-particle wavefunction as Ψ(↑i, ↓j) = ϕs(↑, ↓) · ψ(i, j), with the
spin-singlet wavefunction ϕs(σ, σ

′) = δσ,↑δσ′,↓ − δσ,↓δσ′,↑ and a symmetric spatial
wavefunction, ψ(i, j) = ψ(j, i). Plugging |Ψ〉 into the Schrödinger equation for
Hamiltonian (D.1) yields

(E − Uδij)ψ(i, j) = −J [ψ(i− 1, j) + ψ(i+ 1, j) + ψ(i, j − 1) + ψ(i, j + 1)] . (D.2)

This relation is simplified by introducing center of mass and relative coordinates,
R = (i+ j)/2 and r = i− j, respectively. The wavefunction factorizes into a plane
wave motion of the center of mass with total wavenumber K ∈ (−π, π] and a K-
dependent relative motion, i.e., ψ(i, j) = eiKRψK(r). The relative motion satisfies
the recurrence relation

− JK [ψK(r − 1) + ψK(r + 1)] = (EK − Uδr0)ψK(r), (D.3)

with K-dependent tunneling amplitude JK = 2J cos(K/2) and energy EK .
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D Bound and scattering states of two fermions in a lattice

In the special caseK = π, this recurrence relation reads (Eπ − Uδr0)ψπ(r) = 0.
For finite on-site interaction strength, this equation is solved by: Eπ = U and
ψπ(r) = δr0, which is an extreme case of a bound state (see section D.2) that
is localized at a single lattice site; Eπ = 0 with a wavefunction that satisfies
ψπ(0) = 0 and ψπ(r) = ψπ(−r), which means it can be written as a superposition
of the scattering states ψπ,k(r) ∝ sin(k|r|) (see section D.1). In the following we
discuss the case K 6= π.

D.1 Scattering states

In the noninteracting case, Eq. (D.3) is solved by plane waves ψK,k(r) = e±ikr

with corresponding eigenenergies EK,k = −2JK cos(k). In the interacting case,
we make a scattering ansatz by writing the wavefunction as a superposition of
incoming and reflected plane waves, ψK,k(r ≥ 0) = eikr + c e−ikr. Here, k is the
relative wavenumber and ψK,k(r < 0) is determined by the symmetry condition
ψ(r) = ψ(−r). The boundary condition at r = 0 in Eq. (D.3) fixes the coefficient c
and we obtain

ψK,k(r) = ψK,k(0)

[
cos(kr) +

U

2JK sin(k)
sin(k|r|)

]
. (D.4)

Finally, we compare the decay probability of a doublon (described by the wave-
function ψK(r) = δr0) into different scattering states |ψK,k〉. In doing so, we
express |ψK,k(0)|2 in terms of the average density in the relative coordinate, n̄,
which is obtained by averaging |ψK,k(r)|2 over one period 2π/k. Note that n̄ only
depends on the system size and is independent of k, K, and U . We find that the
decay probability into the scattering state |ψK,k〉 equals

|ψK,k(0)|2 = n̄
[
1 + U2/

(
16J2 cos2(K/2) sin2(k)

)]−1
. (D.5)

The dependence of the decay probability on k and K is shown in Fig. D.1 for
small and large on-site interactions. For |U/J | � 1, |ψK,k(0)|2 is almost constant
over a wide range of k and K, except for K ≈ π or k ≈ {0, π} where it drops to
zero. In the opposite regime, it exhibits a pronounced maximum for K = 0 and
k = ±π/2.

D.2 Bound state

The bound state solution of Eq. (D.3) is determined by an exponential ansatz for
the wavefunction ψbK(r) = γ

|r|
K /
√NK , where NK is the normalization constant

and we already make the symmetry condition ψ(r) = ψ(−r) explicit. Using this
ansatz in Eq. (D.3) results in the following two conditions for the undetermined
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D.2 Bound state
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Figure D.1: Visualization of the doublon decay probability into different scattering states
|ψK,k〉, which is given by Eq. (D.5). The panels correspond to the on-site interaction
strengths U/J = 0.1 (a) and U/J = 6 (b).

quantity γK and the energy EK :

−2JKγK = EK − U,
−JK(γ2

K + 1) = EKγK .

Solving for γK and EK yields γK = U
2JK
±
√

( U
2JK

)2 + 1 and EK = ∓
√
U2 + (2JK)2.

The normalizability of the bound state requires |γK | < 1. Thus, there is no bound
state for U = 0, while there is one bound state for U > 0 (U < 0) defined by the
previous expressions of γK and EK with the lower (upper) sign. The normaliza-
tion constant is basically given by a geometric sum, NK = −1 + 2

∑∞
i=0(γ2

K)i =
(1 + γ2

K)/(1− γ2
K), which is further simplified to NK =

√
1 + (2JK/U)2.

In summary, for finite interaction strength, Eq. (D.3) has one bound state so-
lution with eigenenergy EbK = sign(U)

√
U2 + (2JK)2:

ψbK(r) =
1

4
√

1 + (2JK/U)2

[
U

2JK
− sign(U)

√( U

2JK

)2
+ 1

]|r|
. (D.6)

We now turn to the doublon survival probability PD(t) (i.e., the probability to
find the two fermions at the same lattice site at time t, given that they formed
a doublon at time t = 0). It is given by PD(t) =

∑
l | 〈↑l, ↓l| e−iĤDt |↑j , ↓j〉 |2, where

the sum runs over all lattice sites and the Hamiltonian is given by Eq. (D.1).
Going, as before, into the basis |r,K〉 with relative coordinate r and center of
mass momentum K and using that ĤD only couples states with the same K

we get PD(t) =
∑

l |
´ π
−π

dK
2π e

iK(l−j) 〈r = 0,K| e−iĤKt |r = 0,K〉 |2. Here, ĤK is the
Hamiltonian of the relative motion in the subspace of fixed K. Writing out the
modulus squared, the sum can be performed and we obtain for the doublon sur-
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D Bound and scattering states of two fermions in a lattice

vival probability:

PD(t) =

ˆ π

−π

dK
2π
| 〈r = 0,K| e−iĤKt |r = 0,K〉 |2. (D.7)

Contributions to the initial doublon state stemming from scattering states
around a relative momentum k /∈ {0, π} (for k ∈ {0, π} the overlap between
scattering state and doublon vanishes) describe wave packets where the two
fermions separate from each other in time. Thus, only contributions due to the
bound state remain localized for larger evolution times. Considering just the
bound state instead of all eigenstates in Eq. (D.7), we arrive at the long-time
limit of the doublon survival probability:

lim
Jt→∞

PD(t) =

ˆ π

−π

dK
2π
|ψbK(0)|4 = [1 + 16J2/U2]−1/2. (D.8)

Additional numerical simulations show that this value is already reached for
relatively small times Jt ≈ 5. This is very similar to the decay probability of two
adjacent spin-polarized fermions with nearest-neighbor interaction, which also
approaches rapidly a constant value, see Fig. 3.5(b).
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