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Summary

Particles underlying the laws of quantum mechanics have astonishing properties. Despite their
particle nature, they can reveal a wavelike propagation and with this move much faster than a
classical particle. This interesting behavior occurs, amongst others, in the so-called Quantum
Walk, the quantum mechanical counterpart of a classical Random Walk. While a classical particle
takes its path randomly during a random walk, a quantum particle spreads wavelike over all
possible paths and removes with this the randomness from the propagation.

With their extraordinary properties quantum walks already enabled the development of new
quantum algorithms that outperform all classical algorithms. In addition to their applications in
quantum computation, quantum walks help us to understand physical phenomena based on the
propagation of quantum particles.

Although the theoretical works to quantum walks are well advanced, their high demands on
resources allowed only for a handful basic realizations. This thesis presents a new method to
experimentally implement quantum walks. The optical experiment employs a newly designed
interferometric architecture that transfers the spatial propagation of the particles into the time
domain, which circumvents the high demands. This Quantum Walk in Time is specifically designed
to overcome the typical challenges of scalability, stability and flexibility that limit the performance
of the first quantum walk experiments. The thesis presents three different experiments which
provide new insights into the complex dynamics of quantum particles.

Chapter 1 gives a short introduction to quantum walks and discusses the similarities and
differences to classical random walks. Furthermore, it provides an overview over their applications
and the challenges that come along with their implementation.

Chapter 2 presents the basic theory of quantum walks and reveals the origin of their special
properties. In the second part the chapter focuses on the spread of light particles, so-called
photons, and their description in the photon number representation. The main result is that
many features of quantum walks can be shown with coherent light, which simplifies experimental
realizations drastically. The chapter concludes with the introduction of a new model that describes
the evolution occurring in quantum walks via creation operators.

Chapters 3-5 contain three experimental implementations of quantum walks, which are the
main results of this thesis. Chapter 3 gives a detailed introduction to the underlying principle of
quantum walks in time. In the newly designed scheme a coherent pulse repeatedly traverses a fiber
network consisting of two paths of different lengths. The resulting travel times of the individual
paths thereby represent the spatial positions of a quantum walk. Employing the polarization of
the pulse to determine the propagation direction provides the experiment a high flexibility. In
addition, the loop structure ensures an intrinsic phase stability and a high scalability of the system.
The second part of the chapter shows the first experimental implementation of a quantum walk in
time. We demonstrate the good coherence properties of the setup and exploit the flexibility to
simulate the evolution of quantum particles under different conditions. [1]

Chapter 4 investigates the impact of the underlying environment on the dynamics of a quantum
walker. By inducing tunable noise, we experimentally demonstrate the transition between wave-



and particle like propagation and the first realization of an Anderson-like localization effect in
a discrete scenario. A newly introduced modulator thereby enables the simulation of different
physical conditions. Additionally, we demonstrate with an optimized experimental configuration a
quantum walk over 28 steps, which was the highest number of steps in a quantum walk experiment
reported to that date. [2]

Chapter 5 presents the first implementation of a quantum walk on a two-dimensional lattice.
The extension of the scheme enables a spread over 169 positions, which has not been exceeded
experimentally to date. With the new setup we investigate the influence of interactions on the
dynamics of quantum particles. Our simulations of long- and short-range interactions between
two particles reveal interesting effects, as for example the creation of a bound state. [3]

Finally, Chapter 6 gives a short summary of the thesis and an outlook for future applications of
quantum walks in time.
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Zusammenfassung

Teilchen, die den Gesetzen der Quantenmechanik unterliegen, verfügen über erstaunliche Ei-
genschaften. Sie können sich trotz ihrer Teilchennatur wellenartig ausbreiten und sich damit
deutlich schneller fortbewegen als ein klassisches Teilchen. Dieses interessante Verhalten tritt
unter anderem beim sogenannten Quantum Walk auf, dem quantenmechanischen Gegenstück des
klassischen Random Walk. Während ein klassisches Teilchen bei einem Random Walk zufällig
seinen Weg sucht, breitet sich ein Quantenteilchen wellenartig über alle möglichen Wege aus und
nimmt dem Lauf damit den Zufallsaspekt.

Quantum Walks ermöglichten mit ihren außergewöhnlichen Eigenschaften bereits die Entwick-
lung neuer Quantenalgorithmen, welche alle klassischen Algorithmen leistungsmäßig übertreffen.
Zusätzlich zu ihren Anwendungen für Quantencomputer helfen sie uns physikalische Phänomene
zu verstehen, die auf der Ausbreitung von Quantenpartikeln basieren.

Obwohl die theoretischen Arbeiten zu Quantum Walks bereits weit fortgeschritten sind, haben
die hohen Ressourcenanforderungen bisher nur wenige, einfache Realisierungen zugelassen. Diese
Arbeit präsentiert eine neue Methode Quantum Walks experimentell zu implementieren. Unser
optisches Experiment nutzt eine neu entworfene Interferometerarchitektur, welche die räumliche
Ausbreitung der Teilchen in die Zeit übersetzt und so die anspruchsvollen Resourcenanforderun-
gen umgeht. Dieser sogenannte Quantum Walk in Time ist speziell dafür entwickelt worden die
typischen Anforderungen an Skalierbarkeit, Stabilität und Flexibilität zu erfüllen, die Experimente
zu Quantum Walks derzeit limitieren. Die Arbeit präsentiert drei unterschiedliche Experimente,
welche neue Einblicke in die komplexe Dynamik der Quantenteilchen gewähren.

Kapitel 1 gibt eine kurze Einführung zu Quantum Walks und erörtert die Gemeinsamkeiten und
die Unterschiede zu klassischen Random Walks. Weiterhin bietet es einen Überblick über ihre
Anwendungen und die Herausforderungen bei ihrer Realisierung.

Kapitel 2 präsentiert die elementare Theorie zu Quantum Walks und erklärt die Herkunft seiner
ungewöhnlichen Eigenschaften. Im zweiten Teil konzentriert sich das Kapitel auf die Ausbreitung
von Lichtteilchen, den sogenannten Photonen, und ihrer Beschreibung in der Photonenzahldarstel-
lung. Das Hauptergebnis stellt heraus, dass viele der Quanteneigenschaften in Quantum Walks mit
kohärentem Licht gezeigt werden können, was experimentelle Realisierungen deutlich vereinfacht.
Das Kapitel schließt mit der Einführung eines neuen Models, welches die in Quantum Walks
auftretende Dynamik durch Aufsteigeoperatoren beschreibt.

Kapitel 3-5 beinhalten drei experimentelle Implementierungen, welche die Hauptergebnisse
dieser Arbeit darstellen. Kapitel 3 gibt eine detaillierte Einführung in das Funktionsprinzips eines
Quantum Walk in Time. In dem neu entworfenen Schema durchläuft ein kohärenter Lichtpuls
wiederholt ein Fasernetzwerk, welches aus zwei Pfaden unterschiedlicher Länge aufgebaut ist. Die
auftretenden Propagationszeiten der einzelnen Pfade stellen hierbei die räumlichen Positionen
eines Quantum Walks dar. Die Festlegung der Ausbreitungsrichtung geschieht durch die Pola-
risation des Pulses, was dem Experiment eine hohe Flexibilität verleiht. Der rekursive Aufbau
gewährleistet zusätzlich eine intrinsische Phasenstabilität und eine gute Skalierbarkeit. Der zweite
Teil des Kapitels behandelt die erste experimentelle Implementierung eines Quantum Walk in Time.



Wir demonstrieren die guten Kohärenzeigenschaften des Aufbaus und verwenden seine Flexibilität
um Ausbreitungen von Quantenteilchen unter verschiedenen Bedingungen zu simulieren. [1]

Kapitel 4 untersucht den Einfluss der Umgebungsbeschaffenheit auf die Dynamik eines Quan-
tenteilchens. Durch die Einführung von kontrolliertem Rauschen zeigen wir experimentell den
Übergang zwischen wellen- und teilchenartiger Ausbreitung und die erste Realisierung einer
Andersonähnlichen Lokalisierung in einem diskreten Umfeld. Ein neu integrierter Modulator
ermöglicht hierbei die Simulation unterschiedlicher physikalischer Bedingungen. Zusätzlich de-
monstrieren wir mithilfe eines optimierten experimentellen Aufbaus einen Quantum Walk über
28 Schritte, was die höchste Schrittzahl eines Quantum Walk Experiments bis dahin darstellte.[2]

Kapitel 5 präsentiert die erste Implementierung eines Quantum Walks auf einem zweidimensio-
nalem Gitter. Die Erweiterung des Schemas ermöglicht eine Ausbreitung über 169 Positionen, was
bis heute experimentell nicht übertroffen wurde. Mithilfe des Aufbaus untersuchen wir in diesem
Kapitel den Einfluss von Wechselwirkung auf die Dynamik von Quantenteilchen. Unsere Simu-
lationen von lang- und kurzreichweitigen Wechselwirkungen zwischen zwei Teilchen enthüllen
interessanten Ergebnisse, wie zum Beispiel die Bildung eines gebundenen Zustands. [3]

Abschließend gibt Kapitel 6 eine kurze Zusammenfassung der Arbeit und einen Ausblick auf
zukünftige Anwendungen des Quantum Walk in Time.

vi



1
Introduction

Which path shall I take? Haven’t all of us asked ourselves this question before, be it at important
way points in our lives or simply at the next crossing in an unfamiliar city? And not rarely the
only solution to this dilemma is to consult the knowledge of a shiny, little coin. Depending on the
distance to our destination we have to toss the coin over and over again and finally, although not
advisable, we will find ourselves on a Random Walk [4] through an unknown city.

While in times of navigation systems and GPS getting lost has become pretty hard, the un-
derlying principle of random movement is still a widely-used model in a variety of different
fields. It helps scientists to explain how animals find their food in the wilderness [5], how share
prices behave [6], or as basis of algorithms that search in databases [7] or estimate the size of the
Internet1.

The first application of the random walk principle in physics was nearly two centuries ago. Here
the concept helped to explain the motion of tiny particles, known as Brownian motion. Later on it
lead to answers of fundamental questions of physics, such as the size of atoms and molecules, and
with this multiple Noble Prizes were granted along the way. Finally, two decades ago, the random
walk concept found its way to the world of quantum mechanics [8]. Now one could describe how
quantum particles, as for example atoms, electrons and photons behave on a random journey,
revealing an astonishing result: Quantum particles move completely differently than all particles
we experience in our everyday life and provide with their dynamics unknown possibilities in
the fields of quantum computation and quantum simulations. In recent years, Quantum Walks
have become one of the fundamental tools for understanding and utilizing the counterintuitive
dynamics in quantum mechanics. They provide insight into complex phenomena in nature, as
for example the photosynthesis process [9, 10], and are even treated as white hope for the long
awaited quantum computer [11, 12]. But before we focus on quantum walks let us look back to
understand where the concept has its seeds.

1according to worldwidewebsize.com the web contains at least 6.89 billion pages on the 10th of July 2012
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A B

Figure 1.1.: A: Clarkia pulchella pollen under a microscope, as used by Robert Brown in 1827
[13]. B: Three traces of the Brownian motion measured by Jean Baptiste Perrin in
1914 [14]. Every thirty seconds he marked the position of a grain moving in a drop
of water.

Figure 1.2.: Probability distributions illustrating the spreading of particles on a random walk after
four different times. The average covered distance σ increases with the duration of
the walk.

1.1. Walking randomly

In 1827 it attracted the attention of Robert Brown that small parts of a broken pollen constantly
perform sharp and unpredictable motions when placed in a drop of water. The individual parts
propagated in directions that randomly changed without any visible reason. However, Brown
found an explanation for this phenomenon pretty fast: He suggested the unsuspected trembling
originates from the inner life force of the particles [13]. A few experiments later, with similar
results even for dead particles, he withdrew his presumption and the correct description was
developed: Collisions of the particles with invisible water molecules force the pollen parts to their
unpredictable walk through the water drop (Fig. 1.1).

While on average the positions of the particles do not change during the walk —statistically
they are pushed from each side equally— they cover a distance from their original position over
time. Amongst others we have to thank Albert Einstein for the discovery of the explicit formula for
the mean square distance of motion [15]. The formula tells us that the traveled distance depends
on the viscosity and temperature of the surrounding fluid and on the size of the macroscopic
particle. In other words, the spread is simply given by how often a collision occurs and how far the
particle gets pushed by a single collision. The longer we wait, the more bombardments happen
and the mean square distance increases (Fig. 1.2).

The probability where to find the particle during a random walk is described by a Gaussian
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Figure 1.3.: In a Galton Board each ball chooses a random path rolling through an array of bars.
The probability where to arrive has a bell shape similar to the distribution in the
Brownian Motion.

probability distribution, with the highest probability always being at the particle’s starting point
(assuming no initial velocity) (Fig.1.2). The covered mean square distance σ2 during the walk is
given by the variance of a bell shaped curve. With the duration of the walk the particle obtains a
higher probability to reach distant positions, leading to an increase of σ2 linear with time t

σ2 ∝ t. (1.1)

This behavior is called diffusive in analogy to the physical diffusion process, where, similar to
Brownian motion, all particles undergo a random walk towards an equilibrium.

A different way to visualize a random walk is the so called bean machine or Galton Board, as
depicted in Fig. 1.3. Here balls randomly chose their path through an array of rods. At each rod
they have a probability of 50% to roll either to the left or the right. The probabilities where the
balls arrive at the bottom of the board are distributed binomial between the discrete positions.
An infinite board however, would result in a Gaussian distribution, similar to the distribution
obtained in Brownian motion (Fig. 1.2).

The explanation of Brownian motion by Einstein was a milestone for understanding the un-
derlying structure of matter. It enabled Perrin to measure the Avogadro constant and with this
to determine the size of molecules [14], ensuring him the Nobel Prize in 1926. Although this
discovery is definitely one of the highlights of the last century, we want to keep in mind a different
aspect of the Brownian motion for the remaining thesis: The distinctive bell-shaped probability
distribution and the diffusive dynamics of a random walk. These are the characteristics that
change drastically when applying the random walk concept on smaller particles —particles that
underly the laws of quantum mechanics.

1.2. From walking particles to walking waves

We expect physical objects to behave the same way as our environment in everyday life. And
indeed a random walk of granules can be described by the same formulas as the tottering of a poor
schoolchild being pushed by a handful of rowdies2. But what happens when we look at an even

2For a perfect accordance the kid would have to be pushed around 1021 times in one second by a lot of very small
rowdies . . . poor kid.
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Figure 1.4.: Random walk (left) and quantum walk (right) in a discrete network. While a classical
walker only travels a single path the wave function of a quantum walker spreads
over all possible paths simultaneously. At the positions where multiple paths cross
interference effects take place.

smaller world, the microscopic world of single atoms and electrons? Do these quantum particles
behave similar to what we know from granules and billiard balls? Quantum mechanics provides a
simple answer to this question: yes and no.

This plausible answer can be traced back to Albert Einstein and his work on the photoelectric
effect [16]. Before his publication, light had mainly been regarded as a wave. When sending
light through a double slit the electromagnetic waves interfere according their phase correlation
constructively or destructively and reveal a characteristic interference pattern. The photoelectric
effect on the other hand showed a behavior that could not anymore be explained by the wave
nature of light. To solve this issue Einstein used the concept of photons, particle-like quantizations
of light introduced by Planck [17], enforcing the controversial theory that light can also behave
like particles. He was rewarded for his work with the Nobel Prize in 1921. But this was only the
beginning of the triumphant procession of the concept. Future experiments revealed that this
new wave-particle duality confirms not only that light has particle-like properties but vice versa,
that particles can show wave-like behaviors. It was demonstrated for example that even electrons,
strictly regarded as particles until this point, can act like waves and create an interference pattern
similar to light waves [18]. Nowadays this concept is fully accepted and included in all quantum
mechanical descriptions. Important for us is that due to this wave-like behavior the dynamics of
quantum particles can drastically differ from the behavior of classical particles. Consequently,
random walks of quantum particles can be seen —as odd as it sounds— as random walks of
waves. But how does the wave nature of quantum particles change their random motion?

To describe a particle existing in a quantum mechanical environment we employ a mathematical
construct called the wave function. The wave function defines the state of the particle, as for
example the different position states possible during the random walk. At all points with a non-
vanishing wave function the particle has a non-zero probability to be found. However, as soon as
one measures the particle’s location the wave nature is destroyed and its wave function collapses.
The measurement will always reveal only a single position of the particle, even if the wave function
was spread over many different positions. But most importantly, as long as we do not measure
the particle, the wave function evolves identically to an electromagnetic wave. In particular this
means that the wave effects of superposition, i.e. the possibility to spread over many positions
simultaneously, and interference apply for a quantum walk.

But how can we picture superposition in a random walk? In a classical random walk the particle
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Figure 1.5.: Probability distributions illustrating where to expect particles on a quantum walk
after four different times. Interference effects lower the probabilities to be found at
the initial position while enhancing walks to distant places.

always travels a single path. While we don not know the exact path the particle had chosen when
measuring it after a specific time, we can be sure that it was a single trajectory. In contrast, the
wave function of a quantum particle spreads over all trajectories simultaneously (Fig. 1.4). At all
positions where two paths cross interference effects occur.

The interferences coin the distribution of the particles after a quantum walk. Destructive
interferences highly suppress the probability for the quantum particle to end up at its original
position (Fig. 1.5). This is in strong contrast to the properties of a classical random walk, as
explained before (Section 1.1). In addition, constructive interferences enhance the probability to
arrive at distant positions. This allows quantum particles to cover a long distance during their
motion, a much longer distance than a classical particle.

We already introduced a measure for this length with the mean square distance σ2 and showed
that it is proportional to the travel time t in a classical random walk. In a quantum walk however,
the dependency changes to

σ2 ∝ t2. (1.2)

A quantum particle spreads quadratically faster than its classical counterpart (Fig. 1.6). We call
these dynamics ballistic.

1.3. Why quantum walks?

As we now know the difference between the dynamics of classical and quantum particles, we can
ask the question whether you can take profit from the much faster spread obtained in a quantum
walk. Is it possible to speed up specific tasks by performing them with quantum particles?

For example the classical random walk found application in computer algorithms, and in
particular in search algorithms [4]. Imagine a structured database with millions of entries, as for
example the world wide web, and you want to find a specific entry or homepage. Without a search
engine your only possibility would be random clicking from one link to another until you find the
page by chance. This task is a perfect example for a random walk based algorithm. Hence, it is a
valid question to ask if one can speed up the search by using algorithms based on faster spreading
quantum walks.

Shenvi, Kempe and Whaley focused on this problem and indeed found a quantum walk search
algorithm [19]. They designed a search algorithm that was quadratically faster than all known
algorithms based on classical resources. In their approach they arranged all entries of the database
in a specific graph structure, where the individual entries correspond to the vertices of the graph.
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Figure 1.6.: Comparison between the distributions of quantum (blue) and classical random walk
(white) after the same runtime. The mean covered distance σ of quantum walkers is
much higher than the distance of their classical analog.

When performing a quantum walk on this graph, the walker will end up at the desired position
with a very high probability, enabling a faster search than with classical resources. Many groups
improved the efficiency of the algorithm [20] or even developed different search algorithms based
on the same idea [21] , others applied the quantum walk formalism to solve different problems. It
was found to be useful to determine whether some entries in a data base appear multiple times,
known as the element distinctness problem [22], or if multiple graphs can be mapped to each
other, which is called the graph isomorphism problem [23].

While the applications of quantum walks in specific quantum algorithms are plentiful, their
computational power is not limited to single tasks. Andrew Childs proved that a computer based
on quantum walks provides all requirements needed to perform any quantum algorithm [11]. This
proof of universality made quantum walks a new route for the long desired quantum computer.

Besides their applications in the world of computation, quantum walks also play a different,
perhaps even more important role. They provide insight into phenomena based on the transport
of quantum particles. One of many examples for the appearance of quantum walks in nature is
given by the photosynthesis process. While the underlying chemical reactions are known, there
was still an open question in the photosynthesis process bothering scientists for a long time. It was
found that the efficiency to transport energy of arriving photons from their incidence at the so
called antenna complex, to the reaction center, where the chemical reaction takes place, can exceed
99% in specific systems [24]. In between the energy has to pass a network of chlorophyll molecules
in the form of excitons. Would these excitons act like classical particles and randomly choose
their path through the network, the propagation would be too slow and a high percentage of the
energy would be lost during transport. However, it was experimentally shown that coherences can
survive in such biological systems [25], which allows for a wave-like transport of the excitations,
or in other words, a quantum walk. And indeed theoretical works confirmed that quantum walks
would explain the low loss during the transport in the light-harvesting systems [9, 10].
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Figure 1.7.: Optical Galton board simulating a quantum walk as implemented in [27] . At
each beam splitter the beam is divided equally, corresponding to steps in different
directions. At positions where two beams overlap interference effects occur similar
to quantum interference of a wave function.

1.4. How to implement a quantum walk

Despite the plentiful applications credited to quantum walks, experimental implementations
became a major challenge. But why was this the case? What are the necessary requirements to
implement a quantum walk and, even more elaborated, to use the experiment as a multi-functional
quantum computer or simulator?

Each quantum walk experiment consists of two building blocks, a walker and an environment
in which the walk takes place. There are many potential candidates for quantum walkers: atoms,
ions, electrons, as well as photons and even quasi-particles like excitons. The only restriction is
the capability of the walker to perform a wave-like propagation. However, this is a challenging
restriction. Experimentally it is very hard to extract, isolate and manipulate single quantum
particles conserving their quantum properties for a time scale long enough to perform a quantum
walk. Especially atoms and ions interact with their environment in a decoherent way, destroying
their intrinsic quantum nature. Single photons on the other hand, while robust, are easily lost in
an experiment.

However, the aforementioned restriction opens up an interesting loophole. If the only require-
ment is a wave-like behavior one can use another candidate: classical light. Electromagnetic waves
have a high potential to simulate wave functions of quantum particles. When restricting to a single
quantum walker a quantum walk yields completely equivalent dynamics to the propagation of
electromagnetic waves. Experiments with coherent classical light offer a lot of advantages: It is
easier to conserve coherences in the experiment and the corresponding setups are much more
resilient to loss.

Hence, this was the path most of the early experiments took. The first works were based on
the interference of bright laser beams all “walking” on different platforms [26, 27, 28]. However,
finding a platform where the walk can be implemented efficiently was the second experimental
challenge.

The straightforward approach is demonstrated in the work of Do et al. [27]. Their idea was to
implement an optical Galton board, an experiment that is structured similar to the classical bean
machine. But instead of an array consisting of rods, they used a cascade of beam splitters splitting
and combining an incident laser beam, as shown in Fig.1.7. The problem in this scheme is clearly
the scalability. For each additional step they needed an additional row of beam splitters and an
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additional detector. After four steps their equipment was fully exploited.
A different approach to overcome these problems was taken by Perets et al. [28]. The group

utilized an array of light-guiding channels in an AlGaAs crystal. The light tunneled during the
walk to adjacent channels simulating the spread of the wave function in quantum walks. Although
the losses were very small and the number of waveguides can be varied by design, the experiment
suffered from a general problem. The requirement for quantum walks to be useful for simulations
or quantum computation, as introduced in Sec. 1.3, is a full dynamic control over the underlying
environment. A dynamic change of the array properties however is not possible with current
technology and in addition different static conditions could only be realized by brute force, which
means manufacturing new waveguide arrays for each configuration.

The only experiments not using light as quantum walker were done in a nuclear magnetic
resonance (NMR) scheme where atomic spin excitations “walked” between 4 available positions
[29, 30]. Additionally a quantum walk of a single photon was performed, limited to one step by
design of the experiment [31].

The goal of this thesis is to overcome the problems of previous quantum walk implementations
and provide a system that is stable, scalable and flexible to not only demonstrate the high potential
of quantum walks but also act as a perfect test-bed to investigate all kinds of quantum phenomena.
We introduce in this work a scheme that provides the capability to simulate diverse scenarios
of quantum propagation in static and dynamic environments. We use coherent laser pulses as
quantum walkers, exploiting the similarity between quantum mechanics and classical wave optics.
But instead of splitting the pulses spatially we perform a quantum walk in time.

In Chapter 2 we provide the theoretical background of quantum walks, explaining amongst
others the quantum optical framework essential to understand the experiments. This includes a
self-invented formal description of quantum walks with multiple walkers[32]. In particular the
chapter focuses on the question running like a thread throughout this thesis: “To what extend
can you simulate quantum behavior with conventional light?”. In Chapter 3 we introduce the
underlying concept of our implementation and show the first realization of a quantum walk in
time. All three experiments presented in this thesis are based on the propagation of laser pulses
through a fiber network loop. The quantum coin, which influences the propagation direction,
is the polarization degree of freedom of the pulses. This enables a very high flexibility and
control of the underlying graph structure, which allows simulations of quantum walks in different
environmental conditions [1]. The experiment described in Chapter 4 investigates the behavior of
quantum particles dynamically interacting with the environment [2]. While a tunable source of
decoherence allows for a controlled transition from a quantum walk to a classical random walk,
a static disorder in the environment traps the walker at its original position. Interestingly it is
the interplay of both effects, which enables the high transport efficiency in the energy transfer of
photosynthesis [9]. The last setup, introduced in Chapter 5, transfers the quantum walk to a new
dimension. While up to now all experimental implementations of quantum walks were focused
on the propagation on a one-dimensional graph, our experiment simulates a quantum walk on a
two-dimensional lattice. The similarity to a two-particle quantum walk enables the interpretation
of the results as quantum walks with two interacting particles with an interaction strength and
flexibility that is not feasible in actual two-particle experiments. With this, we introduced a system
that helps to simplify research in the field of quantum propagation, providing all tools essential
for implementations of algorithms and simulations in the field of quantum optics.



2
Theory

Quantum effects have a huge impact on the behavior of particles on a random walk. To understand
the reasons behind the resulting counterintuitive propagation, we will focus in this chapter on the
theoretical background of quantum walks.

One interesting feature that will become clear, is that the propagation of quantum particles
on a random walk is not random at all. Quantum mechanics predicts an identical evolution of
the wave function for each iteration of the quantum walk, turning the spread from random to
deterministic. For this reason we refer to the quantum mechanical random walk as a quantum
walk instead of quantum random walk, as it was introduced by Aharonov, Davidovich and Zagury
[8]. The classical scenario will be called a random walk throughout this thesis.

Since the introduction of quantum walks in 1993 [8] many groups studied their properties
in diverse configurations theoretically, as with different graph types [33, 34, 35, 36, 37], affected
by decoherence [31, 38, 39, 40, 41, 42] or influenced by static disorders [43, 44]. Furthermore
they invented a continuous version of quantum walks [45] and discussed the connection to the
original version of Aharnov et al. [46]. Some groups applied the model of quantum walks to
explain transport phenomena in diverse physical scenarios [9, 10, 47, 48, 49, 50, 51, 52, 53]. In
addition it was discovered that quantum walks can perform specific tasks much faster than their
classical counterpart, as to traverse a glued tree graph [54, 55], quantum search [19, 21, 56, 57],
graph isomorphism problems [22, 58, 59, 60, 61, 62], element distinction [23] or they can serve as
underlying principle for universal quantum computing [11, 12, 63, 64]. A nice introductory paper
is given by Kempe [65] and overviews can be found in [66, 67, 68, 69].

However, for our purposes it is helpful to start with the introduction of a consistent quantum
mechanical framework.

2.1. Waves, spreads and clicks

In 1939 Dirac introduced the so called bra-ket notation to describe a quantum state [70]. In his
notation the wave function ψ of a quantum particle is written as a so-called ket |ψ〉. The ket
can be interpreted as a vector in an underlying Hilbert spaceH, which has the basis {|i〉}. For
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our purposes the Hilbert space spans all positions available during a quantum walk. In a finite
n-dimensional Hilbert space the state |ψ〉 can be represented as column vector

|ψ〉 =

n∑
x=1

Ax |x〉 =



A0

A1

.

.

.
An

 (2.1)

The coefficients Ax ∈ C hereby determine the complex amplitude of the wave function in the
basis state |x〉.

Every quantum walk describes the spread of a wave function in a position Hilbert spaceHx.
Quantum walks hereby allow the quantum particle only to move within a discrete network,
resulting in a fully discretized position space. Each position then corresponds to a base vector
|x〉. This discreteness by definition is in slight contrast to a random walk, where the particle can
spread in both discrete (Galton board, see Fig. 1.3) and also continuous space (Brownian Motion,
Fig. 1.1). Due to the final duration of a quantum walk the particle only reaches a limited number of
positions, which allows us to use a finite dimensional Hilbert space.

Without mentioning it explicitly, we have already introduced the concept of superposition in
Eq. (2.1). Usually a quantum particle that is supposed to perform a quantum walk is initialized
in a single position. For simplicity we call this position x = 0. Thus in bra-ket notation its wave
function ψ0 is given as

|ψ0〉 = |0〉 . (2.2)

However, during its propagation the state can evolve for example to

|ψ1〉 = A0 |0〉+A1 |1〉 , (2.3)

which describes a spread of the wave function |ψ1〉 over positions 0 and 1 simultaneously. In other
words the quantum particle is in a superposition state.

When we perform a measurement on this particle, the according wave function collapses and
we find it at a single position x. The measurement operation is described with the help of the
projection bra, which can be interpreted as row vector in the Hilbert space. The bra corresponding
to the wave function ψ is

〈ψ| = |ψ〉† =
n∑
x=1

A∗x 〈x| = (A∗0, A
∗
1, ..., A

∗
n) , (2.4)

with A∗x being the complex conjugates of the amplitudes Ax.
We can derive the probabilityP (x) to find a particle with wave function |ψ〉 at a specific position

x with
P (x) = | 〈x|ψ〉 |2. (2.5)

The notation 〈a|b〉 hereby corresponds to an inner product between the ket-vectors |a〉 and |b〉 .
Hence, the probability for the quantum walker to reside at position 0 for our example state ψ1 (
Eq. (2.3)) is given by

P (0)ψ1 = | 〈0|ψ1〉 |2 = |A0 〈0|0〉︸︷︷︸
=1

+A1 〈0|1〉︸︷︷︸
=0

|2=̂| (1, 0)

(
A0

A1

)
|2 = |A0|2, (2.6)
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since the base vectors |x〉 are orthogonal (〈i|j〉 = δi,j) . Hence, the probability to find a quantum
walker at position x is determined by the absolute squared of the amplitudeAx of its wave function.

This naturally leads to the normalization condition 〈ψ|ψ〉 =
∑
x
|Ax|2

!
= 1.

2.2. Quantum coins and steps

An illustrative way to picture a random walk is the dynamics of a lost walker looking for his path.
At each crossing he tosses a coin and, depending on its outcome, he chooses his direction. The
evolution of a quantum walk can be described similarly, with the exception that the quantum
walker now tosses a “quantum coin”. In the original paper of Aharonov et al. [8] the quantum
walker made his decision according to an internal two-level quantum state |c〉 with the basis
{|l〉 , |↔〉}. If the walker is in state |l〉 the walker propagates in one direction, if it is in |↔〉 he
moves in the opposite direction. In contrast to a classical coin, the internal state |c〉 can exist
in a superposition of both basis states |c〉 = αl |l〉 + α↔ |↔〉. This means that if the quantum
walker spreads according to the outcome of the quantum coin toss it steps in both direction
simultaneously, allowing for superpositions of his wave function in position space. Due to the
similarity to heads and tails of a coin we call the two-level system the coin state of the quantum
walker.

Quantum walks employing a quantum coin in their propagation are called discrete time quan-
tum walks (DTQW) since the evolution occurs in discrete time steps. Continuous time quantum
walks (CTQW) on the other hand describe a continuous transition of the quantum walker without
the necessity of a coin state. We introduce CTQWs in Section 2.2.2.

The coin state acts in the coin Hilbert spaceHc, which is separated from the position Hilbert
spaceHx. The size ofHc is determined by the complexity of the underlying graph structure. If
the quantum walk is performed on a linear graph the walker has only two possibilities where to go,
either to the left or right 1. Hence,Hc is a two-dimensional Hilbert space. A more complex graph
structure allows for more propagation directions, requiring a higher dimensional coin space, as
shown in Fig. 2.1.

A quantum walk takes place in the combined Hilbert spaceH = Hx ⊗Hc. Hence, to have a full
description of a quantum walker |ψ〉 we have to state its external (position) state and its internal
(coin) state.

|ψ〉 =
∑
x

∑
c

Ax,c |x〉 ⊗ |c〉 (2.7)

We can split the evolution of the quantum walk into discrete steps. One step in a quantum walk
consists of two unitary operations. First a coin operation controls the “toss off the quantum coin”,
and subsequently the step operation causes a conditioned shift depending on the resulting coin
state. The full evolution after n steps is given by a consecutive iteration of coin operator Ĉ and
step operator Ŝ applied on the initial state |ψ0〉. Introducing the evolution operator Û = ŜĈ we
obtain the final state |ψn〉 as

|ψn〉 = (Û)n |ψ0〉 = (ŜĈ)n |ψ0〉 . (2.8)

This results in an identical spread of the wave function every time the quantum walk is per-
formed with identical operations. Hence the wave function always ends up in the same fixed
superposition, removing the randomness aspect of the evolution. However, as seen in Section 2.1, a

1Here we assume the quantum walker is in motion, so simply staying at his position is not an option.
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Figure 2.1.: A: Performing a quantum walk on a linear graph allows for two propagation directions
at each position maximally. A two-dimensional coin space Hc is sufficient. B: A
more complex graph structure opens up additional possibilities for the walker (four
directions at position 2), hence requiring a higher-dimensional coin space.

measurement destroys the superposition state and the wave function collapses to a single position
with a specific probability.

2.2.1. Walking on a line

The exact mathematical structure of coin and step operator is not fixed. In this section we will
introduce the widespread formalism developed by Aharonov et al. [8] and clarified by Kempe
[65]. We utilize this description in our experimental work presented in Chapter 3-5. In complex
quantum walk scenarios, however, describing the evolution of multiple walkers on arbitrary
graph structures, this approach can become cumbersome. For these cases we invented a general
formalism, which is based on the photon number representation [32]. We will describe this new
model in Section 2.5.

To understand the formalism of Aharanov et al [8] we apply it to a simple example, the quantum
walk on an infinite line. But let us first see how a classical particle evolves in one dimension.

2.2.1.1. A random walk in 1D

In a classical random walk with a balanced 50/50-coin you expect the arrival position to be
distributed binomial around the initial position of the particle. The exact probability distribution
Pn,crw(x) is given by

Pn,crw(x) =

(
n

(n+ x)/2

)
︸ ︷︷ ︸

1

1

2n︸︷︷︸
2

, (2.9)

for a random walk after n steps and n + x is even, while Pn,crw(x) = 0 if n + x is odd. The
distribution arises due to a simple counting argument. At each step the walker has the possibility
to propagate either to the left or the right allowing for 2n different paths after n steps. To arrive
at position x, however, the ratio of steps to the left and right are fixed. The binomial coefficient
labeled 1 states in how many ways the steps to left or right can be distributed in n steps. Or in
other words, the distribution is determined by the amount of paths leading to the desired position
x (1) over all possible paths (2).
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Step n 

1
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3

4

Position x-4 420-2 Position x

-4
420-2

Figure 2.2.: A classical random walk of four steps (left) leads to a binomial distribution P4,crw(x)
(right)

As an example we consider the distribution after four steps of a CRW, as illustrated by the
Galtonboard in Fig. 2.2. The absolute number of different paths after four steps is given by
24 = 16. To end up at position x = 2 the walker has to step once to the left and three times to
the right during his four steps. Since there are four possibilities when he performs the step to the
left we obtain four different paths leading to position x = 2, which determines the probability
P4,crw(2) = 4/16 = 0.25.

2.2.1.2. A quantum walk in 1D

Similar to a random walker that determines his step direction by tossing a two-sided coin, we can
link the evolution of a quantum walker to a two-sided quantum coin. We describe the quantum
coin in the two-dimensional coin space Hc, spanned by the basis states |l〉 and |↔〉. The coin
space is fully independent from the position space Hx, which describes the spatial state of the
particle. The basis ofHx is given by the position states on the one-dimensional infinite line and
hence dimHx =∞. We simply label the basis states as integers, forming the basis set {|i〉}, with
i ∈ Z.

As mentioned before the evolution in a DTQW is split into individual steps, each consisting of
a coin Ĉ and step operation Ŝ (Eq. (2.8)). In the following we will decompose the first step of a
quantum walk into its individual operations, explaining the single parts in detail. The complete
evolution is pictured in Fig. 2.3:

1. At first we have to define the initial state of the particle. As an example we initialize the
quantum walker at position state |ψ0〉 with a coin state of |l〉

|ψ0〉 = |0〉 ⊗ |l〉 . (2.10)

Hence, the probability to find the particle at position 0 is P (0) = 1 while P (x) = 0 ∀x 6= 0.

2. The first operation of each step is the coin operation 1⊗Ĉ , which acts solely on the coin state
and does not influence the position of the walker. The only restriction on Ĉ is unitarity to
conserve the normalization conditions. We can describe the general unitary coin operation
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0 1-1-2 2 ......

P(x)
1

(1)

0 1-1-2 2 ......

P(x)
1

0 1-1-2 2 ......

P(x)
1

(2)
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+ =

Figure 2.3.: Three parts of the first step in a quantum walk with Hadamard coin (Hadamard walk).
(1): The quantum walker is initialized in coin state |l〉 at position 0. In each step
a coin operation acts on the coin state of the walker (2) and subsequently a step
operation applies spatial shift conditioned on the outcome (3).

as a matrix with basis |l〉 =

(
1
0

)
and |↔〉 =

(
0
1

)
as

Ĉ =

(
eı(φ1+φ2) cosα eıφ1 sinα
eıφ2 sinα − cosα

)
, (2.11)

with the phases φ1,2 and the rotation parameter α (neglecting a global phase shift) [71].

In our example we choose the Hadamard coin ĈH with φ1,2 = 0 and α = π/4. The coin
transforms each of the basis states to an equal superposition state, hence providing a high
similarity to a classical coin toss with a balanced coin. The operation in braket notation is
given by

ĈH |l〉 = 1√
2
(|l〉+ |↔〉)

ĈH |↔〉 = 1√
2
(|l〉 − |↔〉).

(2.12)

In matrix form the Hadamard operation is represented as

ĈH |l〉 =̂
1√
2

(
1 1
1 −1

)(
1
0

)
=

1√
2

(
1
1

)
. (2.13)

Applied to our initial state we obtain

|ψ1a〉 = 1⊗ ĈH |ψ0〉 = |0〉 ⊗ 1√
2

(|l〉+ |↔〉). (2.14)
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3. After the coin operation we perform the step operation Ŝ, which has the following form for
a one-dimensional propagation:

Ŝ =
∑
x

|x+ 1〉 〈x| ⊗ |↔〉 〈↔|+ |x− 1〉 〈x| ⊗ |l〉 〈l|. (2.15)

The operator shifts a particle that resides at position x either to the right (x + 1) if the
according coin state is |↔〉 or to the left (x− 1), for |l〉 respectively.

With this definition of the step operator the quantum walker is not able to stay at its original
position. The definition originates from the behavior of falling balls in a classical Galton
board (Fig 2.2), which also change their position at each nod. We will use this definition for
the experiments described in Chapter 3 and 4.

When applying the step operator to our example state we end up in the state |ψ1〉, given as

|ψ1〉 = ŜĈ |ψ0〉 =
1√
2

(|−1〉 |l〉+ |1〉 |↔〉) =
1√
2
|−1, l〉+

1√
2
|1,↔〉 . (2.16)

From the coefficientsA1 = A−1 = 1√
2

we can derive P (−1) = P (1) = 1
2 via Equation (2.5).

For each step during the quantum walk we simply have to apply coin and step operator on the
obtained state, as described above.

As mentioned before the interference effects caused by superpositions of the particle’s wave
function over multiple position states, change the final probability distribution drastically. Fig. 2.4
compares the spreads of a quantum particle following our example with the distribution of a
classical random walk with balanced coin. The highest arrival probability for a classical walker is
given at its starting position —most possible paths lead to this position. In quantum walks it is
significantly different. Starting from the third step interferences influence the spatial spread of
the quantum walker. While destructive interferences suppress the arrival probability at the initial
position of the quantum walk the probability to end up at distant positions is drastically enhanced.
As an example the probability to arrive at position x = 3 after 5 steps is 3.4 times higher in the
biased Hadamard walk than in its classical counterpart.

The shown spatial spread Pn(x) for the quantum walk is obtained by tracing out the coin degree
of freedom, as

Pn(x) = Pn(x, l) + Pn(x,↔) = | 〈x, l |ψn〉 |2 + | 〈x,↔ |ψn〉 |2, (2.17)

with |ψn〉 representing the wave function after n steps. It attracts attention that due to the
definition of the step operator in Eq. (2.15), a walker cannot arrive at odd positions after an even
number of steps and vice versa, assuming an initialization at position 0.

The exact shape of the probability distribution in a quantum walk is dependent on both, the
parameters of the initial state and the coin parameters α and φ, as defined in Eq. (2.11). To obtain
a symmetric distribution of the arrival probabilities one can either initialize the walker with a
symmetric initial coin state |ψ0〉s = |0〉⊗ 1√

2
(|l〉+ ı |↔〉) or perform a symmetric coin operation,

as

Ĉs =
1√
2

(
1 ı
ı 1

)
. (2.18)

Fig. 2.5 shows the corresponding symmetric distributions and in addition the asymmetric distri-
bution of our example after 100 steps, compared to the spread of a CRW.
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Figure 2.4.: Left: Probability distribution Pn(x) for the first five steps of a Hadamard walk with
initial state |ψ0〉. Due to an asymmetric initial coin state the spread becomes biased
towards positive positions. Right: In contrast a classical random walk with a balanced
coin reveals a symmetric binomial distribution, with the highest arrival probabilities
around the initial position x = 0
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Figure 2.5.: Comparison between the probability distributions P100(x) for quantum walks (blue)
and a classical random walk (red) after 100 steps. Left: Asymmetric probability
distribution due to the asymmetric initial state |ψ0〉 and the Hadamard coin operation.
Right: In contrast a quantum walk with symmetric initial state |ψ0〉s and Hadamard
coin. An identical distribution is obtained for quantum walks with symmetric coin
operation Ĉs and asymmetric initial state |ψ0〉.
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The one-dimensional Hadamard walk is a perfect example to demonstrate the unique features
of a quantum walk. Quantum interference leads to a very small and nearly flat spatial distribution
around the origin of the walk, while drastically enhancing walks to distant positions. But the
complexity of quantum walks goes much further than what can be seen in a simple Hadamard
walk. The additional degrees of freedom provided by the parameters of quantum coin and initial
state allows for a huge diversity in the performed quantum walks, which can reveal completely
different dynamics.

In our first experiment, described in Chapter 3, we will demonstrate the basic quantum walk
features of an Hadamard walk. However, in addition we investigate the influence of biased quantum
coins on the quantum walk dynamics, which can even suppress a split of the quantum mechanical
wave packet. In the subsequent Chapter 4 we make a step further revealing experimentally
the properties of quantum walks with a coin operation C(x, n) that changes with position and
duration of the walk. This leads to astonishing results, like the transition from quantum walks to
classical random walks or a localization effect, that traps the walker at its initial position.

2.2.2. How to evolve - discrete or continuous

In the last section we introduced the coin state, an internal quantum state of the particle. Here we
want to address shortly the necessity of such a coin state and the according coin operation.

In the example of the quantum walk on the line the coin space is two-dimensional, and hence
can be represented by a two-level system. There are many examples of natural two-level systems,
as e.g. the spin of atoms, or the polarization state of photons. However, quantum walks in general
do not necessarily need a coin state. The coin state itself can simply be interpreted as a quantum
mechanical, ancillary parameter that defines the traverse probability between two positions.

In 1998 Farhi et al. developed a quantum walk formalism without additional coin states, the
so-called continuous time quantum walk (CTQW) [45]. In their model the discrete position space
is fully described by a Hamiltonian Ĥ . The temporal evolution is generated by applying the unitary
operation U(t) on an initial state |ψ0〉, as

|ψt〉 = U(t) |ψ0〉 = e−ıĤt |ψ0〉 . (2.19)

In the approach of Farhi et al. the probability to step to an adjacent position is given by coupling
terms in the Hamiltonian and is not set via coin states. The time evolution is continuous, which is
in contrast to the coined quantum walk introduced in the prior section. To distinguish both cases
the coined quantum walk is also called a discrete time quantum walk (DTQW). The exact relation
between both quantum walk models was given by Strauch [46], who showed that the DTQW can
be mapped on the CTQW by increasing the step number to infinity, and of course eliminating the
coin state in a specific way. Lately also a third model was proposed, combining both formalisms to
a discontinuous quantum walk [64].

In this thesis we mainly focus on the original version of the quantum walk —the discrete time
quantum walk. However, we will discuss the experimental progress in both frameworks, the
DTQW and CTQW, and compare the experimental challenges of both approaches.

2.2.3. Quantum walks in momentum space

As mentioned in Chapter 1 quantum walks spread quadratically faster than classical random walks.
There are two possibilities to quantify the velocity of this fast expansion. We can either look at the
average spread of the wave function by analyzing the resulting spatial probability distribution or
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Figure 2.6.: Variance σ2(n) of a Hadamard walk with initial state |ψ0〉 = |0〉 ⊗ |↔〉 (blue) and
the classical random walk (red) for up to n = 50 steps. While the variance increases
linearly for a classical random walk it shows a quadratic behavior for the quantum
walk.

we can transfer the problem to the momentum space, which reveals the allowed velocities in the
quantum walk scenario.

The first approach is based on the variance σ2(n) of the probability distribution, which is given
by

σ2(n) =
∑
x

P (x, n)d[x, x0]
2. (2.20)

The parameter d[x, x0] states the distance between the initial position x0 and position x that
is reached with probability P (x, n). The corresponding standard deviation σ(n) describes the
average distance passed by the particle during its walk of n steps.

We can calculate the variance for our example state introduced in Section 2.2.1 and for com-
parison for a classical random walk with a balanced coin. The evolution of the variance clearly
demonstrates the different dynamics in both scenarios (Fig. 2.6). While the quantum walk results
in a ballistic spread (σ2(n) ∝ n2), a classical random walker evolves diffusively (σ2(n) ∝ n) .

The second possibility for how to decrypt the dynamics of a quantum walk is to investigate
its evolution in momentum space. This method was nicely described by Reinhard Werner in a
private discussion and is also explained in detail in [67]. Ahlbrecht et al. extended the principle to
a two-particle quantum walk with defects in [53]. With this approach we are able to extract the
band structure of the system and with this the allowed energies and corresponding velocities of
our quantum walker.

To switch from position space to momentum spaceHp we have to perform a Fourier transforma-
tion on the walk defining operators and states. Since the coin operator Ĉ is position independent,
it is equivalent in both momentum and position space. Hence, the Fourier transformation only
acts on the the initial state |ψ0〉 and the translation invariant step operator Ŝ.

We switch to the Fourier basis the following way [67]:

|p̃〉 =

∞∑
x=−∞

eıpx |x〉 , p ∈ [−π;π] (2.21)

with the converse transformation

|y〉 =
1

2π

∫ π

−π
e−ipy |p̃〉dp. (2.22)
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Thus an initially localized state, given by |ψ0〉x = |0〉 ⊗ |l〉 in position space, is represented in
momentum space as

|ψ0〉p =
1

2π

∫ π

−π
|p̃〉 ⊗ |l〉 dp. (2.23)

The equation reveals that the state is equally distributed over all momentum states, resulting in a
fully undetermined initial momentum of our walker.

For our analysis we split the step operator (Eq. (2.15)) into the two parts as

Ŝx =

∞∑
x=−∞

|x+ 1〉 〈x| ⊗ |↔〉 〈↔|︸ ︷︷ ︸
Ŝx,↔

+

∞∑
x=−∞

|x− 1〉 〈x| ⊗ |l〉 〈l|︸ ︷︷ ︸
Ŝx,l

, (2.24)

and transform both components individually. Since the coin state is not affected by the transfor-
mation, we can omit it in the following and derive Ŝp,↔ in the Fourier basis as

Ŝp,↔ =
1

2π

∫ π

−π

1

2π

∫ π

−π

∞∑
x=−∞

e−ip(x+1) |p̃〉 〈p̃′| eip′xdp′dp

=
1

4π2

∫ π

−π

∫ π

−π
e−ip

∞∑
x=−∞

eix(p
′−p) |p̃〉 〈p̃′|dp′dp

=
1

4π2

∫ π

−π

∫ π

−π
e−ipδp,p′ |p̃〉 〈p̃′| dp′dp

=
1

2π

∫ π

−π
e−ip |p̃〉 〈p̃|dp. (2.25)

The derivation reveals that e−ip is the eigenvalue of the step operator Ŝp,↔ in momentum space.
In a similar way we obtain the eigenvalue eip for Ŝp,l.

Hence the step operator Sp(p) for each momentum has a matrix form of

Ŝp(p) =

(
eıp 0
0 e−ıp

)
, (2.26)

in the basis of coin states {|l〉 , |↔〉}. We can interpret this result in the following way: A particle
with impulse p acquires a phase shift of e±ıp, when it propagates to the left or right in position
space, respectively.

The full evolution operator in momentum space Ûp(p) is the product of step operator Ŝp(p)
and coin operator Ĉ. For our example of the Hadamard walk with coin ĈH we obtain

Ûp(p) = Ŝp(p)ĈH =
1√
2

(
eıp eıp

e−ıp −e−ıp
)
. (2.27)

To obtain the full set of eigenvalues λ±, we diagonalize the evolution operator for each value of
p individually, resulting in

Ûp(p) = λ+ |φ+(p)〉 〈φ+(p)|+ λ− |φ−(p)〉 〈φ−(p)| , (2.28)
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with λ± = ±e±ı arcsin
(

1√
2
sin p

)
. Using the ansatz λ± = eıω±(p) we obtain for the spectrum of the

operator

ω+(p) = arcsin

(
1√
2

sin p

)
(2.29)

ω−(p) = π − arcsin

(
1√
2

sin p

)
.

The corresponding eigenvectors are given by

|φ±〉 =
1

N±

(
1√

2ei(ω±(p)−p) − 1

)
. (2.30)

The normalization factors are

N2
± = 2(1 + cos2(p)∓ cos(p)

√
1 + cos2(p)). (2.31)

The relation between the quasi energies ω±(p) and the momentum p gives us the dispersion
relation of the Hadamard walk. It consists of two bands with a band gap in between, which can be
seen in Fig. 2.7A. This two-band nature of a quantum walk is similar to the dispersion relation of
electron positron pair [72, 73]. In [74] we reconstructed the quantum walk band structure using
difference equations, which lead to a similar result.

We can use the spectrum of the operator to calculate the evolution of the quantum walk in
momentum space and obtain for the initial state |ψ0〉 (Eq. (2.23)) in the eigenbasis of the evolution
operator Ûp(p)

|ψ0〉 =
1

2π

∫ π

−π
|p̃〉 ⊗ (〈φ−| l〉 |φ−〉+ 〈φ+| l〉 |φ+〉)dp.

=
1

2π

∫ π

−π
|p̃〉 ⊗ (

1

N−
|φ−〉+

1

N+
|φ+〉)dp. (2.32)

The initial momentum is equally distributed over both bands.
After n steps however the momentum distribution changes according the eigenvalues λ± as

|ψn〉 = Ûn |ψ0〉

=
1

2π

∫ π

−π
|p̃〉 ⊗ Ûp(p)n |l〉dp

=
1

2π

∫ π

−π
|p̃〉 ⊗

λn−
N−
|φ−〉+

λn+
N+
|φ+〉 dp. (2.33)

The transformation of the above state |ψn〉 back to position space can be found in [67] for the
example of a Hadamard walk.

A simpler approach to obtain the spatial distribution from the momentum space representation
is to employ the evolution matrix Ûp(p) in the basis of the coin states, as given in Eq. (2.27). When
we use this representation in Eq. (2.33) we obtain for the example of the first step of the Hadamard
walk

|ψ1〉 =
1

2π

∫ π

−π
|p̃〉 ⊗ Û(p)1 |l〉dp

=
1

2π

∫ π

−π
|p̃〉 ⊗ (

1√
2
eip·(−1) |l〉+

1√
2
eip·1 |↔〉)

=
1√
2
|−1〉 ⊗ |l〉+

1√
2
|1〉 ⊗ |↔〉 . (2.34)
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Figure 2.7.: A: Band structure of the Hadamard walk with the quasi energies ω±(p). B: Transverse
velocity v±(p) obtained from the band structure. Due to the specific curvature a big
fraction of the momenta p lies in the high velocity regime (between dashed lines),
which explains the fast spread.

The result is equivalent to the formula obtained in position space in Eq. (2.16). Quantum walk
calculations in momentum space, however, have a huge advantage compared to calculations
performed in position space. While the dimension of the evolution operator in position space
Ûx = ŜxĈ scales with the number of positions of the underlying graph as dim(Ûx) = 2x× 2x,
the evolution operator in momentum space Ûp(p) is always two-dimensional for a quantum walk
on a line. The individual positions x are represented by the exponent of the eigenvalues of the step
operator in momentum space eip·x. This simplifies calculations of systems with a high number of
available positions drastically.

With knowledge of the band structure ω±(p) we can also derive the transverse velocities of the
quantum walkers v±(p) as the derivative of the energy bands over the momenta:

v±(p) =
dω±(p)

dp
= ± cos p√

2− sin2 p
. (2.35)

This velocity defines how fast the quantum walkers propagate on the one-dimensional line in
position space, and hence determines the variance of the final spread.

The transverse velocities of the Hadamard walk are plotted in Fig. 2.7 B. The maximal velocity
is given by vmax = 1√

2
, stating that the fastest particles walking on the line reach position n√

2
after

n steps. The curvature around the maximal velocities is flat allowing particles in a large p-interval
to propagate with this high velocity. With an initial state that occupies all p-values equally, like
|ψ0〉, we expect a high fraction of quantum walkers to spread with a speed around vmax.

This gives an explanation why the probability distributions have their highest peaks around
position x = n√

2
, as shown in the plots Fig. 2.4 and Fig. 2.5.

For comparison we investigate a quantum walk driven by the identity coin

Ĉ1 =

(
1 0
0 1

)
. (2.36)

The identity coin does not transform the coin state during the evolution. Thus a walker initialized
in the state |φ0〉 = |0〉 ⊗ |l〉 steps in negative x-direction at each step, ending up at position
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Figure 2.8.: A: Band structure of the quantum walk with identity coin. B: The transverse velocity
v±(p) is constant.

x = −n after n steps with certainty. We can nicely see this behavior in the momentum space
representation.

In this scenario the evolution operator is simply given by the step operator Ûp(p) = Ŝp(p) with
the eigenvalues λ = e±ıp (Eq. (2.26)). Hence we obtain a linear dispersion relation ω±(p) = ±p,
as depicted in Fig. 2.8A.

The corresponding eigenvectors are the coin basis states, |φ+〉 = |↔〉 and |φ−〉 = |l〉. Hence,
according to Eq. (2.33), the initial state |φ0〉 occupies only the band ω−. The corresponding
transverse velocity (Fig. 2.8B) is constant for all p and given by v− = −1. Hence independent
from the momentum of the walker the propagation will always be in the negative x-direction with
the same velocity v− = −1 and thus result with certainty in the final position x = −n.

2.3. Entanglement

Besides the effect of superposition, the laws of quantum mechanics introduce a second phe-
nomenon, which can not be explained by classical physics: Entanglement. Entanglement describes
non-classical correlations between multiple subsystems, allowing predictions about the state of
one subsystems due to measurements on another. A state is entangled if the systems can not be
written as a product of wave functions describing the individual subsystems [70].

The best example for an entangled state is given by the so-called Bell states, which act on two
subsystems A and B, each with the orthogonal basis states |0〉 and |1〉. The Bell state |Φ+〉 has the
form [70]

|Φ+〉 =
1√
2

(|0A, 0B〉+ |1A, 1B〉). (2.37)

When we make a measurement on subsystem A with the result |1〉 , we know with certainty
that subsystem B is in state |1〉, even without performing a second measurement. Additional
measurements in an orthogonal basis show that this correlation violates the Bell-inequality [75],
which defines a classical limit for the occurring correlations.

Entanglement can also be found in quantum walks. A good example for this quantum effect
is again the Hadamard walk on a line. After the first step the wave function of the walker |ψ1〉
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spreads over two positions with orthogonal coin states, as

|ψ1〉 =
1√
2
|−1, l〉+

1√
2
|1,↔〉 . (2.38)

In this example the two entangled subsystems are represented by the position spaceHx and the
coin spaceHc. Measuring the coin state reveals the position of the particle and vice versa, identical
to the correlations appearing in a Bell state.

In this example both subsystems belong to the same particle [34], which restricts its usability of
the created entanglement [76]. You can not separate the individual subsystems as would be the
case for entanglement distributed between multiple particles and furthermore a measurement
of one subsystem destroys the other. However, entanglement can also arise between multiple
quantum walkers [62]. We will discuss multi-particle entanglement in quantum walks further in
Chapter 5, where we show how to simulate this effect experimentally using a quantum walk with a
single walker on a complex graph structure.

2.4. Quantum walks in optics

The theoretical model explained in the previous sections is a very general description of discrete
time quantum walks and hence fully independent of the sort of walking quantum particle. Never-
theless, since all experiments that will be discussed in this thesis are based on photons, we want to
delve deeper into the field of quantum optics in this section. After introducing the basics, we want
to focus on the question of what quantum walks are possible to simulate with coherent light pulses
instead of single photons. In the end we use the common notation of creation and annihilation
operators to develop our own description of quantum walks.

2.4.1. Creation and annihilation of photons

The most common formalism to describe photonic systems in quantum optics is the photon num-
ber state representation. The nomenclature originates from the quantization of the energy levels
of a quantum mechanical harmonic oscillator [70]. Based on this formalism we can characterize
each photonic system in terms of discrete modes. If m photons occupy a specific mode i we can
write the mode in Dirac notation as |mi〉. This is in contrast to our previous nomenclature, where
the ket vector described the position or coin mode directly, and not the number of particles in
that mode.

An increase or decrease of the photon number in mode i is performed via creation â†i or
annihilation operators âi as

â†i |mi〉 =
√
m+ 1 |(m+ 1)i〉

âi |mi〉 =
√
m |(m− 1)i〉 . (2.39)

The prefactors arise due to normalization conditions. Hence each state |mi〉 can be constructed by
a repeated application of the creation operator on the vacuum state |0〉:

|mi〉 =
1√
m!

(â†i )
m |0〉 . (2.40)

Applying the photon number operator â†i âi on the state |mi〉 we obtain

â†i âi |mi〉 =
√
mâ†i |(m− 1)i〉 = m |mi〉 , (2.41)
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Figure 2.9.: Left: Beam splitter with input modes a and b and output modes c and d. Right:
Quantum walk via beam splitter cascade: Interference effects occur when both input
ports of a beam splitter are used (red).

with the value m being the number of photons in mode i.
The nature of the underlying modes is arbitrary. They can symbolize for example frequency

modes to describe photons with different wavelengths or spatial modes representing discrete
position states, as we will see in the example of a simple beam splitter.

2.4.2. Quantum walk with beam splitters

We will see in this section that a photon traversing a single beam splitter (BS), as simple as it is, can
already be interpreted as the first step of a photonic quantum walk. To understand the equivalence
we define four different spatial modes, corresponding to both input ports of the beam splitter a
and b and both output ports c and d, as depicted in Fig. 2.9 (left).

With the defined modes we can write the initial state |ψ0〉, which describes one photon ap-
proaching the beam splitter in input mode a, as

|ψ0〉 = |1a, 0b, 0c, 0d〉 = â†a |0a, 0b, 0c, 0d〉 , (2.42)

with the operator â†a being the creation operator of a photon in mode a, while creation operators
of the other modes will be called â†b, â

†
c and â†d respectively.

The beam splitter with transmission T transforms the creation operator as

â†a →
√

1− T â†c +
√
T â†d

â†b →
√
T â†c −

√
1− T â†d, (2.43)

with the minus sign in the lower equation conserving the unitarity of the operation2. When

rewriting the operation in matrix representation with basis

(
1
0

)
for a photon entering or

2The shown transformation is only one possibility to describe the unitary operation of a beam splitter. The phase
factor could also be symmetrically distributed between both output ports. We will use the asymmetric definition
throughout the thesis.
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leaving at the ports a and d and

(
0
1

)
for photons using ports b and c, we obtain for a 50/50

beam splitter (T = 0.5) (
â†d
â†c

)
=

1√
2

(
1 1
−1 1

)(
â†a
â†b

)
. (2.44)

The reason we can link the ports a to d and b to c respectively becomes clear when arranging an
array of beam splitters as pictured in Fig. 2.9 right. Here we see that a photon exiting output port
c enters the next beam splitter at its input b with a similar behavior of modes d and a .

The similarity of the beam splitter operation to the Hadamard coin, introduced in Sec. 2.2.1,
allows us to interpret the input/output port of a BS as the coin state defining a quantum walk. In a
quantum walk the direction the quantum walker steps to is set by its internal coin state. In full
equivalence the propagation direction of the photons depend on which output ports of a BS are
used. We can interpret the different directions as steps either to the left or right direction on the
one-dimensional position line (Fig. 2.9 right). When we define that all photons in output mode c
propagate in the positive x-direction, while all photons leaving in mode d traverse in the negative
x-direction we obtain a step operator similar to Ŝ, as defined in Equation (2.15). If during the
propagation both input ports of a BS are used interferences can occur, which is fully equivalent to
the interference effects in a quantum walk.

We have seen in this section how to implement a quantum walk using a cascade of beam splitters.
Hereby the coin operator is determined by the beam splitter operation, while the step operation is
simply a spatial propagation of the photons after the beam splitter. But this implementation raises
some questions: Is a quantum walk built by a beam splitter cascade experimentally feasible? The
first issue that sticks out is the bad scalability: For each step multiple additional beam splitters are
needed, scaling quadratically with the step number. To be exact a quantum walk implementation
with n steps would require 1

2n(n + 1) beam splitters —a completely unacceptable scaling of
resources. In addition it is desirable to measure the final position state of the photon. Thus we
also require a detector at each output port spiraling the experimental costs rapidly. This, however,
is just one of many experimental problems with these kinds of setups. We will discuss all issues in
more detail in Chapter 3 and present our solutions for a scalable quantum walk experiment.

The second question that arises concerns the quantumness of the system. Up to now we
restricted our considerations to creation operators of single photons, which are clearly quantum
particles. But obviously beam splitters perform an equivalent operation when sending in classical
bright light. Interferences occurring during the propagation through the beam splitter network
are similar to the interferences of the wave functions of single photons. So what is the difference
of a quantum walk and a “light walk”? In the following sections we want to focus on this question
and point out the similarities and differences of both systems.

2.4.3. Quantum walks with creation operators: Single photons and coherent states

The biggest difference between a quantum walk of single photons and a quantum walk of bright
light is of course the measurement process. While a measurement in a single photon QW would
completely destroy the state (collapse of wave function), bright light with millions of photons
would not be affected by a single photon measurement at all. The more interesting question
is however if the output statistics changes in both scenarios: Is the distribution obtained in an
intensity measurement of a light walk similar to the click statistics of a single particle quantum
walk?
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To describe the evolutions in quantum walks for both single photons and bright light we use
the Dirac notation. As mentioned before a quantum walk consists of unitary coin (Ĉ) and step
operator (Ŝ). In the Dirac notation these operators act on the photon creation operators â†i , which
are defined on the combined Hilbert spaceH = Hx ⊗Hc, spanned by the states |i〉 = |x, c〉 of
dimension s× r, with dimHx = s and dimHc = r.

We define the operator â†i to create a photon in mode i corresponding to the spatial mode x
with coin state c when applied on the vacuum state |0〉 :

â†i |0〉 = |01, 02, ..., 0i−1, 1i, 0i+1, ..., 0s×r〉 . (2.45)

An example for a transformation of creation operators was already introduced with the operation
of a beam splitter, given in Equation (2.43).

We can describe the initial state of a single photon with the operator â†i0 , starting its quantum
walk at positions x0 in coin state c0. Since the complete evolution after n steps of the quantum
walk is again obtained by applying the unitary operation Û(n) = (ŜĈ)n on the initial photon
state, we obtain

Û(n)â†i0 |0〉 =
∑
i

Ai(n)â†i |0〉 . (2.46)

The coefficients Ai(n) state the amplitude of the wave function in mode i after n steps of the walk.
The final probability P (m,n) for the single photon to end up in mode m after n steps is given by

P (m,n) = | 〈1m|
∑
i

Ai(n)â†i |0〉 |
2

= |
∑
i

〈1m|Ai(n) |1i〉 |2

= |Am(n)|2, (2.47)

since the individual modes are orthogonal (〈1i|1j〉 = δi,j).

A big advantage of the photon number representation is the simple transition from single walker
quantum walks to quantum walks with multiple photons. Each walker is hereby represented by an
individual creation operator. Hence, a quantum walk with p identical photons starting in the same
initial state |i0〉 is described by

1√
p!

(
Û(n)â†i0

)p
|0〉 =

1√
p!

(∑
i

Ai(n)â†i

)p
|0〉 , (2.48)

with the normalization factor 1√
p!

resulting from Eq. (2.40). As before we can now calculate the
probability for a photon to arrive in mode m. For simplicity we restrict ourselves to a quantum
walk of two particles (p = 2). In this scenario the probability is a sum over the situations, where
one single photon is in the desired mode m while the other is in an orthogonal state, and the
situation where both photons end up in m:
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P (m,n) =
1

2
|
∑
j 6=m
〈1m, 1j |

1√
2

(∑
i

Ai(n)â†i

)(∑
i′

Ai′(n)â†i′

)
|0〉 |2

+| 〈2m|
1√
2

(∑
i

Ai(n)â†i

)(∑
i′

Ai′(n)â†i′

)
|0〉 |2

=
∑
j 6=m
|Aj(n)|2|Am(n)|2 + |Am(n)|4 = |Am(n)|2

∑
j

|Aj(n)|2︸ ︷︷ ︸
1

. (2.49)

We see that the probability for a photon to arrive in a specific position is still equivalent to a
single particle quantum walk. Hence the evolution of one quantum walker is not influenced by
the presence of the second photon, when starting in the same initial state. The calculation also
reveals that the coincidence probability, that is the probability that one photon ends up in state
m while the other is in m′, is simply given by the product of the corresponding single photon
probabilities to |Am(n)|2|Am′(n)|2. We extend these considerations in the following section for
distinguishable photons and indistinguishable photons starting at different positions.

But first we investigate the behavior of quantum walks performed by bright light, instead of
single photons. For our purposes we assume our bright light source as a coherent laser beam. We
can write the coherent state |α〉 in photon number representation as

|α〉 = e−
|α|2
2 eαâ

†
i |0〉 = e−

|α|2
2

∞∑
p=0

αpâ†pi
p!
|0〉 . (2.50)

It can be interpreted as a superposition of all possible photon number states with a mean photon
number of 〈p〉 = |α|2 [70].

In accordance with Eq. (2.48) we obtain for the evolution of a coherent light quantum walk with
initial mode i0

|α〉 → e−
|α|2
2 e

αÛ(n)â†i0 |0〉 = e−
|α|2
2 eα

∑
i Aiâ

†
i |0〉

= e−
|α|2
2

∞∑
p=0

αp

p!

(∑
i

Aiâ
†
i

)p
|0〉 . (2.51)

We can interpret the evolution as a sum over quantum walks with a different number p of indistin-
guishable photons starting in the same initial state. Since we already saw in Eq. (2.49) that two
identical photons do not influence each other, we can expect similar probability distributions for a
quantum walk with coherent states.

And indeed, when we calculate the probability distribution Pα(m,n) for a single photon out of
a coherent state to end up in mode m after n steps we obtain

Pα(m,n) = | 〈1m| e−
|α|2
2 α

∑
i

Ai(n)â†i |0〉 |
2

= e−|α|
2 |α|2︸ ︷︷ ︸

(1)

|Am(n)|2︸ ︷︷ ︸
(2)

. (2.52)
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The first factor (1) determines the relative frequency of a single-photon event. Since it is indepen-
dent of position and coin it does not affect the photon distribution. The second term, however,
reveals the same probabilities of a single photon quantum walk, as shown in Eq. (2.47).

Hence a coherent state on a quantum walk is equivalent to multiple simultaneous and indepen-
dent quantum walks of single photons. This simplifies experimental implementations drastically.
Instead of building a source that generates individual single photons we can directly use photons
provided by a laser to investigate the evolution in a quantum walk. In addition it is not necessary
to repeat a measurement over and over again to obtain the statistics. A coherent state with a high
average photon number will reveal the distribution in a single shot.

In a similar way we can show that a quantum walk of a coherent state can simulate a single
photon quantum walk if the particle starts in a superposition state â†i0 →

∑
iBiâ

†
l,j . We can

reinterpret this case as two consecutive quantum walks with the same particle: The first QW
generates the superposition state, while the second describes the actual propagation.

All calculations so far are for photons and hence non-interacting particles. However, quantum
walks of interacting particles behave differently and the above equations have to be expanded with
an interaction term. We will delve deeper into this scenario in Section 5.1.3.1.

In conclusion we found that the probability where a single photon ends up in a quantum walk
is not influenced by the existence of additional photons, under the condition that all photons
begin their walk in the same initial state. In this scenario also no correlations arise between the
individual walkers. If we now replace a single photon by a coherent state we fulfill exactly this
condition, multiple photons initialized in the same state. Hence, a quantum walk with a coherent
state reveals a fully equivalent distribution to a quantum walk of a single photon and thus can be
used and even be beneficial for experimental quantum walk implementations.

2.4.4. Limitations of coherent light: Multi-particle quantum walks

The calculations in the previous section were all done for quantum walks with a single photon
or quantum walks with p identical photons all initialized at the same position. In this section we
want to investigate what happens on quantum walks with multiple photons that are not identical.
We will focus on two cases, which introduce a different kind of distinguishability. At first we
investigate quantum walks of distinguishable photons, hence photons that do not interfere with
each other due to their properties like wavelength or polarization, and secondly quantum walks of
indistinguishable photons, simply starting their walk in different initial states.

2.4.4.1. Quantum walks with distinguishable photons

The behavior of distinguishable photons on a quantum walk is obvious. If the photons do not have
the possibility to interfere with each other we can treat them as multiple single photon quantum
walks. We can look at a simple example of a quantum walk with two distinguishable photons a
and b with creation operators â† and b̂†. Since both photons are distinguishable, they live in two
different Hilbert spacesHa andHb. Hence, the evolution during a quantum walk is described by
two individual terms

a†i0b
†
j0
|0〉 → (Û(n)a†i0)(Û(n)b†j0) |0〉 = (

∑
i

Ai(n)â†i )(
∑
j

Bj(n)b̂†j) |0〉 . (2.53)

Without loss of generality we will restrict our calculations to a fixed step number of n for simplicity.
The coincidence distribution Pc(m,m′) describes the probability of photon a arriving in mode m
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and photon b simultaneously ending up in mode m′:

Pc(m,m
′) = | 〈1m, 1m′ | (

∑
i

Aiâ
†
i )(
∑
j

Bj b̂
†
j) |0〉 |

2

= | 〈1m, 1m′ |AmBm′ â†mb̂
†
m′ |0〉 |

2 =

= |Am|2|Bm′ |2. (2.54)

The coincidence probabilities are decomposable into the two single particle probabilities |Am|2
and |Bm′ |2. Hence, both particles evolve independent from each other. This behavior is similar
to quantum walks with multiple particles starting at the same position, as explained in the last
section. Additionally we can derive the probability Pa,b(m) that either photon a or b arrives in
mode m by tracing over the second photon:

Pa(m) =
∑
j

| 〈1m, 1j |AmBj â†mb̂
†
j |0〉 |

2

= |Am|2
∑
j

|Bj |2︸ ︷︷ ︸
1

, (2.55)

Pb(m) =
∑
i

| 〈1i, 1m|AiBmâ†i b̂
†
m |0〉 |2

= |Bm|2
∑
i

|Ai|2︸ ︷︷ ︸
1

. (2.56)

Again the single photon probabilities are not influenced by the additional photon. This means we
can mimic the evolution in quantum walks of two distinguishable particles by using two coherent
states |α〉a and |α〉b with distinguishable photons a and b. Simulating this scenario with two
identical coherent states |α〉, however, would change the coincidence statistics, since we can not
distinguish whether both photons were generated by the same or by different sources, as we will
see in the following section.

2.4.4.2. Quantum walks with indistinguishable photons

The last scenario we investigate is a quantum walk with two indistinguishable particles that start in
different initial states. In accordance to Eq. (2.54) we obtain the coincidence probabilityPc1(m,m′)
for both photons ending up in different modes (m 6= m′) of

Pc1(m,m
′) = | 〈1m, 1m′ | (

∑
i

Aiâ
†
i )(
∑
j

Bj â
†
j) |0〉 |

2

= | 〈1m, 1m′ |AmBm′ â†mâ
†
m′ +Am′Bmâ

†
m′ â
†
m |0〉 |2,

= |Am′Bm+AmBm′ |2. (2.57)

This equation reveals that the wave functions of both particles interfere during the quantum walk
and hence influence the combined evolution. This changes the coincidence probability compared
to the distribution obtained for distinguishable particles (see Eq. (2.54)). We can highlight the
special case of both particles ending up in the same mode m, which results in the distribution

Pc2(m) = | 〈2m|AmBmâ†2m |0〉 |2 = 2|Am|2|Bm|2. (2.58)
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The probability to end up in the same state is twice as high for two indistinguishable photons
compared to distinguishable particles (Eq. (2.54)). This bunching effect is typical for bosonic
particles with its most famous example being the Hong-Ou-Mandel (HOM) interference [77]. Here
two particles enter a 50/50 beam splitter in two different input ports. The result is an interference
effect, which annihilates the possibilities that both particles exit the beam splitter at different
output ports, while enhancing the probability that both particles exit the beam splitter at the same
output by the factor of two.

According to our calculations the enhancement factor scales with the number of photons
in different input ports by p!, given by the normalization conditions of the creation operator
(Eq. (2.40)).

The overall probability for a photon to arrive in mode m combine the previous results to

P (m) =
1

2

∑
m′ 6=m

Pc1(m,m
′) + Pc2(m). (2.59)

The factor 1
2 arises from the fact that we calculate the arrival probability for a single photon, while

investigating a two-photon scenario, and hence want to avoid double counting. Including the
earlier results of Eq. (2.57) and Eq. (2.58) we obtain

P (m) =
1

2

∑
m′ 6=m

|AmBm′ +Am′Bm|2 + 2|Am|2|Bm|2

=
1

2

∑
m′

|AmBm′ +Am′Bm|2

=
1

2

∑
m′

|AmBm′ |2 +
1

2

∑
m′

|Am′Bm|2

+
1

2

∑
m′

AmBm′A
∗
m′B

∗
m︸ ︷︷ ︸

=0

+
1

2

∑
m′

A∗mB
∗
m′Am′Bm︸ ︷︷ ︸
=0

=
1

2
(|Am|2 + |Bm|2). (2.60)

Surprisingly, the probability for one photon to arrive at a specific position with a given coin is still
equivalent to the values obtained by quantum walks with distinguishable photons, although the
coincidence distributions Pc1 and Pc2 differ. The reason for the last two sums in line four to be 0
is a restriction given by the unitarity of the transformation Û . We can again compare this with a
HOM-scenario. Although both particles bunch with certainty, the probability for a photon to exit
a specific port of the beam splitter is still 50%.

In contrast we can calculate the two-click coincidence probabilities Pcα(m,m′) of a quantum
walk performed by two similar coherent states |α〉 starting at different positions. Based on
Eq. (2.51) we obtain for different output states m 6= m′

Pcα(m,m′) = e−2|α|
2 |α|4

2
|AmBm′ +Am′Bm +

1

2
AmAm′ +

1

2
BmBm′ |2. (2.61)

The result reveals that when we perform quantum walks with two similar coherent states we do
not know the origin of the two photons we measured. The possibility that a two photon event is
induced by a single source, given by the last two terms in the equation, changes the coincidence
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probabilities when compared to the two-photon scenario of Eq. (2.57). These additional terms are
the reason why one can not see a bunching effect in a HOM experiment with coherent states.

While our examples are restricted to two particle phenomenas for simplicity, the shown cal-
culations may be generalized to an arbitrary photon number. Altogether we can state that the
only differences in the probability distributions between quantum walks of individual photons
and quantum walks with coherent states arise in coincidence relations between multiple photons.
This again is restricted even further to quantum walks performed with multiple indistinguishable
photons, starting in different initial states. Nevertheless in Chapter 5 we will focus on this specific
case and present a trick that allows us to overcome the shown limitations. The trick is based on
the possibility to utilize quantum walks on more complex topologies to mimic the dynamics of
multiple particles on simpler graphs.

2.5. A multi-walker quantum walk formalism using creation opera-
tors

The full dynamics in DTQWs are determined by the unitary coin and step operations applied
during the walk. In Section 2.2.1.2 we introduced the analytical form of both operators in a very
specific and simple example describing a single particle quantum walk on a one-dimensional line.
If we now want to expand the model to a quantum walk with multiple walkers performing their
propagation on a complex graph structure, the operators can become impractical quite quickly.
Nevertheless, it is desirable to have an easy, general formalism for quantum walks of multiple
walkers on arbitrary graph structures.

We designed such a formalism based on the Dirac notation [32]. As shown before, a description
based on creation operators provides an easy extension to quantum walks with multiple walkers.
Each walker is simply represented by one creation operator. In our formalism we call them walker
operators ŵ(x, c)†, each creating a walker at position x with coin value c, when applied to the
empty walker state |0〉

ŵ(x, c)† |0〉 = |1x,c〉 . (2.62)

During the quantum walk the walker operators are transformed by both coin and step operation
at each step. In the previous formalism the size of the coin space depended on the complexity of
the underlying graph structure: for a 1D graph it is two-dimensional, since two directions are
possible, for a 2D lattice it is four-dimensional. In other words the maximal number of neighbors
at each vertex sets the necessary dimension of the coin space. This holds perfectly for regular
graphs, i.e. graphs with the same number of edges between each vertex, since it allows an easy
description via a coordinate system. If the graph structure is irregular however, as in the example
graph shown in Fig. 2.10, this approach becomes unviable. Here it is simpler to define the direction
of the quantum walker by the vertex it propagates to, which makes the coin space the same size as
the position space. In our example graph both spaces contain eight elements.

Since each vertex in the graph is linked to different positions we introduce a coin operation Ĉ(x)
that depends on the actual position of the walker. This operation transforms for example the coin
state of a walker residing at position x = 3 into a superposition state of the coin states c = 2, 4, 5, 6
and 8, corresponding to all vertices in the direct neighborhood. Hence Ĉ(3) transforms the walker
ŵ(3, c)† with initial coin state c as

Ĉ(3)ŵ(3, c)† = A
(3)
c2 ŵ(3, 2)†+A

(3)
c4 ŵ(3, 4)†+A

(3)
c5 ŵ(3, 5)†+A

(3)
c6 ŵ(3, 6)†+A

(3)
c8 ŵ(3, 8)†, (2.63)
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Figure 2.10.: Example of an irregular graph structure. A description with the original quantum
walk formalism based on the propagation in a coordinate system is impractical.

with the transition amplitudesA(x)
cj defining the probability to change the coin state from c to coin

state j at position x.
Based on this notation we can define the arbitrary coin operation Ĉ(x) acting on a single walker

operator, as

Ĉ(x)ŵ(x, c)† =
∑
j∈ηx

A
(x)
cj ŵ(x, j)†. (2.64)

We sum hereby over the neighborhood ηx, which includes all positions connected to position
x. In other words we only consider the positions, which have a non-zero probability to become
occupied in the following step of the quantum walk.

The step operator Ŝ in this formalism simply permutes coin and position state:

Ŝw(x, j)† = ŵ(j, x)†. (2.65)

Since the coin state reflects the destination of the walker, we can perform a step by updating the
position state with the previous coin state. After the step operation the new coin state describes
the origin of the quantum walker, i.e. from which position he arrived at its actual position. This
step operation differs from the previous formalism, since it acts on both, position and coin Hilbert
space and updates not only the position but also the coin state of the particle.

As in the previous formalism the complete quantum walk can be described by consecutively
applying coin and step operator on the initial state. We can easily expand the formalism to describe
dynamically changing systems, by introducing a time dependent coin operation Ĉ(x, n).

By employing a similar walker operator ŵ(ci, xi) for multiple walkers i we imply that all walkers
are indistinguishable and hence interfere with each other. To describe quantum walks of multiple
distinguishable particles, however, we have to introduce different walker operators. We achieve
this by extending the walker operator ŵ(x, c, d)† with an additional parameter d, with d = 1, 2, 3..
for different types of particles.

Altogether this framework allows to describe DTQWs with multiple walkers on irregular graphs
—a task that is not straightforward with the original quantum walk model introduced by Aharanov
et al [8]. While the model still links the particle propagation to an internal coin state, according
to the original description of DTQWs of Aharanov et al., it is also possible to model quantum
propagations that are independent of a quantum coin. For this we can apply the coin operator
directly on position space, which instantly changes the position of the particles without the need
of an additional step operator. Hence, depending on the simulated system, in particular on the
existence of an internal quantum state, either approach can be taken. More details on the model
including examples and applications can be found in [32].



3
A Quantum Walk in Time

Implementing quantum walks is a very difficult task. The intrinsic complexity of quantum walk
experiments originates from the three essential properties any implementation has to provide:
The setup has to be scalable, flexible and free of decoherence. In the following we address these
three points, explain the occurring problems of prior implementations and show in detail how we
solved them in our implementation.

3.1. Scalability, stability and flexibility

Quantum walks describe the propagation of quantum particles on a discrete graph structure. The
underlying graphs can be highly complex and consist of a huge number of different positions.
Especially real-world quantum walks, as for example the spreading of an exciton in a light harvest-
ing complex or electrons propagating on an atomic lattice, can take place on a non-trivial graph
structure with a plethora of vertices. Hence a quantum walk based experiment needs to be capable
of implementing a large position space. In an experiment all positions have to be implemented as
distinct modes, which can lead to a high number of required physical resources.

While the creation of the position space is one task, performing measurements at the individual
positions is another. A useful experiment has to be capable of performing measurements on
each position individually at different propagation times. A reconstruction of the full spatial
and temporal evolution is essential to understand the ongoing quantum propagation. Hence, an
implementation of a quantum walk has to provide not only a complex graph structure but also
relies on the capability to measure the spread of the particle in position and time.

For some simulations of physical scenarios it is sufficient to perform quantum walks on a one-
dimensional line, as e.g. to simulate hopping on molecule chains. In general, however, quantum
walks on a more complex underlying graph structure are essential for applications in quantum
simulations and especially for quantum computational tasks. A nice example is the quantum walk
search algorithm developed by Shenvi, Kempe and Whaley [19]. While the algorithm provides
a quadratic speed up compared to classical search algorithms for quantum walks on higher
dimensional graphs, it has no boost in performance when implemented on a line [56].
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However, providing a large position space is not the only requirement for a useful quantum
walk experiment. It also has to guarantee a fully coherent evolution on the graphs, as quantum
walks are an interference phenomenon. Each phase fluctuation and error during the propagation
of a quantum walker changes the occurring interferences and hence minders the quality of the
obtained results. If the system becomes fully decohered, a quantum walker will even loose its
quantum mechanical properties and propagate randomly like a classical particle. This highlights
the conservation of coherence as one of the most important properties for a quantum walk
experiment.

As third requirement a quantum walk experiment has to provide high flexibility. To perform
simulations of real-world quantum walk scenarios one has to be able to adapt the system parame-
ters to the known environmental conditions. This can range from quantum walks on homogeneous
graphs up to propagations in fully disordered systems. For a DTQW in particular this means that
an experiment has to provide full control over the initial state of the quantum walker and all coin
operations performed during the walk. This requires not only control over all coin operations
at each position, but also the possibility to change them dynamically during the evolution. In
a CTQW on the other hand this can be regarded as the ability to vary the coupling coefficients
between different positions in a static and dynamic way.

3.2. The problems of scalability, coherence and flexibility in quantum
walk implementations

Despite the high potential of quantum walks for quantum computation and simulation there were
only a handful of experimental implementations in the early days. All experiments performed
before and during the implementation of the first experiment of this thesis, were limited to the
propagation on a linear graph. This is mainly caused by the fact that the position space increases
exponentially with the dimension of the graph. Depending on the kind of utilized quantum
walkers, the way of implementing the corresponding position space varied. A nice way to supply
an exponential number of modes, however, was not found.

The first experiment that demonstrated a quantum walk behavior was not explicitly designed
for that purpose, but rather showed the quantum walk principle unintentionally. Bouwmeester
et al. [26] built a bright light interferometer, which spread a laser beam over different frequency
modes of an optical resonator and employed electro-optic modulators (EOMs) to change between
the modes. Later on Knight et al. [78] found that the modes can be interpreted as position states
of a quantum walk. Their experiment allowed a spread over 33 optical modes. Since the system
employed a strong coherent light beam and an amplifier for loss compensation, there were no
quantum effects involved. However, the obtained interference pattern showed a distribution over
the frequency modes similar to the distribution in a quantum walk.

In NMR schemes the different positions of the quantum walk are encoded in nuclear spin
configurations of a molecule. The position space is hence restricted by the available spin states in
the system. By applying different pulse sequences one can switch the spin state, and hence the
position of the walker and perform a quantum walk “without walking”. In both early experiments,
a DTQW[30] and a CTQW[29], the evolution was limited to a graph with four positions. However,
due to the spin coupling the graph was fully connected and thus provided the most complex
environment available in early experiments.

The straightforward approach to implement a position space is to split the particle’s wave
function into discrete spatial positions and place a detector at each position. One example for
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this approach is given in the work of Do et al. [27], performing a photonic quantum walk. They
employed a beam splitter cascade to divide a coherent laser beam and placed detectors at each
outcome of the cascade. Since this requires an additional row of beam splitters for each step,
the number of optical elements was n(n + 1)/2 with n + 1 detectors after n steps. With this
configuration they were able to show a quantum walk of four steps. While the scalability was
limited, their setup provided a high flexibility. They employed the polarization of the light beam
as coin state and were able to change it with retardation plates at each point in their setup.

Later on Broome et al. seized the idea and improved the setup by replacing the row of beam
splitters at each step by a single broad calcite beam splitter [79]. This reduced the number of
required beam splitters to n+ 1 and increased the overall stability of the system. Broome et al.
managed to implement six steps employing single photon states generated in a parametric down
conversion (PDC) source. However, in both optical beam splitter experiments a tomography of
the time evolution was only possible by removing or adding the desired number of beam splitters
in front of the detection scheme. Additionally phase errors occured in the experiments due to
wave front distortions and imperfect path alignments.

In between both experiments we presented the first quantum walk in time [1], as the first optical
experiment specifically designed to overcome the problems of scalability, flexibility and coherence
that come along with quantum walk realizations. Our scheme consists of only passive optical
elements and is designed in a loop structure to keep the amount of required components constant
with the number of steps. The architecture guarantees an intrinsic phase stability and allows
a monitoring over the full evolution of the quantum walk. By employing the polarization as
coin state we were able to switch between the applied quantum coins and thus implement many
different quantum walks without significant modifications of the setup. The main drawback of
the setup are the losses per step which limits the step number to n = 5 in this proof of principle
experiment. We drastically improved the step number in the successor experiments.

By far the largest position space was provided in waveguide arrays [28, 80]. Perets et al.
performed a CTQW with a bright light beam, which couples evanescently in over 100 parallel wave
guides in an AlGaAs crystal. After the chip a camera took pictures of the intensity distribution of
the widespread light. The coherence is fully conserved during the propagation through the array.

The main problems for quantum walk implementations in waveguide arrays are the homogeneity
of the array and the flexibility. Due to fabrication errors the coupling coefficients and losses in the
individual channels can vary significantly, which makes the final distribution unpredictable. While
the main feature of ballistic spreading is still observed, it is very difficult to design an array with
the exact desired parameters. The flexibility in these systems is even worse. Each configuration of
coupling coefficients is set before the fabrication of the waveguide array and is not changeable
afterwards. This means that for each different static configuration one has to manufacture a new
array, while dynamic variations are impossible. Monitoring the evolution is hard but feasible by
cutting the crystal at different lengths or including fluorescing molecules.

A completely different approach are quantum walks of atoms and ions. In both experiments
performed with ions, the quantum walk spread in the phase space of the ions [81, 82]. In contrast
Karski et al. shifted individual neutral atoms spatially in an optical trap. By sending controlled
laser pulses on the atoms they changed their hyperfine state, which defined the coin state in the
walk. They were able to present a quantum walk evolution over 24 steps for different initial coin
states and two different coin operations. Starting at the tenth step, however, decoherence effects
appeared, which disturbed the quantum walk significantly.

To summarize, each of the individual platforms has its own advantages and disadvantages.
Quantum walk experiments with ions and atoms, as well as the NMR implementations, show a
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high flexibility in their coin operation. The downside is that these systems suffer from decoherence
effects, which limits the quality of the obtained probability distributions and the scalability of these
systems. Although providing good coherence properties, optical implementations have to deal
with different problems. Discrete systems implemented via beam splitters have a high flexibility in
the coin operations. The scalability on the other hand is limited due to the high number of elements
needed for each performed step. Continuous implementations in waveguide arrays provided the
best scalability of all systems, but the quality of the results suffer from inhomogeneities and their
inflexibility given by their static nature.

3.3. How to perform a time walk

The goal of this thesis is to introduce a new type of quantum walk experiments, that guarantees
a good scalability, conserves coherence during the full evolution and provides the flexibility
necessary for applications in quantum simulation and computation. We employ photons as
quantum walkers, since they offer the best coherence properties by far. To circumvent the bad
scalability of previous optical approaches, we developed a completely new kind of experiment that
transfers the spatial spread occurring in quantum walks to a spread in time.

In the following sections we give a detailed introduction into the working principle of a quantum
walk in time.

3.3.1. Flipping the polarization

As in the experiment of Do et al [27] we employ the polarization state of the photons as the path
defining coin state. The polarization degree of freedom is easily controllable, which provides high
flexibility in the applied coin operations.

In general polarization can be described in a two-dimensional space C2 with the basis states
{|H〉 , |V 〉} representing the horizontal |H〉 and vertical |V 〉 components of the electric field
vector. Any polarization state |c〉 can be expressed as a superposition of both basis states as
|c〉 = aH |H〉 + aV |V 〉, with the amplitudes aH and aV . A nice illustration of the polarization
state is the vector representation in a Poincaré sphere, as shown in Fig. 3.1.

Here vectors in the equatorial plane represent linear polarization states, while vectors pointing
to the two poles correspond to circular polarized light. To rotate a vector, or in other words make

a coin operation, we employ retardation elements. In the basis |H〉 =

(
1
0

)
and |V 〉 =

(
0
1

)
the transformation Cφ of an element with phase retardation φ is given as

Cφ =

(
1 0
0 eıφ

)
, (3.1)

if the axes of the plate are aligned to the basis vectors. If we rotate the plate by an angle α we have
to perform a basis transformation of the matrix as

Cφ(α) =

(
cos(α) − sin(α)
sin(α) cos(α)

)(
1 0
0 eıφ

)(
cos(α) sin(α)
− sin(α) cos(α)

)
. (3.2)

In the special case of a half-wave plate (HWP) with a retardation of φ = π we obtain the rather
simple matrix

Cπ(α) =

(
cos(2α) sin(2α)
sin(2α) − cos(2α)

)
. (3.3)
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Figure 3.1.: Polarization representation as vector in the Poincaré sphere. The equatorial plane cor-
responds to linear polarized light while the poles represent circular polarization.The
orientation of the vector can be controlled via retardation elements.

In the picture of the Poincaré sphere a HWP performs a rotation in the equatorial plane with an
angle of 2α, while a quarter-wave plate (QWP with φ = π/2) rotates the vector along a meridian.
Hence, the fixed combination of three consecutive wave plates in the order QWP, HWP, and QWP
is sufficient to reach any point in the sphere from an arbitrary starting polarization.

If we align the optical axes of the HWP in an angle of α = 22.5◦ it performs a Hadamard
operation on the polarization states as defined in Eq. (2.13) :

Cπ(22.5◦) =
1√
2

(
1 1
1 −1

)
. (3.4)

The Hadamard operation transforms the vector as |H〉 → 1√
2
(|H〉+ |V 〉) and |V 〉 → 1√

2
(|H〉 −

|V 〉) . In other words the HWP rotates linear horizontal polarized light into 45◦- polarized light,
while vertical polarization is transformed to−45◦-polarization respectively.

Altogether, employing the polarization degree of freedom allows for easy control of the coin
states in the system. Simple retardation plates are sufficient to perform any coin operation possible
in a one-dimensional optical quantum walk. In addition, they also guarantee an easy preparation
of arbitrary initial coin states.

3.3.2. Stepping in time

While manipulation of the polarization state is rather straight forward, an efficient design of a
quantum walk with retardation plates is not. In the experimental implementation of Do et al.
[27] a light beam was sent through a cascade of polarizing beam splitters (PBSs), which split the
light into different spatial positions, depending on its polarization: vertical light is reflected while
horizontal light is transmitted at each PBS. Since a PBS induces a polarization and with this coin
dependent propagation we can interpret it as an implementation of a step operator. However, as
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discussed in Section 2.4.2, a complete quantum walk in a beam splitter cascade would require
a PBS at each position and at least one retardation plate before both input ports of each PBS to
perform a coin operation. This results in n(n + 1) retardation plates for n steps of a quantum
walk. For a scalable quantum walk experiment, however, we need to overcome this issue.

Our approach to reducing the optical components in the setup is to transfer the quantum walk
in space to a quantum walk in time. Instead of splitting the photons into discrete positions we
separate them into discrete time bins, each corresponding to a specific position state. This allows
us to use the same beam splitters and retardation plate for all positions in a quantum walk.

The idea of multiplexing quantum states over discrete time bins originates from the time-
multiplexed detector [83, 84]. Here light pulses are separated in discrete time bins to reconstruct
the underlying photon statistics of an incident wave packet with single-photon click detectors.

In the following we introduce the underlying concept by going step by step through the in-
dividual building blocks of a one-dimensional quantum walk in time. Figure 3.2 illustrates the
individual parts of the scheme for the example of the first two steps of a Hadamard walk.

Initialization
In this example we initialize our quantum walk into the state

|ψ0〉 = |0〉 ⊗ |H〉 . (3.5)

Hence we define the initial position of all incoming photons as x = 0 and prepare them in
the horizontal polarization state |H〉. In general, however, the coin state can be initialized
arbitrarily with multiple wave plates, as discussed in the previous section.

Step 1

Coin operation
The first part of each step is the application of the coin operation Ĉ . It is implemented with
a single HWP, which transforms the coin state of the photons according to Equation (3.3). In
our example we chose the Hadamard transformation (Eq. (3.4)). This transforms the state
|0〉 ⊗ |H〉 of the incident photons to

Ĉ |ψ0〉 = |0〉 ⊗ 1√
2

(|H〉+ |V 〉). (3.6)

As mentioned in the last section, using multiple different wave plates would allow for any
unitary two-dimensional coin operation.

Step operation
Afterwards a polarizing beam splitter (PBS1) analyzes the polarization of the photons.
It transmits horizontally polarized photons while reflecting vertically polarized photons
respectively. In our example each photon is transformed into a spatial superposition state
over both output ports of PBS1. We can illustrate this by a wave function split into two wave
packets propagating in the two different output arms. Horizontal and vertical packets are
guided to the next polarizing beam splitter (PBS2) over two different paths and enter it
at two different input ports. Since the vertical polarized packet is again reflected and the
horizontal packet is transmitted, they will with certainty exit the beam splitter at the same
output port.

The two used paths are chosen to be of different lengths. The length discrepancy induces a
time separation ∆t between the two wave packets, which is much larger than their temporal
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Figure 3.2.: First and second step of a quantum walk in time (upper rows) and the corresponding
quantum walk in space (lower rows, see Section 2.2.1.2), consisting of a Hadamard
operation Ĉ and the step operation Ŝ. After two steps two wave packets overlap
allowing for interference effects in the subsequent step.

width. This ensures that the individual wave packets do not overlap in a spatio-temporal
way and thus no interferences occur between them.

The distinct times of the packets represent the two distinct spatial positions after the first
step of a quantum walk in space. We define the wave packet traversing the shorter path to
represent the spatial position x = 1 while the slower packet corresponds to position x = −1.
In general, taking the shorter path through the network corresponds to the transformation
x→ x+ 1 , while propagating in the longer path represents x→ x− 1. The state after the
step operation in time is given by

|ψ1〉 = ŜĈ |ψ0〉 =
1√
2

(|−1, V 〉+ |1, H〉). (3.7)

Step 2
For the second step the packets traverse through the same configuration of elements. They
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acquire the same temporal delay ∆t, which induces an overlap at the output port of PBS2 of
the packet that took the long path at step 1 and the short path at step 2 and vice versa. The
coinciding packets correspond to the two parts of the wave function arriving at position
x = 0 from different directions in a spatial quantum walk. During the second step the state
is transformed to

|ψ2〉 = −1

2
|−2, V 〉+

1

2
(|0, V 〉+ |0, H〉) +

1

2
|2, H〉 (3.8)

Since both packets in position state |0〉 have an orthogonal polarization (orthogonal coin states)
no interference will occur yet. At the next coin operation, however, the polarizations are rotated
and the characteristic interferences start to impact the propagation:

Ĉ |ψ2〉 = − 1

2
√

2
(− |−2, V 〉+ |−2, H〉)

+
1

2
√

2
((− |0, V 〉+ |0, H〉) + (|0, V 〉+ |0, H〉))

+
1

2
√

2
(|2, H〉+ |2, V 〉). (3.9)

The coin state of both packets at position x = 0 are transformed enabling the first interference
(marked red in Eq. (3.9)).

For each additional step we repeat the above procedure and send the split photonic wave
function through the same configuration of a HWP and two PBSs. Although it is possible to build
the experiment with multiple subsequent arrangements of these three devices, the number of
elements would still scale linearly with the number of steps. In addition, to guarantee a coherent
evolution, the temporal delay ∆t would have to be identical and actively phase stabilized between
the delay lines of each step. To circumvent both issues we designed the experiment including a
feedback loop.

3.3.3. Feedback loop and detection

A feedback loop structure ensures that we do not need any additional components with increasing
step number. The split wave packet is guided back to the same elements at each step, as shown
in Figure 3.3. To couple photons into the loop we insert a (polarization insensitive) beam splitter
(BS). At each round trip the same BS introduces a coupling out of the loop to our detection device,
with a probability set by the beam splitter ratio.

The detection procedure itself has one big advantage compared to earlier optical quantum walk
implementations. A single time resolving detector is enough to reconstruct the full quantum
propagation. By simply measuring the arrival time of a photon we can determine the number
of round trips and hence how many steps of a quantum walk were made. In addition, the exact
time bin reveals at which position the photon arrived in the picture of a spatial quantum walk.
Figure 3.4 illustrates the translation of arrival times to the spatial positions for the example of a
Hadamard walk over two steps, given by the individual time parameters of the scheme.

Only two different time parameters define the temporal spread in the experiment: The minimal
round trip time Tmin and the time delay between long and short arm ∆t. With each round trip and
hence after the time Tmin a new step of the quantum walk begins. Thus, by simply measuring how
often the photon traversed the loop we know how many steps it took in the quantum walk picture.
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Figure 3.3.: Feedback loop structure of the experiment. The generated pulse train passes the
same elements repeatedly. A beam splitter (BS) is inserted to couple in and out of the
loop.

The individual positions at each step are separated by the time ∆t. Hence, a measurement of the
propagation time from initialization to detection reveals all necessary information to reconstruct
the spread of the quantum walk.

To guarantee that no temporal overlaps occur between different steps, we have to fulfill the
condition

Tmin > nmax∆t, (3.10)

for a maximal number of nmax steps in the quantum walk. It ensures that a sufficiently long time
between consecutive steps is provided and with this guarantees a unique mapping of time to space.

An interesting scenario occurs for Tmin = nmax∆t : Here position x = −nmax and position
x = nmax − 1 of the previous step overlap temporarily. This allows photons to propagate from
one end of the linear graph to positions on the opposite side of the line within a single step. The
resulting underlying graph structure is circular instead of linear and has the anomaly that packets
interfere, which performed a different number of steps.

With each detection event, the wave function of a walking photon collapses and the experiment
has to be repeated to obtain the full statistics of the photonic spread. To ensure that we can clearly
assign the correct travel time to each measured photon we have to adapt the repetition frequency
of the experiment to the maximal travel time in the setup and thus nmax. This limits the repetition
time to TQW = nmax(Tmin + nmax∆t). The maximal number of steps, however, is not fixed due to
the probabilistic architecture of the setup. We define nmax, as the step where the probability that a
photon is still in the loop is that low that we do not expect a significant error in the final statistics.

The maximal number of steps expected in the scheme is significantly influenced by the reflec-
tivity of the used BS. A low reflectivity reduces the probability for an early detection, and hence
supports quantum walks with more steps. As a trade-off it also decreases the overall probability
that a photon arrives at the detection device, making measurements more difficult.

Thus for the best performance of the experiment the BS ratio has to be chosen such that it
maximizes the number of steps while providing a sufficiently high signal at the detector. The
probability Pr(n) for a photon to arrive after round trip n at the detector drops exponentially with
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Figure 3.4.: Correspondence of the measured arrival times of a quantum walk in time to positions
of a quantum walk in space for the first two steps of a Hadamard walk.
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Figure 3.5.: Exponential decay of the arrival probability at the detector Pr(n) for steps 1 to 10
(left) and 10 to 100 (right) with reflectivity of r = 0.5 (blue), r = 0.1 (red) and r = 0.01
(green).

the BS reflectivity r and the transmission of 1− r, as

Pr(n) = (1− r)(n−1)r. (3.11)

For investigations of the early steps in a quantum walk a 50/50 BS has the best performance, while
starting from the third step a reflectivity of 10% ensures higher arrival probabilities, as can be
seen in Figure 3.5. For step numbers higher than n = 25 a change to a beam splitter with 99%
reflectivity optimizes the performance of the scheme.

In these calculations we did not include the effect that the reflectivity of the BS also determines
the probability for the photon to be coupled into the feedback loop at the beginning of the walk.
Depending on the used photon source one can compensate for this additional loss by using a
higher initial photon rate.

Another significant advantage induced by the feedback loop structure is the interferometric
stability. Since all parts of the wave function, that end up in the same time bin, traveled on
exactly the same paths through the experiment, they all acquired the same phase shifts. This
intrinsically guarantees that there is no relative phase between interfering packets, even if there
is a relative phase between the longer and shorter arm of the experiment. Hence, no additional
phase adjustment or active phase stabilization is required. We will discuss the stability of the
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system against static and dynamic phase fluctuations in more detail with experimental parameters
in Section 3.6.1.

Although most QWs start with the quantum particle being localized at a single position, for some
applications it is useful to start in a superposition of multiple position states. In quantum walk
based search algorithms [19, 21] for example, the initial state is given by an equal superposition
over all possible positions of the underlying graph. To implement such a superposition state in
a quantum walk in time we have to replace the localized initial wave packet by a coherent pulse
train, with the individual packets being separated by ∆t.

Despite mentioning a good scalability, we never discussed explicitly the maximal number of
steps possible with a quantum walk in time. For this we have to take into account all possible
problems resulting from the design and the used components in the actual experiment. In the
following, we will present how to implement the proposed setup and afterwards discuss the
possible issues limiting the number of steps. But to give a hint on the scalability: Not only the
quantum walk experiment that presented the spreading over the most positions [3] but also the
quantum walk with the highest number of steps [85] up to now is a quantum walk in time.

3.4. Photons walking the line: Experimental implementation of a
quantum walk in time

Early optical implementations of quantum walks all provided only one of the requirements
necessary for reasonable applications in the area of quantum simulations or computation. They
were either flexible by employing the polarization of the photons or were built to spread over
many positions with the drawback of being fully static. In the previous part of the chapter we
proposed a new design for quantum walk experiments, which combines a high control over the
conditions in the walk and a sufficiently good scalability. The scheme transfers the propagation
of a quantum walk from the spatial into the time domain. Now we seize the idea and present the
first experimental implementation of a quantum walk in time [1]. We demonstrate the scalability,
robustness against decoherence and flexibility of this scheme, introducing a new standard for
quantum walk experiments.

The basic building blocks of the setup, namely coin and step operator, are implemented in
accordance to the scheme (Fig. 3.3) introduced in Sec. 3.3. As photon source we chose coherent
laser pulses instead of single photon states (as obtained for example as heralded single photons
in a PDC source). As discussed in Section 2.4.3 we excpect the same quantum walk propagation
independent of the photon source, as long as we prepare all photons in the same initial state.
The equivalence allows us to employ the easier available coherent states for our quantum walk
implementation.

We investigated quantum walks for coherent states in both bright light and in the single photon
regime1. In the following we will focus on low power quantum walks. The single-photon avalanche
photo diodes (APDs) we use for detection in this regime allow measurements of quantum walks
with a higher number of steps compared to the photo diodes employed for intensity measurements
in the bright light regime. We will provide more insight into the detection with APDs in Section 3.4.

As proposed in the last sections, the underlying graph structure in our quantum walk experi-
ment is an infinite line and our photons are all initialized at position x = 0. A schematic of the

1We used coherent pulses with average photon numbers of |α|2 > 106 and |α|2 < 8 to test the dynamics in both
regimes
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Figure 3.6.: Experimental setup for the implementation of one-dimensional quantum walks with
flexible coin operator and initial state. See text for details.

experimental setup is shown in Fig. 3.6. In the following, we will go step by step through the setup
and discuss the individual elements.

Initializing the quantum walk
Each quantum walker in our experiment is represented by a single coherent laser pulse.
The pulses have a wavelength of 805 nm, a pulse width of ∆τ = 88 ps and are generated
with a repetition rate of 1 MHz by a diode laser (PicoQuant). The near-infrared wavelength
ensures the best detector performance.2

Each pulse is attenuated with neutral density filters (ND) to the single photon level and
afterwards sent through a single mode fiber (SMF, not depicted in Fig. 3.6) to clean the
spatial mode. The subsequent combination of HWP and PBS serves as additional power
control and also ensures a linear horizontal polarization of all transmitted pulses. With the
help of two subsequent wave plates (HWP and QWP ) we can convert the polarization —and

2While the efficiency of InGaAs-APDs, typically used for detection of light with a wavelength of 1550 nm, has a peak
efficiency of 25%, the highly efficient Si-APDs (Perkin Elmer, SPCM-AQRH) provide a detection efficiency above
60% for light at 805 nm. Recent detectors based on super conductivity have much higher detection efficiencies but
were not available at the time of the experiment.
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hence the initial coin state— of the walkers to an arbitrary polarization state, as described
in Section 3.3.1. The quality of the initial polarization states is limited by the performance of
the retardation plates and influenced by additional phase errors induced by the reflection
at the coupling BS. We analyzed the polarization state after the BS, yielding a fidelity of
F = 99.9 % for circular polarized light and F = 99.7 % for horizontally polarized light.

Characteristics of the fiber loop
In this proof of principle experiment the goal is the demonstration of the functional principle
of a quantum walk in time. To see a propagation that differs from a classical random walk
we have to implement at least three steps, since at this point the first interference effects
occur for most initial states. For investigations of the first steps of a quantum walk in time a
beam splitter with 50% reflectivity provides the best performance, as shown in Section 3.3.3.
The used 50/50-BS couples one half of the initial photons into the feedback loop, while the
other half is directly send to the detection device.

The coin operation is implemented via a single HWP, with the operation depending on the
angle θ of the HWP, as defined in Eq. (3.3). After the HWP operation the pulses are sent
into one input port of a polarization-maintaining fiber (PMF, yellow) network. The network
consists of two fibers with two connection points that allow evanescent coupling from one
fiber to the other. At each connection point vertically polarized light changes the fiber while
horizontally polarized pulses remain in the same fiber. The connecting points perform the
operation of the PBSs that implement the step operation in a quantum walk in time (see
Section 3.3.2 for details). The length of both fibers differ between the connection points,
which induces the characteristic shift in time. Horizontally polarized pulses traverse 7m in
the fiber loop, while the path for vertical polarized light is 1m longer. We chose a fully fiber
integrated device to simplify the alignment of the experiment.

After the fibers the pulses have to cover a distance of approximately 1.5 m in free space until
they reenter the fiber network. Altogether this results in the minimal round trip time of
Tmin = 40 ns for pulses taking the shorter fiber and an additional delay of ∆t = 5 ns for
pulses traversing the longer arm.

After one round trip only 50 % of the photons continue their walk, while the other half are
coupled out for detection at the BS. Including the losses at optical elements the probability for
a photon to survive one round trip is only ηstep = 0.18(1). This surprisingly low efficiency
is mainly owed to the high losses at the fiber coupling and at the imperfect integrated PBSs3.
To compensate for unequal losses between horizontally and vertically polarized photons,
we included a glass plate after the fiber network. The reflectivity of the plate depends
on polarization and angle of incidence and hence was aligned precisely to counteract the
differential losses of the fiber network.

Detection with avalanche photo diodes
Despite the advantage of single shot measurements with high intensity pulses —the final
particle spread is directly observed in the intensity distribution of the light—, we focused
on measurements initialized in the single photon regime, mainly for two reasons. The first is
that we wanted to measure particles on a quantum walk and not a light wave phenomenon.
The functional principle of a single-photon APD ensures that each click event states the
presence of a single light particle. Although the employed coherent state provides vacuum

3The efficiency includes the 50% losses induced by the BS at each round trip
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and multi-photon components, the single-photon click detector projects the state on the
single-photon component and reveals with this the quantum and thus the particle nature of
the walk 4.

The second reason for employing APDs is more pragmatic, simply given by the necessity to
detect signals in a broad range of intensity. While a photo diode can measure intensities
in a range of 100dB, it is technically difficult to read out the corresponding voltage signals,
which vary linearly with the intensity. Avalanche photo diodes (APDs) on the other hand
provide a similar dynamic range, but give an identical signal (“click”) for each arriving
photon. By counting the number of clicks in the different time bins, we can reconstruct the
statistics of the walk, which simplifies the collection of data significantly.

We measured the propagation time of our photons with a fiber coupled silicon APD (Perkin
Elmer SPCM-AQRH). A conventional multi mode fiber (MMF, depicted orange in Fig. 3.6)
guided all photons that left the loop to the detection device. The APD has a detection
efficiency of about 60% for photons with wavelength of 805 nm, implying that 60 % of the
arriving photons trigger the APD to emit an electrical signal. It has an error rate (dark count
rate) of 250 cnts/s, which quantifies the counts that occur due to residual charges in the
device and not to incident photons. The electric signal has a temporal jitter of 2σ ≈ 700 ps,
caused by the randomness of the occurring avalanche process in the APD (See Section 3.6.3
for details).

Afterwards, the timing information is recorded by a time to digital converter (TDC), which
converts the timing information into a digital signal with a resolution of 82 ps. Every time
a pulse is emitted by the laser to start a new quantum walk, an electronic trigger signal is
sent from the laser driver to the TDC initializing the time measurement. Since the temporal
separation of the split pulses of ∆t = 5 ns is much larger than the pulse width of ∆τ = 88 ps
combined with the temporal jitter of the detector (2σ ≈ 700 ps), the different positions in
the quantum walk can be distinguished easily, as shown in Figure 3.7.

The maximal operation rate of the TDC is given by 370 kHz, although it is recommended
to measure at click rates below 150 kHz 5. After each step we have a probability to detect
a photon with an efficiency of ηdet = 0.24(1). The value takes into account the reflectivity
of the coupling BS, the losses on the way to the fiber coupled detector and the detector
efficiency.

3.5. Experimental results

We performed multiple quantum walks to investigate the scalability, stability and flexibility of a
quantum walk in time. As a first experiment we tested the system properties in a Hadamard walk
over five steps and compared it to the propagation expected in a classical random walk. In our
second measurement we highlight the flexibility of the system by performing multiple quantum
walks with different coin operations.

4Interestingly, this experiment lies on the border between classical and quantum experiments. While some people
argue that the particle nature revealed by the single-photon APDs is sufficient to prove the quantumness of the walk,
others see the use of a coherent state instead of a single-photon Fock state as sign for classicality. However, in my
opinion it is not possible to fully assign the experiment to either side. Especially in this context there is no strict
border between the two theories but more of a smooth transition.

5During measurements with count rates exceeding 150 kHz wrong timing values appeared occasionally.
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Figure 3.7.: Raw click statistics of the arrival times recorded with the TDC after the first split in
the fiber loop. The temporal separation ∆t exceeds the time jitter of the electronic
devices, given by 2σ, which allows an easy identification of the individual time bins
(positions of the walk). The high variance in the population of adjacent bins results
from two oscillating bin sizes used by the TDC.

3.5.1. Hadamard walk

As we saw in Section 2.2.1, the wave like propagation of a quantum walk differs significantly from
the particle like behavior known from a random walk due to interference effects. If our experiment
would suffer from decoherence effects, the wavelike nature would be disturbed and we would
expect a classical random walk of photons [38, 41, 86]. Under perfect conditions, however, we
would measure the ballistic spread of a quantum walk.

To test the coherence properties of our experiment, we performed a Hadamard walk over five
steps. Our quantum walkers start at position x = 0 with a symmetric initial coin state |ψ0〉 given
by

|ψ0〉 = |0〉 ⊗ 1√
2

(|H〉+ ı |V 〉). (3.12)

Each quantum walk was initialized with |α|2i = 8± 2 photons per laser pulse. After five round
trips the average photon number decayed to |α|25 ≈ 7 · 10−4. The low photon number after five
steps ensured that only every 2800 measurements more than one photon is present. Hence, we
can assume that at least for the later steps only a single photon performed the quantum walk6. In
addition a low average photon number also prevents wrong statistics caused by the inability of the
detector to resolve multi-photon components (see Section 3.6.3 for details).

Despite the weak signal we were able to monitor the spread of the photonic quantum walkers
over the first five steps, as shown in Fig. 3.8. Up to the third step (green) the arrival probabilities
for a classical and a quantum mechanical walker are identical. Starting at the fourth step (yellow)
one sees the gradual decrease of the probabilities for photons arriving in the central time bins
alongside the increase of arrivals at the outer wings —a distinctive feature of the quantum walk.

6The attenuated state is still a coherent state with Poissonian photo statistics and no pure single photon Fock state.
Our argumentation is based on the fact that the the fraction of multiple photon events is negligible and the vacuum
state does not affect the quantum walk.



48 3. A Quantum Walk in Time

-5
5

-3 -1 31
5

3

1

4

2

0

-5
5

-3 -1 31
5

3

1

4

2

0

QW-Theory CRW-Theory
-5

5
-3 -1 31

5

3

1

4

2

0

Experiment

A

B C

Figure 3.8.: A: Experimental results of a symmetric Hadamard walk over five steps. The evolution
reveals the characteristic shape of a quantum walk (B). The clear distinction to a
classical random walk (C) highlights the good coherence properties of the setup.

The characteristic shape is a clear signature of a high degree of coherence throughout the complete
evolution of the walk.

However, to have a concrete idea of the quality of our results we introduce three different
measures, which compare the experimental values with the theoretical distributions. All three
measures are classical in the sense that they only compare probabilities and not phases of the final
state.

1. The first comparable parameter is the variance σ2 of the distribution. We know that a
classical walk spreads linearly with the number of steps while the variance in a quantum
walk has a quadratic behavior. For the fifth step we obtain the theoretical value σ2C = 5.00
for the CRW and σ2Q = 8.01 for the Hadamard walk. Our experiment reproduces the fast
ballistic spread of a quantum walk with a measured variance of σ2 = 9.18± 0.56.

2. Although the obtained variance agrees well with the theoretic value, it is not a precise
measure of equivalence. The variance only characterizes the average spread of the quantum
walker and does not compare the individual arrival probabilities at each position. Thus we
define a new measure, the so called distance d(Pexp, Ptheory), which compares the individual
probabilities between measured Pexp and theoretical distribution Ptheory as

d(Pexp, Ptheory) =
1

2

∑
x

|Pexp(x)− Ptheory(x)|. (3.13)
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It ranges between 0 for identical distributions and 1 for a complete mismatch. We obtain
a distance of our measured distribution to the quantum walk theory of d(Pexp, Pqw) =
0.147± 0.035 after the fifth step, while the discrepancy to the classical distribution is with
d(Pexp, Pcrw) = 0.40± 0.035 significantly higher.

3. In accordance to the fidelity measure of a quantum state we employ a similarity measure
defined by

s(Pexp, Ptheory) =

[∑
x

√
Pexp(x)Ptheory(x)

]2
, (3.14)

as introduced by Peruzzo et al. [87]. Similar to the distance measure the similarity compares
the arrival probabilities at each position. It is 1 for two identical and 0 for fully orthogonal
distributions. We obtain a similarity of s(Pexp, Pqw) = 0.963± 0.065 to the quantum walk
theory, which exceeds by far the similarity to the classical distribution of s(Pexp, Pcrw) =
0.822± 0.068.

Independent of the applied measure we obtain a much better agreement with the quantum
walk theory than with the distribution given by a classical random walk. However, the measured
distribution still deviates from the expected values. Although we wanted to perform a symmetric
quantum walk, the experimental values have a slight asymmetry, as can be see for example for
P5,exp(3) andP5,exp(−3). Thus, we performed a detailed analysis of all errors induced by imperfect
optical components and adapted the theory accordingly.

3.5.2. Adapting the theory

The differences between experimental data and the theoretical distribution are induced by many
different small errors in the setup.

Although the preparation of the initial circular polarization of the photons is close to optimal
(F = 99.9%), it is still not perfect. Even a minimal error in the polarization state results in an
observable asymmetry in the spread of the photonic walkers.

Furthermore, each optical component in the fiber loop has small imperfections. The imperfec-
tions manifest either in differential losses L between the polarizations defined by the efficiency
η or polarization rotations R with an angle α. The matrix representations of both effects in the
basis of the coin states are given by

L(η) =

(
1 0
0 η

)
, R(α) =

(
cos(α) sin(α)
− sin(α) cos(α)

)
. (3.15)

Efficiency ratios of η < 1 hereby indicate loss imbalance between horizontally and vertically
polarized photons. We characterized the loss imbalance of different components of the setup:
The coupling beam splitter has the efficiency ηBS = 0.99, the delay loop including the glass plate
reveals ηL = 0.96, and also the HWP has small imbalanced losses given by ηHWP = 0.98. The
results indicate that in general vertically polarized photons have a higher loss rate.

Furthermore, we measured the rotation of the polarization state at the individual components.
We found that the mirrors rotate the polarization by an angle of φ = 1.4◦.

In addition, we could determine a constant relative phase shift between horizontal and vertical
photons at each dielectric mirror used in the experiment. These static phase shifts, however,
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Figure 3.9.: Experimental results (filled bars) for the 5th step of the Hadamard walk with un-
adapted quantum walk theory (black frames, left) and adapted theory including the
experimental imperfections (blue frames, right).

do not influence the interferences in the quantum walk due to the geometry of the setup. All
interfering pulses traveled the same paths during the experiment and thus acquired the same
phase shifts at the mirrors.

To describe the actual evolution in our experiment, we adapted the initial coin state according
to the measured imperfections and included loss and rotation matrices into the coin operation.
The matrix representation of this effective coin Ĉ ′ is given by

Ĉ ′ = L(ηL)R(φ)R(θ)L(−ηHWP)R(−θ)L(ηBS), (3.16)

with θ being the angle of the HWP (for the Hadamard walk θ = 22.5◦). The final state of the walk
after n steps is |ψn〉 = 1

N (ŜĈ ′)n |ψ0〉, with the step operator Ŝ and the normalization factor N
conserving unitarity7.

We compared the adapted theory to the experimental values of the fifth step of the quantum
walk, shown in Fig. 3.9. The new theoretical distribution explains not only the higher probabilities
at the outermost positions (x = ±5) but also gives a hint for the detected asymmetry. With the
adapted theory we obtain the lower distance of d(Pexp, Paqw) = 0.104± 0.035 and a similarity of
s(Pexp, Paqw) = 0.967± 0.065. The presented error bars include only statistical errors, calculated
as the standard deviation of the finite number of measured photons (M = 3016 in the fifth step).

Another issue we have to take into account is the effect of decoherence. We included this
parameter in the theoretical model and found it to be zero within the statistical error. Since effects
such as depolarization and rapid phase fluctuations do not explain the obtained distribution, we
assume a decoherence free evolution. In Section 3.6.1 we give a more detailed explanation why we
can rule out decoherence effects, simply by the design of the experiment.

3.5.3. Changing the coin

In the first experiment we highlighted the good coherence properties of the setup by investigating a
Hadamard walk over five steps. Our second experimental result, however, demonstrates a different
feature of the experimental implementation: the flexibility given by the easy adjustability of the
quantum coin.

7For η 6= 1 the loss matrices are not unitary.
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As shown in Eq. (3.3) the coin operation C(θ) performed by a HWP is given by the angle θ
relative to its optical axis as

C(θ) =

(
cos(2θ) sin(2θ)
sin(2θ) − cos(2θ)

)
. (3.17)

For the angle θ = 22.5◦ we obtain the Hadamard operation, as investigated in the last section.
In this experiment we want to demonstrate the effect of an unbalanced coin, i.e. the impact of
quantum coins with θ 6= 22.5◦ on a quantum walk.

For this purpose we performed multiple quantum walk experiments with different quantum
coins. In contrast to the previous experiment we prepared the photon initially in an horizontal
polarization state |ψ0〉 = |0〉 ⊗ |H〉. In a quantum walk driven by the Hadamard coin (θ = 22.5◦)
this unbalanced initial state leads to an asymmetric distribution, as shown in Section 2.2.1. The
initial mean photon number in the experiment was |α|2 = 0.58± 0.05.

We changed the angle θ of the coin HWP in steps of 5◦ and measured the individual arrival
probabilities for each of the settings. The change of the arrivals with different coins is shown in
Fig. 3.10 for all four positions after a quantum walk of three steps.

We see in the probability distributions that the propagation is highly influenced by interference
for most of the coin settings by comparing the measured values with the arrivals of a classical
random walk with biased coin. Especially around the Hadamard coin (θ = 22.5◦) the interference
effects lead to a big discrepancy between quantum and classical theory.

Quantum walks with different coin operations represent different physical scenarios. Given
that the coin state determines the probabilities for a quantum walker to propagate to an adjacent
vertex it is possible to redesign the underlying graph structure by controlling the coin operations
in the system. This ranges from quantum walks with only a single propagation direction, hence on
a directional graph, up to quantum walks on a graph with missing links and thus a limited graph
size.

We have two special coin operations for the HWP aligned with the angles θ = 0◦ and θ = 45◦.
Here the photons arrive at a single position with certainty. For θ = 0◦ the photons arrive at
position x = 3, while for θ = 45◦ we can find them at position x = −1. In matrix representation
the two special coin operations are given by

C(0◦) =

(
1 0
0 −1

)
, C(45◦) =

(
0 1
1 0

)
. (3.18)

For θ = 0◦ we obtain, besides a phase factor, the identity operation. This means that an initially
horizontally polarized photon will stay horizontally polarized during the complete quantum walk
and hence will always step in one direction, as illustrated in Fig. 3.11. In contrast the coin operation
with θ = 45◦ corresponds to a NOT-operation. At each step of a quantum walk with NOT-coin the
photons switch their polarization state completely between horizontal and vertical, which also
alternates the step direction. However, as in the previous case, the wave function of the quantum
walker does not spread over multiple positions. We can interpret this behavior as a quantum walk
on a limited graph with only two positions: At an even step number the walker is at position x = 0,
while after an odd number of steps he resides at position x = −1.

Both scenarios suffer from one point: a classical walker with the same biased coin has an
identical evolution. Since the wave function is not split during the evolution no interferences occur,
and hence the quantum walk reveals the same probability distributions as a classical random
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Figure 3.10.: Effect of different coin operations on the probability distribution P3(x, θ) after the
third step for initially horizontally polarized photons. Each graph shows the behavior
of the arrival probability at a different position x for changing HWP angles θ. The
top illustration depicts the corresponding time bins in the experiment. The dots
mark the measured quantum walks (error bars are smaller than the used symbols),
while the solid line shows the theoretical model. The dashed lines correspond
to classical random walks with biased coins. For x = ±3 quantum and classical
description coincide.
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Figure 3.11.: Evolution in quantum walks with coins θ = 0◦ (upper row) and θ = 45◦ (lower row).
While in the first configuration we obtain a quantum walk on a directed graph, the
second reveals an oscillatory behavior.
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walk8. This changes for angles between θ = 0◦ and θ = 45◦. Here interference among multiple
paths takes place, giving rise to a higher (lower) probability of finding the photon at position
x = 1(x = −1) in comparison to the classical result.

The interpretation of the presented classical theory, however, is also not straightforward, due to
the ancillary coin state. In the classical and the quantum mechanical case the actual coin state
of the walker defines the step direction of the previous taken step, or in other words provides
information about the origin of the walker. A classical walker does not prefer any direction in
the following step if he uses a 50/50 coin (θ = 22.5◦). For a different coin, however, he orients on
his previous step: He either tends towards a step in the same direction (θ < 22.5◦) or prefers the
opposite direction (θ > 22.5◦). However, due to his classical nature no interference phenomena
occur.

3.6. Problems and limitations

We were able to perform five steps of a fully coherent photonic quantum walk, demonstrating
a high control over the initial state and the utilized coin operations. Although the combina-
tion of flexibility and stability outclassed all prior optical implementations, we have to ask the
questions:“Why only five steps?”.

In this section we explain why the experimental results are limited to five steps and what can be
done to overcome the problems. In addition, we want to estimate how many steps are actually
possible in an optimized experiment based on a quantum walk in time [88].

3.6.1. Limited time and decoherence

As already discussed in Section 3.3.3 the maximal achievable number of steps is restricted by the
design parameters of the setup. If the overall round trip time Tmin, the minimal time a pulse
needs to traverse the complete loop, is not significantly longer than the temporal separation of the
different positions ∆t, we will obtain temporal overlaps between subsequent steps. According to
Equation (3.10) the maximal step number without overlaps in our experiment is 7, given by the
parameters Tmin = 40 ns and ∆t = 5 ns.

We can overcome this limitation in two ways. We can either elongate the utilized fibers to
increase Tmin or minimize the temporal separation ∆t. As shown in Fig. 3.7, the minimal possible
time difference between individual positions is defined by the temporal jitter of the APD and the
resolution of the TDC to ∆tmin ≈ 1.5 ns. Hence, by simply reducing the length difference between
both fibers, we can increase the potential step number from 7 to 26.

In addition, we can elongate the overall fiber length and with this Tmin with some minor
restrictions. First, a longer propagation through a fiber induces additional photon losses. Since the
average loss for light with a wavelength of 805 nm is less than 4 dB/km in a standard commercial
PMF, we can neglect this point. With the temporal delay ∆tmin = 1.5 ns we would need 28 m of
fiber for a temporal separation, which is sufficient for 100 steps.

The second concern are the coherence properties of the setup. Although the setup is intrinsically
resistant to static phase errors and slow phase shifts, it is not resilient to fast dynamic phase
fluctuations induced by mechanical vibrations. Typically unavoidable vibrations of the optical
components occur at a frequency below 500 Hz, corresponding to a time scale of 2 ms. Thus if

8The term “random walk” is misleading at this point since the walker steps deterministically to one side (θ = 0◦) or
alternately to the left and the right (θ = 45◦).
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the realization of one quantum walk takes longer than 2 ms, decoherence effects could affect the
propagation. But even if we would extend the architecture to fulfill the time conditions necessary
for 100 steps, the duration of a single quantum walk would be around 14.1µs and hence over a
factor of 100 shorter than the time window of typical vibrations.

Altogether, the restrictions given by the limited time can easily be overcome by different fiber
lengths. Even in an experiment built for the implementation of quantum walks over 100 steps, the
fiber lengths would have no significant impact on the loss and coherence properties. However,
although the chosen fiber lengths allowed for seven steps theoretically, we were able to measure
only five steps in our experiment. This reveals that different factors play a role that are even more
restrictive.

3.6.2. Losses

The combination of high losses in the fiber network and the sampling probability of 50% at each
round trip decreases the likelihood that a quantum walk runs for a high number of steps. The
overall probability P (n) to detect a photon after n steps of the quantum walk is given by

P (n) = ηnstepηdet, (3.19)

for all photons after the initialization with HWP and QWP.
For a step number of n = 7 (the limit defined by the used fiber lengths) we obtain the low

probability of P (7) = 1.5 · 10−6. Assuming a repetition rate of 1 MHz this results in the rate
of 1.5 detected photons per second at the seventh step of a quantum walk. For this calculation
we assume an initial photon number of |α|2 = 1. This rate is lowered even further due to the
temporal splitting over the different positions. For example, only a ratio of 7.8 · 10−3 of the
photons performing seven steps will arrive at position x = 7 in a Hadamard walk, reducing the
rate to a single click in 1.4 min.

There are two ways to overcome the low photon rate: We can either measure for a long time
or start with a higher average photon number. The problem of a long time measurement is the
stability of the system and in particular the coupling into the fiber network. All used components
have a slow drift, which reduces the coupling efficiency and hence increases the losses with time.
This instability restricts the measurement time to maximally one hour. In addition, the noise of
the APD, i.e. clicks triggered by detected stray light or thermal noise (≈ 1kHz), induce more clicks
than the actual signal. Hence, the resulting signal-to-noise ratio of the experiment is too low to
obtain reliable data.

The second approach, however, is more promising. We already learned in Section 2.4.3 that
multiple identical photonic walkers do not influence each other during their propagation. This
allows us to increase the initial photon number of our coherent state up to the damage threshold
of the APD, given by 105 photons per pulse. Due to the geometry of the setup 50% of the incident
beam is directly sent to the detector, which restricts the initial average photon number coupled into
the loop to |α|2 = 105. Although this would be more than enough to obtain reliable statistics after
seven steps, using a multi-photon initial state suffers from another problem: The used Si-APDs
can only detect a single photon in a specific time window.

3.6.3. The influence of multi-photon components on APDs

Single-photon APDs are photodiodes operated with a high reverse voltage slightly above threshold.
If a photon arrives at the detector it excites an electron that is strongly accelerated due to the
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high internal electric field. The fast electron generates secondary carriers, which again generate
additional electrons on their own. This avalanche process amplifies the photo current to a high
level (mA-regime). If the current exceeds a specific value, the detector ejects an electric signal,
indicating the arrival of a photon. Since the random avalanche process generates a multitude of
electrons, it is impossible to distinguish if it was initiated by a single or by multiple photons. After
the avalanche the voltage level is quenched to its initial value for the next detection. With this
mechanism two problems occur for quantum walks with multiple photons.

First, if there are still free electrons after the quenching process, it is possible that the APD
immediately fires again, even if no photon arrives. These so called after-pulses occur with a
probability of 0.01% if no additional photons arrive during the time of quenching. However, if
multiple photons reach the detector during the quenching process the after-pulse probability of
our devices can rise up to 3.7%.

Since we perform a time-resolved measurement we can distinguish the after-pulses from the
clicks obtained at the positions of the quantum walk, as long as they do not coincide. Unfortunately
the dead time, i.e. the time of the quenching procedure, of our APDs is tdead = 50ns, which is
exactly the duration of Tmin + 2∆t in our experiment. This means that if we detect a photon in
one step, a corresponding after-pulse occurs exactly in the time window of a specific position in
the subsequent step.

The second, and even worse, effect is that during the dead time of the detector no arriving
photons can be detected. Assuming two photons arrive in the same step of the quantum walk,
but at different positions (hence different times), only the first photon will be measured. The
same is true if two photons arrive in consecutive steps, due to the timing parameters of the setup.
Depending on the number of photons in the quantum walk this effect can falsify the measured
distributions drastically.

As bad as these effects may seem, there are two easy solutions. The first problem can be solved
by changing the timing parameters of the setup. Adapting ∆t and Tmin in a way that the positions
do not overlap with the time of possible after-pulses, would allow to distinguish correct signal and
after-pulse counts. To ensure that no photons are lost, which arrive during the dead time of the
APD, we have to control the initial power according to the desired number of steps: We have to
guarantee that maximally a single photon arrives at the step we want to measure.

The Poissonian photon statistics of a coherent state (Eq. (2.50)) predicts a fraction f of single
P (1) to multi-photon events P (m) of

f =
P (m)

P (1)
=

1− e−|α|2(1 + |α|2)
|α|2e−|α|2

, (3.20)

depending on the average photon number |α|2. Thus, by adjusting the initial photon number
of our coherent state so that we obtain for example an average photon number of |α|2n = 0.01
at the step of detection n, we ensure that less than one percent of potentially falsifying multi-
photon events occur (f = 0.005). In the experiment we obtained an even lower value at the fifth
step of |α|2 = 7 · 10−4. This guaranteed that the performed measurements are not falsified by
multi-photon effects (f = 3.5 · 10−4).

Up to now, we discussed multiple problems that limit the maximal number of steps in the
experiment. Besides the restriction given by the architecture (nmax = 7), we were able to solve
all problems in a satisfying manner. All in all, this means that our initial question has yet to be
answered: “Why only five steps?” The answer lies in the imperfections of the utilized fiber loop.
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Figure 3.12.: Counts obtained at the fifth step of a Hadamard walk with initial vertical polarization.
Between the six expected arrival times (red, corresponding to positions x = −5 to
x = 5), we get additional peaks resulting from back reflections in the fiber (blue).
The time difference between the positions is ∆t = 5 ns.

3.6.4. Back reflections

The fiber loop consists of two PMFs that are connected at two points. At these connections verti-
cally polarized light is able to couple evanescently from one fiber to the other, while horizontally
polarized light remains in the original fiber. During this cross coupling process and at the fiber
ending connectors (FC/PC), it is possible that a small amount of light is totally reflected and
propagates in the opposite direction. Although the reflectivity is very small, the counter propagat-
ing light traverses paths in the setup that are by far less lossy than the original round trip. This
enables a comparable count rate at the detection device after a second reflection. Starting with
the fifth step the back reflections have the same order as the counts of the desired positions, as
shown in Fig. 3.12. We assume that, although not visible in Fig. 3.12, back reflections influenced the
measurements after five steps slightly, leading to the small deviations of the experimental results
to the adapted theory (Fig. 3.9). At the sixth step they are not only more intense but also heavily
coincide with the photons performing a quantum walk. This made it impossible to obtain reliable
data for step 6 and 7 with the used fiber integrated device.

To solve this problem one can use angled connectors at the fibers (FC/APC) and an anti-
reflection coating at all optical components.

3.6.5. How far can we walk (theoretically)?

In the last sections we listed a lot of different problems that can limit the scalability of our
experiment. Fortunately, all of the problems are solvable to a high extent. The final question that
still has to be answered is how far can we walk if we would include all mentioned improvements
into our system and what factor will actually be crucial for the maximal step number.

At first, let us assume that we use fiber lengths that support at least a hundred steps. We
already heard in Section 3.6.1 that the resulting time parameters ensure that the quantum walk is
unaffected by decoherence effects. In addition, we prepare all optical components in a way that no
back reflections can influence the detection (Section 3.6.4).

The last improvement is to decrease the losses per step significantly. As mentioned in Sec-
tion 3.3.3 we can change the reflectivity of the coupling beam splitter, what on the other hand also
reduces the maximal allowed initial power —the limit here is given by the detector threshold. A
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Figure 3.13.: A scheme of a quantum walk in time with active coupling mechanism. Two
polarization modulators (PM) rotate the polarization after PBS1 to couple pulses
into the system. An additional rotation after the desired number of steps changes
the path of the photons to the detection output of PBS2.

more efficient way is to switch from the passive coupling mechanism to an active procedure as
depicted in Fig 3.13.

In this scheme the photons are injected into the unused input port of PBS1. A polarization
modulator (PM) in each arm induces a 90◦ polarization rotation to guide the injected photons to
the correct output port of PBS2. During the evolution the PMs are switched off and the quantum
walk proceeds as in the current experiment. A further active rotation after the desired number of
steps ejects the photon at the unused output of PBS2 for detection.

This scheme avoids the losses induced by the coupling BS, which are given by 50% per step in
the current implementation, while also doubling the signal at the detection. Furthermore, it opens
up the possibility to initialize the experiment with bright pulses and perform the quantum walk
until losses reduce the power to the single photon regime. This circumvents detection problems
with multi-photon components as discussed in Section 3.6.3. We estimated that, given by the losses
of commercially available modulators, a change to the active coupling system and a laser with
output power of 1W would allow a quantum walk with at least 100 steps.

The last point we have to consider is the quality of the results. Based on manufacturing and
alignment imperfections the performance of the individual components in the experiment can
influence the quality of the final distribution. To quantify the overall effect we estimated the degree
of accuracy for each component and made a Monte Carlo simulation combining the individual
errors. The simulation revealed a fidelity of the final state of above 90 % for the first 32 steps
and a fidelity of still 50 % for 100 steps, considering a walk with a Hadamard coin and an initial
polarization state |H〉.

Altogether, we can estimate that at least 100 steps of a quantum walk in time are possible with a
satisfactory quality. But even without the new configuration (Fig. 3.13), it is possible to increase
the number of steps significantly with the mentioned changes. We will show in the following
chapter the huge improvement of the performance of a quantum walk in time induced by only
small changes in the experimental parameters of fiber loop and coupling BS.
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3.7. Conclusions

Although theoretical analysis of quantum walks were quite advanced at the time of the experiment,
only a few implementations were reported up to then. Especially the optical experiments suffered
from the huge problem of only having either a scalable architecture or a flexible coin. In this
chapter we presented the first optical implementation of a quantum walk that provides both
features. We demonstrated the coherence properties of the setup by monitoring the first five
steps of a Hadamard walk, which revealed all characteristic signatures of a ballistic propagation.
In addition, we performed multiple different quantum walks by changing the underlying coin
operation, highlighting the flexibility of the system. With a simple rotation of a HWP we switched
from quantum walks revealing strong interference effects to evolutions where the walker is forced
to oscillate between two positions.

While indicating the huge capabilities that are provided by quantum walks in time, the experi-
ment was far from exploiting its full potential. We gave a detailed analysis of each factor limiting
the quality and the number of steps and offered simple solutions to overcome the main problems.
By replacing the imperfect components and minimizing the losses in the setup, we estimated that
up to 100 quantum walk steps are possible with a quantum walk in time.

Five steps was in the order of most DTQW implementations presented at the time of the
experiment. This step number is sufficient to demonstrate the basic features of a quantum walk, as
for example the ballistic spread. In our successive experiment, however, we wanted to go a big step
further. Our goal was to use a quantum walk in time as tool for large-scale quantum simulations.



4
From Ballistic Spread to Localization

The energy transfer in photosynthesis is a very fascinating process. Every time a photon is
absorbed by a photosynthetic complex the photonic energy is converted into electron-hole pairs
(excitons). The excitons are transfered from the point of absorption over chains of molecules to
the reaction center to drive the widely-known chemical reaction. In some of these light harvesting
complexes the efficiency of the energy transfer can exceed 99% [9], a value that is extraordinary
high and raised many questions about its origin: It is not possible to explain it with a fully classical
theory. In 2007 Engel et al. investigated the properties of the Fenna-Matthews-Olson (FMO)
complex, a light harvesting complex that appears amongst others in the green sulfur bacteria [25].
They found a direct proof that coherence survives a sufficiently long time in the complex and
with this argued that a wave like propagation of excitons is possible in such biological systems.
In other words the created excitons perform a quantum walk on their way to the reaction center.
Theoretical models were able to explain the high transfer efficiency by including the wave like
nature of the excitons one year later [9, 10].

The conditions for a quantum walker in such a biological network are rough. The walk is
influenced by thermal decoherence effects and spatial inhomogeneities, given by the different
energy levels of the molecules in the complex. The first theoretical investigation of the impact
of static disorder on the dynamics of a quantum particle was done by P. W. Anderson in 1958 in
the context of electrons traversing a conducting solid [89]. He found that static disorder leads
to an absence of diffusion and thus a localization of the electron’s wave function. Hence, such a
disordered environment forces the conductor to behave as an insulator. This so called Anderson
localization is solely based on the interference of the particle’s wave function with itself and thus
equivalent to the underlying principle of quantum walks.

Historically it has been very challenging for experimentalists to verify the occurrence of An-
derson localization. It took almost 40 years from the theoretical prediction until the effect could
be demonstrated experimentally via photons moving in semiconductor powders [90]. After that
several different approaches lead to success, as sending light through disordered photonic lattices
[80, 91] or investigating the dynamics of Bose-Einstein condensates [92, 93].

But how does Anderson localization influence the energy transfer in the photosynthetic com-
plex? The discrepancies in the energy levels of the molecule chain are on a level that the effect



60 4. From Ballistic Spread to Localization

should prohibit all propagations within the complex. However, the occurring decoherence effects
weaken the localizing interferences and with this, free the otherwise trapped excitons. And indeed
theoretical works state that it is precisely the interplay between the two effects that enable the
highly efficient transfer in photosynthesis [48, 49, 50].

The complexity of measurements in biological systems, however, makes it impossible to exper-
imentally investigate the full transfer process including all different kinds of dynamics. In this
chapter we employ our system of a quantum walk in time as an experimental test bed to study
the influence of decoherence and disorder on the dynamics of a quantum particle. Although
theoretically predicted in the context of quantum walks [42, 43, 44], an Anderson-like localization
effect has never been observed in a discrete time quantum walk scenario before.

A demonstration of decoherence in quantum walks, however, is usually much easier, mainly
since most experiments are already corrupted by parasitic decoherence effects. Decoherence
effects were observed in two different experiments up to then [79, 94]. They confirmed that
a quantum particle propagating in a decoherent environment loses its quantum mechanical
properties and performs a classical random walk [38, 40, 86]. The first realization was done by
Karski et al. employing atoms trapped in an optical standing wave [94]. By artificially elongating
the duration between subsequent steps beyond the coherence time in the trap, they were able to
demonstrate a classical random walk of atoms. The second realization was given by Broome et
al. with single photons traversing a spatial beam splitter network [79]. By detuning the different
possible paths in their spatial configuration, they prevented the individual parts of the photonic
wave function from overlapping spatially and hence interfering.

We use a different approach to simulate decoherence in a discrete time quantum walk. Instead
of inducing a spatial decoherence as done by Broome et al., we aim at disturbing the coin state
of the quantum walk. For this approach it is essential to address each individual position in
the quantum walk dynamically. This feature has not been shown in quantum walk experiments
before, although it is a crucial operation for most applications in quantum walk based computation
[21, 95]. In addition, it is exactly this technique that allowed us to simulate an environment with
static disorder demonstrating for the first time an Anderson localization effect in a discrete time
quantum walk.

However, to obtain a position and step dependent coin operation we had to configure the prior
experiment accordingly.

4.1. Changes in the experimental setup

Our experimental implementation is based on the principle of a quantum walk in time as in-
troduced in Chapter 3. We made two main changes from the previous setup configuration. We
improved the control over the quantum walk parameters with a fast switching modulator and
increased the number of steps, by reducing the losses per round trip significantly. In the following,
we describe all changes in the experiment (Fig. 4.1) and highlight the improvements compared to
the pioneer experiment.

1: Initial state
The used laser system and the preparation of the initial state of the quantum walk is identical
to the previous experiment. Details for this can be found in Section 3.4. We changed,
however, the configuration of coupling the light in and out of the fiber loop. In the former
experiment we used the same 50/50 BS for both operations (see Section 3.4 for comparison).
We replaced the single coupling BS with two individual BSs to separate the coupling into the
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Figure 4.1.: Scheme of the improved experimental setup. See text for details.
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feedback loop from the coupling mechanism guiding the light to the detection device. The
new configuration ensures that no pulse is sent directly from the laser to the APDs to avoid
damaging of the single-photon detectors even with a high initial photon number per pulse.
As injecting BS we employ a coated glass plate at an angle of 4◦, ensuring a polarization
independent reflection of approximately 3% of the photons in each pulse into the feedback
loop. The sampling to the detection scheme is done with an 88/12 BS. Thus, by changing
the coupling configuration, we reduced the losses at the coupling devices from 50% in the
previous experiment to 15% and with this also enabled the use of an increased initial power.

2: Coin operation
As in the previous experiment the coin operation is performed via one HWP. Additionally we
have the possibility to include an electro-optic phase modulator (EOM) into the optical path,
adding a variable phase shift to the coin operation. The custom-made EOM (EOSPACE)
consists of a Lithium Niobate crystal (LiNbO3) with an inscribed waveguide structure. Two
PMFs of 1 m length are attached to the EOM, each terminated with FC/APC connectors. The
modulator changes the relative phases between horizontally and vertically polarized light
linearly with the applied voltage due to the Pockels effect. This results in the additional term
of the coin operation, given in the basis of the coin states as

CEOM(U) =

(
eıφH(U) 0

0 eıφV(U)

)
, (4.1)

with φH,V representing a phase shift for horizontal/vertical polarization depending on the
applied voltage U . Asymmetries in the crystal and waveguide structure of the EOM result
in the ratio φV/φH ≈ 3.5. The voltage necessary for a phase shift of φV = π is Uπ < 3V
at a modulation frequency of 1GHz. An additional HWP before the EOM compensates
for polarization rotations (≈ 4◦) caused by imperfect alignment of the optical axes of the
attached PMF to the connector key and the axes of the EOM. In addition the polarization is
rotated in the device by 90◦ which is compensated for by a second HWP at the output 1.

The modulator has an insertion loss of 60% for vertically polarized light and 55% for
horizontally polarized light. We compensated for this imbalance by introducing artificial
losses, induced by an additional glass plate aligned at a fixed angle. The EOM is driven by
an arbitrary function generator, which can be synchronized to the repetition frequency of
the laser diode.

With its maximal frequency of 20 GHz the EOM is able to switch significantly faster than the
temporal separation of the different time bins, which represent the individual positions in
the quantum walk. This enables a position x and step n dependent coin operation C(x, n),
given by

C(x, n) = CEOM(x, n)CHWP =

(
eıφH(x,n) cos 2θ eıφH(x,n) sin 2θ

eıφV(x,n) sin 2θ −eıφV(x,n) cos 2θ

)
, (4.2)

with θ being the angle of the HWP in respect to its optical axis.

1The reason for the polarization rotation of 90◦ is that both fiber ends of the EOM are pigtailed orthogonally to
each other. This should compensate for the birefringence in the device for future experiments. However, since the
company pigtailed two fibers of identical length —against our wishes— they compensated only for the birefringence
of the fibers and not of the modulator itself.
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3: Step operation
The main limiting factors for the number of steps in the pioneer experiment were the losses
per step and the back reflections at the fiber integrated PBS, as discussed in Section 3.6. To
suppress the unwanted reflections we rebuilt the fiber network using free space polarizing
beam splitter cubes and included two PMFs with angled connectors (FC/APC) in between.
We chose longer fibers compared to the prior experiment to increase the minimal round
trip time Tmin, which allows for more steps of the quantum walk (Section 3.3.3). Depending
on the number of desired steps we employed two different fiber pairs. For the first measure-
ments the fiber lengths were 9 m for vertically polarized pulses and 11 m for pulses with
horizontal polarization2. The according minimal round trip time is Tmin = 57.0 ns, while
the separation of the time bins is ∆t = 5.85 ns. Since this timing values limit the number
of steps to nmax = 9 (see Sec. 3.3.3), we switched to fibers with lengths of 19 m and 20 m,
which changes the temporal parameters to Tmin = 104.3 ns, ∆t = 3.50 ns and allows for
nmax = 29 steps. Each fiber coupling is done via microscope objectives with a 10 times
magnification.

4: Detection
After coin and step operation an additional BS samples 12% of the photons, which are sent
to the detection stage. All other photons are sent to an additional HWP, that compensates
for an unwanted polarization rotation of about 4◦ occurring at the reflection of the coupling
device. Afterwards the optical path returns back to the same optical elements for the next
step, passing in between the insertion BS. The photons coupled out of the feedback loop
for detection are guided to a PBS which separates the arriving photons according to their
coin state. The adjacent measurement with two individual APDs —in contrast to the single
detector of the previous experiment— gives us information about the final coin state of
our walker in addition to position and step number. The same TDC as in the previous
experiment records the according arrival times of both APDs, generating the desired click
statistics. Every time a new pulse is sent by the laser diode, the time counter of the TDC is
reset by an electrical trigger signal.

Due to the new coupling mechanism and the reduced losses in the fiber network the efficiency
of the setup, i.e. the probability for a photon to neither become lost nor coupled out for detection
after one round trip, was increased from ηstep = 0.18 in the prior setup to ηstep = 0.55. Including
the EOM into the optical path decreases this value to ηstep = 0.22, given by the high losses of the
modulator. With the low probability of 12% to leave the feedback loop for the measurement also
the detection efficiency decreases to ηdet = 0.06.

4.2. Experimental results

With our fundamentally improved setup we simulated quantum walks in four completely different
environments and investigated the impact of the individual external conditions on the dynamics
of the quantum walker.

The first experiment simulates the behavior of a quantum particle propagating on a fully
homogeneous graph, which not only acts as reference scenario but also certifies that the new setup
still presents sufficiently good coherence properties (Section 4.2.1). Afterwards, we examine two

2The 2m difference in lengths of the two fibers instead of 1m as in the previous experiment is dedicated to another
delivery failure.
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scenarios that simulate quantum walks in a decoherent environment, differing in the time scales
of the occurring dynamic perturbations. In the first decoherence scenario the quantum walkers
traverse a slowly changing homogeneous environment —a condition that can even speed up the
particle’s propagation compared to a Hadamard walk (Section 4.2.2). The second situation mimics
the influence of fast fluctuations on the dynamics of a quantum walker. Here the interference
is strongly disturbed forcing the quantum particle on a classical random walk (Section 4.2.3).
And finally, we investigate the impact of static disorder on a quantum walk by modeling different
conditions at each position, which stay constant in time (Section 4.2.4). The inhomogeneity in the
environment leads to a localization of the quantum particle at a single position, as predicted by
Anderson[89].

For all measurements we detected more than 104 events to reconstruct the probability distribu-
tions of a single step. This guaranteed an absolute statistical error of the assessed probability at
each position of less than ∆P (x) < 0.01. We adapt the power of the initial state in a way that the
average photon number per pulse at the detected step is 〈n〉 < 0.003. This ensured a negligible
fraction of multi-photon events of f < 0.002, as shown in Eq. (3.20). The overall measurement
time was maximally 1 h, limited by the setup stability.

4.2.1. Hadamard walk

In the first of our four scenarios we investigated a quantum walk in a homogeneous environment.
For this purpose we employed the longer fiber pair (19 m/20 m), aligned the coin HWP in the
Hadamard configuration θ = 22.5◦ and removed the EOM from the optical path. The Hadamard
coin induces a propagation that is highly influenced by interference effects and hence even a small
amount of decoherence occurring in the newly designed setup is reflected in deviations of the
final probability distribution. Again we initialize our pulses in circular polarization, representing
the symmetric initial state |ψ0〉 = |0〉 ⊗ 1√

2
(|H〉+ ı |V 〉).

Fig. 4.2 shows the measured spread of the photons after n = 28 steps of a Hadamard walk. The
distribution has the characteristic shape of a fully coherent quantum walk: the two pronounced
side peaks and the low probability around the initial position. The strong contrast to the bell-
shaped curve of a CRW highlights the good coherence properties of the setup even after 28 steps.
Moreover, the polarization analysis (Fig. 4.2, bottom) confirms the expected dependence of the
particles’ final position on their coin state. As done in the previous experiment, we slightly adapted
the theory to the small imperfections of the coin parameter θ, the initial coin state and differential
losses between the polarizations (see Section (3.5.2) for details). These imperfections fully explain
the small asymmetries measured in the final distribution.

We can quantify the quality of our result using the distance measure d(Pexp, Ptheory), as in-
troduced in Eq. (3.13). For the distribution after 28 steps traced over the coin states we obtain
d(P28,exp, P28,qw) = 0.052 ± 0.015, a significantly lower value compared to the distance after
five steps in the previous experiment of d(P5,exp, P5,qw) = 0.147 ± 0.035. A comparison with
the distribution expected in a fully decoherent (classical) scenario reveals the high distance of
d(P28,exp, P28,crw) = 0.661± 0.015. This result confirms an almost decoherence-free evolution
after 28 steps with a quality exceeding the performance of the pioneer experiment drastically.

4.2.2. A speedup due to slow fluctuations

Up to now we restricted our quantum walks to propagations in environments which are both
homogeneous and static. But especially in real physical scenarios we expect the conditions to be
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Figure 4.2.: Arrival distribution after 28 steps of the Hadamard walk with symmetric initial state.
Top: Measured probability distribution P28(x) (cyan) and adapted theory (gray).
The red curve represents the distribution of a classical random walk. Bottom: The
breakdown of the experimental results into the distributions PV,28(x) corresponding
to the coin state |V 〉 (green) and PH,28(x) given by the coin state |H〉 (blue) confirms
the theoretically expected asymmetric distributions.

much more complex, which requires the inclusion of fluctuations in our quantum walk simulations.
Our first type of environmental variation is given by a slow change of the coupling probabilities
between different positions. In the following we examine how this drift changes the spread of a
quantum walker in comparison to the Hadamard walk.

In a real continuous process a particle on a linear graph has the probability to either propagate
to the right or left or, of course, to stay it its original position in a specific time window. The three
possibilities are in contrast to the two propagation types allowed in a DTQW, as defined by the
step operator in Eq. (2.15). However, we can simply map the two scenarios by treating two steps in
a DTQW as one. In this way the particle has the possibility to reside at its original position x or
to step to positions x± 2 respectively. At a specific position x the wave function of the particle
|ψ(x)n+2〉 after n+ 2 steps is given by

|ψ(x)n+2〉 = γx |ψ(x)n〉+ βx,x+2 |ψ(x+ 2)n〉+ βx,x−2 |ψ(x− 2)n〉 , (4.3)

with the parameter |γx|2 defining the probability that the particle stays at its position after two
steps and the coefficients |βx,x±2|2 setting the transition probability from the adjacent positions
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Figure 4.3.: Distribution after the first two steps of quantum walks on three different graphs. The
properties of the graphs are given either by the transition coefficients γx and βx,x±2
(top) or the angle of the HWP θ in the experiment (bottom). If the distance between
the vertices is too large the particle is trapped on one position (left). With closely
spaced positions the particle’s wave function spreads over three positions (center) or
leaves the initial position with certainty (right).

x ± 2. If the underlying graph changes, the transition coefficients will vary and with this the
dynamics of traversing particles, as depicted in Fig. 4.3. The different graphs are fully described
by either their transition coefficients in the continuous scenario or the initial coin state combined
with the performed coin operations in a DTQW.

For our first simulation of a change in the environmental conditions we assume a slow drift
of the graphs’ properties over time in a way that the underlying conditions are fixed during one
realization of the quantum walk but change between subsequent runs. The resulting distribution
reflects the average dynamics of particles in an environment that changes slowly, for example due
to thermal oscillations. Despite having a dynamic change of the physical parameters we demand
the drift to be homogeneous over the complete system.

In a DTQW this scenario corresponds to a quantum walk with the same coin operation Ĉ at
each position and each step during the evolution, but changing between subsequent realizations.
We simulated the different conditions by varying the HWP angle θ in steps of 5◦ and measured
the resulting spread. As can be seen in Fig. 4.4, in a quantum walk driven with the coin settings
θ = 45◦ and θ = 0◦/90◦ the quantum walker resides mainly at one of the thirteen possible
positions after twelve steps (see Section 3.5.3 for details). Due to the asymmetric initial state
in this example, we obtain a certain transition in only one direction for θ = 0◦/90◦ and hence
|βx,x+2|2 = 1 , while |βx,x−2|2 = 0 . The perfect accordance to the theoretical prediction in
contrast to a classical scenario confirms the high coherence properties of the setup. The EOM was
not used in this experiment.

We reconstruct the mean dynamics of a quantum walker in a slowly varying environment by
averaging over the obtained values as Pav(x) = 1

N

∑
θ P (x, θ) with the normalizing factor N . In

Fig. 4.5 two different scenarios are illustrated for both a symmetric and an asymmetric initial state:
The first shows the dynamics of a quantum walker propagating in a nearly stable environment,
suffering only under small deviations from the Hadamard configuration (θ = 22.5◦) calculated
as Pav,1(x) = 1

2(P (x, 20◦) + P (x, 25◦)). Here the typical quantum walk shape is still maintained.
In the second scenario we average over the full range of possible underlying conditions given as

Pav,2(x) = 1
10

45◦∑
θ=0◦

P (x, θ).3

For the symmetric initial state a complete uncertainty of the θ parameter induces a nearly

3The range of 45◦ is sufficient to simulate a full uncertainty due to the symmetry conditions of the parameter θ.
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Figure 4.4.: Measured probability distributions P12(x, θ) after twelve steps varying with the coin
parameter θ (black dots) for a quantum walker initialized in state |ψ0〉 = |0〉 ⊗ |H〉.
Each θ value represents a different environmental condition as shown in Fig. 4.3. The
sum over all positions with a fixed θ is 1 (

∑
x P (x, θ) = 1). The measured values

nicely reproduce the theoretical expected curve representing a interference driven
quantum walk (red), while clearly distinguishing from the classical theory (dashed
line). The statistical errors are smaller than the dot size.

uniform distribution with a significant peak at the initial position, which is in strong contrast to
the Hadamard walk with low variations. In addition, the high probabilities to reach the outermost
positions differ significantly from quantum walks with a lower parameter uncertainty. This
effect induces a speedup of the quantum walk, which manifests in a high variance of the spread.
Our experimentally obtained values after 10 steps reveal σ210,2 = 40.00 ± 0.42 for a quantum
walk averaged over the full range of angles and only σ210,Had = 31.27 ± 0.19 in the Hadamard
configuration.

The asymmetry in the initial state of the quantum walker is also reflected in the spread of the
particle traversing in the environment with fully unknown conditions. The highest probability to
end up for the quantum walker is here the outermost position, which emphasizes the speedup
provided by the conditions. We obtain σ210,2 = 37.10 ± 1.42, with the theoretical value of
σ210,2 = 38.47 4. Surprisingly this result reveals that strong fluctuations in the environment can
even be highly beneficial for the transport of quantum particles.

On the other hand, the question arises whether this effect can be dedicated to the quantumness

4The theoretical value is the same for the symmetric initial state.
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Figure 4.5.: Average evolution in quantum walks with slowly changing conditions for an sym-
metric initial state |ψ0〉 = |0〉 ⊗ 1√

2
(|H〉+ ı |V 〉) (A) and an asymmetric initial state

|ψ0〉 = |0〉 ⊗ |H〉 (B). For both configurations the evolution over 12 steps is shown
experimentally (left) and theoretical (center). The top row hereby reveals the typ-
ical ballistic dynamics if the deviations from the Hadamard configuration are low
θ ∈ [20◦, 25◦], while the lower simulates a complete uncertainty of the graph param-
eter θ ∈ [0◦, 45◦]. The right column gives an example of the average distributions
obtained after 10 steps in the different scenarios.
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Figure 4.6.: Theoretical distributions after ten steps for a quantum walker (gray) and a classical
walker (red) in a fluctuating environment (θ ∈ [0, 45]) with a symmetric (left) and an
asymmetric initial coin state (right).

of the particle. If we change the 50/50 coin, usually used in a classical random walk, to a coin that
favors one direction, a similar effect can be observed, as depicted in Fig. 4.6. One can clearly see
that averaging over coins in a classical random walk also induces high probabilities for the walker
to arrive at the outermost positions (x = ±10). Occurring quantum effects, however, significantly
reduce the probability for the walker to arrive at its original position x = 0 and with this the
resulting spread is flattened. Thus the quantumness of the particle increases the propagation
speed drastically (σ210,qw = 38.47) compared to the classical counterpart (σ210,crw = 28.28).

4.2.3. Photons on a random walk

In the previous section we revealed that fluctuations can improve the transport of quantum
particles significantly, as long as the underlying environment stays homogeneous during the
propagation. In this section we will explore the impact of fluctuations, that change the properties
of the underlying graph while the quantum walker is on its walk. Thus a walker traversing this
environment will experience different physical conditions at each position of the graph. Even if it
returns to the same position later during the walk the conditions will be different due to the fast
fluctuations.

The random changes during the quantum walk can be interpreted as a strong decoherence effect.
Decoherence in quantum walks disturbs the occurring interferences and hinders the wave-like
propagation of the particles. If the decoherence is strong enough the quantum walkers are forced
on a classical random walk, which changes the typical ballistic to diffusive dynamics [38, 40, 86].

To simulate a temporally and spatially unstable system we apply different coin operations
C(x, n) at each position and step during the quantum walk. We set the angle of the HWP to
θ = 22.5◦, while using the EOM to vary the coin operation during the walk (Eq. (4.2)). Therefore,
we apply a random electrical signal of fixed shape and a nearly uniform voltage distribution to the
EOM, generated by an arbitrary waveform generator (240 MHz, Tektronix AFG 3252). According
to the signal, the modulator performs random phase shifts, chosen from the uniform interval
φV (x) ∈ [−Φmax,Φmax], with the maximal phase Φmax being determined by the maximal voltage
level of the signal. Since the oscillations of the electrical signal are faster than the temporal
separation of the individual quantum walk time bins, the EOM is capable of applying independent
phase shifts φH,V (x, n) at each position in each step.

We simulated a fully decoherent environment by choosing a phase distribution with Φmax =
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Figure 4.7.: Arrival distributions for a quantum walk of 11 steps in a fast fluctuating environment
defined by Φmax = 1.14± 0.05π. The measured probability distribution P11(x) (dark
red) has the same binomial shape as expected in a classical random walk (gray). The
splitting of the distribution into the basis of vertical coin state |V 〉 (P11,V (x), orange)
and horizontal coin state |H〉 (P11,H(x), pink) reveals that the particles are distributed
binomially independent from its coin state.

(1.14± 0.05)π in the experiment, thus applying random phases out of the complete 2π interval
during the walk. By applying different phases at each measurement run, we ensured that the
final distribution reflects the average spread of a particle propagating in a fully decoherent
environment. The measured spread (Fig. 4.7) of a quantum walker starting in the asymmetric
initial state |ψ0〉 = |0〉 ⊗ |H〉 nicely reflects the effect of decoherence: A quantum particle in a
fluctuating environment behaves like a walker on a classical random walk. The experimentally
measured spread is equivalent to the binomial distribution expected from a classical particle. The
quantum walker is most likely to arrive in the area of its initial position after 11 steps with only a
low probability to reach the outer positions. This is in strong contrast to the double peak structure
obtained in a typical Hadamard walk.

In addition, the resulting arrival distribution is fully symmetric, despite the quantum walker
starting in an asymmetric coin state. This surprising effect of a quantum walk evolution that is
independent of the coin state is confirmed by analyzing the final distribution in the coin state
basis P11,H(x) and P11,V (x). Here one can see that the arriving particles are split equally between
horizontal and vertical polarization and each polarization also reveals a binomial distribution. The
shift in positions between the two polarization resolved distributions P11,H(x) = P11,V (x+ 2) is
explained by the definition of the coin state as the direction of the last step in the walk: P11,H(x) is
the distribution of all walkers ending their quantum walk with a step in positive x-direction, while
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P11,V (x) reflects all walkers stepping in negative x-direction in their last step. The limitation to
eleven steps is due to the high losses of the EOM.

We created the employed electric signal as convolution of multiple harmonic functions and
adjusted the signal duration in the measurement to 167 ns. This duration is chosen such that it
has no multiples with the minimal round trip time Tmin = 70.5 ns and the separation of different
positions of ∆t = 5.9 ns. Thus by repeatedly applying it to the EOM, no phase correlations
between adjacent positions of the same step and between positions of different steps occur. Since
the relative times between the outgoing initial laser pulse and the electric signal applied to the
EOM are not conditioned, they automatically differ with each initialization. This ensures that with
each realization a new phase distribution is seen by the walker and hence the simulated physical
conditions of the quantum walk are different5.

Although the good experimental results give a hint that the used electric signal is fully random
we confirmed its randomness via multiple methods. We analyzed the electrical signal via the
autocorrelation function

γ(t2 − t1) =
〈(U(t2)− 〈U〉)(U(t1)− 〈U〉)〉

σ2U
, (4.4)

with the mean voltage 〈U〉 and the voltage variance σ2U . The function γ(∆t) has the value γ = 1 if
the voltages U(t) in a specific temporal distance (∆t = t2 − t1) are perfectly correlated, γ = 0 for
uncorrelated values, and γ = −1 if the values are perfectly anti-correlated. In Fig. 4.8 A one can
see that voltages applied to the EOM in the temporal distance of ∆t = 5.9 ns, which is the distance
corresponding to neighboring quantum walk positions in our experiment, are almost uncorrelated
(γ(5.9 ns) = −0.14). More distant positions, however, show small correlations originating from
the method to create the electrical signal as convolution of harmonics.

To ensure the EOM switches fast enough to transform the used electrical signal into the accord-
ing phase shifts we tested the EOMs performance in an independent interferometer. The resulting
interference pattern corresponds perfectly to the theoretically expected curve (Fig. 4.8 B). Finally
we extract the relative frequency of the individual phase factors from the performed interference
measurement, as can be seen in Fig. 4.8 C. We obtain a nearly uniform distribution over all phases
for Φmax = (1.02± 0.05)π with a small dip in the central region (φV ≈ π

2 ). Since the interference
measurement did not allow to distinguish between the phases φV and−φV , the plot reveals only
the relative frequency of the absolute values |φV |.

The experimental results demonstrate how strong fluctuations in the environment influence
the propagation of traversing quantum particles. The particles loose their quantum mechanical
properties and propagate through the environment as if they were of completely classical nature.
Under such harsh physical conditions even typical quantum objects such as photons behave like
beans dropping down a bean machine.

4.2.4. Quantum walks with static disorders – the Anderson localization effect

Until now we saw how a slow drift in a homogeneous environment accelerates quantum particles
on their walk in one dimension and that fast fluctuations, on the other hand, slow the particles
down. Now we investigate a third, completely different scenario —a scenario in which the particles
become trapped on their starting point and hindered to propagate in the environment at all.

5A simpler method to generate decoherence is to apply white noise at the EOM. However since this method can not be
applied to generate static disorder in the system, we used this experiment to validate the randomness of the signal
used in the latter scenario.
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Figure 4.8.: Analysis of the EOM performance. (A) The autocorrelation function γ(∆t) of the
applied electrical signal shows that the voltage levels between adjacent positions
(∆t = 5.9 ns) are only slightly correlated. (B) Intensity pattern obtained in a bright
light measurement done in an external interferometer to test the EOM performance
using the same electrical signal. The experimental values obtained with a photo diode
(black) correspond perfectly to the theoretical expectations (red). The deviations in the
measurement originate from noise effects of the photo diode. (C) Relative frequency
f(|φV |) of the applied phases φV for the signal with interval Φmax = (1.02± 0.05)π
extracted from the interference measurement done in (B). The dashed line indicates
the uniform distribution.

This localization effect was theoretically predicted by Anderson [89] for quantum particles
traversing an environment that suffers under a strong spatial disorder. In the continuous time
model of Anderson an electron traverses a disordered lattice. He found that depending on the
strength of disorder these interference effects trap the electron at its initial position with a very
high probability. Hereby a single disorder pattern does not guarantee the occurrence of this
localizing effect, which makes it essential to average over multiple different disordered scenarios.

To mimic the same environmental conditions for the photons in our experiment we have to
fulfill two conditions. First, we have to ensure that the graph is influenced by a disorder, which
means that each position has its individual random properties. We implement this similar to the
last experiment: We apply a different coin operation C(x) at each position of the graph, given by
the different phase patterns generated with the programmable EOM.

The second condition of the system is that the disorder has to be static, which is in contrast to
the fluctuating scenario in the previous experiment. A static environment implies that any time
the walker steps on the same site during the walk he has to find the same conditions and thus the
same coin operation has to be performed in the experiment. To simulate this property, we applied
the same voltage at the EOM every time photons arrive at the times corresponding to the same
position. As explained in Section 4.2.2 it takes at least two steps for a quantum walker to return
to the same position during the walk. For this, it has to step once in positive x−direction and
once in negative x-direction. In our experiment this step combination takes the time δtx, given by
the duration of photons traversing consecutively the longer and the shorter arm in the setup and
thus δtx = 2Tmin + ∆t = 146.9 ns. Every photon with the same position coordinate x arriving
at the EOM later in the walk will have a time delay given by multiples of δtx. Hence, by applying
a periodic electric signal to the EOM with a periodicity of 146.9 ns, we ensure that the photons
experience the same phase shift every time they arrive at the same position during the evolution.

In our experiment we used the same periodic electronic signal, as in the previous section but
reduced its periodicity from 167.0 ns to the desired 146.9 ns. This adapts the electric signals to our
round trip times and thus changes between the simulation of a randomly fluctuating environment
and an environment with static disorder. As in the previous scenario we did not condition the
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Figure 4.9.: Arrival distribution for a quantum walk in a environment influenced by static
disorder after 11 steps, starting in an asymmetric coin state |ψ0〉 = |0〉 ⊗ |H〉. The
measured probability distribution P11(x) (green) is in accordance with the theoretical
prediction obtained by a Monte Carlo simulation (gray). The inset shows the measured
distribution on semi-log scale with linear fit.

electrical signal for the EOM to the laser trigger, which automatically changes the applied phase
shifts at each position in subsequent runs. With this trick we were able to simulate a different
disorder in each quantum walk and hence obtain a probability distribution that averages over
the propagation in various disorder patterns. For the experiment, we prepared the walker in an
asymmetric initial state |ψ0〉 = |0〉 ⊗ |H〉, aligned the HWP angle to θ = 22.5◦ and applied the
electric signal to the EOM, with a voltage level corresponding to Φmax = (1.14 ± 0.05)π. The
measured probability distribution after 11 steps for quantum walkers traversing this strongly
disordered environment can be seen in Fig. 4.9.

The distribution has a dominant peak at position x = −1 emphasizing that a quantum particle
in a disordered environment is highly limited in its mobility. In both positive and negative
direction the distribution decays exponentially from the central position, which is a striking
signature of Anderson localization. The exponential localization of the wave function is even more
clearly revealed when illustrating the distribution on a semi-log scale (Fig. 4.9, inset). Two linear
fits of fx+(x) = 0.63e0.47x and fx−(x) = 0.38e−0.45x confirm the exponential trapping of the
particle. Both fits take into account the first four positions from the origin in either positive fx+(x)
or negative x-direction fx−(x). Although the decay in both directions is similar, the amplitude is
different given by the asymmetry of the final distribution.

In contrast to the strongly fluctuating environment investigated in the last section, a strong
disorder does not cancel out the quantum mechanical properties of traversing particles. The
localization that occurs in such scenarios is solely based on interference and hence relies on the
wave nature of the quantum particles. An indication for this fact is found in the asymmetry of the
final distribution, simply being a relic of the asymmetric coin initial state.

The theoretical distribution presented in Fig. 4.9 is obtained via Monte Carlo simulation of 104

different disorders. We therefore calculated the outcome of quantum walks with the coin matrix
introduced in Eq. (4.2) and random phase factors φH/V . The only included restriction was the
relation φV /φH ≈ 3.5, determined by the properties of the EOM.
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4.2.5. The walk from quantumness to classicallity

By now we have seen how a quantum particle propagates classically in a fully decoherent envi-
ronment and how it is trapped in a system with a very strong disorder. However, the full control
over the underlying parameters in the experiment gives us access to more than these two extreme
scenarios. By adjusting the parameter Φmax we can precisely set the strength of decoherence or
disorder in the system and with this mimic the behavior of quantum particles in many different
intermediate regimes. This enables us for example to simulate physical conditions that lie in
between environments supporting a fully quantum mechanical propagation and environments
that restrict their particles to traverse classically. Or in other words we can simulate quantum
walks in worlds, that combine both quantum mechanical and classical properties.

To investigate the behavior of quantum particles traversing through environments with inter-
mediate strength of decoherence and disorder, we stepwise increased the maximal phase errors
Φmax by regulating the maximal voltage of the electric signal supplied to the EOM. Besides the
voltage level we used the same experimental parameters as for the scenario of strong disorder
shown in Fig. 4.9 and decoherence in Fig. 4.7, respectively. The measured probability distributions
for the different strengths of disorder and decoherence and the according variances σ2 are shown
in Fig. 4.10. In an undisturbed environment (Φmax = 0) the propagation is equivalent to the
known Hadamard walk in both scenarios. The measured distributions show the characteristic
two-peak structure of an Hadamard walk with the asymmetry contributed by the initial state. The
according variances are very high and reflect the large spread of quantum particles traversing an
undisturbed environment. In case of a fluctuating environment the spread slowly decreases with
the strength of decoherence and finally approaches the low classical limit given by the binomial
distribution.

Although we would expect that a phase limit of Φmax = π simulates a fully random environment,
we experimentally reach the classical limit not until Φmax = 1.14π. The reason for this lies in the
remaining correlations between the phase factors of different positions and the small deviation
from a flat phase distribution of the employed electric signal (See Fig. 4.8 for details). By including
the imperfections of the signal in the theoretical model we can explain the experimental behavior
completely, as can be seen in Fig. 4.10.

The localizing effect occurring due to static disorders confines the wave packet of traversing
particles even stronger than in a fully decoherent scenario. Starting at Φmax ≈ 3

4π the variance
drops under the classical limit, indicating the trapping around the initial position. An interesting
side-effect hereby is the manifestation of the asymmetry in the opposite direction: While the
quantum walker prefers the positive x−direction in the undisturbed Hadamard walk he is more
likely to end up at sites with a negative x-value in an environment of strong disorder.

4.2.6. Comparison of the spread in different environments

The statement that a particle is trapped at a specific site implicitly states that it stays there
for a sufficiently long time. Although we found that the particle’s wave function is localized
exponentially around its initial position at a specific point in time, namely after eleven steps, we
still have to certify that it remains at this position. The architecture of our experiment allows
us to measure each step of the quantum walk from its initial state to the final step in the same
measurement run.
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Figure 4.10.: Transition from a quantum walk in a noiseless environment to quantum walks in
environments with strong disorder (green) or decoherence (red). The measured vari-
ances σ2 of the spatial spread after 11 steps decrease drastically with an increasing
fluctuation strength (Φmax) as predicted by the theory (dashed lines). The red line
indicates the classical limit. The surrounding bar charts show the corresponding
distributions for the individual values of Φmax with the measurement values (col-
ored bars) and the theoretical values for a fully decohered/disordered environment
(Φmax = π, gray).
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In this section we compare the temporal evolution of quantum particles in all four physical
conditions we introduced so far:

1. Quantum walk in a homogeneous, undisturbed environment (Section 4.2.1).

2. Quantum walk in a slowly changing, homogeneous environment (Section 4.2.2).

3. Quantum walk in an environment with fast fluctuations (Section 4.2.3).

4. Quantum walk in an environment with static disorder (Section 4.2.4).

As done in the previous section, we characterize the particles’ spread in the diverse environments
using the variance of the final probability distribution. We see in the theoretical curves in Fig. 4.11
A and the experimental results in Fig. 4.11 B that the speed of propagation highly depends on
the physical conditions. As mentioned in Section 2.2.3 a quantum walker in an undisturbed
environment spreads ballistically, that is the variance goes quadratically with time. In our DTQW
the travel time corresponds to the performed number of steps n, thus we obtain σ2 ∝ n2.

We clearly see the parabolic shape for the quantum walk on a homogeneous graph (1), using an
unbiased coin with the coin angle θ = 22.5◦ (Hadamard walk). If the underlying conditions and
with this the transit probabilities slowly fluctuate as given in scenario (2), the particles propagate
even faster for a complete uncertainty in the coin parameter θ ∈ [0◦, 45◦]. The parabolic shape of
the curve states that the spread is also ballistic. It is worth noting that the variance σ2 = ani for
the maximal spread6 in DTQWs using our definition of the step operator (Eq. (2.15)) is given by
the amplitude a = 1 and the exponent i = 2. We extracted the amplitude of the variance from a
quadratic fit (i = 2) to be aexp,2 = 0.40 in the scenario of a slow drift (2), with the theoretical value
ath,2 = 0.38, while for the homogeneous case (1) we measured the lower amplitude aexp,1 = 0.31
(ath,1 = 0.29). The slightly to high measured variances are attributed to the sensitivity of the
measure to the populations of the outer most positions, which are typically very low.

The dynamics of a quantum particle in a fully decoherent environment (3) is in strong contrast
to the ballistic spread in the first two scenarios. Here the particle is forced to behave classically,
which leads to a diffusive expansion (σ2 ∝ n). The corresponding linear graph is nicely confirmed
by the experimental results. All experimental settings are equivalent to the ones used for Fig. 4.7.
Finally we investigated the variance of particles traversing a disordered environment (4). We
see that the particles spread similarly as in scenario (3) in the first few steps (up to step n = 7).
Afterwards, however, the expansion is drastically reduced and almost stops completely after step
n = 14. A linear fit (σ2 = t+m · n) up to 50 steps and disregarding the first 13 steps reveals a
slightly rising slope of m = 0.12. Although the expansion of the particle in a disordered scenario
does not stop completely, it is very slow compared to the propagation in all other scenarios. We
used the same experimental parameters for case (4) as in the experiment illustrated in Fig. 4.9.

4.3. What to do with the losses... a different approach

We were able to perform 28 steps of a 1D quantum walk with the newly designed experiment.
Although this was up to then the DTQW implementation with the highest number of steps, it
is still far from the 100 steps, that should at least be possible in a quantum walk in time (see

6The maximal possible spread occurs if the walker always steps into one direction ending up at the outer most x = n
after n steps with certainty P (n) = 1. The corresponding variance for this case is σ2 =

∑
x

P (x)x2 = n2.
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Figure 4.11.: Temporal evolution of quantum walkers in four different environments shown only
theoretically (lines) over 50 steps (A) and together with experimental data (dots)
over 12 steps (right). The graphs correspond to an undistrubed Hadamard walk (1,
blue), a quantum walk in a slowly varying environment (orange, 2), a fast fluctuating
environment (3, red) and an environment with strong spatial disorder (4,green). For
details please see text.

estimation in Section 3.6.5). Despite reducing the losses per round trip in the revised setup by
a factor of almost two they remain the main limiting factor. But as suggested in Section 3.6.5
using an active coupling mechanism to guide the photons in and out of the experiment is still a
promising technique we have not included to the setup yet, due to simplicity and financial reasons.

However, instead of reducing the losses per round trip by an active coupling mechanism,
Regensburger et al. came up with a different idea. In their work, which was a close cooperation
with our group, they compensated for the losses with an optical amplifier [74, 96]. With this trick
it was possible to implement a quantum walk in time with up to 75 steps.

The experimental setup is based on our pioneer experiment [1] with two main changes. At
first the polarization degree was replaced as coin state by the spatial input modes of a 50/50 fiber
coupler. This approach is equivalent to the static beam splitter scenario explained in Section 2.4.2.
While the fixed ratio of the coupler lowers the flexibility in the setup, it is still possible to address
each position with a different coin operation due to a fast switching phase modulator integrated
into the optical path. The pulses have the possibility to travel in two different closed fiber loops
coupled via the aforementioned fiber coupler, which correspond to the two different paths possible
in the pioneer experiment. An additional fiber coupler in each arm allowed for coupling into the
double loop and out of the two loops to the detection device. The fully fiber integrated approach
has the advantage that it circumvents the losses that occur when coupling in and out of a fiber and
simplifies the alignment procedure of the setup.

The second main difference of this version of a quantum walk in time is that the experiment
is performed in a fully classical regime. It exploits the fact that most features of a quantum
walk can be simulated using a bright coherent laser pulse due to the wave nature of light (see
Section 2.4.3 for details). While in our original experiment APDs proved the presence of single
photons on a quantum walk, the new implementation relies on intensity measurements performed
with photo diodes. In addition, employing semiconductor optical amplifiers in each arm, while
allowing drastically more steps, also contradicts the quantum nature of the experiment, due to
the no-cloning theorem of quantum states [97]. To avoid confusion the authors often refer to the
above system as “light walk” instead of quantum walk.
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With this new approach it was possible to increase the number of steps to n = 75, which
was the highest number of steps reported in a DTQW system at this time. Furthermore the
experiment enabled the first demonstrations of wave effects like Bloch oscillations and Landau-
Zener tunneling in a discrete nature [74]. In addition, the performed measurements revealed that
quantum walkers can be more resilient to losses than classical walkers and showed the surprising
appearance of fractal patterns in the evolution [96]. The experimental configuration showed what
is possible in terms of scalability of the system for the cost of flexibility and quantum nature.
Later on the group performed simulations of PT-synthetic photonic lattices with a similar system
increasing the number of round trips up to 150 [85].

4.4. Where do we walk from here?

The newly designed setup presented in this chapter outperformed the pioneer experiment clearly.
We were able to increase the number of steps by a factor of five and, in addition, also improved the
flexibility of the coin operation. Despite the much higher step number of 28 we were able to achieve
an even better quality of the obtained results, still without any sign of unwanted decoherence.
An equivalent implementation of a quantum walk over the same number of steps via a cascade
of beam splitters would require 406 beam splitters and 29 detectors, further highlighting the
advantages of quantum walks in time. In addition the new possibilities granted by the EOM
helped us to answer the basic question of this chapter: “How do quantum particles propagate in
an environment suffering under rough conditions?"

With the new device we were able to investigate the influence of different environmental
conditions on the spread of a quantum mechanical wave function and revealed with this the
complete spectrum of possible dynamics in a 1D quantum walk. We demonstrated the ballistic
spread of quantum particles propagating on a static and homogeneous graph over 28 steps. If the
graph structure and with this the transition probability between adjacent vertices changes in a
slow and homogeneous way, the mobility of the particle is enhanced, allowing for an even faster
spread.

Furthermore, we showed that decoherence effects destroy the quantum mechanical nature of
the walk forcing the quantum walker to behave like a classical particle. By slowly increasing the
strength of decoherence, we were able to stepwise monitor the transition from the ballistic spread
of a quantum mechanical wave function to the diffusive dynamics of a classical particle. And
finally, we also simulated the trapping influence of a static disordered environment, demonstrating
the first Anderson localization effect in a DTQW environment. Due to the destructive interference
of its wave function, the quantum particle is localized around its starting position. Altogether, we
showed in this chapter how the dynamics of quantum particles can change with the environment,
ranging from a fast ballistic spread over a slow diffusive propagation up to a complete stagnation
of the spatial evolution.

But where can we go from here? A desired application for the experiment is to serve as a
simulator for specific quantum propagation phenomena in nature. A nice example would be the
investigation of the dynamics revealed by excitons in light harvesting complexes. To track the
excitons in their actual biological systems is pretty challenging, bringing scientists to the edge of
feasibility. A test bed where one can plug in all parameters defining the biological environment
would clearly simplify the ongoing research in this field, especially if the test experiment would be
even faster than according theoretical calculations on a classical computer.

Furthermore, the discrete nature of a quantum walk in time favors another application: the
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implementation of quantum algorithms. The basic principle behind discrete variable quantum
computation is the application of unitary operations on sets of qubits [98, 99], which has similari-
ties to applying coin operations on our coin states in a DTQW.

However, for both applications we have to overcome one fundamental problem: The structure of
our underlying graph is only one-dimensional. Multiple quantum walk based algorithms provide
a speedup only when performed on complex graph structures and further simulations have to take
into account that nature does not solely consist of one-dimensional geometries. Thus it is crucial
for all further experiments to step away from the 1D line and walk into a second dimension.





5
Photons Walking the Plane

Quantum walks are a promising tool for a wide range of applications in quantum computation
and simulation. Theoreticians made use of the generality provided by the principle to design a
variety of different quantum algorithms [11, 12, 19, 21, 22, 23, 57, 58, 59, 60, 61, 62, 63, 66, 100, 101]
or used the model to simulate complex physical scenarios [9, 10, 47, 48, 49, 50, 51, 52]. Hereby the
works exploited the high number of possibilities given in the quantum walk model. Depending
on the kind of algorithm or simulation the quantum walk is performed by multiple quantum
walkers, being indistinguishable, interacting or entangled or on high dimensional, complex graph
structures. Furthermore, most approaches rely on full flexibility over the applied operations
during the walk and assume a long propagation time.

While the theory shows us the potential that is provided by quantum walks, the performed
experiments up to then were drastically limited in their complexity and thus far from implementing
many of the proposals.

The first optical multi-walker quantum walks were performed by Peruzzo et al. [87], who
sent two photons through a linear array of coupled waveguides on a silicon oxynitride chip. By
initializing both photons in different waveguides they were able to measure a CTQW distribution
after the chip that proved an occurring HOM interference and thus the indistinguishability of
both walkers. They extended their work in [102] by demonstrating that the bunching effect of
the particles given by the bosonic nature of photons, can be transformed to an anti-bunching
behavior, when imprinting fermionic properties on the initial state of the photons. In a similar
fashion Sansoni et al. implemented the fermionic and bosonic two-photon propagation over
four steps in a DTQW, employing a waveguide array that allowed for discrete steps instead of a
continuous transition [103]. A different route in experimental complexity was taken by Owens
et al. [104] by changing the underlying graph structure. They used a waveguide array with an
elliptical shape written in a fused silica crystal and injected two photonic walkers to demonstrate
the HOM interference. The resulting underlying graph provides, despite being one-dimensional
as the previous experiments, periodic boundary conditions.
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As can be seen the maximal number of quantum particles implemented in a quantum walk
experiment at that time was two1. And although being a first step in the right direction it is still a
long time for the experiments to be useful for the aforementioned applications.

Besides the lacking flexibility in the fully static waveguide arrays, one of the main missing
parts of the experiments are interactions between the two walkers. While the low interaction
strength of photons guarantees low influence by the environment and thus a coherent propagation,
it makes it much more difficult for them to interact with each other 2. Interactions between
the walkers, however, increase for example the computational power of the graph-isomorphism
algorithm [59, 62], allow general quantum walk based quantum computing [101], or simply enable
simulations of quantum walks of charged particles.

A second problem is the simple structure of the underlying graph provided in all experiments.
Up to this date all quantum walk implementations are limited to the one-dimensional line, although
it was shown for example that a quantum walk search algorithm only provides its polynomial
speed up compared to classical search algorithms when run on a graph with dimensionality 2 or
higher [12, 58].

In summary, up to this point all experimental implementations did lack the complexity which
is essential for either performing quantum walk algorithms or simulating more sophisticated
quantum dynamics. The two main reasons are the physical resources necessary to generate
a higher dimensional graph structure and the nature of photons used for most experimental
implementations that do not allow for interactions.

This chapter presents the first experimental implementation of a two-dimensional quantum
walk in a scalable and flexible architecture. As both previous implementations, our experiment
is based on the time multiplexing technique extended to a more complex architecture. With
this system we investigate the impact of interactions on the dynamics of two quantum walkers,
exploiting the similarity between quantum walks on a two-dimensional topology and two-particle
quantum walks on a line[87, 101]. The equivalence allows simulations of two-particle quantum
walks with various types of interactions and tunable interaction strength, by deterministically
applying controlled operations between the according coin states. Again, the similarity of the
wavelike behavior of classical light and the quantum mechanical wave function allows the somehow
contradictory possibility to mimic the dynamics of two interacting quantum particles using a
single coherent laser pulse.

5.1. From one to two dimensions

Quantum walkers propagating on a one-dimensional graph have the bilateral possibility to move
to the right and the left at each step. This leads to a spread over n + 1 different positions after
n steps for a particle, which is initially localized at a single position. Adding another dimension
to the walk doubles the number of possible step directions at each vertex to four and with this
squares the number of possible final positions to (n+ 1)2 after n steps, as illustrated in Fig. 5.1.
A scaling that made quantum walks on higher dimensional graphs infeasible in many different
experimental architectures. For example, an implementation of n = 10 steps of a quantum walk

1We assume here indistinguishable particles that are not initialized in the same state, such that they increase the
complexity in the walk. After we performed our experiments multiple quantum walks with three photons were
reported [105, 106, 107, 108].

2A possible approach to induce interaction between multiple photons are propagations through highly nonlinear
media. Nevertheless, the interaction probabilities in these media are very low and thus not feasible for many
applications.
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Figure 5.1.: Quantum walk on a 1D line (left) and a 2D lattice (right). The red circles mark the
potential arrival positions after two steps for quantum walkers starting their walk at
position x1,2 = 0, according to the definition of the step operators Eq. (2.15) and
Eq. (5.4). We define the quantum walker on the 2D grid to propagate solely in
diagonal steps.

on a 2D grid requires that the experiment provides at least 121 physical position states in contrast
to the eleven position states, that are sufficient in the 1D scenario.

However, by encoding the large position space using a cheap resource as time it is possible to
deal with the bad scaling of a 2D quantum walk. But before we can go into detail and explain how
it is possible to perform a 2D quantum walk employing a strictly one-dimensional system like
time, we have to clarify how the theoretical description of the quantum walk changes with the
additional dimension.

5.1.1. Theory of a quantum walk in two dimensions

The wave function of a particle on a one-dimensional quantum walk lives in the Hilbert space
H = Hx⊗Hc. It consists of a position Hilbert spaceHx, which is spanned by the basis |x〉 , x ∈ Z
and a two-dimensional coin space Hc given by the basis |c〉 with c = ±1, which defines the
propagation direction on the one-dimensional line. The wave function |ψn〉 of the particle after a
specific number of steps n is described by the evolution operator Û = ŜĈ as

|ψn〉 = Ûn |ψ0〉 (5.1)

=
∑
x,c

ax,c(n) |x〉 ⊗ |c〉 ,

with the amplitudes ax,c(n) defining the probability for the walker to reside at position x in coin
state c.

The expansion of the formalism to a quantum walk on a 2D lattice is straightforward, as pointed
out in [34]. The position of the particle on a 2D lattice can be described by two coordinates x1 and
x2, as illustrated in Fig. 5.1. In accordance we define the basis of the according position Hilbert
spaceHx as |x1, x2〉, with x1, x2 ∈ Z.

In addition, we expand the coin Hilbert spaceHc to four dimensions with the basis states |c1, c2〉
with c1, c2 = ±1, according to the two dimensions x1,2. Hence, the coin basis states describe
the four possible propagation directions given by steps in horizontal x1 → x1 ± 1 and vertical
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x2 → x2± 1 direction. Hence each coin operation Ĉ applied in a 2D quantum walk is represented
by a four dimensional unitary operation acting onHc.

Altogether the wave function of a particle |ψn〉 after n steps of a 2D quantum walk has the form

|ψn〉 = Ûn2D |ψ0〉 (5.2)

=
∑

x1,x2,c1,c2

ax1,x2,c1,c2(n) |x1, x2〉 ⊗ |c1, c2〉 ,

with evolution operator Û2D describing one step on the 2D grid as Û2D = Ŝ2DĈ2D. The absolute
squared of the amplitudes ax1,x2,c1,c2(n) hereby determine the probabilities that the particle
arrives at a position state |x1, x2〉 in the coin state |c1, c2〉.

A typical coin operation for a 2D quantum walk is the U(4) Hadamard operation ĈH⊗H , simply
given by

ĈH⊗H = ĈH ⊗ ĈH , (5.3)

with ĈH being the U(2) Hadamard coin, as defined in Eq. (2.13). The operation ĈH⊗H simply
applies the typical Hadamard operation on both coin subspaces |c1〉 and |c2〉 individually.

We define our step operator to be of the separable form Ŝ2D = Ŝ1 ⊗ Ŝ2 with Ŝi being the step
operator applied in a quantum walk on the line (Eq. (2.15)) for dimension i = 1, 2. Thus it shifts
the particle according to the four coin basis states as

Ŝ2D =
∑
x1,x2

|x1 − 1, x2 − 1〉 〈x1, x2| ⊗ |−1,−1〉 〈−1,−1|

+
∑
x1,x2

|x1 − 1, x2 + 1〉 〈x1, x2| ⊗ |−1,+1〉 〈−1,+1|

+
∑
x1,x2

|x1 + 1, x2 − 1〉 〈x1, x2| ⊗ |+1,−1〉 〈+1,−1|

+
∑
x1,x2

|x1 + 1, x2 + 1〉 〈x1, x2| ⊗ |+1,+1〉 〈+1,+1| . (5.4)

Applying for example the step operator to a walker in coin state |+1,−1〉 changes its position by
x1 → x1 + 1 and x2 → x2 − 1. The definition of Ŝ2D has an interesting effect on the propagation
of the particle on the lattice. At each step the particle changes its position in both the horizontal
and vertical directions simultaneously, which restricts the particle to propagate in diagonal steps,
as shown in Fig. 5.2 A.

A redefinition of the coin state basis to {|1, 0〉 , |−1, 0〉 , |0, 1〉 , |0,−1〉} with an according defi-
nition of the step operator would restrict the shift of the walker to one of the directions and thus
would allow that each vertex of the grid can be occupied during the quantum walk (Fig. 5.2B).
However, both definitions are fully equivalent since the underlying graph structures are isomor-
phic. The obtained dynamics are similar in both definitions. However, the step operator defined
in Equation (5.4) enables us to interpret the quantum walk differently: As quantum walk of two
particles on a one-dimensional line.

5.1.2. One/two walkers in two/one dimensions

The dynamics provided by two particles on a quantum walk can differ significantly from the
behavior of single walkers. In Section 2.4.3 we theoretically investigated the spreads in quantum
walks with multiple photons and thereby distinguished between the cases of distinguishable and
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Figure 5.2.: The step operator defined in Eq. (5.4) restricts the particle to perform diagonal steps
(A). By changing the step operator accordingly one can also allow horizontal and
vertical steps (B). The black dots mark the positions a quantum walker can reach
during the first three steps, when starting at x1,2 = 0.

indistinguishable photons. We found that independent of their distinguishability the arrival distri-
bution of each individual particle is not affected by its companion. The coincidence distributions
of indistinguishable particles, however, reveal an additional complexity under the restriction that
the individual particles start their walk in a different initial state.

But all obtained results investigated the propagation of photons, which are bosons that usually
do not interact with each other. The dynamics in quantum walks of interacting particles on the
other hand differs completely. There the presence of one particle affects the propagation of the
second, for example via Coulomb force, thus introducing additional complexity in the system.

Surprisingly, it is possible to simulate the dynamics of two interacting particles employing a
2D quantum walk system, even if it is based on the propagation of photons. For this purpose, we
interpret the parameters of the two dimensions as though they belong to two individual particles.
To understand this trick we have to compare the evolution of one quantum walker on a 2D lattice
to the evolution of two particles on a one-dimensional line, as illustrated in Fig. 5.3.

The distribution of two non-interacting particles 1 and 2 propagating on a one-dimensional
line is defined by their individual evolution operators as |ψn〉1 = Un1 |ψ0〉1 and |ψn〉2 = Un2 |ψ0〉2
after n steps. According to Eq. (5.1) we obtain for the combined wave function

|ψn〉 = |ψn〉1 ⊗ |ψn〉2 (5.5)

=
∑
x1,c1

ax1,c1(n) |x1, c1〉 ⊗
∑
x2,c2

ax2,c2(n) |x2, c2〉 .

The wave function |ψn〉 hereby describes the positions x1,2 of particles 1 and 2 and their according
coin states c1,2 weighted with the probability amplitudes ax1,c1 and ax2,c2 , respectively.

If both particles interact, however, they do not evolve independent from each other, which results
in a non-separable evolution operator Ûint acting on the combined Hilbert spaceH = H1 ⊗H2.
This leads to

|ψn〉 = Ûnint |ψ0〉 (5.6)

=
∑

x1,x2,c1,c2

ax1,x2,c1,c2(n) |x1, x2〉 ⊗ |c1, c2〉 ,

with |ax1,x2,c1,c2(n)|2 being the coincidence probability for particle 1 to be in state |x1, c1〉 while
particle 2 occupies state |x2, c2〉. Comparing this formula with Eq. 5.2 reveals the similarities of
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Figure 5.3.: A quantum walk of a single walker on a 2D lattice (left) and the combined evolution
of two walkers on a 1D line (right) show an equivalent wave function.

this scenario to a 2D quantum walk. The two formulas are identical besides their interpretation of
either the propagation in two dimensions or the propagation of two particles.

A measurement of a walker on the 2D graph hereby corresponds to a coincidental measurement
of both particles in the two walker picture. A special case arises if the walker resides on a vertex
that lies on the diagonal x1 = x2 of the 2D graph. This describes the situation where both particles
meet on the 1D graph.

Our definition of the step operator in the 2D quantum walk given in Eq. (5.4) ensures that the
particle shifts in both dimensions at each step. In the two-particle picture this means that both
particles move at each step according to the step definition in a 1D quantum walk.

The advantages of simulating multi-particle scenarios with higher-dimensional systems were
also picked up by Stefano Longhi, who proposed an experiment, which simulates the propagation
of two interacting electrons by light traversing a two-dimensional waveguide array [109]. A more
detailed work about mimicking multi walker quantum walks with higher dimensional systems
and their impact on quantum computing can be found in [101].

5.1.3. 4D quantum coins and their two-particle interpretation

Two-particle quantum walks can be divided into four different classes: Quantum walks of distin-
guishable or indistinguishable particles with and without interactions. In the following we will
analyze the scenarios and give examples of 4D quantum coins that simulate the corresponding
conditions.

5.1.3.1. Interactions

Interactions during a quantum walk cause an influence on the propagation of one particle by the
presence of the second. As mentioned before this results in an inseparable evolution operator
Û . The evolution operator in a 2D quantum walk is of the form Û2D = Ŝ2DĈ2D. With the step
operator being separable Ŝ2D = Ŝ1 ⊗ Ŝ2, as defined in Eq. (5.4), it is determined by the applied
coin operation Ĉ2D if the simulated two-particle scenario involves interactions.

One common example for a separable coin operation is the aforementioned 2D Hadamard coin

ĈH⊗H = ĈH⊗ĈH . We can represent it in matrix form with the coin basis states |−1〉1,2 =

(
1
0

)
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ĈcH,1 |−1,−1〉 |−1,+1〉 |+1,−1〉 |+1,+1〉
|−1,−1〉 1√

2
1√
2

0 0

|−1,+1〉 1√
2

− 1√
2

0 0

|+1,−1〉 0 0 1 0

|+1,+1〉 0 0 0 1

Ĉcφ,1 |−1,−1〉 |−1,+1〉 |+1,−1〉 |+1,+1〉
|−1,−1〉 eıφ 0 0 0

|−1,+1〉 0 1 0 0

|+1,−1〉 0 0 1 0

|+1,+1〉 0 0 0 1

Table 5.1.: Truth table for controlled-Hadamard ĈcH,1 and controlled-phase operation Ĉcφ,1 with
coin state c1 controlling c2.

for both coin states c1 and c2 and |+1〉1,2 =

(
0
1

)
as

ĈH⊗H =
1√
2

(
1 1
1 −1

)
⊗ 1√

2

(
1 1
1 −1

)

=
1

2


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 . (5.7)

Thus, the U(4) matrix is defined by the basis set

|−1,−1〉 =


1
0
0
0

, |−1,+1〉 =


0
1
0
0

, |+1,−1〉 =


0
0
1
0

, |+1,+1〉 =


0
0
0
1

.

All coin operations defined in this chapter will employ the same basis. The 2D Hadamard walk
simulates a situation where both particles perform Hadamard walks on a 1D line independently
and thus without interactions.

We can introduce interactions between the particles using an inseparable U(4) coin operation.
An example therefore are controlled operations as known from the quantum gate terminology[75].
In the case of quantum walks, they condition the performed coin operation applied to the coin
state of one particle to the coin state of the second (control-) particle. Two examples therefore are
the controlled-Hadamard ĈcH and the controlled-phase operation Ĉcφ. The logic tables for both
operations are shown in Table 5.1 for particle 1 being the controlling particle.

The controlled-Hadamard operation performs the operation ĈH on the coin state of particle
2 only if the coin state of particle 1 is in the state |−1〉1, while leaving the state unchanged for
particle 1 being in coin state |+1〉1. In a similar way the controlled-phase gate operation Ĉcφ,1

induces a relative phase shift eıφ between coin states |±1〉2 only if the coin state of particle 1 is in
|−1〉1.
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ĈcH,2 |−1,−1〉 |−1,+1〉 |+1,−1〉 |+1,+1〉
|−1,−1〉 1√

2
0 1√

2
0

|−1,+1〉 0 1 0 0

|+1,−1〉 1√
2

0 − 1√
2

0

|+1,+1〉 0 0 0 1

Ĉcφ,2 |−1,−1〉 |−1,+1〉 |+1,−1〉 |+1,+1〉
|−1,−1〉 eıφ 0 0 0

|−1,+1〉 0 1 0 0

|+1,−1〉 0 0 1 0

|+1,+1〉 0 0 0 1

Table 5.2.: Truth table for controlled-Hadamard ĈcH,2 and controlled-phase operation Ĉcφ,2 with
coin state c2 controlling c1.

We can give both controlled operations also in matrix form as

ĈcH =


1√
2

1√
2

0 0
1√
2
− 1√

2
0 0

0 0 1 0
0 0 0 1

, Ĉcφ =


eıφ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

, (5.8)

with the formerly introduced basis of the four coin states.
In a similar way we can switch the roles of both particles and define interactions where particle

2 controls the coin state of particle 1, as can be seen in Table 5.2. By comparing Table 5.1 and 5.2
we see that the controlled-phase operation is equivalent for both particles Ĉcφ,1 = Ĉcφ,2, while
the controlled-Hadamard operation is not. Thus, in quantum walks driven by the coin operation
Ĉcφ we can not decide which is the controlling particle. This is the first step for interpreting the
particles as indistinguishable. However, to fulfill this condition we have to employ more than a
symmetric coin operation.

5.1.3.2. Distinguishability

As introduced in Section 5.1.2 we can reinterpret the two dimensions of a 2D quantum walk
as two particles with the states |x1, c1〉 corresponding to particle 1 and |x2, c2〉 to particle 2,
respectively. The labeling of the particles inherently implies their distinguishability. Thus, the
scenario simulated with a 2D quantum walk will in general describe quantum walks of two
distinguishable particles.

However, by applying the 2D quantum walk parameters accordingly it is possible to simulate the
dynamics of two indistinguishable particles. One main criteria therefore is that the commutation
of the two dimensions fulfills the bosonic or fermionic commutation relation. According to
Eq. 5.6 we can fulfill this criteria if the probability amplitudes of the wave function |ψn〉 satisfy the
condition

ax1,x2,c1,c2(n) = ±ax2,x1,c2,c1(n), (5.9)

for each step n. The positive relation hereby corresponds to two indistinguishable bosons, while
the negative describes the commutation relation of fermions.
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Restricting ourselves to the simulation of bosons, we have to guarantee the symmetry of both
the evolution operator Û2D and the initial state |ψ0〉 to fulfill the above condition. Since the step
operator is symmetric for both dimensions by definition (Eq. (5.4)), we have to chose a symmetric
coin operation to guarantee that the evolution operator is immune to a swap of the coordinates.
Coin operations that fulfill the criterion are for example the Hadamard operation ĈH⊗H (Eq. (5.7))
for simulations of non-interacting bosons or the controlled-phase operation Ĉcφ for interacting
bosons (Eq. (5.8)).

However, applying identical operations to distinguishable particles does not mean that the
particles become indistinguishable. But in some cases the two-particle propagation and thus
the coincidence distributions defined by the parameters |ax1,x2,c1,c2(n)|2 are identical for both
distinguishable and indistinguishable particles. In Section 2.4.3 we found that the coincidence
probabilities of two distinguishable particles are identical to the probabilities of two indistin-
guishable bosons if the particles start their quantum walk in the same initial state and the same
evolution operations are applied. We will exploit this equivalence in Section 5.3.2.3 to interpret the
probability distributions obtained with symmetric coin operations and the symmetric initial state
|ψ0〉 = |0,−1〉1 ⊗ |0,−1〉2 as quantum walks of two indistinguishable bosons.

In general, however, the propagation of two indistinguishable particles is influenced by the
HOM interference effect and thus the coincidence probabilities will differ from the coincidences
of two distinguishable particles. But even these more complex scenarios can be simulated using a
2D quantum walk. Details on this can be found in Appendix A.

5.2. A two-dimensional quantum walk in time

In Chapter 3 we introduced the functional principle of a quantum walk in time for the simple
underlying graph structure of an infinite line. To experimentally implement a 2D quantum walk
based on the same technique we have to extend the previous scheme on two fronts.

At first, we have to increase the coin space of the walker from a two dimensional to four dimen-
sional system. This is not straightforward given that the polarization state of the photons is strictly
two dimensional. In addition, we have to give the photons the possibility to propagate, according
to the four coin states, into four different directions. This condition implies the generation of a
two-dimensional underlying graph structure —a rather tricky task considering that we employ
the one-dimensional time line in our experiment.

5.2.1. Stepping in four directions

In our previous 1D scheme the walker has the possibility to step in two directions at each step.
We implemented the two directions by allowing photons to traverse the experiment through two
paths of different lengths. The resulting difference in travel time indicated the actual position on
the one-dimensional graph, as explained in Chapter 3.

To allow four propagation directions, as necessary for a quantum walk on a 2D structure, we
require two additional paths through the experiment. All four paths hereby induce different travel
times. One way to extend the previous scheme accordingly is by including a second temporal delay
line placed directly before the original stepping device, as depicted in Fig. 5.4.

As in the one-dimensional scenario all photons are defined to start at the origin of the graph
(|ψ0〉x = |0, 0〉) and each step is implemented by one round trip through the system. The new
scheme, however, has now two delay lines each consisting of two PBSs enclosing two paths of
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Figure 5.4.: Mapping of the individual parts (1-5) of the first step of a spatial quantum walk on
a 2D lattice to a quantum walk in time, starting at the origin |x1, x2〉 = |0, 0〉. The
step in x1- and x2-direction is implemented via different temporal delays ∆t1 and
∆t2. The four resulting time bins after the propagation correspond to the four spatial
positions available after one step of a 2D quantum walk.
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different lengths. The first induces a relative time shift of ∆t2 between photons traveling the two
arms, implementing the spatial shift in x2-direction. Afterwards, the second delay line implements
the step in x1-direction by inducing the relative temporal delay of ∆t1. The two temporal delays
∆t1 and ∆t2 are chosen so that ∆t2 >> ∆t1 to guarantee a unique mapping of the spatial grid
on the time line. After one round trip the photonic wave packets are in a superposition over four
time bins, according to the four available spatial positions after one step of a 2D quantum walk.

The complete mapping of the spatial grid to the one-dimensional time line is defined by the
different possible travel times. Depending on the path, the duration of one round trip is given
by either Tmin, the minimal round trip time, or the combinations Tmin + ∆t1, Tmin + ∆t2 or
Tmin + ∆t1 + ∆t2. We define the different travel times to implement the four propagation
directions as

Tmin : x1 + 1, x2 + 1

Tmin + ∆t1 : x1 − 1, x2 + 1

Tmin + ∆t2 : x1 + 1, x2 − 1

Tmin + ∆t1 + ∆t2 : x1 − 1, x2 − 1.

(5.10)

To guarantee that the pulse trains of each row do not overlap after n steps and thus that the
spatio-temporal mapping is unique, we have to fulfill two conditions:

Tmin > n∆t2

∆t2 > n∆t1. (5.11)

While the first condition prevents pulses from different steps from overlapping, the second leads
to a separation of the time bins corresponding to different positions at the same step.

The scheme presented in Fig. 5.4 explains the basic principle of how we map a 2D lattice on the
one-dimensional time line. However, it lacks a crucial ingredient of a 2D quantum walk: a four
dimensional coin space. In the shown scheme the two-level polarization state controls the step
operation for both horizontal and vertical direction. The resulting two-dimensional coin space
drastically restricts the available quantum coins.

However, by restructuring the scheme presented in Fig. 5.4 we can increase the coin space with
the help of spatial modes, similar to the idea proposed in [110].

5.2.2. Coins with four sides

In our experiment we use a four-dimensional coin space based on the two polarization states |H〉
and |V 〉 and in addition two spatial degrees of freedom |a〉 and |b〉. Employing spatial modes
originates from the definition of the coin state for quantum walks in beam splitter cascades, as
discussed in Sec. 2.4.2. There the used input ports of the individual beam splitters define the
coin state of the incident photons. We transfered this concept to PBSs and combined spatial
and polarization modes to a four-dimensional coin space. The according scheme is depicted in
Fig. 5.5A.

As in the previous scheme (Fig. 5.4) the setup provides four paths, which correspond to the
four directions available on a 2D grid. The first delay occurs between PBS1 and PBS2 while the
second occurs after PBS2 (see next section for details). Which of the four paths is chosen depends
on both the polarization of the photons and the spatial mode in which they arrive at the device.
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Figure 5.5.: A: Implementation of a 4D coin space employing an EOM, four HWPs and two PBSs.
The four coin states consist of the two polarization modes H and V and two spatial
modes a and b. The four different paths through the setup correspond to the four
step directions |x1 ± 1, x2 ± 1〉 of a 2D quantum walk. B: Logic circuit of the coin
operation Ĉ performed in the above scheme. Each EOM and HWP operates only on
two of the four coin states. The two PBSs swap the coin states spatially which allows
for different combinations of the coin states at HWP3 and HWP4.

Hence these properties define the coin state of the photons. We label the four coin states by the
polarization state and the input port a or b of PBS1 as |H/V, a/b〉.

If for example a horizontally polarized photon arrives at input port a, corresponding to the coin
state |H, a〉, and no additional operations are performed during its propagation it is transmitted
by both PBSs and hence takes the red path in Fig. 5.5. A horizontally polarized photon arriving
at input port b (|H, b〉), however, is also transmitted at both PBSs but due to its differing spatial
mode takes the green path through the scheme. This results in a different propagation time and
hence a different propagation direction on the 2D lattice.

We connect the four coin states of the scheme to the coin states defined in Eq. 5.4 as

|H, a〉 = |−1,−1〉 , |V, a〉 = |−1,+1〉 , |H, b〉 = |+1,+1〉 , |V, b〉 = |+1,−1〉 . (5.12)

We can influence which path is chosen by performing a coin operation, which consists of polar-
ization rotations via four HWPs and phase shifts introduced by an EOM. Each of the individual
retardation elements acts only on a two dimensional polarization subspace in one spatial mode, as
depicted in the logic circuit in Fig. 5.5 B. However, each PBS swaps the different spatial modes, as
can be seen in Fig.5.5 A, and thus allows for interactions between different coin state pairs. While
for example HWP1 operates on the coin states |H, a〉 and |V, a〉, the swapping at PBS1 leads two a
recombination of |H, a〉 with the coin state |V, b〉, which enables that HWP3 acts on a different
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pair of coin states.
The full U(4) coin operation is decomposed into multiple two-dimensional unitary building

blocks, based on the idea introduced by Reck et al. [71]. Depending on their position in the
experiment, the individual elements act on a different pairs of coin states. We can give the
individual coin operations of the five elements in matrix representation as

ĈHWP1 =


cos(2θ1) sin(2θ1) 0 0
sin(2θ1) − cos(2θ1) 0 0

0 0 1 0
0 0 0 1

, ĈHWP2 =


1 0 0 0
0 1 0 0
0 0 − cos(2θ2) sin(2θ2)
0 0 sin(2θ2) cos(2θ2)

,

ĈHWP3 =


cos(2θ3) 0 sin(2θ3) 0

0 1 0 0
sin(2θ3) 0 − cos(2θ3) 0

0 0 0 1

, ĈHWP4 =


1 0 0 0
0 − cos(2θ4) 0 sin(2θ4)
0 0 1 0
0 sin(2θ4) 0 cos(2θ4)

,

ĈEOM =


eıφ(x1,x2) 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

,
(5.13)

with θi being the angle of HWPi, i = {1, .., 4}, relative to its optical axis. The basis of the matrices
are equivalent to the basis used in Eq. (5.7). The modulator can address each position individually
allowing for a tunable, position dependent phase φ(x1, x2).

The complete coin operation Ĉ is the product of all individual operations, given by

Ĉ = ĈHWP4ĈHWP3ĈHWP2ĈHWP1ĈEOM (5.14)

=


eıφ cos(2θ1) cos(2θ3) sin(2θ1) cos(2θ3) − cos(2θ2) sin(2θ3) sin(2θ2) sin(2θ3)
−eıφ sin(2θ1) cos(2θ4) cos(2θ1) cos(2θ4) sin(2θ2) sin(2θ4) cos(2θ2) sin(2θ4)
eıφ cos(2θ1) sin(2θ3) sin(2θ1) sin(2θ3) cos(2θ2) cos(2θ3) − sin(2θ2) cos(2θ3)
eıφ sin(2θ1) sin(2θ4) − cos(2θ1) sin(2θ4) sin(2θ2) cos(2θ4) cos(2θ2) cos(2θ4)

 .

It has five open parameters, i.e. the four HWP angles θi and the phase shift φ. By tuning the
different parameters we are able to generate a variety of different quantum coins, which allows for
simulations of two-particle quantum walks with and without interactions.

Nevertheless the generated coin does not allow for an arbitrary U(4) operation3. To implement
an arbitrary coin operation with the presented scheme, we would have to include two main features.
The first is phase control, which is achievable with additional retardation elements in all arms
of the setup. The second requirement, however, is more complex. As discussed in the work of
Reck et al. [71], one can decompose a higher dimensional unitary into two-dimensional building
blocks. To guarantee arbitrary unitary operations a building block for each basis state pair of the
unitary is required. For our scheme this condition corresponds to ĈHWP operations between all
four coin states. This, however, is not the case in the current configuration since the two basis
state pairs (|H, a〉, |H, b〉) and (|V, a〉, |V, b〉) do not interact with each other, as can be seen in
Fig. 5.5B. We can introduce the missing operations with two additional HWPs and an additional

3An arbitrary U(4) operation is defined by 16 real parameters. The condition of unitarity reduces the 16 free complex
parameters of an arbitrary 4× 4 matrix to 16 real parameters.
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PBS, that switches the paths in the setup for a spatial combination of the missing coin pairs. The
new paths, however, would have to be actively phase stabilized with each other, which although
feasible would complicate the alignment of the experimental setup drastically. Hence, we started
the experiments by exploiting the possibilities of the coin operation given in Eq. 5.14.

5.3. A two-dimensional quantum walk in time experiment

Combining the ideas of the previous sections with the characteristic loop structure and detection
scheme introduced in Chapter 3, we obtain a 2D quantum walk in time as depicted in Fig. 5.6. We
explain the experiment in two sections. At first we introduce the working principle and afterwards
discuss the experimental details.

As in the previous experiments, the walker is represented by a weak coherent pulse. One round
trip through the setup corresponds to one step of a 2D quantum walk. The spatial interpretations
of the temporal shifts during the propagation are depicted at the bottom of Fig. 5.6. Altogether,
the scheme can be divided into six stages:

1: Initial state preparation
We define the initial position state of our coherent pulse as the origin of the 2D lattice,
corresponding to the position state |ψ0〉x = |0, 0〉. The initial coin state of the walker
is controlled via retardation plates (not in the picture), as discussed in Section 3.3.1 and
afterwards coupled into the setup via a low reflectivity BS.

Except in the 1D experiments the initial coin state cannot be chosen arbitrarily with this
configuration. As explained in the previous section we expanded our coin space via the
two spatial modes a and b. By coupling the pulse into the setup in spatial mode a, our
initial state is restricted to superpositions between two out of four coin states, as |ψ0〉c =
a−1,−1 |−1,−1〉+ a−1,+1 |−1,+1〉, with the amplitudes a−1,±1. We define the coin states
as given in Eq. (5.12).

2: Coin operation for x2
After launching the wave packet into the setup we perform the coin operation Ĉ2 =
ĈHWP2ĈHWP1ĈEOM with HWP1,2 and the EOM as defined in Eq. (5.13). Each of the coin
operations leave the coin state c1 unchanged while transforming c2 into a superposition
state.

3: Step operation for x2
Depending on their polarization state the packet is split by PBS1 and sent to two fibers of
different lengths. The occurring relative temporal shift of ∆t2 corresponds to a step in
x2-direction. We define pulses traversing the shorter arm to arrive at position state |0,+1〉
while pulses propagating through the longer arm end up in |0,−1〉 , as defined in Eq. (5.10) .

4: Coin operation for x1
Subsequently HWP3 and HWP4 perform the coin operation Ĉ1 = ĈHWP3ĈHWP4 . As ex-
plained in Section 5.2.2, the spatial switching of the paths via PBS1 creates new combinations
of coin states and thus leads to different operations of the HWPs. The recombination in-
duces that the operation Ĉ1 does not affect the coin state c2 in contrast to the previous coin
operation Ĉ2. The combination Ĉ = Ĉ1Ĉ2 determines the full U(4) coin operation, as
defined in Eq. (5.14).
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Figure 5.6.: Simplified scheme illustrating the experimental implementation of a 2D quantum
walk consisting of 6 stages. The pulses represent the first step starting with a single
pulse at (1) and ending up with four possible time bins after one step (5), each labeled
with the corresponding position state. The spatial 2D lattice (down) represents the
initial state (1) and the step operations performed at part (3) and (5) in the setup via
temporal shifts. See text for details.
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5: Step operation for x1
Afterwards, the wave packet is split again at PBS2 and sent to two different free space paths
that feed it back to PBS1. The paths are also of different lengths resulting in a temporal shift
∆t1, which is much shorter than ∆t2. Since the previous coin operation only affected c1 the
temporal shift can be interpret as a step in x1-direction. As in the previous step operation,
the longer path corresponds to a step in the negative direction. After one round trip the
packet is split into four time bins corresponding to the four position states available in a 2D
quantum walk. Arriving at the EOM or HWP2 initializes the next step of the quantum walk.

6: Detection
At every step the photons are coupled out of the loop a and b probabilistically and sent to a
polarization analyzing detection scheme, each consisting of two APDs and a PBS. Each of
the four detectors measures the arrival times of photons in one of the four coin states, which
enables the full reconstruction of number of steps and individual position. The detectors
are colored according the colors distributed to the coin states in Fig. 5.5.

As a result one step in our quantum walk setup combines both a shift in the vertical and
horizontal directions, restricting the translation on a 2D grid to the diagonal neighbors. Starting
in the origin, this leads to a spread over maximally (n + 1)2 positions after n steps. Fig. 5.7
illustrates the potentially occupied spatial positions after step one and two of a Hadamard walk
with coin CH⊗H and the corresponding temporal encoding.

After one step of the Hadamard walk a pulse initialized in state |0, 0〉x ⊗ |−1,−1〉c is equally
distributed over four time bins and all four coin states. After the second step multiple packets
travelled the same paths through the setup and thus arrive at the same time. Independent of their
coin state, and hence spatial and polarization mode, they correspond to the same position state.
In the consecutive step the coin operations lead to interferences of the coinciding packets.

The minimal time required for a photon to arrive at the detector after n steps is the time
Tn = n ·Tmin, with Tmin being the minimal round trip time through the setup. After n round trips
the initial pulse is distributed over n+ 1 packets, each with a relative temporal delay of ∆t2 and
thus a different position state x2. Thus, as illustrated in Fig. 5.7, we obtain two packets after one
step (red) and three packets after two steps (purple).

Each packet includes again n + 1 time bins separated by the temporal delay ∆t1. These
correspond to the n+ 1 available positions on each line of the spatial grid (same x2 coordinate).

5.3.1. Experimental details

A more detailed scheme including all components of the experimental setup is shown in Fig. 5.8.
We build the 2D experiment based on the implementation of the 1D quantum walk, which was
described in detail in Section 4.1. Hence, many parts of the experiment are identical, as e.g. the
initial state preparation (Part 1 in Fig. 4.1) and the electro-optic modulator EOM.

A crucial difference between the two systems is that the former experiment is resistant to
birefringence of the optical components. The design of a 1D quantum walk in time guarantees
that all interfering wave packets traversed the setup through the same paths in exactly the same
polarization state. Hence, all birefringent effects that occur during the propagation affect all
packets similarly and thus the interference was not disturbed. In the 2D scheme, however, inter-
fering packets, although still traversing the same paths, can have different polarizations during
their propagation. Birefringent effects, e.g. induced by PMFs, hence result in relative phase shifts
between the packets, which influence the interference properties drastically.
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Figure 5.7.: Available positions of a 2D Hadamard walk after one (red) and two steps (pur-
ple) in spatial representation (top) and temporal encoded (bottom). The temporal
representation is split into the four coin states, each measured by a different detector.

In the following we proceed stepwise through the setup highlighting the experimental changes
of the new implementation compared to the previous 1D quantum walk experiment.

1: Initial state preparation
We used the same laser diode as in the previous experiments (λ = 805 nm, ∆τ = 88 ps)
to generate the weak coherent pulse representing a quantum walker. The initial state
preparation including the coupling beam splitter BSi with 3% reflectivity is fully equivalent
to the preparation in the previous experiment. Additional details can be found in Section 4.1.
A laser repetition frequency of 110 kHz provided a time window of 9.1µs between the
individual quantum walk realizations.

2: Coin operation for x2
As in the previous experiment we made measurements with and without the EOM integrated
in the pathway. The EOM is based on a Lithium Niobate LiNbO3 waveguide structure
pigtailed via two identical PM-fibers of 1m. They are attached with their extraordinary axis
orthogonal to each other to compensate for their own birefringence. By elongating one of
the fibers we also compensated for the static birefringence induced in the LiNbO3 waveguide.
However, the EOM performance suffers under additional polarization dependent effects,
which will be discussed in Section 5.3.3 in more detail.

To perform controlled phase shifts at specific position states we repetitively applied electric
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Figure 5.8.: Scheme of the experiment including all experimental components. See text for
details.

signals to the EOM with a duration corresponding to twice the round trip time of the pulses,
as explained in Sec. 4.2.4. In addition we trigger the electric signal to the initialization
time of the quantum walk, given by the repetition frequency of the laser. This allowed for a
precise adjustment of the EOM operation to the individual time bins and hence a position
dependent coin operation Ĉ(x1, x2).

We used HWPs before and after the EOM to compensate for rotations induced by imperfec-
tions of the modulator. The glass plate afterwards induces additional relative losses between
the polarizations to equalize the unequal losses in the EOM.

3: Step operation for x2
We implemented the temporal shift ∆t2 representing the step in x2-direction using regular
single mode fibers (SMFs) instead of PMFs, as in the previous experiments. The reason
for this change is that the birefringence of typical PMFs lead to a temporal shift between
traversing horizontally and vertically polarized pulses and thus influence the occurring
interferences in the scheme. The fibers have a length of 135 m and 145 m respectively. This
results in a time difference of ∆t2 = tx2−1 − tx2+1 = 46.77 ns. Before each fiber we use a
combination of two QWPs and one HWP to compensate for phase shifts and polarization
rotations occurring in the two SMFs.

4: Coin operation for x1
Although all interfering packets traveled the same paths in the setup, it is possible that they
acquired different phase shifts during their propagation. The reason is that the number
of reflections at PBS1 and PBS2 can be different. Since the PBSs are not fully identical due
to imperfections during fabrication, different phase shifts occur at each reflection. We
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compensate for this error source with a Soleil-Babinet Compensator (SBC) placed after the
fiber in arm x2 + 1. The compensator induces a relative phase shift between horizontal
and vertical polarization, which was carefully adjusted to equalize the different phase shifts
obtained at reflections of PBS1 and PBS2.

After the SBC, the coin operation is performed via HWP3 and HWP4.

5: Step operation for x1
Two paths of different lengths feed back the packets to the same elements for the next step.
The resulting time difference ∆t1 induces the step operation in the x1-direction. We obtain
in the experiment ∆t1 = 3.11 ns without EOM, and the much higher ∆t1,EOM = 33.45 ns
with the EOM in the pathway, induced by the long attached fibers.

To ensure that pulses in all coin states suffer the same loss per round trip we employed a
specific trick. Since coupling into a fiber with equal quality from two different ways, namely
from spatial mode a and b, is experimentally hard, we artificially introduced higher losses
in arm a via BSa, which couples the photons out to the detection scheme, and manually
compensated for this in arm b. BSa couples photons out of the setup with a probability
of 12%, while BSb samples only 4%. Afterwards we use a ND filter wheel, which provides
transmission depending on its alignment angle to adapt the overall losses in both arms.

An additional HWP compensates for polarization rotations at BSa.

6: Detection
The detection of the arrival times in the four different coin states is performed via four
silicon APDs (SPCM-AQ4C, Perkin Elmer). The electric signal is guided to a TDC to obtain
the final click statistics. For details about the detection with APDs and TDC see Section 3.4.
During data processing we calibrated the obtained statistics of all four APDs for quantum
efficiency and the different coupling values of BSa and BSb.

The probability for a photon continuing the walk after one round trip is 52% (ηstep = 0.52)
without the EOM and 12% with the EOM (ηstep = 0.12) . For the minimal round trip time through
the setup we obtain Tmin = 676 ns.

5.3.2. Experimental simulations of two-particle quantum walks

We performed three types of 2D quantum walks, each simulating a different two-particle scenario.
As discussed in Section 5.1.2 the nature of the simulated particles is determined by the coin
operation and initial state used in the 2D quantum walk. According to this correspondence, we
can interpret the performed 2D quantum walks as

1. Quantum walks of two non-interacting particles (Sec. 5.3.2.1).

2. Quantum walks of two distinguishable particles with long-range interactions (Sec. 5.3.2.2).

3. Quantum walks of two indistinguishable particles with short-range interactions (Sec. 5.3.2.3).

All performed quantum walks were initialized in the state |ψ0〉 = |0, 0〉x ⊗ |−1,−1〉c. The
symmetric initialization describes both particles residing in the same state at the beginning
of their walk, which allows the interpretation of our results as quantum walks of two bosonic
particles.
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Figure 5.9.: Theoretical (A) and measured (B) probability distribution P (x1, x2) of ten steps of
a 2D Hadamard walk. The Hadamard coin performs a Hadamard operation H for
both coin state c1,2 individually at every step (top). Because only separable coin
operations were performed, the distribution is separable, given by a product of two
1D distributions (gray).

Each measured probability distribution is reconstructed by over 7× 103 single events. As in
the previous experiment, we ensured that maximally one photon per click event arrived at the
detectors by adjusting the initial pulse power to the desired number of steps (see Section 4.2 for
details).

The setup without EOM allowed to measure 2D quantum walks of maximally 12 steps. After 12
steps the photonic wave function spreads over 169 positions states. This is up to now the largest
position space implemented in a quantum walk experiment. Including the coin states the quantum
walker starting in a single mode is distributed over 576 modes4.

With the EOM in the setup the losses increase, restricting the number of available steps to 7.

5.3.2.1. Quantum walks of two non-interacting particles: the Hadamard walk

Our first experiment reveals the dynamics in a 2D Hadamard walk, driven by the coin operation
ĈH⊗H = ĈH ⊗ ĈH (Eq. (5.7)). We obtain the Hadamard operation by aligning the angles of the
coin HWPs as θ1,3 = π/8 and θ2,4 = 7π/8 (Eq. 5.14). Since the coin operation does not require
the EOM (φ = 0), we excluded it from the pathway in this experiment.

The spatial probability distribution of a 2D Hadamard walk after 10 steps is shown in Fig. 5.9. In
the two-particle picture it represents the position states of both particles during their propagating
on a 1D line. To obtain the spatial correlations between the two particles P (x1, x2) we traced over
the coin degree of freedom.

We quantified the quality of the results via the similarity measure (introduced in Section 3.5.1).
After ten steps we obtain for the resulting spread over 121 positions a similarity to the unadapted
theory of s = 0.957± 0.003.

The separability of the Hadamard coin describes a scenario where no interactions occur between

4Since some positions do not allow all four coin states by definition of the step operator, the number of modes m after
n steps is calculated as m = 4 · n2.
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Ĉ ′cH,2 |−1,−1〉 |−1,+1〉 |+1,−1〉 |+1,+1〉
|−1,−1〉 1 0 0 0

|−1,+1〉 0 1√
2

0 1√
2

|+1,−1〉 0 0 1 0

|+1,+1〉 0 1√
2

0 − 1√
2

ĈcXZ,1 |−1,−1〉 |−1,+1〉 |+1,−1〉 |+1,+1〉
|−1,−1〉 0 −1 0 0

|−1,+1〉 1 0 0 0

|+1,−1〉 0 0 1 0

|+1,+1〉 0 0 0 1

Table 5.3.: Truth table for the switched controlled-Hadamard operation Ĉ ′cH,2 with the controlling
coin state c2 and the controlled-XZ operation ĈcXZ,1 with controlling coin state c1

the two particles during their propagation. Since the initial state and the coin operation is
symmetric in both dimensions (Ĉ1 = Ĉ2), we can interpret the particles as indistinguishable
bosons. However, as discussed in Section 5.1.3, the conditions lead to an identical spread for two
distinguishable particles, since no HOM effects occur in this configuration.

One can see that the distribution is separable into two 1D quantum walks as P (x1, x2) =
P (x1) · P (x2) and thus both particles evolve independently. This changes if we introduce more
complex U(4) coin operations.

5.3.2.2. Quantum walks of two distinguishable particles with long-range interactions

If the coin operation is not separable, the coin states c1 and c2 influence each other during the
propagation. We can interpret this as interactions in the two-particle picture (Section 5.1.3.1). In
all physical scenarios the interaction strength depends on the distance of the involved parties. The
distance d of the two particles in our 2D quantum walk is simply given by the difference of the
coordinates as d = |x1 − x2|. Thus, if we want to simulate an interaction fading with the distance,
we need to introduce position dependent coin operations Ĉ(d). In the first experiments, however,
we apply the same coin operations at every position and thus assume an interaction that is not
significantly varying with the distance.

We performed quantum walks with three different coin operations, each consisting of different
types of controlled operations. Besides the controlled-Hadamard operation ĈcH, which was already
introduced in Table 5.1, we used the controlled-XZ operation ĈcXZ and the switched controlled
Hadamard Ĉ ′cH. Their operations can be seen in the truth tables presented in Table 5.3.

The operation Ĉ ′cH,2 performs a Hadamard operation on |c1〉 only if |c2〉 = |+1〉, thus on the
other control coin state as the regular controlled-Hadamard operation ĈcH. Furthermore the
operation CcXZ,1 performs a NOT-operation and an additional phase shift of π if the control coin
state is in |c1〉 = |−1〉.

We performed three quantum walks simulating long-range interactions using the quantum
coins Ĉi,int, with

Ĉ1,int = ĈH⊗HCcXZ,1, Ĉ2,int = ĈcH,2ĈcH,1, Ĉ3,int = Ĉ ′cH,2ĈcH,1. (5.15)
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The corresponding probability distributions after ten steps can be seen in Fig. 5.10. All coin
operations can be decomposed into the three introduced controlled operations as depicted above
the according distributions. The coins Ĉi,int were implemented by aligning the HWP angles as

Ĉ1,int: θ1 = θ2 = θ4 = 3π/8 and θ3 = π/8 for Fig. 5.10 (A+B),

Ĉ2,int: θ1 = θ3 = π/8 and θ2 = θ4 = 0 for Fig. 5.10 (C+D),

Ĉ3,int: θ1 = π/8, θ4 = 3/8π and θ2 = θ3 = 0 for the quantum walk presented in Fig. 5.10 (E+F).

The good accordance to the unadapted theoretical distributions is reflected by the high sim-
ilarities given by s = 0.90 ± 0.02 for Fig. 5.10 (A+B), s = 0.95 ± 0.09 for Fig. 5.10 (C+D) and
s = 0.90 ± 0.06 for Fig. 5.10 (E+F). It is eye-catching that the latter two scenarios describe a
quantum walk on a triangular graph instead of the full 2D lattice. The reason for this unequal
spread can be seen when analyzing the coin operations Ĉ2,int and Ĉ3,int in a logic circuit (Fig. 5.11).
In both scenarios only three out of four coin states are employed during the walk, when starting in
the coin state |−1,−1〉c.

All three scenarios reveal complex coincidence patterns P (x1, x2) that are not separable into 1D
quantum walk distributions. The correlations in the applied coin operations are directly transfered
to the spatial spread. Furthermore, we see that the asymmetry of the controlled operations leads
to an asymmetry in the probability distributions, which results in the distinguishability of the
states |x, y〉 and |y, x〉. Thus, we can interpret the scenario in the two-particle picture as quantum
walk of two interacting distinguishable particles.

If two quantum particles interact with each other, they typically generate entanglement. We
obtain a direct signature of the entanglement created in our simulated two-particle quantum walks
by investigating the correlations in the measured coincidence statistics P (x1, x2). To quantize the
simulated entanglement in the four presented scenarios, we employ the von Neumann entropy
[111], as done by Berry and Wang in their theoretical investigations of diverse two-particle quantum
walks [62].

For a correct use of this entropy measure we had to make assumptions concerning our measured
state. First, we assumed that the final state of our quantum walk after n steps is pure and hence of
the form |ψn〉 =

∑
x1,x2,c1,c2

ax1,x2,c1,c2 |x1, x2, c1, c2〉, with the complex parameters ax1,x2,c1,c2 ∈ C.

We base this assumption on the fact that all measured distributions reveal a high similarity
confirming that no decoherence effects occur during the propagation.

We calculated the von Neumann entropy E as

E(ρ1) = −
∑
i

λilog2λi, (5.16)

with the eigenvalues λi of the reduced density matrix ρ1 = Tr2(σ) = Tr2(|ψn〉 〈ψn|), given by the
trace over one subsystem.

To determine the von Neumann entropy of our measured distributions we had to apply a second
assumption. By measuring the arrival time distribution we obtain the absolute squared of the
parameters |ax1,x2,c1,c2 |2 and thus lose the according phase information, which prevents the full
reconstruction of the state |ψn〉. However, based on the high similarity of the experimentally
measured interference pattern, we expect the relative phases between the positions to be in high
accordance with the theory. Thus, we employed the phase factors given by the theoretical model
for the entropy quantification.
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Figure 5.10.: Theoretical (A,C,E) and measured (B,D,F) probability distribution P (x1, x2) after
ten steps of 2D quantum walks with controlled operations. The interactions are
implemented as combination of a controlled-NOT X and a controlled-phase opera-
tion Z (A,B), two controlled-Hadamard operations (C,D) and as combination of one
regular and one switched controlled-Hadamard operation (E,F). See text for details.
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Figure 5.11.: Logic circuit representations of the coins Ĉ3,int(A) and Ĉ2,int (B). Starting with coin
state |−1,−1〉c particles can not occupy all four coin states in both quantum walks.
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Figure 5.12.: Evolution of the von Neumann entropy E with the steps n generated in a Hadamard
walk and three quantum walks with controlled operations (right). The experimental
values (dots) and theoretical predictions (dashed lines) constitute a lower bound for
the simulated two-particle entanglement. Statistical errors are smaller than the dot
size.

But even in theory multiple quantum coins generate the same probability distribution, highlight-
ing that the phase pattern that induce the measured interference pattern is not unique. Starting
the quantum walk in a single state every U(4) quantum coin of the form

Ĉ(φ1, φ2, φ3, φ4) =
4∑

i,j=1

ai,je
ıφi |ci〉 〈cj | e−ıφj , (5.17)

with fixed probability amplitudes ai,j ∈ C leads to a quantum walk with an equivalent probability
distribution. The generated dynamics are independent of additional phase factors eıφi , corre-
sponding to the four coin states |ci〉. By choosing the phase constellation inducing the minimal
entropy, we are able to give a lower bound on the amount of entanglement that would be created
in the corresponding two-particle scenarios (Fig. 5.12).

In the Hadamard walk, which can be interpret as a two-particle scenario without interactions,
no correlations between the particles occur and thus no entanglement is created. The discrepancies
between experiment and measurement are attributed to the high sensitivity of the entropy measure
to small errors in the distribution for E ≈ 0. On the other hand we see an increase in the entropy
with the number of steps in all three quantum walks with controlled operations (Fig. 5.10). This
indicates the creation of bipartite entanglement between the two quantum walkers. For the
quantum walk driven by coin Ĉ1,int we obtain an entropy of at least E = 2.63 ± 0.01 after 12
steps, which is 56% of the maximal entropy possible in a two particle quantum walk (given by a
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Figure 5.13.: Theoretical (A) and experimental (B) probability distributions P (x1, x2) after 7 steps
of a quantum walk with position dependent coin operation (inset). The controlled
Z-operation is defined by the coin operation Ĉcπ. The high probability on the
diagonal is a striking signature for the creation of a bound state.

maximally entangled state)5.

5.3.2.3. Quantum walks of two indistinguishable particles with short-range interactions

In our final measurements we simulated quantum walks of interacting particles with an interaction
strength depending on the relative distance d. For this we included the EOM in the setup which
enables us to apply a position dependent phase shift φ(x1, x2) in the coin state |−1,−1〉c, as
defined in Eq. (5.14).

With the obtained flexibility we can mimic for example two-particle scattering or nonlinear
operations. We simulated the scattering effect by restricting the applied interactions solely to the
position states on the diagonal of the 2D lattice, thus the situations where both particles meet in
the two-particle picture (d = 0). Since the interaction occurs only when multiple particles are at
the same position, we can interpret it as nonlinear operation.

To implement the distance dependency in the experiment we applied varying coin operations
at different positions in the walk. For all positions with x1 6= x2 we employed the separable
Hadamard operation ĈH⊗H to simulate that no interactions occur. If the distance between the
particles becomes d = 0 and thus x1 = x2, we added controlled phase operations Ĉcφ with the
EOM, as introduced in Eq. (5.8). The applied coin operation is thus given by

Ĉφ,int =

{
ĈH⊗H , if x1 6= x2,

ĈH⊗HĈcφ, if x1 = x2.
(5.18)

We can interpret this specific 2D quantum walk as quantum walk of two interacting indistin-
guishable bosons, as elaborated in Section 5.1.3. This interpretation is possible since the applied
operations and the initial state are symmetric and the same initial state for both particles guaran-
tees that no HOM-interference effects occur. This gives us the possibility to simulate an effective
Bose-Hubbard type nonlinearity using a 2D quantum walk [80].

5The maximal entropy is limited by the available position space during the walk and thus growing with the number of
steps n as Emax(n) = log2[2(2n+ 1)] [62]
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Fig. 5.13 shows the influence of strong interactions in the form of the collisional phase φ(x, x) =
π on the propagation of the two indistinguishable bosons. The measured distribution is to a large
extent confined to the main diagonal given by the probability

∑
x P (x, x) = 0.317 ± 0.006, as

opposed to the Hadamard walk with
∑

x P (x, x) = 0.242 ± 0.001. In the two particle picture
this means that the two bosons have an enhanced probability to be found at the same position
after their quantum walk. The theoretical explanation for this behavior is given by Ahlbrecht
et al. in [53]. They found that the scattering of two bosons under this circumstance creates a
bound molecule state. This bound state drastically enhances the probability that both particles
propagate together on their quantum walk. As in the previous experiments, the result shows a very
high similarity to the theoretical distribution of s = 0.957± 0.013. The theoretical distribution
contains an adaption to the imperfections of the EOM, which will be discussed in Section 5.3.3 in
more detail.

With Ahlbrecht et al. investigating only fixed collisional phases (i.e. φ(x, x) being independent
from x and n) it is still an open theoretical question how the two particles behave if the collision
strength varies in position or time. To investigate if these fluctuating phase interactions influence
the propagation in a similar way, we performed two experimental quantum walks with varying
interaction strength.

In the first scenario we randomized the interaction strength applied at the collision points
by randomizing the phase factor φ(x, x). We assume thereby an interaction strength that is not
stable during the propagation but independent from the position state of the collision. Thus,
we applied at each step n the operator Ĉφn,int, with the step dependent phases φn(x, x) being
randomly chosen from the uniform distribution φ ∈ [0, 2π]. Experimentally we implemented the
random phase operations with the EOM by generating an electrical signal of the shape necessary
to address the correct position states |x, x〉 and adapted the voltage levels with the outcome of a
random number generator 6.

Fig. 5.14 (B+E) shows the probability distribution averaged over 85 realizations of random phase
patterns. The fluctuations in the interaction strength lowers the bunching effect of the two bosons
drastically compared to scenario with fixed collision phase φn(x, x) = π for all n (Fig. 5.14(A+D)).

Finally, we investigated the dynamics of two interacting bosons with an interaction that is
different at the individual positions of the collision. This configuration mimics a scenario where
not only their distance but also the underlying spatial conditions affect the interaction of the
particles. As an example we applied the controlled-phase operation Ĉcπ only for position states
|x, x〉 when x is even. If x is odd on the other hand, we assumed that no interactions occur,
experimentally simulated via the Hadamard operation ĈH⊗H . This spatial variance is identical
to a scenario with temporal fluctuations given by φn(x, x) = π for an even step number n and
φn(x, x) = 0 if n is odd, since a quantum walker alternately occupies even and odd positions
during its propagation.

Surprisingly, this kind of interaction reveals a strong repulsion of the particles, as can be seen
in Fig. 5.14 (C+F). The probabilities on the diagonal of the distribution almost vanish while the
probability on the anti-diagonal is enhanced.

The effect is highlighted in the dynamic evolution of the meeting probability Pm =
∑

x P (x, x)
[112] in the different scenarios (Fig. 5.15). We see that the different interaction types lead to both an
enhancement or reduction of the meeting probability compared to quantum walks of two bosons
without interactions. Ahlbrecht et al. [53] found that the creation of the bound state leads to
a non-vanishing meeting probability Pm(n) for n → ∞, while in a simple Hadamard walk the

6We used the default random number generator of Mathematica 8 v. 8.0.1.0.
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Figure 5.14.: Theoretical (A-C) and experimental (D-F) probability distributions P (x1, x2) after
6 steps of a quantum walk with position dependent coin operation. The quantum
walks are driven by the coin Ĉφn,int with strong interactions φn = π (A+D, same
configuration as in Fig. 5.13), random interaction strength φn ∈ [0, 2π] (B+E) and
oscillating interactions with φn = π if n is even and φn = 0 if n is odd (C+F), as
shown in the inset (top). To obtain the mean distribution in a scenario with random
interaction we averaged over 100 realizations in theory (B) and 85 realizations in the
experiment (E). The obtained similarities are s = 0.952±0.002 (D), s = 0.982±0.004
(E) and s = 0.978± 0.003 (F).

probability decays to Pm(∞) = 0.
A full theoretical explanation of the anti-bunching behavior has not been given up to now and

is a topic of ongoing research. However, especially the fact that the meeting probabilities in the
different scenarios are distributed differently in the early steps —we find the highest Pm(n) for
non-interacting particles at steps n = 3−5— reminds us that each spatial probability distribution
is only a snapshot of the full quantum walk evolution and thus not sufficient for a fundamental
statement of the physical behavior. For a complete understanding it is crucial to investigate the
underlying system and thus the band structure, as done for the strong interaction scenario in [53],
and the asymptotic behavior of the quantum walk for n→∞.

The specific shape of the obtained spatial distributions can nevertheless give a hint at the general
behavior of the two particles and thus be a route for investigations of new physical phenomena.

5.3.3. Limitations and imperfections

In the current experimental configuration we were able to perform 12 steps of a 2D quantum
walk without EOM and 7 steps with the modulator. The step limitations are given, as in the 1D
experiments, by two main factors: The losses per round trip and the time parameters of the setup.

We already introduced two methods to minimize the losses per round trip in a 1D quantum
walk in time, via an active coupling mechanism (Section 3.3.3) or with the help of optical amplifiers
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Figure 5.15.: Theoretical (dashed lines) and experimental (dots) meeting probability Pm(n) vary-
ing with the number of steps n. At higher steps the meeting probability for two
bosons on a quantum walk is enhanced if they perform strong interactions Ĉπ,int

(blue) compared to quantum walks of non-interacting bosons ĈH⊗H (black). If
strong interactions occur only on even positions (x1 = x2) the meeting probability
is drastically reduced (green). The experimental data is limited to 7 steps in the
interacting cases due to the EOM in the setup. All statistical errors are smaller than
the dot sizes.

in the pathways (Section 4.3). Both can also be applied to the 2D setup in a modified form. A third
method would be to start with a higher initial number of photons per pulse. This, however, would
require an active protection of the single-photon detectors.

We chose the minimal round trip time Tmin and the relative time shifts ∆t1 and ∆t2 such that
we fulfill the conditions ∆t2 > 13∆t1 and Tmin > 13∆t2 without the EOM in the optical path.
According to Equation (5.11) this guarantees that no temporal overlaps between the individual
time bins occur during the first 13 steps. The inclusion of the EOM into the optical path increases
the propagation time in the corresponding arm significantly due to the attached fiber pair. This
increases the parameter ∆t1, limiting the potential number of steps without temporal overlaps to
7. However, by simply changing the fiber lengths or the paths differences the number of possible
steps can easily be increased.

The main systematic error source in the current experiment is the EOM. As already explained
in Sec. 4.1, applying a voltage signal to the EOM leads not only to a phase shift of the horizontally
polarized light traversing the modulator but also vertical polarized light is affected with a ratio of
the phase shifts of φh/φv = 3.5.7 Thus the modulator does not affect solely the coin state |−1,−1〉
as necessary for a controlled-phase operation (see Eq. (5.8)) but also |−1,+1〉. We included this
error in the theoretical models shown in the previous section. Since the error is not symmetric for
both dimensions the shown theoretical distributions have a slight asymmetry, which is impossible
for two perfectly indistinguishable particles.

Furthermore, the asymmetric structure of the EOM induces a different wave front distortion
for vertically and horizontally polarized pulses, which influences the interference properties. An
extensive theoretical study of the problem revealed that the effect can be sufficiently modeled as

7We changed the phase shift relation between horizontal and vertical polarization compared to the experiments in
Sec. 4.2 with 90◦ rotations using the HWPs enclosing the EOM.
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static phase shift between horizontal and vertical polarization, which was also included in the
theoretical plots of Section 5.3.2.3.

Additionally, thermal instabilities occur that influence the performance of the EOM. They
induce a slow drift of the relative acquired phase between horizontally and vertically polarized
photons traversing the EOM, even if no electric signal is applied. Since the thermal fluctuations
occurred in the order of minutes, we were able to post select the experimental data corresponding
to the desired phase factors to obtain the probability distributions shown in Sec. 5.3.2.3. However,
the modulator technology is already advanced so that all mentioned problems can be solved by
replacing the EOM with an optimized device.

5.4. Conclusion and Outlook - How many dimensions can we ex-
plore?

We presented in this chapter the first experimental implementation of a quantum walk on a
lattice, by extending the idea of a quantum walk in time to a second dimension. We were able to
demonstrate an evolution over up to 12 steps and hence a spread of the quantum walker over 169
position states, which marks the quantum walk with the largest position space up to now. The
equivalence of the system to a two-particle quantum walk allowed us to investigate the dynamics
of two interacting bosons overcoming the typical technical challenges of two-particle experiments.

The concept of a quantum walk in time, however, is by no means restricted to a 2D lattice. We
can increase the complexity of the system even further by introducing additional delay paths. Thus,
the system can implement even higher dimensional quantum walks with only small modifications,
allowing for simulations of complex multi-particle quantum effects. While additional spatial
modes are sufficient to increase the coin space in higher dimensional walks, it would be beneficial
to employ the more scalable orbital angular momentum state as a path defining property in the
setup [113].

The experiment nicely demonstrates how we can exploit the wave nature of a coherent laser pulse
to demonstrate the dynamics of quantum particles. However, the architecture of the experiment
even allows to replace the coherent state with single photon states. Preparing for example two
photons at different initial states would allow for simulations of four particle quantum walks: two
real quantum particles and two particles simulated via the two dimensions.

Altogether the possibilities of the 2D quantum walk in time have hardly been exhausted. Due to
the high flexibility in the coin operation and the initial state the experiment has the potential to
simulate a broad spectrum of dynamic quantum systems and with this allows for new insights into
complex quantum phenomena. Furthermore, with the combination of position dependent coin
operations and a 2D topology of the underlying graph the setup provides all ingredients necessary
for the implementation of quantum walk based search algorithms.
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Conclusions and Outlook

In the course of this thesis we examined the full history of quantum walks in time. Starting
from the drawing board we designed a new type of interferometer that overcomes the typical
challenges of quantum walk implementations. We demonstrated the flexibility and intrinsic phase
stability of the architecture in our first experimental implementation and highlighted that the only
resource necessary for longer propagations is time [1]. For the second experiment we optimized
the experimental parameters allowing for a fully coherent quantum walk over 28 steps [2]. With
both the scalability and the high quality of the results we set new standards for quantum walk
implementations. Introducing dynamic control allowed for the demonstration of localization
effects and a tunable transition between quantum and classical propagation. In the final chapter we
extended the principle of quantum walks in time to a second dimension. We hereby demonstrated
that the technique is capable to manage the unfavorable scaling of the position space in a 2D
topology, enabling a quantum walk over 169 positions and the first implementation of a quantum
walk on a non-trivial graph structure [3]. We used the system to investigate the effect of controlled
interactions on the dynamics of two quantum particles, and with this gave insight to a field that is
not readily accessible in the laboratory with current technologies.

In all three experiments we employed coherent light states to investigate the dynamics in
quantum walks and demonstrated with this the high similarity between the nature of light and
quantum particles. A future path for our experiment will be the replacement of the initial coherent
pulse with a single photon source, highlighting the similarities and differences between the two
worlds.

Due to the broad spectrum of theories and proposals based on quantum walks the prospects of
our experiment are plentiful. Future investigations could amongst others involve the dynamics
provided in quantum walks on irregular graphs. By including fast polarization rotators in our
scheme we can introduce artificial boundary conditions or cut specific links between the positions.
These experiments will provide not only insight into the diverse dynamics of quantum walks but
can also be applied to implement quantum state transfers and percolation models [114].

With its versatility the experiment serves as a perfect test bed for simulations of large-scale
physical systems based on wavelike propagation. As an example we investigated the behavior
of two particles with and without interactions. We can continue on this route and diversify the
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interaction types between the particles by mimicking for example Coulomb forces that fall off
quadratically with the distance of the particles. Additionally, we can increase the complexity of the
quantum walks by either simulating additional particles via higher dimensions of the underlying
graph structure or perform quantum walks with two or three photon Fock states.

Another path to take with quantum walks in time is the implementation of quantum algorithms.
With small modifications it would be possible to demonstrate for example the principle of a
quantum walk based search algorithm. Implementations of quantum algorithms with a quantum
walk in time, however, would not be efficient given that the position space is implemented with
classical resources [68].

Two experimental groups already adapted our time-encoding technique and built similar
experimental systems. They showed that the concept is by far not restricted to implementations
of quantum walks. Based on the interferometric architecture Regensburger et al. were able to
simulate e.g. the first parity-time symmetric lattice [85].

Altogether, we introduced in this work a novel scheme designed to exploit the various appli-
cations provided by the framework of quantum walks. Our experiments gave insight into the
complex dynamics of quantum particles and shed light on the gray area between classical and
quantum coherence theory. With the high potential of quantum walks in time we can predict for
the concept a walk into a bright future.
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A
Simulation of two-particle quantum walks with

a 2D quantum walk

A.1. Distinguishable particles

To understand what configurations are necessary to simulate diverse two-particle scenarios with
a 2D quantum walk, it is helpful to change back to the creation operator picture as introduced
in Section 2.4. As mentioned in the previous section, the dimensions 1 and 2 can be interpret as
walkers 1 and 2.

We can represent each with corresponding creation operators â†i and b̂†i , creating an excitation
either in dimension 1 or 2 as

â†i |0〉1 |0〉2 = |1i〉1 |0〉2 ,
b̂†i |0〉1 |0〉2 = |0〉1 |1i〉2 , (A.1)

in the combined Hilbert space H = H1 ⊗ H2. Both Hilbert spaces represent the combination
of coin and position space in either dimension 1 or 2, as introduced in Eq. (2.45). The labeling
indicates that the according two-particle scenario describes two distinguishable particles.

We already investigated the spatial evolution of two distinguishable photons walking on a line
in Section 2.4.4.1. As long as they do not interact with each other we can treat each particle indi-
vidually using corresponding evolution operators Ûa/b = Ŝ1DĈa/b with the U(2) coin operation

Ĉa/b and the one-dimensional step operator Ŝ1D, as defined in Eq. (2.15).
For n steps we obtain the distribution

â†k → Ûna â
†
k =

∑
i

Aiâ
†
i ,

b̂†l → Ûnb b̂
†
l =

∑
j

Bj b̂
†
j , (A.2)

with the probabilities |Ai|2 and |Bi|2 to arrive in mode i for particle a and b.
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As long as the walkers are initialized in a separable initial state of the form â†k b̂
†
l |0〉, the resulting

coincidence statistics P (k, l) of the two-particle walk is decomposable as P (i, j) = |Ai|2|Bj |2, as
already shown in Eq. (2.54).

We plotted the corresponding spatial probability distributions P (x1, x2) for two different initial
states â†1b̂

†
2 |0〉 =̂ |x = 0, c = +1〉1 |0,−1〉2 and â†2b̂

†
1 |0〉 =̂ |0,−1〉1 |0,+1〉2 in Fig. A.1 (A+B). Both

distributions are separable and can be decomposed into two 1D Hadamard walks of asymmetric
nature.

As mentioned before a quantum walk can be interpret as beam splitter operation in the basis of
its in- and output ports (see Section 2.4.2 for details). In this picture the 2D quantum walk with
Hadamard coin simply represents the propagation of two particles through a cascade of 50/50
beam splitters. The initial states |0,−1〉1 |0,+1〉2 and |0,−1〉1 |0,+1〉2 correspond hereby to the
situation where both particles enter the same beam splitter in different input ports.

If two indistinguishable particles enter the BS at different input ports, however, the aforemen-
tioned HOM interference will occur.

A.2. Indistinguishable particles

We already investigated in Section 2.4 the impact of the HOM interference on the distributions
obtained in quantum walks. While the single particle distribution is not affected, the coincidence
statistics and thus the 2D probability distribution differs between walks of distinguishable and
indistinguishable particles.

In Eq. (2.57) and Eq. (2.58) we obtained the coincidence probability P (i, j) for two indistin-
guishable particles to be

P (i, j) =

{
| 〈1i, 1j |AiZj â†i â

†
j +AjZiâ

†
j â
†
i |0〉 |2, if i 6= j,

| 〈2i| 12(AiZiâ
†
i â
†
i +AiZiâ

†
i â
†
i ) |0〉 |2, if i = j,

(A.3)

with |Ai|2 and |Zi|2 reflecting the probability for a particle to end up in mode i after a quantum
walk with n steps, when initialized in mode a or z respectively.

We can now distinguish between two kinds of particles, namely bosons with the creation
operator ŝ† and fermions f̂ †. The two types obey different commutation relations given by
ŝ†i ŝ
†
j = ŝ†j ŝ

†
i and f̂ †i f̂

†
j = −f̂ †j f̂

†
i . Due to the Pauli exclusion principle we have the additional

condition that fermions are not allowed to occupy the same state: f̂ †2i |0〉 = 0.
This changes the probabilities for bosons P (i, j)b and fermions P (i, j)f to

Pb/f (i, j) =

{
| 〈1i, 1j | (AiZj ±AjZi)â†i â

†
j |0〉 |2, if i 6= j,

| 〈2i| 12(AiZi ±AiZi)â†2i |0〉 |2, if i = j,
(A.4)

with the minus sign corresponding to the fermionic case.
To simulate the coincidence statistics P (i, j) via the spatial distribution of a 2D quantum walk

we have to ensure that all operations are identical for both dimensions. For non-interacting
particles we have to apply a separable evolution operator and thus a separable U(4) coin operation.
To guarantee the indistinguishability, however, the coin operation has to be symmetric in both
dimensions and hence of the form Ĉsym = Ĉ ′ ⊗ Ĉ ′, with Ĉ ′ being an arbitrary U(2) operation.
For simplicity we neglect the phase factors in the following, restricting the coin operation Ĉ ′ to
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Figure A.1.: 2D probability distributions P (x1, x2) after ten steps driven by the Hadamard coin
and initialized in position |0, 0〉. The inset displays the initial state in the correspond-
ing picture of two particles traversing a beam splitter cascade. (A,B) Coincidence
distribution obtained for distinguishable photons simulated by initial coin states
|ψ0〉 = |−1,+1〉 (A) and |ψ0〉 = |+1,−1〉 (B). (C) Distributions for two indistin-
guishable bosons obtained either by introducing the coin CHOM and the initial
state |ψ0〉 = |−1,+1〉 (left) or using the Hadamard coin and the initial coin state
|ψ0〉 = 1√

2
(|+1,−1〉+ |−1,+1〉) (right). (D) Distributions for two indistinguishable

fermions either with CHOM and the initial state |ψ0〉 = |−1,+1〉 (left) or using the
Hadamard coin and the initial coin state |ψ0〉 = 1√

2
(|+1,−1〉 − |−1,+1〉) (right).
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the form

Ĉ ′(α) =

(
cosα sinα
sinα − cosα

)
, (A.5)

with the angle α.
We can now take two different paths to mimic the evolution of two indistinguishable particles

with a 2D quantum walk. The first method is to include the commutation relations adapted to the
bosonic or fermionic case into the initial state [102, 103]. The second method is to symmetrize
the allowed position space by limiting the propagation on the position subspace x1 > x2 with an
appropriate coin operation, which enables the use of simpler initial states.

Correlations in the initial state
In the beam splitter representation the coin states of each dimension in our 2D quantum
walk correspond to specific input ports of particles. Thus if both particles are initialized at
the same position their coin state determines if they enter a beam splitter at the same or at
different input ports. We restrict ourselves to quantum walks starting at the origin of the
2D lattice |ψ0〉x = |0, 0〉, thus both particles start at the same beam splitter.

The simplest scenario is given for the initial coin states |−1,−1〉 and |+1,+1〉. These initial
states correspond to both particles starting their walk at the same input port of the first
beam splitter. Using the symmetric coin Ĉsym guarantees the evolution is fully identical in
both dimensions (Û1 = Û2). In the terminology of creation operators we can describe the
symmetric initial states of our 2D quantum walk as â†k b̂

†
k |0〉, given that both dimensions

correspond to distinguishable particles. Since both particles perform the same evolution
the probability amplitudes are identical Ai = Bi and we obtain the simplified coincidence
distribution

Psym(i, j) = |Ai|2|Aj |2. (A.6)

We can compare the above scenario with the quantum walk of two indistinguishable bosons
given by the initial state 1√

2
â†2k |0〉

1. Applying the same unitary operation to both particles
gives us the coincidence probability distribution

Pb(i, j) =

{
| 〈1i, 1j |

√
2AjAiâ

†
i â
†
j |0〉 |2, if i 6= j

1
2 | 〈2i|A

2
i â
†2
i |0〉 |2, if i = j,

(A.7)

according to Eq. (A.4). Interestingly the coincidence distribution Pb(i, j) is quite similar
to the distribution Psym(i, j) obtained in our 2D quantum walk. However, since the states
|1i, 1j〉 and |1j , 1i〉 are not distinguishable the distributionPb(i, j) has to be symmetrized to
match Psym(i, j) as Psym(i, j) = Psym(j, i) = 1

2Pb(i, j),∀i 6= j and Psym(i, i) = Pb(i, i), ∀i.
This states we can simulate the evolution of two indistinguishable bosons starting a quantum
walk in the same state by employing a 2D quantum walk with symmetric coin operations
and initial state.

More complex is the scenario if both particles enter the beam splitter at different input
ports and thus start in different states k and l. In this scenario HOM effects occur for
indistinguishable particles, while distinguishable particles are unaffected. Hence, the
coin state |+1,−1〉 and |−1,+1〉 corresponding to initial states â†k b̂

†
l |0〉 and â†l b̂

†
k |0〉 are

1Due to the Pauli principle the initial state can only be occupied by bosons.
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not sufficient to simulate this scenario via a 2D walk. The trick to make both particles
indistinguishable was introduced by Sansoni et al. [103]. It is necessary to prepare the
particles in an equal superposition of the form |ψ0〉± = 1

2(â†k b̂
†
l ± â

†
l b̂
†
k), which corresponds

to an initial coin state of 1√
2
(|+1,−1〉+ |−1,+1〉) .

With this initial state the coincidences P±(i, j) after the evolution are

P±(i, j) = | 〈1i, 1j |
1√
2

(AiBj ±AjBi)â†i b̂
†
j |0〉 |

2, (A.8)

which is again the symmetrized versions of the bosonic or fermionic distribution Pb/f
(Eq. (A.4)). With identical evolution operators for both particles and hence Bi = Zi we
obtain P±(i, j) = P±(j, i) = 1

2Pb/f (i, j),∀i 6= j and P±(i, i) = Pb/f (i, i),∀i, with the
negative sign corresponding to the fermionic scenario.

We plotted the corresponding spatial distributions P±(x1, x2) and Pb/f (x1, x2) for the
example of the Hadamard walk in Fig. A.1 C+D. It can be seen that the HOM interference
leads to a bunching effect in the bososnic case, enhancing the probabilities drastically for
both particles to end up at the same position (x1 = x2). On the other hand the probability
that fermions arrive at the same position is highly suppressed. We obtain for fermions∑

x P (x, x) > 0 since they are allowed to occupy the same position as long as their coin
states differ.

Two groups were already able to demonstrate this bosonic and fermionic quantum walk
experimentally by employing two photon states generated by a PDC source [102, 103]. They
generated the required superposition of the initial state via the polarization state of the
photons.

Adapting the coin operation
HOM interference occurs due to the indistinguishability of states |i, j〉 and |j, i〉, which
allows particles in both states to interfere with each other. In a typical 2D quantum walk this
interference should occur when both particles meet, hence x1 = x2. However even if they
occupy the same position state the distinguishability of coin states |+1,−1〉 and |−1,+1〉
prevents the occurrence of a HOM like effect, when initializing a 2D walk in one of these
two coin states.

In the above approach we symmetrized the initial state to mimic indistinguishability of both
coin states and with this create a HOM interference effect. However, we can generate the
same effect by forbidding one of the coin states at positions x1 = x2, using an adapted coin
operation. Since a HOM interference only occurs when both particles meet (x1 = x2), we
need a position dependent coin operation Ĉsym(x1, x2) of the form

Ĉsym(x1, x2) =

{
Ĉ ′ ⊗ Ĉ ′ if x1 6= x2,

ĈHOM if x1 = x2,
(A.9)

with Ĉ ′ being an arbitrary U(2) operation as defined in Eq. (A.5).

The coin operation ĈHOM guarantees indistinguishability in both position and coin space
the following way: Instead of splitting the wave function of the walker on the coin states
|+1,−1〉 and |−1,+1〉, the coin operation ĈHOM combines both coin states in one, which
allows for HOM like interference effects. Furthermore, we define the coin operation ĈHOM
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to trap the walker in the position subspace with condition x1 ≥ x2. This mimics the
indistinguishability of position states |x1, x2〉 and |x2, x1〉 by allowing the walker to occupy
only one of the states.

The exact form of ĈHOM relies on Ĉ ′ for quantum walks with the same walk conditions at
any position in the walk. In the picture of the beam splitter cascade this means we want
identical beam splitters at any position in the cascade. Here the coin operation Ĉ ′ defines
the beam splitter reflectivity and hence the probability amplitudes Ai of each walker.

With the help of Eq. A.4 we can determine the probability amplitudes after one step of a
quantum walk with two identical particles and define ĈHOM accordingly, as

ĈHOM,b(α) =


cosα2 0 −

√
2 cosα sinα sin(α)2√

2 cos(α) sin(α) 0 sin(α)2 − cos(α)2
√

2 cos(α) sin(α)
0 1 0 0

sin(α)2 0
√

2 cosα sinα cosα2

,

ĈHOM,f(α) =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

. (A.10)

ĈHOM,b simulates the HOM interference of two indistinguishable bosons, while ĈHOM,f corre-
sponds to the fermionic case. The latter has the simple form given that the coin states |−1,−1〉
and |+1,+1〉 can not be occupied by fermions residing at the same position due to the Pauli
exclusion principle.

In Fig. A.1 C +D we show simulations of both bosons and fermions after the first ten steps for the
Hadamard walk Ĉ ′(45◦) using the coinsCHom,b/f. The used initial state is |ψ0〉 = |0, 0〉⊗|−1,+1〉.

Altogether, we found two ways to simulate quantum walks of two indistinguishable particles
using a 2D quantum walk. On one hand it is possible to mimic indistinguishability by employing a
specific coin operation ĈHOM, on the other hand one can symmetrize the initial state accordingly.
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