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Zusammenfassung

Gegenstand der vorliegenden Arbeit sind Dualitäten in Trikategorien. Diese Arbeit entwickelt
einen Begriff von Dualitäten in allgemeinen Trikategorien, der motiviert ist von geometrischen
Anwendungen. Weiterhin zeigen wir dass Bimodulkategorien über Fusionskategorien eine
solche Trikategorie mit Dualitäten liefern.

Die geometrischen Anwendungen sind motiviert durch die Betrachtung von Defekten in 3-
dimensionalen topologischen Feldtheorien (TFTs). Wichtige 3-dimensionale TFTs werden mit
modularen Tensorkategorien [59] oder sphärischen Fusionskategorien [6, 68] als algebraische
Eingangsdaten konstruiert. Die algebraischen Daten für Defekte sollten eine Trikategorie
bilden und in orientierten TFTs ergibt sich die zusätzliche Notwendigkeit von Dualitäten in
dieser Trikategorie, die der Orientierungsumkehr entsprechen. Neuere Publikationen [31, 44]
deuten darauf hin, dass sich die relevante Trikategorie in diesen 3-dimensionalen TFTs aus
Bimodulkategorien über den entsprechenden Tensorkategorien zusammensetzten soll.

In dieser Arbeit werden zwei Begriffe von Trikategorien mit Dualitäten entwickelt, die der
Struktur von Defekten in 3-dimensionalen TFTs angepasst sind. Der erste Begriff, Trikate-
gorie mit schwachen Dualitäten, ist abstrakt formuliert und eignet sich gut dazu, in konkreten
Fällen nachzuweisen, dass eine Trikategorie mit passenden Dualitäten vorliegt. Der andere
Begriff, Gray-Kategorien mit starken Dualitäten, ist angepasst an die geometrischen Eigen-
schaften der zugehörgen TFTs und ermöglicht explizite Rechnungen. Wir zeigen in dieser
Arbeit, dass beide Begriffe äquivalent sind: Jede Trikategorie mit schwachen Dualitäten lässt
sich zu einer Gray-Kategorie mit starken Dualitäten striktifizieren.

Unabhängig von ihren Anwendungen in TFTs spielen Bimodulkategorien auch eine wichtige
Rolle in der Theorie der Fusionskategorien [21,57], aber ein vollständiger Beweis, dass sie eine
Trikategorie bilden, steht bisher noch aus. Diese Arbeit liefert einen Beweis dieser Aussage
und klärt mit welchen Einschränkungen an die Bimodulkategorien diese Trikategorie Du-
alitäten im oben genannten Sinn besitzt. Die zusätzliche Struktur, die für die Dualitäten
erforderlich ist, ist eine Bimodulspur. Es wird gezeigt, dass sich diese Stuktur mit dem
bekannten Konzept einer Frobenius Algebra in einer Fusionskategorie in Beziehung setzen
lässt. Darüber hinaus liefert die Betrachtung dieser Spuren neue Einsichten in der Theorie
der Fusionskategorien. Es wird gezeigt, dass Modulspuren mit der Konjugation von pivotalen
Strukturen in Beziehung stehen und dass sich diese durch eine Matrixgleichung charakter-
isieren lassen.

Teile dieser Arbeit sind in den folgenden Veröffentlichungen bzw. Preprints
erschienen

− [5]: J. W. Barrett, C. Meusburger, and G. Schaumann., Gray categories with duals
and their diagrams, November 2012, preprint: arXiv:1211.0529.

− [61]: G. Schaumann. Traces on module categories over fusion categories. J. Algebra,
379:382–425, 2013.
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1. Introduction

This work investigates dualities in tricategories. In particular we show that bimodule cate-
gories over fusion categories have the structure of a tricategory with duals that is suited for
geometrical applications.

Motivation

Duality is a strong principle that guides many developments in mathematics and physics. A
duality between mathematical objects illuminates a mathematical concept from different sides
and provides a deeper understanding. In particular, it is desirable for applications in low-
dimensional topology to develop a suitable notion of tricategories with duals and to provide
a rich class of examples for such tricategories with duals.

There are two main motivations for this work.

Topological field theories One motivation for this work are applications of bimodule cate-
gories and, more generally, higher categories in topological field theories (TFTs) and conformal
field theories (CFTs).

TFTs originated in mathematical physics and appeared first in the work of Witten [70].
In [71] it is shown (with a physics level of rigor) that the quantization of the spaces of flat
connections on 3-dimensional manifolds gives rise to a TFT, the so-called quantum Chern-
Simons theory. Observables of this theory are the Wilson lines, and Witten showed that
the amplitudes of this theory could reproduce the Jones polynomial of knots when a knot is
interpreted as a Wilson line in the TFT. It was discovered in [69] that Chern-Simons theory
is closely related to 2+1-gravity and that TFTs are useful models for solid state physics. For
example, it is explained in [26] that certain quantum Hall states are described by TFTs.

CFTs, see [17] for an introduction, were introduced in physics following the investigation
of symmetries in field theories, and they play an important role in the study of critical
phenomena in solid state physics and in string theory.

A precise mathematical definition of a TFT and a CFT is given by the functorial formulation
of Atiyah and Segal, [1,64]. Roughly speaking, a n-dimensional field theory is an assignment of
vector spaces (the state spaces) to (n-1)-dimensional manifolds and of linear maps (operators)
to n-dimensional manifolds, in a way that is compatible with the gluing of manifolds. In many
field theories, the manifolds are oriented and orientation reversal introduces a certain duality
operation in the theory. If the manifolds are of purely topological nature, one speaks of a
TFT, if they are equipped with a conformal structure, one obtains the notion of a CFT. More
precisely, in the case of a TFT the n- and (n-1)-dimensional manifolds form a category with
a symmetric monoidal structure, and a n-dimensional TFT is a symmetric monoidal functor
from this category to the category of vector spaces. Additionally there are various structures
that one might require on the manifolds.

The mathematically rigorous definition of the TFT of RT-type that corresponds to 3-
dimensional quantum Chern-Simons theory was provided by Reshetikhin and Turaev in [59].
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1. Introduction

They showed that Witten’s TFT belongs to a broader class of 3-dimensional TFTs that is
constructed from modular tensor categories. A somewhat different approach to TFTs are state
sum models. In [58] Penrose attempted to define a quantum theory of geometry by summing
evaluations of labeled graphs. The labels were thereby taken from the representation category
of the Lie-algebra su(2). This idea inspired the construction of the TFT of TV-type by Turaev
and Viro in [68] using the representation category of the quantum group associated to su(2).
In [6] it is shown how to construct a TFT of TV-type by using spherical fusion categories as
input datum.

The relation between the 3-dimensional TFTs of RT- and TV-type is as follows. It is proven
in [54], that to every spherical fusion category C one can assign a modular tensor category
Z(C), and it is shown in [48, 66] that a TFT of TV-type with spherical fusion category C is
equivalent to the TFT of RT-type using the category Z(C) as input datum.

The input data that are used in mathematical rigorous constructions of 2-dimensional
rational CFTs are again a modular tensor category and additionally a Morita class of a
special symmetric Frobenius algebra [29].

Defects in topological field theories The term defect stems from solid state physics, where
a defect in a theory is a lower-dimensional manifold that separates different phases of the
theory. Defects themselves can have defects of lower dimensions. A defect to the vacuum
theory is also called a boundary condition. For example in a 2-dimensional theory, a defect
would be located on a line that could itself be separated into different segments by defect
points. In three dimensions, most general defects would be located on surfaces, lines and
points.

As TFTs and CFTs are usually constructed from algebraic input data, such as modular
tensor categories in 3-dimensional TFTs, it is natural to consider defects that correspond
to certain algebraic data as well. For an n-dimensional TFT or CFT there are n different
ways of fusing defects, and these correspond to different compositions of algebraic objects.
This suggests that the defects and the associated algebraic data forms an n-category, see [13]
for a discussion of the 2-dimensional case. If the defects are orientated, as is required in
most applications, then orientation reversal corresponds to certain duality operations in the
associated n-category [13,51].

One of the central issues in the constructions of TFTs with defects is the question what is
the appropriate algebraic data associated with the defects. For 2-dimensional rational CFTs,
it is argued in [44] and [43] that boundary conditions and defect walls are obtained from
(bi)module categories over modular tensor categories. In the case of TFTs of TV type, the
different phases are labeled by spherical fusion categories and it is argued in [31] and [49], that
possible defect walls are classified by bimodule categories over the corresponding spherical
fusion categories. The 1-dimensional defect lines should correspond to bimodule functors and
defect points to bimodule natural transformations. However, the orientation of the defects
was not fully considered in these works and it remained to be investigated how the bimodule
categories and functors associated with defects behave under orientation reversal.

A TFT with defects is closely related to an extended TFT. The idea of an extended TFT
is as follows. The functorial property of a TFT allows one to compute the value of the TFT
on a given n-dimensional manifold by cutting along an embedded (n-1)-dimensional manifold,
evaluating the pieces and then composing the resulting linear maps. In a (fully) extended TFT
one is allowed to cut even this (n-1)-dimensional manifold along a (n-2)-dimensional manifold
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etc., until one only needs to evaluate the TFT on a single point. In the classification [51]
of extended TFTs it is shown that the possible values on a point correspond to so-called
fully dualizable objects in the monoidal n-category the TFT takes values in. It is argued
in [13], [51] that extended TFTs and TFTs with defect are in a sense dual to each other.
A TFT that exhibits all levels of lower-dimensional defects is therefore necessarily a fully
extended TFT. It is claimed in [63] that the fusion categories are the fully dualizable objects
in the symmetric monoidal tricategory of bimodule categories and hence that fully extended
3-dimensional TFTs are precisely TFTs of TV-type.

Fusion categories and higher categories Another motivation for this work are the repre-
sentation theory of quantum groups and their applications in the constructions of knot and
manifold invariants.

The intimate relation between tensor categories, knot invariants, subfactor theory and topo-
logical field theories is manifest in the history of these subjects. Jones discovered the famous
knot invariant [40] using subfactor theory, a branch of the analytic theory of van Neuman
algebras. It was only later that the invariant was simplified to the more common description.
Moreover it became clear, see [23] that subfactors are related to fusion categories which gave
rise to modern formulations of these invariants and related invariants of 3-manifolds by the
usage of TFTs.

In [53] and [54], the areas of subfactor theory and fusion categories were linked to the notion
of Morita equivalence. Two fusion categories are called Morita equivalent if there exists an
invertible bimodule category between them (In [53] a different notion of Morita equivalence
is used, the relation to bimodule categories is provided by [57] and [21]).

Since spherical fusion categories play an important role in the construction of TFTs and 3-
manifold invariants, a refinement of the notion of Morita equivalence to capture the spherical
structures is desirable.

The systematic studies of fusion categories continued in [4], and most notably in [20]. In [57]
it is shown that module categories over fusion categories correspond to separable algebra
objects in the fusion category. This raises the question which module categories correspond
to Frobenius algebras in the fusion category, which is also investigated in this thesis.

A further motivation is the role of higher categories in categorification. In this process,
sets are replaced by categories and equalities of maps between sets are replaced by higher
morphisms in a suitable higher category. Categorifying a monoid in this way yields the
notion of a monoidal category. Similarly, categorifying a module over a ring leads to the
definition of a module category. Along these lines, the Picard 2-groupoid associated with
rings yields the Brauer-Picard 3-groupoid of monoidal categories, see [21] for an application
of these ideas. Note however, that the precise definition of the 3-groupoid structure in [21]
relies on the conjecture that bimodule categories over fusion categories form a tricategory. To
our knowledge, there was no proof of this statement until now.

Since the definition of a tricategory is rather involved, it is desirable to find the notion of
a maximally strict tricategory such that every tricategory is triequivalent to a tricategory of
this type. It turns out that one can not demand that all coherence morphisms are identities.
Instead, one has to consider so-called Gray categories [34]. In [33, 38] it is shown that every
tricategory is equivalent to Gray category.

Higher categories with dualities are investigated in a very general setting in [51]. Since this
work deals with the great abstraction of (∞, n)-categories, it is desirable for low-dimensional
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1. Introduction

applications to have a notion of n-categories with duals that is suited for the construction
of examples and for the use in applications. In [5] we therefore defined the structure that is
called Gray categories with strict duals in this thesis. These are Gray categories with two
duality operations that are suited for diagrammatic calculations in 3-dimensional diagrams.
However the question of interesting examples for such structures remained only partly solved
and furthermore the relation to the dualities in [51] was not yet investigated in [5].

Summary of results

The goals of this thesis were:

− to develop a notion of duals for tricategories that is suitable for geometrical applications
in TFTs and CFTs with defects,

− to investigate the properties of such tricategories with duals, in particular with respect
to strictification,

− to determine which structures are required for bimodule categories, functors and natural
transformations in order to obtain a tricategory with duals in this sense,

− to investigate the applications of these structures to fusion categories and related con-
cepts.

We achieved these goals as follows.

A notion of tricategory with duals is developed in this thesis in a form that is inspired by the
work [51] on dualities in general n-categories. It is therefore suited for generalizations to higher
categories. We then investigate the behavior of these duals with respect to strictification. As
every tricategory is triequivalent to a Gray category [33, 38], it is natural to ask how the
duals behave with respect to strictification and what is the appropriate notion of strict duals
on a Gray category. This leads to the notion of a Gray category with strict duals that was
developed in [5] and to the first main result.

Theorem 1 Every tricategory with weak duals is triequivalent to a Gray category with strict
duals.

To address the task of constructing a tricategory with weak duals from the tricategory of
bimodule categories, it is of course necessary to first show that bimodule categories form a
tricategory. Although it is widely accepted [63], [12, Example 2.16] that this is the case, a full
proof of this statement is not given. This is done here for the first time in full generality and
with the attempt to be as conceptual as possible. Parts of this result that are stated in [36]
show technical deficits1 and are not used here.

We then investigate which additional conditions on bimodule categories are required to
equip the tricategory with weak duals. To obtain suitable duals, one needs as central ingredi-
ent a suitable bimodule natural isomorphism between the left and right adjoints of bimodule

1We are grateful to J. Greenough for sending us [37] which provides an interesting first step to resolve these
issues
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functors. We show that this requires the notion of a bimodule trace on the bimodule cate-
gories. A module trace is a trace on a module category, i.e. a collection of symmetric and
non-degenerate linear maps from the endomorphism spaces of objects to C, that is compatible
with the module structure. The restriction to bimodule categories with bimodule traces then
leads to the desired result.

Theorem 2 Spherical fusion categories, bimodule categories with bimodule traces, bimodule
functors of bimodule categories and bimodule natural transformations form a tricategory with
weak duals.

(Bi)module traces on (bi)module categories exhibit interesting features. As a main result
on the structure of module traces we prove the following:

Theorem 3 Let C be a pivotal fusion category. The following structures are equivalent:

i) An indecomposable module category CM with module trace.

ii) An indecomposable module category CM together with a C-balanced natural isomor-
phism between Hom(n,m) and the dual space of Hom(m,n), for each pair of objects
m,n ∈M.

iii) A Morita class of a special symmetric Frobenius algebra in C.

In particular, module traces on indecomposable module categories are unique up to a constant
factor and equip the dual fusion category of module endofunctors of CM, with a pivotal
structure.

When applied to a pivotal fusion category C considered as a left module category over itself,
this yields the following.

Corollary For each pivotal structure a on a fusion category C over C there exists a conjugate
pivotal structure a such that the right dimensions of objects with respect to a are complex
conjugate to the right dimensions with respect to a.

It is shown how this result is related to the existence of a natural monoidal isomorphism of
the identity and the quadruple dual functor for fusion categories from [20].

We also investigate conditions that ensure the existence of a module trace on a given module
category. We give an explicit description of such a condition as simple matrix equation that
provides a reduction of the problem of solving a quadratic equation for algebras (the Frobenius
property) to a linear equation for the module category.

It is shown that module traces exhibit properties that are familiar from the inner-product
modules over ∗-algebras. Finally we show that the tensor product of two bimodule categories
with bimodule traces inherits a bimodule trace in a canonical way.

Structure of the thesis

This thesis is structured as follows. In Chapter 2 we summarize the relevant background about
module categories and related structures. In Chapter 3 we first present the definition of the
tensor product of bimodule categories from [21] in a slightly modified form. After summarizing
known constructions of the tensor product we develop the theory of multi-module categories

11



1. Introduction

and examine the 2-functorial properties of the tensor product. Then we prove that bimodule
categories form a tricategory.

In Chapter 4 we we first develop a graphical notation for module categories which gives
rise to a diagrammatic description of the algebra structure of inner hom objects. Next we
introduce module traces and demonstrate in examples that the existence of a module trace
for a given module category depends on the choice of pivotal structure for the fusion category.

In Section 4.4 we give a description of module traces in terms of C-balanced natural iso-
morphisms and prove that module traces on indecomposable module categories are unique up
to scaling. This description of module traces yields a module natural isomorphism between a
module functor and its double adjoint functor. In the application to a pivotal fusion category
as a module category over itself, this leads to the existence of conjugate pivotal structures for
pivotal fusion categories.

We provide a graphical derivation of a monoidal natural isomorphism of the identity functor
to the quadruple dual functor for fusion categories and show that this yields an alternative
definition of the conjugate pivotal structure. In Section 4.7 we demonstrate that the existence
of a module trace can be reduced to a matrix equation and discuss the example of pseudo-
unitary fusion categories where is it shown that all module categories over pseudo-unitary
fusion categories admit a module trace. As a consequence of these results we obtain a new
criterion to decide whether a pivotal structure is spherical that is given in terms of module
categories.

In Section 4.8 we prove that module traces characterize equivalence classes of special haploid
Frobenius algebras. This implies in particular that the quantum dimensions of special haploid
Frobenius algebras in pivotal fusion categories are positive real numbers.

Section 4.9 clarifies the relation between module categories with module traces and inner-
product modules over ∗-algebras. Finally it is shown in the last section of Chapter 4, that
bimodule traces are compatible with the tensor product of bimodule categories.

In Chapter 5 we first examine duals in bicategories. In Section 5.2 the definition of a
tricategory with weak duals is introduced, and it is shown that it behaves well with respect
to triequivalences. In Section 5.3, we turn to Gray categories and present the definition of a
Gray category used in this work. Then in Section 5.3 we define Gray categories with strict
duals and show that the duals define functors of strict tricategories. In the last Section 5.4
of this chapter we provide first examples of Gray categories with strict duals.

Chapter 6 gives the construction of the structures of a tricategory with weak duals on the
tricategory of bimodule categories with bimodule traces. In Section 6.1, the duality structure
is investigated for bimodule categories over the fusion category of finite dimensional vector
spaces, and the discussion is then extended to general bimodule categories in Section 6.2. In
Section 6.4 we prove Theorem 2.

Chapter 7 is investigates the strictifications of tricategories and Gray categories with duals.
In Section 7.1 we show how to strictify the duality on 2-morphisms of a tricategory with weak
duals and in Section 7.2 we prove Theorem 1. In Section 7.3 we show a Gray category with
strict duals can be strictified to a Gray category with strict duality functors, which realizes
the symmetries of orientation reversal strictly.

Outlook

The results of this thesis provide the basis for further research in several directions.
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First there is the obvious next step to construct a 3-dimensional TFT of TV-type with
defects based on the tricategory of bimodule categories with bimodule traces. First steps
in the construction of this theory were made in the work [49]. The results of this thesis
together with the diagrammatic calculus in [5] could serve as the starting point for a full
construction. In view of the connection of TFTs with defects and fully extended TFTs, it
would be interesting to compare our results on the tricategory of bimodule categories with the
claim [63] that fusion categories are the fully dualizable objects in the monoidal tricategory
of bimodule categories. In this work we do not yet consider the monoidal structure on this
tricategory in detail.

A possible application of our results to rational CFT is to modify the construction in [29]
in such a way that it depends only on a module category with module traces over a modular
fusion category and involves no further choices. We expect that in the next step the tricategory
of bimodule categories with bimodule traces will be useful for constructing defects in these
CFTs as well.

A further interesting question is whether results of this thesis generalize to non-semisimple
tensor categories. It would be desirable to consider defects also in non-semisimple TFTs,
see [47]. However, the notion of a module trace as used in this work requires the categories
to be semisimple. The relation of module traces and inner-product modules might provide a
possibility to obtain an interesting notion of module trace in the non-semisimple case.

The theory of conformal nets [2] is expected to provide another example of a tricategory
with certain duals and it would be interesting to see whether it is possible to construct an
interesting tricategory with weak duals in our sense from conformal nets.

For the theory of fusion categories, our results lead to a refinement of the conjecture in [20]
that all fusion categories admit a pivotal structure.

− Given a fusion category C and an indecomposable module category CM, is there a
pivotal structure a on C, such that CM has a module trace?

− Does every (modular) fusion categories exhibit a pivotal structure with the property
that every module category has a module trace? Is this pivotal structure unique and
spherical?

13





2. Module categories

In this section we summarize definitions and known results about module categories over
fusion categories. Throughout this work all categories are required to be C-linear and additive
and all functors are considered to be additive unless stated otherwise. Important definitions
and properties of fusion categories are summarized in Appendix A.2.

2.1. Module categories over fusion categories

Definition 2.1.1 ( [57], [9]) Let C be a fusion category. A (left) C-module category is a fi-
nite semisimple C-linear abelian category M, together with a biadditive functor (see Definition
A.1.7) . : C×M→M, called the action of C on M, and natural isomorphisms

µMx,y,m : (x⊗ y) .m→ x .(y .m), λMm : 1C .m→ m, (2.1)

for all x, y ∈ C, m ∈M, called the module constraints, such that the diagrams

((x⊗ y)⊗ z) .m

(x⊗ (y ⊗ z)) .m (x⊗ y) .(z .m)

x .((y ⊗ z) .m) x .(y .(z .m)),

ωx,y,z . idm

µMx⊗y,z,m

µMx,y⊗z,m µMx,y,z .m

idx . µMy,z,m

(2.2)

and

(x⊗ 1) .m x.(1 .m)

x .m

µMx,1,m

ρx .m

1x . λMm

(2.3)

commute for all objects x, y, z ∈ C and m ∈M, where the isomorphisms ωx,y,z : (x⊗ y)⊗ z →
x ⊗ (y ⊗ z) and ρx : x ⊗ 1 → x are the constraint morphisms of C as defined in Definition
A.2.1. To emphasize that M is a left C-module category, we denote it CM. To emphasize the
structure morphisms, we sometimes write ( CM, µM, λM). Whenever this is unambiguous, we
denote the constraints just by µ and λ.

A module category CM is called strict, if the isomorphisms µx,y,m and λm are the identities
for all objects x, y ∈ C and m ∈M.

The definition of a (strict) right C-module category MC is analogous and given in terms
of a biadditive functor / : MC×C → MC. We denote the constraint for the unit of a right
module category by ρMm : m/1C → m and where it is otherwise ambiguous, we denote a left
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2. Module categories

module action on a category M by µM,l or just µl and the right module action by µM,r or just
µl.

Example 2.1.2 i) Every fusion category C is a left and right module category over itself.
In both cases, the biadditive functor ⊗ : C×C → C defines the action. For the left
module structure, x ⊗ y ∈ C is regarded as the action of x on y, for the right module
structure, it is seen as y acting on x. In both cases, the module constraints and unit
constraints are obtained from the monoidal constraints ω , λ and ρ from Definition
A.2.1.

ii) Let F : C → D be a monoidal functor between fusion categories C and D. Then the
category D is a module category over C with module action c . d = F(c)⊗ d for objects
c ∈ C and d ∈ D. The action of morphisms is defined analogously. The module
constraint for D is obtained from the monoidal constraint of F.

iii) Let Vect denote the fusion category of finite dimensional vector spaces over C. A Vect-
module category M is just a finite semisimple abelian category enriched over Vect. For
all V ∈ Vect and n ∈M, the functor

V ⊗C HomM(., n) : Mop → Vect, (2.4)

is representable, see Lemma A.1.10, and a representing object is called V .n. Hence,
the Vect-module structure on M is defined by a natural isomorphism

HomM(m,V .n) ' V ⊗C HomM(m,n), (2.5)

for all m,n ∈ M and V ∈ Vect. Analogously M has a right Vect-module structure
defined by HomM(m,n /V ) ' HomM(m,n)⊗C V .

Remark 2.1.3 Let CM be a C-module category and N any finite semisimple category. It is
clear that the functor .×1N : C×M×N → M×N satisfies the properties (2.2) and (2.3) of
a C-module action on M×N. We will thus abuse notation and call the category CM×N also
a C-module category, although the functor .×1N is of course only biadditive with respect to
the first argument but not biadditive as a functor C×(M×N)→M×N.

The following example is of great importance in the theory of fusion categories. On the
one hand it is simple enough for explicit computations, on the other hand it exhibits many
features that appear in more general fusion categories as well.

Example 2.1.4 (see [18]) Let G be a finite group and ω ∈ C3(G,C×) a normalized cocycle.

i) This data defines a fusion category VectωG with simple objects eg labeled by elements
g ∈ G, see [18] and [57] for more details.

ii) The pivotal structures on VectωG are in bijection with the characters κ ∈ Hom(G,C×).
Therefore the spherical structures correspond to real characters κ ∈ Hom(G,R×). The
left dimension of a simple object eg in (VectωG, κ) is given by dim(eg) = κ(g). This
follows from [18, Proposition 1.7.1].
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2.2. Module functors and natural transformations

iii) Indecomposable module categories M(H,Ψ) over VectωG are classified by subgroups H ⊂
G with ω|H = 1 and cocycles Ψ ∈ C2(H,C×) [30], [57], see also [56]. The simple objects
of M(H,Ψ), denoted m[x], are labeled by the right cosets [x] ∈ H\G. The action of
a simple object eg ∈ VectωG is given by eg .m[x] = m[gx]. The module constraint for
simple objects is a morphism from (eg ⊗ eh) .m[x] = m[ghx] to eg .(eh .m[x]) = m[ghx]

and thus given by a number in C times the identity morphism on m[ghx]. This number
is defined to be Ψ(g, h) ∈ C. The module constraint (2.2) then corresponds precisely to
the cocycle condition on Ψ.

There is the following construction of module categories out of a given module category.

Lemma 2.1.5 Let CM be a left C-module category and A a finite semisimple category. The
category Fun( CM,A) of additive functors and additive natural transformations from CM to
A is a right C-module category with module action

(F / c)(m) = F(c .m) (2.6)

for F ∈ Fun( CM,A), m ∈ M and the obvious action of morphisms in C. The category
Fun(A, CM) is a left C-module category with action

(c .F)(a) = c .F(a) (2.7)

for F ∈ Fun(A, CM) and a ∈ A and the obvious action of morphisms in C. Similarly, for a
right C-module category, the category Fun( MC,A) is a left C-module category and the category
Fun(A, MC) is a right C-module category.

For a category M, the opposite category Mop is the category with the same objects as M

but with reversed order of the morphisms. We will not distinguish the objects and morphisms
from Mop from those of M notationally.

Remark 2.1.6 Let CM be a left C-module category. Then the category Mop
C has a right

C-module structure with module action

m/op c = c∗ .m, (2.8)

where c∗ is the right dual of c, see Appendix A.2. If MC is a right C-module category, then

CM
op has a structure of a left C-module category with module action

c .opm = m/ ∗c, (2.9)

where ∗x is the left dual of c. We denote by Crev the category C with the reversed monoidal
product, but the same source and target map for the morphisms. This should be distinguished
from Cop which is the category C with reversed order of the arrows but with the same monoidal
product as C. It follows directly from the definitions, that a C-right module category is the
same as a Crev-left module category.

2.2. Module functors and natural transformations

Module functors between left C-module categories ( CM, µM, lM) and ( CN, µ
N, lN) are functors

with additional constraint isomorphisms that relate the two module actions.
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2. Module categories

Definition 2.2.1 ( [57]) A C-module functor F : CM → CN is a functor F together with
natural isomorphisms φFx,m : F(x .m)→ x .F(m), such that the diagrams

F((x⊗ y) .m)

F(x .(y .m)) (x⊗ y) .F(m)

x .F(y .m) x .(y .F(m))

F(µMx,y,m)

φFx⊗y,m

φFx,y .m µN
x,y,F(m)

idx . φFy,m

(2.10)

and
F(1C .m)

φF1C,m

xxpppppppppp
F(λMm)

%%KKKKKKKKKK

1C .F(m)
λN
F(m) // F(m),

(2.11)

commute for all x, y ∈ C and m ∈ M. We sometimes write (F, φF) for a module functor
and call φF a left module constraint for F. Whenever this is unambiguous, we denote the
constraint just by φ. There is the analogous definition for module functors between right
C-module categories.

Definition 2.2.2 ( [57]) Let (F, φF) : CM → CN and (G, φG) : CM → CN be module func-
tors. A module natural transformation η : F → G is a natural transformation such that the
diagram

F(x .m) G(x .m)

x .F(m) x .G(m),

ηx .m

φFx,m φGx,m

idx . ηm

(2.12)

commutes for all x ∈ C and m ∈M.

It is easy to see that the composite of module natural transformations is again a module natu-
ral transformation. Hence, for module categories CM and CN, the module functors and mod-
ule natural transformations from CM to CN form a category that is denoted FunC ( CM, CN).

Furthermore, the composite of module functors has again the structure of a module functor,
and thus the left module categories, module functors and module functors over a fusion
category C form a (strict) 2-category Modl(C) (See Definition A.3.1 for the definition of a
2-category). If it is clear from the context we call this 2-category just Mod (C). Analogously,
right module categories define a 2-category Modr(C).

For C = Vect, the 2-categories Modl(C) and Modr(C) coincide with the category Catses

of finite semisimple abelian categories, additive functors and natural transformations, see
Example A.3.2 ii)

Example 2.2.3 i) Let CM be a C module category. For every m ∈M there is a canonical
C-module functor Fm : CC → CM that maps 1C to m ∈ M. On general c ∈ C, it is
defined by Fm(c) = c .m.
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2.2. Module functors and natural transformations

ii) Let G be a finite group and ω = 1 the trivial cocycle in C3(G,C×). Consider the module
category Vect = M(G, 1) that corresponds to the subgroup H = G and the cocycle
Ψ = 1 ∈ C2(G,C×) in the notation of Example 2.1.4. It is shown in [56, Example 2.2],
that a module functor F : Vect→ Vect corresponds to a representation of G on a vector
space V as follows. The functor F is determined by F(C) = V and the module functor
constraint is determined by the action of G on V .

Proposition 2.2.4 Let (F, φF) : CM → CN be a module functor between C-module categories

CM and CN. Then there exist left and right adjoint functors Fl, Fr : CN → CM with
adjunctions εr : 1N → FFr, ηr : FrF → 1M and εl : 1M → FlF, ηl : FFl → 1N. The left and
right adjoint functors Fr and Fl have a natural structure of C-module functors such that the
adjunctions are module natural transformations.

Proof. Due to our finiteness assumptions, every functor F : M → N has both a left and a
right adjoint, see Lemma A.1.10. We show that the left adjoint functor Fl of (F, φF) naturally
acquires the structure of a module functor. Recall from [52], that the adjunction between
F and Fl can be described by natural isomorphisms HomN(n,F(m)) ' HomM(Fl(n),m). It
is straightforward to see that the duality morphisms of C, see Definition A.2.3, define the
following mutually inverse natural isomorphisms.

evm,c,n : HomM(m, c . n) 3 f 7→ (evc . 1n) ◦ (c∗ . f) ∈ HomM(c∗ .m, n), (2.13)

and
coev′m,c,n : HomM(c .m, n) 3 f 7→ (c . f) coev′c ∈ HomM(m, ∗c . n) (2.14)

for all objects m,n ∈M and c ∈ C.
With these isomorphisms, the isomorphism Hom((φF

l

c,n)−1,m) : HomM(Fl(c . n),m) →
HomM(c .Fl(n),m) is uniquely defined by the requirement that the diagram

HomM(Fl(c . n),m) HomN(c . n,F(m))

HomM(c .Fl(n),m) HomN(n, ∗c .F(m))

HomM(Fl(n), ∗c .m) HomN(n,F(∗c .m))

'

Hom((φF
l
c,n)−1,m) coev′

n,c,F(m)

coev′
Fl(n),c,m Hom(n,φ−1

∗c,m)

'

(2.15)

commutes for all m ∈ M, n ∈ N and c ∈ C. The isomorphism φF
l

c,n : Fl(c . n) ' c .Fl(n)
is then defined by the Yoneda lemma. It is straightforward to see that the isomorphisms
φF

l

c,n equip Fl with the structure of a C-module functor and that the adjunctions are module
natural transformations. The construction of the module functor structures for Fr and the
proof that the adjunctions are module natural transformations is analogous. �

Definition 2.2.5 Two module categories CM and CM
′ are called equivalent, if there exists a

module functor F : CM → CM
′ that is part of an equivalence of categories.

Lemma 2.2.6 Let CM and CM
′ be two equivalent module categories. Then there exist module

functors F : CM → CM
′ and G : CM

′ → CM together with module natural isomorphisms
η : F ◦ G→ 1M′ and ε : G ◦ F→ 1M.
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2. Module categories

Proof. According to [52], there exists a functor G : N → N, such that the pair (F,G) form
an adjoint equivalence of M and N. This means in particular that G is right adjoint to F
and the adjunctions are natural isomorphisms. According to Proposition 2.2.4, there exists a
(unique) structure of a module functor on G, such that the adjunctions are module natural
isomorphisms. �
In the following we also require the following additional concepts for module categories.

Definition 2.2.7 ( [57]) i) A subcategory CN of a module category CM with the induced
C-module structure of CM is called a submodule category.

ii) For two module categories CM and CN over C, their direct sum is the Cartesian product

CM× CN with the obvious additive and module structure.

iii) A module category is called indecomposable if it is not equivalent to a direct sum of two
non trivial module categories.

iv) A module category is called irreducible if it has no nontrivial submodule categories.

The relation between these concepts was investigated in [57] and is summarized in the follow-
ing theorem.

Theorem 2.2.8 i) [57, Lemma 1] A module category over C is indecomposable if and
only if it is irreducible.

ii) [36, Note 2.6] Any module category is equivalent to a strict module category.

iii) [20] Let CM be an indecomposable module category. The category C∗M = FunC ( CM, CM)
of module endofunctors of CM is a fusion category with monoidal product given by com-
position of functors.

2.3. Bimodule categories

When combined, the notions of left and right module categories lead to the notion of bimodule
categories. However, we require a compatibility of these two actions, as in the classical
case of bimodules over rings, where it is required that both actions commute. As usual in
categorification, equalities are replaced by (higher) coherence isomorphisms. First we present
a compact definition of a bimodule category that is unpacked and related to the notions of
left and right module categories in the sequel. This short definition requires the notion of
a Deligne product [15] of abelian categories. We will investigate this construction in more
detail in Section 3.2, for now it is sufficient to remark that for fusion categories C and D, the
category C�D is again a fusion category, see also [18, Section 1.46] for more details.

Definition 2.3.1 A (C,D)-bimodule category is a left C�Drev-module category.

In the following we will unpack the definition of a bimodule category in terms of left and
right module structures, see [36] for details. We follow the convention of [35, Proof of Prop.
1.3.10], and define the bimodule structure in terms of left and right module action by

(x� y) .m = (x .m) / y.
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2.3. Bimodule categories

Lemma 2.3.2 A (C,D)-bimodule category CMD is a left C- and right D-module category

CMD together with a family of natural isomorphisms γx,m,y : (x .m) / y → x .(m/y), such
that the diagrams

((x⊗ y) .m) / d (x⊗ y) .(m/d) (x .m) /(d⊗ w) x .(m/(d⊗ w))

(x .(y .m)) / d ((x .m) / d) /w

x .((y .m) / d) x .(y .(m/d)) (x .(m/d)) /w x .((m/d) /w),

γx⊗y,m,d

µlx,y,m / d

µlx,y,m / d

γx,m,d⊗w

µrx .m,d,w

1x . µrm,d,w

γx,y .m,d γx,m,d / 1w

1x . γy,m,d γx,m/ d,w

(1C .m) /1D 1C .(m/1D)

m/1D

m 1C .m

λm / 1

γ1,m,1

1 . ρm

ρm

λm

(2.16)

commute for all possible objects. We call γ the bimodule constraint.

Example 2.3.3 Let C,D be fusion categories.

i) For two module categories CM and ND, the Cartesian product CM×ND is a (C,D)-
bimodule category with the obvious actions of C and D.

ii) For any fusion category C, the category C is a (C,C)-bimodule category with module
actions given by the monoidal structure of C. This bimodule category will be called

CCC in the sequel. The left and right compatibility constraint is thereby provided by
the monoidal constraint of C.

Definition 2.3.4 A bimodule functor F : M→ N between two (C,D)-bimodule categories M

and N is a C�Drev-module category functor.

With the characterization of (C,D)- bimodule categories by the bimodule constraints γ and
δ from Lemma 2.3.2, one obtains the following description of bimodule functors.

Lemma 2.3.5 A functor F : CMD → CND is a bimodule functor if and only if it is a left and
a right module functor with left module constraint φr and right module constraint φl and the
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2. Module categories

diagram

F((x .m) / y)

F(x .(m/y)) F(x .m) / y

x .F(m/y) (x .F(m)) / y

x .(F(m) / y)

F(γx,m,y)

φrx .m,y

φlx,m / y φlx,m / 1y

1x . φrm,y
γx,F(m),y

(2.17)

commutes for all possible objects.

Lemma 2.3.6 A bimodule natural transformation η : F → G between bimodule functors F
and G is a natural transformation η : F → G, that is a left and a right module natural
transformation.

Proof. Let F,G : CMD → CND be two bimodule functors. We have to show that any natural
transformation η that is a left and right module transformation between bimodule functors F
and G, defined by the structures of Lemma 2.3.5, is a natural module transformation between
the corresponding C�Drev-module category functors. Using the definition (x .m) / y = (x�
y) .m, we need to show that the outer square of the following diagram commutes

F(x .(m/y))

φF,l
x,F(m/y)
��

ηx .(m/y) // G(x .(m/y))

φG,lx,m / y

��
x .F(m/y)

1x . φ
F,r
m,y

��

1x . ηm/y // x .G(m/y)

1x . φ
G,r
m,y

��
x .(F(m) / y)

1x .(ηm / 1y) // x /(G(m) / y).

This is the case, because the two inner diagrams commute since η is a left and right module
transformation. The naturality of η implies also that the diagram

F(x .(m/y))

F(γx,m,y)

��

ηx .(m/y) // G(x .(m/y))

G(γx,m,y)

��
F((x .m) / y)

η(x .m) / y // G((x .m) / y)

commute for all possible objects. �
The following statement is a direct generalization of Proposition 2.2.4

Proposition 2.3.7 Let (F, φF) : CMD → CND be bimodule functors. The left and right ad-
joint functors Fr and Fl have a natural structure of bimodule functors such that the adjunctions
are bimodule natural transformations.

The following lemma is a direct consequence of Lemma 2.1.5.
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2.3. Bimodule categories

Lemma 2.3.8 Let CMD be a (C,D)-bimodule category. Then for all abelian categories A, the
category Fun( CMD,A) is a (D,C)-bimodule category and Fun(A, CMD) is a (C,D)-bimodule
category with module structures given by Lemma 2.1.5. Moreover, for a (H,E)-bimodule
category HAE, the category Fun( CMD, HAE) is a C�Drev�H�Erev-module category.

The opposite category of a bimodule category is a bimodule category as follows.

Remark 2.3.9 From Remark 2.1.6 it is clear, that a (C,D)-bimodule category structure on
M defines a (D,C)-bimodule structure on the opposite category Mop. In any fusion category
there is a canonical isomorphism ∗(c∗) → c, see Section A.2. It is straightforward to see
that these isomorphisms equip the identity functor idM with the structure of a bimodule
functor ( DM

op
C )op → CMD. Furthermore it is clear that together with the bimodule functor

CMD → ( DM
op
C )op, that is obtained from the inverse isomorphism c → ∗(c∗), the bimodule

categories ( DM
op
C )op and CMD are isomorphic.

The following main example of a bimodule category is considered in detail in [21], see also [18].

Example 2.3.10 Let CM be an indecomposable left C-module category. Then M has a
natural structure of a left C∗M-module category via F .m = F(m) for all F ∈ C∗M. The
corresponding category CMC∗

M
, where ( C∗M)rev acts from the right, and C from the left is

canonically a bimodule category.

Lemma 2.3.11 For two fusion categories C and D, the (C,D)-bimodule categories CMD,

CND, (C,D)-bimodule functors F,G : CMD → CND and (C,D)-bimodule natural transforma-
tions η : F → G form a 2-category called Bimod(C,D) with the composition of functors as
horizontal composition and the composition of natural transformations as vertical composi-
tion.

Proof. First we show that the horizontal composition in Bimod(C,D) is associative. Since
the composition of functors is associative, we only have to show that for three composable
bimodule functors F,G and H, the structure of bimodule functors of (F ◦ G) ◦ H and F ◦ (G ◦
H) agrees. This is a straightforward computation. The remaining part of the proof that
Bimod(C,D) is a 2-category is analogous to the proof that the small categories form a 2-
category Cat, see Example A.3.2. �

Since every module category is a Vect-module category with the Vect-module structure
given in Example 2.1.2, one has the following equations of 2-categories

Bimod(C,Vect) = Modl(C), and Bimod(Vect,C) = Modr(C). (2.18)

If we regard a monoidal category C as a bicategory with one object, we obtain the following
description of module categories.

Proposition 2.3.12 Let C be a fusion category viewed as a bicategory with one object ∗.
Recall the 2-category of finite semisimple categories, Catses. The following holds

i) A module category CM corresponds to a 2-functor (see Definition A.3.6) LM : C →
Catses, defined by the following data:

a) The function LM
0 : Obj(C)→ Obj(Catses) is determined by LM

0 (∗) = M.
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2. Module categories

b) The functor LM
∗,∗ = LM : M → Catses(M,M) is given by the C-module action. A

1-morphism x ∈ C defines the functor LM
x = x .(−) : M → M, and a 2-morphism

f : x→ y in C corresponds to a natural transformation f .(−) : x .(−)→ y .(−).

ii) A module functor F : CM → CN corresponds to a pseudo-natural transformation LF :
LM → LN, given by

a) the functor LF
∗ = F : M→ N on the object ∗ of C.

b) For all 1-morphisms x in C, a natural transformation LF
x : F ◦(x .(−))→ (x .(−))◦

F that is given by the module constraint of F.

iii) A module natural transformation φ : F → G between module functor F,G : CM → CN

corresponds to a modification Lφ : LF → LG.

Furthermore, for bimodule categories CMD the following hold under these correspondences:

iv) A bimodule category CMD corresponds to a 2-functor LM : C→ Modr(D).

v) A bimodule functor F : CMD → CND corresponds to pseudo-natural transformations
LF : LM → LN between the 2-functors LM : C→ Modr(D) and LN : C→ Modr(D).

vi) A bimodule natural transformation φ : F→ G between bimodule functors F,G : CMD →
CND corresponds to a modification Lφ : LF → LG.

Proof. Let CM be a module category. Then every object x of C defines a functor LM
x : M→M

given by LM
x (m) = x .m for objects and morphismsm in M by definition of a module category.

It is straightforward to show that the axioms of a module category match precisely the axioms
of a 2-functor for the collection of functors LM

x for all x ∈ C. With this identification, the
remaining statements of this proposition can be verified directly using the corresponding
definitions. The statements about bimodule categories follow directly from the definition of
a bimodule category, bimodule functors and bimodule natural transformations. �

2.4. Balanced functors

In the following sections we require, in addition to module functors, another notion of com-
patibility of functors with module structures. The following definition is taken from [21, Def
3.1] with the minor change of adding the obvious compatibility axiom with the units.

Definition 2.4.1 Let A be an additive category.

i) A biadditive functor F : MC× CN → A is called C-balanced with balancing constraint
βF, if it is equipped with a family of natural isomorphisms

βFm,c,n : F(m/c× n)→ F(m× c . n), (2.19)
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such that the pentagon diagram

F(m/(x⊗ y)× n)

F((m/x) / y × n) F(m× (x⊗ y) . n)

F(m/x× y . n) F(m× x .(y . n))

F(µMm,x,y×1n)

βF
m,x⊗y,n

βF
m/x,y,n F(1m×µNx,y,n)

βF
m,x,y . n

(2.20)

and the triangle diagram

F(m/1C×n) F(m× 1C . n)

F(m× n)

βF
m,1,n

F(ρMm×1n)
F(1m×λNn )

(2.21)

commute for all possible objects. We often denote the balancing constraint βF simply by
β if this is unambiguous.

ii) Let F,G : MC× CN → A be balanced funtors. A balanced natural transformation η : F→
G is a natural transformation η : F→ G, such that the diagrams

F(m/c× n)
ηm/c×n//

βF
m,c,n

��

G(m/c× n)

βG
m,c,n

��
F(m× c . n)ηm×c . n

// G(m× c . n)

(2.22)

commute for all possible objects.

It is clear that the identity natural transformation 1F : F → F for a balanced functor F is
balanced and that the composition of balanced natural transformations yields a balanced
natural transformation. Hence the balanced functors and balanced natural transformations
from MC× CN to A form a category that is denoted Funbal( MC× CN,A).

Example 2.4.2 Let CM be a left module category over a fusion category C. With the
isomorphisms (2.13) and (2.14), the functors

HomM(., .) : Mop×M→ Vect, m× n 7→ HomM(m,n) and

HomM(., .)∗ : Mop×M→ Vect, m× n 7→ HomM(n,m)∗,
(2.23)

where V ∗ denotes the dual space of a vector space V , are canonically C-balanced if C is a
pivotal fusion category, see Definition A.2.6. The balancing constraint for the first functor is
given by the natural isomorphisms

HomM(m, c . n) HomM(c∗ .m, n) = HomM(m/op c, n),
evm,c,n

(2.24)
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2. Module categories

that exists in any fusion category C. In contrast, the balancing constraint for the second
functor is given by

HomM(c . n,m)∗ HomM(n, ∗c .m)∗

' HomM(n,m/op(∗∗c))∗

' HomM(n,m/op c)∗,

coevm,c,n

(2.25)

and its definition involves the pivotal structure of C in the last isomorphism.

Module functors and balanced functors are closely related. The following lemma is a standard
application of the Cartesian product of categories, and its proof follows directly from the
definitions.

Lemma 2.4.3 Let M, N, A be categories. There are canonical isomorphisms of categories

Fun(M×N,A) 3 F 7→ FM ∈ Fun(M,Fun(N,A)),

Fun(M×N,A) 3 F 7→ FN ∈ Fun(N,Fun(M,A)),
(2.26)

with FM(m)(n) = F(m× n) and FN(n)(m) = F(m× n) for all objects m ∈M, n ∈ N.

Lemma 2.4.4 The following statements are equivalent for a functor F : MC× CN → A.

i) F is a C-balanced functor.

ii) The functor FM : MC → Fun( CN,A) from Lemma 2.4.3 is a right C-module functor,
when Fun( CN,A) is equipped with the right C-module structure from Lemma 2.1.5.

iii) The functor FN : CN → Fun( MC,A) is a left C-module functor, when Fun( MC,A) is
equipped with the C-module structure from Lemma 2.1.5.

Proof. We show the equivalence of i) and ii). The proof of the equivalence of i) and iii) is
analogous. Let βF be a balancing constraint for F. Then

FM(m/c)(n) = F(m/c× n)
βF
m,c,n→ F(m× c . n) = (FM / c)(m)(n), (2.27)

for m ∈ M, c ∈ C and n ∈ N, defines natural isomorphisms φFm,c : FM(m/c) → (FM / c)(m).

It is easy to see that equation (2.20) for βF corresponds to equation (2.10) for φF. This shows
that i) implies ii). Conversely, if FM is a C-module functor, the same argument shows that
the functor F is C-balanced. �

Lemma 2.4.5 The composition of functors and natural transformations defines functors

i) Funbal( M′
C× CN

′,A)× FunC,C ( MC× CN, M
′
C× CN

′)→ Funbal( MC× CN,A),

ii) Fun(A,B)× Funbal( MC× CN,A)→ Funbal( MC× CN,B).
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2.4. Balanced functors

Proof. In both cases, the composites of the corresponding functors possesses an obvious
balancing constraint. It is a direct computation that the composition of a balanced natural
transformation and a bimodule natural transformation yields a balanced natural transforma-
tion for the first functor and that the composite of a natural transformation and a balanced
natural transformation defines to a balanced natural transformation for the second functor.

�
For later use we state the module categorical version of the Yoneda lemma.

Lemma 2.4.6 Let F,G : CM → CN be module functors.

i) The set of C-module natural transformations F → G is in canonical bijection with the
set of C-balanced natural transformations between the C-balanced functors:

HomN(.,F(.)) : Nop
C × CM 3n×m 7→ HomN(n,F(m)) ∈ Vect,

HomN(.,G(.)) : Nop
C × CM 3n×m 7→ HomN(n,G(m)) ∈ Vect.

(2.28)

A C-balanced natural transformation η̂ : HomN(.,F(.)) → HomN(.,G(m.) is mapped
under this bijection to the unique C-module natural transformation η : F → G with
η̂(f) = η(m) ◦ f for all f ∈ HomN(n,F(m)).

ii) For three module functors F,G,K : CM → CN, the C-module natural transformation

F→ K corresponding to the composite Hom(.,F(.))
η→ Hom(.,G(.))

ρ→ Hom(.,K(.)) of C-
balanced natural isomorphisms is equal to the composite of the corresponding C-module
natural transformations.

Proof. By the standard Yoneda lemma, a transformation η̂ : HomN(.,F(.)) → HomN(.,G(.))
that is natural in both arguments can be identified with a natural transformation η : F→ G.
Consider the following diagram.

Hom(n,F(c .m)) Hom(n,G(c .m))

Hom(n, c .F(m)) Hom(n, c .G(m))

Hom(c∗ . n,F(m)) Hom(c∗ . n,G(m)).

Hom(n,η(c .m))

Hom(n,φFc,m) Hom(n,φGc,m)

Hom(n,c . ηm)

' '

Hom(c∗ . n,ηm)

(2.29)

Here, the vertical isomorphisms are provided by the C-balancing structures of the functors
HomN(.,F(.)), HomN(.,G(.)), see Example 2.4.2. It is easy to see that these isomorphisms
satisfy the pentagon diagram.

The lower rectangle in (2.29) commutes for any natural transformation η. The outer dia-
gram commutes if and only if the upper rectangle commutes. The former commutes if and
only if η is a C-module natural transformation. The commutativity of the latter is precisely the
condition that η defines a C-balanced natural isomorphism η : HomN(.,F(.))→ HomN(.,G(.)).
This concludes the proof of the first statement.

To show the second statement, recall that the standard version of the Yoneda lemma implies
that the natural transformation from F to K that corresponds to the composite ρ · η, is equal
to the composite of the corresponding natural transformations from F to G and from G to K.
Hence the statement follows directly from the first part. �
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2. Module categories

Lemma 2.4.7 Let G1,G2 : DNC → DMC be bimodule functors. The set of bimodule natural
transformations G1 → G2 is in canonical bijection with the set of D- and C-balanced natural
transformation HomM(.,G1(.)) → HomM(.,G2(.)) between the D- and C-balanced functors
HomM(.,Gi(.)) : DN

op
C × DMC → Vect.

Proof. There is the obvious analogue of Lemma 2.4.6 for right module functors. According
to Lemma 2.3.6, a bimodule natural transformation is the same as a left and a right module
natural transformation. Hence the statement follows from Lemma 2.4.6. �

Definition 2.4.8 A balanced (left) C-module functor F : CMD× DN → CY is a balanced
functor with balancing structure bF that is also a module functor with module structure φF

such that the diagram

F((c .m) / d× n) F(c .m× d .n)

F(c .(m/d)× n) c .F(m× d .n)

c .F(m/d× n)

βF
c .m,d,n

F(γc,m,d×n) φFc,m×d .m

φFc,m/ d×n c . βF
m,d,n

(2.30)

commutes for all objects c ∈ C, d ∈ D, m ∈ M and n ∈ N. For simplicity we omitted
the indices on the constraint morphisms in this diagram. Balanced right module functor are
defined analogously.

A balanced bimodule functor is a bimodule functor that is a balanced left- and a balanced
right module functor. A balanced module natural transformation between balanced module
functors is a natural transformation that is balanced and a module natural transformation.

It is clear that the balanced C-module functors from CMD× DN to CY together with balanced
module natural transformations form a category that is denoted Funbal

C ( CMD× DN, CY). Sim-
ilarly, there is a category of balanced bimodule functors and balanced bimodule natural trans-
formation from CMD× DNE to CYE that is denoted Funbal

C,E ( CMD× DNE, CYE).

Example 2.4.9 Let CM be a C-module category. It is straightforward to see that the action
. : C× CM → CM is a balanced module functor, when C is considered as a bimodule category
over itself.

By using the functors LM×N
c : M×N → M×N from Proposition 2.3.12, we can formulate

and alternative characterization of balanced module functors with is a direct consequence of
the definitions.

Lemma 2.4.10 A left C-module functor F : CMD× DN → CY that is also D-balanced is a
balanced module functor if and only if the left module constraints φFc : F ◦LM×N

c → LY
c ◦G are

balanced natural isomorphisms for all c ∈ C.

For two bimodule categories CMD and DNE, the category CMD× DNE is a (C�Drev�D�E)-
module category, see Example 2.3.3. The category of (C�Drev�D�E)-module functors be-
tween (C�Drev�D�E)-bimodule categories CMD× DNE and CM

′
D× DN

′
E will be denoted
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2.5. Inner hom objects

FunD,E
C,D ( CMD× DNE, CM

′
D× DN

′
E). The following extension of Lemma 2.4.5 then follows di-

rectly from the definitions.

Lemma 2.4.11 The horizontal composition of functors and natural transformations defines
functors

Funbal
C,E ( CMD× DNE, CYE)× FunD,E

C,D ( CMD× DNE, CM
′
D× DN

′
E)→ Funbal

C,E ( CM
′
D× DN

′
E, CYE),

and

FunC,E ( CYE, CAE)× Funbal
C,E ( CMD× DNE, CYE)→ Funbal

C,E ( CMD× DNE, CAE).

For balanced bimodule functors there is the following analogue of Lemma 2.4.4.

Lemma 2.4.12 Let F : CMD× DNE → CKE be a functor. The following statements are
equivalent

i) F is a balanced bimodule functor,

ii) FM : CMD → FunE ( DNE, CKE) is a (C,D)-bimodule functor,

iii) FN : DNE → FunC ( CMD, CKE) is a (D,E)-bimodule functor.

Proof. We show the equivalence of i) and ii), the proof of the equivalence of i) and iii) is analo-
gous. Lemma 2.3.8 provides the (C,D)-bimodule structure on the category FunE ( DNE, CKE).
With Lemma 2.4.4 shows that the balancing constraint of F corresponds to the D-module
structure of FM. Furthermore it is easy to see that the E-module structure of F corresponds
to the E-module structure of the functors FM(m) for all m ∈ M. Similarly, the C-module
structure of F corresponds to the C-module structure of FM. The diagram (2.30) for a bal-
anced left-module functor for F corresponds to the requirement that the natural isomorphisms
FM(m/d)→ (FM / d)(m) are E-module natural isomorphisms for all m ∈M and d ∈ D. �

2.5. Inner hom objects

An important notion of abstract category theory is the notion of enrichment. In the original
definition of a category, the morphisms between two objects form a set and hence define
an object in the category Set of sets. The basic idea of enriched category theory is to use
another category V as the category for the morphisms. A V-enriched category A then consists
of a set (or more generally a class) of objects and for any two objects x, y an inner hom
object Hom(x, y) ∈ V subject to certain conditions (In particular, the category V needs to be
monoidal for the composition of morphisms in A). A C-module category gives rise to inner
hom objects that take values in C.

Definition 2.5.1 ( [57]) Let CM be a left C-module category. An inner hom object for
m,m′ ∈M is an object C〈m′,m〉M ∈ C together with natural isomorphisms

αM
c,m′,m : HomM(c .m′,m) ' HomC(c, C

〈
m′,m

〉M
), (2.31)

for all c ∈ C and m,m′ ∈M.
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2. Module categories

We write C〈., .〉 for the inner hom objects and omit the labels of α, when the relevant module
category M is clear from the context. Inner hom objects always exist, are unique up to a
unique isomorphism and determine a biadditive functor

M×Mop 3 (m×m′) 7→ D

〈
m′,m

〉M ∈ D, (2.32)

called the inner hom functor. Analogously, a right C-module category MC gives rise to an
inner hom functor

Mop×M 3 (m′ ×m) 7→
〈
m′,m

〉M
C
∈ C, (2.33)

and natural isomorphisms

αM
m′,m,c : HomC(

〈
m′,m

〉M
C
, c) ' HomM(m,m′ . c) (2.34)

The inner hom functors are compatible with the module structures in the following way.

Proposition 2.5.2 Let C and D be pivotal fusion categories and DMC a bimodule category.

i) The functor D〈., .〉M : MC× CM
op → D is C-balanced, i.e. there are natural isomor-

phisms

D

〈
c .opm′,m

〉M ' D

〈
m′,m / c

〉M
, (2.35)

such that diagram (2.20) commutes.

ii) The functor 〈., .〉M
C

: Mop
D × DM → C is D-balanced, i.e. there are natural isomorphisms〈

m′ /op d,m
〉M
C
'
〈
m′, d .m

〉M
C
, (2.36)

such that diagram (2.20) commutes.

iii) There are natural isomorphisms,

D

〈
m′, d .m

〉M ' d⊗ D

〈
m′,m

〉M
, and

D

〈
m′ /op d,m

〉M ' D

〈
m′,m

〉M ⊗ d∗∗, (2.37)

that provide the inner hom functor with the structure of a bimodule functor D〈., .〉M :

DM×Mop
D → DDD.

iv) There are canonical isomorphisms,〈
m′,m / c

〉M
C
'
〈
m′,m

〉M
C
⊗ c, and〈

c .opm′,m
〉M
C
' ∗∗c⊗

〈
m′,m

〉M
C
,

(2.38)

that equip 〈., .〉M
C

with the structure of a bimodule functor CM
op×MC → CCC.

Proof. To show the first part, we use the definition of inner hom object, the isomorphisms
from equation (2.13) and (2.14) that are induced by the duality in D and the canonical
isomorphism (∗c)∗ ' c in C, see A.2.5 iii). This yields the following chain of isomorphisms

HomD(d, D

〈
c .opm′,m

〉M
) = HomD(d, D

〈
m′ / ∗c,m

〉M
) ' HomM(d .m′ / ∗c,m)

' HomM(d .m′,m / c) ' HomD(d, D

〈
m′,m / c

〉M
).
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2.5. Inner hom objects

Since all of these isomorphisms are balanced, the composite defines the claimed balanced
isomorphism. The second part is shown analogously. The existence of the isomorphisms from
part iii) and iv) is shown in [57, Lemma 5] by an argument that is analogous to the proof
of the first part. It is straightforward to see that these isomorphisms provide the inner hom
objects with bimodule functors as claimed. �

Example 2.5.3 i) Let M be a Vect-module category. It follows directly from equation
(2.5), that the inner hom object is given by Vect〈m,m′〉M = HomM(m,m′). This is of
course to be expected as inner hom objects are introduced from enriched category theory
as a generalization of this relation.

ii) It follows directly from the definition that the canonical bimodule category CCC of a
fusion category C over itself has the following inner hom objects

C〈x, y〉C = y ⊗ ∗x, 〈x, y〉C
C

= x∗ ⊗ y.
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In this chapter we present a proof that the bimodule categories over fusion categories define
a tricategory. Even for the case of bimodule categories over the fusion category Vect, we
are not aware of a proof that the 2-category Bimod(Vect,Vect) is a monoidal 2-category with
the monoidal structure provided by the Deligne product. Only a strictified version thereof
is shown in [42]. Therefore we are rather cautious in the next sections and work with the
Cartesian product of module categories instead of the Deligne product.

3.1. The tensor product of module categories

In this section we summarize known results about the tensor product of module categories
and show how to formulate it in the language of 2-categories. In particular we show that
balanced functors and module functors form a 2-category.

Let MC and CN be left and right C-module categories, respectively. A tensor product
MC� CN of MC and CN is an abelian category that is defined -up to equivalence of categories-
by a universal property that can be regarded as the analogue of the universal property of the
tensor product of modules over a ring. The definition uses the category Funbal( MC× CN,A) of
balanced functors and balanced natural transformations from MC× CN to an abelian category
A from Section 2.4. The following definition is an extension of [21, Definition 3.3] in the sense
that we require a fixed adjoint equivalence as part of the data of a tensor product.

Definition 3.1.1 A tensor product ( MC� CN,BM,N,ΨM,N, ϕM,N, κM,N) of a right C-module
category MC with a left C-module category CN is an abelian category MC� CN together with

i) a C-balanced functor BM,N : MC× CN → MC� CN, such that the functor

ΦM,N : Fun( MC� CN,A)→ Funbal(M×N,A)

G 7→ G ◦ BM,N

(3.1)

is an equivalence of categories,

ii) a choice of a functor

ΨM,N : Funbal( MC× CN,A)→ Fun( MC� CN,A) (3.2)

together with a specified adjoint equivalence ϕM,N : 1 → ΦM,NΨM,N and κM,N : 1 →
ΨM,NΦM,N between ΦM,N and ΨM,N.

In this definition, the balancing structure of G◦BM,N is defined by Lemma 2.4.5. The definition
of an adjoint equivalence is given in Definition A.3.3. It requires that ϕM,N : 1→ ΦM,NΨM,N

and κM,N : 1 → ΨM,NΦM,N are natural isomorphisms that satisfy the snake identities (A.8)
and (A.9). The functor BM,N is also called the universal balanced functor of M�N.

33



3. The tricategory of bimodule categories

Note that for any two choices ΨM,N and Ψ′M,N the corresponding natural isomorphisms
ϕM,N, κM,N and ϕ′M,N and κ′M,N define unique natural isomorphisms between the functors
ΨM,N and Ψ′M,N.

For a balanced functor F : CM× CN → A we denote by F̂ : CM� CN → A the correspond-
ing functor obtained by applying the functor ΨM,N to F, e.g. F̂ = ΨM,N(F). The natural
isomorphism ϕM,N then induces natural balanced isomorphisms

ϕM,N(F) : F→ F̂BM,N. (3.3)

Whenever it is unambiguous, we omit the indices and simply write B, Φ, Ψ, ϕ, κ for the
structures of a tensor product.

Lemma 3.1.2 A tensor product of C-module categories is unique up to unique equivalence of
categories. If (X,BX,ΨX, ϕX, κX) is another tensor product of MC and CN, then there exists
a unique functor Γ : MC� CN → X, such that Γ ◦ BM,N is mapped to BX under ΨM,N, and Γ
defines an adjoint equivalence between MC� CN and X. Conversely, for every tensor product
M�N and every adjoint equivalence between categories M�N and X, the category X has a
canonical structure of a tensor product of M and N.

Proof. The functor Γ : MC� CN → X is defined as Γ = B̂X. Exchanging the roles of M�N

and X, we obtain a functor from X to M�N, and it is easy to see that these two functors
define an adjoint equivalence between the categories M�N and X. The converse statement
follows directly from the fact that the composite of adjoint equivalences is again an adjoint
equivalence. �

Remark 3.1.3 In [21, Remark 3.4], the following stronger version of the tensor product is
used. It is required that for all balanced functors F : MC× CN → A there exists a functor
F̂ : M�N → A, unique up to natural isomorphisms, such that F̂B = F. We do not impose
this condition, since it is not well-behaved under adjoint equivalences of categories.

Note also that it is not possible to require additionally that the functor F̂ is unique with
the property F̂B = F, as it is done in [36], see e.g. [36, Lemma 3.8.]. This requirement is
equivalent to imposing that the functors Φ and Ψ in the definition of a tensor product are
isomorphisms of categories. It can be seen that a tensor product with such a property does
not exist in general. For this reason we do not use the results of [36] in this work.

3.2. Constructions of the tensor product

We first recall the Deligne product of abelian categories, that we already used in Definition
2.3.1 and discuss how it can be interpreted as the tensor product of Vect-module categories, see
Example 2.1.2 for the Vect-module category structure on a finite semisimple abelian category.
We then consider different formulations of the tensor product of module categories.

Definition 3.2.1 ( [15]) The Deligne product M�N of two semisimple abelian categories
M and N is the tensor product of the Vect-module categories M and N. Hence M�N is an
abelian category with a functor B : M×N→M�N, such that

Funadd(M�N,A)→ Funm−add(M×N,A)

G 7→ G ◦ B,
(3.4)
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is part of a specified adjoint equivalence of categories. Here, Funadd(M�N,A) denotes the
category of additive functors and additive natural transformations from M�N to A, while
Funm−add(M×N,A) is the category of functors and natural transformations from M×N to
A, that are additive in both arguments. In the following we use the notation B(m×n) = m�n
for m× n ∈M×N.

Proposition 3.2.2 The Deligne product M�N of two semisimple abelian categories M and
N exists and has the following properties.

i) The abelian category M�N is again a semisimple category. If {mi}i∈I and {nj}j∈J
are sets of representatives for the isomorphisms classes of simple objects in M and N,
respectively, then {mi�nj}i∈I,j∈J is a set of representatives for the isomorphism classes
of simple objects in M�N.

ii) All additive functors F,G : M�N → A and all additive natural transformations η :
F → G are uniquely determined by their values F (mi � nj), G(mi � nj) and ηmi�nj :
F (mi � nj)→ G(mi � nj) for all i ∈ I and j ∈ J .

iii) The Hom-spaces of M�N are given by

HomM�N(m� n,m′ � n′) = HomM(m,m′)⊗C HomN(n, n′). (3.5)

iv) If CM and NC are left and right C-module categories, respectively, then CM�NC and
NC� CM are naturally (C,C)-bimodule category.

Proof. The existence of the Deligne Product is shown under more general assumptions in [15,
Proposition 5.13]. The remaining part are shown as follows. Part i) follows e.g. from [18,
Proposition 1.46.2, iii)], The statement in part ii) follows directly from the semisimplicity
of the categories that are involved, see also [32, Lemma 3.8]. Part iii) is shown e.g. in [18,
Proposition 1.46.2, iv)], while the last part follows analogously to the proof of [18, Proposition
1.46.3]. �
To simplify notation, for each biadditive functor F : M×N → A the corresponding functor
from M�N to A is again denoted F.

Definition 3.2.3 Let CMC be a (C,C)-bimodule category. The center of CMC is the category
ZC( CMC) that consists of the following data

i) Objects are pairs (m, γm,−) of an object m ∈ M and a family of isomorphisms γm,c :
c .m→ m/c for all c ∈ C, such that the following diagram commutes

(c⊗ d) .m m/(c⊗ d)

c .(d .m) (m/c) / d

c .(m/d) (c .m) / d,

γm,c⊗d

µlc,d,m

c . γm,d

(µrm,c,d)−1

(γMc,m,d)−1

γm,c / d
(3.6)
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3. The tricategory of bimodule categories

, where γM is the bimodule constraint of CMC, see Lemma 2.3.2. Furthermore, it is
required that γm,1C

= 1m.

ii) Morphisms f : (m, γm,−) → (n, γn,−) are morphisms f : m → n in M, such that the
following diagram commutes for all c ∈ C

c .m m/ c

c . n n / c.

γm,c

1c . f f / 1c

γn,c

(3.7)

Lemma 3.2.4 Let MC and CN be C-module categories. The categories ZC( MC� CN) and
FunC,C ( CCC, MC� CN) are canonically equivalent.

Proof. Let x be an object of ZC( MC� CN). It is straightforward to see that the family of
natural isomorphism γx,− provides the functor CCC 3 c 7→ c . x ∈ MC� CN with the structure
of a bimodule functor. On the other hand, given a bimodule functor F : CCC → MC� CN, it
follows directly from the definitions that the bimodule structure of F equips the object F(1C)
with the structure of an object in ZC( MC� CN). It is straightforward to see that these two
maps extend to functors and that these two functors define an equivalence of categories. �

Proposition 3.2.5 ( [21]) A tensor product MC� CN of C-module categories MC and CN

exists and is a finite semisimple category. Moreover, there are the following concrete descrip-
tions of a tensor product.

i) The category ZC( MC� CN) has the structure of a tensor product of MC and CN.

ii) The category FunC ( CM
op, CN) has the structure of a tensor product of MC and CN.

Proof. It is shown in [21, Proposition 3.8] that there exists a universal balanced functor
B : M×N → ZC( MC� CN) such that (3.1) is an equivalence of categories. In [52, Section
IV.4] it is proven, that any functor that is part of an equivalence between categories is part
of an adjoint equivalence. This shows the first part. The second part follows from [21,
Proposition 3.5]. It follows from [18, Proposition 2.13.5], that MC� CN is a finite semisimple
abelian category. �
With Lemma 3.2.4 and Lemma 3.1.2 it follows that also FunC,C ( MC� CN) has the structure
of a tensor product of MC and CN. The following lemma shows that from any construction
MC� CN of the tensor product one obtains a functor to ZC( MC� CN).

Lemma 3.2.6 Let MC� CN be a tensor product of two C-module categories with universal
balanced functor B : M�N→ MC� CN.

i) There exists a right adjoint functor U : MC� CN →M�N to the functor B : M�N→
MC� CN.

ii) For every object x ∈ MC� CN, the object U(x) has a canonical structure on an object
in the category ZC( MC� CN).

iii) The adjunction in part i) consists of balanced natural isomorphisms

HomM�N(B(y), x) ' HomM�N(y, U(x)). (3.8)
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Proof. The existence of the adjoint functor U follows from Lemma A.1.10. For all x ∈
MC� CN, c ∈ C and m� n ∈M�N consider the following diagram of natural isomorphisms

Hom(m� n, c .U(x)) Hom(m� c∗ . n, U(x)) Hom(B(m� c∗ . n), x)

Hom(m� n,U(x) / c) Hom(m/c∗ � n,U(x)) Hom(B(m/c∗ � n), x),

' '

Hom(β−1
m,c∗,n,x)Hom(m�n,γU(x),c)

' '

(3.9)
that defines the natural isomorphism γU(x),c : c .U(x) → U(x) / c by the Yoneda lemma.
Here, the unlabeled isomorphisms are induced either from the adjunction or from the duality
structure of C. Since all natural isomorphisms are balanced, it is straightforward to see
that the collection of morphisms γU(x),− equips the object U(x) with the structure of an
object in ZC( MC� CN). If the object U(x) is equipped with this structure, the functor
HomM�N(−,U(x)) : M�N → Vect has a canonical structure of a balanced functor and it
follows then from the commutativity of equation (3.9), that the adjunction (3.8) consists of
balanced natural isomorphisms. �

In the sequel we require one more description of the tensor product. For every fusion
category C there exists a canonical algebra object in the category C�Crev. The following
result is shown in [54, Proposition 4.1].

Lemma 3.2.7 Let C be a fusion category and let {cu}u∈U be a finite set of representatives of
the isomorphism classes of simple objects in C. Then the object A = ⊕u∈Uc∗u � cu ∈ C�Crev

has the following properties.

i) It is independent of the choice of the representatives cu in the sense that for any other
choice {c′u}u∈U there is a canonical isomorphism A→ A′ = ⊕u(c′u)∗ � c′u.

ii) The duality morphisms in C provide A with the structure of a Frobenius algebra in
C�Crev.

We consider now the abelian category ModA( MC� CN) of A-modules in MC� CN, see
Remark A.2.11.

Proposition 3.2.8 Let CM be a C-left module category and A ∈ C an algebra object. Then
the forgetful functor U : ModA( CM) → CM is right adjoint to the induction functor IndA :

CM → ModA( CM) that maps an object m ∈ CM to the module A.m ∈ ModA( CM) with
the obvious module structure induced by the algebra multiplication. If additionally A is a
Frobenius algebra, then the forgetful functor is also left adjoint to the induction functor.

Proof. The proof of the first statement can be found for example in [57, Lemma 4]. The
second statement follows from [30, Proposition 4.11]. �

Proposition 3.2.9 Let MC and CN be C module categories. The category ModA( MC� CN)
of A modules in MC� CN naturally has the structure of a tensor product of MC and CN.
The functor B is given by the induction functor. The forgetful functor is both left and right
adjoint to B.
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3. The tricategory of bimodule categories

Proof. It is claimed in [21, Remark 3.9] that ModA( MC� CN) has the structure of a ten-
sor product of M and N. Since a proof is not given there, we show that the category
ModA( MC� CN) is equivalent to the category ZC( MC� CN). First we define a functor
F : ZC( MC� CN) → ModA( MC� CN). Let ⊕imi � ni be an object in ZC( MC� CN) for
some objects mi ∈M and ni ∈ N. Consider the following composite of morphisms

⊕u,imi / cu � c
∗
u . ni

⊕u,iγcu→ ⊕u,imi � (cu ⊗ c∗u) . ni → ⊕imi � ni,

where the first morphism is induced by the structure of ⊕imi � ni in ZC( MC� CN), while
the second is induced by the duality morphisms in C. It is straightforward to see that this
morphism provides ⊕imi � ni with the structure of an object in ModA( MC� CN) and that
it extends to a functor F : ZC( MC� CN) → ModA( MC� CN). To construct a functor G :
ModA( MC� CN) → ZC( MC� CN), note that is shown e.g. in [20, Proposition 5.4], see also
[48, Theorem 2.3], that there exist canonical isomorphisms γy : ⊕uy⊗cu⊗c∗u → ⊕ucu⊗c∗u⊗y
for all y ∈ C that provide the object ⊕ucu ⊗ c∗u with the structure of an object in ZC( CCC)
(this category is usually called the center of C). Let (X,µ) be an object in ModA( MC� CN)
with module morphism µ : A.X → X. First we define the morphism

y .X → ⊕u(y ⊗ cu) .X / c∗u
γy . 1X→ ⊕ucu .X /(c∗u ⊗ y)

µ / 1y→ X /y,

where the first morphism is defined by the unit of the algebra object A. It is straightforward
to see that this morphism defines the structure of an object in ZC( MC� CN) on X and that
it extends to a functor G : ModA( MC� CN) → ZC( MC� CN). It is a direct but lengthy
computation to see that the functors F and G form an equivalence of categories. �
By using the fact that any two tensor products of MC and CN are adjoint equivalent, we
obtain the following.

Corollary 3.2.10 Let MC� CN be a tensor product of two module categories MC and CN.
Then there exists a functor U : M�N → M�N that is both left and right adjoint to the
universal balanced functor B : M�N→M�N.

3.3. The tensor product as a 2-functor

Next we formulate the tensor product in terms of structures of bicategories. This requires
a detailed analysis of the relation between balanced functors F : MC× CN → A and the
corresponding functors F̂ : M�N→ A and of the natural transformations between them.

As a direct consequence of the properties of the adjoint equivalence in the definition of
the tensor product, the action of the functor Ψ on balanced natural transformations can be
described as follows.

Lemma 3.3.1 Let F,G : MC× CN → A be balanced functors. For every balanced natural
transformation ρ : F→ G there exists a unique natural transformation ρ̂ : F̂→ Ĝ, such that

(ρ̂ ◦ B) · ϕ(F) = ϕ(G) · ρ. (3.10)
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3.3. The tensor product as a 2-functor

Proof. The natural transformation ρ̂ is defined as ρ̂ = Ψ(ρ). As ρ̂B = ΦΨ(ρ), the naturality
of the isomorphism ϕ : 1→ ΦΨ from Definition 3.1.1 implies that the diagram

F G

F̂B ĜB

ρ

ϕ(F) ϕ(G)

ρ̂B

(3.11)

commutes. This establishes equation (3.10). Let χ : F̂→ Ĝ be another natural transformation,
such that (χ ◦ B) · ϕ(F) = ϕ(G) · ρ. It follows that

Φ(χ) = ϕ(G)ρϕ(F)−1 = Φ(ρ̂),

and since Φ is fully faithful, this implies χ = ρ̂. �
In the sequel we want to show that the tensor product extends to a 2-functor � : Modr(C)×

Modl(C)→ Catses. Therefore we need to prove that a pair of module functors F : MC → M′
C

and G : CN → CN
′ induces a functor F�G : M�N → M′�N′. Note that the categories

MC× CN and M′
C× CN

′ are (C,C)-bimodule categories in a canonical way and F × G :
MC× CN → M′

C× CN
′ is canonically a bimodule functor. The definition of F�G will fol-

low from the next statement, which considers more general bimodule functors from MC× CN

to M′
C× CN

′.

Proposition 3.3.2 Let MC, M′
C and CN, CN

′ be C-left- and right module categories, respec-
tively.

i) For every bimodule functor F : MC× CN → M′
C× CN

′, the tensor product of module
categories defines a functor Ψ(BM′,N′F) : MC� CN → M′

C� CN
′, called F̂ in the sequel,

and a balanced natural isomorphism

M×N M′×N′

M�N M′�N′

F

BM,N BM′,N′
BF

F̂

(3.12)

ii) For every pair of bimodule functors F,G : MC× CN → M′
C× CN

′ and every bimodule
natural transformation ρ : F → G, there is a unique natural transformation ρ̂ : F̂ → Ĝ,
such that

(ρ̂ ◦ BM,N) · BF = BG · ρ. (3.13)

This is equivalent to imposing the following condition on the associated diagrams

M×N M′×N′

M�N M′�N′,

BM,N

F

G

BM′,N′
BG

Ĝ

ρ

=

M×N M′×N′

M�N M′�N′ .

BM,N

F

BM′,N′
BF

F̂

Ĝ

ρ̂

(3.14)
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3. The tricategory of bimodule categories

iii) For any two composable bimodule functors F : MC× CN → M′
C× CN

′, G : M′
C× CN

′ →
M′′

C× CN
′′, there is a unique natural isomorphism ϕG,F : ĜF̂→ ĜF such that the follow-

ing diagram of natural isomorphisms commutes:

BM”,N”GF ĜBM′,N′F

ĜFBM,N ĜF̂BM,N.

BGF

BGF ĜBF

ϕG,FBM,N

(3.15)

iv) For any three composable bimodule functors F : MC× CN → M′
C× CN

′, G : M′
C× CN

′ →
M′′

C× CN
′′, H : M′′

C× CN
′′ → M′′′

C × CN
′′′, the following diagram of natural isomorphisms

commutes

ĤĜF̂ ĤGF̂

ĤĜF ĤGF.

ϕH,GF̂

ĤϕG,F
ϕHG,F

ϕH,GF

(3.16)

v) The natural transformation κM,N from Definition 3.1.1 defines a natural isomorphism

κM,N(1M�N) : 1̂M×N → 1M�N, (3.17)

such that for all bimodule functors F : MC× CN → M′
C× CN

′ the following diagrams
commute

F̂1̂M×N F̂ 1̂M×NF̂ F̂

F̂1M�N 1M′ �N′ F̂.

F̂κ(1M�N)

ϕF,1 ϕ1,F

κ(1M′ �N′ )F̂
id id (3.18)

Proof. The functor BF is balanced according to Lemma 2.4.5 and hence the functor Ψ(BF) = F̂
is well defined. From the natural isomorphism ϕ : 1 → ΦΨ in Definition 3.1.1, we obtain
the balanced natural isomorphism BF = ϕ(F) : BF→ F̂B. This shows the first part. Part ii)
follows directly by applying Lemma 3.3.1 to the natural transformation Ψ(Bρ), which is
denoted ρ̂ in the sequel. To show statement iii), note that from the first part we obtain the
balanced natural isomorphisms

ĜF̂B ĜBF BGF ĜFB,
ĜB−1

F B−1
G F BGF (3.19)

which compose to a balanced natural isomorphism from ĜF̂B to ĜFB. The natural isomor-
phism ϕG,F : ĜF̂→ ĜF is then defined as

ϕG,F = κ−1(ĜF) ·Ψ
(
BGF · B−1

G F · ĜB−1
F

)
· κ(ĜF̂).
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3.3. The tensor product as a 2-functor

This proves the existence and uniqueness of the natural isomorphism ϕG,F, such that (3.15)
commutes. Hence the third part follows. To show the forth part, note that by definition of
ϕF,G and by the interchange law for 2-categories, the following diagram commutes

ĤBGF ĤĜBF

BHGF ĤGBF ĤĜF̂B

ĤGFB ĤGF̂B.

ĤBGF

ĤĜBF

ϕH,GBF

BHGF

BHGF

BHGF

ĤGBF

ϕH,GF̂B

ϕHG,FB

(3.20)

Here the interchange law is used to establish the commutativity of the parallelogram on the
right, and part iii) shows the commutativity of the two parallelograms on the left in (3.20).
It also follows from iii) that the following diagram commutes

ĤBGF ĤĜBF

BHGF ĤĜF̂B

ĤGFB ĤĜFB.

ĤBGF

ĤBGF

ĤĜBF

BHGF

BHGF

ĤϕG,FB

ϕH,GFB

(3.21)

Since all outer arrows in the diagrams (3.20) and (3.21) that do not contain ϕ agree and all
arrows are labeled by natural isomorphisms, it follows that the diagram

ĤĜF̂B ĤGF̂B

ĤĜFB ĤGFB

ϕH,GF̂B

ĤϕG,FB ϕHG,FB

ϕH,GFB

commutes. As the functor Φ is fully faithful, this shows that (3.16) commutes. For the last
statement, note that the natural isomorphism κM,N : 1 → ΨM,NΦM,N from Definition 3.1.1
provides a natural isomorphism

1̂M×N = Ψ(B ◦ 1M×N) = Ψ(1M�N ◦ B) 1M�N.
κM�N(1M�N)

(3.22)

The snake identity (A.10) for the adjoint equivalence then implies that the diagram

Φ(1M×N) = B ΦΨΦ(1M×N) = 1̂M×NB

Φ(1M×N)

Φϕ

1
κΦ

(3.23)
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3. The tricategory of bimodule categories

commutes. Hence the diagram

F̂B BF

F̂1̂B F̂B

BF

F̂ϕ(B) id BF

F̂κB

(3.24)

commutes. By the unique characterization of the natural isomorphism ϕ
F̂,1̂

: F̂1̂ → F̂ from

part iii), we deduce that ϕ
F̂,1̂

= F̂κ(1M�N). The remaining identity is proven analogously

using the unique characterization of ϕ
1̂,F̂

from part iii). �

Note that the notation F̂ was already used for image of Ψ on balanced functors. It should be
clear from the context, whether a functor is balanced or a module functor, hence the notation
is unambiguous. Moreover, we will later unify in Proposition 3.3.4 the notions of balanced
functors and module functors, and regard them as 1-morphisms in a certain 2-category. This
will provide a further justification for the notation F̂.

Corollary 3.3.3 The tensor product defines a 2-functor

� : Modr(C)×Modl(C)→ Catses, (3.25)

where Modr(C), Modl(C) denote the 2-categories of right and left C-module categories, respec-
tively.

Proof. It follows directly from the definitions that every pair of module categories MC and CN

yields a bimodule category MC× CN, that functors F,G : MC → M′
C and H,K : CN → CN

′

define bimodule functors F × H,G × K : MC× CN → M′
C× CN

′ and that module natural
transformations ρ : F → H, τ : G → K define a bimodule natural transformation ρ × τ :
F× H→ G× K. Proposition 3.3.2 yields functors

F�H = F̂× H, G�K = Ĝ× K : M�N→M′�N′

and a natural transformation ρ�τ = ρ̂× τ : F�G→ H�K. Hence Proposition 3.3.2 provides
all the structures and axioms that make � into a 2-functor from Modr(C)×Modl(C) to Catses.

Note in particular that for the unit functors from 1M×1N = 1M×N one has 1̂M×N = 1M�1N.
�

Recall that for balanced functors F : MC× CN → A, the tensor product defines a functor
F̂ : M�N → A. The map F 7→ F̂ is compatible with the composition of bimodule functors
and balanced functors. To make this statement precise, we define the following 2-category,
that combines balanced functors and bimodule functors into a single 2-category.

Proposition 3.3.4 The following data defines a 2-category Modbal
C for a fusion category C.

i) The objects of Modbal
C are (C,C)-bimodule categories MC× CN and abelian categories A.

ii) The categories of 1- and 2-morphisms between the objects are given by:

a) For two bimodule categories MC× CN and M′
C× CN

′, Modbal
C ( MC× CN, M

′
C× CN

′)
is the category Bimod( MC× CN, M

′
C× CN

′) of bimodule functors and bimodule nat-
ural transformation between them.
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3.3. The tensor product as a 2-functor

b) For a bimodule category MC× CN and a category A, Modbal
C ( MC× CN,A) is the

category Funbal( MC× CN,A) of balanced functors and balanced natural transfor-
mations between them.

c) For two categories A, and B, Modbal
C (A,B) is the category Fun(A,B) of functors

and natural transformations between them

d) There is just the zero morphism from a category A to a bimodule category MC× CN.

iii) The compositions are induced by the horizontal composition of functors and the vertical
composition of natural transformations.

Proof. It follows from Lemma 2.4.5 that the various compositions of 1- and 2-morphisms are
well defined. It follows by a direct computation that all compositions are strictly associative
and strictly compatible with the units. �

Proposition 3.3.5 The tensor product of module categories defines a 2-functor

(̂.) : Modbal
C → Catses. (3.26)

Proof. On objects, (̂.) is defined by M̂C× CN = MC� CN and Â = A. On 1-morphisms, (̂.)
is defined as follows. For a bimodule functor F : MC× CN → M′

C× CN
′, and for a balanced

functor G : MC× CN → A, the functors F̂ : MC� CN → M′
C� CN

′ and Ĝ : MC� CN → A

are already defined in Definition 3.1.1 and in Proposition 3.3.2, i), respectively. For a functor

H : A → B, we define Ĥ = H. On 2-morphisms, (̂.) is already defined for bimodule natural
transformations and balanced natural transformations. For a natural transformation η : H→
H′ between functors H,H′ : A→ B, we define η̂ = η.

The coherence structures of (̂.) are the following.

i) For all bimodule categories MC× CN, the coherence isomorphism 1̂M×N → 1M�N is
defined by κM,N(1M�N), as in Proposition 3.3.2, v).

ii) For composable bimodule functors F,G, there is a natural isomorphism ϕG,F : ĜF̂→ ĜF
that is defined by Proposition 3.3.2, iii).

iii) For composable functors H : A→ B and K : B→ C, we define ϕK,H = idKH.

iv) For a balanced functor F : MC× CN → A and a bimodule functor G : M′
C× CN

′ →
MC× CN, it follows from Lemma 3.3.1, that there exists a unique balanced natural

isomorphism ϕF,G : F̂Ĝ→ F̂G, such that the following diagram commutes

FG F̂BG

F̂GB F̂ĜB.

ϕ(F)

ϕ(FG) F̂BG

ϕF,GB

(3.27)

v) For a balanced functor F : MC× CN → A and a functor H : A → B it follows from

Lemma 3.3.1, that there exists a unique balanced natural isomorphism ϕH,F : HF̂→ ĤF,
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3. The tricategory of bimodule categories

such that the following diagram commutes

HF HF

ĤFB HF̂B.

id

ϕ(HF) Hϕ(F)

ϕF,GB

(3.28)

The proof that for three composable 1-morphisms, the diagram (A.33) commutes is analogous

to the proof of Proposition 3.3.2 iv), while the compatibility of (̂.) with the unit from axiom
(A.32) follows analogously to the proof of Proposition 3.3.2 v). �

Regarding the tensor product as a 2-functor, we can also interpret the remaining structures
of the tensor product, namely the adjoint equivalence (Φ,Ψ, ϕ, κ), as an adjoint equivalence of
pseudo-natural transformations and modifications. This 2-categorical viewpoint on the tensor
product will be useful when we consider the tensor product of bimodule categories in the next
section. Note that the Cartesian product of categories defies a 2-functor × : Catses×Catses →
Catses.

Lemma 3.3.6 The balancing functor BM,N : MC× CN → MC� CN defines a pseudo-natural
transformation

Modr(C)×Modl(C) Catses.
�

×

Φ
(3.29)

between the 2-functor × : Modr(C) × Modl(C) → Catses, and the 2-functor � : Modr(C) ×
Modl(C)→ Catses from equation (3.25).

Proof. For all objects MC× CN of Modr(C)×Modl(C), the functor BM,N : MC× CN →M�N

is a 1-morphism in Catses and for all functors F × G : MC× CN → M′
C× CN

′. Proposi-
tion 3.3.2 ii) provides a natural isomorphism BF : B(F × G) → (F�G)B. The axiom ia)
from Definition A.3.10 follows from the definition of the natural isomorphism ϕF×G,F′×G′ :
(F′�G′)(F�G)→ (F′F)�(G′G) from Proposition 3.3.2 iii) for composable functors F× G and
F′ × G′ in Modr(C) × Modl(C). The axiom ib) from Definition A.3.10 follows directly from
equation (3.23). �

3.4. The tensor product of bimodule categories

Next we show that the tensor product of module categories naturally extends to a tensor
product of bimodule categories.

Proposition 3.4.1 Let DMC and CNE be bimodule categories. Then the tensor product

DMC� CNE has a canonical structure of a (D,E)-bimodule category, such that

B : DMC× CNE → DMC� CNE (3.30)

is a balanced bimodule functor and for all bimodule categories DAE the adjoint equivalence
from Definition 3.1.1 restricts to an adjoint equivalence

Φ : FunD,E ( DMC� CNE, DAE)→ Funbal
D,E ( DMC× CNE, DAE),

Ψ : Funbal
D,E ( DMC× CNE, DAE)→ FunD,E ( DMC� CNE, DAE),

(3.31)
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3.4. The tensor product of bimodule categories

where Funbal
D,E ( DMC× CNE, DAE) is the category of balanced bimodule functors from Definition

2.4.8.

Proof. To define the left D-module structure on M�N, note that for all d ∈ D, the functors
Ld : M×N → M×N from Proposition 2.3.12 are (C,C)-bimodule functors, see Lemma
2.4.10, and the module constraint for DMC consists of bimodule natural isomorphisms, µd,d′ :

Ld ◦ Ld′ → Ld⊗d′ for all d, d′ ∈ D. Hence we can apply the 2-functor (̂.) from Proposition

3.3.5 and we obtain for all d ∈ D functors L̂d : M�N → M�N and natural isomorphisms
µ̂d,d′ : L̂d ◦ L̂d′ → L̂d⊗d′ for all d, d′ ∈ D. The module constraint (2.2) for these natural

isomorphisms is obtained by applying the 2-functor (̂.) to the corresponding module constraint
for CM.

The right E-module structure on CMD� DNE is defined analogously by considering the
(C,C)-bimodule functors Re : M×N → M×N for all e ∈ E. It remains to show that M�N

is a (D,E)-bimodule category. The bimodule constraints in Lemma 2.3.2 follow directly by

applying the 2-functor (̂.) to the corresponding diagrams for MC× CN.

Next we show that B : DMC× CNE → M�N is a balanced bimodule functor. It follows
from Proposition 2.3.12 that the (D,E)-bimodule structure on M�N can be described as the
following composite of 2-functors:

D×Erev Modr(C)×Modl(C) Catses.
LM×LN � (3.32)

The functor B then induces a pseudo-natural transformation between the following composites
of 2-functors

C×Erev Modr(C)×Modl(C) Catses.
LM×LN

×

�

B
(3.33)

Hence it follows directly from Proposition 2.3.12 that B : M×N → M�N is a bimodule
functor. The left D-module structure is therefore given by the natural isomorphisms ϕLc×1 :
B(Lc×1)→ (Lc�1)B. Since these isomorphisms are C-balanced, it follows that B is a balanced
D-module functor. Analogously it is shown that B is a balanced E-module functor and hence
a balanced bimodule functor.

In the next step we show that the functor Ψ from Definition 3.1.1 restricts to a functor

Ψ : Funbal
D,E ( DMC× CNE, DAE)→ FunD,E ( DMC� CNE, DAE).

Let G ∈ Funbal
D,E ( DMC× CNE, DAE) be a balanced bimodule functor. The left D-module

functor structure on G is given by C-balanced natural isomorphisms φGd : G◦LM×N
d → LA

d ◦G for

all d ∈ D according to Lemma 2.4.10. Hence we can apply the 2-functor (̂.) and obtain natural

isomorphisms φ̂Gd : ĜL̂M×N
d → LA

d Ĝ. Furthermore, applying (̂.) to the module constraint

diagram for G yields the module constraint diagram for Ĝ. Hence we deduce that Ĝ is a
left D-module functor. The proof that Ĝ is a right E-module functor is analogous. The

compatibility between left and right module actions of Ĝ follows by applying the functor (̂.)
to the corresponding compatibility diagram of G. Hence Ĝ is a bimodule functor.
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3. The tricategory of bimodule categories

If η : G → F is a balanced bimodule natural transformation between balanced bimodule

functors F and G, it follows again by applying the 2-functor (̂.) that η̂ : Ĝ→ F̂ is a bimodule
natural transformation.

It remains to show that for all balanced bimodule functors F ∈ Funbal
D,E ( DMC× CNE, DAE),

the natural isomorphism ϕ(G) : G→ ĜB is a balanced bimodule natural isomorphism and for

all bimodule functors G : M�N→ A, the natural isomorphism κ(G) : G→ ĜB is a bimodule
natural isomorphism. The first statement follows directly from the definition of the bimodule
structure of Ĝ. For the second statement, we show that the lower rectangle in the diagram

GL̂dB LdGB

GBLd

ĜBBLd

ĜBL̂dB LdĜBB

GL̂dB LdGB

φGdB

1B−1
Ld

1

1ϕGB

1

ϕ(GB)1

1BLd

φ̂Gd1

κ−1(G)1 1κ−1(G)1

φGd1

(3.34)

commutes. Because Φ is fully faithful, κ(G) is a bimodule natural isomorphism. The big

diagram in the middle commutes by definition of φ̂Gd . The diagram on the right commutes
since κ and ϕ satisfy the snake identity. The diagram on the left commutes also by the
snake identity for κ and ϕ after applying once the interchange law for functors and natural
transformations. �

Remark 3.4.2 The previous proposition shows that the tensor product of two strict bimod-
ule categories over strict fusion categories is in general not a strict bimodule category. Even
with the stronger definition of the tensor product from [36] (Remark 3.1.3), it can be seen
that the coherence structure of the resulting bimodule category is non-strict in general.

We further generalize the results of the previous section. The following statement follows
directly from Lemma 2.4.11.

Proposition 3.4.3 For every fusion category C and every pair of fusion categories (D,E),
the following data define a 2-category Bimodbal

C (D,E).

i) The objects of Bimodbal
C (D,E) are (D,E)-bimodule categories DMC× CNE and (D,E)-

bimodule categories DAE.

ii) The following defines the categories of 1- and 2-morphisms between the objects:

a) The category Bimodbal
C ( DMC× CNE, DM

′
C× CN

′
E) for two (D,E)-bimodule categories

DMC× CNE and DM
′
C× CN

′
E is the category FunC,E

D,C ( DMC× CNE, DM
′
C× CN

′
E) of
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3.4. The tensor product of bimodule categories

(D×Crev×C×E)-module functors and (D×Crev×C×E)-module natural trans-
formations between them.

b) The category Bimodbal
C ( DMC× CNE, DAE) for bimodule categories DMC× CNE and

DAE is the category Funbal
D,E ( DMC× CNE, DAE) of balanced bimodule functors and

balanced bimodule natural transformations between them.

c) The category Bimodbal
C ( DAE, DBE) for two bimodule categories DAE, and DBE is

the category Bimod( DAE, DBE) of bimodule functors and bimodule natural trans-
formations between them.

d) There is just the zero morphism from a bimodule category DAE to a bimodule
category DMC× CNE.

iii) The compositions are induced by the horizontal composition of functors and the vertical
composition of natural transformations.

If we restrict to the case where D = E = Vect, we recover the 2-category from Proposition
3.3.4, i.e. Bimodbal

C (Vect,Vect) = Modbal
C .

Proposition 3.4.4 The tensor product of bimodule categories defines a 2-functor

(̂.) : Bimodbal
C (D,E)→ Bimod(D,E). (3.35)

In particular, it induces a 2-functor

� : Bimod(D,E)× Bimod(C,D)→ Bimod(C,E). (3.36)

Proof. Proposition 3.4.1 shows that the functors Φ, Ψ and the natural transformations ϕ
and κ that appear in the definition of the tensor product, are compatible with the (C,E)
bimodule structure of a bimodule category CMD× DNE. It is straightforward to see that
the analogue of Proposition 3.3.2 and Proposition 3.3.5 hold for bimodule categories. In

particular, all coherence structures of the 2-functor (̂.) from Proposition 3.3.5 are bimodule
natural isomorphisms. �
From these results we obtain the following compatibility result for the tensor product and
the bimodule structure that will be useful later. Recall from Lemma 2.3.8 that the category
Fun( CMD, HAE) is a C�Drev�H�Erev-module category.

Lemma 3.4.5 The category Funbal( DMC× CNE, HAF) is a D�Erev�H�Frev-module cat-
egory. The functors Φ and Ψ from Definition 3.1.1 are D�Erev�H�Frev-module functors

Φ : Fun( DMC� CNE, HAF)→ Funbal( DMC× CNE, HAF),

Ψ : Funbal( DMC× CNE, HAF)→ Fun( DMC� CNE, HAF).
(3.37)

Furthermore, the natural isomorphisms ϕ and κ are D�Erev�H�Frev-module natural iso-
morphisms.

Proof. By Proposition 3.4.1, the functor B : DMC× CNE → DMC� CNE is a balanced bimodule
functor. From this it follows directly that the functor Φ is a D�Erev�H�Frev-module
functor. To see that Ψ is a F-module functor, note that the module action of x ∈ F on a functor
F ∈ Funbal( DMC× CNE, HAF) is given by F / x = RA

x ◦ F, where the functor RA
x : A → A is
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3. The tricategory of bimodule categories

given by the right F-module category structure of A. The module constraint of Ψ is now given

by the isomorphism ϕRx,F : RA
x ◦ F̂ → R̂A

x ◦ F that is obtained from the 2-functor structure

of (̂.) in Proposition 3.4.4. The remaining module constraints of Ψ are obtained analogously

from the 2-functor (̂.). �

3.5. Multiple tensor products and multi-module categories

In the previous section we defined the tensor product of module categories MC and CN with a
universal property in terms of balanced functors from MC× CN to an abelian category A. In
the following we consider also multiple tensor products of the form ( HKE� END)� DMC. This
requires an extension of the notion of balanced functors to so-called multi-balanced functors
from ( HKE× END)× DMC to an abelian category A. An example is the functor

( HKE× END)× DMC ( HKE� END)× DMC ( HKE� END)� DMC .
BK,N×1 BK�N,M

(3.38)

We then group these multi-balanced functors into a suitable bicategory, such that (3.38) is
a composition in this bicategory. Note, however, that the functor BK,N × 1 is balanced with
respect to the first two categories, but it is a bimodule functor (the identity) with respect to
the third. Therefore we need to extend the notion of multi-balanced functors even further to
so-called multi-balanced module functors, in order to guarantee that the functor BK,N × 1 is
in this bicategory. The multi-balanced module functors will play an essential role in the proof
that bimodule categories forms a tricategory.

In order to define the associator in this tricategory, we will be careful and distinguish the
two categories (M×N)×K and M×(N×K) for three categories M, N and K. The relation
between these categories will then finally lead to the associator in the tricategory of bimodule
categories. Hence we first define an abstract bracketing.

Definition 3.5.1 A bracketing b of a string X = (X1, . . . , Xn) of letters Xi is a choice of
parenthesis such that each Xi is in brackets with either exactly one adjacent Xj or another
pair of brackets.

For a functor F : (M×N)×K→ A, we denote the functor on objects just by F(m×n× k), if
the bracketing is clear from the context. Recall from Remark 2.1.3, that for a module category

CM and a finite semisimple abelian category N, we consider the category CM×N again as
module category with C-module action .× idN. In the following it is always understood that
the Cartesian product of module categories is equipped with this module action. We call
two bimodule categories M and N composable, if the category that acts from the left on N

coincides with the category that acts from the right on M.

Definition 3.5.2 ( [36, Def 3.4]) i) A multi-module category (M, b) from C to D is a
finite string of composable bimodule categories Mj for j ∈ {1, . . . , n} with n ∈ N, where
Mn is a C-right module category and M1 is a D-left module category, together with a
bracketing b of M. We denote by ev(M, b) the Cartesian product of the categories Mj,
in the order that corresponds to the bracketing b.

ii) A multi-balanced functor F : (M, b) → A, from (M, b) to an additive category A is a
functor F : ev(M, b) → A, that is balanced in each argument, i.e. it is equipped with
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with natural isomorphisms

bFm1,...,mi,c,mi+1,...,mn :F(m1 × . . .×mi / c×mi+1 × . . .mn)

→F(m1 × . . .×mi × c .mi+1 × . . .mn),

for each string of objects m ∈ ev(M, b), each i ∈ J and c ∈ C, such that the natural
isomorphisms bF satisfy the diagram (2.20) in each entry i ∈ J . In the sequel we will
abbreviate bFm1,...,mi,c,mi+1,...,mn by b...,mi,c,mi+1,... whenever it is unambiguous.

Additionally, these isomorphisms are required to be compatible with the bimodule cate-
gory structures, i.e. the diagram

F(. . .×mi−1 / c×mi / d×mi+1 × . . .) F(. . .×mi−1 / c×mi × d .mi+1 × . . .)

F(. . .×mi−1 × c .(mi / d)×mi+1 × . . .)

F(. . .×mi−1 × (c .mi) / d×mi+1 × . . .) F(. . .×mi−1 × c .mi × d .mi+1 × . . .),

b...mi,d,mi+1...

b...mi−1,c,mi / d...

b...mi−1,c,mi...

γ−1
c,mi,d

b...,c,d .mi,mi+1,...

commutes for each possible entry i ∈ J and for all possible objects. Here the argument
of the functor F is abbreviated and only the relevant part of the string m is shown.

iii) A multi-balanced natural transformation η : F → G between multi-balanced functors
F,G : (M, b) → A is a natural transformation η that is balanced in each entry, i.e. it
satisfies diagram (2.22) for all entries of a string of objects m in M.

iv) For every multi-module category (M, b), there is a corresponding string of fusion cate-
gories S(M′, b), that is given by the fusion categories acting on the bimodule categories
in (M, b) such that for the string ( HKE, ENF, . . . , DMC), the corresponding string of fu-
sion categories is S( HKE, ENF, . . . , DMC) = (H,E,F, . . . ,D,C). Note that by definition
S(M, b) = S(M, b′) is independent of the bracketing b.

It is clear, that for each additive category A, the multi-balanced functors and multi-balanced
natural transformations from (M, b) to A form a category denoted Funbal((M, b),A).

Definition 3.5.3 i) A multi-module functor F : (M, b) → (M′, b′) between multi-module
categories (M, b) and (M′, b′) with S(M) = S(M′) is a functor F : ev(M, b)→ ev(M′, b′)
together with a family of natural isomorphisms

ΦF,l,i
m1,...,mi,d,mi+1,...,mn

:F(m1 × . . .×mi / d×mi+1 × . . .mn)

→F(m1 × . . .×mi ×mi+1 × . . .mn) /i d,

for each m ∈ M and each i ∈ J , where /i : M × D → M denotes the action of D on

CMD

i. Similarly we require that there exists a family of natural isomorphisms

ΦF,r,i
m1,...,c,mi,...,mn : F(m1 × . . .× c .mi × . . .mn) ' c .i F(m1 × . . .×mi × . . .mn),

where .i : C×M → M is induced by the left action of C on CMD

i. The isomorphisms
ΦF,l,i and ΦF,r,i are required to satisfy the bimodule constraint (2.17) for each i ∈ J .
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3. The tricategory of bimodule categories

ii) A multi-module natural transformation η : F→ G between multi-module functors F and
G is a natural transformation that satisfies (2.12) in each entry.

Example 3.5.4 i) For two bimodule functors F : DMC → DM
′
C and G : CNE → CN

′
E, the

functor G× F : N×M→ N′×M′ is a multi-module functor.

ii) For three bimodule categories a multi-module functor α : ( HKE× END) × DMC →
HKE×( END× DMC) is given by α((h×n)×m) = h×(n×m) on objects and morphisms
((h× n)×m) in ( HKE× END)× DMC.

Next we consider multi-balanced module functors.

Definition 3.5.5 i) For a string (X1, . . . Xn), a reduced string (X ′1, . . . X
′
m) is a string

that is obtained from (X1, . . . Xn) by erasing entries as follows. It is required that there
exists a map f : {1, . . . ,m} → {1, . . . , n} with f(1) = 1 and f(m) = n and f(j) > f(i)
for all j > i in {1, . . . ,m} and X ′i = Xf(i) for all i ∈ {1, . . . ,m}. An entry Xj in
(X1, . . . Xn), such that j ∈ {1, . . . , n} is not in the image of f is called erased.

ii) Let (M, b) and (M′, b′) be multi-module categories, such that the string S(M′, b′) of fusion
categories is obtained by reducing the string S(M, b). A multi-balanced module functor
F : (M, b) → (M′, b′) is a functor F : ev(M, b) → ev(M′, b′) that is balanced in each
erased entry of S(M, b) and is a multi-module functor in each other entry.

iii) A multi-balanced module natural transformation η : F→ G between multi-balanced mod-
ule functors F and G is a natural transformation η : F → G that is balanced in each
erased entry in the target of F and G and a bimodule natural transformation in all other
entries.

Example 3.5.6 i) Every multi-module functor and every multi-balanced functor is also
a multi-balanced module functor.

ii) For three composable bimodule categories, the functor (BK,N × 1) : (K×N) ×M →
(K�N)×M is a multi-balanced module functor.

The following result is a generalization of Lemma 2.4.11 and follows directly from the definition
and the previous lemma.

Lemma 3.5.7 Let (M, b), (M′, b′) and (M′′, b′′) be multi-module categories from C to D, such
that the string (M′′, b′′) is reduced from (M′, b′) and (M′, b′) is reduced from (M, b). For any
two multi-balanced module functors F : (M, b) → (M′, b′) and G : (M′, b′) → (M′′, b′′), the
functor GF : (M, b)→ (M′′, b′′) is a multi-balanced module functor.

The next result generalizes Proposition 3.4.3 and follows again directly from the definitions.

Proposition 3.5.8 For every pair of fusion categories (C,D), the following data define a
2-category Bimodmulti(C,D).

i) Objects are multi-module categories (M, b), (M′, b′) from C to D.

ii) 1-morphisms between objects (M, b) and (M′, b′) are multi-balanced module functors F :
(M, b) → (M′, b′) if the string (M′, b′) is reduced from (M, b). Otherwise, the set of
1-morphisms from (M, b) to (M′, b′) contains just the zero morphism.
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iii) 2-morphisms between multi-balanced module functors F,G : (M, b)→ (M′, b′) are multi-
balanced module natural transformations η : F→ G.

iv) The compositions are induced by the horizontal composition of functors and the vertical
composition of natural transformations.

Remark 3.5.9 For all fusion categories C the 2-categories Bimodbal
C (E,D) from Proposi-

tion 3.4.3 are full 2-subcategories of Bimodmulti(E,D) whose objects are bimodule categories

DMC× CNE and DAE.

The following is an extension of Lemma 2.4.12 and follows directly from the definitions.

Lemma 3.5.10 Let (M, b) = (M1, . . . , (Mi,Mi+1), . . .Mn) be a multi-module category from
C to D.

i) A functor F from (M, b) to a bimodule category DAC is a multi-balanced module functor
if and only if for all i the induced functor

FM
i

: Mi → Bimodmulti(Mî, DAC), (3.39)

is a bimodule functor, where Mî is the reduced string

Mî = (M1, . . . , (Mi−1, (Mi+1,Mi+2), . . .Mn).

ii) A functor F from (M, b) to a bimodule category DAC is a multi-balanced module functor
if and only if the induced functor

FM
i×Mi+1

: Mi×Mi+1 → Bimodmulti(Mî,i+1, DAC), (3.40)

is a balanced bimodule functor. Here Mî,i+1 is the reduced string

Mî = (M1, . . . , (Mi−1,Mi+2), . . .Mn).

For a multi-module category (M, b) we already defined the category ev(M, b) that is obtained
from the Cartesian product of the elements in the string. Now, let ev�(M, b) denote the
category that is obtained by the tensor product of the bimodule categories in the string (M, b)
in the order that corresponds to the bracketing b. We call ev�(M, b) the tensor product of
the multi-module category (M, b).

Lemma 3.5.11 Let (M, b) be a multi-module category from C to D. The tensor product
ev�(M, b) of (M, b) is a (D,C)-bimodule category and it is equipped with

i) a multi-balanced (D,C)-bimodule functor BM : (M, b)→ ev�(M, b),

ii) for every bimodule category DAC with a functor

ΨM : Bimodmulti((M, b), DAC)→ FunD,C (ev�(M, b), DAC), (3.41)
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3. The tricategory of bimodule categories

iii) an adjoint equivalence between the functor ΨM and the functor

ΦM : FunD,C (ev�(M, b), DAC)→ Bimodmulti((M, b), DAC)

G 7→ G ◦BM.
(3.42)

Proof. It is shown in Proposition 3.4.1 that the tensor product DMC� CNE of two bimodule
categories is again a bimodule category. Hence it follows by repeated use of this result, that
the category ev�(M, b) is a (D,C)-bimodule category.

The functor BM : (M, b)→ ev�(M, b) is defined iteratively as indicated in equation (3.38) for
a string of three bimodule categories. It is shown in Proposition 3.4.1 that B : DMC× CNE →
DMC� CNE is a multi-balanced module functor and hence BM is a multi-balanced module
functor as it is the composition of multi-balanced module functors (Lemma 3.5.7).

Let F : (M, b) → DAC be a multi-balanced module functor from the multi-module cate-

gory (M, b) = (M1, . . . , (Mi,Mi+1), . . .Mn) to a bimodule category DAC. Denote by Mî the
reduced string (M1, . . . , (Mi−1,Mi+2), . . .Mn).

According to Lemma 3.5.10, F induces a multi-balanced module functor

FMi×Mi+1 : Mi×Mi+1 → Bimodmulti(Mî, DAC).

Hence we can apply the functor Ψi from the Definition 3.1.1 of the tensor product Mi�Mi+1

to FMi×Mi+1 to obtain a bimodule functor

Ψi(F
Mi×Mi+1) : Mi�Mi+1 → Bimodmulti(Mî, DAC).

Again by Lemma 3.5.10, this is equivalent a multi-balanced functor F1 : ev�,1(M, b) → A,
where ev�,1(M) = (M1, . . . ,Mi−1,Mi�Mi+1, . . . ,Mn). By repeating this argument we ob-

tain a functor F̂ : ev�(M, b) → A and thus a functor ΨM : Bimodmulti((M, b), DAC) →
FunD,C (ev�(M, b), DAC). Furthermore, it is clear that by construction, ΨM and ΦM form an
adjoint equivalence since both functors are obtained by composing the corresponding functors
from the constituents of the string (M, b) and which from adjoint equivalences by Proposition
3.4.1. �

Proposition 3.5.12 For all pairs of fusion categories C and D, the tensor product defines a
2-functor

(̂.) : Bimodmulti(C,D)→ Bimod(C,D). (3.43)

Proof. This follows from the previous Proposition and by repeated use of the 2-functor (̂.)
from Proposition 3.4.4. �

We are going to apply this 2-functor to diagrams of (horizontally and vertically) composable
2-morphisms. Such diagrams are called pasting diagrams and are defined with more precision
in [9], see also [46].

Corollary 3.5.13 For every pasting diagram D in Bimodmulti, the 2-functor (̂.) yields a
pasting diagram D̂ with the same underlying graph in which all 1-morphisms F are replaced
by F̂ and all 2-morphisms ρ are replaced by a composite of ρ̂ with coherence morphisms of the

2-functor (̂.). If two pasting diagrams D, D′ in Bimodmulti with the same 1-morphisms one

the outer arrows evaluate to the same 2-morphism, then also D̂ and D̂′ evaluate to the same
2-morphisms.
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Proof. These statements hold for general 2-functors. Assume that H : B → R is a strict
2-functor between strict 2-categories. Then it is clear that H applied to a pasting diagrams
in B yields a pasting diagram in R. By the strictification result for general 2-functors, see
e.g. [38, Chapter 2], any 2-functor H : B → R between (not necessarily strict) bicategories
applied to a pasting diagrams in B yields a pasting diagram in R. The last statement follows
directly for strict 2-functors and hence again for general 2-functors as wells. �
Note however, that if D is a commutative diagram of 1-morphisms in Bimodmulti, the corre-
sponding diagram D̂ commutes in general only up to natural 2-isomorphisms, that is built

from the coherence structure of the 2-functor (̂.).

Proposition 3.5.14 The family of bicategories Bimodmulti(C,D) for fusion categories C and
D is equipped with the following additional structures.

i) The Cartesian product of module categories defines 2-functors

×multi : Bimodmulti(D,E)× Bimodmulti(C,D)→ Bimodmulti(C,D). (3.44)

ii) The tensor product of module categories defines 2-functors

� : Bimodmulti(D,E)× Bimodmulti(C,D)→ Bimodmulti(C,E). (3.45)

iii) The universal balanced functors in the definition of a tensor product of module categories
yield a pseudo-natural transformation B : ×multi → �

iv) The canonical bimodule category CCC defines the (strict) unit 2-functors IC : I →
Bimodmulti(C,C), where I denotes the unit 2-category.

v) For four fusion categories C, D, E, F there is an adjoint equivalence, where we abbrevi-
ated Bimodmulti with Bm

Bm(E,F)× Bm(D,E)× Bm(C,D) Bm(D,F)× Bm(C,D)

Bm(E,F)× Bm(C,E) Bm(C,F),

(×multi)×1

1××multi ×multi

×multi

α (3.46)

more precisely, α : ×multi ◦ (×multi × 1) → ×multi ◦ (1 × ×multi) is a pseudo-natural
transformation and there exists a pseudo-natural transformation α− : ×multi ◦ (1 ×
×multi)→ ×multi ◦ (×multi × 1), such that α and α− form an adjoint equivalence.

vi) For fusion categories C, D there are pseudo-natural transformations

Bimodmulti(D,D)× Bimodmulti(C,D)

Bimodmulti(C,D) Bimodmulti(C,D)

.

×multi

1

IC×1

(3.47)
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and

Bimodmulti(C,D)× Bimodmulti(C,C)

Bimodmulti(C,D) Bimodmulti(C,D).

×multi
/

1

1×IC

(3.48)

vii) For all bimodule categories DMC and CNE, the balancing constraint of B defines an
invertible modification β with components

(M×C)×N M×(C×N)

M×N M×N

M�N .

α

/M×1 1×.N

B

β

B

(3.49)

viii) For all bimodule categories DMC and CNE, the following diagrams of pseudo-natural
transformations commute

(C×M)×N M×N

C×(M×N),

α

.M×1

.M×N
(3.50)

M×(N×E) M×N

(M×N)× E .

α

1×/N

/M×N (3.51)

ix) For all composable bimodule categories K,N,M, L, the following diagram of pseudo-
natural transformations commutes

((K×N)×M)× L

(K×N)× (M×L) (K×(N×M)× L

K×(N×(M×L)) K×((N×M)× L).

α×1
α

α α

1×α

(3.52)
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The following axioms are satisfied, where we denoted M×N by MN for better legibility.

((MC)N)K (M(CN))K

(MN)K

M(NK)

(MN)K

M(NK) M(NK)

M�(NK)

(MC)(NK)

M(C(NK))

M((CN)K)

((MC)N)K (M(CN))K

(MN)K

M�(NK)

(MN)K

M(NK) M(NK)

	

	⇒ β

	 	

⇒ β

α1

(1 .)1

αα

(/ 1)1

α

α

1 .

1α

α

B

/(11) 1(. 1)

B B

α1

(1 .)1

α
α

(/ 1)1

B B

(3.53)
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M((ND)K) M(N(DK))

M(NK)

(MN)K

M(NK)

(MN)K (MN)K

(MN)�K

(M(ND))K

((MN)D)K

(MN)(DK)

M((ND)K) M(N(DK))

M(NK)

(MN)�K

M(NK)

(MN)K (MN)K

	

⇐ β	

	 	

⇐ β

1α

1(1 .)

αα

1(/ 1)
α

α

/ 1

α1

α

B

(1 /)1 (11) .

B B

1α

1(1 .)

α
α

1(/ 1)

B B

(3.54)

Proof. The first part follows from the definitions, the second part is shown in Proposition
3.5.12. For the third part note first that Lemma 3.3.6 extends in an obvious way first to bi-
module categories and then by repeated application also to multi-module categories. Parts iv)
and v) are clear. The properties of a pseudo-natural transformation for the module action
in part vi) follow from the compatibility conditions between module actions and bimodule
functors and bimodule natural transformations. Parts vii)- ix) are clear from the definitions.
The axioms in equations (3.53) and (3.54) follow directly from the properties of the Cartesian
product of categories. �

3.6. The tricategory Bimod of bimodule categories

We show that bimodule categories over fusion categories together with the corresponding
higher morphisms constitute a tricategory called Bimod. We work with the definition of an
algebraic tricategory given in [38], see Definition A.4.1.

Theorem 3.6.1 Fusion categories, bimodule categories, bimodule functors and bimodule nat-
ural transformations from an algebraic tricategory Bimod in the sense of [38, Def. 3.1.2]. The
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composition � is given by the tensor product of bimodule categories, the horizontal composi-
tion ◦ is given by the composition of functors and the vertical composition is defined by the
vertical composition of natural transformations.

By unpacking [38, Def. 3.1.2], one finds that the claim of the theorem is equivalent to the
following.

i) Bimod(C,D) is a strict 2-category with the composition of functors as horizontal com-
position ◦ and the composition of natural transformations as vertical composition ·.

ii) For any three fusion categories C,D,E, the tensor product of module categories define a
2-functors

� : Bimod(D,E)× Bimod(C,D)→ Bimod(C,E). (3.55)

iii) The bimodule category CCC defines for each object C a (strict) unit 2-functor IC : I →
Bimod(C,C), where I denotes the unit 2-category with one object 1, one 1-morphism 11

and one 2-morphism 111 . In the following, CCC is called unit bimodule category.

iv) For any four objects C, D, E, F there is an adjoint equivalence a : �(� × 1) ⇒ �(1 ×
�), called associator in the following. More precisely, a consists of a pseudo-natural
transformation

Bimod(E,F)× Bimod(D,E)× Bimod(C,D)
�×1 //

1×�
��

�� ��
�� a

Bimod(D,F)× Bimod(C,D)

�
��

Bimod(E,F)× Bimod(C,E)
�

// Bimod(C,F),

(3.56)
and there is a pseudo-natural transformation a− : �(1 × �) → �(� × 1), such that a
and a− form an adjoint equivalence, see Definition A.3.3.

v) For any two objects C, D, there are adjoint equivalences l : �(ID × 1) ⇒ 1 and r :
�(1× IC)⇒ 1, called the unit 2-morphisms,

Bimod(D,D)× Bimod(C,D)

Bimod(C,D) Bimod(C,D)

�
l

1

ID×1 (3.57)

and

Bimod(C,D)× Bimod(C,C)

Bimod(C,D) Bimod(C,D).

�
r

1

1×IC (3.58)

By definition of an adjoint equivalence, l and r are pseudo-natural transformations.
Furthermore there are corresponding pseudo-natural transformations l− : 1⇒ �(ID×1)
and r− : 1⇒ �(1× IC).

57



3. The tricategory of bimodule categories

vi) For all bimodule categories DMC and CNE there is an invertible modification µ with
component 3-morphisms

(M�C)�N M�(C�N)

M�N .

a

rM�1 1�lN

µ (3.59)

vii) For all bimodule categories CMD and DNE there is an invertible modification λ with
component 3-morphisms

(C�M)�N M�N

C�(M�N).

a

lM�1

lM�N

λ (3.60)

viii) For all bimodule categories DMC and CNE there is an invertible modification ρ with
component 3-morphisms

M�(N�E) M�N

(M�N)�E

a

1�rN

rM�N

ρ (3.61)

ix) For all composable bimodule categories K,N,M and L, there is an invertible modification
π with component 3-morphisms

((K�N)�M)�L

(K�N)�M�L) (K�(N�M)�L

K�(N�(M�L)) K�((N�M)�L)

a�1
a

a a

1�a

π

(3.62)

x) The following three axioms are satisfied. In the first axiom, the unmarked isomorphisms
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3.6. The tricategory Bimod of bimodule categories

are isomorphisms from the naturality of a.

((K(LM)N)R

(K((LM)N))R

(K(L(MN)))R

K((L(MN))R)

K(L((MN)R))

K(L(M(NR)))

(KL)(M(NR))((KL)M)(NR)

(((KL)M)N)R

((KL)(MN))R

(KL)((MN)R)

((K(LM)N)R

(K((LM)N))R

(K(L(MN)))R

K((L(MN))R)

K(L((MN)R))

K(L(M(NR)))

(KL)(M(NR))((KL)M)(NR)

(((KL)M)N)R (K(LM))(NR) K((LM)(NR))

K(((LM)N)R)

⇓ π1 ⇓ π

'

⇓ π

'

⇓ π ⇓ 1π

'

⇓ π

1a

(1a)1 a

1a

1(1a)

a

a

a

(a1)1 a1

a1

a
a

(11)a

a1

(1a)1 a

1a

1(1a)(a1)1

a

a

a

a

a(11)

1a 1a

a
1(a1)

1a

(3.63)
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((MC)N)K (M(CN))K

(MN)K

M(NK)

(MN)K

(MC)(NK)

M(C(NK))

M((CN)K)

((MC)N)K (M(CN))K

(MN)K

M(NK)

(MN)K

⇓ π

⇒ 1λ⇐ µ' '

⇒ µ1

'

a1

(1l)1

aa

(r1)1

a

a

r(11)

1l

1a

1(l1)

a

a1

(1l)1

aa

(r1)1
(1l)1

(3.64)

M((ND)K) M(N(DK))

M(NK)

(MN)K

M(NK)

(M(ND))K

((MN)D)K

(MN)(DK)

M((ND)K) M(N(DK))

M(NK)

(MN)K

M(NK)

⇓ π

⇒ µ⇐ ρ1' '

⇒ 1µ

'

1a

1(1l)

a
a

1(r1)

a

a1

(1r)1

r1

a

(11)l

a

1a

1(1l)

a
a

1(1r)
1(1r)

(3.65)
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Proof. Note first that our conventions differ slightly from the conventions in [38, Definition
3.12], in that we reversed one arrow in the definition of the pseudo-natural transformation µ
and correspondingly, axioms (A.43) and (A.44) have a different shape than the corresponding
axioms in [38]. However, using the adjoint equivalence of r and r−, it is straightforward to
see that the two definitions are equivalent. The reason for our convention will become clear
from the construction of the pseudo-natural transformations l and r in the proof.

The remainder of this section is concerned with the proof of Theorem 3.6.1. The basic idea

is to apply the 2-functor (̂.) from Proposition 3.5.12 to the structures and axioms of Bimodmulti

in Proposition 3.5.14 to obtain the corresponding structures and axioms for Bimod.

i) It is shown in Lemma 2.3.11 that Bimod(C,D) is a strict 2-category.

ii) The tensor product defines a 2-functor � : Bimod(D,E) × Bimod(C,D) → Bimod(C,E)
according to Proposition 3.4.4.

iii) The unit bimodule categories CCC, the identity bimodule functor idC : CCC → CCC and
the identity bimodule natural transformation ididC : idC → idC define the strict 2-functor
IC : 1→ Bimod(C,C) from iii), where 1 denotes the unit bicategory.

iv) We now define the structures in iv). Let M,N and K be composable bimodule categories.

The 2-functor (̂.) applied to α : (M×N) ×K → M×(N×K) from Proposition 3.5.14,
defines a functor

a = α̂ : (M�N)�K→M�(N�K). (3.66)

Since a is the composite of a 2-functor with the pseudo-natural transformation α, a
is also a pseudo-natural transformation. Analogously, the multi-module functor α− :
M×(N×K)→ (M×N)×K defines a 2-transformation a−, and it follows from Lemma
A.3.13 that a and a− form an adjoint equivalence.

v) We construct the adjoint equivalence of bimodule categories DDD� DMC → DMC. Let

DMC be a bimodule category. Recall from Example 2.4.9 that the action . : D×M→M

is a balanced bimodule functor. It remains to show that it defines a pseudo-natural
transformation with component 1-morphisms lM = .̂ : D�M→M.

Lemma 3.6.2 The bimodule functor lM = .̂ : D�M → M induced by the balanced
bimodule functor . : D× DMC → DMC defines a pseudo-natural transformation

Bimod(D,D)× Bimod(C,D)

�

**UUUUUUUUUUUUUUUU

������ l

Bimod(C,D)
1

//

IC×1
44iiiiiiiiiiiiiiii

Bimod(C,D)

(3.67)

Proof. Let F : DMC → DM
′
C be a module functor. Then the module constraint φF

yields the diagram

D×M D×M′

M M′ .

1×F

. .

F

φF (3.68)
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3. The tricategory of bimodule categories

This defines a bimodule natural isomorphism, where we use the abbreviation D�F =
1D�F,

lF : lM′(D�F)→ FlM (3.69)

between the bimodule functors lM′(D�F) and FlM. We show that the isomorphisms
lF are natural in F. If G : DMC → DM

′
C is another bimodule functor and ρ : F →

G is a bimodule natural transformation, we have to prove that the following natural
transformations are equal:

D�M D�N

M N,

lM

D�F

D�G

lN

G

D�ρ

lG =

D�M D�N

M N .

lM

D�F

lN
F

G

ρ

lF (3.70)

Since ρ is a bimodule natural transformation, one has

D×M D×N

M N,

.M

D×F

D×G

.N

G

D×ρ

ΦG =

D×M D×N

M N .

.M

D×F

.N
F

G

ρ

ΦF

(3.71)

By applying the 2-functor (̂.) : Bimodmulti(C,D) → Bimodmulti(C,D) to (3.71), one
obtains (3.70). This proves that lM : D�M→M is a pseudo-natural transformation.

�

To define the bimodule functor l−M : M → D�M, denote by ι : M → D×M the
canonical embedding functor that is defined by ι(x) = 1× x for objects and morphisms
x in M. Clearly, ι is a right C-module functor. We define:

l−M = BD,M ◦ ι : DMC → DDD� DMC . (3.72)

Then l−M inherits a left module functor structure from the balancing constraint of BD,M

according to Proposition 3.4.1 and we have the following result.

Proposition 3.6.3 The functor l−M defines a pseudo-natural transformation and to-
gether with the functor lM, it forms an adjoint equivalence of the bimodule categories

DDD� DMC and DMC.
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3.6. The tricategory Bimod of bimodule categories

Proof. Let F : DMC → DM
′
C be a bimodule functor. Then the diagram

M N

D×M D×M

D�M D�N,

F

ι ι

D×F

B B

D�F

ϕF

(3.73)

defines the bimodule natural transformations l−F : l−N ◦ F → (D�F) ◦ l−M. It follows
directly from the properties of the natural isomorphisms ϕF, that l−F is natural in F and
compatible with the composition of bimodule functors. Hence l−M is a pseudo-natural
transformation.

We now show that lM and l−M form an adjoint equivalence. For all bimodule categories

DMC there exists a natural isomorphism αl : lM ◦ l−M → 1M defined as the composite

αlM : lM ◦ l−M = lM ◦ B ◦ ι . ◦ι 1M,
ϕ−1
l ◦ι λM (3.74)

where ϕ−1
l is the bimodule natural transformation from Definition 3.1.1 and λM is the

natural isomorphism from Definition 2.1.1 with component morphisms λMm : 1C .m →
m. If we equip the functor . ◦ι : M → M with the canonical bimodule functor struc-
ture, it follows from the axioms of a module category, that λM is a bimodule natural
isomorphism. Hence the natural transformations αlM are bimodule natural isomor-
phisms. Next we show that they define a modification αl. Consider a bimodule functor
F : DMC → DNC. We have to show that the following two diagrams are equal

M D�M M

N D�N N

l−
M

F

lM

D�F F

l−
N

1

α

lN

l−F lF =

M D�M M

N N .

l−
N

1
F

α

lM

F

1

(3.75)

If we insert the corresponding definition of the arrows in these diagrams, it is easy to
see that equation (3.75) is equivalent to the equation

M D×M M

N D×N N

ι

F D×F

.

F

ι

1

α

.

φF =

M D×M M

N N,

ι

F
1

.

λM

F

1

(3.76)

where φF is the module functor constraint of the functor F. The commutativity of this
diagram corresponds directly to the identity (2.11) for the module functor F.
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3. The tricategory of bimodule categories

To define bimodule natural isomorphisms

(βlM)−1 : l−M ◦ lM → 1D�M, (3.77)

note that the balancing structure of B provides a natural balanced isomorphism B◦ι◦.→
B for the two balanced module functors B ◦ ι ◦ .,B : D×M→ D�M. By applying the

2-functor (̂.) we obtain the bimodule natural isomorphism (βlM)−1. To show that these
natural isomorphisms define a modification (βl)−1, we have to prove the equation

D�M M D�M

D�N N D�N

lM

D�F

l−
M

F D�F

lN

1

β−1

l−
N

lF l−F =

D�M M D�M

D�N D�N

lN

1
D�F

β−1

l−
M

D�F

1

(3.78)
for all bimodule functors F : DMC → DNC. Inserting the definitions, one finds that this
is equivalent to the condition that the following two diagrams are equal.

D×M M D×M D�M

D×N N D×N D�N,

.

D×F

ι

F

B

D×F D�F

.

B

ι B

φF ϕD×F

β

(3.79)

D×M M D×M D�M

D×N D�N .

D×F
B

. ι B

D�F

B

β

ϕD×F

(3.80)

We compute both sides on objects. When evaluated on objects d ∈ D and m ∈M, the
first diagram yields the morphism

(D�F)B(1×d .m) B(1×F(d .m) B(1×d .F(m))

B(d× F(m)),

ϕD×F(1×d .m) φFd,m

β
(3.81)

while the other diagram corresponds to

(D�F)B(1×d .m) (D�F)B(d×m) B(d× F(m)).b ϕD×F(d×m)
(3.82)

These two morphisms are equal since ϕD×F is a balanced natural isomorphism.
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3.6. The tricategory Bimod of bimodule categories

It remains to prove that the natural isomorphisms αl and βl define an adjoint equivalence
according to Definition A.3.3. We have to show that the composites

lM lMl
−
MlM lM, l−M l−MlMl

−
M l−M

lMβ
l αllM βll−

M
l−
M
αl

(3.83)

are the respective identities. In the first case this is equivalent to the commutativity of
the diagram

lMl
−
MlM = lMBιlM . ιlM 1lM = lM.

ϕl

αllM

λM (3.84)

By definition of αl, this is equivalent to the commutativity of the diagram

lMB lMBι . . ι . .b

ϕl

ϕl λM (3.85)

Evaluated on objects, this diagram takes the form

lMB(d×m) lMB(1×d .m) 1 .(d .m) d .m.b

ϕl(d×m)

ϕl(1×d .m) λMd .m (3.86)

This last diagram commutes since ϕ is a balanced natural isomorphism.

In the second case, the requirement that morphism (3.87) is the identity is equivalent
to the condition that

Bι Bι . ι Bι,
(βl)−1

BιλM (3.87)

is the identity natural transformation on Bι. Evaluated on objects, this yields

B(1×m) B(1×1 .m) B(1×m),
β BιλM (3.88)

which is the identity on the object B(1×m), by equation (2.21). �

The bimodule functors rM : DMC� CCC → DMC and r−M : DMC → DMC� CCC are
defined analogously using the right action of C on DMC and the proof that they define
an adjoint equivalence is similar.

vi) The modification µ, from 3.6.1, vi) is defined by applying the functor (̂.) to the diagram
(3.49) in Bimodmulti. It follows directly that µ is a modification, since it is the composite
of a 2-functor with a modification.

vii) The modification λ is obtained by applying (̂.) to the diagrams (3.50).

viii) The modification ρ is obtained analogously by applying (̂.) to the diagram (3.51).

65



3. The tricategory of bimodule categories

ix) Applying (̂.) to the diagram (3.52) defines the modification π.

x) To complete the proof that Bimod is a tricategory, it remains to verify the three axioms
in [38]. All the structures of Bimod are defined in terms of structures in Bimodmulti and
every axiom for Bimod is a pasting diagram that is obtained from a pasting diagram in
Bimodmulti according to Corollary 3.5.13. Hence Corollary 3.5.13 reduces the proof to
the proof that the corresponding pasting diagrams in Bimodmulti commute. The first
axiom in [38] is the so-called Stasheff 5-polytope, the higher analogue of the pentagon
axiom for monoidal categories. This axiom is trivial in Bimodmulti, since the associa-
tor α in Bimodmulti already satisfies the pentagon axiom and hence the corresponding
modification π is the identity. The remaining axioms follow by applying the 2-functor

(̂.) to the diagram (3.53) and to diagram (3.54).
�

From the previous section it follows in particular that for every fusion category C, there
is a monoidal bicategory Bimod(C,C). In the following example we describe the monoidal
bicategory Bimod(Vect,Vect) in some detail since the structures are needed in later chapters.

Example 3.6.4 Recall from Section 2.1, that a Vect-module category M is just a fine
semisimple abelian category over Vect. By equation (2.5), the Vect-module structure for
such a M is defined by

HomM(m,V .n) = V ⊗C HomM(m,n), (3.89)

for all m,n ∈M and V ∈ Vect. Furthermore, it follows from [72] that Vect-bimodule functors
F,G : M→ N and Vect-bimodule natural transformations η : F→ G are the same as additive
functors F,G and additive natural transformations η.

We now describe the duality structures of this monoidal 2-category. This will help to
organize the dualities in the general case. Recall first the monoidal 2-category structures of
Bimod(Vect,Vect).

The tensor product The composite of module categories M and N in Bimod(Vect,Vect) is
the Deligne product M�N.

The units The left unit is the additive functor lM : M → Vect � M that is defined by
lM(m) = C�m for m ∈M. The functor l−M : Vect�M→M is defined by l−M(V �m) = V .m.
It is immediately apparent that

l−M ◦ lM(m) = C .m ' m,

and the natural isomorphism

lM ◦ l−M(V �m) = C� (V .m) ' V �m,

is obtained via the Yoneda lemma from the chain of isomorphisms

HomVect�M(W � n,C� V .m) = HomVect(W,C)⊗C HomM(n, V .m)

' HomVect(W,C)⊗C V ⊗C HomM(n,m)

' HomVect(W,V )⊗C HomM(n,m)

' HomVect�M(W � n, V �m),

for all W � n ∈ Vect�M.
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Remark 3.6.5 There are two ways to proceed from Theorem 3.6.1.

i) In [22] exact module categories over finite tensor categories, see Definition A.2.8, are
defined and it is shown that they exhibit many analogous properties to the module
categories over fusion categories. In particular, the tensor product over exact module
categories exists and we expect that our proof of Theorem 3.6.1 generalizes directly to
the case of exact bimodule categories over finite tensor categories. However, in the next
chapters we are mostly interested in the duality structure in the tricategory Bimod, and
it is not obvious how our considerations there generalize.

ii) It is widely believed that the Deligne product provides a symmetric monoidal structure
on the tricategory Bimod, [63]. The structure of a monoidal tricategory belongs to the
realm of 4-categories, see e.g [65], that are much less well understood that tricategories
and an exploration of this conjecture is beyond the scope of this work.
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4. Module traces for module categories over
fusion categories

In this chapter we investigate module traces on (bi)module categories over fusion categories.
Most of the results of this chapter are published in [61].

4.1. Graphical calculus for module categories

In the sequel, the graphical calculus for monoidal categories (see Section A.2) is extended to
module categories. Therefore, we define the following pictorial representation of the objects,
morphisms and the action of a left module category CM. The graphical notation and all
the statements in this and the following sections have obvious analogues for right C-module
categories. The objects m of a module category CM are represented by a vertical line that
indicates that M is a left C-module category as follows:

m =̂ m . (4.1)

As for the graphical calculus of monoidal categories, we use the symbol “=̂” to indicate that
an algebraic equation on the left is represented by a diagram on the right. A morphism
g : m→ n in M corresponds to:

g : m→ n =̂

n

g

m

. (4.2)

For an object c ∈ C, the object c .m of M is represented by:

c .m =̂ mc . (4.3)

If there are two objects c and x of C acting on m ∈M, the diagram

mcx , (4.4)
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4. Module traces for module categories over fusion categories

is a priori ambiguous, since with the definitions above and the usual diagrammatic calculus
for monoidal categories, it represents both the object, (x⊗ c) .m, and the object c .(c .m)).
Similarly, the diagram

m , (4.5)

represents both the object m ∈ M and the object 1C .m ∈ M. To interpret theses diagrams
consistently, we use the coherence theorem for module categories. Since any module category
is equivalent to a strict module category, see [35, Thm. 1.3.8.], this implies in particular the
following:

Lemma 4.1.1 ( [35, Thm. 1.3.8.]) All pasting diagrams of morphisms in CM, that are
built from coherence data of C and M, commute.

Hence, the graphical notation for module categories has properties analogous to the graph-
ical notation for monoidal categories A.2. Once parentheses and actions of unit objects are
specified for the incoming and outgoing objects, each diagram unambiguously represents a
morphism in M.

Next we extend the graphical calculus to inner hom objects. Recall from Section 2, that
the inner hom objects of CM are objects C〈m,n〉M ∈ C for m,n ∈M, together with a natural
isomorphism

α : HomM(c .m, n) ' HomC(c, C〈m,n〉M), (4.6)

for all c ∈ C and m,n ∈M. The inner hom object is represented by the following diagram:

C〈m,n〉M =̂ mn ,

and the isomorphism (4.6) reads:

α :

n

mc
∼→

n

c

m

,

where the second diagram is a usual diagram for the monoidal category C. In the sequel we
will denote C〈., .〉M just by C〈., .〉, whenever this is unambiguous. The isomorphism α can be
visualized by flipping the string representing m and zipping it with the n-string.

For a morphism g : n → ñ, the morphism C〈m, g〉 : C〈m,n〉 → C〈m, ñ〉 is given by the
diagram

g
mn

ñ

.
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Each morphism h : m→ m̃ defines a morphism C〈h, n〉 : C〈m̃, n〉 → C〈m,n〉 that corresponds
to the diagram

h∗

m

n m̃
.

The symbol h∗ indicates that the functor C〈., .〉 is contravariant in the first argument.

Remark 4.1.2 In the case of C considered as a left module category over itself, the inner
hom object of c, d ∈ C is given by C〈c, d〉 = d⊗ c∗. For a morphism h : c→ c̃, it is indeed the
case, that C〈h, d〉 = idd⊗h∗. The notation h∗ in the diagram representing C〈h, d〉 is therefore
consistent.

The naturality of the morphism α : HomM(c .m, n) ' HomC(c, C〈m,n〉) in all arguments
corresponds to the following moves on diagrams:

i) α is natural with respect to m. For all morphisms h : m→ m̃, the image of

c
m

n

m̃
h

under the isomorphism α corresponds to the following two diagrams that are considered
to be equal

c

m
n

m̃
h∗

=

c
m

n

m̃

α(h)

.

ii) α is natural with respect to n. For all morphisms g : n→ ñ, the image of

c m

n

ñ
g

f

under the isomorphism α corresponds to the following two diagram, that thus are con-
sidered to be equal:

c

m
n

ñ
g

α(f) =

c

mñ

α(g ◦ f) .
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iii) α is natural with respect to c, i.e. for all morphisms γ : c→ d, the image of

c
m

n

γ

f
d

under α corresponds to the following two equal diagrams:

c

mn

α(f)

γ
d

=

c

mn

α(f ◦ (γ .m)) .

The compatibility of α with the module structure can be formulated in diagrammatic calculus
as follows.

Lemma 4.1.3 The natural isomorphism α from equation (2.31) is compatible with the module
structure in the following sense. For all morphisms γ : x→ y in C and all f ∈ Hom(c .m, n),

cx

y

γ f

n

m
α7→

n

cx

y

γ α(f)

m

.

Proof. It suffices to proof the statement for y = x and γ = idx. The general case then follows
directly from the naturality of α in condition iii) above. First recall that the canonical
isomorphism C〈m, c . n〉 ' c ⊗ C〈m,n〉 is constructed as follows. Consider for x, c ∈ C and
m,n ∈M the square:

Hom(x .(c .m), n)
' //

'
��

Hom(c .m, ∗x .n)

α

��
Hom((x⊗ c) .m, n)

α

��

Hom(c, C〈m, ∗x .n〉)

'
��

Hom(x⊗ c, C〈m,n〉) ' // Hom(c, ∗x⊗ C〈m,n〉).

The horizontal isomorphisms are induced by the duality in C, while the unlabeled vertical
isomorphism on the right is the natural isomorphism C〈m, ∗x .n〉 ' ∗x⊗ C〈m,n〉 from equation
(2.37). The unlabeled vertical isomorphism on the left is defined by the module constraint
of CM. This isomorphism is defined by the requirement that the square commutes. As it
is constructed from natural isomorphisms which we suppress in the graphical notation, we
will suppress this isomorphism as well in the sequel. So we have to show that α(idx . f) =
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4.2. From module categories to algebras

idx⊗α(f). It follows from the commutativity of the previous diagram, that the diagram

Hom(x .(c .m), x . n)
' //

α

��

Hom(x∗ ⊗ x⊗ c) .m, n)

α

��
Hom(x⊗ c, x⊗ C〈m,n〉) Hom(x∗ ⊗ x⊗ c, C〈m,n〉)'

oo

(4.7)

commutes. If we choose the element idx⊗f ∈ Hom(x .(c .m), x . n) with f ∈ Hom(c .m, n)
in the vector space at the left upper corner in (4.7), the commutativity of this diagram implies
α(idx . f) = idx⊗α(f). �

4.2. From module categories to algebras

Using the graphical calculus we review the results from [57] on the relation between module
categories and algebra objects. We first define the internal multiplication.

Definition 4.2.1 i) The internal evaluation morphism evn,m : C〈n,m〉 . n→ m, [57, Sec.
3.2.], for objects n,m ∈M is defined and represented by:

evn,m = α−1(id
C〈n,m〉) =̂

n

m

. (4.8)

ii) The internal multiplication µm,n,k : C〈n, k〉 ⊗ C〈m,n〉 → C〈m, k〉 for objects m,n, k ∈M

is defined and represented by

µm,n,k = α


m

n

k

 =̂
k m

n
.

iii) The internal unit ηm : 1→ C〈m,m〉 is given by

ηm = α

 m

 =̂ mm .

Note that the graphical notation for the internal evaluation is compatible with the notation
for α, since by flipping the n-string in the diagram (4.8) one obtains the identity string for
the object C〈n,m〉 on the right hand side of (4.8).

Lemma 4.2.2 For all morphisms f ∈ Hom(c .m, C〈n, k〉 . n),

α(evn,k ◦f) = µm,n,k ◦ α(f), i.e.
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4. Module traces for module categories over fusion categories

k

n

c
f
m

α7→
m

α(f)
c

n
k

.

Proof. The identity

g

l

s

d
=

l

s

d
α(g)

,

for all g ∈ Hom(d . l, s) follows from applying α to both sides and using the naturality of α.
Applying this identity to f with s = C〈n, k〉 . n yields

k

n

c
f

m

=

m

n

c
α(f)

k

.

Applying α to the right hand side of this equation and using its naturality proves the claim.
�

The following theorem plays an important role in the theory of module categories since it
combines the theory of module categories with the theory of algebras and it allows one to
describe module categories over C by considering particular objects in C.

Theorem 4.2.3 ( [57]) For all objects m,n in a C-module category CM, C〈m,m〉 is an
algebra object in C and C〈m,n〉 is a right C〈m,m〉-module object. The functor M 3 n →
C〈n,m〉 ∈ Mod( C〈m,m〉) is an equivalence of C-module categories.

We will formulate parts of the proof of this statement from [57] with the graphical calculus.

Proposition 4.2.4 i) The internal evaluation morphism is a module morphism:

k
m

n

=

m

n

k

.

ii) The internal multiplication is associative:

l

k m

n = l

k m

n

. (4.9)
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4.3. Module traces on module categories over pivotal fusion categories

Proof. The first relation follows from applying α to both diagrams. Both diagrams obtained
in this way represent the multiplication morphism. Since α is an isomorphism, the preimages
have to agree as well.

To show the second part, first note that the expression on the left hand side of equation
(4.9) is α applied to the diagram

l

k

m

n .

Part i) implies

l

k

m

n =

l

n

k

m

. (4.10)

Now apply α to the diagram on the right. Lemma 4.1.3 shows that in the upper part of
the diagram this yields the morphism id

C〈l,k〉 ⊗µm,n,l. With Lemma 4.2.2 we conclude that α
applied to this diagram yields the right hand side of equation (4.9). The statement follows
since α is an isomorphism. �

4.3. Module traces on module categories over pivotal fusion
categories

We are now ready to define the notion of a module trace. As example we consider the module
categories over G-graded vector spaces.

For each left module category M over a pivotal category C there is a linear map for all
objects c ∈ C and m ∈M,

trCc,m : EndM(c .m)→ EndM(m), f 7→ (evc . idm) ◦ (a∗c . f) ◦ (coev′c . idm), (4.11)

which we call partial trace. To be more precise, the module constraint isomorphism 1C .m '
m should occur on the right hand side, but we will suppress this isomorphism in our formulas.
Whenever it is unambiguous we omit the labels of trC. The analogous map for right module
categories will be also called trC. For bimodule categories CMC, we distinguish the left and
the right partial traces with an additional label. The left partial trace will be denoted trC,L

and the right partial trace trC,R.
The graphical representation of the map trC for CM is

trC


c

c

m

m

 =
c

c

m

m

.

Here and in the sequel, we suppress the pivotal structure. As a direct consequence of the
definition of a module functor we obtain:
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4. Module traces for module categories over fusion categories

Lemma 4.3.1 Let (F, φF) : CM → CN be a C-module functor. For all morphisms g ∈
EndM(c .m), one has

trC(φFc,mF(g)(φFc,m)−1) = F(trC(g)). (4.12)

Proof. Recall that φFc,m : F(c .m) → c .F(m) denotes the module functor constraint of F.

Using once the naturality of φFc,m and the coherence of φFc,m in the second step, we obtain

trC(φFc,mF(g)(φFc,m)−1)

= (ev′c . idF(m))(c
∗ . φFc,m)φFc∗,F(c .m)F(a∗c . g)(φF∗c,F(c .m))

−1(∗c .(φFc,m)−1)(coevc . idF(m))

= F(trC(g)).

(4.13)

�

Lemma 4.3.2 Let CMD be a bimodule category. The partial traces trC,L and trD,R commute
in the following sense: For all morphisms g ∈ EndM((c .m) / d),

trC,L(trD,R(g)) = trD,R(trC,L(γ−1
c,m,dgγc,m,d)), (4.14)

where γ is the bimodule constraint from Lemma 2.3.2.

Proof. The proof of this statement is similar to the proof of Lemma 4.3.1. One uses the
definition of the partial traces, inserts the morphism γ on the right hand side of equation
(4.14). Using then the naturality and the coherence of γ one obtains the left hand side. �
With this result we can unambiguously define the linear map

trC,Dc,m,d : EndM(c .m/ d)→ EndM(m), (4.15)

for a bimodule category CMD, by using either side of equation (4.14).
The map trC leads to the definition of a module trace, which will play a central role in the

remainder of this work.

Definition 4.3.3 ( [61, Def. 3.7]) Let M be a left module category over a pivotal fusion
category C. A trace Θ on M is a collection of linear maps

Θm : EndM(m)→ C for all m ∈M, (4.16)

such that the following properties are satisfied:

i) Θ is symmetric: for all f ∈ HomM(m,n) and g ∈ HomM(n,m),

Θm(g ◦ f) = Θn(f ◦ g). (4.17)

ii) Θ is non-degenerate: the pairing

HomM(m,n)× HomM(n,m)→ C, (f, g) 7→ Θm(g ◦ f) (4.18)

is non-degenerate for all m,n ∈M.

If furthermore
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4.3. Module traces on module categories over pivotal fusion categories

iii) Θ is C-compatible: for all c ∈ C, m ∈M,

Θc .m = Θm ◦ trC, (4.19)

then Θ is called a C-module trace or just module trace if the category C is clear from the context.
We sometimes write ( MC,Θ

M) for a module category with module trace. The definition of
a module trace for right module categories is analogous. A bimodule trace on a bimodule
category CMD, is a trace Θ on M, that is a module trace for the left and right module actions.

The notion of a trace on a linear category is well-known and a linear category with a trace is
also called a Calabi-Yau category, see e.g. [11, Sec. 2].

An equivalent condition that characterizes a bimodule trace is

Θm ◦ trC,D = Θc .m/ d. (4.20)

Remark 4.3.4 i) The notion of a module trace is a generalization of the well-known trace
on a pivotal fusion category defined by the pivotal structure. Indeed, consider C as a
left module category over itself. That the left trace trL : EndC(c) → C, see Definition
A.2.6 induces a module trace on C, can be seen as follows. The left trace is symmetric
and the compatibility of the duality with the tensor product yields equation (4.19).
For the non-degeneracy, note that the argument in the proof of [67, Lemma II.4.2.3]
can be extended to the case of pivotal fusion categories, see also Lemma 4.7.1. The
semisimplicity of C is crucial at this point: In [16, Prop. 5.7], it is shown that a pivotal
abelian monoidal category satisfying the condition that every object has finite length,
see Definition A.1.8, has a non-degenerate trace if and only if it is semisimple.

ii) For any given trace Θ on M and non-zero number z ∈ C the linear maps z ·Θm define
another trace denoted z ·Θ. If Θ is a module trace then z ·Θ is again a module trace.
We will show in Section 4.4 that module traces are unique up to such rescalings.

We introduce a graphical notation for module traces:

Θm(f) =̂

m

m

f .

The symmetry and C-compatibility of Θ then read

n

f
m

g
m

=

n
f

g
m

n

,
c

c

m

m

=
c

c

m

m

.

Given a trace Θ on a category M, we define the dimensions of objects m ∈ M with respect
to Θ as

dimΘ(m) = Θm(idm). (4.21)

The dimensions of objects have the following properties.
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4. Module traces for module categories over fusion categories

Lemma 4.3.5 ( [61, Lemma 3.9]) i) The dimensions of two isomorphic objects m,n ∈
M satisfy dimΘ(m) = dimΘ(n).

ii) Θ is compatible with direct sums. For all f ∈ EndM(m), g ∈ EndM(n), we have
Θm⊕n(f ⊕ g) = Θm(f) + Θn(g). In particular, dimΘ(m⊕ n) = dimΘ(m) + dimΘ(n).

iii) For all objects c ∈ C and m ∈M,

dimΘ(c .m) = dimC(c) · dimΘ(m). (4.22)

Proof. For the first part choose an isomorphism f : m→ n. Then

dimΘ(m) = Θm(idm) = Θm(f−1 ◦ f) = Θn(f ◦ f−1) = Θn(idn) = dimΘ(n).

For the second part, note that the linearity of Θ implies

Θm⊕n(f ⊕ g) = Θm⊕n(f ⊕ 0 + 0⊕ g) = Θm⊕n(f ⊕ 0) + Θm⊕n(0⊕ g).

Now choose morphisms i : m→ m⊕ n and p : m⊕ n→ m with p ◦ i = idm. Then

Θm⊕n(f ⊕ 0) = Θm⊕n(i ◦ f ◦ p) = Θm(f ◦ p ◦ i) = Θm(f).

An analogous argument applied to g together with the linearity of Θ completes the second
part. The third part follows directly from the C-compatibility of Θ. �

Direct sums and equivalences of module categories with module trace We show that
the notion of module traces is well-behaved with respect to direct sum of module categories
and investigate the structure of the module categories with C-module trace in the 2-category
Mod (C) of C-module categories, module functors and module natural transformations.

Definition 4.3.6 ( [61, Def. 3.10]) Let ModΘ(C) be the full sub 2-category of Mod (C)
which has C-module categories ( MC,Θ

M) endowed with a C-module trace ΘM as objects. A
module functor F : CM → CN is called an isometric module functor if ΘN(F(f)) = ΘM(f) for
all f ∈ EndM(m) and all m ∈M. Two module categories in ModΘ(C) are called isometrically
equivalent if there exists an equivalence of module categories consisting of isometric module
functors between them.

Note that an isometric module functor is faithful due to the non-degeneracy of the module
traces. The subcategory ModΘ(C) is well-behaved in the following sense.

Proposition 4.3.7 ( [61, Prop. 3.11]) i) Let ( CM,ΘM) be a an object in ModΘ(C) and
let CN be a module category with an equivalence F : CN → CM of module categories.
Then there exists a unique C-module trace on CN such that F is an isometric equivalence.

ii) The direct sum of two module categories with module traces possesses a canonical module
trace.

iii) A submodule category of a module category with module trace inherits a canonical module
trace.

iv) Each object in ModΘ(C) is isometrically equivalent to a finite direct sum of indecompos-
able objects.
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4.3. Module traces on module categories over pivotal fusion categories

Proof. To show the first part, define the linear maps ΘN(f) = ΘM(F(f)) for all f ∈ EndN(n).
Lemma 4.3.1 implies that this defines a module trace for N and that F is isometric by construc-
tion. The uniqueness of ΘN is clear. For the second part consider an object m⊕n ∈ CM⊕ CN.
Since EndM⊕N(m ⊕ n) = EndM(m) ⊕ EndN(n), we can define a linear map (ΘM ⊕ ΘN)m⊕n :
EndM⊕N(m ⊕ n) → C as the sum ΘM

m ⊕ ΘN
n . It is easy to see that this defines a C-module

trace. Now consider a submodule category of a module category with module trace. As we
can choose a complement of the submodule category, the restriction of a module trace to a
submodule category is non-degenerate and hence a module trace. The last statement is a
consequence of the first and second statement. �

Examples In the following, we consider some examples of module categories with module
trace. We already encountered the module category CC. Analogously, the right module
category CC possesses a canonical module trace given by the right trace on C.

Lemma 4.3.8 The bimodule category CCC, where C is equipped with a fixed pivotal structure,
possesses a bimodule trace if and only if the pivotal structure is spherical.

Proof. Assume that Θ is a bimodule trace on CCC. Then

dimL(c) · dimΘ(1C) = dimΘ(c⊗ 1C)

= dimΘ(1C⊗c) = dimR(c) · dimΘ(1C),
(4.23)

hence the left and right dimensions of all objects c ∈ C agree and C is spherical by [53, Lemma
2.8]. On the other hand it is easy to see that if C is spherical, then the (left or right) trace
on C provides a bimodule trace on CCC. �

Recall from Example 2.1.2 that a semisimple abelian category over C is a module category
over Vect with module structure V ⊗C m defined by V ⊗C HomM(m,n) ' HomM(V ⊗C m,n)
for V ∈ Vect and m,n ∈M.

Lemma 4.3.9 ( [61, Lemma 3.12]) A trace on a semisimple category M is the same as a
Vect-module trace on M.

Proof. We show that condition (4.19) is satisfied. As EndM(V ⊗C m) ' End(V )⊗ End(m), it
is sufficient to show that

ΘV⊗Cm(α⊗C f) = tr(α)Θm(f) (4.24)

for all V ∈ Vect, α ∈ End(V ) and f ∈ End(m). Here tr is the usual trace on Vect that
coincides with the left trace on Vect considered as a fusion category.

For z ∈ C = HomVect(C,C) and f ∈ EndM(m) one has z ⊗C f = zf ∈ EndM(m). Hence it
follows that Θm(z ⊗C f) = zΘm(f). Assume now that dim(V ) = n. A basis of V defines a
set of morphisms ik : m→ V ⊗C m and pk : V ⊗C m for k ∈ {1, · · · , n} such that

pl ◦ ik = δl,k idm and ⊕k ik ◦ pk = idV⊗Cm .

Then

ΘV⊗Cm(α⊗C f) = ΘV⊗Cm(α⊗C f ◦ (⊕kik ◦ pk))

=
∑
k

ΘV⊗Cm(pk ◦ α⊗C f ◦ ik) = tr(α)Θm(f)
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4. Module traces for module categories over fusion categories

Here we used in the third step the symmetry of Θ and the compatibility with direct sums
according to 4.3.5 ii). �

Recall from Example 2.1.4 the module categories M(H,Ψ) over (VectωG, κ), where κ ∈
Hom(G,C×) defines a pivotal structure on VectωG.

Lemma 4.3.10 ( [61, Ex. 3.13]) A module category M(H,Ψ) over the pivotal fusion cat-
egory (VectωG, κ) possesses a module trace if and only if κ|H = 1.

Proof. Suppose Θ is a module trace on M(H,Ψ) normalized in such a way that Θ([e]) = 1.
Then equation (4.22) implies Θ([gx]) = κ(g) · Θ([x]), in particular Θ([g]) = κ(g). So κ is
well-defined on H\G, which is the case if and only if κ|H = 1. Conversely, if κ|H = 1 it is
easy to see that κ yields a module trace for M(H,Ψ). In particular, any module category
over VectG can be equipped with a module trace by choosing the pivotal structure on VectG
corresponding to κ ≡ 1. �

Example 4.3.11 ( [61, Ex. 1.14]) Let C be a fusion category. Consider the construction

of a pivotal fusion category C̃ from [20, Remark 3.1]: The simple objects of C̃ are pairs (c, fc),
where c ∈ C is a simple object and fc : c → c∗∗ is an isomorphism such that f∗∗c fc = gc,
where g is the canonical monoidal natural isomorphism idC → (.)∗∗∗∗ defined in [20]. With

(c, fc) ∈ C̃ it follows that (c,−fc) ∈ C̃. C̃ has a canonical pivotal structure such that

dimC̃(c, fc) = ev′c∗∗ ◦(fc ⊗ idc∗) ◦ coevc =: tr(fc).

The monoidal structure of C̃ is induced by the monoidal structure of C and the forgetful functor
U : C̃→ C is a monoidal functor. Hence C is a left C̃-module category. This module category
does not admit a module trace when C̃ is equipped with the canonical pivotal structure.
Assume that Θ is a module trace and let c, d ∈ C be simple objects. Then

tr(fc) dimΘ(d) = dimΘ((c, fc) . d) = dimΘ(c⊗ d)

= dimΘ((c,−fc) . d) = − tr(fc) dimΘ(d),

which is a contradiction. However, a pivotal structure a for C induces a different pivotal

structure for C̃ with quantum dimensions dim(C̃,a)(c, fc) = dimC(c), and it is easy to see that

the right trace with respect to a defines a C̃-module trace for the module category C.

These examples motivate the following definition.

Definition 4.3.12 ( [61, Def. 3.15]) Let C be a fusion category with pivotal structure a :
idC → (.)∗∗ and CM a module category. The pair (a, CM) is called matched if there exists a
C-module trace on CM. A pivotal structure for C that is matched with all module categories
is called flexible.

4.4. Uniqueness of module traces

In this subsection we show that module traces are unique up to scaling. First we examine
traces on abelian categories and give an equivalent characterization of traces in terms of
certain natural isomorphisms. In the next step we show that analogous results hold for
module traces.
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Proposition 4.4.1 ( [61, Prop. 4.1]) Let M be an additive category enriched over Vect.
The following structures on M are equivalent:

i) A trace on M.

ii) For all objects m,n ∈M, a natural isomorphism ηm,n : HomM(m,n)→ HomM(n,m)∗.

Proof. Let Θ be a trace on M. The non-degenerate pairing HomM(m,n)×HomM(n,m)→ C
defines isomorphisms ηm,n : HomM(m,n) ' HomM(n,m)∗. We have to show that these
isomorphisms are natural, i.e. that for χ : n→ ñ the diagram

Hom(m,n)
ηm,n //

Hom(m,χ)

��

Hom(n,m)∗

Hom(χ,m)∗

��
Hom(m, ñ)

ηm,ñ // Hom(ñ,m)∗,

(4.25)

commutes. Let f ∈ Hom(m,n) and g ∈ Hom(ñ,m). Hom(m,χ) is the linear map that sends
f to χ ◦ f . We compute

(ηm,ñ ◦ Hom(m,χ))(f)(g) = Θm(g ◦ (χ ◦ f))

= Θm((g ◦ χ) ◦ f) = (Hom(χ,m)∗ ◦ ηm,n)(f)(g).

This shows the commutativity of the diagram (4.25). The proof for naturality in m is analo-
gous.

On the other hand, a natural isomorphism ηm,n : HomM(m,n) → HomM(n,m)∗ induces
a linear map Θm : HomM(m,m) → C by Θm(f) = ηm,m(1m)(f). For α ∈ Hom(m,n) and
β ∈ Hom(n,m), the naturality of η implies

Θm(β ◦ α) = ηm,m(1m)(β ◦ α) = ηm,n(α)(β) = ηn,n(α ◦ β) = Θn(α ◦ β).

This proves the symmetry of Θ. The non-degeneracy follows from the fact that the map ηm,n
is an isomorphism. �

We will now generalize this proposition to C-module traces. Let CM be a C-left module
category. Recall from Example 2.4.2, equation (2.23) that the functors

Mop×M→ Vect, m× n 7→ HomM(m,n) and

Mop×M→ Vect, m× n 7→ HomM(n,m)∗
(4.26)

are canonically C-balanced.

Definition 4.4.2 A (right) C-module Serre functor (F, η) of a left C-module category is a
C-module functor F : M→M together with a C-balanced natural isomorphism

η : HomM(m,n)→ HomM(n,F(m))∗. (4.27)

Theorem 4.4.3 ( [61, Thm. 4.2]) Let CM be a left module category over a pivotal fusion
category C. Then the following structures on M are equivalent.

i) A C-module trace on M.
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4. Module traces for module categories over fusion categories

ii) A C-balanced natural isomorphism η : HomM(m,n) → HomM(n,m)∗ which gives the
identity functor 1M the structure of a Serre functor.

Proof. We have to show that the isomorphisms ηm,n : HomM(m,n) → HomM(n,m)∗ from
Proposition 4.4.1 are C-balanced if and only if Θ is C-compatible. Consider morphisms f ∈
Hom(m, c . n) and g ∈ Hom(c . n,m). Denote by f̂ ∈ Hom(c∗ .m, n) and ĝ ∈ Hom(n, c∗ .m)
the images of f and g under the balancing isomorphisms (2.24) and (2.25), respectively. A
direct computation shows that the C-balancing property of ηm,n is equivalent to the condition

Θm(g ◦ f) = Θc∗ .m(ĝ ◦ f̂), (4.28)

for all possible f and g. Due to the symmetry of Θ, Θc∗ .m(ĝ ◦ f̂) = Θn(trC(f ◦ g)), and we
conclude that equation (4.28) is equivalent to the C-compatibility of Θ. �

This implies in particular that for each pivotal fusion category C there is a natural C-
balanced isomorphism

ηC : Hom(x, y)→ Hom(y, x)∗, (4.29)

induced by the right trace. Furthermore, we deduce that the dual module category of a
module category with module trace has a natural module trace.

Proposition 4.4.4 Let CM be a left C-module category with module trace. Then the opposite
category Mop

C has a natural module trace. If CMD is a bimodule category with bimodule trace,
then DM

op
C has a bimodule trace as well.

Proof. We use the characterization of module traces according to the previous theorem. Then
we obtain the following natural isomorphism

HomMop(n,m) = HomM(m,n)
ηM→ HomM(n,m)∗ = HomMop(n,m)∗. (4.30)

It follows from the fact that that ηM defines a module trace for M, that this natural isomor-
phisms define a module trace of Mop. It CMD is a bimodule category with bimodule trace,
this trace is clearly a bimodule trace on DM

op
C . �

The next result shows that module traces are essentially unique. Consequently, the exis-
tence of a module trace on a given module category over a pivotal fusion category is a property
of a module category rather than a structure on a module category.

Proposition 4.4.5 ( [61, Prop. 4.4]) Let ( CM,Θ) be an indecomposable module category
over C with module trace. Then any other module trace Θ̃ on CM is of the form Θ̃ = z · Θ
with some z ∈ C×.

Proof. Let Θ and Θ̃ be two module traces on CM. According to Theorem 4.4.3 they cor-
respond to C-balanced natural isomorphisms η, η̃ : Hom(m,n) → Hom(n,m)∗, respectively.
Hence the composite η−1 · η̃ : Hom(m,n) → Hom(m,n) of the natural isomorphisms is a C-
balanced natural isomorphism. According to Lemma 2.4.6 there is a unique C-module natural
isomorphism Z : idM → idM such that

η−1 · η̃(f) = Z(n) ◦ f for all f ∈ Hom(m,n).

Theorem 2.2.8 iii) implies that there is a non-zero complex number z such that Z(f) = z · f
for all morphisms f in M. Thus η̃(f) = z · η(f) and hence Θ̃ = z ·Θ. �
This proposition implies also that module traces for right module categories and bimodule
categories are unique up to rescaling.
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4.5. Module traces and double adjoints of module functors

In this section we construct natural module isomorphisms between module functors of mod-
ule categories with C-module traces and their double adjoint module functors. These iso-
morphisms are compatible with the composition of functors and if the module category is
indecomposable they define a pivotal structure for the dual fusion category. Recall that the
left and right adjoint functors Fl,Fr : CN → CM of a module functor F : CM → CN have a
canonical structure of module functors. Note that in our convention the left adjoint functor Fl

is a right dual object to F in the monoidal category of functors and natural transformations.
It follows directly from Proposition 2.2.4 that for a module natural transformation ρ : F→ G
between F,G : CM → CN, the left adjoint transformation ρl : Gl → Fl is again a module
natural transformation.

Theorem 4.5.1 ( [61, Thm. 4.5]) Consider CM, CN ∈ ModΘ(C). For all module functors
F : CM → CN there is a canonical module natural isomorphism aF : F→ Fll to the double left
adjoint module functor of F.

i) The natural isomorphisms aF are natural with respect to module natural transformations,
i.e. for any module functor G : CM → CN and any module natural transformation
ρ : F→ G, the following diagram commutes

F
aF //

ρ

��

Fll

ρll

��
G

aG // Gll.

ii) For all module functors F : CM → CN and K : CN → CE,

aKF = aK ◦ aF : K ◦ F→ (K ◦ F)ll. (4.31)

iii) For the identity module functor 1M : CM → CM, the natural isomorphism is given by
a1M = id1M .

In particular, these isomorphisms equip the dual category C∗M = FunC (M,M) with a pivotal
structure that is invariant under rescaling of the module trace of CM.

Proof. According to Theorem 4.4.3 we can identify the module traces with C-balanced natural
isomorphisms ηM : Hom(m, m̃)→ Hom(m̃,m)∗ and ηN : Hom(n, ñ)→ Hom(ñ, n)∗. Consider
the following sequence of natural C-balanced isomorphisms:

HomN(n,F(m))→ HomM(Fl(n),m)
ηM→ HomM(m,Fl(n))∗

→ HomN(Fll(m), n)∗
(ηN)−1

→ HomN(n,Fll(m)).

(4.32)

According to Lemma 2.4.6, the composition defines a C-module natural isomorphism aF : F→
Fll.
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4. Module traces for module categories over fusion categories

For the first part we have to show that the diagram

Hom(n,Fm)

'
��

Hom(n,ρm) //

aF

��

Hom(n,Gm)

'
��

aG

��

Hom(Fln,m)

ηM

��

Hom(ρln,m) // Hom(Gln,m)

ηM

��
Hom(m,Fln)∗

'
��

Hom(m,ρln)∗ // Hom(m,Gln)∗

'
��

Hom(Fllm,n)∗

(ηN)−1

��

Hom(ρllm,n)∗ // Hom(Gllm,n)∗

(ηN)−1

��
Hom(n,Fllm)

Hom(n,ρllm) // Hom(n,Gllm)

commutes. All sub-diagrams commute either by naturality of ηM and ηN, by definition of the
adjoint of ρ, or by definition of aF and aG. Hence the whole diagram commutes.

For the second part we choose the specific left dual (KF)l = FlKl of the composition FK. This
identification is justified by the strictification of the duality structure in the rigid monoidal
category C∗M, see Proposition A.2.7. It is sufficient to prove that the following diagram
commutes:

Hom(e,KFm)

'
��

aKF

,,YYYYYYYYYYYYYYYYYYYYYYYYYYYYY

KaF

""

Hom(FlKle,m)

ηM

��

Hom(e,KllFllm)

Hom(m,FlKle)∗

'
��

Hom(KllFllm, e)∗

(ηE)−1
55llllllllllllll

Hom(Fllm,Kle)∗

(ηN)−1

��

'
55kkkkkkkkkkkkkk

Hom(Kle,Fllm)

'
��

Hom(e,KFllm).

aKF
ll

JJ

(4.33)

The upper triangle and the lower sub-diagram commute due to the definition of aKF and aK,
respectively. It remains to show that the sub-diagram on the left commutes. It is easy to see
that this sub-diagram can be rewritten as

Hom(e,KFm)
' //

Hom(e,KaFm)
��

Hom(Kle,Fm)

Hom(Kle,aFm)
��

Hom(e,KFllm)
' // Hom(Kle,Fllm),

(4.34)
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4.6. Conjugation of pivotal structures

The commutativity of the diagram (4.34) follows from the naturality of the adjunction and
thus the second part is proven. From part i) and ii) it is follows that the isomorphisms aF
equip C∗M = FunC (M,M) 3 F with a pivotal structure. We finally show that the construction
of aF does not depend on which module trace is chosen on M. According to Proposition 4.4.5,
any module trace θ′ differs from a given reference module trace θ by a constant factor z ∈ C×.
It is easy to see that the map ηM,θ

′
: HomM(m, m̃) ' HomM(m̃,m)∗ for θ′ then differs also

by a multiplication with z from the map ηM,θ corresponding to θ. Since the construction of
aF with θ′ involves a composition of ηM,θ

′
with its inverse and since composition of natural

transformations is linear, the factor z cancels out. For the last part is follows directly from
equation (4.32) that a1M = id1M . �

Corollary 4.5.2 Let CM ∈ ModΘ(C). Consider M as a C∗M-left module category and equip
C∗M with the induced pivotal structure from Theorem 4.5.1. Then the C-module trace on M is
also a C∗M-module trace.

Proof. See Section 2.2 for the structures of the category C∗M = FunC (M,M) In particular,
Proposition 2.2.4 provides the duality structure on C∗M. Recall that the action of a functor
F ∈ C∗M on m ∈ CM is given by F .m = F(m), see Example 2.3.10. By Theorem 4.4.3 it is
sufficient to show that the C-balanced natural isomorphism η : Hom(m, m̃) ' Hom(m̃,m)∗ is
also C∗M-balanced. The induced pivotal structure provides a natural isomorphism arF : Fr → Fl

for a functor F ∈ C∗M. We have to show that the diagram

Hom(m,Fn)
η //

'

��

Hom(Fn,m)∗

'
��

Hom(n,Frm)∗

(arF)−1

��
Hom(Flm,n)

η // Hom(n,Flm)∗

(4.35)

commutes for all m,n ∈M and F ∈ C∗M. The arrows pointing downwards are the C- balanc-
ing natural isomorphism for Hom(m,n) and Hom(n,m)∗, that are defined by the adjunction
and the pivotal structure according to equation (2.24) and (2.25), respectively. The natural
isomorphism aF is defined by equation (4.32) in precisely such a way that the diagram com-
mutes. Hence the statement follows. �

4.6. Conjugation of pivotal structures

When we restrict the considerations of the previous section to the case of C as a left module
category over itself, Theorem 4.5.1 provides for every pivotal structure a another pivotal
structure, that we call conjugate to a, which leads to complex conjugated dimensions of objects
in C. In this section we show that this conjugation coincides with another conjugation obtained
from the canonical natural monoidal isomorphism g : idC → (.)∗∗∗∗ that exists for all fusion
categories C [20]. Furthermore we present an alternative way to construct the isomorphism
g. To avoid confusion, we do not suppress the pivotal structures in the graphical calculations
of this section.
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4. Module traces for module categories over fusion categories

Theorem 4.6.1 ( [61, Thm. 4.7]) Let C be a fusion category with pivotal structure a :
idC → (.)∗∗.

i) Then there exists a pivotal structure a : idC → (.)∗∗ for C with (a∗∗x)−1 : x→ ∗∗x defined
by

d

c∗

c

∗∗x

x

c
∗c

a∗c (a∗∗x)−1

f

g

= c

d

∗x

∗∗x

x
f

g

d∗

a∗d

∗d

d

, (4.36)

for all f ∈ Hom(c, d⊗ x) and g ∈ Hom(d⊗ ∗∗x, c).

ii) The dimension dim(C,a)(x) of an object x with respect to the pivotal structure a is equal
to the complex conjugate of the dimension dim(C,a)(x) of x with respect to a.

iii) a = a if and only if a is spherical.

iv) The double conjugate of a pivotal structure is the pivotal structure itself, a = a.

v) The left trace on C defines a bimodule trace on the bimodule category (C,a)C(C,a), where C

equipped with the pivotal structure a acts from the left and C with the pivotal structure
a acts from the right.

Proof. It is well-known (see e.g. [20]) that FunC (C,C) is canonically equivalent to Crev as a
fusion category. Crev is the category C with reversed monoidal product. The module functors

CC → CC can be identified with the functors (.) ⊗ x : C 3 y 7→ y ⊗ x ∈ C for objects x ∈ C.
The left adjoint functor to (.)⊗x is given by the functor (.)⊗∗x. To show part i) we introduce
the following graphical notation for the isomorphism ηC : Hom(c, d)→ Hom(d, c)∗:

d

c

f
ηC7→

d

c
f

d
∗d

d∗

a∗d .
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4.6. Conjugation of pivotal structures

Once the ellipse is replaced by a morphism h ∈ Hom(d, c), the diagram represents the number
ηC(f)(h). The chain of isomorphisms (4.32) reads now in graphical terms:

d

c

f
x

7→
d

c

f
x

∗x ηC7→

d

c

f
x

∗xa∗d

d
∗d

d∗

7→ c

d

∗x

∗∗x

x
fd∗

a∗d

∗d

d

(ηC)−1

7→
d

c

f
x
(a∗∗x)−1

∗∗x

Inserting once more the definition of ηC, we find that equation (4.32) yields equation (4.36).
Hence Theorem 4.5.1 implies the first part.

To show the second statement, we restrict the first statement to the case d = ∗x, c = 1,
f = coev′x and g = ev′∗x. Since the dimensions in a pivotal category are defined as the right
trace of the identity morphism, this yields dim(C,a)(x) = dim(C,a)(∗x). By [20, Proposition
2.9],

dim(C,a)(∗x) = dim(C,a)(x),

and hence the statement follows.
Now consider the case a = a. The second part implies dimC(c) = dimC(∗c) for all c ∈ C and

it follows that a is spherical (see [53]). See Definition A.2.6 for the definition of a spherical
structure. Conversely, suppose that a is spherical. Then

d

c∗

c

∗∗x

x

c
∗c

a∗c a−1
∗∗x

f

g

=
a∗d

a−1
∗∗x

c

d ∗∗x

x

f

g
x

ax

x∗∗

d

= c

d

∗x

∗∗x

x
f

g

d∗

a∗d

∗d

d

,

where we used that a is spherical in the last step. So a = a by equation (4.36). For part iv)
we have to show that

d

c∗

c

∗∗x

x

c
∗c

a∗c a−1
∗∗x

f

g

= c

d

∗x

∗∗x

x
f

g

d∗

a∗d

∗d

d

.
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4. Module traces for module categories over fusion categories

With the symmetry of the right trace we calculate

d

c∗

c

∗∗x

x

c
∗c

a∗c a−1
∗∗x

f

g

=

(a∗∗d)
−1

a∗∗∗x
c

d ∗∗x

x

f

g

∗∗x

d

a∗d

∗∗∗x

∗x

= c

d

∗x

∗∗x

x
f

g

d∗

a∗d

∗d

d

,

where in the last step we used equation (4.36) with the morphism g in (4.36) set to id∗∗x.
The last part follows directly from the previous parts. This proves the theorem. �
We call the pivotal structure a the conjugate of a. The following follows immediately from
part v) of the previous Theorem.

Corollary 4.6.2 Let C be a pivotal fusion category. The unit bimodule category CCC has a
bimodule trace if and only the pivotal structure is spherical.

Example 4.6.3 In the example of G-graded vector spaces, see Example 2.1.4, where a pivotal
structure is a group homomorphism κ : G → C, the complex conjugate pivotal structure is
indeed given by the complex conjugate of κ.

It is instructive to consider the existence of conjugated pivotal structures also from another
perspective. In [20] it is shown that for every fusion category there exists a monoidal natural
isomorphism g : id → (.)∗∗∗∗. We provide a simple description of such an isomorphism using
dual Hom-spaces and show that the conjugate of a pivotal structure can be constructed with
this isomorphism. We remark that in [8] another graphical proof of the existence of such
a natural isomorphism g is given with an approach to pivotal structures given by so called
pivotal symbols.

Proposition 4.6.4 ( [61, Prop. 4.8]) Let C be a fusion category.

i) The map

φc : Hom(c,1C)→ Hom(1C, c)
∗, φ(f)(h) = h ◦ f ∈ C

for c ∈ C, f ∈ Hom(1C, c) and h ∈ Hom(c,1C) is a natural isomorphism.

ii) The following chain of isomorphisms

Hom(x, ∗∗c) ' Hom(∗c⊗ x,1C)
φ
' Hom(1C,

∗c⊗ x)∗ ' Hom(c, x)∗

' Hom(1C, x⊗ c∗)∗
φ−1

' Hom(x⊗ c∗,1C) ' Hom(x, c∗∗)

(4.37)

is natural in c, x ∈ C and defines a monoidal natural isomorphism gc : ∗∗c→ c∗∗.
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4.6. Conjugation of pivotal structures

iii) gc : ∗∗c → c∗∗ is defined uniquely by the requirement that for all f ∈ Hom(x, ∗∗c) and
h ∈ Hom(c, x):

x

h

∗∗c

c

∗c

f

=

h

∗∗c

c

c∗∗

f

gc

c∗x . (4.38)

Proof. The naturality of φ in part i) is clear. φ is an isomorphism due to the semisimplicity
of C. For part ii), the naturality of the isomorphisms in x and c is a consequence of part i)
and the naturality of the duality, see Lemma A.2.4.

Hence the isomorphism gc is well-defined by the Yoneda lemma. We introduce the graphical
notation

f

c (4.39)

for φc(f) ∈ Hom(1C, c)
∗. If the unlabeled ellipse is replaced by an morphism h ∈ Hom(1C, c),

this expression represents the number φc(f)(h). Now the chain of isomorphisms (4.37) reads

∗∗c

x

f 7→
∗∗c

∗c
x
f

φ7→
∗∗c

x
f

∗c 7→

∗∗c

x
f

∗c

c

7→

∗∗c

x
f

∗c
c∗

c
φ−1

7→ c∗x

f̃

7→ c∗x

f̃

c∗∗ =
∗∗c

x

f

gc
c∗∗

,

where f̃ is defined by

c∗x

f̃

=

∗∗c

x
f

∗c
c∗

c

.
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Applying the rigidity of C one obtains

∗∗c

x
f

∗c
c∗

c

=
∗∗c

x

f

gc
c∗∗

c∗
. (4.40)

Applying once more the rigidity of C to equation (4.40) yields expression (4.37). The com-
patibility of g with the monoidal structure is easy to see from the graphical expression (4.38).
For the compatibility of g with the monoidal structure we calculate

x
f
∗∗cgc
c∗∗

∗∗d

d∗∗

cd
h

gd

=
x
f
∗∗cgc
c∗∗

∗∗d

cd
h

= x

f
∗∗c∗∗d

cd
h

=
x
f
∗∗cgd⊗c
c∗∗

∗∗d

d∗∗

cd
h

, (4.41)

where we first used the graphical expression (4.38) for gd, then for gc and finally for gc⊗d.
Since this equality holds for all morphisms h ∈ Hom(d⊗ c, x) and f ∈ Hom(x, ∗∗d⊗ ∗∗c), we
conclude that gd⊗c = gd ⊗ gc from the uniqueness statement in part iii). �

Remark 4.6.5 1 In [19, Theorem 7.3], a canonical monoidal isomorphism δ : (.)∗∗ ' ∗∗(.) is
defined by tr(φ◦δ−1

c ) = tr(φ∗) for all isomorphisms φ : c∗∗ ' c for a simple object c in a fusion
category. We show that δ−1

c coincides with gc as defined by Proposition 4.6.4. Let φ : c∗∗ ' c
be an isomorphism for a simple object c. Then

tr(φ ◦ gc) =

∗∗c
gc
c∗∗

c
φ

=

c

gc
c∗∗

∗∗c

∗∗φ Prop. 4.6.4 iii)
=

c

∗∗c

∗∗φ =
c∗

c∗∗∗
φ∗ = tr φ∗ (4.42)

shows that our definition of g coincides with the definition in [19]. The advantage of our
definition is that it is defined directly for all objects and not just for simple objects, as the
one in [19].

It seems plausible that this monoidal natural isomorphism id → (.)∗∗∗∗ coincides with the
isomorphisms defined in [20] and [8] but it remains to show that they are indeed equal.
The following proposition clarifies the relation between g and the conjugation of a pivotal
structure. The composition of a pivotal structure with its conjugate pivotal structure yields
the natural isomorphism g in the following sense.

1We are grateful to the referee of [61], for bringing [19] to our attention.
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4.7. Existence of module traces as an eigenvalue problem

Proposition 4.6.6 ( [61, Prop. 4.10]) Let C be a fusion category with pivotal structure
a : id→ (.)∗∗.

i) For all c ∈ C, the following equation of morphisms holds:

ac · a∗∗c = ac · a∗∗c = gc : ∗∗c→ c∗∗.

ii) A pivotal structure a is spherical if and only if ac · a∗∗c = gc.

Proof. For all f : c→ ∗∗c,

∗∗c

f

c∗∗

c

c∗ a∗∗c
c
ac

= ∗c

c

∗∗c

f ,

by equation (4.36). Condition (4.38) implies ac ·a∗∗c = gc. The other equation follows directly
from the naturality of a. For the second part note that the first part implies ac = gc ·a−1

∗∗c. Now
the statement follows directly from Theorem 4.6.1, iii). The statement can also be derived
directly from the graphical expression (4.38). �

4.7. Existence of module traces as an eigenvalue problem

The aim of this section is to formulate the existence of a module trace as an eigenvalue
problem. In particular this allows us to deduce from [20], that all module categories over
pseudo-unitary fusion categories, equipped with the canonical spherical structure, admit a
module trace.

4.7.1. The dimension matrix of a module category

In this subsection show how a trace on a semisimple category is characterized by the dimen-
sions of simple objects using the trace in Vect. For a module trace on a module category over
C we derive an analogous formula with the trace in Vect replaced by the right trace in C. As a
consequence we obtain that the existence of a module trace on CM implies dimC( C〈m,m〉) > 0
for all simple m ∈ M. We then apply the considerations to spherical fusion categories and
show that a pivotal structure for C is spherical if and only if there is a module category CM

over C with module trace such that all dimensions in M are real.

Consider general traces on a semisimple category M with a finite set of representatives mi,
i ∈ I for the isomorphism classes of simple objects. The set of dimensions (dimΘ(mi))i∈I is
called dimension vector in the following.

Lemma 4.7.1 ( [67, Lemma II.4.2.3]) A collection of linear maps Θm : EndM(m) → C
that satisfies the symmetry property of Definition 4.3.3 i) is non-degenerate and hence defines
a trace on M if and only if Θ(idmi) 6= 0 for all i ∈ I.
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4. Module traces for module categories over fusion categories

Proposition 4.7.2 ( [61, Prop. 5.2]) The dimension vector (dimΘ(mi))i∈I of any trace Θ
on M is a finite |I|-tuple of non-zero numbers. Conversely, given such a tuple di ∈ C×, i ∈ I,

Θm(f) =
∑
i∈I

tr(Hom(mi, f))di, (4.43)

for f ∈ Hom(m,m) defines a trace on M. Here tr(Hom(mi, f)) denotes the usual trace on
Vect of the linear map Hom(mi, f) : Hom(mi,m)→ Hom(mi,m).

These two maps yield a bijection between the set of traces Θ on M and the tuple of |I|-tuples
of non-zero numbers di ∈ C×, i ∈ I.

Proof. Suppose that M is equipped with a trace Θ. Then di = dimΘ(mi) 6= 0 due to Lemma
4.7.1. We have to show that for all f ∈ End(m) formula (4.43) holds. The semisimplicity of
M ensures that the functor

M 3 m 7→ ⊕iHomM(mi,m)⊗C mi (4.44)

is naturally isomorphic to the identity functor on M. This implies

Θm(f) = Θ⊕i Hom(mi,m)⊗Cmi(⊕iHom(mi, f)⊗C mi)

=
∑
i∈I

ΘHom(mi,m)⊗Cmi(Hom(mi, f)⊗C mi)

=
∑
i∈I

tr(Hom(mi, f))di,

where we used Lemma 4.3.9 in the last step.
For the converse we have to show that given a set of non-zero di ∈ C for i ∈ I, formula

(4.43) defines a trace on M. The symmetry follows directly from the cyclic invariance of the
trace. The non-degeneracy follows from Lemma 4.7.1. �

Now we discuss C-module traces. First we need a technical result. Choose representatives
cu, u ∈ U for the isomorphism classes of simple objects of C.

Lemma 4.7.3 ( [61, Lemma 5.3]) The following functors M → C�M are naturally iso-
morphic.

m 7→ ⊕u∈Ucu � ∗cu .m, and

m 7→ ⊕i∈I C〈mi,m〉 �mi.
(4.45)

Proof. The objects ⊕u∈Ucu � ∗cu ∈ C�C and ⊕i∈Imi �mi ∈ Mop�M are independent of
the choice of representatives of simple objects in the sense that the objects obtained from any
two choices of simple objects are canonically isomorphic, see [4, Sec. 2.4]. This shows that
the two maps yield well-defined functors. Now let c � m̃ ∈ C�M. Using the semisimplicity
of C and M we obtain the following chain of natural isomorphisms:

HomC�M(c� m̃,⊕ucu � ∗cu .m) ' ⊕uHomC(c, cu)⊗ HomM(m̃, ∗cu .m)

' ⊕uHomC(c, cu)⊗ HomC(cu, C〈m̃,m〉)
' HomC(c, C〈m̃,m〉) ' Hom(c . m̃,m)

' HomM(m̃, ∗c .m)

' ⊕iHomM(mi,
∗c .m)⊗ HomM(m̃,mi)

' ⊕iHomC(c, C〈mi,m〉)⊗ HomM(m̃,mi)

' HomC�M(c� m̃,⊕i C〈mi,m〉 �mi).

(4.46)
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4.7. Existence of module traces as an eigenvalue problem

Now apply the Yoneda lemma to obtain a natural isomorphism between the two functors. �
The following result provides an alternative characterization of module traces. Recall from

[20] that for a pivotal fusion category dim(C) =
∑

u∈U |dimC(cu)|2 6= 0.

Proposition 4.7.4 ( [61, Prop. 5.4]) Let CM be a C-module category. If Θ is a C-module
trace on M, the dimension vector di = dimΘ(mi) for i ∈ I consists of non-zero numbers di
and is a (right) eigenvector of the matrix (Q)ij = dimC( C〈mj ,mi〉) with eigenvalue dim(C).
The matrix Q = (Qij) is called the dimension matrix in the sequel. If a tuple of non-zero
numbers di for i ∈ I is an eigenvector of (Q)ij with eigenvalue dim(C), then the collection of
linear maps

Θm(f) =
1

dim(C)

∑
i∈I

trL( C〈mi, f〉)di, (4.47)

for f ∈ End(m) and m ∈ M defines a C-module trace on M. These two maps are mutually
inverse.

Proof. Let Θ be C-module trace on M. Lemma 4.7.3 implies that the object ⊕u(cu⊗ ∗cu) .m
is isomorphic to ⊕i C〈mi,m〉 .mi in M. Hence,

dim(C) · dk = dimC(⊕u(cu ⊗ ∗cu)) · dimΘ(mk)

= dimΘ(⊕u(cu ⊗ ∗cu) .mk) = dimΘ(⊕i C〈mi,mk〉 .mi)

=
∑
i∈I

dimC( C〈mi,mk〉)di.
(4.48)

Equation (4.48) shows that the dimension vector is a right eigenvalue of the dimension matrix
with eigenvalue dim(C). As another consequence of Lemma 4.7.3 we obtain the identity

Θ(⊕u(cu ⊗ ∗cu) . f) = Θ(⊕i C〈mi, f〉 .mi),

for all f ∈ End(m). This implies formula (4.47) with di = dimΘ(mi).
Now suppose we are given an eigenvector d of the dimension matrix with eigenvalue dim(C)

whose components do not vanish. Then define a linear map Θm : End(m)→ C by the formula
(4.47). The symmetry of Θ follows from the cyclic property of the left trace trL of C. Since

Θmi(idmi) =
1

dim(C)

∑
j

Qijdj = di 6= 0,

we conclude with Lemma 4.7.1 that Θ is a trace on M. For the C-compatibility we have to
show that for all f ∈ End(c .m),∑

i∈I
trL( C〈mi, f〉)di =

∑
i∈I

trL( C

〈
mi, tr

C(f)
〉

)di. (4.49)

Since C〈mi, .〉 : CM → CC is a module functor, Lemma 4.3.1 implies that trC( C〈mi, f〉) =

C

〈
mi, tr

C(f)
〉
. Now the statement follows from trL( C〈mi, f〉) = trL ◦ trC( C〈mi, f〉). �

Remark 4.7.5 The proof of Proposition 4.7.4 shows that for any set of numbers di, i ∈ I, for-
mula (4.47) defines a collection of linear maps that satisfy the symmetry and C-compatibility
condition of Definition 4.3.3. The non-degeneracy condition in Definition 4.3.3 is fulfilled if
and only if

∑
j Qijdj 6= 0 for all i ∈ I.
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Let

M j
u,i = dimC(HomM(cu .mi,mj)) (4.50)

be the multiplicity matrix of the action of cu ∈ C on M. We denote by

M j
u∗,i = dimC(HomM(c∗u .mi,mj)) (4.51)

the multiplicity matrix of the action of c∗u. As a consequence of Proposition 4.7.4 we conclude,
that the property 4.3.5, iii) for a trace is sufficient to show that it is a module trace.

Lemma 4.7.6 Let CM be a module category. A trace θ on M is a module trace if and only
if for all u ∈ U and i ∈ I

dimθ(cu .mi) = dimC(cu) · dimθ(mi). (4.52)

Proof. We have to show that any trace θ for which equation (4.52) holds is a module trace.
It is easy to see, that dimC( C〈mj ,mi〉) =

∑
u dimC(cu)M j

u∗,i, and hence∑
j

dimC( C〈mj ,mi〉) dimθ(mj) =
∑
u,j

dimC(cu)M j
u∗,i dimθ(mj)

=
∑
u

dimC(cu) dimC(c∗u) = dim(C).
(4.53)

With Proposition 4.7.4 it then follows, that θ is a module trace on CM. �
Next we discuss some properties of the dimension matrix for a general module category

CM that does not necessarily possess a module trace.

Proposition 4.7.7 ( [61, Prop. 5.6]) Let CM be a C-module category. The dimension ma-
trix Q satisfies:

i) Qij =
∑

u∈U dimC(cu)M i
u,j.

ii) Q2 = dim(C) ·Q.

iii) Q is hermitian.

Proof. The multiplicity of each object cu in C〈mj ,mi〉 is

dimC(Hom(cu, C〈mj ,mi〉)) = dimC(Hom(cu .mj ,mi)) = M i
u,j .

This shows part i). For the second claim we first compute

⊕j∈I C〈mj ,mi〉 ⊗ C〈mk,mj〉 = ⊕j∈j C

〈
mk, C〈mj ,mi〉 .mj

〉
' C〈mk,⊕u∈U (cu ⊗ ∗cu) .mj〉
' ⊕u∈U (cu ⊗ ∗cu)⊗ C〈mk,mj〉 ,

(4.54)

where we used Lemma 4.7.3 in the second step. Now the statement follows after applying dimΘ

to both sides of this equation. For the third statement we show that the objects C〈mi,mj〉
and C〈mj ,mi〉∗ are isomorphic in C. We compute the multiplicity of a c ∈ C in C〈mj ,mi〉∗
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4.7. Existence of module traces as an eigenvalue problem

by using that Hom(m,n) ' Hom(n,m) as vector spaces. The following isomorphisms are
isomorphisms of vector spaces:

Hom(c, C〈mj ,mi〉∗) ' Hom( C〈mj ,mi〉 , ∗c) ' Hom(∗c, C〈mj ,mi〉)
' Hom(∗c .mj ,mi) ' Hom(mi,

∗c .mj)

' Hom(c .mi,mj) = Hom(c, C〈mi,mj〉).

As the multiplicities of all simple objects agree, we conclude that there exists an isomorphism

C〈mi,mj〉 → C〈mj ,mi〉∗ in C . With dimC(c∗) = dimC(c) for all objects c ∈ C from [20,
Proposition 2.9], it follows that

dimΘ( C〈mi,mj〉) = dimΘ( C〈mj ,mi〉∗) = dimΘ( C〈mj ,mi〉).

�

Proposition 4.7.8 ( [61, Prop. 5.7]) A module category CM has a module trace if and
only if the dimension matrix Q is of rank 1 with only non-zero entries. In particular,
dimC( C〈m,m〉) > 0 for all simple objects m ∈M.

Proof. It follows directly from Proposition 4.7.7 that the only possible (right and left) eigen-
values of Q are dim(C) and 0. Suppose M has a module trace and d is the corresponding
eigenvector of Q with all entries non-zero. Let d̃ be an eigenvector of Q with eigenvalue
dim(C). There always exists a linear combination d + λd̃ with all entries non-zero. Hence d̃
must be proportional to d. This shows that Q has rank 1.

Now suppose Qij = djdi with non-zero numbers di. Then
∑

i didi = dim(C) by Propo-
sition 4.7.7 ii). Hence di yields a module trace. This also proves the last statement since
dimC( C〈mi,mi〉) = didi. �
As application of the results in this section, we show that module categories over pseudo-
unitary fusion categories possess a module trace. Recall from [20] the definition of the
Frobenius-Perron dimensions of objects in a fusion category. A pseudo-unitary fusion cate-
gory possesses a canonical spherical structure such that the dimension of all objects are equal
to the Frobenius-Perron dimensions. In [20] and [21], Frobenius-Perron dimensions of simple
objects in module categories are defined and investigated. The following statement shows
that for module categories over pseudo-unitary fusion categories our definition of module
trace reduces to the Frobenius-Perron dimension of [21, Rem. 2.3].

Proposition 4.7.9 ( [21, Rem. 2.3], [61, Prop. 5.8]) Let C be a pseudo-unitary fusion
category. The canonical spherical structure of C is flexible.

Proof. Let CM be a module category over C. We have to show that there exists a module
trace for M. There exists a Frobenius-Perron eigenvector (di)i∈I of M, that is defined by
dj > 0 for all j ∈ I and: ∑

u∈U
M j
u,idj = dimC(cu)di, (4.55)

see [20]. If we multiply this equation with dimC(cu), sum over u ∈ U and use that the pivotal
structure is spherical, we see that (di) is an eigenvector of Qij with eigenvalue dim(C) and
hence defines a module trace according to Proposition 4.7.4. �
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4.7.2. Module traces on module categories over spherical fusion categories

Next we discuss the relation between module traces on module categories CM over spherical
fusion categories C and the spherical structure on C.

Proposition 4.7.10 ( [61, Prop. 5.9]) Let C be spherical, M a left C-module category with
module trace Θ. Then there exists a z ∈ C such that the dimensions of objects in M with
respect to the module trace z ·Θ are real.

Proof. If C is spherical, all dimensions of C are real [53, Lemma 2.8]. Hence Q is a real
symmetric matrix which can be diagonalized by a real matrix. If follows that the entries of
all eigenvectors of Q are real. �

The next result provides a criterion to determine whether a given pivotal structure is
spherical.

Proposition 4.7.11 ( [61, Prop. 5.10]) Let CM be a module category with module trace
Θ.

i) The dimension vector di = dimΘ(mi) is a left eigenvector of the dimension matrix with
eigenvalue C =

∑
u∈K dim(cu)2, i.e.

∑
j djQji = C · di.

ii) The number C =
∑

u∈K dim(cu)2 is equal to dim(C) if and only if the pivotal structure
is spherical and equal to 0 otherwise.

iii) A pivotal structure for C is spherical if and only if there exists a module category CM

with module trace such that all dimensions of objects in M are real.

iv) Let C be spherical and assume that CM has a module trace. Then the induced pivotal
structure for the dual category C∗M from Theorem 4.5.1 is spherical.

Proof. The C-compatibility of Θ implies∑
i

M i
u,jdi = dimΘ(cu .mj) = dimC(cu) · dj . (4.56)

Multiplying this equation with dimC(cu) and summing over u ∈ U yields:

C · dj =
∑

i∈I,u∈U
dimC(cu)M i

u,jdi =
∑
i∈I

dimC( C〈mj ,mi〉)di, (4.57)

where we used Proposition 4.7.7, i). This proves the first statement. For the module category

CC, equation (4.57) implies C ·dimC(cj) = C ·dimC(c∗j ). It is shown in [53] that C is spherical

if and only if dimC(c∗u) = dimC(cu). Hence the second statement follows. To prove part iii),
let CM be a module category with module trace Θ and di = dimΘ(mi) ∈ R for all simple
mi ∈M. According to Proposition 4.7.8 we can assume, by rescaling Θ, that

∑
i d

2
i = dim(C)

and therefore Qij = didj . From part i) it follows that C = dim(C) and hence part ii) implies
that the pivotal structure is spherical. The converse is clear since the module category CC

has real dimensions if a is spherical. The last statement is a consequence of part iii) together
with Proposition 4.7.10 and Corollary 4.5.2. �

Remark 4.7.12 It is shown in [53, Theorem 5.16] by different methods that an indecompos-
able module category CM over a spherical category C provides a spherical structure for the
category FunC (M,M).
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4.8. Frobenius algebras

In this section we show that module traces on CM are directly related to Frobenius algebras
in C. This is done by exploring the graphical calculus for module categories with module
traces and constructing a natural isomorphism β that is the analogue of the isomorphism α
in Section 2.5 but allows to flip strings upwards in the diagrams. This operation equips the
inner hom objects with the structure of a Frobenius algebra. We also prove the converse,
namely that the module category formed by the modules over a special haploid Frobenius
algebra has a module trace.

To emphasize the role of the C-compatibility of a module trace we first discuss traces on
a module category CM. We saw in Section 4.4 that a module category with a trace that is
not necessarily C-compatible equips CM with a natural isomorphism ηM : HomM(m,n) →
HomM(n,m)∗. Recall that the pivotal structure of C also yields a trace and a natural isomor-
phism ηC : HomC(c, d)→ HomC(d, c)∗, defined in equation (4.29).

Proposition 4.8.1 ( [61, Prop. 6.1]) Let CM be a C-module category equipped with a trace
Θ. Then there exists a natural isomorphism

β : Hom(n, c .m)→ Hom( C〈m,n〉 , c),

which is specified uniquely by the requirement

trL(β(f) ◦ α(g)) = Θc .m(f ◦ g), (4.58)

for all g ∈ Hom(c .m, n) and with f ∈ Hom(n, c .m).

Proof. Condition (4.58) is equivalent to defining β as the composite of natural isomorphisms:

Hom(n, c .m)
ηM

' Hom(c .m, n)∗

' Hom(c, C〈m,n〉)∗
(ηC)−1

' Hom( C〈m,n〉 , c).
(4.59)

The equivalence of (4.58) and (4.59) follows directly from the identity ηM(a)(b) = Θn(a ◦ b)
for a ∈ Hom(m,n) and b ∈ Hom(n,m). �
The graphical representation of the natural isomorphism β is

β =̂

c

n

m

→
n m

c

,

i.e. β allows one to flip strings representing objects in the module category upwards. Equation
(4.58) reads in graphical terms:

α(g)

mn

c

β(f)

=

m

n

c

mc

g

f

.
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4. Module traces for module categories over fusion categories

The isomorphism β is compatible with the module structure, provided that Θ is a module
trace. This is analogous to the compatibility of the isomorphism α and the module structure
in Lemma 4.1.3.

Proposition 4.8.2 ( [61, Prop. 6.2]) Let CM be a module category with a module trace.
Then the map β : Hom(n, c .m)→ Hom( C〈m,n〉 , c) is compatible with the module structure:
For all morphisms γ : x→ y in C and all f ∈ Hom(n, c .m),

β(γ . f) = γ ⊗ β(f).

Proof. By Proposition 4.8.1, β(γ . f) is uniquely determined by the requirement

α(g)

C〈n,m〉M

c

β(γ . f)

x

y

= n

mc

mc

g

f

x

y
γ

y

,

for all g ∈ Hom(y .(c .m), x . n). From the C-compatibility of Θ and equation (4.58) one
obtains that the second expression is given by

n

mc

mc

g

f

x

γ

y

=
α(g)

C〈n,m〉M

c

β(f)

x

y

γ

.

The uniqueness result of Proposition 4.8.1 implies that β(γ . f) = γ ⊗ β(f). �
Consider a module category CM with module trace. We construct a coalgebra structure

for C〈m,m〉 for m ∈M in analogy to the construction of the algebra structure of C〈m,m〉 in
Section 2.5. First we define the internal coevaluation coevn,m : m→ C〈n,m〉 . n as

coevn,m = β−1(id
C〈n,m〉) =̂

n

m

.

Hence coevn,m is characterized uniquely by the property that for all f ∈ Hom( C〈n,m〉 . n,m):

m

f

nC〈n,m〉

n

= α(f)
m n

. (4.60)
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Next we define the internal comultiplication ∆m,n,k : C〈m, k〉 → C〈n, k〉 ⊗ C〈m,n〉 by

k m

n
= β


m

n

k

 ,

and the internal counit ε : C〈m,m〉 → 1C as

ε = β

(
m

)
=̂ mm .

The next results shows that for the isomorphism β, the analogue of Lemma 4.2.2 holds.

Lemma 4.8.3 ( [61, Lemma 6.3]) For all morphisms f ∈ Hom( C〈n, k〉 . n, c .m),

k

n

c
f
m

β7→
m

β(f)
c

n
k

.

Proof. The proof is analogous to the proof of Lemma 4.2.2. �

Proposition 4.8.4 ( [61, Prop. 6.4]) Let CM be a module category with module trace. For
any object m ∈M, the internal hom object C〈m,m〉 is canonically a coalgebra object.

Proof. The proof is analogous to the proof of Proposition 4.2.4. �
It remains to prove one more compatibility condition between the isomorphisms α and β
before we can show that C〈m,m〉 is a Frobenius algebra.

Lemma 4.8.5 ( [61, Lemma 6.5]) Consider the morphism coevn,k ◦ evl,k : C〈l, k〉 . l →
C〈n, k〉 . n. By applying α and β to this morphism we obtain the internal comultiplication
and internal multiplication, respectively. In graphical terms:

α

 k

n

l

 = k l

n
,

and

β

 k

n

l

 =
k

l

n
.

99



4. Module traces for module categories over fusion categories

Proof. Define Ψ = coevn,k ◦ evl,k. First we compute β(Ψ) using equation (4.58). For all
f ∈ Hom( C〈n, k〉) . n, C〈l, k〉 . l),

α(f)
k

β(Ψ)

n

l nk
=

f

l

k n

k

n

=
α(f)

k n

l nk
, (4.61)

where the last step involved equation (4.60) and Lemma 4.2.2. This proves that β(Ψ) is equal
to the internal multiplication.

Next we calculate for all g ∈ Hom( C〈n, k〉 . n, C〈l, k〉 . l),

α(Ψ)
k

β(g)
n

l

lk
=

l

k

n
g

k ll

=

k

β(g)
n

l

lk
,

where in the last step we used the definition of evl,k and Lemma 4.8.3. Since the trace on C

is non-degenerate and β an isomorphism, we conclude that α(Ψ) is the multiplication. �

Theorem 4.8.6 ( [61, Thm. 6.6]) Let C be a pivotal category and let M be a C-module
category with module trace. For all non-zero m ∈ M, C〈m,m〉 is a Frobenius algebra in C.
If m is a simple object then C〈m,m〉 is a special symmetric haploid Frobenius algebra with
dimC( C〈m,m〉) > 0.

Proof. We show that the relations from Definition A.2.13 are satisfied. Define the following
morphisms for k, l, n, r ∈M:

f1 =

r

k nl

, f2 =

r

k

n

l

,

f3 =

r

l
k

n

, f4 =
r

l

k

n

.
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Lemma 4.8.5, the compatibility of β and the module action according to Proposition 4.8.2
and the associativity of the internal multiplication together imply

β(f1) = β(f3), hence f1 = f3.

Similarly, as a consequence of Lemma 4.1.3, the coassociativity of the internal comultiplication
and Lemma 4.8.5, we obtain

α(f2) = α(f4), hence f2 = f4.

It follows that α(f1) = α(f3), or in graphical terms

r

l

k n =

r

k

nl

,

where we again used compatibility of α and the module structure as well as Lemma 4.8.5.
Similarly we conclude that β(f2) = β(f4). Together with Lemma 4.8.5 and Proposition 4.8.2
this implies

r

l

k n =

r

k

n

l

.

If we restrict attention to the case where all objects are equal to m, we see that C〈m,m〉
satisfies the defining relations (A.25)for a Frobenius algebra. Let now m ∈ M be simple.
Then the identity Hom(1C, C〈m,m〉) ' Hom(m,m) ' C implies that C〈m,m〉 is haploid, see
Definition A.2.9. Recall that ηm and εm denote the internal unit and counit, respectively.
Equation (4.58) shows that εm ◦ ηm = Θm(idm) 6= 0. Also by the symmetry of Θ and by
equation (4.60),

nm =

n

m

n

= m n = dimC( C〈n,m〉). (4.62)

As m is simple, this implies

evn,m ◦ coevn,m =
dimC( C〈n,m〉)

dimΘ(m)
· idm .
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Furthermore, combining Lemma 4.8.5 and Lemma 4.2.2, we obtain

α

 n

m

m


= n mm .

Together with equation (4.62) this implies

µm,n,m ◦∆m,n,m =
dimC( C〈n,m〉)

dimΘ(m)
· id

C〈m,m〉 .

By setting m = n we find that C〈m,m〉 is a special haploid Frobenius algebra, since by
Proposition 4.7.8, dimC( C〈m,m〉) > 0. Due to Lemma A.2.17, C〈m,m〉 is also a symmetric
algebra. �

We will now consider the converse of Theorem 4.8.6. For this we require the following
result, that was proven independently [28, Lemma 2.6]. Due to its importance we present the
proof here.

Lemma 4.8.7 ( [28, Lemma 2.6], [61, Lemma 6.7]) Let A be a special normalized hap-
loid symmetric Frobenius algebra in a pivotal fusion category C. Then dimC(M) 6= 0 for all
simple modules M ∈ Mod(A).

Proof. The proof is a modification of the proof that all dimensions of simple objects in a
pivotal fusion category are non-zero, see [4, Lemma 2.4.1]. We use the pivotal structure to
identify left and right dual objects. First note that for a a symmetric Frobenius algebra

= . (4.63)

This follows from the fact that the left hand side is the inverse of the morphism on the left
of equation (A.27), while the right hand side is the inverse morphism of the right hand side
of (A.27), hence both have to agree.

Let (M,ρ) be a simple A-module. Proposition A.2.18 implies C = HomA(M,M) '
HomC(1C,M ⊗A M∗). It is sufficient to show that there are non-zero maps coevAM : 1C →
M ⊗AM∗ and evAM : M ⊗AM∗ for which the diagram

1C

coevM

wwpppppppppppp

coevAM
��

M ⊗M∗ P //

evM
''NNNNNNNNNNNN M ⊗AM∗

evAM
��

1C

(4.64)
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commutes. The semisimplicity of C then implies that the composition evM ◦ coevM is non-zero.
We obtain evAM from the universal property of the cokernel by observing that evM ◦(ρ⊗idM∗) =
evM ◦(idM ⊗ρM∗) as morphisms M⊗A⊗M∗ → 1C. Here ρM∗ is defined by (A.28). For coevAM
we have to show that P ◦ coevM 6= 0, where P is the projector (A.29). We compute

P ◦ coevM =̂ M M∗ = M M∗

= M M∗
(4.63)
= M M∗ = M M∗

(A.26)
= M M∗ = M M∗ =̂ coevM .

This proves the statement. �

Proposition 4.8.8 ( [61, Prop. 6.8]) Let A be a haploid special symmetric Frobenius al-
gebra in C. Then the C-module category of right A-modules, Mod(A), has a module trace
induced by the trace on C. In particular, A satisfies dimC(A) > 0.

Proof. The symmetry and C-compatibility follow from the properties of the trace trC in C. We
only have to show that the induced pairing on the Hom-spaces of Mod(A) is non-degenerate.
According to Lemma 4.7.1 it is sufficient to show that all simple modules m over A have
dimC(m) 6= 0. This follows from Lemma 4.8.7.

Consider the quantum dimension of A. Since A is haploid it is a simple module over itself.
The inner hom object of Mod(A) is given by the tensor product over A, hence C〈A,A〉 =
A ⊗A A = A, see e.g. [30] for the last equality. The statement now follows from Proposition
4.7.8. �
We have established the correspondence between module traces and Frobenius algebras. If

CM is a module category with module trace, the dimensions of simple objects in general
change under the equivalence of module categories

C〈m, .〉 : CM 3 n 7→ C〈m,n〉 ∈ Mod( C〈m,m〉) (4.65)

from Theorem 4.2.3, where m ∈ M is a simple object. The following lemma determines the
relevant scaling factor.

Lemma 4.8.9 ( [61, Lemma 6.9]) Let CM be a module category with module trace. Let
m,n ∈M be simple objects. Then

dimC( C〈m,n〉) =
dimC( C〈m,m〉)

dimΘ(m)
· dimΘ(n). (4.66)
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Under the equivalence (4.65) of module categories between CM and Mod( C〈m,m〉), the di-
mensions of simple objects are scaled by

dimC( C〈m,m〉)
dimΘ(m)

.

Proof. Set di = dimΘ(mi). From Proposition 4.7.8, we obtain

Qij =
didj dim(C)∑

k |dk|2
. (4.67)

This implies

dimC( C〈mj ,mi〉) = di ·
|dj |2 dim(C)

dj
∑

k |dk|2
= di ·

dimC( C〈mj ,mj〉)
dj

,

where we again used equation (4.67) in the last step. Setting m = mj and n = mi then proves
the claim. �

Finally we interpret our result using the notion of Morita equivalence of algebras. Two
algebras A,B ∈ C are called Morita equivalent (see [57]) if the categories Mod(A) and Mod(B)
are equivalent as module categories.

Theorem 4.8.10 ( [61, Thm. 6.10]) Every separable algebra object A in a fusion category
with a flexible pivotal structure is Morita-equivalent to a special haploid symmetric Frobenius
algebra.

Proof. By definition of a flexible pivotal structure, the module category Mod(A) possesses a
module trace. By Theorem 4.8.6, this module category is equivalent to the module category
corresponding to a special haploid Frobenius algebra. �
Together with Proposition 4.7.9 this implies the following:

Corollary 4.8.11 ( [61, Cor. 6.11]) If an algebra A in a pseudo-unitary fusion category C

is separable, then it is Morita equivalent to a special haploid symmetric Frobenius algebra.

4.9. Inner-product module categories

The aim of this section, that is not present in [61], is to characterize module categories over
spherical fusion categories. This puts our results on module traces in a wider context that
possibly allows for further generalizations. We define inner-product module categories over
fusion categories. This notion can be seen as categorification of inner-product modules over
∗-algebras. We show that a module category over a spherical fusion category has a structure
of an inner-product module category if and only if it has a module trace. Is seems plausible
that this notion will allow one to generalize of our results to non-semisimple tensor categories
and to categorify strong Morita theory.

Inner-product module were first defined by Kaplansky [41] in the setting of C∗-algebras and
used by Rieffel [60] to define the notion of strong Morita equivalence for C∗- and W ∗-algebras.
The theory was developed in an algebraic setting for ∗-algebras B over ordered rings in [10].
In this purely algebraic setting it is still possible to define a set of positive elements B+. The
following definition is a slight deviation from the definition of inner-product modules in [10],
since no positivity requirements were imposed on the inner-product modules in [10].
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Definition 4.9.1 Let B be a ∗-algebra over an ordered ring with involution ∗ and with positive
elements B+ ⊂ B. An inner-product module over B is a B-module M with a B-valued
sesquilinear inner product 〈., .〉 : M ×M → B that is non-degenerate, satisfies 〈m,n〉∗ =
〈n,m〉 and fulfills 〈m,m〉 ∈ B+ for all elements m,n ∈M .

To extend this notion to module categories over fusion categories we first introduce a notion
of positivity for a pivotal fusion category C.

Definition 4.9.2 An object c ∈ C is called positive if dimC(c) ∈ R+. The full subcategory of
positive objects and morphisms between them is denoted C+.

It is clear that C+ is a monoidal subcategory of C. Note however that in general it is not
semisimple, since there could be an object c ∈ C with dimC(c) < 0. Then c is not in C+, but
c⊕ x ∈ C+ if x in C+ with dimC(x) > | dimC(c)|.

In the next step we equip the inner hom objects with the structure of bimodule functors.
It follows from Example 2.4.2 that the functors

C〈., .〉 : Mop
C × CM 3 (m,n) 7→ C〈m,n〉 ∈ CCC,

∗
C 〈., .〉 : Mop

C × CM 3 (m,n) 7→ ∗
C 〈n,m〉 ∈ CCC

(4.68)

have a canonical structure of bimodule functors.

Definition 4.9.3 An inner-product module category over C is a module category CM to-
gether with a bimodule natural isomorphism Im,n : C〈m,n〉 → ∗

C 〈n,m〉 and the property that

C〈m,m〉 ∈ C+ for all m ∈M.

Theorem 4.9.4 Let C be a spherical fusion category and CM a module category over C. A
structure of an inner-product module category on CM is the same as a module trace on CM.

Proof. It follows from proposition 4.7.8 that C〈m,m〉 ∈ C+ for all m ∈M if CM is equipped
with a module trace. It remains to show that a module trace on CM is the same as a bimodule
natural isomorphism between the bimodule functors C〈−,−〉 and ∗C 〈−,−〉 in equation (4.68).
Consider first a general module category CM over a pivotal fusion category C. There exists a
natural isomorphism κc,n,m which is the composite

κc,n,m :Hom(c, ∗C 〈n,m〉) ' Hom( C〈n,m〉 , c∗)
ηC

' Hom(c∗, C〈n,m〉)∗ ' Hom(c∗ . n,m)∗ ' Hom(n, c .m)∗,

where ηC is given by equation (4.29). We first clarify the relation of κ and the conjugate pivotal
structure. Denote by a the pivotal structure of C and by a the conjugate pivotal structure
according to Theorem 4.6.1. Consider the following composition of natural isomorphisms:

Hom(n, c .m)∗
κ−1
1C,n,c .m' Hom(1C,

∗
C 〈n, c .m〉 ' Hom(1C,

∗
C 〈n,m〉 ⊗ ∗c)

' Hom(∗∗c, ∗C 〈n,m〉)
κ∗∗c,n,m' Hom(n, ∗∗c .m)∗.

(4.69)

Using the definition of the conjugated pivotal structure a in Theorem 4.6.1, one can show
by a straightforward but lengthy computation that this composite is equal to the map
Hom(n, c .m)∗ → Hom(n, ∗∗c .m)∗ induced by a∗∗c.
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4. Module traces for module categories over fusion categories

Assume that CM is an inner-product module category. Then the requirement that the
diagram

Hom(c .m, n)
ηc .m,n //

'
��

Hom(n, c .m)∗

Hom(c, C〈m,n〉)
Im,n // Hom(c, ∗C 〈n,m〉)

κc,n,m

OO
(4.70)

commutes defines the natural isomorphism ηc .m,n. If CM has a module trace with natural
isomorphism η : Hom(−,−) → Hom(−.−)∗ then diagram (4.70) defines the natural isomor-
phism Im,n : C〈m,n〉 → ∗

C 〈n,m〉. So we can assume that M is equipped with both natural
isomorphisms ηc .m,n : Hom(c .m, n) → Hom(n, c .m)∗ and Im,n : C〈m,n〉 → ∗

C 〈n,m〉. We
have to show that the natural isomorphism η is C-balanced if and only if I is a bimodule
natural isomorphism.

First we prove that Im,n is a module natural transformation in the first argument. Consider
the following diagram, where a denotes the spherical structure of C and all unlabeled isomor-
phisms are induced either by the duality in C or by the module functor structures according
to equation (2.38).

Hom(c . d∗ .m, n)
ηc . d∗ .m,n //

'
��

∗ad

%%

Hom(n, c . d∗ .m)∗

∗ad

yy

Hom(c, C〈m/op d, n〉)
Im/op d,n // Hom(c, ∗C 〈n,m/op d〉)

κc,n,m/op d

OO

Hom(c, C〈m,n〉 ⊗ d)
Im,n⊗d //

'

OO

Hom(c, ∗C 〈n,m〉 ⊗ d)

'

OO

Hom(c⊗ ∗d, C〈m,n〉)
Im,n //

'

OO

Hom(c⊗ ∗d, ∗C 〈n,m〉)

'

OO

κc⊗∗d,n,m
��

Hom(c . ∗d .m, n)

'

OO

ηc . ∗d .m,n // Hom(n, c . ∗d .m)∗

It is straightforward to see that the diagram on the left commutes. It is a direct consequence
of the discussion after (4.69) that the diagram on the right commutes. Now consider the rect-
angular diagrams from top to bottom. The first diagram commutes by equation (4.70). The
third commutes trivially, the forth again by equation (4.70). The outer diagram commutes
for a spherical a, since then a = a according to Theorem 4.6.1 and since η is natural with
respect to the morphism ∗ad. So the remaining diagram in the middle commutes as well.

Next we show that Im,n is a module natural transformation in the second argument if and
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4.10. The tricategory of bimodule categories with bimodule traces

only if η is C-balanced. Consider the diagram

Hom(1C,
∗c⊗ C〈m,n〉)

∗c⊗Im,n //

'
��

'

##

Hom(1C,
∗c⊗ ∗C 〈n,m〉)

'
��

'

{{

Hom(c, C〈m,n〉)
Im,n //

'
��

Hom(c, ∗C 〈n,m〉)

κc,n,m

��
Hom(c .m, n)

ηc .m,n //

'

��

Hom(n, c .m)∗

'
��

Hom(c∗ . n,m)∗

∗ac
��

Hom(m, ∗c . n)
ηm,∗c . n // Hom(∗c . n,m)∗

Hom(1C, C〈m, ∗c . n〉)
Im,∗c . n //

'

OO

Hom(1C,
∗
C 〈∗c . n,m〉).

κ1C,c∗ . n,m

OO

We argue that every sub-diagram except the pentagon in the middle and the outer diagram
commutes. It is easy to see that the diagram on the left as well as the rectangular diagrams
in the middle commute. The diagram on the right commutes with the discussion after equa-
tion (4.69) and since we assumed that a is spherical. The pentagon diagram in the middle
commutes if and only if η is C-balanced and the outer diagram commutes if and only if Im,n is
a module natural transformation in the second argument. Hence the statement follows. �

Remark 4.9.5 The following provides an example of a inner-product module category over
a pivotal fusion category that is not spherical. This show that the condition that the pivotal
structure is spherical is not necessary in the previous theorem. Consider a pivotal fusion
category as a left module category CC over itself. It is easy to see that the pivotal structure a
of C defines a bimodule natural isomorphism C〈x, y〉 = y⊗ x∗ → y⊗ ∗x = ∗

C 〈y, x〉. And since

dimC( C〈x, x〉) = dimC(x)dimC(x) > 0, it follows that CC is an inner-product module category.

4.10. The tricategory of bimodule categories with bimodule traces

We show that for two bimodule categories DMC and END with bimodule traces, the bimodule
category END� DMC has a canonical bimodule trace that is induced by the traces on M and
N. From this we deduce that the natural isomorphism between the double left adjoint functor
Fll of a bimodule functor F and the functor F from Section 4.5 are compatible with the tensor
product of bimodule categories.

Proposition 4.10.1 Let DMC and END be bimodule categories with bimodule traces over
pivotal fusion categories C,D,E. The bimodule category END� DMC has a bimodule trace
that this induced by the bimodule traces on M and N.
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4. Module traces for module categories over fusion categories

Proof. First note that the traces on M and N induce a trace on N�M by

HomN�M(n′ �m′, n�m) = HomN(n′, n)⊗C HomM(m′,m)

ηN⊗Cη
M

−→ HomN(n, n′)∗ ⊗C HomM(m,m′)∗

= HomN�M(n�m,n′ �m′)∗,

(4.71)

where ηM and ηN are the natural isomorphisms from Theorem 4.4.3. We denote the natural
isomorphism that is the composite of the isomorphisms in (4.71) by ηN�M. With the universal
balanced functor B : N�M → N�M from Definition 3.1.1, we obtain the following two
functors

HomN�M(x,B(−)) : (N�M)op � (N�M) 3 x� (n�m)→ HomN�M(x,B(n�m))

HomN�M(B(−), x)∗ : (N�M)op � (N�M) 3 x� (n�m)→ HomN�M(B(n�m), x)∗.

(4.72)

It follows from the balancing structure of the functor B and the balancing structure of the
Hom-functors, see equation (2.23), that both functors are multi-balanced. Recall from Corol-
lary 3.2.10 , that there exists a functor U : M�N→M�N that is both left and right adjoint
to the universal balanced functor B : M�N → M�N. We define a multi-balanced natural
isomorphism

ηN�M
x,B(n�m) : HomN�M(x,B(n�m))→ HomN�M(B(n�m), x)∗

by the requirement that the following diagram commutes

HomN�M(x,B(n�m)) HomN�M(B(n�m), x)∗

HomN�M(U(x), n�m) HomN�M(n�m,U(x).

ηN�M
x,B(n�m)

' '

ηN�M

(4.73)

Here, the unlabeled isomorphisms are defined by the adjunctions of the functors B and U.
By the properties of the tensor product, this multi-balanced natural isomorphism induces
a balanced natural isomorphism ηN�M

x,y : HomN�M(x, y) → HomN�M(y, x)∗ for all objects
x, y ∈ N�M and thus a bimodule trace on N�M. �
The bimodule trace on the tensor product from Proposition 4.10.1 is compatible with the
adjunction of bimodule functors as follows.

Proposition 4.10.2 Let G : DMC → DM
′
C and F : END → EN

′
D be bimodule functors.

i) There exists a canonical bimodule natural isomorphism ξF,G : (F�G)l → Fl�Gl,

ii) the following diagram of bimodule natural isomorphisms commutes

F�G (F�G)ll

Fll�Gll (Fl�Gl)l.

aF�G

aF�aG

ξF
l,Gl

(ξF,G)l (4.74)
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4.10. The tricategory of bimodule categories with bimodule traces

Proof. It is straightforward to see that the functors Fl�Gl and the functor (F�G)l are both
left adjoint to the functor F � G : N�M → N′�M′. Hence there exists a multi-balanced

natural isomorphism (F�G)l → Fl�Gl. By applying the functor (̂.) from Proposition 3.5.12,
we obtain the bimodule natural isomorphism ξF,G : (F�G)l → Fl�Gl from the first part.

For the second part, note first that for the Deligne product F � G : N�M → N′�M′, it
follows directly from the construction of the trace on N�M, that the diagram

F� G (F� G)ll

FllβGll (Fl � Gl)l.

aF�G

aF�aG

'

' (4.75)

commutes. We are going to show that this diagram induces the diagram (4.74). First note that
equation (4.73) implies that the natural isomorphism aB : B→ Bll = B that is induced by the
traces on N�M and N�M via formula (4.32) is the identity. From equation (4.31) it follows
that a(F�G)B = aF�GB : (F�G)B → (F�G)llB. Recall the bimodule natural isomorphisms
BF�G : B(F � G) → (F�G)B from Proposition 3.3.2 i). By naturality of the isomorphism
a(F�G)B with respect to bimodule natural transformations, the diagram

B(F� G) B(F� G)ll

(F�G)B (F�G)llB

BaF�G

BF�G Bll
F�G

aF�GB

(4.76)

commutes. This implies that the natural bimodule isomorphism aF�G : F�G → (F�G)ll is
obtained from the balanced natural isomorphism aF�G : F � G → (F � G)ll by application

of the 2-functor (̂.) from Proposition 3.5.12. Now the commutativity of the diagram (4.74)

follows by applying (̂.) to the diagram (4.75). �
The construction of a bimodule trace on the tensor product of two bimodule categories

with bimodule traces shows the following. Note that by Corollary 4.6.2 we have to restrict
to spherical fusion categories C in order to guarantee that the bimodule category CCC has a
bimodule trace.

Theorem 4.10.3 The following defines a sub-tricategory Bimodθ of Bimod.

i) Objects of Bimodθ are spherical fusion categories,

ii) 1-morphisms of Bimodθ are bimodule categories with bimodule trace,

iii) 2- and 3-morphisms of Bimodθ are the 2- and 3-morphisms of Bimod.
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5. Tricategories with duals

This chapter introduces two conceptual frameworks for tricategories with duals. After dis-
cussing bicategories with duals we define tricategories with weak duals and show that they
behave well with respect to triequivalences. This notion of tricategories with duals is abstract,
it deals mostly with existence properties in a given tricategory and not with structure on a
tricategory. This makes it easier to check whether a given tricategory is a tricategory with
weak duals, but harder to perform explicit calculations in such a tricategory.

The other notion of a tricategory with duals, namely the notion of Gray category with strict
duals that was investigated in [5], has in a sense complementary properties. It is motivated
by applications in mathematical physics and has a more direct geometric interpretation. As
it deals exclusively with structures on a given Gray category and is harder to construct in
examples, but more suited for applications as for example the diagrammatic calculus in [5].
In the diagrammatic calculus, the duals in a Gray category with strict duals correspond to
the orientation reversal of surfaces and lines. It is therefore natural to ask if the duals in a
Gray category with strict duals can be extended to functors of strict tricategories. We present
the construction of these duality functors in the second section.

In the final section we give first examples for tricategories with weak duals and Gray
categories with strict duals. The presentation in Sections 5.3 and 5.4 largely follows the
article [5].

5.1. Duals in bicategories

We first investigate duals for bicategories. The notion of duals in bicategory is a straightfor-
ward generalization of the notion of duals in monoidal categories. The key idea is to regard
monoidal categories as bicategories with one object.

In the graphical applications of [5] we have in mind for tricategories with duals, the struc-
tures in this section will appear in the case of a tricategory T with duals in the bicategories
T(b, c) for objects b, c of T, where they correspond to the orientation reversal of lines.

Definition 5.1.1 Let X be a bicategory.

i) A right dual of a 1-morphism F : c → d in X is a 1-morphism F ∗ : d → c such that
there exist 2-morphisms evF : F ∗ ◦ F → 1c and coevF : 1d → F ◦ F ∗ that satisfy the
snake identities (A.8) and (A.9) with the monoidal product replaced by the horizontal
composition. The 2-morphisms evF and coevF are called right duality morphisms. If
every 1-morphism in X has a right dual then the bicategory X is said to have right duals.

ii) A left dual of a 1-morphism F : c → d is a 1-morphism ∗F : d → c such that there
exist 2-morphisms ev′F : F ◦ ∗F → 1d and coev′F : 1c → ∗F ◦ F that satisfy the snake
identities (A.10) and (A.11). The 2-morphisms ev′F and coev′F are called left duality
2-morphisms. If every 1-morphism in X has a left dual then the bicategory X is said to
have left duals.
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5. Tricategories with duals

The following is a direct generalization of the analogous statement for monoidal categories,
see Lemma A.2.5 and its proof. The definition of the opposite Xop of a bicategory X is given
Definition A.3.5.

Lemma 5.1.2 Let X be a bicategory.

i) Dual 1-morphisms in X are unique up to isomorphisms. If F ∗ and F̃ are right dual
1-morphisms of F with duality morphisms evF : F ∗ ◦ F → 1, coevF : 1d → F ◦ F ∗ and
˜evF : F̃ ◦ F → 1, ˜coevF : 1d → F ◦ F̃ , respectively, then there is a unique isomorphism
ϕ : F̃ → F ∗, such that ˜evF = evF (ϕ ◦ 1F ).

ii) If X has right duals, and we choose for every 1-morphism F ∈ X a right dual 1-morphism
F ∗, then the map X 3 F 7→ F ∗ ∈ Xop extends canonically to a 2-functor (.)∗ : X→ Xop,
called the right duality 2-functor. For every other choice of right dual 1-morphisms,
there is a canonical natural 2-isomorphism between the corresponding duality functors.
Analogously, if X has left duals, by choosing specific left duals we obtain a left duality
functor ∗(.) : X→ Xop.

This lemma allows one in particular to speak of the right duality functor for a bicategory
with right duals. If X has right duals, if follows directly from this lemma, that the double
dual functor is a 2-functor (.)∗∗ : X→ X.

Lemma 5.1.3 Let F : X→ Y be a 2-functor between bicategories.

i) For every right dual G∗ : c → b of a 1-morphism G : b → c in X, F(G∗) is a right dual
of F(G).

ii) Let X and Y be bicategories with right duals. There exists a natural 2-isomorphism
ξF : (.)∗ ◦ F→ F ◦ (.)∗, that is uniquely determined by

(1F(G) ◦ ξFG) · coevF(G) = F(coevG) (5.1)

for all 1-morphisms G in X.

iii) Let F : X→ Y be a biequivalence of bicategories X and Y. If X has (right) duals, then Y

has (right) duals as well.

Proof. For the first part it follows from the properties of a 2-functor in Definition A.3.6, that
F applied to the duality morphisms of G yields duality morphisms for F(G) and F(G∗). For
the second part, the 2-morphism ξFG is given in terms of the graphical calculus for bicategories,
see Remark A.3.4, by

F(G)∗
F(G)

F(coevG)F(G)∗

, (5.2)

with the convention that the duality 2-morphisms ev,coev in Y remain unlabeled. Now identity
(5.1) follows from the snake identity (A.9). Using again the snake identities, it is straightfor-
ward to show that ξFG is uniquely defined by (5.1). According to Lemma A.3.16 we can choose
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5.1. Duals in bicategories

for the last part a 2-functor H : Y → X, such that F and H form an external biequivalence,
see Definition A.3.15 i). Then we define the dual of a 1-morphism G in Y by F(H(G))∗). It
follows as in the first part, that the duality morphisms of H(G) yield duality morphisms for
F(H(G))∗). �

Definition 5.1.4 Let X be a bicategory with right duals. A pivotal structure a on X is a
natural 2-isomorphism

a : idX → (.)∗∗. (5.3)

A strict pivotal 2-category is a pivotal 2-category X, such that the 2-functor (.)∗ : X→ Xop is
a strict 2-functor and the pivotal structure a : idX → (.)∗∗ is the identity.

The following characterization of a strict pivotal 2-category is straightforward to see.

Lemma 5.1.5 A strict pivotal 2-category X is a 2-category X together with a strict 2-functor
∗ : X→ Xop that is the identity on objects and a collection of 2-morphisms coevF : 1b → F ◦F ∗
for all 1-morphisms F : a→ b of X such that:

i) ∗∗ = 1X is the the identity functor

ii) for all 1-morphisms F,G,H and 2-morphisms α : F → G for which these expressions
are defined:

(α ◦ 1F ∗) · coevF = (1G ◦ α∗) · coevG (1F ◦ coev∗F ∗) · (coevF ◦1F ) = 1F (5.4)

(1F ◦ coevH ◦1F ∗) · coevF = coevF◦H .

Remark 5.1.6 Lemma 5.1.5 shows that a strict pivotal 2-category is the same as a planar
2-category in the sense of [5, Definition 3.2].

Note that the 2-functor ∗ and the collection of morphisms coevF in a strict pivotal 2-
category are not independent. The following lemma shows that the 2-morphisms coevF de-
termine the action of the functor ∗ on the 2-morphisms uniquely.

Lemma 5.1.7 [7,45] For any 2-morphism α : F → G in a strict pivotal 2-category, the dual
α∗ : G∗ → F ∗ is given by

α∗ =(coev∗G∗ ◦1F ∗) · (1G∗ ◦ α ◦ 1G∗) · (1G∗ ◦ coevF ) (5.5)

=(1F ∗ ◦ coev∗G) · (1F ∗ ◦ α ◦ 1G∗) · (coevF ∗ ◦1G∗),

and the 2-morphism α satisfies the pivotal condition

α = (1G ◦ coev∗F ∗) · (1G ◦ 1F ∗ ◦ coev∗G ◦1F ) · (1G ◦ 1F ∗ ◦ α ◦ 1G∗ ◦ 1F ) (5.6)

·(1G ◦ coevF ∗ ◦1G∗ ◦ 1F ) · (coevG ◦1F )

Proof. The proof is a direct generalization of the corresponding proof for pivotal categories,
see [7, 45]. The identities in (5.5) follow from the first and second identity in (5.4) together
with the exchange law. The pivotal condition (5.6) is then obtained by applying (5.5) twice
and using the identity ∗∗ = 1C. �

The following statement clarifies the relation between natural 2-transformations and duality
on bicategories.
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Lemma 5.1.8 Let F,G : C → D be 2-functors between bicategories with right duals. Then
the following statements hold.

i) For every 1-identity natural 2-transformation η : F → G, see Definition A.3.10, the
diagram

F(H∗) G(H∗)

F(H)∗ G(H)∗

ηH∗

ξFH ξGH

η∗H

(5.7)

commutes for all 1-morphisms H in C.

ii) For every 1-identity natural 2-transformation η : F→ G, the diagrams

F(H)∗∗ F(H∗)∗ F(H∗∗)

G(H)∗∗ G(H∗)∗ G(H∗∗),

η∗∗H

(ξFH)∗

ξF
H∗

ηH∗∗

(ξGH)∗

ξG
H∗

η∗
H∗

(5.8)

commute for all 1-morphisms H in C.

iii) Let a be a pivotal structure for C. then for all 1-morphisms H in C,

a∗H = a−1
H∗ . (5.9)

Proof. To show the first part, we use the graphical calculus in the bicategory C. After
precomposing the 2-morphism η∗H · (ξGH)−1 · ηH∗ with coevF(H), we obtain the left-hand side
of the following equation

G(H)∗

ηH∗

G(H)

F(H)∗

F(H)

F(H∗)

G(H∗)

G(evH) η∗H

=
ηH∗

G(H)

F(H)F(H∗)

G(H∗)

G(evH)

ηH
=

G(H)

F(H)F(H∗)

G(H∗)

G(evH)

ηH∗◦H

=
F(H)F(H∗)

.

In this equation we suppressed the coherence morphisms such as F(H) ◦ F(H∗) ' F(H ◦H∗)
according to our conventions for the graphical calculus, see Remark A.3.4. In the third step
the compatibility of η with the horizontal composition from Definition A.3.10 ia) is used.
In the last step we used the naturality of η with respect to the 2-morphism evH and the
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compatibility of η with the unit 1-morphisms from A.3.10 ib). Together with the definition
of the 2-morphism ξFH in diagram (5.2) this proves the first part. The second part is a direct
consequence of the first part. The third statement follows from i) by considering the specific
case of F = idC : C → C and G = (.)∗∗, and the natural 2-isomorphism a : idC → (.)∗∗ that is
given by the pivotal structure. �

Definition 5.1.9 A 2-functor F : X→ Y between pivotal bicategories is called pivotal, if the
diagram

F(H)∗∗ F(H)

F(H∗)∗ F(H∗∗)

aY
F(H)

F(aXH)(ξFH)∗

ξH∗

(5.10)

commutes for all 1-morphisms H : a → b. A strict pivotal 2-functor F : X → Y is a pivotal
2-functor which is a strict 2-functor and satisfies F(G∗) = F(G)∗ for all 1-morphisms G in X.

The following result does not appear in other references and therefore we present a rather
detailed proof.

Proposition 5.1.10 Let C and D be bicategories.

i) Let F,G : C→ D be 2-functors and η : F→ G a natural 2-isomorphism between F and G.
If C and D are pivotal bicategories and F : C→ D is a pivotal 2-functor, then G : C→ D

is a pivotal 2-functor.

ii) Let F,G : C → D be 2-functors and η : F → G a pseudo-natural transformation that is
an equivalence, see Definition A.3.10. If C and D are pivotal bicategories and F : C→ D

is a pivotal 2-functor, then G : C→ D is a pivotal 2-functor.

iii) If F : C → D is a biequivalence and C is pivotal, there exists a unique pivotal structure
on D such that F is a pivotal 2-functor.

Proof. Suppose F : C→ D is a pivotal 2-functor between pivotal bicategories and η : F→ G is
a natural 2-isomorphism from F to a 2-functor G : C→ D. Denote by κGH : G(H)∗∗ → G(H∗∗)
the natural isomorphism with 2-morphisms κGH = ξGH∗((ξ

G
H)∗)−1 for all 1-morphisms H : b→ c

in C. According to the Definition 5.1.9 of a pivotal 2-functor, the inner rectangle in the middle
of the following diagram commutes

G(H) G(H)∗∗

F(H) F(H)∗∗

F(H) F(H∗∗)

G(H) G(H∗∗).

id

aY
G(H)

κGHid

ηH

aY
F(H)

κFH

η∗∗H

F(aXH)

ηH

G(aXH)

ηH∗∗

(5.11)
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The upper rectangle commutes due to the naturality of the pivotal structure, the lower rect-
angle commutes since η is natural. It follows from Lemma 5.1.8 that the diagram on the right
commutes. Hence the first part follows.

To prove the second statement, suppose that η : F→ G is an equivalence between F and G.
The idea is to construct a pivotal 2-functor F′ and a natural 2-isomorphism η′ : F′ → G and
then to use part i).

First we show that evηb : η∗b ◦ ηb ⇒ 1F0(b) and coevηb : 1G0(b) ⇒ ηb ◦ η∗b are invertible
2-morphisms. According to [38, Theorem A.1.10], any equivalence in a general bicategory
can be refined to an adjoint equivalence. Hence there exists a pseudo-natural transformation
ρ : G→ F such that η and ρ form an adjoint equivalence in Bicat, see Definition A.3.3. This
implies that there exists a right dual to ηb such that the evaluation and coevaluation are
invertible. By Lemma 5.1.2 this is also the case for the right dual η∗b of ηb.

With the use of the pivotal structure of D we define

ev′ηb = evη∗b ·(a
−1
ηb
◦ 1η∗b ) : ηb ◦ η∗b ⇒ 1G0(b),

coev′ηb = (1η∗b ◦ aηb) · coevη∗b : 1F0(b) ⇒ η∗b ◦ ηb,

It follows that these are invertible 2-morphisms that satisfy the snake identities. Note however
that in general (ev′ηb)

−1 is different from coevηb .
We construct the 2-functor F′ : C→ D as follows. Define F0(b) = G0(b) for all objects b in

C. For all 1-morphisms H : b→ c, set F′(H) = ηc ◦ F(H) ◦ η∗b . The coherence structures of F′

are then defined in terms of the coherence structure of F as follows.

φFb : F′(1b) = ηb(1b)η∗b ηbη
∗
b 1F0(b),

1φFb1
ev′ηb (5.12)

and for all composable 1-morphisms H : c→ b and K : d→ c by

φF
′
H,K : F′(H)F′(K) = ηbF

′(H)η∗cηcF
′(K)η∗d ηbF(H)F(K)η∗d F′(HK).

11 coev′ηc 11 1φFH,K1
(5.13)

It follows directly from the snake identities and the axioms for F, that F′ is a 2-functor.
Next we show that F′ is a pivotal 2-functor. It follows from the definition of F′, that for all

1-morphisms H : b → c, the isomorphism ξF
′
H : F′(H)∗ ⇒ F′(H∗) from Lemma 5.1.3 is given

by

F′(H)∗ = η∗∗b F(H)∗η∗c ηbF(H∗)η∗c = F′(H∗).
aηbξ

F
H1η∗c (5.14)

Hence diagram (5.10) for F′ reduces for all H : b→ c to the diagram

η∗∗c F(H)∗∗η∗∗∗b ηcF(H)η∗b

η∗∗c F(H∗)∗η∗b ηcF(H∗∗)η∗b .

aηcaF(H)aη∗
b

aηcξ
F
H∗1η∗

b

1η∗∗c (ξFH)∗a∗ηb
1ηcF(aH)1η∗

b
(5.15)

The commutativity of this diagram follows from the fact that F is a pivotal 2-functor and
from equation (5.9).
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5.2. Tricategories with duals and triequivalences

In the last step we show that G is natural 2-isomorphic to F′. With the pseudo-natural
transformation η we construct a 2-isomorphism η′ : F′ → G as follows. For all 1-morphisms
H : b→ c, we set

η′H : F′(H) = ηcFη
∗
b G(H)ηbη

∗
b G(H).

ηH1 1 ev′ηb (5.16)

It follows directly from the definition of the coherence structures of F′, from the fact that η is
a pseudo-natural transformation and from the snake identities for ev′ηb , that η′H is a natural
2-isomorphism. This establishes ii).

To show the last part, according to Lemma A.3.16 we can choose a 2-functor G : D → C

such that F and G from an external equivalence of bicategories. Since G is fully faithful
on 2-morphisms there exists for all 1-morphisms H : b → c in D a unique 2-morphism
aDH : H → H∗∗, such that

G(H)∗∗ G(H)

G(H∗)∗ G(H∗∗)

aC
G(H)

G(aDH)ξH∗

(ξ∗H)

commutes. It follows from the fact that aC is a pivotal structure and from the unique char-
acterization of aDH , that aD is a pivotal structure for D. Next we show that F is a pivotal
2-functor. By reversing the roles of F and G, one obtains a pivotal structure ãC for C such
that F : (C, ãC)→ (D, aD) is a pivotal 2-functor. It is clear that the composite of two pivotal
2-functors is again a pivotal 2-functor and hence the composite

(C, ãC) (D, aD) (C, aC)F G

is a pivotal 2-functor. Since F and G form an equivalence of bicategories, GF is equivalent
as a 2-functor to idC. Hence by part ii), idC : (C, ãC) → (C, aC) is a pivotal 2-functor, which
shows that ãC = aC.

It remains to show that aD is uniquely defined, that is, independent of the choice of the
2-functor G. Let G′ be another 2-functor, such that F and G′ form an external equivalence
of bicategories. Then the previous argument applied to G shows that there exists a pivotal
structure ãD of D such that G′ is a pivotal 2-functor. Hence the composite

(D, ãD) (D, aC) (D, aD)G′ F

is a pivotal 2-functor. Since it is equivalent as a 2-functor to idD, it follows that ãD = aD. �

5.2. Tricategories with duals and triequivalences

In this section we define tricategories with weak duals in a way that is invariant under triequiv-
alences: If T is a tricategory with weak duals and S is a tricategory that is triequivalent to
T, then S is a tricategory with weak duals as well. The two dualities are motivated from the
geometric applications we have in mind, see [5]. There the 1-morphisms of the tricategory
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5. Tricategories with duals

correspond to surfaces, while the 2-morphisms correspond to lines. The dualities correspond
thereby to the orientation reversal of surfaces and lines.

For the definitions of biequivalences of bicategories and triequivalences of tricategories, see
Appendix A.4. The following statement is a special case of a standard procedure to obtain an
(n−1)-category from an n-category called decategorification, see [3] for details. The following
proposition follows directly from the definitions.

Proposition 5.2.1 Let T be a tricategory.

i) The following defines a bicategory hT. The objects and 1-morphisms of hT are the objects
and 1-morphisms of T. The 2-morphisms of hT are isomorphism classes of 2-morphisms
in T. The compositions in hT are induced by the compositions of T.

ii) Let S be another tricategory. Every 3-functor F : T → S induces a 2-functor hF : hT →
hS, that agrees with F on objects and 1-morphisms.

iii) A triequivalence F : T → S induces a biequivalence hF : hT → hS.

Note that the composition of 1-morphisms in T is the horizontal composition in hT, while the
composition of 2-morphisms in T becomes the vertical composition in hT.

The following definition is inspired by [51].

Definition 5.2.2 A tricategory with weak duals is a tricategory T such that

i) For every pair of objects b, c ∈ T, the bicategory T(b, c) is a pivotal bicategory with
duality ∗ and pivotal structure a. Hence for every 2-morphism ϕ : F ⇒ G, there
exists a 2-morphism ϕ∗ : G ⇒ F and duality 3-morphisms evϕ : ϕ∗ ◦ ϕ V 1F and
coevϕ : 1G V ϕ ◦ ϕ∗, that satisfy the snake identities (A.8) and (A.9). The pivotal
structure defines invertible 3-morphisms aϕ : ϕV ϕ∗∗ for all 2-morphisms ϕ.

ii) For all 1-morphisms F : c→ d, the 2-functors

F�− : T(b, c)→ T(b, d) and −�F : T(d, e)→ T(c, e), (5.17)

are pivotal 2-functors for all objects c, d, e.

iii) The bicategory hT is a bicategory with right duals. The duality on hT is denoted #,
hence for every 1-morphism F : a→ b in T, there exists a 1-morphism F# : b→ a in T

together with 2-morphisms evF : F#�F ⇒ 1a and coevF : 1b ⇒ F�F#, such that the
snake identity holds in hT.

Remark 5.2.3 In the following we will also consider a semi-strict version of this definition,
where i) and ii) are required to be strict. This means that the bicategories T(a, b) are strict
pivotal bicategories, and the 2-functors F�− and −�F are strict pivotal 2-functors for all
1-morphisms F , see Definition 5.1.9.

Proposition 5.2.4 Let F : T → S be a triequivalence between tricategories T and S and T a
tricategory with weak duals. Then there exists a unique structure of a tricategory with weak
duals on S, such that for all objects a and b of T the 2-functors Fa,b : T(a, b)→ S(F0(a),F0(b))
are pivotal 2-functors.
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5.2. Tricategories with duals and triequivalences

Proof. Note that for the uniqueness statement in this proposition we only need to consider the
uniqueness of the pivotal structures in S(x, y), since all other requirements for a tricategory
with weak duals are properties and not structures, see also Lemma 5.1.2. If follows from
Proposition 5.2.1 iii) and Lemma A.4.8 that the 2-functors hF and Fa,b are biequivalences. It
follows from Lemma 5.1.2 iii), that hS has right duals and we only need to consider the duals
on the bicategories S(x, y) for objects x, y in S.

It follows from Proposition 5.1.10 that the bicategories S(F0(a),F0(b)) are pivotal such that
the 2-functors Fa,b : T(a, b)→ S(F0(a),F0(b)) are pivotal 2-functors. It remains to define the
pivotal structure on the bicategories S(x, y) for all objects x, y of S that are not in the image
of F0. According to Definition A.4.7 of a triequivalence, there exist objects x̃, ỹ of T such that
x̃ and ỹ are biequivalent to F0(x) and F0(y), respectively. We choose a specific biequivalence
consisting of 1-morphisms

L : F(x̃)→ x, L′ : x→ F(x̃)

R : y → F(ỹ), R′ : F(ỹ)→ y.
(5.18)

These 1-morphisms define 2-functors

Ψx,y = R�−�L : S(x, y)→ S(F(x̃),F(ỹ))

Ψ′x,y = R′�−�L′ : S(F(x̃),F(ỹ))→ S(x, y)
(5.19)

It is straightforward to see that Ψx,y and Ψ′x,y define a biequivalence of the bicategories S(x, y)
and S(F0(x̃),F0(ỹ)). We equip S(x, y) with the unique pivotal structure from Proposition
5.1.10, that makes the 2-functor Ψx,y pivotal.

It remains to show that for all 1-morphisms G : y → z in S, the 2-functors G�− : S(x, y)→
S(x, z) are pivotal 2-functors. Therefore we first show that for all 1-morphisms H : b→ c in
T, the 2-functors Fb,c(H)�− : S(F(a),F(b))→ S(F(a),F(c)) are pivotal 2-functors. According
to Proposition 5.1.10, we can choose a 2-functor F′a,b : S(F(a),F(b))→ T(a, b), such that F′a,b
and Fa,b are part of a biequivalence between S(F(a),F(b)) and T(a, b) and such that F′a,b is a
pivotal 2-functor. As F′a,b and Fa,b form a biequivalence, the diagram

S(F(a),F(b)) S(F(a),F(c))

T(a, b) T(a, c)

F′a,b

F(H)�−

H�−

Fa,b (5.20)

of 2-functors commutes up to an equivalence of 2-functors (see Definition A.3.14). Hence the
2-functor Fb,c(H)�− : S(F(a),F(b))→ S(F(a),F(c)) is naturally 2-isomorphic to a composite
of pivotal 2-functors. It is clear from the definition, that the composite of pivotal 2-functors
is again a pivotal 2-functor, it then follows from Proposition 5.1.10 iii) , that the 2-functors
Fb,c(H)�− are pivotal 2-functors.

Consider now the case of a general 1-morphism G : y → z in S. For objects x, y, z in S

we choose objects x̃, ỹ, z̃ of T such that x̃,ỹ and z̃ are biequivalent to F0(x), F0(y) and F0(z),
respectively. Since the functors Ψx,y and Ψ′x,y from (5.19) form a biequivalence, we can find
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5. Tricategories with duals

for every G : y → z in S a 1-morphism G′ : ỹ → x̃ in T, such that the diagram

S(x, y) S(x, z)

S(F(x̃),F(ỹ)) S(F(x̃),F(z̃))

Ψx,y

G�−

Fx̃,ỹ(G′)�−
Ψ′x,z (5.21)

of 2-functors commutes up to equivalence of 2-functors. It then follows again from Proposition
5.1.10 iii), that the 2-functors G�− : S(x, y)→ S(x, z) are pivotal 2-functors. �

5.3. Gray categories with duals

In this section we investigate Gray categories with strict duals. In particular we show that
the duals extend to (partially contravariant) functors of Gray categories.

Gray categories In this work we use the following definition of a Gray category.

Definition 5.3.1 A Gray category is a strict opcubical tricategory.

See Definition A.4.9 for the notion of a (op-)cubical tricategory.

In the sequel we require an unpacked definition of a Gray category where the coherence
structure is explicit. This is motivated by the geometrical applications in [5], where explicit
expressions for the coherence structures are required in the diagrammatic calculus.

Definition 5.3.2 ( [5, Def. 2.14]) A set of Gray category data G consists of the following

i) a set of objects Obj(G),

ii) for any pair of objects a, b, a 2-category G(a, b) of 1-, 2- and 3-morphisms with horizontal
composition ◦ and vertical composition ·.

iii) for every object a ∈ Obj(G), a 1-morphism 1a ∈ G(a, a),

iv) For any triple of objects a, b, c an any 1-morphism F : a → b, strict 2-functors, F�− :
G(c, a) → G(c, b) and −�F : G(b, c) → G(a, c), such that 1a�− and −�1a are the
identity 2-functors and

(P�Q)�R = P�(Q�R)

for all triples R ∈ G(a, b), Q ∈ G(b, c) and P ∈ G(c, d), two of which are 1-morphisms
and the third is a 1-morphism, 2- or 3-morphism.

v) for all 2-morphism ν : F1 ⇒ F2 ∈ G(c, d) and µ : G1 ⇒ G2 ∈ G(d, e) an invertible
3-morphism

σµ,ν : (µ�F2) ◦ (G1�ν)V (G2�ν) ◦ (µ�F1), (5.22)

called the tensorator, that is natural in both arguments and satisfies the following con-
ditions
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5.3. Gray categories with duals

a)

σµ,1F1 = 1µ�F1 σ1G1
,ν = 1G1�ν , (5.23)

b) For all 2-morphisms ν̄ : F2 ⇒ F3, µ̄ : G2 ⇒ G3,

σµ,ν̄◦ν =
(
(G2�ν̄) ◦ σµ,ν

)
·
(
σµ,ν̄ ◦ (G1�ν)

)
, (5.24)

σµ̄◦µ,ν =
(
σµ̄,ν ◦ (µ�F1)

)
·
(
(µ̄�F2) ◦ σµ,ν

)
.

c) The following condition holds, for all 2-morphisms µ and ν, and 1-morphisms F ,
whenever the expressions are defined

σµ�F,ν = σµ,F�ν σF�µ,ν = F�σµ,ν σµ,ν�F = σµ,ν�F. (5.25)

Note that Definition 5.3.2 implies the relations

1ν�G = 1ν�G 1F�ν = F�1ν (5.26)

for all 1-morphisms F,G and 2-morphisms ν for which these expressions are defined. Where
it is not ambiguous, the symbol � may be omitted, so that the product of G and F may be
written as just GF .

We will now show that the Gray category data in Definition 5.3.2 is equivalent a strict cubi-
cal or opcubical tricategory and that furthermore the cubical and the opcubical tricategories
that are obtained from the Gray category data are canonically equivalent.

Lemma 5.3.3 ( [5, Lemma 2.15]) i) Every strict cubical or opcubical tricategory de-
termines a set of Gray category data and every set of Gray category data determines a
strict opcubical tricategory G and a strict cubical tricategory Ĝ. For all composable 2- and
3-morphisms Ψ ∈ G(G1, G2),Φ ∈ G(F1, F2), the �-product in the opcubical tricategory
G is given by

Ψ�Φ = (Ψ�F2) ◦ (G1�Φ) (5.27)

and the one in the cubical tricategory Ĝ by

Ψ�Φ = (G2�Φ) ◦ (Ψ�F1) . (5.28)

ii) For every strict opcubical tricategory G, there exist 3-functors of strict tricategories

Σ : G→ Ĝ and Σ−1 : Ĝ→ G, that are the identity mappings on all objects and morphisms
and satisfy Σ ◦ Σ−1 = 1, Σ−1 ◦ Σ = 1.

Proof. Let G be a strict (op)cubical tricategory according to Definition A.4.9 with composition
� : G(d, e)× G(c, d)→ G(c, e) and coherence 3-morphisms

�µ,ν : (µ1�µ2) ◦ (ν1�ν2)→ (µ1 ◦ ν1)�(µ2 ◦ ν2)

for all �-composable pairs of 2-morphisms µ = (µ1, µ2) : (H1, H2)→ (K1,K2), ν = (ν1, ν2) :
(G1, G2) → (H1, H2). Then � defines the product of 1-morphisms with 1-, 2- and 3-
morphisms, and the tensorator is given by

σν1,µ2 = �−1
(1H1

,µ2),(ν1,1H2
)
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5. Tricategories with duals

in case G is opcubical and by
σµ1,ν2 = �(µ1,1H2

),(1H1
,ν2)

in case G is cubical. A direct computation shows that the axioms of a strict (op)cubical
tricategory in Definition A.4.9 imply that the conditions in Definition 5.3.2 are satisfied.

Conversely, if G is a Gray category given by a set of Gray category data, then one obtains
a strict opcubical tricategory by promoting the left-hand-side of (5.22) to the product of 2-
and 3-morphisms as in equation (5.27). The coherence morphisms for � are then given by
the collection of natural isomorphisms

�µ,ν = 1µ1�K2 ◦ σ−1
ν1,µ2 ◦ 1G1�ν2 : (µ1�µ2) ◦ (ν1�ν2)→ (µ1 ◦ ν1)�(µ2 ◦ ν2)

for all �-composable pairs of 2-morphisms µ = (µ1, µ2) : (H1, H2)→ (K1,K2), ν = (ν1, ν2) :
(G1, G2) → (H1, H2). That this determines a collection of 2-functors � : G(d, e) × G(c, d) →
G(c, e) with strict units (see Definition A.3.6) is a direct consequence of the axioms of the
Gray category data. Consistency condition v) of Definition A.3.6 follows from Definition 5.3.2
(5.23), and consistency condition vi) of Definition A.3.6 from Definition 5.3.2 (5.24). That
the functor � is opcubical follows directly from the definition.

Analogously, one obtains a strict cubical tricategory by promoting the right-hand-side of
(5.22) to the product of 2- and 3-morphisms as in (5.28).

The coherence morphisms for � are then given by the collection of natural isomorphisms

�µ,ν = 1K1�µ2 ◦ σµ1,ν2 ◦ 1ν1�G2 : (µ1�µ2) ◦ (ν1�ν2)→ (µ1 ◦ ν1)�(µ2 ◦ ν2)

for all �-composable pairs of 2-morphisms µ = (µ1, µ2) : (H1, H2)→ (K1,K2), ν = (ν1, ν2) :
(G1, G2)→ (H1, H2). The proof that this defines a strict cubical tricategory is analogous to
the opcubical case.

To show the second part, let G be a strict opcubical tricategory. By the first part this defines
a set of Gray category data and a corresponding strict cubical tricategory Ĝ. We define the
functor Σ : G → Ĝ of strict tricategories by taking the identity mappings on the objects and
the identity functors for each 2-functor Σc,d : G(c, d) → Ĝ(c, d). The only nontrivial data

of Σ are the natural isomorphisms κµ,ν : µ�̂ν → µ�ν from Definition A.4.10, where �̂ and

� denote, respectively, the products in the tricategories G and Ĝ. These are given by the
tensorator:

κµ,ν = σ−1
µ,ν

for all �- composable 2-morphisms µ, ν. It follows directly from the properties of the ten-
sorator in Definition 5.3.2 that this defines a functor Σ : G → Ĝ of strict tricategories. By
taking again the identity mappings on the objects and the identity 2-functors together with
the coherence isomorphisms κ−1

µ,ν = σµ,ν , we obtain a functor that is strictly inverse to Σ. �
The passage between a set of Gray category data and the associated cubical and opcubical

tricategories can be viewed as a special case of the operation called “nudging” in [33], which
allows one to pass between cubical and opcubical tricategories and functors.

We also require two types of opposite Gray category. The key point is the opposite of a Gray
category is a tricategory but it is not necessarily a Gray category in the sense of Definition
5.3.1 since, depending on which products are reversed, the resulting strict tricategory can be
cubical instead of opcubical.

Definition 5.3.4 ( [5, Def. 4.1]) Let G be a Gray category.
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5.3. Gray categories with duals

i) The tricategory Gop has the same composition � but opposite horizontal and vertical
composition. Thus the 2-categories are Gop(a, b) = (G(a, b))op and the composition � is
the collection of opposite 2-functors �op. Thus, in the abbreviated notation introduced
above and in Definition A.3.5, compositions of Gop are denoted �, ◦̃ and ·̃.

ii) The tricategory Gop has the same vertical composition but opposite composition � and
horizontal composition: Gop(a, b) = (G(b, c))op. The composition � for Gop is the col-

lection of 2-functors �̃op where Φ�̃Ψ = Ψ�Φ for all composable 2- and 3-morphisms

Φ,Ψ. Thus, in abbreviated notation, the compositions of Gop are �̃, ◦̃ and ·.

There is the analogous definition of the opposites Top and Top of a strict cubical tricategory
T. It is clear that (Top)op = T and (Top)op = T. In the following, we will not distinguish
the objects and morphisms of the opposite categories in our notation and only denote the
compositions in Top and Top with the appropriate op-label.

The expressions for the coherence isomorphisms and tensorators of the opposite strict tri-
categories are obtained by unpacking these definitions. Using the notation introduced above,
in Lemma 5.3.3 and Lemma 5.3.3, one finds that if T is a Gray category with has structure
isomorphisms �µ,ν , then Top has the structure isomorphism (�op)µ,ν = (�−1

ν,µ)op, and Top has

�̃op µ,ν = �ν′,µ′ , with µ′ = (µ2, µ1), ν ′ = (ν2, ν1). Here we used the opposites of 2-functors
from Definition A.3.8. The following statement then follows directly from the definitions.

Lemma 5.3.5 ( [5, Lemma 4.2]) Let T be a strict cubical (opcubical) tricategory. Then
Top is again a strict cubical (opcubical) tricategory, while Top is a strict opcubical (cubical)
tricategory.

In the following, we also require the notion of a strict functor of strict tricategories. The
standard definition of a strict functor of strict tricategories is that of a 3-functor of strict
tricategories for which all 2-functors Fc,d in Definition A.4.10 are strict and all natural iso-
morphisms κc,d,e in Definition A.4.10 are identities. However, as we only consider functors
between strict cubical or opcubical tricategories, we change this definition slightly to adapt
it to our setting.

For this, note that a 3-functor F : G → G̃ between an opcubical strict tricategory G and a
cubical strict tricategory G̃ can never be strict in the usual sense unless the coherence mor-
phisms �µ,ν from Definition A.4.10 are trivial. We therefore modify the notion of strictness
for the case of 3-functors between opcubical and cubical strict tricategories and call such
a functor strict if and only if its composition with the functor Σ from Lemma 5.3.3 ii) is
strict in the usual sense. This amounts to to the requirement that the coherence morphism
κc,d,e : �̃(Fd,e × Fc,d) → Fc,e� from Definition A.4.10 is given by the coherence morphisms
�̃−1
µ,ν from Definition A.4.9.

Definition 5.3.6 ( [5, Def. A.8]) Let G and G̃ be strict tricategories that are either cubical
or opcubical and F : G → G̃ a 3-functor of strict tricategories. Then the functor F is called
strict if for all objects c, d of G the 2-functors Fc,d are strict and the natural isomorphisms
κc,d,e from Definition A.4.10 are

i) the identity morphisms in case G and G̃ are both cubical or both opcubical,
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ii) given by the 3-morphisms

κµ,ν = �̃−1
(Fd,e(1G2

),Fc,d(ν)),(Fd,e(µ),Fc,d(1H1
))

for 2-morphisms µ : G1 ⇒ G2 ∈ G(d, e), ν : H1 ⇒ H2 ∈ G(c, d) in case G is cubical and
G̃ is opcubical,

iii) given by the 3-morphisms

κµ,ν = �̃−1
(Fd,e(µ),Fc,d(1H2

)),(Fd,e(1G1
),Fc,d(ν))

for 2-morphisms µ : G1 ⇒ G2 ∈ G(d, e), ν : H1 ⇒ H2 ∈ G(c, d) in case G is opcubical
and G̃ is cubical.

Gray category with strict duals We are now ready to state the definition of a Gray category
with strict duals. Recall the Definition of a strict pivotal 2-category from Definition 5.1.4,
see also Lemma 5.1.5.

Definition 5.3.7 ( [5, Def. 3.10]) A Gray category with strict duals is a Gray category G

with the following additional structure:

i) For all objects a, b of G, the 2-category G(a, b) is a strict pivotal 2-category, and for all
1-morphisms F : b→ c,

F�− : G(a, b)→ G(a, c) and −�F : G(c, d)→ G(b, d), (5.29)

are strict pivotal 2-functors.

ii) For every 1-morphism F : a→ b, there is a dual 1-morphism F# : b→ a, a 2-morphism
coevF : 1b ⇒ F�F#, called fold, and an invertible 3-morphism ΥF : (F� coev∗

F#) ◦
(coevF �F )V 11F , called the triangulator, such that the following conditions are satis-
fied:

a) F## = F for all 1-morphisms F : a→ b,

b) 1#
a = 1a, coev1a = 11a, Υ1a = 111a for all objects a,

c) (F�G)# = G#�F#, coevF�G = (F� coevG�F#) ◦ coevF ,
ΥF�G = (ΥF�G ◦ F�ΥG) · (1F�G� coev∗

G#
◦ σ−1

F� coevG . coev
∗
F# �G

◦ 1coevF �F�G) for

all composable 1-morphisms F : b→ c, G : a→ b,

d) (ΥF�F ◦ 1coevF ) · (1F� coev∗
F# �F

# ◦ σcoevF ,coevF ) · (F�Υ∗
F# ◦ 1coevF ) = 1coevF .

A Gray category G has weak duals if it has weak duals when regarded as a tricategory according
to Definition 5.3.1.

Remark 5.3.8 This definition is equivalent to the Definition of a Gray category with duals
in [5, Definition 3.10]. This can be seen as follows. It is shown in Lemma 5.1.5 that what
is called a planar 2-category in [5] is the same as a strict pivotal 2-category. The additional
structures are related to the ones in [5] as follows. For a 1-morphism F : a → b, the 2-
morphism coevF of Definition 5.3.7 is called ηF in [5, Definition 3.10]. The 3-morphism
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5.3. Gray categories with duals

TF : (η∗F�F ) ◦ (F�ηF#) V 1F in [5, Definition 3.10] is the same as the 3-morphism (Υ∗F )−1

of Definition 5.3.7.
To avoid expressions like evevF we will adopt the notation ηF for the coevaluation coevF

of a 1-morphism and to simplify the comparison with [5], we will use the notation TF :
(η∗F�F ) ◦ (F�ηF#)V 1F for the triangulator.

The following provides already an interesting class of examples.

Lemma 5.3.9 ( [5, Lemma 3.11]) If G is a Gray category with strict duals, then for every
object C the category G(1C, 1C) is a braided strict pivotal category. Conversely, a braided
strict pivotal category is a Gray category with strict duals with a single object and a single
1-morphism.

In a Gray category with strict duals, the duality is compatible with the tensorator in the
following way.

Lemma 5.3.10 ( [5, Lemma 3.12]) Let G be a Gray category with duals. Then for all 2-
morphisms µ, µ′ : F ⇒ G, ν : H ⇒ K and all 3-morphisms Φ : µ V µ′ for which these
expressions are defined, one has

(K�Φ�H)∗ = K�Φ∗�H, σ∗µ,ν = σµ∗,ν∗ ,

(1(µ�K)◦(F�ν) ◦ coev∗µ∗�H) · (1µ�K ◦ σµ∗,ν ◦ 1µ�H) · (coevµ�K ◦1(G�ν)◦(µ�H)) = σ−1
µ,ν ,

(1(G�ν)◦(µ�H) ◦ coev∗F�ν∗) · (1G�ν ◦ σ−1
µ,ν∗ ◦ 1F�ν) · (coevG�ν ◦1(µ�K)◦(F�ν)) = σµ,ν .

Proof. The first identity follows directly from the definition of the dual 3-morphisms in terms
of the 3-morphism coevµ in equation (5.5) and from Definition 5.3.7 i). The second identity
follows from the third and the fourth. These two identities are direct consequences of the
properties of the tensorator together with Definition 5.3.7 i). �

5.3.1. Duals as functors of strict tricategories

In this section it is shown that the duals ∗ and # of a Gray category with strict duals in
Definition 5.3.7 define functors of strict tricategories (see Definition A.4.10).

To define a functor of strict tricategories ∗ : G → Gop, the dual ∗ in the strict pivotal
2-categories G(a, b) is extended trivially to the objects and 1-morphisms of G. Similarly, the
dual # is extended trivially to the objects of G. To extend it to 2- and 3-morphisms, we
define for each 2-morphism ν : F ⇒ G and 3-morphism Φ : µ V ν the associated #-duals
#ν : G# ⇒ F#, #Φ : #µ⇒ #ν by

#ν = (F#�η∗G) ◦ (F#�ν�G#) ◦ (ηF#�G#) (5.30)

#Φ = 1F#�η∗G
◦ (F#�Φ�G#) ◦ 1η

F#�G# .

The operations ∗ and # reverse some of the products and so extend to contravariant
functors of different types. The passage from a duality operation to a functor F representing
the duality is as follows. All the mappings in the definition of the functor F, i.e. F0 and Fa,b in
the notation of Definition A.4.10, are given directly by the duality operation, with the result
regarded as an object or morphism in the appropriate opposite category. For example, for
the functor ∗ : G→ Gop, ν∗ is regarded as (ν∗)op in Gop for a 2-morphism ν in G.
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5. Tricategories with duals

The following theorem is proven in [5]. Several steps in the proof are performed there
using the graphical calculus for Gray categories with duals developed in [5]. For the sake of
completeness we give an algebraic proof here which is equivalent to the diagrammatic one
in [5]. However, the proof involves many lengthy computations which are not presented in
full detail here.

Theorem 5.3.11 ( [5, Thm. 4.3]) Let G be a Gray category with strict duals.

i) The duality operation ∗ on G extends to a strict 3-functor of strict tricategories ∗ : G→
Gop in the sense of Definition 5.3.6.

ii) The duality operation # on G extends to a 3-functor of strict tricategories #: G→ Gop
in the sense of Definition A.4.10.

Proof.
1. The data for the 3-functor ∗ is

− The identity mapping on objects a, b, c,

− The strict 2-functors ∗a,b : G(a, b) → Gop(a, b) defined by φ 7→ (φ∗)op using the strict
pivotal structure of G(a, b),

− natural 2-isomorphisms ρa,b,c : �op (∗b,c × ∗a,b) → ∗a,c� of 2-functors defined by com-
ponents ρµ,ν = (σµ∗,ν∗)

op.

To check that this is a strict 3-functor of strict tricategories, we verify the axioms from
Definition A.4.10 and Definition 5.3.6. Since for composable 2-morphisms µ : F ⇒ G and
ν : G⇒ K,

(∗(µ�ν))op = ((F�ν∗) ◦ (µ∗�K))op = ((µ∗)op�̂op(ν∗)op),

with �̂ defined as in Lemma 5.3.3 ii), this shows that ∗ defines a 3-functor of strict tricategories

∗̃ : G → Ĝop. The coherence data of the 3-functor ∗ is obtained by composing ∗̃ with the 3-
functor Σ : Ĝop → Gop from Lemma 5.3.3 ii): ∗ = Σ ◦ ∗̃. This produces precisely the
natural 2-isomorphism ρa,b,c given above and shows that ∗ is indeed a strict 3-functor of strict
tricategories in the sense of Definitions A.4.10 and 5.3.6.

2. As the duality # is the identity on the objects of G, it is sufficient to show that for each
pair of objects a, b the dual # defines 2-functors #a,b : G(a, b) → Gop(a, b) and there are

natural 2-isomorphisms κa,b,c : �̃(#b,c×#a,b)→ #a,c� of 2-functors satisfying the conditions
specified in Definition A.4.10.

To show that # defines a 2-functor # : G(a, b) → Gop(a, b), we note that for all objects F
in G(a, b)

#1F = (F#�η∗F )◦(ηF#�F#).

This implies that the ∗-dual of the triangulator defines an invertible 3-morphism ΦF = T ∗
F# :

1F# V #1F with Φ1a = 11a in Gop. For each pair of composable 1-morphisms ν : F ⇒ G,
ρ : E ⇒ F in G(a, b), one obtains a 2-morphism Φρ,ν : #ρ ◦#ν V #(ν ◦ ρ) in Gop(a, b) by

Φρ,ν = (1E#η∗G◦E#νG# ◦ E#TFG
# ◦ 1E#ρG#◦η

E#G#)

· (σE#η∗F ,η
∗
G◦νG# ◦ 1E#Fη

F#G# ◦ 1E#ρG#◦η
E#G#) · (1E#η∗F

◦ σE#ρ◦η
E# ,#ν

).
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5.3. Gray categories with duals

It follows directly from the invertibility of the triangulator and the tensorator that Φρ,µ is
invertible, and the naturality of the tensorator implies that it is natural in both arguments.
It remains to prove the identities

Φ1F ,ν · (ΦF ◦ 1#ν) = 1#ν = Φν,1G · (1#ν ◦ ΦG) (5.31)

and the commutativity of the diagram

#ρ ◦#ν ◦#µ
1#ρ◦Φν,µ//

Φρ,ν◦1#µ
��

#ρ ◦#(µ ◦ ν)

Φρ,µ◦ν
��

#(ν ◦ ρ) ◦#µ
Φν◦ρ,µ // #(µ ◦ ν ◦ ρ)

(5.32)

which correspond to the two consistency conditions in Definition A.3.6. For this, note that
for a 1-morphism F : a→ b, the 3-morphism Φ1F ,ν is given by

Φ1F ,ν =(1F#η∗G◦F#νG# ◦ F#TFG
# ◦ 1η

F#G#)

· (σF#η∗F , η
∗
G◦νG# ◦ 1F#Fη

F#G# ◦ 1η
F#G#) · (1F#η∗F

◦ σF#η
F# ,#ν).

Composing this expression with T ∗
F# ◦1#ν , one finds that the conditions in (5.31) follow from

the naturality of the tensorator σ, together with the invertibility of TF and identity (d) in
Definition 5.3.7. The commutativity of the diagram (5.32) follows from the naturality of the
tensorator σ together with the invertibility of TF and the exchange law for 2-categories. This
shows that for all objects a, b of G, the duality # defines a 2-functor #a,b : G(a, b)→ G(a, b)op.

3. To show that the four consistency conditions in Definition A.4.10 are satisfied for the
3-functor #, note that the operation # satisfies 1#

a = 1a. The natural 2-isomorphisms
κa,b,c : �̃(#b,c ×#a,b)→ #a,c� from Definition A.4.10 are thus specified by their component
3-morphisms

κµ,ν : (#µ)�̃(#ν) = (#ν)�(#µ)V #(µ�ν).

These 3-morphisms define natural 2-isomorphisms of 2-functors if and only if they are natural
in both arguments, invertible and the following two diagrams commute

(#ν�#µ) ◦ (#τ�#ρ)

1◦σ−1
#τ,#µ◦1

��

κµ,ν◦κρ,τ// #(µ�ν) ◦#(ρ�τ)

Φµ�ν,ρ�τ
��

(#ν ◦#τ)�(#µ ◦#ρ)

Φν,τ�Φµ,ρ
��

#((ρ�τ) ◦ (µ�ν))

#(1◦σ−1
µ,τ◦1)

��
#(τ ◦ ν)�#(ρ ◦ µ) κρ◦µ,τ◦ν

// #((ρ ◦ µ)�(τ ◦ ν))

(5.33)

1G#�1F# = 1(F�G)#

ΦG�ΦF
��

ΦF�G

**UUUUUUUUUUUUUUUUU

#1G�#1F κ1F ,1G
// #(1F�1G) = #(1F�G).

, (5.34)
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5. Tricategories with duals

where the two vertical arrows labeled with tensorators arise from the definition of the com-
position � in Lemma 5.3.3 and Lemma 5.3.3 ii).

Condition v) in Definition A.4.10 is equivalent to the commutativity of diagram

#µ�#ν�#ρ

κν,µ�1

��

1�κρ,ν // #µ�#(ρ�ν)

κρ�ν,µ

��
#(ν�µ)�#ρ κρ,ν�µ

// #(ρ�ν�µ),

(5.35)

and conditions vi), vii) to the equations κµ,11a = κ11b ,µ
= 1µ for all µ ∈ G(a, b).

For composable 2-morphisms µ : F ⇒ G, ν : H ⇒ K, we define a 3-morphism κµ,ν :
#ν�#µV #(µ�ν) by

κµ,ν =

(1H#F#η∗G
◦ 1H#F#Gη∗KG

# ◦ 1H#F#µKK#G# ◦H#ση
F# ,νK

#G# ◦ 1η
H#K#G#)

· (1H#F#η∗G
◦H#σF#µ◦η

F# ,η
∗
K
G# ◦ 1H#νK#G# ◦ 1η

H#K#G#) · σ#ν,#µ.

It follows directly from the definition of the tensorator that the 3-morphisms κµ,ν are in-
vertible, satisfy the conditions κµ,11C = κ11D ,µ

= 1µ and are natural in both arguments. It is
therefore sufficient to establish the commutativity of the diagrams in (5.33), (5.34) and (5.35).
This follows after some computations from the properties (5.24), (5.25) of the tensorator in
Definition 5.3.2. �

Lemma 5.3.12 ( [5, Lemma 4.4]) The 3-functor of strict tricategories ∗ : G → Gop satis-
fies ∗∗ = 1.

Proof. Note that strictly speaking this identity should be written ∗op∗ = 1G, where we identify
(Gop)op = G. That the mappings of the 3-functor ∗∗ are given by the identity follows directly
from the fact that ∗ is trivial on the objects and 1-morphisms and the 2-categories G(a, b)
are strict pivotal. It remains to show that the coherence morphisms of ∗∗ are the identities.
Recall that the coherence data of ∗ is given by σ, i.e. the components of the 2-transformation
ρa,b,c : �op (∗b,c×∗a,b)→ ∗a,c� are ρµ,ν = (σµ∗,ν∗)

op. According to the definition of F op for a
3-functor F of strict tricategories, the components of the corresponding 2-transformation for
∗op are given by σ−1

µ∗,ν∗ and hence the composition ∗∗ is the identity functor. �
The relation between the duality 3-functors ∗ and # and between ## and 1 is given in

terms of 3-isomorphisms of 3-functors of strict tricategories (Definition A.4.12).

Theorem 5.3.13 ( [5, Thm. 4.5]) There are the following natural 3-isomorphisms of 3-
functors of strict tricategories Γ : ∗# ∗#→ 1, Θ : ##→ 1.

Proof.
1. As the 3-functor of strict tricategories ∗# ∗ # : G → G acts trivially on objects and
1-morphisms, a natural isomorphism of 3-functors of strict tricategories Γ : ∗# ∗ # → 1
corresponds to a collection of invertible 3-morphisms Γµ : ∗# ∗#µV µ for each 2-morphism
µ that satisfy the following conditions:
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5.3. Gray categories with duals

− naturality: for each 3-morphism Ψ : µV ν the following diagram commutes

∗# ∗#µ
Γµ //

∗#∗#Ψ
��

µ

Ψ

��
∗# ∗#ν

Γν
// ν.

− compatibility with the unit 2-morphisms: for all 1-morphisms F , the following diagram
commutes

∗# ∗#1F

Γ1F &&LLLLLLLLLLL
#1F#

∗#∗ΦFoo

∗Φ
F#

��
1F .

(5.36)

− compatibility with the horizontal composition: for all composable 2-morphisms µ, ν, the
following diagram commutes

(∗# ∗#µ) ◦ (∗# ∗#ν)

Γµ◦Γν
��

∗# ∗ (#ν ◦#µ)
∗Φ∗#ν,∗#µoo

∗#∗Φµ,ν
��

µ ◦ ν ∗# ∗#(µ ◦ ν).
Γµ◦νoo

(5.37)

− compatibility with the composition �: for all composable 2-morphisms µ : F ⇒ G,
ν : H ⇒ K, the following diagram commutes

∗# ∗#µ� ∗# ∗#ν
Γµ�Γν // µ�ν

∗(# ∗#µ�# ∗#ν)

σ−1
∗#∗#µ,∗#∗#ν

OO

∗# ∗#(µ�ν)

Γµ�ν

OO

∗#(∗#ν� ∗#µ)

∗κ∗#ν,∗#µ

OO

∗# ∗ (#ν�#µ).
∗#σ∗#ν,∗#µ
oo

∗#∗κµ,ν

OO

(5.38)

Note that the four arrows labeled with the invertible 3-morphisms ∗# ∗ κµ,ν , ∗#σ∗#ν,∗#µ,

∗κ∗#ν,∗#µ, σ−1
∗#∗#µ,∗#∗#ν in this diagram compose to the coherence 3-morphism κ∗#∗#µ,ν : # ∗

# ∗ µ� ∗# ∗#ν V ∗# ∗#(µ�ν) of the 3-functor ∗# ∗# : G→ G.

The natural 3-isomorphism Γ : ∗# ∗ # → 1 is defined by its component 3-morphisms
Γν : ∗# ∗#ν V ν for each 2-morphism ν : F ⇒ G:

Γν =(TG ◦ 1ν) · (1η∗GG ◦ σν,ηG#
) · (1η∗GG◦νG#G ◦ TFG#G ◦ 1Fη

G#
)

·(ση∗F ,η∗GG◦νG#G ◦ 1Fη
F#G#G◦Fη

G#
).

From the definition of Γν , it is clear that there is an inverse 3-morphism Γ−1
ν : ν V ∗# ∗#ν.

The naturality of Γν follows directly from the naturality of the tensorator.
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5. Tricategories with duals

To show the compatibility of Γν with the unit 2-morphisms, recall that for each 1-morphism
F , the tensorator σ1F ,ηF#

is trivial. The associated 3-morphism Γ1F therefore reduces to:

Γ1F =TF · (1η∗FF ◦ TFF
#F ◦ 1Fη

F#
) · (ση∗F ,η∗FF ◦ 1

Fη
F#F#F◦Fη#F

)

The commutativity of the diagram (5.36) is then a direct consequence of identity (d) in
Definition 5.3.7.

The compatibility condition (5.37) between Γ and the horizontal composition follows from
the definitions together with the invertibility of the triangulator, identity (d) in Definition
5.3.7, the naturality of the tensorator and the exchange identity.

The compatibility of Γ with the composition � in equation (5.38) again follows from the
definitions together with the naturality of the tensorator, the properties of the triangulator
and the exchange identity. This concludes the proof that the 3-morphisms Γν : ∗# ∗#ν V ν
define a natural 3-isomorphism of 3-functors of strict tricategories Γ : ∗# ∗#→ 1.

2. As the 3-functor of strict tricategories ## : G → G acts trivially on the objects and
1-morphisms of G, a natural 3-isomorphism of 3-functors of strict tricategories Θ : ## → 1
is determined by a collection of invertible 3-morphisms Θµ : ##µV µ for each 2-morphism
µ : F → G that satisfy the following conditions:

− naturality: for each 3-morphism Ψ : µV ν the following diagram commutes:

##µ
Θµ //

##Ψ

��

µ

Ψ

��
##ν

Θν
// ν.

− compatibility with the unit 2-morphisms: for all 1-morphisms F the following diagram
commutes:

##1F

Θ1F $$JJJJJJJJJJ
#1F#

#ΦFoo

1F

Φ
F#

OO (5.39)

− compatibility with the horizontal composition: for all composable 2-morphisms µ, ν, the
following diagram commutes:

##µ ◦##ν
Φ#µ,#ν//

Θµ◦Θν
��

#(#ν ◦#µ)

#Φν,µ
��

µ ◦ ν ##(µ ◦ ν)
Θµ◦νoo

(5.40)
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− compatibility with the composition �: for all composable 2-morphisms µ : F ⇒ G,
ν : H ⇒ K the following diagram commutes:

##(µ�ν)
Θµ�ν // µ�ν

#(#ν�#µ)

#κµ,ν

OO

##µ�##ν.

Θµ�Θν

OO

κ#ν,#µoo

(5.41)

The natural 3-transformation Θ : ## → 1 is defined by its component 3-morphisms. For
each 2-morphism ν : F ⇒ G we set

Θν = (1ν ◦ coev∗η∗GF◦νG#F ) · (1ν◦η∗GF◦νG#F ◦ TFG#F ◦ 1ν∗G#F◦ηGF )

· (1ν ◦ (T ∗F )−1 ◦ ση∗F , η∗GF◦νG#F ◦ 1Fη
F#G#F◦ηGF )

· (1ν◦Fη∗
F#
◦ coevηFF ◦1G#νF◦ηGF ) · (1ν ◦ σν , η∗

F#◦#νF ◦ 1ηGF ) · (coevν ◦1##ν).

The naturality of the 3-morphisms Θν is a direct consequence of the naturality of the ten-
sorator together with the first condition in equation (5.4) in the characterization of a strict
pivotal 2-category in Lemma 5.1.5. Also, it follows from the invertibility of the triangulator,
the invertibility of the tensorator and the identities satisfied by the 3-morphisms coevν that
Θν is invertible with inverse

Θ−1
ν = (1Gη∗

F#
◦ coev∗GF#ν∗ ◦1G#νF◦ηGF ) · (1Gη∗

F#◦GF#ν∗ ◦ σG#ν◦ηG , ν)

· (1Gη∗
F#◦GF#ν∗◦GF#η∗GG◦GF#νG#G◦Gη

F#G#G ◦ coev∗Gη∗
G#
◦1ηGG◦ν)

· (1Gη∗
F#◦GF#ν◦GF#η∗GG

◦ σ−1
GF#ν◦Gη

F# , η∗
G#
◦ 1Gη

G#◦ηGG◦ν)

· (1Gη∗
F#◦GF#ν∗ ◦GF#TG ◦ 1GF#ν◦Gη

F#
◦ (T ∗G)−1 ◦ 1ν)

· (coevGη∗
F#◦GF#ν∗ ◦1ν).

To verify condition (5.39) on the compatibility of Θ with the unit 2-morphisms 1F : F ⇒ F ,
we note that the 3-morphism Θ1F : ##1F V 1F is given by

Θ1F = coev∗η∗FF
·(1η∗FF ◦ TFF

#F ◦ 1ηFF ) · ((T ∗F )−1 ◦ ση∗F , η∗FF ◦ 1Fη
F#F#F◦ηFF )

· (1Fη∗
F#
◦ coevηFF ◦1ηFF ).

By applying condition (d) in Definition 5.3.7 together with the invertibility of the triangulator
and the properties of the morphisms coevν in a strict pivotal 2-category, one finds that the
right hand side is equal to the 3-morphism Θ−1

F# · (#ΘF )−1.

The condition (5.40) on the compatibility of the 3-morphisms Θν with the horizontal com-
position of 3-morphisms is more involved. It is a consequence of the properties of the trian-
gulator, the naturality of the tensorator and the properties of the morphisms coevν in a strict
pivotal 2-category.

�
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5.3.2. Coherence properties of the duals

This section investigates the interaction of the 3-functors of strict tricategories ∗ : G → Gop,
# : G → Gop with the natural 3-transformations Θ : ## → 1, Γ : ∗# ∗# → 1. The results
are needed in the strictification of these 3-functors in Section 7.3.

The first result can be regarded as a coherence result for the 3-functors of strict tricategories
# and ∗. By composing the natural transformations Θ : ## → 1 and Γ : ∗# ∗ # → 1 on
the left and right with, respectively, the 3-functors # and ∗#, one obtains pairs of natural
transformations #Θ,Θ# : ### → # and # ∗ Γ−1,Γ ∗# : # ∗# ∗# → ∗#. The following
lemma shows that these natural transformations are equal.

Lemma 5.3.14 ( [5, Lemma 4.6]) The natural 3-isomorphisms Γ : ∗# ∗ # → 1 and Θ :
##→ 1 satisfy

#Θ = Θ#, (∗#Γ) · (Γ ∗#) = 1,

and there is a natural isomorphism ∆ : # → ∗#∗ of 3-functors of strict tricategories such
that the following diagram commutes

##

∆#

��

#∆ //

Θ

%%KKKKKKKKKKK # ∗#∗

∗# ∗#
Γ

// 1.

∗Γ∗

OO (5.42)

Proof.

In terms of the associated component 3-morphisms Θν : ##ν V ν and Γν : ∗# ∗#ν V ν,
the first two relations in the lemma read

#Θν = Θ#ν , ∗#Γν = Γ−1
∗#ν .

The second relation follows after some computations from the naturality of the tensorator
and condition (d) in Definition 5.3.7.

To construct the natural transformation ∆ : #→ ∗#∗, it is sufficient to specify its compo-
nent 3-morphisms ∆ν : #ν V ∗# ∗ ν for each 2-morphism ν and to show that the following
diagram commutes

##ν

∆#ν

��

#∆ν //

Θν
&&NNNNNNNNNNNN # ∗# ∗ ν

(Γ∗
ν∗ )−1

��
∗# ∗#ν

Γν
// ν.

For a 2-morphism ν : F ⇒ G, we define the 3-morphism ∆ν : #ν V ∗# ∗ ν as the composite

∆ν = (TG# ◦ 1∗#∗ν) · (1G#η∗G
◦G# coev∗ν G

# ◦ 1η
G#G# ◦ 1∗#∗ν) (5.43)

· (1G#η∗G◦G#νG# ◦G#TFG
# ◦ 1G#ν∗G#◦η

G#G# ◦ 1∗#∗ν)

· (σG#η∗F , η
∗
G◦νG# ◦ 1G#FF#η

F#◦G#ν∗G#◦η
G#G# ◦ 1∗#∗ν)

· (1G#η∗F
◦ σG#ν∗◦η

G# ,#ν ◦ 1∗#∗ν) · (1#ν ◦ coev∗#∗ν).
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After some computations, using the properties of the tensorator and condition (d) in Definition
5.3.7, one finds that the 3-morphism Θν : ##ν V ν is given in terms of ∆ν by

Θν = (Γ∗ν∗)
−1 ·#∆ν = Γν ·∆#ν . (5.44)

This implies the commutativity of the diagram in (5.42). It also follows directly that the
3-morphisms ∆µ define a natural isomorphism of 3-functors of strict tricategories.

By combining diagram (5.42) with the relation ∗#Γν = (Γ∗#ν)−1, one obtains for all 2-
morphisms ν:

Θ#ν = (Γ∗∗#ν)−1 ·#∆#ν = #Γν ·#∆#ν = #(Γν ·∆#ν) = #Θν ,

which proves the first identity in the lemma. �
Lemma 5.3.14 has direct implications for the categories G(F,G) associated 1-morphisms

F,G : a→ b. The categories G(F, F ) have a canonical structure as strict monoidal categories
with the monoidal product given by the horizontal composition and the monoidal unit by the
2-morphism 1F : F ⇒ F . The 3-functors of strict tricategories ∗ and # induce 3-functors
∗ : G(F,G)→ G(F,G)op and # : G(F,G)→ G(G#, F#).

Corollary 5.3.15 ( [5, Cor. 4.7]) For all 1-morphisms F,G : C → D, the 3-functors ∗ :
G(F,G)→ G(F,G)op, # : G(F,G)→ G(G#, F#) are equivalences of categories. When G(F, F )
is equipped with its canonical monoidal structure, then ∗ defines a strict pivotal structure
on G(F, F ), # : G(F, F ) → G(F#, F#)op is a monoidal functor to the monoidal category
G(F, F )op with the opposite monoidal product, and the 3-morphisms ∆µ,∆

∗
µ∗ : #µ V ∗# ∗ µ

define natural isomorphisms #→ ∗#∗.

Proof. The functor ∗ : G(F,G)→ G(F,G)op is an equivalence of categories since it is invertible:
∗∗ = 1G(F,G). It follows directly from the axioms of a strict pivotal 2-category that ∗ equips
each monoidal category G(F, F ) with a strict pivotal structure.

To see that the functor # : G(F,G) → G(G#, F#) is essentially surjective, note that for
each object µ of G(G#, F#), the 3-morphism Θ−1

µ : µ V ##µ defines an isomorphism in

G(G#, F#) from µ to an object in the image of #. That # : G(F,G) → G(G#, F#) is fully
faithful follows from the fact that Θ : ##→ 1 defines a natural isomorphism ## ∼= 1G(F,G).

To prove that # : G(F, F )→ G(F#, F#)op is a monoidal functor, consider the isomorphisms
ΦF : 1F# → #1F and the isomorphisms Φν,µ : #ν ◦#µ→ #(µ◦ν) from the proof of Theorem
5.3.11. Identities (5.31) and (5.32) in the proof of Theorem 5.3.11 coincide with the axioms
for a monoidal functor. �

The last structural property of a Gray category with strict duals that will be required in the
following is a relation between the natural transformation ∆ : #→ ∗#∗ from Lemma 5.3.14
and its double ∗-dual ∗∆∗ : #→ ∗#∗. If one restricts attention to 2-morphisms ν : 1C ⇒ 1C
between trivial 1-morphisms, and the diagrams reduce to two well-known diagrams from knot
theory, which are required to be equal in a ribbon category. It is thus natural to impose that
the natural transformations ∆ : # → ∗#∗ and ∗∆∗ : # → ∗#∗ are equal. However, already
in the context of the center construction, this identity only holds under certain additional
assumptions on the underlying pivotal category. In the following, we will refer to a Gray
category with this property as a spatial Gray category.

Definition 5.3.16 ( [5, Def. 4.8]) A Gray category G with duals is called spatial if the
natural transformations ∆ : #→ ∗#∗ and ∗∆∗ : #→ ∗#∗ are equal.
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5. Tricategories with duals

Corollary 5.3.17 ( [5, Cor. 4.9]) If G is a spatial Gray category, then for each object a of
G, the category G(1a, 1a) is a ribbon category. Conversely, a ribbon category is a spatial Gray
category with one object and one 1-morphism.

Proof. If G is a Gray category with strict duals, then by Lemma 5.3.9 the category G(1a, 1a) is
a braided pivotal category. As all compositions � with 1-morphism 1a, the 2-morphisms η1a

and the 3-morphism T1a are trivial, it follows that the 2-functor # : G(1a, 1a) → Gop(1a, 1a)
is trivial, and that the 3-morphisms from Theorem 5.3.13 and Lemma 5.3.14 satisfy Γµ = 1µ
and Θµ = ∆µ for all 2-morphisms µ in G(1a, 1a). For each object µ, the morphism Θµ = ∆µ :
µ → µ reduces to the twist in a pivotal braided category. The condition that G is spatial
ensures that the twist satisfies the condition that makes G(1a, 1a) into a ribbon category. �

5.4. First examples

In this section we discuss examples of tricategories with weak duals and Gray categories with
strict duals. The first example will be a certain tricategory constructed from appropriate sub-
categories of Bicat, the tricategory of bicategories, see Proposition A.4.5. First we investigate
restrictions on such an example constructed from Bicat.

5.4.1. Pseudo-equivalences and pivotal functors

As for each object a in a Gray category G with duals the category G(1a, 1a) is a strict pivotal
category, it seems plausible to construct a concrete example of a Gray category with strict
duals by considering a Gray category whose objects are pivotal categories. More precisely, we
consider appropriate subcategories of the bicategory Bicat, in which the objects are pivotal
categories and suitable restrictions are imposed on the functors, pseudo-natural transforma-
tions and modifications. Recall that a monoidal category is the same as a bicategory with
one object.

Definition 5.4.1 The following defines a sub-tricategory of Bicat, called Moncat in the fol-
lowing. Objects of Moncat are strict monoidal categories, 1-morphisms are strict monoidal
functors, 2-morphisms are the pseudo-natural transformations and 3-morphisms are modifi-
cations. The compositions are the compositions in Bicat

The following is straightforward to see.

Lemma 5.4.2 The tricategory Moncat is a strict opcubical tricategory and hence a Gray
category according to Definition 5.3.1.

We show in the following that the conditions in Definition 5.3.7 are quite restrictive but
nevertheless allow one to obtain non-trivial examples, which are discussed in Section 5.4.2.
The first result regards restrictions on the 1-morphisms in Moncat that arises from the presence
of fold 2-morphisms and the triangulator.

Definition 5.4.3 ( [5, Def. 8.1]) A pseudo-equivalence of pivotal categories C → D con-
sists of monoidal functors F : C → D and G : D → C and pseudo-natural transformations
ρ : FG⇒ 1D η : 1C ⇒ GF, for which there exist invertible modifications TF : (ρF) ◦ (Fη)V 1F,
TG : (Gρ) ◦ (ηG)V 1G.
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If G is a sub-Gray category of Moncat that has the structure of a Gray category with strict
duals and whose objects are pivotal categories, then a 1-morphism F : C→ D defines a pseudo-
equivalence C→ D with G = F#, ρ = η∗F, η = ηF# , the triangulator as TF and TG = (T ∗

F#)−1.
A classification of the pseudo-equivalences between pivotal categories therefore allows one to
characterize the possible 1-morphisms, folds and triangulators of Gray categories with duals.

This requires some preliminary facts on invertible objects in pivotal categories. An object
x in a pivotal category C is called invertible if the morphism coevx : 1C → x ⊗ x∗ is an
isomorphism, and it is called strictly invertible if x⊗x∗ = 1C. Note that strict invertibility of
x does not imply that coevx : 1C → x⊗x∗ is the identity morphism, but only coevx ∈ End(1C).
It follows directly that every invertible object in a semisimple pivotal category is simple,
i. e. satisfies Hom(x, x) ∼= C. In a semisimple pivotal category, the existence of an isomorphism
x ⊗ y → e is sufficient to ensure that x and y are invertible. The following is lemma is
straightforward to deduce from the calculus in semisimple categories as explained e.g. in [53].
We nevertheless present the details here.

Lemma 5.4.4 ( [5, Lemma 8.2]) Let C be a semisimple pivotal category. If ψ : x⊗y → 1C

is an isomorphism, then x and y are invertible and y ' x∗.

Proof. Assume that x is not simple. By considering decompositions of x and y in their direct
summands, see Definition A.1.8, one can show that there are two simple objects c and d and
two non-zero morphisms α : c→ x and β : x→ d with β ◦ α = 0.

This implies that the morphism (β⊗1y)◦ (α⊗1y) : c⊗y → d⊗y is also the zero morphism,
and with the isomorphism ψ : x⊗ y ' 1C, one obtains the following commuting diagram

c⊗ y α⊗1y //

##HHHHHHHHH x⊗ y β⊗1y //

ψ

��

d⊗ y

1C

::vvvvvvvvv

.

This diagram expresses the zero morphism from c⊗y to d⊗y as the composite of two non-zero
morphisms through 1C. Each partition of d⊗ y defines a morphism γ : d⊗ y → 1C, such that
γ ◦ (β ⊗ 1y)ψ

−1 = 11C
. This implies

0 = γ(β ⊗ 1y) ◦ (α⊗ 1y) = γ(β ⊗ 1y)ψ
−1ψ(α⊗ 1y) = ψ(α⊗ 1y),

which is a contradiction. Hence x is simple, and an analogous argument shows that y is
simple. This implies that y∗ is simple and x ⊗ y ' 1C yields a non-zero morphisms x → y∗

which must be an isomorphism. It follows that x and y are invertible. �
If x is an invertible object in C, the functor Adx : C → C with Adx(f) = x ⊗ f ⊗ x∗ for

objects and morphisms f in C is a monoidal functor. If x is strictly invertible, the monoidal
functor Adx is strict. One finds that this functor is directly related to pseudo-equivalences
between pivotal categories.

Lemma 5.4.5 ( [5, Lemma 8.3]) Let C and D be pivotal categories.

i) Assume that C and D are semisimple. Let (F,G, ρ, η) : C → D be a pseudo-equivalence
such that the pseudo-natural transformations ρ : FG ⇒ 1D and η : 1C ⇒ GF are given
by component morphisms ρx : d⊗ FG(x)→ x⊗ d and ηy : c⊗ y → GF(y)⊗ c. Then the
objects d ∈ Ob(D) and c ∈ Ob(C) are invertible, F(c) ' d∗ and F together with Adc∗ ◦ G
form an equivalence of monoidal categories.
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5. Tricategories with duals

ii) Let F : C→ D be a monoidal functor that is part of an equivalence of categories and c ∈ C

be an invertible object. Then the (right) adjoint functor G̃ of F naturally is a monoidal
functor and the adjunction defines a pseudo-equivalence (F,G = Adc∗ ◦ G̃, ρ, η) : C→ D

with pseudo-natural transformations ρa : F(c) ⊗ FG(a) → a ⊗ F(c) and ηb : c ⊗ b →
GF(b)⊗ c.

Proof. 1. Let (F,G, ρ, η) be a pseudo-equivalence between C and D with pseudo-natural
transformations ρx : d ⊗ FG(x) → x ⊗ d and ηy : c ⊗ y → GF(y) ⊗ c and choose invertible
modifications TF : (ρF) ◦ (Fη) V 1F and TG : (Gρ) ◦ (ηG) V 1G. Using the expressions for
the composition of functors and pseudo-natural transformations from Appendix A.3, one
finds that TF and TG are given by isomorphisms tF : d ⊗ F(c) → 1D and tG : G(d) ⊗ c →
1C, respectively. By Lemma 5.4.4, the objects d and F(c) are invertible and tF induces an
isomorphism F(c) ' d∗. Similarly, G(d) and c are invertible objects in C and tG induces an
isomorphism G(d) ' c∗. This implies in particular that the functor Adc∗G is a monoidal
functor, as it is the composite of two monoidal functors.

For any monoidal functor F : C → D between monoidal categories with duals, there is a
canonical natural isomorphism ξF : ∗DF⇒ F∗C with component morphisms

ξFx = (1F(x∗) ⊗ coev∗F(x)) · (F(coevx∗)⊗ 1F(x)∗) : F(x)∗ → F(x∗), (5.45)

whose inverse is given by

(ξFx)−1 = (1F(x)∗ ⊗ F(coev∗x)) · (coevF(x)∗ ⊗1F(x∗)),

see Lemma5.1.3 for the more general statement of 2-functors between bicategories with duals.
Using these isomorphisms, the fact that F is a monoidal functor and the component morphisms
of ρ, one obtains the following chain of isomorphisms for all objects x of D:

FAdc∗G(x) = F(c∗ ⊗ G(x)⊗ c) ' F(c∗)⊗ FG(x)⊗ F(c)

' F(c)∗ ⊗ FG(x)⊗ F(c) ' d⊗ FG(x)⊗ d∗
ρx⊗1d∗' x⊗ d⊗ d∗ ' x.

All of these isomorphisms are natural in x and they define a natural isomorphism FAdc∗G⇒
1D. Similarly, the natural isomorphisms

y ' c∗ ⊗ c⊗ y
1c∗⊗ηy' c∗ ⊗ GF(y)⊗ c = Adc∗GF(y)

define a natural isomorphism 1C ⇒ Adc∗GF of monoidal functors. This shows that the
monoidal functors F : C → D and Adc∗G : D → C form an equivalence of monoidal cate-
gories.

2. To prove the second statement, consider a monoidal functor F : C → D that is part of
an equivalence of categories. This implies that for the (right) adjoint functor G̃ : D → C

there are natural isomorphisms ρ̃ : FG̃ → 1D and η̃ : 1C → G̃F, that satisfy (ρ̃F) ◦ (Fη̃) = 1F
and (G̃ρ̃) ◦ (η̃G̃) = 1G̃. It is straightforward to see that the monoidal functor structure of F

together with the natural isomorphisms ρ̃ and η̃ induces a monoidal functor structure on G̃
such that ρ̃ and η̃ are monoidal natural transformations. As c is an invertible object of C, the
functor G = Adc ◦ G̃ is also a monoidal functor. Define for each object y of C isomorphisms
ηy : c⊗ y → GF(y)⊗ c as the composites

c⊗ y
1c⊗η̃y' c⊗ G̃F(y) ' c⊗ G̃F(y)⊗ c∗ ⊗ c = GF(y)⊗ c.
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If follows directly that ηy is natural in y as well as compatible with the monoidal product
and hence defines a pseudo-natural transformation η : 1C ⇒ GF. Similarly, for d := F(c)∗, the
following chain of isomorphisms defines a pseudo-natural transformation ρ : FG⇒ 1D:

d⊗ FG(x) =F(c)∗⊗ F(c⊗ G̃(x)⊗ c∗)'F(c∗)⊗ F(c)⊗ FG̃(x)⊗ F(c∗)

'F(c∗ ⊗ c)⊗ FG̃(x)⊗ F(c)∗'FG̃(x)⊗ d
ρ̃(x)⊗1d' x⊗ d,

It remains to define invertible modifications TF : (ρF) ◦ (Fη)V 1F and TG : (Gρ) ◦ (ηG)V 1G.
A lengthy but straightforward computation using the identity (ρ̃F) ◦ (Fη̃) = 1F shows that
the isomorphism

F(c∗)⊗ F(c) ' F(c∗ ⊗ c) ' 1C

defines a modification TF : (ρF)◦(Fη)V 1F. Similarly, it follows from the identity (G̃ρ̃)◦(η̃G̃) =
1G̃ that the isomorphism

G(d)⊗ c = c⊗ G̃(F(c)∗)⊗ c∗ ⊗ c ' c⊗ (G̃F(c))∗ ' c⊗ c∗ ' e

defines a modification TG : (Gρ) ◦ (ηG)V 1G. �
This lemma strongly restricts the possible subcategories of Moncat which can give rise to a

Gray category with strict duals. It implies that all 1-morphisms between semisimple pivotal
categories in this subcategory must be equivalences of monoidal categories, that their #-duals
must be closely related to their adjoint and that the fold 2-morphisms are associated with
invertible objects in the underlying pivotal categories.

Further restrictions on the 1-morphisms arise from the condition that for each pair of
objects C, D in a Gray category with strict duals, the 2-category G(C,D) is a strict pivotal.
If C is a pivotal category and ν : F ⇒ G a pseudo-natural transformation between monoidal
functors F,G : C → D with component morphisms νa : x ⊗ F(a) → G(a) ⊗ x, then its
∗-dual must be a pseudo-natural transformation ν∗ : G ⇒ F with component morphisms
(ν∗)a : y⊗G(a)→ F(a)⊗y. The associated 3-morphism coevµ : 1G V µ◦µ∗ then corresponds
to a morphism e→ x⊗ y and must satisfy the conditions in (5.4).

The only natural choice for such a morphism are the 3-morphisms coevx : 1D → x⊗x∗ in the
pivotal category D, which require the condition y = x∗. The first condition in Definition 5.3.7
then imposes the relation H� coevµ�K = coevH�µ�K , which implies F(coevCx) = coevDF(x) for
all objects x of C. This motivates the following definition.

Definition 5.4.6 Let C,D be pivotal strict monoidal categories. A strict pivotal functor from
C to D is a strict monoidal functor F : C → D with ∗DF = F∗C and F(coevCa) = coevDF(a) for

all objects a of C. We denote by Pivcat(C,D) the sub 2-category of Moncat(C,D) formed by
strict pivotal functors F : C→ D, pseudo-natural transformations and modifications.

Note that this condition on functors is quite restrictive. In particular, it implies that a
strict pivotal functor F : C→ D preserves traces. For each object a of C and each morphism
α : a→ a, one has

trD,L(F(α)) = coev∗F(a) ·(F(α)⊗ 1F(a)∗) · coevF(a) = F(coev∗a ·(α⊗ 1a∗) · coeva) = F(trC.L(α))
(5.46)

and analogously for the right-trace. If End(1C) ∼= C and F is a strict monoidal functor, it
follows that trD,L(F(α)) = trC,L(α). Nevertheless, there are non-trivial examples.
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Example 5.4.7 Let C and D be the spherical categories of finite-dimensional representations
of groups G and H. Then a group homomorphism H → G determines a strict pivotal functor
C→ D.

Similar examples are given by homomorphisms of semisimple Hopf algebras, or more gen-
erally, homomorphisms of spherical Hopf algebras where the homomorphism preserves the
spherical element. Another example based on groups will be discussed in detail in Section
5.4.2. A somewhat different example is the following

Example 5.4.8 Let C be a spherical category and C̃ its non-degenerate quotient (see [7]).

Then the canonical functor C→ C̃ is a strict pivotal functor.

If one restricts attention to strict pivotal functors, it is directly apparent from the consid-
erations before Definition 5.4.6, how the 2-categories Pivcat(C,D) can be equipped with the
structure of a strict pivotal 2-category. This strict pivotal 2-category structure is canonical,
as it is induced by the pivotal structures of C, D.

Lemma 5.4.9 ( [5, Lemma 8.7]) Let C,D be strict (not necessarily C-linear) pivotal cat-
egories. Then the 2-category Pivcat(C,D) has a canonical strict pivotal 2-category structure.

Proof. The ∗-dual of a pseudo-natural transformation ν : F⇒ G with component morphisms
νa : x ⊗ F(a) → G(a) ⊗ x is the pseudo-natural transformation ν∗ : G ⇒ F with component
morphisms (ν∗)a = ν∗a∗ , where ∗ denotes the dual in the pivotal category D. That ν∗ : G⇒ F
does indeed satisfy the conditions in Definition A.3.10 follows by a direct computation from the
corresponding properties of the pseudo-natural transformation ν : F ⇒ G and the properties
of the dual in a pivotal category. The dual of a modification Φ : ν1 V ν2 is defined by the
dual Φ∗ : x∗2 → x∗1 of the corresponding morphism Φ : x1 → x2 in D. For all pivotal strict
monoidal categories C,D this yields a strict 2-functor ∗ : Pivcat(C,D)→ Pivcat(C,D)op which
is trivial on the objects and satisfies ∗∗ = 1.

It remains to show that there are modifications coevν : 1G V ν ◦ ν∗ satisfying the con-
ditions (5.4). These are given by the 3-morphism coevx : 1D → x ⊗ x∗ in D. That the
morphism coevx : 1D → x ⊗ x∗ defines a modification coevν : 11G V ν ◦ ν∗ is equivalent to
the commutativity of the diagram

G(a)
1G(a)⊗coevx //

coevx⊗1G(a)
��

G(a)⊗ x⊗ x∗

x⊗ x∗ ⊗ G(a)

(ν◦ν∗)a
66mmmmmmmmmmmmm

1x⊗(ν∗)a
// x⊗ F(a)⊗ x∗

νa⊗1x∗

OO
(5.47)

or, equivalently, to the condition

(νa ⊗ 1x∗) · (1x ⊗ (ν∗)a) · (coevx⊗1G(a)) = 1G(a) ⊗ coevx (5.48)

To prove this identity, we use the definition of the spherical transformation ν∗ : G ⇒ F
together with identity (5.5) for the dual of a 2-morphism in a pivotal strict monoidal category.
This yields

(ν∗)a = (coev∗x∗ ⊗1F(a) ⊗ 1x∗) · (1x∗ ⊗ coev∗G(a)⊗1x ⊗ 1F(a) ⊗ 1x∗)

· (1x∗ ⊗ 1G(a) ⊗ νa∗ ⊗ 1F(a) ⊗ 1x∗) · (1x∗ ⊗ 1G(a) ⊗ 1x ⊗ coevF(a∗)⊗1x∗)

· (1x∗ ⊗ 1G(a) ⊗ coevx)
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Using the properties of the tensorator if follows that this proves the conditions (5.4).

This shows that the morphism coevx : e → x ⊗ x∗ defines a modification coevν : 1G V
ν ◦ ν∗. The identities in (5.4) then follow directly from the properties of the 3-morphisms
coevx : e→ x⊗ x∗ in a pivotal category. �

5.4.2. Gray categories with duals from pivotal categories

In this subsection, we consider two examples of Gray categories with duals constructed from
pivotal categories. The first example is rather trivial. It is the subcategory of Moncat obtained
by restricting attention to strict pivotal categories as objects and invertible strict pivotal
functors as 1-morphisms.

Definition 5.4.10 ( [5, Def. 8.8]) The Gray category Pivcatinv is the subcategory of Moncat
with pivotal strict monoidal categories C as objects and invertible strict pivotal functors F :
C → D as 1-morphisms. Its 2-morphisms are pseudo-natural transformations ν : F ⇒ G
between invertible strict pivotal functors and its 3-morphisms modifications Φ : ν V µ.

An obvious way of defining a Gray category structure on Pivcatinv is to take the inverse
functor as the #-dual of each 1-morphism F : C → D. The identity FF# = 1D then allows
one to take the unit 2-morphisms 11D as the fold 2-morphisms and the unit 3-morphisms
111C

as triangulators. The strict pivotal 2-category from Lemma 5.4.9 then equips each 2-
category Pivcatinv(C,D) with the structure of a strict pivotal 2-category, and the compatibility
condition between the 3-morphisms coevµ and the composition � follows from the fact that
all 1-morphisms are strict pivotal functors.

Lemma 5.4.11 ( [5, Lemma 8.9]) When equipped with the strict pivotal 2-category struc-
ture from Lemma 5.4.9 and the following additional structures

i) #-dual: F# = F−1 for all 1-morphisms F : C→ D.

ii) fold 2-morphisms: ηF = 11D

iii) triangulators: TF = 11C,

the Gray category Pivcatinv becomes a Gray category with strict duals.

A natural way of obtaining less trivial examples is to consider 1-morphisms that are
equipped with additional structure, which enters the definition of their #-duals and hence of
the fold 2-morphisms. In view of Lemma 5.4.5, it is natural that these additional structures
should be related to invertible objects in the underlying pivotal categories. This motivates
the following definition

Definition 5.4.12 ( [5, Def. 8.10]) Let C,D be pivotal categories. A decorated pivotal
functor is a pair (F, c) of an invertible strict pivotal functor F : C → D and a strictly in-
vertible object c of C.

By considering such decorated pivotal functors together with pseudo-natural transforma-
tions and modifications, one obtains a Gray category that is closely related to Pivcatinv and
will be denoted Pivcatdec in the following.
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Definition 5.4.13 ( [5, Def. 8.11]) The Gray category Pivcatdec has objects pivotal strict
monoidal categories C and as 1-morphisms decorated pivotal functors (F, c) : C → D. The
2-morphisms (F, c) ⇒ (F′, c′) are pseudo-natural transformations ν : F ⇒ F′ and the 3-
morphisms modifications Φ : ν V ν ′. The vertical and the horizontal composition, the com-
position � and the tensorator are defined as in Moncat, and the composition of 1-morphisms
with 1-, 2- and 3-morphisms is given by

(H, d)�(F, c) = (HF, c⊗ F−1(d)) (H, d)�ν�(K, f) = HνK

for all decorated pivotal functors (F, c), (H, d), (K, f) and 2- or 3-morphisms ν for which these
expressions are defined.

It is directly apparent that Pivcatdec is indeed a Gray category. Due to the results sum-
marized in Section 5.3, it is sufficient to show that product � is strictly associative on the
1-morphisms and that for each object C there is a unit 1-morphism. The latter is given
by (1C,1C), where 1C denotes the monoidal unit of C and 1C : C → C the identity functor.
The proof of the associativity for the composition � on 1-morphisms is a straightforward
computation.

As the 2- and 3-morphisms in Pivcatdec do not involve any additional structure, it is also
clear that each 2-category Pivcatdec(C,D) inherits the canonical strict pivotal 2-category struc-
ture from Lemma 5.4.9. However, the additional data in the 1-morphisms allows one to obtain
non-trivial #-duals and fold 2-morphisms.

Lemma 5.4.14 ( [5, Lemma 8.12]) The Gray category Pivcatdec becomes a Gray category
with strict duals when equipped with the strict pivotal 2-category structure from Lemma 5.4.9
and the following additional structures:

i) #-dual: (F, c)# = (F#,F(c)) with F# = AdcF
−1.

ii) fold 2-morphisms: (η(F,c))a = 1F(c)⊗a : F(c)⊗ a→ F(c)⊗ a

iii) triangulators: given by the morphisms 1F(c) : F(c)→ F(c).

Proof. If µ : F ⇒ G is a pseudo-natural transformation with component morphisms µa :
x ⊗ F(a) → G(a) ⊗ x, the first condition in Definition 5.3.7 reads K(coevx) = coevK(x),
which holds for all strict pivotal functors K. This establishes the compatibility between the
composition � and the strict pivotal 2-category structure in Pivcatdec.

It remains to show that the fold 2-morphisms and the triangulator are well-defined. Insert-
ing the definition of the #-dual and the composition � in Pivcatinv, one obtains

(F, c)�(F, c)# = (FAdcF
−1,F(c)⊗ FAdc∗(c)) = (AdF(c),F(c)⊗ F(c)),

and it follows that the morphisms (η(F,c))a = 1F(c)⊗a in D define a pseudo-natural transfor-

mation η(F,c) : 1D ⇒ (F, d)�(F, d)#. The identity morphism 1e on the unit object of D thus
defines a modification T(F,c) : (η∗(F,c)�(F, c)) ◦ ((F, c)�η(F,c)#)V 1(F,c).

The double dual of a 1-morphism is given by

(F, c)## = (AdcF
−1,F(c)) = (AdF(c)FAdc∗ ,AdcF

−1F(c)) = (F, c),

the dual of a the unit 1-morphism (1C, e) satisfies the identity (1C, e)
# = (Ade, e) = (1C, e).

Similarly, one finds that (η(1C,e)) s given by the identity pseudo-natural transformation and
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by definition T1C = 111C
. The remaining conditions on the triangulator and the fold 2-

morphisms are satisfied trivially. The identity ((H, d)�(F, c))# = (F, c)#�(H, d)# follows by
a direct computation. �

Although the assumptions on the functors and invertible objects in the theorem are very
restrictive, there is a nontrivial concrete example that provides functors and objects of this
type.

Example 5.4.15 Recall the example of pivotal categories VectG obtained from finite groups
in Example 2.1.4. As we explained there, pivotal structures on VectG correspond to the char-
acters κ ∈ Hom(G,C×). It is straightforward to see that a monoidal functor F : (VectG, κG)→
(VectH , κH) corresponds to a group homomorphism F : G→ H and that F is a pivotal functor
if and only if κH ◦ F = κF.
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6. Duals in the tricategory of bimodule
categories

In this chapter we show that the tricategory Bimodθ of bimodule categories with bimodule
traces from Theorem 4.10.3 is a tricategory with weak duals. More concretely, we construct bi-
module functors that relate a (D,C)-bimodule category DMC to the opposite (C,D)-bimodule
category CM

op
D and have properties that are similar to the properties of duality morphisms

in monoidal categories, see Section A.2. More concretely, we construct for each bimodule
category DMC with a bimodule trace 2-morphisms in the tricategory Bimodθ (see Theorem
4.10.3):

coevM : DDD → DMC� CM
op
D and evM : CM

op
D � DMC → CCC, (6.1)

such that the snake identities (A.8) and (A.9) are satisfied up to a 3-isomorphism in Bimodθ.
This is achieved by constructing a bimodule natural isomorphism between the functor ΦM

that is the composite

DMC DDD�M M�Mop�M M� CCC M,
l−
M coevM �1 1� evM rM (6.2)

where we suppressed the associator in Bimod, and the identity functor idM on DMC. This
bimodule natural isomorphism is the analogue of triangulator in Definition 5.3.7 and will
also be called a triangulator in the following. One of the main results of this chapter is that
the set of possible triangulators for DMC is in bijection with the set of bimodule traces on

DMC. Moreover, we show that the duality morphisms (6.1) as well as the triangulators are
compatible with the tensor product of bimodule categories and the adjunction of bimodule
functors.

This chapter is organized as follows. First we discuss the example of bimodule categories
over Vect. Then we define the duality 1-morphisms (6.1) and study their behavior with respect
to adjunction of functors and the tensor product of bimodule categories. In Section 6.3 we
prove the stated correspondence between triangulators and bimodule traces.

For the rest of this chapter we assume that all fusion categories are spherical unless stated
otherwise. We use the spherical structure implicitly to identify the right and the left duals of
objects in C.

6.1. The dualities for Vect-bimodule categories

We construct the duality 2-morphisms (6.2) for bimodule categories M over Vect and illustrate
the correspondence between triangulators and traces on M.

Recall from Example 3.6.4 the structures of the monoidal bicategory Bimod(Vect,Vect).
In particular, recall that a Vect-bimodule category M is the same as a finite semisimple
abelian category and that the tensor product of Vect-module categories is given by the Deligne
product. The following lemma follows directly from the semisimplicity of M.
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6. Duals in the tricategory of bimodule categories

Lemma 6.1.1 Let M be a semisimple Vect-bimodule category with finitely many isomorphism
classes of simple objects represented by a set {mi}i∈I , where I is a finite index set.

i) For all simple objects m ∈ M and every f ∈ Hom(m,m), there is a unique number
[f ] ∈ C such that f = [f ] · 1m.

ii) The object R̃M = ⊕imi�mi ∈M�Mop depends on the choice of representative {mi}i∈I
only up to a canonical isomorphism.

iii) For all morphisms

⊕iαi � βi ∈ HomM�Mop(m�m′,⊕imi �mi) = ⊕iHom(m,mi)⊗C Hom(mi,m
′),

the linear map

Hom(m′,m) 3 f 7→
∑
i

[αi ◦ f ◦ βi] ∈ C (6.3)

defines an isomorphism of vector spaces

ρM(m�m′) : HomM�Mop(m�m′, R̃M)→ HomM(m′,m)∗, (6.4)

that is natural in m�m′ ∈M�Mop.

iv) Analogously, the object R̃Mop
= ⊕imi �mi ∈Mop�M defines a natural isomorphism

ρMop(m�m′) : HomMop �M(m�m′, R̃Mop

)→ HomMop(m′,m)∗ = HomM(m,m′)∗. (6.5)

It is clear that every object m in a Vect-module category M defines a functor Vect 3 V 7→
V .m, see also Example 2.2.3 i). This shows the first statement in the following lemma. Since
adjoint functors are unique up to unique isomorphism we speak in the following from the left
(right) adjoint functor.

Lemma 6.1.2 i) The object R̃M ∈M�Mop defines a Vect-bimodule functor

coevVectM : Vect→M�Mop, (6.6)

with coevVectM (V ) = V . R̃M, whose left adjoint functor (coevVectM )l : M�Mop → Vect is
the functor

evVectMop = HomMop(., .) : m�m′ 7→ HomM(m′,m).

ii) Analogously, the object R̃Mop ∈Mop�M defines the Vect-bimodule functor

coevVectMop : Vect→Mop�M, (6.7)

with coevVectMop(V ) = V . R̃Mop
whose left adjoint is the functor evVectM = HomM(., .) :

Mop�M ∈ Vect is the functor

evVectM = HomM(., .) : m�m′ 7→ HomM(m,m′).
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6.1. The dualities for Vect-bimodule categories

Proof. We show that the left adjoint functor of coevVectM is the functor HomMop(., .). It follows
from Lemma 6.1.1 that there is a chain of natural isomorphisms

HomM�Mop(m�m′, coevVectM (C)) = HomM�Mop(m�m′, R̃M)

' HomM(m′,m)∗

= HomVect(HomM(m′,m),C).

Since all functors in this equation are additive and hence Vect-bimodule functors, it follows
directly that this defines a natural isomorphism

HomM�Mop(m�m′, coevVectM (V )) ' HomVect(HomM(m′,m), V ).

The statement for R̃Mop
follows analogously. �

The relation between the duality 2-morphisms and the Deligne product of Vect-bimodule
categories is as follows.

Lemma 6.1.3 Let M and N be Vect-bimodule categories. There is a canonical Vect-bimodule
natural isomorphism

evVectM�N ' evVectN ◦(Nop�rN) ◦ (Nop� evVectM �N). (6.8)

Proof. The statement follows directly from the following chain of natural isomorphisms for
m� n ∈M�N and m′ � n′ ∈ (M�N)op

HomM�N(m′ � n′,m� n) ' HomM(m′,m)⊗ HomN(n′, n) ' HomM(n′,HomM(m′,m) . n).

�

The Vect-triangulator for M and traces on M Recall from Proposition 4.4.1, that a trace
on a semisimple category is a natural isomorphism between the two functors

M�Mop 3 m�m′ 7→ HomM(m′,m) ∈ Vect,

M�Mop 3 m�m′ 7→ HomM(m,m′)∗ ∈ Vect.
(6.9)

It will prove useful to consider the characterization of traces with Serre-functors, see Definition
4.4.2. The following statement follows directly from the definition of a Serre-functor.

Lemma 6.1.4 Let M be a semisimple category and F : M→M a Serre-functor for the Vect-
module structure. The set of traces on M is in bijection with the set of natural isomorphisms
F→ idM.

With the structures we defined above we can consider the following functor:

ΦVect
M = rM ◦ (M� evVectM ) ◦ (coevVectM �M) ◦ l−M : M→M .

Proposition 6.1.5 Let M be a finitely semisimple Vect-bimodule category. There is a canon-
ical bijection between the set of additive natural isomorphisms

TVect
M : ΦVect

M → 1M. (6.10)

and the set of traces on M.
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6. Duals in the tricategory of bimodule categories

Proof. Although a more direct proof is possible for the case of Vect-bimodule categories, we
present an argument that generalizes to the case of bimodule categories over general fusion
categories in Section 6.3. We are going to prove that ΦVect

M is a Serre-functor. First we show
that there is a canonical Vect-bimodule natural isomorphism ϕVectbetween the following two
functors:

Vect� (M�Mop)op M�Mop�(M�Mop)op Vect

(M�Mop)op (Vect)op .

coevM �1

.

ev(M�Mop)op

ϕVect

(evMop )op

∗ (6.11)

Here, the functor ∗ : (Vect)op → Vect is the duality functor on Vect that maps a vector space
to its dual vector space. Using the definitions of the duality 2-morphisms it is straightforward
to see that the functor that is obtained by composing the upper arrows maps an object
C� (m�m′)op ∈ Vect� (M�Mop)op to the object HomM�Mop(m�m′, R̃M), with the object
R̃M from Lemma 6.1.1, while the functor that is obtained by composing the lower arrows
maps C � (m �m′)op to HomM(m′,m)∗. Since all functors in (6.11) are additive and hence
Vect-module functors, the natural isomorphism ρ from (6.4) defines a natural isomorphism
between the two functors.

With Lemma 6.1.3 and the canonical isomorphism of categories

sVectMop,M : (M�Mop)op 3 (m�m′)op 7→ m′ �m ∈M�Mop, (6.12)

it follows from Lemma 6.1.3 that the functor

(M�Mop)op Vect� (M�Mop)op M�Mop�(M�Mop)op

Vect

l−
(M�Mop)op coevM �1

ev(M�Mop)op

is naturally isomorphic as Vect-bimodule functor to the functor

(M�Mop)op M�Mop M�Mop Vect.
sVect
Mop,M ΦM�1 HomMop (.,.)

Hence diagram (6.11) defines a natural isomorphism

ρ(m,m′) : HomM(m,ΦM(m′)) ' HomM(m′,m)∗.

This shows that ΦM is a Serre-functor and the statement then follows from Lemma 6.1.4. �

6.2. The duality 2-morphisms in Bimodθ

We extend the results of the previous section to the general case of a (D,C)-bimodule category

DMC. We first show that the duality structure of Vect-module categories from the previous
subsection defines duality 2-morphisms evM and coevM for general bimodule categories, i.e.
is compatible with the module actions. We then prove that evM and coevM are compatible
with the adjunction of bimodule functors, i.e. coevlM ' evMop , and with the tensor product
of bimodule categories.
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6.2. The duality 2-morphisms in Bimodθ

The construction of the bimodule functor coevM : DDD → DMC� CM
op
D

Lemma 6.2.1 Via the natural isomorphism ρM : HomM�Mop(m�m′, R̃M) ' HomM(m′,m)∗

from equation (6.4), the object R̃M naturally defines objects both in ZC( MC� CM
op) and in

ZD( DM�Mop
D ). Both objects have R̃M as underlying object in M�Mop and we denote both

objects by RM.

Proof. See Definition 3.2.3 for the definition of the category ZC( MC� CM
op) For an object

X = m�m′ ∈ MC� CM
op, we use the following notation for the left and right action of c ∈ C

on X. For the former we write c .X = m � c .opm′, for the latter X / c = m/c �m′. The
notation for the (D,D)-bimodule action on DM�Mop

D is analogous.
Consider the following chain of natural isomorphisms for m�m′ ∈M�Mop:

HomM�Mop(m�m′, R̃M / c) ' Hom(m/c∗ �m′, R̃M)

' HomM(m′,m / c∗)∗

' HomM(m′ / c,m)∗

' HomM�Mop(m�m′ / c, R̃M)

' HomM�Mop(m� ∗c .opm′, R̃M)

' HomM�Mop(m�m′, c . R̃M),

where we used the definition of the action .op on CM
op according to (2.9). With the Yoneda

lemma we obtain from this chain of isomorphisms natural isomorphisms R̃M / c ' c . R̃M for
all c ∈ C. It then follows from the fact that the functor Hom(., .)∗ : M�Mop → Vect is
balanced that these isomorphisms are compatible with the tensor product in C. Thus the
object R̃M defines an object RM ∈ ZC( MC� CM

op).
The construction of the natural isomorphisms d . R̃M ' R̃M / d for d ∈ D is analogous. Via

these isomorphisms, R̃M defines an object RM ∈ ZD( DM�Mop
D ). �

Thus, with Lemma 3.2.4, one obtains that the map C 3 c 7→ R̃M / c defines a bimodule
functor CCC → MC� CM

op and the map D 3 d 7→ d . R̃M becomes a bimodule functor

DDD → DM�Mop
D .

With Proposition 3.2.5 i) and the previous lemma we deduce that the object RM defines a
bimodule functor

coevM : DDD → DMC� CM
op
D (6.13)

with coevM(1D) = RM.

The construction of the bimodule functor evM : CM
op
D � DMC → CCC

Next we construct the bimodule functor evM : CM
op
D � DMC → CCC and show that the

duality 2-morphisms are compatible with the adjunction of bimodule functors. Recall from
Proposition 2.5.2 that the C-valued inner hom functor for a (D,C) bimodule category DMC,

〈., .〉M
C

: Mop�M 3 (m′ �m) 7→
〈
m′,m

〉M
C
∈ C

is a D-balanced (C,C)-bimodule functor. Hence we can apply the results of Section 3.4, in
particular Proposition 3.4.4, to the functor 〈., .〉M

C
, and we obtain a bimodule functor

evM = 〈̂., .〉M
C

: CM
op
D � DMC → CCC . (6.14)
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6. Duals in the tricategory of bimodule categories

Analogously, the D-valued inner hom functor

D〈., .〉M : M�Mop 3 (m�m′) 7→ D

〈
m′,m

〉M ∈ D

is a C-balanced (D,D)-bimodule functor and thus defines a bimodule functor

evMop = D̂〈., .〉M : DMC� CM
op
D → DDD . (6.15)

The following generalization of Lemma 6.1.2 holds.

Lemma 6.2.2 For any bimodule category DMC, the functor evMop : M�Mop → D is left
adjoint to the functor coevM : D→M�Mop.

Proof. For all d ∈ D and m�m′ ∈M�Mop, there is the following chain of natural isomor-
phisms

Hom(evMop(B(m�m′)), d) ' Hom( D

〈
m′,m

〉M
, d)

' Hom(d, D

〈
m′,m

〉M
)∗ ' Hom(d .m′,m)∗

' Hom(B(m�m′ /op d∗), coevM(1D))

' Hom(B(m�m′) /op d∗, coevM(1D))

' Hom(B(m�m′), coevM(1D) / d)

' Hom(B(m�m′), coevM(d)),

where the first isomorphism is induced by the isomorphism D̂〈., .〉M ◦ B → D〈., .〉M from the
adjoint equivalence in the definition of the tensor product, see Proposition 3.4.1. In the third
step we used the bimodule trace on D defined by the spherical structure on D and in the last
step we used the (D,D)-bimodule structure of coevM according to Lemma 6.2.1.

It is clear that all isomorphisms that are involved are multi-balanced natural isomorphisms
and with the properties of the tensor product M�Mop it follows directly that these isomor-
phisms define the claimed adjunction. �

Compatibility of the duality 2-morphisms with the tensor product of bimodule categories

We examine the compatibility of the duality 2-morphisms for bimodule categories with
the tensor product of bimodule categories. For this we first define the following auxiliary
bimodule functor.

Proposition 6.2.3 Let DMC and CNE be two bimodule categories. The functor

Λ : M�N�Nop�Mop → DDD

m� n� n′ �m′ → D

〈
m′,m / C

〈
n′, n

〉N〉M (6.16)

is a multi-balanced (D,D)-bimodule functor. Furthermore, the following diagram of multi-
balanced module functors commutes up to a canonical multi-balanced module natural isomor-
phism

M�N�Nop�Mop

(M�N)� (Nop�Mop) DDD .

B�(B)op Λ

D〈.,.〉M�N

ν (6.17)
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Proof. It follows directly from the properties of the inner hom functors, see Section 2.5, that
the functor Λ has the structure of a multi-balanced bimodule functor. Since the functors
B : M�N → M�N and the functor D〈., .〉M�N are balanced, the composite of the functors
on the lower arrows in (6.17) defines as well a multi-balanced bimodule functor. To define the
multi-balanced bimodule natural isomorphism ν, we use the description of the tensor product
in terms of A-modules from Proposition 3.2.9. Let m � n,m′ � n′ ∈ M�N and d ∈ D.
Consider the following chain of natural isomorphisms

Hom(d, D

〈
m′,m / C

〈
n′, n

〉N〉M

) ' Hom(d .m′,m / C

〈
n′, n

〉N
)

' HomC(
〈
m, d .m′

〉M
C
, C

〈
n′, n

〉N
)

' ⊕u∈U Hom(
〈
m, d .m′

〉M
C
, cu)⊗ Hom(cu, C

〈
n′, n

〉N
)

' ⊕u∈U Hom(d .m′,m / cu)⊗ Hom(cu . n
′, n)

' HomM�N(⊕u∈Ud .m′ / c∗u � cu . n′,m� n)

' Hom(d .B(m′ � n′),B(m� n))

' Hom(d, D

〈
B(m′ � n′),B(m� n)

〉M�N
),

(6.18)

where we the definition of the inner hom objects and the semisimplicity of C as in A.1.9.
In the sixth step we used that the left adjoint of B is the forgetful functor, see Proposition
3.2.9. It is straightforward to see that all the steps consist of multi-balanced module natural
isomorphisms. Hence the statement follows. �

Proposition 6.2.4 For bimodule categories DMC and CNE, there are canonical bimodule
natural isomorphism

ev(M�N)op → evMop ◦(rM�Mop) ◦ (M� evNop �Mop), (6.19)

coevM�N → (M� coevN�Mop) ◦ (r−M�Mop) ◦ coevM . (6.20)

In these formulas we suppressed the associativity functors of the tricategory Bimodθ.

Proof. First note that by construction, the functor Λ of the previous proposition is the
composite

M�N�Nop�Mop
M� C〈.,.〉N�Mop

//M�C�Mop /�Mop
//M�Mop D〈.,.〉M// D (6.21)

Next we apply the 2-functor (̂.) : Bimodmulti(D,D) → Bimod(D,D) from Proposition 3.5.14.
Applied to equation (6.21), this yields the right hand side of (6.19), while by definition

̂
D〈., .〉M�N = ev(M�N)op . By applying (̂.) to the multi-balanced module natural isomorphism ν
we obtain the claimed bimodule natural isomorphism in (6.19). By using the adjunction from
Lemma 6.2.2 and the fact that rlM = r−M, we then obtain the bimodule natural isomorphism
(6.20) as the right adjoint of the bimodule natural isomorphism in (6.19). �

The opposite categories and the tensor product of bimodule categories

The following additional compatibilities of the tensor product and opposite categories will
prove useful in the sequel.
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6. Duals in the tricategory of bimodule categories

Lemma 6.2.5 Let DMC and END be composable bimodule categories.

i) There exist canonical bimodule functors

sM,N : ( END� DMC)op → CM
op
D � DN

op
E ,

s−M,N : CM
op
D � DN

op
E → ( END� DMC)op,

(6.22)

together with bimodule natural isomorphisms s−M,N◦sM,N → id(N�M)op and sM,N◦s−M,N →
idMop �Nop.

ii) There exist canonical bimodule functors AM : ( CM
op
D )op → DMC and A−M : DMC →

( CM
op
D )op, that form an isomorphism of categories and are the identities on objects.

Proof. The functor

sVectM,N : (N�M)op 3 (n�m)op 7→ m� n ∈Mop�Nop, (6.23)

is an isomorphism of additive categories with inverse

(sVectM,N)− : Mop�Nop 3 m� n 7→ (n�m)op ∈ (N�M)op. (6.24)

It is clear that both functors are balanced bimodule functors, and thus Proposition 3.4.4
yields the functors sM,N and s−M,N as well as the natural bimodule isomorphisms s−M,N◦sM,N →
id(N�M)op and sM,N ◦ s−M,N → idMop �Nop .

The functor AM : ( CM
op
D )op → DMC for the second part is defined in Remark 2.3.9. AM

is the identity on objects and the module functor structure is obtained from the canonical
isomorphisms ∗(x∗) ' x from Lemma A.2.5, iii). The module functor structure of A−M :

DMC → ( CM
op
D )op is constructed with the inverse isomorphisms, and thus it follows that AM

and A−M form an isomorphism of categories. �

Lemma 6.2.6 Let DMC be a bimodule category.

i) The functor

CM
op
D � DMC 3 m�m′ 7→ (

〈
m,m′

〉M
C

)∗ ∈ C

is a D-balanced (C,C)-bimodule and it induces a bimodule functor evM : CM
op
D � DMC →

C.

ii) The functor

DMC� CM
op
D 3 m′ �m 7→ ( D

〈
m,m′

〉M
)∗ ∈ D

is a C-balanced (D,D)-bimodule functor and it induces a bimodule functor evMop :

DMC� CM
op
D → D.

iii) There is a canonical bimodule natural isomorphism between the functor evM and the
functor

Mop�M Mop�(Mop)op (Mop�M)op Cop C .
1�A−

M
s−
M,Mop (evM)op ∗

Similarly, there is a canonical bimodule natural isomorphism between the functor evMop

and the functor

M�Mop (Mop)op�Mop (M�Mop)op Dop D .
A−

M
�1 s−

Mop,M (evMop )op ∗

150



6.2. The duality 2-morphisms in Bimodθ

Proof. The first two statements follow directly from the properties of the inner hom functors,
see Section 2.5, and from Proposition 3.4.4. For the last statement note first that

Mop�M Mop�(Mop)op (Mop�M)op Cop C
1�A−

M
(sVect

M,Mop )− (〈.,.〉MC )op ∗

yields precisely the functor CM
op
D � DMC 3 m �m′ 7→ ( 〈m,m′〉M

C
)∗ ∈ C. Now the coherence

structure of the 2-functor (̂.) in Proposition 3.4.4 defines the claimed bimodule natural iso-
morphism. The remaining statement for evMop follows analogously. �

Proposition 6.2.7 For bimodule categories DMC and CNE, there is a canonical bimodule
natural isomorphism

evM�N → evN ◦(rNop�N) ◦ (Nop� evM�N), (6.25)

where we we suppressed associativity functors of the tricategory Bimod for the functor on the
right hand side.

Proof. It follows analogously to the proof of Proposition 6.2.3, that the functor

Λ : M�N�Nop�Mop → DDD

m� n� n′ �m′ 7→ D

〈
m/ C

〈
n, n′

〉∗
,m′
〉∗
.

(6.26)

is a multi-balanced module functor. The natural bimodule isomorphism (6.25) is now obtained
from Proposition 3.4.4, as in the proof of Proposition 6.2.3. �

With the help of the bimodule functors evMop and κM we obtain yet another characterization
of module traces, that will be needed in the definition of the triangulator.

Lemma 6.2.8 Let DMC be a bimodule category over spherical fusion categories (D,C). The
following structures are equivalent:

i) A bimodule trace on DMC,

ii) a bimodule natural isomorphism κ : evM ' evM.

Proof. Let DMC be a bimodule category with bimodule trace. If we view DMC as a
Crev-left module category, Theorem 4.9.4 shows that there exists a (C,C)-bimodule nat-
ural isomorphism I : 〈., .〉

C
→ ∗ 〈., .〉

C
. In the construction of the natural isomorphism

I, only D-balanced natural isomorphisms are involved, such as the natural isomorphism
HomD( 〈n,m〉

C
, c) → HomM(m,n / c) from the definition of the inner hom object and the

isomorphism ηM : HomM(m,n) → HomM(n,m)∗ from the bimodule trace. This implies that
I is a D-balanced natural isomorphism. If we compose this natural isomorphism with the
bimodule functor (.)∗∗ : CCC → CCC, we obtain a D-balanced bimodule natural isomor-
phism κ′ : 〈., .〉

C
→ ( 〈., .〉

C
)∗. From Proposition 3.5.12 and from the definitions of the func-

tors evM and evM, it follows that this isomorphism induces a bimodule natural isomorphism
κ : evM ' evM.

To show the converse, let κ : evM ' evM be a bimodule natural isomorphism. From the
adjoint equivalence for the tensor product in Proposition 3.4.1, it follows that the balanced
bimodule natural isomorphism κ ◦ B induces a D-balanced bimodule natural isomorphism
κ′ : 〈., .〉

C
→ ( 〈., .〉

C
)∗. As in the proof of Theorem 4.9.4 it follows that this yields a C- and

D-balanced natural isomorphism ηM : HomM(m,n) → HomM(n,m)∗ and hence a bimodule
trace on DMC �
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6.3. The triangulator and bimodule traces

With the structures from the previous sections, we obtain for all bimodule categories CMD a
bimodule functor ΦM as the composite

DMC DDD�M M�Mop�M M� CCC M,
l−
M coevM �1 1� evM rM (6.27)

where we omitted the associator in Bimod. In this section we show that bimodule traces on

DMC correspond to bimodule natural isomorphisms TM : ΦM → 1M.

Proposition 6.3.1 Let DMC be a (D,C)-bimodule category.

i) There exists a bimodule natural isomorphism

D�(M�Mop)op (M�Mop)�(M�Mop)op D

(M�Mop)op Dop

l(M�Mop)op

coevM �1

ϕ

ev(M�Mop)op

(evMop )op

∗
(6.28)

ii) The natural isomorphism from i) induces a bimodule natural isomorphism

M�Mop M�Mop D .
ΦM�1

evMop

evMop

ψ

(6.29)

Proof. First we show that there exists a canonical multi-balanced natural isomorphism ϕ̃
between the following two multi-balanced functors

D�(M�Mop)op D�(M�Mop)op (M�Mop)� (M�Mop)op D

(M�Mop)op Dop D Vect.

1�(B)op

.

coevM �1 D〈.,.〉M�Mop

HomD(d,.)

( D〈.,.〉M)op ∗ HomD(d,.)

ϕ̃

(6.30)
For this we first evaluate the functor that is given by the composite of the upper arrows on
an object x� (m�m′)op ∈ D�(M�Mop)op. This yields the object

HomD(d, D

〈
B(m�m′), x .RM

〉M�Mop

) ∈ Vect

and the following chain of natural isomorphisms

HomD(d, D

〈
B(m�m′), x .RM

〉M�Mop

) ' HomM�Mop(B(d .m�m′), x .RM)

' HomM�Mop(B((x∗ ⊗ d) .m�m′), RM)

' HomM�Mop((x∗ ⊗ d) .m�m′, U(RM))

(6.5)
' HomM(m′, (x∗ ⊗ d) .m)∗

(6.31)
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Evaluating the functor that is obtained from the composition of the lower arrows in (6.30) on
the object x� (m�m′)op ∈ D�(M�Mop)op yields the object

HomD(d, ( D

〈
m′(/op)opx,m

〉M
)∗) ∈ Vect.

To simplify this further, we first use of the action on the opposite category and the canonical
isomorphism ∗(x∗) ' x from Lemma A.2.5, iii) to obtain the isomorphism m′(/op)opx =
∗(x∗) .m′ ' x .m′. Next consider the chain of isomorphisms

HomD(d, ( D

〈
x .m′,m

〉M
)∗) ' Hom( D

〈
x .m′,m

〉M
, d∗) ' HomD(d∗, D

〈
x .m′,m

〉M
)∗

' HomM(d∗ .(x .m′),m)∗ ' HomM(m′, (x∗ ⊗ d) .m)∗.
(6.32)

By combining equations (6.31) and (6.32) one obtains the multi-balanced natural isomor-

phism ϕ̃ in diagram (6.30). Applying the 2-functor (̂.) from Proposition 3.5.12 and us-
ing Lemma 6.2.6 iii), we obtain the bimodule natural isomorphism ϕ from part i). To
show the second part, we use the canonical bimodule natural isomorphism evM�Mop '
evMop ◦(rM�Mop) ◦ (M� evM�Mop) from Proposition 6.2.4 in the upper line of equation
(6.28). With Lemma 6.2.6 iii) and the structures of the tricategory Bimod we obtain the
natural bimodule isomorphism ψ from the isomorphism ϕ from part i). �

By combining Proposition 6.3.1 and Lemma 6.2.8 we obtain the following result.

Theorem 6.3.2 Let DMC be a (D,C)-bimodule category. The set of natural bimodule iso-
morphisms TM : ΦM → 1M is in canonical bijection with the set of bimodule traces on DMC.
In particular, if DMC has a bimodule trace, there exists a triangulator TM : ΦM → 1M.

6.4. The tricategory Bimodθ as tricategory with weak duals

In this section we show that the results of the previous sections imply that Bimodθ is a
tricategory with weak duals.

Recall the tricategory Bimodθ of bimodule categories with bimodule trace over spherical
fusion categories from Theorem 4.10.3.

Theorem 6.4.1 The tricategory Bimodθ is a tricategory with weak duals.

Proof. By Theorem 4.10.3, Bimodθ is a tricategory. The bicategories Bimodθ(C,D) for
spherical fusion categories C and D are equipped with the following pivotal structure. Let
F : DMC → DNC be a bimodule functor. By Proposition 2.3.7 the left adjoint functor of F is
a bimodule functor, and we define

F∗ = Fl. (6.33)

The adjunction morphisms provide then the duality 3-morphisms evF : F∗FV 1M and coevF :
FF∗ V 1N that satisfy the snake identities (A.8) and (A.9). The pivotal structure consists of
bimodule natural isomorphisms

aF : F→ F∗∗, (6.34)

that are defined in Theorem 4.5.1. It follows directly from parts i), ii) and iii) of this theorem,
that a defines a pivotal structure on the 2-category Bimodθ(C,D) according to Definition
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6. Duals in the tricategory of bimodule categories

5.1.4. With a1K = id1K , see Theorem 4.5.1 iii), it follows directly from 4.10.2 ii) that for
every bimodule category EKD, the 2-functor

EKD�− : Bimodθ(C,D)→ Bimodθ(C,E) (6.35)

is a pivotal 2-functor. From the same result, it follows also that the 2-functor −� EKD :
Bimodθ(E,C) → Bimodθ(D,C) is pivotal. It remains to consider the duality on 1-morphisms
in Bimodθ(C,E). We define for a bimodule category DMC the dual as DMC

# = CM
op
D . This

bimodule category has again a bimodule trace according to Proposition 4.4.4. The duality
2-morphisms evM : DMC

#� DMC ⇒ CCC and coevM : DDD ⇒ DMC� DMC

# are defined in
equations (6.14) and (6.13), respectively.

The snake identity (A.8) in the bicategory hBimodθ, that is the decategorification of
Bimodθ, follows from Theorem 6.3.2. The second snake identity (A.9) follows from the ∗-
dual of the first snake identity of Mop as follows. The triangulator for Mop consists of a
3-morphism TMop : (1� evMop)(coevMop �1)V 1Mop , where for simplicity we omit the associa-
tivity and unit 2-morphisms of Bimod. The ∗-dual of TMop is by Lemma 6.2.2 a 3-morphism
T ∗Mop : 1Mop V (evM�1)(1� coevllM). Using the 3-morphism a−1

coevM
: coevllM V coevM from

the pivotal structure, the inverse (T ∗Mop)−1 proves that the second snake identity (A.9) is sat-
isfied in the bicategory hBimodθ. Hence it is shown that Bimodθ is a tricategory with weak
duals. �

Remark 6.4.2 We will show in Section 7.2 that every tricategory with weak duals is triequiv-
alent to a Gray category with strict duals. However, for concrete computations it is desirable
to show that the triangulator satisfies the tricategorical analogue of the compatibilities (c)
and (d) in 5.3.7 ii). Using the definition of the bimodule trace on the tensor product of two
bimodule categories with bimodule traces in Proposition 4.10.1, it can be shown that the
triangulator satisfies the analogue of the condition (c) in Definition 5.3.7 ii). Condition (d)
of this definition is harder to show but can be proven by using a lengthy computations using
the semisimplicity of the bimodule categories.

6.5. Examples of tricategories with duals from Bimodθ

First we show how the examples of Gray categories with duals in 5.4 embed in the tricategory
Bimodθ. Then we consider the general examples of invertible bimodule categories in Bimodθ

and we discuss the relation to the Brauer-Picard-groupoid considered in [21]. As another
general example we summarize known results about the relation of bimodule categories over
fusion categories. Then we turn to the concrete examples of finite groups and known Frobenius
algebras in fusion categories obtained from semisimple Lie-algebras.

From tensor functors to bimodule categories We explain how the example of a Gray
category with strict duals from Lemma 5.4.14 is contained in the tricategory Bimodθ.

Lemma 6.5.1 Let F,G : C → D be monoidal functors between fusion categories C and D.
Assume that C and D are strict monoidal categories and F,G are strict monoidal functors.
Let ρ : F → G be a pseudo-natural transformation given by a collection of morphisms ρa :
x⊗ F(a)→ G(a)⊗ x with x ∈ D.
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6.5. Examples of tricategories with duals from Bimodθ

i) The functor F defines the structure of a (D,C)-bimodule category on D as follows. The
left action of D is the canonical action given by the monoidal structure of D. The right
C-action is defined by

d / c = d⊗ F(c) (6.36)

for all d ∈ D and c ∈ C. This bimodule category is denoted DF in the sequel.

ii) The pseudo-natural transformation ρ defines a bimodule functor Γ(ρ) : DG → DF as
follows. As a functor, Γ(ρ) is given by Γ(ρ)(d) = d⊗ x. The left bimodule constraint is
the identity. The right bimodule structure is defined by

Γ(ρ)(d / c) = d⊗ G(c)⊗ x 1d⊗ρ(c)−1

→ d⊗ x⊗ F(c) = Γ(ρ)(d) / c. (6.37)

iii) The first two parts extend to a functor, that is an equivalence of categories

Γ : Moncat(F,G)→ Bimod( DG, DF). (6.38)

Proof. The proof of the first two parts is straightforward. For the last part, note first that a
modification Φ : ρ→ τ between pseudo-natural transformations ρ, τ : F→ G with component
morphisms ρa : x ⊗ F(a) → G(a) ⊗ x and τa : y ⊗ F(a) → G(a) ⊗ y, respectively defines a
bimodule natural transformation Γ(Φ) : Γ(ρ)→ Γ(τ) with the following components

Γ(Φ)d : Γ(ρ)(d) = d⊗ x 1d⊗Φ→ d⊗ y = Γ(τ)(d).

It is straightforward to see that this indeed defines a bimodule natural transformation due
to the defining property of a modification in Definition A.3.12. It follows directly that Γ
is compatible with the composition of modifications and maps the identity modification to
the identity bimodule natural transformation. Hence Γ defines a functor. To show that it
is essentially surjective, consider a bimodule functor H : DG → DF. It is straightforward
to deduce from the properties of a bimodule functor, that H defines a pseudo-natural trans-
formation h : F → G with component morphisms ha : x ⊗ F(a) → G(a) ⊗ x for the object
H(1D) = x and moreover that H is equivalent as a bimodule functor to the bimodule functor
Γ(h) : DG → DF. This shows that Γ is essentially surjective. It is straightforward to see that
it is fully faithful and hence an equivalence of categories. �
Recall Definition 5.4.6 of a pivotal functor between pivotal categories. The following lemma
follows from directly from the property (5.46) of a pivotal functor and the characterization
of module traces in Lemma 4.7.6. Alternatively it can be deduced from the more general
construction in the next paragraph.

Lemma 6.5.2 Assume that C and D are spherical fusion categories and let F : C → D be a
pivotal functor. Then the canonical trace on the module category DF is a bimodule trace.

General construction of examples We show how to construct an example of a tricategory
with weak duals starting from a spherical fusion category C.

Proposition 6.5.3 Let C be a spherical fusion category and CM a module category over C.
Let D be a spherical fusion category and F : D→ C∗M a monoidal functor.
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6. Duals in the tricategory of bimodule categories

i) There is a bimodule category CM
F
D with left action induced by the left action on CM and

right module action given by
m/F d = m/F(d),

for m ∈M and d ∈ D.

If CM has a module trace and F : D → C∗M is a pivotal functor, where C∗M is equipped with
the spherical structure of Proposition 4.7.11 iv), then the trace on M is a bimodule trace for

CM
F
D.

Proof. The first part is clear. For the second part, equip C∗M with the spherical structure of
Proposition 4.7.11 iv). It is shown in Corollary 4.5.2 that then CMC∗

M
is a bimodule category

with bimodule trace. It follows from Lemma 4.7.6, that

dimΘ(m/F d) = dimΘ(m/F(d)) = dimΘ(m) dimC∗M(F(d)) = dimΘ(m) dimD(d),

and hence by the same lemma, the trace is a bimodule trace. �

Remark 6.5.4 This proposition suggests the following strategy for constructing concrete
examples of tricategories with weak duals starting from a spherical fusion category C. First
one finds indecomposable left C-module categories CM with module trace. Then one considers
pivotal functors F : D → C∗M as in the proposition above. This leads to bimodule categories

CM
F
D with bimodule trace. Next one repeats this procedure for the spherical fusion category

D. One then considers the sub-tricategory of Bimodθ, that is generated by these bimodule
categories.

Invertible bimodule categories In [21], invertible bimodule categories play an essential role.

Definition 6.5.5 ( [21, Definition 4.1]) A (D,C)-bimodule category DMC is called invert-
ible, if there exist equivalences of bimodule categories

CM
op
D � DMC ' CCC, DMC� CM

op
D ' DDD . (6.39)

In particular, it follows from the definition, that for any left C-module category CM, the
bimodule category CMC∗

M
, where the category C∗M = FunC ( CM, CM) acts on the right, is

invertible.
It follows directly from the definition that if DMC and CNE an invertible bimodule cate-

gories, then DMC� CNE is an invertible bimodule category as well. Hence the following is a
well-defined tricategory.

Definition 6.5.6 ( [21, Definition 4.5]) The Brauer-Picard-3-groupoid BrPic is the tri-
category that is obtained by restricting the tricategory Bimod as follows. Objects of BrPic
are fusion categories, 1-morphisms from C to D are invertible (D,C)-bimodule categories,
2-morphisms are equivalences of invertible bimodule categories and 3-morphisms are iso-
morphisms of such equivalences. The Brauer-Picard-2-groupoid BrPic is defined to be the
2-category of objects, 1-morphisms and isomorphism classes of 2-morphisms of BrPic as 2-
morphisms. The Brauer-Picard-groupoid BrPic is defined as the category of objects and iso-
morphism classes of 1-morphisms of BrPic as morphisms.

Proposition 6.5.7 The tricategory BrPic is a tricategory with weak duals.
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Proof. Let F : DMC → DNC be an equivalence of invertible bimodule categories. We can
choose the ∗-dual of F to be a functor F∗ : DNC → DMC such that F and F∗ form an
adjoint equivalence of bimodule categories. The #-dual of a 1-morphism DMC is the opposite
category CM

op
D . It follows directly that the equivalences of categories Mop�M ' DDD, that

the properties of a tricategory with weak duals are satisfied. �

Bimodule categories from finite groups We already encountered the fusion categories VectωG
for a finite group G and a cocycle ω ∈ C3(G,C×) in Examples 2.1.4 and 2.2.3 ii).

Note that since VectωG is a pseudo-unitary fusion category, we can equip VectωG with the
canonical spherical structure such that every module category over VectωG has a module trace,
see Proposition 4.7.9.

In [21, Corollary 1.2], the Brauer-Picard groupoid BrPic is considered for the case of a finite
abelian group.

Proposition 6.5.8 ( [21, Corollary 1.2]) Let C = VectA be the fusion category corre-
sponding to a finite abelian group. Then BrPic(C,C) is the group of automorphisms of A⊕A∗
preserving the hyperbolic quadratic form a : A ⊕ A∗ → C, q(a, f) = f(a). Here A∗ =
Hom(A,C×) is the character group of A.

Module categories from semisimple Lie-algebras Let g be a semisimple Lie-algebra over
C. It is known, that the category of integrable representations C(g, l) at fixed level l ∈ N of
the affine Kac-Moody algebra ĝ corresponding to g, is a fusion category, see [24,25,39].

The problem of classifying module categories over C(g, l) is solved for g = sl(2).

Theorem 6.5.9 ( [57, Theorem 6]) For every simply laced Dynkin diagram X of type A,
D, E, with Coxeter number h there exists a module category of type X over C(sl(2), h − 2).
Every module category over C(sl(2), h− 2) is equivalent to one of these.

Since every fusion category C(g, l) is pseudo-unitary, see e.g. [14], our we can equip the fusion
category C(g, l) with its canonical spherical structure, such that all of its module categories
have a module trace. Therefore we can apply the ideas of Remark 6.5.4 to obtain examples
of tricategories with weak duals from semisimple Lie-algebras.
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7. Strictification of tricategories with duals

In this chapter we present two strictification results. The first clarifies the relation between
the concepts of tricategories with weak duals and Gray categories with strict duals. We show
that every tricategory with weak duals is triequivalent to a Gray category with strict duals.

The second strictification result from [5] shows that the duality functors in a Gray category
with strict duals can be strictified.

The notion of a tricategory with weak duals is rather abstract and is not yet suited for the
geometric applications we have in mind. In particular, in a 3-dimensional diagram with a
cusp, the cusp corresponds to the 3-morphism, that is called the triangulator in the case of a
Gray category with strict duals. In the tricategory with weak duals, the analogous morphism
exists by definition, but it remains to choose a particular 3-morphism in order to interpret
the diagram. This choice has to be made in a consistent way. It is precisely the notion of a
Gray category with strict duals that has the structure of such coherent 3-morphisms built in
its definition. Hence, it is desirable to show that a tricategory with weak duals is triequivalent
to a Gray category with strict duals.

To allow for a full matching of the duality in a Gray category with strict duals and the
orientation reversal of the corresponding surfaces and lines, additional strictness properties of
the duals are required. This is formalized in the notion of a Gray category with strict duality
functors.

7.1. Strictification of the pivotal structure on the bicategories
T(b, c)

We modify the strictification of a tricategory to a Gray category, see [38], to a strictification
of the pivotal structure on the bicategories T(b, c) for objects b, c of a tricategory T with weak
duals that is already a Gray category.

Recall from Definition A.4.1 that the compositions in a tricategory T are the �-product of
1-morphisms, the horizontal composition ◦ of 2-morphisms and the vertical composition · of
3-morphisms. For notational clearness we denote the a 1-morphism F : a→ b, a 2-morphism
as α : F ⇒ G and a 3-morphism as Φ : α V β. In the following we use the unpacked
Definition 5.3.2 of a Gray category, which is equivalent to the Definition of a Gray category
as strict opcubical tricategory, see Lemma 5.3.3. In particular for any 1-morphism F and any
composable 2-morphism α, the 2-morphism 1F�α is denoted F�α and interpreted as the
application of the 2-functor −�F to α. Similarly, we use the notation F�Φ = 11F�Φ for a
3-morphism Φ. In [38, Section 10.3], the following is shown.

Theorem 7.1.1 Let T be an algebraic tricategory. Then there exists a Gray category T′ and
a triequivalence F : T → T′ that is the identity on the objects of T.

The proof of the following proposition is similar to the construction in [38, Section 10.3] and
the proof of [5, Theorem 5.2], see also the proof of [55, Theorem 2.2].
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Proposition 7.1.2 Let T be a tricategory with weak duals. Then there exists a Gray category
G with weak duals such that the 2-categories G(b, c) are strict pivotal 2-categories for all objects
b, c ∈ G and such that the 2-functors F�− and −�F are strict pivotal 2-functors for all 1-
morphisms F . Moreover, there exists a triequivalence e : G→ T that is the identity on objects
and whose 2-functors eb,c : G(b, c)→ T(b, c) are pivotal for all objects b, c of T.

Proof. 1. Recall Definition 5.1.4 of a strict pivotal bicategory. With Theorem 7.1.1 and
Proposition 5.2.4, we can assume that T is already a Gray category. We construct the Gray
category G as follows:

i) The objects and 1-morphisms of G are the objects and 1-morphisms of T.

ii) A basic 2-morphism φ = (φ, z) : F ⇒ G between 1-morphisms F,G in G is a tuple
of a number z ∈ {+1,−1}, together with a 2-morphism φ : F ⇒ G in T for z = +1
or a 2-morphism φ : G ⇒ F for z = −1. A general 2-morphism φ : (φ

1
, . . . , φ

n
) is a

string of composable basic 2-morphisms φ
i

for i ∈ {1, . . . , n} including the empty string
∅F : F ⇒ F .

iii) The evaluation of a basic 2-morphism (φ, z) : F ⇒ G is the 2-morphism e(φ, z) : F ⇒ G
in T defined by

e(φ,+1) = φ, e(φ,−1) = φ∗, e(∅F ) = 1F

e(φ
n
, . . . , φ

1
) = e(φ

n
) ◦ . . . ◦ e(φ

1
).

(7.1)

iv) A 3-morphism Φ : φV ψ in G is a 3-morphism Φ = e(Φ) : e(φ)V e(ψ) in T.

v) The horizontal composition of 2-morphisms in G is given by the concatenation of strings,
the vertical composition of 3-morphisms is given by the composition of the corresponding
3-morphisms in T.

vi) The horizontal composite of two 3-morphisms Γ : α V β and Ψ : γ V ρ, where
α, β : F ⇒ G, γ, ρ : G⇒ H are composable 2-morphisms, is the 3-morphism

Ψ ◦ Γ : γ ◦ αV ρ ◦ β, defined by e(Ψ ◦ Γ) = Ψ ◦ Γ.

It follows directly from these definitions, that for two objects a, b in G, the 1-, 2- and 3-
morphisms between these objects form 2-categories G(a, b).

vii) The composition � of 1-morphisms F and G in G is given by the composition � of
1-morphisms in T. Hence it is strictly associative with strict units, as by assumption T

is a Gray category.

viii) For 1-morphisms F : c→ d and G : a→ b and a 2-morphism α ∈ G(b, c), define

F�(α, 1) = (F�α, 1), F �(α,−1) = (F�α,−1),

(α, 1)�G = (α�G, 1), (α,−1)�G = (α�G,−1)

F�∅G = ∅F�G, F�(αn, ..., α1) = (F�αn, ..., F�α1)

∅F�G = ∅F�G, (αn, ..., α1)�G = (αn�G, ..., α1�G).
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Furthermore, for α ∈ G(b, c), α : F ⇒ G and β ∈ G(a, b), β : K ⇒ H, set

α�β = (α�K) ◦ (F�β).

Consequently, the composition � of 1- and 2-morphisms is strictly associative, strictly
compatible with the unit 2-morphisms and strictly compatible with the horizontal com-
position of 2-morphisms.

The evaluation of composites of 1- and 2-morphisms is given by

e(F�(α,+1)) = F�α, e(F�(α,−1)) = (F�α)∗,

e((α,+1)�G) = α�G, e((α,−1)�G) = (α�G)∗.

The composition � of two 3-morphisms Γ : α V α′, Ψ : β V β′ between 2-morphisms
α, α′ : F ⇒ G, β, β′ : H ⇒ K is defined as

e(Γ�Ψ) = (ι̃α′,K ◦ ι̃F ,β′) · (e(Γ)�e(Ψ)) · (ι̃−1
α,K ◦ ι̃

−1
F ,β),

where ι̃α,K : e(α)�e(K)V e(α�K) and ι̃L,α : e(L)�e(α)V e(L�α) are the invertible
3-morphisms given by

ι̃∅F ,K = 11e(F )�e(K)
, ι̃L,∅F = 11e(L)�e(F )

, ι̃(α,1),K =1α�e(K), ι̃L,(α,1) =1e(L)�α,

ι̃(α,−1),K = (ξ−�Kα )−1, ι̃L,(α,−1) = (ξL�−α )−1,

ι̃(αn,...,α1),K = ι̃αn,K ◦ . . . ◦ ι̃α1,K , ι̃L,(αn,...,α1) = ι̃L,αn ◦ . . . ◦ ι̃L,α1
,

where ξ−�Kα : (α�K)∗ V α∗�K is the invertible 3-morphism from Lemma 5.1.3 for
the 2-functor −�K : T(b, c) → T(a, c). Similarly, ξL�−α : (L�α)∗ V L�α∗ is the in-
vertible 3-morphism from Lemma 5.1.3 that describes the compatibility of the 2-functor
L�− with the duality ∗. It follows directly that the composition � of 3-morphisms is
strictly compatible with their vertical composition and with the unit 3-morphisms. By
definition, the identities

ι̃α ◦β,K = ι̃α,K ◦ ι̃β,K , ι̃L,α ◦β = ι̃L,α ◦ ι̃L,β (7.2)

are satisfied for all composable 2-morphisms α , β and all 1-morphisms L, K. This
implies that the composition � is compatible with the horizontal composition of 3-
morphisms. That the composition � is associative amounts to the commutativity of
the following diagrams

e(α�F �G)

ι̃−1
α,F�G

**

ι̃−1
α�F,G

��

e(Ψ�F�G) // e(α′�F�G)

e(α�F )�e(G)

ι̃−1
α,F�e(G)

��

e(Ψ�F )�e(G)// e(α′�F )�e(G)

ι̃α′�F,G

OO

e(α)�e(F )�e(G)
e(Ψ)�e(F )�e(G)// e(α′)�e(F )�e(G),

ι̃α′,F�e(G)

OO
ι̃α′,F�G

jj
(7.3)
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e(H�α�F )

ι̃−1
H,α�F

&&

ι̃−1
H�α,F
��

e(H�Ψ�F ) // e(H�α′�F )

e(H�α)�e(F )

ι̃−1
H,α�e(F )

��

e(H�Ψ)�e(F )// e(H�α′)�e(F )

ι̃H�α′,F

OO

e(H)�e(α)�e(F )
e(H)�e(Ψ)�e(F )// e(H)�e(α′)�e(F )

ι̃H,α′�e(F )

OO

e(H)�ι̃α′,F
��

e(H)�e(α�F )

e(H)�ι̃−1
α,F

OO

e(H)�e(Ψ�F )// e(H)�e(α′�F ),

ι̃H,α′�F

ff
(7.4)

for all 3-morphisms Ψ : αV α′, and the analogue of diagram (7.3) for the composition
with 1-morphisms from the left. In the diagram (7.3), all squares commute by definition
of the composition �. It remains to prove the identities

ι̃α,F�G = ι̃α�F ,G · (ι̃α,F�1e(G)) ι̃H�K,α = ι̃H,K�α · (1e(H)�ι̃K,α) (7.5)

for all 2-morphisms α and 1-morphisms F ,G,H,K for which they are defined. Due to
the identities 7.2) it is sufficient prove this for basic 2-morphisms and the empty string
of 2-morphisms. Condition (7.5) is equivalent to the requirement that the diagrams

(α�F�G)∗ α∗�F�G (H�K�α)∗ H�K�α∗

(α�F )∗�G H�(K�α)∗

ξ−�G
α�F

ξ−F�G
α

ξH�−
K�α

ξH�K−
α

ξ−�F
α �1G 1H�ξ

H�−
α

(7.6)

commute for all basic 2-morphisms α in T for which they are defined. The characteri-
zation of the 3-morphisms ξ−�Fα from Lemma 5.1.3 implies

(1α�F�G ◦ ξ−�Gα�G ) · coevα�F�G = coevα�F �G. (7.7)

From this, one obtains

(1α�F�G ◦ (ξ−�Fα �1G)) · (1α�F�G ◦ ξ−�Gα�F ) · coevα�F�G
= (1α�F�G ◦ (ξ−�Fα �1G)) · (coevα�F �1F )

= coevα�F�G

= (1α�F�G ◦ ξ−�F�Gα ) · coevα�F�G,

(7.8)

where we used equation (5.1) in the last step. With the unique characterization of
the 3-morphism ξ−�F�Gα from Lemma 5.1.3, we conclude that the diagram on the left
in (7.6) commutes. The commutativity of the diagram on the right in (7.6) is shown
analogously.

ix) The tensorator, see Definition 5.3.2, σα,β : (α�K)◦(F �β) V (G�β)◦(α�H) in G is

defined by
e(σ)α,β = (ι̃G,β ◦ ι̃α,H) · σe(α),e(β) · (ι̃−1

α,K ◦ ι̃
−1
F ,β).
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It follows from this definition, the properties of the tensorator in T and the identities
(7.5) that σα,β satisfies the axioms for the tensorator in Definition 5.3.2.

This shows that G is a Gray category. Clearly, e : G→ T is a triequivalence and by construction
e : G(a, b)→ T(a, b) are strict 2-functors.

2. Next we define the duality ∗ on G. For a basic 2-morphisms α = (α, z) we set α∗ = (α,−z)
and extend ∗ to a general 2-morphisms α = (α1, . . . , αn) by

α∗ = (α∗n, . . . , α
∗
1).

This implies
α∗ ∗ = α, (α ◦ β)∗ = β∗ ◦ α∗

for all composable 2-morphisms α and β. The duality morphism evα : α∗ ◦αV ∅F is defined
for a basic 2-morphism α = (α, z) : F ⇒ G by

e(ev(α,+1)) = evα, e(ev(α,−1)) = evα∗ ·(aα ◦ 1α∗),

where aα : α V α∗∗ is the 3-morphism given by the pivotal structure. For a general 2-
morphism α = (α1, . . . , αn) : F ⇒ G we set

evα = evα1
· . . . · (1 ◦ . . . ◦ 1 ◦ evαn ◦1 ◦ . . . ◦ 1).

Analogously, we define for a basic 2-morphism α = (α, z) : F ⇒ G the coevaluation coevα :
∅G V α ◦ α∗ by

e(coev(α,+1)) = coevα, e(coev(α,−1)) = (1α∗ ◦ a−1
α ) · coevα∗ ,

and for a general 2-morphism α = (α1, . . . , αn) : F ⇒ G by

coevα = (1 ◦ . . . ◦ 1 ◦ coevα1
◦1 ◦ . . . ◦ 1) · . . . · coevαn .

It follows from the definition of the evaluation and coevaluation that these 3-morphisms are
strictly compatible with the horizontal composition of 2-morphisms. Hence it is sufficient to
show the snake identities (A.8) and (A.9) for basic 2-morphisms α = (α, z) : F ⇒ G. For
z = +1, these identities follow directly from the corresponding identities in T. For z = −1 we
compute

e(1(α,−1) ◦ ev(α,z)) · (coev(α,z) ◦1(α,z)) = (1α∗ ◦ evα∗ ·(aα ◦ 1α∗)) · (1α∗ ◦ a−1
α ) · coevα∗ ◦1α∗)

= (1α∗ ◦ evα∗) · (coevα∗ ◦1α∗) = 1α∗ .

(7.9)

The remaining identity (A.9) for the case z = −1 follows analogously. From Lemma 5.1.3 we
then obtain the identities

ξe(α,+1) = 1α∗ : e(α,+1)∗ = α∗ V e((α,+1)∗) = α∗,

ξe(α,−1) = aα : e(α,−1)∗ = α∗∗ V e((α,−1)∗) = α.
(7.10)

3. Next we show that the 2-categories G(c, b) have a pivotal structure that is given by
the identity and that the strict 2-functors e : G(c, b) → T(c, b) are pivotal 2-functors. We

163



7. Strictification of tricategories with duals

proceed analogously to the proof of [55, Theorem 2.2]. As the 2-functors e : G(c, b)→ T(c, b)
are biequivalences, there exists a unique pivotal structure a on G(c, b), such that the 2-
functors e : G(c, b) → T(c, b) are pivotal, see Proposition 5.1.10 iii). This is equivalent to
the commutativity of the following diagram for all 2-morphisms α in G

e(α∗∗) e(α)

e(α∗)∗ e(α)∗∗.

(ξe
α∗ )−1

e(aα)

ae(α)

(ξeα)∗

(7.11)

Since all 3-morphisms in this diagram are compatible with the horizontal composition of 2-
morphisms, it is sufficient to consider this diagram for basic 2-morphisms. Thus it remains to
show that for all basic 2-morphisms α = (α, z), the diagram (7.11) commutes when one sets
aα = 1α as upper horizontal arrow. For a basic 1-morphism α = (α,+1), ξe(α,+1) = 1α∗ , by

(7.10), while ξeα∗ is given by the 3-morphism aα. Hence it follows that (7.11) commutes with
the identity 3-morphism aα = 1α as upper horizontal arrow. For α = (α,−1), the 3-morphism

ξe(α,−1) is given by ξe(α,−1) = a−1
α , ξeα∗ is the identity and it follows from Lemma 5.1.8 iii), that

(7.11) commutes with the identity 3-morphism aα = 1α inserted on the upper horizontal
arrow. Hence it follows at once that the bicategories G(a, b) are strict pivotal 2-categories
and the 2-functors e : G(c, b) → T(c, b) are pivotal. It is clear by definition of the ∗-duality
in G, that for all 1-morphisms F : b → c in G, the 2-functors F�− : T(a, b) → T(a, c) and
−�F : T(c, d)→ T(b, d) are pivotal 2-functors. �

In the next section we require the following result, the proof of which is analogous to the
proof of Lemma 5.3.10.

Lemma 7.1.3 Let G be a Gray category with weak duals and a strict ∗-duality as in Propo-
sition 7.1.2. Then for all 2-morphisms µ, µ′ : F ⇒ G, ν : H ⇒ K and all 3-morphisms
Φ : µV µ′ for which these expressions are defined, one has

(K�Φ�H)∗ = K�Φ∗�H, σ∗µ,ν = σµ∗,ν∗ .

7.2. Strictification of the duals on hT

In this section we show that a tricategory with weak duals to a Gray category with strict
duals. See Definition 5.3.2 and Lemma 5.3.3 for the definition of a Gray category using Gray
category data.

The next result provides in particular a new method to construct Gray categories with
strict duals.

Theorem 7.2.1 Let T be a tricategory with weak duals. There exists a Gray category G with
strict duals and with the same objects as T together with a triequivalence e : T → G, such that
the 2-functors ea,b : T(a, b)→ G(a, b) are pivotal 2-functors.

Proof. 1. With the results from the previous section we can assume that T is already a Gray
category T = G with weak duals such that conditions i) and ii) in Definition 5.2.2 are strict
(see Remark 5.2.3). We construct the Gray category G as follows:

164



7.2. Strictification of the duals on hT

i) The objects b, c of G are objects b, c of G.

ii) A basic 1-morphism F : b→ c is a tuple (F, z) of a number z ∈ {+1,−1}, together with
a 1-morphism F : b → c in G for z = +1 or a 1-morphism F : c → b for z = −1. A
general 1-morphism F = (F 1, . . . , Fn) is a string of composable basic 1-morphisms F i
for i ∈ {1, . . . , n} including the empty strings ∅b for all objects b ∈ G. The evaluation of
a 1-morphism F = (Fn, . . . , F1) : b → c in G is the 1-morphism e(F ) : b → c in G that
is defined by

e(F, 1) = F, e(F,−1) = F#, e(∅b) = 1b,

e(Fn, . . . , F1) = e(Fn)� . . .�e(F1).

iii) A 2-morphism α : F ⇒ G between 1-morphisms F ,G : b → c in G is a 2-morphism
e(α) : e(F )⇒ e(G) in G.

iv) A 3-morphism Φ : αV β in G is a 3-morphism e(Φ) : e(α)V e(β) in G.

v) The composition of 2- and 3-morphisms in G is the one induced by the corresponding
compositions in G. This implies directly that all 2-categories G(c, b) are strict for all
objects b and c of G.

vi) The composition � of 1-morphisms in G is given by the concatenation of strings, which
is clearly associative and has strict units given by the empty strings.

vii) Since the evaluation is strictly compatible with the composition of 1-morphisms, we
define the composition of a 1-morphism F : c → d and a 2- or 3-morphism α in G(b, c)
by

e(F �α) = e(F )�e(α). (7.12)

viii) The composition of a 1-morphism with 2- and 3-morphism in G on the right is defined
analogously. It follows that F �(−) : G(b, c) → G(b, d) and (−)�F : G(d, a) → G(c, a)
are strict 2-functors for all 1-morphisms F : c→ d.

ix) The tensorator, see Definition 5.3.2 in G is given directly by the tensorator in G and
thus we conclude, that G is a Gray category.

2. Next, we construct a triequivalence e : G → G (see Definition A.4.7). The functor e is
defined as the identity on objects, and by the formulas above it is already defined on 1-,2-
and 3-morphisms. It is clearly strictly compatible with all compositions and all units. By
definition, the functors eF ,G : G(F ,G)→ G(e(F ), e(G)) are the identities for all 1-morphisms
F and G in G. Since for every 1-morphism F : a → b in G, e(F,+1) = F , the 2-functor
ea,b : G(a, b) → G(a, b) is a biequivalence for all objects a, b in G according to Definition
A.3.15. This shows that e : G→ G is a triequivalence.

3. We define the duality ∗ on G and show that it possesses the same strictness properties
as the duality ∗ on G. For all 2-morphisms α : F ⇒ G in G we define

α∗ : G⇒ F via e(α∗) = e(α)∗. (7.13)
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It follows that

α∗ ∗ = α, (G�α�F )∗ = G�α∗�F , and (α ◦ β)∗ = β∗ ◦ α∗, (7.14)

for all 2-morphisms α, β and all 1-morphisms F and G, whenever these equations are defined.
Moreover, the duality morphisms evα : α∗◦αV 1 and coevα : 1V α◦α∗ are directly obtained
from the duality morphisms of G by e(evα) = eve(α) and e(coevα) = coeve(α). This implies
that G satisfies the strict versions of i) and ii) in Definition 5.2.2 (Remark 5.2.3).

4. The #-dual of a basic 1-morphism (F, α) is defined as (F, α)# = (F,−α). We set

∅#a = ∅a and for a string F = (F 1, . . . , Fn), we set

F# = (F
#
n , . . . , F

#

1 ). (7.15)

This implies

F# # = F , and (F �G)# = G#�F#, (7.16)

for all composable 1-morphism F and G in G. This shows that condition ii) a) and the
first condition in ii) c) in Definition 5.3.7 are satisfied. Now, fix for all 1-morphisms F in G

duality 2-morphisms evF : F#�F ⇒ 1 and coevF : 1⇒ F�F#. Then we define for all basic
1-morphisms (F,+) : a→ b in G a 2-morphism ev(F,+) : (F,−1)(F,+1)⇒ ∅a by

e(ev(F,+)) = evF : F#�F ⇒ 1a, (7.17)

and a 2-morphism coev(F,+) : ∅b ⇒ (F,+1)(F,−1) by

e(coev(F,+)) = coevF : 1b ⇒ F�F#. (7.18)

It follows directly that e(coev(F,−1)) = ev∗F and e(ev(F,−1)) = coev∗F . Furthermore, define for
a 1-morphism (F,−1) : a→ b in G a 2-morphism ev(F,−) : (F,+1)(F,−1)⇒ ∅b by

ev(F,−) = coev
∗
(F,+), (7.19)

and a 2-morphism coev(F,−) : ∅a ⇒ (F,−1)(F,+1) by

coev(F,−) = ev
∗
(F,+) . (7.20)

For a general 1-morphism F = (F 1, . . . , Fn), we set

evF = evFn · . . . · (F
#
n , . . . , F

#

2 , evF 1
, F 2 . . . , Fn), (7.21)

and

coevF = (F
#
n , . . . , F

#

2 , coevF 1
, F 2 . . . , Fn) · . . . · coevFn . (7.22)

For the empty string ∅a, we define ev∅a and coev∅a by e(ev∅a) = 11a = e(coev∅a). This shows
that the duality 2-morphisms satisfy the second equations in Definition 5.3.7 ii) b) and c).

5. It remains to define the triangulator for each 1-morphism F in G and to show that it
satisfies the third condition in ii) b) and c) from Definition 5.3.7 as well as condition ii) d)
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from that definition. The triangulator for a 1-morphism F is by Definition 5.3.7 an invertible
3-morphism

ΥF : (1F� evF ) ◦ (coevF �1F )V 11F . (7.23)

For a basic 1-morphism F = (F,+1) such a 3-morphism Υ(F,+1) is given by

e(Υ(F,+1)) : (1F� evF ) ◦ (coevF �1F )V 11F . (7.24)

In the sequel we denote the 3-morphism e(Υ(F,+1)) by ΥF . The existence of such a 3-morphism
for F = (F,+1) is guaranteed by the fact that hG has duals which satisfy the snake identity
(A.8).

For a basic 1-morphism F = (F,−1), the triangulator Υ(F,−1) is given by its evaluation

e(Υ(F,−1)) : (F#� coev∗F ) ◦ (ev∗F �F
#)V 11

F#
. (7.25)

The ∗-dual of this 3-morphism, which is called Υ̃F in the sequel, is a 3-morphism

Υ̃F : 11
F#
V (evF �F

#) ◦ (F#� coevF ). (7.26)

From this it follows that the second snake identity (A.9) for the duals in hG guarantees the
existence of an invertible 3-morphism Υ̃F in G and thus also the existence of an invertible
3-morphism Υ(F,−1) for each object (F,−1) in G.

The task is to choose the 3-isomorphisms Υ(F,+1) and Υ(F,−1) in such a way that the third
identities in ii) b) and c) as well as condition ii) d) in Definition 5.3.7 are satisfied. We show
that this is possible by first fixing for each 1-morphism F : a→ b in G the triangulator Υ(F,+1)

for the basic 1-morphisms (F,+1) by selecting an invertible 3-morphism ΥF in G. For the
empty string ∅a, we choose Υ∅a such that e(Υ∅a) = 11a . This proves the third condition in
Definition 5.3.7 ii) b).

The next step is to show that if Υ(F,−1) are chosen such that the following equations
between 3-morphisms in G are satisfied, then we can choose the triangulator ΥF for a general
1-morphism F , such that the third conditions in Definition 5.3.7 ii) c) and condition ii) d) of
that definition hold. In the following equations we omit the �-symbol for better legibility.

F#F F#FF#F F#F

1a

F#F F#FF#F F#F,

1

1 coevF 1

11 11σevF ,evF

evF 11

e(Υ∗
(F,−1)

)1

evF

1 coevF 1

1

11 evF

1ΥF

evF

= 1evF (7.27)
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and

1coevF =

FF# FF#FF# FF#

1a

FF# FF#FF# FF#.

1

11 coevF

σcoevF ,coevF 11

1 evF 1

1e(Υ∗
(F,−1)

)

11

coevF

coevF

coevF 11

1

1 evF 1

ΥF 1

(7.28)

Suppose that the 3-isomorphisms Υ(F,−1) are chosen such that equations (7.27) and (7.28)
are satisfied. We then define the triangulator for a general 1-morphism F of G as follows: For
a string (F ,G) of length two, we define ΥF ,G by

ΥF�G = (ΥF�G ◦ F�ΥG) · (1F�G� coev∗
G#
◦ σ−1

F� coevG . coev
∗
F# �G

◦ 1coevF �F�G). (7.29)

Then we continue inductively to define ΥF for a general 1-morphism F . Note from the
properties of the tensorator, see Definition 5.3.2, that this is unambiguous, Υ(F�G)�H =
ΥF�(G�H). This shows that the third condition in Definition 5.3.7 ii), c) is satisfied.

It remains to consider condition ii), d) in Definition 5.3.7. Equation (7.28) shows that
Condition ii), d) holds for a basic 1-morphism (F,+1), while the ∗-dual of equation (7.27)
implies that equation ii), d) is satisfied for a basic 1-morphism (F,−1). Hereby we require
the compatibility of the tensorator σ with the ∗-duality from Lemma 7.1.3.

It is straightforward to deduce from the properties of the tensorator, that by the definition
(7.29), it follows that condition ii), d) holds for the composite F�G, where F and G are basic
1-morphisms. Hence it follows that equation ii), d) holds in general. To conclude the proof
it remains to show that the 3-isomorphisms Υ(F,−1) can be chosen such that equations (7.27)
and (7.28) are satisfied. This is shown in Lemma 7.2.3. �

To show the technical detail that is missing from the proof of the theorem above, we require
the following lemma.

Lemma 7.2.2 For each 1-morphism F : a → b in G and for any choice of 3-isomorphism
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Υ̃F : 11
F#
V (evF �F#) ◦ (F#� coevF ), the diagram

F#F F#FF#F F#F

1a

F#F F#FF#F F#F

1

1 coevF 1

11 11σevF ,evF

evF 11

Υ̃F 1

evF

1 coevF 1

1

11 evF

1ΥF

evF

(7.30)

defines an invertible 3-morphism φ = φ(Υ̃F ) : evF V evF in G. Similarly, diagram

FF# FF#FF# FF#

1a

FF# FF#FF# FF#

1

11 coevF

σcoevF ,coevF 11

1 evF 1

1Υ̃F

11

coevF

coevF

coevF 11

1

1 evF 1

ΥF 1

(7.31)

composes to an isomorphism ψ = ψ(Υ̃F ) : coevF V coevF . For these 3-morphisms the
following equation is satisfied

F FF#F F

coevF 1

coevF 1

1 evF
ψ = F FF#F F.

coevF 1

1 evF

1 coevF

φ (7.32)

Proof. It is clear from the definition, that φ and ψ are well-defined invertible 3-morphisms.
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The left hand side of equation (7.32) is by definition equal to

FF#F FF#FF#F FF#F

F F

FF#F FF#FF#F FF#F.

1

11 coevF 1

σcoevF ,coevF 111

1 evF 11

1Υ̃F 1

1 evFcoevF 1

coevF 1

coevF 111

1

1 evF 11

ΥF 11

1 evF

(7.33)

Next we compose the polygon at the bottom of (7.33) with ΥF , which yields the following
diagram, in which we abbreviate χF = (1F� evF ) ◦ (coevF �1F ) : F ⇒ F ,

F FF#F FF#F F.
coevF 1

1

χF 11

1

1 evFΥF 11

ΥF

(7.34)

It follows from the naturality of the tensorator, that this diagram is equal to

FF#F FF#F

F F.

FF#F F

χF 11

coevF 1coevF 1

coevF 1

1

1 evF

ΥF

χF

1

ΥF

1σevF ,χ (7.35)
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The right hand side of (7.32) is by definition equal to the diagram

FF#F FF#FF#F FF#F

F F

FF#F FF#FF#F FF#F.

1

11 coevF 1

111σevF ,evF

1 evF 11

1Υ̃F 1

1 evFcoevF 1

coevF 1

11 coevF 1

1

111 evF

11ΥF

1 evF

(7.36)

Composing the polygon at the bottom of (7.36) with ΥF yields the following diagram

F FF#F FF#F F.
coevF 1

1

11χF

1

1 evF11ΥF

ΥF

(7.37)

It follows from the naturality of the tensorator, that this is equal to

FF#F FF#F

F F.

F FF#F

χF 11

coevF 1

χF

1

coevF 1

coevF 1

1

1 evF

ΥF

ΥF

σχ,coevF 1
(7.38)

From the compatibility of the tensorator with the horizontal composition we deduce that the
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7. Strictification of tricategories with duals

following equation between diagrams holds

FF#F FF#FF#F FF#F

F FF#F FF#FF#F FF#F F

FF#F F FF#F,

FF#F FF#FF#F FF#F

F FF#F FF#FF#F FF#F F

FF#F F FF#F.

11 coevF 1

σcoevF ,coevF 111

1 evF 11

1 evF

coevF 1

coevF 1

coevF 1

coevF 111

1σevF ,(coevF 1)(1 evF )

1 evF 11 1 evF

1 evF coevF 1

1 evF

11 coevF 1

111σevF ,evF

1 evF 11

1 evF

coevF 1

coevF 1

coevF 1

11 coevF 1

σ(coevF 1)(1 evF ),evF
1

111 evF 1 evF

1 evF coevF 1

1 evF

(7.39)

If we insert now (7.35) back in (7.33) and (7.38) back in (7.36), it follows from (7.39) that the
compositions of both sides of (7.32) with ΥF agree. Since ΥF is an isomorphism, equation
(7.32) follows. �

With this result we can first choose the isomorphism Υ̃F and correct then the failure of
equations (7.27) and (7.28) as follows.

Lemma 7.2.3 Let (F,−1) be a basic 1-morphism of G and Υ̃F a choice of 3-isomorphism
as in equation (7.26). Let Υ(F,−1) be the 3-morphism such that e(Υ(F,−1))

∗ is equal to the
composite

F# F#FF# F#.

1

1 coevF evF 1

evF 1

Υ̃F

φ−11

Then Υ(F,−1) together with Υ(F,+1) satisfies equations (7.27) and (7.28).
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Proof. The left-hand side of equation (7.27) for Υ(F,−1) reads

F#F F#FF#F F#F

1a

F#F F#FF#F F#F.

1

1 coevF 1

11 11σevF ,evF

evF 11

evF 11

Υ̃F 1

evF

1 coevF 1

1

11 evF

1ΥF

evF

φ−111

(7.40)

By the naturality of the tensorator and by definition of φ, this is equal to

F#F F#FF#F F#F

1a

F#F F#FF#F F#F

1

1 coevF 1

11 11σevF ,evF

evF 11

Υ̃F 1

evF

1 coevF 1

1

11 evF

1ΥF

evF

evF

φ−1

= 1evF . (7.41)

Equation (7.28) follows analogously. Using equation (7.32), one finds that the diagram

FF# FF#FF# FF#

1a

FF# FF#FF# FF#

1

11 coevF

σcoevF ,coevF 11

1 evF 1

evF 11

1Υ̃F

11

coevF

coevF

coevF 11

1

1 evF 1

ΥF 1

1φ−11

(7.42)
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is equal to

FF# FF#FF# FF#

1a

FF# FF#FF# FF#.

1

11 coevF

11 coevF
σcoevF ,coevF 11

1 evF 1

1Υ̃F

11

coevF

coevF

coevF 11

1

1 evF 1

ΥF 1

11ψ−1

(7.43)

With the naturality of the tensorator and the definition of ψ one than obtains equation (7.28).
�

From this result and Theorem 6.4.1 we deduce the following.

Corollary 7.2.4 The tricategory Bimodθ is triequivalent to a Gray category with strict duals.

7.3. Strictification for Gray categories with duals

In this section, it is shown that for every spatial Gray category G, the 3-functors of strict
tricategories ∗ : G → Gop and # : G → Gop can be strictified to strict 3-functors of strict
tricategories ∗ : G→ Gop and # : G→ G

op
in the sense of Definitions A.4.10 and 5.3.6, which

satisfy ## = 1, ∗∗ = 1 and ∗#∗# = 1. The Gray category G is a Gray category with
strict duals and equivalent to G as a strict tricategory (see Definition A.4.14). The difference
between G and G is that the structures from Definition 5.3.7 extend to strict 3-functors of
strict tricategories. This motivates the following definition.

Definition 7.3.1 ( [5, Def. 5.1]) A Gray category with strict duality functors is a Gray
category with strict duals G such that the operations # and ∗ extend to strict 3-functors of
strict tricategories ∗ : G→ Gop, # : G→ Gop satisfying ∗∗ = 1, ∗# ∗# = 1, ## = 1, and for
all 2-morphisms µ,

# coevµ = coev∗#µ .

To prove that it is possible to strictify the Gray with strict duals G to a Gray category G

with strict duality functors, we first construct a Gray category G with strict 3-functors of strict
tricategories ∗ : G → Gop and # : G → G

op
satisfying ## = 1, ∗∗ = 1 and ∗#∗# = 1 that is

equivalent to G. In a second step, we then show that the Gray category G is a Gray category
with strict duals in the sense of Definition 5.3.7 and satisfies the conditions in Definition 7.3.1.

Theorem 7.3.2 ( [5, Thm. 5.2]) Let G be a spatial Gray category with strict duals. Then
there exists a Gray category G with the following properties:

i) G is equipped with strict 3-functors of strict tricategories # : G→ G
op

, ∗ : G→ Gop that
satisfy # # = 1, ∗ ∗ = 1, ∗#∗# = 1.
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7.3. Strictification for Gray categories with duals

ii) G is equivalent to G as a Gray category: there are lax 3-functors of strict tricategories
e : G → G and f : G → G with ef = 1G and a natural isomorphism of lax 3-functors of
strict tricategories η : fe→ 1G. The natural isomorphism satisfies eη = 1e, ηfe = 1fe,
and there is an invertible modification Ψ : ηf ⇒ 1f with eΨ = 11G.

iii) The lax 3-functor of strict tricategories f : G → G satisfies ∗f = f∗, and there are
natural isomorphisms of lax 3-functors of strict tricategories ξ : ∗e→ e∗, χ : #e→ e#
and χ̃ : #f → f#.

Proof.
1. We construct G in analogy to the strictification proof for tricategories in [38]. Note also that
our proof can be viewed as a generalization of the strictification proof for pivotal categories
in [55].

The objects of G are the objects of G. A basic 1-morphism in G from a to b is a tuple
F = (F, z) of a number z ∈ {1,−1} and a 1-morphism F : a→ b in G if z = 1 or a 1-morphism
F : b→ a in G if z = −1. The 1-morphisms of G are composable strings F = (Fn, . . . , F1) of
basic 1-morphisms, including the empty strings ∅a : a→ a for each object a. The evaluation
of a 1-morphism F : a→ b in G is the 1-morphism e(F ) : a→ b in G determined by

e(F, 1) = F, e(F,−1) = #F, e(∅a) = 1a,

e(Fn, . . . , F1) = e(Fn)� . . .�e(F1).

A basic 2-morphism in G is a tuple α = (α, z) : F ⇒ G consisting of a number z ∈ {1,−1}
and a 2-morphism α : e(F ) ⇒ e(G) in G if z = 1 or a 2-morphism α : #e(G) ⇒ #e(F ) if
z = −1. The 2-morphisms in G are composable strings α = (αn, . . . , α1) of basic 2-morphisms
in G, including the empty strings ∅F : F ⇒ F . The evaluation of a 2-morphism α : F ⇒ G in
G is the 2-morphism e(α) : e(F )⇒ e(G) in G determined by

e(α, 1) = α, e(α,−1) = #α, e(∅F ) = 1e(F ),

e(αn, . . . , α1) = e(α1) ◦ . . . ◦ e(αn),

for all basic 2-morphisms α1, . . . , αn. A 3-morphism Γ : αV β in G is given by a 3-morphism
e(Γ) : e(α)V e(β) in G.

The vertical composition of 3-morphisms in G is the vertical composition in G. The hori-
zontal composition of 2-morphisms in G is the concatenation of strings. This implies that the
horizontal and vertical composition are strictly associative and the unit 2- and 3-morphisms
are strict. As the evaluation is also strictly compatible with the horizontal and vertical compo-
sition and the units, the horizontal composition of 3-morphisms in G is given by the horizontal
composition of 3-morphisms in G. This shows that for each pair of objects a, b, G(a, b) is a
strict 2-category.

The composition � � in G is defined as the concatenation of strings on 1-morphisms. This
implies that it is strictly associative and the unit 1-morphisms are strict:

(F �G)�H = F �(G�H), F �∅c = ∅d�F = F

for all 1-morphisms F : c→ d, G : b→ c, H : a→ b in G. It also follows that the composition
� of 1-morphisms is compatible with the evaluation. All composable 1-morphisms F ,G satisfy
the relation e(F �G) = e(F )�e(G).
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7. Strictification of tricategories with duals

For 1-morphisms F ∈ G(c, d), G ∈ G(a, b) and a 2-morphism α ∈ G(b, c) we define the
composition � by

F �(α, 1) = (e(F )�α, 1), F �(α,−1) = (α�#e(F ),−1),

(α, 1)�G = (α�e(G), 1), (α,−1)�G = (#e(G)�α,−1)

F �∅G = ∅F �G, F �(αn, ..., α1) = (F �αn, ..., F �α1)

∅F�G = ∅F �G, (αn, ..., α1)�G = (αn�G, ..., α1�G).

This determines the composition � of composable 2-morphisms α : F ⇒ G, β : K ⇒ H in G,
which is given by

α�β = (α�K)◦(F �β). (7.44)

As a direct consequence of these definitions, the composition � of 1- and 2-morphisms is again
strictly associative, strictly compatible with the unit 2-morphisms and strictly compatible
with the horizontal composition of 2-morphisms. To define the composition � of two 3-
morphisms, we compute the evaluation

e(F �(α, 1)) = e(F )�e(α, 1), e((α, 1)�G) = e(α, 1)�e(G)

e(F �∅H) = e(F )�e(∅H), e(∅H�G) = e(∅H)�e(G),

e(F �(α,−1)) = #(α�#e(F )), e(F )�e(α,−1) = e(F )�#α,

e((α,−1)�G) = #(#e(G)�α), e(α,−1)�e(G) = #α�e(G).

The composition � of two 3-morphisms Γ : α V α′, Ψ : β V β′ between 2-morphisms
α, α′ : F ⇒ G, β, β′ : H ⇒ K is defined as

e(Φ�Ψ) = (ι̃α′,K ◦ ι̃F ,β′) · (e(Φ)�e(Ψ)) · (ι̃−1
α,K ◦ ι̃

−1
F ,β),

where ι̃α,K : e(α)�e(K) V e(α�K) and ι̃L,α : e(L)�e(α) V e(L�α) are the invertible
3-morphisms given by

ι̃∅F ,K = 11e(F )�e(K)
, ι̃L,∅F = 11e(L)�e(F )

, ι̃(α,1),K =1α�e(K), ι̃L,(α,1) =1e(L)�α,

ι̃(α,−1),K = κ1#e(K),α · (1#α�Φ#e(K)), ι̃L,(α,−1) = κα,1#e(L)
· (Φ#e(L)�1#α),

ι̃(αn,...,α1),K = ι̃αn,K ◦ . . . ◦ ι̃α1,K , ι̃L,(αn,...,α1) = ι̃L,αn ◦ . . . ◦ ι̃L,α1
,

with the 3-morphisms κµ,ν : #ν�#µ V #(µ�ν) and ΦF : 1#F V #1F from the proof of
Theorem 5.3.11. In this, we used the identity ##F = F in a Gray category with strict duals.
It follows that the composition � of 3-morphisms is strictly compatible with their vertical
composition and with the unit 3-morphisms. The composition � is compatible with the
horizontal composition of 3-morphisms if and only if the following two commutative diagrams
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7.3. Strictification for Gray categories with duals

and their counterparts with a 1-morphism on the left are equal

e((α ◦β)�K)
e((Ψ◦Φ)�K)//

ι̃−1
α◦β,K

��

e((α′◦β′)�K)

e(α◦β)�e(K)
e(Ψ◦Φ)�e(K)// e(α′◦β′)�e(K)

ι̃α′◦β′,K

OO
(7.45)

e((α ◦β)�K)
e((Ψ�K)◦(Φ�K))//

ι̃−1
α,K◦ι̃

−1
β,K

��

e((α′◦β′)�K)

e(α◦β)�e(K)
(e(Ψ)�e(K))◦(e(Φ)�e(K))// e(α′◦β′)�e(K).

ι̃α′,K◦ι̃β′,K

OO

As the horizontal composition of 2-morphisms is strictly compatible with the evaluation, the
equality of these two diagrams follows directly from the identities

ι̃α ◦β,K = ι̃α,K ◦ ι̃β,K , ι̃L,α ◦β = ι̃L,α ◦ ι̃L,β (7.46)

which are satisfied by definition. That the composition � is associative amounts to the
commutativity of the following diagrams

e(α�F �G)

ι̃−1
α,F�G

**

ι̃−1
α�F,G

��

e(Ψ�F�G) // e(α′�F�G)

e(α�F )�e(G)

ι̃−1
α,F�e(G)

��

e(Ψ�F )�e(G)// e(α′�F )�e(G)

ι̃α′�F,G

OO

e(α)�e(F )�e(G)
e(Ψ)�e(F )�e(G)// e(α′)�e(F )�e(G)

ι̃α′,F�e(G)

OO
ι̃α′,F�G

jj
(7.47)

e(H�α�F )

ι̃−1
H,α�F

&&

ι̃−1
H�α,F
��

e(H�Ψ�F ) // e(H�α′�F )

e(H�α)�e(F )

ι̃−1
H,α�e(F )

��

e(H�Ψ)�e(F )// e(H�α′)�e(F )

ι̃H�α′,F

OO

e(H)�e(α)�e(F )
e(H)�e(Ψ)�e(F )// e(H)�e(α′)�e(F )

ι̃H,α′�e(F )

OO

e(H)�ι̃α′,F
��

e(H)�e(α�F )

e(H)�ι̃−1
α,F

OO

e(H)�e(Ψ�F )// e(H)�e(α′�F )

ι̃H,α′�F

ff
(7.48)

and the analogue of diagram (7.47) for the composition with 1-morphisms from the left. In
the diagram (7.47), all squares commute by definition of the composition �. It remains to
prove the identities

ι̃α,F�G = ι̃α�F ,G · (ι̃α,F�1e(G)) ι̃H�K,α = ι̃H,K�α · (1e(H)�ι̃K,α)
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for all 2-morphisms α and 1-morphisms F ,G,H,K for which these expressions are defined.
Due to the identities (7.46), it is sufficient to prove this for basic 2-morphisms and the empty
string of 2-morphisms. For the latter and for basic 2-morphisms α = (α, 1), this follows
directly from the definition. For basic 2-morphisms α = (α,−1), inserting the definition of
ι̃α,F into these equations shows that this is the case for the first equation if and only if the
outer paths in the diagram

#α�F�G

#α�Φ#F�G
��

#α�Φ#G�#F// #α�#1#G�#F

#α�κ−1
1#G,1#F

��

κ1#G�#F ,α// #(1#G�#F�α)

#α�#1#F�G

κ1#F ,α�G

��

1#α�#1#F�Φ#G// #α�#1#F�#1#G

κ1#F ,α�#1#G
��

#(1#F�α)�G
#(1#F�α)�Φ#G// #(1#F�α)�#1#G

κ1#G,1#F�α

==

are equal. The rectangle on the lower left commutes. The subdiagram on the right commutes
due to equation (5.35), and the upper left rectangle due to the compatibility condition (5.34)
between the 3-morphisms κ and ΦF , ΦG. This shows that the diagram (7.47) commutes. The
proof for the commutativity of the corresponding diagram with the 1-morphisms on the left
is analogous.

In diagram (7.48), the three rectangles in the middle commute by definition of of the
composition �. It is therefore sufficient to prove that the two subdiagrams with curved
arrows on the left and right commute. Using again the identities (7.46), one finds that it
is sufficient to show that this is the case for the basic 2-morphisms and the empty string of
2-morphisms. In the cases α = ∅F and α = (α, 1) the commutativity of the subdiagrams
is obvious. For α = (α,−1), we insert the definition of ι̃α,F and ι̃H,α and obtain diagram
(7.49), in which we abbreviate F = e(F ) and H = e(H). The outer paths in diagram (7.49)
correspond to the 3-morphisms ι̃H,α�F · (1e(H)�ι̃α,F ) and ι̃H�α,F · (ι̃H,α�1e(F )). It is directly
apparent that the lower parallelogram in the middle and the two subdiagrams on the right
and the left commute. The upper parallelogram in the middle commutes due to the pentagon
axiom for κ in equation (5.35) and hence the outer paths on the left and on the right are
equal. This proves the commutativity of the diagram (7.48) and completes the proof that the
composition � is strictly associative.
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#(#H�α�#F )
κ−1
1#H�α,#F

ttjjjjjjjjjjjjjjj κ−1
1#H,α�#F

**TTTTTTTTTTTTTTT

#1#F�#(#H�α)
#1#F�κ

−1
1#H,α

**TTTTTTTTTTTTTTT

Φ−1
#F�#(#H�α)

��

#(α�#F )�#1#H
κ−1
α,1#F

�#1#H

ttjjjjjjjjjjjjjjj
#(α�#F )�Φ−1

#H

��
F�#(#H�α)

F�κ−1
1#H,α

��

#1#F�#α�#1#H

Φ−1
#F�#α�#1#Httjjjjjjjjjjjjjjj

#1#F�#α�Φ−1
#H **TTTTTTTTTTTTTTT

#(α�#F )�H

κ−1
α,1#F

�H

��
F�#α�#1#H

F�#α�Φ−1
#H **TTTTTTTTTTTTTTTT

#1#F�#α�H

Φ−1
#F�#α�Httjjjjjjjjjjjjjjjj

F�#α�H,

(7.49)

To conclude that G is a Gray category, we define the tensorator σα,β : (α�K)◦(F �β)V

(G�β)◦(α�H) in G by

σα,β = (ι̃G,β ◦ ι̃α,H) · σe(α),e(β) · (ι̃−1
α,K ◦ ι̃

−1
F ,β).

It follows from the definition, the properties of the tensorator in G and the identities proved
above that σα,β satisfies the axioms for the tensorator in Definition 5.3.2. This shows that G

is a Gray category.

2. To construct the strict 3-functor of strict tricategories # : G→ G
op

, we set #(a) = a for

objects, #(F, z) = (F,−z) for basic 1-morphisms F = (F, z) of G and extend # to general
1-morphisms by

#(Fn, . . . , F1) = (#F1, . . . ,#Fn), #(∅a) = ∅a.

It follows that # is strictly compatible with the composition � of 1-morphisms, preserves
the unit-1-morphisms, satisfies # #F = F and is compatible with the evaluation: e(#F ) =
#e(F ) for all 1-morphisms F in G.

For basic 2-morphisms α = (α, z) : F ⇒ G we set #(α, z) = (α,−z) and extend # to
general 2-morphisms by

#(αn, . . . , α1) = (#α1, . . . ,#αn), #(∅F ) = ∅#F .

This implies that # is strictly compatible with the horizontal composition of 2-morphisms,
preserves the unit 2-morphisms and satisfies # #α = α for all 2-morphisms α in G. Due to
the identity ##F = 1 for all 1-morphisms F in G, it also follows that # is strictly compatible
with the composition � of 1- and 2-morphisms.

To define the action of # on 3-morphisms Γ : α V β, we note that if α = (α, z) is a basic
2-morphism, the 2-morphisms #e(α) and e(#α) are related by #e(α, 1) = e(#(α, 1)) and
#e(α,−1) = ##e(#(α,−1)). For general 2-morphisms (αn, ..., α1), we have

#e(αn, ..., α1) = #(e(αn) ◦ . . . ◦ e(α1)),

e(#(αn, ..., α1)) = e(#α1) ◦ . . . ◦ e(#αn).
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We obtain an invertible 3-morphism χα : #e(α)V e(#α) by setting

χ∅F = Φ−1
e(F ), χ(α,1) = 1#α, χ(α,−1) = Θα

χ(αn,...,α1) = (χα1
◦ . . . ◦ χαn) · Φ−1

e(α1),...,e(αn),

where Φµ1,...,µn : #µ1 ◦ . . . ◦ #µn V #(µn ◦ . . . ◦ µ1) denotes the invertible 3-morphism
determined by Φµ1 = 1#µ1 and

Φµ1,...,µn = Φµ1,µn◦...◦µ2 · (1#µ1 ◦ Φµ2,µn◦...◦µ3) · · ·
· (1#µ1 ◦ ... ◦ 1#µn−3 ◦ Φµn−2,µn◦µn−1) · (1#µ1 ◦ ... ◦ 1#µn−2 ◦ Φµn−1,µn)

and the 3-morphisms ΦF : 1F# V #1F and Φµ,ν : #µ ◦ #ν V #(ν ◦ µ) are given in the
proof of Theorem 5.3.11. Note that it follows from identity (5.32) that the bracketing in the
definition of Φµ1,...,µn is irrelevant, and for all composable 2-morphisms µ1 ,..., µn and all
1 ≤ k ≤ n− 1

Φµ1,...,µn = Φαk◦...◦α1,αn◦...◦αk+1
· (Φα1,...,αk ◦ Φαk+1,...,αn).

From this, it follows that the 3-morphisms χα : #e(α)V e(#α) satisfy the relation

χα◦β = (χβ ◦ χα) · Φ−1
e(β),e(α) (7.50)

for all composable 2-morphisms α, β.

For a 3-morphism Γ : αV β, we define # Γ : #αV #β by

e(# Γ) = χβ ·#e(Γ) · χ−1
α .

To show that # defines a 3-functor of strict tricategories, we prove the identities

#(Ψ ·Φ) = # Ψ ·# Φ, #(Ψ ◦Φ) = # Φ ◦# Ψ, #(Ψ�Φ) = # Φ�# Ψ

for all 3-morphisms Φ,Ψ for which these expressions are defined. The first follows directly from
the definition. The identity #(Ψ ◦Φ) = # Φ ◦# Ψ follows from the commutative diagram

e(#(α ◦β))

χ−1
α ◦ β
��

χ−1
β ◦χ

−1
α
// #e(β) ◦#e(α)

#e(Φ)◦#e(Ψ)//

Φe(β),e(α)vvnnnnnnnnnnnn
#e(β′) ◦#e(α′)

χβ′◦χα′
��Φe(β′),e(α′)uullllllllllllll

#e(α ◦β)
#(e(Ψ◦Φ))

// #e(α′ ◦β′)
χα′ ◦ β′

// e(#(α′ ◦β′))

(7.51)

for all 3-morphisms Φ : β V β′ and Ψ : α V α′. The parallelogram in the middle of this
diagram commutes due to the naturality of the 3-morphism Φµ,ν : #µ ◦#ν V #(ν ◦ µ) and
the triangles on the left and right by identity (7.50).
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The identity #(Ψ�Φ) = # Φ�# Ψ is equivalent to the commutativity of the diagram

e(#(α�β))

ι̃−1
#β,#F ◦ι̃

−1
#K,#α

""

e(#(Ψ�Φ))
// e(#(α′�β′))

ι̃−1
#β′,#F ◦ι̃

−1
#K,#α′

||

#e(α�β)

χα�β

OO

#(ι̃−1
α,K◦ι̃

−1
F,β)

��

#e(Ψ�Φ) // #e(α′�β′)

#(ι̃−1
α′,K◦ι̃

−1
F,β′ )

��

χα′�β′

OO

#(e(α)�e(β))
#(e(Ψ)�e(Φ))// #(e(α′)�e(β′))

#e(β)�#e(α)

κe(α),e(β)

OO

#e(Φ)�#e(Ψ)//

χβ�χα
��

#e(β′)�#e(α′)

κe(α′),e(β′)

OO

χβ′�χα′

��
e(#β)�e(#α)

e(#Φ)�e(#Ψ)
// e(#β′)�e(#α′).

(7.52)

In this diagram, the four rectangles in the middle commute by definition of the 3-morphisms
#(Ψ�Φ), Ψ�Φ and #Ψ, #Φ and due to the naturality of the 3-morphism Φµ,ν : #µ ◦#ν V
#(ν ◦ µ). It remains to show that the two pentagons on the left and the right commute. As
a first step, we reduce the proof of the commutativity of these diagrams to the cases α = ∅F
or β = ∅K . For this, we consider the diagram

e(#(α�β))

ι̃−1
#β,#F ◦ι̃

−1
#K,#α

��

χ−1
F�β◦χ

−1
α�K

// #e(F�β) ◦#e(α�K)

#ι̃−1
F,β◦#ι̃

−1
α,K

������������������������������������

Φe(F�β),e(α�K)

��

e(#β)�e(#α)

χ−1
β �χ

−1
α

��

(#e(β)�#1e(F ))

◦(#1e(K)�#e(α))

κ1e(F ),e(β)

◦κe(α),1e(K)

��

#e(β)�#e(α)

(#e(β)�Φe(F ))

◦(Φe(K)�#e(α))

66lllllllllllll

κe(α),e(β)

��
#(e(α)�e(β))

#(ι̃α,K◦ι̃F,β)

77
#(e(F )�e(β))

◦#(e(α)�e(K))

Φe(F )�e(β),e(α)�e(K)

rr
#e(α�β).

(7.53)

The path on the outside in this diagram corresponds to the pentagon in diagram (7.52).
The two quadrilaterals in the diagram commute by the naturality of the 3-morphism Φµ,ν :
#µ◦#ν V #(ν◦µ) and by identity (5.33). The hexagon commutes if and only if the pentagon
in diagram (7.52) commutes for the case where α = ∅F or β = ∅K .
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7. Strictification of tricategories with duals

It is therefore sufficient to prove that the pentagon in the diagram (7.52) commutes for
α = ∅F or β = ∅K . In the latter, it reduces to the diagram

e(#(α�K))
χ−1
α�K //

ι̃−1
#K,#α

��

#e(α�K)
#ι̃−1

α,K // #(e(α)�e(K))

κ−1
e(α),1e(K)
��

#e(K)�e(#α)
#e(K)�χ−1

α

// #e(K)�#e(α)
Φe(K)�#e(α)

// #1e(K)�#e(α).

(7.54)

We start by proving that this diagram commutes for basic 2-morphisms and the empty string
of 2-morphisms. For α = ∅F , the 3-morphism ι̃α,K is trivial, and we have

χα = Φ−1
e(F ), χα�K = Φ−1

e(F�K), κ1e(α),e(K)
= Φe(F )�e(K) · (Φ−1

e(K)�Φ−1
e(F )),

where the last identity follows directly with (5.34). Inserting this into (7.54), one finds that
the diagram commutes. For α = (α, 1), the 3-morphisms χα, χα�K , ι̃α,K are trivial and

ι̃#K,#,α = κ−1
e(α),1e(K)

· (Φe(K)�#e(α)),

which shows that the diagram commutes. For α = (α,−1) diagram (7.54) corresponds to the
boundary of the following diagram

#e(K)�α ##(#e(K)�α)
#κ−1

1#e(K),α//
Θ#e(K)�αoo #(#α�#1#e(K))

κ−1
α,#1#e(K)

uukkkkkkkkkkkkkk
#(#α�Φ−1

#e(K)
)

��
#1e(K)�##α

Φ−1
e(K)

�Θα

OO

##1#e(K)�##α
#Φ−1

#e(K)
�##α

oo #(#α�1e(K)),

κ−1
#α,1e(K)

ii

where we used identities (5.39) and (5.41) to express Θ#e(K)�α in terms of Θα. The pentagon
in this diagram commutes due to identities (5.39) and (5.41) and the quadrilateral due to the
naturality of the 3-morphism κµ,ν : #ν�#µ V #(µ�ν). This proves that diagram (7.54)
commutes for basic 2-morphisms and the empty string of 2-morphisms.

The proof that this identity holds for general 2-morphisms α = (αn, ..., α1) is by induction
over n. For n = 1, α is a basic 1-morphism and this identity was shown above. Suppose that
the commutativity of diagram (7.54) is established for all strings α = (αk, ..., α1) of basic
2-morphisms of length k ≤ n − 1 and let γ = (γ

n
, ..., γ

1
) be a 2-morphism of length n. Set
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α = γ
n
, β = (γ

n−1
, ..., γ

1
) and consider the diagram

#e(α�K)
◦#e(β�K)

χα�K◦χβ�K
��

Φe(α�K),e(β�K)
// #(e(β�K)

◦e(α�K))

#((e(β)�e(K))

◦(e(α)�e(K)))

#(ι̃β,K◦ι̃α,K)
oo

Φ−1
e(α)�e(K),e(β)�e(K)

wwnnnnnnnnnnnn
κ−1
e(α◦β),1e(K)
��

e(#(α�K))

◦e(#(β�K))

ι̃−1
#K,#α◦ι̃

−1
#K,#β

��

#(e(α)�e(K))
◦#(e(β)�e(K))

#ι̃α,K◦#ι̃β,K

ggPPPPPPPPPPPP

κ−1
e(α),1e(K)

◦κ−1
e(β),1e(K)

��

#1e(K)�
#(e(α) ◦ e(β))

#e(K)�
(e(#α) ◦ e(#β))

#e(K)�(χ−1
α ◦χ−1

β ) ''PPPPPPPPPPPP

(#1e(K)�#e(α))

◦(#1e(K)�#e(β))
#e(K)�
#(e(β) ◦ e(α))

Φe(K)�#(e(β)◦e(α))

OO

#e(K)�
(#e(α) ◦#e(β))

Φe(K)�(#e(α)◦#e(β)
OO

#e(K)�Φe(α),e(β)

;;

(7.55)

The outer path in this diagram corresponds to the diagram (7.54) for γ. The quadrilateral at
the top of the diagram commutes due to the naturality of the 3-morphisms Φµ,ν : #µ ◦#ν V
#(ν ◦ µ), κµ,ν : #ν�#µ V #(µ�ν) and ΦF : 1#F V #1F . The hexagon on the left of this
diagram commutes because identity (7.54) holds for α and β. To show that the hexagon on
the right of the diagram commutes, we set ν = τ = 1K in (5.33) and use the naturality of the
tensorator. This yields the diagram

(#1K�#µ) ◦ (#1K�#ρ)
κµ,1K ◦κρ,1K //

#1K�σ
−1
#1K,#µ

�#ρ

��

#(µ�K) ◦#(ρ�K)

Φµ�K,ρ�K
��

#1K�(#µ ◦#ρ)

#1K�Φµ,ρ
��

#K�(#µ�#ρ)

(ΦK�#µ)◦(ΦK�#ρ)
jjUUUUUUUUUUUUUUUU

ΦK�(#µ◦#ρ)oo #((ρ ◦ µ)�K)

#1K�#(ρ ◦ µ).

κρ◦µ,1K

22dddddddddddddddddddddddddddddddddd

The triangle in this diagram commutes due to the naturality of the tensorator and the outer
pentagon due to identity (5.33). This implies that the inner hexagon commutes as well and
hence the hexagon on the right in diagram (7.55). This shows that identity (7.54) holds for γ
and concludes the proof that # : G→ G

op
is a strict 3-functor of strict tricategories for which

all coherence data is trivial.
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7. Strictification of tricategories with duals

To prove the identity ## = 1, note that it is obvious for 1- and 2-morphisms. For 3-
morphisms Ψ : αV α′, it holds if the following diagram commutes

e(##α)

= e(α)

e(##Ψ)

''

e(Ψ)

EE

χ−1
#α
// #e(#α)

#χ−1
α

��

#e(#Ψ)
// #e(#α′)

χ#α′
// e(##α′)

= e(α′)

##e(α)

Θe(α)ddJJJJJJJJJ

##e(Ψ)
// ##e(α′)

#χα′

OO
Θe(α′) 99ttttttttt

(7.56)

The three quadrilaterals at the top of the diagram commute by definition of the 3-morphism
# #Ψ, #Ψ and by naturality of the 3-morphism Θ. The triangles commute if and only if for
all 2-morphisms α, we have

Θe(α) = χ#α ·#χα. (7.57)

For α = ∅F this follows directly from identity (5.39), which implies

Θe(∅F ) = Θ1e(F )
= Φ−1

#e(F ) ·#Φ−1
e(F ) = χ#∅F ·#χ∅F .

Similarly, for basic 2-morphisms α = (α, z), we have

χ#(α,1) ·#χ(α,1) = Θα ·#1#α = Θα = Θe(α,1)

χ#(α,−1) ·#χ(α,−1) = 1#α ·#Θα = Θ#α = Θe(α,−1),

where we used the identity #Θα = Θ#α from Lemma 5.3.14 in the second line. The proof that
identity (7.57) holds for strings α = (αn, ..., α1) of basic 2-morphisms is by induction over the
length n of the string. For n = 0, 1 this was shown above. Suppose that the identity (7.57) is
established for all 2-morphisms α = (αK , ..., α1) of length 0 ≤ k < n and let γ = (γ

n
, ..., γ

1
)

be a string of basic 2-morphisms of length n. Then identity (7.57) holds for γ if and only if
the following diagram commutes for α = γ

n
and β = (γ

n−1
, ..., γ

1
)

##(e(α) ◦ e(β))

Θe(α◦β)

++

#Φ−1
e(β),e(α)

// #(#e(β) ◦#e(α))

#(χβ◦χα)

��
Φ−1

#e(α),#e(β)

ttjjjjjjjjjjjjjjjj

##e(α) ◦##e(β)

Θe(α)◦Θe(β)
��

#χα◦#χβ
**TTTTTTTTTTTTTTT

#(e(#β) ◦ e(#α))

Φ−1
e(#α),e(#β)

��
e(α) ◦ e(β) #e(#α) ◦#e(#β))

χ#α◦χ#β

oo

.

The triangle at the bottom of the diagram commutes by induction hypothesis. The curved
subdiagram at the left commutes due to identity (5.40) and the subdiagram at the right due
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to the naturality of the 3-morphism Φµ,ν : #µ ◦#ν V #(ν ◦µ). This shows that the diagram
(7.56) commutes for all 3-morphisms ψ : α V α′ in G and that the 3-functor # : G → G

op
satisfies ## = 1.

3. To define the 3-functor of strict tricategories ∗ : G → Gop, we set ∗ to be trivial on the
objects and 1-morphisms of G. For a basic 2-morphism (α, z) we set ∗(α, z) = (α∗, z) and
extend ∗ to general 2-morphisms via

∗(αn, ..., α1) = (∗α1, ..., ∗αn), ∗(∅F ) = ∅F .

It follows that ∗ is strictly compatible with the composition � of 1- and 2-morphisms as well
as the horizontal composition, preserves the unit 1- and 2-morphisms and satisfies ∗ ∗(α) = α
for all 2-morphisms α. We also have the identities

∗ e(∅F ) = e(∗∅F ) = 1e(F ), ∗ e(α, 1) = e(∗(α, 1)) = α∗,

∗ e(α,−1) = ∗#α, e(∗(α,−1)) = # ∗ α.

To obtain a 3-morphism ∗Ψ : ∗α′ V ∗α for each 3-morphism Ψ : α V α′ we consider the
3-morphism ξα : ∗e(α)V e(∗α) given by

ξ∅F = 11e(F )
, ξ(α,1) = 1∗α, ξ(α,−1) = ∆−1

∗α

ξ(αn,...,α1) = ξα1 ◦ ... ◦ ξαn

and set

e(∗Ψ) = ξα · ∗e(Ψ) · ξ−1
α′ .

The strict compatibility of ∗ with the vertical composition of 3-morphisms is a direct con-
sequence of the definition. The strict compatibility of ∗ with the horizontal composition is
equivalent to the commutativity of the diagram

e(∗(α ◦β)) ∗e(β) ◦ ∗e(α)
ξβ◦ξα
oo

1∗e(α ◦ β)wwnnnnnnnnnnnn
∗e(β′) ◦ ∗e(α′)∗e(Φ)◦∗e(Ψ)oo

1∗e(α′ ◦ β′)vvmmmmmmmmmmmmm

∗e(α ◦β)

ξα ◦ β

OO

∗e(α′ ◦β′)
∗(e(Ψ◦Φ))
oo e(∗(α′ ◦β′)).

ξ−1
α′ ◦ β′

oo

ξ−1
β′ ◦ξ

−1
α′

OO
.

By definition, the paths on the boundary correspond to the 3-morphisms e(∗(Ψ◦Φ)) and
e(∗Φ◦∗Ψ), and the parallelogram in the middle commutes due to the identity e(Ψ◦Φ) =
e(Ψ) ◦ e(Φ). As we have ξβ ◦ ξα = ξα◦β for all 2-morphisms α, β by definition, the diagram
commutes and we obtain ∗(Ψ◦Φ) = e(∗Φ◦∗Ψ) for all composable 3-morphisms Ψ,Φ. The
identity ∗∗Ψ = 1 then follows from the identity ∆∗∗α = ∆α for all 2-morphisms α in a spatial
Gray category G and the compatibility of ∗ with the horizontal composition.
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The strict compatibility of the 3-functor ∗ with the composition � corresponds to the
commutativity of the diagram

e(∗(α�β))
ξ−1
α�β

//

ι̃−1
F,∗β◦ι̃

−1
K,∗α

��@@@@@@@@@@@@@@@@@@@@
∗e(α�β)

∗(ι̃α,K◦ι̃F,β)

��

∗e(α′�β′)

∗(ι̃α′,K◦ι̃F,β′ )
��

∗e(Ψ�Φ)oo e(∗(α′�β′))

e(∗(Ψ�Φ))

vv ξ−1
α′�β′

oo

ι̃−1
F,∗β′◦ι̃

−1
K,∗α′

~~}}}}}}}}}}}}}}}}}}}}

e((∗Φ)�(∗Ψ))

WW

∗e(β)�̂∗e(α) ∗e(β)�̂∗e(α)
∗e(Φ)�̂∗e(Ψ)oo

e(∗β)�̂e(∗α)

ξ−1
β �̂ξ

−1
α

OO

e(∗β′)�̂e(∗α′)
e(∗Φ)�̂e(∗Ψ)oo

ξ−1
β′ �̂ξ

−1
α′

OO

(7.58)

for 3-morphisms Φ : β′ V β, Ψ : α′ V α and 2-morphisms α, α′ : F ⇒ G, β, β′ : H ⇒
K. In this diagram the expression �̂ denotes the opposite composition � of 2-morphisms
β�̂α = (G�β) ◦ (α�H) from (5.28) and from Lemma 5.3.3 ii). The two rectangles in the
middle of the diagram and the curved quadrilaterals at the top and bottom of the diagram
commute by definition of the 3-morphisms ∗(Ψ�Φ), Ψ�Φ, ∗Φ�∗Ψ. To show that the two
curved quadrilaterals at the left and right of the diagram commute, we note that it is sufficient
to prove this for the case where either α = ∅F or β = ∅K . In the latter, the diagram reduces
to

e(∗(α�K))

ι̃−1
∗α,K

��

∗e(α�K)
ξα�Koo

∗ι̃α,K
��

e(∗α)�e(K) ∗e(α)�e(K),
ξα�K
oo

(7.59)

which clearly commutes if α = ∅F or α = (α, 1). For α = (α,−1), we consider the following
diagram whose boundary corresponds to the diagram (7.59)

# ∗ (#K�α)
∆−1
∗(#K�α)) //

#∗Θ#K�α ��

κ−1
1#K,∗α
))

∗(#α�#1#K)

∗Γ#(#K�α)

ttiiiiiiiiiiiiiiiii

∗κ1#K,α // ∗(#α�#1#K)

∗Γ#α�#1#K

ttiiiiiiiiiiiiiiii

∗(#α�Φ#K)

vv

# ∗##(#K�α)
#∗#κ#1#K,α

// # ∗#(#α�#1#K)
#∗#(#α�Φ#K)

// # ∗#(#α�K)

# ∗ α�#1#K

#∗α�Φ−1
#K **UUUUUUUUUUUUUUUUU

#∗Θα�Φ−1
#K // # ∗##α�K ∗#α�K

∗Γ#α�Koo

∆−1
∗α�Kttiiiiiiiiiiiiiiiii

∗Γ#α�K

OO

# ∗ α�K

(7.60)
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The two triangles in this diagram commute due to identity (5.42). The parallelogram at the
top of the diagram commutes due to the naturality of the 3-morphisms κµ,ν : #ν�#µ V
#(µ�ν) and the quadrilateral on the right of the diagram due to the naturality of the 3-
morphism Γµ : ∗# ∗#µV µ. The heptagon in this diagram can be subdivided as

# ∗##(#K�α)
#∗#κ#1#K,α

**VVVVVVVVVVVVVVVVVV

# ∗ (#K�α)

κ−1
1#K,α

��

#∗Θ#K�α
44iiiiiiiiiiiiiiiii #∗(Θ1#K

�Θα)
// # ∗ (##1#K�##α)

#∗(Φ#K�##α)

��

# ∗#(#α�#1#K)
#∗κ#α,#1#Koo

#∗#(#α�Φ#K)

��
# ∗ α�#1#K

#∗Θα�Φ−1
#K

��

# ∗ (#1K�##α)

#σ−1
∗#1K,∗##α

��

# ∗#(#α�K)
#∗κ#α,1Koo

#(∗#1K� ∗##α)

κ−1
∗#1K,∗##α

��
# ∗##α�# ∗#1K

# ∗##α�K

#∗##α�∗Γ1K

44iiiiiiiiiiiiiiiii
∗(∗# ∗##α� ∗# ∗#1K)

σ−1
#∗##α,#∗#1K

OO

∗#α�K.
∗(Γ#α�Γ1K

)
oo

∗Γ#α�K

hh

∗Γ#α�K

OO

The upper quadrilateral in this diagram commutes due to relation (5.41) and the rectangle
below it by naturality of the 3-morphism κµ,ν : #ν�#µ V #(µ�ν). The quadrilateral at
the bottom of the diagram commutes due to the naturality of the tensorator and the hexagon
on the right due to identity (5.38). The heptagon on the left commutes by naturality of
the tensorator and of the 3-morphisms κµ,ν : #ν�#µ V #(µ�ν), ΦF : 1#F V #1F , Γµ :
∗#∗#µV µ and Θµ : ##V µ together with identity (5.36). Hence, the diagram commutes,
which implies that diagram (7.60) commutes. This in turn proves the commutativity of
diagram (7.59) for 2-morphisms α = (α,−1).

For general 2-morphisms α = (αn, ..., α1) the commutativity of diagram (7.59) follows
directly from the identities (7.46) and ξα◦β = ξβ ◦ ξα. This proves that ∗ defines a strict
3-functor of strict tricategories ∗ : G→ Gop with trivial coherence data and ∗∗ = 1.

4. It remains to prove the identity ∗#∗# = 1. It is obvious that this identity holds for
1- and 2-morphisms. To prove that it holds for 3-morphisms Ψ : α V β, we consider the
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diagram

e(∗# ∗#α)

e(∗#∗#Ψ)

''

e(ψ)

JJ

ξ−1
# ∗#α

// ∗e(# ∗#α)

∗χ∗#α

��

∗e(# ∗# Ψ)
// ∗e(# ∗#β) e(∗# ∗#β)

ξ# ∗# β
oo

∗#e(∗#α)

∗#ξ#α

��

∗#e(∗# Ψ)
// ∗#e(∗#β)

χ−1
∗# β

OO

∗#∗e(#α)

∗#∗χ−1
α

��

∗#∗e(# Ψ)
// ∗#∗e(#β)

∗#ξ−1
# β

OO

∗#∗#e(α)

Γe(α)

ZZ555555555555555555555555555
∗#∗#e(Ψ)// ∗#∗#e(β)

∗#∗χβ

OO

Γe(β)

DD																											

The three rectangles and the curved quadrilateral at the top of this diagram commute by
definition of # Ψ, ∗Ψ, and the curved quadrilateral at the bottom commutes due to the
naturality of Γ. It is therefore sufficient to show that the curved subdiagrams at the left and
the right commute, which amounts to the relation

Γe(α) · ∗# ∗ χ−1
α · ∗#ξ#α · ∗χ∗#α · ξ−1

#∗#α = 1e(α)

for all 2-morphisms α in G. For α = ∅F , the 3-morphisms ξ#α, ξ#∗#α are trivial, and this
relation reduces to

Γ1e(F )
· ∗# ∗ Φe(F ) · ∗Φ−1

#e(F ) = 11e(F )
,

which holds by (5.36). For α = (α, 1), ξ#∗#α and χα are trivial, and from equation (5.42)
one obtains

Γα · ∗#∆−1
∗α · ∗Θα∗ = 1.

For α = (α,−1), equation (5.42) together with the identity #Θα = Θ#α in Lemma 5.3.14
and the naturality of ∆α implies

Γ#α · ∗# ∗Θ−1
α ·∆α = 1#α.
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To prove the identity for general 2-morphisms α = (αn, ..., α1), it is sufficient to show that
the following diagram commutes

∗e(#∗#αn) ◦ . . . ◦ ∗e(#∗#α1)

∗χ∗#αn◦...◦∗χ∗#α1
��

∗#e(∗#αn) ◦ . . . ◦ ∗#e(∗#α1)

∗#ξ#αn◦...◦∗#ξ#α1
��

∗#(e(∗#αn) ◦ . . . ◦ e(∗#α1))
∗Φe(∗#αn),...,e(∗#α1)oo

∗#(ξ∗#αn◦...◦ξ∗#α1 )

��
∗#∗e(#αn) ◦ . . . ◦ ∗# ∗ e(#α1)

∗#∗χ−1
αn
◦...◦∗#∗χ−1

α1
��

∗# ∗ (e(#α1) ◦ . . . ◦ e(#αn))
∗Φ∗e(#αn),...,∗e(#α1)oo

∗#∗(χ−1
α1
◦...◦χ−1

αn
)

��
∗# ∗#e(αn) ◦ . . . ◦ ∗# ∗#e(α1)

Γe(αn)◦...◦Γe(α1)
��

∗# ∗ (#e(α1) ◦ . . . ◦#e(αn))
∗Φ∗#e(αn),...,∗#e(α1)oo

∗#∗Φα1,...,αn
��

e(αn) ◦ . . . ◦ e(α1) ∗# ∗#(e(αn) ◦ . . . ◦ e(α1)).
Γe(α)oo

The upper two rectangles commute due to the naturality of the 3-morphism Φµ,ν : #µ◦#ν V
#(ν ◦ µ). The rectangle at the bottom commutes due to identity (5.37). This shows that the
diagram commutes and the 3-functors of strict tricategories # : G→ G

op
, ∗ : G→ Gop satisfy

∗#∗# = 1.

5. To show that the Gray category G is equivalent to G, we note that the evaluation defines a
strict 3-functor of strict tricategories e : G→ G. As the evaluation is strictly compatible with
the horizontal and the vertical composition and with all unit morphisms, the only coherence
data of this 3-functor is given by the 3-morphisms ι̃α,K : e(α)�e(K) V e(α�K), ι̃F ,β :
e(F )�e(β) V e(F�β). As in the proof of Theorem 5.3.11, it is therefore sufficient to show
that for all composable 3-morphisms α : F ⇒ G, β : H ⇒ K the 3-morphisms ι̃α,β = ι̃α,K◦ι̃F ,β
are natural in both arguments and satisfy conditions analogous to (5.33), (5.34) and (5.35)
as well as ι̃1c,α = ι̃α,1d = 1e(α). The naturality and the compatibility with the unit-morphisms
are a direct consequence of the definitions. Condition (5.33) follows from the commutative
diagram (7.45) and Condition (5.35) from the commutative diagrams (7.47) and (7.48). This
shows that the evaluation defines a 3-functor of strict tricategories e : G→ G.

We construct an embedding 3-functor f : G → G that will be a lax 3-functor of strict
tricategories. For this, we set f(a) = a for all objects, f(F ) = (F, 1) for all 1-morphisms
, f(α) = (α, 1) for all 2-morphisms of G and f(Γ) = Γ for all 3-morphisms of G. This
defines for all objects a, b a 2-functor fa,b : G(a, b) → G(a, b) with the coherence data given
by the invertible 3-morphisms 1µ◦ν : f(µ) ◦ f(ν) V f(µ ◦ ν) and 11F : ∅f(F ) V f(1F ) for all
1-morphisms F and composable 2-morphisms µ, ν in G.

The 2-morphisms ιc : f(1c) ⇒ 1f(c) from Definition A.4.10 and their inverses are given by
ιc = ι−1

c = (11c , 1). The invertible pseudo-natural transformation κa,b,c : �(fb,c×fa,b)→ fa,c�
is determined by the 2-morphisms (1F�G, 1) : f(G)�f(F ) ⇒ f(G�F ) and the invertible 3-
morphisms 1µ�ν : (1G�K , 1)◦(f(µ)�f(ν)) V f(µ�ν)◦(1F�H , 1) for all pairs of composable
1-morphisms G,F and H,K and 2-morphisms µ : F ⇒ G, ν : H ⇒ K in G. It is easy to show
that the coherence conditions in Definitions A.4.10 and A.3.6 are satisfied and, consequently,
f defines a lax 3-functor of strict tricategories f : G→ G.

It follows directly that ef = 1G. The lax 3-functor of strict tricategories fe : G → G

is given by fe(a) = a, fe(F ) = (e(F ), 1), fe(α) = (e(α), 1) and fe(Γ) = Γ. A natural
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isomorphism of lax 3-functors of strict tricategories η : fe → 1 is given by the trivial 1-
morphism ∅a : a → a for each object a of G together with the invertible pseudo-natural
transformation of 2-functors 1a,b → (fe)a,b that is determined by the 2-morphisms ηF =
(1e(F ), 1) : fe(F ) ⇒ F for each 1-morphism F : a → b and the invertible 3-morphism
ηα = 1e(α) : (1e(G), 1)◦fe(α) V α◦(1e(F ), 1) for each 2-morphism α : F ⇒ G. A direct
calculation shows that the consistency conditions in Definitions A.4.12 and A.3.10 are satisfied
and that this defines a natural isomorphism fe → 1 of lax 3-functors of strict tricategories.
It also follows directly that eη = 1e : e→ e and ηfe = 1fe : fe→ fe.

The invertible pseudo-natural transformation ηf : f → f is determined by the 2-morphisms
(1F , 1) : f(F ) ⇒ f(F ) for each 1-morphism F and the 3-morphisms 1α : ((α, 1), (1F , 1)) V
((1G, 1), (α, 1)). A modification Ψ : ηf ⇒ 1f is therefore given by the trivial 2-morphism
∅1a for each object a of G and the invertible 3-morphisms 11F : (ηf)F V ∅f(F ). This implies
eΨ = 11G : eηf = 1ef = 1ef = 11G V e1f = 1ef = 11G and it concludes the proof that the
Gray categories G and G are equivalent.

6. By definition, the lax 3-functor of strict tricategories f : G → G satisfies ∗f = f∗.
As the 3-functors are the identity on the objects, a natural isomorphism χ̃ : #f → f#
is determined by an invertible pseudo-natural transformation of 2-functors χ̃ : (#f)a,b →
(f#)a,b for each pair of objects a, b. This natural isomorphism is given by the 2-morphisms
χ̃F = (1#F , 1) : f#(F )⇒ #f(F ) for each 1-morphism F in G and the invertible 3-morphisms
χ̃µ = 1#µ : (1#G, 1)◦op#f(µ)V f#(µ)◦op(1#F , 1) for each 2-morphism µ : F ⇒ G. It follows
directly that all coherence conditions in Definitions A.4.12 and A.3.10 are satisfied.

The natural isomorphisms χ : #e → e# and ξ : ∗e → e∗ are obtained from the coherence
data of G. As the 3-functors of strict tricategories #e : G → Gop and e# : G → Gop,
as well as ∗e : G → Gop and e∗ : G → Gop agree on the objects and 1-morphisms of
G, such natural isomorphisms are specified uniquely by natural isomorphisms between the
3-functors (#e)F ,G, (e#)F ,G : G(F ,G) → Gop(#e(F ),#e(G)) and between the 3-functors
(∗e)F ,G, (e∗)F ,G : G(F ,G) → Gop(∗e(F ), ∗e(G)). They are determined by the invertible 3-
morphisms χα : #e(α) V e(#α) and ξα : ∗e(α) V e(∗α) for each 2-morphism α : F ⇒ G.
That they satisfy the consistency conditions in Definitions A.4.12 and A.3.10 was shown,
respectively, in the second and third part of the proof. �

Theorem 7.3.2 explicitly constructs a Gray category G and strictifications ∗ : G → Gop,
# : G → G

op
of the 3-functors of strict tricategories ∗ : G → Gop, # : G → Gop. This

construction has the benefit that it is conceptually clear and concrete and allows one to verify
the properties of the strictified 3-functors by direct computations. It remains to show that
the Gray category G with the strict 3-functors of strict tricategories ∗ : G→ Gop, # : G→ G

op
is again a Gray category with strict duals in the sense of Definition 5.3.7 and to clarify which
additional relations hold in the strictified Gray category.

Theorem 7.3.3 For every spatial Gray category G, the associated Gray category G from
Theorem 7.3.2 is a Gray category with strict duality functors in the sense of Definition 7.3.1.

Proof.
1. For each pair of objects c, d of G, the 3-functor ∗ : G → Gop defines a strict 2-functor
∗ : G(c, d) → G(c, d)op that is trivial on the objects of G(c, d) and satisfies ∗∗ = 1. To show
that this gives G(c, d) the structure of a strict pivotal 2-category, it is sufficient to construct
for each 2-morphism µ a 3-morphism coevµ : ∅G V µ◦∗µ that satisfies the conditions in
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Definition 5.3.7 and in (5.4). This 3-morphism is defined by

e(coevµ) = (1e(µ) ◦ ξµ) · coeve(µ),

where coeve(µ) denotes the corresponding 3-morphism in G. The identity H� coevµ�K =

coevH�µ�K from Definition 5.3.7 follows from the commutative diagram (7.61) and the anal-

ogous diagram with the 1-morphism on the left.

1e(F�K)

e(coevµ �K)

II

e(coevµ)�e(K)

((

coeve(µ�K)
//

e(coevµ�K)

%%

coeve(µ) �e(K)

((QQQQQQQQQQQQQ
e(µ�K) ◦ ∗e(µ�K)

e(µ�K)◦ξµ�K
// e((µ◦∗µ)�K)

(e(µ) ◦ ∗e(µ))�e(K)

(e(µ)◦ξµ)�e(K)

��

ι̃µ.K◦∗ι̃−1
µ,K

OO

e(µ◦∗µ)�e(K)

ι̃µ◦∗µ,K

II
(7.61)

That the 3-morphism coevµ : ∅G V µ ◦ ∗µ satisfies the conditions (5.4) is a consequence

of the following three commutative diagrams and the analogue of the second diagram for the
composite (∗ coevµ ◦µ)·(µ◦ coev∗µ)

1G

e(coevµ◦ν) 11

e(coevµ)
//

coeve(µ) $$JJJJJJJJJJ e(µ◦∗µ)
µ◦ coevν ◦∗µ //

e(µ)◦coeve(ν) ◦e(∗µ)
))SSSSSSSSSSSSSS

e(µ◦ν◦∗ν◦∗µ)

e(µ) ◦ ∗e(µ)

e(µ)◦ξµ
OO

e(µ)◦coeve(ν) ◦∗e(µ)
))SSSSSSSSSSSSSS

e(µ◦ν) ◦ ∗e(ν) ◦ e(∗µ)

e(µ◦ν)◦ξν◦e(∗µ)

OO

e(µ◦ν) ◦ ∗e(ν) ◦ ∗e(µ)

e(µ◦ν)◦∗e(ν)◦ξµ

OO
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e(µ)

coeve(µ) ◦e(µ)

��

e(coevµ ◦µ)
// e(µ◦∗µ◦µ)

e(µ◦∗ coev∗µ)

((QQQQQQQQQQQQQ

e(µ) ◦ ∗e(µ) ◦ e(µ)

e(µ)◦coev∗e(µ)

DD

e(µ)◦ξµ◦e(µ)
55jjjjjjjjjjjjjjj

e(µ) ◦ ∗e(µ) ◦ ∗e(∗µ)

e(µ)◦ξµ◦∗µ

OO

e(µ)◦∗e(coev∗µ)
//

e(µ)◦ξµ◦∗e(∗µ)

��

e(µ)

e(µ) ◦ e(∗µ) ◦ ∗e(∗µ)

e(µ)◦∗ coeve(∗µ)
66mmmmmmmmmmmmme(µ)◦e(∗µ)◦ξµ

iiTTTTTTTTTTTTTTT

1e(G)

e(coevν)

��
coeve(ν) ''OOOOOOOOOOOOO

e(coevµ)
//

coeve(µ)

++WWWWWWWWWWWWWWWWWWWWWWWWWWW e(µ) ◦ e(∗µ)

e(Ψ)◦e(∗µ)

vv

e(ν) ◦ e(∗ν)

e(ν)◦e(∗Ψ)

88

e(ν) ◦ ∗e(ν)
e(ν)◦ξν
oo

e(µ)◦∗e(Ψ)

��

e(µ) ◦ ∗e(µ)

e(µ)◦ξµ

OO

e(Ψ)◦∗e(µ)
wwoooooooooooo

e(ν) ◦ ∗e(µ)
e(ν)◦ξµ

// e(ν) ◦ e(∗µ).

This shows that for all objects c, d the 2-category G(c, d) is strict pivotal and that the first
condition in Definition 5.3.7 is satisfied.

2. The 3-functor # : G→ G
op

defines the dual of each 1-morphism F : c→ d and by defini-

tion satisfies # #F = F , #(F �G) = #G�#F , #∅c = ∅c. It remains to construct the fold
2-morphisms η

F
: ∅d ⇒ F�#F and the triangulator 3-morphisms TF : (∗η

F
�F )◦(F�η

F
)V

∅F and to show that they satisfy the conditions in Definition 5.3.7. We define

η∅c
= ∅∅c , η

G
= (ηe(G), 1) : ∅d ⇒ F�#F , e(TF ) = Te(F ).

for all 1-morphisms F : c→ d and all non-empty 1-morphisms G : c→ d. Conditions (2) (b)
in Definition 5.3.7 then hold by definition. As the 3-morphisms ι̃η

F
,H , ι̃K,η

F
and ξη

F
and the

analogous 3-morphisms for ∗η are trivial, the remaining identities in (2) (c), (d) then follow
directly from the corresponding properties of the fold 2-morphisms and the triangulator in G.
This shows that (G, ∗,#) is a Gray category with strict duals in the sense of Definition .

3. To prove the identity # coevµ = coev∗#µ, consider the diagram in (7.62). The triangle at

the top and the pentagon at the bottom of the diagram commute by definition of coev∗#µ and

# coevµ. The two triangles on the left commute by (5.4). The upper polygon in the middle

commutes since it can be decomposed into diagrams whose commutativity was established in
the proof of Theorem 7.3.2. The lower polygon in the middle which involves the 3-morphisms
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# coeve(µ) and coev∗#e(µ) commutes by definition of the 3-morphism ∆∗e(µ). This shows that

the diagram (7.62)commutes and proves the identity # coevµ = coev∗#µ.

1#e(G)

e(coev∗#µ)

&&coeve(∗#µ)
//

coev∗e(#µ)

''PPPPPPPPPPPP

coev∗#e(µ)   @@@@@@@@@@@@@@@@@@@@

e(# coevµ)

II
e(∗#µ) ◦ ∗e(∗#µ)

e(∗#µ)◦ξ∗#µ
// e(∗#µ◦#µ)

∗e(#µ) ◦ e(#µ)

ξ#µ◦∗ξ−1
#µ

OO

# ∗ e(µ) ◦#e(µ)

Φ∗e(µ),e(µ)
##

∆∗e(µ)◦#e(µ)uukkkkkkkkkkkkkk

∗#e(µ) ◦#e(µ)

∗χ−1
µ ◦χµ

OO

#(e(µ◦∗µ))

χµ◦∗µ

=={{{{{{{{{{{{{{{{{{{{{

#1e(G)

χ∅G

UU

# coeve(µ)

// #(e(µ) ◦ ∗e(µ))

#(e(µ)◦ξµ)

OO

(7.62)

�

193





A. (Higher) categories

In this appendix, we summarize basic concepts and results about categories, tensor categories,
bi- and tricategories.

In this work we consider classes of mathematical objects such as the category of small
categories (categories for which the objects form a set) and we assume we work in a fixed
Grothendieck universe in order to avoid set-theoretical issues. Our notational conventions on
categories are the following.

− Categories are named with curly letters A, B.

− Objects of a general category A are written in small Latin letters a, b, c. We often write
a ∈ A for an object a of a category A.

− 1- morphisms are written in upper case Latin letters F : a→ b.

− Unit morphism for objects x are denoted 1x : x→ x.

− Functors between categories are denoted using straight upper-case Latin letters F : A→
B. The identity functor on a category A is denoted by 1A.

− A natural transformation η between functors F,G is denoted with small Greek letters
η : F→ G.

− General 2-morphisms in a category are also named with small Greek letters and written
with a double arrow, e.g. ρ : F ⇒ G.

− General 3-morphisms between 2-morphisms ρ, κ in a 3-category are denoted using upper-
case Greek letters and a triple arrow as for example Φ : ρV κ.

− The space of morphisms between two objects a, b ∈ A is denoted HomA(a, b) and some-
times, if it is unambiguous, just by Hom(a, b). The endomorphisms Hom(a, a) of an
object are also denoted End(a).

− The composite of two morphisms in a category A is denoted f ◦ g and sometimes just
by fg.

A.1. Basic category theory

In this section we recall basic concepts such as linear, additive and abelian categories. The
following definitions are summarized from [52]. Let C denote the field of complex numbers.

Definition A.1.1 A category A is called C-linear, if

i) the morphism spaces Hom(a, b) between all objects a, b ∈ A are vector spaces over C,
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ii) the composition Hom(b, c)×Hom(a, b)→ Hom(a, c) is bilinear for all objects a, b, c ∈ A.

For all objects a, b of a C-linear category, there is a unique morphism 0 : a→ b, given by the
0-element in the vector space Hom(a, b). We call this morphism the zero morphism between
a and b.

Definition A.1.2 Let A be a C-linear category. A direct sum of two objects a1, a2 ∈ A is
an object a1 ⊕ a2 of A together with morphisms ij : aj → a1 ⊕ a2 and pj : a1 ⊕ a2 → aj, for
j = 1, 2, such that

p1i1 = 1a1 , p2i2 = 1a2 , i1p1 + i2p2 = 1a1⊕a2 . (A.1)

Definition A.1.3 An additive category A over C is a C-linear category A for which

i) there exists an object 0 ∈ A, with Hom(a, 0) = Hom(0, a) = 0 for all objects a ∈ A.

ii) For any two objects a, b ∈ A, there exists a direct sum a⊕ b in A.

Definition A.1.4 Let A be an additive category.

i) A kernel of a morphism f : a → b in A is an object c ∈ A together with a morphism
k : c→ a, such that

a) fk = 0 is the zero morphism between c and b,

b) for all objects d ∈ A and all morphisms h : d → a, such that fh = 0, there exists
a unique morphism h′ : d→ c such that kh′ = h.

ii) A cokernel of a morphism f : a→ b in A is an object x ∈ A together with a morphism
r : b→ x, such that

a) rf = 0 is the zero morphism between a and x,

b) for all objects y ∈ A and all morphisms h : b→ y, such that hf = 0, there exists a
unique morphism h′ : x→ y such that h′r = h.

Kernels and cokernels are unique up to unique isomorphisms if they exist and thus one speaks
of the kernel and the cokernel of a morphism, see [52]. A morphism f : a→ b in a category A

is called a monomorphism, if for all morphism g1, g2 : d → a, the equality fg1 = fg2 implies
g1 = g2. A morphism f : a → b is called an epimorphism, if for all morphism g1, g2 : b → d,
the equality g1f = g2f implies g1 = g2.

Definition A.1.5 ( [4]) An abelian category A is an additive category A such that:

i) Every morphism f in A can be written as the composite of an epimorphism followed by
a monomorphism.

ii) Every morphism f in A has a kernel ker(f) and a cokernel coker(f).

iii) If a morphism f : a→ b has the zero object with the zero morphism 0 : 0→ a as kernel,
i.e. ker(f) = 0, then f is the kernel of the cokernel of f .

iv) If coker(f) = 0, then f is the cokernel of the kernel of f .
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Definition A.1.6 A functor F : A → B between additive categories A and B is called addi-
tive, if F is C-linear on the spaces of morphisms, i.e.

F(zf + wg) = zF(f) + wF(g), (A.2)

for all f, g ∈ HomA(a, b) for all a, b ∈ A and all z, w ∈ C.

If A and B are additive categories, the direct product A×B of A and B is again an additive
category with objects a×b for a ∈ A and b ∈ B and morphism spaces HomA×B(a×b, a′×b′) =
HomA(a, a′) × HomB(b, b′), where we define z(f × g) = zf × zg and (f × g) + (f ′ × g′) =
(f + f ′)× (g + g′) for all z ∈ C, f, f ′ ∈ HomA(a, b) and g, g′ ∈ HomB(c, d).

Definition A.1.7 A functor F : A×B → C between additive categories A,B,C is called
biadditive if it is additive in each argument.

Definition A.1.8 Let M be an abelian category over C.

i) A subobject of an object m ∈M is an isomorphism class of monomorphisms i : c→ m.
Two monomorphisms i : c → m and j : d → m are called isomorphic if there exists an
isomorphism k : c→ d with jk = i.

ii) A quotient object of an object m ∈M is an isomorphism class of epimorphisms p : m→
x. Two epimorphisms p : m→ x and q : m→ y are called isomorphic if there exists an
isomorphism t : x→ y with tp = q.

iii) If i : c→ m represents a subobject of m, the quotient object corresponding to the cokernel
of i is denoted by m/c.

iv) An object m ∈M is called simple, if the only subobjects of m are the zero object and m
itself.

v) An object m ∈ M is said to have finite length if there exists a sequence of subobjects
0 = m0 → m1 → . . .→ mn = m for a n ∈ N, such that each quotient object mi+1/mi is
simple for i ∈ {0, . . . n− 1}.

vi) The category M is called semisimple if every object is isomorphic to a finite direct sum
of simple objects.

vii) A semisimple category is called finite semisimple if it has finitely many isomorphism
classes of simple objects.

The following lemma can be found for example in [53].

Lemma A.1.9 Let M be a finite semisimple abelian category. Let {mi}i∈I be a finite set of
representatives of the isomorphism classes of simple objects in M. Then the composition in
M induces for all m,m′ ∈M an isomorphism

⊕iHomM(m,mi)⊗ HomM(mi,m
′)→ HomM(m,m′).

Lemma A.1.10 Let M and N be finite semisimple abelian categories.

i) For every functor F : M→ N, both left and right adjoint functors exist.

ii) Every functor G : M → Vect is representable, i.e. there exists an object m ∈ M and a
natural isomorphism HomM(m,−)→ G.
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A.2. Tensor categories and algebra objects

In this section we introduce categories with additional structures. These structures are of-
ten given in terms of functors and natural transformations. The natural transformations
appearing in these definitions are also called constraints in the sequel.

Monoidal categories and fusion categories

Definition A.2.1 A monoidal category C is a category together with a biadditive functor
⊗ : C×C→ C, an object 1C ∈ C, and natural isomorphisms ωC

x,y,z : (x⊗ y)⊗ z → x⊗ (y⊗ z),
λCx : 1C⊗x→ x, and ρCx : x⊗ 1C → x, called monoidal constraints, for all objects x, y, z ∈ C,
such that the following diagrams commute:

((x⊗ y)⊗ z)⊗ w

(x⊗ (y ⊗ z))⊗ w (x⊗ y)⊗ (z ⊗ w)

x⊗ ((y ⊗ z)⊗ w) x⊗ (y ⊗ (z ⊗ w)),

ωC
x,y,z⊗1w

ωC
x⊗y,z,w

ωC
x,y⊗z,w ωC

x,y,z⊗w

1x⊗ωC
y,z,w

(A.3)

and

(x⊗ 1)⊗ y x⊗ (1⊗ y)

x⊗ y

ωC
x,1,y

ρCx⊗y
1x⊗λy

(A.4)

Whenever this is unambiguous, we simply write ω, λ and ρ for the constraint isomorphisms.
A monoidal category C is called strict if the constraint morphisms ωx,y,z, λx and ρx are the
identity morphisms for all possible objects in C.

If C is a monoidal category, then there is a monoidal category Crev with the same objects and
morphisms as C but reversed monoidal product x⊗rev y = y ⊗ x.

Definition A.2.2 Let C and D be monoidal categories.

i) A monoidal functor F : C→ D consists of

a) A functor F : C→ D,

b) for any two objects x, y ∈ C, a natural transformation ΦF
x,y : ⊗(F× F)→ F⊗,

c) an isomorphism ΦF
1 : 1D → F(1C),

such that the following axioms are satisfied.

a) For all objects x ∈ C, the diagrams

F(x)⊗ 1D x 1D⊗F(x) x

F(x)⊗ F(1C) F(x⊗ 1C) F(1C)⊗ F(x) F(1C⊗x)

1⊗ΦF
1

ρD
F(x)

λD
F(x)

ΦF
1⊗1

ΦF
x,1C

F(ρCx)

ΦF
1C,x

F(λCx) (A.5)
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commute.

b) For any three objects x, y, z ∈ C, the following diagram commutes

(F(x)⊗ F(y))⊗ F(z) F(x)⊗ (F(y)⊗ F(z))

F(x⊗ y)⊗ F(z) F(x)⊗ F(y ⊗ z)

F((x⊗ y)⊗ z) F(x⊗ (y ⊗ z)).

ωD
F(x),F(y),F(z)

ΦF
x,y⊗1 1⊗ΦF

y,z

ΦF
x⊗y,z ΦF

x,y⊗z

F(ωC
x,y,z)

(A.6)

v) A monoidal natural transformation η : (F,ΦF
x,y,Φ

F
1) → (G,ΦG

x,y,Φ
G
1 ), between monoidal

functors F,G : C → D consists of a natural transformation η : F → G, such that the
diagrams

F (x)⊗ F () F (x⊗ y) 1D F (1C)

G(x)⊗ G(y) G(x⊗ y) G(1C),

ΦFx,y

ηx⊗ηy ηx⊗y

ΦF1

ΦG
1

η1C

ΦG
x,y

(A.7)

commute for all objects x, y ∈ C.

vi) Two monoidal categories C and D are called equivalent if there exists a monoidal functor
F : C→ D that is an equivalence of categories.

It is shown by Mac Lane, see [52], that every monoidal category is equivalent as a monoidal
category to a strict monoidal category. In the rest of this section we will assume that all
monoidal categories are strict.

Definition A.2.3 Let C be a monoidal category.

i) A right dual of an object x ∈ C is an object x∗ ∈ C, together with morphisms evx :
x∗ ⊗ x→ 1 and coevx : 1→ x⊗ x∗ satisfying the so-called snake identities

(1x ⊗ evx) · (coevx⊗1x) = 1x, (A.8)

and
(evx⊗1x∗) · (1x∗ ⊗ coevx) = 1x∗ . (A.9)

The morphisms evx and coevx are called (right) duality morphisms of x.

ii) A left dual of an object x ∈ C is an object ∗x ∈ C, together with morphisms ev′x : x⊗∗x→
1 and coev′x : 1→ ∗x⊗ x satisfying the identities

(ev′x⊗1x) · (1x ⊗ coev′x) = 1x, (A.10)

and
(1∗x ⊗ ev′x) · (coev′x⊗1∗x) = 1∗x. (A.11)

The morphisms ev′x and coev′x are called (left) duality morphisms of x.
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iii) A monoidal category C is said to have right (left) duals if every object of C has a right
(left) dual object. In case every object of C has both a right and a left dual object, C is
said to have duals and C is called rigid.

Let C be a rigid monoidal category. The duality morphisms define the linear maps of vector
spaces

evd,c,x : HomC(d, c⊗ x) 3 f 7→ (evc⊗1x) ◦ (c∗ ⊗ f) ∈ HomC(c∗ ⊗ d, x), (A.12)

and
coev′c,d,x : HomC(c⊗ d, x) 3 f 7→ (c⊗ f) coev′c ∈ HomC(d, ∗c⊗ x) (A.13)

for all objects c, d, x ∈ C. The proof of the following lemma is straightforward.

Lemma A.2.4 Let C be a rigid monoidal category. The linear maps (A.12) and (A.13) are
natural in all three arguments and mutually inverse isomorphisms of vector spaces.

The proof of the following lemma can be found for example in [18].

Lemma A.2.5 Let C be a monoidal category.

i) Dual objects are unique up to isomorphisms. If x∗ and x̃ are right dual objects of x with
duality morphisms evx : x∗ ⊗ x → 1 and ˜evx : x̃ ⊗ x → 1, respectively, then there is a
unique isomorphism ϕ : x∗ → x̃, such that evx(ϕ⊗ 1x) = ˜evx.

ii) If C has right duals, and we choose for every object x ∈ C a right dual object x∗, then
the map C 3 x 7→ x∗ ∈ Crev extends canonically to a monoidal functor (.)∗ : C → Crev,
called the right duality functor. For all other choices of right dual objects, there is
a canonical monoidal natural isomorphism between the corresponding duality functors.
Analogously, if C has left duals, by choosing specific left duals we obtain a left duality
functor ∗(.) : C→ Crev.

iii) If C has both left and right duals, there is a is a canonical isomorphism ∗(c∗)→ c.

This lemma allows in particular to speak of the right duality functor for a monoidal category
with right duals. The right dual of a morphism f : x → y hereby is the following morphism
f∗ : y∗ → x∗:

f∗ = (evy ⊗1x∗) ◦ (1y∗ ⊗ f ⊗ 1x∗) ◦ (1y∗ ⊗ coevx). (A.14)

If C has right duals, if follows directly from this lemma that the double dual functor is a
monoidal functor (.)∗∗ : C→ C.

Definition A.2.6 Let C be a monoidal category with right duals.

i) A pivotal structure a on C is a monoidal natural isomorphism

a : (.)∗∗ → idC . (A.15)

A rigid monoidal category with pivotal structure is called a pivotal category. A strict
pivotal category is a strict monoidal category with duals and pivotal structure such that
the functor (.)∗∗ is the identity and the pivotal structure is the identity natural trans-
formation.
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ii) Let f ∈ HomC(c, c) be a morphism in a pivotal category. The right trace of f is defined
as

trR(f) = ev′x(f ⊗ a∗x) coevx ∈ End(1C) (A.16)

and the left trace is defined as

trL(f) = evx((a∗x)−1 ⊗ f) coev′x ∈ End(1C). (A.17)

The left dimension of an object x ∈ C is defined as dimL = trL(1x) and the right
dimension as dimR = trR(1x).

iii) A pivotal structure a on C is called spherical if trL(f) = trR(f) for all f ∈ HomC(c, c)
and all c ∈ C. In this case C is called a spherical category.

The following is shown in [7], see also [55].

Proposition A.2.7 Every pivotal category is equivalent as a monoidal category to a strict
pivotal category.

Definition A.2.8 ( [18]) i) A tensor category C over C is a C-linear abelian category
with biadditive monoidal structure, finite dimensional Hom-spaces and right and left-
duals for all objects, for which every object is of finite length and in which the tensor
unit 1C is a simple object.

ii) A tensor category C is called a fusion category if it is finite semisimple as abelian
category.

iii) A pivotal (spherical) fusion category C is a fusion category C that is in addition a pivotal
(spherical) category.

Graphical calculus for monoidal categories We summarize the well-known graphical cal-
culus for monoidal categories, see e.g. [4]. The symbol =̂ is used to indicate that a certain
diagrammatic expression represents an algebraic expression. Objects in C and the monoidal
product are represented by the following diagrams.

c =̂ c , d⊗ c =̂ d c . (A.18)

Morphisms are represented by labeled boxes, and we do not distinguish objects from their
unit morphisms. All diagrams are read from top to bottom. The composition is given by
vertical connection of boxes.

f : c→ d =̂

d

f

c

, g ◦ f =̂ d

f
c

g
b

=

c

b

g ◦ f . (A.19)
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An unlabeled box represents a Hom-vector space:

Hom(c, d) =̂

d

c

.

The monoidal product of two morphisms f : c→ d and g : a→ b is depicted as follows:

f ⊗ g =̂

b

g

a

d

f

c

.

The interchange law f ⊗ g = (f ⊗ ida)(idd⊗g) = (idc⊗g)(f ⊗ idb) has the following graphical
expression:

b

g

a

d

f

c

=

b

g

a

d

f
c

=

b

g
a

d
f

c
.

The graphical notation suppresses the unit object and the associativity constraint in C. Due
to Mac Lane’s coherence theorem for monoidal categories, a graphical expression uniquely
defines a morphisms in C once parentheses and unit objects are specified for the incoming
and outgoing objects.

The evaluation and coevaluation morphisms for the right duals are depicted as follows:

evc =̂ cc∗ , coevc =̂
c∗c
, (A.20)

and the rigidity axioms read:

cc∗c = c , c∗c∗ c = c∗ . (A.21)

The graphical notation for left duals is analogous. If C is a pivotal category, we will often
suppress the pivotal isomorphism and identify right duals and left duals, so the left evaluation
reads

c c∗ =̂ c
∗c

c∗

∗ac
. (A.22)

The right dual of a morphism f : c→ d is defined by:

c

c∗
fd∗

d

.
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The left dual of a morphism is defined analogously using the left duality, and the map coev′c,d,x
in equation (2.14) reads

coev′c,d,x :
c

x

d
→

c

∗c x

d
.

Algebra objects

Definition A.2.9 An algebra (object) in a monoidal category C is an object A ∈ C together
with a multiplication morphism µ : A ⊗ A → A, and a unit morphism η : 1 → A, such that
the associativity and unit constraints hold:

A⊗A⊗A
1A⊗µ
��

µ⊗1A // A⊗A
µ

��

1⊗A

µ⊗1Azzttttttttt
id

##FFFFFFFF

A⊗A
µ // A A⊗A

µ // A.

An algebra A in C is called haploid if HomC(1, A) ' C as a vector space.

Given an algebra A in a monoidal category C it is natural to consider the modules over
this algebra in C. However we will need to consider more general modules over A in a module
category CM over C, see Definition 2.1.1 for the definition of a module category. The following
definition is given for a strict monoidal category C and a strict module category CM. It is
straightforward to deduce the analogous definition in the non-strict setting.

Definition A.2.10 A module over an algebra A ∈ C in a left C-module category CM is an
object M ∈ CM together with a morphism α : A.M →M , such that the diagrams

(A⊗A) .M

idA⊗α
��

m⊗idM // A.M

α

��

1 .M

µ⊗idMzzuuuuuuuuuu
id

""EEEEEEEEE

A.M
α //M A.M

α //M

commute. There is an analogous definition for modules in a right C-module category.
An intertwiner between two A modules (M,α) and (N, β) over A is a morphism φ : M → N

in CM, such that the diagram

A.M
idA⊗φ//

α

��

A.N

β
��

M
φ // N

commutes.
There are analogous definitions for left modules. The subspace of HomC(M,N) consisting

of the intertwiners between M and N is denoted HomA(M,N).

Given an algebra A in a monoidal category C and a left C-module category CM, the module
objects of CM as objects together with the intertwiners as morphisms between them form a
category ModA( CM). If C is abelian, ModA( CM) is an abelian category .
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Remark A.2.11 Let CMD be a bimodule category and A an algebra object in C. Then the
category ModA( CMD) of left module objects in CMD is canonically a right D-module category.
More specifically, if (M,α) ∈ ModA( CMD), then (M /d, α / idd) is also an A-module.

Definition A.2.12 ( [30]) An coalgebra (object) in a monoidal category C is an object C ∈ C

together with a comultiplication morphism ∆ : C → C ⊗C and a counit morphism ε : C → 1,
such that the coassociativity and counit constraints hold:

C
∆ //

∆
��

C ⊗ C
1C⊗∆
��

C
∆ //

id

##FFFFFFFFF C ⊗ C

C ⊗ C
∆⊗1C // C ⊗ C ⊗ C 1⊗ C.

ε⊗1C

99sssssssss

The graphical notation of these structures is as follows. The multiplication and unit of an
algebra A are represented as.

µ =̂ , η =̂ ,

and the associativity and unit constraints take the form

= , = = . (A.23)

An intertwiner Φ : M → N between algebra modules M and N corresponds to

M

N

φ
=

M

N

φ

.

The comultiplication and the counit of a coalgebra C are depicted as

∆ =̂ , ε =̂ .

The graphical expression of the coassociativity and counit axioms is

= , = = .

Definition A.2.13 ( [14,30]) Let C be a monoidal category.

i) A separable algebra A ∈ C is an algebra (A,µ, η) for which there exists a morphism
∆ : A→ A⊗A with µ ◦∆ = idA and

∆ ◦ µ = (µ⊗ idA) ◦ (idA⊗∆) = (idA⊗µ) ◦ (∆⊗ idA). (A.24)
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ii) A Frobenius algebra in C is an algebra (A,µ, η) that is also a coalgebra with structures
ε : A→ 1 and ∆ : A→ A⊗A, such that (A.24) is satisfied.

In graphical notation relation (A.24) reads :

= = . (A.25)

Lemma A.2.14 ( [14, Proposition 2.7]) For an algebra (A,µ, η) in a fusion category C,
the the category Mod(A) is semisimple if and only if A is separable.

The following Frobenius algebras are particularly important in applications to conformal field
theory [29].

Definition A.2.15 ( [30]) A Frobenius algebra A in C is called

i) special if there exist β1, βA ∈ C× such that

= β1, = βA· , (A.26)

ii) symmetric if

= . (A.27)

Condition ii) can be extended to any algebra A with a morphism ε ∈ HomC(A, 1).

Lemma A.2.16 ( [27]) Let A be a special symmetric Frobenius algebra in C. Then the
dimension of A satisfies dimC(A) = β1βA 6= 0. We can normalize ε and ∆ such that β1 =
dimC(A) and βA = 1.

Lemma A.2.17 ( [29]) If an algebra A is haploid and has dimension1 dimC(A) 6= 0, then
it is symmetric for any choice of ε ∈ HomC(A, 1).

Let C be a pivotal fusion category. With the pivotal structure we will identify left and right
dual objects in the remainder of this section, (A.22). The dual M∗ of a right A-module (M,ρ)
inherits a canonical left A-module structure

ρM∗ =

MM∗ M∗
. (A.28)

1In the proof [29, Cor. 3.10] the assumption dimC(A) 6= 0 is implicitly present. We thank I. Runkel for this
information.
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For a right A-module (M,ρM ) and a left A-module (X, ρX), there is a notion of the monoidal
product M⊗AX over A, see e.g. [30]. The monoidal product M⊗AX is an object in C that is
defined as the cokernel of the map (ρM ⊗ idX)− (idM ⊗ρX) : M ⊗A⊗X →M ⊗X. When A
is a normalized special Frobenius algebra, then M ⊗AX is equal to the image of the following
projector P : M ⊗X →M ⊗X:

P = M X . (A.29)

It follows from the properties of A, that P ◦ P = P .

Proposition A.2.18 Let A be a special haploid Frobenius algebra in a pivotal fusion category
C. There is an natural isomorphism HomA(M,N) ' HomC(1, N ⊗AM∗) for M,N ∈ Mod(A).

Proof. This follows from the fact that the inner hom object of M and N is N ⊗AM∗, see [18].
�

A.3. Bicategories

Definition A.3.1 A bicategory B consists of the following data:

i) a collection of objects a, b ∈ Obj(B),

ii) for any two objects a, b a category B(a, b), whose objects are called 1-morphisms and
denoted F,G : a → b and whose morphisms are called 2-morphisms and denoted η :
F ⇒ G. The composition of 2-morphisms in B(a, b) is called vertical composition,

iii) for any three objects a, b, c a functor ◦ : B(b, c) × B(a, b) → B(a, c), called horizontal
composition, and for any object b a functor Ib : I → B(b, b), where I is the unit category
with one object and one morphism. The image of Ib on the object of I is called 1b : b→ b
and the image on the morphism is called 11b : 1b ⇒ 1b,

iv) for any three 1-morphisms F : c→ d, G : b→ c and H : a→ b, invertible 2-morphisms
ωB
F,G,H : (F ◦G) ◦H ⇒ F ◦ (G ◦H),

v) for any 1-morphism F : a→ b invertible 2-morphisms λBF : Ib◦F ⇒ F and ρBF : F ◦Ia ⇒
F ,

such that the 2-morphisms ωB
H,G,F ,λBF and ρBF are natural in their arguments and the following

diagrams commute for all 1-morphisms where these expressions are defined

((F ◦G) ◦H) ◦K

(F ◦ (G ◦H)) ◦K (F ◦G) ◦ (H ◦K)

F ◦ ((G ◦H) ◦K) F ◦ (G ◦ (H ◦K)),

ωB
F,G,H◦1K

ωB
F◦G,H,K

ωB
F,G◦H,K ωB

F,G,H◦K
1F ◦ωB

G,H,K

(A.30)
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(F ◦ 1a) ◦G F ◦ (1a ◦G)

F ◦G.

ωB
F,1,G

ρBF ◦G
1F ◦λG

(A.31)

A 2-category B is a strict bicategory B, i.e. a bicategory, in which all 2-morphisms ωB
H,G,F ,

λBF and ρBF are identities.

Example A.3.2 i) A bicategory B with one object is precisely a monoidal category B.
On the other hand, for every bicategory B and every object b of B, the category B(b, b)
is a monoidal category. Thereby, the horizontal composition in B takes the place of the
monoidal product from Definition A.2.1.

ii) An important example for a bicategory is the Cat, the bicategory with (small) categories
as objects, functors as 1-morphisms and natural transformations as 2-morphisms. The
vertical composition in the category Cat(A,B) for two categories A, B is given by the
usual composition of natural transformations: If η : F → G and ρ : G → H are natural
transformations, the natural transformation ρ · η is defined by its components (ρ · η)a =
ρG(a) ◦ ηa on a ∈ A. Together with the usual composition of functors as horizontal
composition, Cat is a 2-category. Analogously, there is a 2-category Catses of finite
semisimple abelian categories, additive functors and additive natural transformations

The notion of equivalence of categories can be formulated in a general bicategory as follows.

Definition A.3.3 Let B be a bicategory.

i) Two objects b, c in B are called equivalent, if there exist 1-morphism F : b → c and
G : c→ b together with invertible 2-morphisms η : F ◦G⇒ 1c and ρ : G ◦ F ⇒ 1b.

ii) An adjoint equivalence (f, g, α, β) between objects b and c in B consists of 1-morphisms
f : b → c and g : c → b, together with isomorphisms α : fg → 1c and β : 1b → gf ,
such that the snake identities (A.8) and (A.9) hold in the monoidal categories B(b, b)
and B(c, c).

Remark A.3.4 Due to the coherence theorem for bicategories, see e.g. [50], every equation
in a bicategory can be written in strict form, omitting the coherence 2-morphisms. It is
unambiguous to insert these 2-morphisms back in the equation to obtain an expression for
the non-strict bicategory at hand. We will follow this convention from now on. This argument
allows us also to extend the graphical calculus from monoidal categories for bicategories. As
shown in Example A.3.2 i), a monoidal category is the same as a bicategory with one object.
On the other hand, for every bicategory B and every object a of B, B(a, a) is a monoidal
category, so the graphical calculus is defined for B(a, a). Moreover it can be readily seen that
if we consider composable 1- and 2-morphisms, the graphical calculus is well defined for the
whole of B with 1-morphisms labeling lines and 2-morphisms labeling boxes as in (A.18) and
(A.19). For example, if F,G : a→ b and K,H : c→ b are 1-morphisms in B and η : F ⇒ G
and ρ : K ⇒ H are 2-morphisms, then the horizontal composite of η and ρ can be expressed
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as follows

η ◦ ρ =̂

K

ρ

H

G

η

F

.

We require two notions of opposites for 2-categories. We start by introducing the relevant
notation. For a category C we denote by Cop the opposite category and for a morphism
f ∈ C(a, b) by fop ∈ (Cop)(b, a) the corresponding morphism with source and target reversed.
We denote by ·̃ the composition of morphisms in Cop, e. g.

fop ·̃ gop = (g · f)op.

Similarly, we denote for a functor F : C → D by Fop : Cop → Dop the opposite functor with
Fop(fop) = (F(f))op and for a natural transformation ν : F → G by νop : Gop → Fop the
opposite natural transformation defined by νop(a) = ν(a)op. In particular, if ν is a natural
isomorphism, then (νop)−1 is a natural isomorphism from Fop to Gop.

Definition A.3.5 Let C be a bicategory. Then Cop denotes the corresponding bicategory with
both products reversed

i) (Cop)(a, b) = C(b, a)op for objects a, b

ii) αop ◦̃ βop = (β ◦ α)op for composable 1- or 2-morphisms α, β,

and Cop the bicategory with the same vertical but opposite horizontal product

iii) (Cop)(a, b) = C(a, b) for objects a, b

iv) Hop ◦̃Kop = (K ◦H)op for composable 1- or 2-morphisms H, K.

In the sequel we will abuse notation and simply denote a morphism fop by f whenever it is
clear from the context to which category f belongs.

Definition A.3.6 A 2-functor F : C→ D between bicategories C,D is given by the following
data

i) A function F0 : Obj(C)→ Obj(D).

ii) For all objects a, b of C, a functor Fa,b : Ca,b → DF0(a),F0(b).

iii) For all objects a, b, c of C a natural isomorphism Φabc : ◦ (Fb,c × Fa,b) → Fa,c ◦. These
determine, for all 1-morphisms H : a → b, G : b → c, a invertible 2-morphism ΦG,H :
Fb,c(G) ◦ Fa,b(H)→ Fa,c(G ◦H).

iv) For all objects a, an invertible 2-morphism Φa : 1F0(a) → Fa,a(1a).

The function F0, the functors Fa,b and the 2-morphisms ΦG,H and Φa are required to satisfy
the following consistency conditions
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v) For all 1-morphisms H : a→ b:

Fa,b(H) = Fa,b(H) ◦ 1F0(a)

= 1F0(b) ◦ Fa,b(H)
Fa,b(H) ◦ Fa,a(1a)

Fb,b(1b) ◦ Fa,b(H) Fa,b(H ◦ 1a) = Fa,b(1b ◦H) = Fa,b(H)

1Fa,b(H)◦Φa

idΦb◦1Fa,b(H)
ΦH,1a

Φ1b,H

(A.32)

vi) For all 1-morphisms H : a→ b, G : b→ c, K : c→ d, the following diagram commutes

Fc,d(K) ◦ Fb,c(G) ◦ Fa,b(H)

1◦ΦG,H
��

ΦK,G◦1// Fb,d(K ◦G) ◦ Fa,b(H)

ΦK◦G,H
��

Fc,d(K) ◦ Fa,c(G ◦H)
ΦK,G◦H // Fa,d(K ◦G ◦H).

(A.33)

A 2-functor is said to have strict units if the 2-morphisms Φa are all identities, and it is
called strict if the 2-morphisms ΦG,F and Φa are all identities. In this case, one has

Fa,c(G ◦H) = Fb,c(G) ◦ Fa,b(H) 1F0(a) = Fa,a(1a).

Definition A.3.7 The horizontal composite of two 2-functors

F = (F0,Fa,b,Φ
F
H,K ,Φ

F
a) : C→ D, and G = (G0,Ga,b,Φ

G
H,K ,Φ

G
a ) : C→ E

is the 2-functor G ◦ F with the following data

i) the function (G ◦ F)0 = G0 ◦ F0 : Obj(C)→ Obj(E).

ii) For all objects a, b of C, the functor (G◦F)a,b = GF0(a),F0(b)◦Fa,b : Ca,b → E(GF)0(a),(GF)0(b).

iii) For all objects a, b, c of C and all 1-morphisms K : a→ b and H : b→ c, the invertible
2-morphism

ΦG◦F
H,K : GF0(b),F0(c)Fb,c(K) ◦ GF0(a)F0(b)Fa,b(H) GF0(a),F0(c)(Fb,c(K)Fa,b(H))

GF0(a),F0(c)Fa,c(K ◦H).

ΦG
F(K),F(H)

G(ΦF
K,H)

iv) For all objects a, an invertible 2-morphism

ΦG◦F
a : 1GF0(a) GF0(a),F0(a)(1F0(a)) GF0(a),F0(a)Fa,a(1a).

ΦG
F0(a) Ga,a(ΦF

a)

Definition A.3.8 Let F : C→ D be a 2-functor of bicategories.

i) The opposite Fop : Cop → Dop is determined by the following data

− (Fop)0 = F0
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− (Fop)H,G = (FG,H)op

− (Φop)ν,µ = (Φ−1
µ,ν)op

− (Φop)G = (Φ−1
G )op,

where the right-hand involves the 1-categorical opposites.

ii) The corresponding opposite 2-functor Fop : Cop → Dop is determined by

− (Fop)0 = F0

− (Fop)H,G = FG,H

− (Φop)ν,µ = Φµ,ν

− (Φop)G = ΦG.

Note that the choice of the coherence data for Fop and Fop is determined unambiguously by
the coherence data of F and the source and target of the coherence isomorphism. Hence it is
justified to abuse notation and denote the 2-functors Fop and Fop again F. In the following,
we will use the notation Fop and Fop only to emphasize their relations.

A 2-functor G : B → Cop has an associated contravariant 2-functor G : B → C given by
G(α)op = G(α). In the sequel we will abuse notation and define a contravariant 2-functor
G : B → C to as 2-functor G : B → Cop, that we call again G. The product FG of the
contravariant 2-functor G followed by the 2-functor F : C→ D is defined as the contravariant
2-functor associated to F opG and denoted again by FG. Similarly, if F is a contravariant
2-functor, then the product FG = F

op
G is an ordinary (covariant) 2-functor.

In the following, we will also require the notion of cubical and opcubical 2-functors between
certain 2-categories. Our definition is a special case of the definition of cubical and opcubical
2-functors from [33,38].

Definition A.3.9 Let C,D and E be 2-categories. A 2-functor F : C×D→ E with coherence
isomorphisms

ΦG,F : F((G1, G2)) ◦ F((H1, H2))→ F((G1 ◦H1), (G2 ◦H2)),

for ◦-composable 1-morphisms G = (G1, G2) and H = (H1, H2) in C×D is called (op)cubical,
if the 2-morphism ΦG,H is the identity in case G1 or H2 (G2 or H1) is an identity 1-morphism.

The following notion of natural 2-transformation of 2-functors adopts the convention of
[33,38] and is sometimes also referred to as ‘oplax 2-transformation’.

Definition A.3.10 i) A natural 2-transformation ρ : F → G between 2-functors F,G :
C→ D is given by the following data:

a) For all objects a of C, a 1-morphism ρa : F0(a)→ G0(a).

b) For all objects a, b of C a natural transformation

ρa,b : (ρb ◦ −)Fa,b → (− ◦ ρa)Ga,b,

where − ◦ ρa : DG0(a),G0(b) → DF0(a),G0(b) and ρb ◦ − : DF0(a),F0(b) → DF0(a),G0(b)

denote the functors given by pre- and post-composition with ρa and ρb. These
natural transformations determine for all 1-morphisms H : a → b a 2-morphism
ρH : ρb ◦ Fa,b(H)→ Ga,b(H) ◦ ρa.
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The 1-morphisms ρa and 2-morphisms ρH are required to satisfy the following consis-
tency conditions:

a) For all 1-morphisms H : a→ b and K : b→ c the following diagram commutes

ρc ◦ Fb,c(K) ◦ Fa,b(H)

1◦ΦK,H
��

ρK◦1 // Gb,c(K) ◦ ρb ◦ Fa,b(H)

1◦ρH
��

ρc ◦ Fa,c(K ◦H)

ρK◦H
��

Gb,c(K) ◦ Ga,b(H) ◦ ρa

ΨK,H◦1ttiiiiiiiiiiiiiiiii

Ga,c(K ◦H) ◦ ρa.

b) For all objects a of C the following diagram commutes

1G0(a) ◦ ρa = ρa = ρa ◦ 1F0(a)

1◦Φa
��

Ψa◦1

**UUUUUUUUUUUUUUUU

ρa ◦ Fa,a(1a)
ρ1a // Ga,a(1a) ◦ ρa.

ii) A pseudo-natural transformation ρ : F → G of 2-functors F,G : C → D is a natural 2-
transformation of 2-functors in which all 2-morphisms ρH : ρa ◦ Fa,b(H)→ Ga,b(H) ◦ ρa
are isomorphisms.

iii) A pseudo-natural transformation ρ is called an equivalence if all the 1-morphisms ρa
are equivalences in the bicategory D, see Definition A.3.3 i).

iv) A 1-identity natural 2-transformation ρ : F → G between 2-functors F and G such that
F0(a) = F0(a) for all objects a of C is a natural F 2-transformation ρ such that all
1-morphisms ρa are the identities for all objects a of C.

v) A natural 2-isomorphism is a pseudo-natural transformation which is a 1-identity nat-
ural 2-transformation.

Definition A.3.11 Let ρ = (ρa, ρa,b) : F → G and µ = (µa, µa,b) : G → H be natural 2-
transformations between 2-functors F,G,H : C → D. The composite µ · ρ : F → H is the
natural 2-transformation with the following data

i) For all objects a of C, the 1-morphism (µ · ρ)a = µa ◦ ρa : F0(a)→ H0(a).

ii) For all objects a, b of C and all 1-morphisms K : a→ b , the 2-morphism

(µ · ρ)K : µb ◦ ρb ◦ Fa,b(K) µb ◦ Ga,b(K) ◦ ρa Ha,b(K) ◦ µa ◦ ρa.
µa◦ρK µK◦ρa

Definition A.3.12 Let ρ = (ρa, ρa,b) : F → G and τ = (τa, τa,b) : F → G be natural 2-
transformations between 2-functors F = (F0,Fa,b,ΦH,K ,Φa),G = (G0,Ga,b,ΨH,K ,Ψa) : C →
D. A modification Ψ : ρ ⇒ τ is a collection of 2-morphisms Ψa : ρa ⇒ τa for every object a
of G such that for all 1-morphisms H : a→ b

τH · (Ψa ◦ 1Fa,b(H)) = (1Ga,b(H) ◦Ψb) · ρH
A modification is called invertible if all 2-morphisms Ψa are invertible.
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Such as functors and natural transformations between two categories form a category, for
two bicategories A and B, there is a bicategory Bicat(A,B) with objects 2-functors F,G :
A→ B, 1-morphisms natural 2-transformations η, ρ : F→ G and 2-morphisms modifications
Φ : η → ρ.

Lemma A.3.13 Let F : A → B be a 2-functor between bicategories A and B. If (f, g, α, β)
is an adjoint equivalence between two objects x and y in A, then (F(f),F(g),F(α),F(β)) is an
adjoint equivalence between F0(x) and F0(y) in B.

Proof. The proof of this statement is a combination of the proof that monoidal functors
respect duality and the fact that functors respect isomorphisms. �

Definition A.3.14 Let A, B be bicategories. Two 2-functors F,G : A→ B are called equiv-
alent, if they are equivalent as objects in Bicat(A,B).

It is straightforward to see that two functors F and G are equivalent if and only if there exists
a pseudo natural transformation ρ : F→ G that is an equivalence.

The following definitions are taken from [62].

Definition A.3.15 Let X, Y be bicategories.

i) A 2-functor F : X→ Y is called an external equivalence of bicategories, if there exists a
2-functor G : Y→ X and and equivalence idY ' F ◦ G in Bicat(Y,Y) and an equivalence
idX ' G ◦ F in Bicat(X,X).

ii) A 2-functor F : X→ Y is called a biequivalence, if

a) F is biessentially surjective, i.e. for all objects y in Y there exists an object x in X

such that F(x) is equivalent to y in Y.

b) The functors Fa,b : X(a, b) → Y(F0(a),F0(b)) are essentially surjective and fully
faithful for all objects a, b in X.

For the following statement see e.g. [62].

Lemma A.3.16 The two notions of equivalence of bicategories in Definition A.3.15 agree,
i.e. a 2-functor F : X → Y is an external equivalence of bicategories if and only if it is a
biequivalence.

A.4. Tricategories

The following definition is a slight modification from [38, Def. 3.1.2].

Definition A.4.1 A tricategory T consists of the following data

i) A set of objects a, b ∈ Obj(T).

ii) For any two objects a, b a bicategory T(a, b) of 1- and 2-morphisms with horizontal
composition ◦ and vertical composition ·.
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iii) For any three objects a, b, c, 2-functors

� : T(b, c)× T(a, b)→ T(a, c), (A.34)

called �-product of 1-morphisms.

iv) For any object a a 2-functor Ia : I → T(a, a), where I denotes the unit 2-category with
one object 1, one 1-morphism 11 and one 2-morphism 111. The image of the functor Ia
on the object of I is the 1-morphism also denoted Ia : a→ a.

v) For any four objects a, b, c, d, an adjoint equivalence a : �(� × 1) ⇒ �(1 × �), called
associator. More precisely, a consists of a pseudo-natural transformation

T(c, d)× T(b, c)× T(a, b)
�×1 //

1×�
��

�� ��
�� a

T(b, d)× T(a, b)

�
��

T(c, d)× T(a, c)
�

// T(a, d),

(A.35)

and, a pseudo-natural transformation a− : �(1 × �) → �(� × 1), such that a and a−

form an adjoint equivalence, see Definition A.3.3.

vi) For any two objects a, b, there are adjoint equivalences l : �(Ib × 1) ⇒ 1 and r :
�(1× Ia)⇒ 1, called the unit 2-morphisms,

T(b, b)× T(a, b)

T(a, b) T(a, b)

�
l

1

Ib×1 (A.36)

and

T(a, b)× T(a, a)

T(a, b) T(a, b).

�
r

1

1×Ia (A.37)

By definition of an adjoint equivalence, l and r are pseudo-natural transformations.
Furthermore there are corresponding pseudo-natural transformations l− : 1⇒ �(Ib× 1)
and r− : 1⇒ �(1× Ia).

vii) For all objects a, b, c, an invertible modification µ

T2 T3 T2

T2 T

1

1×I×1 �×1

1×�1×l
�a

�

µ
V

T2 T3 T2

T2 T,

1

1×I×1

1

�×1

r×1

�

�

(A.38)

where we used for example the abbreviation T3 = T(b, c)× T(b, b)× T(a, b).
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viii) For all objects a, b, c, an invertible modification λ

T3

T2 T2

T T

�×1
l×1

I×1×1

1

� �

1

λ
V

T3

T2 T2 T2

T T

1×� �×1

�

I×1×1

�l �

1

I×1

a
(A.39)

ix) For all objects a, b, c, an invertible modification ρ

T3 T2

T2 T2 T

�×1

1×� �a

1

1×1×I

�

1×r

ρ
V

T3 T2

T2 T T

�×1

�

�

1×1×I

1

1×I
r (A.40)

x) For all objects a, b, c, d, e, an invertible modification π

T4 T3

T3 T3 T2

T2 T

T4 T3

T3 T2 T2

T2 T

1×1×�

�×1×1

1×�×1 �×1

a×1

1×�

�×1

1×�

1×a

�a

�

π

1×1×�

�×1×1

1×�
�×1

id

1×�

�×1

�
a �

a

�

(A.41)

This data is required to satisfy the following three axioms. In the first axiom, the unmarked
isomorphisms are isomorphisms induced by the naturality of the associator a.
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i)

((K(JH)G)F

(K((JH)G))F

(K(J(HG)))F

K((J(HG))F )

K(J((HG)F ))

K(J(H(GF )))

(KJ)(H(GF ))((KJ)H)(GF )

(((KJ)H)G)F

((KJ)(HG))F

(KJ)((HG)F )

((K(JH)G)F

(K((JH)G))F

(K(J(HG)))F

K((J(HG))F )

K(J((HG)F ))

K(J(H(GF )))

(KJ)(H(GF ))((KJ)H)(GF )

(((KJ)H)G)F (K(JH))(GF ) K((JH)(GF ))

K(((JH)G)F )

⇓ π1 ⇓ π

'

⇓ π

'

⇓ π ⇓ 1π

'

⇓ π

1a

(1a)1 a

1a

1(1a)

a

a

a

(a1)1 a1

a1

a
a

(11)a

a1

(1a)1 a

1a

1(1a)(a1)1

a

a

a

a

a(11)

1a 1a

a
1(a1)

1a

(A.42)
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ii)

((HIb)G)F (H(IbG))F

(HG)F

H(GF )

(HG)F

(HIb)(GF )

H(Ib(GF ))

H((IbG)F )

((HIb)G)F (H(IbG))F

(HG)F

H(GF )

(HG)F

⇓ π

⇒ 1λ⇐ µ' '

⇒ µ1

'

a1

(1l)1

aa

(r1)1

a

a

r(11)

1l

1a

1(l1)

a

a1

(1l)1

aa

(r1)1
(1l)1

(A.43)

iii)

H((GIc)F ) H(G(IcF ))

H(GF )

(HG)F

H(GF )

(H(GIc))F

((HG)Ic)F

(HG)(IcF )

H((GIc)F ) H(G(IcF ))

H(GF )

(HG)F

H(GF )

⇓ π

⇒ µ⇐ ρ1' '

⇒ 1µ

'

1a

1(1l)

a
a

1(r1)

a

a1

(1r)1

r1

a

(11)l

a

1a

1(1l)

a
a

1(1r)
1(1r)

(A.44)
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Remark A.4.2 Our definition of a tricategory differs from [38] in that we replaced the
arrow of the right unit r− in the definition of the pseudo natural transformation µ in [38]
with its adjoint r. Consequently the axioms (A.43) and (A.44) have a different shape. It is
straightforward to see that the two definitions are equivalent.

The most general notion of 3-functor between tricategories is as follows [38, Definition 3.3].

Definition A.4.3 Let T and T′ be tricategories. A 3-functor F : T → T′ consists of the
following data

i) A function F0 : Obj(T)→ Obj(T′).

ii) For all objects a, b of T, a 2-functor Fa,b : T(a, b)→ T′(F0(a),F(b)).

iii) For all objects a, b, c of T, an adjoint equivalence χ : �′ ◦ (F × F) ⇒ F ◦ �, hence a
pseudo-natural transformation

T(b, c)× T(a, b) T′(F0(b),F0(c))× T′(F0(a),F0(b))

T(a, c) T′(F0(a),F0(c))

�

F×F

�′
a

F

(A.45)

iv) For each object a of T, an adjoint equivalence ι : I ′F0(a) ⇒ F◦ Ia, hence a pseudo-natural
transformation

1 T′(F0(a),F0(a))

T(a, a)

I′
F0(a)

Ia
ι F (A.46)

v) For objects a, b, c, d of T, an invertible modification

T3 T
′3

T2 T2 T
′2

T T′

T3 T
′3

T2 T
′2 T

′2

T T′

1×�

F×F×F

�×1 �′×1

χ×1

�

F×F

�

a

�′χ

F

ω

1×�

F×F×F

1×χ
1×�′

�′×1

�

F×F

�′

χ �′

a′

F

(A.47)
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vi) For objects a, b of T, invertible modifications

T
′2

T′ T2 T′

T′ T

�′I′×1

ι×1

F×F

�l

χ

1

I×1
F F

γ
V

T
′2

T′ T′

T′ T

�′

l′
I×1

1

id
F

1

F

(A.48)

T
′2

T′ T2 T′

T′ T

�′1×I′

1×ι

F×F

�r

χ

1

1×I
F F

δ
V

T
′2

T′ T′

T′ T

�′

r′
1×I

1

id
F

1

F

(A.49)

This data is required to satisfy the following axioms.

i) For all 1-morphisms K,J,H,G for which the following diagrams are defined, the follow-
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ing equation holds.

(F(KJ)FH)FG

F((KJ)H)FG

F(((KJ)H)G)

F((K(JH))G)

F(K((JH)G))

F(K(J(HG)))

FKF(J(HG))(FKFJ)(FHFG)

((FKFJ)FH)FG

FK(FJ(FHFG)) FK(FJF(HG))

F(K(JH))FG

(FKF(JH))FG

FKF((JH)G)

FK(F(JH)FG)

FK((FJFH)FG)

(FK(FJFH))FG

(F(KJ)FH)FG

F((KJ)H)FG

F(((KJ)H)G)

F((K(JH))G)

F(K((JH)G))

F(K(J(HG)))

FKF(J(HG))(FKFJ)(FHFG)

((FKFJ)FH)FG

FK(FJ(FHFG)) FK(FJF(HG))

F(KJ)(FHFG)

F(KJ)F(HG)

F((KJ)(HG))

(FKFJ)F(HG)

⇓ ω1 ⇓ ω

'
'

⇓ π
⇓ 1ω

'

⇓ ω
⇓ Fπ

'

⇓ ω
'

'

χ1

χ F(a1)

Fa

F(1a)

χ

a

a

(χ1)1

1(1χ)

1χ

a1

a

1a

χ1

χ

a

χ1

1Fa

1(χ1)

Fa1

χ
(1χ)1)

χ1

χ F(a1)

Fa

F(1a)

χ

a

a

(χ1)1

1(1χ)

1χ

1χ

χ

Fa

a

χ1

1χ

a

Fa

χ1

ii) In the following we denote by I the unit 1-morphism in the corresponding category.
For all 1-morphisms G,H for which the following diagrams are defined, the following
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equation holds.

F(GH) F((GI)H)

F(G(IH))

F(GH)

FGFH

F(GI)FH FGF(IH)

(FGFI)FH FG(FIFH)

(FGI)FH FG(IFH)

F(GH) F((GI)H)

F(G(IH))
F(GH)

FGFH

⇓ ω

'

⇐ µ
' '

⇓ δ1 ⇓ 1γ

'

⇓ Fµ

Fa

F(1l)

χ

χ

F(r1)

χ1
a

(1ι)1

a

(1ι)1

χ

χ

r1
1l

Fr1 1Fl

1χ

Fa

F(1l)

χ

χ

F(1r)

1

Remark A.4.4 According to our change in convention regarding the definition of a tricat-
egory in relation to [38], we adapted also the definition of a 3-functor. One arrow in the
definition of δ was reversed and the axiom (ii) takes a different shape. It is straightforward
to see that the two definitions are equivalent. Note that our conventions appear to be more
natural since the shapes of the modified axioms are more symmetric.

The higher structures that relate two 3-functors are 3-natural transformations, 3-modifications
and perturbations (called tritransformation, trimodification and perturbation in [38]). How-
ever, we will only require the notions of 3-natural transformations and 3-modifications and
these only in a stricter setting.

First note, that bicategories form a tricategory as follows.

Proposition A.4.5 ( [33]) There is a tricategory Bicat with objects Bicategories A, B, 1-
morphisms 2-functors F,G : A→ B, 2-morphisms natural 2-transformations η, ρ : F→ G and
3-morphisms modifications Γ : η → ρ.
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The following definition is a generalization of the biequivalences of bicategories to biequiv-
alences of objects in arbitrary tricategories, see [33,38].

Definition A.4.6 A biequivalence between two objects a and b in a tricategory T is a 1-
morphism f : a → b in T for which there exists a 1-morphism g : b → a such that f�g
is biequivalent to 1b in the bicategory T(b, b) and g�f is biequivalent to 1a in the bicategory
T(a, a).

Definition A.4.7 A triequivalence F : T → S between tricategories T and S is a 3-functor F
such that

i) F is triessential surjective, i.e. every object s of S is biequivalent in S to an object F(t)
for an object t of T,

ii) each 2-functor Fa,b : T(a, b)→ S(F0(a),F0(b)) is a biequivalence.

Lemma A.4.8 Let F : T → S be a triequivalence between tricategories. Then for all objects
a, b in T the 2-functors Fa,b : T(a, b)→ S(F0(a),F0(b) are biequivalences.

Definition A.4.9 A strict tricategory is a tricategory (G,�, ◦, ·) in which the composition
� is strictly associative and unital. A strict tricategory is called (op)cubical if the following
additional conditions are satisfied

i) For all objects a, b the bicategory G(a, b) is a strict 2-category.

ii) 11a ◦ 11a = 11a .

iii) Each 2-functor � : G(b, c)×G(a, b)→ G(a, c) is (op)cubical, i. e. the invertible coherence
3-morphisms

�µ,ν : (µ1�µ2) ◦ (ν1�ν2)→ (µ1 ◦ ν1)�(µ2 ◦ ν2)

for µ = (µ1, µ2), ν = (ν1, ν2) ∈ G(b, c)×G(a, b) are identity 3-morphisms if µ1 or ν2 (µ2

or ν1) is an identity 2-morphism.

Definition A.4.10 A lax 3-functor F : G→ G̃ between strict tricategories G, G̃ consists of

i) a function F0 : Ob(G)→ Ob(G̃),

ii) 2-functors Fc,d : G(c, d)→ G̃(F0(c),F0(d)) for all objects c, d of G,

iii) an equivalence of 2-functors

κc,d,e : �̃(Fd,e × Fc,d)→ Fc,e�

for all objects c, d, e of G.

iv) an invertible 2-morphism ιc : Fc,c(1c)→ 1F0(c) for all objects c of G,

such that the following consistency conditions are satisfied
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v) For all objects b, c, d, e of G

(κbce(�× I)) ◦
(
�̃(κcde × I)

)
= (κbde(I ×�)) ◦

(
�̃(I × κbce)

)
.

In this formula I is the identity functor, the unnamed product is the composition � in
Bicat, and ◦ is the horizontal composition of pseudo-natural transformations.

vi) For all objects c, d of G, κccd(I × Fc,c(Ic)) = �̃(1Fc,d × ιc), where Ic is the strict functor
from the trivial 2-category that has image the object 1c of G(c, c) and ιc is considered as
a natural transformation of 2-functors ιc : Fc,c(Ic)→ IF0(c).

vii) For all objects c, d of G, κcdd(Id × I) = �̃(ιd × 1Fc,d).

The lax 3-functor is called a 3-functor of strict tricategories, if additionally

viii) κ is a natural isomorphism,

ix) for all objects c of G, Fc,c(1c) = 1F0(c) and ιc = ι−1
c = 11c.

We call the map F0 and the maps of Fc,d the mappings of F, while all the other data is called
coherence morphisms or coherence data of F.

Unpacking the definition of a 3-functor of strict tricategories leads to the following explicit
description of the coherence data for F. The 2-functors Fc,d have as coherence data a collection
of invertible 3-morphisms

Φµ,ν : Fc,d(µ) ◦̃ Fc,d(ν)→ Fc,d(µ ◦ ν)

for all ◦-composable 2-morphisms µ, ν in G(c, d) and for each 1-morphism G in G(c, d) an
invertible 3-morphism

ΦG : 1Fc,d(G) → Fc,d(1G),

which satisfy the axioms in Definition A.3.6. The natural isomorphisms of 2-functors κc,d,e
are characterised by invertible 3-morphisms

κµ,ν : Fd,e(µ) �̃ Fc,d(ν)→ Fc,e(µ�ν)

for all �-composable morphisms µ ∈ G(d, e), ν ∈ G(c, d). The conditions in Definition A.3.10
take the following form:

i) For all 1-morphisms G1 ∈ G(d, e), G2 ∈ G(c, d) one has

Fd,e(G1)�̃Fc,d(G2) = Fc,e(G1�G2). (A.50)

ii) For all 2-morphisms µ, ρ ∈ G(d, e) and ν, τ ∈ G(c, d) such that µ, ρ and ν, τ are ◦-
composable, the following diagram commutes

(Fd,e(µ)�̃Fc,d(ν)) ◦̃ (Fd,e(ρ)�̃Fc,d(τ))

�̃Fd,e(µ),Fc,d(ν),Fd,e(ρ),Fc,d(τ)
��

κµ,ν ◦̃κρ,τ//
Fc,e(µ�ν) ◦̃ Fc,e(ρ�τ)

Φµ�ν,ρ�τ
��

(Fd,e(µ)◦̃Fd,e(ρ)) �̃ (Fc,d(ν)◦̃Fc,d(τ))

Φµ,ρ�̃Φν,τ
��

Fc,e((µ�ν) ◦ (ρ�τ))

Fc,e(�µ,ν,ρ,τ )
��

Fd,e(µ ◦ ρ) �̃ Fc,d(ν ◦ τ) κµ◦ρ,ν◦τ
// Fc,e((µ ◦ ρ)� (ν ◦ τ)).

(A.51)
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iii) All 1-morphisms G ∈ G(d, e), H ∈ G(c, d) satisfy

1Fc,e(G�H) = 1Fd,e(G)�̃1Fc,d(H)

ΦG�̃ΦH
��

ΦG�H

++VVVVVVVVVVVVVVVVVVVV

Fd,e(1G)�̃Fc,d(1H) κ1G,1H

// Fc,e(1G�H) = Fc,e(1G�1H).

(A.52)

Condition v) in Definition A.4.10 states that the diagram

Fd,e(ν)�̃Fc,d(µ)�̃Fb,c(ρ)
1�̃κµ,ρ //

κν,µ�̃1
��

Fd,e(ν)�̃Fb,d(µ�ρ)

κν,µ�ρ

��
Fc,e(ν�µ)�̃Fb,c(ρ)

κν�µ,ρ // Fb,e(ν�µ�ρ)

(A.53)

commutes for all 2-morphisms ρ ∈ G(b, c), µ ∈ G(c, d), ν ∈ G(d, e), and conditions (2), (3) in
Definition A.4.10 read

κµ,1c = 1Fc,d(µ) : Fc,d(µ) = Fc,d(µ)�̃Fc,c(1c)→ Fc,d(µ�1c) = Fc,d(µ),

κ1d,µ = 1Fc,d(µ) : Fc,d(µ) = Fd,d(1d)�̃Fc,d(µ)→ Fc,d(1d�µ) = Fc,d(µ).

The notion of a 3-functor of strict tricategories in Definition A.4.10 thus corresponds to a
trihomomorphism in [38, Def 3.3.1] for which the adjoint equivalence χ in [38, Def 3.3.1] is
a natural isomorphism given by the invertible 3-morphisms κµ,ν and for which the adjoint
equivalence ι and the invertible modifications ω, γ, δ in [38, Def 3.3.1] are trivial.

There is an obvious composition of 3-functors of strict tricategories, that is a special case
of the general composition of 3-functors between tricategories considered in [38]. Although in
general the composition of 3-functors between tricategories is not strictly associative, this is
the case for 3-functors between strict tricategories.

Lemma A.4.11 Let F : G→ H, G : H→ K, H : K→ L be 3-functors of strict tricategories.
Then H(GF) = (HG)F.

Proof. In [38, Prop. 4.2.3], explicit expressions for a natural transformation α : H(GF) →
(HG)F are given. It is easy to see that for strict tricategories, the data from which α is
constructed consists entirely of identity mappings and morphisms. �

Finally, there are notions of opposite 3-functors for strict tricategories. Let F : T → S be a
3-functor of strict tricategories. This has data (Definition A.4.10)

− a function F0 : Ob(T)→ Ob(S),

− 2-functors Fa,b : T(a, b)→ S(F0(a),F0(b)) for all objects a, b of T

− For �-composable 2-morphisms µ and ν, 3-isomorphisms
κµ,ν : F(µ)�F(ν)→ F(µ�ν)

The first opposite is the 3-functor of strict tricategories Fop : T op → Sop with data

− (Fop)0 = F0
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− (Fop)a,b = (Fa,b)
op, using the opposite of 2-functors

− (κop)ν,µ = (κ−1
ν,µ)op.

The second opposite is the 3-functor of strict tricategories Fop : Top → Sop with data

− (Fop)0 = F0

− (Fop)a,b = (Fa,b)op, using the opposite of 2-functors

− (κop)ν,µ = κµ,ν .

Again, all coherence data is unambiguous and we denote the 3-functors Fop and Fop by F.

Definition A.4.12 A natural 3-transformation ω : F → G between lax 3-functors F =
(F0,Fc,d, κ

F
b,c,d, ι

F
c ), G = (G0,Gc,d, κ

G
b,c,d, ι

G
c ) : G → G̃ of strict tricategories consists of the

following data:

i) For all objects c of G a 1-morphism ωc : F0(c)→ G0(c)

ii) For all pairs of objects c, d of G a natural 2-transformation of 2-functors
ωc,d : (ωd�−)Fc,d → (−�ωc)Gc,d,

such that for all triples b, c, d the following diagrams commute

(ωd�−)�(Fb,c × Fc,d)
= �(1× (ωd�−))(Fb,c × Fc,d)

(ωd�−)κFb,c,d//

�(1×ωc,d)

��

(ωd�−)Fb,d�

ωb,d�

���(1× (−�ωc))(Fb,c × Gc,d)
= �((ωc�−)× 1)(Fb,c × Gc,d)

�(ωb,c×1)

��

(−�ωb)Gb,d�

�((−�ωb)× 1)(Gb,c × Gc,d)
= (−�ωb)�(Gb,c × Gc,d),

(−�ωb)κGb,c,d

55kkkkkkkkkkkkkkkkkk

ωc�Fc,c(1c)
ω1c //

1�(ιF)c

��

Gc,c(1c)�ωc

(ιG)c�1
vvnnnnnnnnnnnnn

ωc

ωc
1�(ι−1

F )c

vvmmmmmmmmmmmmm

(ι−1
G )c�1
��

ωc�Fc,c(1c)
ω1c // Gc,c(1c)�ωc.

Here, −�ωc : G̃(G0(c), d̃) → G̃(F0(c), d̃) and ωd�− : G̃(c̃,F0(d)) → G̃(c̃,G0(d)) denote the 2-
functors defined by pre- and postcomposition with ωc with respect to the composition �. The
natural 2-transformations ωc,d determine for all 1-morphisms H : c → d in G a 2-morphism
ωH : ωd�Fc,d(H)⇒ Gc,d(H)�ωc.

A natural 3-transformation ω is called a natural 3-isomorphism, if the 1-morphisms ωc are
invertible and all natural 2-transformations ωc,d are pseudo-natural transformations.
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Definition A.4.13 Let F = (F0,Fc,d, κ
F
c,d,e, ι

F
c ) : G → G̃ and G = (G0,Gc,d, κ

G
c,d,e, ι

G
c ) : G →

G̃ be 3-functors of strict tricategories and ω = (ωc, ωc,d), η = (ηc, ηc,d) : F ⇒ G natural
transformations. A modification Ψ : ω V η consists of the following data:

i) For every object c of G a 2-morphism Ψc : ωc ⇒ ηc in G̃.

ii) For every pair of objects c, d of G, an invertible modification Ψc,d : (1�Ψc) ◦ ωc,d V
ηc,d ◦ (Ψd�1).

These determine for all 1-morphisms H : c→ d a 3-morphism

ΨH : (1Fc,d(H)�Ψc) ◦ ωH V ηH ◦ (Ψd�1Gc,d(H)).

A modification Ψ is called invertible if all 2-morphisms Ψc are invertible.

Definition A.4.14 Two strict tricategories G, G̃ are called equivalent, if there exist lax 3-
functors of strict tricategories F : G→ G̃ and G : G̃→ G together with invertible pseudo-natural
transformations η : FG→ 1

G̃
and ϕ : GF→ 1G.
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