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Figure 4.8: Linear interpolation method: value function and optimal decision rule at time 100
for small values of (m2, q1, q2, ρ, z2, z3)

Figure 4.9: Regression method: value function and optimal decision rule at time 100 for small
values of (m2, q1, q2, ρ, z2, z3)
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and vaccination decline, while the testing rate remains high. This indicates that, in a scenario
where a moderate number of individuals have already recovered (being in either compartment
R+ or R−) and the sizes of infected compartments I− and I+ have surpassed their thresholds,
it becomes unnecessary to apply lockdown and vaccination measures since almost no one is
susceptible anymore.

Optimal path of the epidemic state process

With the knowledge of the optimal decision rule at all grid points of the state space, we can
simulate an optimal sample path of the state process using the optimal control of the nearest
neighbor projection. Figures 4.14 and 4.16 illustrate the dynamics of sample compartment sizes
and the dynamics of the applied control measures. We observe that the infection compartment
sizes, I+ and the estimate of I−, are driven quickly toward zero in approximately 25 to 30 days.
Meanwhile, the estimates of compartment sizes S and R− decrease and stabilize once there are
no more infected individuals in the population. The hospital compartment size fluctuates slightly
but remains low and below the hospital threshold throughout the infection period, unlike the
benchmark scenario where the threshold was exceeded. Regarding the optimal control measures,
we see that initially, a strong lockdown is applied along with significant levels of testing and
vaccination. The lockdown is gradually eased after one week, while testing and vaccination
continue. Approximately one week after the end of the lockdown, testing is stopped, and only
vaccination continues for approximately two more weeks.

4.5.4 Numerical results using state discretization, quantization and value func-
tion regression

In this section, we present the numerical results obtained through our second approach: value
function regression. This method involves selecting a set of ansatz functions for the least squares
regression. Leveraging our previous results obtained via linear interpolation, which provided
insights into the behavior of the value function with respect to each component of the state
process, we consider the following functions defined for x = (m1,m2, q1, q2, q12, z1, z2, z3),

• constant function, φ0(x) = c;

• Linear functions:

φ1(x) = z1; φ4(x) = m1;

φ2(x) = z2; φ5(x) = m2;

φ3(x) = z3; φ6(x) = q1.

• Quadratic functions:
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Figure 4.10: Linear interpolation method: value function and optimal decision rule at time
118 for moderate values of (m2, q1, q2, ρ, z2, z3)

Figure 4.11: Regression method: value function and optimal decision rule at time 118 for
moderate values of (m2, q1, q2, ρ, z2, z3)
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Figure 4.12: Linear interpolation method: value function and optimal decision rule at time
100 for moderate values of (m2, q1, q2, ρ, z2, z3)

Figure 4.13: Regression method: value function and optimal decision rule at time 100 for
moderate values of (m2, q1, q2, ρ, z2, z3)
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Figure 4.14: Linear interpolation method: optimal trajectories of compartments size ; Initial
state is m1 = 150,m2 = 50, q1 = 200, q2 = 200, ρ = 0, z1 = 100, z2 = 50, z3 = 10; The
hospital y-axis is on the right-hand side and the y-axis of the rest is on the left.

Figure 4.15: Regression method: Optimal compartment size path ; Initial state: (m1 =
150,m2 = 50, q1 = 200, q2 = 200, ρ = 0, z1 = 100, z2 = 50, z3 = 10); The hospital y-
axis is on the right-hand side and the y-axis of the rest is on the right
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Figure 4.16: Linear interpolation method: optimal policy ; Initial state is m1 = 150,m2 =
50, q1 = 200, q2 = 200, ρ = 0, z1 = 100, z2 = 50, z3 = 10; The uL y-axis is on the left-hand
side and the y-axis of UT , UV is on the right.

Figure 4.17: Regression method: optimal control path; Initial state: (m1 = 150,m2 =
50, q1 = 200, q2 = 200, ρ = 0, z1 = 100, z2 = 50, z3 = 10); The uL y-axis is on the left-
hand side and the y-axis of UT , UV is on the right.
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φ7(x) = max(z1 − xI
+
, 0)2;

φ8(x) = max(m1 − xI
−
, 0)2;

φ9(x) = max(N − z1 − z2 − z3 − xTest, 0)2 = max(xTest − xTest, 0)2;

φ10(x) = max(N − z1 − z2 − z3 − xVacc, 0)2 = max(xTest − xVacc, 0)2;

φ11(x) = (N − z1)2 = (xwork)2 ;

φ12(x) = max(z3 − xH , 0)2

• Function appearing in the infection cost for non-detected infectious:

φ13(x)=
(
(m1 − xI−

)2 + q1
)
ΦN

(m1 − xI
−√

q1

)
+ (m1 − xI

−
)

√
q1

2π
exp

(
− 1

2

(m1 − xI−
)2

q1

)
;

where ΦN is the cumulative distribution function of the standard normal distribution.

Each of these functions is either of the form of a function appearing in the running or terminal
cost, or follows the shape observed from the linear interpolation results. It is important to note
that for the value function at terminal time, we know exactly the structure of the value function.

To ensure a fair comparison between results from both methods, we use the same set of
parameters and discretization grid points as in the first approach.

Value function and optimal decision rule w.r.t. M1, Z1

Similar to the first method we visualize the value function and optimal decision rule w.r.t. the
two infection compartments. Once again, we consider scenarios of remaining compartments
held fixed to small and moderate sizes as previously. Figures 4.7, 4.9, 4.11, and 4.13 display
the value function and optimal decision in configurations identical to those used in the linear
interpolation approach. Overall, the results from both methods appear consistent, especially both
optimal decision rules seem to exhibit a generally similar structure. However, it should firstly be
noted that the optimal decision rule is smoother for the approach with value function regression.
This is certainly due to the constraint of the value function to belong to the vector space of
functions generated by the chosen basis of ansatz functions. Secondly, the optimal decision
rules obtained with regression do not capture well all the nuances observed at the boundaries
in the linear interpolation method results. For instance, comparing the optimal decision rules
in Figures 4.10, 4.12 and 4.11, 4.13, we observe in the result with linear interpolation that as
both the number of detected infected Z1 and the estimated number of non-detected infected
M1 are greater than their respective thresholds, the optimal decision rule suggests dropping the
lockdown and vaccination measures and maintaining only the maximum possible level of testing.
Conversely, the linear regression result indicates maintaining all the three control measures at
high levels, with only the lockdown rate that drop slightly at time step t = 100 days. Thirdly,
the value function obtained through regression seems to underestimate that derived from linear
interpolation. This is illustrated in the value functions at time step t = 100 days (Figures 4.8,
4.12 and 4.9 4.13), where in the case of linear interpolation the maximum values is greater
than 100, 000 monetary unit, while in the regression case, the maximum value is around 60, 000
monetary unit.
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Optimal path of the epidemic state process

The optimal decision rule derived from value function regression can then be used to simulate
the optimal dynamics of the epidemic. Figures 4.15 and 4.17 depict sample path of compart-
ment sizes and the optimal control measures to be applied, respectively. These figures show that
the number of infected individuals decreases progressively to zero within 80 days. The imple-
mented control strategy involves an early strong lockdown lasting only a few days, coupled with
vaccination for nearly 15 days and less than 10 days of testing. After 15 days, all the control
measures are lifted and only the minimal possible testing continues. Compared to the optimal
strategy derived from the linear interpolation method, the strategy obtained through regression
takes a relatively longer period to reduce the number of infected individuals to zero. This is
understandable, as restricting the form of the value function results in a suboptimal strategy.
However, this suboptimal strategy effectively keeps the hospital compartment size quite small
and below the threshold capacity throughout the infection period.
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CHAPTER 5

Convergence Analysis for the Extended Kalman Filter in Continuous
Time

5.1 Introduction

In this chapter, we delve into the nonlinear filtering problem in the presence of state-dependent
noise. Many physical phenomena are best described by nonlinear stochastic dynamics, where
the diffusion coefficient depends on the state. These characteristics are crucial for accurately
modeling and understanding such systems. For instance, estimating the angular procession
of a rotating spacecraft requires precise nonlinear filtering techniques to account for the state-
dependent variations in noise. Similarly, the design of phase-locked loops, which are essential
in communication systems for maintaining signal synchronization, also requires these advanced
filtering methods, see McLane [96]. These examples highlight the practical significance and
wide-ranging applications of our study.

The model we will be interested in is the following

dY (t) = f(t, Y (t),Z(t))dt+
√
εσ(t, Y (t),Z(t))dW (1)(t) +

√
εg(t, Y (t),Z(t))dW (2)(t),

dZ(t) = h(t, Y (t),Z(t))dt+
√
εℓ(t, Y (t),Z(t))dW (2)(t),

(5.1)

with (Y (0), Z(0)) = (y0, Z0), and where Y (t) ∈ Rn is our hidden signal at time t ≥ 0 and
Z(t) ∈ Rd is our observation process at time t ≥ 0. Additionally, Z(t) denotes the path
of the observation process until the time point t. Finally, ε is a small positive constant and
W (i), i = 1, 2 are two independent standard Wiener processes in Rd1and Rd2 respectively (with
n, d, d1, d2 being positive integers).

This model is quite similar to the model in Picard [110]. However, we address a more general
setting by allowing the diffusion coefficient of the observation process to be non-constant and
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state-dependent. For such a model, when the quadratic variation of the observation process
is informative and can be computed in practice, it can be possible to reconstruct the signal
under some injectivity conditions. This reconstruction is often not possible as in the context of
epidemic model for which injectivity conditions are not fulfilled. It is therefore important to
know whether the extended Kalman filter is efficient for such filtering problems.

The filtering system that arises in the context of epidemic models with partial information
can be reduced to the filtering system (5.1) using an appropriate time scaling. To illustrate this,
let us consider the SI±S epidemic model depicted in Figure 5.1.

Figure 5.1: Flowchart of the SI± compartmental model.

The diffusion approximation of such an epidemic model for the relative subpopulation size
X , is of the form

dX(t) = F (X(t))dt +
1√
N

σ(X(t))dB(t), X(0) = x0, (5.2)

where coefficients F , σ are non-linear functions and B is a vector of independent standard

Brownian motions. Let ε =
1√
N

, τ =
t

ε
=

√
Nt and U ε :=

1

ε

(
X(ετ)− x0

)
. Deriving from

Equation (5.2) the dynamics of the state U ε using the time scaling t = ετ , we get

dU ε(τ) = F (x0 + εU ε(τ))dτ +
√
εσ(x0 + εU ε(τ))dW (τ), U ε(0) = 0, (5.3)

where components of W are independent standard Brownian motions. On a small time window
with length depending on ε, functions F and σ can be approximated by linear functions. For
instance in the case of the above SI±S epidemic model, if we work with the reduced state

78



5.2. EXTENDED KALMAN FILTER AND SOME GENERAL CONCEPTS

X = (X1, X2)
⊤ = (I

−
, I

+
)⊤ (since we assume constant population size, S = 1 − I

+ − I
−),

and denote by U ε = (Y, Z)⊤, then the expressions of the functions F and σ are given as follows:

F

(
X1(0) + εY (τ)

X2(0) + εZ(τ)

)
=

(
β(1− (X1(0) + εY (τ))− (X2(0) + εZ(τ)))(X1(0) + εY (τ))− (α+ ρ−)(X1(0) + εY (τ))

α(X1(0) + εY (τ))− ρ+(X1(0) + εY (τ))

)
,

σ

(
X1(0) + εY (τ)

X2(0) + εZ(τ)

)
=

( √
β(1− (X1(0) + εY (τ))− (X2(0) + εZ(τ)))(X1(0) + εY (τ))

0

−
√

ρ−(X1(0) + εY (τ)) −
√

α(X1(0) + εY (τ)) 0

0
√

α(X1(0) + εY (τ)) −
√

ρ+(X1(0) + εY (τ))

 ,

and W =
(
W (1)⊤,W (2)⊤

)⊤
with W (1) = (W1,W2)⊤ and W (2) = (W3,W4)⊤.

The filtering system obtained for the components of U ε with hidden signal Y and observation
Z has exactly the structure of the System (5.1).

The chapter is organized as follows. In Section 2, we describe the derivation of the extended
Kalman filter for (5.1), and present some relevant definitions related to dynamical systems. Sec-
tion 3 focuses on the estimation error of the extended Kalman filter, and we prove that under
some assumptions, the filtering error is of order

√
ε. Finally, in Section 4, we show that the

filtering error is bounded, and the initial error is forgotten exponentially fast when certain de-
tectability conditions are met. The Appendix collects auxiliary results needed for the proofs of
our theorems.

5.2 Extended Kalman filter and some general concepts

5.2.1 Extended Kalman filter

The Kalman filtering procedure is well known and has been successfully applied in many do-
mains. However, it requires the filtering problem to be linear. Some attempts have been made to
apply the Kalman filter core idea to nonlinear models. One of the most prominent attempts is the
so-called extended Kalman filter. This extended approach was first introduced by Gelb [52], and
an empirical justification was proposed by Pardoux [108]. This approach is described in many
books, for instance Bain and Crisan [15] for more details. In the following computations and
the rest of this work, functions will be of three variables: time t, signal Y (t) and observation
path history Z(t). However, for the sake of short notation, we will in some expressions omit
dependence on the observation path history. Let us revisit the main step of the derivation of
the extended Kalman filter for the nonlinear filtering problem (5.1). Let us assume that Y is
the solution of the associated ordinary differential equation to our signal stochastic differential
equation obtained by removing the diffusion term,

dY (t)

dt
= f(t, Y (t)), Y (0) = y0. (5.4)
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On a small interval of time [0,∆[, with ∆ > 0, we can perform the Taylor-like expansion of
our nonlinear filtering system drift around the solution Y , and replace Y by Y in the diffusion
coefficients. Hence, we obtain the linearized filtering system

dY (t) =

(
∂

∂y
f(t, Y (t))(Y (t)− Y (t)) + f(t, Y (t))

)
dt+

√
εσ(t, Y (t))dW (1)(t)

+
√
εg(t, Y (t))dW (2)(t),

dZ(t) =

(
∂

∂y
h(t, Y (t))(Y (t)− Y (t)) + h(t, Y (t))

)
dt+

√
εℓ(t, Y (t))dW (2)(t),

where
∂

∂y
f and

∂

∂y
h are the derivatives of f and h with respect to the signal argument, Y

respectively. Since the latter system is linear in Y , one can argue that in a small interval of time
the equations satisfied by the original signal Y and observation Z are nearly linear. This setting
is then suitable for the result in Liptser and Shiryaev [93] on conditionally Gaussian process. By
applying Liptser and Shiryaev [93, Theorem 12.66], we compute from the linearized problem
the approximations of the conditional mean Ŷ and the conditional variance Q that satisfy

Ŷ (t) = Ŷ (0) +

∫ t

0

(
∂

∂y
f(s, Y (s))(Ŷ (s)− Y (s)) + f(s, Y (s))

)
ds

+

∫ t

0

G(s)
[
dZ(s)− (h(s, Ŷ (s))− ∂

∂y
h(s, Y (s))Y (s) +

∂

∂y
h(s, Y (s))Ŷ (s))ds

]
,(5.5)

where
G(t) =

[
εgℓ⊤(t, Y (t)) +Q(t)

∂

∂y
h⊤(t, Y (t))

](
εℓℓ⊤

)−1
(t, Y (t)), (5.6)

and

Q̇(t) = −
[
εgℓ⊤ +Q(t)

∂

∂y
h⊤
](
εℓℓ⊤

)−1[
εgℓ⊤ +Q(t)

∂

∂y
h⊤
]⊤

(t, Y (t))

+
∂

∂y
f(t, Y (t))Q(t) +Q(t)

∂

∂y
f⊤(t, Y (t)) + ε(σσ⊤ + gg⊤)(t, Y (t)). (5.7)

By this method, it is possible to construct a mapping which relates any observable process
of linearization to the corresponding conditional mean of the filter. Then, the extended Kalman
filter by definition is the fixed point for this mapping, see Bain and Crisan [15]. Hence, we
deduce that the extended Kalman filter for the nonlinear filtering problem (5.1) is given by the
conditional mean M that satisfies

M(t) = M(0) +

∫ t

0
f(s,M(s))ds+

∫ t

0
G(s)

[
dZ(s)− h(s,M(s))ds

]
, (5.8)

where
G(t) =

[
εgℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
εℓℓ⊤

)−1
(t,M(t)), (5.9)

80
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and the conditional covariance matrix with dynamic:

Q̇(t) = −
[
εgℓ⊤ +Q(t)

∂

∂y
h⊤
](
εℓℓ⊤

)−1[
εgℓ⊤ +Q(t)

∂

∂y
h⊤
]⊤

(t,M(t))

+
∂

∂y
f(t,M(t))Q(t) +Q(t)

∂

∂y
f⊤(t,M(t)) + ε(σσ⊤ + gg⊤)(t,M(t)). (5.10)

We can now define what will be called in the sequel, the extended Kalman filter for the
filtering system (5.1).

Definition 5.2.1. Let (M(t))t≥0 and (Q(t))t≥0 be two observable processes with values respec-
tively in Rn and the set of positive-definite symmetric matrices of order n. A process which at
any time t is Gaussian with mean M(t) and covariance matrix Q(t) = εQ(t) will be said to be
an extended Kalman filter for (5.1) if M(t) is solution of

M(t) = M(0) +

∫ t

0
f(s,M(s))ds+

∫ t

0
G(s)

[
dZ(s)− h(s,M(s))ds

]
, (5.11)

where

G(t) =
[
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1

(t,M(t)), (5.12)

and Q(t) is solution of the Riccati equation

Q̇(t) =
[ ∂
∂y

f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]
(t,M(t))Q(t) +Q(t)

[ ∂
∂y

f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]⊤

(t,M(t))

−Q(t)[
∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
h](t,M(t))Q(t) + a(t,M(t)),

(5.13)

where
a(t,M(t)) = σσ⊤(t,M(t)) + g(I − ℓ⊤(ℓℓ⊤)−1ℓ)g⊤(t,M(t)). (5.14)

5.2.2 Some definitions

We now introduce some useful concepts which are essential in this study. We will use the
expression a "family of" function or process when this function or process depends on ε.

Definition 5.2.2 (Observable Process). Let us denote by FZ the filtration generated by the ob-
servation process (Z(t))t≥0. We will call an observable process any FZ-predictable process.

This means that any observable process is adapted with respect to the natural filtration FZ .

Definition 5.2.3. Let φ : [0,∞)× Rn → Rn, be a family of functions and x1, x2 ∈ Rn.
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1. φ is said to be almost linear if there exists a family of matrix-valued observable processes
F : [0,∞) → Rn×n such that

|φ(t, x1)− φ(t, x2)− F (t)(x1 − x2)| ≤ µε|x1 − x2|, (5.15)

for some family of numbers µε converging to zero as ε → 0; the process F will be called
an almost derivative of f .

2. The function φ will be said to be strongly injective if

|φ(t, x1)− φ(t, x2)| ≥ c|x1 − x2|, (5.16)

for some c > 0.

Definition 5.2.4. The norm of a random variable X in Lq, q ≥ 1, is denoted by |X|Lq
and is

defined by |X|Lq
=
(
E[|X|q]

)1/q
.

Definition 5.2.5. A family of process (X ε)t≥0 is said to be bounded in L∞− if for any q ∈
(0,∞), there exists εq > 0 such that ∥X ε

t ∥q is bounded uniformly in t ≥ 0 and 0 < ε < εq.

Definition 5.2.6 (Stochastic Process of Order εα). A family of stochastic processes (X ε(t))t≥0,
ε > 0 is said to be of order εα for some α > 0 if for any q ∈ [1,∞) there exist constants
εq, Cq > 0, such that

ε−α |X ε(t)|Lq
≤ Cq for all (t, ε) ∈ [0,∞)× (0, εq).

Similarly, a family of random variables X ε, ε > 0 is said to be of order εα for some α > 0
if for any q ∈ [1,∞) there exist constants εq, Cq > 0, such that

ε−α |X ε|Lq
≤ Cq for all ε ∈ (0, εq).

In the study of dynamical systems, stability properties are powerful to characterize the qual-
itative behavior of a solution. We introduce two concepts of stability for a family of matrices.

Definition 5.2.7. Let (A(t))t≥0 be a family of measurable locally bounded processes with values
in the class of n× n matrices, let ζ be the matrix-valued solution of

ζ̇(t) = A(t)ζ(t), ζ(0) = I, (5.17)

we will say that (A(t))t≥0 is exponentially stable if there exist some positive constant numbers
C and c such that for s ≤ t,

|ζ(t)| ≤ C exp(−c(t− s))|ζ(s)|. (5.18)

Remark 5.2.8. In case of constant matrix A, we can show that A is exponentially stable if and
only if its eigenvalues have negative real part.
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Definition 5.2.9. Let A,B ∈ Mn, where Mn denotes the class of n×n real matrices. We write
A ⪰ B if A and B are symmetric and A−B is positive semi-definite; we write A ≻ B if A and
B are symmetric and A−B is positive definite.

Definition 5.2.10. Consider a family (K(t))t≥0 of absolutely continuous adapted (w.r.t. the
observation filtration) processes with values in the class of symmetric positive definite n × n
matrices and a family (k(t))t≥0 of locally bounded deterministic functions with positive values.
We will say that a family (A(t))t≥0 of measurable locally bounded process with values in the
class n× n matrices, is (K(t), k(t))t≥0-stable if for all t ≥ 0,

K̇(t) ⪰ A(t)K(t) +K(t)A⊤(t) + k(t)K(t). (5.19)

Remark 5.2.11. The link between these two stability concepts is given below by Lemma 5.4.3.

5.3 Error estimation for the extended Kalman filter

When estimating a hidden signal, it is of relevance to know whether the scale of the error between
the estimate and the true signal is large or not. This is why we are interested in conditions under
which the extended Kalman filter for problem (5.1) provides a good approximate in the case of a
strongly injective drift coefficient of the observation process. We show in the following theorem
that the strongly injectivity combined with an initial guess of order

√
ε and a set of technical

conditions ensure that the estimation error Y (t)−M(t) is of order
√
ε at any future time point

t.

Theorem 5.3.1. Let (M(t), Q(t))t≥0 be an extended Kalman filter for problem (5.1) such that
M(t) and Q(t) = 1

εQ(t) satisfy (5.11) and (5.13) respectively, and in addition

1. The variable Q
−1/2

(0)(Y (0)−M(0)) is of order
√
ε.

2. The functions σ, g and ℓ are bounded.

3. The function f and h are C1 and almost linear with respect to the signal.

4. The function h is strongly injective with respect to the signal,
a = σσ⊤ − g(I − ℓ⊤(ℓℓ⊤)−1ℓ)g⊤ and (ℓℓ⊤)−1 are uniformly elliptic,
and the quotient between the largest and the smallest eigenvalues of Q(0) is bounded.

Then Q
−1/2

(t)(Y (t)−M(t)) is of order
√
ε.

Remark 5.3.2. Assumptions (2-4) of this theorem can be checked for the SI±S epidemic model
with constant population size. Moreover, all compartment sizes are assumed strictly positive.
The assumption 2 is fulfilled because of the strictly positive compartment sizes. The hidden
signal and observation drift coefficients are respectively,

f(τ, Y (τ)) =β(1− (X1(0) + εY (τ))− (X2(0) + εZ(τ)))(X1(0) + εY (τ))−
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(α+ ρ−)(X1(0) + εY (τ)),

h(τ, Y (τ)) =α(X1(0) + εY (τ))− ρ+(X1(0) + εY (τ)).

These functions are C1 in Y and h is almost linear since it is linear. The function f is also
almost linear with almost derivative the coefficient of the linear term in f , which is

βε
(
1− 2X1(0)− (X2(0) + εZ(τ))

)
− (α+ ρ−)ε.

For Assumption 4, h is strongly injective since it is linear, and a and (ℓℓ⊤)−1 are strictly
positive scalars since all compartments sizes are strictly positive. The initial matrix Q(0) is a
scalar and can be chosen to satisfy the assumption.

For the first assumption, the scaled initial error estimate Q−1/2
(0)(Y (0)−M(0)) should be

of order
√
ε. This implies that the accuracy of the scaled initial estimate of absolute population

size should be of order 4
√
N .

In order to prove Theorem 5.3.1, we first establish the following lemma and then we will show
that the theorem is a particular case of this lemma.

Lemma 5.3.3. Let (M(t), Q(t))t≥0 be an EKF satisfying conditions 1-3 of Theorem 5.3.1. Sup-
pose also that

Q(t)
( ∂

∂y
h⊤

∂

∂y
h
)
(t,M(t))Q(t) + a(t,M(t)) ⪰ k(t)Q(t), (5.20)

for some family of deterministic positive functions k(t) such that

Q(t) +Q
−1

(t) ⪯ Ck(t)I. (5.21)

Then Q
− 1

2 (t)
(
Y (t)−M(t)

)
is of order

√
ε.

The proof of this Lemma is based on the following lemma, which is proven in Picard [110].

Lemma 5.3.4. Let W̃ (t) be a F-Brownian motion with values in Rr, n ∈ N, and let A(t) be
a family of F- adapted (K(t), k(t))-stable processes where K(t) is F adapted. We suppose that
X (t) is a family of Rn-valued semi-martingales satisfying

dX (t) = A(t)X (t)dt+ F (t)dt+D(t)dW̃ (t), (5.22)

where F (t) and D(t) are predictable processes satisfying

X⊤(t)K−1(t)F (t) ≤ αk(t)X⊤(t)K−1(t)X (t) +O(k(t)), (5.23)

D⊤(t)K−1(t)D(t) = O(k(t)), (5.24)

for some α ∈ (0, 12).
Then for any q ≥ 1 and ε small enough, if X⊤(0)K−1(0)X (0) is bounded in Lq then the

process X⊤(t)K−1(t)X (t) is also bounded in Lq.
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Proof. of Lemma 5.3.3
Let us consider K(t) = εQ(t) and let us recall the dynamics of our signal Y and of the

extended Kalman filter M from (5.1) and (5.11), respectively.

dY (t) = f(t, Y (t))dt+
√
εσ(t, Y (t))dW (1)(t) +

√
εg(t, Y (t))dW (2)(t),

dM(t) = f(t,M(t))dt+
[
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1 ×

[
dZ(t)− h(t,M(t))dt

]
,

= f(t,M(t))dt+
[
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1 ×[

h(t, Y (t))dt+
√
εℓ(t, Y (t))dW (2)(t)− h(t,M(t))dt

]
.

Thus, if we denote the difference Y −M by X , its dynamics is given by

dX (t) =
[
f(t, Y (t))− f(t,M(t))

]
dt

−
[
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1 ×

[
h(t, Y (t))− h(t,M(t))

]
dt

+
√
εσ(t, Y (t))dW (1)(t) +

√
εg(t, Y (t))dW (2)(t)

−
√
ε
[
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1

ℓ(t, Y (t))dW (2)(t)

=
[
f(t, Y (t))− f(t,M(t))

]
dt

−
[
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1 ×

[
h(t, Y (t))− h(t,M(t))

]
dt

+
√
εσ(t, Y (t))dW (1)(t) +

√
ε
[
g(t, Y (t))

−
[
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1

ℓ(t, Y (t))
]
dW (2)(t).

Here, the second equality is obtained by simple expansion. Adding and subtracting the same
term and rearranging, we get

dX (t) =
[
f(t, Y (t))− f(t,M(t))−

( ∂

∂y
f(t,M(t))− ∂

∂y
f(t,M(t))

)
X (t)

]
dt

−
[
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1

×
[
h(t, Y (t))− h(t,M(t))−

( ∂

∂y
h(t,M(t))− ∂

∂y
h(t,M(t))

)
X (t)

]
dt

+
√
ε
(
σ(t, Y (t)), g(t, Y (t))−[

gℓ⊤(t,M(t)) +Q(t)
∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1

ℓ(t, Y (t))
)( dW (1)(t)

dW (2)(t)

)
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=

[
∂

∂y
f(t,M(t))−

(
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤
)
(ℓℓ⊤)−1 ∂

∂y
h(t,M(t))

]
X (t)dt

+

[
f(t, Y (t))− f(t,M(t))− ∂

∂y
f(t,M(t))X (t)

−
(
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

)
(ℓℓ⊤)−1

×
(
h(t, Y (t))− (h(t,M(t))− ∂

∂y
h(t,M(t))X (t))

)]
dt+

√
ε
(
σ(t, Y (t)),

g(t, Y (t))−
[
gℓ⊤ +Q(t)

∂

∂y
h⊤
]
(t,M(t))

(
ℓℓ⊤
)−1

ℓ(t, Y (t))
)( dW (1)(t)

dW (2)(t)

)
.

We are then in the setting of Lemma 5.3.4 with

dX (t) = A(t)X (t)dt+ F (t)dt+D(t)dW̃ (t),

where

A(t) :=
∂

∂y
f(t,M(t))−

(
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤)(ℓℓ⊤)−1 ∂

∂y
h(t,M(t)),

F (t) :=

[
f(t, Y (t))− f(t,M(t))− ∂

∂y
f(t,M(t))X (t)−

(
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

)
×(ℓℓ⊤)−1(t,M(t))

(
h(t, Y (t))− (h(t,M(t))− ∂

∂y
h(t,M(t))X (t))

)]
,

D(t) :=
√
ε
(
σ(t, Y (t)), g(t, Y (t))−

[
gℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

](
ℓℓ⊤
)−1

ℓ(t, Y (t))
)
,

W̃ (t) :=

(
W (1)(t)
W (2)(t)

)
.

By definition, for any k(t), saying that A(t) is (Q(t), k(t))-stable means that

Q̇(t) =
[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]
Q(t) +Q(t)

[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]

−Q(t)
∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
hQ(t) + a(t,M(t))

⪰
[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]
Q(t)−Q(t)

∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
hQ(t)

+Q(t)
[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]⊤

−Q(t)
∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
hQ(t) + k(t)Q(t),

and this implies that a(t,M(t)) ⪰ −Q(t)
∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
hQ(t) + k(t)Q(t), which is equiva-

lent to the condition (5.20). Now, we have to check the two conditions (5.23) and (5.24).
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Condition (5.24) can be deduced from the assumption (5.21) as follows. We have that

Q(t) +Q
−1

(t) ⪯ Ck(t)I implies D⊤(t)(Q(t) +Q
−1

(t))D(t) ⪯ D⊤(t)Ck(t)ID(t)

and thus D⊤(t)Q(t)D(t) +D⊤(t)Q
−1

(t)D(t) ⪯ Ck(t)|D(t)|2.

Since Q(t) and Q
−1

(t) are positive definite, hence D⊤(t)Q(t)D(t) ⪰ 0 and D⊤(t)Q
−1

(t)D(t) ⪰
0. In addition, |D(t)| is bounded, then D⊤(t)Q

−1
(t)D(t) = O(k(t)).

Now, let us prove the first condition. Instead of the first condition, we are going to show that

F⊤(t)K−1(t)F (t) ≤ αϵk
2(t)X⊤(t)K−1(t)X (t), (5.25)

which will imply that

X⊤(t)K−1(t)F (t) ≤ α1/2
ϵ k(t)X⊤(t)K−1(t)X (t), (5.26)

according to the Remark 5.3.5 below.
We have

F⊤(t)Q
−1

(t)F (t) =
[
B −

(
g(t,M(t))ℓ⊤(t,M(t))−Q(t)

∂

∂y
h⊤
)
(ℓℓ⊤)−1H

]⊤
×Q

−1
(t)×

[
B −

(
g(t,M(t))ℓ⊤(t,M(t))−Q(t)

∂

∂y
h⊤
)
(ℓℓ⊤)−1H

]
,

with

B := f(t, Y (t))− f(t,M(t))− ∂

∂y
f(t,M(t))(Y (t)−M(t)),

H := h(t, Y (t))− h(t,M(t))− ∂

∂y
h(t,M(t))(Y (t)−M(t)).

Thus, since f and h are almost linear, we obtain the following estimate,

F⊤(t)Q
−1

(t)F (t) = B⊤Q
−1

B −H⊤(ℓℓ⊤)−1(g(t,M(t))ℓ⊤

+Q(t)
∂

∂y
h(t,M(t)))⊤(ℓℓ⊤)−1Q

−1
B

+H⊤(ℓℓ⊤)−1
(
g(t,M(t))ℓ⊤ +Q(t)

∂

∂y
h(t,M(t))

)⊤
(ℓℓ⊤)−1Q

−1

×
(
g(t,M(t))ℓ⊤ +Q(t)

∂

∂y
h(t,M(t))

)
(ℓℓ⊤)−1H(t)

−B⊤Q
−1
(
g(t,M(t))ℓ⊤ +Q(t)

∂

∂y
h(t,M(t))

)⊤
(ℓℓ⊤)−1H(t)

≤ µε(1 + |Q(t)|+ |Q−1
(t)|)|Y (t)−M(t)|2,

because g, ℓ and (ℓℓ⊤)−1 are bounded.
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In addition, Q(t) + Q
−1

(t) ⪯ Ck(t)I implies that |Q(t)| + |Q−1
(t)| ≤ C|k(t)|, therefore

we can rewrite the last inequality as

F⊤(t)Q
−1

(t)F (t) ≤ µεCk(t)(Y (t)−M(t))⊤I(Y (t)−M(t)). (5.27)

And then, from Q(t) ⪯ ck(t)I , we obtain Ck(t)Q
−1 ⪰ I and the inequality (5.27) can take

the form

F⊤(t)Q
−1

(t)F (t) ≤ µεCk2(t)(Y (t)−M(t))⊤Q
−1

(t)(Y (t)−M(t)). (5.28)

The condition (5.25) is satisfied for some µε −→ 0. Therefore, the conclusion of lemma

5.3.4 applies, and we deduce that Q− 1
2 (t)(Y (t)−M(t)) is of order

√
ε.

□

Remark 5.3.5. This remark allows us to use condition (5.25) instead of condition (5.23). We
use the Cauchy-Schwarz inequality corresponding to the inner product defined by the positive
definite matrix K−1(t).∣∣∣X⊤(t)K−1(t)F (t)

∣∣∣ ≤ (X⊤(t)K−1(t)X (t)
) 1

2
(
F⊤(t)K−1(t)F (t)

) 1
2

≤
(
X⊤(t)K−1(t)X (t)

) 1
2
(
αϵk

2(t)X⊤(t)K−1(t)X (t)
) 1

2

≤ α1/2
ϵ k(t)X⊤(t)K−1(t)X (t).

Remark 5.3.6. Note that in the proof above, for the sake of clarity we use A(t) is (Q(t), k(t))-
stable instead of A(t) is (εQ(t), k(t))-stable since both are equivalent.

Proof. of the Theorem 5.3.1.
Since we have assumed that a and (ℓℓ⊤)−1 are uniformly elliptic and that h is strongly injective,
we have

Q(t)
∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
hQ(t)+a(t,M(t)) ⪰ c(Q

2
(t)+I) ⪰ c

(
Q(t) +Q

−1
(t)
)
Q(t). (5.29)

If there exists a family of deterministic positive functions p(t) such that p−1(t)Q(t) is uni-
formly bounded and elliptic, then the conditions of Lemma 5.3.3 will be satisfied with k(t)
proportional to p(t) + p−1(t). Namely, if we assume that p−1(t)Q(t) is uniformly bounded and
elliptic, it implies that there exist two positive real constants b1 and b2 satisfying

b1I ⪯ p−1(t)Q(t) ⪯ b2I. (5.30)

From the first part of this inequality we deduce that b1p(t)I ⪯ Q(t) and from the second

part we get
p−1(t)

b2
I ⪯ Q(t)−1. Combining these two inequalities, we get

Q(t) +Q(t)−1 ⪰
(
b1p(t) +

p−1(t)

b2

)
I ⪰ b

(
p(t) + p−1(t)

)
I, (5.31)
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for some constant b. Thus, we only have to prove the existence of such a family p(t).
Let p(0) be the trace of Q(0), as a reminder the dynamics of Q is given by

Q̇(t) =
[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]
(t,M(t))Q(t) +Q(t)

[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]⊤

(t,M(t)) (5.32)

−Q(t)
[ ∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
h
]
(t,M(t))Q(t) + a(t,M(t)).

Then, applying the trace to this dynamic, we obtain

tr(Q̇(t)) = tr

([ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]
Q(t)

)
+ tr

(
Q(t)

[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]⊤)

− tr

(
Q(t)

[ ∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
h
]
Q(t)

)
+ tr(a(t,M(t))).

Since
∂

∂y
f ,

∂

∂y
h, (ℓℓ⊤)−1 and g are bounded, and using the trace inequality (B.2), we have

tr

(
Q(t)

[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]⊤

(t,M(t))

)
≤
∣∣∣∣tr(Q(t)

[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]⊤

(t,M(t))

)∣∣∣∣
(5.33)

≤

∣∣∣∣∣
[
∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h

]⊤
(t,M(t))

∣∣∣∣∣ tr (Q(t)
)
.

(5.34)

In addition, the ellipticity of (ℓℓ∗)−1 implies that

tr

(
Q(t)

(
∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
h

)
(t,M(t))Q(t)

)
≥ tr

(
CQ

2
(t)
)
≥ C

n
tr
(
Q(t)

)2
, (5.35)

with the last inequality coming from the property (B.3).
Thus, we can write

− tr

(
Q(t)

(
∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
h

)
(t,M(t))Q(t)

)
≤ C

n
tr
(
Q(t)

)2
. (5.36)

Finally, a(t,M(t)) being bounded, we can find three positive constants C1, C2; C3 such that

tr(Q̇(t)) ≤ −C1 tr
(
Q(t)

)2
+ C2 tr

(
Q(t)

)
+ C3. (5.37)

Denoting tr
(
Q(t)

)
by p(t), the last inequality reads

ṗ(t) ≤ −C1p
2(t) + C2p(t) + C3. (5.38)

Then, since Q(t) is bounded, there exists C4 such that C2p(t) + C3 ≤ C4.
Therefore,

ṗ(t) ≤ −C1p
2(t) + C4. (5.39)

Then, we can say that the solution of (5.38) with equality sign will be less than the solution of (5.39)
with the equality sign and both starting at the same initial condition p(0).
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Similarly, if p(t) denotes the trace of Q
−1

(t), writing the equation of the dynamic of Q
−1

, and

relying on the assumptions that
∂

∂y
h is bounded, a and (ℓℓ⊤)−1 are elliptic, we can find two constants

C ′
1 and C ′

2 such that the trace of Q
−1

(t) is less than the solution of

ṗ(t) = −C ′
1p

2(t) + C ′
2. (5.40)

To obtain equation (5.40), we first derive the dynamics of Q
−1

by taking advantage of the fact that

Q(t)Q
−1

(t) = I implies Q̇(t)Q
−1

(t) +Q(t)Q̇
−1

(t) = 0 and thus Q̇
−1

(t) = −
(
Q

−1
Q̇Q

−1
)
(t).

Hence, substituting Q̇(t) it yields

Q̇
−1

(t) = −Q
−1

(t)
[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]
(t,M(t))−

[ ∂

∂y
f − gℓ⊤(ℓℓ⊤)−1 ∂

∂y
h
]⊤

(t,M(t))Q
−1

(t)

+
[ ∂

∂y
h⊤(ℓℓ⊤)−1 ∂

∂y
h
]
(t,M(t))−Q

−1
(t)a(t,M(t))Q

−1
(t).

Applying the trace and using the same arguments as above, (5.40) holds.
Now, we have tr(Q(t)) ≤ p(t) and tr(Q

−1
(t)) ≤ p(t). This implies that

p−1(t) ≤ tr(Q(t)) ≤ p(t), (5.41)

and then
p−1(t)I ⪯ Q(t) ⪯ p(t)I. (5.42)

So we only have to prove that p−1(t) ≥ Cp(t) or equivalently that p(t)p(t) is bounded. We have

d

dt
(p(t)p(t)) = ṗ(t)p(t) + p(t)ṗ(t)

= (−C1p
2(t) + C2)p(t) + p(t)(−C ′

1p
2(t) + C ′

2)

= (−C1p(t)− C ′
1p(t))p(t)p(t) + C2p(t) + C ′

2p(t)

≤ −C3(p(t) + p(t))p(t)p(t) + C4(p(t) + p(t))

≤ C3(p(t) + p(t))(
C4

C3
− p(t)p(t))

≤ C3(p(t) + p(t))(C5 − p(t)p(t)).

For some positive constants C3, C4, C5. Hence, the derivative of p(t)p(t) is negative as soon as
p(t)p(t) is greater than C5. Moreover, from the assumption on the eigenvalues of Q(0), p(0)p(0) is
bounded, thus p(t)p(t) is bounded as well. Therefore, the conclusion of Lemma 5.3.3 holds.

□

5.4 Impact of the initial error on the EKF estimation error

To implement the EKF procedure, we must assume that the initial value of the hidden state
Y (0) is normally distributed with mean M(0) and covariance matrix Q(0). Therefore, initial
guesses for M(0) and Q(0) are required. These initial guesses generate an initial error, which
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could impact the convergence of the extended Kalman filter to the true signal. It is necessary
to analyze how the initial error evolves over time. The theorem below demonstrates that under
certain technical conditions, the initial error diminishes exponentially fast.

Theorem 5.4.1. Let (M(t), Q(t))t≥0 be an extended Kalman filter for the filtering problem
(5.1), with the gain G defined as

G(t) =

[
g(t)ℓ⊤(t,M(t)) +Q(t)

∂

∂y
h⊤(t,M(t))

]
(ℓℓ⊤)−1(t,M(t)), (5.43)

where Q = 1
εQ. If the following conditions are fulfilled,

1. σ(t, Y (t)) and g(t, Y (t)) are bounded in L∞−,

2. functions f and h are C1 with bounded derivatives,

3. the observable process G(t) is such that for any F-adapted process ξ, the process

A(t) =
∂

∂y
f(t, ξ(t))−G(t)

∂

∂y
h(t, ξ(t)) (5.44)

is exponentially stable. More precisely, it satisfies (5.18) for some c > 0.
Fixing some c0 < c, then it holds

|Y (t)−M(t)|q ≤ Cq

√
ε+ Cq|Y (0)−M(0)|q exp(−c0t). (5.45)

Remark 5.4.2. Assumption 1 and 2 of this theorem are satisfied for the SI±S epidemic model,
since we consider constant population sizes and strictly positive compartments sizes. For the
third assumption, the expression of A is as follows

A(τ) =εβ
[
1− 2(X1(0) + εξ(τ))− (X2(0) + εZ(τ))

]
− (α+ ρ−)ε

− α2ε
(
Q(τ)− (X1(0) + εξ(τ))

) (
α(X1(0) + εξ(τ)) + ρ−(X2(0) + εZ(τ))

)−1
.

Since A(τ) is a scalar, it is exponentially stable if it is negative for any F-adapted process
ξ. Hence, the parameters and initial values of the filter must be such that A(τ) is negative in the
estimation time window.

The conclusion of Theorem 5.4.1 shows that for large t, the first term Cq
√
ε is the dominating

part of the upper bound on the right-hand side. This implies that for t large enough the filtering
error is uniformly bounded w.r.t. time. The proof of Theorem 5.4.1 involves the use of the
following lemma, which is proven in Picard [110].

Lemma 5.4.3. Consider a family A(t) of locally bounded processes with values in the class of
square matrices of order n,

1. Suppose that there exist a uniformly bounded and elliptic family K(t), and a constant
number k > 0 such that A(t) is (K(t), k) stable, then A(t) is exponentially stable and the
estimate (5.18) is satisfied with c = k/2.
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2. Conversely, if A(t) is uniformly bounded and exponentially stable (so that estimate (5.18)
holds for some c > 0) then for any k < 2c, there exists a family of uniformly bounded and
elliptic processes K(t) that are adapted to the filtration generated by A and are such that
A(t) is (K(t), k) stable. More generally, if q0 is a family of uniformly positive numbers,
there exists a family of uniformly elliptic processes K(t) such that K(0) = q0I, A(t) is
(K(t), k) stable and

tr(K(t)) ≤ C (1 + q0 exp(−(2c− k)t)) . (5.46)

Proof. (of Theorem 5.4.1) Let (M(t), Q(t))t≥0 be the extended Kalman filter of our model with
gain G(t) defined in the theorem and initial guess M(0). Since f and h are C1 with bounded
derivatives, there exists a F-adapted process ξ such that

f(t, Y (t))− f(t,M(t)) =
∂

∂y
f(t, ξ(t)) (Y (t)−M(t)) , (5.47)

and
h(t, Y (t))− h(t,M(t)) =

∂

∂y
h(t, ξ(t)) (Y (t)−M(t)) , (5.48)

Thus, defining X (t) := Y (t)−M(t), it follows that

f(t, Y (t))− f(t,M(t))−G(t) (h(t, Y (t))− h(t,M(t))) =

(
∂

∂y
f(t, ξ(t))−G(t)

∂

∂y
h(t, ξ(t))

)
X (t)

=A(t)X (t),

with A(t) :=
∂

∂y
f(t, ξ(t))−G(t)

∂

∂y
h(t, ξ(t)).

Therefore, defining W̃ (t) :=
(
W (1)(t),W (2)(t)

)⊤
, we have

dX (t) = d (Y (t)−M(t))

= [f(t, Y (t))− f(t,M(t))−G(t) (h(t, Y (t))− h(t,M(t)))] dt+
√
ε
[
σ(t, Y (t))dW (1)(t) + (g(t, Y (t))−G(t)ℓ(t, Y (t))) dW (2)(t)

]
(

∂

∂y
f(t, ξt)−G(t)

∂

∂y
h(t, ξ(t))

)
X (t)dt+

√
ε (σ(t, Y (t)), g(t, Y (t))−G(t)ℓ(t, Y (t))) dW̃ (t)

= A(t)X (t)dt+
√
εD(t)dW̃ (t),

with D(t) := (σ(t, Y (t)), g(t, Y (t))−G(t)ℓ(t, Y (t))) .
Since A(t) is exponentially stable and bounded by assumption, Lemma 5.4.3 asserts that for

any k < 2c, there exists a family of processes K(t) that are uniformly bounded, elliptic and
adapted such that A(t) is (K(t), k) stable, and for some family of uniformly positive numbers
q0 = |Y (0)−M(0)|2q , K(t) satisfy

tr(K(t)) ≤ C (1 + q0 exp(−(2c− k)t)) . (5.49)
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We deduce also that A(t) is (εK(t), k) stable. We are then in the setting of Lemma 5.3.4 with
F (t) = 0. Thus for α = 0 and because σ, g and ℓ are bounded, for any q ≥ 1 and ε small
enough, if X⊤(0)(εK(0))−1X (0) is bounded in Lq, then the process X⊤(t)(εK(t))−1X (t) is
bounded in Lq. In addition,

εK(t) ⪯ tr(εK(t))I implies (tr(εK(t)))−1I ⪯ (εK(t))−1,

thus X⊤(t)(tr(εK(t)))−1X (t) ≤ X⊤(t)(εK(t))−1X (t),

then X⊤(t)(tr(εK(t)))−1X (t) is bounded in Lq.

And finally, given the fact that X⊤(t)(tr(εK(t)))−1X (t) = |(tr(εK(t)))−1/2X (t)|2, we
deduce that (tr(εK(t)))−1/2X (t) is bounded in Lq.

Therefore, there exists Cq such that

|(tr(εK(t)))−1/2X (t)|q ≤ Cq, (5.50)

This implies, using the inequality (1 + x)1/2 ≤ 1 + x1/2 for x ≥ 0, that

|X (t)|q ≤
√
εCq(tr(K(t)))1/2

≤
√
εCq (1 + q0 exp(−(2c− k)t))1/2

≤ Cq

√
ε+ Cq

√
ε|Y (0)−M(0)|q exp(−(c− k/2)t)

≤ Cq

√
ε+ Cq|Y (0)−M(0)|q exp(−c0t),

with c0 = c− k/2 and ε small enough. □
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CHAPTER 6

Conclusion

The essence of this thesis has been to develop a mathematical framework for a stochastic epi-
demic model with partial information. This investigation achieved significant numerical and
theoretical results.
Epidemic models and hidden compartments estimation: In order to estimate the hidden com-
partment sizes, we primarily described the dynamics of a compartmental model with some
unobserved compartments using a stochastic differential equation (SDE), namely the diffu-
sion approximation. This diffusion approximation was the result of approximating the non-
homogeneous continuous-time Markov chain (CTMC) process, which counts individual transi-
tions between compartments. The diffusion approximation was thus applied to a measles epi-
demic model. Such a diffusion process was suitable for defining a non-standard filtering prob-
lem, which we solved using the extended Kalman filter approach. Application to the measles
model, have provided estimated dynamics of the number of infected people that matches the
progression simulated from the stochastic model.
Stochastic optimal control problem (SOCP): We have constructed and solved a stochastic
optimal control problem for a SI±R±H epidemic with some unobserved compartment sizes.
This SOCP involves three countermeasures, namely social distancing, testing and vaccination.
A realistic performance criterion was considered, taking into account, the initial fixed costs of
implementing the countermeasures mentioned above, linear costs depending on the number of
affected individuals, and a quadratic penalty when the number of affected individuals exceeds a
certain threshold. Using the filtering argument, the SOCP with a partially observed state process
was transformed into a SOCP with a fully observed 8-dimensional state process. To address
the curse of dimensionality faced by the resulting Markov decision process, state discretization
was applied, and two implementations of the backward recursion algorithm were performed
using quantization techniques. These two implementations yielded consistent results. Through
simulations, it was demonstrated that the obtained approximations of the optimal control were
effective in containing the spread of the infectious disease.
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Convergence of the EKF: We examined the convergence of the EKF for continuous-time fil-
tering problems with a model closely related to the filtering problem model that we face for the
epidemic models with partial information. This investigation led to the generalization of two
significant results from Picard [110], concerning the property that, first, the filtering error is of
order

√
ε, and second, the initial error is forgotten exponentially fast. The application of these

theoretical results to the filtering problem for the SI±S epidemic model is analysed.
Future research directions: In light of the limitations presented by the approach undertaken in
this thesis, future analyses should thoroughly investigate the following:

• The efficiency of the EKF for the epidemic model in continuous-time as well as with
discrete-time dynamics and their application to the epidemic models for which the hidden
signal and observation are multidimensional.

• Machine learning methods that can overcome the curse of dimensionality and allow for
finer discretization grids. For instance, the use of a neural network, such as the multi-layer
perceptrons (MLP), to learn the value function at each time step of the backward recursion
algorithm. This alternative would eliminate the need for the linear interpolation in high
dimension, which is numerically inefficient (memory and time-consuming).

• The application of the hidden compartment size estimation to ongoing epidemics. The
development of a simulator capable of generating future scenarios of epidemic spread
represents a promising practical application of these results. Such a simulator could in-
corporate stochastic optimal control solutions by providing, for a given current state of the
epidemic, the associated optimal control to be applied.
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APPENDIX A

Additional Material on SOCP for Epidemics under Partial Information

A.1 Proofs

Proposition 4.3.1. Let us denote by FZ
0 = FI

0 ∨ σ{Z0} the initial information σ-algebra gen-
erated by the initial guess of Y0 and the initial observation Z0. We recall that the conditional
distribution of Y (0) follows a Gaussian law N (m0, q0).

Taking the conditional expectation of the performance criterion with respect to the initial
information FZ

0 , we obtain

E[J F (X0, u)|FZ
0 ] = E

[Nt−1∑
n=0

ΨF ((Yn, Zn), un) + ΦF (YNt
, ZNt

)
∣∣∣FZ

0

]

= E
[Nt−1∑

n=0

E
[
ΨF ((Yn, Zn), un)

∣∣∣FZ
n

]
+ E

[
ΦF (YNt

, ZNt
)
∣∣∣FZ

Nt

]∣∣∣FZ
0

]

This last equality is obtained using the tower low of conditional expectation since FZ
0 ⊆ FZ

n

for all n ≥ 0. Then, because ΨF and ΦF are considered linear and quadratic in y, the above
conditional expectation E[. . . |FZ

n ], n = 0, · · · , Nt can be expressed in terms of the extended
Kalman filter (M,Q) approximation for the hidden state Y . We recall that in the case of con-
ditionally Gaussian sequences treated in Liptser and Shiryaev [94], the conditional distribution
of Yn is the Gauss distribution N (Mn, Qn). When computing the conditional expectation of
running and terminal costs, expression that are fully observable, meaning that they do not de-
pend on the hidden state Y , are not modified. In our case, it means that only the running and
terminal infection costs for non-detected infectious are modified (since XWork = N − Z1 − Z3

and XTest = N−(Z1+Z2+Z3) allow to obtain fully observable expressions for economic, de-
tection and vaccination costs). The running infection costs for non-detected infectious becomes
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E
[
C−
I

(
Y 1
n , xI

−
) ∣∣∣FZ

n

]
= E

[
aI−Y

1
n + bI−(Y

1
n − xI

−
)2+

∣∣∣FZ
n

]
= aI−M

1
n + bI−E

[
(Y 1

n − xI
−
)2+

∣∣∣FZ
n

]
.

Further, because the conditional law of Y 1
n given FZ

n is Gaussian with mean M1
n and variance

Q1
n, we have,

E
[
C−
I

(
Y 1
n , xI

−
) ∣∣∣FZ

n

]
= aI−M

1
n + bI−

∫ ∞

xI−
(y − xI

−
)2

1√
2πQ1

n

exp
(
− 1

2

(y −M1
n)

2

Q1
n

)
dy.

Similar expressions are derived for the terminal infection costs for non-detected infectious.
Hence, there exist measurable functions Ψ and Φ as given in the proposition, such that

E[J F (X0, u)|FZ
0 ] = Em0,q0,z

[Nt−1∑
n=0

Ψ(Mn, Qn, Zn, un) + Φ(MNt , QNt , ZNt)
]

□

Lemma 4.3.2 . The transformation of this integral is done by two successive changes of variable.
First, let ỹ = y − xI

−
, thus the integral becomes∫ ∞

0
ỹ2

1√
2πq1

exp
(
− 1

2

(ỹ + xI
− −m1)2

q1

)
dỹ. Second, let m̂ = m1 − xI

−
and ŷ =

ỹ − m̂√
q1

,

we deduce that the integral reads∫ ∞

−
m̂√
q1

(m̂+
√

q1ŷ)2
1√
2π

exp
(
− 1

2
ŷ2
)
dŷ.

After expansion of the quadratic term in the integral and identification of the cumulative
distribution function of the standard normal distribution

ΦN (t) =

∫ t

−∞

1√
2π

exp(−1

2
ŷ2)dŷ, we obtain the result

(
(m1 − xI

−
)2 + q1

)
ΦN

(m1 − xI
−√

q1

)
+ (m1 − xI

−
)

√
q1

2π
exp

(
− 1

2

(m1 − xI
−
)2

q1

)
.

□

A.2 Transition operator functions

Expressions of functions involved in the transition operators are:

fM (n,m, q, z, ν) =m+ f(n,m, z),

fQ(n,m, q, z, ν) =−
[
gℓ⊤ + f1qh

⊤
1

] [
ℓℓ⊤ + h1qh

⊤
1

]+ [
gℓ⊤ + f1qh

⊤
1

]⊤
+ f1qf

⊤
1 +
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σσ⊤ + gg⊤,

fZ(n,m, q, z, ν) =h0 + h1m,

gM (n,m, q, z, ν) =
[
gℓ⊤ + f1qh

⊤
1

] ( [
ℓℓ⊤ + h1qh

⊤
1

]+ ) 1
2
,

gZ(n,m, q, z, ν) =
[
ℓℓ⊤ + h1qh

⊤
1

]1/2
.

A.3 Additional numerical results

A.3.1 Value function obtained with interpolation method w.r.t. each component
of the state process

To better understand how the value function evolves with respect to each component of the state
process, we freeze all variables except one and represent the value function in terms of that single
variable. This approach is particularly helpful in determining the form of the ansatz function
required for the second numerical approach, which involves fitting the value function. Therefore,
the other components are fixed at either small or moderate values while the value function is
plotted against the component of interest. Figures A.1( Panels a,c,e), A.2 ( Panels a,c,e), A.3(
Panels a,c,e), and A.4 ( Panels a,c,e) illustrate the shape of the value function depending on these
components. We observe that the value function has a linear plus quadratic shape with respect
to components Z1, Z3, and M1. Additionally, it exhibits a decreasing shape as a function of
Z2 = R+ and M2. Finally, the value function appears as a linearly increasing function with
respect to the first diagonal entry of the conditional covariance Q1. This can be explained by the
fact that as Q1 increases, there is more uncertainty in the estimate of M1, suggesting that higher
values of M1 are more likely and come with higher costs.

A.3.2 Value function obtained with regression method w.r.t. each component of
the state

The behavior of the value function with respect to each compartment can also be visualized using
the second method, regression. Figure A.1( Panels b,d,f), Figure A.2 ( Panels b,d,f), Figure A.3(
Panels b,d,f), and FigureA.4 ( Panels b,d,f) illustrate how the value functions vary w.r.t. each
compartment size, while the other compartments are fixed at small and moderate values, similar
to the first method results. We observe that the overall shape of the value function for each
compartment aligns with the basis of the ansatz functions. However, some structural changes
in the value function over time can be noted. For instance, in Figures A.3 (Panels d and f), the
value functions increase as the time is running backward and when the other components are
kept small. Conversely, they generally decrease when the other components are kept moderate
A.4 (Panels d and f). This behavior differs from the results obtained with linear interpolation.
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Interpolation Regression

(a) Function of z1, other variables small (b) Function of z1, other variables small

(c) Function of m1, other variables small (d) Function of m1, other variables small

(e) Function of z3, other variables small (f) Function of z3, other variables small

Figure A.1: Value function from linear interpolation approach (left) and regression approach
(right) as function of z1, m1 and z3
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Interpolation Regression

(a) Function of z1, other variables moderate (b) Function of z1, other variables moderate

(c) Function of m1, other variables moderate (d) Function of m1, other variables moderate

(e) Function of z3, other variables moderate (f) Function of z3, other variables moderate

Figure A.2: Value function from linear interpolation approach (left) and regression approach
(right) as function of z1, m1 and z3
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Interpolation Regression

(a) Function of z2, other variables small (b) Function of z2, other variables small

(c) Function of m2, other variables small (d) Function of m2, other variables small

(e) Function of q1, other variables small (f) Function of q1, other variables small

Figure A.3: Value function from linear interpolation approach (left) and regression approach
(right) as function of z2,m2 and q1
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Interpolation Regression

(a) Function of z2, other variables moderate (b) Function of z2, other variables moderate

(c) Function of m2, other variables moderate (d) Function of m2, other variables moderate

(e) Function of q1, other variables moderate (f) Function of q1, other variables moderate

Figure A.4: Value function from linear interpolation approach (left) and regression approach
(right) as function of z2,m2 and q1
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APPENDIX B

Auxiliary results from matrix analysis

B.1 The Moore-Penrose pseudoinverse

Let n,m be two positive integers, and Mn,m(R) the class of n ×m matrices with real entries.
Every A ∈ Mn,m(R) has a pseudoinverse and, moreover, the pseudoinverse, denoted A+ ∈
Mn,m(R), is unique. A purely algebraic characterization of A+ is given in the next theorem
proved by Penrose in 1956.

Theorem B.1.1. Let A ∈ Mn,m(R). Then B = A+ if and only if

1. ABA = A,

2. BAB = B,

3. (AB)⊤ = AB,

4. (BA)⊤ = BA.

Furthermore, A+ always exists and is unique

B.2 General results on symmetric positive definite (semi-definite)
matrices

We refer to the book [67] for further details and proof of results in this section. Let n,m be two
positive integers, and Mn(R) the class of n× n matrices with real elements:

Definition B.2.1. A symmetric matrix A ∈ Mn(R) is

1. positive definite if x⊤Ax > 0 for all nonzero x ∈ Rn;
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2. positive semi-definite if x⊤Ax ≥ 0 for all nonzero x ∈ Rn.

Proposition B.2.2. Let A1, . . . , Ak ∈ Mn(R) be positive semi-definite and let α1, . . . , αk be
nonnegative real numbers. Then

∑k
i=1 αiAi is positive semi-definite. If there is a j ∈ {1, . . . , k}

such that αj > 0 and Aj is positive definite, then
∑k

i=1 αiAi is positive definite.

Proposition B.2.3. Let A ∈ Mn(R) be positive semi-definite (respectively, positive definite).
Then trA, detA, and the principal minors of A are all nonnegative (respectively, positive).
Moreover, trA = 0 if and only if A = 0.

Proposition B.2.4. Let A ∈ Mn(R) be positive semi-definite and let x ∈ Rn. Then x⊤Ax = 0
if and only if Ax = 0.

Proposition B.2.5. A positive semi-definite matrix is positive definite if and only if it is nonsin-
gular.

Theorem B.2.6. Let A ∈ Mn(R) be symmetric. Then x⊤Ax > 0 (respectively, x⊤Ax ≥ 0) for
all nonzero x ∈ Rn if and only if every eigenvalue of A is positive (respectively, nonnegative).

Theorem B.2.7. A symmetric matrix is positive semi-definite if and only if all of its eigenvalues
are nonnegative. It is positive definite if and only if all of its eigenvalues are positive.

Corollary B.2.8. A nonsingular symmetric matrix A ∈ Mn(R) is positive definite if and only
if A−1 is positive definite.

Corollary B.2.9. If A ∈ Mn(R) is positive semi-definite, then so is each Ak, k = 1, 2, . . ..

Theorem B.2.10. Let A ∈ Mn(R) be symmetric.

1. A is positive semi-definite if and only if there is a B ∈ Mn,m(R) such that A = B⊤B.

2. If A = B⊤B with B ∈ Mm,n, and if x ∈ Rn, then Ax = 0 if and only if Bx = 0, so
nullspaceA = nullspaceB and rankA = rankB.

3. If A = B⊤B with B ∈ Mn,m(R), then A is positive definite if and only if B has full
column rank.

B.3 The Loewner partial order

Proposition B.3.1. If A ∈ Mn(R) is symmetric with the smallest and largest eigenvalues
λmin(A) and λmax(A), respectively, then λmax(A)I ⪰ A ⪰ λmin(A)

Proposition B.3.2. Let A ∈ Mn(R) be symmetric,

1. I ⪰ A if and only if λmax(A) ≤ 1;

2. I ≻ A, if and only if λmax(A) < 1.
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Definition B.3.3. Let X ∈ Mn,m(R). Then σ1(X) = λ
1/2
max(XX⊤) = λ

1/2
max(X⊤X) =

σ1(X
⊤) is the largest singular value (the spectral norm) of X . We say that X is a contrac-

tion if σ1(X) ≤ 1; it is a strict contraction if σ1(X) < 1.

Theorem B.3.4. Let A, B ∈ Mn(R) be symmetric and let S ∈ Mn,m. Then

1. if A ⪰ B, then S⊤AS ⪰ S⊤BS;

2. if rankS = m, then A ≻ B implies S⊤AS ≻ S⊤BS

3. if m = n and S ∈ Mn is nonsingular, then A ≻ B if and only if S⊤AS ≻ S⊤BS; A ⪰ B
if and only if S⊤AS ⪰ S⊤BS;

4. Im ≻ S⊤S (respectively, In ≻ SS⊤) if and only if S is a strict contraction; Im ⪰ S⊤S
(respectively, In ⪰ SS⊤) if and only if S is a contraction;

Theorem B.3.5. Let A,B ∈ Mn(R) be symmetric. Let λ1(A) ≤ . . . ≤ λn(A) and λ1(B) ≤
. . . ≤ λn(B) be the ordered eigenvalues of A and B, respectively.

1. If A ≻ 0 and B ≻ 0, then A ⪰ B if and only if B−1 ⪰ A−1.

2. If A ≻ 0, B ⪰ 0, and A ⪰ B , then A1/2 ⪰ B1/2.

3. If A ⪰ B, then λi(A) ≥ λi(B) for each i = 1, . . . , n.

4. If A ⪰ B, then trA ≥ trB with equality if and only if A = B.

5. If A ⪰ B ⪰ 0, then detA ≥ detB ≥ 0.

Theorem B.3.6. Let A ∈ Mn(R) be positive semi-definite and let B ∈ Mn(R) be symmetric.
The following four statements are equivalent:

1. x⊤Ax ≥ |x⊤Bx| for all x ∈ Cn.

2. x⊤Ax+ y⊤Ay ≥ 2|x⊤By| for all x, y ∈ Cn.

3. H =

[
A B
B A

]
is positive semi-definite.

4. There is a symmetric contraction X ∈ Mn(R) such that B = A1/2XA1/2.

If A is positive definite, then the following statement is equivalent to 1:

5. ρ(A−1B) ≤ 1.
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B.4 Some properties of the trace

We refer to [49] for the proof of the following lemma.

Lemma B.4.1. (Properties of symmetric and positive semi-definite matrices) Let A,B ∈ Md(R),
d ∈ N, symmetric and positive semi-definite matrices. Then it holds

1.
λmin(A) tr(B) ≤ tr(AB) ≤ λmax(A) tr(B) (B.1)

where λmin(A) and λmax(A) denote the smallest and largest eigenvalue of A, respec-
tively.

2.
tr(B)

tr (A−1)
≤ tr(AB) ≤ tr(A) tr(B) (B.2)

where for the first inequality A is assumed to be positive definite.

3.
tr2(A) ≥ tr

(
A2
)
≥ 1

d
tr2(A) (B.3)

4.
|A|F =

√
tr (A2) ≤ tr(A) (B.4)

where |A|F denotes the Frobenius norm of A.

Theorem B.4.2. Let A,B ∈ Md(R), d ∈ N, symmetric and positive semi-definite matrices,
then

tr(AB) ≤ | tr(AB)| ≤ |A|2 tr(B) (B.5)

where |A|2 denotes the spectral norm or largest singular value of A.

The proof of the above theorem is in [114].
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Nomenclature

List of Abbreviations

SIR, SIRS Susceptible Infected Recovered with/without lifelong immunity)
SI±R±H Suceptible Infected detected/non-detected Recovered

detected/non-detected Hospitalized
SI±S Susceptible detected/non-detected Infected (without immunity

after recovery)
Covid-19 Coronavirus disease 2019
ODE,SDE Ordinary/Stochastic Differential Equation
SOCP Stochastic optimal control problem
MDP Markov decision process
CTMC Continuous time Markov chain
LLN Law of Large Number
CLT Central Limit Theorem
CNGS conditional non-linear Gaussian system
EKF Extended Kalman filter
NPI Non-Pharmaceutical Intervention
ICU Intensive Care Unit
HJB Hamilton Jacobi Bellman
DPE Dynamic programming equation
CLVQ Competitive learning vector quantization
RBF Radial basis functions

List of Notations
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APPENDIX B. AUXILIARY RESULTS FROM MATRIX ANALYSIS

R0 Basic reproduction number
λ = λ(t,X(t)) intensity rate
ν Intensity rate according to X
σ Diffusion coefficient for diffusion approximation of CTMC X

σ Diffusion coefficient for diffusion approximation of CTMC X
τ = τk(t) Time change representation
ξk Transition vector
d Number of compartments in a given model
F Drift coefficient for diffusion approximation for CTMC X

F Drift coefficient for diffusion approximation for CTMC X
In n× n identity matrix
K total number of different transitions
Mk Counting process (counts the number of transition k in [0, t])
N total population size
X(t) State for absolute subpopulation size
X(t) Relative subpopulation size
X

∞
(t) solution of the ODE system

Πk(.) Standard Poisson process with unit intensity
Y Hidden state
Z Observable state
Ỹ Hidden state approximation via Taylor expansion
Y The value around which we perform the Taylor expansion
Z̃ Observable state approximation via Taylor expansion
M Conditional mean in the EKF
Q Conditional covariance in the EKF
F = {Ft}t≥0 Natural filtration of X
N Set of natural number
P Probability measure on a measurable space (Ω,F)
ξk d-dimensional vector formed by 0, 1 and −1
Ω Sample space
W i

n Independent sequence of i.i.d. N (0, I) random vector
Zn Whole observation path
P− a.s. Almost surely with respect to the probability measure P
∥.∥ Euclidean norm
|.| Absolute value
H hospitalized compartment
I, I−, I+ infected compartment, non-detected infected, detected infected

compartment,
R, R−, R+ Recovered, non-detected, detected recovered
S Susceptible compartment
ρ correlation coefficient
I+max upper bound of number of detected infected
Hmax upper bound of number of hospitalized
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B.4. SOME PROPERTIES OF THE TRACE

M1
max, M

2
max upper bound of M1, M2

Q1
max, Q

2
max upper bound of first and second diagonal entries Q1, Q2

Q12 non-diagonal entry of the covariance matrix
M1, M2 set of discretized values of M1, M2

Q1, Q2 set of discretized values of Q1, Q2

R set of discretized values of ρ
Z1,Z2,Z3 sets of discretized values of Z1, Z2, Z3

M̃1, M̃2 discretization values of M1, M2

Q̃1, Q̃2 discretization values of Q1, Q2

Z̃1, Z̃2, Z̃3 discretization values of Z1, Z2, Z3

xm̃ generic grid point
uL social distancing or lockdown rate
uT Testing rate
uV vaccination rate
u generic control sequence
uTmin, uTmax minimum and maximum testing rate
uVmax maximum vaccination rate
A set of admissible control
U set of feasible control values
u∗ optimal control
ũ∗ optimal decision rule
UD set of discretized feasible control values
β infection rate
α detection rate
η−, η+ hospitalization rate for non-detected, detected infected
µ Vaccination rate
ρ Losing immunity rate
γ−, γ+, γH recovery rate for non-detected, detected, hospitalized infected
Mn conditional mean at time n×∆t
Qn conditional covariance at time n×∆t
n discrete time index
Nt time index for terminal time T = Nt ×∆t
XP state process under partial information
FZ
n observable σ-algebra at time n

Bn Gaussian sequence
En innovation sequence
f drift coefficient of the hidden state in continuous time
σ, g first and second diffusion coefficient of the hidden state in con-

tinuous time
h0 h1 terms of drift coefficient of the observation in continuous time
ℓ diffusion coefficient of the observation in continuous time
f drift coefficient of the hidden state in discrete time
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σ, g first and second diffusion coefficient of the hidden state in discrete
time

h0 h1 terms of drift coefficient of the observation in discrete time
ℓ diffusion coefficient of the observation in discrete time
[A]+ pseudoinverse of the matrix A
FI
0 initial information σ-algebra

I identity matrix
m0,q0 initial values of conditional mean and conditional covariance
Ck generic running cost function
ak, ak, bk generic running cost coefficient
aI−,Nt

, aI+,Nt
, bI−,Nt

,
bI+,Nt

coefficient hidden, detected infection cost at terminal time

x threshold of the number of affected people
CL, CT , CV , CH running lockdown, test, vaccination, hospitalization costs
C±
I running infection costs (detected/non-detected)

Xwork labor force within the population
xI

±
threshold for the number of infected (detected/non-detected)

XTest number of people who ca be tested
xTest maximum capacity for testing
xVacc maximum capacity for vaccination
xH maximum hospital capacity
ΨF , ΦF running and terminal cost under full information
J F expected aggregated cost under full information
F observable filtration
J expected aggregated cost under partial information
Ψ, Φ running and terminal cost under partial information
fM , gM drift and noise coefficients of the conditional mean
fZ , gZ drift and noise coefficients of the observation
T transition operator for XP

T M , T Q, T Z transition operator for conditional mean, conditional covariance,
and observation

ΦN CDF of normal distribution
Γ set of quantization points
Nl number of quantization points or quantization level
ξl, wl quantization points and weights
φj ansatz functions
θj ansatz functions regression coefficients
I set of grid points indexes
ν generic value of control
W = (W 1,W 2)⊤ K-dimensional standard Brownian motions
E innovation process
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