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Abstract

We formulate a generalization of the time-dependent Gutzwiller theory for
the application to multi-band Hubbard models. Our approach allows for the
computation of general momentum- and frequency-dependent two-particle
response functions. The in-depth knowledge of them is crucial for the un-
derstanding and interpretation of experiments in solid-state physics. In the
calculation of ground-state properties of Hubbard models, the Gutzwiller
approach is known to overcome the main shortcomings of the Hartree—Fock
approximation, whose time-dependent generalization is the standard text-
book method for the calculation of response functions. We therefore expect
that the time-dependent Gutzwiller theory, that has been formulated only
for the single-band Hubbard model so far, will offer a technique yielding new
insight into the dynamics of strongly-correlated multi-orbital systems.

In this thesis, we motivate the employment of multi-orbital Hubbard
models and give an introduction to multi-band Hubbard models in Chap-
ters 1 and 2. Their treatment within the Gutzwiller variational approach is
subject of Chapter 3, where it is supplemented by investigations that connect
our new approach to previous results. We derive the random-phase approx-
imation as the time-dependent Hartree—Fock theory in Chapter 4, followed
by the derivation of the corresponding time-dependent Gutzwiller theory in
Chapter 5. We demonstrate the applicability of our new approach in Chap-
ter 6, where we calculate the transversal spin susceptibility of a Hubbard
model with two degenerate bands and present numerical results for systems
in infinite and three spatial dimensions. A summary and conclusion is given
in the final Chapter. Mathematical details of our derivations are presented
in several appendices.






Chapter 1

Introduction

The investigation of materials with medium to strong Coulomb interaction
effects has been a long-standing subject in solid-state physics. Besides nu-
merically exact techniques (like exact diagonalization or quantum Monte-
Carlo methods) that are limited to systems of only a few lattice sites, the
Density-Functional Theory (DFT) in combination with the Local-Density
Approximation (LDA) has established as the standard tool for the inves-
tigation of metallic systems. For transition metals and their compounds,
however, the LDA becomes insufficient. The reasons for the shortcomings of
the LDA are believed to be due to an inadequate treatment of the Coulomb
interaction effects.

For the investigation of transition-metal compounds, e.g., manganites,
pnictides and cobaltates, more reliable many-particle techniques are desir-
able. A realistic model for the description of the aforementioned compounds
requires the treatment of multi-orbital systems since their constituents pos-
sess partially-filled d-shells.

The single-band Hubbard model has become the standard model for the
investigation of systems with short-range interactions. Within the Hartree—
Fock (HF) approximation it allows for a relatively simple calculation of
ground-state properties and of one-particle excitations within the Fermi-
liquid theory. The HF approximation covers the weak-coupling limit only,
therefore its application to strongly correlated electron systems is question-
able.

A big progress in the treatment of many-particle systems was achieved
by the limit of infinite spatial dimensions or infinite coordinate numbers,
respectively. In this limit, the Hubbard model can be evaluated exactly
leading to the Dynamical Mean-Field Theory (DMFT), in which the orig-
inal lattice model is mapped onto an effective single-impurity system that

9



10 CHAPTER 1. INTRODUCTION

has to be solved numerically [1, 2, 3, 4, 5|. In recent years, sophisticated
numerical techniques have been developed for the solution of the DMFT
equations. However, it is quite challenging from a numerical point of view,
and difficulties arise in the investigation of multi-band systems when the full

local Coulomb and exchange interaction is taken into account.

Another approach that becomes exact in the limit of infinite spatial di-
mensions is the Gutzwiller approximation (GA) applied to Gutzwiller vari-
ational wave functions. Exact statements on the evaluation of Gutzwiller
wave functions in the limit of infinite spatial dimensions have been reported
in [1] for the single-band Hubbard model and in [6, 7] for multi-band Hub-
bard models. Systematic improvements have been achieved by calculating
first-order corrections for finite dimensions [8]. The Gutzwiller variational
method allows for an investigation of ground-state properties with much less
computational effort compared to the DMFT. Originally developed for the
investigation of ferromagnetism in the one-band Hubbard model [9, 10, 11],
Gutzwiller wave functions provided a starting point for the investigation
of (orbital selective) metal-to-insulator transitions [7, 12, 13, 14, 15, 16],
quasi-particle properties within a Landau-Gutzwiller approach for Fermi
liquids [17, 8, 18], magnetic properties of nickel and pnictides [19, 20, 21, 22]
and ground-state properties of plutonium [23]. Specially the quasi-particle
dispersion relation of nickel obtained within the Gutzwiller variational ap-
proach exhibits good accordance with results from ARPES experiments [17]
and overcomes the shortcomings from other theoretical approaches. Fur-
thermore, significant improvements in DFT calculations were achieved when
Gutzwiller-correlated interacting electron systems were taken as reference
systems [24, 25, 26, 27].

The Gutzwiller variational method yields an energy functional depend-
ing on the single-particle density matrix of the non-interacting system and a
set of variational parameters. Another approach leading to an equivalent en-
ergy functional is the mean-field approximation of the slave-boson formalism
originally introduced by Kotliar and Ruckenstein for the single-band Hub-
bard model [28]. It has been applied successfully to the single-band Hubbard
model in two dimensions as approach to cuprate superconductors [29, 30].
The slave-boson formalism was generalized to multi-band Hubbard models
[31, 32] and has been applied to several systems [33, 34, 35]. The equiva-
lence of the Gutzwiller variational method and the slave-boson mean-field
formalism has been proven in [36].

For the interpretation of experimental results, a profound knowledge of
two-particle excitations is required. For example, magnetic neutron scatter-
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ing experiments allow for the measurement of the frequency- and momen-
tum-dependent magnetic susceptibility. The standard textbook method for
the theoretical investigation of two-particle excitations is the Random-Phase
Approximation (RPA), which can be interpreted as a time-dependent gen-
eralization of the HF approximation in the small-amplitude limit, i.e., as
long as the external perturbations are sufficiently small. As the ground-
state description within the HF approximation is known to be inaccurate
for moderately to strongly correlated electron systems, its time-dependent
generalization is also questionable.

A time-dependent generalization of the Gutzwiller approximation (in the
following labelled as ‘TDGA’) within the slave-boson formalism has been
developed by Seibold et al for the investigation of two-particle response
functions in the single-band Hubbard model [37, 38]. Their approach has
been applied to a number of systems where inhomogeneous solutions in high-
T. superconductors were investigated [39, 40, 41, 42, 43, 44, 45, 46]. The
TDGA turned out to be in astonishing good agreement with exact results
[47] and DMFT results [48] for the calculation of magnetic phase boundaries
[49]. Another topic investigated by means of the TDGA is the influence
of the electron-phonon coupling on two-particle response functions in the
single-band Hubbard model [50].

As pointed out, the investigation of transition-metal compounds requires
a description by multi-orbital Hubbard models. The success of the TDGA
for the single-band model and its quite low computational effort compared
to the DMFT encouraged us to investigate to what extent the TDGA can be
generalized to such multi-band systems. That is the subject of this thesis.
We achieved to derive RPA-like equations for two-particle response functions
for Hubbard models with an arbitrary number of orbitals. The method was
implemented for numerical calculations of spin-excitations on the Hubbard
model with two degenerate electron bands as the simplest multi-band model.
The calculations were carried out in finite and infinite spatial dimensions. By
means of the two-band model, we were able to study multi-orbital effects like
phase transitions towards spin-symmetry broken states as well as orbitally
ordered phases. The results differ both qualitatively and quantitatively from
the corresponding quantities obtained within the HF approximation.






Chapter 2

Multi-Band Hubbard Models

We summarize the derivation of a Hamiltonian that describes correlated
electrons in a crystal. The interaction between the electrons and the lat-
tice atoms is neglected, and so are any spin-orbit coupling effects. The
electrons’ interactions are reduced to the purely local Coulomb interactions.
We present the single- and two-band Hubbard models and briefly sketch two

common approximations.

2.1 Many-Body Description of Solids

Solid state physics aims for deducing electronic, magnetic and optical prop-
erties of matter from the microscopic properties of its constituents and their
interaction. Based on the picture of Ny atomic nuclei occupying the sites
of a regular lattice with NV, electrons in between them, one can define the

basic solid state Hamilton operator as [51]

r7ss 1512 6_2 ZZZ]
- 2M; 2 oy R, — f{]|
A2
+ QP—W’; + 62 f'k%f'lw_ (2.1.1)
% £l
e? Z;
2 ; ‘Ri — Ty

The first line of Eq. (2.1.1) describes the dynamics and Coulomb interaction
of the atomic nuclei, characterized by the set of momentum operators P,
position operators R;, masses M; and charge number Z;, while the second
line does the same for the electrons which are characterized by the set of
momentum operators pg and position operators rj. Their charge and mass

13



14 CHAPTER 2. MULTI-BAND HUBBARD MODELS

are standard e and m,, respectively. The last line counts for the (attractive)
interaction between the nuclei and the electrons.

Equation (2.1.1) is given in first quantization. Atomic radii are of the
order of a few A. The natural length scale in solid state physics is therefore
the Bohr radius ag = h?/mee? ~ 0.5A. Energies are measured in units of
Ey = ap/ e?. In real space representation, we find 151 = —1VR;, RZ = R,,
pr = —1Vy, and 1 = ry. Introducing the scaled position vectors R = aR
and replacing Vg = %VR , one finds the dimensionless Hamiltonian

N 7 7
H2/ B = ZMaR2 Z\R R,
- = t3 =t 1.
2%31% ka;,él‘rk—rl‘ (2.12)
1 Z;
2z‘,k ‘Ri_rk‘

which depends on the charge numbers and the ratio of electron and nucleus
mass only. For alkaline or transition metals, the ratio is of the order of
me/M; = O(107%). Born and Oppenheimer proved in [52] that the kinetic
energy of the nuclei is smaller than the electrons’ kinetic energy by a factor
of /me/M where M is some mean value of all core masses. Within the
‘Born-Oppenheimer’ or ‘adiabatic’ approximation, one therefore neglects the
motion of the cores. One is then left with the description of an (interacting)
electron gas in front of the background of the nuclei. At sufficiently low
temperatures, the nuclei will usually occupy the sites of a regular lattice
leading to a periodic effective one-particle potential for the electrons. In this
limit, the interaction between the nuclei is a constant and can be neglected.

Small deviations of the nuclei from their equilibrium positions can be
treated as coupled harmonic oscillators. Perturbation theory then leads
to effective electron-phonon coupling models, which may expose qualita-
tively new physics, e.g., an attractive electron-electron interaction as in the
Frohlich model. As we are interested in electronic properties only, we will
not go into detail here.

With the aforementioned assumptions, the class of Hamiltonians that
will be subject of this thesis finally reads

rrel f)z 62 1
" :;[2”% (rk)} +§Z v — 1y

EﬁO‘i‘ﬁinta

(2.1.3)
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where Hy describes the motion of single electrons in the effective periodic
potential caused by the static distribution of the nuclei V(r), while the
Coulomb interaction is expressed in H’im.

2.2 Lattice Electrons

For the description of crystal electrons, one would like to consider infinite,
perfect crystals in order to ensure translational invariance. As real crys-
tals are never infinite in space, one rather assumes finite crystals that are
sufficiently large, supplemented with periodic boundary conditions. This as-
sumption is not applicable for the investigation of surface properties, but it
is justified for the investigation of bulk properties. Non-interacting electrons
on a lattice are described by the one-particle Hamiltonian Hy:

Hy = Zl: [in + V(rl)} . (2.2.1)

e

The effective one-particle potential of the cores V is determined by the core
positions. It therefore exhibits the same periodicity as the lattice itself,

V(ir+R)=V(r), (2.2.2)

where R is a vector of the underlying Bravais lattice.

A wave function describing the motion of non-interacting electrons in a
periodic potential is a Bloch function ¥,, i (r). Bloch functions are solutions
to the eigenvalue equation

ﬁo\Dmk(r) = amk\Iln,k(r) s (223)

with n as an abbreviation for a complete set of quantum numbers. As
derived in [53], these solutions must obey the relation

U,k (r + R) = *RY, (1), (2.2.4)

with a wave vector k in the first Brillouin zone. Bloch functions can therefore
be written as a product of a plane wave with a periodic amplitude function
un k(r), the so-called Bloch factor:

U, 1(r) = €My, (r)  with  wk(r + R) = k() . (2.2.5)

The Bloch factor is the solution of the Schrédinger equation

1
2me

[(k — V)2 + V()] unx(r) = £nxtin i (r) (2.2.6)
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and thus fully determined by the core potential V(r)
Bloch functions describe delocalized electrons. Their Fourier transforms
yield the ‘Wannier functions’ w,(r) as

1
wp(r—R) = — > e * By, (r 2.2.7
n( ) \/Ns Zk: n, ( )’ ( )
which—under certain circumstances—describe an electron state localized in
the vicinity of lattice site R.

2.3 Second Quantization

Due to the Pauli principle, the wave function for the electrons must obey
the antisymmetry condition for indistinguishable fermions. The easiest way
to take the Pauli principle into consideration is the framework of second
quantization where the antisymmetry of the wave function is introduced au-
tomatically via the anticommutator relations for fermionic annihilation and
creation operators. In order to derive the representation of the Hamilto-
nian (2.1.3) in second quantization, one usually starts from the field opera-

tors in real space:

Z > was(r ) Gias (2.3.1)

i=1 a

Z > w(r—Ry)el,,. (2.3.2)

=1 a

The Wannier states w, s(r—R;) are localized in the vicinity of the lattice site

R;. The 052 . are the usual annihilation (creation) operators for an electron

on lattice site R; in the state (a,s). The field operators \i/&“ annihilate
(create) an electron with spin s at the position r. The sum runs over all Ny
lattice sites and the discrete index a counts the Wannier states at each lattice
site. As the Hamiltonian (2.1.3) does not depend on the electrons’ spin, one
can split the state w, s(r) into a spatial state wq(r) and a two-dimensional
spinor Y for the two spin projections s =1, .

The effective electronic Hamiltonian (2.1.3) is then expressed via the
field operators (2.3.1) and (2.3.2) as

Hy —Z/dr ol (r e +V( r)| U, (r) (2.3.3)
2

rdr T ) — B, () (r 3.

Z//d A L (L0 b 00 (23

8354
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leading to the result

Hy=> Y teel e (2.3.5)

z] o102

§ :E : 01020304AT At A
1nt Uzgkl G ,01 C] chk,ogcl,0'4 ’ (236)

j 0102
kl 0304

where the abbreviations

07 = Sy, [drus, (o= R)[-

o TV @]we(r - Ry (23.7)

and

01020304 __
UZ] kl 6X0'1 Xoy 6)(02 Xog X

2 //dr g Yo (r — Ry)w, (v — Rj)wy, (v — Ry)we, (r — Ry) (2:3.8)

v — /|

were introduced using the combined spin-orbit index o = (a, s).

The representation Egs. (2.3.5) and (2.3.6) of the Hamiltonian (2.1.3)
is still exact. One can see from Egs. (2.3.7) and (2.3.8) that these matrix
elements depend on the spatial overlap of the Wannier states. This fact will

be the starting point for crucial approximations in the next section.

2.4 Hubbard Models

The Hubbard model was proposed for the description of electrons in narrow
bands where the model of a gas of free electrons fails both qualitatively
and quantitatively. The low mobility of the electrons is a consequence of
the small overlap of two Wannier states localized around different lattice
sites. The effective potential V' (r) in the domain where the Wannier state
we(r — R;) has not yet tended to zero will be dominated by the spherical
atomic potential of the nuclei at lattice site R;. Hubbard thus suggested to
replace the exact Wannier states by the solution of the Schrédinger equation
of the isolated atoms. The field operators then read

ZXS¢G Czas (2.4.1)

Pl(r) Z Xstu(r =Ryl (2.4.2)

where the index a is now identified with the orbital index.
Due to the small overlap of the atomic orbitals, the hopping amplitudes
will decrease fast with increasing distance |[R; —R;|. Thus, one will limit the
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finite hopping amplitudes (2.3.7) only to a certain number of neighboring
sites. This is the basic idea of the ‘tight-binding’ or Bloch approximation
[53]. In order to derive suitable hopping amplitudes, one has to take the spe-
cial geometry of the underlying lattice and the anisotropy of atomic orbitals’
spatial distribution into account. Slater and Koster developed a systematic
scheme that allows for the determination of hopping amplitudes that expose
the correct symmetries for the most common crystal structures [54].

The interaction matrix element (2.3.8) is simplified analogously by ne-
glecting all contributions that arise from electron states that are localized
around at least two different lattice sites. Taking Coulomb interactions be-
tween electrons on different lattices sites into account would lead to the class
of ‘extended Hubbard models’ that are not subject of this thesis.

One is then left with the multi-orbital tight-binding Hamiltonian and
the purely local interaction Hamiltonian

rrel 0102 AT A 0102 AT &
H _Zt Ci,o1 102+Z C,01Ci 00

i#]
01092 0'1(72
(2.4.3)
01020304 5 AT - A
> 1016 sCioaCioy
i 0102
o304

with the matrix element (2.3.8) evaluated for i = j = k = [. Here, we
split the one-particle Hamiltonian into the inter-site hopping part and the
site-diagonal part with the orbital energies €;'7? = ¢7!' 7>

The orbital index has no upper boundary. We transform the Hamilto-

nian (2.4.3) into momentum space via

ol = \/_Z e TR 1) (2.4.4)

1
197 = ﬁ D ekRimRy) g0z (2.4.5)

s .
Z7j

leading to band states |ko). We diagonalize the resulting Hamiltonian via

some unitary transformation

o =D [uoa(®)] e, - (2.4.6)

[

At T = 0, the lowest energy band states are occupied up to the Fermi energy
FEr which must be determined from

Ne =Y O[Ep — Byl (2.4.7)
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Orbital states that are energetically far below or above the Fermi energy
will be either fully occupied or unoccupied, respectively. If one is interested
in low-energy excitations only, one can restrict oneself to a small (finite)
number of orbitals that are energetically close to Er.

2.5 Examples

We briefly present the one-band Hubbard model as the standard model in
the theory of correlated electrons. Furthermore, we sketch the two-band
Hubbard model to enter the universe of multi-band Hubbard models.

2.5.1 The One-Band Hubbard Model

The one-band Hubbard model was introduced independently by Gutzwiller
[9], Hubbard [55] and Kanamori [56] in 1963. The simplest Hubbard model
contains only one orbital per lattice site and arises if one considers the con-
duction band of a solid as totally separated from the valence band and any
higher energy bands. This assumption may be justified to a certain degree
if the electronic structure ensures that the Fermi energy crosses exactly one
electron band. On the one hand, this picture holds for Na, Mg, K and Ca,
for example. On the other hand, the three-orbital Emery model-describing
the dynamics in the copper-oxide planes in high-T, superconductors—at half-
filling can be mapped onto an effective single-band Hubbard model for holes
in Cu-d-orbitals [57].
The electronic Hamiltonian reads

flﬂ% = ﬁ?B + fli%t = Z tz’j é;r,séj,s + Z Ei'fli,s + Z UZ' 7¢LZ’7T7A”LZ‘7¢ . (2.5.1)

i£j,8 is i
Note that we do not have to indicate the specific orbital. Thus, the electrons’
spin projection s is the only degree of freedom. The only contributions to
the interaction energy arise from doubly occupied lattice sites. For many
systems, one can assume that the lattice sites are occupied with equivalent
atoms. If the number of electrons is fixed, the site-diagonal one-particle
term leads to a constant energy contribution which can be dropped.

2.5.2 The Two-Band Hubbard Model

The two-band Hubbard model is the simplest non-trivial multi-band Hub-
bard model. As sketched in the introduction, the participation of transition
metals in pnictides, manganites and cobaltates requires an adequate de-
scription of d-orbitals. In a cubic environment, the fivefold degeneracy of
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t
/\\
1 I 13
R; R, R; R,
FE = 2¢ E=2¢+4+U

Figure 2.5.1: Sketch of the single-band Hubbard model. Left: neutral con-
figuration with singly occupied sites; Right: charge fluctuations (hopping
amplitude t) between lattice sites R; and R; induce doubly occupied sites
leading to an increase of the system’s energy by the local interaction U.

the atomic d-orbitals is partially lifted. The orbitals are split into three to4-
orbitals (usually labelled as dyy-, dy.- and d,;-orbitals) and two ez-orbitals
(usually labelled as d,2_,2- and dg,2_,2-orbitals). If the central atom, i.e.,
the one contributing the d-orbitals, is surrounded by six negatively charged
ions (each one sitting on a corner of a regular octahedron), the ez-orbitals
are shifted towards higher energies due to their spatial orientation along the
crystal axes. For an illustrative description of crystal field effects, see [58].

The multi-orbital character leads to inter-orbital hopping processes and
thus increases the number of finite hopping amplitudes t;’jl”. As the struc-
ture of the hopping amplitudes strongly depends on the lattice geometry
(e.g., its dimension and symmetry), we skip the detailed specification of the
one-particle Hamiltonian here.

In the numerical application of the TDGA in Chapter 6, we consider two
degenerate eg-orbitals on a simple cubic and a hyper-cubic lattice. The local
interaction Hamiltonian (2.3.8) for two eg-orbitals on a three-dimensional
cubic lattice reads [7]

S A A / A ~ A~ A
Hyp =U E Ay 4y + U E N1sMgs — J E N1,5M2 s
b:172 S,S,:T7J/ SZTPL

D D T S o T PN A e NG ST
SZTPL

(2.5.2)

where we used the convention T =] and | =1. For simplicity, we skipped
the site index on both the interaction parameters (U, U’, J and J¢) and the
operators. The eigenstates and eigenenergies of Hiy are listed in Table 2.5.1,
supplemented by their spin quantum numbers. All interaction parameters
have positive values. Only two of them can be chosen independently as the
cubic symmetry in three dimensions requires U — U’ = 2J and J = Jo. The
ratio of J and U is thus limited to % < % Otherwise an unphysical attractive
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interaction U’ < 0 for electrons occupying different orbitals on the same
lattice site would arise, which may lead to a superconducting ground state.
We use the same interaction Hamiltonian and the same symmetry conditions
also in the case of the hyper-cubic lattice, although, strictly speaking, it does

not make sense to define a cubic environment in infinite spatial dimensions.

No. |T) Er Sat Sat
1 |o, o) 0 0 0
2 o) 0 2 2
3 o) 0 3 3
4 o) 0 2 -3
5 ol 0 3 -3
6 %) U —J 1 1
7 % [1,4) + [ 1] u'—J 1 0
8 14, 4) U —J 1 —1
9 % [[1,4) = [ 1] U'+J 0 0
10 Z5[114,0) = [o, 1)] U-—Jo 0 0
11 (1 0) + o, 1] U+ Jo 0 0
12 1) U+2U0 —J i :
13 1L U420 —J i :
14 L1 U+2U —J i —1
15 1L U+2U0 —J i —1
16 14,1 o2U +4U' —2J 0 0

Table 2.5.1: The 16 atomic eigenstates |I') of the two-band Hubbard inter-
action Hamiltonian (2.5.2). The eigenenergies Ery, the total spin Sy and
its z-component for each eigenstate are listed. The three triplet states with
Sat = 1 possess the lowest energy among the two-electron states, in accor-
dance with Hund’s first rule. A representation of the eigenstates and their
symmetry properties can be found in [7].

2.6 Simplifications

In spite of the crucial simplifications, Hubbard models cannot be solved
analytically without further assumptions. Exact solutions exist for the one-
band Hubbard model in one dimension and for systems with a small number
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of lattice sites, where the diagonalization of Eq.(2.1.3) can be carried out
explicitly. For any other system, further approximation techniques are re-
quired that are shortly discussed in the following.

2.6.1 Hartree—Fock Approximation I

The HF approximation is the standard textbook method to deal with corre-
lated-electron systems. It can be derived in various ways, all leading to
equivalent results. In Chapter 4.2, we derive the HF equations variation-
ally by minimizing the ground-state energy of the Hamiltonian (2.1.3) with
respect to the one-particle density matrix of a trial wave function.

An equivalent result is obtained if the Hamiltonian itself is approximated

by an effective one-particle Hamiltonian

HY™ =Y "Ehih, . (2.6.1)
v

(1)
5

The one-particle energies F, and operators R\ will be specified later. Its

ground-state wave function is a Slater determinant

@™y = T #tlo). (26.2)
EV%EF
where certain one-particle states v are occupied. The Fermi energy Er was

introduced as a variational parameter in order to conserve the total number

of electrons,
Ne=)» 1=) O[Er—E,]. (2.6.3)
v Y

The creation operators iLI/ and &), are connected via the unitary transforma-

tion
W= ugyel (2.6.4)
& = [ty 0l (2.6.5)
v

that must be determined self-consistently.
Based on the operator identity
AB=[A-(A)][B-(B)] +A(B)+ B(A) — (A)(B), (2.6.6)
the HF approximation neglects the fluctuation around the expectation value,
i.e., the first two brackets in Eq. (2.6.6),

AB 2 A(B) + B(A) — (AV(B), (2.6.7)
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and only one-operator expressions and c-numbers remain. If each of the
operators A or Bis an operator product itself, the decoupling procedure
has to be repeated until one is left with one-particle operators only. In the
latter case, each possible pairing of operators has to be taken into account.
For fermionic systems, each interchange of two operators leads to a factor
of —1.

For the product of four fermionic operators as they appear in two-particle

interaction Hamiltonians, the aforementioned decoupling scheme leads to

Aj;'l él’g co’3 CU4 - éj;'l é(74 <é(T72 é0’3> + 6(1.72 é(73 <é(1;'1 éU4> - <é(T71 é(74 > <é(1;'2 é(73>
- é:rfl é0'3 <él'2 é0’4> - 022604 <é:r71 é0'3> + <él'260'4><é:r71 é0'3> (268)
+ C:rrl Cl’g <60'3 CU4> + CO’3 é0'4 <é:r71 Cl’g> - <60'3 CO’4 > <é:r71 Cl2>

Note that the last line contributes for superconducting systems only and is
mentioned here only for the sake of completeness. The expectation values
that appear in Eq. (2.6.8) are to be taken with respect to the HF ground-
state wave function (2.6.2).

Applied to the multi-band Hubbard Hamiltonian (2.5.2), the effective
one-particle Hamiltonian in its general form reads

HF _ Z Z [tijum + 5” Z U01a2,0304 zg3ézo4><1>gF]é;rOl éjm (2.6.9)

ij 0102 0304

and must be diagonalized via the unitary transformations (2.6.4) and (2.6.5).
The one-particle energies depend implicitly on the Slater determinant (2.6.2)
T

through the expectation values (¢

i Cio_4>q)(1)—[F. With a certain starting wave

function |®{), one calculates the particle densities <c;ro,cw >¢(})1F defining

new one-particle energies in HHF. This procedure is continued until self-
consistency is reached.

2.6.2 Limit of Large U and the ¢t — J-Model

The t — J-model evolves from the one-band Hubbard model perturbatively
in the limit of infinite local interactions (U — oo). For band-fillings below
or equal to %, the system will avoid any double occupancies. Via a canonical
transformation, the Hamiltonian (2.5.1) can be transformed into an effective

Hamiltonian
aux AT 4t22j & & 1a o
ZZ 1—nzsc [1 n]s ]S—i- Z SS Znn],
i#j s=1 Z#J
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in which high-energy excitations (induced by doubly occupied sites) are
2

eliminated to order O(%) The unconstrained hopping processes of the
Hamiltonian (2.4.3) are replaced by projected hopping events in the sense
that an electron can reach lattice site R; only if that is not covered by an
electron of opposite spin yet. The formerly local density-like interaction is
now represented by a spin-spin interaction between electrons on neighboring
lattice sites. For exactly half-filled systems, the Hamiltonian (2.6.10) turns
into the Heisenberg Hamiltonian for the description of localized spins

Hyp =) J;S:S;, (2.6.11)
i#]

412,
with the anti-ferromagnetic coupling constant J;; = ltj” . For an overview
of the development of the ¢ — J-model, cf., [59].



Chapter 3

Gutzwiller Wave Functions

We briefly summarize some basic definitions and expressions that are very
useful to develop the multi-band Gutzwiller theory. An overview of the
basic ideas leading to the class of Gutzwiller wave functions as they were
developed in order to examine the single-band Hubbard model is given.

We present a symmetric formulation that allows for a straight-forward
generalization to multi-band systems. We recapitulate the results that arise
from the limit of infinite spatial dimensions, known as the ‘Gutzwiller ap-
proximation’ (GA).

3.1 Definitions and Notations

In order to formulate the general multi-band Gutzwiller formalism, we set
up some definitions that will remain valid for the rest of this thesis. We
follow the ideas of Blinemann, Weber and Gebhard in [7]. Each lattice site
with IV orbitals allows for an occupation with up to 2N electrons. Thus, the
dimension of the atomic Hilbert space is 22V. For a given set of combined
spin-orbit indices o = (a, s), we introduce some arbitrary, but fixed, order
o1 <09 < -+ <O9N-

Each atomic configuration [ is characterized by its occupied spin-orbit
states. If the configuration I contains the occupied spin-orbit states o,,,

Oasy - -5 Oayy s the corresponding state |I) is defined as
S - - |
|I) = Couy Cony " Couyy |0), (3.1.1)

where the creation operators are in ascending order. Sequences of annihila-

tion operators, as in
T . JA
[|I>] - <I| = <0|CJQ‘I‘ ”'60'260'1 ) (312)

25
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always appear in descending order. Here, we also introduced |I| as the total
number of electrons within the configuration 1.

Configurations I are treated as sets in the common mathematical sense.
This allows for the usual set operations. For example, the configuration
J = I'\ I’ will contain all occupied states as I except the occupied ones from
I'. Analogously, the state J = I U I’ is made of those spin-orbit states that
are occupied within I or I’, respectively, while the state J = I NI’ only
contains states that are occupied in both states I and I’ simultaneously.
The complement to a given state I is defined as I = (oq,09,...,00n) \ 1.

If an additional electron is added to a given configuration I by él\[ ), the
result will be finite only if o ¢ I. We define the sign function

sign(o, 1) = (I Uol|él |I), (3.1.3)

which is 1 (—1) if an even (odd) number of anti-commutations are required
in order to move &, to its proper position in the state |I U o) and zero if
oel

The transfer operators my p = |I)(I’| are expressed as

i =[]eb I e J] 11— o], (3.1.4)

oel o'el’ al’eJ

with the overall complement J = I U I’. A special case of transfer operators
is the projector iy = |I)(I], which is written as

i =[] e [ - 7ol (3.1.5)

oel o'¢l

The Fock states |I) provide a basis of the local Hilbert space. The
eigenstates |I') of the local interaction Hamiltonian can be written as

D) => Ty rlI), (3.1.6)
I

where the coefficients 77 r are obtained from a diagonalization of

I Il A~
H. = (I|Hin|l'). (3.1.7)
As long as the particle number on each lattice site is conserved by Hipe, we
have Ty ~ &y, r)- The set of local eigenstates |I') and eigenenergies Er
will be used to set up the generalized Gutzwiller correlator in the following
sections.
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3.2 Multi-Band Gutzwiller Wave Functions

Uncorrelated many-electron systems are described by a product of one-
particle states, i.e., a Slater determinant. For example, the ground state
of an infinite system is usually described by the non-interacting ‘Fermi sea’
|F'S) defined as

1®o) =|FS)= [] éblo). (3.2.1)

B, <Ep

For interacting electrons, such a description is insufficient since the local
occupancies in |®g) are independent of the local interaction energies. Nev-
ertheless, product states as defined in Eq. (3.2.1) provide a starting point
for a variational approach to interacting electron systems. In the one-orbital
model, the interaction energy can be reduced by optimizing variationally the
number of doubly occupied lattice sites. A more general approach applicable
for multi-orbital Hubbard models has been developed by Bilinemann et al
[6, 7]. The product-state |®¢) is multiplied with the ‘Gutzwiller correlation
operator’ Pg in order to obtain the Gutzwiller wave function |Wq):

[Wa) = Pal®o) - (3.2.2)

The Gutzwiller correlator for multi-band Hubbard models with purely local
interactions has the special form

Pg = HPZG =TI>_ ANirr)u(]. (3.2.3)

i IV

It is a product of local correlation operators which, on each lattice site R;,

22N eigenstates |I'); of the local interaction Hamiltonian.

are set up by the
The local parameters \; rrv allow for the variation of the weight of the local
eigenstates, i.e., of the local electron configurations. The energy expectation
value (Ug|H|Wq)/(¥g|Pq) must be minimized with respect to all {App}
in order to obtain the variational ground state.

Throughout this thesis, we work with Hermitian Gutzwiller correlators
only, which implies that

)\2‘71"/1" = )\ZPF/ (324)

must hold for all non-diagonal variational parameters. Due to Eq. (3.2.4),
we have to choose the diagonal parameters A; rr to be real. The necessity
of non-diagonal and non-Hermitian projectors in the context of symmetry-
broken phases has been discussed in [12].

Usually, the interaction Hamiltonian does not change the total number
of electrons. Thus, the Gutzwiller wave function should be an eigenstate of
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the total electron number operator N, = > i o Nis. The disappearance of
the commutator []3(;,]\76] leads to

> i (IT] = [T)) DT = 0. (3.2.5)
T
From Eq.(3.2.5) one can conclude that only those variational parameters
for states |I'), |I') with the same particle number can be finite.

The situation is different if one deals with superconducting systems.
One then usually chooses |®() as an BCS ground state instead of a non-
interacting Fermi sea. As we are not interested in superconductivity in this
thesis, we refer the reader to the literature [60].

Finally we state that, in the following, expectation values with respect
to |¥g) will be denoted as ‘correlated’ expectation values while those with
respect to |®g) will be denoted as ‘uncorrelated’ expectation values.

3.3 Limit of Infinite Spatial Dimensions

In general, Gutzwiller wave functions cannot be evaluated without approx-
imations. Analytically exact results were derived for the single-band Hub-
bard model in one dimension [1], that are in good agreement with the exact
solution. Another strategy to evaluate Gutzwiller wave functions is based
on combinatorial counting arguments [11, 61, 62] known as the ‘Gutzwiller
approximation’.

Gutzwiller wave functions can be evaluated exactly in the limit of infinite
spatial dimensions. The exact solvability in this limit originates from the
fact that all expectation values turn out to be purely local. Metzner and
Vollhard proved that the evaluation of Gutzwiller wave functions in the
limit of infinite spatial dimensions yields the same results as the GA [63] for
paramagnetic systems. Corrections for finite-dimensional systems can be
obtained by an expansion of expectation values with respect to the inverse
of the dimensionality D. The resulting corrections are small [8, 63, 64, 65]
and the limit of infinite spatial dimensions turns out to be a good starting
point for the investigation of finite-dimensional systems.

As pointed out in the introduction, the single-band Hubbard model can
also be evaluated within the mean-field approximation of the slave-boson
formalism. Both the variational approach and the slave-boson formalism
have been generalized to multi-band systems [31, 7] and the equivalence of
both approaches has been proved [36].

In this section, we summarize the results of the diagrammatic approach
for multi-band Hubbard models as reported in [7]. The limit D — oo affects
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both the kinetic and interaction energy, i.e., both Hy and H; int, and both will
be investigated separately. Furthermore, it leads to a set of constraints that
the local variational parameters have to obey and that will be discussed.

3.3.1 Local Constraints

The D — oo-limit leads to a set of physical constraints that the local vari-
ational parameters \; rrv have to obey on each lattice site [7]. These are

1=(P'P)s, (3.3.1)

Within this subsection, we re-introduced the lattice site index ¢ in order to
emphasize the local character of Egs. (3.3.1) and (3.3.2). Using the expan-
sion of P; from Eq. (3.5.1), the constraints can be explicitly written as

1= Z )‘;Frl)‘z‘,rmmgl,m (3.3.3)
I'TI'2

‘70' - Z Al AR RATA VS <P’62’P1> X <P3‘60/‘F/> m%p/- (3.3.4)
1‘11‘21‘3

One must not conclude from Eq. (3.3.2) that the correlated and the un-
correlated local density matrix have to coincide. In particular, the occu-
pancy of orbitals in the correlated local density matrix

ot s f
(Pl oo Pe) e,

NN _ G’zo 1,07 335
<ZU za> <P£~PG>% ( )

ZO’O’

may be different from the uncorrelated local density matrix. Nevertheless,
as long as the Gutzwiller correlator P commutes with the total number
operator N, = i Mo, the total numbers of electrons in |®o) and [Vg)
are the same
Ne = (fiohwe = Y (fig)a,- (3.3.6)
1,0 1,0
A detailed study of the diagrammatic evaluation of expectation values
in infinite spatial dimensions has been published in [6]. The main result is
that expectation values of local and non-local operators O; and O” = CIU Cigrs
respectively, are simplified to

<O.> _ <¢0{P<£inc{‘1>0> _ <(1)0‘Hm7éi prTan [PZTOZPZ] |‘I>o>
e (@] B PG |®0) (@0[T1,,, Bl P |®0) (3.3.7)
P2 (4| P10, o)
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and
(0i) .. = <q)°‘pg{0i{]50‘%> _ (@0[TTmziy pﬁfmgﬁﬁmm%m@ﬁ
e (@0 PGP |®o) (@[ [T, P Pin| Do)
= (20| PP]O BB 2.

(3.3.8)

respectively, if the constraints (3.3.1) and (3.3.2) are taken into account.
Note that the local Gutzwiller correlators P; and Pj always commute for
i # j (cf., Eq.(3.1.4) in combination with Eq. (3.2.5)), which leads to the
simplification in the numerator of Egs. (3.3.7) and (3.3.8). Equation (3.3.7)
holds for both one- and two-particle local operators while Eq. (3.3.8) is valid

for non-local one-particle operators only.

3.3.2 Local Energy

Due to the local character of the interaction energy, one can diagonalize Hiy
in Eq. (2.4.3) on each lattice site,

Hiint|T)s = lOC|F> (3.3.9)

which yields the eigenstates |I'); and eigenenergies Elrof We drop the lattice
site index 4 in the following. For the expectation value Fj,. of the interaction
energy with respect to the Gutzwiller trial wave function |¥q) we find

& — pnloc < ﬁint ‘ \IIG> < pg}ﬁintp(} ‘ (I)0>
<Hint>\I,G =FE°" = <\I/ |\IJ > = AT
Gl=a (Po| PP | o) (3.3.10)
b2eo Z EXC(mr g ,
where the expectation value of the transfer operators
m0

(rup ) ZAFF Pp MY g (3.3.11)
is a weighted sum of the uncorrelated expectation values m% o= <mfj,>¢0.

The states |I') are set up by the Fock states |I) via a unitary transformation

=> Troll), (3.3.12)
I

which allows us to express mg s
0 _ *
e T Z T, Ty F/ml r (3.3.13)

1r
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my means of the uncorrelated expectation values of the transfer operators
m? ;= (|[I)(I'])g,. Using the uncorrelated local density-matrix elements

0 _ /a4
Coor = (€1 5 o) By (3.3.14)
the expectation value m? ;» can be written as
QL _QlJ
0o _
mI,I/ = §J7I/ 5J7J 5 (3315)
with the matrices Q77" defined as
Co Co ... (0
o107 10} 010‘/1,‘
0 0 0
~rr 0020’1 0020’2 e Coga/ ,
Q> = Il (3.3.16)
X X - .
01101 01109 O\I\U\lﬂ\
for the electronic configurations I = (o1,...,0y)) and I’ = (o7, ... ,O"/I,‘),
respectively, and
0 0 0
1- Colol - 00'102 e - Colau‘
0 0 0
S C.Wl - .Cam o Cfm“” (3.3.17)
0 0 ' 0
~Copr Co 17 G0

for states o, € J =T U T

3.3.3 Kinetic Energy

As sketched in Eq. (3.3.8), hopping expectation values factorize according to

(A

I liontue = A[Plel P IPIe; 0P ] s, (3.3.18)

i 1,027 1 7 J,027 J
in infinite spatial dimensions. This leads to the expression
JS . Z 4 oh 1% /AT A
<Ci,alcj702>\I/G - 9.0 [qj,ag] <Ci,a’lcj,aé><1>0 ’ (3'3'19)
ool
172

. . . / .
where the ‘renormalization matrix’ ¢7 with

qg/ = Z AFQFIAF3F4<F2{62{F3> ZTILF1T;4,F4H?1/J4 (3'3'20)
i
314
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was introduced. The matrix H° contains three different contributions de-
pending on whether the index ¢’ is an element of Iy N1y, Iy \ (I3 N Iy) or
I U 1. HY' can be written as

HZ/,LL = (1= fo,n,) (Is|éor
+(I1\ o'| e

N, 0
> mr, r,ue’

» (3.3.21)
> |:f0'/7[4 mgl\al,h ( fO” 14) 11\0'/ 14:|

with the abbreviation f,; = (I el é,|I). The expectation value m? (<U, 1, 18
determined from Eq. (3.3.15), except that the subset J has to be replaced
by J\ o'

For homogeneous systems, the expectation value of the kinetic energy
can explicitly written as

0 _N Z ‘71 QU2 0102,03057 (3322)

7173
0102

where we used Eq. (3.3.19) and introduced the tensor

Ey o 0lol, = Zt 192 wléa,aé><1>o’ (3.3.23)
¥ it

whose elements are the expectation value of the kinetic energy for the un-
correlated system.

3.4 Energy Functional in Infinite Dimensions

We summarize the results of the previous section that lead to the expres-
sion for the Gutzwiller energy functional. We sketch how its minimization
(adopted from [66]) yields both the ground-state energy and an effective
one-particle Gutzwiller Hamiltonian whose eigenenergies will be interpreted
as quasi-particle energies in the TDGA in Chapters 5 and 6.

The correlated expectation value (I:[ )w, can be split into the kinetic
energy and the local interaction energy:

ECA = <FI>\1/ = <ﬁ0> + <ﬁint>\pg
= Eo( (R, () 00) + 3 BB CF). (341)

Both the kinetic and the interaction energy are functionals of the variational
parameter matrices A\ and the uncorrelated local density matrix C°, where
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the kinetic energy

EO ({XZ}? {510}’ |q)0 ; Z tJlUQ 20'(171 q],iz] ' <é;‘r,0’1 éj,oé><1>0
i#j 0102
g (3.4.2)

=22 (el )ay
i#] oo’
is additionally a functional of the uncorrelated one-particle wave function
|®o). In the second line of Eq. (3.4.2) the abbreviation

ng Zt"mqu [ 02]* (3.4.3)
0102

for the effective hopping-parameter matrix elements has been introduced.

The variational ground-state energy is found by minimizing E¢* with
respect to all variational parameters {X} and the one-particle states |®g),
where the n. constraints (3.3.1) and (3.3.2) must be fulfilled. As this section
is meant to treat the Gutzwiller scheme on a formal level, we assume from
now on—without loss of generality—that the constraints are fulfilled explic-
itly, i.e., we assume that we can resolve the constraints and eliminate n.
dependent variational parameters and are left with np, — ne independent
variational parameters )‘iz‘,FF"

When one minimizes the energy with respect to the one-particle states
|®o), the additional constraints

1 = (Po|Po) (3.4.4)
o = (e ) e, (3.4.5)
Ne = Z ﬁi,a oo (346)

have to be fulfilled. For the last two constraints, see Egs. (3.3.6) and (3.3.14).
The constraints are taken into account by Lagrange multipliers ESF, Nioo!
and Ey, respectively. The resulting constricted energy functional E. then

reads

Ec({N},{CP}, [®0), ESP {7;}, Er)
= ESA (M)}, {50} o)) — ESP [(®o|®o) — 1] +

+ Zni,aa’ i,00! <CI)O|C C > +EF Z<CI)O|CZU za“bo ]

1,00
(3.4.7)

The variational ground-state energy is then found as the overall minimum

E§A = Minimum E ({)\1} {CY},®0), ESP, {7}, Egp). (3.4.8)
{X}.{CP},|®0)
ESP {i;}, By
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As shown in [67], the minimization with respect to |®g) can be carried out

analytically leading to an effective one-particle Schrédinger equation
HgM @) = B3 ({N}, {CP}, {7:}) |9o) , (3.4.9)

with the effective one-particle Hamiltonian

ZZtUU A;rol AJog _ZZ 77200’ +500’EF] 060" - (3.4.10)
7

i#] oo’

For translationally invariant systems, the effective Hamiltonian (3.4.10) has

the rather simple form

Z [Z qa qa *gio' — Ngg! — 50’0’EF éLoékp,, (3.4.11)

k,oco! &6/

where the operators C(T) and the dispersion relation 6i&l have been defined
in Egs. (2.4.4) and (2.4.5), respectively. The Hamiltonian (3.4.11) can be
diagonalized easily by a proper unitary transformation

=Y u, ke, (3.4.12)

leading to

H§™ =" [Buy — Be|bf by, (3.4.13)
k,y

where the eigenenergies Ey . of HSH and the dispersion relation ak are

related through the elements of the transformation matrix :
-3 [Z 0 [05] 7 = Mo |11y 0 (K)5 0 (K). (3.4.14)

Motivated by the corresponding HF results [68], we assume that |®() can

be written as
@) = H h..,|0 (3.4.15)

E EF

k'y—

which still is a functional of {A}, {C°} and {7;}. The variational ground-
state energy is then found as

ES* = Minimum EST ({1}, {CPY, {7;}, Ep) (3.4.16)
{(AHACO)
{1, Ep
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of the function

BT (N ACT Giih Be) = B ((NHACPH (i) + Bo*((N1 4GP +
+ Z ni,aa’cgggl + EFNe .

i,00'

(3.4.17)

Up to now, flgﬁ has been introduced as an auxiliary object without phys-
ical counterpart. The effective one-particle Hamiltonian (3.4.10) yields the
eigenenergies Ekﬁ that will be interpreted as quasi-particle energies within
a Fermi-liquid scheme. flgﬁ is thus of great importance for both obtaining
the variational ground-state energy and deriving the time-dependent theory
as well.

Note that the aforementioned scheme has to be seen as a a formal treat-
ment only. A more sophisticated algorithm for the minimization with respect
to the variational parameters has been developed by Biinemann et al and
will be published elsewhere [69].

3.5 Examples

In this section, we apply the Gutzwiller theory to the single- and the two-
band Hubbard model. With the help of the one-band model, we illustrate
the essential steps derived in the previous sections leading to the ground-
state energy functional. In case of the two-band model, we decouple the
orbitals and prove that in the limit of vanishing inter-orbital correlations
the results of the single-band model are reproduced.

3.5.1 The One-Band Hubbard Model and the Brinkman—
Rice Transition

We illustrate the Gutzwiller formalism for the one-band Hubbard model.
We assume translational invariance and therefore drop the lattice site index
1 in most expressions. M. C. Gutzwiller proposed a variational approach in
order to deal with correlated electron systems [9]. The aim of [9] and the
consecutive works [10, 11] was the investigation of ferromagnetism in the
single-band Hubbard model. The ansatz is based on the picture that hopping
processes between two lattice sites become more and more improbable with
increasing on-site interaction if the site is already occupied by an electron
of opposite spin.

Starting from a single-particle product state |®g), the number of doubly
occupied sites is Ng = (Po| >, 717 | |Po), each one contributing the energy
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U. Gutzwiller introduced a local variational parameter g; to reduce the
weight of doubly occupied sites in a Slater determinant by means of the
Gutzwiller correlator
P =TJ01 = (1= g)iipni,) (3.5.1)
%
acting on the uncorrelated ground state:

[We) = PE°|®o) . (3.5.2)

The local variational parameters g; € [0, 1] adjust the weight of the local
double occupancies. For g; = 0, the Gutzwiller correlator Péb is the projec-
tor onto the subspace without any double occupancies that already appeared
in the t — J-model. The Gutzwiller wave function |¥¢) allows for the in-
terpolation between the two limiting cases of uncorrelated electrons (U — 0
and g = 1) and the atomic limit (t — 0 and g = 0) describing isolated
atoms. The energy expectation value must be varied with respect to all g;
to obtain the variational ground-state energy, i.e., an upper bound for the
exact ground-state energy.

The correlator péb (3.5.1) focusses on the doubly occupied state and its
energy contribution U. One can set up a more symmetric correlator based
on the whole set of local eigenstates as

Po=][Bc=]]D_ Mooy, (3.5.3)
i i TTV
allowing to vary the weight of all local eigenstates |I';) by means of the
elements of a local variational parameter matrix Xi,rpl. For the one-band
model, the local correlator reads

P13 = NpoloYiso] + NiglDhae(H] + Aige ) ai (4 +
+ Xi i (T + A D (H 4 Adal i (N

which is the most general ansatz for the one-band correlator for systems

(3.5.4)

without superconductivity. Superconductivity would lead to contributions
~ 10)i;: (1] and |[T1)si(o| in Eq. (3.5.4). It has been proven that both corre-
lators (3.5.1) and (3.5.3) define the same variational space [70].

The interaction Hamiltonian reads

Hp =UY g, =U Y [Nt (3.5.5)

7

and leads to the four local eigenstates |o);, |1):, [{); and |[1));. The most
general local density matrix

A 4 A A

oo — <CTCT><I>0 <CTC¢><I>0 _ n? A% (3.5.6)
f AY n? h
1 o
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with AET = [A%]* = A and the one-band Gutzwiller correlator (3.5.4)
lead to the uncorrelated expectation values

mY = [1- n?] 11— ng] —|A%)? (3.5.7)
my =ni[1—nd] +|A°? (3.5.8)
m? = A% (3.5.9)
mg = nin) — |A°? (3.5.10)

of transfer operators. The interaction energy E'°° thus reads

B =3 U(IM)iilt) g, = NUAa*mg. (3.5.11)

The evaluation of Eq. (3.3.20) yields the explicit expressions
@5 = Mo [1 = n2] + NAgn? + [Nidss + Nisho ] AL (3.5.12)
a7 = [N = Nids]Ag (35.13)

for the elements of the renormalization matrix. The constraints concerning
the variational parameters are given by the expressions

L= A 2m3 + gl + [IM 2+ Ay P]md + AP+ A [2]m) (3.5.14)
nd = [IAs]® + [ Agsl?]mQ + Ao [P (3.5.15)
Ads = = [NsAs + AAs ] ml + AP (3.5.16)

As we are free in the choice of the local basis, we can diagonalize C° via the
unitary transformation

i@ _ Zusm et (3.5.17)
leading to
o — <<h1h1>q>0 <h1h2>¢0> = (ﬁ(l) 0> . (3.5.18)
(hhhn)a,  (Rbho)e, ) — \ O 73

=
With the diagonal local density matrix, the transfer operators are written

as
Mo = A2mS =1 — 7 — A9 + 1y (3.5.19)
i, = A2md = i) — my (3.5.20)
Mg = A3m (3.5.21)

The renormalization matrix becomes diagonal and has the well-known form
[9, 10, 11]

- [P 1 _ _
47 = Ao, [1—719/] —i—)\d)\;yng = [\/momv—i—\/mdm;/} . (3.5.22)

A0[1 — 7Y




38 CHAPTER 3. GUTZWILLER WAVE FUNCTIONS

Finally, the constraints concerning the completeness and the local occupa-
tion numbers are expressed as

1= S\Qmo + )\ ml + )\2m2 + )\dmd (3523)
Al = N2m0 + Aim], (3.5.24)

while the constraints for the previously off-diagonal elements A% are auto-
matically fulfilled if the Gutzwiller correlator in the new basis h%ﬂ contains
only diagonal variational parameters, i.e., 5\7;{ = 0. Consequently, all varia-

tional parameters )\FF and renormalization factors ¢ are real.

For a given diagonal local density matrix 5’2, the minimization of the

energy functional

B =3[0 (kb ) g, + NaUtng (3.5.25)
i#j

with respect to m, can be carried out analytically.
We define the uncorrelated ground-state energy €y per lattice site as

—th<h iy Yy q) N Z€k<nk Z&k@[EF—&‘k] .
Ns k

€

Z#J
(3.5.26)
Especially for a half-filled paramagnet, i.e., 7 = @) = %, we express the
ground-state energy per lattice site (3.5.25) as
_GA O -
ef = 8[1 — 2mq|mae+ Uy, (3.5.27)
whose minimization with respect to mq leads to
U 12
P=1-|7—] 3.5.28
7] o (35.25)
and 1 I
Mg = — — 3.5.29
mq 4 |: UBR] ) ( )

with the critical interaction strength Upr = 8Jé|. From Eq.(3.5.21) we
conclude that the variational parameter A\ vanishes if U approaches Upr
from below. The average number of doubly occupied sites in |[¥q) tends
to zero. Consequently, the renormalization factors also decrease and the
system becomes insulating when U = Upg.

For one-dimensional systems, these findings are in contrast to both exact
results of the single-band Hubbard model [71] and the exact evaluation of
the Gutzwiller-correlated wave function [1, 65]. In Fig.3.5.1 we plot the
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Figure 3.5.1: Mean double occupancy mgq for the one-dimensional single-
band Hubbard model as a function of the on-site interaction U for a half-
filled paramagnet (ny = n; = %) The circles mark the exact result in the
thermodynamic limit (Ng — oco) while the solid lines are the results obtained
within the GA (black) and of the two-site model (red). The exact results
are excerpt from [65].

average number of doubly occupied sites of the one-dimensional single-band
Hubbard model. We recognize that the linear decrease of mq with increasing
U reproduces the results from the exact evaluation of the Gutzwiller wave
function for U up to U =~ 0.8Upr quantitatively well. For larger values
of U, the exact evaluation of the Gutzwiller wave function yields a finite
number of doubly occupied sites. For comparison, we also plot the mean
double occupancy of the exact solution of the two-site model of the half-filled
one-band Hubbard model, see Appendix A.1.

Brinkman and Rice predicted that, within the GA, this localization tran-
sition will occur for half-filled systems in arbitrary spatial dimensions [72].
In [73] it was shown that the Brinkman-Rice (BR) transition is an artefact
of the limit of infinite spatial dimensions. Hence, corrections in leading or-
der of % may yield quantitatively better results [65], but the BR transition

cannot be overcome by finite-order corrections in %.

The single-band Hubbard model was also applied to inhomogeneous
states. It was shown that the single-band Hubbard model within the slave-
boson mean-field formalism possesses solutions with various inhomogeneous
solutions like spin polarons, domain walls [37] and vortex-antivortex and
Skyrmion structures [29]. Later, the time-dependent generalization of the
slave-boson formalism was applied in order to investigate the dynamic prop-
erties of inhomogeneous superconductors [30, 39, 42, 43, 44].
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3.5.2 Two Decoupled Orbitals

The one-band Hubbard model has been extensively studied both within the
Gutzwiller variational approach and the time-dependent Gutzwiller theory.
It is therefore interesting to check to what extent the numerous one-band
results are reproduced by the multi-band Gutzwiller scheme. In order to
address this question, we consider the Hubbard model with two completely
decoupled orbitals per lattice site. We talk about ‘decoupled’ orbitals if both
the one-particle Hamiltonian Hy and the local interaction Hamiltonian fIint
are ‘orbital-diagonal’ in the sense that the Hamiltonian can be written as

2

2
HE, = Z ﬁiséb = Z [Z Z tijé;'r,boéj,bo +U Zﬁi,bTﬁi,u] , (3.5.30)
b—1 -

b=1Yi#j o

where only the intra-orbital Coulomb interaction parameter U remains. We
assume an orbital-independent hopping amplitude ¢;;.

The local density matrix C° consists of two block matrices for the two

orbitals:
0 0
niy Ay 000
go— | A my 0 0o (3.5.31)
0 0 n9, AJ,
0 0 Aj, nf,

The atomic two-orbital eigenstates are simple product states

IT) =M1® )2 = )12 (3.5.32)

of the one-orbital eigenstates, i.c., |[v"))12 € {[0),[1), 1), |1})}.

Due to the block structure of the local density matrix (3.5.31), the un-
correlated expectation values of transfer operators m 1, with respect to the
two-orbital eigenstates ’

(g 5) = (D1 )2) A LED) = (M) x (22(¥l)  (3.5.33)

can be expressed as the product of two expectation values of one-orbital
transfer operators mv,v"

The factorization of the atomic eigenstates and the expectation values
of transfer operators into the respective one-band quantities suggests the

following decomposition for the elements of the Gutzwiller correlator (3.5.1):

Al DU = Apa )12 247 11 (A

) o (3.5.34)
= >\7§/|7>11<7| S )"y”?/|’7 >22<ry | .
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In order to check the validity of this assumption, we first state that the
relation

Z MrrArr = Z Aoy X Asdss = 1 (3.5.35)

holds after the minimization. Here, the Apr are the diagonal variational
parameters for the two-band model while the A, are the variational param-
eters from the one-band model. Furthermore, a comparison of the single
values Arr to the products Ay,\y5 yields a one-to-one correspondence of
two-orbital states |I') and one-orbital product states |v)|%). In this way, the
validity of our assumption has been checked for both para- and ferromag-
netic systems.

By replacing each sum over the multi-orbital states |I') by multiple sums

over one-orbital states |v), one derives the following results:

e The local completeness relation (3.3.1) factorizes into the completeness

relations for the completeness within each orbital:

_ « 0
1= E Arp, AT, 1y

I'Tile
Z )\"/’Yl Y2 "{1 Y2 X Z )\'y'y 'y'yém'yi,'yQ (3536)
Y12 'y'yl'y2

=10 x 1®,

The superscript denotes the orbitals.

e The constraint concerning the element C s.as’ of the local density ma-
trix can be cast into the corresponding constraint for C'SO o from the
one-orbital model and the completeness relation within the other or-

bital:

CCOLS ,as’ = Z )‘FgFl)‘FgF3<P‘éLS‘F1> X <F3‘éa5’ r

I

I'IeI's

Z Aoyt Mo 7‘ a8‘71> X <73‘éa8’h/> mgﬁ“/x

'Yl 'YQ’YS

X
Z >‘v "Y' m% s
vy 7172

= CSO s X 1(&)

,> m%J—v

(3.5.37)

where we used 1 = 2 and 2 = 1, respectively.
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e The elements of the renormalization matrix qgj/ can also be cast into
the corresponding one-band renormalization factor qﬁl and the com-

pleteness relation within the other orbital:

qgs Z ATl ArsTy <P2‘cas’P3> Hrlm

I'hI2
I'sT'y

= Z)‘*’ / 72’5[’73 H/ SRS Z )‘“/71 T2 “/1 2 (3.5.38)

’Yl’YQ YY1Y2
Y374
, _
=q; X 1@

e The local interaction energy splits into the sum of the one-orbital
interaction energies, multiplied by the completeness relation of the

opposite orbital:

loc_ loc * 0
E E Er E )\FFl)\FFQthFQ

'
— E Eloc —|—E10C A* A 0
Z A Ayt A Ay 71% My vy (3.5.39)
'71“/2
Y172

— plloc 1(2) + F2loc o 1(1)

These findings have also been checked and been confirmed numerically. They
provided useful criteria for consistency checks in the development of the

TDGA.



Chapter 4

Time-Dependent
Hartree—Fock Approximation

The HF approximation as sketched Section 2.6.1 yields a decoupled Hamilto-
nian allowing for simple calculations of ground-state properties. The stabil-
ity of the ground state can be checked by calculating the response functions
for the charge, spin and pair channel by applying time-dependent exter-
nal fields to the system. In the limit of small fluctuation amplitudes, the
so-called RPA allows for the calculation of two-particle response functions.
The RPA was developed by Pines [74] based on the equation of motion
for the one-electron density matrix. Here, the RPA will be derived as a
time-dependent generalization of the HF approximation in Section 4.2.

The HF ground-state wave function is included in the Gutzwiller varia-
tional space if we set >‘z',1‘1‘/ = 0pr . The derivation of the TDGA will thus
go along the same lines in certain aspects. We start this chapter with a list
of abbreviations that will be used both for the RPA and the TDGA.

4.1 Definitions and Notations

The HF theory aims for an effective one-particle description of the interact-
ing electron system. The trial ground state is therefore written as a product
state of non-interacting particles, i.e., the ground-state wave function |<I>SIF>

is approximated by a Slater determinant:

26™) = [ 21 l0). (4.1.1)
ol

The evaluation of expectation values with respect to one-particle product
states is a simple task by means of Wick’s theorem. It its time-independent

43
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version, Wick’s theorem states that expectation values of many-particle op-
erators can be obtained by calculating all possible pairings of creation and
annihilation operators. Expectation values with respect to Slater determi-
nants thus become functionals of the one-particle density matrix p. We label
the elements of p as

Piotio = (Clatin g, - (4.1.2)
Note that the order of the indices as introduced in Eq. (4.1.2) is more useful
than the one used in Chapter 3. For ¢ = j, pjo ;s just recovers the elements
of the local density matrix C.

We introduce the abbreviations
v = (io) (4.1.3)
for local one-particle states and
Y = (v,0) (4.1.4)
for pairs of these indices. The elements of p can then be written as

Pjoi,iocs = Pluy,ue) = PY (4.1.5)

which allows us to interpret them as elements of a matrix p (with respect to
(v1,v2)) or as elements of a vector p (with respect to V). To a given index

pair Y = (v, v2) we define the ‘inverse’ index Y = (vg, v1).

4.2 Hartree—Fock Approximation II

The expectation value of a many-particle Hamiltonian with respect to a
single-particle product state is a function of the single-particle density ma-
trix. For example, for the Hamiltonian (2.4.3) it reads

ET(p) = (H),,
=t pjaric + D€ pigria + Y ik (), (4.2.1)
i#j i i

oo’ oo’
where pj, ;» are the elements of the previously defined density matrix and

~ 1 0102,030.
Eloc;i(P) = 5 Z Uyt |:pi04,i01pi03,i02 - Pz‘og,wlpz‘%iag] (4.2.2)

0109
0304

is the expectation value of the two-particle interaction term in the Hamil-
tonian (2.4.3).
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With the abbreviations (4.1.5), the HF energy (4.2.1) reads

- 1
E"(p) = Z EvyvPvgr T 2 Z Poa,or Worvs wgva Pus o

V1V V1V
. o (4.2.3)
= ZWW T3 Z py Wy yrpyr,
Y YY’
where
€ig1,joa = t?leQ + 62‘]'6;‘7102 (424)

denotes the one-particle energies and
— 0102,0304 0102,0403
Worvgoge = U0 U (4.2.5)

for indices vy = (i,0%) that belong to the same lattice site i. Note the
symmetries
WU1U4,v3U2 = szvg,mvl = _WU1U37U4’U2 5 (4.2.6)

which will be employed in the following section.
The energy functional (4.2.3) has to be minimized with respect to all
density matrices which belong to a single-particle product state. Such ma-

trices are idempotent, i.e., they obey the matrix equation

=7, (4.2.7)

which must be imposed as a constraint via a Lagrange parameter matrix 7
with elements 7),,,/. The resulting equation

ap(jv, [EHF@) —tr (ﬁ(,a2 - ﬁ))] =0 (4.2.8)

has to be solved, leading to

h(p) + i — #p — pi1 = 0, (4.2.9)
where we introduced the matrix iL(ﬁ) with the elements
. 0 -
hy([)) = a’TEHF(p) =cy + Z Wy vy pyr . (4210)
Y Y/

Equation (4.2.9) is solved if p satisfies both Eq. (4.2.7) and

[h(p),p] =0. (4.2.11)

Starting with a certain density matrix p, we can introduce the single-particle

basis

) = tpalv) (4.2.12)
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of states which diagonalize the Hamilton matrix h(p), i.e.,

Zhw Yt o = Bty - (4.2.13)

Equation (4.2.11) is then solved by setting
Paar = 00O [Er — By, (4.2.14)
where the Fermi energy Fp is determined by the total number of electrons

Ne=> O[Er — Ed]. (4.2.15)

The density matrix (4.2.14) has to be reinserted into Egs. (4.2.3) and (4.2.10)
until self-consistency is reached. We denote the self-consistent solution of
these equations as p° and introduce the corresponding Hamilton matrix

h0 = h(p°). (4.2.16)

4.3 Equation of Motion for the Density Matrix

We consider two-particle Green’s functions of the form

Gugvy vsvs (t — t,) = <<é:r)1 (t)ém (t); AI}g (t )CU4 (t,)>>
= —10(t — t')(®|[e], (t)é,, (1), eL, (t)e,, ()] ]|®)

where |®) is the exact ground state of the multi-band Hubbard Hamilto-

nian (2.4.3), and et (t) is the Heisenberg representation of the operator et

(4.3.1)

with respect to H. As shown in most textbooks on many-particle physics,
the Green’s functions (4.3.1) naturally arise in ‘linear-response theory’ be-
cause they describe the time-dependent changes

6<CU1 U2> - élléw >t - <éilév2>7oo = 6/)“27”1 (t)
9]

= Z /dt’ GU2U1,U3U4 (t _ t/)fv3y4 (t/) (4‘3‘2)

v3v4_" L

of the density matrix p in the presence of a small time-dependent perturba-
tion

=3 fow®il ey (4.3.3)

added to H [75, 76, 77]. After a Fourier transformation and using again the
abbreviation Y = (v,v'), Eq. (4.3.2) reads

(S,OY Z ny/ fy/ ) (434)
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with

00
Gyy'(w) = /d’T Gyy/ () e, (4.3.5)
—o0
and fy(w) and 0py (w) defined accordingly.
Ideally, we would like to calculate the time dependence of the density

matrix
P v (t) = <(I>(t)

where |®(t)) is the exact solution of the time-dependent Schrédinger equa-

ehe @), (4.3.6)

tion for the full Hamiltonian
H(t) = H+ V(). (4.3.7)
The expectation value (4.3.6) obeys the Heisenberg equation

oo (t) = (U()|[H,ele, ]| ¥ () (4.3.8)

y Cu Gy

which contains the commutator

[H(t)7é:r)év/] = Z [Evlv + fvlv(t)]é:r)l Copr — Z [Ev/vl + fv’v1 (t)}@i%l
U1 U1
1 A At A A At A s
+ 3 Z (Wylva,y%cllc&cv /Gy, + W, vy 0507 cllclc%c%) .
U1Uals

(4.3.9)

In the time-dependent HF approximation, it is assumed that the solution
|®(t)) of the Schrodinger equation at any time ¢ is approximately given by a
single-particle product wave function. In this case, the expectation value of
the commutator (4.3.9) can be evaluated by means of Wick’s theorem. This

leads to the equation of motion

() = [R(3(1)) + F(t). ()] (43.10)

for j(t), where the matrix h(5) has been introduced in Eq. (4.2.10). Equa-
tions (4.2.10) and (4.3.10) will be crucial also for our formulation of the
TDGA in Chapter 5.

4.3.1 Expansion for Weak Perturbations

We are only interested in cases where

Vi(t) — 0V;(t) Zéfw (t)ele, (4.3.11)
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is a weak perturbation to the time-independent Hamiltonian H. In this case,
the density matrix 5(t) and the Hamilton matrix h(t) are given as

p(t) ~ p° +5p(t) (4.3.12)
h(t) ~ h° 4 oh(t), (4.3.13)

where 05(t) describes a ‘small’ time-dependent perturbation around the

ground-state density matrix ¥, and

Wy =ey + > Wyyph (4.3.14)
Y/
Ohy (t) = Z Wy y1dpy(t) . (4.3.15)
Y/

With the expansion (4.3.12) and (4.3.13), the equation of motion for the

time-dependent density matrix (4.3.10) becomes

0= [n° 5" (4.3.16)

Wp(t) = [B°,6p(t)] + [6h(t) + 6 f(t),5°] . (4.3.17)

These equations have to be solved for density matrices p(t) that fulfill
Eq. (4.2.7). After applying the expansion Eq. (4.3.12), Eq. (4.2.7) reads
(to leading order in 04(t))

=) (4.3.18)
6p(t) = pPop(t) +op(t)p . (4.3.19)

Note that Egs. (4.3.16) and (4.3.18) just recover the time-independent HF
equations (4.2.7) and (4.2.11) derived in Section 4.2.

4.3.2 RPA Equations
Mathematically, the density matrix is a projector onto ‘hole’-states, py, = p°.

In addition, we define the projector onto ‘particle’-states as
pp=1-7". (4.3.20)

With these two operators, we can decompose all matrices into their four
components

55" (1) = pu0p () (4.3.21)

)
S () = pubf () pu (4.3.22)
R = 505, (4.3.23)
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where v, w € {p,h} denotes the particle and hole channel, respectively. Note
that A% has the elements

ho = Syuwlaa B - (4.3.24)
An evaluation of the condition (4.3.19) for the components §p""(t) yields
6p°(t) = 6p"(t) + 6p™ (£)6p™ (t) + 6p™ (£)3p™* (2) (4.3.25)
and

SFU(t) = 0, (4.3.26)

where v # w. Hence, the components §5PP(t) and 65" (¢) can be neglected
in the following compared to the leading fluctuations 5" (¢) and 6P (¢).

We express the time-dependent quantities §p""(t) and & fm“ (t) by their
respective Fourier transforms 05" (w) and §f"“(w). The equation of mo-
tion (4.3.17) then leads to

_H"}(Spal 0{2( ): [Eal QQ](Spal 0{2( ) [5hg}111a2( )+6fa1 ag( )]’ (4327)

where the plus and minus signs correspond to vw = ph and vw = hp,
respectively. With the abbreviation A = (aq, ) for pairs of indices o we

find

ShY" (w) = = > Uaw [0p4% () + 6p%7 ()] . (4.3.28)
Al

Here, the elements of the matrix U are given as
— — _ E : *
UAA/ = (]0[10[2,0{/10/2 = UUPQIUUQ,QQ WU1U27UI1UI2 uvlva,luvé a2 . (4.3.29)
U1Us

1,0
V1V

The coefficients u, o in Eq.(4.3.29) have been introduced in Eq.(4.2.12)
and determine the solutions |o) of the HF equations. Equations (4.3.27)
and (4.3.28) then yield

T [ e

with a matrix F defined as

EAA/:E //:6 /6

O Qp, Q) Oty ooy 0‘20‘2[ ¥

—E,,]. (4.3.31)

By comparing Eqgs. (4.3.30) and (4.3.4) we find

Gl (w) = [(w +16 — E) (é _01> - U] (4.3.32)
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for the inverse of the two-particle Green’s function

Gaar (w) = GalaQ,a’la’Q (W)

_ * *
- E Uy, o, Yoy, Gv1v2,v’lv’2 (w) uv’l,o/ uvé,ag : (4333)

1
V1V
Vi
In Eq. (4.3.32) we added an infinitesimal increment 6 with § = 0" in order
to ensure the correct boundary conditions of a retarded Green’s function.
For U = 0, the inverse Green’s function (4.3.32) reads

I Y(w)==+[w+w - E], (4.3.34)
which leads to

0 _ 0
paQ,aQ pal,al

/ 5 ! .
R o DN

FAA’(W) = FalaQ,a’la’Q (w) = (4335)

Note that I' is not the exact Green’s function for the single-particle Hamil-
tonian Hj since we just set U = 0 in Eq. (4.3.32), but kept finite the ‘HF
self-energy’ contributions

EA = Z WAA/[)%/ y (4336)
A/
which usually change the ‘eigenvalues’ E, in Eq. (4.3.35); cf., Egs. (4.2.10)
and (4.2.13).
With the Green’s function (4.3.35) we can write Eq. (4.3.32) as

G(w) = T(w)[1 + UT(w)] (4.3.37)
=T(w) +T(w)UG(w), (4.3.38)

where, in the second line, we expanded [1 + UL'(w)]~! into a power series
with respect to UT'. Both Egs. (4.3.37) and (4.3.38) are familiar expressions
for the two-particle Green’s function in the RPA.



Chapter 5

Time-Dependent Gutzwiller
Approximation

Based on the slave-boson mean-field formalism, Seibold et al developed the
TDGA for the single-band Hubbard model [37, 38]. In later works, the
TDGA yielded results that were in both qualitatively and quantitatively
good agreement with DMFT and exact results [47, 48, 49].

In this chapter, we generalize this approach for the investigation of multi-
band models. To this end, we set up an effective energy functional of the
density matrix in Section 5.2, which is used in Sections 5.3 and 5.5 to derive
the Gutzwiller RPA equations. We first present a list of abbreviations that
will be used in the following sections.

5.1 Definitions and Notations

As in the previous chapter, we start with a list of definitions and abbrevia-

tions. The elements of the density matrix will be denoted as

Pioia = oo = Py = (elylio)g, - (5.1.1)
with the abbreviation Y = (v/,v) for a pair of local spin-orbit states (io)
and (jo’) already defined in Egs. (4.1.3) and (4.1.4). We further introduce

the abbreviation
X = (z’,FI") or 7 = (z’,FI") (5.1.2)

to label the elements of the variational parameter matrix, see below.
5.2 Effective Energy Functional

As summarized in Chapter 3, the expectation value of the multi-band Hamil-
tonian (2.4.3) in the Gutzwiller theory is a function of the variational param-
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eters App, and of the one-particle wave function [®g). As in the HF theory,
the single-particle wave function |®() enters the energy functional solely
through the elements of the non-interacting density matrix p, Eq. (4.1.2). It
is therefore possible to consider the energy

o _ g5, = (Hel196) oo
(Va|¥e)
as a function of the density matrix p and of the ‘vector’
X= (e b A ) = s Ana) (5.2.2)

of Ny, variational parameters App, (and Ajp, for I' # IV). The density
matrix in the energy functional (5.2.1) must be derived from a single-particle
wave function and, therefore, it has to obey the condition (4.2.7).
The constraints (3.3.1) and (3.3.2) are also functions of X and 7 and will
be denoted as
In (X, ﬁ) =0, 1<n<ne. (5.2.3)

The dependence on X is given in Egs. (3.3.3) and (3.3.4). Here, n is the
(maximum) number of independent constraints, which, due to symmetries,
is usually smaller than its maximum value N2 + 1, where N, is the number
of spin-orbital states per lattice site. We assume that the functions (5.2.3)
are real, i.e., in case of complex expressions in Egs. (3.3.3) and (3.3.4) their
real and imaginary parts are treated separately.

By solving Egs. (5.2.3) we can, at least in principle, express n. of the vari-
ational parameters (= A&) through the density matrix p and the remaining
‘independent’ parameters (= \L),

2 =25 (5.2.4)
In this way, we obtain an energy functional
ECA(X, §) = BOY (X439, X, ) (5.2.5)

which has to be minimized without constraints apart from Eq. (4.2.7) and
the condition that the total electron number

Ne=>_ pu (5.2.6)

is conserved.
For a fixed density matrix g, the minimization of Eq. (5.2.5) with respect
to the parameters )\iZ,

a)\l (A ) ) ) ( )
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determines these parameters
X=Xz (5.2.8)
as a function of p. This allows us to define the ‘effective’ energy functional
ET(5) = ES* (X@), ) , (5.2.9)

which, for a fixed density matrix 7, is given as the minimum of EG* with
respect to M. With this effective functional we will formulate the time-
dependent Gutzwiller theory in the following section.

Using a Lagrange-parameter matrix 7 as in Chapter 4, we find

0| B (p) — w(il(5* 7)) |

Do =0, (5.2.10)
p=p°
which leads to
[h(p),p] =0. (5.2.11)
Here we introduced the matrix il(ﬁ) with the elements
hy(p) = %ﬂzp) (5.2.12)

and used again the notation Y = (jo',io) for Y = (io,jo’). The self-
consistent solution of Egs. (5.2.11) and (5.2.12) then yields the ground-state
density matrix %, the matrix RO = B(ﬁo), and the corresponding single-
particle ‘Gutzwiller-Hamiltonian’

O_
h Zhwﬂ, & 5 g (5.2.13)

oo’

5.3 Gutzwiller RPA Equations

The derivation of RPA-type equations within the time-dependent Gutzwiller
theory goes along the same lines as discussed in Chapter 4 for the time-
dependent HF theory. We add a small time-dependent field

SV (t) dew Jor®el e+ he. (5.3.1)

O'O'

to our multi-band Hamiltonian (2.4.3). With the particular time dependence

Sf2 () =612 i (w)e ™, (5.3.2)

io,jo’ io,jo’
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the expectation value of 6V (t) reads

Ef(ﬁ) = Z 5f.i0'7j0',(w)672thjalvio- + c.c. ’ (533)
ij

oo’

where

C

- - ce .
0 i01,i0
5fi01,j02 (W) = 5ij5fi0'1,i02 (w) ] : ] :
Pios,ior

(1= 0] 32 0l o a3 [a2]

/ !
0103

(5.3.4)

The (correlated) local density matrix C° and the renormalization matrix §
are defined in Egs. (3.3.5) and (3.3.20), respectively. With Eq. (5.2.8) they
can both be considered as functions of p.

The time-dependent field induces small fluctuations of the density matrix

elements,

py = Py + Spy (t). (5.3.5)

Our main assumption is now that dpy () obeys the same equation of motion,
6p(t) = [h°,6p(1)] + [6h(t) + 6 (1), "] , (5.3.6)

as the density matrix in the time-dependent HF theory; cf., Eq.(4.3.17).

Here, however, the Hamilton matrix

h(t) =~ hO(t) 4 oh(t) (5.3.7)

is not derived from the HF energy functional (4.2.3), but from the effective
energy functional (5.2.9),

0 _
(1) = 5 ()~ Hy 4 3 Kybor () = Ky + 0hy (1), (539
Y/

where the matrix K is given as

" 52 Feft
Kyyvi= ———
Y'Y Opy Opy

(5.3.9)

p=p°

The diagonalization of h° (or equivalently of the Gutzwiller Hamiltonian
h0) yields a basis |o) with

RS, = hY = duw E,, (5.3.10)
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and a ground-state density matrix that is given as
Poe = PA = dae O[Er — Ea] . (5.3.11)

With the projectors p, = p° and pp=1- pY, we define the particle and hole
components of all matrices, as we did in Egs. (4.3.21)—(4.3.23). The com-
ponents §p""(t) of the density-matrix fluctuations obey Egs. (4.3.25) and
(4.3.26), i.e., to leading order we can neglect 5" (¢) and §5PP(t). Hence,

after a Fourier transformation we end up with the same form of RPA equa-

(T [ M vt R

as in Eq. (4.3.30). Here, however, the bare matrix of Coulomb parameters
U is replaced by the matrix K, defined in Eq.(5.3.9), and the energies E,,
in the matrix F, Eq.(4.3.31), are the eigenvalues of the Gutzwiller Hamil-

tonian (5.2.13). The comparison with Eq. (4.3.4) leads to the final result

tions,

G(w) = [(w +16 — E) (3 _01> + f{} B (5.3.13)

for the two-particle response functions matrix within the TDGA.

5.4 Saddle-Point Expansion of the Energy Func-
tional

For an evaluation of the Gutzwiller RPA equations (5.3.12), we need to
determine the matrix K which is given by the second derivatives (5.3.9) of
the effective energy functional (5.2.9). To this end, we expand EGA up to

second order around the ground-state values g 0 and N0 = Xi(ﬁo),

Tio~ Foc L i i
ESA (X, 5) = By + tr(707) + 5 [1; Spy MU, Sy + ; SN M0y,

+ Z (5)\1ZM2§)/5PY + 5pyM1p/)‘Z(5)\iZ>}
zY

= Eo + tr(h06p) + 6B
(5.4.1)
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Here, we introduced the matrices Mpp, ]\7)‘p, MP\ and M with the ele-

ments

82EGA
M, = ——— 5.4.2
YY apyapY, ( )
82EGA A\
M), = —— = M?. 5.4.3
zZY 8)\1ZapY YZ ( )
aZEGA

where the second derivatives on the r.h.s. are evaluated for j = p° and
X = Xi0. Note that there is no linear term ~ AL in Eq. (5.4.1) because of
the minimization condition (5.2.7). For our further evaluation, it is useful
to write the second-order terms in Eq.(5.4.1) in a more compact form by
means of matrix-vector products, i.e.,

SE® = %[(55)Tﬁppaﬁ+ 2(6X) AV o5 + (SX)TMVOX] . (5.45)
Here we used the symmetry
MY = [MA]T (5.4.6)

In the effective energy functional (5.2.9) the parameters X are deter-
mined by the minimization condition (5.2.7). Applied to our second-order
expansion (5.4.5), this condition yields

)
D6,

SEP (6X,6p) =0, (5.4.7)

which provides us the multiplet-amplitudes

SN = — [JTJM} T Avesp (5.4.8)
as a linear function of the densities §p. This result leads to the quadratic
expansion

ET (50 +6p) = Eo + tr(h%6p) + %(5,5)%55, (5.4.9)
with

K = M — MNP [MM] e (5.4.10)

of the effective energy functional as a function of the density fluctuations 6.
In earlier work on the TDGA, Egs. (5.4.7) and (5.4.8) have been denoted as
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the ‘anti-adiabaticity assumption’. In fact, these equations have the physical
meaning that the local multiplet dynamics, described by fluctuations 5)\iZ(t),
are fast compared to those of the density-matrix fluctuations dpy ().

With the functional (5.4.9), we could now proceed with our evaluation of
the Gutzwiller RPA equations (5.3.12). For practical applications, however,
it is more convenient to determine the ‘interaction kernel’ (5.4.10) in a way
that avoids the explicit solution of the constraints (5.2.3). This alternative
procedure is the subject of the following section.

5.5 Lagrange-Functional Expansion

In the second-order expansion, described in Section 5.4, we implemented the
constraints (5.2.3) by explicitly eliminating a certain set of n. variational
parameters. Although such a procedure can, at least in principle, always be
applied, for the numerical implementation it is more convenient to impose
the constraints by means of Lagrange parameters. To this end, we define
the ‘Lagrange functional’

LOA(X, 5, K) = ESM(X5) + ) Angn (X 5) (5.5.1)

n

which depends on all variational parameters X, the density matrix p(=p)
and the n. Lagrange parameters A,. The optimum variational parameters
)\OZ, density-matrix elements poy, and Lagrange parameters A2 are then de-
termined by the equations

6LGA 8LGA 8LGA
= — = 0 )

Oz X=X0 A=RK0 5=50 oA, X=X0 A=A0 5=50 aPY X=X0 A=R0 5=50
(5.5.2)

which have to be solved simultaneously.

We expand the Lagrange functional to leading order with respect to
parameter (dA\z, 0A,) and density fluctuations (dpy). The second-order
contribution has the form

1 1
SL® — . > Spy LSy + > 6A, LY Spy + 3 > A, LYy
Yy’ zZy z27!

a9, 99,
oA 1) 1)
+an n{ZZ:mZ AZ*%:apY py},

(5.5.3)

with matrices LP?, L* and L™ defined as in Eqs. (5.4.2)—(5.4.4) only with
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EGA replaced by LGA. The anti-adiabaticity conditions

0

T 5L =0 (5.5.4)
aaaAn SL2) =0 (5.5.5)
yield the n. equations
) g;’; Sz + Ey: g;’; Spy =0 (5.5.6)
and the ny,, equations
S TLYoNg +> Loy + gi; 5A, =0. (5.5.7)
z' Y n

Together, these equations allow us to express the ny, + n. parameter fluc-
tuations dA,,, Az in terms of the density fluctuations dpy. These can be
reinserted into Eq. (5.5.3) to obtain the desired quadratic functional solely
of the density fluctuations,

1 _
SL3) = 3 > bpy Kyydpy: . (5.5.8)
YY’

In Appendix C, we prove that the interaction matrix Kyy- (5.5.8) is, in
fact, identical to Kyy+ in Egs. (5.4.9) and (5.4.10).

5.6 Response Functions for Lattice Models

In the previous section, we have developed the general formalism of the
TDGA for the calculation of two-particle Green’s functions. We will be more
specific in this section and explain in detail how the response functions which

are of interest in solid-state physics can be calculated within our approach.

5.6.1 Two-Particle Response Functions

In solid-state physics one is usually not interested in the full two-particle
Green’s function G as it has been defined in Eq. (4.3.1). The properties,
relevant for experiments, are certain linear combinations of elements of G.
For our translationally invariant model Hamiltonians (2.4.3), these are in

particular the two-particle response functions

GU201,U3O4 (RZ - Rj? t— t/) = <<é;r,ol (t)éz’,og (t); é},ag (t/)éj,m (t,)>> ) (5'6'1)



5.6. RESPONSE FUNCTIONS FOR LATTICE MODELS 59
or, more importantly, their Fourier transforms

G020170304 q,w N /dT eMTZeZ(R —Ry) 020170304 (RZ - Rj7T)

- ﬁ Z«ék,m ék-i—q,ag; é;rcurq,og ék/,a4 >>w

S kK’
(5.6.2)
Here, we introduced the fermionic operators
ol = — Z eTRikell) (5.6.3)
and the usual notation
(6:0), = / dr (O(7); O/ (0)) " (5.6.4)

for the Fourier transform of a Green’s function with arbitrary operators
O, O'. With the abbreviation v = (o,0") for spin-orbit indices and the
operators

(5.6.5)

o2 ?

we can write Eq. (5.6.2) as

G (a,w) = (A% (A%)1)_ . (5.6.6)

The Green’s functions (5.6.2) are still quite general since they include all
possible channels of local coupling o1 <> 02, 03 <> 04. In experiments one
usually measures response functions which are certain linear combinations

W) = hiy G (@, W)k (5.6.7)

of some of the Green’s functions (5.6.2), defined by the matrix s, = Ky .
For example, the transversal spin susceptibility x(q,w) is given as

x(q,w) = NLS«S’;; SZa) (5.6.8)

where

Ze_’R’ a5 = ZZ@L biCaricnl (5.6.9)
- :Zeerqs chkﬂuckb = (55)f (5.6.10)

o g Vo 4
Si = Z Ci,brCib) s Si = Z Ci b Cipt (5.6.11)
b b
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are the usual spin-flip operators. The spin susceptibility of a two-band
Hubbard model will be investigated in Chapter 6.

5.6.2 Response Functions in the TDGA

In order to apply the TDGA, as developed in Section 5.2, we have to expand
the Lagrange functional (5.5.1) up to second order with respect to density-
matrix Jp and variational-parameter fluctuations dAprs. This means that
we need an expansion of the constraints (3.3.1) and (3.3.2), of the local en-
ergies (3.3.10) and (3.3.11), and of the kinetic energy (3.3.22) and (3.3.23).
The second-order expansion of the kinetic energy is more involved than that
of the local energies and of the constraints. In the latter there are only con-
tributions from fluctuations at same lattice sites while in the kinetic energy
local and non-local fluctuations (such as § ( CioCi o )@, ) couple. Nevertheless,
the calculation of the second-order Lagrange functional is tedious but oth-
erwise straightforward. We therefore refer to Appendix D where the details
of this derivation are presented. As shown in that Appendix, it is useful to
introduce the operators

g201 A‘I’ ~
‘71027‘7/1‘75 +/N. Z “k Uéck+q7o'1 (5.6.12)

: = g201 AT A
01027‘71‘75 - /NS Z 6k+qck 0-2 k+q, (5613)

and to define the auxiliary Green’s function matrix ﬁ(q, w) with the elements

(A% (A)D), (A% (B3)1), (A% (BL)),
o (aw) = | (B3 (4%)1), (B (83)"), (B (B2)),
(B3 (A2)"), (B (B, (B:(B3)).

We are actually interested only in the first ‘element’ of this matrix, i.e.,
the Green’s functions (5.6.6), since they allow us to determine any response
function of the form Eq.(5.6.7). As shown in Appendix E, however, the
TDGA leads to the following equation for the entire matrix (5.6.14) from
which Eq. (5.6.6) can be extracted,

Ti(q,w) = [1 4+ 1°(q,w)V9] ' T1%(q,w). (5.6.15)

Here, V4 is the effective second-order interaction matrix, introduced in
Eq. (D.2.19), and I1°(q,w) is the Green’s function matrix (5.6.14) evalu-
ated for the single-particle Gutzwiller Hamiltonian (5.2.13). As shown in
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Refs. [8, 66], this Gutzwiller Hamiltonian ho = flgﬁ for our lattice Hamilto-
nian (2.4.3) has the form

=SS (e + Noren)EL . & o =D ZEk,aB;r(,aﬁk,a’ (5.6.16)
k [}

k o102
where the Lagrange parameters 7,,,, are determined by the minimization

— 0102

of the variational ground-state energy and €.'?* is defined as

—0102 — Z qol o2 *6?02_ (5.6.17)

oioy

7 (1)

The creation and annihilation operators h, ;, of the effective single-particle

Hamiltonian (5.6.16) can be written as

hLa Zuaacka (5.6.18)

iLk,a = Z(ug,a)*ékpa (5619)

where the coefficients of the transformation matrix % are determined from
a diagonalization of Eq. (5.6.16). With these eigenstates, the calculation of
ﬁo(q, w) is now a simple task. For example, the first element <<A3, (flg/)T»g
is given as

<<A01 0y (Ag’l oh ) >>?u

S E E LT 7 0r k * kaq o K+q1% K
- k 02 k+q,a1 ) hk/+q,a/1 hk’,o/Q >>w [u027a2] Uoion [uoﬂ ,al] uO’é ,0th
kK’ @199

oo

* k+q [ulirq ]* k

g g e R DR,
_ ;02 +q,a1 ]
N o w Ek—f—qoq Ek,a2)+25

(5.6.20)

where

np o = ©[Ep — By (5.6.21)
is the ground-state distribution function (5.3.11). In the same way, we can
calculate all other elements of ﬁo(q,w). The result is always the same as
in Eq. (5.6.20) only with additional factors ~ €7 or ~ eﬁj’r/q due to the
definition of the operators (5.6.12) and (5.6.13). For example, the second
element in Eq. (5.6.14) leads to

<<A¢(711<72 ; ( Ag304,aéaﬁl)T>>?u

}* k+q [ukJrq }* k
02’a2 0-17a1 01/3 al UZL’CVQ 0 0 0304
N (E — F 5 (M0 — Mt quon | X7 -

k airaz

(5.6.22)
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To summarize, with Egs. (5.6.15), (5.6.20) and (5.6.22) and the inter-
action matrix (D.2.19) we are now in the position to investigate any two-
particle response function for our general class of multi-band models (2.4.3).
As a first example, we study the magnetic susceptibility for a two-band

model in the following chapter.



Chapter 6

Spin Susceptibility in the
Time-Dependent Gutzwiller
Approximation

As a first application, we calculate the frequency- and momentum-dependent
transversal spin susceptibility for the translationally invariant two-band
Hubbard model. Based on the spin susceptibility, we calculate the mag-
netic phase diagrams for different interaction parameters. We calculate
the instability of the homogeneous paramagnet towards magnetically and
orbitally ordered phases. While the instability of the paramagnet in com-
parison to a ferro- or anti-ferromagnetic state could in principle also be
obtained from ground-state calculations, we are now also in the position to
investigate the stability of the magnetically ordered phases by means of the
TDGA. To this end, we prepare a ferromagnetic state and calculate the low-
energy excitation spectrum, i.e., the magnon dispersion. We also calculate
the high-energy excitation spectrum. The calculations are carried out both
in three and infinite spatial dimensions. The results are compared to the
corresponding results obtained in the HF approximation.

The results presented in Sections 6.3 and 6.4 shall illustrate the applica-
bility of the TDGA in the context of strongly correlated multi-band systems.
They are not meant to reproduce any experimental results in a quantitative
manner.

6.1 Interaction Kernel

We consider two degenerate orbitals in a cubic environment. The cubic
symmetry affects both the kinetic energy, since the hopping amplitudes are
not independent from each other for equivalent directions, and the atomic

63
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Hamiltonian, because the degrees of freedom for the interaction parame-
ters are reduced. We skip the details of the cubic symmetry’s influence
to Section 6.3 and begin with the symmetry- and dimension-independent
second-order expansion of the Lagrange functional.

6.1.1 Specification of Fluctuations

The formalism derived in Chapter 5 and Appendix D is still quite general.
In this section, we re-derive the interaction kernels K and V for the two-
band Hubbard model. We explicitly take the symmetries of two degenerated
orbitals into account.

Since we are interested in magnetic excitations in this chapter, it is useful
to classify the elements of the local density matrix by their spin components.
To this end, we define the three categories

{Czotfb} = {C?i,as)(i,ab)}7 a,b=1,2 and s=1,] (6.1.1)

{Cio,l;l;} = {C?z‘,aT)(i,b¢)}7 a,b=1,2 (6.1.2)

{Czo,’a_b} = {C?z,a¢)(z,b¢)}7 a,b=1,2 (6.1.3)

of local density-matrix elements. We introduce the respective categories of
fluctuations

{50251;} {5<Cz asCips) ) (6.1.4)

{0 ZOaJZ} {o(e] e arCin) } = 1057} (6.1.5)

{0 zab} {oel alivt)} =108t (6.1.6)

with the abbreviation 5S:ab = 5(ég’aTéi7b¢> and 65, , = 5<éj7a¢éi7bT> for the
spin-flip components.
Each element of the local density matrix corresponds to a constraint of
the form
Giwor = Clyigr — (&1 PP, ) oy =0 (6.1.7)
Classifying the constraints by the same criteria as in Egs. (6.1.4)—(6.1.6), we
divide the constraints (3.3.2) into the three sets

gf,ab = Czo(as (bs) — <Cl ast PZCZ bs><1>0 0 (618)
+ — _

Yi,ab = Ci,(aT),(bi) - <ci,aTPi Pz‘ci,b¢>q>0 =0 (6.1.9)
- _ 0 AT pipa _

Tiab = Cia).or) — (Lot B Piipr g, = 0, (6.1.10)

while the local completeness relation is written as

g =1-(PIB), =0. (6.1.11)
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As each constraint is multiplied by a Lagrange multiplier A, we introduce

three respective sets of Lagrange parameters

{Ay} for the {g7,} (6.1.12)
{Aur} forthe {g,;} (6.1.13)
{AZ’;} for the {g;ab}. (6.1.14)

For the expansion of the Lagrange functional, we denote the fluctuations of
the Lagrange multipliers as {0A*°}, {§A®+} and {§A>~}.

As can be seen from Table 2.5.1, the atomic eigenstates can be classified
by the z-component of the total spin (see the last column of Table 2.5.1).
We introduce the three classes of local variational parameters \; rrv

{)‘?,FF’} for  Sir—Sur =0 (6.1.15)
Nrp} for Shp—Shpo=#1 (6.1.16)

for the different contributions in the Gutzwiller correlator (3.5.1). The fluc-
tuations {6A?’FF,}, {5)\;}11/} and {0\, v} corresponding to the aforemen-
tioned sets of variational parameters are defined in the same way as for the
Lagrange-multiplier fluctuations.

In the following, we introduce one single index v for index pairs like ab
and I'T”, respectively. We then summarize the fluctuations of local den-
sity matrix elements and variational parameter fluctuations within the joint
variable fluctuations

{0410} = {67 00} (6.1.17)
{oAbt} = {sC, onf ) (6.1.18)
{0457} = {6C) M} (6.1.19)

Together with the {dA®°}, {§A»+} and {§A~}, these are all local fluctua-
tions that enter the expansion of the Lagrange functional.

The local density matrix is Hermitian, and so is the matrix of local
variational parameters if we assume a Hermitian Gutzwiller correlator. With
the inverse index 7, we can express the Hermiticity of Eq. (3.5.1) as

A= Nig (6.1.20)

while the Hermiticity of o implies that the constraints g; ;o can also be
regarded as elements of a Hermitian matrix g; and we therefore find

[AL]" = AL (6.1.21)
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All in all, we obtain the useful relations
[0AX]" = 6ALT and  [JALE]" = 6ALT (6.1.22)

for fluctuations of local quantities which will be crucial for the derivation of
the interaction kernel in a compact form, see below.

6.1.2 Second-Order Expansion in the Spin-Channel

We start with the Lagrange functional in its general form

ab _a’s1 b’sg
Zzztqulas ]bs <zasl ]b’32 +ZE210C

i#j ab a'b
S 8182
i1 (1 i i i 6.1.23
ISR DEVAD DD Mo B
i 57 iy vy
=T+ Lioe

and allow for fluctuations of both the local quantities defined in the previ-
ous section and the expectation values of the non-local hopping processes
<éj,a/sléj,b’52>'

The Lagrange functional contains the Lagrange multipliers {A} which
must be determined. In Appendix B we derive a scheme to deal with the

system of equations
d LGA

d\O+
whose solution yields the saddle-point values of the Lagrange multipliers.
We find that only the {A%*} and A%! are finite, while the {A%*} vanish.

Since we assume a spin- and orbital-diagonal local density matrix, we

20, (6.1.24)

have C2 ot = 500/71?,0. Biinemann et al stated that a spontaneous local
hybridization may only occur for very small Hund’s exchange coupling con-
stants J [15], which justifies the assumption of a diagonal local density
matrix for the studies of this chapter. Our numerical calculations then show
that the diagonality of O leads to a both spin- and orbital-diagonal renor-
malization matrix ¢ at the saddle point. In order to keep the derivation of
the interaction kernel well-structured, we expand the constraints (3.3.1) and
(3.3.2), the local interaction energy (3.3.10) and (3.3.11), and the kinetic en-
ergy (3.3.22) and (3.3.23) separately. We explicitly show how the diagonality
of C° and G simplifies the general expressions derived in Appendix D.

The expansion of the local interaction energy and the local constraints
only involve the derivatives with respect to variables on the same lattice site.
It is therefore a straight forward task to expand Lj... The second derivatives
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of the local interaction energy with respect to spin-flipping fluctuations are
of the form

82Ei loc
— e A0, (6.1.25)
DALFOALT

For the completeness relation (3.3.1), we find that the diagonality of o
yields

3292(1)
y !

for derivatives with respect to the {A%*}. The derivatives of the constraints
concerning the local density matrix elements, Eq. (3.3.2), with respect to the
{A%*} turn out to be of the form

a2gis,ab
T
DAL DAL

ag;:ab
dAL*

40 £0. (6.1.27)

Although there are also finite derivatives of the form

D%gE
4 (6.1.28)
0Ay 0A5
mixing spin-conserving and spin-flipping fluctuations, we do not need to
take them into account in our expansion, since the corresponding Lagrange

multipliers are zero. Any derivatives of the form

82Ei,loc 62Ei,loc d 8292(1) 8291(1)
—_— or —_— an - - or - -
aAQOaAgf—L aAgiaAg,i aAQOaAgf—L aAgiaAg,i

(6.1.29)

also turn out to be zero.

One must also include the mixed terms ~ 5A?;/5Ai,ab in order to ensure
that the expansion fulfills the constraints. As only the sets { giiab} yield finite
first derivatives with respect to the {A%*}, it is sufficient to consider the
fluctuations of the {A»*} in the expansion of L.

The expansion of the kinetic energy is more complicated because it con-
tains contributions which couple fluctuations of local variables on different
lattice sites. Nevertheless, we still can split the expansion into a charge-
and a spin-channel due to the diagonality of the renormalization matrix ¢,
which is a direct consequence of the diagonality of Co.
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We start with the derivatives of the renormalization factors ql "o " with
respect to the local quantities {A»*}. We find that-at the saddle point—
derivatives of the form

q: iT 8(](-1/1 2qa s
7, 1,qQ. 1,as
0 and ——#0 and —————— #0 6.1.30
dALT s DAL~ s DASTOALT s ( )
yield finite contributions, but there are also finite derivatives of the form
2qa s
1,as
oAoATF 7" (6131

mixing the charge- and spin-channel. Fortunately, the diagonality of o
and ¢ leads to d-relations that make all derivatives (6.1.31) dispensable and
conserve the partition into the spin- and charge-channel. To address this

point, we consider a typical term in the expansion of the kinetic energy

2 a’s1
b q; i 14 * /Af ~
t 5A;ﬁ<mg, [4752] (Cwrsn i) (6.1.32)

and figure out that the diagonality of ¢ yields the factor dss, while the
hopping expectation value yields ds, s,, resulting in s, .
We additionally allow for non-local fluctuations of the one-particle den-
sity matrix p. A typical term of this kind reads
a’s1

a 7 aqz ,as /s
tijb 514’\/7—’— 6A [ ;)bSQJ 5< la’sl ] b’52>7 (6133)

cf., the first line of Eq.(6.1.23). The diagonality of ¢ yields the factor
Oppy 0ss,, the derivative of the renormalization factor on lattice site R; yields
the factor 04t ds,. Altogether, Eq. (6.1.33) can be written in the simplified
form

ab 1,4 aql /aiT

tij 5147’ 8A [ j bT] <CZ a/i ) bT> X 5bb’53325s1‘531¢a (6.1.34)

where we now see that the term § ( 16, bT> induces a ‘transitive’ spin-flip
process with a ‘negative’ sign because the hopping process annihilates the
electron with spin s =1 on lattice site R; and creates it on lattice site R;
with spin s =]. An analog analysis for couplings to the {§A%~} yields

a’s1

aq; ew .
tab 6A’ZY af;las [q?,li:] 6<Cja S1 ]b’32>

e (6.1.35)
ab 7 zal, bl 1% ¢/ AT ~
=tij 0A5” P Az [qj,bﬂ 5<Ci,a’1‘cj,b¢> X Opy 55,0505, 1
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leading to a coupling to transitive spin-flip processes with a positive sign.
As we consider translationally invariant systems, all calculations are car-

ried out in momentum space. Applying the Fourier transformation to the

local fluctuations, we find for the local fluctuations {§A**} and {JA»*}

5Az:l:

\/_ Z TR 5 A= (6.1.36)

SALE = Z TReAGADE (6.1.37)

\/_

With the ‘local’ part of the Lagrange functional

Lioe =Y Eijoc + _ [A"g" + Z At L ALTgh L (6.1.38)
i i
Eq. (D.1.6) becomes
(2 ) 1 It
L =Y 6ATTEIG5AT (6.1.39)
a v

with the interaction matrix elements

KIOC _ 82 LIOC

_— 6.1.40
vy 8A»Z)Z+8A,Zy’,_ ( )

and the Fourier transforms of the local fluctuations as they were defined in
Eq. (6.1.36). The mixed terms connecting fluctuations {§A%*} and {§A"*}
arising from the first-order expansion of the constraints (cf., Eq.(D.1.11))
are written as

SLE) = SN AR K AT + ALK ] IALY] (6.1.41)
a 7

with the interaction matrix elements

09 [agff | (6.1.42)

KC ;= - = -
Y 1, — 1,7+
0AL  LoAL

where the index v now counts the constraints (6.1.9) and (6.1.10), respec-
tively.

For the expansion of the kinetic energy, we have to address the question

bsg

how derivatives of renormalization factors 4ip and their complex conjugated

ones [qb 52] are related to each other. From the explicit expression for the

renormalization factors (3.3.21) we conclude that
8[(11?/82]* 8qb S92 8qb S92

3,bs pbs  _ ZTpbs (6.1.43)
oAy~ o[a]’ T o
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and we can therefore write the local part 6Tl(2) in Eq. (D.1.13) as
— 7+l —q,—
=D N GAYTERL6ATYT (6.1.44)
a Y

with the g-dependent interaction-matrix element

Dqss DS | gl 0qs
qW/V ZZ aba’b’ {aA+8A++8A,8AJ
bb' (6.1.45)
2 bs

a as S as a S
" Z Z abab [aA%A— ]+ i 045 ?Ai]
:

and the tensor
Zb,a/b’ Z €k+q Ck a’sck bs > 5 (6146)

which is equivalent to the tensor defined in Eq. (D.1.21). Here, we decom-
posed the combined spin-orbit indices 0 = (as) again and kept only the
relevant spin-index. The tensor (6.1.46) possesses the symmetry properties

Egy o (Q) = Egp oy (—) (6.1.47)
Egbav (0) = Egy ap X Gaa Oy (6.1.48)

which were explicitly used to derive K ! 4y I the compact form Eq. (6.1.45).
Note that Eq. (6.1.48) does not hold necessarlly if systems of lower symmetry
are investigated.

The expansion with respect to local and transitive fluctuations has al-
ready been sketched in Eq.(6.1.33) and has been carried out explicitly in
Eq. (D.1.15). In Eq. (D.2.4), we define two auxiliary fluctuations

SBYT =6BL",, = \/% Z (e yalicrquars) (6.1.49)
SBIT = 5B;‘bz,b, = \/_ Z g ck 1 Chsquarl) (6.1.50)

with their Hermitian conjugated counterparts
[5321’;;,1), \/_ Z g 5 ck+q o1 Ch > = 531;1%;1, (6.1.51)

[5325; a/b/ Z 6k-{—q CkJrq a’LCk bt > = 6Bbaqé/ . (6.1.52)



6.1. INTERACTION KERNEL 71

The index w = (ab,a’d’) now contains only the orbital indices since we
classified the fluctuations 6 B2 and § B9 by their spin-flipping behavior. The
expansion 5Tt(2) of Eq. (D.1.13) then becomes

P =3"% [5B{3’+K§;}}5A;q’_ + OB K264
q T (6.1.53)
+SAST[KE2] 6B, Y 4+ AL K] *53;%—] ,

with the interaction-matrix elements

9 [qbﬂ] * aqb/¢
6,1 — pot,l a9l _ at 9
KVU} - K’Y,(ab,a/b/) - qZT 8A¢ Oaa’ = QZTE(SML/ (6'1'54)
K2 = K% = [a}] « Oy Sppt (6.1.55)
= = L9, = . 1.
v 7,(ab,a’t’) Mg A
We finally obtain the second-order expansion in the spin-channel as
A~
1 _ ~, [ B~
(2)7 P — 7+ 7+ 7+ T q
SLI = & > (0A%t BT GBI SATT) K| o |
4 SA—aF
(6.1.56)
where the interaction kernel
IA{'AA IA{'AB I?AB I?AA
_ KEAB]" o 0 0
o |15 .
[K ] 0 0 0
(K4 0 0o o0
is composed by the block matrices
KA% = K¢ + K} (6.1.58)
KAB = gt KAB = |2 (6.1.59)
KA = K°. (6.1.60)

Note that, due to the relation [5Bg’+] * = 53;,01’_, we had to interchange the
order of 5B;,q’7 and 63;/(1’7 in order to ensure that the interaction kernel
can be written as a Hermitian matrix.

The representation of the Lagrange-functional expansion (6.1.56) re-
quires that the fluctuations for the two spin-flip signs appear in a fixed
order, since we had to interchange derivatives with respect to A;F by deriva-
tives with respect to A5. To this end, we define the index ~' counting the
local fluctuations with negative sign by demanding that the relation

[6AIF]" = 54597 2644 (6.1.61)
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holds. In the same manner, we require that the index w’ counting the
transitive fluctuations with negative signs fulfills the relations

6B = (5Bt )" = 6B, %, L B, (6.1.62)
[6BEY]" = [0B3 ] = 0By, = 0B (6.1.63)

6.1.3 Anti-Adiabaticity and Effective Interaction Kernel

The anti-adiabaticity can now be applied for the A%, JA®~ and the
OA~D™, §A~DF separately. As in Egs. (D.2.16) and (D.2.17), we decompose
the matrices K44, K48 K48 and K4 into their components coupling the

+q,+
S’Y

local density-matrix fluctuations ¢ and the local variational-parameter

fluctuations (5)\1E 9% Requiring

7,(2),5¢ 7,(2),5¢
oL L O L e
DAL DSAD
85L(2)’SC | 85L(2)’SC |
P 0 BoATET 0 (6.1.65)

yields the two independent systems of equations
~ ~ . . ~ ~ ~ = 5S7q77
RRCRN () o (BB (e
(K] 0 OA™ (K& 0 0 sB—a—
(6.1.66)

and
~ ~ ~ ~ ~ = q,+
R RO (oo (B, R R S
Ko ) \oae BN 0 0 ) \ppar
(6.1.67)

)

where we used the index S instead of p in order to emphasize the spin-
channel. The correction AV in Eq. (D.2.20) then reads

[I}AA]T KA _ _ IR B o
. S S KAA KAA KAA KAB [AB
ave= (R o (a0 S (e )
A 0 K 0
[KfB]T 0 [ )\] [ S ]
(6.1.68)
Finally, the effective interaction kernel is written as
- AA A - AB
_ L N
vi=|[[KgB]" o o |-Ava (6.1.69)
&) 0 o
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6.2 Transversal Spin Susceptibility

We define the transversal spin-susceptibility for the two-band model with
degenerate orbitals. Explicit expressions for the different response functions
are derived. The expressions derived in this section remain general, and
we will point out which simplifications arise in the limit of infinite spatial
dimensions.

6.2.1 Response Functions

In order to calculate response functions for fluctuations in the spin-channel,
we define the reduced Green’s function matrix as

(S3585%7), (8B, (SIT B,
I, () = | (BE5897), (B B), (BEB,5),
(BE"07Y, (BETBSTY, (BE BT,

(6.2.1)
As in the derivation of the interaction kernel, we interchanged the order of
B;,q’_ and B%;/q’_.
The sets of local operators consist of the intra-orbital and inter-orbital
spin-flip operators S+

1
Sa+ — > el e (6.2.2)
aa /—NS - k,aT"k+q,al
1
+ 4 s
= g Cp ~4C 6.2.3
/NS " k,at"k+q,al ( )

for a = 1,2. The coupling to transitive fluctuations 5B257—;'b/ and 5]_32,’);/,),
yields a é-relation for two of their indices, cf., Egs. (6.1.54) and (6.1.55). The
remaining sixteen transitive spin-flip operators are

1
q7+ ba AT ~
2q,+ 1 ba - .
Bab,ar = \/—ﬁ Z ngLqCJlrc,b’TCkJrq,ai’ (6.2.5)
S
k

with a(), ) = 1,2. The Hermitian conjugates of Egs. (6.2.2)—(6.2.5) yield
the corresponding operators with the opposite spin-flip sign.
The diagonalization of the effective one-particle Gutzwiller Hamiltonian

ZZ +6abnss Ck asck bs — ZZ Ex as"'ns kashk as (6.2.6)
k

k a,s
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can be carried out analytically for the two-band model. Due to both the
diagonality of the local density matrix C° and the orbital degeneracy, we
introduce the orbital-independent variational parameter 7ns to ensure the
conservation of the particle number. Introducing the new parameters

=y, (6.2.7)
we re-write the spin-dependent part of Eq. (6.2.6)
Freff A R
H =" [Bras + 3517l quhicas - (6.2.8)
k a,s

According to Eqgs. (5.6.18) and (5.6.19), the new creation operators are writ-

ten as
K,s A . . .
h;ls = Z us’ C;r(,as = Cos i cLlS + sin ¢y CLQS (6.2.9)
a
K,s A . . .
hLQs = Z Uy Che s = — SN K CLIS + cos ¢k cLzs (6.2.10)
a
by means of the real 2 x 2 rotation matrix @¥. The ‘mixing angle’ is obtained
from 12 | 221 12 4 .21
3 3 € €
tan 2¢ = = - % =K - X (6.2.11)
fk ~ %k fk ~ %k

Here, we made use of the orbital degeneracy (leading to ¢if = ¢3%) and the
diagonality of Co.

In our calculations, we take the viewpoint of the canonical ensemble. The
zero of energy is kept fixed for all band fillings and the Fermi energy becomes
a function of doping and (in case of ferromagnetism) of the spin-projection s.
We calculate the Fermi energies independently for the two spin-projections
s by means of the total electron density n. and the magnetization m per
lattice site. The fact that the diagonalization matrix is independent from
the renormalization matrix (cf., Eq. (6.2.11)) and therefore independent from
the actual interaction parameters, we define a ‘renormalized” Fermi energy
Ej = B - ¢2 and calculate it from

N = Ni Zk: Za: O[Ef — Fyas) = Ni Zk: Za: OB} — Exo], (6.2.12)

where the relations
ne=ns+ny and m=ny—ny (6.2.13)
must be fulfilled. We then obtain n~ as

n~ =EL—Eb. (6.2.14)
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The renormalized Fermi energy depends on the band filling only. The actual
Fermi energy that depends on the interaction parameters is then easily cal-

culated by a single minimization with respect to the variational parameters,

but not within a self-consistency cycle which would increase the numerical

effort.

With the ground state of Eq. (5.6.16), the elements of I° explicitly read

<<52‘z;+,5 o Do
=N ZZ [y ]
S k af
(SaT 'b/;'b'>>g
k,t k,T
N, ZZ wyj i)
k af
,7q7 0
<<Sc?l; y Barbt ale! >>
- E Tl
S k af

0
<< :1:1177—*1—1%7 B~bq;/b>>

=N Z Z [ waih) |
k

Cam g
<<Bc(1:11;—’¢—z’b7B bab e

o DRl

k af

1 0
=N Z [u})‘,g usg ] [uktatylctad] [ g1
K

M5t~ Merqual
w = [Bicrqal — Bipr] +10
(6.2.15)

k+q,¢u2§+q,¢]
(0%

0 ba'
—Nkgq, aJ X €kiq

Ei 1] +16
(6.2.16)

[k
k+q,¢uk+q,¢] k81
Y w = [Extqal —

[”%m ”k+q ai] x ’5%(/ /

w = [Bicrqal — Bipr] +10
(6.2.17)

k+q,¢ k+q,l
Ugey uc’a ]

0 ba _ba
k+q,¢ k+q,¢} [nkﬁT nk+q aJ X €k €ktq

(7

b w— [Bicrqal = Fipt] +10
(6.2.18)
0 0 ba bi
k+q,¢uk+q,¢] [nk,BT nkJrq ai] x ekagka

o' o o w — [Ek+q,a\l/ — Ek,BT] + 10
(6.2.19)
ba _ba
nﬂJrq ai] x 6k({kq€ka
Yo 2w~ [Exiqal — Bipr] +10

(6.2.20)
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The remaining non-diagonal blocks can be obtained from symmetry consid-
erations.

6.2.2 Phase Diagram

In the first step, we look for instabilities of the homogeneous paramagnet.
To reach this goal, one could evaluate the ground-state energy functional for
different magnetizations m. As long as only second-order phase transitions
are expected, one can alternatively find the instability line also by means of
our TDGA.

In general, instabilities are indicated by a divergence of the real part
of the response function or—equivalently—as a peak in the imaginary part.
Instabilities of the homogeneous paramagnet towards magnetically ordered
states are indicated by a divergence of the transversal spin susceptibility

X(qw) = (SPT + ST ST + 5797 (6.2.21)

We can extract x(q,w) as the sum of elements of the first ‘block’ of the
Green’s function matrix (6.2.1). From Eq. (5.6.15), we conclude that the
divergence of ﬁ(q, w) corresponds to the non-invertibility of the matrix [1 +
ﬁo(q,w)TN/q]. Thus, we can alternatively obtain the instabilities if we solve

DET[1 + 11%(q,w)V9] £ 0 (6.2.22)

in dependence of the interaction parameters U, U’ and J. The advantage
of solving Eq. (6.2.22) instead of calculating the correlated Green’s function
matrix is that the numerical effort of the matrix inversion is avoided. For the
instability of the homogeneous paramagnet towards a homogeneous ferro-
magnet, we set q = 0 and, since we are looking for spontaneous symmetry
breaking, we additionally set w = 0. The imaginary part of II° vanishes
then. In order to examine the instability towards incommensurate ordered
phases, we solve Eq. (6.2.22) for finite momenta q # 0 and q # (7w, m,...).
For the investigation of the anti-ferromagnetically ordered system, we set
q = (m,7,...). In this way, we look for the minimal interaction strength U
that yields an instability towards any magnetically ordered phase.

The formation of an orbitally ordered phase is—besides breaking the
spin symmetry—another possibility to lower the system’s energy. This phe-
nomenon can also be observed in the two-site limit of the two-band model,
cf., Appendix A.2. Mapping to a Kugel-Khomskii Hamiltonian [78] suggests
the formation of an orbitally ordered ferromagnet at quarter filling. We
therefore calculate the ground-state energy of the para- and ferromagnetic
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R, R; Ri1 Rito

Figure 6.2.1: Schematic sketch of the ferromagnet with ‘anti-ferromagnetic’
orbital order. The gross magnetization is positive on each lattice site, the size
of the arrows is proportional to the charge-density in each orbital. From site
to site, each orbital takes turn as majority and minority orbital, respectively.

state with an additional ‘anti-ferromagnetic’ orbital order, cf., Fig. 6.2.1.
Orbital ordering is a well-known phenomenon in multi-band systems and is
already covered within a mean-field treatment [79, 80], with the known short-
coming that the stability of the orbitally ordered phases is over-estimated
in comparison to results from the Gutzwiller approach [14]. DMFT calcula-
tions on this issue remain ambiguous [81, 82].

6.2.3 Magnon Dispersion and Excitation Spectrum

In the second step, we fix the interaction parameters to some values beyond
the instability line of the paramagnet. We fix the elements of the local
density matrix C° such that the ground-state energy functional is minimal
with respect to the magnetization m = n? — ng. To address the question
of stability, we calculate the ferromagnetic magnon dispersion. To this end,

we solve the equation
DET|[1 + 11%(q, q) V9] = 0 (6.2.23)

and thus obtain the magnon dispersion e4. This approach is valid for finite
excitation energies as long as the imaginary part of the uncorrelated response
functions is small compared to their real parts. This is the case as long as eq
is small. The ferromagnetic state is considered to be stable if the curvature
of the dispersion relation is positive. Magnon dispersions can be measured
by neutron-scattering experiments. The quality of the choice of interaction
parameters can thus be judged by comparison to experimental results.
Furthermore, we are interested in the calculation of high-energy excita-
tion spectra. To this end, we calculate the correlated Green’s function ma-
trix ﬁ(q, w) and extract the imaginary part of the Green’s function (6.2.21)

for a wide frequency and momentum range.
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6.3 Spin Susceptibility in Infinite Dimensions

6.3.1 Model System

We begin our investigations with a two-band model on a hyper-cubic lattice.
We keep all terms in the (cubic) interaction Hamiltonian and decouple the
two orbitals by introducing the spin- and orbital-diagonal hopping amplitude

0_0_, - b b/ ’
177 =t = gy 8,0t (6.3.1)

for nearest-neighbor sites R; and R;. The band energies then read

ot D

b

& = — E cos k 6.3.2
k V2D ‘= " ( )

for the two orbitals b =1, 2.

Due to the diagonality of the hopping amplitudes, the effective one-
particle Gutzwiller Hamiltonian is already diagonal. The number of fluctu-
ations that have to be taken into account in the calculation of the response
functions are therefore reduced. We consider the four local and eight tran-
sitive intra-orbital spin-flips only. The effective interaction kernel and the
response functions are therefore represented by 6 x 6 matrices.

The hopping amplitude is scaled ~ % in order to keep the energy
expectation values finite in the limit D — oo. The limit D — oo requires a
special treatment of the k-space summation. In Appendix F we show how
any sum over the first Brillouin zone is replaced by a frequency integral by
means of the density of states.

The momentum dependence in infinite spatial dimensions is included in
a single scalar quantity 74, which is defined as

D
. 1
Ng=mn= lim 1) Z COS g, (6.3.3)

D—oo
n=1

and lies within the interval [—1,1]. 1nq = +1 corresponds to q = 0 while 7 =
—1 corresponds to the vector q = (m,7,...). If 7q is used to characterize
the ‘ordering vector’ of the system, 1q = 41 corresponds to a homogeneous
para- or ferromagnetic phase while 774 = —1 indicates an anti-ferromagnetic
ordering. Any states with an ordering vector —1 < ng < 41 will be denoted

as incommensurate phases.

6.3.2 Results

We present numerical results for the models and susceptibilities introduced
in the previous sections. Our findings have already been published and
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discussed in [83]. First, we present the magnetic phase diagrams for four
different ratios of interaction parameters in Fig.6.3.1. We fix the ratio of
J/U to 0.0, 0.1, 0.2 and 0.3, respectively, and carry out the calculations for
the second-order phase transitions for different dopings . Due to particle-
hole symmetry, we restrict ourselves to hole-doping only. We find that,
for any J, the half-filled system (6 = 0) undergoes a spontaneous phase
transition towards a homogeneous anti-ferromagnet for U = 0. For small
doping, the homogeneous paramagnet tends to incommensurate phases.

The phase diagram for J = 0 is shown in Fig.6.3.1 a). It does not ex-
hibit a ferromagnetic regime. This result is not surprising since previous
variational calculations stated the existence of a critical J to favor itin-
erant ferromagnetism [7]. The existence of a critical J in a degenerate
two-band model was also derived by means of quantum Monte-Carlo simu-
lations within the DMFT [81]. The occurrence of incommensurate phases is
restricted to a range of small doping § < 0.07 only. At half-filling (§ = 0),
previous calculations yield a metal-to-insulator transition (Brinkman—Rice
transition) at a critical interaction Upgr which is now masked by the anti-
ferromagnetic phase. Another localization transition appears for exactly
quarter-filled systems, marked by the full square at § = 0.25. Both metal-
to-insulator transitions are of second order for J = 0. The transition from
the homogeneous paramagnet towards the orbitally ordered phase turns out
to be of first order.

For J/U = 0.1, the range of incommensurate phases extends over the
range from half- to quarter-filling, cf., Fig.6.3.1 b). The ordering vector
increases monotonically from 7g = —1 to ng = —0.3. Within this range, we
find also stable ferromagnetism (marked by the dashed line) if the interaction
strengths U and J are further increased. The BR transition at half-filling
if of first order for all finite J whereas the one at quarter-filling remains
continuous also for finite J.

As expected, the boundary of stable ferromagnetism tends to smaller
interaction strengths U if the ratio J/U is further increased. The regime of
incommensurate ordered phases is restricted to a smaller doping range as
illustrated in Fig.6.3.1 c¢) for J/U = 0.2. At ¢ ~ 0.22, the borders of the
instability of the ferromagnetic phase and the stability of the ferromagnetic
phase merge in a Quantum-Lifshitz-Point (QLP), similar to results obtained
for the single-band model [84]. For larger doping, the two boundaries co-
incide until the BR transition sets in. We find an orbitally-ordered phase
also for finite J/U masking the BR transition at quarter filling. Within the
ferromagnetic state, the transition towards the orbitally ordered phase is
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second order for J/U = 0.2.

For a ratio J/U = 0.3, the boundary of the stable ferromagnet is further
shifted to smaller interaction strengths, cf., Fig. 6.3.1 d). The phase diagram
exhibits also a QLP where the paramagnetic, the ferromagnetic and the
incommensurate phases merge. The large value of J/U leads to the existence
of a ferromagnetically ordered phase even for system below quarter-filling.
A metal-to-insulator transition has not been found for interaction strengths
U/|t| < 45. Although not shown in Fig.6.3.1 d), a transition from the
ferromagnetic state towards the orbitally ordered phase is found also for
J/U = 0.3, and it is found to be of first order in contrast to the result for
J/U =0.2.

From Fig.6.3.1 c¢) and d) we conclude that the ferromagnet is always sta-
ble if the critical interaction strength for q = 0 is smaller than the critical
interaction for a phase transition towards incommensurate phases. Further-
more, we find that the occurrence of a paramagnetic insulating phase both
at 6 = 0 and § = 0.25 is prevented by either an anti-ferromagnetic or an
orbitally ordered phase, similar to DMFT results for a three-band model
[85].

For comparison, we present the same phase diagram obtained within HF
approximation. In Fig. 6.3.2, we present the boundaries of the paramagnetic,
the ferromagnetic and the incommensurate phases for the same interaction
parameters as in Fig.6.3.1. We find that the size of the Hund’s exchange
coupling influences the phase diagram only quantitatively. The HF approx-
imation predicts phase transitions towards a stable ferromagnetic phase for
all values J/U. This result confirms the overestimation of ferromagnetism in
mean-field theories which is a known shortcoming of the HF approximation,
since it cannot cover the multiplet structure of local electron configurations
properly.

In Fig.6.3.3, we present an example of a momentum- and frequency-
dependent excitation spectrum for a ferromagnetic ground state with a mag-
netization of ny—n = 0.677 per lattice site, and the doping is set to § = 0.15.
The interaction parameters are U/|t| = 10.5 and J/U = 0.2, respectively.
The spectrum consists of the low-energy magnon and the high-energy Stoner
continuum. For n — 1, the magnon excitation consists of a J-peak at w — 0
carrying the whole spectral weight, i.e., our calculations recover a Goldstone
mode which serves as another consistency check of our formalism, cf., the
inset of Fig. 6.3.3. For finite momenta q (i.e., for nq < +1), the peaks appear
at positive energies indicating the stability of the ferromagnetic state. The

peaks are broadened with increasing momenta and their spectral weights
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Figure 6.3.1: TDGA magnetic phase diagram for the two-band Hubbard
model in infinite spatial dimensions as a function of doping. The solid
lines mark second-order transitions from the homogeneous paramagnet (PM)
to incommensurate (IC) and ferromagnetic (FM) phases, the thick lines
mark the insulating phase due to the BR transition (black) and the anti-
ferromagnetic phase (green). The dashed lines mark the boundary of stable
ferromagnetism. The dash-dotted lines mark the orbitally ordered (OO)
phases.

0.5

Figure 6.3.2: HF approximation magnetic phase diagram for the same in-
teraction parameters as in Fig. 6.3.1.
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decrease rapidly. The spectral weight is shifted to the higher energies where
the Stoner continuum evolves with increasing momenta. Its mean position
moves to smaller energies with increasing q and merges with the broadened
magnon peaks. The abrupt drop of the spin-wave intensity is also seen in
inelastic neutron-scattering experiments and is usually interpreted as the
intersection of the spin-wave excitation curve with the excitation continuum
[86]. The magnon dispersion is a linear function of 1 — 7, i.e., it is quadratic
in |q| for small momenta (cf., Eq. (F.1.11)) as expected for ferromagnetic

magnons.

1n=1.0|n=0.9
— =0.8
3 n
; n=0.7
&

3 L 1n=0.6
S —0.6 | J\\ }
\z g 0 21073 4.10=3 6.1073 81073

5 w/t|

OJ}

Figure 6.3.3: TDGA excitation spectrum for the stable ferromagnet. The
plot displays the imaginary part of the transverse spin-susceptibility x (7, w)
obtained within the TDGA in a wide frequency range (main panel) and
for small frequencies (input) for various ‘wave vectors’ 7. The spectrum
consist of the low-energy magnon and the high-energy Stoner continuum
excitations. U/|t| = 10.5, J/U = 0.2, § = 0.15, m = 0.677.

6.4 Spin Susceptibility in Three Dimensions

6.4.1 Model System

We use a tight-binding Hamiltonian with nearest- and next-nearest neighbor
hopping as it was already used in [7, 87, 88]. The diagonal hopping matrix
elements between the ds,2_,2-orbital (b = 1) and the d,2_,2-orbital (b = 2)
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Figure 6.4.1: Density of states at the Fermi edge as a function of band
filling ns for uncorrelated electrons with the hopping parameters given in
Table 6.4.1. The half-filled state (one electron per lattice site per orbital per
spin direction) corresponds to ns = 0.5.

in momentum space are given as [54]

611(1 = k = téd)a[ cosky + 3 cosk: + 2cos k ] 325&2)5 [COS k. + cos kzy}

+ tild) cos k; cos ky + [ El?o + 3t£il)ﬂ] [cos k., + cos k:y] cos k,

+ 3t 2) [cos ky cos ky + L cos kg cos ks + & cos ky cos k]
(6.4.1)

e¥2 =2 = 3t£ld)o[coskz +cosk ] —|—t£ld)5[ cosky; + 5 CObk‘ + 2cos k, ]
+ 4t((1d) cos ky cos ky + [ Eil)a + tﬁil)w + Zt&?é] [cos kx + cos k:y] cosk, ,

(6.4.2)
while the band mixing (hybridization) reads
12 21 f (1) 1)
g =l = ty, 4+t cos k, — cosk
k k [ dda dd5] [ ] (643)

—|—[ tddo \/_tdd7r t((id)é] [CObk‘ —cosk ] cosk, .

The values for the hopping amplitudes are listed in Table 6.4.1. This spe-
cial choice of parameters avoids perfect nesting at half-filling and yields a
density of states at the Fermi energy that exposes a peak at finite doping.
The resulting density of states for electrons without correlation is shown in
Fig.6.4.1.

The local interaction Hamiltonian was introduced in Section 2.5.2, cf.,
Eq. (2.5.2). The eigenstates and eigenenergies of Eq. (2.5.2) have been listed
in Table 2.5.1.
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£ 1ev] 8 ev) eV 62 ev] 62 [ev] 1) [eV]
—1.0 0.3 —0.1 —0.25 0.075 —0.025

Table 6.4.1: Hopping amplitudes for nearest- (1)) and next-nearest ((2))
neighbors. The values are taken from [7] according to general experiences
for energy bands in transition metals.

qz

qzx M

Figure 6.4.2: Left: generic dispersion relation for the two-band model
in three dimensions along the usual symmetry axis. The zero of energy
coincides with the one-particle on-site energies. The total bandwidth is
W = 6.875eV. Note the degeneracy along the (§,¢&,§)-direction. Right:
sketch of the 1. Brillouin zone with symmetry points.

With the abbreviation g% = ¢33 = ¢s, we can write the resulting eigenen-
ergies as

Ey1s = [qs] 2 [0082 Dk 811( + sin? ¢ 512( + 2 sin ¢y cos Pk 511(2] = [qs] 2Ek,1

(6.4.4)
2r . . 2
Ey 25 = [qs] [sm2 Pk 811< + cos? ¢ 512{ — 2sin ¢y cos ¢y 5113] = [qs] Eyo.
(6.4.5)

We plot the eigenenergies Ej ,, of the Hamiltonian along the usual symmetry
axis of a cubic Brillouin zone in Fig. 6.4.2.

Due to the finite hybridization, we must now take inter-orbital spin-flip
processes into account in our calculation of the interaction kernel. The set
of local spin-flip operators that enter the transversal spin-susceptibility thus
are the four intra-orbital operators 5‘% and the four inter-orbital ones S';tb,
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Figure 6.4.3: Borders of stability of the paramagnetic state for the two-band
Hubbard model on a three-dimensional simple cubic lattice.

a,b=1,2. The hybridization also enlarges the number of transitive spin-flip

operators B%* and ﬁq’i that must be taken into account in order to set
up the full Green’s function matrix II. Allin all, 32 transversal fluctuations
yield finite contributions in the Lagrange-functional expansion. Hence, the
effective interaction kernel and the Green’s functions are included into 20x 20
matrices.

6.4.2 Results

As can be seen from Fig. 6.4.1, the density of states at the Fermi level exhibits
a peak at ng = 0.30. The tendency to a spontaneous symmetry breaking
towards a ferromagnetic phase is expected to be strongest at that peak. Due
to the higher numerical effort, we did not scan the whole doping range. Note
that our results have recently been published in [89].

We fix the doping to ns = 0.2975 and calculate the borders of stability of
the homogeneous paramagnet both within our TDGA and—for comparison—
within HF theory. The curves are plotted in Fig.6.4.3, where, for fixed ng
and J/U, we calculated the instability as a function of U. The same re-
sults have been obtained from ground-state calculations by Biinemann [7]
and serve as consistency check here. It were these results that yielded the
existence of a critical Hund’s exchange coupling J for the occurrence of ferro-
magnetism within the Gutzwiller theory. In contrast, the HF approximation
predicts an instability towards ferromagnetic ordering for all values of J. In
addition, the J-dependence of the critical U in the HF treatment is almost
negligible.
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The instability towards the homogeneous ferromagnet is the first second-
order phase transition that occurs in our TDGA calculations. In order to
investigate the instability towards incommensurate phases, we scanned the
g-space around q = 0 in certain directions, not only along the symmetry
lines indicated in Fig. 6.4.2. There were no indicators of a second-order tran-
sition towards incommensurate phases before the homogeneous ferromagnet
becomes energetically favored. Nevertheless, the ferromagnetic state just
beyond the instability of the paramagnet is not stable yet, see below. One
possible explanation is that our calculations do not cover possible first-order
transitions with finite ordering vectors q. Another reason for the absence of
second-order transitions towards incommensurate phases might result from
the finite discretization of the Brillouin zone in three dimensions. We cannot
exclude that there are incommensurate phases with a finite ordering vector
q with |gq| < 1 that could not be resolved within our numerical implemen-
tation.

For a comparison of our TDGA to the commonly used HF approxima-
tion, we calculate the excitation spectrum of the ferromagnet. In general,
both approaches lead to significantly different ground states for a common
set of interaction parameters. For a meaningful comparison, we therefore
adjust the interaction parameters to values that lead to an almost fully
spin-polarized ground state within both techniques. We calculate the spec-
trum for the two directions q = (£,0,0) and q = (§,&,€), respectively. The
spectra are plotted in Figs. 6.4.4 and 6.4.5.

All spectra are composed of the low-energy magnon peaks and the high-
energy Stoner continuums. We find that our TDGA yields a Goldstone
mode also in finite-dimensional systems. A first difference between the two
methods concerns the excitation gap between the magnon and the Stoner
excitations. This gap arises from the magnetic band splitting n~ = Eg — E%
which in HF theory is given analytically as nyp = (U + J)m. Within the
TDGA, the band splitting 7, is reduced by a factor of ~ 4. The clear sep-
aration of the high-energy Stoner continuum from the low-energy magnon
spectrum is therefore lifted, and both parts rapidly merge with increasing
momentum transfer within the Gutzwiller approach. Consequently, the peak
at w ~ Jm corresponding to an inter-orbital spin-flip can only be seen in
the time-dependent HF theory while it is covered by the broadening Stoner
continuum in the Gutzwiller theory. Note that the overestimation of the ex-
citation gap within time-dependent HF theory is a longstanding shortcoming
in solid state theory. For a discussion about it, cf., [90].

In the insets of Figs.6.4.4 and 6.4.5, we present the magnon dispersion
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Figure 6.4.4: Gutzwiller excitation spectrum for a ferromagnet with U/|t| =
10.0 and J/U = 0.30. The ground-state magnetization is m = 0.5728 (close
to maximum polarization), the excitation gap is g, = EITﬂ — Eﬁ ~ 2.13t|.
The spin-wave stiffness is D' = 1.34 x 1073 [t| in (¢,0,0)-direction and
DM =1.30x 1073 |t| in (&, &, €)-direction, respectively. The lattice constant

is set to unity, thus ¢, , . € [—7, 7], the scaling is ¢t = t((iz)o.
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Figure 6.4.5: HF excitations with the same interaction parameters as in
Fig.6.4.4. The resulting ground-state magnetization is m = 0.5975 (fully
polarized), the excitation gap is nyr ~ 7.77|t|. The isotropic spin-wave
stiffness turns out to be D% ~ D! =100 x 1073 |t|. The lattice constant

is set to unity, thus ¢, . € [—7, 7], the scaling is again t = t((iz)o.
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as a function of the absolute value of q for both the HF theory and the
TDGA. The positive curvature indicates the stability of the ferromagnetic
phase with respect to the fluctuations. The magnon dispersion in the TDGA
exhibits a slight anisotropy. For a quantitative investigation, we calculate
the ‘spin-wave stiffness’ D by fitting our numerical results according to

Eq &= D|q/* [1+ 6|q|2] . (6.4.6)

Within HF theory, the magnon dispersion seems to be totally isotropic.
The magnon excitation energies obtained within the HF theory are larger
by nearly two orders of magnitude compared to those from the TDGA. To
some extent, this large difference is probably due to the instability towards
an incommensurate phase which we found for interaction parameters slightly
smaller than those that we used in Fig. 6.4.4.



Chapter 7

Conclusions

7.1 Summary

In this work, we derived the TDGA for multi-band Hubbard models. The
importance of the investigation of such models for a proper description of
strongly correlated electron systems was motivated in the introduction in
Chapter 1. The class of multi-band Hubbard models was derived in Chap-
ter 2. Especially the local interaction Hamiltonian is affected by the multi-
orbital character, since the amount of different local electron configurations
yields a complex eigenvalue spectrum. We gave a short overview about
Gutzwiller wave functions and the minimization scheme of the Gutzwiller
energy functional in Chapter 3. In order to prepare the derivation of our new
TDGA for multi-band Hubbard models, we derived the conventional RPA
as a time-dependent generalization of the HF approximation in Chapter 4.
There, we found an effective one-particle Hamiltonian whose ground-state
one-particle density matrix obeys the RPA equations for small external per-
turbations.

In Chapter 5, we gave a detailed derivation of the TDGA for multi-
band Hubbard models. To this end, we derived the ‘Gutzwiller Hamilto-
nian’ as the (first) derivative of the Gutzwiller energy functional with re-
spect to density-matrix elements. In the following, the derivation of the
time-dependent Gutzwiller approximation was based on three assumptions:
Firstly, we assumed that the dynamics of the Slater determinant, used as
starting ansatz for the Gutzwiller wave function, is determined by the effec-
tive one-particle ‘Gutzwiller’ Hamiltonian. Secondly, the dynamics of the
variational parameters was determined from the assumption that the sys-
tem is at any instant of time in its minimum with respect to all variational
parameters. These assumptions lead to a linear dependence of the varia-
tional parameters on density-matrix fluctuations. In the effective interaction

89
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kernel, i. e., the second derivatives of the Gutzwiller energy functional, the
variational parameter fluctuations can be re-expressed by the density-matrix
fluctuations. Thirdly it was assumed that the external perturbations and
the thereby induced fluctuations of the single-particle density matrix are
sufficiently small.

In general, the constraints arising from the evaluation of Gutzwiller wave
functions in infinite dimensions cannot be fulfilled explicitly. We were thus
faced with the question whether the expansion of the corresponding La-
grange functional instead of the Gutzwiller energy functional yields the same
interaction kernel. We proved the validity of the Lagrange-functional expan-
sion and presented a simple method how the Lagrange parameters at the
saddle point can be calculated from the second-order expansion.

We showed that the resulting theory is consistent in several aspects. A
second-order phase transition obtained from pure ground-state calculations
is also signalled as instability in our Gutzwiller-RPA approach. Further-
more, we checked that the previous single-band results can be reproduced
if we consider two totally decoupled electron bands. In Chapter 6, we ap-
plied our formalism to a two-band Hubbard model with two degenerate
bands. We calculated magnetic phase diagrams and excitation spectra for
various interaction parameters and dopings. In comparison with HF-RPA,
our Gutzwiller-RPA approach leads to a more complex interaction kernel
and thus to phase diagrams that exhibit a strong interaction dependence.
We could further demonstrate that the application of the Gutzwiller-RPA
scheme to ferromagnetic ground states leads to the appearance of a Gold-
stone mode, as expected for systems that break continuous spin symmetry.

We think that we could make plausible that the multi-band TDGA offers
a valuable tool for the investigation of the dynamics of strongly correlated

multi-band systems.

7.2 Outlook

The formalism derived in this work can straightforwardly be generalized to
calculate pair and charge correlation functions for multi-band systems. The
knowledge of pair correlation functions is important for the interpretation of
Auger spectra, while charge correlations allow for the calculation of optical
conductivity and polarizability, for example. Another issue of interest is the
application of the TDGA to substances with non-collinear spin structures.
In this case, the charge and spin channel are mixed in the second-order
expansion, which enlarges the involved matrices and thus increases the nu-
merical effort. Nevertheless, we expect that the resulting RPA equations
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remain solvable.

The elimination of the variational parameter fluctuations via the ‘anti-
adiabaticity’ condition has recently become obsolete. Schiré and Fabrizio
recently developed a fully time-dependent generalization of the Gutzwiller
approximation for the single-band model by deriving separate equations of
motion for the variational parameters [91, 92]. Their approach allowed for
the investigation of quantum quenches, for which the assumption of small
amplitudes does not hold anymore. In this context, it will be interesting to
study to what extent a fully time-dependent generalization to multi-band
Hubbard models can be carried out and whether their approach recovers the
previous results in the small-amplitude limit.






Appendix A

Two-Site Hubbard Models

We present exact results on the two-site Hubbard model with one and two
orbitals per site, respectively. While the computational effort for the one-
orbital model is manageable for all fillings, it exceeds the acceptable frame-
work of this section in the two-orbital case. We thus limit ourselves to the
quarter-filled two-orbital model.

A.1 The One-Orbital Model

The local one-band interaction Hamiltonian possesses four local eigenstates.
Thus, the Hilbert space associated with the two-site model is 16-dimensional.

The Hubbard Hamiltonian for the two-site model with one orbital per
lattice site reads

5 1h . a o
H21S =t Z [0180278 + c;ScLS] +U Z 47 | - (A.1.1)
s=14 i=1,2

We denote the vacuum state with no electrons as |0) = |o)1]o)s.
The four local eigenstates of the interaction Hamiltonian |o);, |1):, |{)s
and [1]); for empty sites, singly and doubly occupied sites, respectively,

are used to span the Hilbert space of two-site product states. Multi-particle
.I.

states are generated by creation operators ¢; ¢ acting on |0). In the following,
two-site states will be denoted as |---)1|--+ )2, where the subscript at the
ket-vectors labels the lattice site. Table A.1.1 shows the sixteen eigenstates
of Eq. (A.1.1).

For U > 0 and half-filling, the ground state is a paramagnet described

by

W5°) = <Z2[IM1lb2 = [1lt2] = ZZ2[[tnle)s + lon[1h)2] . (A.1.2)
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with the mixing angle ¢ explained in the caption of Table A.1.1. In the

large-coupling limit, the ground-state energy F, = U=vU #1612 VU;W tends to

—% as expected from perturbation theory.

No. |I') Eir

1 |o)1]o)o 0

2 5[+ +

3 5[+ 1] +

4 M=) —t

5 % [ = 2] —t

6 T2

T Ml + D))

8 D12 0

9 Z5[lthi —[1)2] u

10 2Dz — [Dlt)] + T2 [0 + 1)) TR
11 22102 — Wae] — T2 + [1d)y] U=/
12 [Nz + D) U~—t

13 i)z + 11)11d)e] U—t

14 Sz = I1)11d)e] U+t

15 [z = [D11d)e] U+t

16 [1hl1d)e 2U

Table A.1.1: The 16 eigenstates |I') and the corresponding eigenenergies
Ejry of the Hamiltonian (A.1.1) for the two-site model with one orbital per
site. The mixing angle ¢ for the last pair of two-electron states is obtained
from tan 2¢ = %.

A.2 The Two-Orbital Model

A.2.1 Exact Solution

We calculate the exact eigenstates and eigenenergies of the quarter-filled
two-site Hubbard model with two orbitals per lattice site. The Hilbert
space of local eigenstates of Eq. (2.5.2) containing zero, one or two electrons
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is 11-dimensional. The two-site Hubbard model with two e4-orbitals per site
is described by the Hamiltonian

2b ~
H2S =1 Z Cl ,asC2,as + C2 ascl as Z Hz ,int » (A21)
a=1,2 i=1,2
SZTi

where we assumed an orbital-diagonal hopping amplitude ¢737? = t5{7% =

tds,0,- Following the notation of the previous section, we denote the two-
site state with no electrons as |0) = |o,0)1|o, 0)9, where the two states within
each ket-vector represent the electronic configuration for the first and the
second orbital, respectively, separated by a comma.

There are 28 two-electron eigenstates. They are listed in Table A.2.1
with their corresponding energies. Note that we dropped the ket-vector for
empty sites in the product states to keep the notations as clear as possible.

The six mixing angles are obtained from

tan 2¢; = tan 2¢9 = tan 2¢5 = % (A.2.2)
tan 26; = — f - (A.2.3)
tan 2¢4 = i ft!]c (A.2.4)
tan 2¢¢ = U’Lj—J (A.2.5)

Although a two-site model has no cubic symmetry, we restrict to the same
interaction parameters that will be used in the calculations on higher-di-
mensional systems. In particular, we employ the relations U — U’ = 2.J and
Jo=J.

With these restrictions, we find for the ground-state energy

U~ J— T~ T2+ 162
Fo— \/(2 ) 168 (A.2.6)

which turns out to be three-fold degenerate (for finite on-site interactions).
The three states associated with Ej are highlighted with an asterisk. The
most general expression for the ground-state wave function at finite interac-

tions is
[W0) = a1 [<S2L[11, 0h1fo, 1)z — [0, T, 0)a] — L[|, D)1 + [, 1)2]

+ az [ 2222 (|1, 0)1fo, )2 = lo )1l 0)2] — 2[4 41 + [, o] |

+ a5 [2522 |1, 0h1lo, 4)2 = lo, W[, 0)2 + 1, ohilo, e — fo, Phald, o)a] +
95 11, D1 + [ D1+ I b2 + 11,10 |

(A.2.7)
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with the constraint |ag|? + |aa|? + |as/? = 1. Due to the degeneracy, the
resulting ground state can be either para- or ferromagnetic.

No. |I) Er
1 IT,0)1[1, 0)2 0
2 01l 0)2 0
3 lo,T)1]o, T)2 0
4 lo,4)1]o, )2 0
5 Il odles Mz + o, hlt o)e] 0
6 %[Ha o)1lo,d)2 + |07¢>1|¢7O>2} 0
7T ltohles )z o, Dilt0)e] 0
8 Jzlhohles Mz 4o, D)ill,0)e] 0
9 Zlmohlloz + kot o)) 0
10 %[|o,¢>1|o,T>2+ o, M1lo, 4)2] 0
1L 5[, Dhales0)2 — [o, 0)1[1, 1)s] U —J
12 5[4, blo,0)2 — fo,0)1 [l 4)a] U J
13 LMD+ D — 11 D2 — [ )e] U —J
14 L[N0 D= D2 + [ 1)e] U+ J
15 3[Ith o)1+ o, 1)1 — 14,02 + [0, 14)2] U+ Je
16 31N oh— lo, )1 — [T, o)z — o, 1)2] U—Je
17 <22I1,0)1fo, D)z — lo, 1)l 0)2] + USd g
+ Slwl [, 1)1 + 1, 1)2] AU é) 16t
18" %m, o)1lo, )2 — [0, hlt, 0)a] + Ul 4
— S0 [I1 1)) VT
19 22|l 0)1fo, 1)z — lo, il 0)2] + Ly
+ Slwz [ 41+ 1, 4] n (U’*é)2+16t2
20 CO\S/%)2 [Ha o)1]o, 1)z — [0, I)1ld, 0)2] + U=t
— S22 (1] 1+ ) 4] _ JTIpE
21 5Bl o)l 0)2 — 4, 0)1[f,0)2 + Utde
+1o,thulo, )2 = Jo, thlo, 1] + | VT
+ 5003 (141 0)1 + o, M1 + [T, 002 + [0, )2 2
22 52 0)i|l,0)2 — 4, 0)1[t, 0)2 + Utde 4
+lo, Mhilo, )2 — lo, L)alo, M)2] + Ut To)? 1162
— =9 [ ) o)y + o, 1)1 + [, 0)2 + 0, 14)2] 2
23 521 0)i [l 0)2 — 4 0)alf, o)z + U—do |
— [0, Malo, )2 + lo, L1lo, 1)2] + RV(CESEEs Y

+ S22 14] o)1 — o, 1)1 + 14, 0)2 — [o, 1)2] i
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No. |IY) Er

24 =011 o)L, 0)2 — L, 0)1[T,0)2 + 52 +
—lo,Dlo, D2 +lo, D1lo, )2] + _ JU=Jc) 6
— M2 [11], 0)1 — Jo, 1)1 + [T, 0)2 = |o, T)e] ’

25 % [11,0)1]0, D)2 — [o, D11, 0)2 + U/Q_J +
+ |¢70>1|0,T>2 — o, M1ld, 0)2] + L VU=
+ 389 (11 1y [ D1+ [T D)2 + 1, 1)2] 2

26* <595 [1f,0)1]0, )2 — o, 1)1t 0)2 + Uod g
+ 14, 0)1le, M2 — o, P1ld, 0)2] + VU= aEvee
— s (11 Dy [ D1+ [, D2 + 1, 1] 2

21 <1 0)1fo, )2 — lo, it o)z + Ut
— [} 0)ile, D)2 + [o, Dild, 0)2] +
S [ )y — [ )1+ [ D)2 — [ )]

+
E
T
<
‘E
+
=
D
W

2

28 <% (|p0)ifo,|)2 — |o, 1|t 0)2 + Utd
= o)lo, )2 +Jo, ill, 0)2] + IRV GRS
—S0e [l )y — [, D1+ [ D2 — [ 1)e2] 2

Table A.2.1: The 28 two-electron eigenstates |I') of the two-site model with
two orbitals per site and the corresponding eigenenergies Ejry. The states
highlighted with an asterisk mark the three-fold degenerate ground-state
energy.

A.2.2 Exact Evaluation of the GW Wave Function

We demonstrate the Gutzwiller scheme for the two-site model of the two-
band Hubbard model at quarter-filling. The local interaction Hamiltonian
for the two-band model was introduced in Section 2.5.2. Its eigenstates are
listed in Table A.2.2.

We will prove now that the Gutzwiller variational scheme yields the
exact ground state if the one-particle product state |®g) is chosen properly.
In Appendix A.2.1 we calculated the eigenenergies and eigenstates for the
two-site model with a spin- and orbital-diagonal hopping matrix element ¢
analytically. For U = 0, it follows U’ = J = Jo = 0, and the ground state
wave function is a linear combination of the states No. 17-28, see Table A.2.1.
At finite U, the ground-state wave function is a linear combination of only
three states, see Eq. (A.2.7). In the exact solution, the paramagnetic and
the ferromagnetic states both have the same energy.

Only the states No.18 and 20 can be written as one-particle product
states, and both states are fully polarized ferromagnets. Without loss of
generality, we choose the two-particle state

|@6™) = hiphlylo) (A.2.8)
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with the one-particle states

hl, = 7[ fh =] (A.2.9)

BT Slelor -l (A.2.10)

Here, the spin-symmetry is broken, but the orbital degeneracy is conserved.
For the Gutzwiller correlator Py = 151,(;]52,(;, we make the simplified
ansatz

P,c = Xolo,0)ii(0, 0] 4+ Aiplt, 0)ii (T, o] + Aarlo, Dhis (1, of + AT, i (1, 1]
(A.2.11)

with lattice-site independent variational parameters.
A straightforward calculation yields that |Ug) = Pg|®i™) leads to the

exact ground state if we set

At =Aor = \/V2cos¢ and Moo = \g = \/V2|sin¢|, (A.2.12)

with the mixing angle ¢ = ¢1 = ¢ = ¢5 defined in Eq. (A.2.2). Hence, |¥¢)

yields the same energy expectation value

I 7 _ ! _ 2 16¢2
E(?A:U J \/(UQ ) +16 (A.2.13)

for all interactions.

A.2.3 Comparison of the Exact Solution to the GA

As we have seen in the previous section, the exact evaluation of the Gutz-
willer wave function for the two-site two-band model at quarter filling yields
the exact ground state. In this section we compare the exact ground-state
energy to the energy that we obtain within the GA. From Eq. (A.2.13) we
see that the relevant interaction parameter is U’ — J = U. We introduce the
one-particle states

BZS = % [éi,bs o é;bs} (A214)

and define the two product states
hl, o) (A.2.15)
B o) (A.2.16)
(A.2.17)

in order to set up the para- and ferromagnetic Gutzwiller wave functions
’@%m/fm>.
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No. |I) Er Arp
1 |o, o) 0 Ao

2 [T, 0) 0 A1t
3 lo, 1) 0 A2t
4 o) 0 Ay
) lo, }) 0 A2y
6 N U —J At
T S+ U —J Myt
8 1LY U —J AL
9  HlInH -] U +J Ay
10 (10 = o, 1] U-—Jo Ad,—
11 (1 0) + o, 1] U+ Je Ad,t

Table A.2.2: The zero-, one- and two-particle eigenstates |I') and their en-
ergies Er. The last column contains the diagonal variational parameters
associated with the corresponding states as they are used to set up the
Gutzwiller correlator.

For J = 0, the paramagnetic and the ferromagnetic state are degenerate.
In contrast to the exact solution, an infinitesimal Hund’s exchange coupling
J favors the formation of the ferromagnetic state in the GA. The energy of
the system maybe lowered if we lift the orbital degeneracy, depending on
the size of U’ and J. To this end, we introduce the one-particle states

21
hyy = [cos éJ{’lT +siné ég,lT} (A.2.18)
B = [singél ol A
o1 = [sin ¢} g4 + cCOS 02’24 (A.2.19)
and define the orbitally-ordered ferromagnetic state
oy — il i) A.2.20
|0 >_1T2T|°>' (A.2.20)
The ‘sublattice magnetization’ A is defined as
A= <TAL171T - ﬁ2,1T>q>f)m,o = _<ﬁ172T - ﬁ272’|\>q>f)m,o = cos 26 . (A221)

The minimization of the Gutzwiller ground-state energy functional with
respect to A then allows for the determination of the occurrence of the
orbitally-ordered state. In Fig. A.2.1 we plot the exact ground-state energy,
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00— 1.0

10.8

= / 10.6
g —1.01 ! <

,’ H0.4

! 10.2

20— 00

U — J]/It]

Figure A.2.1: Exact ground-state energy (black) and the GA energy (red)
of the quarter-filled two-site model. The dashed line shows the sublattice

magnetization A.

the GA energy and the sublattice magnetization in a common plot. The
critical interaction strength U, for the occurrence of the orbitally-ordered
state is about a factor ~ 1.6 larger than the corresponding value in HF

approximation, where the same orbital order is observed.



Appendix B

Determination of Lagrange
parameters

B.1 Pseudo-Inverse Matrix

Since we expand the Lagrange functional LE* instead of the energy func-
tional in Section 5.5, we must determine the values of the Lagrange param-
eters A, at the saddle point from the requirement

dLGA
o L0 Vy=1...n (B.1.1)
N

or (in matrix notation)

GA = —e, (B.1.2)

where A contains the n¢o,, Lagrange parameters. The ny X n¢o, matrix G is
set up by the derivatives of the constraints and the r.h.s. vector e contains
the derivatives of the energy.

The existence of a stable ground state implies that Eq.(B.1.2) has at
least one solution. There are two difficulties in solving Eq. (B.1.2):

e In general, there are more equations than constraints/Lagrange pa-

rameters: n) > Ncon Or €ven n) > Neon -

e Round-off errors from the numerical minimization might lead to (an-

alytically) unsolvable systems of equations.

To deal with these problems, we do not solve Eq. (B.1.2), but the—in case of

unique resolvability—equivalent equation
GTGA = —G"e (B.1.3)

101
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which is known to be solvable in any cases (not necessarily uniquely). If
the matrix G has full rank (which can be checked easily by calculating its
singular values), one can define the so-called ‘Moore-Penrose matrix inverse’
G according to

Gt=[a"G)'aT, (B.1.4)

which is known to yield the best approximation A™ to Eq. (B.1.2) via

At = —Gle. (B.1.5)
The term ‘best approximation’ means that the error Ay defined as

Ax = |[x + Ge| (B.1.6)

takes its minimal value for x = A™. In the special case that Eq.(B.1.2)
possesses a unique solution (which we expect physically), the solution AT
of Eq. (B.1.4) coincides with the one of Eq. (B.1.2). If Eq. (B.1.2) is not re-
solvable exactly due to numerical uncertainties of a certain order, the error
of A is expected to be in the same order of magnitude. Hence, the strat-
egy sketched here offers an appropriate and easy-to-use method to obtain
the Lagrange parameters. For more profound statements on pseudo-inverse
matrices, cf., [93].



Appendix C

Invariance of the
Second-Order Expansions

C.1 Equivalence of the Lagrange-Functional Ex-
pansion

In this section, we show that the interaction kernel K4%., in Eq. (5.5.8) ob-
tained from the second-order expansion of the Lagrange functional (LF) is
identical to K34, in Egs. (5.4.9) and (5.4.10). To this end, we choose again
some arbitrary independent and dependent variational parameters )\iZ and
)\g(, cf., Eq.(5.2.4). By construction, the constraints (5.2.3) are automati-
cally fulfilled as a function of X and P, i.e., we have

gn (X390, X, ) = 0. (C.1.1)

Consequently, all first or higher-order derivatives of Eq. (C.1.1) with respect
to )\iZ and py vanish. For example, the first-order derivatives lead to

dgn  9Ogn Ogn ONS
Tn _ T N TN (C.1.2)

dXy 0N, S 0N 0Ny

dgn 99n Ogn 3>\§(
= =0. C.1.3
Iy " O T2 ooy (©13)

Using the matrices
Ogn oN% oNg

Gpnx = —, Rxz=-——7 d = —= C1l4
X AL X2 =5 and  Qxy Oy ( )
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we can write Egs. (C.1.2) and (C.1.3) as

Ogn

o = -|GR],, (C.1.5)
agn _ ~
oy = -1GQ], ;- (C.1.6)

With the classification of dependent and independent variables we are in
the position to evaluate the anti-adiabaticity conditions (5.5.6) and (5.5.7).
First, Eq. (5.5.6) leads to

99n <\d In i 99n
g —0A E — O\ E opy =0 C.1.7

which, together with Egs. (C.1.5) and (C.1.6), yields
G [(ﬁd — RoN — éaﬁ] = 0. (C.1.8)

Since the square matrix G should be invertible, the bracket in Eq. (C.1.8)
must vanish, and we find the relation

X = RSN + Qo7 (C.1.9)

which determines the dependent-parameters fluctuations 64 as a function
of X' and 8.

Applying the separation of dependent and independent parameter fluc-
tuations to the Egs. (5.5.7) yields

gT N En zid 55\'1 Zip .

with A = —GR. Here we introduced the six matrices
" 82LGA . 32LGA . 32LGA
0= oon, M= g 2= g (G
VA 79 x x0UAz
21 GA 21 GA 2 1 GA
Ly = % v = ‘9% ¥ = 8% (C.1.12)
OGO/ 0N, 0py 0N Opy

of second derivatives. With Eq. (C.1.9) and the second ‘row’ of Egs. (C.1.10)
one can write the Lagrange-parameter fluctuations as a function of SN and
op,

5K =~ [@] 7 [[Z4 + TUR)K + (TN + I%)og . (CL13)
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Inserting this expression into the first row of Egs. (C.1.10) we eventually find

- ~.. ~ 1~ ~ ~rr~ g ~1—1
SN = — |:L11+leR+RT+RTdeR]

o (C.1.14)
x |L#+ I1Q + RTL% + R'L*Q) o7.

Equations (C.1.9), (C.1.13) and (C.1.14) now enable us to write all fluc-
tuations 5Xi, 6A4 and SA as functions of the density fluctuations §p. These
relations can be inserted into the second-order expansion of the Lagrange
functional

25L?) = (67)TLPPo5 + (SXHTLUSN + (sX)T Lddgxd
+ (69)TLPA6XY 4 (67)T LA 0N + (6X) T L19oN
+ (SADHTLISN + (SXH)T LS5+ (SXYTLiPs 5
+2(8K)TG[6X? — ROX — Q47

(C.1.15)

in order to calculate f({;py, in Eq. (5.5.8). However, to prove just the identity
of K¥A,, and K%, in Eq. (5.4.9) it is sufficient to apply only Eq. (C.1.9) to
the expansion (C.1.15). This leads to

28L® = (557 [T + QT + PG + QT IG5
+ (55\’1)T [zii + Eidﬁ + éTzdi + éT'Eddé] 65\‘1

+ (5 —»)T [zpi + Zpiﬁ + Q“Tzdi + éTdej;é] 55\’i
+(

D
5X1)T [zip + ETzip + zid@ + éTEdd@] 6/7

(C.1.16)

As we will show below, the matrices (5.4.2)—(5.4.4) which determine the
second-order expansion (5.4.5) are the same as the corresponding matrices
in Eq. (C.1.16). Hence, we have

6E® =612 (C.1.17)

Since the anti-adiabaticity condition

ASER 9513
SN, oM,

=0 (C.1.18)

for 6E® reproduces Eq. (C.1.14), the identity of KU, and K%, is then
finally demonstrated.

It remains to be shown that the matrices (5.4.2)—(5.4.4) agree with those
in Eq. (C.1.16). To this end, we use the explicit form Eq. (5.2.5) of the en-
ergy functional (5.2.1) that appears in the definition of the matrices (5.4.2)—
(5.4.4). As an example, we consider the matrix M and show that it is
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identical to the matrix in the first line of Eq. (C.1.16). With similar deriva-
tions one can prove the same for the other matrices (5.4.3), (5.4.4) and their
counterparts in Eq. (C.1.16).

Using Egs. (5.2.5) and (5.4.2) we find

OE  0°2%
MPP, = [EPP + QTEY + EPAQ + QT B4 42 X
o, = B +Q Q+QTEYQ),, Z XL Dy Do
(C.1.19)
Here, the matrices
EP =L - 3" Ag5% and  3o” (C.1.20)

with aB € {pp,dp, pd,dd} are defined as in Eq.(C.1.11) only with LS4

replaced by E or g,, respectively. Obviously, the matrix in the first line of

Eq. (C.1.16) is identical to M#? if

2
22 68;3 8[?Y3PY/ ZA g+ Qg + 30+ QTaA)

(C.1.21)

To prove Eq. (C.1.21), we use the fact that the second (total) derivatives of

Eq. (C.1.1) with respect to the densities py vanish:

d?g ~ Agn  0*)\4
n pp+ po+ ~pd A + AT ~dd ,+2 n X —0.
Dovdoy (907 +Q Q+QT3HQ)y %} OXL Dy Oy
(C.1.22)
Equation (C.1.21) is therefore fulfilled if
E n ] 02AS
Z[a—d +2Anaid}7)< ~0. (C.1.23)
< 0N ~ 0N | Opy Opy
This equation, however, holds trivially, since Eq. (5.5.2) leads to
OLGA g
Ay = C.1.24
oAz 6)\ z ; "ONz ( )
for all parameters Az and in particular for Ay = )\()1( as it appears in

Eq. (C.1.24).

C.2 Linear Transformations of the Density Matrix

In investigations of our translationally invariant lattice systems Eq. (2.4.3),
it turns out to be more convenient to work with fluctuations dji which are
linearly related to the density-matrix fluctuations,

55 =20, (C.2.1)
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cf., Egs. (D.2.4) and (D.2.5) and the resulting Green’s function matrix in
Eq. (5.6.14). The effective second-order functional (5.4.9) and (5.4.10) in
terms of the fluctuations §4 is then given as

1 ~n o~ ~
SE@ (57) = 5(5,7)T ETKPPE S, (C.2.2)

with K as defined in Eq. (5.4.10). For numerical calculations it is impor-
tant to show that one obtains the same kernel

K = 2T Krez (C.2.3)

as in Eq. (C.2.2) if the transformation Eq. (C.2.1) and the anti-adiabaticity
condition are applied in the reverse order: If we apply Eq. (C.2.1) first to
Eq. (5.4.5), we obtain

SE® = % [(5ﬁ)T§T]T/fPP§6ﬁ+ 26XV MMES[ 4+ (SX)T MM . (C.2.4)
The anti-adiabaticity condition for ¢ then reads
N = —[MM] T MMEof . (C.2.5)
Inserted into Eq. (C.2.4) this equation yields

1 ~
SE® (87) = Eo + = (0i) " K51

2 B (C.2.6)
Kt = 2T ppeeE — ET peA [1\7”] MME = ETKPE,

as claimed above.






Appendix D

Explicit Form of the
Second-Order Expansion

We calculate the second-order expansion of the Lagrange functional with
respect to the variational parameters A; prv and the density matrix (4.1.2).
For the general consideration in Chapter 5 and Appendix C it was convenient
to subsume the parameters A, and their conjugates A[p, in a set of ny
parameters Az, cf., Eq.(5.2.2). In this appendix, where we aim to resolve
the explicit structure of the second-order expansion, it is better to take the

difference between A, and Af into account.

D.1 Local Fluctuations

The constraints (3.3.1) and (3.3.2), the local energy (3.3.10) and (3.3.11),
and the renormalization matrix (3.3.20) are all functions only of A pp/, A, v

and of the local density matrix elements C9 . ,. For simplicity, we use the

10 ZO’
joint variables A! and (A%)* for all these local variables, i.e., it is either

A=A =(el e ) or AL= ALy =\ (D.1.1)

01,02 1,02 1,01

With respect to the parameters A;FF, and ALFFH the second derivatives of
Egs. (3.3.1), (3.3.2), (3.3.10), (3.3.11) and (3.3.20) are quadratic functions
of the form ~ (A%)*A’,. Due to the Hermiticity of the density matrix the
same can be achieved for derivatives with respect to the local density matrix.
Then the only finite second derivatives of the Lagrange functional

T"’ZEz loc {Al +ZA1 ngzn )*},{A;})

=T+ Lloc )
(D.1.2)

109
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with the kinetic energy

T = Zztom fin W] @a Ajaé>%, (D.1.3)

i#£] 0102
‘7102
are .
0°L
——— #0, D.14
0 (A%) 814;, 7 ( )
whereas 5 GA 5 GA
0“L 0°L
=0. (D.1.5)

D(A) 0 (Al)" ~ 9AL0A,
Since only local fluctuations §A? couple in the expressions for the local

energy and the constraints, their second-order expansion is a straightforward
task leading to

L =375 (64 K55 AY,, (D.1.6)
q v
where we introduced )
K6 = A (D.1.7)
0(AL)" 0AL,

and the Fourier transforms of the local fluctuations

SAL = e R a5 A, (D.1.8)
v

All derivatives in this section (e.g., Eq. (D.1.7)) have to be evaluated for the
ground-state values of the variational parameters A; rrv, the density matrix p
and the Lagrange parameters A; ,,. Note that the density-matrix fluctuations
6A22701 can be written as

. 1 4.
(5142270.1 \/_ Z eZRz z N 01,02> = \/ﬁs Z (5<CL701 Ck+q,0'2> (D 1 9)
k .

= 3(4g,,.).

09,01

where the operator AZ has been defined in Eq. (5.6.5).
In addition to Eq. (D.1.6), we need to take into account the mixed terms
~ 5A25Al-7n. In real space, their contribution is given as

SL? = L5 (Al LS AL | SA;, . D.1.10
If we introduce the Fourier transforms §A; of the fluctuations JA, ns WE can
write Eq. (D.1.10) as
SLE) =" " (6AN)* K5, 6A% + (6AD)* (KS,)" 6AT. (D.1.11)

q n7v
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Here, we used that the constraints g; , are assumed to be real and lattice-site
independent such that

Ko = Odin [892"”} . (D.1.12)

STV 2
More involved than the calculation of Eq. (D.1.6) is the expansion of the
kinetic energy. Here we find

sT? — 5T1(2) n 5Tt(2) ’ (D113)
with
2) 92471 , -
o1 =;;%ti; i) 2 |y g Gl (F4)" 04
o105
(O DML s P )
2 ({“)(A%)* aA'Z)/ v v/ 814% a(A'Z)/)* v !
+c.c.
(D.1.14)
and
6Tt(2) _ Z Z tfj1025<éw/ 6]0,2>
i#1 %1% 1
0103
ol o a0l
X; a(A%)l* (475, (64) +qz,<1rla(T{)*(5A%) +c.c..

(D.1.15)

The fact that the complex conjugates yield the terms not explicitly shown
in Egs. (D.1.14) and (D.1.15) follows from the relations

og7 | _ o]’
oA | = oAy (D.1.16)
2q7 ] * 92 [qo']*
T4 | - "] D.1.17
0(Au)"0Ay | 0(Ay)"0A, ( )
(7] = (D.1.18)

For our translationally invariant ground state it is more convenient to
write Egs. (D.1.14) and (D.1.15) in momentum space. With the Fourier
transforms of the local fluctuations the term (D.1.14) reads

6Tl(2) = Z 2(6‘42)* [Kgl,vv/ + (K}l,v/v)*] 6‘42 ’ (D.1.19)

q v
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where
L 1 g5t 0a2]”  0g% 0ar2]"
KOLUU’ - ;02 [2E‘71027‘7l10§(q)<8(14v)* 8Av/ + aAy 6(Av)
ool (D120)

62q -
E o ——— 2 [ga2]"] .
+ 0'10'2,0'10'28(Av) aAUI [q 2] ]

Here we assumed that the renormalization matrix is lattice-site independent
and introduced the tensor

E‘710270/1‘72 q) N Z lir(i kUl /> (D-1.21)
with
k(R;—R;
iwz _ N Ztalﬂ v ) (D.1.22)
i#j

Note that for @ = 0 the tensor (D.1.21),

E"l%v"iaé - Eol%,o’laé (0), (D.1.23)

has already been defined in Eq. (3.3.23).

D.2 Transitive Fluctuations

For the evaluation of the ‘transitive’ term (D.1.15) we write the non-local
density-matrix fluctuations as

5(el e Ze (RARA) (el 810 1) - (D.2.1)
5 kK’

Together with Eq. (D.1.8) this yields

t N Z Z 5Aq kqvola/6<ck ot k+qo >‘|‘CC (D.2.2)

ak v,00)
with
] . i L
Riquoto,= D {a(Azl)* [go2]" €152 + go! 5%1‘: ; e 2] . (D23)
0109

In principle, Egs. (D.2.2) and (D.2.3) allow us to calculate all second-
order couplings of density-matrix and parameter fluctuations that arise from
5Tt(2). For numerical calculations, however, these equations are not very
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useful due to the explicit k-dependence of Eq. (D.2.3). It is much easier to
introduce the two auxiliary fluctuations

1
_ q _ 0' a.

0BY =0B3 | o = \/Ws Z 26(&l o Cicrqon) (D.2.4)
i q _ ~

0BY =087, .= \/_ Z SRLICE o) (D.2.5)

where w = (0,0, 0507]) is an abbreviation for quadruples of indices o. With
these definitions we can write Eq. (D.2.2) as

o1 =33 [ (5A9)" KHD5BY + (549)" K42 s BY
q v (D.2.6)
+(0B3)" (KIY) 043 + (3B3)" (KD) 049 |

where
o1 dase]"
t(1)
Kv S(oq0y,0h507) — qUi a(Av)* (D27)
0 o o
e = A [g5e)” (D.2.8)

vv("Q"lvUéUi) a(AU)

Note that we introduced the two different fluctuations (D.2.4) and (D.2.5)
only because they allow us to write the second-order expansion in a relatively
simple form. In fact, these fluctuations are not independent but related
through

éB4 =[6B 2 7. (D.2.9)

0109,010% 0201502071

Altogether we end up with the following second-order expansion of the

Lagrange functional

JA4
1 _ . q
5L — = Z (A9 éB9 B §A9)” K9 ggq , (D.2.10)
JA4
where
KAA  [FAB [FAB  [FAA
_ K" 0 o0 0
K= A (D.2.11)
[K4]" 0 0 o0
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and
~AA 75l 7~ =111
KA = K°°+ Ky + [Kq] (D.2.12)
KAB = gt (D.2.13)
KAB = Kt (D.2.14)
KA\ = Ke°. (D.2.15)

As described in Section 5.5, the anti-adiabaticity condition leads an effective
second-order functional only of the density matrix. This condition can be
evaluated directly for the second-order expansion (D.2.10) since the fluc-
tuations 6A9, B9, §B? are some linear functions of the density-matrix

fluctuations 5(6};0 cf., Appendix C.2. To this end, we distinguish

1ék+q,02>’
the fluctuations of the local density matrix A7 and of the variational pa-

rameters 6AY as well as the corresponding blocks in the matrix (D.2.11),

_ K44 KpA - - AB
KM= 2 KAB = %43 (D.2.16)
[KAp ] Kpp P
~ 5 KAB - KA
KAB — (J ) KAN = <~A . (D.2.17)
AB AA
Kp Kp

The resulting expansion of the Lagrange functional is then given as

5AY

- 1 N
OL®) = = (0A} 0B 4B9) V| B9 (D.2.18)
S q /B4
with the new kernel
N ‘ZAA ‘:/AB ‘Z'A]_? {(;})A K;\B K;)axB B
va=|vBa yBB BB = | [KAB]T 0 0 |- AV,
‘73,4 ‘733 ‘7BB [[?AB]T 0 0
P

AAY FAA _
~ [If)\p 'K Rar K -1 f(;\tpA B KB
“\ rpant “\ At
(K0 [5G40 o

(D.2.20)
Note that V9 (unlike K'9) includes finite couplings also between the fluctu-
ations B9 and §B9. The calculation of V4 (for fixed q) only involves the
handling of finite-dimensional matrices. In contrast, the evaluation of the

functional (D.2.2) (instead of (D.2.6)) would have led to significantly more
complicated equations.



Appendix E

Explicit Form of the
Gutzwiller RPA Equations

In this appendix, we prove that the general Gutzwiller-RPA equations given
in Egs. (5.3.12) lead to the Green’s function matrix (5.6.15) if applied to our
multi-band Hamiltonian (2.4.3).

E.1 Gutzwiller-RPA Equations

With the abbreviations 5Df}, ﬁﬁ for the three fluctuations 643, §Bg and
9B and the corresponding operators 212, B3 and By, we have to show that
the Green’s function matrix

M (q,w) = (DI (D)), (E.1.1)
as given in Eq. (5.6.15), obeys the equation
§D = Z( PINE (E.1.2)
Using the explicit form Eq. (5.6.15) of II(q,w), this equation can also be
written as
S 1+ (g, w)V,,,,6D%, ZH W)Sf. (E.1.3)
o

Note that the excitation amplitudes df; enter the problem through the
perturbation operator

_ A;
Ns k 710

ool (E.1.4)

+6 qu 60102 + 5qu 60102} 7

! !
0,04,010% 0,04,010% k+q
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which is needed to define the general Green’s functions (5.6.14).

E.2 Decoupled Fluctuations

Before we prove Eq. (E.1.3), it is instructive to consider the case va =0
in which the three fluctuations 6A3, §Bga and 6583 are decoupled and we
can set ff = qu = (0. We start this derivation in the eigenbasis of the
Gutzwiller Hamiltonian (5.6.16). It leads to the simplest form of the matrix
E in Eq. (5.3.12) which then reads

[W - (Ek+q7041 - Ek,OéQ )] 5<iLLa2 Bk—l—q,al >hP/Ph
) (E.2.1)

0 0
- \/ﬁs(nk,ag - nk+q,a1)5f(k+q,a1)(k,a2) .
Here, the excitation amplitude is given as
k+ * k
5f(k+Q7a1 k,az) Z 5 010'2 Ul,gl u02,a2 . (E22)
0102

Note that the factor n%aQ - n?{+q7al = +1 in Eq.(E.2.1) represents the
particle-hole and the hole-particle channels in Eq. (5.3.12). For simplicity,
we will drop the corresponding labels hp/ph in the following.

With the transformations (5.6.18) and (5.6.19), Eq. (E.2.1) leads to

1 I
614.21 02 \/ﬁ Z 5<CI(,0'2 Ck+q,01 >

\/_s Z Z 02 az * g;”215<hi‘—( , 02 Bk+q,a1>

k aiaz
* k+q 1 k+q 7* k
0'27042] uohal[ 0'3 al] uaé (e 0 0
: —n -n ofd .
N ;O;OQ w— (Frrqor — Pras) [ k,az k+q7a1] A
0109
(E.2.3)
As expected, we therefore find
— A . (A4
6A 0y = D (A2 0 (A3 )DL 013, (B24)
010
with the (‘retarded’) Green’s function
q 0
<A0'1702 (Aal,UQ)T>>w
* k+4q k+q 1% k
Uy [Ugr o ] U o (E.2.5)

91:% 0 0
E) ag) 414 [nk,az nk+q7a1]

02,042]
DI

— E
k araz w ktq,on ™

as introduced in Eq. (5.6.20).
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E.3 Coupled Fluctuations

Now we consider the case of a finite interaction matrix V4. Using our abbre-
viation 6D, for the amplitudes §A,, 6B,, and 0B, the Lagrange functional
6L has the form

L® =33 "(6DH)* V3, (6D). (E.3.1)

a pp

With this additional interaction term, Eq. (E.2.1) reads

[W — (Bxtaqan — Ex 042)]6<BJ{< a2 hk+q7a1>
1 — Pl X D D Ukiint(@) 6(hly 0, e qa) (£.3.2)

k! aszag
1 0 0
\/ﬁ [nk,(m - nk-l—q,oq] 5f(k+(bal)(kva2) ’
S

where
o (@) = 0 — 0 5L (E.3.3)
85<hk+q a1 ck ;02 > 65<hk’,a4 hk’-{—q,ag >
DY)* BéDq
=SV, o (E3.4
! 65<hk+q Oélhk,a2> 85<h /S k’+q a3>
and

_ § : k+q
5f(k+q7al)(k702) - [ua’l,al] 027042( f<717‘72 0107 ‘72‘75

0102
! !
0109

B; B;
FOL oy R+ O TR )

ag 0'2 ag O' 0'10'2,0'10'2
(E.3.5)

The derivatives in Eq. (E.3.4) can be further evaluated using the transfor-
mations (5.6.18) and (5.6.19),

q\* q*
a(éD#)A _ Z 2(6D,u, )A [ugigl]*ug%og (E36)
a6<hk+q [e%1 hk7042> 0102 a5<Ck-i-q,0'1 Ck,o’2>
85Dq/ a(;Dq i/ / * /
e =y [l ] uktd . (E3.7)
< k04 k’+q,a3> 0304 85<Ck’,o4ck/+q,03>
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Depending on the particular fluctuations §Dj, the remaining derivatives on
the r.h.s. of Egs. (E.3.6) and (E.3.7) are given as

5D =549 oMo, _ _O0ARm) _ domdos, (E.3.8)
95 sl e )y VN o
<Ck aCk+q o’ > <Ck+q,ack,a/> S
sD9 — §RBA - 0B ;120170201 . 8(3210270’10é)* . 500’1 50’05 o109
Dy =083 — = IR = SHERGe (B.39)
<Ck Uck+q,o’> <Ck+q,ack,a/> s
= a(SB;l o050 a(B;l o O'/O'/)* 5 ’50/0
201,007 19250102 2 o10
5D = 5B - - - 1

85<ck Uck+q,a’> 85<é;r<+q,gék,a’> \/ﬁs
(E.3.10)

With Egs. (E.3.3)-(E.3.10), we are now in the position to evaluate the
Gutzwiller-RPA equation (E.3.2). To this end, we proceed as in Eq. (E.2.3),

0A 21,02 - \/_Z Z 02,0é2 * I;j_g15<h;r<a2hk+q7a1>

k airaz

}* k+q [uk+q }* k
S [y Ml e e
! s 5 k oqozg w_(Ek+Q7a’1 Ek7a2)
0105

x [nﬂ,oe - nﬂ+q7a1]

XZZ%

k/ o304 <ck’ Ck/—l—q,ag

+ Z< 3102t (DTN 51

d(6DI)*
05(¢ )

k—l—q7 ck ,0%
28D, L
: > 6<CL,U4Ck/+Q703> }

(E.3.11)

The sums over p and ' lead to nine contributions which can all be evaluated
using Eqgs. (E.3.8)7(E.3.10). As a result we find
SAY Z oV, oD% =3 (AL (DO 6, (B.3.12)

wuu
o

where the ‘non-interacting’ Green’s functions (A% (DH)T)0 in Eq. (E.3.12)

are given as in Eq. (E.2.5), apart from additional factors e;*?* or eifé

<<Agl 025 (3230470/302 )T>>S;
A 2 0
<<Agl 025 (B<(71304,0/3021 )T>>w

* ktq [, ktq 7% k (E.3.13)
02’0{2] ual’gl [uaé 21] Yo} 0, <6i304>

0304

€k+q

Z Z W= Ek+q e31 Ek7042) + 10

k airaz



E.3. COUPLED FLUCTUATIONS 119

With Eq. (E.3.12), we have proven the ‘first’ set of Egs. (E.1.3), i.e., those
with p = v = (0,0’). If we replace dA4,, o, in the first line of Eq. (E.3.11)
by

1 k1% kta s/t 7 020
5Bripaios = e 2 D [y 0,] 1, e icrqan) 7 (B3.14)
k airo
or by
B3 1 k * k+q ¢/71 7 o020
(5B0'10'270£Ué - \/—N_S Zk: C%:Q |:u0_57a2:| uo'l170415<hk,02 hk+q,a1> Gki& y (E315)

the remaining Eqs. (E.1.3) are derived in the very same way as Eq. (E.3.12).
This closes our proof of Eq. (5.6.15).






Appendix F

Kinetic Energy in Infinite
Dimensions

The limit of infinite spatial dimensions, D — oo, was first introduced by
Metzner and Vollhardt [63] and was adopted by Miiller-Hartmann [94]. Since
the GA turned out to yield the exact result for expectation values of the
single-band Hubbard model in D = oo, their works provided a starting point
for a systematic calculations of corrections to the GA for finite-dimensional
Systems.

F.1 Simplification of momentum-space sums

For a single-band Hubbard model with nearest-neighbor-hopping (hopping
amplitude ¢) on a simple cubic lattice, the authors point out that the density
of states in the limit of large D reads

1 2

o) = e u (F.1.1)

In the limit D = oo, the number of particles per band and per spin-direction

is given by
Ey
1 s
s = / dep(e) = 5 [1+ BRP(ZE)] (F.12)

from which the Fermi energy E}, for s-electrons must be determined. ERF(¢)
denotes the error function. The k-sum of one-particle energies is then writ-

ten as
Er

Niggkw P2 [deepte). (F.L.3)

S
—00
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For the calculation of response functions, momentum-space summations

of the form 0

nka "kt q,a
. F14
Nzw_EkJrqa_Eka] ( )

must be evaluated. To this end, we write Eq. (F.1.4) as

0 0 0 0
1 ko ™ Mktq,a 1 N o = Nkl a
— : . = — : . Oy F.1.5
N Zk: w — [Ek—l—q,a - Ek,a] N %{; w — [Ek’,oz - Ek,oz] Kikta ( )
and express the one-particle energies as
+o0o
Ey o = /dQQ S0[Q — Ex o], (F.1.6)
— 0o
leading to the final expression
ng . —nl i OEr — Q] - O[Er — O
Z ko~ "kiqa ://deQ [Er = ]j L ]Aq(Q,Q),
N, w — [Fxtqa — Fx.al w—1[Q—-Q]
—0o0
(F.1.7)
where the information about the transferred momentum is contained in the
function . . .
~ L _[[e=9]" | [Q+0Q]
Aq(Q,Q):=—¥£————1———e‘4ﬂ[ﬁiﬁf*'Hﬂq} ; (F.1.8)

27Tt2 /1 _ 77(2:1

with the scalar quantity ng defined in Eq. (6.3.3). In the limit n — £1, Aq
takes the form

) {Mmﬁm—m for ng = +1 (F.1.9)

Aq(€2,2) = p(Q)-6Q+Q] for ng— —1

and one of the frequency integrations can be carried out analytically.
The momentum dependence described by 74 can be evaluated for small
momenta leading to

D
<1 1
Ng = hm — Zcosqn |qlfu lim — Z[l -1l =1-13¢, (F.1.10)

D—oo
n=1

where the last relation holds for ‘diagonal’ wave vectors q ~ (¢,q,---). We

can then write ol
ql«1
lq] =~ 2[1 —ngq]. (F.1.11)
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