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Abstract

Cementitious materials are often exposed to aggressive environments, which have a significant impact on their
durability. Proper prediction of concrete corrosion helps to apply the right measures and technologies, to extend
the service life of structures. Carbonation and cyclic freezing are recognized among the most common corrosive
factors for concrete. Their progress is linked to the penetration of CO, and water into the concrete structure. Due
to the random arrangement of aggregates and cement paste, concrete is an inhomogeneous material. Therefore,
the progress of carbonation and frost-induced damage should be treated as random variables with appropriate
probabilistic parameters. Experimental studies on concrete carbonation and freezing were conducted in accordance
with the standards EN 12390-12 and EN 12390-9. As observed in the experiments, the progress of carbonation
and frost damage of concrete could be described by zigzag, not necessarily monotonic functions. Stochastic dif-
ferential equations (SDE) were employed to predict the behavior of concrete exposed to elevated CO, concentra-
tions and cyclic freezing. The stochastic model consisted of a drift term, which described the general trend of
concrete durability exposed to carbonation and frost cycles, as well as a diffusion term, which accounted for the
stochastic features of inhomogeneous concrete microstructure. The Euler-Maruyama approximation with Milstein
improvement was applied to model the realization of the stochastic changes in concrete microstructure/durability.
The proposed approach predicted experimental results with high accuracy. The application of the Monte Carlo
(MC) method with 100,000 SDE realizations allowed to calculate the statistical parameters of the processes, such
as concrete carbonation and freezing cycles. The probabilistic parameters, such as expected values and standard
deviations, calculated using the SDE_MC approach, were in good agreement with experimental results for both
problems, i.e. decelerating concrete carbonation and accelerating concrete scaling.

Keywords Concrete durability - Concrete carbonation - Concrete scaling - Time-dependent random variable -
Stochastic differential equations

1 Introduction

Concrete could be considered an artificial stone, which contained a cement matrix joining individual aggregate
particles. Apart from binders and aggregate, concrete mixtures contained a wide range of components such
as chemical admixtures, mineral additives, dispersed reinforcement, etc. In addition, a concrete matrix pos-
sessed pores with varying dimensions [1], interfacial transition zone, un-hydrated cement grains [2], and so
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on. These features implied that hardened concrete showed a high inhomogeneity compared to other structural
materials such as masonry, steel or rocks. Furthermore, external factors such as curing conditions, placement
techniques, and the workmanship of workers performing casting might be a source of variability [3]. All
these factors caused a high randomness of concrete’s morphology, which indicated that parameters describing
the properties of cement-based composites should be treated as random variables rather than deterministic
ones. A direct reflection of such reasoning could be observed in the European Standard EN 206 [4] describ-
ing a procedure of characteristic strength evaluation, in which the mean value and standard deviation were
determined [5]. There was also a tendency to treat physical parameters of concrete as random variables in the
current literature. For instance, the authors of [6] used the Gaussian distribution function to describe fracture
parameters (fracture toughness and tensile strength) of cement mortar samples of different scales. In [7] an
extensive statistical analysis of compressive strength was conducted on eight mixtures of concrete. The authors
validated several probability models based on empirical data obtained in 200 experimental tests. It should
be noted that individual components of cement-based composites were burdened with severe uncertainty.
This issue was considered by Katzer et al. [8], who assessed the quality of commercially available steel fibers
based on statistical analysis in terms of geometry, tensile strength, ductility etc. The authors described these
features by the normal distribution function. There was also a growing trend for considering concrete corro-
sion parameters as being random. The numerical simulations reported [9] that the critical factor contributing
to variability of carbonation front was the aggregate and its properties [10], like spatial distribution and shape
[11]. Similarly, studies focusing on chloride-induced corrosion [12] showed that the random spatial arrange-
ment of aggregates might lead to an uneven distribution of chloride ions, both spatially and over time [13].
On the other hand, the authors of [8] conducted a probabilistic analysis of chloride ingress in concrete with a
focus on the microstructure of cement paste modified by various dose of fly ash. Considering diffusion coef-
ficient, porosity, and chloride concentration as stochastic parameters, the authors determined probable onset
of rebar corrosion. A similar analysis was presented in [14], where the corrosion rate of steel reinforcement
and its strength loss were modelled by means of stochastics. The reason that a probabilistic approaches have
been popular in the context of concrete corrosion resulted from the fact that corrosive-induced mechanisms
in concrete were commonly advanced in a non-uniform way. Such an observation was widely reported in the
context of carbonation front [15] and leaching [16]. The authors of [17] indicated that the main reason for such
a non-uniform advancement, was the presence of microcracks (especially in a material in service), through
which the transport of CO, was locally enhanced. There was also a great variability in the mass change or
the compressive strength decrease resulting from cyclic freezing—thawing (f-t) [18], which was reported for
concrete containing rubber crumb [19] or after exposition to high temperature [20] as well. Such a pattern
might be treated as a noise leading to fluctuations around a mean value. Hence, the statistical approach seemed
to be a natural choice in the context of concrete corrosion. Considering frost action, Wawrzenczyk et al. [21]
described a probabilistic analysis of two concretes exposed to cyclic freezing. Based on monitoring the mass
variation in relation to the number of cycles, the authors determined parameters of Weibull distribution and
defined a damage model for an assumed level of probability. On the other hand, Duprat et al. [22] proposed
a probabilistic model estimating the steel de-passivation time due to the propagating carbonation front. The
authors pointed out that European regulations should turn to semi or full probabilistic design in terms of
concrete corrosion. Nevertheless, such an approach has been recommended solely by scientific committees so
far, i.e. DuraCrete, project BE95-1347 [23] and Model Code 2010 [24]. For instance, CEB-FIB Model Code
2010 [24] introduced a probabilistic approach to the verification of limit states associated with carbonation-
induced corrosion, chloride-induced corrosion and freeze—thaw attack. In that paper, the attention was focused
on the carbonation as well as the combined action of ice and de-icing salts. Due to exposure to a corrosive
environment or changing external conditions, the pore system of cement matrices was frequently filled with
water. Since the climate of northern and central Europe varied from mesothermal to polar one, diurnal tem-
perature fluctuations experienced cyclic crossing the solid-liquid transition point of water [25]. Hence, the
frost-induced damage was considered as the main type of corrosion regarding cement-based composites in this
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region [26]. Frost resistance of concrete could be considered in terms of internal or surface degradation. The
second case, a so-called scaling, which occurred with the presence of de-icing agents, constituted an object
of interest in that paper. In the light of Model Code 2010 regulations [24] in such a case, the following limit
state function shall be fulfilled [21]:

Pyling = P{T (1 <ty ) — Tz(RH, Meyeless 1 CL L) <0} <P, (1)

where P, denoted the probability that scaling occurs, P the target failure probability, 7' temperature, ¢ time, fg;
the design service life, T} critical freezing temperature for scaling to occurred at the time ¢, RH relative humidity,

Neyeles NUMber of freezing—thawing cycles, and CI™ chloride ions concentration.

1.1 Mass transport-related uncertainties and their role in concrete corrosion

The most well-reported factor introducing variability in hardened concrete properties was spatial distribu-
tion of aggregate [10]. The authors of [9] used a simple parameter, aggregate distribution density, D(y), that
allowed monitoring the arrangement of aggregate particles within a concrete cross-section, see Fig. 1.

The authors of [9] conducted 1000 simulations of coarse aggregate distribution in cross-sections of
100 x 100 mm? for various water-to-cement ratios and used the results in statistical analysis of carbonation
depth. The results indicated that the distribution density of coarse aggregate varied along the depth from the
concrete surface due to the wall effect. In the boundary zone (up to 15 mm from the surface), the aggregate
distribution density increased along with distance from the edge, and then the parameter stabilized in the
core volume. The authors also stressed that the coarse aggregate was distributed more homogeneously in the
central region than in the boundary layers. It was also observed that, given a constant distribution of coarse
aggregate, the variability of carbonation depth within the central part of the concrete grew as the CO, pen-
etration depth increased. In contrast, this variation was less pronounced near the edges, because the density
of coarse aggregate distribution raised with increasing distance from the concrete surface. A similar problem
was also studied by Zha et al. [11], whose results indicated that the carbonation process around aggregates
exhibited hysteresis, suggesting that aggregates partially inhibited the progress of carbonation in concrete.

Another important source of uncertainty in concrete properties was the shape of the aggregate, especially
in light of the increasing use of recycled aggregate [27], whose geometry exhibited much greater variability
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Fig. 1 Cross section of a prepared sample (A) and temperature regime (B) according to CEN/TS 12390-9 Standard [33]
and RILEM technical report [47]
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compared to that of natural aggregate [28]. The authors of [29] verified how the aggregate geometry defined
by the aspect ratio and angularity influenced the variability of concrete durability parameters. According to
their findings, aggregate geometry had a limited impact on average carbonation depth, whereas it influenced
considerably the coefficient of variation.

The next important source of variability connected to aggregate was its grading, which stemmed from the broad
allowable ranges defined by relevant standards. According to EN 12620 [30], each aggregate fraction was associ-
ated with a grading envelope, i.e., a range of acceptable particle size distributions. As a result, even aggregates
nominally belonging to the same class might vary in packing density, surface area, and performance in concrete
mixtures, contributing to uncertainty in the final composite properties and its resistance to corrosion. The authors
of pointed out that the bigger contribution of finer aggregate increased tortuosity [9], which affected the path of
corrosive agents transfer [12]. According to [9] this effect prolonged the diffusion path of CO,, which resulted in
a decrease in the carbonation depth, and at the same time, increased its variation coefficient.

Since cement-based composites exhibited a highly complex structure containing pores ranging from nanometres
to millimetres [31], the randomness of pore size distribution should also be considered as a natural factor con-
tributing to the uncertainty of cement matrix parameters. These were discussed by Yu et al. [11], where authors
used a random porosity model in theoretical analysis of carbonation process. They aimed to assess the impact
of average porosity and the coefficient of variation on the carbonation profile. According to their findings, the
coefficient of variation of the predicted carbonation depths was significantly smaller than that of the porosity
of the tested material. Moreover, average porosity had a pronounced effect on carbonation depth. The problem
of chloride-induced corrosion was investigated by Zhang et al. [32], who quantified the material’s uncertainty
resulting from randomly distributed porosity using random field theory. The authors reported that the spatial
variability of the cement paste porosity contributed to a non-uniform distribution of the chloride ingress front
along the rebar length, given a fixed aggregate distribution.

1.2 The novel SDE-based approach

The main goal of the new approach was to provide an extensive probabilistic analysis of cement composites
experiencing two distinct corrosive environments: scaling in the presence of de-icing salts and carbonation.
The first problem regarding scaling was investigated based on four concretes. The investigated mixtures varied
with water to cement ratio (0.4, and 0.5) and the dosage of air-entraining admixture. To provide an appropriate
population for statistical analysis, each mixture was represented by 36 samples. The samples were subjected
to 56 freezing—thawing cycles. The experiment was conducted according to the slab test method described
in EN 12390-9 [33], which was officially acclaimed by 29 European countries. The procedure originates
from Boras method, that was firstly introduced in the Swedish standard. The investigated parameter was the
scaled material’s mass within specific intervals, i.e. 7, 14, 21, 28, 35, 42 and 56 days. The second problem
concerned the carbonation of concrete produced with two different cements CEM 1 42.5 and CEM III 32.5,
with two different w/c ratios, namely w/c =0.4 and 0.5. In carbonation, carbon dioxide reacted with calcium
hydroxide-induced calcium, which caused the reduction of pH factor. The carbonation front might be deter-
mined using the phenolphthalein method [34]. Data were recorded for untreated samples and samples after 25,
50 and 75 days of exposure to atmosphere with elevated CO, concentration. Each concrete was represented
by two cuboid samples (400 x 100 x 100 mm). CO, penetration was possible only by the two opposite larger
surfaces. This imposed 1D CO, flow, hence, 20 measurements were possible for each concrete at each time
step. Such population allowed to calculate statistical parameters as mean value and standard deviation with
sufficient reliability. The behavior of concrete exposed to freezing with salt or elevated concentration of CO,
was modelled by means of stochastic differential equations (SDEs) [35], which were derived from the theory
of Brownian motion [36]. Such an approach was widely used to simulate a response of systems burdened with
a random noise. Among many applications of SDEs, one could find calculation of stock market models [37]
and prediction of stock market index and value at risk [38], dynamics simulation of DNA [39] and regulatory
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genetic networks [40], continuous wind speed models [41] and forecasting of short-term wind speed [42], reli-
ability verification of drug-targeting in a medical treatment [43] and motion prediction of superparamagnetic
particles [44], and many more. The presented analysis indicated that SDEs were also a powerful measure for
prediction of concrete response to the combined action of frost and de-icing salts. The application of SDEs
allowed to reproduce the unsmooth experimental data with high precision. In that research, SDEs were used
to model the properties of concrete exposed to aggressive environments in a probabilistic approach for the
first time. It should be stressed that most statistical analyses relied on models that accounted for uncertainty
in material properties or boundary conditions through probabilistic input parameters (e.g., spatial variability
in aggregate arrangement in chloride-induced corrosion models [13], or the mean value and coefficient of
variation of porosity in carbonation [45]). This uncertainty propagated through the model during computa-
tion, affecting the variability of the results. Contrary to those approaches, SDEs introduced the randomness
directly into the equations. In this case, the model typically started from a mean value of the input parameter,
and the stochastic term caused the solution to develop as a random process, while its uncertainty generally
increased over time.

The main aim of that manuscript was to prove the advantages of SDEs for modelling the concrete durability
problems. Since SDEs were capable of simulating the zigzag functions (class C°, non-monotonic), they could
be applied for modelling the behavior of various samples and provided the reliable data even for the single
measurement. Two durability-related problems were investigated, namely concrete scaling during freezing
in the presence of salt, and concrete carbonation. The manuscript is structured into four parts: introduction,
experimental research, numerical modelling using SDEs, and conclusions. The experimental part is presented
for both analyzed problems: scaling and carbonation of concrete. Details concerning the materials, sample
preparation, and experimental procedures are described. Subsequently, the test results are discussed, focus-
ing on the non-smooth behaviour observed in the experimental data and the determination of probabilistic
parameters. Based on the experimental results, the random variables were selected for both investigated prob-
lems. After the experimental part, the general description of stochastic differential equation and its numerical
representation is provided. The application of SDEs for modelling the durability of concrete as a random
process was considered. The statistical parameters of the considered problems were calculated by means of
Monte Carlo method, where each sampling was a single realization of the stochastic process. The manuscript
was closed with conclusions and implications for further research.

Table 1 Compositions of cl Cl1A 2 C2A

concretes per 1 m>
w/c ratio 04 0.4 0.5 0.5
Cement [kg] 425 425 425 425
Water [kg] 170 170 212 212
Sand [kg] 577 577 577 577
Granite 2/8 [kg] 647 647 647 647
Granite 8/16 [kg] 524 524 524 524
Superplasticizer [kg] 2.625 2.625 - -
Air entraining admixture [kg] - 0.425 - 0.425
Consistency [mm] 87 99 101 158
Air content [%] 2.9 5.6 2.6 4.8
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2 Experimental research
2.1 Scaling of concrete

The research was conducted on four concretes composed of ordinary Portland cement CEM 142.5 R provided by
Cemex Inc. The compositions differed in terms of water-to-cement ratio (0.4 and 0.5) and the dosage of an air-
entraining admixture (AEA), see Table 1. River sand grains with diameter smaller than 2 mm and two fractions of
granite (2-8 mm; 8—16 mm) were used as fine and coarse aggregate respectively. Air A and Premia 235 produced
by Chryso Saint-Gobain Ltd. were applied as air entraining admixture and superplasticizer, respectively. The
dosage of the admixtures was chosen based on the producer’s recommendation. The workability and air content
of the fresh mixtures are presented in Table 1.

The cubic samples with dimensions of 100 mm X 100 mm x 100° were prepared; 24 for each mixture. The
mixture was produced according to the following procedure: all dry ingredients were mixed for 3 min, and
simultaneously, liquid additives (AEA and/or superplasticizer) were dissolved in the mixing water if needed.
The batch water was then added to the dry mixed ingredients and stirred for 5 min. Finally, the samples were
formed in two layers (each layer was compacted), and demolded after 24 h. For each composition six samples
were destined for compressive strength test and stored in water for 28 days according to EN 12390-2 [46]. The
other 18 specimens were intended for the surface frost-resistance measurement conducted by means of slab-test
method according to EN 12390-9 standard [33]. It needs to be stressed that the standard procedure recommended
cubic samples of dimensions 150 mm x 150 mm x 150 3, however, due to the large number of specimens required
in the designed experiment, the authors decided to reduce their dimensions. The increase in surface-to-volume
ratio could accelerate the ice-induced destruction. Therefore, the obtained results could not be used directly to
determine the class of frost resistance of concrete, but could be applied for the probabilistic investigation of scal-
ing. The slab-test samples were stored in water for 7 days and then put into a climatic chamber with controlled
conditions (T=20+2 °C, RH=65+5%) until 21st day. In the meantime, the whole group was prepared for the
slab-test experiment [33]. To that end, on the 21st day, each sample was cut in a half perpendicular to its top
surface. On the 25th day, all samples’ surfaces except the tested one were covered with waterproof and thermal
insulations, see Fig. 1A. At the age of 28 days, samples were covered with a layer of distilled water. The liquid
was replaced with 3% NaCl solution after 3 days (the concrete was 31 days old), and the freezing—thawing cycles
began immediately. The applied temperature regime, which was controlled by a thermocouple located on one of
the test surfaces is presented in Fig. 1B. The single freezing—thawing cycle lasted 24 h. Summing up, 36 samples
were tested for each composition (2 halves from each of 18 samples). According to the standard [33], the frost

Table 2 The mean values

el Time Cl CIA C2 C2A
and standard deviations of [days]
cumulative scaled masses Mean Standard  Mean Standard  Mean Standard  Mean Stand-
during 56 days of the slab- value [kg/ deviation value [kg/ deviation value [kg/ deviation value ard
test m?] [kg/m2 m? [kg/m2 m?] [kg/mz] [kg/mz] devia-
tion
[kg/
m?]
7 0.16 0.04 0.06 0.02 0.41 0.11 0.06 0.03
14 0.43 0.08 0.19 0.06 1.37 0.27 0.23 0.10
21 0.66 0.12 0.28 0.09 243 0.37 0.43 0.20
28 0.98 0.17 0.43 0.13 3.68 0.44 0.77 0.33
35 1.24 0.22 0.55 0.18 4.95 0.55 1.03 0.44
42 1.62 0.27 0.77 0.22 6.43 0.64 1.49 0.61
49 2.02 0.34 0.96 0.25 8.02 0.76 2.02 0.75
56 2.47 0.40 1.28 0.27 9.55 0.92 2.52 0.87
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damage was estimated based on the mass of a scaled material after 7, 14, 28, 42, and 56 days. Nevertheless, in
the presented research, the scaled material was collected after every 7 days to provide a complete insight into
samples’ degradation. The delaminated concrete from the exposed surface was drained and dried at 110+ 10 °C
until constant mass. The cumulative mass measured after 7, 14, 21, 28, 35, 42, 49, and 56 days was divided by
area of the exposed surface, and constituted the final results of the slab-test.

The results of slab-test, i.e., the mean values and standard deviations of scaled masses after specific time inter-
vals for all considered concretes, were presented in Table 2. Additionally, the standard deviation of the recorded
scaled mass was calculated for each analyzed number of f—t cycles and concrete composition.

In all cases, the mean values of cumulative mass of delaminated concrete raised along with time—Table 2.
Based on the results it was evident that surface frost damage strongly depended on material composition i.e.,
water to cement ratio and the content of AEA. Considering non-aerated mixtures (C1 and C2), the lower w/c
ratio caused the fourfold decrease in the cumulative scaled mass. In case of C2 concrete (w/c=0.5, no AEA),
the recorded mass after 56 days was extremely high and reached 9.55 kg/m?, which might be identified with a
final damage of the sample. The application of AEA decreased the observed mass decline by about 75%. As
expected, the best performance after 56 cycles was observed in the C1A concrete (w/c=0.4, AEA). It might
be explained by the size and distribution of spherical pores introduced by AEA, i.e., the mean diameter should
be smaller than 300 um and the distance between the neighboring air bubbles should not exceed 0.3—-0.4 mm
[48]. Such modification interrupted the continuity of small capillaries, which effectively improved the frost
resistance of concrete [49]. The mentioned protections were recognized in the middle of last century and
widely described in literature [50]. It was also worth noticing that the cumulative masses after 56 days for
concrete C1 (w/c=0.4, no AEA) and C2A (w/c=0.5, AEA) were almost the same. Hence, the application
of AEA effectively protected the concrete from frost-induced damage. Since the standard deviation was
smaller for C1 than for C2A, the decrease of water-to-cement ratio provided lower uncertainty. It was exten-
sively reported that results concerning frost resistance of concrete were widely dispersed around mean [51],
which could be caused by several factors [52]. First, concrete was a highly inhomogeneous material, which
on the macroscopic scale could be divided onto cement paste and aggregate [53]. During the slab-test, only
the cement paste underwent scaling [54]. Hence, if there existed local accumulation of aggregates near the
exposed surface, the scaled mass would be declined [55], see Fig. 2. Such an arrangement also increased the
area of interfacial transition zone, which promoted inhomogeneity of the cement matrix [56]. Second, some
unhydrated cement grains remained within concrete at any time during the service life [57], and their share
rose along with decreasing w/c ratio [58]. It was reported that the cement residue provided self-healing ability
of concrete to some extent [59], which presumably occurred in the presented research (at least for lower w/c
ratio). Freezing—thawing cycles induced microcracks in the cement matrix [60], through which water was able
to approach the un-hydrated grains [61] even in ultra-high-performance fiber-reinforced concrete [62]. The

Fig.2 Sample prepared for
the slab-test with denoted
coarse aggregate grains (red
lines), local accumulation of
aggregate (yellow area), and
local accumulation of cement I accumulation of paste
paste (blue area)

coarse aggregate grains |
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hydration of un-hydrated cement nuclei [63] provided further increase in C—S—H phase content [64], which
tightened the cement matrix and decreased the delaminated mass after a certain number of f—t cycles [65].
Such mechanism was also reported for concrete exposed to wet—dry cycles in a marine environment [66].
Finally, the slab-test was particularly vulnerable to human errors. According to the standard [33], the scaled
material should be collected by flushing the test surface with water. Nevertheless, the details of the procedure
were not well specified, which could bring problems about providing replicability of the conditions.

Based on the presented results, the relation between the coefficient of variation (COV) and time was
determined, see Fig. 3. In case of both analyzed w/c ratios, concretes without AEA evinced nearly two times
lower values compared to the concrete with AEA. This trend was more notable for concrete with a higher
w/c ratio. The increase in randomness could have been expected, since AEA formed more pores and hence,
a more inhomogeneous paste microstructure. It was also reported that AEA promotes thickness and percola-
tion of I'TZ [47], which additionally enhanced the uncertainty. Surprisingly, COV of C1 had greater values
than for C2, particularly at later ages, see Fig. 3. It might result from the fact that the mean value of C2 was
much greater than that of C1.

The accumulated mass of delaminated material after each time for each sample was further treated as a
time-dependent random variable in the numerical simulations. Based on the presented discussion, the mass of
delaminated material was strongly dependent on the surface composition and properties. Therefore, its increase
could vary in the following time interval, i.e. increase in cement paste content accelerated the delamination,
whereas an increase in aggregate content slowed down the delamination.

Table 3 Compositions of

L3 w/c ratio CEM I CEM III
concretes per 1 m
04 0.5 04 0.5

Cement [kg] 425 425 425 425
Water [kg] 170 212 170 212
Sand [kg] 629 629 629 629
2/8 [kg] 629 629 629 629
8/16 [kg] 629 629 629 629
Superplasticizer [kg] 2.125 0.425 1.275 -
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2.2 Concrete carbonation

The second problem was concerning the concrete carbonation. The research was conducted on four concretes
with compositions varied in terms of the type of cement (CEM I 42.5 and CEM IIIA 32.5) and water-to-
cement ratio (0.4 and 0.5), see Table 3. During the production of CEM IIIA, part of clinker was substituted
with granular blast furnace slag, which reduced the carbon footprint of the final product. The measurements of
carbonation depth under accelerated conditions were carried out according to EN 12390-12 [34]. The beams
made of concrete (100 mm X 100 mm X 400 mm) were demolded after 1 day and then cured for 27 days in
water. At the age of 28 days, the samples were placed in air-dry conditions for 14 days (20 °C, RH=50%).
Then the samples were placed in a carbonation chamber (CO, concentration =4%, T =20 °C, RH=60%) for
75 days. To induce 1D CO, flow, four surfaces in each sample were sealed. Before placing the samples in the
chamber, the top, bottom and two end surfaces of beams were covered with a silicone coating, see Fig. 4A.
Consequently, CO, could penetrate the sample only through two opposite long side surfaces of the specimen.
The specimens were broken off after 25, 50, and 75 days, and the carbonation depth was measured in the
subsequent slices, see Fig. 4B. Before placing the samples back into the chamber, the split surface was again
protected with silicone, see Fig. 4C. Each concrete composition was represented by two samples. The depth
of carbonation was determined using a phenolphthalein solution sprayed on the freshly-split surface, Fig. 4D.
If after spraying with the phenolphthalein solution, material became pinkish-violet, it indicated that pH was
higher than 9. The carbonation depth was measured with a ruler at five points, in such a way that the edge
length of each exposed surface was divided into six equal distances and the five central points were used as
the measurement points for calculation.

Exposed surfaces
(CO: concentration = 4%
T=20°CRH = 60%)

The specimens just before placing in the carbonation chamber The location of the fracture surface for determining
the carbonation depth after exposure to elevated CO,

Slice split and o8 &

phenolphthalein

e B
N, L

C | The specimens after removing slice for testing carbonation D The measurement of the carbonation

Fig.4 The procedure of measurements of carbonation depth under accelerated conditions
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Table 4 The mean values wic ratio CEM I CEM III
and standard deviations of
carbonation depth after 25, 0.4 0.5 0.4 0.5
50, and 75 days of the test Time Mean Standard Mean Standard Mean Standard Mean  Stand-
[days] value deviation value deviation value [mm] deviation value ard
[mm)] [mm)] [mm)] [mm)] [mm)] [mm)] devia-
tion
[mm]
25 4.4 1.2 6.3 1.4 5.0 1.4 10.6 1.4
50 7.3 1.8 8.5 1.7 8.2 1.7 12.9 1.8
75 8.5 1.8 9.7 1.8 10.3 1.8 15.4 1.8

The results of carbonation, i.e., the mean values and standard deviations of carbonation depth after specific
time intervals for all considered concretes were presented in Table 4. The mean values and standard deviations
were calculated based on 20 measurements at each time step and for each type of concrete.

The depth of carbonation in analyzed concretes was influenced by both the cement type and the water-cement
ratio [67]. In general, the use of ordinary Portland cement (OPC-CEM I) slowed the carbonation front, compared
to CEM III [68]. While the addition of supplementary cementitious materials, e.g., blast furnace slag, fly ash,
provided some advantages for concrete durability, i.e., improved frost and chemical resistance, it could increase
its susceptibility to carbonation compared to concrete made solely with OPC [69]. These phenomena were often
reported in literature also at different CO, concentrations [70]. For both types of cements, the carbonation depth
was reduced via decreasing the water-to-cement ratio from 0.5 to 0.4. Low w/c ratio causes a decrease in the voids
volume and consequently reduced permeability and diffusivity of the medium, hence, the slowing down of the
carbonation front. Regardless of the testing time (25, 50, and 75 days), concrete based on CEM I with w/c=0.4
had the lowest carbonation depth. During the entire test period, between the first and third measurement, the
carbonation front deepened in CEM I w/c=0.5 concrete by 3.4 mm, which was the smallest value among the
analyzed concretes. In case of CEM I concrete with w/c =0.4, the increase in carbonation depth was 4.1 mm.
For CEM III-based concretes with w/c ratios of 0.5 and 0.4, the carbonation depth was extended by 4.8 mm and
5.3 mm, respectively.

In subsequent slices, the carbonation depth at each point was treated as the time-dependent random variable
in numerical simulation. Generally, the CO, diffusion proceeded from higher to lower CO, concentration, so it
was directed toward the center of the sample. Consequently, the carbonation depth usually grew. But, due to the
inhomogeneity of the concrete, the carbonation depth in the given point of the subsequent slices could remain
unchanged or even lessened, i.e., in case of large aggregate situated in the vicinity of the considered location.

The microstructure of cement-based materials, including concrete, was inhomogeneous. It was observed in
many studies that the carbonation front was irregular (Fig. 4D), the decrease of compressive strength and delami-
nated mass of concrete under frost and salt attack varied among samples although they were made of the same
components and exposed to the very same conditions [71]. Those factors might be identified as noise, causing
the fluctuations from the mean value describing the advance of the process. For these reasons, the quantitative
evaluation of degradation phenomena was often considered using statistical tools [72].

3 Stochastic differential equations

The stochastic differential equations were used to simulate the response of the concrete to combined frost and
salt corrosion or carbonation. Stochastic differential equations have been used for decades to model systems
with random noise [73]. The asset price models [74] were the most famous examples of the Brownian random
walk [75]. Further the stochastic differential equations were applied in the biological systems for modelling
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the evolution of tumors driven by tumor immune interactions [76], PDF models for the wind speed fluctua-
tions [77], turbulent flows [78], etc.

3.1 Stochastic process

A set of random variables X(f), parametrized by time ¢ € [0, T] was called a continuous-time stochastic pro-
cess. Let us assume that the considered stochastic process satisfied the stochastic differential equation (SDE):

dX() = u(t, X(@0)dt + o(t, X(0))dW (1), )

where the scalar functions p(-) was the drift term that described the long-term trend and o(-) denotes the diffu-
sion term that depicted the short-term stochasticity, W(¢) was the standard Wiener process or standard Brownian
motion (Fig. 5). W(¢) was a random variable defined over [0, 7], which had to satisfy the following conditions [79]:

1. W) =0.

2. For 0 <5 <t <0 the random variable AW = W(t) — W(s) was normally distributed: AW ~4/t — sN(0, 1),
where N(0, 1) was a normally distributed random variable with zero mean (E[AW] = 0) and variance equal
to one (the variance of a random variable W(¢) — W(s) equals ¢ — s).

3. For0 <s <t <u<v<0therandom variables W(tr) — W(s) and W(u) — W(v) were independent.

By the definition of the Brownian motions, it could be noticed that the realization in step 7, ; depend only
on the step ¢,, therefore it was an example of Markov process. One of the most powerful and useful tools when
dealing with stochastic processes was the famous It6 lemma, which could be formulated in the following way
[79]:

Let f(¢,x) be a smooth function of two variables and X(¢r) was a stochastic process, then:

p) 92 P
df(t, X(1)) = (ai; + %a—x];>dt + 0—{CdW(t). 3)

Since Brownian motion was not a smooth process, one could not formulate the derivative of function f and

therefore, the [t6 lemma defined the function f in the differential form. The It6 lemma was derived using the
chain rule similar to ordinary differential equation (ODE). However, when compared to ODE, the additional

194 appeared in Eq. (3). Note that if stochastic process X(¢) satisfied Eq. (2), then the Eq. (3) could be

202’

rewritten in the following form:

term,

Fig.5 The sequence of Brownian motions. The random ‘ \
variable AW (1;) = W (1,1 ) — W(z;) was normally distrib-  yy(t) \ \
uted, with E[AW(1;)] = 0 and Var[AW (;)| =1, — 1. It 2 \
was often assumed that W(z,) = 0. W(t) ? :
W(t) =/
B T
= = /
W(t:) I = =
/g
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) 9 02 )
dr(t, X (1)) = <a_]; + ya—{c + %UZO—)CJ;)CJ; + aa—idW(t). )

3.2 Numerical solution to stochastic differential equation

Since many interesting stochastic processes like Brownian motion were continuous but not differentiable one
could not write the derivative form of Eq. (2). Therefore Eq. (2) was often formulated in the integral form:

t 1

X(t)=X(0)+/pt(s,X(s))ds+/G(S,X(s))dW(s), 5)

0 0

where X(0) was the initial condition of a random variable. The first integral fot (-)ds in Eq. (5) was the Lebesgue
integral, while the second integral /Ot (-)dW(s) was the Itd integral (stochastic integral). Equation (5) was solved
numerically and the procedure was similar to the finite difference method for ODE. Let us discretize the time
interval [0, T'], so {ti,i =0,1, ..,N}, where N was the positive integer, and t;,, =¢;+ At; fori =0,1,.,.N — L.
However, in the simulation, it was often assumed that A¢; = At = const fori =0, 1, .., N — 1. Equation (5) could
be rewritten in the following form [79]:

iyt lip)

X(tip1) =X(t,-)+/,u(s,X(s))ds+/G(S,X(s))dW(s) fori=0,1,.,N—1 (6)

t; t

i i

The realization of the stochastic process X in time #; might be approximated by the Euler—-Maruyama scheme:
X(ti1) = X(t;) + n(1,X(1;) ) At + 0 (2, X (1;) ) AW (1;) for i = 1,2, .., N, @)

where AW(ti) = W(t,- +1) - W(tl-). Since AW(ti) was normally distributed so was X (ti). In the approximation
(5) it was assumed that the mean value of u(#, X(¢)) in the interval t € [tl-, L +1] was equal to ,u(tl-,X (tl-)) and simi-
larly the mean value of the function o(#, X(#)) in the interval t € [t,., tiy 1] was equal to a(ti,X (t,.) ).It was obvious
that if o = 0 then the Eq. (7) is reduced to Euler method for ODE. For SDE, similar to ODE, the initial condition
had to be provided.

Since AW was normally distributed the Euler—-Maruyama approximation ensures the normal distribution of sto-
chastic process X at any time step. However, for some problems (see Appendix A) there existed an exact solution
to Eq. (2) which provided non-normal distribution of stochastic process X. Therefore, one needed to increase the
accuracy of numerical solution. To do so, one of the possible ways might be the application of Milstein scheme.
Let us consider the stochastic process dY(¢) for ¢ € [0, T] given by the equation:

dY(t) = u(t, Y())dt + o(t, Y(2))dW (1), (8)

with the initial condition Y (0) and time discretization, {ti, i=0,.., n} Then the Milstein approximation of the
stochastic process Y (f) was defined by [79]:
Y(tiy) Y (5) + u(0. Y (1)) At + 01, Y (1)) AW(1,)

o0 (1, Y (1))
aY

®

%(;(ti,y(tl_)) ((AW())" - a) fori=1,..n
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where Af; =1, —; and AW(1;) = W(1,,,) — W(;). Note that the first line of Eq. (9) was equal to the
Euler—-Maruyama approximation and the second line was the Milstein correction. The Milstein correction improved
the approximation only if the diffusion term depended on Y. Otherwise 0o/ dY = 0, and the Milstein correction
would vanish.

The accuracy of the drift term might be also increased by the application of predictor—corrector term. Applying
the Euler-Maruyama scheme for Eq. (6) which resulted in Eq. (7), one assumed that the value of drift function in
the entire interval [t,-, tiy 1] was constant and equaled to the value of drift function at the beginning of the interval, i.e.
u (t[, X (f,‘) ) The application of trapezoid rule provided one of the solutions, which allowed to increase the accuracy
of the Euler—Maruyama scheme. Consequently one could assume that the mean value of the drift function in the
interval [ti, L +1] was equal t0 0.5 [,u (ti, X (ti) ) +u (ti 1 X (ti +1 ) )] However, the calculation of the second term in the
bracket required the value of stochastic process X at time ¢, ;, which was unknown. This value could be taken directly
from the Euler scheme, Eq. (7). The Euler-Maruyama scheme with predictor—corrector step for the stochastic process
defined by stochastic differential Eq. (2) read:

1

X(ti) m X (1) + 5 [(6:X(6)) + (101, X (1301))| A+ 0 (1 X (1)) AW (1) 10)
fori=1,2,.,N,
where
X(ti1) = X(t;) + n(1, X(1;) ) At + o (2, X (1;) ) AW (1) (1)
At =t — t;and AW(1;) = W(t;,,) — W(1;). The Eq. (10) could be rearranged to the following formula:
X(t0) % X(t01) + 5 [t X (101)) = (1 X (1)) A (12)

where X was calculated by Eq. (11). Equation (12) allowed to avoid the double calculation of the diffusion part
and therefore, spared some calculation time. The numerical solution presented above was related to the discrete
problem, therefore one had to assess the convergence of the discrete solution to a time-continuous stochastic
problem. Let us assumed that the interval [0, T] was divided into n equal time steps A¢, the numerical solution in

. . . = . . =)
time #, = iAf was given by X (;) and the exact solution was X(z;). Since both X ! (#;) and X(z;) were random

variables one had to take the proper measure of their difference. Using the expected value the strong convergence
with order y > 0 was defined by equation [79]:

E( sup
i=1,..n

where C > 0 was a constant that did not depend on At¢. Assuming that functions u(z,, X (1;) ) and o (1;, X (1;) ) satis-

fied the appropriate conditions (i.e. global Lipschitz condition) )_((”) converged to X with strong order 0.5.

One could also define the weak converges as: we say that y(") converged weakly to X with order y > 0 if for any

fixed t,-|i = 1,2, ..,nand all function p in some class (Lipschitz continuous) existed a constant C > 0, such that [79]:

X" (1) —X(r,.)D < CAr, (13)

'E[p(i(")(t,.))] —E[p(x™(1,))]| < car. (14)

Under some special conditions imposed to functions u(¢, X(¢)) and o(t, X(t)) it could be shown that §(”) converged
to X with weak order 1. The convergence and error of SDE approximation was presented in appendix B.
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Fig. 6 Mean values and standard deviation of corrosion mass loss taken from [80] (reference value, solid line with square)
and the errors between the reference values and the ones calculated using SDEs (dashed lines with triangles)

3.3 Validation of SDEs approximation with literature data

Based on SDEs, the numerical code was developed using Python programming language and PyCharm environment.
The computation was performed using a laptop equipped with Intel Core i5 and 16 GB RAM. First, the software was
validated against the data taken from existing literature. One of the key factors related to the durability of concrete
was the chloride penetration and the corrosion of steel rebar. In the paper [80] the authors studied the influence of
random aggregate distribution on the variability of steel corrosion parameters such as: corrosion current density,
chloride ion concentration corrosion mass loss of rebar. The authors performed 600 numerical simulations assuming
various aggregate proportions and showed that random aggregate distribution caused a non-uniform distribution of
corrosion parameters. The statistical parameters concerning corrosion mass loss (mean value and standard deviation)
taken from [80] (Fig. 17, Table 4), calculated for 15 years of exposure, for various aggregate proportions (AP=0.35,
0.4, 0.45 and 0.5) were presented in Fig. 6 (solid line with square).

The statistical parameters concerning corrosion mass loss presented in Fig. 6 after [80] were approximated using
SDEs. The best-fitted parameters of SDEs obtained for various aggregate proportions (AP=0.35, 0.4, 0.45 and 0.5)
were given in Table 5.

Table 5 The best-fitted functions u(z, X(¢)), o (¢, X(¢)) and g—;(z, X) approximated for concrete with various aggregate propor-
tions (AP=0.35, 0.4, 0.45, and 0.5)

AP=0.35 AP=0.4 AP=0.45 AP=0.5
u(t, X(0) 222-107* 2.1-107 22-107* 1.8-107*

+0.671 * X(£)°78 +0.67X(r)* +0.66X(1)*763 +0.65X (1)
o(t,X(1)) 4.96 - 1074X(0)** 4.15 - 1074Xx(r)*** 3.8-107x(0)*% 3.5 1074x(n)*30
Jdo 1.166-10~4 9.96-10~3 1.026-10~* 1.061-10~*
X %) X0765 X076 Tx0n X0.697
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Table 6 Comparison of

HRef HspE Err, " ORef OSDE Err,
mean value and standard [mm?] [mm?] [mm?] [mm?] [mm?] [mm?]
deviation calculated using
SDEs with the values AP=035 Syears 0000202 0000235 3.36E-05  0.0000082  0.0000097  1.52E-06
presented in [80] 10 years 0.00117 0.001057 1.13E-04 0.0002081 0.0001936 1.44E-05

15 years  0.00302 0.003014  5.72E-06  0.0004519  0.0004663 1.44E-05
AP=04 5 years 0.000194  0.000231  3.72E-05  0.0000189  0.0000187 1.93E-07
10 years  0.0011 0.001026 ~ 7.37E-05  0.0001253  0.0001330  7.77E-06
15 years  0.00285 0.002920  7.01E-05  0.0003322  0.0003242  7.90E-06
AP=045 5 years 0.000185  0.000219  341E-05  0.0000102  0.0000124  2.23E-06
10 years  0.00102 0.000939  8.08E-05  0.0000974  0.0000972  1.26E-07
15 years  0.00267 0.002616 ~ 5.38E-05  0.0002207  0.0002147  5.96E-06
AP=0.5 5 years 0.000173  0.000199  2.69E-05  0.0000074  0.0000064  9.63E-07
10 years ~ 0.000939  0.000895  4.37E-05  0.0000758  0.0000716  4.18E-06
15 years  0.00249 0.002548  5.82E-05  0.0001391 0.0001424  3.39E-06

The mean values (MV) and standard deviations (STD) calculated using SDEs for 100 k samples assuming param-
eters gathered in Table 5, compared with the results presented in [80] are collected in Table 6. The relative error for
mean value and standard deviation was calculated based on the equation:

Erry = |Xper — Xspe| (15)

where X was either y or 6. One could notice that the SDEs were able to approximate MV and STD with sufficient
accuracy. For almost all cases the error between the reference data and SDEs was largest for the longest period
(15 years), when both MV and STD took the highest value.

3.4 The influence of samples number on the probability density function and its statistic
parameters

The influence of samples number (SDEs realization) on the probability density function (PDF) and its parameters
(i.e. mean value and standard deviation) were investigated for the case with parameter AP =0.5 [80]. One assumed
that the number of samples were: 102, 10%, 10*, and 10°. The PDFs were drawn assuming that the number of
bins was equal to the square root of samples number. The PDFs were approximated for each sample number and
analysed for different periods (5, 10, and 15 years), see Figs 7, 8. One could notice that the maximum frequencies
did not change for the largest samples numbers, i.e. 10* and 10°, but the regularity (smoothness) of PDF obtained
for 10° was better than for 10%, particularly at 15 years. The calculated MVs and STDs for 102, 10%, 10*, and
10° samples were presented in Table 7. The STD calculated for 5 years varied the most among all investigated
parameters. As usual, the approximation accuracy increased with the number of samples, on the other hand, it
extended the computational time. Fortunately, even for 100 k simulations the computational time was no longer
than ten minutes (computation performed using laptop equipped with an i5 processor), which was acceptable.

4 Results and discussion

Concerning the inhomogeneity of concrete structure and their influence on its properties (discussed in Sect. 1.1),
SDEs-based approach for calculating the stochastic features of corrosion, in particular concrete scaling and car-
bonation, seemed to be a numerical tool with great potential. The Euler—-Maruyama scheme with the Milstein
correction was employed to calculate the single representation of stochastic process (solution of SDE). The param-
eters describing the progress of degradation, i.e., scaled mass of concrete and carbonation depth, were treated as
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Fig.7 PDFs obtained assuming 10%, 10%, 10* and 10° samples for case AP=0.5

Fig. 8 Definition of aggregate distribution density, D(y), —
based on [9] D (y ) ( d +b +C)/ I—x
X

Ly=100 mm

Li Lx=100 mm 4’1
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Table 7 The mean value and standard deviation calculated for 10%, 103, 10* and 10° samples for case AP=0.5

Number of Calc. time [sec] 5 years 10 years 15 years
samples 2 2 2 2 2 2

p [mm?] o [mm?] p [mm?] o [mm?] p [mm?] o [mm?]
107 1 1.9671 107 1.8034 107 8.8189 107* 7.8572 107 2.5167 107 1.2454 107
10° 6 1.9827 107 1.0589 107 8.8669 107 7.3055 107 2.5251 1073 14163 107
10* 56 1.9928 107* 0.7875 107 8.8948 107* 7.2057 107 2.5389 1073 14414107
10° 413 1.9921 107* 0.6415 107 8.8954 107* 7.1643 107 2.5483 1073 1.4245 107*

the random variables. The numerical prediction of scaling and carbonation was performed using Euler equipped
with the predictor—corrector scheme, i.e., Eq. (10) and (11). The diffusion term was improved using the Milstein
scheme. The time interval of the experiment (56 days for scaling and 75 days for carbonation) was normalized,
i.e. T € [0, 1] and divided into 100 subintervals. As pointed out in the last section, the smaller time step, the better
convergence of the discrete approximation of the stochastic process. The probabilistic features of those random
variables, i.e. mean value and standard deviation, were calculated by means of Monte Carlo method. For each
problem and each concrete composition simulations were performed for 100,000 samples (possible realization
of the stochastic process).

4.1 SDEs for modelling concrete scaling

Four cases were analysed, i.e. concrete with w/c ratio of 0.4 without AEA (case 1), concrete with w/c ratio of 0.4
with AEA (case 2) and appropriately w/c=0.5 without AEA (case 3) and with AEA (case 4). The cumulative
scaled mass of each individual sample was the single realization of time-dependent discrete stochastic process.
The drift term of the stochastic differential equation was related to the mean value of scaled mass after a given
time of concrete exposure to low temperature. The diffusion term defined by Brownian motion was related to the
stochastic nature of the considered corrosion process. Physically, the drift term described the crack development
and gradual delamination of the concrete due to f-t cycles. The diffusion term was related to the deviation from
the mean value, which was caused by local inhomogeneity of the material due to: distribution of the aggregate,
interfacial transition zone, local unhydrated cement grains, which weakened the skeleton, etc. As shown in the
experimental section, the cumulative, scaled mass of concrete at a particular time step was the random variable
with a certain probability density function rather than a single value. Based on the obtained results, one could
estimate the probability density function of scaled mass of concrete in any particular time step. The best approxi-
mation of u(¢, X(¢)) and o(z, X(¢)) functions for each particular case was performed using the least square method,
which was calculated based on the scaled concrete mass after 7, 14, 21, 28, 35, 42, 49, and 56 days. Below, for
each case, one provided the following results: the exemplary realization of stochastic process obtained for 100
samples (Fig. 9A-D), the comparison of mean and standard deviation of concrete scaled mass calculated in
numerical simulation with experimental data (Fig. 10A-D), the probability density functions of concrete cumula-
tive, scaled mass for 14, 28 and 42 days estimated by simulating the realization of 100,000 stochastic processes
(Fig. 11A-D). The best fitted u(t, X(¢)) and o(t, X(?)) for all analysed cases were gathered in Table 8.

Figure 9A-D presents 100 exemplary realizations of SDEs related to the scaling of particular concretes. One
can notice that the increase in concrete scaled mass was the random variable. Although the drift term in all SDEs
was positive (see Table 8), the decrease in the scaled concrete mass between two particular time steps was admis-
sible, although very rare. In the real experiment, such behaviour could be related to the hydration of un-hydrated
cement grain, when exposed to water. Considering the realization of SDEs, for each case, one could notice that
the trend of mass change was correct, i.e. the increase in delaminated mass. The realisation of each stochastic
process differed, even though it was within the same case when the values of SDE parameters were the same.

Archives of Civil and Mechanical Engineering (2025) 25:287 €\ Springer


https://doi.org/10.1007/s43452-025-01335-y

287 Page 18 of 31 https://doi.org/10.1007/543452-025-01335-y

SCALED MASS [kg/m2]
SCALED MASS [kg/m2]

TIME [days] TIME [days]

SCALED MASS [kg/m2]
SCALED MASS [kg/m2]

TIME [days] TIME [days]

Fig.9 The exemplary 100 realizations of stochastic processes modelling the A casel, B case 2, C case 3, D case 4, calcu-
lated assuming the coefficient taken from Table 8

This behaviour reflected the local inhomogeneity of the concrete microstructure. The concrete scaling was the
accelerating process for all analysed cases—see Fig. 9A-D.

Based on the 100,000 realizations of stochastic processes for each case of the concrete scaling, the mean value
and standard deviations were calculated. The SDEs with the best fitted parameters mapped the experimental data
with high accuracy for all analysed cases -see Fig. 10A—D. One could observe that for the given w/c ratio the
addition of AEA reduced the mean value of delaminated mass. For concrete with w/c =0.4 without AEA (case
1 —Fig. 10A) and with AEA (case 2 — Fig. 10B), one could notice that the addition of AEA caused the substantial
reduction of both mean value (around 50%) and standard deviation of the scaled mass of concrete. The entrained
air in the cement matrix improved its frost resistance. This property was well known from many experimental
studies and engineering practices, and could be correctly projected by the application of SDE. The addition of
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Fig. 10 The comparison of mean values and standard deviations computed using SDE (100,000 realizations for each case)
with the experimental data measured after 7, 14, 21, 28, 35, 42, 49 and 56 days for various types of concrete A case 1, B
case 2, C case 3 and D case 4

AEA also reduced the variation of delaminated concrete mass, increasing the concrete stability and affected posi-
tively the reliability of the entire construction. For higher w/c, the addition of AEA reduced the mass of scaled
concrete even more than for w/c=0.4, i.e., around 74%. Hence, the effectiveness of AEA grows with increasing
w/c ratio of concrete. The SDEs approximated mean values and standard deviations for 14, 28, 42, and 56 days,
are presented in Table 9.
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Fig. 11 The probability density functions of concrete scaled mass determined using 100,000 realizations of SDE for A
case 1, B case 2, C case 3 and D case 4, after 14, 28 and 42 days of exposure to combined frost and salt. The coefficient of
SDE were taken from Table 8 for each particular concrete

Table 8 The best fitted functions u(z, X(¢)), o(t, X(¢)) and Z—;(t, X) approximated for concrete samples exposed to freezing:
w/c=0.4 no AEA, w/c=0.4 with AEA, w/c=0.5 no AEA and w/c=0.5 with AEA

w/c=0.4 no AEA: case 1

w/c=0.4 with AEA: case 2

w/c=0.5 no AEA: case 3

w/c=0.5 with AEA: case 4

u(t, X()) 1.43 + X% 0.60 + 1.35x(n™*° 5.1+ 1.50X()°® 0.9 + 1.70X(1)°*
o(t, X(1) 0.28%(r)* 0.22X()*% 0.45X(n)** 0.65X (1)

do 0.084 0.064 0.18 0.39

ox (%X) X07 X071 X06 X0+
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Table9 Mean values wle=0.4 wle=0.4 wle=0.5 wle=0.5

and standard deviations no AEA: case 1 with AEA: case 2 no AEA: case 3 with AEA: case 4

approximated using SDEs

for scaling problem H o H o H o H o
14 0.4074 0.08858 0.1782 0.06048 1.592 0.08505 0.3163 0.1201
28 0.9342 0.1763 0.4297 0.1226 3.698 0.2924 0.8034 0.3173
42 1.603 0.2752 0.9739 0.2542 6.388 0.6368 1.4802 0.6047
56 2.456 0.4014 1.2624 0.3206 9.698 1.1352 2.425 0.9956

Figure 11A-D represents the probability density functions (PDF) of delaminated concrete mass for all
analysed cases, based on 100,000 realizations of stochastic processes for each set of parameters taken from
Table 8. One can notice that the PDFs were rather of lognormal than normal shape. This was characteristic
for many engineering applications and allowed to preclude the negative values of the analysed parameter.
Such a feature of the SDEs solution resulted from the Milstein improvement of the Euler—Maruyama approxi-
mation. As a result of SDE application, one could get the PDF at any desired time step of the process. The
PDFs allowed to calculate the mass of delaminated concrete exposed to low temperature with the desired
confidence after any exposition period. It provided novel information concerning the durability and stability
of the concrete, which was more consistent with the observation from engineering theory and practice than
the traditional deterministic approach.

4.2 SDEs for modelling concrete carbonation

The carbonation was investigated for four various mixtures: concrete produced with CEM I and w/c =0.5 (case
5), CEM I and w/c=0.4 (case 6), CEM III and w/c=0.5 (case 7), and CEM III and w/c=0.4 (case 8). The cured
samples (100 mm X 100 mm X 400 mm) were conditioned for 25 days at atmosphere with elevated CO, concen-
tration and broken 10 cm from the end of the sample—see Fig. 4B. The carbonation depth was measured at 5
points on each exposed edge (two opposite edges), hence carbonation depth was determined for ten points. The
procedure was repeated after subsequent 25 days of exposure (total exposure time 50 days) and then once again
(total exposure time 75 days), see Fig. 4A—C The points were numbered from 1 to 10 on each broken surface in
the same way. For each sample, one obtained three sets of ten points plus the initial carbonation depth, which
was set to zero in every point. The stochastic process was defined as the carbonation depth at the point with the
same number after 0, 25, 50, and 75 days of exposure. Two concrete samples were investigated, so by applying
the above procedure, one obtained 20 realizations of the stochastic process for every case and every time step. In
the experimental part, the expected value and standard deviation of carbonation depth for each exposition period
and every concrete composition were determined, see Table 4. The best approximation of drift term pu(¢, X(¢))
and diffusion term o (¢, X(¢#)) for each particular case was performed using the least squares method, which was
calculated based on carbonation depth after 0, 25, 50, and 75 days of exposure. Below for each case one provided
the following results: the exemplary realization of stochastic process obtained for 100 samples (Fig. 12A-D),
the comparison of means and standard deviations of concrete carbonation depth calculated using SDEs with
experimental data (Fig. 13A-D), the probability density functions of carbonation depth for 25, 50 and 75 days of
exposure estimated by simulating the realization of 100,000 stochastic processes (Fig. 14A-D). The best fitted
u(t, X(1)) and o(¢, X(¢)) for all analysed cases were collected in Table 10.

Figure 12A-D presents 100 exemplary realizations of SDEs related to the carbonation depth determined
for concretes with particular composition. The drift term, u(¢, X(¢)), was positive for all cases (see Table 10),
nevertheless the decrease of carbonation depth between two particular time steps was admissible due to the
randomness of the diffusion part of SDE. Such behaviour was related to the arrangement of aggregates in sub-
sequent cross-sections of the sample. Considering the realization of SDEs, for each case, one could notice that
the change of mean value increased along with exposition period. The realisations of each stochastic process
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Fig. 12 The exemplary 100 realizations of stochastic processes modelling the A case 5, B case 6, C case 7, D case 8, cal-
culated assuming the coefficients taken from Table 10

differed, even though they were within the same case when the values of SDE parameters were the same. This
behaviour reflected the local arrangement inhomogeneity of concrete ingredients (aggregate and cement paste).
Unlike the concrete scaling, the concrete carbonation was the decelerating process for all analysed cases (concrete
composition)—see Fig. 12 A-D.

Based on the 100,000 realizations of stochastic processes, for each case the mean values and standard devia-
tions of carbonation depth were calculated. The SDEs with the best fitted parameters mapped the experimental
data with high accuracy for cases 5, 6, 7, and 8—see Fig. 13A-D. The reduction of w/c limited the volume and
size of the pores. That slowed down the CO, migration into the concrete volume and therefore the carbonation
speed. Such effects could be observed for both kinds of cements used to produce the concrete samples: Fig. 13A
vs 13B (CEM I) and Fig. 13C vs 13D (CEM III). The substitution of clinker with granulated blast furnace slag
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Fig. 13 The comparison of mean value and standard deviation computed using SDE (100,000 realizations for each case)
with the experimental data measured after 0, 25, 50, and 75 days of exposure to elevated CO, for various types of concrete
A case 5, B case 6, C case 7 and D case 8

(GBFS) promoted the carbonation. This resulted from the fact that GBFS reduced the formation of the portlan-
dite (Ca(OH),). In such a case, there was a limited supply of Ca inside the concrete volume and therefore, the
carbonation accelerated. In the experiment, it was observed as enlargement of the non-coloured area (pH <9) of
the sample’s cross-section. The mean values and standard deviations approximated using SDEs for 25, 50, and
75 days are presented in Tables 11, 12.

Figure 14A-D represents the probability density functions (PDF) of carbonation depth for all analysed
concrete compositions. They were obtained based on 100,000 realisations of stochastic processes for sets of
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Fig. 14 The probability density functions of carbonation depth determined using 100,000 realizations of SDE for A case
5, B case 6, C case 7 and D case 8, after 25, 50, and 75 days of exposure to elevated CO, concentration. The coefficients of
SDE were taken from Table 10 for each particular concrete

Table 10 The best fitted functions u(z, X(¢)), o(t, X(¢)) and g—;(t, X) approximated for concrete samples exposed to carbona-
tion: CEM I with w/c=0.5, CEM I with w/c=0.4, CEM III with w/c=0.5, CEM III with w/c=0.4

CEM Iw/c=0.5 CEMI, w/c=0.4 CEM 111, w/c=0.5 CEM III, w/c=0.4
case 5 case 6 case 7 case 8

u(t, X)) 30 ___ 30 45 25

’ 0.14+0.0089X ()" 0.14+0.03X()'* 0.14+0.0013X (1) 0.1+0.016X(1)"?

o(t,X(1) 2.49% ()13 1.85X (1) 1.48% () 2.22X()%?

do 0.324 0.518 0.444 0.444

ox (t.X) X087 X072 X07 X08
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Table 11 Mean values CEM I w/c=0.5 CEM I, wie=0.4 CEM Il wic=0.5 CEM III w/c=0.4
and standard deviations case 5 case 6 case 7 case 8
approximated using SDEs
for scaling problem H i H ° H o H o
25 5.793 1.169 4.859 1.058 9.379 1.008 5.344 1.070
50 8.249 1.658 6.981 1.656 12911 1.582 8.213 1.492
75 9.936 2.124 8.484 2.123 15.141 1.906 10.342 1.845

Table 12 Error between realization of SDE and experimental results obtained for various time increments

At [-] 0.5 0.25 0.1 0.05 0.01

L? error [kg/m?] 0.043598 0.006418 0.005059 0.0002823 0.0000162

Fig. 15 The exemplary results obtained for the carbona- 16
tion test: CEM III w/c=0.4 (red line), and computational SDE siruisiion
simulation using SDEs approximated by Euler—-Maruyama 14
scheme with the Milstein correction (blue line) . Experiment
£
£12
=
o 10
w
(@]
- 8
O
o
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5
m 4
14
<
O
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parameters representing all mixtures, taken from Table 10. Like in the previous problem, the PDFs were rather
of lognormal than normal distributions, which excluded the case of retreating process (negative carbonation
depth has no physical sense). As a result of SDE application, one could get the PDF at any desired time step
of the carbonation. For all cases, one could notice the increase in both statistical parameters: expected value
and standard deviation. The known probability distribution allowed to obtain the carbonation depth in con-
crete exposed to elevated CO, with the desired confidence. Application of SDEs provided novel information
concerning the durability and stability of the concrete, which was more consistent with the observation from
engineering theory and practice than the traditional deterministic approach.

Figures 15, 16 presents the experimental and numerical results concerning the carbonation depth for
concrete made with CEM III, w/c =0.4. Exemplary experimental data (carbonation depth measured using
phenolphthalein solution, see paragraph 2.2) marked with the red line, were taken from four random points.
Numerical results (blue lines) represented four SDE runs. One could observe that both experimental data and
numerical results are random and qualitatively similar.
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Fig. 16 The comparison of results calculated for various 25
time increments for SDE with experimental data (concrete -
w/c=0.4 without AEA) —SDE d=0.5
" SDE dt=0.25
—— SDE dt=0.1
T —— SDE dt=0.05
2 SDE dt=0.01
= 1.5
2 —a&— Experiment
<
=
m
a1
-
<
O
7]

o
4]

0 0.2 0.4 0.6 0.8 1
NORMALIZED TIME [-]

5 Conclusions

The experimental studies, reported in this paper, confirmed the stochastic nature of concrete degradation
processes; in particular, concrete scaling and carbonation. To simulate the random features of concrete cor-
rosion, the SDEs were employed for the first time. Based on the provided results and discussions, one can
derive the following conclusions.

1. Stochastic differential equations could be used for modelling the non-differentiable relations describing the
degradation processes related to concrete durability. Concrete scaling due to the combined action of ice and
salt was accelerated over time while concrete carbonation decelerated over time. Both of these relations could
be computed using SDEs with high accuracy.

2. The averaged parameters describing the progress of concrete corrosion, i.e. scaling mass and carbonation
depth, can be predicted by ordinary differential equations. However, the single measurement could vary from
the averaged value significantly. Inhomogeneity of concrete composition (arrangement of sand, coarse aggre-
gates and cement paste) resulted in the randomness of the heat and mass (liquid, salt) transfer in cement-based
materials, and consequently, the progress of corrosion. This indicated that both scaling and carbonation had to
be treated as time-dependent random variables. SDEs could be successfully applied for description of scaling
and carbonation of concrete.

3. The combination of Monte Carlo technique and stochastic differential equations provided reliable data con-
cerning the statistical parameters of the investigated problems. Both mean values and standard deviations
obtained in numerical simulations using MC + SDE were in good agreement with the experimental data for
various exposition periods, concrete compositions, and durability problems.

4. Since for SDE-based model the randomness of the analyzed processes was related to the stochastic part of
differential equation, i.e., the parameters appearing in the diffusion term, see Eq. (2), those parameters were
responsible for uncertainty propagation. Hence, the influence of concrete microstructure on the parameters
of SDEs should be investigated in future research.
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Appendix
A. Milstein approximation

To understand the arguments for the Milstein approximation and the benefits of its application, let us introduce
the SDE which simulated the asset price model where u(t, X(¢)) = aX(¢) and o (¢, X(t)) = bX(¢), where a and b were
constant. Then Eq. (2) was reduced to the form:

dX(t) = aX()dt + bX(1)dW(2). (A1)

This SDE was the asset price model widely applied in the financial mathematics. The well-known Black—Scholes
partial differential equation could be derived from eq. (A1). Assuming the initial condition, at time t = s are X(s),
based on Itd lemma, one could derive the exact solution of Eq. (5):

X() = X(s)exp [(a — 0.5b%)(t — s) + b(W(1) — W(s))]. (A2)

It could be noticed that the random variable X(¢) defined by eq. (A2) had a lognormal distribution, while as
noticed earlier, X (ti) that was defined by the Euler—Maruyama scheme was normally distributed. Therefore, one
needed to increase the accuracy of numerical solution. One of the possible ways might be the application of the
Milstein scheme.

To simplify the problem, one could assume that the diffusion term equalled to o (¢, Y(¢)) = bY(¢), where b was
a scalar, and the drift term was neglected. The stochastic process Y(¢), was defined by the formula:

dY(t) = bY(1)dW(t). (A3)

Similarly to eq. (A2) the stochastic process (A3) had the exact solution:
t
Y(t) = / bY(W)dW(v) = Y(s) exp [-0.5b%(t — s) + b(W(t) — W(s))]. (Ad)

where Y(s) was the initial condition. Substitute the integral in eq. (A4) with the integral taken over a small time
step interval ft_t"“, introducing Taylor expansion (exp M=1+y +y2/2 + ..), one derived the following
formula:

Y(tm) — / " bY(v)dW(v) = Y(t) exp [—O.szAti + bAW(t,»)]

=Y(1;) + Y(1;) [exp (=0.56 A1, + bAW(1;) ) — 1]

1

) (AS)
~ Y (1) + Y (1) [(—%bwi +bAW (1) ) + 5(—%19%1. +bAW (1)) ]

~ Y (1) + Y (1) bAW (1) + %Y(ti)lﬂ((AW(ti))z _ Ah)

where At; = 1, — t;and AW (1;) = W(z,,) — W(r,) and% = ";’—YY = b. Since AW(t) ~ \/ At the terms multi-

plied by (A7) for p > 1 were neglected. The above-presented Milstein scheme improved the accuracy of the
Euler—Maruyama approximation. However, the expectation of the term in the last bracket of eq. (AS)

E [(AW(ti) )2 - Atl-] = 0, but due to this term, the distribution of random variable Y(¢) defined by eq. (AS) was

no longer normal.
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B. The convergence of SDEs.

The exemplary convergence of SDE calculated using various time increments (Az=0.5, 0.25, 0.01, 0.05, 0.01)
to the experimental results obtained for one sample of concrete with w/c =0.4 without AEA was presented in
Fig. 16. One could notice that the convergence grows with the decreasing time increment (see Tables 11, 12),
which agreed with the theoretical derivation presented in Eq. (11). The best fitting for each time increment was
obtained after 100,000 sampling. The linear interpolation was applied to obtain the experimental results for time
stations, in which the SDE realization was calculated.
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