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Batch processes are usually operated following recipes, which are based on experience and expert knowledge. This ensures
feasible and safe operation, because process constraints are indirectly included in the recipe. However, the recipe structure
itself constrains the solution space andmight exclude other more efficient trajectories. Therefore, the hidden constraints are
explicitly formulated, and the arising optimization problem is solved without using prior knowledge in the form of recipes.
Case studies are performed on rigorous models of a batch reactor and a batch distillation column. It is demonstrated that the
optimization problem formulated as a smoothed dynamic nonlinear programming problem outperforms a mixed-integer
formulation. Finally, a multi-objective case is investigated that strongly outperforms a recipe-based benchmark.
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1 Introduction and State of the Art

Batch processes are wide spread in chemical industry and
are used especially for low-quantity products [1, p. 111],
[2]. These plants are operated based on “sequential pro-
cedures characterized by steps followed chronologically”
[3], so-called operational recipes. They are predominantly
used for batch processes, but recipes are also applied for
startup, shutdown, and transitions between operating points
of continuously operated processes. The recipes are derived
from experience and guarantee safe operation, and human
operability. However, to further increase the efficiency of
operation, it might be worthwhile to deviate from the
rigorous structure of these recipes.
For the optimization of recipes and dynamic operation

in general, two main approaches exist. As control changes
are possible at all points in time, optimal operation poses
an infinite-dimensional optimal control problem. To render
the problem tractable, either a complete discretization over
time can be applied [4]. Another strategy is to approximate
the dynamic solution as a control vector parameterization
problem (CVP) [4].
Optimization of batch operation was done in different

cases, e.g., a batch crystallizer optimized by NMPC with
extended Kalman-filters [5], or a reactor setup starting

with an initially filled vessel considering a multidimensional
objective function [6]. In this contribution, the focus will
lie on batch distillation. The operational recipes—without
using this exact term—governing batch distillation in oper-
ation are described, among others, in [7, 8] and can be
divided into different phases, namely, filling of the still,
heating until a temperature profile is developed, production
phase, and shutdown.

During startup and shutdown, the decision variables are
usually more constrained, and non-smooth or discontinu-
ous behavior, e.g., appearing or disappearing phases, is often
found. In [9] the operation of batch distillation is optimized
as a CVP. However, “[t]he startup period of operation […]is
not considered as this leads to an optimization problem
which is extremely difficult to solve due to discontinuities”
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[9]. These non-differentiabilities or discontinuities are usu-
ally circumvented by optimizing different batch cycle phases
independently of one another [10] or neglecting startup
entirely, e.g., in [11–13].
In contrast, in [15], a model from a commercial flowsheet

simulator and a parameterized recipe—however, with a
fixed startup procedure—are used to compare different opti-
mization approaches, among others genetic algorithms and
Nelder Mead method. This goes in the spirit of [4], where
it is stated that “in the more recent literature the emphasis
has been more on the methods used to solve the prob-
lem, rather than on the actual results of the optimization.”
Brand Rihm [14] considers the full batch trajectory, includ-
ing startup and shutdown for a batch distillation column for
optimally parameterizing one predetermined recipe. How-
ever, this approach is limited to predefined recipes and
cannot find new operation strategies.
Varying influencing factors, e.g., changing demand,

energy, or feed cost, make flexible operation desirable. Obvi-
ously, there is not a single optimal recipe for all cases,
because there are often multiple contradicting objectives.
Hence, a generic method to determine optimal opera-
tion strategies for different cases is required. In our study,
a methodology to formulate this task as both mixed-
integer nonlinear program (MINLP) and dynamic nonlinear
program (DyNLP) with a single and multiple objectives
is presented. It utilizes a rigorous process model, which
describes the full batch cycle but does not require any prior
process knowledge apart from physical and safety-relevant
constraints.
This study examines the potential and limitation of both

approaches. In theory, the MINLP approach is more ele-
gant, and the prospect of using global solvers outweighs the
more complicated formulation. It is investigated whether the
problem is feasible for commercially used solvers.
Batch distillation is selected as the main case study as it is

a very well known, commonly applied separation technique.
Established operation strategies, for example, are constant
reflux, or constant product quality [16]. These can be used
as reference points to compare the newly synthesized oper-
ation trajectories against. Because these strategies describe
the production phase only, startup and shutdown have to be
specified separately.

2 Methods

Starting with a known rigorous plant model, f, formulated
as a system of differential algebraic equations, the opti-
mal control problem given in Eq. (1) shall be solved. φ is
the objective function, and g a set of equality constraints.
To avoid an infinite-dimensional optimization problem, the
controls are discretized over time, and the arising CVP is
solved as a tractable approximation of the original prob-
lem. The goal is to determine the optimal set of piecewise
constant controls, U, for a fixed number of time intervals.

The decision variables, un,i, are the controls as well as the
lengths of the time intervals, �ti. n and i are the indices
of control variables and intervals, respectively. In this work,
inequality constraints are not explicitly considered they can
easily be transformed into equality constraints by intro-
ducing bounded slack variables without introducing any
numerical error:

min
u

φ(x(t ), ẋ(t ), t, u(t ))
s.t. f (x(t ), ẋ(t ), t, u(t )) = 0

g (x(t ), ẋ(t ), t, u(t )) = 0
uLB ≤ u(t ) ≤ uUB

⇒
min
ui

φ(x(t ), ẋ(t ), t,U )

s.t. f (x(t ), ẋ(t ), t, ui) = 0
g (x(t ), ẋ(t ), t, ui) = 0
uLBi ≤ ui ≤ uUBi

(1)

2.1 Constraints

Considering plant operation, it is sensible to differenti-
ate between safety-relevant or hard constraints, which are
derived from physical properties of the plant and are
mandatory for plant operation, and soft constraints, whose
violation is not safety-relevant. The latter may be used
to reduce the search space, e.g., to improve convergence.
Nevertheless, overly restrictive soft constraints might also
exclude other, nonconventional trajectories from the solu-
tion space and thus prevent additional room for improve-
ment. In this work, the number of soft constraints is kept as
low as possible to not unnecessarily limit the search space.
Mathematically, the constraints can be differentiated into

two types: First, constraints on the system states, which are
further subdivided into endpoint/terminal constraints and
inequality path constraints. “The plant shall be cold and
empty at the end of the batch,” is an example of a terminal
constraint, whereas bounds for temperatures during opera-
tion would be a path constraint. These types of constraints
are more difficult to enforce. They may be reformulated as
terminal constraint on the integrated constraint violation,
z, which is exemplarily given in Eq. (2) [17] and depicted in
Fig. 1:

z (t = tend) = 0 (2)

z (t = 0) = 0 (3)

z(t ) =
∫ tend

0
ż(t )dt

=
∫ tend

0

(
max

(
0,Tmin − T (t ),T (t ) − Tmax))2dt (4)

This reformulation adds one variable with its initial con-
dition, Eq. (3), and one differential equation, Eq. (4), to the
problem. This can be advantageous in a single shooting set-
ting as only the final value of z needs to be evaluated. Under
these conditions, caching the whole trajectory of z over time
becomes unnecessary. At the same time, this guarantees that
path constraints are met—independent of the step size of the
integrator. It increases the non-smoothness of the dynamic
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Figure 1. Reformulation of inequality path constraints using
integrated constraint violation.

system by introducing the max operator. If necessary, this
can be addressed by smoothening the max operator [18] (see
Fig. 2).
Second, there are constraints on control variables: explicit

constraints and implicit/hidden/logical or time-variant,
state-dependent constraints. Box constraints on control
variables are typical examples of explicit constraints and are
trivial to implement and enforce. An example of an implicit
constraint is that heating in a reboiler is only allowed when
the level exceeds a certain minimum. Two different ways
of implementing this constraint are presented below and
will subsequently be compared: an MINLP and a DyNLP
formulation.
The MINLP formulation is based on the propositional

logic for modeling with integer and continuous variables,
presented in [19]. The bounds for the control variables are
adapted for each time interval by implementing an addi-
tional binary variable, Yi (Eq. 5). This variable is set by
the solver based on the states, e.g., depending on the ful-

fillment of the level requirement. This is shown in Eq. (6),
where C and ε are large and very small positive parameters,
respectively. ε ensures uniqueness at the switching condi-
tion. These inequalities can be combined into Eq. (7), which
in fact can be reformulated to equality constraints with the
help of slack variables, S, which are bounded from below to
be always greater than 0:

0 ≤ Qdec,i ≤ YiQmax ⇔
{
0 + sLBi = Qdec,i

Qdec,i + sUBi = Yi Qmax
(5)

−C + ε ≤ Lmin − L ≤ 0 ⇒ Yi = 1
ε ≤ Lmin − L ≤ C ⇒ Yi = 0

(6)

−CYi + ε ≤ Lmin − L ≤ (1 −Yi)C

⇔
{ −CYi + ε + s̃LBi = Lmin − L

Lmin − L + s̃UBi = (1 −Yi) C
(7)

This formulation allows for exact solutions as no
smoothening is applied here. One disadvantage is that the
size of the optimization problem increases: One additional
decision variable becomes necessary for each constraint and
time interval. Y is piecewise constant. Therefore, the con-
straint is either active or inactive for the entire interval.
Consequently, the switching condition for the constraint
must coincide with the end of an interval.

In contrast to that, the DyNLP formulation allows for
switches of Y within control intervals. By experience, these
DyNLP are easier to converge compared to the MINLP
formulation. In this approach, the decision variables are
decoupled from the system equations. The actual heating
duty, Qact, is calculated based on the piecewise constant
decision variable, Qdec, i, and an activation function σ ,
which is a Heaviside step function, switching from zero to
unity, when the activation condition regarding the level is
met; see the following equation:

Qact = Qdec,i · σ (8)

Figure 2. Heaviside step function (left) and maximum operator (right) with their smooth approximations for different smoothing
parameters ε (ε = 0.1/0.01 dotted/dashed).
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By consequence, the decision variable, Qdec,i, is only con-
strained by its box bounds. The logical constraint is shifted
to the activation function, which is a discontinuous step
function. To increase the numerical stability of the system, it
can either be expressed as a complementarity constraint in
closed form by introducing slack variables [20] and, if neces-
sary, subsequently smoothened, or be directly approximated
by a sigmoidal function, such as the hyperbolic tangent with
a smoothing parameter, which is used in this work; see the
following equation and Fig. 2:

σ = 1
2

(
tanh

(x
ε

)
+ 1

)
(9)

This formulation only increases the number of algebraic
equations and iteration variables in the system, which is
inconsequential for the problem’s complexity compared to
adding additional decision variables. However, there is lit-
tle sensitivity regarding the decision variable, when the
control is deactivated (σ = 0), which is problematic for
gradient-based solution techniques. For future studies, this
issue could be circumvented by incorporating Qdec directly
into the objective function, e.g., by penalizing the differ-
ence between decision and actual value; see the following
equation:

�new = �old +
∫ tend

t=0

∣∣Qact − Qdec,i
∣∣ dt (10)

2.2 Objective Function

For the determination of an optimal batch trajectory, there
are usually multiple objectives to consider: Among oth-
ers, minimizing batch time, maximizing product amount,
and product quality are of interest. These are competing or
even contradicting one another. There are different ways of
implementing them in optimization problems: First of all,
some objectives may be formulated as constraints instead,
e.g., maximizing product quality can often be replaced with
enforcing a lower bound. Second, different objectives may
be combined into a single scalar objective by a linear com-
bination of the separate objectives with suitable weights or
cost factors. As a third option, multi-objective problems
can be solved directly by specific solvers, such as non-
dominated sorting genetic algorithm (NSGA-II) [21], to
obtain the full Pareto front. If applicable, the latter approach
is more flexible, despite the higher computational cost. The
multi-objective optimization problem needs to be solved
only once. The resulting Pareto front can then be evalu-
ated offline to obtain specific solutions considering external
factors, e.g., the maximum allowed batch time.

2.3 Solution Strategy

For such CVPs, it is common to assume piecewise constant
controls, e.g., [6]. However, sudden non-smooth changes in
the control variables, first, often lead to numerical problems

and non-convergence and, second, are undesirable in prac-
tice as actuators and equipment may degrade prematurely.
Periods of constant controls interrupted by short transition
phases are desired to get a continuous control vector. This
could be achieved by alternating piecewise constant with
piecewise linear controls similar to [3]. If the interval lengths
of the ramp segments are fixed, the total number of decision
variables would not increase. However, the control vector
is still not differentiable. Therefore, overdamped second-
order delays—PT2 elements with a damping factor above
unity, to avoid oscillations—are implemented instead, which
transform the non-smooth udec, into the smooth uact. The
smoothing equation with initial conditions is given in the
following equation:

0.0178281τ · üact + 0.2832429τ · u̇act + uact = udec
uact (t = 0) = udec (t = 0)

u̇act (t = 0) = 0
(11)

It is trivial to rewrite this second-order differential equa-
tion as a set of ordinary differential equations. This subsys-
tem solves easily, because it is independent of the process
model, and udec is just a concatenation of step changes. τ is
the time constant and describes how long it takes to reach
99 % of the value of the decision variable. The system is
parameterized combining the inflectional tangent method
[22] (p. 64/72) and the analysis presented by Ramos-Paja
et al. [23].

2.4 Solvers

In this work, single shooting approaches are used to solve
the optimization problems. For the simulation layer, any
integrator for differential algebraic systems, such as Runge–
Kutta, or backwards differentiation formula (BDF) solvers,
can be used. For the optimization layer, the solver can
be chosen depending on the formulation. Nested solvers,
sequential quadratic programming (SQP) solver, or interior
point solvers are theoretically possible. In the following case
studies, all models are implemented in general process mod-
eling system (gPROMS), and a BDF solver is used as an
integrator in all cases in the simulation layer.
For problems in mixed integer form, the outer approxi-

mation equality relaxation augmented penalty solver imple-
mented in gPROMS is applied, which is an outer approxi-
mation solver that uses equality relaxation and augmented
penalties to handle terminal constraints and to improve
convergence for non-convex problems. The relaxed sub-
problems are solved by an SQP solver.
For the DyNLP formulations, single-objective problems

are solved directly in gPROMS applying the NLPMSO
solver, which utilizes multi-start to determine the global
optimum. Here, up to 10 000 initial guesses for the decision
variables are sampled uniformly in the input space. For each
initial guess, the DyNLP is solved by the same SQP solver as
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above. A detailed description and the default settings for all
gPROMS solvers can be found in the user manual [17].
The multi-objective optimization problems are solved

in Python with the NSGA-II algorithm implemented in
pymoo [24], which is—in contrast to the aforementioned—a
gradient-free optimization algorithm and circumvents lim-
itations of the optimization solvers available in gPROMS,
e.g., the upper bound on initial guesses for the decision vari-
ables prevents a space-filling sampling in high dimensions.
The decision variables, except for the interval lengths, are
scaled between zero and unity for the optimizer. The sim-
ulator unscales them and solves the model equations with
a BDF solver and transmits values of relevant variables at
the last time point back to the optimizer, which evaluates
constraints and objectives. Transforming all constraints into
endpoint constraints is beneficial as no time series data have
to be transferred.

3 Case Studies

Two different processes are considered case studies. At first,
a rather simple batch reactor is investigated; afterwards, a
more complex batch distillation column is discussed. All
systems start always in cold and empty state, so finding valid
initial values for the state variables is unproblematic. The
objective of the case studies is to evaluate the various dis-
cussed formulations, to determine limitations of each, and
to evaluate which approach for implementing logical con-
straints is more promising. The equation systems for all
models are given in the Supporting Information section.

3.1 Batch Reactor

The batch reactor considers three components and two
reactions in an ideally mixed system. To insert a logical
dependency in the system, the heat transfer between reac-
tor and its heating jacket is only active, in case the reactor is
filled up to a minimum level. As sketched in Fig. 3, the heat-
ing jacket is only attached to the upper section of the reactor.
The respective optimization problem is given in general
formulation in Eq. (12), MINLP formulation, Eq. (13), and
nonlinear program formulation, Eq. (14).

min
FF
i ,ṁi,xi,�ti

−NP · cA
s.t. f (x, ẋ, t, p) = 0

NR (t = tend) = 0∫ tend

t=0
FFdt ≤ Nmax

Tmin ≤ T ≤ Tmax

VR ≤ Vmax

Q =
{
0, L < Lmin

f (x, ẋ, t, p), L ≥ Lmin

(12)

Figure 3. Sketch of the batch reactor used in the first case study.

min
FF
i ,ṁdec,i,xi,Yi,�ti

−NP · cA
s.t. f

(
x, ẋ, t, p

) = 0
NR (t = tend) = 0∫ tend

t=0
FFdt ≤ Nmax

zT (t = tend) = 0
zT (t = 0) = 0
żT (t ) = max

(
0,Tmin − T (t ),T (t ) − Tmax)2

zV (t = tend) = 0
zV (t = 0) = 0
żV (t ) = max

(
0,VR(t ) −Vmax)2

ṁdec,i = 0 + sLBi
ṁdec,i + sUBi = Yi ṁmax

−CYi + ε + s̃LBi = Lmin − L(t )
Lmin − L(t ) + s̃UBi = (1 −Yi) C

(13)

min
FF
i ,ṁdec,i,xi,�ti

−NP · cA
s.t. f

(
x, ẋ, t, p

) = 0
NR (t = tend) = 0∫ tend

t=0
FFdt ≤ Nmax

zT (t = tend) = 0
zT (t = 0) = 0
żT (t ) = max

(
0,Tmin − T (t ),T (t ) − Tmax)2

zV (t = tend) = 0
zV (t = 0) = 0
żV (t ) = max

(
0,VR(t ) −Vmax)2

ṁact(t ) = ṁdec,i · σ (t )

σ (t ) = 1
2

(
tanh

(
L(t ) − Lmin

ε

)
+ 1

)

(14)
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Feed flow, FF, the heating duty, specified by mass flow
rate, m˙, and valve position, X, to control the reactor out-
let stream are the decision variables. The objective is to
maximize the total amount of component A in the product
tank. The constraints are the system equations, a terminal
constraint to ensure that the reactor is emptied after the
batch is complete, and path constraints on temperature and
liquid volume inside of the reactor. Both path constraints
are reformulated as terminal constraints. Finally, the logical
constraint on the heating activation is added.
For the DyNLP formulation, Eq. (14), four intervals are

considered, which results in a system with 15 decision vari-
ables, interdicting a feed stream in the last interval. The
reformulation of the logical constraint leads to two addi-
tional equations: The distinction between the decision and
the actual variable (see Eq. 8) and the smoothened switching
function (see Fig. 2). The multi-start solver finds 210 feasible
solutions from 1000 different initial values for the decision
variables. Two of these feasible points fulfill all convergence
criteria to be local optima. However, many of the feasible
solutions show better objective function values compared to
the local optima. It is presumed that the sensitivities of the
objective function regarding the decision variables are too
low to reliably determine optima—especially in case logical
constraints are active.
It can be observed that the activation of the logical con-

straint does not coincide with an interval end in any feasible
trajectory.
The MINLP formulation, Eq. (13), transforms the logical

constraint into four new equations (see Eqs. 5 and 7) and
additional bounds for the introduced slack variables. Fur-
thermore, one binary decision variable is added for each
interval. Starting with the same four intervals for the control
variables, no solution was found for different sets of initial
guesses for the decision variables. Increasing the number of
intervals to five, splitting the interval where the constraint
is activated, and initializing with the solution of the DyNLP,
the system becomes solvable. The used solver does not have
a multi-start feature, so it is very reliant on a good initial
guess for the decision variables. Finding a feasible initial
control vector is in itself difficult for small nonlinear models
and often infeasible for larger, more complex models.
This case study shows that it is in fact possible to

find physical batch trajectories by optimization that obey
the safety-relevant constraints. Both formulations for the
logical constraints work and provide optimal solutions. Cur-
rently, the MINLP formulation is harder to solve. So, for
the following case studies, only the DyNLP formulation is
considered.

3.2 Batch Distillation Column

As a second case study, a batch distillation column with
structured packing is modeled (see Fig. 4). The pro-

Figure 4. Sketch of the batch distillation column modeled for
the second case study. Consisting of reboiler, packing segments,
condenser, and product tanks for bottom and top product, as
well as valves and pumps.

cess model is an equilibrium stage model, which invokes
Bernoulli’s principle for including pressure-driven phenom-
ena and describes the whole batch cycle, including startup,
shutdown, and inertization. The reboiler is connected to a
nitrogen source with specified pressure. Whenever the sys-
tem pressure drops below this specified pressure, nitrogen
flows. A check valve prevents backflow. Three components
are considered in the system: ethanol, water, and nitrogen.
The influence of nitrogen on the vapor–liquid equilibrium is
neglected, and the Henry coefficient for nitrogen is assumed
to be constant in the temperature and pressure range. Equa-
tions for a safety valve are included in the model to mimic
ejection at pressure peaks in the reboiler. A liquid pump
feeds and empties the reboiler at the beginning and end of a
batch cycle, respectively.
Appearing and disappearing phases are modeled using

the approach of Sahlodin et al. [25], which is based on
relaxation of the equilibrium suggested by Gopal et al.
[18]. All occurring non-smooth functions, including abs,
min, max, and sgn operators, are approximated by smooth
formulations applying the hyperbolic tangent function.
At startup, the system is filled with nitrogen only. The

goal is to determine a trajectory for a full batch cycle,
which returns to the initial state. The optimization prob-
lem is given in Eq. (15), and the same reformulation as in

www.cit-journal.com © 2025 The Author(s). Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. , , No. 0, 1–10
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Eqs. (12)–(14) is applied.

min
un,i,�ti

�

s.t. f
(
x, ẋ, t, p

) = 0
NR (t = tend) = 0
pmin ≤ p ≤ pmax

VR ≤ Vmax

Q̇ =
{

0, L < Lmin

Q̇dec, L ≥ Lmin

Q̇ =
{

0, ṁcw < ṁcw,min

Q̇dec, ṁcw ≥ ṁcw,min

FL =
{

0, NR ≤ 0
FL,dec, NR > 0

(15)

To guide the optimization, the following constraints are
introduced: (1) At the end of the cycle, the column and
reboiler are empty again. (2) Pressure and liquid volume in
the reboiler are limited by path constraints. (3) Logical con-
straints couple the heating duty and the liquid outflow at
the bottom of the column to the liquid level. (4) Heating is
only allowed in case cooling in the condenser is sufficiently
strong and the liquid level in the reboiler fully covers the
heating element.
The decision variables of the system are the reflux ratio of

the column, the cooling water mass flow of the condenser,
the heating duty of the reboiler, and the flows to fill and
empty the column. To avoid semi-batch operation, filling
and emptying of the column is only allowed in the first and
the last time interval, respectively.
In a first study, the model is simplified to reboiler, con-

denser, two equilibrium stages, and ideal thermodynamics.
The inputs are not smoothened, and four time intervals are
considered. This results in a system with about 350 equa-
tions and 18 independent decision variables. The task is
solved with gPROMS’ optimization solver. Eq. (16) shows
the objective function. The primary focus is to increase
the amount of ethanol in the product tank. Subordinately,
the amount of water shall be in- and decreased at the bot-
tom and in the product tank, respectively. This indirectly
leads to a high product quality. The problem does not con-
verge in case a different objective function, which explicitly
maximizes the product quality, is used:

� = −10NP
EtOH + NP

H2O − NB
H2O (16)

The NLPMSO solver determines 1191 feasible and 37
locally optimal solutions starting from 10 000 initial guesses.
However, 25 of these solutions are trivial cases without any
production. The found trajectories are physical but inferior
to recipe-based operation. This can easily be explained: The
recipe overall has more control changes than the allotted
number of time intervals allows for. Increasing the num-

Table 1. Decision variables and their bounds for batch distillation
case studies.

Decision variable Lower bound Upper bound Unit

FF/L 0 4.5 Mol s−1

m˙cw 0 0.1 Kg s−1

σRR 0.5 1 –

Q 0 6 kW

�t 100 10 000 s

ber of time intervals would be the logical step. However,
every additional interval increases the dimensionality of the
problem. The number of evaluated initial guesses is here
limited to 10 000 by the choice of software. Naturally, the
curse of dimensionality leads to an exponential decrease of
the density of these samples with increasing dimensional-
ity. As a consequence, it becomes increasingly challenging
to find feasible solutions with increasing numbers of time
intervals.

As an attempt to overcome this challenge, gPROMS’
optimization solvers are replaced by the genetic algorithm
NSGA-II in Python with simulations in gPROMS. This
allows for more complex simulation models: In the final
approach, the batch distillation column is modeled with 8
equilibrium stages and nonideal thermodynamics. Wilson’s
model describes the activity coefficients. Consequently, the
number of equations increases to about 800, including input
smoothing by second-order delays. The full model can be
found in the Supporting Information. The number of inter-
vals is increased to 6—resulting in 26 decision variables
overall. All decision variables apart from the time interval
lengths are scaled to [0; 1].

All constraints from before are still used. Two endpoint
constraints are added: (1) The mass fraction of the light boil-
ing component in the product tank needs to be greater than
0.92 kg kg−1, and the product mass needs to be greater than
1 kg, which prevents convergence to trivial solutions, i.e., no
production at all. The framework allows for multi-objective
optimization. The three objectives to be minimized are
shown in Eq. (17): The batch time, the amount of produced
product multiplied by −1, and the costs. The latter combines
the amount of feed, cooling water, and heating duty, each
multiplied with their specific cost, κ :

� =

⎛
⎜⎜⎜⎜⎜⎝

∑
i

�ti

−mP (tend)

κ1

∫
FFdt + κ2

∫
ṁcwdt + κ3

∫
Q̇dt

⎞
⎟⎟⎟⎟⎟⎠ (17)

The bounds for the decision variables are given in Tab. 1.
NSGA-II is selected as optimizer with a population size of
512. The ratio of about 20 individuals per decision variable

Chem. Ing. Tech. , , No. 0, 1–10 © 2025 The Author(s). Chemie Ingenieur Technik published by Wiley-VCH GmbH www.cit-journal.com
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Figure 5. Optimization result for multi-objective case. Bench-
mark, B, is dominated by trajectories T1, and T2 selected from
the Pareto front. Trajectories are given explicitly in Tab. 2.

emphasizes exploration, i.e., finding the global optimum,
rather than exploitation, i.e., converging to local optima with
high accuracy.
The solver terminates after 196 generations and returns

the Pareto front given in Fig. 5. It is apparent that the
objectives cost and product mass are strongly correlated.
Given the presence of the product mass as separate dimen-
sion, it is straightforward to use this Pareto front to select
a suitable operation trajectory for typical use cases, e.g.,
specified product mass or available batch time, without solv-
ing the whole single-objective optimization problem with
additional constraints.
The optimized trajectories shall be compared to a bench-

mark trajectory, which is designated as B in Tab. 2 and Fig. 6.
In [26, p. 267], it is shown that neither constant reflux nor
constant purity operation are optimal operation strategies
for the minimum time problem. The underlying recipe is
selected because of its successful validation in real-life con-
ditions. It is defined over the same number of intervals as the
optimized trajectories, so the results are comparable. The
recipe commands to fill the column to its maximally allowed
level and empty it at maximum speed. For startup, the heat-

ing duty is at the upper bound, 6 kW. During the production
phase, the heating duty is set to 5 kW. The reflux ratio is
increased as soon as the product stream’s composition drops
below 0.92 kg kg−1. The last production interval ends as
product specification is reached. For comparison, two points
are selected from the Pareto front: T1 matches the batch time
of B and has minimal cost; T2 matches the amount of prod-
uct of B while also minimizing cost—also shown in Tab. 2.
The respective values of the three individual objectives are
given in Tab. 3.
Although the optimized trajectories are unintuitive, e.g.,

heating duty and reflux ratio exhibit a non-monotonic trend,
they drastically outperform the benchmark trajectory—as
can be observed in Fig. 5. Advantages of the recipe-free
approach to find operation trajectories for these batch sys-
tems become apparent. It almost produces twice as much
in the same time; or the same amount in half the time.
The cost is also significantly lower for the optimized tra-
jectories. However, the trajectories present in the Pareto
front appear to be local optima: There is no apparent rea-
son why filling and emptying the reboiler should not be
done with maximum pump speed. It is assumed that the
algorithm did not fully converge, and the tolerances need
to be adjusted. Interestingly, the control variables are never
on their bounds.

4 Conclusion and Outlook

Complex batch processes are typically governed bymanually
designed recipes. As an alternative, optimization prob-
lems may be posed, which include constraints required by
physics, thermodynamics, safety, and logical relationships.
Here, two different approaches to transform logical con-
straints are presented, resulting in either an MINLP or a
DyNLP formulation. Even in the case of a simple reactor
model, the MINLP problem could not be solved and also is
strongly constrained by the curse of dimensionality. Further
advances with respect to efficient formulations or solution
algorithms are required here.
At the same time, the DyNLP approach was successfully

solved for a simple column model with gradient-based

Table 2. Decision variables for trajectories of multi-objective case study on batch distillation column.

Decision
variables

Interval 1 Interval 2 Interval 3 Interval 4 Interval 5 Interval 6

unit B T1 T2 B T1 T2 B T1 T2 B T1 T2 B T1 T2 B T1 T2

�t s 511 1392 517 2103 1148 1246 6070 478 612 8506 6865 306 2523 9779 7339 423 442 362

FF/L mol s−1 4.5 1.63 3.29 – – – – – – – – – – – – 4.5 4.29 4.16

m˙cw kg s−1 0.05 0.056 0.051 0.1 0.066 0.067 0.1 0.088 0.078 0.1 0.067 0.083 0.1 0.082 0.061 0.1 0.084 0.077

σRR – 1.0 0.665 0.714 1.0 0.776 0.965 0.86 0.876 0.872 0.9 0.803 0.724 0.94 0.764 0.746 1.0 0.505 0.592

Q kW 0 5.54 5.19 6.0 4.82 5.73 5.0 5.11 3.92 5.0 4.20 4.31 5.0 4.34 4.15 0 3.55 2.14

Note: Recipe-based benchmark (B), and optimization results (T1) and (T2), with the same batch time and produced mass, respectively.

www.cit-journal.com © 2025 The Author(s). Chemie Ingenieur Technik published by Wiley-VCH GmbH Chem. Ing. Tech. , , No. 0, 1–10
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Figure 6. Optimization results for multi-objective case. Trajectories for the optimized control variables. Recipe-based benchmark (B)
and optimization results (T1) and (T2).

solvers. However, increasing the time horizon above four
intervals, or model complexity caused failure to converge.
As a third approach, we used a gradient-free solver to
solve the DyNLP. The genetic algorithm, NSGA-II, can
solve the problem for a more complex model and six time
intervals in a multi-objective case. Further increasing the
time horizon is possible but comes at the cost of higher
computational costs. The algorithm determines feasible
operation trajectories, which significantly outperform a
benchmark based on a typical recipe. Overall, this work
validates the proposed formulations and methodology.
Nonetheless, using gradient-based solvers, and especially
the MINLP formulation, remains desirable in regard to find-
ing global optima. This study shows that multi-objective
optimization allows for finding flexible and safe operation
strategies based on the process model, without prior process
knowledge.
For future work, the choice of optimization algorithm as

well as approach should be reconsidered. For example, a
multiple shooting approach could be beneficial. For applica-
tion in real plants, the resulting trajectories also need to be
translated back into a human-operable operation strategy to
handle plant model mismatch.

Table 3. Evaluated objectives for trajectories of multi-objective
case study on batch distillation column from Fig. 5.

Objective B T1 T2

Batch time 20 136 20 104 10 382

Produced mass 8.27 15.55 8.28

Cost 15.14 13.20 7.42

Note: Recipe-based benchmark (B) and optimization results (T1) and
(T2).

Supporting Information

Supporting information for this article can be found under
DOI: https://doi.org/10.1002/cite.70029.
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Symbols used

C [–] Large positive value
c [mol L−1] Concentration
f [–] Set of model equations
F [mol s−1] Mole flow
g [–] Set of constraints
i [–] Index for intervals
L [m] Level
m [kg] Mass
n [–] Index for control variables
N [mol] Molar amount
Q [kW] Heat
t [s] Time
S [–] Slack variable
T [K] Temperature
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u [–] Control variable
x [–] State variable
X [–] Valve position [0.1]
Y [–] Binary variable
z [–] Integrated constraint violation

Greek letters

ε [–] small positive value
	 [–] optimal decision variables
κ [–] specific cost
σ [–] switching function
τ [s] time constant
� [–] objective function

Sub- and Superscripts

act actual value
B bottom
cw cooling water
dec decision variable
end end value
EtOH ethanol
F feed
H2O water
L liquid stream
LB lower bound
max maximum
min minimum
N2 nitrogen
P product
R reactor
T temperature
UB upper bound

Abbreviations

BDF Backwards differentiation formula
CVP Control vector parameterization problem
DyNLP Dynamic nonlinear program
gPROMS General process modeling system
MINLP Mixed integer nonlinear program
NLP Nonlinear program
NLPMSO Multi-start optimization solver for nonlinear

programs
NSGA-II Non-dominated sorting genetic algorithm
OAERAP Outer approximation equality relaxation

augmented penalty solver
SQP Sequential quadratic programming
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