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1. Jewell’s formula for the interlocking force between geogrid and soil

Jewell (1996) proposed to estimate the interlocking force between geogrid (GGR) and soil by
using the soil mechanical theory of the soil’s bearing capacity under a strip foundation (Eq. (2) in
the above-mentioned article). The soil bears a transverse rib as it bears a strip foundation. The
analogy is motivated by observations as illustrated by Fig. 1. To show the limitations of the
analogy, we shortly describe the respective soil mechanical considerations.

Figure 2 shows a shallow strip foundation on a soil layer. The layer is loaded by a surcharge
pressure p to the left and right of the foundation. The bearing capacity of the soil g, is defined as
the maximum force per unit area of the foundation which the soil can sustain. Going beyond, the

soil slides along the failure lines, bulges out of the surface and gives way to the foundation.
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Fig. 1. Distribution of stress in front of a transverse (bearing) rib made visible by photo-elastic
methods in a small-scale pull-out test using crashed glass. Taken from (Dyer, 1985; Palmeira,
2004, 2009).
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Fig. 2. Taken from (Prandtl, 1920). Bearing capacity of the soil g; depends on the surcharge p.
At failure, a (weight- and cohesionless) soil yields along the curves of sliding (right half). The
foundation readily sinks into the ground (general shear failure). Left half: trajectories of the
principle stresses.

The problem is to find the sliding curves and the related stresses in the state of failure for a given
surcharge pressure p. The problem was solved by Prandtl (1920, 1921) and the solution translated
into soil mechanical terms by H. Reissner (1924). The basic assumptions are that the stresses due
to the soil weight can be neglected compared to p and q, and that the soil is cohesionless. Since

the differential equation, which combines the equilibrium of forces and Coulomb’s failure law, is

of the hyperbolic type, one can patch together the solutions in different areas along common



failure lines, i.e. one might in part use already known solutions. This was the line of thinking of
Prandtl (1920, 1924). We discuss his solution following Reissner (1924) and Van Baars (2016).
Rankine’s earth pressure theory for a layer of soil under a surcharge is the starting point (Terzaghi
etal., 1996). It is assumed that in an area below the foundation, which is limited by the shear lines
AC and BC, the soil is in an active Rankine state, i.e. the failure curves are straight lines, which
extend to the surface at the angle (45° + ¢/2). Since the soil is weightless and cohesionless, the

shear stress along AC is given according to Rankine’s theory by:

sin ¢ cos
1 Tac = Q4—————
) Ac =94 Ghg

Outside the foundation and near the soil surface it is assume that there is a wedge ADF (or BEG),
where the soil is in a passive Rankine state, i.e. the straight shear lines extend at an angle of
(45° - @/2) to the surface and the shear stress along AD is in the passive Rankine state given

by:

sin ¢ cos ¢

2 Tap =P 5ny

With these two assumptions, it is nearby to postulate that one of the two sets of curves of sliding
in the intermediate range ACD (or BCE) are likewise straight lines starting at point A with
constant (normal and shear) stress. Introducing a polar coordinate system (7, ¢) with the origin at
point A, the stresses are only functions of the angle coordinate ¢. Mohr’s rupture diagram shows
that at each point the tangent vectors of the sliding curves from the two sets must always intersect

at an obtuse angle of (90° + ). Hence the parametrization r(¢) of the second curve of sliding

must fulfill the equation s—; = r tan @. The solutions are logarithmic spirals 7(¢) = r(0)e®tan¢,

It follows, that the length rap of the line AD increase compared to the length rac of the line AC

according to:



3 Tap = TAce(ﬁ/z)tan(p

Prandtl (1920, 1921) showed that the pattern of these sliding curves (Fig. 2) is in fact a solution
of the equation of the equilibrium of forces combined with Coulomb’s failure law.

The overall torque moment of the forces which act on the surfaces of the wedge ACD must be

zero. The torque moment along AC is given by for A€ Gacrdr = 04c1ac? and along AD by

fOTAD o4prdr = o4pTap? . Let 7(¢) the position vector of the outmost sliding curve CD, o(¢) the

vector of the normal stress and T(¢) the vector of the shear stress along CD. Then, the torque
. /2 /2 .
moment  is Sy rxo+rxnde = [[" r(osin(m— @) — zcos(7/2 + ¢))dp =

) 0”/ 2 r(osing — rcos@)d¢ because of the relative directions of the vectors along CD. According

to Coulomb’s failure law we always have 7 = otang. Hence, the torque moment due to the
stresses along CD vanishes. Thus, the magnitude of the ratio of the stresses g, and o4, must be
inversely proportional to the ratio of the squares of the lengths 74, and r4p. Using again

Coulomb’s law to relate 7 and o and Eq. (3) we have for the magnitude of the shear stresses:

4 Taop = TAce”tamp

Inserting Eq. (1) and (2), rearranging and using the trigonometric relation iﬂﬂ = tan? G + %)

gives:

5) qq = p tan? G + %) ertane

The analogy used by Jewell (1996) goes as follows: Rotating Fig. 2 by 90° and comparing it with
Fig. 1, we may interpret the foundation as a transverse rib of a GGR. Identifying p with o;,, which
is, however, the stress normal to the plane of the embedded geogrid, we obtain Jewell’s formula

(Eq. (2) of the above-mentioned manuscript).



The application of the soil mechanical theory to the situation of a soil loaded by a transversal rib
of a GGR involves the following approximations. The soil mechanical theory, which takes the
soil to be a continuous and homogeneous elastic continuum, is applied to the embedded GGR
even though the backfill material it not such a continuum. It does certainly not consist of a fine
and dry powder, the grains of which having a diameter much smaller than the thickness of the
transverse rib. The curves of sliding (Fig. 2) are taken to be representative, even though the
deformation of the soil in case of a GGR leads from the front of the transverse rib to the backside.
p is identified with o;,. However, after rotation to a GGR configuration the relevant pressure p
acts horizontally and not vertically, i.e. it is assumed that the coefficient of earth pressure at rest
is 1.

The analogy between a transverse rib and a strip footing gives not an exact theory of the
interaction between GGR and soil. Because of the rough assumptions, it might be an accidental
coincidence that experimental values for the interaction force due to transverse ribs of rigid GGR
in most cases fall close to Eq. (2) of the above-mentioned article. Therefore, this formula should
be considered as an empirical relation motivated by soil-mechanical considerations, which,
however, must be empirically justified. (Besides: if so, the term Fy in Eq. (4) of the article is

already contained in Eq. (2) of the article and therefore superfluous.)



2. Equivalency of the discrete element model with the incremental load finite element model
for the interaction between geogrid and soil

We discuss the relationship between the discrete-element method (Jacobs, 2016; Miiller 2011;
Miiller 2014) and the incremental load finite-element method (FEM) (Wilson-Fahmy and
Koerner, 1993). In both cases the GGR 1is divided into transverse strips comprising only a small
section AL of the GGR length L (see Fig. 4.2 in (Jacobs, 2016) or Fig. 3 in (Wilson-Fahmy and
Koerner, 1993)). AL is larger than the width w of the transverse rib. If N is the number of
longitudinal ribs, a transverse strip either consists merely of N sections of such ribs (a friction
element) or of N sections of such ribs connected by a transverse rib (a bearing-friction element).
There are a/AL friction elements per one bearing-friction element (a: aperture size in the
longitudinal direction). Tensile and friction forces act on the friction element and tensile, friction
and interlocking forces act on the bearing element. This applies to the embedded part of the GGR.
A tensile element is a strip either with or without transverse rib on which, however, only tensile
forces act. The part of the GGR which is not embedded (in case of a pull-out test) consists only
of tensile elements. It is the use of such transverse strips as elements whereby the two-dimensional
structure of a GGR is reduced to an equivalent one-dimensional structure. To be specific with
respect to directions, we assume that the right end of the GGR is pulled in the direction of the
positive x-axis. The element at the left end has number 0, the element at the right end has number
n = L/AL. If a certain tensile force Fp is applied a certain pull-out resistance of the embedded
GGR is mobilized.

A state of the loaded GGR is characterized by the following four quantities for each element i:
(1) The displacements uf of the right end and u! of the left end. (2) The elongation: €; = (uf —
ul)/AL. (3) The force FE acting by the neighboring element on the right side. (4) The reaction
force F! of which is equal in magnitude and opposite to the applied force. F/ is composed of
several components: (1) Due to the elongation €; of the longitudinal rib sections of element i a
tensile force f7 (¢;) is mobilized. The function is obtained from the stress-strain curve of the
longitudinal rib and includes a cut-off value for tensile strength. (2) In a friction element, in

addition to f7(e;), a friction force f¥(u!) is mobilized, which depends on the amount of
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displacement measured by u!, a given normal stress o; and the soil properties. This function must
be determined in small-scale pull-out tests on longitudinal rips. Usually the normal stress is
everywhere the same, but in principle it may be chosen different for each element. (3) In the case
of a bearing-friction elements, in addition to the tensile and friction force, an interlocking force
£B(ul) occurs, which is due to the bearing resistance in the front of the transverse rib and which
depends on the displacement by u!, a given normal stress o; and soil properties, too. The function
can be determined in small scale pull-out test using GGR sections with only a few transverse ribs.
The limited strength of junction must be included into f% (u}) by defining a cut-off values for
force and displacement. If these cut-offs values are reached in a simulation the interlocking force
of the element does no longer contribute. The functions f7, f and fZ and the cut-off values
describe empirically the basic properties of the GGR and its specific interaction with a soil.

Simulation by the discrete-element method proceeds as follows. We take the simplest case as an
example: the GGR has one tensile element () outside the embedding. The first embedded element
(n — 1) is a friction element followed alternatingly by friction-bearing elements and friction

elements. The last element is again a friction element. We have for the tensile element F/ =

£ (€), for the friction element: F/ = f7 (¢;) + fF (ul) and for the friction-bearing element: F;
T + FF@d) + £8ul). Because of action equals reaction, it is always: F£ + F/ = 0. During
the stretching of the GGR the connection of the elements must be maintained: u! = uf ;. The

upper index may therefore be omitted:

(6) € = (W —u;_q)/AL

Each element i can only act upon the neighboring element i — 1 by the tensile force f; (;).

Accordingly, it is: FE; = 7 (¢;). Summarizing, we have the following list of forces:



Fr}LE—l = fT(En)

FrIL—l = _fT(En—l)

Fr}LE—Z = fT(En—l)

Frll—Z = _(fT(En—Z) + fF(un—Z))

Fiz = f"(€n-2)

F111—3 = _(fT(En—3) + fF(un—3) + fB(un—3))

Fig = f"(€n-3)

F111—4 = _(fT(En—4—) + fF(un—4))

The list yields the following system of equations:

®)  Fp =f"(e)
fT(en) = fT(€n-1)
fT(€n-1) = (f (en=2) + [ (un—2)).
fT(en-2) = (f T (€n-3) + f" (n-3) + £ (un-3))
fT(en-3) = (f " (€n-a) + f" (Un-4))

Knowing the basic functions f7, f¥ and f? for a given normal stress, the pull-out behavior of a
GGR can be simulated by solving this system of equations in connection with Eq. (6). For this,

the tensile force at the free end of the GGR (element 0) is set to zero and a very small increment



of displacement u, is preset. This gives a small friction force and from this a certain tensile force,
which is exerted by element 2 on element 1 results. Related to the friction force is a certain
elongation and a certain displacement of element 2 which gives a friction and a bearing-friction
force and so on. With these equations we can calculate “backward” the forces and displacement
of each element and the related pull-out force. Step by step the displacement u is increased. With
increasing 1y, the number of embedded elements becomes eventually smaller and the element
leaving the embedding during a pull-out test must be converted into tensile elements. The
generalization of the simulation to other discretization schemes and to GGR with different
transverse ribs or longitudinal rib is obvious. One needs the respective characteristic functions f;
(for elements with longitudinal rib section of different properties) f;” and f;Z (for elements contain
different transverse ribs). In addition, one may vary o; with i. The numerical procedure and the
inclusion of effects of the geometry of the anchorage is discussed in detail in the dissertation of
Jacobs (2016).

The relation between the discrete-element method and the finite element method used by Wilson-
Fahmy und Koerner (1993) may be obtained as follows. We assume that the loaded GGR has
achieved a state of equilibrium under a certain pull-out force Fp and consider the effect of an
additional small increase AFp . The elongations €; and the displacements u; of the elements will

likewise increase by small increments Ae; and Au;. Hence, Eq. (8) is:

9 Fp +AFp, =fT(en + Aep)
fT(€n +Aen) = fT(€n-1 + Aéps)
fT(€n-1+D8€n1) = (f (€n2 + Aen ) + [ (un—p + Bty 5))
fT(€n—z + A€n_y)
= (f"(en-3 + Aen3) + [ (tn-3 + Bt _5) + 7 (Un—3 + Dutp_2))

fT(En—3 + Aep_3) = (fT(En—4 + Aep_y) + fF(un—4 + Auy,_y))



Since the increments are small, we expand the functions f7(¢;), fF(w;) and fB(u;) at the

positions €; und u; in a Taylor serie up to first order:

D =Y LA 4= £T(e) + kTAu — kT A
|€iALAul e EiALAuL_1+ = fl(e) + ki Auy — kj Auy;_; +

(10)  fT(ei +0e) = fT(e) + o

de

A Pl + ) = fFw) +%| Aug+ = fF(e) + ki Ay + -
(12) o+ 8u) = fou) + L] Mg+ = f2(e) + kPt + -

We have introduced elastic constants according to:

T T B
(13) kiTzaL kS kl!*"zaL kfzaL

ou ly; ou ly;
Inserting the approximation into Eq. (9) gives:
(14) AFp = klAu, — kI Au,_,

0 = —kfAuy + (k + kf_1)Aup_y — ki1 Auy_p

0= —kj_ 1Aup_ + (kfi_q + kg + kf_)Aun_p — kg 50Uy 3

0= —kj_pAup_p + (kf_p + kg + kj_3 + ki _3)Aup_3 — kji_3Au,_,

This system of equations can be written by introducing matrix and vector notation as follows:
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[ K kT 0 0 0 Aun
—kL kL + kT, —kI_, 0 0 /Aun 1
l 0 —kio1 kg kG R, —ki— 0 Aup,_p

0 0 —ki— kf_p +ki_z + ks + ks —ki_3 Aty
| 0 0 0 —KkT_, KD o+ kT, + kI, J A”n 4

Hence, we obtained the basic equation of the finite element method (FEM) for a one-dimensional

object, where the total stiffness matrix has been constructed from different elastic elements (Fig.

3to05).

Fig. 3. The tensile-element consists of a linear elastic spring (k7) and two knots (1, 2),
displacements (u, , u, ), internal (f;4, f;,) and external forces (F; , F, ). (In this schematic view

.. . .. F. fll k:’{ —k:’{ ul
11 fi tak tive). The stiffi t :(1)=( ): .
a orces are taken as post IVC) ¢ stirtness matrix 1s FZ f12 —k{ k{ ( )

11



Fig. 4. The friction element consists of two elastic springs ( kI, k). The left knot of spring a is
connected to knot 1 of spring 1. Knot A4 is fixed to an external support, u; = 0. Force F, results

from this constraint simulating the friction between soil and GGR. The stiffness matrix is: ( Fl) =
2

—kT kT [\uz/"

Fig. 5. The friction-bearing element consists of three elastic springs (1, @ and b) and (k7 , k¥ und
k5). The left knot of spring b is connected to knot 1 of spring 1 as is the left knot of spring a.
Knot B is as knot A fixed to an external support, ug = 0. Force Fj results from this constraint

. . . . 1 1 1 1 F
simulating the bearing resistance of the soil. The stiffness matrix is: (Fl) =
2
KT+ ki + k8 —k] (ul)
—kT kT | \uz
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It follows that the FEM corresponds to the differential form of the discrete-element method for
small increments of forces and displacements. The linear system of equations (15) is solved with
the machinery of the FEM program. The boundary conditions are defined by specifying values
for AFp und Auy. Starting from the unstressed state and increasing step by step the pull-out force
by the increment AFp , the distribution of elongations and displacements as well as of the forces
along the GGR for a given pull-out force can be calculated by successive addition. However, the
elastic constants k!, kf and k? must be calculated anew before each additional computation step
from the derivatives of the characteristic functions f7, fF and f at the values of elongation and
displacement, which have been obtained in the forgoing computation step. Therefore, Wilson-

Fahmy and Koerner (1993) referred to this method as incremental load transfer FEM.
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