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In this work a methodology is presented to estimate the elastic properties and failure mechanisms of an assembly
of random, brittle microbubbles. The approach is based on the mechanics of frictionless micro-contact between
hollow spherical shells by employing relations from classical shell theory and verified by two dimensional
axisymmetric Finite Elements. The estimated values are in agreement with available experimental values.
Moreover, a granular type analytical homogenization model provides an isotropic elastic constitutive law to be
used for the macroscopic deformation of an assembly of glass micro-bubbles when it is compressed by external
loads. In addition, approximate estimates are also proposed for two important micro-failure mechanisms of such
assemblies that relate either to the splitting or to the buckling of a brittle spherical shell, prior its complete
crushing. The results are novel and are expected to enhance the application of glass microbubbles directly in

acute thermal insulation problems such as liquid hydrogen storage.

1. Introduction

Glass microbubbles are thin elastic shells that are considered as
prime material for thermal insulation for cryogenic tanks (e.g. con-
taining liquid hydrogen, see for example Fesmire et al, 2008, 2006; Allen
et al, 2004), Fig. la. Microbubbles are considered a very promising
granular material from the safety point of view, Eberwein et al (2024).
Some general aspects regarding properties and use of hollow glass mi-
crospheres can be found in Budov (1994). The present work aims at the
estimation of the macroscopic bulk and shear moduli of dry assemblies
of such microbubbles, as well as their strength characteristics. As a
particular example, this work will focus on a widely used low alkali
borosilicate glass microbubble system from 3M™ under the commercial
name Scotchlite™ Scotchlite™, which properties are given in Table 1
(geometric properties) and Table 2 (mechanical properties of the glass
material), as described in Garza-Cruz and Nakagawa (2012). An
important property of such granular systems is the negligible friction
coefficient (Kim et al, 2015), its high tensile strength (Milewski and
Masters, 1981) and the narrow distribution of the microbubble di-
ameters (Garza-Cruz and Nakagawa, 2012). A small overpressure of
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0.034 MPa acts inside these bubbles due to the existence of SO, and O,
gases from the processing, in a 2 to 1 analogy (Fesmire et al, 2008;
Garza-Cruz and Nakagawa, 2012).

Although there have been few experimental results regarding
isostatic compression, Fesmire et al (2008), models that predict the
elastic properties or the strength characteristics of assemblies of glass
microbubbles have not been found in the open literature. The mechan-
ical response of glass bubble assemblies resembles foam type of material.
Interestingly, the only relevant standard (ASTM D 3102-78: R-1982) for
the determination of isostatic collapse of assemblies of hollow glass
microspheres has been withdrawn in 1984 and is not currently in force.
Clearly there is lack of models and the present work will attempt to
provide such. In this respect, the assembly of the microbubbles is treated
as a granular material with jammed packing, as can be inferred from
vibration experiments, Fesmire et al (2006). Jammed (or rigid) packing
is packing that any motion (rotational and translational) of the bubbles
could introduce overlap between them and so any externally applied
forces are transmitted through inter-particle contact forces (see for
example Donev et al, 2007).

Therefore the local stiffness must be determined when two identical
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Fig. 1. (a) Microbubble, average geometry (t/R < 0.05), elastic properties
(E,v) of the wall material and internal gas over-pressure py (po (1-v)R/
(2Et)<1). (b) Contact between two microbubbles under the action of a
compressive force F. Relative approach 2A, contact radius a (a<R), contact
angle 6, local contact stiffness ky = F/2A.

Table 1
Geometric properties of Scotchlite™ K1 glass bubbles (Garza-Cruz and Naka-
gawa, 2012) at ambient temperature.

Average Average Min/Max Packing 50 % Geometrical
diameter thickness diameter factor PF particle standard
2R [pm] t [um] [pm] (gravity) diameter deviation of
[-] Dso [pm] particle radius
og [-]
65 0.407 30/90 0.6 65 1.42

bubbles come into contact, Fig. 1b. From the experimental point of view
this condition can be approximated with single microbubbles com-
pressed between two rigid plates using nano-indentors, Fig. 2a. In this
case, the overall force-deformation curves can be obtained experimen-
tally, see for example Koopman et al (2004). Two types of force-depth
responses have been found experimentally in case of a load controlled
nano-indentation experiments of brittle bubbles, as indicated by Fig. 2b
and Fig. 2c. In all cases one can note three main regions. In Fig. 2b, an
initially linear response is followed by an almost flat region (due to
splitting of the bubble), and finally a steeply accenting line (due to the
complete crushing of the bubble). Experimental work related to Fig. 2b
can be found in Carlisle et al (2006b). On the other hand, Fig. 2c shows a
linear response followed by a non-linear response, and then cracking of
the contacting area occurs due to buckling, followed again by a steeply
accenting line due to the complete crushing of the bubble. Experimental
work related to Fig. 2c can be found in Garza-Cruz and Nakagawa
(2012). It is one of a main task of this work to investigate this difference
in the local deformation and strength response of a single bubble, since
these properties will influence the overall elastic response of the as-
sembly of bubbles.

The paper has the following structure. In section 2, the contact me-
chanics and strength of a pair of thin hollow spheres will be discussed.
The results of this section will be used in section 3 to obtain the overall
elastic properties and strength characteristics of the assembly of brittle
microbubbles, viewed as a dry granular material. Special issues of ad-
hesive contact and nonOlinear elastic response will be also considered.

Table 2
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Fig. 2. Crushing of a single glass bubble. (a) Schematic of a nano-indentation
flat punch contact of a single bubble. (b) Schematic of a nano-indentation
force-displacement curve related to a splitting cracking of a single bubble.
(c) Schematic of a nano-indentation force-displacement curve for cracking at a
load above the local buckling. (d) Finite element results for the normalized
force-displacement curve of a spherical bubble under flat punch loading.

Finally, section 4 will conclude by summarizing the main findings of this
work.

2. Contact mechanics of thin hollow spheres

The elastic shell is considered to follow axisymmetric deformations,
Fig. 1b. Denote by t the shell thickness, R the radii of the approaching
shells (R/t > 10), E the Young’s modulus and v the Poisson ratio of the
shell material. The applied normal load F results in a local approach 2A
between the initial and the final position the shell surfaces:

4 Et?
F_<— —+ﬂRpo>A (@D)]

V31— R

Mechanical properties of the low alkali borosilicate glass for Scotchlite™ K1 glass bubbles (Garza-Cruz and Nakagawa, 2012; Kim et al, 2015; Milewski and Masters,

1981) for ambient conditions.

Young’s modulus E [GPa] Poisson’s ratio v [-] Friction coefficient p¢

[g/cm?]

Glass density p

True density [g/cms] Gas overpressure p o [MPa] Tensile strength 6. [GPa]

63 0.22 0.005 2.4

0.125 0.03378 1.524
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and was verified by our finite element analysis (FEM).' In the
absence of the internal pressure, this result is in accord with Reissner
(1946) and Updike and Kalnins (1970). Note that the small internal
overpressure py can be ignored in this case, Lytra et al (2020). Equation
(1) presents a linear contact law (i.e a harmonic interaction potential),
distinctively different than the hertian contact law that is typically
assumed in granular materials. The axisymmetric deformation ends up
in an abrupt buckling at a critical displacement A = A, (corresponding to
a critical load F = F,) that depends on the Poisson’s ratio and the ge-
ometry only. Fitting our FEM results, we obtain:

A, _ t 2
- 2‘12(1 +§) +1.36v @

(see also Shorter et al (2010) and Pauchard and Rica (1988)). For the
particular case of 3 M K1 bubbles, an average value of A, = 0.89 pm can
be found, leading to a critical value of F = 0.71mN.

Beyond buckling, the response is stable and the force-displacement
relation follows a non-linear relation as:

B /A 12
F— 3.807m<? Viz 1/2) ©)
A
212<7 < 8.16/(1 ~1.39) “

This result was obtained approximately from FEM and is in accord
with the general relation proposed by Pogorelov (1988). Note that eq.
(3) holds well after the critical displacement (2), whereas at the critical
displacement there is a small drop in F which we will ignore, see also
Vaziri (2009). Fig. 2d shows the normalized force-depth depicted by eqgs.
(1-4). Note that for relative thick bubbles (t/R = 0.125) the approximate
expression (3) deteriorates for A/t > 4.

At this point it is important to turn to a similar problem of nano-
indentation of single brittle bubbles, as for example described in
Koopman et al (2004) and Brugarolas et al (2014) where each bubble is
compressed between two relatively rigid plates, Fig. 2a. The experi-
mental results suggest that the force-depth response as depicted in
Fig. 2b relates to bubbles (typically large ones) that fail in a splitting
mode across the meridian (see the excellent records of nano-indentation
experiments for sintered silica bubbles of Brugarolas et al (2014) and for
carbon bubbles of Carlisle et al (2006b)). On the other hand, the force
—depth response depicted by Fig. 2c relates to bubbles that fail due to
buckling (as indicated from the nano-indentation experiments of glass
bubbles of Garza-Cruz and Nakagawa (2012)), with typical response
looking like Fig. 2b.

In the buckling senario, the bubbles will buckle (Fig. 3a) and then
they should show an ‘egg-tip’ local failure (roughly about 20° around
the loading axis), shown schematically in Fig. 3b. Indeed, our Scanning
Ellectron Microscopy (SEM) photos of the particular bubbles examined
in this work (3 M K1) show exactly this failure mechanism (see the intact
bubbles in Fig. 3¢ and the bubbles after crushing in Fig. 3d that have lost
their tip at an angle of about 20°, as predicted by the analysis, some
bubbles show signs of buckled form).

It remains to show why in certain cases bubbles’ failure is due to
splitting (implied macroscopically by Fig. 2b) and in others failure is due
to buckling (implied macroscopically by Fig. 2c), with the folding rim
being the most critical region to break. In short, we investigated the
critical location and the magnitude of the maximum tensile stresses due

! We constructed in the ABAQUS/Standard code a model of a quarter of the
3M™ K1 shell (due to symmetry in geometry and loading), loaded by a fric-
tionless contacting rigid plane. The shell was modelled by about 10,000 eight-
nodded axisymmetric finite elements with reduced integration. The contacting
area was modelled by at least 10 elements and a penalty frictionless law was
implemented. The shell thickness was discretized with at least 4 elements. The
accuracy was established by using a mesh with twice the number of elements.
Hypoelastic formulation was implemented with only geometrical non-linearity.
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to the combined bending and tangential compression stresses of the shell
walls. The critical loading will correspond to a maximum tensile stress
equal to the tensile strength of the bubble. In case of imperfections like
thinner regions, micro-flaws etc., special consideration must be given, as
shown in Yank et al (2011) and Carlisle et al (2007) and the relations (1),
(2), (3) and (4) should be replaced accordingly.

Our FEM results indicate that there are two regions where the tensile
stresses become maximum, Fig. 4a, depending on the level of the applied
load and the strength characteristics of the bubbles. We will approxi-
mate the FEM results following the thin shell theory of Reissner and Wan
(1969) which we found to be a good approximation of the axisymmetric
2D FEM analysis. If the critical applied load F is below the buckling load
(at A < Ap), the maximum tensile stress appears in the 6-direction
(meridian), close to ¢ ~ 0°, implying a possible splitting failure of the
shell wall:

Et

maxcgy ~ 0.3429m 5)

Finite element results indeed support this estimate, as shown in Fig. 4b.
A similar to equation (5) (if we use also eq. (1)) has been first suggested
by Bratt et al (1993) confirming their experimental results. Reasonable
results have been found for carbon micro-bubbles (Kooper et al, 2007;
Carlisle et al, 2006b), alumina hollow spheres (Chung et al, 1995) and
sintered silica (Brugarolas et al, 2014), with eq. (5) giving the tensile
strength of the material of the bubble walls.” The location of this
maximum tensile stress is at the inner surface of the shell, close to the
loading axis. As the loading increases (still below the buckling load), the
splitting maximum stress maxogy decreases and moves toward the con-
tact perimeter but still at the inner surface of the shell. If the internal
over-pressure of the gas inside the bubble is significant, we have to add
its tensile contribution, %po. In the investigated example this value is
8.5 MPa and will be ignored compared to the stresses due to the external
contact loads.

As the applied load F approaches and surpasses the buckling load (at
A > A.), the maximum stress appears now in the ¢-direction, approxi-
mately close to ¢ = a =~ 9.4°, suggesting a possible failure along the
folded contact rim of the locally buckled region. This maximum tensile
stress in the @-direction (azimuthal) is located at the outer surface of the
shell:

Et

(1-v)R ©)

Finite elements support this estimate, as can be shown in Fig. 4c. We
note that the angle location of this maximum tensile stress (¢ =
a =~ 9.4°) remains approximately the same at the critical buckling con-
dition,” and can be estimated from the analytical result of Updike and
Kalnins (1970):

2.7 t

_ L 7
[12(1 —2)]"* VR @

p=a
Finite element analysis shows that for thin shells, after buckling, the
maximum stress is still approximately given by eq. (6). The approxi-
mations (5) and (6) are within 7 % different from the FEM results. For 3
M K1, eq. (6) predicts 1.214 GPa with FEM giving 1.391 GPa (close to
the tensile strength of the present glass 1.524 GPa, Table 2).
Representative FEM results for 3 M K1 bubbles are given in Fig. 4d

2 For a slight inhomogeneous thickness with t-8cosp (8/t<0.15), the
maximum stress of eq. (5) decreases by about (1-5/t) at the thinner region,
whereas remains the same at the thicker region, if loaded by the same
displacement A.

3 In the postbuckling region (A/t>2.12), the angle ¢ of the location of the
maximum azimuthal stress 6, increases roughly linear, according to =(t/R)V/
2[1.47+0.333A/1].
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Fig. 3. (a) Failure initiation by buckling (A2.2 t). (b) Almost immediate fracture due to stress concentrations at the folding sites occurs. (¢c) SEM photos showing the
assembly of glass microbubbles (3 M K1) under low hydrostatic compression (about 0.1 MPa), prior to crushing. Observe some bubble pairs that look like the
schematic (a). (d) SEM pictures of an assembly of 3 M K1 glass microbubbles under high hydrostatic compression (about 0.40 MPa), after crushing of the bubbles.
Note that some bubbles show signs of buckled shape (still intact) and others that have lost their buckled caps at an angle of about 20°, as predicted by the theory,

eq. (7).

and Fig. 4e. In Fig. 4d we show the distribution of the g stress for A/t =
1 and in Fig. 4e we show the distribution of the 6, stress for A/t = 6. A
possible critical flaw on the shell surface could be investigated from the
maximum tensile stresses, Lawn (1993). A mode I stress intensity factor
K; will develop due to an initial part-through or through-the-thickness
initial flaw, (un)favorably encountered at the inner or the outer sur-
face of the bubble. The results for the stress intensity factors given by
Erdogan and Ratwani (1972) will be useful in this case. Indeed, recent
experimental and numerical work of Cao and Sipos (2024) suggest that
the results of Erdogan and Ratwani are quite accurate. For a part-
through semi-circular flaw of radius d<t, the maximum stress in-
tensity factor is max Ky = 2.06 max{c, cee}(d/n)l/ 2 Fora through-the-
thickness flaw of semi-length d, max K; = max{c¢, Goo}(d nY2, for a
shell parameter [12(1-1/2)] /44, (Rt)l/ 2 < 1. Fracture becomes critical, if
the stress intensity factor approaches a critical value which depends on
the material, as well as on the temperature and the humidity, Quinn and
Swab (2017). For the case of 3 M K1 and assuming d = t/2, the stress
intensity factor is 1.1 MPa m'/2, which is close to the critical experi-
mental value in vacuum of 0.79 MPa m'/2. Full evolution of cracks can
be done with other numerical tools such as XFEM, cohesive elements and
FEM-DEM methods (see for example Areias and Belytschko (2005),
Cirak et al (2005), Munjiza et al (2013)), although such works concen-
trate on dynamic fragmentation and require further validation of the
computed fracture patterns. This type of analysis will be presented in a
future publication.

3. Response of an assembly of thin hollow spheres

3.1. Overall elastic response according to the affine displacement
assumption

Equation (1) from section 1, indicates a linear local response be-
tween two equal spherical shells, resulting to a local stiffness ky = F/2A.
The assembly of 3 M K1 microbubbles has a particular distribution of
their diameters with a geometric standard deviation of 6; = 1.42 and a
ratio of maximum to minimum radius Rygx/Rmin = 2.43. Moreover, the
void ratio is controlled by the packing factor PF = 0.6 (see also Rodri-
guez et al, 1986), if assembled through gravity. The coordination
number (i.e. the average number of contacts on a single bubble) can be
related to o, according to Konakawa and Ishizaki (1990). However, we
will assume that the assembly of bubbles, prior to loading, has been
prepared (due to some pre-compression) to be close to a jamming state
with an initial coordination number of 6 and a packing factor of 0.64.
These constants we will be used in this work for the estimate of the
initial elastic moduli of the assembly. Agnolin and Roux (2007a) have
examined the influence of various assembling processes for frictionless
and frictional assemblies of solid spheres. They found that for a fric-
tionless assembly (as in the case of glass bubbles) there is a unique
random close packing state at low pressure (applied rapidly) with co-
ordination number 6 and packing factor 0.639. For friction coefficient of
0.3, these values become 4.5 and 0.593 respectively, and similar results
have been reported by Magnanimo et al (2008) and Zhang and Makse
(2005) for perfectly rough spheres.

It is assumed that the preparation of the assembly under investiga-
tion involves a monotonically increasing pre-compression phase, which
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Fig. 4. (a) Locations of maximum tensile stresses of a compressed bubble by axial force. (b) Normalized maximum azimuthal tensile stress. (¢) Normalized maximum
meridian tensile stress. (d) Cose-up at the contact region of the iso-contours of ¢ for A/t = 1 of 3 M K1 type of bubbles (the results are in GPa). Note the maximum
tensile value developed at the inner surface of the bubble, for loading below the buckling load. (e) Close-up at the contact region of the iso-contours of 6, for A/t =6
of 3 M K1 type of bubbles (the results are in GPa). Note the maximum tensile value developed at the outer surface of the bubble (close to the outer contact rim), for

loading above the buckling load.

progresses until a specified level is reached, after which it remains
constant. This is important for frictionless aggregates, in view of the
work of Agnolin and Roux (2007b) who monitored the changes in the
coordinate number and the solid fraction as functions of an isotropic
pressure cycle p (compression-decompression). They found that for a
frictionless aggregate the solid fraction varies nearly reversible, whereas
the coordinate number was not, and essentially is reduced, but the shape
of distribution of the contact forces remains constant for the isostaticity
case (coordination number 6, solid fraction 0.64).They also found that
the bubble mass m can be neglected, if the strain rate is much less than
104 (m/(2Rp))"/2.

O’Hern et al (2003) examined a bimodal granular system of spherical
particles that have a frictionless contact with harmonic inter-particle
contact potential (as in our case). They found for maximum random
close packing PF = 0.64 and n = 6, see also Silbert (2010) for low
friction (<0.01) and Silbert et al (2002) for harmonic contact law. A
higher packing factor PF > 0.64 was related to the average external
compressive pressure of magnitude p > 0:

2R
P = 0.28(PF — 0.64), 0.84>PF>0.64 (€))
N
and to the average number of contacts per particle:
fi—6 = 8.4(PF — 0.64)"/* 76 9)

Similar (but more elaborate) results were obtained by Concu et al (2010)
and Kumar et al (2014) for poly-dispersed packings of spheres, inter-
acting with frictionless and harmonic normal contact potential.

The shell thickness of the 3 M K1 glass bubbles is approximately
constant with the shell diameter having a particular distribution (Garza-

Cruz and Nakagawa, 2012). The issue of multi-sized particles has been
raised first by Chang and Misra (1989). We utilize the average shell
diameter for the effective elastic moduli and account for the exact dis-
tribution of the bubble radii through a correction factor, as suggested by
Shaebani et al (2012). The analysis is presented in Appendix A and we
find that the correction factor for 3 M K1 is 1.01, which indicates that the
predictions with the average shell geometry are reasonably accurate.
Further on, we assume an isotropic linear elastic response in order to
estimate the initial effective elastic modulus and Poisson ratio. We
approximate the effective ratio of t/R from the true density of the as-
sembly p* and the bulk density ppyi, using the 3rd order approximation

from Sanders and Gibson (2003),/ﬁmPF<3§573}% g) Since the

contacts are essentially frictionless, the average elastic modulus and
Poisson’s ratio can be estimated from Chang and Misra (1990a) (see
their equations (43) and (44), and assuming affine displacements
(Bathurst and Rothenburg, 1988a):

F_ ﬁPFkN7 _ kN

E="2R "™ 4y (10)

Using the result of eq. (1), eq. (10) gives:

- nE t\?2

E=PF——— (= 11
331 ®) an

7=025 (12)

(which is a Poisson type of material). The average bulk modulus can be
then computed as:
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K=—7—7-=04074 -, ky = —F——— 13
3(1 - 27) 2R T RB(1-17) 3

and the average shear modulus as:

— E kN

G= 2057 0‘2444ﬁ 14

The bulk modulus prediction (13) has been found to be reasonably ac-
curate for materials with linear contact law as in our case, see for
example O'Hern et al (2003). Good agreement for the bulk modulus was
also found by Walton (1987) for Hertzian-Mindlin contact law. How-
ever, regarding shear deformation, the affine assumption (i.e. uniform
strain theory UST) is a very poor approximation, as was first found by
Jenkins et al (2005). Therefore, eq. (14) is also a very poor estimate for
the shear modulus, see also Kruyt (2014). On the other hand, UST works
well for bonded particles, Chang and Misra (1990b). O’Hern et al (2003)
and others found that for low frictional contacts, the shear modulus
depends on the applied external pressure p. Using their findings; we
estimate the average shear modulus as:
ky

1/2
G =0.40 (p 7) , p=>0, PF>0.64

2R (15)

G = 0, otherwise

Using the material data for the particular 3 M K1 assembly, a bulk
modulus of 2.58 MPa is obtained from eq. (13). More elaborate methods
for the effective elastic properties of granular materials can be found in
Misra and Chung (1993), Kryut (2014), Kuwano and Jardine (2002), and
Concu et al (2010). The assumption of the affine deformation used in the
estimation of the overall elastic moduli is not sufficient and a correction
accounting for the fluctuation of the coordination number needs to be
considered, as suggested by La Ragione and Jenkins (2007) and Jenkins
et al (2005) among others.

Following La Ragione and Jenkins (2007), we assume a fluctuation of
the coordination number of 1.6 around the jamming coordination
number of 6, as suggested by Chaudhuri et al (2018). The correction
factor is 0.8862, giving a final value for the bulk modulus of 2.28 MPa.
The details of the computation of the correction factor are given in
Appendix B. This is a reasonable upper bound for the experimental result
of 1.72 (a schematic of the experimental result of Fesmire et al (2008) is
shown in Fig. 5). Note, however, that Agnolin and Roux (2007¢) indi-
cated that the La Ragione and Jenkins correction overestimated the
shear modulus, as predicted by their molecular dynamic calculations.

Makse et al (1999) found numerically and experimentally that the
affine assumption implied by the effective medium theory (EMT) is valid
for the bulk modulus but breaks down for the shear modulus of a
granular assembly of a dense, randomly packed elastic solid spheres.
They found that the shear modulus is over-predicted by EMT because the
grains which are initially in contact at a given external pressure can be
separated under a shear perturbation. It is then crucial for a frictionless
aggregate with a high coordination number to investigate the influence
of the fluctuation in the overlapping relative displacement increments
between the spheres as related to the coordination number. In this
respect, we investigated this fluctuation, following the analytic work of
Jenkins et al (2005). Their analytical forms depend on the coordination
number only and are summarized in Appendix C. For the coordination
number 6 and participation factor 0.64, our example gives a bulk
modulus 2.68 MPa and a shear modulus of 0.4 (much reduced from the
UTS approximation of 1.29 MPa).

3.2. Influence of strong adhesion

In case that the interaction between the bubbles involve a strong
adhesion (e.g. presence of small meniscus of ice between the bubbles in
cryogenic applications), then the tangential loads to the contact will
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Fig. 5. A schematic of the hydrostatic stress-volumetric strain response of an
assembly of glass microbubbles (3 M K1), taken from the experiments of Fes-
mire et al (2008).

become important in the analysis. A three dimensional FEM of half the
spherical shell gave a local tangential stiffness kr of approximately kr =
2kn/(1 + v). This is close to the analytical shell solution of Lukasiewicz
(1967). Following Chang and Misra (1990), we obtain:

_ k
Eagpesve _ 4+ 6% _ 8420 6)
E 4+ 3+
kr
B —w Vv—1
Vadhesive = o a7

442 6+4v

The corresponding bulk modulus (13) will not be affected; however the
shear modulus will be increased according to Chang and Misra (1990):

— ky_

K = o onPF -
= kN 3kT _
G=1om (1 +2—kN)nPF

Equation (16) reveals that the Young’s modulus will increase 2.45
times and eq. (17) will give a negative Poisson ratio of —0.11 (essentially
implying an auxetic material). Negative Poisson’s ratio was predicted
for brazed assemblies of hollow spheres in the works of Sanders and
Gibson (2003), and Bathurst and Rothenburg (1988b), as well as for
sintered, randomly packed hollow bubbles by Taguchi and Kuroshige
(2007). Using the experimental data of Song et al (2021) for hollow glass
microspheres-based foam with point-to-point binding structure (radius
19.5 pm, thickness 0.5 pm, elastic modulus of glass 63 GPa, and Poisson
ratio 0.22, coordination number 6 and participation factor 0.64), we
obtain an elastic modulus 35.81 MPa and their experimental data give
37.5 MPa.

Utilizing the experimental results of Regarding nonlinear response
and strength characteristics, the analysis becomes very complex and will
be investigated in future work.

3.3. Nonlinear response (prior to bubble damage)

Denote by < R > the average bubble radius (32.5 pm in the present
example) and by < A > the average contacts overlap of the bubble
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assembly. For the linear micromechanical interaction of the bubbles,
Imole et al (2013) suggested the following general relation between the
average normalized contact overlap and the change of volume ey = €1 +
€9 + €3 of the bubble assembly:

<A>
= 0.425¢ 1
“R> 0.425¢y (19)

From the experimental curve of hydrostatic stress vs volumetric strain of
Fesmier et al (2008), as schematically shown in Fig. 5, for ey = 0.2, we
obtain < A>=2.76 pm, a value about 3-times larger than the critical one
given by eq. (2). This indicates the presence of some nonlinearity for the
hydrostatic response, prior to crushing of the bubbles. This nonlinearity
stems from the local bubble interaction given by eq. (3). The nonlinear
hydrostatic response can be estimated following the methodology of
Johnson et al (2000) and Norris and Johnson (1997). Notice that eq. (3)
describes a reversible nonlinear deformation and that the contact
interaction is frictionless. We can then recast eq. (3) in a differential
form as:

dF:dA{3.807 B (é\/l —u2>71/2} vi-v? (20)

(1-2)R\t 2t

By replacing A by eyR in (20), we can estimate the average bulk modulus
as a function of the average volumetric change as:

_  TPF E (&R 12y V12
K=" 13807 (1 —p2 21
1271:R{ (171/2)R< t g > } 2t (21)

which holds for a macroscopic volume deformation in the range 0.07 <
ey < 0.2.

3.4. Compressive strength estimates

Having examined the failure mechanisms for the interaction of two
bubbles, estimates can also be provided regarding the initial and the
ultimate compressive strength of the microbubble granular assembly.
We have found that the initial failure of single brittle bubbles can be
categorized as a splitting type (below the buckling load), or as a buckling
type (above the buckling load), depending on the strength of the bubble
walls. The spherical shells as an assembly deform at single contact
points, as shown characteristically by Ruan et al (2006). We can then
compute the (average) local critical load < F. > depending on the
micromechanics failure type and can be found experimentally from
nano-indentation tests, see for example Berry et al (2017), Brugarolas et
al (2014), Carlisle et al (2006a, 2007), Koopman et al (2004).

For the splitting type of failure, assuming that maxcgg reaches the
tensile strength of the material, the local critical load follows the linear
eq. (1). For the buckling type of failure, assuming that maxc, reaches
the tensile strength of the materials, the local critical load follows the
non-linear relation (3). The initial critical pressure of the assembly is
related to the maximum radius of the assembly Ry,qy, since the largest
bubbles will be damaged first. Swanson and Cutler (1987) suggested the
following relation between the local critical load and the initial critical
overall pressure peritical:

23< Fe >

Periticat™ T1(PF) (22a)
critical 4]'[R'2nax
A similar estimate was given by Radjai (2015):
_<F.>
Perisicat = 0.47 27ch% - (22b)

For 3 M K1, we have a buckling failure mode, with Ry,x = 45 pm and <
F.>=1.5mN (Garza-Cruz and Nakagawa, 2012). Equation (22a), gives
initial crush strength of 0.28 MPa and eq. (22b) gives 0.29 MPa. Both
estimates compare reasonably well with the value of 0.34 MPa from the
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experiments of Fesmire et al (2008).

The maximum isostatic strength of the assembly can be estimated if
we use a damage model where the bubbles are gradually crushed up to a
limit value. The related analysis is rather complex and will be presented
in future publication. A very rough approximation can be based on a
simple damage model that accounts for the percentage of the crushed
bubbles d. The maximum compressive stress ppyax could be estimated for
d = dnmax (established experimentally) according to:

~ Dcritical
Prax % 7 g (23)

For the 3 M K1 bubbles, dpax = 0.8, giving a maximum pressure of 1.4
MPa (the experiments suggest 1.72 MPa). The final results of our models
and the ones from the experimental work of Fesmire et al (2008) are
shown in Table 3. We have not verified eq. (23) fully yet.

4. Conclusions

The response of glass (and other brittle) microbubbles was investi-
gated analytically and numerically for a single micro-contact between
two bubbles. The results were extended to an assembly of microbubbles
to provide novel overall (isotropic) elastic constants. The affine defor-
mation was adequate for the overall bulk modulus, whereas a pressure
dependent model was used for the overall shear modulus. Two damage
initiation mechanisms were identified: (a) the splitting mode and (b) the
buckling mode, depending on the tensile strength of the shell walls, with
the spitting mode applying for low strength of the bubble walls and loads
below the buckling load. Due to the high tensile strength, the mecha-
nism of glass bubble damage initiation was related to the buckling mode
that appears locally at the point contacts between the bubbles. This
micromechanical type of failure seems to control the overall initial
strength of the assembly. Provided that the tensile strength is high, the
buckling mode leads to higher overall strength of the bubble assembly
than the splitting mode. The results compared favorably against exper-
imental data for the 3M™ K1 glass microbubbles. An extension of
Reissner theory was used to include the effect of plane contact for both
normal and tangential loading. Although under normal conditions the
glass microbubbles have negligible friction between them, adhesion
could be important when moist air is trapped and condensed into ice
under cryogenic conditions. The effect of adhesion, if strong enough,
was shown to be important in the overall mechanical behavior of the
microbubble assembly, affecting both the normal and the shear inter-
action between microbubbles and leading to increased overall stiffness
and to negative Poisson’s ratio. Overall compressive strength estimates
can be formulated from the local strength scenario (splitting or buck-
ling) of the individual bubble response. In this respect, nano-indentation
experiments can be extremely useful, providing information for the local
damage initiation of single bubbles (splitting or buckling) and the crit-
ical compressive contact load.
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Table 3
Overall mechanical response of an isotropic assembly of Scotchlite™ K1 glass bubbles for ambient conditions (experimental results from Fesmire et al, 2008).
Isostatic crush strength Ppax [MPa] Initial crush strength P¢ [MPa] Coordination number 7 [-] Bulk modulus K [MPa] Poisson’s ratio
ol-]
1.72 (experiment) 0.34 (experiment) 6 1.72 (experiment) 0.25 (model)
1.40 (model) 0.28 (model) (model) 2.28 (model)
PF = 0.64
interests or personal relationships that could have appeared to influence Commission and Clean Hydrogen Partnership by the Grand (Grand No
the work reported in this paper. 101137629) which the authors would like to thank for their financial
support. Views and opinions expressed are however those of the authors
Acknowledgments only and do not necessarily reflect those of the European Union or Clean
Hydrogen JU. Neither the European Union nor the granting authority
This work is part of the project “Novel Insulation Concepts for the can be held responsible for them.

Storage of Liquefied Hydrogen (NICOLHy) funded by the European

Appendix A. . Influence of polydispersion in the overall elastic properties

For an assembly of glass bubbles, we will assume a constant average packing fraction, a constant coordinate number, a constant bubble thickness
and a linear affine response. We will follow the analysis of Shaebani et al (2012), but we will modify it to account for the particular force-displacement
relation (1) that holds for bubbles, since < aky >=< a > kn( < a > ) = const (a is the particle radius). The thickness of the bubbles is almost constant
(Garza-Cruz and Nakagawa, 2012), therefore we assume a distribution f(a) of particle radius a with [;° f(a)da = 1. Let < a* >= [° f(a)a“da be the k™
moments of the radius distribution (k = 0, 1, 2,..). Denote by Q(a) the surface angle covered by a neighboring particle. The size distribution of the
bubbles is relatively narrow so that 0.5 < a >< a < 8.5 < a >. In this case, Shaebani et al (2012) have proven that

$NA+B(<Z>71>+C($71)2 A

where the constants take the values A = 1.188, B = 1.280 and C = 0.3123. Then, the modified moments of the radius distribution become

<d'>, = é/ow %akda (A2)
q:/om%dazAfCJrCii;i (a3)
The average elastic moduli can now be corrected by the factor g to account for the radius distribution as follows:

KgandGg; g = %::% (A4)

For the particular case of 3M™ K1 glass bubbles we obtain < a>=32.58 pm, <a*>=972.3 ym?, <a®>=32702 ym>, q = 1.162 and < a>g = 31.30 pm.
Then, the correction factor is g = 1.01, indicating a small influence of the particular radius distribution.

Appendix B. . Correction of the elastic moduli due to fluctuation of the coordinate number

Let 71 be the average coordination number and n’ be the fluctuation of this number. La Ragione and Jenkins (2007) provided a second order analytic
correction factor for the elastic properties of a granular assembly, of the form [1-2(y + y*)]. Assuming frictionless contact, the parameters involved
become:

22-30/1 1\ 1 /m2
=25 5 w) e ) ®D
Y =y(1-2y+2¢) (B2)
_ 3(22-3m) 24\ 261 m\2
= " o <1 *ﬁ> 676 (ﬁ) (B3)

In our case: n = 6, n’=1.6, therefore y = 0.03207, £ = -0.08071, y*=0.02484. The correction factor is:
1-2(y+y")]=0.8862 (B4)
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APPENDIX C. Correction of the elastic moduli due to fluctuation in the overlapping relative displacement increments

Let 11 be the average coordination number. Jenkins et al (2005) provided analytic correction factors for the elastic properties of an isotropic,
random granular assembly, of the form [1-C], depending only on the average coordination number. Although Jenkins et al presented theirr analysis for
solid identical spheres with frictionless contact, we can apply their correction factors for the hollow spheres as well. In this Appendix, we synopsize
their methodology regarding the parameters involved in estimating C. Regarding the shear modulus p, the correction factor has been stated as:

C=2[y Han +205) —y (k1 + 262) + w3 (& + 28,)]

Regarding the second Lame constant A, the correction factor was stated as:

C=2[y (o1 +7w2) =y (k1 + 22 + 5k3) +y°(& + 28 + 53)]

(cn

(c2)

Note that the bulk modulus can be obtained as K = A + 2p/3. In the above relation y = 11/3, the other coefficients are defined as follows:

w1 = — (166 — 117) /128w, = — (A + 14)/128

a; = (197 — 22)/48a, = (22 — 37)/16

@ = (18 — 9ﬁ)/48c712 = (38— 11ﬁ)/128

21 = —[0.52(— 2)( — 4) + 0.10A(7 — 2) — 0.137(7 — 4) — 0.017%] /16x

2 = [0.44(71 — 2) (7 — 4) — 0.247(71 — 2) — 0.117(71 — 4) — 0.147%] /167

23 = —[0.44(1— 2)( — 4) — 0.42A(7 — 2) — 0.117(7 — 4) + 0.047*] /16x

a = (5)1 +X1) a = (a)z +X2) as = (a)z +)(3)
K1 = (a151 + o0, +2w252) +a

Ko = — @201 + Ay

K3 = — (01252 +a)2a1) + as

p1 = [1.96(1 — 2)(7 — 4) + 3.30n(1 — 2) + 0.497(7 — 4) + 0.327°] /167

py = — [2.16(71 — 2) (71 — 4) + 2.307(7 — 2) + 0.547(7 — 4) — 0.067%] /161

by =(p;+a) by= (p2 +52)

1]1 = (bl —alz) 7]2 = b2 — (201&2 +'0722)

&1 = (M1 + 1,01 + 20,02) & =nwa &3 = (1,02 +17,02)

(€3

()]

(C5)

(C6a)
(Cé6b)

(Cé6¢)

(%)

(C8a)

(C8b)

(C8¢c)

(C9a)

(C9b)

(C10)

(C11)

(C12)

For a coordination number 6, we obtain a correction factor [1-C] = 0.31 and 1.57 for the Lame constants p and A respectively (see also Jenkins et al,

2005).

Data availability
Data will be made available on request.
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