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A B S T R A C T

The behavior of concrete under high strain rates is often described by plasticity models with softening, which
is modeled by a reduction of the yield surface as a function of the local equivalent plastic strain. Many of these
models are local and therefore produce mesh-dependent results. In this contribution, the gradient-enhancement
of such models is investigated to mitigate the mesh-dependency.

First, the mesh-dependency of these local formulations based on the analysis with a modified JH2 model
as a representative for these constitutive formulations is demonstrated using a one-dimensional benchmark
example. In the benchmark, the width of the damaged zone decreases upon mesh-refinement and the dissipated
plastic energy tends to zero. It is further shown that a significantly small safety factor for the critical time step
is needed in order to achieve accurate results for the benchmark example.

The first investigated gradient-enhancement approach replaces the equivalent local plastic strain with its
nonlocal counterpart. The enhancement is based on the inclusion of inertia and damping to the additional
Helmholtz equation which enables the use of the central difference method as an explicit solver. This method
successfully distributes the damage over several elements, however, the local equivalent plastic strain still
localizes into one cell. The inclusion of hardening with respect to the local equivalent plastic strain inhibits
the localization and the dissipated plastic energy converges with mesh-refinement.

This is further confirmed in a two-dimensional wedge-splitting experiment and a four-point bending test
where the damage pattern produced by the local model is mesh-dependent as well and the dissipated plastic
energy tends to zero with mesh-refinement. The proposed nonlocal model with hardening results in a consistent
damage pattern and the dissipated plastic energy converges. Furthermore, the nonlocal model with hardening
is less sensitive to time step refinement, such that computational efficiency can be improved compared to the
local model.

The numerical experiments are implemented using the free open source tool FEniCSx and have been made
available on Zenodo.
1. Introduction

For the design of safety-critical structures, such as federal agen-
cies and production facilities of explosives, the simulation of concrete
under extreme loading conditions has the potential to reduce the
number of costly field experiments by numerically exploring different
design alternatives. For that purpose, multiple constitutive models for
(quasi-)brittle materials have been developed and implemented e.g. in
commercial tools like Autodyn and LS-Dyna which contributed to their
widespread use in industrial applications.

Among these models are for example Karagozian and Case model
(K&C) [1], the Riedel–Hiermaier–Thoma model (RHT) [2], the BF1
model (another name for the Sandia Geomodel [3] which later became
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the Kayenta model [4]), the Continuous Surface Cap Model (CSCM) [5],
the Johnson–Holmquist model for concrete [6], the Johnson–Holmquist
model for brittle materials (JH2) [7], a model by Hartmann et al. [8]
and one by Gebbeken and Ruppert [9].

Overview papers that compare some of these models have been
written by Brannon and Leelavanichkul [10] and Tu and Lu [11]. The
yield surface of these models is often expressed by 3 pressure dependent
strength surfaces. The notation for these surfaces may differ between
models, therefore the notation from [10] is used. The limit surface
𝑌𝑚 describes the maximum stress that the material can withstand, the
initial yield surface 𝑌𝑦 describes the yield surface for the undamaged
material and the residual surface 𝑌𝑟 describes the remaining strength
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of the fully damaged material. The transition from 𝑌𝑦 to 𝑌𝑚 is realized
through a hardening formulation, whereas a softening function reduces
he yield surface subsequently to 𝑌𝑟. Both transitions are described as
 function of the evolution of plastic strains. Some models, such as
he JH2 model do not contain hardening and therefore the initial yield
urface is the same as the limit surface.

The yield surfaces of all these models depend on several stress
nvariants and history variables: The first stress invariant 𝐼1 is pro-
ortional to the hydrostatic pressure and the Lode angle 𝜃 can be
xpressed in terms of invariants of the deviatoric stress 𝐽2, 𝐽3. The
ost important history variable is the damage 𝐷 which depends on

he accumulated plastic strain. The invariant 𝐼1 models the strength
ncrease of concrete under hydrostatic pressure and the Lode angle
s used to describe different stress states in the deviatoric plane. For
xample, triaxial compression is represented by a Lode angle of 30◦

nd triaxial extension by a Lode angle of −30◦.
All models contain a formulation to model rate dependency i.e. to

ccount for the strength increase under high strain rates. The RHT
odel and the K&C model have a yield surface that directly depends

n a norm of the total strain rate or the plastic strain rate. The RHT
odel for example contains a function that depends on the plastic strain

ate and is fitted to experimentally determined dynamic increase factors
DIF). This function is then multiplied to the yield function, thereby
ncreasing the strength under high strain rates. These formulations can
lso differ, depending on their consideration of hydrostatic pressure.
or example, the Johnson–Holmquist concrete model scales the yield
urface equally for all hydrostatic pressure, whereas the RHT model
nd the K&C model consider rate effects depending on the hydrostatic
ressure which is called radial enhancement for the K&C model. This
pproach has also been used in [8]. The Kayenta model and the CSCM

model use Duvaut–Lion viscoplasticity for representing the strain-rate
dependent strength increase.

Concrete exhibits volumetric plastic strain, when pores collapse
nder pressure. This cannot be expressed by the classical radial re-
urn algorithm, since the plastic strain is therein always assumed to
e purely deviatoric. The radial return algorithm was first described

by Wilkins et al. [12]. It works by scaling the deviatoric stress such
hat it lies on the yield surface and is therefore also referred to as
adial scaling method (see also [13]). In such cases, the phenomena are
xpressed by the nonlinear equation of state with a density-dependent
ulk modulus and a history variable. The Kayenta model and the CSCM
odel do not enforce a purely deviatoric plastic strain in the stress

eturn algorithm and therefore volumetric plastic strain is possible
ithout the use of an equation of state.

All of these discussed models are however local and can therefore
produce mesh-dependent results. This is shown in [14] for the Sandia
Geomodel which is then enhanced with element-size-dependent factors
for the yield surface to reduce the reduction of fracture energy that
occurs with decreasing element sizes. The scale factors are furthermore
statistically perturbated such that experimentally observed damage
patterns are better reproduced by their model. However, their model
till remains local and it is unclear if convergence with mesh refinement
an be meaningfully investigated since for each mesh, the statistical

perturbation is different.
The problematic aspects of local damage models (or plasticity mod-

els with softening) are well researched in the field of quasi static
simulations. Damage models and plasticity models with softening can
ead to non-physical results and numerical problems since the softening
an lead to a loss of ellipticity and the problem becomes ill-posed. For
amage, a variable 𝐷 ∈ [0, 1] which depends on the equivalent local
train 𝜀eq describes the softening and for plasticity, the yield surface
epends on a local equivalent plastic strain 𝜀𝑝eq. Nonlocal integral
odels introduce nonlocal variables, which are obtained by integrating

local quantities over the neighborhood with a nonlocal kernel function
as weight function. The damage model or the plasticity model can then
be formulated in terms of the nonlocal variable or a combination of
2 
the local and the nonlocal one in order to avoid localization effects (see
or example Engelen et al. [15],Vermeer and Brinkgreve [16]). Another
lass of nonlocal models are implicit gradient enhanced models which
im to regularize the solution by having the nonlocal quantity being
he solution of an additional PDE [17,18]. Implicit gradient enhanced

models can also be seen as an approximation of integral models, which
has been shown in [19] where this additional PDE has been used in
the formulation of a damage model. A similar approach has also been
sed in plasticity models, where the yield surface is dependent on
he nonlocal equivalent plastic strain [15]. In order to prevent strain

localization in one element, Jirásek and Rolshoven [18] realized that
he yield surface must be formulated in terms of the local and the
onlocal plastic strain. This can be either achieved by an over-nonlocal
ormulation which replaces the local plastic strain in the yield surface
y a linear combination (1 −𝑚)𝛼+𝑚 ̄𝛼 with 𝑚 > 1 [16] or by the inclusion
f a hardening term that depends on the local plastic strain as in [15].

More recent developments in this field include methods for the efficient
numerical treatment, for example by a predictor–corrector method [20]
at small strains or efficient methods for a robust treatment of gradient
damage at finite strains [21,22]. As an alternative to gradient-enhanced
methods, phase field fracture models approximate the discontinuous
crack through a smooth field. Such models have been developed for
quasi-static and for dynamic simulations (see for example [23] for an
overview). An alternative, local approach for solving the issue of mesh-
dependent calculations of damage with strain-softening is based on the
mathematical concept of relaxation in terms of convexification [24],
which can be significantly improved in efficiency for multi-dimensional
problems by using the algorithm proposed in [25].

In explicit dynamics, implicit gradient damage and implicit gradient
plasticity are not widely used, since the solution of a linear system is
equired. The balance equation that is solved in explicit dynamics is

hyperbolic, and therefore, the solution of linear systems is not required
if an explicit solver is used.

The additional elliptic PDE can be made hyperbolic by including
time derivatives of the nonlocal variable. This was first introduced
in Häußler-Combe and Kitzig [26] for a gradient damage model in
explicit dynamics. The new hyperbolic equation can be solved with ex-
plicit solvers, therefore eliminating the need for linear systems of equa-
tions. Turning the implicit formulation into what is essentially a wave
equation means that regularization is not immediately achieved and
damage delayed. They use this effect to model the dynamic strength
increase of concrete under high strain rates, which is especially pro-
ounced in tension. This physical phenomenon is assumed to come
rom inertia effects under very high strain rates. The speed of prop-
gation of the nonlocal strain is mainly influenced by the parameter
which acts like the density in the balance of momentum equation

n mechanics. The model was later improved with viscoelasticity [27].
Since the new parameters are used to describe physical behavior, their
values should be in principle determinable from experiments.

An adaption of implicit gradient plasticity to explicit dynamics
was introduced in [28], where the same modifications as in [26]
have been made. Under the assumption that the yield surface remains
constant during a time step in an explicit simulation, the yield surface is
expressed in terms of the nonlocal equivalent plastic strain at the begin-
ning of a time step. However, hardening and strain-rate dependency is
till expressed in terms of the local plastic strain. Plastic flow during the

time step results in an increment in the local equivalent plastic strain
which is used to update the nonlocal equivalent plastic strain with an
explicit time integration scheme.

However, in contrast to the paper on the gradient damage model,
 thorough discussion on the physical meaning of the parameters is
mitted. The density-like parameter 𝜁 is chosen such that the critical
ime step for the solution of the nonlocal equivalent plastic strain is
ot smaller than the critical time step needed to solve the displacements
nd velocities. One could say that the hyperbolic nature of the equation
is merely used as a numerical trick in order to have a nonlocal model
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in explicit dynamics that does not need to evaluate an integral or a
linear system of equations, which is directly stated in their paper as
‘‘… and two purely numerical parameters associated with the explicit
framework: 𝜁 and 𝛾.’’ [28, p. 24].

For explicit dynamics, nonlocal integral models have also been
developed by Andrade et al. [29] who developed a framework for
egularizing models in LS-Dyna. A regularized model based on the K&C
odel has been developed by Kong et al. [30] and a more recent

egularized concrete model [31].
So far and to our best knowledge, the dynamic gradient-

enhancement has not been used for complex plasticity models to
escribe strain-rate effects, since the implementation in [28] was only

intended to avoid the solution of a linear system of equations and
the model in [26] is formulated as a pure damage model lacking
he influence of a nonlinear equation of state which influences the

simulation of shocks [32].
In this paper, we investigate the adaptation of the gradient-

enhancement approach by Häußler-Combe and Kitzig [26] and Davaze
et al. [28] for the class of quasi-brittle constitutive models that have
traditionally been used for the simulation of shock events. As a simple
representative of this model class, we implement a model based on the
Johnson–Holmquist model (JH2) [7].

We will first give an overview on the underlying theory and describe
he methods we use in Section 2. Afterwards, we demonstrate the mesh-
ependency of the local model in Section 3.1.1 as well as a model
hat just replaces the local plastic strain in the yield surface with the

nonlocal one in Section 3.1.2. Then, we introduce a modified version
f our gradient-enhanced model that introduces hardening with respect
o the local equivalent plastic strain. We show the effectiveness of this

new model for a one-dimensional problem in Section 3.1.2 as well as
for a two-dimensional wedge-splitting experiment in Section 3.2 and for
 two-dimensional four-point bending test in Section 3.3. We finish by

discussing the results and giving an outlook for further improvements
in Section 4

2. Materials and methods

2.1. Governing equations

2.1.1. Mechanical balance equations
In order to account for large deformations due to rotations and pos-

ibly large strains, an updated Lagrangian formulation is used. The me-
chanical balance equations are formulated in the current configuration
𝒙:

𝐯̇ = 1
𝜌
∇𝒙 ⋅ 𝝈 + 𝐛 Balance of linear momentum, (1)

𝑒̇ = 1
𝜌
𝝈 ∶ 𝐃 Energy conservation, (2)

̇ = −𝜌∇𝒙 ⋅ 𝐯 = −𝜌t r (𝐃) Mass conservation, (3)

with the velocity 𝐯, the Cauchy stress tensor 𝝈, the body forces 𝐛 and
he rate of deformation tensor

𝐃 = 1
2
(

𝐋 + 𝐋⊤) (4)

𝐋 = ∇𝒙𝐯 (5)

𝐋𝑖𝑗 =
𝜕𝐯𝑖
𝜕𝒙𝑗

. (6)

In the literature on hydrocodes, the rate of deformation tensor 𝐃 is
often referred to as the strain-rate 𝜺̇. Similarly, the strain increment
between time steps is denoted by the small-strain increment 𝛥𝜺. The use
of the small-strain tensor can be justified because for explicit dynamics,
the difference in configuration between two time steps is small as well.
Similarly, the rate of deformation tensor is approximately the same
as the small strain rate for small deformations. However, since the
accumulated deformation after several time steps can become large, the
 t

3 
rate of deformation tensor is used throughout this paper. Additionally,
the small strain measure is only used as an approximation for the strain
between consecutive time steps.

Let 𝛺 ⊂ R3 be the domain on which the equations are defined and
𝛿𝐯 a test function on 𝛺, then Eq. (1) is discretized in space using the
finite element method, with the weak form

−∫𝛺
𝜌𝐯̇ ⋅ 𝛿𝐯d𝑉 = ∫𝛺

𝝈 ∶ ∇𝛿𝐯d𝑉
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

𝐅int

−∫𝛺
𝜌𝐛 ⋅ 𝛿𝐯d𝑉

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
𝐅body

−∫𝜕 𝛺
(𝐧 ⋅ 𝝈) ⋅ 𝛿𝐯d𝑆

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐅sur f ace

, (7)

and its discretized form

−𝐌𝐯̇(𝑡) = 𝐅int (𝝈) − 𝐅body − 𝐅sur f ace, (8)

with the mass matrix 𝐌 which is often underintegrated or trans-
formed by lumping schemes such that it is diagonal. Throughout the
paper, mass matrices that have been constructed using Gauss–Lobatto
quadrature will be used. Additionally, a Rayleigh damping term can be
introduced in Eq. (8) such that

−𝐌𝐯̇(𝑡) = 𝐂𝐯(𝑡) + 𝐅int (𝝈) − 𝐅body − 𝐅sur f ace, (9)

where 𝐂 is usually a linear combination of the stiffness matrix 𝐊 and
the mass matrix 𝐌. However, for the balance of linear momentum,
no damping apart from the bulk viscosity described in Section 2.1.4 is
sed. Mass matrices and damping matrices are not degraded by damage
n this paper.

The other two balance equations are either needed for the evalu-
tion of the constitutive model or for the purpose of post-processing
nd are solved on each individual quadrature point. The solution of the
ass conservation is therefore considered to be part of the constitutive
odel. The conservation of energy equation often needs to be solved

s an input for the equation of state (see Section 2.2), but since it is not
needed for the Johnson–Holmquist model, its solution is considered to
be purely for the purpose of post-processing and the determination of
mesh dependency (see Appendix A).

2.1.2. Time integration
The discretized balance of linear momentum equation is advanced

in time using the central difference method. During one step, the
displacements and nodal positions are advanced from 𝑡𝑛 to 𝑡𝑛+1 and
the velocities are advanced from 𝑡𝑛−1∕2 to 𝑡𝑛+1∕2. If an adaptive time
stepping scheme is used, the time step to update the velocities will
differ from the time step used to update the displacements. However, in
this paper, the time step for each simulation is set to a constant value,
therefore 𝛥𝑡𝑛+1∕2 = 𝛥𝑡𝑛 = 𝛥𝑡. The acceleration 𝐚𝑛 is determined from the
forces at 𝑡𝑛 as

𝐚𝑛 = 𝐌−1(−𝐅int (𝝈𝑛) + 𝐅body + 𝐅sur f ace). (10)

The velocities and the nodal positions are updated as follows:

𝐯𝑛+1∕2 = 𝐯𝑛−1∕2 + 𝛥𝑡𝐚𝑛 (11)

𝒙𝑛+1 = 𝒙𝑛 + 𝛥𝑡𝐯𝑛+1∕2. (12)

For equidistant time increments, the central difference method has
order of consistency 2. For the special case of a Rayleigh damping
matrix that has no contribution from the stiffness matrix and a diagonal
mass matrix with 𝐂 = 𝑐 ⋅𝐌, the update of the velocities can be replaced
by

𝐯𝑛+1∕2 = 2 − 𝑐 𝛥𝑡
2 + 𝑐 𝛥𝑡 𝐯

𝑛−1∕2 + 2𝛥𝑡
2 + 𝑐 𝛥𝑡𝐚

𝑛, (13)

(see for example [33]). The critical time step is a bound for 𝛥𝑡 such that
umerical stability is assured for a linear elastic material. For damage,
he mass is constant and the stiffness degrading, implying that the criti-
al time step increases. It is approximated by a calculation for one finite
lement which is possible because the eigenfrequencies of the entire
esh are bounded by the maximal and minimal eigenfrequencies of

he elements [34,35]. For the central difference method, this criterion
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is

𝛥𝑡 ≤ 2
𝜔max

(14)

with 𝜔max being the highest eigenfrequency on the mesh [32].

2.1.3. Stress update with an objective stress rate
The constitutive law is defined as a function 𝛴 of the current

stress 𝝈𝑛, the rate of deformation tensor 𝐃, the time increment 𝛥𝑡 and
istory variables 𝜿𝑛 and returns an updated stress and new history

variables [32]

𝛴(𝝈𝑛,𝐃, 𝛥𝑡,𝜿𝑛) = (𝝈𝑛+1,𝜿𝑛+1). (15)

The stress update is split into a deviatoric part and a volumetric part,
such that the deviatoric stress

𝐬 ∶= 𝝈 − 1
3
⋅ t r (𝝈)𝐈3 (16)

and the hydrostatic pressure

𝑝 ∶= −1
3
⋅ t r (𝝈) (17)

are calculated separately. The updated stress becomes

𝝈𝑛+1 = 𝐬(𝝈𝑛,𝐃𝑛+1∕2, 𝛥𝑡,𝜿𝑛) − 𝑝(𝜌𝑛,𝜿𝑛, 𝑒𝑛)𝐈3. (18)

The term 𝑝(𝜌𝑛,𝜿𝑛, 𝑒𝑛) is called the equation of state (EOS) and it can
contain a dependency on the internal energy. This notation is simpli-
fied, since the EOS and the deviatoric part of the model are often not
strictly separated and due to the execution order, the history variables
sed in the equation of state may be 𝜿𝑛+1 instead of 𝜿𝑛. But this differs
etween models.

The Jaumann stress rate is used to account for large deformations.
he elastic part of the constitutive model is assumed to be hypoelastic

n the sense that it is formulated as a rate form of Hooke’s law
◦
𝝈= D ∶ 𝐃, (19)

with
◦
𝝈 being the Jaumann rate and D the elasticity tensor. Let the spin

ensor 𝐖 be the skew-symmetric part of the velocity gradient 𝐋

𝐖 ∶= 1
2
(

𝐋 − 𝐋⊤) , (20)

then the Jaumann stress rate is defined as
◦
𝝈= 𝝈̇ + 𝝈 ⋅𝐖 −𝐖 ⋅ 𝝈. (21)

Inserting Eq. (19) into Eq. (21) and reordering for 𝝈̇ yields

̇ = D ∶ 𝐃 − 𝝈 ⋅𝐖 +𝐖 ⋅ 𝝈. (22)

There are several methods to integrate Eq. (22), some of which are
discussed in Benson [32,36]. The method used in this paper is first-
order accurate and consists of first rotating the previous stress to the
new configuration, resulting in 𝝈̃𝑛 and then evaluating the constitutive
law with this rotated stress

𝝈̃𝑛 = 𝝈𝑛 + 𝛥𝑡(𝐖𝑛+1∕2𝝈𝑛 − 𝝈𝑛𝐖𝑛+1∕2) (23)

(𝝈𝑛+1,𝜿𝑛+1) = 𝛴(𝝈̃𝑛,𝐃𝑛+1∕2, 𝛥𝑡,𝜿𝑛). (24)

Tensor-valued or vector-valued history variables will need to be rotated
as well, however the models in this paper only have scalar history
ariables.

2.1.4. Artificial bulk viscosity
The artificial bulk viscosity is an additional pressure term that is

dded to the hydrostatic pressure from the constitutive model in order
o smoothen shocks, but can also have the physical interpretation of
nergy dissipation due to heating. An artificial viscosity was first intro-
uced for one-dimensional simulations of shocks, but later extended to
wo and three dimensions [37]. In this paper, the default formulation of

the artificial viscosity in LS-Dyna is used which is also consistent with
4 
a formulation from [32]:

𝑞 =

{

𝜌𝐿
(

𝐶0𝐿t r (𝐃)2 − 𝐶1𝑎t r (𝐃)
)

, t r (𝐃) < 0
0 , t r (𝐃) ≥ 0,

(25)

with 𝐿 being the element length in 1D, the square root of the element
area in 2D and the cubic root of the element volume in 3D. Since an
pdated Lagrangian formulation is considered, the element sizes can
hange in each time step. The speed of sound 𝑎 is defined as

𝑎 =
(

𝐾
𝜌0

)1∕2
(26)

with the bulk modulus 𝐾 and the two constants 𝐶0 and 𝐶1, which
are chosen as 𝐶0 = 1.6, 𝐶1 = 0.06. These values are used in LS-

yna as default. The bulk modulus is assumed to be constant for the
rtificial viscosity even though the relation between the density and the
ydrostatic pressure may be nonlinear.
Algorithm 1 One time step of hydrocode algorithm

Input: 𝝈𝑛, 𝑞𝑛,𝜿𝑛,𝒙𝑛, 𝐯𝑛−1∕2, 𝛥𝑡
Output: 𝝈𝑛+1, 𝑞𝑛+1,𝜿𝑛+1,𝒙𝑛+1, 𝐯𝑛+1∕2

⊳ Calculate forces ⊲
𝐅𝑛 ← −𝐅int (𝝈𝑛) + 𝐅body + 𝐅sur f ace(𝑡𝑛)

⊳ Calculate accelerations, velocities and new configuration ⊲
𝐚𝑛 ← 𝐌−1𝐅𝑛

𝐯𝑛+1∕2 ← 𝐯𝑛−1∕2 + 𝛥𝑡𝐚𝑛
𝒙𝑛+1 ← 𝒙𝑛 + 𝛥𝑡𝐯𝑛+1∕2

⊳ Calculate rate of deformation and spin tensors ⊲
𝐋𝑛+1∕2 ← 𝜕 𝑣𝑛+1∕2𝑖 ∕𝜕 𝑥𝑛+1∕2𝑗
𝐃𝑛+1∕2 ← 0.5(𝐋𝑛+1∕2 + (𝐋𝑛+1∕2)⊤)
𝐖𝑛+1∕2 ← 0.5(𝐋𝑛+1∕2 − (𝐋𝑛+1∕2)⊤)

⊳ Update stress ⊲
𝝈̂𝑛 ← 𝝈𝑛 + 𝛥𝑡(𝐖𝑛+1∕2𝝈𝑛 − 𝝈𝑛𝐖𝑛+1∕2) ⊳ Rotate stress.
𝝈̃𝑛 ← 𝝈̂𝑛 − 𝑞𝑛 ⋅ 𝐈3 ⊳ Subtract bulk viscosity.
(𝝈̃𝑛+1,𝜿𝑛+1) ← 𝛴(𝝈̃𝑛,𝐃𝑛+1∕2, 𝛥𝑡,𝜿𝑛) ⊳ Constitutive model.

⊳ Update bulk viscosity ⊲
if t r (𝐃𝑛+1∕2) < 0 then

𝑞𝑛+1 ← 𝜌𝐿(𝐶0𝐿t r (𝐃𝑛+1∕2)2 − 𝐶1𝑎t r (𝐃𝑛+1∕2))
else

𝑞𝑛+1 ← 0
⊳ Combine stress and bulk viscosity ⊲

𝝈𝑛+1 ← 𝝈̃𝑛+1 + 𝑞𝑛+1 ⋅ 𝐈3

2.1.5. Gradient-enhancement in explicit dynamics
The gradient-enhancement for explicit dynamics by Häußler-Combe

and Kitzig [26], Davaze et al. [28] is used in this paper. The goal is
to smoothen the scalar quantity of the local equivalent plastic strain
𝛼 over several elements, resulting in the nonlocal equivalent plastic
strain 𝛼̄. For the quasi-static case, the nonlocal equivalent plastic strain
s determined by the PDE (e.g. [19])
{

𝛼̄ − 𝛼 = 𝑙2∇2𝛼̄ on 𝛺
∇𝛼̄ ⋅ 𝐧 = 0 on 𝜕 𝛺 . (27)

In contrast to integral nonlocal models, a boundary condition needs
to be prescribed, either Dirichlet or Neumann. Often the assumption
s made that a constant field 𝛼 should not differ from its nonlocal
ounterpart, meaning 𝛼 = 𝛼̄ if 𝛼 is constant. This condition cannot be
atisfied by Dirichlet boundary conditions, but is fulfilled by ∇𝛼̄ ⋅ 𝐧 =
[15,17].

This PDE is modified with an inertia- and a damping term in order
to transform it into a hyperbolic equation that can be solved with an
explicit solver
{

𝑙2∇2𝛼̄ − 𝛾 ̇̄𝛼 + (𝛼 − 𝛼̄) = 𝜁 ̈̄𝛼 on 𝛺
∇𝛼̄ ⋅ 𝐧 = 0 on 𝜕 𝛺 . (28)

The weak form can be determined similarly to the weak form of the
balance of linear momentum equation (see Appendix B) resulting in
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−𝜁 ∫𝛺
̈̄𝛼 𝛿 𝜀d𝑉

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
iner t ia

=∫𝛺
𝑙2∇𝛼̄ ⋅ ∇𝛿 𝜀 + (𝛼̄ − 𝛼)𝛿 𝜀d𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐹nl

(29)

+ 𝛾 ∫𝛺
̇̄𝛼 𝛿 𝜀d𝑉

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
damping

.

The boundary condition ∇𝛼̄⋅𝐧 = 0 is already incorporated into this weak
form, as it sets all boundary integrals to zero. Similarly to the weak
form of the balance of linear momentum equation, the inertia and the
damping terms are integrated using the Gauß-Lobatto quadrature rule,
resulting in diagonal matrices, which are denoted by 𝐌nl for the inertia
erm and 𝐂nl for the damping term with 𝐂nl =

𝛾
𝜁 𝐌nl. The discretized

ODE resulting from the weak form is
−𝐌nl ̈̄𝛼 = 𝐹nl(𝛼̄ , 𝛼) + 𝐂nl ̇̄𝛼 . (30)

This ODE can be solved with the central difference method as well.
ith 𝑐 = 𝛾∕𝜁 , the update of the nonlocal equivalent strain rate is given

y
̇̄ 𝑛+1∕2 = 2 − 𝑐 𝛥𝑡

2 + 𝑐 𝛥𝑡 ̇̄𝛼
𝑛−1∕2 + 2𝛥𝑡

2 + 𝑐 𝛥𝑡 ̈̄𝛼
𝑛. (31)

The combination of this gradient enhancement with Algorithm 1 is
described in Algorithm 2. Solving this equation with the central differ-
ence method requires a different critical time step than the solution of
the balance of linear momentum equation. Since both equations need
o be evaluated at the same points in time, the critical time step of

the combined system is the minimum of both time steps. The critical
timestep is again approximated with one finite element.
Algorithm 2 One time step of hydrocode algorithm with gradient
nhancement
Input: 𝝈𝑛, 𝑞𝑛,𝜿𝑛,𝒙𝑛, 𝐯𝑛−1∕2, 𝛥𝑡, 𝛥𝑡
Output: 𝝈𝑛+1, 𝑞𝑛+1,𝜿𝑛+1,𝒙𝑛+1, 𝐯𝑛+1∕2
⊳ Calculate forces ⊲

𝐅𝑛 ← −𝐅int (𝝈𝑛) + 𝐅body + 𝐅sur f ace(𝑡𝑛)
⊳ Calculate terms in nonlocal balance ⊲

𝐹 𝑛
nl ← −𝐹nl(𝛼̄𝑛, 𝛼𝑛)

⊳ Calculate accelerations, velocities and new configuration ⊲
𝐚𝑛 ← 𝐌−1𝐅𝑛

𝐯𝑛+1∕2 ← 𝐯𝑛−1∕2 + 𝛥𝑡𝐚𝑛
𝒙𝑛+1 ← 𝒙𝑛 + 𝛥𝑡𝐯𝑛+1∕2

⊳ Apply CDM to nonlocal balance ⊲
𝑐 ← 𝛾∕𝜁
̈̄𝛼𝑛 ← 𝐌−1

nl 𝐹
𝑛
nl

̇̄𝛼𝑛+1∕2 ← 2−𝑐 𝛥𝑡
2+𝑐 𝛥𝑡 ̇̄𝛼𝑛−1∕2 +

2𝛥𝑡
2+𝑐 𝛥𝑡 ̈̄𝛼𝑛

𝛼̄𝑛+1 ← 𝛼̄𝑛 + 𝛥𝑡 ̇̄𝛼𝑛+1∕2

⊳ Calculate rate of deformation and spin tensors ⊲
𝐋𝑛+1∕2 ← 𝜕 𝑣𝑛+1∕2𝑖 ∕𝜕 𝑥𝑛+1∕2𝑗
𝐃𝑛+1∕2 ← 0.5(𝐋𝑛+1∕2 + (𝐋𝑛+1∕2)⊤)
𝐖𝑛+1∕2 ← 0.5(𝐋𝑛+1∕2 − (𝐋𝑛+1∕2)⊤)

⊳ Update stress ⊲
𝝈̂𝑛 ← 𝝈𝑛 + 𝛥𝑡(𝐖𝑛+1∕2𝝈𝑛 − 𝝈𝑛𝐖𝑛+1∕2) ⊳ Rotate stress.
𝝈̃𝑛 ← 𝝈̂𝑛 − 𝑞𝑛 ⋅ 𝐈3 ⊳ Subtract bulk viscosity.
(𝝈̃𝑛+1,𝜿𝑛+1) ← 𝛴(𝝈̃𝑛,𝐃𝑛+1∕2, 𝛥𝑡,𝜿𝑛, ̄𝛼𝑛+1) ⊳ Constitutive model.

⊳ Update bulk viscosity ⊲
if t r (𝐃𝑛+1∕2) < 0 then

𝑞𝑛+1 ← 𝜌𝐿(𝐶0𝐿t r (𝐃𝑛+1∕2)2 − 𝐶1𝑎t r (𝐃𝑛+1∕2))
else

𝑞𝑛+1 ← 0
⊳ Combine stress and bulk viscosity ⊲

𝝈𝑛+1 ← 𝝈̃𝑛+1 + 𝑞𝑛+1 ⋅ 𝐈3

2.2. Modified johnson–holmquist model

The local constitutive model used in this paper is based on the
ohnson–Holmquist model (JH2) [7] which has originally been a model
5 
for (quasi-) brittle damage for ceramics. However, other researchers
have determined parameters such that it can simulate the constitutive
behavior for concrete under dynamic loading [38]. For the proposed
modified model, the general structure of the JH2 yield surface and the
OS with parameters from [38] are combined. In the modified model
sed in this paper, several changes have been integrated. First, damage
ill be an exponential function of the equivalent plastic strain in order

o obtain a smooth transition to the fully damaged state. Secondly,
n explicit rate dependency is not considered to exclude regularizing
ffects that are not due to the gradient-enhancement. And finally,
ulking (implemented as pressure increase due to damage) is omitted,
ince we consider this phenomena as not realistic for concrete-like
aterials.

Similar to many other constitutive models for explicit dynamics, the
tress calculation is divided into a part for the determination of the
eviatoric stress 𝐬 = 𝝈 − 1∕3t r (𝝈)𝐈3 with a plasticity formulation that
ses the radial return algorithm and an equation of state from which
he hydrostatic pressure 𝑝 is determined:

𝝈𝑛+1 = 𝛴(𝝈𝑛,𝐃𝑛+1∕2, 𝛥𝑡,𝜿𝑛) (32)

= 𝐬(𝝈𝑛,𝐃𝑛+1∕2, 𝛥𝑡,𝜿𝑛) − 𝑝(𝜌,𝜿𝑛)𝐈3. (33)

In other hydrocode models, the equation of state also depends on the
internal energy, such that 𝑝 = 𝑝(𝜌, 𝑒), but in the case of the JH2 model,
only the density (and an additional history variable) is required.

The parameters for the shape of the yield surfaces of the JH2 model
re named 𝐴, 𝐵 , 𝐶 , 𝑀 , 𝑁 , 𝑇 . The only parameter with a clear physical

meaning is 𝑇 which describes the maximal hydrostatic tensile stress
that the material can withstand. The yield surfaces 𝑌𝑦 and 𝑌𝑟, the
ydrostatic pressure 𝑝, 𝑇 and the scalar strain rate 𝜀̇ are only used as
ormed quantities defined as

𝑌 ∗
𝑦 ∶= 𝑌𝑦∕𝜎HEL, 𝑌 ∗

𝑟 ∶= 𝑌𝑟∕𝜎HEL, 𝑝∗ ∶= 𝑝∕𝑃HEL, 𝑡∗ ∶= 𝑇 ∕𝑃HEL, 𝜀̇∗ = 𝜀̇∕𝜀̇0,

(34)

with the equivalent Mises-stress 𝜎HEL and the hydrostatic pressure at
the Hugoniot elastic limit 𝑃HEL. The reference strain rate 𝜀̇0 is often set
to 1. Note that the use of the letter 𝜀 does not imply a small strain rate
measure, but is merely the notation used in the original source.

The pressure dependent initial yield surface (also called intact yield
surface 𝜎𝑖 in the original source) 𝑌𝑦(𝑝) which initializes plastic flow
efined as

𝑌 ∗
𝑦 (𝑝

∗) = 𝐴 ⋅ (𝑝∗ + 𝑡∗)𝑁 ⋅ (1 + 𝐶 ⋅ ln(𝜀̇∗)) for 𝑝∗ ≥ −𝑡∗. (35)

Since the original JH2 model does not contain hardening, the limit
surface 𝑌𝑚 is equal to the initial yield surface 𝑌𝑦 and reaching the initial
yield surface initializes softening. The residual yield surface 𝑌𝑟 (also
called fractured surface 𝜎𝑓 in the original source) is defined as

𝑌 ∗
𝑟 (𝑝

∗) = 𝐵 ⋅ (𝑝∗)𝑀 ⋅ (1 + 𝐶 ⋅ ln(𝜀̇∗)) for 𝑝∗ ≥ 0 (36)

which means that the material still has strength under hydrostatic pres-
sure, even if the material is completely damaged. In our modification
of the JH2 model, the rate-dependency term is omitted from the yield
surface (𝐶 = 0). In the original source, a current yield surface 𝑌 ∗

𝑐 is
defined as an interpolation between 𝑌 ∗

𝑦 and 𝑌 ∗
𝑟

𝑌 ∗
𝑐 (𝑝

∗, 𝛼) = 𝐷(𝛼) ⋅ 𝑌 ∗
𝑟 (𝑝

∗) + (1 −𝐷(𝛼)) ⋅ 𝑌 ∗
𝑦 (𝑝

∗) (37)

with the damage parameter 𝐷 ∈ [0, 1] which depends on the equivalent
plastic strain 𝛼. It represents the intact material at 𝐷 = 0 and the fully
amaged material at 𝐷 = 1. However, since 𝑌 ∗

𝑟 is not defined for 𝑝∗ < 0,
∗
𝑐 is not defined on 𝑝∗ < 0 and therefore we redefine 𝑌 ∗

𝑐 as

𝑌 ∗
𝑐 (𝑝

∗, 𝛼) =
{

(1 −𝐷(𝛼))𝑌 ∗
𝑦 (𝑝

∗) , 𝑝∗ < 0
(1 −𝐷(𝛼))𝑌 ∗

𝑦 (𝑝
∗) +𝐷(𝛼)𝑌 ∗

𝑟 (𝑝
∗) , 𝑝∗ ≥ 0.

(38)

The yield surfaces are shown in Fig. 1(a). When equivalent plastic strain
is accumulated during a time step, 𝐷 is determined by an exponential
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Fig. 1. Yield surfaces and equation of state of the (modified) JH2 model.
e

s
e

function of the updated equivalent plastic strain

𝐷𝑛+1 = 1 − exp
(

−𝛼𝑛 + 𝛥𝛼
𝑒𝑓

)

, (39)

with a scaling parameter 𝑒𝑓 . This differs from the original formulation
which defined the damage incrementally as

𝐷𝑛+1 = min

{

𝐷𝑛 + 𝛥𝛼
𝜀𝑝𝑓

, 1

}

, 𝜀𝑝𝑓 = 𝐷1(𝑝∗ + 𝑡∗)𝐷2 , (40)

with damage parameters 𝐷1, 𝐷2. The main reason for the modification
is that the original damage formulation has a non-smooth cutoff at the
maximum damage which has lead to non-smooth damage distributions
when used together with the gradient enhancement from Section 2.1.5.
The yield surfaces can be easily reformulated to a more traditional
form, as functions of stress invariants:

𝑌𝑟(𝐼1) = 𝑌 ∗
𝑟

(

−
𝐼1

3 ⋅ 𝑃HEL

)

⋅ 𝜎HEL (41)

𝑌𝑦(𝐼1) = 𝑌 ∗
𝑦

(

−
𝐼1

3 ⋅ 𝑃HEL

)

⋅ 𝜎HEL (42)

𝑐 (𝐼1, 𝛼) = 𝑌 ∗
𝑐

(

−
𝐼1

3 ⋅ 𝑃HEL
, 𝛼
)

⋅ 𝜎HEL. (43)

The yield function is defined as

𝑓 (𝝈, 𝛼) =
√

3𝐽2(𝝈) − 𝑌𝑐 (𝐼1(𝝈), 𝛼). (44)

As mentioned above, the constitutive model is divided into a devi-
atoric part and the equation of state. First, the radial return algorithm
is used to return a trial deviatoric stress back to the yield surface. The
strain increment 𝛥𝜺 within one time step is approximated by

𝛥𝜺 ≈ 𝛥𝑡𝐃𝑛+1∕2. (45)

This approximation is justified due to the rate of deformation tensor
being accurately approximated by the small strain rate 𝜺̇ for small strain
increments. The trial deviatoric stress is determined by

𝐬t r = 𝐬𝑛 + 2𝐺 𝛥𝜺dev, (46)

with the shear modulus 𝐺. This trial stress is then used in the stress
return algorithm to determine the new stress state. We also assume
that the yield surface remains constant during a time step which can be
justified with the small time increments in explicit dynamics. It is also
n assumption that we will use in the gradient-enhancement. Under this
ssumption, a scaling factor 𝜆 is determined such that 𝐬𝑛+1 with

𝐬𝑛+1 = 𝜆 ⋅ 𝐬t r (47)

lies on the yield surface. Therefore

𝜆 = 𝑌𝑐∕𝜎t req. (48)

The increment in equivalent plastic strain from which the new damage
ariable is determined is

𝛥𝛼 =
𝜎t req − 𝑌𝑐

. (49)

3𝐺

6 
After that, the equation of state (see Fig. 1(b)) is evaluated:

𝑝(𝜇) =
{

𝐾1𝜇 +𝐾2𝜇2 +𝐾3𝜇3 𝜇 > 0
max{𝐾1𝜇 ,−𝑇 (1 −𝐷𝑛+1)} 𝜇 ≤ 0,

𝜇 ∶=
𝜌𝑛+1

𝜌0
− 1. (50)

Note that, even though the yield surface depends on the hydrostatic
pressure, the assumption is made that the plastic strain remains devia-
toric and the EOS is not considered when stress is projected back onto
the yield surface. The hydrostatic pressure used for the determination of
the yield surface is therefore 𝑝𝑛 instead of 𝑝𝑛+1. This order of evaluating
a constitutive model is common practice for this kind of model (see
for example Benson [32,36]). The density which is needed for the
evaluation of the EOS is updated using Eq. (3). Since the rate of
deformation tensor is given at 𝑡𝑛+1∕2, we update the density with the
quation

𝜌𝑛+1 = 𝜌𝑛 + 𝛥𝑡 ̇𝜌𝑛+1∕2 (51)

= 𝜌𝑛 − 𝛥𝑡𝜌𝑛+1∕2t r (𝐃𝑛+1∕2). (52)

The density at 𝑡𝑛+1∕2 is approximated by 𝜌𝑛+1∕2 = 0.5 ⋅ (𝜌𝑛 + 𝜌𝑛+1) and
therefore

𝜌𝑛+1 = 𝜌𝑛 − 𝛥𝑡
𝜌𝑛 + 𝜌𝑛+1

2
t r (𝐃𝑛+1∕2) (53)

⇔ 𝜌𝑛+1
(

1 + 𝛥𝑡
2
t r (𝐃𝑛+1∕2)

)

= 𝜌𝑛
(

1 − 𝛥𝑡
2
t r (𝐃𝑛+1∕2)

)

(54)

⇔ 𝜌𝑛+1 =

(

1 − 𝛥𝑡
2 t r (𝐃𝑛+1∕2)

)

(

1 + 𝛥𝑡
2 t r (𝐃𝑛+1∕2)

)𝜌𝑛. (55)

The current density can also be determined from the deformation
gradient since 𝜌 det 𝐅 = 𝜌0. However, our method is more efficient
ince the deformation gradient and its determinant do not need to be
valuated.

In the original formulation, an additional pressure term 𝛥𝑃 is added
to the hydrostatic pressure when damage is accumulated. This effect is
not included in the model for this paper. This effect is not present in
any of the other concrete models that have been discussed in Section 1
and therefore the effect is deemed as non-physical for concrete. The
full source code of the model is published under an open source
license [39].

2.3. Gradient-enhanced modified JH2 model

The reformulation to a nonlocal model follows [28]. Equation
Eq. (39) is reformulated such that the local equivalent plastic strain
𝛼 is replaced by its nonlocal counterpart 𝛼̄:

𝐷𝑛+1 = 1 − exp
(

− 𝛼̄𝑛+1

𝑒𝑓

)

. (56)

Since small oscillations can occur in the nonlocal equivalent plastic
strain, we additionally need to enforce that 𝐷̇ ≥ 0. Otherwise 𝐷 does
not describe an irreversible process.
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Algorithm 3 Algorithm for the modified JH2 model

Input: 𝝈𝑛,𝐃𝑛+1∕2, 𝛥𝑡, 𝐷𝑛, 𝛼𝑛, 𝜌𝑛
utput: 𝝈𝑛+1, 𝐷𝑛+1, 𝛼𝑛+1, 𝜌𝑛+1
⊳ Split stress components ⊲

𝐼1 ← t r (𝝈𝑛)
𝐬𝑛 ← 𝝈𝑛 − 1

3 𝐼1𝐈3
⊳ Radial return algorithm ⊲
⊳ Calculate deviatoric part of 𝐃𝑛+1∕2 ⊲

𝐃𝑛+1∕2
dev ← 𝐃𝑛+1∕2 − 1

3 t r (𝐃𝑛+1∕2)𝐈3
⊳ Calculate trial stress and equivalent stress ⊲

𝐬t r ← 𝐬𝑛 + 2𝐺𝐃𝑛+1∕2
dev ⋅ 𝛥𝑡

𝜎t req ←
√

3
2 𝐬

t r ∶ 𝐬t r
⊳ Determine current yield stress and update trial stress ⊲

𝑝 ← − 1
3 𝐼1

𝑝∗ ← 𝑝∕𝑃HEL

𝑌 ∗
𝑐 ←

{

(1 −𝐷𝑛)𝑌 ∗
𝑦 (𝑝

∗) , 𝑝∗ < 0
(1 −𝐷𝑛)𝑌 ∗

𝑦 (𝑝
∗) +𝐷𝑛𝑌 ∗

𝑟 (𝑝
∗) , 𝑝∗ ≥ 0

𝑌𝑐 ← 𝑌 ∗
𝑐 ⋅ 𝜎HEL

if 𝜎t req > 𝑌𝑐 then
𝜆 ← 𝑌𝑐∕𝜎t req

else
𝜆 ← 1

𝐬𝑛+1 ← 𝜆 ⋅ 𝐬t r
𝛼𝑛+1 ←

𝐬t req−𝑌𝑐
3𝐺 + 𝛼𝑛

𝐷𝑛+1 ← 1 − exp
(

− 𝛼𝑛+1

𝑒𝑓

)

⊳ Equation of state ⊲

𝜌𝑛+1 ←

(

1− 𝛥𝑡
2 t r (𝐃𝑛+1∕2)

)

(

1+ 𝛥𝑡
2 t r (𝐃𝑛+1∕2)

)𝜌𝑛

𝜇 ← 𝜌𝑛+1

𝜌0
− 1

𝑝𝑛+1 ←

{

𝐾1𝜇 +𝐾2𝜇2 +𝐾3𝜇3 𝜇 > 0
max{𝐾1𝜇 ,−𝑇 (1 −𝐷𝑛+1)} 𝜇 ≤ 0

⊳ Combine stress ⊲
𝝈𝑛+1 ← 𝐬𝑛+1 − 𝑝𝑛+1𝐈3

The damage 𝐷 is updated at the beginning of a time step and
he yield surface is then assumed to remain constant. As in the local
ormulation, this can be justified by the small time increments. If the
tep is plastic, then the local equivalent plastic strain is updated and
nserted into the nonlocal balance equation for the next time step.

The constitutive model then becomes a function 𝛴(𝝈,𝐃, 𝛥𝑡,𝜿, ̄𝛼)
which depends on the nonlocal equivalent plastic strain.

2.4. Gradient-enhanced modified JH2 model with hardening

As mentioned in the introduction, it has been observed in implicit
alculations that just replacing the local plastic strain in the yield
urface by its nonlocal counterpart can still lead to strain localization.
n [18], Jirásek and Rolshoven derive conditions for a general form
f a yield surface in gradient plasticity from an analysis of a one-

dimensional example. Their conclusion is that a gradient-enhanced
softening plasticity model needs to include hardening with respect
to the local equivalent plastic strain in order to avoid localization
of plastic strains into one element. However, in the combination of
hardening and softening, the softening still needs to be dominant,
because otherwise plastic strain would be uniformly distributed.

In a paper by Engelen et al. [15], the yield surface has a multiplica-
tive format, such that a hardening term is multiplied with a factor 1 −𝜔
which tends to zero. Similarly, we introduce a hardening factor 𝐻 into
7 
the yield surface of the modified JH2 model:

𝑌 ∗
𝑐 (𝑝

∗, 𝛼 , ̄𝛼) =
{

𝐻(𝛼)(1 −𝐷(𝛼̄))𝑌 ∗
𝑦 (𝑝

∗) , 𝑝∗ < 0
𝐻(𝛼)(1 −𝐷(𝛼̄))𝑌 ∗

𝑦 (𝑝
∗) +𝐷(𝛼̄)𝑌 ∗

𝑟 (𝑝
∗) , 𝑝∗ ≥ 0.

(57)

with

𝐷(𝛼̄) =
⎧

⎪

⎨

⎪

⎩

0 𝛼̄ < 𝛼̄0
1 − exp

(

𝛼̄0−𝛼̄
𝑒𝑓

)

𝛼̄ ≥ 𝛼̄0
(58)

(𝛼) = ℎ𝛼 + 1 (59)

and the yield function

𝑓 (𝝈, 𝛼 , ̄𝛼) =
√

3𝐽2(𝝈) − 𝑌𝑐 (𝐼1(𝝈), 𝛼 , ̄𝛼). (60)

This new model has hardening with respect to the local equivalent plas-
tic strain, but since damage is an exponential function, the hardening is
not the dominant term and therefore the conditions from [18] should
be fulfilled in most relevant cases.

3. Results

The following examples have been implemented in Python using
FEniCSx [40] for the determination of nodal forces, gradients and mass

atrices. The constitutive models have been implemented in Rust to
improve the computational efficiency [39]. The code to obtain the re-
sults can be downloaded from Zenodo [41]. The compute environment
is available as a conda-lock1file to ensure reproducible results.

3.1. 1D

In order to investigate mesh-dependency and -independency, it is
equired to achieve a reproducible damage pattern among different
esh-discretizations. This makes dissipated energy plots a useful mea-

ure for the determination of mesh-dependency. In the proposed 1D
roblem, an impact-like tension force is applied at both boundaries of
he domain simultaneously, such that the amplitude is small enough to
ot cause damage at the boundaries. When the waves from the bound-
ries are superimposed in the middle of the domain, their combined
mplitude causes damage. With this example, the mesh-dependency of
ocal models and regularizing properties of gradient-enhanced models
n a dynamic loading scenario can be investigated. The geometry and
oundary conditions are illustrated in Fig. 2. Uniaxial strain is assumed

for the simulation with a cross section area of 1 unit-square to avoid
additional constants.

The domain is discretized using linear finite elements with one
ntegration point per element, according to Gaussian quadrature rules.
he time step used in the final simulations is the critical time step of the
echanical problem multiplied with the safety factor 2−7 since this was

ometimes required for a converging solution. The stability criterion
f the nonlocal balance equation was fulfilled in all one-dimensional

simulations when the critical timestep of the mechanical problem was
used with the safety factor 0.5. For some simulations, a larger time step
would have been sufficient, but for better comparability the same safety
factor was chosen for all simulations.

3.1.1. Local model
The local model from Section 2.2 is used together with parameters

from Xu and Zuo [38] for the shape of the yield surface and the
quation of state. The additional parameter 𝑒𝑓 for the damage evolution

is chosen such that 𝐷 becomes approximately 1 at 𝛼 = 0.01 which is
 lower bound for the equivalent plastic fracture strain for concrete
rom Holmquist et al. [6]. Therefore, 𝑒𝑓 = 0.002 is chosen (see also

Table 1). This model leads to an accumulation of damage and plastic

1 https://github.com/conda/conda-lock

https://github.com/conda/conda-lock
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Fig. 2. Setup of one dimensional experiment.
Fig. 3. Damage distribution of 1D example with local JH2 model for different element sizes ℎ at 𝑡 = 0.6ms. The damage and the equivalent plastic strain are mostly restricted to
one element for all element sizes. This shows the mesh dependency in a dynamic loading scenario.
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Table 1
Parameters of the modified JH2 model, the gradient-enhanced version and the gradient-
enhanced version with hardening.

Parameter Local model Nonlocal model Nonlocal model
with hardening

𝜌0 [k g m−1] 2400 2400 2400
𝐺 [GPa] 12 12 12
𝐴 [−] 0.6304 0.6304 0.5043
𝐵 [−] 0.2101 0.2101 0.2101
𝑀 [−] 0.8437 0.8437 0.8437
𝑁 [−] 0.8437 0.8437 0.8437
𝑇 [MPa] 3.4 3.4 3.4
𝜎HEL [MPa] 1005 1005 1005
𝑃HEL [MPa] 811 811 811
𝐾1 [GPa] 16.667 16.667 16.667
𝐾2 [GPa] 73.19 73.19 73.19
𝐾3 [GPa] −236.2 −236.2 −236.2
𝑒𝑓 [−] 0.002 0.002 0.002

𝑙[m] – 0.01 0.01
𝜁 [ms2] – 10−5 10−5

𝛾[ms] – 10−3 10−3

𝛼̄0[−] – – 0.0025
ℎ[−] – – 100

strain in the middle of the domain. The damage accumulation is also
more or less restricted to one element which can be seen in Fig. 3. This
s further shown in the dissipated plastic energy in Fig. 5(a) which tends

to zero with mesh refinement. The local model is very sensitive to time
step refinement and we found a safety factor 2−7 = 0.0078125 – i.e. 7
refinement steps – was sometimes needed to ensure that the internal
energy converges (see Fig. 4). Convergence with time step refinement
epends on the physics of the problem, but for the mesh-dependent
esults, the physics change with mesh-refinement. Therefore, even for

fine meshes which have a rather small critical timestep, the safety
factor of 2−7 can be necessary.
 b

8 
3.1.2. Gradient-enhanced model
Next, the gradient-enhanced model described in Section 2.3 is tested

with the same parameters as the local model. The parameters 𝜁 , 𝛾 have
 direct influence on the rate-dependent response of the material since
determines the speed with which the nonlocal equivalent plastic

train is propagated. This delayed accumulation of strain and therefore
amage has been used in [26] to model the dynamic strength increase

in concrete. Choosing the appropriate values would require comparison
to data from experiments which is beyond the scope of this paper. How-
ver, starting from values that have been chosen by Häussler-Combe
nd Panteki [42] for a damage model, we conducted a sensitivity

analysis for the inertia parameter 𝜁 for the one-dimensional test case
ith 1282 degrees of freedom. Fig. 6 shows that increasing 𝜁 results in

a delayed accumulation of damage, but reducing 𝜁 beyond the starting
value does not significantly influence the outcome. For the examples in
this paper, we chose 𝑙 = 10 mm and the parameters given in [42] with
= 10−5 ms2, 𝛾 = 10−3 ms (see also Table 1). We leave the determi-

nation of parameters for modeling strain rate effects in our proposed
lasticity model as a topic for further research. Using this approach,
he damage is distributed over several elements. However, the local
lastic strain can still be restricted to one element and therefore energy
s mostly dissipated in one element(see Fig. 7). This means that – in this
oading scenario – the dissipated plastic energy can still tend to zero
ith mesh-refinement. This is evidenced by Fig. 5(b) which shows that

the dissipated plastic energy decreases monotonically. However, since
the nonlocal equivalent plastic strain cannot be larger in magnitude
than the maximum of the local equivalent plastic strain, the gradient-
enhanced model does not tend to zero as fast as the local model.

his model is generally less sensitive to time step refinement when
ompared to the local model (see Fig. 8). Often, a larger timestep can
e used to achieve the same internal energy plot.
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Fig. 4. Internal energy plots for the one-dimensional experiment using the local model. The influence of the safety factor for the critical time step is significant for all mesh-
iscretizations.
Fig. 5. For the 1D problem, the dissipated plastic energy is shown. With the local model, the plastic energy tends to zero with mesh refinement. The same is true for the nonlocal
odel. The dissipated plastic energy of the nonlocal model with hardening converges to a non-zero value.
t

3.1.3. Gradient-enhanced model with hardening
Lastly, the gradient-enhanced model with hardening from Sec-

tion 2.4 is investigated. Additional parameters compared to the previ-
us model are the hardening parameter ℎ and 𝛼̄0. In order to keep the
odels comparable, we want to initiate softening at approximately the

same equivalent stresses as in the other models. Therefore the initial
yield surface is reduced by 20% (meaning the parameter 𝐴) and then
the slope of 𝐻 is chosen such that the yield surface at 𝛼 = 𝛼̄0 equals
the intact yield surface of the model without hardening. Note that
softening is controlled by the nonlocal equivalent plastic strain which
results in the fact that the actual onset of softening varies between
the different formulations. The parameter 𝛼̄0 is chosen as 0.0025, and
the other parameters are therefore 𝐴 = 0.5043, ℎ = 100 because then
𝐻(𝛼̄0) ⋅ 𝐴 = (100 ⋅ 0.0025 + 1) ⋅ 0.5043 ≈ 0.6304 which is the value of 𝐴
for the model without hardening (see also Table 1).

The gradient enhanced model with hardening shows the best regu-
larization properties of the investigated models. The localization of the
9 
equivalent plastic strain has been effectively mitigated (see Fig. 9). The
dissipated energy does not tend to zero in this example and the sensi-
ivity of the results on the mesh density is very small. The dissipated

plastic energy converges, but only for very fine discretizations.
In these examples, the model only needs a safety factor of 2−1 = 0.5

for the critical time step since the internal energy does not change
significantly with mesh-refinement. Only for the coarsest mesh, the in-
ternal energy changes with further refinement (see Fig. 10). Therefore,
the computational cost of the model can even be lower when compared
to the local model.

3.2. 2D Wedge-splitting

For the next example, we consider a wedge-splitting experiment
(see Fig. 11) which has been investigated by Ožbolt et al. [43]. In
these experiments, wedge samples made from concrete are pulled apart
by a prescribed velocity in order to investigate the rate-dependent
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Fig. 6. Sensitivity analysis of the parameter 𝜁 . For increasing values, the accumulation
of damage is delayed due to inertia effects. For smaller values, changing 𝜁 does not
significantly influence damage accumulation..

strength increase of concrete. We consider a simplified 2-dimensional
etup under the assumption of plane strain, an assumed thickness in 𝑧-
irection of 1 length unit, i.e. 1 meter and apply a velocity of 0.25 m∕s.
he domain is discretized using first order quadrilateral finite elements
ith 4 Gaussian quadrature points. As in the 1D examples, the critical

ime step is multiplied with a safety factor of 2−7. The experiment is
nvestigated with the local model and the same parameters as for the
D model in Section 3.1.1 and the nonlocal model with the additional

parameters as in Section 3.1.3
At first, it can be observed in Fig. 13 that the damage pattern

using the local model is not consistent throughout all element sizes.
Only for the coarsest discretization one crack appears, whereas two
cracks appear in all other cases. Although, the damage pattern is not
as consistent as in the one-dimensional example, the dissipated energy
learly tends to zero with mesh refinement (see Fig. 12(b)). So, in
ddition to a mesh-dependent dissipated energy, we also observe a
esh-sensitive formation of cracks.

The results using the gradient-enhanced model with hardening are
substantially improved compared to the local model by having a con-
sistent damage pattern as observed in Fig. 14 and the width of the
damaged zone is significantly larger than one element. Furthermore,
he relative difference in dissipated plastic energy between the fine
iscretizations is much smaller for the gradient-enhanced model. Differ-
nces in the dissipated energy can also be due to numerical variations
n the crack pattern. Although a small element size is chosen for the
inest mesh, a converging solution is not yet achieved. This suggests
hat the conditions derived in [18] may not be sufficient to ensure mesh
onvergence in a dynamic loading scenario. Furthermore, a spurious
ncrease of the damaged zone is observed which goes beyond the
ntended regularization. This can be due to a continuous increase in
ocal plastic strain after a full crack formation and thus a continuous
ncrease of the nonlocal zone, which has been discussed by Poh and
un [44] and a modification of the gradient-enhancement approach
as suggested that inhibits this behavior. This will be a focus of further

esearch.
In this experiment, the safety factor needed to ensure convergence

oes not differ significantly between the nonlocal model and the local
model. In both cases, the safety factor 2−7 is often unnecessary to
nsure that the internal energy converges and larger timesteps can be
sed. The convergence plots are shown in the appendix in Fig. C.21 for
he local model and in Fig. C.22 for the nonlocal model with hardening.

3.3. 2D 4-point bending test

Finally, as an example of a complex damage pattern, we consider
a four-point bending experiment with a notched test specimen (see
10 
Fig. 15). The experiment is modeled in two dimensions under the
assumption of plane strain and an assumed thickness in 𝑧-direction of 1
length unit, i.e. 1 meter. The supports are modeled using a linear elastic

aterial with parameters for steel. At the upper supports, the velocity
𝑣𝑦 in 𝑦 direction is prescribed with

𝑣𝑦(𝑡) =
{ 0.25 m∕s

0.0001 s ⋅ 𝑡, 𝑡 ≤ 0.0001 s
0.25 m∕s, 𝑡 > 0.0001 s. (61)

In order to reduce computational cost and to avoid small timesteps due
o the stiffness of steel, part of the mesh is coarse and only the part
here damage is expected to happen is discretized with a fine mesh.
irst-order triangular elements are used with the mass matrix being
umped by adding all entries in a row. The concrete is modeled with the
ame parameters as in the wedge-splitting example from the previous
ection and the parameters for steel are 𝜌 = 7850k g∕m3 for the density,
= 81GPa for the shear modulus and 𝜈 = 0.3 for the Poisson’s ratio.
The mesh convergence is carried out by supplying the meshing tool

(Gmsh was used) with a reduced characteristic length for both the
teel and the concrete elements. Therefore, we have less control over
he exact element sizes used in the simulation when compared to the
revious examples which used structured meshes with approximately
niform element sizes. As in the previous examples, the critical timestep
s used with a safety factor of 2−7.

The crack pattern that is developed with both the local and the non-
ocal model with hardening reflects well the crack pattern observed in
xperiments. However, the local model exhibits several cracks besides
he main crack at the notch (see Fig. 18). Using the nonlocal model,
nly one crack is developed, starting from the notch and ending close
o the upper right support (see Fig. 19). As in the previous examples,

the damage for the local model localizes into only a few elements
and the crack width decreases with mesh refinement. For the finest
discretizations of the nonlocal model, the shape and width of the crack
converge.

The dissipated plastic energy converges for the nonlocal model
(see Fig. 16(b)), however for the local model, the dissipated plastic
energy does not clearly tend to zero as in the previous examples.
Without further investigation, this could suggest that the nonlocal
model does not offer any improvement for this example. However,
this result is probably due to the inconsistent crack pattern produced
by the local model which differs between discretizations and even
before the main crack has developed, several other cracks have begun
forming. Therefore, it makes sense to look at the reaction forces as an
alternative measure for convergence. In Fig. 17(a), we can observe that
the reaction forces for the local model do not converge, but those for
the nonlocal model do (see Fig. 17(b)).

This example also shows the spurious growth of the damage zone
as the example from Section 3.2 when the crack opens. In Fig. 19, the
amage distribution is shown at 1.2 ms right when the crack has fully
ropagated for the three finest discretizations. Considering that 𝑙 =

10 mm was chosen, the damage zone has not yet undergone noticeable
purious growth. However, letting the simulation continue after 1.2 ms,
e can clearly see in Fig. 20 that the damage zone grows since plastic

train inside the crack increases.

4. Discussion and conclusion

In this paper, a special class of softening plasticity models that
ave been used for a long time in the modeling of concrete under
xtreme loading conditions, has been investigated. For that purpose, a
odified version of the JH2 model (e.g. modified damage formulation)

s a representative for this class of models has been introduced. The
nalysis has been carried out using classical approaches like the central
ifference method for time integration, an artificial bulk viscosity for
andling of shocks and the Jaumann stress rate in order to handle

large deformations. Diagonal mass matrices have been obtained using
Gauß-Lobatto quadrature rules.
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Fig. 7. Damage distribution of 1D example with nonlocal JH2 model for different element sizes ℎ at 𝑡 = 0.6 ms. The damage is not restricted to one element for all element sizes,
but the local equivalent plastic strain still is.

Fig. 8. Internal energy plots for the one-dimensional experiment using the nonlocal model. The influence of the safety factor for the critical time step is small compared to the
local model.

Fig. 9. Damage distribution of 1D example with nonlocal JH2 model with hardening for different element sizes ℎ at 𝑡 = 0.6 ms. The damage and the local plastic strain are not
restricted to one element, but distributed over several elements.

Fig. 10. Internal energy plots for the one-dimensional experiment using the nonlocal model with hardening. The influence of the safety factor for the critical time step is small
for all mesh-discretizations.
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Fig. 11. Wedge splitting problem, experimental setup.

A new one-dimensional benchmark experiment has been proposed
which enables reproducible damage patterns for different mesh-
iscretizations. It was shown that the local modified JH2 model pro-
uces mesh-dependent results in this benchmark, with a decreasing
issipated plastic energy for decreasing element sizes.

The gradient-enhancement approach by Häußler-Combe and Kitzig
[26],Davaze et al. [28] was then used to determine a nonlocal equiv-
lent plastic strain by introducing inertia and damping terms into the
elmholtz-type PDE from the quasi-static case [19]. In a first attempt,

the local equivalent plastic strain was replaced by the nonlocal equiva-
lent plastic strain in the modified JH2 model. This approach is effective
in distributing the equivalent plastic strain over several elements with-
out involving the need for the solution of a linear system of equations.
However, for pure softening models, this approach leads to strain
localization and decreasing dissipated plastic energy which is consis-
tent with observations from quasi-static gradient plasticity. Therefore,
a local hardening term was introduced into the gradient enhanced
model. This new model inhibits strain-localization and leads to con-
verging dissipated plastic energies in the one-dimensional benchmark,
as well as to a reduced mesh sensitivity in a complex two-dimensional
wedge-splitting experiment. In an additional four-point bending exper-
ment with a complex damage pattern, a converging reaction force
as observed. The damage-pattern and width of the damage zone

are consistent between different mesh discretizations. However, an
rtificial growth of the damage zone was observed which can happen
hen strain increases in a fully damaged zone. This effect has also
een observed by Poh and Sun [44] and a different formulation of
he nonlocal equivalent strain has been introduced. Including this
ethodology into a dynamic loading scenario will be the topic of future

esearch.
The local model required a very small safety factor for the critical

time step. This was generally not the case for the nonlocal model with
hardening where a safety factor of 2−1 = 0.5 was often enough in
the one-dimensional example and a safety factor of 2−3 = 0.125 was
sufficient in the two-dimensional example. This means that although
an additional PDE is solved for the gradient-enhancement, the overall
computational cost can potentially be even reduced with a regularized
model.

The conditions for gradient plasticity derived by Jirásek and Rol-
hoven [18], when applied to the dynamic loading scenarios, ensure
hat plastic strain does not localize into one element. However, for a
onverging solution, a very fine mesh-resolution was required in the
ne-dimensional example and in the two-dimensional example, mesh
ensitivity was reduced, but a converging solution was not yet achieved.
herefore, further research is needed to determine conditions that a
onstitutive model must fulfill in addition to those described by Jirásek
nd Rolshoven [18].

It was confirmed that, depending on the choice of the inertia
parameter 𝜁 , the accumulation of damage in the modified nonlocal
H2 model could be delayed as in a model by Häußler-Combe and
12 
Kitzig [26]. Therefore, further investigation of the inertia parameter 𝜁
nd the damping parameter 𝛾 for the simulation of a dynamic strength
ncrease in plasticity models needs to be carried out and compared

against rate-dependent plasticity formulations as in the RHT model.
hese comparisons should be accompanied by parameter estimation

using real experimental data and e.g. Bayesian Inference to ensure
that improvements have been made through the different modeling
approach and not due to the parameter choice.
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Appendix A. Energy calculations

The internal energy is the sum of the elastic energy and the dissi-
pated plastic energy and other dissipated energy terms 𝐸ot her
𝐸int = 𝐸el + 𝐸pl + 𝐸ot her = ∫𝛺

𝜌𝑒d𝑉 . (A.1)

We calculate these energies incrementally by solving Eq. (2). This
equation can be split into a part that only depends on the deviatoric
art of the stress and a part that depends on the hydrostatic pressure
see [36]).

Therefore, Eq. (2) becomes

̇ = 1
𝜌

(

𝐬 ∶ 𝐃dev +
1
3
⋅ t r (𝝈)t r (𝐃)

)

(A.2)

When a bulk viscosity is used, the volumetric stress can be further split
nto a viscous part 𝑞 and the hydrostatic pressure 𝑝 from the equation
f state:
1
3
t r (𝝈) = −(𝑝 + 𝑞) (A.3)

Therefore (A.2) becomes

̇ = 1
𝜌
(

𝐬 ∶ 𝐃dev − 𝑝t r (𝐃))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝑒̇model=𝑒̇el+𝑒̇pl

−1
𝜌
𝑞t r (𝐃)

⏟⏞⏞⏟⏞⏞⏟
=∶𝑒̇ot her

. (A.4)

From the assumption that the rate of deformation tensor can be split
dditively into a plastic and an elastic part

𝐃 = 𝐃el + 𝐃pl, (A.5)

we get

̇ = 1 (

𝐬 ∶ 𝐃 − 𝑝t r (𝐃 )
)

+ 1 (

𝐬 ∶ 𝐃 − 𝑝t r (𝐃 )
)

. (A.6)
model 𝜌 dev,el el 𝜌 dev,pl pl
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Fig. 12. 2D problem, dissipated energy.
Fig. 13. Damage distribution of the 2D problem with local model at the end of the simulation.
Fig. 14. Damage distribution of the 2D problem with nonlocal model with hardening at 𝑡 = 4 ms.
𝑒

Since in our examples, no energy dissipation happens in the equation of
state, we will only look into the dissipated plastic energy that occurs as
part of the radial return algorithm. During the radial return algorithm,
we determine a scaling factor 𝜆 ∈ R for the trial deviatoric stress 𝐬t r
such that

𝐬𝑛+1 = 𝜆𝐬t r . (A.7)

We want to find 𝐃dev,el such that

𝐬𝑛+1 = 𝐬𝑛 + 2𝐺𝐃dev,el ⋅ 𝛥𝑡
𝑛+1. (A.8)

Therefore

𝐬𝑛+1 = 𝜆𝐬t r (A.9)

= 𝜆𝐬𝑛 + 2𝐺 𝜆𝐃dev ⋅ 𝛥𝑡
𝑛+1 (A.10)

= 𝐬𝑛 − (1 − 𝜆)𝐬𝑛 + 2𝐺 𝜆𝐃dev ⋅ 𝛥𝑡
𝑛+1 (A.11)

= 𝐬𝑛 − 2𝐺
2𝐺

⏟⏟⏟
(1 − 𝜆)𝐬𝑛 + 2𝐺 𝜆𝐃dev ⋅ 𝛥𝑡

𝑛+1 (A.12)
=1

13 
= 𝐬𝑛 + 2𝐺
(

−(1 − 𝜆)
2𝐺

𝐬𝑛 + 𝜆𝐃dev ⋅ 𝛥𝑡
𝑛+1

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝐃dev,el⋅𝛥𝑡𝑛+1

. (A.13)

The elastic deviatoric rate of deformation is then

𝐃dev,el =

(

−(1−𝜆)
2𝐺 𝐬𝑛 + 𝜆𝐃dev ⋅ 𝛥𝑡𝑛+1

)

𝛥𝑡𝑛+1
(A.14)

and the plastic deviatoric rate of deformation

𝐃dev,pl = 𝐃dev − 𝐃dev,el. (A.15)

The dissipated plastic energy rate is then calculated from

̇pl =
1
𝜌
(

𝐬 ∶ 𝐃dev,pl
)

. (A.16)

Appendix B. Weak form of the nonlocal balance equation
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Fig. 15. Four-point bending test, experimental setup. The elements near the notch are meshed with a characteristic length of ℎ, whereas the rest of the domain is meshed with
ℎot her = 5 ⋅ ℎ..

Fig. 16. Four point bending problem, dissipated energy.

Fig. 17. Four point bending problem, reaction forces in 𝑦 direction from the lower supports.
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Fig. 18. Damage distribution of the four-point bending test with local model at 0.7 ms.

Fig. 19. Damage distribution of the four-point bending test with nonlocal model with hardening at 1.2 ms.
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Fig. 20. Spurious growth of damage zone after full crack formation.
Fig. C.21. Internal energy plots for the wedge-splitting experiment using the local model.
Fig. C.22. Internal energy plots for the wedge-splitting experiment using the nonlocal model with hardening.
The weak form of the nonlocal balance equation
{

𝑙2∇2𝛼̄ − 𝛾 ̇̄𝛼 + (𝛼 − 𝛼̄) = 𝜁 ̈̄𝛼 on 𝛺
∇𝛼̄ ⋅ 𝐧 = 0 on 𝜕 𝛺 . (B.1)
16 
is determined by multiplying with a test function 𝛿 𝜀 and integrating
over the domain 𝛺

∫𝛺
𝑙2∇2𝛼̄ 𝛿 𝜀d𝑉 − 𝛾 ∫𝛺

̇̄𝛼 𝛿 𝜀d𝑉 + ∫𝛺
(𝛼 − 𝛼̄)𝛿 𝜀d𝑉 = 𝜁 ∫𝛺

̈̄𝛼 𝛿 𝜀d𝑉 . (B.2)
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e

1
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Applying the divergence theorem

∫𝛺
∇ ⋅ 𝐹d𝑉 = ∫𝜕 𝛺

𝐹 ⋅ 𝐧𝑑 𝑆 (B.3)

with 𝐹 = 𝛿 𝜀𝑙2∇𝛼̄ yields

∫𝛺
𝑙2∇2𝛼̄ 𝛿 𝜀 + 𝑙2∇𝛼̄ ⋅ ∇𝛿 𝜀d𝑉 = ∫𝜕 𝛺

𝛿 𝜀𝑙2 ∇𝛼̄ ⋅ 𝐧
⏟⏟⏟

=0

𝑑 𝑆 . (B.4)

Since we assume that ∇𝛼̄ ⋅ 𝐧 vanishes on the boundary, (B.2) becomes

𝜁 ∫𝛺
̈̄𝛼 𝛿 𝜀d𝑉 = − ∫𝛺

𝑙2∇𝛼̄ ⋅ ∇𝛿 𝜀d𝑉 − 𝛾 ∫𝛺
̇̄𝛼 𝑣∗d𝑉 (B.5)

+ ∫𝛺
(𝛼 − 𝛼̄)𝑣∗d𝑉

⇔ −𝜁 ∫𝛺
̈̄𝛼 𝛿 𝜀d𝑉

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
iner t ia

=∫𝛺
𝑙2∇𝛼̄ ⋅ ∇𝛿 𝜀 + (𝛼̄ − 𝛼)𝛿 𝜀d𝑉

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐹nl

(B.6)

+ 𝛾 ∫𝛺
̇̄𝛼 𝛿 𝜀d𝑉

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
damping

.

Appendix C. Time step sensitivity analysis for the wedge-splitting
xample

See Figs. C.21 and C.22.

Data availability

The code for the paper will be shared on Zenodo http://dx.doi.org/
0.5281/zenodo.13983860.
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