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1. Semi-grand canonical ensemble and evaluation of the phase diagram properties

Equilibrium calculations were performed with two purposes in mind. Firstly, the results give an indication of the
quality of the potential in terms of reproducing the experimental phase diagram. Secondly, the equilibrium calculations
allow us to precisely control the solidification driving force, and therefore the solidification velocity. This is achieved
by adjusting the temperature and the composition of the system relative to the known equilibrium temperature and
corresponding solidus and liquidus concentrations.

For this bond-order potential, the melting point of pure Al was determined with two-phase coexistence method by
the potential developers, Zhou et al. [1]. At the melting point, the solid and liquid free energies are the same. This
point will serve as the reference to determine the free energy difference between Al solid and liquid as a function of
temperature or undercooling. This difference can be well described by the well-known approximation,
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where L is the latent heat. In practice, since only the free energy difference is important, one can set Gi’l’”id(T) =0
for each temperature. We can now determine the free energy as a function of composition using Monte Carlo (MC)
simulations in the so-called ‘semi-Grand Canonical ensemble’ [2]. The system is maintained at fixed temperature,
pressure, and total number of atoms, but the composition is allowed to change with an imposed potential specified
by the user. The applied chemical potential is the chemical potential difference (also known as ‘diffusion potential’)
Au = pey — pa- Simulations were performed in either the liquid or FCC state on boxes containing 6912 atoms
(12x12x12 unit cells of FCC). The composition as a function of applied chemical potential is presented in Figure 1.

The systems were equilibrated for a total of 420,000 MD time steps where N atom type swaps from Al to Cu or
vice-versa was attempted every 1000 MD time steps, where N is the total number of atoms. Statistics were generated
over another 420,000 time steps plus swaps (the gray areas in Figures 1(a) and (b)). As shown in Ref. [3], one can fit
Au vs. c¢, data to the form

n=3
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where A? are the fitted polynomial coefficients for phase ¢ = FCC or liquid.
The free energy as a function of temperature and composition now reads
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constant

is a constant determined from Equation 1. The results are shown in Figure 2. Finally, the equilibrium

concentrations for both phases are determined by finding the intersection of the grand potential curves, as shown in

where A?
Figure 3.
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Figure 1: Chemical potential difference versus solute concentration data, for the a) solid and b) liquid phases, at 7 = 890 K.
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Figure 2: The Gibbs free energy G, obtained by integrating the chemical potential, as a function of the solute concentration c, at 7 = 890K, for
the (gray line) liquid and (black line) solid phase.

2. Evaluation of diffusion coefficient

The self-diffusivity coefficient D is derived from equilibrium MD computations using a relation involving the
mean-square displacement (MSD) of atoms [4]:

(Lx(t) = x(O)F) = 2Dx “

This result applies when time ¢ is significantly larger than the average duration between collisions. The Einstein
relation, i.e. Equation 4, can be rewritten in the form
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Figure 3: Grand potential as a function of chemical potential difference y for (gray line) liquid and (black line) solid phase at 7 = 890 K. The
intersection of the curves gives the equilibrium chemical potential difference Au, which is related to the liquidus and solidus concentrations at
the given temperature. Solid curves correspond to the chemical potential range used in SGC ensemble computations, whereas dashed curves are
extrapolated.

where x;(7) is a Cartesian coordinate of atom 7 at time . Mean square displacement must be evaluated from “un-
wrapped” coordinates, i.e., values from which periodic boundary condition are not applied. The relation shows that D
is proportional to the slope of MSD in long periods of time. The ensemble average is over all atoms and time origins.
Assuming the system is isotropic, the self-diffusivity is given by the arithmetic mean of the values obtained in the
three orthogonal directions.

The equilibrium MD system was cubic with sides measuring 32.4 A in length and comprising of 2048 atoms, with
periodic boundary condition in all three coordinate directions. The liquid system was prepared by initializing a FCC
crystal of aluminum atoms, which was melted at a relatively high temperature (7 = 2000 K) in the NPT ensemble
for a duration of 20 ps simulation time. Subsequently, the system was equilibrated at the given temperature for 20 ps
of simulation time. Finally, data is produced during a simulation time of 200 ps. Snapshots are gathered every 50
time steps, using a time step of 1fs. The pressure is fixed at zero in simulations and temperature is controlled by a
Nosé-Hoover thermostat.

The diffusivity computation is repeated with varying simulation parameters, i.e., global thermostat temperature
Thom and nominal solute concentration c,om,. The parameters are given in Table 1.

Thom Cnom
(K) (at-%)
889 8
917 4
931 2
938 1

1000 2

Table 1: Simulation run parameters, i.e., global thermostat temperature 7oy and nominal solute concentration cpom for self-diffusivity computa-
tions.

The result of the MSD computation for the simulation conducted at Ty, = 931 K is given in Figure 4. The slope
of the linear fit is proportional to the self-diffusivity value in the given coordinate direction. The result for the self-
diffusivity is given by the arithmetic average of the three self-diffusivity values. The differences between the three
diffusivity values are relatively large, which implies a relatively large statistical error in the result. Results of the
simulations are shown in Figure 5 in Arrhenius form. The results are also compared with aluminum self-diffusivity
values obtained by Zhang et al. [5] (roughly estimated from the corresponding Arrhenius plot) in Figure 5, showing
that the diffusion coefficients evaluated with this potential is consistent with the results obtained by Zhang et al. [5].
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Figure 4: Mean square displacement of copper atoms (MSD) as a function of time interval in nanoseconds for each coordinate direction (from top
to bottom: x, y and z). The graphs for x and z directions have been offset vertically for clarity. The diffusivity coeflicient is proportional to the slope

of the MSD curve. The simulation temperature is Thom = 931 K and the copper concentration is chom = 2 at—%
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Figure 5: Diffusion coefficient D versus temperature T in Arrhenius form, where the diffusion coefficient is shown on a logarithmic scale and
the temperature is shown on an inverted reciprocal scale. The colored markers indicate data derived from MD simulations, and the dashed line
corresponds (approximately) to the results obtained by Zhang et al. [5]. The curve is obtained using the Arrhenius equation for the diffusion
coeflicient D = Dg exp(—Q/kpT), for parameter values Do = 277 - 1073 cm?/s and Q = 0.375¢eV.



3. Anisotropic solid-liquid interface energy

The method used to compute the solid-liquid interface free energy y and its anisotropy is the capillary fluctuation
method introduced by Hoyt et al. [6]. In this technique, instead of y, we compute the interfacial stiffness, y+7”, where
y” = d*y/d#*. The reason is that the stiffness is an order of magnitude more anisotropic than y and, therefore, stiffness
anisotropy is easier to compute using molecular dynamics simulations. For a two-dimensional interface geometry (in
a 3D MD system), we have the following relation for interfacial fluctuations of sufficiently large wavelength:

kgT

Ak, ko)) = ’
(|Aky, k2)|7) a(Sllkf+522k§+2512klk2)

(6)

where A(ky, k») is the complex Fourier amplitude of the interface height profile, k; and k, denote the components of
the wave vector along the orthogonal directions parallel to the interface, a is the cross-sectional area, and brackets
denote time averages. The §;; are the components of the second rank stiffness tensor given by the relation S;; =
v0ij + 0%y/06,00 ;. The Fourier amplitude averages are derived from MD equilibrium simulations and used to obtain
the stiffness components. Values of y are obtained from stiffness components by using an expansion of the free energy
(i) with respect to the components of the interface normal 7t = (ny, ny, n3) [7]:
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where 7 is the orientation-averaged interfacial free energy, and €, and €, denote the magnitude of the four and six-fold
anisotropy, respectively.

In order to sample sufficiently large wavelengths, the method requires simulating a system with relatively large
cross-sectional area. In this work we consider both (100) and (100)-oriented solid-liquid interfaces. For the simulation
of the (100)-oriented interface, the periodic cell has dimensions 80.8 A x 161.6 A x 80.8 A and includes 64000 atoms.
For the simulation of (100)-oriented interface, the cell has dimensions 85.7 A x 171.4 A x 80.8 A and includes
72000 atoms. The equilibrium simulations were performed at two temperatures: at 77 = 940 K and 7, =900 K.
The temperature 7 corresponds approximately to the melting point of pure aluminum predicted by the interatomic
potential. At 75, the liquidus and solidus solute concentrations predicted by the potential are equal to c;, = 4.45 at—%
and ¢ = 0.915 at—%, respectively.

The simulation system is first melted at a relatively high temperature (I = 1500 K) in the NPT ensemble for
20 ps, after which it is relaxed for 100 ps in the NPT ensemble at the given temperature (7} or T5). Initial system
configurations used for generating the CFM data are created by a performing a mixed MD-MC simulation from which
the configurations are extracted at intervals of 100 ps.

The simulation runs for sampling fluctuation amplitudes were performed in a microcanonical NVE ensemble for
approximately 103 MD steps. Snapshots were selected from data generated during these runs at a frequency of one
per every 107 time steps, resulting in a total of 1000 samples. These samples were employed in the calculation of the
averaged Fourier amplitudes.

Equation 6 can be simplified using symmetry of the interfaces [7]. For the (100)-oriented interface, the relation
depends only on a single stiffness parameter S':

kgT
Ak, ko)) = 8
(A1, k2)I7) SK ®)
Conversely, the relation for the (110)-oriented interface reduces to the following form:
kgT
(AU, k)P = - ©)

a(S 11k} + S 2k3)

In order to estimate the left-hand side of Equation 6, we use a procedure described in Ref. [7]. A 10 x 10 grid
is placed parallel to the interface, and the average structural order parameter in a direction normal to the interface
is computed on the grid. Thus, the value of the average order parameter is obtained in columns delimited by the



10 x 10 grid. The instantaneous interface position in each column is identified as the halfway point between the
average order parameter values in the bulk solid and bulk liquid phases. Subsequently, (|A(k;, ky)[*) is estimated by
time-averaging the Fourier amplitudes of the instantaneous interface height profiles. The stiffness values S, S, and
S 2, are then obtained by using a least-squares fit based on Equations 8 and 9, as shown in Figure 6. Finally, interfacial
free energies and their anisotropies are derived using Equation 7. The exact relations are given in Table 2.

Stiffness  Interface o0+ 7
§ (100)[010] 1 - 18¢ - K¢,
S (100)[1T0] 1 —-2g + 3¢
S (110)[001] 1+ ?—(9)61 i %62

Table 2: Relations between stiffness and free energy anisotropies for the relevant interface orientations.
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Figure 6: Average square Fourier amplitude (|A(k)|?) as a function of the wave vector k resulting from the capillary fluctuation simulation for the
(100) interface in pure aluminum at target temperature 7 = 940 K. The different markers indicate different independent runs, four in total (vertically
offset for clarity). Dashed lines show the corresponding curves fitted to data from each run, while the region colored in gray indicate the interval
included in the fitting procedure.

4. Velocity fitting data

Non-equilibrium solidification simulations were conducted as described in the main text. Solid-liquid interface
velocity is obtained from interface position data, which is derived from the structural order parameter profiles. The
order parameter profile for a single simulation snapshot is shown in Figure 7, along with the corresponding fitted
curve. The fitted curve consists of two hyperbolic tangent functions, which can capture the relatively large and sudden
changes in the order parameter profiles. Two fitted functions are defined for negative and positive values of the
y-coordinate, respectively.

The value of interfacial velocity and its statistical error is obtained by performing a linear fit to the interface
position versus time data, as shown in Figure 8. Table 3 shows the results of the velocity fitting procedure, where each
simulation comprises two interfaces.

5. Evaluation of temperature, solid-side concentration, and liquid-side concentration

To evaluate temperature, solid-side concentration, and liquid-side concentration, the corresponding profiles are
obtained by averaging instantaneous profiles over time, i.e., over discrete snapshots. The averaging procedure is
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Figure 7: Order parameter profile in the direction normal to the interface (y-direction) for a single snapshot of a chosen free solidification simulation.
The horizontal axis gives the distance from the origin in this direction in angstroms, and the vertical axis gives the value of the structural order
parameter. The solid-liquid interface is visible as a relatively large change in the value of the order parameter visible near y = —130A and
y =130 A. Simulation parameters are Thom = 900K and cpom = 1.5 at—%, which resulted in an average interfacial velocity of 3.84 m/s.
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Figure 8: Solid-liquid interface position in angstroms in the direction normal to the interface as a function of simulation time. Simulation parameters
are Thom = 900K and cpom = 1.5 at—%, resulting in an average interfacial velocity of 3.84 m/s. Red circles indicate the instantaneous position of
the interface derived from MD data, and black lines represent the linear fit to data for each interface. In this run, steady-state is visibly reached only
after approximately ¢ = 0.3 ns. The linear fit excludes position data before this point in time, as shown in the plot.



a)
Tnom Cnom Np Vv
&)  (at-%) (m/s)
900 2.5 56000  0.19+0.03
880 4.0 56000  0.27 £0.02
880 4.0 56000  0.33+0.03
900 2.5 56000  0.58 £0.04
900 2.0 56000 1.54 +0.03
900 1.5 56000 1.66 + 0.09
900 2.0 56000 1.90 + 0.03
900 1.5 56000  2.35+0.02
900 1.5 224000 3.81 +0.01
900 1.5 224000 3.87 +£0.02
880 2.0 56000 8.55+0.1
880 2.0 56000  9.42+0.09
880 2.0 224000 9.86 +£0.03
880 2.0 224000 11.02+0.03
860 2.0 56000  20.43 +0.04
860 2.0 56000  21.49 +0.04
880 1.0 224000 24.83 +£0.04
880 1.0 56000  25.73 +0.07
880 1.0 224000 25.80 +0.08
880 1.0 56000 27.5+0.1
860 1.0 56000 36.92 £ 0.16
80 1.0 56000  42.62+0.13

b)

ori Toom Np \%

K) (m/s)
(110) 910 217740 18.50
(110) 910 217740 19.25
(100) 910 224000 22.56
(100) 910 224000 23.00
(110) 900 217740 24.06
(110) 900 217740 24.15
(100) 900 224000 29.41
(100) 900 224000 30.44
(110) 880 217740 34.65
(110) 880 217740 36.29
(100) 880 224000 43.21
(100) 880 224000 43.22
(110) 860 217740 43.57
(110) 860 217740 4543
(100) 860 224000 54.24
(100) 860 224000 55.65

Table 3: Table showing the following simulation parameters and results: global thermostat temperature Tyom, the nominal solute concentration
Cnom. the total number of particles in the system N, the interfacial velocity V. Each row corresponds to an interface and each simulation comprises
two interfaces. Table a) relates to simulations with dilute Al-Cu alloys, where the interface orientation is (100), whereas table b) relates to pure Al
simulations, where the interface orientation is either (100) or (110), as indicated by the column ‘ori’.



performed in the reference frame of the propagating solid-liquid interface. The procedure employed is like the one
described by Yang et al. [8]. In the procedure, instantaneous profiles are translated in the y-direction, such that the
crystal planes match. Crystal planes are identified as peaks in the density profiles. The position of these peaks in the y
direction is detected algorithmically, and the positions are compared to a reference snapshot. This gives a correction
which is applied to the instantaneous profile, in addition to the translation related to the moving solid-liquid interface.
This procedure produces a fine profile, as opposed to the coarse profile obtained by applying a FIR filter to the fine
profile. Examples of both profiles are shown in Figure 9 and Figure 10.
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Figure 9: Fine (in black) and coarse (in red) net density profiles in arbitrary units as a function of the y coordinate in angstroms, which is the
coordinate axis normal to the interface. The fine profile is obtained directly by averaging snapshot data, while the coarse profile is obtained by
applying a smoothing filter on the fine profile. Positive and negative values on the horizontal axis correspond to the crystal and liquid region,
respectively. The origin of the axis marks the solid-liquid interface, which displays a clear increase in the net density. Plot (a) shows a comparison
between the two profiles, and plot (b) shows the coarse profile on a clearer scale. Simulation parameters are Thom = 900K and cpom = 1.5 at—%.
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Figure 10: Solute density profiles as a function of the coordinate in &ngstréms on the axis normal to the interface. The curve in black shows the fine
profile obtained directly from the averaged snapshot data, while the curve in red shows the coarse profile obtained by filtering the fine profile. Plot
(a) shows a comparison between the two profiles, and plot (b) shows the coarse profile on a clearer scale. Simulation parameters are Thom = 900 K
and cpom = 1.5 at—%.

The method to obtain coarse-grained temperature and concentration profiles is described in the main text, along
with a distinct method to estimate the non-equilibrium partition coefficient. The method involves estimating the
instantaneous partition coefficient k£ based on the corresponding instantaneous solute profile across the solid-liquid
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interface, and computing the arithmetic average of the instantaneous partition coefficients over time. Figure 11 and
Figure 12 show graphs of these instantaneous values, where each marker corresponds to a single time interval. The
average partition coefficient is indicated as well. For illustration purposes we show in Figure 13 and Figure 14 liquid
and solid-side concentration data from which the partition coefficient data is derived.
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Figure 11: Evaluated instantaneous partition coefficient versus the start of the considered time interval in picoseconds, and the resulting average
partition coefficient denoted by a horizontal line. Blue and red colors correspond to left and right interfaces, respectively. The left interface
propagates in direction of the negative y-axis, and vice versa for the right interface. Simulation parameters are Tom = 900K and cpom = 1.5 at—%,
which resulted in an average interfacial velocity of 3.84 m/s.
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Figure 12: Evaluated instantaneous partition coefficient versus the start of the considered time interval in picoseconds, and the resulting average
partition coefficient denoted by a horizontal line. Blue and red colors correspond to left and right interfaces, respectively. The left interface
propagates in direction of the negative y-axis, and vice versa for the right interface. Simulation parameters: Thom = 880K and chom = lat—%,
which resulted in an average interfacial velocity of Vi, = 25.32m/s.

In the method described by Yang et al. [8], the liquid-side concentration ¢y, is taken as the maximum concentration
value over the profile, while the solid-side concentration cg is taken as the average concentration in the solid phase
in the range shown in Figure 15, which spans from y = 10 A to the boundary of the plotted range, approximately
y=19A.

The solid-liquid interface temperature is derived from the corresponding coarse profile by averaging the tempera-
ture values in the range y € [-5, 5] A, in the reference frame with the origin coinciding with the propagating interface.
The statistical error is related to the standard deviation of the temperature values in the same range.
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Figure 13: Liquid-side solute concentrations ¢z, versus the start point of the considered time interval for both interfaces of a single simulation case,
and the resulting average concentrations denoted by horizontal lines. Simulation parameters are Thom = 900 K and cpom = 1.5 at—%, which resulted
in an average interfacial velocity of 3.84 m/s.
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Figure 14: Solid-side solute concentrations cs versus the start point of the considered time interval for both interfaces of a single simulation case,

and the resulting average concentrations denoted by horizontal lines. Simulation parameters are 7nom = 900 K and cpom = 1.5 at—%, which resulted
in an average interfacial velocity of 3.84 m/s.
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Figure 15: Solute concentration profile in atomic percentage as function of the coordinate on the axis normal to the interface in the reference frame
moving along the propagating interface. The maximal solute concentration in the liquid phase is shown as ¢y, while the average concentration in
the solid phase is shown as c¢s. Liquid phase is on the left side of the graph.
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Figure 16: Determination of the solid-liquid interface temperature from the temperature profile. The continuous line shows the net density profile

in the reference frame following the propagating solid-liquid interface. The dashed line shows the temperature in Kelvins in the same reference
frame. The interface temperature is indicated by 7.
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6. Chemical potential interpolation

In this section, we show the values of the chemical potential differences in solid and liquid phases, Apg and Ayy,
that were obtained in semi-grand canonical ensemble computations. Values are shown in Figure 17 versus the system
temperature at three different solute concentrations. These values were used as the basis of the interpolation procedure
required for the solute drag analysis described in the main text.
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Figure 17: Chemical potential difference between atomic types in a) solid phase, Aug, and b) in liquid phase, Ay, versus system temperature at
three different solute concentrations.

7. Chemical ordering analysis

In this section, we show in Figure 18 and Figure 19 distributions relative to the chemical ordering of vacancies
and copper atoms for simulations not shown in the main text. The distributions verify that the same trends are seen
in all free solidification simulation cases considered, while only selected examples were shown in the main paper.
In Figure 18g-h, the number of vacancies is very low, namely 1 and 2, respectively, which is the reason why these
distributions differ from the rest of the simulation cases.

8. Clustering analysis

Clustering analysis was conducted on one of the simulation cases to identify the size of the minor crystalline phase
regions (mostly HCP and BCC). First, the Polyhedral Template Matching (PTM) algorithm was run on the system,
yielding a classification of individual atoms. Following this, atoms belonging to a given crystal phase were selected,
and cut-off-based clustering algorithm was applied exclusively to the selection. In the algorithm, atoms are included
in the same cluster when they are separated by a distance less than the cut-off value set by the user. As a result, the
analysis produced clusters of similarly classified atoms. Figure 20 shows resulting statistics of this analysis, i.e., mean
cluster size and size of the top 2-percentile cluster. Mean size of HCP and BCC clusters is marginally larger than 1,
and the cluster size of the largest 2-percentile is relatively small, at most 4 atoms. Additionally, the mean HCP and
BCC cluster size does not increase significantly over time. The small size of these can be observed in Figure 21,
which shows HCP and BCC atoms. Therefore, we conclude that most of the BCC and HCP phase consist of isolated
atoms not belonging to a larger cluster.
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Figure 18: Frequency of copper atoms in the 12 nearest atoms relative to vacancies, where the black dot-curves show the theoretical uniform
random distribution, and the gray bars show the MD results. Letters correspond to simulations with the following parameters: a) Thom = 860 K and
Cnom = lat—%, b) Tyom = 860K and cyom = 2at—%, ¢) Thom = 880K and cpom = 2at—%, d) Thom = 880K and cpom = 2at—%, €) Thom = 880K
and cpom = lat—%, f) Thom = 900K and cpom = 2.5at—%, g) Thom = 900K and cpom = 1.5at—=%, h) Tyom = 900K and cpom = 1.5at—%.
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Figure 19: Frequency of copper atoms in the 12 nearest atoms relative to solute atoms, where the black dot-curves show the theoretical uniform
random distribution, and the gray bars show the MD results. Letters correspond to simulations with the following parameters: a) Tyom = 860K
Cnom = 1at=%, b) Thom = 860K cpom = 2at—%, ¢) Tnom = 880K cnom = 2at—=%, d) Thom = 880K cnom = 2at—=%, €) Thom = 880K cpom = lat—%,
) Thom = 900K cpom = 2.5at=%, g) Thom = 900K cnom = 1.5at=%, h) Thom = 900K cpom = 1.5at—%.
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Figure 20: Statistics related to the clustering analysis. Graph a) shows the mean cluster size of atoms classified as HCP and BCC over simulation
time. Graph b) shows the cluster size of the largest 2-percentile for HCP and BCC atoms. Graphs c¢) and d) are correspond to the graphs a) and b),
respectively, except that the analysis is conducted on unclassified (‘Other’) atoms. The cutoff parameter of the clustering algorithm is reyeot = 2.8 A.
Simulation parameters: Thom = 880K and cpom = lat—%, which resulted in an average interfacial velocity of V, = 26.07 m/s.
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Figure 21: Visualization of the system after solidification at + = 1.5ns, where atoms near the periodic boundary in the y-direction (at distance
less than 20 A) are omitted from the visualization, as the periodic boundary conditions resulted in unwanted interactions between the edges of the
solidified system. The picture shows exclusively atoms classified by PTM as HCP and BCC in red and blue, respectively. Simulation parameters:
Trom = 880K and cpom = lat—%, which resulted in an average interfacial velocity of V,, = 26.07 m/s.
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