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A B S T R A C T

Models are commonly utilized in chemical engineering to simulate real-world processes and phenomena. Given
their role in guiding decision-making, accurately quantifying the uncertainty of these models is essential.
Typically, these models are calibrated using experimental data that contain measurement errors, leading to
uncertainty in the fitted model parameters. Current methods for estimating the prediction uncertainty of
nonlinear regression models are often either computationally intensive or biased. In this study, we use sparse
cubature formulas to estimate the prediction uncertainty of nonlinear regression models. Our findings indicate
that this method provides a favorable balance between accuracy and computational efficiency, making it
suitable for application in chemical engineering. We validate the performance of our proposed method through
various regression case studies, including both theoretical toy models and practical models from chemical
engineering.
1. Introduction

In chemical engineering and many other fields, models are used
to describe real-world processes or phenomena. A model is a function
𝑓 that describes how some target quantity 𝑦 ∈  ⊂ R𝑑𝑦 of interest
depends on relevant input quantities 𝑥 ∈  ⊂ R𝑑𝑥 and model pa-
rameters 𝜃 ∈ 𝛩 ⊂ R𝑑𝜃 . Typically, the model parameters 𝜃 are fitted,
i.e., calibrated, to observed data 𝑦̃ =

(

𝑦1, 𝑦2,… , 𝑦𝑛
)

. These observations
are obtained by performing experiments or running simulations at a
design 𝑥̃ =

(

𝑥1, 𝑥2,… , 𝑥𝑛
)

, where 𝑛 is the number of experiments.
In real-world processes, the target values are observed under random
additive noise, that is,
𝑦𝑖 = 𝑓

(

𝑥𝑖, 𝜃∗
)

+ 𝜀𝑖, (1)

where 𝜀𝑖 is the measurement error of the 𝑖th observation and 𝜃∗ is
the underlying true parameter value which is unknown and hence to
be estimated. Additionally, the measurement errors 𝜀𝑖 are usually as-
sumed to be zero-mean normally distributed with some 𝑥-independent
covariance matrix 𝛴. This matrix might be known from device informa-
tion or simulation specifications, or it is estimated from the available
observation data.

In this modeling view, which is predominant in many engineering
disciplines, parameter estimates are obtained by minimizing some loss
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function, that is, by solving a parameter estimation problem of the kind

min
𝜃∈𝛩

𝑆𝑥̃, ̃𝑦(𝜃) (2)

with a loss function 𝑆𝑥̃, ̃𝑦 that measures the discrepancy between the
model predictions 𝑓 (𝑥1, 𝜃),… , 𝑓 (𝑥𝑛, 𝜃) and the observed target values
𝑦1,… , 𝑦𝑛 at the input points 𝑥1,… , 𝑦𝑛. In this paper, the model structure
and the loss function can be quite arbitrary. In particular, the loss
function can be chosen to be the mean-squared error

𝑆𝑥̃, ̃𝑦 (𝜃) ∶=
𝑛
∑

𝑖=1
|𝑦𝑖 − 𝑓

(

𝑥𝑖, 𝜃
)

|

2 (3)

or the mean-absolute error

𝑆𝑥̃, ̃𝑦 (𝜃) ∶=
𝑛
∑

𝑖=1
|𝑦𝑖 − 𝑓

(

𝑥𝑖, 𝜃
)

|, (4)

but it can also be chosen to be a negative (logarithmic) likelihood, for
instance. All that has to be ensured is that, for the given model and the
chosen loss function, the resulting parameter estimation problems (2)
can be solved sufficiently well, that is, parameter estimates

𝜃̂𝑓 (𝑥̃, 𝑦̃) ∈ argmin
𝜃∈𝛩

𝑆𝑥̃, ̃𝑦 (𝜃) (5)

for the model 𝑓 based on the observation data (𝑥̃, 𝑦̃) can be computed
sufficiently fast and reliably.
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As the observed target values 𝑦1,… , 𝑦𝑛 are subjected to random
noise as described in (1), the obtained parameter estimate 𝜃̂𝑓 (𝑥̃, 𝑦̃) ∈
𝛩 is a random variable as well. In other words, if we repeat the
experiments in 𝑥̃, we will collect different observations 𝑦̃ and thus
obtain different estimates 𝜃̂𝑓 (𝑥̃, 𝑦̃). Accordingly, the model predictions

𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃)
)

(6)

obtained from those parameter estimates will differ as well, resulting
in a distribution of predictions. Important indicators of this predictive
distribution are its mean and its variance which are also known,
respectively, as the expected prediction and the prediction uncertainty.

In the following, the distinction between two types of models will be
important: linear and nonlinear ones. As usual, a (non)linear model is
a model that is (non)linear in the parameters 𝜃. Spelled out, this means
hat 𝑓 is linear if and only if for every fixed input value 𝑥 ∈  the

function 𝜃 ↦ 𝑓 (𝑥, 𝜃) is linear. In particular, the dependence of 𝑓 on the
inputs 𝑥 is completely irrelevant for its linearity or nonlinearity. Simple
xamples of nonlinear models from chemical engineering are given

by the common models for the vapor pressure of a pure component
or by the standard models for the activity coefficients of mixtures
of components. It is well-known that for linear models, there are
closed-form expressions for the expected prediction and the prediction
ncertainty. In contrast, for nonlinear models, there usually are no such
losed-form expressions. In particular, the distribution of the parameter
stimate 𝜃̂𝑓 (𝑥̃, 𝑦̃) is generally unknown analytically. As a consequence,
he distribution of model predictions (6) is unknown too, due to the

nonlinearity in the map 𝜃 ↦ 𝑓 (𝑥, 𝜃). And therefore, one needs good
approximations for the predictive distribution – and, in particular, for
the prediction uncertainty – of nonlinear regression models.

In the literature, there are many methods to approximate the predic-
tion uncertainty of nonlinear regression models. Among them, the most
common approach is probably linearization, see Fahrmeir et al. (2009),
Bates and Watts (1988), for instance. As the name indicates, how-
ever, linearization constitutes a quite significant simplification which
generally is not very accurate for highly nonlinear models (Seber and

ild, 2003; Julier and Uhlmann, 2004). A straightforward improve-
ent would be to consider higher-order terms in the Taylor series

xpansion of the model around the parameter estimate, as done in Bates
nd Watts (1988). However, that requires the computation of higher-

order derivatives of the model, which is often infeasible in practice.
Apart from that, there are other approaches, such as Monte Carlo
ampling, which are mainly applicable in settings where experiments
an be repeated precisely, as is the case in simulation-based settings,

for instance. See e.g. Kozachynskyi et al. (2024). If experiments are not
epeated, as in Krausch et al. (2019), the obtained uncertainty estimator
ay be biased. In the field of statistics and machine learning, there are

lso methods such as bootstrapping (Efron and Tibshirani, 1994) and
onformal prediction (Vovk et al., 2005). Yet, those methods often do

not perform well in the small-data regime, which is predominant in
chemical engineering.

In the present paper, we therefore focus on an alternative ap-
roximation approach, which is based on so-called cubature meth-

ods (Engels, 1980; Davis and Rabinowitz, 1984; Hinrichs and Novak,
2007; Orive et al., 2021). Cubature methods are generalized quadra-
ture methods for the approximate computation of multi-dimensional
ntegrals of the form

∫R𝑚
ℎ(𝑦̃)𝑝(𝑦̃)d𝑦̃ (7)

with an integrand ℎ and some density (or weighting) function 𝑝 on the
𝑚-dimensional real space R𝑚. Specifically, cubature methods approxi-
mate these kinds of integrals by weighted sums
𝑁

𝑖=1
𝑤𝑖 ⋅ ℎ(𝑦̃(𝑖)) (8)

of the integrand ℎ at a small or moderate number of well-chosen sample
points 𝑦̃(1),… , 𝑦̃(𝑁), called the cubature points. As the prediction uncer-
tainty, by its very definition, is the variance of the random variable (6),
2 
it has an integral representation of precisely the form (7) with 𝑚 =
𝑛 ⋅ 𝑑𝑦. And therefore, exploiting cubature formulas for its approximate
omputation is a natural idea.

Cubature methods have been used before in chemical engineering
to address the computational challenges coming with uncertainties.
In most existing works, however, a very special cubature method
s used, namely the sigma-point method from Julier and Uhlmann

(1996, 2004) (which is sometimes also referred to as the unscented
ransformation). A good overview of many of the recent uses of the
igma-point method in the model-based chemical engineering literature
an be found in Bhonsale et al. (2022). We single out only a few

of them here. Heine et al. (2008) use the sigma point method as
a derivative-free approach to model-based optimal experimental de-
sign for nonlinear dynamic regression models. They demonstrate their
method on the example of a biological growth model. Schenkendorf
et al. (2008, 2009) also consider the optimal experimental design
f nonlinear dynamic models from the bio-chemical domain. They
hoose the sigma point method as it allows for a better coverage
f the nonlinearity contained in the models at hand than traditional
inearization-based approaches. Flassig and Sundmacher (2012) apply

the sigma-point method to robustify model discrimination for dynamic
biochemical models. Telen et al. (2014, 2015), in turn, apply the
sigma-point method to robustify locally optimal experimental design
or chemical and biochemical dynamic processes. In this approach, one
ries to minimize an average of linearization-based design criteria and

the expectation integral representing this average design criterion is
approximated with the help of sigma points. Vallerio et al. (2016)
deal with the robustification of dynamic multi-objective optimization,
showing that it outperforms linearization-based approaches in this
domain. Similar to the sigma-point approaches to handle average-case
robust optimal experimental design from Telen et al. (2014, 2015), the
aper (Bernardo et al., 1999) uses simple cubature methods to solve

stochastic optimization problems with objective functions being expec-
tation integrals w.r.t. some normally distributed uncertain parameter.
In contrast to the papers mentioned before, Bernardo et al. (1999)
do not use sigma points but slightly more general cubature points and
apply them to an example of process structure optimization. In none
of the above works, however, general cubature methods have been
applied to estimate the prediction uncertainty of nonlinear regression
models, which is the focus of this work.

In this work, we begin by reviewing existing estimation approaches
or the prediction uncertainty of nonlinear regression models (Sec-

tions 2.1 and 2.2). We then propose new methods based on cubature
formulas (Section 2.3). In Section 3, we validate our approach on a
generic quadratic model, for which we derive exact expressions of the
prediction uncertainty for special designs. With these exact expres-
sions, we can rigorously prove that our cubature-based approximation
methods are superior to linearization and sigma points in terms of
approximation quality (Appendix A). We further perform benchmarks
of the proposed uncertainty approximation methods on a range of
egression case studies. In particular, we compare the performance
f the proposed methods and discuss the influence of the experimen-
al design on the prediction uncertainty of a calibrated model. The
enchmarking models include three toy models and one model from
hemical engineering. And for two of the toy models, we contribute
xact expressions for the parameter estimator and for the prediction
ncertainty, under the condition of a factorial design. For the sake of
revity, the benchmarking results for the three toy models are featured

in the appendix (Appendix B). In Section 4, we summarize the key
findings of this work and give an outlook on future research.

2. Approximating the prediction uncertainty

In this section, we introduce the various approximation methods for
the prediction uncertainty of single-output nonlinear regression models
𝑓 ∶  × 𝛩 → R (9)
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considered in this paper. In particular, we introduce our cubature-
ased approximation methods. All our approximation methods can
e extended to the case of multi-output models in a straightforward
anner, but for the sake of notational simplicity, we confine ourselves

o single-output models (9) throughout this paper. As pointed out in the
introduction, our interest in such approximations mainly comes from
ptimal experimental design (Fedorov and Leonov, 2014; Pronzato and
ázman, 2013) where one tries to find experimental designs for which

the maximum prediction uncertainty of the model trained on those
designs becomes minimal. In essence, this prediction uncertainty comes
from the fact that the experimental observations 𝑦̃ = (𝑦1,… , 𝑦𝑛) are
subjected to random measurement errors. As is commonly done in both
linear and nonlinear regression (Seber and Wild, 2003; Fedorov and
eonov, 2014; Pronzato and Pázman, 2013), we assume (i) that these
easurement errors are normally distributed and (ii) that the actual

xperimental observations 𝑦̃ are predicted – up to the aforementioned
easurement errors – by the model 𝑥 ↦ 𝑓 (𝑥, 𝜃∗) with some true
arameter 𝜃∗. Specifically, we assume that there exists a parameter
alue 𝜃∗ ∈ 𝛩 ⊂ R𝑑𝜃 such that for every 𝑛 ∈ N and every set of input
alues 𝑥1,… , 𝑥𝑛 ∈  ⊂ R𝑑𝑥 , the corresponding measured target values
𝑦1,… , 𝑦𝑛 ∈ R are given by the predictions 𝑓 (𝑥1, 𝜃∗),… , 𝑓 (𝑥𝑛, 𝜃∗) of
the model 𝑓 (⋅, 𝜃∗) up to independent normally distributed measurement
errors 𝜖1,… , 𝜖𝑛, that is,
𝑦𝑖 = 𝑓 (𝑥𝑖, 𝜃∗) + 𝜖𝑖 (𝑖 ∈ {1,… , 𝑛}) (10)

where 𝜖1,… , 𝜖𝑛 are realizations of independent and normally dis-
tributed measurement errors 𝜀,… , 𝜀𝑛 having mean 0 and a known
variance 𝜎2. A bit more concisely, this can be expressed by saying
that the actually observed experimental results 𝑦̃ = (𝑦1,… , 𝑦𝑛) at the
esign 𝑥̃ = (𝑥1,… , 𝑥𝑛) are realizations of the 𝑛-dimensional normally
istributed random variable

𝑦̃ (𝑥̃) ∶= 𝑓 (𝑥̃, 𝜃∗) + 𝜀̃ (𝑥̃) (11)

with mean 𝑦̃∗ ∶= 𝑓 (𝑥̃, 𝜃∗) and covariance 𝛴̃ ∶= diag(𝜎2,… , 𝜎2) ∈ R𝑛×𝑛.
In this definition,

𝑦̃∗ ∶= 𝑓 (𝑥̃, 𝜃∗) ∶=
⎛

⎜

⎜

⎝

𝑓
(

𝑥1, 𝜃∗
)

⋮
𝑓
(

𝑥𝑛, 𝜃∗
)

⎞

⎟

⎟

⎠

∈ R𝑛 (12)

represents the predictions of the true model at 𝑥̃ and 𝜀̃ (𝑥̃) is an 𝑛-
dimensional normally distributed random variable with mean 0 and co-
variance 𝛴̃, which represents the stacked measurement errors 𝜀1,… , 𝜀𝑛
at the individual design points 𝑥1,… , 𝑥𝑛. See Bubel et al. (2024) for

ore background on this standard assumption from regression analy-
sis. As an immediate consequence of this assumption, one obtains an
integral representation of the prediction uncertainty

𝑉𝑥̃ (𝑥) ∶= Var
[

𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃ (𝑥̃))
)]

(13)

of the model that has been trained based on the observation data 𝑦̃ (𝑥̃)
at the design 𝑥̃. Indeed,

𝑉𝑥̃ (𝑥) = 𝑉𝑥̃, ̃𝑦∗ (𝑥) = Var
[

𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃ (𝑥̃))
)]

= ∫R𝑛
(

𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃)
)

− 𝜇𝑥̃, ̃𝑦∗ (𝑥)
)2

⋅ 𝑝
(

𝑦̃ − 𝑦̃∗
)

d𝑦̃

= ∫R𝑛
(

𝑓
(

𝑥, 𝜃̂𝑓
(

𝑥̃, 𝑦̃∗ + 𝑧̃)) − 𝜇𝑥̃, ̃𝑦∗ (𝑥)
)2

⋅ 𝑝 (𝑧̃) d𝑧̃, (14)

where 𝑦̃∗ ∶= 𝑓 (𝑥̃, 𝜃∗) are the predictions of the true model at 𝑥̃ as
defined in (12), 𝑝 is the probability density of the 𝑛-dimensional normal
istribution with mean 0 and covariance matrix 𝛴̃ = diag (𝜎2,… , 𝜎2),
nd 𝜇𝑥̃, ̃𝑦∗ (𝑥) denotes the expected prediction of the model that has been
rained based on the observation data 𝑦̃ (𝑥̃) at the design 𝑥̃. In formulas,

𝜇𝑥̃ (𝑥) ∶= 𝜇𝑥̃, ̃𝑦∗ (𝑥) = E
[

𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃ (𝑥̃))
)]

= ∫R𝑛
𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃)
)

⋅ 𝑝
(

𝑦̃ − 𝑦̃∗
)

d𝑦̃

= 𝑓
(

𝑥, 𝜃̂
(

𝑥̃, 𝑦̃∗ + 𝑧̃)) ⋅ 𝑝 (𝑧̃) d𝑧̃. (15)
∫R𝑛 𝑓

3 
When the measurement errors are no longer assumed to be normally
distributed, one still has integral representations (13) and (15) for
the prediction uncertainty and the expected prediction of the above
orm. Specifically, the integral formulas (13) and (15) are still true if,
nstead of the normality assumptions made after (10), one only assumes
he measurement errors 𝜀1,… , 𝜀𝑛 to be independent and identically

distributed random variables with a known symmetric distribution 𝑝0.
ll that changes in this more general situation is that the joint error
istribution 𝑝 in (13) and (15) is no longer a normal distribution, but

the more general distribution given by

𝑝(𝑧̃) = 𝑝0(𝑧1) ⋅… ⋅ 𝑝0(𝑧𝑛) (𝑧̃ = (𝑧1,… , 𝑧𝑛)). (16)

It should be noticed that this more general distribution 𝑝 still has mean
0 (by the symmetry assumption on 𝑝0) and a covariance matrix of the
form 𝛴̃ ∶= diag(𝜎2,… , 𝜎2) ∈ R𝑛×𝑛 (by the independence assumption),
where 𝜎2 denotes the variance of the individual error distribution 𝑝0.

It is important to notice that the integral representation (14) can
almost never be utilized directly for the computation of the prediction
ncertainty of nonlinear models. In essence, this because

(i) one almost never has a closed-form expression for the parameter
estimators 𝜃̂𝑓 (𝑥̃, 𝑦̃∗ + 𝑧̃) of nonlinear models, and

(ii) the true parameter value 𝜃∗ and hence 𝑦̃∗ ∶= 𝑓 (𝑥̃, 𝜃∗) are un-
known.

In fact, closed-form expressions are typically unknown also for least-
squares parameter estimates, that is, in the special case where the
mean-squared error (3) is used for parameter estimation. It is therefore
important to come up with suitable approximation methods for an
approximate computation of the prediction uncertainty of nonlinear
models. In the remainder of this section, we discuss such approxi-
mation methods. We begin with two well-known methods from the
iterature (Sections 2.1 and 2.2) and then move on to introduce our

cubature-based approximation methods (Section 2.3).

2.1. Approximation using Monte Carlo sampling

As has been emphasized above, one typically has no closed-form
xpression of the least-squaresestimator for nonlinear regression mod-

els and hence one typically has no closed-form expressions for the
prediction uncertainty the expected prediction, either. So, the best
approximation one can get is generally Monte Carlo sampling. In our
etting, this means that observations from an experimental design are
bserved 𝑁MC times, where 𝑁MC is the number of Monte Carlo samples.
n this manner, one obtains 𝑁MC datasets

(𝑥̃, 𝑦̃(1)),… , (𝑥̃, 𝑦̃(𝑁MC))

consisting of the same experimental design but individual noisy ob-
ervations, and for each of those datasets one computes a parameter

estimator. The prediction uncertainty is then estimated by evaluating
the model for each parameter estimator at a prediction location 𝑥 and
by then using the empirical mean and variance as approximations to
the true mean and variance of the predictive distribution. In formulas,
the empirical mean and variance corresponding to (14) and (15), are
hen given by

𝜇MC
𝑥̃ (𝑥) ∶= 1

𝑁MC

𝑁MC
∑

𝑖=1
𝑓
(

𝑥, 𝜃̂𝑓
(

𝑥̃, 𝑦̃(𝑖))) (17)

and as the variance

𝑉 MC
𝑥̃ (𝑥) ∶= 1

𝑁MC

𝑁MC
∑

𝑖=1

(

𝑓
(

𝑥, 𝜃̂𝑓
(

𝑥̃, 𝑦̃(𝑖))) − 𝜇MC
𝑥̃ (𝑥)

)2 . (18)

As the number of samples 𝑁MC → ∞ tends to infinity, this empirical
mean and variance converge to the true mean and variance (14) and
(15) under rather general assumptions. See Fishman (1996), Madras
(2002), for instance. In practice, however, we choose a finite number of
Monte Carlo samples 𝑁 , which means that the approximation comes
MC
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with a certain error compared to the true mean and variance. For this
reason, we visualize in Section 3.2 the evolution of the Monte Carlo
pproximator to the prediction uncertainty over the number of samples.
ote that the empirical mean of parameter estimators may introduce

a bias and even for the asymptotic case, does not coincide with the
true parameter value, as can be seen in Fig. 20 (find a more detailed
discussion on that in Appendix B for the exponential growth model).
ince the convergence of the Monte Carlo approximator is slow, we use
obol samples, transformed to a normal distribution, to achieve faster

convergence using pseudo-random number generators.
While Monte Carlo-based prediction uncertainty estimators are most

ccurate in general, they may only be feasible for computer exper-
ments with low computational cost. In contrast, for expensive or
eal-lab experiments, they are typically infeasible. Also, in practice it is

not always possible to repeat experiments, as setting the experimental
design may also come with some uncertainty. Therefore, there may
be a mismatch between planned and actually performed experiments,
which in the context of parameter estimation is referred to as error in
variables, see e.g. Seber and Wild (2003).

2.2. Approximation using linearization

A very popular – and in fact the standard – method to approximate
the prediction uncertainty of a nonlinear model is linearization. In this
approach, one approximates the nonlinear model by a suitable lin-
earized model and then exploits the fact that the prediction uncertainty
for linear models can be expressed in closed form. Specifically, one
linearizes the model 𝑓 around some reference parameter estimate 𝜃̄ to
obtain the linearized model 𝑓 LIN

𝜃̄
defined by

𝑓 LIN
𝜃̄

(𝑥, 𝜃) ∶= 𝑓
(

𝑥, 𝜃̄
)

+ 𝐽𝑓
(

𝑥, 𝜃̄
)

⋅
(

𝜃 − 𝜃̄
) (

(𝑥, 𝜃) ∈  × R𝑑𝜃
)

. (19)

In the above equation, 𝐽𝑓
(

𝑥, 𝜃̄
)

is the Jacobian matrix of 𝜃 ↦ 𝑓 (𝑥, 𝜃) at
̄, that is,

𝐽𝑓
(

𝑥, 𝜃̄
)

∶=

[

𝜕 𝑓 (

𝑥, 𝜃̄
)

𝜕 𝜃𝑗

]

𝑗=1,2,…,𝑑𝜃

∈ R1×𝑑𝜃

Clearly, the linearized model 𝑥 ↦ 𝑓 LIN
𝜃̄

(𝑥, 𝜃) is a good approximation
o the true model 𝑥 ↦ 𝑓 (𝑥, 𝜃∗) provided that 𝜃 is sufficiently close to
he parameter estimate 𝜃̄ and that this parameter estimate, in turn, is
ufficiently close to the true parameter value 𝜃̄ ≈ 𝜃∗. In general, this
s only the case if one collects a large number of observations or if the
bservation noise is low.

It is well-known that the least-squaresestimator of the linearized
model can be expressed in closed form as

𝜃̂𝑓LIN
𝜃̄

(𝑥̃, 𝑦̃) = 𝜃̄ +𝑀𝑓
(

𝑥̃, 𝜃̄
)−1

⋅ 𝐽𝑓
(

𝑥̃, 𝜃̄
)𝑇

⋅ 𝛴̃−1 ⋅
(

𝑦̃ − 𝑓
(

𝑥̃, 𝜃̄
))

(20)

for arbitrary designs 𝑥̃, observations 𝑦̃, and reference parameter es-
timates 𝜃̄. See Seber and Wild (2003), Nocedal and Wright (2006),
Fedorov and Leonov (2014), Pronzato and Pázman (2013) for instance.
In the above equation,

𝑀𝑓
(

𝑥̃, 𝜃̄
)

= 𝐽𝑓
(

𝑥̃, 𝜃̄
)𝑇

⋅ 𝛴̃−1 ⋅ 𝐽𝑓
(

𝑥̃, 𝜃̄
)

(21)

is the so-called information matrix and

𝐽𝑓
(

𝑥̃, 𝜃̄
)

∶=
⎛

⎜

⎜

⎝

𝐽𝑓
(

𝑥1, 𝜃̄
)

⋮
𝐽𝑓

(

𝑥𝑛, 𝜃̄
)

⎞

⎟

⎟

⎠

∈ R𝑛×𝑑𝜃 and 𝑓 (𝑥̃, 𝜃̄) ∶=
⎛

⎜

⎜

⎝

𝑓
(

𝑥1, 𝜃̄
)

⋮
𝑓
(

𝑥𝑛, 𝜃̄
)

⎞

⎟

⎟

⎠

∈ R𝑛

where 𝛴̃ ∶= diag(𝜎2,… , 𝜎2) ∈ R𝑛×𝑛. It is also well-known (Seber and
ild, 2003; Nocedal and Wright, 2006; Fedorov and Leonov, 2014;

Pronzato and Pázman, 2013) that the least-squaresestimator of the
linearized model, for suitable choices of the reference parameter, is
a good approximation to the least-squaresestimator of the nonlinear
model. In short,

𝜃̂ (𝑥̃, 𝑦̃) ≈ 𝜃̂ (𝑥̃, 𝑦̃) (22)
𝑓 𝑓LIN
𝜃̄

a

4 
for suitably chosen reference parameters 𝜃̄. Indeed, if one iterates this
approximation (22) starting from an initial 𝜃̄0 and if in each iteration
one chooses an appropriate step size, then one arrives at the well-
known Gauß-Newton method. See Nocedal and Wright (2006) for more
nformation on the numerical procedure of least-squaresestimation.

As the experimental observations 𝑦̃ for any given design 𝑥̃ are sub-
ected to random measurement errors, the corresponding
east-squaresparameter estimate 𝜃̂𝑓 (𝑥̃, 𝑦̃) is a random variable as well.
 standard measure to quantify its uncertainty is the covariance matrix

Cov
[

𝜃̂𝑓 (𝑥̃, 𝑦̃ (𝑥̃))
]

∈ R𝑑𝜃×𝑑𝜃pd (23)

of the least-squaresestimate for 𝑥̃ and the random observations 𝑦̃ (𝑥̃)
as defined in (11). In view of (22), it is natural to approximate the
ovariance matrix of the least-squares estimator (23) of the nonlinear
odel by the covariance matrix corresponding to the linearized model
hich by (20) and (23), in turn, can be represented in closed form as

the inverse information matrix. In short,

Cov
[

𝜃̂𝑓 (𝑥̃, 𝑦̃ (𝑥̃))
]

≈ Cov
[

𝜃̂𝑓LIN
𝜃̄

(𝑥̃, 𝑦̃ (𝑥̃))
]

=𝑀𝑓
(

𝑥̃, 𝜃̄
)−1 (24)

for suitably chosen 𝜃̄ ∈ 𝛩. In contrast to linear models, the information
matrix 𝑀𝑓

(

𝑥, 𝜃̄
)

for nonlinear models may strongly depend on 𝜃̄. And
therefore, choosing a suitable value for 𝜃̄ is of critical importance, in
general. Conventionally, one chooses the reference parameter 𝜃̄ ∶=
𝜃̂𝑓 (𝑥̃, 𝑦̃) to be the least-squaresestimator for the available observations
𝑦̃ of 𝑓 at 𝑥̃.

With such observations at hand, one obtains a simple and very
popular approximation to the prediction uncertainty 𝑉𝑥̃, namely the
inearization approximation

𝑉 LIN
𝑥̃, ̃𝑦 ≈ 𝑉𝑥̃, (25)

by simply replacing the nonlinear model 𝑓 in (13) by its linearization
𝑓 LIN
𝜃̄

around 𝜃̄. Specifically,

𝑉 LIN
𝑥̃, ̃𝑦 (𝑥) ∶= Var

[

𝑓 LIN
𝜃̄

(

𝑥̃, 𝜃̂𝑓LIN
𝜃̄

(𝑥̃, 𝑦̃ (𝑥̃))
)]

(26)

with 𝜃̄ ∶= 𝜃̂𝑓 (𝑥̃, 𝑦̃). In view of (19) and (24), one then obtains the
following well-known closed-form representation of (26) in terms of
Jacobian and information matrices:

𝑉 LIN
𝑥̃, ̃𝑦 (𝑥) = 𝐽𝑓

(

𝑥, 𝜃̄
)

𝑀𝑓
(

𝑥, 𝜃̄
)−1 𝐽𝑓

(

𝑥, 𝜃̄
)𝑇 , (27)

where 𝜃̄ ∶= 𝜃̂𝑓 (𝑥̃, 𝑦̃). Clearly, the twofold use of linearization in (26)
introduces an error to the approximation (25), which for a highly
nonlinear model 𝑓 can be very large – even in the asymptotic case
where 𝜃̄ ≈ 𝜃∗. Additionally, 𝜃̄ ≈ 𝜃∗ is not a realistic assumption in prac-
tice, especially in the context of (model-based) optimal experimental
design, where one typically is in the early stages of model calibration.
This means that one does not have many data points yet, and one
further seeks to generate minimum-redundancy designs which yield a
maximum reduction in the maximum prediction error of the considered
nonlinear model.

2.3. Approximations using cubature formulas

After having recalled the most common approximation methods for
prediction uncertainties of nonlinear regression models, we now intro-
duce the novel approximation methods of this paper, which are based
on appropriate cubature methods. Cubature methods are numerical
schemes to approximate multivariate integrals

∫R𝑛
ℎ(𝑧̃)𝑝(𝑧̃) d𝑧̃ (28)

by means of finite weighted sums of the form
𝑁
∑

𝑖=1
𝑤𝑖 ⋅ ℎ(𝑧̃(𝑖)) (29)

with a small or moderate number 𝑁 of cubature points 𝑧̃(1),… , ̃𝑧(𝑁)

nd weights 𝑤 ,…𝑤 . In the special case of univariate integrals 𝑛 =
1 𝑁
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Fig. 1. Spatial distribution of the cubature points 𝑧̃(1) ,… , ̃𝑧(𝑁CUB ) around the central point 𝑦̃ ∈ R𝑛 in the extreme special case of just 𝑛 = 2 measurements. Specifically, the left,
middle, and right plot show the cubature points of the sigma-point, the McNamee-Stenger, and the Lu-Darmofal method, respectively. The black cross denotes the observation and
the blue circles show the cubature points.
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1, cubature methods are usually referred to as quadrature methods,
but this special case plays no role in our context where 𝑛 is number
of experiments in the experimental design 𝑥̃ = (𝑥1,… , 𝑥𝑛) used for
parameter estimation. We refer to Engels (1980), Davis and Rabi-
nowitz (1984), Hinrichs and Novak (2007), Orive et al. (2021) for
comprehensive introductions to the field of cubature methods. Since
the prediction uncertainty (13) that we are interested in here actually
is an integral of the form (28), it is natural to attempt its approximate
omputation with the help of cubature formulas. In the following, we
herefore propose various cubature-based approximation methods for
he prediction uncertainty.

We begin with a basic approximation method based on the simple
but relatively well-known sigma points (Julier and Uhlmann, 1996,
2004). We then improve this sigma point approximation by bringing
to bear more advanced cubature methods for symmetric probability
densities 𝑝, namely the ones by McNamee and Stenger (1967) and,
espectively, by Lu and Darmofal (2004).

An illustration of the spatial distribution of the cubature points
of those methods in the extreme special case of just 𝑛 = 2 mea-
surements is given in Fig. 1. In particular, this figure shows that
he three cubature methods presented here differ in the number of
ubature points, see (39), (45), and (52), respectively. Additionally,
he presented cubature methods come with different approximation
ualities. Specifically, the McNamee-Stenger and the Lu-Darmofal cu-
ature formulas are guaranteed to be exact for polynomial integrands
of degree up to 5, while the sigma-point method does not come with

uch exactness guarantees. Accordingly, the McNamee-Stenger and the
Lu-Darmofal cubature methods feature a better approximation quality
lso for general non-polynomial integrands ℎ which we are faced with
n (14) and (15).

We point out that all presented cubature methods work for arbitrary
odel structures 𝑓 and for arbitrary loss functions 𝑆𝑥̃, ̃𝑦 in (2) and (5).

In particular, the methods are not confined to least-squares parameter
stimates. What one does have to ensure, however, is that the chosen
oss function allows for a sufficiently robust solution of the parameter
stimation problems (2) for the considered designs 𝑥̃ and observations
𝑦̃. After all, such a parameter estimation problem has to be solved for
each of the cubature points, see (36), (44), and (51).

We also point out that all three cubature methods are well-defined
also in the more general situation discussed after (14), where the
measurement errors are only assumed to be independent and identically
distributed with a known general symmetric distribution 𝑝0 (instead of
 normal distribution). It should be noticed, however, that in this more
eneral situation of non-normal observation noise the aforementioned
th-degree exactness can be guaranteed only for the McNamee-Stenger

ormula but no longer for the Lu-Darmofal formula.

5 
2.3.1. Cubature formula based on sigma points
As a first approximation method for prediction uncertainties, we

ropose to use sigma points as cubature points. Sigma points have
riginally been developed by Julier and Uhlmann (1996, 2004) to

approximate the variance – or, more generally, the covariance – of
nonlinear transformations of normally distributed random variables.
We apply them to the predictions 𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃ (𝑥̃))) of the model trained
n 𝑥̃ and 𝑦̃ (𝑥̃), which are precisely such nonlinear transformations
f the normally distributed random observations 𝑦̃ (𝑥̃) with the corre-
ponding nonlinear transformations being given by the maps R𝑛 ∋ 𝑦̃ ↦
(𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃)). In essence, the idea behind sigma points is to approximate

he variance, in our case the prediction uncertainty

𝑉𝑥̃ (𝑥) = Var
[

𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃ (𝑥̃))
)]

, (30)

by a suitably weighted empirical variance at suitably chosen sample
oints 𝑦̃(1)± ,… , 𝑦̃(𝑛)± , the so-called sigma points. Specifically, these points

are obtained by systematically perturbing all 𝑛 components of the
prediction 𝑦̃∗ = 𝑓 (𝑥̃, 𝜃∗) of the true model by some increment 𝛿 up-
and downwards. In formulas,

𝑦̃(𝑖)± ∶= 𝑦̃∗ ± 𝛿 ⋅ 𝑒𝑖 (𝑖 ∈ {1,… , 𝑛}) (31)

𝛿 ∶=
√

𝑛 + 𝜅 ⋅ 𝜎 (32)

where 𝜅 ∈ (−𝑛,∞) is a hyperparameter. See Julier and Uhlmann (1996,
2004). In practice, however, the predictions 𝑦̃∗ = 𝑓 (𝑥̃, 𝜃∗) of the true

odel cannot be assumed to be known, as the true parameter is not
nown. And therefore, we propose to use
̃̄𝑦 ∶= 𝑓 (𝑥̃, 𝜃̄) ∶= 𝑓 (𝑥̃, 𝜃̂𝑓 (𝑥̃, 𝑦̃)) (33)

instead, that is, the predictions of the estimated model trained on the
available experimental observations 𝑦̃ at 𝑥̃. With this modification,
we arrive at the following sigma point approximation 𝑉 SP

𝑥̃, ̃𝑦 (𝑥) for the
prediction uncertainty 𝑉𝑥̃ (𝑥):

𝑉 SP
𝑥̃, ̃𝑦 (𝑥) ∶= 𝑤0 ⋅ ℎ

SP
𝑥̃, ̃𝑦(𝑥, 0) +𝑤1 ⋅

𝑛
∑

𝑖=1

(

ℎSP
𝑥̃, ̃𝑦(𝑥, 𝛿 ⋅ 𝑒𝑖) + ℎSP

𝑥̃, ̃𝑦(𝑥,−𝛿 ⋅ 𝑒𝑖)
)

, (34)

where the weights 𝑤0 and 𝑤1 are defined to be

𝑤0 ∶=
𝜅

𝑛 + 𝜅
and 𝑤1 ∶=

1
2(𝑛 + 𝜅)

. (35)

Additionally, ℎSP
𝑥̃, ̃𝑦(𝑥, ̃𝑧) is a shorthand for the squared deviation

ℎSP
𝑥̃, ̃𝑦(𝑥, ̃𝑧) ∶=

(

𝑓
(

𝑥, 𝜃̂𝑓
(

𝑥̃, ̃̄𝑦 + 𝑧̃
))

− 𝜇SP
𝑥̃, ̃𝑦 (𝑥)

)2
(36)

and 𝜇SP
𝑥̃, ̃𝑦 (𝑥), in turn, is the sigma-point approximation for the expected

prediction (15), that is,

𝜇SP
𝑥̃, ̃𝑦 (𝑥) ∶= 𝑤0 ⋅ 𝑔𝑥̃, ̃𝑦(𝑥, 0) +𝑤1 ⋅

𝑛
∑

𝑖=1

(

𝑔𝑥̃, ̃𝑦(𝑥, 𝛿 ⋅ 𝑒𝑖) + 𝑔𝑥̃, ̃𝑦(𝑥,−𝛿 ⋅ 𝑒𝑖)
)

(37)

where 𝑔𝑥̃, ̃𝑦(𝑥, ̃𝑧) is the prediction of the model trained on the perturbed
observations ̃̄𝑦 + 𝑧̃:

( ( ))
𝑔𝑥̃, ̃𝑦(𝑥, ̃𝑧) ∶= 𝑓 𝑥, 𝜃̂𝑓 𝑥̃, ̃̄𝑦 + 𝑧̃ . (38)
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In view of (14) and (34), it is clear that the sigma-point approxi-
ation 𝑉 SP

𝑥̃, ̃𝑦 to the prediction uncertainty is a cubature formula in the
classical sense (29) with

𝑁SP = 2𝑛 + 1 (39)

cubature points, namely 0 and ±𝛿 𝑒1,… ,±𝛿 𝑒𝑛. See Fig. 1.a for an illus-
ration of these points. Additionally, it is clear from the definitions (36)
nd (38) that computing 𝑉 SP

𝑥̃, ̃𝑦 (𝑥) requires the computation of 2𝑛 + 1
east-squares estimates, namely one for each sigma point.

An obvious shortcoming of the sigma-point approximation 𝑉 SP
𝑥̃, ̃𝑦 to

the prediction uncertainty is that it depends on the hyperparameter
𝜅 through the increment (32) and the weights (35). In spite of some
heuristic rules of thumb (Julier and Uhlmann, 1996, 2004), it is gen-
erally unclear how to choose this hyperparameter. In our experience,
this value has to be chosen differently from application to application
to prevent poor approximations, and this requires quite some tuning
ffort. Another shortcoming of the sigma-point approximation is that it
oes not come with (strong) theoretical exactness guarantees. Indeed,

we will show that the sigma-point approximation 𝑉 SP
𝑥̃, ̃𝑦 is not exact even

for quadratic models 𝑓 with completely noisefree observations 𝑦̃ = 𝑦̃∗

(Corollary 6). We now propose more advanced approximations which
address these drawbacks.

2.3.2. Cubature formula of McNamee and Stenger
As a first alternative to the sigma-point approximation (34) for

the prediction uncertainty, we propose an approximation based on the
cubature formulas by McNamee and Stenger (1967). Specifically, we
apply the fifth-degree cubature formula from McNamee and Stenger
(1967) (Section 4.1) to the integral representations (14) and (15) for
the prediction uncertainty and the expected prediction and then replace
the unknown value 𝑦̃∗ ∶= 𝑓 (𝑥̃, 𝜃∗) featuring in (14) and (15) by the
redictions ̃̄𝑦 of the estimated model as defined in (33). In this manner,
e arrive at the approximation formula

𝑉 MS
𝑥̃, ̃𝑦 (𝑥) ∶= 𝑤0 ⋅ ℎ

MS
𝑥̃, ̃𝑦 (𝑥, 0) +𝑤1 ⋅

𝑛
∑

𝑖=1

(

ℎMS
𝑥̃, ̃𝑦 (𝑥, 𝛿 ⋅ 𝑒𝑖) + ℎMS

𝑥̃, ̃𝑦 (𝑥,−𝛿 ⋅ 𝑒𝑖)
)

+ 𝑤2 ⋅
𝑛
∑

𝑖=1

𝑖−1
∑

𝑗=1

(

ℎMS
𝑥̃, ̃𝑦 (𝑥, 𝛿 ⋅ (𝑒𝑖 + 𝑒𝑗 )) + ℎMS

𝑥̃, ̃𝑦 (𝑥,−𝛿 ⋅ (𝑒𝑖 + 𝑒𝑗 ))

+ ℎMS
𝑥̃, ̃𝑦 (𝑥, 𝛿 ⋅ (𝑒𝑖 − 𝑒𝑗 )) + ℎMS

𝑥̃, ̃𝑦 (𝑥,−𝛿 ⋅ (𝑒𝑖 − 𝑒𝑗 ))
)

(40)

for the prediction uncertainty 𝑉𝑥̃, ̃𝑦(𝑥), where 𝑒𝑖 denotes the 𝑖th canonical
unit vector in R𝑛 and the weights 𝑤0, 𝑤1, 𝑤2 and the increment 𝛿 are
defined as

𝑤0 ∶= 𝐼0 − 𝑛 ⋅
(

𝐼2∕𝐼4
)2

⋅
(

𝐼4 −
𝑛 − 1
2

)

⋅ 𝐼2,2 (41)

𝑤1 ∶=

(

𝐼2∕𝐼4
)2

2
⋅
(

𝐼4 − (𝑛 − 1) ⋅ 𝐼2,2
)

and 𝑤2 ∶=

(

𝐼2∕𝐼4
)2

4
⋅ 𝐼2,2

(42)

𝛿 ∶=
(

𝐼4∕𝐼2
)1∕2 =

√

3 ⋅ 𝜎 (43)

with 𝐼0 = 1, 𝐼2 = 𝜎2, 𝐼4 = 3 ⋅ 𝜎4, and 𝐼2,2 = 𝜎4. Additionally, ℎMS
𝑥̃, ̃𝑦 (𝑥, ̃𝑧) is

 shorthand for the squared deviation

ℎMS
𝑥̃, ̃𝑦 (𝑥, ̃𝑧) ∶=

(

𝑓
(

𝑥, 𝜃̂𝑓
(

𝑥̃, ̃̄𝑦 + 𝑧̃
))

− 𝜇MS
𝑥̃, ̃𝑦 (𝑥)

)2
(44)

and 𝜇MS
𝑥̃, ̃𝑦 (𝑥), in turn, is the approximation for the expected predic-

tion (15) formed completely analogously to (40), that is, by replacing
MS
𝑥̃, ̃𝑦 in (40) by the perturbed predictions 𝑔𝑥̃, ̃𝑦 from (38). Counting the

summands in (40), we see that the McNamee-Stenger approximation
requires considerably more cubature points – and hence least-squares
estimators – than the sigma-point approximation (34), namely

𝑁MS = 1 + 2𝑛 + 4𝑛(𝑛 − 1)∕2 = 2𝑛2 + 1. (45)

See Fig. 1.b for an illustration of these points. In return, however, the
McNamee-Stenger approximation is guaranteed to be exact up to fifth
6 
degree in ℎMS
𝑥̃, ̃𝑦 (𝑥, ⋅) (Section 4 in McNamee and Stenger, 1967), while

the sigma-point approximation does not come with such guarantees.
Additionally, the McNamee-Stenger approximation does not contain
rtificial tuning parameters like the hyperparameter 𝜅 from (32) and

(35). We choose the fith-degree cubature formula from McNamee and
Stenger (1967) is it offers a good trade-off between accuracy and
the number of cubature points. In the more general situation of non-
normal observation noise as discussed after (14), the above-mentioned
5th-degree exactness can still be guaranteed for the McNamee-Stenger
method. Indeed, in this case of general symmetric error distributions 𝑝0,
one still has that the joint error distribution (16) is fully symmetric and
thus the 5th-degree exactness result of McNamee and Stenger (1967)
still applies. What has to adapted, though, is the second equation in the
efinition (43) for the increment because for non-normal distributions
𝑝0, the explicit moment formulas for 𝐼4 and 𝐼2,2 given immediately
fter (43) are no longer valid. Instead, one simply has to calculate these

moments for the more general distribution 𝑝0.

2.3.3. Cubature formula of Lu and Darmofal
As a second alternative to the sigma-point approximation (34) for

the prediction uncertainty, we propose an approximation based on the
ubature formulas by McNamee and Stenger (1967), which improve

upon (McNamee and Stenger, 1967) in several ways. Specifically, we
apply the fifth-degree cubature formula from Lu and Darmofal (2004)
(Section 4.1) to the integral representations (14) and (15) for the
rediction uncertainty and the expected prediction and then replace

the unknown value 𝑦̃∗ ∶= 𝑓 (𝑥̃, 𝜃∗) featuring in (14) and (15) by the
predictions ̃̄𝑦 of the estimated model as defined in (33). In this manner,
we arrive at the approximation formula

𝑉 LD
𝑥̃, ̃𝑦 (𝑥) ∶= 𝑤0 ⋅ ℎ

LD
𝑥̃, ̃𝑦(𝑥, 0) +𝑤1 ⋅

𝑛+1
∑

𝑖=1

(

ℎLD
𝑥̃, ̃𝑦(𝑥, 𝛿 ⋅ 𝑎(𝑖)) + ℎLD

𝑥̃, ̃𝑦(𝑥,−𝛿 ⋅ 𝑎(𝑖))
)

+𝑤2 ⋅
𝑛+1
∑

𝑖=1

𝑖−1
∑

𝑗=1

(

ℎLD
𝑥̃, ̃𝑦(𝑥, 𝛿 ⋅ 𝑏(𝑖,𝑗)) + ℎLD

𝑥̃, ̃𝑦(𝑥,−𝛿 ⋅ 𝑏(𝑖,𝑗))
)

(46)

for the prediction uncertainty 𝑉𝑥̃, ̃𝑦(𝑥), where the weights 𝑤0, 𝑤1, 𝑤2 and
he increment 𝛿 are defined as

𝑤0 ∶=
2

𝑛 + 2 and 𝑤1 ∶=
𝑛2 ⋅ (7 − 𝑛)

2 ⋅ (𝑛 + 1)2 ⋅ (𝑛 + 2)2
(47)

2 ∶=
2 ⋅ (𝑛 − 1)2

(𝑛 + 1)2 ⋅ (𝑛 + 2)2
and 𝛿 ∶=

√

𝑛 + 2 ⋅ 𝜎 (48)

and the perturbation directions 𝑎(𝑖), 𝑏(𝑖,𝑗) ∈ R𝑛 defining the cubature
points are given by

𝑎(𝑖)𝑘 ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−
√

𝑛+1
𝑛⋅(𝑛−𝑘+2)⋅(𝑛−𝑘+1) , 𝑘 < 𝑖

√

(𝑛+1)⋅(𝑛−𝑖+1)
𝑛⋅(𝑛−𝑖+1) , 𝑘 = 𝑖

0, 𝑘 > 𝑖
(49)

for all 𝑘 ∈ {1, 2,… , 𝑛} and, respectively, by

𝑏(𝑖,𝑗) ∶=
√

𝑛
2 ⋅ (𝑛 − 1) ⋅

(

𝑎(𝑖) + 𝑎(𝑗)
)

(50)

for all 𝑖 < 𝑗. Additionally, ℎLD
𝑥̃, ̃𝑦(𝑥, ̃𝑧) is a shorthand for the squared

deviation

ℎLD
𝑥̃, ̃𝑦(𝑥, ̃𝑧) ∶=

(

𝑓
(

𝑥, 𝜃̂𝑓
(

𝑥̃, ̃̄𝑦 + 𝑧̃
))

− 𝜇LD
𝑥̃, ̃𝑦 (𝑥)

)2
(51)

and 𝜇LD
𝑥̃, ̃𝑦 (𝑥), in turn, is the approximation for the expected predic-

tion (15) formed completely analogously to (46), that is, by replacing
ℎLD
𝑥̃, ̃𝑦 in (46) by the perturbed predictions 𝑔𝑥̃, ̃𝑦 from (38). Clearly, the

Lu-Darmofal approximation still requires considerably more cubature
points than the sigma-point approximation (34), but only about half as
many as the McNamee-Stenger approximation, namely
𝑁LD = 1 + 2(𝑛 + 1) + 2𝑛(𝑛 + 1)∕2 = 𝑛2 + 3𝑛 + 3. (52)



M. Bubel et al.

(
t
t

d
m
d

c

i
q
t

m
t
S

q
s

t

d

a

t

c
e

p

a

s

𝜃

e
t

c

Computers and Chemical Engineering 197 (2025) 109035 
See Fig. 1.c for an illustration of these points. Also, the Lu-Darmofal
approximation is guaranteed to be exact up to fifth degree in ℎLD

𝑥̃, ̃𝑦(𝑥, ⋅)
Section 4 in Lu and Darmofal, 2004) and the number 𝑁LD is close
o the minimal possible number 𝑛2 + 𝑛 + 1 of cubature points with
he aforementioned exactness property (Section 2 and Figure 1 in Lu

and Darmofal, 2004). In the more general situation of non-normal
observation noise as discussed after (14), the above-mentioned 5th-
egree exactness can no longer be guaranteed for the Lu-Darmofal
ethod. Indeed, Lu and Darmofal consider only normal-distribution
ensities in their paper.

3. Validation and benchmarking

In this section, we validate the proposed cubature-based approxima-
tion methods for the prediction uncertainty by means of increasingly
omplex models on different experimental designs. In all examples

considered from now on, the loss function for parameter estimation (2)
s taken to be the mean-squared error loss. We begin with a generic
uadratic model, for which we establish closed-form expressions for
he prediction uncertainty and all the considered approximations (Sec-

tion 3.1). We then validate our approximation methods on more general
odels and experimental designs, for which no closed-form representa-

ions can be given. The benchmarking on the NRTL model is featured in
ection 3.2, while the benchmarking on the generic quadratic models

(without closed-form expressions) and an exponential growth model, is
featured in the appendix Appendix B.

3.1. Validation on a generic quadratic model

In this section, we consider a generic quadratic model which is
uadratic both in the inputs 𝑥 and in the model parameters 𝜃. As we will
ee, the McNamee-Stenger and Lu-Darmofal approximations (40) and

(46) are exact for this model on orthogonal factorial designs, whereas
he linearization and sigma-point approximations are not (Corollary 6).

Specifically, we consider the separable quadratic model 𝑓 ∶  ×𝛩 → R
efined by

𝑓 (𝑥, 𝜃) ∶= 𝑓𝛼 ,𝛽 (𝑥, 𝜃)

∶= 𝜃0 +
𝑑𝑥
∑

𝑘=1
𝛼𝑘 ⋅ 𝜃𝑘 ⋅ 𝑥𝑘 +

𝑑𝑥
∑

𝑘=1
𝛽𝑘 ⋅

𝜃2𝑘
2

⋅ 𝑥2𝑘 ((𝑥, 𝜃) ∈  × 𝛩) (53)

with input space  ∶= [−1, 1]𝑑𝑥 and parameter space 𝛩 ∶= R𝑑𝜃 ∶= R𝑑𝑥+1
nd with arbitrary linear and quadratic coefficients

𝛼𝑘 ∈ R ⧵ {0} and 𝛽𝑘 ∈ R (54)

(hyperparameters). We will show that the prediction uncertainty of
his model can be computed explicitly, provided that we consider

the specific experimental design 𝑥̃ ∶=
(

𝑥1, 𝑥2,… , 𝑥𝑛
)

whose design
points 𝑥1,… , 𝑥𝑛 are corner points of the input space with mean 0 and
ovariance matrix 𝑛 ⋅𝐼𝑑𝑥×𝑑𝑥 . Spelled out, this means that the considered
xperimental designs 𝑥̃ ∶=

(

𝑥1,… , 𝑥𝑛
)

satisfy the following conditions:

𝑥𝑖 ∈ {−1, 1}𝑑𝑥 (𝑖 ∈ {1, 2,… , 𝑛}) and
𝑛
∑

𝑖=1
𝑥𝑖 = 0 (55)

𝑛
∑

𝑖=1
𝑥𝑖,𝑘 ⋅ 𝑥𝑖,𝑙 = 𝑛 ⋅ 𝛿𝑘,𝑙

(

𝑘, 𝑙 ∈ {

1, 2,… , 𝑑𝑥
})

. (56)

In particular, (55) implies that the design size 𝑛 is an even number.
Also, (56) says that the considered designs are orthogonal designs (see
age 459 of Montgomery, 2009, for instance). It is trivial to verify

that conditions (55) and (56) are satisfied for the full factorial design
𝑥̃ =

(

𝑥1, 𝑥2,… , 𝑥𝑛
)

consisting of the 2𝑑𝑥 corners of the input space
 = [−1, 1]𝑑𝑥 , that is, 𝑛 = 2𝑑𝑥 and
{

𝑥𝑖 ∶ 𝑖 ∈
{

1, 2,… , 2𝑑𝑥
}}

=
{(

(−1)𝑘1 ,… , (−1)𝑘𝑑𝑥
)

∶ 𝑘1,… , 𝑘𝑑𝑥 ∈ {0, 1}
}

.

And, of course, the conditions (55) and (56) are also satisfied for
every replicated version of this full factorial design. Additionally, the
 b

7 
Fig. 2. Approximation error (60) for the quadratic model (53) in 𝑑𝑥 = 2 input
dimensions with coefficients (61) and with the factorial design (62). The approximation
error is plotted as a function 𝑥1 ↦ 𝛥met hod

𝑥̃, ̃𝑦
(

𝑥1 , 𝑥2) of 𝑥1 for several fixed values of 𝑥2
nd for met hod = LIN (blue circles) and met hod = LD (lime squares).

conditions (55) and (56) are satisfied for appropriate fractions of the
full factorial design above, that is, for appropriate fractional factorial
designs. Indeed, in the case 𝑑𝑥 = 3, a fractional factorial design
atisfying (55) and (56) is given by 𝑥̃ =

(

𝑥1, 𝑥2,… , 𝑥𝑛
)

with

(

𝑥1,… , 𝑥4
)

∶=
⎛

⎜

⎜

⎝

−1 1 −1 1
−1 −1 1 1
−1 1 1 −1

⎞

⎟

⎟

⎠

, (57)

for instance. In the case, 𝑑𝑥 = 2, however, only the full factorial design
and its replicated versions satisfy (55) and (56).

As can be easily shown, for every design 𝑥̃ satisfying (55) and (56)
and arbitrary observations 𝑦̃ =

(

𝑦1,… , 𝑦𝑛
)

∈ R𝑛, there exists a unique
least-squaresestimator 𝜃̂𝑓 (𝑥̃, 𝑦̃) = (𝜃̂0, 𝜃̂1,… , 𝜃̂𝑑𝑥 ), and it is given by

𝜃̂0 =
1
𝑛

𝑛
∑

𝑖=1
𝑦𝑖 −

𝑑𝑥
∑

𝑘=1

𝛽𝑘
2 ⋅ 𝛼2𝑘 ⋅ 𝑛

2
⋅

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘 ⋅ 𝑦𝑖

)2

,

̂𝑘 =
1

𝛼𝑘 ⋅ 𝑛

𝑛
∑

𝑖=1
𝑥𝑖,𝑘 ⋅ 𝑦𝑖 (𝑘 ∈

{

1,… , 𝑑𝑥
}

)

(58)

(Lemma 1). With the help of these explicit formulas, we can then
stablish a closed-form identity for the prediction uncertainty 𝑉𝑥̃ (𝑥) of
he quadratic model at any input point 𝑥 = (𝑥𝑘)𝑘=1,…,𝑑𝑥 ∈  , namely

𝑉𝑥̃ (𝑥) =
𝜎2

𝑛
⋅

(

1 +
𝑑𝑥
∑

𝑘=1

(

𝑥𝑘 +
𝛽𝑘
𝛼𝑘

⋅
(

𝑥2𝑘 − 1) ⋅ 𝜃∗𝑘
)2

)

+ 𝜎4

2 ⋅ 𝑛2
⋅
𝑑𝑥
∑

𝑘=1

𝛽2𝑘
𝛼4𝑘

⋅
(

𝑥2𝑘 − 1)2 (59)

(Corollary 2). We now use this explicit formula to validate the proposed
ubature-based approximation methods (34), (40), (46) and to compare

them to the linearization-based approximation (25). Specifically, we
investigate how far the approximate prediction uncertainty 𝑉 met hod

𝑥̃, ̃𝑦 (𝑥)
for each of the considered approximation methods deviates from the
exact prediction uncertainty 𝑉𝑥̃ (𝑥) as given by (59). In other words, we
consider the approximation error

𝛥met hod
𝑥̃, ̃𝑦 (𝑥) ∶= |𝑉 met hod

𝑥̃, ̃𝑦 (𝑥) − 𝑉𝑥̃ (𝑥) | (60)

for each of the considered approximation methods linearization (LIN),
sigma-point (SP), McNamee-Stenger (MS), Lu-Darmofal (LD), as a func-
tion of the input 𝑥 ∈  .

Specifically, we conduct a benchmark comparing the linearization-
ased approximation method with the cubature-based approximation
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Table 1
Distribution of the approximation errors 𝛥met hod

𝑥̃, ̃𝑦 (𝑥) for input
points 𝑥 ranging in a uniform grid of 𝑁𝑥 ∶= 104 points in  and
for met hod = LIN and met hod = LD. The percentage numbers
represent the percentiles of the data in each column.

LIN SP

count 1.00e+02 1.00e+02
mean 7.50e−07 1.18e−12
std 4.09e−07 8.46e−13
min 7.07e−16 2.20e−15
25% 4.95e−07 3.16e−13
50% 7.47e−07 9.91e−13
75% 9.91e−07 1.96e−12
max 1.52e−06 2.55e−12

method of Lu-Darmofal for the quadratic model (53) in 𝑑𝑥 = 2 input
imensions with the linear and quadratic coefficients chosen to be

𝛼𝑘 = 1 and 𝛽𝑘 = 1 (61)

for 𝑘 ∈ {1, 2}. As the design, we choose the factorial design of 𝑛 = 8
points given by

𝑥̃ ∶=
(

𝑥1, 𝑥2,… , 𝑥8
)

∶=
(

−1 −1 1 1 −1 −1 1 1
−1 1 −1 1 −1 1 −1 1

)

. (62)

It includes each vertex of the input space  = [−1, 1]2 exactly twice
and clearly satisfies the conditions (55) and (56). As the true param-
eter we randomly choose the value 𝜃∗ = (27.39,−46.04,−91.81). And
concerning the observations, we assume an ideal scenario of noise-free
observations

𝑦̃ = 𝑦̃∗ ∶= 𝑓
(

𝑥̃, 𝜃∗) , (63)

even though the standard deviation of the normally distributed obser-
vation noise is set to 𝜎 ∶= 0.1. As is proven in Corollary 6, under this
ideal scenario of noise-free observations, the cubature formula (46) is
xact up to numerical noise. Fig. 2 shows the approximation error (60)
or the linearization- and for the cubature-based approximation meth-
ds. Table 1, in turn, exhibits the distribution of the approximation

errors (60) when the input points 𝑥 are varied in a fine uniform grid
n  . The numbers clearly show that for the quadratic model (53), the

cubature-based method outperforms the linearization method. It also
confirms numerically the exactness of the Lu-Darmofal approximation,
which is rigorously proved in Corollary 6.

3.2. Validation on a more general designs and a chemical engineering model

In this section, we benchmark our proposed uncertainty approxima-
ion methods on the NRTL model and more general designs. We choose
he NRTL model (67) as it is an important example from chemical

engineering. We furthermore consider a generalization of the bench-
markings on three toy models, namely the generic quadratic model (53)
n one and two input dimensions, and the exponential growth model
133). The benchmarking on those models is featured in Appendix B.

Although this section only features the benchmarking results for the
NRTL model, the following remarks on the benchmarking setup are also
alid for the toy models in the appendix, and thus written in a general
anner.

We compare the performance of the prediction uncertainty es-
timation for the different methods considered here in Appendix B
(Tables 4 and 5). Also, the computational effort of using these methods
s reported in Table 2 and 3, respectively.

As designs, we consider factorial and equidistant designs for the
different models in order to illustrate the design’s influence on pre-
diction uncertainty approximation. The used factorial and equidis-
tant design will be specified for each model in the following. As far
as the employed approximation methods are concerned, we compare
he uncertainty approximations obtained by linearization (Section 2.2)
8 
and Lu-Darmofal’s cubature method (Section 2.3.3). The results using
McNamee-Stenger’s formula (Section 2.3.2) are similar to those using
Lu-Darmofal’s formula, but the latter requires fewer cubature points
(higher data efficiency), see (45) and (52). Also, and in keeping with
he general remarks at the end of Section 2.3.1, Lu-Darmofal’s cubature

turned out to be superior to the sigma point cubature rule in the
pecific benchmark examples considered in this section. This is why we

only show the results for Lu-Darmofal’s cubature (LD) and linearization
(LIN) here.

In order to assess the quality of these approximation methods for all
onsidered model-design combinations, we use the root mean-squared
pproximation errors scaled by the use observation noise variance

𝛥met hod
𝑥̃, ̃𝑦 =

√

√

√

√

√

1
𝑁𝑥

𝑁𝑥
∑

𝑗=1

(

𝑉 met hod
𝑥̃, ̃𝑦

(

𝑥(𝑗)
)

− 𝑉 MC
𝑥̃

(

𝑥(𝑗)
)

)2
⋅ 𝜎−2, (64)

over a fine uniform grid of 𝑁𝑥 ∶= 102⋅𝑑𝑥 input points 𝑥(𝑗) ∈  . In
contrast to the local (that is, 𝑥-dependent) approximation error (60),
he approximation error (64) is global in the sense that it takes into

account all points from a fine uniform grid. Another, even more impor-
tant, difference compared to (60) is that the approximation error (64)
uses the Monte-Carlo prediction uncertainty 𝑉 MC

𝑥̃ from (18) instead
of the true prediction uncertainty 𝑉𝑥̃. This is simply because for the

ore general models and designs considered in this section, we have
o analytic expressions anymore for the true prediction uncertainty.
he discussion of the results obtained for the different scenarios will

be guided by visualizations of

• the factorial and the equidistant design 𝑥̃ alongside the true model
that we use for noisy observation generation,

• the convergence of the Monte Carlo approximator 𝑉 MC
𝑥̃ over the

number 𝑁MC of samples,
• the least-squares parameter estimators 𝜃̂𝑓

(

𝑥̃, 𝑦̃(𝑖)) for 𝑁MC ∶= 106
observation samples 𝑦̃(1),… , 𝑦̃(𝑁MC) drawn from (11), while for
simplicity, only 1000 random samples are shown in the plots,

• the distribution of parameter estimation errors
‖

‖

‖

𝜃̂𝑓
(

𝑥̃, 𝑦̃(𝑖)) − 𝜃∗‖‖
‖2
, (65)

for the considered observation samples 𝑦̃(𝑖) (measured in the
Euclidean norm), and

• the root mean-squared approximation errors 𝛥met hod
𝑥̃, ̃𝑦(𝑖) from (64) for

the considered observation samples 𝑦̃(𝑖).

We plot these root mean-squared approximation errors against the
arameter estimation errors (65) in order to reveal how the approxima-
ion quality depends on the quality of the parameter estimator. All the
rising least-squares estimators 𝜃̂𝑓

(

𝑥̃, 𝑦̃(𝑖)) are determined using a se-
uential quadratic programming algorithm from the
cipy.optimize package in Python (Virtanen et al., 2020).

In contrast to the works of Krausch et al. (2019), Kozachynskyi
et al. (2024), we do not use confidence region-based metrics as a
quality indicator for the obtained prediction uncertainty estimators.

fter all, for nonlinear regression models, the predictions based on
east-squaresestimators is no longer normally distributed. As a result,
onfidence regions as computed in Krausch et al. (2019) are not correct,

from a statistical point of view. For practical purposes however, assum-
ing normality of predictions may allow for good results. Still, they are
not suitable as a quality indicator in this work, where the estimators
by the different methods may be close, and a wrong reference may
result in the wrong conclusions. Instead, we consider the distance of
he obtained prediction uncertainty estimations to the MC-based esti-
ator, and compare the results under consideration of the parameter

estimation error.
As a benchmarking model from the field of chemical and process

engineering, we choose the non-random two-liquid model (NRTL model)
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Fig. 3. The blue lines show the NRTL model at the evaluation points (same for (A) and (B)) and the red points show the factorial (A) and equidistant (B) design. The vertical
xes of both subplots (A) and (B) are aligned and have the same scale.
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for the activity coefficient

𝑓 (𝑙 , 𝑇 , 𝜃) ∶= 𝛾1(𝑙 , 𝑇 , 𝜃) (66)

of the first component of a binary mixture. According to Renon and
rausnitz (1968), this model is defined by

𝛾𝑖(𝑙 , 𝑇 , 𝜃) ∶= exp
(
∑2
𝑘=1 𝑙𝑘𝜏𝑘𝑖(𝑇 , 𝜃)𝐺𝑘𝑖(𝑇 , 𝜃)
∑2
𝑘=1 𝑙𝑘𝐺𝑘𝑖(𝑇 , 𝜃)

+
2
∑

𝑗=1

𝑙𝑗𝐺𝑖𝑗 (𝑇 , 𝜃)
∑2
𝑘=1 𝑙𝑘𝐺𝑘𝑗 (𝑇 , 𝜃)

(

𝜏𝑖𝑗 (𝑇 , 𝜃) −
∑2
𝑘=1 𝑙𝑘𝜏𝑘𝑗 (𝑇 , 𝜃)𝐺𝑘𝑗 (𝑇 , 𝜃)
∑2
𝑘=1 𝑙𝑘𝐺𝑘𝑗 (𝑇 , 𝜃)

))

,

(67)

where (𝑙1, 𝑙2) ∶= (𝑙 , 1 − 𝑙) denote the liquid-phase molar fractions of the
two components, 𝑇 denotes the temperature, and 𝐺𝑖𝑗 and 𝜏𝑖𝑗 are defined
by

𝐺𝑖𝑗 (𝑇 , 𝜃) ∶= exp(−𝛼𝑖𝑗 (𝑇 )𝜏𝑖𝑗 (𝑇 , 𝜃)), (68)

𝑖𝑗 (𝑇 , 𝜃) ∶= 𝑎𝑖𝑗 +
𝑏𝑖𝑗
𝑇

(𝑖 ≠ 𝑗) and 𝜏𝑖𝑖(𝑇 ) ∶= 0, (69)

𝑖𝑗 (𝑇 , 𝜃) ∶= 𝑐𝑖𝑗 + 𝑑𝑖𝑗𝑇 (𝑖 ≠ 𝑗) and 𝛼𝑖𝑖(𝑇 ) ∶= 0 (70)

for 𝑖 ∈ {1, 2}. As in the original model proposed in Renon and Prausnitz
(1968), we assume the non-randomness terms 𝛼𝑖𝑗 to be symmetric and
emperature-independent, that is,
𝑐𝑖𝑗 = 𝑐𝑗 𝑖 and 𝑑𝑖𝑗 = 0 (𝑖, 𝑗 ∈ {1, 2}). (71)

Furthermore, we fix the parameters as follows:

𝑎12 = 0, 𝑎21 = 0, 𝑐12 = 𝑐21 = 0.3, (72)

so that the adjustable parameters in this benchmark become 𝜃 =
(

𝑏12, 𝑏21
)

. The true parameter value is set to 𝜃∗ = (−173.4982,−61.8175),
and the standard deviation of the normally distributed observation
noise is set to 𝜎 = 0.05. As the choice of measurement noise is
non-trivial, and observing the activity coefficient directly is actually
uncommon, we give a detailed justification for our specific setup in
Appendix C

In Fig. 3, we see the two design choices considered in this paper:
factorial and equidistant which are defined, respectively, as

𝑥̃ ∶=
(

0.01 0.01 0.99 0.99 0.01 0.01 0.99 0.99 0.01
𝑇1 𝑇3 𝑇1 𝑇3 𝑇1 𝑇3 𝑇1 𝑇3 𝑇1

)

,

𝑥̃ ∶=
(

0.01 0.5 0.99 0.01 0.5 0.99 0.01 0.5 0.99
𝑇1 𝑇1 𝑇1 𝑇2 𝑇2 𝑇2 𝑇3 𝑇3 𝑇3

)

,

(73)

with 𝑇1 ∶= 298.15, 𝑇2 ∶= 335.15, and 𝑇3 ∶= 373.15.
In Fig. 4, we see that for both designs, the MC estimator for

the model’s prediction uncertainty converges as we approach the 1
9 
million sample mark. However, convergence appears to be faster for the
actorial design (A), similar to the results obtained for the exponential
rowth model (cf. Fig. 19).

In Fig. 5, we examine the MC samples obtained from repeated
computer experiments in the parameter space. For both designs, the pa-
rameter estimator samples from the MC observation sets do exhibit an
elliptic distribution, with the effect appearing stronger for the equidis-
ant design in (B). This raises the expectation that the linearization-

based uncertainty estimation will underperform the cubature-based
method when comparing uncertainty estimators below.

In Fig. 6, we see the distribution of parameter estimation errors, cal-
ulated based on the Euclidean distance between the
east-squaresestimator obtained for the respective MC sample and the
rue parameter value, which we assume to be known for comparison.

Fig. 7 shows the uncertainty estimation error (64) versus the pa-
rameter estimator error (65) for the factorial (A) and equidistant (B)
designs. For both designs, the prediction uncertainty estimator obtained
by the cubature is superior to that obtained by the linearization. Espe-
cially for good parameter estimates, the cubature error is particularly
small, while it starts significantly higher for the linearization-based
estimator, as seen in Fig. 7 (A and B). Additionally, as observed in
the other validation scenarios in this section, the results obtained
from the equidistant design are superior to those from the factorial
design when using the LIN method, while the results obtained for the
cubature-based uncertainty estimator perform similar for both designs.
Similar to the exponential growth model, the uncertainty estimation
error for the NRTL model varies on a larger scale, being small for
small parameter estimation errors and reaching high values for large
parameter estimation errors.

The results observed for the NRTL model with factorial designs
align with those by Kozachynskyi et al. (2024), who note that the
linearization-based uncertainty approximation can perform fairly well
for the NRTL model. Comparing the distribution of parameter estima-
tor samples obtained for the exponential growth model (cf. Fig. 20)
to those for the NRTL model (cf. Fig. 5), we find that the samples
or the exponential growth model are more non-elliptic. Nonethe-

less, regardless of the ellipticity of the parameter estimator samples,
we find that the cubature-based approximator for prediction uncer-
tainty consistently outperforms the linearization-based approach for
both models.

4. Conclusion and outlook

In this work, we have proposed new methods for estimating the
prediction uncertainty of nonlinear regression models using cubature
formulas. We derived exact expressions for the variance and param-
eter estimator of a quadratic nonlinear regression model for factorial
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Fig. 4. Convergence of the MC approximator to the prediction uncertainty of the NRTL model at 𝑥 ∶= (0, 336.86) over the number of samples for the factorial (A) and equidistant
(B) design.
Fig. 5. Least-squares estimates for 103 from the 𝑁MC ∶= 106 Monte-Carlo samples of the NRTL model for the factorial (A) and equidistant (B) design. The MC samples are marked
y the blue circles, the true parameter value 𝜃∗ is marked by the lime pentagon, and the MC mean estimator 𝜃̄ is marked by the yellow square. The vertical axes of both subplots
A) and (B) are aligned and have the same scale.
Fig. 6. Distribution of parameter estimation errors obtained from the MC sampling according to (65) for the NRTL model at the factorial (A) and equidistant (B) design. The
vertical axes of both subplots (A) and (B) are aligned and have the same scale.
designs. The proposed cubature-based uncertainty estimation methods
ere validated on a variety of case studies, including the NRTL model

from the chemical engineering domain. From the numerical results
 s

10 
obtained during validation, we draw the following conclusions:

As is known for nonlinear regression models, the experimental de-
ign matters (Fedorov and Leonov, 2014). The comparison of factorial
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Fig. 7. Least-squares estimator error (65) from MC sampling are visualized at their respective variance approximation error (64) for the NRTL model using the factorial (A) and
equidistant (B) design. The results for LIN are shown in blue and those for LD in lime.
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and equidistant designs shows that for the generic quadratic model
in one- and two input dimensions, exponential growth model, and
the NRTL model, the equidistant design generally yields better uncer-
tainty estimation than the factorial design, regardless of the estimation
method used, as can be seen in Figs. 12, 17, 22, and 7.

For nonlinear regression models, the quality of the parameter esti-
ator strongly affects the prediction uncertainty approximation. While

his may be obvious, the results obtained in Section 3.2 show that the
progression of the uncertainty approximation error with parameter es-
timation error is model-dependent. Even though the results in Figs. 12,
17, 22, and 7 demonstrate that the cubature-based approximator to the
prediction uncertainty is generally superior to the linearization-based
approach, and that it is more robust for parameter estimators 𝜃̂ far
from 𝜃∗ within the models compared in this study, there is no general
rule that can be derived from the results. In practice, if the parameter
estimator is known to be poor, the uncertainty approximation may
also be poor, and thus, should be used with caution, regardless of the
approximation method used.

Finally, we find that even though the prediction uncertainty es-
imator that relies on the linearization, which does not describe the

nonlinearity in the model, still offers a fair approximation to the pre-
iction uncertainty. Especially for models that exhibit weak parameter
onlinearity, e.g., the generic quadratic model in one input dimension
n Fig. 12, the linearization-based method may be a good choice, as

it is computationally less expensive than the cubature-based methods.
owever, the cubature-based methods provide a more robust approx-

imation to the prediction uncertainty, as they are less sensitive to the
quality of the parameter estimator, cf. Figs. 12, 22, 7.

The main limitation of the proposed cubature-based uncertainty
approximation methods is that they require as many parameter esti-
mations as there are cubature points. In practice, this might become
expensive or even intractable. In particular, this may limit the appli-
cability of our methods to big-data studies or models with a large
number of parameters, especially deep-learning models. Future work
and improvements on the method could thus address the computational
effort of the method as well as the number of parameter estimators
necessary to extend its applicability to larger data sets, and by that,
a wider range of models. Using even more accurate formulas for the
integrals than the cubature formulas contained in this work may not
be promising. We find that the limitation of the approaches comes
from the method of generating perturbations of the observed data and
generating uncertainty approximations on those perturbations. While
that works fine for linear regression models, for nonlinear regression
models, it simply results in a bias to the true uncertainty as the approx-
imation does not reflect the actual process, but that of the parameter
estimator available at the time. For nonlinear regression models, the
confidence region of model predictions exhibits a strong influence on
11 
the parameter value, which limits the accuracy that can be obtained by
the proposed methods.
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Appendix A. Closed-form expressions for the generic quadratic
model

In this appendix, we establish the closed-form expressions that we
se for the validation of our cubature-based approximation methods.
pecifically, we derive closed-form expressions for the prediction un-
ertainty of the generic quadratic model (53) trained on the specific

factorial design (55) and (56), and for the various approximations to
the prediction uncertainty considered in this paper. We point out that
ll the following results are valid generically, that is, for arbitrary input

space dimension 𝑑𝑥 ∈ N and for arbitrary choices of the linear and
uadratic coefficients
𝛼𝑘 ∈ R ⧵ {0} and 𝛽𝑘 ∈ R (𝑘 ∈ {1,… , 𝑑𝑥}) (74)
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of our model (53). In the following, the index 𝑖 always refers to the
𝑖th experiment or observation, whereas the index 𝑘 refers to the 𝑘th
component of an input point 𝑥 ∈  or a model parameter 𝜃 ∈ 𝛩.
In particular, 𝑥𝑖,𝑘 is the 𝑘th component of the 𝑖th experiment 𝑥𝑖 =
(𝑥𝑖,1,… , 𝑥𝑖,𝑑𝑥 ) ∈  , whereas 𝑥𝑘 is the 𝑘th component of an arbitrary
input point 𝑥 = (𝑥1,… , 𝑥𝑑𝑥 ) ∈  .

A.1. Closed-form expression for the prediction uncertainty

We begin by establishing a closed-form expression for the least-
squares estimator of the quadratic model (53) on the specific factorial
esign (55) and (56).

Lemma 1. Suppose 𝑓 is the generic quadratic model defined by (53) and
𝑥̃ = (𝑥1,… , 𝑥𝑛) ∈  is an experimental design satisfying (55) and (56).
Then for every 𝑦̃ = (𝑦1,… , 𝑦𝑛) ∈ R𝑛, there exists a unique least-squares
estimator 𝜃̂𝑓 (𝑥̃, 𝑦̃) = (𝜃̂𝑘)𝑘=0,1,…,𝑑𝑥 for 𝑓 based on (𝑥̃, 𝑦̃), and it is given by

𝜃̂0 =
1
𝑛

𝑛
∑

𝑖=1
𝑦𝑖 −

𝑑𝑥
∑

𝑘=1

𝛽𝑘
2𝛼2𝑘𝑛

2

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑦𝑖

)2
and 𝜃̂𝑘 =

1
𝛼𝑘𝑛

𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑦𝑖

(75)

for all 𝑘 ∈ {1,… , 𝑑𝑥}. Additionally, the estimated model based on (𝑥̃, 𝑦̃) is
iven by

𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃)
)

= 1
𝑛

𝑛
∑

𝑖=1
𝑦𝑖 +

𝑑𝑥
∑

𝑘=1

1
𝑛

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑦𝑖

)

⋅ 𝑥𝑘

+
𝑑𝑥
∑

𝑘=1

𝛽𝑘
2𝛼2𝑘𝑛

2

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑦𝑖

)2
⋅ (𝑥2𝑘 − 1) (76)

for every 𝑥 ∈  .

Proof. In the entire proof, we write 𝑆(𝜃) ∶= 𝑆𝑥̃, ̃𝑦(𝜃) ∶=
∑𝑛
𝑖=1(𝑓 (𝑥𝑖, 𝜃) −

𝑦𝑖)2 for the sum of squared errors as a function of the model parameters.
It then follows by straightforward calculation that
𝜕𝜃0𝑆(𝜃)

2
= 𝑛𝜃0 +

𝑛
2

𝑑𝑥
∑

𝑘=1
𝛽𝑘𝜃

2
𝑘 −

𝑛
∑

𝑖=1
𝑦𝑖, (77)

𝜕𝜃𝑘𝑆(𝜃)
2

= 𝑛𝛼2𝑘𝜃𝑘 − 𝛼𝑘
𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑦𝑖 + 𝛽𝑘𝜃𝑘

𝜕𝜃0𝑆(𝜃)
2

(𝑘 ∈ {1,… , 𝑑𝑥}) (78)

for all 𝜃 ∈ R𝑑𝜃 . Since the linear coefficients 𝛼𝑘 are all assumed to be
on-zero, it immediately follows from (77) and (78) that 𝑆 has a unique
ritical point 𝜃̂ ∶= (𝜃̂𝑘)𝑘=0,1,…,𝑑𝑥 and that it is given by (75). In order to
how that this critical point 𝜃̂ is actually a minimal point of 𝑆, we show
hat the Hessian matrix ∇2

𝜃𝑆(𝜃̂) is positive definite. Indeed, by (77) and
(78),

∇2
𝜃𝑆(𝜃̂)
2𝑛

=

⎛

⎜

⎜

⎜

⎜

⎝

0
𝛼21

⋱
𝛼2𝑑𝑥

⎞

⎟

⎟

⎟

⎟

⎠

+

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑐20 𝑐0𝑐1 𝑐0𝑐2 … 𝑐0𝑐𝑑𝑥
𝑐0𝑐1 𝑐21 𝑐1𝑐2 … 𝑐1𝑐𝑑𝑥
𝑐0𝑐2 𝑐2𝑐1 𝑐22 … 𝑐2𝑐𝑑𝑥
⋮ ⋮ ⋮ ⋱ ⋮

𝑐0𝑐𝑑𝑥 𝑐𝑑𝑥 𝑐1 𝑐𝑑𝑥 𝑐2 … 𝑐2𝑑𝑥

⎞

⎟

⎟

⎟

⎟

⎟

⎠

,

(79)

where 𝑐0 ∶= 1 and 𝑐𝑘 ∶= 𝛽𝑘𝜃̂𝑘 for 𝑘 ∈ {1,… , 𝑑𝑥}. Consequently,

𝑣𝑇
∇2
𝜃𝑆(𝜃̂)
2𝑛

𝑣 =
𝑑𝑥
∑

𝑘=1
𝛼2𝑘𝑣

2
𝑘 +

( 𝑑𝑥
∑

𝑘=0
𝑐𝑘𝑣𝑘

)2

(80)

for all 𝑣 ∈ R𝑑𝑥+1. Since 𝛼𝑘 ≠ 0 for all 𝑘 ∈ {1,… , 𝑑𝑥} and 𝑐0 = 1 ≠ 0,
t follows from (80) that 𝑣𝑇∇2

𝜃𝑆(𝜃̂)𝑣 > 0 for all 𝑣 ∈ R𝑑𝑥+1 ⧵ {0}.
nd therefore, the unique critical point 𝜃̂ is indeed a minimal point
f 𝑆 = 𝑆𝑥̃, ̃𝑦 and hence a least-squares estimator for 𝑓 based on (𝑥̃, 𝑦̃).
t remains to establish the explicit formula (76) for the estimated

model, but this immediately follows by inserting (75) into the model
efinition (53). ■
12 
With the formula (76), we can establish closed-form expressions for
the expected prediction (15) and for the prediction uncertainty (13) in
a straightforward – albeit tedious – manner.

Corollary 2. Suppose 𝑓 is the generic quadratic model defined by (53)
and 𝑥̃ = (𝑥1,… , 𝑥𝑛) ∈  is an experimental design satisfying (55) and
(56). Suppose further that 𝑦̃(𝑥̃) is the random observation model (11) with
arbitrary 𝜃∗ ∈ 𝛩 and 𝜎 > 0. We then have the following formulas for the
xpected prediction 𝜇𝑥̃(𝑥) and for the prediction uncertainty 𝑉𝑥̃(𝑥) of the
odel based on (𝑥̃, 𝑦̃(𝑥̃)):

𝜇𝑥̃(𝑥) = 𝑓 (𝑥, 𝜃∗) + 𝜎2

2𝑛

𝑑𝑥
∑

𝑘=1

𝛽𝑘
𝛼2𝑘

(𝑥2𝑘 − 1), (81)

𝑉𝑥̃(𝑥) = 𝜎2

𝑛

(

1 +
𝑑𝑥
∑

𝑘=1

(

𝑥𝑘 +
𝛽𝑘
𝛼𝑘

(𝑥2𝑘 − 1)𝜃∗𝑘
)2
)

+ 𝜎4

2𝑛2

𝑑𝑥
∑

𝑘=1

𝛽2𝑘
𝛼4𝑘

(𝑥2𝑘 − 1)2 (82)

for every input point 𝑥 ∈  . In particular, the predictions of the estimated
model 𝑥↦ 𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃(𝑥̃))) are biased.

Proof. As a first – preparatory – step, we show that 𝜃̂𝑓 (𝑥̃, 𝑦̃∗) = 𝜃∗. In-
deed, this immediately follows from the uniqueness of the least-squares
estimator (Lemma 1):
𝜃 ∶= 𝜃̂𝑓 (𝑥̃, 𝑦̃∗) = 𝜃̂𝑓 (𝑥̃, 𝑓 (𝑥̃, 𝜃∗)) = 𝜃∗. (83)

As a second step, we establish (81). In order to do so, we insert the
random variable 𝑦̃(𝑥̃) = 𝑦̃∗ + 𝜀̃(𝑥̃) = (𝑦∗𝑖 + 𝜀𝑖)𝑖=1,…,𝑛 into the explicit
formula (76) and take the expectation value, yielding

𝜇𝑥̃(𝑥) = 1
𝑛

𝑛
∑

𝑖=1
𝑦∗𝑖 +

𝑑𝑥
∑

𝑘=1

1
𝑛

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑦

∗
𝑖

)

⋅ 𝑥𝑘

+
𝑑𝑥
∑

𝑘=1

𝛽𝑘
2𝛼2𝑘𝑛

2
E
( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘(𝑦∗𝑖 + 𝜀𝑖)

)2
⋅ (𝑥2𝑘 − 1) (84)

for every 𝑥 ∈  . Since
E(𝜀𝑖) = 0 and E(𝜀𝑖𝜀𝑗 ) = 𝜎2𝛿𝑖,𝑗 (85)

the claimed identity (81) for the expected prediction follows from (84)
using ((55).a), (76) and (83). In particular, this identity tells us the
rediction estimators 𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃(𝑥̃))) are biased because their expec-
ation value 𝜇𝑥̃(𝑥) is different from the transformed expectation value
(𝑥, 𝜃̂𝑓 (𝑥̃,E(𝑦̃(𝑥̃)))) = 𝑓 (𝑥, 𝜃∗) by virtue of (81) and (83). As a third step,
e establish (82). In order to do so, we first observe from (76) and (83)

that
𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃(𝑥̃))) − 𝑓 (𝑥, 𝜃∗) = 𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃(𝑥̃))) − 𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃∗))

= 1
𝑛

𝑛
∑

𝑖=1
𝜀𝑖 +

𝑑𝑥
∑

𝑘=1

1
𝑛

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝜀𝑖

)

⋅ 𝑥𝑘

+
𝑑𝑥
∑

𝑘=1

𝛽𝑘
2𝛼2𝑘𝑛

2

(( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘(𝑦∗𝑖 + 𝜀𝑖)

)2
−
( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑦

∗
𝑖

)2)

⋅ (𝑥2𝑘 − 1)

= 1
𝑛

𝑛
∑

𝑖=1
𝜀𝑖 +

𝑑𝑥
∑

𝑘=1

1
𝑛

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝜀𝑖

)

⋅
(

𝑥𝑘 +
𝛽𝑘
𝛼𝑘
𝜃𝑘(𝑥2𝑘 − 1))

+
𝑑𝑥
∑

𝑘=1

𝛽𝑘
2𝛼2𝑘𝑛

2

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝜀𝑖

)2
(𝑥2𝑘 − 1). (86)

Combining (81) and (86), we further observe that
(

𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃(𝑥̃))) − 𝜇𝑥̃(𝑥)
)2 = (𝐴 + 𝐵(𝑥) + 𝐶(𝑥) − 𝑑(𝑥))2 (87)

for all 𝑥 ∈  . In this identity, we used the abbreviations

𝐴 ∶= 1
𝑛

𝑛
∑

𝑖=1
𝜀𝑖, 𝐵(𝑥) ∶= 1

𝑛

𝑑𝑥
∑

𝑘=1
𝐵𝑘𝑏𝑘(𝑥), 𝐶(𝑥) ∶= 1

2𝑛2

𝑑𝑥
∑

𝑘=1
𝐶𝑘𝑐𝑘(𝑥),

(88)

(𝑥) ∶= 𝜎2
𝑑𝑥
∑ 𝛽𝑘

2
(𝑥2𝑘 − 1) = 𝜎2

𝑑𝑥
∑

𝑐𝑘(𝑥), (89)

2𝑛 𝑘=1 𝛼𝑘 2𝑛 𝑘=1
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where 𝐵𝑘 ∶=
∑𝑛
𝑖=1 𝑥𝑖,𝑘𝜀𝑖 and 𝐶𝑘 ∶= 𝐵2

𝑘 whereas 𝑏𝑘(𝑥) ∶= 𝑥𝑘+
𝛽𝑘
𝛼𝑘
𝜃𝑘(𝑥2𝑘− 1)

nd 𝑐𝑘(𝑥) ∶= 𝛽𝑘
𝛼2𝑘
(𝑥2𝑘− 1). So, taking the expectation value in (87), we see

that

𝑉𝑥̃(𝑥) = E (

(𝐴 + 𝐵(𝑥) + 𝐶(𝑥) − 𝑑(𝑥))2)

= E(𝐴2) + 2 E(𝐴𝐵(𝑥)) + 2 E(𝐴𝐶(𝑥)) − 2 E(𝐴)𝑑(𝑥) + E(𝐵(𝑥)2) (90)
+ 2 E(𝐵(𝑥)𝐶(𝑥)) − 2 E(𝐵(𝑥))𝑑(𝑥) + E(𝐶(𝑥)2) − 2 E(𝐶(𝑥))𝑑(𝑥) + 𝑑(𝑥)2

for all 𝑥 ∈  . Since

E(𝜀𝑖) = 0, E(𝜀𝑖𝜀𝑗 ) = 𝜎2𝛿𝑖,𝑗 , E(𝜀𝑖𝜀𝑗𝜀𝑟) = 0, (91)

E(𝜀2𝑖 𝜀
2
𝑗 ) = 𝜎4, E(𝜀4𝑖 ) = 3𝜎4 (92)

for all 𝑖, 𝑗 , 𝑟 ∈ {1,… , 𝑛}, the individual expectation values in (90) can
e easily calculated using the assumptions (55) and (56). Indeed,

E(𝐴2) = 𝜎2

𝑛
, E(𝐴𝐵(𝑥)) = 0, E(𝐴𝐶(𝑥)) = 0, E(𝐴)𝑑(𝑥) = 0

(93)

E(𝐵(𝑥)2) = 𝜎2

𝑛

𝑑𝑥
∑

𝑘=1
𝑏𝑘(𝑥)2, E(𝐵(𝑥)𝐶(𝑥)) = 0, E(𝐵(𝑥))𝑑(𝑥) = 0,

(94)

E(𝐶(𝑥)2) = 𝜎4

4𝑛2

(( 𝑑𝑥
∑

𝑘=1
𝑐𝑘(𝑥)

)2
+ 2

𝑑𝑥
∑

𝑘=1
𝑐𝑘(𝑥)2

)

, (95)

E(𝐶(𝑥))𝑑(𝑥) = 𝜎2

2𝑛

𝑛
∑

𝑘=1
𝑐𝑘(𝑥)𝑑(𝑥), (96)

where for (95) we used that

E(𝐶𝑘𝐶𝑙) =
𝑛
∑

𝑖,𝑗 ,𝑟,𝑠=1
𝑥𝑖,𝑘𝑥𝑗 ,𝑘𝑥𝑟,𝑙𝑥𝑠,𝑙 E(𝜀𝑖𝜀𝑗𝜀𝑟𝜀𝑠)

=
(

∑

𝑖=𝑗≠𝑟=𝑠
+

∑

𝑖=𝑟≠𝑗=𝑠
+

∑

𝑖=𝑠≠𝑗=𝑟
+

∑

𝑖=𝑗=𝑟=𝑠

)

𝑥𝑖,𝑘𝑥𝑗 ,𝑘𝑥𝑟,𝑙𝑥𝑠,𝑙 E(𝜀𝑖𝜀𝑗𝜀𝑟𝜀𝑠)

= 𝜎4
(

𝑛2 + 2𝑛2𝛿𝑘,𝑙
)

. (97)

Inserting now (93) to (96) into (90), we finally obtain the claimed
dentity (82) for the prediction uncertainty. ■

A.2. Closed-form expressions for the approximations to the prediction un-
certainty

After having established a closed-form expression for the exact
rediction uncertainty of the quadratic model (53), we now turn to the

various approximations discussed in this paper.

Lemma 3. Suppose 𝑓 is the generic quadratic model defined by (53)
nd 𝑥̃ = (𝑥1,… , 𝑥𝑛) ∈  is an experimental design satisfying (55) and
56) and 𝜃 = (𝜃𝑘)𝑘=0,1,…,𝑑𝑥 is any reference parameter. Then for every 𝑦̃ =
𝑦1,… , 𝑦𝑛) ∈ R𝑛, there exists a unique least-squares estimator 𝜃̂𝑓LIN

𝜃
(𝑥̃, 𝑦̃) =

(𝜃̂𝑘)𝑘=0,1,…,𝑑𝑥 for 𝑓
LIN
𝜃

based on (𝑥̃, 𝑦̃), and it is given by

𝜃̂0 =
1
𝑛

𝑛
∑

𝑖=1
𝑧𝑖 −

𝑑𝑥
∑

𝑘=1

𝛽𝑘
𝛼𝑘𝑛

𝜃𝑘

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑧𝑖

)2
and 𝜃̂𝑘 =

1
𝛼𝑘𝑛

𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑧𝑖

(98)

for all 𝑘 ∈ {1,… , 𝑑𝑥}, where 𝑧𝑖 ∶= 𝑦𝑖 − 𝑐𝜃(𝑥𝑖) with

𝑐𝜃(𝑥) ∶= 𝑓 (𝑥, 𝜃) − ∇𝜃𝑓 (𝑥, 𝜃)𝑇 𝜃 . (99)

Additionally, the estimated linearized model based on (𝑥̃, 𝑦̃) is given by
𝑓LIN
𝜃

(

𝑥, 𝜃̂𝑓LIN
𝜃

(𝑥̃, 𝑦̃))

= 𝑐𝜃(𝑥) +
1
𝑛

𝑛
∑

𝑖=1
𝑧𝑖 +

𝑑𝑥
∑

𝑘=1

1
𝑛
(

𝑥𝑘 +
𝛽𝑘
𝛼𝑘

(𝑥2𝑘 − 1)𝜃𝑘
)

( 𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑧𝑖

)

(100)

for every 𝑥 ∈  .
13 
Proof. In the entire proof, we write 𝑆LIN
𝜃

(𝜃) ∶= ∑𝑛
𝑖=1(𝑓

LIN
𝜃

(𝑥𝑖, 𝜃) − 𝑦𝑖)2
for the sum of squared errors as a function of the model parameters
and we use that 𝑓LIN

𝜃
(𝑥, 𝜃) = 𝑐𝜃(𝑥) + ∇𝜃𝑓 (𝑥, 𝜃)𝑇 𝜃 by virtue of (19) and

(99). It then follows by straightforward calculation that
𝜕𝜃0𝑆

LIN
𝜃

(𝜃)

2
= 𝑛𝜃0 + 𝑛

𝑑𝑥
∑

𝑘=1
𝛽𝑘𝜃𝑘𝜃𝑘 −

𝑛
∑

𝑖=1
𝑧𝑖, (101)

𝜕𝜃𝑘𝑆
LIN
𝜃

(𝜃)

2
= 𝑛𝛼2𝑘𝜃𝑘 − 𝛼𝑘

𝑛
∑

𝑖=1
𝑥𝑖,𝑘𝑧𝑖 + 𝛽𝑘𝜃𝑘

𝜕𝜃0𝑆
LIN
𝜃

(𝜃)

2
(102)

for all 𝑘 ∈ {1,… , 𝑑𝑥} and 𝜃 ∈ R𝑑𝜃 . And from these relations, in turn, the
assertions follow completely analogously to the proof of Lemma 1. ■

Proposition 4. Suppose 𝑓 is the generic quadratic model defined by (53)
and 𝑥̃ = (𝑥1,… , 𝑥𝑛) ∈  is an experimental design satisfying (55) and
(56). Suppose further that 𝑦̃(𝑥̃) is the random observation model (11) with
arbitrary 𝜃∗ ∈ 𝛩 and 𝜎 > 0, that 𝑦̃ = (𝑦1,… , 𝑦𝑛) ∈ R𝑛 are arbitrary
observations, and that
𝜃̄ = (𝜃̄𝑘)𝑘=0,1,…,𝑑𝑥 ∶= 𝜃̂𝑓 (𝑥̃, 𝑦̃) ∈ R𝑑𝑥+1 (103)

is the corresponding least-squares estimator. We then have the follow-
ing formula for the linearization approximation 𝑉 LIN

𝑥̃, ̃𝑦 (𝑥) to the prediction
uncertainty of 𝑓 based on (𝑥̃, 𝑦̃(𝑥̃)):

𝑉 LIN
𝑥̃, ̃𝑦 (𝑥) = 𝜎2

𝑛

(

1 +
𝑑𝑥
∑

𝑘=1

(

𝑥𝑘 +
𝛽𝑘
𝛼𝑘

(𝑥2𝑘 − 1)𝜃̄𝑘
)2
)

(𝑥 ∈ ). (104)

Proof. Inserting the random variable 𝑦̃(𝑥̃) = 𝑦̃∗ + 𝜀̃(𝑥̃) = (𝑦∗𝑖 + 𝜀𝑖)𝑖=1,…,𝑛
nto the explicit formula (100) and taking the expectation value, we

obtain

𝑓LIN
𝜃

(

𝑥, 𝜃̂𝑓LIN
𝜃

(𝑥̃, 𝑦̃(𝑥̃))) − E(𝑓LIN
𝜃

(

𝑥, 𝜃̂𝑓LIN
𝜃

(𝑥̃, 𝑦̃(𝑥̃)))) = 𝐴 + 𝐵(𝑥) (105)

for every 𝑥 ∈  , where 𝐴 and 𝐵(𝑥) are defined as in (88). So, by (26),
e have

𝑉 LIN
𝑥̃, ̃𝑦 (𝑥) = E (

(𝐴 + 𝐵(𝑥))2
)

= E(𝐴2) + 2 E(𝐴𝐵(𝑥)) + E(𝐵(𝑥)2) (106)

and this by (85), in turn, yields the claimed identity (104). ■

Proposition 5. Suppose 𝑓 is the generic quadratic model defined by (53)
and 𝑥̃ = (𝑥1,… , 𝑥𝑛) ∈  is an experimental design satisfying (55) and
(56). Suppose further that 𝑦̃(𝑥̃) is the random observation model (11) with
arbitrary 𝜃∗ ∈ 𝛩 and 𝜎 > 0, that 𝑦̃ = (𝑦1,… , 𝑦𝑛) ∈ R𝑛 are arbitrary
observations, and that
̃̄𝑦 ∶= 𝑓 (𝑥̃, 𝜃̄) with 𝜃̄ = (𝜃̄𝑘)𝑘=0,1,…,𝑑𝑥 ∶= 𝜃̂𝑓 (𝑥̃, 𝑦̃) (107)

are the predictions of the corresponding estimated model. Suppose finally
that 𝜅 ∈ (−𝑛,∞) is an arbitrary perturbation parameter. We then have
the following formula for the sigma-point approximation 𝑉 SP

𝑥̃, ̃𝑦 (𝑥) to the
prediction uncertainty of 𝑓 based on (𝑥̃, 𝑦̃(𝑥̃)):

𝑉 SP
𝑥̃, ̃𝑦 (𝑥) =

𝜎2

𝑛

(

1 +
𝑑𝑥
∑

𝑘=1

(

𝑥𝑘 +
𝛽𝑘
𝛼𝑘

(𝑥2𝑘 − 1)𝜃̄𝑘
)2
)

+ 𝜅
𝑛
𝜎4

4𝑛2

( 𝑑𝑥
∑

𝑘=1

𝛽𝑘
𝛼2𝑘

(𝑥2𝑘 − 1)
)2

(𝑥 ∈ ). (108)

Proof. As a first step, we show that 𝜃̂𝑓 (𝑥̃, 𝑦̃) = 𝜃. Indeed, this immedi-
tely follows from the definition (107) and from the uniqueness of the

least-squares estimator (Lemma 1):

𝜃̂𝑓 (𝑥̃, 𝑦̃) = 𝜃̂𝑓 (𝑥̃, 𝑓 (𝑥̃, 𝜃)) = 𝜃 . (109)

As a second step, we establish the claimed identity (108). In order to
do so, we insert our sigma points 𝑦̃± 𝛿 𝑒 into the explicit formula (76).
𝑖
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In this manner, we obtain

𝑔𝑥̃, ̃𝑦(𝑥,±𝛿 ⋅ 𝑒𝑖) = 𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃ ± 𝛿 𝑒𝑖)
)

(110)

= 𝑓 (𝑥, 𝜃) ± 𝛿
𝑛

(

1 +
𝑑𝑥
∑

𝑘=1
𝑥𝑖,𝑘𝑥𝑘 +

𝑑𝑥
∑

𝑘=1

𝛽𝑘
𝛼𝑘
𝜃𝑘𝑥𝑖,𝑘(𝑥2𝑘 − 1)

)

+ 𝛿2

2𝑛2

𝑑𝑥
∑

𝑘=1

𝛽𝑘
𝛼2𝑘

(𝑥2𝑘 − 1)

for every 𝑥 ∈  , where aside from (76) we also used (109). Insert-
ing (110) into the definition (37) of 𝜇SP𝑥̃, ̃𝑦, we conclude that

𝜇SP𝑥̃, ̃𝑦(𝑥) = 𝑓 (𝑥, 𝜃) + 𝜎2

2𝑛

𝑑𝑥
∑

𝑘=1

𝛽𝑘
𝛼𝑘

(𝑥2𝑘 − 1). (111)

Inserting (110) and (111) into the definition (36) of ℎSP𝑥̃, ̃𝑦, we further
onclude that

ℎSP𝑥̃, ̃𝑦(𝑥,±𝛿 ⋅ 𝑒𝑖) =
(

𝑓
(

𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃ ± 𝛿 𝑒𝑖)
)

− 𝜇SP𝑥̃, ̃𝑦(𝑥)
)2

=
(

𝜑±(𝑥) ± 𝜓𝑖(𝑥)
)2 (112)

for every 𝑥 ∈  , where we used the abbreviations

𝜑±(𝑥) ∶= 𝛿
𝑛
+ 𝜅 𝜎2

2𝑛2

𝑑𝑥
∑

𝑘=1
𝑐𝑘(𝑥), 𝜓𝑖(𝑥) ∶= 𝛿

𝑛

𝑑𝑥
∑

𝑘=1
𝑏𝑘(𝑥)𝑥𝑖,𝑘 (113)

with 𝑏𝑘(𝑥), 𝑐𝑘(𝑥) as in (88) – in conjunction with the fact that 𝛿2

2𝑛2 −
𝜎2

2𝑛 =
𝜅 𝜎2
2𝑛2 by virtue of (32). Combining now (112) with (55) and (56), we
obtain
𝑛
∑

𝑖=1

(

ℎSP𝑥̃, ̃𝑦(𝑥, 𝛿 ⋅ 𝑒𝑖) + ℎSP𝑥̃, ̃𝑦(𝑥,−𝛿 ⋅ 𝑒𝑖)
)

= 𝑛(𝜑−(𝑥)2 + 𝜑+(𝑥)2) + 2
𝑛
∑

𝑖=1
𝜓𝑖(𝑥)2

= 2𝛿2
𝑛

(

1 +
𝑑𝑥
∑

𝑘=1
𝑏𝑘(𝑥)2

)

+ 𝜅2𝜎4

2𝑛3

( 𝑑𝑥
∑

𝑘=1
𝑐𝑘(𝑥)

)2
. (114)

And from this, in turn, the claimed identity (108) follows in a straight-
orward manner using the definition (34). ■

Corollary 6. Suppose 𝑓 is the generic quadratic model defined by (53)
nd 𝑥̃ = (𝑥1,… , 𝑥𝑛) ∈  is an experimental design satisfying (55) and
56). Suppose further that 𝑦̃(𝑥̃) is the random observation model (11) with
arbitrary 𝜃∗ ∈ 𝛩 and 𝜎 > 0, and that the observations
𝑦̃ = 𝑦̃∗ ∶= 𝑓 (𝑥̃, 𝜃∗) (115)

are exactly equal to the predictions of the true model at 𝑥̃ (noise-free
observations). Then the linearization and the sigma-point approximation to
the prediction uncertainty are not exact, namely
𝑉 LIN
𝑥̃, ̃𝑦 (𝑥) < 𝑉𝑥̃(𝑥) < 𝑉 SP

𝑥̃, ̃𝑦 (𝑥) (𝑥 ∈  ⧵ {−1, 1}𝑑𝑥 ) (116)

for all sigma-point perturbation parameters 𝜅 ∈ (2𝑛,∞) provided that the
uadratic model coefficients 𝛽𝑘 are all non-zero with the same sign:
𝛽𝑘 < 0 (𝑘 ∈ {1,… , 𝑑𝑥}) or 𝛽𝑘 > 0 (𝑘 ∈ {1,… , 𝑑𝑥}). (117)

In contrast, the McNamee-Stenger and the Lu-Darmofal approximations are
exact:

𝑉 MS
𝑥̃, ̃𝑦 (𝑥) = 𝑉𝑥̃(𝑥) = 𝑉 LD

𝑥̃, ̃𝑦 (𝑥) (𝑥 ∈ ). (118)

Proof. As a first – preparatory – step, we show that 𝜃 = 𝜃∗. Indeed, this
mmediately follows from the noise-free observation assumption (115)
nd the uniqueness of the least-squares estimator (Lemma 1):

𝜃 ∶= 𝜃̂𝑓 (𝑥̃, 𝑦̃) = 𝜃̂𝑓 (𝑥̃, 𝑓 (𝑥̃, 𝜃∗)) = 𝜃∗. (119)

As a second step, we establish the inexactness relation (116). Indeed,
let

𝜅 ∈ (2𝑛,∞) (120)

and let (117) be satisfied. It then follows by Corollary 2 and Propositions
and 5 in conjunction with (119) that
14 
𝑉𝑥̃(𝑥) = 𝑉 LIN
𝑥̃, ̃𝑦 (𝑥) + 𝜎2

2𝑛2

𝑑𝑥
∑

𝑘=1

𝛽2𝑘
𝛼4𝑘

(𝑥2𝑘 − 1)2, (121)

𝑉 SP
𝑥̃, ̃𝑦 (𝑥) = 𝑉𝑥̃(𝑥) + 𝜎2

2𝑛2
𝜅
2𝑛

( 𝑑𝑥
∑

𝑘=1

𝛽𝑘
𝛼2𝑘

(𝑥2𝑘 − 1)
)2

− 𝜎2

2𝑛2

𝑑𝑥
∑

𝑘=1

𝛽2𝑘
𝛼4𝑘

(𝑥2𝑘 − 1)2 (122)

for all 𝑥 ∈  . In view of (117), it further follows that
𝑑𝑥
∑

𝑘=1

𝛽2𝑘
𝛼4𝑘

(𝑥2𝑘 − 1)2 > 0 (𝑥 ∈  ⧵ {−1, 1}𝑑𝑥 ) (123)

and therefore by (120)

𝜅
2𝑛

( 𝑑𝑥
∑

𝑘=1

𝛽𝑘
𝛼2𝑘

(𝑥2𝑘 − 1)
)2

= 𝜅
2𝑛

( 𝑑𝑥
∑

𝑘=1

𝛽2𝑘
𝛼4𝑘

(𝑥2𝑘 − 1)2 +
∑

𝑘≠𝑘

𝛽𝑘
𝛼2𝑘

𝛽𝑘
𝛼2𝑘

⋅ (𝑥2𝑘 − 1)(𝑥2𝑘 − 1)
)

>
𝑑𝑥
∑

𝑘=1

𝛽2𝑘
𝛼4𝑘

(𝑥2𝑘 − 1)2 (𝑥 ∈  ⧵ {−1, 1}𝑑𝑥 ). (124)

Combining these strict inequalities with (121) and (122), we obtain the
claimed inexactness relations (116). As a third step, we establish the
exactness relation (118). Indeed, by (76), the functions

𝑧̃↦ 𝑔𝑥̃, ̃𝑦(𝑥, ̃𝑧) ∶= 𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃ + 𝑧̃)) (125)

𝑧̃↦ ℎCUB
𝑥̃, ̃𝑦 (𝑥, ̃𝑧) ∶=

(

𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃ + 𝑧̃)) − 𝜇CUB
𝑥̃, ̃𝑦 (𝑥)

)2
(126)

defined in (38) and in (44) and (51) are polynomial functions of degree
t most 2 or 4, respectively. So, as the cubature formulas of McNamee-

Stenger and of Lu-Darmofal are both exact up to fifth degree, we
onclude the exact identities

∫R𝑛
𝑔𝑥̃, ̃𝑦(𝑥, ̃𝑧)𝑝(𝑧̃) d𝑧̃ = 𝜇CUB

𝑥̃, ̃𝑦 (𝑥), ∫R𝑛
ℎCUB
𝑥̃, ̃𝑦 (𝑥, ̃𝑧)𝑝(𝑧̃) d𝑧̃ = 𝑉 CUB

𝑥̃, ̃𝑦 (𝑥)

(127)

for every 𝑥 ∈  and for CUB ∈ {MS,LD}. In view of (119), we further
conclude that

𝑦̃ = 𝑓 (𝑥̃, 𝜃) = 𝑓 (𝑥̃, 𝜃∗) = 𝑦̃∗ (128)

and therefore we see, by (125), (126) and (127), that

∫R𝑛
𝑔𝑥̃, ̃𝑦(𝑥, ̃𝑧)𝑝(𝑧̃) d𝑧̃ = ∫R𝑛

𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃∗ + 𝑧̃))𝑝(𝑧̃) d𝑧̃ = 𝜇𝑥̃, ̃𝑦∗ (𝑥), (129)

∫R𝑛
ℎCUB
𝑥̃, ̃𝑦 (𝑥, ̃𝑧)𝑝(𝑧̃) d𝑧̃ = ∫R𝑛

(

𝑓 (𝑥, 𝜃̂𝑓 (𝑥̃, 𝑦̃∗ + 𝑧̃)) − 𝜇𝑥̃, ̃𝑦(𝑥)
)2 𝑝(𝑧̃) d𝑧̃

= 𝑉𝑥̃(𝑥) (130)

for every 𝑥 ∈  and for CUB ∈ {MS,LD}. Combining now (127) and
(130), we finally obtain the claimed exactness relations (118). ■

Appendix B. Validation on more general models

This section features a generalization of the benchmarking pro-
edure from Section 3.2 to more models. Specifically, the generic

quadratic model (53) in one and two input dimensions, and the ex-
ponential growth model (133). The benchmarking procedure and the
details of the comparison are described in Section 3.2.

B.1. Quadratic model in one input dimension

We begin with the quadratic model (53) in 𝑑𝑥 = 1 input dimension
ith unit coefficients (61). We will further refer to this model as the

univariate quadratic model. In Fig. 8, we observe the two design choices
onsidered in this paper: factorial and equidistant which are defined,
espectively, as
𝑥̃ ∶= (−1,−1, 1, 1)

𝑥̃ ∶= (−1,−0.33, 0.33, 1) .
(131)

The true parameter value 𝜃∗ is set to 𝜃∗ = (2.74,−4.6). The standard
deviation of the normally distributed observation noise is set to 𝜎 = 0.1.
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Fig. 8. Model and observations of the univariate quadratic model for the factorial (A) and equidistant (B) design. The design points are marked by the red circles and the true
odel is shown as the blue line. The vertical axes of both subplots (A) and (B) are aligned and have the same scale.
Fig. 9. Convergence of the MC approximator 𝑉 MC
𝑥̃ (𝑥) to the prediction uncertainty 𝑉𝑥̃(𝑥) of the univariate quadratic model at 𝑥 ∶= 0 over the number of samples for the factorial

(A) and equidistant (B) design.
u
r

s

c
d

In Fig. 9, we see that for both designs, the Monte Carlo estimator
for the model’s prediction uncertainty converges as we approach the 1

illion sample mark.
Fig. 10 displays the Monte Carlo samples obtained from repeated

computer experiments in the parameter space. For both designs, the
samples are well-enclosed by an ellipsoid, although the rotation and
hape of the ellipsoids differ. Additionally, visual inspection suggests
hat the true parameter value 𝜃∗ (lime pentagon) and the Monte Carlo
ean estimator 𝜃̄ (yellow square) coincide. These observations indicate

hat the linearization may perform well for this model, as it does
ot exhibit strong nonlinearity with respect to its parameters, as we
ill further explore with exponential growth model and NRTL model
elow.

In Fig. 11, we examine the distribution of parameter estimation
rrors according to (65). For both design choices, the majority of

parameter samples are in close proximity to the true parameter 𝜃∗, as
indicated by the shape of the parameter estimator error distribution,
which peaks at a small error value. However, the parameter estimators
from the equidistant design are closer to the true parameter value, as
evidenced by the scale difference of the horizontal axes in Fig. 10 (A)
and (B).

Fig. 12 shows the uncertainty estimation error (64) versus the
parameter estimator error (65) for the factorial (A) and equidistant (B)
15 
designs. Both methods, LIN and LD, perform well for small parameter
estimator errors, but their performance deteriorates as parameter esti-
mator errors increase. The results are so close that they cannot be easily
distinguished through visual observation. The difference in vertical
axis scaling in (A) and (B) clearly demonstrates that the equidistant
design generally yields better uncertainty estimation than the factorial
design, regardless of the estimation method used. As noted earlier, the
nivariate quadratic model does not exhibit strong nonlinearity with
espect to its parameters (cf. 10), which explains why the results for

the LIN and LD are so closely aligned.

B.2. Quadratic model in two input dimensions

We continue with the quadratic model (53) in 𝑑𝑥 = 2 input dimen-
ion with unit coefficients (61). We will further refer to this model as

the multivariate quadratic model. In Fig. 13, we observe the two design
hoices considered in this paper: factorial and equidistant which are
efined, respectively, as

𝑥̃ ∶=
(

−1 −1 1 1 −1 −1 1 1 −1
−1 1 −1 1 −1 1 −1 1 −1

)

,

𝑥̃ ∶=
(

−1 0 1 −1 0 1 −1 0 1
)

.
(132)
−1 −1 −1 0 0 0 1 1 1
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Fig. 10. Least-squares estimates for 103 from the 𝑁MC ∶= 106 Monte-Carlo samples of the univariate quadratic model for the factorial (A) and equidistant (B) design. The MC samples
re marked by the blue circles, the true parameter value 𝜃∗ is marked by the lime pentagon, and the MC mean estimator 𝜃̄ is marked by the yellow square. The vertical axes of
oth subplots (A) and (B) are aligned and have the same scale.
Fig. 11. Histogram of parameter estimation errors (65) of the univariate quadratic model for the factorial (A) and equidistant (B) design. The vertical axes of both subplots (A)
nd (B) are aligned and have the same scale.
Fig. 12. Root mean-squared approximation error (64) vs. least-squaresestimation error (65) for the MC samples, obtained for the univariate quadratic model using the factorial
(A) and equidistant (B) design. The results for LIN and LD are shown in blue circles and lime squares, respectively.
f

The true parameter 𝜃∗ = (27.39,−46.04,−91.81) was chosen randomly,
and the observation noise is set to 𝜎 = 0.1.
16 
In Fig. 14, we see that for both designs, the Monte Carlo estimator
or the model’s prediction uncertainty converges as we approach the 1
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Fig. 13. Model and observations of the multivariate quadratic model for the factorial (A) and equidistant (B) design. The design points are marked by the red circles and the true
model is shown as the blue lines. The vertical axes of both subplots (A) and (B) are aligned and have the same scale.
Fig. 14. Convergence of the MC approximator to the prediction uncertainty of the multivariate quadratic model at 𝑥 ∶= (−1., 0.03) over the number of samples for the factorial
(A) and equidistant (B) design.
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million sample mark.

In Fig. 15, we examine the Monte Carlo samples obtained from re-
eated computer experiments in the parameter space. For both designs,
ost of the samples can be enclosed by an ellipsoid; however, they

xhibit notable differences in terms of rotation and size, as indicated
y the scaling differences between the horizontal axes in (A) and (B),
nd the distribution along the vertical axis, which is aligned between
A) and (B).

In Fig. 16, we see the distribution of parameter estimation errors.
or both, factorial (A) and equidistant (B) designs, the majority of

parameter estimators is in close vicinity to 𝜃∗ and estimators are
ncreasingly unlikely with increasing distance to 𝜃∗. The difference in
xis scaling along the horizontal axis in (A) and (B) again indicates that
he equidistant design generally yields better parameter estimators than
he factorial design.

Fig. 17 illustrates the uncertainty estimation error (64) versus the
parameter estimator error (65) for the factorial (A) and equidistant (B)
esigns. For the factorial design in (A), we obtain a similar picture as for
he univariate quadratic model in Fig. 12 (A). For the equidistant design

(B), the results obtained by the two uncertainty estimation methods are
ery similar as well.
17 
B.3. Exponential growth model

After having extensively discussed the quadratic model, we now
ove on to a more nonlinear model, namely the exponential growth
odel. It is defined by

𝑓 (𝑥, 𝜃) ∶= 𝜃1 ⋅ exp
(

𝜃2 ⋅ 𝑥
)

((𝑥, 𝜃) ∈  × 𝛩) . (133)

and arises as a building block in many growth models, whence it is
idely studied in the statistics literature, see Bates and Watts (1988),

Seber and Wild (2003), for instance. Depending on the choice of the
true parameter value 𝜃∗, the confidence region of the least-squares
estimator in the parameter space can become highly non-elliptic. In
Fig. 18, we see the two design choices considered in this paper: factorial
nd equidistant which are defined, respectively, as
𝑥̃ ∶= (−1,−1, 1, 1)

𝑥̃ ∶= (−1,−0.33, 0.33, 1) .
(134)

The true parameter value is set to 𝜃∗ = (0.2, 1.2), and the standard
eviation of the normally distributed observation noise is set to 𝜎 = 0.1.

In Fig. 18 (A), we observe that one of the observations has a
negative 𝑦-value. This is theoretically not possible given the formula-
tion of exponential growth model. However, due to the observation
noise, negative values can occur. This is more likely in the factorial
design, where there are two measurements at 𝑥 = −1, compared to
the equidistant design, which has only one measurement at that point.
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Fig. 15. Least-squares estimates for 103 from the 𝑁MC ∶= 106 Monte-Carlo samples of the multivariate quadratic model for the factorial (A) and equidistant (B) design. The
MC samples are marked by the blue circles, the true parameter value 𝜃∗ is marked by the lime pentagon, and the MC mean estimator 𝜃̄ is marked by the yellow square. The
vertical axes of both subplots (A) and (B) are aligned and have the same scale. Note that while the multivariate quadratic model as considered in this section has three parameters
𝜃0 , 𝜃1 , 𝜃2, only first two of them are shown in the plot for the sake of simplicity. Projections including 𝜃0 do not show anything surprising.
Fig. 16. Distribution of parameter estimation errors obtained from the MC sampling according to (65) for the multivariate quadratic model at the factorial (A) and equidistant
(B) design. The vertical axes of both subplots (A) and (B) are aligned and have the same scale.
Fig. 17. Least-squares estimator error (65) from MC sampling are visualized at their respective variance approximation error (64) for the multivariate quadratic model using the
factorial (A) and equidistant (B) design. The results for LIN are shown in blue and those for LD in lime.
r
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Thus, the observations at 𝑥 = −1 are more likely to fall into the negative
ange, as the function value is smallest there.

In Fig. 19, we see that for both designs, the Monte Carlo estimator
for the model’s prediction uncertainty converges as we approach the 1

illion sample mark.
18 
In Fig. 20, we examine the Monte Carlo samples obtained from
epeated computer experiments in the parameter space. For both de-
igns, the samples do not exhibit an elliptic distribution. This suggests
hat we can expect poor results from the LIN-based uncertainty ap-
roximation when comparing uncertainty estimators below. Also, the
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Fig. 18. The blue lines show the exponential growth model at the evaluation points (same for (A) and (B)) and the red points show the factorial (A) and equidistant (B) design.
The vertical axes of both subplots (A) and (B) are aligned and have the same scale.
Fig. 19. Convergence of the MC approximator to the prediction uncertainty of the exponential growth model at 𝑥 ∶= 0 over the number of samples for the factorial (A) and
quidistant (B) design.
Fig. 20. Least-squares estimates for 103 from the 𝑁MC ∶= 106 Monte-Carlo samples of the exponential growth model for the factorial (A) and equidistant (B) design. The MC samples
are marked by the blue circles, the true parameter value 𝜃∗ is marked by the lime pentagon, and the MC mean estimator 𝜃̄ is marked by the yellow square. The vertical axes of
both subplots (A) and (B) are aligned and have the same scale.
w
s

mean of the Monte Carlo parameter estimators does not provide a good
approximation of the true parameter value due to the non-elliptic and
non-symmetric distribution of samples.
19 
In Fig. 21, we see the distribution of parameter estimation errors,
hich are calculated based on the Euclidean error between the least-

quares estimator obtained for the respective Monte Carlo sample and
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Fig. 21. Distribution of parameter estimation errors obtained from the MC sampling according to (65) for the exponential growth model at the factorial (A) and equidistant (B)
design. The vertical axes of both subplots (A) and (B) are aligned and have the same scale.
Fig. 22. Least-squares estimator error (65) from MC sampling are visualized at their respective variance approximation error (64) for the exponential growth model using the
actorial (A) and equidistant (B) design. The results for LIN are shown in blue and those for LD in lime.
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the true parameter value, assumed to be known for comparison.
Fig. 22 shows the uncertainty estimation error (64) versus the

parameter estimator error (65) for the factorial (A) and equidistant (B)
esigns. For the factorial design (A), the standard deviation estimator
y LD is closer to the Monte Carlo approximator than that of the

LIN-method, especially for high parameter estimator errors, where the
uncertainty estimation error from the linearization tends to worsen
while the cubature-based estimator remains robust. In contrast, for the
equidistant design, there exists a range of mediocre parameter estima-
tor error where the uncertainty approximation by the linearization is
superior to that of the cubature. However, this range is limited and does
ot account for the majority of samples. This observation illustrates that
ue to the nonlinearities of the parameter estimation problem, a moder-

ate parameter estimator can still yield a surprisingly good uncertainty
estimator (B) or become arbitrarily bad (A). For the factorial design
(A), the situation is more critical, as the linearization is more sensitive
to bad least-squares estimators. Also, while the uncertainty estimation
error obtained for the univariate quadratic model and the multivariate
quadratic model were on a small range, the uncertainty estimation error
or the exponential growth model varies on a larger scale, being small
or small parameter estimation errors and reaching high values for large
arameter estimation errors.

This emphasizes that the cubature-based uncertainty estimation can
erve as a robust alternative to linearization, especially for models with
ighly non-elliptic parameter space confidence regions.

The results shown in Table 2,3 should only be interpreted in a
relative sense, as computation times highly depend on hardware and
20 
implementation. In the work, the same implementation of the uncer-
tainty approximation methods was used on the same hardware for all
of the conducted experiments. The advantage and disadvantage of those
methods thus should be treated as a relative measure within the results
of this work.

Tables 4 and 5 show the statistical figures of the prediction variance
pproximation errors of the methods to the Monte Carlo approximator

when using equidistant and factorial designs, respectively. For all of
the considered case studies, it can be concluded that the cubature-
based variance estimators provide a significantly more stable mean
approximator to the prediction variance than the linearization-based
method. As found in the preceding discussion, the absolute numbers
vary between the usage of the different designs considered in the
comparison.

Appendix C. Noise selection for NRTL model

In this work, we consider a simplified variant of the NRTL model
case study. In wet-lab experiments, the activity coefficient is not di-
ectly observed but rather inferred from the measured vapor–liquid

equilibrium data. For example, Bubel et al. (2024) set the liquid phase
concentration of the system and its pressure as the experimental condi-
tions and observe the vapor phase concentration and the temperature
at equilibrium.
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Table 2
Time (in seconds) required to run the uncertainty approximation methods when using equidistant designs.

Linearization Cubature Monte Carlo

Quadratic model in one input dimension 3.352 98.127 2350.869
Quadratic model in two input dimensions 3.305 1233.804 6598.045
Exponential growth model 3.345 83.267 1657.482
NRTL 3.604 1345.501 4926.257
Table 3
Time (in seconds) required to run the uncertainty approximation methods when using factorial designs.

Linearization Cubature Monte Carlo

Quadratic model in one input dimension 3.247 78.355 1851.846
Quadratic model in two input dimensions 3.276 1104.148 5560.773
Exponential growth model 3.278 1190.362 45 316.344
NRTL 3.543 1372.031 5757.415
Table 4
Statistical figures of the prediction variance approximation errors of the methods to the Monte Carlo approximator when using equidistant designs. LIN, CUB
denote the linearization and the cubature-based method, respectively. The case studies are the NRTL model (NRTL), the Exponential Toy Model ETM, the quadratic
model in one input dimension (UTM) and the quadratic model in two input dimensions (MTM). The rows in the table represent statistical figures of the prediction
variance approximation errors of the methods to the Monte Carlo approximator, where the percentage figures account for the percentiles.

LIN NRTL CUB NRTL LIN ETM CUB ETM LIN UTM CUB UTM LIN MTM CUB MTM

mean 0.001 0.001 0.0768 0.001 0.000003 0.000003 0.000000 0.000000
std 0.0003 0.0004 0.846 0.001 0.000002 0.000002 0.000000 0.000000
min 0.0005 0.00009 0.0003 0.0001 0.000000 0.000000 0.000000 0.000000
25% 0.0007 0.0003 0.001 0.0004 0.000002 0.000002 0.000000 0.000000
50% 0.0008 0.0004 0.0007 0.001 0.000003 0.000003 0.000000 0.000000
75% 0.001 0.001 0.001 0.001 0.000004 0.000004 0.000000 0.000000
max 0.002 0.002 9.486 0.006 0.000009 0.000009 0.000000 0.000000
Table 5
Statistical figures of the prediction variance approximation errors of the methods to the Monte Carlo approximator when using factorial designs. LIN, CUB denote
the linearization and the cubature-based method, respectively. The case studies are the NRTL model (NRTL), the Exponential Toy Model ETM, the quadratic model
in one input dimension (UTM) and the quadratic model in two input dimensions (MTM). The rows in the table represent statistical figures of the prediction
variance approximation errors of the methods to the Monte Carlo approximator, where the percentage figures account for the percentiles.

LIN NRTL CUB NRTL LIN ETM CUB ETM LIN UTM CUB UTM LIN MTM CUB MTM

mean 0.61 0.001 7.237 0.003 0.001 0.001 0.004 0.004
std 0.749 0.0004 14.561 0.002 0.0004 0.0004 0.002 0.002
min 0.002 0.0002 0.003 0.001 0.00004 0.00004 0.001 0.001
25% 0.020 0.0004 0.005 0.002 0.0003 0.0003 0.002 0.002
50% 0.132 0.001 0.009 0.002 0.001 0.001 0.003 0.003
75% 1.359 0.001 0.0453 0.004 0.001 0.001 0.005 0.005
max 2.272 0.002 37.549 0.007 0.002 0.002 0.0118 0.0118
The resulting activity coefficient can then be inferred using Raoult’s
law

𝛾𝑘 =
𝑣𝑘 ⋅ 𝑃

𝑙𝑘 ⋅ 𝑃 𝑆𝑣,𝑘 (𝑇 )
(135)

based on the selected and the observed quantities. In the above equa-
tion, 𝑣𝑘 and 𝑙𝑘 are the vapor and liquid phase concentrations of the 𝑘th
component, 𝑃 is the total pressure, 𝑃 𝑆𝑣,𝑘 (𝑇 ) is the saturation pressure of
the 𝑘th component at temperature 𝑇 .

Using the experiments conducted in Bubel et al. (2024) and the
measurement uncertainties from the real experiments conducted in
hat study, we can estimate the noise level of the activity coefficient.
t should be noted, however, that the map from the experimental
onditions, say liquid phase concentrations and pressure, and the ob-
ervations to the activity coefficient is nonlinear. So, even if the noise
n the observations of the vapor phase concentration and temperature
s normal, the resulting uncertainty in the activity coefficient is not
ecessarily normal (due to the nonlinearity in the mapping). As a
onsequence, the variance 𝜎2𝛾 of the activity coefficient values is not
asy to estimate. For simplicity, we assume linearity of the map from
he experimental conditions and observations to the derived activity
oefficient. This is equivalent to applying Gaussian error propagation
21 
to the nonlinear map. Furthermore, for simplicity, we assume no error
in the experimental conditions, while adding those does not alter the
result presented in the following. Considering different experimental
conditions and the corresponding observations, we obtain a distribu-
tion of activity coefficient noises, with a mean of 0.005, a minimum
and maximum value of 0.0004 and 0.028, respectively, for the data
from Bubel et al. (2024).

In this work, however, we consider direct measurements of the
activity coefficient and we further assume its observation noise to be
normally distributed. This is a somewhat artificial scenario, chosen to
simplify the case study and allow a focus on the results obtained from
it. We have chosen the noise level 𝜎𝛾 = 0.05 for the activity coefficient
in this work, which is one order of magnitude larger than obtained from
the above derivation, to exacerbate the effects and better visualize the
differences between the variance approximation methods presented in
this publication.

Appendix D. Symbols and notation

See Table 6.
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Table 6
Symbols and notation

Symbol Interpretation Section or equation

𝑓 Considered model (generally nonlinear). Assumed single-output for simplicity from
Section 2 on

Section 1 and (9)

 ,  , 𝛩 Input space, output space, parameter space of the considered model Section 1
𝑑𝑥, 𝑑𝑦, 𝑑𝜃 Dimensions of  ,  , 𝛩, respectively. Assume 𝑑𝑦 = 1 from Section 2 on Section 1
𝑥, 𝑦, 𝜃 A general input point, target value, or parameter value, respectively Section 1
𝜃∗ Assumed true value of the model parameter (1)
𝑛 Number of experimental points Section 1 and 2
𝑥̃ Considered experimental design: collection (𝑥1 ,… , 𝑥𝑛) of experimental points (not

necessarily distinct)
Section 1

𝑦̃ Collection (𝑦1 ,… , 𝑦𝑛) of measured values of target quantity at experimental points Section 1
𝑆𝑥̃, ̃𝑦 Considered loss function for parameter estimation (general in Section 1 and 2, but

mean-squared error from Section 3 on)
(3)

𝜃̂𝑓 (𝑥̃, ̃𝑦) Parameter estimate for given observation data 𝑥̃ and 𝑦̃ (5)
𝜖𝑖 Actual measurement error at the 𝑖th experimental point 𝑥𝑖 (10)
𝜀𝑖 Random variable representing the measurement error 𝜖𝑖 (1) and (10)
𝛴, 𝜎2 Covariance or variance of the 𝑑𝜃 -component measurement errors 𝜀𝑖 Section 1 and 2
𝑝0 Probability density of the individual measurement errors 𝜀𝑖 Section 2
𝑦̃∗ Collection of predictions of the true model at all experimental design points (12)
𝑦̃(𝑥̃) Collection of random observations at all experimental design points (13)
𝜀̃(𝑥̃) Collection of all random measurement errors (11)
𝑝 Probability density of the joint measurement errors 𝜀̃(𝑥̃) (16)
𝑉𝑥̃(𝑥) Prediction uncertainty: variance of the prediction that the model trained on the data

𝑥̃ and 𝑦̃(𝑥̃) makes at the input point 𝑥
(13)

𝜇𝑥̃(𝑥) Expected prediction: expected value of the prediction that the model trained on the
data 𝑥̃ and 𝑦̃(𝑥̃) makes at the input point 𝑥

(15)

𝑉 MC
𝑥̃ (𝑥) Monte Carlo approximation to the prediction uncertainty 𝑉𝑥̃(𝑥) (18)
𝜇MC
𝑥̃ (𝑥) Monte Carlo approximation to the expected prediction 𝜇𝑥̃(𝑥) (17)
𝑉 LIN
𝑥̃, ̃𝑦 (𝑥) Linearization-based approximation to the prediction uncertainty 𝑉𝑥̃(𝑥) (with

linearization performed around 𝜃 ∶= 𝜃̂𝑓 (𝑥̃, ̃𝑦)
(26))

𝑉 SP
𝑥̃, ̃𝑦 (𝑥), 𝑉 MS

𝑥̃, ̃𝑦 (𝑥), 𝑉 LD
𝑥̃, ̃𝑦 (𝑥) Cubature-based approximation to the prediction uncertainty 𝑉𝑥̃(𝑥) (sigma points,

McNamee-Stenger, Lu-Darmofal)
(34), (40), (46)

𝜇SP
𝑥̃, ̃𝑦 (𝑥), 𝜇MS

𝑥̃, ̃𝑦 (𝑥), 𝜇LD
𝑥̃, ̃𝑦 (𝑥) Cubature-based approximation to the expected prediction 𝜇𝑥̃(𝑥) (sigma points,

McNamee-Stenger, Lu-Darmofal)
(37), remark after (44) and (51)

𝑁MC Number of Monte Carlo samples Section 2.1
𝑁SP, 𝑁MS, 𝑁LD Number of sigma points, McNamee-Stenger cubature points, Lu-Darmofal cubature

points
(39), (45), (52)

𝛥met hod
𝑥̃, ̃𝑦 (𝑥) Approximation error of the considered prediction-uncertainty estimation method at 𝑥 (60)
𝛥met hod
𝑥̃, ̃𝑦 Root-mean squared approximation error over a fine grid of 𝑁𝑥 = 102⋅𝑑𝑥 input points (64)
𝑇 Temperature in Kelvin (66)
𝑙 Liquid-phase molar fractions of a fluid system (66)
𝛾1 (𝑙 , 𝑇 , 𝜃) Activity coefficient of the first component in the fluid system (66)
𝐺𝑖,𝑗 (𝑇 , 𝜃) , 𝜏𝑖𝑗 (𝑇 , 𝜃) , 𝛼𝑖𝑗 (𝑇 , 𝜃) Gibbs energy of mixing of the 𝑖th and 𝑗th component in the fluid system and

interaction parameters
(68) (69), (70)

𝑎𝑖𝑗 , 𝑏𝑖𝑗 , 𝑐𝑖𝑗 , 𝑑𝑖𝑗 NRTL model parameters (68) (69), (70)
Data availability

No data was used for the research described in the article.
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