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Abstract

The present Ph.D. thesis provides a comprehensive experimental and theoretical study of the
bulging-cracking relationship in laser beam welding of thick unalloyed steel sheets. It focuses
on experimentally proving the existence of the bulging region and on developing a coupled
multiphysics mathematical framework to analyze its influence on the three critical factors
controlling the susceptibility to solidification cracking, namely the thermal, metallurgical,
and mechanical factors.

The research employs a novel experimental setup, utilizing a combination of transparent
quartz glass and thick unalloyed steel sheet, enabling real-time visualization of the weld
pool geometry and confirming the existence of a distinctive bulging region. To deepen
the understanding of these experimental insights, an extensive multiphysics mathematical
framework was developed and rigorously verified and validated. This framework introduces an
innovative approach using Lamé curves for accurately describing complex three-dimensional
weld pool geometries, including the bulging region’s characteristics. Through analytical
solutions and numerical procedures, it facilitates the computation of solidification parameters,
which are crucial for understanding the metallurgical aspects of crack formation. The
framework also incorporates a mechanical model to assess and evaluate the local stress
distribution within the bulging region.

The findings indicate that an elongated, sharply shaped bulging region significantly
increases the susceptibility to solidification cracking. This is attributed to its adverse impact
on the distribution and local dwell time of liquid metal residing at grain boundaries during
solidification, combined with the localized tensile stresses identified in the bulging region.

In essence, this research contributes to the broader understanding of solidification cracking
in laser beam welding of thick unalloyed steel sheets, with a particular focus on the bulging
region. The insights and methodologies developed in this thesis are valuable for future
research and advancements in the application of the laser beam welding technology for
joining high-thickness unalloyed steel components.
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1 Introduction

“With four parameters I can fit an
elephant, and with five I can
make him wiggle his trunk.“

John von Neumann

Laser beam welding (LBW) is an established high-performance joining process utilized
in various industrial applications, e.g., for welding thin sheets in the automotive industry.
It offers several advantages when compared to conventional arc welding methods. On the
one hand, it results in a narrow heat affected zone (HAZ) and low distortion of the welded
components due to the highly concentrated and precise heat input, especially when large-area
parts are joined. On the other hand, it allows for high achievable welding speed and requires
minimal to no consumption of filler material [1]. Due to the significant development of
modern laser sources in the past 20 years, high-power laser systems of up to 100 kW have
become available on the market. These enable, in particular, the joining of thick-walled
structures, reaching wall thicknesses of up to 50 mm, by fewer passes or even by a single
pass [2]. Hence, nowadays, the LBW process offers tremendous potential for more effective
joining of steel sheets of higher thickness, such as those used in the production of pipelines
for the oil and gas industry, crane construction, shipbuilding, and aerospace applications.

The trend toward increasing welding speed (> 2 m min−1) and sheet thickness (> 10 mm)
is, however, limited by the formation of weld imperfections that are untypical for low-alloyed
and unalloyed steel sheets welded under conventional conditions. One of the most critical
limiting factors is the occurrence of solidification cracks, as these are decisive for the reliability
and safety of the joined components [3, 4]. Generally, the susceptibility to solidification
cracking is mainly controlled by the thermo-metallurgical and thermo-mechanical interactions
[5], and therefore by three dominant factors. These are the thermal, metallurgical, and
mechanical factors. The dominant factors are coupled and depend strongly on the weld pool
geometry, and vice versa [6, 7]. The weld pool geometry, on the other hand, is long-known
to be crucial for the formation of weld imperfections during solidification [8, 9]. Experimental
studies on deep penetration electron beam welding (EBW) of thick low-alloyed and unalloyed
steel sheets suggest a strong correlation between the geometrical characteristics of the weld
pool and the susceptibility to solidification cracking [10, 11]. Specifically, the presence of a
so-called bulging region within the weld pool, characterized by local elongation and widening,
was found to be highly susceptible to centerline solidification cracking. [12]. The link between
the bulging region and the formation of centerline cracks has been confirmed in more recent
studies on high power LBW of thick unalloyed steel sheets [13–15]. Nevertheless, due to
the optical inaccessibility of the LBW process, the bulging region has been only observed in
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1 Introduction

metallographic macro sections rather than in real time. Furthermore, the significant influence
of this region on the three dominant factors controlling the cracking behavior remains poorly
understood and has yet to be studied in detail. Therefore, considering the current state of
knowledge, a need to expand the understanding of the complex relationship between the
bulging region and the susceptibility to centerline solidification cracking therein arises.

The present work aims to perform a methodical experimental and theoretical analysis
of the influence of the bulging region on the local susceptibility to centerline solidification
cracking in LBW of thick unalloyed steel sheets. For this purpose, first, the occurrence of
a bulging region during the LBW process has to be experimentally confirmed. Then, in
subsequent steps, the dependence of the thermal, metallurgical, and mechanical factors on
the bulging region has to be estimated by applying analytical and numerical methods, allowing
to overcome the optical inaccessibility of the LBW process. Finally, several experimental
measurements must be performed to verify and validate the developed models and the
corresponding theoretical results.
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2 State of the Art

This chapter outlines the main process features involved in deep penetration welding of thick
steel sheets, with a specific focus on the LBW process employed in the present work. Based
on this, an analysis of the significant factors influencing the cracking behavior of the welded
components is performed. Furthermore, the relationship between weld solidification cracking
and a local elongation and widening of the weld pool, known as a bulging region, is described.
Following, modeling techniques that can contribute to the fundamental understanding of
this kind of weld imperfections are presented. Finally, the objectives of the work are set
based on the current state of knowledge.

2.1 Deep Penetration Welding

The joining of semi-finished steel components with wall thicknesses above 10 mm is essential
for many industrial applications, including the production of pipelines for the oil and gas
industry, shipbuilding, crane construction, and the assembly of vast pressure and reactor
chambers. Two criteria must be met to obtain welds of high penetration depths. First,
extremely high power densities of above 106 W cm−2 are needed. Second, the energy must
be effectively absorbed by the material [16]. When these criteria are fulfilled, most metallic
materials subjected to the welding process will undergo melting followed by vaporization,
producing a deep, narrow, vapor-filled cavity known as a keyhole, surrounded by liquid metal.
When the energy source is traversed along the weld trajectory, the keyhole moves with it
through the workpiece at the welding speed. The keyhole geometry changes dynamically
during welding, depending on the balance of forces acting on its surface, as illustrated
schematically in Figure 2.1. The forces include, above all, the ablation force, the friction
force of the rising metallic vapor, the capillary pressure (Laplace pressure), the static and
dynamic pressure of the liquid metal and the metallic vapor, the buoyancy forces induced by
the density differences, and the thermo-capillary force resulting from the variation of the
surface tension with temperature. As a result, the liquid metal flows around the keyhole and
solidifies at the rear part of the weld pool. Typically, keyhole welding produces a weld seam
characterized by a nearly parallel-sided fusion zone (FZ), a narrow width, and a uniform
internal structure. Moreover, the weld depth is typically about ten to fifteen times greater
than the weld width [16]. The high weld seam depth-to-width ratio indicates that most
of the locally absorbed energy serves for melting the interfaces to be joined. Hence, deep
penetration welding is one of the most efficient joining processes, especially in the case of
partial penetration welding, as no laser energy gets lost through the bottom of the keyhole.

In the welding field, the joining efficiency is defined as vweldh/P, where vweld is the traverse
welding speed in mm s−1, h is the thickness of the weld in mm, and P is the incident power

3



2 State of the Art

in kW. Although this is not the true efficiency, as it has the unit of mm2 kJ−1, by comparing
the joining efficiency of various welding methods, it becomes evident that an electron beam or
a laser beam offers the highest power density available to industry at present [16]. Therefore,
deep penetration welding can be easily achieved by utilizing each of these as an energy source.
In fact, single-pass welding of thick-walled metal structures has been successfully applied
for the first time in EBW [17]. Nonetheless, the EBW process is not well suited for joining
components with large dimensions since vast vacuum chambers are required for this purpose.
In contrast to EBW, LBW does not require a low-pressure environment but offers a similar
power density to an electron beam. Moreover, LBW enables the processing of magnetic
materials. This feature is particularly important for complete penetration welding of thick
steel components as it allows to use an electromagnetic weld pool support, preventing the
drop-out of liquid metal on the weld root caused by the force of gravity [18].

h
>

5m
m

Welding direction
Heat loss

Weld pool

Keyhole

Metal flow due to recoil

Bulging

Metallic vapor jet

Static pressure

Laplace
pressure

Marangoni
convection

Thin liquid metal layer

Natural convection

Metallic vapor pressure

Heat conductionHeat conduction

Liquid metal Base metalSolidified base metal

Energy source of
high power density

force of evaporation

Localized evaporation
on a hump

Figure 2.1: Schematic of the deep partial penetration welding process in the longitudinal
section, illustrating the keyhole geometry, energy source, and main acting forces
in the liquid and vapor phases

In general, the laser systems are divided into gas, solid-state, liquid, and semiconductor
lasers, depending on the type of the applied active medium. Thereby, the most common
types used in industry and research are the gas and the solid-state lasers, represented by the
CO2 (carbon dioxide) laser and the Yb/Nd:YAG (Ytterbium/Neodymium doped Yttrium
Aluminum Garnet) lasers, respectively [16]. In addition to the higher achievable penetration
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depth, the LBW process offers several further benefits, including [19]:
• Suitable for processing a range of metallic materials and thicknesses, including reflective

and magnetic materials. The latter capability enables the utilization of electromagnetic
weld pool support to prevent the drop-out of liquid metal on the weld root.

• Highly concentrated, precise, and low heat input, resulting in a narrow HAZ and low
distortion of the welded components, especially when large-area components are joined.

• High degree of flexibility, in particular for solid-state lasers as these use fiber optic
cables to deliver the beam.

• High automation degree and achievable welding speed, ensuring efficient economic
production.

• Very accurate welding with no to minimal consumption of filler material.

In LBW, the keyhole serves as an optical black body, with the entering laser beam reflecting
multiple times off its walls. As a result of the multiple reflections, the laser beam energy
is nearly entirely absorbed by the liquid metal, and the efficiency of the welding process
rises, enabling deep penetration welding [16]. However, the maximum penetration depth
differs for the different LBW processes. The maximum achievable penetration depth for
the older generation of high-power CO2 laser systems is limited, for example, by the laser
beam wavelength of 10.6 µm as this results in low energy absorption, e.g., approximately
10% for steel and only 2% for aluminium. In addition, the high wavelength of the laser beam
contributes to the formation of charged plasma, resulting from the ionization of the hot
metallic vapor. Consequently, the plasma attenuates the laser beam, causing the weld seam
depth-to-width ratio to decrease, and thus limiting the single-pass welding with CO2 lasers
to sheet thicknesses below 20 mm [20]. In contrast, due to the development of modern
solid-state disk and fiber laser systems with available power of up to 100 kW and a wavelength
of about 1 µm, the single-pass welding of steel sheets of thicknesses exceeding 50 mm has
been enabled [2]. Moreover, these lasers can achieve a sound, complete penetration welding
of even thicker components by using a double-sided laser beam, i.e., two passes from both
surface sides. According to [21], complete penetration of 70 mm thick steel sheets have been
realized when welding under atmospheric pressure. At a low vacuum of approximately 1 kPa,
however, the maximum wall thickness of the joined steel components reached up to 125 mm.

2.2 Solidification Cracking in Deep Penetration Laser Beam Welding

With the increase in the available laser power, not only the application possibilities grow but
also the necessity to better understand the phenomena and effects that occur during LBW
of thick steel components [22, 23]. As described in the section above, a unique feature of
deep penetration LBW is the small quantity of energy required for joining the components
due to the highly concentrated heat input. Furthermore, the LBW process is characterized
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by relatively high welding speeds and overheating in the weld center, resulting in rapid local
cooling rates in the order of 103 K s−1, and thus very short cooling times of the weld metal.
Accordingly, the solidification conditions may become critical, leading to weld solidification
cracking, which is decisive for the reliability and safety of the joined components [6, 7, 24].

Solidification cracks are among the material- and process-related challenges that must
be overcome to successfully integrate the LBW technology for joining components of high
wall thicknesses into everyday industrial practice. The occurrence of solidification cracking
represents a long-known problem in the welding field, being the object of study in many
research works since the early 1930s [6, 13, 25–27]. The correlation between the laser beam
and laser-hybrid welding of thick low-alloyed and unalloyed steel sheets and the occurrence
of cracking was identified experimentally in [3, 13, 28]. It was discovered that in contrast to
conventional arc welding processes, centerline cracks form most frequently and represent
one of the most critical material failures in deep penetration LBW of unalloyed steel sheets.
However, the mechanisms involved in their formation are highly complex and have not yet
been researched to their full extent. One reason for this is the challenging experimental
accessibility of the environment in which solidification cracks form and propagate, making
three-dimensional and time-dependent measurements during the LBW process difficult or
even impossible to perform [29–31]. On the other hand, as the physical effects of the LBW
process and the mechanism involved in the formation of cracks are strongly coupled and
highly nonlinear, the theoretical study of the cracking problem is often simplified and limited
to single aspects to ensure numerical stability and moderate computing time [32, 33].

With regard to the available literature on the topic, the main critical conditions required
for the formation of solidification cracks can be identified. The first critical condition is the
presence of liquid metal between the coalescing solidification fronts [14, 26]. This condition
is derived from observations of the fracture surfaces of solidification cracks [7, 13]. In these
studies, the cracks were fractured, and their surfaces were examined with a scanning electron
microscope (SEM). Thereby, it was discovered that the crack surfaces fit well together,
indicating that only a thin liquid film was present between them at the moment of crack
formation. The SEM observations also showed that the fracture surfaces are predominantly
smooth and that the dendrite tips are well-rounded, undeformed, and regularly arranged.
These findings suggest that solidification cracks form during the final solidification stage at
temperatures higher than the local solidus temperature. Hence, the second critical condition
is strongly related to the first one and is given by the dwell time of the liquid film residing
on the grain boundaries [34, 35]. The third condition is as well derived from the SEM
observations. It is based on the discovery of solid metal bridges at the boundary between
the fracture surfaces and the crack. The existence of such bridges suggests that the faces of
the crack were moved apart during solidification. Therefore, the third critical condition for
the crack formation is the increase in the local strains and stresses causing the rupture of
the liquid film residing on the grain boundaries [31, 36, 37].

The three critical conditions required for the formation of weld solidification cracks depend
on several factors and their various interrelationships. According to [5], the susceptibility
to solidification cracking is mainly determined by the thermo-metallurgical and thermo-
mechanical interactions. These control the solidification microstructure and the local and
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global strains and stresses, respectively. Therefore, three dominant factors, which govern
the local susceptibility to solidification cracking, can be identified, namely the thermal,
metallurgical, and mechanical factors. Nonetheless, in reality, the dominant factors represent
the combined influence of many sub-factors as indicated in Table 2.1. The relationships
between the three dominant factors and the three critical conditions required for the formation
of weld solidification cracks are schematically represented in Figure 2.2. As depicted in
the figure, the thermal factor determines the presence of liquid metal, and thus directly
influences the first critical condition. In contrast, the second and third critical conditions
are influenced by two dominant factors and their interactions. The dwell time of the liquid
film residing on the grain boundaries is determined by the thermo-metallurgical interactions,
therefore involving both the thermal and the metallurgical factor. Thereby, the thermal
factor controls the liquid metal distribution and the cooling rate, whereas the metallurgical
factor controls the local solidus temperature. The local change of the solidus temperature,
however, is governed by the segregation process, which leads to the accumulation of liquating
elements, such as S and P, ahead of the solidification front. As a consequence of the
non-uniform distribution of these impurities, locally, the solidification interval extends to
lower temperatures, i.e., the local solidus temperature decreases, and the dwell time of the
liquid film residing on the grain boundaries increases [33, 38, 39]. On the other hand, the
localized strains and stresses, which represent the third critical condition for the formation
of solidification cracks, are determined by the thermo-mechanical interactions. Therefore,
these interactions involve both the thermal and mechanical factors. Here, the thermal
factor controls the shrinkage force generated in the weld metal during solidification, and
the mechanical factor controls the response of the solid metal to the shrinkage of the liquid
metal surrounded by it.

Table 2.1: Sub-factors influencing the three dominant factors controlling the susceptibility
to solidification cracking [5, 7, 35]

Mechanical factor Thermal factor Metallurgical factor
Component and weld geometry Welding speed Lattice type of weld metal

Restraint intensity Focal position Grain structure and size
Pre-loading Energy input Chemical composition

Tacking Wire feed Solidification interval
Thermomechanical/Thermophysical material properties

. . . . . . . . .

Numerous theories and experimental methods, based on different criteria, have been
developed to determine the susceptibility to solidification cracking. A critical review of
existing theories and their applicability to solidification cracking, such as the shrinkage-
brittleness theory [40], the technological strength theory [41], and the rate of feeding - rate
of shrinkage theory [42], can be found in [43]. Nevertheless, most theories and experimental
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Mechanical
factor

Localized strains
and stresses

Dwell time of liquid film
on grain boundaries

Metallurgical
factor

Solidification
cracking

Thermal
factor

Presence of
liquid metal

Figure 2.2: Schematic indicating the relationships between the dominant factors and the
critical conditions determining the susceptibility to solidification cracking

tests do not focus on the interactions between the dominant factors and their combined
influence on the susceptibility to solidification cracking. Instead, these primarily concentrate
on the influence from a single factor or sub-factor. For example, attempts are often made to
classify materials experimentally as resistant or susceptible to cracking based on mechanical
or metallurgical aspects. The influence of the mechanical response on the susceptibility
to cracking of the joined components is usually experimentally studied by self-restraint or
externally loaded cracking tests [44]. These tests are designed to determine critical values
for the strain or the strain rates at which cracking occurs. Moreover, in practice, certain
materials, such as cast steel, high-alloy steels, nickel-based alloys, and aluminum alloys,
have proven particularly susceptible to cracking due to the influence of various metallurgical
sub-factors [45–47]. The lattice type in which the weld metal solidifies is one of these
sub-factors leading to lower cracking resistivity. Materials solidifying in a face-centered
cubic (FCC) lattice are considered susceptible to solidification cracking due to the low
diffusion rate and low solubility of liquating elements such as S and P [14, 48]. Another
factor contributing to the higher susceptibility of the FCC lattice to cracking is the thermal
shrinkage that occurs in the weld metal during solidification. The FCC lattice has lower
thermal conductivity compared to the body-centered cubic (BCC) lattice, which results
in higher peak temperatures, and thus higher temperature gradients. Additionally, it is
more densely packed than the BCC lattice, therefore having a higher thermal expansion
coefficient (23 × 10−6 K−1 for FCC and 16 × 10−6 K−1 for BCC in the temperature range
between 1392 °C and 1539 °C [49]). Consequently, the higher temperature gradient and
thermal expansion coefficient of the FCC lattice lead to a stronger shrinkage force, and
hence a higher risk of solidification cracking [14, 50]. Furthermore, the dependence of the
cracking susceptibility on the substructures forming inside the grains, such as planar, cellular,
or dendritic, as well as on their grain size, are often considered relevant. The type and
size of the crystal substructure are determined by both the chemical composition and the
local cooling rate. According to [51], when the weld metal solidifies primarily in a cellular
substructure, the tendency to solidification cracking increases compared to the case of a
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2.3 Bulging Region in Deep Penetration Laser Beam Welding

primarily dendritic substructure. In [52], the influence of grain size on cracking resistivity
has been studied, showing that grain refinement can be beneficial for crack prevention.

Despite the extensive knowledge on the influence of mechanical and metallurgical factors
on the formation of solidification cracks, cracks can form even in cases contrary to the
general understanding. For example, in [37], the relationship between the degree of restraint
and the occurrence of solidification cracking was studied. The authors found that the
susceptibility to cracking can be reduced or completely avoided by artificially increasing the
degree of restraint in the welded structure. Furthermore, various nickel-based alloys, whose
weld metal solidifies completely in an FCC lattice, are classified as crack-resistant [53]. On
the contrary, low-alloyed and unalloyed materials, whose weld metal solidifies completely
in a BCC lattice, have been found to be susceptible to solidification cracking, depending
on the wall thickness of the components and the welding process. Drawing upon the
comprehensive literature review on the relationships between the dominant factors and the
critical conditions determining cracking susceptibility, it can be suggested that the influencing
factors for the formation of solidification cracks can only be used as an indirect, and not as
a direct measure of the cracking susceptibility. The interrelationships between solidification
cracking, metallurgical mechanisms, and mechanical mechanisms indicate that the formation
of solidification cracks is not governed by a single mechanism or its corresponding sub-factors.
Instead, the various influences from the three dominant factors must be related to the
particular welding application to allow for a comprehensive study of their interactions. Only
then could the mechanisms causing solidification cracking be clarified for the specific case.

2.3 Bulging Region in Deep Penetration Laser Beam Welding

Experimental Evidence of the Bulging-Cracking Relationship
From the literature review on solidification cracking susceptibility in deep penetration LBW
presented in Section 2.2 follows that the cracking behavior of the joined components is
controlled by three dominant factors and their corresponding interactions [5]. The dominant
thermal, mechanical, and metallurgical factors are, however, strongly dependent on the weld
pool geometry and vice versa [6, 7]. The weld pool geometry, on the other hand, has long
been known to be decisive for the formation of material defects during the solidification
stage of the welding process, particularly regarding the occurrence of solidification cracking
in deep penetration welding [6, 24, 54].

The influence of the weld pool geometry on the susceptibility to solidification cracking
in deep penetration EBW of thick steel sheets has been researched since the late 1970s.
In [8], the relationship between the weld pool geometry and solidification cracking was
experimentally studied for different welding conditions. According to the findings, a focal
position on or above the top surface of the joined steel sheets leads to a widening and
elongation of the keyhole geometry at approximately one-third to one-half of the penetration
depth. Consequently, the liquid metal behind the keyhole is pushed backward, i.e., in the
opposite direction to the welding direction, forming a region of geometrical particularity,
nowadays often referred to as a bulging region, see Figure 2.3. The authors discovered

9



2 State of the Art

that the size of the bulging region is decisive for the formation of weld imperfections. A
large bulging region was shown to lead to the separation of the column of liquid metal into
roughly two parts, which solidify independently, forming a void in-between. On the other
hand, a bulging region of a smaller size was found to significantly increase the susceptibility
to centerline solidification cracking. The study presented in [8] has been further extended by
a series of experiments published in [10–12]. In these works, the influence of the bulging
region on the occurrence of cracking in deep penetration EBW of thick unalloyed steel sheets
has been studied by adding pure Ni (Nickel) at different depths along the weld trajectory
before the welding process. Subsequently, the authors used the segregation patterns of the
Ni element remaining in the weld metal to identify the geometry of the FZ in the longitudinal
section and several metallographic cross-sections. Based on the experimental observations,
it was suggested that the liquid metal in the bulging region experiences a local delay in
solidification. Moreover, it was shown that due to its larger dimensions compared to the
regions located above and below it, the bulging region solidifies at a later stage. Therefore,
the liquid metal in the bulging region becomes isolated, i.e., surrounded by solid, which
results in an increased formation of centerline cracks therein, as indicated in Figure 2.3.

Bulging

Welding direction
a) b)

Welding direction

Centerline
crack

Centerline
crack
Bulging

Figure 2.3: Solidification patterns indicating the occurrence of centerline cracking in the
bulging region due to a local solidification delay, according to [8, 10, 11]

The correlation between the bulging region and the formation of solidification cracks has
been confirmed by experimental studies on high power LBW of thick unalloyed steel sheets
as well [13, 14]. Thereby, the focus was on the widening of the weld pool geometry in
the transversal direction and its hypothetical influence on the cracking susceptibility of the
welded components. Similar to the observations made on electron beam welded steel sheets,
the locations of the bulging region and the solidification cracks coincide. Moreover, nearly
all cracks found in the FZ were centerline cracks located approximately in the middle of
the bulging region. In [13], the author analyzed the solidification sequence of the liquid
metal in the cross-section and hypothesized that the cause of the centerline cracks may
be the longer transversal distance between the seam flanks in the bulging region. This
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hypothesis was based on two considerations. A closer look at Figure 2.4 shows that the
crystals start growing from the cold parallel seam flanks into the weld pool in opposite
directions to each other. As the crystals continue growing, the first dendrite tips coalesce
where the distance between the seam flanks is smallest. Considering that the cooling rates
in the bulging region are higher than the growth rate of the crystals, the dendrite tips at
its center may not coalesce at all. This could result in a void being left in the middle of
the bulging region, potentially leading to the formation or initiation of a crack. On the
other hand, due to the longer distance between the seam flanks, the crystals growing in
the bulging region will need a longer time to reach the weld centerline. Considering the
extended solidification time in the bulging region, it can be expected that the liquid metal
therein will be subjected to higher tensile forces induced by its shrinkage and the resistance
of the surrounding solid metal [14]. As a result, the solidification fronts may be pulled apart
from each other at the final solidification stage, leading to the formation of a centerline
crack, see Figure 2.4. Both considerations are supported by recent SEM observations of the
fracture surfaces of centerline cracks, as described in Section 2.2. This suggests that there
may be more than one mechanism involved in the formation of centerline cracks in deep
penetration LBW. Furthermore, in [54], an effort was made to evaluate the extent of the
bulging region in the weld cross-section and quantify its influence on solidification cracking
in hybrid laser-gas metal arc welding of thick steel sheets. There, a bulging widening angle,
defined as the angle between the narrowest and widest cross-sectional dimensions within
the bulging region, was used as a measure of the extent of the bulging region. The authors
reported conflicting results regarding the influence of the welding speed and the laser beam
energy on the occurrence of solidification cracking. However, the obtained results indicated
that solidification cracking strongly depends on the geometries of the keyhole and the weld
pool, and thus on the dimensions of the bulging region. Moreover, the observed solidification
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Figure 2.4: Hypothetical formation of a centerline solidification crack in deep penetration
laser beam welding of low-alloyed and unalloyed steel sheets, according to [14]
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cracks were always associated with the presence of a widened FZ around the crack location,
showing a tendency of increasing crack formation with increasing bulging widening angle.
Nonetheless, there is no known relationship between the elongation of the bulging region or
its shape and the cracking susceptibility of the joined components.

Theoretical Studies on the Bulging Region

The observation and study of the bulging region and its influence on the formation of
solidification cracks during deep penetration EBW or LBW represent a highly challenging
task due to the optical inaccessibility of the welding process and the complex technical
equipment required for the recording. For this reason, in all studies mentioned in the
paragraphs above, the bulging region has only been observed in metallographic macro
sections rather than in real-time. Despite this fact, a bulging region appears in several
sophisticated numerical simulations of the weld pool geometry, even though not being the
object of study [55–57], [AJ16]. In reference to the available literature on the occurrence
of a bulging region in EBW, the bulging region is considered to be the consequence of a
strong metallic vapor flow induced on the front keyhole wall [8, 12]. Nevertheless, recent
research work of the author on the nature of the bulging region, and in particular, on its
temporal evolution in deep partial penetration high power LBW of thick unalloyed steel
sheets, suggests a slightly different formation mechanism [AJ23-AJ25]. In these studies, a
multiphysics numerical model allowing to consider the keyhole dynamics and its influence
on the liquid metal, was developed and used to estimate the three-dimensional weld pool
geometry and the fluid flow therein. Based on the numerically predicted flow patterns, the
weld pool was characterized by two regions, a top and a bottom region, which dimensions
and shape were determined by two main vortexes, independent of the formation of a bulging
region, see Figure 2.5. The vortex in the top region is due to the combined action of the
Marangoni force, the recoil force, and the metallic vapor flow inside the keyhole. This vortex
accelerates from the keyhole rear surface along the top surface of the weld pool, transporting
the hotter liquid metal away from the keyhole. Subsequently, when the liquid metal reaches
the weld pool rear boundary, the flow turns its direction to the welding direction, bringing
the liquid metal back to the vicinity of the keyhole, and thus ensuring mass conservation.
The second vortex acts in the bottom region and is mainly caused by the strong recoil force
of evaporation, which pushes the liquid metal at the keyhole bottom backward, i.e., in the
opposite direction to the welding direction. As a result, the liquid metal flows upward along
the solidification front and changes its direction to the welding direction once it reaches the
top region. As the liquid metal in the top and bottom regions of the weld pool flows along
the solidification front, its temperature continuously decreases. Therefore, at the moment
when the two vortexes meet, and their flow directions turn into the welding direction, the
liquid metal solidifies, separating the top and bottom regions of the weld pool by forming a
narrow channel between them, see Figure 2.5. Consequently, more liquid metal accumulates
in the bottom region, leading to the formation of a bulging region. Furthermore, it was
found that the narrow and bulging regions form simultaneously, approximately when the weld
pool geometry reaches a quasi-steady state. The numerical results also indicated that both
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Figure 2.5: Schematic of the formation of a bulging region in deep partial penetration laser
beam welding, according to [AJ23-AJ25]

regions occur transiently and that the formation of a bulging region depends strongly on the
penetration depth, having a transition threshold from a slight bulging to a fully developed
bulging region at penetration depths between 6 mm and 9 mm [AJ23-AJ25]. A narrow
and a bulging region were as well observed in recent numerical simulations of deep partial
penetration wire-feed LBW [AJ26-AJ28]. In these studies, it was shown that the formation
of these two regions significantly deteriorates the downward transfer of liquid metal from the
top to the bottom region of the weld pool. This resulted in a non-homogeneous distribution
of the alloying elements fed into the weld pool during the wire-feed LBW process, and hence
to significant differences in the mechanical properties of the final weld along its thickness.

Concerning the studies on the bulging region and the bulging-cracking relationship men-
tioned above, both the experimental and the theoretical research works seem to be limited
to deep partial penetration welding. Moreover, most attempts to link the bulging region
to solidification cracking focus on studying one of the three dominant factors controlling
the cracking behavior, e.g., the solidification range or the critical strains and stresses, see
Section 2.2, and do not consider their interrelationships, i.e., their combined influence on the
cracking behavior. In addition, only the width of the bulging region is regarded as relevant,
neglecting the influence of its length or shape on the weld microstructure, and therefore on
the local susceptibility to solidification cracking.
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2.4 Welding Simulation

The aforementioned large number of influencing parameters and physical effects involved in
the formation of solidification cracks in deep penetration welding, as well as the poor optical
accessibility of the welding process, do not allow for building up a sufficient experimental
database and expertise needed to deepen the understanding of the influence of the bulging
region on the cracking susceptibility, see Sections 2.1 to 2.3. Therefore, mathematical
modeling, including functional-analytical methods, e.g., the method of sources or the method
of separation of variables, and numerical methods, e.g., the finite element method or the finite
volume method, has become a crucial part to the solution of such technically demanding
joining tasks. Compared to the experimental approach, a computer-aided study offers several
advantages in understanding the fundamentals related to welding phenomena. Specifically,
it allows for a significant gain in information by predicting three-dimensional transient field
quantities, which can be challenging to access experimentally in some cases or entirely
inaccessible in others. Examples include temperature and velocity distributions inside the
weld pool or residual stresses within welded structures with high wall-thicknesses. Moreover,
synthetic modeling provides the flexibility to selectively add or omit physical effects, thereby
enabling the isolation of the action of a single effect or a combination of effects on the
computational results. This facilitates the analysis of their interactions and the weighting of
their influence on the object of study. Hence, mathematical modeling techniques offer great
potential to study the relationship between the bulging region and the local susceptibility to
solidification cracking.

2.4.1 Classification of Welding Simulation

As described in Section 2.1, the physics behind the deep penetration welding process is very
complicated as it involves several strongly coupled and highly nonlinear interactions between
the processed material and the energy source, the vapor phase, the weld pool, and the solid
metal. Accordingly, several complex physical effects such as energy absorption, melting,
vaporization of liquid metal, recondensation of metallic vapor, solidification, thermo-capillary
convection, heat conduction in the liquid and solid, distortion, and heat transfer by radiation
and evaporation have to be considered for its sufficient mathematical description. Despite
the advances in the development and optimization of solution algorithms and the rising
computer performance, the comprehensive coupled consideration of all physical aspects
governing the deep penetration welding process remains a major difficulty. Moreover, the
mathematical description of the involved phenomena and their interrelationships represents
a rather challenging task. Therefore, the research in welding simulation has focused on
decoupling the welding process into physical domains, each considering different time and
size scales, depending on the application and objectives.

According to [58], there are three main physical domains, namely the domains of process,
mechanical, and material simulations, see Figure 2.6. Thereby, the process simulation aims
at the detailed modeling of the three-dimensional weld pool geometry and the flow dynamics
of the liquid metal therein by considering various dynamic interactions such as these between
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the energy source and the processed material. It enables, e.g., the prediction of the seam
width, the penetration depth, the weld reinforcement, the weld pool length, the process
efficiency, and the process stability. The material simulation, on the other hand, is concerned
with the thermo-metallurgical effects. It is used to estimate the microstructure state in the
FZ and the HAZ, the resulting hardness of the weld metal, and the susceptibility to cold
and hot cracking. In recent times also the prediction of thermo-physical material properties,
e.g., heat capacity and heat conductivity, and thermo-mechanical material properties, e.g.,
stress-strain curves, Young’s modulus, and Poisson’s ratio, became an essential part of the
material simulation. In contrast to the material simulation, the structure simulation deals
with the thermo-mechanical effects of welding. These include the prediction of welding
distortions and residual stresses as well as the estimation of their influence on the stiffness of
the welded structure, the strength of the weld metal in the FZ, and the material in the HAZ.

As described above, the decoupling approach allows studying the aspects of each physical
domain independent of the consideration of the other domains. However, theoretically, this

Process
Simulation

Weld pool geometry
Local temp. field
Process stability...

Structure
Simulation

Global temp. field
Distortion

Residual stresses...

Material
Simulation

Microstructure
Phase transformations

Hot cracking...Mechanical material properties
Transformation strains

Strain/Stress driven
transformations

Welding
Simulation

Thermal material properties

Latent heat
Thermal cycles

Chemical composition

Th
erm

al
bo

un
da

ry
co

nd
iti

on
s

Va
ryi

ng
ga

p
wi

dt
h

Eq
uiv

ale
nt

he
at

so
ru

ce

Figure 2.6: Coupling of the physical domains in welding simulation, according to [58]
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approach also allows to account for the influence from one domain on another by using input
and output quantities, as schematically indicated in Figure 2.6. The influence, e.g., of the
process simulation on the structure simulation, can be modeled by transferring an equivalent
heat source (EHS) from the process simulation to the structure simulation. Conversely, the
influence of the structure on the process simulation, can be considered by transferring the
varying gap width and the thermal boundary conditions. Nonetheless, even the one-way
coupling of the physical domains brings significant complexity to the modeling task, and is
therefore usually not accounted for in welding simulation.

2.4.2 Mathematical Modeling of the Bulging-Cracking Relationship

With regard to Sections 2.2, 2.3 and 2.4.1, the physical domains involved in the mathematical
analysis of the relationship between the bulging region and the local susceptibility to
solidification cracking can be identified. A closer look at the interrelationships between the
critical conditions and the dominant factors controlling the local susceptibility to solidification
cracking, see Figure 2.2, and the main physical domains of welding simulation, see Figure 2.6,
reveals that the study of the bulging-cracking relationship requires information from all three
physical domains. Thereby, the process simulation enables the estimation of the influence of
the bulging region on the thermal factor by providing information about the liquid metal
regions present at the final solidification stage. Furthermore, the material simulation allows
to compute the dwell time of the liquid film residing on the grain boundaries, and thus
assess the influence of the bulging region on the metallurgical factor. Finally, the structure
simulation can be used to estimate the influence of the bulging region on the mechanical
factor by analyzing the predicted strains and stresses in the critical regions.

In the following, an overview of the mathematical approaches needed for the study of the
bulging-cracking relationship in deep penetration LBW is given, focusing on the mathematical
models and methods with relevant capabilities for the solution of this task.

• Process simulation

To study the influence of the bulging region on the thermal factor in LBW, the three-
dimensional weld pool geometry, including the bulging region, must be computed by a
process simulation as this determines the liquid metal distribution during solidification. A
closer look at the physical phenomena governing the formation of the keyhole and the
weld pool in deep penetration welding, described in Section 2.1, indicates that the process
simulation can be divided into two parts. The first part describes the interactions of the
laser beam with the processed material, and the second part focuses on the heat and mass
transfer in the liquid, solid, and vapor phases. A mathematical description of the governing
conservation equations of mass, energy, and momentum can be found in [59]. As the
fundamentals of process simulation in welding date back to the early 1940s, nowadays,
many different analytical and numerical models dealing with the prediction of the weld
pool geometry are available in the literature. An overview of developed analytical and
numerical models can be found in [58, 60]. The first contributions in that field of research
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were analytical [61] and entirely based on the theory of heat conduction in solids [62]. In
this approach, the linear partial differential equation (PDE) of heat conduction is solved
considering a given energy input represented by a concentrated or non-concentrated energy
distribution, e.g., a point, line, or cylindrical heat source [39], to provide information about
the global temperature distribution in the joined components. However, since the convection
of the liquid metal in the weld pool was not explicitly calculated, and other significant effects
such as the latent heat of melting and solidification [39], or the temperature dependence
of the material properties [63, 64] were not accounted for, these models fail to adequately
predict the real weld pool geometry, even after intensive calibration of the applied heat
source [65].

The inability of the analytical models to describe the weld pool geometry with sufficient
accuracy, especially in three dimensions, led to the development of numerical models, which
allow for the consideration of convective heat and mass transfer in the liquid phase. The
first phenomenological numerical models were two-dimensional and accounted for the flow
of liquid metal around a fixed keyhole of a circular shape [66, 67]. Later, this concept was
extended to three-dimensional models, which included the most important physical effects
such as the relative movement of the keyhole to the solid, the thermo-capillary convection,
the latent heat of solidification, and the temperature-dependent material properties [68, 69].
Typically, in these models, the liquid metal is assumed to be an isotropic Newtonian and
incompressible fluid, and the flow regime laminar [60]. However, it has been shown that for
specific applications [70, 71], including a turbulence model, such as the standard κ− ϵ model,
can significantly improve the accuracy of the computational results in the high-velocity
regions, e.g., around the keyhole or near the top and bottom surfaces of the weld pool
[72]. Moreover, these models use the keyhole geometry as an EHS. This means that its
surface temperature is set to the evaporation temperature of the material used based on the
assumption that the temperature inside the keyhole should be at least equal to or higher
than the evaporation temperature to vaporize the liquid metal [73]. Thereby, the keyhole is
often assumed to have a cylindrical or conical shape, whereas in some cases, its geometry
is estimated by computations based on the energy balance on the keyhole surface [18, 74].
When assuming the keyhole geometry, the model has to be calibrated so that the energy
absorbed by the processed material lies in a plausible range of 65% to 85% of the initial
laser power [75]. Furthermore, the deformation of the free surfaces is not taken into account,
meaning that the effects caused by keyhole oscillations are neglected. Nonetheless, the
influence of the focal position and the multiple reflections on the energy absorption, and thus
on the recoil pressure can be considered phenomenologically by adapting the cross-sectional
area of the fixed keyhole accordingly. In general, the fixed keyhole models have proven to be
a practical tool for computing heat and mass transfer in deep penetration LBW, enabling
the three-dimensional weld pool geometry estimation with sufficient accuracy and at a low
computational cost.

In recent times, process simulation has become an intensively growing field of study
due to the possibilities of using high-performance computing (HPC) systems and software
design [76]. Modern numerical models aim not at the phenomenological description of
the process but rather at a self-consistent formulation of the relevant physical phenomena.
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Hence, in addition to the heat and mass transfer in the liquid, solid, and vapor phases,
self-consistent models have to account for the interactions between the laser beam and
the processed material, including the attenuation of the laser beam by the metallic vapor.
Typically, different approaches are utilized to consider the laser-beam material interactions
dependent on the application and objectives [60]. In a self-consistent approach, e.g., an
electromagnetic simulation of the laser beam propagation is performed, which requires the
solution of Maxwell’s equations [77]. This approach is strongly limited by the required mesh
size, and therefore typically formulated in two dimensions. Thereby, the maximum mesh size
has to be smaller than the beam wavelength, which in the case of solid-state lasers is around
1 µm. This requirement results in a considerable number of elements and correspondingly
long computational times, reaching up to several days even on HPC systems. For this reason,
an alternative consideration of the interactions between the laser beam and the processed
material by a ray-tracing method is often used by researchers [59].Thereby, the laser beam is
divided into several sub-rays by discretizing the laser spot in the focal plane. Each sub-ray
receives its location-dependent energy density, which, when multiplied by the surface area of
the corresponding sub-region, yields the energy carried by the sub-ray. Subsequently, the
three-dimensional energy distribution on the vapor-liquid interface is obtained by accounting
for the multiple reflections of the sub-rays and their absorption on it. Although the ray-tracing
method reduces the computational intensity compared to the models considering the real
propagation of the laser beam, the typical computational times for approximately 1 s to 2 s
of the real process remain in the order of hundreds of hours.

As described above, two types of weld pool models, namely phenomenological and self-
consistent models, can be employed to study the influence of the bulging region on the
thermal factor and, subsequently, the relationship between bulging and cracking in deep
penetration LBW. However, the latter takes considerable time to be developed appropriately
and requires high computational power. Moreover, as mentioned in Section 2.3, while the
formation of the bulging region in deep partial penetration LBW has been recently elucidated
by models utilizing the ray-tracing approach, there is currently no comprehensive model
that deals with and explains the formation of the bulging region in complete penetration
high power LBW. Therefore, a phenomenological model allowing for the reproduction of
the bulging region is considered well-suited to study its influence on the dominant factors
controlling the susceptibility to solidification cracking.

• Coupling of process and material simulation

Following the relationships between the dominant factors and the critical conditions controlling
the formation of solidification cracks, illustrated in Figure 2.2, it becomes clear that the
influence of the bulging region on the metallurgical factor can be estimated by evaluating the
second critical condition, i.e., the dwell time of the liquid film residing on the grain boundaries
in the liquid metal regions identified as critical in terms of the thermal factor. Therefore,
the thermo-metallurgical interactions need to be studied, which requires the coupling of the
process and material simulation, as illustrated in Figure 2.6. To obtain the dwell time of the
liquid film, the solidification process of the weld metal has to be mathematically described
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and subsequently analyzed [78]. Even though mathematical methods have been used to
model the solidification process of the weld metal for more than 50 years [79, 80], this task
remains extremely complicated. This is due to the complexity of the solidification process,
which involves various factors, including the weld pool geometry, the local temperature field,
and the chemical composition of the material used. An overview of established techniques in
metallurgical modeling, such as the phase-field method, the cellular automaton model, and
the Monte Carlo model, can be found in [81–83]. In the case of a melt of impure metal of
uniform composition, the solidification process is governed by the processes of diffusion and
segregation [84, 85]. As a result of segregation, impurities such as S and P accumulate ahead
of the solidification front during crystal growth, leading to their non-uniform distribution
in the weld metal. This chemical inhomogeneity causes local variations in the solidus
temperature, being lower in regions with increased concentration of liquating elements [39,
86]. Consequently, in these regions, the dwell time of the liquid film increases, elevating the
susceptibility to solidification cracking [14, 26].

It is well-known that the local solidus temperature is strongly dependent on both the peak
value and the width of the region of accumulated impurities ahead of the solidification front
[33, 38]. Therefore, its quantitative prediction requires the solution of the non-homogeneous
diffusion problem by considering the difference in the solubility of impurities in the liquid and
solid phases. The solution of the non-homogeneous diffusion problem, however, depends
on the main solidification parameters controlling the degree of inhomogeneity, namely the
crystal axis, the growth rate, and the corresponding cross-sectional area of the crystal [33,
39]. On the other hand, these parameters depend on the movement of the isothermal surface
of the solidus temperature, the crystallographic orientation, and the competitive grain growth
during the solidification process. However, the consideration of all dependencies makes
the problem rather unfeasible to solve, especially in three dimensions, and therefore such
complex models are often limited to two-dimensional computational domains of microscopic
sizes [87]. In more practical approaches, the main solidification parameters are computed by
neglecting the change of the weld pool geometry due to the varying solidus temperature and
the effects of crystallographic orientation and competitive growth. Instead, the process and
material simulation are coupled using the experimentally measured or numerically determined
weld pool geometry [79]. This simplification of the solidification problem allows to predict
the solidification parameters within the entire FZ. Once determined, these can be analyzed
to provide a qualitative estimation of the local dwell time of the liquid film. Referring
to Section 2.3, the weld pool geometry has a strong influence on the dominant factors
controlling the cracking behavior of the welded components. Therefore, when the simpler
approach is utilized, the weld pool geometry has to be mathematically described with a
sufficient accuracy to account for the influence of any geometrical particularities, such as
the bulging region, on the solidification parameters. Approximation techniques developed
to describe the three-dimensional weld pool geometry in partial penetration welding have
been proposed in [79] and more recently in [88]. Nonetheless, these techniques are limited
to simpler weld pool geometries and can not be applied for reconstructing the complex
three-dimensional weld pool geometry, including the bulging region.
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• Coupling of process and structure simulation

The coupling of the process and structure simulations aims to estimate the influence of
the bulging region on the mechanical factor, see Figure 2.2, and, subsequently, on the
susceptibility of the welded components to cracking. Therefore, the third critical condition,
i.e., the local rise of strains and stresses in the regions identified as critical in terms of the
thermal and metallurgical factors, has to be evaluated. To determine the influence of the
bulging region on the strains and stresses in these critical regions, it is first necessary to
estimate its effect on the transient global temperature field. An essential part of achieving
this is the adequate representation of the welding conditions in the formulation of the heat
conduction problem in welding. Typically, the welding conditions are expressed in terms
of either a heat input or a temperature [39]. Due to its simplicity and flexibility, the first
approach has been widely utilized in welding simulation. Nowadays, a variety of heat source
models can be found in the literature, reaching from simple concentrated and uniformly
distributed, e.g., a point, line or plane heat source [61], over concentrated and non-uniformly
distributed [89], to more sophisticated non-concentrated uniform as well as non-concentrated
and non-uniform heat sources, e.g., a Gaussian, exponential, or parabolic distribution over a
surface, e.g., disc, cylinder, cone or strip [90], or a volume e.g., cylinder or semi-infinite body
[91–93]. Nonetheless, this modeling approach requires an appropriate selection and intensive
calibration of the heat source model [39, 91], which does not allow to accurately account for
the effect of the bulging region on the temperature evolution in the welded structure, and
thus on the mechanical factor.

The second approach is based on the concept of the EHS. This approach is much more
compact and straightforward in terms of information technology as it does not require the
representation of the net absorbed power and its distribution. Instead, the temperatures
are prescribed in fixed points, e.g., on a cylindrical or conical surface, as done in the fixed
keyhole modeling approach presented above. As depicted in Figure 2.6, the EHS represents
the input quantity transferred from the process to the structure simulation. Thereby, the
information required for the computation of the temperature distribution is entirely contained
in the isothermal surface of the solidus temperature, which represents the three-dimensional
weld pool geometry [94]. Hence, to determine the transient global temperature distribution
in the solid phase outside the weld pool, it is sufficient to specify the movement of the
weld pool geometry through the welded components in time and space and prescribe the
solidus temperature to all points located on or within the weld pool. The first applications
of the EHS technique can be found in research works from the early 1960s, where the finite
difference method has been utilized to solve the two-dimensional heat conduction problem
[94]. Moreover, the EHS technique has been implemented in the commercial welding and
assembly simulation software Sysweld® with the limitation of providing only the isothermal
contour from metallographic cross-sections. In [95], the authors made use of this feature
and extended it to consider several such contours. This approach enabled the application of
the numerically predicted weld pool geometry as an EHS. Nevertheless, the capability of this
approach to reproduce complex three-dimensional weld pool geometries is limited in accuracy.
More recently, the EHS technique has been combined with a moving mesh approach [AJ1].
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The mesh used to compute the weld pool geometry was part of the mesh utilized to compute
the global temperature distribution. This allowed for keeping the predicted temperature of
each point of the three-dimensional weld pool while moving along the welding trajectory.
One advantage of this approach is the more accurate prediction of the temperature field after
the energy source is turned off. In this case, the energy in the weld pool is slightly higher
than when the solidus temperature is prescribed to all points. Nonetheless, the moving mesh
approach has limited applicability due to the deformation of the mesh and can not be utilized
when complex welding trajectories are studied. Furthermore, an EHS has been defined by
using the boundary element method [AJ9]. In this study, analytical point heat sources
have been defined on the weld pool surface, and their power densities have been obtained
by inverse modeling so that the computed temperature on the surface equals the solidus
temperature of the material used. Once the power densities of the heat sources are computed,
the temperatures outside the weld pool can be determined by summing the contributions of
each heat source. However, due to the application of analytical heat sources, this approach
does not allow to consider the temperature dependence of the material properties. Moreover,
the analytical heat sources have the disadvantage of providing the temperature only for
single points. Hence, the global temperature field has to be obtained by first calculating the
temperature at several locations and subsequently interpolating between these. To the best
of the author’s knowledge, no model available in the literature has the capability of describing
complex three-dimensional weld pool geometries, including geometrical particularities such
as the bulging region, with sufficient detail and accuracy.

According to experimental and numerical studies published in [96, 97], the highly concen-
trated energy input used in deep penetration welding, see Section 2.1, results in non-uniform
heating and subsequent rapid cooling of the processed material. Thereby, the material
temperature increases up to temperatures even higher than the evaporation temperature
of the material and cools down with typical cooling rates in the order of 103 K s−1 as the
absorbed energy is transferred to the bulk of the joined components by conduction and
convection of heat and mass [73]. Consequently, different regions of the processed mate-
rial thermally expand and contract simultaneously, which generates temporal and residual
stresses in the weld metal, and leads to the deformation of the final part [98]. However, it
is well-known that the effect of material deformation on the temperature field is negligible.
Thus, the heat conduction computation is usually decoupled from the structure simulation
[99, 100]. Instead, only the influence of the temperature field on the mechanical response of
the material is accounted for by applying the predicted global temperature distribution as
a transient thermal load. A detailed description of the general procedure of the structure
simulation can be found in [101, 102]. Many significant contributions in the field of numerical
modeling of residual stresses and distortion have been summarized in [99, 103]. Studies on
the influence of several factors, e.g., the material model, the welding sequence, the clamping,
and the initial condition of the joined components in terms of stress state, on the accuracy of
the predicted strains and stresses are published in [104–106]. The modeling of the material
behavior, however, i.e., consideration of temperature-dependent material properties, strain
hardening, and solid-state phase transformations (SSPTs), is decisive for the accuracy of the
structure simulation [102, 106].

21



2 State of the Art

As described in Sections 2.2 and 2.3, centerline solidification cracking represent one of the
most critical material failures in deep penetration LBW of unalloyed steel sheets, especially
with regard on its frequent occurrence. According to the present state of the art, one
formation mechanism of centerline solidification cracking is based on the rupture of the
liquid film residing on the grain boundaries by the rising strains and stresses at the final
solidification stage. In this case, it is assumed that centerline solidification cracking is caused
by the horizontal strains and stresses acting in opposite directions to the growing direction of
the crystals, thus pulling the solidification fronts apart from each other. Therefore, the study
of the influence of the bulging region on the mechanical factor can be performed in two
dimensions, as done in [6]. The mechanical model presented in that work is based on a plane
strain formulation. This means that a long and straight weld seam was assumed, allowing to
neglect all out-of-plane strain components. Hence, the only quantity not provided by the
model but assumed to be zero, is the strain component in the welding direction, which is
not considered to influence the susceptibility to centerline solidification cracking. In addition,
the two-dimensional model enables finer discretization of both spatial and temporal domains,
resulting in higher accuracy of the numerically predicted strains and stresses.

2.5 State of the Art Summary and Objectives of the Work

Numerous theories and experimental methods have been published over the past decades,
contributing to the understanding of the mechanisms involved in the formation of solidification
cracks in deep penetration welding. Nevertheless, due to the highly complex nature of this
material failure, none of these have proven to describe or predict the occurrence of cracking
adequately. Most theories generally focus on isolated factors, thus addressing the problem
from a single aspect. The detailed review of the available literature, however, suggests
that the susceptibility to weld solidification cracking is mainly determined by the thermo-
metallurgical and thermo-mechanical interactions, and thus involves three dominant factors,
namely the thermal, metallurgical, and mechanical factors. Thereby, the thermal factor
determines the distribution of liquid metal at the final solidification stage. The metallurgical
factor governs the dwell time of the liquid film residing on the grain boundaries, and the
mechanical factor controls the local and global strains and stresses, which may lead to the
rupture of the liquid film in the critical regions. The three dominant factors are strongly
coupled and depend on the weld pool geometry, which is long known to be decisive for the
formation of defects in laser beam welded steel sheets. The relationship between the weld
pool geometry and the susceptibility to solidification cracking has been studied experimentally
in early research on EBW of thick low-alloyed and unalloyed steel sheets from the 1980s [8,
10–12]. A local elongation and widening of the weld pool, called a bulging region, was found
to increase the susceptibility to centerline solidification cracking. Similar research results
have been published on LBW of thick unalloyed steel sheets. In these studies, the strong
correlation between the dimensions and the shape of the bulging region and the occurrence
of centerline solidification cracking has been confirmed [6, 13, 14]. Nonetheless, due to the
optical inaccessibility of the LBW process, the bulging region was not observed during the
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2.5 State of the Art Summary and Objectives of the Work

experiments but rather identified in metallographic macro sections. Moreover, none of the
published studies seem to address the significant and yet poorly understood influence of the
bulging region on the three dominant factors, and thus on the formation of solidification
cracks. Therefore, in present time, a fundamental need arises to deepen the knowledge on
the relationship between the bulging region and the formation of centerline solidification
cracks in deep penetration LBW.

The main objective of the present work is to perform a methodical experimental and
theoretical analysis of the influence of the bulging region on the local susceptibility to
centerline solidification cracking in LBW of thick unalloyed steel sheets. According to
the current state of the art, this can be achieved by estimating the dependence of the
three dominant factors controlling the cracking behavior on the bulging region. Due to the
complexity of the LBW process and the mechanisms involved in the formation of solidification
cracks, it is not possible to determine these dependencies experimentally. Nonetheless, the
problem can be tackled by applying analytical and numerical methods, which are not limited
by the technical equipment or the optical inaccessibility of the welding process. Therefore,
first, the occurrence and conditions under which a bulging region forms during the LBW
process have to be assessed experimentally. Furthermore, a weld pool geometry, including
a bulging region, as experimentally observed, has to be phenomenologically reproduced
by a numerical model. Once predicted, the weld pool geometry can be directly used to
assess the dependence of the thermal factor on the bulging region, as it allows to study
the change of the liquid metal distribution with time. In addition, the weld pool geometry
can be utilized to estimate the influence of the bulging region on the metallurgical factor,
i.e., the decrease in the local solidus temperature caused by chemical inhomogeneity and
the corresponding increase in the dwell time of the liquid film. For this purpose, the main
solidification parameters governed by the weld pool geometry, namely, the crystal axis, the
growth rate, and the corresponding cross-sectional area of the columnar crystal, have to be
determined. Finally, the numerically reproduced weld pool geometry can be applied as an
EHS, thus allowing to consider the effect of the bulging region on the temperature history.
Subsequently, the influence of the bulging region on the mechanical factor can be estimated
by using the obtained temperature history as the thermal load inducing the global and local
strains and stresses in a structure simulation.

To summarize, the particular objectives of the present work are the following:

• Conduct an experimental study to observe the geometrical characteristics of the weld
pool geometry during the LBW process.

• Develop, based on models and submodels published in the literature, a comprehensive
numerical model for the calculation of the local heat and mass transfer, allowing
to phenomenologically reproduce the experimentally observed weld pool geometry,
including the bulging region.

• Use the numerically reproduced weld pool geometry to determine the liquid metal
distribution at the final solidification stage and estimate, based on this, the influence
of the bulging region on the thermal factor.
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• Develop a technique allowing to approximate an arbitrary three-dimensional weld pool
geometry, including geometrical particularities such as the bulging region.

• Develop a method for the three-dimensional calculation of the main solidification
parameters, i.e., the crystal axis, the growth rate, and the cross-sectional area of the
columnar crystal, using the approximated weld pool geometry as an input parameter.

• Use the calculated solidification parameters to identify the solidifying regions experi-
encing a solidification delay, i.e., increased dwell time of the liquid film residing on the
grain boundaries, and estimate, based on this, the influence of the bulging region on
the metallurgical factor.

• Develop a method allowing to utilize the approximated weld pool geometry as an EHS
and compute the global temperature history.

• Develop, based on models and submodels published in the literature, a comprehensive
numerical model for the calculation of the global strains and stresses, which applies
the temperature history obtained with the EHS as the thermal load.

• Use the calculated temporal evolution of the strains and stresses to identify the
solidifying regions in which these increase at the final solidification stage and estimate,
based on this, the influence of the bulging region on the mechanical factor.

• Rigorously verify and validate the developed models and the corresponding theoretical
results.
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3 Materials and Experimental Procedures

In the present work, it is distinguished between two types of experiments. The first type aims
to provide qualitative results, which are used to confirm the existence of the bulging region.
In contrast, the second type of experiment was designed to deliver quantitative results.
These results are utilized for both setting up the multiphysics mathematical framework
presented in Chapter 4 and validating the predictions made with it. All measured data
utilized for validation purposes were obtained according to the ISO/TS 18166:2016 standard,
which provides a workflow for the execution, verification, validation, and documentation of a
numerical welding simulation within the field of computational welding mechanics [100].

3.1 Materials and Metallography

Two materials were utilized in the experimental procedures, namely hot-rolled unalloyed
structural S355J2+N and austenitic chrome-nickel 316L steel sheets. The S355J2+N steel
sheets were used for the real-time visualization of the bulging region and the validation
of the numerically obtained results. For this purpose, 15 mm thick sheets were used to
experimentally prove the existence of the bulging region, and 12 mm thick sheets were utilized
to provide validation data for the theoretical predictions. Additionally, 2 mm thick 316L steel
sheets were used to validate the crystal structure computed with the solidification model, see
Section 4.3. The choice of the 316L steel was based on its higher contrast between different
grains after etching. This contrast is caused by variations in the chemical composition of
the grains, enabling a clear comparison between the experimental and numerical results.
The chemical composition of the materials used was measured with spark optical emission
spectroscopy and is given together with the corresponding standards [107, 108] in Tables 3.1
and 3.2.

To validate the computational results, the geometry of the FZ in the weld cross-sections
and the crystal structure on the top surface of the welded steel sheets were determined
metallographically. The metallographic cross-sections for both materials were obtained by
perpendicular cuts to the welding direction taken from the region where the process is
considered quasi-static. The macro-cuttings of the 12 mm thick S355J2+N steel sheets were
prepared with a 2% nital etching, according to [109]. For the validation of the numerically
estimated crystal axis, the 2 mm thick 316L steel sheets were used. To obtain metallographic
samples from the top surface, the sheets were first polished until the structure was examined in
an even horizontal section. Subsequently, the corresponding microstructure in the horizontal
section and the weld cross-section was visualized by color etching, according to Bloech and
Wedl II [109].
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3.2 Real-Time Visualization of the Bulging Region

3.2 Real-Time Visualization of the Bulging Region

The qualitative experimental proof of the existence of the bulging region requires a specially
designed setup due to the optical inaccessibility of the LBW process. In the present
experimental approach, a butt joint configuration of 15 mm thick hot-rolled unalloyed
structural S355J2+N steel sheet and transparent flame-fused FN08 quartz glass was utilized
to enable the observation of the liquid metal in the longitudinal section in real-time [110,
111]. The center of the laser spot was adjusted to symmetrically distribute the laser radiation
between the steel sheet and the quartz glass. A schematic of the experimental setup,
including the geometrical dimensions of the workpieces, is shown in Figure 3.1. The chemical
composition of the steel and the process parameters used in the experiment are given in
Tables 3.1 and 3.3, respectively. The quartz glass was selected according to the special
requirements for the material properties. Its transmission properties for wavelengths between
200 nm and 2500 nm are up to 90%, thus providing suitable transparency for the laser
wavelength of 1070 nm. Furthermore, its unique thermo-physical properties, such as low
thermal conductivity, low thermal expansion coefficient, excellent thermal shock resistance,
and high melting temperature, allow the glass–steel interface to be considered a plane of
symmetry.

15
m

m

Laser beam

Weld pool

Quartz glass

VIS camera

High-speed camera
MWIR camera

Welding direction

Weld pool300 mm

100 mm

Steel sheet

Weld seam

Figure 3.1: Schematic of the experimental setup utilized for the real-time visualization of
the liquid metal in the longitudinal section

The geometrical characteristics of the liquid metal distribution in the longitudinal section
were observed using an infrared camera, a thermal camera, and a high-speed camera,
recording simultaneously from the glass side, see Figure 3.1. A TACHYON 16k infrared
camera from NIT with a sensor allowing for detection of medium wavelength infrared (MWIR)
light, i.e., in the range of approximately 1000 nm to 5000 nm, was used. The sensor has
a minimum detection temperature of 100 °C and a maximum frame rate of 2000 Hz. The
intersection between the spectral transmission of the glass and the detecting range of the
MWIR camera allows visualizing the thermal profile of the liquid metal through the glass. In
addition, a second thermal camera, PI 05M from Optris, was utilized, which is well suited
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3 Materials and Experimental Procedures

for temperature measurements of liquid metals. This camera is used for laser applications
without a filter and works within the visible light spectrum (VIS), i.e., for wavelengths in
the range of about 500 nm to 540 nm. Moreover, it offers a wide temperature measurement
range reaching from 900 °C to 2450 °C. The quartz glass is fully transparent for the complete
wavelength range of the MWIR and VIS cameras, and therefore does not interfere with the
laser radiation and reflections. The FASTCAM SA4 high-speed camera from Photron was set
at 10,000 frames per second and equipped with a filter with a bandwidth of (808 ± 10) nm
to reduce the process emissions, thus permitting the visualization of the liquid metal.

3.3 Temperature Measurements and Weld Pool Dimensions

The experimental setup described here was used to provide quantitative reference data for the
validation of the calculated temperature distribution and weld pool geometry obtained with
the models described in Sections 4.1 and 4.4. Due to limitations of the technical equipment,
in particular, the combination of the laser sources, the cameras, and the clamping device, the
measurements were performed on 12 mm thick S355J2+N steel sheets. The specimens were

Top view

Welding direction

Clamping

Clamping

20
0

m
m

100 mm

2
m

m

Trigger End

Thermocouples

1
m

m

Region for extraction
of macro sections

Tack weld Tack weld

Figure 3.2: Schematic of the experimental setup used for the temperature measurement
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tack welded at the beginning and at the end of the weld centerline and clamped along their
free edges as shown in Figure 3.2. These were welded in a single pass on a linear welding
trajectory with a technical zero gap width.

Thermocouples of type K (Ni/Cr − Ni) with diameters of 0.1 mm were used to measure
the temperature. Thereby, the maximum diameter of the corresponding hot junctions was
approximately 0.2 mm. The sampling rate for the measurements was set to 300 Hz. The
thermocouples were placed at the top and bottom surfaces of the steel sheets at distances
between 1 mm and 2 mm from the weld centerline, as indicated in Figure 3.2. The exact
positions of the hot junctions were measured with an optical microscope after the welding
process. In addition, to validate the dimensions of the weld pool geometry, macro sections
were extracted from the region where the process is considered quasi-static, see Section 3.1.

3.4 Process Parameters

The experiments were conducted using two different laser systems: a 20 kW Yb:YAG fiber
laser YLR-20000 from IPG Photonics and a 16 kW Yb:YAG disc laser 16002 from Trumpf. The
IPG YLR-20000 laser system was utilized for the experiments with 15 mm thick S355J2+N
steel sheets, as these required higher laser power. In contrast, the Trumpf 16002 laser system
was used for the experiments with 12 mm thick S355J2+N and 2 mm thick 316L steel sheets.
The process parameters used in the experiments are grouped depending on the utilized laser
system and summarized in Tables 3.3 and 3.4.

Table 3.3: Process parameters of the experiments performed with the 20 kW Yb:YAG IPG
YLR-20000 fiber laser system

Wavelength 1070 nm
Fiber diameter 200 µm
Beam parameter product 11.5 mm mrad
Optical system HIGHYAG BIMO HP
Focal diameter 560 µm
Focal length 350 mm
Rayleigh length 6.8 mm
Material S355J2+N
Sheet thickness 15 mm
Laser power 18 kW
Focal position −5 mm
Welding speed 2 m min−1

Laser torch angle 0°
Shielding gas nozzle angle 35°
Shielding gas Ar, 25 L min−1
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3 Materials and Experimental Procedures

Table 3.4: Process parameters of the experiments performed with the 16 kW Yb:YAG Trumpf
16002 disc laser system

Wavelength 1030 nm
Fiber diameter 200 µm
Beam parameter product 8 mm mrad
Optical system Trumpf BEO D70
Focal diameter 420 µm
Focal length 425 mm
Rayleigh length 5.6 mm
Material S355J2+N 316L
Sheet thickness 12 mm 2 mm
Laser power 14 kW 2.3 kW
Focal position −2 mm 5 mm
Welding speed 2 m min−1 1.2 m min−1

Laser torch angle 0° 0°
Shielding gas nozzle angle 15° 35°
Shielding gas N2, 25 L min−1 Ar, 50 L min−1
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4 Description of the Developed Models

This chapter describes the computational studies conducted in the present work. These
aim at the methodical mathematical analysis of the influence of the bulging region on
the centerline cracking susceptibility, as hypothesized in Chapter 2. Hence, a multiphysics
mathematical framework consisting of five models linked by one-way couplings has been
developed, see Figure 4.1. The framework is designed to fulfill the objectives defined in
Section 2.5 and is based on the EHS technique, which is further extended here to allow for
the consistent coupling of the models.

The mathematical framework consists of two simulation chains, describing the thermo-
metallurgical and thermo-mechanical interactions, which determine the susceptibility to
solidification cracking, see Section 2.2. Thereby, chain I is defined by the simulation sequence
1 → 2 → 3, and chain II by the simulation sequence 1 → 2 → 4 → 5, as illustrated
in Figure 4.1. The first model (1) is a thermo-fluid dynamics model, which enables the
phenomenological reproduction of the three-dimensional weld pool geometry, and thus of
the bulging region, by a steady-state simulation of the fluid flow and heat transfer on a
local level. The weld pool geometry calculated herewith is subsequently approximated with
Lamé curves in the second model (2). This novel technique enables a complete and accurate
three-dimensional approximation of an arbitrary weld pool geometry, including geometrical
particularities such as the bulging region. The third model (3) uses the approximated weld
pool geometry from (2) to describe the solidification process of a single three-dimensional
columnar crystal, thus representing an approach for calculating the main solidification

1. Thermo-fluid
dynamics model

4. Heat conduc-
tion model

3. Solidification
model

2. Lamé curves
model

Susceptibility to
solidification cracking

5. Mechanical
model

Figure 4.1: Flowchart of the developed multiphysics mathematical framework
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parameters, namely the crystal axis, the growth rate of the crystal, and its cross-sectional
area. Furthermore, the predicted solidification parameters are used to qualitatively estimate
the extended dwell time of the liquid film residing on the grain boundaries, caused by solute
enrichment in the liquid metal ahead of the solidification front. The outcomes from the
second model (2) are used once more in the fourth model (4), which calculates the global
transient temperature distribution by utilizing the approximated weld pool geometry as an
EHS. The fifth model (5) represents a two-dimensional mechanical model, which uses the
predicted temperature distribution as a transient thermal load to estimate the spatial and
temporal strain and stress distribution.

A point worth stressing is that there can be two definitions of the weld pool boundary
dependent on its subsequent application in the framework. When utilized in the solidification
model (3), the weld pool boundary can be defined by the isothermal surfaces of either the
liquidus or the solidus temperature since the solidification process begins in the so-called
mushy zone, which is defined between these two isosurfaces. On the other hand, when used
as an EHS in (4), the weld pool boundary should be defined by the solidus isosurface to
include the amount of latent heat of solidification. In addition, note that a left-handed
Cartesian coordinate system with positive values in the beam direction was used to define
the models of the multiphysics mathematical framework.

4.1 Weld Pool Simulation

The weld pool simulation described here aims to obtain the three-dimensional steady-state
weld pool geometry and temperature distribution on a local level, including the bulging
region, as observed experimentally in Section 3.2. For this purpose, several basic physical
phenomena have been mathematically described and coupled with the mass, momentum, and
energy conservation equations and the transport equations for the turbulent kinetic energy
and the turbulent dissipation rate. Thereby, the complexity of the mathematical description
is confined to the most relevant physical effects, such as the thermo-capillary driven flow,
known as the Marangoni convection, the natural convection, the latent heat of solidification,
and the temperature dependence of the material properties, to ensure sufficient accuracy at
a comparatively low computational cost. As there is comprehensive published research on
weld pool modeling in LBW, see Section 2.4, the present model is based on several previous
works [68, 69, 112], including some further improvements and modifications. The physical
phenomena, their coupling to the corresponding conservation and transport equations, and
the assumptions made in the model are discussed in detail in the following subsections.

4.1.1 Assumptions and Governing Equations

The quasi-steady-state mathematical formulation of the thermo-fluid dynamics problem is
based on the following assumptions and simplifications:

• The liquid metal is considered to be an isotropic Newtonian and incompressible fluid
[68, 69]. Moreover, since the mass density varies only slightly in the temperature range
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4.1 Weld Pool Simulation

above the liquidus temperature
(︁
∆ρ ≪ ρliq

)︁
, the density variations due to temperature

differences are accounted for by the Boussinesq approximation [113].

• It is assumed that a steady state is reached. Thus, the time derivatives in the governing
PDEs are neglected [112].

• An Eulerian reference frame is used, i.e., the workpiece is considered infinitely long and
moving relative to the origin of the Cartesian coordinate system, which coincides with
the origin of the laser beam [69, 112]. Consequently, the determined quasi-steady-state
solution does not include the formation, collapsing, or closing of the keyhole.

• The deformation of the weld pool and the keyhole surfaces is not taken into account,
i.e., the dynamic effect of the recoil pressure, causing temporal keyhole oscillations
or unstable free surfaces, is neglected and assumed to be perfectly balanced by the
surface tension force [69, 112]. Thus, the process is assumed to be symmetrical.

• The laser beam is replaced by an EHS, as described in Section 2.4.2, which represents
a keyhole of right circular cone geometry [114]. Thereby, an inclination of the keyhole
is not considered due to the moderate welding speed used in the experiments, see
Tables 3.3 and 3.4. Furthermore, the keyhole surface temperature is set to the
evaporation temperature of the material, assuming that the temperature inside the
keyhole should be at least equal to or higher than the evaporation temperature of the
processed material [73, 96]. According to [66, 115], the heat input and the resulting
amount of liquid metal are mainly determined by the keyhole diameter. Hence, in the
proposed configuration, the keyhole radii are defined as a model parameter, dependent
on the penetration depth and used for the calibration of the model. In employing such
an approach, it should be ensured that the amount of energy absorbed by the processed
steel sheets through the keyhole surface results in a plausible process efficiency value
determined under similar experimental conditions and process parameters. This means
that for complete penetration LBW, the surface integral of the conductive heat flux
through the keyhole surface should yield an energy amount in the range of 65% to
85% of the input laser power [75]. Furthermore, since the keyhole diameter is much
smaller than the width of the weld pool, the influence of the keyhole geometry on the
flow field is assumed to be relatively small [66, 69].

• As the chosen numerical setup does not allow for considering the effects of the focal
position and the multiple reflections on the energy absorption, which play a crucial
role in the formation of the bulging region [8, 12, 54], the horizontal cross-sectional
area of the keyhole in the middle of the steel sheet is slightly increased to enhance the
bulging in the narrow regions around the keyhole.

• Heat losses due to radiation and convection are neglected because of the large volume-
to-surface area ratio of the steel sheet [66, 91]. Moreover, heating due to the
laser-induced weekly ionized metallic vapor is not considered because of the low heat
absorption for the wavelength of around 1 µm [116, 117] and the minor differences
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between the evaporation temperature of the material and the temperature of the
metallic vapor [118].

• Although many experimental and theoretical attempts have been made to determine
the flow regime in the weld pool, the question of how the flow should be treated
numerically remains open. However, it has been shown that turbulence models are
more accurate for specific cases [70, 71, 119],[AC7] especially in high-velocity regions
of the weld pool, e.g., near the top and bottom surfaces of the welded steel sheets
[72]. Therefore, a turbulent flow pattern is accounted for in the model by combining
the steady-state Reynolds-averaged-Navier-Stokes equations with the standard κ − ϵ
turbulence model [120].

• As the mass density of the liquid metal is several orders of magnitude higher than
the mass density of the surrounding mixture of air and process gases and since the
formation of a thermal boundary layer has no significant influence on the predicted
weld pool geometry, the keyhole surface, as well as the surfaces of the steel sheet, are
assumed to be frictionless [121].

The governing differential equations are given as implemented in the finite element software
COMSOL Multiphysics® [122].

• Mass conservation equation

∇ · u = 0, (4.1)
where u = (ux , uy , uz) is the fluid velocity vector.

• Momentum conservation

ρliqu · ∇u = ∇ ·
[︃

−pI + (η + ηturb)
(︂

∇u + (∇u)⊤
)︂]︃

+ F, (4.2)

where ρliq is the mass density at the liquidus temperature, p is the fluid pressure, I is the
identity matrix, η is the dynamic viscosity, ηturb is the turbulent viscosity, and F is the source
term; the superscript ⊤ denotes the transpose of a matrix. Here, F, is defined as follows:

F = ρliqg
(︁
1 − β (T − Tmelt)

)︁
− c1

(1 − fL)2

f 3
L + c2

(u − vweld) . (4.3)

The first term on the right-hand side of Equation (4.3) represents the hydrostatic pressure
and the Boussinesq approximation accounting for the thermal buoyancy. Here g is the gravity
acceleration vector, β is the volumetric thermal expansion coefficient, T is the temperature,
and Tmelt is the melting temperature defined as Tmelt =

(︁
Tsol + Tliq

)︁
/2, where Tsol and Tliq

are the solidus and liquidus temperatures, respectively. The second term is the solidification
term described by the Carman-Kozeny equation [123]. Numerically, this term tends to zero
in the liquid phase and to infinity in the solid phase, which mimics a solid behavior by
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Table 4.1: Model constants for the κ − ϵ turbulence model [120]

Constant Cη Cϵ1 Cϵ2 σϵ σκ

Value 0.09 1.44 1.92 1.0 1.3

severely damping the acceleration of the material outside the weld pool region resulting
from the momentum equation [124]. In addition, the term also accounts for the effect
of the mushy zone, which is treated similarly to porous media. The two computational
constants are chosen to be very large

(︁
c1 ∼ 1 × 106 kg m−3 s−1)︁ for the deceleration of the

flow, which is linked to the inverse of the size of the interdendritic structure, and very small(︁
c2 ∼ 1 × 10−3)︁ to avoid division by zero, respectively [125]. Due to the Eulerian approach

used in the quasi-steady-state formulation of the thermo-fluid dynamics model, the welding
speed vector, vweld =

(︁
vweldx , vweldy , vweldz

)︁
, must be subtracted from the fluid velocity vector,

u. This allows the solid material to move through the computational domain at the desired
welding speed. The function, fL, represents the liquid fraction in the finite element and is
defined as follows:

fL =

⎧⎨⎩
0 for T ≤ Tsol

T−Tsol
Tliq−Tsol

for Tsol < T < Tliq

1 for T ≥ Tliq.
(4.4)

The liquid fraction is assumed to vary linearly as the temperature decreases within the
mushy zone. To avoid numerical instabilities, which can arise at the phase boundary where
material parameters differ significantly in magnitude [18], the liquid fraction is numerically
approximated with a smoothed Heaviside function [126].

• The transport equations for the turbulent kinetic energy, κ, and the turbulent dissipation
rate, ϵ, read [127]:

ρliqu · ∇κ = ∇ ·

[︄(︃
η + ηturb

σκ

)︃
∇κ

]︄
+ Pκ − ρϵ, (4.5)

ρliqu · ∇ϵ = ∇ ·

[︄(︃
η + ηturb

σϵ

)︃
∇ϵ

]︄
+ Cϵ1

ϵ

κ
Pκ − Cϵ2 ρliq

ϵ2

κ
, (4.6)

where the turbulent viscosity, ηturb, and the turbulent production term, Pκ, are given as
follows:

ηturb = ρliqCη
κ2

ϵ
, (4.7)
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Pκ = ηturb

[︃
∇u :

(︂
∇u + (∇u)⊤

)︂]︃
. (4.8)

Here the : symbol means a contraction over two indices, see [128]. The remaining model
constants Cη, Cϵ1 , Cϵ2 , σϵ, and σκ are designed to satisfy the physical consistency of the tur-
bulence model. These are determined from experimental data and taken from the literature
[120]. The constants and their corresponding values are listed in Table 4.1.

• Energy conservation

ρliqC app
p u · ∇T + ∇ · q = 0, (4.9)

where C app
p is the apparent heat capacity and q the heat flux. By making use of the apparent

heat capacity method [129], the latent heat of solidification, Hf , is taken into account:

C app
p = C0

p +
exp
[︃

−
(︂

T−Tmelt
∆T

)︂2
]︃

√
π∆T

· Hf . (4.10)

Here, Hf is normally distributed within the mushy zone, which is modeled by a half width of
∆T = 50 K [130]. Note that although the real solidification range is narrower, a further
decrease to ∆T = 35 K does not lead to any significant difference in the predicted weld pool
geometry and the liquid metal flow therein. The sum of the temperature-dependent heat
capacity, C0

p , and the released latent heat of solidification, Hf , defines the final apparent heat
capacity, C app

p [131]. Here, the energy needed for the ferrite-austenite phase transformation
is included in the C app

p curve shown in Figure 4.10. However, the austenite-martensite
phase transformation does not affect the parameters which are decisive for the solidification
cracking and is therefore not accounted for in the material properties used in the developed
multiphysics mathematical framework. More details on the material modeling are given in
Section 4.6.2.

As the steady-state Reynolds-averaged-Navier-Stokes equations are combined with the
κ − ϵ turbulence model, the Kays-Crawford heat transport turbulence model is applied to
modify the heat conductivity, by accounting for the turbulent component [132]. Thereby,
the heat flux is defined as:

q = −λeff∇T , (4.11)
where λeff = λ+λturb is the effective thermal conductivity. The turbulent thermal conductivity,
λturb, is given as a function of the turbulent dimensionless Prandtl number, Prturb:

λturb = ηturbC app
p

Prturb
. (4.12)

It should be noted, nonetheless, that the extended Kays-Crawford model provides more
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Material properties

T , u, κ, ϵ

T , λ, C app
p ρ, η, γ′, β

Heat transfer Fluid flow

Figure 4.2: Physical domains and corresponding coupling variables

accurate approximation of turbulent flows in liquid metals [133]. Yet, to use the extended
model, the Reynolds number at infinity must be provided either as a constant or as a function
of the flow field. Nevertheless, the estimation of the Reynolds number in the weld pool
represents a non-trivial task due to the unknown characteristic length [71, 110]. Thus, the
implementation of the extended Kays-Crawford model is omitted in the proposed model
setup.

The bi-directional coupling of the single physics is visualized in Figure 4.2. Note that the
surface tension, γ′, included in Figure 4.2, does not appear in the governing equations of
the thermo-fluid dynamics model as it is used to consider the thermo-capillary driven flow
induced by the surface tension gradient in the form of a boundary condition, see Section 4.1.2.
The solving sequence of the thermo-fluid dynamics model begins with estimating the fluid
flow variables, i.e., velocity and pressure. In the subsequent computation steps, the turbulent
variables and the temperature field are calculated using the velocity field from the first step
to account for the convective energy transport. Once the temperature field is determined,
the local material properties are adjusted according to their temperature dependence, thus
inducing a change in the flow field. This procedure is done iteratively until the velocity and
temperature fields reach a steady state. All equations were solved with the commercial finite
element software COMSOL Multiphysics 5.4® [122].

4.1.2 Computational Domain and Boundary Conditions
The computational domain of the thermo-fluid dynamics model has the geometrical di-
mensions of 70 mm in length, 10 mm in width, and 12 mm in thickness, see Figure 4.3. In
the model, the process’s symmetry is exploited, and therefore the computational domain
represents only half of the real steel sheet. To further reduce computation cost, the domain is
divided into finely and coarsely meshed regions, which are discretized with a polygonal mesh
consisting of 1,241,520 tetrahedral and triangular elements. Thereby, the finer mesh, with a
minimum element size of 0.1 mm, is used around and on the keyhole and symmetry surfaces,
as well as on the top and bottom surfaces, influenced by the thermo-capillary convection,
to resolve the locally steep temperature and velocity gradients, see Figure 4.3. The cell
size outside the finely meshed region is defined by a growth rate of 1.05 and a maximum
element size of 0.75 mm. Furthermore, to reduce the total number of elements and allow for
finer spatial discretization of the weld pool region, the shape of the finely meshed region is
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Welding direction
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10 mm

Figure 4.3: Discretization of the computational domain of the thermo-fluid dynamics model
with an enlarged view of the weld pool and keyhole regions

derived from weld pool geometries calculated for similar welding conditions [18, 69], [AJ1],
[AJ9]. The radii of the keyhole geometry utilized in the present work are given in Table 4.2.

The coupled fluid flow and heat transfer boundary conditions are summarized in Figure 4.4.
All boundary conditions are constructed using the variables of interest: pressure, velocity,
turbulent kinetic energy, turbulent dissipation rate, temperature, and their corresponding
derivatives. The Eulerian approach used in the quasi-steady-state formulation of the thermo-

Table 4.2: Radii of the keyhole used in the weld pool simulation

Height, mm 0 2 4 6 8 10 12
Radius, mm 0.33 0.32 0.27 0.36 0.28 0.33 0.34
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4.1 Weld Pool Simulation

fluid dynamics model requires inlet and outlet boundaries to allow for the relative movement
of the steel sheets to the laser beam. Thereby, the material enters the domain at the
inlet with the welding speed and at room temperature. On the other hand, at the outlet,
the material leaves the computational domain at the welding speed but at an increased
temperature determined by the local heat and mass transfer. Nevertheless, the energy
transport by conduction through the outlet is neglected since the temperature distribution
behind the weld pool is rather homogeneous, i.e., the temperature gradient is low [18, 39].
The inlet and outlet boundary conditions are defined as follows:

• Right surface (inlet)

ux = −vweldx , T = T0, κ = 3
2 (vweldx lT )2 , ϵ = C3/4

η
κ

3
2

LT
. (4.13)

Here, lT = 0.05 is the dimensionless turbulent intensity and LT = 0.01 is the turbulent length
scale given in m [120].

• Left surface (outlet)

p = p0, uy = 0, uz = 0, ∂T
∂x = 0, ∇κ · n = 0, ∇ϵ · n = 0. (4.14)

where n is the unit normal inward vector of the surface and p0 is the ambient pressure.

• Top and Bottom surface (wall)

To account for the thermo-capillary driven flow induced by the variations of the surface tension
with temperature [134, 135], shear stress is prescribed in the corresponding liquid regions
on the top and bottom surface of the steel sheet. In contrast, the solid regions on these
surfaces are modeled as frictionless, and thus the shear stress there vanishes. Furthermore,
due to the dominant convective energy transport and large volume-to-surface-area ratio of

Welding direction

Right surface (inlet)
x

y

z
Keyhole surface (wall)

Back surface (wall)Top surface (wall)

Left surface (outlet)

Front surface (wall) Bottom surface (wall)

Figure 4.4: Boundary conditions of the thermo-fluid dynamics model

39



4 Description of the Developed Models

the steel sheet, the heat loss through the top and bottom surfaces are neglected. These
boundaries are considered adiabatic, i.e., perfectly insulated, and thus impermeable to the
flow of heat across them. In addition, the velocity component in the normal direction to the
top and bottom boundaries is set to zero, and hence, no mass can be transferred through
these boundaries. The boundary conditions on the top and bottom surfaces are given as:

η
∂ux
∂z = fL

∂γ

∂T
∂T
∂x , η

∂uy
∂z = fL

∂γ

∂T
∂T
∂y ,

uz = 0, ∂T
∂z = 0, ∇κ · n = 0, ∇ϵ · n = 0.

(4.15)

• Front and Back surface (wall)

The front and back surfaces in the model are used to bound the material and prevent it from
leaving the computational domain. Mathematically, the constraints on these boundaries can
be formulated as follows:

uy = 0, ∂ux
∂y = 0, ∂uz

∂y = 0, ∂T
∂y = 0, ∇κ · n = 0, ∇ϵ · n = 0. (4.16)

It is important to note that the domain’s width (y -direction) is adapted with regard to
the weld pool width so that no temperatures much higher than the room temperature
appear near the back surface. In this way heat accumulation is prevented, resulting in more
accurate computational results. Moreover, note that the front surface is typically considered
a symmetry plane, and thus modeled with a symmetry boundary condition. This requires
a zero normal velocity component as well as a zero flux of all dependent variables on the
symmetry boundary; these requirements are fulfilled by the slip wall boundary condition
defined in Equation (4.16).

• Keyhole surface (wall)

Since the keyhole surface is assumed to be fixed and frictionless, the normal component of
the velocity and the shear stress should vanish. Furthermore, the keyhole surface is used
as an EHS in the weld pool simulation. Therefore, its temperature is prescribed with the
corresponding evaporation temperature of the processed material. The conditions defined
on the keyhole boundary are expressed as follows:

u · n = 0, ∇u · n = 0, T = Tev, ∇κ · n = 0, ∇ϵ · n = 0, (4.17)

where Tev is the evaporation temperature of the material, see Table 4.3.

40



4.2 Lamé Curves Approximation of the Weld Pool Geometry

4.2 Lamé Curves Approximation of the Weld Pool Geometry

The accurate approximation of the three-dimensional steady-state weld pool geometry plays a
crucial role in the proposed mathematical framework as it enables the coupling of the different
models, see Figure 4.1, and hence the study of the influence of the bulging region on the
thermo-metallurgical and thermo-mechanical interactions, which determine the susceptibility
to solidification cracking. As described at the beginning of Chapter 4, the approximated weld
pool geometry is utilized in both simulation chains. Thereby, the first simulation chain uses
the weld pool geometry to calculate the main solidification parameters, in particular, the
crystal axis, the growth rate, i.e., the solidification rate, and the corresponding cross-sectional
area of a columnar crystal. In contrast, the second simulation chain applies it as an EHS.

In general, two different weld pool geometries can be defined and used in the simulation
chains. In the solidification model, the weld pool geometry can be either defined by the
isothermal surface of the liquidus or the solidus temperature, see Section 4.3. On the
contrary, when used as an EHS in the heat conduction model, the weld pool geometry should
be defined by the isothermal surface of the solidus temperature to include the amount of
latent heat of solidification. Both the solidus and the liquidus isosurface can be obtained
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Figure 4.5: Schematic of the weld pool geometry approximated with Lamé curves
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numerically. Nonetheless, the current literature indicates that only the solidus isosurface
can be determined experimentally. Therefore, in the present work, the solidus isosurface is
approximated and subsequently utilized in both simulation chains.

The Lamé curves approximation is based on the observation that in any horizontal section
taken along the thickness direction, as schematically illustrated in Figure 4.5, the contours
of the weld pool geometry have a similar shape, and thus can be mathematically described
with a single expression. Here, each two-dimensional contour is approximated with two Lamé
curves, also known as super-ellipses, one for the front and one for the rear part of the weld
pool. The Lamé curves are explicitly determined by eight parameters, namely the semi-major
axes, ar,f (z), representing the approximated length of the front and rear parts of the weld
pool; the semi-minor axis, b (z), defining the approximated half-width of the weld pool; the
center of the Lamé curve, xc, and the corresponding shape parameters, mr,f (z) and nr,f (z),
expressed as functions of the z-coordinate, see Figure 4.5. For the approximation, data
points located on the solidus isosurface are extracted from the solution of the weld pool
simulation and used to fit the parameters.

The complete mathematical description and numerical implementation of the Lamé curves
approximation technique for an arbitrary three-dimensional weld pool geometry are given in
Section 5.4.

4.3 Solidification of a Steady-State Weld Pool Geometry

The present solidification model aims to qualitatively estimate the change of the local solidus
temperature during the steady-state solidification process of the weld pool. Therefore, the
main solidification parameters, namely the geometry of the crystal axis, the growth rate, and
the cross-sectional area of the crystal are computed and subsequently used to assess the
decrease in the liquidus temperature due to a solute enrichment in the liquid metal ahead of
the solidification front. Here, the approximated weld pool geometry, including the bulging
region, is used to describe the solidification process of a single columnar crystal. The primary
microstructure is determined by the rate and direction of solidification, which depend on the
movement of the solidification front. Due to the complex nature of the solidification process,
it is inevitable to limit the simulation to the effects influencing the process the most. Hence,
the proposed solidification model is based on the following assumptions:

• The formation of substructures (planar, cellular, or dendritic) inside the grains are
not accounted for since these have no significant influence on the macroscopic grain
structure for polycrystalline materials [48].

• The solidification process is in a steady state, i.e., the weld pool dimensions do not
change with time. This assumption is well established for continuous LBW on a linear
welding trajectory and at moderate welding speed.

• The solidification front is not influenced by the rising impurity concentration, and thus
kept constant in the computation. Moreover, its shape is represented by the isosurface
of the solidus temperature, Tsol, obtained with the thermo-fluid dynamics model, see
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4.3 Solidification of a Steady-State Weld Pool Geometry

Section 4.1, and approximated mathematically with Lamé curves, as described in the
previous section.

• The crystallographic orientation of the crystals and the competitive growth between
these crystals are not considered in the model as these effects significantly complicate
the task [80]. Instead, as illustrated in Figure 4.6, it is assumed that the crystals
grow along the temperature gradient, G , i.e., in the normal inward direction to the
solidification front [48].
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Figure 4.6: Schematic of a two-dimensional columnar crystal growth and a corresponding
change of the growth rate during movement of a steady-state weld pool geometry

The basic approach used here refers to the concepts developed by Prokhorov [79] and
Karkhin [33]. Thereby, the crystal starts growing from point C located at the fusion line, as
exemplarily shown in Figure 4.6 for the two-dimensional case, where the trajectories of the
melting and solidification fronts, depicted by the curves ABC and CDE, respectively, coincide.
The crystal grows following the movement of the solidification front, ϕ (x , xc, y), along the
x -axis until it reaches the weld centerline, which in the mathematical sense represents its
asymptote. During its growth, highlighted by the curve CDE, the crystal intersects the
moving solidification front, depicted by the dashed lines in Figure 4.6, perpendicularly. Thus,
the crystal axis can be determined by computing and connecting the intersection points.
Once known, the intersection points are subsequently applied in the calculation of the growth
rate, R, which is defined as the infinitesimal change in length, dl , of the crystal axis, l , in the
infinitesimal time interval, dt. The growth rate is position dependent, changing from zero
at point C to its maximum value of R = |vweld| on the weld centerline. Furthermore, since
the cross-sectional area of the columnar crystal depends on its curvature, the intersection
points are also used to calculate the area at any position along the crystal axis. This is done
by using the explicit trigonometric relationship between the initial cross-sectional area, ωcr0 ,
and the current cross-sectional area, ωcr, of the crystal.
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4 Description of the Developed Models

The developed solidification model comprises two methods for the calculation of the main
solidification parameters. The first method is based on general analytical solutions derived
for the case of two-dimensional columnar crystal growth, as described above. On the other
hand, the second method represents a general numerical procedure enabling the calculation
of the solidification parameters in the cases of two-dimensional or three-dimensional columnar
crystal growth. The derivation of the analytical solutions and the description of the proposed
numerical procedure are presented in detail in Section 5.5.

4.4 Global Heat Conduction Simulation with an Equivalent Heat
Source

This chapter deals with the computation of the global transient temperature distribution
in the joined components using the EHS technique. This technique enables the one-way
coupling of the process and structure simulations, see Section 2.4.2, and thus the study of
the influence of the bulging region on the thermal history and subsequently on the mechanical
behavior of the welded parts. In addition, it also offers high accuracy and efficiency when
solving the heat conduction equation compared to commonly used point [61, 62], line [89,
90], or volumetric heat sources, such as the cylindrical heat source, the conical heat source,
or the elliptic cone heat source [91, 93, 136].

All the necessary information for the computation of the temperature field generated
by the three-dimensional heat source is contained within the weld pool geometry [94]. By
definition, the EHS coincides with the weld pool geometry and is defined as the isothermal
surface of the solidus temperature. Once determined, the solidus isosurface is moved through
the computational domain according to the welding trajectory at the welding speed. During
the welding process, the mesh nodes located within the weld pool or on its surface are
detected and assigned the solidus temperature, which results in a transient isothermal
boundary condition assuring an equivalent heat input. It is important to note that the actual
temperatures of the mesh nodes are higher than the prescribed solidus temperature. As a
result, the total amount of heat contained in the EHS will be slightly lower than predicted by
the weld pool simulation. However, the difference in the heat amount contained in the weld
pool is lost only once at the end of the welding process, when the laser machine is turned
off, and therefore has nearly no influence on the predicted temperature history. Outside
the solidus isosurface, the heat conduction model is strictly valid. Hence, the temperature
distribution there is determined by solving the energy conservation equation considering only
heat transfer by conduction:

ρhcC0
p

∂T
∂t = ∇ · q, (4.18)

where ρhc is the mass density used for conductive heat transfer in the solid region, C0
p is

the temperature-dependent heat capacity, see Section 4.6.1, q is the heat flux, and T is
the temperature. Once the EHS reaches the end point of the weld, the prescription of the
temperature is stopped, and the temperatures in the complete computational domain are
obtained by solving Equation (4.18).
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Figure 4.7: Schematic of a three-dimensional equivalent heat source moving through a two-
dimensional computational domain

When welding at high speed and with high power, the temperature distribution behind
the keyhole is rather homogeneous in the welding direction, i.e., the temperature gradient is
low, and therefore the heat flux in the welding direction can be neglected [90]. Hence, the
three-dimensional heat conduction model can be reduced to a two-dimensional model by
considering only a cross-section perpendicular to the weld seam. As this is the case in the
present work, see Tables 3.3 and 3.4, and since the EHS technique allows to consider the
influence of any geometrical particularity of the weld pool geometry at a negligible loss of
accuracy, the three-dimensional EHS is used to study the influence of the bulging region on
the temperature field in 2D. Following the concept of the EHS technique described above, the
temperature distribution in the cross-section is calculated by moving the solidus isosurface
of the weld pool through it, as shown in Figure 4.7. Thereby, as in the three-dimensional
case, the solidus temperature is assigned to all mesh nodes located within the weld pool
or on its surface, see the hatched area in Figure 4.7, and the temperature distribution in
the solid region is obtained by solving Equation (4.18). After the EHS has passed through
the computational domain, the computation is continued without further prescription of
the temperatures to account for the cooling stage of the process. To further reduce the
computational intensity of the heat conduction model, the symmetry of the process is
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exploited so that only half of the real weld seam is considered. Additionally, the heat loss
through the top and bottom surfaces caused by radiation and convection is neglected, as
described in detail in Section 4.1. Furthermore, the left and right boundaries are considered
adiabatic as their temperature remains unchanged and equal to the room temperature
during the computation. It is worth mentioning that the EHS technique offers one more
advantage in terms of simplicity as it automatically accounts for the amount of latent heat
of solidification considered in the energy balance on the solidus isosurface in the weld pool
simulation, see Section 4.1.1.
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Figure 4.8: Discretization of the two-dimensional computational domain of the heat conduc-
tion and mechanical models

The 2D computational domain of the heat conduction model has the geometrical dimen-
sions of 100 mm in width and 12 mm in thickness, see Figure 4.8. The domain is discretized
with a mesh of about 166,800 quad elements with a minimum element size of 0.03 mm.
In the model, the finest mesh is used in the region where the EHS passes through the
computational domain, see Figure 4.8.

The transient temperature distribution was obtained with the commercial finite element
software COMSOL Multiphysics 5.4® [122].

4.5 Mechanical Simulation

Typically, during welding, the joined components experience highly non-uniform heating. In
LBW, the area close to the laser spot is heated up to a few thousand degrees Celsius due to
the highly localized energy input and subsequently rapidly cooled down due to the conduction
of the absorbed heat to the bulk of the welded structure [97]. The local heating and cooling
induce volumetric changes, which result in deformations and thermal stresses, i.e., stresses
caused by thermal expansions or contractions, often referred to as temporal stresses, as
well as residual stresses [98]. In contrast, the influence of the material deformation on the
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temperature field is small, and thus the mechanical simulation is weakly coupled to the
temperature field simulation [99, 100].

The mechanical simulation presented here aims to study the influence of the bulging region
on the temporal and spatial strain and stress evolution and, in particular, its correlation
to the formation of solidification cracks. However, as estimated in [6], the computational
intensity of a three-dimensional model is very high, which does not allow for discretizing the
spatial and temporal domains properly. On the other hand, the discretization of these two
domains determines the calculation accuracy of the physical quantities of interest. Hence,
to ensure a high degree of accuracy and keep the computational time within reasonable
limits, the three-dimensional model is mathematically reduced to two dimensions. To achieve
this, a plane strain approach is applied in the formulation of the mechanical model, i.e., the
long straight weld seam, see Figure 3.2, is considered in a cross-section model, neglecting
all out-of-plane strain components [6]. Thus, it is assumed that the displacements of
the steel sheet in the welding direction are negligible and that the in-plane displacements
are independent of the x -coordinate. As a result of this mathematical reduction to two
dimensions, the transient temperature distribution computed by the two-dimensional heat
conduction model, using the weld pool geometry as an EHS, as illustrated in Section 4.4,
can be directly applied as the thermal load in the mechanical model.

Governing Equations and Boundary Conditions
The solid mechanics problem is governed by the equilibrium equation given by Newton’s
second law, i.e., the equation of motion. Usually, this is mathematically expressed using a
spatial formulation in terms of the Cauchy stress tensor, σ, as follows [122]:

ρ
∂2u
∂2t = ∇σ + fV. (4.19)

Here ρ is the mass density, u is the displacement vector, t is the time, and fV is a body
force per unit deformed volume. Nevertheless, the implementation of the strong form of the
equilibrium equation in most commercial finite element analysis software is not based on the
equation of motion but rather on the principle of virtual work [128, 137, 138].

In the current study, the inertial terms are excluded, resulting in a quasi-static formulation
of the mechanical model, i.e., the mass effects are neglected. Accordingly, all second-order
time derivatives must be set to zero, i.e., left-hand side of Equation (4.19). Furthermore,
geometrical linearity is assumed, meaning that Equation (4.19) is formulated in the unde-
formed state and is not updated with the displacement. The material used in the mechanical
simulation is characterized by an elastic-plastic response (von Mises yield surface) governed
by a yield criterion, a flow rule, and a hardening rule. Thereby, isotropic hardening, also
known as work hardening, is assumed, i.e., the yield surface expands in size as the plastic
strain develops but remains centered about its initial centerline [139, 140]. In addition, it is
assumed that the inelastic deformations at any given point of the welded structure are small.
Therefore, an additive decomposition is used to express the total strain [106, 141]. In the
mechanical model, the total strain is defined as the sum of the recoverable (elastic) and the
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irrecoverable (inelastic) deformations:

εtot = εel + εpl + εth + εtr, (4.20)

where the subscripts tot, el, pl, th, and tr stand for total, elastic, plastic, thermal, and
transformation strain. In welding, the thermal strain is the driver of both elastic and inelastic
deformations.
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Figure 4.9: Boundary conditions of the mechanical model

The boundary conditions of the two-dimensional mechanical model are summarized in
Figure 4.9. Note that the geometrical dimensions and the discretization of the computational
domain are identical to the heat conduction model described in the previous section and can
be seen in Figure 4.8. As described in Section 3.3, the specimens were tack welded at the
beginning and the end of the weld centerline and clamped along their free edges as shown in
Figure 3.2. Accordingly, the free edges were rigidly fixed in the model, i.e., the displacements
uy and uz are set to zero. Moreover, the mechanical model is symmetrical, and therefore no
displacement in the normal direction to the symmetry line is allowed, see Figure 4.9.

The 2D temporal and spatial stress evolution were obtained with the commercial finite
element software COMSOL Multiphysics 5.4® [122].

4.6 Material Modeling

In the present work, 12 mm thick hot-rolled unalloyed structural S355J2+N steel sheets
were utilized to study the influence of the bulging region on the susceptibility to centerline
solidification cracking, see Section 3.1. Due to the different physical phenomena considered
in the models of the multiphysics mathematical framework presented in Chapter 4, each
model requires specific input of material properties. Therefore, the material properties used
in the framework are divided into two groups, namely, thermophysical and thermomechanical.
The thermophysical material properties are utilized in both the thermo-fluid dynamics model
(1) and the heat conduction model (4), whereas the thermomechanical material properties
are employed solely in the mechanical model (5). In contrast, the Lamé curves model (2) and
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the solidification model (3) are not directly dependent on the material properties as these
use the weld pool geometry calculated by thermo-fluid dynamics model as input parameter,
see Figure 4.1.

4.6.1 Thermophysical Material Properties

The thermophysical material properties play a crucial role in the modeling of heat and
mass transfer. Thus, these have been implemented as temperature-dependent up to the
evaporation temperature in the thermo-fluid dynamics (1) and heat conduction model (4).
However, in (4), only material properties for temperatures lower than the solidus temperature
are required due to the applied EHS technique.

Since the material used, S355J2+N, is a hot-rolled unalloyed structural steel, it has to
be modeled with the material properties of the different phases, namely ferrite F, perlite P,
bainite B, austenite A, and martensite M. The S355J2+N steel has a BCC crystal structure
known as ferrite, perlite, or the α-phase. During heating, the initial microstructure of the
steel sheet, also called base metal, transfers either partially or completely into a FCC crystal
structure called austenite or the γ-phase [48], depending on the peak temperature, Tpeak.
The transformation is partial when the peak temperature exceeds the austenitization starting
temperature, A1. Conversely, when Tpeak exceeds the austenitization ending temperature,
A3, the base metal transfers completely into austenite. Usually, in the literature, Ac1 and Ac3
refer to the austenitization temperatures on heating, and Ar1 and Ar3 to the austenitization
temperatures on cooling [142]. For simplicity, in the current material model, A1 and A3 are
used instead. During cooling, the γ-phase transfers depending on the cooling rate from
800 ◦C (1073 K) to 500 ◦C (773 K), defined as the ∆t8/5 [106], to ferrite-perlite, bainite,
or martensite. A point worth stressing is that the transformation to ferrite, perlite, or
bainite is a diffusion-type transformation. Hence, the critical temperatures, A1 and A3,
depend not only on the chemical composition but as well on the heating rate [143, 144].
In other words, an increase in the heating rate leads to a decrease in the duration of the
diffusion process, which increases the required energy needed for the transformation by
increasing the critical austenitization temperatures. Moreover, it should be noted that the
increased critical temperatures result in an increased austenite formation rate. However,
as the difference between A1 ≈ 700 ◦C (973 K) and A3 ≈ 850 ◦C (1123 K) is relatively small
[145], and since in the case of deep penetration LBW the region between their corresponding
isosurfaces is very narrow, in the material model the α → γ transformation is determined
only by A3. Furthermore, according to [102, 146], below an austenitization temperature of
about A3 = 800 ◦C (1073 K), the heat capacity and the thermal conductivity of the ferrite,
perlite, bainite, and martensite phases are nearly identical. Therefore, the base metal of the
S355J2+N steel is modeled as α-phase for temperatures up to A3 = 800 ◦C and as γ-phase
for higher temperatures, as indicated in Figure 4.10.

Moreover, as the variations of the mass density with temperature are accounted for in
the weld pool simulation by the Boussinesq approximation, see Section 4.1.1, and since
the maximum difference between the densities of the ferrite and the austenite phases is
at room temperature and lies below 3% [102, 146], the mass density of the α-phase at
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Figure 4.10: Thermophysical material properties of the unalloyed S355J2+N steel [146–150]

the liquidus temperature, ρliq = 7300 kg m−3, is used to model the heat and mass transfer
in the weld pool. This assumption affects the energy transport in the solid region since
the mass density at room temperature is about 6% higher than the used constant value.
Nonetheless, the impact of this assumption on the final weld pool geometry is negligible due
to the dominance of the convective over the conductive energy transport, see Section 4.1.
A constant mass density is used in the heat conduction simulation as well, see Section 4.4.
However, the density value is averaged over the temperature range of interest, between
the room temperature and the solidification temperature, resulting in ρhc ≈ 7700 kg m−3.
Furthermore, note that for isotropic materials, the volumetric thermal expansion coefficient,
β, used in the Boussinesq approximation, is defined as three times the linear coefficient of
thermal expansion, β′ [151]. Here, β′ is taken from measurements performed with S355J2G3
steel sheets [149, 150]. As seen in Figure 4.10, β′ varies only slightly with temperature, and
therefore a constant value is used in the weld pool simulation. All constant thermophysical
material properties of the unalloyed steel used in the models are summarized in Table 4.3.

The temperature coefficient of the surface tension, defined as the derivative of the surface
tension with respect to the temperature, dγ′/dT , is of particular importance for the weld
pool simulation. The surface tension, γ′, is a function of the temperature and the chemical
activity of the dissolved surface-active substances such as oxygen (O) and S [152]. According
to [135], the surface tension of most pure metals, including iron and steels with low O and S
contents, decreases with increasing temperature, resulting in a negative derivative. When the
content of O or S is higher than 60 ppm, the temperature coefficient of the surface tension
is positive. As pointed out in [153], systems with a positive temperature coefficient of the
surface tension must go through a maximum at a certain temperature, and hence have a
negative temperature coefficient of the surface tension at higher temperatures. According to
[AC7], the maximum value of 0.035 wt. % or 350 ppm sulfur allowed by the standard leads
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Table 4.3: Constant thermophysical material properties of the unalloyed S355J2+N steel
[146–150, 152]

Material property Symbol Value Unit
Melting temperature Tmelt 1750 K
Melting interval Tmelt ± ∆T 1750 ± 50 K
Evaporation temperature Tev 3100 K
Linear coeff. of thermal expansion β′ 1.5 · 10−5 K−1

Volumetric coeff. of thermal expansion β 4.5 · 10−5 K−1

Latent heat of solidification Hf 2.47 · 105 J kg−1

Marangoni coefficient dγ′/dT −4.3 · 10−4 N m−1 K−1

Mass density at liquidus temperature ρliq 7700 kg m−3

Mass density (heat conduction) ρhc 7300 kg m−3

to local alterations in the weld pool dynamics, resulting in a more pronounced bulging region.
Nonetheless, as the sulfur amount in the material used in the present work is lower than 100
ppm, see Section 3.1, the dependence of the surface tension on the thermodynamic activity,
and thus on the numerically predicted weld pool geometry is neglected and a constant
temperature coefficient of the surface tension is used instead, see Table 4.3.

All phase or material-specific properties were taken from the literature [102, 146, 149,
150, 152], and if these were not available, which was the case for the dynamic viscosity, the
values for pure iron were used due to the close chemical composition [147, 148].

4.6.2 Thermomechanical Material Properties
According to [106], the material models used in computational welding mechanics to predict
the temporal and residual stresses, as well as the distortion of the welded components,
include the temperature-dependent material properties and the material responses induced
by temperature changes, such as strain hardening and SSPTs. The strain hardening in the
monotonic flow stress-strain curve of the ferritic S355 steel has been found to be significant,
see [154]. Furthermore, the SSPTs are shown to play a crucial role in the formation of
residual stresses for low-alloyed and unalloyed ferritic steels, such as the S355J2+N steel
used in the present work, see [103]. Therefore, the material model used in the mechanical
simulation considers both the strain hardening and the SSPTs.

Temperature-Dependent Material Properties
The material properties, which depend only on the temperature and not on the solution
of the mechanical model are Poisson’s ratio, the mass density, Young’s modulus, and the
thermal strain. However, for steel, the mass density decreases, and the Poisson’s ratio
increases only slightly with increasing temperature [155]. Therefore, it is a common practice
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to use constant values in the mechanical simulation [156]. Here, a Poisson’s ratio of 0.3
is used and the change of the mass density with temperature is considered by the thermal
strain, see Figure 4.11. The values of the thermal strain have been determined at heating
and cooling rates typical for LBW of thick S690QL steel sheets [6]. Since there are only
minor differences between the Young’s modulus of the considered phases [102, 146], in the
current model, the Young’s modulus of the ferrite phase is used. This has been implemented
as temperature-dependent and is shown in Figure 4.11.
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Figure 4.11: Young’s modulus and thermal strain of the unalloyed S355J2+N steel [146,
149, 150]

Strain Hardening
An isotropic strain hardening is assumed in the material model of the unalloyed structural
S355J2+N steel. This is modeled as temperature-dependent and phase-specific, as shown in
Figure 4.12, using stress-strain curves of the ferrite and austenite phases taken from [102,
146]. It is well-known that metals begin to soften at elevated temperatures. For example,
the softening temperature for mild steel is around 600 °C. At this temperature, the material
reaches a stage where the flow stress approaches zero. Therefore, stress-strain curves with an
assumed constant flow stress of 5 MPa for T > 1100 ◦C, i.e., representing perfect plasticity,
are used in the mechanical simulation.

In addition, as recommended in [146], the Young’s modulus is further reduced in the high-
temperature range to emulate that material is structurally absent and obtain a converging
solution in the soft liquid metal, see Figure 4.11. However, this adaption alone does not
lead to realistic results since it only allows the material around the weld pool to deform
freely without being influenced by the structurally weaker liquid metal. Once the material
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Figure 4.12: Stress-strain curves of the unalloyed S355J2+N steel [102, 146]

cools below the melting temperature, its elastic stiffness increases again, leading to a sudden
increase in the stresses. In reality, the material should start solidifying in a state of zero
stress since the crystal lattice is destroyed during melting. Therefore, all melted elements
are "deactivated" with the feature "activation" available in the commercial finite element
analysis software COMSOL Multiphysics 5.4® [122]. Thereby, to emulate that the material
is not present, the entries of the corresponding melted elements in the elasticity matrix are
lowered by a scale factor of 10−6. Furthermore, the initial stresses are set to zero at the
instant of activation, and the elastic strain is removed from the total strain. Note that the
inelastic and effective plastic strains are generally not removed by the "activation" feature.
Nevertheless, the material is always activated in a state of zero stress, even if it undergoes
multiple activation or deactivation events [128].

Solid-State Phase Transformations
With regard to Section 4.6.1, the microstructure of the unalloyed structural steel S355J2+N
undergoes transformations during heating and cooling, resulting in a final mixed microstruc-
ture consisting of different phases, and thus having locally different mechanical properties.
Typically, the ∆t8/5 in LBW processes is very short and, according to measurements per-
formed on 15 mm thick unalloyed steel sheets, S460NH, lies in the range of 1 s to 2 s [6,
157]. Hence, diffusion-controlled transformations do not or hardly occur, and the material
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transforms diffusionless into martensite as seem in the continuous cooling transformation
diagram shown in Figure 4.13 [145]. This allows using a comparatively simple SSPTs model
in the mechanical simulation, in which the base metal transforms completely to austenite
during heating, and subsequently, the austenite transforms completely into martensite during
cooling. Thereby, the α → γ transformation occurring during heating is determined only
by A3 as in the weld pool simulation, see Section 4.6.1. Furthermore, the study of the
influence of the temporal strain and stress evolution in the bulging region on solidification
cracking, which occur at high temperatures [7, 35], does not require the consideration of
the transformation to martensite, as this starts at approximately Ms = 410 ◦C [145]. In
other words, when the cracks are formed, there is either no or only a very narrow, and
therefore negligible region of the martensite phase. Hence, the metallurgical strain due to
the martensite phase transformation is set to zero in Equation (4.20). Note, however, that
when the goal is to predict the welding residual stresses, these simplifications can not be
made [158, 159], and the non-diffusion transformation to martensite needs to be considered
in the material model.
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This chapter summarizes all experimental, analytical, and numerical results. In the following
sections, it is distinguished between results supporting the presence of the bulging region
during complete penetration LBW, results used for verification and validation of the developed
multiphysics mathematical framework presented in Chapter 4, and results obtained with the
framework for the analysis of the influence of the bulging region on the susceptibility to
centerline solidification cracking.

5.1 Real-Time Visualization of the Bulging Region

In Figure 5.1, two frames obtained with a high-speed camera at different positions along
the steel-glass interface are shown. The experiments were performed with the 15 mm thick
S355J2+N steel sheets based on the parameters given in Table 3.3. The bright region seen
in the figures was visualized in real-time. This region contains a mixture of liquid metal
and metallic vapor, giving a qualitative representation of the geometry of the keyhole and
the weld pool, marked in the figure by the red and yellow lines, respectively. The keyhole’s
position and geometry were found and approximated from the known position of the laser
beam and the dark solid areas, assumed to be visible through the metallic vapor filling the
keyhole. Moreover, a bulging region was observed in the longitudinal section, occurring
approximately at half of the sheet thickness. The bulging region was located at the outer
boundary of the weld pool, and its size and exact position varied with time.

Keyhole

15
m

m Bulging
Bulging

Welding direction

Figure 5.1: View of the longitudinal section through the quartz glass recorded at different
times with a high-speed camera

55



5 Results

To support the high-speed camera observations, additional measurements were performed
using an infrared camera and a thermal camera recording simultaneously from the glass side.
Based on the measured intensities shown in Figure 5.2, a bulging region was recognized
with both cameras. By comparing the locations of the bulging region recorded with the
different cameras, see Figures 5.1 and 5.2, it can be seen that these corresponded well with
each other, being located approximately in the middle of the weld pool. Moreover, also
an observation of a bulging region located outside the weld pool was made, as depicted in
Figure 5.2. This observation gives further evidence for the occurrence of a bulging region
during high power LBW since a bulging of the weld pool is expected to lead to a bulging of
the isotherms of lower temperatures located behind it.
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Figure 5.2: View of the longitudinal section through the quartz glass recorded with (left) a
thermal camera and (right) an infrared camera

5.2 Experimental Measurements for Validation of the Models

5.2.1 Measurements on 12 mm Thick Unalloyed S355J2+N Steel Sheets
In Figure 5.3, an exemplary metallographic cross-section and recorded thermal cycles,
corresponding to the case of 12 mm thick laser beam welded unalloyed S355J2+N steel
sheets, are shown. The thermal cycles were measured on the top and bottom surfaces of the
processed steel sheets and their positions were A(47 ± 5 mm, 1.42 ± 0.2 mm, 0 mm) at the
top surface and B(47 ± 5 mm, 2.3 ± 0.2 mm, 12 mm) at the bottom surface.

5.2.2 Measurements on 2 mm Thick Austenitic 316L Steel Sheets
In Figure 5.4, the final weld seam of the 2 mm thick laser beam welded austenitic 316L steel
sheets from which the metallographic cross-sections and the weld end crater were extracted,
are shown. An exemplary metallographic cross-section and an additional horizontal section
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Figure 5.3: (left) Metallographic cross-section of the 12 mm thick S355J2+N steel sheets,
extracted at the middle of the weld seam; (right) temperature measurements on
the top (A) and bottom (B) surfaces of the specimen

taken from the top surface can be seen in Figure 5.5. According to the assumptions made in
Section 4.3, the shape and size of the rear part of the weld end crater, see enlarged view
in Figure 5.4, determine the solidification direction of the columnar crystals. As seen in
Figure 5.5, the metallographic cross-section shows parallel flanks of the FZ, thus indicating
a two-dimensional temperature field, which does not change in the thickness direction.
Furthermore, it can be seen from the horizontal section on the top surface that the crystals
grow nearly parallel to each other, intersecting the fusion line and the weld centerline at a
constant angle. In addition, the weld pool rear part can also be recognized in the macro
section by the so-called ripples, i.e., solidification lines representing the local weld pool
geometry at the time of solidification.

Welding direction

4.3 mm1 mm

Figure 5.4: (left) Weld seam on the top surface of the 2 mm thick 316L steel sheets before
extraction of macro sections; (right) an enlarged view of the weld end crater
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Welding direction

1 mm

Ripples

Figure 5.5: (left) Metallographic cross-section of the 2 mm thick 316L steel sheets, extracted
at the middle of the weld seam; (right) horizontal section extracted from slightly
below the top surface

5.3 Weld Pool Simulation

In Figure 5.6, a side, front, and top view of the numerically predicted three-dimensional
weld pool geometry, described by the isosurface of the solidus temperature, Tsol = 1700 K,
are illustrated. The weld pool geometry corresponds to the case of 12 mm thick laser beam
welded unalloyed S355J2+N steel sheets. According to Figure 5.6a, the weld pool geometry
can be characterized by five regions based on to their dimensions. In particular, three of these
regions, namely the top, bulging, and bottom regions, are longer in the welding direction
compared to the two regions located between them. The front view of the three-dimensional
weld pool geometry is shown in Figure 5.6b. A closer look at the solidus isotherm, i.e., the
outer contour line of the FZ, indicates that the differences in length along the thickness
direction correlate strongly with the differences in width. Specifically, the regions with higher
weld pool lengths are wider than those with shorter weld pool lengths. As depicted in the
figure, the maximum weld pool length is found on the top surface of the welded steel sheets.
This is estimated from the top view of the weld pool geometry depicted in Figure 5.6c to
approximately 5.2 mm. Accordingly, the maximum weld pool width is found on the top
surface as well, being approximately 1.35 mm. By combining the different views of the weld
pool geometry, it can be seen that the dimensions of the FZ gradually decrease between
the bulging and the two narrow regions located above and below it and increase in the
neighboring top and bottom regions. Furthermore, it is observed that all regions narrow near
the rear part of the weld pool, forming two narrow channels connecting the larger top and
bottom regions to the bulging region.

In addition to the solidus isotherm, the numerically calculated melting and liquidus
isotherms, where Tmelt = 1750 K and Tliq = 1800 K, are shown in Figure 5.7. Moreover,
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Figure 5.6: Calculated weld pool geometry, defined by the solidus isosurface: a) three-
dimensional side view, b) front view, and c) top view

the corresponding predicted temperature distribution in the longitudinal section represented
by several isotherms, including the isotherms shown in the cross-section, is illustrated in
Figure 5.8. As seen in the figures, the five weld pool regions can be determined by following
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the solidus isotherm from the top to the bottom surface along the thickness of the steel
sheet and marking the local extremes, i.e., the positions of the local maximum and minimum
length or width of the FZ. The distance between the solidus and liquidus isotherm determines
the dimensions of the mushy zone. Furthermore, this distance is directly related to the
magnitude of the local temperature gradient, and hence to the amount of energy transferred
through the solidus isosurface of the weld pool to the solid metal around it by conduction,
see Figure 5.6a. According to the numerical results, the width of the mushy zone in the
cross-section is nearly zero above and below the bulging region located at approximately
6 mm penetration depth. In contrast, the width grows in the top and bottom regions of
the weld pool, reaching up to 20% of the local width of the FZ, thus indicating more
homogeneous temperature distribution in these regions.
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Figure 5.7: Calculated fusion zone, defined by the solidus, melting, and liquidus isotherms

A closer look at the isotherms in the longitudinal section depicted in Figure 5.8 indicates
that the length of the mushy zone in the front part of the weld pool changes in the same
way along the thickness of the steel sheet as observed for the mushy zone width in the
cross-section shown in Figure 5.7. The longest mushy zone region is found in the rear part of
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the weld pool at approximately 1.2 mm below the top surface, see Figure 5.8. This increase
in the mushy zone length is due to the energy released by the phase transformation from
liquid to solid, i.e., the latent heat of solidification. The longer mushy zone indicates that
the temperature is homogeneously distributed in the top and bottom regions, as already
recognized by the isotherms in the cross-section.
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Figure 5.8: Calculated temperature isotherms in the longitudinal section

To obtain further insights into the weld pool dynamics leading to the numerically estimated
three-dimensional steady-state weld pool geometry shown in Figure 5.6a, the corresponding
calculated velocity fields are analyzed. The velocity fields are given relative to the solid
metal, i.e., the difference between the computed fluid velocity and the welding velocity, in
the longitudinal section as well as in three exemplary horizontal sections of the weld pool
geometry, i.e., sections parallel to the top surface of the welded steel sheets, see Figures 5.9
and 5.10. According to the velocity distributions depicted in the figures, the highest velocities
lie in the top and bottom weld pool regions, with the maximum velocity of approximately
869 mm s−1 found on the top surface in the vicinity of the keyhole rear surface. The top and
bottom regions are strongly influenced by the thermo-capillary convection, which induces
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large-scale circulation flows, and thus leads to locally stronger heat and mass transport
from the keyhole surface to the solidus isosurface of the weld pool. Consequently, the
amount of heat and liquid metal in these regions increases, resulting in the elongation and
widening of the solidus isotherm, and hence in the predicted larger steady-state dimensions
of these regions. Moreover, the maximum velocities are found not right behind the keyhole
rear surface but approximately 0.5 mm behind it. In contrast, the bulging and the narrow
regions are rather slow-flowing regions. The maximum velocity in these regions are also
found close to the keyhole surface, resulting from the acceleration of liquid metal around it.
However, these are one order of magnitude lower than the maximum velocities reached on
the top and bottom surfaces of the welded steel sheets. According to Figure 5.10, there
is a second main flow in the horizontal sections of the bulging and the narrow regions,
which is forward-directed and starts from the rear weld pool end. In the bulging region, the
forward-directed flow is a pure result of the movement of the keyhole relative to the solid
metal around it. Hence, it has much lower momentum than the backward-directed flow
around the keyhole.
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Figure 5.9: Calculated velocity field in the longitudinal section relative to the solid, u − vweld
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Figure 5.11: Calculated temperature distribution on the top surface and exemplary path used
to obtain a time-temperature curve

To validate the calculated temperature distribution, several thermal cycles are computed
based on the obtained numerical results. For this purpose, paths parallel to the welding
direction are defined along the top and bottom surfaces of the computational domain, as
exemplarily depicted in Figure 5.11. The paths have different distances from the weld
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Figure 5.12: Calculated thermal cycles on the top (A) and bottom (B) surfaces of the 12 mm
thick S355J2+N steel sheets
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centerline, i.e., the x -axis. Although the obtained numerical results represent a steady-state
solution to the thermo-fluid dynamics problem, a transient thermal cycle can be computed
by defining the time as t = x/vweldx . Here, two thermal cycles are computed, one on the top
surface at a distance A = 1.58 mm and one on the bottom surface at a distance B = 2.1 mm,
see Figure 5.12. Considering that the length of the computational domain is 70 mm, see
Section 4.1.2, the total time of the calculated thermal cycles is around 2 s. This is sufficiently
long for the analysis since the temperature at t = 2 s is approximately 600 K, and thus the
γ-phase transformation has already occurred.

5.4 Lamé Curves Approximation of the Weld Pool Geometry

5.4.1 Derivation of the Lamé Curves Approximation

As described in Section 4.2, discretized data points defining the solidus isosurface are
extracted from the solution of the thermo-fluid dynamics problem and subsequently utilized
to approximate the three-dimensional weld pool geometry. In the first step, the data is
divided into K total levels, i.e., horizontal sections taken along the height, h, of the weld
pool, as schematically represented in Figure 4.5. Thereby, the number of horizontal sections
must be sufficient to obtain a good approximation. Therefore, it is recommended to take at
least one horizontal section at any z-coordinate where the solidus lines in the longitudinal
section and the cross-section have a turning point. Then, for each local level, k, two Lamé
curves are used to approximate the data points, one for the front and one for the rear part
of the weld pool. Here, it is required that at each level the two approximating curves have
the same maximum width, b. In the general case, each two Lamé curves are determined by
eight parameters and given as follows:(︃

|x − xc (z) |
ar (z)

)︃mr(z)

+
(︃

|y |
b (z)

)︃nr(z)

= 1 for x < xc; mr, nr > 1, (5.1)

(︃
|x − xc (z) |

af (z)

)︃mf (z)

+
(︃

|y |
b (z)

)︃nf (z)

= 1 for x ≥ xc; mf , nf > 1, (5.2)

where xc (z) is the center of the corresponding Lamé curve, mr,f (z) and nr,f (z) are the shape
parameters, ar,f (z) are the semi-major axes, representing the approximated length of the
rear and front parts of the weld pool, denoted by the subscripts r and f, respectively, and
b (z) is the semi-minor axis, representing the approximated half-width of the weld pool. It is
important to note that the parameters vary along the z-axis and are therefore expressed as
functions of the z-coordinate. Nevertheless, for the sake of simplicity, the dependence of the
shape parameters on the z-coordinate is not explicitly given in the following equations, i.e.,
mr is used instead of mr (z) for example. In addition, to guarantee symmetry and smoothness
of the approximated weld pool geometry, both Lamé curves at each local level, k, must be
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continuous. If the Lamé curves are mathematically defined as functions of the x -coordinate,
this requirement is met when the following conditions are fulfilled:

dy/dx = 0 at y = ±b (points B and D),

dy/dx = ±∞ at x = −ar (point A); x = af (point C).
(5.3)

Note that the conditions given in Equation (5.3) can be also defined for the derivative dx/dy
when the Lamé curves are mathematically defined as functions of the y -coordinate.

In theory, to obtain all eight parameters (ar, af , b, xc, mr, nr, mf , nf), at least eight data
points are needed. Here, the Lamé curves are fitted to the discretized data points using
the least square method. The two-dimensional contours at each depth, zk = const., are
obtained by minimizing the following objective function:

F
(︁
ai (z) , b (z) , xc (z) , mi (z) , ni (z)

)︁
=

Ltoti∑︂
l=1

wl

⎛⎜⎝yl − b

(︄
1 −

(︃
|xl − xc|

ai

)︃mi
)︄ 1

ni

⎞⎟⎠
2

→ min for i = f, r, (5.4)

where i is an index variable used to switch between the front and rear part of the weld
pool, Ltot is the total number of data points at the corresponding level, k, l is the index
variable of the data points at this level, and wl is a weighting factor. The minimum error is
determined by equating the partial derivatives of Equation (5.4) with respect to each of the
eight parameters to zero:

∂F
∂ai

= −2bmi

Ltoti ni ami +1
i

Ltoti∑︂
l=1

wl

⎡⎢⎣yl − b

(︄
1 −

(︃
|xl − xc|

ai

)︃mi
)︄ 1

ni

⎤⎥⎦×

×

(︄
1 −

(︃
|xl − xc|

ai

)︃mi
)︄ 1−ni

ni

|xl − xc|mi != 0, (5.5)

∂F
∂b = −2

Ltoti

Ltoti∑︂
l=1

wl

⎡⎢⎣yl − b

(︄
1 −

(︃
|xl − xc|

ai

)︃mi
)︄ 1

ni

⎤⎥⎦×

×

(︄
1 −

(︃
|xl − xc|

ai

)︃mi
)︄ 1

ni
!= 0, (5.6)
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∂F
∂xc

= −2bmi
Ltoti ni ami

i
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Equations (5.5) to (5.9) represent a non-linear system of equations, which has to be solved
for each level, k, to obtain the corresponding required shape parameters, and thus has to
be repeated K times. Once the values of all eight parameters at each level are known,
the missing values between the levels can be estimated by either interpolating between
the known values or by fitting these to polynomial functions. For the calculation of the
crystal axis, it is necessary to determine the missing values using interpolation of at least
second order, i.e., using three or more of the total levels, since the crystals have to be
smooth and grow continuously between the levels. However, a first-order interpolation can
be used by the description of the EHS in the second simulation sequence, see Figure 4.1,
as long as a sufficient total number of levels, K , is used for the approximation of the
weld pool geometry. If analytical expressions with continuous first-order derivatives are
preferred or needed for the model, polynomial functions dependent on the z-coordinate, i.e.,(︁
ai (z) , b (z) , xc (z) , mi (z) , ni (z)

)︁
, can be obtained by fitting a polynomial to the known

values, e.g., a polynomial of the form:

f (z) = c0 + c1z + c2z2 + · · · + cjz j with j ≤ K − 1, (5.10)
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where c0, ... , cj are constant coefficients. For the polynomial fitting, the least squares method
can be applied again. In this case, the objective function to be minimized is:

F
(︁
f (zk)

)︁
=

K∑︂
k=1

wk

(︃
f (zk) −

(︂
c0 + c1zk + c2z2

k + · · · + cjz j
k

)︂)︃2

→ min, (5.11)

where wk is a weighting factor.
The solution algorithm of the non-linear system of equations, Equations (5.5) to (5.9),

as well as the polynomial fitting described above, have been implemented in the numerical
computing environment and proprietary programming language MATLAB® [160].

5.4.2 Application of the Lamé Curves Approximation
The main task of the Lamé curves is to accurately approximate an arbitrary three-dimensional
steady-state weld pool geometry, including geometrical particularities such as the bulging
region. According to Chapter 2, the weld pool geometry enables the coupling of the models
included in the developed multiphysics mathematical framework, see Figure 4.1, and thus
also the study of the influence of the bulging region on the dominant factors controlling the
susceptibility to solidification cracking, see Figure 2.2. Therefore, at first, the flexibility of
the developed technique is demonstrated in Figure 5.13 by showing various theoretical weld
pool geometries approximated with Lamé curves. As seen, for small m and n values, sharper
weld pool geometries can be described. Conversely, for high m and n values, any weld pool
geometry of a round or rectangular shape can be obtained.
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Figure 5.13: Theoretical weld pool geometries of identical dimensions (af = b = 1 mm,
ar = 3 mm) approximated with Lamé curves for different values of m and n

With regard to Section 4.3, the developed Lamé curves approximation technique is applied
on the predicted weld pool geometries of the 2 mm thick austenitic 316L and 12 mm thick
unalloyed S355J2+N laser beam welded sheets. According to Figure 5.5, the dimensions of
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5.4 Lamé Curves Approximation of the Weld Pool Geometry

the FZ change only slightly along the thickness direction of the thin 316L sheets. Hence, the
corresponding three-dimensional weld pool geometry can be approximated with only a single
layer along the thickness, e.g., the top surface of the joined steel sheets. In the present
work, the data points for the approximation are obtained from the ripples recognized in the
macro section and from the geometry of the weld end crater depicted in Figure 5.4. The
approximated weld pool rear part on the top surface and the corresponding shape parameters
are shown in Figure 5.14. Here, the rear length, ar = 3.33 mm, and half-width, b = 0.87 mm,
of the weld pool are kept constant, and the values of the shape parameters are varied to find
an optimal parameter combination. The values obtained for the shape parameters, mr = 1.5
and nr = 1.03, are comparatively small, indicating a sharp solidification front, which is typical
for LBW of thin steel sheets at high process speeds, see Figure 5.5.
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ar = 3.33 mm

b = 0.87 mm
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y,
m

m

Welding direction

y

Figure 5.14: Approximation of the weld pool rear part at the top surface of the 2 mm thick
316L sheets, with a single Lamé curve

Furthermore, the three-dimensional steady-state weld pool geometry obtained with the
thermo-fluid dynamics model is approximated with Lamé curves and subsequently used in
both simulation chains. In the first simulation chain, the approximated weld pool geometry
is used to calculate the solidification parameters, in particular, the crystal axis, the growth
rate, and the corresponding cross-sectional area of the columnar crystal. In the second
simulation chain, however, it is utilized as an EHS. In contrast to the thin 316L steel sheets,
the weld pool geometry of the thick S355J2+N steel sheets can not be approximated with
a single level along the thickness, see Section 5.3. Hence, the data points extracted from
the solution of the weld pool simulation must cover the complete range between to top
and bottom surfaces of the welded steel sheets. In Figure 5.15, exemplary projection of
data points describing the solidus isosurface onto the y − z plane is shown. The red dots
in the figure represent the data points used to approximate the weld pool geometry in the
horizontal section through the center of the bulging region. As depicted in the figure, instead
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of using only data points lying exactly at z = 6 mm, data points from slightly above and
below were used as well. For the current data set, the thickness of the layer from which data
points were taken was defined as 1/1000 of the sheet thickness. A total of 332,605 data
points and 25 horizontal sections, distributed evenly between the top and bottom surfaces
of the steel sheets, were used to approximate the three-dimensional weld pool geometry,
including the bulging region.
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Figure 5.15: Exemplary projection of data points (blue dots) describing the solid isosurface
of the three-dimensional weld pool geometry, for 5 mm ≤ z ≤ 7 mm, onto the
y − z plane. The red dots represent the data points used to approximate the
weld pool geometry in the middle of the bulging region at z = 6 mm.
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Here, the weighting factor, wk , was set to one since a very high number of evenly
distributed data points could be transferred from the weld pool simulation, thus allowing to
approximate the weld pool geometry with high accuracy without additional calibration. The
Lamé curves were fitted to the discretized data points by using the least square method. For
each horizontal section, eight shape parameters describing the front and rear Lamé curves
were determined. Subsequently, the missing values between the sections were estimated by
fitting polynomial functions to the 25 calculated values. Sixth-degree polynomial functions
of the z-coordinate were used for the fitting of the shape parameters since the weld pool
geometry shows five extremes, i.e., positions of local maximum dimensions of the FZ, see
Section 5.3. The polynomial functions are defined as follows:

f (z)i = p0 + p1z + p2z2 + p3z3 + p4z4 + p5z5 + p6z6, i = 1 ... 8, (5.12)

where f (z)i stands for each one of the shape parameters af , ar, b, xc, mf , nf , mr, and
nr. The polynomial constants used to fit the polynomials to the calculated values of the
shape parameters are given in Table 5.1. The fitted polynomial functions are illustrated in
Figure 5.16.

Table 5.1: Constants used to fit the polynomials to the eight shape parameters

p0 p1 p2 p3 p4 p5 p6

af 1.7153 -0.6011 0.1672 -0.0108 -0.0013 1.7941e-4 -5.0323e-6
ar 3.6744 -1.3472 0.4991 -0.0583 0.0012 1.0658e-4 -2.4541e-6
b 1.2597 -0.8417 0.4117 -0.1008 -0.0133 -9.2178e-4 2.5749e-5
xc 4.4839 -0.1291 -0.0919 0.0577 -0.0108 8.4607e-4 -2.3591e-5
mf 2.0739 -0.0774 0.3179 -0.1164 0.0173 -0.0011 2.8898e-5
nf 1.9732 0.2214 -0.1569 0.0453 -0.0061 3.9719e-4 -9.9806e-6
mr 1.5041 0.9653 -0.9778 0.3333 -0.0521 0.0038 -1.0544e-4
nr 1.8974 0.1163 -0.0523 0.0102 -0.0012 8.8991e-5 -2.9458e-6

The results show that the five extremes of the corresponding solidus isosurface located
at approximately z = 12 mm, z = 10 mm, z = 6 mm, z = 2 mm, and z = 0 mm, see
Section 5.3, are accurately represented by the polynomial functions. It is also observed from
the figures that the parameters af and ar accurately reconstruct the front and rear part of
the solidus isotherm in the longitudinal section shown in Figure 5.8. The same holds for the
parameter b, which reconstructs the solidus isotherm in the cross-section, see Figure 5.7.
Furthermore, exemplary approximation results at three horizontal sections are shown in
Figure 5.17. According to the results, the parameters mr and nf remain nearly constant and
vary slightly around 2 along the sheet thickness. In contrast, the parameters mf and nr
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Figure 5.17: Approximation of the weld pool geometry in three horizontal sections of the
12 mm thick S355J2+N sheets, defined at (top) z = 12 mm, (middle) z =
10 mm, and (bottom) z = 6 mm, with Lamé curves
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take values in the range between 1 and 3, giving the final shape of the front and rear part of
the two-dimensional solidus isotherms in the horizontal sections of the weld pool geometry,
see Figure 5.17.

Another interesting observation is made about the parameter describing the center of the
two Lamé curves. As illustrated in the figures, xc varies along the sheet thickness as well.
This allows to describe the local heating process more accurately since heating and cooling
of the joined steel sheets starts at different times along the thickness direction, e.g., the
top and bottom regions will be heated first, see Figure 5.6. Additionally, the various initial
points along the welding trajectory from which the crystals start growing are automatically
considered by xc, as this represents their corresponding x -coordinates, see Figure 4.6.

5.5 Solidification of a Steady-State Weld Pool Geometry

5.5.1 Derivation of General Analytical Expressions for the Main Solidification
Parameters in 2D

The solidification process is considered two-dimensional when the dimensions of the three-
dimensional weld pool geometry change only slightly along the thickness direction of the
steel sheet. Typically, this is the case for complete penetration LBW of thin steel sheets at
high processing speeds. However, in the case of complete penetration LBW of thick steel
sheets, this is also true in the middle of the bulging region and near the top and bottom
surfaces of the joined steel components.

Referring to Figure 4.6 and the assumptions made in Section 4.3, the general analytical
expressions for the three main solidification parameters are derived as follows:

• Columnar crystal axis

The movement of the solidification front can be described by a family of Lamé curves,
ϕ (x , xc, y), located along the x -axis:

ϕ (x , xc, y) =
(︃

x − xc
ar

)︃m

+
(︂y

b

)︂n
− 1 = 0 (5.13)

or
x − xc

ar
=
(︃

1 −
(︂y

b

)︂n
)︃ 1

m

→ xLamé (y) = xc + ar

(︃
1 −

(︂y
b

)︂n
)︃ 1

m

. (5.14)

Here, xc is the center of the moving Lamé curve, accounting for the total distance along the
x -axis by which the curve is moved from the origin of the Cartesian coordinate system; m
and n are the shape parameters of the Lamé curve approximating the rear part of the weld
pool; ar and b are the semi-major axes corresponding to the length and the half-width of
the weld pool rear part, respectively, see Section 4.2. As it is assumed that the crystal grows
along the temperature gradient, i.e., in the normal inward direction to the solidification front,
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the family of curves representing the crystal axes is composed of the orthogonal trajectories
of the family of Lamé curves. Hence, both families constitute a double orthogonal system of
curves, which in the general case can be analytically determined by solving the following
PDE [161]:

∂ϕ

∂y dx = ∂ϕ

∂x dy . (5.15)

Substituting the partial derivatives of Equation (5.13) into Equation (5.15) results in:

dx = mb
nar

(︃
1 −

(︂y
b

)︂n
)︃m−1

m (︂y
b

)︂1−n
dy . (5.16)

An indefinite integration of Equation (5.16) on both sides and a rearrangement of the terms
gives:

xcrystal (y) = mb n
m

nar

∫︂ (︁
bn − yn)︁m−1

m y 1−ndy + constant. (5.17)

The solution of Equation (5.17) yields the equation of the crystal axis for n ̸= 2:

xcrystal (y) = mbny 2−n

nar (n − 2) 2F1

(︃
1
m − 1, 2

n − 1; 2
n ;
(︂y

b

)︂n
)︃

+ constant, (5.18)

where 2F1 is the hypergeometric function [162]. The constant in Equation (5.18) can be
determined using the initial condition for the crystal axis, which requires that the crystal
length at y = ±b is zero, see Figure 4.6. Hence, the final columnar crystal axis equation for
n ̸= 2 reads:

xcrystal (y) = mbn

nar (n − 2)

(︄
y 2−n

2F1

(︃
1
m − 1, 2

n − 1; 2
n ;
(︂y

b

)︂n
)︃

−

−b2−n
2F1

(︃
1
m − 1, 2

n − 1; 2
n ; 1
)︃)︄

. (5.19)

It is worth mentioning that the general crystal axis equation derived above, see Equa-
tion (5.17), can be simplified to the solution derived using elliptical functions [39] by
substituting m = n = 2:

xcrystal (y) = b2

ar

∫︂ √︂
1 −

(︁
y/b
)︁2

y dy + constant. (5.20)

Solving Equation (5.20) analogically to solving equation Equation (5.18) gives the columnar
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crystal axis equation for a weld pool geometry with an elliptical rear part:

xcrystal (y) = b2

ar

⎛⎝√︂1 −
(︁
y/b
)︁2 − ln

⃓⃓⃓⃓
⃓
(︃

1 +
√︂

1 −
(︁
y/b
)︁2
)︃

/
(︁
y/b
)︁⃓⃓⃓⃓⃓
⎞⎠ . (5.21)

• Crystal growth rate

The growth rate, R, of the columnar crystal is defined as the infinitesimal change in length,
dl , of the crystal with a total length, l , in the infinitesimal time interval, dt, see Figure 4.6.
However, dt can be determined using the welding speed vector, vweld, and the distance, dx0,
by which the solidification front moves, see Figure 5.18. Thus, the growth rate can be given
as:

R = dl
dt = dl

dx0
|vweld|

= |vweld| dl
dx0

= |vweld| cos α. (5.22)

It can be seen in Figure 5.18 that the fraction dl/dx0 equals cos α, where α is the angle
between the temperature gradient (the normal inward direction to the solidification front)
and the moving direction of the Lamé curves (the welding direction). Two methods to
determine cos α by using analytical geometry are described in the following.

Welding direction vweldl

C

x

ϕ (x , xc, y)

Fusion line

dx0

dl
α

dy
α

α

Symmetry axis

Weld pool

Crystal axis
dxcrystal

Solid region
Solidifying region

Figure 5.18: Schematic of a two-dimensional columnar crystal growth during movement of a
steady-state weld pool geometry used to determine cos α

The first method makes use of the trigonometric relationships between the parameters. A
closer look at Figure 5.18 and the relations derived above shows that the angle α is found in
at least three triangles. Thus, cos α can be expressed as:

cos α = dl
dx0

= dxcrystal
dl =

dyLamé√︁
dx2

Lamé + dy 2
Lamé

. (5.23)
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Note that dy = dyLamé = dycrystal . Nonetheless, the first two expressions in Equation (5.23)
can not be determined analytically and the value of cos α is obtained by making use of the
last expression on the right-hand side and Equation (5.14):

cos α = 1√︃
1 +

(︂
dxLamé
dyLamé

)︂2
. (5.24)

Substituting Equation (5.24) into Equation (5.22) results in the growth rate equation of the
columnar crystal:

R2D = |vweld|√︃
1 +

(︁ nar
mb
)︁2
(︂

1 −
(︁ y

b
)︁n
)︂ 2−2m

m (︁ y
b
)︁2n−2

. (5.25)

A point worth stressing is that in the three-dimensional case, this approach leads to the
following expression for cos α:

cos α = 1√︄
1 +

dx2
Lamé

dy 2
Lamé + dz2

Lamé

. (5.26)

As noted from Equation (5.26), the denominator can not be evaluated analytically, and
therefore no analytical solution for the growth rate of the three-dimensional columnar crystal,
R3D, can be derived using trigonometric relationships.

The second method uses the dot product of the normal inward vector to the solidification
front, n (growth direction of the crystal), and the welding direction vector, vweld (moving
direction of the Lamé curves), to determine cos α. In contrast to the approach using
trigonometry, this method enables the derivation of analytical expressions for the growth
rate in both two and three dimensions. Here, the normal vector is obtained from the curve
or surface equation describing the corresponding two-dimensional or three-dimensional weld
pool geometry [126]. Thus, cos α can be expressed as follows:

cos α = n · vweld

|n||vweld| =
∂ϕ
∂x vweldx + ∂ϕ

∂y vweldy + ∂ϕ
∂z vweldz√︃(︁

∂ϕ
∂x
)︁2 +

(︂
∂ϕ
∂y

)︂2
+
(︁

∂ϕ
∂z
)︁2
√︂

v 2
weldx + v 2

weldy + v 2
weldz

. (5.27)

Substituting the partial derivatives of Equation (5.13) into Equation (5.27) and taking
into account that in the present work vweld has only a component in the x -direction, Equa-
tion (5.25) can be obtained again.

• Cross-sectional area of the crystal

As depicted in Figure 5.19, the cross-sectional area of the columnar crystal will decrease
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along the crystal axis depending on its curvature. Thereby, the area at any given point can
be calculated using the following relationship:

ωcr = ωcr0 sin α, (5.28)

where ωcr0 is the initial cross-sectional area of the crystal and α is again the angle between the
normal inward direction to the solidification front and the welding direction, see Figure 5.19.
To make use of the derived expressions for cos α, Equation (5.28) is reformulated as follows:

ωcr = ωcr0

√︁
1 − cos2 α. (5.29)

The final equation of the cross-sectional area in 2D is derived by substituting Equation (5.24)
into Equation (5.29):

ωcr2D = ωcr0

⌜⃓⃓⎷1 − 1

1 +
(︁ nar

mb
)︁2
(︂

1 −
(︁ y

b
)︁n
)︂ 2−2m

m (︁ y
b
)︁2n−2

. (5.30)

It is worth mentioning that as seen in Equations (5.22) and (5.29), both the growth rate and
the cross-sectional area of the columnar crystal depend on cos α, which can be calculated
with the two methods proposed above. Thereby, in 2D, both methods lead to the same
analytical result. However, in 3D, only the second method can be used to obtain analytical
expressions for R and ωcr.

l

C

x

ϕ (x , xc, y)

Symmetry axis

Weld pool

Crystal axis
ωcr

ωcr0

α
ωcr0

Solid region

Welding direction vweld

Figure 5.19: Schematic of a two-dimensional columnar crystal growth during movement of a
steady-state weld pool geometry used to determine ωcr

5.5.2 Numerical Procedure for the Main Solidification Parameters in 3D
In 3D, the weld pool geometry is approximated not by a single function but by a set of
functions dependent on the z-coordinate, see Sections 4.2 and 5.4. Hence, the attempt to
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obtain analytical expressions for the three main solidification parameters in 3D, analogically
to the derivation in 2D, seems rather impractical compared to the straightforward numerical
solution. Therefore, in 3D, the main solidification parameters are computed numerically based
on the assumptions stated at the beginning of Section 4.3 and the relationships described in
the previous section. The steps involved in the developed numerical procedure are given below.

• Columnar crystal axis

The three-dimensional crystal axis is obtained by determining the intersection points between
the columnar crystal and the solidification front, see Figure 5.20. These are found as follows:

(1) Use the Lamé curve approach presented in Section 4.2 to approximate the solidification
front (calculated rear part of the 3D weld pool geometry, see Section 4.1) with a
function of the following form:

ϕ (x , xc, y , z) =
(︃

x − xc (z)
ar (z)

)︃m(z)

+
(︃

y
b (z)

)︃n(z)

− 1 = 0. (5.31)

dx0

n

Welding direction
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0

C
(︁
xC, yC, zC)︁

ϕ (x , xc, y , z)Cnew (X , Y , Z)

Figure 5.20: Schematic of a three-dimensional columnar crystal growth during movement of
a steady-state weld pool geometry
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(2) Initialize the computational domain by defining a point C
(︁
xC, yC, zC)︁ where the crystal

growth starts, see Figure 5.20.

(3) Move the weld pool geometry along the welding direction by a distance dx0.

(4) Build the tangent plane at the moved point Cmoved
(︁
xC + dx0, yC, zC)︁, i.e., the projec-

tion of C onto the y − z plane at xC + dx0. According to [126], the tangent plane can
be defined as a function of the following form:

ϕ′
x

(︃
x −

(︂
xC + dx0

)︂)︃
+ ϕ′

y

(︂
y − yC

)︂
+ ϕ′

z

(︂
z − zC

)︂
= 0, (5.32)

where ϕ′
x , ϕ′

y , and ϕ′
z are the partial derivatives of Equation (5.31) given as:

ϕ′
x =

m (z)
(︂

x−xc(z)
a(z)

)︂m(z)−1

a (z) , (5.33)

ϕ′
y =

n (z)
(︂

y
b(z)

)︂n(z)−1

b (z) , (5.34)

ϕ′
z =

(︃
x − xc (z)

a (z)

)︃m(z)
(︄

log
(︃

x − xc (z)
a (z)

)︃
m′ (z) − m (z) a′ (z)

a (z) −

−m′ (z) xc (z)
x − xc (z)

)︃
+
(︃

y
b (z)

)︃n(z)
(︄

log
(︃

y
b (z)

)︃
n′ (z) − n (z) b′ (z)

b (z)

)︄
. (5.35)

Here the ′ symbol denotes the partial derivatives of the function, ϕ, and the total
derivatives of the shape parameters of the Lamé curves.

(5) Find the coordinates X , Y , and Z of the intersection point Cnew at which a line passing
through point C

(︁
xC, yC, zC)︁ passes the tangent plane defined at Cmoved

(︁
xC + dx0, yC, zC)︁

perpendicularly. According to [126], the coordinates can be found from the following
symmetrical equations:

X − xC − dx0
ϕ′x

= Y − yC

ϕ′y
= Z − zC

ϕ′z
. (5.36)

Note that only two of the three equations are linearly independent. If any of the partial
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derivatives is zero, the coordinates of the intersection point simplify to:

ϕ′
x = 0 → X = xC + dx0, (5.37)

ϕ′
y = 0 → Y = yC, (5.38)

ϕ′
z = 0 → Z = zC, (5.39)

respectively. If ϕ′
x ̸= 0, ϕ′

y ̸= 0, or ϕ′
z ̸= 0, Equations (5.32) to (5.36) are used to

obtain the coordinates of the intersection point:

X = xC + ϕ′
x

ϕ′z

(︃
ϕ′

x ϕ′
z

ϕ
′2x + ϕ

′2y + ϕ
′2z

)︃
dx0, (5.40)

Y = yC + ϕ′
y

ϕ′z

(︃
ϕ′

x ϕ′
z

ϕ
′2x + ϕ

′2y + ϕ
′2z

)︃
dx0, (5.41)

Z = zC +
(︃

ϕ′
x ϕ′

z
ϕ

′2x + ϕ
′2y + ϕ

′2z

)︃
dx0. (5.42)

(6) Repeat steps 3 to 5 until the crystal axis reaches the weld centerline.

• Crystal growth rate

As described above, the crystal growth rate, R, is defined as the infinitesimal change in
length, dl , in the infinitesimal time interval, dt. Numerically, dl can be determined from the
coordinates of the new and the old intersection points. Note that dt is a model parameter,
which must be sufficiently small to obtain converging solution. Hence, the growth rate in
3D is numerically approximated as:

R3D = dl
dt =

√︂(︁
X − xC

)︁2 +
(︁
Y − yC

)︁2 +
(︁
Z − zC

)︁2

dt . (5.43)

• Cross-sectional area of the crystal

The cross-sectional area of the crystal axis is numerically determined by approximating the
analytical expression given in Equation (5.29) as follows, see also Equation (5.23):

ωcr3D = ωcr0

√︄
1 −

(︃
dl
dx0

)︃2

, (5.44)

where ωcr0 is the initial cross-sectional area of the crystal. Making use of the previously
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determined intersection points, Equation (5.44) is expressed as follows:

ωcr3D = ωcr0

⌜⃓⃓⃓
⎷⃓1 −

⎛⎜⎝
√︂(︁

X − xC
)︁2 +

(︁
Y − yC

)︁2 +
(︁
Z − zC

)︁2

dx0

⎞⎟⎠
2

. (5.45)

According to Equations (5.40) to (5.45), the accuracy of the numerically obtained solidification
parameters depends on the distance, dx0, by which the solidification front is moved. Hence,
to ensure numerical stability and independence of the obtained solutions on the algorithm,
a suitably small dx0 must be used in the computations. The required value dx0 can be
determined, for example, by performing a convergence analysis or by comparing the numerical
solution with an experimental measurement or an analytical solution and reducing dx0 until
the required accuracy is achieved.

5.5.3 Application of the General Expressions to 2D Crystal Growth

In the following, the crystal axis and the growth rate corresponding to the case of 2 mm thick
laser beam welded austenitic 316L steel sheets are calculated. Considering the expressions
derived in the previous sections and the experimental results presented in Section 5.2, in
2D, the crystal axis can be calculated explicitly by a function dependent on the dimensions
and the shape parameters of a single Lamé curve approximating the weld pool rear part,
see Section 5.4. For the sake of completeness, the weld pool rear part is described using
both a Lamé curve and an elliptical function. However, the dimensions of the semi-major
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Figure 5.21: Calculated (left) crystal axes, xcrystal (y), and (right) growth rates, R (y), for a
two-dimensional weld pool rear part (ar = 3.33 mm, b = 0.87 mm) approximated
with a Lamé curve and an elliptical function
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and semi-minor axes are kept constant, see Figure 5.14. The calculated crystal axes are
shown in Figure 5.21(left). Note that the point on the fusion line from which the crystal
starts growing is denoted with "C", as illustrated in Figure 4.6. As seen, the sharper the
weld pool rear part, i.e., the shape parameters mr and nr are close to one, the shorter the
corresponding crystal axis. Hence, the total solidification time of the columnar crystal is
shorter as well. This is clearly seen by comparing the x -coordinates at which both crystal
axes reach the x -axis. The shorter crystal axis, highlighted by the red line, reaches the weld
centerline at approximately x = 0.26 mm, which is equivalent to approximately 13 ms for
the welding speed of 1.2 m min−1, see Chapter 3. On the other hand, when the solidification
front is approximated with an elliptical function, the solidification time increases by about
five times to approximately 65 ms.

In addition to the calculated crystal axes, the corresponding growth rates are illustrated in
Figure 5.21(right). According to the computational results, in both cases, the growth rate
increases continuously from 0 mm s−1 at point C to its maximum value of 20 mm s−1, i.e.,
the welding speed, at the weld centerline. Nonetheless, there are significant differences in
the predicted growth rates between these locations. For an elliptical weld pool rear part, the
growth rate increases nearly linearly between its minimum and maximum values, except for
the regions near the vicinity of the fusion line and the weld centerline. In contrast, when
the weld pool rear part is approximated with a Lamé curve, the growth rate increases more
rapidly near the fusion line and the weld centerline but remains almost constant in between.

Welding direction

Weld pool rear part

Tsol

xcrystal (y)

1.
75

m
m

Figure 5.22: Grain structure growing behind the moving weld pool rear part, represented by
the calculated crystal axis, xcrystal (y)

Furthermore, the crystal axis calculated for the weld pool rear part approximated with a
Lamé curve is used to visualize the grain structure growing behind the moving weld pool as
depicted in Figure 5.22. In the figure, the crystal axes are evenly distributed along the fusion
line, and their length depends on to the local solidification time. Moreover, the distance
between two neighboring crystal axes is defined as the averaged width of the grains observed
in the horizontal macro section of the welded steel sheets shown in Figure 5.5.
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5.5.4 Application of the Numerical Procedure to 3D Crystal Growth
Here, the developed numerical procedure is first applied to a theoretical case considering
a steady-state solidification of a three-dimensional ellipse-shaped weld pool rear part with
ar = 4 mm and b = h = 1 mm. In Figure 5.23, five exemplary crystal axes and the positions
from where these start growing are illustrated. The corresponding start positions for the
crystal axes 2, 3, 4, and 5 are defined by rotating counterclockwise the start position for
the crystal axis 1 around the x-axis by 30°, 45°, 60°, and 90°, respectively. The results
indicate that the crystal axes grow three-dimensionally, following the solidification front
and converging to the same point located on the top surface of the joined steel sheets,
independently on the location from which these start growing.
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Figure 5.23: Five exemplary crystal axes, l , computed for a steady-state solidification of a
three-dimensional ellipse-shaped weld pool rear part (ar = 4 mm, b = 1 mm)

Following the theoretical case, the developed general numerical procedure is applied for the
calculation of the three-dimensional crystal axes corresponding to the case of 12 mm thick
laser beam welded unalloyed S355J2+N steel sheets. Therefore, the 3D weld pool geometry
calculated and approximated with the models presented in Sections 4.1 and 4.2, respectively,
has been used as an input parameter. As mentioned at the beginning of Section 5.5, the
solidification process can be considered locally as two-dimensional when the width of the FZ
remains nearly unchanged along the sheet thickness. By looking at the calculated weld pool
geometry, see Figure 5.6, it can be seen that this is the case in the vicinity of the five turning
points of the solidus isosurface seen in Figures 5.7 and 5.8, and located at approximately
z = 12 mm, z = 10 mm, z = 6 mm, z = 2 mm, and z = 0 mm. Since the bulging region
is of main interest in the present work, the assumption of local two-dimensional crystal
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growth is verified by calculating the crystal axis, l , which starts growing at z = 6 mm, see
Figure 5.24. According to the obtained results, the crystal grows practically in the same
horizontal section through the center of the bulging region, i.e., the z-component of the
crystal axis changes only slightly from 6 mm to 5.996 mm during the solidification process.
Furthermore, it is determined from the figure that during the initial solidification stage the
crystal grows predominantly along the y -axis. Once reaching the vicinity of the x − z plane,
however, the crystal turns its growing direction into the welding direction.
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6

0

x , mm

0.30.6
0

y , mm

5.996

5.998

6

z ,
m

m

l

Welding direction

Weld centerlineC

Figure 5.24: Calculated three-dimensional crystal axis, l (red line), with an initial point C
located at z = 6 mm and corresponding projections onto the orthogonal planes
x − y, x − z, and y − z (red dashed lines). Note the z-axis scale factor of 300.

Two further crystal axes with initial points located above and below the bulging region
are calculated and shown in Figures 5.25 and 5.26, respectively. As identified from the
figures, both crystal axes grow three-dimensionally, converging into the center of the bulging
region located at z = 6 mm. The z-component of the crystal axis growing from below
the bulging region at z = 5 mm increases by approximately 0.6 mm to 5.6 mm. On the
contrary, the z-component of the crystal axis growing from above the bulging region at
z = 7 mm decreases by approximately 0.6 mm to 6.4 mm. Moreover, it is found that similar
to the crystal growth in the horizontal section through the center of the bulging region, both
crystals grow predominantly along the y -axis during the initial solidification stage. When
the crystal axes reach the vicinity of the symmetry plane, however, these turn their direction
and continue growing in the welding direction.
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Figure 5.25: Calculated three-dimensional crystal axis, l (red line), with an initial point C
located at z = 5 mm and corresponding projections onto the orthogonal planes
x − y, x − z, and y − z (red dashed lines)
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Figure 5.26: Calculated three-dimensional crystal axis, l (red line), with an initial point C
located at z = 7 mm and corresponding projections onto the orthogonal planes
x − y, x − z, and y − z (red dashed lines)
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5.5.5 Dimensionless Analysis of the Main Solidification Parameters
In this section, dimensionless analysis is used to study the dependence of the main solidification
parameters on the dimensions and shape of the bulging region, offering additional insights
into its influence on the local dwell time of the liquid film residing on the grain boundaries.
Therefore, the following dimensionless variables are defined:

ξ = x − xc
ar

, η = y
b , Λ = ar

b , ρ = R
|vweld| , ω = ωcr

ωcr0
, (5.46)

where ξ, η, Λ, ρ, and ω are the x -coordinate, y -coordinate, rear part length to half-width
ratio of the bulging region, growth rate, and cross-sectional area of the columnar crystal,
respectively. Additionally, for consistency, in this section the dimensionless crystal axis is
denoted with ldim.

First, the dependence of the solidification parameters on the dimensions of the bulging
region is analyzed. This is done by employing the calculated shape parameters of the weld
pool rear part, m = 1.21 and n = 1.94, see Figure 5.17, and by varying the dimensionless
rear part length to half-width ratio, Λ, as depicted in Figure 5.27. Note that the point on
the fusion line from which the crystals start growing is denoted with "C", as in Figure 4.6.
According to Figure 5.27a, the length and curvature of the crystal axis strongly depend on
the dimensions of the bulging region. The results indicate that the crystal axis is longer
and less curved when the bulging region is shorter and wider, e.g., Λ = 0.2, and vice versa.
Furthermore, it is seen in Figure 5.27b and Figure 5.27c that the growth rate, ρ, and the
cross-sectional area of the crystal, ω, differ significantly for the different dimensions of the
bulging region. For an elongated bulging region, ρ and ω experience the highest increase and
decrease, respectively, near the weld centerline, i.e., when the dimensionless y -coordinate
η ≈ 0. Conversely, when the bulging region is short and wide, the highest increase of ρ and
decrease of ω occur near the fusion line.

As next, the dependence of the solidification parameters on the shape of the bulging
region is analyzed. This is achieved by varying the parameters m and n of the Lamé curve
and keeping the calculated rear part length to half-width ratio of Λ = 5, see Figure 5.17,
constant, as shown in Figure 5.28a. The results depicted in Figure 5.28b suggest that the
sharper the solidification front in the bulging region, e.g., m = n = 1.1, the shorter the
corresponding crystal axis and vice versa. Moreover, a bulging region with a sharp shape
results in higher curvature of the crystal axis in the vicinity of the fusion line. Additionally,
Figure 5.28c and Figure 5.28d indicate that a sharply shaped bulging region leads to a rapid
increase in ρ and decrease in ω near the weld centerline. Conversely, when the shape of the
bulging region is smooth and round, e.g., m = n = 2.5, ρ increases approximately linearly
between its minimum and maximum values, except for the regions near the fusion line and
the weld centerline, whereas ω initially slowly decreases near the fusion line and increases as
it approaches the weld centerline.

All results described in this and in the the previous sections have been implemented and
evaluated in the numerical computing environment and proprietary programming language
MATLAB® [160].
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Figure 5.27: Calculated dimensionless solidification parameters for mr = 1.21 and nr = 1.94,
and different rear part length to half-width ratios of the bulging region, Λ = ar/b:
a) crystal axis ldim, b) growth rate ρ, and c) cross-sectional area ω
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5.6 Global Heat Conduction Simulation with an Equivalent Heat
Source

In the global heat conduction simulation, the approximation of the three-dimensional steady-
state weld pool geometry is utilized as an EHS to calculate the transient global temperature
field in the plane orthogonal to the welding direction, as described in Section 4.4. In
Figure 5.29, the regions identified by the developed algorithm and applied as an EHS, i.e.,
the temperature of these regions is set to the solidus temperature of the material, are
exemplarily illustrated at three points in time. In the present model, the EHS intersects the
2D cross-section for the first time at t ≈ 90 ms. The region found at t ≈ 190 ms is similar
to the FZ obtained numerically by the weld pool simulation, see Figures 5.6 and 5.7. As
seen in the figure and described in Section 5.3, the three larger regions of the weld pool,
i.e., the top, bulging, and bottom regions, contain the last solidifying liquid metal. The
last point in time at which liquid metal is found in the bulging region is at t ≈ 235 ms. By
comparing the results at t ≈ 225 ms and t ≈ 235 ms shown in Figure 5.29, it can be seen
that the algorithm accurately reproduces the high cooling rates typical for the LBW process.
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Figure 5.29: Regions found by the algorithm and used as a transient equivalent heat source
in the global heat conduction simulation

In addition, the transient two-dimensional temperature distribution is calculated for the
time steps analyzed above and shown in Figure 5.30. A closer look at the results confirms
the accurately detected regions of the EHS. Moreover, it can be seen that the temperature
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in these regions is correctly set by the algorithm and equals the solidification temperature of
the material, Tsol = 1700 K. The last solidifying liquid metal in the three larger regions of
the weld pool can as well be recognized in the calculated temperature field at t ≈ 235 ms.

For the visualization of the heating and cooling stages of the metal during the LBW
process, two thermal cycles are calculated on the top and bottom surfaces of the 12 mm
thick unalloyed S355J2+N steel sheets, as illustrated in Figure 5.31. The corresponding
distances from the weld centerline are A = 1.6 mm on the top and B = 2 mm on the bottom
surface of the welded steel sheets. It is worth mentioning that in contrast to the weld pool
simulation, see Section 5.3, the thermal cycles calculated with the EHS are transient, thus
providing complete information about the temperature field independent of the size of the
computational domain.
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Figure 5.31: Calculated thermal cycles on the top (A) and the bottom (B) surfaces of the
12 mm thick S355J2+N steel sheets using an equivalent heat source

5.7 Mechanical Simulation

Figures 5.32 to 5.34 represent the calculated distribution of the σx , σy , and σz components
of the stress generated in the 12 mm thick S355J2+N steel sheets during the LBW process.
These act in all three spatial directions. Here, σx corresponds to the transversal, σy to the
horizontal, and σz to the vertical direction. The stress components are given at t ≈ 235 ms,
which is the last point in time at which liquid metal is found in the bulging region, see
Sections 5.3 and 5.6, assuming that the local solidification temperature of the material
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remains Tsol = 1700 K. The corresponding temperature distribution depicted in Figure 5.30
indicates that at this point in time, only the two narrow regions located between the three
larger regions of the weld pool, which are the top, bulging, and bottom regions, are completely
solid. As a consequence, the liquid metal in the larger regions remains stress-free, whereas
the solid metal in the narrow regions experiences tensile stress. Nevertheless, the stress
distributions of the three components outside the FZ show several regions of high compressive
or tensile stress. Considering the σx stress component acting in the welding direction, it is
found that the solid material around the FZ experiences high compressive stress throughout
the sheet thickness, reaching up to −384 MPa. Further away from the HAZ, the region of
compressive stress is followed by a larger region of tensile stress, which reaches a maximum
of 60 MPa at the current point in time, as shown in Figure 5.32. Conversely, the σy stress
component, which acts perpendicularly to the centerline crack, is tensile almost everywhere
except for two small regions on the top and bottom surfaces, see Figure 5.33. Here, the
maximum value of the compressive stress is similar to this of the σx stress component,
reaching −398 MPa. The value of the maximum tensile stress, on the other hand, nearly
doubles and reaches 118 MPa. The σz stress component depicted in Figure 5.34 acts in the
thickness direction of the welded steel sheets. As observed in the figure, σz is zero on the
top and bottom surfaces, thus satisfying the physical condition of the free surface. Moreover,
similar to the distribution of σx , the material in the HAZ experiences high compressive
stress, followed by an even larger region of tensile stress. However, for σz , the maximum
compressive stress of −260 MPa is approximately 30% lower, and the maximum tensile stress
of 182 MPa is about three times higher.
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In Figures 5.35 to 5.37, a metallographic cross-section of the 12 mm thick laser beam
welded S355J2+N steel sheets with a centerline solidification crack in the bulging region
as well as the temporal evolution of the calculated stress components, σx , σy , and σz , and
the temperature, T , are shown. The corresponding evaluation points are highlighted by
colored dots in the metallographic cross-section and set in the regions where the liquid
metal solidifies at last, namely at the top and bottom surfaces of the steel sheets and at
the center of the bulging region. According to the obtained results the bulging region is the
only region subjected to tensile stress. Moreover, tensile stresses develop there in all three
spatial directions simultaneously. Thereby, the transversal stress, σx , is the highest, reaching
approximately 77 MPa at t = 0.4 s, followed by the vertical stress, σz ≈ 70 MPa, and the
horizontal stress, σy ≈ 40 MPa. In contrast, the stresses developing in the top and bottom
regions, see Figures 5.36 and 5.37, are tensile only during the initial cooling stage, with
exception of σz , which remains 0 MPa during the entire cooling period of the welded steel
sheets. However, as the processed material in the top and bottom regions continues cooling,
σy decreases to 0 MPa at t = 0.4 s, and σx changes from tensile to compressive. Similar to
the center of the bulging region, σx has the highest magnitude of all stress components in
both the top and the bottom region as well. Nevertheless, its maximum absolute value is
several times smaller than in the bulging region, reaching approximately 25 MPa at t = 0.4 s.
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Figure 5.35: (left) Exemplary metallographic cross-section of the 12 mm thick S355J2+N
steel sheets showing a centerline crack in the center of the bulging region;
(right) stress components and temperature versus time

95



5 Results

1300

1400

1500

1600

1700

1800

Te
m

pe
ra

tu
re

T
,K

0.15 0.2 0.25 0.3 0.35 0.4
Time t, s

2 mm

σz

σx
σy

Temperature

-20

-10

0

10

20

-40

-30

30

40

St
re

ss
,M

Pa

Figure 5.36: (left) Exemplary metallographic cross-section of the 12 mm thick S355J2+N
steel sheets; (right) stress components and temperature versus time
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Figure 5.37: (left) Exemplary metallographic cross-section of the 12 mm thick S355J2+N
steel sheets; (right) stress components and temperature versus time

96



6 Discussion

This chapter focuses on the results obtained with the developed multiphysics mathematical
framework and the methodical analysis of the influence of the bulging region on the three most
critical factors for the formation of solidification cracks, namely the thermal, metallurgical,
and mechanical factors.

6.1 Verification and Validation

Before analyzing and discussing the theoretical results, it is essential to verify and validate
these. The validation is conducted by comparing the numerical results to experimental
measurements. Additionally, the derived general analytical solutions and the developed
numerical procedure used to calculate the main solidification parameters are verified against
known analytical solutions and a specially designed benchmark case, see Section 5.5.

6.1.1 Weld Pool Simulation
The main goal of the weld pool simulation presented in Section 4.1 is to obtain an ac-
curate steady-state solution for the three-dimensional weld pool geometry, including the
experimentally observed bulging region, see Section 5.1. A qualitative comparison of the
real-time observations shown in Figures 5.1 and 5.2 and the numerically predicted weld pool
geometry given in Figure 5.6, indicates that the thermo-fluid dynamics model can closely
reproduce the geometrical characteristics of the weld pool, including the bulging region
in the cross-section and the longitudinal section seen in Figures 5.7 and 5.8, respectively.
Furthermore, to fully validate the numerical results corresponding to the case of the 12 mm
thick laser beam welded S355J2+N steel sheets, these are compared to experimentally
obtained metallographic cross-sections and thermal cycles. In Figure 6.1, an exemplary
comparison of a metallographic cross-section extracted from the middle of the weld seam
as indicated in Figure 3.2, and the numerically calculated cross-section, is shown. It is well
known that the metallographic cross-sections extracted at different positions along the weld
seam show deviations of up to several percent [101]. Moreover, these are not perfectly
symmetrical, showing minor asymmetries on both sides of the weld centerline. As observed
in Figure 6.1, this is also the case for the 12 mm thick S355J2+N steel sheets. Nevertheless,
the obtained experimental and numerical fusion lines show a good agreement over the entire
sheet thickness except for the deviations in the top and bottom regions, which are slightly
overestimated by the thermo-fluid dynamics model.

Subsequently, the calculated thermal cycles are validated by comparing these to thermo-
couple measurements obtained during the LBW process, as illustrated in Figure 3.2. The
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Figure 6.1: Exemplary comparison of calculated (black dashed line) and experimentally
obtained (white dashed line) fusion lines

transversal distances of the measurement positions to the weld centerline used in the experi-
ment, the three-dimensional weld pool simulation, and the two-dimensional heat conduction
simulation are listed in Table 6.1. In the experiment, the distances were measured from
the weld centerline to the middle of the corresponding hot junction. The comparison of
the measured and calculated time-temperature curves can be seen in Figure 6.2. Here, the
time-temperature curves are aligned according to the peak temperatures, i.e., the maximum
temperature values for both thermal cycles correspond to the same point in time. According
to Figure 6.2, the thermo-fluid dynamics model captures well the thermal history of the
welded steel sheets, having minor discrepancies of approximately 50 K.

Table 6.1: Distances of the measurement positions of the thermal cycles to the weld centerline
used in the experiment and the mathematical framework

Position A B
Experiment ±0.2 mm 1.42 mm 2.30 mm
Weld pool simulation 1.58 mm 2.10 mm
2D Heat conduction simulation 1.60 mm 2.00 mm
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Figure 6.2: Comparison of calculated and experimentally obtained thermal cycles on the top
(A) and bottom (B) surfaces of the 12 mm thick S355J2+N steel sheets

In the final validation step, the thermal process efficiency, ηLBW, is calculated and compared
to experimental values from the literature obtained for similar process conditions. This is
numerically estimated by relating the total amount of energy absorbed from the welded steel
sheets through the keyhole surface to the laser power, PL, used in the experiment:

ηLBW =

∫︁∫︁
A

n · (−λ · ∇T ) dA

PL
. (6.1)

Here A is the keyhole surface, n the unit normal inward vector of A, λ the thermal conductivity
of the processed material, and T the temperature. Using Equation (6.1) and PL = 14 kW,
see Table 3.4, a thermal process efficiency of approximately 83% is obtained. This value
agrees well with the experimental range of 65% to 85% reported in the literature [75].

6.1.2 Lamé Curves Approximation of the Weld Pool Geometry

The validity of the Lamé curves approximation technique described in Sections 4.2 and 5.4
is first demonstrated on the 2 mm thick laser beam welded austenitic 316L steel sheets. For
completeness, the weld pool rear part is approximated with a Lamé curve and an elliptical
function, as depicted in Figure 6.3. Thereby, the data points (blue dots) used for the
approximation, as well as the length and width of the weld pool rear part, are estimated from
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the ripples, i.e., solidification lines, recognized in Figure 5.5 as well as from the geometry of
the weld end crater shown in Figure 5.4. It is worth mentioning, however, that although the
geometry of the ripples correlates strongly with the geometry of the weld end crater, the weld
end crater dimensions must be corrected, as described in [AJ7], [AJ13] before extracting
the data points. By comparing the results obtained with the different functions, it becomes
clear that using an elliptical function for the approximation leads to an overestimation of the
weld pool dimensions. As a result, the subsequently calculated solidification parameters, i.e.,
crystal axis, growth rate, and cross-sectional area, will also differ significantly. Conversely,
the Lamé curve approximates the geometry of the ripples very accurately.
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Figure 6.3: Comparison of the approximated weld pool rear part at the top surface of the
2 mm thick 316L steel sheets with a Lamé curve and an elliptical function to
experimental data points (blue dots) taken along the ripples seen in Figure 5.5.

Furthermore, the validity of the developed approximation technique is demonstrated on the
three-dimensional weld pool geometry of the 12 mm thick S355J2+N steel sheets. For this
purpose, the two-dimensional contours of the solidus isosurface are approximated in the three
horizontal sections characterized by the three main flow patterns in the weld pool described in
Section 5.3. The horizontal sections are located at z = 12 mm, z = 10 mm, and z = 6 mm.
The comparison of the approximated weld pool geometry and the data points extracted
from the weld pool simulation can be seen in Figure 6.4. The shape parameters and number
of data points corresponding to the six Lamé curves are given next to these. In addition,
the data points are approximated with elliptical functions, as for the two-dimensional case
described above. By comparing the approximated Lamé curves to the data points, it can be
seen that the algorithm developed in the present work describes the numerically estimated
weld pool geometry with very high accuracy, having a total error of less than 1%. Conversely,
the approximation of the two-dimensional contours by elliptical functions, which are widely
used in the literature [39, 79, 88], is rather insufficient, and thus may result in an EHS
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Figure 6.4: Comparison of the approximated weld pool geometry in three horizontal sections
of the 12 mm thick S355J2+N sheets, defined at the (top) z = 12 mm, (middle)
z = 10 mm, and (bottom) z = 6 mm, with Lamé curves and elliptical functions
to data points (blue dots) extracted from the weld pool simulation.
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containing either more or less energy when compared to the solution of the thermo-fluid
dynamics model. Another important consequence of the inaccurate approximation of the
weld pool geometry by elliptical functions is the change in the shape and dimensions of the
bulging region, and thus of the main solidification parameters, see Sections 4.3 and 5.5.
In contrast, the developed approximation technique enables the one-way coupling of the
process simulation to both the mechanical and the material simulation by using the same
three-dimensional weld pool geometry as the input parameter, see Chapter 4. This results in
a more consistent coupling of the main physical domains, allowing for an accurate study
of the bulging-cracking relationship. Hence, the Lamé curves approximation technique has
to be used when critical geometrical particularities of the weld pool geometry, such as the
bulging region and their corresponding effects on further factors, need to be studied in-depth.

6.1.3 Solidification of a Steady-State Weld Pool Geometry

According to Section 4.3, a two-dimensional general analytical solution and a three-dimensional
numerical procedure are derived and developed, respectively, to determine the main solidifi-
cation parameters during the steady-state solidification of an arbitrary weld pool geometry,
namely the crystal axis, the growth rate, and the cross-sectional area of the columnar crystal.
Furthermore, as shown in Section 5.5, the growth rate and the cross-sectional area are
dependent on the crystal axis. Therefore, by verifying and validating the predicted crystal
axis, the validation of the other two solidification parameters is implicitly achieved. However,
since the measurement and visualization of a crystal with a complex three-dimensional shape
represents an experimentally challenging task, in practice the predicted microstructure is
often validated using two-dimensional metallographic macro sections extracted from the top
and bottom surfaces of the welded steel sheets.

Welding direction

1 mm

Ripples

Weld pool rear part

xcrystal (y)

Figure 6.5: Comparison of the experimentally determined and analytically calculated grain
structure on the top surface of the 2 mm thick 316L steel sheets
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Regarding section Section 3.1, the austenitic 316L steel sheets are chosen for the validation
of the calculated crystal axis due to the higher contrast between the grains when color etching
is used to visualize the weld microstructure. For the experiments, a low sheet thickness and
high welding speed were selected, resulting in nearly constant temperature distribution along
the thickness direction, i.e., parallel seam flanks, see Figure 5.5. Consequently, the crystals
grew predominantly in the horizontal direction. Therefore, the crystal axis determined
with the derived analytical expressions for two-dimensional columnar crystal growth can be
validated by comparing this to the crystals found in the horizontal section taken directly
underneath the top surface of the welded 316L steel sheets. As observed in Figure 6.5, all
crystals, highlighted in white, intersect the weld pool rear part, highlighted by the black
line, at an angle of 90◦. Moreover, both the length and the direction of solidification of the
calculated crystals agree well with the experimental observations.
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Figure 6.6: Comparison of the crystal axes, xcrystal (y), calculated for a weld pool rear part
approximated with elliptical functions (m = n = 2), and Lamé curves (m = 2,
n ̸= 2); "C" – start position of the crystal growth

In addition, the derived analytical expression for the crystal axis is verified by comparing
this to a known analytical solution for the special case of an ellipse-shaped weld pool rear
part, i.e., m = n = 2 [39]. Since the derived solution represents a general solution of the
two-dimensional solidification problem, this can be evaluated for an arbitrary combination of
shape parameters, except for n = 2, where the solution has a singularity, see Equation (5.19).
Therefore, it can be expected that the general solution must converge to the known solution
given in Equation (5.21) when m = 2 and n ≈ 2. In Figure 6.6, the calculated crystal
axes obtained for various combinations of m = 2 and n ̸= 2 are shown. For simplification,
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the half-width of the weld pool is set to b = 1 mm and the length of the weld pool rear
part to ar = 4 mm. However, the ratio ar/b = 3.33/0.87 ≈ 4 obtained for the laser beam
welded 316L steel sheets is preserved. By comparing the presented graphs, the crystal axis
calculated with the general solution for m = 2 and n = 1.99 is practically identical to the
solution obtained with elliptical functions, highlighted in red, thus confirming the plausibility
of the derived solution given in Equation (5.19). Moreover, it is seen that a slight variation
of the shape parameters, e.g., for n = 1.9 or n = 2.1, leads to adequate results, as these
bound the solution obtained for the special case m = n = 2. Considering bigger variations of
the shape parameters, however, e.g., n = 1.5 or n = 2.5, leads to rather significant changes
in the calculated crystal axis, and consequently, to different growth rates, and cross-sectional
areas, emphasizing once more the importance of the derived general analytical solutions.

Since the calculated three-dimensional crystal axes can not be validated by a direct
comparison to experimental results, the numerical procedure described in Section 5.5 is
verified by making use of the validated two-dimensional results presented above. For this
purpose, the crystal axis and the growth rate corresponding to the case of 2 mm thick laser
beam welded austenitic 316L steel sheets are computed once more using the developed
numerical procedure. Thereby, the distance, dx0, by which the solidification front is moved, is
iteratively reduced until the corresponding root-mean-square error (RMSE) of the difference
between the analytical and numerical results is sufficiently small for both the crystal axis and
the growth rate. The obtained results are illustrated in Figure 6.7, indicating that the RMSE
is relatively high for a step size bigger than 0.1 mm. Nevertheless, for small dx0 values, e.g.,
for dx0 = 0.01, the RMSE is approximately 1%. Hence, a step size of dx0 = 0.001 was used
in the computations, ensuring algorithm-independent and highly accurate results.

To further verify the developed numerical procedure, this was applied to compute crystal
axes corresponding to a steady-state solidification of a three-dimensional ellipse-shaped weld
pool rear part, see Figure 5.23. Notably, the half-width and the depth of the weld pool were
intentionally set equal, resulting in rotational symmetry around the x -axis. Consequently,
the calculated crystal axes must grow in different two-dimensional planes going through the
weld centerline on the top surface of the steel sheets. Furthermore, these must be identical,
independent on the position from where their growth starts, see Sections 4.3 and 5.5. In
other words, although the weld pool geometry is three-dimensional, due to the rotational
symmetry, the crystal axes must converge to the same point on the top surface, and have
the same shape and length. As seen in Figure 5.23, the former requirement is fulfilled and
all five crystal axes meet at the top surface. To compare the geometries of the crystal
axes, these were rotated around the x -axis until the corresponding two-dimensional planes in
which these grow coincided with the x − y plane, see Figure 6.8. A closer look at results
reveals that the computed crystal axes have identical shape and length, agreeing fully with
the theory and the assumptions made in Section 4.3. In addition to the rotational symmetry,
the weld pool half-width to rear part length ratio of 4, obtained for the austenitic 316L
steel sheets, was kept constant for all computations. Therefore, the numerically estimated
three-dimensional crystal axes, shown in Figure 5.23, must be identical to the analytically
calculated two-dimensional crystal axis seen Figure 6.6. This is confirmed by the comparison
depicted in Figure 6.8, and therefore is the validity of the developed solidification model.
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Figure 6.7: Root-mean-square error of the difference between the analytical and numerical
results of the crystal axis and the growth rate, calculated for an ellipse-shaped
weld pool rear part (ar = 4 mm, b = 1 mm), as a function of the step size, dx0
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6.1.4 Global Heat Conduction Simulation with an Equivalent Heat Source
In the following, the validation of the two-dimensional transient temperature distribution
obtained with the EHS, see Section 5.6, is presented. In Figure 6.9, the FZ of the 12 mm thick
laser beam welded S355J2+N steel sheets is exemplary compared to the solidus isotherms
predicted by the thermo-fluid dynamics model and extracted from the metallographic cross-
section, shown in Figure 5.7 and Figure 6.1, respectively. The comparison indicates that
there is a good correlation between the FZ defined by the EHS, i.e., the region where
the temperature equals the solidus temperature of the steel used, Tsol = 1700 K, and the
experimentally obtained and numerically determined solidus isotherms. Nonetheless, minor
deviations are found in the bottom region, where the EHS is slightly wider. These are caused
by the elemental approach employed in the model, i.e., the temperature of the element instead
of the corresponding nodes found by the EHS algorithm is set to the solidus temperature.
This means that even if a single node is detected as part of the EHS, the temperatures in
all nodes of the corresponding element are set to Tsol. Consequently, the algorithm tends
to overestimate the size of the approximated EHS by the length of two elements. The
second reason contributing to the deviations is the two-dimensional formulation of the heat
conduction problem, which results in slightly overestimated heat fluxes.

293
400 600 800 1000 1200 1400 1600

Tsol

Temperature T , K

t ≈ 190 ms Sim., see Figure 5.7

Exp., see Figure 6.1

Figure 6.9: Comparison of calculated fusion lines of the 12 mm thick S355J2+N steel sheets
using an equivalent heat source and the solidus isotherms extracted from the
weld pool simulation (green dashed line) and the metallographic cross-section
(white dashed line)

To validate the temporal evolution of the two-dimensional temperature field, the numerically
calculated and experimentally measured thermal cycles are compared in Figure 6.10. The
corresponding transversal distances of the measurement positions on the top and bottom
surfaces of the welded steel sheets to the weld centerline are given in Table 6.1. According
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to the obtained results, the 2D heat conduction simulation with the EHS captures well
the thermal history at both measurement positions and accurately predicts the maximum
temperatures. It is worth mentioning that there are small discrepancies between the
results in the later cooling stage. However, at this point in time, the temperature in the
bulging region lies below the theoretically lowest eutectic temperature of the Fe-S system
of approximately 988 ◦C (1261 K) [130] at which solidification cracking can occur [5], see
Section 5.6. Therefore, these do not influence the predictions made by the developed
multiphysics mathematical framework regarding the transient evolution of the stresses and
the microstructure in the bulging region, see Chapter 5.
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Figure 6.10: Comparison of calculated and experimentally obtained thermal cycles on the
top (A) and bottom (B) surfaces of the 12 mm thick S355J2+N steel sheets

A further comparison to the state-of-the-art methods of EHS modeling, see Chapter 2,
including the moving mesh approach proposed in [AJ1], and the boundary element method
described in [AJ9], reveals that the developed EHS based on the Lamé curves approximation
technique does not share their limitations. For example, the moving mesh approach is limited
to simpler piece-wise-linear welding trajectories. On the other hand, the boundary element
method has limited coupling options to other simulations, e.g., to the mechanical simulation.
In contrast, the developed EHS offers great flexibility, allowing to consider complex welding
trajectories, and to be coupled to both the metallurgical and the mechanical models. Hence,
the EHS developed in the present work represents the only method enabling the study of
the thermo-metallurgical and thermo-mechanical interactions, and thus the influence of the
bulging region on the three dominant factors controlling solidification cracking.
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6.2 Influence of the Bulging Region on the Thermal Factor

According to the current state of the art, the first critical condition for the formation of
solidification cracks is the presence of liquid metal regions at the final solidification stage.
This condition, as depicted in Figure 2.2, is directly determined by the thermal factor [5, 14,
26]. On the other hand, the change of the liquid metal distribution with time is governed
by the geometrical characteristics of the weld pool. Hence, solidification cracking can be
considered strongly dependent on the dimensions and shape of the steady-state weld pool
geometry. Accordingly, to estimate the influence of the bulging region on the thermal factor,
the liquid metal regions solidifying at the final solidification stage, have to be determined.
In the context of Chapter 5, the results obtained from both, the weld pool simulation, see
Section 5.3, and the two-dimensional transient heat conduction simulation with an EHS,
see Section 5.6, can be used to study this influence. For the following analysis, however,
the results from the weld pool simulation are preferred since these are three-dimensional
and include additional information from the interior of the weld pool, such as temperature
gradients and flow velocities of the liquid metal.

In Figure 6.11a, the three-dimensional steady-state weld pool geometry of the 12 mm thick
laser beam welded unalloyed S355J2+N steel sheets is shown. In addition, the corresponding
longitudinal section and three cross-sections, calculated with the thermo-fluid dynamics
model presented in Section 4.1, are given in Figure 6.11b and Figure 6.11c, respectively.
Thereby, the cross-sections represent three consecutive stages of the steady-state solidification
process of the weld pool. As depicted in the figures, a bulging region can be recognized in
both the cross-section and the longitudinal section. A closer look at the solid and liquid
metal regions in the different cross-sections, highlighted in gray and red, respectively, reveals
that as a consequence of the elongated top, bulging, and bottom regions, see Figure 6.11b,
the region of liquid metal seen in cross-section A-A separates into three isolated liquid
metal regions during the solidification process, see cross-section B-B in Figure 6.11c. As
solidification progresses, see cross-section C-C in Figure 6.11c, the dimensions of the three
regions containing liquid metal continue to decrease due to the narrowing of the weld pool
geometry at its rear end, see Figure 6.11a. This results in a non-uniform distribution of
isolated liquid metal, and hence an increased susceptibility to solidification cracking. The
numerically obtained results are supported by experimental measurements published in the
literature [12, 14], where the critical regions susceptible to solidification cracking are identified
to experience a local solidification delay, i.e., isolated liquid metal residing on the grain
boundaries and solidifying at last.

Based on the analysis of the steady-state solidification process of the three-dimensional
weld pool geometry presented above, the top, bulging, and bottom regions are regarded as
critical for the occurrence of solidification cracking. Thereby, the amount of liquid metal in
the bulging region decreases much faster than in the top and bottom regions, thus indicating
higher susceptibility to solidification cracking. However, since all three regions are isolated
and contain liquid metal at the final solidification stage, these are considered in the further
analysis of the influence of the bulging region on the metallurgical and mechanical factor,
discussed in the following sections.
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6.3 Influence of the Bulging Region on the Metallurgical Factor

The metallurgical factor represents the second part of the thermo-metallurgical interactions,
which determine the dwell time of the liquid film residing on the grain boundaries. In
the following, the main solidification parameters in the top, bulging, and bottom regions,
identified as critical in terms of the thermal factor, are analyzed to provide a qualitative
estimation of the influence of the bulging region on the metallurgical factor, and hence on
the local susceptibility to solidification cracking.

6.3.1 Dependence of the Dwell Time on the Columnar Crystal Axis

The influence of the three-dimensional crystal axes on the local solidus temperature, and thus
on the dwell time of the liquid film, is qualitatively estimated by making use of the results
obtained with the solidification model for the 12 mm thick laser beam welded unalloyed
S355J2+N steel sheets, see Section 5.5. Based on the calculated three-dimensional crystal
axes shown in Figures 5.24 to 5.26, schematic projections of several exemplary crystal axes
on the longitudinal section and the cross-section of the weld pool are drawn in Figure 6.12.
As observed in Figure 6.12a, due to the bulging region and the two narrow regions located
above and below it, the crystals growing in the three critical regions tend to converge into

12
m

m

Welding direction

BulgingBulging

Tsol Tsol

a) b)

Figure 6.12: Schematic projection of exemplary crystal axes growing in the three critical
regions susceptible to solidification cracking onto the a) longitudinal section
and b) cross-section of the weld pool
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small areas. In the top and bottom regions, the crystal axes converge toward the top and
bottom surfaces of the weld pool, respectively. In contrast, the crystal axes growing in the
bulging region converge to its center. Consequently, the accumulated impurities ahead of
the solidification front are pushed to the same area, further increasing the local impurity
concentration. As a result, the local dwell time increases, and so does the susceptibility
to solidification cracking. This finding is confirmed by recent experimental studies on
solidification cracking in LBW of thick unalloyed steel sheets published in [7, 15].

A closer look at the crystal axes illustrated in Figure 6.12b reveals another important
consequence of the widening of the solidus isotherm in the cross-section. At the beginning
of the solidification process, the crystals start growing from the cold seam flanks into the
weld pool in opposite directions to each other. As the solidification process advances, the
first dendrite tips coalesce where the distance between the seam flanks is smallest. However,
the distance between the seam flanks in the center of the bulging region is greater compared
to the corresponding distances above and below it. This can negatively influence the local
susceptibility to solidification cracking for two reasons. On the one hand, the crystals need a
longer time to reach the weld centerline, i.e., the dwell time of the liquid metal residing on
the grain boundaries increases. On the other hand, if solidification ends before the crystal
axes coalesce, i.e., locally the cooling rate is higher than the crystal growth rate, there will
be a void in the center of the bulging region, which may form or initiate the centerline crack,
as hypothesized in [13, 14].

6.3.2 Dependence of the Dwell Time on the Growth Rate and the
Cross-Sectional Area of the Columnar Crystal

With regard to the state of the art, the dwell time of the liquid metal is determined by the
non-uniform distribution of liquating elements, which in turn depends on the growth rate and
the cross-sectional area of the columnar crystal. Using the analytical solution derived in [78]
for the calculation of the impurity concentration, which assumes a constant growth rate and
cross-sectional area of the columnar crystal, i.e., dR/dt = 0 and dωcr/dt = 0, it can be shown
that the peak value and the width of the region of chemical inhomogeneity continuously
increase during the solidification process. However, after a short time, the concentration
of impurities ahead of the solidification front approaches its maximum represented by the
asymptotic value of 1/k, where k is the distribution coefficient defined as the ratio of
the concentration of impurity in the solidified melt to the concentration in the melt from
which it forms [130]. In this case, the equilibrium condition at the solidification front, i.e.,
equality of the chemical potentials of components in each phase, is fulfilled. In reality,
nonetheless, there is no equilibrium at the solidification front due to the varying growth rate
and cross-sectional area of the crystal [39]. Considering the case of an increasing growth
rate and a decreasing cross-sectional area of the crystal, i.e., dR/dt > 0 and dωcr/dt < 0,
for example, the impurity concentration ahead of the solidification front may exceed the
theoretical asymptotic value. Under these conditions, due to the growth rate acceleration,
more liquid metal will solidify, and thus, more impurities will be rejected into the weld pool.
On the other hand, due to the decreasing cross-sectional area of the columnar crystal, these
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impurities will be distributed over a smaller area, resulting in a further increase in the local
impurity concentration. Consequently, the dwell time of the liquid film residing on the
grain boundaries will drastically increase, leading to a corresponding increase in the local
susceptibility to solidification cracking [33, 38]. In addition, the steel becomes more brittle
as the concentration of impurities increases. This aspect is particularly critical for BCC
steels, such as the unalloyed S355J2+N steels studied here, which are ductile at elevated
temperatures, and thus considered more resistant to cracking in general.

In order to provide further insights into the influence of the bulging region on the dwell
time, the dependence of the growth rate and the cross-sectional area of the columnar crystal
on the dimensions and shape of the bulging region is studied by dimensionless analysis.

Dependence of the Growth Rate and the Cross-Sectional Area of the
Columnar Crystal on the Dimensions of the Bulging Region
Here, the dependence of the growth rate and the cross-sectional area of the columnar crystal
on the dimensions of the bulging region is analyzed by varying the dimensionless rear part
length to half-width ratio Λ = ar/b, as described in Section 5.5.5. Thereby, an elliptical
shape of the bulging region is assumed, i.e., m = n = 2. Concerning the results depicted
in Figure 5.27b and Figure 5.27c, it is evident that although the calculated solidification
parameters differ from each other, these show similar behavior. As seen in the figures, the
growth rate starts from zero at the fusion line (η = 1) and continues increasing as the
crystal axis grows, reaching its maximum value of ρ = 1 or R = |vweld| at the weld centerline
(η = 0), independently of the dimensions of the considered bulging region. Conversely, the
cross-sectional area starts from its initial maximum value ω = 1 at the fusion line (η = 1)
and decreases continuously until reaching its theoretical minimum value ω = 0 at the weld
centerline. Nevertheless, a closer look at the results shows that for small values of Λ, the
growth rate acceleration, dρ/dη, is highest near the fusion line, where the crystal axis is most
curved. In contrast, when the bulging region is elongated, e.g., Λ = 5, which corresponds
to the results obtained for the 12 mm thick laser beam welded S355J2+N steel sheets
(ar = 3.24 mm, b = 0.64 mm), see Figure 5.17, the growth rate acceleration increases near
the weld centerline. Furthermore, according to Figure 5.27c, for Λ = 0.2, the cross-sectional
area decreases faster near the fusion line, whereas for Λ = 5, it remains nearly constant
and starts decreasing close to the weld centerline at the end stage of the solidification
process. Therefore, an elongated bulging region is expected to have a negative effect on the
susceptibility to centerline solidification cracking.

Dependence of the Growth Rate and the Cross-Sectional Area of the
Columnar Crystal on the Shape of the Bulging Region
In the following, the dependence of the growth rate and the cross-sectional area of the
columnar crystal on the shape of the bulging region is analyzed by varying the parameters
m and n of the Lamé curve approximating it, see Section 5.4. As shown in the previous
section, due to its dimensions (ar = 3.24 mm, b = 0.64 mm) the numerically estimated
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bulging region is regarded as critical for the occurrence of solidification cracking. Hence,
the dimensionless rear part length to half-width ratio of Λ = 5 is kept constant for the
subsequent analysis. In Figure 5.28a, the bulging region calculated for different m and
n values is represented by the dimensionless coordinates ξ and η. Thereby, the shape of
the bulging region recognized in the calculated three-dimensional weld pool geometry, see
Section 5.3, is considered as well. This is approximated with the shape parameters m = 1.21
and n = 1.94, see Figure 5.17, and represented in Figure 5.28 by dark blue curves. The
analysis of the results illustrated in Figure 5.28c and Figure 5.28d suggests that the shape
of the bulging region has a strong influence on the growth rate and the cross-sectional
area of the columnar crystal. The comparison of the graphs indicates that a bulging region
of a round shape, e.g., m = n = 2.5, results in a smoother acceleration of the growth
rate and a smoother decrease in the cross-sectional area along the crystal axis. Conversely,
a bulging region of a sharp shape, i.e., m and n close to 1, results in a much stronger
acceleration of the growth rate and a decrease in the cross-sectional area near the weld
centerline. Therefore, it can be suggested that a bulging region of a sharp shape significantly
increases the susceptibility to centerline solidification cracking.

6.4 Influence of the Bulging Region on the Mechanical Factor

The mechanical factor represents the second part of the thermo-mechanical interactions
determining the strains and stresses acting on the liquid film residing on the grain boundaries
in the critical liquid metal regions at the final solidification stage. As demonstrated and
discussed in Sections 6.2 and 6.3, the bulging region negatively influences the susceptibility
of the laser beam welded steel sheets to solidification cracking by resulting in isolated
liquid metal regions of extended dwell time. Nonetheless, there are many experimental and
numerical studies available in the literature suggesting that the presence of isolated liquid
metal regions at the final solidification stage is not a sufficient condition for the formation of
solidification cracks [13, 14]. According to [5, 6], solidification cracking is rather much more
the consequence of isolated liquid metal regions subjected to sufficiently high tensile strain.
Here, the analysis of the influence of the bulging region on the mechanical factor is based
on the localized stress, i.e., locations where the stresses experience significant increases.
Generally, both the localized strain and the localized stress can be used for the analysis.
Considering the two-dimensional plane strain formulation of the mechanical problem used in
the developed mathematical framework and the high thickness of the welded steel sheets,
however, the stress is preferred as the evaluation variable.

In reference to the above discussions and the fact that all solidification cracks observed
in the present work occurred in the bulging region, it can be assumed that only the liquid
metal in the center of the bulging region is subjected to sufficiently high tensile stress for the
centerline crack to form. This assumption is confirmed by the results presented in Figure 5.35.
According to the figure, no stress develops as long as the temperature in the bulging region
equals the solidus temperature of the unalloyed S355J2+N steel sheets, Tsol = 1700 K.
During this heating stage (t ≤ 235 ms), the temperature in the weld region rises from the
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room temperature to the solidus temperature leading to the expansion of the weld volume.
This expansion is restrained by the base metal and the additional clamping of the specimen,
see Section 5.7, causing compressive stresses in the surrounding solid metal. However, once
the temperature decreases below the solidus temperature (t > 235 ms), the weld volume
starts shrinking and tensile stresses develop in all three spatial directions simultaneously. Due
to the low material strength in the high-temperature range, as described in Section 4.6.2,
the presence of a highly triaxial stress state in the grain boundaries, where a thin liquid film
resides during the final stages of solidification, can be considered critical for the occurrence
of solidification cracking in high power LBW of thick steel components [5, 6, 36]. By looking
at the temperature fields shown in Section 5.6, it can be recognized that the tensile stresses
acting in the center of the bulging region are due to the surrounding colder metal, which
hinders the thermal shrinking of the weld metal therein [106, 141]. According to Figure 5.35,
at t ≈ 350 ms the local temperature in the center of the bulging region is close to the
theoretically lowest solidus temperature of the Fe-S system, i.e., the eutectic temperature
of 988 ◦C (1261 K) [130], at which solidification cracking can occur [5]. The corresponding
values of the numerically estimated stresses at this point in time are approximately 51 MPa,
49 MPa, and 27 MPa for the transversal, vertical, and horizontal stress, respectively, with
the assumed theoretical yield strength of the material being around 25 MPa. Although the
localized horizontal stress is lower in magnitude than the transversal and vertical stresses, this
is considered to be the stress component causing the centerline solidification cracking in the
bulging region. The reason for this is that the horizontal stress acts in the opposite direction
to the growth direction of the crystals axes, as indicated in the metallographic cross-section
shown on the left-hand side in Figure 5.35, and thus possibly leads to the rupture of the
liquid film residing on the grain boundaries. Furthermore, by analyzing the stress evolution
at the critical top and bottom surfaces with time, see Figures 5.36 and 5.37, the above
assumption stating that the absence of solidification cracks in these regions is due to the
absence of tensile stress can be confirmed. According to the graphs, at the points in time
corresponding to the beginning of the solidification process in the top and bottom regions (at
approximately t ≈ 250 ms), slight transversal and horizontal tensile stresses develop on both
surfaces. Nevertheless, as the solidification process continues, the transversal stress turns
into compressive stress, and the horizontal stress slowly decreases, converging to zero at the
point in time when the temperature is close to the eutectic temperature (at t ≈ 400 ms).

The obtained results suggest that the bulging region is the only weld pool region in which
the critical conditions required for solidification cracking to occur, namely the presence of an
isolated liquid film of extended dwell time subjected to sufficiently high tensile stress acting in
the opposite direction to the growth direction of the crystals, are fulfilled. It is important to
note that the tendency of the obtained results indicating increasing tensile stress in the center
of the bulging region during solidification agrees well with numerical computations performed
for similar welding conditions and materials [6]. Nonetheless, the predicted maximum values
of the stresses at the point in time corresponding to the eutectic temperature are about
30% to 50% lower in the present analysis. These differences may arise for several reasons.
On the one hand, in the developed mathematical framework, the temperature at which the
liquid material starts solidifying is set to the solidus temperature rather than to the liquidus
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temperature of the material, which is used in [6] instead. This results in longer solidification
times, and thus higher stresses, as indicated by the results discussed above. Moreover,
according to Sections 4.4 and 5.6, using the isothermal surface of the solidus temperature
as a three-dimensional EHS in the two-dimensional transient heat conduction simulation
provides higher accuracy. This approach automatically accounts for the influence of the
latent heat of solidification on the temperature field, which directly affects the accuracy
of the subsequent mechanical simulation applying the calculated temperature field as a
transient thermal load. A further reason for the lower values predicted by the mechanical
model is the very fine mesh size of 0.03 mm used for the spatial discretization of the FZ
and the HAZ. From a numerical point of view, coarse mesh elements are stiffer, leading
to overestimation of the predicted stress [106, 141]. In addition, it should be mentioned
that often the discrepancies between the numerically obtained results are due to different
values of the material properties used in the simulations, e.g., Young’s modulus, or due to
simplifications, e.g., reduction of the real size of the steel sheet by replacing part of the base
metal by theoretically equivalent spring elements, as done in [6]. Therefore, the complete
length of the laser beam welded steel sheets was accounted for in the current model.

6.5 Centerline Solidification Cracking in Terms of the Bulging Region

With respect to the literature review, the formation of solidification cracks is governed by
the complex interactions of the thermal, metallurgical, and mechanical factors. Thereby, the
thermo-metallurgical interactions determine the local solidification microstructure, whereas
the thermo-mechanical interactions determine the local strains and stresses. Nonetheless,
most of the published theories and experimental methods developed to assess the critical con-
ditions required for a solidification crack to occur are focused either on thermo-metallurgical
or thermo-mechanical interactions. Moreover, to the best of the author’s knowledge, the
influence of the bulging region on the local susceptibility to solidification cracking has not
been explicitly studied yet. Therefore, based on the results obtained in the present work,
see Chapter 5, as well as the corresponding analysis and discussion of these, presented in
Sections 6.2 to 6.4, two possible mechanisms for the formation of centerline solidification
cracking in terms of the bulging region are proposed.

The first mechanism is related to the crystal growth in the bulging region. As discussed at
the end of Section 6.3.1 and illustrated in Figure 6.13, the numerically estimated columnar
crystal axes growing in the horizontal section through the center of the bulging region need
a longer time to reach the weld centerline due to the widening of the FZ. Hence, considering
the high cooling rates on the order of 103 K s−1, see Sections 5.2, 5.3 and 5.6, which are
typical for LBW of thick steel components, it is reasonable to assume that when locally
the cooling rate is higher than the crystal growth rate, the dendrite tips do not coalesce
at all, thus possibly leading to the formation or initiation of the centerline solidification
crack, as hypothesized in [13, 14]. Indeed, if this assumption is correct, it can be expected
that the weld fracture surfaces will be smooth, the dendrites regularly arranged, and the
dendrite tips free of deformation. These expectations are confirmed by experimental studies
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on solidification cracking in laser beam and hybrid welding of thick unalloyed steel sheets.
Thereby, the centerline solidification cracks observed in the experiments were fracture opened,
and their surfaces were examined with a SEM, showing that the surfaces of the cracks are
predominantly smooth and the dendrite tips well-rounded [7].

Tensile stress Tensile stress

Growth directon of
the crystals

Liquid
Solid

Figure 6.13: Schematic of centerline solidification cracking in the bulging region during deep
penetration laser beam welding of low-alloyed and unalloyed steels

In [7], it was also discovered that the contours of the corresponding crack surfaces fit well
together, suggesting that only a thin liquid film separated these during cracking and that the
centerline crack formed at the final solidification stage. Furthermore, bridges of solid metal
were discovered at the boundary between the fracture surfaces and the centerline crack,
indicating that the faces of the crack have moved apart from each other during solidification.
Since these experimental findings correlate well with the numerical results of the present
work, the second formation mechanism is related to the rupture of the liquid film residing
on the grain boundaries in the bulging region by localized tensile stresses, as schematically
illustrated in Figure 6.13. However, as described in Section 5.7, at the last point in time at
which liquid metal is found in the bulging region, the stresses in or around the bulging, and
thus the cracking region, are nearly zero. Moreover, even when considering the theoretically
lowest eutectic temperature of the Fe-S system at which solidification cracking can occur,
the tensile stress in the center of the bulging region acting opposite to the growth direction
of the crystals, increases to only 27 MPa. The interpretation of these results can be twofold.
On the one hand, the results suggest that centerline solidification cracking may be caused
by much lower tensile forces than previously reported [6]. On the other hand, if this is not
the case, a sufficient increase in the local dwell time of the liquid film residing on the grain
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boundaries is required to allow the tensile force to increase to a critical value leading to the
rupture of the liquid film. Hence, considering that the laser beam welded S355J2+N steel
sheets contain very low amount of impurities, see Table 3.1, it can be suggested that the
segregation process may play a more decisive role in the formation of solidification cracks
in deep penetration high power LBW of low-alloyed and unalloyed steel components than
generally acknowledged.

Based on the experimental and theoretical results, along with their corresponding discus-
sions presented in the previous chapters and sections, it can be concluded that the bulging
region negatively influences all three dominant factors, and thus contributes to solidification
cracking by leading to:

• The presence of liquid metal in the region where the centerline solidification cracks
occurred in the laser beam welded steel sheets.

• A predominant crystal growth into the center of the bulging region, accompanied by
an increasing growth rate and a decreasing cross-sectional area of the columnar crystal
near the weld centerline, as a result of which the dwell time of the liquid film residing
on the grain boundaries increases.

• Highly localized tensile stresses, acting opposite to the growth direction of the crystal
axes, in the cracking region.
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The present work deals with the methodical experimental and theoretical analysis of the
bulging-cracking relationship in LBW of thick unalloyed steel sheets. Thereby, the focus is on
the experimental proof of the existence of the bulging region as well as on the development
of a coupled multiphysics mathematical framework allowing to study the influence of the
bulging region on the three dominant factors controlling the susceptibility to solidification
cracking, namely, the thermal, metallurgical, and mechanical factor.

The experimental inaccessibility of the LBW process was overcome by utilizing a butt
joint configuration of a transparent quartz glass and a 12 mm thick S355J2+N steel sheet.
This allowed the real-time recording of the geometrical characteristics of the liquid metal
distribution in the longitudinal section by an infrared, a thermal, and a high-speed camera.
The high-speed camera observations showed that the weld pool is elongated near the top
and bottom surfaces of the steel sheet. Furthermore, a bulging region was observed, located
directly behind the keyhole at approximately half of the sheet thickness. This region was
separated from the elongated top and bottom regions by two narrow regions, and its location
along the thickness direction varied slightly during the LBW process. Moreover, based on
the recordings of the infrared and the thermal camera, it was discovered that the bulging
region observed behind the keyhole influences the temperature distribution in the longitudinal
section, leading to the bulging of the isotherms of lower temperatures located behind it,
including the solidus isotherm, which defines the weld pool geometry.

Due to the experimental limitations, including the unknown and hardly determinable
influence of the quartz glass plate on the observed weld pool geometry and liquid metal flow
therein, a coupled multiphysics mathematical framework comprising a series of subsequent
analyses was developed to provide further insights into the influence of the bulging region
on the three dominant factors. The framework consists of two simulation chains designed
for the methodical study of the thermo-metallurgical and thermo-mechanical interactions,
respectively. The first model is a thermo-fluid dynamics model, which aims at the phe-
nomenological reproduction of the experimentally observed geometrical characteristics of the
weld pool. Thereby, a fixed keyhole geometry was adapted as an EHS. Moreover, to account
for the effects of the focal position and the multiple reflections on the energy absorption,
which are assumed to be decisive for the formation of a bulging region, the horizontal
cross-sectional area of the keyhole in the middle of the steel sheet was slightly increased.
This influences the numerically estimated dimensions and shape of the weld pool since the
surface of the keyhole is assumed to be impermeable to heat and mass flow, and thus acts
as an obstacle to the liquid metal flow in the weld pool. Consequently, the liquid metal
flows around the keyhole surface, where it is accelerated to the rear weld pool boundary,
resulting in the elongation and widening of the weld pool geometry, i.e., a bulging region.
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The phenomenologically reproduced weld pool geometry was validated by comparing the
predicted FZ and temperature evolution with time at different locations to experimental
measurements. Once validated, the weld pool geometry was used to estimate the influence
of the bulging region on the thermal factor, i.e., the presence of liquid film at the grain
boundaries at the final solidification stage, which is the first condition for the formation
of solidification cracks. Therefore, the estimated weld pool geometry was moved through
a plane orthogonal to the welding direction at the welding speed, and the liquid metal
distribution in the plane was analyzed. It was found that due to the complex geometry of
the weld pool rear part, the two narrow regions located above and below the bulging region
solidify earlier, so that liquid metal remains only in the elongated top, bulging, and bottom
regions. As solidification progresses, the amount of liquid metal in these regions decreases
further, indicating a local increase in the susceptibility to solidification cracking.

Concerning the three critical regions of increased cracking susceptibility in terms of the
thermal factor, the first simulation chain was designed to study the influence of the bulging
region on the metallurgical factor, i.e., the local decrease in the solidus temperature (up
to the theoretically lowest solidus temperature at which solidification cracking can occur,
i.e., the eutectic temperature of 988 ◦C (1261 K) of the Fe-S system), caused by the rise of
the impurity concentration due to segregation. In the first step, the three-dimensional weld
pool geometry was mathematically described with a single expression using the proposed
Lamé curves approximation technique. Subsequently, this was applied as an input parameter
for the solidification model, assuming that the crystals grow along the local temperature
gradient, following the solidification front and not intersecting each other. The solidification
model comprises two methods for calculating the three main solidification parameters: the
crystal axis, the growth rate, and the corresponding cross-sectional area of the columnar
crystal. The first method represents a general analytical solution derived for the case of
two-dimensional columnar crystal growth, as observed on the top and bottom surfaces of the
2 mm thick laser beam welded austenitic 316L sheets and in the horizontal plane through
the center of the bulging region. In contrast, the second method represents a general
numerical procedure that allows considering an arbitrary weld pool geometry and calculating
the main solidification parameters in the cases of two-dimensional and three-dimensional
columnar crystal growth. Nonetheless, the measurement and visualization of a crystal of
a complex three-dimensional shape are rather experimentally challenging. Therefore, the
obtained analytical and numerical results were validated using two-dimensional metallographic
macro sections extracted from the thin 316L steel sheets with predominant solidification in
the horizontal plane. Moreover, the numerical procedure was verified by reproducing the
validated two-dimensional results obtained with the analytical solutions and by a specially
designed three-dimensional benchmark case. According to the simulation results, due to
the bulging region and the two narrow regions located above and below it, the columnar
crystals growing in the three critical regions converge into the top and bottom surfaces
of the welded steel sheets, as well as into the center of the bulging region. Thereby, the
accumulated impurities ahead of the solidification front are pushed together, leading to
a further increase in the impurity concentration at these locations. As a result, the local
solidus temperature decreases, i.e., the dwell time of the liquid film residing on the grain
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boundaries increases, and therewith decreases also the resistivity of the processed material to
solidification cracking. Furthermore, it was found that the greater distance between the seam
flanks in the center of the bulging region has a negative influence on the local susceptibility
to solidification cracking. Assuming that the crystals growing from the cold seam flanks into
the weld pool in opposite directions to each other reach the weld centerline, i.e., the dendrite
tips coalesce, the greater distance leads to a longer dwell time of the liquid metal residing
on the grain boundaries, thus increasing the local susceptibility to solidification cracking.
However, when the case in which the crystals do not reach the weld centerline is considered,
which means that locally the cooling rates are higher than the crystal growth rate, the
dendrite tips do not coalesce at all, leaving a void in the center of the bulging region, which
may form or initiate the crack. Additionally, the influence of the dimensions and shape of
the bulging region on the growth rate and the cross-sectional area of the columnar crystals
was studied by dimensionless analysis. It was shown that the more elongated (high rear part
length to half-width ratio) and sharper the bulging region, the lower the local resistivity to
cracking. On the one hand, such geometry of the bulging region leads to higher growth rate
acceleration near the weld centerline. Consequently, more liquid metal solidifies, and thus a
higher amount of impurities is rejected into the liquid metal at the final solidification stage.
On the other hand, it leads to a faster decrease in the cross-sectional area of the columnar
crystal near the weld centerline. As a result, the higher amount of rejected impurities is
distributed over a smaller area ahead of the solidification front, leading to an increase in the
local impurity concentration, adversely affecting the susceptibility to solidification cracking
in the bulging region.

The second simulation chain was applied to study the influence of the bulging region
on the mechanical factor, i.e., the local and global strains and stresses in the three liquid
metal regions identified as critical in terms of the thermal and material factors. Since all
solidification cracks observed in the laser beam welded S355J2+N steel sheets were centerline
cracks located in the middle of the bulging region, it was assumed that the remaining liquid
metal in this region has to be subjected to sufficiently high tensile stress acting in the opposite
direction to the growth direction of the crystals axes to cause the rupture of the liquid film
residing on the grain boundaries, and thus the formation of a centerline crack. In contrast,
such stresses were not expected to develop in the top and bottom regions as no cracks
were found there. Therefore, a two-dimensional mechanical model was used to estimate the
localized transversal stresses acting on the liquid metal in the critical regions. The transient
thermal load for the mechanical simulation was computed with a two-dimensional heat
conduction model in which the computational domain was defined as a plane orthogonal
to the welding direction. Moreover, the approximated weld pool geometry was adapted as
an EHS, thus considering the influence of the bulging region on the temperature evolution.
The temperature distribution was calculated by moving the weld pool geometry through
the plane at the welding speed and assigning the solidus temperature to all mesh elements
located within the weld pool or on its surface, ensuring an equivalent heat input. According
to the results, the bulging region is the only critical region subjected to localized transversal
tensile stresses. In addition, it was also found that the stress state in the bulging region at
the final solidification stage is triaxial, and all stress components are tensile. Consequently,
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7 Summary

the stress level acting on the liquid film can only be partially relieved by yielding, significantly
increasing the probability for a solidification crack to occur.

To summarize, the main contributions of the present research are the following:

• A specially designed experimental set up was successfully utilized for the real-time
recording of the bulging region.

• An approximation technique based on Lamé curves has been developed, allowing an
arbitrary three-dimensional weld pool geometry, including geometrical particularities
such as the bulging region, to be described with a single analytical expression.

• General analytical solutions and a numerical procedure have been derived and developed,
respectively, to enable the calculation of the main solidification parameters, namely,
the crystal axis, the growth rate, and the cross-sectional area of the columnar crystal.
Both methods use the weld pool geometry approximated with Lamé curves as an
input parameter, and thus consider the one-way coupling of the process and material
simulation, i.e., the thermo-metallurgical interactions.

• A numerical method based on the Lamé curves approximation technique has been
proposed and used to one-way couple the physical domains of the process and structure
simulation, i.e., to account for the thermo-mechanical interactions, by applying the
calculated weld pool geometry as a three-dimensional EHS.

• All experimental, analytical, and numerical results obtained in this thesis indicate that
an elongated bulging region of a sharp shape negatively influences the three dominant
factors controlling the cracking behavior of the processed material, namely the thermal,
metallurgical, and mechanical factors. Therefore, the bulging region of the weld pool
is considered highly susceptible to solidification cracking.
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Nomenclature

Abbreviations

Abbreviation Meaning

BCC Body-Centered Cubic
DFG Deutsche Forschungsgemeinschaft
EBW Electron Beam Welding
EHS Equivalent Heat Source
FCC Face-Centered Cubic
FZ Fusion Zone

HAZ Heat Affected Zone
HPC High-Performance Computing
laser Light Amplification by Stimulated Emission of

Radiation
LBW Laser Beam Welding

MWIR Medium Wavelength Infrared
Nd:YAG Neodymium Doped Yttrium Aluminum Garnet

PDE Partial Differential Equation
RMSE Root-Mean-Square Error
SEM Scanning Electron Microscope

SSPTs Solid-State Phase Transformations
VIS Visible Light Spectrum

wt. % Weight Percent
Yb:YAG Ytterbium Doped Yttrium Aluminum Garnet
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Nomenclature

Greek letters

Symbol Meaning Unit

α Angle between G and the welding direction;
ferrite

°

β Volumetric thermal expansion coefficient K−1

β′ Mean linear thermal expansion coefficient K−1

γ Austenite
γ′ Surface tension of the Fe-S system N m−1

ϵ Turbulent dissipation rate m2 s−3

Cϵ1 Turbulent model constant m2 s−3

Cϵ2 Turbulent model constant m2 s−3

εel Elastic strain
εpl Plastic strain
εth Thermal strain
εtr Transformation strain
εtot Total strain
η Dynamic viscosity; Dimensionless y -coordinate Pa s

ηturb Turbulent viscosity Pa s
Cη Turbulent model constant m2 s−3

κ Turbulent kinetic energy m2 s−2

λ Thermal conductivity W m−1 K−1

λeff Effective thermal conductivity W m−1 K−1

λturb Turbulent thermal conductivity W m−1 K−1

Λ Dimensionless rear part length to half-width
ratio of the weld pool

ξ Dimensionless x -coordinate
ρ Mass density; Dimensionless growth rate kg m−3

ρhc Mass density for heat conduction computations kg m−3

ρliq Mass density at liquidus temperature kg m−3

σ Cauchy stress tensor N m−2

σϵ Turbulent model constant m2 s−3

124



Nomenclature

σκ Turbulent model constant m2 s−3

ϕ (x , xc, y , z) Family of Lamé curves
ϕ′

x , ϕ′
y , ϕ′

z Partial derivatives of ϕ (x , xc, y , z)
ω Dimensionless cross-sectional area of the

columnar crystal

Latin letters

Symbol Meaning Unit

ar,f Semi-major axes of the rear and front Lamé
curves

m

A1 Austenitization starting temperature K
A3 Austenitization ending temperature K

ABC Melting trajectory
b Weld pool half-width; semi-minor axis of the

Lamé curves
m

c0, ... , cj Constant coefficients
c1 Model constant kg m−3 s−1

c2 Model constant
C Location from which the crystal starts growing

CDE Solidification trajectory
Cnew Intersection point of the crystal and the solidi-

fication front
CO2 Carbon dioxide
C0

p Heat capacity J kg−1 K−1

C app
p Apparent heat capacity J kg−1 K−1

Cmoved Projection of C onto the y − z plane
dl Infinitesimal change of the crystal axis in length m
dt Infinitesimal time interval s
dx0 Distance by which the solidification front is

moved per time step
m

∆t8/5 Cooling time from 800 °C to 500 °C s
∆T Temperature increment K
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Nomenclature

E Young’s modulus N m−2

fL Liquid fraction
fV Body force per unit deformed volume N m−3

F Momentum source term N m−3

F , f Functions
Fe Iron
g Gravity acceleration vector m s−2

G Temperature gradient K m−1

h Height; thickness m; m
Hf Latent heat of solidification of pure iron J kg−1

I Identity matrix
j Index variable
k Index variable; distribution coefficient
K Total number of levels
l Index variable; crystal axis

ldim Dimensionless crystal axis
lT Turbulent intensity
LT Turbulent length scale m
Ltot Total number of data points
mr,f Shape parameter of the rear and front Lamé

curves
Ms Martensite start temperature K
n Inward unit normal vector

nr,f Shape parameter of the rear and front Lamé
curves

O Oxygen
p0 Ambient pressure N m−2

p Fluid pressure N m−2

P Incident laser power kW
P Phosphorus
Pκ Turbulent production term m2 s−3

Prturb Turbulent Prandtl number
q Heat flux W m−2

R Crystal growth rate m s−1
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Nomenclature

R2D Crystal growth rate in 2D m s−1

R3D Crystal growth rate in 3D m s−1

S Sulfur
⊤ Transpose of a matrix
T0 Ambient temperature K
T Temperature K

Tev Evaporation temperature K
Tliq Liquidus temperature K

Tmelt Melting temperature K
Tpeak Peak temperature K
Tsol Solidus temperature K
u Fluid velocity vector; displacement vector m s−1; m

ux , uy , uz Fluid velocity vector components; displace-
ment vector components

m s−1; m

vweld Welding speed vector m s−1

vweldx , vweldy , vweldz Welding speed vector components m s−1

wk Weighting factor
wl Weighting factor

x , y , z Global spatial coordinates m
xc x -coordinate of the center of the Lamé curves m

xcrystal, ycrystal , zcrystal Coordinates of the crystal axis m
xC, yC, zC Coordinates of the point C from which the

crystal starts growing
m

xLamé, yLamé, zLamé Coordinates along the Lamé curves m
X , Y , Z Coordinates of the new intersection point Cnew m
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