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Abstract
Purpose The purpose of this article is to check if and how hammer experiments can be applied to the prediction of railway 
vibration.
Methods The propagation of ground vibrations is theoretically analysed with frequency-wavenumber and simplified methods. 
Experimental methods are presented which can characterise the site-specific ground vibrations by wave velocities, stiffness 
and damping. Measurements with hammer and train excitation have been performed at several sites.
Results  The one-third octave spectra show the stiffness-dependent amplitudes and the low- and high-frequency filter effects 
due to the layering and the damping of the soil. Specific train effects, an additional high-frequency filter, the sleeper passage 
frequency, and an amplified mid-frequency component can be clearly found. The attenuation with distance is analysed in 
detail where the theoretical exponential and the empirical frequency-dependent power law are considered. Hammer and train 
excitation show the same site-specific effects which are mainly due to the stronger or weaker damping of the soil. The train 
attenuation is generally weaker than the hammer attenuation. The attenuation exponent of the power law, which is strongly 
dependent on the site and the frequency, is reduced for the train vibration by 0.3–0.5 in agreement with the theory. Reasons 
are discussed for the overall power law and for the dominating mid-frequency component.
Conclusion Therefore, it can be concluded that hammer experiments can well be used for the prediction of train vibrations.

Keywords Hammer impact · Train passage · Layered soil · Attenuation · Filter effects · Randomly heterogeneous soil · 
Scattering

Introduction

Train-induced vibration can be annoying for inhabitants of 
nearby buildings. The prediction of these vibrations for a new 
railway line is based on measurements as far as possible. The 
vibrations from train excitation can be measured at a different 
site, but they cannot be directly used for the construction site. 
The soils at different sites have a strong influence on the ampli-
tudes as well as on the frequency content of the vibration. At 
the construction site, measurements with artificial sources can 
be performed [37]. Besides of heavy mass drops [18, 38], small 

and big vibrators [23, 25, 45], also hammer impacts can be used 
which are the most simple and practical experiments [5]. Ham-
mer impacts are completely different to the train excitation. The 
hammer impact is an impulse load and not a quasi-stationary 
load as for the train passage, it is a fixed point load and not 
a moving line of many axle loads, and it generates consider-
ably lower amplitudes than the passing train. Therefore it is 
an important question if and how hammer experiments can be 
applied to the prediction of railway vibrations.

The prediction and analysis of train-induced vibrations is 
usually based on the theory of (visco-) elastic wave propaga-
tion. The soil (an infinite half-space) can be modelled by finite 
element systems which need special boundaries, see for example 
Yang et al. [50], Bayzar and Song [16]. The infinity of the soil 
is already included in the boundary element method [42], most 
simply by the Green’s functions of the layered soil [6]. The most 
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straight-forward method is the calculation in frequency-wave-
number domain where the differential equations for each soil 
layer are solved algebraically by matrix methods [5, 26, 31, 47, 
49]. The response in the space domain, however, must be calcu-
lated by infinite integrals over the wavenumber domain. Some 
methods use the wavenumber technique along the track and the 
finite element method across the track, profiting from either the 
homogeneity or the periodicity along the track [22, 46].

Whatever method is used, the numerical calculations need 
appropriate parameters which hold for the prediction site. 
These parameters should be established from experiments at 
the site. The most important parameter is the wave velocity 
of the soil which is closely related to the stiffness of the soil. 
It can be directly evaluated from the arrival times in a seis-
mogram plot. Advanced methods like SASW [39], MASW 
[10, 41], FK [17], and SPAC [1] have been developed to 
determine the dispersion in case of a layered soil with a 
frequency-dependent Rayleigh wave velocity. Layered soil 
models can be identified from the dispersion curves [36, 42] 
or from transfer functions [14] Auersch and Said [10].

Experimental investigations on train-induced ground vibra-
tion have often been done for a single site or train-track situation 
to verify the numerical method [2, 24, 30, 42]. Experimental 
campaigns with more variations to establish certain rules can 
be found for different train speeds [20], different trains [34], dif-
ferent tracks [36] and from the author, and quite often for miti-
gation measures, for example in the European project RIVAS 
[35]. Systematic measurement campaigns with different sites 
and soils are quite rare [3, 5, 11, 19, 44, 48].

Experimental results for the attenuation of the amplitudes 
with distance can often be found for the maxima of time his-
tories, for example Auersch and Said [10], Bahrekazemi [15],  
Kim and Lee [32]. The frequency-dependent attenuation has 
been studied in Hölzl and Fischer [28] and in Haupt [27]. Theo-
retical studies about the attenuation can be found in Colombero 
et al. [18] for the maxima and in Mussat et al. [38] for the fre-
quency-dependent exponential and power law. The attenuation 
is strongly related to the damping of the soil. Therefore, finite-
element calculations with the non-realistic Rayleigh damping, 
for example Kacimi et al. [21], are not helpful.

The present article is an extended version of the conference 
contribution [13] where the discussions on the conference moti-
vated some extensions about the experimental methods and the 
experimental results. The structure of the article is as follows 
where the additional parts are marked with an asterisk *. The 
theoretical methods in frequency-wavenumber domain and 
their approximations are explained in “Theoretical methods”*. 
Some experimental methods to characterise the soil at the spe-
cific site are given in “Experimental methods”*. The measure-
ments are briefly presented in “Measurements of hammer- and 
train-induced ground vibrations”. The measurement results 
for the attenuation are analysed in “Measurements results for 
the attenuation” while the measurement results for the transfer 

functions and spectra follow in “Measurement results for the 
spectra and transfer functions” where more measurement sites 
have been added in the present article. Some special (mid-fre-
quency) observations about the attenuation and the spectra of 
the railway-induced vibrations are discussed in “Discussion of 
the empirical power law and the special mid-frequency compo-
nent”* and “Conclusion” provide the conclusions.

Theoretical Methods

Wave Propagation in Frequency‑Wavenumber 
Domain

The wave propagation in a layered soil is solved in fre-
quency-wavenumber (f, k) domain. The compliance Czz(f, k) 
of the layered soil due to wave excitation is calculated with 
matrix methods, see Haskell [26], Kausel and Roesset [31], 
Auersch [5] and Auersch and Said [10]. The response v of 
the soil to a harmonic point-load excitation F at a distance r 
is calculated numerically by the wavenumber integral

where  J0 is the Bessel function and Czz(f, k) is the vertical 
compliance of the soil in frequency-wavenumber domain.

Exact and Approximate Wave Velocities (Dispersion)

The wave velocity of the layered soil can be obtained by the 
maximum of the integrand, the compliance Czz(f, k). The 
wave velocity depends on the frequency as the layered soil 
is generally dispersive.

There is a faster alternative to get the approximate disper-
sion of the soil which has been derived from many examples 
of exact dispersion results. It is based on the approximated 
dispersion of a layer of height h1 on a stiffer half-space with 
the wave velocities vR1 and vR2

which is extended to a multi-layered situation. A correction 
for each layer is added to the wave speed vR1 of the top layer
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hi is the depth where the layer i ends. For very low frequen-
cies, the wave speed of the underlying half-space can be 
reached.

Exact and Approximate Point‑Load Solutions 
for Homogeneous and Layered Soils

The infinite wavenumber integral (1) can be approximated 
by a special method, the dispersal soil method [9], which is 
based on the two asymptotes for the transfer function of the 
homogeneous soil [33]

with G the shear modulus, ν the Poisson ratio, D the damp-
ing, and vS the shear wave velocity of the soil. The asymp-
totes (4) consist of a power law

or

and of an exponential factor

(4)

v

F
(r, f ) =
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Gr
exp(−2𝜋Dr∗)

�
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∗

√
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fr
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(5)A ∼ r−1 for the nearfield
(
r ∗< r0 ∗

)

(6)A ∼ r−0.5 for the farfield
(
r ∗< r0 ∗

)

due to the material damping of the soil. In case of a lay-
ered soil, the same asymptotes of a homogeneous soil have 
been used but with a frequency-dependent stiffness and 
wave velocity according to the dispersion relation (2) and 
(3). The asymptotic expressions for the dispersion and the 
transfer function yield a fast prediction in a good quality by 
avoiding lengthy calculations in wavenumber domain, see 
the comparison in [9]. The fast approximations are neces-
sary when many point loads have to be calculated for a train 
load whereas the exact integral (1) is feasible for a single 
point load.

To compare the measured results with theory, the trans-
fer functions for some typical soil situations are calculated 
by Eq. (1) and the resulting one-third of octave spectra are 
shown in Fig. 1 for source-receiver distances between 4 and 
64 m. The spectra are increasing with frequency, first with 
v ~ f at low frequencies, and with v ~ f1.5 in a mid-frequency 
range. At high frequency, the exponential function of the 
damping is dominating and the curves start to decrease. 
For soft soils (Fig. 1a), high damping, or long distances, 
the exponential damping effect is strong whereas the power 
laws of the geometric attenuation is more dominant for stiff 
soils (Fig. 1b). In case of a layered soil (Fig. 1c) the trans-
fer function follows that of a homogeneous half-space with 

(7)A ∼ exp(−2πDr ∗)

Fig. 1  Transfer functions for 
different soils, homogene-
ous soil of a vS = 100 m/s and 
b vS = 300 m/s, c layer on a 
half-space, vS1 = 100 m/s, 
vS2 = 300 m/s, h = 2 m, d soil 
with increasing stiffness, 
vS = 100–300 m/s, distances 
square 4, circle 8, triangle 16, 
plus 32, cross 64 m from the 
source, damping D = 2.5%
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the higher stiffness of the underlying soil at low frequen-
cies whereas it follows the homogeneous transfer function 
of the softer upper layer at high frequencies. The transition 
from the stiff to the soft behaviour occurs around the layer 
frequency f1 where a strong increase can be observed. A 
moderate resonance amplification at the layer frequency is 
possible. If the stiffness of the soil increases continuously 
with depth (Fig. 1d), there is a continuous softening of the 
soil with frequency and the spectra increase as v ~ fp with 
p > 1 stronger than for a homogeneous soil before the damp-
ing starts to dominate.

Train‑Load Solution from the Superposition of Point 
Loads

The response for a train load is calculated as the superposi-
tion of point loads, one for each wheelset along the train 
length (coordinate y), see also [40]

The distribution of the axle load across the track width 
(coordinate x) is incorporated by the factor

which yields an additional filter (a reduction) for the high 
frequencies ω = 2πf. The response of a standard train with 
a constant load spectrum F(f) = 1 kN is shown for a soil 
with vS = 200 m/s in Fig. 2b in comparison with the transfer 
function of a point load (Fig. 2a). Because of the many loads 
along the train, the response is stronger at long distances and 
the curves are closer together. Because of the distribution 
across the track, the high frequencies are reduced stronger 
than for the point load. Therefore, the dominance of the mid 
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frequencies is even more pronounced for the train load than 
for a point load (a hammer excitation).

Attenuation of Amplitudes with Distance

The response of the soil in Figs. 1 and 2 can be evaluated for 
the amplitude-distance law (the attenuation with distance). 
These attenuation curves will be plotted for 10, 20, 40 and 
80 Hz in double logarithmic scales in “Evaluation of the 
attenuation by the empirical power law”. The power law 
results in a straight line, the exponential function yields a 
curve bending down for higher distances.

The response to a long (passenger) train has a weaker 
attenuation than the point load. This means that the attenu-
ation curves are somewhat less steep. If the train is short, 
for example a tram or other urban traffic, the attenuation 
is between the stronger point-load and the weaker long-
train attenuation. The point load for a softer soil or with 
a higher damping has a strong attenuation for all dis-
tances at least with A ~ r−1. The weaker attenuation with 
A ~ r−0.5, which holds for an elastic Rayleigh wave, can 
only be found for stiff soils and little damping. The attenu-
ation clearly depends on the soil for the specific site. More 
detailed results for short trains and for longer distances 
(100 m and more) and an analytic expression can be found 
in Auersch [4]. There it is also shown that the attenuation 
for a train on a damped soil can be found by multiplying 
the exponential damping factor (7) with the response for 
the elastic (undamped) soil.

Experimental Methods

The response of the soil to the hammer, drop weight, 
shaker or train excitation is measured with a line of 
velocity sensors (geophones) fixed to the soil by spikes. 
The measurement points for the amplitude are placed in 
a logarithmic scale such as 3, 5, 10, 20, 30, 50 m or 4, 

Fig. 2  Transfer functions for a 
point load (a) and for a standard 
train load (b), homogeneous soil 
of vS = 200 m/s, D = 2.5%
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8, 16, 32, 64 m. The wave velocities are measured with 
equidistant sensors (for example at every 2 m) at a dis-
tance of typically 15–30 m from the source which is on 
the soil surface in most cases. The two measurement lines 
are usually combined in one measurement line perpen-
dicular to the railway track, but the wave-velocity line 
is sometimes placed parallel to the track due to space or 
access limitations. The analog signals are converted to 
digital data in a measuring system with 72 channels of 

sample-and-hold amplifiers, programmable analog filters, 
and a sampling rate of 2 kHz has been used.

Wave Velocities from Simple and Advanced Methods

The wave velocities are evaluated by different methods. The 
most simple method is the seismogram plot which works 
well if the soil is almost homogeneous (Fig. 3). The evalu-
ation of the onsets of the waves could be assisted by the 

Fig. 3  Wave velocity of a 
homogeneous soil from a seis-
mogram plot
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correlation maxima between two adjacent sensors. Advanced 
procedures (SASW, MASW, FK, SPAC) using frequency or 
wavenumber spectra can be applied to establish the disper-
sion of a layered soil (Auersch 2015). An example is given 
in Fig. 4. The normal layering of the soil, where the stiffness 
is increasing with depth, results in a dispersion with a wave 
velocity which is decreasing with frequency.

Damping from a Normalised Amplitude‑Distance 
Law

The material damping D of the soil is measured by the 
attenuation of the amplitudes A. The attenuation of differ-
ent frequencies is considered at the same time. A unique 
amplitude-distance relation can be found in (Fig. 5) if it is 
written as

with a constant C and a normalised distance r* = r/λ, the dis-
tance r related to the wavelength λ. Such an equation holds 
for every frequency and for every distance measured. If the 
logarithm of these equations is taken, a set of linear equa-
tions of the unknown parameters q, D and ln C

is obtained. The best approximation of these equations is 
calculated giving the geometrical attenuation q, the material 
damping D, and the ln C.

The Eqs.  (10,11) can be simplified if the power q is 
prescribed, for example as q = 0.5 for the Rayleigh wave. 
Moreover, the procedures could also be followed for each 
frequency and a frequency-dependent damping could be 
established. But this is practically not relevant as the damp-
ing is usually only interesting for the high frequencies. The 
use of the logarithmic measurement axis is highly recom-
mended as the damping effect is found at far distances. 
The shorter equidistant measurement line would be not so 
significant.

Transfer Functions and Train‑Induced Ground 
Vibrations

The response v(f) of the soil can be transformed to the trans-
fer (admittance) function v/F(f) if the exciting (hammer or 
shaker) force F(f) has been measured. The transfer functions 
of all near- and far-field measurement points are plotted as 
one-third of octave spectra in a single plot in the same way 
as the train-induced ground vibrations.

Identification of a Soil Model

The soil model for a specific site (these are essentially the 
wave velocities and the thicknesses of the soil layers) can be 
obtained either from the dispersion or from the set of transfer 
functions. For a certain set of parameters, the dispersion 
or the transfer functions are calculated and compared with 
the measured dispersion or transfer functions. This calcula-
tion must be repeated for many parameter sets so that the 
best fit (the minimum of the error) can be found in a grid 
search. To get the result in an acceptable calculation time it 
is advantageous to use the approximate solutions of “Exact 
and approximate wave velocities (dispersion)” and “Exact 
and approximate point-load solutions for homogeneous and 
layered soils” and to focus on a significant parameter set, for 
example of a 2-layer soil model. 2-layer soil models have 
been identified for the Swiss measurement sites by approxi-
mating the transfer functions and are given in the captions 
of Figs. 7 and 8.

(10)A = Cr ∗ −qexp(−2πDr ∗)

(11)lnA = lnC−q ln r ∗ − 2πDr ∗

Fig. 4  Wave velocity of a layered soil from a frequency-wavenumber 
transform
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Fig. 5  Damping from a normalised amplitude-distance plot
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The soil model is used to make predictions on the base 
of the corresponding calculated transfer functions. The 
measured transfer functions could be used directly, but it is 
necessary to make some interpolations and extrapolations. 
It should be noted that the response to hammer impacts has 
usually low amplitudes at low frequencies so that there is 
some uncertainty for the transfer functions. The prediction 
of train-induced vibrations is most important in the mid-
frequency range and the uncertainty at low frequencies is, 
as well as the simplified soil model, acceptable.

Evaluation of the Attenuation by the Empirical 
Power Law

In the literature (for example [3, 18, 28, 32, 38]) an empirical 
attenuation law can be found which is a power law A ~ r−q 
with a site- and source-specific power q. These attenuation 
laws are presented in Fig. 6b with the same overall attenua-
tion as the theoretical exponential law in Fig. 6a. The power 
laws are straight lines in the double logarithmic presentation 
which have higher exponents and have a steeper descent for 
higher frequencies. The weaker attenuation for the superpo-
sition of the train loads in Fig. 6c, d can be directly recog-
nised by the lower exponents which are written on the right 

of the curves. The relative amplitudes of the octaves around 
10 (12), 20 (16–25), 40 (32–50), and 80 (64–100) Hz are 
plotted in the double logarithmic attenuation Figs. 7 and 8 
evaluated for the overall attenuation power q.

Measurements of Hammer‑ 
and Train‑Induced Ground Vibrations

The Federal Institute of Material Research and Testing has 
performed measurements of train-induced ground vibrations 
at many different sites. Hammer impacts and wave velocity 
measurements have been applied whenever possible. The 
evaluation of the dispersion with advanced methods has 
been done for the later measurements, namely for two series 
of measurements in Switzerland. From dispersion and trans-
fer function measurements layered soil models have been 
identified. For the other measurements at least the dominat-
ing wave velocity and damping have been established. The 
measurement results of 12 sites are presented in Fig. 7 as 
amplitude-distance laws and in Fig. 8 as spectra for train and 
hammer excitations.

Fig. 6  Calculated attenuation 
laws for a point load (a, b), 
for a short train (c, d) and for 
a long train (e, f), theoretical 
law A ~ r−0.5exp(−Dωr/vR) (a, 
c, e) and empirical law A ~ r−q 
(b, d, f)
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Fig. 7  Measured attenuation 
laws from hammer excita-
tion (left) and train excita-
tion (right) at a, b Site W 
(vS = 270, 1000 m/s, h = 10 
m), train speed vT = 125 km/h, 
c, d Site H (vS = 225 m/s, 
vT = 130 km/h), e, f Site H* 
(vS = 225 m/s, vT = 130 km/h), 
g, h Site N (vS = 120–200 
m/s, vT = 130 km/h), i, j Site S 
(vS = 125, 250, 750 m/s, h = 2, 
4 m, vT = 100 km/h), k, l Site G 
(vS = 170 m/s, vT = 250 km/h), 
m, n Site G* (vS = 200 m/s, 
vT = 250 km/h), o, p Site A 
(vS = 125, 250 m/s, h = 4 m, 
vT = 160 km/h), q, r Site D 
(vS = 150, 300 m/s, h = 2.5 
m, vT = 130 km/h), s, t Site 
O (vS = 150, 350 m/s, h = 1 
m, vT = 80 km/h), u, v Site X 
(vS = 125, 350 m/s, h = 2.5 m, 
vT = 160 km/h), w, x Site C 
(vS = 150, 450 m/s, h = 1.5 m, 
vT = 160 km/h)
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Fig. 7  (continued)
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Fig. 8  Measured spectra from 
hammer excitation (left) and 
train excitation (right) at a, b 
Site W (vS = 270, 1000 m/s, 
h = 10 m), train speed vT = 125 
km/h, c, d Site H (vS = 225 m/s, 
vT = 160 km/h), e, f Site H* 
(vS = 225 m/s, vT = 160 km/h), 
g, h Site N (vS = 120–200 
m/s, vT = 130 km/h), i, j Site 
S (vS = 125, 250, 750 m/s, 
h = 2, 4 m, vT = 100 km/h), k, l 
Site G (vS = 170 m/s, vT = 250 
km/h), m, n Site G* (vS = 200 
m/s, vT = 250 km/h), o, p Site 
A (vS = 125, 250 m/s, h = 4 
m, vT = 160 km/h), q, r Site 
D (vS = 150, 300 m/s, h = 2.5 
m, vT = 130 km/h), s, t Site 
O (vS = 150, 350 m/s, h = 1 
m, vT = 80 km/h), u, v Site X 
(vS = 125, 350 m/s, h = 2.5 m, 
vT = 160 km/h), w, x Site C 
(vS = 150, 450 m/s, h = 1.5 m, 
vT = 160 km/h, at distances r ≈ 
square 3, circle 5, triangle 10, 
plus 20, cross 30, diamond 50 m 
(a–j) and r ≈ square 4, circle 
8, triangle 16, plus 32, cross 64 
m (k–x)
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Fig. 8  (continued)
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Fig. 8  (continued)
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Measurements Results for the Attenuation

All amplitude distance-laws in Fig. 7 show the strong attenua-
tion for higher frequencies (the octaves of 40 and 80 Hz) which 
is due to the damping of the soil. The lower frequencies of 10 
and 20 Hz have a weak attenuation and the curves are almost 
straight lines indicating a power law v ~ r−q. The power q for 
these frequencies is usually in the range from 0.4 to 0.6 for 
train excitation and between 0.5 and 0.9 for hammer excita-
tion. The attenuation curves for the high frequencies have dif-
ferent shapes. In Fig. 6a, c, f, m, o, s, w the high-frequency 
curves follow the exponential function from the theory of a 
homogeneous half-space where the attenuation is increasing 
with distance. This characteristic cannot be found for the other 
high-frequency curves. They are rather straight lines and that 
means a power-law attenuation. The attenuation powers q are 
between 1.0 and 2.5 for hammer impacts and between 0.5 
and 2.0 for trains, much higher than for the low frequencies. 
Similar attenuation exponents can be attributed to the more 
exponential amplitude-distance laws as a rough approximation. 
The wide ranges of attenuation exponents indicates that the 
attenuation varies considerably from site to site.

For the situation where hammer impacts are used to 
predict the attenuation of train-induced ground vibrations, 
it can be followed from these figures that the site-specific 
attenuation is very similar for train and hammer excitation. 
If there is a strong attenuation due to the strong damping 
of the soil this can be found in both measurements, see the 
examples in Fig. 7e + f, g + h, i + j, q + r, u + v. The same 
similarity of hammer- and train-induced vibrations holds 
for the weak damping at sites W, H, and G in Fig. 7a + b, 
c + d, k + l. Site G (Fig. 7k + l) has the weakest attenuation 
of all sites. Moreover, there is almost no attenuation of the 
20 Hz octave for the high-speed train (Fig. 7l, n). The same 
weak attenuation is observed for site D (Fig. 7r) and site 
X (Fig. 7v) at the 10 Hz octave for normal train speeds. 
Moreover, a clear difference in the attenuation between the 
low frequencies (10 and 20 Hz) and the high frequencies 
(40 and 80 Hz) can be observed in Fig. 7d, f, h, j. All these 
effects of reduced attenuation seem to be related to a special 
train-induced mid-frequency component (see also “Meas-
urement results for the spectra and transfer functions” and 
“Discussion of the empirical power law and the special mid-
frequency component”).

The attenuation of hammer induced vibrations are always 
stronger than the attenuation from train measurements. The 
difference between the two attenuation exponents has been 
evaluated for each site and each octave. It is increasing with 
frequency and the average for all sites lies between Δq = 0.2 
and 0.6 which is close to the theoretical values of Δq = 0.3 
and 0.5.

Measurement Results for the Spectra 
and Transfer Functions

Figure 8 shows the spectra for the hammer and the train 
excitation for the 12 measurements sites in Germany and 
Switzerland. The spectra are clearly site-specific. Moreo-
ver, the same characteristics of a special site can be found 
in the hammer as well as in the train spectra. The simi-
larity of the transfer functions from hammer excitation 
and the response to the passing train is due to the rather 
smooth and constant force spectra of the dynamic train 
loads which are also close to the value 1 kN per axle and 
one third of octave [8].

The following site-specific characteristics can be 
observed. At first, the sites with softer soils (Fig. 8g + h, 
k + l, o, p + p, u + v) have generally higher amplitudes, 
mainly at the low and mid-frequency range. At higher fre-
quencies, the spectra and especially the train-induced spectra 
turn to horizontal curves whereas the spectra continue to 
increase for the stiff sites in Figs. 8q + r, s + t. The behaviour 
at high frequency indicates if there is a weak or a strong 
damping. The curves for sites with low damping (Fig. 8a + b, 
c + d, k + l) stay closer together whereas there is a consider-
able spread of the curves for high damping (Fig. 8e + f, g + h, 
m + n, u + v). The low-frequency behaviour of the spectra 
gives some information on the layering of the soil. From 
the weak low-frequency increase of the spectra, it can be 
concluded that the sites H, H*, G, G* (Fig. 8c–f, k–n) are 
nearly homogeneous soils. The site N (Fig. 8g + h) has soils 
with a continuously increasing stiffness and a continuously 
stronger increase of amplitudes with frequency. The sites W, 
S, D, O, C (Fig. 8a, I, q, s, w) are clearly layered soils with a 
strong increase around the layer frequency. The layered sites 
differ in their layer frequency which is at 12 Hz for site W 
(Fig. 8a), at 16 Hz for site A (Fig. 8o), at 20–32 Hz for site 
D (Fig. 8q), at 25 Hz for site X (Fig. 8u), at 32 Hz for site S 
(Fig. 8i), at 50 Hz for site C (Fig. 8w), and at 64 Hz at site 
O (Fig. 8s), where a high layer frequency generally means 
a thinner top layer. Because of the low-frequency charac-
teristics of the layering and the high-frequency filter of the 
damping, a site-specific mid-frequency range with maximum 
amplitudes is dominating, especially in the far field.

Some special frequencies can be observed in the train-
induced spectra. The high-frequency peaks at 40 Hz for 
80 km/h (Fig. 8t) to 100 Hz for 250 km/h (Fig. 8l, n) are 
generated by the sleeper distance. A specific train-induced 
component can be found at 10 to 16 Hz for normal speeds 
(Fig. 8b, d, h, j, v) and at around 25 Hz for 250 km/h (Fig. 8l, 
n). There are three thirds of octave where the attenuation is 
weak (the curves come close together) and the amplitudes 
are raised. Such a mid-frequency effect can be observed at 
almost all measurement sites and it is assumed that this is 
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due to the scattering of the axle impulses by a randomly 
varying soil stiffness.

Some more specialties have been observed for urban traf-
fic. The short tram in Fig. 9a shows a rather strong atten-
uation at high frequencies but also at low frequencies in 
agreement with theory. For a metro train close to the surface 
(Fig. 9b), a weak attenuation can be seen for low frequencies 
which might be a consequence of the wider distribution of 
each axle load due to the stiff tunnel structure.

Discussion of the Empirical Power Law 
and the Special Mid‑Frequency Component

Experiments with hammer impacts confirm the exponential 
attenuation law when all frequencies are considered in the 
evaluation scheme for the damping ratio, see the continuous 
line in Fig. 5. The (normalised) amplitudes for all measure-
ment points (normalised distances) and of a single frequency 
are plotted with a specific marker in a specific colour. These 
results of a single frequency resemble rather a pure power-
law attenuation than an exponential law. The power law 
could have the following reasons.

The layering of the soil weakens the exponential law of 
the homogeneous soil at high frequencies when the less 
damped deeper soils become dominant over the strongly 
damped top layer, see Fig. 1c compared to Fig. 1a.

A broad-band constant spectrum A0 at a near-field point 
yields an additional attenuation exponent of Δq = 0.5 instead 
of the different exponential laws for each frequency (Fig. 10)

This effect could also be expected for a single frequency 
if there is an interference of different wave modes of the 
layered soil.

(12)
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The material damping of the soil is non-linear in general. 
The smaller the amplitudes in the far field the weaker is the 
damping and the corresponding attenuation. Therefore, the 
exponential attenuation of the constant damping would turn 
into a more straight-line (power-law) attenuation.

Waves are scattered at the heterogeneities of a real soil 
and a part of the wave energy disappears in the depth of the 
soil. The scattering results in a similar exponential amplitude-
distance relation A ~ exp(− DSωr/vR) as the material damp-
ing [43]. The attenuation can be linearly increasing with fre-
quency similar to the hysteretic material damping, but also 
stronger dependencies on the frequency are possible [7].

The moving static train loads result in the low-frequency 
quasi-static response of the soil which has a strong attenua-
tion (f < 10 Hz in Fig. 11b), see [9]. A corresponding maxi-
mum at 4 or 5 Hz can be seen at the nearest measurement 
point in Fig. 8b, d, f, h, p, r. This quasi-static response could 
be strongly amplified for a train running with Rayleigh wave 
speed, but this effect (like a sonic boom) cannot occur in a 
heterogeneous soil [11]. On the other hand, the variation of 

Fig. 9  Measured spectra from 
urban trains, a tram at site K, 
r = square 6, circle10, triangle 
14, plus 20, cross 35, diamond 
55 m, b Metro at Site B, r = 
square 8, circle 12, triangle 
16, plus 24, cross 32,diamond 
48,asterisk 96, inverted triangle 
128 m
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Fig. 10  Attenuation laws for measured frequency components (date 
points) and from calculated broad-band excitation (lines), sum of 
exponential laws yield a power law (black line)
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the soil stiffness in Fig. 11a generates a “scattered” compo-
nent of the quasi-static component at mid frequencies [12, 
29] which has a weaker attenuation and dominates the far 
field of the soil (f = 16–32 Hz in Fig. 11c). The axle impulses 
from the moving static axle load on different sleepers super-
pose to result in the regular low-frequency quasi-static 
response, but in case of a soil with randomly varying stiff-
ness some mid-frequency components of the impulses are 
left over. This mid-frequency range is clearly speed depend-
ent, it is shifted to higher frequencies for the high speed train 
in Fig. 8l, n. The scattered axle impulses could be observed 
at many measurement sites as absolute or relative maxima 
with only a weak attenuation of the amplitudes.

Conclusion

Hammer- and train-induced ground vibrations have been ana-
lysed for 12 sites in Germany and Switzerland. It has been 
demonstrated that hammer experiments can well be used for 
the prediction of train vibrations although there are many dif-
ference in the type of excitation. The transfer function of a 
specific site from hammer impact has a strong similarity to the 
ground vibration spectrum from a train passage. This is due 
to the fact that the main excitation from railway irregularities 
has a wide, smooth and regular spectrum which yields also a 
wide, smooth and regular spectrum of the dynamic axle load. 
Moreover, this load spectrum is nearly constant at the value 1 
kN per axle and one-third octave. Hammer and train spectra 
are characterised by a low-frequency filter due to the layering 
and a high-frequency filter due to the material damping of 
the soil. Therefore, mid-frequencies are always dominating 
at longer distances. The train-induced ground vibration has a 

Fig. 11  Low-frequency spectra 
from the axle pulses on the 
sleepers in case of a homoge-
neous soil (b) and a randomly 
inhomogeneous soil (a, c), at 
distances r =  square 3, circle 5, 
triangle 10 m
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stronger high-frequency filter because of the load distribution 
across the track, and a weaker attenuation because of the axle 
loads distributed along the train. The attenuation with dis-
tance has been analysed in detail. The theoretical amplitude-
distance law for a homogeneous half-space has been found 
only for a few sites and for high frequencies. In contrary, the 
empirical power-law attenuation with frequency-dependent 
q(f) seems to be appropriate for most of the measured ham-
mer- and train-induced ground vibrations and some reasons 
have been discussed. The attenuation power q increases with 
frequency and with hammer excitation (theoretically by 
Δq = 0.3 or 0.5), and has been found between 0.6 and 2.5 for 
hammer and between 0.4 and 2.0 for train excitation at 12 
representative sites. The attenuation is site-specific and can be 
transferred from the hammer impact to the train vibration. The 
strong attenuation is due to a strong soil damping at the site. 
For some sites, a very weak attenuation and a clear amplifica-
tion has been found for a special train-induced mid-frequency 
component which is attributed to the scattering of the axle 
impulses due to irregularities on their propagation path.
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