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Abstract
The stress–strain behavior of ceramics, such as aluminum titanate, has certain
features that are unusual for brittle materials—in particular, a substantial non-
linearity under uniaxial tension, and load–unload hysteresis caused by the sharp
increase of the incremental stiffness at the beginning of unloading. These fea-
tures are observed experimentally and are attributed to microcracking. Here we
compare different degrees of stress–strain nonlinearity of aluminum titanate
materials and quantitatively model them. We use advanced mechanical test-
ing to observe the mechanical response at room and high temperature; electron
microscopy, and X-ray refraction radiography to observe the microstructural
changes. Experiments show that two types of microcracks can be distinguished:
(i) microcracks induced by cooling from the sintering temperature (due to het-
erogeneity and anisotropy of thermal expansion),with typical sizes of the order of
grain size, and (ii)much largermicrocracks generated by themechanical loading.
The two microcrack types produce different effects on the stress–strain curves.
Such microcracks and the features of the stress–strain behavior depend on the
density of the cooling-inducedmicrocracks and on the distribution of grain sizes.
They are modeled analytically and numerically.

KEYWORDS
hysteresis, nonlinear stress–strain curve, refractory, stiffness, X-ray refraction

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2023 The Authors. Journal of the American Ceramic Society published by Wiley Periodicals LLC on behalf of American Ceramic Society.

J Am Ceram Soc. 2023;106:6995–7008. wileyonlinelibrary.com/journal/jace 6995

https://orcid.org/0000-0001-9632-3960
mailto:Giovanni.bruno@bam.de
http://creativecommons.org/licenses/by/4.0/
https://wileyonlinelibrary.com/journal/jace
http://crossmark.crossref.org/dialog/?doi=10.1111%2Fjace.19325&domain=pdf&date_stamp=2023-07-24


6996 MOUIYA et al.

1 INTRODUCTION

Ceramics are knownas high-strength, stiff but brittlemate-
rials. If the brittleness could be overcome, it would be
possible to expand the applications of ceramics. On the
other hand, the reduction of stiffness due to microcrack-
ing allows other applications. Flexible ceramics could be
used as anti-vibration materials and in the refractory field
as thermal shock resistant materials. Microcracking is
caused, in particular, by cooling from the sintering tem-
perature, due to the heterogeneity and anisotropy of its
thermal expansion. Aluminum titanate Al2TiO5 (AT) has
found an increasing number of applications as an engi-
neering ceramicmaterial in different areas and it turns out
to be one of the most interesting microcracked ceramics,
so it is chosen here as the material to study. According
to Bayer,1 the thermal expansion coefficients (from room
temperature [RT] to 1000◦C) along the crystallographic
directions are highly anisotropic: αa = −2.9 × 10−6 K−1,
αb = 10.3 × 10−6 K−1, and αc = 20.1 × 10−6 K−11; note that
one of them is negative.
These intrinsic properties (microcracking, negative ther-

mal expansion, and others we will encounter later) make
AT an excellent candidate ceramic material to obtain a
quasi-ductile fracture behavior at elevated temperature.2
The instability of the AT compound (i.e., its tendency to
decompose in alumina and titania) over the temperature
range of ∼800–1280◦C and its low strength are among
of its disadvantages. Accordingly, several additives have
been employed with different efficiencies for stabilizing
microstructures through a eutectoid reaction.3
The low strength and stiffness are largely attributed to

extensive microcracking occurring during cooling from
the sintering temperature, due to the abovementioned
anisotropy of the thermal expansion. The microcracks
have diverse, “irregular” shapes. This complicates an esti-
mation of their effect on the overall elastic properties. The
first challenge is that the usual crack density parameter
introduced by Bristow,4 𝜌 = (1∕𝑉)

∑
𝑘
𝑎3
𝑘
(𝑎𝑘 are cracks’

radii, and V is the reference volume; the value of 𝜌 can
be visualized as follows: (4π/3)ρ is the relative volume of
spheres circumscribed about circular cracks), is not even
defined for noncircular cracks. On the other hand, this
parameter reflects two features relevant for cracks of any
shape: (1) their contributions to the effective elastic prop-
erties scale as their linear sizes cubed; hence, only the
largest microcracks have to be taken into account (much
smaller cracks can be ignored unless they outnumber the
larger ones by orders ofmagnitude); (2) crack openings and
hence “crack porosity” are irrelevant for the elastic proper-
ties and hence do not need to be known, provided that they
are small. These features are beneficial for the processing
of microphotographic data.

TABLE 1 Sintering conditions and resulting density/porosity
for AT materials referenced non-flexible (NF), flexible (F), and very
flexible (VF).

Material references NF F VF
Type of sintering Natural

(pressureless)
Temperature (◦C) 1500 1600 1600
Dwell time (h) 1 2 8
Apparent density (g/cm3) 3.32 3.21 3.16
Relative density (%) 93.4 90.4 89.1
Open porosity (%) 4.5 8.3 9.1
Microcrack volume
fraction (%)

2.4 3.0 3.1

The cooling-induced microcracks follow polyhedral
(polygonal in 2D) grain boundaries, with occasional inter-
sections. As discussed in the text to follow, the larger,
loading-induced microcracks tend to have zigzag shapes.
Such geometries have been discussed by Gao et al.5 and
by Bruno et al.,6 as they play an important role for the
behavior of such ceramics under uniaxial tension. The
compliance contribution of zigzag cracks has been recently
analyzed by Martynyuk and Kachanov.7
In the present study, three types of AT materials,

with different amounts of microcracking, were used as
model refractory materials, and their behavior was inves-
tigated experimentally and modeled by micromechanical
(analytical and numerical) approaches.

2 MATERIALS ANDMETHODS

2.1 Aluminum titanate doped with
silica

Granulated industrial powder (TM-20P) was used to pro-
duce the AT materials by uniaxial pressing. Different
sintering temperatures, dwell time, and cooling rates were
applied (see Table 1) in order to produce different types of
microstructures (in terms of grain size, microcracking, and
grain boundary features), mimicking themicrostructure of
itacolumite, a widely used refractory.
Three different materials were examined: NF (non-

flexible, small grain size), F (flexible), and VF (very
flexible, large grain size). Although they had porosity
below 10%, they showed different mechanical behaviors
(note that such porosity is open, and no isolated pores
were observed). The obtained apparent density (obtained
by dividing the weight by the measured volume) is about
3.2 g/cm3 for all specimens, showing that the densifica-
tion is identical during their respective sintering cycles. For
the NF material, a lower temperature and shorter soaking
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MOUIYA et al. 6997

F IGURE 1 Cooling branch of the relative dilation curve as a function of temperature and estimation of the microcrack volume. The
details of the dilation measurements are given in Section 3.

time were used to prevent grain growth, whereas VF sam-
ples were subjected to higher temperature and longer heat
treatment to promote grain coarsening. F samples were
produced at intermediate soaking time, but high temper-
ature. After sintering, the density and open pores volume
fraction were measured using Archimedes’ method (water
as test fluid). The results show that NF samples had the
highest relative density (93.4%), whereas VF samples had
the lowest one (89.1%).
Remark. In the sintering process, the level of compaction

should increase with the temperature and with the sinter-
ing time. This is, however, true only initially; later, when
the sintering temperature becomes too high and/or sinter-
ing is carried out for a very long time, a de-densification
may occur. Such loss of compaction can be the result
of pore trapping and/or grain coarsening. In the case of
AT materials, grain coarsening promotes microcracking
during cooling, and this produces additional porosity, as
determined by thermal expansion curves (see below).
Therefore, in our case, microcracks are responsible

for the increase of porosity from NF to VF. Although
microcracks have crack-opening-displacements of sub-
micrometric or even nanometric size, their total volume
fraction can be estimated using various techniques such as
thermal expansion measurements.
The procedure has been first suggested by Ohya and

Nakagawa8 and consists of prolonging from high to room
temperature (RT) the cooling branch of the relative dila-
tion curve (DL/L0 vs. T) (Figure 1), and taking the
difference to the dilation measured at RT. The volume
of the microcracks generated during cooling can be esti-
mated as 3 × DL/L0 (analogous to the calculation of the

hydrostatic strain through the trace of the strain tensor)
and is reported in Table 1 that summarizes microstructural
features and sintering parameters.

3 EXPERIMENTAL TECHNIQUES

3.1 Linear dilation

Dilatometric measurements were conducted using a hori-
zontal dilatometer (DIL 402 PC, Netzsch, Selb, Germany).
The sample had a prismatic shape (5 × 5 × 25 mm3). It was
tested in air, starting from RT to 1400◦C and then cooled
back to RT, at heating and cooling rates of 5◦C/min.

3.2 Uniaxial tensile test

Tensile tests on an INSTRON 8862 electromechanical uni-
versal testing machine were carried out to investigate the
stress–strain behavior of AT samples at RTs (Figure 2).
Starting from a large sintered prismatic block, a cylinder
of 180 mm in length and 20 mm in diameter was first
extracted by core drilling. Then, two metallic bases were
glued at each end of the sample. The samples, with the
two metallic bases, were then machined together (with a
fine diamond-based grinding wheel) in order: (i) to obtain
a dog bone cylinder with a central diameter of 16 mm and
(ii) to avoid unwanted geometrical defects. No additional
polishing was performed. The testing machine shown in
Figure 2 was designed for incremental cyclic tensile tests.
During these tests, the sample was loaded in load-control
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F IGURE 2 Schematics of the tensile test device. See also Ref. [9].

mode at a rate of 0.01 kN/s until the load reached approx-
imately 100 N (equivalent to 0.5 MPa). Then, we switched
to displacement control mode and carried on the test
at a rate of 0.001 mm/s, until the displacement reached
0.002 mm + (n − 1) × 0.001 mm, where n represents
the cycle number. Unloading was always carried out in
load-control mode.
Precise strain measurements were obtained by two

capacitive extensometers equipped with SiC rods, located
on the opposite sides of the sample. To enable testing under
a controlled atmosphere (air, argon), the extensometers are
covered by sealed water-cooled casings, see Ref. [9].

3.3 Microscopy

The microstructure was examined using a scanning elec-
tron microscope (FEI ESEM Quanta 450 FEG, FEI) oper-
ated with a 10–30 kV accelerating voltage. Sample cross
sections of 10 × 10 mm2 were prepared according to com-
mon grinding and polishing protocol in order to achieve
a planar surface while limiting grain debonding. Grain
size distributions were assessed by analyzing SEM images
using ImageJ software (version 1.52v).

3.4 X-ray refraction radiography

Synchrotron X-ray refraction10,11 radiography (SXRR)
measurements were carried out at the BAM synchrotron
laboratory BAMline at Helmholtz-Zentrum Berlin,
Germany12–14 according to the diffraction enhanced
imaging principle.15,16 Contrary to absorption-based
radiography, SXRR is particularly sensitive to internal
interfaces (cracks, pores, phase boundaries, etc.). SXRR
has been used successfully to characterize microcracks or
damage in ceramics.17–20 In situ SXRR studies revealed

F IGURE 3 Experimental setup of the X-ray refraction station
at BAMline. The blue arrows indicate the beam path of the
synchrotron radiation (SR). The specimens are mounted in a slide
frame shown on the right. A sketch of the setup is shown at the
bottom.

the evolution of damage of composite materials under
external load21,22 or the evolution of an alloy’s poros-
ity during heat treatment.23 Very recently, SXRR was
employed as input data for 3D computed tomography
studies.24,25
The AT specimens were mounted in a slide frame

as shown in Figure 3. A double crystal (Si (1 1 1))
monochromator was used to extract a highly colli-
mated monochromatic X-ray beam (band width ∼0.2%).
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The beam energy was set to 17.5 keV to achieve a specimen
X-ray transmission of about 15%. A Princeton Instruments
camera (2048 × 2048 pixel) in combination with a lens sys-
tem and a 50 μm thick CdWO4 scintillator screen provided
a pixel size of 3.5 μm × 3.5 μm, capturing a field of view of
about 7 mm × 7 mm.26 The incident beam was narrowed
to the field of view by a slit system to suppress detector
backlighting.27,28 An Si (1 1 1) analyzer crystal (AC) was
placed in the beam path between the specimen and the
camera system (Figure 3).When aligned to the Bragg angle
(θB = 6.48744◦), the AC reflects the synchrotron radiation
beam into the detector system. By slightly tilting the AC in
the vicinity of θB (here: 81 steps with Δθ= 2 × 10−4◦, expo-
sure time 2 s), a so-called rocking curve (RC) is recorded.
Relative to the intrinsic RC (without specimen), specimens
having internal interfaces dampen the RC’s peak height
and broaden its width significantly (and possibly shift its
center). These parameters were evaluated using an in-
house software code29 based on Python. For example, for
the VF specimen, the full width half maximum of about
0.00094◦ of the intrinsic RC was increased to 0.00214◦.
By using the image processing software Fiji Image J,30 the
attenuation (𝜇 ⋅ 𝑑) and the refraction value (𝐶𝑚 ⋅ 𝑑) were
evaluated for each pixel according to Equations (1) and (2),
respectively. To eliminate the dependency on thickness,
the specific surface Cm/µ was calculated. Thus,

𝜇 ⋅ 𝑑 = −ln

(
𝐼

𝐼0

)
(1)

𝐶𝑚 ⋅ 𝑑 = 1 −
𝐼𝑅
𝐼𝑅0

⋅
𝐼0
𝐼

(2)

where d is the specimen’s thickness, I and IR are the RC’s
integral and peak height, respectively, with the specimen
in the beam, and I0 and IR0 are the respective quantities
without a specimen in the beam. A detailed description
of data conditioning and evaluation can be found in Refs.
[21, 29, 31].

3.5 Ultrasound resonance

In-house developed ultrasound resonance equipment (at
IRCER) was used to determine Young’s modulus of the
materials as a function of temperature up to 1400◦C (the
heating rate was 5◦C/min). The waves emitted by the
transducer propagate through the sample via an alumina
waveguide as illustrated in Figure 4. The guide-sample
interface and the end of the sample create different reflec-
tion echoes, which allow the measurement of the flight
time of the longitudinal wave (τ), from which Young’s
modulus can be calculated according to

𝐸 = 𝛿 (2𝐿∕𝜏)
2 (3)

where 𝛿 is the bulk density of the material, L the length of
the sample, and τ the round-trip time for the longitudinal
wave.

4 EXPERIMENTAL RESULTS

Typical microstructures of the materials prior to testing
are shown in Figure 5 (SEM pictures). Large differences
are seen between non-flexible (NF) and flexible samples
(F and VF). The NF sample shows a relatively homoge-
neous grain size distribution, with small grain sizes. In
contrast, F and VF samples exhibited more heterogeneous
grain size distributions, with some very large grains, espe-
cially in VF. Microcracks were abundant in VF samples,
and they tended to be larger (following Cleveland and
Bradt’s ansatz32,33 for oxide materials, also confirmed by
Ohya and Nakagawa8 for non-oxide ceramics), as well as a
silica interphase; both were also present in F.
Each micrograph exhibits three distinct phases

(Figure 5): (i) medium-gray AT phase (grains), (ii) dark-
gray vitreous bonding phase (surrounding the grains), and
(iii) dark (black) microcracks, primarily intergranular, as
well as pores. (Note that some of the pores may form at
the sites of grains that have been stripped away during the
polishing procedure.)
Mechanical loading leads to the appearance of relatively

long zigzag cracks (Figure 6). They tend to be parallel to the
rupture surface, that is, normal to the loading direction,19
and hence, their overall effect is anisotropic.
Remark. The zigzag cracks seen in Figure 6 may

resemble the so-called winged cracks often discussed
in geophysical applications (see the review of Lehner
and Kachanov34), and also in the context of ceramics.5
The similarity, however, is superficial: The term “winged
crack” usually refers to a frictionally sliding crack, with
side cracks (wings) growing from its tips, being driven
by sliding on the main crack and, on the other hand,
being suppressed by the predominantly compressive stress
environment. In our case, the propagation mechanism
is different—the crack follows grain boundaries, being
driven by remotely applied loads, and its geometry differs
from the one of a winged crack.
The image analysis of the SEM pictures yields the grain

size distribution for the NF, F, and VF samples (the same
area is taken in each sample for the evaluation of the
number of grains). This is shown in Figure 7. The NF and
F samples have a unimodal grain size distribution with
a range of sizes from 2 to 20 and 2 to 30 μm, respectively.
As the sintering temperature increases, the number of
small grains decreases and larger grains become more
prominent (see Figures 5 and 7). NF and F samples
show grain diameters peaked around 6 and 10 μm and
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F IGURE 4 Scheme of Young’s modulus determination as a function of temperature.

F IGURE 5 Typical microstructures of non-flexible (NF), flexible (F), and very flexible (VF) materials (left to right).

F IGURE 6 Scanning electron microscopy (SEM) picture of the rupture surface (at the right) of sample very flexible (VF), showing
subsurface zigzag cracks.
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F IGURE 7 Grain size distribution of non-flexible (NF),
flexible (F), and very flexible (VF) materials.

F IGURE 8 The uniaxial cyclic stress–strain curves, for the
non-flexible, flexible, and very flexible materials.

maximum grain diameters of 20 and 30 μm, respectively.
In contrast, the grain size spread increases with longer
sintering times (i.e., in the VF sample sintered at 1600◦C
for 8 h). The VF sample has an average grain size of
approximately 20–30 μm and a maximum size of 110 μm.
This illustrates the impact of sintering on microstructural
evolution.
The three ceramic materials were tested in uniaxial ten-

sion, loading–unloading cycles (Figure 8). Test results are
marked by green, red, and purple for the NF, F, and VF
compositions, respectively. In all tests, the slope of the
stress–strain curve decreases during each loading (indicat-
ing progressive damage); at the beginning of unloading,
the slope (stiffness) is higher than at the end of loading;
this indicates thatmicrocracks get “stuck” and cannot slide
back immediately upon unloading (such mechanism has
been discussed by Bruno et al.6).
The combination between load- and displacement-

controlled experiments allowed us to observe possible
nonlinear behavior that would be difficult to detect if only

TABLE 2 Mechanical properties of the three materials, as
extracted from the uniaxial stress–strain curves (Young’s modulus
was extracted at the beginning of loading, in the purely elastic
range).

Materials NF F VF
E (GPa) 13.3 6.1 4.6
εmax (%) 0.09 0.22 0.52
σmax (MPa) 5.66 4.87 2.42

Abbreviations: F, flexible; NF, non-flexible; VF, very flexible.

F IGURE 9 Young’s modulus as a function of temperature for
all materials investigated. The determination of the undamaged
Young modulus is also sketched (dashed black line, see text). The
sharp drop corresponds to the onset of microcracking upon cooling.

the load-control modes were utilized. For all NF, F, and VF
materials, a nonlinear response was observed. This non-
linearity can be attributed to the preexisting microcracks
that result from coefficient of thermal expansion (CTE)
anisotropy: During loading, these microcracks propagate
stably. This diffuse damage leads to a significant increase in
strain when the maximum stress at each cycle is reached.
Themaximumstress at each load–unload cycle is the stress
reached at the end of each displacement-controlled cycle,
and not the rupture stress.
Table 2 summarizes the mechanical characteristics of

the three materials, as extracted from uniaxial testing. The
Youngmodulus of thematerials (prior to loading) could be
taken from the first cycles of the curves at the beginning of
loading.
Young’s modulus was also independently determined

as a function of temperature using ultrasound wave
reflection, see Figure 4. Figure 9 shows the temperature
dependence of Young’s modulus measured by ultrasound
resonance, whereas Table 3 shows initial Young’s mod-
ulus values, which can be compared with the quantity
measured in the uniaxial tests.
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F IGURE 10 X-ray refraction radiographs (Cm/µ) of the non-flexible (NF) and very flexible (VF) samples. Higher gray values (brighter
gray tones) indicate a larger internal specific surface. All images are 3.0 × 2.1 mm2.

TABLE 3 Young’s modulus of the materials investigated, as
determined from ultrasonic resonance experiments.

Materials NF F VF
E (GPa) 15.6 7.6 4.8

Abbreviations: F, flexible; NF, non-flexible; VF, very flexible.

Due to the significant CTE mismatch among dif-
ferent crystallographic axes, Young’s modulus versus
temperature evolution for the three materials (Figure 9)
exhibits a pronounced hysteresis. Young’s modulus varies
greatly between 25◦C (with values close to 10 GPa) and
1400◦C (with values close to 140GPa), which indicates that
the extent of microcracking at RT is very high.
Young’s modulus E0 of the undamaged material at RT

was determined by extrapolating the high-temperature
linear cooling branch of the E versus T curves. In the
temperature range prior to the sharp drop (say above
1200◦C), no microcracks should be present (assuming that
they could close or heal at these temperatures, see Refs.
[35–40]). From Figure 9, we can infer values of E0 of
152 GPa for the VF-material to 172 GPa for the F-material,
and 185 GPa for the NF one. Thus, the values of E0 of the
bulk undamaged andnonporousmaterial lie in the interval
150–185 GPa.

4.1 Quantification of microcracking:
X-ray imaging

Figure 10 shows the refraction radiographs of the NF and
VF specimens (the horizontal ripples are artifacts of the
imaging system that could not be eliminated even by the
subtraction of reference (so-called flat field)measurements
, see above). From the gray values, it is seen that the
area of internal surfaces (defects, pores grain boundaries)
is higher in the VF specimen than in the NF one (see
Table 4) It is well known that the larger the density (surface
per unit volume) of defects the larger the X-ray refraction

TABLE 4 Attenuation and refraction properties (internal
specific surface) in very flexible (VF) and non-flexible (NF) samples.

Sample
Spec.
surface

Std.
deviation

µ (17.5 keV)
(mm−1) Inhomogeneity

NF 0.84 0.04 2.70 0.04
VF 1.13 0.10 2.39 0.11

Note: The standard deviations indicate spatial inhomogeneity and not the
experimental error.

signal.18,41 In our case, this implies a significantly higher
microcrack surface in VF.
The attenuation in theNF sample ismuchhigher than of

the VF sample; however, this effect is strongly influenced
by the thickness of the sample. Importantly, the inhomo-
geneity (standard deviation of the values throughout the
whole field-of-view) of both the X-ray attenuation coef-
ficient (Figure 11) and the specific surface (Figure 10) is
higher in the VF sample compared to NF. This implies
that VF possesses larger scale features than NF (i.e., larger
microcracks).

5 MODELING

The effective stiffness implied by the stress–strain curves
is much lower than the stiffness of the bulk (defect-free)
material. This fact, plus two other observations: (1) the
nonlinearity of the stress–strain behavior resulting in the
hysteresis of the RT Youngmodulus and (ii) the sharp drop
of the high-temperature Young modulus at certain point
of cooling—can be attributed to progressive microcrack-
ing. The following general remarks concerning modeling
of cracks should be made.

5.1 Cracks of “irregular” shapes and
“equivalent” crack density

The question arises, of quantitative characterization of
their density parameter 𝜌. As mentioned before, its usual
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MOUIYA et al. 7003

F IGURE 11 Spatial distribution of the X-ray attenuation coefficient µ (at 17.5 keV, in mm−1) in the non-flexible (NF) and very flexible
(VF) samples. Brighter yellow tones indicate higher attenuation. All images have a size of 7.0 × 5.0 mm2 (thickness: NF 0.91 mm, VF 0.82 mm).

definition 𝜌 = (1∕𝑉)
∑

𝑘
𝑎3
𝑘
assumes that cracks have the

circular (penny) shape. Its application to actual noncircu-
lar cracks implies—implicitly—that they are replaced by a
fictitious set of circular cracks that produce the same effect
on the overall properties; hence, 𝜌 can be called the “equiv-
alent” microcrack density. Such equivalent set exists, if
microcracks are flat (planar) and their shape irregularities
(deviations from circles) are random (see Ref. [42] and the
book of Kachanov and Sevostianov43); otherwise (strongly
non-flat cracks), it may not exist (see Ref. [44]).
This approach is routinely taken—albeit implicitly—

in material science applications. Its shortcoming is that
the microstructure-property linkage is lost; establishing
it would require solving elasticity problems for cracks of
“irregular” shapes.45 Elements of this approach are taken
in the present work, namely, in modeling the intergranu-
lar cracks generated by cooling; in the present setting, it
is justified by the fact that their shapes, being flat, are not
known exactly.
We mention yet another observed feature: crack inter-

sections. This factor, however, can be largely ignored, and
cracks can be formally treated as nonintersecting, isolated
ones, as far as their effect on the overall properties is
concerned: Although the intersections affect local stresses
near the intersection points, their effect on stress inten-
sity factors and on the overall strain response is rather
weak (see the abovementioned book of Kachanov and
Sevostianov).
As far as larger zigzag cracks, generated by mechan-

ical loading, are concerned, their effect was analyzed
in the recent work of Martynyuk and Kachanov7; it is
further discussed in the text to follow. Figure 6 shows
a photomicrograph of the microstructure of the VF
sample after rupture (the broken surface is black [epoxy
embedding medium]) where the zigzag cracks are clearly
seen.
Thus, the following two types of microcracks, that affect

the effective elastic properties, can be distinguished:

A. Intergranular cracks, of sizes not exceeding the grain
dimensions. They are produced by cooling-generated
microstresses, due tomismatch of thermal contractions
of neighboring grains.

B. Zigzag cracks formed by the coalescence of intergran-
ular cracks; they are produced by the mechanical
loading. Their sizes are much larger than the ones of
intergranular cracks.

The values of the effective Young modulus E observed
in the cyclic loading experiments at RT (Table 5) are one-
two orders of magnitude lower than its value E0 for the
bulk material (estimated from Figure 9). Such a drastic
reduction cannot be explained by the porosity of only a few
percent; it can only be attributed to microcracks. We focus
on modeling their effect on stiffness.

5.2 Intergranular cracks (Type A)

Their effect cannot be explained in terms of the conven-
tional models of the overall properties of cracked solids.
Indeed, these models assume unrestricted locations of
cracks, whereas intergranular cracking occurs along grain
boundaries, so that certain saturation level of microcrack
density𝜌∗ exists; it corresponds to fully cracked boundaries
(zero stiffness).
The value of 𝜌∗ is not precisely defined. For example,

for cubic grains, the saturation value 𝜌∗ changes from 0.37
if it is associated with circular cracks on cube faces hav-
ing diameters equal to cube sides (cracks on neighboring
faces touch at one point) to 0.54 if crack diameters are
chosen to match crack areas and the areas of cube faces.
For elongated shapes—observed in certain proportion of
grains (see Figures 5 and 6)—the value of 𝜌∗ is some-
what larger, as seen from somewhat related 2D examples
(with the density of rectilinear cracks of lengths 2𝑙𝑘 defined
as 𝜌2D = (1∕𝐴)

∑
𝑘
𝑙2
𝑘
where A is the reference area): One
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TABLE 5 Young’s modulus observed in the cyclic loading experiments.

Materials

Instantaneous elastic modulus—first cycle (GPa) Instantaneous elastic modulus—last cycle (GPa)
Beginning of
forward loading

End of forward
loading

Onset of
unloading

Beginning of
forward loading

End of forward
loading

Onset of
unloading

Non-flexible (NF) 13.3 13.5 13.9 12.5 5.7 11.1
Flexible (F) 6.1 5.3 5.8 4.8 1.4 3.8
Very flexible (VF) 4.6 0.8 1.67 1.52 0.4 1.52

obtains 𝜌∗ = 0.5 for square grains increasing to 𝜌∗ = 0.83

for rectangles with aspect ratio 3:1. Overall, the value of
𝜌∗ ≈ 0.5 appears to be a reasonable estimate that is used
here; note that the results given in the text to follow depend
on the ratio 𝜌∕𝜌∗ but are relatively insensitive to the exact
value of 𝜌∗.
Amodel for the effective elastic properties of a solidwith

intergranular cracks, which accounts for their saturation
level 𝜌∗, was developed by Sevostianov and Kachanov.46 It
yields two coupled differential equations for two effective
isotropic elastic constants; in cases when Poisson’s ratio
of the bulk material 𝜈0 < 0.4, it allows an approximate
solution for Young’s modulus:

𝐸∕𝐸0 = (1 − 𝜌𝑖∕𝜌∗)
𝐷𝜌∗ (4)

where (if we assume ν0 = 0.25)

𝐷 = (16∕45)
(
1 − 𝜈2

0

)
(10 − 3𝜈0) ∕ (2 − 𝜈0) = 1.76 (5)

At small 𝜌, the usual non-interaction approximation
(NIA) is recovered (where 𝜌𝑖 is the “equivalent” inter-
granular microcrack density, i.e., the density of circular
microcracks producing the same effect); at the saturation
point 𝜌𝑖 = 𝜌∗, 𝐸 = 0.
If one assumes that the observed drastic reduction of

stiffness 𝐸∕𝐸0 (Table 5) is entirely due to intergranular
microcracks, formula (4) yields the values of 𝜌 that are
very close to the saturation point at maximum loads in
last cycles (grain boundaries are almost fully cracked and
are close to the breakage point). This does not seem to
agree with the photomicrograph data of Figure 6. We rec-
ognize, therefore, that much larger zigzag cracks (type B)
contribute significantly to the stiffness reduction. It seems
reasonable to assume that

∙ The density of intergranular cracks (produced by cool-
ing) is reflected in the initial slope in forward loading
in the first cycle, when loading-induced damage (in the
form of larger zigzag cracks) has not occurred, yet;

∙ Type (B) cracks, formed by the propagation and coales-
cence of intergranular cracks, are produced by loading.
Therefore, the slopes in subsequent cycles reflect the
combined effect of the intergranular and the zigzag
cracks.

5.3 Zigzag cracks (Type B)

Approximate models of their compliance contributions
were developed by Martynyuk and Kachanov,7 in the
framework of 2Dmodeling. It was found, in particular, that
the compliance contribution of a zigzag crack is larger than
the one of a rectilinear “shortcut” crack connecting the
endpoints of the zigzag. Further, a technique was estab-
lished of reducing a multi-link zigzag to a set of two-link
ones; compliances of the latter were tabulated as functions
of the angle variable and constituted the basic building
blocks.
In our case, however, a simpler approach to their mod-

eling can be taken, due to the fact that the observed zigzag
cracks are long (their length is substantially larger than the
amplitude of deviations from the general crack direction)
so that they fit inside a narrow ellipse. It is based on the
“comparison theorem” of Hill (1963)47 (see also the book of
Kachanov and Sevostianov43 for discussion in detail) that
bounds the compliance contribution of any inhomogene-
ity by the ones of the circumscribed and inscribed ones
(having the same material properties).
Being applied to a zigzag crack, the theorem bounds

its compliance contribution by the ones of the rectilin-
ear “shortcut” crack and a circumscribed hole having the
shape of a narrow ellipse. The bounds are useful if they are
sufficiently tight—as is indeed the case: For an elliptic hole
with a and b being the larger and the smaller semiaxes,
its contribution to the compliance in the normal to the a-
axis direction is proportional to 2𝑎2(1 + 𝑏∕(2𝑎)); the case
b= 0 corresponding to the “shortcut” crack.48 If 𝑏∕𝑎 < 0.2

(a sufficiently narrow ellipse), the normal to the larger axis
compliance (the most important compliance component,
as zigzag cracks tend to be normal to the loading direc-
tion) differs the one of a rectilinear crack of length 2a by
less than 10%; hence, it can be estimated, roughly, as the
compliance of a rectilinear shortcut crack.
Extending the bounds to a 3D zigzag configuration that

fits into a spheroidal pore of narrow opening, its com-
pliance contribution can be estimated, with satisfactory
accuracy, by the one of the shortcut cracks. We emphasize
that such estimates are sufficiently accurate if the “ampli-
tude” of the zigzag crack is substantially smaller than
its length (so that the bounding elliptic pore is narrow).
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Many—if not most—of the intergranular cracks appear
to fall into this category. Even if such cracks constitute
only a fraction of the total number of cracks, they may be
responsible for dominant part of the stiffness reduction, as
they are larger and the compliance contribution of a crack
scales as its linear size cubed.
The axial strain contribution of multiple zigzag

cracks under applied axial stress 𝜎 is Δ 𝜀𝑧 =

𝜎(1∕𝐸𝑒𝑓𝑓 − 1∕𝐸0)𝐷𝜌𝑧, where D is defined in Equa-
tion (5). Here, 𝜌𝑧 is the “equivalent” density of flat cracks
(that correspond to oblate circumscribed spheroids, in the
limit of zero opening). As 𝜌𝑧 appears to be moderately
small, not exceeding 0.1–0.2 (the zigzag cracks do not seem
to be closely spaced, although more accurate estimates
of 𝜌𝑧 would require larger field-of-view than typical SEM
images), the Non-Interaction Approximation (NIA) is
justified for estimates. In its framework, the reduction of
Young’s modulus is 𝐸∕𝐸0 = 1∕(1 + 𝐷𝜌𝑧) (see [49]).
Adding up the compliance contributions of the inter-

granular and zigzag cracks (of densities 𝜌𝑖 and 𝜌𝑧, respec-
tively), their combined effect on the overall stiffness is as
follows:

𝐸∕𝐸0 =

[(
1 −

𝜌𝑖
𝜌∗

)−𝐷𝜌∗

+ 𝐷𝜌𝑧

]−1

(6)

It is seen, however, that the additional reduction of stiff-
ness due to the zigzag cracks (the difference between the
predictions given byEquations (4) and (6)) is insufficient to
explain the data (unless one assumes unrealistically huge
values of 𝜌𝑧, first part of Table 5).
Therefore, we explore an alternative approach in mod-

eling the effect of zigzags. As the intergranular cracks
are much smaller in size than the zigzags and vastly
outnumber them, we first homogenize the effect of the
intergranular cracks and then insert the zigzag cracks into
the homogenized background. This yields

𝐸

𝐸0
=

(1 − 𝜌𝑖∕𝜌∗)
𝐷𝜌∗

1 + 𝐷𝜌𝑧
(7)

Although the predictions given by this formula are
closer to the data, Equation (7) still underpredicts the
stiffness reduction.
It appears that the mentioned alternative approach—

the homogenization of small intergranular microcracks
as a background for much larger zigzag cracks—
underestimates the compliance contribution of the
latter, as shown in 2D simulations, whereby a rectilinear
crack was placed in the background of 397 of much
smaller cracks, with size contrast (ratio of the size of the
large crack and the small surrounding ones) up to 10, see
Figure 12. In fact, Figure 12 shows the contribution to the

compliance 1

𝐸2

=
𝜀22

𝜎22
of a large crack placed in a cloud of

small cracks.
Numerical simulations were based on the numerical

solution (using the Newton–Cotes method) of a system of
singular integral equations for pseudo-tractions on cracks
(tractions induced on crack lines in a continuous mate-
rial by the applied load and by the neighboring cracks).
After that, the displacement discontinuities on cracks, and
their average valueswere used to determine the crack com-
pliance contributions. For each microcrack density and
each contrast of large crack to small crack sizes, 32 microc-
rack arrays were generated, and the results were averaged
over these configurations. The simulations show that the
mentioned homogenization exaggerates the compliance
contribution of a large crack (by 15%–20%), at least at the
size contrasts of 8–10 that are relevant for the considered
microstructure.
The underlying reason for the substantial underpre-

diction of the effective stiffness is not fully clear at the
present moment (and calls for further investigation). The
following two hypotheses can be suggested: (i) Intergran-
ular crack density 𝜌𝑖 increases in the process of loading
(alongside with propagation of the zigzag cracks) bring-
ing 𝜌𝑖∕𝜌∗ closer to its saturation value and (ii) there could
be more zigzag cracks than one can identify in the pho-
tomicrograph of Figure 6, in spite of its relatively good
resolution.
Yet another factor contributing to certain inherent

“fuzziness” of relating the crack density to the information
available in photomicrographs is that the information has
the 2D character and the zigzag cracks are considered in
the 2D framework,whereas the actual crack geometries are
three-dimensional. High resolution computer tomography
(or X-ray microscopy) may provide further insight in this
matter and is a subject for future work.

6 CONCLUSIONS

Experiments done on aluminum titanate specimens
demonstrated that the stress–strain behavior of these
ceramics exhibits nonlinearity under tension and hys-
teresis in loading–unloading cycles. These features are
quantitativelymodeled and explicitly related tomicrocrack
density. The latter comprises two types of microcracks:
cooling-induced intergranular microcracks (due to hetero-
geneity and anisotropy of thermal expansion) that have
sizes of the order of grain diameters and much larger
loading-inducedmicrocracks of the zigzag shapes. The two
produce distinctly different effects on the overall stress–
strain behavior. These effects are explicitly expressed in
terms of the corresponding crack densities. Our model
allows monitoring the evolution of microcracking on the
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F IGURE 1 2 (a) Contribution of a large crack surrounded by a cloud of smaller cracks with size ratio 1/10. (b) Sketch of the 2D crack
surrounded by the array of small cracks; the 2D crack density is 0.10. Testing the hypothesis that the effect of small cracks on the compliance
contribution of a large crack can be simulated by placing the latter into a homogenized environment, as a function of contrast in sizes of the
large and the small cracks.

basis of stress–strain curves and explains the load–unload
hysteresis of the stress–strain curves.
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