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Abstract: Reliable assessment of earthen dams’ stability 
and tailing storage facilities widely used in the mining 
industry is challenging, particularly under seismic load 
conditions. In this paper, we propose to take into account 
the effect of the dominant frequency of seismic load on 
the stability assessment of tailing/earthen dams. The 
calculations are performed by finite element modelling 
(FEM) with the Mohr–Coulomb failure criteria. To separate 
the frequency content from other dynamic parameters 
describing the seismic wave, synthetic waveforms with 
identical amplitude and attenuation characteristics, but 
differing spectral characteristics have been used. The 
analysis has been performed for three different slope 
angles and two scenarios of seismic wave propagation. 
Consequently, the changes of total displacement and 
shear stresses depending on the frequencies have been 
determined and clearly show that lower frequencies 
cause higher stress levels and displacement. Finally, 
the response surface methodology has been applied 
to determine how different parameters affect the slope 
stability under dynamic load conditions. Overall, this 
study is a first step to improve the existing methods to 
assess slope stability when considering seismic load.

Keywords: Slope stability; Numerical analysis; Seismic 
load; Frequency analysis.

1  Introduction
The world of mining industry produces billions of tonnes 
of tailings each year. In 2010 only, over 14 billion tonnes of 
waste material were generated due to mineral processing 
(Adiansyah, 2015). In most cases, waste material is stored 
on the surface on so-called tailing storage facilities 
(TSFs). As it was pointed out by Owen et al. (2020), these 
facilities are among the world’s largest constructions 
and are characterised by a relatively high failure rate 
compared to other engineering structures (Duque et al., 
2015; Schoenberg, 2016; Gobla, 2017). As observed in 
recent years, the failures caused by loss of slope stability 
are becoming more and more frequent. According to the 
International Commission on Large Dams (ICOLD, 2020), 
since the beginning of the 21st century, the disaster related 
to earthen dams’ slope stability has occurred statistically 
at least once a year. A detailed analysis of TSF failure rate 
was presented by Azam and Li (2010). According to the 
data, until the end of 1950, the number of failures was no 
greater than 10 per decade. The beginning of 1960 brought 
a sudden rise in this number that lasted till 1980 (up to 50 
per decade). This growth is associated with vivid mining 
activity after World War II (WWII). The growing demand 
for iron ore led to increased excavation that resulted in a 
higher failure rate. Chambers and Higman (2011) suggest 
that the rise in failure rate might also be related to the 
enlarged size of used vehicles and machinery. After that, at 
the beginning of the 1990s, with advances in technology, 
the failure rate started to decrease (compared to the 
previous decade, there was a 60% drop in failure rate). The 
success is also attributed to the regulations introduced for 
evaluating the stability of the constructions. Nevertheless, 
despite rapid developments of new technologies and 
monitoring performed at the sites, the annual number of 
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dam failures started to increase again after 2000. Thus, 
the TSF failures are still a threat to safety in the mining 
industry, which mainly depends on man-made decisions. 
These critical mistakes might happen at the planning 
step, during exploitation and even after the closure of 
the post-exploitation ponds. It should be highlighted that 
due to the technical requirements, storage facilities might 
exist in different environments that are statistically non-
uniform and are exposed to many risk factors (Pytel, 2010). 
Therefore, each case should be analysed and monitored 
separately, fitted to the specific surrounding conditions.

Based on case studies (Rico et al., 2008; Azam & Li, 
2010; Glotov et al., 2018, Turi et al., 2013, Roche et al., 
2017), one may conclude that the main reasons for earthen 
dam failures at the end of 21st century were: 

 – wrong location;
 – insufficient geological, hydrogeological and 

meteorological (mainly rainfall rate) recognition of 
the site;

 – improper management and lack of maintenance 
during exploitation;

 – faulty paradigms of the physical models used for 
stability assessment during dam’s lifespan and

 – underestimation of the dynamic parameters basing on 
statical and pseudo-static parameters for physical models.

As pointed out by Vogel (2013), due to numerous TSF failures 
worldwide, there were almost 2400 fatalities between 1961 
and 2020 (Owen, 2020; WISE, 2019), and we may expect 
that in the next few years, along with the increase of tailing 
production, this number will further increase (NRGI, 2017, 
Owen, 2020). There are numerous possible reasons for such 
a situation like the continuous expansion of dam volume 
due to the facility development, an increase of tailings and 
seepage volume (Dhungana, 2020) or intensification of 
extreme rainfall occurrence due to climate change (Myhre 
et al., 2019). On the other hand, in some cases, the exact 
reasons are unknown, which could lead to the conclusion 
that some mistakes have been made during the facility 
project and development or risk evaluation. Therefore, 
there is a vital necessity to develop new geotechnical 
slope stability assessment methods and to implement a 
more accurate risk monitoring system. This topic gains 
importance, especially in the mining industry, where 
tailings of high volume are produced every year. Moreover, 
TSF located near areas of mining activity are often affected 
by additional factors like paraseismic activity, mining-
induced seismicity, rock bursts or ground settlement, 
which make the issue of slope stability evaluation even 
more complicated (Fulawka et al., 2019, 2020; Domańska & 
Wichur, 2006; Suddle, 2009; Aven, 2010).

1.1  TSF failures – what we learnt so far 

As pointed out by Adamo et al. (2020), earthquakes may 
cause significant damages or even dam failures. According 
to historical cases, additional seismic load affects mainly 
earthfill dams or TSFs. The meaningful reports about 
the failure statistic were presented by the United State 
Committee on Large Dams (USCOLD, 2000) and the United 
States Society on Dams (2014), where numerous cases 
of visible dam damages and failures observed between 
1896 and 2013 had been analysed concerning the seismic 
source energy and location. According to these reports, 
previous dam analyses were performed with respect to the 
maximum acceleration recorded or predicted at the base 
and on the crests of the dams. Still, when analysing past 
failures, one may conclude that in many cases, the quakes 
with higher energy and lower epicentral distances from the 
slope may generate lower damages in the construction than 
more distant, weaker events. Such a situation may lead to 
the conclusion that the energy of earthquakes, related to 
their amplitudes, is not the only factor affecting the overall 
slope stability. Other parameters of the seismic load, such 
as frequency content, need to be taken into account to 
determine their influence on slope stability. The direct 
impact of the earthquake may be related to the seismic load 
frequency and the natural frequency of the particular dam. 

This hypothesis may be supported by recently 
observed catastrophic tailing dam failures in Brazil. 
In the last years, two significant disasters occurred: 
in the state of Minas Gerais, which is known for ore 
exploration, on 5 November 2015 (Samarco Mine) and 
in Córrego do Feijão iron ore mine in Brumadinho on 25 
January 2019 (estimated causalities 270). Both mines are 
owned or partly owned by VALE Corporation. The first 
one, the Mariana dam disaster (also found under ‘Bento 
Rodriguez’ or ‘Samarco’ dam disaster), was described in 
detail by Agurto-Detzel et al. (2016). The authors propose 
the occurrence of seismic events as being the triggering 
factor of the dam disaster. The Brazilian Seismographic 
Network registered eight events spread out over 4 days. 
The local magnitudes (ML) were estimated between 1.3 and 
2.6, and the moment magnitudes (Mw) ranged 0.7–2.0. The 
analysis suggested shallow events, up to a depth of 5 km, 
which is sustained by the fact that the events were felt by 
the mine staff (intensities at the level of IV–V in modified 
Mercalli intensity scale). The event seismograms’ high 
cross-correlation suggested that these earthquakes should 
have had similar focal mechanism and location.

It should be noted that all events could not be 
detected automatically (the closest station was at the 
distance of 160 km from the seismic source) and their 
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analysis was only possible manually. This fact suggests 
the need to deploy broadband seismometers at the mining 
sites, which could be sensitive for a wide range of signals, 
even those of smaller magnitudes. Because of the lack of 
a sensitive monitoring system at the dam slopes, the exact 
evaluation of amplitude and frequency characteristics in 
the conducted risk evaluations and stability assessment 
was impossible. Nevertheless, according to the regional 
seismic monitoring system, seismic events occurred in 
the site’s vicinity. Such sources can be understood as 
diffusive seismic sources, and the area of Minas Gerais is a 
region of low seismicity (Agurto-Detzel et al., 2016). In the 
region, only one seismic event of magnitude 5.1 occurred 
(Castañeda et al., 2013). Minas Gerais state is a mining 
region (hence the name) and might also be a subject of 
mining-induced seismicity, mainly related to blasting; 
however, the described events have a natural character. 
The Mariana case proves that even low-energy seismic 
sources can severely threaten a tailing dam, especially 
when the epicentre distance is small. Such cases are rare, 
but the resulting damage might be compared to similar 
failures caused by stronger magnitude earthquakes, for 
instance, events from Chile in 1928 (Mw = 8.2) and 1965 
(Mw = 7.5) (Adamczyk, 2012). The second meaningful and 
the most recent and catastrophic example of tailing dam 
failure is the event from Brumadinho in 2019. In Córrego 
do Feijão iron ore mine, the stability of the tailings dam 
was evaluated using pseudo-static limit equilibrium 
method (LEM) that takes into account acceleration (Jibson, 
2011) and is independent of ground shaking frequency. 
The estimated factor of safety (FoS) of slope stability 
was determined to be 1.5, which theoretically should 
ensure sufficient safety margin even under the seismic 
load condition. Still, this evaluation did not include the 
frequency value, which seems to play a critical role in 
evaluating dam stability (Santamarina et al., 2019).

Slope stability estimation needs more detailed 
analysis, especially in regions commonly not considered as 
potentially hazardous, but still exhibit low seismicity rate 
(Mw = 2–3). For instance, in Poland, many geotechnical 
waste sites are built in areas where moderate seismicity 
occurs, both natural (Guterch, 2009) and induced (Mirek 
& Mirek, 2011). For these regions, there is currently no 
routinely performed analysis regarding the frequency of a 
seismic wave (Adamczyk et al., 2013). 

In this paper, we show that the dominant frequency 
of events should not be neglected in analyses and the 
magnitude is not the only factor that should be considered 
during slope stability evaluation. We will concentrate on 
the parameters of a seismic signal (seismic load) and, for 
now, will not focus on the exact source of the shaking, 

since its origin (natural or induced) plays a secondary role 
in the presented analysis.

1.2  Dominant frequency in civil engineering 

In general, the term seismic load may be defined as any 
ground movement caused not only by, for example, natural 
or induced seismicity, but also seismic noise produced by 
traffic, machinery or active seismic surveys. This ground 
motion may be described by factors such as amplitude, 
frequency of vibration and duration. When considering the 
frequency content of seismic load, the analyses conducted 
in other civil engineering branches may be a good reference 
point. For example, according to the International Atomic 
Energy Agency (IAEA, 2004), when analysing the influence 
of seismic load on the nuclear object, an adequate input 
ground motion should be determined. This input should 
consist of parameters such as earthquake intensity, energy, 
epicentral distance, maximum acceleration, duration and 
frequency characteristics. In the safety standards, it is 
recommended to study the S-wave velocity to a depth of 
30 m (Vs30), since it predominates the amplification factor 
(IAEA, 2004). Considering shear stress, Vs30 is one of the 
parameters for which the non-linear site amplification 
effect occurs (Walling et al., 2008). The site amplification 
effect, influencing the acceleration spectra’s amplitude, 
is higher for lower velocity values. This effect is crucial, 
especially in non-active areas for which the peak ground 
acceleration does not exceed 0.1 g (where g is the mean 
value of gravity at the Earth’s surface with an acceleration 
of about 9.8 m/s²). Moreover, surface waves of seismic 
events, which are almost entirely responsible for eventual 
damage, have lower frequencies than body waves (P- and 
S-waves). Hence, for slope stability assessment, not only 
the maximal amplitudes related to a specific type of wave, 
but also the frequency content of seismic waves should be 
taken into account. 

The same conclusion may be drawn when reviewing 
the Polish Mining Intensity Scale (2018) that matches 
the maximal observed energy of a seismic event to a 
frequency, which is the first step to evaluate an event’s 
intensity. The scale is non-linear, which results in a 
possibility that same energy events will be classified 
into different intensities (Fulawka et al., 2019, 2020). 
Similarly, Eurocode 8 regulations (2004) consider the 
frequency characteristic for assessing a wide range 
of parameters that describe viscous damping, system 
vibration and response functions. Nevertheless, in the 
case of geotechnical facilities, essential parameters such 
as frequency are almost entirely neglected. 
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This paper aims to highlight the dynamic parameters’ 
role and the frequency content for stability evaluation 
of tailing/earthen dams. For this, analytical solution 
and numerical modelling will be presented using 
finite element-based numerical analysis subjected to 
dynamic load in the form of damped harmonic vibration 
characterised by different frequency content. 

2  Recently used methods of slope 
stability assessment
The methods currently used to assess slope stability 
required by national regulations, laws and standards 
are generally based on the analytical methods from the 
past decades. The first documented research in the field 
of slope stability was presented in the late 18th century 
(Coulomb, 1777). Significant improvement of calculation 
accuracy may be dated to late 20th century when the 
method of slices was developed and presented by 
Petterson (1955). This method assumed a circular failure 
interface and was later improved by Fellenius (1927) and 
Terzaghi (1925). As a result, fundamental methods of 
slope stability calculation were designed and have been 
used ever since. After the WWII, a rapid development of 
stability assessment methods was observed. The sudden 
growth in the mining industry resulted in dozens of tailings 
pond disasters; consequently, vital necessity for accurate 
risk assessment methods arose. As a result, Janbu (1954) 
proposed a new assessment method based on slices that 
only considered total horizontal force equilibrium instead 
of total moment equilibrium. After that, Bishop (1955) 
proposed new methods for which the resultant interslice 
forces were horizontal. At the same time, there were no 
vertical interslice shear forces. In the 60s of the 20th 
century, iterative methods were introduced to geotechnical 
software, which was a milestone in slope stability 
calculations. Parallel to that, more reliable approaches 
were proposed by Morgenstern and Price (1965) and 
Spencer (1967). The first one (Morgenstern & Price, 1965) 
assumes that the resultant interslice forces’ direction is 
defined using an arbitrary function. The fraction of the 
function’s value needed for force and moment balance is 
computed. In the second one (Spencer, 1967), the resultant 
interslice forces have a constant slope throughout the 
sliding mass. All the methods described above are used 
in LEM analyses, which are most commonly used in slope 
stability assessment and allow to calculate FoS of slope 
under additional load occurrence, that is, vibration caused 
by mining tremors (Melo & Sharma, 2004; Choudhury et 

al., 2007; Hazari et al., 2020). The additional seismic load 
is implemented into the calculation with so-called seismic 
force FS according to the formula given below:

𝐹𝐹𝐹𝐹𝑠𝑠𝑠𝑠 = 𝑎𝑎𝑎𝑎∙𝑊𝑊𝑊𝑊
𝑔𝑔𝑔𝑔

= 𝑘𝑘𝑘𝑘 ∙ 𝑊𝑊𝑊𝑊     (1) (1)

where a is the maximum amplitude of recording seismic 
wave acceleration (m/s2), W is the weight of the slice (kN), 
g is the acceleration of gravity, g = 9.81 (m/s2) and k is the 
acceleration ratio (a/g).

As pointed out by Liu et al. (2015), LEM calculations 
are very efficient in terms of time consumption, but also 
have some limitations, that is, the slip surface location 
must be predefined. In complex geological conditions, 
finite element (FE)-based methods have been proven to be 
more useful and reliable (Cheng et al., 2007; Griffiths & 
Lane, 1999; Zheng et al., 2005). 

The shear strength reduction (SSR) method was 
proposed by Zienkiewicz et al.  (1975) to determine soil 
slope stability with the use of FE. In this method, the safety 
factor (SF) is defined as the ratio of observed shear strength 
to the minimum shear strength required to prevent loss 
of stability (Duncan, 1996). As pointed out in numerous 
researches (Shangyi et al., 2003; Yingren & Shangyi, 2004; 
Hammah et al., 2007), the SSR method was applied for soil 
slopes and rock masses as well due to its high reliability and 
universality. Yingren and Shangyi (2004) demonstrated the 
efficiency of the SSR method for slopes of soil and rock 
masses. The main advantage of the SSR method over LEM 
is that the analysis does not require any assumptions of the 
interslice shear force distribution and the critical failure 
surface location. According to Chiwaye  (2010), visible 
differences in estimated volumes of failure in LEM and 
SSR methods may be observed. In general, the SSR method 
gives more significant volumes of failure. 

In general, the SSR method examines the value of the 
stress reduction factor (SRF), which leads to slope failure. 
The shear strength reduced by an SF can be found using 
a series of iterations to fit the friction angle (φ′) and the 
cohesion (c′) of the slope. When using the Mohr–Coulomb 
criterion, the process of SSR may be expressed according 
to the following equations:

𝜏𝜏𝜏𝜏 = 𝑐𝑐𝑐𝑐′ + 𝜎𝜎𝜎𝜎′ tan𝜑𝜑𝜑𝜑′     (2) (2)

𝜏𝜏𝜏𝜏
SF

= 𝑐𝑐𝑐𝑐′

SF
+ 𝜎𝜎𝜎𝜎′ tan𝜑𝜑𝜑𝜑′

SF
     (3) (3)

where where 𝑐𝑐𝑐𝑐′ = 𝑐𝑐𝑐𝑐′

SF
 is the reduced value of cohesion and 𝜑𝜑𝜑𝜑′ = arctan (tan𝜑𝜑𝜑𝜑

′

SF
) is the reduced value of   is the reduced value of cohesion and 

where 𝑐𝑐𝑐𝑐′ = 𝑐𝑐𝑐𝑐′

SF
 is the reduced value of cohesion and 𝜑𝜑𝜑𝜑′ = arctan (tan𝜑𝜑𝜑𝜑

′

SF
) is the reduced value of  is the reduced value of internal friction 

angle.

https://link.springer.com/chapter/10.1007/978-3-319-61902-6_18#CR27
https://link.springer.com/chapter/10.1007/978-3-319-61902-6_18#CR3
https://link.springer.com/chapter/10.1007/978-3-319-61902-6_18#CR25
https://link.springer.com/chapter/10.1007/978-3-319-61902-6_18#CR7
https://link.springer.com/chapter/10.1007/978-3-319-61902-6_18#CR1
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Despite showing good reliability and some 
advancements compared to LEM calculations, the SSR 
technique is still conducted in the so-called pseudo-static 
conditions, where the seismic load is defined in the model 
as a permanent body force representing one peak value of 
ground shaking.

As it may be noticed, the pseudo-static approach 
utilised in both LEM- and finite element method (FEM)-
based analyses does not allow to include dominant 
frequency content of seismic wave into the calculation. 
As a result, this method seems to be fully reliable only in 
static slope stability analysis or may provide a preliminary 
evaluation of the geotechnical structure’s stability. 
Nevertheless, in many countries, for example, according to 
Polish regulations, SF, which can be determined only with 
static or pseudo-static methods, is an obligatory parameter 
that needs to be determined before obtaining permission 
for flotation tailing pond construction. However, non-
static characteristics play a significant role. According to 
equation (4), displacement is inversely proportional to 
frequency. Consequently, when the frequency decreases, 
displacement rises:

 
𝐷𝐷𝐷𝐷 = 𝑣𝑣𝑣𝑣

𝜋𝜋𝜋𝜋∙𝐹𝐹𝐹𝐹
= 𝑔𝑔𝑔𝑔∙𝑎𝑎𝑎𝑎

2𝜋𝜋𝜋𝜋2𝐹𝐹𝐹𝐹2
     (4) (4)

where v is the amplitude of seismic wave velocity (m/s), 
F is the frequency (Hz), a is the maximum amplitude of 
recording seismic wave acceleration (m/s2) and g is the 
acceleration of gravity, g = 9.81 (m/s2).

The Short-Time Fourier Transform (STFT) analysis 
shows that the relative energy distribution of a seismic 
wave depends on the amplitude and the dominant 
frequency content of this seismic wave. In Figure 1, two 
waveforms recorded after high-energy mining-induced 
tremors in Legnica-Głogów Copper Basin (LGCB), Poland, 
are presented. Both tremors are characterised by the same 
level of maximum vibration amplitude, which determines 
the same result of calculation in pseudo-static analyses. 
Nevertheless, it should be highlighted that both events 
differ with the frequency content. The first one was the 
mining event with an energy of 1.9 × 109 J and a hypocentral 
distance from the seismic recording station of 6385 m. The 
second one was a tremor with an energy of 1.2 × 107 J and 
a hypocentral distance from the seismic post of 2683 m 
(Figure 1). 

Figure 1 shows the different characteristics of recorded 
seismic events in terms of the energy dissipated at specific 
frequencies. As it can be seen on the spectrograms, both 
tremors create different characteristics of relative seismic 
energy distribution. Tremor with lower energy located in 
near field generated only one significant amplitude peak 
with the dominant frequency of 5 Hz. In turn, high-energy 
tremor with two times longer hypocentral distance from 
the seismic post generated substantial energy peaks in 
the frequency range of 2–7 Hz. Moreover, this energy took 
longer to dissipate, which potentially might affect the 
nearby facilities more destructively. 

The reliable effect of seismic wave frequency content 
on geotechnical facilities’ stability can be analysed using 

Figure 1: Comparison of spectrograms for mining-induced high-energy tremors with energy of 1.9 × 109 J (left) and 1.2 × 107 J (right).
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FEM analysis under dynamic conditions (Kucewicz et 
al., 2020; Baranowski et al., 2020). These methods allow 
determining how the frequency rate and the duration of 
dynamic load affect slope stability. Thus, considering the 
frequency content of the analysed seismic wave is of great 
importance when assessing the slope stability. 

3  The spectral characteristics of the 
waveforms recorded in LGCB
For this analysis, 2D FEM-based numerical models are 
prepared. As seen for the real seismic events (Figure 1), 
the seismic wavefield contains a wide frequency range. In 
order to simulate this effect, the synthetic waveforms that 
are applied here have different dominant frequencies. As 
it was concluded by Pytel et al. (2019), for the events in 
LGCB, the observed dominant frequencies of high-energy 
mining-induced events depend on their hypocentral 
distance. The frequency band from these events ranges 
between 0.8 and 24 Hz (Figure 2). 

As one may conclude, the distribution of dominant 
frequency varies significantly with the changes in 
tremors’ energy and their spatial distribution. Still, 
there is a general trend of frequency decreasing with 
increase of epicentral distance and energy of the seismic 
event. As a result, moderate energy tremors located in 
close epicentral distance from the measuring site are 

characterised by dominant frequencies in the range of 10 
Hz up to 25 Hz. In turn, seismic waves induced by high-
energy tremors, which occur at a distance of 5 km or larger 
from the measuring point, are characterised by relatively 
low frequencies, which in most cases do not exceed 5 Hz. 

4  Materials and methods

4.1  Simulation of artificial waveforms with 
different dominant frequencies

To determine precisely how and if the seismic wave’s 
dominant frequency affects the stresses and displacement 
within the slope, synthetic waveforms with the same 
amplitude and damping coefficient, but different 
bandwidth were prepared. Waveforms are determined 
according to the formula given below:

𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡) = 𝑎𝑎𝑎𝑎max ∙ exp (−𝛽𝛽𝛽𝛽 ∙ 𝑡𝑡𝑡𝑡) ∙ cos ((𝜔𝜔𝜔𝜔 ∙ 𝑡𝑡𝑡𝑡) + 𝜑𝜑𝜑𝜑)     (5) (5)

where a(t) is the amplitude of seismic wave acceleration in 
each time step (m/s2), amax is the maximum amplitude of 
seismic wave acceleration before attenuation (m/s2), β is 
the attenuation factor (1/s), t is time (s), w is the natural 
frequency (rad/s) and φ is the initial phase (rad).

As a result, 30 synthetic waveforms with an amplitude 
of 800 mm/s2 and a duration of 4 s were prepared. The 

Figure 2: The dominant frequency content of LGCB mining-induced tremors in relation to their epicentral distance and energy (over 430 
entries, vertical and horizontal components were studied).
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result of the fast Fourier transform for each waveform is 
presented in Figure 3.

It may be noticed that the spectral distribution of 
simulated synthetic records is characterised by clearly 
visible, single dominant frequency of vibrations. Such an 
approach ensures separation of the influence of frequency 
on stress and displacement distribution in slope from 
other parameters describing seismic waves, such as time, 
amplitude and attenuation.

4.2  Preparation of 2D FEM model

All numerical calculations were conducted in RS2 software 
for 2D FE soil and rock geotechnical analyses. The dynamic 
analysis utilised in RS2 software is generally based on the 
Newmark time-stepping methods. In turn, as a failure 
criterion, the Mohr–Coulomb criteria have been used, 
which is one of the most commonly utilised solutions in 
geotechnical analyses (Zhao, 200; Owen & Hinton, 1980; 
Pietruszczak, 2010; Labuz & Zang, 2012). It is based on the 
assumption that there exists a linear relationship between 
shear strength τ on a plane and the normal stress 
acting on it. The following formula describes this relation:

𝜏𝜏𝜏𝜏 = 𝑐𝑐𝑐𝑐 − 𝜎𝜎𝜎𝜎𝑛𝑛𝑛𝑛tan𝜑𝜑𝜑𝜑     (6) (6)

where c is the cohesion (kPa) and φ is the angle of internal 
friction (°).

Boundary conditions were specified as an absorbing 
(bottom) and a transmitting (left and right) boundary, 

which prevents generating dynamic reflections within the 
model. The details about both boundary conditions are 
described in RocScience (2021). The initial assumptions 
in terms of material properties and slope geometry are 
presented in Figure 4. Three different slope angles, that is, 
20°, 34° and 45° are modelled separately. 

The strength parameters of soil used during the model 
preparation have been presented in table 1.

For this analysis, the material type of the slope 
was defined as plastic. The critical factor affecting the 
reliability of dynamic FE analysis is the mesh size. Too long 
boundaries of elements can negatively affect the ability of 
the model for high-frequency transmission. Numerical 
falsification of the propagating wave characteristic of a 
dynamic analysis may result from incorrect modelling 
conditions. In the case of additional seismic load in FE 
analysis, both frequency content and velocity affect the 
numerical accuracy of wave transmission through the 
model. According to Kuhlemeyer and Lysmer (1973), 
the exact interpretation of wave transmission across a 
numerical model requires that the spatial size element Δl 
must be smaller than 10% of the wavelength coupled with 
the highest frequency.

Δ𝑙𝑙𝑙𝑙 = 𝜆𝜆𝜆𝜆
10

                 (7) (7)

where λ is the wavelength associated with the highest 
frequency of seismic wave (m).

Examples of this type of problem include seismic 
analysis of surface structures such as dams or dynamic 
analysis of underground excavations. Therefore, the 

Figure 3: The spectral amplitude characteristic of harmonic signals used in FEM dynamic analysis.
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maximum mesh element size with respect to the capability 
of the model to transmit particular frequency content, f, 
may be calculated according to the following formula: 

𝛥𝛥𝛥𝛥𝑙𝑙𝑙𝑙 = 𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠
𝑓𝑓𝑓𝑓×10

       (8) (8)

where the shear wave velocity Cs can be calculated using 
the following equation:

𝐶𝐶𝐶𝐶𝑠𝑠𝑠𝑠 = �
𝐸𝐸𝐸𝐸

2(1+𝑣𝑣𝑣𝑣)(𝜌𝜌𝜌𝜌𝑔𝑔𝑔𝑔)
                             (9) (9)

The maximum calculated size of a single FE element is 
presented in Figure 5. 

According to the calculations for the lowest 
frequencies, where the wavelength is relatively high, 
the spatial element size should not be larger than 17 m. 
In turn, with an increase of frequency, smaller size of 
elements is required. In the case of 24 Hz, all elements in 
the mesh should not exceed 0.57 m. One may notice that 
Kuhlemeyer and Lysmer law is valid for low-frequency 
excitations rather than for high-frequency excitations, 
because for small frequencies, the obtained results are too 
large to obtain model convergence. Thus, to ensure the 
stability of calculation, the single element size in analysed 
models has been a few times smaller than that resulting 
from Kuhlemeyer and Lysmer law. 

5  Effect of dominant frequencies on 
the slope under dynamic load
Two options were considered to investigate how the 
seismic load direction affects the slope’s stress/strain 
condition. In the first case, the direction of seismic wave 
propagation was opposite to the direction of slope failure, 
which is often observed in slopes located on areas of 
mining-induced seismicity. In the second scenario, the 
direction of seismic wave propagation was the same as the 
slip surface. In this case, the expected load and the slip 
forces acted in the same direction (Figure 6). The seismic 
load was applied near the intersection of the bottom 
and vertical boundaries (yellow points). The point of the 
model subjected to analysis was located at the bottom of 
the slope (blue point).

Combining all parameters such as three slope angles, 
two seismic wave propagation directions and 30 dominant 
frequencies, a total of 180 different numerical models were 
calculated (Figure 7). To investigate how the frequency 
content of dynamic load affects the slope, changes in 
stress and displacement values at the bottom of the slope 
were analysed.

The example of stress and displacement changes over 
time in the dam with a 45° slope angle are presented in 
Figure 8. The Y-axis represents logarithmic changes in 
stress and displacement. The calculations summarised 
in Figure 8 clearly show that variations in the dominant 

 

• Unit weight: 19 �kN
m3�; 

• Young modulus: 100 000 [kPa]; 
• Poisson ratio: 0.4 [-]; 
• Tensile strength: 5 [kPa]; 
• Cohesion: 5 [kPa]; 
• Friction angle 38° 
• Material type: Plastic,  
• Dilation angle: 0° 
 

Figure 4: Geometry of slope used for numerical simulation.

Table 1: Material parameters used for numerical simulation.

Parameter Unit weight Young modulus Poisson ratio Tensile strength Cohesion Friction angle Dilation angle

Unit kN/m3 kPa - kPa kPa ᵒ ᵒ

Value 19 100,000 0.4 5 5 38 0
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frequency of the seismic wave may generate a significant 
difference in the overall state of the slope stress and 
displacement distribution. One may observe that the 
difference between 0.8 and 24.0 Hz reaches over 99% in 
the total displacement values and 94% when analysing 
the obtained shear stress. 

For low frequencies (particularly 0.8 Hz), the 
maximum displacement is as large as 60 mm. In the case 
of 0.8 and 1.6 Hz harmonic motions, the most significant 
differences are visible at the base of the slope for both 
shear stresses and displacements. Such a situation may 
be caused by interference with the natural frequency of 

the analysed slope. For frequencies exceeding 8.0 Hz, no 
significant displacement is visible. 

Similar conclusions may be drawn when examining 
the maximum value of the total displacement and shear 
stress at the slope’s base in all analysed scenarios. The 
distribution of total displacement and shear stress over 
different dominant frequency content is presented in 
Figure 9 (vertical scale is logarithmic). According to 
the obtained results, the slope’s angle affected shear 
stresses and displacements at the bottom of the slope less 
significantly than the dominant frequency of the seismic 
wave. With the increase of frequency, the exponential 

Figure 5: Maximum element size in the dynamic model according to Kuhlemeyer and Lysmer law (blue line) and element size used for the 
purposes of this analysis (red bars).

Figure 6: Analysed variants of seismic load direction.
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… … 1.6 Hz 

Slope angle 45° 

Slope angle 20° 

Slope angle 34° 

2.4 Hz 12.0 Hz 24.0 Hz 0.8 Hz 

Slope angle 20° 

Slope angle 45° 

Slope angle 34° 

Seismic  
load in the same 

direction 
 as slope failure 

Seismic  
load opposite to  

the direction 
 of slope failure 

Figure 7: Matrix of numerical scenarios used for the presented research.

Figure 8: The calculated absolute values of displacement (top) and shear stress (down) changes at the base of the analysed slope depending 
on the used frequency.
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drop observed in displacement should be highlighted. 
Concerning the slope angle, visible differences in the 
result may be observed only for a frequency of 0.8 Hz. 
When analysing the maximum calculated dynamic 
displacement at the base of the slope, it may be observed 
that the most significant movements of 107 mm were 
calculated in the case of the slope angle of 45° with the 
seismic load direction consistent with the direction of 
slope failure. In turn, the lowest dynamic displacement 
(32 mm) was observed in the case of the slope angle of 20° 
with seismic load propagating in the direction opposite 
to that of slope failure. Unexpectedly, it was found that 
there was a clear lower limit value of dominant frequency 
f = 8.0 Hz that determined visible changes in the observed 
displacement. When analysing the displacement changes 
in the frequency range between 0.8 and 8 Hz (blue box), a 
clear exponential downward correlation may be observed. 
In comparison, for frequencies higher than 8.0 Hz, the 
total displacement at the base of the slope does not exceed 

2 mm in all 180 analysed cases. In this area (marked with 
the red box), the clear trend line is hard to find due to 
the significant variation of results. The foremost cause of 
such discrepancy is a time-step limitation of the software. 
Nonetheless, the scatter of the results, below 1 mm, is the 
uncertainty that is acceptable from a geotechnical point 
of view.

A comparable conclusion may be drawn when 
analysing the total calculated shear stress at the base of 
the slope. Namely, a significant drop in the shear stress 
values coincides with the rise of dominant frequency from 
0.8 Hz up to 8 Hz (blue box). For higher frequencies (red 
box), the shear stresses stabilise, and some fluctuations 
around specific values are observed. Generally, this 
variability may be related to the time sampling in the 
numerical model. However, the variability is relatively 
small and at an acceptable level from the geotechnical 
point of view. In all cases, it does not exceed the value of 
3 kPa, which is associated with displacements of <1 mm. 

Figure 9: The maximum calculated value of total displacement (top) and shear stress (bottom) at the base of the slope for all 180 cases.
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Such small values are below the level of relevance for the 
stability analysis of earthen slopes subjected to dynamic 
load conditions. 

6  Discussion 
Results of calculations have been used to determine the 
importance of analysed parameters from the FEM. For this 
purpose, the statistical technique of experiment planning 
using D-optimal plans has been utilised. During analysis, 
three variables were considered: dominant frequency, 
slope angle and seismic wave propagation direction. For 
obtaining results, the response surface method (RSM) was 
incorporated. The RSM method allows examining the 
relationships between numerous explanatory variables and 
one or more response variables (Sahin et al., 2005). Results 
of these calculations are presented in Figures 10 and 11.

Based on the calculated RSM surface maps, it is 
concluded that the frequency content of seismic load 
has a significant impact on both displacement and shear 
stress at the base of the slope. In the analysed scenarios, 
this effect was far more significant than the influence of 
the slope angle. This clearly proves the legitimacy of more 
detailed research. We show that the frequency content of 
seismic waves is an essential factor that should be used 
to assess slope stability, due to its significant impact on 

stress and displacement distribution. Further detailed 
research on stress changes and their effect on slope 
stability in the conditions of additional dynamic load will 
enhance the reliability of the analysis. 

In general, it may be assumed that the level of seismic 
impact and scope of harmful frequencies will be directly 
related to the slope geometry and its properties. Possibly, the 
relation between the wavelength, which is directly related 
to its frequency, and slope stability may be determined 
using FEM-based dynamic modelling. Such analyses will 
be a starting point for determining the risk of failure, but at 
the same time, may provide information on the prevention 
measures that need to be introduced. Moreover, additional 
analyses, considering the water table and the possibility of 
material liquefaction, need to be conducted. 

The result of the analysis presented here may also 
be helpful during the periodical risk assessment of 
embankment and dam slopes located in the LGCB region 
in Poland. Considering only spectral characteristics 
(Figure 1), the biggest threat for slope stability is related 
to the occurrence of high-energy tremors (E > 107 J) in the 
distance exceeding 5 km. In this case, most of the observed 
frequencies do not exceed 10 Hz. This situation is possibly 
related to the selective attenuation of surface waves (Love 
wave and Rayleigh wave). These types of waves manifest 
significantly lower frequencies, and hence possibly 
influence the slope stability the most. 

Figure 10: The RSM surface map of the relation between dominant frequency, slope angle and displacement (left) and shear stress (right) for 
scenarios in which the direction of seismic load is the same as the direction of slope failure.
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7  Conclusions
In this paper, the effect of the seismic wave’s dominant 
frequency in FEM has been analysed in order to estimate 
changes of displacement and shear stresses at the bottom 
of the slope. In total, 180 models were calculated. Results 
of numerical calculations and statistical analysis have 
proven the importance of the dominant frequency of a 
seismic wave. Depending on the analysed scenario, the 
differences in calculated displacement for the frequency of 
0.8 Hz may be up to 100 times higher than for 24 Hz. In turn, 
when examining the shear stress, low frequencies below 1 
Hz generate stresses that are about 16 times higher than 
a seismic load with a frequency of 24 Hz. Therefore, the 
obtained results confirm the importance and necessity of 
incorporation of frequency value in slope stability analysis. 
Potentially, frequencies of the expected seismic events 
should be included in the official regulations as well. 

The fact that the dominant frequency of the seismic 
wave has been a neglected factor in geotechnical slope 
stability assessment so far shows gaps in the understanding 
of dynamic load calculation. The work presented here will 
help to enhance this understanding. Improving static 
or pseudo-static methods with frequency-dependent 
methods will significantly help avoid miscalculations that 
lead to causalities or environmental disasters.

Further work will attempt to empirically determine 
if the dominant frequency is truly of such impact if its 
changes are not characterised by harmonic distribution. 
For these purposes, the measured data of high-energy 
tremors in the near and far wavefield will be applied.
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