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ABSTRACT

In many experimentally realized applications, e.g. photonic crystals, solar cells and light-emitting diodes, nano-
photonic systems are coupled to a thick substrate layer, which in certain cases has to be included as a part of the
optical system. The finite element method (FEM) yields rigorous, high accuracy solutions of full 3D vectorial
Maxwell’s equations1 and allows for great flexibility and accuracy in the geometrical modelling. Time-harmonic
FEM solvers have been combined with Fourier methods in domain decomposition algorithms to compute coherent
solutions of these coupled system.2,3 The basic idea of a domain decomposition approach lies in a decomposition
of the domain into smaller subdomains, separate calculations of the solutions and coupling of these solutions
on adjacent subdomains. In experiments light sources are often not perfectly monochromatic and hence a
comparision to simulation results might only be justified if the simulation results, which include interference
patterns in the substrate, are spectrally averaged. In this contribution we present a scattering matrix domain
decomposition algorithm for Maxwell’s equations based on FEM. We study its convergence and advantages in
the context of optical simulations of silicon thin film multi-junction solar cells. This allows for substrate light-
trapping to be included in optical simulations and leads to a more realistic estimation of light path enhancement
factors in thin-film devices near the band edge.

Keywords: finite element method, rigorous optical modeling, domain decomposition, multi-junction solar cells,
thin-film silicon solar cells, incoherent layers, incoherent light-trapping

1. INTRODUCTION AND PROBLEM SETTING

In many experimentally realized applications, e.g. photonic crystals, solar cells and light-emitting diodes, nano-
photonic systems are coupled to a thick substrate layer, which in certain cases has to be included as a part
of the optical system. In many of these, a glass layer of several mm thickness is used as a substrate and is
commonly treated as an incoherent layer that does not show interference effects in reflection or transmission
measurements and removes phase correlations between the illumination and the transmitted light. There have
been several models employing coherent and incoherent light propagation presented within the literature in
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the proceeding years. They offer models for very specific problem classes such as multilayer systems4 and
randomly textured thin-film solar cells in combination with the scalar scattering theory.5,6 These cases are
not applicable to general 3D scattering problems. The required averaging over a reasonably large ensemble
of statistical parameter fluctuations in the so called incoherent layers is usually omitted in models of more
complex 2D and 3D structures. Instead, reduced7 or iterative8 models are employed or the results are spectrally
averaged. Furthermore, experimental light sources are often not perfectly monochromatic, but rather have a
spectral bandwidth even if passed through a monochromator. Models employing partial coherence or incoherent
light sources available in literature9,10 are spectrally averaging the results of several monochromatic simulations
as well. For example, the incoherent illumination model presented by Sarrazin et al.9 uses a convolution of the
coherent absorptance spectrum with an incoherence function that depends on frequency and coherence time of
the modeled incoherent source. This convolution acts as a parameter dependent moving average filter.

In this work, we focus primarily on the common problem setting in thin-film silicon photovoltaics where the
solar cell is illuminated either through the glass substrate or a glass encapsulation. These layers are usually a few
mm thick, whereas the complete solar cell measures only a few μ at most. In addition the scattering structures
or textures contain subwavelength sized features. This poses a challenge to rigorous simulation routines due to
the large discrepency in scale between the glass layer and the solar cell. In most cases the glass layer is not
accounted for and the illumination is modeled as incident from a glass half space with a correction for the initial
reflection at the air/glass interface using Fresnel’s equations. In publications where the glass layer is included,
it is usually reduced in thickness and treated coherently.7 However, this is a physically different problem which
may distort interference patterns introduced between a reflector and the glass layer.

2. NUMERICAL METHODS AND SIMULATION ALGORITHMS

2.1 The Finite Element Method

We give a short introduction to the finite element method (FEM) and scattering problem formulations. A more
rigorous mathematical formulation of scattering problems with a detailed discussion of the arising boundary
conditions than present in the following can be found in.11

The linear Maxwell’s equations model light scattering off nanoscaled scattering structures located within
thin-film solar cells in the frequency domain. These can be reformulated into the following second order curl-
curl-equation for the electric field if no embedded sources are present:

∇× µ−1∇×E(r)− ω2εE(r) = 0 (1)

where µ and ε are the permeability and permittivity tensors and ω is the time-harmonic frequency of the
electromagnetic field.

In scattering problems we investigate light scattering off a scatterer located within a computational domain
Ωint that is surrounded by an infinite exterior domain Ωext. The linearity of Maxwell’s equations allows the
splitting of the sought after electric field E into Ein and Esc. Illuminating or incoming electromagnetic fields
Ein solve (1) in Ωext. The scattered field Esc satisfies (1) in Ωin and is strictly outward radiating. The electric
field E satisfies (1) in Ωin with the continuity boundary condition

n× (Ein + Esc −E) |Γ = 0 (2)

on the boundary of Ωint called Γ. In (2) it is observable that the incoming field enters the computation on Ωint
via the continuity condition stated on the boundary Γ. In order to discretize (1) with finite elements a weak
formulation of (1) on Ωint is employed and the infinite exterior is Ωext is treated with a transparent boundary
condition (in this case the perfectly matched layer method or PML). This yields a linear system

AEh = b (3)

where A is a sparse matrix, b contains boundary terms like source terms and Eh holds the coeffients of the
electric field solution in the FEM basis which is computed as the inversion of (3) as

Eh = A−1b. (4)



Note that different sources enter only the right hand side vector b containing the boundary terms in (3) given
that A does not change. This allows the computation of (4) for different b at low computational expense as the
computationally expensive step is the inversion of A. A trivial example for a problem where A does not change
is the computation of two polarizations in a full 3D vectorial Maxwell problem.

Time-harmonic methods like the FEM solver JCMsuite1 by JCMwave allow for the direct use of optical
material properties without any fitting of the complex refractive index. Furthermore the FEM allows for great
geometric flexibility, i.e. variable mesh element sizes to resolve arbitrarily shaped material interfaces with sharp
edges and offers higher order finite elements. All computations in the following sections made use of tetrahedral
or triangular meshes (in 3D and 2D) whose edge lengths are constrained by at most the wavelength inside the
material and a polynomial degree p of at least 3 which has been shown previously to yield reasonable accuracies
for this particular model problem. The solver has also been successfully employed in other solar cell simulation
studies with high demands for accuracy.12,13

2.2 Incoherent Substrate Light Trapping

We will outline the algorithm used for the incoherent substrate light trapping here only briefly. Similar to Campa
et al.,7 we combine several simulations computed for different thicknesses d′S of the substrate. Computing several
solutions with different thicknesses of the substrate results in large computational costs if simulated consecutively.
In general, this is infeasible for the problems under consideration, since each individual 3D FEM simulation can be
very time-consuming. Campa et al. averaged just two simulations, in which they corrected the substrate thickness
to eliminate a phase shift of the specular wave and scaled the glass layer thickness to a micrometers instead of
mm to reduce computational costs. We do not use such a scaling of the glass layer thickness in our simulations
and keep the mm scale. Instead, we vary the glass layer thickness with the transformation d′S = dS

λi

λ0
for

λi ∈ λ0 +[−1 nm, 1 nm] around the simulated wavelength λ0 and include the very large, homogeneous subdomain
into the computational domain in which the solution to Maxwell’s equations is sought. Time-harmonic FEM
solvers have been combined with Fourier methods in domain decomposition algorithms to compute coherent
solutions of such systems.2,3 The basic idea of such a domain decomposition approach lies in a decomposition
of the domain into smaller subdomains, separate calculations of the solutions and coupling of these solutions
on adjacent subdomains in an iterative procedure. Instead of an iterative algorithm, the algorithm presented
here uses a tailored scattering matrix domain decomposition strategy. This allows the derivation of a reduced
model in which the parameters of the substrate can be varied fast and easily. This is done by computing a
scattering matrix for the solar cell domain which can be done efficiently in a periodic setting with FEM solvers
(cf. section 2.1). The substrate is treated with semianalytical methods which allows a sequence of solutions for
different substrate parameters to be quickly obtained. These electromagnetic field solutions in the FEM domain
are summed up coherently and the derived quantities such as absorption and reflection are computed from this
superposition. Note that we use a volume integration of the electromagnetic field energy density to compute
absorption which generally makes this post processing step of the solution expensive for large computational
domains. The use of surface integration is more efficient, but comes at a loss in precision. The number of the
volume integration post process evaluations would increase linearly with every substrate thickness point sampled
and quadratic if overlap integrals between simulations are taken into account. We exploit the algebraic structure
of this post processing step to drastically reduce the number of post processes needed from N2 to ≤ N for N
sampling points without loss of accuracy. Details of the mathematical and implementation challenges will be
published elsewhere.

3. RESULTS AND DISCUSSION OF TWO MODEL PROBLEMS

3.1 Small Scale Model Problem - Sinusoidal Grating

We test the algorithm on a small scale problem first. The model is a periodic sinusoidal grating structure with a
2 μm period and a 300 nm amplitude. The geometry and the employed triangular finite element mesh in Figure 2
resemble a silicon grating on a textured glass substrate in air. The glass domain (blue) at the bottom is extended
with a 1 mm substrate and a second air half space. The reflectivity of the grating at s-polarized illumination of
800 nm vaccuum wavelength from the top is shown on the right at wavelengths between 799 nm and 801 nm. The
results of the incoherent light trapping, presented in Figure 3, demonstrate a good convergence of the relative



Figure 1. Tailored Domain Decomposition: The two computational domains are indicated by rectangles. A thin-film
silicon solar cell with a complex geometry is discretized with adaptive finite elements. The much larger homogeneous area
is treated semi-analytically. The direct of incoming light is indicated with an arrow.

error to the mean reflectivity of the reference solution in Figure 2, provided the finite element solution is itself
reasonably well converged (p = 6, 7. Otherwise the relative error does not depend on the number of sampling
points and remains at a fixed error level (p = 1, 2, 3, 4) which depends on the accuracy of the finite element
solution. To reach a relative accuracy of the incoherent estimate of 1% at least p = 5 should be employed for
this model problem. Instead of evaluating 201 post process for the reference solution, the estimates presented
here were computed with at most 8 post processes. The graph on the right in Figure 3 shows, that the required
number of post process evaluations does not increase, if the number of sampling points is increased from 25 to
201. This number is in fact reduced with increased polynomial degree p from 8 to 5.
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Figure 2. Left : Geometry and triangular finite element mesh of a periodic sinusoidal grating structure in silicon with a 2 μm
period and a 300 nm amplitude. The three materials are assumed to have refractive indices n = 1 (air), n = 3.5 + i · 10−5

(silicon) and n = 1.52 (glass). Right : Reflectivity of the structure shown on the left between 799 nm and 801 nm.



p=1
p=2
p=3
p=4

p=5
p=6
p=7

re
la

tiv
e 

er
ro

r 

10−7

10−6

10−5

10−4

10−3

0,01

0,1

1

N - # sampling points
0 50 100 150 200

# post process evaluations

0

2

4

6

8

10

N - # sampling points
0 50 100 150 200

Figure 3. Left:Relative error of the incoherent light trapping with the number of equidistant sampling points for simulations
of varying finite element degree p compared to the mean reflectance of the reference solution computed for p = 6. Right:
Number of post process evaluations required for p = 2, 4, 6.

3.2 Large Scale Model Problem - Textured Thin-film Silicon Tandem Solar Cell

We use the same 1µm × 1µm xy-axis aligned unit cell presented in14 as a thin-film silicon tandem solar cell
model problem. This particular cell was studied in the cited reference in great detail. We shortly summarize
the most important parameters used for this model. The vertical solar cell layer stack contains thick absorber
layers (730 nm SnO2:F, 270 nm a-Si ,1600 nm μc-Si layer and 200 nm silver ) as well as thin doped layers (two
p-type a-Si layers of 5 nm, 30 nm of n-type a-Si, 30 nm of p- and n-type μc-Si each and a 80 nm ZnO layer),
each of them separated by the same synthetic textured interface generated with the autocorrelation data based
random texture generation procedure described in the reference.14 In x- and y-directions periodic boundary
conditions are applied. Transparent boundary conditions in ±z directions are applied, using adaptive perfectly
matched layers.15 Plane waves in −z direction are used as incident fields. The model cell is a a-Si/μc-Si thin-film
silicon tandem solar cell in superstrate configuration, i.e. it is illuminated through its glass substrate of several
mm thickness. In14 the contribution of light trapped between the solar cell back reflector and the substrate/air
interface on the illumination side has not been taken into account. The glass substrate was modeled as a glass
half-space and calculations were corrected with the Fresnel coeffient of the air/substrate interface.

Figure 4 shows a sample finite element grid together with the electric field intensity at 600 nm illumination
wavelength. The electromagnetic field is logarithmically scaled and shown as slices in the x-z- and y-z-plane.
The bottom cell mesh is omitted for visualization purposes. The right graph in Figure 4 shows the generation
rate of both subcells combined between 600 and 1100 nm (black line). In addition, 5 additional plots of the same
data are shown, each labeled with the according coherence times (5 fs - 200 fs). These are generated from the
coherent data with a parameter dependent, gaussian moving average filter identical to the convolution with the
incoherence function presented for the illumination model presented by Sarrazin et al.9 The chosen coherence
times were taken from this reference. Coherence times smaller than 90 fs distort the profile visibly. The spectral
averaging with the 200fs filter is roughly equivalent to gaussian filter with a few nm bandwidth and agrees in its
shape approximately with the profiles in Figure 5 (iv) and (vi) which were generated by the applying the simple
moving average filter.

In Figure 5 the absorptance of all tandem cell layers is shown in the form of area plots, together with the
reflectance (shaded area). In subplot (i), the results of Fresnel corrected coherent simulations are shown, not
taking the light trapping in the encapsulating glass layer into account. The sampling rate was 5 nm and the
relative error in volume absorption was kept below 1%. The inclusion of all doped layers in combination with a
low scattering efficiency of the relatively smooth texture lead to many narrow width interference fringes in the
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Figure 4. Left : Finite element grid of an a-Si/μc-Si tandem solar cell with electric field intensity in the x-z- and y-z-plane on
a logarithmic scale at 600 nm wavelength obtained as a solution of Maxwell’s equations with periodic boundary conditions
applied to lateral boundaries and perfectly matched layer boundary conditions applied to top and bottom boundaries.
Light is incident from the top. Right : The combined absorptance of both top and bottom cell (black line) is plotted
together with moving average filtered versions of the same profile according to different coherence times (5 fs - 200 fs).

total absorptance (1-R). The same data is shown in (ii) with a simple moving average (MA) filter of order 5
applied. The simulation presented in (iii) includes the substrate in a coherent simulation leading to much more
pronounced, narrow width interference fringes. For this simulation the wavelength sampling grid (the same as
in (i)) is too coarse to resolve the fringes accurately. This simulation is again presented in (iv) with the moving
average filter applied. The same simulation with the incoherent superstrate light trapping (shown in (v) and
MA filtered in (vi)) has broader and less pronounced fringes. The inclusion of the superstrate yields a reduced
reflectance best observed in both (iv) and (vi). The bottom cell absorption is improved as well. When comparing
subplots (iv) and (vi), we observe that the local maxima appearing in total absorptance at 1040 nm and 1080 nm
are broader and slightly shifted in the incoherent case.

4. CONCLUSION

In this contribution we demonstrated a scattering matrix domain decomposition algorithm that allows not only
to include thick substrate layers into the computational domain, but also the computation of a sequence of
solutions for different layer thicknesses rapidly. The superposition of these solutions allows the reduction of the
effect of dense interference patterns introduced into the simulations by a mm thick homogeneous glass layer.
The inclusion of the glass layer is of great importance as it provides a means to estimate cell absorptance more
realistically by accounting for light trapped by total internal reflection in the solar cell.
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Figure 5. Absorptance plots for the tandem cell in Figure 4. Left column: In (i) the coherent simulation is shown without
light trapping in the encapsulating glass layer and a fresnel correction instead. The simulation data in (iii) includes the
substrate in a coherent simulation leading to much more pronounced narrow width interference fringes. The simulation
with the incoherent light trapping in the encapsulating glass layer shown in (v) has broader and less pronounced fringes.
Right column: The same data as in the left column is plotted with a moving average (MA) filter applied. The inclusion of
the glass layer yields a reduced reflectance in both (iv) and (vi) compared to (ii). The bottom cell absorption is improved
as well. In contrast to (iv), in (vi) the local maxima in the total absorptance at 1040 nm and 1080 nm are broader and
slightly shifted.
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