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Abstract

For understanding and predicting the behavior of piezoelectric devices,
efficient numerical simulation tools, in particular the finite element method,
have been developed and are used widely. Time consuming and expensive
experiments, necessary for developing new piezoelectric products, sensors
and actuators, are avoided by numerically solving the mathematical formu-
lation of the underlying physical model. This model consists of a coupling
between two physical quantities, namely electric field and mechanical strain
and is given by a set of partial differential equations with appropriate bound-
ary and initial conditions. Well-posedness results concerning the solutions
of the underlying PDEs are presented in this work for time-dependent, har-
monic, and static computations where appropriate damping and loss mech-
anisms are taken into account. The accuracy of the simulation, however,
relies sensitively on the material parameters governing the interaction of the
physical quantities. Without the knowledge of the exact parameters no quan-
titative predictions can be made by numerical computations. So far, these
parameters have been estimated by measurements proposed bythe IEEE
Standard or the European Norm CENELEC [1, 24] from well-defined test
samples. The special shapes recommended there allow for simplifications,
namely reduction to onedimensional problems, in the model.Explicit for-
mulas allowing for parameter extraction from resonance characteristics and
other measureable quantities are developed (cf. for loss-less models [1, 24]
and [32, 60, 91, 138, 142] considering losses.). However, these results do not
provide sufficiently precise information on the material coefficients. This
can be seen by comparing three dimensional simulation results with param-
eters gained by the classical methods with measurements of the electrical
impedance or mechanical displacement.

In order to overcome these insufficient exactness, efforts are invested in
the inverse problem, namely the simulation-based parameter identification
for piezoelectric materials. The research and methods developed in this thesis
consider both the linear and the nonlinear case. For the latter functional de-
pendencies of the materials properties from the field quantities are assumed,
a model which in particular is suitable for large-signal driven resonators at
high frequencies, e.g. in sonar applications. The inherentinstability of the in-
verse problem is treated with special care by applying appropriate regulariz-
ing methods. An iterative multilevel algorithm based on modified Landweber
methods is developed here. The algorithm extends ideas of [130] and shows
to be very effective in combination with the detection of parameter curves
as they occur in nonlinear applications. Convergence results in the case of
noisy data, and regularizing properties are given for this algorithm. Sensitiv-
ity analyses and methods of optimal experiment design show the reliability of
the identified parameters and give rules how to improve identification results
effectively without remarkably increasing the computational effort.
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Zusammenfassung

Seit geraumer Zeit werden numerische Simulationswerkzeuge eingesetzt, ins-
besondere die Finite Elemente Methode, um piezoelektrische Bauteile und
deren Funktionsweisen genau zu verstehen und um deren Verhalten vorher-
zusagen. Zeitaufwändige und teure Experimente, die für dieEntwicklung
neuartiger piezoelektrischer Produkte, Sensoren und Aktoren, nötig sind, kön-
nen durch die numerische Simulation des mathematischen Modells ersetzt
werden. Jenes besteht aus der Koppelung zweier physikalischer Größen, des
elektrischen Felds einerseits und der mechanischen Dehnung andererseits.
Das mathematische Modell wird durch ein System von partiellen Differen-
tialgleichungen mit entsprechenden Rand- und Anfangswerten beschrieben.
Für jeweils den zeitabhängingen, harmonischen und statischen Fall werden
in dieser Arbeit Existenz- und Eindeutigkeitsaussagen zu den Lösungen der
zugrundeliegenden partiellen Differentialgleichungen formuliert. Passende
Dämpfungs- und Verlustmechanismen werden dabei berücksichtigt. Die Ge-
nauigkeit der Simulation hängt jedoch sehr von den Materialparametern ab,
welche das Zusammenspiel der physikalischen Größen steuern. Ohne eine
genaue Kenntnis dieser Parameter können keine quantitativen Aussagen ge-
macht werden. Bislang wurden die Materialparameter nach Vorgaben des
IEEE Standards und der europäischen Norm CENELEC [1,24] ausMessun-
gen an wohldefinierten Probekörpern bestimmt. Die vorgeschlagenen spezi-
ellen Geometrien erlauben vereinfachte eindimensionale Modelle. Explizite
Formeln wurden entwickelt, welche es ermöglichen, die Parameter aus Re-
sonanzerscheinungen und anderen messbaren Größen zu bestimmen, siehe
[1,24] und [32,60,91,138,142] für den verlustbehafteten Fall. Jedoch bieten
deren Ergebnisse keine hinreichend exakten Informationenüber die Materi-
alparameter. Dies wird schnell verdeutlicht, wenn man dreidimensionale Si-
mulationen mit den aus klassischen Methoden ermittelten Parametern durch-
führt und diese Ergebnisse mit gemessenen elektrischen Impedanzen und me-
chanischen Verschiebungen vergleicht.
Um diese unzureichende Genauigkeit zu verbessern, wird dasdazugehörige
inverse Problem, nämlich die simulationsbasierte Identifizierung der Mate-
rialparameter für das piezoelektrische Problem behandelt. Die Untersuchun-
gen und Methoden, welche in dieser Arbeit entwickelt werden, berücksich-
tigen sowohl den linearen wie auch den nichtlinearen Fall. Im zweiten Fall
wird von funktionalen Abhängigkeiten der Materialeigenschaften von den
Feldgrößen ausgegangen, einem Modell, welches speziell für großsignalbe-
triebene Wandler in Hochfrequenzbereichen, z.B. sonaren Anwendungen,
passend ist. Die inhärene Instabilität des inversen Problems wird mit spezi-
eller Vorsicht behandelt, indem geeignete Regularisierungsmethoden ange-
wandt werden. Ein iterativer Multilevelalgorithmus, welcher auf modifizier-
ten Landweber Methoden basiert und die Ideen von [130] erweitert, zeigt sich
als effektiv in Bezug auf die Charakterisierung von Parameterkurven, wie sie
bei nichtlinearen Anwendungen auftreten. Für diesen Algorithmus werden
Aussagen über die Konvergenz im Fall von verrauschten Datenund regulari-
sierende Eigenschaften präsentiert. Sensitivitätsanalysen und Methoden der
optimalen Versuchsplanung zeigen die Vertrauenswürdigkeit der ermittelten
Parameter und geben Hinweise, wie die Identifizierbarkeit effektiv verbessert
werden kann ohne den rechnerischen Aufwand merkbar zu erhöhen.
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Function Spaces

All spaces are defined on the domainΩ:

C(Ω) := {u : Ω → IC | u is continuous}
Ck(Ω) := {u : Ω → IC | u is k-times continuously differentiable}
C∞(Ω) := {u : Ω → IC | u is infinitely differentiable}
L2(Ω) := {u : Ω → IC | u is Lebesgue measurable}
L∞(Ω) := {u : Ω → IC | ess sup |u| <∞}
H0,Γ(Ω) := {w ∈ C∞ : wΓe = wΓg = 0}H1

H1(Ω) := {u : Ω → IC | ||u||L2 + ||∇u||L2 <∞}
H1

0 (Ω) := {u : Ω → IC | ||u||L2 + ||∇u||L2 <∞ ∧ u = 0 on ∂Ω}
H1

B(Ω) := (C∞)3
H1

B with ||v||H1
B

:= ||v||L2 + ||Bv||L2

H−1(Ω) := {f | sup{〈f, u〉, u ∈ H1
0 (Ω), ||u||H1

0 (Ω) ≤ 1} <∞}
H−1

B (Ω) := {f | sup{〈f, u〉, u ∈ H1
B(Ω), ||u||H1

B(Ω) ≤ 1} <∞}
L∞(0, T ;X) := {u : [0, T ] → X | ess sup0≤t≤T||u||X <∞}

L2(0, T ;X) := {u : [0, T ] → X |
(∫ T

0
||u||2X

) 1
2

<∞}

H1(0, T ;X) := {u : [0, T ] → X |
(∫ T

0
||u||2X + ||u̇||2X

) 1
2

<∞}

HereB is the three dimensional mechanical strain to displacementdifferential op-
erator as defined in (1.32) andX is a Banach space. Whenever appropriate we will
consider the real valued version of these function spaces and make use of the same
notation.

Structure of this Thesis

After an introduction into the theory of piezoelectricity the mathematical forward
problem is derived which comes together with well-posedness theorems including
the consideration of losses and energy dissipation by appropriate damping terms.
The well-posedness results are indispensable in order to treat the inverse problem,
here the parameter identification, correctly. A description of the finite element
method applied to piezoelectric partial differential equations (PDEs) follows. Pre-
liminaries of the theory of ill-posed problems together with a short review of ex-
isting iterative, regularizing schemes are presented in Chapter 2 giving approved
numerical methods appropriate for solving parameter identification problems or
more general nonlinear ill-posed problems.

A theoretical investigation of a newly developed iterativemultilevel algorithm
including modified Landweber iterations is performed in detail. Convergence of
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this algorithm and regularizing properties are shown. Finally, the assumptions
made on the nonlinearity are verified for a harmonic parameter identification ex-
ample.

Chapter 3 is devoted to the parameter identification problemfor linear piezo-
electricity providing reconstruction results for both synthetically created data and
for data from measurements performed at the Institute of Sensor Technology in
Erlangen. The application of methods from optimal experiment design improves
identification results by an optimal steering of frequencies at which measurements
are evaluated.

In Chapter 4 both the forward and inverse problems for the case of piezoelectric
nonlinearities are treated. The nonlinear problem is modelled by functional depen-
dencies of the parameters from the physical fields. The derivation of this model is
motivated by a thermodynamical approach using higher orderterms which describe
nonlinear effects for moderate fields. Further nonlinear physical dependencies in
piezoelectricity are shortly described. In the final Chapter 4 the iterative multi-
level algorithm discussed in Chapter 2 is applied to the identification of parameter
curves in nonlinear piezoelectrics. Numerical results show the effectiveness of this
multilevel algorithm.

Direct and Inverse Problems in Mathematics

During this thesis we repeatedly speak of the direct (forward) and inverse prob-
lem in piezoelectricity. This must not be confused with the direct and indirect
(converse) piezoelectric effect which distinguishes between the direction of energy
conversion in a piezoelectric material. The direct or forward problem in mathemat-
ics consists of a model, e.g. a partial differential or integral equation plus a set of
parameters from which a solution is computed.

Forward Problem : Mathematical Model+ parameters
︸ ︷︷ ︸

given

= solution
︸ ︷︷ ︸

sought

Inverse Problem : Mathematical Model
︸ ︷︷ ︸

given

+ parameters
︸ ︷︷ ︸

sought

= solution
︸ ︷︷ ︸

given with noise

Figure 1: Forward and inverse problems in mathematics

Whereas in the inverse problem one ideally knows the mathematical model to-
gether with a solution, usually measurements, and computesthe parameters from
them (or even parts of the model). While the so-called forward problems are in
general stable problems, i.e. a continuous dependency of the solution on the input
data can be ensured, this is not the case for inverse problems, where in particular
error components in the data may be amplified arbitrarily strongly.
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Achievements of this Thesis

+ Well-posedness results of the forward problem in case of viscous damping
for the transient and the harmonic case.

+ Convergence results for modified Landweber iterations embedded into an
iterative multilevel algorithm.

+ Regularization properties of this iterative multilevel algorithms.

+ Verification of the essential convergence condition for parameter estimations
in a harmonic partial differential equation.

+ Simulation based characterization of elastic, dielectric, and piezoelectric
moduli for small signal applications; verification by meansof synthetic data.

+ Application to real world experimental data; test cases ranging from typical
probes to compound transducers.

+ Improvement of measurement frequency selection by means of optimal ex-
periment design.

+ Application of the iterative multilevel algorithm to the case of parameter
curve identification for nonlinear piezoelectric applications.
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1 The Forward Problem – Mathematical Aspects of the
Piezoelectric Effect

We begin with the mathematical forward problem which occursin piezoelectric ap-
plications, i.e. the derivation, solvability, and solutions of sets of partial differential
equations modeling linear piezoelectricity.

1.1 Introduction to Piezoelectricity

The following sections give a brief overview over the piezoelectric effect, its fields
of applications, historical development and the physical effects beyond it. Out of
thermodynamical considerations appropriate constitutive equations will be derived,
followed by the derivation of partial differential equations where a special focus
lies in the modeling of damping terms.

1.1.1 The Piezoelectric Effect and Fields of Applications

Piezoelectric transducers convert electrical signals into mechanical ones and vice
versa.

+

+

-

-

+

+

-

- +

-

+

-

+

-

P

F

F δl

Figure 2: Piezoelectric effect. Left pictures: Direct piezoelectric effect, i.e. the
generation of an electrical signal by a mechanical force. Right pictures: Converse
piezoelectric effect, i.e. shape deformation due to an applied voltage or charge.

So, the term piezoelectricity (Greek:πιεζειν = piezeinwhich means to squeeze
or press) is endowed with two effects: The direct effect on one hand, i.e. the con-
version of a mechanical force into an electric signal which is typical for sensor
applications (e.g. force and acceleration sensors). On theother hand there is the
indirect or inverse piezoelectric effect, i.e. the mechanical excitation by application
of an electric field (actuator applications, e.g. ultrasound generation, stack actua-
tors) [21, 22]. The piezoelectric effect can only be observed in materials that have
a non-centrosymmetric crystal structure see e.g. [134]. Itoccurs in

• Inorganic material

- naturally occurring monocrystals (quartz, Seignette salt, tourmaline)
- synthetic ceramics (lead zirconate titanate, barium titanate,
.lithium titanate, lithium tantalate, sodium tungstate)

• Organic material (polyvinilydene di-fluoride), biological tissues (hair and
bones).
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Regarding the application one could sort the electromechanical coupling phenom-
ena as it is done in [134]

• Sensor applications - using the direct effect, e.g. pressure sensors

• Actuator applications - using the indirect effect, e.g. stack actuators, high
precision positioning devices

• Sonar applications - using both effects, e.g. hydrophones,ultrasonic applica-
tions in pulse echo mode

• Energy conversion - conversion of mechanical energy into electrical energy,
e.g. high voltage generator, piezotransformers, energy harvesters on vibrat-
ing systems.

For further fields of applications, see [135].

The remainder of this chapter is structured as follows: After a brief overview of
the historic development starting with the discovery of thepiezoelectric effect and
ending with some recently developed industrial applications, the physical back-
ground of the piezoelectric phenomenon is in the focus. Then, the constitutive
equations for the linear case are derived from thermodynamic potentials. We direct
in particular our attention on the incorporation of dampingmechanisms in order
to treat losses and energy dissipation in the ceramics. WithNewton’s, Gauss’, and
Faraday’s law we set up systems of differential equations for static, transient, and
harmonic computations. Well-posedness results are established for the different
analysis types considering damping terms. The finite element method adapted to
the piezoelectric differential equations is shortly introduced in order to provide a
basis for the numerical treatment of the forward problem.

1.1.2 Historical Development of Piezoelectric Devices

The first scientific paper dealing with piezoelectric phenomena and crystal-
lographic structure was published by the brothers Pierre and Jacques Curie in
1880 [30]. They discovered a surface charge on specially prepared crystals like
tourmaline, quartz, cane sugar, and Seignette salt inducedby an applied mechani-
cal stresses. They had found the direct piezoelectric effect, namely the measurable
electricity from applied stress. The inverse effect however, strains due to applied
voltages or charges, remained for the time unknown to them. It was Lippman in
1881 who deduced this property by studying fundamental thermodynamic prin-
ciples [99]. Among others Voigt seemed to be the scientist whose contributions
to the piezoelectric formulation are the most important ones [148]. The follow-
ing development of scientific work with piezoelectric materials may be divided
into two major parts. The first one lasted from the discovery of the piezoelectric
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effect until the 1940s. In this period manufacturers exclusively worked with "nat-
ural" piezoelectric materials. One of the first serious applications was introduced
by the French scientist Langevin who developed an ultrasonic submarine detec-
tor [99]. This transducer consists of thin quartz crystals glued between two steel
plates which by their mass reduced the resonance frequency to some 50 kHz. It
transmitted high frequency underwater signals. By measuring the time of the re-
turning echo one detected underwater objects or the water depth.
The second important period in the development of piezoelectric transducers is the
time starting from the beginning of World War II where in Japan and in the So-
viet Union groups of scientists developed capacitor materials with much higher
dielectric constants. This group of materials belongs to the class of ferroelectrics.
Among them were the barium titanate family and later the leadzirconate titanate
family which both are still commonly applied materials [117].

In the sequel, industrial groups in the U.S.

Figure 3: Pierre Curie (upper
right) with his brother Jacques
and their parents, from [112].

among others developed the following applica-
tions: Ceramic phone cartridges, hydrophones,
powerful sonar applications, small microphones,
ceramic audio tone transducer, relays, and many
others. Strong patents followed hoping for high
benefits. Due the fact that a lot of research on
this subject was conducted during wartime and
in post war times, the development of new ma-
terials was still extremely difficult. Most of the
groups stayed on their own and avoided knowl-
edge transfer, [117] since reproduction was only
a question of simple technical steps but devel-
opment a time and money consuming proce-

dure.
In the 1960s Japanese scientists using results of the rathercompetitive coopera-

tive Barium Titanate Application Research Committee (founded in 1951) invented
numbers of commercial applications, like signal filters, piezo ceramic igniter, au-
dio buzzers, air ultrasonic transducers (e.g. used in medical application, both in
diagnostics and therapy), or surface acoustic wave filters.In the recent years solid
state motion, strong and fast movers for precise steering were fields of intensive
research.

Nowadays active fields of research are concerned with the development of
piezoelectric compounds, e.g. stack actuators which are devices consisting of sev-
eral hundreds of thin piezoelectric layers. Due to their structure stack actuators
allow for rather large deflections which can be used to steer injection valves in
common rail diesel engines [135]. The actuality of this research is shown by the
fact that the joint project by Bosch and Siemens VDO "Piezo-Injektoren: Neue
Technik für saubere und sparsame Diesel- und Benzinmotoren" was awarded the
“Deutschen Zukunftspreis 2005” in Berlin by the German Federal President Horst
Köhler [16]. Examples for the latest application trends areactively noise absorb-
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ing windows, where emerging soundwaves are compensated by artificial vibrations
induced by embedded piezoelectric patches [39], and piezo-mechatronic systems
embedded in skis damping vibrations during downhill ski runs on icy tracks [143].
For further reading the author refers to [21,22,66] and the webpages [65,117,118].

1.1.3 Physical Background of the Piezoelectric Effect

As already mentioned piezoelectricity is the capability ofcertain materials to de-
velop electric charges on their mounted electrodes when beeing mechanically ex-
cited. On the other hand, an applied electric field results ina proportional strain.
Within the 32 different crystal classes there are20 with a non centrosymmetric
structure which show a pyroelectric effect, i.e. they are able to generate an elec-
trical potential by a change of temperature. In this subset there are ten classes
showing a spontaneous polarization which makes them piezoelectric. If an exter-
nal field can change the direction of the polarization the material belongs to the
group of ferroelectrics [96,134]. Below the Curie temperature, ferroelectric mate-

E

Figure 4: Domains of an unpoled piezoceramic material (left) and after poling
(right). The figure is based on a source in [134].

rials consist of small regions, so called domains, which have uniform polarization.
Within an unpoled material the net polarization is zero due to the stochastically dis-
tributed polarization of all domains. In this state no piezoelectric effect is present.
Applying a strong electric field, the polarizations of thesedomains tend to line
up with the field direction. Additional heating to below the Curie temperature of
the material can speed up this process. An almost uniform polarization can be
achieved. While removing the external electric field a few domains switch back
to some random state of polarization. The majority does not,a remanent polariza-
tion remains, see Figure 4. The ceramic is said to be poled andcan now be used
as a piezoelectric device. An applied voltage with the same polarity as the pol-
ing voltage causes expansion along the poling axis and -by volume conservation-
a contraction perpendicular to it. The minimum electric field in opposite direction
that switches the polarization is called the coercive field.When a polarized piezo-
electric device is heated to temperature ranges which exceed its Curie temperature,
the polarizations gets lost. Above the Curie temperature the structure of the unit
cells are cubic, below either tetragonal or rhomboetric. The polycrystaline materi-
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als exhibit a perovskite structure, i.e. a chemical structural formula ABO3 in which
A is a big cation (Ba+2 or Pb+2), B is a smaller cation (Ti+4 or Zr+4) and O is
oxygen. The ions are arranged as depicted in Figure 5.

Figure 5: The perovskite structure. The left cubic structure arises above the Curie
temperature, the right tetragonal structure forms a dipoleby spontaneous polariza-
tion. The eight outer ions are either barium or lead. In the interior there are six
oxygen and either one titanate or zirconate ion. Figure after a source in [141].

Different properties of piezoelectric materials and theirfields of applications
are intimately connected with each other. Naturally occurring crystals and poly-
mers show a rather weak piezoelectric effect. They are only useable for sensor ap-
plications. Synthetically created ceramics, typically endowed with a high coupling
coefficientd, are well suited materials for actuators due to their comparatively high
induced strokes. In Table 1 properties of a set of piezoelectric materials are given.
High permittivitiesεσ33 result in high capacitances which require more complex

Material εσ,r
33 tanδ (%) d33(10

−12 C/N) CurieTc
◦C

Alkaline Niobate
(K0.5Na0.5)NbO3

400 0.04 70

Bismuth Titanate Niobate
Bi3TiNbO9

5 940

Lithium Niobate
LiNbO3

84 6 1210

Tourmaline 8.2 1.83
α-Quartz 41.03 2 d11 = 2.31 573

Lead Zirconate Titanate
Pz21 3800 1.8 640 215
Pz26 1300 0.3 290 330
Pz27 1800 1.7 425 350
Pz36 610 0.3 230 350

Table 1: Physical properties of selected materials [7, 37, 134] which mainly deter-
mine the fields of application of piezoelectric sensors and actuators.
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driving electronics. The quantitytan δ denotes the ratio between power loss and
reactive power generated. Since it is a measure of losses andelectrical dissipation
it is advisable to have materials with lowtan δ. A highd33 guarantees high strokes
in three direction with electric field in three direction. The Curie temperature gives
an upper limit for the operating temperature of the materials.
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Output

Input field
Strain Charge Magnetic

field
Temperature Light

Stress Elasticity Piezoelectricity
Inverse

magnetostriction
Piezocaloric Photoelasticity

Electrical
field

Inverse
Piezoelectricity

Permittivity Electromagnetic
effect

Electrocaloric
effect

Electrooptic
effect

Induction Magnetostriction Magnetoelectric
effect

Permeability Magnetocaloric
effect

Magnetooptic
effect

Heat
Thermal

expansion
Pyroelectricity Pyromagnetic

effect
Specific

heat cpapacity
Irradiation

Light Photostriction Photovoltaic
effect

Solar
heating

Refractive
index

Table 2: Coupling effects between different physical fields, wherein the grey fileds are related to this thesis. Off-
diagonal coupling is often referred to as the main property of smart materials which find their application in sensor
and actuator technologies [44,96,116,141].
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1.1.4 Constitutive Equations

The material law which describes the piezoelectric effect in the linear (reversible)
case valid in the situation of small mechanical deformations and electric fields is
given for instance by [1,97,98,141] and including thermal effects by [45,136]

σij = cE,Θ
ijkl Skl
︸ ︷︷ ︸

elastic

− (eΘijk)
TEk

︸ ︷︷ ︸

converse piezo.

− αE
ij∆τ
︸ ︷︷ ︸

thermal stresses

Di = eΘijkSjk
︸ ︷︷ ︸

direct piezo.

+ εS,Θ
ij Ej
︸ ︷︷ ︸

dielectric

+ pS
i ∆τ
︸ ︷︷ ︸

pyroelectric

η = (αE
ij)

TSij
︸ ︷︷ ︸

piezocaloric

+ (pS
i )TEi

︸ ︷︷ ︸

electrocaloric

+
cS,E

τ
∆τ

︸ ︷︷ ︸

heat capacity

.

(1.1)

Here, the mechanical stress tensorσij , the dielectric displacementDi and the en-
tropy η are related to the mechanical strainSkl the electric fieldEj and the tem-
perature change∆τ , respectively. The representation chosen uses Einstein’ssum-
mation convention where repeated indices are automatically summed. The first
equation in (1.1) can be seen as an extension of Hooke’s law whereas the second
line extends the electrostatic material law by a coupling tothe other physical fields.
The material tensors are

• cE,Θ
ijkl - the modulus of elasticityN/m2

• eΘijk - the piezoelectric couplingN/Vm

• εS,Θ
ij - the permittivityC/(Vm).

• αE
ij - thermoelastic stress constantsN/(m2K)

• pS
i - pyroelectric constantsC/(m2K)

• cS,E - volumetric specific heat capacityJ/(m3K).

The entries of the tensorscE,Θ, e and ε
S,Θ fulfill the following symmetry and

positivity conditions

cE,Θ
ijkl = cE,Θ

jikl = cE,Θ
klij , eijk = ejik, εS,Θ

ij = εS,Θ
ji (1.2)

for all i, j, k, l (1 ≤ i, j, k, l ≤ 3). There exist nonnegative constantsc0, ε0 such
that

cE,Θ
ijklXijXkl ≥ c0X

2
ij , εS,Θ

ij yiyj ≥ ε0y
2
i . (1.3)

Superscripts at the parameters denote the physical field quantity which is held con-
stant while one determines the parameter. The phenomenological theory of the
piezoelectric effect is derived from thermodynamical considerations according to
Lord Kelvin. In the most general setting piezoelectric interactions are related to
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Figure 6: The Heckmann Diagram (1925) relating mechanical,electrical, and ther-
mal variables. Intensive variables are located in the outernodes, corresponding
conjugate extensive variables form the inner triangle, seee.g. [141].

the phenomena of pyroelectric and piezocaloric effects which are due to thermal-
electric-mechanical-couplings as it is depicted in Figure6.
Since in the application under consideration these thermalcoupling effects (not to

be mistaken with temperature dependent material parameters) do not take effect,
the representation will be restricted to pure adiabatic processes and thermal depen-
dencies of material parameters are taken into account without explictly denoting
them. In particular in the chapters concerned with the identification of material
parameters the piezoelectric properties shall be evaluated at defined surroundings
which include ambient temperature. Measurements have to beconducted carefully
in order to avoid self warming or external heating treatment.

The different choices of independent variables, here strain and electric field,
yield varying formulations for appropriate thermodynamical potentials whose min-



CHAPTER I: The Forward Problem 10

ima characterize equilibrium states for the systems (see, e.g. [141] for comprehen-
sive tables relating the different choices of independent variables to the thermo-
dynamical potentials). For the representation chosen here, the electric enthalpy
densityH, a measure of the energy of a thermodynamical system, is appropri-
ate [1,98]

H = U − EiDi, i = 1, 2, 3. (1.4)

With U the internal energy is denoted. According to the First Law ofThermody-
namics stating that an increase in the internal energy of a thermodynamic system is
equal to the work done by the system on the surroundings plus the amount of heat
energy added to the system one has

dU = dW + dQ.

The workdW in piezoelectricity is given by [98],

dW = σijdSij + EidDi, (1.5)

i.e. it is the sum of work per unit volume done by a stressσij and the electric work
caused by an electric fieldEi. Then

dU = σijdSij + EidDi + dQ.

For an infinitesimal change ofH it holds

dH = σijdSij −DidEi + dQ. (1.6)

From here on solely adiabatic processes, i.e.dQ = 0 are considered. For works
treating additionally thermal effects we refer to [9, 20, 45]. From (1.6) the two
dependend variables mechanical stressσij and dielectric displacementDi are given
by first order derivatives ofH

σij =
∂H

∂Sij

∣
∣
∣
∣
E

and

Di = − ∂H

∂Ei

∣
∣
∣
∣
S

(1.7)

at constant electric field and strain, respectively. Considering the functional de-
pendenciesσij(Skl, Ek) andDi(Skl, Ek), developing them into Taylor series and
truncating the result after the first term one obtains

σij = σij(S
0
kl, E

0
k) +

∂σij

∂Skl

∣
∣
∣
∣
E

(Skl − S0
kl) +

∂σij

∂Ek

∣
∣
∣
∣
S

(Ek − E0
k)

Di = Di(S
0
kl, E

0
k) +

∂Di

∂Skl

∣
∣
∣
∣
E

(Skl − S0
kl) +

∂Di

∂Ek

∣
∣
∣
∣
S

(Ek − E0
k) (1.8)
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for the linear case. The derivation of the nonlinear case, i.e. the consideration
of higher order terms, is postponed to chapter 4. Now, with (1.7) and without
loss of generality settingS0

kl = 0 andE0
k = 0 as well asσij(S

0
kl, E

0
k) = 0 and

Di(S
0
kl, E

0
k) = 0 one gets

σij =
∂2H

∂Sij∂Skl

∣
∣
∣
∣
E

Skl +
∂2H

∂Ek∂Sij
Ek,

Di = − ∂2H

∂Ei∂Skl
Skl −

∂2H

∂Ei∂Ek

∣
∣
∣
∣
S

Ek. (1.9)

Out of this it is apparent that the mechanical modulus, the piezoelectric coupling
and permittivity tensors are given by second order derivatives ofH, i.e.

cEijkl :=
∂2H

∂Sij∂Skl

∣
∣
∣
∣
E

,

ekij := − ∂2H

∂Ek∂Sij
,

εSik := − ∂2H

∂Ei∂Ek

∣
∣
∣
∣
S

. (1.10)

Finally, the electric enthalpy density has the following form

H =
1

2
cEijklSijSkl − ekijEkSij −

1

2
εijEiEj. (1.11)

The stored energy functionU (see. e.g. [1]) can be determined by (1.4), (1.1) and
(1.11) resulting in

U =
1

2
cEijklSijSkl +

1

2
εEijEiEj . (1.12)

The assumed positive definiteness ofU imposes the positivity conditions (1.3) on
the tensorscE andε

S .

1

2

3

4

5

6

Figure 7: Notation of axes

Due to the existing symmetry the strain and stress tensor have only six different
entries. Therefore a six component notation for stress and strain is suitable. Fur-
thermore, according to the crystalline structure of piezoelectric materials a certain
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ij or kl p or q
11 1
22 2
33 3

23 or 32 4
13 or 31 5
12 or 21 6

Table 3: Conversion: Tensor to matrix notation

symmetry and sparsity in the material tensors is present. Therefore the elastic-
ity modulus can be reduced by two dimensions. The following matrix notation
(according to Voigt [80, 148]) is obtained by replacing indicesij or kl by p or q
according to Table 3. The left one of the two subscripts always denotes the di-
rection of the resulting field where the right one says in which direction the field
operates. E.g.cE13 symbolizes that at constant electrical field the mechanicalstress
has direction1 and the mechanical strain has direction3. Numbers4, 5, 6 denote
shearings around the axes1, 2 and3, see Figure 7. Thus the adiabatic version of
(1.1) in matrix notation reads equivalently as
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S4

S5

S6

E1
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,

(1.13)
wherecE66 = 1

2(cE11 + cE12), or more compactly written

~σ = cE ~S − eT ~E (1.14a)
~D = e~S + ε

S ~E. (1.14b)

There is a set of equivalent equations which describe the interaction of stress and
strain as well as dielectric displacement and electric field

~σ = cD ~S − ht ~D

~E = −h~S + βS ~D, (1.15)

~S = sE~σ + dT ~E

~D = d~σ + εT ~E, (1.16)

~S = sD~σ + gT ~D

~E = −gT~σ + βT ~D. (1.17)
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Depending on the coupling coefficient occurring in the piezoelectric equations
(1.14)-(1.17) we speak of thee,h,d or g-form. The appropriate thermodynamical
potentials for these representations are electric enthalpy density, Helmholtz free
energy, Gibb’s free energy, and the elastic Gibb’s energy [141]. In this thesis and
in general for most finite element implementations mainly thee-form (1.14) is used
since it can directly be plugged into Navier’s equation of motion and Gauß’s law
from electromagnetics. For one dimensional parameter identification processes as
explained in the standards (see Chapter 3.2) one rather works with thed-form due
to the direct accessibility of most of the parameters by analytic formulae. The
other representations are only used in special cases where due to certain boundary
conditions some of the variables vanish. All occurring material tensors in (1.14),
(1.15), (1.16), and (1.17) can be transformed into each other by algebraic means,
see e.g. [1].

Let us conclude this section with remarks on dependencies onother physical
field quantities: In piezoelectric theory one usually neglects electromagnetic ef-
fects since phase velocities of piezoelectric waves are approximately five orders of
magnitude less than the velocities of electromagnetic waves [1]. Piezoelectrics are
polarizable but not magnetizable dielectrics. The only perceptible interaction with
piezoelectricity comprises thermal effects as already mentioned and illustrated in
Figure 6. It is mentioned once more, that this work is restricted to adiabatic pro-
cesses, thus the lower right edge of the triangle in Figure 6 is not considered. How-
ever, heat generation is a severe reason for power dissipation. This dissipation can
partially be modelled by complex-valued material tensors used in this work which
will be introduced in the next section.

1.1.5 Energy Dissipation and Modeling of Losses

In general, energy conversion in piezoelectricity is neverperfect, since losses oc-
cur at different parts of the system. In structural engineering viscous, velocity
depending damping is a rather difficult task to visualize. Just for a few structures
a finite set of damping elements exist where real viscous damping properties can
be measured and be modelled correctly [29]. Numerical models of vibrating struc-
tures should be capable of accounting for different sourcesof energy dissipation,
e.g. through nonlinear restoring forces, energy radiationand damping within the
structure [51]. In this work, we will concentrate on the latter using the well-known
Rayleigh model from pure elasticity problems and apply it tothe piezoelectric
problem [51, 62, 97, 103]. This mass and stiffness proportional viscous damping
is widespreadly used in numerics avoiding the need to build damping matrices on
physical properties [29].

In harmonically driven applications however in order to account for this dissipation
of power we assume the material parameters to be complex (see[15,32,58]). With
this more general approach our mathematical model describes mechanical relax-
ation, imperfect piezoelectric energy conversion, and dielectric dissipation. Loss



CHAPTER I: The Forward Problem 14

mechanisms, primarily mechanical attenuation and dielectric loss greatly impact
a device’s efficiency, maximum drive-level (thermal considerations) and resonant
characteristics, i.e. bandwidth [119]. In particular, fora transducer which is typi-
cally driven at its electrical resonance, the dielectric loss often results in a signif-
icant increase in the internal losses accompanied by an increase of internal heat
generation. In the sequel, complex material tensors are introduced as follows:

cE := ℜ(cE) + jℑ(cE), (1.18)

e := ℜ(e) + jℑ(e), (1.19)

ε
S := ℜ(εS) + jℑ(εS), (1.20)

whereℜ andℑ denote the real and imaginary part of a complex number, respec-
tively. The instantaneous influx of energy according to [15]is given by

Ẇ =
∂

∂t

∫

Ω

(
1

2
ρu̇T u̇ + U

)

dΩ (1.21)

within the piezoelectric domainΩ. Together with the first law of thermodynamics
and assuming that the volumeΩ is arbitrary one obtains for the energy flux density

V = ρu̇T ü + ~σT ~̇S + ~ET ~̇D, (1.22)

whereρ denotes the mass density (kg/m3), u is the mechanical displacementu =
u(x, t), x = (x, y, z), andu̇ the velocity. The latter, the irreversible part of energy
flux after performing a Fourier transformation and averaging over one period is

Vav =
1

2
ℜ
(

−jρω3ûT û− jω~σT ~S − jω ~ET ~D
)

, (1.23)

whereω denotes the angular frequency. Since (1.23) describes the losses,Vav must
be negative. This is however true, when the density of losses

Vl =
1

2
ωℑ
(

~σT ~S + ~ET ~D
)

≤ 0. (1.24)

The latter is actually the same condition Holland [58] showsin his work argu-
menting that the complete power dissipation density in piezoelectric materials for
harmonic applications can be expressed by the negative realpart of the divergence
of a generalized Poynting vector. Inserting now the constitutive equations from
(1.14a) and (1.14b) in (1.24) one may expressVl in terms of the vectors~E and ~S
only and obtains

Vl = −(
1

2
ω)ℑ(~ST cE ~S + ~ET

ε
S ~E). (1.25)

Together with

F := (~S, ~E), andM := −ℑ
(

cE 0
0 ε

S

)
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this gives

Vl = (
1

2
ω)F Tℑ(M)F. (1.26)

Now, as argued in [15,58]Vl is nonnegative and since the components ofF can be
arbitrary−ℑ(M) must be nonnegative definite, which is equivalent to

−ℑ(cE) nonnegative definite

−ℑ(εS) nonnegative definite. (1.27)

Since the piezoelectric coupling tensore does not occur in (1.25) no restrictions
on the piezoelectric coupling tensors can be given by thermodynamical considera-
tions.

The connection between the Rayleigh model and the usage of complex-valued
material parameters will be shown at the end of Section 1.1.6. Additionally, at this
point we will formulate a transient model derived from the harmonical one using
complex-valued material parameters and obtain a system which has now viscous
dampers for all parts of the system, i.e. also for the piezoelectric coupling and the
pure electric part.

1.1.6 Piezoelectric Partial Differential Equations (PDEs) and Boundary Con-
ditions

In this chapter the constitutive laws discussed so far will be extended to full three
dimensional sets of partial differential equations. Newton’s law of motion for the
mechanical behavior is

BT~σ = ρ
∂2u

∂t2
. (1.28)

Due to the fact that piezoelectric materials are insulators, Gauss’ law gives

∇ · ~D = 0. (1.29)

Since temporal changes of the magnetic field are negligible,by Faraday’s law, the
electric field is the negative gradient of the electric potential [44]

~E = −∇φ (1.30)

with ∇ := ( ∂
∂x ,

∂
∂y ,

∂
∂z ) and by linearized elasticity the strain is the spatial variation

of the mechanical displacementu

~S = Bu (1.31)

with the three dimensional differential operator relatingmechanical strains to me-
chanical displacements

B :=







∂
∂x . . . ∂

∂z
∂
∂y

. ∂
∂y . ∂

∂z . ∂
∂x

. . ∂
∂z

∂
∂y

∂
∂x .







T

. (1.32)
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With this one arrives at a system of four partial differential equations in the
domainΩ where we additionally consider a Rayleigh damping model with positive
factorsα andβ

ρ
∂2u

∂t2
+ αρ

∂u

∂t
− BT

(

cEBu + βcE ∂Bu

∂t
+ eT∇φ

)

= 0 in Ω

∇ ·
(

eBu− ε
S∇φ

)

= 0 in Ω .

(1.33)

Here, additional terms containing first order time derivatives model energy dissi-
pation within the structure. [51,124].

The experimental setting requires to model vanishing normal stresses at the
boundary and two electrodes (see Figure 8 and 9) being applied at opposite posi-
tions Γg andΓe of Ω. One of them is loaded with a prescribed potentialφe, the
other one is grounded. Further, on the parts of the boundary which are not covered

s

I

U∼ P

Ω Γg

Γe

Figure 8: Piezoelectric disc. Notation of boundaries. Thisshape is for example
used to simulate radial or thickness modes. The direction ofpolarization is marked
with P .

s

I

U∼

P

Ω

Γg

Γe

Figure 9: Piezoelectric bar. This geometry is considered while studying shear
modes.

by any electrode there shall be no free charge. Together, this gives the following
boundary conditions

NT~σ = 0 on∂Ω (1.34a)

φ = 0 onΓg (1.34b)

φ = φe onΓe (1.34c)
~D · ~n = 0 on∂Ω \ (Γe ∪ Γg) (1.34d)
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where

N =





nx . . . nz ny

. ny . nz . nx

. . nz ny nx .





T

and~n = (nx, ny, nz) is the outer unit normal vector. Additionally, appropriate
initial conditions for an evolution analysis are given by

u(·, 0) = u0

u̇(·, 0) = u1. (1.35)

Since in case of constant coefficients all measurements are performed in frequency
domain, the time harmonic version (excitation with periodic forcing function and
response at circular frequencyω = 2πf ) of (1.1.6) will be provided here. Upon ap-

plication of the Fourier transform̂u
F
= u, φ̂

F
= φ the unknowns change to harmonic

complex variables

u(x, t) = e−iωtû(x), φ(x, t) = e−iωtφ̂(x).

Thus, (1.33) reads now as

−ρω2û + jωα(ω)ρû − BT
(

cEBû + jωβ(ω)cEBû + eT∇φ̂
)

= 0 in Ω

∇ ·
(

eBû− ε
S∇φ̂

)

= 0 in Ω,

(1.36)

with the same boundary conditions as in (1.34) for the Fourier transformed dis-
placement̂u = û(x, ω) and the electric potential̂φ = φ̂(x, ω). The Rayleigh
coefficientsα andβ in (1.36) however are functions of the frequency, i.e.

α(ω) = α0ω, and β(ω) =
β0

ω
.

By multiplying both lines in (1.36) with 1
1−jα0

and defining the frequency depen-
dend complex coefficients

c̃E :=
1 + jβ0

1 − jα0
cE , ẽ :=

1

1 − jα0
e, ε̃

S :=
1

1 − jα0
ε

S (1.37)

the system in (1.36) transforms to the form

−ρω2û− BT
(

c̃EBû + ẽT∇φ̂
)

= 0 in Ω

∇ ·
(

ẽBû− ε̃
S∇φ̂

)

= 0 in Ω. (1.38)

As discussed in Section 1.1.5 the energy dissipation is now completely described
by using complex-valued material parameters. The choice ofthe coefficients in
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(1.37) reveals that the Rayleigh model can be interpreted asa special case of com-
plex material parameters.

Retransforming (1.38) to time domain gives a damped system of equations
where also for the pure electrostatic part and the piezoelectric coupling energy
dissipation is taken into account

ρ
∂2u

∂t2
−BT

(

ℜ(cE)Bu− 1

ω
ℑ(cE)

∂u

∂t
+ ℜ(e)T∇φ− 1

ω
ℑ(e)T∇∂φ

∂t

)

= 0

∇ ·
(

ℜ(e)Bu− 1

ω
ℑ(e)B∂u

∂t
−ℜ(εS)∇φ+

1

ω
ℑ(εS)∇∂φ

∂t

)

= 0

in Ω.

(1.39)

The system (1.39) seems to be the more flexible model as compared to (1.36) since
it takes the energy dissipation at different parts of the system into account.

In case of zero frequency (1.38) becomes the static piezoelectric system of
equations

BT
(

cEBu + eT∇φ
)

= 0 in Ω

∇ ·
(

eBu− ε
S∇φ

)

= 0 in Ω (1.40)

with cE , e, εS either inIR or IC.

1.1.7 Rotational Symmetric Case

Since many piezoelectric devices possess a circular or cylindrical shape, rotational
symmetric implementations are advisable in order to reducethe computational ef-
fort drastically by reducing the space dimension from threeto two. From the cylin-
drical coordinates(r, z, γ) with r denoting the radial,z the axial andγ the circum-
ferential component, the latter will be set to zero, accordingly the derivative with
respect toγ, i.e.γ = 0 and∂/∂γ = 0. Using the results of exercise A.4 in Chapter
4 of [113] the strain mechanical displacement relation changes to

Srr =
∂ur

∂r
, Sγγ =

ur

r
, Szz =

∂uz

∂z
,

Srγ = Szγ = 0 , Srz =
∂ur

∂z
+
∂uz

∂r
.

(1.41)

The material law becomes










σrr

σzz

σrz

σγγ

Dr

Dz











=











cE11 cE13 . cE12 . −e31
cE13 cE33 . cE13 . −e33
. . cE44 . −e15 .
cE12 cE13 . cE11 . −e31
. . e15 . εS11 .
e13 e33 . e31 . εS33





















Srr

Szz

Srz

Sγγ

Er

Ez











(1.42)
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with the differential operatorsB and∇

B :=

(
∂
∂r . . ∂

∂z
1
r

. ∂
∂z

∂
∂r .

)T

, ∇ :=

(
∂
∂r

∂
∂z

)

. (1.43)

Even though the space dimension is reduced, the material matrix in (1.42) shows
that there are still all material parameters involved in thedescription of the piezo-
electric effect. Thus, for the parameter identification process identifiability from
axisymmetric implementations seems as adequate as from three dimensional ones.
Note, however, that according to (1.43) only a first order differential operator acts
on the parametercE

12 which reduces its sensitivity in particular for thin piezoelectric
discs being excited in their thickness mode, see Table 5 in Section 3.3.3.

1.1.8 Weak Form of Piezoelectric PDEs

The weak form of the piezoelectric equations in (1.33) and (1.40) will be obtained
by testing each of the first lines with vector valuedC∞ functionsv = (vx, vy, vz) :
Ω → IR and the second lines with scalar valuedC∞ functionsw which vanish
at the boundaries with electrical Dirichlet boundary conditions, i.e,Γe and Γg.
Integration by parts (of the pure elastic part) yields

∫

Ω
(BT~σ)Tv dΩ = −

∫

Ω
~σTBv dΩ +

∫

∂Ω
(NT~σ)Tv dΓ , (1.44)

where the last term vanishes due the boundary conditions assumed. In order to
incorporate the inhomogeneous Dirichlet boundary condition for the electric po-
tential the functionφ0 is introduced

φ0 := φ− φeχ ∈ H1
0,Γ(Ω). (1.45)

The functionχ is supposed to have the following propertiesχ|Γg ≡ 0, χ|Γe ≡ 1
andχ ∈ H1(Ω); such aχ exists ifΩ is a Lipschitz domain andΓe ∩ Γg = ∅ . The
mechanical displacementu is assumed to be inH1

B(Ω). Now, the weak form of the
piezoelectric PDEs in time domain (1.33) read as

∀v ∈ H1
B(Ω) andw ∈ H1

0,Γ(Ω) :
∫

Ω

(

ρüTv + αρu̇T v + (cEBu)TBv + β (cEBu̇)TBv

+ (eT∇φ0)
TBv + (eBu)T∇w − (εS∇φ0)

T∇w
)

dΩ

= φe

∫

Ω

(

−(eT∇χ)TBv + (εS∇χ)T∇w
)

dΩ. (1.46)

With spacesH1
B(Ω) andH1

0,Γ(Ω) of real valued functions the system in (1.39) may
be brought into the weak form in a similar manner.
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In frequency domain we test (1.38) with complex valued functions v andw
and obtain

∀v ∈ H1
B(Ω) andw ∈ H1

0,Γ(Ω) :
∫

Ω

(

−ρω2ûTv + (cEBû)TBv + (eT∇φ̂0)
TBv

+ (eBû)T∇w − (εS∇φ̂0)
T∇w

)

dΩ

= φ̂e

∫

Ω

(

−(eT∇χ)TBv + (εS∇χ)T∇w
)

dΩ . (1.47)

1.2 Well-Posedness Results

Before turning to the inverse problem one should be aware whether the forward
problem in its different forms is well-posed. Well-posedness results already pro-
vide constraints for the sought-for parameters and appropriate damping. Addition-
ally, existence results show restrictions for the input data of the inverse problem, i.e.
the range of the parameter-to-solution map. Even though a linear transient formula-
tion is not used for the identification, the well-posedness results for a linearization
in case of parameter curve identification for nonlinear hyperbolic problems may
serve as a basis for analyzing well-posedness in the nonlinear transient case con-
sidered in Section 4.2. The latter is expected to require additional techniques from
the analysis of conservation laws and is therefore not treated in this thesis.
At this point a collection of literature on well-posedness in linear piezoelectricity
is presented:

• Nowacki [111] gives a uniqueness theorem for the solution ofthe transient
differential equations describing thermopiezoelectric effects.

• Ieşan [63] proves uniqueness results and minimum principles with a derived
reciprocity relation for quasi-static and dynamic piezoelectricity.

• Melnik and authors [100] give well-posedness results for non-stationary ra-
dially symmetric and axially symmetric problems.

• Miara [102] presents existence results for the strong and weak solution of
the nonstationary piezoelectric problem and additionallyexamines control-
lability of the system.

• Turbé and Maugin [147] investigate in the nonstationary case and provide
homogenization results considering both classical asymptotic results and
Bloch-Floquet theory.

• Ciarletta and Scalia [25] derive basic equations of the linear theory of ther-
mopiezoelectricity for materials with voids and give reciprocity and unique-
ness results for isothermal processes.
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• Cimatti [26] gives existence, uniqueness and periodic solutions for the sta-
tionary case using Lax-Milgram’s lemma. For the non-stationary case in-
cluding a mass proportional damping term he proves existence and unique-
ness using the Hille-Yosida theorem.

• Akamatsu and Nakamura [3] investingate in the undamped hyperbolic case
with mixed boundary conditions. They extend the works of Melnik to cases
of general boundary conditions using a Galerkin approximation in the proofs.

• Geis, Sändig and Mushuris [43] show existence and uniqueness for a qua-
sistatic problem modeling multi-layered actuators also including thin metal-
lic electrodes.

• Mercier and Nicaise [101] give existence, uniqueness and regularity results
for time-harmonic piezoelectric systems considering the full Maxwell’s equa-
tions.

• Kaltenbacher, Lahmer and Mohr [77] study well-posedness results for the
time-harmonic case with real valued coefficients and with complex ones
where sufficiently strong damping guarantees existence anduniqueness of
the solution for the complete frequency range.

• Geis [42] publishes existence and uniqueness theorems for the solution of a
multistructure-multifield transmission problem modelingco-fired piezoelec-
tric multilayer actuators where additionally thin metal inclusions, the elec-
trodes, are taken into account together with loads caused bythermal stresses
and pyroelectric effects.

1.2.1 Transient Case With Rayleigh-Damping

In the sequel we will generalize results from [3] concerningwell-posedness of
(1.33) to the case where the Rayleigh model is considered. Completing the results
of [3] an energy estimate for the acceleration is derived. The proof of uniqueness
requires an approach different to the one in [3] due to the viscous damping terms.
The boundary conditions remain as introduced in Section 1.1.6, i.e. we consider
the case of a mechanically unclamped piezoelectric body with voltage excitation
in the sequel. Different boundary conditions can be treatedanalogously along the
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lines of [3]

ρü + αρu̇− BT
(

cEBu + βcEBu̇ + eT∇φ
)

= 0 in Ω

−∇ ·
(

eBu− ε
S∇φ

)

= 0 in Ω

φ(t) = 0 on Γg

φ(t) = φe(t) on Γe

~n ·
(

eBu− ε
S∇φ

)

= 0 onΓr

NT
(

cEBu + βcEBu̇ + eT∇φ
)

= 0 on ∂Ω

u(t = 0) = u0

u̇(t = 0) = u1,

(1.48)

whereΓr := ∂Ω \ (Γe ∪ Γg).

Theorem 1.1. Let Ω ⊂ IR3 be a bounded domain withC2 boundary∂Ω and
let the material tensorscE , e and ε

S ∈ IR fulfill (1.2) and (1.3). The Rayleigh
coefficientsα andβ are assumed to be nonnegative. LetT > 0. Then for anyu0 ∈
H1

B(Ω), u1 ∈ L2(Ω) andφe ∈ H1(0, T ;H
1
2 (Γe)) there exists a unique solution

(u, φ) ∈ L∞(0, T ;H1
B(Ω)) × L∞(0, T ;H1

0,Γ(Ω)) with u̇ ∈ L∞(0, T ;L2(Ω)) and

ü ∈ L2(0, T ;H−1
B (Ω)) to (1.48) satisfying the initial conditions

u(0) = u0, u̇(0) = u1 on Ω. (1.49)

Further, we have the estimate

||u||L∞(0,T,H1
B(Ω)) + ||u̇||L∞(0,T,L2(Ω)) + ||ü||L2(0,T,H−1

B (Ω)) + ||φ||L∞(0,T,H1
0,Γ(Ω))

≤ C
(

||u0||H1
B(Ω) + ||u1||L2(Ω) + ||φe||H1(0,T ;H1/2(Γe))

)

.

(1.50)

Proof. The proof consists of four parts

• A Galerkin approximation

• Energy estimates for the finite dimensional problem

• Limit to infinite dimensional case, existence of a solution

• Uniqueness of the solution
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As in (1.45) we setφ0 = φ− φeχ and consider the weak form of (1.48)
∫

Ω
ρüTv dΩ + α

∫

Ω
ρu̇Tv dΩ +

∫

Ω
(cEBu)TBv dΩ + β

∫

Ω
(cEBu̇)TBv dΩ

+

∫

Ω
(eT∇φ0)

TBv dΩ +

∫

Ω
(eBu)T∇w dΩ

−
∫

Ω
(εS∇φ0)

T∇w dΩ = 〈f,v〉 + 〈g,w〉,

(1.51)

which is supposed to hold for all(v, w) ∈ [H1
B(Ω)]3 ×H1

0,Γ(Ω) with

〈f,v〉 = −φe
∫

Ω(eT∇χ)TBv dΩ and〈g,w〉 = φe
∫

Ω(εS∇χ)T∇w dΩ.
The right hand side terms of (1.51) only depend onφe with

||f ||H1(0,T ;H−1
B (Ω)) ≤ c1(Ω)||φe||H1(0,T )

||g||H1(0,T ;H−1
Γe

(Ω)) ≤ c2(Ω)||φe||H1(0,T ). (1.52)

Now, Galerkin’s method is applied to (1.46) using appropriate test functionsvj ∈
H1

B(Ω, IR3) andwj ∈ H1
0,Γ(Ω), j ∈ IN. Sou(t) ≈ um(t) =

∑m
j=1 u

j
m(t)vj

andφ(t) ≈ φm(t) =
∑m

j=1 φ
j
m(t)wj . All finite subsets of the test functions are

assumed to be linearly independent and their linear spans tobe dense inH1
B(Ω)

andH1
0,Γ(Ω). We defineVm := span{v1, ...vm} andWm := span{w1, ...wm}

with ∪∞
m=1Vm = H1

B(Ω) and∪∞
m=1Wm = H1

0,Γ(Ω). Then, for eachm ∈ IN there
exists a unique solution
(um(t), φm(t)) ∈ C2([0, T ], Vm) × C1([0, T ],Wm) to (1.51) for all (v, w) ∈
Vm ×Wm satisfying the initial conditionsum(0) = u0m, u̇m(0) = u1m where
u0m, u1m converge tou0 andu1 in H1 andL2, respectively, asm→ ∞.

The matrices

Muu := (〈ρvj ,vk〉)kj and Kφφ = (〈εS∇wj ,∇wk〉)kj (1.53)

are invertible due to the linear independence of the test functions and positivity of
ρ andε

S, respectively. Further, let us define

Kuu := (〈cEBvj,Bvk〉)kj ,

Kuφ := (〈eT∇wj ,Bvk〉)kj ,

Kφu := (〈eBvj ,∇wk〉)kj ,

fm := (〈f,vk〉)k,
gm := (〈g,wk〉)k. (1.54)

The solutionsum(t) = (uj
m(t))j andφm(t) = (φj

m(t))j are formally computed
by

φm = (Kφφ)−1 (gm −Kφuum)
︸ ︷︷ ︸

:=Fm

(1.55)
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and

üm + αu̇m + βM−1
uu Kuuu̇m +M−1

uu

(

Kuu +KuφK
−1
φφKφu

)

um

= M−1
uu fm +M−1

uu K
−1
φφ gm. (1.56)

In a next step one shows that the finite dimensional solution(um(t), φm(t)) is
bounded inL∞(0, T,H1

B(Ω)) × L∞(0, T,H1
0,Γ(Ω)) andu̇ is bounded in

L∞(0, T, L2(Ω)). Testing (1.51) with(u̇m, 0) gives

1

2

d

dt

(
〈ρu̇m(t), u̇m(t)〉 + 〈cEBum(t),Bum(t)〉

)

+α〈ρu̇m(t), u̇m(t)〉 + β〈cEBu̇m(t),Bu̇m(t)〉 + 〈eT∇φm(t),Bu̇m(t)〉
= 〈f, u̇m(t)〉.

(1.57)

Differentiating (1.51) with respect to time and testing theresult with(0, φm) yields

〈eTBu̇m(t),∇φm(t)〉 − 1

2

d

dt

(
〈εS∇φm(t),∇φm(t)〉

)
= 〈ġ, φm(t)〉.

(1.58)

Subtracting the two latter equations from each other gives

1

2

d

dt

(
〈ρu̇m(t), u̇m(t)〉 + 〈cEBum(t),Bum(t)〉 + 〈εS∇φm(t),∇φm(t)〉

)

+α〈ρu̇m(t), u̇m(t)〉 + β〈cEBu̇m(t),Bu̇m(t)〉 = 〈f, u̇m〉 − 〈ġ, φm〉.
(1.59)

Integration with respect tot yields

〈ρu̇m(t), u̇m(t)〉 + 〈cEBum(t),Bum(t)〉 + 〈εS∇φm(t),∇φm(t)〉

+

∫ t

0
α〈ρu̇m(s), u̇m(s)〉ds + β

∫ t

0
〈cEBu̇m(s),Bu̇m(s)〉ds

= 〈ρu̇m(0), u̇m(0)〉 + 〈cEBum(0),Bum(0)〉 + 〈εS∇φm(0),∇φm(0)〉

+ 2

∫ t

0
〈f(s), u̇m(s)〉ds− 2

∫ t

0
〈ġ(s), φm(s)〉ds.

(1.60)

Now, one estimates the following
∫

Ω
BumcEBum dΩ ≥ λ1,mech

∫

Ω
BumBum dΩ

= λ1,mech||Bum||2L2

= cmech

(

||um||2H1
B
− ||um||2L2

)

(1.61)
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whereλ1,mech is the smallest eigenvalue ofcE and and with Poincaré’s inequality
∫

Ω
∇φmε

S∇φm dΩ ≥ λ1,elec

∫

Ω
∇φm∇φm dΩ

= λ1,elec||∇φm||2L2

≥ celec||φm||2H1 (1.62)

whereλ1,elec is the smallest eigenvalue ofε
S . The latter two estimations together

with the positivityα andβ allow to give a lower bound for the left-hand side of
(1.60)

C1

(

||u̇m(t)||2L2(Ω) + ||um(t)||2H1
B(Ω) + ||φm(t)||2H1

0,Γ(Ω)

)

− cmech||um(t)||2L2(Ω).

(1.63)

With Schwartz’s and Young’s inequality, the right-hand side of (1.60) is bounded
from above by

C2

(

||u̇m(0)||2L2(Ω) + ||um(0)||2H1
B(Ω) + ||φm(0)||2H1

0,Γ(Ω)

)

+

∫ t

0

(

||u̇m(s)||2L2(Ω) + ||um(s)||2H1
B(Ω) + ||φm(s)||2H1

0,Γ

)

ds

+||f ||2L2(0,T ;L2(Ω)) + ||g||2
H1(0,T ;H−1

0,Γ)
. (1.64)

We are now able to apply Gronwall’s inequality since for the following choices

η(t) := C1

(

||u̇m(t)||2L2(Ω) + ||um(t)||2H1
B(Ω) + ||φm(t)||2H1

0,Γ(Ω)

)

and

ξ(t) := ||u̇m(0)||2L2(Ω) + ||um(0)||2H1
B(Ω) + ||φm(0)||2H1

0,Γ(Ω)

+||f ||2L2(0,T ;L2(Ω)) + ||g||2
H1(0,T ;H−1

0,Γ(Ω))
(1.65)

the differential inequalityη′(t) ≤ k(t)η(t) + ξ(t) holds. Then,

||u̇m(t)||2L2(Ω) + ||um(t)||2H1
B(Ω) + ||φm(t)||2H1

0,Γ(Ω)

≤ C3e
C3t
(
||u̇m(0)||2L2(Ω) + ||um(0)||2H1

B(Ω) + ||φm(0)||2H1
0,Γ(Ω)

+||f ||2L2(0,T ;L2(Ω)) + ||g||2
H1(0,T ;H−1

0,Γ(Ω))

)
. (1.66)

Now, since by the finite dimensional version of the second equation in (1.48) for
t = 0, coercivity of〈εS∇φm(0),∇φm(0)〉, the fact thatΓe ∪ Γg 6= ∅, and using
Young’s inequality, we have fort = 0

||φm(0)||2H1
0,Γ(Ω) ≤ C5(||u0||2H1

B
(Ω) + ||φe(0)||2

H1/2(Γe)
) (1.67)
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and considering the initial values foru andu̇ we get from (1.66)

||u̇m(t)||2L∞(0,T ;L2(Ω)) + ||um(t)||2L∞(0,T ;H1
B(Ω)) + ||φm(t)||2L∞(0,T ;H1

0,Γ(Ω))

≤ C6

(

||u1m||2L2(Ω) + ||u0||2H1
B(Ω) + ||φe||L∞(0,T ;H1/2(Γe))

)

. (1.68)

In caseβ > 0 we get from (1.60)

||Bu̇m||L2(0,T ;L2(Ω) ≤ C7. (1.69)

Additionally an energy estimate for the accelerationü is given inL2(0, T,H−1
B ).

In order to show this, fix anyv ∈ H1
B(Ω) with ||v||H1

B
≤ 1 andv := v1 + v2,

wherev1 ∈ span{vj}m
j=1 and (v2,vj) = 0 for all 1 ≤ j ≤ m. With um =

∑m
j=0 u

j
m(t)vj we have

〈üm,v
1〉 =

〈f,v1〉 − α〈ρu̇m,v
1〉 − 〈cEBum,Bv1〉 − β〈cEBu̇m,Bv1〉 − 〈eT∇φm,Bv1〉.

(1.70)

From this we get

|〈üm,v〉| ≤ C
(
||f ||L2 + ||um||H1

B
+ 〈eT∇(−∆ǫ)

−1div0eBum,Bv1〉
)

− d

dt

(
α〈ρum,v

1〉 + β〈cEBum,Bv1〉
)
, (1.71)

where we have used the substitution of the electric potential

φm(um) = (−∆ǫ)
−1div0(−eBum). (1.72)

Here, the differential operator∆ǫ comes from the pure electrostatic problem

−∆ǫ : H1
0,Γ(Ω) → H−1

0,Γ(Ω))

v 7→
{ −∆εv : H1

0,Γ(Ω) → IR

w 7→
∫

Ω(εS∇v)T∇w dΩ

and with div0 the weak divergence operator is denoted

div0 : (L2(Ω))3 → (H−1
0,Γ(Ω))

~f 7→
{

div0
~f : H1

0,Γ(Ω) → IR

w 7→ −
∫

Ω
~fT∇w dΩ.

Now, by

||eT∇(−∆ǫ)
−1div0eBum||L2(Ω)

≤ Ce||div0eBum||(H−1
0,Γ(Ω))

= Ce sup
w 6=0∈H1

0,Γ

∣
∣
∣
∣
∣
−
∫

Ω eBum∇w
||w||H1

0,Γ
(Ω)

∣
∣
∣
∣
∣

≤ Ce||eBum||L2(Ω)

≤ C̃e||Bum||L2(Ω) (1.73)
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we finally obtain

∫ T

0
||üm||2

H−1
B (Ω)

dt ≤ C8

∫ T

0

(
||f ||L2(Ω) + ||um||H1

B(Ω) + ||Bum||L2

)
dt

+
(

α||um||L∞(0,T ;H−1
B (Ω)) + β||Bum||L∞(0,T ;L2(Ω))

)

≤ C9

(
||u0||2H1

B(Ω) + ||u1||2L2(Ω) + ||φe||
H1(0,T ;H

1
2 (Γe))

)
,

(1.74)

where we have used in case thatβ > 0 that (1.69) yields

||Bu̇m||L∞(0,T ;L2(Ω)) ≤
√
T ||Bu̇||L2(0,T ;L2(Ω)) ≤ C8

and in caseα > 0 the term||um||L∞(0,T ;H−1
B (Ω)) is finite by terms in (1.63).

Thus, we have shown the boundedness of the sequences

{um, φm} ∈ L∞(0, T ;H1
B(Ω)) × L∞(0, T ;H1

0,Γ(Ω)),

{u̇m} ∈ L∞(0, T ;L2(Ω)),

{üm} ∈ L2(0, T ;H−1
B (Ω)). (1.75)

Existence of weak solution:
In oder to show that a weak solution to (1.48) exists, we recall that according
to the energy estimates the sequence{um}∞m=0 is bounded inL∞(0, T ;H1

B(Ω)),
{u̇m}∞m=0 in L∞(0, T ;L2(Ω)), {üm}∞m=0 in L2(0, T ;H−1

B (Ω)) and{φm}∞m=0 is
bounded inL∞(0, T ;H1

0,Γ(Ω)). As a consequence there exist subsequences
{uml

}∞l=0 ⊂ {um}∞m=0 and{φml
}∞l=0 ⊂ {φm}∞m=0 furtheru ∈ L∞(0, T ;H1

B(Ω)),
ν ∈ L∞(0, T ;L2(Ω)), a ∈ L2(0, T ;H−1

B (Ω)) andφ ∈ L∞(0, T ;H1
0,Γ(Ω)) such

that







uml
⇀ u weakly star inL∞(0, T ;H1

B(Ω))
u̇ml

⇀ ν weakly star inL∞(0, T ;L2(Ω))

üml
⇀ a weakly inL2(0, T ;H−1

B (Ω))
φml

⇀ φ0 weakly star inL∞(0, T ;H1
0 (Ω)).

(1.76)

Sinced/dt is a closed operatorν = u̇ anda = ü. Now, we fixN and choose
v ∈ C1(0, T ;H1

B(Ω)) andw ∈ (0, T ;H1
0 (Ω)) which are of the form

v(t) :=

N∑

j=0

uj
m(t)vj , w(t) :=

N∑

j=0

φj
m(t)wj . (1.77)

Selectm ≥ N and substitute in (1.51)u, u̇, ü, φ0 by um, u̇m, üm andφm. Multi-
ply the result with(uj

m, φ
j
m) and sum fromj = 1, ...,N . Further, integration with

respect tot gives
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∫ T

0

(
∫

Ω
ρüT

mv dΩ + α

∫

Ω
ρu̇T

mv dΩ +

∫

Ω
(cEBum)TBv dΩ

+β

∫

Ω
(cEBu̇m)TBv dΩ +

∫

Ω
(eT∇φm)TBv dΩ dt

+

∫

Ω
(eBum)T∇w dΩ −

∫

Ω
(εS∇φm)T∇w dΩ

)
dt

=

∫ T

0
〈g,w〉 dt +

∫ T

0
〈f,v〉 dt. (1.78)

Setting nowm = ml and using (1.76) we find for the limit that

∫ T

0

(
∫

Ω
ρüTv dΩ + α

∫

Ω
ρu̇Tv dΩ +

∫

Ω
(cEBu)TBv dΩ

+ β

∫

Ω
(cEBu̇)TBv dΩ +

∫

Ω
(eT∇φ0)

TBv dΩ dt

+

∫

Ω
(eBu)T∇w dΩ −

∫

Ω
(εS∇φ0)

T∇w dΩ
)
dt

=

∫ T

0
〈g,w〉 dt+

∫ T

0
〈f,v〉 dt. (1.79)

The latter equality then holds for all functionsv ∈ L2(0, T ;H1
B(Ω)), since func-

tions of the form (1.77) are dense in these spaces. From (1.79) it follows that
∫

Ω
ρüTv dΩ + α

∫

Ω
ρu̇Tv dΩ +

∫

Ω
(cEBu)TBv dΩ

+ β

∫

Ω
(cEBu̇)TBv dΩ +

∫

Ω
(eT∇φ0)

TBv dΩ dt

+

∫

Ω
(eBu)T∇w dΩ −

∫

Ω
(εS∇φ0)

T∇w dΩ

= 〈g,w〉 + 〈f,v〉 (1.80)

for all v ∈ H1
B andw ∈ H1

0,Γ and a.e0 ≤ t ≤ T .

We now show that the initial conditions are fulfilled: For this, choose any func-
tion (v, 0) with v ∈ C2(0, T ;H1

B(Ω)) andv(T ) = v̇(T ) = 0 and integrate the
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mass part twice and the damping terms of (1.79) once by parts with respect to time
∫ T

0

(
∫

Ω
ρuT v̈ dΩ − α

∫

Ω
ρuT v̇dΩ

+

∫

Ω
(cEBu)TBv dΩ − β

∫

Ω
(cEBu)TBv̇ dΩ +

∫

Ω
(eT∇φ0)

TBv dΩ
)
dt

=

∫ T

0
〈f,v〉 dt− ρ〈u(0), v̇(0)〉 + ρ〈u̇(0),v(0)〉

+ αρ〈u(0),v(0)〉 + β〈cEBu(0),Bv(0)〉.
(1.81)

Similarly, we obtain from (1.78)
∫ T

0

(
∫

Ω
ρuT

mv̈ dΩ − α

∫

Ω
ρuT

mv̇dΩ

∫

Ω
(cEBum)TBv dΩ − β

∫

Ω
(cEBum)TBv̇ dΩ +

∫

Ω
(e∇φm)TBv dΩ

)
dt

=

∫ T

0
〈f,v〉 dt − ρ〈um(0), v̇(0)〉 + ρ〈u̇m(0),v(0)〉

+ αρ〈um(0),v(0)〉 + β〈cEBum(0),Bv(0)〉.
(1.82)

We set nowm = ml, recallu0m → u0 ∈ H1, u1m → u1 ∈ L2 to (1.76) and
obtain

∫ T

0

(
∫

Ω
ρuT v̈ dΩ − α

∫

Ω
ρuT v̇dΩ

+

∫

Ω
(cEBu)TBv dΩ − β

∫

Ω
(cEBu)TBv̇ dΩ +

∫

Ω
(eT∇φ0)

TBv dΩ
)
dt

=

∫ T

0
〈f,v〉 dt− ρ〈u0, v̇(0)〉 + ρ〈u1,v(0)〉

+ αρ〈u0,v(0)〉 + β〈cEBu0,Bv(0)〉.
(1.83)

Comparing the identities (1.81) and (1.83) we conclude thatu(0) = u0 andu̇(0)+
αu(0) = u1 + αu0, henceu̇(0) = u1.

In order to proof uniqueness we show that for the homogeneousproblem, i.e.
u0 = u1 ≡ 0, f ≡ 0, g ≡ 0, andφe ≡ 0 the only possible solution isu ≡ 0 and
φ ≡ 0. Let us recall (1.60) in the limitl → ∞ along the subsequenceml

〈ρu̇(t), u̇(t)〉 + 〈cEBu(t),Bu(t)〉 + 〈εS∇φ(t),∇φ(t)〉
− 〈ρu̇(0), u̇(0)〉 + 〈cEBu(0),Bu(0)〉 + 〈εS∇φ(0),∇φ(0)〉

= −
(∫ t

0
α〈ρu̇(s), u̇(s)〉ds+ β

∫ t

0
〈cEBu̇(s),Bu̇(s)〉ds

)

. (1.84)
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Observe, that all mechanical terms at timet = 0 vanish by the special choice of the
initial conditions andφ(0) = 0 by the second equation in (1.48) and zero Dirichlet-
boundary conditions for the electric potential. The term within the parenthesis
on the right-hand side is positive due to the choice of the material constants and
damping coefficients. By this, the only solution to the homogeneous problem is
the trivial oneu ≡ 0 andφ ≡ 0.

The following theorem states well-posedness for the systemin (1.39), where
we have introduced viscous damping for all parts of the system. The elemination
of the coupling terms by appropriate choices of test functions and a Gauss-step,
see (1.59), is now not applicable anymore due to the first order derivatives in the
coupling parts. Also differentiating the second line in (1.39) would lead to sec-
ond order derivatives of the electric potential. Therefore, we choose a different
approach where (1.39) will be rewritten in a matrix form. Before we do this we
recall the PDEs, boundary and initial conditions

BT
(

ℜ(cE)Bu − 1

ω
ℑ(cE)

∂u

∂t
+ ℜ(e)T∇φ− 1

ω
ℑ(e)T∇∂φ

∂t

)

= ρ
∂2u

∂t2
in Ω

∇ ·
(

ℜ(e)Bu− 1

ω
ℑ(e)B∂u

∂t
−ℜ(εS)∇φ+

1

ω
ℑ(εS)∇∂φ

∂t

)

= 0 in Ω

φ(t) = 0 on Γg

φ(t) = φe(t) on Γe

NT
(

ℜ(cE)Bu − 1

ω
ℑ(cE)

∂u

∂t
+ ℜ(e)T∇φ− 1

ω
ℑ(e)T∇∂φ

∂t

)

= 0 on ∂Ω

~n ·
(

ℜ(e)Bu− 1

ω
ℑ(e)B∂u

∂t
−ℜ(εS)∇φ+

1

ω
ℑ(εS)∇∂φ

∂t

)

= 0 onΓr

u(t = 0) = u0

u̇(t = 0) = u1

∇φ(t = 0) = ∇ψ0.

(1.85)

Theorem 1.2. Assume that the conditions of Theorem 1.1 hold true, furtherthat

− 1

ω
ℑ(cE) and − 1

ω
ℑ(εS) are positive definite. (1.86)

Then there exists a unique solution(u, φ) ∈ L∞(0, T ;H1
B(Ω))×L∞(0, T ;H1

0,Γ(Ω))
to the problem in (1.39).

Proof. Since the structure of this proof is similar to the one of Theorem 1.1 we
will only discuss the differing parts in detail. The main difference compared to
the proof of Theorem 1.1 is that we have now a parabolic equation for the second
line in (1.48). Making use of the more compact representation form introduced
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e.g. in [43], where with the help of the composed differential operator and material
matrices

B :=

(
B 0
0 −∇

)

, M := ℜ
(

cE −eT

e ε
S

)

, andC := − 1

ω
ℑ
(

cE −eT

e ε
S

)

(1.87)
together with

u := (u, φ0)
T , χ : (0, χ)T and IM := ρ

(
I3×3 0

0 0

)

(1.88)

the weak form given in (1.39) is rewritten as: Findu ∈ V := {
(

u

φ0

)

∈ H1
B ×

H1
0,Γ} such that
∫

Ω
üT IMv + (CB u̇)TB v + (MB u)TB v dΩ = φ̂e

∫

Ω
(MB χ)T (B v) dΩ

︸ ︷︷ ︸

=:〈f,v〉

(1.89)
holds∀v ∈ V. After applying Galerkin’s method and testing with discrete u̇m we
obtain

d

dt

1

2
(〈IM u̇m, u̇m〉 + 〈MBum,B um〉) + 〈CB u̇m,B u̇m〉 = 〈f,um〉. (1.90)

Integration with respect tot gives

〈u̇m(t), IM u̇m(t)〉 + 〈MB um(t),B um(t)〉 +

∫ t

0
〈CB u̇m(s),B u̇m(s)〉dt

= 〈u̇m(0), IM u̇m(0)〉 + 〈MB um(0),B um(0)〉 +

∫ t

0
〈f,um(s)〉ds.

(1.91)

By our assumptions on the material tensors bothxTMx andxTCx are positive
for anyx ∈ IR9 since terms involving the piezoelectric couplinge vanish due to
the change of sign inM and alsoC. We can therefore give a lower bound for the
left-hand side of (1.91) like in (1.61) and (1.62). An upper bound for the right-hand
side of (1.91) is given by the boundedness ofcE andε

S together with Schwarz and
Young’s inequality. Setting now

η(t) := ||u̇m(t)||2L2(Ω) + ||um(t)||2H1
B(Ω)

and
ξ(t) := ||u̇m(0)||2L2(Ω) + ||um(0)||2H1

B(Ω) + ||f ||L2(0,T ;L2(Ω))

and applying Gronwall’s Lemma we get

||u̇m(t)||2L2(Ω) + ||um(t)||2H1
B(Ω)

≤ C1e
C1t
(

||u̇m(0)||2L2(Ω) + ||um(0)||2H1
B(Ω) + ||f ||L2(0,T ;L2(Ω))

)

. (1.92)
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From this we deduce uniform boundedness of

um in L∞(0, T ;H1
B(Ω)),

u̇m in L∞(0, T ;L2(Ω)). (1.93)

Additionally we get from (1.91) and the positive definiteness ofC uniform bound-
edness ofum in L2(0, T ;H1

B(Ω)). Fix now anyv ∈ H1
B(Ω) with ||v||H1

B(Ω) ≤ 1

andv := v1 + v2, wherev1 ∈ span{vj}m
j=1 and(v2,vj) = 0 for all 1 ≤ j ≤ m.

With um =
∑m

j=0 u
j
m(t)vj we have for the second order derivativeüm

∫ T

0
|〈ü(t)m, Imv1(t)〉|dt

≤ C2

(

||f ||L2(0,T ;L2(Ω)) + ||um||L2(0,T ;H1
B(Ω)) + ||u̇m||L2(0,T ;H1

B(Ω))

)

and

≤ C4

(

||um0||H1
B(Ω) + ||um1||L2(Ω) + ||φe||

H1(0,T ;H
1
2 (Γ))

)

.

(1.94)

By the boundedness ofum we can select subsequences and pass to their limits
ml → ∞ reminding thatddt is a closed operator:

uml =

(
uml

φ0ml

)

⇀

(
u

φ0

)

weakly star inL∞(0, T,H1
B(Ω))×L∞(0, T,H1

0,Γ(Ω))

and

u̇ml
=

(
u̇ml

φ̇0ml

)

⇀

(
u̇

φ̇0

)

weakly star inL∞(0, T, L2(Ω))×L∞(0, T, L2(Ω)).

For the acceleration we have

IM üml
=

(
üml

0

)

⇀ ü weakly inL2(0, T,H−1
B (Ω))

and deduce existence of the solution.
In order to show that the initial conditions are satisfied we choosev in (1.89)

in that way thatv(T ) = v̇(T ) = 0 and integrate (1.89) with respect tot to obtain

∫ T

0

∫

Ω

(
(IMu(t))T v̈(t) − (CB u(t))TB v̇(t) + (MBu(t))TB v(t)

)
dΩ dt

= 〈f,v〉 − 〈IMu(0), v̇(0)〉 − 〈IM u̇(0),v(0)〉 + (CB u(0))TB v(0). (1.95)

Deriving an equation of the same form now for discreteum, settingm = ml, and
considering thatuml

→ u0 andu̇ml
→ u1 we immediately see thatum(0) = u0

andu̇m(0) = u1. Due to the zero entry inIM we cannot directly check the initial
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condition for the electric part. This however is given by evaluating the last term on
the right-hand side in (1.95), namely

∇φ0m(0) → ∇φ0(0) = ∇ψ0.

Uniqueness can be shown by inspection of (1.91) for the homogeneous case
which allows onlyu = 0 as trivial solution.

1.2.2 Harmonic and Static Case

In this section we consider harmonically driven piezoelectric transducers whose
mathematical description in its weak form is given in (1.47). Two well-posedness
theorems will be presented, from which the first one is already published in [77].
In the first theorem we assume that the material tensors are real-valued.

Theorem 1.3. Let cE ∈ IR6×6, e ∈ IR6×3 andε
S ∈ IR3×3 and (1.2), (1.3) hold.

Then, there exists a sequence of eigenfrequencies(λn)n∈IN with 0 < λ1 ≤ λ2, ...
accumulating only at infinity such that∀ω ∈ IR\({0} ∪ {λ1, λ2, ...}) the system of
piezoelectric PDEs in (1.38) with boundary conditions given in (1.34) has a unique
weak solution which solves (1.47).

Proof. By assumptions (1.3) on the material coefficients the bilinear form
∫

Ω
(εS∇φ̂)T∇wdΩ (1.96)

is coercive. According to the Lemma of Lax-Milgram there exists one and only
one solutionφ̂0 = φ̂0(û) ∈ H1

0,Γ(Ω) to
∫

Ω

(

(eBû)T∇w − (εS∇φ̂0)
T∇w

)

dΩ = φe

∫

Ω
(εS∇χ)T∇w dΩ ∀w ∈ H1

0,Γ,

(1.97)
whereû ∈ H1

B(Ω) is arbitrarily fixed andφ̂0 is as in (1.45). The unique solution
φ̂0(û) of (1.97) is given by

φ̂0(u) = (−∆ǫ)
−1div0(−eBû + φe

ε
S∇χ), (1.98)

where the elliptic differential operator is now a mapping oncomplex valued func-
tion spaces

−∆ǫ : H1
0,Γ(Ω) → H−1

0,Γ(Ω)

v 7→
{ −∆εv : H1

0,Γ(Ω) → IC

w 7→
∫

Ω(εS∇v)T∇w dΩ

and

div0 : (L2(Ω))3 → H−1
0,Γ(Ω)

~f 7→
{

div0
~f : H1

0,Γ(Ω) → IC

w 7→ −
∫

Ω
~fT∇w dΩ.
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Substitutingφ̂0 into the weak form of (1.38) the piezoelectric equations written just
for the unknown̂u now read as

∫

Ω
−ω2ρûTv +

(
(cEBû)TBv + ((−∆ǫ)

−1div0eBû)T div0eBv
)
dΩ

= φe

∫

Ω

(
−(eT∇χ)TBv + (−∆ǫ)

−1div0ε
S∇χ)T div0eBv

)
dΩ. (1.99)

With this one obtains a problem of the form

(L− ρω2Id)u(ω)) = Uf(ω) (1.100)

where
U : H−1

B (Ω) → H1
B(Ω)

is the isometric isomorphism according to theRiesz Representation Theoremand
f(ω) is the linear bounded functional onH1

B(Ω) given by the right-hand side in
(1.99) where the self-adjoint operatorL is defined as

U−1L : û 7→
(

v 7→
∫

Ω
(cEBû)TBv + ((−∆ǫ)

−1div0eBû)T div0eBvdΩ

)

.

(1.101)
Due to (1.2) and (1.3)L is a coercive bilinear form onH1

B. By Theorem 17.11
in [149] L has countably many eigenvalues which accumulate only at infinity.

In the next theorem complex-valued material tensors are considered. As opposed
to (1.87) the composed differential operatorB and the material matrix are defined
differently, since for the proof we require a symmetric system. The fact that the
material matrix is now of saddle-point form has to be compensated by the assump-
tions, in particular by the sign of the imaginary part of the permittivity tensor. It
is an open question whether and how the different sign rules in (1.27) and (1.102)
can be justified physically.

Theorem 1.4. Assume that the material tensors are complex-valued with

−ℑ(cE), ℑ(εS) positive definite, and
∀ν ∈ IR6,∀µ ∈ IR3 : −µTℑ(e)ν ≤

√

−νTℑ(cE)ν
√

µTℑ(εS)µ
(1.102)

and let (1.2) hold. Then, for all positiveω ∈ IR the system of PDEs (1.38) with
boundary conditions (1.34) has a unique weak solution(û, φ).

Proof. We define the following composed differential operator and material matrix

B :=

(
B 0
0 ∇

)

, and M :=

(
cE eT

e −ε
S

)

.

Together with

û := (û, φ̂)T , χ : (0, χ)T and IM :=

(
ρI 0
0 0

)
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the weak form given in (1.47) is rewritten as: Findû ∈ V := {
(

û

φ̂

)

∈ H1
B ×

H1
0,Γ} such that

∫

Ω
−ω2(IM û)Tv + (MB û)TB v dΩ = φ̂e

∫

Ω
(MB χ)T (B v) dΩ (1.103)

holds∀v ∈ V. Now, the equation (1.103) can be identified as a term of the follow-
ing form

(L− ω2IM )û = Uf (1.104)

with the complex symmetric operator

U−1L := û 7→
(

v 7→
∫

Ω
(MB û)TB v dΩ

)

,

and the isometric isomorphismU here is

U : (H−1
B (Ω) ×H−1

0,Γ(Ω)) → (H1
B(Ω) ×H1

0,Γ(Ω))

. The right hand side in (1.104) is defined as

〈f,v〉 :=

( ∫

Ω(eT∇χ)TBvdΩ
∫

Ω(εS∇χ)T∇wdΩ

)

.

The following splitting according to the real and complex part of M

L := A− jB

is considered whereA andB are selfadjoint. LetP be the orthogonal projection
onto the nullspaceN (B) of the differential operatorB within H1

B(Ω) and

P :=

(
P 0
0 0

)

, I − P :=

(
I − P 0

0 I

)

.

Since∇ has a trivial nullspace inH1
0,Γ(Ω), P is the orthogonal projection onto the

nullspace ofB. Then (1.104) is equivalent to

(I − P )(L− ω2IM )(I − P )û = (I − P )Uf

−ρω2P û = P Uf = 0, (1.105)

sinceP L = 0 and forf in (1.104) according to (1.103) one hasP Uf = 0 since
for all v ∈ N (B) there holdsU(eT∇χ)TBv = 0. The operatorB is positive
definite on the orthogonal complement ofN (B) due to (1.102). Now, assume that
(I − P )(L− ω2IM )(I − P ) is nonregular. Then also

(I − P )(A− jB − ω2IM )(I − P )
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and

((I − P )B(I − P ))−
1
2 (I − P )(A−ω2IM )(I − P ) ((I − P )B(I − P ))−

1
2 − jI

are nonregular. This however implies thatj is in the spectrum of
((I − P )B(I − P ))−

1
2 (I − P )(A−ω2IM )((I − P )B(I − P ))−

1
2 which is sym-

metric and possesses a real-valued spectrum. By this contradiction (I − P )(L −
ω2IM )(I − P ) is regular.

Theorem 1.4 is therefore of more general nature than Proposition 2 in [77].
There an additional postulation of the formλmin(−ℑ(cE)) · λmin(−ℑ(εS)) >
λmax(ℜ(e)Tℜ(e)) needs to be fulfilled in order to show existence of the solution
for all ω.
In case thatω = 0, i.e. for the static version the equation (1.104)

L u = Uf (1.106)

with real-valued material parameters we can immediately formulate a well-posedness
result assuming that the compatibility condition

∫

Ω
BT~σdΩ +

∫

∂Ω
NT~σdΓ = 0 (1.107)

holds with
~σ = cEBu + eT∇(−△ǫ)

−1div0eBu.

In this case (1.106) can be tested with allv ∈ V including in particular those where
v ∈ N (B). So the space where the compatibility condition holds can beidentified
as the orthogonal complement of the nullspace ofL, i.e.

N (BTMB)⊥.

Corollary 1.1. Let the material tensors be as in Theorem 1.3. Together with the
compatibility condition (1.107) the set of partial differential equations in (1.40)
has a unique weak solution defined within an arbitrary rigid displacement.

For a fundamental solution, see e.g. [4].

1.3 Finite Element Modeling

For the numerical solution of the set of partial differential equations describing
the piezoelectric effect in the linear case there exists a natural procedure which
proposes to search the solutions in appropriate finite dimensional subspaces of
H1

B(Ω) × H1(Ω)0,Γ, which will be denoted by[Sh]3 × Th. The subscripth will
later be referred to as the size of the used finite element mesh. We will demonstrate
the finite element analysis for the case of the non-stationary systems without any
damping terms in order to keep the representation simple.



CHAPTER I: The Forward Problem 37

Introducing the bilinear forms

a(u,v) :=

∫

(cEBu)TBvdΩ

b(φ,v) :=

∫

(eT∇φ)TBvdΩ

c(u, w) :=

∫

(eBu)T∇wdΩ

d(φ,w) :=

∫

(ε∇φ)T∇wdΩ

m(u,v) :=

∫

ρuTvdΩ (1.108)

the pair(uh, φh) ∈ [Sh]3 × Th is a discrete solution of the equations in (1.46) if

m(üh,v) − (a(uh,v) + b(φh,v)) = 〈f,v〉
c(uh, w) − d(φh, w) = 〈g,v〉 ∀ v ∈ [Sh]3 and∀ w ∈ Sh.

(1.109)

In particular withneq indicating the number of nodes with no homogeneous Dirich-
let boundary conditions

{v1, ...,vneq} being a basis of[Sh]3, vi =





vi 0 0
0 vi 0
0 0 vi



 and

{w1, ..., wneq} being a basis ofTh, (1.110)

it holds fori = 1, ..., neq

m(üh,vi) − (a(uh,vi) + b(φh,vi)) = 〈f,vi〉
c(uh, wi) − d(φh, wi) = 〈g,wi〉. (1.111)

With the approximation for the unknowns

u ≈ uh =

neq∑

k=1

uk
mvk

φ ≈ φh =

neq∑

k=1

φk
mwk (1.112)

where(uh, φh) denote the finite element solutions, we arrive at the semidiscrete
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linear system of equations

neq∑

k=1

m(vk,vi)ü
k
m −

( neq∑

k=1

a(vk,vi)u
k
m +

neq∑

k=1

b(wk,vi)φ
k
m

)

= 〈f, vi〉

neq∑

k=1

c(vk, wi)u
k
m −

neq∑

k=1

d(wk, wi)φ
k
m = 〈g,wi〉,

i = 1, ..., neq

(1.113)

which can be rewritten as the following algebraic problem

Mü + Ku = F (1.114)

with

M :=

(
Muu 0

0 0

)

, K :=

(
Kuu Kuφ

Kφu −Kφφ

)

(1.115)

and
u := (um, φm) and F := (fm, gm).

For any element the values of the mechanical displacement orelectric potential
according to (1.112) are given by a linear combination of polynomial interpolation
functionsvk andwk and the quantitiesuk

m andφk
m. The stiffness and mass matrices

are obtained by assembling the entries of the following single matrices

(Ke
uu)ik =

∫

Ωe

(cEBvi)
TBvk dΩe

(Ke
uφ)ik =

∫

Ωe

(eBvi)
T∇wk dΩe

(Ke
φu)ik =

∫

Ωe

(eT∇wi)
TBvk dΩe

(Ke
φφ)ik =

∫

Ωe

(ε∇wi)
T∇wk dΩe

(Me
uu)ik =

∫

Ωe

(ρvi)
Tvk dΩe (1.116)

using appropriate quadrature formulas for the integrationover each finite element
Ωe [17,62,80].
For the time harmonic case the second time derivatives transform to a multiplica-
tion with −ω2. This reduces the semidiscrete system in (1.114) to a pure discrete
problem for each frequencyω

(
−ω2Muu +Kuu Kuφ

Kφu −Kφφ

)(
ûm

φ̂m

)

=

(
fm

gm

)

. (1.117)
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Figure 10 shows the spectra for the system matrix of (1.117).In the pure static
case, i.e.ω = 0 the system matrix consists only of the stiffness matrices (left
picture). By the properties of the material tensors the system matrix is complex
symmetric. Due to the negative sign in front of the electric part, however, one
deals with a saddle point problem. In the harmonic case additional contributions
from the assembly of the mass term times−ω2 increases the number of negative
eigenvalues (right picture).

static caseω = 0 s−1 harmonic caseω = 2.0e + 06 s−1

Figure 10: Spectrum of the system matrix for an example 2D problem. The or-
dinate shows| log10(λk)| with ◦ marking negative eigenvaluesλk and• positive
ones.

1.3.1 Time Stepping Scheme for Transient Computations

We introduce the damping matrixC in case of Rayleigh damping

C := α

(
Muu 0

0 0

)

+ β

(
Kuu 0
0 0

)

(1.118)

or for the case of the model given in (1.39) by

C := − 1

ω

(
ℑ(Kuu) ℑ(Kuφ),
ℑ(Kφu) −ℑ(Kφφ)

)

, K :=

(
ℜ(Kuu) ℜ(Kuφ)
ℜ(Kφu) −ℜ(Kφφ)

)

.

(1.119)

Now for the piezoelectric problem of motion the discrete time stepn+ 1 reads as

Mün+1 + Cu̇n+1 + Kun+1 = Fn+1. (1.120)

Together with the additional finite difference formulas

un+1 = un + ∆t u̇n +
∆t2

2
((1 − 2βH)ün + 2βhün) (1.121)

u̇n+1 = u̇n + ∆t ((1 − γH)ün + γH ün+1) (1.122)
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describing the evolution of the approximate solution, the Newmark scheme can
be derived. Here,n denotes the time step counter,∆t the time step size, andβh

andγH are integration parameters. Plugging (1.121) and (1.122) into (1.120) one
obtains

Mün+1 + C(u̇n + ∆t(1 − γH)ün + γhün+1)

+ K(un + δtu̇n +
∆t2

2
(1 − 2βh)ün + 2βhün+1) = Fn+1.

Rearranging terms and introducing a predictor-corrector step one arrives at the
following so called effective stiffness formulation wherethe predictors compute
as

ũ = un + ∆tu̇n + (1 − 2βH)
∆t2

2
ün,

˙̃u = u̇n + ∆t(1 − γH)ün. (1.123)

With this, in each time step one solves

K∗un+1 = Fn+1 − Cu̇ + (
1

βH∆t2
M +

γH

βh∆t
C)ũ,

K∗ := K +
γH

βH∆t
C +

1

βh∆t2
M. (1.124)

Performing now one corrector step gives the first and second time derivative at time
stepn+ 1

ün+1 =
un+1 − ũ

βh∆t2
,

u̇n+1 = ˙̃u + γH∆tün+1. (1.125)

1.3.2 Triangulation

Concerning the decomposition of the domainΩ let us assume the following trian-
gulationTh whereΩe andΩe′ denote two arbitrarily chosen finite elements

i) Ω =
⋃nel

e=1 Ωe

ii) If Ωe ∩Ωe′ consists just of one point, then this is a vertex of bothΩe andΩe′

iii) If Ωe ∩ Ωe′ consists of more than one point, then it is a common edge ofΩe

andΩe′

iv) ∃δ > 0, ∀Ωe ∈ Th,
hΩe
ρΩe

< δ,

with hΩe = diam(Ωe)
andρΩe = sup{diam(Se), whereSe is the inner sphere ofΩe}
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v) h = maxΩe∈Th
hΩe tends to zero

vi) Let Ω̂e be an arbitrary reference element. Then, there exists an invertible
affine functionFΩe such that

FΩe : ŷ ∈ Ω̂e → FΩe(x̂) = Jx̂+ b

whereJ denotes the invertible Jacobian andb is a constant vector. To each
vertexsi there exists a vertex̂si in the reference element which is obtainable
by the mapping

FΩe(ŝi) = si, i = 1, ..., nel,

with this we can write
∫

Ωe

φ(y)dy =

∫

Ω̂e

|det(J)|φ̂(ŷ)dŷ.

With this one can state more precisely how the finite element spacesTh look
like

Th(Ω) := {w ∈ C0(Ω); ∀Ωe ∈ Th : w|Ωe
∈ Pk}.

HerePk denotes the space of polynomials of degree less thank. For the computa-
tions performed here mostlyk = 2 was used. In particular for harmonic analysis,
concerning the mesh size one desires adequate resolutions where as a rule of thumb
8 to 20 finite elements per wavelength are advisory, see e.g. [2].

Concerning the forward problem, the piezoelectric samplesoperating at radial,
thickness, and longitudinal mode are modeled as rotationally symmetric problems.
Thin plates vibrating in transversal and shear modes need full three dimensional
meshes. Approximately 250 second order quadrilateral elements are used for the
rotationally symmetric and 320 second order hexahedron elements for the 3D case.
A mesh convergence study has been performed in advance to ensure a sufficient
fine discretization. The sparse direct solver PARDISO [128], an efficient solver for
large sparse symmetric and unsymmetric linear systems of equations, is employed
to solve the arising algebraic system of equations.

FEM Formulations for the Piezoelectric Problem in Literature

Literature on the finite element method applied to piezoelectricity is meanwhile
extensive.
The first work giving a detailed description of a 3D piezoelectric finite element pro-
cedure was done by Allik and Hughes [6] where the authors extend the variational
principle published in Holland and EerNisse [59]. While Allik and Hughes propose
a special electroelastic tetrahedral finite element, Lerch[97] developed the finite el-
ement theory in a general manner, i.e. independent of a special finite element type
and additionally treats transient responses, and discusses non-uniform damping.
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An interesting alternative implementation approach is suggested by Landis in [94]
where the author proposes not the standard scalar electric potential formulation, but
instead uses a vector potential formulation. Higher costs,namely two additional
degrees of freedom for the vector potential, are supposed tobe compensated by the
fact that the resulting stiffness matrix is not only symmetric but also positive defi-
nite. For further reading the author refers to the followingliterature [2,5,61,80,86].

In Figure 12 a numerical solution of a piezoelectric stack actuator is presented.

Figure 11: Schematic diagram of piezoelectric stack actuator with alternating po-
larization within the layersΩp

+ andΩp
−

0V 20V

Figure 12: Numerical simulation result of a piezoelectric stack actuator with 200
layers of 100µm thickness. The electric potential (0-20V) over the deformed shape
is presented. The maximal amplitude of the deflection in thismodel is50µm.
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1.4 Summary Chapter 1

In this chapter the set of PDEs governing linear piezoelectric effects was derived.
Appropriate damping terms are introduced in order to model the correct treatment
of energy dissipations. Well-posedness results for stationary, non-stationary, and
harmonic formulations are given. Here, first of all new results on well-posedness
in the transient case including Rayleigh damping are proven. Concerning well-
posedness for the harmonic case we can guarantee a solution for all frequencies
ω in case of complex-valued material parameters under weakerassumptions on
the damping terms than in previous results. As corollaries well-posedness for a
transient formulation with stiffness proportional viscous damping for the elastic
and electric part of the system, and for the static case couldbe derived. For the
numerical realization the finite element method is shortly introduced.
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2 The Inverse Problem – Iterative Regularization of Non-
linear Ill-Posed Problems

The second chapter is mainly devoted to inverse problems in mathematics. It re-
views some general concepts from the theory of inverse problems, describes non-
linear iterative regularization algorithms and provides convergence analysis for an
iterative multilevel algorithm based on modified LandweberIterations.

2.1 Preliminaries on Regularization Theory

Inverse or ill-posed problems, including parameter identification, are according to
Hadamard [48] those, which violate at least one of the three requirements for being
well-posed:

1. For all admissible data, a solution exists.

2. For all admissible data, the solution is unique.

3. The solution depends continuously on the data.

There are a lot of examples in mathematics, physics and real life where problems
occur which do not fulfill the conditions given by Hadamard. Among them are for
example [36,145]: Numerical differentiation, solving integral equations of the first
kind, estimation of probability distributions, Radon inversion (in X-Ray tomogra-
phy), inverse problems in heat conduction, estimation of coordinates of a seismic
event, impedance tomography, inverse scattering problems, and many more.

The mathematical problem of parameter identification considered here is of the
form

F : D(F ) → Y with D(F ) ⊆ X and F (p) = yδ, (2.1)

whereF is a nonlinear operator mapping from the infinite dimensional Hilbert
spaceX into Y . The operatorF is assumed to be at least one time Fréchet differ-
entiable. Its argumentp denotes the sought-after quantity andyδ is the noisy input,
in general measurements of physical quantities with

||y − yδ|| < δ (2.2)

whereδ is a measure for the noise level andy denotes noisefree data.
The violation of the first Hadamard’s criterion can be compensated by relaxing

the notion of an ’exact solution’, for example by requiring that the solution is a
least-squares minimizer. If the second item is not fulfilledone has to think of how
to select the ’right solution’ from probably several different ones. Choosing, for
example, the one with thep0-minimal norm, i.e. where

||p† − p0|| = min
p∗∈D(F )

{||p∗ − p0|| | F (p∗) = y}, (2.3)
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Requirement: Condition: Remedy, if not fulfilled:
Solution exists F is surjective, i.e.

F (D) = Y
search for least-squares
solution

Solution is unique F is injective, i.e.
N (F ) = {0}

search forp0 - minimum
norm solution

Solution depends
continuously on
data

F−1 is continuous construct stable neighbor-
ing problem, regularize

Table 4: Overview: Well-posedness violations and their remedies

one searches among the solutions the one with minimal distance to the initial guess
p0 assuming however that this minimizer exists. This kind of selection allows to
incorporate as mucha priori information about the physical problem as available.

The violation of the third point in Hadamard’s definition causes in particu-
lar numerical problems while implementing a scheme to find the solution of the
inverse problem. Traditional numerical methods which workfine for well-posed
problems become unstable. Regularizing methods tackling these problems may be
categorized as

• NonlinearTikhonov method, i.eminp ||F (p) − y||2 + α||p − p0||2 with
α > 0 (regularization by shifting the spectrum) [35,36,133].

• Nonlinear iterative methods, i.epk+1,δ = pk,δ +G(pk, yδ), k = 1, 2, ..., k∗
(regularization by early stopping) [52–54,79,123].

• Projection onto finite dimensional subspaces, e.g. in imagespace, i.eYh ⊂
Y : QhF (ph) = Qhy

δ
h with a projectorQ : Y → Yh (regularization by

coarse discretization) [36,70,71,84] .

The valuesα, k∗ and h are so-called regularization parameters. Their correct
choice is a demanding task when working with ill-posed problems since they steer
the trade-off between regularization and approximation.A priori anda posteriori
parameter choice strategies are called on in order to detectthe correct value for
α, k∗ or h. For example Morozov [104] proposed the discrepancy principle which
is ana posterioriparameter choice selecting the most stable problem under the re-
striction that the residual norm is of the level of the data error [104]. For instance
for the class of iteratively regularized problems this can be formulated forτ > 1 as

||F (pk∗(δ,yδ)) − yδ|| ≤ τδ ≤ ||F (pk,δ) − yδ||, 0 ≤ k < k∗(δ, y
δ). (2.4)

Regarding the nonlinearity, stronger assumptions have to be made than in the
well-posed situation. We will here assume that the remainder term of the Taylor
approximation of the operatorF fulfills the tangential cone condition [54], where
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F ′ denotes a linearization ofF

||F (p)−F (q)−F ′(p)(p−q)|| ≤ ctc||F (p)−F (q)|| with p, q ∈ Bρ(p
0) ⊆ D(F ).

(2.5)
Here,Bρ(p

0) denotes an open ball around the initial guessp0 with radiusρ. Esti-
mates, where the norm of the difference of two arguments appears on the right-hand
side of (2.5) do not provide sufficient information in order to establish convergence
analyses of iterative methods for ill-posed problems. Thisis due to the fact that for
ill-posed problems the left-hand side of (2.5) may be much smaller than the esti-
mate on its right-hand side [36, 79]. Considering (2.5) one can state a uniqueness
result, whereN denotes the nullspace of an operator and⊥ the orthogonal com-
plement.

Lemma 2.1. (Similarly as in [54,79]) Let the tangential cone conditionhold. If for
anyp, p̃ ∈ Bρ(p

0) the equalityF (p) = F (p̃) for the images holds and additionally
p− p̃ ∈ N (F ′(p))⊥, thenp = p̃.

Proof. If that the tangential cone condition holds we have

ctc||F (p) − F (p̃)||
≥ ||F (p) − F (p̃) − F ′(p)(p − p̃)||
≥ ||F ′(p)(p − p̃)|| − ||F (p) − F (p̃)|| (2.6)

by the second triangle inequality. Therefore

||F ′(p)(p − p̃)|| ≤ (1 + ctc)||F (p) − F (p̃)|| = 0.

Due to the nonnegativity of the norm and the fact thatp− p̃ ∈ N (F ′(p))⊥ we have

||F ′(p)(p − p̃)|| = 0

⇔ p = p̃. (2.7)

In the sequel it is always assumed that a solutionp† exists and satisfiesp†−p0 ∈
N (F ′(p†))⊥. Further, the initial guess is assumed to be sufficiently close to the
solution, i.e

p† ∈ Bρ(p
0), (2.8)

so local convergence is considered.

The structure of Chapter 2 is the following: After preludingin most important
aspects of inverse or ill-posed problems a review of iterative regularization methods
which are applied in this thesis are given. The main focus of this chapter lies in pre-
senting an iterative multilevel algorithm including modified Landweber iterations
as regularizing inner methods on each level. Convergence results and regulariza-
tion properties are proposed and proven. Finally, this chapter contains a harmonic
identification example, where the essential nonlinearity condition assumed in the
convergence results is shown.
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2.2 Regularizing Iterative Methods for Nonlinear Ill-Posed Problems

2.2.1 Inexact Newton Methods

Considering experiences from well-posed problems,Newton’s methodis one of the
most powerful algorithms, converging locally with a quadratic rate. Since New-
ton’s method implements a repeated linearization of the nonlinear problem out of a
truncated Taylor expansion, in each Newton step a linearized problem needs to be
solved. This in case of ill-posed problems is usually as ill-posed as the underlying
nonlinear one. However, there are examples [35] where it is shown that the connec-
tion between the ill-posedness of a nonlinear operator and its linearization is not as
strong as one might think. For linear ill-posed problems theill-posedness is char-
acterized by the nonclosedness of the range of the operator or by dim R(F ) = ∞
for compact operators [35, 36]. There are examples where e.g. the range ofF ′ of
F is finite-dimensional at a dense set of points, i.e. the inversion of the linearized
problem is bounded almost everywhere, however the nonlinear problem is every-
where ill-posed [35]. Also in this publication there is an example given where the
nonlinear problem is well-posed but the linearization is not.

Nevertheless, for solving the linearized equations in Newton’s method, well-
known regularizing routines for linear ill-posed problemsneed to be applied, see
among many others [36,46,57,71,72,84,90,104].

The following algorithm follows ideas of [53, 123] and [31] for well-posed
problems:

Algorithm1. Regularizing Inexact Newton Method

CHOOSEp0;
SETk = 0;
WHILE ‖yδ − F (pk)‖ ≥ τδ

SETi = 0;
SETsk,δ

0 = 0;
WHILE ||yδ − F (pk,δ) − F ′(pk,δ)[sk,δ

i ]|| ≥ ηk||yδ − F (pk)|| (2.9)

sk,δ
i+1 = Φ(F ′(pk,δ), yδ − F (pk,δ), sk,δ

i );
i = i+ 1;

pk+1,δ = pk,δ + θsk,δ
i ;

k = k + 1;

The use of iterative methods for the inexact solution of the Newton equation is
motivated by the fact, that the regularization parameter, here the number of iteration
steps, can easily be determineda posterioriby the discrepancy principle (2.9) in
Algorithm 1.

The steering parameter0 < ηk ≤ η̄ < 1 influences the trade-off between
convergence and stability of the inner iteration. Optimal choices ofηk are discussed
in [114]. Applying additional linesearch strategies steering the parameterθ > 0
enlarges the radius of convergence of Algorithm 1.



CHAPTER II: Regularization Methods 48

The mappingΦ in Algorithm 1 stands representatively for a linear iterative reg-
ularizing method. For instance Landweber,ν− or the conjugate gradient method
are suitable and have been successfully tested in this thesis, see Section 3.3.2. Since
we will report on results using theν−methods as inner iterations we briefly de-
scribe them at this point. Usingν−methods, which are introduced by Brakhage
in [18], the operatorΦ is defined via orthogonal polynomials in order to minimize
a weighted residual (cf. [36]). The well known three-term recurrence for Jacobi
polynomials induces the following two-step iteration for any ν > 0:

Algorithm2. (ν - method)

Setz0 = 0; sk,δ
0 = 0; z1 = 4ν+2

4ν+1y
δ; sk,δ

1 = F ′(pk,δ)∗z1;
seti = 1;
while ||yδ − F (pk,δ) − F ′(pk,δ)[sk,δ

i ]|| ≥ ηk||yδ − F (pk,δ)|| do

ξi = (i−1)(2i−3)(2i+2ν−1)
(i+2ν−1)(2i+4ν−1)(2i+2ν−3) ;

ωi = 4 (2i+2ν−1)(i+ν−1)
(i+2ν−1)(2i+4ν−1) ;

zi+1 = zi + ξi(zi − zi−1) − ωi(y
δ − F (pk,δ) − F ′(pk,δ)[sk,δ

i ]);

sk,δ
i+1 = F ′(pk,δ)∗zi+1;

i = i+ 1;

The authors in [79] give an overview of Newton type regularizing methods includ-
ing convergence results and rates. Among them are

• theLevenberg-Marquardt methodwhich minimizes the squared misfit||F (pk,δ
N )−

yδ||2 within a trust region which is equivalent to applying Tikhonov regular-
ization to the linearized problem within a Newton iteration.

• theiteratively regularized Gauss-Newton method, which is similar to Levenberg-
Marquardt, except that an additional regularizing term penalizes large dis-
tances of the regularized solution from the initial guess atan early stage of
the iteration.

• Broyden’s methodwhich is a quasi Newton method whereF ′(p) and its in-
verse are approximated by means of finite rank corrections.

2.2.2 Nonlinear Landweber Iteration and Modifications

Alternatively, one can implement a nonlinear iterative regularizing method, where
the most basic one is the nonlinearLandweber iteration. Here during the fixed-
point iterations the adjoint of the linearized forward operator is applied to the resid-
ual [34,36,54,79,109]

pk+1,δ = pk,δ + ωk,δF ′(pk,δ)∗(yδ − F (pk,δ)), k = 1, ... . (2.10)
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For ωk,δ := ω ∀k and ||ωF ′|| ≤ 1, this is the classical nonlinear Landweber
iteration for which convergence results and rates can be found in [54]. With the
special choices ofωk,δ

ωk,δ :=
||F ′(pk,δ)∗(yδ − F (pk,δ))||2

||F ′(pk,δ)F ′(pk,δ)∗(yδ − F (pk,δ))||2 (2.11)

or

ωk,δ :=
||yδ − F (pk,δ)||2

||F ′(pk,δ)∗(yδ − F (pk,δ))||2 (2.12)

(2.10) becomes a steepest descent or minimal error method [109, 129], respec-
tively. The special choice of the relaxation parameters speeds up the convergence
remarkably as compared to the classical Landweber iteration, see Figure 13. The
choice in (2.11) is motivated by the fact that in the linear case it minimizes the
norm of the residual by an optimal choice of the step length parameterωk,δ, i.e.
minωk,δ

1
2 ||F (pk,δ + ωk,δsk,δ) − yδ||2, see Lemma 3.3 in [129]. The second one

(2.12) is obtained in the linear case with exact data(δ = 0) by minimizing the dis-
tance between the iterates and the exact solutionminωk,δ

1
2 ||pk,δ +ωk,δsk,δ −p†||2.
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Figure 13: The decrease of the residual is compared for different Landweber meth-
ods. They are used to identify a spatially varying diffusioncoefficient in a 2D
elliptic PDE forδ = 0.01.

2.3 Modified Landweber Methods in an Iterative Multilevel Algorithm

As already mentioned and demonstrated in Figure 13 modified versions of the
Landweber method, like the steepest descent and minimal error method, show a re-
markable improvement in the speed of convergence due to an appropriate steering
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of the relaxation parameterωk,δ at iteration stepk. Theorems concerning mono-
tonicity, convergence to the solution in case of exact data and the regularization
character of the methods using ana posterioridiscrepancy principle are presented
in [79,129]. Convergence rates in case of exact data are discussed in [109]. In this
thesis the theory will be extended to the case where due to numerical implemen-
tations, the unknown is discretized by a finite dimensional approximation. Based
on a hierarchical sequence of discretizations we can make use of a multilevel strat-
egy, Scherzer [130]. In particular at the beginning of the identification process,
where one might be far away from the true solution a rough discretization of the
unknowns, i.e. for example a spline interpolation with few spline breakpoints,
brings in additional regularization by coarse discretization [84]. In the course of
the iteration while approaching the solution, the discretization is refined in order to
reduce the discretization error.

Motivated by the efficiency of a multilevel strategy on one hand and by the
speed up of convergence of minimal error and steepest descent method as com-
pared to classical Landweber, on the other hand we aim at carrying over the results
by Scherzer [130] on multilevel Landweber to (2.10) with either (2.11) or (2.12).
There exists already an extension to [130]in [131], where a multilevel algorithm
based on either the conjugate gradient or the Landweber method for linear prob-
lems is applied to moment problems.

In the sequel the operatorF is assumed to be continuous, differentiable and its
Frechét derivativeF ′ to be Lipschitz continuous and normalized such that

||F ′(p)|| ≤ 1, ∀ p ∈ D(F ). (2.13)

Further, we assume thatN (F ′(p)) is trivial for all p ∈ Bρ(p
0).

The numerical realization of the modified Landweber iterations is now considered
in a finite dimensional subspaceXN := PNX ofX, wherePN denotes the orthog-
onal projection onto

XN ⊆ X, with X0 ⊆ X1 ⊆ ... ⊆ XN and
⋃

N∈IN

XN = X. (2.14)

Let the union∪N∈INXN be dense inX. The initial guess at discretization levelN
is denoted byp0

N .
Moreover the tangential cone condition (2.5) is assumed to hold only on discrete
subspacesXN

||F (p) − F (PNp
†) − F ′(p)(p − PNp

†)|| ≤ ηN ||F (p) − F (PNp
†)||

for all p ∈ XN ∩ Bρ/2(PNp
†) ⊆ D(F ) with ηN ≤ 1

4
. (2.15)

At each level, the iteration now reads as follows

pk+1,δ
N = pk,δ

N + ωk,δ
N sk,δ

N , sk,δ
N := PNF

′(pk,δ
N )∗(yδ − F (pk,δ

N )) (2.16)
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where the coefficientsωk,δ
N are chosen either as

ωk,δ
N :=

||sk,δ
N ||2

||F ′(pk,δ
N )sk,δ

N ||2
(2.17)

or as

ωk,δ
N :=

||yδ − F (pk,δ
N )||2

||sk,δ
N ||2

, (2.18)

which renders the discrete classical Landweber iteration adiscrete version of the
steepest descend or minimal error method, respectively. By(2.13) for both choices

ωk,δ
N ≥ 1 (2.19)

holds.
The size of the discretization parameterN is rather crucial. A small value ofN
does not allow for a good approximation. However the iteration might be very
sensitive to noise in the data when using a largeN . Further, depending on the
implementation a largeN makes the iterations extremely time consuming, e.g. if
one thinks of approximatingF ′ by finite differences.

Concerning the stopping criteria in each level the residualis tested by a com-
bination of an approximation estimate for the current leveland the data error level.
The approximation error may be estimated either inX or Y which gives the fol-
lowing two criteria

||F (pk+1,δ
N ) − yδ|| ≤ C1(δ + ||F (PNp

†) − F (p†)||) (2.20)

or
||F (pk+1,δ

N ) − yδ|| ≤ C̃1(δ + ||(PN − I)p†||). (2.21)

Each of them determines a well-defined stopping indexk∗(N, δ) at levelN , i.e.

k∗(N, δ) := min{k ∈ IN | where (2.20) holds} (2.22)

and analogously for (2.21). Note that the casek∗(N, δ) = ∞ is possible. In the
sequel we assumeC1 = C̃1.

The stopping rules (2.20) and (2.21) are used for theoretical purposes; in a
practical implementation the terms||F (PNp

†) − F (p†)|| and||(PN − I)p†|| con-
taining the unknown solution have to be estimated based ona priori information
on p†, see for example [89, 108, 130, 131]. Obviously, as long as the iterations are
not terminated we have for allk < k∗(N, δ)

||F (pk,δ
N ) − yδ|| > C1(δ + ||F (PNp

†) − y||), (2.23)

or

||F (pk,δ
N ) − yδ|| > C1(δ + ||(PN − I)p†)||). (2.24)

Note that the stopping criterion might get active atk = 0 so that there is nok
satisfying (2.24) (or (2.23)). It is a crucial assumption in[130] and also in some
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(but not all) assertions made here, that at least one step is carried out on levelN ,
i.e. (2.24) (or (2.23)) is satisfied fork = 0.

Even though the choice ofk∗(N, δ) in (2.22) avoids an undesired amplification
of the data error, the stopping criterion has a minor drawback since it does not guar-
antee that the number of iterations is finite in each level. This however is necessary
in order to compute the initial guess at any subsequent level. As a consequence we
introduce somea priori chosen finite maximal number̃kmax(N) of iterations

0 < k̃max(N) <∞. (2.25)

A combination of (2.22) and (2.25), i.e.

k∗(N, δ) := min{k∗(N, δ), k̃max(N)} <∞ (2.26)

gives a well suited, finite stopping index for the inner iterations of the multilevel
algorithm.

Refinement of the discretization, i.e. the outer iteration will be performed until
ana posterioristopping rule becomes active

||yδ − F (pk∗,δ
N )|| ≤ C2δ ≤ ||yδ − F (pk,δ

N )||, C2 > 2
1 + ηN

1 − 2ηN
> 2. (2.27)

Only as long as this global discrepancy principle does not terminate the iterations
one continues at the next levelN + 1 and uses the last approximate from levelN
as an initial guess at the next finer level, i.e.

p0,δ
N+1 := p

k∗(N,δ),δ
N .

For this purposepk∗(N,δ),δ
N should be easily expressable by ansatz functions at level

N + 1.
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2.3.1 The Multilevel Algorithm

Algorithm3. Iterative multilevel algorithm for modified Landweber itertations:

SETp0,δ
0 := P0p

0 ∈ X0

SETN = 0
SETk = 0
SETk∗(N, δ) = 0
CHOOSEC1 < C2 sufficiently large
WHILE ||F (p

k∗(N,δ),δ
N ) − yδ|| > C2δ

k = 0
If N > 0

p0,δ
N+1 = p

k∗(N,δ),δ
N

N = N + 1
DO WHILE ||F (pk,δ

N ) − yδ|| violates (2.20) ork > k̃max(N)

pk+1,δ
N = pk,δ

N + ωk
Ns

k,δ
N , sk,δ

N := PNF
′(pk,δ

N )∗(yδ −F (pk,δ
N ))

whereωk,δ
N is either ωk,δ

N :=
||sk,δ

N ||2

||F ′(pk,δ
N )sk,δ

N ||2

or ωk,δ
N :=

||yδ−F (pk,δ
N )||2

||sk,δ
N ||2

k = k + 1
k∗(N, δ) = k

pN∗(δ) := p
k∗(N,δ),δ
N

The algorithm can analogously be formulated with (2.20) replaced by (2.21).
The assumption thatC1 andC2 are sufficiently large can be made more precise
with the help of the following definition which is taken from [130]:

Definition 2.2. An operatorF is called regular at levelXN inUN := XN ∩ Bρ(p0
0)

if it is Fréchet-differentiable inUN := XN ∩ Bρ(p0
0) ⊆ D(F ) and

Binf (N, p†, p0
0, ρ) := inf

p∈UN ,p 6=PNp†

||F (p) − F (PNp
†)||

||p− PNp†||
> 0.

An operatorF is called regular at levelXN in UN with magnitudeλN if it is
regular at levelXN and

λN := Binf (N, p†, p0
0, ρ).

The locally varying quantityλN is a measure for the stability of the solution of
(2.1) with respect to perturbations of the right-hand side data on the finite dimen-
sional subspaceXN .
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So for the constants the following is assumed ifF is regular at levelXN with
magnitudeλN

C1 ≥ 4(1 + ηN ), C0 < C1 < C2 (2.28)

with

λN
C2

0

8(1 + C0)2
≤ ||F ′(p0,δ

N )||, andC0 ≥
√

8 ∀N.

2.3.2 Convergence Results

Before we show monotonicity, we investigate the well-definedness of the step-
length parametersωk,δ

N . One can show, that as long as the stopping rules as defined

in (2.20) and (2.21) are not active, the parameter updatesk,δ
N andF ′(pk,δ

N )sk,δ
N are

nonzero.

Lemma 2.3. Letp† ∈ Bρ/2(p
0) be a solution of (2.1) andk∗(N, δ) be as in (2.22)

andpk,δ
N − PNp

† 6= 0 for all k < k∗(N, δ). Then

||sk,δ
N || 6= 0 and ||F ′(pk,δ

N )sk,δ
N || 6= 0 for all k < k∗(N, δ).

Proof. We carry out the proof in case of (2.20). The case (2.21) then immediately
follows, since by (2.13) the right hand side in (2.21) is greater or equal the one in
(2.20) if C̃1 = C1.
If k∗(N, δ) = 0 we need not to prove anything. Otherwise (2.23) holds. Assume
thatk < k∗(N, δ). If F ′(pk,δ

N )∗(F (pk,δ
N ) − yδ) would vanish, then

0 =
(
F (pk,δ

N ) − yδ, F ′(pk,δ
N )(pk,δ

N − PNp
†)
)

=
(
F (pk,δ

N ) − yδ, F (pk,δ
N ) − yδ

)

+
(
F (pk,δ

N ) − yδ, y − F (PNp
†)
)

+
(
F (pk,δ

N ) − yδ, yδ − y
)

−
(
F (pk,δ

N ) − yδ, F (pk,δ
N ) − F (PNp

†) − F ′(pk,δ
N )(pk,δ

N − PNp
†)
)
.

From this one deduces

||F (pk,δ
N ) − yδ||2 ≤ (δ + ||y − F (PNp

†)||)||F (pk,δ
N ) − yδ||

+ ηN ||F (pk,δ
N ) − F (PNp

†)|| ||F (pk,δ
N ) − yδ||

and further

||F (pk,δ
N ) − yδ|| ≤ δ + ||y − F (PNp

†)||
+ ηN (||F (pk,δ

N ) − yδ|| + ||y − F (PNp
†)|| + ||y − yδ||).

(2.29)
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So

||F (pk,δ
N ) − yδ|| ≤ 1 + ηN

1 − ηN
(||F (PNp

†) − y|| + δ)

which however contradicts (2.23).
To show that||F ′(pk,δ

N )sk,δ
N || 6= 0 let us assume again the contrary, i.e.||F ′(pk,δ

N )sk,δ
N || =

0. Thensk,δ
N ∈ N (F ′(pk,δ

N )) = {0} which is a contradiction to the already shown

fact sk,δ
N 6= 0.

This actually guarantees that the choices of the relaxationparameters in (2.17)
and (2.18) are well-defined.

Now, monotonicity of the iteration error at a fixed levelN will be proven:

Theorem 2.1. LetN ∈ N0 be fixed such that||(I − PN )p†|| < ρ/2, wherep† is
a solution of (2.1) inB ρ

2
(p0,δ

N ) andp0,δ
N ∈ XN . Assume that Algorithm 3 carries

out at least one inner step at levelN , i.e. there exists an iteration indexk ≥ 0
such that (2.23) and (2.24) hold respectively withC1 ≥ 4(1 + ηN ). Then, for
0 ≤ k < k∗(N, δ)

pk+1,δ
N ∈ B ρ

2
(p†) ∩XN ⊆ Bρ(p

0,δ
N ) ∩XN further

||p† − pk+1,δ
N || ≤ ||p† − pk,δ

N || and

||PNp
† − pk+1,δ

N || ≤ ||PNp
† − pk,δ

N ||. (2.30)

Proof. Let pk,δ
N ∈ B ρ

2
(p†) for 0 ≤ k < k∗(N, δ). From the definition of the

iteration it follows that

||pk+1,δ
N − p†||2

= ||pk,δ
N − p†||2 + ||ωk,δ

N PNF
′(pk,δ

N )∗(F (pk,δ
N ) − yδ)||2

− 2ωk,δ
N

(

F ′(pk,δ
N )(pk,δ

N − PNp
†), F (pk,δ

N ) − yδ
)

= ||pk,δ
N − p†||2 + ||ωk,δ

N PNF
′(pk,δ

N )∗(F (pk,δ
N ) − yδ)||2

+ 2ωk,δ
N

(

F (pk,δ
N ) − F (PNp

†) − F ′(pk,δ
N )(pk,δ

N − PNp
†), F (pk,δ

N ) − yδ
)

− 2ωk,δ
N

(

F (pk,δ
N ) − F (PNp

†), F (pk,δ
N ) − yδ

)

.

Incorporating the nonlinearity condition (2.15) one obtains that
(

F (pk,δ
N ) − F (PNp

†) − F ′(pk,δ
N )(pk,δ

N − PNp
†), F (pk,δ

N ) − yδ
)

−
(

F (pk,δ
N ) − F (PNp

†), F (pk,δ
N ) − yδ

)

≤ ηN ||F (pk,δ
N ) − F (PNp

†)|| ||F (pk,δ
N ) − yδ||

−
(

F (pk,δ
N ) − yδ, F (pk,δ

N ) − yδ
)

+ ||yδ − F (PNp
†)|| ||F (pk,δ

N ) − yδ||
≤ (ηN − 1)||F (pk,δ

N ) − yδ||2 + (1 + ηN )||yδ − F (PNp
†)|| ||F (pk,δ

N ) − yδ||.
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By (2.23)

(1 + ηN )||yδ − F (PNp
†)|| ||F (pk,δ

N ) − yδ||

≤ (1 + ηN )
(

||y − F (PNp
†)|| + δ

)

||F (pk,δ
N ) − yδ|| ≤ 1

4
||F (pk,δ

N ) − yδ||2.
(2.31)

Hence we can estimate

||pk+1,δ
N − p†||2 ≤ ||pk,δ

N − p†||2 + (ωk,δ
N )2||sk,δ

N ||2

+ 2ωk,δ
N (ηN − 3

4
)||F (pk,δ

N ) − yδ||2.

Finally, it holds that

||pk+1,δ
N − p†||2 + 2ωk,δ

N (
1

4
− ηN )||F (pk,δ

N ) − yδ||2

≤ ||pk,δ
N − p†||2 + (ωk,δ

N )2||sk,δ
N ||2 − ωk,δ

N ||F (pk,δ
N ) − yδ||2. (2.32)

Inserting now the choice ofωk,δ
N as a minimal error method (2.18) one sees, that

the difference of the last two terms on the RHS of (2.32) vanishes. For the steepest
descent variant (2.17) it holds

ωk,δ
N ||sk,δ

N ||2 =

(

F ′(pk,δ
N )sk,δ

N , F (pk,δ
N ) − yδ

)2

||F ′(pk,δ
N )sk,δ

N ||2
≤ ||F (pk,δ

N ) − yδ||2,

so in both cases

||pk+1,δ
N − p†||2 + 2ωk,δ

N (
1

4
− ηN )||F (pk,δ

N ) − yδ||2 ≤ ||pk,δ
N − p†||2. (2.33)

The monotonicity of||PNp
† − pk,δ

N || follows by inspection of the estimations of
this proof.

At this point we introduce the following set

N δ := {N ∈ IN : ||F (p0,δ
N ) − y|| > C1(δ + ||F (PNp

†) − yδ||)} (2.34)

which contains all levels where at least one inner iterations is performed, so that
p1,δ

N is certainly computed. In a next step, weak convergence of the iterative mul-
tilevel algorithm with steepest descent and minimal error methods in case of exact
data, i.e.δ = 0, is discussed.

Proposition 2.4. If δ = 0 andk∗(N, δ) as in (2.26)

F (p
k∗(N,0),0
N ) → y as N → ∞. (2.35)
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Proof. There are two cases to be considered:
1) The iteration stops at a finite levelN . In this situation by (2.27) the last iterate
is a solution of (2.1).
2) The iteration does not terminate. Because of (2.33) it holds that

∑

I∈N 0

k∗(I,0)−1
∑

j=0

||y − F (pj,0
I )||2 <∞. (2.36)

For I /∈ N 0 the following is true

||y − F (p0,0
I )|| ≤ ||F (PIp

†) − y|| or

||y − F (p0,0
I )|| ≤ ||(I − PI)p

†||. (2.37)

Now, we will make use of a subsequence-subsequence argumentapplied to

aN := ||y − F (p0,0
N )||.

Let (aNi)i∈IN be an arbitrary subsequence. We distinguish between the cases:

a) The index setN 0∩{Ni}i∈IN is infinite, hence we can denote it by(Nil)l∈IN.
Due to (2.36)(aNi)i∈IN converges to zero.

b) The setN 0∩(Ni)i∈IN is finite, then(IN\N 0)∩{Ni}i∈IN must be infinite and
with (Nil)l∈IN := (IN \N 0)∩ {Ni}i∈IN, we have convergence of(aNil

)l∈IN

to zero by pointwise convergence ofPI to the identity in (2.14).

So, in both cases,(aNi)i∈IN has a subsequence converging to zero. This implies
that each subsequence of(aN )N∈IN has a convergent subsequence and the limit of
each convergent subsequence of(aN )N∈IN is zero.

With the latter result weak convergence inXN for exact data can be estab-
lished:

Proposition 2.5. Letδ = 0 and the assumptions of Proposition 2.4 hold. Moreover,
let F be weakly closed. Then each subsequence ofp

k∗(N,0),0
N has a weakly conver-

gent subsequence and each weak accumulation point is a solution ofF (p) = y. If

the solutionp† of (2.1) is unique, thenpk∗(N,0),0
N converges weakly top†.

Proof. In case Algorithm 3 terminates after a finite numberN∗(0) of iterations by
the stopping criterion (2.27) thenpN∗(0) solves (2.1). Otherwise ifk∗(N, 0) > 0 it
follows from Theorem 2.1 that

||p† − p
k∗(N,0),0
N || ≤ ||p† − p0,0

0 ||
which trivially holds in the complementary casek∗(N, 0) = 0. Therefore, we

have boundedness ofpk∗(N,0),0
N in X andpk∗(N,0),0

N has a weakly convergent sub-
sequence. From (2.35) and the weak closedness of the operator F it follows that
for each weak accumulation pointz, the identityF (z) = y holds, which proves
the assertion.
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The next lemma will show that the first Landweber step at the next finer level
under certain assumptions always provides some improvement to the old state of
the unknown. Whereas the results so far hold for both stopping rules (2.20) and
(2.21), we restrict ourselves to (2.21) with (2.26) now.

Lemma 2.6. LetF be regular at levelXN with magnitudeλN in UN and assume
that ηN ≤ 1

8 , further that (2.24) holds fork = 0 at levelN + 1. Then with

ψ :=
Ĉ2

1

8(1+Ĉ1)2
andĈ1 ≥

√
8

||p1,δ
N+1 − PN+1p

†||2 ≤ (1 − ω0,δ
N+1ψλ

2
N )||p0,δ

N+1 − PNp
†||2.

Proof. Let us start with some estimates at levelN . Supposepk,δ
N , PNp

† ∈ Bρ(p
0
0),

then it follows from (2.13) fork ≤ k∗(N, δ)

||F (pk,δ
N ) − yδ|| ≥ ||F (pk,δ

N ) − F (PNp
†)|| − ||F (PNp

†) − y|| − δ

≥ ||F (pk,δ
N ) − F (PNp

†)|| − (||PNp
† − p†|| + δ).

Now

||F (pk,δ
N ) − F (PNp

†)|| ≤
(

1 +
1

Ĉ1

)

||F (pk,δ
N ) − yδ|| (2.38)

and so together with (2.24) fork = 0 and sincemax{a, b}2 ≥ 1
2a

2 + 1
2b

2

||F (p0,δ
N ) − yδ||2 ≥ Ĉ2

1

2(1 + Ĉ1)2
||F(p0,δ

N ) − F (PNp
†)||2 +

Ĉ2
1

2
||(PN − I)p†||2.

(2.39)

Furtherψ ≤
(

1
2 − 2ηN+1

) Ĉ2
1

2(1+Ĉ1)2
andψ1 :=

Ĉ2
1
8 ≤

(
1
2 − 2ηN+1

) Ĉ2
1
2 .

From the proof of monotonicity (2.33) withp† replaced byPNp
†, due to orthogo-

nality, and sincep0,δ
N+1 = p

k∗(N,δ),δ
N ∈ XN ⊆ XN+1 one obtains

||p1,δ
N+1 − PN+1p

†||2 + ω0,δ
N+1 (

1

2
− 2ηN+1)||F (p0,δ

N+1) − yδ||2

≤ ||p0,δ
N+1 − PN+1p

†||2

≤ ||p0,δ
N+1 − PNp

†||2 + ||PN+1p
† − PNp

†||2

from which with (2.38) and (2.39) follows

||p1,δ
N+1 − PN+1p

†||2 + ω0,δ
N+1ψ||F (p0,δ

N+1) − F (PNp
†)||2

+ ω0,δ
N+1ψ1||PNp

† − p†||2

≤ ||p0,δ
N+1 − PNp

†||2 + ||PN+1p
† − PNp

†||2. (2.40)
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Now, with the boundedness (2.19) ofω0,δ
N+1 from below as well asψ1 ≥ 1 and

||PNp
† − p†||2 = ||PNp

† − PN+1p
† + PN+1p

† − p†||2
= ||PNp

† − PN+1p
†||2 + ||PN+1p

† − p†||2
︸ ︷︷ ︸

≥0

+2






PNp

† − PN+1p
†

︸ ︷︷ ︸

∈XN+1

, PN+1p
† − p†

︸ ︷︷ ︸

∈X⊥
N+1







≥ ||PNp
† − PN+1p

†||2

we get
||(PN+1 − PN )p†||2 ≤ ω0,δ

N+1ψ1||(PN − I)p†||2.
Consequently (2.40) reduces to

||p1,δ
N+1 − PN+1p

†||2 + ω0,δ
N+1ψ||F (p0,δ

N+1) − F (PNp
†)||2 ≤ ||p0,δ

N+1 − PNp
†||2.
(2.41)

From the assumption thatF is regular at levelN with magnitudeλN and with
p0,δ

N+1 = p
k∗(N,δ),δ
N ∈ Bρ(p

0,δ
N ) one has

||F (p0,δ
N+1) − F (PNp

†)|| ≥ λN ||p0,δ
N+1 − PNp

†||.

From the latter inequality it follows that

||p1,δ
N+1 − PN+1p

†||2 ≤ (1 − ω0,δ
N+1ψλ

2
N )||p0,δ

N+1 − PNp
†||2. (2.42)

Corollary 2.7. Let the assumptions from Lemma 2.6 hold. Then for allk <
k∗(N, δ):

||pk+1,δ
N+1 − PN+1p

†||2 ≤ (1 − ω0,δ
N ψλ2

N )||p0,δ
N − PNp

†||2.

Proof. With the results from Theorem 2.1 and Lemma 2.6 it holds

||pk+1,δ
N+1 − PN+1p

†||2 ≤ ||p1,δ
N+1 − PN+1p

†||2

≤ (1 − ω0,δ
N+1ψλ

2
N )||p0,δ

N+1 − PNp
†||2

= (1 − ω0,δ
N+1ψλ

2
N )||pk∗(N,δ),δ

N − PNp
†||2

≤ (1 − ω0,δ
N+1ψλ

2
N )||p0,δ

N − PNp
†||2.
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Now we have all auxiliary means for deriving the main result.It states that the
iterates of the proposed multilevel algorithm with least squares or minimal error
inner iterations form a monotone sequence.

As opposed to (2.34) we define now the set which contains the indices of those
levels where at least one iteration is performed and where (2.27) is not active yet

N̂ δ := {N < N∗(δ) | ||F (p0,δ
N ) − yδ|| > C1(δ + ||(I − PN )p†||) =: (Nl)

L
l=1

(2.43)

Theorem 2.2.Let all conditions of Lemma 2.6 hold. If for allN ∈ N̂ δ the operator
F is regular at levelN with magnitudeλN in UN = XN ∩ Bρ(p

0
N ), then for all

N < N∗(δ) and allk ≤ k∗(N, δ)

||pk+1,δ
N+1 − PN+1p

†||2 ≤
∏

I ∈ N̂ δ

I ≤ N

(1 − ω0,δ
I+1ψλ

2
I)||p0,δ

0 − P0p
†||2. (2.44)

Especially, if additionally for alll ∈ {1, ..., L∗ − 1}

(1 − ω0,δ
Nl+1

ψλ2
Nl

)
φ(λNl

)

φ(λNl+1
)
≤ 1 (2.45)

holds with some functionφ : IR → IR, then

||pN∗(δ) − PN∗(δ)p
†||2 ≤ ||p0,δ

0 − P0p
†||2 φ(λNL∗

)

φ(λN1)
. (2.46)

In caseN̂ δ = {0, ..., N∗(δ)} this yields

||pN∗(δ) − PN∗(δ)p
†|| = O(

√

φ(λN∗(δ))). (2.47)

Proof. The result in (2.44) directly follows from Corollary 2.7. Inserting
N := N∗(δ) − 1, k = k∗(N∗(δ), δ) and (2.45) into (2.44) we get

||pN∗(δ) − PN∗(δ)p
†||2

≤
L∗∏

l=1

(1 − ω0,δ
Nl+1

ψλ2
Nl

)||p0,δ
0 − P0p

†||2

≤
L∗−1∏

l=1

φ(λNl+1
)

φ(λNl
)
||p0,δ

0 − P0p
†||2

=
φ(λNL∗

)

φ(λN1)
||p0,δ

0 − P0p
†||2. (2.48)

As opposed to [130], Lemma 5.4, this can give a convergence rate not only
for mildly-ill posed but also for exponentially ill-posed problems for example with
φ(·) ∼ log(·).
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2.3.3 Regularization Property

A still open question is whether the iterative multilevel algorithm has regularizing
properties or not. In order to answer this question one first needs to show that for
fixed iteration indexk and fixed levelN , the effect of the data error in the iterates
vanishes as the data error itself tends to zero.

Theorem 2.3. Let {δn} → 0 for n → ∞. Further, denote byyδn a sequence of
noisy data and assume thatF ′ is Lipschitz continuous. Then, for fixedk ∈ IN

pk,δn

N → pk
N , asn→ ∞, (2.49)

wherepk,δn

N := p
k∗(N,δn),δn

N for k ≥ k∗(N, δn).

Proof. For each pair(δn, yδn) let us denote byk∗(N, δn) the corresponding stop-
ping index according to (2.27). Similar as in [129] one can define for each level
N

fk
N (n) := ||F (pk,δn

N ) − yδn ||
and prove (2.49) by induction forN andk:

1. N = 0 andk = 0: Sincep0,δn
0 = P0p

0 it clearly depends continuously on
yδn .

2. N = 0 andk → k + 1. Let k ∈ IN be fixed and suppose thatpk,δn
0 → pk

0 as
δn → 0. Assuming thatfk

0 (n) is monotone (otherwise consider monotone
subsequences) one needs to consider the two cases:

(a) fk
0 (n) is strictly bounded from below. Then forn→ ∞,
fk
0 (n) → ||F (pk

0) − y|| > C1||(I − P0)p
†|| > 0 and according to

Lemma 2.3 stating thatsk
0 6= 0

||F ′(pk
0)F

′(pk
0)

∗(F (pk
0) − y)|| > 0, ||F ′(pk

0)
∗(F (pk

0) − y)|| > 0

which implies continuous dependence ofωk
0 in both cases (2.17) and

(2.18). From the definition of the modified Landweber iteration, con-
tinuity of F and Lipschitz continuity ofF ′ it follows that pk+1,δn

0 →
pk+1
0 for n→ ∞.

(b) Let fk
0 (n) → 0: Thenfk

0 (n) → ||F (pk
0) − y|| = 0 for n → ∞, i.e.pk

0

solves (2.1) The following two situations need to be distinguished:
b.i) fk

0 (n) > C2δn, thenk < k∗(0, δn) and substitutingp† by pk
0 in

(2.30)
||pk

0 − pk+1,δn
0 || ≤ ||pk

0 − pk,δn
0 ||.



CHAPTER II: Regularization Methods 62

b.ii) fk
0 (n) ≤ C2δn, then the iteration is stopped andpk+1,δn

0 = pk,δn
0 .

Together (b.i) and (b.ii) givepk+1,δn

0 → pk
0 = pk+1

0 for n→ 0.

Now, assume that for someN > 0 one has shown thatpk+1,δn

N depends con-

tinuously on the data. Thenp0,δn

N+1 = p
k∗(N,δn),δn

N does sincek∗(N, δn) continu-
ously depends on the data and therefore equals somek∗(N) for all n ≥ n0 with
n0 sufficiently large and one can argue as above to carry out the induction step
N → N + 1.

The next result shows that the Algorithm 3 with its stopping rules is a regu-
larizing method. For a sequence of data errors which is converging to zero, the
regularized solution of (2.1) converges to the exact onep†.

Theorem 2.4. Assume thatδn forms a sequence of data errors converging to zero
and that the assumptions of Theorem 2.3 are satisfied. Then, the sequencepδn

N∗(δn)
converges weakly subsequentially (in the sense of Proposition 2.5) to the solution
of (2.1).

Proof. We consider the two cases forN∗(δn) :

1.) In the first case we assume thatN∗(δn) has a finite accumulation pointN for
n→ ∞. Without loss of generality,N∗(δn) = N for all n sufficiently large.
By (2.26) it is assured thatk∗(N, δn) has a finite accumulation point. Now,
without loss of generality assume thatk∗(N, δn) = k for all n sufficiently
large. By definition ofk∗(N, δn) it follows that

||yδn − F (pk,δn

N )|| ≤ τδn. (2.50)

Since by Theorem 2.3pk,δ
N → pk

N for yδ → y ask is fixed now, one has

pk,δn

N → pk
N (2.51)

and
F (pk,δn

N ) → F (pk
N ).

Taking the limit in (2.50) givesF (pk
N ) = y.

2.) In the second case whereN∗(δn) → ∞ for n→ ∞ , then

p
k∗(M,δn),δn

M = p0,δn

M+1 → p0
M+1 for n→ ∞ (2.52)

sincek = 0 is fixed and by an application of Theorem 2.3. Hence Proposi-
tion 2.5 yields weak subsequential convergence in this case.

The proof is complete.

Note, that in the proof of Theorem 2.4 the case thatk∗(N, δn) → ∞ asn→ ∞
will not occur due to (2.25) and (2.26).
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2.3.4 Applicability to a Harmonic Model Identification Prob lem

In this section we verify the assumptions concerning the nonlinearity (2.5) made
during the discussion of the iterative multilevel algorithm for an example. Unfor-
tunately the nonlinearity conditions can most probably notbe rigorously shown to
hold for the identification of coefficient functions in the fully nonlinear piezoelec-
tric PDEs to be considered in Chapter 4. Hence, as a still infinite dimensional re-
lated model, we consider the estimation of a spatially varying diffusion coefficient
in a hyperbolic PDE in frequency domain. The example problemis formulated as
follows: Finda ∈ H2(Ω) in

−ω2û−∇ · (a(x)∇û) = f ∈ Ω, û = 0 on ∂Ω (2.53)

with f ∈ L2(Ω) from given noisy measurementŝuδ ∈ L2(Ω) for frequencies
ω ∈ Λ(a) := IR+ \{λ1, λ2, ...} where(λn)n∈IN are the eigenfrequencies of (2.53).
The associated parameter-to-solution mapping is defined asfollows

F : D(F ) := {a ∈ H2(Ω) | a(x) ≥ ν > 0} → L2(Ω)

a 7→ F (a) := û(a). (2.54)

The differential operatorA is for all ω ∈ Λ(a) defined as

A(a) : H2(Ω) ∩H1
0 (Ω) → L2(Ω)

û 7→ A(a)û := −ω2û−∇ · (a∇û). (2.55)

With this, the Fréchet derivative ofF is calculated from

A(a)F (a) = f.

Differentiation with respect toa gives

A′(a)F (a) +A(a)F ′(a) = 0 and so

F ′(a) = −A(a)−1(A′(a)F (a)),

where the derivative ofA(a) is given by the limit

A′(a)[h]û = lim
ǫ→0

A(a+ ǫh)û−A(a)û

ǫ
= −∇ · (h∇û).

Consequently
F ′(a) = A(a)−1[∇ · (h∇û(a)))]. (2.56)

Now the question arises whether the inversion ofA(a) as a mapping from
Ĥ2(Ω) := H2(Ω)∩H1

0 (Ω) → L2(Ω) is bounded. The following Lemma gives an
answer to this for sufficiently small noneigenfrequenciesω2.
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Lemma 2.8. The inverse of the operatorA(a) defined in (2.55)

A(a)−1 : L2(Ω) → Ĥ2(Ω)

is bounded for alla ∈ D(F ), ω2 /∈ Λ(a) with

ω2 <
1

C
,

whereC is defined by (2.54), (2.58), (2.62), (2.63), (2.66), (2.67), (2.68), and
(2.69).

Proof. Sinceω2 /∈ Λ(a) the equation−ω2v−∇ · (a∇v) = f is well-posed for all
f ∈ L2, i.e. there exists a unique solutionv ∈ Ĥ2(Ω) : A(a)v = f .
We begin with an estimation of〈A(a)v, v〉L2(Ω)

〈A(a)v, v〉L2(Ω) =

∫

Ω
a|∇v|2 − ω2||v||2L2(Ω)

and so
||A(a)

1
2 v||L2(Ω) ≥

√

ν||∇v||2
L2(Ω)

− ω2||v||2
L2(Ω)

.

Together with the interpolation inequality [10]

||A(a)
1
2 v||2L2(Ω) ≤ ||A(a)v||L2(Ω)||A(a)0v||L2(Ω)

and with Friedrich’s inequality one obtains

||A(a)v||L2(Ω) ≥
||A(a)

1
2 v||2L2(Ω)

||v||L2(Ω)

≥ ν
||∇v||2L2(Ω)

||v||L2(Ω)
− ω2||v||L2(Ω)

≥ νc2||∇v||L2(Ω) − ω2||v||L2(Ω), (2.57)

andc2 is the constant in Friedrich’s inequality

||∇v||L2 ≥ c2||v||L2(Ω). (2.58)

Now we estimate for the inverse ofA(a)

||A(a)−1||L2(Ω)→Ĥ2(Ω) = sup
w∈L2,w 6=0

||A(a)−1w||Ĥ2(Ω)

||w||L2

= sup
A(a)v 6=0,v∈Ĥ2(Ω)

||v||Ĥ2(Ω)

||A(a)v||L2(Ω)
. (2.59)
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The latter remains bounded if||A(a)v||2L2(Ω) grows as||v||2
Ĥ2(Ω)

, i.e. we now have

to show that||A(a)v||2L2(Ω) ≥ c||v||2
Ĥ2(Ω)

with some constantc > 0. With (2.54)

and the second triangle inequality

|A(a)v| = |∇ · (a∇v) + ω2v|
= |a△v + ∇a∇v + ω2v|
≥ ν|△v| − |∇a| |∇v| − ω2|v|. (2.60)

Taking norms inL2

||A(a)v||L2(Ω) ≥ ν||△v||L2(Ω) − ||(∇a)(∇v)||L2(Ω) − ω2||v||L2(Ω) (2.61)

where
||△v||L2(Ω) ≥ c1||v||Ĥ2(Ω) (2.62)

and with Hölder’s inequality

||(∇a)(∇v)||L2(Ω) ≤ ||∇a||L6 ||∇v||L3 ≤ C
5
3
1 ||a||Ĥ2(Ω) ||v||

2
3

Ĥ2(Ω)
||∇v||

1
3

L2(Ω)
.

HereC1 is the norm of the embeddingH1(Ω) → L6(Ω), i.e.

C1 := ||id||H1(Ω)→L6(Ω). (2.63)

Then by (2.57)

||A(a)v||L2(Ω) ≥ νc1||v||Ĥ2(Ω) −

C
5
3
1 ||a||Ĥ2(Ω)||v||

2
3

Ĥ2(Ω)

(

||A(a)v||L2(Ω) + ω2||v||L2(Ω)

νc2

) 1
3

−ω2||v||L2(Ω). (2.64)

So
(
||A(a)v||L2(Ω) + ω2||v||L2(Ω)

)
≥

νc1||v||Ĥ2 − C
5
3
1 ||a||Ĥ2(Ω)||v||

2
3

Ĥ2(Ω)

(

||A(a)v||L2(Ω) + ω2||v||L2(Ω)

νc2

) 1
3

.

(2.65)

We define

z := ||A(a)v||L2(Ω) + ω2||v||L2(Ω)

x := ||v||Ĥ2(Ω)

α := νc1

β :=
C

5
3
1 ||a||Ĥ2(Ω)

(νc2)
1
3

(2.66)
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so (2.65) can be written as
z ≥ αx− βx

2
3 z

1
3

i.e. sinceA(a)v 6= 0 and hencez > 0

1 ≥ α
x

z
− β(

x

z
)

2
3 = Φ(

x

z
) (2.67)

The functionΦ is strictly monotonically increasing on(γ,∞) where

γ :=

(
2β

3α

)3

≥ 0. (2.68)

So
Φ(
x

z
) ≤ max{1,Φ(γ)}

implies
x ≤ Φ−1(max{1,Φ(γ)})z := Cz. (2.69)

Then
||v||Ĥ2(Ω) ≤ C

(
||A(a)v||L2(Ω) + ω2||v||L2(Ω)

)

and hence

||v||Ĥ2 ≤ C

1 − Cω2
||A(a)v||L2(Ω).

This Lemma generalizes Lemma 2.1 in Kunisch et. al. [27] to the higher di-
mensional case and to the case ofω2 > 0.

Theorem 2.5. Let the assumptions of Lemma 2.8 be satisfied. Then, the forward
operatorF defined in the identification example (2.53) fullfills (2.5).

Using Lemma 2.8 we can follow now the lines of the Example 2.14in [79] to
show that the tangential cone condition (2.5) holds for the identification example
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(2.53). We set̃̂u = F (ã) and formally compute

||F (ã) − F (a) − F ′(a)(ã − a)||L2(Ω)

= sup
||w||L2(Ω)=1

〈F (ã) − F (a) − F ′(a)(ã − a), w〉L2(Ω)

= sup
||w||L2(Ω)=1

〈˜̂u− û−A(a)−1∇ · ((ã− a)∇û) , w〉L2(Ω)

= sup
||w||L2(Ω)=1

〈A(a)(˜̂u− û) −∇ · ((ã− a)∇û) , A(a)−1w〉L2(Ω)

= sup
||w||L2(Ω)=1

〈−ω2(˜̂u− û) −∇ · (a∇û) + ∇ ·
(

a∇˜̂u
)

−∇ · ((ã− a)∇û) , A(a)−1w〉L2(Ω)

= sup
||w||L2(Ω)=1

〈∇ ·
(

(ã− a)∇(˜̂u− û)
)

, A(a)−1w〉L2(Ω)

= − sup
||w||L2(Ω)=1

〈(ã− a)∇(˜̂u− û),∇(A(a)−1w)〉L2(Ω)

= sup
||w||L2(Ω)=1

〈˜̂u− û,∇ ·
(
(ã− a)∇(A(a)−1w)

)
〉L2(Ω)

(2.70)

Now we estimate

||∇ ·
(
(ã− a)∇A(a)−1w

)
||L2(Ω)

≤ ||∇ · (ã− a)∇
(
A(a)−1w

)
||L2(Ω)

+ ||(ã− a)∆
(
A(a)−1w

)
||L2(Ω)

≤ ||∇ · (ã− a)||L4(Ω)||∇
(
A(a)−1w

)
||L4(Ω)

+ ||ã− a||L∞(Ω)||∆
(
A(a)−1w

)
||L2(Ω)

≤
(
C2

2 + C3)||A(a)−1||L2→Ĥ2

∣
∣ |w||L2(Ω)|| ||ã− a||Ĥ2(Ω),

(2.71)

whereC2 andC3 are the norms of the embeddingsH1(Ω) → L4(Ω) andĤ2(Ω) →
L∞(Ω), respectively. Hence

||F (ã) − F (a) − F ′(a)(ã− a)||L2(Ω)

≤ ||F (a) − F (ã)||L2(Ω)(C
2
2 +C3)||A(a)−1||L2→Ĥ2||a− ã||Ĥ2(Ω).

(2.72)

2.4 Summary Chapter 2

After a short introduction into the theory of nonlinear inverse problems an iterative
multilevel algorithm using modified Landweber methods as inner iterations was
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proposed. A comprehensive theoretical study concerning convergence and regular-
izing properties followed. The assumptions on the nonlinearity (2.5) were verified
for an identification problem in a linear harmonic PDE.



69

3 The Inverse Problem – Parameter Identification in Lin-
ear Piezoelectricity

Chapter 3 is concerned with the identification of piezoelectric material properties.
It reveals the state of the art in parameter identification inpiezoelectricity, provides
numerical results of the algorithms introduced in Chapter 2and identification re-
sults from real world measurements. Sensitivity analysis and the application of
means of optimal experiment design give an insight in the reliability of identified
parameters and provide rules how to improve it.

3.1 Motivation

As mentioned before the main discrepancy between mathematical models which
are involved in the determination of material tensors usingwell-known static or
resonance methods described in current literature and numerical simulations is the
difference in the space dimension assumed. Published data sets are always a col-
lection of parameters determined from a set of mono-modal samples operating in
different frequency ranges [1, 24, 32, 33, 60, 91]. However,due to frequency de-
pendency and space reduction, numerical simulations usingthese data have shown
to be never exact enough as required for quantitatively valuable simulation results.
We aim at improving this situation within this work.

A further motivation for our efforts comes from the fact thatmost experimental
based determinations of piezoelectric material parameters extract the data in the
d-form. For finite element implementations, thee-form is preferred, as we have
seen in Section 1.1.6. Each conversion of the data sets from thed- to thee-form
distributes error components from single parameters to others, so that the exactness
of the parameters decreases.

The proposed inverse scheme allows for an adjustment of given data sets to
measured electric impedances and possibly also mechanicaldeflections and deter-
mines directly the parameters in thee-form.

This is why our approach seems to provide more precise results and further
seems to be more flexible in its application than most of the techniques which are
present in the literature so far.

Even though we cannot prove that our scheme identifies the true physical pa-
rameters, we obtain for a selected frequency range a complete and consistent data
set, which serves for further precise numerical computations for all possible ge-
ometries and applications. The proposed method will even besuited for the case
when no manufacturer’s data are present, as long as one can provide sufficiently
good initial guesses for the sought-for quantities.

The following paragraph reveals the state of the art of parameter identification
for the piezoelectric problem for real- and then complex valued material parame-
ters. After a short description on the measurement of the impedance, we mathe-
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matically formulate the parameter identification for the piezoelectric problem with
a parameter-to-solution mapping which will be shown to be ill-posed. The follow-
ing sections are then devoted to numerical case studies. First, parameter identi-
fication is performed with synthetically generated data in order to study how the
proposed method is applicable and in particular observe itsbehavior in the pres-
ence of data noise. Implementation issues like the identification of complex-valued
material parameters and scaling are discussed. The subsequent sensitivity analy-
sis provides estimates which allow to destine whether the identified parameter is
trustworthy. For the characterization from real-world measurements a rather new
and not yet identified material is chosen. Afterwards we treat an identification ex-
ample where the piezoelectric material is embedded into a compound structure.
This chapter closes with an application of means derived from optimal experiment
design applied to the optimal selection of measurement frequencies. Two different
approaches, one considering a fixed number, the other one a variable number of
sampling points, will be described and compared by numerical results.

3.2 Identification Methods - State of the Art

Several scientific groups are involved in the determinationof piezoelectric material
parameters. The most prominent publications on this topic are certainly the IEEE
Standard on Piezoelectricity1 [1] and the European Standard CENELEC2 [24].
The procedures suggested there are based upon the analysis of vibrations in piezo-
electric materials considering different mode shapes withwell-defined geometrical
dimensions, i.e. large thickness-length or thickness-radius ratios, that are supposed
to allow for reduction to one-dimensional mathematical models. These so called
mono-modal resonators are depicted in Figure 14. Identification procedures ac-
cording to these standards are however restricted to lossless, linear materials.

In parameter identification for piezoelectric materials one may distinguish be-
tween quasistatic and resonant methods. Quasistatic measurements are performed
far below the first resonant frequency and provide certain information, e.g. on the
piezoelectric coupling entryd33 which can be obtained from a plate shaped sample
excited by an uniaxial stress.

When performing dynamic or resonant techniques the specimens are excited
close to their first mechanical resonance. The parameters are then derived from
measurements of the electrical impedanceZ (Ω) or admittanceY = 1/Z (Ω−1).
The concept of the electrical impedance generalizes Ohm’s law to AC circuit anal-
ysis. The elastic parameters are determined by the resonantfrequencies (eigenfre-
quencies), the density, and the dimensions of the transducers. Piezoelectric coef-

1A non-profit organization, IEEE is the world’s leading professional association for the advance-
ment of technology. The IEEE name was originally an acronym for the Institute of Electrical and
Electronics Engineers, Inc. [64].

2CENELEC is the European Committee for Electrotechnical Standardization, a non-profit techni-
cal organization set up under Belgian law and composed of theNational Electrotechnical Committees
of 30 European countries.
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ficients are detected evaluating the measured resonance frequencies. Finally, di-
electric coefficients (permittivity) are computed from capacitance measurements
and geometrical dimensions assuming that the electrodes cover the major surfaces.
Analytic formulae exist for different mono-modal resonators directly relating sub-
sets of the parameters to the measured quantities.

The procedure of extracting the material parameters is illustrated exemplarily
for the case of a thickness extension mode of a thin disc whereone can determine
a subset of the parameters as follows [24]

cD33 = 4ρf2
p t

2, cE33 = cD33(1 − k2
t ), k2

t =
π

2

fr

fa
cot

(
π

2

fr

fa

)

. (3.1)

In case of low lossesfp ≈ fa holds wherefp denotes the parallel resonance (max-
imum resistance),fa the antiresonance (zero reactance), andfr the resonance fre-
quency (zero susceptance). Furthert is the thickness andkt the thickness coupling
factor which is related to the three constants

k2
t

1 − k2
t

=
e233
εS33c

E
33

. (3.2)

Alternatively, considering an analytic one dimensional formula of the impedance

Z(ω) =

(
t

iωεS33A

)(

1 − k2
t

tan(ω/(4πfp))

ω/(4fp)

)

, (3.3)

whereA denotes the electrode area, one can apply different curve fitting tools in or-
der to obtain the searched for parameters. The formula in (3.3) can be either derived
by analyzing appropriate electrical equivalent circuits or solving one dimensional
piezoelectric differential equations in frequency domain. Now, evaluating relation-
ships like this either directly or iteratively for all resonators listed in Figure 14 one
obtains all entries of the different material tensors for the piezoelectric problem.

New promissing approaches for alternative measurement setups for determin-
ing piezoelectric moduli come from Feuillard et. al. [38] where the authors propose
apart from impedance measurements either pure acoustic ones which are based on
the measurement of the transmission coefficient of a plane wave through a piezo-
electric plate or to use the principle of resonance ultrasound spectroscopy of a
piezoelectric cube combined with laser detection.

The determination of complex valued material parameters isinvestigated, among
others, by the following groups:
The first work on this topic can be found in Holland and Eer Nisse [60], where the
researcher proposes a gain-bandwidth method which bases onthe approximation
of the complex impedance or admittance by the first term of itspartial fraction
expansion. According to Du [32] this procedure holds only for materials with
moderate loss tangents and low mechanical coupling factors. Smits et. al. [142]
propose an iterative method which evaluates admittance values at three different
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Figure 14: Common resonators. Herel, t, w, andd denote the length, thickness,
width, and diameter of the geometry, respectively. The thick arrows on the left
indicate the polarization directions, the thin arrows the vibration directions. The
figure is according to a source in [24].
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frequencies by a fit to the analytical formula of the admittance. Depending on the
choice of the frequency points the results are quite sensitive to perturbations in the
measurements. A direct method is described in Sherrit et al.[137] by an intro-
duction of the notation of complex parallel and series frequencies. In particular
this method is suitable for materials with a low mechanical quality factor, i.e. for
materials with high mechanical damping. In Kwok et. al. [91]an iterative curve
fitting is suggested. In the most recent works, e.g. by Du et. al. [32] vibration
equations are analytically derived for piezoelectric plates and thin rods in arbitrary
crystallographic orientations. Based on the analysis of these solutions the complex
material parameters are derived from impedance or admittance measurements near
the resonance frequencies.

Researchers in Canada [146] have extended and refined these methods and
offer a software tool PRAP (Piezoelectric Resonance Analysis Program) which
offers full sets of complex valued piezoelectric material parameters.

There are few works which report on identification of piezoelectric material pa-
rameters based on numerical simulations formulating the parameter identification
process as an optimization problem and using optimization toolboxes [23, 67, 92].
However, these works are also confined to real-valued material parameters and only
parameter identifications from one or two waveforms are reported.

Figure 15: Impedance analyzer with attached test fixture in front. The test fixture
is described more detailedly in Figure 16.

As already mentioned the most serious problem one faces whendetermining
consistent parameter sets for piezoelectric media is the frequency dependency.
Since the proposed resonators show their fundamental vibration modes at fre-
quency ranges from approximately60 kHz (longitudinal) up to2 MHz (thickness)
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the parameters hold only for a small frequency range. For1D simplifications this
is no hurdle, in three dimensional computations this reallyis. According to the
IEEE Standard [1] "domain wall motion causes energy dissipation, especially at
low frequencies, even under low signal conditions when the motion is reversible.
It is therefore found that there is considerable variation in permittivity, compli-
ance, and piezoelectric response with frequency. Variations with frequency are
most pronounced with ferroelectric materials having relatively lossy permittivity
and compliance. Changes may be as high as5 % per decade of frequency above
frequencies of about 1 Hz. "

Measurement of the Impedance

The auto-balanced-bridge method is the state of the art for the measurement of
impedances of piezoelectric resonators. The impedance analyzer used for the mea-
surements in this thesis is theHP4194Afrom Agilent Technologies3, see Figure
15.

The test fixture is optimized for accurate electric impedance measurements
with low electromechanic interaction between the ceramic and the contacts. With

Figure 16: Test fixture for impedance measurements of piezoelectric samples.

tapered electrodes, the contact surface is chosen as small as possible to minimize
mechanical influences. The contact positions are aligned tothe center of mass, re-
specting the measured resonance mode. Figure 16 illustrates the test fixture, which
is used for the impedance measurements performed at the Department of Sensor
Technology in Erlangen.

3former Hewlett-Packard



CHAPTER III: The Inverse Problem in Piezoelectricity 75

3.3 PDE-Based Parameter Identification

The main task we are concerned with is to adapt all occurring material parame-
ters in the piezoelectric equations in such a way, that simulated results coincide
with those received from measurements, namely the electricimpedanceZ(ω).
Impedance or admittance measurements are very convenient in that the elastic,
dielectric, and piezoelectric constants can be determinedfrom just one measure-
ment. This typical parameter identification problem is mathematically formulated
with the following parameter-to-solution mappinĝF

F̂ : D(F ) ⊂ ICnpar → ICnfreq ,

p 7→ ŷ = (ŷ(ωl))l=1,...,nfreq
(3.4)

mapping from the set ofnpar complex valued parameters

p = (cE11 , c
E
12 , c

E
13 , c

E
33 , c

E
44 , e15 , e31 , e33 , ε

S
11 , ε

S
33)

(or subsets of it) to the set of measurementsŷ taken atnfreq different frequencies.
The measurementŝyl = ŷ(ωl) with ωl = 2πfl are taken within the interval

W := [ω1,min{ωsim
r , ωmeas

r } − εr] ∪ [max{ωsim
a , ωmeas

a } + εa, ωn]

∪ [max{ωsim
r , ωmeas

r } + εr,min{ωsim
a , ωmeas

a } − εa] (3.5)

whereω1 andωn denote the smallest and largest frequency, respectively, chosen
such that a single vibration mode is fully taken into account, compare e.g. with Fig-
ure 17. Further,εr, εa are small nonnegative constants andωmeas

a , ωmeas
a , ωsim

r , ωsim
a

denote resonance and antiresonance frequencies of the measured and simulated
data, respectively. The gapWr := [ω1, ωn] \ W is motivated by the fact that
the forward problem might be unstable at resonance frequencies in case that suf-
ficiently strong damping cannot be guaranteed. Further, theinverse problem has
turned out to be very volatile in this frequency range and easily leads to unusable
results. Nevertheless, during the approximation, this gapshrinks, thus at a sophisti-
cated state of the identification almost all available measurements can be taken into
account. The measurements may either contain electrical impedances or mechan-
ical displacements, the latter being usually more expensive to obtain in practice,
though. Also a combination is possible. In this thesis (except for Section 3.3.5) we
only show results from impedance data obtained according tothe last subsection
of 3.1.

From the finite element solution (see Section 1.3) of the piezoelectric PDEs
we obtain directly the mechanical displacementû and electric potential̂φ at all
finite element nodes and by a post-processing step the surface charge on the loaded
electrode

q̂e(ωi) =

∫

Γe

nT
(

eBû(ωi) − ε
S∇φ̂(ωi)

)

dΓe, (3.6)
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Figure 17: The electrical impedance|Z| and its phasearg(Z) serve as input for the
inverse problem. Small circles denote locations where frequency sampling points
are taken.

which on the other hand is related to the measured electric impedanceẐ(ωi) via

Ẑ(ωi) =
φe

jωiq̂e(ωi)
, i = 1, ..., nfreq. (3.7)

3.3.1 Ill-Posedness by Rank Deficiency,
Linearization of the Forward Operator

The discussion of the Section 3.2 implies that if we used measurements of all test
samples depicted in Figure 14 at appropriate non-eigenfrequencies around the res-
onances (and if there was no frequency dependence) we would be able to uniquely
determine all tensor entries. However, since our intentionis to provide a method
using measurements of only one or a few test samples which canbe arbitrarily
shaped, we have no guarantee of uniqueness. Hence, the nonlinear system of equa-
tions (3.4) is rank deficient in the sense that the system matrix of its linearization
does not have numerical full rank at the solution.

Systems of equations with a matrix whose rank is unknown and not full tend to
be unstable if the matrix entries are given only approximately [55], as it is the case
in our situation. Instability here occurs in the sense that the generalized inverses
of a sequence of matrices converging norm-wise to a rank deficient matrix not
necessarily converge to the generalized inverse of this matrix.

Additionally, measurementŝyδ in (3.4) are contaminated with data noise, which
makes (3.4) an ill-posed problem. As regularizing methods we apply here inexact
Newton methods and regularizing modified Landweber iterations as described in
Section 2.1 together with the discrepancy principle discussed in (2.4). For both
methods, the computation of the JacobianF̂ ′(p) and its adjointF̂ ′(p)∗ is required.
Forming for a parameter incrementdp the difference

F̂ (p+ dp) − F̂ (p),
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as a local linearization of̂F atp in directiondp one obtains

F̂ ′(p)[dp] = lim
∆→0

F̂ (p+ ∆dp) − F̂ (p)

∆

= lim
∆→0

∫

Γe
nT
(

eB ˜̂u− ε
S∇ ˜̂

φ
)

dΓe −
∫

Γe
nT
(

eBû− ε
S∇φ̂

)

dΓe

∆

=

∫

Γe

eBdû − ε
S∇dφ̂dΓ +

∫

Γe

deBûdΓ +

∫

Γe

dεS∇φ̂dΓ. (3.8)

The terms(˜̂u, ˜̂
φ) are solutions from (1.38) where the parameters are altered by the

parameter increment∆p which results in a modification of the material tensors by
∆dcE ,∆de, or ∆dεS , respectively. Further(dû, dφ̂) solve

−ρω2dû − BT
(

cEBdû + eT∇dφ̂
)

= BT
(

dcEBû + deT∇φ̂
)

in Ω

−∇ ·
(

eBdû− ε
S∇dφ̂

)

= ∇ ·
(

deBû− dεS∇φ̂
)

in Ω

with the following boundary conditions

NT
(

cEBdû + e∇dφ̂− dcEBû− de∇φ̂
)

= 0 on∂Ω

dφ = 0 onΓg and Γe
(

eBdû− ε
S∇dφ̂− deBû + dεS∇φ̂

)

· ~n = 0 on∂Ω \ (Γe ∪ Γg).

After applying the finite element method the discrete(dûm, dφ̂
m

) are solutions of
the following algebraic system
( −ω2Muu + Kuu Kuφ

KT
uφ −Kφφ

)(
dûm

dφ̂
m

)

= −
(
dKuu dKuφ

dKT
uφ −dKφφ

)(
û

φ̂

)

.

Here, the matrix on the right-hand side is obtained by substituting the parameter
tensorscE , e, andε

S by dcE , de, anddεS in the bilinear forms of (1.116) and
applying the finite element assembly. By the identity

〈F̂ ′(p)[dp], q〉 = 〈[dp], F̂ ′(p)∗[q]〉 (3.10)

the discrete adjoint of̂F ′(p) is given by its Hermitian conjugate, i.e.̂F ′(p)∗[q] =
F̂ ′(p)H [q].

3.3.2 Computational Aspects – Reconstruction with Synthetically Generated
Data

In order to get an impression how the different iterative methods described in Sec-
tion 2.2 behave, firstly results concerning convergence in image space, i.e. reduc-
tion of the residual and secondly convergence of the parameters in pre-image space
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will be presented. The iterative schemes use samples of synthetically generated
impedance curves as input. The curves are computed beforehand by the finite el-
ement method. Different finite element discretizations forthe forward and inverse
problem are applied in order to avoid aninverse crime. An inverse crimeoccurs
when very similar computational methods are employed to synthesize as well as to
invert data in an inverse problem. This case must be avoided according to Colton
and Kress [28] since it makes the results look overly optimistic. We aim at recon-
structing the real parts of the most dominant parameters of athickness resonator
with 0.1 mm thickness and10 mm radius. Figure 18 compares the decrease of the
residuals of different iterative regularization methods introduced in Section 2.2.
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Figure 18: Development of the residual computed for different regularizing meth-
ods. The inexact Newton method uses theν-methods (Algorithm 2) as inner itera-
tion with ν = 1.5. A subset of five parameters is reconstructed from synthetically
generated data (impedance) with one per cent data noise.

In the sequel we see the behavior of normed values of the parameters during
the computations. As initial guesses a15% variaton of the assumed exact values is
considered. In Figures 19, 20, 21, and 22 parameter reconstructions with inexact
Newton methods (see Algorithm 1), the steepest descent method (2.10) with (2.11),
the minimal error method (2.10) with (2.12), and the classical Landweber method
(2.10) withωk,δ = ω are computed, respectively for randomly generated noise at
different levels. As expected from theory, Newton’s methodperforms well in par-
ticular for the noise free case. The modified Landweber iterations need roughly the
double amount of iterations in order to reach the same accuracy. Still, compared to
the results computed with the classical Landweber method, the modified versions
reach an acceptable approximation with a significantly lower number of iterations.

In all results given in Figures 19, 20, 21, and 22 the parameter cE33 shows to
be rather easily detectable. The other parameters seem to beless sensitive to the
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measurements and are in particular more volatile in the presence of data noise.
A comparison of convergence of selected parameters when applying different

inner regularizing methods within the inexact Newton methods is reported in [77].

Our numerical studies show that depending on geometry and type of resonator
a large set of parameters might be reconstructed simultaneously, see Figure 23. Of
course, when reconstructing all material parameters simultaneously more sophisti-
cated initial guesses are required. Starting values are generated with a ten percent
variation for the dominant parameters and a five percent variation for all others.
Figure 23 shows convergence of all entries of the mechanicalstiffness tensor (ex-
cept forcE12, since we perform a rotationally symmetric simulation, seeSubsection
1.1.7), and of the the entriese33 andεS33 of the piezoelectric coupling and permit-
tivity tensor, respectively.
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Figure 19: Development of the dominant parameters during their simultaneous
reconstruction by Newton’s method usingν-methods as inner iterations.
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Figure 20: Development of the dominant parameters during their simultaneous
reconstruction with the steepest descent method.
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Figure 21: Development of the dominant parameters during their simultaneous
reconstruction with the minimal error method.
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Figure 22: Development of the dominant parameters during their simultaneous
reconstruction with the Landweber method.
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Figure 23: Development of all parameters during their simultaneous reconstruction
by Newton’s method (δ = 0.01%). The sample is a thickness resonator of0.5mm
thickness and10mm radius.
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Identification of Complex-Valued Material Parameters

Since the imaginary parts of the parameters mainly steer theheight of the mag-
nitude of the impedance in resonance and the “smoothness” ofthe phase but not
the location nor shape of the impedance curve (see e.g. Figure 26 and 27) it is
recommendable to proceed in the following manner

1. Adjustℜ(cE),ℜ(e), andℜ(εS) by fitting |Z|, see left graph in Figure 17.

2. Then, additionally adjustℑ(e) andℑ(εS) by fitting arg(Z), see the right
graph in Figure 17 or the left one in Figure 26.

3. Finally, to getℑ(cE) (if necessary) fit the amplitude of the mechanical reso-
nance peaks, see Figure 32 in Section 3.3.5.

As initial guesses for the imaginary parts of the complex-valued material param-
eters one can assume a value being approximately one per millof its real part.
This can be motivated by (1.37) from the Rayleigh coefficients α andβ. Typi-
cal values for an excitation around1MHz are for exampleα ≈ 3.1 · 104s−1 and
β ≈ 7.9 · 1010s, see e.g. [80].

In the sequel we report on the simultaneous reconstruction of the imaginary
parts of three parameters. The exposition is confined to the steepest-descent method
where we assume that the real parts are already sufficiently precisely determined
and hold them fixed. Figure 26 plots normalized values of the imaginary parts of
the parameterscE33, e33 andεS33 during their simultaneous reconstruction. Ampli-
tude and phase of the impedance before and after the identification are given in
Figure 26.
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Figure 24: Simultaneous reconstruction of three imaginaryparts with the steepest-
descent method. Here, the initial guesses have ten per cent of the magnitude of the
assumed exact ones. The picture is a reconstruction from noiseless data.
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Figure 25: Simultaneous reconstruction of three imaginaryparts with the steepest-
descent method with three percent data noise.
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Figure 27: Phase of the impedance for exact, initial, and reconstructed data, re-
spectively.

Scaling

A crucial point for the successful identification is an appropriate scaling of both
parameters and measurements. Thus, within the identification methods the param-
eters are equilibrated, i.e.̃p = ξ ∗ p whereξ ≈ diag(1/ptyp

1 , ...1/ptyp
Npar

) with

typical values for the parameters, i.e. for stiffness componentscE,typ
ij = 1010, for

the coupling termsetyp
ij = 1.0 and for the permittivityεS,typ

ij = 10−08. To compare

the measured and computed magnitude of the electric impedances, denoted bŷyδ
i

andF̂i(p), at different frequencies, we evaluate the following logarithmic norm

||ŷ − F̂ (p)||w :=

Nfreq∑

i=1

| log(ŷδ
i ) − log(F̂i(p))|2)
| log(ŷδ

i )|2
.

Therewith, we consider the different orders of magnitudes between impedance
measurements at various frequencies.

3.3.3 Sensitivity Analysis

Since not all material parameters show a visible impact on the solution of the piezo-
electric PDEs, we want to understand, which of them dominatein the different
types of probes. These differ for instance in geometry, polarization, and range
of excitation frequency. In the following we interpret the linearizationF̂ ′(p) of
the nonlinear relation between parameters and observations F̂ (p) = ŷδ . Radii of
confidence intervals for the identified parameters can be estimated by evaluating
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cE11 cE33 cE12 cE13 cE44
Radial 0.004 0.012 0.0093 0.02 3.3e+04
Thickness 0.5 0.095 1.9e+02 0.58 2.0e+02
Longitudinal 4.4 0.0015 0.18 0.007 1.9e+05
Transversal 3.4e-03 0.11 0.37 0.12 3.7e+02
Shear 0.014 0.06 0.027 0.033 0.016

e15 e31 e33 εS11 εS33
Radial 2.9e+05 0.92 0.29 2.9e+05 0.089
Thickness 2.0e+04 4.1e+02 0.26 4.3 0.05
Longitudinal 9.2e+04 30.1 0.02 4.4e+05 0.62
Transversal 6.7e+04 30.7 0.47 9.0e+05 0.38
Shear 0.68 73.5 11.7 33.3 1.28

Table 5: Computed confidence interval radii of differernt mode shapes for equili-
brated parameters.

diagonal entries of the inverse of the information matrix, see e.g. [12,132]

C =

nfreq∑

i=1

(

F̂ ′(p, ωi)
H F̂ ′(p, ωi)

)−1
∈ Cnpar×npar . (3.11)

The sensitivity of each scaled parameter is related to a diagonal entry in the matrix
C and the probability that

|pexact
i − pcomputed

i | ≤
√

Ciiχ2
npar

(1 − α), i = 1, ..., npar (3.12)

is larger than(1−α), whereχ2
npar

(1−α) denotes the(1−α) quantile of theχ2
npar

probability distribution. Thus, the smaller the term on theRHS in (3.12), the more
reliable the identified parameter and the higher its influence on the transducer’s
behavior. Table 5 contains upper bounds of the sizes of the confidence intervals
usingα = 0.01 for transducers working in radial, thickness, longitudinal, transver-
sal, and thickness shear mode taking twenty sampling pointsfor each mode into
account. Now one may choose some acceptable deviation, e.g.Ctrust ≈ 0.1 and
check whether

√

Ciiχ2
npar

(1 − α) ≤ Ctrust, i = 1, ..., npar. (3.13)

If (3.13) holds, the identified parameter is assumed to be reliable. In the opposite
case results from identifications of other modes have to be called on. If the values
are close to0.1 one can still hope to establish sufficiently trusting identification by
increasing the number of sampling points or by choosing their location in a more
optimal way, see Section 3.4. According to Table 5 a parameter fit with impedances
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measured for a radial mode (first line) allows for a confident identification of the
parameterscE11, c

E
33, c

E
12, c

E
13 andεS33 from just one geometry. From this table we

also see why in Figure 23 for the simultaneous reconstruction the parametersǫS11
ande15 were left unchanged and it is obvious that these two parameters are the
most difficult to determine.

Studying the last row in Table 5 one sees that for the shear mode almost all
confidence intervals are surprisingly small. This is mainlydue to the fact that in
the same frequency range also higher modes of the thickness vibration are present.

Looking at the single columns in Table 5 identifiability of some parameters is
possible by several geometries, e.g. one obtainscE33 by analyzing nearly all mode
shapes.

3.3.4 Identification Results for a Newly Developed Ceramic

In this section identification results of our proposed method applied to a new piezo-
electric material,Ferroperm Pz-36, for which until now no material parameters
have been published by the manufacturer are presented, [37].

Geometry Dimensions
Disc radius= 8 mm, thickness= 1 mm
Cylinder radius= 2.5 mm, length= 18 mm
Bar length= 25 mm, width= 4 mm, height= 1 mm

Table 6: Geometry of the used Pz36 samples.

The samples listed in Table 6 have been available for the following investiga-
tions. Results of the methods proposed by the IEEE standard are listed in Table
7 which serve as initial guesses for the simulation based parameter identification
proposed in this thesis.

cE11 cE33 cE12 cE13 cE44 e15 e31 e33 εS11,r εS33,r

39.7 35.7 13.9 10.9 13.3 2.51 -0.41 6.2 370.0 457

Table 7: Material parameters of Pz36, as extracted from impedance measurements
according to IEEE standard [95]. Units:cEij(GPa), eij(C/m

2), εSij,r = ε0ε
S
ij with

the dielectric constant of vacuumε0 = 8.854187...10−12(As/Vm).

We have performed a set of fittings for different monomodal resonators from
which we will discuss two in the sequel more detailedly. The discussion of further
modes can be found in [93].

Adjustment of Radial Mode

The first fundamental resonance frequency of the radial modeis located at around
110 kHz, and its antiresonace frequency at114 kHz, see Figure 28 which displays
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the measured and computed electric impedances. The dotted curve in Figure 28

Figure 28: Fitting at radial mode, Pz36.

stems from a simulation with the material parameters given in Table 7 and shows
that by the insufficient exactness of the parameters the simulations fail to match
the measurements. The most confident (according to Table 5) extracted material
parameters obtained by applying the inexact Newton method are listed in Table 8.

cE11 cE33 cE12 cE13 cE44 e15 e31 e33 εS11,r εS33,r

Real: 48.8 36.9 12.6 12.3 - - -0.41 6.96 - 420.3
Imag.: 0.32 0.3 0.09 0.22 0.11 0.03 -0.004 0.07 4.3 4.5

Table 8: Results radial mode, real and imaginary parts, Pz36.

Adjustment of Longitudinal Mode

To perform the fitting for the longitudinal mode, a cylindrical sample as listed in
Table 6 is used. Now, the parameters obtained by identification at the radial mode
serve as initial guess. Figure 29 shows the electric impedances and Table 9 displays
the obtained trustworth material parameters.

cE11 cE33 cE12 cE13 cE44 e15 e31 e33 εS11,r εS33,r

Real: - 35.5 12.6 10.3 - - - 6.01 - 432.6
Imag.: 0.46 0.35 0.1 0.15 0.1 0.03 -0.004 0.06 4.26 4.7

Table 9: Results longitudinal mode, Pz36.
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Figure 29: Fitting at longitudinal mode, Pz36.

Now, the procedure is repeated for further geometries and vibration modes,
like the thickness, transversal, and the shear mode and allows for the identification
of all parameters where at least from one geometry one singleparmeter has small
confidence intervals, see [93]. By this procedure a consistent set of piezoelectric
material parameters can be tabulated, see Table 10. Howeverin Table 10 only the

cE11 cE33 cE12 cE13 cE44 e15 e31 e33 εS11,r εS33,r

48.7 36.5 12.5 10.3 11.4 2.83 -0.41 6.09 376.1 429.0

Table 10: Consistent data set for Pz36 from FEM based fitting,real parts.

real parts of the entries of the tensors are listed. This is due to the fact that the
imaginary parts are strongly frequency dependend and therefore do not allow to
build a data set which is consistent for any larger range of frequencies.

Thickness Mode, Verification of Identification Results

In order to show the improvement in the data set and to verify the results, the iden-
tified material parameters are applied to a sample, which hasnot been considered
so far, namely a radial disc excited in thickness mode with a thickness of4 mm
and a radius of16 mm. Figure 29 shows the simulated impedance curve which
gives a reasonable approximation to the measured one and provides an obvious
improvement to the one simulated with the initial guesses.

Still, and this is not avoidable, the effects of frequency dependencies are visible
in the results. If one really wants to perform an exact three dimensional computer
simulation one should carry out a problem specific parameteradaptation to the
given transducer in the frequency range actually of interest, for which our devel-
oped and implemented scheme can easily be applied.
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Figure 30: Computed impedance of a specimen not used in the identification of the
previously identified parameters compared to the simulation with the initial guess
and measurement.

The next section shows the extension of the identification procedure to more
complex structures.

3.3.5 Parameter Identification for Piezoelectric Composites

Our experimental results from different applications of piezoelectric transducers
have shown that the whole assembly including adaption and protection layers as
well as mounting is of decisive influence on the electromechanical coupling prop-
erties of the actual sensor or actuator under consideration. Thus, the whole as-
sembly alters the material properties of the piezoelectricelements, mainly due to
prestressing, as we will see in the sequel considering as an example a Langevin type
transducer. This kind of actuator is for instance used in ultrasonic cleaning appli-
cations where acoustic waves in a fluid are excited with frequencies between20
and100kHz and one takes advantage of the effects of cavitation to cleancontam-
inated objects in ultrasonic cleaning assemblies. The mounting of the transducer
consisting of two oppositionally polarized piezoelectricrings combined with two
metallic rods which are hold tight by an inner steel bolt is sketched in Figure 31.
The bolt is tightened forcefully which leads to higher oscillation amplitudes of the
assembly.

Due to this force and induced deformations of the domains in the ceramics
the piezoelectric properties change. Again, in order to perform reliable numerical
computations these modified material properties need to be detected which is done
by the proposed parameter identification scheme.

In a first step, by combined measurement and simulation basedfitting the ma-
terial properties of the piezoelectric parts without mounting are determined sepa-
rately, according to the procedures in Section 3.3.4. The material properties of each
metal are metrologically specified. The most severe question is now which mate-
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Figure 31: Geometry of the piezoelectric Langevin transducer.

rial properties are the degrees of freedom, i.e. which materials effectively change
their values in the mounted state. Several different experiments and parameter fit-
tings revealed that exclusively the properties of the piezoelectric rings change and
that the parameters of steel and aluminum remain constant [19]. Additionally, the
stiffness parameters, more precisely the Lamé parametersλ andµ of the bolt in the
numerical model are treated as unknowns, since the tightness of the bolt connection
is not well defined and hence cannot be used in the numerical simulation.

As a result one obtains new sets for the material properties of the piezoelectric
rings and the stiffness of the bolt. Impedance measurementscombined with me-
chanical displacements recorded by a laser difference vibrometer are the input for
the inverse scheme allowing to identify also appropriate damping. See Figures 32,
33, and 34. For more detailed results consult [19].
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Figure 33: Impedance: Measured (solid) and adapted (dashed).
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Figure 34: Mechanical displacement of transducer, measured (solid), after mate-
rial parameter adaption (dashed), before adaption (dotted). In particular the good
agreement in absolute deflection comes from the precise adaption of the imaginary
parts of the mechanical modulus.
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3.4 Optimal Experiment Design

As it has turned out the location of the selected frequency points at which measure-
ments are evaluated have a decisive influence on the successful identification of the
different material parameters. The intention of this subsection is to automate the
choice of sampling points and improve the reliability of theidentified parameters.

3.4.1 Motivation and Approaches

As we have seen in Chapter 3.3.3 there are always some parameters that show
hardly any influence on the behavior of the given transducer and are consequently
difficult to identify, see Table 5 or Figure 23. However, we aim at improving iden-
tifiability of less sensitive parameters as well since it is not always guaranteed that
measurements of a large set of differently shaped transducers are available. For
those cases in order to provide as satisfying identificationresults as possible we
apply means ofoptimal experiment design[13,69,87] to our identification process.
The aim here is to obtain as reliable results as possible withthe smallest amount of
input (measurements), thus keeping the computational complexity low. The latter
point might be in particular important if one thinks of controlling the manufac-
turing process of ceramics by testing them during the production process whether
they fulfill the desired material properties or not. According to producers4 this is
indeed a realistic scenario.

In the sequel it is assumed that the noisy measurements are composed of an
exact term plus a normally distributed data noise

ŷδ
i = ŷi + εi

with

εi ∼ N(0,W−1
i ) , Wi ∈ IR2

2 (or IR) symmetric nonnegative definite.

The noise is assumed to have mean zero and known covariance matrix W−1
i that

may also depend on the choice of the frequency pointsω = (ω1, . . . ωnfreq
), i.e.,

Wi = W (ωi). HereW (ωi) is set to(δ|ŷi|)−2. In our application, typically the
noise levelδ ∼ 0.01 which corresponds to one per cent measurement noise. The
question arising is how to choose a discrete optimal experiment design. Under an
experiment we understand here a set of frequency locations at which measurement
data are evaluated, which is optimal in the sense that

• the sensitivity of the measurements is maximal,

• confidence intervals of the parameters are small and

• the result is robust to errors in the measurements.
4e.g. CeramTec AG, Lauf (Nuremberg), Germany



CHAPTER III: The Inverse Problem in Piezoelectricity 96

Since the mappinĝF from the measurement distribution to the parameters is non-
linear one can only apply local linear sensitivity theory bylinearizingF̂ . A maxi-
mization of a certain magnitude measure of the moment or information matrix

M :=

nfreq∑

i=1

F̂ ′(p;ωi)
HW (ωi)F̂

′(p;ωi)

or a minimization of a functionalϕ of M−1, the so called variance-covariance
matrix

Cov(p, ω) = (

nfreq∑

i=1

F̂ ′(p;ωi)
HW (ωi)F̂

′(p;ωi))
−1 ∈ IC

npar
npar ,

which is hermitian nonnegative definite, provides such desired optimal experiment
designs. The functionalϕ is supposed to be antitone, i.e. forM1 � M2 ⇒
ϕ(M1) ≤ ϕ(M2) in the sense of positive definiteness. Different choices forsuch a
functionalϕ(M) are discussed in the literature [12,87,120]

• D - optimality, minimizing the volume of the confidence ellipsoid which is
proportional toϕ(m) = 1

det(M) ,

• A - optimality, minimizing the mean (average) variance of all components,
i.e. ϕ(m) = 1

npar
trace(M−1),

• E - optimality, minimizing the largest eigenvalue, i.e.ϕ(M) = λmax(M−1),

• M - optimality, minimizing the maximal length of the confidence intervals
ϕ(m) = maxi=1...npar

√

(M−1)ii.

As already mentioned in Section 3.3.3 confidence intervals for the parameters
are proportional to the diagonal entriesCii of the covariance matrixCov(p, ω). An
approximation to the100 · (1 − α) per cent confidence region for the parameters
is included in thenpar− dimensional box with side lengths as given in (3.12),
see [87]. The parameter identification problem with noisy data is now defined via
a maximum likelihood estimator, i.e. a minimizer of

min
p

1

2

nfreq∑

i=1

‖F̂ (p, ωi) − ŷi‖2
Wi
. (3.14)

The optimization of the measurement locations is performedin two alternative
approaches:
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Fixed Number of Measurements

Here a number of measurement locations (≥ npar) is defined and one solves the
following highly nonlinear optimization problem

min
ω
J(ω) = min

ω
ϕ

(

(

nfreq∑

i=1

F̂ ′(p;ωi)
HW (ωi)F̂

′(p;ωi))
−1

)

, (3.15)

which provides new, optimal (in the sense above), locationsfor the measurements.
In particular fine steering of the parameters is possible with this approach. The
computation of the gradient ofJ which is required for some descent methods is
described in [78].

Variable Number of Measurements

Alternatively one can solve the following less nonlinear box-constrained optimiza-
tion problem where additionally the number of measurementsis an optimization
parameter. We reformulate the measurement location in formof a measurement
density̺(ω) so that the least-squares objective now becomes

min
p

1

2

∫ ωf

ω0

̺(ω)‖F̂ (p;ω) − ŷ(ω)‖2
W (ω)dω (3.16)

and the corresponding optimal experiment design requires asolution of

min
ρ(ω)∈[0,1]

J(ρ) = min
ρ(ω)∈[0,1]

ϕ

(∫ ωf

ω0

̺(ω)F̂ ′(p;ω)HW (ω)F̂ ′(p;ω)dω

)−1

,

(3.17)
where the measurements are weighted by the density function̺with 0 ≤ ̺(ω) ≤ 1
for all ω ∈ [ω0, ωf ]. After the optimization process one selects those frequencies
with largeρ. It is assumed thatρ mainly takes its values at its box constraints, a
so calledbang-bangsolution. The selection of frequency locations is subject to an
upper bound for the integrated density

∫ ωf

ω0

̺(ω)dω ≤M (3.18)

which is a second constraint to (3.17) and determines the number of frequencies
selected, since whenever for a frequency the weight function exceeds the bound of
a defined valueγ ∈ (0, 1) (typically, γ = 0.8) it is added to the set of selected
locations .Thus, a discrete aspect of optimization is involved in this ansatz. To
the best of our knowledge this formulation with a continuousweight function pub-
lished in [78] is a new approach to experiment design methods. Like in [13] or [87]
one generally works with a prescribed number of discrete weights. In a numeri-
cal implementation our approach turns out to be more flexiblewhen discretizing
adaptively instead of fixing the weighted points a priori.
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Combined Measurement Selection and Parameter Identification

A simple sequential one stage optimal experiment design andparameter estimation
algorithm looks like this:

Algorithm4. One stage algorithm

Choose̺ 0(ω) (or ω0) andp0

Fork = 1, 2, 3, . . .
Fix p = pk

Solve (3.17) (or (3.15)) to obtain̺k (or ωk)
Fix ̺ = ̺k (or ω = ωk)
Perform an experiment, i.e. evaluation of measurements
Solve (3.16) (or (3.14)) to obtainpk+1

After the generation of initial guesses (material parameters and frequency loca-
tions) nonlinear experiment design and parameter fitting problems are solved in an
alternating manner. For the parameter fitting we apply algorithms as discussed in
Chapter 3.3 for the modified objective function either in (3.14) or (3.16), respec-
tively.

Both problems, the measurement location optimization, andthe parameter iden-
tification, are solved iteratively and just until a certain accuracy is reached. As
stopping criteria minor changes in the recent computed valuesρ(ω) (or ω) andp
are appropriate which avoids time consuming iterations with little improvements
in the design variables.

Among the different choices for the functionalϕ the A - criterion has turned
out to be the one providing best results for all parameters. First numerical im-
plementations of the above sketched algorithm provide satisfying results for both
choices of the optimization approaches, but also both choices reveal advantages
and disadvantages compared with each other. While the choice of frequencies with
the algorithm using a variable number of measurements in thefirst iteration step
of Algorithm 4 selects very good starting values (frequencies) without requiring
good initial guesses, it does not perform so well in the course of the process and
it is rather costly, so it should not be called to often for higher k in Algorithm 4.
The choice with a fixed number of frequencies performs very well in fine steer-
ing of selected measurement locations. The price to pay is that a very good initial
guess is required for this strongly nonlinear problem. Without good initial guesses
frequencies might tend to cluster in certain points close toresonance frequencies.
Fortunately, its computational cost is much lower.

Out of these experiences we propose a more sophisticated two-stage algorithm
which combines the advantages of both strategies.
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Figure 35: Development of normalized values (solid) and their confidence intervals
(dashed) for all parameters during Algorithm 4 for (3.15).
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Figure 36: Number and location of selected frequencies by Algorithm 4 with
(3.17). Each star denotes here a selected frequency. The number of stars in a
column equals the number of selected frequencies for each iteration pointk. The
setsW andWr are according to (3.5) and the section below.

Algorithm5. Two stage algorithm

Choosep0

k = 0
Solve (3.17) to getρ(ω1) and from thisω0 = (ω0

1, ...ω
0
n(0)) for (3.14)

Setnfreqs = n(0)
Perform an experiment, i.e. solve (3.16) to getp1

Fork = 1, 2, 3, . . .
Fix p = pk

Solve (3.15)) to obtainωk

Fix ω = ωk

Perform an experiment, i.e. solve (3.14) to obtainpk+1

We shortly discuss details of the optimal experiment designimplementations
and refer to [78] for details .

3.4.2 Implementation Issues

Fixed Number of Frequencies - Implementation of Steepest Descent Method

We remind that the identification process only accepts measurements at frequencies
which lie in the setW defined in (3.5). Projection onto the feasible setW is done
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by the operatorP defined byPω = ω̄ where

ω̃ = min{ωn,max{ω0, ω}}
ωr = min{ωsim

r , ωmess
r }

ωa = max{ωsim
a , ωmess}

ωc =
ωr + ǫr + ωa − ǫa

2

ω̄ = ωc + sign(ω̃ − ωc)max{|ω̃ − ωc|,
ωr + ǫr − ωa + ǫa

2
} . (3.19)

The minimization problem
min
ω∈W

J(ω) (3.20)

is numerically solved by the following projected gradient method combined with a
line-search.

Algorithm6. Descent method

Setω0 ⊂W,λ0 > 0, θ < 1, cω > 0
While (||P (ωk −∇J(ωk)) − ωk|| > cω)

dk = −∇J(ωk)
WHILE (J(ωk + λkdk) > J(ωk))

λk = θλk

ωk+1 = ωk + λkdk

ωk+1
i = Pωk+1

i i ∈ {1, . . . ,N},
k = k + 1

The computation of the gradient can either be done numericaly by finite dif-
ference approximation or by analytic formulas which are reported in [78], too, but
which have not been implemented here.

Variable Number of Frequencies - Implementation of Optimization

Also the minimization of (3.17) is done by a projected gradient method, whereP
is the projection on the convex feasible set[0, 1].

Algorithm7. Descent method with box constrains

Setρ0 ∈ [0, 1], λ0 > 0, θ < 1, γ = 0.8, cρ > 0
While (||P (ρk − ∂

∂ρJ(ρk)) − ρk|| > cρ)

dk = − ∂
∂ρJ(ρk)

While (J(ρk + λkdk) > J(ρk))
λk = θλk

ρk+1 = ρk + λkdk

ρ = Pρ
SelectS = {i ∈ {1, . . . ,N} | ρ(ω(i))k+1 > γmaxj ρ(ω

(j))k+1} ,
Setρ(ω(i))k+1 = 0 for i /∈ S
k = k + 1
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Figure 37: 1st (dotted), 9th (dashed), and 23rd (dash-dotted) iterate of weight func-
tion during algorithm 4 with (3.17) and impedance curve (solid) for comparison.
Whenever for a frequency the weight function exceeds the bound of 0.8 it is added
to the set of selected locations.

As an initial guess we use a constant weight functionρ0(ω) ≡ 0.01.

3.4.3 Numerical Results

All numerical computations in this section have been performed treating a thick-
ness resonator (Material: Pz27, Ferroperm) with a radius of10 mm and thickness
of 1 mm which according to their resulting confidence intervals is a predestined
geometry for the determination of the constantscE33, e33 andεS33. The aim here is
mainly to improve identifiability for all other parameters involved. For the mea-
surements we assume one percent normally distributed random noise and in the
graphics the confidence intervals for 99 per cent reliability are displayed. Fittings
are performed to synthetically generated data distorted with 1% data noise.

Optimal Experiment Design - Numerical Results - Variable Number of Fre-
quencies

The results of the constrained optimization of the weight function0 ≤ ρ ≤ 1 over
the interval of admissible frequenciesW combined with parameter identification
as proposed in Algorithm 4 are displayed in Figure 37. Here exemplarily differ-
ent iterates of the weight functionρ are shown in comparison to the impedance
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Figure 38: Development of normalized values of selected parameters (solid) and
their confidence intervals (dashed) during Algorithm 5.

curve (solid). The discretized functionρ tends to have values either close to one
or close to zero, making a distinction of frequencies with high information content
easy. In particular lower frequency measurements seem to support the identifica-
tion process. Figure 36 shows the location where frequencies have been selected.
The number of entries in one column equals the number of selected frequencies.
The setWr contains frequencies excluded from consideration due to the instability
reasons for the forward problem discussed in Section 3.3.

Optimal Experiment Design - Numerical Results - Fixed Number of Frequen-
cies

Assuming that we have already obtained good initial guessesfor the frequencies we
now optimize within a set of frequencies with fixed cardinality. Figure 35 shows
how the confidence intervals (dashed lines) of the differentparameters shrink and
how all parameters (solid) converge to their normalized value up to a certain preci-
sion corresponding to the data error.

Looking for example at the dielectric constants one sees thebig difference in
sensitivity between the parametersεS11 andεS33. Since we evaluate the average crite-
rion during the optimization process this approach does notmeet the requirements
for all parameters. Since our aim is mainly to improve identifiability of less dom-
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inant parameters we now restrict the optimization only to those parameters. The
plots in Figure 38 now show the improvements for four selected parameters.

3.5 Summary Chapter 3

Chapter 3 is concerned with the identification of the material parameters in linear
piezoelectricity, i.e. for small-signal driven ceramics.This chapter comprises the
description of the state of the art, limitations of it, and inparticular shortcomings
with respect to simulations by the finite element method. Mathematical modeling
and computation aspects of simulation-based parameter identification is reported
including numerical results for both synthetically generated data and real measure-
ments. This flexible methodology has shown to be very effective in characterizing
an unknown piezoelectric material as well as a full composite transducer.

Sensitivity analyses and means of optimal experiment design yield information
about the identifiability of certain material parameters and give effective rules how
to improve it. This is important for the determination of less sensitive parameters
and increases the set of trustworthily detectable parameters.
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4 Nonlinearities in Piezoelectricity – The Forward and In-
verse Problem

This final section is now devoted to both the forward and inverse problem in nonlin-
ear piezoelectricity. Aside from the presentation of nonlinear effects which occur
in piezoelectric applications the mathematical components are derived which are
necessary to handle the forward and in particular the inverse problem numerically.

4.1 Nonlinear Dependencies in Piezoelectricity

The discussion of nonlinearities in piezoelectricity is anessential task, in partic-
ular in actuator applications. Nonlinear models allow for example the design of
actuators which are supposed to work in high field ranges. In particular in these
actuator applications the piezoelectric materials need tosupport large mechanical
loads and produce high strain output. To accomplish this requirement of higher
strains large electric voltages are applied causing high electric fields. Concern-
ing the electric field strengths one can assume linear behavior only in the range of
0.0−0.1kV/mm. Above these field strengths nonlinear effects occur. Signals with
which piezoelectric actuators are usually driven cause fields of0.2 − 0.3kV/mm,
thus the actuators mainly operate in nonlinear ranges [41].Due to reductions in the
thickness of piezoceramic layers, e.g. in piezoelectric stack actuators higher strains
are generated by excitation with moderate voltage levels, making the correct treat-
ment of nonlinearities even more necessary [49].

In broad terms three different types of nonlinear phenomenaexist which de-
scribe nonlinearities in piezoelectric materials:

1) The first one is thermodynamically motivated by considering higher order
terms in the constitutives. The model allows to describe nonlinear effects
for moderate electric fields staying below the coercive fieldstrength. In this
model the nonlinear effects are assumed to be reversible, i.e. no depolariza-
tion of the crystals is expected.

Effects like a nonlinear relation between applied voltage and displacement,
jump phenomena in the response spectra, and softening of thematerial are
already visible at weak fields [125, 127]. These effects can be taken into
account by allowing higher order expressions in the thermodynamical en-
ergy potentials which leads to constitutive equations withparameters being
functions of the field quantities. This kind of nonlinearityis often quoted as
material nonlinearities.

2) A second type includes irreversible effects caused by high fields, exceeding
the coercive fields.Hysteresiseffects occur which are caused by reorienta-
tion of the domains in the materials and which are a typical phenomenon for
ferroelectric materials [56,81,83,141].
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3) A third kind of nonlinearity is derived from pure mechanics and handles ef-
fects coming from large mechanical stresses and deflections.
Thus, geometric nonlinearitiesare also considered for the piezoelectric prob-
lem, important for the theoretical description of piezoelectric workpieces
subject to large strains [139,140,151].

Since, as it is also pointed out in [125,126], only few publications exist where non-
linear effects "under weak electric fields" are considered,we aim at investigating
the first model in more detail. It is suitable for actuator applications where the
transducers are unipolarly excited with moderate signals,i.e. by excitations with
purely positive signals where hysteresis effects are as faras possible avoided.
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Figure 39: Changes in fundamental resonance due to different excitations. Obvi-
ously, the piezoelectric coupling increases with higher fields (larger bandwidth),
damping effects are more visible and most remarkably, the resonance frequency
moves left, i.e. material softens under increasing fields. Measurements are per-
formed at the Department of Sensor Technology in Erlangen.

Further, this first approach seems to be of rather general nature and the ideas
developed here might be easily transferred to other nonlinear problems in physics,
like e.g. the determination of the permeability as a function of the magnetic field
intensity in the nonlinear relationship between the magnetic field intensity and the
magnetic flux density [76].

All three kinds of nonlinearity will be described briefly in the following sub-
sections in order to point out the major differences betweenthem. After this, we
turn to the mathematical treatment of the first model introduced, namely material
nonlinearities, where the focus lies in the inverse problem. In order to apply the
iterative multilevel algorithm presented in Chapter 2 the adjoint operator of the
linearized parameter-to-solution map for the nonlinear piezoelectric problem is de-
rived. Numerical identification results close this chapter.



CHAPTER IV: Direct and Inverse Problem for Nonlinear Piezoelectrics 107

Figure 40: Field dependence of the real part of the relative permittivity ǫr. The clas-
sification is by Hall and Stevenson [50]. The fields of interest lie in the "Rayleigh
region" below the coercive field strengthEc. BelowEt linear theory holds.

Material Nonlinearities

Regarding experimental results, piezoelectric ceramics exhibit different types of
nonlinearities already under weak or moderate fields as for example jump phe-
nomena of the displacement amplitude in frequency sweeps, presence of higher
harmonics and nonlinear relations between applied electric voltage and mechani-
cal displacement [125, 127]. As it is shown there or in [14], the consideration of
higher order terms in the constitutive equations allows foran exact modeling of
these effects. In particular this holds for high-power actuators which are driven
close to or in their resonance frequencies and are used for instance in ultrasonic
cleaning, piezo-vibrators or machine cutters.

The treatment of piezoelectric nonlinearities by higher order terms is valid as
long as no depolarizations of the ceramic is present, i.e. the applied or induced elec-
tric field strength remains below the coercive field strength. Figure 40 shows the
field dependence of the dielectric permittivity in ferroelectric ceramics over a wide
range of field strength and visualizes the different ranges regarding the electric field
strength where either linear, nonlinear reversible, and nonlinear irreversible effects
occur. Evidently, the boundaries between these regions arenot sharp. While there
is already considerable progress in measurement techniques for determining field
dependent material parameters, there are only few approaches on the mathematical
side, see e.g. [11,73,125]. Considering nonlinearities infrequency domain a mul-
tiharmonic approach for the forward problem along with an identification scheme
is proposed in [75], where higher harmonics are taken into account and parameter
curves are effectively reconstructed by an inversion scheme.

Beginning with [107] and [68] and continuing with [11, 14, 47] and [8, 66]
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Figure 41: Effects of higher harmonic generation by linear voltage excitation (top)
on current (bottom) of a radial resonator at388kHz measured at the Department of
Sensor Technology Erlangen.

among others, nonlinear effects are taken into account considering nonlinear ther-
modynamical potentials, for example by evaluating the nonlinear electric enthalpy
density functionHnonlin [125,126]. Therewith one considers constitutive relations
with higher order terms, i.e. the model is realized by truncating the Taylor series
expansion in (1.7) not after the first but after the second or third term

σij =
∂2H

∂Sij∂Skl

∣
∣
∣
∣
E

Skl −
∂2H
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Ek +
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∣
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The material law is consequently extended to

σij = cEijklSkl − eijkEk +
1

2
cEijklmnSklSmn + eijklmSklEm − 1

2
ζijkmEkEm + ...

Di = eiklSkl + εSikEk +
1

2
eiklmnSklSmn − ζikmnEkSmn +

1

2
εSikmEkEm + ...

(4.3)
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wherecEijklmn is the higher order elastic modulus,emijkl the higher order piezo-

electric coupling,ζkmij the electrostrictive modulus andεSikm is the permittivity of
higher order.

In particular the tensoreijklm describes the dependence of the linear elastic
modulus on the electric field strength as well as the dependence of the piezoelec-
tric coupling on the mechanical strain. The electrostrictive parametersζijkm are
derived from the dependency of the permittivity on the mechanical strain [14].
However, for these newly introduced material tensors of higher order the determi-

Figure 42: Variation of the piezoelectric constants as a function of the applied
field. Left for a hard PZT and right for a soft PZT. The results which are reported
in [106] are obtained by an experiment driving the ceramic with a high AC voltage
and measuring the displacements by laser Doppler interferometry

nation of their components is a nontrivial task both from themeasurement side and
from the mathematical point of view. In particular for the latter a stable depen-
dency of the parameters from measurements might be hard to establish. Literature
provides only few results, see e.g. [14, 68, 124, 125]. However, the terms in (4.3)
suggest to combine all pure mechanical, all pure electric and the mixed ones and
express them by functional dependencies as shown in Table 11. The material law

mechanical strainS electric field strengthE
elasticity modulus cE(~S)

piezoelectric coupling e(~S, ~E) e(~S, ~E)

permittivity ε
S( ~E)

Table 11: Functional dependencies of piezoelectric material parameters [140].

which is now expressed with functional dependencies of the tensors by the field
quantities reads as [85]

σij = cEijkl(
~S)Skl − eTijk(

~S, ~E)Ek (4.4)

Di = eikl( ~E, ~S)Skl + εSik(
~E)Ek. (4.5)



CHAPTER IV: Direct and Inverse Problem for Nonlinear Piezoelectrics 110

The following setting shows that expressions with higher order tensors are just a
special case of the functional dependencies [140]

cEijkl(
~S) = cEijkl +

1

2
cEijklmnSmn + ... (4.6)

eijk(~S, ~E) = eikl − eijklmSkl +
1

2
ζijmkEm + ... (4.7)

εSik(
~E) = εSik +

1

2
εSikmEm + .... (4.8)

The task is now not to determine single constant parameters but parameter curves
depending on electric field and mechanical strain which willbe the main topic of
Section 4.3.

There are several possible techniques to determine the functional dependencies
by appropriate measurement setups which are discussed in Simkovic [140].

The following subsections describe further nonlinearities and dependencies
which are present in piezoelectric applications. However,neither new mathemati-
cal models nor new cognitions will be presented, so the reader can easily proceed
with Section 4.2 without losing the central idea.

Hysteresis

Piezoelectric media, driven at high voltages or charges, may tend to change their
state of polarization if the applied electric field is strongenough which is a typical
phenomenon for ferroelectric materials. Therefore, if a large alternating voltage
drives the ceramic a switching of the polarization direction has to be taken into
account. This is often done by considering reversible and irreversible effects in
an additive manner. The reversible ones are modelled by the already discussed
linear model. There are well-developed thermodynamicallyconsistent models (see
Kamlah [81–83] and references therein) which can take the irreversible phenomena
into account while respecting the current state of polarization. Besides these there
are phenomenological ones such as Preisach or Jiles-Atherton operators [56, 88,
122, 140]. So called hysteresis or butterfly curves make these effects visible, see
Figure 43 from [141]. Here in point A for a sufficiently large positive electrical
field all domains are aligned in the direction of the applied field. The material acts
as a single domain. Point B is referred to as the point of positive remanence. The
applied field is zero, remanent polarization and strain are present. Small changes
of the fields respond with linear, reversible behavior. Decreasing the electric field
below the negative coercive field−Ec the polarization quickly begins to change
with 180◦ domain switches. Negative strains in Figure 43.b are due to90◦ switches.
Reducing the field further to point D, all dipoles are again oriented in a parallel but
opposite direction as in point A. Strains are equal to the ones in A since distortions
are the same for positive and negative polarizations. Negative remanence is present
in point F, again a state where small field changes cause linear, reversible responses.
Increasing again the applied field involves180◦ switching of the domains, point



CHAPTER IV: Direct and Inverse Problem for Nonlinear Piezoelectrics 111

G [141]. Negative strains are again induced by90◦ switchings. After the field
exceedsEc, the coercive field, we return to point A with a uniform alignment of
all dipoles.

Figure 43: Typical~E − ~P and ~E − ~S (= ε) curve due to hysteresis. [141]

A second effect based on the load history is the ferroelasticbehavior. Here, due
to mechanical stresses a change in polarization happens by90◦ switching of the
domains. Thus, the macroscopic polarization decreases. Figure 44 illustrates the

Figure 44: Typical~σ − ~S (= ε) and~σ − ~P curve due to ferroelasticity. [141]

ferroelastic effect. Point H is the point of positive remanence equivalent to the point
B in Figure 43. Confronting the piezoelectric workpieces with a compressive stress
90◦ switchings are invoked, causing negative strains and reducing the polarization.
In point I the mechanical modulus is approximately linear. Reducing the applied
stress to zero, point J, leaves reversible and almost linearchanges in polarization
and strains.

The correct treatment of the transducer’s load history and numerical simulation
combined with identification routines for occurring model parameters involved is a
present topic of research, but not subject of this thesis. For further reading consult,
e.g. [56,74,83].

Geometric Nonlinearities

Well-known models from mechanics which treat effects of geometric nonlineari-
ties are included into the mathematical description of piezoelectric ceramics. This,
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for example is in particular expedient if one quantitatively analyzes thin shells,
cantilevers, bimorphs, piezo-laminated plates or partially multilayered stack actu-
ators. In particular for low mass and highly flexible structures geometric nonlin-
ear effects due to large deformations are apparent [105]. The approach in real-
izing nonlinear geometric effects consits of a substitution of the linear mechan-
ical stress and strain tensors by the second Piola-Kirchhoff stress tensor and the
Green-Lagrangian strain tensor, respectively. The resulting nonlinear relation be-
tween stress and strain requires an iterative linearization where one distinguishes
between the total Lagrangian formulation referring to the initial state and the up-
dated Lagrangian formulation referring to the deformed state, respectively. For
further reading, see e.g. [80,115,121,140,150].
Here we consider applications with comparatively small deformations and there-
fore do not take geometric nonlinearities into account.

In literature sometimes deviant behavior of piezoelectricmaterials due to fur-
ther effects, like e.g. heating or frequency dependency arealso considered as non-
linear effects. We briefly specify the different effects in the sequel since their im-
pact on specimen driven by large signals is even more severe than in the small-
signal, i.e. the linear case.

Frequency Dependency

As we have already seen in the results of Section 3.3.4 the material parameters for
the different monomodal resonators show remarkable differences. This is mainly
due to the fact that these resonators vibrate at different frequency ranges (60kHz−
2MHz) and the effect of frequency dependency becomes obvious [49] . Usually
one determines material parameters at the first (fundamental) resonant mode. But
as soon as the transducer is driven at some different frequency range the parameters
lose their exactness. In particular the dielectric constant ε shows a remarkable
decrease in higher frequency ranges, approximately10% per decade. In order to
determine the frequency dependency, measurements of higher modes are required.
Characterization of the material parameters by the method proposed in Section
3.3 considering each range of frequencies where a higher resonance of a single
vibration mode occurs gives a set of parameters as a functionof frequency [106].
Also one should have in mind that nonlinearities induced by hysteresis phenomena
differ remarkably at different excitation frequencies anddecrease at higher rates of
oscillations. Parameter curves for the nonlinear case are therefore functions of the
amplitude and frequency of the applied field.

Temperature Dependency

Due to the physical effects pyroelectricity and thermal expansion as well as piezo-
and electrocaloric effects the transducers are markably influenced by inner and sur-
rounding temperature changes. Usually, with higher temperatures the piezoelectric
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specimen shows a damped behavior. Difficulties in detectingnonlinear parame-
ters lie in particular in a self-heating of the probes which occurs in high power
applications [106].

4.2 The Nonlinear Forward Problem

We remind that for both the forward and inverse problem the parameter curves do
not depend on the unknown values electric potential and mechanical displacement
but on their spatial derivatives. However, for modeling thematerial dependency
it is common not to distinguish between the several entries in the field quantities
(six for strain and three for electric field), but to confine the representation to ei-
ther a dependency on the amplitude of the fields|~S|, | ~E| or on the most dominant
components. The latter is a good approximation for the case of uniaxial loading
which holds in many actuator applications. For example for athickness resonator
we mainly observe changes inφ|3 := E3 = ∂φ/∂x3 andu|33 := S3 = ∂u3/∂x3.
If one considers to evaluate the norm of the field components one has to be aware
that non-differentiability is introduced causing non-smooth results. In this section
we confine the represention to lossless materials, i.e. no damping is considered in
order to shorten the notation as far as possible. So the set ofpiezoelectric PDEs in
case of material nonlinearities for time dependent problems now reads

ρ
∂2u

∂t2
− BT

(

cE(u|xx)Bu + eT (u|xx, φ|x)∇φ
)

= 0 in Ω (4.9a)

−∇ ·
(

e(u|xx, φ|x)Bu− ε
S(φ|x)∇φ

)

= 0 in Ω , (4.9b)

wherex stands for an arbitrary space dimension. For the numerical treatment of the
nonlinearities in the piezoelectric stiffness matrices a damped fixed-point iteration
is carried out during each time step, i.e.

uk+1
n+1 = uk

n+1 + η∆uk
n+1 (4.10)

where∆uk
n+1 solves

K∗(uk
n+1)∆uk

n+1 =

(

fn+1 +
1

βH∆t2
Mũ −K∗(uk

n+1)u
k
n+1

)

, (4.11)

where the predictor̃u is computed as in (1.123) and

K∗(uk
n+1) := K(uk

n+1) +
1

βh∆t2
M.

The corrector step now reads as

ük+1
n+1 =

uk+1
n+1 − ũ

βh∆t2

u̇k+1
n+1 = ˙̃u + γH∆tük+1

n+1. (4.12)

The relaxation parameter0 < η ≤ 1 is steered by a simple line-search.
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4.3 The Inverse Problem

We formulate the inverse problem of identifying the material parameter curves
from electrical or mechanical measurements with the following parameter-to-solution
mapF which in time domain in its most general form is defined as

F : D(F ) ⊆ Xpar → Ymeas

(cE , e, εS) 7→ yδ(t), t ∈ [0, T ],

(4.13)

where(cE , e, εS) are parameter curves depending on the physical field quantities
electric field and mechanical strain. In order to reduce the complexity of computa-
tions and the representation of the Gâteaux derivative ofF and its adjoint we con-
sider only the dependency of the33 components ofe andε

S on ~E3 = (0, 0, φ|3)
T

and assume that the constant material parameters are known (e.g. from identifi-
cation at small signals according to Chapter 3). The parameter-to-solution map
reduces and specifies in case of electric charge measurements to

F : D(F ) ⊆
(
H2(IR)

)2 → L2([0, T ])

(e33, ε33) 7→
∫

Γ

~D(t) · ~ndΓ

=

∫

Γ

(
e3(φ|3)Bu(t) − ε

S
3 (φ|3)∇φ(t)

)
· ~ndΓ,

(4.14)

where the pair(u, φ) solves

ρ
∂2u

∂t2
−BT

(

cEBu + e3(φ|3)
T∇φ

)

= 0 in Ω × [0, T ]

−∇ ·
(

e3(φ|3)Bu − ε
S
3 (φ|3)∇φ

)

= 0 in Ω × [0, T ] , (4.15)

combined with the boundary and initial conditions

NT (cEBu + e3(φ|3)
T∇φ

)

= 0 on∂Ω × [0, T ]

φ = 0 onΓg × [0, T ]

φ = φe onΓe × [0, T ]
(

e3(φ|3)Bu− ε
S
3 (φ|3)∇φ

)

· ~n = 0 onΓr × [0, T ]

u(·, 0) = u0 onΩ

ut(·, 0) = u̇0 onΩ (4.16)
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and the tensorse3(v) andε
S
3 (v) are defined as

e3(v) =





0 0 0 0 e15 0
0 0 0 e15 0 0
e31 e31 e33(v) 0 0 0



 and

ε
S
3 (v) =





ε11 0 0
0 ε11 0
0 0 ε33(v)



 . (4.17)

The derivatives of the terms in (4.17) are defined as

e′3(v) :=





0 0 0 0 0 0
0 0 0 0 0 0
0 0 e′33(v) 0 0 0



 andε
S
3
′
(v) :=





0 0 0
0 0 0

0 0 εS33
′
(v)



 .

The choice of a second order Sobolev space as a pre-image space is motivated by
the continuous differentiability of the parameter curves that is required for carrying
out Newton’s method in forward computations. Since we only have measurements
of zero order derivatives available, i.e. electric charge or mechanical displacements
and not any values of higher order derivatives with respect to time (velocity, accel-
eration or electric current) the data space is

Y = L2[0, T ]. (4.18)

For the sought-after quantities, the parameter curves, as already mentioned, we
assume spaces

D(F ) := X ⊆ (H2(IR))2 (4.19)

in order to obtainC1 curves bySobolev’s embedding theorem. The operatorF ac-
tually maps intoC2[0, T ]. So we have a difference in the regularity of these spaces
which corresponds to an ill-posedness of twice numerical differentiation for the
parameter curves reconstruction, see e.g. Example 1.1 and 1.6 in [36].

4.3.1 The Adjoint Operator

The following is devoted to the computation of the adjoint operator of the linearized
problem.

Proposition 4.1. The adjoint operatorF ′(e33, ε
S
33)

∗ of the linearization ofF de-
fined in (4.14) is given by

(F ′(e33, ε
S
33)

∗[z])(λ) (4.20)

=

∫ T

0

∫

Ω
Φ(λ− φ|3)

(
(Bu)3z̃|3 − φ|3(Bṽ)3

φ|3z̃|3

)

dΩ dt,



CHAPTER IV: Direct and Inverse Problem for Nonlinear Piezoelectrics 116

whereΦ is defined by

Φ(a) =
1

2

√
π

2
(1 + |a|)e−|a|. (4.21)

The values(ṽ, z̃) are here obtained by solving the adjoint set of differentialequa-
tions

ρṽtt −BT (cEBṽ + e3(φ|3)
T∇z̃) = 0 onΩ × [0, T ]

−∇ ·
(

(e3(φ|3) + e′3(φ|3)φ|3)Bṽ + e′3(φ|3)Buz̃|3

− (εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇z̃

)

= 0 onΩ × [0, T ]

NT
(

cEBṽ + e3(φ|3)
T∇z̃

)

= 0 on∂Ω × [0, T ]

z̃ = z(t) on Γe × [0, T ]

z̃ = 0 on Γg × [0, T ]
(

(e3(φ|3) + e′3(φ|3)φ|3)Bṽ + e′3(φ|3)Buz̃|3

− (εS
3
′
(φ|3)φ|3 + ε

S
3 (φ|3))∇z̃

)

· ~n = 0 on Γr × [0, T ]

ṽ(·, t = T ) = ṽt(·, t = T ) = 0 on Ω. (4.22)

Proof. We define the parameter increment tensorsde3(v) anddε
S
3 (v) by

de3(v) :=





0 0 0 0 0 0
0 0 0 0 0 0
0 0 de33(v) 0 0 0



 anddε
S
3 (v) :=





0 0 0
0 0 0

0 0 dεS
33(v)



 .

Let us consider the following neighboring problem with the incremented ma-
terial parameterse33 + δde33 andεS33 + δdεS

33

ρ
∂2ũ

∂t2
− BT

(

cEBũ + (e3 + δde3)
T (φ̃|3)∇φ̃

)

= 0 in Ω × [0, T ]

−∇ ·
(

(e3 + δde3)(φ̃|3)Bũ − (εS
3 + δdε

S
3 )(φ̃|3)∇φ̃

)

= 0 in Ω × [0, T ]

NT
(

cEBũ + (e3 + δde3)
T (φ̃|3)∇φ̃

)

= 0 on∂Ω × [0, T ]

φ̃ = 0 onΓ0 × [0, T ]

φ̃ = φe onΓe × [0, T ]
(

(e3 + δde3)(φ̃|3)Bũ − (εS
3 + δdε

S
3 )(φ̃|3)∇φ̃

)

= 0 onΓr × [0, T ]

ũ(·, 0) = u0 onΩ

ũt(·, 0) = u̇0 onΩ. (4.23)

Formally, the derivative of the forwardF operator in direction[de33, dε33] is given
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by

F ′(e33, ε
S
33)[de33, dε

S
33]

= lim
δ→0

F (e33 + δde33, ε
S
33 + δdεS

33) − F (e33, ε
S
33)

δ

=

∫

Γe

lim
δ→0

(

e3(φ̃|3)Bũ− ε
S
3 (φ̃|3)∇φ̃− e3(φ|3)Bu + ε

S
3 (φ|3)∇φ

δ

)

· ~n dΓ

=

∫

Γe

(

e3(φ|3)Bdu + e′3(φ|3)dφ|3Bu− (εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇dφ

)

· ~ndΓ

+

∫

Γe

de3(φ|3)Bu · ~n dΓ +

∫

Γ
dε

S
3 (φ|3)∇φ · ~n dΓ,

where(du, dφ) solve the following linear system inΩ × [0, T ]

ρ
∂2

∂t2
du− BT

(

cEBdu + (e3(φ|3) + e′3(φ|3)φ|3)
T∇dφ

)

= BT (de3(φ|3)∇φ)

−∇ ·
(

e3(φ|3)Bdu + e′3(φ|3)dφ|3Bu− (εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇dφ

)

= ∇ · (de3(φ|3)Bu + dε
S
3 (φ|3)∇φ),

(4.24)

with boundary and initial conditions

NT
(

cEBdu + (e3(φ|3) + e′3(φ|3)φ|3)
T∇dφ+ de3(φ3)

)

= 0 on∂Ω × [0, T ]

dφ = 0 onΓ0 × [0, T ]

dφ = 0 onΓe × [0, T ]
(
e3(φ|3)Bdu + e′3(φ|3)dφ|3Bu

− (εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇dφ

+ de3(φ|3)Bu + dε
S
3 (φ|3)φ|3

)
· ~n = 0 onΓr × [0, T ]

u(·, 0) = 0 onΩ

ut(·, 0) = 0 onΩ. (4.25)

With the Gâteaux derivative ofF we can compute the adjointF ′(·)∗, since it holds

∀ de33, dεS
33 ∈

(
H2(IR)

)2
, z ∈ L2[0, T ]

〈F ′(e33, ε
S
33)[de33, dε

S
33], z〉L2[0,T ] = 〈[de33, dεS

33], F
′(e33, ε

S
33)

∗z〉(H2(IR))2 .

(4.26)
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The inner product in the left-hand side of (4.26) is given by

∫ T

0

∫

Γ

(
e3(φ|3)Bdu + e′3(φ|3)dφ|3Bu− (εS

3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇dφ

+ de3(φ|3)Bu + dε
S
3 (φ|3)φ|3

)
· ~n z dΓ dt.

(4.27)

Due to the boundary conditions in (4.25) we can extend the surface integral in
(4.27) to the complete boundary∂Ω of Ω and applying thedivergence theoremwe
get for (4.27)

∫ T

0

∫

Ω
∇ ·
(
e3(φ|3)Bdu + e′3(φ|3)dφ|3Bu

−(εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇dφ+ de3(φ|3)Bu + dε

S
3 (φ|3)φ|3

)
z̃ dΩ dt

+

∫ T

0

∫

Ω

(
e3(φ|3)Bdu + e′3(φ|3)dφ|3Bu

−(εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇dφ+ de3(φ|3)Bu + dε

S
3 (φ|3)φ|3

)T∇z̃ dΩ dt.
(4.28)

Now, the following identity holds sincedφ = 0 on Γe and Γg and due to the
homogeneous Neumann boundary condition onΓr in (4.22)

0 =

∫ T

0

∫

∂Ω

(
(e3(φ|3) + e′3(φ|3)φ|3)Bṽ + e′3(φ|3)z̃|3Bu

)
· ~ndφ dΓ dt

−
∫ T

0

∫

∂Ω

(

(εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇z̃

)

· ~n dφ dΓ dt

=

∫ T

0

∫

Ω
∇ ·
(
(e3(φ|3) + e′3(φ|3)φ|3)Bṽ + e′3(φ|3)z̃|3Bu

)
dφ dΩ dt

−
∫ T

0

∫

Ω
∇ ·
(

(εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇z̃

)

dφ dΩ dt

+

∫ T

0

∫

Ω

(
(e3(φ|3) + e′3(φ|3)φ|3)Bṽ + e′3(φ|3)z̃|3Bu

)
∇dφ dΩ dt

−
∫ T

0

∫

Ω

(

(εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇z̃

)

∇dφ dΩ dt.

(4.29)
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Subtracting (4.29) from (4.28) we obtain

〈F ′(e33, ε
S
33)[de33, dε

S
33], z〉L2[0,T ]

=

∫ T

0

∫

Ω
∇ ·
(

e3(φ|3)Bdu + e′3(φ|3)dφ|3Bu
)

z̃ dΩ dt

−
∫ T

0

∫

Ω
∇ ·
(

ε
S
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇dφ

)

z̃ dΩ dt

−
∫ T

0

∫

Ω
∇ ·
(
de3(φ|3)Bu + dε

S
3 (φ|3)φ|3

)
z̃ dΩ dt

+

∫ T

0

∫

Ω

(

e3(φ|3)Bdu + e′3(φ|3)dφ|3Bu
)T

∇z̃ dΩ dt

−
∫ T

0

∫

Ω

(

(εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))

T∇dφ
)T

∇z̃ dΩ dt

−
∫ T

0

∫

Ω

(
de3(φ|3)Bu + dε

S
3 (φ|3)φ|3

)T ∇z̃ dΩ dt

−
∫ T

0

∫

Ω
∇ ·
(
(e3(φ|3) + e′3(φ|3)φ|3)Bṽ + e′3(φ|3)z̃|3dBu

)
dφ dΩ dt

+

∫ T

0

∫

Ω
∇ ·
(

(εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇z̃

)

dφ dΩ dt

−
∫ T

0

∫

Ω

(
(e3(φ|3) + e′3(φ|3)φ|3)Bṽ + e′3(φ|3)z̃|3Bu

)T ∇dφ dΩ dt

+

∫ T

0

∫

Ω

(

(εS
3
′
(φ|3)dφ|3 + ε

S
3 (φ|3))∇z̃

)T
∇dφ dΩ dt,

(4.30)

which with (4.22) and (4.24) simplifies to

∫ T

0

∫

Ω

(
de3(φ|3)Bu + dε

S
3 (φ|3)φ|3

)T ∇z̃ dΩ dt

−
∫ T

0

∫

Ω
(e3(φ|3)Bdu)T∇z̃ dΩ dt

+

∫ T

0

∫

Ω

(
(e3(φ|3) + e′3(φ|3)φ|3)Bṽ

)T ∇dφ dΩ dt. (4.31)

Partial integration of each term containinge3(φ|3) in (4.31) gives with (4.22) and
(4.24)
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−
∫ T

0

∫

Ω
(e3(φ|3)Bdu)T∇z̃ dΩ dt

=

∫ T

0

∫

Ω
(BTe3(φ|3)

T∇z̃)T du dΩ dt −
∫ T

0

∫

∂Ω
(e3(φ|3)

T∇z̃)TNdu dΓ dt

=

∫ T

0

∫

Ω
(ρṽtt − BTcEBṽ)T du dΩ dt+

∫ T

0

∫

∂Ω
(cEBṽ)T Ndu dΓ, dt

=

∫ T

0

∫

Ω
ρṽttdu dΩ dt+

∫ T

0

∫

Ω
(cEBṽ)TBdu dΩ dt,

(4.32)

and
∫ T

0

∫

Ω
(e3(φ|3)Bṽ)T∇dφ dΩ dt

= −
∫ T

0

∫

Ω
(BTe3(φ|3)

T∇dφ)T ṽ dΩ dt +

∫ T

0

∫

∂Ω
(e3(φ|3)

T∇dφ)Nṽ dΓdt

= −
∫ T

0

∫

Ω

(
ρdutt − BT

(
cEBdu + e′3(φ|3)

Tφ|3∇dφ
))T

ṽ dΩ dt

−
∫ T

0

∫

∂Ω
(cEBdu + e′3(φ|3)

Tφ|3∇dφ)Nṽ dΓdt

+

∫ T

0

∫

Ω
(BTde3(φ|3)

T∇φ)T ṽ dΩ dt−
∫ T

0

∫

∂Ω
(de3(φ|3)

T∇φ)Nṽ dΓ dt

= −
∫ T

0

∫

Ω
ρduttṽ dΩ dt−

∫ T

0

∫

Ω
(cEBdu)TBṽ dΓdt

−
∫ T

0

∫

Ω

(
e′3(φ|3)

Tφ|3∇dφ
)T Bṽ dΩ dt−

∫ T

0

∫

Ω
(deT

3 (φ|3)∇φ)TBṽ dΩ dt.

(4.33)

Substituting (4.32) and (4.33) in (4.31) we obtain after partial integration with re-
spect to time

〈F ′(e33, ε
S
33)[de33, dε

S
33], z〉L2[0,T ] =

∫ T

0

∫

Ω
(de3(φ|3)Bu)T∇z̃ − de3(φ|3)φ|3Bṽ + dε

S
3 (φ|3)φ|3∇z̃ dΩ dt.

(4.34)

Taking advantage of thesifting propertyof the Dirac delta distributionδ0 one ob-
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tains

〈[de33, dεS33], (F ′(e33, ε
S
33)

∗[z])〉

=

∫ T

0

∫

Ω

∫

IR
δ0(λ− φ|3)(de3(λ)Bu)T∇z̃ dλ dΩ dt

−
∫ T

0

∫

Ω

∫

IR
δ0(λ− φ|3)de3(λ)φ|3Bṽ dλ dΩ dt

+

∫ T

0

∫

Ω

∫

IR
δ0(λ− φ|3)dε

S
3 (λ)φ|3∇z̃ dλ dΩ dt

=

∫

IR
de33(λ)

∫ T

0

∫

Ω
δ0(λ− φ|3)(Bu)3z̃|3 dΩ dt dλ

−
∫

IR
de33(λ)

∫ T

0

∫

Ω
δ0(λ− φ|3)φ|3(Bṽ)3 dΩ dt dλ

+

∫

IR
dεS

33(λ)

∫ T

0

∫

Ω
δ0(λ− φ|3)φ|3z̃|3 dΩ dt dλ . (4.35)

By applying thetheorem of Parsevalthe inner product from (4.35) in Fourier space
is

〈[de33, dε33], (F ′(e33, ε
S
33)

∗[z])〉 =
∫

IR
(Fλ[de33, dε

S
33])(ω)Fλ

(∫ T

0

∫

Ω
δ0(· − φ|3)Ψ(x, t) dΩ dt

)

(ω)dω,

(4.36)

where

Ψ(x, t) =

(
(Bu)3z̃|3 − φ|3(Bṽ)3

φ|3z̃|3

)

. (4.37)

Now computing the Fourier transformation of theδ0 function

F(δ0(· − α))(ω) =
1√
2π

∫

IR
e−iωλδ0(λ− α

︸ ︷︷ ︸

:=λ̃

)dλ

=
1√
2π

∫

IR
e−iω(λ̃+α)δ0(λ̃)dλ̃

= e−iωα(Fδ0)(ω)

= e−iωα (4.38)

and with|| · ||2H2 =
∫

IR(1 + 2ω2 + ω4)|F(·)|2(ω)dω we obtain

〈[de33, dεS
33], F

′(e33, ε
S
33)

∗z〉(H2(Λ))2 =
∫

IR(1 + ω2)2(Fλ[de33, dε
S
33])(ω)

∫ T
0

∫

Ω
1

(1+ω2)2
e−iωφ|3Ψ(x, t) dΩ dtdω.

(4.39)
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From this

F ′(e33, ε
S
33)

∗ = F−1
λ

(
∫ T

0

∫

Ω

e−iωφ|3

(1 + ω2)2
Ψ(x, t) dΩ dt

)

(4.40)

which requires a solution of the following integral

∫ ∞

−∞

eiω(·−φ|3)

(1 + ω2)2
dω. (4.41)

We will evaluate the integral in (4.41) by expressing it as a limit of contour integrals
along the contour C which goes along the real line from some−a to a and then
counterclockwise along a semicircle centered at0 from a to −a. Consideringa to
be greater than1 encloses the imaginary units±i within the curve. Regarding the
complex plane the only singularities lie atω = ±i with order two. The residue of
(4.41) is given by

Res(f(ω),±i) = lim
ω→±i

∂

∂ω
(ω ± i)2

eiω(·−φ|3)

(i+ ω)2(i− ω)2

=
i

4
(1 + (· − φ|3))e

±(·−φ|3) (4.42)

By the residue theoremthe contour integral along the contourC which forms a
Jordan curvecomputes e.g. forω = i as

∮

C
f(z)dz = 2iπ

2∑

k=1

Res(f(z),i) =
π

2
(1 + (· − φ|3))e

−(·−φ|3). (4.43)

Dividing the contour into a part which is just the straight line in the complex plane
for i = 0 and going to the limit fora → ∞ gives the required solution since the
integral over the rest of the contour tends to zero for this limit. Thus, distinguishing
between(· − φ|3) > 0 and(· − φ|3) < 0 we have

∫ ∞

−∞

eiω(·−φ|3)

(1 + ω2)2
dω =

1

2

√
π

2
(1 + |(· − φ|3)|)e−|(·−φ|3)|. (4.44)

With this, the adjoint operator computes as

(F ′(e33, ε
S
33)

∗[z])(λ) =

∫ T

0

∫

Ω
Φ(λ− φ|3)Ψ(x, t) dΩ dt. (4.45)
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4.3.2 The Degree of Ill-Posedness

By the analytic formula of the adjoint the smoothing character of the adjoint and
so the ill-posedness of the linearized problem can be quantified by the following
theorem:

Proposition 4.2. Assume that the solution operatorS : z 7→ (z̃, ṽ) of the adjoint
equation in (4.22) is bounded in its norm, i.e.

||S||(Hσ(0,T ))∗→(Hσ(0,T ;H1
0,Γ(Ω)∗))∗×(Hσ(0,T ;H1

B(Ω)∗))∗ <∞. (4.46)

If further u, φ ∈ C∞([0, T ] ×Ω), then the operatorF ′(e33, ε
S
33)

∗ can be extended
to a continuous linear operator mapping from(Hσ[0, T ])∗ to (H2(IR))2 for any
σ ∈ (0, 3/2).

Remark: The assumptions in (4.46) are somehow “plausible”,the spaceC∞

for u andφ is chosen for simplicity.

Proof. For anyz ∈ L2[0, T ] andσ ∈ (1, 3
2 ) we have

||F ′(e33, ε
S
33)

∗[z]||(H2(IR))2

=

∫

IR
(1 + ω2)2

∣
∣
∣
∣

∫ T

0

∫

Ω
e−iφ|3ω(FΦ)(ω)Ψ(x, t) dΩ dt

∣
∣
∣
∣

2

dω

=

∫

IR

∣
∣
∣
∣
∣

∫ T

0

∫

Ω

e−iφ|3ω

1 + ω2
Ψ(x, t) dΩ dt

∣
∣
∣
∣
∣

2

dω

=

∫

IR

(
1

1 + ω2

)2
(∣
∣
∣
∣

∫ T

0

∫

Ω
e−iφ|3ω

(
(Bu)3z̃|3 − φ|3(Bṽ)3

)
dΩdt

∣
∣
∣
∣

2
)

dω

+

∫

IR

(
1

1 + ω2

)2
(∣
∣
∣
∣

∫ T

0

∫

Ω
e−iφ|3ωφ|3z̃|3 dΩdt

∣
∣
∣
∣

2
)

dω

≤
∫

IR

(
1

1 + ω2

)2
(
2||z̃|3||2(Hσ([0,T ];L2(Ω)))∗ ||e−iφ|3ω(Bu)3||2Hσ([0,T ];L2(Ω))

+ 2||(Bṽ)3||2(Hσ([0,T ];L2(Ω)))∗ ||e−iφ|3ωφ|3||2Hσ([0,T ];L2(Ω))

+ 2||z̃|3||2(Hσ([0,T ];L2(Ω)))∗ ||e−iφ|3ωφ|3||2Hσ([0,T ];L2(Ω))

)
dω. (4.47)

We now analyze single components of (4.47), where

||z̃|3||(Hσ([0,T ];L2(Ω)))∗ ≤ ||z̃||(Hσ([0,T ];H1
0,Γ(Ω)∗))∗ and

||(Bṽ)3||(Hσ([0,T ];L2(Ω)))∗ ≤ ||ṽ||(Hσ([0,T ];H1
B(Ω)∗))∗ . (4.48)

The values in (4.48) are, by our assumption on the solution operator of the adjoint
equation, bounded by some constant times||z||(Hσ([0,T ]))∗ . The terms in (4.47)



CHAPTER IV: Direct and Inverse Problem for Nonlinear Piezoelectrics 124

with norms inHσ([0, T ], L2(Ω)) including the functione−iφ|3ω can be estimated
with the help of the following interpolation inequality

∀υ ∈ H2[0, T ] : ||υ||Hσ [0,T ] ≤ ||υ||2−σ
H1[0,T ]

||υ||σ−1
H2[0,T ]

, (4.49)

which is a Nirenberg-Gagliardo type interpolation inequalitiy [40,110] of the form

||∇(k)f ||L2 ≤ ||f ||1−k/m
L2 ||∇(m)f ||k/m

L2

with ∇(l)f = (Dαf)|α|=l, together with the choicesm = 1 andk = σ − 1 and
settingf = ∇v. Now, the first and second time derivatives ofe−iφ|3ωφ|3 are

d

dt
e−iφ|3ωφ|3 = e−iφ|3ω

(

−iφ2
|3ω

d

dt
φ|3 +

d

dt
φ|3

)

d2

dt2
e−iωφ|3φ|3 = e−iφ|3ω

(

−ω2φ3
|3

(
d

dt
φ|3

)2

− 3iφ|3ω(
d

dt
φ|3)

2

)

+ e−iφ|3ω

(

−iφ|3ω
d2

dt2
φ|3 +

d2

dt2
φ|3

)

.

(4.50)

Thus withu andφ ∈ C∞

(
1

1 + ω2

)2

||e−iωφ|3φ|3||(Hσ [0,T ];L2(Ω))

= O
((

1

1 + ω2

)2
)

O
(

(ω(2−σ))2
)

O
(
((ω2)σ−1)2

)

= O
((

1

1 + ω2

)2
)

O
((

1

1 + ω2

)−2+σ
)

O
((

1

1 + ω2

)2−2σ
)

= O
(

1

1 + ω2

)2−σ

. (4.51)

We can argue analogously for||e−iωφ|3(Bu)3||(Hσ [0,T ];L2(Ω)). Finally this gives
together with (4.47)

||F ′(e33, ε
S
33)

∗[z]||(H2(IR))2 ≤ C||z||(Hσ [0,T ])∗

∫

IR

(
1

1 + ω2

)2−σ

dω.

The integral here overIR remains finite as long asσ < 3/2. SinceL2[0, T ] is dense
in (Hσ[0, T ]) it follows thatF ′(e33, ε

S
33)

∗ can be extended to a continuous linear
operator mapping from(Hσ[0, T ])∗ to (H2(IR))2 for anyσ ∈ (0, 3/2).

This allows for the interpretation of the adjoint operator being smoothing of
order 3

2 .
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As it is similarly shown in [76]

||F ′(e33, ε
S
33)[s]||Hσ [0,T ]

= sup
z∈Y

(F ′(e33, ε
S
33)[s], z)L2[0,T ]

||z||(Hσ [0,T ])∗

= sup
z∈Y

(s, F ′(e33, ε
S
33)

∗[z])(H2(IR))2

||z||(Hσ [0,T ])∗

≤ ||F ′(e33, ε
S
33)

∗||(Hσ [0,T ])∗→(H2(IR))2 ||s||(H2(IR))2

for any s ∈ X andσ ∈ (0, 3/2). Hence, the rangeR(F ′(e33, ε
S
33)) of the lin-

earization of the forward operatorF is nonclosed inY which shows even the ill-
posedness of the linearized problem.
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4.3.3 Numerical Results

In this section numerical identification results will be presented, however the ex-
position is limited to synthetically generated data only. Identification from real
measurements is the subject of future work.

The numerical results comprise both the identification of one single parame-
ter as a function of the electric field and the simultaneous reconstruction of two
parameters from given charge signals over a finite time interval.

The main intention of this section is to test the iterative multilevel algorithm,
described in detail in Algorithm 3. The discretization of the parameter curves is im-
plemented with either cubic splines or piecewise linear functions. The refinement
of discretization when going from levelN to levelN + 1 is done by bisection of
each subinterval. The coarsest level always consists of three grid points only. For
the implementation of the inner stopping rule a term including information about
the size of the discretization intervals, the data error andappropriate scaling factors
is evaluated according to

||F (ek33, ε
S,k
33 ) − yδ|| ≤ C1(c1δ + c2

1

2N
). (4.52)

The discretization error using splines may be estimated byinfS∈Sk
h
||f−S||Hj(Ω) ≤

chk−j ||f ||Hk(Ω) for any splineS of orderk with uniform knots and widthh [144].
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Figure 45: Nonlinear case: Parametere33 and εS33 as functions of the electrical
field. Values are obtained from [7] for a Pz27 ceramic.

In order to derive realistic parameter curves for our numerical experiments,
considering the relationship of the material tensors

ε
S = ε

σ − dT (sE)−1d (4.53)

we can compute the functional dependency ofεS33 on the electrical field, for exam-
ple, via the one ofd33 andǫσ33 which are measurable from transversal and longitu-
dinal resonators. With the data published in Andersen [7] one gets the functional
dependency ofεE33 ande33 as depicted in Figure 45.
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Figure 46: Charge response with constant (initial guess, dotted) and nonlinear per-
mittivity (exact and fitted data, solid and dashed).

In a first step we report on reconstructing just the permittivity as a function
of the electric field. As initial guess we use a constant function with the value
obtained in the small signal case, see Figures 48-50. As excitation a special signal
with zero charge and zero derivative fort = 0 is chosen. The electric charge serves
as measurements, see Figure 46

Figure 47 shows the development of the residual during the multilevel algo-
rithm for different choices of the damping parameterωk

N . Along the abscissa the
accumulated inner iteration index is plotted, vertical lines show a transition be-
tween two levels. The horizontal line shows the quantityC2δ. As we see, both the
steepest descent and minimal error variant behave rather similarly and proceed (by
coincidence) to the next finer level after the same amount of inner iterations.

Three different types of functions have been reconstructed, see Figures 48-50,
where the linear and parabolic curve are assumed to be physically reasonable, the
third one rather serves to demonstrate the efficiency of the algorithm even to detect
curves with more oscillating behavior.
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Figure 47: Development of residual norm for different choices ofω during re-
construction of the permittivity (for the curve in Figure 49) with one percent data
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Simultaneous Reconstruction of two Parameter Curves

Results of the simultaneous reconstruction of the two parameter curvese33 andεS33
are given in Figure 51. The reconstruction seems to be robustwith respect to errors
in the data. However, in particular for lower field intensities one sees less satisfying
reconstruction results which might be due to the fact that the material parameters
mutually influence each other.

Finally, we observe that not only the shape of the curve or theamount of data
error is responsible for a satisfying data fit, but also the discretization method and
with this the given space, see Figure 52. Here, a comparison between the identifi-
cation results with either cubic splines inH2 or picewise linear functions inL2 is
presented. According to these plots piecewise linear functions seem to be closer to
the exact sought-for quantity, however lacking the desiredregularity.
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The graphic in Figure 53 again shows the charge signal, now after the simulta-
neous reconstruction of two parameter curves for a thickness resonator. In Figure
54 the signals are computed for a longitudinal specimen.
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Figure 53: Charge response. Simulation with constant coefficients (dashed), with
parameter curves as in Figure 45 and after reconstruction (dash-dotted), thickness
resonator.
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parameter curves as in Figure 45 and after reconstruction (dash-dotted) for longi-
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4.4 Summary Chapter 4

This final chapter extends the piezoelectric problem to large-signal applications
where different types of nonlinearities occur. After a detailed discussion of dif-
ferent nonlinear effects, we confine our investigations to material nonlinearities
by considering field dependencies of the material parameters. For the parameter
identification the iterative multilevel algorithm introduced in Chapter 2 is applied
and a detailed description of the computation of the adjointoperatorF ′(e33, ε

S
33)

∗

is presented for the dependency of two parameters on the electric field strength.
The smoothing property of the adjoint operator and the ill-posedness of the lin-
earized problem are shown. Numerical results applied to synthetically generated
data showing robustness and effectiveness of the multilevel algorithm close this
chapter.
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5 Summary and Outlook

5.1 Summary

The thesis at hand provides detailed results for both the mathematical forward and
inverse problem in piezoelectricity. The theoretical results for the forward prob-
lem comprise, apart from the derivation of appropriate setsof partial differential
equations for the piezoelectric problem, which permit the modeling of possibel
losses, well-posedness results in the linear case for transient, harmonic, and static
formulations. As we see, in particular for harmonic computations the range where
the forward problem is well-posed is enlarged to the complete frequency space by
modeling losses with complex-valued material parameters.

Being familiar with conditions under which the piezoelectric partial differential
equations are well-posed, the attention of the reader is nowdirected to inverse prob-
lems in mathematics, mainly with the ulterior motive of parameter identification.
After recalling briefly some well analyzed regularizing iterative methods for non-
linear problems, an iterative multilevel frame, once proposed by Scherzer [130], is
extended to include modified Landweber iterations which by their special choice of
the relaxation parameter feature much faster algorithms than the classical Landwe-
ber iteration. Convergence results of the inner modified Landweber iterations are
established for finite dimensional levels considered during the iterative multilevel
Algorithm 3. The assumptions on the nonlinearity comprise the tangential cone
condition. Further certain regularity of the nonlinear problem at each level is ad-
ditionally required in order to establish the transition from one to the next finer
level. The convergence result is established for mildly andeven severely ill-posed
problems.

The essential nonlinearity condition which we assumed could be verified for a
harmonic identification example.

Algorithm 3 together witha posterioriregularization parameter choices, which
contain estimates on the data noise level and additionally an evaluation of the ap-
proximation error, is shown to be a regularization method, i.e the solutions obtained
by Algorithm 3 converge to the exact solution of the identification problem for a
series of measurements contaminated with data noise level converging to zero.

Well-known iterative regularizing methods turn out to be a robust choice for the
identification of material tensors in linear piezoelectricity. However, a sensitivity
analysis questions the reliability of the identification results showing large differ-
ences in credibility for the single parameters in differentmode shapes. Thus, even
though the fitted impedance curves give impressions of a “perfect” identification
result, some parameters are not reliable even up to the sign.This demands fit-
tings with either a higher number of sampling points or analyzing additional mode
shapes. In particular the lack of reliability encourages the application of optimal
experiment design methods, which by an improved choice of sampling points re-
duces the confidence intervals of all or a selected subset of parameters. To the best
of our knowledge a new approach with a weight function is proposed, as well as
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the combination of two approaches, where one considers on the one hand a fixed
and on the other hand a variable number of measurement locations.

An additional adjustment of the imaginary parts of complex-value material pa-
rameters in harmonic analysis allows for a mathematical design of piezoelectric
transducers including mechanical and electrical losses aswell as imperfect piezo-
electric coupling.

However, in practical applications most of the piezoelectric actuator applica-
tions are driven under large signals requiring appropriatenonlinear models to allow
for a computer-based design or implementing efficient controlling devices. Among
the different kinds of nonlinearities this thesis is confined to material nonlineari-
ties, i.e. we model the entries of the material tensors as functions of the mechan-
ical strain and the electric field. Mainly, the derivation ofthe iterative multilevel
algorithm discussed in Chapter 2 is motivated by the presentdemand of recover-
ing these functional dependencies. Thus we aim at detectinginfinite dimensional
sought-for quantities which are however approximated withincreasing exactness
during the identification scheme.

Numerical results of chapter 4 show efficiency of such a multilevel approach
applied to the ill-posed problem of parameter curve identification. The imple-
mented strategy profits from the inherent regularizing effects of coarse discretiza-
tion but also allows for adequate fine resolution of the sought-after parameter func-
tions at an advanced state of the algorithm as shown by the reconstruction recon-
struction results for synthetically generated data.

5.2 Outlook

According to our current perception this thesis answers a wide spectrum of topics
of direct and inverse problems in piezoelectricity. However, this treatise also raises
new scientific questions which are for both, the mathematical and engineering side,
of particular interest.

Concerning the well-posedness of the different partial differential equations
for the piezoelectric problem it remains open to which extent the results can be
generalized to the nonlinear case considering functional dependencies on spatial
derivatives of the quantities electric potential and mechanical displacement.

During the identification of linear material parameters no attention has yet been
paid to the state of polarization of the single ceramics. Polarized piezoelectric
ceramics however alter in time, i.e. the grade of polarization decreases gradually.
By recording the time passed after the polarization one may detect the parameters
as functions of time for both the unstressed and stressed case.

The multilevel scheme discussed in Chapter 2 may serve as a framework in
which the inner method may be exchanged by arbitrary regularizing iterative schemes,
e.g. (inexact) Newton type methods. Convergence results, after establishing mono-
tonicity of the iterates at fixed level, are to be derived. In particular, propositions
including error estimates of the first iterate on a new level compared to estimates
on a prior one are encountered to be the key steps in the outstanding analyses.
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Further, the iterative multilevel algorithm allows only for a refinement when
switching from one level to the next. However, optional coarsening may reduce po-
tentially occurring oscillations in the sought-for quantities. V- or W- cycles known
from multigrid methods might be applied.

Certainly, discretization of the measured data, which corresponds to finite num-
bers of time steps or frequency locations, provides an amount of regularization
which may not be underestimated. Thus, one may also considera variable dis-
cretization in image-space correlated to the process of identification.

Until know, the determination of functional dependencies with simulation-
based identification routines has not been applied to real world measurements. It
is open yet, if the functional dependencies can be reduced toone or two unknowns
as it is done in this thesis and how appropriate measurementsneed to be conducted
in order to mask interactions with other tensor entries.

It is also conceivable, that one may try to detect parameter curves, in partic-
ular for the piezoelectric coupling and permittivity, for increasing and decreasing
signals, respectively, so that “weak hysteresis effects” can partially be taken into
account.
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5.3 Zusammenfassung

Die vorliegende Arbeit offeriert ausführliche Ergebnissezu sowohl dem mathema-
tischen Vorwärts- wie auch dem inversen Problem in der Piezoelektrik. Die theore-
tischen Ergebnisse für das Vorwärtsproblem umfassen nebender Herleitung von
geeigneten partiellen Differentialgleichungen für das piezoelektrische Problem,
welches die Modellierung von Verlusten erlaubt, Ergebnisse zur Wohlgestelltheit
im linearen Fall für zeitabhängige, harmonische und statische Formulierungen. Wie
man sieht, kann speziell für harmonische Rechnungen der Bereich in dem das Pro-
blem wohlgestellt ist auf den ganzen Frequenzraum durch dieModellierung von
Verlusten mit komplexwertigen Materialparametern erweitert werden.
Nachdem man mit den Bedingungen, unter denen die piezoelektrischen partiel-
len Differentialgleichungen wohlgestellt sind, vertrautist, kann die Aufmerksam-
keit des Lesers auf das inverse Probleme in der Mathematik gelenkt werden; dies
hauptsächlich mit dem Hintergedanken der Parameteridentifizierung. Nachdem ein
knapper Überlick über gut analysierte, regularisierende iterative Verfahren für nicht-
lineare Probleme gegeben wurde, wird das Gerüst eines iterativen Multilevel Ver-
fahrens, welches einst von Scherzer [130] entwickelt wurde, dahin erweitert, dass
es modifizierte Landweber Iterationen beinhaltet. Diese stellen durch ihre spezielle
Wahl des Relaxationsparameters deutlich schnellere Algorithmen im Vergleich zur
klassischen Landweber Iteration dar.
Konvergenzresultate der modifizierten Landweber Iterationen werden auf jedem
betrachteten endlich-dimensionalen Level des Multilevelalgorithmus 3 entwickelt.
Die Annahmen an die Nichtlinearitätsbedingung enthalten die Tangentialkegelbe-
dingung. Zusätzlich muss eine gewisse Regularität des nichtlinearen Problems auf
jedem Level gefordert werden, um einen Übergang von einem zum nächsten Le-
vel zu ermöglichen. Die Konvergenzergebnisse sind für schwach und sogar stark
schlecht gestellte Probleme entwickelt. Es wird gezeigt, dass der Algorithmus 3
zusammen mita posterioriRegularisierungsparameterstrategien, welche Abschät-
zungen des Fehlerniveaus der Daten sowie zusätzlich eine Bewertung des Approxi-
mationsfehlers beinhalten, eine regularisierende Methode darstellt. Dies bedeutet,
dass für eine Reihe von Messungen mit einem gegen Null strebenden Fehlerniveau
die Lösung des Algorithmus 3 gegen die exakte Lösung des Identifizierungspro-
blems konvergiert.
Die Annahme an die Nichtlinearität kann anhand eines harmonischen Identifi-
kationsproblems verifiziert werden.
Wohlbekannte iterative Regularisierungsverfahren zeigen sich als eine stabile Wahl
bei der Identifizierung von Materialtensoren in linearer Piezoelektrik. Jedoch klärt
eine Sensitivitätsanalyse über die Verlässlichkeit der identifizierten Parameter auf,
welche große Unterschiede in der Vertrauenswürdigkeit dereinzelnen Parameter
für verschiedene Schwingungsformen aufzeigt. So, obwohl die angepasste Impe-
danzkurve den Eindruck eines “perfekten“ Fittings vermittelt, können einige Pa-
rameter sogar bis auf das Vorzeichen nicht vertrauenswürdig sein. Dies erfordert
Identifizierungen mit einer grösseren Anzahl von Messwerten oder die Analyse von
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weiteren Schwingungsformen. Speziell der Mangel an Vertrauenswürdigkeit mo-
tiviert die Anwendung von Methoden der optimalen Versuchsplanung, welche bei
einer verbesserten Auswahl von Messpunkten die Konfidenzintervalle aller oder
die einer Teilmenge der Parameter reduziert. Ein unserer Erkenntnis nach unveröf-
fentlicher Ansatz mit einer Gewichtsfunktion wird vorgestellt, sowie die Kombi-
nation von zwei verschiedenen Ansätzen, in denen einerseits von einer festen und
andererseits von einer variablen Anzahl von Messpunkten ausgegangen wird.
Eine zusätzliche Anpassung der imaginären Anteile der komplexwertigen Materi-
alparameter erlaubt harmonische Analysen piezoelektrischer Wandler, wobei me-
chanische, elektrische Verluste sowie nichtperfekte piezoelektrische Koppelungen
berücksichtigt werden.
In praktischen Anwendungen werden jedoch die meisten piezoelektrischen Akto-
ren unter großen Signalen betrieben, was entsprechende nichtlineare Modelle er-
fordert, die ein rechnergestütztes Design oder die Programmierung von effizienten
Kontrolleinheiten erlaubt.
Unter den verschiedenen Arten von Nichtlinearitäten beschränken wir uns in die-
ser Arbeit auf Materialnichtlinearitäten, was bedeutet, dass wir die Einträge der
Materialtensoren als Funktionen der mechanischen Dehnungund der elektrischen
Feldstärke betrachten.
Die Entwicklung des iterativen Multilevelalgorithmus vonKapitel 2 ist hauptsäch-
lich durch die gegenwärtige Notwendigkeit der Identifizierung dieser funktiona-
len Abhängigkeiten motiviert. Somit sind wir hier bestrebt, unendlichdimensio-
nale Unbekannte zu detektieren, welche mit wachsender Genauigkeit während des
Identifikationsprozesses diskretisiert werden.
Die numerischen Ergebnisse des Kapitels 4 zeigen die Effizienz eines solchen Mul-
tilevelansatzes, welcher auf das schlechtgestellte Problem der Identifizierung von
Parameterkurven angewandt wird. Die implementierte Strategie profitiert von den
inhärenten regularisierenden Effekten durch grobe Diskretisierungen einerseits, er-
laubt aber auch eine adäquate Auflösung der gesuchten Parameterfunktionen zu ei-
nem fortgeschrittenen Zeitpunkt des Algorithmus, was Rekonstruktionsergebnisse
von synthetisch generierten Daten zeigen.

5.4 Ausblick

Unserer derzeitigen Erkenntnis nach beantwortet diese Dissertation ein weites Spek-
trum von Themen, die direkte und inverse Probleme der Piezoelektrizität betreffen.
Jedoch wirft diese Abhandlung neue wissenschaftliche Fragen auf, die sowohl für
die mathematischen wie auch von ingenieurstechnischer Seite von speziellem In-
teresse sind.
Es bleibt offen, bis zu welchem Grade die Wohlgestelltheit der verschiedenen parti-
ellen Differentialgleichungen für das piezoelektrische Problem auf den nichtlinea-
ren Fall verallgemeinert werden können, wobei funktionaleAbhängigkeiten der
Materialtensoren von den örtlichen Ableitungen des elektrischen Potentials und
der mechanischen Verschiebung betrachtet werden sollen.
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Während der Identifizierung der linearen Parameter wurde bislang der Zustand der
Polarisation der einzelnen Keramiken nicht berüchsichtig. Polarisierte Keramiken
hingegen ”altern“ im Laufe der Zeit, sprich der Grad der Polarisierung nimmt ste-
tig ab. Die Zeit messend, welche seit der Polarisierung verstrichen ist, könnte es
erlauben, die Parameter als Funktionen der Zeit zu identifizieren, sowohl für den
unbelasteten wie auch den belasteten Fall.
Der Multilevelalgorithmus, welcher in Kapitel 2 diskutiert wird, kann als Rahmen
dienen, in welchem die innere Methode durch beliebige regularisierende iterative
Methoden ersetzt werden kann, zum Beispiel (inexakte) Newton-artige Verfahren.
Konvergenzaussagen, nachdem Monotonie der Iterierten aufeinem fixen Level ga-
rantiert wird, müssen gezeigt werden. Hier werden insbesondere Aussagen, welche
Fehlerabschätzungen der ersten Iterierten auf einem neuenLevel verglichen mit
den Iterierten auf einem vorhergegangenen Level betreffen, als wichtigste Schritte
der ausstehenden Analyse angesehen.
Weiterhin erlaubt der iterative Multilevelalgorithmus nur Verfeinerungen beim Über-
gang von einem zum anderen Level. Jedoch können optionale Vergröberungen
mögliche auftretende Oszillationen in den gesuchten Größen reduzieren. V- oder
W-Zyklen, wie man sie von Multigrid Methoden her kennt, könnten angewendet
werden.
Sicherlich stellt auch die Diskretisierung der gemessenenDaten, was einer end-
lichen Anzahl von Zeitschritten oder Frequenzpunkten entspricht, eine nicht zu
unterschätzende Regularisierung dar. Somit könnte man ebenso eine variable Dis-
kretisierung im Bildbereich betrachten, die mit dem Fortschritt der Identifizierung
korreliert.
Bislang wurde die Bestimmung der funktionalen Abhängigkeiten mit simulations-
basierten Identifikationsroutinen noch nicht auf real gemessene Daten angewandt.
Es sind bislang offene Fragen, ob die funktionalen Abhängigkeiten auf ein oder
zwei Unbekannte reduziert werden können, wie es in dieser Arbeit getan wurde
und wie geeignete Messungen durchgeführt werden müssten, um Abhängigkeiten
von weiteren Tensoreinträgen möglichst auszublenden.
Ferner wäre denkbar, dass man versucht, die Parameterkurven, speziell die der
piezoelektrischen Spannungskonstante und der Permittivität für ansteigende und
fallende Signale getrennt zu bestimmen, so dass ein ”schwacher Hystereseeffekt“
teilweise mit in das Modell aufgenommen werden kann.
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