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Zusammenfassung

In dieser Arbeit diskutieren wir eine Erweiterung des historischen Hanbury Brown und

Twiss Experiments und untersuchen räumliche Intensitätskorrelationen beliebiger Ordnung

im Lichtfeld statistisch unabhängiger Photonenquellen. Als Photonenquellen werden ent-

weder nicht-klassische Einzelphotonenemitter oder klassische Lichtquellen mit thermischer

oder kohärenter Photonenstatistik betrachtet. Obwohl die Photonenemission der verwende-

ten Lichtquellen als vollkommen unabhängig angenommen wird, beobachten wir im Fernfeld

räumliche Photonenkorrelationen, die im Rahmen eines quantenmechanischen Mehrphotonen-

interferenzkonzepts erklärt werden können. Wir zeigen, dass räumliche Korrelations-

messungen zwischen ununterscheidbaren Photonen unter Verwendung von konventionellen

optischen Detektionsmethoden zur Unterschreitung der herkömmlichen Auflösungsgrenze der

klassischen Optik (Abbe- bzw. Rayleigh-Limit) sowie für eine gezielte Manipulation der

räumlichen Abstrahlcharakteristik der Lichtquellen herangezogen werden können. Diese

Eigenschaften wurden für statistisch unabhängige pseudo-thermische Lichtquellen durch Mes-

sung der Intensitätskorrelationsfunktion höherer Ordnung experimentell bestätigt. Da die

diskutierten Korrelationsmessungen weder speziell präparierte Quantenzustände noch

N -Photonen-absorbierende Materialien für die Detektion benötigen, sind sie sowohl für die

quantale Bildgebung (quantum imaging) als auch für die Quanteninformationsverarbeitung

von besonderem Interesse.

Die Arbeit ist inhaltlich in drei Teile gegliedert: Im ersten Teil (Kapitel 2 und 3) stellen

wir einen Quantenpfadformalismus vor, der die Beschreibung der Mehrphotoneninterferen-

zen, wie sie in klassischen als auch in nicht-klassischen Lichtfeldern auftreten, ermöglicht. Die

Quantenpfadmethode erklärt einfach und transparent die zugrunde liegenden Quanteninter-

ferenzen, die in den räumlichen Intensitätskorrelationsmessungen höherer Ordnung zu Tage

treten. Darüber hinaus erlaubt sie einen Vergleich der Mehrphotoneninterferenzen, welche

sich für nicht-klassische Einzelphotonenemitter bzw. für klassische Lichtquellen ergeben. Im

Rahmen dieser Diskussion stellt sich heraus, dass die berühmte Aussage von Dirac: “Jedes

Photon interferiert nur mit sich selbst. Eine Interferenz zwischen zwei unterschiedlichen Pho-

tonen tritt niemals auf ” nur für Interferenzeffekte erster Ordnung gilt, jedoch für Interferenz-

phänomene höherer Ordnung lauten müsste: “Ein Mehrphotonenzustand von unabhängigen

Photonen interferiert nur mit sich selbst. Eine Interferenz zwischen unterschiedlichen Mehr-

photonenzuständen tritt niemals auf.” Mit Hilfe dieser Neuformulierung werden die physika-

lischen Prozesse, die sich hinter den Mehrphotoneninterferenzen verbergen, anschaulich

zusammengefasst.

Im zweiten Teil der Arbeit (Kapitel 4) untersuchen wir Mehrphotonenkorrelationen

zwischen unabhängigen Lichtquellen im Kontext von Quantum Imaging. Dabei zeigt sich,

dass bei bestimmten sogenannten ‘magischen’ Detektorpositionen die räumlichen Intensitäts-

korrelationsfunktionen N -ter Ordnung die Fähigkeit aufweisen, Informationen im Sub-

Wellenlängenbereich aus dem Lichtfeld der N inkohärenten Lichtquellen heraus zu filtern. Die

entsprechenden Interferenzsignale führen im Vergleich zum klassischen Abbe- bzw. Rayleigh-
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Limit bereits für N > 2 zu einer deutlich erhöhten Auflösung. In theoretischen Untersu-

chungen zeigen wir, dass bei N Einzelphotonenemittern die superauflösenden Interferenzsig-

nale bei den ‘magischen’ Detektorpositionen denen von noon-Zuständen mit N − 1 Photo-

nen entsprechen. Interessanterweise finden sich diese superauflösenden Korrelationssignale

auch für N thermische Lichtquellen, jedoch mit einem reduzierten Kontrast. Die verbesserte

räumliche Auflösung konnten wir mit bis zu acht statistisch unabhängigen pseudo-thermischen

Lichtquellen experimentell bestätigen.

Im letzten Teil dieser Arbeit (Kapitel 5) zeigen wir schließlich, wie eine Mehrphotonen-

detektion zu einer starken räumlichen Fokussierung der inkohärenten Photonen führt. Für

diesen Effekt können die unkorrelierten Lichtquellen beliebig weit voneinander entfernt sein,

so dass keine Wechselwirkung zwischen ihnen besteht. Die anfänglich statistisch unabhän-

gigen Lichtquellen werden durch den Messprozess der Intensitätskorrelation m-ter Ordnung

miteinander korreliert, was zu einer räumlichen Fokussierung der emittierten Strahlung führt.

Werden m − 1 Photonen in einer bestimmten Richtung nachgewiesen, so kann die bedingte

Wahrscheinlichkeit, das m-te Photon in der gleichen Richtung zu detektieren, bis zu 100 %

erreichen. Aufgrund der großen Flexibilität der Detektorpositionen in einer Korrelationsmes-

sung N -ter Ordnung existiert zudem eine Vielzahl von weiteren Detektionsschemata, die

ähnliche gerichtete Photonenemissionen zur Folge haben. Diese zunächst nur theoretisch vor-

hergesagte messinduzierte Fokussierung wurde unter Verwendung von bis zu acht pseudo-

thermischen Lichtquellen für drei ausgewählte Detektionsschemata experimentell nach-

gewiesen.
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Abstract

In this thesis we discuss an extension of the historical Hanbury Brown and Twiss experiment

and investigate spatial intensity correlations of higher-orders in the radiation field of statis-

tically independent light sources. The light sources can be non-classical like single-photon

emitters or classical, obeying thermal or coherent statistics. Although the light sources are

assumed to emit the photons in an incoherent manner, we find spatial photon correlations in

the far field which can be explained by the quantum mechanical concept of multi-photon in-

terferences. We demonstrate that spatial correlation measurements between indistinguishable

photons based on linear optical detection techniques can be used to overcome the resolution

limit of classical optics (Abbe/Rayleigh limit) and also to manipulate the spatial radiation

characteristic of the light sources. Both remarkable properties of higher-order intensity corre-

lations have been experimentally verified using statistically independent pseudothermal light

sources. Due to the fact that the reported correlation measurements require neither special

quantum tailoring of light nor N -photon absorbing media, they are of particular interest for

the field of quantum imaging and quantum information processing.

The thesis is divided into three main parts: In the first part (Chapter 2 and 3) we introduce

a quantum path formalism which allows to describe multi-photon interferences arising in both

classical and nonclassical light fields. This quantum path approach explains the origin of the

underlying interference mechanism of the higher-order spatial intensity correlation functions

in a transparent and simple manner. Moreover, it enables us to compare the multi-photon

interferences obtained by nonclassical single-photon emitters with those generated by classical

light sources. In the course of this discussion it appears that Dirac’s famous statement “Each

photon interferes only with itself. Interference between two different photons never occurs.”

should better read “A multi-photon state of independent photons only interferes with itself.

Interference between different multi-photon states never occurs.” This general statement

summarizes the physics behind all multi-photon interference phenomena investigated in this

thesis.

In the second part of the thesis (Chapter 4) we investigate particular multi-photon in-

terference measurements of independent light sources in the context of quantum imaging.

We demonstrate that the Nth-order spatial intensity correlation functions display at spe-

cific magic detector positions the ability to filter sub-wavelength information out of the light

fields arising from N incoherently radiating light sources. These multi-photon interference

patterns achieve a higher resolution for N > 2 than the classical Abbe/Rayleigh limit for

imaging the light source. In case of N single-photon emitters we theoretically show that the

super-resolving interference patterns obtained for the magic detector positions are identical

to the ones generated by noon states with N − 1 photons. Quite unexpected, the same is

true for N thermal light sources, except for a reduced visibility. Experimental results with

up to eight independent thermal light sources confirm this approach to improve the spatial

resolution in imaging.
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In the last part of this thesis (Chapter 5) we finally demonstrate that multi-photon de-

tections can lead to a strong angular focussing of incoherent photons emitted again by either

uncorrelated single-photon sources or statistically independent classical light sources. For this

effect the sources can be far away from each other and do not interact. The mth-order in-

tensity correlation measurement causes source correlations which produce a heralded peaked

emission pattern for the initially uncorrelated light sources. In particular, we show that if

m − 1 photons have been detected in a particular direction, the conditional probability to

detect the mth photon in the same direction can be as high as 100 %. Owing to the great

flexibility of detector positions for the correlation measurement, a wide variety of additional

detection schemes exists which produces similar directional photon emission patterns. This

theoretically predicted measurement-induced focussing was experimentally confirmed with up

to eight pseudothermal light sources for three particular detection schemes.
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Chapter 1

Introduction

Correlation phenomena and coherence properties have always played an important role in

the field of quantum optics. In 1963, Roy J. Glauber [1] introduced his seminal concept

of optical coherence, which covers not only interference phenomena caused by first-order

coherence but also field correlations of higher-orders. His work was strongly influenced by

the intensity-intensity correlation measurements of Robert Hanbury Brown and Richard Q.

Twiss in 1956 [2] which is considered by many physicists the beginning of quantum optics [3].

Hanbury Brown and Twiss (HBT) measured correlations between two intensities of ther-

mal light at two particular space-time points (r1, t1) and (r2, t2) and showed that the inten-

sities (photons) were spatially and temporally correlated. Their experimental results were

initially thought to be in contradiction to a quantum mechanical description since the idea

that two randomly emitted photons of an incoherent source like a star are correlated at two

different positions in space was incomprehensible for many scientists at that time. Now we

know that the spatial intensity correlation of second-order observed by HBT can be explained

in terms of classical wave theory as well as by quantum field theory [4,5]. In case of classical

wave theory we find that statistical intensity fluctuations, which appear simultaneously at

both detectors, are responsible for the observed correlations. A quantum mechanical descrip-

tion of this experiment was given by Ugo Fano in 1961 [6]. He explained that the second-order

intensity correlations observed by HBT were due to interference of different, yet indistinguish-

able quantum paths of independent photons propagating from the source (e.g. a star) to the

detectors and triggering a two-fold coincidence. He was the first who coined this phenomenon

two-photon interference and also predicted theoretically that spontaneously emitted photons

of a pair of statistically independent atoms could produce a modulated interference signal

when measured by two detectors in the far field, exhibiting spatial and temporal correlations

as a function of the separation of the two detectors.

Fano’s concept of two-photon interference is a direct extension of Dirac’s famous statement

that “each photon interferes only with itself ” [7], explaining the interference phenomenon of

first-order as appearing in Young’s double-slit experiment. The statement highlights the fact

that the interference pattern of a double-slit experiment can be traced back, if performed with

single photons, to the phenomenon of single-photon interference which is the consequence

1
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of a coherent superposition of two different probability amplitudes corresponding to two

alternative ways the photon can traverse the interferometer. Over the last century, Dirac’s

statement has been proven on the single-photon level by many types of double-slit [8–11] and

triple-slit experiments [12, 13]. Historically, the first Young’s double-slit experiment at the

‘single’-photon level was performed by Geoffrey Taylor in 1909 [8]. He was able to reproduce

the same interference pattern as obtained for macroscopic intensities despite the fact that

on average just one single photon was passing through the two slits. This phenomenon, i.e.,

that single photons can produce an interference pattern, lies at the heart of quantum theory

as Richard Feynman stated [14] and its explanation was given, as mentioned above, by Dirac

in 1930 [7].

During this time Niels Bohr and Albert Einstein discussed the visibility of the interference

pattern of two superposed coherent light fields. They had a long-lasting debate about the

mutual dependence between knowing the path of a photon and observing its interference

fringes [15]. Now we know that a perfect interference signal with 100 % visibility implies the

absence of information about the propagation path of the photon through the interferometer.

As soon as we have partial information about the path of the photon we will obtain a reduced

interference signal [16, 17], whereas full knowledge of the photon path would completely

destroy the interference pattern.

Dirac’s statement only encompasses interference effects which can be observed in first-

order intensity correlation experiments. However, in order to explain interference phenomena

which appear in higher-order correlations like in the HBT stellar interferometer, it is neces-

sary to generalize this phrase. For that we have to consider all photons contributing to the

N -photon coincidence signal. This leads to the concept of multi-photon interference in which

the spatial probability distribution of N -photon coincidence events is caused by N ‘interfer-

ing’ photons. According to Yanhua Shih et al. an N -photon state of independent photons

only interferes with itself. Interference between different N -photon states never occurs [18].

This statement is the extension of Dirac’s single-photon and Fano’s two-photon interference

analysis and explains in a comprehensible manner the origin of the nonlocal interference

effects occurring in multi-photon spatial correlation experiments. All the multi-photon in-

terferences can be understood as a phenomenon in which different, yet indistinguishable

N -photon probability amplitudes contribute coherently to the final N -fold joint detection

event [18–20]. Later, a number of experiments also demonstrated that a physical overlap of

the N single photons in the interferometer, as it was initially assumed, is not required to pro-

duce the interference pattern [21–24]. The only condition which has to be fulfilled to generate

a multi-photon interference signal is the indistinguishability of the interfering multi-photon

probability amplitudes.

Multi-photon interferences with indistinguishable photons from statistically independent

light sources are in the focus of current research owing to their potential in quantum in-

formation processing [25–27], creating remote entanglement [28–32], and metrology [33–36].

The paradigmatic states for multi-photon interferences are the so-called path-entangled noon

states 1√
2
(|N, 0〉 + |0, N〉), which consist of two spatial modes with either N photons in one
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mode and 0 in the other or vice versa [37]. These highly entangled states were proposed

in the context of quantum lithography and have the ability to write interference patterns

with a fringe spacing of λ/(2N), i.e., N -times smaller than it would be the case with com-

mon classical light sources (λ/2) [37, 38]. The noon states can also be used to achieve

increased resolution in other fields of physics like spectroscopy [39, 40], imaging [38, 41, 42],

and metrology [33, 36, 43–45]. However, multi-photon interferences from statistically inde-

pendent emitters – either nonclassical or classical – can also lead to enhanced resolution in

imaging [2, 34, 38, 41, 46, 47]. So far, such interferences have only been observed with max-

imally two statistically independent nonclassical emitters [31, 38, 48–69] or two incoherent

classical light sources [2, 70–73].

In this thesis we propose a new super-resolving quantum imaging technique based on

multi-photon interferences in an N -port HBT interferometer [74]. The scheme can be im-

plemented with both classical and nonclassical incoherent light sources to obtain spatial

interference patterns equivalent to those of noon states. The N -port HBT interferometer

filters, via post selection in the far field (Fourier plane), distinct sub-wavelength information

out of the incoherent radiation fields. These are produced either by N statistically inde-

pendent single-photon emitters (SPE), e.g., a chain of N equally-spaced atoms which have

been initially prepared in the fully excited state, or by an array of equidistant N classi-

cal sources like statistically independent thermal (TLS) or coherent light sources (CLS). A

scheme will be presented which allows to obtain noon-like interference signals for particular

positions of N detectors which reveal information about the spatial structure of the light

source, even if the spacings between neighboring subsources are smaller than the minimum

separation required by the Rayleigh’s/Abbe’s classical resolution limit. In contrast to former

approaches [37, 41, 42, 75–79], our method can beat the classical resolution limit with com-

mon tools of linear optics, i.e., requires neither multi-photon absorber materials nor quantum

fields which need elaborate state preparations such as path-entangled noon states.

The presented quantum imaging technique is an extension of a former theoretical proposal

developed in our group [47], which was exclusively designed for the incoherent radiation of

statistically independent SPE. We modified the coincidence detection scheme of the previous

method and therefore we were able to extend the proposed detection scheme to classical light

fields [74, 80]. This extension is of particular interest since it allows to obtain experimental

results with up to five and eight statistically independent TLS using either single-photon

multipliers or a standard digital camera. As mentioned above, so far only photon correlations

have been measured for systems consisting of maximally two statistically independent light

sources. The measurements confirm our approach of enhancing the spatial resolution in

imaging. Regarding all multi-photon interference experiments published so far, we can claim

that we are the first group who experimentally investigated multi-photon interferences with

up to eight statistically independent TLS. Our results for sub-wavelength imaging using TLS

thus represents a true novelty in the field of quantum imaging. The scheme is furthermore

of interest because classical light sources can be found everywhere: the radiation from far-

distant stars to an ensemble of labeled molecules emitting fluorescence light in microbiological
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analyses displays thermal light characteristics. Therefore the presented technique based on

multi-photon interferences in the radiation field of thermal sources might have potential

applications for improved imaging of, e.g., faint star clusters or in vivo biological samples.

As mentioned above, multi-photon interferences can be found also in other fields of quan-

tum optics. Just recently the quantum path formalism has been used to physically reinterpret

the phenomenon of superradiance [81]. This effect describes the cooperative, spontaneous

emission of photons from an excited ensemble of N uncorrelated atoms into well-defined

modes and was initially predicted by Robert Dicke in 1954 [82]. Following the interpreta-

tion in Ref. [81] we demonstrate in this thesis that a directional emission of independent

photons can also be achieved by measuring higher-order intensity correlations, even if we

assume a radiation field generated by an ensemble of non-interacting uncorrelated SPE [83]

or statistically independent classical light sources (TLS, CLS). The correlation measurement

is based on multi-photon detection generating source correlations which produce the heralded

peaked emission pattern. With the help of the quantum path picture it can be shown that if

m − 1 out of m photons have been detected at distinct positions r2, . . . , rm the conditional

probability to detect the mth photon at r1 can be highly increased towards particular di-

rections. This so-called measurement-induced focussing can be fully explained in terms of

a coherent superposition of multi-photon quantum paths and the post-selective properties

of higher-order intensity correlation functions. In addition to the theoretical discussion we

present various experimental results with up to eight statistically independent TLS which

confirm the proposed measurement-induced focussing behavior of the introduced coincidence

detection strategies.

The thesis is composed of five parts: in Chapter 2 we introduce the basic theoretical tools

required to describe and analyze the various quantum optical phenomena investigated in

this thesis. Particular attention is paid to Glauber’s higher-order spatial intensity correlation

functions which we use to study different multi-photon correlation effects of higher-orders

in different classical and nonclassical radiation fields, produced by statistically independent

thermal and coherent sources as well as by single-photon emitters.

In Chapter 3 we introduce the general setup being explored in this thesis which can be

considered an N -port HBT interferometer. We also present a detailed explanation of the

origin of multi-photon interferences occurring in spatial N -photon correlation measurements

by means of a quantum path formalism. In particular, we discuss the spatial intensity cor-

relations of first-, second-, and third-order for various light states before we generalize the

concept of the quantum path formalism to N -photon interferences.

In Chapter 4 we explicitly discuss multi-photon interferences from statistically indepen-

dent single-photon emitters and thermal light sources in the context of quantum imaging and

demonstrate how the so-called ‘magic’ detector positions of the Nth-order spatial intensity

correlation functions lead to interference signals which can be used to beat the classical res-

olution limit in imaging. The theoretically predicted super-resolving interference patterns

are then compared with the experimental measurements performed with pseudothermal light



5

sources.

Chapter 5 is finally devoted to the discussion of a new kind of higher-order intensity

correlation measurement which leads to a strong spatial focussing of photons scattered by

statistically independent light sources. We derive analytical expressions for this so-called

measurement-induced focussing of radiation from uncorrelated single-photon emitters as well

as from classical light sources. Concluding this chapter we present again various experimental

results with pseudothermal light sources demonstrating the focussing characteristic of the

discussed detection schemes.

In the last part, Chapter 6, we summarize the main theoretical and experimental results

developed within this thesis and give a short outlook on future topics to be investigated based

on the attained results.
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Chapter 2

Quantum theory of the radiation

field

In this chapter we shortly recapitulate the quantum mechanical description of the electromag-

netic radiation and the concept of field correlation functions. After the quantization of the

non-interacting radiation field we define the electric field operator and study some classical

and nonclassical states of light fields like the photon-number, the coherent, and the thermal

state. Thereafter we derive the normally ordered correlation functions of the quantized field

which describe the photodetection process. After that we introduce Glauber’s mth-order

correlation functions and discuss their basic properties, in particular for coherent and ther-

mal light states. Since the thermal state will be of special importance in this thesis, we will

introduce the Gaussian moment theorem and the van Cittert-Zernike theorem, which enables

us to calculate higher-order intensity correlation functions for arbitrary shaped thermal light

sources in a convenient manner. This concept provides a condensed theoretical background to

analyze and discuss higher-order intensity correlation functions which are particular relevant

in the context of quantum imaging and measurement induced focussing.

2.1 Quantization of the electromagnetic field

In both the classical and the quantum mechanical description, the free electromagnetic fields

are based on the source-free Maxwell’s equation. Therefore the electric field satisfies the wave

equation [84]

∇2E− 1

c2

∂2E

∂t2
= 0 , (2.1)

in which the electric field E ≡ E(r, t) is assumed to be taken at space-time point (r, t) and

c is the speed of light in vacuum.

Let us assume that the electric field is restricted to a large but finite cubic cavity of

volume V = L3 with periodic boundary conditions. Considering running-wave solutions and

the expansion of the quantized electric field in terms of a discrete set of plane waves with

7
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wavevector k ≡ (kx, ky, kz), we then obtain for the quantized electric field operator [84]

Ê(r, t) =
∑
k

εkEk
(
âke
−iωkt+ik r + â†ke

iωkt−ik r
)
, (2.2)

where εk is a unit polarization vector, Ek =
√

~ωk
2ε0 V

has the dimension of an electric field, and

âk and â†k are the annihilation and creation operators of a photon in the mode k, respectively.

Due to the periodic boundary conditions the components of k take the values

ki =
2πni
L

(i = x, y, z) , (2.3)

with ni = {0,±1,±2, . . .}. A mode k of the quantized electric field is thus given by a set of

numbers (nx, ny, nz) defining not only the propagation direction of the plane wave or photon,

but also the frequency of the mode ωk = |k| c. Due to Maxwell’s equations the electric field

obeys the transversality condition

k · εk = 0 . (2.4)

Therefore each electric field operator can have two independent polarization directions εk.

However, due to the fact that we will only deal with linearly polarized fields throughout this

thesis, we will from now on treat the vectorial electric field given by Eq. (2.2) as a scalar

quantity Ê(r, t) = εk · Ê(r, t).

The electric field operator Ê(r, t) can be separated into a positive and a negative frequency

part [84]

Ê(r, t) = Ê(+)(r, t) + Ê(−)(r, t) , (2.5)

where

Ê(+)(r, t) =
∑
k

Ekâke−iωkt+ik r and (2.6a)

Ê(−)(r, t) =
∑
k

Ekâ†ke
iωkt−ik r . (2.6b)

Note that Ê(+)(r, t) only contains annihilation operators and field amplitudes which vary

with e−iωkt for ωk > 0, whereas Ê(−)(r, t) only contains creation operators and field am-

plitudes which vary with eiωkt. Due to the definition of Eqs. (2.6a) and (2.6b) we obtain

Ê(−)(r, t) = [Ê(+)(r, t)]†. As we will see later in the discussion of the photon detection

process (see Sec. 2.3.1), Ê(+)(r, t) and Ê(−)(r, t) can be associated with the absorption and

emission process of a photon at a particular space-time point (r, t), respectively.

The dimensionless and adjoint operators âk and â†k are obeying the boson commutation

relations [
âk, â

†
k′

]
= δkk′ and [âk, âk′ ] =

[
â†k, â

†
k′

]
= 0 . (2.7)

The total energy of the radiation field composed of different modes kl is given by the



2.2. PURE STATES, MIXED STATES, AND PHOTON STATISTICS 9

Hamiltonian

H =
∑
kl

~ωkl

(
â†kl âkl +

1

2

)
, (2.8)

where the sum runs over all modes kl of the quantization cavity.

2.2 Pure states, mixed states, and photon statistics

In this section we show that for a complete description of the quantized electromagnetic field

a quantum statistical treatment is required. We discuss the basic properties of pure states

and statistical mixtures, the statistical meaning of the density operator, and certain photon

number distributions which will be relevant throughout the thesis [4, 84,85].

Assume that an initial light field is in the state |Φ〉. If we repeat an experiment several

times in such a way that the outcome of a measurement of the observable O, represented by

the quantum mechanical operator Ô, always gives the same result 〈Φ|Ô |Φ〉 = O, we know

that the system was initially in a pure state. However, this is usually not the case. In general,

the initial state of the light field is not exactly known and we have to describe the optical field

by means of a statistical mixture. In such a case, the radiation field is properly described by

using a density operator given by [84]

ρ̂ =
∑
i

Pi |ψi〉 〈ψi| , (2.9)

where Pi is the probability to find the field in the state |ψi〉. The expectation value of the

quantum mechanical operator Ô, which is the same as the ensemble average of the observable

Ô, is in this case given by [84]〈
Ô
〉
ρ̂

=
∑
i

Pi〈ψi|Ô |ψi〉 = Tr[ρ̂Ô] , (2.10)

where Tr denotes the trace, i.e., the sum of all elements on the main diagonal of the density

matrix. It is worth mentioning that the density operator given by Eq. (2.9) satisfies the

normalization condition, i.e., Tr[ρ̂] =
∑

i Pi = 1 [84].

Next we introduce the number states which form a complete set of basis states for the

electromagnetic field and are very suitable to define the probability distributions of different

light fields. In the next subsections we will see that the state of coherent and thermal radiation

are a linear superposition and a statistical mixture of number states, respectively [84].

2.2.1 Number states

The state written as |nk〉 is called a Fock or a number state of the electromagnetic field of the

single mode k [4, 84,85] and is an eigenstate of the Hamiltonian of Eq. (2.8) with eigenvalue
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~ωk

(
nk + 1

2

)
[84], i.e.,

H |nk〉 = ~ωk

(
nk +

1

2

)
|nk〉 , (nk = 0, 1, 2, . . .) . (2.11)

The number operator n̂k = â†kâk applied to |nk〉 yield the number of photons occupying the

mode k

〈nk|n̂k |nk〉 = 〈nk|â†kâk |nk〉 = nk . (2.12)

Defining |0k〉 as the ground or vacuum state of the field mode with âk |0k〉 = 0, we can

easily derive the energy of the ground state which is 〈0k|H |0k〉 = 1
2~ωk. This energy can be

interpreted as the energy of the vacuum fluctuations of mode k.

Applying the annihilation âk and creation â†k operators to the photon number state |nk〉,
we obtain the corresponding eigenvalues, namely [84]

âk |nk〉 =
√
nk |nk − 1〉 and (2.13a)

â†k |nk〉 =
√
nk + 1 |nk + 1〉 . (2.13b)

The physical interpretation of Eqs. (2.13a) and (2.13b) is that âk annihilates and â†k creates

a photon in the mode k and therefore lead to the new state vectors |nk − 1〉 and |nk + 1〉. In

general the number states are defined as [84]

|nk〉 =
1√
nk!

(â†k)nk |0k〉 . (2.14)

They are normalized and orthogonal and thus satisfy the orthonormality condition

〈nk|mk〉 = δn,m . (2.15)

The number states build a complete set of basis vectors and thus fulfill the closure or com-

pleteness relation ∑
nk

|nk〉 〈nk| = 1̂ , (2.16)

where 1̂ is the unity operator. The photon probability distribution of a photon number state

is defined by

Pno(n) =

{
1 if n = nk

0 if n 6= nk .
(2.17)

The photon number state |nk〉 as well as any linear superposition of these states belong to the

family of pure states of the electromagnetic field. The density matrix for a photon number

state thus simplifies to (see Eq. (2.9))

ρ̂no = |nk〉 〈nk| . (2.18)

Finally, we show that the formalism of the number state for a single-mode field can be easily
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generalized to multi-mode fields. Due to the bosonic commutator relation of Eq. (2.7) the

different modes kl of the light field are orthogonal (see Eq. (2.15)). They can thus be con-

sidered statistically independent. The multi-mode number state of the total electromagnetic

field can be expressed as a product of number states of the individual single modes [84]

|nk1 , nk2 , . . . , nkl , . . .〉 ≡
∏
l

|nl〉 ≡ |{nl}〉 , (2.19)

where the expression on the far-right denotes a compact notation of all possible modes kl

and their occupation numbers nl. The action of the annihilation and creation operators âl

and â†l , respectively, is now addressed to the lth mode of the light field, i.e.,

âl |n1, n2, . . . , nl, . . .〉 =
√
nl |n1, n2, . . . , nl − 1, . . .〉 and (2.20a)

â†l |n1, n2, . . . , nl, . . .〉 =
√
nl + 1 |n1, n2, . . . , nl + 1, . . .〉 . (2.20b)

An arbitrary state vector of the electromagnetic field is a linear superposition of the multi-

mode states of (2.19):

|ψ〉 =
∑
n1

∑
n2

. . .
∑
nl

. . . cn1,n2,...,nl,... |n1, n2, . . . , nl, . . .〉 ≡
∑
{nl}

c{nl} |{nl}〉 (2.21)

In Chapter 3 we will see that the number states are suitable to describe the nonclassical

electric field produced by single excited atoms, since each excited atom can intrinsically emit

only one single photon per excitation cycle. The state of a field populated by a single photon

will be expressed from now on by |1k〉. However, the main attention will be on investigations

with classical light fields, such as coherent and thermal states, which will be discussed next.

2.2.2 Coherent states

The single-mode coherent state |αk〉, introduced by Roy J. Glauber in 1963 [86], is the

most suitable state to describe classical light fields. It is known that for high excitation the

electromagnetic field of the coherent state will more and more approach the classical wave

picture of fixed amplitude and phase. Furthermore, the uncertainty product of the amplitude

and the phase of a coherent state shows the minimum possible value allowed by quantum

mechanics. Therefore the coherent state describes most closely the coherent radiation of a

classical single-mode field, like the radiation of a laser. The basic properties of the coherent

state can be looked up in the following textbooks [4, 84,85].

The coherent state can be expressed in terms of the number state basis as [86]

|αk〉 = e−|αk|2/2
∞∑

nk=0

αnk
k√
nk!
|nk〉

= e−|αk|2/2eαkâ
†
k |0k〉 , (2.22)

where αk is a complex number denoting the complex amplitude of the coherent field and
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Eq. (2.14) has been used. From this it follows that 〈αk|αk〉 = 1, i.e., the coherent states are

normalized. We note that two different coherent states are not orthogonal, and thus their

scalar product

〈βk|αk〉 = e−
1
2

(|α|2+|β|2)+αβ∗ (2.23)

is not vanishing if α 6= β. This means that the coherent states are overcomplete. The

eigenvalue equations of the annihilation and creation operators are

âk |αk〉 = αk |αk〉 and â†k |αk〉 = α∗k |αk〉 , (2.24)

respectively. The mean number of photons in the single-mode coherent state thus calculates

to

n̄k = 〈αk|n̂k |αk〉 = 〈n̂k〉coh =
〈
â†kâk

〉
coh

= |αk|2 . (2.25)

Using Equations (2.22) and (2.25) we obtain for the photon probability distribution of the

coherent state

Pcoh(nk) = |〈nk|αk〉|2 =
|αk|2nk e−|αk|2

nk!
=
n̄nk
k e−n̄k

nk!
, (2.26)

corresponding to a Poisson distribution with a mean photon number of |αk|2. The density

operator of the single-mode coherent state has the form

ρ̂coh = |αk〉 〈αk| . (2.27)

For the sake of completeness we finally define the multi-mode coherent state

|αk1 , αk2 , . . . , αkl , . . .〉 ≡
∏
αl

|αl〉 ≡ |{αl}〉 . (2.28)

Each coherently-excited mode is labeled with a discrete wavevector kl and is specified by

means of a complex amplitude αl.

2.2.3 Thermal states

The main focus of this thesis lies on light fields displaying thermal statistics [4,84,85]. Despite

the fact that thermally-excited states are mixed states, they will show under certain conditions

similar correlation characteristics as pure number or coherent states (see Chapter 3).

The photon distribution of a single-mode chaotic light source is given by the well-known

Bose-Einstein distribution [84]

Pth(nk) =
1

1 + n̄k

(
n̄k

1 + n̄k

)nk

, (2.29)

in which the first term of the expression 1
1+n̄k

accounts for the normalization and

n̄k = 〈n̂k〉th =
〈
â†kâk

〉
th

(2.30)
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denotes the mean photon number occupying the mode k of the thermal field. In the limit

of large nk and n̄k the Bose-Einstein distribution can be approximated by the Boltzmann

distribution of the classical intensity [85]

Pth(nk) =
1

1 + n̄k

(
n̄k

1 + n̄k

)nk

≈ 1

n̄k
e−nk/n̄k ∝ 1

Ī
e−I/Ī , (2.31)

where we assumed the dependence I ∝ nk for the intensity.

Due to the fact that thermal light is described by a statistical mixture, the state of a

thermal light is represented in the Fock-state basis by the density matrix1 (cf. Eq. (2.9)) [84]

ρ̂th =
∑
nk

n̄nk
k

(1 + n̄k)1+nk
|nk〉 〈nk| , (2.32)

where we applied the Bose-Einstein distribution of Eq. (2.29).

Using the product state of Eq. (2.19), the generalization of the density operator to multi-

mode thermal radiation is straight forward and yields [18]

ρ̂th =
∑
{nl}

Pth({nl}) |{nl}〉 〈{nl}| , (2.33)

in which the sum runs over all possible sets {nl} of occupation numbers nl for all occurring

field modes kl. Due to the statistical independence of the individual field modes, the total

probability distribution of the thermal field is [86]

Pth({nl}) =
∏
l

Pth(nl) =
∏
l

n̄nll
(1 + n̄l)1+nl

. (2.34)

The product defines the probability for the thermal radiation to be found in the multi-mode

state |{nl}〉. The new total mean number of photons is thus 〈{nl}〉 =
∑

l 〈nl〉. Usually

we assume that all modes, associated with different directions of the wavevector kl, are on

average equally occupied.

As we will see later, the relevant modes appearing in our correlation measurements will

be associated with certain propagation directions of the photons specified by the positions

of the individual light sources emitting the photons and the positions where the photons are

detected [84]. Therefore a light source consisting of, e.g., N point-like sub-sources will give

rise to a variety of different modes. Each detected photon can be referred to a specific mode

and a certain optical phase which the photon has accumulated on the way from the source

to the detector. We will see later that the indistinguishability of the photons, i.e., the loss

of Welcherweg information – not knowing the specific propagation path of the photon – can

give rise to interference effects.

1 According to Max Planck the density matrix of the black-body radiation of a source, whose radiation field is
in thermal equilibrium at temperature T , is described by a canonical ensemble ρ = exp (−H/kB T )

Tr[exp (−H/kB T )]
, where

H is the field Hamiltonian known from Eq. (2.8) and kB is the Boltzmann constant [84]. In this case the
mean photon number n̄k = 1

e~ω/kBT−1
in the mode k is given by the Planck distribution [85].
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Now that we have defined all states of light fields which will be relevant for this thesis,

we will focus in the next subsection a bit more on their associated photon statistics. Due to

the different photon probability distributions, the states will give rise to different statistical

moments. These moments are of major significance for the further investigations, since the

intensity correlation functions of higher orders are directly related to them (see Sec. 2.3).

2.2.4 Photon statistics

In the previous section we discussed different states of light fields and introduced, so far,

only the expectation values of the photon number operator n̂k (see Eqs. (2.12), (2.25), and

(2.30)). In general, for any quantum mechanical system the expectation value of the photon

number operator of the field mode k is given by the expression (see Eq. (2.10))

n̄k = 〈n̂k〉ρ̂ =
〈
â†kâk

〉
ρ̂

= Tr[ρ̂â†kâk] , (2.35)

and is called the first moment. Hereby, the index ρ̂ indicates the light field used to evaluate

〈n̂k〉; for instance the subscript ρ̂ = “th” denotes thermal statistics.

Note that any photon probability distribution Pρ̂ of an electromagnetic field can be char-

acterized by its statistical moments. Therefore we generalize Eq. (2.35) and introduce the

normally ordered mth moments [5]

〈: n̂mk :〉ρ̂ ≡
〈

: (â†kâk)m :
〉
ρ̂
≡
〈

(â†k)m(âk)m
〉
ρ̂

= Tr[ρ̂(â†k)m(âk)m] , (2.36)

where m = 1, 2, . . . and the : : notation denotes the rearrangement of the field operators in the

normal order, i.e., without use of the commutation relations, so that all creation operators â†k
stand on the left of all annihilation operators âk. For example,

〈
: n̂2

k :
〉
ρ̂

=
〈
â†kâ

†
kâkâk

〉
ρ̂
6=〈

n̂2
k

〉
ρ̂

=
〈
â†kâkâ

†
kâk

〉
ρ̂

by taking into account the commutation relation of Eq. (2.7).

The moments of the photon number operator n̂k are of fundamental importance for the

description of the statistical properties of a given electromagnetic field. In particular, as we

will see later, they play an important role for the calculation of the higher-order intensity

correlation functions. In Section 2.3 we will show why the normal order of the field operators

appears naturally in the context of higher-order intensity correlation measurements.

Let us now consider another kind of moment given by〈
n̂

(m)
k

〉
ρ̂
≡ 〈n̂k(n̂k − 1) . . . (n̂k −m+ 1)〉ρ̂ . (2.37)

This moment is called the mth factorial moment of n̂k [5]. Using the bosonic commutator

relation Eq. (2.7) we can prove that for any quantum state of the field we have〈
n̂

(m)
k

〉
ρ̂

= 〈: n̂mk :〉ρ̂ . (2.38)

Sometimes it is more convenient to calculate the higher moments with respect to the
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Number State
Sec. 2.2.1

Coherent State
Sec. 2.2.2

Thermal State
Sec. 2.2.3

Pρ̂(n) Pno(n) = δ(n− n̄) Pcoh(n) = n̄ne−n̄

n!
Pth(n) = n̄n

(1+n̄)1+n

〈
(â†)l(â)k

〉
ρ̂

=


n̄!

(n̄−k)!
δk,l for k ≤ n̄

0 for k > n̄
(α∗)lαk k! 〈n̂〉k δk,l

〈n̂〉ρ̂ = n̄ n̄ n̄〈
: n̂2 :

〉
ρ̂

= 〈n̂(n̂− 1)〉ρ̂ = n̄2 − n̄ n̄2 2! n̄2〈
: n̂3 :

〉
ρ̂

= 〈n̂(n̂− 1)(n̂− 2)〉ρ̂ = n̄3 − 3n̄2 + 2n̄ n̄3 3! n̄3

〈: n̂m :〉ρ̂ =
〈
n̂(m)

〉
ρ̂

= n̄(n̄− 1) . . . (n̄−m+ 1) n̄m m! n̄m〈
(∆n̂)2

〉
ρ̂

=
〈
n̂2
〉
ρ̂
− 〈n̂〉2ρ̂ 0 n̄ n̄2 + n̄

Table 2.1: Probability distributions and basic statistical moments for the number, the coher-
ent, and the thermal state [5, 87]. For reasons of brevity we dropped the mode index k and
abbreviated n̄ = 〈n̂〉ρ̂.

first-order moment 〈n̂k〉. If we do so, we obtain the central moments [5]

〈(∆n̂k)m〉ρ̂ ≡ 〈(n̂k − 〈n̂k〉)
m〉ρ̂ , (2.39)

where ∆n̂k is known as the deviation. Obviously the first central moment is by definition

always 〈(∆n̂k)〉ρ̂ = 0. The most important central moment is the second central moment〈
(∆n̂k)2

〉
ρ̂
. It defines the effective width of the probability distribution and is known as the

variance.

In Table 2.1 we summarize the major statistical moments for the photon number, the

coherent, and the thermal state that will be useful for our investigations of the spatial intensity

correlation functions in the following section.

2.3 Detection probabilities and quantum correlations

In this section we follow simple heuristic arguments to describe the photodetection process.

This can be used to define Glauber’s normally ordered correlation functions of the quantized

field [1]. Thereafter, we will discuss some basic properties of the mth-order intensity corre-

lation functions, in particular for coherent and thermal light states [86]. Using the complex

Gaussian moment theorem we will show how one can expand the higher-order intensity cor-

relation functions of thermal light in sums of products of normalized first-order correlation

functions. Finally we will present the van Cittert-Zernike theorem which defines the complex

degree of coherence of a spatially incoherent light source in the far field. It will turn out that

the combination of the Gaussian moment theorem and the van Cittert-Zernike theorem will

yield a convenient tool for the calculation of higher-order intensity correlation functions of

fields obeying thermal statistics. We point out that a complete theoretical description of the

detection process, the derivation of the Gaussian moment theorem, as well as the van Cittert-

Zernike theorem are beyond the scope of the present thesis. For more details the reader is

referred in this case to Refs. [1, 5, 84,86].
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2.3.1 Photon detection and first-order correlation function

In Section 2.1 we showed that the total field operator Ê(r, t) can be separated into a positive

Ê(+)(r, t) and a negative Ê(−)(r, t) frequency part of the electric field (see Eq. (2.5)). In the

description of quantum optical phenomena Roy J. Glauber showed in 1963, that the detection

process of a photon can be described by using the properties of the field operator Ê(+)(r, t).

In what follows we will use the original treatment of Glauber’s description of the photon

detection process [1].

Let us assume the detection process of a photon which takes place in the optical wave-

length region and therefore is covered by the well-known photoelectric effect. Further let

us consider an ideal detector consisting of, e.g., a single atom in the ground state which is

interacting with the light field. If now an absorption process such as photoionization takes

place we observe that this interaction is not only accompanied by the generation of a pho-

toelectron emitted by the atom but also by the disappearance of the absorbed photon. The

latter effect can also be physically interpreted as the destruction of one photon of the light

field and can thus be related to the annihilation operator Ê(+)(r1, t1) (see Eq. (2.6)). Assum-

ing an ideal photon detector of negligible size and frequency-independent photoabsorption

probability, the transition probability p
(1)
if (r1, t1) of the detector for absorbing a single photon

from the radiation field at space-time point (r1, t1) is proportional to the modulus squared

of the matrix element 〈ψf |Ê(+)(r1, t1) |ψi〉. We thus obtain for the transition probability [1]

p
(1)
if (r1, t1) ∝ |〈ψf |Ê(+)(r1, t1) |ψi〉 |2 , (2.40)

in which |ψi〉 and 〈ψf | are the initial and final state of the field before and after the detection

process, respectively. Keeping in mind that the measurement process will never measure the

final state 〈ψf | of the light field, we can thus sum over all final states of the field giving rise

to an absorption process and arriving at a detection rate which is proportional to [1]∑
f

|〈ψf |Ê(+)(r1, t1) |ψi〉 |2 . (2.41)

Generally the initial state |ψi〉 is not completely known. Instead we may describe the initial

state as a statistical mixture of different initial states |ψi〉, where Pi is the probability associ-

ated with the state |ψi〉. Averaging over all possible initial states we obtain the total photon

detection rate Rif (r1, t1) which is proportional to the average intensity 〈I(r1, t1)〉 of the light

field at space-time point (r1, t1) [1, 5]

Rif (r1, t1) =
∑
i

Pi
∑
f

|〈ψf |Ê(+)(r1, t1) |ψi〉 |2

=
∑
i

Pi
∑
f

〈ψi|Ê(−)(r1, t1) |ψf 〉 〈ψf |Ê(+)(r, t) |ψi〉

=
∑
i

Pi〈ψi|Ê(−)(r1, t1)Ê(+)(r1, t1) |ψi〉
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= Tr[ρ̂Ê(−)(r1, t1)Ê(+)(r1, t1)]

= 〈ψi|Ê(−)(r1, t1)Ê(+)(r1, t1) |ψi〉

∝ 〈I(r1, t1)〉 , (2.42)

in which we used the completeness relation
∑

f |ψf 〉 〈ψf | = 1̂ and the density matrix ρ̂ =∑
i Pi |ψi〉 〈ψi| in the third and fourth line, respectively (see Eqs. (2.9) and (2.16)). The

average intensity2 is thus given by the expectation value of Ê(−)(r1, t1)Ê(+)(r1, t1) evaluated

with the initial state of the light field |ψi〉.
Using Eq. (2.42) we can define Glauber’s first-order correlation function [1]

G(1)(r1, t1; r2, t2) = Tr[ρ̂Ê(−)(r1, t1)Ê(+)(r2, t2)]

=
〈
Ê(−)(r1, t1)Ê(+)(r2, t2)

〉
ρ̂
, (2.43)

which describes the spatiotemporal coherence between two electric fields Ê(−)(r1, t1) and

Ê(+)(r2, t2) taken at space-time points (r1, t1) and (r2, t2), respectively. G(1)(r1, t1; r2, t2) is

also called the mutual coherence function [5].

Usually the properties of the field statistics do not vary in time. If so, the light field is

said to be statistically stationary and the correlation function G(1)(r1, t1; r2, t2) is invariant

under an arbitrary displacement of the origin of time [5]. Hence, the correlation function

G(1)(r1, t1; r2, t2) only depends on the relative time difference τ = t2 − t1 and the function

reduces thereby to

G(1)(r1, t1; r2, t2) ≡ G(1)(r1, r2; τ) . (2.44)

Finally we define the first-order intensity correlation function as G(1)(r1, t1; r1, t1) ≡
G(1)(r1, t1). This function can be interpreted as the differential probability of detecting

one photon at the space-time point (r1, t1) within a short time interval ∆t, i.e.,

P1(r1, t1)∆t = C1

〈
Ê(−)(r1, t1)Ê(+)(r1, t1)

〉
ρ̂

∆t = C1G
(1)(r1, t1)∆t , (2.45)

where the constant C1 ∝ α1S1. Here C1 characterizes the experimental imperfections of the

detection process, e.g., the quantum efficiency α1 and the finite area S1 of the detector [5].

Sometimes the normally ordered scalar product of Ê(−)(r1, t1) with Ê(+)(r1, t1) is ex-

pressed by the intensity operator Î(r1, t1) [5]

G(1)(r1, t1) =
〈
Ê(−)(r1, t1)Ê(+)(r1, t1)

〉
ρ̂

=
〈
Î(r1, t1)

〉
ρ̂
. (2.46)

2 To obtain the real intensity in units of W/m2 we have to multiply the expectation value
〈ψi|Ê(−)(r1, t1)Ê(+)(r1, t1) |ψi〉ρ̂ with a constant factor c ε0

2
, where c is the speed of light and ε0 is the

dielectric constant of the vacuum (see Eq. (2.2)). For the sake of simplicity and without loss of generality
we will drop this factor throughout the thesis.
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Note that the two first-order correlation functions G(1)(r1, t1; r2, t1) and G(1)(r1, t1) may

appear equal at first sight, but in fact they describe two completely different field properties.

G(1)(r1, t1) is the first-order intensity correlation function which corresponds to a local in-

tensity measurement at space-time point (r1, t1). In contrast to this, G(1)(r1, t1; r2, t1) is the

mutual coherence function and describes the nonlocal correlation of two field amplitudes at

space-time points (r1, t1) and (r2, t1) which can only be measured indirectly, e.g., through a

Young-type interference experiment. G(1)(r1, t1; r2, t1) and G(1)(r1, t1) are only equal for the

case that r1 = r2.

2.3.2 Higher-order intensity correlation functions

The measurement of the first-order correlation function is certainly the most common mea-

surement performed in classical and quantum optics. All interference experiments, like

Young’s double slit experiment or the Michelson interferometer, can be explained by first-

order coherence (cf. Eq. (2.43)). However, the description of interference experiments involv-

ing more than just one photon, such as the photon-photon interferometer of Hanbury Brown

and Twiss [2, 46], requires a theory involving higher-order coherences [1, 5, 84].

If we use the same heuristic arguments from Glauber as in the derivation of G(1)(r1, t1), we

find that the transition probability p
(2)
if (r1, t1; r2, t2) of recording two photons at two different

space-time points (r1, t1) and (r2, t2) is proportional to [1]

p
(2)
if (r1, t1; r2, t2) ∝ |〈ψf |Ê(+)(r1, t1)Ê(+)(r2, t2) |ψi〉 |2 . (2.47)

Here, |ψi〉 and 〈ψf | are again the initial and final states of the field. Considering all possible

initial and final states we arrive at the second-order intensity correlation function [1]

G(2)(r1, t1; r2, t2) =
〈
Ê(−)(r1, t1)Ê(−)(r2, t2)Ê(+)(r2, t2)Ê(+)(r1, t1)

〉
ρ̂
, (2.48)

which is proportional to the joint probability of detecting one photon at (r1, t1) and another

at (r2, t2), even at widely separated space-time points. In general, Eq. (2.48) is defined as

G(2)(r1, t1; r2, t2; r3, t3; r4, t4) =〈
Ê(−)(r1, t1)Ê(−)(r2, t2)Ê(+)(r3, t3)Ê(+)(r4, t4)

〉
ρ̂
, (2.49)

which is the correlation of four individual electric fields taken at four different space-time

points. This expression is known as the Glauber’s second-order correlation function [1].

The generalization of Eq. (2.49) is knowing as Glauber’s mth-order correlation function

for arbitrary m [1]

G(m)(r1, t1; . . . ; rm, tm; rm+1, tm+1; . . . ; r2m, t2m) =〈
Ê(−)(r1, t1) . . . Ê(−)(rm, tm)Ê(+)(rm+1, tm+1) . . . Ê(+)(r2m, t2m)

〉
ρ̂
. (2.50)
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Equation (2.50) is normally used for the discussion of m-photon delayed coincidence experi-

ments and hence it reduces to the mth-order intensity correlation function [1]

G(m)(r1, t1; . . . ; rm, tm)

=
〈
Ê(−)(r1, t1) . . . Ê(−)(rm, tm)Ê(+)(rm, tm) . . . Ê(+)(r1, t1)

〉
ρ̂

=
∑
i

Pi〈ψi|Ê(−)(r1, t1) . . . Ê(−)(rm, tm)Ê(+)(rm, tm) . . . Ê(+)(r1, t1) |ψi〉

=
∑
i

Pi ‖Ê(+)(rm, tm) . . . Ê(+)(r1, t1) |ψi〉‖2 , (2.51)

where we utilized the density matrix formalism (cf. Eq. (2.42)) and the Euclidean norm

(2-norm) of the initial state vector |ψi〉 which is given by the scalar product ‖|ψi〉‖2 =

〈ψi|ψi〉. Instead of using the norm notation we can also apply the completeness relation∑
{nk} |{nk}〉 〈{nk}| = 1̂ (cf. Eq. (2.16)) and obtain alternatively [84]

G(m)(r1, t1; . . . ; rm, tm) =
∑
i

Pi
∑
{nk}

|〈{nk}|Ê(+)(rm, tm) . . . Ê(+)(r1, t1) |ψi〉|2 , (2.52)

where 〈{nk}| signifies all orthonormal multi-mode eigenstates of the system under investiga-

tion (see Eq. (2.19)).

Analog to Eq. (2.45) we may interpret G(m)(r1, t1; . . . ; rm, tm) as the probability of jointly

detecting m photons at (r1, t1), . . . , (rm, tm) within ∆t, so that

Pm(r1, t1; . . . ; rm, tm)∆tm = CmG
(m)(r1, t1; . . . ; rm, tm)∆tm , (2.53)

where Cm ∝ α1S1 . . . αmSm [5].

It can be seen that the derivation of Eq. (2.51) gives rise to normally ordered field op-

erators, i.e., all creation operators Ê(−) ∝ â†k stand to the left of all annihilation operators

Ê(+) ∝ âk (cf. Eq. (2.36)). The normal order appears naturally since the annihilation op-

erators on the right hand side describe the process of m successive photon absorptions if

t1 ≤ t2 ≤ . . . ≤ tm. Therefore we can rewrite the mth-order intensity correlation function of

Eq. (2.51) in a more convenient form

G(m)(r1, t1; . . . ; rm, tm) =
〈

: Î(r1, t1) . . . Î(rm, tm) :
〉
, (2.54)

where Î(rj , tj) = Ê(−)(rj , tj)Ê
(+)(rj , tj) (cf. Eq.(2.46)).

Glauber also introduced a normalized form of the mth-order intensity correlation function

[1] which reads

g(m)(r1, t1; . . . ; rm, tm) =
G(m)(r1, t1; . . . ; rm, tm)

G(1)(r1, t1) . . . G(1)(rm, tm)
. (2.55)

Throughout this thesis special attention is paid on the spatial coherence properties of
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light fields generated by particular source geometries. For this reason we will deal exclusively

with spatial coincidence measurements, i.e., t1 = t2 = . . . = tm. Therefore we can abbreviate

Eq. (2.55) so that we obtain the normalized mth-order spatial intensity correlation function

g(m)(r1, . . . , rm) =
G(m)(r1, . . . , rm)

G(1)(r1) . . . G(1)(rm)
, (2.56)

representing the central equation for the multi-photon correlation measurements investigated

in this thesis.

2.3.3 Properties of correlation functions

In this section we shall examine some basic properties of the intensity correlation functions of

higher order introduced in the former subsection. This includes a discussion of the complex

Gaussian moment theorem and the van Cittert-Zernike theorem. For a detailed analysis of

the following correlation properties we refer to Refs. [1, 5, 86, 88]. For the sake of clarity

and practicability we will abbreviate the space-time points (rj , tj) by the symbol xj in this

section.

Basic properties of the mth-order correlation function

The first-order correlation function G(1)(x1; x2) gives rise to its complex conjugate if the

arguments (x1; x2) are interchanged

G(1)(x1; x2) =
[
G(1)(x2; x1)

]∗
. (2.57)

This property remains valid for all higher-order correlation functions

G(m)(x2m, . . . ,x1) =
[
G(m)(x1, . . . ,x2m)

]∗
. (2.58)

Due to the positive definite character of the density operator ρ̂, all intensity correlation

functions G(m)(x1, . . . ,xm; xm, . . . ,x1) of arbitrary order m are real. This leads to the simple

inequalities

G(1)(x1; x1) ≥ 0 and G(m)(x1, . . . ,xm; xm, . . . ,x1) ≥ 0 , (2.59)

which confirm that the mean intensity of the light field and the higher-order intensity corre-

lation measurements are always positive numbers.

Furthermore, the correlation functions satisfy several inequalities. The most prominent

is the Cauchy-Schwarz inequality

G(1)(x1; x1)G(1)(x2; x2) ≥ |G(1)(x1; x2)|2 , (2.60)
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which holds also for arbitrary m

G(m)(x1, . . . ,xm; xm, . . . ,x1)G(m)(xm+1, . . . ,x2m; x2m, . . . ,xm+1)

≥ |G(m)(x1, . . . ,xm; xm+1, . . . ,x2m)|2 . (2.61)

In case of quantum fields with a limited number of photons, e.g., a photon number state

|nk〉 (cf. Sec. 2.2.1 and Tab. 2.1), we find that the correlation function is bounded

G(m)(x1, . . . ,x2m) = 0 for m > nk . (2.62)

Coherence conditions

In classical optics light fields are considered coherent if they obey the first-order coherence

condition

|g(1)(x1; x2)| = 1 . (2.63)

Glauber stated more generally that a light field is coherent to mth-order if [1]

|g(j)(x1, . . . ,x2j)| = 1 for j ≤ m, (2.64)

or for coincidence counting experiments

g(j)(x1, . . . ,xj ; xj , . . . ,x1) = 1 for j ≤ m. (2.65)

Due to this mth-order coherence condition and the normalization of Eq. (2.56), it immediately

follows that the jth-order intensity correlation function G(j) for coherent light fields can be

written as a product for j ≤ m3:

G(j)(x1, . . . ,xj) ≡ G(j)(x1, . . . ,xj ; xj , . . . ,x1) =

j∏
i=1

G(1)(xi; xi) . (2.66)

In the context of a j-fold coincidence counting experiment this result can be interpreted

as a multiplication of j individual intensity signals G(1)(xi; xi) = 〈I(xi)〉. Therefore the

individual detector outputs can be considered statistically independent [1]. The coherent state

|αk〉 defined in Sec. 2.2.2 belongs to this kind of light field which satisfies the factorization

condition of Eq. (2.66) and explains the origin of its name.

In contrast to coherent light, thermal light, even if it shows first-order coherence in some

way, will always obey intensity fluctuations which lead to field correlations. Therefore G(j)

3 More generally, according to Glauber [1], the coherence condition is satisfied when |G(m)(x1, . . . ,x2m)| =
2m∏
i=1

[
G(1)(xi,xi)

]1/2
.
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will never factorize for j > 1. The properties of higher-order correlation functions of thermal

light are covered by the Gaussian moment theorem which will be discussed in the next

paragraph.

Moment theorem for thermal light

If we assume thermal (chaotic) light then the statistics of the complex field operators Ê(+)(xj)

are described by Gaussian random processes with zero-mean field-amplitudes, i.e.,

〈Ê(+)(xj)〉 = 0 = 〈Ê(+)(xj)
†〉 (j = 1, . . . , n). In this case the complex Gaussian moment

theorem states that all mth-order intensity correlation functions of Gaussian light fields can

be expressed as sums of products of first-order correlation functions4 as long as all field

operators Ê(+)(xj) can be considered statistically independent [5, 86,90–92]:

G(m)(x1, . . . ,xm) ≡ G(m)(x1, . . . ,xm; xm, . . . ,x1) =
∑
P

m∏
j=1

G(1)(xj ,xP(j)) . (2.68)

Here, the summation runs over all m! possible permutations P of the set of integers {1, . . . ,m}
(cf. Appendix A), i.e., we obtain a sum of all m! pairings of space-time points. Using Equa-

tion (2.68) it is apparent that all light fields obeying Gaussian statistics, such as thermal

light, are completely determined by the first-order correlation functions G(1)(xj ,xP(j)) [86].

If we normalize Eq. (2.68) we finally obtain

g(m)(x1, . . . ,xm) =
∑
P

m∏
j=1

g(1)(xj ,xP(j)) . (2.69)

Note that for thermal light the first-order correlation function obeys the relations

|g(1)(xj ,xk)| < 1 for j 6= k and (2.70a)

g(1)(xj ,xk) = 1 for j = k , (2.70b)

where g(1)(xj ,xk) is known as the complex degree of coherence. In the following we will see

that the complex degree of coherence is determined by the van Cittert-Zernike theorem [5].

Using Equations (2.57), (2.69), and (2.70b) we can immediately derive for m = 2 the

4 In general, the Gaussian moment theorem for a zero-mean, stationary, complex Gaussian process zn ≡ z(tn)
for n = 1, 2, . . . , N was developed by Arens, Kelly, Reed, and Root in 1957 and has the form [89]

〈z∗m1
z∗m2

. . . z∗ms
znt . . . zn2zn1〉 =


0 for s 6= t∑
P

t∏
j=1

〈
z∗j zP(j)

〉
for s = t ,

(2.67)

where mk and ni are integers from set {1, . . . , N}, and P are the permutations of the set of integers
{1, 2, . . . , t}. zn and z∗n can represent, e.g., the complex field operators Ê(+) and Ê(−) for our higher-order
correlation functions.
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second-order intensity correlation function

g(2)(x1,x2) = g(1)(x1,x1)g(1)(x2,x2) + g(1)(x1,x2)g(1)(x2,x1)

= 1 + |g(1)(x1,x2)|2 , (2.71)

for m = 3 the third-order intensity correlation function

g(3)(x1,x2,x3) = 1 + |g(1)(x1,x2)|2 + |g(1)(x1,x3)|2 + |g(1)(x2,x3)|2

+ 2Re{g(1)(x1,x2)g(1)(x2,x3)g(1)(x3,x1)} , (2.72)

and for m = 4 the fourth-order intensity correlation function (see, e.g., Ref. [93])

g(4)(x1,x2,x3,x4) = 1 + |g(1)
1,2|

2 + |g(1)
1,3|

2 + |g(1)
1,4|

2 + |g(1)
2,3|

2 + |g(1)
2,4|

2 + |g(1)
3,4|

2

+ |g(1)
1,2|

2|g(1)
3,4|

2 + |g(1)
1,3|

2|g(1)
2,4|

2 + |g(1)
1,4|

2|g(1)
2,3|

2

+ 2Re{g(1)
1,2g

(1)
2,3g

(1)
3,4}+ 2Re{g(1)

1,2g
(1)
2,4g

(1)
4,1}

+ 2Re{g(1)
1,3g

(1)
3,4g

(1)
4,1}+ 2Re{g(1)

2,3g
(1)
3,4g

(1)
4,2}

+ 2Re{g(1)
1,2g

(1)
2,3g

(1)
3,4g

(1)
4,1}

+ 2Re{g(1)
1,2g

(1)
2,4g

(1)
4,3g

(1)
3,1}

+ 2Re{g(1)
1,3g

(1)
3,2g

(1)
2,4g

(1)
4,1} . (2.73)

For the sake of simplicity we used for the latter example the abbreviation g
(1)
j,k ≡ g

(1)(xj ,xk)

and ‘Re’ denotes the real part.

Evaluating g(m)(x1, . . . ,xm) for the particular case in which all space-time points coincide

in one single point, i.e., x = x1 = . . . = xm, we obtain [4, 5, 86,92,94]

g(m)(x, . . . ,x) = m! , (2.74)

which does not only define the maximum value of g(m)(x1, . . . ,xm) but also indicates a

universal characteristic of thermal light. In contrast to this, coherent light fields fulfill the

coherence condition of Eq. (2.65) and obey the unique equality g(m)(x, . . . ,x) = 1.

Using the condition (2.70b) and the upper limit of the mth-order intensity correlation

function given by Eq. (2.74) we find the well-known Cauchy-Schwarz inequality for thermal

light [18]

1 ≤ g(m)(x1, . . . ,xm) ≤ m! . (2.75)

Finally we want to point out some differences between the mth-order intensity cor-

relation function G(m)(x1, . . . ,xm) for coherent light given in Eq. (2.66) and for thermal

light introduced in Eq. (2.68). In both cases the mth-order intensity correlation function

G(m)(x1, . . . ,xm) can be expressed by first-order correlation functions G(1)(xi,xj) (i, j =

1, 2, . . . ,m). For coherent light the mth-order intensity correlation function decomposes into
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a product of m statistically independent intensities G(1)(xi,xi) = 〈I(xi)〉 which can be easily

measured with m individual detectors at xi or alternatively with one detector that measures

the m different intensities 〈I(xi)〉 one by one. In this case there is no advantage measuring

the correlation function G(m)(x1, . . . ,xm) over measuring the m individual intensities 〈I(xi)〉
which just have to be multiplied together afterwards to obtain G(m)(x1, . . . ,xm).

In contrast to that the coherence properties for thermal light are more complex. Here, the

mth-order intensity correlation function does not decompose into a simple product of inten-

sities, but into a sum of m! products of different first-order correlation functions G(1)(xi,xj).

In general the first-order correlation function G(1)(xi,xj) involves field correlations taken at

two different space-time points xi and xj . This can be interpreted as a ‘nonlocal intensity’

which cannot be directly measured with a single detector. As mentioned before, this quan-

tity is known as the mutual coherence function and describes the coherence between two

space-time points in the light field. This nonlocal correlation between two fields can only be

measured indirectly by means of an additional interference experiment, such as a Young’s

double-slit setup with adjustable slit separation, where the two electric fields originating from

xi and xj are superposed to produce an interference signal. This measurement would en-

able us to reconstruct the first-order correlation function G(1)(xi,xj) by using the values of

the visibility and the phase of the measured interference patterns (see Ref. [95]). Obviously

the determination of the first-order correlation function G(1)(xi,xj) by means of a Young’s

interference experiment is an elaborate venture, whereas the direct measurement of the mth-

order intensity correlation function may be more simple. Further, it allows to directly isolate

certain spatial frequencies given by the source geometry. The isolation of individual spatial

frequencies will be one of the main topics of this thesis and will be discussed in the context

of quantum imaging in Chapter 4.

Van Cittert-Zernike theorem

From the Gaussian moment theorem (see Eq.(2.69)) we learned that the knowledge of the

first-order correlation function or degree of coherence is sufficient to describe all higher-order

intensity correlation functions of chaotic light sources. The first-order correlation function

expresses the field correlations between two space-time points (r1, t1) and (r2, t2) in the light

field and is given in the case of incoherent radiation by the van Cittert-Zernike theorem [96,97].

Since we are exclusively interested in spatial intensity correlations of thermal light we will

only discuss the light field’s equal-time complex degree of coherence (t1 = t2).

Supposing a spatially incoherent, quasi-monochromatic (k = 2π/λ̄), planar source σ with

arbitrary intensity distribution I(r), we obtain from the van Cittert-Zernike theorem the

following relation [5]

g(1)(r1, r2) =

∫
σ I(r)e−ik[(u2−u1)r]d2r∫

σ I(r)d2r
, (2.76)
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which defines the (equal-time) complex degree of coherence at the two field points r1 and r2.

Here uj (j = 1, 2) denotes the unit vector pointing from the origin to the point rj , where

we chose the origin to be in the source area. We can see that the numerator of g(1)(r1, r2)

is given by the two-dimensional Fourier transform of the intensity distribution I(r) across

the source σ. Note that we implicitly assumed that the points r1 and r2 are situated at

the same distance from the origin of the source in the far-field zone. Therefore we can call

Eq. (2.76) the far-zone expression of the van Cittert-Zernike theorem [5]. This equation allows

now to calculate the first-order correlation functions g(1)(r1, r2) what enables us in turn to

evaluate the mth-order intensity correlation functions for thermal light fields (see Eq. (2.69)).

By using Eq. (2.76) we can derive the complex degree of coherence g(1)(x1, x2) for the

radiation field in the x− z−plane which is generated by a grating structure consisting of N

statistically independent thermal light sources (cf. Fig. 3.15). Assuming a one-dimensional

array of N independent point-like sources aligned along the x−axis with equal spacing d, we

can write the intensity distribution as

I(x) = I0

N−1∑
l=0

δ

(
x+ d

[
l − 1

2
(N − 1)

])
, (2.77)

where we have used the Dirac delta function to model the N point sources of equal inten-

sities I0. Note that the N sources are symmetrically distributed around the origin of the

coordinate system (cf. Fig. 3.15). Inserting Eq. (2.77) into Eq. (2.76) and assuming paraxial

approximation, i.e., uj · r = sin (θj)x ≈ xj
z x, we obtain [98]

g(1)(x1, x2) =

∫
σ I(x)e−i

k(x1−x2)
z

xd2x∫
σ I(x)d2x

=
1

N

sin
(
N δ(x1)−δ(x2)

2

)
sin
(
δ(x1)−δ(x2)

2

) , (2.78)

where we used the abbreviation δ(xj) = k d sin (θj) ≈ k d xjz for j = 1, 2 (cf. Fig. 3.7).

Let us next discuss the case of N extended thermal light sources where each point source

is replaced by a rectangular intensity distribution of width a. We can rewrite Eq. (2.77) and

obtain

I ′(x) = I(x) ∗ rect
(x
a

)
, (2.79)

in which the symbol ‘∗’ denotes the convolution of the source distribution I(x), defined

in Eq. (2.77) and the rectangular function rect(xa ), defining the slit width a. Due to the

convolution theorem [98], the complex degree of coherence of N rectangular shaped thermal
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Figure 2.1: Second-order spatial intensity correlation function g(2)(x1, 0) for (a) two point-
like and (b) two extended thermal light sources as a function of δ(x1). For the two extended
light sources we assumed a width of a = d/5.

light sources can be simply written in the form

g(1)(x1, x2) =
1

N

sin
(
N δ(x1)−δ(x2)

2

)
sin
(
δ(x1)−δ(x2)

2

) · sinc

(
a

d

δ(x1)− δ(x2)

2

)
, (2.80)

in which we used the abbreviation sinc(x) = sinx
x . The new term on the right hand side

of Eq. (2.80) is caused by the extension of the sources and plays the role of an envelope

for the higher-order intensity correlation functions. It leads simply to a suppression of the

interference signal towards the edges. To illustrate the effect of a finite source width a, let

us exemplarily calculate g(2)(x1, 0) for N = 2 point-like and extended thermal light sources

using Eqs. (2.71) and (2.80). In Figure 2.1 we plotted g(2)(x1, 0) for a = 0 and a = d/5.

Summarizing, we note that the compact form of the mth-order intensity correlation functions

introduced in Eq. (2.69) in combination with the derivation of the complex degree of coher-

ence (first-order correlation functions) by the van Cittert-Zernike theorem (see Eq. (2.76)),

provides a simple tool to evaluate arbitrary mth-order intensity correlation functions for ther-

mal light fields. In this thesis we will turn our attention not only to nonclassical radiation of

single atoms but also to the spatial coherence properties of thermal light sources. Therefore

Equation (2.69) will play an important role for the succeeding investigations. Nevertheless,

even though the interference signals arising from the intensity correlation functions can be

easily calculated by the theory introduced above, a deeper understanding of the interference

phenomena will be only provided by the concept of multi-photon interference. This will be

the topic of the next chapter.



Chapter 3

Concept of multi-photon

interferences

In the foregoing chapter we introduced Glauber’s higher-order intensity correlation functions

and outlined their relation to m-photon coincidence measurements. In this chapter we will

present a quantum path formalism which allows us to explain the multi-photon interferences

arising from the higher-order spatial intensity correlation measurements in an m-port HBT

interferometer in a transparent manner.

Many correlation experiments, such as the historical HBT measurements, can be fully de-

scribed in terms of classical wave theory. However, this is only the case if the light states used

can be described by classical radiation fields. In this case a quantum mechanical description

of the intensity correlations would not be necessary. Nevertheless a quantum mechanical de-

scription using the quantum path formalism implies two advantages: firstly, it is able to treat

classical and nonclassical radiation fields within the same theoretical frame and secondly, it

provides a clearer insight into the nonlocal interference effects occurring for the higher-order

spatial intensity correlation function. Therefore we will present in the following sections a

detailed discussion of the first-, second-, and third-order spatial intensity correlation func-

tions for classical and nonclassical light sources in terms of a multi-photon quantum path

formalism. In the last part of this chapter we will generalize the quantum path description

to intensity correlation of arbitrary order m. The discussion of the higher-order intensity

correlation functions in this chapter set the stage for the two following chapters where the

peculiar properties of multi-photon interferences in an m-port HBT interferometer will be

used to beat the classical resolution limit in imaging and to focus incoherently emitted pho-

tons by projective measurements.

27
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3.1 Single-photon interference

In this section we will discuss the historical Young’s double-slit experiment for the two situ-

ations where we illuminate the two slits with coherent and incoherent light. As is generally

known the interference pattern will only appear in case of coherent illumination. The in-

terference signals can be explained not only in a classical picture where two electric fields

superpose and interfere with each other, but also using a quantum mechanical description

which derives the interference on the level of single photons. We will show that the interfer-

ence phenomenon has its origin in the superpositions of different single-photon probability

amplitudes which correspond to different, yet indistinguishable quantum paths that a photon

can propagate through the two slits to the screen. After a detailed discussion of the double-

slit experiment we will finish this section with the investigation of the interference signal

generated by a grating of N slits. The elementary differences between N mutually coherent

and N statistically independent slits will be outlined.

3.1.1 Young’s double-slit experiment

When talking about interference of light we immediately think of the famous two-slit exper-

iment performed by Thomas Young in the early 19th century [99] (and [100]). He strongly

believed that light was composed of waves. Using his simple two-slit interference experiment

he was able to confirm this assumption. This experiment might be one of the most influential

experiments in modern physics [101]. It first appeared in his Lectures on Natural Philosophy

and the Mechanical Arts of 1807 in which he stated in Lecture XXXIX - On the Nature of

Light and Colours [99]:

“In order that the effects of two portions of light may be thus combined, it is

necessary that they be derived from the same origin, and that they arrive at the

same point by different paths, in directions not much deviating from each other

. . . the simplest case appears to be, when a beam of homogeneous light falls on a

screen in which there are two very small holes or slits, which may be considered as

centres of divergence, from whence the light is diffracted in every direction. In this

case, when the two newly formed beams are received on a surface placed so as to

intercept them, their light is divided by dark stripes into portions nearly equal, but

becoming wider as the surface is more remote from the apertures at all distances,

and wider also in the same proportion as the aperture are closer to each other.”

Nowadays we know that the observation of interference patterns depends on certain con-

ditions, such as the temporal and spatial coherence of the interfering radiation. All these

measurements are linked to the first-order correlation function of the light field.

An outline of the classical Young’s two-slit experiment is depicted in Fig. 3.1. In general

Young’s experiment consists of an aperture A with two identical slits in it which are illumi-

nated with linearly polarized coherent light. Here the slits are placed at the positions Ru

and Rl and thus are separated by d = |Ru−Rl|. The incoming light is diffracted by the two
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Figure 3.1: Scheme of the Young two-slit experiment in a classical interpretation. Coherent
illumination of an aperture A with two slits separated by distance d generates a nontrivial
interference signal I(r, t) in the detection plane D. The fringe pattern at the distance z is
the result of the coherent superposition of the two classical light fields Eu(Ru, t − tu) and
El(Rl, t− tl) stemming from the two slits.

slits and an interference pattern can be observed in the detection plane D. The occurring

fringe pattern can be understood as a first-order interference effect and can be explained by

the classical electromagnetic wave theory of light [102]. This means, that the interference

fringes occurring on the screen D are the result of a linear superposition of the field amplitude

Eu(Ru, t−tu) originating from the upper slit and the field amplitude El(Rl, t−tl) originating

from the lower slit, whereby tu and tl indicate the propagation times of the light from the

slits Ru and Rl to the detection point r, respectively. Hence, the intensity distribution on

the screen D calculates for equal field amplitudes to

I(r, t) ∝ |E(r, t)|2 = |Eu(Ru, t− tu) + El(Rl, t− tl)|2 ∝ 1 + cos [δ(τ)] , (3.1)

where τ = tu − tl and δ(τ) is the phase difference between the fields Eu(Ru, t − tu) and

El(Rl, t− tl). The interference pattern exhibits bright (dark) fringes on the screen where the

two superposing light fields interfere constructively (destructively).

The interference pattern in a Young’s experiment can be completely explained by the in-

terference of classical electromagnetic waves obeying the Maxwell’s equations as seen above.

But this view is only valid if the light passing through the slits can be described with macro-

scopic amplitudes. Let us imagine the situation in which we dim the intensity of the illumi-

nation more and more until only one single photon propagates through the setup and hits the

detection plane. On this condition the interference pattern is not immediately visible. In the

beginning one would think that the single photons hitting the detection plane are randomly

distributed over the screen. Only after a while and after an integration of many photons

we will gradually obtain the well-known classical interference pattern. To understand the

physics of this mysterious ‘single-photon interference’ we have to treat the light in a quantum

mechanical sense, i.e., we have to consider probability amplitudes of alternative ways that a

photon can propagate through the setup and finally trigger a detection event [14].

Let us assume in Fig. 3.2 a slightly modified Young’s setup where we use a quasimonochro-

matic point-like source S for the illumination of the two slits. A single photon emitted from
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Figure 3.2: Scheme of Young’s two-slit experiment from a quantum path point of view.
Due to the far-field condition a photon emitted by the source S can propagate along two
different, yet indistinguishable quantum paths (I) and (II) through the aperture A to trigger
a detection event at r. On the right hand side we plot the probability of detecting a photon
as a function of the detector position r, which is proportional to the first-order intensity

correlation function G
(1)
2 (r) or the average intensity 〈I(r)〉.

the source S have now two alternative ways to trigger a detection event in the detection

plane D: either it propagates through the upper slit (I) or it propagates through the lower

slit (II). These two propagation possibilities are represented by two quantum paths which

are indicated by (I) and (II) in Fig. 3.2. Note, a photon which is occupying the upper quan-

tum path (I) accumulates a different optical phase from the aperture to the detector than

a photon which is occupying the lower quantum path (II). The phases of the corresponding

quantum paths are given by φi = kri = k|r−Ri| (i = u, l), where k = 2π/λ is the wavevector

of the light field. Due to the far-field condition the detector is not capable of distinguishing

whether the photon traveled the upper or the lower quantum path. Thus the two possibility

amplitudes triggering a detection event at r have to be superposed coherently. This leads

to a probability distribution of the photons in the detection plane which equals the classical

interference pattern from above (see Fig. 3.2).

Now, let us transfer the previous discussion into a quantum mechanically description by

using Glauber’s first-order intensity correlation function G
(1)
2 (r) in which the subscript 2

indicates the number of sources N (here N = 2 slits). The total electric field Ê(+)(r, t) at

space-time point (r, t) in the detection plane D can be written as the sum of the individual

electric fields stemming from the two slits (cf. Sec. 2.1), i.e.,

Ê(+)(r, t) = Ê(+)
u (r, t) + Ê

(+)
l (r, t) = Eke−iωt(eikrueiχu âu + eikrleiχl âl) , (3.2)

where the individual electric fields Ê
(+)
u (r, t) and Ê

(+)
l (r, t) represent the two probability

amplitudes for the photon traveling through the slits and finally triggering a detection event.

The terms eiχu and eiχl indicate random phases associated with each quantum path. Here the

annihilation operators âu and âl act on the light fields emitted by the upper and lower slits,

respectively, and annihilate a photon each time. Since the light fields Ê
(+)
u (r, t) and Ê

(+)
l (r, t)

are assumed to be spatially coherent, i.e., χu = χl = χ0, we can thus write â = âi (i = u, l)

and the annihilation of the photon leads in both cases to the same final state of the electric

field, irrespective of whether the photon occupied the upper or the lower quantum path. The
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(II)(I)

Figure 3.3: Single-photon quantum paths for Young’s double-slit experiment. The two quan-
tum paths (I) and (II), corresponding to different, yet indistinguishable alternative probability
amplitudes, can lead to a detection event at r. Since the two quantum paths are associated
with the same photon we can interpret their coherent superposition as the interference of the
photon with itself.

remaining global phase factor eiχ0 does not have any influence on the quantum interference

as long as the field emission of the two slits can be considered statistically dependent, i.e.,

spatially coherent.

Inserting the electric field of Eq. (3.2) into the first-order intensity correlation function

G
(1)
2 (r) we obtain (cf. Eqs. (2.42) and (2.43))

G
(1)
2 (r) =

〈
Ê(−)(r, t)Ê(+)(r, t)

〉
ρ̂

= E2
k

∑
i

Pi‖e−iωteiχ0(eikru âu + eikrl âl) |Ψi〉‖2

= E2
k |ei(χ0−ωt)|2|eikru + eikrl |2

〈
â†â
〉
ρ̂

= E2
k |eikru + eikrl |2 〈n̂〉ρ̂ , (3.3)

where Pi, as defined in Sec. 2.9, is the probability to find the electric field in the initial

state |Ψi〉, â = âu = âl, and 〈n̂〉ρ̂ denotes the first moment by taking into account the

corresponding field statistics ρ̂ (see Sec. 2.2.4). Note that as long as 〈n̂〉ρ̂ 6= 0, we obtain the

same coherent superposition of field amplitudes as in the classical description independent of

the field statistics (cf. Eq. (3.1)).

The expression eikru +eikrl can be understood as the coherent superposition of two single-

photon probability amplitudes, i.e., the two terms eikru and eikrl correspond to two different,

yet indistinguishable single-photon quantum paths (I) and (II) of triggering a detection event

as depicted in Fig. 3.3. The two quantum paths can be considered indistinguishable since they

lead to the same final state of the light field. According to Born’s rule and the Copenhagen

interpretation, the probability to find a photon at some particular point r is given by the

modulus squared of the two probability amplitudes [103]. This explains the meaning of the

term |eikru + eikrl |2 in Eq. (3.3) which leads to the well-known interference pattern of the

double-slit given by

G
(1)
2 (r) = 2 E2

k 〈n̂〉ρ̂ (1 + cos [ϕ1(r)]) , (3.4)
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Figure 3.4: First-order correlation function G
(1)
N (r) for (a) N = 2 and (b) N = 5 point-like

sources as a function of the optical phase delay ϕ1(r), normalized to its maximum. Both
interference patterns show a maximal visibility of 100 %.

where we applied the relation 2 cos (x) = eix + e−ix, and ϕ1(r) = k(ru − rl) denoting a

relative optical phase delay encountered between the two quantum paths. Apart a constant

prefactor, G
(1)
2 (r) is proportional to the average intensity 〈I(r)〉 (cf. Eq. (2.42)), in which the

time-dependent terms cancel because of |ei(χ0−ωt)|2 = 1. G
(1)
2 (r) is shown in Fig. 3.4 (a).

The cosine term in Eq. (3.4) is called the interference term and leads to a pure sinusoidal

modulation of visibility V(1) = 100 %. In general the visibility or contrast V(m) of an inter-

ference pattern of order m is defined as the ratio of the difference between a maximum and

an adjacent minimum to their sum [104]

V(m) :=
G

(m)
max(r)−G(m)

min (r)

G
(m)
max(r) +G

(m)
min (r)

. (3.5)

In a double-slit experiment we have seen that a photon has two different, yet indistinguish-

able alternative probability amplitudes that can lead to a detection event. According to the

quantum theory, we are never able to identify through which of the two slits the photon actu-

ally passed1 [15]. Richard Feynman stated once that this superposition principle represents

the heart of quantum mechanics and that it is the “only mystery” in the theory of quantum

mechanics [14]. We know from the preceding discussion that the two indistinguishable quan-

tum paths belong to the same photon and thus we can interpret their superposition as the

interference of the photon with itself. This approach was originally propagated by Paul Dirac

who stated that “Each photon interferes only with itself. Interference between two different

photons never occurs” [7]. Later on in this thesis, when discussing the interference effects of

higher-order intensity correlation functions, we shall see that Dirac’s statement only encloses

G(1)(r, t) experiments. The explanation of quantum interferences of higher-orders, i.e., the

correlations of more than just one detection event, requires a modification of the original

statement.

1 This statement is only entirely valid for the extreme case of a perfect interference pattern, i.e., fringe visibility
of 100 %. However, several schemes have shown that Welcherweg information and the observation of an
interference pattern are not completely mutually exclusive, i.e., it is possible to get partial information about
the quantum path of the photon which then leads to a deteriorated interference pattern [16,17].
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3.1.2 Young’s double-slit experiment with two atoms

So far we have assumed a single point-like source S or a laser which provides the spatially

coherent fields for the Young’s interferometer. Ulrich Eichmann et al. demonstrated in

1993 that first-order interference can also be observed in light scattered from two trapped

atoms [11]. They used a Young-type experiment where the two slits were replaced by two

Hg+ ions2. Both ions interacted with weakly exciting laser light, since the degree of inter-

ference depends highly on the strength of the driving field. Only for weak excitation it is

possible to observe interference signals [48]. However, the crucial point of observing inter-

ference fringes was the polarization selective detection of the scattered fluorescence light in

the far field. Due to the two-fold degeneracy of the Hg+ ground and the excited state with

respect to the magnetic quantum number, a linearly polarized excitation can result in either

π- or σ-polarized scattered light. They reported an observation of interference fringes only for

π-polarized fluorescence light, whereas for σ-polarized fluorescence light no interference was

visible. From the previous discussion we know that we only obtain an interference pattern if

the two quantum paths, associated with the two ions, are indistinguishable, i.e., both paths

lead to the same final state of the ion. This condition of having the same final states after

scattering a photon is only accomplished for π-polarized light. In the case of σ-polarized

scattered light it is, in principle, possible to determine which of the two ions emitted the

photon, since the two ions are in different final states after the scattering process (different

magnetic quantum number). The different final states of the atoms make the two quantum

paths distinguishable and let the interference fringes disappear.

3.1.3 Coherently illuminated grating

The Young’s double-slit experiment can be easily extended to an array of N arbitrary light

sources (slits or atoms). The new setup resembles a grating and is shown in Fig. 3.5. The N

point-like sources, assumed to emit coherent electromagnetic radiation at Rl (l = 1, 2, . . . , N)

of identical frequency and polarization, are aligned along the x−axis with equal spacing d.

As in the foregoing setup the detector is located at r in the far field to measure along a

semi-circle the intensity distribution of the scattered light in the x − z−plane. Again, the

far-field condition ensures the indistinguishability of the photons emitted from the N sources

and the total electric field seen by the detector is a coherent superposition of all N light

fields stemming from the source array. We know that the N paths from the N sources to

the detector at r can be associated with N different, yet indistinguishable quantum paths

or modes kl that a photon can occupy triggering a detection event at r. The quantum

paths which are indistinguishable for the detector differ only in their optical phases ϕl. They

are defined by the optical phase delay of a photon propagating from the lth source at Rl

2 Eichmann et al. excited the 6s2S1/2 − 6p2P1/2 transition of two 198Hg+ ions localized in a linear Paul trap
with a linearly polarized laser at 194 nm far below saturation. The ions were assumed to be widely spaced
apart so that atomic interactions could be neglected.
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...
...

Figure 3.5: Schematic setup of a grating-like interference experiment with N point-like
sources. The sources are located at positions Rl (l = 1, 2, . . . , N) along the x−axis and
are equally separated by a distance d. The detector, situated at r in the x− z−plane, mea-
sures in the far-field plane D the spatial photon distribution associated with the N light

sources, which is proportional to the first-order intensity correlation function G
(1)
N (r) or the

average intensity 〈I(r)〉. The optical phase delays associated with the different quantum
paths are given by ϕl.

to the detector at r with respect to a virtual photon scattered at the coordinate origin O

(see Fig. 3.5)

ϕl ≡ ϕ(Rl, r) = k
Rl · r
|r|

= l k d sin (θ) , (3.6)

where θ denotes the angle between r and the z−axis. Due to the far-field condition and the

monochromaticity of the light sources, we have just to consider one wavevector k = |kl| for

all phase delays ϕl.

Using the phase ϕl of Eq. (3.6) we can define the total electric field in the same manner

as in Eq. (3.2), but now coherently superposing N electric fields, i.e.,

Ê(+)(r, t) =
N∑
l=1

Ê
(+)
l (r, t) = Eke−iωteiχ0

N∑
l=1

eiϕl âk . (3.7)

In Equation (3.7) we assumed spatial coherence of all N light sources, i.e., all annihilation

operators âkl and initial phases χl of the N fields are statistically dependent and allows us to

set χl = χ0 and âk = âkl for l = 1, 2, . . . , N . Note that the global phase factor eiχ0 and the

time dependency of the field will again cancel in the following calculation as was already the

case in the preceding double-slit experiment. The first-order intensity correlation function

then calculates to
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G
(1)
N (r) = 〈Ê(−)(r, t)Ê(+)(r, t)〉ρ̂

= E2
k

∑
i

Pi‖e−iωteiχ0

N∑
l=1

eiϕl âk |Ψi〉‖2

= E2
k |ei(χ0−ωt)|2|

N∑
l=1

eiϕl |2〈â†â〉ρ̂

= E2
k

sin2
(ϕN

2

)
sin2

(ϕ1

2

) 〈n̂〉ρ̂ , (3.8)

where we used the geometric series
∑N

l=1 x
l = x(1−xN )

1−x with x = eiϕ1 , ϕN = N ϕ1, and 〈n̂〉ρ̂
denotes the first moment of the light field. As in the case of Young’s double-slit experiment,

the interference pattern is independent of the field statistics, as long as 〈n̂〉ρ̂ 6= 0. That means,

sources like single-photon emitters, coherent or thermal light sources, will always give rise

to interferences as long as the photon emission of the N sources is spatially coherent, i.e.,

statistically dependent. The interference signal then displays a visibility V(N) = 100 %.

The last expression in Eq. (3.8) equals the well-known far-field interference pattern of

the classical diffraction grating for coherent illumination [105] and is plotted for N = 5 in

Fig. 3.4 (b). The grating formula can also be rewritten in a more illustrative expression which

clearly reveals that all spatial frequencies (Fourier components) of the grating contribute to

the interference pattern

G
(1)
N (r) = E2

k N

(
1 +

2

N

N−1∑
l=1

(N − l) cos (ϕl)

)
〈n̂〉ρ̂ . (3.9)

The far-field interference signal of the grating can also be explained from the point of view of

single-photon quantum paths. The expression |
∑N

l=1 e
iϕl |2 of Eq. (3.8) is nothing else than

the well-known coherent superposition of all possible single-photon probability amplitudes,

i.e., each of the N terms eiϕl (l = 1, 2, . . . , N) corresponds to a different, yet indistinguishable

single-photon quantum path triggering a detection event at r (see Fig. 3.3). Note that the N

quantum paths can only be considered indistinguishable if they lead to the same final state

what is only assured if they are measured in the far field.

Due to Born’s rule [103], i.e., taking the modulus squared of the sum of all possible

quantum paths |
∑N

l=1 e
iϕl |2, we obtain an interference signal which involves only sums of

pairs of quantum paths [12]. This can be seen when writing the interference pattern of the

grating in the form

|eiϕ1 + eiϕ2 + . . .+ eiϕN |2 =
N∑

m,n=1
m6=n

|eiϕm + eiϕn |2 +N(N − 2) . (3.10)
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3.1.4 Incoherently illuminated grating

So far we have only considered light fields generated by a coherently illuminated grating, i.e.,

by N statistically dependent light sources. Let us now assume a grating where the N point-

like sources do not have any fixed relative phase relation and thus scatter their photons in a

statistically independent manner (cf. Fig. 3.5). In this case we obtain for the total electric

field

Ê(+)(r, t) =
N∑
l=1

Ê
(+)
l (r, t) = Ek e−iωt

N∑
l=1

eiϕl âl , (3.11)

where we used the optical phase delay ϕl known from Eq. (3.6). The term eiϕl represents a

certain quantum path for a photon triggering a detection event at r, where the annihilation

operator âl exclusively annihilates a photon associated with the lth source. Inserting now

the electric field of Eq. (3.11) in the first-order intensity correlation function, we obtain

G
(1)
N (r) =

〈
Ê(−)(r, t)Ê(+)(r, t)

〉
ρ̂

= E2
k

∑
i

Pi‖e−iωt
N∑
l=1

eiϕl âl |Ψi〉‖2

= E2
k

∑
{nl}

Pρ̂({nl})
N∑
l=1

N∑
l′=1

ei(ϕl−ϕl′ )〈{nl}|â†l′ âl |{nl}〉

= E2
k

N∑
l=1

∑
{nl}

Pρ̂({nl})〈{nl}|â†l âl |{nl}〉

= E2
k

N∑
l=1

〈n̂l〉ρ̂ = E2
k N 〈n̂〉ρ̂ = const , (3.12)

where we expressed the initial state by the multi-mode (separable) state |Ψi〉 =
∏N
l=1 |nl〉 =

|{nl}〉 and Pi =
∏N
l=1 Pi,l = Pρ̂({nl}) (cf. Sec. 2.2). Due to the statistical independence of

two light sources l and l′ we took advantage of the orthogonality condition [19]

〈{nl}|â†l′ âl |{nl}〉 = 〈{nl}|n̂l |{nl}〉 δl,l′ . (3.13)

Finally, we assumed in Eq. (3.12) equal mean photon numbers for all sources 〈n̂l〉ρ̂ = 〈n̂〉ρ̂.
Equation (3.12) shows that irrespective of the field statistics 〈〉ρ̂ and the detector position r

no interference effects occur as long as the individual sources are statistically independent,

i.e., mutually incoherent.

The lack of interference can also be explained in the frame of the quantum path for-

malism. Coherent light fields produce the same quantum paths like incoherent light sources

(see Fig. 3.6). However, in the incoherent case the quantum paths are not coherently su-

perposed, since every quantum path leads to a different final state and is therefore distin-

guishable. Due to this, the initial coherent superposition of the N single-photon quantum
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Figure 3.6: Single-photon quantum paths for a grating with N spatially coherently emitting
sources. The N quantum paths denoted by eiϕl (l = 1, 2, . . . , N) correspond to N different,
yet indistinguishable alternative probability amplitudes that a photon leads to a detection
event at r.

paths |
∑N

l=1 e
iϕl |2 (see Eq. (3.8)) decomposes into an incoherent superposition of the form∑N

l=1|eiϕl |2, leading to a constant intensity distribution in the far field, independent of the

photon statistics.

Finally we want to have a look at the different realizations of an array of N statistically

independent sources. In the following chapters we will deal with three different types of light

sources, namely an array of N single-photon emitters (SPE) realized by a chain of N fully ex-

cited two-level atoms which spontaneously emit single photons, N independent coherent light

sources (CLS) which could be obtained by N different, statistically independent lasers, and

N thermal light sources (TLS) which can be achieved, e.g., by a grating of N slits illuminated

by pseudothermal light which obeys the same thermal statistics as a common thermal light

source. As we have demonstrated in Eq. (3.12) the first-order intensity correlation function

G
(1)
N (r) is independent of the photon statistics of the incoherent light sources and always

yields a constant intensity distribution. In contrast to that, we will show that higher-order

spatial intensity correlation functions G
(m)
N (r1, . . . , rm) give rise to interference effects, despite

the incoherence of the N radiating light sources. Furthermore we will show that the visibility

of the interference signals of G
(m)
N (r1, . . . , rm) is highly dependent on the photon statistics of

the used light fields.

3.2 Two-photon interference

The starting point of the two-photon interference experiments was the intensity-intensity

correlation experiments of Hanbury Brown and Twiss [2, 46]. They measured correlations

between two intensities at two particular space-time points (r1, t1) and (r2, t2) of thermal

light and showed that the intensities (photons) were spatially and temporally correlated.

At that time these results caused sensation, since Hanbury Brown and Twiss used in their

experiments incoherent light which prevents interference effects in first order. In a first

experiment they measured the second-order temporal intensity correlation function G(2)(∆t)

which is proportional to the probability of detecting at the same position a photon at the time

t1 and another photon at the time t2. Note that G(2)(∆t) only depends on the relative time
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Figure 3.7: Two-photon coincidence detection scheme for N = 2 point-like sources. The
sources A and B are located at positions Rl (l = A,B) along the x−axis with separation d.
m = 2 detectors Dj situated at rj (j = 1, 2) in the x − z−plane measure the two emitted
photons in the far-field zone, so that they cannot distinguish where the two photons were
originally emitted. δ(rj) is the optical phase difference of two photons propagating from
sources A and B to the jth detector.

delay ∆t = t2−t1 between the two detection events [46]. In the second type of experiment they

investigated the spatial correlation properties of thermal light, i.e., they measured the equal-

time second-order spatial intensity correlation function G(2)(∆r) which is now proportional

to the joint probability of observing at the same time a photon at the point r1 and another

photon at point r2 [2]. Here too, the correlation function only depends on a relative quantity,

namely the distance between the two detectors ∆r = r2− r1. Since we are mainly interested

in spatial coherence properties of light fields we will exclusively discuss the spatial HBT

experiment which will be later extended to m detectors (m-port HBT interferometer). For

the explanation of the appearing interferences we will make use of the quantum path formalism

to explain the origin of the joint probability of detecting two photons at certain points r1

and r2 and how the second-order intensity correlation functions G(2)(r1, r2) depend on the

photon statistics. In the next section we explicitly distinguish between statistically dependent

(mutually coherent) and statistically independent (mutually incoherent) light fields showing

their similarities and differences by using the concept of multi-photon interference.

3.2.1 Two statistically dependent light sources

Let us start with N = 2 mutually coherent light sources, the ones that we encounter in the

classical Young’s double-slit experiment. The detection scheme is illustrated in Fig. 3.7 and

consists of two point-like sources A and B located at RA and RB, respectively, and m = 2

detectors D1 and D2 which measure the joint probability of detecting one photon at r1 and

another at r2 in the far field. The observed two-fold coincidence rate is proportional to the

second-order spatial intensity correlation function G
(2)
2 (r1, r2). The positive frequency part

of the total electric field scattered by the two sources can be written as a function of the
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detector positions rj (j = 1, 2) and has the form

Ê(+)(rj) = Eke−iωteiχ0(eikrAj âA + eikrBj âB) , (3.14)

where rlj = |Rl − rj | is the distance between the source l = A,B and the detector Dj

(j = 1, 2). χ0 denotes the random phase fluctuation of the total electric field.

The optical phase difference δj of two photons propagating from sources A and B to

detector Dj is now given by (cf. Eq. (3.6))

δj ≡ δ(rj) = k(rBj − rAj) = k d
ux · rj
|rj |

= k d sin (θj) , (3.15)

in which d denotes the distance between the two sources, ux is the unit vector along the

x−axis and k = 2π/λ.

The field operators âA and âB, associated with the two sources A and B, are statistically

dependent and lead, due to the far-field condition, to the same final state. Thus we can

write â = âl (l = A,B) and can apply Glauber’s mth-order coherence condition of Eq. (2.66)

to rewrite the second-order spatial intensity correlation function G
(2)
2 (r1, r2) as a product of

first-order intensity correlation functions so that

G
(2)
2 (r1, r2) = G

(1)
2 (r1)G

(1)
2 (r2) , (3.16)

in which G
(1)
2 (rj) are the individual intensities produced by the two sources A and B and

measured by the two detectors Dj at points rj (j = 1, 2). According to Glauber, the far-

field interference profile of the two coherent light fields generated by the sources A and

B reduces to two statistically independent first-order intensity correlation measurements

[1]. The interference effect in G
(2)
2 (r1, r2) can therefore be explained by the product of two

single-photon interferences, each equivalent to the interference pattern of Young’s double-slit

experiment where only one detector is used (see Sec. 3.1.1). G
(2)
2 (r1, r2) can explicitly be

calculated by using Eqs. (2.48) and (3.14). For â = âl (l = A,B) we obtain

G
(2)
2 (r1, r2) =

〈
Ê(−)(r1)Ê(−)(r2)Ê(+)(r2)Ê(+)(r1)

〉
ρ̂

= E4
k

∑
n

Pρ̂(n)‖(eikrA2 + eikrB2)â(eikrA1 + eikrB1)â |n〉‖2

= E4
k |(eikrA2 + eikrB2)(eikrA1 + eikrB1)|2

∑
n

Pρ̂(n)〈n|â†â†ââ |n〉

= E4
k |eikrA2 + eikrB2 |2|eikrA1 + eikrB1 |2

〈
â†â
〉2

coh

= G
(1)
2 (r1)G

(1)
2 (r2) , (3.17)

where we used the normally ordered second moment for coherent states
〈
(â†)2(â)2

〉
coh

=〈
â†â
〉2

coh
(see Tab. 2.1) and the expression of the first-order intensity correlation function of

Young’s double-slit given in Eq. (3.3).
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Figure 3.8: Second-order correlation functions for two statistically dependent point sources.

Interference pattern of (a) G
(2)
2 (r1, r1) and (b) g

(2)
2 (r1, r1) as a function of the optical phase

delay δ(r1). The interference pattern of (a) is normalized to its maximum and shows a

visibility of V(2)
2 = 100 % and (b) demonstrates Glauber’s coherence condition g(2)(r1, r1) = 1.

Using Glauber’s higher-order coherence condition of Eq. (2.66) we can easily generalize

Eq. (3.17) to higher-order intensity correlation functions G
(m)
N (r1, . . . , rm) in which the cor-

relation signal is a simple product of m independent single-photon interference patterns each

showing a visibility V(m)
N = 100 %. Thus, the normalized form of the mth-order intensity

correlation function, i.e., g(m)(r1, . . . , rm), is always unity and does not provide any spatial

information of the light source (cf. Eq. (2.65)).

The curves for G
(2)
2 (r1, r2) and g

(2)
2 (r1, r2) are plotted in Fig. 3.8 in which we assumed

identical detector positions r1 = r2. Note that in Eq. (3.17) we explicitly assumed a coherent

photon statistics for the two mutually coherent light fields to obtain Glauber’s condition of

mth-order coherence. However, we could also have assumed a different photon statistics,

e.g., that of thermal light. In this case G
(m)
N (r1, . . . , rm) would also reduce to a product of

first-order correlation functions, however, with an additional prefactor, which would not fulfill

Glauber’s coherence condition g
(m)
N (r1, . . . , rm) = 1. Note that Glauber’s coherence condition

is a unique property of coherent light and is only satisfied by the coherent state |α〉.

3.2.2 Two statistically independent light sources

After discussing the situation of N = 2 mutually coherent light sources, let us now investigate

the case of two statistically independent light sources which correspond to the historical setup

of Hanbury Brown and Twiss3 (see Fig. 3.7) [84]. The detected photons with wavevectors

kA and kB can be unambiguously associated with the sources A and B. The corresponding

field of the two statistically independent sources observed by detector Dj at space point rj

(j = 1, 2) can be expressed as (cf. Eq. (3.14))

Ê(+)(rj) = Â
(+)
j + B̂

(+)
j = Eke−iωt(eikrAj âA + eikrBj âB) , (3.18)

3 The original HBT experiments in 1956 were performed with single sources like stars [2] or small rectangular
apertures illuminated with light from a mercury arc [46]. A few years later they also investigated binary
stars [70, 106, 107], however their main focus was never on the determination of the distance between two
stars but on the diameter of a single star.



3.2. TWO-PHOTON INTERFERENCE 41

where the annihilation operators âl annihilate a photon occupying the mode kl (l = A,B).

Again the complex phase eikrlj defines the optical phase of a photon accumulated when

propagating from source l to detector Dj .

Inserting now the electric field of Eq. (3.18) into the second-order intensity correlation

function we obtain an expression with N2m = 16 different expectation values (N : number of

sources, m: correlation order) [84]:

G
(2)
2 (r1, r2) =

〈
Ê(−)(r1)Ê(−)(r2)Ê(+)(r2)Ê(+)(r1)

〉
ρ̂

=
〈

(Â
(−)
1 + B̂

(−)
1 )(Â

(−)
2 + B̂

(−)
2 )(Â

(+)
2 + B̂

(+)
2 )(Â

(+)
1 + B̂

(+)
1 )

〉
ρ̂

=
〈
Â

(−)
1 Â

(−)
2 Â

(+)
2 Â

(+)
1

〉
ρ̂

+
〈
Â

(−)
1 Â

(−)
2 Â

(+)
2 B̂

(+)
1

〉
ρ̂

+
〈
Â

(−)
1 Â

(−)
2 B̂

(+)
2 Â

(+)
1

〉
ρ̂

+
〈
Â

(−)
1 Â

(−)
2 B̂

(+)
2 B̂

(+)
1

〉
ρ̂

+
〈
Â

(−)
1 B̂

(−)
2 Â

(+)
2 Â

(+)
1

〉
ρ̂

+
〈
Â

(−)
1 B̂

(−)
2 Â

(+)
2 B̂

(+)
1

〉
ρ̂

+
〈
Â

(−)
1 B̂

(−)
2 B̂

(+)
2 Â

(+)
1

〉
ρ̂

+
〈
Â

(−)
1 B̂

(−)
2 B̂

(+)
2 B̂

(+)
1

〉
ρ̂

+
〈
B̂

(−)
1 Â

(−)
2 Â

(+)
2 Â

(+)
1

〉
ρ̂

+
〈
B̂

(−)
1 Â

(−)
2 Â

(+)
2 B̂

(+)
1

〉
ρ̂

+
〈
B̂

(−)
1 Â

(−)
2 B̂

(+)
2 Â

(+)
1

〉
ρ̂

+
〈
B̂

(−)
1 Â

(−)
2 B̂

(+)
2 B̂

(+)
1

〉
ρ̂

+
〈
B̂

(−)
1 B̂

(−)
2 Â

(+)
2 Â

(+)
1

〉
ρ̂

+
〈
B̂

(−)
1 B̂

(−)
2 Â

(+)
2 B̂

(+)
1

〉
ρ̂

+
〈
B̂

(−)
1 B̂

(−)
2 B̂

(+)
2 Â

(+)
1

〉
ρ̂

+
〈
B̂

(−)
1 B̂

(−)
2 B̂

(+)
2 B̂

(+)
1

〉
ρ̂
. (3.19)

Due to the statistical independence of the two light sources A and B we can make use of the

relation [19]

〈
â†ε1 â

†
ε2 âε3 âε4

〉
ρ̂

=


〈n̂ε1〉ρ̂ 〈n̂ε2〉ρ̂ (δε1,ε3δε2,ε4 + δε1,ε4δε2,ε3) if ε1 6= ε2〈
: n̂2

ε1 :
〉
ρ̂
δε1,ε2,ε3,ε4

(3.20)

for ε1, ε2, ε3, ε4 ∈ {A,B}. This relation explains the survival of the six underlined expectation

values of Eq. (3.19) and leads to the reduced expression [23]

G
(2)
2 (r1, r2) = E4

k

[〈
: n̂2

A :
〉
ρ̂

+
〈
: n̂2

B :
〉
ρ̂

+ 2 〈n̂A〉ρ̂ 〈n̂B〉ρ̂ e
k

+ 〈n̂A〉ρ̂ 〈n̂B〉ρ̂
(
eik(rB2−rA2)e−ik(rB1−rA1) + c.c.

)]
= E4

k

(〈
: n̂2

A :
〉
ρ̂

+
〈
: n̂2

B :
〉
ρ̂

+ 2 〈n̂A〉ρ̂ 〈n̂B〉ρ̂ [1 + cos (δ2 − δ1)]
)
, (3.21)

where c.c. stands for complex conjugate and δj (j = 1, 2) are the optical phase differences

given by Eq. (3.15). The joint probability of simultaneously detecting two photons in the far

field will lead to a stationary interference pattern despite the statistically independence of the
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two light sources. This result clearly demonstrates the real power of the HBT interference

effect, which might seem counter-intuitive at first sight because the same light field observed

by a single detector does not show any interference effects at all. As we will see later,

the fundamental interference principle of the HBT experiment can be fully explained by

the superposition of different, yet indistinguishable two-photon probability amplitudes of

alternative ways of jointly triggering two detection events.

Let us investigate the influence of the photon statistics on the observed visibility of the

interference signal of the HBT experiment. Using the fact that the first-order intensity

correlation function of statistically independent light sources yields a constant, G
(1)
2 (rj) =

E2
k (〈n̂A〉ρ̂ + 〈n̂B〉ρ̂) (see Eq. (3.12)), we can calculate the normalized second-order intensity

correlation function to

g
(2)
2 (r1, r2) =

〈
: (n̂A + n̂B)2 :

〉
ρ̂

(〈n̂A〉ρ̂ + 〈n̂B〉ρ̂)2

[
1 +

2 〈n̂A〉ρ̂ 〈n̂B〉ρ̂
〈: (n̂A + n̂B)2 :〉ρ̂

cos (δ2 − δ1)

]
. (3.22)

The sinusoidal interference signal of Eq. (3.22) thus displays a visibility [108]

V(2)
2 =

2 〈n̂A〉ρ̂ 〈n̂B〉ρ̂
〈: (n̂A + n̂B)2 :〉ρ̂

, (3.23)

which depends on the photon statistics ρ̂ of the two incoherent light sources.

Considering the photon statistics for two thermal light sources (TLS), two coherent light

sources (CLS), and two single-photon emitters (SPE), we obtain the following interference

patterns with corresponding visibilities

g
(2)
2TLS(δ1, δ2) =

3

2

[
1 +

1

3
cos (δ2 − δ1)

]
with V(2)

2TLS = 33 % , (3.24a)

g
(2)
2CLS(δ1, δ2) = 1 +

1

2
cos (δ2 − δ1) with V(2)

2CLS = 50 % , (3.24b)

g
(2)
2SPE(δ1, δ2) =

1

2
[1 + cos (δ2 − δ1)] with V(2)

2SPE = 100 % , (3.24c)

where we assumed equal mean photon numbers n̄ = 〈n̂A〉ρ̂ = 〈n̂B〉ρ̂ for both light sources,

and further made use of the second moment of thermal light
〈
: n̂2 :

〉
th

= 2n̄2, coherent light〈
: n̂2 :

〉
coh

= n̄2, and single-photon emission
〈
: n̂2 :

〉
no

= 0 introduced in Tab. 2.1. Note

that all g
(2)
2 (δ1, δ2) in Eqs. (3.24) only depend on the relative phase difference (δ2 − δ1)

which is a basic characteristic of statistically independent light fields4. Strictly speaking, the

interference pattern of g
(2)
2 (δ1, δ2) depends on four positions, namely the two positions RA

and RB of the light sources A and B, and the two positions r1 and r2 of the detectors D1

and D2 linked by the relative phase differences given by Eq. (3.15). Knowing the detector

4 Principally one can distinguish between HBT-type (phase difference) and noon-type (phase sum) intensity
interferences. The HBT-type interference arises for statistically independent light sources like binary stars
or a Young’s double-slit experiment with incoherent light. Due to the phase-difference dependence, all
HBT-type Nth-order intensity correlation measurements are unaffected by atmospheric and instrumental
fluctuations. On the other hand noon-type interferences are observed with nonclassical N -photon states
(see also Chapter 4) [19,71,84].
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Figure 3.9: Different normalized second-order intensity correlation functions for two sta-

tistically independent light sources and their corresponding visibilities. (a) g
(2)
2 (δ1, 0) for

two thermal light sources (TLS, blue), two coherent light sources (CLS, magenta), and two
single-photon emitters (SPE, green) as a function of δ1 and fixed δ2 = 0. Due to the different

photon statistics, the interference signals exhibit different visibilities. (b) Visibility V(2)
2 (n̄A)

for thermal and coherent light fields for different relative intensities of source A and B. For

classical light sources the maximum achievable visibility for g
(2)
2 (δ1, δ2) is given by n̄A = n̄B.

In this case we obtain for TLS and CLS a visibility of maximal 33 % and 50 % for g
(2)
2 (δ1, δ2),

respectively.

positions we can then easily determine the source separation d by using Eq. (3.15). This is

the basis for quantum imaging using higher-order intensity correlation functions and will be

studied in detail in Chapter 4.

Figure 3.9 (a) displays different second-order intensity correlation functions g
(2)
2 (δ1, 0) for

different sources as a function of δ1 and fixed δ2 = 0. As derived in Eqs. (3.24) the three

interference signals only differ in their offsets which give rise to different visibilities. Unlike

the nonclassical radiation of SPE, where the visibility exhibits always 100 %, classical light

sources (e.g. TLS, CLS) can never exceed a visibility of 50 % for g
(2)
2 (δ1, δ2) [108] as indicated

in Fig. 3.9 (b). In quantum optics it is common to use the visibility as a parameter to

discriminate between nonclassical light fields and classical light fields [109,110]. In general, a

light source can be considered nonclassical if g
(2)
2 (δ1, δ2) displays a modulation with a visibility

exceeding the value of 50 % [108]. In Figure 3.9 (b) we illustrate the visibility V(2)
2 derived in

Eq. (3.23) for varying relative source intensities n̄l = 〈n̂l〉ρ̂ (l = A,B). As can be seen from

the figure, for both field statistics the maximum visibility is obtained if the two light sources

radiate with the same mean intensity n̄A = n̄B.

Using Equations (3.22) and (3.23) we can easily calculate the second-order intensity cor-

relation function g
(2)
2 (δ1, δ2) and the corresponding visibility V(2)

2 also for two mixed sources,

where for each light source A and B a different photon statistics is assumed. Considering,

e.g., a double light source composed of one TLS and one CLS with equal intensities we obtain

g
(2)
TLS/CLS(δ1, δ2) =

5

4

[
1 +

2

5
cos (δ2 − δ1)

]
with V(2)

TLS/CLS = 40 % . (3.25)

As expected, the visibility of the mixed sources is between the visibility of two CLS (50 %)

and the visibility of two TLS (33 %).
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After recalling the basic functional properties of g
(2)
2 (δ1, δ2) for certain light fields we shall

turn now to the fundamental quantum path description of the second-order intensity corre-

lation function which illustrates the origin of the nontrivial intensity-intensity interferences.

3.2.3 Two-photon quantum paths for two single-photon emitters

Let us first investigate the case of N = 2 initially excited SPE (e.g. two localized atoms [84]).

Each SPE emits spontaneously a single photon. From Equation (3.12) we already know that

the first-order intensity correlation function G
(1)
2 (rj) of two statistically independent light

sources does not show any interferences as a function of the detector position rj (j = 1, 2),

independent of the emission behavior (see Sec. 3.1.4). Before we turn our attention to the

‘HBT effect’ of the second-order intensity correlation function g
(2)
2 (r1, r2), i.e., the formation

of an intensity-intensity interference pattern irrespective of the incoherence of the light fields,

let us shortly recapitulate the calculation of G
(1)
2 (rj) by using Eqs. (2.52) and (3.18). We

obtain

G
(1)
2 (rj) =

〈
Ê(−)(rj)Ê

(+)(rj)
〉
ρ̂

=
∞∑

nA,nB=0

Pρ̂(nA)Pρ̂(nB)
∑
{nl}

|〈{nl}|Â
(+)
j + B̂

(+)
j |nA, nB〉|2

=

∞∑
nA,nB=0

Pρ̂(nA)Pρ̂(nB)
[
|〈nA − 1, nB|Â(+)

j |nA, nB〉|2

+ |〈nA, nB − 1|B̂(+)
j |nA, nB〉|2

]
= E2

k

∞∑
nA,nB=0

Pρ̂(nA)Pρ̂(nB)
[
|〈nA − 1, nB|eikrAj âA |nA, nB〉|2

+ |〈nA, nB − 1|eikrBj âB |nA, nB〉|2
]

= E2
k (〈n̂A〉ρ̂ + 〈n̂B〉ρ̂) = 2 E2

k n̄ = const , (3.26)

in which Pρ̂(nA)Pρ̂(nB) is the probability to find the electric field of the two incoherently

radiating light sources in the multi-mode (separable) state |nA, nB〉 = |nA〉 |nB〉 having nA

photons in mode kA (associated with source A) and nB photons in mode kB (associated

with source B). In the derivation we assumed equal amplitudes, i.e., equal mean photon

numbers n̄ = 〈n̂l〉 = 〈â†l âl〉 for both light sources l = A,B. Equation (3.26) shows that,

due to the orthogonality of the multi-mode states (cf. Eq. (3.13)) of different occupation

numbers, only two terms contribute to G
(1)
2 (rj), irrespective of the photon distributions

Pρ̂(nl). Note that Â
(+)
j only annihilates a photon emitted by source A (state |nA〉) and B̂

(+)
j

only annihilates a photon emitted by source B (state |nB〉). Due to the distinguishability

of the two single-photon quantum paths caused by the statistical independence of the light

sources, the quantum paths superpose incoherently and so that no interference in the first-

order spatial intensity correlation function appears (see e.g. Secs. 3.1.3 and 3.1.4).
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(II)(I) (III) (IV)(II)(I)

Figure 3.10: Two-photon quantum paths for N = 2 statistically independent light sources.
Sources A and B are (a) two SPE [two paths (I) and (II)] or (b) two classical light sources
(e.g. TLS and CLS) [four paths (I) - (IV)]. In the case of classical light sources only the two
indistinguishable quantum paths (I) and (II) contribute to the interference signal whereas
paths (III) and (IV) lead to a constant offset and thus a reduced visibility.

Now we turn to the second-order intensity correlation function G
(2)
2 (r1, r2) for two statis-

tically independent arbitrary light sources. Taking into account the orthogonality of multi-

mode number states we can write

G
(2)
2 (r1, r2)

=
〈
Ê(−)(r1)Ê(−)(r2)Ê(+)(r2)Ê(+)(r1)

〉
ρ̂

=
∞∑

nA,nB=0

Pρ̂(nA)Pρ̂(nB)
∑
{nl}

|〈{nl}|(Â
(+)
2 + B̂

(+)
2 )(Â

(+)
1 + B̂

(+)
1 ) |nA, nB〉|2

=

∞∑
nA,nB=0

Pρ̂(nA)Pρ̂(nB)
[
|〈nA − 1, nB − 1|Â(+)

1 B̂
(+)
2 + B̂

(+)
1 Â

(+)
2 |nA, nB〉|2

+ |〈nA − 2, nB|Â(+)
1 Â

(+)
2 |nA, nB〉|2 + |〈nA, nB − 2|B̂(+)

1 B̂
(+)
2 |nA, nB〉|2

]
. (3.27)

Expressing now the photon distribution of a SPE via Pno(nl) = δ(nl − 1) (see Tab. 2.1), i.e.,

each SPE exclusively emits one single photon at a time, we obtain 〈n̂A〉no = 〈n̂B〉no = 1.

Therefore the light field of two independently emitted photons can be described by the initial

separable state |1A, 1B〉. This causes the survival of only one final state 〈0A, 0B| in Eq. (3.27)

contributing to G
(2)
2SPE(r1, r2). We thus obtain

G
(2)
2SPE(r1, r2) = |〈0A, 0B|Â(+)

1 B̂
(+)
2 + B̂

(+)
1 Â

(+)
2 |1A, 1B〉|2

= E4
k |〈0A, 0B|(eikrA1eikrB2

+ eikrB1eikrA2)âAâB |1A, 1B〉 |2

= E4
k |eik(rA1+rB2) + eik(rB1+rA2)|2 , (3.28)

where the two terms Â
(+)
1 B̂

(+)
2 and B̂

(+)
1 Â

(+)
2 are both proportional to the product of the anni-

hilation operators âAâB (see Eq. (3.18)) which hence factorizes and leads to the superposition

of the two phase terms eik(rA1+rB2) and eik(rB1+rA2). Therefore G
(2)
2SPE(r1, r2) is proportional

to the modulus squared |eik(rA1+rB2)+eik(rB1+rA2)|2 which represents a coherent superposition

of two two-photon probability amplitudes, i.e., the two phase terms represent two different,

yet indistinguishable two-photon quantum paths that the two independent photons, emitted
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by the sources A and B, can be jointly detected at the positions r1 and r2 [6, 18, 84, 111].

Due to the fact that each of the two light sources only emits one photon at a time, we just

obtain two possibilities (I) and (II) that the two photons can actually trigger a joint detection

event [6]. The two two-photon quantum paths (I) and (II) are illustrated in Fig. 3.10 (a).

Here, the first quantum path (I), corresponding to the phase term eik(rA1+rB2), is the proba-

bility amplitude that a photon from source A is recorded by detector D1 and another photon

from source B is registered by detector D2, and the second quantum path (II), correspond-

ing to the phase term eik(rB1+rA2), denotes the probability amplitude that a photon from

source B is measured by detector D1 and another photon from source A by detector D2 [18].

These two alternative ways of producing a joint two-photon detection event can be considered

indistinguishable, since the coincidence detection G
(2)
2SPE(r1, r2) takes place in the far field

and leads in both cases to the same final state of the field. Unlike a first-order intensity

correlation measurement G(1)(r), where, according to Dirac [7], each photon only interferes

with itself (single-photon interference), we have now a superposition of two quantum paths

which belong to a pair of photons. Therefore we can extend Dirac’s statement and can state

for a G(2)(r1, r2) measurement that “A pair of independent photons only interferes with it-

self. Interference between two different photon pairs never occurs” [18, 19]. The coherent

superposition of the two two-photon probability amplitudes of Eq. (3.28) therefore displays

a nontrivial two-photon interference effect and reveals the real origin of the HBT effect.

Using the relative phases δj (j = 1, 2), introduced in Eq. (3.15) and Fig. 3.7, G
(2)
2SPE(r1, r2)

becomes

G
(2)
2SPE(δ1, δ2) = 2 E4

k [1 + cos(δ2 − δ1)] . (3.29)

Dividing now Eq. (3.29) by the first-order intensity correlation functions of Eq. (3.26), we

can confirm the result of Eq. (3.24c) and obtain for two statistically independent SPE the

normalized second-order spatial intensity correlation function [112]

g
(2)
2SPE(δ1, δ2) =

1

2
[1 + cos(δ2 − δ1)] . (3.30)

Even though the two SPE scatter their photons completely independently, we obtain, as

illustrated in Fig. 3.9, a sinusoidal modulation with a visibility of 100 % [47,108,113].

Equation (3.30) can also be interpreted in a different manner. We know from Eqs. (2.45)

and (2.53) that the mth-order intensity correlation functions G(m)(r1, . . . , rm) are propor-

tional to the joint probability Pm(r1, . . . , rm) of coincidently detecting m photons at positions

r1, . . . , rm. Therefore the second-order intensity correlation function of Eq. (3.30) may be

expressed as [109,114]

g
(2)
2SPE(δ1, δ2) =

P2(r1, r2)

P1(r1)P1(r2)
=
P2(r2|r1)

P1(r2)
, (3.31)

where P2(r2|r1) = P2(r1,r2)
P1(r1) denotes the conditional probability [5] to measure a photon at
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position r2 if some other photon is detected at position r1. Applying this interpretation to

g
(2)
2SPE(δ1, δ2) of Eq. (3.30), which displays a pure cosine modulation with V(2)

2SPE = 100 %,

we find certain configurations of detector positions r1 and r2 where the possibility of finding

a second photon at r2 after having measured a photon at r1 is zero. Thus the detection of the

second photon at r2 strongly depends on the detection of the photon at r1. For instance, the

probability of Eq. (3.30) of finding a photon at δ1 = π, assuming the detection of a photon

at δ1 = 0, is always zero. This behavior demonstrates the highly nonlocal nature of the light

field generated by two SPE [113,115]. As we shall see in the next section, this nonlocal two-

photon interference phenomenon is not a unique property of SPE. Also classical light sources

such as TLS and CLS can display nonlocal field correlations, however less pronounced [18].

3.2.4 Two-photon quantum paths for two classical light sources

After discussing the nonclassical radiation of SPE, we now want to turn our attention to the

second-order intensity correlation of two quasimonochromatic classical light sources obeying

thermal and coherent statistics.

According to Eq. (3.27) we recall G
(2)
2 (r1, r2) for N = 2 statistically independent point

sources

G
(2)
2 (r1, r2) =

∞∑
nA,nB=0

Pρ̂(nA)Pρ̂(nB)
[
|〈nA − 1, nB − 1|Â(+)

1 B̂
(+)
2 + B̂

(+)
1 Â

(+)
2 |nA, nB〉|2

+ |〈nA − 2, nB|Â(+)
1 Â

(+)
2 |nA, nB〉|2

+ |〈nA, nB − 2|B̂(+)
1 B̂

(+)
2 |nA, nB〉|2

]
. (3.32)

In contrast to SPE, classical light sources possess four alternative ways to trigger a success-

ful two-fold coincidence event. The two additional contributions Â
(+)
1 Â

(+)
2 and B̂

(+)
1 B̂

(+)
2

originate from the fact that each classical light source A and B can scatter more than just

one photon. The initial state of the field |nA, nB〉 can thus lead to
(
m+N−1

m

)
=
(

3
2

)
= 3

different final states, namely 〈nA − 1, nB − 1|, 〈nA − 2, nB|, and 〈nA, nB − 2|, which display

three possibilities that two independently emitted photons can be scattered by two sources

(see Fig. 3.10):

〈nA − 1, nB − 1| : one photon scattered by source A

and one photon by source B

〈nA − 2, nB| : both photons scattered by source A

〈nA, nB − 2| : both photons scattered by source B . (3.33)

These three final states can be grouped in two distinct partitions of the number 2, namely
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{(1 + 1), (2)} (see Appendix A) which correspond to the scenarios that: firstly, each source

scatters one photon (black) and secondly, one source scatters two photons (blue) (see Fig. 3.10).

Note that the different colors in Eq. (3.32) and Fig. 3.10 (b) correspond to the two mentioned

partitions.

Using Eq. (3.18) we can rewrite G
(2)
2 (r1, r2) and obtain

G
(2)
2 (r1, r2) = E4

k

∞∑
nA,nB=0

Pρ̂(nA)Pρ̂(nB)

×
[
|〈nA − 1, nB − 1|(eik(rA1+rB2) + eik(rB1+rA2))âAâB |nA, nB〉|2

+ |〈nA − 2, nB|eik(rA1+rA2)âAâA |nA, nB〉|2

+ |〈nA, nB − 2|eik(rB1+rB2)âB âB |nA, nB〉|2
]

= E4
k

[
〈n̂A〉ρ̂ 〈n̂B〉ρ̂ |e

ik(rA1+rB2) + eik(rB1+rA2)|2

+
〈
: n̂2

A :
〉
ρ̂
|eik(rA1+rA2)|2 +

〈
: n̂2

B :
〉
ρ̂
|eik(rB1+rB2)|2

]
, (3.34)

where the four phase terms eik(rA1+rB2), eik(rB1+rA2), eik(rA1+rA2), and eik(rA1+rA2) represent

the four possible two-photon probability amplitudes triggering a successful two-fold joint

detection event at the positions r1 and r2. As always indistinguishable quantum paths linking

the same initial and final state have to be added coherently, whereas quantum paths leading

to different final states are distinguishable and have to be summed incoherently. Therefore

only paths (I) and (II) depicted in Fig. 3.10 (b) have to be superposed coherently and give

rise to interference, whereas paths (III) and (IV) have to be added incoherently and lead to a

constant background of the two-photon signal. Notice that the two paths (I) and (II) are the

same two indistinguishable two-photon probability amplitudes that we already derived in the

case of two SPE (see Fig. 3.10). They describe a nonlocal interference of light fields between

Â
(+)
1 (B̂

(+)
1 ) at positions r1 and B̂

(+)
2 (Â

(+)
2 ) at positions r2 which is measured by two spatially

separated detectors D1 and D2 [18]. This nonlocal superposition of field amplitudes violates

the concept of locality of classical detection theory. Equation (3.34) clearly demonstrates

that classical light can display, despite its classical photon statistics, nonlocal field properties

with regard to two-photon correlations. The only difference is that the two-photon signal of

classical light exhibits a background due to the two additional non-interfering quantum paths

which reduce the visibility of the interference pattern.

Assuming equal mean photon numbers for both light sources A and B and taking into

account Eq. (3.26), we arrive at the well-known results of Eq. (3.24), i.e.,

g
(2)
2TLS(δ1, δ2) =

1

4
[4 + 2 + 2 cos(δ2 − δ1)]

=
3

2

[
1 +

1

3
cos(δ2 − δ1)

]
, (3.35)
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and

g
(2)
2CLS(δ1, δ2) =

1

4
[2 + 2 + 2 cos(δ2 − δ1)]

= 1 +
1

2
cos(δ2 − δ1) , (3.36)

in which we considered Bose-Einstein statistics for the case of thermal light and Poisson

statistics for the case of coherent light, respectively (see Tab. 2.1). Comparing Eqs. (3.35)

and (3.36) with Eq. (3.30), we can see that we obtain the same sinusoidal modulation and

that the additional (blue) terms in Eq. (3.32) only reduce the visibility of the two-photon

signal from 100 % to 33 % (1/3) and 50 % (1/2), respectively (see Fig. 3.9). Note that the

decreased visiblity is an elementary characteristic of classical radiation and is, as we will see

later, one of the main differences compared to the radiation emitted by SPE [108].

3.3 Three-photon interference

In this section we want to investigate the third-order spatial intensity correlation function

G
(3)
3 (r1, r2, r3) for a radiation field generated by three equally separated light sources. The

measurement of G
(3)
3 (r1, r2, r3) can be understood as an extension of the intensity-intensity

correlation experiments of Hanbury Brown and Twiss which was originally performed with

two detectors. In general, the third-order spatial intensity correlation function is proportional

to the joint probability of observing simultaneously three photons at three particular space

points r1, r2, and r3. Analog to the discussions of second-order intensity correlations we want

to turn our attention to the spatial coherence properties of the light field generated by three

statistically independent SPE or TLS/CLS. The spatial third-order interference signals for

these light fields will be explained investigating again the multitude of three-photon quan-

tum paths. Furthermore we will show how the photon statistics of the corresponding light

sources affects the three-photon interference signals and that the third-order intensity correla-

tion function exhibits similar nonlocal field correlations as were already found for G
(2)
2 (r1, r2).

3.3.1 Three statistically independent light sources

Let us investigate the interference signal G
(3)
3 (r1, r2, r3) of N = 3 statistically independent

sources A, B, and C which are aligned along the x−axis at the positions Rl (l = A,B,C).

The detection scheme for this measurement is illustrated in Fig. 3.11. The electric field

observed by the detectors Dj at rj (j = 1, 2, 3) can be written as

Ê(+)(rj) = Â
(+)
j + B̂

(+)
j + Ĉ

(+)
j = Ek(eikrAj âA + eikrBj âB + eikrCj âC) , (3.37)

in which we omitted the time dependence and the random phases of each light source

(cf. Eq. (3.18)). Here again, the annihilation operators âl exclusively annihilate a photon

scattered by source l and the term eikrlj indicates the optical phase of the annihilated photon,
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Figure 3.11: Three-photon coincidence detection scheme for three point-like sources. The
sources A, B, and C are located at positions Rl (l = A,B,C) along the x−axis with equal
spacing d. An equal number of three detectors Dj situated at rj (j = 1, 2, 3) measures the
three scattered photons in the x − z−plane in the far field, so that the detectors cannot
distinguish from which of the three sources the photons have been originally emitted. δj is
the optical phase difference of two photons propagating from adjacent sources to Dj .

accumulated when propagating from source l to detector Dj . Due to the far-field detection we

derive the following third-order intensity correlation function for the light field of Eq. (3.37)

G
(3)
3 (r1, r2, r3)

=
〈
Ê(−)(r1)Ê(−)(r2)Ê(−)(r3)Ê(+)(r3)Ê(+)(r2)Ê(+)(r1)

〉
ρ̂

=
〈

(Â
(−)
1 + B̂

(−)
1 + Ĉ

(−)
1 )(Â

(−)
2 + B̂

(−)
2 + Ĉ

(−)
2 )(Â

(−)
3 + B̂

(−)
3 + Ĉ

(−)
3 )

× (Â
(+)
3 + B̂

(+)
3 + Ĉ

(+)
3 )(Â

(+)
2 + B̂

(+)
2 + Ĉ

(+)
2 )(Â

(+)
1 + B̂

(+)
1 + Ĉ

(+)
1 )

〉
ρ̂
, (3.38)

which leads to N2m = 729 different combinations of field operators. However, due to the sta-

tistical independence of the three light sources A, B, and C, a large number of the expectation

values vanishes. With the help of the following orthogonality relations

〈
â†ε1 â

†
ε2 â
†
ε3 âε4 âε5 âε6

〉
ρ̂

=



〈n̂ε1〉ρ̂ 〈n̂ε2〉ρ̂ 〈n̂ε3〉ρ̂
×(δε1,ε4δε2,ε5δε3,ε6 + δε1,ε4δε2,ε6δε3,ε5+

δε1,ε5δε2,ε4δε3,ε6 + δε1,ε5δε2,ε6δε3,ε4+

δε1,ε6δε2,ε4δε3,ε5 + δε1,ε6δε2,ε5δε3,ε4)

if ε1 6= ε2 6= ε3

〈n̂ε1〉ρ̂
〈
: n̂2

ε2 :
〉
ρ̂

×(δε1,ε4δε2,ε3,ε5,ε6 + δε1,ε5δε2,ε3,ε4,ε6 + δε1,ε6δε2,ε3,ε4,ε5+

δε2,ε4δε1,ε3,ε5,ε6 + δε2,ε5δε1,ε3,ε4,ε6 + δε2,ε6δε1,ε3,ε4,ε5+

δε3,ε4δε1,ε2,ε5,ε6 + δε3,ε5δε1,ε2,ε4,ε6 + δε3,ε6δε1,ε2,ε4,ε5)

if ε1 6= ε2〈
: n̂3

ε1 :
〉
ρ̂

×δε1,ε2,ε3,ε4,ε5,ε6
(3.39)
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where ε1, ε2, ε3, ε4, ε5, ε6 ∈ {A,B,C}, we find that of the 729 expectation values of Eq. (3.38)

only 93 terms survive and have to be taken into account for the further calculations.

Using G
(1)
3 (rj) = E2

k (〈n̂A〉ρ̂ + 〈n̂B〉ρ̂ + 〈n̂C〉ρ̂) for three incoherent light sources

(cf. Eq. (3.12)) and the relative phase definition (cf. Eq. (3.15))

δj ≡ δ(rj) = k(rBj − rAj) = k(rCj − rBj) =
k

2
(rCj − rAj) , (3.40)

we can calculate the expression for the normalized third-order intensity correlation function.

We obtain

g(3)(r1, r2, r3) =
1

(〈n̂A〉ρ̂ + 〈n̂B〉ρ̂ + 〈n̂C〉ρ̂)3

× [〈n̂A〉ρ̂ 〈n̂B〉ρ̂ 〈n̂C〉ρ̂ {6 + 4(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])

+ 2(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])

+ 4(cos[2δ3 − δ2 − δ1] + cos[2δ2 − δ3 − δ1] + cos[2δ1 − δ3 − δ2])}

+ 〈n̂B〉ρ̂
〈
: n̂2

A :
〉
ρ̂
{3 + 2(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])}

+ 〈n̂A〉ρ̂
〈
: n̂2

B :
〉
ρ̂
{3 + 2(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])}

+ 〈n̂C〉ρ̂
〈
: n̂2

B :
〉
ρ̂
{3 + 2(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])}

+ 〈n̂B〉ρ̂
〈
: n̂2

C :
〉
ρ̂
{3 + 2(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])}

+ 〈n̂C〉ρ̂
〈
: n̂2

A :
〉
ρ̂
{3 + 2(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])}

+ 〈n̂A〉ρ̂
〈
: n̂2

C :
〉
ρ̂
{3 + 2(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])}

+
〈
: n̂3

A :
〉
ρ̂

+
〈
: n̂3

B :
〉
ρ̂

+
〈
: n̂3

C :
〉
ρ̂

]
. (3.41)

The interference signal displays a large number of different oscillating cosine terms and de-

pends again on the photon statistics of the three sources.

Let us examine Eq. (3.41) for the cases that the source array consists of three TLS, three

CLS, or three SPE. With the help of the normally ordered mth moments listed in Tab. 2.1

and with the assumption of equal source intensities n̄ = 〈n̂l〉ρ̂ (l = A,B,C), we obtain

g
(3)
3TLS(δ1, δ2, δ3)

=
1

27
{60 + 20(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])

+ 10(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])

+ 4(cos[2δ3 − δ2 − δ1] + cos[2δ2 − δ3 − δ1] + cos[2δ1 − δ3 − δ2])} , (3.42a)

g
(3)
3CLS(δ1, δ2, δ3)

=
1

27
{27 + 12(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])

+ 6(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])

+ 4(cos[2δ3 − δ2 − δ1] + cos[2δ2 − δ3 − δ1] + cos[2δ1 − δ3 − δ2])} , (3.42b)
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Figure 3.12: Normalized third-order intensity correlation functions g
(3)
3 (δ1, δ2, δ3) as a function

of δ1 for three statistically independent TLS, CLS, and SPE. We plotted the interference
patterns for detector positions (a) δ2 = δ3 = 0 and (b) δ2 = 0 and δ3 = π.

g
(3)
3SPE(δ1, δ2, δ3)

=
1

27
{6 + 4(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])

+ 2(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])

+ 4(cos[2δ3 − δ2 − δ1] + cos[2δ2 − δ3 − δ1] + cos[2δ1 − δ3 − δ2])} . (3.42c)

We can see that the derived g
(3)
3 (δ1, δ2, δ3) functions are not simple expression of one single

cosine function anymore as in case of g
(2)
2 (δ1, δ2) (cf. Eq. (3.24)). The interference signals are

now nontrivial functions composed of many cosine terms which oscillate with different spatial

frequencies given by different combinations of relative detector positions δj (j = 1, 2, 3).

As an example we plot the third-order intensity correlation function g
(3)
3 (δ1, δ2, δ3) as a

function of δ1 for TLS, CLS, and SPE for two different detector configurations in Fig. 3.12:

(a) δ2 = δ3 = 0, and (b) δ2 = 0 and δ3 = π. For the first configuration (see Fig. 3.12 (a))

we obtain the same interference pattern for all three light fields. The signals only differ in

their amplitudes and offsets which result in different visibilities. Comparing the signals of

Fig. 3.12 (a) with those of Fig. 3.12 (b) we recognize that the fringe pattern, as well as

their visibilities depend on the choice of detector positions. Sometimes it is even possible to

generate a flat interference pattern as is the case for g
(3)
3SPE(δ1, 0, π) (see Fig. 3.12 (b)). In

this situation a constant interference signal means that the probability of observing the third

photon is independent of the position δ1.

To really understand the mechanism behind the interference signals and the origin of all

the different cosine functions of Eq. (3.41) we have to use the quantum path description.

In the next sections we therefore derive the third-order intensity correlation functions of

Eq. (3.42) by means of superposing three-photon quantum paths.

3.3.2 Three-photon quantum paths for three single-photon emitters

At first let us investigate the different possible quantum paths appearing for N = 3 statisti-

cally independent SPE. Due to the fact that each SPE exclusively emits one single photon per
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measurement cycle we can describe the initial state of our system by the separable number

state |1A, 1B, 1C〉 = |1A〉 |1B〉 |1C〉. Following the calculations of Sec. 3.2.3 we can thus derive

for the third-order intensity correlation function

G
(3)
3SPE(r1, r2, r3)

= 〈Ê(−)(r1)Ê(−)(r2)Ê(−)(r3)Ê(+)(r3)Ê(+)(r2)Ê(+)(r1)〉ρ̂

=
∞∑

nA,nB ,nC=0

Pno(nA)Pno(nB)Pno(nC)
∑
{nl}

|〈{nl}|
3∏
j=1

(Â
(+)
j + B̂

(+)
j + Ĉ

(+)
j ) |nA, nB, nC〉|2

= |〈0A, 0B, 0C |Â(+)
1 B̂

(+)
2 Ĉ

(+)
3 + Â

(+)
1 Ĉ

(+)
2 B̂

(+)
3 + B̂

(+)
1 Â

(+)
2 Ĉ

(+)
3

+ B̂
(+)
1 Ĉ

(+)
2 Â

(+)
3 + Ĉ

(+)
1 Â

(+)
2 B̂

(+)
3 + Ĉ

(+)
1 B̂

(+)
2 Â

(+)
3 |1A, 1B, 1C〉|2 , (3.43)

where we used once more the single-photon probability distribution Pno(nl) = δ(nl − 1)

(l = A,B,C). Applying next the field definition of Eq. (3.37) and the condition that all SPE

radiate with equal mean intensities n̄ = 〈n̂l〉no = 1, we arrive at

g
(3)
3SPE(r1, r2, r3) =

1

27
|eik(rA1+rB2+rC3) + eik(rA1+rC2+rB3) + eik(rB1+rA2+rC3)

+ eik(rB1+rC2+rA3) + eik(rC1+rA2+rB3) + eik(rC1+rB2+rA3)|2 , (3.44)

where we used for the normalization the constant intensities observed by each detector

G
(1)
3SPE(rj) = E2

k (〈n̂A〉ρ̂ + 〈n̂B〉ρ̂ + 〈n̂C〉ρ̂) (cf. Eq. (3.12)). Equation (3.44) displays a co-

herent superposition of six three-photon probability amplitudes representing six different, yet

indistinguishable three-photon quantum paths that three independent photons can trigger a

three-photon joint detection event at the positions r1, r2, and r3 [18]. Since the three-fold

coincidence measurement takes place in the far field and leads in all cases to the same fi-

nal state 〈0A, 0B, 0C |, we obtain six alternative ways (I)-(VI) that the three photons can be

jointly detected by the three detectors. Figure 3.13 presents a schematic representation of

the six three-photon quantum paths, where, e.g., the first quantum path (I) corresponding

to the phase term eik(rA1+rB2+rC3) is the probability amplitude that a photon from source

A is recorded at detector D1, a photon from source B at detector D2, and a photon from

source C at detector D3 [18]. In general, N = 3 photons have N ! = 6 different possibilities

to trigger a three-photon joint detection event.

By making use of the phase convention of Eq. (3.40) we can rewrite the third-order

correlation function in terms of optical phase differences δj (j = 1, 2, 3), so that we obtain [112]

g
(3)
3SPE(δ1, δ2, δ3)

=
1

27
{6 + 4(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])

+ 2(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])

+ 4(cos[2δ3 − δ2 − δ1] + cos[2δ2 − δ3 − δ1] + cos[2δ1 − δ3 − δ2])} , (3.45)
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(II) (III) (IV)(I) (V) (VI)

Figure 3.13: Three-photon quantum paths contributing to the third-order intensity correla-

tion function G
(3)
3SPE(r1, r2, r3) in case of N = 3 statistically independent SPE. Due to the

nonclassical emission of the SPE we obtain N ! = 6 three-photon quantum paths (I)-(VI)
which correspond to different, yet indistinguishable ways that three photons can be jointly
detected by m = N = 3 detectors D1, D2, and D3. Due to the indistinguishability of
the photons in the far field, all quantum paths superpose coherently and contribute to the
interference signal.

which confirms the previously derived result of Eq. (3.42c). Investigating Eq. (3.45), we

find that the visibility of g
(3)
3SPE(δ1, δ2, δ3) always reaches 100 % [47] which illustrates the

nonclassical field characteristic of SPE.

In the previous section we already emphasized the fact that the nontrivial phase depen-

dence of g
(3)
3 (δ1, δ2, δ3) makes the interference pattern more complicated compared to the

pure cosine modulation of g
(2)
2 (δ1, δ2). This can be immediately explained by the various ad-

ditional quantum paths which contribute to the three-photon interference signal. Note that

the incoherence of the light sources is the reason why g
(3)
3SPE(δ1, δ2, δ3) only depends on phase

differences of the form (δj − δi) (i, j = 1, 2, 3) and therefore merely depends on two degrees

of freedom. In Chapter 4 we will come back to g
(3)
3SPE(δ1, δ2, δ3) and discuss in more detail

how g
(3)
3SPE(δ1, δ2, δ3) can be used for imaging the sources.

3.3.3 Three-photon quantum paths for three classical light sources

The radiation characteristic of SPE is unique since every field mode of the source is maximally

populated with one single photon. As we know from the foregoing discussions this is different

for the case of classical light sources. In contrast to SPE they can emit more than just

one photon. Therefore, when discussing the third-order intensity correlation function for

classical sources, we also have to consider the possibility that nα > 1 for each light source

(α = A,B,C). This leads for N = 3 statistically independent sources to the expression

(cf. Eq. (3.43))

G
(3)
3 (r1, r2, r3) =

∞∑
nA,nB ,nC=0

Pρ̂(nA)Pρ̂(nB)Pρ̂(nC)

×
[
|〈nA − 1, nB − 1, nC − 1|Â(+)

1 B̂
(+)
2 Ĉ

(+)
3 + Â

(+)
1 Ĉ

(+)
2 B̂

(+)
3 + B̂

(+)
1 Â

(+)
2 Ĉ

(+)
3

+ B̂
(+)
1 Ĉ

(+)
2 Â

(+)
3 + Ĉ

(+)
1 Â

(+)
2 B̂

(+)
3 + Ĉ

(+)
1 B̂

(+)
2 Â

(+)
3 |nA, nB, nC〉|2
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+ |〈nA − 2, nB − 1, nC |Â(+)
1 Â

(+)
2 B̂

(+)
3 + Â

(+)
1 B̂

(+)
2 Â

(+)
3 + B̂

(+)
1 Â

(+)
2 Â

(+)
3 |nA, nB, nC〉|2

+ |〈nA − 1, nB − 2, nC |Â(+)
1 B̂

(+)
2 B̂

(+)
3 + B̂

(+)
1 Â

(+)
2 B̂

(+)
3 + B̂

(+)
1 B̂

(+)
2 Â

(+)
3 |nA, nB, nC〉|2

+ |〈nA, nB − 2, nC − 1|B̂(+)
1 B̂

(+)
2 Ĉ

(+)
3 + B̂

(+)
1 Ĉ

(+)
2 B̂

(+)
3 + Ĉ

(+)
1 B̂

(+)
2 B̂

(+)
3 |nA, nB, nC〉|2

+ |〈nA, nB − 1, nC − 2|B̂(+)
1 Ĉ

(+)
2 Ĉ

(+)
3 + Ĉ

(+)
1 B̂

(+)
2 Ĉ

(+)
3 + Ĉ

(+)
1 Ĉ

(+)
2 B̂

(+)
3 |nA, nB, nC〉|2

+ |〈nA − 2, nB, nC − 1|Â(+)
1 Â

(+)
2 Ĉ

(+)
3 + Â

(+)
1 Ĉ

(+)
2 Â

(+)
3 + Ĉ

(+)
1 Â

(+)
2 Â

(+)
3 |nA, nB, nC〉|2

+ |〈nA − 1, nB, nC − 2|Â(+)
1 Ĉ

(+)
2 Ĉ

(+)
3 + Ĉ

(+)
1 Â

(+)
2 Ĉ

(+)
3 + Ĉ

(+)
1 Ĉ

(+)
2 Â

(+)
3 |nA, nB, nC〉|2

+ |〈nA − 3, nB, nC |Â(+)
1 Â

(+)
2 Â

(+)
3 |nA, nB, nC〉|2

+ |〈nA, nB − 3, nC |B̂(+)
1 B̂

(+)
2 B̂

(+)
3 |nA, nB, nC〉|2

+ |〈nA, nB, nC − 3|Ĉ(+)
1 Ĉ

(+)
2 Ĉ

(+)
3 |nA, nB, nC〉|2

]
, (3.46)

In Equation (3.46) the different colored field operators (black, red, blue) correspond to the

Nm = 27 different possibilities that the initial field |nA, nB, nC〉 leads to a successful three-

photon joint detection event. The first six contributions (black) are identical to those studied

already in case of three SPE (see Eq. (3.43)), whereas the additional contributions, written

in red and blue, correspond to the case where two (red) or three (blue) photons are emitted

by the same source.

We note that the initial state |nA, nB, nC〉 for three statistically independent classical

sources can lead to
(
m+N−1

m

)
= 10 different final states which contribute to the interference

signal of G
(3)
3 (r1, r2, r3). They correspond to ten alternative ways that three photons can be

emitted by three sources. As seen in Eq. (3.46) the final states are

〈nA − 1, nB − 1, nC − 1| : one photon scattered by each source A, B, and C (SPE)

〈nA − 2, nB − 1, nC | : two photons scattered by source A and one photon by source B

〈nA − 1, nB − 2, nC | : two photons scattered by source B and one photon by source A

〈nA, nB − 2, nC − 1| : two photons scattered by source B and one photon by source C

〈nA, nB − 1, nC − 2| : two photons scattered by source C and one photon by source B

〈nA − 2, nB, nC − 1| : two photons scattered by source A and one photon by source C

〈nA − 1, nB, nC − 2| : two photons scattered by source C and one photon by source A

〈nA − 3, nB, nC | : three photons scattered by source A

〈nA, nB − 3, nC | : three photons scattered by source B

〈nA, nB, nC − 3| : three photons scattered by source C . (3.47)

These states can be grouped in three distinct partitions of the number 3, namely {(1 + 1 +

1), (2 + 1), (3)} (see Appendix A) which correspond to the three scenarios that: each source

scatters one photon (black), one source scatters two photons (red), one source scatters all

three photons (blue) (see Fig. 3.14).
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Figure 3.14: Three-photon quantum paths contributing to the third-order intensity correla-

tion function G
(3)
3 (r1, r2, r3) in case of N = 3 statistically independent classical light sources.

Since in the case of classical light sources more than one photon may originate from the same
source, we obtain Nm = 27 three-photon quantum paths illustrating the different possibili-
ties that three photons are jointly detected by m = N = 3 detectors D1, D2, and D3. All
quantum paths in which the same number of photons is emitted by each source are grouped
in a separate row. The quantum paths in each row correspond to different, yet indistin-
guishable ways to trigger a three-photon joint detection event starting from the same initial
state, they thus interfere coherently, whereas quantum paths in different rows have to be
added incoherently. The different colors refer to the three partitions of the detected photons
{(1 + 1 + 1), (2 + 1), (3)} where one photon originates from each source (black), two photons
originate from one source (red), or all three photons originate from the same source (blue).
Note that the six indistinguishable quantum paths in the first row are identical to the ones
obtained also for SPE (see Fig. 3.13).
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Considering the field definition of Eq. (3.37) we can rewrite the third-order intensity

correlation function G
(3)
3 (r1, r2, r3) in the following form

G
(3)
3 (r1, r2, r3)

= E6
k

[
〈n̂A〉ρ̂ 〈n̂B〉ρ̂ 〈n̂C〉ρ̂ |e

ik(rA1+rB2+rC3) + eik(rA1+rC2+rB3) + eik(rB1+rA2+rC3)

+ eik(rB1+rC2+rA3) + eik(rC1+rA2+rB3) + eik(rC1+rB2+rA3)|2

+ 〈n̂B〉ρ̂
〈
: n̂2

A :
〉
ρ̂
|eik(rA1+rA2+rB3) + eik(rA1+rB2+rA3) + eik(rB1+rA2+rA3)|2

+ 〈n̂A〉ρ̂
〈
: n̂2

B :
〉
ρ̂
|eik(rA1+rB2+rB3) + eik(rB1+rA2+rB3) + eik(rB1+rB2+rA3)|2

+ 〈n̂C〉ρ̂
〈
: n̂2

B :
〉
ρ̂
|eik(rB1+rB2+rC3) + eik(rB1+rC2+rB3) + eik(rC1+rB2+rB3)|2

+ 〈n̂B〉ρ̂
〈
: n̂2

C :
〉
ρ̂
|eik(rB1+rC2+rC3) + eik(rC1+rB2+rC3) + eik(rC1+rC2+rB3)|2

+ 〈n̂C〉ρ̂
〈
: n̂2

A :
〉
ρ̂
|eik(rA1+rA2+rC3) + eik(rA1+rC2+rA3) + eik(rC1+rA2+rA3)|2

+ 〈n̂A〉ρ̂
〈
: n̂2

C :
〉
ρ̂
|eik(rA1+rC2+rC3) + eik(rC1+rA2+rC3) + eik(rC1+rC2+rA3)|2

+
〈
: n̂3

A :
〉
ρ̂
|eik(rA1+rA2+rA3)|2

+
〈
: n̂3

B :
〉
ρ̂
|eik(rB1+rB2+rB3)|2

+
〈
: n̂3

C :
〉
ρ̂
|eik(rC1+rC2+rC3)|2

]
. (3.48)

Here the different phase terms represent 27 different three-photon probability amplitudes

(three-photon quantum paths) that three independent photons, emitted by the sources A, B,

and C, can trigger a successful three-fold joint detection event at the positions r1, r2, and r3.

Again, different quantum paths, linking the same initial and final state, are indistinguishable

and therefore have to be added coherently. On the other hand quantum paths leading to

different final states are distinguishable and have to be summed incoherently. Therefore only

quantum paths in each line of Eq. (3.48) (each row in Fig. 3.14) have to be superposed

coherently and thus give rise to interference, whereas paths in different lines (different rows

in Fig. 3.14) have to be added incoherently. Notice that the six paths in the first line of

Eq. (3.48) (first row of Fig. 3.14) are the same indistinguishable three-photon probability

amplitudes that we have already derived in the case of three SPE (see Fig. 3.13). The

superposing three-photon probability amplitudes of Eq. (3.48) describe again nonlocal field

correlations as mentioned in Sec. 3.2.4 when describing G
(2)
2 (r1, r2). However we are now

dealing with a correlation of three nonlocal field amplitudes. For example, the first quantum

path Â
(+)
1 B̂

(+)
2 Ĉ

(+)
3 of Eq. (3.46) explores the field correlation between field Â

(+)
1 at positions

r1, B̂
(+)
2 at positions r2, and Ĉ

(+)
3 at positions r3 by means of three spatially independent

detectors D1, D2, and D3 [18] and thus displays the nonlocal nature of a G
(3)
3 (r1, r2, r3)

measurement.
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Equation (3.48) can be evaluated for thermal and for coherent statistics. With the help of

Eq. (3.41) and considering equal intensities for all three sources, we can write the third-order

intensity correlation functions finally in the form

g
(3)
3TLS(δ1, δ2, δ3)

=
1

27
{6 + 4(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])

+ 2(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])

+ 4(cos[2δ3 − δ2 − δ1] + cos[2δ2 − δ3 − δ1] + cos[2δ1 − δ3 − δ2])

+36 + 16(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])

+ 8(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])

+18} (3.49)

and

g
(3)
3CLS(δ1, δ2, δ3)

=
1

27
{6 + 4(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])

+ 2(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])

+ 4(cos[2δ3 − δ2 − δ1] + cos[2δ2 − δ3 − δ1] + cos[2δ1 − δ3 − δ2])

+18 + 8(cos[δ2 − δ1] + cos[δ3 − δ2] + cos[δ3 − δ1])

+ 4(cos[2(δ2 − δ1)] + cos[2(δ3 − δ2)] + cos[2(δ3 − δ1)])

+3} , (3.50)

which confirm the expressions derived in Eq. (3.42). Keep in mind that the different col-

ored terms appearing in Eqs. 3.49 and 3.50 correspond to the three different partitions that

we introduced above. The interference signals of g
(3)
3TLS(δ1, δ2, δ3) and g

(3)
3CLS(δ1, δ2, δ3) are

composed, in principle, of the same kinds of cosine functions which can be associated with

particular spatial frequencies (Fourier components) of the investigated source geometry (array

of three equidistant point-like sources). Due to the fact that the spatial frequencies are unique

for each source distribution, we can take advantage of this circumstance and can use the ob-

served N -photon interference signals to obtain spatial information of the number N and the

separation d of the radiating light source. A comparison of the two signals g
(3)
3TLS(δ1, δ2, δ3)

and g
(3)
3CLS(δ1, δ2, δ3) shows that they exhibit, in principle, the same interference pattern and

only differ in their backgrounds. Due to the additional quantum paths in case of classical

light sources, the interference patterns are usually different to those observed by SPE. How-

ever, for certain detector positions we are able to find similar interference signals. A detailed

discussion of generating similar multi-photon interferences will take place in Chapter 4.



3.4. N -PHOTON INTERFERENCE 59

3.4 N-photon interference

In the last section of this chapter we present the concept of multi-photon quantum paths with

the interference of m statistically independent photons. As it turns out, the concept of super-

posing multi-photon quantum paths can be generalized to any arbitrary number of photons,

i.e, correlation order m. We know that the mth-order spatial intensity correlation function

G(m)(r1, . . . , rm) describes the joint probability of observing m coincidently measured pho-

tons at m different space points r1, . . . , rm. Therefore we can consider the G(m)(r1, . . . , rm)

detection scheme as a spatial m-port HBT interferometer where m-fold coincidence events

are monitored by m individual detectors.

We are especially interested in the case where the number of detectors m are equal to the

number of radiating sources N . The arrangement of the point-like sources and the detection

apparatus is illustrated in Fig. 3.15. The sources are arranged along a chain with equal

spacing d at Rl and the detectors are situated along a semi-circle around the sources in the

far field at rj (l, j = 1, . . . , N). Once again the light sources are considered statistically

independent and can be optionally SPE, TLS, or CLS. Each detector is supposed to detect

a single photon. The electric field observed by one of the detectors Dj is given by

Ê(+)(rj) =

N∑
l=1

Ê
(+)
lj = Ek

N∑
l=1

eikrlj âl . (3.51)

Calculating the Nth-order intensity correlation function with the electric field of Eq. (3.51)

we end up with (cf. Eqs. 3.27 and 3.43)

G
(N)
N (r1, . . . , rN )

= 〈Ê(−)(r1) . . . Ê(−)(rN )Ê(+)(rN ) . . . Ê(+)(r1)〉ρ̂

=
∞∑

n1,...,nN=0

N∏
j′=1

Pρ̂(nj′)
∑
{nl}

|〈{nl}|
N∏
j=1

N∑
l=1

Ê
(+)
lj |n1, . . . , nN 〉|2 , (3.52)

which gives, after expansion, an expression with N2N different expectation values. Despite

the fact that the statistical independence of the N light sources will eliminate most of the

expectation values, the Nth-order intensity correlation function for higher orders remains still

complex. Therefore the analytical calculations of G
(N)
N (r1, . . . , rN ) for N > 3 were performed

by means of a computer program5. In the next section we show how we can further sim-

plify Eq. (3.52) explicitly for the two cases of SPE and TLS. For both field statistics we will

present a compact expression for G
(N)
N (r1, . . . , rN ) which strongly simplifies their calculations.

5 All calculations in this thesis have been done with the computational software program Mathematica.
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...
...

...
...

Figure 3.15: N -photon coincidence detection scheme for N point-like sources which are lo-
cated at positions Rl (l = 1, . . . , N) along the x−axis with equal spacing d. Furthermore the
N sources are symmetrically arranged relative to the z−axis, i.e., the center of the source
array coincides with the origin of the coordinate system. The m = N detectors Dj are placed
in the far field of the sources at rj (j = 1, . . . , N) and measure the N scattered photons in
the x− z−plane.

3.4.1 N-photon quantum paths for N single-photon emitters

At first let us assume an array of N identical SPE. Due to the fact that the SPE radiate

the N photons completely incoherently, we can describe the initial system by the separable

state |SN 〉 ≡ |11, 12, . . . , 1N 〉 ≡ |11〉 |12〉 . . . |1N 〉. Inserting this state and the nonclassical

probability distribution Pno(nl) = δ(nl − 1) of SPE in Eq. (3.52), we find that only the final

state 〈01, . . . , 0N | survives (cf. Eq. (3.43)) what leads to6

G
(N)
N SPE(r1, . . . , rN ) = E2N

k |〈01, . . . , 0N |
N∏
j=1

N∑
l=1

eikrlj âl |11, . . . , 1N 〉|2

= E2N
k |

N∑
σ1,...,σN=1
σ1 6=... 6=σN

N∏
j=1

eikrσjj |2 . (3.53)

Equation (3.53) displays a coherent superposition of N ! N -photon probability amplitudes

of the form
∏N
j=1 e

ikrσjj representing N ! different, yet indistinguishable N -photon quantum

paths that N independent photons can trigger an N -photon joint detection event at the

positions r1, . . . , rN . Since the N -fold coincidence measurement takes place in the far field,

where none of the N detectors can distinguish which of the N sources actually emitted

a particular photon, we end up with a coherent superposition of the N ! indistinguishable

N -photon quantum paths.

To further simplify Eq. (3.53) we follow the derivation of Ref. [47] where it was as-

sumed that the center of the source array coincides with the origin of the coordinate system

(cf. Fig. 3.15). Thus we define

6 A detailed discussion of the more general case G
(m)
N SPE(r1, . . . , rm) where N ≥ m can be found in Ref. [110].
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ϕlj = k
Rl · rj
|rj |

= ql k dux · uj = ql k d sin (θj) = ql δj , (3.54)

in which we used Rl = ql dux and ql = − (N−1)
2 , . . . , (N−1)

2 . The unit vectors ux and uj =
rj
|rj |

are pointing along the x−axis and in the direction of the jth detector, respectively. Their

scalar product defines the scattering angle θj of the photons which is the angle given between

uj and the direction perpendicular to the source chain (z−axis). Equation (3.54) can be used

to rewrite Eq. (3.53) and to obtain a very compact formula for the normalized Nth-order

spatial intensity correlation function for N SPE [47,109]

g
(N)
N SPE(r1, . . . , rN ) =

1

NN

[∑
P

cos (q · δ)

]2

, (3.55)

in which the two vectors

q =


q1

...

qN

 and δ =


δ1

...

δN

 (3.56)

denote the positions of the N sources in units of d and all relative phases δ = δ(rj) associated

with the N different detector positions rj , respectively (see Eq. (3.54)). The sum
∑
P of

Eq. (3.55) runs over all N ! permutations of the N components of q.

It turns out that the interference signal of Eq. (3.55) always exhibits a visibility of 100 %

(see Ref. [47]) independent of the detector positions. That means, we will always find a par-

ticular configuration of the detector position where we will never observe N photons simulta-

neously. In other words, the conditional detection of the Nth photon in a g
(N)
N SPE(r1, . . . , rN )

coincidence measurement strongly depends on the detection of the N − 1 photons formerly

measured. This behavior demonstrates the nonlocal nature of the light field radiated by N

SPE [115] which highly violates the concept of locality and has no analog in classical physics.

3.4.2 N-photon quantum paths for N classical light sources

In this section, we now assume N equidistant identical classical light sources along a chain

with thermal or coherent photon statistics. Considering the electric field of Eq. (3.51) we can

rewrite the summation of Eq. (3.52)7

G
(N)
N (r1, . . . , rN ) = E2N

k

∞∑
n1,...,nN=0

N∏
j′=1

Pρ̂(nj′)

∑
{nl}

|〈{nl}|
N∑

σ1,...,σN=1

N∏
j=1

eikrσjj âσj |n1, . . . , nN 〉|2 . (3.57)

7 The derivation of G
(m)
N (r1, . . . , rm) for N classical light fields measured by m detectors is discussed in more

detail in Ref. [110].
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In comparison to N SPE where we only have to consider as final state the vacuum state for

the calculation of G
(N)
N (r1, . . . , rN ), we have now for classical light sources a great variety of

different final states which contribute to the Nth-order intensity correlation function. Due to

the property of classical light sources that more than one photon may originate from the same

source, we now obtain a set of sub-interference signals, one for each final state. Depending

on the field statistics, each sub-interference signal is produced by a coherent superposition

of 1 to N ! N -photon quantum paths (see e.g. Eq. (3.48)). The total number of final states

which contributes to G
(N)
N (r1, . . . , rN ) is given by (see Appendix A)(

2N − 1

N

)
(3.58)

which is valid for all classical light sources. We know from the foregoing discussions that

the different final states can be grouped into particular partitions (see Appendix A and

e.g. Eq. (3.47)). In Equations (3.33) and (3.47) we already demonstrated the concept of the

partition for the second- and third-order intensity correlation functions, respectively. The

partitioning of the measured photons can be easily generalized to G
(N)
N (r1, . . . , rN ). However,

for a more detailed discussion about the partitions in the context of higher-order intensity

correlations for classical light fields we refer to Ref. [110].

The N -photon interference signal G
(N)
N (r1, . . . , rN ) can again be fully explained by the

concept of superposing N -photon quantum paths. In contrast to SPE, where the interference

signal originates from a single coherent superposition of N ! quantum paths, we must now

distinguish between different coherent and incoherent contributions to G
(N)
N (r1, . . . , rN ). As

pointed out in the previous sections, different quantum paths linking the same initial and final

state have to be added coherently, whereas quantum paths leading to different final states

have to be summed incoherently. The different N -photon quantum paths that we are talking

about, are given by the expression
∏N
j=1 e

ikrσjj . The summation
∑N

σ1,...,σN=1 of Eq. (3.57)

runs over all combinations of integers σ1 through σN representing all alternative ways that

the N photons emitted by the N statistically independent sources can trigger a successful

N -fold joint detection event at the positions r1, . . . , rN . Therefore we can conclude that

NN (3.59)

different N -photon quantum paths (N -photon probability amplitudes) contribute to the fi-

nal interference signal of G
(N)
N (r1, . . . , rN ). Note that the N ! quantum paths causing the

interference for SPE also contribute to the classical interference signal (cf. Figs. 3.13 and

3.14). They are part of the NN quantum paths. Therefore it is not surprising that we also

encounter nonlocal field correlations of higher orders for classical light fields. But this does

not mean that all nonlocal properties exclusively originate from the quantum paths, that the

classical light sources share with SPE. Despite the fact that classical light fields can be fully

described in terms of classical wave theory, they can exhibit nonlocal properties [18]. The

modulated interference signal of G
(N)
N (r1, . . . , rN ) shows that certain detector configurations

will lead to a reduced probability and others to an increased probability to measure the Nth

photon after N − 1 photons have been measured at particular positions, which reveals the

nonlocal nature of classical light. However, a visibility of 100 % will not be possible and will
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stay a peculiar property of nonclassical light such as SPE.

Equation (3.57) can be used to calculate any G
(N)
N (r1, . . . , rN ) function. In contrast to

SPE we do not find a simple expression like Eq. (3.55) for the general case of classical light

fields. However, for the case of thermal fields we can make use of the complex Gaussian

moment theorem introduced in Sec. 2.3.3, which simplifies Eq. (3.57) to

g
(N)
N TLS(r1, . . . , rN ) =

∑
P

N∏
j=1

g
(1)
N TLS(rj , rP(j)) . (3.60)

Here again, the sum
∑
P runs over all N ! possible permutations P of the set of integers

{1, 2, . . . , N} (see Eq. (2.69)). If we are interested in the individual quantum paths and

how they interfere with each other we have to work with Eq. (3.57). Otherwise we can

use Eq. (3.60), which is easier to evaluate especially for higher correlation orders. Note

that g
(N)
N TLS(r1, . . . , rN ) of Eq. (3.60) is completely determined by the first-order correlation

functions g
(1)
N TLS(rj , rP(j)) [86].

It turns out that the maximal theoretically obtainable visibility of the Nth-order spatial

intensity correlation function of thermal light is given by [18]

V(N)
TLS =

N !− 1

N ! + 1
, (3.61)

which is actually independent of the number of sources as the absolute maximum N ! as well

as the absolute minimum 1 of the Nth-order intensity correlation function is a pure property

of the correlation function itself (see Eq. (2.75)). As we will see in the next chapters, the

geometry of the sources, i.e., the number and separation of the sources only affect the basic

interference pattern and not the visibility.

In conclusion, we studied the concept of multi-photon interference which arises if we measure

the higher-order correlation function g
(N)
N (r1, . . . , rN ) for N statistically independent light

sources. We showed that the N -photon interference signals are the result of coherent and/or

incoherent superpositions between different N -photon probability amplitudes of different,

yet indistinguishable N -photon quantum paths triggering an m-photon joint detection event.

This brings us back to Dirac’s statement that

“Each photon interferes only with itself. Interference between two different pho-

tons never occurs.” [7]

We now know that this interpretation of single-photon interference is only suitable for first-

order intensity correlation measurements. In case of higher-order intensity correlations where

more than one photon is involved, Dirac’s statement has to be extended to

An N -photon state of independent photons only interferes with itself. Interference

between different N -photon states never occurs. [18]

The last statement nicely summarizes the physics behind the multi-photon interference in

g
(N)
N (r1, . . . , rN ) measurements. With this knowledge we can start to study the N -photon

interference signal g
(N)
N (r1, . . . , rN ) in the context of quantum imaging and measurement-

induced focussing.
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Chapter 4

Quantum imaging using statistically

independent light sources

In this section we study how the concept of multi-photon interferences of statistically inde-

pendent light sources with classical (TLS/CLS) and nonclassical (SPE) photon statistics can

be used to optimize the resolution in imaging. Our approach takes advantage of carefully

designed N -photon interferences appearing in Glauber’s higher-order spatial intensity corre-

lations and the coherence properties of the light source to overcome the classical diffraction

limit by means of post-selection. The ability of an imaging technique to resolve features

smaller than the classical resolution limit using quantum effects is commonly called sub-

Rayleigh quantum imaging. We found a new method to beat the classical resolution limit

using higher-order spatial intensity correlation functions in combination with linear opti-

cal detection techniques. The method requires neither N -photon absorber materials nor

sophisticated initial quantum fields which would need elaborate state preparations such as

path-entangled noon states. In the following sections we will introduce different joint detec-

tion strategies which will allow to resolve sub-wavelength features. Basically, our technique

is based on the historical Hanbury Brown and Twiss experiment, surpassing it, however, as

it exploits N instead of only two correlated detector signals. By using the quantum path

formalism, introduced in the previous chapter, and the Abbe/Rayleigh criterion (see Ap-

pendix B), which defines the classical resolution limit, we are able to quantify the spatial

resolution enhancement of the new N -photon detection scheme. As we will see later, our

detection mechanism is based on post-selection, which is a common detection technique in

quantum optics. In our case the post-selection takes place in the Fourier plane, i.e., we

measure the spatial probability distribution of N -photon coincidence events in the far field,

which provides spatial information about the object (light source) of investigation. In gen-

eral, imaging techniques which exploit certain quantum mechanical effects like nonlocal field

correlations, particular post-selection strategies, or suitable tailored quantum states to image

objects and to beat the classical resolution limit are called quantum imaging [20,79,116,117].

This rather young and fascinating field of research in the area of quantum optics will be a

main topic of this thesis.

65
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4.1 What is quantum imaging?

In this section we shortly recapitulate the basic concepts of quantum imaging [20]. Quantum

imaging processes can be basically classified into three fields [33]: quantum ghost imaging,

quantum lithography, and sub-Rayleigh imaging1. Beside the early beginnings and some

major cornerstones of this research field, we present the latest achievements in enhancing

the resolution limit in the imaging forming process by use of distinctive features of quantum

mechanics.

For a long time the classical resolution limit of conventional diffraction-limited imaging

was thought to be determined by the Rayleigh or Abbe criterion (see Appendix B), which

has the form d ≥ λ
2A , where d, λ, and A are the minimum separation of two light sources,

the wavelength, and the numerical aperture of the imaging device, respectively. However, in

the last few decades a number of new techniques has been developed such as near-field [118],

confocal [119], stimulated emission depletion microscopy (STED) [120, 121], or stochastic

optical reconstruction microscopy (STORM/PALM/FPALM) [122–124], which all allow to

resolve features beyond the classical resolution limit [125]. All these schemes belong to the

family of ‘classical’ imaging techniques, which exclusively use classical effects. However, since

the mid-nineties a second family of imaging methods has attracted great attention. These

new methods take advantage of quantum effects to overcome the classical Rayleigh limit, not

only for imaging applications, but also for other applications as, e.g., lithography, metrology,

and spectroscopy. Since then a multitude of promising proposals has been made to further

improve the resolution limit.

In 1995 the first quantum imaging experiments were implemented by Todd Pittman et

al. [126] and Dmitry Strekalov et al. [127], in which they both used two-photon entangled

light beams, produced by spontaneous parametric down-conversion (SPDC) in a nonlinear

crystal2. The two correlated SPDC light beams, consisting of pairs of orthogonally polarized

photons, lead to the phenomena of ghost imaging [126], ghost interference, and diffraction

[127] in the coincidence signal of the two spatially separated detectors. The occurring nonlocal

correlations of two SPDC photons caused Todd Pittman et al. to call the effect ghost imaging

[34, 35] and formed the beginning of quantum imaging.

A few years later, in 2000, Agedi Boto et al. presented a proposal in which they showed

that an entangled multi-photon state could be used to overcome the diffraction limit in

lithography [37]. They derived that the use of N entangled photons in a so-called path-

entangled noon state 1√
2
(|N, 0〉+ |0, N〉), which consists of two spatial modes with either N

photons in one mode and 0 in the other or vice versa, allows to write N -times finer interference

patterns with a fringe spacing of λ/(2N), than it would be the case with common classical

light sources (λ/2). Nowadays we know that this proposal for a lithographic application

has certain experimental limitations: 1) the specially tailored photon states are extremely

difficult to realize and usually very sensitive to loss, noise, and decoherence, 2) a suitable

1 In this thesis the terms sub-Rayleigh, sub-Abbe, sub-wavelength, and sub-classical imaging mean the same.
2 The experiment was originally designed to investigate the Einstein-Podolsky-Rosen (EPR) correlation of

two entangled photons.
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N -photon absorber material is needed which only reacts when N photons are simultaneously

impinging on the substrate, and 3) the multi-photon absorption rate for a noon state is

lower than initially assumed [128–133]. Nevertheless, a proof-of-principle experiment from

Milena D’Angelo et al. [134] successfully demonstrated one year later in 2001 that entangled

SPDC photons, prepared in a two-photon noon state 1√
2
(|2, 0〉 + |0, 2〉), can lead to sub-

diffraction interferences with a fringe pattern proportional to λ/4, thus beating the single-

photon interference pattern of classical light by a factor of two. The increased resolution,

caused by the noon states, can be explained by the photonic de Broglie wavelength of the

N -photon state introduced in 1995 by Joseph Jacobson et al. [135]. They showed that an

ensemble of N identical photons in a single mode, like in a noon state, exhibits a reduced de

Broglie wavelength, given by λdB = λ/N , where λ and N is the wavelength of the individual

photons and the number of photons, respectively. The shortened de Broglie wavelength of

a noon state gives rise to the sub-wavelength resolution3, not only in quantum lithography

[37, 134], but also in other interferometric disciplines such as quantum microscopy [41], sub-

Rayleigh imaging [42, 75, 138, 150, 151], and quantum metrology [33, 36, 43–45, 137, 139–141,

146,148].

According to Yanhua Shih quantum imaging can show two peculiar features [20]:

1) reproducing ‘ghost’ images in a ‘nonlocal’ way (e.g. Pittman et al. [126]) and 2) en-

hancing the spatial resolution of imaging and lithography beyond the classical diffraction

limit (e.g. Boto et al. [37]). Both features can be explained by the concept of multi-photon

interference, i.e., the coherent superpositions of multi-photon probability amplitudes which

correspond to different, yet indistinguishable multi-photon quantum paths, triggering a multi-

photon joint detection event [18, 20]. The nonlocal multi-photon interferences occurring for

entangled quantum fields violate the concept of locality and thus have no analog in classical

physics [115]. As we have seen in the foregoing Chapter 3, nonlocal multi-photon inter-

ference phenomena are not an exclusive property of entangled quantum states. Nonlocal

superpositions of multi-photon states can also be found for classical light fields like TLS and

CLS [18,20]. This nonlocal coherence effect can be calculated but not simply understood by

classical wave theory.

3 In a common interference experiment (e.g. Mach-Zehnder interferometer) a noon state can accumulate a
phase φ N -times faster than classical light with the same wavelength. This usually leads to an interference
pattern with a reduced fringe spacing corresponding to a photonic de Broglie wavelength λdB = λ/N
[135]. The observed sub-wavelength fringe pattern can result in an enhanced phase super-sensitivity and/or
phase super-resolution [33, 77] which are usually not the same. Phase super-sensitivity [36,136–144] can be
associated with the reduction of phase uncertainty and can be applied to beat the shot noise limit or the
standard quantum limit ∆φ = 1√

N
in an optical phase measurement in an interferometer, where ∆φ is the

phase uncertainty and N is the number of uncorrelated photons, propagating through the interferometer.
The fundamental phase uncertainty limit is called the Heisenberg limit ∆φ = 1

N
which is a distinct quantum

effect and can be only reached with entangled states. In contrast to that, phase super-resolution [40–44,77,
143,145–149] is necessary to beat the classical Rayleigh/Abbe criterion, which can be used, e.g., to produce
sub-wavelength patterns in quantum lithography [37]. Note that if the interference signal satisfies phase
super-sensitivity then it also exhibits phase super-resolution, but not vice versa. In this thesis we propose
correlation techniques which can image a periodic light source with sub-classical resolution, however the
criterion of phase super-resolution and phase super-sensitivity is, due to the missing photonic de Broglie
wavelength, not fulfilled.
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After a long debate whether ghost or coincidence imaging necessarily requires quantum

entangled sources, Ryan Bennink et al. [152,153] demonstrated in 2002 that correlated laser

beams can yield similar ‘ghost’ images like entangled SPDC photons. Two years later ghost

imaging for thermal radiation was proposed by a number of different groups [154–160]. At the

same time Alejandra Valencia et al. [161] and Fabio Ferri et al. [162] experimentally demon-

strated ghost imaging with pseudothermal light, before Da Zhang et al. [163] performed the

same experiment with true thermal light. It turned out that classical light fields can actually

mimic certain quantum imaging effects of entangled light beams, although the visibility of

the two-photon signals of thermal radiation is limited to 33 % [108]. The underlying physics

behind the image formation of thermal light ghost imaging is that the incoherent radiation

in the two light beams are spatially correlated both in near and far field [18]. It is worth not-

ing, that the same two-photon correlation effect which gives rise to ‘ghost’ images in a ghost

imaging setup with thermal light has already caused the spatial and temporal intensity corre-

lations in the historical HBT experiments 50 years before [2,46]. In both cases, second-order

coherence properties of thermal light give rise to spatially modulated two-photon coincidence

signals.

As we have already mentioned in Chapter 3, the second-order spatial intensity correlations

observed in the HBT stellar interferometer can be successfully explained in terms of statistical

correlations of intensity fluctuations which appear simultaneously at both detectors [4, 5].

Note that in the HBT experiment the intensity correlations are observed in the far-field

zone of the light source (e.g. star) where the coincidence signal is given by the momentum-

momentum correlation of photons, propagating in the same mode (high coincidence rate) or

different modes (low coincidence rate) [111]. For 50 years it was expected that HBT intensity

correlations could be only observed in the far field. However, in 2006 Giuliano Scarcelli

et al. [111] successfully demonstrated a new type of lensless near-field ghost imaging setup

using thermal light, which is, in principle, similar to a near-field version of the original HBT

experiment [111]. Surprisingly, Scarcelli and colleagues were still able to obtain ghost images,

despite the fact that each detector now observed a large number of uncorrelated spatial

modes. Using the classical description of statistical correlations of intensity fluctuations, we

would obtain in this case a constant correlation signal for the near-field imaging scheme [20].

The original assumption that for chaotic radiation only momentum-momentum correlations

can lead to an increased correlation signal is apparently wrong and a new explanation was

necessary. Therefore Giuliano Scarcelli et al. took advantage of a two-photon coherence

interpretation based on a quantum mechanical superposition of different, yet indistinguishable

two-photon probability amplitudes, leading to joint-detection events [111].

It is important to emphasize that ghost imaging and all the other imaging techniques

using thermal light can be described via classical coherence theory [35, 164–167]. However,

no final conclusions have been drawn as to whether or not, e.g, thermal light ghost imag-

ing, is a quantum or classical effect. In this thesis we decided to use a quantum theoretical

description based on the interference of multi-photon quantum paths since only a quantum

theoretical framework can describe both classical and nonclassical radiations at the same
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time. Furthermore, the underlying interference mechanism of the higher-order intensity cor-

relation functions is brought to light in a more comprehensible way when using the quantum

path formalism of Chapter 3. Also, a detailed comparison between the classical and nonclas-

sical multi-photon signals can be carried out more clearly by means of the quantum paths

description.

The group of Yanhua Shih, which holds the view that higher-order correlation phenomena

have to be described quantum mechanically irrespective of whether the light field is of classical

or nonclassical nature [111], is not the only group which works with the concept of multi-

photon interferences. At the beginning of the 1960s Ugo Fano was the first to use the

picture of interfering indistinguishable quantum paths to describe the second-order intensity

correlations observed by the HBT experiment [6]. Nowadays it is common to use the quantum

path formalism to describe nonclassical interference phenomena [47,74,83,168,169].

Since the foundation of quantum imaging great effort has been put in the investigation

of the physics behind ghost imaging and the explanation of its nonlocal imaging formation

[34, 35, 72, 73, 93, 111, 126, 127, 152–155, 158, 159, 161–163, 166, 170–192]. However, in the last

couple of years, a number of new quantum imaging techniques has been introduced, which

especially focussed their interest on the resolution enhancement of classical light [74, 78, 79],

nonclassical SPE [47,74,109,113,193], and quantum-correlated photon pairs [41,42,75,77].

The pursuit of higher resolution does not only exist in the field of quantum imaging but

also in many other sub-fields of quantum optics that utilize quantum correlations. These in-

clude quantum metrology [33,36,43–45,137,139–141,146,148,149,194,195], quantum lithog-

raphy [37, 134, 196–215], quantum microscopy [41, 47, 193], magnetometry [216], and spec-

troscopy [39,40,217].

In principle, all sub-wavelength imaging and metrology techniques, based on quantum

effects, can be classified into two classes of quantum strategies [78, 79]. The first takes ad-

vantage of particular nonclassical light states [41,42,77,145,218], like the paradigmatic path-

entangled noon state [33, 37, 219] or the quantum state of a high-gain optical parametric

amplifier [196,198,199,220]. The second class of quantum strategies to overcome the classical

resolution limit is based on sophisticated post-selection techniques [221], i.e., selective state

detection of the classical or nonclassical light fields with, e.g., photon-number-resolving de-

tectors [76,78,79,149], coincidence detection [43,44,47,74,109,193], or multi-photon absorber

materials [201, 205, 208–210, 214, 215], which reveal sub-Rayleigh information of the object,

generate sub-Rayleigh interference patterns, or give rise to super-resolving phase measure-

ments. However, all these post-selection techniques have one common drawback. Due to

their post-selected measurement technique, just a small fraction of the total light field can be

used for the signal processing, which dramatically reduces the detection efficiency and thus

increases the measurement or imaging time. Most of the above-mentioned post-selection

techniques, however, use classical-state light sources whose mode densities are clearly higher

than those of quantum states (e.g. Refs. [76, 79]).

In this thesis we discuss a new quantum imaging technique based on an N -photon coincidence

detection technique which filters, via post-selection, distinct sub-wavelength information out
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of the classical or nonclassical incoherent light fields – a method that is not directly possible

with conventional intensity measurements. We will demonstrate that we are able to observe

N -photon interference signals for particular positions of the N detectors which reveal in-

formation about the spatial substructure of the light source, even if the spacing d between

neighboring sub-sources is smaller than the minimum separation required by the classical

(Rayleigh/Abbe) resolution limit. In contrast to former approaches [37, 41] our method can

beat the classical resolution limit with common tools of linear optics, which require neither

multi-photon absorber materials nor any quantum fields which need elaborate state prepa-

rations such as path-entangled noon states. The quantum imaging technique which will be

discussed in the next sections is based on a development of a former imaging technique de-

veloped in our group in 2007 [47, 109]. Christoph Thiel et al. suggested a quantum imaging

technique to obtain sub-wavelength resolution with potentially 100 % visibility, using inco-

herent light of single-photon emitters and coincident detection. The authers proposed that

the coincident detection of N independent photons, spontaneously emitted by N atoms, gives

rise to sub-wavelength interference patterns which clearly beat the resolution capability of

classical imaging techniques.

We took advantage of Thiel et al.’s imaging method and extended the proposed detection

scheme to classical light fields [74, 80]. This extension is of particular interest since the

preparation of a system of exactly N localized single-photon emitters involves great effort.

In contrast to that, classical light sources can be found everywhere: the radiation from far-

distant stars to an ensemble of labeled molecules emitting fluorescence light in microbiological

analyses displays thermal light characteristics. We developed a detection strategy which

enables us to determine the number of sources N and the source separation d with sub-

classical resolution. The new strategy to achieve a resolution beyond the classical resolution

limit has been experimentally confirmed for up to eight independent pseudothermal light

sources. Since no complex quantum state preparation or detection is required, the experiment

can be considered an extension of the HBT experiment for spatial intensity correlations of

order N > 2 [2, 70].

Before we introduce our N -photon joint detection imaging setup, we will recall the second-

order spatial intensity correlation function G
(2)
2 (r1, r2) for various light states to demonstrate

how the photon statistics and their corresponding quantum paths affect the two-photon

interference signal. In the course of these calculations we will show that in a measurement

of G
(2)
2 (r1, r2) the path-entangled noon state is the only state leading to sub-wavelength

interference fringes.

4.2 Quantum imaging using second-order intensity

correlations

In this section we discuss how the resolution limit of two neighboring light sources depends

on the radiation characteristic of the two sources and the chosen imaging technique. In the
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Figure 4.1: Fraunhofer diffraction patterns for (a) two coherent and (b) two incoherent point
sources. The interference signals are normalized to their maximum. The yellow highlighted
range in (a) illustrates the numerical aperture A that the detector D1 needs to resolve the
two slits. It also defines the Abbe limit d ≥ λ

2A .

following examples we will demonstrate that only the maximally path-entangled noon state

has the ability to beat the classical Abbe resolution limit. However, if we want to image

an array of N regularly spaced sources (N > 2) the situation is different and we are able

to exploit an N -photon coincidence detection strategy which allows us to image features

beyond the classical resolution bound, regardless of whether the N sources exhibit classical

or nonclassical radiation properties.

Let us assume a typical Young’s double-slit setup, where the two slits A and B represent

two light sources separated by the distance d (see e.g. Fig. 4.3 (a)). In Section 3.1 we

have seen that for a coherent slit illumination the interference pattern can be explained

either through classical wave theory or by the concept of single-photon interference. In

both descriptions we obtain the same far-field diffraction pattern which provides information

about the slit separation d as long as d ≥ λ
2A (Abbe limit). According to Abbe’s criterion

of resolution [105] it is known that an image from an object (e.g. double-slit) can only be

unambiguously reconstructed if at least two diffraction orders (e.g. 0,+1) are visible in the

Fourier transform plane (see Appendix B). In Figure 4.1 (a) we illustrate the Fraunhofer

interference pattern of the coherent double-slit which is given by

G
(1)
2 coh(r1) ∝ 1 + cos (δ1) , (4.1)

where δ1 ≡ δ(r1) = k d sin (θ1) (cf. Eqs. (3.4) and (3.15)). In the far field the fringe spacing

of the modulation is therefore determined by the wavelength λ and the slit separation d.

The angular range required by detector D1 to scan from one to the next principal maximum

is indicated by the yellow highlighted range and defines the numerical aperture A that the

detector needs to resolve the two slits in the Fourier transform plane4. The same measurement

with two incoherently illuminated slits gives rise to a constant intensity distribution and does

therefore not provide spatial information about the slit separation (see Fig. 4.1 (b)).

Let us now compare the diffraction pattern of Eq. (4.1) with the two-photon interference

signal of the second-order intensity correlation function G
(2)
2 (r1, r2). We will investigate how

4 Keep in mind that the numerical aperture for an imaging device is defined as A = n sin ( ∆θ1
2

), where ∆θ1

and n denote the angular range required by the detector and the refractive index of the substance between
object and detector which will be from now on assumed to be unity.
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(II)(I) (III) (IV)(II)(I)

Figure 4.2: Two photon sources A and B can principally trigger a coincidence signal at two
detectors D1 and D2 in four different ways. The radiation characteristic of the two sources
determines which of the four paths contribute to the two-photon interference signal.

the interference pattern of G
(2)
2 (r1, r2) changes if we assume different light fields. In Sec-

tion 3.2 we have seen that two photons emitted by the two sources A and B can, in principle,

trigger a two-photon detection event at D1 and D2 in four different ways. These so-called

two-photon quantum paths are illustrated in Fig. 4.2. Therefore, all second-order intensity

correlation measurements of a double-slit configuration can only rely on these four quantum

paths. It should be emphasized that the quantum state of the two sources determines the

quantum paths and how they actually contribute to the G
(2)
2 (r1, r2) signal.

In general, the second-order intensity correlation function G
(2)
2 (r1, r2) for two arbitrary

light sources is given by (see Eq. (2.52))

G
(2)
2 (r1, r2) =

∞∑
nA,nB=0

Pρ̂(nA)Pρ̂(nB)
∑
{nl}

|〈{nl}|Ê(+)(r2)Ê(+)(r1) |nA, nB〉|2 , (4.2)

where Ê(+)(rj) = Â
(+)
j + B̂

(+)
j denotes the electric field observed by the detector Dj at rj

(j = 1, 2). Let us assume a Young’s double-slit experiment, where the light field originating

from the two slits is described by a coherent state (coherent illumination), a maximally path-

entangled noon state for N = 2 [19,134], two nonclassical uncorrelated SPE (see Sec. 3.2.3),

and two classical independent TLS (see Sec. 3.2.4). For all these scenarios we assume equal

wavelength λ and slit separation d. Using Equation 4.2 we obtain the following two-photon

interference signals for the four light fields

G
(2)
2 coh(r1, r2) ∝ | I©+ II©+ III©+ IV©|2 ∝ [1 + cos (δ1)][1 + cos (δ2)] (4.3a)

G
(2)
2noon(r1, r2) ∝ | III©+ IV©|2 ∝ 1 + cos (δ1 + δ2) (4.3b)

G
(2)
2SPE(r1, r2) ∝ | I©+ II©|2 ∝ 1 + cos (δ1 − δ2) (4.3c)

G
(2)
2TLS(r1, r2) ∝ | I©+ II©|2 + 2| III©|2 + 2| IV©|2 ∝ 1 +

1

3
cos (δ1 − δ2) , (4.3d)

where I©, II©, III©, and IV© abbreviate the four quantum paths illustrated in Fig. 4.2. The

interference signals of the four G
(2)
2 (r1, r2) functions can be classified into three different types

of intensity interferences: 1) The interference signal of the coherent illumination G
(2)
2 coh(r1, r2)

can be explained by Glauber’s coherence condition of Eq. (2.66), which implies that all higher-

order intensity correlation functions of coherent radiation can be decomposed into a product
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Figure 4.3: Illustration of four different types of second-order intensity correlation measure-
ments: (a) Two coherently radiating slits, (b) two path-entangled SPDC photons prepared in
a noon state [134], (c) two initially excited SPE which independently scatter their photons
via spontaneous emission, and (d) two statistically independent TLS. Each state of the light
fields gives rise to a distinct number of two-photon quantum paths. Framed quantum paths
indicate their coherent superposition, whereas the quantum paths in the different frames for
the case of two TLS have to be summed incoherently.

of individual intensity measurements. Therefore G
(2)
2 coh(r1, r2) = G

(1)
2 coh(r1) ·G(1)

2 coh(r2), which

is the product of two individual single-photon interference signals. 2) The path-entangled

noon state gives rise in G
(2)
2noon(r1, r2) to the characteristic noon-type interference which

causes interference patterns depending on the sum of the two detector positions (δ1 + δ2)

[19,37,71]. The outstanding properties of the noon states like phase super-resolution/super-

sensitivity [33,77] and sub-wavelength lithography [37] are the result of exactly this sum. 3)

The two statistically independent SPE and TLS, G
(2)
2SPE(r1, r2) and G

(2)
2TLS(r1, r2), lead to

the typical HBT-type interference which is characterized by the difference of the detector

positions (δ1 − δ2) [19,70,71].
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Figure 4.4: Second-order intensity correlation functions for two spatially coherent light
sources (first row), a path-entangled noon state (second row), two independent SPE (third
row), and two independent TLS (fourth row). For a better comparison, each correlation func-
tion is normalized to its maximum value. The yellow/green/red highlighted ranges illustrate
the numerical apertures A that the two detectors need to resolve the two slits. Only the
light field of the noon state, when simultaneously scanning the two detectors in the same
direction, shows the capability to beat the classical resolution limit (highlighted in red). Due
to the reduced photonic de Broglie wavelength of the two-photon noon states, we obtain
a modulation of the interference pattern which is two-times faster than those of the single-
photon interference pattern of, e.g., Fig. 4.1 which demonstrates a resolution improvement
by a factor of two.

In Figure 4.4 we plotted all four two-photon interference signals for three different detec-

tion strategies: 1) Both detectors are located at the same position and simultaneously scanned

in one direction δ1 = δ2, 2) both detectors are scanned in opposite directions δ1 = −δ2, and

3) one detector is fixed at δ2 = 0 while the second one is scanned. For each scenario we

additionally highlighted in yellow/green/red the minimum angular range, required by the

two detectors D1 and D2, to scan from one to the next principal maximum to resolve the two

slits.

The third column of Fig. 4.4 illustrates that all four light fields (coh, noon, SPE, TLS)

lead to the same cosine modulation if only one detector is moved. The numerical apertures

to resolve the two sources are highlighted in yellow and are for all four light fields the same,

regardless of a classical or nonclassical photon emission of the two sources.
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Now let us discuss the interference signals which display a fringe pattern with a doubled

modulation frequency in Fig. 4.4. In case of the noon state G
(2)
2noon(r1, r2) the higher modu-

lation origins from the phase-sum dependence. If both detectors are simultaneously scanned

in one direction, we obtain a two-photon interference signal of the form

G
(2)
2noon(r1, r1) ∝ 1 + cos (2 δ1) , (4.4)

which oscillates two-times faster than the classical diffraction pattern G
(1)
2 coh(r1) ∝ 1+cos (δ1).

This so-called sub-wavelength interference pattern beats the classical resolution limit by a

factor of two, since the numerical aperture of the two-photon detection that is needed to

capture two interference peaks, is reduced to one half (see red highlighted range in Fig. 4.4).

It is well-known that statistically independent light sources like SPE and TLS can exhibit

similar higher spatial modulations [19, 112, 176, 222–226]. In contrast to the noon state the

denser fringe patterns of G
(2)
2SPE(r1, r2) and G

(2)
2TLS(r1, r2) will however only occur if the de-

tectors are scanned in opposite directions. At first glance it seems that these modulations

display a similar increase in resolution as those of noon states. However, a closer look re-

veals that the noon-like modulation is just an artifact, which was erroneously interpreted

as a sub-wavelength interference effect [19, 112, 176, 222–226]. A comparison with the nu-

merical aperture of the noon-type interference (highlighted in red) shows that it remains

half as large as those needed for the HBT-type interferences of SPE and TLS (highlighted

in yellow (D1) and green (D2)). The interference signals of the SPE and TLS just simulate

‘sub-wavelength’ fringe patterns. The numerical aperture of the two detectors D1 and D2

together, needed to obtain two adjacent principal maxima, is actually identical to the one

needed to generate three principal maxima - which in turn is equivalent to the classical Abbe

limit as illustrated in Fig. 4.1. Using half of the numerical aperture would just produce an

interference pattern ranging from one zero to the next one, including only a single peak. This

example clarifies once more that for statistically independent light sources G
(2)
2 (r1, r2) only

depends on the relative distance between the two detectors. This is the reason why chaotic

light cannot produce sub-wavelength interference patterns in a two-photon coincidence mea-

surement. Note that if we scan both detectors together in one direction we would not observe

a second-order interference pattern at all, which makes chaotic light a useless candidate for

quantum lithography (cf. Eqs. (4.3c) and (4.3d), or Fig. 4.4) [20].5

Despite the fact that for two independent light sources G
(2)
2 (r1, r2) cannot produce sub-

wavelength fringes, we will demonstrate in the next section that exploiting higher-order in-

tensity correlation functions with N > 2 can yield N -photon interference effects, which can

beat the Abbe limit. We will show that the right coincidence detection strategy can lead to

a reduced numerical aperture required by the N detectors to image independent SPE as well

as TLS with sub-Abbe resolution.

5 This statement is not entirely true. In 2010 De-Zhong Cao et al. proposed an incoherent interferometer
which can produce a lithographic sub-wavelength interference pattern by exploiting orthogonally polarized
thermal photons [227].
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4.3 Quantum imaging using higher-order intensity

correlations

In the foregoing section we have seen that a path-entangled noon state for N = 2 can pro-

duce real sub-wavelength interference fringes (see Eq. (4.4) and Fig. 4.4). If we now per-

form the same Young’s double-slit experiment with a generalized noon state |ψ〉NOON =
1√
2
(|NA, 0B〉 + |0A, NB〉), we will obtain an N -photon interference pattern which oscillates

N -times faster than the common diffraction pattern of Eq. (4.1). As in the case of

G
(2)
2noon(r1, r1), the increased spatial modulation can only be obtained if we assume a lo-

cal N -photon absorption along the detection plane. This nonlinear absorption then leads to

a sinusoidal N -photon signal of the form

G
(N)
2noon(r1, . . . , r1) ∝ 1 + cos (N δ1) (4.5)

and enables us to resolve spatial features, such as a double-slit, with an N -fold enhanced

resolution compared to the Abbe limit. Note that this super-resolving behavior of noon

states was originally introduced by Agedi Boto et al. to write sub-diffraction patterns on a

semiconductor chip (quantum lithography) [37].

In contrast to this noon-state approach we will demonstrate a different type of quan-

tum imaging technique to generate sinusoidal N -photon interference patterns which beat the

classical resolution limit. The great advantage of this technique is that it requires neither

N -photon absorbers nor elaborate initial N -photon quantum states. The new imaging

method is simply based on the selective detection of N -photon coincidence events, which pro-

vides sub-wavelength information of the N regularly spaced incoherent sub-sources. Similar

to the quantum imaging approach proposed by Christoph Thiel et al. [47], it takes advantage

of the post-selective property of the Nth-order spatial intensity correlation function to isolate

certain spatial modulations which are encoded in the incoherent light field. Some of these

modulations display super-resolving properties and may be utilized to overcome the classical

Abbe limit. The proposal of Christoph Thiel et al., theoretically demonstrated for the first

time that higher-order correlation signals as obtained with noon states can also be produced

with incoherent light sources, i.e., N excited single trapped two-level atoms (SPE) which

spontaneously emit their photons [47,109,112]. These initially uncorrelated photons are then

observed by N individual detectors, which are located at particular positions in the far field

of the N atoms. In case of spatial coincidence detection the resulting N -photon interference

signal exhibits a sub-wavelength fringe pattern of potentially 100 % visibility similar to the

one obtained with noon states (see Eq. (4.5)).

In the following two sections we will discuss two detection strategies which exhibit the

potential for sub-wavelength quantum imaging. First we will review the quantum imaging

scheme of Christoph Thiel and colleagues [47] and then demonstrate the existence of a sec-

ond alternative post-selection strategy, both enabling us to obtain noon-like interference

signals for SPE. Thereafter we will apply both detection schemes to classical light sources
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(TLS and CLS) and investigate to what extend these schemes can be used to enhance the

resolution of objects radiating classical light fields. On the basis of the new detection strat-

egy we will show that the spatial post-selection of certain N -photon coincidence detection

events can be understood as an isolation, i.e., a filtering process of the highest spatial Fourier

component associated with the source structure. Further we will compare the resolution en-

hancement of both N -photon detection strategies with the classical Abbe resolution criterion,

regardless of whether the light field exhibits classical or nonclassical properties, and confirm

that both schemes fulfill the requirements of sub-Rayleigh quantum imaging, which displays

a novelty especially for classical light sources. In addition to the theoretical discussion we also

present experimental results of the measurements of the Nth-order spatial intensity correla-

tion functions for thermal light. We are thus able to confirm the super-resolving capability

of the multi-photon interferences of statistically independent classical light sources in such

an N -port HBT interferometer.

4.3.1 Detection scheme for quantum imaging

The basic detection scheme of our quantum imaging technique was already introduced in

Sec. 3.4. It resembles a spatial m-port HBT interferometer, measuring the mth-order spatial

intensity correlation function G
(m)
N (r1, . . . , rm) for the case where the number of detectors m

equals to the number of light sources N , i.e., m = N . As we will see later, the requirement

of m = N is important to overcome Abbe’s criterion of resolution. More precisely, for

m ≥ N we are able to obtain the needed sub-wavelength interference patterns. Hereby

the highest modulation frequency of the interference signal is already obtained for m = N

but the application of higher intensity correlations (m > N) improves the visibilities of the

multi-photon interference signals in case of classical light fields.

Let us briefly recall the basic features of the setup. As illustrated in Fig. 4.5 the light

source consists of N point-like sub-sources which are located at Rl (l = 1, . . . , N) along a

chain with equal spacing d. The photons, independently emitted by the N sources (SPE,

TLS, or CLS), are observed by N single-photon detectors Dj (j = 1, . . . , N) which can be

individually arranged along a semi-circle in the far-field around the sources at specific angles

θj . The correlation of the N detector outputs will give rise to the Nth-order spatial intensity

correlation function G
(N)
N (r1, . . . , rN ). As we will see later, the choice of the detector positions

rj is crucial for the generation of sub-wavelength N -photon interference patterns. For further

details about the setup we refer to Sec. 3.4.

In order to better compare the following results let us first assume N coherently radiating

light sources in Fig. 4.5 equivalent to a coherently illuminated grating with N slits. For

the special cases that N = 2, 4, 6 we obtain the well-known first-order interference patterns

illustrated in Fig. 4.6. We know from Sec. 3.1.3 that the interference signals are caused

by the superposition of different spatial Fourier components which correspond to the spatial

frequencies of the N slits (see Eq. (3.9)). In Figure 4.6 we further highlighted for each example

the numerical aperture which according to Abbe is necessary to fully resolve the grating. In
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...
...

...
...

Figure 4.5: N -photon coincidence detection scheme to image N point-like sources with sub-
wavelength resolution. The N regularly arranged sources are statistically independent and
can be assumed as SPE, TLS, or CLS. The N detectors are placed in the far field of the sources
so that their correlated N -photon signals generate sub-wavelength interference patterns.

accord with Abbe’s criterion, a grating with a certain periodicity can only be unambiguously

imaged, if at least two diffraction orders in the Fourier transform plane are captured by the

imaging device (e.g. lens or camera) (see Appendix B). In order to beat Abbe’s criterion, the

goal must therefore be to generate an N -photon interference signal which exhibits a signal,

where the angular distance between two adjacent main principals is reduced compared to the

interference signals of Fig. 4.6. In this case we can determine the source separation d, i.e., the

periodicity of the grating, through the angular separation between two neighboring peaks.

By taking advantage of the N detector positions of the G
(N)
N (r1, . . . , rN ) function, we are

able to produce noon-like interference signals for two different detection strategies. These

two strategies will be presented in the next two sections, first for single-photon emitters [47],

and then for classical sources obeying either thermal or coherent statistics [74].

4.3.2 Independent single-photon emitters

The normalized Nth-order spatial intensity correlation function for SPE has been derived in

Sec. 3.4.1 and has the form [47]

g
(N)
N SPE(r1, . . . , rN ) =

1

NN

[∑
P

cos (q · δ)

]2

, (4.6)

in which the two vectors q and δ define the positions of the N SPE along the x−axis in

units of d and all relative optical phases δ = δ(rj) associated with the N different detector

positions rj , respectively (see Sec. 3.4.1). The summation
∑
P runs over all N ! permutations

of the N components of the source vector q, which corresponds to the coherent superposition

of the N ! possible N -photon quantum paths triggering an N -photon joint detection event

at the positions r1, . . . , rN . If the N detectors in Fig. 4.5 are appropriately located on the



4.3. QUANTUM IMAGING USING HIGHER-ORDER CORRELATIONS 79

Figure 4.6: First-order correlation function G
(1)
N coh(δ1) for N = 2, 4, 6 coherent light sources

(or gratings with N slits) as a function of the detector position δ1. The yellow highlighted
ranges indicate the numerical aperture A needed to resolve the N sources (classical Abbe
limit). All interference signals are normalized to their maximum value.

semi-circle, all cosine terms in Eq. (4.6) interfere in such a way that the g
(N)
N SPE(r1, . . . , rN )

expression, which initially consists of N !2 cosine functions, will be reduced to a single cosine

modulation oscillating at a single spatial frequency.

Before turning our attention to the two different detection strategies, let us briefly review

the basic requirements for the used scheme. The N SPE can be realized by N identical two-

level atoms, which are initially fully excited by a single π-pulse. The regular arrangement

of the emitters can be implemented by storing the atoms, e.g., in a Paul trap for ions or a

magneto-optical trap for neutral atoms. Due to the spontaneous decay of the excited atoms,

we can consider the emitted photons as statistically independent. These N uncorrelated

fluorescence photons are then measured by N distinct detectors as illustrated in Fig. 4.5.

Hereby, a perfect coincidence measurement, i.e., t1 = t2,= . . . = tN , is not necessary [24,109].

It is sufficient that the recorded N -photon coincidence events take place anywhere in the time

interval between two subsequent laser pulses, provided that the quantum paths involved are

indistinguishable.

Detection strategy I: Two counter-propagating detectors D1 and D2

The first detection strategy was proposed by Christoph Thiel et al. [47]. Their scheme involves

two counter-propagating detectors and N − 2 fixed detectors where the N − 2 detectors are

distributed in two equally weighted groups symmetrically around the z−axis. Due to the

symmetry of the N regularly arranged SPE we have to distinguish between even and odd

correlation orders N . This means in detail that [47,109,112]

• for arbitrary even N we have to choose for the N detector positions

δ2 = −δ1

δ3 = δ5 = . . . = δN−1 =
2π

N

δ4 = δ6 = . . . = δN = −2π

N
. (4.7)

In this case the Nth-order intensity correlation function as a function of detector posi-
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tion r1 takes the form

g
(N)
N SPE(r1) = AN [1 + cos (N δ1)] with AN =

2
(
N
2

)
!4

NN
; (4.8)

• for arbitrary odd N > 1 we have to choose for the detector positions

δ2 = −δ1

δ3 = δ5 = . . . = δN =
2π

N + 1

δ4 = δ6 = . . . = δN−1 = − 2π

N + 1
(4.9)

and the Nth-order intensity correlation function as a function of detector position r1

reduces to

g
(N)
N SPE(r1) = AN [1 + cos ((N + 1) δ1)] with AN =

2
(N+1)2

(
N+1

2

)
!4

NN
. (4.10)

In both cases the Nth-order intensity correlation function reduces to a modulation of a

single cosine term which resembles the noon-like modulation of Eq. (4.5). Depending on the

parity of the correlation order N , we obtain interference signals which oscillate N -times or

(N + 1)-times faster than the common interference pattern of the Young’s double slit of

Eq. (4.1) or the main principals of Fig. 4.6. The increased modulation frequency of g
(N)
N SPE(r1)

for N = 2, 4, 6 is illustrated in Fig. 4.7.

At first glance it seems that these sinusoidal modulations strongly beat the classical

resolution limit, with a fringe spacing corresponding to λ
2NA for even N and λ

2(N+1)A for odd

N , while displaying a visibility of always 100 %. However, in Sec. 4.2 we already analyzed the

behavior of the g
(2)
2SPE(r1, r2) function for different detection strategies and refuted for SPE

that a counter-propagating detection scheme applied to g
(2)
2SPE(r1, r2) can produce super-

resolving two-photon interference signals as it turned out that the numerical aperture needed

to obtain a pure modulation for g
(2)
2SPE(r1,−r1) was actually the same as needed forG

(1)
2 coh(r1).

Therefore, it is important to investigate in more detail the numerical aperture needed for the

imaging scheme introduced by Christoph Thiel et al. This will be the subject of Sec. 4.4.

The search for pure modulations has revealed that it is impossible for SPE to produce

interference signals of pure modulations if the number of sources N exceeds the correlation

order m [112]. Since we are solely interested in noon-like modulations, we only focus our

attention on the case m = N , which allows the generation of a pure modulation for any

arbitrary correlation order N (see Eqs. (4.8) and (4.10)).

Note that due to the periodicity of the detector positions δj = k d sin (θj) (j = 1, . . . , N),

we are not restricted to the positions given in Eqs. (4.7) and (4.9). Besides a global phase

shift of all N detectors on the semi-circular detection plane, there is always some additional

flexibility in placing the N − 2 fixed detectors. For instance, the same pure modulations will

appear, if we place the N − 2 detectors besides or behind the investigated object (assuming
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Figure 4.7: Nth-order intensity correlation function g
(N)
N SPE(δ1) for (a) even N = 2, 4, 6

and (b) odd N = 3, 5, 7 independent SPE as a function of counter-propagating detector
positions δ2 = −δ1. The increased modulations compared to the coherent interference signals
of Fig. 4.6 indicate that they could beat the classical resolution limit. A detailed discussion
of the resolution enhancement will be presented in Sec. 4.4. All interference signals are
normalized to their maximum value.

4π−emission), since the required values for δj (j = 3, . . . , N) are valid modulo 2π.

As an example, let us derive the pure modulations of g
(2)
2SPE(r1, r2) and g

(3)
3SPE(r1, r2, r3)

for counter-propagating detectors δ2 = −δ1 by using the quantum path description of Chap-

ter 3. Based on the expressions of Eqs. (3.28) and (3.44) we find

g
(2)
2SPE(r1, r2) =

1

4
|eik(rB2−rA2) + eik(rB1−rA1)|2 and (4.11)

g
(3)
3SPE(r1, r2, r3) =

1

27
|eik(rA1−rB1) + eik(rA1−rB1+rC2−rB2+rB3−rC3)

+ eik(rA2−rB2) + eik(rC2−rB2+rA3−rC3)

+ eik(rC1−rB1+rA2−rB2+rB3−rC3)

+ eik(rC1−rB1+rA3−rC3)|2 . (4.12)

By taking advantage of the phase convention of Eq. (3.40) and the detector condition δ2 = −δ1,

it is possible to further simplify Eqs. (4.11) and (4.12). This leads to the expressions

g
(2)
2SPE(δ1,−δ1) =

1

4
|e−iδ1 + eiδ1 |2 , (4.13)

g
(3)
3SPE(δ1,−δ1, δ3) =

1

27
|e−iδ1 + e−i(2δ1+δ3) + eiδ1

+ e−i(δ1+2δ3) + ei(2δ1−δ3) + ei(δ1−2δ3)|2 . (4.14)

The coherent superposition of the two two-photon quantum paths of Eq. (4.13) gives rise to
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the pure modulation of the form

g
(2)
2SPE(δ1,−δ1) =

1

2
[1 + cos (2 δ1)] . (4.15)

Due to the counter-propagating detectors, the interference signal oscillates with twice the

frequency and confirms the previously derived results of Eqs. (4.3c) and (4.8).

Choosing now δ3 = π
2 in g

(3)
3SPE(δ1,−δ1, δ3) of Eq. (4.14), it is seen that the first (I) and

fourth (IV) quantum path and the third (III) and sixth (VI) quantum path always exhibit

an optical phase difference of π and therefore interfere destructively (see Fig. 3.13). The

three-photon interference signal is therefore only determined by the probability amplitudes

of the second (II) and fifth (V) quantum path corresponding to a joint detection event which

is exclusively triggered by photons originating from the first (A) and third source (C). This

becomes clear, if we go back to Eq. (3.44) and only consider the second (II) and fifth (V)

quantum path:

g
(3)
3SPE(δ1,−δ1,

π

2
) =

1

27
|eik(rA1+rC2) + eik(rC1+rA2)|2

=
1

27
|e−i2δ1 + ei2δ1 |2 . (4.16)

These two remaining paths interfere as a function of δ1 and give rise to the three-photon

interference signal (cf. Eq. (4.10))

g
(3)
3SPE(δ1,−δ1,

π

2
) =

2

27
[1 + cos (4 δ1)] , (4.17)

which oscillates with a frequency of 4 δ1 as stated in Eq. (4.10).

In principle, the same calculations can be done for N > 3. However, due to the rapidly

increasing number of quantum paths (N !) it is almost impossible to determine without a

computer certain detector positions for which a pure modulation can be realized. Therefore,

it is quite handy to have the analytical expressions of Eqs. (4.7) and (4.9) for the required

arbitrary correlation orders N of the detector positions.

Detection strategy II: One propagating detector D1

Now let us introduce a second detection strategy which can produce noon-like modulations

and which seems to be promising in overcoming the classical resolution limit [74]. Unlike the

previously discussed detection scheme this strategy produces sinusoidal interference patterns

if only one detector is moved. The remaining N − 1 detectors are fixed in a specific pattern

in the far-field zone. This detection strategy leads to an N -photon interference signal of the

form

g
(N)
N SPE(r1) = AN [1 + cos ((N − 1) δ1)] , (4.18)



4.3. QUANTUM IMAGING USING HIGHER-ORDER CORRELATIONS 83

where AN denotes a constant amplitude which depends onN in a complicated manner and has

to be calculated for each interference signal separately. The interference pattern of Eq. (4.18)

is identical to the one generated by noon states with N − 1 photons. As usual for SPE, the

interference pattern of Eq. (4.18) displays a fringe visibility of V(N)
N SPE = 100 %.6

In contrast to the first detection strategy, the N − 1 detectors are now located at more

than only two different positions. In the following, we have listed one set of possible positions

for the N − 1 detectors for N = 2, . . . , 9:

g
(2)
2SPE(δ1, 0) =

1

2
[1 + cos (1 δ1)] (4.19a)

g
(3)
3SPE(δ1,

3π

4
,
5π

4
) =

4

27
[1 + cos (2 δ1)] (4.19b)

g
(4)
4SPE(δ1, 0,

2π

3
,
4π

3
) =

18

44
[1 + cos (3 δ1)] (4.19c)

g
(5)
5SPE(δ1,

π

12
,
5π

12
,
5π

12
,
13π

12
) =

96

55
[1 + cos (4 δ1)] (4.19d)

g
(6)
6SPE(δ1, 0,

2π

5
,
4π

5
,
6π

5
,
8π

5
) =

50

66
[1 + cos (5 δ1)] (4.19e)

g
(7)
7SPE(δ1,

3π

12
,
5π

12
,
11π

12
,
13π

12
,
19π

12
,
21π

12
) =

1296

77
[1 + cos (6 δ1)] (4.19f)

g
(8)
8SPE(δ1, 0,

2π

7
,
4π

7
,
6π

7
,
8π

7
,
10π

7
,
12π

7
) =

22050

88
[1 + cos (7 δ1)] (4.19g)

g
(9)
9SPE(δ1,

3π

24
,
3π

24
,
7π

24
,
15π

24
,
19π

24
,
23π

24
,
35π

24
,
39π

24
) =

41472

99
[1 + cos (8 δ1)] (4.19h)

In all the above cases the super-resolving noon-like modulation of Eq. (4.5) is clearly

visible. For better comparison, we plotted the N -photon interference signals for the cases

N = 2, 4, 6 in Fig. 4.8 which oscillate (N − 1)-times faster than the first-order diffraction

patterns illustrated in Fig. 4.6. These increased spatial modulations exhibit a new fringe

spacing of λ
2(N−1)A which is promising in overcoming the classical resolution limit. Note that

due to the spatial symmetry of the N -photon detection process, there is a whole range of

other detector configurations for the g
(N)
N SPE functions which can also lead to the desired

sinusoidal interference patterns. For example, g
(3)
3SPE can be transformed into similar pure

modulations, if we apply an appropriately phase shift to the two fixed detectors, e.g.,

g
(3)
3SPE(δ1,

3π

4
,
5π

4
) = g

(3)
3SPE(δ1,

π

4
,
7π

4
) =

4

27
[1 + cos (2 δ1)]

g
(3)
3SPE(δ1,

4π

4
,
6π

4
) = g

(3)
3SPE(δ1, 0,

2π

4
) =

4

27
[1 + sin (2 δ1)]

g
(3)
3SPE(δ1,

5π

4
,
7π

4
) = g

(3)
3SPE(δ1,

π

4
,
3π

4
) =

4

27
[1− cos (2 δ1)]

g
(3)
3SPE(δ1, 0,

6π

4
) = g

(3)
3SPE(δ1,

2π

4
,
4π

4
) =

4

27
[1− sin (2 δ1)] . (4.20)

As seen in the 3D-plots of Fig. 4.9 the shape of the third-order spatial intensity correlation

function g
(3)
3SPE(δ1, δ2, δ3) highly depends on the detector positions δj (j = 1, 2, 3). For the

6 If the separation of the N sources becomes irregular, we will observe a reduced visibility V(N)
N SPE < 100 %

for the interference patterns.
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Figure 4.8: Nth-order intensity correlation function g
(N)
N SPE(δ1) for N = 2, 4, 6 independent

SPE as a function of one scanning detector position δ1. The increased modulations compared
to the coherent interference signals of Fig. 4.6 indicate an improved resolution. For a detailed
discussion of the resolution enhancement we refer to Sec. 4.4. All interference signals are
normalized to their maximum value.

case that δ2 is kept constant, we obtain a ‘hedgehog’-like interference pattern, which exhibits

for properly chosen δ3 the desired pure modulation (see Eq. (4.20)).

The examples of Eqs. (4.19) have one property in common, namely that they represent

examples which need the smallest angular range required by all N detectors to measure the

interference pattern for this particular detection strategy II. We know from the discussion of

the g
(2)
2 (r1, r2) function in Sec. 4.2 that the total angular range required by the N detector to

capture the interference signal is, apart from the increased modulation, the crucial parameter

for the enhanced spatial resolution of the Nth-order correlation function. Therefore we will

devote an extra section to the study of the resolution for the two discussed strategies in

Sec. 4.4.

A close inspection reveals that the ‘magic positions’ of Eq. (4.19) leading to the pure mod-

ulations are not completely arbitrary [228]. Their behavior can be once more distinguished

between even and odd correlation orders N . For even N a general formula for the magic

positions has been found for any N , whereas for odd N the positions of the detectors do not

follow a regular pattern and have to be calculated numerically and individually. For even N

the interference signals of g
(N)
N SPE always reduce to the formula of Eq. (4.18) if the detector

positions are chosen as

δj = 2π
j − 2

N − 1
for j = 2, . . . , N . (4.21)

Note that, as mentioned above, the chosen detector positions of Eqs. (4.19) and (4.21) repre-

sent only one particular set of possible detector configurations which can produce the desired

noon-like modulations: the principle periodicity of g
(N)
N SPE enables us to add any multiple of

2π to the detector positions δj so that we could also use

δj = δj + n · 2π for n ∈ Z . (4.22)

Furthermore, the spatial incoherence of the N uncorrelated SPE allows us to shift the total

detection configuration to any position along the semi-circular detection plane. The reason for

this lies in the fundamental property of the Nth-order spatial intensity correlation function
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Figure 4.9: 3D-plots of the normalized third-order spatial intensity correlation function of

three independent SPE. They illustrate the behavior of g
(3)
3SPE(δ1, 0, δ3) as a function of two

detector positions δ1 and δ3 where we kept δ2 constant. If the third detector δ3 fulfills the

condition of the magic positions of Eq. (4.20), e.g. g
(3)
3SPE(δ1, 0, π/2), we can observe a pure

super-resolving modulation with visibility of 100 %.

of statistically independent light fields, namely that it only depends on the relative detector

distances among the N involved detectors. This feature has been used in Eq. (4.20) to produce

further globally shifted interference signals. As in all detection measurements of incoherent

light fields, we have thus the possibility to place the N − 1 detectors beside or even behind

the investigated light sources, assuming that the sources emit their photons homogeneously

in all directions, as long as Eqs (4.21) and (4.22) are fulfilled [228].

Finally, let us once more calculate the interference signals of g
(2)
2SPE(r1, r2) and

g
(3)
3SPE(r1, r2, r3) for the condition of only one scanning detector. Based on the derived ex-

pressions of Eqs. (4.11) and (4.12) we can write

g
(2)
2SPE(δ1, δ2) =

1

4
|eiδ2 + eiδ1 |2 , (4.23)

g
(3)
3SPE(δ1, δ2, δ3) =

1

27
|e−iδ1 + e−i(δ1−δ2+δ3) + e−iδ2

+ ei(δ2−2δ3) + ei(δ1−δ2−δ3) + ei(δ1−2δ3)|2 . (4.24)

As we know from previous calculations, the two probability amplitudes of g
(2)
2SPE(δ1, δ2) always

lead to a sinusoidal fringe pattern independent of the position of the second detector as long

as δ1 6= δ2 (see Fig. 4.4). The second detector only defines the absolute position of the center

peak of the interference signal. However, for g
(3)
3SPE(δ1, δ2, δ3) the detector positions have to

be chosen carefully, otherwise the six quantum paths (see Fig. 3.13) will not properly interfere

to give rise to a single cosine modulation. If we now assume δ2 = 3π
4 and δ3 = 5π

4 , Eq. (4.24)
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changes to

g
(3)
3SPE(δ1,

3π

4
,
5π

4
) =

1

27
|e−iδ1 + e−i(δ1+π

2
) + e−i

3π
4

+ e−i
7π
4 + eiδ1 + ei(δ1−

π
2

)|2 , (4.25)

where the third (III) and forth (IV) path destructively interfere due to the phase difference

of π. Although the second (II) and sixth (VI) quantum path possess a mutual phase shift of

e−i
π
2 with respect to the first (I) and fifth (V) quantum paths, they interfere with them in a

way that g
(3)
3SPE results in the wanted cosine modulation of the form

g
(3)
3SPE(δ1,

3π

4
,
5π

4
) =

4

27
[1 + cos (2 δ1)] , (4.26)

which oscillates with a doubled frequency compared to Eq. (4.1). Using Eq. (3.44) we obtain

g
(3)
3SPE(δ1,

3π

4
,
5π

4
) =

1

27
|eikrA1 + eikrC1 + eikrA1−iπ2 + eikrC1−iπ2 |2

=
1

27
|e−iδ1 + eiδ1 + e−iδ1−i

π
2 + eiδ1−i

π
2 |2 , (4.27)

which reveals that the correlation signal is determined by the spatial Fourier frequency given

by the two outermost lying sources A and C. This means that apart from a scaling factor

this interference signal exhibits the same interference pattern that would be generated by

g
(2)
2SPE(δ1, 0) or g

(1)
2 coh(δ1), where the light source only consists of the two outermost sub-

sources A and C with a total separation of 2d. In this way we found a technique based on

post selection to artificially suppress lower spatial frequencies allowing to isolate the highest

spatial Fourier component exhibited by the array of sub-sources.

4.3.3 Independent classical light sources

In this section we continue our investigations using now classical light fields. We will show

that light fields of independent thermal and coherent light sources can yield similar noon-

like modulations like SPE, however with reduced visibility. Classical light fields are of great

interest to the field of quantum optics, since their generation and handling is much easier

compared to single-photon sources. Experiments based on SPE, e.g., stored ions in a Paul

trap, require expensive and complicated setups usually consisting of several laser systems for

cooling and excitation of the trapped ions, not to forget the ion trap itself, which has to

be developed and especially customized to the requirements needed by the specific imaging

technique. Thus a lot of effort has to be put into the design of a light source consisting of N

regularly arranged SPE which are furthermore statistically independent. Therefore, it would

be desirable if the same super-resolving modulations produced by SPE could be somehow

observed with classical light sources, displaying, e.g., thermal or coherent field statistics. As

a source for thermal light we can use, e.g., a commercial hollow-cathode lamp or the light of

far-distant stars. Since the temporal coherences of these two types of light sources are however
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of the order of sub-nanoseconds, it is quite hard to realize coincidence circuits which are able

to resolve N -photon coincidence events on that time scale. Therefore, we take advantage of

a simple technique which produces so-called quasi- or pseudothermal light [229–232]. This

light exhibits exactly the same photon statistics like true thermal light, the coherence time

of the radiation is however dramatically increased and can be also individually adjusted from

µs to s. This considerably simplifies the N -photon coincidence measurements and allows us

to utilize standard correlation techniques based on commercial single-photon detectors and

coincidence circuits. The only requirement for our system to observe successful N -photon

coincidence events is that the joint detection time window is shorter than the coherence

time of the used thermal light. Only in this case we are capable of achieving the predicted

visibilities of the N -photon interference patterns.

To realize N identical and equally separated thermal light sources for our imaging scheme,

we can use, e.g., a standard transmission grating ofN slits illuminated by the above mentioned

pseudothermal light. However, before we discuss the experimental realization in more detail,

we investigate at first the basic ability of classical light fields to create noon-like modulations

by exploiting higher-order intensity correlation functions. Whether the pure modulations can

be associated with an enhancement in spatial resolution of imaging or not, will be discussed

in more detail in Sec. 4.4.

In Section 3.4.2 we derived a very compact expression of the Nth-order intensity corre-

lation function g
(N)
N TLS(r1, . . . , rN ) for the light field generated by N TLS (complex moment

theorem). It has the form (see Eqs. (2.69) and (3.60))

g
(N)
N TLS(r1, . . . , rN ) =

∑
P

N∏
j=1

g
(1)
N TLS(rj , rP(j)) , (4.28)

in which the sum
∑
P runs over all N ! possible permutations P of the second space point

rP(j) of the first-order correlation functions g
(1)
N TLS(rj , rP(j)). The expression for the first-

order correlation function of the N independent TLS can be calculated by using Eq. (2.78)

(van Cittert-Zernike theorem). Especially for higher correlation orders, Eq. (4.28) turns out

to be very useful, since the calculation effort is dramatically reduced. However, if we are

interested in light fields obeying different photon statistics and if we want to investigate

the different quantum paths we have to use the more general quantum path description of

Eq. (3.57).

Detection strategy I: Two counter-propagating detectors D1 and D2

Firstly, we want to investigate the detection strategy proposed in Ref. [47] (see Eqs. (4.7) -

(4.10)) for the light field of N independent classical sources of thermal or coherent statistics.

However, it turned out that this strategy of two counter-propagating detectors only leads to

the desired noon-like modulations if N is restricted to N = 2, 3.

Using Eqs. (3.35) and (3.36) we can immediately calculate the two-photon interference
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Figure 4.10: (a) Second- and (b) third-order intensity correlation functions for N = 2, 3
independent TLS and CLS as a function of two counter-propagating detector position δ2 =
−δ1. The increased modulation frequencies compared to the coherent interference signals of
Fig. 4.6 are clearly visible. Apart from the reduced visibilities (see text), the fringe patterns
are equivalent to the ones of SPE.

signals of the second-order intensity correlation function g
(2)
2 (r1, r2) for two uncorrelated

thermal and coherent light sources. For counter-propagating detectors δ2 = −δ1 we obtain

g
(2)
2TLS(δ1,−δ1) =

3

2

[
1 +

1

3
cos (2 δ1)

]
, (4.29)

g
(2)
2CLS(δ1,−δ1) = 1 +

1

2
cos (2 δ1) , (4.30)

in which the fringe visibilities are V(2)
2TLS = 1

3 ≈ 0.33 and V(2)
2CLS = 1

2 ≈ 0.50. The same

calculations can be done for the third-order intensity correlation functions g
(3)
3 (r1, r2, r3),

where the third detector is fixed at δ3 = π
2 (see Eq. (4.9)). This leads to a three-photon

interference signal which oscillates twice as fast as the fringe patterns of Eqs. (4.29) and (4.30):

g
(3)
3TLS(δ1,−δ1,

π

2
) =

56

27

[
1 +

5

28
cos (4 δ1)

]
, (4.31)

g
(3)
3CLS(δ1,−δ1,

π

2
) =

23

27

[
1 +

6

23
cos (4 δ1)

]
. (4.32)

Note that the visibilities of g
(3)
3 (δ1,−δ1,

π
2 ) are reduced compared to the previous g

(2)
2 (δ1,−δ1)

signals: V(3)
3TLS = 5

28 ≈ 0.18 and V(3)
3CLS = 6

23 ≈ 0.26. The correlation functions of Eqs. (4.29)

- (4.32) are illustrated in Fig. 4.10 and confirm that two counter-propagating detectors can

emulate the same interference pattern for N = 2, 3 classical light sources as for nonclassical

SPE, however with reduced visibilities. The decreased visibilities can be explained by the

possibility of multiple photons originating from the same classical sub-source. If we look at

higher correlation orders (N > 3) we find that neither the detector positions of Eqs. (4.7)

and (4.9), which work for SPE, nor any other detector configuration of the remaining N − 2

detectors is able to produce a pure modulation. Therefore, we conclude that the detection

strategy introduced by Christoph Thiel et al. [47] is not transferable to classical light sources,

except for N = 2, 3.
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Figure 4.11: (a) Visibilities of the noon-like modulations of Eqs. (4.18) and (4.33) for N
independent SPE, TLS, and CLS as a function of the correlation order N . The reduced
visibilities of the classical light sources (TLS, CLS) are clearly visible and are due to the
possibility of multiple photons originating from the same classical sub-source. (b) Scaling of
the visibility of the pure modulation of Eq. (4.33) for N TLS. A best fit to the calculated
values for N = 2, . . . , 10 reveals a scaling 1

N1/3 .

Detection strategy II: One propagating detector D1

Next, let us examine the radiation field of N classical light sources in which the spatial

coherence properties are investigated by one moving and N − 1 fixed detectors [74]. This

detection strategy was already successfully applied to SPE (see Eq. (4.18)) and enabled us to

produce pure super-resolving interference signals with an (N − 1)-fold increased modulation

frequency. Using classical light fields we find that the same sinusoidal interference signals

can be produced, however again with the reduced visibility. The corresponding sinusoidal

N -photon interference signal of N regularly arranged classical light sources can be written in

the form

g
(N)
N class(r1) = AN [1 + V(N)

N cos ((N − 1) δ1)] , (4.33)

in which AN and V(N)
N denote the amplitude and the visibility of the fringe pattern, respec-

tively. Both the amplitude and the visibility depend on the correlation order N and have

to be determined for each g
(N)
N class(r1) separately, since a general analytical expression for

Eq. (4.33) is still missing. We point out that the interference pattern of Eq. (4.33) is, apart

from a reduced visibility, identical to the N -photon signal of Eq. (4.18) but that the magic

positions of Eq. (4.21) are now valid for all correlation orders N , regardless of whether the N

independent sources exhibit thermal or coherent field statistics. That means, the interference

signals of the Nth-order spatial intensity correlation functions g
(N)
N TLS(r1, . . . , rN ) always re-

duce to the desired noon-like interference pattern of Eq. (4.33) when the N−1 fixed detectors

are located at the ‘magic positions’7

δj = 2π
j − 2

N − 1
for all j = 2, . . . , N . (4.34)

7 Initially the magic detector positions have been found numerically. A mathematical analysis recently revealed
that the magic positions can be associated with the complex solutions of the polynomial xN−1 = 0 of degree
N which are given by the N different Nth complex roots of unity [228].
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N AN TLS V(N)
N TLS

2 6
4 ≈ 1.50 1

3 ≈ 0.33

3 50
27 ≈ 1.85 8

25 ≈ 0.32

4 273
128 ≈ 2.13 27

91 ≈ 0.30

5 7416
3125 ≈ 2.37 256

927 ≈ 0.28

6 60335
23328 ≈ 2.59 3125

12067 ≈ 0.26

7 2289456
823543 ≈ 2.78 3888

15899 ≈ 0.24

8 24818325
8388608 ≈ 2.96 823543

3545475 ≈ 0.23

9 1210732928
387420489 ≈ 3.13 2097152

9458851 ≈ 0.22

Table 4.1: Overview of the amplitudes AN TLS and the visibilities V(N)
N TLS for N = 2, . . . , 9 in

case of noon-like modulations of the Nth-order intensity correlation functions of Eq. (4.33)
for thermal light, where the N − 1 fixed detectors are located at the magic positions of
Eq. (4.34).

In Table 4.1 we explicitly calculated the values AN TLS and V(N)
N TLS for N = 2, . . . , 9 TLS.

It is obvious that the visibility V(N)
N TLS is gradually decreasing for higher correlation orders

N while the amplitude AN TLS of the interference signal is slowly growing. In Figure 4.11 we

plot the different visibilities V(N)
N of the noon-like modulations of N independent SPE, TLS,

and CLS as a function of the correlation order N . For TLS we estimate that the visibility

for large N scales ∝ 1
N1/3 which illustrates that we can produce, even for large N , pure

modulations with reasonable visibilities (see Fig. 4.11 (b)).

For comparison, we calculated the interference signals for N = 2, . . . , 5 independent CLS.

The corresponding parameters of the sinusoidal interference patterns are listed in Tab. 4.2.

It is interesting to note that only for N = 2, 3, 4 the coherent light produces a fringe visibility

which exceeds the one generated by thermal sources (see Fig. 4.11). Therefore, for N >

4 thermal light fields seem to be more suitable for super-resolving higher-order intensity

correlation measurements as light fields displaying coherent statistics.

N AN CLS V(N)
N CLS

2 1
1 ≈ 1.00 1

2 ≈ 0.50

3 7
9 ≈ 0.78 8

21 ≈ 0.38

4 5
8 ≈ 0.63 3

10 ≈ 0.30

5 277
625 ≈ 0.44 336

1385 ≈ 0.24

Table 4.2: Overview of the amplitudes AN TLS and the visibilities V(N)
N TLS for N = 2, . . . , 5 in

case of noon-like modulations of the Nth-order intensity correlation functions of Eq. (4.33)
for coherent light. Again, the calculated numbers are based on N − 1 detectors located at
the magic positions of Eq. (4.34).
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In addition to the values of Tabs. 4.1 and 4.2 we present the general expressions of the

visibilities V(N)
N for N = 2, . . . , 5 arbitrary classical light sources as a function of the higher

statistical moments g(m) of the classical light fields8:

V(2)
2 =

1

g(2) + 1
, (4.35)

V(3)
3 =

8g(2)

3g(3) + 14g(2) + 4
, (4.36)

V(4)
4 =

12g(3) + 18g(2)g(2) + 18

4g(4) + 30g(3) + 18g(2)g(2) + 90g(2) + 18
, (4.37)

V(5)
5 =

16g(4) + 96g(3)g(2) + 32g(2)g(2) + 192g(2)

5g(5) + 52g(4) + 128g(3)g(2) + 224g(3) + 400g(2)g(2) + 512g(2) + 64
. (4.38)

By taking into account the specific photon statistics of the classical light fields introduced in

Tab. 2.1 and their associated normalized mth-moments

g(m) ≡
〈: n̂m :〉ρ̂
〈n̂〉mρ̂

=

 m! for TLS

1 for CLS ,
(4.39)

we can simply recalculate the values of the visibilities for N = 2, . . . , 5 TLS/CLS of Tabs. 4.1

and 4.2 by using the expressions of Eqs. (4.35) - (4.38).

Next, we investigate the reduction of the Nth-order intensity correlation functions to the

single cosines of Eq. (4.33) in case that N − 1 detectors are located at the magic positions

for N = 3, 4, 5 TLS and CLS. Inserting the magic detector positions into the Eqs. (3.49) and

(3.50) we obtain for N = 3 TLS and CLS:

g
(3)
3TLS(δ1, 0, π) =

1

27
[1! · 4 + 2! · [14 + 8 cos(2δ1)] + 3! · 3]

=
50

27
[1 +

8

25
cos (2 δ1)] , (4.40)

g
(3)
3CLS(δ1, 0, π) =

1

27
[4 + 14 + 8 cos(2δ1) + 3]

=
7

9
[1 +

8

21
cos (2 δ1)] . (4.41)

As outlined in Sec. 3.3.3, the different colored terms in the two expressions refer to the

different partitions of the detected photons {(1 + 1 + 1), (2 + 1), (3)} (see also Fig. 3.14).

However, using the 3D-plots of Fig. 4.12 it can also be clearly seen that we only obtain a

pure modulation for 3 TLS at δ2 = 0 if we choose δ3 = ±π,±3π, . . ., what exactly corresponds

to the magic positions for the case of g
(3)
3TLS(δ1, δ2, δ3). A comparison of the 3D-profiles of

Fig. 4.12 with those of SPE plotted in Fig. 4.9 reveals that their interference signals are

considerably different from each other. Therefore, it is a remarkable result that they can still

exhibit the same noon-like modulations under certain conditions.

8 Note that the expressions of Eqs. (4.35) - (4.38) are also valid for nonclassical light sources. In case of SPE
we have g(m) = 0 for m > 1.
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Figure 4.12: 3D-plots of the normalized third-order spatial intensity correlation function

g
(3)
3TLS(δ1, 0, δ3) of three independent TLS as a function of two detector positions δ1 and δ3

with δ2 kept constant. If the third detector δ3 fulfills the condition of the magic positions of
Eq. (4.34), e.g. δ3 = π, we observe a pure super-resolving modulation with a reduced visibility
of ≈ 32 %.

Similar calculations can be done for the fourth- and fifth-order intensity correlation func-

tions by using Eq. (3.57). Note that Eq. (4.28), which describes the case of TLS, displays

a classical approach to the higher-order correlation functions which does not involve the in-

dividual NN quantum paths and therefore cannot be used to understand the grouping of

the g
(N)
N (r1, . . . , rN ) function according to the different contributions given by the various

partitions (see Appendix A). In order to go on writing the Nth-order intensity correlation

function by use of the individual partitions, we thus have to use the description of Eq. (3.57)

which is based on the individual quantum paths.

For N = 4 we can group the NN = 256 different four-photon quantum paths into five

partitions {(1 + 1 + 1 + 1), (2 + 1 + 1), (2 + 2), (3 + 1), (4)} (see Fig. A.3) and can write the

fourth-order intensity correlation function in the following form:

g
(4)
4TLS(δ1, 0,

2π

3
,
4π

3
) =

1

256
{1! · [18 + 18 cos(3δ1)] + 2! · 90

+ 2!2! · [18 + 18 cos(3δ1)]

+ 3! · [30 + 12 cos(3δ1)] + 4! · 4}

=
273

128
[1 +

27

91
cos (3 δ1)] , (4.42)

g
(4)
4CLS(δ1, 0,

2π

3
,
4π

3
) =

1

256
{18 + 18 cos(3δ1) + 90

+ 18 + 18 cos(3δ1)

+ 30 + 12 cos(3δ1) + 4}

=
5

8
[1 +

3

10
cos (3 δ1)] . (4.43)
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For N = 5 we have seven partitions {(1 + 1 + 1 + 1 + 1), (2 + 1 + 1 + 1), (2 + 2 + 1),

(3 + 1 + 1), (3 + 2), (4 + 1), (5)} consisting ofNN = 3125 different five-photon quantum paths

(see Fig. A.3). This leads to the expressions:

g
(5)
5TLS(δ1, 0,

2π

4
,
4π

4
,
6π

4
) =

1

256
{1! · 64 + 2! · [512 + 192 cos(4δ1)]

+ 2!2! · [400 + 32 cos(4δ1)]

+ 3! · 224 + 3!2! · [128 + 96 cos(4δ1)]

+ 4! · [52 + 16 cos(4δ1)] + 5! · 5}

=
7416

3125
[1 +

256

927
cos (4 δ1)] , (4.44)

g
(5)
5CLS(δ1, 0,

2π

4
,
4π

4
,
6π

4
) =

1

256
{64 + 512 + 192 cos(4δ1)

+ 400 + 32 cos(4δ1)

+ 224 + 128 + 96 cos(4δ1)

+ 52 + 16 cos(4δ1) + 5}

=
277

625
[1 +

336

1385
cos (4 δ1)] . (4.45)

The above calculations impressively demonstrate that the magic detector positions of

Eq. (4.34) can truly reduce the g
(N)
N (r1, . . . , rN ) functions to the pure modulations of a

single cosine. This means, the magic positions of the N − 1 detectors lead to a complete

suppression of all slowly oscillating spatial frequencies, so that only the modulation at the

highest spatial frequency cos [(N − 1) δ1] prevails. This modulation contains, as we will see

in the next section, all relevant spatial information of the source array, namely N and d.

Although the number of quantum paths for TLS and SPE are increasing differently with N

(TLS: NN , SPE: N !), we still find identical detector positions which lead to an interference of

the N -photon quantum paths so that only the highest spatial modulation remains. Therefore

we call these detector positions ‘magic positions’.

Concluding this section we displayed in Fig. 4.13 for N = 2, . . . , 5 independent SPE and

TLS, the calculated N -photon interference signals g
(N)
N (r1, . . . , rN ) at the magic positions,

together with their exact analytical expressions.

4.4 Sub-classical resolution with independent light sources?

In this section we address the question if our imaging approach, based on multi-photon inter-

ferences of statistically independent light sources, can indeed improve the spatial resolution.

After this question has been answered positively we additionally determine the degree of res-

olution enhancement which can be obtained by use of the sinusoidal noon-like modulations

in comparison to the classical resolution limit.
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Figure 4.13: N -photon coincidence detection scheme and calculated Nth-order spatial inten-

sity correlation functions g
(N)
N (δ1, . . . , δN ) for statistically independent SPE and TLS. Left

column: Scheme for measuring g
(N)
N (δ1, . . . , δN ) for N = 2, . . . , 5 equidistant independent

SPE and TLS as a function of one scanning detector D1. The other N − 1 detectors Dj

(j = 2, . . . , N) are placed at the magic positions of Eq. (4.34). Middle and right column:

Theoretical plots of g
(N)
N (δ1, . . . , δN ) for N = 2, . . . , 5 SPE and TLS for the indicated fixed

detector positions δj for point-like sources (blue curve) and extended sources (red curve).
Apart from the different visibilities, the fringe patterns of the TLS and SPE are identical.
The increased modulation frequencies of the plotted interference patterns, compared to the
coherent case of Fig. 4.6, are clearly visible.

As discussed in the previous subsections, according to Abbe, an image of an object is

formed if the rays contributing to adjacent diffraction orders (e.g. 0,+1) in the diffraction

plane (Fourier plane) are captured by the numerical aperture A = sin (θ1) of the imaging

device, since then all information of the object is contained in the diffraction pattern via

Fourier transform (see also Appendix B). For a periodic structure, such as a classical diffrac-

tion grating with N slits and slit spacing d, this leads to a minimal resolvable slit separation

dmin = λ
2A with an error ∆dmin = λ

4A . As also discussed in the previous subsections, this
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Figure 4.14: Different mth-order spatial intensity correlation functions for a grating with
N = 5 slits as a function of the detector position δ1. (a) First-order correlation function

G
(1)
5 coh(δ1) for coherent illumination. The diffraction pattern is composed of N − 1 different

spatial frequencies cos (l δ1) (l = 1, . . . , 4) which originate from the periodic structure of the

N = 5 slits. (b) and (c) Fifth-order intensity correlation functions G
(5)
5TLS(δ1) for incoher-

ent thermal light. The interference signal in (b) contains the same spatial frequencies as

G
(1)
5 coh(δ1). (c) If the N − 1 detectors are correctly distributed (magic positions) we are able

to filter the highest spatial frequency component cos (4 δ1) out of the incoherently illuminated
grating of (b). The yellow highlighted ranges indicate the numerical aperture A = sin (θ1)
required to capture two adjacent principal maxima. All interference signals are normalized
to their maximum value.

limit can be overcome if an interference pattern can be generated, where the angular distance

between two adjacent main principals is smaller than the one in the interference pattern of

the coherently illuminated grating (cf. Fig. 4.6 and Fig. 4.14 (a)). This is the case, e.g., if

the slowly oscillating terms in the diffraction pattern of the coherently illuminated grating

G
(1)
N coh(δ1) ∝ 1 + 2

N

∑N−1
l=1 (N − l) cos (l δ1) are suppressed so that only the modulation at the

highest spatial frequency cos [(N − 1) δ1] prevails [37,201,211]. Such a selective measurement

of a distinct spatial frequency is not possible with a single, linearly responding detector. How-

ever, if we deal with a grating of N statistically independent sources and exploit higher-order

spatial intensity correlation measurements G
(N)
N (δ1, . . . , δN ) we have already showed in the

previous subsections that we can utilize the additional N − 1 detectors in such a way that

we can indeed isolate, through post-selective multi-photon interferences, the highest spatial

Fourier component of the object (see Fig. 4.14 (b) and (c)).

In the foregoing subsection we introduced two different detection strategies to generate

noon-like modulations for N SPE and classical light sources. These two strategies will be

investigated in detail in the following.

We have seen in Sec. 4.2 that a doubling of the modulation frequency (see e.g. Fig. 4.4)

not necessarily guarantees an improvement of Abbe’s resolution. For a precise quantification

of the resolution power of these two detection strategies we have to consider not only the

pure fringe pattern but also the angular range of the N detectors to measure in both cases

G
(N)
N (δ1, . . . , δN ). This is because we only produce an interference signal with super-resolving

properties in comparison to the classical Abbe’s resolution limit if the numerical aperture

A(N)
1..N required by all N detectors is reduced.
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In the following we will distinguish between four different numerical apertures 9 A ≡
A(N)

1..N definng the classical Abbe resolution limits which depend on the number of detectors

considered:

• for the coherently illuminated grating G
(1)
N coh

A(1)
1 = sin

(
∆θ1

2

)
(4.46)

• for G
(N)
N considering only one propagating detector D1

A(N)
1 = sin

(
∆θ1

2

)
(4.47)

• for G
(N)
N considering two counter-propagating detectors D1 and D2

A(N)
12 = sin (∆θ1) (4.48)

• for G
(N)
N considering all N detectors Dj (j = 1, . . . , N)

A(N)
1..N = sin

(
θmax − θmin

2

)
, (4.49)

where ∆θ1 denotes the angular range required by detector D1 to scan from one to the next

principal maximum (cf. yellow highlighted ranges in Fig. 4.14), and θmax = Max{θ1, . . . , θN}
and θmin = Min{θ1, . . . , θN} are the limits of the total angular range required by all N

detectors Dj to measure two interference maxima.

Let us now use the different numerical apertures defined in Eqs. (4.46) - (4.49) to dis-

cuss the resolution power of the two introduced detection strategies in Sec. 4.3. In order to

illustrate the different numerical apertures required by the discussed strategies, we plotted

in Figs. 4.15 - 4.17 for d = λ
2 all detection configurations for N = 2, . . . , 5 on the left side

and the corresponding interference signals for the Nth-order intensity correlation functions

(blue curves) together with the coherently illuminated grating (black curves) on the right

side. Hereby, we indicated all relevant apertures, i.e., we highlighted Eq. (4.46) with black

horizontal arrows, Eqs. (4.47) and (4.48) with red arrows and red ranges, Eq. (4.49) with

yellow+red ranges, and the fixed detectors with vertical black arrows. From these figures

we can clearly see that the different numerical apertures A(N)
1 , A(N)

12 , and A(N)
1..N for both

detection strategies I and II always remain smaller for N > 2 than the aperture needed for

the classical Abbe limit A(1)
1 , regardless of whether the incoherent light field is produced by

N SPE or N classical light sources. This certifies that our imaging technique exploiting

Nth-order spatial intensity correlation functions at the magic positions produces super-

resolving noon-like modulations which clearly beat the classical resolution limit.

9 The new notation of the numerical aperture is extended by the correlation order (N) and an index 1..N
which illustrates the considered detectors Dj (j = 1, . . . , N) and not the number of sources as in the case

of G
(N)
N .



4.4. SUB-CLASSICAL RESOLUTION WITH INDEP. LIGHT SOURCES? 97

Figure 4.15: Resolution limit of the Nth-order spatial intensity correlation function of
N = 2, . . . , 5 independent SPE with a spacing d = λ

2 as a function of two counter-
propagating detectors (see Eqs. (4.8) and (4.10)). Left: Detection strategy I for measuring

g
(N)
N SPE(δ1, . . . , δN ) where D1 and D2 are moved in opposite directions and the other N − 2

detectors Dj (j = 3, . . . , N) are placed at the magic positions of Eqs. (4.7) and (4.9). Right:

Theoretical plots of g
(N)
N SPE(δ1) for the indicated detector positions (blue curve) and the

coherently illuminated grating G
(1)
N coh(δ1 + π) (black curve). The numerical aperture A(N)

12

required by the two counter-propagating detectors to resolve two adjacent maxima in the
Fourier plane is highlighted in red. The N − 2 fixed detectors are indicated by vertical black

arrows. Here, the numerical aperture considering all N detectors A(N)
1..N is identical to A(N)

12 .
The increased modulations of the N -photon interference patterns lead to an enhancement
of the resolution limit for N > 2 (see Eq. (4.51)) compared to the classical resolution limit
(see Eq. (4.50)).
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Figure 4.16: Resolution limit of the Nth-order spatial intensity correlation function of
N = 2, . . . , 5 independent SPE with a spacing d = λ

2 as a function of one propagating de-

tector (see Eq. (4.18)). Left: Detection strategy II for measuring g
(N)
N SPE(δ1, . . . , δN ) where

only D1 is scanned and the other N − 1 detectors Dj (j = 2, . . . , N) are placed at the magic

positions of Eq. (4.19). Right: Theoretical plots of g
(N)
N SPE(δ1) (blue curve) for the indicated

detector positions and the coherently illuminated grating G
(1)
N coh(δ1 + π) (black curve). The

numerical aperture A(N)
1 required by one scanning detector is highlighted in red and indi-

cated with red arrows. The N − 1 fixed detectors are indicated by vertical black arrows. The

numerical aperture considering all N detectors A(N)
1..N is indicated by the yellow+red ranges.

The increased modulations of the N -photon interference patterns lead to an enhancement of
the resolution limit for N > 2, regardless of whether we consider only the moving detector
(red range, see Eq. (4.53)) or all N detectors together (yellow+red range, see Eq. (4.54)).
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Figure 4.17: Resolution limit of the Nth-order spatial intensity correlation function of
N = 2, . . . , 5 independent TLS with a spacing d = λ

2 as a function of one propagating de-

tector (see Eq. (4.33)). Left: Detection strategy II for measuring g
(N)
N TLS(δ1, . . . , δN ) where

only D1 is scanned and the other N − 1 detectors Dj (j = 2, . . . , N) are placed at the magic

positions of Eq. (4.34). Right: Theoretical plots of g
(N)
N TLS(δ1) (blue curve) for the indicated

detector positions and the coherently illuminated grating G
(1)
N coh(δ1 + π) (black curve). The

numerical aperture A(N)
1 required by one scanning detector is highlighted in red and indi-

cated with red arrows. The N − 1 fixed detectors are indicated by vertical black arrows. The

numerical aperture considering all N detectors A(N)
1..N is indicated by the yellow+red ranges.

The increased modulations of the N -photon interference patterns lead to an enhancement of
the resolution limit for N > 2, regardless of whether we consider only the moving detector
(red range, see Eq. (4.53)) or all N detectors together (yellow+red range, see Eq. (4.54)).
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For a better comparison we plotted in Fig. 4.18 all numerical apertures A encountered

by the different detection strategies of the foregoing Figs. 4.15 - 4.17. Besides the classical

resolution limit (black curve) we also included the aperture required by the noon state of

Eq. (4.5) (green curve). It can be seen that none of the discussed detection schemes (blue,

red, and cyan curves) has the ability to surpass the resolution limit obtainable with noon

states. This is certainly not surprising, since the highest spatial frequency produced by the

N independent sources is given by cos [(N − 1) δ1]. In contrast to that, the light field of

a noon state can be associated with a reduced de Broglie wavelength, which leads to an

N -photon interference signal oscillating with cos (N δ1). Therefore, it will never be possible

to produce an interference signal with statistically independent light which exhibits a fringe

spacing shorter than the interference pattern of a noon state. However, we can see that for

SPE the scheme of counter-propagating detection exhibits an angular range A(N)
12 = A(N)

1..N

(cyan curve) which approaches most closely the resolution limit of the noon state for large

N (if we ignore the blue curves of Fig. 4.18 which only take into account the one scanning

detector). Furthermore, we see from Fig. 4.18 that only the noon state produces an inter-

ference pattern which beats the classical resolution limit for N = 2, confirming the results of

Sec. 4.2. Nevertheless, if for N > 2 the N − 1 detectors are correctly located at the magic

positions we are able to observe N -photon interference signals, either for N independent SPE

or N incoherent classical light sources, which reveal information about the spatial structure

of the light source (or grating) even if the spacing d between neighboring sources is smaller

than λ
2 , corresponding to the classical resolution limit.

=

Figure 4.18: Numerical apertures A required by the different detection strategies of
Figs. 4.15 - 4.17 for (a) single-photon emitters (SPE) and (b) classical light sources (TLS,
CLS) to obtain structural information about the N slits/sources in case of d = λ

2 . Plotted are
the numerical apertures required by the classical Abbe limit (black curve), the noon states
(green curve), the detection strategy I for two counter-propagating detector D1 and D2 alone
and for all N detectors (cyan curve), and the detection strategy II for one moving detector
D1 alone (blue curve) and for all N detectors (red curve).
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The reduced apertures of Fig. 4.18 can be used to define new resolution limits for the Nth-

order intensity correlation functionsG
(N)
N (r1, . . . , rN ) depending on the detection strategy and

the type of light source used. Based on the classical resolution limit

d ≥ λ

2A(1)
1

(4.50)

we obtain new limits for

• G(N)
N SPE for detection strategy I (two counter-propagating detectors),

considering all N detectors D1, . . . , DN

d ≥


λ

2N
2
A(N)

12

= λ

2N
2
A(N)

1..N

for N ≥ 2 ∧ even N

λ

2N+1
2
A(N)

12

= λ

2N+1
2
A(N)

1..N

for N > 2 ∧ odd N
(4.51)

• G(N)
N class for detection strategy I (two counter-propagating detectors),

considering all N detectors D1, . . . , DN , only valid for N = 2, 3

d ≥


λ

2A(N)
12

for N = 2

λ

4A(N)
12

= λ

4A(N)
1..N

for N = 3
(4.52)

• G(N)
N SPE and G

(N)
N class for detection strategy II (one propagating detector),

considering only the scanning detector D1

d ≥ λ

2(N − 1)A(N)
1

for N ≥ 2 (4.53)

• G(N)
N SPE and G

(N)
N class for detection strategy II (one propagating detector),

considering all N detectors D1, . . . , DN

d ≥


λ

2A(N)
1..N

for N = 2

λ

2N−1
N−2

A(N)
1..N

for N > 2 ∧ for SPE: even N
(4.54)

• G(N)
NOON considering N -photon absorption

d ≥ λ

2NA(N)
1..N

for N ≥ 1 (4.55)

The sub-wavelength interference patterns produced by the detection strategies of

Secs. 4.3.2 and 4.3.3 do not represent the only measurable pure modulations which surpass

the classical resolution limit. During our search for further noon-like modulations we found



102 CHAPTER 4. QUANTUM IMAGING

Figure 4.19: Special examples for an enhanced resolution limit of the fourth-order spatial
intensity correlation function of N = 4 independent SPE as a function of multiple propagating
detectors. The last example, where all four detectors are simultaneously scanned, has been
taken from Ref. [112].

additional detection configurations which lead to super-resolving fringe patterns. Three spe-

cial examples can be seen in Fig. 4.19. They all represent cases for N = 4 SPE which even

beat the resolution power of the previously introduced examples g
(4)
4SPE(δ1,−δ1, π/2,−π/2)

and g
(4)
4SPE(δ1,−π,−π/3, π/3) of Fig. 4.15 and Fig. 4.16, respectively. However, since their

detection configurations illustrate special cases which could not be generalized to arbitrary

correlation orders, we exclusively focussed our attention on the detection strategies I and II.

The examples of Fig. 4.19 should demonstrate that if the N detectors are correctly distributed

we are able to find even sinusoidal correlation signals with higher spatial modulations which

have the capability to further beat the classical resolution limit.10

10 There exists an alternative technique to produce super-resolving noon-like modulations which is based on
the superposition of separately observed correlation functions. If the right number of correlation functions
is appropriately shifted these functions can superimpose to a pure modulation, similar to the lithographic
technique of Robert Boyd and colleagues [207, 211]. For example, if we measure the mth-order intensity

correlation function g
(m)
N (δ1, δ2) ≡ g(m)

N (δ1, δ2, . . . , δ2), where m−1 detectors are fixed at a particular position
δ2 while moving the mth detector, we will obtain the interference signals of Eqs. (5.31) and (5.32) for SPE
and TLS, which strongly resemble a diffraction pattern of the coherently illuminated grating of Eq. (3.8).
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So far we have focussed our attention on the absolute resolution limit of the Nth-order

correlation signals in terms of the minimum numerical aperture A required by the detection

process to just-resolve adjacent principal maxima in the Fourier plane and thus the sepa-

ration d of the N incoherent light sources. In this way it has been shown, that a source

array (or grating) can be resolved even if the source separation d is smaller than λ
2 . This

approach describes the new absolute bound for the spatial resolution limit if one measures

the G
(m)
N (δ1, . . . , δm) function. Next, we will show that an increased number of oscillations

of the noon-like modulations over a certain angular range can also be used to determine the

source separation d with an increased accuracy.

Let us assume a predefined numerical aperture A which captures a certain number of

modulations of the sinusoidal interference signal. Based on counting the number of peaks M

across this A in our noon-like N -photon interference pattern G
(N)
N (δ1) ∝ 1 + V(N)

N cos (αδ1)

we obtain 2πM = 2Aαk d, where α = 1, . . . , N and is given by the corresponding detection

strategy and type of light state (see e.g. Eqs. (4.18) and (4.33)). From this, assuming a

signal-to-noise ratio such that ∆M ≤ 1
2 , we derive the source/slit separation d and its error

∆d as

d =
Mλ

2Aα
, (4.56)

∆d = ∆M

∣∣∣∣∂M∂d
∣∣∣∣−1

≤ λ

4Aα
. (4.57)

According to Eq. (4.56), for α > M ≥ 1 the pattern conveys information about source

details that are smaller than the Abbe limit. Due to the increased modulation frequency

of the G
(N)
N (δ1) functions we can determine the separation d with a reduced uncertainty

(see Eq. (4.57)). For a given A we can calculate the values of the error ∆d in d for the

super-resolving Nth-order intensity correlation functions of Eqs. (4.1), (4.5), (4.8), (4.10),

(4.18), and (4.33) as:

G
(1)
2 coh(δ1) ∝ 1 + cos (δ1) ⇒ ∆d ≤ λ

4A
(4.58a)

G
(N)
2noon(δ1) ∝ 1 + cos (N δ1) ⇒ ∆d ≤ λ

4AN
for N ≥ 1 (4.58b)

G
(N)
N SPE(δ1,−δ1) ∝ 1 + cos (N δ1) ⇒ ∆d ≤ λ

4AN
for even N ≥ 2 (4.58c)

G
(N)
N SPE(δ1,−δ1) ∝ 1 + cos ((N + 1) δ1) ⇒ ∆d ≤ λ

4A (N + 1)
for odd N > 2 (4.58d)

G
(N)
N SPE(δ1) ∝ 1 + cos ((N − 1) δ1) ⇒ ∆d ≤ λ

4A (N − 1)
for N ≥ 2 (4.58e)

G
(N)
N class(δ1) ∝ 1 + V(N)

N cos ((N − 1) δ1) ⇒ ∆d ≤ λ

4A (N − 1)
for N ≥ 2 (4.58f)

When we now measure g
(m)
N (δ1, δ2 + ∆n) at N − 1 different positions ∆n = 2π(n−1)

N−1
(n = 1, . . . , N − 1)

for δ2 = 0 and superpose them, we obtain
∑N−1
n=1 g

(m)
N (δ1,∆n) ∝ 1 + V(m)

N cos ((N − 1)δ1), which, apart
from a reduced visibility, displays the same spatial modulations as the super-resolving correlation signals of
Eqs. (4.18) and (4.33) at the magic positions.
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Figure 4.20: Illustration of the separation error ∆d for SPE and classical light sources using
the detection strategies I and II as a function of the correlation order N .

In the case of SPE it is interesting to note that we obtain for the detection strategy I of two

counter-propagating detectors the same scaling of the error ∆d for even N (see Eq. (4.58c))

and even a lower scaling for odd N (see Eq. (4.58d)) compared to the noon state

(see Eq. (4.58b)). In Figure 4.20 it can be seen that all other correlation functions are

in comparison to the noon state less precise in the estimation of d. However their values for

the accuracy of the source separation ∆d is clearly improved compared to the classical Abbe

limit λ
4A , especially for high N .

Finally we want to solve the question whether the we can determine d if we do not know the

number of light sources N . In the previous considerations we always assumed a pure modu-

lation at the highest spatial frequency, however this would imply that we already know the

magic positions and thus also the number of sources N . Here, we will present an algorithmic

procedure for independently determining the number of sources N and their separation d by

means of the discussed pure modulations.

In realistic applications the number of light sources N may not be known in advance and

so the question arises whether the modulation of, e.g., g
(N)
N class(δ1) ∝ 1 +V(N)

N cos ((N − 1) δ1)

from Eq. (4.33) is due to N classical light sources separated by d, or if it is due to two

sources11 separated by a distance (N − 1)d. We therefore need to determine the number of

sources N . For N classical light sources and the detection strategy II we achieve this by

using the following procedure: According to Eq. (4.34) the pure sinusoidal oscillation of the

mth-order intensity correlation function g
(m)
N class(δ1) of Eq. (4.33) is obtained if the following

two conditions are fulfilled: the m − 1 fixed detectors D2, . . . , Dm are separated by equal

amounts δj − δj−1 = 2π
N−1 (j = 3, . . . ,m) and m = N . By changing the angles θ2, . . . , θm

of detectors D2, . . . , Dm for different m in a way that the phase relation in Eq. (4.34) is

always met, we can monitor different interference patterns until g
(m)
N class(δ1) exhibits a pure

modulation. Since it turns out that for N sources and N + 1 detectors of which N are

11 For two incoherent classical light sources we always obtain for the g
(m)
2 class(δ1, . . . , δm) function a pure mod-

ulation as long as only one detector is moved.
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Figure 4.21: Algorithm procedure for detection strategy II to determine the unknown number
of (a) N = 3 and (b) N = 6 regularly spaced TLS by using the highest spatial oscillation of the

g
(m)
N TLS(δ1, . . . , δm) function at the magic positions. When we obtain a constant interference

signal for g
(m+1)
N TLS(δ1, . . . , δm+1) for the next higher correlation order m + 1 we can conclude

that g
(m)
N TLS(δ1, . . . , δm) = g

(N)
N TLS(δ1, . . . , δN ) ∝ 1+V(N)

N TLS cos ((N − 1) δ1) which gives us the
number of sources N . The separation d, if unknown, can then be calculated via the magic
angles δj and δj−1 of two neighboring detectors. For more details see text.

located at the magic positions, we obtain for g
(N+1)
N class(δ1) a constant, we can infer that as

soon as we encounter the situation of a pure sinusoidal modulation for g
(m)
N class(δ1) and in

addition, a constant for the next higher correlation function g
(m+1)
N class(δ1), that the correlation

order m equals the number of sources N and the number of sources is determined. Note that

due to the phase relation δj = k d sin (θj) each detector position unambiguously defines the

corresponding angle θj . Therefore, the sought-after source separation d can then be derived

from the δj via d = λ
(N−1)(sin (θj)−sin (θj−1)) . With this approach it is possible to determine

N and d independently. In Figure 4.21 we outlined the algorithm for the determination

of (a) N = 3 and (b) N = 6 incoherent TLS. Note that we only plotted the interference

patterns where the angles θ2, . . . , θm of detectors D2, . . . , Dm fulfilled the phase relation of

Eq. (4.34). The crucial (m + 1)-photon interference signals yielding a constant is clearly

visible. This particular constellation of interference signals leads to the conclusion that the

initially unknown source must consist of m = N regularly spaced TLS.

The previous procedure for determining the number of sources N is only necessary for

classical light sources. In the case of SPE the algorithm turns out to be much simpler, since

the number of photons is directly related to the number of sources. Therefore, we just have
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to measure all spontaneously emitted photons from the N initially fully excited SPE and we

immediately know N . For this we have to repeat the measurement many times to be sure

that we will never detect more than N photons. The source separation d, which might be

unknown, can then be derived from the magic positions with the same method as for classical

light sources above.

This procedure demonstrates that it is possible to obtain full spatial information of our

light source (N and d) from only two neighboring maxima of the observed super-resolving

interference patterns, regardless of whether the source’s light field is produced by SPE or

classical light sources.

4.5 Visibility enhancement for classical light sources

In the foregoing sections we successfully demonstrated the isolation of the highest spatial

oscillation, arising from the N incoherent light sources, by exploiting higher-order spatial

intensity correlation measurements and illustrated the ability of the highest modulation to

surpass the classical resolution limit. Surprisingly, we were able to produce the same super-

resolving interference patterns with classical light sources as for the quantum light of SPE

(cf. Eqs. (4.18) and (4.33)), however with one mayor drawback compared to the interference

signals of SPE, namely the reduced visibility. Unlike the 100 % visibility of the correlation

signals of SPE, we obtain a fringe visibility for classical incoherent light fields which is limited

upwards to 50 % for two-photon signals and gradually diminishes from that towards higher

correlation orders (see Fig. 4.11). Therefore, it would be certainly desirable to find ways to

improve the fringe visibility of the N -photon interference signals of classical light sources,

while keeping the super-resolving noon-like modulations.

The difficulty of low-visibility correlation signals has been discussed in the context of

thermal ghost imaging, where the contrast of the observed ghost images plays a decisive

role for the acquisition of high-quality images. Therefore, great effort has been put into the

enhancement of the visibility of ghost images in the last years. One well-known technique is

to use higher-order intensity correlations, while keeping the number of sources N unchanged

(e.g. Refs. [71–73,93,180,186,233]). In our particular multi-photon imaging scheme it turned

out that intensity correlations of orders m > N can also lead to the desired high-visibility

interference signals. However, the number of detectors m must fulfill certain conditions to

produce the required pure modulations.

To enhance the visibility of our pure modulations we have to extend the detection scheme

to a particular number of additional detectors. We found that the visibility V(N)
N class of the

original sinusoidal interference signal of Eq. (4.33) can be dramatically enhanced for any N

if we measure g
(m)
N class(δ1, . . . , δm) for m > N at the following magic positions of the m − 1

detectors

δj = 2π
j − 2

N − 1
modulo 2π for j = 2, . . . ,m , (4.59)



4.5. VISIBILITY ENHANCEMENT FOR CLASSICAL LIGHT SOURCES 107

Figure 4.22: mth-order spatial intensity correlation function g
(m)
N TLS(δ1, . . . , δm) for (a) N = 2

and (b) N = 3 independent TLS at the magic positions of Eq. (4.59) to produce high-visibility
(super-resolving) interference patterns. Using higher correlation orders m > N , leads to a

noticeable enhancement of the fringe patterns’ visibility V(m)
N TLS of TLS. For more details see

text.

where m = n(N − 1) + 1 and n = 1, 2, . . . ,∞. For example, for the mth-order intensity

correlation functions of N = 2 TLS and CLS we obtain the following expressions for the

magic positions of Eq. (4.59) (see also Eqs. (5.21) and (5.22))

g
(m)
2TLS(δ1, 0, . . . , 0) =

(m+ 1)!

2m

[
1 +

m− 1

m+ 1
cos (δ1)

]
and (4.60)

g
(m)
2CLS(δ1, 0, . . . , 0) =

1

2m−1

(
2m− 2

m− 1

)[
1 +

m− 1

m
cos (δ1)

]
, (4.61)

where the new increased visibilities are

V(m)
2TLS =

m− 1

m+ 1
and V(m)

2CLS =
m− 1

m
. (4.62)

In Figure 4.22 we display the m-photon interference signals g
(m)
N TLS(δ1, . . . , δm) of (a) N = 2

and (b) N = 3 TLS. Moreover, in Fig. 4.23, we summarize the visibilities of the lower

mth-order intensity correlation functions g
(m)
N class(δ1, . . . , δm) for (a) TLS and (b) CLS which

can produce the super-resolving noon-like modulations at the magic detector positions of

Eq. (4.59) for N = 2, . . . , 9. The visibilities for large N have been calculated numerically.

We can see that the visibility of g
(m)
N class(δ1, . . . , δm) clearly increases for growing correlation

order m.

In conclusion we found an m-photon detection scheme which enables us to observe high-

visibility interference signals of incoherent classical light fields. In Chapter 5 we will come

back to the visibility of the g
(m)
N (δ1, . . . , δm) functions and will discuss additional detection

schemes leading to enhanced visibilities. However, it is only the detection scheme introduced
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Figure 4.23: Visibilities V(m)
N of the super-resolving noon-like modulations of the mth-order

intensity correlation functions g
(m)
N (δ1, . . . , δm) for N statistically independent (a) TLS and

(b) CLS as a function of correlation order m. For m > N and the magic positions of Eq. (4.59)
a noticeable enhancement of the fringe visibility is observed for both classical light fields. For
more details see text.

above that has the ability to generate the desired high-visibility super-resolving modulations.

In the next section we will present the experimental setup used to measure the mth-order

spatial intensity correlation functions of thermal light. Experimental results with up to N = 8

independent thermal light sources will confirm our approach to enhance the spatial resolution

in imaging.

4.6 Experimental results for thermal light sources

In this section we present the experimental setup allowing to obtain super-resolving noon-like

modulations for statistically independent TLS by using two different types of linear optical

detection techniques. The experimental results confirm that our approach of the introduced

magic detector positions of Sec. 4.3.3 leads to the desired sinusoidal interference patterns

of the Nth-order spatial intensity correlation functions which, according to Sec. 4.4, beat

the classical resolution limit. Therefore, our results represent the first higher-order spatial

correlation measurements which allow to image an array of N incoherently emitting TLS

beyond the classical Abbe limit.

Multi-photon interferences from statistically independent emitters – either nonclassical or

classical – have been so far observed with two independent nonclassical emitters [31,38,48–69],

two incoherent classical light sources [2, 70–73], and with ‘five’ thermal light sources [225].

The latter experiment produced the ‘five’ incoherent sources by partly illuminating a grating

with light from a hollow cathode lamp. They measured in Ref. [225] two-photon interferences,

but we know from Sec. 4.2 that g(2)(r1, r2) measurements of incoherent light sources cannot

beat the Abbe’s criterion. Moreover, a closer examination of their results reveals that the

observed interference patterns are far from representing two-photon interference signals of five

independent TLS (compare Fig. 4 of Ref. [225] with Fig. 4.14 (b)). In view of this work and
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all other multi-photon interference experiments published so far, we can claim that we are

the first group which experimentally investigated higher-order interferences with up to eight

statistically independent TLS. The sub-wavelength imaging of the N TLS with N = 3, . . . , 8

thus represents a true novelty in the field of quantum imaging.

As mentioned before, we measured the intensity correlation functions of Eq. (4.33) with

two different experimental setups. The first setup measures g
(N)
N TLS(r1, . . . , rN ) by use of N

single-photon detectors.12 In this case the correlation signal is produced by using a coin-

cidence detection circuit which monitors N -fold coincidence events at the N single-photon

detectors as a function of the N distinct detector positions. Using this technique we measured

the pure modulation of g
(N)
N TLS(r1, . . . , rN ) for N = 2, . . . , 5 TLS.

The second setup takes advantage of a different approach to measure g
(N)
N TLS(r1, . . . , rN ),

namely using a commercial digital camera where the spatial intensity correlation patterns

were obtained by appropriately correlating the intensities of individual pixels with each

other.13 With this technique we were able to produce sinusoidal interference patterns for

N = 2, . . . , 8 TLS with very good signal-to-noise ratios. Although both setups differ in their

detection mechanism, they lead to the same Nth-order correlation signals. However, the use

of a high-resolution camera not only dramatically simplifies the setup but also considerably

reduces considerably the observation time of the Nth-order spatial intensity correlation func-

tions. Therefore, this camera-based detection provides us with an extremely powerful method

to determine g
(N)
N TLS(r1, . . . , rN ) in a decent measurement time.

Due to the short coherence time of true thermal light (< ns), we take advantage of

so-called pseudothermal light in all our experiments [229–232]. This kind of light exhibits

the same thermal statistics like true thermal light and represents a standard technique to

simulate thermal sources [235]. The great advantage of pseudothermal light lies not only

in the much larger coherence times, but also in the ability to adjust the coherence time

individually in a wide range from µs to s. This dramatically reduces the experimental effort

in observing higher-order intensity correlation functions. Before we present the results of the

spatial intensity correlation measurements obtained with this technique, we will investigate

the photon statistics and the corresponding coherence time of the used pseudothermal light

sources to verify its thermal characteristic, since the knowledge of the coherence time is

necessary to properly choose the detection parameters of the coincidence circuit and the

camera settings.

12 The experimental setup based on single-photon detectors and the coincidence measurements up to the third-
order intensity correlation functions of Sec. 4.6.1 were developed and performed in teamwork with Thomas
Büttner [80], respectively. Therefore, parts of this section, especially Figs. 4.24 and 4.26 - 4.32, have been
already published in his diploma thesis and partially in a joint publication [74]. However, few of the mutual
figures have been slightly modified.

13 The idea of using a digital camera to perform spatial intensity correlation measurements was first applied
by Ryan Bennink et al. in the context of ghost imaging with classical sources [152]. Based on the works
of Morten Bache et al. [234] and Ivan Agafonov et al. [71] we record a sequence of uncorrelated pictures to
then determine the desired higher-order spatial intensity correlation functions.
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Figure 4.24: Experimental setup for measuring g
(N)
N TLS(δ1, . . . , δN ) for N = 2, . . . , 5 sta-

tistically independent TLS as a function of δj = k d sin (θj) ≈ k d
xj
z (j = 1, . . . , 5).

Laser: frequency-doubled Nd:YAG laser/HeNe laser, GGD: rotating ground glass disk, Mask:
opaque mask with 2-5 slits, M: mirror, L: lens, NDF: neutral density filter, TS: translation
stage with fiber mount, BS: beam splitter, F: multimode fiber, D1 . . . D5: photomultiplier
modules. For more details see text.

4.6.1 Coincidence detection measurements using single-photon detectors

In this section we will describe the optical arrangement and the coincidence circuit of the first

experimental setup which uses single-photon detectors (photomultiplier modules) to measure

the spatial intensity correlation functions with up to five independent pseudothermal light

sources. The same experimental arrangement has been used to determine the temporal prop-

erties, i.e., the photon statistics and the coherence time of the used pseudothermal light

sources. Further information concerning this setup and especially the N -fold coincidence

circuit can be found in Refs. [80, 236].

Experimental setup

The experimental setup used to measure the g
(N)
N TLS(δ1, . . . , δN ) for N = 2, . . . , 5 TLS is

shown in Fig. 4.24. To realize the N statistically independent TLS, different opaque masks

with N identical slits of width a, separation d, and height b (see Fig. 4.25) are illuminated

by pseudothermal light originating from a linearly polarized HeNe14 or frequency-doubled

Nd:YAG laser15 scattered by a slowly rotating16 ground glass disk17. The large number

of time-dependent speckles, produced by the stochastically interfering waves scattered from

the granular surface of the disk, acts within a given slit as many independent point-like

14 MELLES GRIOT HeNe laser 05LHP171-230, wavelength: 632.8 nm, output power: 7 mW, beam diameter:
1.02 mm, polarization: > 500:1, together with power supply from SPECTRA-PHYSICS model 215-2

15 SPECTRA-PHYSICS Nd:YAG laser Millennia Pro 5S, wavelength: 532.26 nm, output power: 0.2− 5.0 W,
beam diameter: 2.3 mm, polarization: > 100:1 vertical

16 CONRAD ELECTRONIC gear motor 11:1 and 3000:1, type 385, 4.5 − 15.0 V, together with ELV power
supply unit 1502D, 0− 15 V/0− 2 A

17 THORLABS ground glass diffuser 220 grit DG100X100-220
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Figure 4.25: N statistically independent TLS are realized by homemade opaque masks with
N identical slits of width a = 25 − 100(1) µm, separation d = 200 − 500(1) µm, and height
b = 300− 800(1) µm, illuminated by pseudothermal light from a rotating ground glass disk.
The different masks have been manufactured from thin glass plates coated with an Al layer
of about 400− 800 nm thickness.

sub-sources equivalent to an ordinary spatial incoherent thermal source [229–232, 235]. To

produce N pseudothermal light sources with identical intensity distributions it is necessary

that the laser light, scattered by the ground glass disk, homogeneously illuminates the N slits.

Since the laser beams of the two laser systems exhibit beam diameters of < 2 mm, it was

necessary to enlarge their Gaussian beam profiles using a beam expander (telescope) which

was mounted about one meter in front of the ground glass disk (see Fig. 4.24). Measurements

have shown that it is sufficient to expand the beam by a factor of four to uniformly irradiate

the slit structure with incoherent light if the spacing between the ground glass disk and the

mask is less than 10 cm. However, if we place the mask further away from the disk, we would

slowly enter the far-field zone of the mask, where the size of a speckle, i.e., the transverse

coherence length, approaches the size of the slit structure. In this case a single speckle would

start to cover more than one slit and the condition of statistically independent pseudothermal

light sources would not be fulfilled anymore. Due to the beam expansion and the small width

of the slits just a small fraction of the initial laser power will actually pass through the masks.

For intensity correlation functions of order > 2 we therefore switched from the low power

HeNe laser (< 7 mW) to the frequency-doubled Nd:YAG laser whose output power could be

continuously varied from 0.2− 5.0 W.

The incoherent light, scattered by the masks, is separated by 50/50 non-polarizing beam

splitters18 into N beams, whose intensities do not need to be equal. To investigate the

spatial coherence properties of the N thermally radiating slits, we collect the photons at the

positions xj ≈ z
k d δj (j = 1, . . . , 5) via N laterally displaceable multimode fiber tips with

50 µm core diameter19 located at z ≈ 100 cm away from the masks and guide them to the

photomultiplier modules20. The exact length of z is uncritical since the temporal coherence

is of the order of µs and optical path differences of a few centimeters would not affect the

18 THORLABS broadband non-polarizing beam splitter BS016 400-700 nm, edge size 2 cm
19 THORLABS multimode step index M14L01 (SMA), core diameter: 50 µm, numerical aperture: 0.22, wave-

length range: 400− 2400 nm, length: 1 m
20 HAMAMATSU photon counting module H10682-110 (and H7360-02 with R1924), dark count: ≈ 50 Hz

(60 Hz), quantum efficiency: µ(633nm) ≈ 3% (1%), µ(532nm) ≈ 12% (9%), output pulse width: 10 ns
(9 ns), output pulse height: 2.2 V (3.0 V), together with ELV power supply unit 1502D, 0-15 V/0-2 A
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correlation signals. The fiber tips are mounted on movable translation stages. Two of the five

translation stages are motorized21 and can be controlled by a computer in the x − z−plane

laterally to the optical axis. This automation particularly simplifies the observation of the

g
(N)
N TLS(δ1,−δ1) function where two fiber tips have to be synchronously scanned in opposite

directions (see Eqs. 4.29 and 4.31). The remaining fixed fiber are manually moved to the

desired magic positions. Note that the lateral displacement of all translation stages is limited

by the width of the beam splitters (±1 cm).

The great advantages of using fibers to collect and guide the photons to the photomulti-

plier modules are the well-defined observation area of the fiber tips, which act as a perfect

circular aperture. Also the handling of mounted fibers is considerably simpler compared to

moving the whole photomultiplier modules. The exact positioning of the fiber tips in the de-

tection plane, which also includes the vertical direction, is essential to obtain high-visibility

interference signals. If the N fiber tips do not perfectly lie in the same x−z−plane perpendic-

ular to the slits (see Fig. 4.5), they do not optically superpose and will collect photons from

different spatial modes (speckles) immediately leading to a reduced fringe visibility. The same

loss of visibility will occur if the fiber diameter df exceeds the transverse coherence length lc

(speckle size) at the fiber tip’s position, where lc is given by lc ∼ λ z
∆s , and ∆s denotes the size

of the light source [236]. If df & lc, the fibers will collect photons originating from different

statistically independent spatial modes (speckles) and again will cause a reduced visibility.

To obtain interference patterns of high visibility, it is therefore crucial to use fibers with a

core diameter df sufficiently smaller than the transverse coherence length lc. However, too

small fiber cores are also detrimental, because they will not allow to collect enough photons

to obtain the desired temporal and spatial correlation measurements in a reasonable time.

The blue part of Fig. 4.24 refers to a light-proof box which is necessary to protect the

photomultipliers from overexposure and to keep the stray light, entering the fibers, as low as

possible. When the laser is switched off the residual count rates of the individual photomul-

tipliers are < 100 Hz and can be neglected for all measurements.

The output pulses of the N photomultiplier modules are fed into a standard N -fold

coincidence detection circuit in order to select N spatially correlated photons, as shown in

Fig. 4.26. According to Eq. (2.53) we know that the Nth-order intensity correlation function

G(N)(r1, . . . , rN ) can be interpreted as the joint probability PN (r1, . . . , rN ) of simultaneously

detectingN photons atN distinct detectors within a given time interval, i.e., the average rates

R
(N)
1..N (r1, . . . , rN ) at which N photons arrive at N different detectors in coincidence [236]. In

our case photons are judged to be ‘in coincidence’ if they arrive within the time interval TC

which is the measurement time window of the corresponding coincidence circuit. The larger

the detection time window TC , the higher will be the joint detection rate R
(N)
1..N (r1, . . . , rN ).

Since we are interested in the normalized intensity correlation functions g(N)(r1, . . . , rN ), it is

thus also necessary to determine the average counting rates R
(1)
j (rj) at which photons arrive

at the individual detectors Dj (j = 1, . . . , N). These counting rates are directly given by the

21 Composition of NEWPORT linear translation stages M-UMR5.25/BM11.25 and TRINAMIC 42 mm stepper
motor, 1.8◦, 1 A, 0.49 Nm, controlled by TRINAMIC 3-axis stepper motor controller 1.5 A SG
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Figure 4.26: N -fold coincidence detection circuit for measuring the probability of detecting
N = 2, . . . , 5 photons simultaneously arriving at the N detectors D1, . . . , D5 within the joint

detection time window TC = TP . R
(1)
j (rj) and R

(N)
1..N (r1, . . . , rN ) are the individual single-

photon counting rates of the five detectors Dj (j = 1, . . . , N) and the average coincidence
rate of N coincidently arrived photons, respectively. For more details see text and [80].

one-photon detection probabilities R
(1)
j (rj) = Pj(rj).

In Figure 4.26 we have illustrated the schematic diagram of the used N -fold coincidence

circuit. It has five input channels, one for each photomultiplier. The normalized TTL-pulses

of the photomultipliers are converted into NIM pulses22 before they are transformed into

uniform pulses of distinct pulse width TP which can be manually tuned from 10 ns to 1 µs.

This adjustable pulse width TP defines the joint detection time window TC = TP for the

coincidence unit. N photons are considered to arrive ‘in coincidence’ if their electronic pulses

of width TP are all temporally overlapping. Therefore, the coincidence rate R
(N)
1..N (r1, . . . , rN )

highly depends on the chosen pulse length TP . Finally the individual single-photon counting

rates R
(1)
j (rj) of the five detectors Dj as well as the coincidence rate R

(N)
1..N (r1, . . . , rN ) are

converted back to TTL-pulses23 before they are recorded by a standard data acquisition

card24 to calculate the higher-order intensity correlation functions25.

Considering the coincidence circuit of Fig. 4.26 and Eqs. (2.45) and (2.53), we obtain for

the normalized Nth-order spatial intensity correlation functions [80,236]

g
(N)
N TLS(r1, . . . , rN ) =

G(N)(r1, . . . , rN )

G(1)(r1) . . . G(1)(rN )
=

PN (r1, . . . , rN )

P1(r1) . . . PN (rN )

=
R

(N)
1..N (r1, . . . , rN )

R
(1)
1 (r1) . . . R

(1)
N (rN )NTN−1

P

. (4.63)

22 NIM (Nuclear Instrument Module) standard, fast-negative logic, logic 0 (1) defined by 0 V (-0.8 V)
23 TTL (Transistor-Transistor Logic) pulse, logic 0 (1) defined by 0− 0.8 V (2.2− 5.0 V)
24 NATIONAL INSTRUMENTS multifunctional-data acquisition card NI PCIe-6320, temporal resolution:

10 ns, in combination with BNC connector block NI BNC-2110 and shielded cable NI SHC68-68-EPM
25 All programs for the data acquisition and the subsequent calculations of the spatial and temporal correlation

functions g
(N)
N TLS are written in C# using Microsoft Visual Studios 2008.
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For the derivation of Eq. (4.63) we assumed the same pulse lengths TP for all discriminators,

which were chosen sufficiently smaller than the coherence time τc of the used pseudothermal

light to ensure proper detections of the temporal and spatial correlations [236]. Due to the

manually adjustable coherence time τc of our pseudothermal light sources (τc = µs−s), we are

able to detect the intensity fluctuations of thermal light (photon bunching) with the afore-

mentioned coincidence circuit, as long as TC � τc. Note that the mean number of detected

photons of each photomultiplier within the joint detection time window TC should be� 1 to

prevent dead time effects inside the coincidence circuit. This single-photon counting condi-

tion has been achieved by dimming the output power of the laser or by inserting appropriate

neutral density filter in front of the mask (see Fig. 4.24).

Coherence time and photon statistics of the pseudothermal light source

Before we turn our attention to the measurement of the higher-order spatial intensity corre-

lation functions, we want to take a look at the photon statistics Pth(n, T ) and the coherence

time τc of the used pseudothermal source. As already mentioned, the coherence time must

be chosen (τc � TP ) with respect to the joint detection time window TP in order to obtain

interference patterns with high contrast. But this is not the only parameter which affects

the correlation measurements. The following list of parameters are of particular relevance to

achieve high-contrast intensity correlation signals:

• larger joint detection time window TP ⇒ increased coincidence rates, improved signal-

to-noise ratios, shorter measuring times, but also increased dead time effects and lowered

visibilities

• reduced ratio of
Tp
τc
⇒ higher temporal resolution and increased visibilities, but lower

coincidence rates

• increased fiber diameter df ⇒ enhanced single-photon counting and coincidence rates,

but reduced spatial resolution and visibilities

• higher laser power ⇒ increased single-photon counting and coincidence rates, but also

saturation effects of the photomultipliers, reduced temporal resolution and visibilities

Taking now into account the behavior of the above-mentioned parameters and their effects

on the count rate R
(1)
1 (r1) of one detector, we can prove the thermal characteristics of our

used pseudothermal source by measuring the photon statistics, i.e., the photon number prob-

ability distribution Pth(n, T ) of detecting n photons during a fixed observation time T � τc.

According to Eq. (2.29) and Refs. [4, 235], thermal as well as pseudothermal light obey the

Bose-Einstein statistics

Pth(n, T ) =
1

1 + n̄

(
n̄

1 + n̄

)n
, (4.64)
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Figure 4.27: Measurements of the photon statistics P (n, T ) for (a) pseudothermal and (b)
coherent light for an observation time T = 20 µs. The coherence time τc for pseudothermal
light was ≈ 75 µs. The blue and red bars illustrate the experimental and theoretical prob-
ability distributions of the corresponding photon statistics for the indicated mean photon
numbers n̄.

where n̄ denotes the mean photon number observed in the time interval T . In contrast to

the Bose-Einstein statistics of thermal light in the limit T � τc, we obtain for the long-

term average of pseudothermal light in the limit T � τc a Poisson distribution Pcoh(n, T )

(see Eq. (2.26) and Refs. [4, 235])

Pcoh(n, T ) =
n̄ne−n̄

n!
, (4.65)

which of course is also the distribution obtained for the scattered light at the non-rotating

ground glass disk as well as for the pure laser beam. Both photon distributions, Pth(n, T )

of the rotating and Pcoh(n, T ) of the non-rotating ground glass disk, have been measured for

an average counting rate R
(1)
1 (r1) of about 400 kHz and an observation time of T = 20 µs.

In Figure 4.27 we plotted both photon distributions and determined their mean photon

numbers n̄. Note that the slight deviation of pseudothermal light (τc ≈ 75 µs) from the

theoretical Bose-Einstein distribution at small photon numbers is caused by an unfavor-

able ratio of observation time and coherence time T
τc
≈ 0.27 leading to temporal averaging

(see Fig. 4.27 (a)). A smaller observation time would have led to a better result. The ob-

served photon statistics of the coherent light shown in Fig. 4.27 (b) perfectly matches the

theory and clearly illustrates the statistical differences between a rotating and a non-rotating

ground glass disk.

Next we demonstrate how to determine the coherence time τc of our pseudothermal light

source, i.e., the time scale on which the intensity is fluctuating. As we have mentioned

above, the coherence time of pseudothermal light sources depends on the rotational speed

of the disk [231] and must be appropriately chosen with respect to the joint detection time

window TP ; otherwise we will not be able to observe the theoretically expected visibilities of

the N -photon interference signals. One standard technique to determine the coherence time

of chaotic light fields is to measure with one detector the second-order temporal intensity
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Figure 4.28: Measurements of the normalized second-order temporal intensity correlation
function g(2)(τ) for (a) pseudothermal and (b) coherent light. The coherence time τc for
pseudothermal light has been measured for a double-slit mask (a = 100 µm, d = 1000 µm,
b = 500 µm) for three different rotational speeds of the ground glass disk.

correlation function, i.e., the photon-photon autocorrelation function (cf. Eq. (2.71))

g(2)(τ) = 1 + |g(1)(τ)|2 , (4.66)

where g(1)(τ) is the degree of first-order coherence and τ denotes the time delay. For chaotic

light we expect the following relations [4]:

g(2)(0) = 2 for τ = 0 and (4.67a)

g(2)(τ)→ 1 for τ � τc . (4.67b)

In Figure 4.28 (a) we display the autocorrelation function g
(2)
2TLS(τ) of a given double-slit

illuminated by pseudothermal radiation of three different coherence times τc. For the plots

the temporal distances between all photons of a sequence of > 106 successively detected

photon events have been evaluated.26 Assuming |g(1)(τ)| = e−
τ
τc for the first-order coherence

we verified that g
(2)
2TLS(0) = 2.00(5) and obtained for the coherence times τc of the three

different correlation functions 29.3(2) µs, 44.7(3) µs, and 105.4(8) µs. Note that all following

spatial correlation measurements have been performed using a coherence time of about 100 µs

so that the joint detection time window TP of the coincidence circuit could be chosen between

25 ns and 1 µs to still achieve decent average N -fold coincidence rates and high-visibility

spatial interference signals.

For comparison we measured with the same setup the second-order temporal intensity

correlation function g
(2)
coh(τ) for a non-rotating ground glass disk, i.e., for coherent light. As

shown in Fig. 4.28 (b) we thereby verified Glauber’s coherence condition g
(2)
coh(τ) = 1, i.e.,

that the correlation signal is independent of the time delay τ (see Eq. (2.65)), correspond-

ing classically to a constant intensity and quantum mechanically to a Poissonian photon

distribution [4].

26 For more details regarding the calculation of temporal correlation function g
(2)
2TLS(τ) we refer the reader to

Ref. [80].



4.6. EXPERIMENTAL RESULTS FOR THERMAL LIGHT SOURCES 117

Experimental results using single-photon detectors

After having proven the thermal statistics of our pseudothermal light source, we turn our

attention to the measurements of the higher-order spatial intensity correlation functions of

Sec. 4.3.3. As derived in Eq. (4.63) we can determine the Nth-order intensity correlation

functions by placing the N detectors (i.e., the N fiber tips) at the desired positions rj to

measure the N -fold coincidence rate R
(N)
1..N (r1, . . . , rN ) and the corresponding single-photon

counting rates R
(1)
j (rj) (j = 1, . . . , N). Considering the chosen joint detection time window

TP , we can then calculate g
(N)
N TLS(r1, . . . , rN ) as a function of the N detector positions. Note

that the following spatial correlation measurements are expressed in terms of the lateral

displacements xj or the optical phase difference δj which, due to the far-field location of

the fiber tips close to the z−axis, are referred to each other by δj = k d sin (θj) ≈ k d
xj
z

(see Fig. 4.5).

So far we have only assumed point-like sources to calculate the correlation functions.

However, this assumption is not fulfilled in our experiment, as we simulate the N statistically

independent TLS by N slits within a mask illuminated by pseudothermal light (see Fig. 4.25).

Due to the finite widths of the slits, we observe the N -photon signals with a more or less

complicated envelope, i.e., we obtain a correlation signal decreasing to unity towards the

edges, which corresponds to a loss of spatial coherence (cf. Fig. 2.1). However, as long as we

keep the slit widths a small compared to the distance z, the correlation signals will be only

slightly affected and the predicted pure modulations of the magic positions will be clearly

visible (see e.g. Fig. 4.31).

As mentioned above, the outcome of an Nth-order spatial intensity correlation measure-

ment depends on the geometry of the slits (see Fig. 4.25), the wavelength λ of the laser, the

properties of pseudothermal light (τc and Pth(n)) and on the joint detection time window

TC . Depending on the correlation order N , we chose TP between 25 and 425 ns to obtain

sufficiently high coincidence rates R
(N)
1..N (r1, . . . , rN ). This is because the probability of N -fold

coincidences, i.e., the probability of N pulses temporally overlapping within TP , dramatically

decreases for growing N if we keep TP unchanged. To counteract at least partly the reduced

probability of detecting N -photon coincidence events for larger N , we increased TP and the

output power of the laser as long as no saturation effects of the photomultipliers would be

observed (< 106 counts/s) and dead time effects of the coincidence circuit could be neglected.

Suitable signal-to-noise ratios of the N -photon coincidence signals have been obtained for an

observation time ∆t of each data point between 1 and 60 s. To further ensure sufficient spatial

resolution of the g
(N)
N TLS(r1, . . . , rN ) signal, we used N standard multimode fibers of diameter

df = 50 µm and scanned the detector(s) D1 (and D2) in step widths ∆x of 25 or 50 µm. The

distance z between the masks and the N detectors (fiber tips) was chosen between 89 and

100 cm to collect a sufficiently large number of photons and to fulfill the far-field condition

needed for the indistinguishability of the detected photons. In principle, the height b of the

slits does not play any role in the interference formation of g
(N)
N TLS(r1, . . . , rN ). Nevertheless,

we have to be careful not to choose the slit height b too large, since otherwise the vertical



118 CHAPTER 4. QUANTUM IMAGING

coherence length, defined by the slit height, will be smaller than the fiber diameter leading

again to a loss in visibility. All measurements have been performed in that manner that

the single-photon counting rates R
(1)
j (rj) of the N detectors as well as the coincidence rates

R
(N)
1..N (r1, . . . , rN ) were in the ranges 70−300 kHz and 300−3300 Hz, respectively. To give an

overview which experimental parameters have eventually been used for each measurement, we

summarized all relevant experimental numbers in an extra inset of each plot. Furthermore,

we fitted each measured interference signal by the theoretically expected curves27. As fitting

parameters we used the slit separation d, the finite slit width a, and the visibility V(N)
N TLS .

The resulting best fits are plotted in red solid curves together with their fitting parameters.

First we present the results of the normalized second-order spatial intensity correlation

function g
(2)
2TLS(δ1, δ2) for N = 2 TLS. Since the previously demonstrated calculations of

g
(2)
2TLS(δ1, δ2) in Sec. 3.2.4 did not consider the slit width a we have to recalculate the inter-

ference signal by using Eqs. (2.71) and (2.80) for N = 2 extended sources. This leads to the

new two-photon interference signal

g
(2)
2TLS(δ1, δ2) = 1 + |g(1)

2TLS(δ1, δ2)|2 , (4.68)

where the complex degree of coherence of two rectangular shaped thermal light sources of

width a and separation d has the form

g
(1)
2TLS(δ1, δ2) = sinc

( a
2d

(δ1 − δ2)
)
· cos

(
1

2
(δ1 − δ2)

)
. (4.69)

The first term of Eq. (4.69) takes into account the finite width a of the slits and leads to an

envelope of the g
(2)
2TLS(δ1, δ2) signal (cf. Fig. 2.1).

In Figure 4.29 we measured (a) the single-photon counting rates R
(1)
1 (δ1) ∝ 〈I(δ1)〉

and R
(1)
2 (δ2) ∝ 〈I(δ2)〉 with D1 scanned and D2 kept constant, (b) the coincidence rate

R
(2)
12 (δ1, δ2), and (c) the normalized correlation function g

(2)
2TLS(δ1, δ2) as a function of δ1 with

δ2 = 0 for two incoherent thermal light sources. The basically constant intensity distribution

〈I(δ1)〉 of the scanned detector D1 demonstrates that the used pseudothermal light is indeed

spatially incoherent in first order of the intensity and therefore does not contain spatial in-

formation about the two incoherent slits. The intensity 〈I(δ2)〉 of the second detector D2

(green curve) was expected to be constant anyway, since the detector was not moved during

the measurement. However, using now both detectors together and measuring their coin-

cidence rate R
(2)
12 (δ1, 0) as a function of δ1, we obtain a modulated two-photon coincidence

signal which allows to determine g
(2)
2TLS(δ1, 0) using Eq. (4.63). As expected, the second-order

intensity correlation function g
(2)
2TLS(δ1, 0) of Fig. 4.29 (c) clearly reflects the interference pat-

tern derived in Eqs. (4.68) and (4.69), where the fitting parameters of the theoretical fit (red

curve) matches the slit separation d, the slit width a, as well as the visibility V(2)
2TLS at a

high extent (see inset Fig. 4.29 (c)). Obviously, in contrast to the intensity distributions of

27 ORIGINLAB Origin: Software for scientific graphing and data analysis
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Figure 4.29: Incoherently and coherently illuminated double-slit: (a) Measurement of single-

photon counting rates R
(1)
1 (δ1) ∝ 〈I(δ1)〉 and R

(1)
2 (δ2 = 0) ∝ 〈I(δ2 = 0)〉 at detectors D1 and

D2 alone in case of N = 2 TLS (with D1 scanned and D2 kept constant), demonstrating that
the used pseudothermal light is spatially incoherent in first order of the intensity. (b) and (c)

display the coincidence rate R
(2)
12 (δ1, δ2) and g

(2)
2TLS(δ1, δ2) for δ2 = 0, respectively, where (c)

has been calculated from (a), (b), and TP = 50 ns (see Eq. (4.63)). (d) For comparison, mea-
surement of 〈I(δ1)〉 / 〈I(0)〉 for the same double-slit, however now illuminated with coherent
light. Red curves in (c) and (d) correspond to a theoretical fit taking into account the finite
width a of the slits. The only fitting parameters are the slit separation d, the slit width a,

and the visibilities V(m)
2 (m = 1, 2).
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the single detectors 〈I(δj)〉 (j = 1, 2) we can use g
(2)
2TLS(δ1, 0) to gather information about

the unknown geometry of a double-slit, since the spatial modulation and the envelope of the

correlation signal are unambiguously related to d and a, respectively. Note that the periodic

oscillations of g
(2)
2TLS(δ1, 0) between 2 and 1 are typical for thermal radiation and thus do not

only verify the thermal behavior of our two pseudothermal light sources but also the high

temporal and spatial resolution of our setup.

For comparison we illuminated the same double-slit with coherent light to measure the

normalized Fraunhofer diffraction pattern 〈I(δ1)〉 / 〈I(0)〉 given by [95]

〈I(δ1)〉
〈I(0)〉

=
G

(1)
2 coh(δ1)

G
(1)
2 coh(0)

=
R

(1)
1 (δ1)

R
(1)
1 (0)

= sinc2

(
a

d

δ1

2

)
· cos2

(
δ1

2

)
. (4.70)

As shown in Fig. 4.29 (d), the observed first-order interference pattern exhibits, apart from a

visibility of 100 %, the same modulation and envelope characteristic as the above-discussed

g
(2)
2TLS(δ1, 0) function (compare Eqs. (4.69) and (4.70)). Here too, the red curve in Fig. 4.29 (d)

corresponds to a theoretical fit taking into account a, d, and V(1)
2 coh. The fit confirms once more

the geometry of our used double-slit. In principle, the intensity distribution 〈I(δ1)〉 / 〈I(0)〉
of the coherent double-slit exhibits the same sinusoidal interference pattern as g

(2)
2TLS(δ1, 0).

However, there is one fundamental difference. The diffraction pattern of the coherent light

sources only depends on one detector position δ1; the position of the main maximum (zeroth

diffraction order) is fixed in space and is determined by the relative phase difference between

the two slits. Moreover, the intensity pattern is stable in time due to the spatial coherence

of the two slits. In contrast to this, g
(2)
2TLS(δ1, δ2) of the incoherent double-slit depends on

the phase difference of the two detectors (δ1 − δ2). As a result, the location of the main

maximum is determined by the condition δ1 = δ2 and can be prinicipally located anywhere

in space. Thus the interference patterns of Figs. 4.29 (c) and (d) only spatially coincide due

to the fact that δ2 = 0 has been chosen.

In Figure 4.30 we measured the interference signals of g
(2)
2TLS(δ1, δ2) for two incoherent

double-slits with equal slit widths a but different slit separations d as a function of (a) one

propagating detector D1 and D2 kept constant and (b) two counter-propagating detectors

Dj (j = 1, 2). In both cases (a) and (b) the second-order intensity correlation measurements

shown on the right hand side were performed with a slit separation twice as large as the ones

shown on the left hand side. Therefore, the interference patterns on the right side oscillate

twice as fast as the ones shown on the left side.

As derived in Eq. (4.29), we know that the increased spatial modulations of Fig. 4.30 (b)

compared to the signals of Fig. 4.30 (a) are due to the counter-propagating detection (see

also Sec. 4.2). Although the modulations of the correlation signals of Fig. 4.30 (b) seem

to be increased at first sight, we already know from the discussions in Secs. 4.2 and 4.4

that these signals cannot be associated to a super-resolving modulation and therefore do not

beat the classical resolution limit. Keep in mind that the increased frequency is an artifact

caused by the fact that g
(2)
2TLS(δ1, δ2) only depends on the relative separation (δ1− δ2) of the
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Figure 4.30: Incoherently and coherently illuminated double-slits with two different slit sep-

arations d: Measurements of g
(2)
2TLS(δ1, δ2) in case of N = 2 TLS for (a) δ2 = 0 and (b)

δ2 = −δ1, both as a function of δ1 and x1. (c) For comparison, measurement of 〈I(x1)〉 / 〈I(0)〉
for the same two double-slits, however now illuminated with coherent light. Red curves corre-

spond to a theoretical fit taking into account the fitting parameters d, a, and V(m)
2 (m = 1, 2).
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two detectors. A simultaneous movement of the two detectors requires therefore the same

angular range (numerical aperture) to scan from one to the next principal maximum as the

g
(2)
2TLS(δ1, 0) measurement of Fig. 4.30 (a).

In Figure 4.30 (c) we once more measured the normalized diffraction patterns of the two

coherent double-slits 〈I(δ1)〉 / 〈I(0)〉, which exhibit, apart from the missing offsets, the same

interference patterns as g
(2)
2TLS(δ1, 0) of Fig. 4.30 (a). Note that the envelopes of the coherent

and incoherent interference signals of Fig. 4.30 only depend on the slit width a and thus

remain unaffected by varying the slit separations.

Next we discuss the measurement of g
(3)
3TLS(δ1, δ2, δ3) for N = 3 statistically independent

TLS. Using Eq. (2.72) we can express the three-photon interference signal by

g
(3)
3TLS(δ1, δ2, δ3) = 1 + |g(1)

3TLS(δ1, δ2)|2 + |g(1)
3TLS(δ1, δ3)|2 + |g(1)

3TLS(δ2, δ3)|2

+ 2Re{g(1)
3TLS(δ1, δ2)g

(1)
3TLS(δ2, δ3)g

(1)
3TLS(δ3, δ1)} , (4.71)

where we once again use Eq. (2.80) to describe the complex degree of coherence g
(1)
3TLS(δj , δk)

of three extended and incoherently radiating slits

g
(1)
3TLS(δj , δk) = sinc

( a
2d

(δj − δk)
)
·
(

2

3
cos (δj − δk) +

1

3

)
. (4.72)

Similar to the complex degree of coherence of the double-slit (see Eq. (4.69)), the expression

of Eq. (4.72) is composed of two terms: the first term considers the finite width a of the

slits, which is responsible for the envelope of g
(3)
3TLS(δ1, δ2, δ3), and the second term describes

the spatial modulation of g
(3)
3TLS(δ1, δ2, δ3) caused by the three equally separated sources.

Since the correlation signal of g
(3)
3TLS(δ1, δ2, δ3) is expressed by a nontrivial superposition of

g
(1)
3TLS(δj , δk) functions (see Eq. (4.71)), we obtain a more complex envelope which does not

follow a simple sinc2
(
a
2d(δ1 − δ2)

)
pattern as in the previous case of g

(2)
2TLS(δ1, δ2).

In Section 4.3.3 we discussed two particular detection strategies which give rise to super-

resolving modulation of one single cosine. The first strategy involves two fixed detectors

at δ2 = 0 and δ3 = π (see e.g. Eq. (4.40)), whereas in the second detection scheme only

one detector is fixed at δ3 = π/2 while the remaining two detectors are moved in opposite

directions (see Eq. (4.31)). Both detection strategies have been measured for three different

triple-slits having the same slit separations d but different slit widths a. Figures 4.31 and 4.32

illustrate the measurements of the two detection schemes as a function of δ1 or x1, where

the fixed detectors were placed at xj = λ z
2π dδj . The dependence of the correlation signals

on the slit width a is clearly visible and coincide with the theory of Eqs. (4.71) and (4.72).

The smaller the slit width, the more of the desired oscillations of the expected sinusoidal

modulation are visible. Therefore, it is beneficial to perform the higher-order spatial intensity

correlations with a slit structure which displays a sufficiently large ratio of slit separation

and slit width d
a . The spatial oscillations as well as the visibilities of the observed noon-

like modulations precisely match the theoretical predictions of Eqs. (4.40) and (4.31). Like
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Figure 4.31: Incoherently illuminated triple-slits with varying slit width a: Measurements

of g
(3)
3TLS(δ1, 0, π) in case of N = 3 TLS for (a) a = 100 µm, (b) a = 50 µm, and (c)

a = 25 µm at the magic positions of Eq. (4.34) (detection strategy II) as a function of δ1

and x1. The smaller the slit width a, the more oscillations of the super-resolving noon-like
modulations are visible. Red curves correspond to a theoretical fit taking into account the

fitting parameters d, a, and V(3)
3TLS .

before the red curves correspond to the best fits where a, d, and V(3)
3TLS have been used as

fitting parameters. The determined values of a, d, and V(3)
3TLS , as well as their errors are
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Figure 4.32: Incoherently illuminated triple-slits with varying slit width a: Measurements

of g
(3)
3TLS(δ1,−δ1, π/2) in case of N = 3 TLS for (a) a = 100 µm, (b) a = 50 µm, and (c)

a = 25 µm at the magic positions of Eq. (4.31) (detection strategy I) as a function of δ1

and x1. The smaller the slit width a, the more oscillations of the super-resolving noon-like
modulations are visible. Red curves correspond to a theoretical fit taking into account the

fitting parameters d, a, and V(3)
3TLS .

indicated in the corresponding plots and clearly confirm the geometry of the triple-slit. The

experimentally obtained visibilities V(3)
3TLS can be compared with the theoretical values given

in, e.g., Tab. 4.1.
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Figure 4.33: Measurement of the normalized diffraction pattern 〈I(x1)〉 / 〈I(0)〉 for a coher-
ently illuminated triple-slit for a = 50 µm. The red solid curve corresponds to a theoretical fit

taking into account d, a, and V(1)
3 coh. In contrast to the pure modulations of Figs. 4.31 and 4.32,

the intensity distribution of the coherent triple-slit is composed of two spatial frequencies
(see Eq. (4.73)).

Except for the different visibilities, the major difference between the two detection con-

figurations presented in Figs. 4.31 and 4.32 is that the three-photon correlation signals of

Fig. 4.32 oscillate twice as fast as the ones of Fig. 4.31. As we have discussed in Sec. 4.4 this

increased modulation is due to the fact that a counter-propagating detection can produce

artificially a doubled oscillation. However, we also know that these enhanced oscillations do

not refer to any spatial Fourier component arising from the actual source geometry. That

means even though the modulations of Fig. 4.32 display a period two-times shorter than the

one of Fig. 4.31, we obtain the same doubling of the spatial resolution in both cases. If we

now compare the diffraction pattern of the coherent triple-slit of Fig. 4.33, which is given by

(see Eq. (3.9))

〈I(δ1)〉
〈I(0)〉

= sinc2

(
a

d

δ1

2

)
·
(

2

3
cos (δ1) +

1

3

)2

= sinc2

(
a

d

δ1

2

)
· 3

2

(
1 +

2

3
[cos(2δ1) + cos(δ1)]

)
, (4.73)

where δ1 = k d x1
z , with the interference patterns of Figs. 4.31 and 4.32, we can clearly see

the different spacings between adjacent main maxima. That means the numerical apertures

required by the three detectors to resolve two neighboring peaks for both schemes are halved,

compared to the aperture needed by the detector to capture two successive principal maxima

of the intensity distribution of Fig. 4.33. Therefore we experimentally verified the super-

resolving capability of the third-order spatial intensity correlation function for three TLS at

the magic positions predicted in Sec. 4.3.3. For a detailed discussion of the spatial resolution

we refer the reader to Sec. 4.4.
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In Figure 4.34 we finally present experimental results for super-resolving N -photon inter-

ference pattern with up to N = 5 independent TLS. One can see that except for a reduced

visibility, we measure the same interference patterns for N = 2, . . . , 5 TLS as theoretically

derived for N SPE and generated by noon states with N − 1 photons. That means that

for N > 2 we confirm again that measuring g
(N)
N TLS(δ1) allows to achieve a higher spatial

resolution than is predicted by the classical Abbe limit for imaging the light source.

We have already derived the Nth-order intensity correlation functions g
(N)
N TLS(δ1, . . . , δN )

for N = 2, 3 extended TLS. For N = 2 we obtained (see Eqs. (4.68) and (4.69))

g
(2)
2TLS(δ1, δ2) = 1 + sinc2

( a
2d

(δ1 − δ2)
)
· cos2

(
1

2
(δ1 − δ2)

)
, (4.74)

where the envelope sinc2
(
a
2d(δ1 − δ2)

)
results from the finite width of the two sources. This

term equals unity for a = 0 and provides an overall envelope of the spatial correlation function

for a 6= 0. Similar modifications are obtained for higher-order intensity correlation functions.

However, the overall envelopes consist now of several sub-envelopes and are therefore more

complex than Eq. (4.74) (cf. Eqs. (4.71) and (4.72)). For a simpler fitting of the experimental

curves of Fig. 4.34 we therefore exploited the fact that for the magic detector positions

δ2, . . . , δN given by Eq. (4.34) the Nth-order intensity correlation functions reduce for point-

like sources to a sinusoidal modulation of the form (cf. Eq. (4.33))

g
(N)
N TLS(δ1) ∝ 1 + Ṽ(N)

N TLS cos [(N − 1) δ1] , (4.75)

where Ṽ(N)
N TLS = V(N)

N TLS (see Tab. 4.1). Taking into account the finite width of the N slits,

we thus approximated the new overall visibility of Eq. (4.75) for N > 2 with

Ṽ(N)
N TLS(δ1) = V(N)

N TLS

1 + 2 c0

1 + 2 c0/sinc2( a2d δ1)
, (4.76)

which is now position-dependent (c0 denotes a constant).

The measured curves for the average intensities 〈I(δ1)〉 and 〈I(δ2 = 0)〉 and the corre-

lation functions g
(2)
2TLS(δ1), . . . , g

(5)
5TLS(δ1) are shown in Figs. 4.34 (a) and 4.34 (b)-(e), re-

spectively.28 The plots are in good agreement with the theoretical predictions (red curves)

of Eqs. (4.75) and (4.76), where we consider the fitting parameters d, a, c0, and V(N)
N TLS .

The small deviations between the experimental results and the theoretical curves for g
(4)
4TLS

and g
(5)
5TLS are mostly due to a slight misalignment of the detector positions regarding the

required magic values. The deviations between the theoretical and the experimental visibil-

ities V(N)
N TLS towards higher N are mainly due to increased dead time effects arising from

larger joint detection time windows and higher single-photon counting rates at the N de-

tectors (see Tab. 4.1 for the theoretical values of V(N)
N TLS). From Figure 4.34 it can be seen

that the curves for g
(3)
3TLS(δ1), g

(4)
4TLS(δ1), and g

(5)
5TLS(δ1) display the expected doubled (2δ1),

tripled (3δ1), and quadrupled (4δ1) modulation frequency with respect to g
(2)
2SPE(δ1, 0) and

28 Note that the plots illustrated in Fig. 4.34 (c) and Fig. 4.31 (c) are the same.
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Figure 4.34: Summary of the super-resolving noon-like modulations for N = 2, . . . , 5 TLS:
(a) Measurement of average intensities 〈I(δ1)〉 and 〈I(δ2 = 0)〉 at detectors D1 and D2 alone
(with D1 scanned and D2 kept constant), demonstrating that the used pseudothermal light

is spatially incoherent in first order of intensity. (b)-(e) Measurement of g
(N)
N TLS(δ1) in case of

N = 2, . . . , 5 TLS for δ2, . . . , δN at the magic positions of Eq. (4.34) (detection strategy II).
The red curves correspond to the theoretical fit of Eq. (4.75) and (4.76) taking into account

the fitting parameters d, a, c0, and V(N)
N TLS . In the experiment the single-photon counting

rates R
(1)
j for g

(2)
2TLS , g

(3)
3TLS , g

(4)
4TLS , and g

(5)
5TLS correspond to ≈ 100-300 kHz which, using

joint detection time windows TP of 25 ns, 205 ns, 205 ns, and 425 ns, lead to averaged N -fold

coincidence rates R
(N)
1..N of 1500 Hz, 1500 Hz, 400 Hz, and 300 Hz, respectively. Parameters

are d = 250 µm, a = 25 µm, b = 400 µm, λ = 532 nm, z = 100 cm, ∆x1 = 50 µm, and
∆t = 5 s, 5 s, 10 s, and 60 s.

g
(2)
2TLS(δ1, 0) (see e.g. Eqs. (4.3c) and (4.3d)). This means that for a given aperture A (high-

lighted in blue in Fig. 4.34) g
(5)
5TLS(δ1) exhibits four-times more oscillations than g

(2)
2TLS(δ1).

According to the discussion in Sec. 4.4 this beats the classical Abbe limit for d and ∆d by a

factor of four.
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4.6.2 Intensity correlation measurements using a digital camera

An alternative method to measure higher-order spatial intensity correlations of pseudothermal

radiation is the application of a standard digital camera [71,234]. The intensity distribution

of the incoherent light, scattered by the N slits, is in this case detected by a high-resolution

sensor. Due to the strongly simplified data acquisition, we were able to perform spatial

correlation measurements for up to eight TLS. Compared to the coincidence measurements

with N single-photon detectors, we obtained correlation signals with largely improved signal-

to-noise ratios in clearly reduced observation times.

It is possible to measure g
(N)
N TLS(r1, . . . , rN ) in the ‘high-intensity’ regime, i.e., at macro-

scopic intensities, and not at the single-photon counting level as it was the case in the coin-

cidence detection scheme in Sec. 4.6.1. Note that in principle correlation measurements in

both intensity regimes – single-photon and high-intensity – give rise to the same higher-order

intensity correlation signals as long as all temporal and spatial coherence properties of the

incoherent light field are taken into account in the detection process. Due to this, it is possi-

ble to use an ordinary digital camera to capture a sequence of images of the time-dependent

interference patterns of the incoherent light source as long as the data acquisition time Te of

the camera is much shorter than the coherence time τc of the source. In this way we measure

macroscopic intensities instead of counting N -photon coincidence events which become less

and less likely for increasing N . Note that due to the thermal radiation characteristic of the

N slits, we observe a continuously varying first-order intensity interference pattern which,

averaged over many images, yields a constant spatial intensity distribution. As we will see

later, the same set of images can also be used to calculate the desired g
(N)
N TLS(r1, . . . , rN ) as

a function of r1, . . . , rN to retrieve spatial information about the light source.

Experimental setup

The new experimental setup which uses a digital camera to measure g
(N)
N TLS(δ1, . . . , δN ) for

N = 2, . . . , 8 is illustrated in Fig. 4.35.29 The N statistically independent TLS are realized

by an array of N = 2, . . . , 8 slits of width a = 25 µm, separation d = 200 µm, and height

b = 400 µm, illuminated by pseudothermal light. In contrast to the previous N -photon

coincidence setup of Fig. 4.24, we replaced the beam splitters, the movable fibers, the single-

photon detectors, as well as the coincidence circuit by a commercial digital camera30 placed

in the focal plane (Fourier plane with respect to the masks) of a lens with f = z = 40 cm to

ensure the far-field condition. The images grabbed by the camera are then used to calculate

the desired spatial correlation functions on a PC with the help of various software programs31.

We record the spatial intensity fluctuations of the far-field diffraction pattern of the slits

typically with a frame rate νf = 1/Tf = 10 Hz. Due to the square pixel size of 5.3 µm,

the camera has a total detection area of 6.8 × 5.4 mm2. A prerequisite for high-visibility

29 This figure has been already published in a slight modified version in Ref. [110].
30 IDS UI-1240SE-M, CMOS sensor, resolution: 1280×1024 pixels, square pixel size: 5.3 µm, bit depth: 8 bit,

software: uEye
31 The used programs are written in Mathematica and C++ [237]
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Figure 4.35: Experimental setup for measuring g
(N)
N TLS(δ1, . . . , δN ) for N = 2, . . . , 8 statis-

tically independent pseudothermal light sources as a function of δj = k d sin (θj) ≈ k d
xj
z

(j = 1, . . . , 8). Exploiting a standard digital camera instead of single-photon detectors in the

far field allows to determine g
(N)
N TLS(δ1, . . . , δN ) for almost any desired detector configuration.

GGD: rotating ground glass disk, Mask: opaque mask with 2–8 slits, M: mirror, L: lens,
NDF: neutral density filter, Digital Camera: CMOS chip with 1280× 1024 pixels. For more
details see text.

interference signals is a stationary intensity distribution per frame. Therefore the exposure

time Te = 0.5 − 1.0 ms is chosen significantly shorter than τc ∼ 50 ms of the used pseu-

dothermal light. Furthermore, the suitable frame rate with respect to τc ensures that each

acquired instantaneous intensity distribution of an image corresponds to a statistically inde-

pendent interference pattern, as long as the condition Te < τc < Tf is fulfilled. In this way

a sequence of several thousands frames of independent intensity distributions give rise after

image processing to a high-contrast N -photon interference pattern.

We generated g
(N)
N TLS(x1, . . . , xN ) from a sequence of n independent images by appropri-

ately correlating intensity values of N different pixels for each pixel line of the n images.

This procedure corresponds to a spatial intensity correlation between N detectors located at

space points x1, . . . , xN . More precisely we calculate

g
(N)
N TLS(x1, . . . , xN ) =

〈
N∏
j=1

I(xj)

〉
il

N∏
j=1
〈I(xj)〉il

(4.77)

with average intensities at xj

〈I(xj)〉il =
1

n

n∑
i=1

(
1

r

r∑
l=1

Ii(xj , yl)

)
, (4.78)

where the indices l and i indicate the lth pixel line of the ith image. The angular brackets

〈..〉il denote the averaging process over the n pictures (n = 3000− 9000) and their horizontal

pixel lines r (r = 1024).
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Experimental results using a digital camera

A typical far-field intensity distribution of an array of N incoherently illuminated slits,

recorded by the digital camera, shows a two-dimensional speckle-like interference pattern,

as illustrated in Fig. 4.36. Hereby, the structure of the interference pattern can be divided

into two parts, namely the horizontal and the vertical diffraction pattern. The horizontal

interference structure is caused by the N slits of the mask of width a and separation d,

whereas the vertical pattern arises from the mutual slit’s height b. Due to the incoherent

illumination of the N slits, we will not obtain the standard Fraunhofer diffraction pattern for

a snap shot as in the case of a coherently illuminated grating. Instead, the large number of

time-dependent speckles, distributed over the finite width and height of the individual slits,

give rise to a characteristic far-field interference pattern whose shape varies on the time scale

of the coherence time, as can be seen in Fig. 4.36. At closer inspection one may recognize

that, despite the incoherent illumination of the slits, spatial information of the light source

(d, a, and b) is carried by the scattered light (van Cittert-Zernike theorem) which can be

seen by the different interference pattern along the vertical axis. The inhomogeneous inten-

sity and spatial phase distribution across the slits cause a speckle-like diffraction pattern in

the far field which only partly resembles the classical interference pattern of the coherently

illuminated grating.

Figure 4.36: Sequence of three typical snap shots of far-field intensity distributions gen-
erated by an incoherently illuminated six-fold slit structure. The exposure time Te, the
coherence time τc, and the frame rate Tf were chosen to be 1.0 ms, ≈ 50 ms, and 100 ms,
respectively, so that the speckle-like diffraction pattern of each shot displays a high-contrast
spatial intensity distribution which changes, due to the incoherent illumination, from shot to
shot (Te < τc < Tf ).

The instantaneous intensity distribution of each data acquisition (image) consists of sev-

eral clearly visible horizontally aligned diffraction patterns (see Fig. 4.36). Because of the

incoherently illuminated mask we can consider these individual interference patterns as sta-

tistically independent. Therefore it is appropriate to use the total image (all 1024 pixel

lines), to process the desired intensity correlation functions. Since g
(N)
N TLS(x1, . . . , xN ) actu-

ally only depends on N − 1 relative detector positions, a vertical displacement with respect

to the x − z−plane (see Fig. 4.5), corresponding to the different pixel lines of an image,

does not harm the evaluation and can be used for the derivation of the correlation signal of

g
(N)
N TLS(x1, . . . , xN ) as long as the pixels of the camera are located in the paraxial far-zone of
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Figure 4.37: Image processing of the super-resolving noon-like modulation of g
(4)
4TLS(x1) =

g
(4)
4TLS(δ1, 0,

2π
3 ,

4π
3 ) as a function of x1 using (a) 1 frame, (b) 10 frames, (c) 100 frames, (d)

1000 frames, and (e) 3000 frames. The expected pure modulation clearly emerges after about
1000 frames (cf. Figs. 4.13 and 4.34). The evaluation of each frame was performed over all
1024 horizontal pixel lines. (f) The intensity distribution 〈I(x1)〉il (a.u.), averaged over all
3000 frames, does not exhibit any spatial modulation which demonstrates that pseudothermal
light scattered by the four slits is indeed spatially incoherent in first order of the intensity.

the z−axis: δj = k d sin (θj) ≈ k d xjz . The condition of involving all pixel lines of the camera

for the calculation of g
(N)
N TLS(x1, . . . , xN ) has been already considered in Eqs. (4.77) and (4.78).

This means now that we compute for each of the 1024 pixel lines of each image the corre-

spondingNth-order spatial intensity correlation function g
(N)
N TLS(x1, . . . , xN ) by appropriately

multiplying the intensity values of N particular pixels located at distinct positions x1, . . . , xN .

Considering all lines of each image does not only significantly improve the statistics of the

correlation signal but also dramatically lowers the number of required frames. Both effects

directly result in a clearly reduced measurement time making this technique a powerful al-

ternative to coincidence measurements based on single-photon detectors.

In Figure 4.37 we applied Eq. (4.77) to demonstrate the dependence of the calculated

correlation function g
(4)
4TLS(x1) on the number of processed frames. It is clearly visible that

the calculated g
(4)
4TLS(x1) function evaluated at the magic positions of Eq. (4.34) gradually

approaches the expected modulation for increasing number of frames (see Fig. 4.37 (a)-(e)).

After evaluating more than 1000 frames, we obtain a clear sinusoidal interference pattern

which oscillates in the expected way, i.e., three-times faster than the correlation signal of

g
(2)
2TLS(x1, 0) (cf. Fig. 4.34). The whole procedure of the image processing to determine

the curve of Fig. 4.37 (e), consisting of data acquisition and analysis of the 3000 frames,

took less than 10 min, which is not only by a factor of five faster than the coincidence

measurement of Fig. 4.34 (d) but also displays a much better signal-to-noise ratio. The

method of image processing via digital camera thus enables us to retrieve spatial informa-

tion about the N slits much faster than in the case of the classical N -photon coincidence



132 CHAPTER 4. QUANTUM IMAGING

7

2

8

6

5

4

3

2

Figure 4.38: Summary of super-resolving noon-like modulations for N = 2, . . . , 8 TLS ob-
tained with a digital camera: (a) Measurement of the average intensity 〈I(x1)〉il for two TLS

and (b)-(h) measurement of g
(N)
N TLS(x1) in case of N = 2, . . . , 8 TLS for x2, . . . , xN at the

magic positions of Eq. (4.34). The red curves correspond to a theoretical fit taking into

account the fitting parameters V(N)
N TLS and c0, while d = 200 µm and a = 25 µm have been

kept fixed. For comparison, we indicated in parentheses the theoretical values of V(N)
N TLS

(cf. Tab. 4.1).
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technique. In Figure 4.37 (f) we additionally plotted the averaged intensity distribution

〈I(x1)〉il of n = 3000 snap shots which have also been used to determine the correlation sig-

nal of Fig. 4.34 (e) (see Eq. (4.78)). As expected, the time-dependent interference pattern,

averaged over all pixel lines, displays a more or less homogeneous intensity distribution as a

function of x1, which confirms the desired spatially incoherence of the used pseudothermal

light. Note that the averaging over the 3000 frames gives rise to the same flat intensity

distribution as only one frame for which the exposition time is chosen much longer than the

coherence time.

After demonstrating that a digital camera is highly suitable to measure higher-order spa-

tial intensity correlations by means of processing a sufficiently large number of appropriately

acquired frames, we re-measured all correlation signals of Fig. 4.34. Due to the strongly

reduced acquisition times and the excellent signal-to-noise ratios of the camera-based mea-

surements, we extended them to up to N = 8 TLS. The experimental results for the average

intensity 〈I(x1)〉il and the N -photon interference pattern of g
(N)
N TLS(x1) for N = 2, . . . , 8 in-

dependent TLS are shown in Fig. 4.38 (a) and Fig. 4.38 (b)-(h), respectively. For the image

processing we used for the curves of Fig. 4.38 (a)-(c) 1000 frames, for (d)-(f) 3000 frames,

and for (g)-(h) 9000 frames. The experimental plots are in excellent agreement with the

theoretical fit (solid red curves) of Eqs. (4.75) and (4.76), where we considered as fitting

parameters only V(N)
N TLS and c0, while the other parameters, such as d and a, were kept

constant. The small deviations between the experimental results and the theoretical curves

for g
(5)
5TLS , . . . , g

(8)
8TLS are due to slight misalignments of the detector positions regarding the

desired magic positions. Note that the accuracy of placing the N − 1 magic positions is

limited by the discrete width of the pixels. Another reason for the deviations between the ex-

periment and the theory is the insufficiently accumulated statistics of the obtained intensity

correlation functions. Generally, the larger the number of processed frames, the lower will be

the discrepancy between the experimental and the theoretical curves. Nevertheless, the ob-

tained visibilities for the camera-based correlation signals are clearly improved compared to

the ones of Fig. 4.34. For comparison, we additionally indicated behind all experimental de-

termined visibilities the values of the corresponding theoretical visibilities (see also Tab. 4.1).

In Figure 4.38 it can be clearly seen that the super-resolving N -photon signals of g
(N)
N TLS(δ1)

exhibit for N > 2 TLS the expected (N − 1)-fold modulation frequency (see Eq. (4.75)). For

a given aperture A, highlighted again in blue, we therefore obtain, e.g., for g
(8)
8TLS(x1) an

interference pattern with seven-times more spatial oscillations than g
(2)
2TLS(x1). According to

the discussion in Sec. 4.4, this overcomes Abbe’s resolution limit for d and ∆d by a factor of

seven and enables us to image N incoherent source with sub-wavelength resolution.

As discussed in Sec. 4.5, the drawback of low fringe visibilities of the correlation signals

g
(N)
N TLS(x1) for increasing N can be easily circumvented if we make use of even higher-order

intensity correlations. Considering the right number of detectors appropriately distributed at

the magic detector position of Eq. (4.59), we can achieve a considerable enhancement of the

visibilities of the isolated noon-like modulations of Fig. 4.38. Figure 4.39 compares the exper-

imental results of the initial Nth-order intensity correlation functions for m = N = 2, . . . , 5 of
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Figure 4.39: Measurements of high-contrast noon-like modulations for N = 2, . . . , 5 TLS.

Exploiting g
(m)
N TLS(x1, . . . , xm) (m ≥ N) for (a) N = 2 ∧ m = 2, 3; (b) N = 3 ∧ m = 3, 5;

(c) N = 4 ∧ m = 4, 7; and (d) N = 5 ∧ m = 5, 9 at the magic positions of Eq. (4.59)
to measure super-resolving interference patterns with increased visibilities. The red curves
correspond to the same theoretical fits as performed in Fig. 4.38. The expressions indicated

in parentheses correspond to the theoretically derived values of V(m)
N TLS of Fig. 4.22 (a). The

enhanced visibilities on the right hand side are clearly visible.

Fig. 4.38 (left column) with the next higher mth-order intensity correlation functions which

are able to generate the same super-resolving modulations. The improvement of the visi-

bilities (right column) can be clearly seen. The measured curves are in excellent agreement

with the theoretical predictions of Fig. 4.22 (a). As mentioned before, the small deviations

between the experimental results and the theoretical curves are mostly due to slight misalign-

ments of the detector positions from the required magic values. Since the detector positions
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of the higher-order intensity correlation functions g
(m)
N TLS(x1, . . . , xm) are used multiple times,

it is not surprising, that the deviations between the experimental and theoretical curves of

Fig. 4.39 (right column) are increased compared to the correlation functions illustrated in

the left column. If we are interested in even larger visibilities as those illustrated in Fig. 4.39

we have just to follow the procedure of Sec. 4.5.

In this section we demonstrated that higher-order spatial intensity correlations of pseu-

dothermal radiation can be measured by exploiting a standard digital camera. Once a suffi-

ciently large number of snap shots of the light source’s instantaneous intensity distribution

is acquired, we have the freedom to calculate any desired higher-order intensity correlation

function, as long as the involved detector positions lie on the grabbed images. The versatile

use of the recorded images reflects the true advantage of the camera-based correlation mea-

surements. In the next chapter we will take advantage of the same images used in this section

to investigate spatial intensity correlation functions in the context of measurement-induced

focussing of radiation from independent thermal light sources.
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Chapter 5

Measurement-induced focussing of

radiation from independent light

sources

In this chapter we present a measurement technique based on multi-photon detection which

leads to a strong spatial focussing of photons scattered by incoherent light sources.1 The

same multi-photon interferences which have been used to achieve a higher spatial resolution

in imaging (see Chapter 4), are now applied to manipulate the spatial radiation characteristic

of a light source leading to spatial focussing of the emitted photons.

The manipulation of the emission behavior of photon sources is a longstanding problem

in quantum optics, investigated for the first time more than 60 years ago [82]. The efficient

directional emission of photons into well-defined modes is still of vital importance, e.g., for

tasks in quantum information processing. In recent years significant progress has been made

to obtain a higher spatial focussing of radiation, either using geometrical approaches, e.g.,

collecting photons with optical devices like lenses [238–240] or mirrors [241,242], or exploiting

effects from cavity QED, i.e., using micro-cavities [243,244], photonic crystal waveguides [245],

photonic nano-wires [246,247], or nano-antennas [248–252].

An alternative approach of achieving a higher directionality in the emitted radiation is

the use of entangled light sources [82, 253–256]. In this case directionality is intrinsically

accomplished without employing additional optical devices. A simple explanation of this

phenomenon based on multi-path quantum interferences, valid also for potentially widely

separated sources, has been recently proposed [81]. However, the entanglement of a large

number of emitters is still challenging, even though significant progress has been made lately

[257–259]. Therefore it would be desirable if an ensemble of independent emitters prepared

1 Parts of this chapter have been published in the joint publication [83]. Therefore some passages of the
following sections can be found in Ref. [83] as well as in the PhD thesis of Ralph Wiegner (see Secs. 5.3 and
5.4 of his PhD thesis [110]). This concerns in particular Sec. 5.1 of this thesis which deals with the spatial
focussing effects of the incoherent radiation emitted by SPE as well as Figs. 5.2, 5.3, 5.11, and 5.15. Note
that some of the mutual figures have been slightly modified.
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in an initially separable state or even of a classical light source displaying thermal or coherent

statistics showed the same spatial focussing effects like the entangled system.

The first theoretical description of cooperative, spontaneous emission of photons from an

ensemble of N uncorrelated molecules was given by Robert Dicke in 1954 [82]. This and future

investigations showed that under certain conditions the excited ensemble of molecules display

three anomalous properties, namely 1) N -times faster spontaneous emission, 2) anisotropical

emission characteristic of the radiated photons with a peak intensity proportional to N2, and

3) a temporal decay of the radiation of the ensemble which exhibits a maximum only after

a certain time delay [260, 261]. All these collective radiance phenomena are known today

as superradiance. However, in this thesis we are only interested in the manipulation of the

spatial properties of the emitted radiation. Other aspects of superradiance like the temporal

behavior are beyond the scope of this thesis. For a deeper insight into the complete concept

of superradiance we refer the reader to, e.g., Ref. [260].

In the first part of this chapter we investigate a measurement scheme which leads to a

strong spatial focussing of the photons scattered by an ensemble of non-interacting uncorre-

lated SPE, e.g., atoms which are initially prepared in the fully excited state. The technique

is based on (post-selective) multi-photon detection generating source correlations which pro-

duce the heralded peaked emission pattern. For N SPE it is shown that if m− 1 photons are

detected in a particular direction (with m ≤ N), the probability to detect the mth photon

in the same direction can be as high as 100 %. This measurement-induced focussing effect

is already clearly visible for m > 2. Interestingly, the same directionality of the scattered

photons are also observable for classical light sources. Therefore, we discuss the angular cor-

relations between photons emitted by classical light sources in the second part of this chapter

and demonstrate that, apart from an offset, we obtain the same anomalous spatial intensity

distribution as we encounter for SPE. In addition to the basic N -photon measurement scheme

we also present two multi-photon detection schemes which lead to a further improvement of

the spatial focussing properties of our scheme. Finally, we will present for pseudothermal

light sources experimental results for all three detection schemes which clearly confirm the

ability of our approach to achieve the desired spatial focussing of the incoherent light field.
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...
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Figure 5.1: m-photon coincidence detection scheme for N point-like sources which are located
at positions Rl (l = 1, . . . , N) along the x−axis with equal spacing d. The N sources are
assumed to be symmetrically arranged relative to the z−axis, i.e., the center of the source
array coincides with the origin of the coordinate system. The m detectors Dj are situated in
the far field of the sources at rj (j = 1, . . . ,m) and measure the N scattered photons in the
x− z−plane.

5.1 Angular correlations of photons scattered by single-photon

emitter

In the following we consider a chain of N identical SPE, e.g., two-level atoms with upper level

|1l〉 and ground state |0l〉, located at positions Rl (l = 1, . . . , N) along the x−axis, as shown

in Fig. 5.1 (see also Secs. 3.4 and 3.4.1). We assume an equal spacing d between the emitters

and k d > 1 in order to neglect all atomic interactions like the dipole-dipole interaction, where

k = 2π
λ is the wavenumber of the transition |1l〉 → |0l〉. We suppose that the atomic chain is

initially fully excited to the separable state |SN 〉 with

|SN 〉 ≡ |11, 12, . . . , 1N 〉 ≡ |11〉 |12〉 . . . |1N 〉 ≡
N∏
l=1

|1l〉 . (5.1)

We further assume m detectors placed in the x − z−plane in the far field along a circle

around the sources at positions rj (j = 1, . . . ,m and m ≤ N), each supposed to detect a

single photon. This process can be described by the well-known mth-order spatial intensity

correlation function

G
(m)
N SPE(r1, . . . , rm) ≡ 〈Ê(−)(r1) . . . Ê(−)(rm)Ê(+)(rm) . . . Ê(+)(r1)〉ρ̂ , (5.2)

where the positive frequency part of the electric field operator Ê(+)(rj) is given again by

(see Eq. (3.51))

Ê(+)(rj) =

N∑
l=1

Ê
(+)
lj = Ek

N∑
l=1

eikrlj âl . (5.3)
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Here, Ê(−) = [Ê(+)]†, âl is the annihilation operator of a photon emitted by source l, and

k rlj = k |Rl − rj | is the optical phase accumulated by a photon emitted at Rl and detected

at rj .

Let us start by investigating the mth-order intensity correlation function for the sepa-

rable state |SN 〉 of Eq. (5.1). Assuming the photon number probability distribution

Pno(nl) = δ(nl − 1) of SPE (see Tab. 2.1), Eq. (5.2) calculates to (cf. Eq. (3.53))

G
(m)
N SPE(r1, . . . , rm) = E2m

k ‖
N∑

σ1,...,σm=1
σ1 6=... 6=σm

m∏
j=1

eikrσjj |0j〉‖2

= E2m
k

N∑
σ1,...,σm=1
σ1<...<σm

|
∑

σ1,...,σm
∈Sm

m∏
j=1

eikrσjj |2 , (5.4)

where the expression
∑

σ1,...,σm
∈Sm

denotes the sum over the symmetric group Sm withm elements

σ1, . . . , σm and cardinality m!. The products
∏m
j=1 e

ikrσjj denote m-photon probability am-

plitudes (quantum paths), where m photons are emitted from m sources at Rσj and recorded

by m detectors at rj (j = 1, . . . ,m). Since, due to the far-field condition, none of the m

detectors can distinguish which of the N ≥ m atoms emitted a particular photon, we have to

sum over all possible combinations of m-photon quantum paths, which is expressed by the

sum
∑N

σ1,...,σm=1 in the first line of Eq. (5.4). Hereby, the condition σ1 6= ... 6= σm is applied

since terms with σj = σj′ vanish as âσj
∣∣0σj〉 = 0. Considering that several combinations of

m-photon quantum paths lead to the same final atomic state and thus have to be superposed

coherently, we end up with the modulus squared in the second line of Eq. (5.4). Hereby, for

the
(
N
m

)
different final atomic states the corresponding transition probabilities |...|2, contain-

ing the sum
∑

σ1,...,σm
∈Sm

∏m
j=1 e

ikrσjj of all possible m-photon quantum paths, have to be added

incoherently, which results in the first sum
∑N

σ1,...,σm=1
σ1<...<σm

of the second line of Eq. (5.4).

Supposing now that m− 1 out of the m detectors are placed at r2 and the last detector

at r1, the mth-order intensity correlation function of Eq. (5.4) takes the form [83]

G
(m)
N SPE(r1; r2, . . . , r2) =

N !(m− 1)!

(N −m)!

N −m
N − 1

+
m− 1

N(N − 1)

sin2
(
N δ1−δ2

2

)
sin2

(
δ1−δ2

2

)
 , (5.5)

where we have taken advantage of the far-field phase condition of Eq. (3.54) (see also Fig. 5.1)

ei k rσjj ≈ ei k rjei qσj k d sin (θj) ∝ ei qσj δj (5.6)

with qσj = − (N−1)
2 , . . . , (N−1)

2 and rj = |rj |. Here, rj is equal for all j, since all detectors are

aligned along a semi-circle with respect to the center of the N sources.

Considering Eqs. (3.8) and (3.9) describing the intensity distribution of a grating we
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finally obtain the normalized mth-order intensity correlation function

g
(m)
N SPE(r1; r2, . . . , r2) =

(m− 1)(m− 1)!(N − 2)!

Nm−2(N −m)!

 N −m
N(m− 1)

+
1

N2

sin2
(
N δ1−δ2

2

)
sin2

(
δ1−δ2

2

)


=
(m− 1)!N !

Nm(N −m)!

(
1 +

m− 1

N − 1

2

N

N−1∑
l=1

(N − l) cos [l(δ1 − δ2)]

)
, (5.7)

where the visibility is given by

V(m)
N SPE =

m− 1

m+ 1− 2m
N

. (5.8)

For m = 1 the visibility is zero, i.e., the mean radiated intensity is a constant, which illustrates

the fact that the atoms radiate their photons incoherently. However, if 1 < m � N the

visibility is approximately given by

V(m)
N SPE ≈

m− 1

m+ 1
(5.9)

corresponding to the visibility of N TLS (cf. Eq. (5.33)), whereas for m = N the maximum

value V(N)
N SPE = 100 % is obtained.

From Eq. (5.7) it can be seen that even though all atoms emit incoherently, the mth-

order spatial intensity correlation function g
(m)
N SPE(r1; r2, . . . , r2) displays for m > 1, except

for the constant offset N(N−m)
m−1 , the same interference pattern like G

(1)
N (r) of a coherently

illuminated grating (see Eq. (3.8)). Therefore we will start calling this particular setup, where

g
(m)
N SPE(r1; r2, . . . , r2) is a function of m−1 fixed detectors at r2 and one scanning detector at

r1, the grating detection scheme. The central maximum of the N -photon interference pattern

is located at r1 = r2 having a width δθ1 (FWHM) of (see Eq. (5.7))

δθ1 ≈
2π

N k d
, (5.10)

where we used δ1 = k d sin (θ1). For larger numbers of emitters N as well as an increas-

ing source separation d we thus observe a tighter focussing of the radiated intensity in the

direction of r2. Yet, according to Eq. (5.8), the visibility of the mth-order intensity cor-

relation function decreases for fixed m and growing N . Observing a strong focussing of

the emitted radiation together with a visibility of 100 % thus requires the measurement of

g
(m)
N SPE(r1; r2, . . . , r2) for large numbers of atoms N and m = N . However, if a visibility

V(m)
N SPE ≈

1
3 is considered enough, it suffices to measure g

(2)
N SPE(r1; r2) for N � 2 to observe

a focussing close to a δ-function, as V(2)
N SPE

N→∞−−−−→ 1
3 .

Figure 5.2 displays g
(m)
N SPE(θ1; 0, . . . , 0) as a function of the observation angle θ1 for

(a) m = N = 2, 3, 5, 10, 20, 50 and (b) m ≤ N = 10. For a better comparison each function is

normalized to its maximum value. Further, we chose θ2 = 0 and k d = π to keep the focus to

the central maximum. In Figure 5.2 (a) the width of the mth-order intensity correlation func-



142 CHAPTER 5. MEASUREMENT-INDUCED FOCUSSING

Figure 5.2: mth-order spatial intensity correlation function g
(m)
N SPE(θ1; 0, . . . , 0) for (a) m = N

and (b) m ≤ N as a function of θ1 and k d = π. Each plot is normalized to its maximum
value.

tion is clearly decreasing for a growing number of atoms N (and correlation order m). The

dependence of the visibility V(m)
N SPE on the correlation order m is illustrated in Fig. 5.2 (b).

As theoretically derived in Eq. (5.8), we observe an enhancement of the visibility V(m)
N SPE for

increasing correlation order m which reaches its maximum value of 100 % for m = N .

For a quantitative description of the spatial focussing behavior of g
(m)
N SPE(θ1; 0, . . . , 0) we

introduce the focussing parameter χ
(m)
N SPE defined as2

χ
(m)
N SPE :=

1
δθ1

∫ δθ1
2

− δθ1
2

g̃
(m)
N SPE(θ1; 0, . . . , 0)dθ1

1
2π

∫ π
−π g

(m)
N SPE(θ1; 0, . . . , 0)dθ1

, (5.11)

where g̃
(m)
N SPE(θ1; 0, . . . , 0) displays the mth-order intensity correlation function with the offset

being subtracted. The parameter χ
(m)
N SPE describes the ratio of the offset-subtracted inte-

grated central peak normalized to its width δθ1 and the normalized integral over the whole

observation angle 2π. The latter quantity is proportional to the conditioned probability to

measure the mth photon within θ1 = [−π, π[ after m − 1 photons have been detected at

θ2 = 0. For m = 1, there is no spatial focussing of the N incoherently emitting sources

2 This paragraph were written in cooperation with Ralph Wiegner and was part of a former version of our
joint publication [83]. Therefore, one can find a slightly modified version of this text in his PhD thesis [110].
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Figure 5.3: Point-plot of the focussing parameter χ
(m)
N SPE for the grating detection scheme

as a function of the correlation order m and the number of SPE N . The case m = N is
highlighted with a red line and illustrates the maximum values of χ

(m)
N SPE for a given N . For

more details see text.

and thus χ
(1)
N SPE = 0. For a δ-function-like focussing the parameter χ

(m)
N SPE converges to

infinity (cf. Fig. 5.2 (a): N = 50). For k d = π and an interference pattern without offset

like g
(2)
2SPE(θ1; 0) (see Fig. 5.2 (a)) the focussing parameter takes the value χ

(2)
2SPE = 2.2.

Figure 5.3 displays a point-plot of χ
(m)
N SPE as a function of the correlation order m and the

number of atoms N for k d = π. It can be clearly seen that the spatial focussing of the last

photon is maximal for m = N which is highlighted with a red line in Fig. 5.3. For m < N

the focussing parameter decreases since in this case the offset of the mth-order intensity

correlation function becomes more dominant (see also Fig. 5.2 (b)).

We finally give a physical explanation for this behavior, being rather unusual for an en-

semble of independently radiating SPE. Since the angular correlation is strongest for m = N ,

let us concentrate on this case; however, a generalization to m < N is straightforward. Con-

sider the initially fully excited state |SN 〉 of Eq. (5.1). After detection of the first photon,

this state is projected on the new state

|SN 〉1 =
1√
N

(|01〉 |12〉 . . . |1N 〉+ |11〉 |02〉 . . . |1N 〉+ . . .+ |11〉 |12〉 . . . |0N 〉) , (5.12)

since, due to the far-field assumption, the photon could have been scattered by any of the N

atoms. When more and more photons are recorded, the state of the atomic system evolves,

so that, after N − 1 detection events, the state |SN 〉N−1 is attained which is given by

|SN 〉N−1 =
1√
N

(|11〉 |02〉 . . . |0N 〉+ |01〉 |12〉 |03〉 . . . |0N 〉+ . . .+ |01〉 . . . |0N−1〉 |1N 〉) . (5.13)

This post-selected state corresponds to the single-excitation W-state |W1,N−1〉 [262].3 In

other words, employing a measurement scheme based on post-selection where N − 1 photons

are detected at position r2, we project the initially fully excited state |SN 〉 onto |W1,N−1〉.
The spatial emission pattern of this state is then measured by the last detector at r1, corre-

3 Note that the individual terms in Eqs. (5.12) and (5.13) could pick up different phase factors depending on
the positions of the detectors and the locations of the atoms (see e.g. [30]).
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sponding to a measurement of the mean intensity G
(1)

|W1,N−1〉(θ1) for the state |W1,N−1〉. For

this state a strong focussing, i.e., angular correlation of the mean scattered photons in the

forward direction (θ2 = 0) occurs which can be explained in a purely quantum path frame-

work [81]. In particular, it was shown in Ref. [81] that the radiation created by the state

|W1,N−1〉 displays the same modulation as the diffraction pattern of a coherently illuminated

grating. That way the measurement of g
(m)
N SPE(r1; r2, . . . , r2) leading to the grating formula

of Eq. (5.7) becomes transparent. Moreover, we thus showed that a property intrinsic to mea-

surements on quantum systems can be used to produce a directional emission of radiation.

The above-introduced m-photon coincidence detection method is not the only m-photon mea-

surement scheme based on post-selection which leads to an angular correlation of the incoher-

ent light field. In the following we will present two further detection schemes which display

similar and, under certain conditions, even better focussing properties than the previously

discussed grating detection scheme g
(m)
N SPE(r1; r2, . . . , r2). However, Since the functionalities

of the Nth-order intensity correlation functions of these two new detection schemes are quite

complex we discuss them in the following only in a qualitative manner.

In the first of these two schemes the mth-order intensity correlation function

g
(m)
N SPE(r1, r2, r1, r2, . . .) is again a function of the two detector positions r1 and r2, how-

ever the m photons are now observed equally distributed at the two space points r1 and r2.

If the correlation order m is an odd number it does not make any difference whether the last

(mth) photon is detected at r1 or at r2. Due to the fact that the m photons are recorded by m

detectors, arranged in two groups with the same number of detectors, we call this m-photon

coincidence scheme the bisection detection scheme.

The third scheme is based on the measurement of the correlation function

g
(m)
N SPE(0, r1

N−1 ,
2r1
N−1 , . . . , r1), where m − 1 detectors are synchronously scanned in a par-

ticular relation to each other. The propagation of the m − 1 detectors strongly resembles

the expansion and compression of an accordion. Therefore we dubbed this third detection

method the accordion detection scheme.

Figure 5.4 gives an overview of the interference patterns obtained from all three detection

schemes for m = N = 2, 4, 6, 8 SPE as a function of the observation angle θ1. For a better

comparison of the different focussing behaviors each correlation signal is again normalized

to its maximum value. Here, we once more chose θ2 = 0 and k d = π leading to a peaked

emission pattern in forward (θ1 = 0) and backward direction (θ1 = π = −π). Note that due

to the dependence of the intensity correlation functions only on the difference of the phases

the location of the central maximum of the focussed photon emission is always defined by

the position where all detectors spatially coincide (θ1 = . . . = θN ). This must not necessarily

be in the forward direction. Moreover, even if at first sight all interference patterns of

Fig. 5.4 seem to be very similar, by examining the peak widths δθ1 of the three above-

introduced detection schemes we find that the width of the Nth-order intensity correlation

functions of the bisection detection scheme is clearly reduced for N > 3 compared to the

other two schemes (see Fig. 5.4 (b)). A decreased peak width can be interpreted as an
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Figure 5.4: Nth-order spatial intensity correlation function g
(N)
N SPE(θ1, . . . , θN ) for

N = 2, 4, 6, 8 SPE and k d = π for three different N -photon coincidence detection schemes.
They all lead to a strong spatial focussing of the incoherent radiation as a function

of θ1: (a) Grating detection scheme g
(N)
N SPE(θ1, 0, . . . , 0), (b) bisection detection scheme

g
(N)
N SPE(θ1, 0, θ1, 0, . . .), and (c) accordion detection scheme g

(N)
N SPE(0, θ1

N−1 ,
2θ1
N−1 , . . . , θ1).

Each plot is normalized to its maximum value.

increased angular correlation of the scattered photons which is confirmed by an enhanced

focussing parameter. The peak widths and the focussing parameters of the three detection

schemes are shown in Fig. 5.5. Note that although the central maximum of the accordion

detection scheme displays for N = 2, . . . , 9 the largest width of the three schemes, it still

exhibits a higher degree of spatial focussing for N > 6 than the grating detection scheme

(see Fig. 5.5 (b)), since the undesirable sidelobes symmetrically distributed on both sides of

the central peaks (see e.g. Fig. 5.4 (a)) are strongly suppressed. By contrast, as can be seen in

Fig. 5.4 (a), the spatial probability distribution of the N -photon coincidences of the grating

detection scheme produces small sidelobes which reduces the overall focussing efficiency of

the incoherent photons. Therefore detection schemes which intrinsically suppress any kind of

N -photon coincidences which do not contribute to the central maximum are advantageous.

That is exactly what happens in the two newly introduced N -photon coincidence detection
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Figure 5.5: Illustration of the calculated (a) peak width δθ1 and (b) focussing parame-

ter χ
(N)
N SPE of the grating detection scheme g

(N)
N SPE(θ1, 0, . . . , 0) (black curve), the bisection

detection scheme g
(N)
N SPE(θ1, 0, θ1, 0, . . .) (blue curve), and the accordion detection scheme

g
(N)
N SPE(0, θ1

N−1 ,
2θ1
N−1 , . . . , θ1) (red curve) for k d = π as a function of N . The black curve in

(b) of the grating detection scheme corresponds to the red line highlighted in Fig. 5.3.

schemes for higher N . Both the bisection and the accordion detection scheme effectively

manage to suppress these unwanted photon correlations so that their angular distributions of

N -photon coincidences are mainly concentrated in the main peaks (see Fig. 5.4 (b) and (c)).

Next let us consider mth-order intensity correlation functions with m < N . In this case

the grating detection scheme displays, as derived in Eq. (5.7), a constant offset which clearly

reduces the overall spatial focussing capabilities (see Figs. 5.2 (b) and 5.3). In Figure 5.6 we

exemplarily plot g
(4)
8SPE(θ1, . . . , θ4) evaluated for (a) the grating, (b) the bisection, and (c)

the accordion detection scheme. One can clearly see that they display differently pronounced

backgrounds. The reduced offsets of the bisection and the accordion scheme demonstrate

another advantage of these two new detection schemes. They do not only attenuate the

little sidelobes between the main peaks but also efficiently suppress the undesirable back-

ground appearing for m < N . The more efficient unfocussed m-photon coincidence events

are suppressed, the better performs the spatial focussing characteristic of the corresponding

correlation measurement. This is reflected by the values of the focussing parameter χ
(4)
8SPE

shown in Fig. 5.6.

So far we have focussed our attention only on the condition k d = π which corresponds

to a source separation of d = λ
2 . Therefore, we could only observe a single central peak in

the interval θ1 = [−π
2 ,π2 ] for any of the introduced N -photon coincidences detection schemes

(see Fig. 5.4). However, if we consider k d > π instead, we will observe form = N a correlation

signal displaying multiple peaks for g
(N)
N SPE(θ1, 0, . . . , 0). Assuming, e.g., now k d = 13π

and θ2 = 0, we obtain for the grating detection scheme an interference pattern consisting of

13 principal peaks, one principal peak at θ1 = 0 and 6 further peaks symmetrically distributed

on each side of the central peak, as shown in Fig. 5.7 (a). In this case a periodic angular

emission of the last incoherently scattered photon is observed, i.e, ifN−1 photons are detected

at, e.g., θ2 = 0 the conditional probability to detect the Nth photon is periodically peaked
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Figure 5.6: 4th-order spatial intensity correlation function for (a) grating, (b) bisection, and
(c) accordion detection scheme for N = 8 SPE and k d = π as a function of the observation
angle θ1. The decreasing offset from (a) to (c) is clearly visible. This leads to an improved

focussing behavior as indicated by the calculated focussing parameters χ
(4)
8SPE .

at sin (θ1) = ±n 2π
k d (n = 0, 1, . . . , 6) and is not restricted anymore to a single maximum as

in case of k d = π (see Fig. 5.4 (a)). For the grating-like correlation signal of Eq. (5.7) the

sub-structure between the individual principal peaks consists of N − 2 sidelobes. Applying

the bisection detection scheme to the incoherent radiation, we observe in Fig. 5.7 (b) the same

shrinking of the peak widths and suppression of the sidelobes as in Fig. 5.4 (b). However, the

conditional probability of detecting the Nth photon is still periodically spread over the whole

space. To circumvent this problem of multiple coincidence maxima we can take advantage of

the accordion detection scheme. Due to the accordion-like propagation of the N detectors,

we can selectively suppress certain principal maxima as illustrated in Fig. 5.7 (c). The

ability of suppressing particular peaks only depends on the correlation order. For example,

measuring g
(N)
N SPE(0, θ1

N−1 ,
2θ1
N−1 , . . . , θ1) we obtain an N -photon coincidence signal where only

every (N − 1)th maximum of the initial periodicity survives. This explains why we only

observe a single emission peak for N = 8 in Fig. 5.7 (c). The suppression of all six maxima

on both sides of the central peak leads to the desired directed photon emission in a small

solid angle of the Nth emitted photon of the N independent SPE. This outstanding feature

gives the accordion detection scheme the most extraordinary measurement-induced focussing

behavior of all discussed correlation schemes.

Finally we point out that the presented types of multi-photon coincidence measurements

to optimize the spatial focussing characteristic of incoherently emitted photons are based

on post-selection schemes selecting particular m-photon events (m ≤ N). The discussed

m-photon interference signals are proportional to the conditional probability of finding the

last photon at a particular position r1 in space after m − 1 photons have been measured at

r2, . . . , rm. That means the spatial focussing, which is indicated by narrower peak widths

of the interference maxima and the suppression of particular sidelobes in the interference

pattern, concerns exclusively the mth detected photons. We should be aware that on average

the m incoherently emitted photons of the N SPE are still uniformly distributed in space

and that only the mth photons exhibit the illustrated spatial focussing characteristic given

by the introduced mth-order intensity correlation functions.
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Figure 5.7: Theoretical plots of (a) grating detection scheme g
(N)
N SPE(θ1, 0, . . . , 0),

(b) bisection detection scheme g
(N)
N SPE(θ1, 0, θ1, 0, . . .), and (c) accordion detection scheme

g
(N)
N SPE(0, θ1

N−1 ,
2θ1
N−1 , . . . , θ1) for N = 2, 4, 6, 8 SPE and k d = 13π. All detection schemes

lead to a strong periodic spatial focussing of the incoherent radiation as a function of θ1.
Note that the interference patterns are only plotted for the front half space θ1 = [−π

2 ,π2 ].
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5.2 Angular correlations of photons scattered by classical light

sources

In the second part of this chapter we want to demonstrate that the same multi-photon

detection schemes, which have already led to a directed emission of the spontaneously emitted

photons in case of SPE, can also be implemented for the incoherent radiation of classical light

sources. Here, too, the angular correlations between m photons incoherently scattered by an

array of N classical light sources (TLS, CLS) can be manipulated by post-selection of photons

at particular positions. These correlations can again be calculated by means of the mth-order

intensity correlation function G
(m)
N (r1, . . . , rm).

Let us start with an incoherent light field created by N = 2 statistically independent clas-

sical light sources A and B which are located at R1 and R2, respectively (see also Ref. [263]).

The detection scheme for the m-fold coincidence measurement is depicted in Fig. 5.1 where

we again assume m point-detectors placed along a semi-circle in the far field around the

sources at positions rj (j = 1, . . . ,m). Each detector is supposed to detect a single photon.

The electric field observed by detector Dj at rj is given by

Ê(+)(rj) = Â
(+)
j + B̂

(+)
j = Ek(eikrAj âA + eikrBj âB) . (5.14)

Inserting the field of Eq. (5.14) into the mth-order intensity correlation function we obtain

G
(m)
2 (r1, . . . , rm)

= 〈Ê(−)(r1) . . . Ê(−)(rm)Ê(+)(rm) . . . Ê(+)(r1)〉ρ̂

=
∞∑

nA,nB=0

Pρ̂(nA)Pρ̂(nB)
∑
{nl}

|〈{nl}|
m∏
j=1

(Â
(+)
j + B̂

(+)
j ) |nA, nB〉|2 . (5.15)

Assuming now the grating detection scheme of the previous section, where m− 1 out of the

m detectors are fixed at r2 while the last detector at r1 is moved. We can write for the

mth-order intensity correlation function

G
(m)
2 (r1; r2, . . . , r2) = E2m

k

∞∑
nA,nB=0

Pρ̂(nA)Pρ̂(nB)

×
∑
{nl}

|〈{nl}|(eikrA2 âA + eikrB2 âB)m−1(eikrA1 âA + eikrB1 âB) |nA, nB〉|2 , (5.16)

where rAj denotes, as usual, the distance between the lth source (l = A,B) and the jth

detector Dj (j = 2, . . . ,m). Due to the symmetry of the setup we can take advantage of

rA2 = rAj = |R1 − rj | and rB2 = rBj = |R2 − rj | . (5.17)
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(II)(I) (II)(I)

Figure 5.8: m-photon quantum paths for N = 2 statistically independent classical light
sources, where one photon is detected at r1 and the other ones at r2. For this constellation
a successful m-photon joint detection event can be triggered only by the two quantum paths
(I) and (II) which involve m1 photons scattered by source A and m−m1 photons scattered
by source B. (a) The two m-photon quantum paths of Eq. (5.18) are indistinguishable and
therefore interfere coherently. (b) Dropping non-relevant terms of the two quantum paths of
(a) which do not contribute to the interference pattern, we end up with the superposition
of two two-photon probability amplitudes which resemble the two-photon interference of two
SPE (m = N = 2) (cf. Fig. 3.10 (a)).

With the help of the binomial formula4 and the orthogonality condition of the separable state

〈mA,mB|nA, nB〉 = δmA,nAδmB ,nB we find

G
(m)
2 (r1; r2, . . . , r2) = E2mk

∞∑
nA,nB=0

Pρ̂(nA)Pρ̂(nB)

×
m∑

m1=0

|〈nA −m1, nB − (m−m1)|âm1

A âm−m1

B |nA, nB〉|2

×
∣∣∣∣(m− 1

m1 − 1

)
eik[rA1+(m1−1)rA2+(m−m1)rB2] +

(
m− 1

m1

)
eik[rB1+m1rA2+(m−m1−1)rB2]

∣∣∣∣2 , (5.18)

where m1 and m −m1 are the numbers of recorded photons scattered by sources A and B,

respectively. Here the expression
∑m

m1=0 denotes the sum over all possible (distinguishable)

final states 〈nA − m1, nB − (m − m1)| of our double-source system. The m-photon signal

of G
(m)
2 (r1; r2, . . . , r2) is therefore composed of

(
N+m−1

m

)
= m + 1 different incoherent con-

tributions (final states) which may lead to m coincidently measured photons. Each of the

m + 1 final states is associated with an individual sub-interference signal whose pattern is

composed of the coherent superposition of
(
m
m1

)
=
(
m−1
m1−1

)
+
(
m−1
m1

)
different, yet indistinguish-

able m-photon quantum paths to trigger a joint detection event at r1 and r2. In this case

the m-photon quantum paths (m-photon probability amplitudes) are given by two weighted

complex phase terms which are coherently superposed in the last part of Eq. (5.18) and are

illustrated in Fig. 5.8 (a).

The coherent superposition of the two m-photon quantum paths in Eq. (5.18) can be mo-

tivated in a different way. Let us assume that the m observed photons of a G
(m)
2 (r1; r2, . . . , r2)

measurement are composed of m1 photons emitted by source A and m −m1 photons emit-

ted by source B. If detector D1 records a photon originating from source A, we will have

m1 − 1 photons left from source A which can principally trigger detection events at each of

4 (x+ y)m =
∑m
m1=0

(
m
m1

)
xm1ym−m1
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the m − 1 remaining detectors D2 −Dm. According to basic combinatorics, we thus obtain(
m−1
m1−1

)
possibilities that the m1 − 1 photons from source A can trigger the m− 1 detectors.

The remaining detectors are then finally triggered by the m−m1 photons from source B and

the expression
(
m−1
m1−1

)
eik[rA1+(m1−1)rA2+(m−m1)rB2] of Eq. (5.18) is fully explained. If however

detector D1 is triggered by a photon originating from source B instead of source A, we will

get
(
m−1
m1

)
possibilities that the m1 photons from source A can trigger the m − 1 detectors

at r2. That means, the remaining detectors D2 −Dm are then triggered by the m−m1 − 1

photons of source B. This explains the second term
(
m−1
m1

)
eik[rB1+m1rA2+(m−m1−1)rB2] and

the interference mechanism behind Eq. (5.18) is completely understood by means of simple

combinatorial arguments.

For the particular grating detection scheme (r1, r2 = r3 = . . . = rm) we find from

Eq. (5.18) that some parts of the derived complex phase terms and some prefactors factorize,

and hence we obtain

G
(m)
2 (r1; r2, . . . , r2) =

E2mk
m2

m∑
m1=0

〈: n̂m1

A :〉ρ̂
〈
: n̂m−m1

B :
〉
ρ̂

×
(
m

m1

)2 ∣∣∣m1e
ik(rA1+rB2) + (m−m1)eik(rA2+rB1)

∣∣∣2 ∣∣∣eik[(m1−1)rA2+(m−m1−1)rB2]
∣∣∣2 . (5.19)

The (m − 2)-photon probability amplitude given in the second modulus squared term of

Eq. (5.19) reduces to unity and do not contribute to the correlation signal. The new expression

illustrates that the m-photon interference can be actually reduced to only two interfering

two-photon probability amplitudes which correspond to the same two-photon quantum paths

appearing in G
(m)
2SPE(r1, r2) (see Fig. 5.8 (b)).

Making use of Eqs. (2.56) and (3.15) we obtain the normalized mth-order spatial intensity

correlation function

g
(m)
2 (r1; r2, . . . , r2) =

1

m2(〈n̂A〉ρ̂ + 〈n̂B〉ρ̂)m
m∑

m1=0

〈
: n̂m1

A :
〉
ρ̂

〈
: n̂m−m1

B :
〉
ρ̂

×
(
m

m1

)2

[m2 + 2m2
1 − 2mm1 + 2m1(m−m1) cos (δ1 − δ2)] . (5.20)

Let us now evaluate Eq. (5.20) for thermal and coherent source statistics. If we assume

equal mean photon numbers n̄ = 〈n̂A〉ρ̂ = 〈n̂B〉ρ̂ for both light sources, we obtain for N = 2

TLS

g
(m)
2TLS(r1; r2, . . . , r2) =

(m+ 1)!

2m

[
1 +

m− 1

m+ 1
cos (δ1 − δ2)

]
, (5.21)

and for N = 2 CLS

g
(m)
2CLS(r1; r2, . . . , r2) =

1

2m−1

(
2m− 2

m− 1

)[
1 +

m− 1

m
cos (δ1 − δ2)

]
. (5.22)

Both m-photon correlation functions exhibit a pure cosine modulation whose visibilities are
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given by the expressions (see Fig. 4.23)

V(m)
2TLS =

m− 1

m+ 1
and V(m)

2CLS =
m− 1

m
. (5.23)

Comparing these visibilities with those obtained in Eqs. (3.24), we find that the visibilities of

both classical light fields (TLS and CLS) continuously increase for growing correlation order

m and reach 100 % for m→∞. Following the theoretical discussion of SPE presented in the

previous section, the growing visibilities of the interference patterns correspond to a reduced

background which can be interpreted as an enhanced spatial focussing of the mth observed

photon in an mth-photon coincidence measurement.

The previous derivation of G
(m)
2 (r1; r2, . . . , r2) can be generalized to N sources. In this

case the total electric field of the N statistically independent light sources observed by the

jth detector writes (see Eq. (3.51))

Ê(+)(rj) =

N∑
l=1

Ê
(+)
lj = Ek

N∑
l=1

eikrlj âl , (5.24)

where we used a slightly modified notation (l = A,B, . . . ≡ 1, 2, . . . , N). We consider the

same detection scheme as before, where one detector is located at r1 and the remaining m−1

detectors are placed at r2. This leads to an mth-order correlation function of the form

G
(m)
N (r1; r2, . . . , r2) = E2m

k

∞∑
n1,...,nN=0

Pρ̂(n1)Pρ̂(n2) . . . Pρ̂(nN )

×
∑
{nl}

|〈{nl}|

(
N∑
l=1

eikrl2 âl

)m−1( N∑
l=1

eikrl1 âl

)
|n1, n2, . . . , nN 〉|2 , (5.25)

where we assumed the equality

rl2 = rlj = |Rl − rj | (5.26)

for l = 1, . . . , N and j = 2, . . . ,m. When we make use of the orthogonality of the separable

states and the multinomial formula5, we can write

5 (x1 + x2 + . . .+ xN )m =
∑

m1+m2+...+mN=m

(
m

m1,m2,...,mN

)
xm1

1 xm2
2 . . . xmN

N [264]
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G
(m)
N (r1; r2, . . . , r2) = E2m

k

∞∑
n1,...,nN=0

Pρ̂(n1)Pρ̂(n2) . . . Pρ̂(nN )

×
∑
ml

|〈n1 −m1, n2 −m2, . . . , nN −mN |âm1
1 âm2

2 . . . âmNN |n1, n2, . . . , nN 〉|2

×
∣∣∣∣( m− 1

m1 − 1,m2, . . . ,mN

)
eik[r11+(m1−1)r12+m2r22+...+mNrN2]

+

(
m− 1

m1,m2 − 1, . . . ,mN

)
eik[r21+m1r12+(m2−1)r22+...+mNrN2]

+ . . .

+

(
m− 1

m1,m2, . . . ,mN − 1

)
eik[rN1+m1r12+m2r22+...+(mN−1)rN2]

∣∣∣∣2 , (5.27)

where
(

m
m1,m2,...,mN

)
= m!

m1!m2!...mN ! denotes the multinomial coefficient and ml is the number

of detected photons emitted by the lth source. The expression
∑

ml
≡
∑

m1+m2+...+mN=m ≡∑
m1

∑
m2
. . .
∑

mN
runs over all combinations of integers m1 through mN in such a way that

m1+m2+. . .+mN = m. The sum defines all final states which appear in G
(m)
N (r1; r2, . . . , r2).

Hence, the m-photon signal of G
(m)
N (r1; r2, . . . , r2) is a composition of

(
N+m−1

m

)
different inco-

herent contributions (final states) which can principally lead to a successful m-photon coinci-

dence event. Each final state gives rise to an individual sub-interference pattern generated by

the coherent superposition of
(

m
m1,m2,...,mN

)
different, yet indistinguishable m-photon quan-

tum paths. Again, equal m-photon quantum paths are grouped together. The occurrence of

the corresponding m-photon quantum paths is given by the multinomial coefficient. Sum-

ming over all final states
∑

ml

(
m

m1,m2,...,mN

)
= Nm we obtain the total number of interfering

quantum paths (cf. Sec. A) [264].

We have already seen that the multi-photon interference of G
(m)
2 (r1; r2, . . . , r2) can be ex-

plained in a comprehensible way by exploiting combinational arguments. Now we will apply

the same arguments to explain the multi-photon interference signal of G
(m)
N (r1; r2, . . . , r2).

The m detected photons of a G
(m)
N (r1; r2, . . . , r2) measurement can be distributed over the

N sources in a way that the first source emits m1 photons, the second source emits m2

photons, and so on. Keep in mind that
∑N

j=1mj = m must be fulfilled. Therefore, the

first m-photon quantum path and its prefactor of Eq. (5.27) can be explained as follows: If

detector D1 measures a photon emitted from the first source, we will have m1 − 1 photons

left at that source. These remaining photons can then trigger each of the m − 1 remaining

detectors D2−Dm. Considering now the photons of the other N − 1 sources and their differ-

ent possibilities to trigger the m − 1 detectors, we obtain the first m-photon quantum path

eik[r11+(m1−1)r12+m2r22+...+mNrN2] which occurs
(

m−1
m1−1,m2,...,mN

)
times for each final state. The

other N − 1 quantum paths of Eq. (5.27) can be derived in the same manner. Basic combi-

national arguments and the quantum path picture enable us to explain in a very transparent

way the m-photon interference signal of G
(m)
N (r1; r2, . . . , r2).
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Figure 5.9: New N -photon quantum paths arising from the rearrangement of the phase
terms of N statistically independent classical light sources where one photon is detected at

r1 and the other ones at r2 (see Eq. (5.28)). The interference signal of G
(m)
N (r1; r2, . . . , r2)

can be reduced to a superposition of N different, yet indistinguishable N -photon probability
amplitudes which resembles the N -photon interference of N SPE (m = N).

Similar to Eq. (5.19) we can further simplify Eq. (5.27) if we pull the multinomial coeffi-

cient
(

m
m1,m2,...,mN

)
out of the modulus squared term and rearrange the complex phase terms

(quantum paths) so that we finally get

G
(m)
N (r1; r2, . . . , r2) =

E2m
k

m2

∑
ml

〈: n̂m1
1 :〉ρ̂ 〈: n̂

m2
2 :〉ρ̂ . . .

〈
: n̂mNN :

〉
ρ̂

×
(

m

m1,m2, . . . ,mN

)2 ∣∣∣m1 e
ik(r11+r22+r32+...+rN2)

+m2 e
ik(r12+r21+r32+...+rN2)

+ . . .

+mN eik(r12+r22+r32+...+rN1)
∣∣∣2 . (5.28)

From this expression it follows that the interference pattern of G
(m)
N (r1; r2, . . . , r2) can be

basically reduced to a coherent superposition of N N -photon probability amplitudes, as

shown in Fig. 5.9. Note that the newly calculated complex phase terms do not correspond

to any physical meaningful quantum paths. They are just a theoretical outcome which arises

due to the rearrangement of the phases. Nevertheless, the new N N -photon probability

amplitudes correctly describe the interference signal of G
(m)
N (r1; r2, . . . , r2).

Using the phase convention of Eq. (3.15), we obtain for the interference term of Eq. (5.28)∣∣∣m1 e
ik(r11+r22+r32+...+rN2) +m2 e

ik(r12+r21+r32+...+rN2)

+ m3 e
ik(r12+r22+r31+...+rN2) + . . .+mN e

ik(r12+r22+r32+...+rN1)
∣∣∣2

=
∣∣∣m1 +m2 e

i(δ1−δ2) +m3 e
i2(δ1−δ2) + . . .+mN e

i(N−1)(δ1−δ2)
∣∣∣2

=

∣∣∣∣∣
N∑
l′=1

ml′e
i(l′−1)(δ1−δ2)

∣∣∣∣∣
2

. (5.29)

Taking into account Eq. (5.29) we finally obtain the normalized mth-order spatial intensity
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correlation function for N statistically independent classical light sources

g
(m)
N (r1; r2, . . . , r2)

=
1

m2

(
N∑
l=1

〈n̂l〉ρ̂
)m∑

ml

 N∏
l=1

〈
: n̂mll :

〉
ρ̂

(
m

m1, . . . ,mN

)2
∣∣∣∣∣
N∑
l′=1

ml′e
i(l′−1)(δ1−δ2)

∣∣∣∣∣
2
 , (5.30)

where the photon detection takes place in the grating detection scheme.

So far we have not made any assumptions about the photon emission characteristic of the

light sources. Therefore Eq. (5.30) can be considered the most general expression of the

grating detection scheme which is valid for any kind of radiation fields, even for light fields

produced by nonclassical sources.

Assuming now N identical SPE (m ≤ N), which are initially fully excited, we obtain the

same expression for Eq. (5.30) as the one we have already derived in Eq. (5.7):

g
(m)
N SPE(r1; r2, . . . , r2) =

(m− 1)!N !

Nm(N −m)!

(
1 +

m− 1

N − 1

2

N

N−1∑
l=1

(N − l) cos [l(δ1 − δ2)]

)

=
(m− 1)(m− 1)!(N − 2)!

Nm−2(N −m)!

(
N −m
N(m− 1)

+
1

N2

sin2
(
N δ1−δ2

2

)
sin2

(
δ1−δ2

2

) ) . (5.31)

If we instead consider TLS with equal mean photon numbers n̄ = 〈n̂l〉ρ̂, we get the

following expression

g
(m)
N TLS(r1; r2, . . . , r2) =

(m+N − 1)(m− 1)!

N

(
1 +

m− 1

m+N − 1

2

N

N−1∑
l=1

(N − l) cos [l(δ1 − δ2)]

)

= (m− 1)(m− 1)!

(
1

m− 1
+

1

N2

sin2
(
N δ1−δ2

2

)
sin2

(
δ1−δ2

2

) ) . (5.32)

To derive Eq. (5.32) we took advantage of two multinomial identities6 and the formulas for

the standard grating Eqs. (3.8) and (3.9) of Sec. 3.1.3. As one can see, Eq. (5.32) is very

similar to Eq. (5.31), except for a larger background. In particular, we obtain even for m ≥ N
the same grating-like interference pattern as for SPE.

Calculating the maximum and the minimum of Eq. (5.32) we obtain g
(m)
max(r1; r2, . . . , r2) =

m! and g
(m)
min (r1; r2, . . . , r2) = (m − 1)!, respectively. The visibility of the thermal N -photon

6

I)

(
m

m1,m2, . . . ,mN

)
=

N∑
k=1

(
m− 1

m1,m2, . . . ,mk−1,mk − 1,mk+1, . . . ,mN

)
[264]

II)
∑
ml

(
m

m1,m2, . . . ,mN

)
mkmk′ =

{
Nm−2(m+N − 1)m if k = k′

Nm−2(m− 1)m if k 6= k′
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interference pattern thus calculates to (see e.g. Refs. [93, 265])

V(m)
N TLS =

m− 1

m+ 1
, (5.33)

which only depends on the correlation order m (cf. Eq. (5.8)). For m = 1 we obtain

V(1)
N TLS = 0 which confirms the incoherence of the emitted thermal photons. On the other

hand, for m → ∞ we observe interference patterns with a visibility of 100 %. As in case of

SPE (see Sec. 5.1), we find the central maximum of the m-photon interference pattern of

g
(m)
N TLS(r1; r2, . . . , r2) at r1 = r2 and its width δθ1 is again given by Eq. (5.10). This means

that we observe, apart from a larger offset, the same directed emission characteristic for TLS

as for SPE. In case of TLS this result can be understood as a filtering process of spatially

bunched photons in a small solid angle at r1 = r2, analog to the photon bunching appearing in

a temporal g(2)(τ) measurement [46]. Note that, due to the increased background, associated

with an isotropic photon emission, we always obtain a reduced probability of detecting the

mth photon at the central maxima for thermal light in comparison to SPE. Nonetheless, as

with SPE, for TLS we observe a strong spatial focussing of thermal radiation which depends

on the number of sources N (peak width) and on the correlation order m (background): the

larger the values for N and m, the tighter and higher is the spatial focussing of the mth

detected photon of the m-photon coincidence measurement. However, if a visibility of 33 % is

considered enough, it is sufficient to measure g
(2)
N TLS(r1, r2) for N � 2 to observe the desired

directed photon emission close to a δ-distribution.

Figure 5.10 illustrates a set of mth-order spatial intensity correlation functions

g
(m)
N TLS(θ1; 0, . . . , 0) for different combinations of N = 2, 5, 10 and m = 2, 5, 10 as a func-

tion of the observation angle θ1, where we assumed θ2 = 0 for the joint position of the m− 1

detectors and k d = π for the source spacing so that the focus is again kept on the central

maxima. As expected, the width of the central peaks δθ1 (from left to right) as well as

the background of the interference patterns (from top to bottom) are clearly reduced for

increasing number of sources N and rising correlation order m, respectively.

In case of N independent light sources with coherent photon statistics we have not suc-

ceeded in deriving a compact analytical expression for g
(m)
N CLS(r1; r2, . . . , r2). However, in the

previous chapters we have seen that the mth-order intensity correlation functions of thermal

and coherent light fields are very similar and only differ in their offsets (see e.g. Fig. 3.12).

Therefore, a discussion of both light fields seem dispensable and we decided to limit our

studies of classical light to radiation fields obeying thermal statistics.

Using the focussing parameter defined in Eq. (5.11), we can quantify the spatial focussing

characteristic of g
(m)
N TLS(θ1; θ2, . . . , θ2) for N TLS in the same manner as we did in the previous

section for N SPE. For m = 1, spatial focussing of incoherently emitted thermal photons does

not occur (V(1)
N TLS = 0) and therefore we obtain χ

(1)
N TLS = 0. For a δ-function-like focussing,

the parameter χ
(m)
N TLS approaches infinity just like in case of SPE. However, due to the more

dominant offset this occurs with a slower rate (cf. Figs. 5.3 and 5.11). For instance, the value

of the focussing parameter of g
(2)
2TLS(θ1; 0) calculates for k d = π to χ

(2)
2TLS = 0.57 which is
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Figure 5.10: mth-order spatial intensity correlation function g
(m)
N TLS(θ1; 0, . . . , 0) for

N,m = 2, 5, 10 and k d = π as a function of θ1. Each plot is normalized to its maximum
value.

clearly smaller compared to χ
(2)
2SPE = 2.2 obtained for g

(2)
2SPE(θ1; 0).

In Figure 5.11 we plotted χ
(m)
N TLS as a function of the correlation order m and the number

of thermal sources N for k d = π. In contrast to SPE (see Fig. 5.3), we now obtain an

increase of the spatial focussing parameter for also N > m, caused by the decreasing peak

width towards larger N . The increasing values for χ
(m)
N TLS towards higher m for fixed N can

be explained by the reduced offset (increased visibility) (see Eq. (5.33)).

In the previous section, the emission characteristic of independent SPE has been addition-

ally investigated for three different types of detection schemes. Depending on the position

and displacement of the N detectors, we called them grating, bisection, or accordion detection

scheme. They gave rise to different pronounced measurement-induced focussing character-

istics of the nonclassical radiation of SPE. The question is now whether the bisection and

accordion detection scheme lead again to improved focussing behavior of the incoherently

emitted photons in case of classical radiation like TLS as in case of SPE.7 For this purpose

we plotted in Fig. 5.12 g
(N)
N TLS(θ1, . . . , θN ) for the grating, the bisection, and the accordion

detection scheme for m = N = 2, 4, 6, 8 as a function of θ1. Choosing again θ2 = 0 and

k d = π, the emission patterns only display one single maximum in forward (θ1 = 0) and

7 The grating [93,265], the bisection [186,233], and the accordion [71,72,266,267] detection scheme have been
investigated for various higher-order spatial intensity correlation measurements. In particular, it has been
shown that these detection schemes are especially suited to enhance the visibility and resolution in ghost
imaging with thermal light. However, we are the first to use these particular arrangements in the context
of measurement-induced focussing. Depending on the number of light sources N and their photon statistics
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Figure 5.11: Point-plot of the focussing parameter χ
(m)
N TLS for the grating detection scheme

as a function of the correlation order m and the number of TLS N . The case m = N
is highlighted with a red line. The increase of χ

(m)
N TLS towards higher m and N is clearly

visible. For more details see text.

backward direction (θ1 = π = −π). It is clearly visible that the interference patterns clearly

differ in their offsets and peak widths for the three different detection schemes. Comparing

the widths of the central maximum δθ1 of the three detection schemes, we find again for the

bisection detection scheme that the Nth-order intensity correlation functions displays the

smallest directed photon emission for N > 3 of all schemes (see Fig. 5.12 (b)). The behavior

of the peak width and the focussing parameter as a function of N for the three detection

schemes are shown in Fig. 5.13. Due to a strong decrease of the offset and the sidelobes in case

of the accordion scheme, we observe for N = 3, . . . , 6 a slightly higher focussing parameter

than for the other two schemes, even though the central maximum for the accordion detection

scheme displays the largest width of all detection schemes (see Fig. 5.13 (a) and (b)). As can

be seen in Fig. 5.12 (a), the interference patterns of the grating detection scheme display the

largest offset which causes a smaller focussing efficiency of the incoherent photons. One can

see that this is different for the two other schemes: both bisection and accordion detection

scheme suppress the undesirable undirected N -photon coincidences for increasing N so that

we numerically derived for the accordion detection scheme the following visibilities:

V(N)
N TLS =

N !− 1

N ! + 1
(5.34)

V(m)
2TLS =

2m − 2

2m + 2
(5.35)

V(m)
2CLS =

(2m)!− 2m!2

(2m)! + 2m!2
. (5.36)

Equation (5.34) illustrates the maximal theoretically obtainable visibility of the Nth-order spatial intensity
correlation function of thermal light (see Eq. (3.61) and e.g. Ref. [233]). The visibilities given in Eqs. (5.35)
and (5.36) were already discussed for m = 2, 3, 4 in Refs. [71, 72] and [71, 72, 266, 267], respectively. In case
of the bisection detection scheme the visibility has the form [233]

V(N)
N TLS =


N !−(N

2 )!(N
2 )!

N !+(N
2 )!(N

2 )!
for even N

N !−(N+1
2 )!(N−1

2 )!

N !+(N+1
2 )!(N−1

2 )!
for odd N .

(5.37)
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Figure 5.12: Nth-order spatial intensity correlation function g
(N)
N TLS(θ1, . . . , θN ) for

N = 2, 4, 6, 8 TLS and k d = π for three different N -photon coincidence detection scheme.
They all lead to a strong spatial focussing of the incoherent radiation as a function

of θ1: (a) grating detection scheme g
(N)
N TLS(θ1, 0, . . . , 0), (b) bisection detection scheme

g
(N)
N TLS(θ1, 0, θ1, 0, . . .), and (c) accordion detection scheme g

(N)
N TLS(0, θ1

N−1 ,
2θ1
N−1 , . . . , θ1). Each

plot is normalized to its maximum value.

they finally focus a much higher proportion of the photon emissions than the standard grating

detection scheme (see Fig. 5.12).

Finally let us assume k d = 13π. This condition leads to new interference patterns for all

three detection schemes illustrated in Fig. 5.14 for N = 2, 4, 6, 8 and θ2 = 0 as a function of the

observation angle θ1. Except for the offset, we obtain almost the same periodic multi-photon

interference patterns as in case of SPE (cf. Fig. 5.7). As expected, the interference patterns of

the grating and the bisection detection scheme show 13 main peaks symmetrically distributed

over the half space, i.e. the conditional probability of detecting the Nth incoherently emitted

photon is periodically peaked over the full observation plane (see Fig. 5.14 (a) and (b)).

Moreover, the focussing behavior of the bisection detection scheme is identical to the one of

SPE, namely displaying shrinking peak widths and reduced sidelobes for increasing values of

N . However, the decreasing offset is new. It occurs for classical light sources because of the
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Figure 5.13: Plots of the calculated (a) peak width δθ1 and (b) focussing parameter

χ
(N)
N TLS of the grating detection scheme g

(N)
N TLS(θ1, 0, . . . , 0) (black curve), the bisection

detection scheme g
(N)
N TLS(θ1, 0, θ1, 0, . . .) (blue curve), and the accordion detection scheme

g
(N)
N TLS(0, θ1

N−1 ,
2θ1
N−1 , . . . , θ1) (red curve) for k d = π as a function of N . Notice that in (b)

the black curve of the grating detection scheme corresponds to the red line highlighted in
Fig. 5.3.

additional quantum paths. Due to the additional suppression of the offset towards larger N

in case of the bisection detection scheme, we achieve a further improvement of the spatial

focussing compared to the standard grating detection scheme. This measurement-induced

manipulation of the offset has been already observed in Fig. 5.12. The accordion detection

scheme of Fig. 5.14 (c) displays the most interesting focussing features. It allows us not

only to lower the background but also to suppress particular principal maxima. The same

effect has been already demonstrated in Fig. 5.7 (c) for SPE. For instance, by measuring

g
(8)
8TLS(0, θ17 ,

2θ1
7 , . . . , θ1) for k d = 13π it is possible to erase all six principal maxima on both

sides of the central maximum to generate an angular correlation signal which is strongly

peaked only in the θ1 = 0 direction. Therefore, the accordion detection scheme displays

the best measurement-induced focussing characteristics of all discussed detection schemes.

The ability of suppressing all except one peak is a remarkable correlation feature which

is unique among the investigated higher-order spatial intensity correlation functions. For

supplementary information about the different schemes and their properties we refer the

reader to the previous Sec. 5.1.

5.3 Experimental results for thermal light sources

In Section 4.6.2 we discussed a successful implementation of a camera-based technique to

measure super-resolving intensity correlation functions of higher-orders by analyzing a se-

quence of frames. The same image processing approach can be used to measure intensity

correlations of TLS which give rise to a strong spatial focussing of incoherently scattered

photons. The great advantage of this camera-based method is the universal application of

the images, which - once obtained - can be used to derive any kind of higher-order spatial

intensity correlation function. Therefore, we took advantage of the data of Sec. 4.6.2 to cal-
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Figure 5.14: (a) Grating detection scheme g
(N)
N TLS(θ1, 0, . . . , 0), (b) bisection detection scheme

g
(N)
N TLS(θ1, 0, θ1, 0, . . .), and (c) accordion detection scheme g

(N)
N TLS(0, θ1

N−1 ,
2θ1
N−1 , . . . , θ1) for

N = 2, 4, 6, 8 TLS and k d = 13π. All detection schemes lead to a strong periodic spatial
focussing of the incoherent radiation as a function of θ1. Note that the interference patterns
are only plotted for the front half space θ1 = [−π

2 ,π2 ].

culate the interference patterns of the previously discussed grating, bisection, and accordion

detection scheme for N = 2, . . . , 8 statistically independent pseudothermal light sources.

In Figure 5.15 (b)-(h) we illustrate the experimental results of the N -photon interference

patterns of the grating detection scheme g
(N)
N TLS(x1, 0, . . . , 0) (black curves) and the bisection

detection scheme g
(N)
N TLS(x1, 0, x1, 0, . . .) (blue curves) for N = 2, . . . , 8 independent TLS as a

function of x1 with x2 = 0. In Figure 5.15 (a) we plotted the intensity distribution 〈I(x1)〉il
(see Eq. (4.78)) for an incoherent double-slit (N = 2 TLS) averaged over 1000 snap shots to

demonstrate the spatial incoherence of the used pseudothermal light. Due to the statistical

independence of the TLS we do not observe any modulation in first order of the intensity.

However, if we measure the Nth-order intensity correlation function g
(N)
N TLS(x1, . . . , xN ) for

N ≥ 2 we observe for the corresponding grating and bisection detection scheme a periodic

interference pattern which displays the discussed spatial focussing of the incoherent thermal

radiation into well-defined peaks.
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Figure 5.15: Experimental results for the measurement-induced focussing arising from dif-
ferent detection schemes for N = 2, . . . , 8 TLS and k d ≈ 752π (i.e. d = 200 µm) using a
digital camera: (a) Measurement of the average intensity 〈I(x1)〉il for two TLS and (b)-(h) of

g
(N)
N TLS(x1, 0, . . . , 0) (black curves) and g

(N)
N TLS(x1, 0, x1, 0, . . .) (blue curves) using the grating

and the bisection detection scheme, respectively, as a function of x1 and x2 = 0. The experi-
mental curves of the grating scheme are in good agreement with the theoretical prediction of
Eq. (5.32) (red curves). For comparison, we indicated the experimental and theoretical val-

ues (in parentheses) of V(N)
N TLS for the grating (black values, see Eq. (5.33)) and the bisection

scheme (blue values, see Eq. (5.34)).
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In the foregoing theoretical studies we assumed either k d = π (see Fig. 5.12) or k d = 13π

(see Fig. 5.14) for the calculation of the correlation functions which correspond to a spacing

d = λ
2 and d = 13λ

2 of the N TLS, respectively. Principally it is desirable to have a small

source separation to keep the number of main peaks in the interference pattern as low as

possible. In the experiment, however, the N TLS (slits) were separated by 200 µm. This

corresponds rather to k d ≈ 752π which leads to a periodic interference signal consisting of

> 750 maxima symmetrically distributed over the observation angle θ1 = [−π
2 ,π2 ]. Due to the

periodicity of each interference pattern we only plotted the central maximum together with

two adjacent maxima in Fig. 5.15 (b)-(h), merely displaying a small fraction of the complete

interference pattern of the two corresponding detection schemes.

The experimental curves of the grating scheme are in excellent agreement with the the-

oretical prediction of Eq. (5.32) (red curves) if we take into account a constant offset and

a global prefactor as fitting parameters, while d = 200 µm and a = 25 µm have been kept

fixed.8 The decreasing widths of the central peaks as well as the different pronounced offsets

of the grating and bisection scheme are clearly visible for rising N . If we compare the peak

widths of the grating scheme with the ones of the bisection scheme, we find, as expected, that

the Nth-order intensity correlation functions of the bisection detection scheme (blue curve)

produce a tighter directed photon emission for larger N than those of the grating detection

scheme (cf. Fig. 5.13). Furthermore, we determined the visibilities of the interference pat-

terns for both schemes. In case of the grating scheme we obtained V(N)
N TLS from the fitting

procedure, whereas the values for the bisection scheme were estimated from the plots. As can

be seen in Fig. 5.15, the obtained experimental visibilities are in good accordance with the

theoretical values given in parentheses. In summary, the results shown in Fig. 5.15 clearly

demonstrate that multi-photon interferences in case of the bisection detection scheme ex-

hibit a much better measurement-induced focussing characteristic than the grating detection

scheme.

Next we discuss the experimental results of the accordion detection scheme. As we have

already seen in the theoretical part of this chapter, this particular detection scheme exhibits

not only the smallest background (for m = N → g
(N)
min (x1, . . . , xN ) = 1, see Eq. (5.34)),

but also allows to suppress certain principal maxima of the periodic N -photon interference

pattern (see e.g. Figs. 5.7 (c) and 5.14 (c)). Both features of the accordion scheme are clearly

visible in Fig. 5.16 (a)-(d), where we plotted g
(N)
N TLS(0, x1

N−1 ,
2x1
N−1 , . . . , x1) for N = 2, 4, 6, 8

TLS versus x1. Note that the central maximum (x1 = x2 = 0) of all curves has been shifted

to the left side of the plot; this allows us to evaluate a larger range of the interference pattern.

Keep in mind that, due to the symmetry, i.e., only the dependence on the phase-difference of

8 The multi-photon interference pattern of Eq. (5.32) can be easily transformed from N point-like sources
into N extended slit sources. For this one has to include the second term of Eq. (2.80) (squared) in front of
the grating term of Eq. (5.32) and obtains

g
(m)
N TLS(x1, x2) = (m− 1)(m− 1)!

 1

m− 1
+ sinc2

(
k a(x1 − x2)

2z

)
· 1

N2

sin2
(
N k d(x1−x2)

2z

)
sin2

(
k d(x1−x2)

2z

)
 . (5.38)
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Figure 5.16: (a)-(d) Experimental results for the accordion detection scheme

g
(N)
N TLS(0, x1

N−1 ,
2x1
N−1 , . . . , x1) for N = 2, 4, 6, 8 extended TLS as a function of x1. Here, the

central maximum x2 = 0 was chosen to be on the left side of the plot to display a larger
range of the interference patterns. The decrease of the peak widths and the offsets as well
as the suppression of particular neighboring principal maxima towards rising N are clearly

visible. Additionally we plotted (e) the grating detection scheme g
(8)
8TLS(x1, 0, . . . , 0) and

(f) the bisection detection scheme g
(8)
8TLS(x1, 0, x1, 0, . . .) for N = 8. The differences with

respect to the peak widths, the visibilities, and the different numbers of main peaks can

be clearly seen. The experimental visibilities V(N)
N TLS of all detection schemes are in good

agreement with the theoretical values (in parentheses) of Eq. (5.34) (accordion), Eq. (5.33)
(grating), and Eq. (5.37) (bisection). Note that each Nth-order intensity correlation function

g
(N)
N TLS(x1, . . . , xN ) displays a particular envelope caused by the finite spatial coherence of

the extended TLS.
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the Nth-order intensity correlation function, we obtain the same periodic interference pattern

on both sides of the central maximum (x1 = x2 = . . . = xN ). Therefore it is sufficient to

limit the discussion to only one side of the correlation signal. As expected, we observe an

N -photon coincidence signal forN = 2, 4, 6, 8, whereN−2 = 0, 2, 4, 6 neighboring maxima are

periodically suppressed (compare Fig. 5.16 (a) with Fig. 5.16 (b)-(d)). For N = 8 we therefore

obtain within the displayed range an angular correlation signal which exhibits only a single

peak at x1 = x2 = 0. As we know from the above discussion, this result can be interpreted

as a spatial focussing of the Nth photon emitted towards x1 = x2 = 0. In other words, if

N − 1 photons are detected at x2 = 0, the conditional probability to detect the Nth photon

on the camera is highest at x2 = 0. In addition, the widths of the remaining peaks are clearly

reduced for increasing N . Due to the fact that the maximum and minimum of the correlation

signal of the accordion detection scheme scales with N ! and 1, respectively, it is not surprising

that the visibilities grow extremely fast for rising N . The experimental visibilities, which were

roughly estimated from the plot for each interference pattern, are in good agreement with the

theoretical values which are given in parentheses. For comparison, we additionally computed

g
(8)
8TLS(x1, . . . , x8) for the grating and the bisection detection scheme in Figs. 5.16 (e) and (f),

respectively. The different visibilities, peak widths, and periodicities of the three detection

schemes illustrated in Fig. 5.16 (d), (e), and (f) are clearly visible and confirm that the

accordion detection scheme displays the best measurement-induced focussing characteristics

of all discussed detection schemes.

Finally we demonstrate that the focussing behavior of the accordion detection scheme

also works for only two TLS and that the suppression of disturbing neighboring main peaks

only depends on the correlation order m. In Figure 5.17 we illustrate the experimental results

for g
(m)
2TLS(0, x1

m−1 ,
2x1
m−1 , . . . , x1) for m = 2, . . . , 8.9 The gradual suppression of adjacent main

peaks for increasing correlation order m is clearly visible. For instance, for m = 8 we can

almost produce the same multi-photon correlation signal as in Fig. 5.16 (d). They only differ

in their peak widths which results from the fact that the peak width mainly depends on N .

The measurements in Fig. 5.17 confirm once more that the accordion detection scheme is

particularly suitable for measurement-induced focussing of radiation from independent TLS.

9 A similar kind of measurement was already performed by Ivan Agafonov et al. in 2008 [71]. The authors
also investigated higher-order intensity correlations for two TLS simulated by an incoherent double-slit.
However, they were mainly interested in the optimization of the visibilities of third- and forth-order spatial
intensity correlation functions in the context of ghost imaging and did not relate their work to measurement-
induced focussing. They also derived that the maximum visibilities for g

(3)
2TLS and g

(4)
2TLS are only achieved

if the detectors are scanned in the accordion scheme. In contrast to their work we performed measurements
up to the eighth-order and present analytical expressions of the visibilities for thermal (see Eq. (5.35)) and
coherent light fields (see Eq. (5.36)).
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Figure 5.17: Experimental results for the accordion detection scheme

g
(m)
2TLS(0, x1

N−1 ,
2x1
N−1 , . . . , x1) for N = 2 extended TLS and m = 2, . . . , 8 as a function

of x1. The central maxima of the correlation signals are again shifted to the left side of the
plot. The suppression of the main peaks appearing in (a) towards larger correlation orders
m is clearly visible. In contrast to Fig. 5.16, the widths of the remaining peaks are more or
less unchanged, whereas the suppression of the individual peaks takes place in the same way.
This confirms that the number of sources N mainly dictates the shape of the peaks, whereas
the correlation order m is responsible for the suppression of certain principal maxima.

Again, the experimental visibilities V(N)
2TLS are in good agreement with the theoretical values

of Eq. (5.35) given in parentheses.



Chapter 6

Summary and Outlook

In this thesis we studied multi-photon interferences appearing in the radiation field of N sta-

tistically independent single-photon emitters (SPE), thermal (TLS), or coherent light sources

(CLS) by means of a generalized m-port HBT interferometer (see Chapter 3). The different

interference signals of the mth-order spatial intensity correlation functions were discussed and

used in the context of quantum imaging to enhance the classical resolution limit (see Chap-

ter 4) [74]. In addition we investigated the phenomenon of measurement-induced focussing

and to what extent higher-order intensity correlations can be used to manipulate the spatial

radiation characteristic of light sources (see Chapter 5) [83]. Complementing to the theoretical

discussions we presented experimental results with statistically independent pseudothermal

light sources which confirmed both the super-resolving as well as the focussing behavior of

the mth-order spatial intensity correlation function.

In Chapter 3 we presented the basic setup which was investigated throughout this thesis.

We introduced the concept of multi-photon interferences which allowed us to describe the

interference phenomena arising in the higher-order intensity correlation measurements im-

plemented in our setup. In the course of the description we presented in Secs. 3.1, 3.2, and

3.3 a detailed discussion of the first-, second-, and third-order spatial intensity correlation

functions for SPE, TLS, and CLS and derived the differences between statistically dependent

and statistically independent light sources. We finally generalized in Sec. 3.4 the quantum

path description to N -photon interference phenomena in order to describe within the same

theoretical frame all studied phenomena of higher-order spatial correlation functions encoun-

tered in this thesis.

Different detection strategies of higher-order spatial intensity correlation measurements

for classical (TLS, CLS) and nonclassical (SPE) light sources were studied in Chapter 4 in

the context of quantum imaging. In Section 4.3 we proposed particular (‘magic’) detector

positions which enabled us, via post-selection, to isolate the highest spatial frequency aris-

ing from the N incoherently radiating light sources. For N > 2 we could show that these

experiments achieved a higher resolution than the classical Abbe limit for imaging the light

167
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source (see Sec. 4.4). In the case of N SPE, we theoretically showed that the interference

patterns obtained for the found magic positions were identical to the ones generated by noon

states with N − 1 photons (see Sec. 4.3.2). The same was true for N classical light sources,

except for a reduced visibility (see Sec. 4.3.3). Although the low visibility seems to be a

general drawback, we developed certain detection strategies in Sec. 4.5 which allowed us to

generate the desired super-resolving noon-like modulation even with an enhanced visibil-

ity. It is worth mentioning that the presented technique requires neither special quantum

tailoring of light nor N -photon absorbing media as it only relies on linear optical detection

techniques. The technique based on multi-photon interferences thus might have potential

applications for improved imaging of, e.g., faint star clusters or in vivo biological samples.

In Section 4.6 we finally experimentally obtained spatial multi-photon interference patterns

displaying super-resolution with up to N = 5 statistically independent pseudothermal light

sources using photomultipliers (see Sec. 4.6.1) and up to N = 8 statistically independent

pseudothermal light sources using a standard digital camera (see Sec. 4.6.2). Additionally,

detection strategies to increase the visibility of the noon-like modulations were experimen-

tally demonstrated. Due to the fast and easy image processing of the digital camera we were

able to experimentally investigate spatial correlations of unprecedented order arising in the

radiation of classical light sources.

In Chapter 5 we proposed three different correlation measurement schemes which lead

to a strong spatial focussing of the incoherent radiation emitted either by an ensemble of

non-interacting uncorrelated SPE, e.g., a chain of N atoms which were initially prepared in

the fully excited state (see Sec. 5.1) or by an array of N classical photon sources like sta-

tistically independent TLS or CLS (see Sec. 5.2). All three techniques were again based on

post-selection by using multi-photon detections generating source correlations which produce

a heralded peaked emission pattern. We demonstrated that if m− 1 photons are detected at

distinct positions r2, . . . , rm the conditional probability to detect the mth photon at r1 highly

depends on the number of sources N , the geometry of the source (source separation d), the

measurement scheme (grating, bisection, or accordion), and on the correlation order m. We

derived an analytical expression of the mth-order intensity correlation function for the grating

detection scheme and derived that the directional emission takes place for any kind of light

sources, in particular for SPE and TLS. It also turned out that the bisection detection scheme

gives rise to the smallest peak widths of all discussed schemes. However, the multi-photon

interferences occurring in the accordion detection scheme lead for rising m to a correlation

signal with a reduced number of neighboring principal maxima compared to the signals of the

grating and the bisection scheme and therefore display the best focussing characteristic of all

introduced measurement schemes. In Section 5.3 we presented experimental results for up to

N = 8 statistically independent pseudothermal light sources which were in good agreement

with the theoretical calculations. They confirmed that the phenomenon of the measurement-

induced focussing is not limited to nonclassical light sources. However, light fields generated

by SPE cause multi-photon correlations with higher visibilities and therefore always produce
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a higher degree of directional photon emission than thermal radiation. We believe that this

unconventional approach of focussing incoherent photons by exploiting higher-order spatial

intensity correlation measurements illustrates a new and interesting opportunity in the ma-

nipulation of the emission characteristics of independent light sources, which, in principal,

might be of interest in the field of quantum information processing.

Even though the investigations of the intensity correlation measurements presented in this

thesis provide a deep insight into the physics of multi-photon interferences, there remain a

number of open questions. For example, it would be interesting to gain a profounder un-

derstanding of the magic positions which enable us to suppress redundant data in the light

fields and to isolate the highest spatial frequencies of the light sources. In answering this

question we have recently made a big step forward and discovered that the magic positions

are related to the complex solutions of the polynomial xN − 1 = 0 given by the Nth complex

roots of unity [228]. However, this explanation covers so far only the ‘magic’ positions for

classical light sources and the ones for even SPE, the detector positions which lead to the

super-resolving modulation in case of odd SPE still need to be clarified.

It would also be interesting to study photon correlations arising in the radiation field of

disparate light sources and to investigate whether the new quantum paths given by the mixed

sources can lead to the same noon-like modulations at the magic positions as in the case of N

homogeneous sources. First investigations have made us optimistic that we will find indeed

the same super-resolving signals. To test this experimentally, we have recently established

a new setup which allows us to realize an array of statistically independent coherent and

thermal light sources using single-mode and multi-mode optical fibers. Using N fibers we

simulate N sources composed of a specific sequence of thermal and coherent light sources.

This setup will enable us to measure higher-order intensity correlation functions of mixed

sources consisting of a composition of independent thermal and coherent light sources. In

contrast to classical light sources, the implementation of statistically independent SPE is still

challenging. Several groups are presently working on the experimental realization of N = 2

SPE to perform second-order intensity correlation measurements [31, 38, 48–69]. If these ex-

periments are successfully implemented, one could think of experiments which combine SPE

and classical light sources.

So far all investigations of the Nth-order intensity correlation function discussed in this

thesis have been limited to equidistant light sources. For future applications it would be

advantageous if our super-resolving imaging scheme could also be implemented for irregular

source geometries. Preliminary investigations for the case of N = 3 unevenly distributed

SPE have shown that it should be indeed possible to find detector configurations generating

interference patterns which allow the unambiguous determination of all spatial Fourier com-

ponents arising in the source geometry. It would be thus of great interest to study if this

spatial Fourier analysis, which can be considered a kind of Quantum FFT, could be general-

ized to an arbitrary number of irregularly distributed light sources.
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The question whether or not our N -photon detection scheme discussed in Chapter 4 ex-

hibits super-resolving properties was answered using the traditional Abbe criterion. However,

recently a more sensitive method of quantifying the imaging resolution capabilities has been

proposed by the group of Pieter Kok [268]. Their technique is based on the Fisher information

and the Cramér-Rao bound and does not only take into account the distribution of the peaks

of the signal in the Fourier plane, but also the information contained in the slopes of the

interference pattern. That means, the resolution capabilities of an imaging device are now

estimated from the whole signal and not solely from the distance between adjacent maxima

as in case of the Abbe limit. This new resolution criterion has been already applied to the

super-resolving interference pattern of the third-order spatial intensity correlation function for

N = 3 SPE given in Eq. (4.19b) [268]. The authors obtained the same factor 2 improvement

for the resolution as we obtained by considering the classical Abbe limit. We are optimistic

that the resolution criterion proposed in Ref. [268] also works for classical light sources and

intensity correlations of higher-orders. Using this criterion would then allow to search for

interference patterns of the Nth-order intensity correlation function which - not necessarily

sinusoidal - lead, due to the pronounced slope sensitivity of the Fisher information, to an

even better resolution enhancement than can be expected from the classical Abbe criterion.



Appendix A

Combinatorics

Higher-order correlation functions can be explained by the superposition of multi-photon

quantum paths. The number of superposed multi-photon quantum paths depends on the

number of sources N and their photon statistics, e.g., SPE or classical light sources, and

on the correlation order m, i.e., the number of detectors. Therefore it is worth giving a

short overview of elementary combinatorics [98, 264] which will be useful for the calculation

of higher-order intensity correlation functions.

no. of final states no. of m-photon quantum paths

m = N m 6= N m = N m 6= N

SPE 1
(
N
m

)
N !

(
N
m

)
×m! = N !

(N−m)!

TLS & CLS
(

2N−1
N

) (
N+m−1

m

)
NN Nm

Table A.1: Number of final states and interfering m-photon quantum paths which contribute
to the mth-order intensity correlation signals of N statistically independent single-photon
emitters (SPE) and classical light sources (TLS and CLS).

A.1 Permutation

The number of permutations of a finite set S with N distinct elements is given by N !. The

permutation of a set describes the number of ways of that N elements in the set can be

ordered. For example, there are 3! = 6 different three-photon quantum paths that a set of

N = 3 photons (S = {A,B,C}) can lead to a three-photon joint detection event (see Fig. A.1).

(II) (III) (IV)(I) (V) (VI)

Figure A.1: Six different ways of detecting three photons from sources A,B, and C with
three detectors D1, D2, and D3: (A,B,C), (B,A,C), (A,C,B), (C,B,A), (B,C,A), and
(C,A,B).
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A.2 Binomial and multinomial coefficient

The binomial coefficient (
N

m

)
=

N !

m!(N −m)!
(A.1)

gives the number of distinct m-element subsets (m-combination CNm ) of a set S with N

elements (m ≤ N); or in other words, the binomial coefficient gives the number of ways

to select m elements from a set of N elements where the order of the m elements within

the subsets does not matter. It means in practice that, e.g., m = 2 single photons can be

scattered from N = 4 SPE in exactly
(

4
2

)
= 6 different ways (see Fig. A.2 (a)).

The generalization of the binomial coefficient is called the multinomial coefficient. Com-

binatorially, the multinomial coefficient is given by(
N

m1,m2, . . . ,ml

)
=

N !

m1!m2! · · ·ml!
(A.2)

and calculates the number of alternative ways to partition a set S of N elements into disjoint

subsets of sizes m1,m2, . . . ,ml, where
∑l

i=1mi = N . For example, assuming a light source,

consisting of N = 4 sub-sources, where one of them emits two photons (m1 = 1), two emit

one photon (m2 = 2), and the last one emits no photons (m3 = 1). Using the multinomial

coefficient we obtain
(

4
1,2,1

)
= 4!

1! 2! 1! = 12 ways of that the sub-sources can radiate their

photons (see Fig. A.2 (b)).

1 1 1 1 0 0 0 1 2 2 2 1 1 0 1 1 0 1 1 0
2 1 0 0 1 1 0 2 1 1 0 2 2 2 1 0 1 1 0 1
3 0 1 0 1 0 1 3 1 0 1 1 0 1 2 2 2 0 1 1
4 0 0 1 0 1 1 4 0 1 1 0 1 1 0 1 1 2 2 2

1 2 ●● ● ● ● ● ● ● ○ ▲ ○ ▲ ○ ▲
2 1 ○ ● ● ○ ▲ ○ ▲ ● ● ● ● ▲ ○
3 1 ▲ ○ ▲ ● ● ▲ ○ ● ● ▲ ○ ● ●
4 0 ▲ ○ ▲ ○ ● ● ▲ ○ ● ● ● ●

(a)

(c)

= 

(b)

Figure A.2: Examples for three kinds of subsets of a 4-element set: (a) 2-element subsets
containing all permutations of (1,1,0,0) and (b) 3-element subsets containing all permutations
of (2,1,1,0). (c) Demonstration of twelve different ways of detecting four photons (••, ◦,N).

The detection process can also be linked to the multinomial coefficient. The four photons

of the first combination of Fig. A.2 (b) can lead to different ways of triggering an m-photon

joint detection event. The number of quantum paths is again given by Eq. (A.2); however the

ml now stands for the number of subsets with identical sources of origins (m1 = 2, m2 = 1,

m3 = 1) and no longer for the number of subsets of the photon source occupations (m1 = 1,

m2 = 2, m3 = 1).
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A.3 Number of combinations with repetition

If now repetitions are allowed and if the order does not matter, we can calculate the number

of m-multicombinations (multisets) from a set S with N elements using(
N +m− 1

m

)
. (A.3)

The m-multicombination is given by a sequence of m elements which does not have to be

necessarily different. For example, the measurement of mth-order intensity correlation func-

tions always implies the detection of m photons. In contrast to SPE, classical light sources

(e.g. TLS) can emit more photons than only one at a time. The additional combinations of

emitting the m photons from the N sources will now be considered by Eq. (A.3), which, in

the picture of quantum optics, also defines the number of all final states contributing to the

mth-order intensity correlation function in case of classical light sources. All combinations

of m photons distributed over the N classical light sources for the cases N = m = {2, 3, 4, 5}
are illustrated in Fig. A.3.

A.4 Partition

In combinatorics writing a positive integer N as a sum of positive integers without regard of

the order is called partition. The integer 4 has thus 5 partitions, namely {(1 + 1 + 1 + 1), (2 +

1 + 1), (2 + 2), (3 + 1), (4)}, where, e.g., the partition (2 + 1 + 1) = (1 + 2 + 1).

We come across the partition when dealing with multisets. Considering the definition of the

partition, the photon distributions over the N sources can be grouped according to certain

partitions as seen in Fig. A.3. Each partition consists of a particular number of multisets

which is given by Eq. (A.2).

A.5 Sum of all multinomial coefficients

The summation over all multinomial coefficients of Eq. (A.2) yields the total number of

m-photon quantum paths contributing to the mth-order intensity correlation signal of N

classical light sources [264]

∑
m1+m2+···+mN=m

(
m

m1,m2, . . . ,mN

)
= Nm . (A.4)

The number of terms of the sum is equal to the number of multinomial coefficients from

Eq. (A.3).
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1 2 1 2 3 1 2 3 4 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 0 2 1 0 2 1 1 0 2 1 1 1 0 ···
0 2 2 0 11 2 0 1 2 1 1 0 1 3 1 1 0 0 ···

1 2 0 2 0 1 1 2 1 0 1 1 3 1 0 1 0 4 1 0 0 0
0 2 1 1 2 1 0 2 0 1 1 1 3 1 0 0 1 4 0 1 0 0
1 0 22 1 0 1 1 2 1 1 0 3 0 1 1 0 4 0 0 1 0
0 1 2 0 2 1 1 1 2 1 0 1 3 0 1 0 1 4 0 0 0 1

1 1 2 0 1 2 0 31 1 0 0 1 1 1 4 0 0 0
3 0 0 1 0 2 1 0 2 1 1 1 1 3 1 0 0 0 4 1 0 0
0 3 0 0 1 2 1 1 1 2 1 0 1 3 0 1 0 0 4 0 1 0
0 0 13 1 0 2 1 1 2 0 31 1 0 0 1 0 4 0 0 1

1 0 11 2 0 2 1 1 0 3 1 1 0 1 0 4 0 0
0 1 1 2 0 1 2 1 1 0 3 1 0 1 0 1 4 0 0

1 1 1 2 0 0 3 0 1 1 0 0 4 1 0
2 2 0 0 1 1 0 2 1 1 1 3 0 0 0 0 4 0 1
2 0 2 0 1 0 11 2 1 0 3 1 0 1 0 0 4 0
2 0 0 2 0 11 1 2 1 0 3 0 1 0 1 0 4 0
0 2 2 0 1 1 1 0 2 0 1 3 1 0 0 0 1 4 0
0 2 0 12 1 0 1 2 0 0 3 0 0 0 0 0 4 1
0 0 12 2 0 1 1 2 0 0 13 1 1 0 0 0 4

0 1 1 1 2 1 1 0 3 0 0 1 0 0 4
3 1 0 0 1 0 1 3 0 0 0 1 0 4
3 0 1 0 2 2 1 0 0 1 0 0 3 1 0 0 0 1 4
3 0 0 1 2 2 0 1 0 0 1 1 3 0
1 3 0 0 2 2 0 0 1 0 1 0 53 1 0 0 0 0
0 3 1 0 2 1 2 0 0 0 0 1 3 1 0 5 0 0 0
0 3 0 1 2 0 2 1 0 1 1 0 0 3 0 0 5 0 0
1 0 3 0 2 0 2 0 1 1 0 1 0 3 0 0 0 5 0
0 1 3 0 2 1 0 2 0 1 0 0 1 3 0 0 0 0 5
0 0 23 1 0 1 2 0 0 1 1 0 3
1 0 0 3 2 0 0 2 1 0 1 0 1 3 126 multisets
0 1 0 3 2 1 0 0 2 0 0 1 1 3 (126 final states)

0 0 21 3 0 1 0 2
2 0 0 1 2 3 2 0 0 0

4 0 0 0 1 2 2 0 0 3 0 2 0 0
0 4 0 0 0 2 2 1 0 3 0 0 2 0
0 0 4 0 0 2 2 0 1 3 0 0 0 2
0 0 0 4 1 2 0 2 0 2 3 0 0 0

0 2 1 2 0 0 3 2 0 0
0 2 0 2 1 0 3 0 2 0
1 2 0 0 2 0 3 0 0 2
0 2 1 0 2 2 0 3 0 0
0 2 0 1 2 0 2 3 0 0
1 0 2 2 0 0 0 3 2 0
0 1 2 2 0 0 0 3 0 2
0 0 22 2 1 0 0 3 0
1 0 2 0 2 0 2 0 3 0
0 1 2 0 2 0 0 2 3 0
0 0 2 1 2 0 0 0 3 2
1 0 0 22 2 0 0 0 3
0 1 0 2 2 0 2 0 0 3
0 0 1 2 2 0 0 2 0 3

0 0 0 2 3

3 partitions

{(1+1+1+1),(2+1+1),
(2+2),(3+1),(4)}

256 quantum paths

5 partitions

35 multisets
(35 final states)

7 partitions
{(1+1+1+1+1),

(2+1+1+1),
(2+2+1),(3+1+1),
(3+2),(4+1),(5)}

3125 quantum paths

N = m = 5N = m = 2 N = m = 3 N = m = 4

2 partitions

3 multisets

{(1+1),(2)}

(3 final states)

4 quantum paths

{(1+1+1),(2+1),(3)}

10 multisets
(10 final states)

27 quantum paths

Figure A.3: Multisets for classical light sources for N = m = {2, 3, 4, 5}. Each row represents
a multiset. All multisets in bold-framed boxes can be combined to a certain partition. For
each example the total number of multisets, partitions, and multi-photon quantum paths are
given.



Appendix B

Resolution limits of classical optics

When we are talking about the classical resolution limit we have to distinguish between the

Abbe limit and the Rayleigh limit [105]. Principally, every image-forming system is limited

in its spatial resolution due to diffraction effects, caused by the finite numerical aperture

of the imaging device and the imaging wavelength used. To quantify the resolving power

of the correlation measurements discussed in this thesis, we compare the measured multi-

photon interference signals with the theory of image formation in the microscope proposed

by Ernst Abbe. As we will see in this appendix, the main differences between the two

approaches are the source geometries to be resolved and the coherence of the light used:

Rayleigh assumed two incoherent light points, whereas Abbe used a coherently illuminated

grating in a microscope [105,269].

B.1 Rayleigh’s resolution limit

In an image-forming system, for example a telescope or microscope, the resolving power is

the ability of the imaging device to distinguish between closely spaced points in an object.

Under the assumption of no aberrations, each point source of the object would theoretically

produce a sharp point of the image plane. Due to the fact that every imaging system suffers

from diffraction effects, each point source of the object gives rise to a distinct diffraction

pattern in the image plane. In the case of a circular aperture, the blurred point images are

described by Airy functions. For example, if we assume two self-luminous, i.e., incoherent

light points P1 and P2 in the object plane of distance ∆x, the imaging system transforms the

two light points into two diffraction patterns in the image plane with their principal maxima

at P ′1 and P ′2 (see Fig. B.1 (a) and (b)). The smaller the distance ∆x, the more difficult is

the spatial separation of the two superposing images.

For this reason Lord Rayleigh introduced a criterion which defines the theoretical limit

of resolving two incoherently radiating neighboring points of an object by an optical system

with circular apertures [270]. It says that two point images are regarded as just-resolved

if the principal maxima of one point image coincides with the first minimum of the other

one. In this case we obtain a minimum of intensity midway between the intensity maxima
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axial
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Figure B.1: Illustration of the spatial resolution limit of two just-resolvable diffraction pat-
terns in a microscope according to Rayleigh’s criterion. Two neighboring incoherent light
sources at P1 and P2 in the object plane are imaged through a diffraction-limited lens in the
image plane. Due to the circular aperture-limited lens, each light source produces an inde-
pendent Airy diffraction pattern. The minimum separation ∆xmin of the two just-resolved
light sources depends on the wavelength of the light used and the numerical aperture value
of the objective lens of the microscope, i.e., the half-angle α of the maximum cone of light
that can be captured by the lens.

of the two diffraction patterns which is about 26 % reduced with respect to the intensities

at either of the two neighboring maxima. Figures B.1 (a) and (b) illustrate the case where,

according to the Rayleigh criterion, two incoherently overlapping Airy diffraction patterns

are just resolved. According to this criterion the resolution limit of, e.g., a microscope with

a circular aperture, is given by the smallest resolvable distance between two points

∆xmin = 1.22
λf

nD
= 0.61

λ

n sin (α)
= 0.61

λ

A
, (B.1)

where n, λ, and n sin (α) are the refractive index of the medium between the lens and the

object, the wavelength in vacuum, and the numerical aperture (half opening angle of the

objective) of the microscope A, respectively1. As can be seen from Eq. (B.1), not only the

wavelength of the illumination but also the numerical aperture dictates the resolving power of

the microscope. Generally speaking, the higher the numerical aperture of the optical system

and/or shorter the wavelength, the better is the resolution. In addition, liquids of high

refractive indices can enlarge the numerical aperture A enabling us to resolve details of ≈ λ
2 .

1 The resolution limit for a rectangular aperture is ∆xmin = 0.50 λA . They only differ in their prefactors
which can be explained by the different first roots of the diffraction patterns of the circular and rectangular
aperture geometries.
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A further increase of the resolution power can only be achieved with shorter wavelengths.

Interestingly, the resolution limit of Eq. (B.1), which assumed incoherent radiation, is not

the same if the object is illuminated with coherent light. Two self-luminous sources which are

just-resolvable for a spacing of ∆xmin are not longer distinguishable in the image plane in the

case of coherent illumination (see Figs. B.1 (c) and (d)). The reason for that lies in the differ-

ent interference properties of the contributing light amplitudes. For incoherent light fields the

intensity distribution in the image plane is just the sum of the individual intensity patterns

stemming from the diffraction pattern of each of the two light sources (see Fig. B.1 (b)). This

leads to the characteristic intensity dip between the two overlapping images. In the case of

coherently radiating light sources, however, the total intensity distribution in the image plane

results from a coherent superposition of the field amplitudes which leads to a constructive

interference of the light fields. For an assumed separation of ∆xmin this gives rise to a single

broadened intensity peak (see Fig. B.1 (d)). Due to this constructive interference and the

lack of an intensity dip in the total intensity profile, the two points P1 and P2 in the image

plane are not resolvable. However, so far we have assumed only axial illumination of the

object plane. It can be shown that for coherent light sources an oblique illumination [271]

can alter the interference pattern of the two superposing field distributions in a way that

the new total intensity pattern shows even a root midway between the two geometric point

images (see Fig. B.1 (e)). This is due to the fact that the oblique illumination causes an

optical phase difference between the two coherently scattered light waves which gives rise to

perfect destructive interference between the two geometric images if the angle of illumination

σ equals the angle of the numerical aperture α of the objective. This makes it possible to

resolve P1 and P2 according to the Rayleigh spacing of Eq. (B.1) even for coherently radiating

sources (see Fig. B.1 (e)).

The preceding discussion illustrated that in both cases of coherent and incoherent illumi-

nation the minimum resolvable distance between two closely separated details of an object

is given by the Rayleigh criterion of Eq. (B.1) which enables us to resolve in both cases

structures down to λ
2 .

B.2 Abbe’s resolution limit for the microscope

At the end of the 19th century Ernst Abbe developed the theory of the image-forming process

in a microscope for coherently illuminated objects [273, 274]. He showed that the resolution

limit for the classical microscope underlies fundamental physical and technical boundaries as

will be discussed in the following.

Let us assume a one-dimensional grating-like object with N equally spaced slits of negligi-

ble width and separation d, which is homogeneously illuminated by coherent light

(see Fig. B.2). As is well-know from Fraunhofer diffraction theory (see Sec. 3.1.3), the coher-

ent light is diffracted by the regular structure of the grating into distinct diffraction orders

Sm due to the constructive interference of all N diffracted waves in the far field. Depending

on the diffraction angle θm, the principal interference maxima of the diffraction spectrum are
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Figure B.2: Illustration of the Abbe limit of the microscope for (a) axial [272] and (b) oblique
illumination [271]. A coherently illuminated grating gives rise to a diffraction pattern in the
far field (Fourier transform plane). All diffraction orders m which are captured by the lens
are imaged in the back focal plane before they superpose coherently in the image plane to
reassemble the object. (a) Axial illumination: Due to the limited aperture of the lens, only
the zeroth-order (S0) and the two first-order diffractions (S+1,S−1) are contributing to the
formation of the image. According to the original work of Abbe, the slit separation of the
grating must be large enough so that the lens captures at least the three diffraction orders
S+1, S0, and S−1; this determines the minimal numerical aperture (A = n sin (α)) of the
microscope. The intensity profiles I(x′) in the image plane illustrate the cases where the
diffraction orders (S0), (S+1, S0, S−1), and (S+2, S+1, S0, S−1, S−2) contribute to the recon-
struction of the object. The patterns of the images clearly illustrate that if more diffraction
orders contribute to the image-forming process, the object is more accurately reproduced. (b)
Oblique illumination: Under this condition one can achieve that only two diffraction orders
(e.g. S+1 and S0) are captured by the objective. It can be shown that only two diffraction
orders are still sufficient to reconstruct the periodicity of the grating in the image plane.

given by the condition

sin (θm) = m
λ

nd
(m = 0,±1,±2, . . .) , (B.2)

where m is called the diffraction or interference order of the scattered light. If the number

of slits N is large, the diffraction pattern consist of very bright, sharp, and spatially well-



179

separated principal maxima. Note that between two successive principal maxima there are

always N − 2 secondary maxima which are small and negligible for large N .

The diffraction peak of the zeroth-order corresponds to the direct transmission of the light

through the grating and does not contain spatial information about the grating. All higher

diffraction orders (positive and negative) are symmetrically arranged on either side of the

zeroth-order. It is evident from Eq. (B.2) that the higher diffraction orders (m > 0) provide

information about the slit separation d of the object.

Figure B.2 (a) illustrates that all diffracted beams, which enter the objective lens, are

imaged in the back focal plane. The interference maxima of the diffraction pattern are

denoted with S+1, S0, and S−1. The image of the object is now the coherent superposition

of all components of the diffraction pattern captured by the lens. In principal, a perfect

image can only be achieved if all diffraction orders contribute to the formation of the image.

Due to the finite aperture of the lens, this will however never be possible. Nevertheless, a

faithful image is still obtained if the aperture is large enough, so that all diffraction orders of

noticeable intensity contribute to the image.

To preserve at least the periodicity of the grating, i.e., the information of the slit separation

d, it is sufficient to capture only the zeroth-order (S0) and the two first-order (S+1,S−1)

diffraction peaks. In such a case, the aperture angle α of the objective lens must be at least

the size of the first-order diffraction angle θ1 (see Fig. B.2 (a)) and thus we obtain

n sin (α) ≥ n sin (θ1) =
λ

d
. (B.3)

From this expression we can immediately derive the smallest just-resolvable slit separation

dmin for a given numerical aperture angle α of the microscope’s objective. Therefore Abbe’s

resolution limit of a microscope for coherent illumination is given by

dmin ≥
λ

n sin (α)
, (B.4)

which is just half as good as the resolution limit derived from the Rayleigh criterion for

incoherently radiating light sources.

In the framework of Abbe, an image from an object can only be reconstructed if at least

the zeroth and both first diffraction orders in the back focal plane (Fourier transform plane)

are visible. The smaller the slit separation, the farther apart the diffraction orders are located

in the back focal plane. Supposing now that Eq. (B.4) was not satisfied and only light of the

zeroth-order contribute to the image formation, we would obtain a homogeneous intensity

distribution in the image plane with no spatial information about the object (see Fig. B.2 (a)).

Therefore, only an aperture satisfying Eq. (B.3) is capable to image the object with high

quality.

Let us now consider an oblique coherent illumination of the object2 (see Fig. B.2 (b)). In

2 The technique of oblique illumination is also used in lithography to improve the resolution and the
contrast [275].
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this case all diffraction orders m are shifted in the Fourier plane in direction of the oblique

illumination. If the numerical aperture of the illumination Aill = n sin (σ) reaches a certain

value, the negative diffraction order S−1 cannot be captured by the objective lens anymore

and only the two diffraction orders S+1 and S0 are present in the back focal plane. It is

known that the preceding assumption of taking into account at least three diffraction orders

is not the ultimate limit to reconstruct the structure of the object [271,275]. The requirement

for the formation of an image is rather to obtain the information about the grating constant

d, i.e., the periodicity of the grating. For this it suffices to measure the zeroth and one of

the first diffraction orders. For the limiting case, where σ = α and θ±1 = 2α, this argument

immediately allows for a doubling of the previous resolution limit since the numerical aperture

must capture now just two diffraction orders (S+1, S0) instead of the three diffraction orders

(S+1, S0, S−1). Under the new assumption of oblique illumination, a periodic structure of

half the grading constant d is still resolvable. Thus we can define the new resolution limit:

dmin =
λ

Aill +A
σ=α
≥ λ

2A
. (B.5)

Comparing the Rayleigh and the Abbe limit, we recognize that under the right conditions, i.e.,

the right illumination of the object, we obtain indeed the same resolution limit. We call this

mutual limit the classical resolution limit. When talking about sub-wavelength resolution

or super-resolving interference signals in the present thesis we always refer to the mutual

resolution limit of Eq. (B.5).

A further increase of the illumination angle beyond the numerical aperture of the objective

will cause the zeroth diffraction order to miss the objective in which case it will not contribute

to the image. However, as long as two diffraction orders are passing through the objective

the condition for the classical resolution limit is fulfilled. The image formation by means

of higher diffraction orders (e.g. S+1 and S+2) yields the same resolution limit. The main

difference in using higher interference orders is the increased contrast, which is called dark

field illumination and is applied in, e.g., dark field and phase contrast microscopy [271].

As a final remark we want to mention that numerical calculations have been done which

show that for the illumination of an object using a condenser with Ac = nc sin (σ) and

assuming circular apertures for both condenser and objective, we obtain a generalized ex-

pression of the resolution limit of two partially coherently illuminated pinholes P1 and P2 of

the form [276]

∆xmin = K(m)
λ

A
. (B.6)

The nonlinear function K(m) depends on the ratio of the numerical apertures m = Ac
A and

ranges from K(m) = 0.82 to K(m) ≈ 0.58, where the former corresponds to the prefactor in

case of perfect coherent illumination. The lower limit defines the minimum resolution limit

achievable with the condenser and occurs when the ratio of the numerical apertures m = 1.5.

The calculation for the ratio m = 1.0 gives the prefactor for the Rayleigh resolution limit

with incoherent light of Eq. (B.1).
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We are well aware that there are plenty of other techniques which can beat the classical

resolution limit introduced in (B.5). Beside the well-known scanning tunneling microscope

higher resolutions can be achieved in, e.g., near-field, confocal, or 4Pi microscopy, just to

mention a few of them. The most recent techniques are, e.g., stimulated emission depletion

microscopy (STED) or the stochastic optical reconstruction microscopy (STORM/PALM)

[125]. Despite the fact that the resolving power of these methods is significantly higher than

the limit given by Eq. (B.5), we will always refer by this equation to the classical resolution

limit in this thesis.
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[28] C. Cabrillo, J. I. Cirac, P. Garćıa-Fernández, P. Zoller, Creation of entangled states of distant

atoms by interference, Phys. Rev. A 59, 1025 (1999)

[29] D. L. Moehring, P. Maunz, S. Olmschenk, K. C. Younge, D. N. Matsukevich, L.-M. Duan,

C. Monroe, Entanglement of single-atom quantum bits at a distance, Nature 449, 68 (2007)

[30] C. Thiel, J. von Zanthier, T. Bastin, E. Solano, G. S. Agarwal, Generation of Symmetric Dicke

States of Remote Qubits with Linear Optics, Phys. Rev. Lett. 99, 193602 (2007)

[31] S. Olmschenk, D. N. Matsukevich, P. Maunz, D. Hayes, L.-M. Duan, C. Monroe, Quantum

Teleportation Between Distant Matter Qubits, Science 323, 486 (2009)

[32] T. Bastin, C. Thiel, J. von Zanthier, L. Lamata, E. Solano, G. S. Agarwal, Operational Deter-

mination of Multiqubit Entanglement Classes via Tuning of Local Operations, Phys. Rev. Lett.

102, 053601 (2009)

[33] J. P. Dowling, Quantum optical metrology - the lowdown on high-N00N states, Contemp. Phys.

49, 125 (2008)

[34] Y. Shih, Advances in Laser & Electro Optics - The physics of ghost imaging (InTech, Vukovar,

2010)

[35] B. I. Erkmen, J. H. Shapiro, Ghost imaging: from quantum to classical to computational, Adv.

Opt. Photon. 2, 405 (2010)

[36] V. Giovannetti, S. Lloyd, L. Maccone, Advances in quantum metrology, Nat. Photonics 5, 222229

(2011)



BIBLIOGRAPHY 185

[37] A. N. Boto, P. Kok, D. S. Abrams, S. L. Braunstein, C. P. Williams, J. P. Dowling, Quantum

Interferometric Optical Lithography: Exploiting Entanglement to Beat the Diffraction Limit,

Phys. Rev. Lett. 85, 2733 (2000)

[38] M. D’Angelo, M. V. Chekhova, Y. Shih, Two-Photon Diffraction and Quantum Lithography,

Phys. Rev. Lett. 87, 013602 (2001)

[39] J. J. Bollinger, W. M. Itano, D. J. Wineland, D. J. Heinzen, Optimal frequency measurements

with maximally correlated states, Phys. Rev. A 54, R4649 (1996)

[40] D. Leibfried, M. D. Barrett, T. Schaetz, J. Britton, J. Chiaverini, W. M. Itano, J. D. Jost,

C. Langer, D. J. Wineland, Toward Heisenberg-Limited Spectroscopy with Multiparticle Entan-

gled States, Science 304, 1476 (2004)

[41] A. Muthukrishnan, M. O. Scully, M. S. Zubairy, Quantum microscopy using photon correlations,

J. Opt. B: Quantum Semiclassical Opt. 6, S575 (2004)

[42] R. Shimizu, K. Edamatsu, T. Itoh, Quantum diffraction and interference of spatially correlated

photon pairs and its Fourier-optical analysis, Phys. Rev. A 74, 013801 (2006)

[43] P. Walther, J.-W. Pan, M. Aspelmeyer, R. Ursin, S. Gasparoni, A. Zeilinger, De Broglie wave-

length of a non-local four-photon state, Nature 429, 158 (2004)

[44] M. W. Mitchell, J. S. Lundeen, A. M. Steinberg, Super-resolving phase measurements with a

multiphoton entangled state, Nature 429, 161 (2004)

[45] F. W. Sun, B. H. Liu, Y. F. Huang, Z. Y. Ou, G. C. Guo, Observation of the four-photon de

Broglie wavelength by state-projection measurement, Phys. Rev. A 74, 033812 (2006)

[46] R. H. Brown, R. Q. Twiss, Correlation between photons in two coherent beams of light, Nature

177, 27 (1956)

[47] C. Thiel, T. Bastin, J. Martin, E. Solano, J. von Zanthier, G. S. Agarwal, Quantum Imaging

with Incoherent Photons, Phys. Rev. Lett. 99, 133603 (2007)

[48] W. M. Itano, J. C. Bergquist, J. J. Bollinger, D. J. Wineland, U. Eichmann, M. G. Raizen,

Complementarity and Young’s interference fringes from two atoms, Phys. Rev. A 57, 4176

(1998)

[49] J. Eschner, C. Raab, F. Schmidt-Kaler, R. Blatt, Light interference from single atoms and their

mirror images, Nature 413, 495 (2001)

[50] N. Schlosser, G. Reymond, I. Protsenko, P. Grangier, Sub-poissonian loading of single atoms in

a microscopic dipole trap, Nature 411, 1024 (2001)

[51] Z. Yuan, B. E. Kardynal, R. M. Stevenson, A. J. Shields, C. J. Lobo, K. Cooper, N. S. Beattie,

D. A. Ritchie, M. Pepper, Electrically Driven Single-Photon Source, Science 295, 102 (2002)
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nonlocal double slit, Phys. Rev. A 60, 1530 (1999)



BIBLIOGRAPHY 191

[151] E. J. S. Fonseca, Z. Paulini, P. Nussenzveig, C. H. Monken, S. Pádua, Nonlocal de Broglie

wavelength of a two-particle system, Phys. Rev. A 63, 043819 (2001)

[152] R. S. Bennink, S. J. Bentley, R. W. Boyd, “Two-Photon” Coincidence Imaging with a Classical

Source, Phys. Rev. Lett. 89, 113601 (2002)

[153] R. S. Bennink, S. J. Bentley, R. W. Boyd, J. C. Howell, Quantum and Classical Coincidence

Imaging, Phys. Rev. Lett. 92, 033601 (2004)

[154] A. Gatti, E. Brambilla, M. Bache, L. A. Lugiato, Ghost Imaging with Thermal Light: Comparing

Entanglement and Classical Correlation, Phys. Rev. Lett. 93, 093602 (2004)

[155] A. Gatti, E. Brambilla, M. Bache, L. A. Lugiato, Correlated imaging, quantum and classical,

Phys. Rev. A 70, 013802 (2004)

[156] M. Bache, E. Brambilla, A. Gatti, L. A. Lugiato, Ghost imaging using homodyne detection,

Phys. Rev. A 70, 023823 (2004)

[157] M. Bache, E. Brambilla, A. Gatti, L. Lugiato, Ghost imaging schemes: fast and broadband, Opt.

Express 12, 6067 (2004)

[158] D.-Z. Cao, J. Xiong, K. Wang, Geometrical optics in correlated imaging systems, Phys. Rev. A

71, 013801 (2005)

[159] Y. Cai, S.-Y. Zhu, Ghost imaging with incoherent and partially coherent light radiation, Phys.

Rev. E 71, 056607 (2005)

[160] M. D’Angelo, A. Valencia, M. H. Rubin, Y. Shih, Resolution of quantum and classical ghost

imaging, Phys. Rev. A 72, 013810 (2005)

[161] A. Valencia, G. Scarcelli, M. D’Angelo, Y. Shih, Two-Photon Imaging with Thermal Light, Phys.

Rev. Lett. 94, 063601 (2005)

[162] F. Ferri, D. Magatti, A. Gatti, M. Bache, E. Brambilla, L. A. Lugiato, High-Resolution Ghost

Image and Ghost Diffraction Experiments with Thermal Light, Phys. Rev. Lett. 94, 183602

(2005)

[163] D. Zhang, Y.-H. Zhai, L.-A. Wu, X.-H. Chen, Correlated two-photon imaging with true thermal

light, Opt. Lett. 30, 2354 (2005)

[164] A. Gatti, M. Bondani, L. A. Lugiato, M. G. A. Paris, C. Fabre, Comment on “Can Two-Photon

Correlation of Chaotic Light Be Considered as Correlation of Intensity Fluctuations?”, Phys.

Rev. Lett. 98, 039301 (2007)

[165] G. Scarcelli, V. Berardi, Y. H. Shih, Scarcelli, Berardi, and Shih: Reply to comment on “Can

Two-Photon Correlation of Chaotic Light Be Considered as Correlation of Intensity Fluctua-

tions”, Phys. Rev. Lett. 98, 039302 (2007)

[166] L. Basano, P. Ottonello, A conceptual experiment on single-beam coincidence detection with

pseudothermal light, Opt. Express 15, 12386 (2007)

[167] B. I. Erkmen, J. H. Shapiro, Unified theory of ghost imaging with Gaussian-state light, Phys.

Rev. A 77, 043809 (2008)

[168] R. J. Glauber, M. Kleber, A. K. Patnaik, M. O. Scully, H. Walther, A simple study of photon

correlations from Hanbury-Brown and Twiss to Einstein, Podolsky, Rosen and beyond, J. Phys.

B: At., Mol. Opt. Phys. 38, S521 (2005)



192 BIBLIOGRAPHY

[169] R. Wiegner, J. von Zanthier, G. S. Agarwal, Quantum interference and non-locality of indepen-

dent photons from disparate sources, J. Phys. B: At., Mol. Opt. Phys. 44, 055501 (2011)

[170] Y. Cai, S.-Y. Zhu, Ghost interference with partially coherent radiation, Opt. Lett. 29, 2716

(2004)

[171] J. Cheng, S. Han, Incoherent Coincidence Imaging and Its Applicability in X-ray Diffraction,

Phys. Rev. Lett. 92, 093903 (2004)

[172] G. Scarcelli, V. Berardi, Y. Shih, Phase-conjugate mirror via two-photon thermal light imaging,

Appl. Phys. Lett. 88, 061106 (2006)

[173] Y. Bai, S. Han, Ghost imaging with thermal light by third-order correlation, Phys. Rev. A 76,

043828 (2007)

[174] R. Meyers, K. Deacon, Y. Shih, A new two-photon ghost imaging experiment with distortion

study, J. Mod. Opt. 54, 2381 (2007)

[175] R. Meyers, K. S. Deacon, Y. Shih, Ghost-imaging experiment by measuring reflected photons,

Phys. Rev. A 77, 041801 (2008)

[176] M. Zhang, Q. Wei, X. Shen, Y. Liu, H. Liu, J. Cheng, S. Han, Lensless Fourier-transform ghost

imaging with classical incoherent light, Phys. Rev. A 75, 021803 (2007)

[177] F. Ferri, D. Magatti, V. G. Sala, A. Gatti, Longitudinal coherence in thermal ghost imaging,

Appl. Phys. Lett. 92, 261109 (2008)

[178] J. H. Shapiro, Computational ghost imaging, Phys. Rev. A 78, 061802 (2008)

[179] Y. Bromberg, O. Katz, Y. Silberberg, Ghost imaging with a single detector, Phys. Rev. A 79,

053840 (2009)

[180] K. W. C. Chan, M. N. O’Sullivan, R. W. Boyd, High-order thermal ghost imaging, Opt. Lett.

34, 3343 (2009)

[181] K. W. C. Chan, M. N. O’Sullivan, R. W. Boyd, Two-color ghost imaging, Phys. Rev. A 79,

033808 (2009)

[182] L. Qian, L. Kai-Hong, C. Xi-Hao, W. Ling-An, High-order ghost imaging with N-colour thermal

light, Chin. Phys. B 19, 094211 (2010)

[183] X.-H. Chen, Q. Liu, K.-H. Luo, L.-A. Wu, Lensless ghost imaging with true thermal light, Opt.

Lett. 34, 695 (2009)

[184] B. Jack, J. Leach, J. Romero, S. Franke-Arnold, M. Ritsch-Marte, S. M. Barnett, M. J. Padgett,

Holographic Ghost Imaging and the Violation of a Bell Inequality, Phys. Rev. Lett. 103, 083602

(2009)

[185] L.-G. Wang, S. Qamar, S.-Y. Zhu, M. S. Zubairy, Hanbury Brown-Twiss effect and thermal light

ghost imaging: A unified approach, Phys. Rev. A 79, 033835 (2009)

[186] X.-H. Chen, I. N. Agafonov, K.-H. Luo, Q. Liu, R. Xian, M. V. Chekhova, L.-A. Wu, High-

visibility, high-order lensless ghost imaging with thermal light, Opt. Lett. 35, 1166 (2010)

[187] S. He, X. Shen, H. Wang, W. Gong, S. Han, Ghost diffraction without a beamsplitter, Appl.

Phys. Lett. 96, 181108 (2010)



BIBLIOGRAPHY 193

[188] Z. Sheng-Mei, D. Jian, D. Xiao-Liang, Z. Bao-Yu, Ghost Imaging Using Orbital Angular Mo-

mentum, Chin. Phys. Lett. 28, 124207 (2011)

[189] R. E. Meyers, K. S. Deacon, Y. Shih, Turbulence-free ghost imaging, Appl. Phys. Lett. 98,

111115 (2011)

[190] P. B. Dixon, G. A. Howland, K. W. C. Chan, C. O’Sullivan-Hale, B. Rodenburg, N. D. Hardy,

J. H. Shapiro, D. S. Simon, A. V. Sergienko, R. W. Boyd, J. C. Howell, Quantum ghost imaging

through turbulence, Phys. Rev. A 83, 051803 (2011)

[191] N. D. Hardy, J. H. Shapiro, Reflective ghost imaging through turbulence, Phys. Rev. A 84,

063824 (2011)

[192] Y.-C. Liu, L.-M. Kuang, Theoretical scheme of thermal-light many-ghost imaging by N th-order

intensity correlation, Phys. Rev. A 83, 053808 (2011)

[193] G. S. Agarwal, G. O. Ariunbold, J. von Zanthier, H. Walther, Nonclassical imaging for a quan-

tum search of trapped ions, Phys. Rev. A 70, 063816 (2004)

[194] B. Yurke, Input States for Enhancement of Fermion Interferometer Sensitivity, Phys. Rev. Lett.

56, 1515 (1986)

[195] H. Lee, P. Kok, J. P. Dowling, A quantum Rosetta stone for interferometry, J. Mod. Opt. 49,

2325 (2002)

[196] E. M. Nagasako, S. J. Bentley, R. W. Boyd, G. S. Agarwal, Nonclassical two-photon interfer-

ometry and lithography with high-gain parametric amplifiers, Phys. Rev. A 64, 043802 (2001)

[197] X. Jun, H. Feng, C. De-Zhong, L. Hong-Guo, S. Xu-Juan, W. Kai-Ge, Super-Resolution of

Interference Pattern with Independent Laser Beams, Chin. Phys. Lett. 22, 2824 (2005)

[198] G. S. Agarwal, K. W. Chan, R. W. Boyd, H. Cable, J. P. Dowling, Quantum states of light

produced by a high-gain optical parametric amplifier for use in quantum lithography, J. Opt.

Soc. Am. B 24, 270 (2007)

[199] F. Sciarrino, C. Vitelli, F. De Martini, R. Glasser, H. Cable, J. P. Dowling, Experimental sub-

Rayleigh resolution by an unseeded high-gain optical parametric amplifier for quantum lithogra-

phy, Phys. Rev. A 77, 012324 (2008)

[200] M. C. Teich, B. E. A. Saleh, Mikroskopie s kvantově provázanými fotony (Entangled-Photon
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[204] G. Björk, L. L. Sánchez-Soto, J. Söderholm, Subwavelength lithography over extended areas,

Phys. Rev. A 64, 013811 (2001)

[205] D. V. Korobkin, E. Yablonovitch, Twofold spatial resolution enhancement by two-photon expo-

sure of photographic film, Opt. Eng. 41, 1729 (2002)



194 BIBLIOGRAPHY

[206] P. Kok, S. L. Braunstein, J. P. Dowling, Quantum lithography, entanglement and Heisenberg-

limited parameter estimation, J. Opt. B: Quantum Semiclassical Opt. 6, S811 (2004)

[207] H. J. Chang, H. Shin, M. N. O’Sullivan-Hale, R. W. Boyd, Implementation of sub-Rayleigh-

resolution lithography using an N-photon absorber, J. Mod. Opt. 53, 2271 (2006)

[208] P. R. Hemmer, A. Muthukrishnan, M. O. Scully, M. S. Zubairy, Quantum Lithography with

Classical Light, Phys. Rev. Lett. 96, 163603 (2006)

[209] S. Bentley, R. Boyd, Nonlinear optical lithography with ultra-high sub-Rayleigh resolution, Opt.

Express 12, 5735 (2004)

[210] A. Pe’er, B. Dayan, M. Vucelja, Y. Silberberg, A. Friesem, Quantum lithography by coherent

control of classical light pulses, Opt. Express 12, 6600 (2004)

[211] R. W. Boyd, S. J. Bentley, Recent progress in quantum and nonlinear optical lithography, J.

Mod. Opt. 53, 713 (2006)

[212] Q. Sun, P. R. Hemmer, M. S. Zubairy, Quantum lithography with classical light: Generation of

arbitrary patterns, Phys. Rev. A 75, 065803 (2007)

[213] S. J. Bentley, Nonlinear interferometric lithography for arbitrary two-dimensional patterns, J.

Micro/Nanolithogr., MEMS, MOEMS 7, 013004 (2008)

[214] M. Kiffner, J. Evers, M. S. Zubairy, Resonant Interferometric Lithography beyond the Diffraction

Limit, Phys. Rev. Lett. 100, 073602 (2008)

[215] Z. Liao, M. Al-Amri, M. Suhail Zubairy, Quantum Lithography beyond the Diffraction Limit via

Rabi Oscillations, Phys. Rev. Lett. 105, 183601 (2010)

[216] G. S. Agarwal, M. O. Scully, Magneto-optical spectroscopy with entangled photons, Opt. Lett.

28, 462 (2003)

[217] U. W. Rathe, M. O. Scully, Theoretical basis for a new subnatural spectroscopy via correlation

interferometry, Lett. Math. Phys. 34, 297 (1995)

[218] M. I. Kolobov, The spatial behavior of nonclassical light, Rev. Mod. Phys. 71, 1539 (1999)

[219] D. Bouwmeester, Quantum physics: High NOON for photons, Nature 429, 139141 (2004)

[220] G. S. Agarwal, R. W. Boyd, E. M. Nagasako, S. J. Bentley, Comment on “Quantum Interfero-

metric Optical Lithography: Exploiting Entanglement to Beat the Diffraction Limit”, Phys. Rev.

Lett. 86, 1389 (2001)

[221] K. L. Pregnell, D. T. Pegg, Retrodictive quantum optical state engineering, J. Mod. Opt. 51,

1613 (2004)

[222] K. Wang, D.-Z. Cao, Subwavelength coincidence interference with classical thermal light, Phys.

Rev. A 70, 041801 (2004)

[223] D.-Z. Cao, K. Wang, Sub-wavelength interference in macroscopic observation, Phys. Lett. A

333, 23 (2004)

[224] J. Xiong, D.-Z. Cao, F. Huang, H.-G. Li, X.-J. Sun, K. Wang, Experimental Observation of

Classical Subwavelength Interference with a Pseudothermal Light Source, Phys. Rev. Lett. 94,

173601 (2005)



BIBLIOGRAPHY 195

[225] Y.-H. Zhai, X.-H. Chen, D. Zhang, L.-A. Wu, Two-photon interference with true thermal light,

Phys. Rev. A 72, 043805 (2005)

[226] Y.-H. Zhai, X.-H. Chen, L.-A. Wu, Two-photon interference with two independent pseudothermal

sources, Phys. Rev. A 74, 053807 (2006)

[227] D.-Z. Cao, G.-J. Ge, K. Wang, Two-photon subwavelength lithography with thermal light, Appl.

Phys. Lett. 97, 051105 (2010)

[228] R. Raber, Mathematische Struktur von Intensitäts-Korrelationsfunktionen N-ter Ordnung,
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