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Some dynamical properties for a time dependent Lorentz gas considering both the dissipative and

non dissipative dynamics are studied. The model is described by using a four-dimensional

nonlinear mapping. For the conservative dynamics, scaling laws are obtained for the behavior of

the average velocity for an ensemble of non interacting particles and the unlimited energy growth

is confirmed. For the dissipative case, four different kinds of damping forces are considered

namely: (i) restitution coefficient which makes the particle experiences a loss of energy upon

collisions; and in-flight dissipation given by (ii) F ¼ �gV2; (iii) F ¼ �gVl with l 6¼ 1 and l 6¼ 2

and; (iv) F ¼ �gV, where g is the dissipation parameter. Extensive numerical simulations were

made and our results confirm that the unlimited energy growth, observed for the conservative

dynamics, is suppressed for the dissipative case. The behaviour of the average velocity is described

using scaling arguments and classes of universalities are defined. VC 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.3697392]

We revisit the problem of non-interacting particles in a

time dependent Lorentz gas. We describe the model by

using a four dimensional nonlinear map. As it is known,

the phase space of the Lorentz gas with static scatterers is

fully chaotic and the velocity of the particle is constant.

However, when a time dependent perturbation is intro-

duced to the boundary, the energy is no longer conserved

and the unlimited energy growth is observed for the con-

servative case. On the other hand, our results show that

when dissipation is introduced into the system, either by

collisional dissipation or dissipation during the flight, the

unlimited energy growth is no longer observed. Depend-

ing on the strength of the dissipation and considering

short time, the average velocity can either grows and

reaches a constant plateau or decays until the particle

reaches the state of rest. For the cases, when the dynam-

ics does not stop between the scatterers, the behaviour of

the average velocity is described by using scaling argu-

ments and once the scaling exponents are known, classes

of universalities are defined.

I. INTRODUCTION

In 1949, Enrico Fermi,1 as an attempt to explain the ori-

gin of cosmic acceleration, proposed that charged particles

could be accelerated by collision/iteraction with time de-

pendent magnetic structures. Since then, many models have

been proposed in order to understand Fermi’s idea.2–5 One of

the most studied versions of the problem is the one-

dimensional Fermi-Ulam model (FUM).6–10 The model con-

sists basically of a classical particle confined and bouncing

between two rigid walls, one of them is assumed to be fixed

and the other one moves according to a periodic function.

For such a system, it is known that the phase space, in the ab-

sence of dissipation, is mixed, in the sense that depending on

the combinations of control parameters and initial condi-

tions, Kolmogorov-Arnold-Moser (KAM) islands, invariant

spanning curves and chaotic seas are all observed. In such a

model, the existence of a set of invariant spanning curves

limiting the size of the chaotic sea prevents the unlimited

energy growth of the particle.11–14 On the other hand, an al-

ternative model was proposed by Pustylnikov15,16 which

consists of a classical particle bouncing in a vertical moving

platform, having, instead of a fixed wall, an constant gravita-

tional field working as returning mechanism.17–22 For such a

system and for specific combinations of both control parame-

ters and initial conditions, the phenomenon of unlimited

energy growth can be observed due to the loss of correlation

between two collisions.

A natural extension of the one-dimensional billiard

models are the two-dimensional billiard systems.23–27 From

the mathematical point of view, a billiard is defined by a

connected region Q � RD, with boundary @Q � RD�1 which

separates Q from its complement. Basically, they are settled

in three classes, namely (i) integrable, (ii) ergodic, and (iii)

mixed. In case (i), the phase space consists of invariant tori

filling the entire phase space and two examples are the circu-

lar28 and the elliptical.29 In case (ii), two examples are the

Bunimovich stadium30 and the Sinai billiard,31 in such a

cases, the time evolution of a single initial condition is
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enough to fill the entire phase space. Finally, case (iii),

mixed type systems, in such a case, chaotic seas are gener-

ally surrounding KAM islands and invariant curves are

observed32–40 (and references in therein). If a time dependent

perturbation is introduced in the boundary, @Q ¼ @QðtÞ, the

system exchanges energy/velocity with the particle upon col-

lision. Such a type of systems have been studied a lot in the

last years in order to understand the phenomenon known as

Fermi acceleration i.e., unlimited energy growth.41 Accord-

ing to the conjecture proposed by Loskutov-Ryabov-Akin-

shin conjecture42 (known as LRA conjecture), the existence

of a chaotic component in the phase space is a sufficient con-

dition to observe Fermi acceleration when a time dependent

perturbation is introduced to the boundary. However, recent

results show that the existence of a chaotic component is a

sufficient, but not necessary condition for Fermi acceleration

since the unlimited energy growth was recently observed for

a time dependent elliptical billiard.43–45 As it is known, the

elliptical billiard with static boundary is an integrable system

whose the integrability comes from the conservation of

energy and the angular momentum with respect to the two

foci.25 However, when time dependent perturbation is intro-

duced into the system, the separatrix is destroyed given place

to a stochastic layer and trajectories confined inside the sepa-

ratrix (librators) can now explore the region outside the sepa-

ratrix (rotators). This change of behaviour is the mechanism

which produces Fermi acceleration.43 Once the unlimited

energy growth is observed, a natural question is what is the
consequence of the introduction of dissipation into the sys-
tem? According to the conjecture proposed by Leonel,46 the

phenomenon of Fermi acceleration is not structurally stable

and the introduction of dissipation is a sufficient condition to

suppress the unlimited energy growth.

In this sense, we revisit the problem of a Lorentz gas

seeking to understand and describe some dynamical proper-

ties of the average velocity for an ensemble of non interact-

ing particles as a function of both the control parameters and

number of collisions of the particles with the boundary. First,

we assume two square lattices of disks,47–49 the distance

between the center of the scatterers is fixed and equals to the

unity. The scatterers of one of the square lattice have radius

ra, on the other hand, the disks of the second lattice have ra-

dius rb, such as rb < ra, and they are placed between four

scatterers of radius ra. Additionally, we assume that the cen-

ter of mass of the scatterers does not move, however, the

size of the scatterers increase and decrease according to a

periodic function. We call such mode as the breathing geom-

etry. The study is carried out considering the conservative as

well as the dissipative dynamics. For the latter, four cases

are taken into account, namely, one collisional dissipation

and three dissipative laws for the case of in-flight dissipation,

namely, (i) F ¼ �gV2; (ii) F ¼ �gVl with l 6¼ 1 and l 6¼ 2;

(iii) F ¼ �gV, where g is the dissipation parameter. For all

of them, we study the behaviour of the average velocity for

an ensemble of non interacting particles. Our results show

that for the conservative dynamics, the unlimited energy

growth is observed, therefore, confirming the LRA-

conjecture. However, for the dissipative dynamics and for

some cases and for short number of collisions, the average

velocity grows according to a power law and after a charac-

teristic crossover number it remains constant. Therefore, the

introduction of dissipation is a sufficient condition to sup-

press the unlimited energy growth. On the other hand, if the

dissipation is strong enough, even for high initial velocities,

the average velocity may decays until the particle reaches

the state of rest and stop between the scatterers.

The paper is organized as follows. In Sec. II, we

describe all the necessary details to obtain the four-

dimensional map that describes the dynamics of the system

for the conservative as well as the case of collisional dissipa-

tion. Section III is devoted to the cases of in-flight dissipa-

tion. The four dimensional mapping is obtained and

numerical results are discussed. Finally, conclusions are

drawn in Sec. IV.

II. A TIME DEPENDENT LORENTZ GAS WITH
BREATHING GEOMETRY

In this section, we discuss all the details needed for the

construction of a non-linear map that describes the dynamics

of the problem. The model consists of a classical particle of

mass m experiencing collisions with time dependent circular

scatters of two different sizes as shown in Fig. 1. The system

is described in terms of a four dimensional mapping

Tðhn; bn; j~Vnj; tnÞ ¼ ðhnþ1; bnþ1; j~Vnþ1j; tnþ1Þ, where the dy-

namical variable hn denotes the direction of the trajectory; bn

is the impact parameter; j~Vnj is the absolute velocity of the

particle after collision, and tn is the time. The dynamics starts

in the scatter in the center and we specify the scattered hit in

the collision nþ 1 by sn ¼ 0; :::; 7 and introduce lðsnÞ for the

distance of this scatterer and the scatterer hit at the collision

nþ 1. lðsnÞ can take the values of 1 and
ffiffiffi
2
p

for even and odd

values of sn for collisions with the scatter with radius R(t)
and

ffiffiffi
2
p

=2 for collisions with the scatters with radius r(t). It

is important to notice that if after leaving the scatter in the

FIG. 1. Illustration of the configuration for the time dependent Lorentz gas.

026123-2 D. F. M. Oliveira and E. D. Leonel Chaos 22, 026123 (2012)

Downloaded 07 Nov 2012 to 131.188.201.33. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions



center (the black one), the particle hits the green scatter [r(t)]

for the next collision the reference frame is moved.

There are many different ways to introduce time-

dependent perturbation, in particular, we consider the case

where the size of each circle increases and decreases periodi-

cally in time, we call this as breathing geometry. The radii in

polar coordinates, are given by

RðtÞ ¼ ra þ �1½1þ cosðtÞ�; (1)

rðtÞ ¼ rb þ �2½1þ cosðtÞ�; (2)

where �1 and �2 are the amplitudes of the time-dependent

perturbation, ra and rb are constraints such as ra > rb, and t
is the time. We now describe all the details to obtain the

mapping. Here, we assume a collision between scatters with

R(t) (see Fig. 1), however an extension for collisions

between black, R(t), and green scatters, r(t), is straightfor-

ward. Assuming that an initial condition ðhn; bn; j~Vnj; tnÞ is

given, we can obtain the equation that describes the dynam-

ics of the system. The cartesian components of RðtnÞ are

given by

Xðdn; tnÞ ¼ f1þ �1½1þ cosðtnÞ�gcosðdnÞ; (3)

Yðdn; tnÞ ¼ f1þ �1½1þ cosðtnÞ�gsinðdnÞ: (4)

where dn ¼ p=2þ hn þ arcsin½�bn=RðtÞ� is the position of

the particle on the boundary at nth collision as can be seen in

Fig. 2(a). Starting at the position ½Xðdn; tnÞ; Yðdn; tnÞ�, it is

easy to see that the angle the particle’s trajectory forms with

the horizontal is ðhn þ p=2Þ [see Fig. 2(a)]. So, the vector ve-

locity of the particle is written as

~Vn ¼ j~Vnj½cosðhn þ p=2Þî þ sinðhn þ p=2Þĵ �; (5)

where î and ĵ represent the unit vectors with respect to the X

and Y axis, respectively. The above expressions allow us to

obtain the position of the particle as a function of time for

t � tn

XpðtÞ ¼ Xðdn; tnÞ þ j~Vnjcosðhn þ p=2Þðt� tnÞ; (6)

YpðtÞ ¼ Yðdn; tnÞ þ j~Vnjsinðhn þ p=2Þðt� tnÞ: (7)

The index p denotes that such coordinates correspond

to the particle. In order to know the position of the

particle at ðnþ 1Þth collision, we need to solve numeri-

cally

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½lx � XpðtÞ�2 þ ½ly � YpðtÞ�2

q
¼ RðtÞ. This condition

essentially means that the position of the particle is the

same as the scatter and gives the instant of the collision.

Additionally, lx and ly are the X and Y components of

lðsnÞ and this distance is measured from the origin of the

coordinates system to the center of the sn ¼ 0; :::; 7 scatter

at ðnþ 1Þth collision and it takes different values accord-

ing to sn. Since the position of the particle at the collision

ðnþ 1Þth is already known, one can easily obtain the

distance between two successive impacts which is

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½XpðtÞ � Xðdn; tnÞ�2 þ ½YpðtÞ � Yðdn; tnÞ�2

q
. Once the

velocity is constant between collisions, the time at the

collision ðnþ 1Þth is obtained evaluating the expression

tnþ1 ¼ tn þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DX2 þ DY2
p

j~Vnj
: (8)

where DX ¼ XpðtÞ � Xðdn; tnÞ and DY ¼ YpðtÞ � Yðdn; tnÞ.
The impact parameter, bnþ1, which is perpendicular to the

particle’s trajectory, is obtained geometrically as can be seen

in Fig. 2(b) and it is written as

bnþ1 ¼ bn � lðsnÞsin hn �
psn

4

� �
: (9)

Moreover, since tnþ1 and bnþ1 are already known, the new

direction of the trajectory, hnþ1 [see Fig. 2(c)], is given by

hnþ1 ¼ pþ hn þ 2arcsin
bnþ1

Rðtnþ1Þ

� �
: (10)

We already know ðhnþ1; bnþ1; tnþ1Þ, however we still have to

find j~Vnþ1j. Since the reference frame of the boundary is

moving, at the instant of the collision, and according to our

construction, the following conditions must be satisfied:

~V
0
nþ1 � ~Tnþ1 ¼ c~V

0
n � ~Tnþ1; (11)

~V
0
nþ1 � ~Nnþ1 ¼ �d~V

0
n � ~Nnþ1; (12)

where c 2 ½0; 1� and d 2 ½0; 1� are damping coefficients.

They mean that the particle has a fractional loss of energy

upon each collision. The complete inelastic case occurs

when c ¼ d ¼ 0. On the other hand, when c ¼ d ¼ 1 corre-

sponds to the conservative case. The upper prime indicates

that the velocity of the particle is measured with respect to

the reference frame of the moving boundary.

Hence, after some easy algebra, one can find that

FIG. 2. (a) Position of the particle on

the boundary for each collision; (b) bnþ1

on bn and hn; dependence of (c) hnþ1 on

bnþ1 and hn.

026123-3 D. F. M. Oliveira and E. D. Leonel Chaos 22, 026123 (2012)

Downloaded 07 Nov 2012 to 131.188.201.33. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions



~Vnþ1 � ~Tnþ1 ¼ cj~Vnj sinð�Þ � ð1� cÞ�1sinðtnþ1Þ; (13)

~Vnþ1 � ~Nnþ1 ¼ �dj~Vnj cosð�Þ þ ð1þ dÞ�1sinðtnþ1Þ; (14)

where � ¼ arcsin½�bnþ1=Rðtnþ1Þ�. Finally, the velocity of

the particle at ðnþ 1Þth collision is given by

j~Vnþ1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½~Vnþ1 � ~Tnþ1�2 þ ½~Vnþ1 � ~Nnþ1�2

q
: (15)

Now, we are able to describe the behaviour of a time depend-

ent Lorentz gas with breathing time dependent perturbation.

A. Numerical results

In this section, we present our numerical results for a

time-dependent Lorentz gas. We discuss basically the behav-

iour of the average velocity of the particle as a function of

the number of collisions with the time dependent scatters.

Considering the conservative dynamics ðc ¼ d ¼ 1Þ, we

study the influence of the initial velocity on the behaviour of

the average velocity. On the other hand, for the dissipative

dynamics, we consider different values of the dissipation pa-

rameter along the normal component of the velocity of the

particle d 6¼ 1. Therefore, we apply two different procedures

to obtain the average velocity. First, we evaluate the average

velocity over the orbit for a single initial condition which is

defined as

Vi ¼
1

nþ 1

Xn

j¼0

Vi;j; (16)

where the index i corresponds to a sample of an ensemble of

initial conditions and the average velocity over an ensemble

of initial conditions is written as

�V ¼ 1

M

XM

i¼1

Vi; (17)

where M¼ 1000 denotes the number of different initial

conditions.

1. Scaling invariance for different initial velocities

As part of our numerical results, in this section, we dis-

cuss the influence of the initial velocity on the behaviour of

the average velocity, thus our main goal is to describe a scal-

ing invariance observed for the conservative dynamics.50

Therefore, we assume c ¼ d ¼ 1 in Eqs. (11) and (12).

Figure 3 shows the behavior of the average velocity as a

function of the number of collisions for ten different initial

velocities. The control parameters used in Fig. 3 were

ra ¼ 0:45; rb ¼ 0:23; �1 ¼ 1:2� 10�2, and �2 ¼ 10�3. For

each curve, we fixed V0 and the other variables were chosen

randomly in the interval t 2 ½0; 2p�; h 2 ½0; 2p�, and

b 2 ½�ra; ra�. As one sees, all curves of the average velocity

behave quite similarly. For short n, the average velocity

remains constant, however, after a characteristic number nx

denoted as crossover number, all the curves start to grow

together with the same slope.51 Based on such behaviour, we

propose the following:

(1) When n� nx, the average velocity behaves according to

�Vip / Va
0 ; (18)

where ip means initial plateau and a is the exponent of

the initial plateau. By construction, it must be a ¼ 1;
(2) For n	 nx, the average velocity is given by

�V / nb; (19)

where b is the acceleration exponent; and

(3) The crossover number that marks the change from con-

stant velocity to the growth regime is written as

nx / Vz
0; (20)

where z is the crossover exponent.

After considering the above initial assumptions, we sup-

pose that the behaviour of the average velocity can be

described in terms of a scaling function of the type

�VðV0; nÞ ¼ s �VðspV0; s
qnÞ; (21)

where p and q are scaling exponents that in principle must be

related to a; b, and z, and s is the scaling factor. Given that s
is a scaling factor, we can chose spV0 ¼ 1, then we have

s ¼ V
�1=p
0 . Moreover, Eq. (21) can be rewritten as

�VðV0; nÞ ¼ V
�1=p
0

�V1ðV�q=p
0 nÞ; (22)

where the function �V1 is defined as �V1ðV�q=p
0 nÞ ¼

�Vð1;V�q=p
0 nÞ and is assumed to be constant for n� nx.

Comparing Eqs. (18) and (22), it is easy to see that

a ¼ �1=p. On the other hand, choosing now s ¼ n�1=q, Eq.

(21) can be rewritten as

�VðV0; nÞ ¼ n�1=q �V 2ðn�p=qV0Þ; (23)

where the function �V2 is defined as �V2ðn�p=qV0Þ
¼ �Vðn�p=qV0; 1Þ. It is also assumed to be constant for

FIG. 3. Behaviour of �V � n for ten different initial velocities. The control

parameters used were ra ¼ 0:45; rb ¼ 0:23; �1 ¼ 1:2� 10�2; and �2 ¼ 10�3.
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n	 nx. Comparing Eqs. (19) and (23), we find b ¼ �1=q.

Finally, the expression for z, namely, the crossover exponent,

can be obtained by using the two different expressions of the

scaling factor s, thus one obtain

z ¼ a
b
: (24)

Observe that the scaling exponents are determined if the

exponents a and b are numerically obtained. The accelera-

tion exponent b is obtained from a power law fitting for the

average velocity when n	 nx. Thus, an average of these

values gives us b ¼ 0:503ð3Þ. Figure 4 shows the behaviour

of (a) �Vip vs: V0 and (b) nx vs: V0. After power law fittings,

we obtain a ¼ 0:9995ð1Þ ffi 1 and z ¼ 1:986ð3Þ ffi 2. The

crossover exponent z can also be obtained analytically by

using the previous values of the acceleration exponent b and

the exponent of the initial plateau a and Eq. (24). So, we find

that z¼ 1.987(9) which is in excellent agreement with our

numerical data.

Once all the exponents are known, a final confirmation

of the scaling behavior is given by the overlap of all the

curves of the average velocity onto a single plot, as shown in

Fig. 5. Such overlap confirms that the behaviour of the aver-

age velocity is scaling invariant under specific transforma-

tions. Additionally, such a result allows us to make a

connection with Ref. 52, where the arrangement of the scat-

ters, and the time dependent perturbation is different from

the present here. In Ref. 52, it is considered that the size of

the scatters are all the same and does not change in time,

but the position of the center of mass of each scatter does. It

moves harmonically to the right and to the left, up and down,

or as a combination of both (diagonal). However, the results

presented in Ref. 52, and the results studied here for the con-

servative dynamics generates the same scaling exponents,

namely, a � 1; b � 0:5; and z � 2. Therefore, we conclude

that the scaling invariance (and the scaling exponents) does

not depend neither on the arrangement of the scatters nor the

time dependent perturbation.

2. Scaling invariance for the case of collisional
dissipation

In this section, we present our results for the dissipative

dynamics of a time dependent Lorentz gas. Our main goal

is to understand the influence of dissipation, namely, colli-

sional dissipation, on the behaviour of the average velocity

of the particle as a function of the number of collisions with

the time dependent scatters. However, considering different

values for the damping coefficient along the normal compo-

nent of the particle’s velocity, d. Additionally, the dissi-

pation parameter for the tangential component of the

particle’s velocity was fixed as c ¼ 1. Here, we use a scal-

ing formalism in order to describe the transition from

unlimited to limited energy growth. Indeed, such a transi-

tion happens when the dissipation parameter d! 1, how-

ever it is better characterized by choosing the following

transformation d! ð1� dÞ.
To obtain the average velocity, we fixed the control pa-

rameters ra ¼ 0:45 and rb ¼ 0:23 and each initial condition

has a fixed initial velocity, V0 ¼ 10�3 and ðh0; b0; t0Þ were

randomly chosen in the interval h 2 ½0; 2p�; t 2 ½0; 2p�; and

b 2 ½�ra; ra�.
Figure 6 shows the behaviour of the average velocity as

function of the number of collisions for different values of

the damping coefficient d. Observe that, for different values

of d and for small number of collisions, all the curves for the

average velocity start to grow with the same exponent and

they bend towards a regime of saturation for large enough

values of n. We see also that the stronger the dissipation, the

FIG. 4. (a) Behaviour of the velocity of the initial plateau Vip as a function

of V0, where a ¼ 0:9995ð1Þ. (b) Behaviour of the crossover as a function of

the initial velocities. A power law fitting gives us z¼ 1.986(3).

FIG. 5. Overlap of ten curves of the average velocity with different initial

velocities onto a single and universal plot.
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faster is the saturation. The changeover from growth to the

saturation is marked by a typical crossover number nx

obtained by the intersection of the acceleration line and

the saturation line. We propose the following scaling

hypotheses:

(1) When n� nx, the average velocity is

�V / nb; (25)

where b is the acceleration exponent;

(2) For long time, n	 nx, the average velocity approaches a

regime of saturation, which is described as

�Vsat / ð1� dÞa; (26)

where a is the saturation exponent; and

(3) The crossover number that marks the transition from

growth to the constant velocity is written as

nx / ð1� dÞz; (27)

where z is the crossover exponent.

After an extensive numerical investigation along the

range d 2 ½0:99; 0:999999�, we obtain that b ¼ 0:503ð4Þ.
The saturation exponent a is obtained by a power law fitting

for the value of the saturation velocity as a ¼ �0:5033ð2Þ.
Finally, the crossover exponent z is obtained by a power law

fitting for the value of the crossover number as a function of

ð1� dÞ as z¼�1.000(5). The crossover exponent can also

be obtained analytically given that the acceleration expo-

nents and the saturation exponent are known. Using similar

procedure as made in Sec. II A 1, we have

z ¼ a
b
¼ �1:000ð8Þ; (28)

which is in good agreement with the value obtained numeri-

cally. Once all the exponents are known, a confirmation of

the initial hypotheses is made overlapping all curves of
�V vs: n onto a single plot as shown in Fig. 7. Such a result

allows us to confirm that the system is scaling invariant

under a specific transformation and also that the introduction

of collisional dissipation causes a drastic change in the

behavior of �V . The unlimited energy growth present in the

conservative dynamics is no longer observed. Observe that

both a and z are negative, which lead to Vsat /
ð1� dÞ�0:5033ð2Þ

and nx / ð1� dÞ�1:000ð5Þ
. Note that when

d! 1 implies that �Vsat !1 and nx !1, too, thus recov-

ering the results for the conservative case, i.e., Fermi acceler-

ation. However, when d is slightly smaller than 1, it implies

that the system possesses a characteristic saturation value
�Vsat and a crossover iteration number nx. Our results for a

two dimensional time-dependent billiard confirm that colli-

sional dissipation is a sufficient condition to suppress the

unlimited energy growth. Additionally, given that the values

of the exponents are: the acceleration exponent b � 0:5, the

saturation exponent a � �0:5, and the crossover exponent

nx � �1, we conclude that, in spite of all their differences,

the time dependent Lorentz gas with collisional dissipation

belongs to the same class of universality of the one dimen-

sional bouncer model.53 Additionally, such results reinforce

the scaling exponents neither depend on the arrangement of

the scatters nor the time dependent perturbation, since such

exponents were the same observed in Ref. 52 for the dissipa-

tive dynamics.

III. IN-FLIGHT DISSIPATION

In this section, we consider a Lorentz gas with the

same kind of time dependent perturbation as presented in

Sec. II A 2, however instead of consider inelastic collisions,

we introduce in-flight dissipation into the model. First, we

assume that the particle is immersed and moving in a fluid.

Thus, the dissipation considered is proportional to a power

of the velocity of the particle V. We consider three different

types of dissipation laws, namely: (1) F ¼ �g
0
V2 and (2)

F ¼ �g
0
Vl with l 6¼ 1 and l 6¼ 2; and (3) F ¼ �g

0
V, where

g0 is the dissipation parameter. Again, we have a two dimen-

sional system described in terms of a four dimension nonlin-

ear map. The expressions for both bnþ1 and hnþ1 do not

change, and they are given by Eqs. (9) and (10), respectively.

However, ðVnþ1; tnþ1Þ must be found. To obtain the equation

FIG. 6. Behaviour of �Vvs: n for different values of d, as labeled in the

figure.
FIG. 7. Overlap of different curves of the average velocity as a function of

the number of collisions for ten different values of the dissipation parameter

d onto a single plot. Here, we have considered the case of collisional

dissipation.

026123-6 D. F. M. Oliveira and E. D. Leonel Chaos 22, 026123 (2012)

Downloaded 07 Nov 2012 to 131.188.201.33. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/about/rights_and_permissions



that describes the velocity of the particle along its trajectory,

we have to solve Newton’s equation. Here, we explain in

details the procedure to obtain the map for case (i), however,

the extension for cases (ii) and (iii) is straightforward. Thus,

we have F ¼ �g0V2 ¼ mdV=dt with the initial velocity

j~Vnj > 0, and g0 is the coefficient of the drag force. After

introducing the variables g0=m ¼ g, we obtain the velocity of

the particle as function of time as

j~VpðtÞj ¼
Vn

1þ Vngðt� tnÞ
; (29)

where Vn ¼ j~Vnj. The particle travels on a straight line until

it hits one of the other 12 neighboring scatters. Integration of

Eq. (29) gives that the displacement of the particle is given

by

rðtÞ ¼ ln½1þ Vngðt� tnÞ�
g

: (30)

Observe that the dissipation does not stop the dynamics of

the particle, since r(t) grows as the time increases, t > tn.

The dynamics of the particle is followed by molecular dy-

namics until the particle hits the scatter. The time at that

point is obtained evaluating tnþ1 ¼ tn þ tc, where tc is the

time during the flight. To obtain the new velocity, we should

note that the referential frame of the boundary is moving,

then, at the instant of the collision, the following conditions

must be satisfied:

~V
0
nþ1 � ~Tnþ1 ¼ ~V

0
p � ~Tnþ1; (31)

~V
0
nþ1 � ~Nnþ1 ¼ �~V

0
p � ~Nnþ1; (32)

where the upper prime indicates that the velocity of the parti-

cle is measured with respect to the moving boundary referen-

tial frame, and the vectors ~T and ~N are the unitary tangent

and normal vectors, respectively. Hence, one can easily find

that

~Vnþ1 � ~Tnþ1 ¼ j~Vpj sinð�Þ; (33)

~Vnþ1 � ~Nnþ1 ¼ �j~Vpj cosð�Þ þ 2�1 sinðtnþ1Þ; (34)

where � ¼ arcsin½�bnþ1=Rðtnþ1Þ�.
Finally, the velocity at ðnþ 1Þth collision is given by

j~Vnþ1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~Vnþ1 � ~Tnþ1Þ2 þ ð~Vnþ1 � ~Nnþ1Þ2

q
: (35)

With this four dimensional mapping, we can explore now nu-

merical results for the dynamics of the particle experiencing

dissipation during the flight.

A. Numerical results for the case of in-flight
dissipation

In this section, we discuss our numerical results for the

time-dependent Lorentz gas considering the effects of in-

flight dissipation. The procedure applied is the same used in

the previous sections, mainly we consider the behaviour of

the average velocity for an ensemble of M ¼ 103 initial con-

dition (see Eqs. (16) and (17)) as a function of the number of

collision considering different values of the parameter g. In

our simulation, we have considered g 2 ½10�4; 10�2� and

fixed V0 ¼ 10�3, randomly chosen t 2 ½0; 2p�; h 2 ½0; 2p�;
and b 2 ½�ra; ra�, and ra ¼ 0:45; rb ¼ 0:23; �1 ¼ 1:2� 10�2,

and �2 ¼ 10�3.

1. Numerical results for the case F ¼ 2gV 2

Figure 8 shows the behaviour of the average velocity as

a function of the number of collisions for different values of

g. Observe that, for short n, all the average velocity for dif-

ferent values of g starts to grow together and then it bends

towards a regime of saturation for long enough values of n.

Additionally, the stronger is the dissipation, the faster is the

saturation regime. The behavior observed in Fig. 8 can be

described by

(1) When n� nx, the average velocity is

�Vðn; gÞ / nb; (36)

where the exponent b is called the acceleration exponent.

(2) When n	 nx, the average velocity is described as

�Vsat / ga; (37)

where a is the saturation exponent.

(3) The change from growth to the saturation ðn � nxÞ is

supposed to scale as

nx / gz; (38)

where z is called the crossover exponent.

A power law fitting in Fig. 8 for n� nx gives us that

b ¼ 0:501ð4Þ. Such value was obtained from the range of

g 2 ½10�4; 10�2�. The saturation exponent a ¼ 0:501ð2Þ is

obtained by a power law fitting of Vsat vs: g, and the crossover

exponent z¼�1.000(3) is obtained by a power law fitting of

FIG. 8. Behaviour of �Vvs: n for the case F ¼ �gV2 for different values of

g, as labeled in the figure.
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nx vs: g and, therefore, is very close to z ¼ a=b ¼ �1:00ð1Þ.
Finally, a confirmation of the initial hypotheses is made by

the overlap of all the curves of �V vs: n onto a single plot as

shown in Fig. 9. With this overlap of all the curves of the av-

erage velocity and considering that values for the exponents

are b ffi 0:5, a ffi �0:5, and z ffi �1, we can conclude that the

dissipative one dimensional bouncer model,53 the time de-

pendent Lorentz gas with collisional and of in-flight dissipa-

tion due to a drag force (F ¼ �gV2) and the dissipative time

dependent oval billiard also under the effects of dissipation

due to a drag force54 belong to the same class of universality.

Additionally, the introduction of in-flight dissipation due to a

drag force is also a sufficient condition to suppress the unlim-

ited energy growth.

2. Numerical results for the case F ¼ 2gV l with 1<l < 2

In this section, we consider the case (ii), i.e., F ¼ �gVl

with 1 < l < 2. Solving Newton’s law F ¼ �gVl ¼ dV=dt
with the Vn > 0, we obtain the velocity of the particle as

function of time as

VpðtÞ ¼ ½V1�l
n � gð1� lÞðt� tnÞ�

1
1�l; (39)

where Vn ¼j ~Vn j; t > tn and l 6¼ 1. The displacement of the

particle is obtained by the integration of dr=dt ¼ VpðtÞ,
which gives

rðtÞ ¼ V2�l
n

gð2� lÞ �
½V1�l

n � gð1� lÞðt� tnÞ�
2�l
1�l

gð2� lÞ ; (40)

with t > tn; l 6¼ 1, and l 6¼ 2. The limit of l! 1 and l! 2

in Eqs. (39) and (40) can be obtained easily. First, let us con-

sider the case of l! 2, thus, expanding Eqs. (39) and (40)

in series and taking only terms of first order, we obtain

VpðtÞ ¼
Vn

1þ Vngðt� tnÞ
þ�ðl� 2Þ (41)

rðtÞ ¼ ln½1þ Vngðt� tnÞ�
g

þ�ðl� 2Þ; (42)

which corresponds to the case F ¼ �gV2, considered in

Sec. III A 1. On the other hand, considering now the limit

case of l! 1 and proceeding in the same way, we obtain

VpðtÞ ¼ Vne�gðt�tnÞ þ�ðl� 1Þ; (43)

rðtÞ ¼ Vn
½1� e�gðt�tnÞ�

g
þ�ðl� 1Þ: (44)

The above expressions, as we will see, correspond to the

case F ¼ �gV and will be treated in Sec. III A 3. Here, it is

important to emphasize that depending on the control param-

eter l, the dissipation stops completely the dynamics of the

particle. In order to illustrate such a behaviour, we show in

Fig. 10 the fraction of initial conditions that come to stop (f)

as a function of the control parameter l. The function f is

obtained by using an ensemble of 1000 initial conditions

(see Eqs. (16) and (17)) iterated up to n ¼ 106. We fixed

V0 ¼ 10 and g ¼ 10�2, and the other variables were chosen

randomly in the interval t 2 ½0; 2p�; h 2 ½0; 2p�; and

b 2 ½�ra; ra�. Observe that for values of l < 1:26, all the

particles stop and on the other hand, for values of l > 1:49,

none of the initial conditions reach the rest due to the

dissipation, at least for n ¼ 106 and for values of

1:26 < l < 1:49, the function f decays monotonically, as

shown in Fig. 10. Therefore, let us extend our results pre-

sented in the Sec. III A 1 for the case F ¼ �gV2. Here, we

study the behaviour of the average velocity as a function of

the number of collisions with the time dependent scatters

considering different values for the coefficient of the dissipa-

tive force g as well as different values of l. We performed

our simulations for values of l 2 ½1:5; 1:99� and observed a

similar behaviour as shown in Fig. 8, and such a behaviour

can be describe by using the scaling hypotheses given by

Eqs. (36)–(38). The acceleration exponent is b � 0:5 for all

the values of l. However, the saturation exponent a and the

crossover exponent z are rather different. Table I shows the

value for the exponents b; a and the numerical value of z as

well as the values obtained by using the expression z ¼ a=b,

FIG. 9. Overlap of different curves of the �V for seven different values of the

dissipation parameter g onto a single plot for the case F ¼ �gV2.

FIG. 10. Fraction of initial conditions that came to stop (f) as a function of

l. Here, we have considered in our simulations g ¼ 10�2 and n ¼ 106 colli-

sions. Observe that for values of l < 1:26, all the particles stop, and on the

other hand, for values of l > 1:49, none of the initial conditions reach the

rest due to the dissipation, at least for n ¼ 106.
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and as can be seen, they are in perfect agreement. Note also

that, as l! 2, the exponent a! �0:5 and z! �1. Finally,

in order to confirm our scaling hypotheses and the validity of

our exponents, we show in Fig. 11 an overlap of seven

curves for the average velocity considering different values

of the dissipation parameter g and for four different values of

parameter l.

3. Numerical results for the case F ¼ 2gV

Finally, we consider case (iii), where F ¼ �gV. For

such a case, the velocity of the particle as a function of time

is given by

VpðtÞ ¼ Vne�gðt�tnÞ; (45)

and the distance that the particle travels is

rðtÞ ¼ Vn
½1� e�gðt�tnÞ�

g
; (46)

We have shown in Fig. 10 that the dynamics of the particle

will eventually stop for values of l < 1:26 (see Eqs. (39)

and (40)), therefore it is also expected to happen here. There-

fore, we have studied the behaviour of the decay of the aver-

age velocity for an ensemble of M ¼ 103 different initial

conditions for this case (see Eqs. (16) and (17)) as we did for

the previous ones. Figure 12(a) shows the behaviour of
�V vs: n for different values of g and for a fixed initial veloc-

ity V0 ¼ 10. Observe that for small number of collisions, the

decay is linear, and then there is a crossover and a faster lin-

ear decay until the dynamics completely stop after the sec-

ond crossover. It is important to mention that this second

decay is observed only for strong dissipation ðg > 10�3Þ, for

values of ðg < 10�3Þ, we can not differ the second from the

first decay. Additionally, the stronger is the dissipation,

the faster the particle comes to stop. Figure 12(b) shows the

slope of the decay for the average velocity for the first region

as a function of g. Applying a linear fit, we obtained

Y � �0:05720ð5Þg, where 5� 10�5 represents the error of

the fitting. Such a result allows us to compare our systems

with two other models, namely, the one dimensional Fermi-

Ulam model and the two-dimensional time-dependent oval

billiard. The Fermi-Ulam model55 consists of a classical

TABLE I. Exponents a; b, and z obtained for different values of l as labeled

in the table.

l b a znumerical z ¼ a=b

1.50 0.499(3) �0.679(2) �1.367(9) �1.36(1)

1.55 0.500(3) �0.652(1) �1.299(8) �1.304(9)

1.60 0.500(1) �0.629(1) �1.255(5) �1.258(4)

1.65 0.500(2) �0.622(5) �1.239(3) �1.24(1)

1.70 0.500(2) �0.596(1) �1.192(7) �1.192(6)

1.75 0.502(1) �0.568(8) �1.131(3) �1.13(1)

1.80 0.500(2) �0.560(2) �1.128(4) �1.120(8)

1.85 0.501(3) �0.550(2) �1.088(8) �1.09(1)

1.90 0.501(2) �0.526(2) �1.047(9) �1.049(6)

1.95 0.499(2) �0.516(2) �1.028(8) �1.034(8)

1.99 0.501(1) �0.505(2) �1.003(7) �1.007(6)

2.00 0.501(4) �0.501(2) �1.000(3) �1.00(1)

FIG. 11. Overlap of all the curves for the average velocity for different values for l. The control parameters used were: (a) l ¼ 1:6, (b) l ¼ 1:7, (c) l ¼ 1:8,

and (d) l ¼ 1:9. The values for the saturation exponents a and the crossover exponents z are shown in Table I.
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particle of mass m confined between two rigid walls, one of

them is assumed to be fixed, while the other one moves peri-

odically in time. For such a model, it was shown analytically

that the decay of the particle’s velocity is linearly dependent

on the dissipation parameter g, i.e., Vn / V0 � 2ng (see

Ref. 55). On the other hand, it was recently shown for the

time dependent oval billiard,54 which cloud be considered as

a generalization of the Fermi-Ulam model, that the average

particle’s velocity decays slower. However, the behaviour is

still linearly dependent on the dissipation parameter g, i.e.,

Vn / V0 � 1:5314ð3Þng (see Ref. 54). Finally, the decay of

the average velocity for the time depend Lorentz gas is also

linearly dependent on g, i.e., Vn / V0 � 0:05720ð5Þng.

Therefore, the dynamics of the particle will come to rest,

however, much slower than the two other two systems.

IV. CONCLUSIONS

We studied the problem of non-interacting particles in a

time dependent Lorentz gas considering the conservative as

well as the dissipative dynamics. Our results for the conserv-

ative dynamics confirm the unlimited energy growth of the

particle. Additionally, we have shown that the behaviour of

the average velocity can be described by using scaling argu-

ments. For the dissipative dynamics, we considered four dif-

ferent kinds of damping forces namely, one case of

collisional dissipation and three cases of in-flight dissipation,

namely, (i) F ¼ �gV2, (ii) F ¼ �gVl with l 6¼ 1 and l 6¼ 2,

and (iii) F ¼ �gV, where g is the dissipation parameter. We

have shown that the introduction of collisional dissipation is

a sufficient condition to suppress the Fermi acceleration and

that the behaviour of the average velocity for different values

of the dissipation parameter along the normal component of

the velocity is scaling invariant. Our results are compared

those obtained for other different time perturbation in the

Lorentz gas52 for two different arrangement of the scatterers

(triangular and square configuration) considering both the

conservative as well as the case of collisional dissipation.

Despite of their differences, the scaling exponents are the

same, namely: the acceleration exponent is ’ 0:5, the expo-

nent of the initial plateau ’ 1, and the crossover exponent is

’ 2 for the conservative dynamics. On the other hand, for

the case of collisional dissipation, the scaling exponents are:

the acceleration exponent ’ 0:5, the saturation exponent

’ 0:5, and the crossover exponent ’ �1. Thus, the scaling

invariance and the scaling exponents neither depend on how

the scatterers are organized nor the time dependent perturba-

tion. Finally, we considered the case of in-flight dissipation,

for all the cases, we studied the behaviour of the average ve-

locity of one ensemble of initial conditions. Our results

shown that, for some cases (l � 1:5) and for short number

of collisions, the average velocity grows according to a

power law, and after a characteristic crossover number, it

remains constant. Therefore, confirming that the introduction

of dissipation is a sufficient condition to suppress the unlim-

ited energy growth also for the case of dissipation during the

flight. On the other hand, for same cases (l < 1:5), the dissi-

pation is so strong that, even for high initial velocities, the

average velocity decay linearly until the particle come to

stop between the scatterers.
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32N. Saitô, H. Hirooka, J. Ford, F. Vivaldi, and G. H. Walker, Physica D 5,

273 (1982).
33M. Robnik, J. Phys. A 16, 3971 (1983).
34M. V. Berry and M. Robnik, J. Phys. A 17, 2413 (1984).

35M. Robnik and M. V. Berry, J. Phys. A 18, 1361 (1985).
36R. Markarian, S. O. Kamphorst, and S. P. de Carvalho, Commun. Math.

Phys. 174, 661 (1996).
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