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The multilayer multiconfiguration time-dependent Hartree (ML-MCTDH) method is applied to sim-
ulate the quantum dynamics and thermal rate constant of the Azzouz-Borgis model of proton transfer
in a polar solvent. To this end, the original atomistic potential is mapped to a system-bath model. Em-
ploying the flux correlation function formalism and importance sampling techniques, accurate quan-
tum mechanical rate constants are obtained, which provide a benchmark for evaluating approximate
approaches to study the quantum dynamics of condensed-phase chemical reactions. Furthermore, the
validity of the mapping procedure is discussed based on the comparison of the classical dynamics of
the original atomistic Azzouz-Borgis model and the mapped system-bath model. © 2011 American
Institute of Physics. [doi:10.1063/1.3624342]

I. INTRODUCTION

A central goal in chemical reaction dynamics is the accu-
rate evaluation of thermal rate constants. Among various ap-
proaches, the reactive flux correlation function formalism1, 2

offers a particularly efficient way to achieve this goal be-
cause it avoids the explicit calculation of state-to-state reac-
tion probabilities. Nevertheless, at least two major difficul-
ties arise when applying this formalism to chemical reactions
which occur in condensed-phase environments.3 The first is
that in order to evaluate the flux correlation function it is nec-
essary to propagate the real-time quantum dynamics of the
entire system. This is a demanding task for condensed-phase
chemical reactions due to the involvement of a large number
of coupled degrees of freedom.4–6 A second problem is that in
a complex molecular system a large number of thermal flux
eigenstates are in principle involved in determining the flux
correlation function,3 which makes a direct evaluation com-
putationally unfeasible.

The recently-proposed multilayer multiconfiguration
time-dependent Hartree (ML-MCTDH) approach for eval-
uating reactive quantum dynamics seeks to alleviate
both difficulties.3 Firstly, it employs the highly efficient
ML-MCTDH wavepacket propagation algorithm7, 8 in order
to describe the quantum dynamics of many coupled degrees
of freedom. Secondly, an importance sampling scheme is used
to select those thermal flux eigenstates that make significant
contributions to the flux correlation function. The approach

a)Present address: BASF SE, GVC/C - A030, D-67056 Ludwigshafen,
Germany.

b)Authors to whom correspondence should be addressed. Electronic mail:
michael.thoss@physik.uni-erlangen.de and whb@intrepid.nmsu.edu.

has been applied to two well-studied but relatively simple
test models9 of condensed-phase proton transfer reactions and
was shown to be an effective way to obtain accurate quantum-
mechanical rate constants across a wide range of physical
regimes.10

In this paper, we present an application of this method-
ology to the Azzouz-Borgis model of proton transfer in
a polar solvent.11 The reasons for studying this particular
model are twofold. Firstly, it provides a significantly more
realistic model of a condensed-phase proton transfer pro-
cess than those which were previously studied with the ML-
MCTDH approach.10 Secondly, although various approxi-
mate quantum-mechanical and quantum-classical methods
have already been applied to this model,12–18 there is con-
siderable disagreement between the resulting rate constants.
By providing an accurate quantum-mechanical evaluation,
this application of the ML-MCTDH approach to the Azzouz-
Borgis model may help in clarifying the reasons for the dif-
ferences in the previously calculated rate constants.

The rigorous application of the ML-MCTDH method to
reactive dynamics in systems with many degrees of freedom is
currently limited to Hamiltonians of a particular form – a sum
of products of single-particle operators. To apply the method
to the Azzouz-Borgis model, we use a standard protocol that
maps the complicated atomistic Hamiltonian within linear re-
sponse onto a “system-bath” model.13, 19–21 The latter is com-
posed of a reaction coordinate of interest (the “system”) cou-
pled to a “bath” of harmonic oscillators and has the required
product form.22, 23

The paper is organized as follows. The ML-MCTDH ap-
proach to simulate flux correlation functions and thermal rate
constants is summarized in Sec. II. Section III discusses the
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mapping of the original atomistic Azzous-Borgis model of
proton transfer in a polar solvent to a system-bath model.
Section IV presents the results of the ML-MCTDH calcula-
tions for the flux correlation functions and the thermal rate
constant and gives a comparison with previous results of ap-
proximate theories. In addition, the accuracy and validity of
the mapped version of the Azzouz-Borgis model is evalu-
ated by comparing its classical dynamics and classical rate
constants with those of the original atomistic Hamiltonian.
Section V concludes with a summary.

II. THE ML-MCTDH APPROACH TO CALCULATE
THERMAL RATE CONSTANTS BASED ON THE
FLUX-CORRELATION FUNCTION FORMALISM

The combination of the flux-correlation function formal-
ism with the capabilities of the ML-MCTDH method to ac-
curately treat the quantum dynamics of systems with many
degrees of freedom provides a numerically exact methodol-
ogy to calculate thermal rate constants in complex molecular
systems. The methodology and the details of implementation

have been described in Refs. 3 and 10. Here we summarize
the basic ideas and discuss some details specific to the appli-
cation considered in this work.

As in our previous work,3, 10 we adopt the following
commonly-used definition of the flux correlation function,24

Cf (t) = tr[e−βĤ/2F̂ e−βĤ/2e+iĤ t ĥ e−iĤ t ], (2.1)

where β = 1/kBT and Ĥ is the Hamiltonian. Throughout this
article we use atomic units such that ¯ = 1. In Eq. (2.1), the
side operator ĥ projects onto the product side of the chosen
reaction dividing surface and the flux operator F̂ ,

F̂ = i[Ĥ , ĥ], (2.2)

is the Heisenberg time-derivative of ĥ.
The flux correlation function is a valuable source of in-

formation on the dynamics of a reactive process. Its long-time
limit determines the experimentally measured thermal reac-
tion rate. Specifically, for a unimolecular chemical reaction
occurring in a condensed-phase environment, the forward rate
constant can be extracted from Cf (t) as10

k(T ) = 1

Qr (T )
lim
t→∞

Cf (t)

Pr (0) + [Pr (0) − 1][Qr (T )/Qp(T )] − [Qr (T )−1 + Qp(T )−1]
∫ t

0 dτ Cf (τ )
. (2.3)

Thereby, it is assumed that the long-time dynamics of the
reactive system are governed by a rate process, i.e.,

lim
t→∞

d

dt
Pr (t) = −k(T )Pr (t) + kb(T )Pp(t), (2.4)

and that the condensed-phase environment ensures that the
system eventually reaches thermodynamic equilibrium, i.e.,

k(T )

kb(T )
= Qp(T )

Qr (T )
. (2.5)

In the preceding equations, kb(T ) is the backward rate con-
stant, Qr (T ) and Qp(T ) are the reactant and product partition
functions,

Qr (T ) = tr[e−βĤ (1 − ĥ)], (2.6a)

Qp(T ) = tr[e−βĤ ĥ], (2.6b)

and Pr (t) and Pp(t) are the time-dependent populations of the
reactant and product regions of the system

Pr (t) = 1

Qr (T )
tr[e−βĤ/2(1 − ĥ)e−βĤ/2 eiĤ t (1 − ĥ)e−iĤ t ],

(2.7a)

Pp(t) = 1

Qr (T )
tr[e−βĤ/2(1 − ĥ)e−βĤ/2 eiĤ t ĥ e−iĤ t ]. (2.7b)

The expression for k(T ) that we have given here
[Eq. (2.3)] was derived only recently,10 but it reduces to a
more commonly-used form1, 25 if two conditions are met.
Firstly, there must be a significant separation between the
timescale of the reaction (τrc) and the timescales of the other

dynamical processes in the system (τmol). Then, at intermedi-
ate “plateau” times tp,

τmol � tp � τrc, (2.8)

there will have been negligible loss of reactant population26

whilst any transient structure from nonreactive molecular mo-
tion will have been quenched by decoherence.27, 28 For such
times the flux correlation function is independent of time
and the previous expression for the rate constant (Eq. (2.3))
becomes

k(T ) = 1

Qr (T )
lim
t→tp

Cf (t)

Pr (0) + [Pr (0) − 1][Qr (T )/Qp(T )]
.

(2.9)

The second condition needed for the simplification of
Eq. (2.3) is that the initial reactant population must be close to
one [Pr (0) � 1]. In this case it is clear that Eq. (2.3) reduces
to

k(T )= 1

Qr (T )
lim
t→∞

Cf (t)

1 − [Qr (T )−1 + Qp(T )−1]
∫ t

0 dτ Cf (τ )
.

(2.10)

When both conditions hold, the appropriate expression is the
commonly-used form1

k(T ) = 1

Qr (T )
lim
t→tp

Cf (t). (2.11)

Whichever expression for k(T ) is appropriate [Eq. (2.3),
Eq. (2.9), or Eq. (2.11)], it is first necessary to calculate the
flux correlation function by evaluating the trace in Eq. (2.1).
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For this purpose, a convenient choice of basis is the set of
eigenstates of the “Boltzmannized” flux operator, i.e.,

F̂β |wn〉 = fn|wn〉, (2.12)

where

F̂β = e−βĤ/2F̂ e−βĤ/2. (2.13)

In this basis the flux correlation function is

Cf (t) =
∑

n

fn〈wn(t)|ĥ|wn(t)〉, (2.14)

where the time-evolved flux eigenstates are

|wn(t)〉 ≡ e−iĤ t |wn〉. (2.15)

Considerable progress has been made over the last two
decades in simulating reactive flux correlation functions for
small gas phase reactions. The most significant methodolog-
ical advances are based on the observation that the Boltzm-
annized flux operator F̂β in Eq. (2.13) is of low rank.29–31

In particular, Manthe and co-workers32–34 have successfully
developed MCTDH-based methods to evaluate flux correla-
tion functions for various gas phase reactions. However, for
chemical reactions occurring in condensed-phase systems the
Boltzmannized flux operator is no longer of low rank. The
number of eigenstates of F̂β is so large that an evaluation
of each term in the sum of Eq. (2.14) would be impractical.
Furthermore, this direct summation of all flux eigenstates is
unnecessary since some of them make insignificant contribu-
tions to Cf (t).

Thus, rather than attempting an evaluation of Eq. (2.14),
the ML-MCTDH-based approach proposed recently3, 10 uses
an importance sampling scheme in order to focus computa-
tional resources on the significant contributions to the flux
correlation function. The first step is the definition of a
“zeroth order” Hamiltonian

Ĥ0 = ĤS + ĤB, (2.16)

in which the low-dimensionality “system” Hamiltonian (ĤS)
acts on different degrees of freedom than the Hamiltonian for
the “bath” (ĤB). Secondly, Ĥ0 is introduced into the flux cor-
relation function using 1̂ = e−βĤ0/2e+βĤ0/2 and the resulting
expression is rearranged after requiring, without loss of gen-
erality, that F̂ and ĥ only operate on the system (ĤS) degrees
of freedom. Finally, the trace is evaluated in a product basis
composed of the eigenstates of the system Boltzmannized flux
operator

e−βĤS/2F̂ e−βĤS/2|un〉 = fn|un〉, (2.17)

and the bath energy eigenstates

ĤB |k〉 = Ek|k〉. (2.18)

This leads to the final expression for Cf (t):

Cf (t) = QB(T )
∑

k

e−βEk

QB(T )

∑
n

fn

〈
�

β

n,k

∣∣e+iĤ t ĥe−iĤ t
∣∣�β

n,k

〉
,

(2.19)

where we have defined∣∣�β

n,k

〉 ≡ e−β[Ĥ−(ĤS+Ek)]/2|un〉|k〉, (2.20)

and have introduced the bath partition function

QB(T ) =
∑

k

e−βEk . (2.21)

According to Eq. (2.19) each sampled initial state ,
|un〉|k〉, must be propagated in both real and imaginary time
[Eqs. (2.19) and (2.20)] employing the of the fully-coupled
Hamiltonian Ĥ . Evaluating this time evolution is challenging
for a chemical reaction occurring in a condensed-phase envi-
ronment because a large number of coupled degrees of free-
dom are typically involved.4–6 The conventional approaches
to calculating reactive quantum dynamics,35 which were de-
veloped to treat small-molecule gas-phase reactions, are not
feasible here. The ML-MCTDH approach provides a power-
ful alternative.

The ML-MCTDH theory7 is a rigorous variational
method to propagate wave packets in complex systems with
many degrees of freedom. In this approach, the wave function
is represented by a recursive, layered expansion,

|�(t)〉 =
∑
j1

∑
j2

...
∑
jp

Aj1j2...jp
(t)

p∏
κ=1

∣∣ϕ(κ)
jκ

(t)
〉
, (2.22a)

∣∣ϕ(κ)
jκ

(t)
〉 =

∑
i1

∑
i2

...
∑
iQ(κ)

B
κ,jκ

i1i2...iQ(κ)
(t)

Q(κ)∏
q=1

∣∣v(κ,q)
iq

(t)
〉
,

(2.22b)

∣∣v(κ,q)
iq

(t)
〉 =

∑
α1

∑
α2

...
∑

αM(κ,q)

C
κ,q,iq
α1α2...αM(κ,q) (t)

M(κ,q)∏
γ=1

∣∣ξκ,q,γ
αγ

(t)
〉
,

(2.22c)

...

where Aj1j2...jp
(t), B

κ,jκ

i1i2...iQ(κ)
(t), C

κ,q,iq
α1α2...αM(κ,q) (t) etc. are the ex-

pansion coefficients for the first, second, third layers etc., re-
spectively; |ϕ(κ)

jκ
(t)〉, |v(κ,q)

iq
(t)〉, |ξκ,q,γ

αγ
(t)〉 etc. are the SPFs

for the first, second, third layers etc., respectively. The no-
tations beyond the first layer are as follows. In Eq. (2.22b)
Q(κ) is the number of (level 2) SP groups for the second
layer that belong to the κth (level 1) SP group in the first
layer, i.e., there are a total of

∑p

κ=1 Q(κ) second layer SP
groups. Continuing along the multilayer hierarchy, M(κ, q)
in Eq. (2.22) is the number of (level 3) SP groups for the third
layer that belong to the qth (level 2) SP group of the sec-
ond layer and the κth (level 1) SP group of the first layer,
resulting in a total of

∑p

κ=1

∑Q(κ)
q=1 M(κ, q) third layer SP

groups. Such a recursive expansion can be carried out to an
arbitrary number of layers. To terminate the multilayer hier-
archy at a particular level, the SPFs in the deepest layer are
expanded in terms of time-independent configurations. For
example, in the four-layer version of the ML-MCTDH the-
ory, the fourth layer is expanded in the time-independent ba-
sis functions/configurations, each of which may still contain
several Cartesian degrees of freedom.

Applying the Dirac-Frenkel variational principle,

〈δ�(t)|i ∂

∂t
− Ĥ |�(t)〉 = 0 (2.23)
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with the functional form in Eq. (2.22), the equations of motion
can be obtained as

i|�̇(t)〉L1 coefficients = Ĥ (t)|�(t)〉, (2.24a)

i
∣∣ϕ̇k(t)

〉
L2 coefficients = [1−P̂ (κ)(t)][ρ̂(κ)(t)]−1〈Ĥ 〉(κ)(t)|ϕ(κ)(t)〉,

(2.24b)

i
∣∣v̇(κ,q)(t)

〉
L3 coefficients = [

1 − P̂
(κ,q)
L2 (t)

][
�̂

(κ,q)
L2 (t)

]−1

×〈Ĥ〉(κ,q)
L2 (t)|v(κ,q)(t)〉, (2.24c)

i
∣∣ξ̇ (κ,q,γ )(t)

〉
L4 coefficients = [

1 − P̂
(κ,q,γ )
L3 (t)

][
�̂

(κ,q,γ )
L3 (t)

]−1

×〈Ĥ〉(κ,q,γ )
L3 (t)|ξ (κ,q,γ )(t)〉, (2.24d)

...

where the mean-field operators, reduced densities, and pro-
jection operators are defined in Ref. 7. For clarity we re-
fer to the top layer as the level one (L1) SP space, the sec-
ond layer as the level 2 (L2) SP space, etc. The time deriva-
tives in Eq. (2.24), denoted by a overhead dot on the left-
hand side of each equation, are meant to be carried out only
with respect to the expansion coefficients of the particular
layer which appeared in that equation. For example, the time
derivative in Eq. (2.24a) acts only on the L1 expansion coeffi-
cient Aj1j2...jp

(t); the time derivative in Eq. (2.24b) is only on

the L2 expansion coefficient B
κ,jκ

i1i2...iQ(κ)
(t); etc. Note that for a

N -layer version, there are (N + 1) levels of expansion coef-
ficients because the SPFs in the deepest layer need to be ex-
panded in time-independent basis functions/configurations. In
this sense, the conventional wavepacket propagation method
is a “zero-layer” MCTDH approach.

The inclusion of several dynamically optimized layers in
the ML-MCTDH method provides more flexibility in the vari-
ational functional, which significantly advances the capabili-
ties of performing wavepacket propagations in complex sys-
tems. This has been demonstrated by several applications to
quantum dynamics in the condensed phase including many
degrees of freedom.3, 7, 10, 36–40 Further development is being
pursued to incorporate more general forms of potential en-
ergy surfaces as well as to obtain a recursive implementation
of the ML-MCTDH with an arbitrary number of layers.41, 42

The method has also been implemented recently in the Hei-
delberg MCTDH package.43

The overall algorithm to evaluate the flux correlation
function according to Eq. (2.19) can be summarized as
follows:

� An initial state is sampled. To this end, a pseudo-
random number generator is used to sample an initial
bath state |k〉 according to the Boltzmann distribution
e−βEk/QB(T ). For the model considered in this paper
the “system” is one-dimensional such that there are
only two eigenstates in Eq. (2.17). Therefore, instead
of “sampling” the initial system state, we perform a

direct summation: the sampled bath state |k〉 is simply
combined with each of the two flux eigenstates |un=0,1〉
in turn.

� The initial state is then propagated in imaginary
time according to Eq. (2.20). This is accomplished
by setting t = −iβ in the ML-MCTDH equations of
motion.3

� The resulting state |�β

n,k〉 is propagated in real time
using the ML-MCTDH algorithm. The evolved state
e−iĤ t |�β

n,k〉 is then projected onto the product region
of coordinate space in order to construct the summand
of Eq. (2.19).

This sequence is repeated for a number of samples sufficient
to converge the summation in Eq. (2.19).

III. MAPPING OF THE AZZOUZ-BORGIS MODEL TO A
SYSTEM-BATH HAMILTONIAN

The ML-MCTDH method is a general method for wave-
packet propagation. However, it’s rigorous and efficient appli-
cation to systems with many degrees of freedom is currently
limited to systems where the Hamiltonian can be written in
the form of a sum of products of single-particle operators.
The potential in the Azzouz-Borgis model is not of this form.
To apply the ML-MCTDH method, we therefore employ a
mapping of the original Hamiltonian of the Azzouz-Borgis
model to a system-bath Hamiltonian that is tractable by the
ML-MCTDH method.

A. Mapping strategy

This section describes an established protocol for map-
ping complex atomistic Hamiltonians onto simpler “system-
bath” models using classical molecular dynamics (MD)
simulations.13, 19–21 System-bath models describe the effect of
the condensed-phase environment on the (small number of)
coordinates of interest by coupling a “system” of low dimen-
sionality to a large “bath” of harmonic oscillators.22, 23 Since
system-bath models are in the product form, the mapping pro-
cedure extends the applicability of the ML-MCTDH approach
to condensed-phase reaction systems that are not described by
the product-form Hamiltonians.

When there is just a single coordinate of interest, the
system-bath Hamiltonian is

HSB = p2
s

2ms

+Vs(s)+
N∑
j

[
P 2

j

2mj

+ 1

2
mjω

2
j

(
Qj − Fj (s)

mjω
2
j

)
2

]
,

(3.1)

where s and Qj are position coordinates for the system and
the j th bath mode respectively, and ps and Pj are the conju-
gate momenta. The mass of the system is given by ms , and mj

denotes the mass of the j th bath mode. Since we are presently
concerned with studying chemical reaction processes, the co-
ordinate of interest (s) will be a reaction coordinate, the po-
tential energy along which is described by the function Vs(s).
In this work we assume bilinear system-bath coupling, such
that Fj (s) = cj s. The coupling coefficients ({cj }) and bath
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frequencies ({ωj }) are combined in the spectral density

J (ω) = π

2

N∑
j=1

c2
j

mjωj

δ(ω − ωj ), (3.2)

which comprises all information of the bath that influences
the dynamics of the reaction coordinate s.

Having briefly introduced the system-bath model, now
consider the case where we have some complicated atomistic
Hamiltonian providing a reasonably realistic description of a
chemical reaction of interest, but which is not in product form.
In order to map this Hamiltonian onto the system-bath model
(thus enabling the application of the ML-MCTDH approach)
two issues must be resolved. The first of these is the precise
identity of the potential energy function Vs(s). This is revealed
by considering that within the system-bath model the force
on s,

Fs(s) = − ∂HSB

∂s
= − dVs(s)

ds
+

N∑
j

[
cjQj − c2

j s

mjω
2
j

]
,

(3.3)

when averaged over the bath modes (at some fixed s = s∗), is:

〈Fs(s
∗)〉 ≡ tr[e−βHSB δ(s − s∗)Fs(s)]

tr[e−βHSB δ(s − s∗)]
=− dVs(s)

ds

∣∣∣∣
s=s∗

. (3.4)

This shows that Vs(s) is the potential of mean force along the
reaction coordinate,28 and, furthermore, demonstrates that
the bath modes do not exert an average (static equilibrium)
force on the reaction coordinate. Instead, their only effect is
to cause friction for the reaction coordinate.

The second issue to be resolved is the identity of the spec-
tral density function Eq. (3.2), which defines the distribution
of bath frequencies and coupling coefficients. The spectral
density is related via 44

J (ω) = ω

∫ ∞

0
dt η(t) cos(ωt), (3.5)

with

η(t) = β〈Fs(0)Fs(t)〉, (3.6)

to the force-force autocorrelation function 〈Fs(0)Fs(t)〉,
which is evaluated with the reaction coordinate s constrained
at a fixed value. The spectral density is therefore a thermally-
weighted frequency-domain representation of the fluctuations
in the force on s.

In practical terms then, the mapping involves the calcula-
tion of both the potential of mean force along the reaction co-
ordinate [Vs(s)] and the force-force autocorrelation function
[〈Fs(0)Fs(t)〉]. For an atomistic Hamiltonian both tasks are
conveniently accomplished with classical molecular dynam-
ics (MD) calculations.45 For example, by adding appropriate
constraint forces46 to the dynamics of the atomistic Hamilto-
nian, the mean force on the reaction coordinate [Eq. (3.4)] can
be determined at a set of fixed grid points along s. Integration
then yields the potential of mean force

Vs(s) = Vs(s0) +
∫ s

s0

ds1 〈Fs(s1)〉. (3.7)

Similarly, η(t) can be obtained from an appropriately con-
strained MD simulation and yields J (ω) after performing the
cosine transform in Eq. (3.5).

A well-established and efficient procedure can be used
to obtain a set of bath frequencies and coupling constants
from this spectral density.47 In brief, this involves determining
the bath frequencies ({ωj }) by locating the zero value of the
function

f (ωj ) =
(∫ ωj

0
dω ρ(ω)

)
− j (3.8)

for j = 1, . . . , N , where ρ(ω) = J (ω)/ω. Having selected
the bath frequencies, the coupling coefficients are then given
by47

c2
j = ωj

2mj

π

J (ωj )

ρ(ωj )
. (3.9)

The mapping strategy based on classical MD simulations
has been applied in previous work of several groups to extract
spectral densities from complicated atomistic Hamiltonians
and thus map them onto more tractable system-bath models,
see, e.g., Refs. 13, 19–21, 48–50. It should be noted that the
mapping involves a number of implicit assumptions:

� The reactive process can be accurately characterized as
motion along the single system (i.e., reaction) coordi-
nate, and that the environment acts on this coordinate
as a large set of independent degrees of freedom cor-
responding to the linear response regime. Makri has
discussed the conditions which are necessary for the
validity of this assumption.44

� The effect of the environment on the reaction coor-
dinate is independent of the position along that re-
action coordinate, i.e., that J (ω) does not depend on
which fixed value of s is employed in the MD calcula-
tion of 〈Fs(0)Fs(t)〉. In order to accurately model any
s-dependency of J (ω) the system-bath coupling
(Fj (s)) would have to be a nonlinear function in s.51, 52

� The dynamics of the reaction coordinate are governed
by the potential of mean force. This requires the dy-
namical timescales of the environmental modes to be
sufficiently short such that there is an adiabatic separa-
tion from the reactive motion.

� The potential of mean force and spectral density
obtained from classical MD simulations are rea-
sonable approximations to their quantum-mechanical
counterparts.13

The extent to which these assumptions hold for a particular
system is not always obvious in advance. However, later sec-
tions present an a posteriori analysis of the reliability of the
mapping strategy for the specific case of the Azzouz-Borgis
model considered in this work.
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B. The Azzouz-Borgis model

The Azzouz-Borgis model describes a proton transfer
reaction occurring in a polar aprotic solvent.11 Since it ac-
counts for many of the important features of such reactions
at a pseudo-atomistic level of description, it has been the tar-
get of a number of studies employing various approximate
quantum-mechanical and quantum-classical methods for cal-
culating thermal rate constants.12–18 The results of these stud-
ies span quite a wide range of values – in part due to reasons
that are not well understood.18 Employing the mapping of the
original Azzouz-Borgis model to a system-bath Hamiltonian
the ML-MCTDH method can provide accurate benchmark re-
sults of the proton-transfer rate to validate the approximate
methods. In this section, we use the strategy described above
to map the Hamiltonian HAB onto a system-bath model.

The specific reaction process considered by the Azzouz-
Borgis model is the proton transfer between phenol (proton
donor, A) and trimethylamine (proton acceptor, B) in liquid
methyl chloride.11 The potential energy function of the model
is

VAB(r, rA, rB, rS) = VC(r, rA, rB ) + VS(rS)

+VCS(r, rA, rB, rS), (3.10)

where VC is the potential for the donor-proton-acceptor
(AHB) complex, VS is that of the solvent, and VCS describes
the interaction between the complex and the solvent. The
scalar coordinate r is the distance of the proton from A along
the A-B axis, whereas rA, rB , and rS are respectively the
Cartesian position vectors of A, B, and the solvent sites. One
simplifying feature of the model is that the A (phenol) and B
(trimethylamine) molecules are each represented with a sin-
gle spherical particle of appropriate mass, whilst each solvent
molecule is comprised of one methyl site and one chloride site
at fixed separation. A second simplification is that the AHB
complex is constrained to be collinear.

The potential of the AHB complex is a function of both r

and the donor-acceptor distance R = |rA − rB |,
VC(r, R) = be−aR + DA[1 − e−nA(r−dA)2/2r ]

+DB[1 − e−nB (R−r−dB )2/2(R−r)]. (3.11)

The values of the parameters in this equation, and of all other
parameters in the model, were set equal to those used by
Hammes-Schiffer and Tully.12, 16

In the solvent, each pair of methyl chloride molecules
interacts via a potential which is a sum of Coulombic and
Lennard-Jones terms. Likewise, each solvent site (whether
methyl or chloride) interacts with the A and B sites of the
donor-proton-acceptor complex via Lennard-Jones terms, and
with A, B, and the proton via Coulombic terms. The electro-
static interactions involving A and B clearly depend on the
partial charges of these sites, which vary with the position of
the proton.11 Thus, as the proton transfer proceeds, the AHB
complex develops a large dipole moment that is strongly sol-
vated by the polar solvent. This solvation stabilizes the ionic
A−–HB+ product with respect to the neutral AH–B reactant,
which is the stable species in the gas-phase. The solvent is
therefore a fundamental component in this reaction process.

More detailed descriptions of the Azzouz-Borgis Hamiltonian
can be found in the literature.11, 12, 16

We now turn to consider the mapping of HAB onto a
system-bath model. As discussed in the previous section, a
principal step in this process is the selection of a “system”
(i.e., reaction) coordinate, s, from among the many degrees of
freedom involved in the original Hamiltonian. Here we have
used the Azzouz-Borgis proton transfer distance, r . In partic-
ular, we choose

s = r − rs, (3.12)

where rs is a shift discussed below. Having made this choice,
the two key components of the mapped system-bath model
must be determined, i.e., the potential of mean force along
the reaction coordinate (Vs(s)) and the force-force autocorre-
lation function (〈Fs(0)Fs(t)〉). Due to Eq. (3.12), the former
is simply related to V̄ (r), the potential of mean force along
the proton transfer coordinate of the original Azzouz-Borgis
model. In order to construct this V̄ (r), the mean force

〈Fr (r∗)〉 = tr
[
e−βHAB δ(r − r∗)(− ∂VAB

∂r
)
]

tr[e−βHAB δ(r − r∗)]
, (3.13)

was first evaluated for a grid of points (r∗) along r using
classical MD simulations in which the proton-transfer co-
ordinate r was held fixed with standard Lagrangian con-
straint methods.46 Following previous work, our simulations
included 255 solvent molecules at a temperature of T = 249 K
and a density of 0.0117 Å−3. The minimum image convention
was used to implement periodic boundary conditions, and a
Steinhauser function12 was applied to truncate the Coulom-
bic interactions at a distance of 13.8 Å. At each grid point,
the mean force 〈Fr (r∗)〉 was determined from 1000 trajecto-
ries of length 5 ps and timestep 5 fs. Each trajectory started
from the final position of the previous one, but the initial mo-
menta were re-sampled from the Boltzmann distribution in
order produce results consistent with the canonical ensem-
ble. After integrating 〈Fr (r∗)〉 to yield V̄ (r) (in the manner
of Eq. (3.7)), we have

Vs(s) = V̄ (s + rs). (3.14)

The value of the shift rs = 1.30 Å is determined such that s

= 0 coincides with the position of the barrier in Vs(s).
An interesting point is that the potential energy func-

tion of the AHB complex [Eq. (3.11)] is dissociative along
R. Consequently, it can be shown that the mean force on r

[Eq. (3.13)] is determined by the force on r in the asymptotic
(R → ∞) limit. In order to maintain a focus on the proton-
transfer region of the potential, we have therefore augmented
VC(r, R) with a term which is attractive along the donor-
acceptor coordinate R and which prevents dissociation:

VC(r, R) −→ VC(r, R) + b e+a(R−Rb). (3.15)

Here, the parameters a and b are identical to those in the simi-
lar (but repulsive) leading term of Eq. (3.11), and Rb = 6.0 Å.
The new term is negligible in the small-R interaction region
(R ∼ 2.7 Å), e.g., the change in the energy barrier is less than
0.005 kcal mol−1.53

The potential of mean force that results from the
MD simulation is plotted as a function of the system-bath
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FIG. 1. Potential of mean force along the system/reaction coordinate of
the system-bath model in Eq. (3.1) (solid line). Also plotted is the poly-
nomial fit to the numerical data [Eq. (4.9); dashed line] and a cut at R

= 2.7 Å through the gas-phase potential of the donor-proton-acceptor com-
plex VC (r, R) [Eq. (3.11); dotted line].

reaction coordinate s in Fig 1. For comparison, a cut through
the two-dimensional potential of the AHB complex (the aug-
mented VC(r, R)) along r at constant R = 2.7 Å is also plotted
(as a function of s = r−rs). The previously-mentioned stabi-
lization of the ionic product by the polar solvent is clearly
apparent at s > 0. Following the arguments presented in
Sec. III, this large static-equilibrium effect would be absent
from the mapped model were we to simply set Vs(s) equal
to a cut through the (gas-phase) AHB potential, VC(r, R).13 It
should be noted, though, that the use of the potential of mean
force for the dynamics of the proton, in particular for short
timescales, has to be considered with caution. The low char-
acteristic frequency of the spectral density (see below) sug-
gests that the proton is subject to forces derived from instan-
taneous bath configurations. These concerns are addressed in
Sec. IV by comparing the classical reactive dynamics and rate
constants of the system-bath model with those of the origi-
nal Azzouz-Borgis Hamiltonian. A second set of MD simula-
tions was used to evaluate the classical force-force autocorre-
lation function (〈Fs(0)Fs(t)〉) and thus determine the spectral
density (J (ω)) via Eqs. (3.5) and (3.6). In order to accurately
describe the effect of the environment on the proton in the
crucial barrier-crossing region, we followed previous work
and evaluated the force correlation function with the proton
constrained near the barrier top (r = 1.34 Å).13, 54, 55 The re-
maining computational details were identical to those used to
calculate 〈Fr (r∗)〉, except that 105 trajectories of length 10 ps
and a timestep of 1 fs were used to construct 〈Fr (0)Fr (t)〉
and thus 〈Fs(0)Fs(t)〉. The resulting spectral density, shown in
Fig. 2, has two components. The broad band at low frequency
arises from forces exerted on the proton by the methyl chlo-
ride solvent. It has a maximum at ω = 42 cm−1, correspond-
ing to a period of about 800 fs. The second feature in J (ω)
is the sharp spike around ∼690 cm−1. This can be assigned
to the relative A−B motion (the “donor-acceptor” mode)
since the harmonic frequency of VC(r, R) (Eq. (3.11)) along R

at r = 1.34 Å is almost exactly 690 cm−1.56 The finite width
of this peak is presumably due to the anharmonicity of poten-
tial and/or broadening by the solvent.

The spectral density associated with the proton-transfer
coordinate of the Azzouz-Borgis model has been previ-
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FIG. 2. Spectral density of the Azzouz-Borgis model calculated at r

= 1.34 Å as described in Sec. III.

ously calculated by Antoniou and Schwartz (see Fig. 2 of
Ref. 13). Our result differs from the earlier one in a few
respects. Firstly, the previous result has no high-frequency
component.13 Secondly, the position of the maximum in the
earlier result disagrees with that of the low-frequency band
seen in Fig. 2. Thirdly, the previously-calculated spectral den-
sity has a shoulder on the high-frequency side of the (low-
frequency) maximum which is absent from the present result.

Based on the available information in Ref. 13, it is diffi-
cult to trace the the origin of the discrepancies. It seems to us
that one should expect a high-frequency component in J (ω)
since the high-frequency donor-acceptor mode (R) is strongly
coupled to the proton-transfer coordinate (r) by the potential
VC(r, R). The discrepancies might also be due to the use of
different constrained values of r . The authors of the previous
work have already established that the spectral density may
depend on the constrained value of the proton-transfer coor-
dinate, which is used to calculated the force-force autocorre-
lation function.57

IV. RESULTS

The methodology outlined above has been applied to
study the proton transfer dynamics of the Azzouz-Borgis
model, in particular to calculate the thermal rate constant. In
this section we present the results of the rate calculations and
analyze the underlying dynamics. Furthermore, a comparison
of the classical dynamics of the original Azzouz-Borgis model
with that of the mapped linear response model illustrates the
mapping procedure.

A. Classical dynamics

We first consider the classical dynamics of the Azzouz-
Borgis model. In contrast to the quantum dynamics, the clas-
sical dynamics of the original Azzouz-Borgis model can be
obtained rather straightforwardly. The exact classical flux cor-
relation functions (Ccl

f (t)) of the original and the mapped ver-
sion of the model can be calculated, e.g., using the Bennett-
Chandler method.27, 46, 58 By comparing the two results one
can then establish whether or not the system-bath mapping
provides a reasonable approximation to the reactive dynam-
ics and rate constants of the original model. This approach
therefore provides valuable information on the validity of the
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assumptions that are implicit in the mapping procedure de-
scribed above (see Sec. III A).

For a reactive system with n degrees of freedom, the clas-
sical flux correlation function is

Ccl
f (t) = 1

(2π¯)n

∫
dp0

∫
dq0 e−βH (p0,q0)δ[s(q0)]

× vs(p0, q0) h[s(qt )], (4.1)

where the position coordinates are q = (s, {Qj }) for the
system-bath model and q = (r, rA, rB, rS) for the original
Azzouz-Borgis model. In each case p denotes the momenta
conjugate to q, δ[s(q0)] constrains the initial value of the re-
action coordinate to the dividing surface, vs(p0, q0) is the ini-
tial velocity along the reaction coordinate, and h[s(qt )] is the
product side-function evaluated at time t . Rather than Ccl

f (t)
itself, here we consider the ratio Ccl

f (t)/Qcl
r (T ) (where Qcl

r (T )
is the classical reactant partition function) since this quantity
determines the classical rate constant under the conditions in
which Eq. (2.11) is valid. The ratio can be expressed as a prod-
uct of the transition-state theory (TST) rate constant and a
time-dependent transmission coefficient,46

Ccl
f (t)/Qcl

r (T ) = kcl
TST(T ) κcl(t), (4.2)

where

κcl(t) = Ccl
f (t)

(2π¯)n

∫
dp0

∫
dq0e

−βH (p0,q0)δ[s(q0)]

× vs(p0, q0)h[ps(p0, q0)], (4.3)

and h[ps(p0, q0)] is unity if the initial momentum along the
reaction coordinate is positive and is zero otherwise.

Both the numerator and the denominator of the transmis-
sion coefficient in Eq. (4.3) for the original Azzouz-Borgis
model can be evaluated by first sampling position coordi-
nates located at the dividing surface between reactants and
products. In order that this sampling is consistent with the
Boltzmann distribution, one can randomly select configura-
tions from a constant-temperature molecular dynamics simu-
lation in which the reaction coordinate is constrained to the
dividing surface. An initial phase-space point for a classical
trajectory is then produced by sampling a set of momenta ac-
cording to e−(β/2) p0·M−1·p0 , where M is the mass matrix. For
each point sampled in this way, the constraint on the reaction
coordinate is released, and the path of the resulting trajectory
is followed in order to evaluate its contribution to the ensem-
ble averages in the numerator and denominator of Eq. (4.3).

In our calculation, the constrained dividing-surface MD
simulation ran for 25 ps with a time step 0.25 fs. An Ander-
sen thermostat59 was used to control the temperature by re-
sampling the momenta around once in every 50 time steps. At
intervals of exactly 400 time steps (100 fs) along this con-
strained dividing-surface trajectory, two unconstrained tra-
jectories were initiated as described above and their motion
away from the dividing surface was followed for 4 ps, again
with a time step of 0.25 fs. Each constrained dividing-surface
MD run thus produced five hundred unconstrained trajecto-
ries. Repeating the dividing-surface MD with forty different
values of the initial random number generator seed, we ob-

tained a well-converged result for κcl(t) from twenty thousand
unconstrained trajectories.

According to Eq. (4.2), in order to translate κcl(t) into the
time-dependent ratio Ccl

f (t)/Qcl
r (T ), and thus the classical rate

constant, the classical transition-state theory rate constant,

kcl
TST(T ) = 1√

2πmβ
p(r‡), (4.4)

is required, Thereby,

p(r) = p(r0)e−β (V̄ (r)−V̄ (r0)), (4.5)

denotes the probability distribution for the proton transfer co-
ordinate, r‡ = 1.30 Å is the chosen dividing surface, and
V̄ (r) is the potential of mean force that was calculated in
Sec. III. Thus, the only additional information needed to com-
pute p(r‡) (and thus kcl

TST(T )) is p(r0), the probability distri-
bution at some other arbitrary r = r0. A convenient choice
places r0 near the minimum of the reactant well, since p(r0)
can then be efficiently determined from a standard uncon-
strained MD simulation.18 We used r0 = 1.008 Å and found
that 104 trajectories of length 10 ps and time step 1 fs were
sufficient to give a converged result of p(r0) = 13.15 Å−1.
According to Eqs. (4.4) and (4.5), the classical transition-state
theory rate constant of the original model is therefore kcl

TST(T )
= 1.43×10−3 1010 s−1.

The TST rate constant can alternatively be obtained
from18, 46

kcl
TST(T ) = 1√

2πmβ

e−βV̄ (r‡)∫ r‡
0 dr e−βV̄ (r)

. (4.6)

This equation implies that the mapped model should give ex-
actly the same transition-state theory rate constant as the orig-
inal Azzouz-Borgis Hamiltonian, since the potential of mean
force in the system-bath model (Vs(s)) is constructed to equal
V̄ (r) (a consequence of Eq. (3.12)). However, kcl

TST(T ) is sen-
sitive to numerical errors in V̄ (r), since it appears in the ex-
ponential in Eq. (4.6). The difference of the TST rate con-
stant obtained from Eq. (4.4) and that calculated by inserting
the system-bath potential of mean force into Eq. (4.6) thus
gives an estimate of the numerical error in the calculation (see
Table I).

A different method was used to calculate Ccl
f (t)/Qcl

r (T )
for the system-bath mapping of the Azzouz-Borgis model.
Specifically, the flux correlation function Ccl

f (t) was evaluated
using the classical analog of the dividing-surface sampling ap-
proach discussed in Sec. V of Ref. 60. In brief, this approach
draws initial phase-space points for classical trajectories from
a normalized Gaussian sampling function which is defined in
terms of a set of normal-mode coordinates. For the calculation

TABLE I. Classical rate constants for the Azzouz-Borgis model.

Original model System-bath model

kcl
TST [1010 s−1] 1.43 × 10−3 1.32 × 10−3

κ(t → ∞) [dimensionless] 0.133 0.0877
kCL [1010 s−1] 1.90 × 10−4 1.16 × 10−4
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of the flux correlation function, the normal modes are evalu-
ated at the dividing surface of the system-bath model. After
this sampling, the trajectories are propagated in time in or-
der to evaluate the time-dependent terms in the integrand of
Ccl

f (t). At T = 249 K, a tightly converged Ccl
f (t) was obtained

using 106 trajectories with a timestep of ∼1 fs. For more de-
tails on the dividing-surface sampling approach see Ref. 60.
Because the potential is harmonic along the bath mode coordi-
nates, the classical reactant partition function for the system-
bath mapping can be written as

Qcl
r (T ) = χ (T )

∫ 0

−∞
ds∗ e−βVs (s∗), (4.7)

and

χ (T ) =
√

m

2π¯2β

n−1∏
j=1

β¯ωj , (4.8)

where {ωj } are the bath frequencies discussed in the context
of Eq. (3.1). The classical reactant partition function of the
system-bath model can therefore be calculated by integrating
e−βVs (s∗) along the reaction coordinate s.

In the interests of brevity, no further methodological de-
tails of the classical calculations are given here except for the
following two important points. Firstly, to enable the prop-
agation of classical trajectories on the system-bath potential
energy surface, the numerical data for the potential of mean
force (Vs(s)) were fitted to simple polynomial expansion,

Vs(s) =
M∑

j=0

aj s
j , (4.9)

using a standard linear least-squares fitting procedure.61 We
took M = 18, giving a root mean-square deviation from the
original data of 0.14 kcal mol−1 and a maximum deviation of
0.35 kcal mol−1. The polynomial fit is plotted alongside the
numerical Vs(s) in Fig. 1. Secondly, Eqs. (3.8) and (3.9) must
be used to discretize the spectral density so that it can be rep-
resented with a finite number of bath modes [see Eq. (3.2)]. In
order to perform the integration in Eq. (3.8) we used a spline
interpolation61 of the numerical data for the density of states
ρ(ω).

The time-dependent ratio Ccl
f (t)/Qcl

r (T ) is presented for
both the system-bath mapping and the original Azzouz-Borgis
model in Fig. 3. As t→0 these results give the classical
transition-state theory rate constant for their respective mod-
els since κ(t → 0) = 1. In addition, as t→ ∞ this ratio
Ccl

f (t)/Qcl
r (T ) determines the full classical rate constant ac-

cording to the appropriate equation from Sec. II. The full clas-
sical and classical transition-state theory rate constants corre-
sponding to Fig. 3 are presented in Table 1 for both models.
The full rate constant for the original Azzouz-Borgis model
has been calculated using Eq. (2.10) since Pr (0) = 1 classi-
cally. Despite the use of Eq. (2.10), which gives a more rig-
orous description of the rate constant, the results in Fig. 3
show that the classical flux correlation function of the orig-
inal Azzouz-Borgis model does not reach a strict plateau but
exhibits even for longer times (data not shown) a small but no-
ticeable slope. This indicates that the proton transfer reaction
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FIG. 3. Classical flux correlation functions for the Azzouz-Borgis pro-
ton transfer system. Solid line: original model. Dotted line: mapped
system-bath model. Shown is the modified classical flux correlation func-
tion as calculated by Eq. (2.10), i.e., Ccl mod

f (t) = Ccl
f (t)/[1 − (Qr (T )−1

+ Qp(T )−1)
∫ t

0 dτ Cf (τ )]. For the system-bath model, Ccl mod
f (t) agrees with

the commonly used form Ccl
f (t). In each case, the short-time limit gives the

classical transition-state theory rate constant and the long-time limit gives the
full thermal rate constant.

in the original Azzouz-Borgis model is not a true rate process
and strictly-speaking cannot be described by a (single) rate
constant. Since the slope of the flux correlation function is,
however, rather small, an approximate rate constant can be de-
fined. Here, we have used the value at t = 1 ps to estimate the
rate constant. For the system-bath model, on the other hand,
the plateau observed in Fig. 3 indicates a sufficient separation
of reactive and nonreactive timescales such that Eq. (2.11) is
valid.

Although there are differences between the two results
depicted in Fig. 3, in particular in the transient short time dy-
namics, it is apparent that for longer times, t > 250 fs, the re-
active dynamics of the system-bath model are similar to those
of the original Azzouz-Borgis Hamiltonian. This agreement,
also seen in the numerical results in Table I, is remarkable
considering the approximations required to derive the system-
bath mapping in Sec. III A and suggests that the mapped
model is a useful approximation to the original Azzouz-
Borgis system provided that one is interested in calculating
k(T ). The discrepancies observable in the system-bath result,
such as the rapid short-time oscillations at t < 250 ps, are a
consequence of the oversimplicity of the model. For exam-
ple, the model assumes position-independent friction, while
the friction exerted on the reaction coordinate at the reactant
state might be different to that exerted at the transition state.
Possible extensions of the system-bath model to improve the
representation of the original Azzouz-Borgis model are dis-
cussed in Sec. V.

Although the system-bath model shows significant de-
viations for the short-time transient dynamics, the results in
Fig. 3 imply that the assumptions involved in deriving the
system-bath model are justified for the description of the long-
time dynamics and the thermal rate constant, which is the
main objective of this paper. In Sec. IV B the ML-MCTDH
approach will be applied to the system-bath model in or-
der to perform an accurate quantum-mechanical evaluation
of the proton-transfer rate constant for the Azzouz-Borgis
system.
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FIG. 4. Quantum flux correlation function for the system-bath map-
ping of the Azzouz-Borgis model, as calculated by the ML-MCTDH
approach described in Sec. II. Shown is the modified flux correlation
function as calculated by Eq. (2.9), i.e., Cmod

f (t) = Cf (t)/[Pr (0) + (Pr (0)
− 1)(Qr (T )/Qp(T ))].

B. Quantum dynamics

The quantum-mechanical flux correlation function for the
system-bath mapping of the Azzouz-Borgis Hamiltonian is
presented in Fig. 4, normalized by the quantum-mechanical
reactant partition function. The numerically-converged result
was obtained using the ML-MCTDH approach discussed in
Sec. II, and the parameters given in Table II.

A number of features are worthy of comment. Firstly, the
overall amplitude of the correlation function is about four or-
ders of magnitude larger than either of the classical corre-
lation functions in Fig. 3. This represents a large quantum-
mechanical enhancement of the proton-transfer reaction rate
for this system. Secondly, the details of the quantum reactive
dynamics of the system-bath model are rather different from
the classical counterpart shown above. For example, although
both classical and quantum correlation function show oscil-
latory behavior, the oscillations in the quantum results have
higher frequency and are more regular. It should be stressed
that these oscillations are not artifacts of insufficient conver-
gence. A third difference between Figs. 3 and 4 is that the
extent of the dividing-surface recrossing, i.e., the difference
between the short- and long-time limits of Cf (t), is greatly
reduced in the quantum-mechanical result.

The observation that the quantum-mechanical flux cor-
relation function reaches a time-independent plateau at t

> 1.5 ps implies that Eq. (2.9) is appropriate for calcu-
lating the full quantum-mechanical rate constant. The de-
nominator on the right-hand-side of Eq. (2.9) was again
evaluated via the ML-MCTDH simulation according to the

TABLE II. Values of some important ML-MCTDH convergence
parameters.

Cf (t) Qr (T )

Number of bath modes 100 100
Number of sampled initial states 500 20 000
Number of layers 4 4
Number of first-layer SP groups 4 4
Number of first-layer SP functions 16 16

TABLE III. Results of previous approximate quantum-mechanical calcu-
lations of the proton-transfer rate constant of the Azzouz-Borgis model.
Adapted from Refs. 18. Units are 1010 s−1.

Method k(T )

MDQTa 7.8-13
VTST/MTb 13-16
QTSTc 12-17
QCLEd 16
RPMDe 1.7

aReference 12.
bReference 14.
cReference 16.
dReference 17.
eReference 18.

expressions (2.6) and

Pr (0) = tr[e−βĤ/2(1 − ĥ)e−βĤ/2(1 − ĥ)]. (4.10)

The values obtained are Pr (0) = 0.88 and Qp(T )/Qr (T )
= 0.51. This denominator generates a multiplicative correc-
tion factor 1.56 for the ratio Cf (t)/Qr (T ), which is merged
in Fig. 4. The resulting quantum-mechanical rate constant is
9.3 × 1010 s−1.

This value represents the first numerically exact quantum
mechanical calculation of the rate constant for the Azzouz-
Borgis model in the framework of the system-bath map-
ping. In Table III, we compare this result to those of previ-
ous studies employing various approximate theories as dis-
cussed in the Introduction. It should be noted, though, that
these studies have been performed for the original atomistic
Azzouz-Borgis model. The rate constants obtained using the
molecular dynamics with quantum transitions (MDQT)12 ap-
proach are in particularly good agreement with that obtained
here. Furthermore, it is noteworthy that the variational transi-
tion state theory with multi-dimensional tunneling corrections
(VTST/MT)14 and in particular the quantum transition state
theories (QTST)16 are in reasonable agreement with the zero-
time limit of the accurate quantum-mechanical flux correla-
tion function calculated using ML-MCTDH. The results of
the quantum-classical Liouville equation (QCLE)17 are some-
what higher than the value obtained in this work. On the other
hand, the recently-obtained ring polymer molecular dynamics
(RPMD)18 result is significantly lower than the ML-MCTDH
and MDQT rate constants. As discussed in Ref. 18, the rea-
sons for this are as yet unclear.

V. CONCLUDING REMARKS

In this paper, we have applied a recently proposed ap-
proach to accurately evaluate thermal rate constants for chem-
ical reactions in the condensed phase to the Azzouz-Borgis
model of proton transfer in a polar solvent. The approach is
based on the flux correlation function formalism of reaction
dynamics and employs a combination of the ML-MCTDH
method for an accurate treatment of quantum dynamics and
importance sampling techniques. To apply the methodology
to the Azzouz-Borgis model, the atomistic Hamiltonian of this
model was mapped within linear response to a system-bath
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model. The results of the accurate ML-MCTDH simulations
provided in this work may serve as benchmark for the mapped
system-bath model to validate more approximate theories.

We have, furthermore, compared the classical dynam-
ics of the original Azzouz-Borgis model and the mapped
system-bath model. Due to the approximations involved in
the linear response mapping, the transient dynamics of the
flux-correlation function of the two models shows significant
differences, although the longer-time dynamics and thus the
thermal rate constant is very similar. It is thus important to im-
prove the accuracy of the mapped model in order to provide a
better description of the original Azzouz-Borgis Hamiltonian.
One possibility to do so is to use a more accurate system-bath
model that includes position-dependent friction in order to
distinguish the environmental effects on the proton at the tran-
sition state from those exerted on the reactants.51, 52 Thereby
the coupling term of the system coordinate to the bath modes
will not be linear, but would have a more general functional
form.13 This will greatly improve the accuracy of the transient
dynamics for the mapped model since not only the vicinity of
the barrier but also a wide range of the reaction coordinate
for proton transfer is included in the linear response mapping.
In addition, the relative motion of the proton donor and pro-
ton acceptor (“donor-acceptor mode”) is known to be highly
important in modulating the reaction barrier height and thus
the proton transfer rate. This effect may be modeled by in-
cluding a second degree of freedom in the “system” part of
the system-bath model.62 The effect of such promoting modes
have been found to be of importance also in more complex en-
zymatic reactions.63 Similarly, several more anharmonic in-
tramolecular modes, with more general couplings (i.e., be-
yond linear coupling) to the bath, may be introduced to model
the most important contributions of the “system” to the over-
all dynamics of proton transfer. It would also be interesting to
replace the classical potential of mean force with its quantum-
mechanical counterpart as calculated by path integral molec-
ular dynamics techniques. Along very similar lines, the clas-
sical force-force correlation function could be replaced with
an approximate quantum-mechanical analog obtained from a
ring polymer molecular dynamics64 calculation.

It should also be noted that, although the ML-MCTDH
method is a numerically exact approach to study time-
dependent quantum dynamics, for the purpose of describing
the quantum dynamics of the original Azzouz-Borgis model,
the current ML-MCTDH study on the mapped system-bath
model only gives approximate results. This is so because of
the approximations involved in the linear response mapping
to obtain the system-bath model. It is thus important to ex-
ploit the accuracy and feasibility of other dynamical methods,
such as those applied previously to the same Azzouz-Borgis
model, to treat this important class of problems. Although our
ML-MCTDH study does not apply directly to the original
Azzouz-Borgis model, it does give accurate quantum dynam-
ics results for the system-bath model described in this paper.
Thus, the application of the various approximate methodolo-
gies that have been used for the original Azzouz-Borgis prob-
lem to the system-bath model will provide an assessment of
the accuracy of the approximate dynamical method for treat-
ing the proton transfer reaction since the physical regimes de-

scribed by the system-bath model is quite similar to that of
the original Azzouz-Borgis model. Overall, our accurate ML-
MCTDH dynamics study on an approximate model Hamil-
tonian provides a complimentary alternative to other types
of study that employ approximate dynamical method to treat
more accurate and flexible models. In the long run these two
approaches may be further developed and eventually converge
to the same accurate result.
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