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Abstract

Particles dispersed in liquids are of interest in a broad range of industrial ap-

plications: as pigments, fillers, thickeners, emulsions, etc. In these applications,

problems occur mostly in handling suspensions which contain irregular aggre-

gates. This is due to an unknown behavior during their transport. Especially

if the aggregated structures are highly complex, common models fail to describe

the hydrodynamic behavior.

In this thesis, the hydrodynamic behavior of particles and aggregates in viscous

suspensions was examined numerically, allowing for the determination of the ori-

entation and drag force on fractal aggregates. Hereby, the numerical method of

Accelerated Stokesian Dynamics (ASD) accounting for hydrodynamics was ex-

tended to include the free movement of aggregates. These aggregates were built

of monosized spheres acting together as a rigid body (eASD).

The developed method was validated by comparison with literature data for sim-

ple doublets, with experiments for regular aggregates and with the Lattice Boltz-

mann method for fractal aggregates.

Furthermore, it was applied to investigate the hydrodynamic behavior of fractal

aggregates in terms of aggregate settling. The fractal aggregates were generated

by a Monte Carlo method using diffusion limited cluster-cluster aggregation.

Static simulations were performed in order to determine drag forces on particle

assemblies in suspended state. It was shown that, especially for viscous media,

the drag force is dominated by the individual structure of the aggregates which

can be described by geometric parameters.

Dynamic simulations were performed for the investigation of the hydrodynamic

behavior of such freely moving aggregates. Based on these simulations, a fast

orientation prediction algorithm was developed. Using the predicted aggregate

orientation, a simple correlation for the drag force dependency on the aggregate

structure and orientation was found.

The behavior due to the hydrodynamic interaction between two settling aggre-



gates formed of three linearly arranged particles was described in dependence

of the angle of inclination, the relative positions and the corresponding settling

velocities. The limit was determined, where the faster settling aggregate starts

to change its settling path in dependence on the initial offset of the aggregates

center of mass projected into settling direction.

It was demonstrated that the collision efficiency is much smaller for aggregates

in motion than the collision efficiency calculated with one aggregate being held

fixed. Finally, the possible collision of these anisotropic aggregates during set-

tling was investigated. As a result, a collision map was given for the case of two

settling aggregates formed each of three aligned particles.



Zusammenfassung

Suspensionen werden in einem weiten Bereich industrieller Applikationen ver-

wendet: als Pigmente, Füllmittel, Eindickungsmittel, Emulsionen, etc. Dabei

wird auch mit Suspensionen gearbeitet, welche komplex geformte Aggregate bein-

halten. Die Handhabung dieser Suspensionen ist dann problematisch, wenn

die Transporteigenschaften solcher Aggregate sehr unterschiedlich zu den Eigen-

schaften symmetrischer Partikeln sind. Bisher konnten sie modellmäßig nicht gut

beschrieben werden.

In der vorliegenden Arbeit wurde das hydrodynamische Verhalten von fraktalen

Aggregaten in viskosen Fluiden numerisch untersucht. Die numerische Methode

zur Berechnung der Partikelbewegung unter Einfluss der Hydrodynamik, Accel-

erated Stokesian Dynamics (ASD), wurde in diesem Rahmen weiterentwickelt.

Diese Entwicklung umfasst die freie Bewegung von Aggregaten bestehend aus

monodispersen, sphärischen Partikeln, als starre Körper mit komplexer Form.

Die Methode wurde auf verschiedene Arten validiert: für zwei fest an einander

klebende Partikeln wurde die Validierung mit Literaturdaten durchgeführt. Für

regelmäßig konstruierte Aggregate wurden zum Vergleich Experimente geführt,

während die Validierung der Simulationsdaten komplex geformter Aggregate im

Vergleich zur Lattice Boltzmann Methode erfolgte.

Ferner wurde diese Methode zur Untersuchung des hydrodynamischen Verhal-

tens bei der Sedimentation fraktaler Aggregate angewandt. Die fraktalen Ag-

gregate wurden mit Hilfe eines Monte Carlo Algorithmus generiert, welcher eine

diffusionslimitierte Cluster-Cluster Aggregation durch stochastische Anlagerung

gleich großer Partikel beschreibt.

Statische Berechnungen wurden zur Bestimmung von Widerstandskräften auf Ag-

gregate in viskosen Fluiden durchgeführt. Es wurde gezeigt, welchen Einfluss die

Struktur der Aggregate auf die Widerstandskraft hat. Es wurden geometrische

Parameter zur Charakterisierung der Aggregate bestimmt, welche eine Vorher-

sage der Widerstandskraft erlauben.



Dynamische Berechnungen mit frei beweglichen Aggregaten wurden zur Unter-

suchung des hydrodynamischen Verhaltens fraktaler Aggregate durchgeführt. Ba-

sierend auf diesen Ergebnissen wurde ein Algorithmus entwickelt, welcher zur Vo-

raussage der bevorzugten Orientierung fraktaler Aggregate bei der Sedimentation

verwendet werden kann. Zusätzlich wurde eine Korrelation zur Bestimmung der

Widerstandskraft auf solche Aggregate gefunden, abhängig von ihrer Struktur

und Orientierung.

Der Einfluss der Hydrodynamik auf das Verhalten anisotropischer Aggregate wäh-

rend der Sedimentation wurde untersucht, sowie die Abhängigkeit der Sinkge-

schwindigkeit von den relativen Positionen, Neigungswinkel und Oberflächenab-

stand der individuellen Aggregate. Es wurde die Grenzentfernung bestimmt, in

der ein schneller sinkendes Aggregat seine ursprünglichen Trajektorie und Posi-

tion während der Sedimentation auf Grund der hydrodynamischen Interaktion

ändert.

Es wurde gezeigt, dass die Kollisionseffizienz viel kleiner für sich bewegende Ag-

gregate ist, als die Kollisionseffizienz bestimmt für Aggregate, bei denen eines fest

steht. Die Möglichkeit der Kollision anisotropischer Aggregate wurde für Aggre-

gate bestehend aus jeweils drei linear angeordneten Partikeln untersucht. Dabei

wurde eine Kollisionskarte definiert, an Hand welcher Kollisionen in Abhängigkeit

der Anfangspositionen der Aggregate bestimmt werden können.



Acknowledgment

This thesis is the result of my work at the Institute of Particle Technology, Er-

langen, from 2004 to 2008. As this time was very important in my life, I want to

thank those who marked my path with their views, advice, or even just presence.

First of all I want to thank Prof. Wolfgang Peukert, for the opportunity to work

on the captivating subject of small particles moving in fluids, for always asking

the right questions and for being able to constantly motivate me to widen my

limits, enabling me to grow.

Prof. A. Delgado I thank herewith for examining this thesis, and Prof. U. Rüde

for being open to any questions regarding numerical problems.

Prof. J.F. Brady and his group, for the Stokesian Dynamics theory and program

code which was the basis for this thesis. Of course I will always well remember

the time in Caltech, with the warm atmosphere created by Prof. Brady’s group

in the cool cellar of Spalding.

I don’t want to forget saying thank you to Prof. H.-J. Schmid, for being even

more than an advisor at the right time.

Prof. K.-E. Wirth was the one awaking my interest in particles already during

my studies.

Furthermore, I’d like to say thank you to Mr. Rollig and Mr. Drost, for being

helpful with any mechanical question.

I want to thank herewith all my students, amongst which I would like to mention

Vassil Vassilev, Arpit Khandelwal and Martin Hartig, thanking them for the

fruitful cooperation during their time as student assistants or interns. Without

their commitment, this work would not have been possible.



Additionally, I acknowledge herewith the traveling support of BaCaTec.

Certainly I am thankful for all my peers, with whom I spent five beautiful years.

I found very good friends amongst them. Talking about friends, I don’t want

to miss to thank my old friends, who were understanding and encouraging by

making me laugh in the most serious situations.

I am also thankful for my present work colleagues, to mention Dr. Anastasijevic,

for being supportive and understanding and Dr. Hein, for enlightening moments

by being an open lexicon for combined math and physics.

Last but not least, I thank my family for backing me up in any situation, standing

always behind me, trusting my decisions. They were the ones who first taught

me the meaning of love and free will, which will always be important in my life. I

am grateful for all moments we’ve spent and we’re spending together. My wife I

thank for her love and her trust, for her continuous support and patience in any

regard and for constantly brightening up my day.



i

Contents

1 Introduction 1

2 Literature review 5

3 Physical Background 11

3.1 Creeping Flow Equations . . . . . . . . . . . . . . . . . . . . . . . 13

3.2 Particle-fluid interaction . . . . . . . . . . . . . . . . . . . . . . . 14

4 Simulation Model 21

4.1 Stokesian Dynamics simulation model . . . . . . . . . . . . . . . . 21

4.2 Accelerated Stokesian Dynamics (ASD) . . . . . . . . . . . . . . . 23

4.3 ASD extension - aggregate movement . . . . . . . . . . . . . . . . 27

5 Characterization of fractal aggregates 33

5.1 Characteristic radii . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5.2 Volume fraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

5.3 Fractal dimension of aggregates . . . . . . . . . . . . . . . . . . . 35

6 Validation of the simulation model 39

6.1 Simulation of settling suspensions . . . . . . . . . . . . . . . . . . 39

6.2 Analytical solution for the drag on settling particles . . . . . . . . 43

6.3 Influence factors on ASD simulation results . . . . . . . . . . . . . 44



ii Contents

6.3.1 Computational domain . . . . . . . . . . . . . . . . . . . . 45

6.3.2 Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.4 Drag force calculation - comparison of ASD with the LBM method 49

6.5 Aggregate movement validation - comparison with experiments . . 53

7 Drag force calculation - static and dynamic simulations 57

7.1 Number of particles . . . . . . . . . . . . . . . . . . . . . . . . . . 58

7.2 Projected area . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

7.3 Structure of aggregates . . . . . . . . . . . . . . . . . . . . . . . . 62

7.4 Drag prediction of freely moving fractal aggregates . . . . . . . . 65

7.5 The drag prediction algorithm posdrag . . . . . . . . . . . . . . . 67

7.6 Results of the algorithm posdrag . . . . . . . . . . . . . . . . . . . 71

8 Settling behavior 75

8.1 Settling of fractal aggregates - structural effects . . . . . . . . . . 75

8.2 Settling of anisotropic aggregates . . . . . . . . . . . . . . . . . . 81

8.2.1 Settling without encounter . . . . . . . . . . . . . . . . . . 82

8.2.1.1 Horizontal ’T’-configuration . . . . . . . . . . . . 83

8.2.1.2 Inclined upper aggregate crossing center of lower

aggregate . . . . . . . . . . . . . . . . . . . . . . 87

8.2.1.3 Horizontal ’L’-configuration . . . . . . . . . . . . 91

8.2.1.4 Random inclination at close inter-aggregate distance 95

8.2.1.5 Summary of behavior observations . . . . . . . . 98

8.2.2 Settling with encounter . . . . . . . . . . . . . . . . . . . . 101

8.2.2.1 Definition of collision efficiency . . . . . . . . . . 101

8.2.2.2 Initial configuration . . . . . . . . . . . . . . . . 102

8.2.2.3 Influence of time step . . . . . . . . . . . . . . . 103

8.2.2.4 Influence of external forces . . . . . . . . . . . . . 105

8.2.2.5 Initial positions leading to collision . . . . . . . . 109



iii

9 Summary and Outlook 117

10 Notation 123

11 Bibliography 131

A Appendix 141

A.1 Tensor calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

A.2 Single-point versus multiple point methods in numerical integration 143

A.2.1 Runge-Kutta . . . . . . . . . . . . . . . . . . . . . . . . . 143

A.2.2 Adams-Bashforth method . . . . . . . . . . . . . . . . . . 144

A.3 Collision radius determination . . . . . . . . . . . . . . . . . . . . 145

A.4 Quaternions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

A.5 Resistance matrix for two-sphere interaction . . . . . . . . . . . . 148

A.6 Aggregate influence boundary - relative error . . . . . . . . . . . . 150



iv Contents



1

1

Introduction

Particles dispersed in liquids are of interest in many industrial applications: in

settling, which is commonly applied for separation, or in reactors, where the mo-

tion of particles used as catalysts is of importance, or in the transport through

pipes, where the rheological behavior of these suspensions is crucial. All these

broad-ranged applications imply the handling of colloidal dispersions, which gen-

erally consist of a fluid medium containing suspended particles of sizes smaller

ten microns.

Colloids are found in pigments, adhesives, lubricants, fillers, thickeners, deter-

gents, emulsions etc. The dispersed particles have significantly different chemical

and physical properties compared to the bulk materials. Their properties are

dependent mainly on their size and shape and the dispersed media. In non-

aggregated state, problems arise in handling, due to either thermal, chemical

or mechanical instabilities. The addition of salt, for instance, increases the ion

concentration which is screening the surface charge of individual particles. This

leads to a reduction of the repulsion forces which results in an increased sticking

probability and as such in the formation of aggregates of various forms. Com-

pared to either bulk or dispersed particles, these exhibit different properties due

to their complex structure. If the structure of these aggregates is self-similar on

two to three orders of magnitude, they are called fractal-like.
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Many models have been developed for the calculation of hydrodynamic properties

of fractal-like aggregates. They are treating the aggregates with complex struc-

tures either as spheres of a given hydrodynamic radius, or as permeable spheres,

models which are in good agreement with results of aggregates having a relatively

dense and compact structure. However, technically relevant colloidal dispersions

are formed of irregularly shaped particles, polydisperse and concentrated. Up to

now, the predictions of properties of irregular aggregates with open structures

reach poor agreement.

The present work bridges the gap between the existing scientific solutions for sim-

ple particle systems containing few monodisperse spheres in diluted suspensions

and industrially relevant suspensions. The aim of this work is on one hand to give

insights into the coupled motion of rigid bodies which are suspended in a fluid

and on the other hand to present methods of fast calculations of properties for

such rigid bodies. The hydrodynamic behavior for particles forming aggregates

of a predefined structure is investigated in detail, providing a characterization

method which can be used for analysis of large-scale aggreegate ensembles as well

as for a fast and accurate estimation of hydrodynamic properties. The aggregate

behavior is dependent on the aggregate morphology and the hydrodynamic prop-

erties. These properties, like the drag forces and aggregate orientation in fluids,

have been predicted for aggregates formed typically in the early stages of gas-

phase aggregation processes which were subsequently suspended in liquids. The

results can be used for improving the calculation of aggregate size distributions,

as well as for enhancing the simulation speed of large aggregate ensembles, where

the orientation of the aggregates is important.

The performed investigations range from individually moving hard spheres in

viscous fluids to the movement of touching particles, aggregates. This requires a

deep understanding of the influence of such structures on the surrounding medium

and vice-versa as the viscous medium has a strong influence on the process as
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well. With the above mentioned aggregation model fractal aggregates have been

studied during settling. Using the insights from these simulations, a new approx-

imate model has been proposed for the prediction of drag force and orientation

of aggregates with low fractal dimension. Based on their morphology a rela-

tion between the open structure and the drag force has been found. The results

show very small differences to the more accurate extended Accelerated Stokesian

Dynamics model.

The thesis is organized as follows: After a brief historical development of the

method of Stokesian Dynamics and an overview over the different development

directions (chapter 2), basic equations are given in chapter 3. In this work, a the-

oretical model for the prediction of particle dynamics in suspensions developed by

Brady and Bossis has been applied and extended to include aggregate movement

(chapter 4). The application of the ASD-model allows a better understanding of

the particle movement in the suspension as well as of the subsequent aggregate

movement inside the liquid. This model takes into account the hydrodynamics

of particle-laden flows, including the long-ranged mutual influences of particles

in viscous media. A validation of this model has been performed with in-house

experiments and comparison to the Lattice-Boltzmann method in chapter 6. Ad-

ditionally, in chapter 7, influence factors on drag force calculations of ramified

open aggregates of low fractal dimension are presented, analyzed and compared.

A new fast and simple algorithm for predicting the aggregate orientation and

drag during settling was proposed and verified. Further, the behavior of fractal

aggregates during settling was analyzed. In order to better understand the hydro-

dynamic influence on the behavior during settling, anisotropic aggregate settling

was investigated in chapter 8. A summary of this work with a brief outlook are

given in chapter 9. The Appendix (chapter A) follows the notation (chapter 10)

and bibliography (chapter 11) parts at the end of this work.
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2

Literature review

Already in the 19th century, Stokes [1] solved the problem of a translating sphere

in an unbounded fluid at rest. Since then, different analytical approaches were

found yielding solutions for the translation of particles of non spherical shapes

in fluids. Starting from Lambs [2] general solution of Stokes’ equation - a linear

partial differential equation governing the low Reynolds number flow - Stokes the-

ory was extended to include many particles and non-spherical shaped particles.

Brenner and Happel [3], presented in the 1960s methods for assessing the flow

field solution for particles moving in viscous fluids, further developed by Cox [4],

Batchelor [5], O’Neill [6], Youngren and Acrivos [7] and Ganatos [8], to name only

a few. Each method has its advantages and disadvantages. The methods include

the method of reflections [3], bispherical coordinates [6], collocation methods [8].

For two freely moving particles in a linear flow field, Brenner and O’Neill [9]

and Batchelor [10] defined resistance and mobility functions, respectively, to in-

vestigate the hydrodynamic interactions. For the motion of a fluid flow past a

periodic array of spheres represented as point forces, the solution has been pro-

vided 1959 by Hasimoto [11]. He used Fourier series for formulating the periodic

fundamental solutions to the Stokes equations. In the 1980s, based on the earlier

works on the multipole expansion for the hydrodynamic interaction between two

rigid spheres [3, 9, 10], Jeffrey and Onishi [12] reformulated the functions for the
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resistance and mobility tensors. These have been collected and extended by Kim

and Karilla [13] for various cases in the general tensorial formulation. Making use

of the multipole expansion in Fourier space developed 1982 by Mazur and Van

Saarloos [14], Ladd implemented the formulation under periodic boundary condi-

tions by replacing the Fourier integral by a Fourier series [15]. In the mid-1980s,

the basis for the Stokesian Dynamics method was developed by Bossis and Brady

[16, 17]. Its extension to infinite suspensions [18] resulted in the method known

today as Stokesian Dynamics [19]. This method has both disadvantages and ad-

vantages and has been subject of continuous improvement. Ichiki [20] presented

an improvement of the accuracy of the Stokesian Dynamics method for direct

calculation of hydrodynamic interactions with focus on the multipole expansion

and extension to higher order than first order. A further improvement on the

computational speed was introduced similar to Sangani and Mo who applied the

fast multipole method to Stokes flows under periodic boundary conditions [21].

Today, mainly three different algorithms for the calculation of the mobility ma-

trix of hydrodynamically interacting spheres are known: from Ladd [22], Cichocki

[23] and Brady [19]. As the motion of the particles is governed by the superpo-

sition of forces acting on the particles in the Stokes regime, additional forces can

be introduced into the equation of motion. Other than gravity, Brownian mo-

tion was combined with hydrodynamic interactions already 1978 by Ermak and

McCammon [24]. 1987, Ansell studied the formation of colloidal aggregates and

sediment structure [25] using a Brownian dynamics simulation. First Stokesian

Dynamics simulations of Brownian suspensions had been run by Phung [26] and

Foss [27]. The constant improvements on accuracy and efficiency yielded the al-

gorithm developed later by Banchio and Brady including Brownian forces, the

accelerated Stokesian Dynamics with Brownian motion [28].

Particles which collide forming aggregates have been and still are of interest. In

many industrial applications including crystallization, flocculation or dispersion,
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aggregates of various structure and size are formed. The hydrodynamic behav-

ior of such aggregates influence the handling of the particles and the properties

of final product. One possibility of assessing the properties of aggregates is the

use of hydrodynamically equivalent spheres with an assumed porosity following

Brinkman’s model [29, 30]. This porosity has been treated either as being con-

stant, homogeneous over the whole sphere [31, 32, 33, 34, 35] or, in newer works,

as variable [34, 35]. In spite of the fact that Brinkman’s equation is only valid

for low volume fractions φ = 0.05 [17], it still describes qualitatively the behavior

of the flow in moderately porous media which can be assumed to exist in an

aggregate. For example, Veerapaneni and Wiesner [32] use stream functions for

uniform porous spheres and apply the boundary conditions for calculating the

hydrodynamic radius and collision efficiencies of the aggregates. It was found

that the hydrodynamic properties of dense aggregates can be described very well,

in contrast to open aggregates where the deviations are too high [34]. An example

for attempts to include a spatially varying permeability into the solution of the

Brinkman-equation is given in the model of Vainshtein et al. [36]. This model is

related to porous spheroidal structures looked at as a continuum body, permeable

to the surrounding medium. Thus, it is an approximation for aggregates formed

by a large number of particles, with N>1000. The assumption in their work is

that the estimates for the porosity found for spherical aggregates are valid for

non-spherical aggregates, which is not true in the case of irregular, open fractal

aggregates. Such irregular aggregates are investigated in this work.

Other approaches were based on the Kirkwood–Riseman theory [37], [38] who

looked at flexible macromolecules in a viscous fluid. According to their theory,

the hydrodynamic force acting on the macromolecular chain can be calculated as

a summation of the individual hydrodynamic forces acting on each molecule as a

group of the chain. One model following and extending this approach was the shell

model of De La Torre and coworkers [39]. They formed an outer shell of spherical
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particles matching the investigated aggregate form. This way, they determined

the hydrodynamic properties of irregular formed aggregates like proteins [40]. A

good overview of this group of models is given in ref. [41]. Another application of

Kirkwood’s theory can be found in the work of Lattuada [42], who investigated

fractal aggregates resulting in expressions for hydrodynamic radii in dependence

of a known pair-correlation function.

A further group of simulation methods to be mentioned here is the Lattice Boltz-

mann method (LBM). As the Lattice Boltzmann method is known for simulation

of flows through and around complex geometries, 1996, Adrover and Giona [43]

applied it first to two-dimensional aggregates to find out hydrodynamic proper-

ties.

In 2006, LBM was applied to three dimensional fractal aggregates [44]. Chopard,

Nguyen and Stoll investigated the drag force on aggregates with a fractal di-

mension larger than 2. The hydrodynamic radii of these aggregates formed by

a primary particles up to N ≈ 10000 were calculated in a cell with periodic

boundary conditions. The hydrodynamic radius has been numerically computed

by rescaling the results for periodic boundary conditions of Hasimoto to fit the

results of Acrivos for a sphere. Recently, Iglberger et al. extended the LBM

method used in [45] by coupling it to a rigid body physics engine and increasing

the number of simulated objects up to 150000 through efficient parallelization

[46].

The last group of methods includes Stokesian Dynamics methods [19, 47, 48,

45, 49], or other types of multipole expansion [50, 51], where different physical

properties of aggregates in mass and heat transfer problems were investigated.

Herewith also aggregate-like constructions were analyzed, as for example the sim-

ulation of linked spheres as a rigid body in Stokesian Dynamics, presented by Ross

[52]. In the groups of Blawzdziewicz and Wajnryb the hydrodynamic effects of

non-interacting rod-like aggregates containing up to seven primary particles have
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been simulated taking into account walls as boundaries [53]. Recently, Kutteh

presented different methods for simulation of aggregates using Stokesian Dynam-

ics approaches [54].

Experimental studies are important for comparison with the numerical results

and for the improvement of the numerical methods. A large number of such

studies have been conducted to investigate the hydrodynamic behavior of aggre-

gates ranging from particle chains, fibers, up to fractal-like aggregates [55, 56,

57, 58, 59, 60, 61, 62] in order to find correlations between structure (radius of

gyration, hydrodynamic radius, fractal dimension) and settling velocity or drag.

Most of the studies included regularly formed aggregates, which can be easily

simulated. Only a few studies involved fractal aggregates [63, 58, 64, 65]. Aggre-

gates typically formed in aerosol processes have a fractal dimension of Df ≈ 1.8.

If suspended in a fluid their behavior is dependent on their structure, differing

distinctly from the behavior of a volume equivalent sphere in a fluid or a porous

sphere. The drag is considerably changing with increasing number of particles

in the aggregate. The settling behavior changes, especially when the aggregates

have enough time to relax into a quasi-equilibrium state [64]. Changes in settling

behavior were already reported for single sphere settling experiments, where the

particles arrange in clusters which settle with higher velocities [66, 67, 68]. It is

expected that the aggregate behavior is similar, with a distinct dependence on

the structure.

The investigations of the mutual influence of aggregates during settling was

mainly driven by the interest on the capturing efficiency of either droplets, fibers

or aerosol single particles. This collision efficiency was addressed in the 1960s:

Based on the solution of the Stokes flow around a sphere moving at its terminal

velocity Fuchs [69] derived an analytic expression for the collision efficiency. This

was later improved by Davis and Klett [70, 71]. Later, Pruppacher and Klett [72]

determined collision efficiencies induced by gravity for droplets in clouds. Since
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then many studies were performed in order to determine the collision kernels in

the case of collision due to gravity [73, 74] or due to turbulence [75, 76]. How-

ever, no study is known to investigate the reciprocal hydrodynamic influence of

two anisotropic aggregates during settling. This influence will be described and

analyzed in this work.

As outlined above, a considerable number of studies both theoretical and exper-

imental have been dealing with the hydrodynamic behavior of aggregates. None

of the above was able to relate the hydrodynamic properties to the morphology of

open fractal aggregates typically encountered in aerosol processes. Our method,

developed from the accelerated Stokesian Dynamics method for non-Brownian

particles, has been used to simulate the motion of aggregates in viscous fluids,

relating the hydrodynamic properties to the structure of the aggregates. Addi-

tionally influences on the aggregate behavior during settling were determined.
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3

Physical Background

In this chapter, basic concepts of continuum fluid mechanics are presented. In

particular, the creeping flow equations are described, the behavior of an immersed

rigid body and the hydrodynamic interaction of multiple bodies in the fluid using

the multipole expansion.

The evolution of a system involves the change in time of either mass, or momen-

tum or energy. These quantities are described by fields like pressure, p, stress, σ,

velocity, u, etc. which evolve, in order to preserve the system equilibrium. This

is described by balance equations.

The balance equation for mass, known as the continuity equation, is given by:

∂ρf

∂t
+ ∇ · (ρfu) = 0, (3.1)

If we assume that the density ρf is constant and does not depend on the pressure,

the fluid is incompressible and the equation simplifies to:

∇ · u = 0 or
∂ui

∂xi
= 0. (3.2)

Another important equilibrium equation is the balance equation for momentum:

ρf
Du

Dt
= ∇ · σ + ρfg, (3.3)
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where ρf is the fluid density, D
Dt

is the substantial derivative and σ is the stress

tensor and g is the external force field acting on the fluid. For a Newtonian fluid,

σ is defined as

σ = −pI + η
(

∇u + (∇u)T
)

− η
2

3
I∇u, (3.4)

with I being the second rank unit tensor, η, the fluid viscosity (representing the

ratio between stress and deformation rate) and ∇uT the transpose of ∇u, where

η is a function of pressure p and temperature T .

Combining eq. 3.4 with the momentum balance, eq. 3.3, leads to the Navier-Stokes

equations for an incompressible Newtonian fluid:

ρf

(

∂u

∂t
+ (u · ∇)u

)

= −∇p + η∇2u + ρfg (3.5)

Generally, for an arbitrary velocity flow field with u(x) at the point x, the velocity

at a close point x + δx is, by utilizing only the first term of the Taylor expansion:

ui(xj + δxj) = ui(xj) +
∂ui

∂xj

∣
∣
∣
∣
∣
x

δxj. (3.6)

The velocity gradient tensor ∂ui

∂xj
can be split into a symmetric part denoted

as Eij = 1
2

(

∂ui

∂xj
+ ∂uj

∂xi

)

, and an antisymmetric part Ωij = 1
2

(

∂ui

∂xj
− ∂uj

∂xi

)

, with

∂ui

∂xj
= Eij + Ωij. The first term Eij is defined as the rate of strain, describing the

deformation and the second part, Ωij, is the angular velocity or vorticity tensor,

describing the rotation of a fluid element. Thus, the relative velocity change,

described by the velocity gradient tensor can be written as

∂ui

∂xj
= Eij + Ωij. (3.7)

Due to the symmetry of the rate of strain, the velocity vector Eijδxj is often

represented as the gradient of a scalar potential function ∂Φ
∂ri

= Eijδxj. The

antisymmetric vorticity tensor, Ωij, is related to the rotational velocity vector

through the Levi-Civita-tensor or permutation tensor ǫijk: Ωij = −1
2ǫijkωk . The
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rotational velocity vector itself describes the rotation about a point x with the

angular velocity ωi/2: ωi = ǫijk
∂uk

∂xj
= (∇ × u)i. Therefore, the velocity near a

point x can be represented as a sum of three terms: a uniform translational term,

ui, a straining term, Eijrj, and a solid body rotation with angular velocity ωi/2.

3.1 Creeping Flow Equations

The non-linear Navier-Stokes equations are describing the fluid motion of all

Newtonian fluids. For the case of slow motion, neglecting the inertia term (lhs.

of eq. 3.5) and the influence of external forces, these equations can be simplified

to the creeping flow equations. Satisfying the continuity equation eq. 3.1, the

equations can be written as follows:

∂p

∂xi
= η∇2ui,

∂σij

∂xj
= 0. (3.8)

From the symmetry of these equations, one can deduce i.e. that by inverting the

flow direction ui, the stress, σij, and pressure field, p, will be inverted. For a

rigid body subjected to a fluid flow, it means that its experienced drag Fi/ui =

(
∫

∂D σijnidA) /ui will remain the same after reversion of the fluid direction. The

body surface is denoted here by ∂D.

Due to the linearity of the equations, problems can be decomposed into simplier

parts and the individual solutions for each part can be added up to give the

solution of the complex problem. One example is the case of a solid sphere

rotating about its center in a simple shear flow as shown in Fig. 3.1. In order to

calculate drag, lift, etc. acting on this particle we decompose the problem into

three simplier problems which add up to the complete solution. The first one

is a sphere held stationary in a uniform flow. The second one is a sphere held

stationary in a shear flow whose zero velocity line passes the sphere’s center. The

last one is a sphere rotating in a stationary fluid.
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+ +=

Figure 3.1: Problem decomposition due to linearity.

3.2 Particle-fluid interaction

Using the above mathematical descriptions for fluid flow, we immerse monodis-

perse spherical particles into the fluid and describe their influence onto the flow.

First we consider one particle only. Subsequently, many particles are studied.

The particles considered in the following are all hard spheres. The interaction

between fluid and an immersed spherical particle can be calculated by solving the

stress tensor equation with the corresponding boundary solutions on the surface

of the body.

The immersed particle induces a disturbance velocity u′(x) which adds up to the

undisturbed velocity far away from the particle u∞(x) resulting in a new flow

field u(x) [13].

If the particle is shrunk to a point, the force acting on the unbounded Newtonian

fluid can be written as:

−Fδ(x0) = −∇p + η∇2u = ∇ · σ (3.9)

with δ(x0) as Dirac’s delta function, meaning that for any volume V enclosing the

point x0 = 0, the integral
∫

V ∇ · σdV = −F whereas for x0 6= 0,
∫

V ∇ · σdV = 0.

The fundamental solution for equation 3.9 consists of the velocity, u′(x) and

pressure p′(x) pair. The velocity solution is called stokeslet after Hancock [77]
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and relates the disturbance velocity u′(x) to the point force F.

This stokeslet due to a point force located at origin is:

u′(x) = F ·
G(x)

8πη
(3.10)

with the Oseen tensor G(x),

Gij(x) =
δij

r
+

xixj

r3
(3.11)

and r = |x|. Here, the long-range effect of the single point force in the leading

order for the induced fluid velocity, 1/r, has to be noted. The second part of the

fundamental solution for equation 3.9 is the pressure, p′(x), represented by :

p′(x) = F ·
P(x)

8πη
, (3.12)

where the pressure field, P(x), belonging to the Oseen tensor above is given by:

Pj(x) = 2η
xj

r3
+ P∞

j . (3.13)

In the presence of several particles N , where each particle α acting as a point

force induces a velocity field decaying with 1/r, the resulting velocity field has to

contain all influences of all particles on each other as a distribution of stokeslets

acting on the individual particle surface Sα. Thus, the velocity of each point x

in the fluid can be determined by:

u(x) = u(x)∞ −
1

8πη

N∑

α=1

∫

Sα

G(x − y) · f(y)dS (3.14)

where the force density, fi(y), at a point y on the surface of the particle α equals

σjk(y) · nk(y), with nk, the surface normal vector pointing into the fluid and the

Oseen tensor expressed by:

G(r) =
(yi − xi)(yj − xj)

r3
+

δij

r
, (3.15)
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where r = x − y and r = |r|. In equation 3.14, the total force of particle

α acting on the fluid is an integral over the whole surface: F α
i =

∫

Sα
fi(y)dS.

Correspondingly, the total torque exerted by the particle α on the fluid measured

relative to the center of the particle alpha xα is T α
i = −

∫

Sα
ǫijk(yj − xα

j )fk(y)dS.

Starting from equation eq. 3.14, the fluid flow field can be expressed as a multipole

expansion [13]. In the multipole expansion the derivatives of the fundamental

solution for equation eq. 3.9 are obtained from a Taylor series expansion about x0.

As the stokeslet satisfies the equation, any derivative with respect to r will also be

a solution of this equation. The more moments or multipoles (monopole, dipole,

quadrupole, ...) are included in the solution, the more accurate the solution of

the flow field is. However, for an interpretation of the physical significance it is

often useful to group them in certain combinations, as will be shown below.

The expansion for Gij(x−y) in a Taylor-series about the particle centre xα results

in:

ui(x) − u∞

i (x) = −
1

8πη

N∑

α=1

∫

Sα

Gij(x − y)|y=xαfj(y)dS +

+
1

8πη

N∑

α=1

∫

Sα

∂

∂yk
Gij(x − y)|y=xα(yk − xα

k )fj(y)dS + . . . ,

(3.16)

which gives:

ui(x) − u∞

i (x) = −
1

8πη

N∑

α=1

Gij(x − y)|y=xα

∫

Sα

fj(y)dS +

+
1

8πη

N∑

α=1

∂

∂yk
Gij(x − y)|y=xα

∫

Sα

(yk − xα
k )fj(y)dS + . . .

(3.17)

The expansion terms, n-th multipoles (moments) can be calculated as [13]:

Qα
i...j = −

∫

Sα

(yi − xα
i )nfj(y)dS (3.18)
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where the monopole known as stokeslet (n = 0) corresponds to the force

F α
j = −

∫

Sα

fj(y)dS. (3.19)

The Stokes dipole (n = 1), Dα
ij can be divided into different tensorial components

of physical significance with useful mathematical properties:

• an antisymmetrical part denoted as rotlet, which is the solution of a singular

point torque flow at the origin,

T α
ij = −

1

2

∫

Sα

(fiyj − fjyi)dS (3.20)

and which is related to the torque Ti by:

ǫijkTjk =
1

2
ǫijk

∫

Sα

(fjyk − fkyj)dS = ǫijk

∫

Sα

fjykdS = −Ti (3.21)

• a symmetrical part denoted as stresslet, which represents the straining

motion of the fluid,

Sα
ij = −

1

2

∫

Sα

[

(yi − xα
i )fj + (yj − xα

j )fi −
2

3
δij(yk − xα

k )fk

]

dS (3.22)

and

• an isotropic part 1
3Dα

kkδij which is of no hydrodynamic significance, as ∇·G =

0 [78].

Thus:

Dα
ij = T α

ij + Sα
ij +

1

3
Dα

kkδij. (3.23)

The velocity representation is then given by:

ui(x) − u∞

i (x) = −
Fj

8πη
Gij(x) +

Djk

8πη
Gij,k(x) + . . . , (3.24)
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where only the monopole and the dipole are included while higher order terms

are not.

One advantage of this method is that each term in particular satisfies the conti-

nuity equation such that no additional constraint has to be applied to fulfill this

condition.

Another advantage is that the far field velocity is described very well for rigid

bodies with a high symmetry, as a truncation after the first terms, as in case of

spherical particles, giving a reasonable accuracy: the n-th term of the expansion

decays as r−n i.e. r−1 for the stokeslet and with r−2 for the first moments.

Two popular truncations for the multipole expansion exist: the force/torque or

F/T truncation with no imposed motion and the force/torque/stress or F/T/S

truncation of the complete multipole expansion. In the F/T/S version, which

has been used in this work, a high accuracy can be achieved for the calculations

of the particle movement, and an imposed rate of strain can be additionally taken

into account.

The disturbance fluid velocity ui at the particle center xα can be then related to

these forces, torques and stresslets exerted by the particle α with radius a0 on

the fluid (Faxén laws).

Uα
i − u∞

i (xα) =
F α

i

6πηa0
+

(

1 +
a2

0

6
∇2

)

ui(x
α). (3.25)

Ωα
i − ω∞

i (xα) =
T α

i

8πηa3
0

+
1

2
ǫijk∇juk(xα) (3.26)

−E∞

i (xα) =
Sα

ij
20
3 πηa3

0

(

1 +
a2

0

10
∇2

) (

1

2
(∇jui + ∇iuj)

)∣
∣
∣
∣
∣
xα

(3.27)

Hereby, the superscript ∞ denotes field variables for the bulk flow and the veloc-

ities Uα
i (translation), Ωα

i (rotation) are the particle unknowns. As the particles

themselves do not exhibit any stress, Eα
i = 0.
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By combination of eqs. 3.24 and 3.25-3.27 the fluid velocity can be eliminated and

a mobility matrix can be constructed relating the velocity of each particle to the

forces on all particles [12]. With this set of equations either the particle velocities

can be calculated for known forces (mobility problem), or the force acting on the

particle can be calculated from the known particle motion (resistance problem).

For two spheres, the system of equations can be summed up to:
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, (3.28)

where M and R are the corresponding mobility and resistance matrices respec-

tively, built from the pair-wise interaction consideration [12].

For dense suspensions, where e.g. two particles with radius a0 centered at x1

and x2 come close to each other: |x1 − x2| − 2a0 << a0, the movement cannot

be described very well through the multipole expansion (due to the truncation of

the Taylor expansion) and additional correction terms from the lubrication theory

[16] have to be included. This was achieved by Durlofsky [17] and Brady [19] by

including the exact two-sphere solutions R2B from Jeffrey [12] and Kim&Mifflin

[79] into the resistance matrix. This method known as Stokesian Dynamics will

be briefly presented in chapter 4.
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4

Simulation Model

In the following, the Stokesian Dynamics model is presented, as well as its ac-

celerated improvement and its further extension to include freely moving rigid

bodies built of individual particles.

4.1 Stokesian Dynamics simulation model

For the simulation of particulate suspensions i.e. N non-Brownian rigid particles

- hard spheres - in a fluid of viscosity η and a density ρ, two equations are

coupled. The creeping flow or Stokes equations (eq. 3.8) characterizing the fluid

movement for small particle Re-numbers and the N-body coupled equations of

motion describing the movement of the particles. For N particles the Newton

equations are :

m ·
dUP

dt
= FH + FP , (4.1)

where m is the generalized mass/moment of inertia matrix of dimension 6N x

6N, UP is a vector of dimension 6N representing the three translational and

three rotational velocities of each particle in three directions, FH and FP are the

hydrodynamic and external force/torque vectors of dimension 6N acting on the

particles. The coupling of the motion of fluid and particles and the hereby recip-

rocally induced forces and stress on the fluid is accomplished by hydrodynamic
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interactions. These long-ranged forces have, as mentioned before, a many-body

character increasing the difficulty of calculation. Generally for a colloidal system

the motion of each particle in a fluid induces a fluid movement which affects and

causes other particle movement in the system. For a suspension undergoing a

bulk linear shear flow, given by a velocity gradient tensor Γ̇ and the particle posi-

tion xα as u∞(xα) = Γ̇ · xα, the hydrodynamic forces and torques are calculated

by:

FH = −RF U · (UP − u∞) + RF E : E∞, (4.2)

where u∞ is the bulk linear flow evaluated at each particle center. E∞ is the

externally imposed rate of strain and symmetric part of the velocity gradient

tensor Γ̇ = E∞+ω
∞ with ω

∞ being its antisymmetric part. RF U and RF E are the

configuration dependent resistance matrices for a given configuration (position of

particles in the system) relating the forces to velocities and strain. The complete

set of equations including stress (first two moments) is then given by











FH

TH

SH











= −R ·











Up − u∞

Ωp − ω
∞

−E∞











, (4.3)

where R =











RFU RFΩ RFE

RTU RTΩ RTE

RSU RSΩ RSE











(4.4)

denotes the grand resistance matrix with RSU , RSΩ and RSE relating the particle

stress to the velocity (translational and rotational) and to the rate of strain. An

example for the coefficients of RF U for two spheres is given in the appendix A.5.

The Stokesian Dynamics (SD) exploits the fact that the hydrodynamic inter-

actions can be decomposed into long-range mobility interactions (far-field) and

short-range lubrication interactions (near-field). The mobility interactions are
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represented by the mobility matrix which is inverted to yield the resistance ma-

trix. Calculating directly the resistance matrix for the far-field would induce

errors O(r−2) by omitting for example third body influences in the formation

of the many-body matrix through a pair-wise consideration of the interactions,

where r is the center to center distance between two particles. As

F = −R · U and U = −M · F, (4.5)

the grand resistance matrix is created by the inversion of the grand mobility

matrix M yielding an approximation of the far-field with errors in the order of

O(r−4). The lubrication terms are taken into account by the two-body resistance

matrix R2B which considers all two-body interactions, in the near-field and the

far-field. The far-field part R∞

2B, however, is already included in the inverted

grand mobility matrix M−1 and has to be subtracted in order to not be counted

twice. The corrected resistance matrix is then written as:

R = M−1 + R2B − R∞

2B. (4.6)

Once the resistance matrix is known, the forces can be calculated for known

velocities or vice versa, resulting in two generally different types of problem for-

mulations, the resistance or the mobility formulation respectively.

4.2 Accelerated Stokesian Dynamics (ASD)

In the accelerated version of the Stokesian Dynamics, ASD [80], the inverse of

the mobility matrix M−1 is not calculated directly anymore, the hydrodynamic

force (far-field) is calculated instead as the action of the velocity vector on the

inverse mobility matrix. This decreases the computational cost significantly, as

the inversion of the mobility matrix is an O(N3) operation, whereas the action
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of a vector on the matrix is O(N). The hydrodynamic force is split additionally

into a near-field (nf) part and a far-field (ff ) part:

FH = FH
nf + FH

ff

= −RF U,nf · (UP − u∞) + RF U,nf : E∞

−RF U,ff · (UP − u∞) + RF U,ff : E∞,

(4.7)

The near-field resistance matrix RF U,nf is constructed by taking into account only

the nearest neighbors. Using a chaining mesh for identifying them, the matrix

construction can be performed very fast (order O(N)), having in addition a low

storage cost due to its sparse form.

In Fig. 4.1 the algorithm for the calculation is shown. The far-field calculation

(upper right corner of Fig. 4.1), being the computational expensive part, follows

this procedure: Supposing that the particle velocities are known, an initial value

is assumed for the hydrodynamic forces and equation 3.24 is solved for the fluid

velocities ui. For any further time step, the previous values of the flow field can

already be used as a guess. The calculation of the far-field hydrodynamic force

(generally of order O(N2), as all interparticle pair interactions are of importance)

is accelerated by using particle-mesh techniques. The idea of particle-mesh algo-

rithms is to assign particles to a mesh, according to their position, and evaluate

the wave-space part of the Ewald sum on this mesh using fast Fourier transforma-

tions. This transformation yields a very fast converging series instead of slowly

converging one. A Lagrangian interpolation is then used for calculating the fluid

velocity at each particle center from the velocity on the grid points. Using the

values of the fluid velocity at the particle center in the equations 3.25-3.27, new

forces, torques and stresslets are calculated. Once these values are known they

are handled as the new initial values used to solve for the fluid velocity again.

This procedure is repeated until the formerly unknown values fit the equations

to the desired convergence criterion.
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Initial Guess for
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Far−field 
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Gradient
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Solve equation of motion iteratively
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Figure 4.1: ASD algorithm, one dynamic time step [80].

For a better understanding, this procedure is explained in the following in more

detail, with emphasis on the calculation performance improvements. The starting

point for the calculation of the far field hydrodynamic force, FH
ff , is the fluid

velocity solution calculated for a flow past a periodic array of spheres represented

as point forces [11]. This solution contains a sum over all forces of all other

particles. The sum itself can be evaluated efficiently by using Ewalds summation

technique [81, 82], where the Fast Fourier Transformation method (FFT) is used

on an equidistant grid to which the particles are assigned according to their

positions, in order to evaluate the wave-space part of the Ewald sums needed for

the fluid velocity calculation [83]. Thus, the integral representation of the velocity

- an integral from 0 to ∞ - is split into two parts, one from 0 to αs and the other
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part from αs to ∞ [80]. The first part can be solved in the real space, whereas the

second one is rewritten as a Fast Fourier sum and solved in the wave-space. On

one hand, for αs → 0 the velocity is represented as a pure wave-space sum. On

the other hand, for large values of αs, the wave-space sum contribution vanishes

and only the real-space sum represents the velocity. As the summation for the

integral from 0 to αs shows a slow convergence, Ewald’s theta transformation is

applied to it, yielding a faster convergent sum [80]. The choice of αs influences

hereby the computation efficiency and balances the two evaluation steps. A good

choice of αs allows the real-space sum to include only neighboring particles and

thus to become an O(N) operation [80].

The results from the wave-space part itself are used to set the parameters for an

evaluation of the real space sum which is calculated pair-wise analytically. The

efficiency of the real-space sum calculation is additionally increased by taking

into account only neighboring particles, using the chaining-mesh method given

by Hockney & Eastwood [81]. The sum over all particles N of the wave-space

and the real-space part results in the fluid velocity at each grid point.

For the calculation of the fluid velocity at each particle center, an interpolation

from the velocity on the neighboring grid points is used. From this velocity at the

particle center, the hydrodynamic force is calculated using Faxen’s laws (eq. 3.25)

which can be iteratively compared to the initial guess at the beginning of the

procedure. The standard GMRES package (generalized method of residuals) has

been used to achieve a fast convergence to a desired accuracy for the forces on

the N particles at a given position in the viscous fluid.

After the calculation of the near-field and the far-field resistances the new particle

velocities are calculated from the equation of motion:

FP + Fff − RF U,nf · (UP − u∞) + RF E,nf : E∞ = 0 (4.8)
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using a standard conjugate gradient method. The non-dimensional form of the

force Fp depends on the investigated system.

As a last step the particles are moved and the procedure is repeated to calculate

the time development of the particle motion with an Adams-Bashforth fourth

order scheme (see appendix A.2).

4.3 ASD extension - aggregate movement

Additionally to the hydrodynamic interaction, external forces due to shear or

specific material properties are causing attraction or repulsion. These external

forces, F P in equation (4.1) originate either from potential interactions or from

friction or thermal noise. Generally, all these forces can be included into the

simulation. In this work, only non-Brownian particles are considered. For the

case of particles larger than 1µm suspended in a fluid, or for sheared systems

where the transport through diffusion is dominated by the transport through

advection, the Brownian force can be neglected.

In the extension of the accelerated Stokesian Dynamics method, the following

algorithm presents the step-wise calculations:

• For a given initial configuration of particles, forces, torques and stresslets

are calculated using the ASD method.

• Using the forces, torques and stresslets, the velocities can be calculated

iteratively for each individual particle.

• Depending on the interparticle distances, velocities and forces of all particle

pairs, an aggregation matrix containing all formed aggregates is constructed.

• For all aggregates, the correct aggregate geometry is reconstructed in case

of periodic boundary conditions.
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• Aggregate properties (based on the forces acting on the individual particles)

are calculated and redistributed to the individual particles which behave like

a rigid body.

• The particle positions are updated and periodic boundary conditions are

applied.

• The simulation is run until the stopping condition is fulfilled.

The aggregate movement is driven by the sum of the forces and moments acting

onto the individual particles of an aggregate. For an aggregate consisting of N

particles i, the center of mass is calculated by

rCM =
N∑

i=1

miri(t)/N, (4.9)

where rCM is the position vector for the center of mass and ri indicate the position

vectors for the particles and mi their masses. The total force and torque is the

sum of all forces acting on the N particles forming the aggregate plus an initial

torque, Ti,0, acting on the particles if they were free to move in the previous time

step:

Fagg(t) =
N∑

i=1

Fi(t) and Tagg(t) =
N∑

i=1

(ri(t)−rCM (t))×Fi(t)+Ti,0. (4.10)

As a result of these individual forces, the aggregate moves. The equations for the

particle velocities in an aggregate are given by:

vi = vagg + ωagg × (ri(t) − rCM (t)) and ωi = ωagg. (4.11)

This movement takes into account the linear Pagg(t) and the angular momen-

tum Lagg(t). The linear momentum for the translational motion depends on the

translational velocity of the aggregate vagg:

Pagg(t) = m vagg(t). (4.12)
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Similarly, the angular momentum is given by:

Lagg(t) = Im,agg(t) ωagg(t), (4.13)

where Im,agg(t) is the inertia matrix which describes the mass distribution relative

to its center of mass. The torque is simply the time derivative of the angular

momentum

L̇agg(t) = Tagg(t). (4.14)

The velocities (translational and rotational) needed for the aggregate motion are

calculated using:

vagg(t) =
Pagg(t)

m
, with Pagg =

1

N

N∑

i=1

miṙi(t) (4.15)

Im,agg(t) = Rorient(t)IbodyRorient(t)
T , (4.16)

ωagg(t) = Im,agg(t)−1L(t). (4.17)

where the inertia matrix Im,agg(t) depends on the orientation Rorient(t) of the

aggregate, while the body inertia Ibody is a constant matrix during the simu-

lation which is precomputed for each individual aggregate only once before its

movement. Together with the change in position and orientation, these are the

quantities needed for moving the rigid aggregate. The moment of inertia of a

solid body with respect to a given axis is defined by the following integral

Im = ~e
∫

ρd⊥dV,

where d⊥ is the distance perpendicular to the axis of rotation and ~e the unit

vector with eu the individual elements of this vector. For an aggregate formed of
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regular spherical particles of radius a0 and mass m, the moment of inertia, Im, is

calculated by:

Im =
N∑

i=1
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, (4.18)

where the diagonal matrix depicts the rotational inertia of a sphere with respect

to its principal axis and the second matrix arises from the moment of inertia of

the particles due to their distance ri to the aggregate center of mass.

The eventual aggregate rotation has been performed using quaternions [84] rather

than rotation matrices. A quaternion, q̃, is a four element vector that can be used

to represent a rotation. The quaternion q̃ = s+vxi+vyj+vzk can be written as the

scalar-vector pair [s, v] (cf. A.4). A rotation of φ radians with respect to the unit

axis eu is represented by the unit quaternion as follows: [cos(φ/2), sin(φ/2)eu].

Quaternions are a better way to represent the orientation of a rigid body than

3 × 3 rotation matrices, since they have only four parameters to describe the

three degrees of freedom of the rotation. For the nine parameters of the rotation

matrix using Euler angles, the numerical error will accumulate in its coefficients

and result graphically in a skewing effect of the rigid body to move [85]. An

example is given in the appendix A.4.

For the aggregate, the constituing particles which aggregate are first identified.

They form an aggregate which is registered in an aggregate matrix. The aggregate

matrix consists of rows of different aggregates containing columns of linked lists of
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particle numbers touching each other. The columns are of a maximum length of

all particles, that is, in case of settling, one aggregate can be formed of all settling

particles. The rows can have a maximum number of half the number of simulated

particles, as the maximum number of aggregates is when each two particles are

aggregated. Thus, the aggregate matrix has a finite size. In a next step, the

inertia matrix for the aggregate is initialized (eq. 4.16). For periodic boundary

conditions, a śhape checkís performed in order to preserve the aggregate shape

and to account for branches of the aggregate leaving the simulation cell from one

side and entering it from the other side. Without this step, properties like the

center of mass including forces and torques would not be calculated properly. In

the following step, the center of mass, xCM , is calculated for the actual aggregate

(eq. 4.9), and the particles are registered in a column of the aggregation matrix.

For the particles registered in the aggregate matrix, the aggregate torques, Tagg,

of each aggregate are calculated (eqns. 4.10). With it the angular momentum,

Lagg, results as an integral over one time step (eq. 4.14). For each aggregate, the

moment of inertia is calculated and stored in the aggregate inertia matrix, Im,agg.

The inverted inertia matrix is utilized for calculation of the angular velocity,

ωagg, of the aggregate using eq. 4.17. Subsequently, the velocities vi, ωi of each

individual particle are calculated, depending on their distance from the center

of mass (eq. 4.11). Through this method of calculation, the momenta (linear

and angular) are preserved. The particle positions are updated according to the

new velocities. This results in a new configuration ready for the next time step

calculation.
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5

Characterization of fractal

aggregates

The description of complex shaped aggregates can be achieved by only a few

general characteristic parameters, accounting for aggregate size and three dimen-

sional shape. Aggregates can be described in terms of distances by characteristic

lengths and by the fractal dimension, accounting with one parameter for their

three dimensional structure. In the following, methods for determining these

quantities are outlined.

5.1 Characteristic radii

One measure for the aggregate characterization is the purely geometric quantity

radius of gyration, Rgyr, which is the root mean square distance of the particles

from their center of mass rCM .

R2
gyr =

1

N

∑

i

(ri − rCM )2. (5.1)
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For computational reasons, it is more convenient to use its form related to the

interparticle distance |ri − rj|:

R2
gyr =

1

2N2

∑

i,j

(ri − rj)
2 (5.2)

This quantity is significant, as this is the size measured by scattering experiments

in the Rayleigh-Gans-Debye limit [86].

The hydrodynamic radius, Rhyd, denotes the radius of a sphere experiencing the

same drag Fd, as the aggregate moving with velocity u in a fluid with viscosity η

(Stokes):

Rhyd =
Fd

6πηu
. (5.3)

The collision radius, Rc, or the radius for the smallest encompassing sphere is

needed in the context of drag prediction for mass fractal aggregates:

Rc = max(|ri − rCM |) + a0. (5.4)

Rogak and Flagan [87] use for fractal aggregates

Rc = Rgyr ·

√
√
√
√

Df + 2

Df
, (5.5)

with the fractal dimension, Df , defined in the following (section 5.3) and radius

of gyration, Rgyr. A derivation of equation 5.5 can be found in the appendix A.3.

5.2 Volume fraction

The volume fraction describes the volume occupied by particles in a system rel-

ative to the volume of fluid. We define the volume fraction

φ =
N · 4

3πa3
0

Vfluid
, (5.6)
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where Vfluid is calculated as the volume of an empty simulation cell (width ×

height × depth), a0 is the radius of a primary particle and N the number of

particles in the simulation cell.

5.3 Fractal dimension of aggregates

The importance of the fractal dimension is emphasized here as it is a measure

relating the characteristic size of an aggregate through only one parameter. This

measure can be obtained either directly from scattering experiments or calculated

by means of computational methods.

Aggregation occurs after the collision of two particles, if the adhesion probability

is assumed to be one. This process is partly wanted, as for instance in flocculation

in environmental engineering and partly unwanted, as in paints, pigments, etc.

Three fundamental issues govern the type of clusters formed during aggregation:

the manner of motion that brings particles into contact, the probability of the

particles sticking upon contact and the mobility of the subsequently formed ag-

gregate. The particle sticking probability leads to two universal limiting aggregate

regimes: diffusion and reaction limited aggregation.

Forrest and Witten [88] were the first who associated the fractal geometry to

particle clusters in 1979. Only a few years later, Witten and Sanders developed

a computer model [89, 90] using random walks of particles, suitable for aggre-

gation and growth of particle clusters manifesting a self-similar structure over

a large scale. In this model, particles are added one by one to a system cen-

tered to the seed particle. The added particles begin a random walk through the

enclosed region. If the particles collide on their way with other particles, they

stick to each other and the aggregate is growing. These models for simulating

diffusion processes are now commonly known as diffusion-limited aggreegation

(DLA) models. Meakin has performed extensive simulations for different particle
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systems and different particle sizes [91, 92]. Changes of the sticking probability as

well as constraints on the direction of the random walks have been investigated.

The book of Jullien and Botet [93] gives a good review of these investigations.

Later, Meakin extended his work on aggregation to the structure kinetics of the

reaction-limited aggregation regime [94]. The difference between these regimes

is the following: In diffusion limited colloidal aggregation (DLA) the absence of

a strong repulsive barrier leads to a high sticking probability and the particles

stick upon first contact. On the other hand, a strong repulsive barrier leads to

the reaction limited regime (RLA). In an unbounded real system, whether coag-

ulation is slow or rapid and whether it is occurring by a perikinetic (diffusion)

or an orthokinetic (shear-influenced aggregation) mechanism, the structure of

the resulting aggregates will be different [95]. Fast coagulating suspensions will

form loose and open aggregate structures. In contrast to that, slowly coagulated

systems form dense and very compact aggregates. Following investigations have

proven the agreement of the simulations and experiments [96, 97].

Definition of the fractal dimension, Df

The degree of openness of a colloidal aggregate is best represented by its mass

fractal dimension Df , which is defined by the number of particles N in an aggre-

gate and its characteristic length R by

N ∼ RDf . (5.7)

The fractal dimension is defined for values between 1 ≤ Df ≤ 3 in the three-

dimensional space. Hereby Df = 1 is the limit of a line built of particles and

Df = 3 is the limit of a completely compact spherical aggregate. The fractal

dimension, Df , reflects the internal structure of the flocs and depends on the mode

of aggregation. For rapid, irreversible Brownian flocculation with no subsequent

rearrangement a value of 2.5 is found for Df in computer simulations, if aggregates
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grow by adding one particle at a time [95]. For diffusion limited aggregation, in

which cluster-cluster interactions are dominating, the fractal dimension is around

1.7 to 1.8 [98]. The fractal dimension for reaction-limited aggregation is between

2.0 and 2.2 [96, 99].

Measurement of Df

A way to determine the fractal dimension experimentally is by using light scat-

tering: A volume containing N particles forming an aggregate is screened by a

laser beam of wavelength λ. The intensity of the scattered light is hereby depen-

dent on the structure and orientation of the aggregate. Different orientations of

the object give different scattered intensities. Therefore, the scattered light at

different angles is measured. The dependency:

I(q) ∼ q−Df or log(I(q)) = −Df log(q) (5.8)

yields the fractal dimension as the slope of the measured intensities in a log-log

plot over the scattering vector. Hereby, q is the absolute value of the scattering

vector q given by:

q =
4πn

λ
sin

(

Θ

2

)

, (5.9)

where λ is the wavelength of the incident light, Θ is the scattering angle and n

is the refractive index of the solvent.

Calculation of the mass fractal dimension, Df

Generally, the mass fractal dimension, Df , can be calculated as the mass of each

aggregate distributed within shells of different radii, Ri, centered around the

aggregate center of mass xCM . Under the assumption of a constant density, mass

ratios equal volume ratios. The mean volume, V̄ , with respect to the shell radius

is calculated. In this case it is the number of particles enclosed by this shell times
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the volume of one single particle. For obtaining the fractal dimension, Df , of

a large fractal aggregate, the ratio of the mean volume of the aggregate to the

volume of one primary particle, resulting in the number of particles, is plotted

against the ratio of the shell radius to the radius of a primary particle. Thus,

the fractal dimension, Df , can be calculated as the slope of the line prescribed

by these values in a log-log plot following:

N =
V̄

V0
= ki

(

Ri

a0

)Df

, (5.10)

and using the proportionality constant ki.

For aggregates formed of a small number of primary particles, the fractal dimen-

sion can be calculated using the radius of gyration. The number of particles in

an aggregate N is related to the aggregate radius of gyration, Rgyr, and single

particle radius, a0, through:

N = kg

(

Rgyr

a0

)Df

, (5.11)

with kg being another proportionality prefactor.

Fractal dimension Df of aggregates used in the following

In large scale simulations, for cluster-cluster aggregation following ballistic tra-

jectories where the cluster velocities are given by the kinetic theory of gases, the

dimensionality reaches Df = 1.8 − 1.9. This fractal dimension describes aggre-

gates shaped by aggregation of very small particles and clusters in flames, as for

example the aggregation of ceramic nano-particles in gases at reduced pressure.

The simulation model in this work investigates the settling of such aggregates

suspended in viscous fluids.
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6

Validation of the simulation model

In the following different validations of the extended simulation program are

presented. First the settling velocity of suspensions in dependency of the vol-

ume fraction is validated with data from literature. Then, a calculation of the

drag force for simple setups during settling is shown by solving the creeping flow

around the spheres. This is compared to analytical solutions from literature. The

parameters to adjust in the simulations and their influence on the results were

investigated. The drag forces acting during settling on regularly and irregularly

shaped aggregates were compared to the values received using the Lattice Boltz-

mann Method (LBM). For this purpose, the aggregates were held fixed in a given

flow field. In a second investigation series, the aggregates were allowed to freely

move during aggregate settling. The results were compared to literature data, a

comparison carried out experimentally and numerically for model aggregates.

6.1 Simulation of settling suspensions

Already in 1972 Batchelor [100] determined the average settling velocity for par-

ticles in a suspension consisting of randomly distributed equal-sized spheres to

be:

us/u0 = 1 − 6.55φ + O(φ2). (6.1)



40 Validation of the simulation model

His equation is valid only for dilute suspensions (φ < 0.05 [17]). For a regular ar-

rangement of particles, a simple cubic arrangement, Saffmann [101] calculated the

settling velocity for a periodic array of regularly arranged spheres (e.g. Fig. 6.1,

left) by representing the particles through point-forces at their center. The fit

for the non-dimensional settling velocity for different volume fractions resulted

from the theoretical calculations as: us/u0 = 1 − 1.738φ1/3. This case is special,

as lubrication plays no role and the accuracy of the calculated settling velocity is

defined only by the accuracy of the far field computation. The settling velocity is

found by imposing an external force on the particles and calculating the resulting

velocities. Due to the periodic boundaries, all particles remain at the same dis-

tance from each other. Thus, the static symmetrical solution of this problem is

identical to the dynamic calculation. Further theoretical calculations of Zick and

Homsy for randomly distributed spheres [102] are based on multipole moment

expansion with inclusion of higher order moments for the solution of the particle

velocities. Their results indicate that at least four moments have to be included

to yield the exact results. This has been confirmed by Ladds simulations [22] with

random packed spheres (e.g. Fig. 6.1, right). The inclusion of higher moments is

of importance especially in the case of high volume fractions, as has been shown

in ref. [80] for a simple cubic arrangement. Without the inclusion of at least four

moments, the prediction of the ASD simulations results in an overestimation of

the settling velocity for the higher volume fractions, e.g. us,ASD/u0 = 0.15 in-

stead of us,Zick/u0 = 0.13, i.e. 13 per cent at a volume fraction of φ = 0.22 and up

to four times the value of the non-dimensional settling velocity at φ = 0.53 [80].

An inclusion of higher moments would increase the computational cost per parti-

cle, even the overall computational order is O(N log N). Further calculations of

Sangani and Mo [103] show a velocity difference between a randomly distributed

suspension and a settling suspension of regularly distributed spheres. This dif-

ference is attributed to the system size - the number of particles N distributed
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r

Figure 6.1: Arrangement of particles in a simulation cell: simple cubic

(corners of a regular lattice at interparticle distance r - left) versus random

distribution (right).

in the simulation cell volume - and to the differences in viscosities between the

suspension, ηsus, and the pure fluid, ηfluid, respectively [103]:

us,corrected = us(N) + 1.7601

(

φ

N

) 1

3 ηfluid

ηsus
SCS u0 + O

(

φ

N

)

. (6.2)

The structure factor, SCS, which they introduced is estimated from the Carnahan-

Starling approximation for the equation of state of a hard sphere suspension [104]

as:

SCS =
(1 − φ)4

(1 + 2φ)2 + φ3(φ − 4)
. (6.3)

The results from the ASD method used here were calculated for each volume

fraction from 15 sets of 125 randomly distributed particles and corrected using

the Carnahan-Starling approximation (eq. 6.3) and the system size correction

(eq. 6.2). The averaged results for the settling velocities are shown in Fig. 6.2,

in comparison to the results of Batchelor eq. 6.1 and Ladd [22]. For comparison

to experiments, the results of Buscall et al. [105] are shown. Additionally, the
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approximation of Barnea and Mizrahi [106] is plotted as a reference, as it shows

the best fit from a collection of experimental results:

us

u0
=

1 − φ
(

1 + φ
1

3

)

exp
(

5φ
3(1−φ)

) . (6.4)

Their assumptions included a characterization of the suspension by an average

particle size and a very narrow distribution. There are no other interactions be-

tween the particles in the fluid except hydrodynamic interactions. In the investi-
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volume fraction φ [−]

0
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Batchelor (1972)
Ladd (1990)
Barnea & Mizrahi (1973)
Buscall et al. (1982)
ASD  

Figure 6.2: Non-dimensional settling velocity dependence on volume frac-

tion for randomly distributed spheres. The low dilute limit results of Batch-

elor are indicated as a dashed line (−), Ladds results [22] are indicated by

squares (�), the dot-dashed line (·−) is the fit to the experimental results

of Barnea and Mizrahi, circles (O) are experimental data from Buscall et al.

and triangles (△) are simulation data from this work.

gated range of volume fractions, a very good agreement to previously simulated

and to experimental data has been found. For higher volume fractions, it can be

observed that already at φ = 0.29 the simulation value starts to increase above
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the experimental values of Buscall et al., as already shown in the simple cubic

cases [80]. For higher volume fractions larger differences are expected.

6.2 Analytical solution for the drag on settling par-

ticles

For the validation of the drag force calculations in the following, simple test cases

were investigated. Happel and Brenner [3] have calculated analytical approxi-

mate solutions for the hydrodynamics in a fluid containing two particles. Their

solution using the method of reflections where each movement is reflected by the

particles inducing another movement that causes another reflection, as indicated

in Fig. 6.3, results in the following equation for two equal spheres settling per-

pendicular to their line of centers, which is an infinite series depending on the

particle radius a0 and the interparticle center-to-center distance r:

F = 6πηa0u

(

1 −
3a0

4r
+

9a2
0

16r2
−

59a3
0

64r3
+

465a4
0

256r4
−

15813a5
0

7168r5
+ · · ·

)

. (6.5)
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Figure 6.3: Method of reflections. The reflections add up to the real value

of the velocity influenced by a second sphere present in the system
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For particles settling along their line of centers, Stimson and Jeffery [107] calcu-

lated the drag force on each of the spheres analytically. Faxèn [108] simplified for

vanishing distance between the spheres to the following formula:

F = 6πηa0u

[

4

3

∫
∞

0

1

4

(

1 −
4sinh2x − 4x2

2sinh2x + 4x

)

dx

]

, (6.6)

where the term in square brackets yields the exact solution of 0.645 by numerical

evaluation. For two spheres held fixed in a stationary fluid flow, this results in a

drag force of 1.290 for two touching spheres (a0/r = 1/2) aligned into the fluid

direction and 1.432 if the fluid direction is perpendicular to the line of centers

between the two spheres (Fig. 6.4). Further, a comparison of literature data

U

U

| | 

⊥

px

Figure 6.4: Parallel and perpendicular flow for two spheres

with simulation results is presented. Therefore, the influencing parameters on

the accuracy of the simulation results are discussed.

In the following, the drag force values were normalized by 6πηa0u, i.e. the drag

on a single primary particle suspended in infinite flow, and have therefore no unit.

Hereby, u, is the flow velocity, a0, the radius of a single primary particle and η,

is the dynamic viscosity.

6.3 Influence factors on ASD simulation results

In order to ensure the quality of the simulations, all model parameters have to be

controlled carefully. For this purpose a thorough validation of the ASD method
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was performed, examining the influence of the respective model parameters on

simulation results.

The choice of the simulation parameters can increase or decrease the accuracy

as e.g. the calculation of the forces at one particular point in space involves the

distribution of forces acting from surrounding particles to the neighboring grid

points, performing an interpolation for calculation of the value at the position of

interest. Therefore, the cutoff radius has been set to a value of rcut = 7a0 and

the splitting parameter to αs = 12, as this has proven to yield small errors in the

simulation runs as given for settling of simple cubic arrays of spheres of different

volume fractions [80].

6.3.1 Computational domain

One important parameter in both simulation methods, ASD and LBM, is the

boundary condition at the boundary of the computational domain and the re-

spective domain size. In the ASD approach symmetry boundary conditions are

applied, i.e. the computational domain is virtually repeated at each boundary

interface. The method does not simulate the drag on isolated aggregates in an

infinite domain but rather the drag on aggregates arranged in a regular array

of identical aggregates. The distance between two aggregates within this array

corresponds to the size of the computational domain.

Hence, the domain size should be as large as possible. Limitations to the do-

main size are imposed by computational cost. As is shown later, for increasing

domain size at constant resolution the error induced by the boundary conditions

is reduced significantly and the drag force of the particle approaches the value

for the particle suspended in an infinite fluid. After evaluating the influence of

the finite domain size on the results, a fixed ratio of domain size to aggregate size

was used for all simulations in order to avoid wrong interpretation of results. For
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the validation runs presented in section 6.4, the size of the computational domain

was kept constant to 58 times the diameter of a single sphere.

The size effect of the computational domain was analyzed for a doublet and

compared to literature data. Additionally, the drag on an aggregate built of 16

particles was investigated, in order to calculate an optimum grid resolution for

the FFT (Fast Fourier Transform) calculations.

For the case of the hydrodynamic interaction of two spheres in a flow field the

accurate analytical solution is provided by Happel et al. [3]. The motion of a fluid

along and perpendicular to the line of centers of two non-rotating equally-sized

particles gives a value for the drag force on the two particles of 1.290 and 1.432,

respectively.

The results of the drag calculations of doublets placed into cells of varying sizes

are shown in Fig. 6.5. It can be clearly observed that, due to periodic boundary

conditions, the domain size has a very big influence on the calculation of the drag

force. In the following, we chose the maximum distance between two particles

as the characteristic length relating the domain size to the aggregate size (i.e.

domain five times, ten times etc. the characteristic length). A domain size of 80

Figure 6.5: Influence of the domain size on the drag force of a particle

doublet obtained by ASD simulations
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times the largest particle-particle distance in an aggregate leads to a satisfactory

agreement with the analytical solution for both flow directions. At this value our

calculated drag force of 1.428 differs only 0.2% to the theoretical value or the

fluid flow perpendicular to the line of centers. This is somewhat smaller than

the theoretical value due to the truncation in the approximation of the mobility

matrix. The influence of the domain size and the resolution of the computational

domain for a doublet is summarized in Table 6.1.

Table 6.1: Drag force, domain size and discretization points for calculation

of the drag force on a doublet.

domain size drag force grid points per cell length deviation

(· max. distance) [-] [-] [%]

10 1.578 16 +10.2

20 1.495 32 + 4.4

40 1.457 64 + 1.8

80 1.429 128 - 0.2

160 1.428 256 - 0.3

Generally, the larger the domain, the closer the theoretical value is calculated,

as no influences from periodicity are felt by the aggregate. However, 2563 points

resulting in 16.7 Million grid points, where a solution has to be calculated, consti-

tutes a considerable computational effort requiring about 3GB of memory. This

is the maximum resolution where the drag forces on aggregates were calculated.

For a run with 5123 or 134 Million grid points approximately 23GB of memory

are required and in 50 hours not enough outer iterations were performed in order

to reach convergence for the first time step. For the non-symmetrical aggregate

configurations used for settling, the runs were performed on an FFT-grid of 1283

points. As the calculation of the forces involves the calculation on the FFT-grid

the computational costs are increasing with the number of FFT-points. Thus the

resolution of the computational domain, or each grid refining of the far-field cal-
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culation procedure, increases the computational effort by a factor of eight. The

overall scaling of the method is O(N3
gridlogN) [80].

6.3.2 Resolution

The resolution plays another important role in the calculation of the drag force.

Obviously the values have a minimum error at a resolution of 1.25 times the

particle diameter (see Table 6.2). It is interesting that not only for a smaller

Table 6.2: Influence of the domain size and the FFT-resolution on the

drag force on a doublet for a fluid flow perpendicular to the line of centers,

compared to the theoretical value of 1.432.

domain size FFT-resolution (grid points per cell length)

(· max. distance) 0.3125 0.625 1.25 2.5

5 1.814 ( 32) - - -

10 1.611 ( 64) 1.603 ( 32) 1.578 ( 16)

20 1.525 (128) 1.518 ( 64) 1.495 ( 32) 1.766 ( 16)

40 - 1.479 (128) 1.457 ( 64) 1.712 ( 32)

80 - 1.460 (256) 1.429 (128) 1.686 ( 64)

160 - - 1.428 (256) 1.674 (128)

resolution of the computational domain an expected high increase of the drag

force can be noticed, also for increasing the FFT-points to a better resolution,

the drag force slightly increases. The value of the drag force at the highest

resolution and largest domain converges to 1.428, 0.3% lower than the theoretical

value of 1.432. This difference exists most probably due to numerical artifacts.

The same matrix (domain size/resolution) was built up for aggregates out of

16 particles (see Table 6.3). The computational domain starts at ten times the

maximum aggregate length, a factor where less than 10% error for the value of

the drag force is expected. The factor of 80 times the maximum aggregate size

would result in a too low resolution of the computational domain at our maximum
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Table 6.3: Drag forces for different domain sizes, irregular aggregate built

of 16 particles

domain size FFT-resolution (grid points per cell length)

(· max. distance) 0.3125 0.625 1.25 2.5

10 4.985 (256) 4.988 (128) 5.025 ( 64) -

20 - 4.790 (256) 4.824 (128) 5.277 ( 64)

40 - - 4.730 (256) 5.164 (128)

FFT-points and therefore was not calculated. It was found that a domain size of

80 times the largest particle-particle distance in an aggregate is an appropriate

measure to calculate the drag forces. The average error compared with a further

doubling of the computational domain and as such a decrease in resolution is

around 1.5%. An increase of the computational domain requires an increase in

the FFT-point number in order to keep the resolution constant. As can be noticed

from the above tables, a domain size of 10 times the characteristic length of one

aggregate and 128 FFT-points is the optimum that combines a good resolution

and accuracy with the least computational effort.

6.4 Drag force calculation - comparison of ASD with

the LBM method

In the following, the two methods of Accelerated Stokesian Dynamics (ASD)

and the Lattice Boltzmann method (LBM) are compared by calculating the drag

force on a doublet, a symmetric star formed by 7 particles and a non-symmetric

aggregate built of 32 particles as it is typically shaped by diffusion controlled

cluster-cluster aggregation (see Fig. 6.6). For the comparison of the ASD results

to the results gained with the LBM, the domain size was set to 58 times the

primary particle diameter in all cases. This value was given by the maximum

computational domain size for the LBM.
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Figure 6.6: Configuration of a doublet, star and stochastic aggregate.

Doublet: In Table 6.4, a comparison of the drag force results for a doublet aligned

in z-direction is presented for different inflow directions. Both results, using either

LBM or ASD demonstrate a good agreement with deviations of maximum 10%.

The comparison of these results with the theoretical drag force calculation for the

doublet show a systematic overestimation for ASD on one hand and a systematic

underestimation for LBM, on the other hand. Evidently, the effect of the finite

domain size leads always to an over-estimation of the drag force due to interaction

with ’neighboring’ aggregates (as a result of the applied symmetry boundary

conditions). Especially in case of the ASD simulations, the error is controlled by

the finite domain size. For LBM, another source of error is over-compensating

the influence of the finite domain size. As already outlined in [45] this is due to

discretization of the curved boundary and to the viscosity parametrization.

Star of 7 particles: The results of the calculation of the drag force of a star-shaped

aggregate formed by seven primary particles (see Fig. 6.6) are in good agreement

for both methods: deviations of the results obtained are always less than 2.5%

(see Table 6.5). In spite of the fact that the results cannot be compared to an

analytical solution, as this is a very complex task, it can be observed that the

ASD results are larger than LBM results, systematically. This indicates that a

similar error behavior as above (for the doublet) can be observed here as well. In

case of LBM, the error induced by the finite boundary is balanced by systematic



Drag force calculation - comparison of ASD with the LBM method 51

Table 6.4: Normalized drag force calculated for a doublet

flow

direction

drag

force

drag

force

drag

force

relat.

diff.

ASD to

relat.

diff.

ASD to

relat.

diff.

LBM to

x, y, z LBM ASD analyt. LBM analyt. analyt.

0, 0, 1 1.27 1.33 1.29 +4.7% +3.1% -1.6%

1, 0, 0 1.40 1.50 1.43 +7.0% +4.9% -2.1%

1, 0, 1 1.36 1.42 1.36 +4.4% +4.4% ±0.0%

1, 1, 1 1.35 1.44 1.36 +6.6% +5.9% -0.7%

errors caused by the particle shape discretization and viscosity parametrization.

The error induced by the finite domain size should be similar for both methods

due to the identical domain size.

Table 6.5: Normalized drag force obtained for ’7-particle star’

velocity vector

(x,y,z)

drag force

(LBM)

drag force

(ASD)

relative difference

(ASD/LBM)

0, 0, 1 2.49 2.55 + 2.4%

0, 1, 1 2.49 2.55 + 2.4%

1, 1, 1 2.54 2.55 + 0.4%

Random Aggregate of 32 particles: Additionally, the drag force on an stochas-

tically formed aggregate was analyzed for different flow directions using both

methods, ASD and LBM. The aggregate consisted of 32 primary particles (see

Fig. 6.6) and was built by a Monte-Carlo diffusion controlled cluster-cluster ag-

gregation algorithm [109]. Again close agreement between both methods was

observed: the deviations range between 1.6% and 4.1% (Table 6.6), with higher

values in case of ASD.

Both methods yield comparable results and they may both be used for evaluating

drag forces on aggregates. However, the LBM approach required considerably

more computational effort than the ASD method during this comparison. For
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Table 6.6: Normalized drag force obtained for a non-symmetric stochastic

aggregate formed by 32 primary particles

velocity vector (x,y,z) Fd (LBM) [-] Fd (ASD) [-] rel. diff. (ASD/LBM)

0, 0, 1 6.80 7.07 + 4.1%

0, 1, 0 7.66 7.93 + 3.5%

0, 1, 1 7.92 8.09 + 2.1%

1, 1, 0 7.29 7.49 + 2.7%

1,-1, 0 7.28 7.48 + 2.8%

1, 1, 1 7.64 7.77 + 1.6%

1, 1,-1 6.70 6.91 + 3.2%

the implementation at that time, the computational time was at least two orders

of magnitude larger compared to the ASD method. It is worth to be noting,

that the LBM implementation has a great potential for run-time optimization

which leads to a considerable improvement of computational time. By continuous

development, an improvement of 10 % has already been achieved. Nevertheless,

in case of aggregates the ASD approach seems to be much more efficient than

LBM. The main advantage of LBM, however, is that the LBM is able to simulate

the drag on arbitrarily shaped primary particles, as shown in [45]. This is not

feasible with ASD.
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6.5 Aggregate movement validation - comparison with

experiments

In this section, experimental results from the settling of three individual aggre-

gates in a quiescent fluid are shown. This was investigated experimentally for

later comparison with simulations. The experimental setup is shown in Fig. 6.7.

Figure 6.7: Experimental setup

A glass vessel filled with oil of constant

temperature (26◦C) serves as medium for

the settling of model aggregates. A ves-

sel with boundaries larger than ten times

the longest length between particles in

an aggregate was used. This was set up

in order to neglect influences from the

bounded system size. The experiment

consisted in immersing and positioning

the aggregates close to the oil surface

and releasing them to settle. After a

short orientation period they reach a sta-

tionary velocity. The time measurement

started at this point. The translational

and rotational movement were observed.

Three different model aggregates were

built by gluing 3 mm large polyethylene particles (Fig. 6.8) to a hammer (14

particles), a square (12 particles) and a 3d-angle (10 particles) form.

The settling velocity, us, was calculated in repeated measurements (ten averaged

tests), by measuring the time for settling over a distance of 70 cm to 80 cm. The
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fluid viscosity of the oil, νoil, was measured with a capillary viscosimeter at 26◦C

resulting in a value of

νoil = 52.59 · 10−6 ± 1% m2/s.

The oil density was determined by weighing the mass of a defined volume at

a constant temperature of 26◦C and averaging the results. The density was

ρoil = 916.1 ± 2.3% kg/m3. For the dynamic viscosity η a value of

ηoil = ρoil · νoil = 45.0 ± 2.5% mPas

was calculated. The density of the polyethylene particles was determined with a

pycnometer AccuPyc 1330.

Figure 6.8: Model aggregates for simulation and experiment (from left to

right: hammer, square, 3d-angle)

The individual densities and their standard deviations are shown in Table 6.7.

Table 6.7: Density, ρp, and primary particle diameter, xp, of the model

aggregates

hammer square 3d-angle

xp [mm] 3.0 3.1 3.0

ρp [kg/m3] 1004.8±0.5% 1006.8±0.6% 987.1±1.1%

The settling time of an aggregate was measured corresponding to a settling dis-

tance. Ten different stationary settling experiments for each individual aggregate
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reaching the stationary position were used for averaging. Using the settling ve-

locity, the hydrodynmic diameter of an equivalent sphere settling with the same

velocity can be calculated by:

xhyd =

√
√
√
√

18 · η · us

(ρ − ρoil) · g
, for Re < 0.25, (6.7)

where ρagg is the aggregate density and g the gravitational acceleration assumed

to be 9.81 m/s2. The hydrodynamic diameters were calculated to 3.6 mm and

3.81 mm, and the Reynolds numbers lie between 1.55 and 1.93, respectively. The

Reynolds number of a primary particle is 0.23, well in the Stokesian regime. For

comparison with the experimental data, the physical motion of various randomly

oriented aggregates was simulated. As observed in the experiments, the simulated

aggregates turn into preferred positions (Fig. 6.9).

Figure 6.9: Comparison between experiment and simulation: rotation into

stationary position during settling of a 3d-angle shaped aggregate. Simula-

tion view embedded into experimental view. The velocities are very similar

(see Table 6.8)
.

Not only qualitatively the movement of the particles is described very well, the

calculated values are also in good agreement with the experimentally obtained
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Table 6.8: Comparison of settling velocities per primary particle: simulation

vs. experiments

Aggregate hammer square 3d-angle

us,sim/u0/N 0.209 0.200 0.284

us,exp/u0/N 0.207 ±0.9% 0.207 ±1.7% 0.245 ±0.7%

data. The values of the settling velocities in simulation and experiments coincide

with a maximum error of 16%. The maximum variance from ten measurements

of the velocity per aggregate was 1.7%, see table 6.8. The model aggregates differ

from the simulation as the glue between the particles changes slightly the shape

in the contact region, an effect which cannot be taken into account by ASD.



57

7

Drag force calculation - static and

dynamic simulations

After validation of the simulation of aggregate motion, the hydrodynamic behav-

ior of settling aggregates is investigated, in particular, the influence of the indi-

vidual structure of aggregates onto drag and orientation during settling. Hereby

two different types of simulations were performed: static simulations, where ag-

gregates are fixed in space and only the fluid is allowed to move and dynamic

simulations, where the aggregates are free to rotate, depending on the forces

acting in the suspension.

An application of the simulation of particle motion in fluids is the calculation of

drag and movement of irregular aggregates formed typically in gas-phase aerosol

processes. The drag on fractal aggregates with a fractal dimension of Df ≈

1.85 was investigated by the Accelerated Stokesian Dynamics method, yielding

approximations for the drag force in dependency of the particle number and the

projected area. The findings of the simulations [45] are summarized in terms

of simple structure characterization parameters like the particle number in an

aggregate and the aggregate projected area.
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7.1 Number of particles

A comparison of mean drag forces on aggregates composed of different numbers

of particles shows a non-linear increase in Fig. 7.1. Due to the fact that the outer

particles of the aggregates are screening the fluid, particles in the center of the

aggregate contribute less to the drag force. This is known as the ’shielding’ effect

in literature. The dashed line in Fig. 7.1 denotes the drag force in dependence

on the number of particles if the particles would not influence each other, i.e. N

times the force on a primary particle in an infinite medium. This shielding effect

increases rapidly with increasing number of particles. For comparison, a volume

equivalent sphere (Df = 3.0) of the given number of particles would result in

the lower dash-dotted curve. For a number of 125 particles, this value would be

Figure 7.1: Influence of the particle number on the drag force (ASD simu-

lations). The dashed line denotes the proportionality to N, the dash-dotted

curve the proportionality to the volume-equivalent sphere.

5. The standard deviation was calculated based on the orientationally averaged

drag forces of 6 to 20 aggregates of each class of aggregates consisting of the
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same number of particles. The analyzed aggregates formed with a Monte-Carlo

algorithm [110, 109] have a relatively constant fractal dimension of Df ≈1.85.

Correlating the mean drag force to the particle number an approximate equation

can be given:
Fd

Fd,prim
=

3

4
(N + 1)0.63

. (7.1)

The values of the mean drag force are distributed with a standard deviation show-

ing less than ±15% deviation from the curve relating the number of particles to

the drag forces. The orientationally averaged drag force of individual aggregates

reach higher or lower drag forces than those given by equation (7.1) with the

corresponding tolerance band.

This leads to the conclusion that a mono-mobile fraction of aggregates as for

example obtained in a Differential Mobility Analyzer may show variations in the

number of primary particles up to ±25% which means a broad size distribution

of aggregates in terms of aggregate volume.

7.2 Projected area

In the free molecular regime it was demonstrated that the drag force on aggre-

gates is almost identical with the projected area [111]. Therefore, it is important

to examine the relation between projected area and drag force also in the contin-

uum regime. In this work, the projected area was calculated using a stochastic

method by probing the cross section perpendicular to the flow direction with ran-

domly distributed rays [112]. The fractal aggregates displayed in the following

are shown from the direction of flow perpendicular to the aggregate. The color

of the particles represents the normalized drag force. The color transfer function

ranges from white to black, black denoting the maximum drag. In Fig. 7.2 the

forces on each particle are presented for two different orientations of the same

aggregate.
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Figure 7.2: View of different projection areas of the same aggregate com-

posed of 128 primary particles and the corresponding calculated drag forces

Fd. On the top picture, the drag force Fd=17.32 corresponds a projected

area of Aproj = 324 a2
0 (top). For a different flow direction, the drag force

has a value of only Fd=14.17, at a projected area of 168 a2
0 (bottom) and a

maximum particle-particle distance of lmax = 62.52 a0.

The influence of the projected area on the drag force is presented for several ag-

gregates at different orientations in the diagram of Fig. 7.3. A calculation for one

orientation denotes one point in the diagram. In spite of the fact that the drag
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force shows an upwards trend with increasing projected area, there are significant

differences in the drag force between oriented aggregates having the same pro-

jected area. For different projected areas of various aggregate orientations, some

drag forces are similar, indicating the strong influence of the aggregate structure

on the drag. In Fig. 7.3 it can be observed, that for a projected area of e.g.

85·Ap,prim the drag force reaches values from 15.2 to 16.9, corresponding to a

difference of more than 11%. Various values can be shown for demonstrating

that the projected area is not sufficient to characterize the aggregate structure.

For example similar values of the drag force in the range of 13.5 to 14.0 result

from projected areas of 53.4 and 93.8 respectively. The general trend can be

approximated by a power-law:

Fd

Fd,prim
=

3

2

(

Aproj

Ap,prim

)0.52

. (7.2)

Hereby, almost all points for each individual orientation (96.5%) lie within a

tolerance band of ±20%.

In Fig. 7.4 the mean drag force per aggregate - averaged over 36 different orien-

tations - is plotted as a function of its mean projected area. Here, for one value

of the mean projected area, e.g. 45·Ap,prim, for different aggregates we find a

drag force in the range from 8.0 to 9.4, meaning a drag force variation of approx.

15%. The relation of the drag force to the mean projected area, an important

factor for drag force calculations in the free molecular regime, has less variations

(10%) in comparison to projected areas for single orientations of aggregates. The

large scatter of the drag force in Fig. 7.3 for single orientations of the analyzed

aggregates is a result of prolonged aggregates with large differences in the pro-

jected area and in the drag force. These differences depending on the orientation
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Figure 7.3: Effect of the projected area on the drag force. Each point

denotes a different orientation of stochastically built aggregates.

level out somewhat after averaging. A relation between the mean drag force on

aggregates and the projected area is then given as ([45]):

< Fd >

Fd,prim
=

(

< Ap >

Ap,prim

)0.60

. (7.3)

The deviations from the correlation (eq. 7.3) prove that the individual structure

of the fractal aggregates plays a very important role for the calculation of the

drag force in the continuum regime even for averaged drag forces calculated over

various orientations.

7.3 Structure of aggregates

The two images in Fig. 7.2 show the same aggregate with a different orientation

and different projected areas. The drag forces for one and the same aggregate

are varying by approximately 20% only if the flow direction/orientation changes.

On one hand, for different aggregates with similar projected areas perpendicular



Structure of aggregates 63

Figure 7.4: Mean drag force (ASD simulations) of single aggregates as a

function of the mean projected area.

to the flow, the drag force on a more compact aggregate (with a smaller lmax) is

lower than that on a more expanded/prolonged aggregate. An example is shown

in Fig. 7.5. On the other hand, when the projected areas differ considerably

(67%) for two individual orientations, they can yield similar drag forces (± 2%).

Views of such different aggregates exemplifying the above are shown in the bot-

tom of Fig. 7.2 and in Fig. 7.5, top. This is a consequence of the geometry of

prolonged fractal aggregates, which experience a higher drag force compared to

more compact aggregates.

The mean drag on aggregates of a fractal dimension of Df ≈1.85 is shown in

Fig. 7.4. Increasing projected areas are correlated with increasing drag forces.

Hereby, significant differences can be found: For example, a doubling of the

projected area due to a doubling of the mass (64 and 128 particles) for aggregates

yields a small difference of 10% in the mobility, 10.5 and 11.9, respectively. This

can only be a consequence of the major influence of the structure on the drag

forces of fractal aggregates. It is known from literature, that the radius of gyration
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is very useful to correlate ensemble averaged drag forces [50]. It will be shown

later, that for finding a unique correlation for drag forces of individual aggregates,

better correlations can be obtained, if other factors are taken into account.

Figure 7.5: Two aggregates with similar projected area Aproj ≈ 282 a2
0.

Top: Fd=14.47, lmax = 40.36 a0. Bottom: Fd=16.06, lmax = 62.52 a0

.
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7.4 Drag prediction of freely moving fractal aggre-

gates

A summary of the dynamic simulation results is given in the following. For each

class of particles - N ranging from 16 to 128 - 20 to 32 settling aggregates were

simulated. In contrast to earlier studies of the hydrodynamic behavior of such

aggregates [45], these aggregates were allowed to reorient. The velocity develop-

ment in time was monitored up to the point where the aggregate, as observed

in the experiments, reached its stationary position. In these final positions, the

drag force has been calculated on each individual aggregate. All results were

normalized by the corresponding drag force on a primary particle, Fd,prim.

Calculating the drag forces for N= 16, 32, 64 and 128 particles using ASD, a

certain dependency on the projection area can be shown (see Fig. 7.6, left) for

aggregates consisting of a small number of primary particles.
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Figure 7.6: Drag force dependency on the projection area (left) and on

the radius of gyration (right) for oriented aggregates built of N=16 (circle),

32 (square), 64 (triangle) and 128 (diamond) primary particles. Compared

to Fig. 7.3, these graphs take into account only the final orientation of the

aggregates.

For larger aggregates, the projected area shows increased scattering. However,

the larger the aggregate, the more important the complex structure is and an ad-
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ditional parameter, a characteristic length, has to be taken into account for the

third dimension in order to additionally capture volume information. Therefore,

we chose as characteristic length the radius of gyration of each aggregate, Rgyr,

as it is a measure of the mass distribution around the center of mass of such

aggregates. In the right diagram of Fig. 7.6, the radius of gyration shows a large

scattering for the analyzed aggregates, even for the small ones, being not very

sensitive to the actual drag.

As the aggregate complexity is a 3D problem, it can be described very well by a

multiplication of the two aforementioned parameters yielding the drag force. The

result can be depicted in Fig. 7.7, leading to a correlation with a very narrow tol-

erance band (≤ ±10%) that can be given for aggregates reaching their stationary

position:
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Figure 7.7: Drag force dependency on the radius of gyration and the projec-

tion area for oriented aggregates built of N=1 (star), 16 (circles), 32 (squares),

64 (diamonds) and 128 (triangles) primary particles. The fit is denoted by

the full line and the tolerance band by dashed lines. The determination

coefficient for the fit has a value of R2 = 0.992.
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Fd

Fd,prim
=

(

Rgyr

a0
·

Aproj

Ap,prim

)0.38

. (7.4)

Here, the projection area perpendicular to the direction of flow and the radius

of gyration proved to be reliable parameters for the prediction of drag forces on

fractal aggregates [45]. Generally, the larger the projection area perpendicular to

the settling direction and the larger the aggregate radius of gyration, the larger

the drag on this aggregate will be. The combination of these two parameters,

as given in eq. 7.4 yields the drag on such aggregates for a known aggregate

orientation.

7.5 The drag prediction algorithm posdrag

In the following an algorithm for prediction of the stationary orientation of ran-

dom structured aggregates is presented and the data from the developed algo-

rithm is compared to the values obtained by calculation with ASD during a

dynamic settling process for various aggregates.

The fractal aggregates can be characterized by a backbone, lmax, orienting rela-

tively to the direction of flow and depending on the position of the center of mass.

A definition is presented in Fig. 7.8. The maximum projection area perpendic-

ular to the flow direction after orientation, Ap,max,u, multiplied with the radius

of gyration, Rgyr, gives a characteristic volume information of each aggregate.

This volume information is dependent on the aggregate morphology. It can be

correlated to the drag force by a power law, shown in the previous section.

For all investigated aggregates, the inclination angle of lmax was calculated. The

mass ratio of the two sides of a plane passing the midpoint perpendicular to lmax

was computed as an indicator for the orientation direction. Figure 7.9 shows

the correlation between the inclination angle and the mass ratio mcr. Even this

correlation presents a large scattering, it is adequately accurate to find stable

positions of random fractal aggregates, as it is demonstrated later.



68 Drag force calculation - static and dynamic simulations

Figure 7.8: Definition of lmax and inclination angle ϕ for a vertical (a) and

a horizontal (b) aggregate.

Hence, determining the future orientation with the correlation for the backbone

inclination (Fig. 7.9) and the projection area perpendicular to the flow direction,

the drag force on fractal aggregates can be predicted. The following algorithm

called posdrag [113] shows the step by step procedure, for an aggregate with

known particle positions:

• The particle positions for one aggregate are read in from a data file (or are

in the memory of the processing program)

• The particles with the largest interparticle distance in the aggregate de-

fine the characteristic length, lmax, the backbone of the aggregate, which

is aligned to the direction of flow/settling direction (Fig. 7.8 and Fig. 7.10,

left).
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Figure 7.9: Simulation data and regression fit for aggregates analyzed in

their final settling position. The regression fit yields mcr = 0.007ϕ + 0.15.

• The plane perpendicular to, lmax, passing through its midpoint is calculated

• The mass ratio of both sides of the plane (mcr) is computed

• The aggregate longest distance, lmax, (and as such the whole aggregate) is

inclined by angle ϕ according to the empirical correlation mcr = 0.007∗ϕ+

0.15 (see Fig. 7.10, middle, first step and Fig. 7.9 )

• The aggregate is rotated around lmax to find the maximum projection area,

Ap,max,u, perpendicular to the direction of settling (Fig. 7.10, middle, second

step and Fig. 7.11, during rotation around lmax)

• The radius of gyration, Rgyr, for this aggregate is calculated

• Using correlation (eq. 7.4) the drag force is predicted

For the calculation of the projection area, the more uniform the particle distribu-

tion in the aggregate, the lower the changes are, the less influence the structure
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Figure 7.10: Example given for aggregate No. 4, in its aligned position

(left), and its final predicted position after inclination (1.) and rotation

(2.) around lmax (ended by the black particles) until the maximum projected

area perpendicular to the direction of flow using algorithm posdrag is reached.

Stationary position from ASD simulation (right).
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Figure 7.11: Projected area in flow direction by rotation around lmax for two

aggregates, No.4 and No.16, as shown in Fig. 7.10 and Fig. 7.12, respectively.

By turning into the maximum projected area the aggregate stabilizes itself

during settling.

on the drag force calculation has. In the next section the results from ASD are

compared to the results from the presented prediction algorithm posdrag [113].
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7.6 Results of the algorithm posdrag

The new algorithm was compared to the results from ASD simulations: exem-

plarily, for two aggregates with N = 64 primary particles, aggregate No. 4 and

aggregate No. 16 shown in Fig. 7.10 and Fig. 7.12 respectively, the predicted

orientation is compared to the orientation from ASD simulation. At first, the ag-

gregates are randomly oriented. Further, the aggregate is inclined and oriented

by using the algorithm presented in the previous section. The drag force for this

orientation is calculated. For aggregate No. 4 the prediction gives a value of the

related projected area Aproj/Ap,prim of 47.75. The related radius of gyration is

Rgyr/a0 of 9.55. This results in a non-dimensional drag force Fd/Fd,prim of 10.24.

Using the ASD method, a value of Fd/Fd,prim = 9.50 is calculated, with a related

projected area of Aproj/Ap,prim = 45.11. It is shown in the following that the

predicted values of all calculated aggregates (algo posdrag) are very close to the

calculated ones, and that the orientation is similar.

y 1. 2.

ϕ

Figure 7.12: Aggregate No. 16, aligned position (left), final predicted

position after inclination (1.). Rotation around lmax to find the maximum

area (2.) using algorithm posdrag. Stationary position from ASD simulation

(right).

For the second example, e.g. aggregate No. 16, the prediction shows a value

of Aproj/Ap,prim = 52.90 with Rgyr/a0 = 10.04 resulting in Fd/Fd,prim = 10.85.

From ASD we receive the following values: Fd/Fd,prim = 8.90 due to a related
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projected area Aproj/Ap,prim of 38.47. A comparison of the final orientation from

the algorithm with ASD is given between the two positions presented in middle

and right of Fig. 7.12. This second example shows the largest difference of all in-

vestigated aggregates (see Fig. 7.13) differing only 18% from the ASD simulation

value. In Fig. 7.13, the results of the algorithm posdrag calculations are summa-
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Figure 7.13: Comparison between drag forces calculated by the prediction

algorithm posdrag and ASD simulation for the four different aggregate series

N=16, 32, 64 and 128 particles, the two circled values are for the afore-

mentioned aggregates No. 4 and No. 16, showing a smaller and the largest

difference in the predicted values [113].

rized. Additionally, here, all the simulated (ASD) values of the drag force are

compared with the predicted values from the algorithm. The diagram shows the

drag forces from the ASD simulation as hollow symbols and those from the pre-

diction algorithm (algo posdrag) as filled symbols. The different symbols denote

different primary particle numbers in the aggregate, namely N = 16 (circles), N

= 32 (squares), N = 64 (diamonds) and N = 128 (triangles). All of the predicted

values follow closely the values from ASD. Here, the structure of the aggregates

is reduced to the drag force on each aggregate. It can be observed that, depend-

ing on the aggregate structure, different values of the drag are calculated in the
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stationary position during settling. These values can be approximated closely by

our prediction algorithm posdrag throughout the different aggregate classes.

As an additional comparison, the parity plot is presented in Fig. 7.14. The

two bordering lines are deviations of ±15%, underlining this excellent algorithm

prediction.
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Figure 7.14: Comparison of the predicted drag forces (algo posdrag) with

the drag force obtained from simulation (ASD) [113].
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8

Settling behavior

In many industrial applications, the dynamics of particles and aggregates is of

high importance. Understanding the behavior of the particles dispersed in a

fluid, and, as such, the temporal evolution of the suspension, has been subject of

continuing investigation in experiments and theory. For a better understanding

of occurring processes, results and observations of the dynamic simulations are

discussed. In order to analyze the effect of the structure of fractal aggregates

on their hydrodynamic properties the drag force of different orientations of the

same aggregate as well as the behavior of different aggregates during settling

were computed and compared. During the experimental validation tests it was

observed that all fractal aggregates settle in preferred orientations. Therefore,

the settling behavior was investigated in a set of simulations.

8.1 Settling of fractal aggregates - structural effects

For the simulation set, rigid fractal aggregates consisting of equally sized spheres

generated by a Monte Carlo method using diffusion limited cluster-cluster ag-

gregation [109, 114] were considered, with no constraint in motion. The number

of particles N was varied from 16, to 32, 64 and 128 particles. Each class it-

self consisted of 32 aggregates. Gravity and hydrodynamic forces were the only
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driving forces. No interparticle interactions were considered as the particles form

an aggregate. The normalized settling velocity us/u0 was observed during set-

tling, u0 being the settling velocity of a single primary sphere in a quiescent fluid.

Typical velocity evolutions are shown in Fig. 8.1. It can be observed here, that

after an initial rotation which is dependent on the aggregate initial position, the

aggregates orient into preferred stationary positions which eventually lead to the

same terminal velocity.
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t/(a0/U0)
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Figure 8.1: Three starting positions for a fractal aggregate (Df = 1.85)

formed of N=32 particles, rotated by 45 degrees from its initial position

into y and z direction. Settling occurs into negative y-direction. Aggregate

settling velocity development in time (right).

The term ’stationary’ does not mean that the aggregate is not moving from this

position while settling, but that it does not change its orientation very much.

Also a slow aggregate rotation around the y-axis may occur (as indicated on the

left of Fig. 8.1), or a drift to one side, as reported in experimental studies [64], or

a slow rotational oscillation from one position to another. For the investigated

aggregates it was observed that all of them eventually reach the same settling
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velocity after an adequately long settling time, independent of their initial orien-

tation (see Fig. 8.1).

During dynamic simulation, the time step was chosen to be ∆t = 0.05 non-

dimensionalized with a0/u0, a0 being the primary particle radius and u0 the

settling velocity of a primary particle. The convergence criteria was defined as

a deviation, σ, of the velocity related to the mean velocity of the last 200 time

steps. If σ fluctuates less than 1%, then the aggregate does not change its velocity

considerably and its stationary position is reached. This stationary position is

characteristic for all flows where the aggregate has sufficient time to orient itself,

for example in a quiescent fluid in direction of gravitation. The drag on the

aggregate can be calculated using the projection area perpendicular to the flow

direction, after its orientation.

Various configurations were investigated in order to find the optimum simulation

parameter set for accurate results. Parameters, which influence the drag calcu-

lations are: the domain size, DS, the cutoff radius, rcut, the computational

FFT-grid and the splitting parameter, αs. For the behavior of aggregates in

a flow field, it is important to capture the correct phenomenology of the aggre-

gate first, the physical movement accuracy and not the accuracy of the settling

velocity itself. Therefore, for the dynamic simulations the following values were

used: the splitting parameter was chosen as αs = 15, the cutoff radius for the

calculation of the real space sums rcut = 7a0. The splitting parameter, αs, deter-

mines the relation between the wave-space sum contribution and the real-space

sum for the far field velocity calculation. Hereby, the domain size (DS) was varied

from 3 to 15 times the largest particle-particle distance, lmax, of the investigated

aggregates, which is considerably smaller than the 20 times lmax required for a

good accuracy [45]. During settling, the orientation behavior was analyzed for

various aggregates with the same result: the change in settling velocity and ag-

gregate orientation is the same for each investigated domain size larger than 3.
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For values smaller than 3, some particles influence each other over the periodic

boundaries. The aggregate orientation causes a change in the velocity, as the

aggregate experiences different drag forces during settling. This is correlated to

the change in its projection area in settling direction. Fig. 8.2 shows the settling

velocity of one aggregate demonstrating the effect of the domain size.
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Figure 8.2: Example for settling velocity development in time. Domain size

(DS) variation. DS = 2, DS = 4, DS = 7 and DS = 12. The velocity is nor-

malized with the settling velocity of a single sphere, the negative sign shows

the settling direction. The absolute value of the velocity did not converge,

although the aggregate behavior - the curve evolution - is the same.

The domain size has a big influence on the absolute value of the velocity, al-

though the way the aggregate settles - its path in the fluid, the orientation and

the velocity development - remains the same. This inaccuracy originates from

periodic boundary conditions, as one aggregate settling in a small simulation cell

represents a settling array of replicas of the same aggregate, hindering each other

during settling. However, as stated above, if the aggregate settling behavior re-

mains the same, i.e. its orientation during settling does not change and only the

velocity is calculated inaccurately more or less independently of the domain size,

the dynamic simulation can be run for a small simulation cell to correctly predict
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the aggregate orientation. The values of the drag force can be eventually calcu-

lated for the reached stationary position in a static simulation step with higher

accuracy in a simulation cell with a larger domain size (10 times lmax). The run

time for such a dynamic simulation of an aggregate settling was extended to a

maximum of ten days per run per aggregate on an 64 bit Itanium 3 GHz machine.

Some of them were resumed in order to ensure a stationary position.

For the drag calculations in the last time step, after the aggregate is oriented,

the cutoff radius was increased to half of the cell size to include all hydrodynamic

interparticle interactions for a high accuracy in the calculation of the real space

sum calculation. Due to the constant domain size, FFT grid sizes up to 5123 were

used for the wave-space calculations. The simulation run with 2563 discretization

points on the FFT-grid for aggregates built of 128 primary particles takes a

maximum of up to six hours of CPU time on a 64 bit Itanium 3 GHz machine.

In the following the aggregate behavior is described. Due to gravity, a ran-

domly oriented free aggregate will start to orient at the beginning of a simula-

tion. Depending on the aggregate ramifications and the mass distribution along

the longest distance, lmax, the aggregate turns into a stabilized position. Different

cases can be distinguished:

For a rather flat aggregate, with more or less symmetric arms and the center of

mass near the middle of lmax, the aggregate will ’lay down’ horizontally. Hereby,

the angle of inclination, ϕ, is large (up to 90 degrees in horizontal position) and

the aggregate arms are serving as stabilizers. Because of this stabilization, the

projection area will be the largest one by rotation around lmax.

For various structures the projection area already investigated in the static simu-

lation runs (see chapter 7.1-7.3) still remains the key. However, the inclination of

the aggregate due to the mass distribution in the aggregate has to be accounted

for before the projected area comes into play. Only after the aggregate orienta-

tion the area becomes important. Therefore, in the cases where the inclination
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angle, ϕ, is not 90 degrees, the searched projected area is not the largest overall

projection area, as was assumed before.

If the aggregate is drawn-out, with a well-distributed mass around the longest

distance (Fig. 7.8), the inclination angle ϕ depends only on the relative position

of the center of mass on lmax. It is clear that the more distant the center of

mass from the midpoint of lmax is, the smaller this inclination angle will be for a

settling in negative y-direction (see Fig. 7.8 a).

There are intermediate cases, where the aggregate is not symmetric and the cen-

ter of mass doesn’t lie on lmax. There the morphology determines the orientation

even more. Arrow formed aggregate extremities in combination with proper mass

distribution will tend to turn the aggregate such that the tip points to the direc-

tion of settling (Fig. 8.3).

Figure 8.3: Aggregate behavior of an arrow type aggregate during settling,

t* being the non-dimensional time t/(a0/u0). The dark grey particles at the

extremities denote the longest distance in the aggregate.

Tree formed aggregates with a small tip and a broader end will tend to stabilize

in an upright position (Fig. 8.4), with the tip opposite to the direction of settling

as the stationary position is with the center of mass on the bottom. For drawing
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a plane through the midpoint of lmax the plane side with the higher mass will

tend to turn ’downwards’, into the settling direction.

Figure 8.4: Aggregate behavior of a fir type aggregate during settling,

t∗ = t/(a0/u0). The dark grey particles are denoting the longest distance in

the aggregate.

8.2 Settling of anisotropic aggregates

The behavior of fractal aggregates was presented in the previous chapters. The

distribution of drag forces to individual particles in fractal aggregates and their

behavior during settling shows that all aggregates are dragging fluid along while

moving. This slows down the aggregate movement in general and creates a drag

in the fluid behind the settling aggregate.

For determining the aggregate hydrodynamic interactions, usually the trajectory

of one particle is determined while the other one remains fixed. Hereby, the

hydordynamic aggregate-aggregate interactions are not accurately determined,

especially in the case of both aggregates being allowed to move freely. The mu-

tual influences are determined and characterized in the following by analyzing the
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settling of two anisotropic aggregates consisting each of three identical spheres.

The initial configurations vary. Typically, the settling situations can be divided

into settling without encounter and settling with encounter. Physically, this de-

pends on the hydrodynamic forces and on the physical properties of the particles

and the fluid. This leads either to a passing of the faster aggregate and further

independent settling, or to aggregation of both. First, settling without encounter

is investigated.

8.2.1 Settling without encounter

In the simulations, gravity acts on the particles as an external force into y-

direction. The particles in one aggregate are fixed relative to each other. As

in the model of the Stokesian Dynamics the touching distance of 0 is mathemat-

ically ill-defined, the interparticle distance of an aggregate is set to a distance of

0.04% of the particle diameter. This is a distance which accounts for ’touching’

of two particles of one micron in diameter according to Israelachvili [115]. Op-

positely charged spheres strongly attract each other at this distance and can be

considered as aggregated. In the fluid, the aggregates are free to move as a rigid

body. The simulation cell is periodic in all three dimensions, that is, if a parti-

cle/aggregate moves out of one boundary of the simulation cell, it enters the cell

on the opposite side. The larger the domain size of the simulation cell, the lower

the influence of the periodicity is (see Fig. 6.5, section 6.3.1). For this reason,

the absolute value of the aggregate settling velocity in general is overestimated

by approx. 10%, corresponding linearly to the drag.

The following cases were analyzed in terms of settling velocity and inclination

angles in dependence of the relative distance between the aggregates:

• Horizontal ’T’-configuration

• Horizontal ’L’-configuration
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• Inclined upper aggregate path crossing middle of lower aggregate

• Inclined upper aggregate path crossing end of lower aggregate

The starting point is assumed to be an instance in time in a fully developed

settling motion. For each of these configurations the behavior during settling is

described. In the following, dark grey is used for aggregate (1) and light grey for

aggregate (2), respectively, a coloration which is used for figures and diagrams.

In Fig. 8.5, the minimum interaggregate distance and the inclination angle are

shown schematically for the projections of the simulation cell into z (left) and x

direction (right). Hereby, the inclination angle ϕh is defined as the inclination
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Figure 8.5: Parameter definition for the investigation of the aggregate set-

tling behavior.

of the long aggregate axis from the xz-plane. It is zero for horizontally aligned

aggregates perpendicular to the settling direction, and changes from −90◦ to +90◦

depending on the aggregate rotation.

8.2.1.1 Horizontal ’T’-configuration

The starting configuration of the two aggregates in a T-like arrangement is shown

in a projection of the simulation cell into settling direction in Fig. 8.6. Aggregate
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one, dark grey, is aligned along the z-axis, while aggregate (2), light grey coloured,

is aligned perpendicular to it, along the x-axis, at the height of the center of mass

g

mind

2

x

z

a

1

0

Figure 8.6: Initial aggregate configura-

tion in the simulation cell of length 20a0.

Horizontal T-like configuration. dmin de-

notes the the minimum surface-to-surface

distance. Top view, view into settling di-

rection.

of aggregate (1). In Fig. 8.7, the sett-

ling velocity development in time is

shown for the two aggregates arranged

initially in a horizontal ’T’ configura-

tion. The starting minimum distance

dmin between the aggregate surfaces is

a0, one particle radius. Step by step,

the result of the gravity force acting

on the system is calculated, accord-

ing to the particle positions in each

aggregate and their hydrodynamic in-

teraction. The aggregate movement

is described by the individual aggre-

gate settling velocities (left diagram,

left axis) and the minimum interpar-

ticle distance between the aggregate surfaces (left diagram, right axis) in Fig. 8.7.

In Table 8.1, particular time steps are shown with corresponding velocities, in-

clination angles and pictures with a perspective view of the simulation cell. At

start, the initial velocity of both aggregates is us = 1.33u0 while they are only a0

apart. As aggregate (2) settles further, it inclines the end close to aggregate (1)

into settling direction (Fig. 8.7, right). This yields an increase in velocity for ag-

gregate (2), due to a smaller projected surface in settling direction (e.g. t∗ = 6.0,

Table 8.1, with the non-dimensional time t/(a0/u0) = t∗). The minimum dis-

tance between the aggregate surfaces increases up to a value of dmin = 1.78a0 at

t∗ = 11.90 and 15.55, respectively, before decreasing to a value of dmin = 1.37a0

at t∗ = 19.50. This approach is caused by the hydrodynamic forces which com-
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pensate the fluid movement induced by aggregate (2) while settling, i.e. the fluid

is dragged by the aggregate settling in it. This can be observed in the increase

in velocity of aggregate (1), which almost does not change its inclination angle

(0◦ < ϕh < 1◦, see Table 8.1) during the investigated settling period. This very

small increase is solely a result of the acceleration of aggregate (2), which is 0.02a0

off center at this time step. The aggregates reach their maximum velocity at
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Figure 8.7: Velocities and minimum interparticle distance between the ag-

gregates (left) and inclinations (right) during settling starting from the ’T’-

configuration.

t∗ = 20.20, us,1,max = 1.433u0 and us,2,max = 1.756u0, respectively. The inclina-

tion to the horizontal of aggregate (2), ϕh,2 adjusts itself such that the symmetry

axis of aggregate (2) points towards aggregate (1) after passing (compare time

steps t∗ = 22.0 and t∗ = 27.0). After passing, their surface-to-surface distance

increases further, and their mutual influence decreases. It is worth noting that

aggregate (1) keeps its inclination, settling with a lower velocity (us,1 = 1.258u0)

than its initial one, as the minimum surface-to-surface distance increases. This

shows that the velocity of the individual aggregates in the same position without

presence of a second aggregate is smaller than the velocity in presence of a second

aggregate. Similar experimental results have been observed for single particles

settling in clusters [66, 68]. Aggregate (2) continues slowly the started inclination
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movement reaching an inclination angle ϕh,2 = 68◦ at t∗ = 30.0 moving towards

ϕh,2 = 58.9◦ at t∗ = 45.0. The change in sign for aggregate 2 comes from the

definition of the rotation angle ϕh, which is limited in the range −90◦ to +90◦.

Table 8.1: Perspective view of particular time steps during settling with corre-

sponding aggregate velocities and inclination angles.

t∗ 3D-Picture Parameters

0.0

y

x

z

Starting configuration.

Settling velocities:

us,1 = 1.330u0, us,2 = 1.329u0

Inclination angles:

ϕh,1 = ϕh,2 = 0◦

6.0

Settling velocities:

us,1 = 1.318u0, us,2 = 1.389u0

Inclination angles:

ϕh,1 = 1.05◦, ϕh,2 = −32.07◦

10.0

Settling velocities:

us,1 = 1.365u0, us,2 = 1.541u0

Inclination angles:

ϕh,1 = 0.94◦, ϕh,2 = −51.02◦

14.0

Settling velocities:

us,1 = 1.412u0, us,2 = 1.677u0

Inclination angles:

ϕh,1 = 0.78◦, ϕh,2 = −68.26◦
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17.0

Settling velocities:

us,1 = 1.430u0, us,2 = 1.736u0

Inclination angles:

ϕh,1 = 0.65◦, ϕh,2 = −80.36◦

22.0

Settling velocities:

us,1 = 1.431u0, us,2 = 1.752u0

Inclination angles:

ϕh,1 = 0.44◦, ϕh,2 = 83.98◦

25.0

Settling velocities:

us,1 = 1.420u0, us,2 = 1.729u0

Inclination angles:

ϕh,1 = 0.26◦, ϕh,2 = 75.84◦

27.0

Settling velocities:

us,1 = 1.403u0, us,2 = 1.704u0

Inclination angles:

ϕh,1 = 0.13◦, ϕh,2 = 72.05◦

8.2.1.2 Inclined upper aggregate crossing center of lower aggregate

In this example, the starting configuration is the following: Aggregate (1) is in

a horizontal position (along z-axis), while aggregate (2) is inclined towards ag-

gregate (1) such that its symmetry axis points to aggregate (1), see Table 8.2,

t∗ = 0.0. At large inter-aggregate distance, the main influence originates from
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the projected area into settling direction. Initially, the inclined aggregate (ϕh,2 =

−61.82◦) has a higher settling velocity (us,2 = 1.491u0) compared to the hor-

izontally settling aggregate (us,1 = 1.230u0). The distance between them is

dmin = 8.19 and the mutual influence is negligible. As the aggregate (2) ap-

proaches aggregate (1), it pushes fluid in front of its lower tip and drags fluid on

its higher end. This accelerates the movement of both aggregates from t∗ = 0.0

to t∗ = 20.0 (Fig. 8.8). At this time step, the minimum inter-aggregate dis-
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Figure 8.8: Velocities (left) and inclination angles (right) during settling of

the aggregates in the simulation cell of length 20a0 for the start configuration

of an inclined aggregate above a horizontally settling aggregate. The inlet

shows a zoom to smaller inclination angles for aggregate (1).

tance is dmin = 2.75 and the reciprocal influence can be observed: While the

faster settling aggregate (2) is approaching aggregate (1), it is slowed down by

the fluid around aggregate (1). It further inclines its symmetry axis, up to the

point where it reaches ϕh,2 = −90◦ (t∗ = 26.7). From there, it continues its

rotation further into a horizontal position, decelerating. This induces a decrease

in velocity of aggregate (1). At the point where both aggregates reach the hor-

izontal position (ϕh,1 = 0.09◦ and ϕh,2 = 0.04◦ at t∗ = 48.4), their velocity is

almost the same: us,1 = 1.255 and us,2 = 1.256u0. Then, the tip of aggregate (2)

inclines into settling direction, causing an increase in velocity, similarly to the
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’T’-like configuration. Even the inter-aggregate distance is in this case larger,

the same effects can be observed: The faster aggregate drags the slower one,

increasing its velocity. The maximum velocity is reached at time step t∗ = 74.0

by aggregate (1), whereas aggregate (2), which passes with the higher velocity

reaches its maximum at t∗ = 75.0. Their minimum surface-to-surface distance

is in these cases dmin,74 = 2.365 and dmin,75 = 2.540, respectively. After pass-

ing, the inclination movement is continued and the velocities are reduced. It has

to be mentioned, that in this case a slight asymmetry (symmetry axis 0.1a0 off

the center of mass) leads to variation of the inclination angles for aggregate (1)

as well. However, these values (ϕh,1 < ±4◦) are much smaller compared to the

inclinations of aggregate (2), see inlet of Fig. 8.8, right.

Table 8.2: Perspective view of particular time steps during settling with corre-

sponding aggregate velocities and inclination angles.

t∗ 3D-Picture Parameters

0.0

y

z

x

Settling velocities:

us,1 = 1.230u0, us,2 = 1.491u0

Inclination angles:

ϕh,1 = 0.00◦, ϕh,2 = −61.85◦

20.0

Settling velocities:

us,1 = 1.364u0, us,2 = 1.665u0

Inclination angles:

ϕh,1 = −2.39◦, ϕh,2 = −74.77◦
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25.0

Settling velocities:

us,1 = 1.395u0, us,2 = 1.712u0

Inclination angles:

ϕh,1 = −2.76◦, ϕh,2 = −84.83◦

29.0

Settling velocities:

us,1 = 1.403u0, us,2 = 1.721u0

Inclination angles:

ϕh,1 = −2.11◦, ϕh,2 = 82.89◦

38.0

Settling velocities:

us,1 = 1.346u0, us,2 = 1.535u0

Inclination angles:

ϕh,1 = −0.60◦, ϕh,2 = 47.37◦

45.0

Settling velocities:

us,1 = 1.268u0, us,2 = 1.296u0

Inclination angles:

ϕh,1 = 0.09◦, ϕh,2 = 14.90◦

50.0

Settling velocities:

us,1 = 1.253u0, us,2 = 1.254u0

Inclination angles:

ϕh,1 = 0.21◦, ϕh,2 = −6.77◦
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60.0

Settling velocities:

us,1 = 1.320u0, us,2 = 1.475u0

Inclination angles:

ϕh,1 = 1.75◦, ϕh,2 = −45.98◦

74.0

Settling velocities:

us,1 = 1.412u0, us,2 = 1.734u0

Inclination angles:

ϕh,1 = 3.16◦, ϕh,2 = −86.08◦

8.2.1.3 Horizontal ’L’-configuration

In the previous example (section 8.2.1.2) it was observed that already a slight

asymmetry (0.1a0 deviation from the symmetry axis) leads to small deviations

from the symmetry in settling behavior. Here, an example for the settling of two

aggregates in a horizontal ’L’-configuration is presented. The configuration can

be depicted in Fig. 8.9. The strong influence of the aggregates on each other is

observable from the start of this simulation run. Initially, the settling velocity is

for both aggregates the same: us,1 = 1.300u0 and us,2 = 1.302u0. In the first time

steps (t∗ = 0.00−9.00), the minimum inter-aggregate distance changes only about

ten per cent from dmin = 1.00a0 to dmin = 1.10a0, although the aggregates are in

motion. They are like bound by the fluid in between. In contrast to the symmetric

configurations, they start to incline both into settling direction with the aggregate

tips close to each other (Fig. 8.10, right, Table 8.3). However, aggregate (2), light

colored, inclines faster: At time step t∗ = 12, the inclination angles are ϕh,1 =

−12.67◦, ϕh,2 = −54.63◦. With steeper inclination angle, the aggregate velocities
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Figure 8.9: Initial aggregate configuration in the simulation cell of length

20a0. Horizontal ’L’-configuration. dmin denotes the the minimum surface-

to-surface distance. Top view, view into settling direction (left) and side view

(right).

increase up to their maximum velocities us,1 = 1.456u0 and us,2 = 1.714u0, at

non-dimensional times of t∗ = 21.45 and t∗ = 21.10, respectively. The minimum

distance is reached after that, at t∗ = 21.5, with a value of dmin = 1.39a0.

After passing, the aggregate (2) inclines its end closer to aggregate (1) further,

0 10 20 30 40 50 60

Non-dimensional time t/(a0/u0) [-]

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

S
et

tli
ng

 v
el

oc
ity

 u
s/u

0 [-
]

0

2

4

6

8

10

12

14

16

18

20

M
in

im
um

 in
te

ra
gg

re
ga

te
 d

is
ta

nc
e 

d m
in
/a

0 
[-

]

dmin

us

0 10 20 30 40 50 60

Non-dimensional time t/(a0/u0) [-]

-90

-60

-30

0

30

60

90

In
cl

in
at

io
n 

fr
om

 h
or

iz
on

ta
l  

ϕ h  [
de

g]

aggregate 1
aggregate 2

Figure 8.10: Velocities (left) and inclinations (right) during settling of the

aggregates in the horizontal ’L’-configuration in the simulation cell of length

20a0.

whereas aggregate (1) does not change much its inclination during further settling
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(ϕh,1 = −19.13◦, ϕh,2 = −45.35◦ at t∗ = 38.0 compared to ϕh,1 = −17.63◦ and

ϕh,2 = −32.64◦ at t∗ = 60). Both aggregates are slowing down in settling,

approaching their velocities to similar values (us,1 = 1.217u0 and us,2 = 1.282u0

as their inclination angle differs by 15.01◦.

Table 8.3: Perspective view of particular time steps during settling with corre-

sponding aggregate velocities and inclination angles.

t∗ 3-D Picture Parameters

0.0

z

y

x

Settling velocities:

us,1 = 1.404u0, us,2 = 1.707u0

Inclination angles:

ϕh,1 = 0.0◦, ϕh,2 = 0.0◦

6.0

Settling velocities:

us,1 = 1.292u0, us,2 = 1.347u0

Inclination angles:

ϕh,1 = −6.01◦, ϕh,2 = −29.15◦

12.0

Settling velocities:

us,1 = 1.371u0, us,2 = 1.552u0

Inclination angles:

ϕh,1 = −12.67◦, ϕh,2 = −54.63◦
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19.0

Settling velocities:

us,1 = 1.449u0, us,2 = 1.706u0

Inclination angles:

ϕh,1 = −18.99◦, ϕh,2 = −73.78◦

23.0

Settling velocities:

us,1 = 1.455u0, us,2 = 1.706u0

Inclination angles:

ϕh,1 = −20.50◦, ϕh,2 = −70.58◦

31.0

Settling velocities:

us,1 = 1.396u0, us,2 = 1.581u0

Inclination angles:

ϕh,1 = −19.90◦, ϕh,2 = −54.13◦

38.0

Settling velocities:

us,1 = 1.325u0, us,2 = 1.462u0

Inclination angles:

ϕh,1 = −19.13◦, ϕh,2 = −45.35◦

60.0

Settling velocities:

us,1 = 1.217u0, us,2 = 1.282u0

Inclination angles:

ϕh,1 = −17.63◦, ϕh,2 = −32.64◦
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8.2.1.4 Random inclination at close inter-aggregate distance

The last example of this series of simulations is the settling of two aggregates

which start both from inclined positions. During settling, they perform the typ-

ical movement of the aggregate approaching an almost horizontal settling one:

First, aggregate (2) is inclining towards aggregate (1). Its velocity increases with

increasing inclination. It is dragged towards aggregate (1), while the minimum

inter-aggregate distance decreases to a value of 0.27a0 at t∗ = 32.4. It reaches

its highest velocity shortly after the point of maximum inclination (compare Ta-

ble 8.4).

Table 8.4: Perspective view of particular time steps during settling with corre-

sponding aggregate velocities and inclination angles.

t∗ 3-D Picture Parameters

0.0

y

x

z

Settling velocities:

us,1 = 1.373u0, us,2 = 1.428u0

Inclination angles:

ϕh,1 = 9.51◦, ϕh,2 = −22.90◦

5.0

Settling velocities:

us,1 = 1.352u0, us,2 = 1.352u0

Inclination angles:

ϕh,1 = 12.97◦, ϕh,2 = −7.22◦
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9.0

Settling velocities:

us,1 = 1.354u0, us,2 = 1.344u0

Inclination angles:

ϕh,1 = 14.28◦, ϕh,2 = 6.94◦

14.0

Settling velocities:

us,1 = 1.391u0, us,2 = 1.422u0

Inclination angles:

ϕh,1 = 15.33◦, ϕh,2 = 27.58◦

19.0

Settling velocities:

us,1 = 1.444u0, us,2 = 1.600u0

Inclination angles:

ϕh,1 = 15.45◦, ϕh,2 = 53.76◦

24.0

Settling velocities:

us,1 = 1.503u0, us,2 = 1.766u0

Inclination angles:

ϕh,1 = 12.05◦, ϕh,2 = 78.88◦

35.0

Settling velocities:

us,1 = 1.412u0, us,2 = 1.509u0

Inclination angles:

ϕh,1 = 0.435◦, ϕh,2 = −34.80◦
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42.0

Settling velocities:

us,1 = 1.357u0, us,2 = 1.346u0

Inclination angles:

ϕh,1 = −6.20◦, ϕh,2 = 4.00◦

51.0

Settling velocities:

us,1 = 1.427u0, us,2 = 1.534u0

Inclination angles:

ϕh,1 = −14.83◦, ϕh,2 = 41.36◦

60.0

Settling velocities:

us,1 = 1.523u0, us,2 = 1.768u0

Inclination angles:

ϕh,1 = −19.15◦, ϕh,2 = 70.57◦

Further, as a consequence of rotation, it is reducing its velocity up to the point

where it is forming an imaginary horizontal ’L’ (time step t∗ = 42.0). Here the

velocities of both aggregates are very similar: us,1 = 1.357u0, us,2 = 1.346u0, with

the velocity of aggregate (1) being slightly larger than the velocity of aggregate(2).

Starting here, the settling behavior differs from the cases before: As the symmetry

axis of aggregate (2) is pointing in direction of the end of aggregate (1) while it is

turning downwards (≈ 1.5a0 of the symmetry axis in z direction and ≈ 1.6a0 in y

direction!), the drag is destabilizing aggregate (1). Its axis is pointing downwards

at the end close to aggregate (2). Compared to the starting configuration ϕh,1 =

9.51◦, it is an inclination of about 30◦ to ϕh,1 = −19.15◦ caused by passing at
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1.37a0 off the aggregate center. The velocities and inclination angles development

are shown in dependence on the minimum inter-aggregate distance in Fig. 8.11.
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Figure 8.11: Velocities (left) and inclinations (right) during settling of the

aggregates in the inclined aggregate configuration in the simulation cell of

length 20a0.

8.2.1.5 Summary of behavior observations

In conclusion, two anisotropic aggregates formed each of three primary particles

settling in a viscous fluid were investigated. Hereby one aggregate settled mostly

in horizontal position, while the other one rotated along its longest axis. A sketch

of typical behavior during settling is given in Fig. 8.12, with an indication of the

inclination angle. In Fig. 8.12, at start, both aggregates are in a developed set-

tling position. While approaching aggregate 1 during settling, aggregate 2 is

disturbing the flow field around aggregate 1. Therefore, the flow right (further in

x-direction) of aggregate 1 is slower than the flow left of it (smaller x-position).

Therefore, aggregate 1 starts to rotate. As a reaction to that, and a balance

of momentum, aggregate 2 rotates itself in opposite direction. While their in-

teraggregate distance becomes smaller, the pressure in the space between them

becomes higher. As a consequence, they are moving apart. During further set-
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Figure 8.12: Aggregate settling behavior without collision shown in differ-

ent time instants. The vertical aggregate, (2), changes its settling direction

and therefore, its inclination angle, ϕh, from ϕh = +90◦ to ϕh = −90◦.

tling, both aggregates are still rotating, preserving the angular momenta. After

reaching an equillibrium distance, in the horizontal position, the aggregates are

further rotating. Therefore, the distance between them becomes larger and the

pressure in the fluid in between them becomes smaller. The consequence is the

approaching of both aggregates. After aggregate 2 passes completely aggregate

1, it reaches again a position similar to the starting one. Due to the conserva-

tion of momentum in a horizontal plane, the center of mass of both aggregates

together moves in negative y-direction. Depending of the relative position of the
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aggregates, the projection of the mass center of each aggregate onto a horizontal

plane may intersect during settling (see Fig. 8.12). If the initial distance between

the projected center of mass of the two aggregates onto a horizontal plane is too

small, a collision of the two aggregates during settling is expected.

It can be concluded that:

• The aggregates are surrounded by fluid, which is carried along with the

settling aggregates. This fluid is dynamically adjusting according to the

aggregate velocities and their relative positions.

• The influence of the aggregates on each other is dependent on the mini-

mum surface-to-surface distance (dmin): the closer together, the higher the

influence and vice versa.

• Aggregate assemblies in horizontal position settle with their closest particles

first downwards, being influenced both and inclining accordingly.

In a horizontal T-like configuration, the aggregate tip close to the second

aggregate inclines downwards causing an increase in velocity for the aggre-

gate aligned into direction of settling. The increase of the velocity attains

values of up to 20% higher compared to settling horizontally.

In a horizontal L-like configuration, both close aggregate ends incline in

direction of settling.

• In vicinity of other aggregates, the aggregate velocities are increasing to

larger values than the value of velocities of the individual aggregates, simi-

larly to single particles settling faster when settling in a cluster [66, 116].

• The liquid surrounding the aggregate attenuates the movement of faster

settling aggregates, causing a reduction in velocity and a rotation of the ag-

gregate into horizontal position, if a horizontally oriented (slower) aggregate

is in front of the vertically oriented one.
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• While an aggregate passes another one, the hydrodynamic force approaches

the two. After passing, the influence of the aggregate causes an alignment

towards the passed aggregate (as if the two were bound by a chord).

However, if the surface-to-surface distance is sufficiently small, the liquid sur-

rounding the aggregate is not able to buffer the fast approaching aggregate and

the two collide. In the following chapter, the collision behavior for two aggregates

is investigated, leading to a collision map defining the situations during settling,

when a collision is probable.

8.2.2 Settling with encounter

The collision of two hard-sphere aggregates during settling in a fluid at rest is

influenced by the relative settling velocity of the two aggregates urel and their

relative positions to each other in the generated flow field around them. These

parameters are investigated in this section at otherwise constant conditions. The

most probable condition of collision is when one aggregate settles slower than

the other on a path in close vicinity (< 3a0). A measure for the probability of

a collision in dependence of the settling path is the collision efficiency, which is

defined in the following.

8.2.2.1 Definition of collision efficiency

In meteorology, the collision efficiency of droplets was defined for atmospheric

particles such as rain droplets, snow crystals and aerosol particles [117, 72].

In Fig. 8.13, the geometry for the definition of the collision efficency, ηcoll, is

illustrated for different sized particles. Hereby, ηcoll is defined as:

ηcoll =
dx2

(a0,1 + a0,2)2
(8.1)
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dx

1

0,1

0,2

Figure 8.13: Collision geometry for two different sized spheres of radii

a0,1 and a0,2, respectively. Particle 2 is moving on a deviating path towards

particle 1, which is fixed.

This efficiency is valid for two-dimensional cases with rotational symmetry. In the

case of anisotropic aggregates without this symmetry, the efficiency is calculated

individually for the x- and z-axis, for the configuration of a vertical settling ag-

gregate with projected area πa2
0, settling towards a horizontal settling aggregate

with projection area 3πa2
0 in settling direction, respectively. For the particular

studied cases, this results in a two-dimensional collision map on the x-z plane:

ηcoll,x = dx2

(a0+a0)2 and ηcoll,z = dz2

(a0+3a0)2 .

8.2.2.2 Initial configuration

For determining the collision efficiency, the position of the vertical aggregate was

varied as an offset in x- and z-direction, dx and dz, respectively, relative to the

position of the horizontal aggregate, with 0 < dx < 2a0 and 0 < dz < 2a0

(Fig. 8.14). In order to minimize influences from periodicity, the simulation cell

was chosen to be of size 40a0. The particles are at a distance of 0.04%a0 from each
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other and move together as a rigid body. This distance is the contact distance

for a particle with a one micron radius [115]. The aggregates settle both until

collision. Studies of collision up to now referred either to collision of rotationally

symmetric objects like aggregates of a homogeneous porosity, or to aggregates of

which one was fixed (e.g. [48, 118]). The possibility of free movement of both

aggregates shows a different aggregate behavior, as collision can be avoided in

three dimensions. Thus, the efficiencies are different compared to the capturing

efficiency of one non-moving aggregate. At start, the minimum surface-to-surface

distance between the aggregates, dmin, was chosen as 4a0 (Fig. 8.14).

y

x

dx
1

2

g

ϕ h

a 0

d min
dy

g

y

z

dmin

1

2

ϕ
h

a0

dy

Figure 8.14: Configuration of the aggregates settling into negative y direc-

tion. View from the z direction (left) and view from the x-direction (right).

For dx=dz=0, this corresponds to the vertical T configuration, whereas for

dx=0 and dz=2a0 it corresponds to the vertical L configuration.

8.2.2.3 Influence of time step

In the following results, the influence of the time step was investigated in terms

of the boundary of influence on the vertically settling aggregate (2). The initial

position for these simulations is dz = 0, whereas dx was varied.
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The general behavior of vertical aggregate (2) can be described according to

Fig. 8.12 for a vertical ’T’ configuration (dx = dz = 0): Due to its initial incli-

nation into settling direction (ϕh = 90◦), it has a smaller resistance to the fluid.

Hence, it settles faster than the lower horizontally oriented aggregate (1). Two

basic situations can occur: If aggregate (2) reaches the fluid carried along by the

horizontal aggregate, it starts to rotate depending on its relative position, follow-

ing the streamlines around aggregate (1). If it is not influenced sufficiently by

the fluid carried along by the second aggregate, it reaches the lower horizontally

oriented aggregate and collides, the simulation stops. In case of no collision, the

aggregate turns into a horizontal position, then changes the main direction of

settling with ϕ → −90◦ and settles further.

In order to observe the boundary of the mutual aggregate influence according

to the created velocity field, the distance was monitored at which the aggregate

starts to turn and to change its initial inclination angle, ϕh,0. It is a sensitive mea-

sure for the influence. For configurations starting at a minimum inter-aggregate

distance dmin = 4a0, the larger the offset, the larger the influence boundary is

(Fig. 8.15). It has to be mentioned, that the influence boundaries defined here

are only a measure for describing the moment of initial aggregate rotation. The

influence boundaries shown below are calculated with three different time steps:

∆t∗ = 0.01, 0.05 and 0.1. Hereby, the largest time step results in the smallest

influence boundary. However, the boundary form remains the same. A smaller

time step results in a more accurate movement description. The relative error

for the time step decrease is shown in the Appendix A.6, Fig. A.2. It can be

observed that the relative error reaches values of 2.2 per cent at the time step

of ∆t∗ = 0.05, whereas a further decrease to ∆t∗ = 0.01, leads to errors of 0.2

per cent in the calculation of the aggregate velocities. For the chosen time step

of ∆t∗ = 0.05, this involves a systematical underestimation of the real value.

For the collision analysis, this error was taken into account as a finer time step
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Figure 8.15: Influence of the chosen time step. The larger the time step,

the smaller the influence boundary where aggregate (2) starts to turn.

would increase the computational effort linearly. For the chosen time step, the

boundary of influence is shown as a projection in x and z direction in Fig. 8.16.

8.2.2.4 Influence of external forces

In Fig. 8.17 the boundary of the aggregate influence is illustrated from the per-

spective of the slower moving horizontally oriented aggregate, aggregate (1), with

velocity u1. The influence is shown in dependence of the initial offset dx. The

impact of external forces on the boundary of influence was hereby determined in

three sets of simulations.
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Figure 8.16: Starting point of the vertical aggregate inclination - the in-

fluence boundary in x and z-direction. The initial projection of aggregate 1

into x and z-direction, respectively, is indicated below the diagram.

In the simulation model, the external force Fext acting on a particle in a quiescent

fluid corresponds to −FSt = 6πηa0u0,s, with η being the fluid viscosity and u0,s

the settling velocity of a particle with radius a0. This equation relates the terminal

velocity u0,s of a particle with radius a0 to the force acting on it. This force is

experienced by a particle of radius a0, settling due to gravity. Hereby, a change

of e.g. the density difference between the particle and the fluid results in a

proportional change of the drag force acting on the particles of the investigated

system. As an example, in case of a sand particle of radius a0 = 1 micron and

density ρp = 2300 kg/m3 settling in a fluid with density ρf = 1000 kg/m3 and

viscosity 1 mPas (water), the terminal velocity is us = 2.834×10−6 m/s. This is

equivalent to a force of FSt = 5.353 × 10−14N acting on this particle in opposite

direction to gravity. By exchanging the sand particle with an aluminium oxide

particle (ρp ≈ 3700 kg/m3), the Stokes force increases more than twice as the
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density difference is in this case ∆ρ = 2700 kg/m3, compared to ∆ρ = 1300

kg/m3 for the sand particle suspended in water.
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Figure 8.17: Starting point of the inclination of the vertical aggregate - the

influence boundary. For a change in settling velocity by applying a different

external force, this boundary changes only slightly.

Hence, dependent on the external force and the correspondingly changing ag-

gregate settling velocity, the influence boundary changes its height, becoming

slightly larger for higher settling velocities. In the diagram in Fig. 8.17, this is

shown exemplarily for the set of simulation runs where the gravity force acting

on the aggregates is half the Stokes drag force Fext = −0.5FSt (upper curve) and

three halves Fext = −1.5FSt (lower curve), respectively. It is compared to the set

of simulations where Fext = −1.0FSt. The time step for this set of simulations is

∆t∗ = 0.05.
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The relative velocity of the aggregates at the moment of starting inclination of the

vertical aggregate can be depicted in Fig. 8.18, solid line. It can be observed that

the smaller the initial offset is, the smaller the difference in the velocities becomes.

The explanation for this is, that the buffering liquid between the aggregates has

an continuously increasing influence with smaller offsets. In the diagram these

settling velocities are shown as curves with relative settling velocities which are

half (Fext = −0.5FSt,0, dotted line) or 1.5 times (dashed line) the initially applied

external force, −FSt,0 (solid line, middle).

Hereby, the relative velocities between the approaching aggregates were observed.

For aggregates approaching each other at an initial offset larger than dx ≥ 0.65a0,

the relative velocity between the two aggregates approaches an asymptotic value

of urel = 0.320u0, due to the larger distance of the boundary influence counted

from the lower settling aggregate (1).
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Figure 8.18: Relative velocity at the wake boundary in dependence of the

initial offset. The start of the asymptotic part of the curves is marked with

lines.
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This asymptotically approaching behavior of the relative velocity at the boundary

where the influence of the aggregate (1) changes the inclination of aggregate (2)

shows the difference of settling velocities from inclination ϕh = 0◦ and ϕh = 90◦

at incipient rotation. For aggregates settling under the action of an external force

which is Fext = −0.5FSt,0, the asymptotic value of the the relative velocity reaches

urel = 0.160u0 ± 0.0003, starting at offset values of dx ≥ 0.5a0. In contrast to

that, for a higher external force, Fext = −1.5FSt,0, the asymptotic value of the

the relative velocity reaches urel = 0.478u0 ± 0.0005, starting at center-to-center

offset values dx ≥ 0.75a0. The expected value of the velocity difference is exactly

three times the relative velocity. The small deviation of 0.42 per cent is due to

the chosen time step.

8.2.2.5 Initial positions leading to collision

The initial offset positions dx were determined, at which a collision is occurring.

This was determined starting from the initial configuration given in section 8.2.2.2

for aggregates with dz = 0. The general behavior of the aggregates is summarized

in Fig. 8.19. Aggregate (2) deviates from its straight settling path when it reaches

the boundary of influence of aggregate (1). Anisotropic aggregates start to rotate

such that the collision probability is decreased.

The influence of the aggregates on each other can be depicted by following the

trajectory of the settling aggregates in time, i.e. their surface-to-surface distance.

Typical trajectories for the above described settling configuration are given in

Fig. 8.20, where the surface-to-surface distance of the two aggregates is observed

for different initial offsets dx. The movement of the surface of the vertical aggre-

gate is monitored relative to the horizontal one, which is approaching it during

settling. If the angle of inclination, ϕh, is reduced and with it the aggregate set-

tling velocity, the liquid in between the aggregates is able to buffer the approach-

ing collision. Then, the vertical aggregate turns and slides above the horizontal



110 Settling behavior

g

1

a

a0

0

2

2’

dx

y

x

g

y
1

2

a0

3 a0

2’

z

dz

1’

Figure 8.19: Configuration of the two settling aggregates, showing the

rotation of aggregate (2) during settling. Left: view from z direction, right:

view from x direction, initial aggregate positions are denoted with 1′ and

2′, respectively. On the right sketch, the aggregate (1) rotation is indicated,

which helps avoiding collision.

one. Here, each particle of aggregate (2) has to slide past the center particle of

the lower aggregate. For a variation of the offsets dz, the collision occurs between

the ends of both aggregates, as all particles of aggregate (2) have to slide past

the end particle of aggregate (1).

The diagram in Fig. 8.20 shows the series of curves with the minimum surface-

to-surface distance development in time, for the variation of the offset dx. The

uppermost curve, for settling aggregates starting with an offset of dx = 1.55a0,

shows that the aggregates do not collide, in spite of the fact that the monitored

surface-to-surface distance reaches minimal values.
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Figure 8.20: Change of minimum surface-to-surface distance during simu-

lation, dmin, at various simulation runs. At dmin = 0, collision occurs. The

three regimes of possible collision are: a) direct collision, b) collision with

second or third particle, and c) collision after settling direction reversal.

In Fig. 8.21, the angle of inclination at the moment of collision is shown in de-

pendency of the initial aggregate offset. During the aggregate settling, a collision

of the particles with the initial smallest distance occurs for small initial offset dis-

tances, dx ≤ 0.65a0 (a), compare Fig. 8.20. For distances larger than dx = 0.65a0

the aggregates do not collide. Settling further, the particle closest to the lower

aggregate is sliding on the buffering liquid. A collision might then occur with

the middle or last particle of the upper aggregate during its rotation/sliding (b),

dependent on the initial offset of the two aggregates. Hereby the initial offset

distance is 0.65a0 ≤ dx ≤ 1.0a0. A third collision possibility, (c), is after the

aggregate turns, passing ϕh = 0, and approaching the horizontal aggregate with

its initially most distant particle. These three cases are shown in Fig. 8.21. The

dependency on the external force is shown here as deviation triangles above and

below the curves. Small differences can be observed: Regime (b) starts for a lower
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Figure 8.21: Angle of inclination of aggregate (2), related to the horizontal

axis, ϕh, at the moment of collision. Three regimes of collision (a), (b) and (c)

are represented for aggregate settling with different terminal velocities, where

the external force acting on the aggregates has values of: Fext = −0.5FSt,0,

smaller external force field denoted by △, Fext = −1.0FSt,0, denoted by

◦ connected with lines and Fext = −1.5FSt,0, the higher force field being

denoted by ▽.

external force field and hence lower settling velocity at an initial offset distance

dx = 0.75a0, whereas for a higher external force field and higher settling velocity,

the regime (b) starts already at a distance of dx = 0.70a0. These differences can

be attributed to the time step influence as well.

The results show that, for inclination angles ϕh smaller than 72 degrees and

offsets dx lower than 0.65, the hydrodynamic forces are going to move the rigid

aggregate bodies apart, preventing a collision. For regime (b) this inclination

requirement is ϕ ≤ 15◦ at offset distances between 0.7a0 ≤ dx ≤ 1.05a0. In

regime (c), the inclination angle changes sign, as the aggregate changes direction.
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The results of the simulations with variable offsets dx can be summarized as

follows: Considering aggregates starting in the given configuration for an initial

relative offset of dx = 1.55a0, the aggregates will not collide during settling. For

initial offsets lower than this value, collision occurs. Different collision regimes can

be defined according to the type of collision: For an initial offset dx < 0.65a0, the

point of collision is reached between the middle particle of aggregate (1) and the

particle with the lowest position from aggregate (2), aligned into settling direction

(regime a)). For an offset of 0.65a0 < dx < 1.05a0 - regime b) -the collision occurs

between the middle particle of aggregate (1) and the middle or last particle of

aggregate (2) in settling direction. For offsets between 1.05a0 < dx < 1.55a0 -

regime c) - the collision occurs after the settling direction reversal of aggregate

(2), ϕh < 0.

Using the same approach, the collision for an initial offset in z-direction, dz, was

investigated. It was found that the initial offset distance leading to collision is

similar to the offset in x direction dx, even the aggregate is anisotropic into z

direction (3a0) and its settling behavior is different in this case. For an asymmet-

rical ’L’ type settling, the fast settling aggregate pushes the initially horizontal

aggregate through the liquid buffer in between the aggregates. This leads to a

rotation of the horizontally aligned aggregate (1) towards the settling direction.

Hereby both aggregates are inclining into settling direction, reaching high set-

tling velocities up to 1.89u0 (which is 55 per cent higher than the lowest settling

velocity).

The initial offset distance in x and z direction where the collision of aggregates

is probable, were combined into a collision map, Fig. 8.22. This can be used to

determine possible collisions during settling induced by hydrodynamic influence.

In the enclosed elliptical region, collisions occur. Outside of the hashed region,

collisions do not occur.
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Figure 8.22: Collision map. Starting with the center of mass inside the

slightly elliptical region of offsets with dx = 1.55a0 and dz = 1.65a0, a verti-

cally oriented aggregate will collide with a horizontally oriented aggregate.

For the collision efficiencies in x and z direction, the collision efficiencies are high

ηcoll,x = 0.60 and ηcoll,z = 0.17, compared to the efficiencies of spherical particles

ηcoll = 0.05 ([71]). The collision efficiency in z-direction is, however, much smaller

than expected if aggregate (1) was fixed (ηcoll,z = 0.787).

In conclusion, the observations from the simulations of two anisotropic aggregates

from section 8.2.1.5 were confirmed. Further, the collision behavior of aggregates

in viscous liquids was investigated in terms of hydrodynamic influence depending

on the initial aggregate positions relative to each other. It was found that, the

higher the aggregate settling velocity, the smaller the boundary of reciprocal

influence is. The boundary of the starting influence for settling aggregates was

defined.

Three collision regimes were defined for the anisotropic aggregate collision, de-

pending on the points of collision. Hereby the angles of inclination for the fast

aggregate at the moment of collision were determined. For aggregates approach-
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ing horizontally settling aggregates with angles higher than the given ones in

Fig. 8.21 for different initial offsets, a collision will not occur.

Additionally, a collision map for dynamically settling, identically sized aggregates

formed of three particles was defined: inclined aggregates (ϕh = 90◦) with initial

offsets of 0 ≤ dx ≤ 1.55a0 or 0 ≤ dz ≤ 1.65a0 are determined to collide if

approaching a horizontally settling aggregate.
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Summary and Outlook

In the previous chapters, small scale phenomena occurring in suspensions were

examined numerically. The numerical method of Accelerated Stokesian Dynamics

(ASD) accounting for hydrodynamics was extended to include a free rotation of

aggregates in a viscous medium (eASD). This method was applied to investigate

the hydrodynamic behavior in terms of aggregate settling. The static simulations

were performed in order to determine drag forces on a particle assembly in sus-

pended state. The dynamic simulations were performed for the investigation of

the hydrodynamic behavior of such aggregates.

The physical reliability of the eASD numerical program results was proved by

comparison with experimental data of model aggregates. An additional valida-

tion was performed through comparison with the Lattice Boltzmann method. The

methods were compared by assessing the drag forces on symmetric and random

aggregates. For both methods the corresponding numerical parameters were dis-

cussed and optimum values were determined by comparing the results for single

spheres and particle doublets where analytical solutions were available for com-

parison. Both methods agree with each other and differ to analytical solutions

by only a few per cent. For the current implementation of eASD, the necessary

domain size limits the calculation of hydrodynamic forces to approx. 250 parti-
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cles depending on the fractal dimension of the aggregates. For larger aggregates,

the method should be changed.

The fractal aggregates were generated by a Monte Carlo method using diffusion

limited cluster-cluster aggregation. In the static simulations, the computed drag

forces show a general trend of increasing drag with increasing projected area,

which yields the drag force. For a given aggregate size the projected area shows

a larger variation than the drag force. In fact, the drag force is dominated by the

individual structure of the aggregates. Geometric parameters can be found for

any irregular formed aggregate, which combined, result in a unique correlation

for the drag force. There is a significant variation of the drag force for different

aggregate orientations. In the measurement of particle sizes via dynamic light

scattering this is very important, as rotating aggregates will experience a range

of drag coefficients and thereby, a range of diffusional coefficients, leading to an

apparent broadening of the resulting size distribution. By comparing the mean

drag force of different aggregates of the same equivalent volume, a significant

scatter in drag force can be observed. This limits the achievable minimum size

of the aggregate volume equivalent size upon using a mobility classifier. The

structural effects causing such variations of drag forces were discussed in detail.

On one hand, for one given aggregate at different orientations, this effect leads

to a variation of the mean drag force in a range of ±15%. On the other hand,

the structural effects can cause changes in the orientation averaged drag force of

different aggregates of up to ±15%.

For individual orientations, the particle configuration in an aggregate causes even

larger differences in drag forces. Up to 20% difference was found for aggregates

containing 128 particles. For larger aggregates, this value is expected to increase.

Based on dynamic simulations, a simple correlation for the drag force depend-

ing on easy to determine structural parameters of individual fractal aggregates

(Df = 1.85) was found: the radius of gyration, Rgyr, and the projected area,
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Aproj , in flow direction. These values can be calculated easily once the aggregate

orientation is known. Both parameters correlate rather moderately with the drag

force. Combined, they result in the necessary three dimensional volume informa-

tion to correlate the morphology to drag forces on such fractal aggregates even

for aggregates with higher particle numbers. A scale-up for aggregates containing

a larger number of primary particles can be easily carried out due to the non-

dimensional form of the equation found.

The results obtained in the simulations are helpful to improve particle size mea-

surements with the dynamic light scattering methods. For a scale up of aggregate

simulations in Stokes flows, drag forces can be calculated now with an uncertainty

of only ±10% depending on the aggregate geometry, if the aggregate has aligned

itself along the stream lines in the fluid.

Moreover, a new algorithm (posdrag) was developed to calculate the drag force

on fractal aggregates and their orientation in an efficient way. Using this algo-

rithm, in addition to the calculation of the drag force for a given orientation,

the stationary orientation of the aggregates can be predicted depending on the

direction of flow and the aggregate structure. The calculation time is in the

range of minutes, as only the positions of the primary particles are required as

input parameters. The algorithm does not predict the exact value, however, the

differences are within ±15% compared to the calculation of the hydrodynamic

behavior in ASD which requires a much longer computational time. Large par-

ticulate systems can be simulated with this program in order to evaluate the

orientation of fractal aggregates. Using this algorithm, measuring methods based

on a volume equivalent sphere for the drag force calculation can be improved.

For an aggregate containing 125 primary particles, for example, the drag force on

a volume equivalent sphere may result in a three times higher value compared to

the actual value. The correlation found for determining the drag force accurately
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is based on the geometry of the aggregate and changes only in the exponent for

different fractal dimensions.

In addition, the behavior of anisotropic aggregates during settling was observed.

In order to determine influences of configuration and hydrodynamics, simulation

runs with two settling aggregates were performed. The behavior due to the hydro-

dynamic interaction between the settling aggregates was described in dependence

of the angle of inclination, the relative positions and the corresponding settling

velocities. It was demonstrated, that the distance between the aggregates is an

important factor especially in close vicinity of settling aggregates. At larger inter-

aggregate distances, the inclination of the anisotropic aggregate is the dominant

factor for the settling velocity. During settling, the aggregates drag along liquid.

The liquid surrounding them acts like a buffer for any movement. For example,

faster settling aggregates are slowed down while simultaneously they drag slow

aggregates during passing, changing their original settling path. After passing,

they align pointing to the slower aggregate. The limit was determined, where the

faster settling aggregate starts to change its settling path in dependence on the

initial offset of the aggregates center of mass. It was shown, that the collision

efficiency is smaller for aggregates in motion than the one calculated with one ag-

gregate being held fixed. Finally, the possible collision of anisotropic aggregates

during settling was investigated. As a result, a collision map was given for the

the case of two settling aggregates formed each of three aligned particles.

Concerning the prediction of drag forces for fractal aggregates, as future work, an

extension to different fractal dimensions should be included into the algorithm as

well. Qualitatively, the prediction of drag for fractal aggregates becomes easier

as more aggregate ramifications would lead to a more compact aggregate with

a higher fractal dimension. The value of the projection area does not change

much for various aggregate orientations for an aggregate with a higher fractal

dimension; for a compact aggregate it reaches a circular area. Hence, using the
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developed fast approximate method for higher fractal dimensions, the orientation

becomes less important. For an increase in the fractal dimension the aggregate

projection area in direction of the flow becomes larger, while the relative error

becomes smaller.

For collision detection and subsequent determination of collision kernels for aniso-

tropic aggregates the current work has to be extended to larger aggregates, to

define more general collision maps.

Of further high interest is the simulation of the aggregate structural change

through aggregation, breakage and reaggregation allowing for restructuring in

sheared suspensions since shearing widely occurs in many industrial processes

and particle-particle interactions play an important role.
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Notation

List of Abbreviations, Sub- and Superscripts

Abbreviation Denotation

0 initial

agg aggregate

amb ambient

ASD Accelerated Stokesian Dynamics

eASD extended Accelerated Stokesian Dynamics

∞ far away

coll collision

d drag

D diffusion

diel dielectric

DLA diffusion limited aggregation

eASD extended Accelerated Stokesian Dynamics

ext external

f fluid

ff far-field

FFT Fast Fourier Transformation

g gas

gyr gyration
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GMRES generalized method of residuals

hyd hydrodynamic

l liquid

LBM Lattice Boltzmann Method

max maximum

mcr mass center relation

nf near-field

p particle

prim primary

proj projected

rel relative

RLA reaction limited aggregation

s settling

surf surface
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List of Symbols

Boldface symbols are vectors or tensors. More about vector and tensor nota-

tions and calculus can be found in ref. [119]. The unit ∗ denotes arbitrary units

depending on usage of the symbol.

Latin symbols

Symbol Unit Notation

a0 m particle radius

A m2 area

cdrag - drag coefficient

d⊥ m distance perpendicular to axis of rotation

dmin m minimum distance between particle surfaces

Df - fractal dimension

Di,j N m Stokes Dipole

∂D m2 body surface

dx m distance in x-direction

dz m distance in z-direction

~e - unit vector

E s−1 rate of strain

E∞ s−1 externally imposed strain

f N m−2 force density

F N force

F N force tensor

Fd N drag force

Fd,prim N drag force on a primary particle

F el N electrostatic force

F ext N external forces

F H N hydrodynamic force

FSt N Stokes drag force

g m s−2 gravitational acceleration

g m s−2 vector of gravitational acceleration

Gij m−1 Oseen tensor
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Gij,k m−2 first derivative of the Oseen tensor

I - unit tensor

Im kg m2 inertia matrix

Ibody kg m2 body inertia matrix

I mol l−1 ionic strength

ki, kg - prefactors

l m length

i,j,k,l - tensor indices

L kg m2 s−1 angular momentum

lmax - maximum length in an aggregate related to particle

radius

m kg mass matrix

M s kg−1 grand mobility matrix

ml kg mass of liquid component

mp,prim kg mass of a primary particle

n - amount

N - particle number

p, p, p’ N m−2 pressure

P N m−2 stress

P kg m s−1 linear momentum

P , P∞

j N m−2 pressure field

q̃ - quaternion

Qα
i...j * multipoles

r m interparticle distance

rj m distance vector

rcut m cut-off radius

Rorient - orientation matrix

R kg s−1 grand resistance matrix

R2B kg s−1 the two-body resistance matrix

R∞

2B kg s−1 far-field part of the two-body resistance matrix

RF U kg s−1 resistance matrix relating force to translational

velocity

RF Ω kg m s−1 resistance matrix relating force to rotational
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velocity

RF E kg m s−1 resistance matrix relating force to strain

RT U kg m s−1 resistance matrix relating torque to velocity

RT Ω kg m2 s−1 resistance matrix relating torque to rotational

velocity

RT E kg m2 s−1 resistance matrix relating torque to rate of strain

RSU kg m s−1 resistance matrix relating particle stress to trans-

lational velocity

RSΩ kg m2 s−1 resistance matrix relating particle stress to

rotational velocity

RSE kg m2 s−1 resistance matrix relating particle stress to rate of

strain

Rgyr m radius of gyration

Rhyd m hydrodynamic radius

S N m−2 stress tensor

Sij N m stresslet

Sα m2 surface of particle alpha

t s time

t∗ − non-dimensional time

t0 s initial time

tǫ s time step tolerance

T K temperature

T N m torque tensor

u m s−1 velocity

u m s−1 velocity vector

u0 m s−1 velocity of a primary particle

u′ m s−1 disturbance velocity vector

uh m s−1 settling velocity of a horizontal aggregate

u∞ m s−1 imposed velocity vector

urel m s−1 relative velocity

us m s−1 settling velocity

Up m s−1 particle velocity vector

U∞ m s−1 bulk velocity vector
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v m s−1 linear velocity vector

V m3 volume

V̄ m3 mean volume

xCM m aggregate center of mass coordinates

xi, xj m space coordinates

xp m particle diameter

y m point at particle surface

z - ion valency
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Greek symbols

Symbol Unit Notation

α - individual particle

αs - non-dimensional splitting parameter

β ◦ angle

γ̇ s−1 shear rate (magnitude of Γ̇)

Γ̇ s−1 velocity gradient tensor

δ − Dirac’s delta function

δij - Kronecker delta

∆ * difference

ǫ - voidage

ǫh - non-dimensional contact distance

ǫijk - permutation or Levi − Civita tensor

ǫr - relative dielectric constant

ǫSB - emissivity of a black body

η kg m−1 s−1 dynamic viscosity

ηgas kg m−1 s−1 dynamic viscosity of gas

ηoil kg m−1 s−1 dynamic viscosity of oil

ηcoll,x − collision efficiency in x direction

ηcoll,z − collision efficiency in z direction

Θh
◦ head rotation angle

Θp
◦ pitch rotation angle

Θr
◦ roll rotation angle

λ m wavelength

µE m2 V s−1 electrophoretic mobility

νoil m2 s−1 kinematic oil viscosity

Πn - number of touching neighbors in an aggregate

Φ - scalar potential function

ρf kg m−3 fluid density

ρg kg m−3 gas density

ρl kg m−3 liquid density

ρoil kg m−3 oil density
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σ - distribution broadness, deviation

σ N m−1 stress tensor

τ - non-dimensional time

φ - volume fraction

ϕ ◦ inclination angle

ϕh
◦ angle to horizontal

ω s−1 rotational velocity vector

ωi, ωk s−1 rotational velocity vector

Ω s−1 rotation speed
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Appendix A

Appendix

A.1 Tensor calculus

In this work vectors and tensors are denoted by bold symbols. In the cartesian

coordinate system, unit vectors in x-, y- and z-direction are denoted by i, j, k.

The vector a, for example, has three components, ax, ay, az. In index notation,

the same vector has the components a1, a2, a3, with the unit vectors e1, e2, e3.

The scalar product between two vectors is:

a · b = axbx + ayby + azbz = a1b1 + a2b2 + a3b3 =
3∑

i=1

aibi. (A.1)

The cross product is:

a × b =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

i j k

ax ay az

bx by bz

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (aybz − azby)i + (azbx − axbz)j + (axby − aybx)k. (A.2)

A second order tensor C has the following components:








Cxx Cxy Cxz

Cyx Cyy Cyz

Czx Czy Czz









or









C11 C12 C13

C21 C22 C23

C31 C32 C33









. (A.3)
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The transpose of C is denoted by CT and is formed by substituting rows with

columns and vice-versa. The dot product between the second order vector C and

first order vector a results in a vector:

C · a = (Cxxax + Cxyay + Cxzaz)i + (Cyxax + Cyyay + Cyzaz)j +

+ (Czxax + Czyay + Czzaz)k (A.4)

or

C · a =
3∑

i=1

3∑

j=1

Cijajei (A.5)

The dot product of two second order tensors C and D is a second order tensor:

C · D =
3∑

i=1

3∑

k=1

3∑

j=1

CijDjkeiek. (A.6)

The double dot product of two tensors is

C : D =CxxDxx + CxyDyx + CxzDzx+

CyxDxy + CyyDyy + CyzDzy+

CzxDxz + CzyDyz + CzzDzz

=
3∑

i=1

3∑

j=1

CijDji.

(A.7)

A dyadic product of two vectors is ab = aibj is a second order tensor:

ab =









a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

a3b1 a3b2 a3b3









. (A.8)

The unit tensor δ with the components δij, is the known Kronecker delta with

elements δij = 0, for i 6= j and δii = 1 for i = j:

δ = ii + jj + kk =
3∑

i=1

eiei. (A.9)

The components of the permutation tensor ǫijk are defined to be equal to 0 when

any index is equal to any other index, equal to 1 when the indices can be obtained

by cyclic permutation of {1,2,3}, and -1 if the indices are obtained by anticyclic

permutation.
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The gradient operator is written as:

∇() = e1
∂()

∂x
+ e2

∂()

∂y
+ e3

∂()

∂z
. (A.10)

The gradient of a scalar function dependent on x, y, z (or x1, x2, x3) is therefore:

∇f = i
∂f

∂x
+ j

∂f

∂y
+ k

∂f

∂z
=

3∑

i=1

ei

∂f

∂xi
. (A.11)

The divergence of a second order tensor C is:

∇ · C =
3∑

i=1

ei

3∑

j=1

∂

∂xj
Cji. (A.12)

For further information on tensor calculus, the reader is directed to e.g. ref. [119].

A.2 Single-point versus multiple point methods in
numerical integration

Solutions to initial value problems for ordinary differential equations of the type

y′ = f(t, y), with f as a given vector function, can be approximated by numerical

methods [120]. A linear multi-step method uses combinations of the values of

a function, yn, and its derivative, y′
n, in order to calculate the value for yn+1.

Multi-step methods (like Adams-Bashforth) use several previous time steps to

calculate the desired value at the current step yn+1. Single-step methods (like

Runge-Kutta) take into account intermediate steps and only one previous time

step, to reach a higher accuracy. In the following, exemplarily two methods

representative for each group are presented:

A.2.1 Runge-Kutta

Runge-Kutta methods evaluate

∆y = yn+1 − yn (A.13)

as the weighted sum of several ∆yi(i = 1, 2, ...), where each ∆yi is evaluated as

∆t multiplied by the derivative function f(t, y), evaluated at a point in the range

tn ≤ tn+1 with ci(i = 1, 2, ..) being the weighing factors.

yn+1 = yn + ∆yn = yn + (yn+1 − yn), (A.14)
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with

∆y = c1∆y1 + c2∆y2 + c3∆y3 + · · · (A.15)

The fourth-order Runge-Kutta method utilized in this work is given by:

yn+1 = yn +
1

6
(∆y1 + 2∆y2 + 2∆y3 + ∆y4) , (A.16)

The individual ∆yi are given as

∆y1 = ∆tf(tn, yn) (A.17)

∆y2 = ∆tf(tn +
∆t

2
, yn +

∆y1

2
) (A.18)

∆y3 = ∆tf(tn +
∆t

2
, yn +

∆y2

2
) (A.19)

∆y4 = ∆tf(tn + ∆t, yn + ∆y3) (A.20)

A.2.2 Adams-Bashforth method

Multipoint methods have an improved consistency compared to single point meth-

ods. The fourth-order Adams-Bashforth method is consistent, O(∆t5) lo-

cally and O(∆t4) globally. Because it is conditionally stable, it is also convergent

[120]. For the prediction of the value y at the current time step denoted by yn+1,

the actual and three previous values evaluated at previous time steps have to be

included. This results in the Adams-Bashforth extrapolation formula:

yn+1 = yn +
∆t

24
(55fn − 59fn−1 + 37fn−2 − 9fn−3) (A.21)

Below, the prediction terms are given, starting from terms including only the

actual time step, up to terms including three previous time steps (fourth order).

yn+1 = yn + ∆tf(tn, yn) (A.22)

yn+1 = yn + ∆t

(

3

2
f(tn, yn) −

1

2
f(tn−1, yn−1)

)

(A.23)

yn+1 = yn + ∆t

(

23

12
f(tn, yn) −

4

3
f(tn−1, yn−1)+

+
5

12
f(tn−2, yn−2)

)

(A.24)

yn+1 = yn + ∆t

(

55

24
f(tn, yn) −

59

24
f(tn−1, yn−1)+

+
37

24
f(tn−2, yn−2) −

3

8
f(tn−3, yn−3)

)

(A.25)
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A.3 Collision radius determination

The concentration of a number of particles N in a volume V (using equation 5.7

with proportionality constants ki, i ∈ N ) is given by:

concentration =
N

V
=

k1 · rDf

4
3πr3

=
3k1

4π
rDf −3 = k2r

Df−3. (A.26)

In a small spherical shell of thickness dr, the number of particles dN is pro-

portional to the particles inside the shell volume which can be approximated by
4
3π · 3r2dr times the particle concentration inside it:

dN =
4

3
π
(

(r + dr)3 − r3
)

︸ ︷︷ ︸

· concentration
︸ ︷︷ ︸

(A.27)

≈
4

3
π · 3r2dr · rDf −3 · k3 (A.28)

dN ∼ rDf −1dr (A.29)

The radius of gyration is by definition:

R2
gyr =

1

N

∫ N

0
r2dN ; (A.30)

which combined with equation A.29 using the changed integration boundary from

the number to the radius of the aggregate Ragg results in:

R2
gyr ∼

1

N

∫ Ragg

0
r2rDf −1dr =

1

N

∫ Ragg

0
rDf +1dr. (A.31)

The number of particles inside a fractal aggregate is an integration of A.29 over

the aggregate up to its outer limit Ragg:

N = k3 ·
∫ Ragg

0
rDf −1dr =

k3

Df
· RDf

agg (A.32)

For the radius of gyration equation A.32 is combined with equation A.31 resulting

in:

R2
gyr ∼

1

N

1

Df + 2
RDf +2

agg =
Df

R
Df
agg

1

Df + 2
RDf +2

agg =
Df

Df + 2
R2

agg. (A.33)
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Thus leading to:

Ragg =

√
√
√
√

Df + 2

Df
Rgyr. (A.34)

A.4 Quaternions

Why do we need quaternions for rotation of rigid bodies or: How is one degree

of freedom lost? An answer is given here with reference to [84].

Rotation can be represented by rotation matrices, Rx(φ), Ry(φ), and Rz(φ) which

rotate an entity φ radians about the x−, y− and z−axes respectively. They are

given in equations:

Rx(φ) =









1 0 0

0 cos φ − sin φ

0 sin φ cos φ









(A.35)

Ry(φ) =









cos φ 0 sin φ

0 1 0

− sin φ 0 cos φ









(A.36)

Rz(φ) =









cos φ − sin φ 0

sin φ cos φ 0

0 0 1









(A.37)

The Euler transform is a multiplication of the three rotation matrices, formally

denoted as:

Eu(Θh, Θp, Θr) = Rz(Θr)Rx(Θp)Ry(Θh). (A.38)

The Euler angles Θh, Θp, Θr represent in which order and how much the head,

pitch and roll should rotate in their respective axes (see figure A.1). Since Eu

is a chain of orthogonal rotations, it is itself orthogonal. Therefore, the inverse,

denoted as Eu−1, can be calculated as Eu−1 = EuT = (RzRxRy)T = RT
y RT

x RT
z .

Here, it has to be noted that the order change of transforms leads to different

results.
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head
y

pitch

x
roll

−z

Figure A.1: The default view direction (negative z), head, Θh, pitch, Θp,

and roll, Θr of a cartoon

An example for demonstrating how one degree of freedom is lost is to set Θp = π/2

and examine what happens to the Euler matrix Eu(Θh, Θp, Θr):

Eu(Θh, π/2, Θr) =

=









cos Θr cos Θh − sin Θr sin Θh 0 cos Θr sin Θh + sin Θr cos Θh

sin Θr cos Θh + cos Θr sin Θh 0 sin Θr sin Θh − cos Θr cos Θh

0 1 0









=









cos(Θr + Θh) 0 sin(Θr + Θh)

sin(Θr + Θh) 0 − cos(Θr + Θh)

0 1 0









(A.39)

Since the matrix is dependent on only one angle (Θr + Θh), it can be concluded

that one degree of freedom is lost.

Definition of a quaternion:

A quaternion is defined as follows: q̃ = qw + qxi + qyj + qzk = qw + q, where qw

is called the real part of the quaternion and q is called the imaginary part, with

i, j, k being the imaginary units, i2 = j2 = k2 = −1. The following notation can

be used for quaternions:

[qw, q]. (A.40)
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Quaternion math:

For q̃ all normal vector operations can be applied. For the multiplication of two

quaternions q̃ and r̃ the result is, according to the notation of equation A.40:

q̃r̃ = [qw, q][rw, r] = [qwrw − q · r, qwr + qrw + q × r] (A.41)

The addition of two quaternions results in:

q̃ + r̃ = [qw + rw, q + r]. (A.42)

A.5 Resistance matrix for two-sphere interaction

For two rigid spheres of equal radius a0, labelled 1 and 2, at positions x1 and x2

immersed in an infinite fluid with velocity U(x) = U0 + Ω × x, the resistance

matrix relating the force to the velocity is given by R, containing the four elements

R11, R12, R21, R22 [13]:






F1

F2




 = −η






R11 R12

R21 R22




 ·






U1 − U∞

U2 − U∞




 (A.43)

Hereby,R12 = R21 and R11 = R22. This system of two spheres is axially sym-

metric to its line of centers r = x2 − x1, with distance R = |r| and unit vector

along the line of centers e = r/R. The resistance coefficients can be split into

elements parallel, X, and perpendicular to r, Y:

R12
ij = X12eiej + Y12(δij − eiej), (A.44)

and

R11
ij = X11eiej + Y11(δij − eiej), (A.45)

respectively. The near field and the far field interactions have different coefficients.

In the near field, with the definition of a non-dimensional surface-to-surface dis-

tance ξ = R−2a0

a0
the coefficients are:

Near field

X11 = 6πa0

(

1

4
ξ−1 +

9

40
ln ξ−1 + 0.9954 +

9

336
ξ ln ξ−1 + 0.0146ξ +

+ O(ξ2 ln ξ)

)

(A.46)
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X12 = −6πa0

(

1

4
ξ−1 +

9

40
ln ξ−1 + 0.3502 +

9

336
ξ ln ξ−1 + 0.0146ξ +

+ O(ξ2 ln ξ)

)

(A.47)

Y11 = 6πa0

(

1

6
ln ξ−1 + 0.9983

)

(A.48)

Y12 = −6πa0

(

1

6
ln ξ−1 + 0.2737

)

(A.49)

Far field

In the far field, the coefficients are given by:

X11 = 6πa0

(

1 +
9

4

(a0

R

)2

+
93

16

(a0

R

)4

+
1197

64

(a0

R

)6

+

+
19821

256

(a0

R

)8

+
320173

1024

(a0

R

)10

+ . . .

)

, (A.50)

X12 = −6πa0

(

3

2

(a0

R

)1

+
19

8

(a0

R

)3

+
387

32

(a0

R

)5

+
5331

128

(a0

R

)7

+

+
76115

512

(a0

R

)9

+
1178451

2048

(a0

R

)11

+ . . .

)

, (A.51)

Y11 = 6πa0

(

1 + 9
(a0

R

)2

+ 465
(a0

R

)4

+ 14745
(a0

R

)6

+

+ 570017
(a0

R

)8

+ 33678825
(a0

R

)10

+ . . .

)

, (A.52)

Y12 = −6πa0

(

3
(a0

R

)1

+ 59
(a0

R

)3

+ 2259
(a0

R

)5

+ 89643
(a0

R

)7

+

+ 14907395
(a0

R

)9

+ 266862875
(a0

R

)11

+ . . .

)

(A.53)



150 Appendix

A.6 Aggregate influence boundary - relative error

In Fig. A.2, the error relative to the time step ∆t∗ = 0.001 is shown. The values

are decreasing with decreasing time step from 4.2% for a time step of ∆t∗ = 0.1

to 0.2% for a time step of ∆t∗ = 0.01. For the chosen time step of 0.05, the

relative error is 2.2 per cent.
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Figure A.2: Relative error for different time steps. The reference values

were calculated at time steps of ∆t∗ = 0.001
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