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Abstract

Hollow-core photonic crystal fibers have made possible sustained and tailorable non-

linear gas-light interactions over extended distances. This thesis contains experi-

mental and numerical studies of near-infrared femtosecond pulses propagating in

argon-filled kagomé photonic crystal fiber. This particular fiber system possesses a

number of favorable properties such as pressure-tunable group velocity dispersion.

More fundamentally, the low interaction between light and the glass structure, and

the inertness of the filling gas enable damage-free experiments in hitherto inaccessi-

ble regimes that involve short wavelengths and/or high intensities.

The adjustment of the gas pressure was used to balance the gas and waveguide con-

tributions of the refractive index and thereby achieve phase-matched third-harmonic

generation into a higher order fiber mode. Owing to the signal sensitivity to the

precise phase relationship, this technique was used to corroborate a proposed ana-

lytical model for the dispersion of the kagomé fiber.

By adjusting the pressure such that the resulting group velocity dispersion is anoma-

lous at the pump, but normal for shorter wavelengths, light was generated through

soliton-driven resonant radiation. Efficiencies of up to 8% and, by virtue of the dis-

persion tuning concept, wavelength tunability from 200 nm to 320 nm were demon-

strated.

By lowering the gas pressure to achieve broadband all-anomalous group velocity dis-

persion, soliton self-compression allowed for generating few-cycle pulses with peak

intensities exceeding 1014 W/cm2 – sufficiently strong to ionize the gas. The gener-

ated time-varying free electron density imposed a phase modulation onto the pulse

which led to a soliton self-frequency blue-shift, redolent of, but contrary in sign, to

the Raman-induced red-shift.



Zusammenfassung

Photonische Kristallfasern mit Hohlkern ermöglichen beständige und manipulier-

bare nichtlineare Wechselwirkungen von Licht und Gasen über ausgedehnte Dis-

tanzen. Diese Arbeit beinhaltet experimentelle und numerische Untersuchungen der

Propagation von nahinfraroten Femtosekundenpulsen in mit Argon gefüllten kagomé

photonischen Kristallfasern. Dieses Fasersystem ermöglicht eine durch Druck ein-

stellbare Gruppengeschwindigkeitsdispersion. Von grundlegenderer Bedeutung sind

die geringe Wechselwirkung des Lichts mit der Faserstruktur und die Inertheit des

Gases, die zerstörungsfreie Experimente in bislang unzugänglichen Bereichen kurzer

Wellenlängen und/oder hohen Intensitäten erlauben.

Durch eine Druckanpassung ließen sich die Einflüsse des Gases und des Wellenleiters

auf den Brechungsindex so ausbalancieren, dass eine phasenangepasste Erzeugung

der dritten Harmonischen in einen Mode höherer Ordnung erzeugt werden kon-

nte. Aufgrund der Signalempfindlichkeit gegenüber der Phasenbeziehung konnte

mit dieser Methode ein vorgeschlagenes Modell der Dispersion in kagomé-Fasern

bestätigt werden.

UV-Strahlung durch von Solitonen angeregte Resonante Strahlung wurde erzeugt

bei Drücken, die zu einem Gruppengeschwindigkeitsdispersionsprofil führten, das

anomal bei der Pumpwellenllänge und gleichzeitig normal für kürzere Wellenlängen

war. Effizienzen von bis zu 8% und eine, durch die Einstellbarkeit der Dispersion

ermöglichte, Wellenllängenabstimmbarkeit von 200 nm bis 300 nm wurden demon-

striert.

Durch eine Senkung des Gasdrucks zur Bewerkstelligung von breitbandig anomaler

Gruppengeschwindigkeitsdispersion ließen sich durch Solitonenkompression Pulse

weniger Zyklen generieren. Die hierbei erreichte Spitzenintensität von mehr als

1014 W/cm2 war hoch genug, um das Gas zu ionisieren. Die erzeugte, zeitlich vari-

ierende Dichte freier Elektronen bewirkte eine Phasenmodulation, die zu einer Soli-

tonenblauverschiebung führte, die ähnlich der Raman-Rotverschiebung ist, dieser

aber spektral entgegenwirkt.
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4.2.4 Axial pressure gradients in gas-filled kagomé PCF . . . . . . . 67
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Chapter 1

Introduction

Nonlinear optics thrives on length and strength. Due to the extended interaction

length offered by glass fibers, the accumulation of optical nonlinearity can culmi-

nate in such prominent effects as octave-spanning supercontinua [1–3] or ultrashort

few-cycle pulses [4]. Yet, this is restricted to pump pulses of low energy: Glasses are

prone to material damage, which makes the use of strong optical pulses impossible

– however useful it would be. Complementarily, using light of sufficient strength, it

is possible to compensate for the inherently weak nonlinearity of gas, enabling its

use for the generation of ultraviolet (UV) light [5] – highly transmissive in gases,

but attenuated in solids – or for the embrace of novel ionization-related nonlinear-

ities [6, 7]. The low refractive indices of gases, however, run counter to the notion

of total internal reflection as optical waveguidance mechanism. Therefore, extended

interaction in gases can only be approximately attained in conventional systems.

Gas-filled hollow-core photonic crystal fiber (PCF) straddles the divide between the

nonlinear-optics systems of glass fibers and bulk gases. By harnessing interference

effects arising from the periodic cladding microstructure, hollow-core PCF breaks

free from the restrictions of total internal reflection and enables waveguidance even

in gas-filled hollow cores. For the study of nonlinear interactions on the femtosecond

scale, one class of hollow-core PCF, kagomé-lattice, stands out. In common with

other fibers, it offers broadband diffractionless propagation over extended distances,

while, at the same time, it shares with alternative gas-based geometries the high

transmission in the ultraviolet range and the handling of high intensities [8].
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This thesis explores nonlinear femtosecond pulse propagation in gaseous media. Us-

ing gas-filled kagomé-lattice PCF, the experimental and numerical work contained

herein discusses different strategies for UV generation as well as pulse propagation

in self-generated plasma.

At the root of femtosecond nonlinear fiber optics lies the potential of pulse self-

compression. Pulses compress along some length of fiber to cause spectral broad-

ening and increased intensity, both of which are used as a driver for most of the

nonlinear effects described here. The first part of Chapter 2 discusses the govern-

ing equations of nonlinear pulse propagation. The second part summarizes the key

aspects of linear and nonlinear contributions and depicts how these can give rise to

soliton dynamics and allow for robust pulse compression.

Gas-filled kagomé PCF offers favorable properties for ultrashort nonlinear pulse

propagation in gases. As discussed in Chapter 3, these fibers offer broadband

transmission, damage-free propagation at high intensities, and precise control over

dispersion profiles through balancing the waveguide and the pressure-adjustable gas

contributions. Following a brief comparison with alternative nonlinear systems, the

experimental aspects of nonlinear optics in gas-filled kagomé PCF are outlined.

Making use of the high UV transmission, gas-filled kagomé PCF can be used for

the generation of UV pulses, as described in Chapter 4. Exploiting the above con-

cept of dispersion tuning, two different approaches to achieving UV generation are

described: phase-matched third-harmonic generation to a higher-order mode and

soliton-driven resonant radiation. The last section presents an outlook on absolute-

phase phenomena and negative nonlinearities.

New propagation dynamics arise when a strong laser field causes ionization. The

almost instantaneous generation and the strong polarizability of free electrons act

in concert to affect the pulse propagation. The first part of Chapter 5 describes

the process of strong-field ionization. The second part shows how this regime can be

accessed through soliton-driven ionization and how, in return, the ionized medium

acts back on the pulse: through spectral blue-shifting. In gas-filled kagomé PCF

this gives rise to a soliton self-frequency blue-shift.



Chapter 2

Nonlinear pulse propagation in

fiber

Fibers inherently offer the advantage of long interaction length. In fibers, nonlinear

light-matter interactions can be studied as they evolve and accumulate to great

effect. This chapter lays the foundation for the work in the rest of this thesis.

It discusses the characteristic propagation equations for nonlinear optics in fibers

which can be expressed as a function of the real field or the complex envelope.

Subsequently, key aspects and basic parameters for the basic nonlinear effects in

fibers are introduced.

2.1 Nonlinear pulse propagation

A first principle derivation of the wave equation begins from Maxwell’s equations.

For a nonmagnetic dielectric medium these are written as (SI units are used through-

out) [9]:

∇× E = −∂B
∂t

(2.1)

∇×B = µ0

(

J+
∂D

∂t

)

(2.2)

∇ ·D = 0 (2.3)

∇ ·B = 0, (2.4)

where bold fonts denote vector quantities. E and B are the electric field and mag-

netic induction, respectively. D is the electric displacement and J is the current
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density. All fields depend on the transverse space variables r ≡ (x, y), time t, and

the propagation variable z, where a well defined propagation direction is implic-

itly assumed, which in fibers is naturally along the axis. The constant µ0 is the

permeability of free space.

2.1.1 Maxwell’s wave equation

The occurrence of electromagnetic waves is based on the interplay of time-varying

electric fields giving rise to magnetic fields, and vice versa. Maxwell’s equations can

be arranged so that the electric field is a self-sustaining wave solution – due to this

interplay. The usual approach consists of applying the curl operation on both sides

of Faraday’s law (Eq. 2.1) and re-expressing B with Ampère’s law (Eq. 2.2). The

displacement field D can be eliminated in favor of the electric field E with the help

of the constitutive relation. To capture the dependence of the material properties

on the frequency ω, the relation is best written in the frequency domain according

to [10]

D (ω) = ǫ0ǫr (ω)E (ω) +P (E, ω) , (2.5)

where ǫ0 is the vacuum permittivity. Linear optical effects reside in the first term of

Eq. 2.5, where the linear material properties are determined by the relative permit-

tivity ǫr which is in general frequency-dependent and includes both dispersive and

linearly absorptive behavior. The polarization P captures exclusively the nonlinear

optical effects. The vectorial wave equation in a transparent dielectric medium is

then given by:

∇×∇× E = − 1

c2
∂2

∂t2

t
∫

−∞

ǫr (t− t′)Edt′ − µ0
∂J (E)

∂t
− µ0

∂2P (E)

∂t2
, (2.6)

where the vacuum speed of light was introduced as c = 1/
√
ǫ0µ0. The convolution in

the linear term is due to the dispersive nature of the relative permittivity which in the

time domain gives rise to a non-instantaneous response. Electromagnetic waves are

known to be transverse [9] – perfectly so in vacuum and to a good approximation in

large core fibers. With the help of the vector identity ∇×∇×E = ∇ (∇ · E)−∇2E,
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the double curl operation can be split into an irrotational (or longitudinal) and a

solenoidal (or transverse) component [9]. The wave equation is then

∇2E−∇ (∇ · E)− 1

c2
∂2

∂t2

t
∫

−∞

ǫr (t− t′)E (t′, z) dt′ = µ0

(

∂J

∂t
+
∂2P

∂t2

)

, (2.7)

The convolution can be circumvented by writing the equation in the frequency do-

main. With the help of the relation ∂ζE (t) /∂tζ ⇔ (iω)ζ E (ω) the equation reads

∇2E (ω)−∇ (∇ · E (ω)) +
ω2n2 (ω)

c2
E (ω) = −µ0ω

2P (ω) , (2.8)

where the relative permittivity is linked to the refractive index according to ǫr (ω) =

n2 (ω). Without loss of generality, the current density can be lumped into the

polarization, since ∂P/∂t is formally equivalent to J.

2.1.2 Scalar wave equation

Further modifications can be made to facilitate numerical implementation and phys-

ical discussion. Pulse propagation in fibers proceeds along a well-defined direction

given by its axis. It is therefore appropriate to split the Laplacian operation (∇2E)

into its axial and transverse components (( ∂2

∂z2
+∇2

⊥)E). If nonlinearities are absent,

propagation along the fiber proceeds without ever changing the transverse profile of

the fiber. Decoupling the longitudinal evolution from the transverse field distribu-

tion is also well justified when nonlinearities are present. Typical nonlinearities in

this system lead to refractive index changes on the order of ∆n = 10−5 – negligi-

bly small compared to the refractive index step from silica to noble gases at some

atmospheres. (It is the propagation along extended distances that helps exploit the

nonlinearities to such great effect.) Hence, the transverse modal properties can be

determined using standard numerical or analytical waveguide solutions [11, 12] and

then fed into the propagation code.

The wave equation can be further simplified by replacing the vectorial electric field

and polarization by their scalar counterparts (E → ex,yE, P → ex,yP ), where ex,y is

a vector transverse to the propagation axis [10, 13, 14]. This approximation entails



2.1 Nonlinear pulse propagation 13

two aspects. First, it assumes linear polarization of the electric field and the polar-

ization. This is not too restrictive since any polarization state can be expressed as

a linear superposition of states of linear polarization – as long as nonlinear coupling

can be neglected [10]. Second, the electric field is considered to be fully transverse

to the propagation direction. The longitudinal field component of the hybrid modes

(HE11) that are considered here is negligibly small (cf. Chapter 3) and therefore

the ∇ (∇ · E)-term can be omitted for pulse propagation in homogeneous media.

This approximation needs to be revisited for modes with stronger longitudinal com-

ponents or if the medium had axially varying linear or nonlinear properties in the

direction of these field components. Eq. (2.8) then reads [10]:

(

∂2

∂z2
+ β2

)

E (r, ω, z) = −ω
2

c2
P (r, ω, z)

ǫ0
, (2.9)

where on the right hand side µ0 is replaced by 1/ (c2ǫ0) and the propagation constant

β = nω/c takes account of fiber and gas dispersion.

2.1.3 Unidirectional propagation equation

Eq. 2.9 can be understood as a bidirectional propagation equation, capturing pulses

propagating in forward as well as backward direction. This can be made clear by fac-

torizing the left-hand side:
(

∂2

∂z2
+ β2

)

E =
(

∂
∂z

+ iβ
) (

∂
∂z

− iβ
)

E. Modeling such

an equation over extended distances is numerically difficult. In principle, nonlinear-

ity (e.g. refractive index changes) can lead to reflections. This effectively couples

forward and backward propagating signals and requires full knowledge of the field in

the past and the future [14]. Instead, it would be more natural to have a propagation

equation that allows tracking a pulse as it travels along the fiber. This is possible in

the linear case where the two fields can be fully decoupled into independent forward

and backward propagating solutions, so that the backward propagating wave can be

neglected:

E = E+ exp (iβz) + E− exp (−iβz) . (2.10)

Kinsler has shown that the assumption of decoupled signals can survive into the

nonlinear regime [15]. Under the conditions studied here the backward wave is
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poorly phase matched so that no significant backward signal can build up. Obtaining

a unidirectional equation by factorizing the bidirectional equation has been put

forward in a number of publications [16–18]. The strategy described hereafter was

first presented in [19] and later advocated in [20]. When the decomposition into

forward and backward waves is justified, the wave equation can be rearranged so

that every term can be unambiguously assigned to either the forward or backward

wave. For the unidirectional equation all the backward terms can then be omitted.

The wave equation in the presence of nonlinearity then reads
(

∂

∂z
+ iβ

)(

∂

∂z
− iβ

)

(

E+ + E−
)

= −Q, (2.11)

where Q is a convenient shorthand for the nonlinear terms. Solving for E+ + E−

gives

E+ + E− = − 1
(

∂
∂z

+ iβ
) (

∂
∂z

− iβ
) Q

= − 1

2iβ

[

1
∂
∂z

+ iβ
− 1

∂
∂z

− iβ

]

Q (2.12)

and yields the decoupled equations [20]:

E± = ∓ 1

2iβ

1
∂
∂z

∓ iβ
Q. (2.13)

For E ≈ E+ and E− ≈ 0, the sought-for unidirectional propagation equation can

then be written as:

∂E (ω)

∂z
= iβE +

i

2β
Q = iβ (ω)E (z, ω)− α

2
E (z, ω) + i

ω2

2c2ǫ0β (ω)
P (z, ω) , (2.14)

where the last expression includes the polarization and the propagation constant

includes the linear power attenuation coefficient α. This expression is equivalent

to [18, 20, 21]. Equation 2.14 is numerically solved with one pertinent transforma-

tion. Simulations work in a co-moving time frame traveling at the group velocity

of the pump pulse so that the evolving pulse always remains in sight [22]. The rest

of this work makes extensive use of modeling results to support, clarify and explain

experimental results. The underlying code was written by Wonkeun Chang, with

later refinement by John Travers.
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2.1.4 Nonlinear response

So far the nature and origin of the nonlinearity has not been addressed. Nonlin-

earities can arise due to a number of reasons. This section is concerned with the

electronic nonlinearity of bound electrons as this is the driver for the soliton dynam-

ics to be discussed later on. (Nonlinearities arising from the nonlinear generation

of free electrons are novel in the context of fiber optics and the discussion of these

is postponed until Chapter 5.) Studying the nonlinear interaction of monatomic

gases with femtosecond optical pulses allows omitting a number of other sources

of nonlinearity. These are either not present in these systems or too weak on the

discussed timescales and intensity scales [13, 23, 24].

Classically, one can imagine that an applied optical field can distort the electronic

distribution in a medium and hence induce modulations of the optical pulse. In a

corresponding quantum mechanical picture, the field can mix the electronic wave

functions of the atomic states, shift the energy levels, and redistribute the popu-

lation; this can give rise to a nonlinear response [25]. A proper description of the

nonlinearity would require a quantum mechanical approach. However, the nonlinear-

ities far off resonance can be reliably approximated in the framework of perturbation

theory [24, 26, 27]. Expanding the polarization then gives

P = ǫ0
(

χ(1)E + χ(2)E2 + χ(3)E3 + . . .
)

, (2.15)

where χ(1) is the linear susceptibility (previously expressed in D with ǫr = 1+ χ(1))

and χ(n) represent nonlinear susceptibilities in ascending order. In monatomic gases

the even orders can be neglected on symmetry grounds [13, 24]. χ(3) is then the

lowest order present in gases1.

Third-order nonlinear processes comprise a range of effects that couple four waves

together (three field waves plus one of the polarization). These can be four different

frequencies with the only constraint being energy conservation. In the most general

case, this would lead to a non-instantaneous response of the polarization. Here the

nonlinearity is assumed to be frequency independent which in the temporal domain

1The significance of nonlinearities of even higher order is currently under debate [28–31].
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gives an instantaneous response:

P (t) ≈ ǫ0χ
(3)E3 (t) . (2.16)

This is partly justified by the fact that the laser frequency is far from resonance. In

large part, however, this choice is rather motivated by the numerical convenience of

modeling an instantaneous nonlinear response in the time domain as well as the lack

of sufficient data over wide frequency ranges. The actual response times in gases

can be estimated as a few femtoseconds [24].

The third-order nonlinearity can give rise to various nonlinear effects. This can be

seen by decomposing the electric field and the polarization of a quasi-monochromatic

signal into an envelope and a carrier wave according to

{E,P} (t) = 1

2
[{E ,P} (t) exp (−iω0t) + {E∗,P∗} (t) exp (+iω0t)] , (2.17)

where E ,P are the envelope functions of the electric field and the nonlinear polar-

ization, respectively. The asterisk denotes complex conjugate. Inserting this into

Eq. 2.16 then yields

1

2
[P (t) exp (−iω0t) + c.c.] =

ǫ0χ
(3)1

8

[

E3 (t) exp (−i3ω0t)+ 3 |E|2 (t) E (t) exp (−iω0t) + c.c.
]

, (2.18)

where c.c. stands for the complex conjugate. It can be seen that the third-order

nonlinearity has two effects. The first term gives rise to third-harmonic generation as

the polarization oscillates at a frequency three times higher than the pump frequency.

For this term to have a strong effect, phase matching of the pump and the third

harmonic is required; i.e. a fixed phase relationship between both waves. The second

term describes the nonlinear Kerr effect and is automatically phase matched because

both the field and the polarization oscillate at the same frequency. This polarization

oscillates at the pump frequency as in the linear case, but modifies the properties

of the medium given by the extra factor 3
4
ǫ0χ

(3) |E|2 (t). The richness of nonlinear

fiber optics arises from this term acting back on the pulse and thereby modulating

the pulse.
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E
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Figure 2.1: Relation between the complex envelope E and the real electric field E.

The discussion of the nonlinear susceptibility so far has implicitly assumed that the

electric field acting on each atom is equivalent to the macroscopic electric field. Even

though these are different quantities in general, the noble gases at some atmospheres

of pressure are sufficiently dilute so that the dielectric constant is nearly equal to

unity [24]. In fact, the susceptibilities discussed here are single-atom responses scaled

up according to their number densities.

2.1.5 Envelope equation

Most of the earlier studies in nonlinear fiber optics were made with propagation

equations based on the complex envelope E (Eq. 2.17) as opposed to real fields as

given in Eq. 2.14 [13, 17]. Fig. 2.1 shows the relation between both quantities. In

fact, there are conceptual (and also numerical) advantages to using an envelope

treatment. Whereas field equations retain the full third-order nonlinearity, envelope

equations offer the possibility of separating nonlinear terms into convenient compo-

nents and can facilitate analytical solution. The approach here is based on applying

pertinent transformations to the field equation [10].

The envelope representation is based on a fixed carrier which is subsequently fac-

tored out. The complex envelope is given by:

E (t, z) ⇒ E (t, z) exp (iβ0z − iω0t) . (2.19)
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Amplitude and phase are encoded in the complex envelope. By applying the follow-

ing transformation

∂E

∂z
= exp (iβ0z − iω0t)

[

∂

∂z
+ iβ0

]

E (2.20)

the envelope equation is then given by

∂E
∂z

= i [β (ω)− β0 (ω0)] E − α

2
E + i

ω

2n (ω) c

P
ǫ0
, (2.21)

which can be compared with the field equation in Eq. 2.14. By omitting the third-

harmonic contribution, the nonlinear polarization is then given by:

P ≈ 3

4
ǫ0χ

(3) |E|2 E . (2.22)

With the nonlinear refractive index n2 = 3
4

χ(3)

cǫ0n2 and the intensity I = 1
2
cǫ0n |E|2,

the desired expression is [13, 32]

∂E (ω)

∂z
= i [β (ω)− β0 (ω0)] E + i

ω

c
n2F {I (t) E (t)} . (2.23)

where the symbol F denotes a Fourier transform. The nonlinearity acts as to induce

a nonlinear addition to the refractive index ∆n = n2I – however, one that is inten-

sity and for pulses therefore time dependent. The time-varying nonlinear refractive

index is the origin of many nonlinear effects.

Similarly to the field equation, the envelope equation is usually modeled in a co-

moving frame. Envelope-based numerical results in this work were obtained with a

code written by Wonkeun Chang.

It is worth pointing out some differences between both propagation equations. Nu-

merically, differences between the envelope and the field equation lie in their sam-

pling requirements. The real electric field needs to be sampled with high resolution

of the order of the optical period, whereas for the complex envelope sampling of

the order of the pulse duration is sufficient [33]. Physically, processes involving

co-propagation of the fundamental and the third-harmonic (which can lead to in-

terference effects sensitive to the absolute (or carrier-envelope) phase) are more

appropriately modeled with the field equation (though also possible in envelope rep-

resentation with augmented terms [34]). Conversely, the envelope representation
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lends itself to analytical solutions for specific cases – to be presented in the next

chapter.

2.2 Basic effects in nonlinear fiber optics

Nonlinear propagation dynamics can be exploited for generating extreme spectral

bandwidth or compression to ultrashort durations. Dispersion – usually consid-

ered the bane of ultrafast optics – is here an essential ingredient to achieving self-

compression. This section is a brief summary of the basic effects of nonlinear fiber

optics [13, 32, 35–37] – tailored for relevance to the studies in the following chapters.

For the discussion of nonlinear and dispersive phase modulation it is worth reiter-

ating that the complex field is here defined as E (z, t) = Re [E exp (iβz − iωt)], in

keeping with [13, 32, 36], as opposed to E (z, t) = Re [E exp (iωt− iβz)] [35, 38].

To facilitate analytical solution, it is convenient to recast Eq. 2.23 in the following

form:

∂A

∂z
= i [β (ω)− β0 (ω0)]A+ iγnl

[

1 +
ω − ω0

ω0

]

F
{

|A (z, t)|2A (z, t)
}

. (2.24)

The spatial information now resides in the nonlinear coefficient γnl =
ω0n2

cAeff
where the

effective mode area Aeff is a measure for the modal confinement, defined as [13]

Aeff =

(

∫∫∞

−∞
|f (x, y)|2 dxdy

)2

∫∫∞

−∞
|f (x, y)|4 dxdy

, (2.25)

where f is an appropriately normalized modal field as a function of the transverse

coordinates x and y. Accordingly, the area-normalized amplitude A can now be

understood as the square root of the power. In addition, splitting the nonlinearity

into its contribution at center frequency and the frequency variation thereof can be

useful for finding approximate analytical expressions.

2.2.1 Group velocity dispersion

The linear term in Eq. 2.24 solely rearranges the phase relationships between fre-

quency components, it does not change the frequency content of the pulse. This can
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cause the pulse to broaden or (if it counters prior modulation) to narrow in time.

To capture these effects, the propagation constant is often expressed as a Taylor

expansion about the center frequency:

β (ω) ≈ β0 (ω0) + β1 (ω − ω0) +
1

2
β2 (ω − ω0)

2 +
1

6
β3 (ω − ω0)

3 + . . . , (2.26)

where βζ is short for dζβ/dωζ evaluated at the center frequency. β0 is the propa-

gation constant at the center frequency and β1 is the group delay, defined as the

time it takes a pulse to travel a given distance, or, equivalently, the inverse of the

group velocity. The second-order term denotes group velocity dispersion (GVD) and

accounts for reshaping of the pulse. Depending on the sign of the GVD, nonlinear

phase modulation can be countered (in the case of anomalous/negative dispersion)

or reinforced (in the case of normal/positive dispersion). Higher-order GVD terms

(from β3 onwards) will become important if either the frequency spectrum of the

pulse is very broad or the second-order dispersion is very low. In particular, higher

order dispersion terms can lead to a sign change of the GVD for certain spectral

intervals.

As a measure for the importance of various contributions in the propagation equa-

tion, it is customary to define length scales, after which the propagation effects

become sizable – the shorter the distance the stronger the effect. Defining the

dispersion length after which a maximal temporal phase excursion of 1 rad is accu-

mulated, the expression for second-order dispersion (β2) reads

Ld =
t20
|β2|

, (2.27)

where t0 is a characteristic pulse length which for a sech2(t/t0)-pulse relates to the

duration at full width at half maximum according to tfwhm = 2 ln
(

1 +
√
2
)

t0 ≈
1.763 t0 [13]. For other pulse shapes the factor differs slightly.

2.2.2 Self-phase modulation

Neglecting the frequency dependence, the nonlinear term is called self-phase modu-

lation (SPM). In the time domain, the propagation equation (Eq. 2.24) can then be
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written as
∂A

∂z
(z, t) = iγnl |A (z, t)|2A (z, t) , (2.28)

which is straightforwardly solved to yield

A (z, t) = A (0, t) exp
(

iγnl |A (0, t)|2 z
)

. (2.29)

Equation 2.29 states that the pulse shape does not change along propagation when

SPM is acting by itself. The effect of the nonlinear contribution to the refractive

index rather yields a phase modulation proportional to nonlinearity and propagated

distance:

φ (t) = γnl |A (z, t)|2 (t) z. (2.30)

This phase modulation is the source of spectral broadening (or sometimes narrow-

ing). As the intensity increases the nonlinear refractive index increases accordingly.

Propagation of the underlying waves is hence slowed down and the wave experiences

a phase delay. Conversely, after the maximum phase shift has been reached at the

peak of the pulse, the waning nonlinear refractive index gives rise to a phase ad-

vance. In analogy to the Doppler effect, the phase modulation on the leading edge

pulls apart adjacent wave crests and troughs so as to create locally lower frequen-

cies. Vice versa, higher frequencies are being generated on the trailing edge. This

is captured by the instantaneous frequency [39]:

ω (t) = ω0 −
∂φ (t)

∂t
. (2.31)

The instantaneous frequency may be viewed as the weighted-average frequency

occurring at a given time instant2. Lower frequencies are generated on the leading

edge and high frequencies on the trailing edge. Spectral broadening occurs as soon

as the instantaneous frequency reaches out to frequencies originally not contained

in the spectrum. Accordingly, in order to maximize the spectral broadening one

should arrange for large phase shifts in brief time. Figure 2.2(a) exemplifies the

above description for a Gaussian pulse. As some spectral components occur twice

2In some situations the instantaneous frequency cannot be interpreted as the corresponding
frequency component [40, 41].
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Figure 2.2: (a) Temporal phase (red) and instantaneous frequency (blue) for a normalized
Gaussian pulse experiencing SPM. Envelope in gray. (b) A sequence of SPM-broadened
spectra for different values of maximum phase shift.

or more often in the instantaneous frequency, a multipeak structure arises in the

spectra due to spectral interference, as can be seen in Fig. 2.2(b). In analogy to the

dispersion length, a maximum temporal phase shift of 1 rad occurs after a nonlinear

length as a function of the peak power P0:

Lnl =
1

γnlP0

. (2.32)

2.2.3 Self-steepening

The correction term to SPM is called self-steepening, or shock-term, and is especially

important for very broad pulses. In the time domain, the nonlinear response can

then be written as

∂A

∂z
(z, t) = iγnl

(

1 +
i

ω0

∂

∂t

)

|A (z, t)|2A (z, t) . (2.33)

In words, for a given nonlinear refractive index the experienced phase shift differs

with frequency. Figure 2.3(a) shows that for higher frequencies the phase delay is

a larger fraction of the cycle. The frequency dependence causes the trailing edge

to steepen in time which is often explained as an intensity dependence of the group

velocity [13]. The frequency dependence of the phase shift amounts to an extra

group delay according to Tg (ω) = dφ (ω) /dω [38] – the higher the intensity the
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higher the delay. Figure 2.3(b) compares phase modulation with and without the

shock-term. As the same phase shift occurs in briefer time with the shock term,

the accompanying spectral broadening is asymmetric and more pronounced to the

high-frequency side.

2.2.4 Fundamental solitons

The counteracting effects of anomalous dispersion and SPM can combine in such

a way that a pulse propagates without any change in temporal or spectral shape.

These pulses are called ‘bright’ solitons3. An analytical solution can be found when

both GVD and nonlinearity are retained to first order only, and losses are neglected,

so that the envelope equation reads:

∂A

∂z
(z, t) = −iβ2

2

∂2

∂t2
A (z, t) + iγnl |A (z, t)|2A (z, t) . (2.34)

Using an as yet undefined function f(t) and recasting Eq. 2.34 so as to arrive at the

nonlinear differential equation
(

df(t)
dt

)

− f 2 (t) + f 4 (t) = const. yields the sought-for

3Further soliton solutions exist, but are of no relevance in this context. Solitons are henceforth
short for bright solitons [13].
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pulse shape as a solution to df
dt

= ±f
√

1− f 2 – a sech-pulse [36, 37]. The soliton

solution (including the phase shift) is then:

A (z, t) =
√

P0 sech

(

t

t0

)

exp

(

i |β2| z
2t20

)

. (2.35)

The solution can be motivated by advancing each contribution an incremental dis-

tance – acting only by itself [42]. In this temporal near-field regime (z ≪ Ld),

to a good approximation there is neither spectral nor temporal broadening. Both

terms impose only phase shifts. Keeping only the linear term in Eq. 2.34 leads to a

dispersive phase shift

∂φd = ∂z

(

β2
2t20

)

− ∂z

[

β2
t20

sech2

(

t

t0

)]

, (2.36)

whereas the corresponding nonlinear phase shift is

∂φnl = ∂z

[

γnlP0 sech
2

(

t

t0

)]

. (2.37)

These differentials sum to a constant phase shift common to the entire pulse. Soli-

tons with various pulse durations and amplitudes can be excited so long as the

governing quantities satisfy a fixed relationship according to

P0 =
|β2|
γnlt20

. (2.38)

By having a propagation constant distinct from the linear modes, scattering into

these modes is greatly suppressed even in the presence of perturbations such as
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higher-order dispersion or collisions with other pulses [13]. In addition, even pulses

that do not fulfill the exact soliton conditions can converge to the soliton solution

along propagation [43]. A given input pulse will shed any potential excess energy

(energy defined as
∫∞

−∞
P (t) dt) into linear waves and arranges amplitude and dura-

tion in unison to accommodate to the soliton conditions [43]. If the initial power is

too low, a somewhat longer soliton will be generated, if it is higher than required, a

shorter soliton [27].

2.2.5 Higher-order solitons

Nonlinear dynamics can be profoundly different if the input is sufficiently stronger

than required for the excitation of a fundamental soliton. This situation may be

looked at as a simultaneous launch of several solitons. The number of solitons is

given by the soliton order N [13, 35, 36, 43]:

N2 =
Ld

Lnl

=
γnlP0t

2
0

|β2|
. (2.39)

For instance, excitation of a second-order soliton requires four times the input

power required for a fundamental soliton. Accordingly, the second fundamental soli-

ton would have a peak power three times higher than the first one. In this picture,

the various solitons interact nonlinearly with each other to form a quasi-bound state

that travels with a uniform group velocity [44]. The constituent solitons, however,

have different phase velocities. The interference of these constituent fundamental

solitons leads to a periodic reshaping of the pulse enabling – at certain distances –

pulse compression. After some distance called the soliton period the initial pulse can

be regained. Figure 2.5 shows the temporal and spectral evolution for a fifth order

soliton. The soliton concept can be exploited for its fixed propagation constants to

yield analytical solutions. Using a scattering transform [44], a given input pulse can

be decomposed into its constituent solitons whose evolution can be described by a

linear system. The final output is then reconstructed with the help of the inverse

scattering transform.

Alternatively, the evolution can be understood in terms of nonlinear phase modula-

tion adjusted by dispersion. As for the initial compression stage (cf. Fig. 2.5 at a
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Figure 2.5: A propagating fifth order soliton over one soliton period. (a) Temporal
evolution. (b) Spectral evolution.

distance of 0.11), it can be noted that the nonlinear effects initially dominate over

dispersion, allowing for spectral broadening. However, GVD acts as to moderate the

process. In this initial stage the spectral multipeak structure as in Fig. 2.2 is absent

in the spectra. More importantly, it counters the phase modulation to compress

the pulse which in turn allows for more nonlinearities. This effectively initiates a

virtuous circle that reinforces itself to produce ever shorter pulses and finally cul-

minates in a significantly shortened pulse. In Fig. 2.5, at the point of maximum

compression, the pulse has shortened by a factor of 16 (fwhm) and experienced an

eightfold increase in peak intensity. As the pulse becomes shorter, the effect of

dispersion gains importance (Eq. 2.27) and eventually arrests further compression.

Beyond that point, the pulse experiences a net negative spectral phase due to the

dominating effect of dispersion, and spectral narrowing sets in.

In the same manner as for their fundamental counterparts, a given input pulse will

converge to a higher-order soliton state of the closest integer number. In distinction,

however, they are sensitive to perturbations – predominantly at distances close to

the maximum compression [3]. In contrast to the above soliton evolution, nonlin-

ear pulse propagation in realistic systems always entails frequency-dependent phase
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shifts and group velocity dispersion. In particular, the GVD can be normal for

some spectral ranges and, therefore, prohibit soliton propagation. However, these

perturbations can be put to good use. Chapters 4 and 5 describe experimental and

numerical studies that exploit higher-order soliton propagation – namely the pulse

compression, spectral broadening and intensity enhancement – in perturbed systems

to cause the emission of UV radiation or novel ionization-related effects.



Chapter 3

Gas-filled kagomé fibers

Fibers are known to enhance nonlinear interactions by providing extended interac-

tion length, tight mode confinement, and high beam quality. Gas-filled hollow-core

PCF brings these aspects to nonlinear interactions in low-density gases. A particular

variety of PCF, kagomé-lattice, offers the added benefits of high transmission in the

ultraviolet (UV) spectral region, pressure-controllable dispersion and high-damage

threshold.

This chapter commences with an introduction to gas-filled kagomé-lattice PCF. It

discusses those features that are pertinent to the nonlinear propagation of femtosec-

ond pulses. The next section offers a cursory comparison with alternative systems

for nonlinear pulse propagation. The final section outlines experimental aspects of

kagomé PCF.

3.1 Gas-filled kagomé photonic crystal fiber

The kagomé-lattice derives its name from the resemblance to the eponymous woven

patterns used in Japanese baskets. The scanning-electron micrograph of a fiber

cross-section in Fig. 3.1(a) shows the characteristic star-of-David pattern [45]. As

in any photonic crystal fiber, the cladding is formed by a basic constituent (a ‘unit

cell’ in photonic crystal parlance) repeating itself to form a periodic pattern. For a

cladding of a photonic crystal fiber, the dielectric properties are a periodic function of

position. Kagomé is no exception. The cladding is formed by three arrays of parallel

glass struts aligned at an angle of 2π/3 rad to each other. The corresponding unit
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Figure 3.1: (a) Scanning electron micrograph of a kagomé PCF, where the black re-
gions are hollow and the white regions made of glass. The inset shows the star-of-David
pattern [8]. (b) A cladding representation with the unit cell highlighted [46].

cell is shown in Fig. 3.1(b). A kagomé fiber that is designed for waveguidance in

the visible or near-infrared spectral range typically has a pitch (or period) Λ in the

range of 10–15 µm [2]. Corresponding core diameters are between 20 and 30 µm.

3.1.1 Transmission characteristics

Kagomé PCF is set apart from alternative hollow-core PCFs for visible/near-infrared

(NIR) wavelengths by providing wide transmission windows [2, 8]. Transmission

bands spanning some hundreds of nanometers can be achieved, whereas competing

designs guide light only over restricted spectral ranges. As an example, Fig. 3.2(a)

shows a finite-element modeling (FEM) calculation (JCMwave GmbH) for a loss

spectrum of a representative fiber structure – demonstrating loss values as low as a

few dB/m over some hundreds of nanometers interspersed only by a structural reso-

nance at ∼ 380 nm. These resonances are inherent to waveguidance in hollow cores,

but are usually tuned away from the pump wavelength. It can also be seen that for a

typical fiber length of 20 cm this corresponds to broadband near-unity transmission,

as shown in Fig. 3.2(a). In addition, high transmission can also be achieved in the ul-

traviolet region, in stark contrast to solid-core fibers where it is compromised due to

material absorption. It is evident that broadband waveguidance is an essential fea-
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600 nm

500 nm

650 nm

550 nm

450 nm

wavelength [nm]

lo
s
s
 [
d
B

/m
]

tra
n
s
m

is
s
io

n
 [%

]

broadband

a) b)

900 600 450 300 220

7.5

5

2.5

0

100

80

60

40

20

400 600 800 1000 1200

frequency [THz]

Figure 3.2: (a) FEM-calculated loss spectrum of typical kagomé structure (core diameter
30 µm, pitch 15 µm, strut thickness 0.23 µm) and transmission spectrum through 20 cm
of fiber [8]. (b) Experimental far-field output profiles at various wavelengths (transmission
bandwidth ∼ 20 nm) [46].

ture for studies involving nonlinear spectral broadening such as higher-order soliton

propagation or supercontinuum generation. Fig. 3.2 shows some measured output

far-field images at various visible wavelengths, obtained through nonlinear spectral

broadening in a fiber with similar parameters. In another experiment, broadband

generation of Raman sidebands with corresponding transmission from 325 nm to

2300 nm after 1 m length of kagomé fiber was observed [47].

It is apparent that the periodic structure of the cladding strongly prevents light

from leaking out of the core; even though the exact guidance mechanism has not

yet been conclusively clarified. This becomes even more evident when kagomé PCF

is compared to a capillary. These hollow dielectric tubes partly counter diffraction

out of the core by providing high, but not total, reflection at the hollow-dielectric

interface. In this case, transmission can be acceptable for large core diameters in

the range of ∼ 100 µm, but core sizes similar to kagomé fibers would lead to losses

of some hundreds of dB/m [48]. Existing mechanisms have failed to explain why

well-confined modes can exist in kagomé fibers. Total internal reflection, as used in
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a) b) c)

Figure 3.3: Bragg fiber approximations to the kagomé fiber. (a) Full structure with those
struts that form concentric hexagons highlighted. (b) Model fiber with the cladding formed
by concentric hexagons. (c) Circular model fiber where the hexagons are approximated as
concentric rings. Redrawn after [50].

solid-core fibers, can be ruled out, for the core must have a higher refractive index

than the cladding. A waveguidance mechanism pertinent to operation in hollow

cores is photonic bandgap guidance where the periodic structure of the cladding

is arranged in such a way that light of specific frequency-wavevector combinations

cannot penetrate into the cladding, no matter what radial direction. However, nu-

merical modeling shows that the required transverse bandgaps are absent in kagomé

structures.

Early attempts at explaining waveguidance were rather qualitative and descriptive,

but helped identify several key features typical of waveguidance in kagomé PCF.

Though not zero, the density of states at guided combinations of frequency and

propagation constant, i.e. the axial component of the wavevector, is greatly reduced

from its mean value [2, 47]. For confinement to exist, strong reflection at a given

frequency should occur at least for those transverse wavevector components that are

supported by the core geometry. In addition, the overlap between core and cladding

modes is weak and prevents strong interaction [49], thereby confining light to the

core.

In a more recent analysis it has been established that transverse stop bands that

arise from the periodic cladding structure act as to confine light to the core [50]. In

this scenario, light will be highly reflected, since successive reflections from neigh-
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boring periods will be in phase with one another and therefore will be constructively

superimposed [11]. Though not a full bandgap, stop bands prohibit propagation in

the cladding for a certain range of angles at fixed frequency. Provided the transverse

wavevector component of the guided mode falls into this range, light is efficiently

trapped in the core. Analysis proceeded by comparing kagomé PCF to a Bragg fiber

– a structure known to allow for waveguidance despite the absence of a photonic

bandgap. The cladding of a Bragg fiber consists of concentric rings of alternating

high- and low-refractive index regions [51] and does not exhibit a bandgap because

of its continuous translational symmetry [51, 52]. The analogy to Bragg fibers is

motivated by Fig. 3.3. The leftmost structure (a) is a generic kagomé structure.

By retaining only those struts that surround the core as concentric hexagons leads

to the center structure (b). An actual Bragg structure (c) can be recovered by ap-

proximating the hexagons as concentric circles (where the perimeter is conserved).

Pearce et al. compared numerical modeling of these three structures and found

common features in the transmission spectra [50]. Amongst the specifics, the exact

positions of the resonances are shared by all three geometries. In Bragg fibers, these

are known to be caused by the transverse resonances which are expected for the core

transverse wavevector ktco such that ktcod, the phase change across a strut thickness

d, is a multiple of π. This leads to a condition for the transverse wavelength λt

λt =
2d

m

(

n2 − 1
)1/2

, (3.1)

where n is the refractive index of the material and m is an integer. Optimized

waveguidance, in other words, is predicted for certain combinations of core size,

defining the transverse wavevector, and cladding periodicity. However, one impor-

tant difference between the full structure and the two approximate model structure

was revealed. Adding extra cladding layers does decrease the overall losses for the

idealized structure, but this could not be observed for the actual kagomé structure –

indicating that the omitted struts introduce leakage. In another study, Abdolvand

et al. viewed the kagomé-lattice PCF as an imperfect Bragg fiber – where the imper-

fection is given by the deviation of the hexagonal structure from a perfect circular

structure [53]. This leads to an extra loss contribution due to leakage that tends to



3.1 Gas-filled kagomé photonic crystal fiber 33

eclipse the losses due to tunneling through the finite periodic structure.

3.1.2 Dispersive properties

In a waveguide, fields interfere in such a way that they phase match in the prop-

agation direction and stand in the transverse direction [54]. The exact conditions

for these sustained fields (or modes) to form are given by the relative dimensions of

wavelength and core size. It is therefore evident that the propagation constant in

fibers is frequency-dependent. Fibers, in other words, offer an additional contribu-

tion to the overall dispersion properties. In kagomé PCF filled with noble gases the

waveguide and material contributions can be balanced against each other. This can

be harnessed to achieve, amongst other things, anomalous, low or even zero group

velocity dispersion at a specific wavelength.

Waveguide dispersion Given the lack of pertinent analytical models, for a full

analysis of the properties of kagomé PCF one has to resort to numerical modeling,

especially for the dispersive behavior in regions around the resonances. However,

under certain conditions an approximate expression can be used. This expression

offers explanatory efficacy by capturing the essential parameter dependencies and

allowing for derivations of, for example, a waveguide dispersion length. Analysis

shows that – in spectral regions far away from the resonances – the modal refractive

index closely follows that of a circular capillary fiber [46, 55]. Best agreement was

found when the hexagonal shape of the fiber was approximated as a circle with the

same area as the hexagonal core, yielding an effective core radius reff with

reff =

√

2
√
3

π
rhex = 1.0501 rhex, (3.2)

where rhex is the inradius of the hexagon.

In their derivation, Marcatili and Schmeltzer [48] sought for an expression for the

transverse wavevector component in the core ktco via which the propagation constant

could be found, according to

β =
√

k2 − k2tco. (3.3)
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The field distribution inside the core of a cylindrical fiber is known to be given

by Bessel functions. If analysis is restricted to modes of low order and core sizes

large compared to the wavelength, the transverse wavevector component ktco can be

found by making the approximation that the field decays to zero at the core-cladding

boundary:

Jn−1 (ktcoreff) = 0, (3.4)

where Jn−1 is the Bessel function of the first kind of (n−1)th order. In other words,

the argument ktcoreff is given by the roots of the Bessel function according to

ktcoreff = unm, (3.5)

where unm is the mth zero of the (n− 1)th order Bessel function. The propagation

constant for a gas-filled capillary β is then found by inserting Eq. 3.5 into Eq. 3.3.

With a substitution for the refractive index of the gas n2 = 1 + δ (ω) [56], where

δ (ω) accounts for the variation from the squared vacuum index, β is then given

by [12, 48]

β (ω) =

√

n2
gas (ω) k

2 (ω)− u2nm
r2eff

= k (ω)

√

1 + δ (ω)− u2nm
r2eff k

2 (ω)

≈k (ω)
(

1 +
δ (ω)

2
− u2nmc

2

2r2eff ω
2

)

,

(3.6)

where the last expression is an expansion about the free-space wavenumber k. De Sil-

vestri et al. have shown that, for capillaries, this expression agrees well with the cal-

culations based on the fiber eigenvalue equation [11, 12, 57] if the core-to-wavelength

ratio is large as in the case of visible wavelengths and core radii of 150 µm, but it

shows a slight discrepancy for longer wavelengths if the core radius is 2 µm [58]. As

can be seen in Eq. 3.6, the gas and waveguide contributions to the propagation con-

stant are decoupled from each other and, in the given spectral range, act in opposite

senses. The waveguide contribution (the last term in Eq. 3.6) scales as the inverse

square of the radius and the frequency. With the understanding of the approximate

nature of this expression, it can also be seen that the refractive index of the cladding

material does not influence the dispersion properties. The group velocity dispersion
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added by the waveguide is then given by

β2 (ω) =
d2

dω2
β (ω) = − u2nmc

r2effω
3
, (3.7)

which scales as the inverse square of the radius and the inverse cube of the frequency.

The waveguide group velocity dispersion is anomalous over the entire frequency

range. To facilitate comparison with other dispersive and nonlinear effects on pulse

propagation, the waveguide dispersion length Ldw can be introduced as [59]

Ldw =
t20
|β2| =

t2fwhmr
2
effω

3

1.763u2nmc
, (3.8)

with the physical meaning as discussed in the previous chapter.

The validity of Eq. 3.6 for kagomé PCF can be examined by way of comparison to

finite-element simulations. Effective refractive index and group velocity dispersion

were compared for the HE11 mode (Fig. 3.4). This is the fundamental mode of the

fiber in a sense that it has the highest propagation constant (and weak axial field

components). In addition, it is to a high degree linearly polarized and therefore

has the highest overlap with the free-space mode – a linearly polarized fundamental

Gaussian mode. Fig. 3.4(a) compares effective mode indices calculated by numerical

modeling and based on Eq. 3.6. The approximate expression provides good agree-

ment with the numerical modeling curve everywhere except for the narrow resonance

at 380 nm. This resonance disturbs the otherwise all-anomalous dispersion but can

be tuned away from the pump wavelength (here at 800 nm). The calculated curves

for numerically and analytically calculated GVD-profiles are shown in Fig. 3.4(b).

There is a slight discrepancy on the low-frequency side.

Gas and waveguide contributions Noble gases exhibit normal group velocity

dispersion throughout the studied frequency region. In kagomé PCF filled with

noble gases, both waveguide and gas contributions to the GVD act in unison on

the propagating pulse, albeit in different directions. Through pressure tuning, and

therefore varying the gas contribution, a variety of dispersion topologies can be

achieved. Table 3.1 shows a comparison of GVD parameters at a wavelength of

800 nm. It can be seen that the waveguide dispersion dominates over the gas GVD
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Figure 3.4: Comparison of (a) effective refractive index and (b) group velocity dispersion
calculated using FEM (black) and Eq. 3.6 (red) for an evacuated fiber (fiber parameters as
in Fig. 3.2). Good agreement can be seen, barring the resonance region (∼ 380 nm). The
group velocity dispersion displays a slight discrepancy on the low-frequency side. Data
from [8].

for pressures of a few atmospheres. Gas-filled kagomé PCF, in other words, can be

anomalously dispersive over a broad spectral range, and, hence, allows for soliton

propagation in noble gases. Particularly useful for ultrafast optics is the concept

β2 helium neon argon krypton xenon kagomé

[

fs2/m
]

0.82 2.11 17.98 37.32 87.42 -500. . .-1000

Table 3.1: Group velocity dispersion β2 for a wavelength of 800 nm. Gas values
(quoted here for atmospheric pressure and room temperature) are from [56]. The
fiber dispersion is for typical core sizes and is calculated using Eq. 3.6.

of pressure-adjusted dispersion tuning. For example, optimal phase matching con-

ditions can be arranged for by offsetting the waveguide and gas contributions to

the refractive index (cf. Chapter 4 and [60, 61]). More importantly, pulse propaga-

tion can be steered into desired outcomes by precisely adjusting the overall GVD.

Figure 3.5 shows the full range of possible dispersion profiles for an argon-filled

kagomé PCF with a 30 µm core diameter. For very low pressures the point of

zero-GVD can be tuned far away from the pump – allowing for clean soliton prop-

agation almost unaffected by normally dispersive spectral regions. Alternatively, it
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Figure 3.5: Dispersion control through pressure tuning. By filling a fiber with a diameter
of 30 µm with argon at various pressures normal, anomalous or zero GVD are possible.

also enables anomalous dispersion at ultraviolet frequencies. Increasing the pressure

to a few bar offers anomalous dispersion at the pump, but normal dispersion in the

ultraviolet spectral region which is useful for the generation of ultraviolet light (cf.

Chapter 4). Even higher pressures may lead to the cancellation of waveguide and

gas contributions to the group velocity dispersion at the pump frequency. Under

these conditions, even higher-order dispersion terms (the slope of the GVD) remain

comparably low – effectively giving rise to extended regions of near-zero GVD. For

very high pressures of several tens of bar the group velocity dispersion can be made

normal at the pump frequency which is potentially useful for applications that re-

quire clean spectral broadening [8, 62]. By axially varying the pressure inside the

fiber, it is also possible to transition from one pressure regime to another along pulse

propagation [46].

3.1.3 Nonlinear properties at high intensities

Using gas-filled kagomé PCF, it is possible to accurately study gas nonlinearities

at high intensities. Complementing the discussion on dispersive effects, it can be

shown that these fibers allow studying nonlinear dynamics in regimes otherwise
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show mode profiles at 800 nm, where the light is well confined in the core, and at 380 nm,
where light extends into the cladding strands [8].

inaccessible.

Waveguide and gas nonlinearities Whereas in the most general case the non-

linearities of core and cladding material (weighted by their overlap with light) have

to be taken into account [63], experiments and numerical modeling show that, for

kagomé PCF, the fraction of light in the glass is < 0.01% across the entire wave-

length range except for the resonance positions [47]. This is shown in Fig. 3.6.

Hence, the resulting nonlinearity is solely due to the filling gas. The use of noble

gases means that the effect of Raman scattering – nonlinearities arising from vibra-

tional or rotational oscillations in molecules – can be switched off. Alternatively,

mixing with molecular gases could precisely control the fraction of the Raman re-

sponse to the nonlinearity [8]. Table 3.2 compares the noble-gas nonlinearities (at

atmospheric pressure) to the nonlinearity in silica, the most widely used material in

nonlinear fiber optics. As can be seen, the gaseous nonlinearities are two or three

orders of magnitude lower than the silica nonlinearity. Typically, high pulse energies

of some µJ are required in gas-based nonlinear fiber optics to compensate the lower
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n2 helium neon argon krypton xenon silica

[10−20cm2/W] 0.41 0.74 10.4 29.4 93.5 2740

Table 3.2: Comparison of the Kerr nonlinearity for noble gases and silica at a
wavelength of 800 nm. Gas nonlinearities (quoted here for atmospheric pressure and
room temperature) are from [64], using the rescaling of [65]. The silica nonlinearity
is from [66].

nonlinearities – assuming femtosecond pulse durations. Similarly to the concept of

dispersion tuning, nonlinearities can be scaled up or down by altering the filling

pressure. Upscaling the pressure to some hundreds of bar (depending on species)

could give rise to a nonlinear system with nonlinearities similar to those in silica,

but more favorable damage properties.

Mode size dispersion In general, nonlinear pulse propagation in fibers is influ-

enced by frequency dependent field distributions. Tighter mode confinement leads

to higher intensities and, hence, higher nonlinearities. In solid-core fibers with core

sizes approaching the wavelength, mode size dispersion is known to have significant

effects on nonlinear dynamics. Figure 3.7 shows that kagomé PCF, sharing this

property with other large-core waveguides, display rather weak mode size dispersion

everywhere outside the resonance region.

Energy handling Kagomé PCF offers the possibility to study nonlinear fiber

optics at high pulse energies. Optical damage thresholds are much higher because

of the low overlap of light with the confining glass structure. For example, at

around 800 nm, more than 99.99% of the light is guided in the hollow regions

(cf. Fig. 3.7) [8]. However, operation close to the resonances should be avoided.

Experimentally, the larger cores of these fibers enable coupling of energetic pulses

without damaging the input facet of the fiber. Since all nonlinear interaction is left

to the gas, it is possible to exploit the self-healing properties of gases and operate

at intensities well in the ionization regime of the gas (cf. Chapter 5).
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Figure 3.7: Calculated frequency-dependent mode sizes for both transverse dimensions
(parameters as in Fig. 3.2). Shown is the intensity full width at half maximum. Courtesy
of Johannes Nold.

3.2 Alternative nonlinear systems

The prospects of gas-filled kagomé PCF are best evaluated by comparing it with

other systems for extended nonlinear interaction of visible / NIR femtosecond pulses.

This section gives a cursory introduction to solid-core fibers, gas-filled photonic

bandgap fibers, gas-filled capillaries, and filaments in gases. There is a conceptual

kinship in the nonlinear propagation dynamics of kagomé PCFs and solid-core fibers,

whereas the three other systems share the nonlinear media with kagomé PCF.

3.2.1 Solid-core fiber

Solid-core fibers have blazed a trail, gas-filled kagomé PCF is now following it. It

was in the context of solid-core fibers that nonlinear effects such as self-phase mod-

ulation [67], solitons [68, 69] and Raman induced self-frequency shifting [70, 71]

amongst others were established. The scope of solid-core nonlinear fiber optics has

been significantly extended since the first realization of solid-core photonic crystal

fibers – culminating in the widely acclaimed demonstration of supercontinuum gen-
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smaller core size compared to kagomé. (b) Group velocity dispersion for various solid-core
fibers (silica strands with diameters of 0.47 – 2.86 µm). Note the change of scale compared
to Fig. 3.5 [8].

eration [3, 72]. In the most common case, these fibers have a cladding formed by a

glass matrix interspersed by a periodic arrangement of air holes. The inclusions act

as to lower the effective refractive index of the cladding to allow for total internal

reflection [2].

The core-cladding contrast in PCF can be made high and provides tight mode con-

finement even for small cores. The high spatial confinement along with the high

material nonlinearities offer soliton-driven nonlinear effects for pulse energies in the

pJ- and nJ-range. Conversely, pulse energies cannot be too high, for this would cause

material damage. Similarly to kagomé PCF, decreasing the core size can make the

anomalous waveguide contribution to the GVD stronger – shifting the point of zero-

GVD to shorter wavelengths and allowing for soliton dynamics in the visible range.

Figure 3.8 shows a range of typical dispersion curves calculated with a silica strand

model. There are, however, two differences to gas-filled kagomé PCF. Because both

the material and waveguide contributions are strongly dispersive, near-zero GVD

can only be achieved for narrow wavelength ranges. Furthermore, the waveguide

dispersion in solid-core PCF cannot be made arbitrarily strong. As core dimensions

reach the order of the wavelengths, modes tend to reach into the cladding, because
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Figure 3.9: (a) Scanning electron micrograph of a representative photonic bandgap fiber.
(b) FEM-calculated group velocity dispersion and loss for a photonic bandgap fiber (11 µm
core diameter, 2.1 µm pitch) [8].

the field cannot vary faster than the wavelength [52]. This curtails the waveguide

effects and prevents anomalous dispersion in the ultraviolet range. Operation at

ultraviolet wavelengths is further complicated by the high material absorption in

the glass core.

3.2.2 Gas-filled photonic band gap fiber

Waveguidance based on full two-dimensional bandgaps is unique to PCF and allows

for guidance in hollow cores [1, 2, 52]. The periodic arrangement of high- and low-

index materials in the cladding is on the order of the transverse wavelength of the

core mode. Periodic structuring can rearrange the photonic density of states pro-

foundly and reduce it to zero [73]. Put another way, partial reflections from adjacent

periods of the cladding will constructively interfere in reflection [11], regardless of

radial angle of incidence, so that light is confined in the core. A scanning electron

micrograph of a representative fiber is shown in Fig. 3.9(a). Figure 3.9(b) shows

typical transmission and dispersion properties of a photonic bandgap fiber. Pho-

tonic bandgap fibers offer lower transmission losses than kagomé PCF (<1 dB/km
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Figure 3.10: Comparison of loss properties for capillaries and kagomé PCF for a wave-
length of 800 nm. The value for kagomé PCF is based on experimental measurements; the
capillary values are calculated using the model described in [48].

at 1550 nm in the best case [74]); however only over a restricted spectral range.

The GVD has a steep slope, passing through zero inside the transmission window

and attaining very large values at its edges – only weakly influenced by the filling

gas (noble gases at atmospheric pressures). In addition, the fraction of light-in-glass

tends to be one order of magnitude higher than in kagomé [75], albeit for smaller

core sizes.

Photonic bandgap fiber finds applications in nonlinear optics where moderate trans-

mission bandwidths are uncritical, such as high-power soliton delivery [76] and long-

length resonant optical interactions with atoms and molecules [77]; or even desirable

as in the suppression of unwanted Stokes bands in Raman scattering [78].

3.2.3 Gas-filled capillaries

Capillaries – hollow dielectric tubes – can slow down leakage of light out of the

core [48]. For large core sizes of 100–200 µm (and hence weaker diffraction) they

allow for propagation over distances over some meters, provided the capillary is

kept straight. But because the loss scales as the inverse cube of the core diameter,

operation is made impractical for core sizes comparable to kagomé fibers [48] (cf.

Fig. 3.10). The analysis of gas-filled capillaries closely parallels that of kagomé PCF.

The necessity of using larger cores, however, brings about some limitations. In this
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regime, the waveguide dispersion is weak and, for pressures of some bar, cannot

dominate over the gas contribution. For that reason soliton-driven effects cannot

be realized. Further, the large ratio of core dimensions to wavelength makes the

capillary susceptible to unwanted multimode operation – either caused by imper-

fect launch conditions or as a consequence of nonlinear coupling upon propagation.

The great advantage of capillaries is their favorable energy handling. Large cores

allow launching some mJs of energy of femtosecond pulses without damaging the

system. Typical applications are in spectral broadening for compression of am-

plified pulses [62] or in high-harmonic generation [79, 80], a process where upon

field-ionization of atoms and subsequent electron-ion recombination high orders of

the harmonic can be generated.

3.2.4 Filaments in gases

Filamentation denotes an effect that enables extended nonlinear propagation in

gases [81, 82]. Repeated cycles of Kerr-based self-focusing and subsequent ionization-

induced defocussing make possible a sustained nonlinear interaction in gases. Owing

to the lack of any confining structure, optical damage of the system does not occur.

Experimentally, the free-space geometry does away with any mode-matching issues

and, hence, allows for easy alignment. Spatial and temporal dynamics are inevitably

entwined and can lead to complex beam structures. Being a single-component sys-

tem, the concept of balancing anomalous and normal dispersion against each other

cannot be applied. Anomalous dispersion is not possible in the visible and NIR

range for noble gases though possible in the mid-infrared for air [83]. The main

applications of femtosecond filaments include pulse compression and high harmonic

generation [81, 82].

3.3 Experimental aspects

Nonlinear optics in kagomé PCF can be studied in a simple and robust setup, as

can be seen in Fig. 3.11(a). It consists of two gas cells, one at each fiber end, both

equipped with a high-quality window for launching and extracting light. The fiber
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Figure 3.11: (a) Experimental setup for experiments with gas-filled kagomé PCF [8]. (b)
Gas cells: full design and cut-through view.

is first evacuated, purged several times, and then filled with the gas to the desired

pressure. Pressure gradients can be easily achieved, and gas filling times are short

for the pressures and core sizes used [84]. The gas cells, shown in Fig. 3.11(b), are

homebuilt and were designed together with Johannes Nold [46, 60]. They consist

of an aluminum body and a polyacrylic lid to allow for visual inspection and are

compatible with commercial translation stages (Elliot Scientific Ltd.). The cells were

dimensioned such that fibers with low numerical aperture can be used. The window

is located away from the fiber facet in order to avoid spurious nonlinearities of the

glass. Fluoride glasses (thickness 1 mm) were used for the windows to allow for low

material dispersion and nonlinearity as well as high transmission in the ultraviolet

spectral region.

The pump laser was an amplified Ti:sapphire system (Coherent Legend), generating

800 nm-pulses with durations in the range of 30–70 fs and mJ-output energies. A

half-waveplate/Brewster window combination (CVI-Melles Griot) was used as an

attenuator. Diagnostics included commercial spectrometers, power meters and a

homemade pulse characterization system based on frequency resolved optical gating

(FROG) [85] with a design similar to [86]. The FROG system was based on an all-

reflective design where the two pulse replicas were obtained through a split-mirror

arrangement.



Chapter 4

Nonlinear generation of ultraviolet

light in fiber

The high UV transmission of gas-filled kagomé PCF can be used to harness the effects

of nonlinear fiber optics for generating femtosecond UV pulses – highly desirable for

studies of relaxation processes in DNA bases [87, 88], excited-state intramolecular

proton transfer [87, 89], and ultrafast 2D spectroscopy [87, 90], to name but a

few. This chapter describes two approaches. The first part outlines third-harmonic

generation (THG) with a special emphasis on phase-matching. It is then shown that

the concept of pressure tuning allows phase-matched third-harmonic generation in

a higher order mode of the fiber. The second part presents the alternative route of

using nonlinear phase modulation. Through dispersive perturbations solitons can

be made to shed excess energy into spectral regions of normal dispersion: resonant

radiation. Gas-filled kagomé PCF exploits this effect to the fullest to achieve UV

generation of high efficiency, near-perfect mode quality and, by virtue of pressure-

adjustable dispersion, broad spectral tunability. Finally, future prospects in the

context of absolute phase phenomena and negative nonlinearities are given.
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4.1 Third-harmonic generation

Third-harmonic generation (THG) is an established approach for upconverting light

into the ultraviolet region [91]. Gas-filled kagomé PCF lends itself as a means for

studying this effect. In this system, the high UV transmission adds to a range of

advantageous features commonly associated with fibers, such as extended interac-

tion length or ideal beam quality. In particular, by offsetting waveguide and gas

contributions to the effective refractive index, the pump signal in the fundamental

mode and the third-harmonic in a higher order mode can be made to propagate

with a fixed phase relationship – a requirement for constructive interference that is

commonly called phase-matching.

4.1.1 Coupled wave equations

The envelope equation (Eq. 2.21) can, if appropriately modified, be used for the

study of intermodal interactions of a pump and its third-harmonic. In Chapter 2

the convenience of separating nonlinear effects was used to single-out Kerr-based

phase modulation; here it is applied to invoke the complementary effect of frequency

tripling. To proceed, the complex electric field can be expressed as a function of two

carrier frequencies:

E (z, t) =
1

2

[

Efei(βfz−ωf t) + Ethei(βthz−3ωf t) + c.c.
]

, (4.1)

where the field subscripts f and th denote fundamental and third-harmonic fre-

quency, respectively. Similarly, βf and βth are the propagation constants of the

fundamental and third-harmonic frequency. Expansion of the third-order polariza-

tion P = ǫ0χ
(3)E3, with the fields as given above, gives rise to 20 terms, oscillating

at frequencies up to 9ω. Several of these terms can be discarded on the grounds of

negligible contribution. Typically no more than one of these frequency components

will be present with any appreciable intensity generated by the nonlinear optical
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interaction [24]. The remaining dominant terms are:

P3ω (z, t) =
1

4
ǫ0χ

(3)E3
f e

i(3βf z−3ωf t) THG (4.2a)

Pω (z, t) =
3

4
ǫ0χ

(3)
(

E∗
f

)2 Ethei((βth−2βf)z−ωf t) THG, backconversion (4.2b)

Pω (z, t) =
3

4
ǫ0χ

(3) |Ef |2 Efei(βf z−ωf t) SPM, pump (4.2c)

P3ω (z, t) =
3

4
ǫ0χ

(3) |Eth|2 Ethei(βthz−3ωf t) SPM, harmonic (4.2d)

Pω (z, t) =
6

4
ǫ0χ

(3) |Eth|2 Efei(βf z−ωf t) XPM, pump (4.2e)

P3ω (z, t) =
6

4
ǫ0χ

(3) |Ef |2 Ethei(βthz−3ωf t) XPM, harmonic, (4.2f)

where the first term describes the process of third-harmonic generation and the sec-

ond the inverse process of back-coupling to the fundamental. The next two terms

represent self-phase modulation of the pump and the third-harmonic, respectively.

The last two terms describe cross-phase modulation (XPM) and capture the THG-

induced phase modulation on the fundamental, and vice versa.

The interaction of waves in different fiber modes seemingly renders the scalar treat-

ment of the propagation equations (cf. Chapter 2) impossible. The complications,

however, are easily disposed of by generalizing the concept of the effective area. As

in the discussion of the nonlinear effects in fibers, the transverse field distribution

can be accommodated into the nonlinear coefficient γnl so that the amplitude be-

comes area-normalized. The difficulty is now reduced to finding appropriate effective

areas for various intermodal interactions. Instead of effective areas, it is customary

to use overlap integrals Qijkl, defined as the inverse of the effective area. Therefore,

the higher the overlap integral, the higher the effective intensity for a given process.

The canonical expression for third-order nonlinearities is [13, 92, 93]:

Qijkl =
〈fifjfkfl〉

[

〈f 2
i 〉〈f 2

j 〉〈f 2
k 〉〈f 2

l 〉
]1/2

, (4.3)

where the angle brackets denote integration over the transverse coordinates. The

variables f are appropriately normalized modal fields for the three interacting waves

and the resulting polarization. Intermodal nonlinear interactions can now be treated

as interactions between uniform plane waves – scaled according to the value of the
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corresponding overlap integral. The overlap integrals are in general not the same

for each nonlinear term and, for the case of all four interacting waves in the same

mode recover the inverse of the effective area as defined in Chapter 2 (2.25) [93].

This overlap can be greatly reduced or even be zero for modes with differing field

distributions.

The energy flow at the pump and the third-harmonic can be distributed over all

the modes of the fiber. However, the intermodal energy transfer is significantly re-

duced in non-phase-matched configurations. Therefore it is justified to restrict pulse

propagation only to those modes where phase-matching is provided [93]. Coupled

wave equations are obtained by collecting terms of the same frequency. Using the

expression for the envelope equation, the coupled equations for the pump and the

third harmonic then read [94]:

(

∂

∂z
+ D̂ +

αf

2

)

Af = i
3

8

ωfχ
(3)

n (ωf ) c

(

Q3111

(

A∗
f

)2
Athe

−i∆βz

+Q1111 |Af |2Af + 2Q1331 |Ath|2Af

)

(

∂

∂z
+ D̂ +

αth

2
− 1

∆vg

∂

∂t

)

Ath = i
3

8

ωfχ
(3)

n (3ωf ) c

(

Q1113A
3
fe

i∆βz

+3Q3333 |Ath|2Ath + 6Q3113 |Af |2Ath

)

,

(4.4)

where ∆β = 3βf − βth is called the phase mismatch. The expressions in Eq. 4.4

assume quasi-monochromatic pulses and neglect the frequency dependence of the

nonlinear interaction, i.e. shock terms. The first and second equation describe the

evolution of the pump and third-harmonic pulse, respectively. The first terms on the

right hand side govern the process of third-harmonic generation and, in the general

case, back-conversion to the pump field. All other terms represent competing effects

and influence the process of third harmonic generation. The dispersion operator

D̂ takes account of the higher orders (≥ 2) of β and causes dispersive reshaping

of the pulse. The equations operate in a reference frame that co-propagates with

the pump; causing both pulses to walk off from each other, as captured by the

group velocity mismatch 1/∆vg = 1/ [vg (ωth)− vg (ωf)]. Losses decrease the power;

losses for the pump αf are in general negligible, but can be significant at the third-

harmonic wavelength αth and could prevent efficient build-up of the upconverted
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signal. The four phase modulation terms change the frequency content of the pulse

and contribute a nonlinear refractive index that is twice as high for the cross phase

modulation terms.

4.1.2 Phase-matching

Maximum conversion to the third-harmonic can be achieved under conditions of

phase-matching. Phase-matching means that pump and third-harmonic propagate

with a fixed phase relationship and can be understood as a restatement of wavevector

conservation. This principle is best motivated by isolating the effect of the third-

harmonic according to

∂Ath

∂z
= i

3

8

ωfχ
(3)

n (3ωf ) c
Q1113A

3
fe

i∆βz, (4.5)

where the effects of group velocity dispersion, loss and cross-phase modulation are

neglected. This equation accounts for the, in general, different phase velocities

of pump and third-harmonic. Here, the third-harmonic propagation equation is

effectively decoupled from the propagation equation for the fundamental – a good

approximation under conditions of negligible pump depletion [24, 27]. It can be seen

that, under ideal conditions, the third-harmonic field scales as the cube of the pump

field. Upon integration the solution to Eq. 4.5 is found to be [5, 39, 95]:

Ath (L) =i
3

8

ωfχ
(3)

n (3ωf ) c
Q1113

L
∫

0

A3
fe

i∆βzdz

= i
3

8

ωfχ
(3)

n (3ωf ) c
Q1113 A

3
f

(

ei∆βL − 1
)

i∆β
.

This expression captures the essence of third-harmonic generation. The third-

harmonic signal can either grow or oscillate with propagation length – determined

by the last factor. Intuitively, the harmonic field consists of two components, one

a free wave that propagates with the usual phase velocity at the third harmonic

frequency, and the other a driven wave that propagates with the phase velocity of

the fundamental wave [5]. Owing to dispersion in the refractive indices, these two

waves will in general have different phase velocities and will interfere constructively
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or destructively in different parts of the nonlinear medium. If the refractive indices

can be made equal, the individual atomic dipoles are properly phased so that the

field emitted by each dipole adds coherently; if not, energy can flow back to the

pump wave.

An expression for the generated power is found by making use of a re-expression of

the last factor according to

(eixz − 1)

ix
=
eixz/2

ix

(

eixz/2 − e−ixz/2
)

= z eixz/2 sinc
(xz

2

)

,

for a given argument x [96]:

Pth = AthA
∗
th =

(

i
3

8

ωfχ
(3)L

n (3ωf ) c
Q1113

)2

P 3
f sinc

2

(

∆βL

2

)

. (4.6)

Third-harmonic power is maximized for zero phase mismatch. At perfect phase-

matching, the harmonic intensity grows as the square of the interaction length. It

bears repeating that these dynamics can be profoundly modified by the competing

effects of group velocity dispersion, loss, SPM, and XPM.

4.1.3 Phase-matching in gas-filled kagomé PCF

Through gas pressure adjustment, the refractive index profile in gas-filled kagomé

PCF can be tuned to achieve phase matching to a higher order mode. The phase-

matching condition for third-harmonic generation (3βf = βth) can be reformulated

as

neff (3ωf ) = neff (ωf ) , (4.7)

stating that the pump and third-harmonic frequencies are required to have equal

refractive indices. Within a given mode, both contributions, gas and waveguide,

increase with frequency. Hence, both contributions cannot be balanced against each

other to obtain phase matching in the fundamental mode. Far below the electronic

resonances, the refractive indices of noble gases are weak for long wavelengths and

increase as the resonances are approached. Complementarily, by countering diffrac-

tion, the waveguide adds a component to the wavevector and thereby lowers the

effective index. The index is significantly lowered for wavelengths close to the core



52 Nonlinear generation of ultraviolet light in fiber

dimensions; for shorter wavelengths it converges asymptotically to the free-space

value.

However, by using multiple modes with different values of the effective index, this

predicament can be resolved. For higher-order modes the waveguide contribution

is stronger, so that – under certain conditions – the effective index at the third-

harmonic in a higher-order mode can be lower than the effective index for the pump

wavelength propagating in the fundamental mode. By adjusting the gas pressure,

which influences the effective indices in both modes equally, phase matching can be

achieved. This scheme has been studied in solid-core fibers [92, 93] as well as in

gas-filled capillaries [97]. In between these two systems lies the realm of gas-filled

kagomé PCF. This system, in principle, would offer to combine the virtues of non-

linear fiber optics and the high UV transparency of gases.

Amplified 30 fs-pulses centered at 800 nm were used for the experimental study [60].

The fiber had an effective core radius of 14.9 µm, the pitch of the cladding lattice

was 13.4 µm, with glass webs of thickness 250 nm. Its low-loss transmission window

extended from 750 nm to 1.2 µm, with a loss of 1.1 dB/m at the pump wavelength

and 3 dB/m at the third-harmonic wavelength (266 nm) in the fundamental mode.

A sample length of 20.5 cm was used. Analysis shows that for the first higher-order

mode, HE12, the refractive index of even an evacuated fiber is higher for 266 nm in

HE12 than 800 nm in HE11. In this notation, the first subscript index denotes the

azimuthal modal number and the second subscript the radial modal number. For

higher-order modes in fibers of circular cross-section the azimuthal modal number

is one-half the number of maxima that occur in the intensity pattern in azimuthal

direction and the radial number gives the number of intensity maxima in the ra-

dial direction [57]. However, filling the kagomé fiber with 5.1 bar of argon gives

rise to phase-matching to the HE13 mode, as can be seen in Fig. 4.1. By virtue of

having a stronger waveguide contribution than large-core capillaries, kagomé PCF

requires higher pressures for phase-matching and, hence, offers the added benefit

of higher nonlinearity [97]. The disadvantage of intermodal frequency conversion,

however, is a reduction in an effective intensity. In this particular case, the gen-
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Figure 4.1: Phase-matching of the pump in the HE11 mode and the third-harmonic in
the HE13 mode. The fiber has an effective core radius of 14.9 µm and is filled with 5.1 bar
of argon. Vertical lines are at the pump and third-harmonic frequencies, the horizontal
line is for emphasis of the phase-matching conditions.

eralized effective area for intermodal third-harmonic generation (i.e. the inverse of

the overlap integral as defined in Eq. 4.3) is approximately 15000 µm2, yielding a

fiftyfold decrease in effective intensity compared to third-harmonic generation in the

fundamental mode (Aeff = 332 µm2). Phase-matching can also occur to even higher

order modes, though at the expense of further reduced overlap integrals.

Fig. 4.2(a) shows experimentally measured output spectra, pressure-tuned from 4

to 7 bar, for two different pump energies. In both cases, the generated spectra

closely follow the predicted phase-matching curve (orange dotted line). The op-

timum phase-matching wavelength gradually shifts to longer wavelengths with in-

crease of pressure, as predicted by the analysis. This underscores the validity of

using the approximate model for the waveguide dispersion. In the low-energy case,

conversion to the third harmonic peaks at a pressure of approximately 5.1 bar. The

spectral bandwidth of the generated spectra is around 3 nm, whereas 6 nm are

predicted for the ideal case of phase-matching over the whole bandwidth according

to ∆λth = ∆λf/3
3/2 [97]. The reduced bandwidth can be attributed to significant

group velocity walk-off which is estimated to be 50 fs/cm. Only for short lengths

of fiber, the effect of group velocity walk-off can be neglected. In the high-energy
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Figure 4.2: (a) Pressure-tuned spectra at pump pulse energies of 0.7 µJ and 1.3 µJ. Over-
laid (dotted orange lines) are the predicted phase matched wavelengths. (b) Comparison
of experimentally measured and FEM-retrieved near-field HE13 modes in a kagomé fiber at
a wavelength of 270 nm. (c) Experimentally measured conversion efficiency (red points).
The dashed line is a cubic fit [60].

case (1.3 µJ), the spectral range of the generated wavelengths extends from 265 to

285 nm – showing the competing Kerr-based spectral broadening of the pump signal.

The nonlinearly induced refractive index due to the the pump is twice smaller at

the driving frequency than at the third-harmonic frequency. This means that the

Kerr nonlinearity will increase the phase mismatch between the fields, shifting the

peak of the harmonic spectrum toward a lower frequency.

To verify the predicted mode, the third-harmonic signal was spectrally separated

from the pump with dielectric mirrors (Layertec GmbH) and the near-field image

was measured with a UV-sensitive mode-profiler (Thorlabs Inc.). Figure 4.2(b)

compares the experimentally measured output profile with a FEM-retrieved mode

of the actual fiber structure (FEM calculation by Johannes Nold). Radially proceed-
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ing from the fiber center to the core-cladding boundary, both modes exhibit three

intensity maxima, as predicted for HE13.

An experimental measurement of the conversion efficiency at a pressure of 5.1 bar

is shown in Fig. 4.2(c), measured with a calibrated UV powermeter after spatially

separating the pump and the third-harmonic with a prism (UV grade fused silica,

Newport). It shows the characteristic cubic dependence, but reveals rather low ef-

ficiencies in the order of ∼ 10−3 %. The low efficiency can be attributed to the

deleterious effects of low modal overlap, group-velocity walk-off and loss in the UV1

A comparable experiment in Ar-filled capillaries (core diameter 153 µm) yielded a

conversion efficiency of 0.2% for a pump energy of 145 µJ [97].

The unsuitable mode profile and the low conversion efficiency cast some doubt

on whether this mechanism may prove useful for applications. However, the true

merit of this experiment is the successful demonstration of pressure-controlled phase-

matching. Firstly, it corroborates the use of the approximate model for the waveg-

uide dispersion of a kagomé fiber (Eq. 3.6). Given the sensitivity of third-harmonic

generation to phase mismatch, the model allowed for reliable predictions of the ef-

fective index of gas-filled fibers. Therefore, this study paves the way for further

experiments, in this thesis and elsewhere, that rely on precise knowledge of the fiber

dispersion. Secondly, phase-matching, a key factor in many nonlinear parametric

processes, is as yet unexplored in the context of gas-filled hollow-core PCF. The

concept of pressure-tuning is now readily applicable – allowing, for example, the

study of the processes in the next section.

4.1.4 Future prospects in fiber-based parametric processes

Should the shortcoming of low overlap be remedied, the concept of pressure-adjusted

phase-matching may become useful for the upconversion of femtosecond pulses into

the ultraviolet. Research continues into higher efficiencies and extending the tech-

nique to the generation of even shorter wavelengths in the vacuum-ultraviolet re-

1The loss of the higher-order UV mode was not amenable to experiment. Based on the capillary
model [48], the loss can be estimated to be 13 dB/m, though the actual loss can be expected to be
lower.
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Figure 4.3: Calculated refractive index of xenon at 1 bar in the vacuum ultraviolet
region (data for the bound states is from [99]; for the continuum states from [100]). Shaded
regions correspond to extended regions of refractive indices lower than 1.

gion (< 200 nm).

One possible route for the generation of UV light in the fundamental mode can be

borrowed from capillary-based experiments [61, 97, 98]. This scheme uses degen-

erate four-wave mixing which involves co-propagating beams at the fundamental

frequency (idler) and externally generated second-harmonic (pump). The added ex-

perimental complexity is rewarded for by the possibility of phase-matched UV gener-

ation in the fundamental mode. Two waves at the second-harmonic (of propagation

constant βshg) generate one wave each at the third-harmonic (βthg) and the funda-

mental frequency (βf) so that the phase-matching condition reads 2βshg = βf + βthg.

In words, the phase lag of the second-harmonic to the fundamental is precisely off-

set by the phase advance to the third-harmonic – a condition perfectly amenable

to realization in systems where all effective index contributions increase with fre-

quency (cf. Chapter 3). It was shown that efficiencies can reach up to 40% (relative

to the second-harmonic energy) in gas-filled capillaries [61, 98].

Alternatively, phase-matched third-harmonic generation is also possible in the

fundamental mode – provided the interacting waves span a spectral region that is

interspersed with an atomic resonance. On the high-frequency side of resonances,

the refractive index can be lower than in regions far below resonance. Therefore
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phase-matching can be achieved by balancing this discrepancy with the waveguide

contribution (a buffer gas was used to balance the phase mismatch in the early stud-

ies [101, 102]). As an example, Figure 4.3 shows the calculated refractive index of

xenon in the vacuum-ultraviolet where atomic transitions of the lowest energy occur.

The lighter noble gases exhibit similar resonances toward even higher frequencies; al-

ternatively, the same technique can be applied in the visible or deep ultraviolet (200

– 300 nm) regions by resorting, for example, to alkali vapors [101]. In this scheme,

both interacting frequencies are usually located away from the resonances so that

the gas is highly transparent for both frequencies and the interaction remains within

the realm of perturbative nonlinear optics. Opportunities arise to study nonlinear

fiber optics in more extreme regions of frequency, but only if the right pulse param-

eters are chosen. This approach is restricted to offering these opportunities only for

selected spectral regions, and therefore only for restricted ranges of pump frequency.

The shaded regions in Fig. 4.3 show spectral regions with a refractive index below

1, which can be considered a lower bound for the applicability of phase-matching

within the same mode.

4.2 Resonant radiation

Gas-filled Kagomé PCF offers favorable properties for ultrafast nonlinear pulse prop-

agation. Can these be used for the efficient generation of UV pulses? An attractive

concept can be borrowed from nonlinear optics in solid-core fibers: resonant radia-

tion. When idealized higher-order soliton propagation is perturbed by the occurrence

of regions of normal GVD, then, in the course of readjustment to soliton solutions,

excess energy is shed away in the form of a spectral band residing in these normally

dispersive regions. In gas-filled kagomé PCF it is possible to harness resonant radi-

ation for efficient UV generation.

This section outlines the salient aspects of this effect, discusses the role of phase-

matching, and presents experimental and numerical results.



58 Nonlinear generation of ultraviolet light in fiber

0.2 0.6 1.0 1.4

1600 700 340 270 230450

wavelength [nm]

frequency [PHz]

0

-40

resonant

radiation

d
is

ta
n
c
e

 [
c
m

]

5

10

15

20

20 40 60 800

time [fs]

1

0

resonant

radiation

soliton

a) b) c)

steepening6.23 cm

-50 0 50 100

time [fs]

input

UV

generation

7.44 cm

UV

12.16 cm soliton

(i)

(ii)

(iv)

(iii)

Figure 4.4: Numerical (a), (b) temporal and (c) spectral evolution of higher-order soliton
driving resonant radiation.

4.2.1 Soliton-driven UV generation

Resonant radiation results from a sequence of Kerr-based nonlinear propagation

effects. Through the interplay of dispersion and nonlinear phase modulation, the

pump pulse undergoes continuous spectral broadening that is wide enough to reach

into the UV, and subsequently transfers energy to a selected spectral interval in

the UV. Figure 4.4 tracks a 30 fs, 1.5 µJ-pulse, centered at 800 nm, as it evolves

temporally and spectrally in a fiber of core radius 14.9 µm filled with 9.9 bar of

argon (matching the experimental parameters)2. The modeling was based on the

complex envelope, in order to preclude the effects of harmonic generation and to

underline the phase-modulation aspects. The GVD profile was calculated using the

approximate capillary model in Eq. 3.6 and, for the given parameters, is such that

the pump wavelength resides in the region of anomalous dispersion whereas wave-

lengths shorter than 600 nm experience normal GVD. The given combination of

parameters corresponds to an effective soliton number of 8.6, causing the propagat-

2Modeling of a similar system was reported in [103].
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ing pulse to wax in intensity and wane in duration. Propagation along the first 5 cm

is indeed redolent of idealized higher-order soliton propagation, with no discernible

effects of linear or nonlinear perturbations. Further spectral broadening however

leads to an increased sensitivity to these perturbations. The inset in Fig. 4.4(a)(ii)

shows the temporal profile after a distance of ∼ 6 cm. A marked temporal asymme-

try has evolved. The bluer frequencies that preferentially reside on the trailing edge

experience lower dispersion due to the positive β3 and undergo larger phase shifts

because of the shock term (cf. Chapter 2), causing the trailing edge to steepen.

Along with the fourfold increase in peak intensity, the steepening causes a large

phase shift in a brief time – as needed for large frequency upshifts [35, 104, 105].

Accordingly, the spectrum extends to high frequencies, as can be seen in the spectral

evolution in Fig. 4.4(c). In the idealized case of all-anomalous dispersion, the spec-

tral excursion to high frequencies would be transitional: light would couple back to

the pump after some length of propagation. This need not be so, if normal GVD is

present. Starting at a distance of ∼ 7 cm, the energy of the monotonically decaying

spectral tail is now channeled into an isolated spectral peak at ∼ 270 nm: resonant

radiation [106, 107]. The inset in Fig. 4.4(a)(iii) shows how this signal originates.

The trailing edge, previously steepened, now exhibits strong oscillations due to the

beating of pump and resonant radiation. Signal growth ceases as soon as pump and

resonant radiation walk off from each other. In this example, 11.3% of the input en-

ergy are converted to the UV (defined as signal at wavelengths shorter than 350 nm).

This interaction also affects the pump. While in the idealized case all constituent

solitons propagate with the same group velocity to form a higher-order soliton, the

perturbation due to higher-order dispersion causes the solitons to travel out of step.

One strong fundamental soliton with a red-shifted center frequency emerges. Since

the process of resonant radiation is mainly caused by the high-frequencies residing

on the trailing edge, the remaining spectral components evolve into an effectively

red-shifted soliton. In regions of anomalous dispersion, lower frequencies travel with

lower group velocity, and, hence, the red-shifted soliton is trailing behind, as can be

seen in Fig. 4.4.
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4.2.2 Phase-matching for resonant radiation

Following the first observation [108], a number of explanations for resonant radiation

have been put forward; some by adhering to the paradigm of dispersion-regulated

phase modulation [109, 110], others by reinterpreting the essential aspects in the

context of tunneling [106] or scattering [111] pictures. Whereas in general the pre-

cise details of growth and interaction seem to be amenable to numerical modeling

only, one interpretation has provided particularly useful insights. Regarding reso-

nant radiation as the fiber-based analogue of Cherenkov radiation3 has allowed for

approximate predictions of the resonance position, i.e. the generated spectral com-

ponent.

In this picture, a fundamental soliton generates resonant radiation as follows. Fun-

damental solitons counter dispersive spreading by maintaining a fixed phase relation-

ship over its entire spectrum. Due to the interplay of nonlinearity and dispersion,

the phase is in general offset from its linear value at a given frequency. Hence the

driven polarization wave at this frequency travels with the phase velocity of the

soliton center frequency, while a linear wave propagates with its own phase velocity

which, in general, is different. Energy transfer however ensues if the soliton and the

linear wave have equal propagation constants – spectral overlap permitting [107].

In keeping with the literature, the phase-matching condition can be formulated as

follows [21, 42]:

β (ω0) +
γnlP0

2
− β1 (ω0)ω0 = β (ω)− β1 (ω0)ω. (4.8)

The left-hand side represents the accumulated phase of the soliton centered at fre-

quency ω0 and the right-hand side the accumulated phase of the linear wave. It is

evident that the phase-matching condition in Eq. 4.8 is formulated in a somewhat

cavalier fashion. The influence of higher-dispersion terms on the soliton propagation

constant is neglected; and so are cross-coupling terms and the frequency dependence

of the phase-modulation (shock-term).

3Cherenkov radiation is electromagnetic radiation emitted when a charged particle passes
through a dielectric medium – provided the particle travels faster than the speed of light in the
medium.
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Figure 4.5: Mismatch in propagation constant of a fundamental soliton and linear waves in
a fiber of core radius 14.9 µm, filled with 5 bar of argon. Phase matched resonant radiation
occurs at the crossing point of the linear dispersion (red) and the soliton propagation
constant (gray).

Figure 4.5 shows the calculated phase mismatch for a typical dispersion profile in

gas-filled kagomé PCF. Regions of anomalous dispersion are characterized by down-

ward curvature of the linear dispersion. It is apparent that in the idealized case of

only second-order GVD, zero phase mismatch between a fundamental soliton and

a linear wave cannot be achieved – underlining the robustness of solitons. In the

realistic case, however, the normal GVD of the gas outweighs the waveguide contri-

bution towards higher frequencies. It is in this regime of normal GVD where soliton

and linear wave are in resonance with each other or, in other words, phase-matched.

As can also be seen in Fig. 4.5, the phase-matched frequency can be tuned through

nonlinearity and linear dispersion. A change in pump energy amounts to modifying

the nonlinear contribution, i.e. changing the offset between the soliton line and

the dispersion curve, and hence shifts the crossing point to either higher or lower

frequencies. Complementarily, varying the gas pressure affects both the linear and

nonlinear curve. The linear effect of pressure-tuning is strongest in the UV range. In

these regions, higher pressures would cause a steeper slope of the dispersion profile,

and, hence, lead to red-shifted frequencies.

The above condition can be generalized by replacing the propagation constant of
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the fundamental soliton with the more generalized nonlinear contribution [112]:

βnl (ω, z) = β (ω) + γnl

[

1 +
ω − ω0

ω0

]

Re

[

F
{

|A (z, t)|2A (z, t)
}

A (ω, z)

]

(4.9)

The assumption of pure solitons is now relaxed and arbitrary nonlinear phase shifts

can be accounted for. This expression also considers the effect of self-steepening. In

reality, neither of the two expressions precisely predicts the phase-matched wave-

length, with the agreement being better for the generalized expression in Eq. 4.9. In

[113] it was suggested that the discrepancy can be resolved by taking into account

the gain spectrum, because the smoothly decaying pump pulse spectrum counter-

balances the exact point of maximum growth to red-shifted frequencies.

4.2.3 Resonant radiation in gas-filled kagomé PCF

The combined benefits of high UV transmission and controllable dispersion land-

scapes in gas-filled kagomé PCF allow studying the various aspects of resonant

radiation in the ultraviolet. The fiber had a core radius of 14.9 µm; the cladding

had 250 nm thick glass nanowebs and an interhole spacing of 13.4 µm. The mea-

sured transmission losses for the fundamental mode were 1.1 dB/m at the pump

wavelength (800 nm) and 3 dB/m at 270 nm. The fiber of length 20.5 cm was filled

with argon at various pressures [114].

The phase matching equation in Eq. 4.8 states that both linear and nonlinear

contributions affect the spectral location of the generated band. Figure 4.6 shows

output spectra measured at a fixed pressure of 9.9 bar for pulse energies ranging

from 400 nJ to 2 µJ. Whereas in the THG experiments the nonlinearity had only a

corrective effect, the generated wavelength in this experiment can be seen to con-

tinuously shift over a range of ∼ 60 nm as a function of pulse energy and, hence,

of increased nonlinear contributions. Comparing experiment and theory, it can be

seen that both plots show good agreement, with some differences in the details. In

both cases discrete bands appear; a new band appears when the soliton number

increments by 1, while the existing band fades away. At higher pulse energies, the

behavior becomes more complex.
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Figure 4.6: Comparison of (a) experimental and (b) numerical UV output spectra over a
range of pump pulse energies at a fixed pressure of 9.9 bar [114].

The high tunability is paired with a high conversion efficiency. Figure 4.7(a) shows

that UV generation through this mechanism is visible even to the unaided eye –

through sidescattered fluorescence starting from the point of compression. As the

pump pulse energy was increased, this point moved back towards the input face

of the fiber. The efficiencies at this pressure were experimentally quantified and

are shown in Fig. 4.7(b). The 800 nm pump light was removed from the signal

by four reflections at polarization-insensitive dichroic mirrors (Ultrafast Innovations

GmbH), highly reflecting between 240 and 350 nm but transparent at 800 nm. The

UV conversion efficiencies were then determined by using a calibrated, UV-sensitive

power meter. The conversion efficiency was defined as the ratio of the UV power in

the 240 - 350 nm band (mainly concentrated in a band 100 THz wide) to the total

transmitted power. For the used fiber of length 20.5 cm, conversion into the specified

UV range started at around 600 nJ and, for higher pulse energies, reached conversion

efficiencies up to ∼ 7% (numerical: 11.3%) – three orders of magnitude higher than

in the THG experiment. Since the onset of UV generation roughly coincides with

the point of maximum compression – with lower energies needing longer length to

achieve maximum compression – the threshold for UV generation could, to a degree,
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Figure 4.7: (a) Photograph of experimental resonant radiation. The onset of UV
generation is visible through side-scatter. (b) Experimental conversion efficiencies for
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traces [114].

be lowered by using a longer length. For a length of 100 cm, the threshold of UV

generation was 290 nJ and could reach efficiencies up to 8%. Sidescattering started

after a length of 40 cm, suggesting that the generated UV light traveled 60 cm along

the rest of the fiber. The possibility of generating UV in the fundamental mode

adds to the benefits of this technique. The inset in Fig. 4.7(b) shows the measured

near-field at 270 nm, corroborating the fundamental character of the UV. This was

verified by divergence measurements (by Johannes Nold).

For the given parameters, theory predicts UV generation as the culmination of pulse

compression. The possibility of short pulse generation by itself is highly sought-

after, as soliton compression obviates the need for subsequent chirp cancellation

with prisms or chirped mirrors [39, 95]. An all-reflective second-harmonic FROG

was used to characterize the output pulses temporally. The UV spectral components

were filtered out by two bounces off a gold mirror – highly reflective throughout the



4.2 Resonant radiation 65

0

1

p
re

s
s
u

re
 [
b

a
r]

wavelength [nm] wavelength [nm]

a) b)experiment modeling

200 240 260 280 300 320220 200 240 260 280 300 320220

10

9

8

7

6

5
1.5 µJ 1.5 µJ

Figure 4.8: Comparison of (a) experimental and (b) numerical UV output spectra over a
range of filling pressures at a fixed pump energy of 1.5 µJ [114].

visible and near-infrared range, but strongly attenuating in the ultraviolet. Because

the numerically predicted minimum pulse durations of ∼ 4 fs could not reliably be

measured with this setup, the point of maximum compression was tuned away from

the fiber end. Figure 4.7(c) shows the output pulse measured at a pulse energy

of 950 nJ – showing a compression factor of three compared to the input pulse.

At higher energies the traces showed evidence of multiple peaks caused by pulse

breakup, an observation confirmed in numerical simulations.

In contrast to solid-core fibers, wavelength tuning can also be achieved through

pressure-adjustable dispersion tuning. That way, the gas contribution to the overall

dispersion can be tuned, shifting the phase-matching point to longer wavelengths

for higher pressures or shorter wavelengths for lower pressures. Figure 4.8 compares

experimental and numerical output spectra for a fixed pulse energy of 1.5 µJ for

varying pressure. Both results demonstrate spectral tunability from 200 to 300 nm.

As the pressure decreases, the zero dispersion wavelength and the UV resonant ra-

diation band shift to shorter wavelengths. Markedly, the experimental plot shows

a lower efficiency for shorter wavelengths. Possible reasons include an underesti-

mate of the fiber losses in the UV or decreased detection efficiency due to detector

roll-off. Note that the gas pressure was also tuned through conditions for THG
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FEM-retrieved dispersion curve (cf. Fig. 3.4) filled with 5 bar of argon.

phase-matching: both processes can occur simultaneously, they, however, do not in-

teract to any significant degree. Were the pressure to be reduced even further and,

at the same time, the decrease in nonlinearity compensated by higher pulse ener-

gies, phase-matched resonant radiation to even shorter wavelengths in the vacuum

ultraviolet could be obtained. For pulses centered at 800 nm, numerical modeling

predicts the generation of wavelengths down to 150 nm for realistic parameters.

In contrast to the approximate dispersion used in the numerical study above, the

actual dispersion profile of a kagomé fiber is interspersed with structural resonances

that potentially may affect the continuous spectral broadening process that results

in resonant radiation. Figure. 4.9 compares the effect of the two dispersion profiles

on spectral pulse evolution. The structural resonance at 380 nm is distant enough so

that the initial broadening stage is uncompromised. Even in the case of the FEM-

retrieved dispersion, the spectral broadening can pass across the resonance position

into the UV. Spectral conversion to the UV agrees in spectral location and efficiency
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with the approximate dispersion curve. Slight discrepancies can be seen in regions

around the resonance.

In just about any aspect, resonant radiation in gas-filled kagomé PCF offers poten-

tial for applications. It offers the tunable generation of short wavelengths, paired

with high efficiency and near-perfect modal quality. At the time of writing, var-

ious projects are at or beyond discussion stage – including time-resolved spec-

troscopy [115] and the seeding of free-electron lasers [116].

4.2.4 Axial pressure gradients in gas-filled kagomé PCF

Resonant radiation is an efficient mechanism, even though the effective interaction

between the pump and the UV signal is restricted to a few centimeters. By ex-

ploiting the additional possibility of axially varying pressure distributions, these

interactions can be extended to yield higher UV conversion efficiencies and broader

UV spectra [117].

In steady state, the pressure distribution along a given pressure difference is for a

viscous, incompressible fluid given by [118, 119]:

p (z) =

√

p21 +
z

L
(p22 − p21), (4.10)

where L is the length of the pressure gradient, p(z) is the pressure as a function of

propagation distance, p1 is the pressure at the beginning of the gradient, and p2 at

the end of the gradient.

The studied pressure distribution is shown in Fig. 4.10(a) and motivated by the

following reasoning. In order not to compromise the initial compression stage and

spectral broadening, the regime of normal GVD is located away from the pump.

Consequently, the pressure is kept low (3 bar) and constant along the first 7 cm.

Along the rest of the fiber, the pressure is continuously increasing, following Eq. 4.10,

to finally reach 10 bar. This effectively moves the regime of normal GVD closer to

the pump to facilitate better spectral reach and hence higher conversion. In ad-

dition, to help recompress the driving pulse, it offers both increasing γnl through

higher gas nonlinearity and decreasing β2 (by countering the waveguide contribu-

tion) – perfect for higher-order soliton excitation.
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Figure 4.10: Numerical pulse propagation of a 30 fs, 5 µJ-pulse in a fiber of core radius
15 µm with axially varying pressure distribution: (a) Pressure distribution along fiber,
(b) temporal and (c) spectral propagation (dashed line shows the varying point of zero-
GVD) [117], and (d) potential realization based on FIB-drilled holes. Scanning electron
micrographs for cut-through view and top view.

Numerical modeling based on the field equation (Eq. 2.14) was performed for a

30 fs, 5 µJ-pulse centered at 800 nm propagating in a fiber of core radius 15 µm

filled with argon according to the above pressure distribution, with all parame-

ters being amenable to experimental realization. Figures 4.10(b) and (c) show the

temporal and spectral evolution, respectively. These results demonstrate that UV

generation can be maintained over extended distances. UV is generated in several

consecutive stages, with the first one generating light at 175 nm and the following

subsequently at longer wavelengths up to 250 nm. 20% of the input energy were

converted into the spectral range below 350 nm, amounting to a UV pulse energy

of 1 µJ. The final spectrum supported transform-limited pulses (no residual phase

modulation) on the order of one femtosecond. Figure 4.10(d) shows one possible

route to experimentally realizing the given pressure distribution. Using the tech-

nique of focused ion beam (FIB) etching, holes can be reliably drilled into the fiber

sidewise so to allow for pressure inflow and control. The tested samples did not

display signs of debris and initial fiber characterization suggests that transmission

is largely unaffected by the presence of the hole.
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4.3 Outlook: Ultraviolet nonlinear fiber optics

Using gas-filled kagomé PCF, it has been possible to take concepts, such as third-

harmonic generation and resonant radiation, that were established in other contexts,

and turn them into techniques of UV generation. It is now reasonable to ask whether

kagomé’s (current) exoticism amongst fibers can be harnessed to push nonlinear fiber

optics into uncharted territory. This section discusses two new aspects of nonlinear

pulse propagation: absolute phase phenomena and negative nonlinearities.

4.3.1 Absolute phase phenomena in nonlinear fiber optics

Supercontinuum generation in solid-core PCF enabled the initial experiments of

stabilized absolute phase evolution of laser pulses [120] – experiments that then

ushered in the field of carrier-wave nonlinear optics [121]. This field comprises those

phenomena where the nonlinear outcome depends on the absolute phase (or carrier-

envelope phase), i.e. the offset between the peak of the envelope and the closest

trailing maximum of the underlying carrier wave. Paradoxically, however, the study

of these phenomena in nonlinear fiber optics itself has largely lain dormant – with

the notable exception of [122]. This can be attributed to the predominant reliance

on Kerr-based effects. As discussed in Chapter 2, the polarization envelope for SPM

is proportional to (E · E∗) E so that the nonlinear refractive index shift is given only

by the magnitude, but not the phase, of the driving field [123]. This insensitivity

persists even for the shortest pulses.

This need not be so in gas filled kagomé PCF. Resonant radiation can exhibit ab-

solute phase sensitivities when interfering with third-harmonic signals [122]. This

situation is conveniently studied with the field equation (Eq. 2.14) that retains the

full third-order nonlinearity. Figure 4.11(a) shows the modeled spectral evolution

of 10 fs, 230 nJ pulse in an argon-filled kagomé PCF. Ultraviolet light is generated

through two distinct channels, each with their own phase characteristics. A dis-

crete upshift in frequency leads to third-harmonic generation (fairly weak, because

non-phase-matched), whilst the nonlinear evolution of the pump pulse gives rise

to resonant radiation. Because of spectral interference, the generated UV spectra
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Figure 4.11: (a) Modeling of the spectral evolution of a 10 fs, 230 nJ-pulse propagating
in a fiber of effective core radius 13 µm and filled with 5 bar of argon. Dashed line is
the zero dispersion frequency (ZDF). Note the enhanced dynamic range. (b) UV output
spectra for various values of carrier offset phase. Spectral cuts are for absolute phases of
0.3π and 0.8π

exhibit a characteristic modulation, with the peaks and troughs determined by the

relative phase of both contributions. Figure 4.11(b) shows the UV output spectra

as a function of input absolute phase, cycling through the entire 2π-interval. The

output spectra exhibit a clear sensitivity to the absolute phase, with a high con-

trast. The spectral interference was confirmed by modeling with the envelope equa-

tion (Eq. 2.23). The absolute phase dependence vanished when the third-harmonic

term was discarded; when activated, the results of the field equation were recovered.

No two different values of absolute phase led to the same UV output spectrum –

except for a ±π-phase ambiguity. This ambiguity can be expected for a nonlinear

medium with inversion symmetry and corresponds to an uncertainty in sign of the

field. The sensitivity of the absolute phase was seen over a broad range of varying

pulse energies, fiber lengths and core sizes, gas pressures and for pulse durations of

at least up to 30 fs. However, the precise details of pattern vary with a change in

input parameters.



4.3 Outlook: Ultraviolet nonlinear fiber optics 71

4.3.2 Two-photon resonances

Nonlinear pulse propagation in spectral regions far below the resonances of the gas

closely follows the conventional understanding of nonlinear fiber optics. Closer to

the resonances, nonlinear pulse propagation can upend it. In the UV range of noble

gases, the nonlinearity is strongly affected by the occurrence of two-photon reso-

nances. Owing to the sharp energy levels of atoms (as opposed to the, in general,

broad bands in solids), wide spectral regions of high transmission open up in be-

tween these resonances – giving rise, amongst other things, to zero or even negative

nonlinearities [124–126].

In these ranges the assumption of constant material nonlinearity throughout the

entire spectral range has to be revoked. Instead, an expression for the frequency-

dependence of the nonlinearity can be found by invoking the machinery of per-

turbation theory, i.e. successive approximations of the solution for the quantum

mechanical state in the presence of a perturbing optical field [24, 26, 27]. Advanc-

ing this approach to third-order leads to an expression for the Kerr nonlinearity.

For example, in the special case of degenerate frequencies of fields and polarization,

the effective nonlinear index of an isotropic medium (appropriately reduced to the

dominant near-resonant terms) is then given by [24, 124, 125]:

n2 (ω) =
3

4

χ(3) (−ω;ω, ω,−ω)
ǫ0cn2

=

=
4π2N0

ǫ20h
3cn2

(

∑

lmn

µgn µnm µml µlg

(ωng − ω) (ωmg − 2ω) (ωlg − ω)

−
∑

ln

µgn µng µgl µlg

(ωng − ω) (ωlg − ω) (ωlg − ω)

)

, (4.11)

where h is Planck’s constant and N0 is the atomic number density. The macro-

scopic nonlinearity is now linked to the atomic properties through the matrix el-

ements µglmn and the transition frequencies ωglmn, where the subscript g denotes

the ground state, the subscripts l and n comprise upper lying states of odd par-

ity (allowing one-photon transitions) and m is the set of even-parity upper lying

states (two-photon allowed).
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Figure 4.12: (a) Calculated nonlinear index coefficient n2 for xenon at 1 bar (for com-
parison to NIR values, see Table 3.2). Shaded regions correspond to extended spectral
ranges of negative nonlinearity. The matrix elements were calculated using the ‘relativistic
parametric potential method’ [124, 127] and provided by [128]. The summations included
all odd parity states up to the 9s and 9d levels, and all even parity states up to the 9p and
5f levels. Continuum states were not included. (b) Experimental resonant radiation in a
fiber of core radius 13 µm filled with 1.5 bar of xenon. Also shown are the two-photon
resonances (red) and the zero-crossings of the nonlinearity (black).

In spectral regions interspersed with two-photon resonances, each atomic species

imprints its characteristic distribution of lines onto the macroscopic nonlinearity. In

the case of xenon, the heaviest practical noble gas (i.e. bar radon), two-photon res-

onances appear in the deep ultraviolet region, as can be seen in Fig. 4.12(a). Here,

the nonlinear index coefficient n2 oscillates between the polarities of negative and

positive nonlinearity and reaches values that can exceed the near-infrared nonlinear-

ity many times over; n2 at 800 nm is of the order of 10−18 cm2/W (cf. Chapter 3).

In between neighboring two-photon resonances the nonlinearity is mostly normally

dispersive, i.e. the nonlinearity increases with frequency. In the time domain, this

amounts to delayed nonlinear responses and enhances the effect of self-steepening.

At the same time, the linear refractive index is only affected by one-photon reso-

nances, which for xenon lie in the vacuum ultraviolet (cf. Fig. 4.3); in the considered
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deep-UV range it varies smoothly. With the added benefit of pressure tuning, the

combination of these linear and nonlinear properties allows for studying uncommon

effects: soliton self-compression in regions of normal GVD [126], resonant radiation

in new settings, or high-power pulse propagation at both zero GVD and zero non-

linearity [115].

A first experimental study addressed the complementary question of how these res-

onances affect resonant radiation-mediated energy transfer from the near-infrared

into ever shorter wavelengths. It is evident that these resonances influence the phase-

matching condition through the nonlinear propagation constant. Xenon was used,

because it has these resonances in an accessible wavelength region. By filling a fiber

of core radius 13 µm with 1.5 bar of xenon, the predicted phase-matched wavelength

for pumping at 800 nm can be made to lie in this region. Output spectra for a pump

pulse of 50 fs are shown in Fig. 4.12(b) as a function of pulse energy. Four major

spectral bands are visible at 253.5, 243, 232 and 207.5 nm. The bands tend to con-

centrate in between the resonances, occur in regions of both positive and negative

nonlinearity and show little spectral shifting with an increase in pulse energy. The

relative conversion efficiency could be estimated through pressure tuning. Starting

at high pressures with corresponding phase-matched wavelengths below the lowest

lying two-photon resonance, conversion dropped by roughly one or two orders of

magnitude when a pressure of 1.5 bar was reached. Full clarification of the observed

features through numerical modeling has not been possible so far. Modeling with

the full frequency dependent nonlinearity proved to be intractable when large spec-

tral ranges need to be taken into account. This overhead would need to be reduced

dramatically through appropriate approximations for such an approach to be feasi-

ble in practice. However, an envelope equation based approach would be feasible,

were the spectral range restricted to narrow regions [126, 129].



Chapter 5

Nonlinear fiber optics in the

ionization regime

Pulse propagation is strongly modified when intense laser fields tear apart atoms

into ions and electrons. The combination of the almost instantaneous generation of

free electrons, their strong and negative polarizability, and the long recombination

times act in tandem to effect novel propagation dynamics. Gaseous media are the

natural choice for the study of these dynamics since breakdown in gases does not

lead to damage of the medium.

This chapter discusses the effects of optically driven ionization processes on pulse

propagation in gas-filled kagomé PCF. The first part outlines the pertinent ideas of

established ionization models, while the second part discusses how the occurrence

of free electrons affects dispersive as well as nonlinear pulse propagation. The main

result of the chapter is discussed in the last part: in gas-filled kagomé PCF, ionization

processes can give rise to a soliton self-frequency blue-shift.

5.1 Ionization processes

When optical fields are strong enough to rival in magnitude the binding fields of the

gas, the basic premise of perturbation theory – a weak perturbation – ceases to be

valid. Such is the case when near-infrared pulses ionize noble gases. In these cases,

alternative approaches have to be invoked. This section outlines the main features

of approximate analytical solutions – tailored to conditions where the optical photon
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energy is significantly lower than the ionization energy of the atom.

5.1.1 Strong-field ionization

Several ionization models have been proposed to describe the transition of an ini-

tially bound electron into the continuum of free states. Amongst the most widely

used are the Keldysh model [130], the PPT model due to Perelomov, Popov and Ter-

ent’ev [131–133], and the ADK model due to Ammosov, Delone, and Krainov [134].

Using the formalism of quantum mechanics, all of the above models seek an approx-

imate expression for the ionization rate W defined as [135–137]

W (t) =
1

(2π~)3

∫∫∫

d

dt
|Mp (t)|2 d3p (5.1)

where Mp is the transition amplitude connecting the initial state ψ0 to a continuum

state ψp characterized by an electron momentum p. The ionization rate is given by

integration over all momenta. An appropriate expression of the transition amplitude

can be found as a solution to Schrödinger’s equation, which, for the case of an

initially bound electron interacting with an electromagnetic field, can be written

as [138]

i~
∂ψ (t)

∂t
= Ĥ (t)ψ (t) , (5.2)

where ~ is Planck’s constant divided by 2π and the Hamiltonian Ĥ (hat-symbol

denotes operator) is given by [139]

Ĥ (t) =
p2

2me

+ V̂ (r)− dE (t) ≡ Ĥ0 + V̂L, (5.3)

with the electron mass me, the operator for the atomic potential V̂ and the dipole

moment d. The laser field operator −dE is written under the dipole approxima-

tion (assuming the wavelength is large compared to the size of the atom) in the

length gauge. The formulation in Eq. 5.3 is exact for the hydrogen atom, but can

be readily extended to multi-electron atoms under the single active electron approx-

imation which assumes that the active electron interacts with the other electrons

only via an accordingly adjusted Coulomb potential [140, 141].

If the Hamiltonian is partitioned into the two parts Ĥ0 = p
2

2me
+ V̂ (r), describing
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the field-free system, and V̂L for the interaction with the light field (cf. Eq. 5.3), the

solution for the wavefunction reads [130, 141]:

|ψ (t)〉 =− i

~

t
∫

0



e
− i

~

t∫

t′

Ĥ(τ)dτ



 V̂L (t
′)



e
− i

~

t′∫

0

Ĥ0(τ)dτ



 |ψ0 (t = 0)〉dt′ (5.4)

+ e
− i

~

t∫

0

Ĥ0(τ)|ψ0 (t = 0)〉, (5.5)

with the first term describing the interaction with the laser field and the second

term amounting only to phase evolution. The sought-for transition amplitude can

be found by projecting the wavefunction onto a continuum state 〈p| of momentum

p according to [135]

Mp (t) = − i

~

t
∫

0

〈p|



e
− i

~

t∫

t′

Ĥ(τ)dτ



 V̂L (t
′)



e
− i

~

t′∫

0

Ĥ0(τ)dτ



 |ψ (t = 0)〉dt′. (5.6)

Physically, Eq. 5.6 describes the direct transition from the initial state to a con-

tinuum state in a three-step fashion, given by the two exponential operators and

V̂L. The two exponential operators are propagators for the wavefunction in the time

intervals, t = 0 to t′, and t′ to t, respectively. Reading right to left, the system starts

in state |ψ (t = 0)〉 and, with the laser field still being ineffective, only evolves in

phase according to its energy exp (iIpt
′), where Ip is the ionization potential. At the

time instant t′, ionization ensues – triggered by the instantaneous interaction V̂L. To

which state the transition occurs at this moment is as yet undefined. The transition

is virtual and energy conservation needs to be fulfilled only when the interaction is

over [135]. Then, from the moment t′ to the moment of observation t the evolution

proceeds under the action of the full Hamiltonian Ĥ, including both the laser field

and the laser field-free potential. The transition amplitude is given by an integration

over all possible time instants t′ at which ionization is initiated [135].

It is the last operator, subject to both the laser field and the atomic potential,

that makes Eq. 5.6 difficult, if not impossible, to solve analytically. The situation

was remedied by Keldysh [130] who invoked what has now become known as the

strong-field approximation (SFA). In the SFA, the full Hamiltonian is replaced by an
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approximate operator that fully includes the laser field but completely neglects the

atomic potential and, hence, potential re-scattering effects. The convenience of such

disregard stems from the known analytical solutions for a free electron in a laser

field, the so-called Volkov state [136, 140, 142]. This approximation is justified on

physical grounds. For strong laser fields, the amplitude can greatly exceed the size

of a bound state orbital and the influence of the atomic field decreases the farther

the electron moves from the parent ion [143].

The subsequent procedure differs from model to model, but two steps are shared by

the models of Keldysh [130], PPT [131–133], and, at one remove, ADK1 [134]. The

equation is expanded in a Fourier series where the Fourier coefficients correspond

to different photon orders. Physically, this corresponds to a sum over many-photon

processes of increasing order n [130, 131, 136]. All photon orders whose combined

energy is sufficient to ionize the atom could in general contribute. By contrast, the

conventional perturbative approach would only involve one order [24].

Second, the integration in the phase functions includes all different electron trajec-

tories that start at any time t′. The final outcome will then be the superposition

of all these different trajectories. However, the phase in the transition amplitude

varies very rapidly as a function of time. The physical idea is now to single out those

pathways that contribute strongest. This can be accomplished when the points of

stationary phase are found. Around these points, the phase does not vary substan-

tially and those trajectories are most likely to interfere constructively. At points

farther away, the phase varies rapidly, leading to cancellation [135, 136, 144].

5.1.2 Multiphoton and tunneling regimes

The efficacy of the above procedure derives from its correct prediction in the two

limiting cases of ionization: the multiphoton and the tunneling regime [130] which

are depicted in Fig. 5.1. This interpretation is widespread; however, it has been

challenged in [145].

In the tunneling regime, the laser field distorts the atomic Coulomb field, causing a

1The ADK model derives from the PPT model.
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Figure 5.1: Electron trajectories (red dashed) in the (a) multiphoton (undistorted poten-
tial in gray, distorted potential in black) and (b) the tunneling regime (distorted potential
in black). Arrows show that the barrier moves up and down – in response to the oscillating
field. Redrawn after [135].

lowering of the barrier for the bound electron so that some wavefunction can tunnel

out [146]. Conversely, multiphoton ionization occurs when the electron gains suffi-

cient energy through the interaction with the light field to surmount the potential

barrier. This regime can be treated in the framework of perturbation theory and is

usually interpreted as the systematic progression in n steps from an initial state via

n−1 intermediate (virtual) states to a final state, where n is the photon order [142].

The relative importance of these two channels depends on the combination of the

three governing parameters, the optical frequency, the electric field strength and the

binding energy of the atom [147], and can be made quantitative with the help of

the Keldysh parameter γ. The Keldysh parameter is the time it takes an electron

to tunnel through the triangular barrier of a short-range potential in units of the

optical half-period [148]. Assuming the motion under the barrier were classically

allowed, the distance can be estimated to be ∆x = Ip/ (eE) and the velocity v is

given by (1/2)mev
2 = Ip (cf. Fig. 5.2) so that the cycle-normalized time is

γ =
ω
√

2meIp

eE
=

√

Ip
2Up

, (5.7)
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Figure 5.2: Tunneling in a short-range potential

where the second expression used the ponderomotive energy, i.e. the cycle-averaged

kinetic energy of an electron in a laser field, which is defined as

Up =
e2E2

4meω2
. (5.8)

In the tunneling regime, sizable ionization rates can accumulate within a fraction

of a cycle, so that the electric field can be regarded as quasi-static on this time-

scale. This regime is approximately given by γ < 1. Conversely, when the effective

tunneling time exceeds a half-period (γ > 1), the ionization process proceeds over

many field oscillations. This is the multiphoton regime. At fixed laser frequency

and for a given atomic species the multiphoton regime is dominant for lower field

strengths, but with further increase in field strength becomes outweighed by the

tunneling dynamics.

In the tunneling regime (γ ≪ 1) the ionization rate is then found to be [135] (as-

suming linearly polarized light fields)

W (t) = X exp

(

−4I
3/2
p

√
2me~

3eE

)

, (5.9)

whereX is a prefactor that differs between the models. As can be seen, the ionization

rate is an exponential function of the field. The exponent is equivalent to the

Landau-Lifshitz model for the tunneling rate for static fields [146]. Conversely,

in the limit of multiphoton ionization (γ ≫ 1), the analysis yields a power law

dependence according to

W (t) = X (2γ)−2N ∝ E2N (5.10)
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with N = Ip/ (~ω). Here, the predictions of conventional perturbation theory are

recovered.

The first analytical expression of a strong-field ionization model was put forward

by Keldysh who considered laser-driven ionization of a hydrogen-like ground state

in a short-range, i.e. a quantum well, potential [130]. In a series of papers, Perelo-

mov, Popov and Terent’ev (PPT) generalized the expression for arbitrary states of

the hydrogen atom and included the effects of the long-ranged Coulomb potential

for the limiting case of tunnel ionization [131–133]. The influence of the Coulomb

potential was later generalized to include the opposite limit of multiphoton ioniza-

tion [149]. By noting that the asymptotic wavefunction in multi-electron atoms,

such as the noble gases studied in this thesis, is hydrogen-like, ADK showed that

the above models can be extended to arbitrary atoms – provided the wavefunction

is appropriately rescaled according to the ionization energy [134].

The ADK model is effectively the PPT model restricted to the case of tunnel ion-

ization, and therefore loses some validity under conditions where multiphoton ion-

ization is the dominant channel. As the simplest model, it was chosen in this thesis.

This is partly justified because pulse propagation is most strongly affected when

ionization is sizable, hence in the tunneling regime. Subsequent propagation mod-

eling with refined models confirmed the ADK-based observations, but showed some

minor changes in the details [150]. The ADK ionization rate expression is given

by [81, 134, 151]

W (t) = ωp |Cn∗l∗|2 f (l,m)

(

Ep

E

)2n∗−|m|−1

exp

(

−2Ep

3E

)

(5.11)

where ωp is the transition frequency and Ep is a measure for the atomic field strength,

defined as

ωp =
Ip
~

Ep =
2

e
ω3/2
p

√

2me~. (5.12)

The factors Cn∗,l∗ and f(l,m) contain the properties of the initial bound state of

the atom, where Cn∗,l∗ is given by

|Cn∗,l∗|2 =
22n

∗

n∗Γ (n∗ + l∗ + 1) Γ (n∗ + l∗)
(5.13)
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with the Gamma-function Γ, the effective principal quantum number n∗ and the

effective orbital quantum number l∗ defined as

n∗ = Z

√

IH
Ip

and l∗ = n∗ − 1, (5.14)

where Z is the atomic number. f(l,m) is a function of the actual orbital quantum

number l and the actual magnetic quantum number m

f (l,m) =
(2l + 1) (l + |m|)!
2|m| (|m|)! (l − |m|)! . (5.15)

For the ground state of the hydrogen atom, the expression is equivalent to the dc-

tunneling rate found by Landau and Lifshitz [146].

5.2 Pulse propagation in photo-ionized media

The occurrence of free electrons affects pulse propagation by modifying the disper-

sive, nonlinear and loss properties of the medium. Compared to bound electrons,

the polarizability of free electrons is large and opposite in sign – resulting in an

additional contribution to the overall dispersion. Since the density of free electrons

varies with time, this can give rise to a nonlinear phase modulation competing with

SPM. This section outlines how propagation equations can be augmented to take

account of ionization based effects and discusses the key aspects of pulse propagation

in ionized media.

5.2.1 The nonlinear polarization due to free electron cre-

ation

The process of generating free electrons is highly nonlinear. The macroscopic free

electron density can be obtained from the microscopic ionization rate. Based on

a semiclassical formalism the effect of the free electrons can then be viewed as an

effective current density.
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Figure 5.3: The ionization fraction (red solid) as a function of time for a 10 fs pulse (black
dashed) with a peak intensity of 2.8× 1014 W/cm2 in 1 bar of argon.

The free electron yield The density of free electrons can be found as a solution

to the rate equation [152]

∂Ne

∂t
= W (E) (N0 −Ne) , (5.16)

where Ne denotes the density of free electrons and N0 is the density of atoms, both

ionized and unionized. Equation (5.16) restricts itself to ionization from the first

ionization level – a good approximation in the parameter range studied here – and

implicitly neglects collisional excitation and electron recombination, processes that

occur on timescales longer than the duration of femtosecond pulses [153]. Solving

this equation, the time-varying free electron density can be obtained as [154]

Ne (z, t) = N0



1− exp



−
t
∫

−∞

W (E (z, t′)) dt′







 . (5.17)

Both the ionization rate W and the free electron density Ne are nonlinear functions

of the electric field. Figure 5.3 shows how the ionization fraction Ne/N0 accumulates

over time. Ionization occurs instantaneously and increases with the momentary field

strength. The step-like increase with every half-cycle is typical of tunnel ionization

models.

The nonlinear source term The effects of ionization can be incorporated into

the propagation equations for the field (Eq. 2.14) or complex envelope (Eq. 2.21).
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Expressions for this source term can be found in [10, 14, 81, 82, 152, 153, 155, 156]

with slightly differing domains of validity and prediction. The discussion here closely

parallels the approach in [154] that can determine all ionization-related effects –

phase modulation, dispersion and loss – in a self-consistent manner.

When free electrons are created, they induce a current density. An expression for

the current J can be found by treating the light-electron interaction classically

and considering the creation of the free electron semiclassically. It is convenient

to re-express this as a polarization Pelec so that it can be lumped together with

or compared to the nonlinear bound-electron polarization. The ansatz in its most

general case is written as

J (t) =
∂Pelec

∂t
= e

∂Ne

∂t
x (t) + eNe

∂x

∂t
, (5.18)

where x (t) is the classical trajectory of the particle. It is tacitly assumed that the

electrons behave coherently and can be described by an average velocity [152]. The

two contributions to the current are due to the varying density of free electrons and

the electron motion.

The density of free electrons changes (∂Ne/∂t 6= 0) only when a new electron is born

into the continuum. As an approximation, Geissler et al. replaced x (t) by x0 (t),

the distance from the nucleus at which the particle first emerges [154]. According

to the notion of quasi-static tunneling, the width of the barrier is a function of the

instantaneous electric field. The electron exits the barrier at a distance x0 =
Ip

eE(t)
,

where the potential drop over a length x is identical to the ionization energy. Strictly

speaking, reasoning along these lines assumes tunnel ionization (γ ≪ 1) and neglects

the effects of the long ranging Coulomb potential, as depicted in Fig. 5.4.

Electrons that have just appeared in the continuum of free-electron states are

assumed to be born at rest, and hence have nearly zero initial velocity v0 =
∂x
∂t

≈ 0.

Even though the initial velocity is almost zero, the acceleration is not. This is

accounted for by taking the second derivative:

∂2Pelec

∂t2
=
∂J

∂t
= e

∂
(

x0
∂Ne

∂t

)

∂t
+ eNe

∂2x

∂t2
+ e

∂Ne

∂t

∂x

∂t
(5.19)
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-Ip

x0

Figure 5.4: The initial position of an electron after tunneling through a barrier

The last term in Eq. 5.19 vanishes because of the zero initial velocity. The expression

for the second term is found as a solution to Newton’s equation of motionme
∂2x
∂t2

(t) =

eE (t) with the electric laser field as an external force. Integrating twice yields the

sought-for expression for the polarization:

Pelec (z, t) = Ip

t
∫

−∞

1

E (z, t)

∂Ne (t
′)

∂t′
dt′ +

e2

me

t
∫∫

−∞

Ne (t
′)E (z, t′) dt′dt′. (5.20)

Interestingly, Eq. 5.20 is similar to models deduced for multiphoton ionization [10,

14, 152, 155]. The first term is a loss term. It accounts for the energy required for the

ionization process and is, to a good approximation, proportional to the free electron

density. The second term is the root of phase modulation and linear dispersion. The

expression for the nonlinear polarization (Eq. 5.20) can now be included in the field

equation (Eq. 2.14) [157]:

∂E (z, ω)

∂z
= iβ (ω)E (z, ω)− α (ω)

2
E (z, ω) + i

ω

2cǫ0neff (ω)
F{Pkerr (z, t)}

+i
ω

2cǫ0neff (ω)
F{Pelec (z, t)}.

(5.21)

Assuming a time-averaged ionization rate that responds rather to the envelope than

the oscillating field, the formalism can also be incorporated in the envelope equa-

tion (cf. Eq. 2.21) according to [153, 158]. As in the case of the Kerr effect, the field

equation retains the full nonlinearity and is somewhat more precise. The restricted

validity of the envelope equation is however compensated in part by the conceptual

advantages due to the ability to decompose effects at the carrier and harmonics.
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Neglected effects A number of plasma-related effects are neglected in Eq. 5.20.

The rate equation (Eq. 5.16) disregards ionization from higher ionization potentials,

as well as avalanche ionization and electron recombination. This is justifiably ne-

glected as second-order ionization stages of all noble gases require intensities beyond

what has been achievable in hollow-core PCF.

Avalanche ionization takes place when freed electrons gain so much energy from the

laser field as to ionize other, as-yet unionized atoms. The electron collision relaxation

time for argon at atmospheric pressures is on the order of nanoseconds and, hence,

negligible for femtosecond pulses [156]. Similarly, electron recombination times at

these pressures are longer than the pulse duration [153].

Further, the nonlinear polarization of ions is assumed to be equivalent to that of

atoms. The relative nonlinear susceptibility can be estimated as [159, 160]

χ
(3)
+

χ(3)
≈
(

Ip
I+p

)3

, (5.22)

where χ
(3)
+ and I+p are the nonlinear susceptibility and the ionization energy of

the ionized species, respectively. Compared to the neutral atom, the response is

lower, but on the same order of magnitude. For ionization fractions of less than

1%, as considered here, the effect is but a slight correction to the overall nonlinear

susceptibility.

In addition, the polarization does not account for ponderomotive nonlinearities.

Collective plasma processes can cause the plasma frequency (ωp =
√

e2Ne/ (ǫ0me))

to vary around its average value which can impose a modulation on the propagating

pulse [24]. However, at ionization rates less than 1% and pressures of some bar,

plasma frequencies are two orders of magnitude lower than the pulse frequency so

that a femtosecond pulse has departed from the interaction region before any changes

in the refractive index of the medium can be discerned [161].

Relativistic effects of free electrons can only be observed for intensities higher than

1018 W/cm2 which are four orders of magnitude higher than in the cases studied

here [24]. Summarizing, the expression for the polarization is valid for underdense

plasmas (ωp ≪ ω), laser intensities in the range of 1014 W/cm2 and femtosecond
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pulse durations.

5.2.2 Pulse propagation effects

When compared to bound-electron responses, free electrons respond strongly and

out of proportion to their numbers. Even in weakly ionized media, pulse propagation

is therefore affected in its dispersive, nonlinear and loss properties.

Free electron polarizability The strength of the linear free electron response

can be compared to the bound-electron response in atoms. According to Drude’s

model, the microscopic dipole moment is proportional to the applied electric field:

pdipole = ǫ0αE. The constant of proportionality αpol is called the polarizability and

can be calculated as [24]

αpol = − e2

ǫ0meω2
. (5.23)

The polarizability of a free electron is opposite in sign and much larger in magnitude

than that of a bound electron (for frequencies far below atomic resonances). By

way of comparison, it can be seen that the polarizability is roughly two orders

of magnitude larger than those of the inert gases. Table 5.1 shows numerically

calculated polarizabilities for argon, krypton and xenon [162].

αpol electron Ar Kr Xe

[cm3] −5.7× 10−22 ∼ +1.9× 10−24 ∼ +2.9× 10−24 ∼ +4× 10−24

Table 5.1: Comparison of polarizabilities for single species at a wavelength of 800 nm
in cm3. The polarizabilities of the neutral atoms are from [162] and the electron
polarizability is based on Eq. 5.23.

Dispersive effects The refractive index of a plasma is given by [9, 24]

npl =

√

1− Nee2

ǫ0meω2
=

√

1−
ω2
p

ω2
≈ 1−

ω2
p

2ω2
(5.24)

where the last approximate expression is obtained by a series expansion. The plasma

frequency ωp denotes the frequency of the electron oscillations. Figure 5.5(a) shows
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Figure 5.5: (a) Comparison of refractive indices for neutral argon at 1 bar and free
electrons at various ionization fractions of 1 bar. (b) Comparison of GVD contributions
of free electrons for various ionization fractions of 1 bar.

the refractive index contributions of free electrons for various densities. As a com-

parison the refractive index of neutral argon at 1 bar is also shown. The free-electron

contribution is strongest for low frequencies and converges asymptotically to 1 for

high frequencies.

Some insights gained from the dispersion analysis detailed in Chapter 2 carry over

into this section. A dispersive length can be cast in similar form as the dispersion

of the gas-filled fiber. The group velocity dispersion of the plasma can be calculated

as (cf. Fig. 5.5(b))

β2−pl =
1

c

(

2
dn

dω
+ ω

d2n

dω2

)

= −
ω2
p

cω3
= − e2Ne

ǫ0mecω3
(5.25)

yielding a plasma-dispersion length according to [59]

LD−pl =
t20

|β2−pl|
=

t2fwhm

1.763 |β2−pl|
=
t2fwhmcω

3

1.763ω2
p

(5.26)

The physical meaning is the same as in the case of the unionized medium: an initially

transform limited sech2-pulse experiences a maximal temporal phase excursion of

1 rad after propagating a distance equal to the dispersion length – neglecting any

other effects on pulse propagation. It can be seen that the dispersion in this case is

inherently negative.
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The expression is valid only for a constant electron density which is not the case

for a strong ionizing pulse. However, because of the long recombination time, it is

possible that a strong pulse partially ionizes the gas which then affects a subsequent

pulse.

Plasma-based phase modulation The dispersive properties of a plasma hold

no matter how the plasma was created. The richness of pulse propagation in dilute

plasmas, however, comes when the plasma is induced by the pulse itself. Under

these conditions the free electron density varies with time. The idea that a time-

varying plasma could lead to time-dependent refractive indices and therefore phase

modulation on the pulse was put forward by Bloembergen [6]. As soon as the

instantaneous field strength of the pulse is strong enough so that ionization becomes

important, the refractive index will be lowered and hence the pulse experiences a

temporal phase shift according to

φ(t) = ω0t+ n (t)
ω

c
z, (5.27)

where the time dependence resides in the refractive index. (Note the sign convention

for forward propagating waves in Chapter 2). As more and more atoms become

ionized, the pulse will experience a monotonic reduction in refractive index. Because

of the long recombination times, the temporal phase will not recover to its initial

value - resulting in a net phase shift. By contrast, Kerr-based self-phase modulation

induces a zero net phase shift, with the phase shift on the leading edge canceling

the phase shift on the trailing edge. The generation of new frequency components

is then given by the instantaneous frequency

ω (t) = ω0 −
dφ (t)

dt
. (5.28)

In the case of plasma-based modulation this leads to a one-sided sweep to high fre-

quencies. The plasma-based phase modulation and spectral reshaping are depicted

in Figure 5.6, where, for the purpose of clarity, only phase modulation of the pump

frequency is considered. In general, the steplike phase modulation due to tunnel
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Figure 5.6: (a) Temporal phase (red) and instantaneous frequency (black) and (b) spectral
blue-shifting (red) of a 10 fs pulse of peak intensity ∼1.3×1014 W/cm2 in 1 bar of argon.
Input temporal shape in gray dashed, input spectrum in gray. Based on calculations with
the envelope equation.

ionization does not only lead to phase modulation, but also distortions of the oscil-

lating waves which amount to the generation of higher harmonics.

Analogously to SPM, a dispersion length can be derived for plasma-based phase

modulation. In the general case the length after which the maximum temporal

phase shift equals 1 rad is given by

Lnl =
c

ω0∆nmax

. (5.29)

For SPM, the refractive index difference ∆n is given by n2I. By contrast, in the

presence of the dilute plasma this reads [59]

Lnl−pl =
2cω0n

ω2
p

=
2cω0meǫ0n

e2Ne

(5.30)

Some points warrant clarification. In contrast to SPM, here the maximum phase

shift does not necessarily coincide with the peak of the pulse. Instead, the phase shift

increases as long as the instantaneous field strength is strong enough as to ionize

more atoms. In addition, the derivation above holds only if there is no change to the

temporal amplitude along propagation. Ionization, however, suffers the appearance

of loss. The nonlinear absorption reshapes and attenuates the temporal pulse profile.

Figures 5.7 shows the reshaping due to losses.
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Figure 5.7: Plasma-based loss modulation of a 5 fs pulse with a peak intensity of
3.8×1014 W/cm2 in 1 bar of argon. The maximum propagation distance is 1 mm (green).
In addition to the losses the trailing edge experiences dispersive broadening.

The original studies of plasma blue-shifting were in contexts other than fiber-based

nonlinear pulse propagation. Instead, blue-shifting was considered as a diagnostic

for measuring growth dynamics of the ionization front [161]. Light would be acting

as a probe of a plasma created by itself. However, in unbounded media, optically

induced ionization is inescapably linked to defocussing. Thus, quantitative analysis

was hampered and agreement with theory only ever approximately attained. It is

interesting to note that, in fibers, diffraction is partially countered by the waveguide

- promoting revisiting the early studies. To what extent the fiber is prone or resistant

to plasma-induced leaking into cladding or higher-order modes, however, has yet to

be clarified.

Comparison of Kerr- and plasma-based phase modulation In a partially

ionized system, both plasma-based phase modulation and SPM act on the pulse,

modifying the details of each individual pattern. Both contributions can dominate,

albeit at different points during the interaction. Figure 5.8(a) compares the inten-

sity scaling of the polarization. The Kerr response has a cubic dependence on the

electric field and the free-electron response is to a good approximation exponential.

For low intensities, pulses will be only influenced by the Kerr effect. As the in-

tensity grows, the pulse starts ionizing the medium. The free-electron polarization
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Figure 5.8: (a) Intensity scaling of the magnitude of the nonlinear polarization due to
the Kerr-effect (black) and free electrons (red) for a 5 fs pulse in 1 bar of argon. (b) The
nonlinear contributions to the polarization due to the Kerr nonlinearity (black) and the
occurrence of free electrons (red) for a 5 fs pulse with a peak intensity of 1.4×1014 W/cm2

in 1 bar of argon. Field in gray dashed.

increases, slowly at first, but then abruptly outweighing the Kerr contribution. At

these intensities, the total nonlinear index can be expected to change abruptly from

positive to negative values. Figure 5.8(b) illustrates both effects acting in unison. To

a good approximation, the Kerr contribution follows the pulse instantaneously and

rises and falls with the electric field. Due to their negative polarizability, the free

electrons respond with a phase lag. Whereas initially only the Kerr contribution is

present, both effects come into play, when the field has reached high values. Under

these conditions, the free electron response is stronger. In addition, this response

does not decay to zero even after the interaction with the pulse.

5.3 Strong-field nonlinear fiber optics in gas-filled

kagomé PCF

The early studies of plasma-based phase modulation were made in bulk gas [6, 161].

PCF offers a range of features to expand on these studies such as extended inter-

action length, countered defocussing and interactions between different linear and

nonlinear effects. In particular, it provides a medium of anomalous dispersion and
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therefore facilitates the study of soliton-driven ionization processes. Experimen-

tally and numerically, it was found that optically induced ionization can be accessed

through soliton self-compression. A soliton self-frequency blue-shift was observed as

a result of the thereby induced phase modulation.

5.3.1 Soliton-driven ionization

In contrast to the study of resonant radiation, the zero-dispersion wavelength can

be tuned deep into the UV (380 nm), far from the pump wavelength, so that per-

turbations caused by the emission of resonant radiation are negligible [109]. This

allows exploring ultrashort pulse propagation above the ionization threshold of the

gas, thus combining soliton dynamics with plasma effects.

Soliton-plasma interactions Higher-order solitons, launched into the fiber, un-

dergo smooth temporal compression to the few-cycle regime through the combined

effects of self-phase-modulation and anomalous dispersion in the absence of Raman

scattering. As a result, a pulse launched with a peak intensity well below the ion-

ization threshold can be temporally focused to reach intensities of ∼ 1014 W/cm2

sufficient to ionize the gas and create a plasma. For the first time it is possible

to maintain well-controlled single-mode pulse propagation over several centimeters

at ionization fractions approaching 1% (corresponding to free electron densities of

∼ 1017 cm−3) at the few-microjoule level in the core of an optical fiber. These free

electron densities can exceed those usually observed in filamentation experiments

in bulk gases, where the ionization fraction is constrained by the need to achieve

nonlinear self-channeling [82].

Recently, short ∼ 1 cm lengths of kagomé PCF have been used for low threshold high

harmonic generation [163]; however, the gas pressures used were too low to access

the soliton-plasma regime discussed here. An alternative fiber choice is a hollow-core

photonic bandgap-based PCF, but, despite the observation of weak plasma effects in

such fibers [164], the narrow transmission windows, along with much higher values

of group velocity dispersion with strong third-order terms, make them unsuitable
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Figure 5.9: Calculated group velocity dispersion of a kagomé PCF filled with 1.7 bar of
Ar. The vertical dashed line denotes the pump frequency. The inset shows a scanning
electron micrograph of the fiber in the core region.

for studies of soliton-plasma interactions [2, 164].

The kagomé PCF had an effective core diameter of 26 µm and a transmission

window from 600 to 1000 nm at a loss level of ∼ 2 dB/m. Its group velocity disper-

sion (β2), calculated by following the approach described in Chapter 3 and [60], is

plotted in Fig. 5.9 for an Ar pressure of 1.7 bar and provides anomalous dispersion

|β2| < 20 fs2/cm over the whole studied range. Both ends of a 34 cm length of

the fiber were fitted into gas cells. 65 fs pulses with energies up to 9 µJ could be

launched into the fiber without any noticeable damage, either optically induced or

plasma-related. The output mode appeared to be fundamental for all energies.

Figure 5.10(a) shows experimental output spectra measured as a function of input

pulse energy (soliton order N ∼ 11 at ∼ 9 µJ). For pulse energies up to ∼ 1.5 µJ, the

spectrum broadens dramatically due to self-phase modulation. A further increase

in pulse energy results in visible light emitted through the side of the fiber, indicat-

ing the extreme pulse compression (and spectral expansion). First observable at the

output end of the fiber, the emission moves back toward the fiber input with increas-

ing pulse energy; i.e., as expected, the point of maximum temporal compression is

reached more quickly at higher pulse energies. At these energies an extra peak, cor-
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Figure 5.10: (a) Experimental and (b) numerical output spectra of a kagomé PCF (26 µm
diameter) filled with 1.7 bar of argon as a function of input pulse energy. For comparison,
(c) shows numerical modeling without the ionization term. In the experimental plot, for
energies 1.5 µJ there is no ionization, at 2 µJ a blue shoulder emerges, moving to higher
frequencies as the pulse energy increases; at ∼4 µJ a second ionization begins; and from
∼5 µJ onwards spectral interference between the two blue-shifting pulses is apparent.

responding to a blue-shifted pulse, appears on the blue side of the spectrum. This

pulse first emerges at 750 nm for a pump energy of 2 µJ (N ∼ 5), shifting to below

600 nm with increasing energy. At even higher energies (∼ 4 µJ), instead of further

shifting, a second blue-shifted pulse appears in the experimental spectrum. Clear

spectral interference fringes can be observed between the two blue-shifted pulses.

Note that the spectral blue-shift of each pulse saturates at higher pulse energies.

The blue-shifting dynamics are markedly different from those reported in earlier

studies. Instead of shifting the entire pulse by ∼ 3-5 nm [161, 165], new spectral

features arise – shifted by more than 200 nm. Figure 5.11 shows that the process

of ionization is accompanied by the nonlinear losses. Deviations from linear trans-

mission can be seen, coinciding with the emission of the blue-shifted sidebands and

providing evidence of ionization-related losses.

Pulse propagation in this system was numerically modeled by incorporating an

ionization term, based on the ADK tunneling model [134], in the unidirectional

nonlinear optical field equation (Eq. 5.21) and [20, 154, 157], including the radial

dependence of the ionization rate. The phase and amplitude profiles of the pump
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pulses were carefully measured with frequency-resolved optical gating and used in

the simulations, which also included the experimentally measured loss spectrum of

the fiber.

Numerical simulations (shown in Fig. 5.10(b)) including the ionization term confirm

the experimental observations, whereas the agreement is very poor when it is omit-

ted (Fig. 5.10(c)). This indicates that the frequency up-conversion process reported

here is distinctly different from self-scattering mechanisms that depend either on the

Raman effect [70] or on the presence of a zero-dispersion point close to the pump

wavelength [166]. There are some small discrepancies between the simulations and

experiment, for example, the extent of the blue-shift. These are likely due to the

particular choice of the ionization model or the neglect of the input pulse polariza-

tion. Figure 5.11 shows good agreement between experimentally and numerically

determined energy losses when we include ionization.

In the absence of ionization, the pulses will self-compress to a minimum duration

related to the soliton order. The presence of an ionization threshold has the effect of

arresting this compression process before it reaches completion. When a sufficiently

energetic pulse is compressed in the gas-filled fiber (Fig. 5.12(a)), it ionizes the

atoms, causing a field-dependent lowering of the refractive index which does not re-
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Figure 5.12: Numerical calculation for an 8 µJ pulse at maximum compression: (a)
intensity envelope (red solid line) and temporal phase (black dashed line); a net phase
shift can be seen. For comparison, the envelope of the launch pulse is also shown (gray
dashed line). (b) Close-up of the same pulse: intensity envelope (blue line), oscillatory
field (gray dashed line), and refractive index change (black dashed line); for high field
strength, the index drops due to free-electron generation.

cover within the duration of the pulse (Fig. 5.12(b)) – thereby imposing a net phase

shift and a consequential shift to higher frequencies [6, 161, 165]. Figure 5.12(a)

shows the temporal phase of the pulse at the point of maximum compression where

the pulse has experienced a fourfold increase in intensity. The phase is first only

affected by the Kerr-based modulation (an increase in this sign convention), but as

soon as the intensity becomes strong enough for ionization the phase reverses sign

to eventually even surpass the initial value. In this particular case, this corresponds

to the emission of a blue-shifted spectral band. Thereafter, the residual pump pulse,

if its energy is sufficiently high, will experience a further cycle of compression and

ionization, followed by emission of a second blue-shifted pulse.

Figure 5.13(a) shows numerical simulations of the evolution of the temporal envelope

of an 8 µJ pulse (soliton number N ∼ 10) as it propagates along the fiber. After

∼ 15 cm, the pulse has compressed to a few-cycle pulse with a peak intensity of

∼ 2× 1014 W/cm2. After this point, the peak intensities remain much higher than

at the input, oscillating up and down with distance as the cycles of compression

come and go. Figure 5.134(b) shows that a blue-spectral shoulder emerges at the
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compression point, reaching out by more than 250 nm, i.e., 174 THz. Additional

blue-shifted pulses are generated at successive re-compression points at ∼ 20 and

∼ 25 cm. Figure 5.13(c) shows calculated cross-correlation frequency-resolved op-

tical gating spectrograms at selected distances. These show that the blue-spectral

sidebands emerge as individual solitons, walking off from the pump pulse during

propagation. These have been identified as blue-shifting solitons: they retain their

functional shape along the propagation, but with a steady upshift in frequency [158].

The continuous blue-shifting acts in a manner opposite to the Raman self-frequency

redshift [158].

Kerr and plasma contributions A unique feature of ionization in a fiber op-

tical context is that the pulse and plasma can interact over extended length scales

without the constraints of maintaining self-guidance, as required in filamentation.

The competing effects of transient plasma formation and Kerr nonlinearity are given

by [153]

∆n = n2I −
ω2
p

2nω2
0

(5.31)

where n2 is the nonlinear refractive index and I the intensity. The second term takes

account of the presence of the plasma. The two terms in Eq. 5.31 are plotted in

Fig. 5.14 against propagation distance. After 10 cm, plasma effects appear, reaching

ionizing fractions of 0.5% at a distance of ∼ 14 cm. At this position, the total

nonlinear refractive index change is negative and three times greater in magnitude

than the highest Kerr index change. Beyond this point, the residual pulse energy is

high enough to cause several further ionization events over ∼ 10 cm until it falls to

a value too low for significant further ionization.

5.3.2 Ionization and resonant radiation in context

Resonant radiation (cf. Chapter 4) and plasma blue-shifting have now been ob-

served in the same system. Underpinning the power of dispersion tuning, the main

difference is the pressure inside the core of the gas-filled fiber. As presented in
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Chapter 4, for moderately high pressures (∼ 5–10 bar of argon) and pulse energies

lower than 2 µJ, resonant radiation could be generated without a trace of ionization

effects. Conversely, for lower pressures plasma-based blue-shifting is observed with

little influence due to resonant radiation. The two differing dynamics can be studied

through the propagation of high-energy pulses as a function of pressure.

Increasing the pressure inside the fiber has two effects. Firstly, increasing the soliton

number facilitates stronger self-compression and therefore promotes both ionization

and resonant radiation. Secondly, however, a zero-dispersion wavelength closer to

the pump wavelength acts more in favor of resonant radiation than plasma blue-

shifting. The higher order dispersion terms become more significant and perturb

the soliton self-compression dynamics. As a result, the conversion to resonant ra-

diation prevents pulses from reaching intensities sufficiently high for the ionization

regime.

These effects were studied numerically [157]. A 30 fs, 2.5 µJ Gaussian pulse was

propagated along a fiber with an effective core diameter of 20 µm and filled with

argon at pressures between 0 and 5 bar. Figure 5.15(a) shows the pressure depen-

dent output spectra using the complete model, while Fig. 5.15(b) shows the results
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Figure 5.15: Numerical pressure dependent output spectra from 10 cm of argon-filled
kagomé-lattice HC-PCF (20 µm effective core diameter) pumped with a 30 fs Gaussian
pulse at 800 nm with an energy of 2.5 µJ (a) with the ionization term, and (b) without
ionization. The zero dispersion wavelength is shown by the dashed curve.

when the term describing the effects of ionization is omitted. At low pressures (1 to

2 bar), the ionization induces a blue-shift, whereas resonant radiation is generated

at higher pressures. It can be seen that the emitted wavelength is modified by the

presence of ionization. The ionization-free result shows generated wavelengths be-

tween ∼130 and ∼ 160 nm, whereas in the presence of ionization wavelengths are at

around 170 nm. Further changes concern the tuning range and the spectral content

of the resonant radiation. Under the present conditions, ionization tends to limit

the wavelength tuning capabilities. In addition to the main peak, it also creates a

weak broadband signal between 200 and 350 nm. Comparing Figs. 5.15(a) and (b)

reveals another feature. The blue-shifted spectral bands corresponding to solitons

are retained even for higher pressures, albeit at lower spectral energy and with a

less pronounced spectral reach.

5.3.3 Outlook

Nonlinear fiber optics has embraced strong-field physics. In gas-filled kagomé PCF

ionization can be accessed through soliton compression, sustained through waveguide

confinement and soliton dynamics, and exploited to give rise to a new effect – the

soliton self-frequency blue-shift. Opportunities arise in fields that are commonly
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viewed as outside the purview of nonlinear fiber optics. The system is ideal for

detailed studies of intense light-matter interactions, i.e., extended propagation in

ionized media [158]. It will also be useful for high harmonic generation driven

directly by self-compressed oscillator pulses operating at high repetition rates [167].

Additionally, the inclusion of a process that depends on the instantaneous electric

field invites a closer look at carrier envelope effects [79]. The ability to operate in

entirely new parameter regimes seems likely to contribute to the body of knowledge

of light-plasma interactions, as well as creating new possibilities in nonlinear fiber

optics.



Chapter 6

Conclusion

Gas-filled kagomé PCF has extended the scope of nonlinear fiber optics. The work

presented in this thesis has addressed nonlinear interactions of femtosecond light

pulses with gases in this system. The main results, along with possible areas of

further research, are described in this chapter.

Chapter 3 summarized the key aspects of waveguidance in gas-filled kagomé PCF.

The transmission is broadband and the group velocity dispersion is controllable

through the concept of pressure tuning. For example, it can be made near-zero –

beneficial for the transmission of short pulses – or low and anomalous – beneficial

for the generation of even shorter pulses. In addition, with gas-filled kagomé PCF, it

is possible to explore nonlinear effects beyond the realm of conventional fiber optics.

Against the material absorption of glass fibers, it offers the high UV transparency

of noble gases and low interaction with the glass structure; against the breakdown

behavior of solids, it provides the self-healing properties of gases.

In Chapter 4 these properties were exploited for the generation of UV light. By

balancing the gas and waveguide dispersion, phase-matched third-harmonic gen-

eration into a higher-order mode in the deep UV was achieved. Going one step

further, soliton-driven dynamics was exploited for the efficient generation of UV. In

the course of self-compression the pulse spectrally extends into the normally disper-

sive UV region. Initially at faint levels, these UV frequency components experience

strong enhancement through phase-matched conversion into resonant radiation. Us-

ing this technique, UV light was generated in the fundamental mode and was con-
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tinuously pressure- and energy-tunable throughout the entire deep-UV range down

to 200 nm.

In Chapter 5 kagomé’s handling of high energies was harnessed to study strong-

field nonlinear fiber optics. Adjusting the GVD profile for all-anomalous dispersion

enabled clean soliton self-compression, giving rise to peak intensities above the ion-

ization threshold. The combination of the almost instantaneous generation of free

electrons, their strong and negative polarizability, and their long recombination

times conspires together to impose a phase modulation on the pulse, that in this

system led, amongst other things, to a soliton self-frequency blue-shift.

Quo vadis, gas-filled kagomé? Research continues into bringing about new concepts

of soliton-atom interactions as well as the utilization of these concepts for applica-

tions.

Through resonant radiation, light can be efficiently generated in the deep UV and,

with further optimization, in the vacuum UV. These regions can have transmission

windows below or in between single- or two-photon resonances and thereby provide

for a multitude of new dispersion and nonlinearity landscapes. The confluence of

strong-field processes and conventional nonlinear fiber optics offers further twists –

allowing the study of, for example, modulational instability in new regimes [168],

the interaction with the competing Raman effect [158], pulse propagation in plas-

mas subject to external electric or magnetic fields [150], or the role of absolute phase

phenomena in nonlinear fiber optics.

Gas-filled kagomé can be used as an efficient source of broadband UV pulses – much

needed for femtosecond spectroscopy [87]. Going even shorter in wavelength, the

combination of robust pulse compression to few-cycle pulse durations and peak in-

tensities above the ionization threshold dovetails with efforts to generate vacuum

UV, or even X-ray, light through high-harmonic generation [167].

It is likely that the above aspects, each in their own ways, may herald a range of

novel research thrusts in nonlinear fiber optics, either long-awaited or unforeseen.
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List of Abbreviations

Term Definition

ADK Ammosov, Delone, and Krainov

DNA deoxyribonucleic acid

FROG frequency resolved optical gating

GVD group velocity dispersion

NIR near-infrared

PCF photonic crystal fiber

PPT Perelomov, Popov, and Terent’ev

SPM self-phase modulation

THG third harmonic generation

TOD third-order dispersion

UV ultraviolet

VUV vacuum ultraviolet

XFROG cross-correlation frequency resolved optical gating

ZDF zero dispersion frequency
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[162] L’Huillier, A., Li, X. F. & Lompré, L. A. Propagation effects in high-order

harmonic generation in rare gases. J. Opt. Soc. Am. B 7, 527–536 (1990).

[163] Heckl, O. et al. High harmonic generation in a gas-filled hollow-core photonic

crystal fiber. Appl. Phys. B: Lasers O. 97, 369–373 (2009).

[164] Fedotov, A. B., Serebryannikov, E. E. & Zheltikov, A. M. Ionization-induced

blueshift of high-peak-power guided-wave ultrashort laser pulses in hollow-core

photonic-crystal fibers. Phys. Rev. A 76, 053811 (2007).

[165] Le Blanc, S. P., Sauerbrey, R., Rae, S. C. & Burnett, K. Spectral blue shifting

of a femtosecond laser pulse propagating through a high-pressure gas. J. Opt.

Soc. Am. B 10, 1801–1809 (1993).

[166] Stark, S. P., Podlipensky, A. & Russell, P. St.J. Soliton blueshift in tapered

photonic crystal fibers. Phys. Rev. Lett. 106, 083903 (2011).
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