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Zusammenfassung

In vorliegender Arbeit werden räumliche und zeitliche Intensitätskorrelationen unter-

sucht, die im ersten Teil der Arbeit von statistisch unabhängigen, im zweiten Teil von

verschränkten Lichtquellen erzeugt werden. Diese rein technisch anmutende Gliederung

bedingt jedoch ebenfalls eine thematische Zweiteilung der Arbeit, da die Verschiedenar-

tigkeit der statistischen Eigenschaften der hier behandelten Lichtquellen auf natürliche

Weise jeweils andere Forschungsfragen ins Zentrum der Untersuchung rücken lässt.

Im ersten Teil der Arbeit wird die Nicht-Klassizität und potentielle Verschränkung von

Lichtfeldern quantitativ untersucht, die von einer Vielzahl unterschiedlicher statistisch

unabhängiger Lichtquellen entstammen. Hierfür werden Quantenkorrelationen zwischen

Lichtfeldern analysiert, die von rein nicht-klassischen Einzelphotonenemittern (wie En-

sembles unkorrelierter Atome) sowie von einer Mischung aus nicht-klassischen und klas-

sischen Photonenquellen (wie Lasern mit unkorrelierter fluktuierender Phase) erzeugt

werden. Es zeigt sich dabei, dass sowohl rein nicht-klassische als auch Mischungen

aus nicht-klassischen und klassischen Lichtquellen nicht-lokale Korrelationen hervor-

rufen können, obwohl die Emitter in ihren Anfangszuständen vollkommen unkorreliert

vorliegen und der einzige Eingriff in das System nur durch den Messprozess erfolgt.

Diese Untersuchungen befassen sich daher mit dem Phänomen der messinduzierten Ver-

schränkung - ein aktuelles Forschungsgebiet der Quanteninformationstheorie.

Im zweiten Teil der Arbeit werden Korrelationen zwischen orginär verschränkten Licht-

quellen, in diesem Fall gespeicherte Atome, die sich in einem verschränkten Zustand

befinden, untersucht. Dabei wird unter Verwendung eines Quantenpfadformalismus das

sogenannte superradiance-Verhalten physikalisch neu interpretiert: superradiance, also

die Erhöhung der von einem Atomgas abgestrahlten Intensität in eine Richtung und da-

raus folgende Fokussierung der emittierten Photonen, wird landläufig dadurch erklärt,

dass sich die Dipolmomente der einzelnen Atome im Gas sukzessive zueinander synchro-

nisieren, um dann phasenkohärent in eine Richtung zu strahlen. Im Gegensatz zu der

seit über 60 Jahren verbreiteten Meinung, diese Fokussierung sei ein kooperativer Effekt,

der von Wechselwirkungen zwischen den beteiligten Atomen abhängt, wird in dieser

Arbeit gezeigt, dass es sich vielmehr um einen Quanteninterferenzeffekt handelt, der

von nicht-synchronisierten und sogar potentiell weit entfernten verschränkten Atomen

erzeugt wird. Darüber hinaus wird eine Verallgemeinerung des Fokussierungs-Effekts für

Korrelationsfunktionen beliebiger Ordnung eingeführt. In diesem Zusammenhang wer-

den noch einmal statistisch unabhängige Lichtquellen diskutiert und gezeigt, dass selbst

diese superradiance-artiges Verhalten, insbesondere eine Fokussierung der emittierten

Strahlung, aufweisen können. Für thermische Lichtquellen konnte diese messinduzierte

Fokussierung experimentell nachgewiesen werden.



Abstract

In the present thesis we investigate spatial and temporal intensity correlations which

are created by statistically independent or by entangled light sources. Even though this

classification may appear quite technical, the diverseness of the statistical properties

of the considered photon sources naturally brings into our focus two different lines of

research.

In the first part of this thesis we will quantitatively study the non-classical and poten-

tially entangled character of light fields which originate from a variety of different statisti-

cally independent light sources. To this end quantum correlations between light fields are

analyzed which either stem from non-classical single-photon emitters (like ensembles of

uncorrelated atoms) or from a mixture of non-classical and classical photon sources (like

lasers with uncorrelated fluctuating initial phase). We find that non-classical as well as

mixtures of non-classical and classical light sources can generate non-local correlations,

though the emitters are assumed to be entirely uncorrelated and the only intervention

comes along with the measurement process itself. Thus, our investigations address the

phenomenon of measurement induced entanglement - a current field of research in quan-

tum information science.

In the second part of this thesis we study correlations between initially entangled light

sources, namely localized atoms which share an entangled state. In the course of the

investigations we physically reinterpret in particular the so called superradiance effect

in a quantum-path formalism: superradiance denotes an enhanced mean radiated in-

tensity in a particular direction, i.e., a focussing of the photons scattered by an atomic

gas. This effect is commonly explained by a successive synchronization of the dipole

moments of all participating atoms leading to a photon emission predominantly in one

direction. For more than 60 years this focussing has been physically interpreted as a

cooperative effect depending on the dipole-dipole interaction between the atoms. In

contrast, we will show that it is rather a quantum-interference effect which is caused by

non-synchronized and potentially widely separated entangled atoms. Further, we gener-

alize this focussing effect also to intensity correlations of higher order. In this context we

again discuss statistically independent light sources and demonstrate that these sources

can also display superradiance-like behavior, in particular a focussing of the emitted ra-

diation. For thermal light sources this measurement-induced focussing was even verified

experimentally.
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1. Introduction

The concept of entanglement, well-known for more than 70 years [1, 2], is one of the

cornerstones of quantum mechanics. Although von Neumann had completed the basic

description of a nonrelativistic quantum physics in 1932 [3], it was Einstein, Podolsky,

and Rosen (EPR) who first recognized a counterintuitive particularity of the theory: in

principle quantum mechanics allows to define combined wavefunctions of two subsys-

tems, where the state of one subsystem is dependent on the state of the other system.

From this it follows that a measurement on one system will affect the state of the other

system, even if the two systems are far away from each other and do not directly in-

teract. This is commonly known as the EPR paradox and led the authors to conclude

that the quantum-mechanical description of physical reality given by wavefunctions is

not complete [1]. Following the work of Einstein et al., Schrödinger published a pi-

oneering article where he analyzed some physical consequences of the EPR paradox.

Thereby, he coined the term entanglement, underlining the intrinsic order of probability

relations between the subsystems of a compound quantum system1. In his paper he ap-

praised entanglement to be the most nonclassical manifestation of quantum formalism -

the characteristic trait of quantum mechanics, the one that enforces its entire departure

from classical lines of thought [4]. He noticed that the two-particle state introduced by

EPR does not allow individual states to be ascribed to the subsystems and argued that

until the entanglement is resolved by actual observation the observer is left with only

a common description of the two entangled particles. In other words, the information

about subsystems can be completely uncertain, while the knowledge of the combined

system remains maximal. Schrödinger concluded that the best possible knowledge of a

whole does not include the best possible knowledge of its parts - and this is what keeps

coming back to haunt us [4].

Both Schrödinger and Einstein were dissatisfied with the concept of entanglement since

it seemed to violate the theory of special relativity. Einstein later even called entan-

glement spukhafte Fernwirkung or spooky action at a distance showing his contempt for

1in the original publication [2], he used the German word for entanglement, Verschränkung.
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this non-local phenomenon [5]. It took almost thirty years until Bell made a big step

forward in solving the EPR paradox [6]. In 1964 he started out from the EPR conclusion

- namely, that the quantum description of physical reality is not complete - and formal-

ized the idea of a deterministic world in terms of a local hidden variable model (LHVM).

Bell showed that if quantum mechanics would be based on a LHVM, in order to restore

realism and locality to the theory, there would be constraints in the form of the Bell

inequalities on statistical correlations in experiments involving bi-partite systems. He

further proved that the probabilities for the outcomes of experiments, where entangled

quantum states are involved, would violate these inequalities. The first experimental

tests of Bell’s inequalities were performed in the 70s [7] and 80s [8, 9] and confirmed

the validity of quantum mechanics. Another ten years later, Greenberger, Horne, and

Zeilinger (GHZ) went even further by demonstrating that correlations which can arise

between more than two entangled particles can also lead to a contradiction with a quan-

tum formalism based on a LHVM [10].

Nowadays, speaking of entanglement, one commonly thinks of two or more particles

which have interacted with each other at some time and space and thus share an entan-

gled state. Indeed, most experiments generating entangled quantum states are based on

interactions between the different constituents such as cascade emission [8,9], non-linear

interaction [11–13] or Coulomb coupling [14–17]. However, in order to prepare an en-

tangled quantum state the previous interaction between particles is not a prerequisite.

There is also the possibility to create entanglement via projection, i.e., via a measure-

ment process, where none of the considered particles has directly interacted with each

other before [18–32].

In this thesis, the concept of measurement induced entanglement will play a crucial

role. It will be shown that systems of initially uncorrelated particles can be projected

in a way that non-local correlations arise between them which are sufficient to violate

Bell’s inequalities [33–36]. Further, we will look at various other inequalities of classical

probability theory, like Cauchy-Schwarz inequalities or Bell inequalities for more than

two-particles, and show that they are violated by those correlations. We will explain

these correlations in a quantum path framework, i.e., by establishing an intuitive picture

of single spatial modes being entangled in their photon occupation numbers, what is

based on Feynman’s procedure for calculating final probabilities. Given a specific initial

state, there are just two basic rules for calculating the probability of a certain outcome

[37]:
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1. If the processes leading to the particular outcome are indistinguishable, then one

must add the probability amplitudes of these processes and take the absolute square

to obtain the probability.

2. However, if the contributing processes are distinguishable, their probabilities (i.e.,

the absolute square of the amplitude of each process) must be added.

It is remarkable that these two simple rules can account for all interference effects. The

rules enunciate that indistinguishable processes produce interferences, since the relative

phase information is not lost in calculating the absolute square. In contrast, the dis-

tinguishable processes lead to a constant background, because any coherence between

them is lost when the absolute square is taken. However, it is crucial to realize how in

this context distinguishable and indistinguishable processes are defined and how they

contribute to interferences which eventually lead to the violation of Bell’s inequalities.

Note that with distinguishablity we mean something in-principle knowable. It does not

matter whether an experimentalist actually tries to read out and identify two distin-

guishable physical processes. The mere possibility that one could distinguish the two

processes leads to an application of the second rule.

The discussed concepts of (in)distinguishability and the interference of quantum paths

are of course inherently implemented in the formalism of quantum mechanics. However,

explicitely highlighting them can sometimes help to get a clear view on allegedly well

understood physical processes: in 1954 Dicke theoretically predicted that when the num-

ber of atoms N in a given volume becomes large enough, the collection of atoms starts

to radiate spontaneously much faster and stronger than the emission of N independent

atoms [38]. Further, the mean radiated intensity is not scattered isotropically anymore,

but emitted in a well defined direction depending upon the geometry of the sample.

This phenomenon, known as superradiance, is commonly explained by a spontaneous

phase-locking of the atomic dipoles throughout the medium. Those dipoles then emit a

field whose intensity becomes proportional to the square of the number N of radiators.

Superradiance has been the subject of a large number of theoretical studies since the

seminal paper of Dicke [39–48]. It has also been extensively investigated experimen-

tally since the beginning of the 80s [44,45,48], after the development of pulsed dye-laser

systems has made it easy to excite in a very short time a collection of atoms in a well

defined state. In recent years the collective emission phenomenon came back to interest

- in particular for one-atom excitations in the atomic cloud [49–55] - due to its possi-

ble applications for optical quantum-state storage [56], quantum cryptography [57, 58],
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quantum communication [51,59,60], and quantum information [51,61].

However, investigating the compound quantum state of the ensemble of atoms in the

cloud, found to be described by the total angular momentum eigenstates of all N atoms

(which are also known as Dicke-states in quantum optics), it can be shown that the

mean dipole moment of these states is zero. Thus there is no physical reason for ap-

plying a synchronized atomic dipole or an antenna interpretation as explanation of the

enhancement effects. In this thesis it is demonstrated with the help of a quantum path

formalism that the superradiant behavior rather evolves due to all possible quantum

paths which can be occupied by a photon in the system. Those paths can explain the

resulting quantum interferences and focussing of radiation without depending on the

existence of any dipole moment. In particular, our explanation still holds if the atoms

are assumed to be far away from each other. Thus, superradiance and the focussing of

the mean radiated intensity from ensembles of atoms have their origin not in cooperative

effects, which depend on interactions between the atoms, but are rather produced by

quantum interferences [62].

The thesis is composed of four parts: in chapter 2, we introduce the principal theoretical

tool needed to analyze the different topics investigated in this thesis, namely the spatial

intensity correlation function of m-th order for statistically independent photon emit-

ters, like, e.g., coherent, thermal or single-photon sources. In chapter 3, we introduce the

basic setup which is under investigation throughout this thesis - a generalized Young-

interferometer. Further, we establish an m-photon quantum path framework which will

be utilized to describe all physical particularities of the spatial intensity correlation func-

tion of m-th order, investigated in detail in the following chapters. When considering

the various interferences which occur between the m-photon quantum paths, we are led

to reconsider and slightly amend Dirac’s famous statement that each photon only inter-

feres with itself [63], derived considering the mean radiated intensity in a Young-type

interferometer, to the more general statement that each m-photon quantum path only

interferes with itself.

In chapter 4, we investigate the non-classicality and non-locality of correlations which

are created via measurement and projection by statistically independent light sources.

To this end, we first introduce the concept of non-classicality and entanglement in sec-

tions 4.1 and 4.2 and introduce some entanglement witnesses in section 4.3. Thereafter,

we consider uncorrelated localized atoms as single-photon emitters and investigate how

12



entanglement is created in the atomic or photonic degrees of freedom due to the pro-

cess of detection. We further show how non-local correlations of second order can arise,

which are proportional to the joint probability of detecting two photons at two distinct

points in space (section 4.4) or in space-time (section 4.5). In section 4.6 we then con-

sider disparate sources producing a single photon and a thermal, coherent, single-photon

added thermal or single-photon added coherent photon state creating mixed correlation

signals. Suitable Bell inequalities will be introduced to investigate how much the light

sources have to be attenuated until a violation of locality occurs. We generalize our

results to correlations of third order in section 4.7 and propose a normalization enabling

to adapt spatial intensity correlation signals to inequalities which were derived for po-

larization degrees of freedom. Finally, in section 4.8, we propose inequalities valid for

spatial intensity correlation signals of arbitrary order, which are suitable to detect a

single non-classical source out of N classical sources and yet can be easily violated.

In chapter 5, we study superradiance and focussing phenomena which arise in the light of

two-level atoms sharing certain entangled states, statistically independent single-photon

emitters and thermal light sources. We approach this subject by introducing a theo-

retical description of common superradiance experiments in section 5.1. Thereafter, in

section 5.2, we develop a quantum multipath interference framework which enables to

explain the super- and subradiance phenomena noticed by Dicke [38], even though the

entangled states have zero dipole moment. We derive an analytic expression for the

radiated intensity in terms of different interfering pathways and show how the interfer-

ences lead to directional emission from atoms prepared in symmetric Dicke states. In

sections 5.3 and 5.4, we expand our investigation to spatial correlations of the emitted

radiation of arbitrary order m, using again a quantum path framework were the indi-

vidual building blocks are now m-photon quantum paths. We show that we can achieve

a strong focussing of the probability to detect an m-th photon if m − 1 photons have

been already detected at some particular positions in space - even if we assume initially

uncorrelated single-photon sources [64] or statistically independent radiating thermal

light sources [65]. We thus generalize the superradiant behavior, which is defined for

the mean radiated intensity, to correlations of arbitrary order m, being proportional to

the joint probability of detecting m photons. We finally expand these results in section

5.5 by investigating and explaining the enhanced radiation and focussing of sources ini-

tially prepared in an arbitrary symmetric Dicke state in comparison to separable initial

states [66].
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2. Matter-field interactions

In this chapter we will introduce some basic elements of quantum field theory (cf.,

e.g., [67–69]), needed to describe and analyze the various phenomena investigated in

this thesis. We start with defining the electric field operator and introduce general tools

to discuss probability distributions of light fields. We then characterize some particular

non-classical and classical states of the light field. Thereafter we define spatial intensity

correlations of m-th order in optical fields and discuss the detection process of photons

from those fields. In chapter 4 these concepts will be used to investigate the non-classical

and non-local correlations of various light fields. Further, we will use these tools in

chapter 5 to exploit some particularities of m-th order intensity correlation functions

which can be subsumed under the topic superradiance.

2.1. The electric field operator

We start by defining the electric field operator Ê(r, t) which is assumed to be confined

in a large but finite cubic cavity of side L and volume V . Considering running-wave

solutions of the wave equation, periodic boundary conditions and quantizing the field

by introducing the annihilation and the creation operators âk and â†k, respectively, we

arrive at [69]

Ê(r, t) =
∑
k

εkEk
(
âke
−iωkt+ik r + â†ke

+iωkt−ik r
)
. (2.1)

The summation is taken over an infinite discrete set of values of the wave vector k ≡
(kx, ky, kz), εk is a unit polarization vector and Ek =

√
~ωk

2ε0 V
. The periodic boundary

conditions require that

kx =
2π nx
L

, ky =
2π ny
L

, kz =
2π nz
L

, (2.2)

where nx, ny, nz are integers. A set of numbers (nx, ny, nz) thus defines a mode of the

electromagnetic field. Further, from Maxwell’s equations k · εk = 0 is required, i.e., the

fields are purely transverse leading to two independent polarization directions of εk for
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each k. Further, the annihilation operator âk and the creation operator â†k′ satisfy the

commutation relation

[âk, â
†
k′ ] = δk,k′ . (2.3)

It is convenient to separate Ê(r, t) in its positive and negative frequency parts Ê(+)(r, t)

and Ê(−)(r, t), with

Ê(+)(r, t) =
∑
k

εkEkâke−iωkt+ik r,

Ê(−)(r, t) =
∑
k

εkEkâ†ke
+iωkt−ik r . (2.4)

In this representation Ê(+)(r, t) only contains annihilation operators, corresponding to

a photon absorption process at position r and time t and Ê(−)(r, t) is associated with a

photon emission at position r and time t since it only contains photon creation operators.

The electric field of Eq. (2.1) is defined as a vector field in order to account for the

polarization of the field. However, the basic setup used throughout this thesis, which

will be introduced in section 3.3, considers two-level emitters or linearly polarized elec-

tromagnetic fields only. We thus neglect the polarization state and simply use scalar

electric field operators Ê(+)(r, t) and Ê(−)(r, t), which are defined like

Ê(+)(r, t) = ek Ê
(+)(r, t), (2.5)

with a unit vector ek parallel to εk and Ê(−)(r, t) = [Ê(+)(r, t)]†.

2.2. Photon statistics

In general the electromagnetic field can be seen as a dynamical system with an infinite

number of degrees of freedom described by a quantum state |ψi〉 denoting the initial

state of the system. If the initial state is not precisely known, we have to describe the

optical field by a density matrix ρ̂ which is defined as

ρ̂ =
∑
i

Pi|ψi〉〈ψi|. (2.6)

The weighting factors Pi are the probabilities to find the field in the state |ψi〉. If we

are interested in the average of the observable 〈Ô〉 we have to determine the expectation
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values of the pure states |ψi〉 with the corresponding weighting factors

〈Ô〉 =
∑
i

Pi〈ψi|Ô|ψi〉 = Tr[ρ̂Ô], (2.7)

where the symbol Tr stands for the trace, i.e., the sum of the diagonal matrix ele-

ments. Since the average of the sum of the unit operator is required to be one, we have

Trρ = 1 [67].

Let us introduce statistical quantities, which completely specify the photon probability

distribution Pi of an electrical field, and which will be frequently used in the following

chapters: the normally ordered m-th moments of the photon number operator â†â are

defined as

〈: (â†â)m :〉 ≡ 〈(â†)m(â)m〉 = Tr[ρ̂(â†)m(â)m] . (2.8)

Hereby, the two colons : ... : denote normal ordering, i.e., all creation operators are

supposed to be on the left hand side of all annihilation operators in a product. The first

moment 〈â†â〉 ≡ n̄ of a probability distribution is the mean value corresponding to the

mean photon number n̄ of the probability distribution in our context. From the normally

ordered first moment 〈â†â〉 and second moment 〈(â†)2(â)2〉 the variance of a distribution

can be determined. The third moment determines the skewness, the fourth corresponds

to the kurtosis of a distribution, and so on. The moments thus can fully characterize

an arbitrary probability distribution. In our context, normally ordered moments of the

photon number operator will play a crucial role in the calculation of spatial intensity

correlation functions.

In the following chapters we will investigate spatial correlation functions created by

different light sources, i.e., correlations of optical fields initially being either in pure

states (like photon number states) or mixed states (like thermal states). It is thus useful

to discuss first some general properties of these particular states of the electric field.

2.2.1. Photon number states

Photon number states |nk〉, commonly known as Fock states, are eigenstates of the

Hamiltonian Ĥ =
∑

k ~ωkâ
†
kâk. They can be written as

|nk〉 =
1√
nk!

(â†k)nk |0〉 , (2.9)

17



Hereby, the integer nk represents the number of photons occupying the modes k and |0〉
denotes the vacuum state. The Fock states are orthogonal, i.e., 〈nk|n′k〉 = δn,n′ , and

complete, i.e.,
∑

nk
|nk〉〈nk| = 1̂. By the action of â†k or âk on a Fock state, we can

create or annihilate a single-photon in the mode k, what leads to

âk|nk〉 =
√
nk|nk − 1〉,

â†k|nk〉 =
√
nk + 1|nk + 1〉 . (2.10)

The density matrix of a Fock state in the Fock-state representation has only one element

and can be written as

ρ̂F = |nk〉〈nk| . (2.11)

Investigating the normally ordered m-th moment of a Fock-state |nk〉, we obtain from

Eq. (2.10)

〈nk|(â†k)m(âk)m|nk〉 = nk (nk − 1) (nk − 2) . . . (nk −m+ 1) , (2.12)

for m ≤ nk and 〈nk|(â†k)m(âk)m|nk〉 = 0 for m > nk. In this thesis we are particularly

interested in normally ordered moments of the single-photon Fock state |1k〉. We find

that the first moment is given by

〈1k|â†kâk|1k〉 = 1 , (2.13)

and all other moments equal 0. In physical terms, the latter is a trivial consequence

of the fact that it is impossible to annihilate more than one photon from a field which

consists only of a single-photon.

Apart from the non-classical Fock-states, let us next introduce some classical states of

the electric field, since in this thesis we will also investigate correlations between electric

fields created by classical light sources.

2.2.2. Coherent states

The coherent states |αk〉, first introduced by Schrödinger [70], are very important states

in the quantum theory of light, since they mimic a classical sinusoidal wave like a con-

tinuous laser wave [71]. As the average number of photons in the field increases, the
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field displays more and more a classical behavior, because the uncertainties of the ampli-

tude of the electric and magnetic fields become negligible. Due to this behavior, photon

statistics are often discussed in terms of how they differ from that of a coherent state.

Coherent states are right eigenstates of the annihilation operator and left eigenstates

of the creation operator with corresponding eigenvalues αk and α∗k, where αk is any

complex number, i.e.,

âk|αk〉 = αk|αk〉 , 〈αk|â†k = α∗k〈αk| . (2.14)

The coherent states can be represented in the Fock-state basis in the following manner

|αk〉 = e−
1
2
|αk|2exp(αkâ

†
k)|0〉 = e−

1
2
|αk|2

∞∑
nk=0

αnk
k√
nk!
|nk〉. (2.15)

Let us investigate the density matrix of the coherent states in the Fock-state basis in more

detail, in order to analyze their underlying photon statistics. According to Eq. (2.15)

the elements of the density matrix are given by

ρ̂Cnkmk
= e−|αk|2 α

nk
k√
nk!

αmk
k√
mk!

. (2.16)

Thus, the diagonal of the density matrix reads

ρ̂Cnknk ≡ PC(nk) = e−|αk|2 |αk|2nk

nk!
, (2.17)

i.e., the photon distribution of the coherent states obeys Poissonian statistics or so called

small number statistics. From this identification it follows that |αk|2 is the mean number

of photons n̄k in the mode k of the field. We are also interested in the normally ordered

m-th moment of the photon number operator â†kâk in the coherent state |α〉 for arbitrary

m, which calculates to

〈αk|â†mk âmk |αk〉 ≡
〈
â†mk âmk

〉
C

= |αk|2m = n̄mk . (2.18)

Using Eq. (2.18) and the bosonic commutation relation [ak, a
†
k] = 1, we find another

interesting property of the photon statistics of coherent states, namely that the variance

of the photon number is equal to the mean photon number, i.e.,

〈(â†kâk)2〉C − 〈â†kâk〉
2
C = 〈â†2k â

2
k〉C + 〈â†kâk〉C − 〈â

†
kâk〉

2
C = n̄2

k + n̄k − n̄2
k = n̄k . (2.19)
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The ratio of variance and mean photon number is often used in analyzing the photon

statistics of light fields. If the ratio is one, then the statistics is Poissonian. If the ratio

is greater than one, then the statistics is called super-Poissonian. The statistics is called

sub-Poissonian if the ratio is less than one.

2.2.3. Thermal states

Another set of states, which play an important role in this thesis, are thermal states.

The density matrix of thermal states in the Fock-state basis, takes the form

ρ̂T =
∑
nk

PT (nk)|nk〉〈nk| , (2.20)

where PT (nk) is the Bose-Einstein distribution of the mode k, given by

PT (nk) =
n̄nk
k

(n̄k + 1)nk+1
. (2.21)

Hereby, the mean photon number n̄k of the mode k yields

n̄k = Tr[â†kâkρ̂T ] ≡ 〈â†kâk〉T , (2.22)

and for the normally ordered moments
〈
â†mk âmk

〉
T

we obtain

〈
â†mk âmk

〉
T

= Tr
[
â†mk âmk ρ̂T

]
= m! n̄mk . (2.23)

Thus, the variance of the thermal field is given by

〈(â†kâk)2〉T − 〈â†kâk〉
2
T = 2 n̄2

k + n̄k − n̄2
k = n̄2

k + n̄k . (2.24)

This leads to a ratio of variance and mean photon number of n̄k + 1, i.e., thermal fields

show super-Poissonian statistics. In contrast, the single-photon Fock state shows sub-

Poissonian statistics, since the variance is smaller than the mean [cf., Eq. (2.13)].

Note that we will investigate only quasi-monochromatic fields in this thesis. Moreover

for brevity we will omit the subscripts k in the following whenever possible.

2.3. Quantum correlations and detection probabilities

In this section we want to establish the most fundamental tool of this thesis, namely

the concept of correlation functions, introduced by Glauber to quantum optics in 1963
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[71]. Hereby, we focus on the derivation of intensity correlation functions of m-th order

and their interpretation as detection probabilities. A detailed discussion based on the

interaction of quantized light fields with the detection apparatus is out of the scope of

the present thesis and can be found in textbooks like [67, 68]. We will rather derive an

expression using a heuristic argument given by Glauber [71].

2.3.1. First-order intensity correlation function

Throughout this thesis we are investigating measurements which are based on photon

absorption, e.g., by a photomultiplier. Hereby, the photon absorption process corre-

sponds to a measurement of the field associated with the photon annihilation operator,

i.e., a measurement of Ê(+)(r, t). If the field makes a transition from the initial state |i〉
to the final state |f〉 in which one photon, at position r and time t, has been absorbed,

the corresponding matrix element takes the form

〈f |Ê(+)(r, t)|i〉 . (2.25)

Let us assume an ideal photon detector, i.e., a detector with a detection surface of neg-

ligible size and 100% detection efficiency, which has a frequency independent photoab-

sorption probability. The rate at which such a detector records photons is proportional

to the sum over all final states |f〉 of the squared absolute values of the matrix elements

(2.25). Using the completeness relation
∑

f |f〉〈f | = 1, we obtain

∑
f

|〈f |Ê(+)(r, t)|i〉|2 =
∑
f

〈i|Ê(−)(r, t)|f〉〈f |Ê(+)(r, t)|i〉 = 〈i|Ê(−)(r, t)Ê(+)(r, t)|i〉 ,

(2.26)

what is the expectation value of Ê(−)(r, t)Ê(+)(r, t), if the field can be found in the

initial state |i〉.

If the initial state of the field is in a mixed state, the average counting rate of the ideal

photodetector is more generally proportional to [cf., Eq. (2.6)]
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G(1)(r, t) ≡ 〈I(r, t)〉

≡ 〈Ê(−)(r, t)Ê(+)(r, t)〉

=
∑
i

Pi
∑
f

|〈f |Ê(+)(r, t)|i〉|2

=
∑
i

Pi〈i|Ê(−)(r, t)Ê(+)(r, t)|i〉

= Tr[ρ̂Ê(−)(r, t)Ê(+)(r, t)] , (2.27)

This is the first order intensity correlation function. Equation (2.27) unveils that the

order of the correlation function - as used throughout this thesis - coincides with the

order of the intensity function I(r, t)1 [71]. Note that to keep our notations simple and

without loss of generality we set the constant factor ε0 c
2 = 1, where ε0 is the dielectric

constant of the vacuum and c the speed of light.

We can interpret the first order correlation function from a probabilistic point of view.

The probability of a photoelectric detection at r and t within the time interval ∆t takes

the form

P1(r, t)∆t = η1〈Ê(−)(r, t)Ê(+)(r, t)〉∆t = η1G
(1)(r, t)∆t , (2.28)

where η1 is a constant which incorporates experimental insufficiencies, e.g., the quantum

efficiency of the detector, and the angle subtended by the detector surface.

2.3.2. Intensity correlation functions of higher orders

Another important quantity used throughout this thesis is the intensity correlation func-

tion of second order G(2)(r1, t1; r2, t2). Taking into account the considerations of the last

section, the probability amplitude for the transition of the initial state |i〉 to the final

state |f〉, when recording a photon at r1, t1 and another photon at r2, t2, takes the form

〈f |Ê(+)(r1, t1)Ê(+)(r2, t2)|i〉 (2.29)

The probability to detect two photons is thus proportional to

1There are also other definitions in the literature. In some work the order of correlation refers to the
order of the electric field.
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G(2)(r1, t1; r2, t2) ≡ 〈Ê(−)(r1, t1)Ê(−)(r2, t2)Ê(+)(r2, t2)Ê(+)(r1, t1)〉 . (2.30)

The generalization to the intensity correlation function ofm-th order proceeds in analogy.

For multiple photon detection events, the probability amplitude for the transition of the

initial state |i〉 to the final state |f〉 when measuring N photons at positions rj and times

tj , with 1 ≤ j ≤ m, is given by

〈f |Ê(+)(r1, t1)...Ê(+)(rm, tm)|i〉 (2.31)

Using the same arguments as above, it can be shown that the probability for a joint m

photon detection event is thus proportional to

G(m)(r1, t1; ...; rm, tm) ≡ 〈Ê(−)(r1, t1)...Ê(−)(rm, tm)Ê(+)(rm, tm)...Ê(+)(r1, t1)〉 .(2.32)

This is the m-th order intensity correlation function G(m)(r1, t1; ...; rm, tm) [71]. For

reasons of brevity, we will use a shorter notation for the expectation value given in

Eq. (2.32), which reads

G(m)(r1, t1; ...; rm, tm) ≡ Tr[ρ̂Ê(−)(r1, t1)...Ê(−)(rm, tm)Ê(+)(rm, tm)...Ê(+)(r1, t1)]

=
∑
i

Pi ||Ê(+)(rm, tm)...Ê(+)(r1, t1)|i〉||2 , (2.33)

where the initial state |i〉 of the electric field can be described by a density matrix ρ̂ and

the norm squared of the state vector |i〉 is given by |||i〉||2 = 〈i|i〉.

Thus, the probability to detect m photons at positions r1, ..., rm and corresponding times

t1, ..., tm within a time interval ∆t, is given by

Pm(r1, t1; ...; rm, tm)∆tm = η1...ηmG
(m)(r1, t1; ...; rm, tm)∆tm . (2.34)

Further, let us define a particular normalization of the intensity correlation function,

introduced by Glauber [71], which is given by

g(m)(r1, t1; ...; rm, tm) ≡ G(m)(r1, t1; ...; rm, tm)

G(1)(r1, t1) . . . G(1)(rm, tm)
. (2.35)
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In chapter 4 we will discuss various other normalizations in order to investigate the non-

classical and non-local behavior of the intensity correlation functionG(m)(r1, t1; ...; rm, tm).

Let us conclude this section by introducing the spatial intensity correlation function of

m-th order

G(m)(r1, 0; ...; rm, 0) ≡ G(m)(r1, ..., rm), (2.36)

proportional to the probability of coincidence measurements at m detectors. This quan-

tity will be investigated in most sections of this thesis.
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3. System under investigation

In this chapter we will present a quantum path formalism based on multi-photon in-

terferences which will reveal many physical particularities of the m-th order intensity

correlation functions investigated throughout this thesis. We will introduce this formu-

lation by first discussing the mean radiated intensity in Young’s seminal double-slit ex-

periment [72] for both statistically dependent and statistically independent light sources.

Thereafter we will investigate for both types of sources the intensity correlations of sec-

ond order, i.e., photon-photon correlations in a Young-type experiment. At the end of

this chapter we introduce the basic physical system of this thesis: it consists of m pho-

todetectors which enable to study m-th order spatial intensity correlations produced by

a system of N statistically independent photon sources.

3.1. Young’s Double Slit Experiment in a quantum path

formalism

A basic Young-type double slit setup consists of a screen A with two pinholes, at R1 and

R2, being illuminated by a point light source S, and a detector located at r in the far-

field observation plane B as shown in figure 3.1. A photon originating from the source S
has two possibilities to trigger a detection event: either it occupies the upper quantum

path, corresponding to the path ru or the lower quantum path, corresponding to rl.

Since the distances from the light source to the pinholes in the screen A are considered

to be equal, we can also think of the two pinholes being point like light sources, where

their properties are given by the source S. These properties determine whether or not a

modulation of the mean radiated intensity can be observed in the observation plane B.

3.1.1. Statistically dependent light sources

Let us first assume that the two pinholes are statistically dependent radiating monochro-

matic light sources. This would be the case, e.g., for a coherent illumination of the

pinholes by a monochromatic laser field. The electric field Ê
(+)
2,SD(r) at position r in the

plane B produced by the two pinholes can then be written as (cf., section 2.1)
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Figure 3.1.: Schematic representation of the two possible paths ru and rl along which
a photon was propagating if a photoelectric detection event in a Young
interferometer took place. The detector is located at r in the far-field plane
B behind a screen A with two pinholes at R1 and R2.

Ê
(+)
2,SD(r) ∼ eiΨ0 (ei k ru + ei k rl)â , (3.1)

where the subscript ”2,SD” indicates that we deal with two statistically dependent

light fields, and ru and rl are the distances from the upper or the lower pinhole to the

detector. Due to the far-field condition, the detector cannot determine from which of

the two slits the registered photon was emitted. A photon that is occupying the path

from the upper pinhole to the detector accumulates a phase k ru and a phase k rl, if it

is occupying the path from the lower pinhole to the detector. Again, â abbreviates the

bosonic annihilation operator: if a detection event takes place â annihilates a photon

from the common electric field of the two statistically dependent radiating pinholes -

whether the photon was occupying the upper or the lower quantum path. We denote

by Ψ0 the common initial relative phase of the electric field created by the two pinholes

which could be time dependent in general.

Let us investigate the mean radiated intensity being proportional to the first order

intensity correlation function G
(1)
2,SD(r). From Eqs. (2.27) and (3.1) we obtain
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G
(1)
2,SD(r) =

∑
i

Pi 〈Φi|Ê(−)
2,SD(r)Ê

(+)
2,SD(r)|Φi〉 =

∑
i

Pi ||Ê(+)
2,SD(r)|Φi〉||2

=
∑

i

Pi ||eiΨ0 (ei k ru + ei k rl)â|Φi〉||2

= |ei k ru + ei k rl |2
∑

i

Pi 〈Φi|e−iΨ0 â†eiΨ0 â|Φi〉

= |ei k ru + ei k rl |2
∑

i

Pi 〈Φi|â†â|Φi〉 ≡ |ei k ru + ei k rl |2〈â†â〉Φ (3.2)

where the electric field is assumed to be in the initial state |Φi〉, the norm squared of the

state vector |Φi〉 is again given by |||Φi〉||2 = 〈Φi|Φi〉 and we introduced the abbreviation

〈â†â〉Φ ≡
∑

i Pi〈Φi|â†â|Φi〉. As usual, the single bars |...| abbreviate absolute values. It

can be seen that the initial phase Ψ0, being just an overall phase of the electric field

for statistically dependent light sources, cancels in the derivation of the mean radiated

intensity. We further note that the field was defined dimensionless in Eq. (3.1) and hence

the derived first order intensity correlation function is also dimensionless. The actual

values can be obtained by multiplying G
(1)
2,SD(r) with the intensity produced by a single

photon.

Figure 3.2.: Schematic representation of the two single-photon quantum paths denoted
by ei k ru and ei k rl which are coherently superposed if two statistically de-
pendent radiating pinholes are considered as light sources in Young’s double
slit interferometer.

Investigating Eq. (3.2) from a quantum path point of view, the term ei k ru +ei k rl can be

interpreted as a coherent superposition of the two possible single-photon quantum paths

ei k ru and ei k rl (cf., Fig. 3.2). Taking the modulus squared, this superposition gives rise

to two interference terms ei k (ru−rl) and e−i k (ru−rl), leading to a mean radiated intensity

of

G
(1)
2,SD(r) = 2〈â†â〉Φ[1 + cos(k ru − k rl)] ≡ 2〈â†â〉Φ[1 + cos(k∆rul)] , (3.3)
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where we have introduced the relative optical path length ∆rul = ru − rl. We note that

both quantum paths are leading to the same final state, since for statistically dependent

light sources we have just one common electric field from which a photon is annihilated.

The two paths are thus indistinguishable leading to a coherent superposition of the two

quantum paths in Eq. (3.1), what causes a modulation of the mean radiated intensity.

As already known since Young’s work [72], we obtain a pure cosine modulation showing

a visibility V1 of 100%, where V1 is defined as

V1 :=
G(1),max −G(1),min

G(1),max +G(1),min
. (3.4)

It is worth noting that this result is independent of the photon statistics of the light

source as long as we omit the trivial case that the first moment 〈â†â〉Φ, i.e., the mean

photon number of the light source equals zero. In section 2.2 we have explicitely calcu-

lated the moments 〈â†â〉 in case of Fock, coherent and thermal states.

We can easily adapt the foregoing considerations to a Young-type interferometer with

N pinholes. Figure 3.3 depicts a slightly formalized setup, where we consider a linear

chain of N slits located at positions R1 to RN with equidistant spacing d. A detector

positioned at r in the far field of the pinholes measures the mean radiated intensity of

the setup. Again, due to the far-field condition, the detector cannot determine from

which of the N slits the registered photon was emitted. We used this assumption above

to define the electric field of the double slit experiment as a coherent superposition of

two particular quantum paths [cf., Eq. (3.1)].

The generalization of Young’s double slit interferometer enables us to determine the

phases accumulated by a photon which occupies a particular quantum path. Let us

define with ϕl the optical phase accumulated by a photon emitted at Rl and detected

at r, relative to a (fictious) photon emitted at 0 and recorded at the same detector

(cf. Fig. 3.3), i.e.,

ϕl(r) ≡ ϕl = −k n ·Rl = −l k d sin θ . (3.5)

Here, n = r
|r| is a unit vector pointing from the pinholes in the direction of the detector.

The common electric field Ê
(+)
N,SD(r) at position r created by the N statistically dependent

radiating pinholes takes the form
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…
.. 

Figure 3.3.: Scheme of a generalized Young interferometer with N slits. The pinholes
wich act as photon sources are represented by dark dots located at positions
R1 to RN and separated by a distance d. At position r a single-photon
detector measures a photon in the far field of the photon sources.

Ê
(+)
N,SD(r) ∼

N∑
l=1

ei (ϕl+Ψ0)â , (3.6)

with Ψ0 being again the common initial phase of all emitters [cf., Eq. (3.1)]. For the

mean radiated intensity G
(1)
N,SD(r) of the N statistically dependent radiating pinholes,

one thus obtains

G
(1)
N,SD(r) =

∑
i

Pi ||Ê(+)
N,SD(r)|Φi〉||2

= |
N∑
l=1

ei ϕl |2
∑

i

Pi 〈Φi| â†â|Φi〉

=
sin2(ϕN2 )

sin2(ϕ2 )
〈â†â〉Φ , (3.7)

what is the well known grating formula, showing a visibility V1 = 1. This expression

can also be derived in a classical formalism, neglecting the Fock states for a moment,
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by Huygens-principle [73]. For this, consider a monochromatic laser illuminating the N

slit grating: each statistically dependent slit acting as a secondary light source emits a

spherical wave, which has a fixed initial relative phase with respect to the sperical waves

of the other N − 1 slits, so that these secondary waves sum up coherently leading to

constructive and destructive interferences.

However, in analogy to Fig. 3.2, we can also investigate the foregoing results in a quan-

tum path picture. Figure 3.4 depicts the N different quantum paths, contributing to

the signal at the detector, i.e., to the mean radiated intensity G
(1)
N,SD(r). Clearly, the

photon which triggers the detection event at r can occupy any of the N possible paths

abbreviated by the terms ei ϕl . Since the N quantum paths are indistinguishable and

every quantum path leads to the same final state (as we have only a common electric

field from which a photon is annihilated), they have to be coherently superposed, what

produces again the modulation in G
(1)
N,SD(r) derived in Eq. (3.7).

…
.. 

…
.. 

…
.. 

Figure 3.4.: Schematic representation of the N single-photon quantum paths denoted by
ei ϕ1 to ei ϕN , if N statistically dependent radiating pinholes are considered
as light sources in a N -slit Young interferometer. The N single-photon
quantum paths are coherently superposed.

3.1.2. Statistically independent light sources

Let us now evaluate the mean radiated intensity of N statistically independent light

sources arranged in a linear chain (cf., Fig. 3.3). For this we could consider, e.g., N ini-

tially fully excited two-level atoms, which independently scatter photons by the process

of spontaneous decay, N independent coherent light sources, i.e., N lasers with uncor-

related fluctuating initial phases, or N monochromatic light sources showing thermal

statistics.

The positive frequency part of the electric field operator Ê
(+)
N (r) at position r which

is created by N statistically independent point sources arranged in a linear chain at

positions R1 to RN can then be written as [69]
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Ê
(+)
N (r) ∼

N∑
l=1

ei (ϕl+Ψl)âl . (3.8)

Due to the far-field condition, we again have to sum over all possible quantum-paths ei ϕl

(with corresponding initial phases Ψl) which are leading from the l-th light source to

the detector. On first sight Eq. (3.8) leads to a discrepancy, since now we sum over the

operators âl where from the (far-field) perspective of the detector all measured photons

have occupied the same mode. However, this is the correct physical description since

taking into account the independency of each photon emitter, the light sources potentially

have, e.g., different fluctuating initial phases Ψl and different photon statistics. Thus, in

order to include the source-characteristics into the analysis, we rather have to describe

a detection event from the perspective of the light sources: if the detector measures a

photon, we have to trace back such an event to the l-th emitter, i.e., from the mode

kl, which was populated by the radiation of a particular emitter l, a single photon is

annihilated. These considerations lead us to the definition of the operator âl, which

annihilates a single photon from the mode kl, i.e., from the quantum path denoted by

ei ϕl . The mean radiated intensity G
(1)
N (r) of N statistically independent radiating light

sources thus reads

G
(1)
N (r) =

∑
i

N∏
n=1

Pni ||
N∑
l=1

ei (ϕl+Ψl)âl

N∏
k=1

|Φki〉||2

=
∑
i

P1i〈Φ1i|â†1e
−i (ϕ1+Ψ1) ei (ϕ1+Ψ1)â1|Φ1i〉

+ ...+
∑
i

PNi〈ΦNi|â†Ne
−i (ϕN+ΨN ) ei (ϕN+ΨN )âN |ΦNi〉

= 〈â†â〉Φ1 + ...+ 〈â†â〉ΦN =

N∑
l=1

〈â†â〉Φl = const. (3.9)

where âl acts only on the state |Φli〉 for all i and we used the abbreviation 〈â†â〉Φl ≡∑
i Pli〈Φli|â†l âl|Φli〉. Note that we will use the same symbol for the tensor product ⊗...⊗

and the scalar multiplication
∏

throughout this thesis. Investigating Eq. (3.9) it can

be seen that statistically independent light sources show a constant intensity distribu-

tion, which is independent of the detector position r, whether we consider the state of

the fields to be Fock-states, coherent states, thermal states or any mixture of these states.

Let us conclude this section by investigating again the different quantum paths contribut-
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ing to the signal G
(1)
N (r) depicted in Fig. 3.5. The quantum paths add up incoherently in

case of statistically independent sources and thus do not give rise to interference terms,

i.e., a modulation of the mean radiated intensity, since every path leads to a different

final state and thus is distinguishable.

…
.. 

…
.. 

…
.. 

Figure 3.5.: Scheme of the N single-photon quantum paths denoted by ei ϕ1 to ei ϕN for
N statistically independent radiating light sources. In comparison to statis-
tically dependent light sources, here the quantum paths add up incoherently.

3.2. Spatial intensity correlations of second order in a Young

interferometer

We found in the last section that the intensity distribution of independently radiating

photon emitters is a constant, i.e., statistically independent light sources scatter pho-

tons isotropically. Here, we want to investigate second order correlations of statistically

dependent and statistically independent light sources, in order to see whether this ob-

servation still holds for higher order correlations.

The spatial second order correlation function G(2)(r1, r2) introduced in section 2.3 is

proportional to the joint probability of detecting one photon at position r1 and another

photon at position r2. A setup which enables to measure the joint probability of detecting

two photons scattered by N photon sources is schematically depicted in Fig. 3.6. In the

following let us first discuss the joint detection probability of two photons scattered by

N statistically dependent light sources.

3.2.1. Statistically dependent light sources

In this section, we consider N statistically dependent radiating light sources localized

at positions R1 to RN along a linear chain, e.g., N slits in a screen that is coherently

illuminated by a monochromatic laser. The electric field at position rj created by the

N statistically dependent radiating point sources can be written as
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…
.. 

Figure 3.6.: Setup to measure spatial intensity correlations of second order in a Young in-
terferometer. N photon sources are localized at positions Rl (l = {1, ..., N}),
separated by a distance d along a linear chain. Two detectors are located
at r1 and r2 in the far-field of the photon sources each measuring a single-
photon scattered by the light sources.

Ê
(+)
N,SD(rj) ∼

N∑
l=1

ei (ϕlj+Ψ0)â . (3.10)

Hereby, ϕlj abbreviates the optical phase accumulated by a photon emitted at Rl (l =

{1, ..., N}) and detected at rj (j = {1, 2}) relative to a photon emitted at the origin. It

reads (cf. Fig. 3.6)

ϕlj(rj ,Rl) ≡ ϕlj = −k rj ·Rl

rj
= −l kd sin θj . (3.11)

In Eq. (3.10) we again deal with a single annihilation operator â, since the considered

statistically dependent photon emitters are just secondary sources which are assumed to

be generated by a common light source. According to Eq. (2.30), the spatial intensity

correlation function of second order now calculates to
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G
(2)
N,SD(r1, r2) =

∑
i

Pi ||Ê(+)
N,SD(r1)Ê

(+)
N,SD(r2)|Φi〉||2

= |
N∑
l=1

ei ϕl1
N∑
k=1

ei ϕk2 |2
∑

i

Pi 〈Φi| â† 2â2|Φi〉

=
sin2(N ϕ11

2 )

sin2(ϕ11

2 )

sin2(N ϕ12

2 )

sin2(ϕ12

2 )
〈â† 2â2〉Φ. (3.12)

We obtain a two-dimensional grating formula dependent on the detector position r1 and

r2. The normally ordered second moments 〈â† 2â2〉Φ are given in Eqs. (2.12), (2.18),

and (2.23) for light fields displaying single-photon, Poisson or Bose-Einstein photon-

statistics, respectively. Note that for single-photon sources, G
(2)
N,SD(r1, r2) would be zero,

since 〈â† 2â2〉F = 0 for a single-photon Fock state.

Finally, let us define a visibility V2 of the second order correlation function. Analogous

to V1, introduced in Eq. (3.4), V2 can be written as

V2 :=
G(2),max −G(2),min

G(2),max +G(2),min
. (3.13)

Investigating Eq. (3.12), we find that the minimum equals zero (for ϕ11 = 2π
N and

ϕ12 = 0), i.e., the visibility V2 of the second order correlation function of N statistically

dependent light sources is clearly 1.

3.2.2. Two statistically independent light sources

Let us now investigate two statistically independent light sources. To this end let us

define the electric field, which can be written as

Ê
(+)
2 (rj) ∼

2∑
l=1

ei (ϕlj+Ψl)âl , (3.14)

where we again have to sum over the two annihilation operators âl due to our far-field

condition: if a detection event takes place, the detector cannot distinguish from which

of the two light sources the photon was scattered. The operator âl now annihilates a

photon from a mode which is occupied due to the radiation of source l and unambi-

giously defined by the initial phase Ψl and the accumulated phase ϕlj . We thus could

also include the constant and fluctuating phases of Eq. (3.14) in the definition of some
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annihilation operator âlj ≡ ei (ϕlj+Ψl)âl. However, we will desist from doing so, since it

would obscure the calculation of the spatial intensity correlation functions.

Using Eqs. (2.30) and (3.14), the second order intensity correlation function G
(2)
2 (r1, r2)

calculates to

G
(2)
2 (r1, r2) =

∑
i

P1i P2i ||Ê(+)
2 (r1)Ê

(+)
2 (r2)|Φ1i〉|Φ2i〉||2

=
∑

i

P1i P2i ||Ê(+)
2 (r1)(ei (ϕ12+Ψ1)â1|Φ1i〉|Φ2i〉+ ei (ϕ22+Ψ2)|Φ1i〉â2|Φ2i〉)||2

=
∑

i

P1i P2i ||ei (ϕ11+Ψ1) ei (ϕ12+Ψ1)â2
1|Φ1i〉|Φ2i〉+ ei (ϕ21+Ψ2) ei (ϕ22+Ψ2)|Φ1i〉â2

2|Φ2i〉

+ ei (ϕ11+Ψ1) ei (ϕ22+Ψ2)â1|Φ1i〉â2|Φ2i〉+ ei (ϕ21+Ψ2) ei (ϕ12+Ψ1)â1|Φ1i〉â2|Φ2i〉||2 ,(3.15)

where again âj acts only on the state |Φji〉 for all i. By investigating Eq. (3.15) we can as-

sociate the exponentials ei (ϕj1+Ψj) ei (ϕk2+Ψk) with two-photon quantum paths since these

terms correspond to the different phases two photons accumulate if they are scattered

by the j-th and the k-th light source and detected by the first and the second detector,

respectively. However, evaluating the norm squared in Eq. (3.15), the majority of terms

cancels, since expectation values with an unequal number of annihilation and creation

operators vanish. For expectation values 〈â†kâ
†
l âmân〉 we obtain the relations

〈â†kâ
†
l âmân〉 =



const. , if (k = m) ∧ (l = n)

const. , if (k = n) ∧ (l = m)

const. , if (k = l = m = n)

0 , else .

(3.16)

Keeping this relations in mind, we can evaluate the square of the norm [cf., Eq. (3.15)]

and rearrange the remaining terms, what leads to
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G
(2)
2 (r1, r2) =

∑
i

P1i P2i

(
||ei (ϕ11+Ψ1) ei (ϕ12+Ψ1)â2

1|Φ1i〉|Φ2i〉||2

+ ||ei (ϕ21+Ψ2) ei (ϕ22+Ψ2)|Φ1i〉â2
2|Φ2i〉||2

+ ||ei (ϕ11+Ψ1) ei (ϕ22+Ψ2)â1|Φ1i〉â2|Φ2i〉+ ei (ϕ21+Ψ2) ei (ϕ12+Ψ1)â1|Φ1i〉â2|Φ2i〉||2
)

=
∑

i

P1i P2i

(
||ei 2Ψ1ei (ϕ11+ϕ12)â2

1|Φ1i〉|Φ2i〉||2 + ||ei 2Ψ2ei (ϕ21+ϕ22)|Φ1i〉â2
2|Φ2i〉||2

+ ||ei (Ψ1+Ψ2)(ei (ϕ11+ϕ22)â1|Φ1i〉â2|Φ2i〉+ ei (ϕ21+ϕ12)â1|Φ1i〉â2|Φ2i〉)||2
)
. (3.17)

The initial phases Ψ1 and Ψ2 factorize in each term, i.e., those phases will vanish when

the absolute value is determined. The joint probability of detecting two photons scat-

tered by statistically independent sources thus also shows a modulation even if the ini-

tial phases of the light sources are fluctuating independently of each other. Evaluating

Eq. (3.17), we finally obtain

G
(2)
2 (r1, r2) = 〈â† 2â2〉Φ1 + 〈â† 2â2〉Φ2 + 2〈â†â〉Φ1 〈â†â〉Φ2 [1 + cos(ϕ11 − ϕ12)] , (3.18)

where 〈â† kâk〉Φj ≡
∑

i Pji〈Φji|â† kj âkj |Φji〉. It was derived in section 3.1.2 that the mean

radiated intensity G
(1)
N (r) of statistically independent light sources is constant over the

whole position space r and thus no interferences can be observed. In contrast to this,

the second order intensity correlation function G
(2)
2 (r1, r2) displays a cosine modulation

with an offset determined by the photon statistics of the considered light sources.

Let us next study the visibility V2 of G
(2)
2 (r1, r2), introduced in Eq. (3.13). It calculates

to

V2 =
4 〈â†â〉Φ1〈â†â〉Φ2

2 〈â† 2â2〉Φ1 + 2 〈â† 2â2〉Φ2 + 4 〈â†â〉Φ1〈â†â〉Φ2

=
1

1 +
〈â† 2â2〉Φ1

+〈â† 2â2〉Φ2

2 〈â†â〉Φ1
〈â†â〉Φ2

(3.19)

If we are interested in identical light sources, i.e., the state of both sources is the same

and denoted by |Φ〉, then the visibility takes the form

V2 =
1

1 + 〈â† 2â2〉Φ
〈â†â〉2Φ

, (3.20)
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where the second order correlation function is given by

G
(2)
2 (r1, r2) = 2 〈â† 2â2〉Φ + 2〈â†â〉2Φ[1 + cos(ϕ11 − ϕ12)] . (3.21)

For example, for two equal coherent lasers with mean photon number n̄ = 〈â†â〉C and

〈â† 2â2〉C = n̄2 [cf., Eq. (2.18)], we obtain

G
(2)
2C(r1, r2) = 2 n̄2 + 2n̄2[1 + cos(ϕ11 − ϕ12)] ∼ 1 + V2C cos(ϕ11 − ϕ12) , (3.22)

with a visibility V2C = 1
2 . For two equal thermal light sources we get [cf., Eq. (2.23)]

G
(2)
2T (r1, r2) = 4 n̄2 + 2n̄2[1 + cos(ϕ11 − ϕ12)] ∼ 1 + V2T cos(ϕ11 − ϕ12) , (3.23)

with a visibility V2T = 1
3 .

Quantum path description for classical light sources

Due to the different statistics of thermal and coherent states of the electric field, the

corresponding intensity correlation functions of second order clearly differ. However, for

both fields the same two-photon quantum paths appear in case of a successful measure-

ment event. The implicite form of the second order correlation function G
(2)
2 (r1, r2),

given in Eq. (3.17), allows to directly determine them. Since for classical light sources,

the first moments 〈â†â〉 as well as the second moments 〈â† 2â2〉 are unequal zero, no term

vanishes in Eq. (3.17). We thus have four different possibilities that two photon path

from the sources to the detector and trigger a joint detection event (cf., Fig. 3.7):

Figure 3.7.: Schematic representation of the four two-photon quantum paths for two
classical light sources, denoted by ei ϕ11ei ϕ12 , ei ϕ21ei ϕ22 , ei ϕ11ei ϕ22 and
ei ϕ12ei ϕ21 , which appear if a joint detection event at two detectors takes
place.
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The two photons could be scattered by the first or the second light source, giving rise to

a two-photon quantum path denoted by ei ϕ11ei ϕ12 and ei ϕ21ei ϕ22 , respectively. These

two two-photon quantum paths lead to different final states, namely

|Φ1i − 2〉 ≡ â2
1|Φ1i〉 and |Φ2i − 2〉 ≡ â2

2|Φ2i〉 . (3.24)

They are thus distinguishable and have to be summed up incoherently leading to constant

terms in the derivation of the second order correlation function. Further, there is the

possibility that each of the two photon sources scatters a photon which is recorded either

by the first or the second detector. One photon could have been emitted by the first

source and detected by the first detector and the other photon by the second light source

and detected by the second detector and vice versa. These two two-photon quantum

paths are abbreviated by ei ϕ11ei ϕ22 and ei ϕ12ei ϕ21 , respectively. Since both quantum

paths lead to the same final state, given by

|Φ1i − 1〉|Φ2i − 1〉 ≡ â1|Φ1i〉â2|Φ2i〉 , (3.25)

they are indistinguishable and thus have to be coherently superposed leading to constant

terms as well as interference terms in the second order correlation function.

Quantum path description for single photon emitters

Now, let us suppose that the two light sources are single-photon emitters, i.e., the electric

fields measured by the two detectors shall be in a single-photon Fock state. In this case

the intensity correlation function G
(2)
2F (r1, r2) calculates to [cf., Eq. (3.21)]

G
(2)
2F (r1, r2) = 2[1 + cos(ϕ11 − ϕ12)] ∼ 1 + V2F cos(ϕ11 − ϕ12) . (3.26)

with a visibility V2F = 1, since the second moment 〈â† 2â2〉F of a single-photon Fock

states is zero. Interpreting the correlation function from a probabilistic point of view, a

visibility of 100% means that there are detector positions r1 and r2, where two photons

can never be measured at the same time. Keeping in mind that the single-photon sources

are considered to be statistically independent, i.e., they independently scatter photons,

this is quite a counterintuitive result.

However, this can be better understood in the frame of the quantum path description

(cf., Fig. 3.8): In difference to the classical light sources discussed above, we now do

not have the possibility that both photons are emitted from the same source, since the
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Figure 3.8.: Schematic representation for two single-photon sources of the two two-
photon quantum paths denoted by ei ϕ11ei ϕ22 and ei ϕ12ei ϕ21 which appear
if a joint detection event at two detectors is considered. These paths are
indistinguishable and thus have to be coherently superposed.

field created by single-photon sources contain only one photon. Thus, we end up with

just two two-photon quantum paths, expressed by the terms ei ϕ11ei ϕ22 and ei ϕ12ei ϕ21 ,

corresponding to the scenario that either the first source emits a photon which is mea-

sured by the first detector and the second source scatters a photon which is measured by

the second detector or vice versa [cf., Eq. (3.17)]. The final states in which the electric

fields of these scenarios can be found are given by Eq. (3.25). They are indistinguish-

able and the corresponding two two-photon quantum paths have thus to be superposed

coherently, leading to a pure cosine modulation in the second order correlation function

G
(2)
2F (r1, r2).

This behavior will be investigated in more detail for joint coincident detection events in

section 4.4 and generalized to non-coincident joint detection events in section 4.5.

3.2.3. N statistically independent light sources

Let us generalize the foregoing calculations of the second order correlation function

G
(2)
2 (r1, r2) toN photon sources and calculateG

(2)
N (r1, r2), what will be needed in chapter

5 in the context of measurement induced radiation focussing. To this end we have to

evaluate the electric field of N statistically independent light sources at some position

rj . It takes the form

Ê
(+)
N (rj) ∼

N∑
l=1

ei ϕlj âl . (3.27)

Here, the field is again defined dimensionless and thus all higher-order correlation func-

tions would be also dimensionless. The actual values can be obtained by multiplying the

intensity correlation function of m-th order m times with the intensity produced by a
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single-photon. Further, ϕlj abbreviates again the optical phase accumulated by a photon

emitted at Rl (l = {1, ..., N}) and detected at rj (j = {1, ...,m}) relative to a photon

emitted at the origin [cf., Eq. (3.11)]. Note that we have neglected the fluctuating time

dependent initial phase Ψl of the l-th light source for simplicity in Eq. (3.27), since it

cancels anyway in the calculation of the intensity correlation functions of higher order

for statistically independent light sources as shown in Eq. (3.17).

With the help of Eq. (3.27), the second order correlation function G
(2)
N (r1, r2) calculates

to

G
(2)
N (r1, r2) =

∑
i

N∏
n=1

Pni ||Ê(+)
N (r1)Ê

(+)
N (r2)

N∏
k=1

|Φki〉||2

=
∑

i

N∏
n=1

Pni ||
N∑

m,j=1

ei ϕm2ei ϕj1 âmâj

N∏
k=1

|Φki〉||2

=
∑

i

N∏
n=1

Pni (||
N∑
m=1

ei (ϕm2+ϕm1)â2
m

N∏
k=1

|Φki〉||2 + ||
N∑

m,j=1
m 6=j

ei (ϕm2+ϕj1)âmâj

N∏
k=1

|Φki〉||2)

(3.28)

Using that all terms vanish which are not fulfilling the relations given in Eq. (3.16), the

second order correlation function G
(2)
N (r1, r2) then takes the form

G
(2)
N (r1, r2) = Pni||

N∑
m=1

ei (ϕm2+ϕm1)â2
m

N∏
k=1

|Φki〉||2

+ Pni||
N∑

m,j=1
m<j

(ei (ϕm2+ϕj1)âmâj + ei (ϕj2+ϕm1)âj âm)

N∏
k=1

|Φki〉||2

= Pni

N∑
m=1

||â2
m

N∏
k=1

|Φki〉||2 + Pni

N∑
m,j=1
m<j

||(ei (ϕm2+ϕj1) + ei (ϕj2+ϕm1))âmâj

N∏
k=1

|Φki〉||2

(3.29)

where we have used that [âm, âj ] = 0 and introduced the abbreviation Pni ≡
∑

i

∏N
n=1 Pni

for brevity. The first sum in Eq. (3.29) gives just a constant contribution. This contribu-

tion will vanish for single-photon Fock states since their second moments are zero. The
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second sum contains the two indistinguishable two-photon quantum paths ei (ϕm2+ϕj1)

and ei (ϕj2+ϕm1), which give rise to constant as well as interference terms in the correlation

function. Continuing the calculation of G
(2)
N (r1, r2), we obtain

G
(2)
N (r1, r2) =

N∑
m=1

〈â† 2â2〉Φm +
N∑

m,j=1
m<j

[
1 + ei [(m−j)ϕ12+(j−m)ϕ11]

+ ei [(j−m)ϕ12+(m−j)ϕ11] + 1
]
〈â†â〉Φm〈â†â〉Φj

=
N∑
m=1

〈â† 2â2〉Φm

+
N∑

m,j=1
m<j

[
2 + ei [(j−m)(ϕ11−ϕ12)] + e−i [(j−m)(ϕ11−ϕ12)]

]
〈â†â〉Φm〈â†â〉Φj

=
N∑
m=1

〈â† 2â2〉Φm +

N∑
m,j=1
m<j

{2 + 2 cos [(m− j)(ϕ11 − ϕ12)]} 〈â†â〉Φm〈â†â〉Φj (3.30)

where we used the definition ϕlj = l · ϕ1j of the optical phase shift [cf., Eq. (3.11)].

In order to evaluate the sums, let us again consider the case that we have N equal

light sources, i.e., all electric fields are considered to be found in a particular state |Φ〉.
Equation (3.30) then simplifies to

G
(2)
N (r1, r2) = N〈â† 2â2〉Φ +

[
N(N − 1) +

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
−N

]
〈â†â〉2Φ

= N〈â† 2â2〉Φ +N(N − 2)〈â†â〉2Φ +
sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
〈â†â〉2Φ . (3.31)

Note that for N = 2 Eq. (3.31) transforms to Eq. (3.21), since

sin2(ϕ11 − ϕ12)

sin2(ϕ11−ϕ12

2 )
= 4 cos2 (

ϕ11 − ϕ12

2
) = 2 + 2 cos (ϕ11 − ϕ12) . (3.32)

Investigating Eq. (3.31), we see that the second order correlations G
(2)
N (r1, r2) created

in the far-field of N linearly arranged, statistically independent equal light sources just

differ by two constant terms, N〈â† 2â2〉Φ and N(N − 2)〈â†â〉2Φ, from a modulation cor-
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responding to an N slit grating illuminated by a coherent light source [cf., Eq. (3.12)].

These constant terms are given by the statistics of the light sources and can be easily

calculated using the moments introduced in Eqs. (2.18) and (2.23). We will exploit the

grating behavior of the second order correlation function G
(2)
N (r1, r2) and higher order

correlations of N single-photon emitters and N thermal light sources in chapter 5.

The visibility V2 of G
(2)
N (r1, r2) calculates to

V2 =
N2 〈â†â〉2Φ

2N〈â† 2â2〉Φ + [2N(N − 2) +N2]〈â†â〉Φ
=

1

3 + 2
N

(
〈â† 2â2〉Φ
〈â†â〉2Φ

− 2
) . (3.33)

It can be seen that the visibility goes to 33% for N → ∞, independent of the photon

statistics of the light sources. We will explain this behavior after introducing the differ-

ent quantum paths for classical and single-photon emitters, contributing to a successful

measurement event at two detectors in case of N sources.

Let us first consider the case where the initial state |Φ〉 of the field created by N light

sources correspond to a classical state. The intensity correlation functions G
(2)
NC(r1, r2)

and G
(2)
NT (r1, r2) for N statistically independent coherent or thermal light sources are

given by

G
(2)
NC(r1, r2) = n̄2

(
N +N(N − 2) +

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )

)
, and (3.34)

G
(2)
NT (r1, r2) = n̄2

(
2N +N(N − 2) +

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )

)
, (3.35)

respectively. Here, in Eqs. (3.34) and (3.35) n̄ denotes the mean photon number n̄ =

〈â†â〉C of the coherent light sources and the mean photon number n̄ = 〈â†â〉T of the

thermal light sources, respectively. From Eq. (3.33) and Eq. (2.18) the visibility V2C of

the second order correlation function for coherent states then calculates to

V2C =
1

3− 2
N

, (3.36)

i.e., V2C = 1
2 [cf., Eq. (3.22)] for N = 2 and V2C

N→∞−→ 1
3 . For thermal light sources the

visibility V2T equals
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V2T =
1

3
, (3.37)

which is independent of the number of light sources N , since 〈â
† 2â2〉T
〈â†â〉2T

= 2. This remark-

able feature of the second order correlation function of N thermal light sources is thus

due to the particular properties of Bose-Einstein statistics.

Quantum path description for classical light sources

Figure 3.9.: Schematic representation for N classical light sources of the N2 two-photon
quantum paths denoted by ei ϕ11ei ϕ12 to ei ϕ(N−1)2ei ϕN1 which can appear if
a joint detection event at the two detectors is considered. The upper line
displays the N two-photon quantum paths which superpose incoherently and
thus only lead to an offset in the second order correlation function. In the
lower line the remaining N(N−1)

2 indistinguishable pairs of two two-photon
quantum paths are depicted which have be coherently superposed. They
lead to an offset as well as interference terms.

Let us now investigate the two-photon quantum paths which appear in case of classi-

cal sources, if a successful measurement event takes place at two detectors. Clearly,

each of the two detectors measures a photon which could be scattered by any of the

N classical light sources. Thus, we obtain N2 two-photon quantum paths denoted by

the exponentials ei ϕ11ei ϕ12 to ei ϕ(N−1)2ei ϕN1 in Fig. 3.9 and Eq. (3.28). Further, like in

the case of G
(2)
2 (r1, r2) discussed above, we can identify two different ways a detection

event at both detectors can be triggered: either the two photons are scattered by only

one photon source, corresponding to the N quantum paths depicted in the upper line

of Fig. 3.9, or the two photons are emitted by two different photon sources, leading to
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the N(N − 1) two-photon quantum paths depicted in the lower line of Fig. 3.9. The

first type of quantum paths are leading to different final states, as shown in Eq. (3.24).

These two-photon quantum paths are distinguishable and thus have to be incoherently

superposed, what leads to a constant offset. Considering the second type of two-photon

quantum paths, we find N(N−1)
2 pairs of two-photon quantum paths, where each pair is

leading to the same final state [cf., Eq. (3.25)]. The two two-photon quantum paths in

each pair are indistinguishable and thus have to be coherently superposed leading to a

constant offset as well as interference terms. However, the sum over all N(N−1)
2 pairs

have to be superposed again incoherently [cf., Eq. (3.29)].

Quantum path description for single photon emitters

Finally, let us investigate the quantum paths for light sources, which scatter photons in a

single-photon Fock state. In this case, the second order correlation function G
(2)
NF (r1, r2)

takes the form

G
(2)
NF (r1, r2) = N(N − 2) +

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
(3.38)

From Eq. (3.33) we can calculate the visibility of the correlation function G
(2)
NF (r1, r2),

which reads

V2F =
1

3− 4
N

. (3.39)

Like in case of all other light sources considered in this section, the visibility V2F goes

to 33% for N → ∞ [cf., Eq. (3.33)]. Let us explain this behavior by investigating the

two-photon quantum paths, which contribute to a detection event at the two detectors

in the far-field of the N single-photon emitters: In contrast to classical sources, we now

just have one possibility to trigger a detection event if the two measured photons are

scattered by two different photon sources. In case of N single-photon sources, there are

thus

N2 −N = N(N − 1)

two-photon quantum paths contributing to the two-photon signal. Figure 3.10 depicts

all those N(N − 1) quantum paths, denoted by ei ϕ11ei ϕ22 to ei ϕ(N−1)2ei ϕN1 .
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Figure 3.10.: Schematic representation for N single photon sources of all N(N − 1)
two-photon quantum paths denoted by ei ϕ11ei ϕ22 to ei ϕ(N−1)2ei ϕN1 . There
are N(N−1)

2 pairs of two two-photon quantum paths, where the paths are
indistinguishable and thus have to be coherently superposed. However, the
sum over all N(N−1)

2 pairs superposes incoherently

Now, if N becomes large, then N(N − 1) ≈ N2, what is the result for classical light

sources. Thus, the second order correlation function for N single-photon emitters would

be proportional to the second order correlation function of classical light sources and it is

therefore not surprising that the visibility V2F approaches the classical limit for N →∞.

In chapters 4 and 5 we will investigate the intensity correlation function of second order

in more detail. We will discuss its non-local behavior in sections 4.4, 4.5 and 4.6 and

investigate some other particularities, like measurement induced focussing, in sections

5.3 and 5.4. In the next section we study correlation functions in the most general

form, i.e., the m-th order intensity correlation function for N light sources. Further, the

quantum path formalism, what was introduced in the last sections, will be generalized

and quantitatively refined.

3.3. m-th order intensity correlations of N statistically

independent photon sources in a generalized

Young-Interferometer

In chapters 4 and 5 we will focus on the investigation of higher order intensity corre-

lations for statistically independent photon sources or ensembles of light sources which

share certain entangled states. Ignoring the entangled states for a moment, we will re-

strict ourselves to statistically independent photon emitters for different reasons: First

of all, the physics of dependent light sources is well understood and the two-dimensional

grating formula which can be derived in case of the the second order correlation func-
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tion [cf., section 3.2.1] can be easily generalized to an m-dimensional grating in the

m-dimensional detector position space if m-th order correlations are considered. Fur-

ther, and even more important, in contrast to dependent sources, like the slits of a

grating illuminated by a coherent laser, independent photon sources can be in principle

far away from each other - a requirement of many applications in quantum information

science, like quantum cryptography [74–76], quantum computation [77–81] and quan-

tum imaging [82, 83]. The mean radiated intensity of statistically independent photon

sources is a constant as shown in section 3.1.2, so we do not obtain much information

about the system by investigated this quantity. However, as already discussed in the

last section, the spatial second order correlation function G
(2)
NF (r1, r2) is modulated - in

particular for N = 2, where the visibility V2F of the correlation G
(2)
2F (r1, r2) between two

single independently emitted photons can be as high as 100% [cf., Eq. (3.38)]. Since the

second order correlation function G
(2)
2F (r1, r2) in our setup is proportional to the proba-

bility that two single-photons are jointly detected in the far-field by two single-photon

detectors at r1 and r2, this means that there are detector positions where it is impossible

to measure two photons. Keeping in mind that the considered photons were scattered

by statistically independent photon sources, i.e., by sources which do not interact in any

way with each other, one thus can ask the question how this distinct non-local behavior

could arise. We will discuss this particularity in detail in chapter 4.

Let us now present the basic system which is used and referred to throughout this

thesis. We consider a chain of N equidistant photon sources located at positions Rl

(l = {1, ..., N}) and m detectors placed on a circle in the far-field around the sources

at positions ri (i = {1, ...,m}; cf. Fig. 3.11). The far-field condition guarantees that

the detectors cannot distinguish from which emitter a measured photon was scattered.

Otherwise we would just obtain constant spatial correlation signals, since each detection

event would lead to a different final state of the sources. An equivalent statement is

that all quantum paths would be distinguishable and thus have to be superposed in-

coherently. A measurement cycle is completed, if each detector has measured a single

photon, i.e., we discard detection events, where a particular detector measures no or

more than one photon. For classical light fields, the coincidence time window of a joint

detection event at multiple detectors should not exceed the (first order) coherence time

of the corresponding light sources. If we would take for classical fields measurements of

photons into account, which are emitted, say several coherence times after each other,

any modulation of the correlation function would be averaged out. However, we will

figure out in section 4.5 that for non-classical light fields under specific assumptions it is
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not required to measure within the coherence time in order to observe a modulated signal.

…
.. 

Figure 3.11.: Setup of the most general system considered in this thesis. N photon
sources located at positions Rl (l = {1, ..., N}) are separated by a distance
d along a linear chain. Each of the m detectors at rj (j = {1, ...,m}) in
the far-field of the photon sources measures a single-photon scattered by
the light sources at Rl.

Besides atoms sharing an entangled state (cf., section 4.2 for details), all other photon

sources considered in this thesis are assumed to be statistically independent, i.e., pho-

tons from different sources are scattered without a fixed phase relation with respect to

another source of the setup. To this end, let us assume that kd > 1 in order to neglect

all interactions between the photon sources, where k = 2π
λ is the wave number of the

corresponding photons and d the equal spacing between the emitters.

Throughout this thesis, we will investigate them-th order correlation function introduced

in Eq. (2.33). This correlation is proportional to the probability of measuring m photons

at the space-time positions r1, t1 to rm, tm, introduced in Eq. (2.34). Let us redefine the

spatial m-th order intensity correlation function with a subscript N in order to account

for the number of emitters in the setup
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G
(m)
N (r1, t1; ...; rm, tm) = 〈Ê(−)

N (r1, t1)... Ê
(−)
N (rm, tm)

Ê
(+)
N (rm, tm)... Ê

(+)
N (r1, t1)〉 , (3.40)

with the positive frequency part of the electric field operator Ê
(+)
N (rj , tj) and its hermi-

tian conjugate Ê
(−)
N (rj , tj). Over wide parts of this thesis, we will focus on the coincident

detection of m photons, expressed by the equal time intensity correlation function of m-

th order, which reads

G
(m)
N (r1, 0; ...; rm, 0) ≡ G(m)

N (r1, ..., rm) , (3.41)

and was introduced in Eq. (2.36). The corresponding electric field operators were al-

ready discussed in Eq. (3.27) of this chapter. The light sources we consider throughout

this thesis can be sources which scatter photons in a thermal or coherent state (intro-

duced in section 2.2). Moreover, in section 4.6 we will investigate correlation signals of

disparate light sources emitting photons in a photon-added thermal or photon-added co-

herent state, introduced by Agarwal and Tara [84,85]. For the creation of single photon

Fock states, we will focus on non-linear crystals producing single photons by the process

of spontaneous parametric down conversion and localized two-level atoms, which are

assumed to be prepared in the excited state and scatter single-photons by the process

of spontaneous emission. Single atoms prepared in an entangled or separable quantum

state will play a major role in section 4.5 and chapter 5 and we will thus introduce them

in the following.

Throughout this thesis, we are only dealing with ordinary two-level atoms. We denote

the excited state of the l-th atom by |el〉 and corresponding ground state by |gl〉 so that

the wave-function of a single atom can be written as

|Ψ〉 = c1l|el〉+ c2l|gl〉 ,where
∑
i

|cil|2 = 1 . (3.42)

In the following chapter we will consider initially fully excited atoms, which were collec-

tively excited, e.g., by a single laser pulse. Thus, the factors c2l are assumed to be zero

at t = 0 for all l.

Now let us introduce the positive frequency part of the electric field Ê
(+)
N (rj , tj) at space-
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time position rj , tj which describes the detection of a photon in the far-field of N atoms.

For a field produced by N two-level atoms, it takes the explicite form [40]

Ê
(+)
N (rj , tj) ∼

ei k rj

r3
j

N∑
l=1

rj × (rj × pge) e
−i ϕlj ŝ−l (tj) . (3.43)

Here, ŝ−l (tj) is the time dependent atomic lowering operator

ŝ−l (tj) = |gl〉〈el|(tj) , (3.44)

i.e., the operator which transfers the atom from the excited state to the ground state

at time tj , which will be discussed in detail in section 4.5. The atomic raising operator

is given by (ŝ−l )† = |el〉〈gl| ≡ ŝ+
l , defining the negative frequency part of the electric

field operator Ê
(−)
N which is obtained by Hermitian conjugation, i.e., Ê

(−)
N = Ê

(+)†

N . pge

denotes the dipole moment of the transitions |el〉 → |gl〉 and ϕlj the optical phase

accumulated by a photon emitted at Rl and detected at rj . Note that k = 2π
λ is now the

wave number of the transition |el〉 → |gl〉 [cf., Eq. (3.11)]. In the following we consider

for simplicity pge to be oriented along the y direction and rj in the x− z plane, so that

pge · rj = 0 (cf., Fig. 3.11). Further, we have defined the electric field in Eq. 3.43 as a

vector field in order to account for the polarization of the field (cf., section 2.1). However,

as we consider two-level emitters only we can neglect the polarization state without loss

of generality. Moreover, the detectors are located at a circle around the light sources,

i.e., the distances rj are considered to be equal for all j. With these assumptions and

omitting all constant factors, Eq. (3.43) takes the form in our setup (cf., Fig. 3.11)

Ê
(+)
N (rj , tj) ∼

N∑
l=1

e−i ϕlj ŝ−l (tj) . (3.45)

In particular we have

Ê
(+)
N (rj , 0) ≡ Ê(+)(θj) ∼

N∑
l=1

e−i ϕlj ŝ−l , (3.46)

if we consider coincident detection events. The field is again defined dimensionless and

hence all correlation functions of m-th order would be also dimensionless. The actual

values can be obtained by multiplying G
(m)
|SN 〉 m times with the intensity produced by a

single atom.

It can be clearly seen that Eq. (3.46) is mathematically equivalent to the electric field
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of N arbitrary light sources given in Eq. (3.27). However, this is not surprising as the

physical interpretation of the detection process is equivalent: if we consider an excited

two-level atom as single-photon source and a detection event takes place, the atom must

have scattered the photon, leading to a transition from the excited state to the ground

state. In the last sections, we thus would have obtained the same results for all calculated

correlation functions assuming single atoms as single-photon sources. However, a par-

ticularity of light fields produced by two-level atoms is that atoms emit single-photons

spontaneously. The process of spontaneous emission, being a truly random process, and

the time-evolution of an ensemble of uncorrelated atoms will be crucial to demonstrate

a particularity of the second order correlation function, discussed in section 4.5.

3.4. m-photon quantum paths and multiphoton interference

In sections 3.1.1 and 3.1.2 we explained the occurence of a constant or modulated mean

radiated intensity in our setup by investigating single-photon quantum paths leading

from the light sources to the detector. Those quantum paths occupied by a single-photon,

had to be superposed coherently or incoherently, dependent on the characteristics of the

light sources, in the derivation of the first order correlation function. We expanded this

quantum path formalism and introduced in section 3.2.2 two-photon quantum paths,

occupied by two photons, leading to a successful measurement at two detectors. The

joint probability of detecting two photons scattered by an ensemble of light sources and

measured in the far-field by two detectors was shown to be modulated by a pure cosine.

Hereby, the visibility of the intensity correlation signal of second order was shown to

be lower for statistically independent classical sources than for statistically independent

single-photon emitters where the visibility was 100%. This behavior could be explained

again using the quantum path description as for classical light sources more two-photon

quantum paths appear than for single-photon sources. Those additional quantum paths

interfere incoherently what causes a constant background, thus decreasing the visibility

of the signal. In the following we want to expand this reasoning to the detection of m

photons and the appearance of the corresponding m-photon quantum paths. Thereby, we

want to point out differences and similarities of the m-photon quantum paths occupied

by m photons which are scattered from statistically independent classical and single-

photon emitters in a more quantitative manner.
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3.4.1. Number of m-photon quantum paths of equal light sources

In this section we want to determine the total number of quantum paths appearing for

an arbitrary number of detectors in case of statistically independent and identical single-

photon emitters and classical light sources.

Consider first N single-photon emitters in the arrangement of Fig. 3.11 each scattering

a photon, which is subsequently measured by one of m single-photon detectors. The

photon, which is measured by the first detector, could have been scattered by any of the

N emitters due to our far-field assumption. However, the photon, which is measured

by the second detector, has just N − 1 possible sources left and the photon, which

is detected by the m-th detector just N − m possible sources. Thus, the number of

m-photon quantum paths of equal single-photon emitters P(m)
NQ,no. is

P(m)
NQ,no. =

N !

(N −m)!
=

(
N

m

)
m! . (3.47)

We can also derive this formula from the point of view of the photon sources, as denoted

on the right hand side of Eq. (3.47): if the number of emitters N equals the number

of detectors m, then we have m! m-photon quantum paths, i.e., m! possibilities that m

photones emitted from m indistinguishable sources are detected by the m detectors. All

those m! m-photon quantum paths are leading to the same final state, since from each

electric field a single-photon was annihilated. The paths are thus indistinguishable and

have to be coherently superposed. Considering now an unequal number of light sources

N and detectors m with N > m, we have
(
N
m

)
possibilities to assign these m! m-photon

quantum paths to the different photon sources. These
(
N
m

)
possibilities can be clearly

identified with the number of different final states |f〉(m)
NQ,no., i.e.,

|f〉(m)
NQ,no. =

(
N

m

)
, (3.48)

over which thus has to be summed incoherently.

If we consider an ensemble of classical light sources, the derivation of the total number of

m-photon quantum paths is quite simple: Each of the m detectors has the possibility to

measure a photon, which could have been scattered by any of the N light sources: The

first detector can measure a photon, which was emitted by any of the N light sources,

the second detector can measure a photon which was scattered by the same number of
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light sources, and so on. The total number of m-photon quantum paths which can be

occupied by photons scattered by an ensemble of N classical light sources P(m)
NC,no. thus

is

P(m)
NC,no. = Nm . (3.49)

For the total number of final states |f〉(m)
NC,no. in case of classical light sources, we obtain

|f〉(m)
NC,no. =

(
N +m− 1

m

)
, (3.50)

what is a well known combinatorial formula called m-combinations with repetitions or

m-multicombination: in order to derive the number of final states, we have to distribute

m photons to the detectors from a set of N light sources. However, the precise order of

the allocation has not to be taken into account since it is unimportant in the derivation of

the final states which detector has measured a particular photon. Further, as discussed

in detail before, a classical light source can also scatter more than one photon. This

means that regardless of the fact that a light source has already scattered a photon

or not, the set of possible light sources still has N elements. In terms of a basic urn

model, the m photons have to be returned once drawn, corresponding to the assumed

repetitions.

3.4.2. Partition of m-photon detections for arbitrary light sources

In this section we want to determine the total number of quantum paths for an arbitrary

number of detectors in case of arbitrary light sources, i.e., either single photon sources

and/or classical sources. For this we will exploit the fruitful tool of partitioning the

number of measured photons, i.e., the number of detectors in the setup. In number

theory and combinatorics, a partition of a positive integer m is a way of writing m as

a sum of positive integers independent of the order of their summands. For example, 5

can be partitioned in seven distinct ways

5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1, 2 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1 . (3.51)

Let us now introduce the concept of partitions to our quantum path framework, in order

to classify the m-photon quantum paths occupied by photons which were scattered from

classical sources, single-photon sources or even an ensemble of disparate photon sources.
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With the help of the partition of m-photon detections we decompose the total number

of m-photon quantum paths in our system into smaller subsets, which can be identified

with the different possibilities of how a joint m photon detection event could have been

triggered. We will also derive how many different final states exist for each quantum

path partition, what enables us to calculate the number of m-photon quantum paths

which lead to the same final states of the system. As discussed in the foregoing chapter,

only the m-photon quantum paths which lead to the same final states are indistinguish-

able and thus have to be coherently superposed to calculate the m-th order correlation

function G
(m)
N . Investigating the different quantum path partitions will also enable us

to distinguish between an ensemble of statistically independent single-photon sources,

classical sources or even disparate light sources.

In case of the mean radiated intensity G
(1)
N (r), which is characterized by single-photon

quantum paths, there is just one scenario, which leads to a successful measurement

event - namely that one out of N light sources scatters a photon which is measured by

the detector in the setup, so that altogether there are N single-photon quantum paths

leading from one photon emitter to one detector (depicted in figure 3.5). For statistically

independent sources, those quantum paths lead to N different final states and thus

have to be summed up incoherently, what causes a constant intensity distribution (cf.,

section 3.1.2). Considering the two-photon quantum paths of the second order correlation

functionG
(2)
N (r1, r2) there are two scenarios which lead to a joint detection of two photons

(cf., section 3.2.2): Either one of the N photon sources scatters both photons or any two

photon sources scatter the two photons (cf., Fig. 3.9). These two possibilities can be

identified with the partitions of the integer 2, corresponding to the correlation order of

our intensity correlation function of second order, i.e., to the number of detectors in the

setup. However, the two-photon quantum paths of the first partition, abbreviated by {2},
can only be occupied by photons which are scattered from classical light sources, since

a classical source can emit an arbitrary number of photons. In contrast, the quantum

paths of the second possibility, denoted by {1, 1}, can be occupied by photons emitted

from single-photon sources as well as classical light sources. Let us derive the number

of two-photon quantum paths, which can be found for the partition {2}, if we consider

N arbitrary light sources, what we will denote by P{2}N,no.. It calculates to

P{2}N,no. = C , (3.52)
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where C is the number of classical light sources in the setup. The number of final states

in this partition, |f〉{2}no. , equals also C. Dividing P{2}N,no. by |f〉{2}no. , we obtain the number

of two-photon quantum paths which lead to the same final state and thus interfere

coherently. For the partition {2} this is just a single two-photon quantum path, i.e.,

all C quantum paths P{2}N,no. lead to different final states. Deriving the number of two-

photon quantum paths for the partition {1, 1} is a less trivial task. It can be calculated

to

P{1,1}N,no. = N(N − 1) , (3.53)

since in the partition {1, 1} the first photon could have been scattered by any of the

N emitters, but the second photon by just N − 1 emitters. The number of final states

|f〉{1,1}no. was already derived in section 3.2.2: since we assume two indistinguishable single-

photons scattered by 2 out of N emitters, the number of final states |f〉{1,1}no. equals

|f〉{1,1}no. =

(
N

2

)
=
N(N − 1)

2
. (3.54)

Dividing P{1,1}N,no. by |f〉{1,1}no. we obtain again the number of two-photon quantum paths

which lead to the same final state. In this way, i.e., with

P{1,1}N,no.

|f〉{1,1}no.

= 2 , (3.55)

we obtain two indistinguishable two-photon quantum paths for the partition {1, 1}.

Let us next consider a joint detection event of three photons in the far-field of N single-

photon emitters. Now, we have three possible scenarios, corresponding to the partitions

of the integer 3, which can trigger a successful measurement: either all three photons

are scattered by a classical light source, abbreviated by {3}, two photons are scattered

by a classical light source and one photon by another classical source or a single-photon

source, denoted by the partition {2, 1}. The last possibility {1, 1, 1} would be that all

photons are scattered by different emitters being either a classical source or a single-

photon source. The number of three-photon quantum paths and final states for the

partition {3} and {1, 1, 1} can be derived and explained in analogy to the partition {2}
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and {1, 1} above. They calculate to

P{3}N,no. = C ,

|f〉{3}no. = C ,

P{1,1,1}N,no. = N(N − 1)(N − 2) ,

|f〉{1,1,1}no. =

(
N

3

)
=
N(N − 1)(N − 2)

3!
. (3.56)

However, the quantum paths and final states of the partition {2, 1} would need more

explanation. Since only classical sources can scatter more than one photon, the two

photons in {2, 1} could have been emitted only by C sources, whereas the one photon

in {2, 1} could have been scattered by any of the remaining N − 1 emitters. In addition

the two photons can be measured by
(

3
2

)
different combinations of detectors, leading to

P{2,1}N,no. = C(N − 1)

(
3

2

)
(3.57)

different three-photon quantum paths in the partition {2, 1}. However, the different

permutations of the detectors do not change the final state of the system. Thus, we

arrive at

|f〉{2,1}no. = C(N − 1) (3.58)

final states, i.e.,
(

3
2

)
three-photon quantum paths in the partition {2, 1} are leading to

the same final state, are thus indistinguishable and have to be coherently superposed.

Figure 3.12 depicts the N3 quantum paths which can be found if a joint detection event

of three photons is considered in the far-field of N photon sources. The upper row in

the figure corresponds to the C quantum paths of the partition {3}. In the middle row

the 3C(N −1) quantum paths which arise for the partition {2, 1} are presented, i.e., the

18 quantum paths which occur for N = m = 3 plus the additional permutations which

can be found if N > m. In the lower row the 6 quantum paths for N = m plus all

permutations for N > m for the partition {1, 1, 1} are depicted.

In order to generalize these results to the partition of m-photon detections and cor-

responding final states needed to calculate the spatial intensity correlation function of
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Figure 3.12.: Schematical representation of the N3 three-photon quantum paths, i.e.,
possibilities to trigger a joint detection event of three photons scattered by
N light sources in the far-field of three detectors. In the upper row the C
quantum paths of the partition {3} are indicated and in the middle row the
3C(N−1) quantum paths which arise for the scenario {2, 1} are presented.
In the lower row the 6 quantum paths for N = m plus all permutations for
N > m for the partition {1, 1, 1} are indicated.

m-th order, we would have to determine an analytical formula for the partitions of an

integer m determining as a function of m all partitions in an explicite form. Almost

100 years ago Ramanujan derived an asymptotic formula of the partition function [86]

and good analytical estimates followed 20 years later [87]. An exact analytic formula

is under current research [88], but is not yet know. Moreover, it is out of the scope

of this thesis to delve into partition theory. However, for our needs, i.e., in order to

calculate the number of quantum paths and final states, it is sufficient to determine the

partitions for a particular integer m. Algorithms for the calculation of the partitions

of any arbitrary, but fixed integer m can be found in the literature [89]. In appendix

A we deduce a formula to explicitely calculate the number of m-photon quantum paths

and final states which can be found for any arbitrary fixed partition of m. Further, the

reader may also find there tables of the number of final states and quantum paths for

all partitions up to m = 7.
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3.4.3. Number of m-photon quantum paths for arbitrary light sources

In sections 4.6 and 4.7 we will investigate intensity correlation functions for ensembles

of disparate sources for the case that N = m = 2 and N = m = 3. In this section we

determine therefore the total number of m-photon quantum paths for arbitrary sources

assuming N = m, which will be sufficient for all our needs. The number of m-photon

quantum paths of the intensity correlation function G
(m)
m (r1, ..., rm) created by an ensem-

ble of m statistically independent classical or single-photon emitters P(m)
NQC,no. is given

by

P(m)
NQC,no. =

Q∑
n=0

(
Q

n

)
m!

(m− n)!
Cm−n (3.59)

with the correlation order m, the number of classical light sources C, single-photon

sources Q and N = m = C +Q. The formula can be derived by combinatorical consid-

erations: The sum
∑Q

n=0 determines the number of photons scattered by single-photon

sources in a particular quantum path. Either none of the photons in an m-photon quan-

tum path, one of the photons, or two, or even all photons were emitted by single-photon

sources. The binomial
(
Q
n

)
now determines for each case the possibilities to choose these

n photons from the single-photon emitters, i.e., it specifies which single-photon sources

have emitted the n photons. For instance, consider the joint probability to detect four

photons scattered by three single-photon emitters and one classical light source. There

is clearly the possibility that a quantum path is occupied where two of the four photons

were emitted by two single-photon sources and the other two photons by the classical

source. Now, the n single-photons which were chosen out of Q single-photon sources

in the setup can be distributed to m detectors, leading to m!
(m−n)! combinations. If we

choose, e.g., two of our m photons stem from single-photon sources, the first can be

measured by m detectors and the second by just m− 1 detectors. For classical sources

we then have m − n detectors left which have not measured a photon yet, leading to

Cm−n quantum paths. Note that for C = 0, i.e., assuming only single-photon emitters,

Eq. (3.59) equals N ! and for only classical light sources, i.e., for Q = 0 we obtain NN

quantum paths as already derived in Eqs. (3.47) and (3.49), respectively. Note that in

appendix A the total number of final states for arbitrary disparate sources is presented

up to the seventh order intensity correlation function. For correlation functions of m-th

order the corresponding final states can be derived by using the algorithm presented

there.
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4. Investigations of non-classicality and

entanglement of spatial and temporal

correlation functions

In the last chapter, we have derived the intensity correlation function of second order for

arbitrary statistically independent photon emitters assuming the basic setup introduced

in section 3.3. The interpretation of our results for single-photon emitters revealed that

the spatial modulation of the correlation signal arises from the interference of two in-

distinguishable two-photon quantum paths which have to be coherently superposed to

describe the measurement outcome. In this chapter, we prove that the correlations be-

tween the detected photons have a non-local nature, i.e., the photons form an entangled

state, by demonstrating that Bell-type inequalities can be potentially violated. Further,

we derive the time-dependent spatial intensity correlation function of second order and

show that it is also possible to violate locality with a correlation signal created by photons

which do not overlap in time. Our analysis continues by discussing that also correla-

tions between light sources with different photon statistics, in particular non-classical

and classical statistics, can exhibit non-local features - considering intensity correlation

functions of second or even third order. However, we emphasize that in case of the third

order correlation function we do not give a rigorous proof of its non-local nature. We

rather propose how to find a proper normalization of the correlation signals in order

to adopt them to standard Bell inequalities for more than two particles. We conclude

with deriving a useful inequality which enables to demonstrate the non-classicality of

m-th order intensity correlations created between fields with arbitrary photon statistics.

However, let us first introduce the two basic concepts which play a major role in the

course of this chapter: non-classicality and entanglement.

4.1. The concept of non-classicality

For single-mode and multi-mode fields a variety of criteria of non-classicality has been

investigated in the literature (cf., e.g., Refs. [90–98]). In this chapter we will utilize
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non-classicality criteria derived by Agarwal and Tara (AT) [85] and later generalized by

Shchukin, Richter, and Vogel (SRV) [99,100], which are based on matrices of normally-

ordered moments of annihilation and creation operators. First, we will study the criterion

of AT in order to derive a Cauchy-Schwarz inequality which can prove the non-classical

nature of the second order correlation functions considered in the following sections.

However, in section 4.8, after discussing the non-local behavior of certain intensity cor-

relations, we will present and apply the generalized criterion of SRV to propose a very

practicable inequality which enables to test the quantum character of higher order in-

tensity correlation functions. It is worth noting that we only study criteria, rather than

measures, which can determine a degree of non-classicality.

4.1.1. The Glauber-Sudarshan P-representation

All states of the electric field, indeed all physical phenomena, can be described in a

quantum formalism. Thus, at first sight it may seem quite arbitrary to differentiate

between classical and non-classical states of the light field. However, there are quantum

states which are closer to their classical approximation than other states. For example,

the coherent states are the most classical pure states of the quantum harmonic oscilla-

tor [68]. For this reason they are defined to be classical states while all other pure states

of the harmonic oscillator are considered to be non-classical.

In case of mixed states, described by a density matrix ρ̂, a definition of non-classicality

gets more involved and is commonly based on the Glauber-Sudarshan P-function P (α)

[71,101], which enables to expand the state of any type of light using the coherent states

|α〉 as a basis (cf., section 2.2). The Glauber-Sudarshan P-representation of a density

matrix ρ̂ takes the form

ρ̂ =

∫
P (α)|α〉〈α|d2α , (4.1)

where the surface element d2α = d(Reα)d(Imα) can be regarded as an element of phase

space, i.e., the integral is an integral over all phase space. Further, the P-function P (α)

is a real function of α and can be interpreted as a phase space density or weight function.

Since density matrices have Trρ̂ = 1 and considering that coherent states are pure states,

we find
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1 = Trρ̂ = Tr

∫
P (α)|α〉〈α|d2α =

∫
P (α)d2α (4.2)

i.e., P (α) is normalized to unity. These properties suggest that P (α) can be seen as a

probability density in phase space. A state is now regarded to be non-classical, if its

Glauber-Sudarshan P-function P (α) cannot be interpreted as a true probability density,

i.e., it becomes negative at certain points or more singular than Dirac’s δ-function [e.g.,

if P (α) is given by the n-th derivative of δ(α)]. On the other hand, a state of light is

defined to be classical, if the P-function behaves like a probability density. However,

in fact it does not describe probabilities of mutually exclusive states, since the different

coherent states are not orthogonal, i.e. they form an overcomplete basis in Hilbert space.

Thus, the P-function can only be seen as a quasi -probability density [68,90,91].

4.1.2. The Cauchy-Schwarz inequality

Let us derive the Cauchy-Schwarz inequality with the help of a non-classicality criterion

given by AT, which is based on matrices of moments of annihilation and creation opera-

tors [85]. Consider a function f̂(â, â†) depending on an arbitrary number of annihilation

and creation operators â and â†, respectively. If the underlying probability distribution

of a given state of a light field (represented by the P-function) is positive, then the

expectation value of the normally ordered function f̂ ,

〈
: f̂ :

〉
, (4.3)

should be positive for any f̂(â, â†). This follows since the expectation value given in

Eq. (4.3) denotes a positive definite Hermitian sesquilinear form 〈·, ·〉 : H×H → C, i.e, a

scalar product which should take only positive values if P (α) is positive. Any violation

of this inequality implies then that the underlying radiation field is a non-classical field.

Now, in order to derive an inequality dependent on quantities which can be measured

in a laboratory, let us choose

f̂(â, â†) ≡ [α Î(r1) + βÎ(r2)]2 , (4.4)

with arbitrary real numbers α and β and Î(rj) being the net intensity created by N

arbitrary light sources at some position rj , i.e. [cf., Eq. (3.27)]
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Î(rj) ≡ Ê(−)
N (rj) Ê

(+)
N (rj) =

N∑
l=1

e−i ϕlj â†l

N∑
l=1

ei ϕlj âl . (4.5)

Thus, Eq. (4.3) can be written as

〈
: [α Î(r1) + β Î(r2)]2 :

〉
= Tr

{
ρ̂ : [α Î(r1) + β Î(r2)]2 :

}
≥ 0 ∀α, β , (4.6)

with the density operator ρ̂ in the Glauber-Sudarshan P-representation (cf., section 4.1.1)

and where we included the trivial case that Î(rj) could equal zero. Every sesquilinear

form can be described by a quadratic matrix [85], i.e., in our case by the Hermitian

matrix 〈: Î(r1) Î(r1) :〉 〈: Î(r1) Î(r2) :〉

〈: Î(r2) Î(r1) :〉 〈: Î(r2) Î(r2) :〉

 , (4.7)

which has to be positive semi-definite1 due to Eq. (4.6). We can now apply Sylvester’s

criterion, stating that a Hermitian matrix is positive-definite, if and only if all principal

minors, i.e., determinants of the submatrices of the matrix, are positive [102]. Since we

consider a 2× 2 matrix, we only have a single principal minor, and we obtain∣∣∣∣∣∣∣
〈: Î(r1) Î(r1) :〉 〈: Î(r1) Î(r2) :〉

〈: Î(r2) Î(r1) :〉 〈: Î(r2) Î(r2) :〉

∣∣∣∣∣∣∣
!
≥ 0 . (4.8)

Evaluating the determinant and using the identity

〈: Î(ri)Î(rj) :〉 ≡ G(2)
N (ri, rj) , (4.9)

we arrive at the CS inequality [94–98]

G
(2)
N (r1, r1)G

(2)
N (r2, r2) ≥ |G(2)

N (r1, r2)|2 . (4.10)

Now, we can investigate whether the second order correlation signal G
(2)
NF (r1, r2) of N

1A hermitian matrix M is called positive semidefinite (M ≥ 0), iff the eigenvalues are non-negative.
Equivalently, M ≥ 0 if 〈Ψ|M |Ψ〉 ≥ 0 for all |Ψ〉.

62



single-photon emitters, which was introduced in Eq. (3.38) and reads

G
(2)
NF (r1, r2) = N(N − 2) +

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
, (4.11)

violates inequality (4.10). As will be shown below (cf., section 4.4) these correlations

are truly of non-classical nature. Since we have G
(2)
N (rj , rj) = 2N(N − 1), it must hold

[2N(N − 1)]2
!
< |G(2)

N (r1, r2)|2 , (4.12)

to show a violation of classicality. Unfortunately, this can never be achieved: if we

choose r1 and r2, e.g., such that the modulation is maximal, we end up with 1
!
< 1.

Thus, clearly such an inequality does not enable us to test the quantum nature of the

light field produced by our sources and we have to look for another inequality in order to

show the non-classicality of our considered photon-photon correlation signal G(2)(r1, r2).

Let us choose for this purpose as operator f(â, â†) in Eq. (4.3)

f(â, â†) ≡ [α δÎ(r1) + βδÎ(r2)]2 , (4.13)

with δÎ(rj) ≡ Î(rj) − 〈Î(rj)〉 and Î(rj) being again the intensity created by N light

sources at position rj [cf., Eq. (4.5)]. We thus obtain for the expectation value

Tr
{
ρ : [α δÎ(r1) + β δÎ(r2)]2 :

} !
≥ 0 ∀α, β . (4.14)

Applying Sylvester’s criterion leads us to

∣∣∣∣∣∣∣
〈: δÎ(r1) δÎ(r1) :〉 〈: δÎ(r1) δÎ(r2) :〉

〈: δÎ(r2) δÎ(r1) :〉 〈: δÎ(r2) δÎ(r2) :〉

∣∣∣∣∣∣∣
!
≥ 0 . (4.15)

Evaluating the determinant we arrive at
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2∏
i=1

〈: Î(ri)Î(ri)− 2 Î(ri) 〈Î(ri)〉+ 〈Î(ri)〉〈Î(ri)〉 :〉

−
2∏

i,j=1,i 6=j
〈: Î(ri)Î(rj)− Î(ri) 〈Î(rj)〉 − Î(rj) 〈Î(ri)〉+ 〈Î(ri)〉〈Î(rj)〉 :〉 . (4.16)

If we now consider statistically independent light sources, we have [cf., Eqs. (3.9) and

(3.28)]

〈Î(ri)〉 =

N∑
l=1

〈
â†l âl

〉
,

〈: Î(ri)Î(rj) :〉 ≡ G
(2)
N (ri, rj) , (4.17)

so that we obtain from Eq. (4.16)

SN ≡

∣∣∣G̃(2)
N (r1, r2)

∣∣∣2
G̃

(2)
N (r1, r1) G̃

(2)
N (r2, r2)

≤ 1 , (4.18)

what we define as the Cauchy-Schwarz (CS) parameter SN . Equation (4.18) shows that

SN must be bigger than 1 to violate classicality. Note that in inequality (4.18) the

variance G̃
(2)
N (ri, rj) is given by

G̃
(2)
N (ri, rj) := G

(2)
N (ri, rj)−

(
N∑
l=1

〈
â†l âl

〉)2

. (4.19)

Let us first choose N statistically independent classical (thermal or coherent) light

sources in order to study if inequality (4.18) can be violated by the corresponding cor-

relation signals of second order. In these cases the expectation value of the intensity

〈Î(ri)〉 at position ri calculates to [cf., Eq. (3.9)]

(
N∑
l=1

〈
â†l âl

〉
C

)2

=

 N∑
j=1

〈
â†j âj

〉
T

2

= n̄2N2 (4.20)

and with Eqs. (3.34) and (3.35), we thus get for the variances G̃
(2)
N (r1, r2)
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G̃
(2)
NC(r1, r2) = n̄2

(
N +N(N − 2) +

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )

)
− n̄2N2

= n̄2 sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
− n̄2N , (4.21)

G̃
(2)
NT (r1, r2) = n̄2

(
2N +N(N − 2) +

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )

)
− n̄2N2

= n̄2 sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
. (4.22)

Plugging these results into the inequality (4.18), we obtain as a criterion for the vio-

lation of classicality for N statistically independent coherent or thermal light sources,

respectively,

SNC =

(
sin2(N

ϕ11−ϕ12
2

)

sin2(
ϕ11−ϕ12

2
)
−N

)2

[N(N − 1)]2
!
> 1 and (4.23)

SNT =

(
sin2(N

ϕ11−ϕ12
2

)

sin2(
ϕ11−ϕ12

2
)

)2

N4

!
> 1 . (4.24)

Equations (4.23) and (4.24) cannot be fulfilled for any N . Thus, as expected, classi-

cal correlation signals do not violate inequality (4.18). However, let us investigate the

photon-photon correlation signal of N independent single-photon emitters. With the

help of the intensity 〈Î(ri)〉 at position ri,

〈Î(ri)〉 =

(
N∑
l=1

〈
â†l âl

〉
F

)2

= N2 , (4.25)

the variance G̃
(2)
NF (r1, r2) calculates to [cf., Eq. (3.38)]

G̃
(2)
NF (r1, r2) = N(N − 2) +

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
−N2

=
sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
− 2N . (4.26)
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We can now investigate a potential violation of the CS parameter SN and find

SNF =

(
sin2(N

ϕ11−ϕ12
2

)

sin2(
ϕ11−ϕ12

2
)
− 2N

)2

[N(N − 2)]2
!
> 1 . (4.27)

By choosing r1 and r2 such that the modulation vanishes, we obtain

4N2 !
> [N(N − 2)]2 → (N − 2)2 !

< 4. (4.28)

This condition is fulfilled for N = 2 and N = 3, i.e., we obtain a violation of classicality

for correlations between two photons scattered from two or three independent single-

photon emitters. However, it should be borne in mind that from no violation of the CS

inequality no conclusion can be drawn regarding the quantum nature of the radiation

field.

The CS inequality introduced in Eq. (4.18) is perfectly suitable to study one part of the

fundamental question which will be addressed in section 4.6: under which conditions are

the correlations between a single-photon source and a semi-classical or classical light

source non-classical or even entangled?

4.2. The concept of entanglement

In the course of this thesis we already calculated the mean radiated intensity and the

photon-photon intensity correlation function created by N statistically independent light

sources. In the derivation of these quantities, we explicitely used that the initial state

of the N particle system, what could either denote the compound electric field or even

the state of the photon emitters itself (cf., section 3.3), is a product state
∏N
i=1 |Φi〉, i.e.,

a so called separable state. In the following sections we want to study how it can be

physically explained as well as mathematically analyzed that the probability to measure

two single-photons in the light of two photon emitters can go to zero, indicating a highly

non-local behavior, though the light sources scatter their photons independently, i.e.,

the initial state of the system is separable. In chapter 5 we further want to investigate

intensity correlations of ensembles of light sources which initially can be found in some

other types of states, namely in particular entangled states. To this end, we will outline

the differences between separable and entangled states in the following.
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Let us assume two quantum systems A and B, respectively. The physical states of the

first system are described by states in the Hilbert space HA of dimension dA and in

the second system in the Hilbert space HB of dimension dB. The compound system

of both parties is then expressed by vectors in the tensor product of the two spaces

H = HA ⊗HB. Any state vector in the composite Hilbert space H then can be written

as [103,104]

|Ψ〉 =

dA∑
i=1

dB∑
j=1

cij |ai〉 ⊗ |bj〉 ∈ HA ⊗HB , (4.29)

where the cij form a (complex) dA × dB matrix C = (cij). We want to emphasize again

that we will write tensor products of state vectors as |a〉 ⊗ |b〉 = |a〉|b〉 = |a b〉 in order

to keep the notation simple.

A pure state |Ψ〉 ∈ H is now called product state or separable, if it can be written as

tensor product of states |ϕA〉 ∈ HA and |ϕB〉 ∈ HB, i.e., if

|Ψ〉 = |ϕA〉 ⊗ |ϕB〉 , (4.30)

holds. However, if the state |Ψ〉 cannot be written as a tensor product of states |ϕA〉
and |ϕB〉, it is called entangled. For bi-partite systems a basis of the Hilbert space H
with dimensions dA = dB = 2 is given by the four entangled states

|ϕ±A〉 =
1√
2

(|01〉 ± |10〉) , |ϕ±B〉 =
1√
2

(|00〉 ± |11〉) , (4.31)

which are called EPR-states or Bell-states. These states have the unintuitive property

that if a measurement is performed at only one of the subsystems the probability to

find this subsystem in the state |0〉 or the state |1〉 is equal. Thus the states give no

knowledge about the subsystems. However, they give maximal knowledge about the

total system, since the states are pure states. As mentioned in the introduction, this

is just the feature which was pointed out by Schrödinger [4], who first recognized that

there is a profoundly nonclassical relation between the information an entangled state

gives us about the whole system and the information it gives us about subsystems.

67



In a more general situation the exact state of a quantum system is unknown and it must

thus be described by a density matrix ρ̂ (cf., section 2.2). Since any positive semi-definite

matrix of trace one can be interpreted as a density matrix of some state, the set of all

states can be geometrically intepreted as a closed convex set2. This means that given

some convex weights pi ≥ 0 with
∑

i pi = 1, the convex combination
∑

i piρ̂i of some

states ρ̂i is again a state. Now, let ρ̂ denote the state of the composite system. In

analogy to pure states, ρ̂ is called separable, if it can be expressed as

ρ̂ =
∑
i

piρ̂i
A ⊗ ρ̂iB , (4.32)

where the pi are convex weights and ρ̂i
A ⊗ ρ̂iB are product states in HA and HB, re-

spectively. However, if there exist no such representation, the state is called entangled.

Note that in analogy to this definition we could also define full m-partite separability

for more than two particles.

There is a variety of separability criteria which enable to distinguish if a bi-partite state ρ̂

is entangled or not, most notably the criterion of partial transposition (PPT-criterion or

Peres-Horodecki criterion) [105,106], the computable cross norm or realignment criterion

(CCNR criterion) [107,108] and generalizations of them to multi-partite cases [109–111]

(cf., e.g., [103, 104] for an extensive summary of separability criteria). However, an un-

ambigious definition of entanglement for multi-partite systems is still under research.

Besides separability criteria of density matrices, another broad class of entanglement

detection schemes can be subsumed under the term entanglement witnesses3: as already

stated above the separable states form a closed convex set. Thus, given an entangled

state ρ̂e, we know that ρ̂e is not in the set of separable states and hence there must

exist a hyperplane, i.e. a linear functional on the compound Hilbert space H, that sep-

arates ρ̂e from the set of separable states [113]. An entanglement witness for a state is

exactly such a hyperplane separating it from the set of separable states [106, 114]. The

main advantage of entanglement witnesses is that they provide an economic method of

detection of entanglement, since no complete quantum state tomography [115], i.e., no

2For example, a subset of Euclidean space is called convex, if for every pair of points within the set a
straight line that joins the two points is also completely within the set.

3In 2000 Terhal introduced the term entanglement witness for operators detecting entanglement [112].
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reconstruction of all elements of the density matrix is required. However, a drawback is

that most entanglement witnessess are only capable to prove the quantumness of some

certain quantum states. Since Terhal constructed a family of non-decomposable posi-

tive linear maps based on entangled quantum states [112], the theory of entanglement

witnesses has been developed and refined [116–124].

In the next section we will introduce some particular entanglement witnessess, namely

the so called Bell-inequalities. Though derived long before the notion of witnesses was

introduced to quantum optics, it was shown that a violation of a Bell inequality can be

expressed as a witness for entanglement [112]. The virtue of using Bell inequalities in

order to prove entanglement is that they are based on rather easy to handle correlation

measurements, thus it is not necessary to do a full quantum state tomography. All we

need to detect the entanglement of a quantum system is data in the form of average

values of some operators - the state of the system is rather unimportant. Further, in

contrast to other entanglement witnesses or separability criteria of density matrices, the

Bell inequalities are formulated outside the framework of quantum mechanics since they

were first derived in order to test whether or not quantum mechanics is a complete

physical theory.

4.3. The Bell inequalities

In 1964 Bell demonstrated that a bi-partite signal measured independently at two dif-

ferent positions reveals correlations which cannot be explained by means of a local de-

terministic theory [6]. He formulated inequalities showing that quantum mechanics can

give rise to results different from those which can be obtained from a classical local and

realistic, i.e., deterministic theory. For the derivation of his famous inequalities, Bell

started from a classical theory with the assumptions of a local, deterministic theory al-

lowing for hidden variables (LHV), which were inspired by the seminal paper of Einstein,

Podolsky and Rosen written in 1935 [1].

The initial work of Bell stimulated further investigations which led to a number of pubica-

tions improving or extending the idea of testing the fundamentals of quantum mechanics.

In particular, Clauser et al. formulated inequalities (so-called CHSH or CH74 inequali-

ties) which are ready to be used in real experiments. In their approach, two correlated

photons are assumed to be emitted by an atomic cascade de-excitation process. Utiliz-

ing polarization degree of freedom, entanglement between the participating photons can
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be demonstrated [125,126]. Thereafter, several groups experimentally investigated that

only the theory of quantum mechanics is capable of describing the corresponding non-

local correlations among the polarization degrees of freedom of the photons [7–9,127,128].

Besides separability criteria of density matrices and the variety of entanglement wit-

nesses, Bell-type inequalities still provide an important tool to demonstrate the presence

of entanglement in a given quantum system. Much effort has been spent on extend-

ing Bell- and CHSH-type inequalities so that they can be applied, for example, also

for multi-partite quantum systems of arbitrary dimensions [129, 130]. In the following

we will introduce the CHSH and the CH74-inequalities, which will be used to provide

an experimentally feasible proof of the entangled nature of two-photon correlations for

independent single-photon emitters and even arbitrary light sources in sections 4.4, 4.5

and 4.6. However, we already want to note that since we are dealing with spatial in-

tensity correlation, we have to adjust standard Bell inequalities, except the CH74-type,

since they were derived for polarization or spin degrees of freedom. We will present

a proper normalization in case of spatial photon-photon correlations of arbitrary light

sources, which enables to use standard Bell inequalities. Further we will extend these

investigations to three-photon correlations in section 4.7. However, we emphasize that

in case of multi-partite entanglement a normalization which properly adjusts intensity

correlation functions to standard Bell inequalities is very complicated to find and we

will only heuristically motivate how to normalize the third order correlation function

without giving a rigorous mathematically proof for it.

4.3.1. CH74 formulation

Let us start with introducing the Bell inequalities derived by Clauser and Horne in

1974 [126]. Since they are formulated for probabilities a priori, rather than for polar-

ization correlations, we will apply them in sections 4.4 and 4.5 to prove the non-local

behavior of the spatial intensity correlations existing between two single photons.

As already stated above, the work of Einstein, Podolsky and Rosen displayed the neces-

sity to introduce supplementary parameters λ in order to complete quantum mechan-

ics [1]. These so called hidden variables were advanced to avoid the non-local nature

of the quantum mechanical description, i.e., to restore locality in the theory. Locality

assumes that the outcome of a measurement at a particular position is independent of

the measurement at another position. In our setup this means that the joint proba-

bility P2(r1, r2, λ) of detecting two single-photons at position r1 and r2 is statistically
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independent, i.e.,

P2(r1, r2, λ) = P1(r1, λ)P1(r2, λ) , (4.33)

where we have introduced the probability P1(rj , λ) to detect a single-photon at position

rj (cf., section 2.3) and where all probabilities shall be dependent on the hidden variables

λ.

Though λ are hidden variables and thus unknown, for a realistic, deterministic local

theory the detection probabilities obtained when performing a real experiment are de-

termined by the ensemble averages over all λ, i.e.,

P1(rj) =

∫
g(λ)P1(rj , λ)dλ with j = 1, 2 (4.34)

P2(r1, r2) =

∫
g(λ)P1(r1, λ)P1(r2, λ)dλ , (4.35)

where g(λ) denotes a weight function of the hidden variables. Now, let us introduce the

inequalities derived by Clauser and Horne in 1974 [126], which read

−XY ≤ x y − x y′ + x′ y + x′ y′ − x′ Y − y X ≤ 0, (4.36)

and hold for any values of x, x′, y, y′, X, Y fulfilling the restrictions

0 ≤ x, x′ ≤ X ∧ 0 ≤ y, y′ ≤ Y . (4.37)

By identifying

x ≡ P1(r1), x′ ≡ P1(r′1),

y ≡ P1(r2), y′ ≡ P1(r′2) , (4.38)

the inequalities of Eq. (4.36) take the form

−XY ≤ P2(r1, r2)− P2(r1, r
′
2) + P2(r′1, r2)

+P2(r′1, r
′
2)− P1(r′1)Y −X P1(r2) ≤ 0 . (4.39)
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after multiplying with g(λ) and integrating over λ. In sections 4.4 and 4.5 we will discuss

a proper choice of the parameters X and Y to show a violation of locality for (time-

dependent) spatial intensity correlations which arise in the light of two single-photon

emitters. However, let us now introduce some inhomogeneous Bell-type inequalities,

which were derived assuming polarization or spin degrees of freedom [125]. Though

we will first have to adjust our considered spatial intensity correlation signal of second

order to these inequalities, they will be utilized to investigate the entangled nature of

two photons created by disparate light sources for reasons discussed in section 4.6.

4.3.2. CHSH formulation

As already stated in the last section, there are two assumptions resulting in Bell-type

inequalities: locality and realism. Following an argument described by Peres [131], we

will now derive the CHSH [125] inequality from these two assumptions:

Let us consider a bi-partite quantum system and perform measurements on both parties.

We assume two measurement settings, denoted by X and X ′, at one side and two others,

Y and Y ′, at the other side. The corresponding result under a chosen measurement

setting is x, x′, y and y′, respectively, where each of them can take the value +1 or

−1. Realism requires now that the measurement outcomes are predetermined by the

properties of the investigated system, which are called hidden variables since they are

not necessarily accessible to observation. The additional assumption of locality assumes

that the measurement outcomes on the one side are independent of the measurement

setting on the other side. Thus for any given pair of particles the measurement outcomes

have predetermined values x = ±1, x′ = ±1, y = ±1 and y′ = ±1. For these values the

relations

B1 ≡ x(y + y′) + x′(y − y′) = ±2

B2 ≡ x′(y′ + y) + x(y′ − y) = ±2 , (4.40)

hold, since either y + y′ or y − y′ equal zero. If, for example, B1 is averaged over many

trials, the absolute value must be smaller than 2, leading to the CHSH inequality [125]

B ≡ |C(x, y) + C(x, y′) + C(x′, y)− C(x′, y′)| ≤ 2 , (4.41)

72



where the correlations C(x, y) are the ensemble average 〈xy〉 over the product of mea-

surement outcomes x and y for measurement settings X and Y , respectively, and it will

be crucial to properly determine them for spatial degrees of freedom (cf., section 4.6).

There are correlations that can exceed the bound of the CHSH inequality showing that

local realism is violated, i.e., the measurement is not simply reading out a pre-existing

local quantity and its results cannot be described by a LHV model. On the other hand, if

measurements on a quantum state violate a Bell inequality, it implies that the quantum

state which has created the correlations is entangled.

4.3.3. Bell inequalities for multi-partite quantum systems: the Mermin and

Svetlichny inequalities

The argument which was presented in the last section can be also extended to three

particles [132]. Let us denote the measurement outcomes as x, x′, y, y′, z and z′, which

can be again +1 or −1, and the corresponding measurement settings as X,X ′, Y, Y ′, Z

and Z ′. If we assume local realism for each of the three particles, then for a given set

of three particles the measurement outcomes will have predetermined values ±1. With

the help of Eq. (4.40) we obtain the identity

M≡ B1(z + z′) + B2(z − z′) = 2(x′yz + xy′z + yxz′ − x′y′z′) = ±4 , (4.42)

since again either z+ z′ or z− z′ equals zero. Dividing the inequality (4.42) by two, and

averaging over many trials yields an inequality suitable to test the non-local character

of correlations created by three particles, namely

M≡ |C(x′, y, z) + C(x, y′, z) + C(x, y, z′)− C(x′, y′, z′)| ≤ 2 , (4.43)

which was first derived by Mermin [130]. Hereby, the correlations C(x, y, z) are given by

the expectation value 〈xyz〉 and we will propose in section 4.7 how to properly determine

them assuming spatial degrees of freedom.

Now consider nonlocal correlations between two of the particles, for example between x

and y, while we still assume local realism of the two with respect to the third particle.

In this case neither B1, nor B2 can be factorized, as presented in Eq. (4.40), since the

outcomes of particle a could depend on the outcomes and the measurement settings of
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particle b. However, we can introduce the relations

B̃1 ≡ [xy] + [xy′] + [x′y]− [x′y′]

B̃2 ≡ [x′y′] + [x′y] + [xy′]− [xy] , (4.44)

with the square brackets denoting that these quantities should be assumed to be cor-

related with each other. Thus, each of these quantities as well as z and z′ must take

predetermined values ±1 since local realism with respect to the third particle is assumed.

Clearly, the algebraic maximum of B̃1 is ±4, corresponding to the algebraic maximum

of Mermins inequality. Thus, by a violation of Mermins inequality it is impossible to

rule out the assumed underlying model of partial non-locality. Let us further slightly

modify the argumentation in order to introduce Svetlichnys inequality [129]. Since B̃1

and B̃2 are functions of the same four quantities, they are of course not independent.

For example, whenever one of the two quantities reaches its algebraic maximum ±4, the

other one will be 0. Due to this fact, we obtain the relation [132]

B̃1z − B̃2z
′ = [xy]z + [xy]z′ + [xy′]z − [xy′]z′ + [x′y]z − [x′y]z′ − [x′y′]z − [x′y′]z′

= ±4,±2, 0 . (4.45)

By once again averaging over many trials, we arrive at the Svetlichny inequality

Sv ≡ |C(x, y, z) + C(x, y, z′) + C(x, y′, z)− C(x, y′, z′)

+C(x′, y, z)− C(x′, y, z′)− C(x′, y′, z)− C(x′, y′, z′)| ≤ ±4 . (4.46)

Note that we would also get an expression identical to Eq. (4.46) if other two particles,

say y and z, were assumed to be non-locally correlated while the last particle, say x,

has local properties. Since any hidden variable model considering a tripartite quantum

state where only two particles are non-locally correlated has to fulfill the Svetlichny

inequality, its violation explicitly rules out any partially non-local hidden-variable theory.

A violation of Svetlichnys inequality thus is a proof for genuine tripartite entanglement

and the corresponding quantum states causing the violation must belong to the GHZ-

or the W-class [10, 133], since for three qubits these are the only quantum states which

are genuinly entangled.
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4.4. Creating quantum path entanglement and violating Bell

inequalities by two independent single-photon sources

Path and polarization entangled photons play a key role in the investigations of ba-

sic aspects of quantum mechanics [134]. They are also fundamental for applications

in quantum information processing [79, 80]. Until now the predominant source of en-

tangled photons have been non-linear crystals, employed for spontaneous parametric

down conversion (SPDC). Via SPDC, from an initial pump photon, path and polar-

ization entangled photons can be created and further processed, e.g., to engineer more

complex multiphoton entangled states [135–142]. Apart from non-linear crystals, also

uncorrelated single-photon emitters have been proposed as a source to generate path

and polarization entangled photonic states [22,27,143–150]. Hereby, either linear optical

tools or filters can be employed to produce the entanglement [144–148, 151–154], but

there are also proposals to generate entangled photons without inserting any element,

i.e., in free space [22,27,149,150].

In section 4.1.2 we motivated that the correlation between two photons scattered by two

independent single-photon emitters are non-local in nature and cannot be described by a

classical theory. In the following, we will demonstrate that the second order correlation

function, which was introduced in Eq. (3.38), violates a position dependent Bell inequal-

ity (cf., section 4.3.1), i.e., the participating photons are entangled with each other.

We further investigate the physical process of how photons can become quantum-path

entangled in free space: it will be shown that the entanglement originates out of an

initially separable state with the help of quantum-path selection induced by the process

of detection [33].

4.4.1. Spatial intensity correlation function of second order from two

independent single-photon emitters

In section 3.3 we have shown that the electric field created by two single-photons is

equivalent to the field which is caused by the deexcitation of two two-level atoms, i.e.,

we are free to choose in describing intensity correlations from the perspective of the

fields or of the light sources - the latter will become especially important in section 4.5.

Here, we will use both a photonic and an atomic perspective in order to demonstrate

the appearance of entanglement among photons emitted by two initially uncorrelated

sources. Consider two two-level atoms with upper level |e〉 and ground state |g〉, localized

at positions R1 and R2 with a separation d >> λ, so that the dipole-dipole interaction
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can be neglected (cf. figure 4.1), which was introduced in section 3.3. The atoms are

assumed to be initially fully excited to the separable state |e e〉 ≡ |e〉1 ⊗ |e〉2, e.g., by a

single laser π pulse. After the excitation each atom spontaneously emits a single-photon.

The two photons are assumed to be registered by two detectors at positions r1 and r2,

where |ri −Rn| � d (i = 1, 2, n = A,B), so that the far-field condition is fulfilled.

d 

Figure 4.1.: Two uncorrelated two-level atoms are localized at positions R1 and R2.
Both atoms are initially fully excited and emit two photons via spontaneous
decay. The photons are detected in the far-field by two detectors at positions
r1 and r2.

In this section, we only consider coincident detections, i.e., simultaneous events at both

detectors. However, in section 4.5 it will be shown that coincident detection is not a

prerequisite for our scheme since the detection time does not influence the modulation

nor the contrast of the correlation signal. Furthermore, it is implicitely included in

the calculation of the second order correlation function that each of the two detectors

registers exactly one photon, i.e., two photon absorption processes at one detector are

excluded. For two single-photons, the second order correlation function G
(2)
2F (r1, r2) takes

the form [cf., Eq. (3.38)]

G
(2)
2F (r1, r2) =

sin2(ϕ11 − ϕ12)

sin2(ϕ11−ϕ12

2 )
= 2 + 2 cos(ϕ11 − ϕ12) , (4.47)

with the phases ϕ1j introduced in Eq. (3.11). Now we can reintroduce the visibility

V2F [cf., Eq. (3.39)] which may take on values V2F ≤ 1 due to a limited temperature

of the ions [155], extended detector sizes [156], or other experimental imperfections.

Using the mean radiated intensity G
(1)
2F (r1) of two atoms introduced in Eq. 3.9, The

Glauber-normalized intensity correlation g
(2)
2F (r1, r2) (cf., section 2.3) then yields
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g
(2)
2F (r1, r2) =

G
(2)
2F (r1, r2)

G
(1)
2F (r1)G

(1)
2F (r2)

=
1

2
[1 + 2V2F cos(ϕ11 − ϕ12)] . (4.48)

Further, interpreting the first and the second order correlation functions [cf., Eqs. (3.9)

and (4.48)] from a probabilistic point of view, we obtain the identities

P1(r1) = η G
(1)
2F (r1) ∼ η , (4.49)

P2(r1, r2) = η2 g
(2)
2F (r1, r2). (4.50)

Hereby, P1(r1) abbreviates the probability to detect a photon at position r1, P2(r1, r2)

denotes the joint probability to detect a photon at position r1 and another photon at

position r2 and η incorporates experimental insufficiencies, e.g., the quantum efficiency

of the detectors, and the angle subtended by the detectors (cf., section 2.3). We note

that the joint probability P2(r1, r2) can also be written in the form

P2(r1, r2) = P2(r2|r1) · P1(r1), (4.51)

where P (r2|r1) is the conditional probability to find a photon at position r2 if another

one is detected at position r1. Since the G
(1)
N -function is a constant [cf. Eq. (3.9)], the

second order correlation function can directly be linked to P2(r2|r1), i.e., we find

g(2)(r1, r2) ∼ P (r2|r1). (4.52)

Note that in case of V = 100%, due to the cosine modulation of the G
(2)
2F -correlation

function in Eq. (4.48), there are positions r2 where no photon can be detected if another

photon is measured at a particular position r1. With the relation given in Eq. (4.52) we

thus convey that a highly non-local, i.e., a highly non-classical behaviour is displayed in

this case by the system.

In order to investigate this behavior in more detail we will quantify in the next section

the non-locality exhibited by the second order correlation function. For this purpose

we will make use of a set of Bell-type inequalities, the so-called CH74 inequalities (cf.,

section 4.3.1), and choose appropriate variables in order to prove that correlations among

the photons are present which violate the predictions of classical physics.
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4.4.2. Position dependent violation of the CH74 inequalities

In the following we will show a violation of locality by spatial intensity correlations be-

tween statistically independent single-photons using the CH74 inequalities (cf., section

4.3.1). Derived for probabilities rather than polarization correlations, those inequalities

are most appropriate since we do not have to care about adapting our spatial intensity

correlations to the inequalities.

Until now, a position dependent violation of the CH74 inequalities has been solely de-

scribed with the help of polarization degrees of freedom [157]. These auxiliary degrees

of freedom are needed in order to arrive at some constant probabilities which allow for

a normalization of the inequalities introduced in Eq. (4.36) on experimental parameters

η [126, 157]. However, it is also possible to normalize these inequalities without taking

into account auxiliary degrees of freedom. To this end we will take the quantity X (Y )

in inequalities (4.36) to be the probability to detect a photon in the far-field of the de-

tectors where the atom located at R1 (R2) is in the excited state and atom at R2 (R1)

is in the ground state (cf. figure 4.1). In this configuration full which way information

is available so that we arrive at a constant probability P1(?) = η
G

(1)
?
∼ η, where a ?

stands for a probability which is independent of the detector position. The joint prob-

ability of detecting two photons scattered by two atoms where the path of each photon

is completely known is then given by

P2(?, ?) = P1(?) · P1(?) = η2 , (4.53)

If we relate the probabilities introduced in Eqs. (4.50) and (4.53) to the products of the

parameters x, x′, X, y, y′ and Y in inequalities (4.36), we arrive at [cf., Eq. (4.39)]

−P2(?, ?) ≤ P2(r1, r2)− P2(r1, r
′
2) + P2(r′1, r2)

+P2(r′1, r
′
2)− P2(r′1, ?)− P2(?, r2) ≤ 0, (4.54)

where P2(r′1, ?) = P2(?, r2) = P2(?, ?) = η2 and thus gives us an upper bound for the

quantities X and Y as required in the derivation of the CH74 inequalities by the condi-

tions (4.37). By inserting the corresponding joint probabilities and constant probabilities

into Eq. (4.54) we obtain for the upper bound of the CH74 inequalities
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1

2
V2F

[
cos(

π

4
)− cos(

3

4
π) + cos(

π

4
) + cos(

π

4
)

]
− 1 ≤ 0

→ V2F ·
√

2− 1 ≤ 0, (4.55)

where the well known Bell angles (π4 ,
3π
4 ,

π
4 ,

π
4 ) (cf., e.g., [158]) have been chosen for

relative detector positions of the form r1−r2. A maximal violation [159,160] of the upper

bound of the CH74 inequalities is thus obtained in case of a visibility V2F >
1√
2
≈ 71%,

what proves the existence of non-classical correlations among the detected photons, i.e.,

a two-photon quantum-path entanglement in our system.

4.4.3. Measurement induced quantum path entanglement

Now, let us discuss how it is possible that two photons, spontaneously emitted by two

initially uncorrelated atoms, can give rise to a second-order intensity correlation signal

displaying highly non-classical correlations. In order to investigate this question let us

start by formalizing the process of spontaneous decay of a single atom. If the atom

located at position R1 is initially excited and, after scattering a photon by spontaneous

decay, returns to the ground state |g1〉, an infinity of photonic modes in a mode space

K is potentially occupied. The same is true for the other atom located at position R2:

if this atom scatters a photon and returns to the ground state |g2〉, also an infinity of

photonic modes in the mode space K is potentially occupied (cf. figure 4.2).

After a time t - assumed to be much greater than the decay time τ (cf., section 4.5) - both

atoms will be found in the ground states |g g〉 whereby each spontaneously scattered

photon populates potentially the entire accessible mode space K. For the two photons

we thus obtain the following photonic state

|Φ〉1 =
∑
i,j

cki ckj |1ki , 1kj 〉 , (4.56)

where the coefficients ckj can be obtained from Wigner Weisskopf theory [69] and

|1ki , 1kj 〉 is given by

|1ki , 1kj 〉 ≡ |0k1 , 0k2 , ..., 1ki , 0ki+1
, ..., 1kj , 0kj+1

, ..., 0km〉 with m→∞, (4.57)

abbreviating that the modes ki and kj are occupied with one photon and all other modes
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in K are empty4.

Figure 4.2.: Each of the two initially fully excited atoms located at position R1 and
R2 scatters a photon. After a time t assumed to be much greater than the
decay time τ of the atoms the photons are in the state

∑
i,j cki ckj |1ki , 1kj 〉

(see text for details).

The state |Φ〉1 describes the photonic degrees of freedom incorporating all possibilities of

two arbitrary modes being populated in the mode space K and not yet being detected.

Clearly the state |Φ〉1 is separable. It thus appears not intuitive to obtain a second order

correlation signal violating the Bell inequalities as shown in Eq. (4.55).

However, this is the situation if the two photons have not yet been detected, i.e., they

potentially occupy all modes. If on the other hand we require that for a successful mea-

surement each of the two detectors register exactly one photon, we reduce the photonic

mode space considerably. By redefining the mode space [cf., the discussion following

Eq. (3.14)] we obtain the entangled state |ϕ〉1 before the detection of the photons (cf.

figure 4.3), which takes the form

|ϕ〉1 = |1k11 0k21 0k12 1k22〉+ |0k11 1k21 1k12 0k22〉 , (4.58)

with |1klj 〉 (|0klj 〉) abbreviating that the mode klj is occupied with 1 (0) photons

(l, j = {1, 2}).

As initially stated, due to the far-field detection scheme, no precise which-way informa-

tion can be obtained for the photons so that the two emitted photons have exactly two

possibilities to propagate from the two atoms towards the two detectors: either via the

blue two-photon quantum path, denoted by |1k110k210k121k22〉, or via the red two-photon

4Note that we use a discrete representation of the mode space K for reasons of simplicity. A general-
ization to a continous mode space would be straightforward.
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quantum path |0k111k211k120k22〉 as displayed in figure 4.3. In the first two-photon quan-

tum path one photon populates mode k11 and the other photon populates mode k22

(the blue lines). The other two-photon quantum path represents the scenario that one

photon populates mode k12 and the other photon populates mode k21 (the red lines; cf.,

section 3.2.2, Fig. 3.8).

Without loss of generality we now assume that the first detector located at position r1

registers a photon. This process can be described by introducing the detection operator

Ê
′(+)
2 (r1), which is slighty redefined with respect to Eq. (3.46) and takes the form

Ê
′(+)
2 (r1) = b̂11 + b̂21 , (4.59)

where the annihilation operator b̂lj is defined like

b̂lj ≡ eiϕlj |0klj 〉〈1klj | , (4.60)

i.e., b̂lj annihilates a photon from the mode klj , with the corresponding phase eiϕlj being

accumulated. The first detector measures and thus destroys and removes one photon

from the occupied photonic mode k11 or from the occupied photonic mode k21 (cf. figure

4.3). Hereby, the corresponding phases ϕ11 and ϕ22 are accumulated [cf. figure 4.1 and

Eq. (3.11)].

Figure 4.3.: Description of the two two-photon quantum paths introduced in section
3.2.2 (cf., Fig. 3.8): If two detectors are located in the far-field and assuming
that each detector will register one photon, the photonic mode space is
reduced to the four modes k11, k21, k12 and k22.

The state after the detection of the first photon thus can be calculated to
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|ϕ〉2 = Ê
′(+)
2 (r1) |ϕ〉1′ = eiϕ11 |0k11 0k21 0k12 1k22〉+ eiϕ21 |0k11 0k21 1k12 0k22〉 . (4.61)

Now we consider the second detection event at position r2. The corresponding detection

operator Ê
′(+)
2 (r2) of this process can be written as

Ê
′(+)
2 (r2) = b̂12 + b̂22 , (4.62)

leading to the final state

|ϕ〉3 = Ê
′(+)
2 (r2) |ϕ〉2 = (eiϕ11eiϕ22 + eiϕ21eiϕ12)|0k11 0k21 0k12 0k22〉 (4.63)

after the detection of the second photon. The second order correlation function can be

easily calculated from the state |ϕ〉3. One obtains again

G
(2)
2F (r1, r2) = 2 + 2 cos(ϕ11 − ϕ12) . (4.64)

This analysis shows that although the state |Φ〉1 introduced in Eq. (4.56) is fully sep-

arable, entanglement among the spontaneously emitted photons is created by placing

two detectors in the far-field and by assuming that each detector measures exactly one

photon. Due to this constraint we considerably reduce the photonic mode space and

extract via mode selection out of the infinity of modes the two maximally entangled

two-photon quantum paths given in Eq. (4.58). We emphasize that the photonic mode

description and in particular the appearance of an entangled photon state is indepen-

dent of the single-photon source chosen. Throughout the preceeding analysis we only

considered two indistinguishable photons propagating in free space from the source to-

wards the detectors [cf., Eqs. (4.56)-(4.64)], whereas the specific source of the photons

was not important (cf., section 3.2.2). We note that the presented entanglement scheme

is experimentally feasible and can be implemented with current technology, e.g., by use

of quantum dots [161], neutral atoms [162,163], ions [164,165] or molecules [166].

Note that the same kind of two-photon entanglement investigated above appears in

the case of spontaneous parametric down conversion (SPDC) [12, 13]: also in this case
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entanglement among two photons is created via spatial filtering, i.e., the selection from

an infinite set of separable two-photon quantum states. For example, in case of SPDC

type II the entangled state |H V 〉+ |V H〉 is formed via the selection of two particular

spatial modes, namely the modes defined by the intersection of two cones consisting

of a horizontal and a vertical polarized photon (abbreviated by H and V , respectively,

cf. figure 4.4) [13]. A similar mechanism leads to the entangled state emanating from

SPDC type I. Here the entangled state is obtained out of a separable state by selecting

certain modes and the post-selective constraint of measuring two photons at two different

detectors [12].

Figure 4.4.: Schematic illustration of several cone pairs generated by SPDC type II. In
order to obtain polarization entangled photon pairs - corresponding to the
state |H V 〉+ |V H〉 - one has to select the photon pairs emitted along the
intersections of the two frequency degenerate cones as indicated by the two
(yellow) rectangles [13,167].

In the following section we will discuss the possibility of quantum interferences and

entanglement of photons which exist at different intervals of time, i.e., one photon being

recorded before the other has been created. The corresponding time dependent two-

photon intensity correlation function of second order will be employed to show a violation

of the CH74 inequalities.

4.5. Quantum interference and entanglement of two photons

which do not overlap in time

So far, the prototypical experimental setup to observe higher order quantum interferences

consists in photon pairs, produced by SPDC in nonlinear crystals, subsequently sent
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onto a beam splitter [12, 168]. In this way Hong-Ou-Mandel (HOM) two-photon inter-

ferences [168] have been observed with the two photons being identical in their spectral,

spatial and polarization modes and measured within their coherence time [151]. HOM

two-photon interferences have been demonstrated also with uncorrelated photons. These

may stem from independent or even disparate sources like two SPDC sources [154], two

atoms, ions, semiconductor quantum dots [162, 163], or a quantum dot or PDC source

interfering with a coherent or thermal source [169] (cf., section 4.6).

The temporal overlap of the individual photons at a beam splitter is not a fundamen-

tal requirement for the observation of two-photon quantum interferences, the ultimate

constraint being rather the indistinguishability of the corresponding two-photon am-

plitudes [170–172]. For example, Franson proposed a two-photon interferometer where

two photons, simultaneously emitted from a two-photon source, propagate towards the

detectors along spatially separated paths [172]. Since it is assumed that the source

emits the two photons at the same time but leaves the exact moment of emission unpre-

dictable, coincident detection as well as identical optical path lengths for the individual

photon paths are required in order to obtain indistinguishability of the two emerging

two-photon amplitudes. These give rise to quantum interferences even though the time

delay between them may be much larger than the individual single-photon (first order)

coherence time [172].

In this section we discuss a different two-photon interferometer, what is based on the

foregoing consideration, i.e., where the photons are emitted from independent single-

photon sources [179]. We demonstrated in the last section that by recording the photons

in the far-field and by assuming that each detector records precisely one photon, two

two-photon amplitudes appear which differ in phase and contribute both coherently to

the two-photon signal. As we assume uncorrelated emitters, here no assumption with re-

spect to the time of emission of the individual photons can be formulated. The question

then arises what requirements with respect to the emission time and time of detection

of the two photons have to be fulfilled in order to obtain indistinguishability between

the two-photon amplitudes and to observe two-photon interferences.

In the following we demonstrate that for identical single-photon emitters in the consid-

ered interferometer no such requirements exist. In particular, we show that the indi-

vidual optical paths of the two photons may not only differ by an amount larger than

their individual coherence lengths but that the time delay between the detection of the
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two photons may even be larger than the transit time of the photons from the source

towards the detectors. This is equivalent to the statement that two-photon interferences

may be observed even though the two photons exist at different intervals of time, i.e.,

one photon being recorded before the other has been emitted. We also demonstrate

that this two-photon signal may violate Bell’s inequalities in the CH74 formulation (cf.,

section 4.3.1). In view of the above statement this implies that entanglement among two

photons may exist even though the two photons do not overlap in time.

4.5.1. Derivation of time dependent spatial intensity correlations

Let us consider a system of two independent single-photon sources which upon excita-

tion each emit a single-photon at a random time by the process of spontaneous decay -

the exact functional dependence of the decay process is however of no importance. As

discussed in the foregoing section, two detectors measure the photons in the far-field of

the single-photon sources so that they can not distinguish from which of the two emitters

the photons were scattered. We define a measurement cycle by two detection events at

the two detectors, i.e., we assume that each of the two detectors registers precisely one

photon so that two photon absorption processes at one detector are excluded.

As an example for two independent single-photon sources, we again consider two uncor-

related and potentially disparate two-level atoms 1 and 2, with lower states |g1〉 (|g2〉),
upper states |e1〉 (|e2〉) and decay constants γ1 (γ2), where the corresponding transition

frequencies ω1 = ω2 = ω are assumed to be identical. The two atoms are localized at

positions R1 and R2 with a separation d >> λ, so that any interaction between them can

be neglected. The two detectors are located at positions r1 and r2, where |rj −Rl| � d

(j, l = {1, 2}) so that the far-field condition is fulfilled (see Fig. 4.1, introduced in section

4.4).

Let Ê
(+)
2 (rj , tj) be the time dependent positive frequency part of the total electric field

operator at position rj and time tj (i = {1, 2}), given by [cf., Eq. (3.45)]

Ê
(+)
2 (rj , tj) ∼

2∑
l=1

e−i ϕlj ŝ−l (tj) . (4.65)

The operator ŝ−l (t̃j) corresponds to the time dependent lowering operator |g〉l〈e| of the

transition |el〉 → |gl〉 for the two-level atom l (l = {1, 2}; cf., section 3.3).
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In order to determine the time dependent intensity correlation of second order, we have

to derive the time evolution of the operators ŝ−l (tj) in Eq. (4.65). The time evolution

of a system being in the quantum state ρ̂ can then be derived from the Schrödinger

equation ˙̂ρ = − i
~ [H, ρ̂] with the Hamiltonian H of the compound system. By applying

Born-, rotating-wave- and Markov-approximation, one can derive the master equation

for an ensemble of N initially fully excited, identical two-level atoms, which reads (cf.,

e.g., [40, 173])

∂ρl
∂t

= −iω0

N∑
l

[ŝzl , ρ̂]− i

2

N∑
l 6=m

Ωlm

[
ŝ+
l ŝ
−
l , ρ̂

]
−

N∑
l,m

γlm
(
ŝ+
l ŝ
−
mρ̂− 2ŝ−mρ̂ŝ

+
l + ρ̂ŝ−l ŝ

+
m

)
, (4.66)

where ŝzl := 1
2(ŝ+

l ŝ
−
l − ŝ

−
l ŝ

+
l ), ω0 := ω + Ωll, ω := 2π cλ , Ωll ≡ ΩL is the Lamb shift, Ωlm

is a level shift due to the interatomic dipole-dipole interaction and γlm is related to the

decay constant of the atomic transition |e〉 → |g〉, where in particular γll ≡ γ. Since we

assume throughout this thesis that the distance between the light sources is much bigger

than a wavelength, i.e., kd > 1, we have Ωlm = 0 and γlm = 0 for l 6= m, simplifying

Eq. (4.66) to

∂ρ̂l
∂t

= −iω0 [ŝzl , ρ̂]− γ
(
ŝ+
l ŝ
−
l ρ− 2ŝ−l ρ̂ŝ

+
l + ρ̂ŝ−l ŝ

+
l

)
,

From Eq. (4.67) we can calculate the equations of motion for the expectation values of

the elements of the density matrix ρ̂, which read

∂

∂t
〈ŝ±l 〉 = (±i ω0 − γ)〈ŝ±l 〉

∂

∂t
〈
n∏
l

ŝ+
l

n∏
l

ŝ−n−l+1〉 = −2nγ〈
n∏
l

ŝ+
l

n∏
l

ŝ−n−l+1〉 (4.67)

where l = {1, ..., n} ≤ N . After integration these equations of motion yield
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〈ŝ±l (t)〉 = e(±i ω0−γ)t〈ŝ±l (0)〉

〈ŝ+
l (t)ŝ−l (t)〉 = e−2γ t〈ŝ+

l (0)ŝ−l (0)〉

〈
n∏
l

ŝ+
l (t)

n∏
l

ŝ−n−l+1(t)〉 = e−2nγ t〈
n∏
l

ŝ+
l (0)ŝ−l (0)〉 (4.68)

We can further make use of the quantum regression theorem [174] in order to derive

the expectation values of operators acting at different times. For multi-time expectation

values we obtain5

〈
n∏
l

ŝ+
l (tl)

n∏
l

ŝ−n−l+1(tn−l+1)〉 =

n∏
l

e−2 γ tl〈
n∏
l

ŝ+
l (0)

n∏
l

ŝ−n−l+1(0)〉 , (4.69)

where we assumed the time-ordering t1 < t2 < ... < tn. Thus, the time dependent m-

th order correlation function G
(m)
NF (r1, t1; ...; rm, tm) of N equal statistically independent

two-level atoms calculates to

G
(m)
NF (r1, t1; ...; rm, tm) =

m∏
l

e−2 l γ (tN−l+1−tN−l)G
(m)
NF (r1, ..., rm) (4.70)

i.e., the time dependency factorizes. In particular, for two-time expectation values

〈ŝ−l (tj)ŝ
+
l (ti)〉 holds

〈ŝ−l (tj)ŝ
+
l (ti)〉 = e(iω−γl)(tj−ti)〈ŝ−l (ti)ŝ

+
l (ti)〉

= eiω(tj−ti)−γl(tj+ti)〈ŝ−l (0)ŝ+
l (0)〉 . (4.71)

Thus, using Eq. (4.71) we can determine the second order correlations between two

photons which were scattered by two uncorrelated atoms 1 and 2 with decay constants

γ1 and γ2, respectively, yielding

G(2)(r1, t1; r2, t2) = 2
(
e−2(γ1 t̃1+γ2 t̃2) + e−(γ1+γ2)(t̃1+t̃2) cos [ϕ12 − ϕ11]

)
.(4.72)

5for a detailed discussion of the quantum regression theorem see, e.g., [175] or appendix A of [176]
and [177], respectively.
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Hereby, with t̃j = tj − tRl we denote the emission time, where tj is the (retarded)

detection time of a photon at rj and tRl =
rj
c is the time of propagation from the l-th

atom towards the detector at rj . In the far-field, with |ri − Rn| � d and assuming

for simplicity tR1 ≈ tR2 ≈ tR, we obtain from Eq. (4.72) for the visibility V2F of the

two-photon correlation signal

V2F (t1, t2) =
e−(γ1+γ2)(t1+t2)

e−2γ1t1−2γ2t2

→ V2F,γ = 1 for γA = γB = γ . (4.73)

From Eq. (4.73) we can see that if the two decay constants γ1 and γ2 differ significantly,

coincident detection of the two photons, t1 ≈ t2, is required to obtain a substantial

visibility. However, if the two decay constants are equal, γ1 = γ2 = γ, the visibility

of the two-photon correlation signal (abbreviated V2F,γ) becomes independent of the

detection times of the two photons as we simply obtain V2F,γ = 1 [cf., Eq. (4.70)]. This

means that the time difference t2 − t1 between the two detection events may not only

exceed the coherence time τc ≈ 1/γ of the individual photons but in particular it may

exceed the time a photon needs to propagate from the atoms towards the detector.

4.5.2. Quantum interference of photons which do not overlap in time

The foregoing result, namely that for equal two-level atoms the time dependency of the

spatial intensity correlation functions (in particular of second order) factorizes, allows

for the following scenario: upon excitation, an atom scatters a single-photon after about

the decay time γ−1. Without loss of generality the photon propagates from the atoms

towards the first detector in a time tR and is measured in the far-field at position r1

and time t1. Due to the probabilistic nature of spontaneous decay the other atom may

scatter thereafter a photon that is measured after the propagation time tR by the second

detector at time t2 at r2 (see Fig. 4.5). Taking into account only measurements where

the time delay between the two detection events t2 − t1 exceeds tR, we thus obtain a

two-photon interference signal with a visibility Vγ = 100% among two photons which

never existed in the same interval of time.

We can appreciate the situation by investigating the specific atomic state produced after

the measurement of the first photon and before the measurement of the second photon.

It can be written in the form
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1. atom 2. atom1. det 2. det

Figure 4.5.: Schematic representation of the scenario that the first scattered photon is
detected before the second photon is emitted. In this case the two photons
do not exist in the same interval of time.

|Ψ(r1)〉 =
1√
2

(
|g e〉+ eiϕ(r1)|e g〉

)
, (4.74)

which expresses the absence of information about the particular atom emitting the pho-

ton due to the far-field detection scheme: either the first atom has scattered the photon

and is transfered to the ground state or the second atom has emitted the photon; both

possibilities have to be taken into account to fully describe the state of the system,

whereby the two possibilities differ by a phase factor eiϕ(r1). The state |Ψ(r1)〉 thus acts

as a quantum memory which stores the information about the phase difference φ(r1) be-

tween these two possibilities - even though the second photon has not yet been emitted.

Starting from the state |Ψ(r1)〉 the second photon is then scattered.

By post-selecting only those detection events where the second photon is measured by

the second detector at a time t2 > tR + t1, a second phase difference ϕ(r2) appears

between the two possibilities that either the second or the first atom has scattered

the second photon; both phase differences, ϕ(r1) as well as ϕ(r2), then contribute to

the total photon-photon correlation signal. Hereby, the two-photon amplitudes remain

indistinguishable at any time due to the far-field detection scheme and the probabilistic

nature of the decay process: each two-photon amplitude consists of two - delayed -

photons of which the precise origin is unknown, i.e., no which-way information can be

obtained, even if one photon is already measured and the second photon is not yet

detected.

4.5.3. Entanglement of photons which do not overlap in time

Let us quantitatively investigate the foregoing considerations. For γA = γB = γ the

second order correlation function reads [see Eq. (4.72)]

G(2)(r1, t1; r2, t2) ∼ e−2γ(t̃1+t̃2)[1 + V2F,γ cos (ϕ11 − ϕ12)] . (4.75)
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Eq. (4.75) can be used to violate the CH74 inequalities (cf., section 4.3.1). To this end

let us generalize the approach for violating the CH74 inequality first discussed in sections

4.4.1 and 4.4.2 by introducing the joint probability P2(?, ?). It can be obtained by only

exciting atom 1 and measuring the scattered photon and thereafter exciting only atom

2 and measuring the emitted photon. The probability P2(?, ?, t10, t20) thus calculates to

[cf. Eq. (4.49)]

P2(?, ?, t10, t20) = P1(t10) · P1(t20)

= e−2γ (t10+t20)P1(0) · P1(0) = η2 e−2γ (t10+t20) . (4.76)

Now, we relate the probability P2(?, ?, t10, t20) to X Y in the CH74 inequality (4.36)

which was derived in section 4.3.1 [P2(?, ?, t10, t2) and P2(?, ?, t1′ , t20) to X y and x′ Y ,

respectively], and probabilities of the form P2(r1, t2; r2, t2) [cf. Eq. (4.50)] to products of

the parameters x, x′, y, y′. We thus arrive at the inequality

1

P2(?, t10; ?, t20)
[P2(r1, t1; r2, t2)− P2(r1, t1; r′2, t

′
2) +

+P2(r′1, t
′
1; r2, t2) + P2(r′1, t

′
1; r′2, t

′
2)− P2(?, t′1; ?, t20)− P2(?, t10; ?, t2)] ≤ 0,

(4.77)

By inserting the corresponding joint and constant probabilities [cf. Eq. (4.76)] into

Eq. (4.77) and with the Bell angles (π4 ,
3π
4 ,

π
4 ,

π
4 ) realized with the corresponding rel-

ative detector positions r2 − r1 (cf., section 4.4), we obtain the CH74 inequality in the

explicit form

−2 e−2 γ β − 2 e−2 γ α′ − (1−
√

2

2
V2F,γ) e−2 γ (α+β′)

+ (1 +

√
2

2
V2F,γ)(e−2 γ (α+β) + e−2 γ (α′+β) + e−2 γ (α′+β′))

!
> 0 , (4.78)

what is independent on experimental parameters η and where we have introduced

t1 = t10 + α, t′1 = t10 + α′ ,

t2 = t20 + β, t′2 = t20 + β′ , (4.79)
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i.e., we have introduced positive variations α, α′, β, β′ of the normalization times t10 and

t20. If the times t1, t
′
1, t2 and t′2 would not be defined like in Eq. (4.79) it would be possi-

ble that the normalization times ti0 are bigger than the times ti and thus the parameters

X and Y in Eq. (4.36) could be smaller than the parameters x, x′ and y, y′, respectively.

In this case the so called no-enhancement condition [126] would not be fulfilled, which

finds its mathematical expression in Eq. (4.37), and consequently the CH74 inequality

would not be valid anymore.

Let us start to investigate the most simple case, namely that the variations α = α′ =

β = β′ = 0, what leads us to (cf., section 4.4)

V2F,γ

√
2− 1 ≤ 0 . (4.80)

As derived in the last section, where we considered the coincident detection of two

photons, the CH74 inequality (4.78) can be violated independent of experimental insuf-

ficiencies if the visibility V2F,γ of the corresponding photon-photon correlation signal [cf.,

Eq. (4.72)] is higher than 71%. However, in contrast to section 4.4 we showed here that

a violation is possible independent of the detection time, proving entanglement between

photons which did not exist in the same interval of time6.

Finally, let us assume that the variations α, α′, β and β′ of the normalization times t10

and t20 [cf., Eq. (4.79)] are non-zero, in order to investigate to what extent the variations

can differ from the normalization times still showing a violation of the CH74 inequality.

The conditions under which a violation can be obtained read

√
2

2
< V2F,γ ≤ 1 ∧

√
2

V2F,γ
− 1 < A ≤ 1 ∧

√
2

V2F,γ
−A < A′ ≤ 1

∧
(2 −

√
2V2F,γ)(A+A′)

(2 +
√

2V2F,γ)(A+A′)− 4
< B ≤ 1

∧
4(A′ + B)− (2 +

√
2V2F,γ)B (A+A′)

2(A′ −A) +
√

2V2F,γ(A+A′)
< B′ ≤ 1 , (4.81)

6Note that to exclude communication between the two detectors during the measurement of the two
photons the condition 2 tR > t2− t1 > tR must be satisfied. This could be fulfilled by placing the two
detectors opposite to each other with respect to the two photon sources. For example, for trapped
Ca+ ions the natural linewidth of the D1 transition is γ = 20MHz and the lifetime (2πγ)−1 = 8ns.
If the distance between the ions and the detectors is r = 1m, then t2 − t1 > tR = r/c = 3ns can be
easily fulfilled.
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where we used the definitions

e−2 γ α := A , e−2 γ α′ := A′ ,

e−2 γ β := B , e−2 γ β′ := B′ . (4.82)

In order to obtain a more graphic description of the conditions (4.81), we now choose

A = A′ and B = B′, what leads us to

1√
2
< V2F,γ ≤ 1 ∧ 1√

2 V2F,γ

< A ≤ 1

∧ 1

1−A−1 +
√

2 V2F,γ

< B ≤ 1 . (4.83)

Figure 4.6 displays a plot of the conditions (4.83) under which the CH74 inequality is

violated. The variations α and β of the normalization times t10 and t20 [cf. Eq. (4.79)],

which are given in units of the decay time γ−1, can be as high as ≈ 0.17 γ−1 depending

on the visibility V2F,γ of the intensity correlation signal.

Figure 4.6.: conditions on the variations α and β of the normalization times t10 and t20

(in units of the decay time γ−1) to violate the CH74 inequalities. See text
for details.

In conclusion we investigated in this section quantum interferences of photons from in-

dependent single-photon sources which do not overlap in time. We further showed that
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such interferences can produce a visibility of 100% and violate Bell’s inequalities in the

CH74 formulation. The appearance of quantum interferences can be explained by the

lack of spatial and temporal information about the photons in the considered interferom-

eter: due to the far-field detection scheme and the probabilistic nature of the emission

process indistinguishability of the two two-photon amplitudes (cf., Fig. 3.8) is preserved,

independent of the photon detection times. As specific sources we considered indepen-

dent atoms. However, other single-photon sources will display a similiar behavior, e.g.,

trapped ions, quantum dots or single molecules.

In the following we will return to investigate the non-classicality and non-locality of

coincident correlation functions, but for a whole new class of mixed disparate quantum

and semiquantum photon sources at the quantum-classical boundary. The latter include

photon added thermal and photon added coherent sources, experimentally investigated

recently by Zavatta et al. [178]. The key quantity in our investigations will be again the

visibility of the corresponding photon-photon correlation functions.

4.6. Quantum interference and non-locality of two independent

photons from disparate light sources

So far, most works on the interference between photons from statistically independent

sources have been concentrated on identical light sources [154, 162–165, 168, 179–182].

However, the questions then arise: what is the extent to which photons from indepen-

dent but disparate sources can interfere 7? Further, what is the nature of the radiation

field generated and to what extent are the properties of the field strictly quantum? Can

one use such a quantum character to shed light on the non-local character of the field?

In this section we will provide quantitative answers to these questions. Specifically we

investigate the quantum interference of two disparate sources, one being a single-photon

source like an excited atom and the other a source which can give rise to properties

ranging from completely classical to completely quantum. In the latter category we

specifically examine sources which are either in a state called photon added coherent

state [85] or photon added thermal state [84]. The quantum properties of these sources

arise from the fact that one has added photons to classical states like thermal and coher-

ent states. Such sources have been recently experimentally realized and their properties

studied [178,184–186]. In the following we calculate the interference pattern of the cor-

7For a very recent experiment on interference involving a weak coherent source and a single-photon
source, see [183].
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responding photon-photon correlation functions, derive their visibilities and discuss the

conditions under which the photon-photon correlation functions displays strictly quan-

tum behavior. The latter is formulated quantitatively in terms of the Cauchy-Schwarz

(CS) inequality (cf., section 4.1) valid for classical fields. After revealing the quantum

nature of the light fields generated by disparate sources we discuss the conditions under

which Bell inequalities in the CHSH formulation can be violated (cf., section 4.3.2).

We note that the normalization of the spatial intensity correlation functions was rather

unimportant in the investigations carried out so far - in particular, since in sections 4.4

and 4.5 we only employed the CH74 inequalities in order to show a violation of locality,

which were derived for probabilities. However, in order to utilize the CHSH inequalities,

we have to account for an exact normalization of our considered correlation functions.

This will be the key ingredient in proving the quantum nature of second (and third) order

spatial intensity correlations created among photons which were emitted by disparate

light sources (for third order correlations cf., section 4.7).

4.6.1. Photon-Photon correlations and the visibility of interference

In order to derive the photon-photon correlation function of the fields emitted by the

various mixed disparate quantum-classical and quantum-semiquantum sources, let us

again consider two sources 1 and 2 localized at positions R1 and R2, respectively, with

a separation d >> λ, so that any interaction between them can be neglected (cf. Fig.

4.1). Except for the next paragraph, we consider in this section the first source to be

a single-photon source, e.g., a two-level atom with upper level |e〉 and ground state |g〉
(cf., section 3.3). As second source we consider in the following either a more traditional

classical source like a coherent source or a thermal source [187–189] or a source which

displays both, classical and quantum properties. For the latter we specifically investigate

the configurations where source 2 is either in a photon added coherent state (PACS) or

in a photon added thermal state (PATS) [84,85].

For a better comparison with the following calculations we start to review the pure

classical case where the two independent light sources 1 and 2 emit coherent light [179].

Since the two light fields are in a coherent state, |α1〉 and |α2〉 with mean photon numbers

n̄1 and n̄2, respectively, we calculate from Eq. (3.18) the photon-photon correlation

function G
(2)
2C(r1, r2) to
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G
(2)
2C(r1, r2) = n̄2

1 + 2 n̄1 n̄2 + n̄2
2 + 2 n̄1 n̄2 cos (ϕ12 − ϕ11) , (4.84)

where the relative phase ϕlj was given in Eq. (3.11) (cf. Fig. 4.1). The visibility V2C of

this classical signal calculates to [cf., Eq. (3.19)]

V2C =
2 n̄1 n̄2

(n̄1 + n̄2)2
. (4.85)

If one beam has a much higher mean photon number than the other, e.g., n̄1 � n̄2,

the visibility V2C goes to zero as 2 n̄2
n̄1

. On the other hand, for n̄1 = n̄2, we obtain the

maximal value V2C = 50% [cf., Eq. (3.22)].

Using Eq. (3.18) where we now assume the state |Φ1〉 to be a single-photon Fock state

(cf., section 2.2), for mixed quantum-classical or mixed quantum-semiquantum sources,

which are considered to be in a state |Φ2〉, the photon-photon correlation function is

found to be

G
(2)
2 (r1, r2) = 〈â† 2â2〉Φ2 + 2 〈â†â〉Φ2 [1 + cos(ϕ11 − ϕ12)] , (4.86)

In the following, we start to discuss the configuration where the second light source

scatters photons in a standard classical state (cf., section 4.6.2). Thereafter, we study

the configuration where the photons of source 2 are either in a PACS or PATS, i.e., in a

state at the quantum-classical border [cf., section (4.6.3)]. These states are particularly

interesting as they display properties ranging from completely classical to completely

quantum.

4.6.2. Second light source as a classical photon source

coherent source

Let us start to consider the second source to be in a coherent state |α〉 (cf., section 2.2).

Let us recall the normally ordered k-th moment of the photon number operator â† â in

the coherent beam introduced in Eq. (2.18), which reads

〈
â†k âk

〉
C

= 〈α|â†k âk|α〉 = |α|2 k = n̄k , (4.87)

where n̄ =
〈
â† â

〉
denotes the mean photon number. Using Eq. (4.86), the photon-photon
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correlation function of one quantum and one coherent source is then found to be

G
(2)
2C′(r1, r2) = n̄2 + 2 n̄ [1 + cos(ϕ11 − ϕ12)] , (4.88)

so that the visibility V2C′ of the mixed quantum-coherent photon-photon correlation

function G
(2)
2C′(r1, r2) becomes [cf., Eq. (3.19)]

V2C′ =
1

1 + n̄
2

. (4.89)

For a classical coherent plane wave with n̄ � 1 we obtain V2C′ = 100%, for n̄ = 1 we

arrive at V2C′ = 66%, and for n̄→∞ we have V2C′ = 0. In [187] a single-photon created

by SPDC was entangled with an attenuated laser beam on a beam splitter. The authors

obtained a modulation depth of (84 ± 3.2)%. According to Eq. (4.89) this corresponds

to a mean photon number in the coherent beam of 0.293 < n̄ < 0.475.

thermal source

Now, let us assume that the second source exhibits thermal statistics (cf., section 2.2).

Recalling the moments
〈
â†k âk

〉
T

introduced in Eq. (2.23), we find

〈
a†k ak

〉
T

= Tr
[
a†k ak ρ̂T

]
= k! n̄k , (4.90)

With these expressions the second order correlations G
(2)
2T ′(r1, r2) created between a

single-photon and a field showing thermal statistics takes the form

G
(2)
2T ′(r1, r2) = 2 n̄2 + 2 n̄ [1 + cos(ϕ11 − ϕ12)] . (4.91)

The visibility of the mixed quantum-thermal signal G
(2)
2T ′(r1, r2) thus calculates to [cf.,

Eq. (3.19)]

V2T ′ =
1

1 + n̄
, (4.92)

what leads again to V2T ′ = 100% for n̄ � 1 and to V2T ′ = 0 for n̄ → ∞. If we choose

n̄ = 1 we obtain V2T ′ = 50%, corresponding to the visibility of a pure classical photon-

photon correlation signal exhibited by coherent light fields if n̄1 = n̄2 [cf. Eq. (4.85)]. In

a recent experiment a visibility of 82% was measured in this configuration, equivalent to
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a mean photon number in the thermal beam of n̄ = 0.22 [189].

4.6.3. Second light source as a semiquantum photon source

PACS

Now, let us consider the case where the field of source 2 is in a photon added coherent

state [85]. In terms of the coherent states |α〉 a normalized single photon added coherent

state (in the following abbreviated by PC) can be written as

|α, 1〉 =
â† |α〉√
1 + n̄

. (4.93)

Hereby, n̄ corresponds to the mean photon number in the coherent part of the light field.

The normally ordered k-th moments of the photon number operator â† â then take the

form

〈α, 1|â†k âk|α, 1〉 =
〈α|â â†k âk â† |α〉

1 + n̄
. (4.94)

With the help of the bosonic commutation relation [â, â†] = 1, the normally ordered first

and the second moments calculate to

nPC ≡
〈
â† â

〉
PC

=
n̄2 + 3 n̄+ 1

1 + n̄
,〈

â†2 â2
〉
PC

= n̄2 + 4 n̄ . (4.95)

where we have introduced the net photon number nPC of the PACS field8. With the

help of Eq. (3.18), we arrive at

G
(2)
2PC′(r1, r2) = n̄2 + 4 n̄+ 2

n̄2 + 3 n̄+ 1

1 + n̄
[1 + cos(ϕ11 − ϕ12)] , (4.96)

and the visibility V2PC′ thus takes the form

V2PC′ =
1

1 + n̄3+5 n̄2+4 n̄
2 (n̄2+3 n̄+1)

. (4.97)

8Note that we will use primed quantities, e.g., nPC′ for nPC , whenever they are related to mixed
correlation signals.
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In case of a mixed quantum-coherent or mixed quantum-thermal photon-photon corre-

lation signal [cf. Eqs. (4.88) and (4.91)] the mean photon number n̄ in the coherent or

thermal beam of the second source trivially corresponds to the net photon number of

the field, nC = n̄ and nT = n̄, respectively. However, if we want to compare the visibility

V2PC′ of the mixed quantum-PACS photon-photon correlation signal to the foregoing

results [cf. Eqs. (4.89) and (4.92)], we have to express V2PC′ in terms of the net photon

number nPC′ . We can rewrite Eq. (4.97) by using the identity [cf. Eq. (4.95)]

n̄ = −3

2
+

1

2
nPC +

1

2

√
5− 2nPC + n2

PC (4.98)

and arrive at a visibility V2PC′ depending on nPC′ rather than n̄. Since the analytic

expression is quite complex, we do not present the explicit result - however, the corre-

sponding outcome is plotted in Fig. 4.7.

For nPC′ → 1 we obtain V2PC′ = 100%, whereas for nPC′ → ∞ we have V2PC′ = 0,

like in the mixed quantum-classical cases discussed above. However, the visibility V2PC′

of the mixed quantum-PACS photon-photon correlation function always displays higher

values for a given net photon number
〈
â† â

〉
than the visibility V2C′ for a mixed quantum-

coherent source. For example, for a net photon number nPC′ = 1, we obtain a visibility

V2PC′ = 100% in contrast to a visibility V2C′ = 66% for a net photon number nC′ = 1

in case of a mixed quantum-coherent source.

PATS

Next, we consider the field of source 2 to be in a PATS [84]. In case of a single pho-

ton added thermal state (in the following abbreviated as PT ), the normalized density

operator ρ̂PT can be written in the Fock basis as

ρ̂PT =
1

n̄+ 1
â† ρ̂T a

=
1

n̄ (n̄+ 1)

∞∑
n=0

(
n̄

n̄+ 1

)n
n |n〉〈n| , (4.99)

where n̄ corresponds to the mean photon number of the thermal part of the light field.

In contrast to the thermal density operator introduced in Eq. (2.20) it is obvious that

the vacuum term is missing and higher excited terms are rescaled. The normally ordered
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k-th moments of the photon number operator â† â calculate to [190]

〈
â†k âk

〉
PT

= k!

k∑
q=0

(−1)k+q

q!

(
k

q

)
(q + 1)! (n̄+ 1)q , (4.100)

and for the first and second moments we thus obtain

nPT ≡
〈
â† â

〉
PT

= 2 n̄+ 1 ,〈
â†2 â2

〉
PT

= 6 n̄2 + 4 n̄ (4.101)

where we have introduced again the net photon number nPT of the PATS field of the

second source. Thus with the help of Eq. (4.86) the mixed quantum-PATS spatial

intensity correlation function of second order G
(2)
2PT ′(r1, r2) takes the form

G
(2)
2PT ′(r1, r2) =

6 n̄3 + 10 n̄2 + 4 n̄

n̄+ 1
+ 2 (2 n̄+ 1)[1 + cos(ϕ11 − ϕ12)] , (4.102)

and for the visibility V2PT ′ we derive

V2PT ′ =
1

1 + 6 n̄3+10 n̄2+4 n̄
2 (n̄+1)(2 n̄+1)

. (4.103)

Again, we have to formulate the visibility V2PT ′ in terms of the net photon number

nPT ′ in order to compare it to the previous mixed quantum-classical results. Invert-

ing Eq. (4.101)

n̄ =
nPT − 1

2
(4.104)

we obtain

V2PT ′ =
4 nPT

3 n2
PT + 2 nPT − 1

. (4.105)

From Eq. (4.105) we can see that for nPT ′ → 1 the visibility V2PT ′ goes to 100% whereas

for nPT ′ → ∞ we have V2PT ′ = 0. Moreover, again the visibility V2PT ′ is taking

higher values for any net photon number than V2T ′ of the mixed quantum-thermal state

[cf. Eq. (4.92)]. If we choose for example nPT ′ = 2 we obtain V2PT ′ = 53.3%, whereas

for nT ′ = 2 we get V2T ′ = 1
3 [cf. Eqs. (2.23) and (4.92)].
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Figure 4.7.: Plot of the visibility V2j of the photon-photon correlation function for
different light sources dependent on the net photon number nj (j =
{T ′, PT ′, C ′, PC ′}). F (C ) abbreviates the visibility of a pure quantum
(classical) source. Bell depicts the border to violate locality (cf. section
4.6.5 for details).

Fig. 4.7 displays the visibility V2j of the various photon-photon correlation functions as

a function of the net photon numbers nj (j = {T ′, PT ′, C ′, PC ′}) for the investigated

combinations of mixed quantum-classical and mixed quantum-semiquantum sources. It

thus shows a summary of the results discussed in this section. For comparison, the

constant visibility V = 1 obtained for a pure quantum signal, e.g., two photons from two

single-photon emitters, and the constant visibility obtained for a pure classical signal

[V2C = 1
2 , cf., Eq. (4.85)] are also plotted.

4.6.4. Test of the quantum character of mixed radiation fields

After deriving the various photon-photon correlation signals of the mixed quantum-

classical and quantum-semiquantum sources in the last section, now we want to charac-

terize and specify the non-classicality of these sources (cf., section 4.1). For this purpose,

let us recall the CS-inequality which was derived in Eq. (4.18). For two light sources it
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reads

S2 =

∣∣∣G̃(2)
2 (r1, r2)

∣∣∣2
G̃

(2)
2 (r1, r1) G̃

(2)
2 (r2, r2)

≤ 1 , (4.106)

where the variance G̃
(2)
2 (ri, rj) is given by

G̃
(2)
2 (ri, rj) = G(2)(ri, rj)−

(
2∑
l=1

〈
â†l âl

〉)2

, (4.107)

and G̃
(2)
2j (ri, rj) (j = {T ′, PT ′, C ′, PC ′}) corresponds to the photon-photon correlation

functions given in Eqs. (4.84), (4.88), (4.91), (4.96) and (4.102). Keeping in mind that

we suppose uncorrelated sources and taking into account the corresponding moments

given in Eqs. (4.87), (4.90), (4.94) and (4.101), the variances G̃
(2)
2j (ri, rj) are calculated

to

G̃
(2)
2C(ri, rj) = 2 n̄2 cij , (4.108)

G̃
(2)
2C′(ri, rj) = 2 n̄ cij − 1 , (4.109)

G̃
(2)
2T ′(ri, rj) = n̄2 + 2 n̄ cij − 1 , (4.110)

G̃
(2)
2PC′(ri, rj) =

−(3 n̄2 + 4 n̄+ 2)

(n̄+ 1)2
+

+
(2n̄3 + 8n̄2 + 8n̄+ 2)cij

(n̄+ 1)2
, (4.111)

G̃
(2)
2PT ′(ri, rj) = 2 n̄2 + 2 (2n̄+ 1)cij − 2 , (4.112)

G̃
(2)
2F (ri, rj) = 2 cij − 2 , (4.113)

with the abbreviation cij ≡ cos (ϕ1i − ϕ1j). Note that for comparison we have also in-

cluded the pure quantum mechanical correlation signal G
(2)
2F (r1, r2) created by two single-

photon emitters, where [cf., Eq. (4.47)]

G
(2)
2F (r1, r2) = 2 [1 + cos (ϕ11 − ϕ12)] (4.114)

with V2F = 1 and the correlation signal G
(2)
2C created by two coherent sources [cf.,

Eq. (4.84)] with V2C given in Eq. (4.85). We emphasize again that in case of a mixed

quantum-PACS field or a mixed quantum-PATS field, we have to write G̃
(2)
2PC′ and G̃

(2)
2PT ′

as a function of the net photon numbers nPC′ and nPT ′ , respectively, to appropriately
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Figure 4.8.: Plot of the maximum of the Cauchy-Schwarz parameter Smax
2j dependent

on the visibility V2j (j = {T ′, PT ′, C ′, PC ′}) for combinations of quantum
and classical photon sources [cf. Eq. (4.106) and text].

compare these signals to the mixed quantum-classical photon-photon correlation signals.

To this end we have to insert the identities for the net photon numbers of Eq. (4.98)

and (4.104) in Eqs. (4.111) and (4.112), respectively. If we now plug the variances of

Eqs. (4.108)-(4.113) in the CS inequality Eq. (4.106), we obtain a violation for every

mixed quantum-classical and mixed quantum-semiquantum signal below a certain net

photon number
〈
â† â

〉
j

(j = {T ′, PT ′, C ′, PC ′}), after an optimization with respect to

ϕ11 and ϕ12, i.e., with respect to the detector positions. Note that according to Fig. 4.7,

reducing the net photon number nj in the field of the second source increases the visi-

bility V2j of the corresponding photon-photon correlation signal (j = {T ′, PT ′, C ′, PC ′}).

The corresponding behavior of the Cauchy-Schwarz parameter Smax
2j as a function of

the visibilities V2j (j = {T ′, PT ′, C ′, PC ′}) is displayed in Fig. 4.8. With the pure

classical signal it is not possible to violate the CS inequality as Smax
2C = 1 for all V2C .

For a mixed quantum-thermal signal (T ′) the CS inequality is only violated for a vis-

ibility V2T ′ > 50%, i.e., if the net photon number in the thermal beam fulfills n̄ < 1

[cf. Eq. (4.92)]. Note that a visibility > 50% is just above the maximal visibility of
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the pure classical coherent signal [cf., Eq. (4.85)]. Moreover, for V2T ′ = 1/
√

2 the CS

function Smax
2T ′ diverges. By contrast, if we consider the mixed quantum-PATS signal

(PT ′), the CS inequality can be violated already for a visibility V2PT ′ > 37.5%, corre-

sponding to a net photon number nPT ′ < 3 of the second light source [cf., Eq. (4.105)].

Furthermore, we have Smax
2PT ′ →∞ for V2PT ′ → 1.

Considering the mixed quantum-coherent signal (C ′) and the mixed quantum-PACS

signal (PC ′), if we choose a phase difference of π between ϕ11 and ϕ12, we have a violation

of the CS inequality for any finite net photon number of source 2, what corresponds

to a required visibility of these signals > 0 [see Fig. 4.7 and Eqs. (4.89), (4.97) and

(4.98)]. For the mixed quantum-coherent signal (C ′) we find Smax
2C′ → ∞ for a visibility

V2C′ = 80%, corresponding to a net photon number of n̄ = 1/2 in the coherent beam

[cf. Eq. (4.89)]. For the mixed quantum-PATS signal (PT ′) the CS function goes to∞ for

V2PT ′ → 1 (see Fig. 4.7). In this way we can pin down quantitatively the transgression

to the non-classical regime for all our investigated mixed quantum-classical and mixed

quantum-semiquantum signals. As expected, a signal of two single-photon sources also

violates the CS inequality, what is not depicted in Fig. 4.8. Finally it should be borne in

mind that from no violation of the CS inequality no conclusion can be drawn regarding

the quantum nature of the radiation field.

4.6.5. Test of the non-local character of mixed radiation fields

In the past there have been many tests of Bell inequalities using photons obtained from

parametric down converters (e.g., [12, 13, 151, 191, 192]). Further Bell inequalities have

been studied using photons obtained either from two independent down converters [151]

or one photon from a downconverter and one photon from a coherent source [187]. In all

these experiments Bell inequalities were tested using polarization (spin like) correlations

between the photons. We have already seen in the previous section that the radiation

field produced by two disparate sources, where one source is a single-photon emitter,

is strictly quantum in nature in certain ranges of the net photon number of source

2. Hence we would expect a violation of Bell-type inequalities. However, in order to

see this in detail we need to appropriately normalize our photon-photon correlation

function. Unfortunately, the Glauber normalization introduced in section 2.3 yields no

satisfying results, if we want to utilize it in order to prove the non-local character of

spatial correlations created between photons which were scattered by disparate light

sources - neither applying it to the CH74, nor the CHSH inequalities (cf., sections 4.3.1

and 4.3.2). Thus, we use the following normalization
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g̃
(2)
2 (r1, r2) =

G
(2)
2 (r1, r2)

N
− 1 . (4.115)

A rigorous proof of its validity can be found in appendix B. The parameter N in

Eq. (4.115) is an appropriate scaling factor, which can be obtained by physical con-

siderations - we take it to be the integrated photon-photon correlation function ob-

tained by fixing one detector and moving the other detector. Using the moments given

in Eqs. (4.87), (4.90), (4.94) and (4.101), and recalling that we assume uncorrelated

sources and that we have
〈
â† 2â2

〉
F

= 0, we can express the normalized photon-photon

correlation functions in the collective form

g̃
(2)
2j (r1, r2) =

G
(2)
2j (r1, r2)

2π−1
∫
G

(2)
2j (r1, r2)dϕ11|ϕ12=const.

− 1 =

=
〈: (â†1â1 + â†2â2)2 :〉+ 2 〈â†1â1〉〈â†2â2〉 cos (ϕ11 − ϕ12)

〈: (â†1â1 + â†2â2)2 :〉
− 1

= V2j cos (ϕ11 − ϕ12) , (4.116)

where : ... : again denotes normal ordering and with the visibilities V2j given in Eqs. (4.85),

(4.89), (4.92), (4.97) and (4.105), respectively [cf., Eq. (3.19)]. We want to emphasize

that our proposed rescaled correlation functions are independent of experimental ineffi-

ciencies, e.g., the quantum efficiency of the detectors and the restricted angle subtended

by the detector surfaces (see appendix B). Eq. (4.116) is the celebrated correlation

commonly used in testing violations of Bell-type inequalities [195]. This is also the cor-

relation for two spins in a Werner state which is a mixed entangled state [194]. It is well

known that such a correlation violates Bell’s inequalities in the CHSH formulation (cf.,

section 4.3.2)

|g̃(2)
2j (r1, r2)− g̃(2)

2j (r1, r2′) + g̃
(2)
2j (r1′ , r2) + g̃

(2)
2j (r1′ , r2′)| ≤ 2 (4.117)

if

V2j >
1√
2
. (4.118)

Down to the present day this particular version of Bell’s inequalities is tested in most

experiments (cf., e.g., [12, 13, 151, 187]). From Fig. 4.7 and Eqs. (4.89), (4.92), (4.97),
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(4.98) and (4.105), we can derive the net photon numbers nj of the second light source

for which the CHSH inequalities are violated: The net photon number must be less than

1.
√

2− 1 for a thermal source,

2. ≈ 1.45 for a photon added thermal source (n̄ ≈ 0.22)

3. 2 (
√

2− 1) for a coherent source and

4. ≈ 1.52 for a photon added coherent source (n̄ ≈ 0.29)

Clearly in order to see the violations of locality the condition on nj for photon added

sources is more relaxed. Further, according to Fig. 4.8, the violation of Bell-type inequal-

ities requires more stringent conditions on the visibility of the photon-photon correlations

than the violation of the CS inequality. This is reminiscent of the behavior of Werner

states for spins.

In this section we studied position dependent photon-photon correlations of photons

emitted from disparate mixed quantum-classical and mixed quantum-semiquantum sources

in free space. As quantum source we considered a spontaneously emitting atom; however

we want to emphasize that our results are not limited to this case as any single-photon

source can act as a quantum source in the presented scheme 9.

4.7. Violation of locality for spatial correlation functions of

third order by independent disparate photon sources

In this section we want to investigate the potentially non-local behavior which can arise

in third order intensity correlations created among photons which were scattered by

disparate photon emitters. A key ingredient in the foregoing considerations was the

normalization of the considered spatial correlations in order to adapt them to standard

Bell-type inequalities, which were originally derived for polarization (spin-like) correla-

tions. Since until now it even does not exist a commonly accepted separability criterion

for tripartite density matrices [103,104], it is not trivial to properly normalize the consid-

ered spatial intensity correlation functions and we will only heuristically motivate how

to proceed without giving a mathematically proof for it. The proposed normalization,

which we will use to show a violation of Mermin’s [130] and Svetlichny’s [129] inequalities

(cf., section 4.3.3), produces promising results for almost any combination of quantum,

9The experiments of [187–189] use a single-photon obtained from a down converter.
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semiquantum and classical photon sources. However, we must emphasize at this place

that in case of a pure thermal correlation signal of third order, the proposed normaliza-

tion leads to wrong results and thus there are serious doubts of its validity. Since it is

still possible that in the ongoing research on quantum entanglement this imperfection

will be resolved, we nevertheless want to present our work on the violation of locality

for disparate third order correlations in the following.

4.7.1. Third order intensity correlation function for disparate light sources

Using the electric field operator, given in Eq. (3.27), the spatial third order correlation

function G
(3)
N (r1, r2, r3), which is proportional to the probability to jointly detect three

photons in the far-field of N light sources (cf., Fig. 3.11), takes the form

G
(3)
N (r1, r2, r3) =

N∑
m=1

〈â† 3â3〉Φm

+
N∑

m,j=1
m 6=j

{3 + 2
3∑

k,l=1
k<l

cos[(m− j)(ϕ1k − ϕ1l)]}〈â† 2â2〉Φm〈â†â〉Φj

+
N∑

m,j,k=1
m<j<k

〈â†â〉Φm〈â†â〉Φj 〈â†â〉Φk

×

6 + 2 {
3∑

n,l=1
n<l

3∑
i=1

cos[σi(ϕ1n − ϕ1l)] +
∑

σ1,σ2,σ3
∈S3

cos[

3∑
i=1

σiϕ1i]}

 (4.119)

with σ1 ≡ |m− j|, σ2 ≡ m− k and σ3 ≡ |j − k|. A detailed calculation can be found in

appendix C.

Now we just need the first, second and third normally ordered moments of our considered

light sources [cf., Eqs. (2.18), (2.23), (4.94) and (4.101)] to explicitely determine the

correlations for an arbitrary mixture of single-photon (F ), single-photon added thermal

(PT ) or coherent (PC), thermal (T ) or coherent (C) light sources. However, we did not

derive the third moments for the single-photon added states until now. Using Eqs. (4.93)

and (4.99), they take the explicite form
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〈
â†3 â3

〉
PC

=
n̄4 + 7n̄3 + 9n̄2

1 + n̄
, (4.120)〈

â†3 â3
〉
PT

= 6n̄2 (4n̄+ 3) . (4.121)

4.7.2. Proposal for a suitable normalization of third order intensity

correlation functions

As mentioned above, we have to adjust the third order intensity correlation function

G
(3)
3 (r1, r2, r3) in order to demonstrate a violation of the inequalities derived by Mermin

[130] and Svetlichny [129] (cf., section 4.3.3), which we will abbreviate with MI and

SI, respectively. We will choose a normalization of the third order correlation function

based on a well established statistical mechanical formula for correlation coefficients.

Correlation coefficients for three-particle systems can be defined as [196]

C(3) ≡ 〈µ1µ2µ3〉 − 〈µ1〉〈µ2µ3〉 − 〈µ2〉〈µ1µ3〉 − 〈µ3〉〈µ1µ3〉+ 2〈µ1〉〈µ2〉〈µ3〉 , (4.122)

what basically implies that from a third order correlation 〈µ1µ2µ3〉 all lower order mo-

ments are subtracted. Our proposal for a normalization of the third order intensity

correlation function g̃
(3)
3 (r1, r2, r3) for three photon emitters thus reads

g̃
(3)
3 (r1, r2, r3) ≡ G

(3)
3 (r1, r2, r3)

[G
(1)
3 ]3

− G
(2)
3 (r1, r2)

[G
(1)
3 ]2

− G
(2)
3 (r2, r3)

[G
(1)
3 ]2

− G
(2)
3 (r1, r3)

[G
(1)
3 ]2

+ 2 ,

(4.123)

where G
(1)
3 ≡

∑3
j=1〈â†â〉Φj is the mean radiated intensity of our three disparate light

sources, introduced in Eq. (3.9), and the second order correlation signal G
(2)
3 (r1, r2),

derived in Eq. (3.30), takes the explicite form

G
(2)
3 (r1, r2) =

3∑
m=1

〈â† 2â2〉Φm +
3∑

m,j=1
m<j

{2 + 2 cos [(m− j)(ϕ11 − ϕ12)]} 〈â†â〉Φm〈â†â〉Φj

(4.124)

With the help of Eq. (4.119), (4.124) and with G
(1)
3F = 3, the normalized correlation

107



function g̃
(3)
3F (r1, r2, r3) for three single-photon emitters calculates to

g̃
(3)
3F (r1, r2, r3) =

2

27
{3− 4

3∑
k,l=1
k<l

cos[(ϕ1k − ϕ1l)]

−2
3∑

k,l=1
k<l

cos[2(ϕ1k − ϕ1l)] +
∑

σ′1,σ
′
2,σ
′
3

∈S3

cos[
3∑
i=1

σ′iϕ1i]} , (4.125)

where σ′1 = σ′2 = 1 and σ′3 = −2. For three thermal light sources, with moments given

in Eq. (2.23), we arrive at the normalized intensity correlation

g̃
(3)
3T (r1, r2, r3) =

2

27
{3 + 4

3∑
k,l=1
k<l

cos[(ϕ1k − ϕ1l)]

+2
3∑

k,l=1
k<l

cos[2(ϕ1k − ϕ1l)] +
∑

σ′1,σ
′
2,σ
′
3

∈S3

cos[
3∑
i=1

σ′iϕ1i]} . (4.126)

Since Eq. (4.125) differs from Eq. (4.126) only by two minus signs, the pure single-photon

correlation would either give a lower or (at most) the same value after a maximization

with respect to the detector positions r1, r2 and r3. We will see in the following that if we

plug these normalized correlations in either the MI or the SI, we will arrive at violation

of these inequalities for the pure quantum as well as the pure classical correlation signal,

what is clearly not in favor of our proposal. However, if we consider the normalized

correlation g̃
(3)
3C of three coherent sources10,

g̃
(3)
3C (r1, r2, r3) =

2

27

∑
σ′1,σ

′
2,σ
′
3

∈S3

cos[
3∑
i=1

σ′iϕ1i] , (4.127)

or any other disparate normalized correlation, it will be shown that we arrive at physi-

cally reasonable results.

In the following we will use our proposed normalization in order to demonstrate a viola-

10For the normally ordered k-th moments, cf., Eq. (2.18).
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tion of MI and SI (cf., section 4.3.3). The main difference between the two inequalities

is that MI are violated for all entangled states in case of three qubits, i.e., genuine entan-

gled as well as bi-partite entangled, whereas SI are only violated for genuine entangled

states (GHZ-state [10] and W-states [133]). Thus, with SI it is also possible to rule out

classes of non-local theories assuming partial non-locality (cf., section 4.3.3 and [129])

- correlations between bi-partite entangled system are too weak to cause a violation.

However, the requirements to obtain a violation are naturally more strict than in case

of the MI.

4.7.3. Violation of the Mermin inequality for three single-photon sources

As introduced in section 4.3.3, the MI can be expressed in the form

M≡ |C(x′, y, z) + C(x, y′, z) + C(x, y, z′)− C(x′, y′, z′)| ≤ 2 , (4.128)

where C(x, y, z) abbreviates a correlation of third order which are dependent on a set

of variables x, y and z (the primed ones denote a second set). The MI are violated

for all entangled states, where the maximal value of 4, being the algebraic limit of

the inequalities [160], can be achieved for the GHZ-state [197–199]. After plugging

g̃
(3)
3 (r1, r2, r3) for three single-photon, three thermal and three coherent sources [cf.,

Eqs. (4.125)-(4.127)] into the MI and performing a numerical maximization with respect

to the detector positions, the MI (denoted by Mmax
3F , Mmax

3T and Mmax
3C , respectively)

take the values

Mmax
3F = 3.479 6≤ 2 , (4.129)

Mmax
3T = 4 < 4.303 6≤ 2 , (4.130)

Mmax
3C = 1.5432 ≤ 2 . (4.131)

For the pure quantum mechanical and the pure classical normalized correlation, we

obtain physically sound results. Note that the value of 3.479, which can be achieved

for three single-photon sources, corresponds to the value for a polarization dependent

violation of MI with a W-state. For the polarization entangled W-state,

1√
3

(|+ − −〉+ | − + −〉+ | − − +〉) , (4.132)
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the maximal value of MI is 3.046 [160]. However, the difference between those two max-

imal values is only due to the constant background of 4
9 (as 3.479 ≈ 3.046 + 4

9) coming

from the constant value of 2
9 in our proposed third order cumulant [cf., Eq. (4.125)].

This could indicate that the violation is achieved due to a photonic W-state (cf., section

4.4.3) and that it is further possible to distinguish between position and polarization

dependent states by violating MI. However, as mentioned above, the normalized correla-

tion g̃
(3)
3T (r1, r2, r3) of three thermal sources leads to wrong and even unphysical results.

We find a maximal value Mmax
3T = 4.303 which violates the inequalities and moreover is

higher than the algebraic limit of MI.

4.7.4. Violation of the Svetlichny inequality for three disparate light sources

Let us now investigate the SI. By violating SI it can be ruled out every classical local

hidden variable theory assuming partial non-locality. Thus only genuine entangled states,

i.e., states from the GHZ and W-class for three qubits, violate SI. The maximal violation

of Svetlichnys inequality can be achieved by a GHZ-state, showing correlations which

lead to Smax
v = 4

√
2 6≤ 4 [200,201]. On the other hand, a polarization dependent W-state

violates the Svetlichny inequalities with ≈ 4.354 6≤ 4 [202]. As in case of MI one can thus

distinguish between classes of genuine entangled states by investigating the violation of

SI. For three particles the SI can be written as (cf., section 4.3.3)

Sv ≡ |C(x, y, z) + C(x, y, z′) + C(x, y′, z)− C(x, y′, z′)

+C(x′, y, z)− C(x′, y, z′)− C(x′, y′, z)− C(x′, y′, z′)| ≤ ±4 . (4.133)

where C(x, y, z) again abbreviate correlations of third order dependent on a set of vari-

ables x, y and z or x′, y′ and z′. Since the SI consist of the same number of positive and

negative correlations so that all constant factors in our proposed normalization of the

third order correlation function cancel, we now expect to get results using our proposed

normalization which are independent of a constant background. If we put correlations

of the form g̃(3)(r1, r2, r3) [cf. Eqs. (4.125), (4.126) and (4.127)] in the SI and perform a

numerical maximization, we obtain the values

Smax
v,3F = 4.309 6≤ 4 , (4.134)

Smax
v,3T = 4.357 6≤ 4 , (4.135)

Smax
v,3C = 2 ≤ 2 . (4.136)
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Figure 4.9.: Plot of the maximum of the Svetlichny parameter Smax
v,j of the nor-

malized correlation function for two single-photon sources and a classi-
cal or semiquantum light source dependent on the net photon number nj
(j = {3F, PT ′, T ′, PC ′, C ′}) in the beam of the classical or semiquantum
source. Svetlichny depicts the border to violate partial non-locality (cf. the
text and section 4.3.3 for details).

with the following sets of variables

detector positions/2π 3F 3T 3C

ϕ1 −0.8970 1 0.9267

ϕ2 0.6825 1 0.26

ϕ3 0.39 1 0.26

ϕ1′ −0.08 0.87 0.26

ϕ2′ −0.1235 0.63 0.594

ϕ3′ 0.9 0.073 0.594

(4.137)

Neglecting the obviously wrong result of the pure thermal case for a moment, we note

that the violation in case of three single-photon sources, taking a value of 4.309, is again

in good agreement with the proposed maximal value of 4.354 that can be achieved for a

polarization dependent W-state [202].
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Finally, Fig. 4.9 depicts a plot of the Svetlichny parameter Smax
v,j dependent on the net

photon number in the classical or semi-quantum beam for the normalized correlations

g̃
(3)
j (r1, r2, r3) which are produced by disparate light sources (j = {3F, PT ′, T ′, PC ′, C ′}).

Hereby, we have considered correlations between photons scattered by two single-photon

sources and a photon added thermal (PT ′), thermal (T ′), photon added coherent (PC ′)

or coherent (C ′) light source. The corresponing normalized correlations can be obtained

using Eqs. (4.119), (4.124) and (4.127) with the first, second and third moments, which

were introduced in Eqs. (2.18), (2.23), (4.94), (4.101), (4.120) and (4.121). Further, the

pure single-photon (3F ) correlation signal is displayed for comparison. Since for dis-

parate quantum-classical or quantum-semiquantum correlations the net photon number

nj (cf., section 4.6) does not factorize, the maximization with respect to the detector

positions depends also on the net photon number nj . The plot gives explicite numbers

on how low the net photon number in the classical or semi-quantum light beam must

be chosen to show a violation of partial non-locality, i.e., for the net photon numbers nj

must hold

nT ′
!
< 0.208 , (4.138)

nC′
!
< 0.306 , (4.139)

nPT ′
!
< 1.20 , (4.140)

nPC′
!
< 1.27 , (4.141)

in order to demonstrate that the corresponding correlations are caused by genuinly

entangled states. In case that our proposed correlation is correct, these results would

enable novel experiments at the quantum-classical boundary: a violation of Svetlichny

inequalities can only be explained by states from the W- or the GHZ-class. Nevertheless,

we would achieve it with correlations between photons which were scattered by two

independent single-photon emitters and a classical light source (or even one single-photon

emitter and two classical light sources).
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4.8. Violation of non-classicality for higher-order intensity

correlation functions from disparate statistically

independent light sources

In section 4.1 we have studied a criterion for non-classicality of Agarwal and Tara [85] in

order to formulate a CS inequality which enables to investigate the non-classical nature

of correlation signal of second order. Shchukin, Richter, and Vogel (SRV) [99, 100] gen-

eralized this non-classicality criterion, which is based on the normally ordered moments

of, e.g., annihilation and creation operators or position and momentum operators, and

derived a framework in which non-classicality inequalities can be formulated in a very

simple way (cf., also [203]). In this section we will first follow the lines of SRV and then

derive a very practicable inequality for testing the quantum character of higher-order

intensity correlation functions:

In section 4.1 we have already presented that if the Glauber-Sudarshan P-function is pos-

itive, then it follows for the expectation value of the normally ordered function f̂(â, â†)

[cf., Eq. (4.142)]

〈
: f̂ :

〉
!
> 0 . (4.142)

The function f̂(â, â†) could contain, e.g., polynomials in the creation and annihilation

operators, i.e.,

f̂ =
∑
i

cif̂i , (4.143)

with

f̂i =

M∏
m=1

(â†m)i2m−1(âm)i2m , (4.144)

where the paramter i stands for the multi-index i = (i1, i2, ..., i2M ). With these def-

initions the mean value of the Hermitian operator f̂ †f̂ would take the form in P-

representation
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〈
: f̂ †f̂ :

〉
=

∫
P (α)|f(α)|2d2α , (4.145)

and would have to be positive if the P-function for a given state is a classical probability

density for any function f̂ [99, 100]. With the help of Eq. (4.144),
〈

: f̂ †f̂ :
〉

can be

written as

〈
: f̂ †f̂ :

〉
=
∑
i,j

c∗i cjMij(ρ̂) (4.146)

were we used the abbreviation

Mij(ρ̂) ≡ Tr(: f̂ †i f̂j : ρ̂) . (4.147)

We can now, in analogy to section 4.1 choose a fixed set F̂ = (f̂1, f̂2, ..., f̂i, ...), so that

the correlations Mij(ρ̂) form a possibly infinite Hermitian quadratic matrix

MF̂ (ρ̂) = [Mij(ρ̂)] , (4.148)

where the subscript F̂ should underline the dependence on the set F̂ and the matrix is de-

noted by the square brackets [...]. Furthermore, let [MF̂ (ρ̂)]s with s = (s1, ..., sN ) abbre-

viate the N×N principal submatrix of MF̂ (ρ̂) which can be obtained by deleting all rows

and columns except the ones labeled by s1, ..., sN . Now, by applying again Sylvester’s

criterion to the matrix MF̂ (ρ̂), we obtain that for any choice of F̂ = (f̂1, f̂2, ..., f̂i, ...)

a multi-mode state ρ̂ is non-classical if there exist a negative principal minor, i.e.,

det[MF̂ (ρ̂)]s < 0 for 1 ≤ s1 < s2 < ... < sN . However, we can also regard the cor-

relation matrix [MF̂ (ρ̂)]s as a correlation matrix [MF̂ ′(ρ̂)] of a subset F̂ ′ ⊂ F̂ with

F̂ ′ = (f̂s1 , f̂s2 , ..., f̂si , ...), i.e., [MF̂ (ρ̂)]s = [MF̂ ′(ρ̂)]. In an explicite form [MF̂ ′(ρ̂)] can be

written as
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[MF̂ ′(ρ̂)] = [MF̂ (ρ̂)]s =



〈: f̂ †s1 f̂s1 :〉 〈: f̂ †s1 f̂s2 :〉 . . . 〈: f̂ †s1 f̂sN :〉

〈: f̂ †s2 f̂s1 :〉 〈: f̂ †s2 f̂s2 :〉 . . . 〈: f̂ †s2 f̂sN :〉
...

...
. . .

...

〈: f̂ †sN f̂s1 :〉 〈: f̂ †sN f̂s2 :〉 . . . 〈: f̂ †sN f̂sN :〉


. (4.149)

By denoting the determinant of [MF̂ ′(ρ̂)] with dF̂ ′(ρ̂), we now obtain that the multi-

mode bosonic state ρ̂ is classical if dF̂ ′(ρ̂) ≥ 0 for all sets F̂ and ρ̂ is non-classical if there

exist a set F̂ for which dF̂ ′(ρ̂) < 0 [99,100,203]. Thus, all we have to do to determine the

non-classicality of a state ρ̂ is to find a suitable set F̂ and check whether the determinant

of the corresponding matrix of expectation values 〈f̂ †i f̂j〉 is negative.

Let us choose, for example, F̂1 = (Î(r1), Î(r2) Î(r3)) with again the intensity Î(ri) at

position ri reading

Î(rj) ≡ Ê(−)
N (rj) Ê

(+)
N (rj) =

N∑
l=1

e−i ϕlj â†l

N∑
l=1

ei ϕlj âl . (4.150)

which was already given in Eq. (4.5). Calculating the determinant dF̂1
(ρ̂), we arrive at

dF̂1
(ρ̂) =

∣∣∣∣∣∣∣
〈: Î(r1) Î(r1) :〉 〈: Î(r1) Î(r2) Î(r3) :〉

〈: Î(r1) Î(r2) Î(r3) :〉 〈: Î(r2) Î(r2) Î(r3) Î(r3) :〉

∣∣∣∣∣∣∣
= 〈: Î(r1)2 :〉〈: Î(r2)2 Î(r3)2 :〉 − |〈: Î(r1) Î(r2) Î(r3) :〉|2

!
< 0 . (4.151)

In our notation for m-th order intensity correlation functions, i.e., by using the identities

〈: Î(r1)2 :〉 ≡ G
(2)
N (r1, r1)

〈: Î(r2)2 Î(r3)2 :〉 ≡ G
(4)
N (r2, r2, r3, r3)

〈: Î(r1) Î(r2) Î(r3) :〉 ≡ G
(3)
N (r1, r2, r3) (4.152)

Eq. (4.151) would take the form
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|G(3)
N (r1, r2, r3)|2

!
> G

(2)
N (r1, r1)G

(4)
N (r2, r2, r3, r3) . (4.153)

This inequality is suitable to test the non-classicality of third order intensity correlation

signals [explicitely calculated in section 4.7, cf., Eq. (4.119)] which arise in the light of N

photon emitters with arbitrary classical, semi-classical or non-classical photon statistics.

For example, if we consider three single-photon sources the inequality (4.153) would take

the simple form

|G(3)
3F (r1, r2, r3)|2

!
> 0 , (4.154)

since G
(4)
3F (r2, r2, r3, r3) = 0, which can be easily violated. Let us now generalize the

inequality by choosing F̂2 = (Î(r1), Î(r2)...Î(rm)). Deriving the determinant dF̂2
(ρ̂), we

obtain

dF̂2
(ρ̂) =

∣∣∣∣∣∣∣
〈: Î(r1) Î(r1) :〉 〈: Î(r1)...Î(rm) :〉

〈: Î(r1)...Î(rm) :〉 〈: Î(r2)2...(rm)2 :〉

∣∣∣∣∣∣∣
!
< 0 , (4.155)

leading us in our notation for intensity correlation functions to

|G(m)
N (r1, ..., rm)|2

!
> G

(2)
N (r1, r1)G

(2m−2)
N (r2, r2, ..., rm, rm) , (4.156)

with the constant second order correlation function G
(2)
N (r1, r1) which calculates to [cf.,

Eq. (3.30)]

G
(2)
N (r1, r1) =

N∑
m=1

〈â† 2
m â

2
m〉Φm + 4

N∑
m,j=1
m<j

〈â†mâm〉Φm〈â
†
j âj〉Φj . (4.157)

If we now assume N = {m,m + 1, ..., 2m − 3} single-photon emitters, the inequality

can be again easily violated, since G
(2m−2)
(N) (r2, r2, ..., rm, rm) = 0 for N < 2m − 2 due

to the statistics of single-photon Fock states [cf., Eq. (2.12)]. However, investigating

Eq. (4.156) for disparate light sources the following observation is less trivial: if we
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consider the number of light sources N to be bigger or equal than the correlation order

m, the correlation function G
(m)
N (r1, ..., rm) takes the form

G
(m)
N (r1, ..., rm) ∼ 〈: (

N∑
j=1

â†j âj)
m :〉+

N∏
j=1

〈â†j âj〉A+O(≥ 〈â† 2
j â

2
j 〉)R , (4.158)

where A abbreviates the corresponding modulation which arises for N single-photon

emitters and R denotes the remaining modulation terms weighted with moments of

second or higher order O(≥ 〈â† 2
j â

2
j 〉), i.e., prefactors of the order n̄2 or higher with

the mean photon number n̄ of potentially considered classical light sources. However,

investigating the correlation function G
(2m−2)
N (r2, r2, ..., rm, rm) for m ≤ N ≤ 2m − 2,

we find

G
(2m−2)
N (r2, r2, ..., rm, rm) ∼ 〈: (

N∑
j=1

â†j âj)
2m−2 :〉

+ O(≥ 〈â† 2m−N
j â2m−N

j 〉)R , (4.159)

If we now attenuate the light beams, corresponding to a low n̄, the terms O(≥ n̄2m−N )R
in Eq. (4.159) go very fast to zero - in particular much faster than the terms

∏N
j=1〈â

†
j âj〉A

introduced in Eq. (4.158). Thus, G
(2m−2)
N (r2, r2, ..., rm, rm) goes to zero very fast for low

n̄ and the inequality (4.156) can be easily violated even for an ensemble of disparate

sources with one single-photon source and N − 1 classical photon emitters.
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5. Quantum interference-initiated

superradiance in the intensity and

higher-order correlation functions

Since the seminal work of Dicke in 1954 [38], superradiance is commonly understood as

the cooperative spontaneous emission of radiation by a collection of atoms. The theory

of spontaneous emission from a single atom was first proposed by Dirac [204] and then

developed by Wigner and Weisskopf [205]. Hereby, the spontaneous transition from an

excited state to the ground state was found to obey an exponential law with the natural

radiation lifetime γ−1. Later, in the full quantum field theory of the electromagnetic

radiation, the process was explained by the interaction of the excited atom with the

vacuum fluctuations of the electromagnetic field [206]. Investigating ensembles of atoms

a common exponential decay and isotropic emission of the radiation is thus observed

in most cases, since the sources are not correlated. Besides the interaction with the

vacuum of the electromagnetic field, the phases of the atomic states are disturbed dur-

ing the emission by additional interactions, e.g., collisions or thermal noise. However,

Dicke assumed an atomic ensemble confined in a small volume and came to a remark-

able result: considering an ensemble of N atoms under this conditions, the decay time

of the ensemble is proportional to (Nγ)−1, the mean radiated intensity is distributed

anisotropically and proportional to the square of the number of atoms N2, instead of N .

Further, the time behavior of the emitted radiation is no longer exponential, but peaked

after a certain delay (cf., figure 5.1). All these characteristic properties made Dicke to

call this kind of radiation superradiant.

A common physical explanation for superradiance is that the interaction of the atoms

with each other through their compound electromagnetic field results in a correlation

between the atomic dipole moments. In this way a macroscopic polarization is created

which is proportional to the number of atoms N , the atomic ensemble radiates collec-

tively, and the radiation is coherent.
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Figure 5.1.: Schematic comparison between the general characteristics of the mean ra-
diated intensity considering an ensemble of uncorrelated atoms and super-
radiant atoms. The upper part of the figure displays ordinary spontaneous
emission which is essentially isotropic with an exponentially decaying in-
tensity given by the radiation lifetime γ−1. The lower part of the figure
shows an ensemble of superradiant atoms. The mean radiated intensity is
anisotropically distributed and occurs in a short burst of duration which is
proportional to (Nγ)−1. The figure was inspired by [43].

The first experiment on superradiance was realized in 1973, when Skribanowitz et al. ob-

served superradiant emission from a pencil-shaped extended sample consisting of hydro-

gen fluoride molecules [207]. Hereby, it was crucial to fulfill the experimental conditions

that the phase memory time of the radiation centers was longer than the cooperative

spontaneous emission time. Experiments on superradiance can be classified according to

the size of the sample compared with the emitted wavelength. Small sample experiments

with atoms [45] as well as with nuclear spins [208] can be found in the literature. However,

much more experiments were realizing superradiant emission in extended pencil-shaped

samples (for a detailed overview cf. [209]). Since the field-opening work of Dicke, several

reviews and books have treated superradiance in great detail from different points of

view [39–48]. Nowadays, the collective emission phenomenon came back to interest - in

particular for one-atom excitations of an atomic ensemble [49–55].
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5.1. Theoretical description of common superradiance

experiments

In this section, we will recapitulate the simplest system showing superradiant behavior,

in order to get a more quantitative description of the main features of this phenomenon

[38, 39, 43, 209]. Let us consider an ensemble of N identical two-level atoms, where the

excited state |el〉 and the ground state |gl〉 (l = {1, ..., N}) shall be separated by an energy

interval ~ω0. If we assume now, that the atoms are far away from each other and no

interaction between them takes place, i.e., they are uncorrelated, then the probability Pel
of finding a single initially excited atom l still in the state |el〉 can be written as [204,205]

dPel
dt

= −γ Pel , with γ =
1

3πε0

|dl|2ω3
0

~ c3
, (5.1)

leading to the common exponential decay of spontaneous emission (cf., section 4.5).

Hereby, dl = 〈el|d̂|gl〉 denotes the off-diagonal matrix element of the dipole operator d̂

of atom l. However, assume now that the ensemble of atoms is localized in a cloud with

dimensions less than the emission wavelength. In order to describe this situation, it is

common to introduce the effective energy operator of the total system, which reads

Ĥ0 = ~ω0Ŝz (5.2)

with

Ŝz =
1

2
(Ŝ+Ŝ− − Ŝ−Ŝ+) =

1

2

N∑
l=1

(ŝ+
l ŝ
−
l − ŝ

−
l ŝ

+
l ) =

1

2

N∑
l=1

(|el〉〈el| − |gl〉〈gl|) (5.3)

and the collective raising Ŝ+ and lowering operators Ŝ−, which are given by

Ŝ+ =
N∑
l=1

ŝ+
l , Ŝ− =

N∑
l=1

ŝ−l , (5.4)

where the lowering operator for a single atom ŝ−l = |gl〉〈el| was already discussed in

Eq. (3.44). Using this definitions, the total dipole moment operator D̂ can be expressed

as
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D̂ =

N∑
l=1

d̂l , (5.5)

This expression transforms with the help of the closure relation and the Wigner-Eckart

theorem to [210]

D̂ = dgeŜ
− + degŜ

+ , (5.6)

with dij = 〈i|d̂|j〉, the electric dipole matrix element of a single atom in the ensemble,

assumed to be identical for all atoms.

Investigating the energy operator of Eq. (5.2), we find that it has N + 1 different eigen-

values

EM = M ~ω0 , with M = {N/2, N/2− 1, ...,−N/2} , (5.7)

where M = (ne − ng)/2 = ne −N/2 is half of the difference of the number of atoms in

the excited state ne and in the ground state ng, what can be also expressed in terms

of the total number of atoms N = ne + ng. Now, there is only one quantum state in

each energetic subspace determined by the quantum number M that is symmetric with

respect to the permutation of the atoms, namely

|e ... e〉 for M = N/2

1√
N

(|g e ...e〉+ |e g e...e〉+ ...+ |e...e g〉) for M = N/2− 1(
N

2

)−1/2

(|g g e...e〉+ |g e g e...e〉+ ...+ |e...e g g〉) for M = N/2− 2

...

|g ... g〉 for M = −N/2 . (5.8)

If the system is initially in the symmetric state |e ... e〉 (i.e., M = N/2), then it first emits

one photon and gets into the symmetric state with M = N/2−1, where one atom in the

ensemble is in the ground state. Since the dimensions of the cloud is smaller than λ, it

is in principle impossible to determine which atom has been transferred to the ground

state and we necessarily end up in the state |N/2, N/2−1〉. Thereafter, a second photon
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is emitted and thus the system is transferred to the symmetric state with M = N/2− 2,

where two atoms are in the ground state, and so on.

The states introduced in Eq. (5.8) are simultaneous eigenstates of the collective atomic

spin operators Ŝ2 =
∑

i=x,y,z Ŝ
2
i and their z-component Ŝz, as already introduced in

Eq. (5.7), where Ŝx and Ŝy are given by

Ŝx =
1

2
(Ŝ+ + Ŝ−) , Ŝy =

1

2i
(Ŝ+ − Ŝ−) , (5.9)

respectively, and Ŝz was defined in Eq. (5.3). They belong to the highest eigenvalue of

Ŝ2, namely N
2 (N2 + 1) and will be denoted by |N/2,M〉. For arbitrary eigenvalues of the

collective atomic spin operators Ŝ2, we can define the general Dicke-states |S,M〉 [38]

with corresponding eigenvalues S(S+1) for Ŝ2 and M for Ŝz, where S = {−N/2, ..., N/2}
and −S ≤M ≤ S [cf., Eq. (5.7)]. However, the eigenstates |S,M〉 belonging to smaller

eigenvalues of Ŝ2 than N
2 (N2 +1), i.e. the states |S < N/2,M〉, are not totally symmetric.

We will discuss their subradiant radiation characteristics in section 5.2.5.

Since the symmetric Dicke states |N/2,M〉 are now properly defined, let us recapitulate

their remarkable radiation characteristics. The transition probabilities for the allowed

transitions between the different symmetric Dicke states in the ensemble of atoms can

be obtained by calculating the matrix elements of the total dipole moment operator

D̂ between the states |N/2,M〉 given in Eq. (5.8). This calculation leads to a master

equation for the probability PM of finding the atomic ensemble in the symmetric state

of energy EM , which reads [40,210]

dPM
dt

= γ(
N

2
+M + 1)(

N

2
−M)PM+1 − γ(

N

2
+M)(

N

2
−M + 1)PM (5.10)

Using the initial conditions, PN/2(t = 0) = 1 and PM (t = 0) = 0 (for M 6= N/2), an

approximately analytical solution of Eq. (5.10) can be derived, leading to the radiated

intensity I(t), which takes the form [40,210]

I(t) = γ
1

4
N2sech2[γ

1

2
N(t− tD)] , (5.11)

where tD = (γ N)−1lnN . Investigating this formula, we obtain the main features of su-
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perradiant radiation: The initial intensity I(t = 0) is proportional to N , corresponding

to the spontaneous emission of N uncorrelated atoms. However, the pulse duration is of

the order (γN)−1, i.e., N times shorter than the decay time of a single atom. However,

most important for the following investigations is that the intensity at its maximum

(appearing after a delay time tD) is proportional to the square of the total number of

atoms, N2, and originates from the symmetric Dicke state |N/2, 0〉 [cf., Eq. (5.10)].

Finally, let us calculate the expectation value of the total electric dipole operator D̂ in

a Dicke state |S,M〉. With the help of Eq. (5.6) it reads

〈S,M |D̂|S,M〉 = dge〈S,M |Ŝ−|S,M〉+ deg〈S,M |Ŝ+|S,M〉 . (5.12)

Considering the action of the collective raising and lowering operators on |S,M〉,

Ŝ+|S,M〉 =
√

(S −M)(S +M − 1)|S,M + 1〉 ,

Ŝ−|S,M〉 =
√

(S +M)(S +M + 1)|S,M − 1〉 , (5.13)

and taking into account the orthogonality of the Dicke states, leads us to

〈S,M |D̂|S,M〉 = 0 . (5.14)

Since the seminal work of Dicke in 1954, the common physical explanation of superradi-

ance is that each atom in an ensemble acts as a tiny antenna emitting electromagnetic

waves and that the emitted intensity is proportional to N2 due to the atomic antennas

which after the emission of the first photons become synchronized so that they are coher-

ently radiating in phase with each other [39, 43, 48, 52]. However, since the expectation

value of the total electric dipole operator D̂ vanishes for all Dicke states, including the

superradiant ones with S = N/2, one should reconsider this widely-accepted antenna

interpretation. We will thus present another physical interpretation of superradiance

which is not based on the mean electric dipole moment in the following section.

124



5.2. Quantum-interference-initiated super- and subradiant

emission from entangled atoms

In the last decade, the Dicke state |S = N/2,M = −N/2 + 1〉, which was introduced in

Eq. (5.8), was found to be especially useful for several applications in quantum informa-

tion theory [51,61,79,80]. The state was shown to have remarkable entanglement prop-

erties and in the course of these studies it was renamed as W-state [133]. In the following

we will stick to this commonly used terminology and thus call the entangled symmetric

Dicke states |N/2,M〉 generalized symmetric W-states (with M 6= {N/2,−N/2}, since

the two states |N/2, N/2〉 and |N/2,−N/2〉 are separable).

In this section, we develop a quantum multipath interference approach which enables to

explain both super- and subradiance even though the generalized symmetric W-states

have zero dipole moment [cf., Eq. (5.14)]. We show how the nature of the initial W-state

dictates its radiative characteristics leading to a superradiant, i.e., spatially focussed

emission of photons. As discussed in section 5.1, superradiance has been studied ex-

tensively since its prediction by Dicke. Much of the literature deals with ensembles of

atoms with inherent complexities associated with ensembles. In contrast we investigate

in this section a finite number of atoms which can have a relative distance larger than the

emission wavelength and are prepared in well characterized entangled W-states. This en-

ables us to give a very clear physical picture based on the interference of quantum paths.

Note that most of the work on entangled states is driven by quantum computation

protocols [77, 78]. Entangled states also provide one with methods for doing precision

quantum metrology [15, 211–215]. However it has been much less conceived that those

states also give a new paradigm for doing optical physics [216] which traditionally is

done using independent atoms though with exceptions [49, 50, 52–55]. Since one has

succeeded in preparing well characterized entangled states albeit for a small number of

qubits, it is pertinent to ask how the optical effects can depend on both the nature of the

entangled states as well as on the number of atoms. In particular it is pertinent to ask

how the radiative properties of atoms in well characterized entangled states differ from

those of atoms prepared in separable states. The simplest system to study is a system

of two two-level atoms prepared in an entangled state and this has been extensively

studied for its dynamical evolution [217–221]. Besides giving a physical explanation for

the superradiant radiation characteristics of entangled atoms, the idea of doing optical

physics with entangled light sources should give a new impetus to the generation of
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entangled states for large numbers of atoms [14–17, 222] or of other quantum systems

displaying a similar behavior [223,224].

5.2.1. Enhanced emission from arbitrary symmetric W-states

….. 
d 

Figure 5.2.: Scheme of the investigated system: N equidistant two-level atoms are lo-
calized along a chain at positions R1 to RN . In this section we consider
that a single detector registers a photon scattered by the atoms at position
r1 ≡ r (in analogy θ1 ≡ θ) in the far-field. However, in the following sec-
tions we will assume again multiple detectors measuring photons at rj with
j = {1, ...,m}.

Since throughout this chapter we will extensively make use of the general scheme to mea-

sure the m-th order intensity correlation function presented in section 3.3 (cf., Fig. 3.11),

let us briefly recapitulate the basic definitions of our system (cf. Fig. 5.2): we assume a

linear chain of N identical two-level atoms with upper level |el〉 and ground state |gl〉 (cf.,

section 3.3) localized at positions R1 , ... ,RN , where for simplicity we consider an equal

spacing d between adjacent atoms. We further assume k d > 1 so that the dipole-dipole

interaction can be neglected, where k = 2π
λ denotes the wave number of the transitions

|el〉 → |gl〉. The initial state of the chain of atoms is taken to be a generalized sym-

metric W-state |Wne,N−ne〉, introduced in Eq. (5.8), where ne atoms are excited and

N − ne = ng atoms are in the ground state

|Wne,N−ne〉 ≡
(
N

ne

)− 1
2 ∑

k

Pk|Sne,N−ne〉 . (5.15)

Here, {Pk} denotes the complete set of all possible distinct permutations of the qubits.
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For example, for N = 4 and ne = 2 the state of Eq. (5.15) would take the explicit form

|W2,2〉 =
1√
6

(|e e g g〉+ |e g e g〉+ |e g g e〉

+|g e e g〉+ |g e g e〉+ |g g e e〉) . (5.16)

Further we introduce the separable states whose radiative properties we will compare to

the radiative properties of the W-states in the following, defined by (cf., section 4.2)

|Sne,N−ne〉 ≡
ne∏
α=1

|eα〉
N∏

β=ne+1

|gβ〉 . (5.17)

In this section, we now consider a single detector placed at position r in the far-field

region of the atoms to measure the intensity

G(1)(r1 ≡ r) ≡ I(r) = 〈Ê(−)(r) Ê(+)(r)〉 (5.18)

emitted by the atomic chain1. The positive frequency part of the electric field operator

was given by [cf., Eq. (3.46)]

Ê(+)(r) ∼
∑
l

e−i ϕl ŝ−l . (5.19)

with the relative optical phase ϕl = l k d sin θ [neglecting the subscript 1 of θ since we

deal with just one detector; cf., Eqs. (3.5) and (3.11)]. Equation (5.19) leads to the

following expression for the radiated intensity at r

I(r) =
∑
i,j

〈ŝ+
i ŝ
−
j 〉 e

i (ϕi−ϕj)

=
∑
i

〈ŝ+
i ŝ
−
i 〉+

∑
i 6=j
〈ŝ+
i 〉〈ŝ

−
j 〉+

∑
i 6=j

(〈ŝ+
i ŝ
−
j 〉 − 〈ŝ

+
i 〉〈ŝ

−
j 〉)

 ei (ϕi−ϕj) . (5.20)

Thus the characteristics of the intensity would depend on the incoherent terms 〈ŝ+
i ŝ
−
i 〉,

the nonvanishing of the dipole moment 〈ŝ+
i 〉 and quantum correlations like 〈ŝ+

i ŝ
−
j 〉 −

〈ŝ+
i 〉〈ŝ

−
j 〉. In case of the N -qubit separable state |Sne,N−ne〉 the intensity calculates to

[cf., Eq. (3.9)]

1Note that we have omitted the subscripts of G(1) here, since they would differ according to the states
we consider (see below).
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I|Sne,N−ne 〉 =

ne∑
i,j=1

〈ŝ+
i ŝ
−
j 〉 e

i (ϕi−ϕj) =

ne∑
i=1

〈ŝ+
i ŝ
−
i 〉 = ne . (5.21)

Here, we have explicitly used that for the separable states of Eq. (5.17) we find

〈ŝ+
i ŝ
−
j 〉 = 〈ŝ+

i 〉〈ŝ
−
j 〉 = 0, for i 6= j , (5.22)

since 〈ŝ+
j 〉 = 0, i.e., the dipole moment 〈ŝ+

j 〉 as well as the correlations 〈ŝ+
i ŝ
−
j 〉 for i 6= j are

zero. According to Eq. (5.21) the intensity distribution of separable states is a constant

corresponding simply to the number of initially excited atoms, i.e., I|Sne,N−ne 〉 = I|Sne,0〉

for any N . This can be explained as every atom radiates incoherently. Note that in case

of the celebrated realization of Young’s double slit experiment using independent atoms

coherently excited by a cw laser [225] the quantum correlations in Eq. (5.20) are zero.

However, the dipole moment 〈ŝ+
j 〉 is nonzero, whence Eq. (5.20) reduces to

I(r) =
∑
i

〈ŝ+
i ŝ
−
i 〉+

∑
i 6=j
〈ŝ+
i 〉〈ŝ

−
j 〉 e

i (ϕi−ϕj) , (5.23)

which leads to the observed interferences in the mean radiated intensity.

Before we derive the intensity distribution of the generalized W-states |Wne,N−ne〉, and

thus the enhancement in the emission of radiation scattered by atoms which are initially

prepared in these states, we will illustrate our key ideas with a simple example. Consider

a system of three atoms prepared in the W-state

|W1,2〉 =
1√
3

(|e g g〉+ |g e g〉+ |g g e〉) . (5.24)

The intensity of this state calculates to

I|W1,2〉 =

3∑
i,j=1

〈ŝ+
i ŝ
−
j 〉 e

i (ϕi−ϕj)

=
3∑
i=1

〈ŝ+
i ŝ
−
i 〉+

3∑
i,j=1
i 6=j

〈ŝ+
i ŝ
−
j 〉 e

i (ϕi−ϕj) , (5.25)

with the dipole moment 〈ŝ+
j 〉 being again zero. The first sum 〈ŝ+

i ŝ
−
i 〉 in Eq. (5.25)
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corresponds to the intensity of the separable state |S1,2〉 [cf. Eq. (5.21)], if we keep in

mind the normalization factor of the state |W1,2〉. Let us investigate the second sum, i.e.,

the quantum correlations 〈ŝ+
i ŝ
−
j 〉 of the W-state (i 6= j). For example, the correlation

〈ŝ+
1 ŝ
−
2 〉 calculates to

〈ŝ+
1 ŝ
−
2 〉 =

1√
3

(〈e g g|+ 〈g e g|+ 〈g g e|) ŝ+
1 ŝ
−
2 |W1,2〉

=
1

3
〈g g g| ŝ−2 (|e g g〉+ |g e g〉+ |g g e〉)

=
1

3
〈g g g|g g g〉 =

1

3
. (5.26)

In contrast to the separable states [cf. Eq. (5.21)], the quantum correlations of the W-

states are non-zero. Eq. (5.25) thus simplifies to

I|W1,2〉 =
1

3
( 3 +

3∑
i,j=1
i 6=j

ei (ϕi−ϕj)) = 1 +
2

3

3∑
i<j=1

cos(ϕi − ϕj) , (5.27)

i.e., the intensity I|W1,2〉 displays an angular dependency and exhibits a maximum of

Imax
|W1,2〉 = 3 (5.28)

at ϕ1 = ϕ2 = ϕ3, what is fulfilled for θ = 0 , ±π. The maximum intensity of the W-

state |W1,2〉 is higher than the maximum intensity of the corresponding separable state

|S1,0〉 due to the fact that the quantum correlations 〈ŝ+
i ŝ
−
j 〉 are non-zero in case of the

W-state. However, this is so far a rather mathematical justification and does not give

much physical insight in the processes causing the enhancement. The question which we

address in the next section thus is: how can we physically understand the enhancement

in the emission of radiation by the entangled state compared to the separable state?

5.2.2. Quantum-interference-inititated superradiant emission from

entangled atoms

The best way to understand the superradiant behavior from W-states is to examine the

different transition amplitudes contributing to a photon detection event. The net result

is obtained by coherently summing over all the paths via which photons are emitted and
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recorded by the detector. In the following we will demonstrate that the interference of

various quantum paths (cf., section 3.4) gives us a transparent physical picture of the

superradiant emission from W-states.

Figure 5.3.: Possible quantum paths of the initially separable state |S2,0〉. Black circles
denote atoms in the excited state and white circles denote atoms in the
ground state. The middle row depicts the different quantum paths. The
lower row displays the final states of the atoms and the phases accumulated
by the photon along the different quantum paths. See text for details.

Let us first investigate the different quantum paths of the initially separable state |S2,0〉 =

|e e〉 (cf. Fig. 5.3) which lead to a successful photon detection event. For a particular

event the detector cannot resolve from which of the two atoms the photon was scattered

due to the far-field condition. There are thus two distinct possibilities: either the photon

(black arrow) was scattered by the first excited atom (black circle) transfering it into

the ground state (white circle), where a phase e−i ϕ1 is accumulated by the photon,

or the photon was emitted by the second atom resulting in the accumulation of the

phase e−i ϕ2 . Each quantum path leads to a different final state, so in principle they

are distinguishable, and we do not expect interference terms in the intensity of the state

|S2,0〉. Explicitly, from Eq. (5.21) and Fig. 5.3, we obtain for the intensity distribution

I|S2,0〉 = ||e−i ϕ1 |g e〉||2 + ||e−i ϕ2 |e g〉||2 = 2 , (5.29)

where the norm squared of the state vector |Ψ〉 is denoted by |||Ψ〉||2 = 〈Ψ|Ψ〉. Let us

compare these results to the superposition of quantum paths and the intensity distribu-

tion obtained in case of an initial W-state |W2,1〉. From Eq. (5.15) this state reads
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|W2,1〉 =
1√
3

(|e e g〉+ |e g e〉+ |g e e〉) . (5.30)

Figure 5.4 depicts the different quantum paths leading to a successful measurement

event. Let us exemplify the emerging interference by considering only the first term in

the coherent sum of |W2,1〉. The state |e e g〉 basically leads to the same quantum paths

as the state |S2,0〉: Either the first atom emits the photon leading to the final state |g e g〉
and to an accumulation of the phase e−i ϕ1 or the second atom scatters the photon, so

that the final state is |e g g〉 and the accumulated phase corresponds to e−i ϕ2 . However,

in difference to the separable state |S2,0〉 we have here a superposition of three different

terms in the state |W2,1〉 leading to six quantum paths in total.

+ + + ++

Figure 5.4.: Possible quantum paths of the initial W-state |W2,1〉.

These quantum paths can either lead to a constant contribution to the intensity like in

the case of an initial separable state; however, they are also capable to interfere, namely

with another indistinguishable quantum path: Taking into account the normalization

factor 1√
3

we find the same constant contribution to the intensity in case of the W-state

|W2,1〉 (namely 6
3 due to the six quantum paths which do not interfere) and in case of

the separable state |S2,0〉 (namely 2). However, photons which were scattered from the

atomic state |W2,1〉 can occupy more than one quantum path leading to the same final

state. For example, the far left and far right quantum path in Fig. 5.4 both lead to the

final state |g e g〉. Furthermore, for all quantum paths the initial states are equal from

the detectors’ point of view - due to the far-field assumption the detector is unable to

identify from which atom the photon was scattered. Thus, we obtain interfering quan-

tum paths exclusively for non-separable states which are leading to interference terms

in the intensity distribution.
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Let us explicitly calculate the intensity of the state |W2,1〉 to quantitatively investigate

the validity of our quantum path interpretation. It reads [cf., Eq. (5.20) and Fig. 5.4]

I|W2,1〉 =
1

3

∣∣∣∣(ei ϕ1 + e−i ϕ2)|g g e〉
∣∣∣∣2 +

1

3

∣∣∣∣(e−i ϕ1 + e−i ϕ3)|g e g〉
∣∣∣∣2

+
1

3

∣∣∣∣(e−i ϕ2 + e−i ϕ3)|e g g〉
∣∣∣∣2

=
1

3
[6 + 2

3∑
i,j=1
i<j

cos(ϕi − ϕj)] . (5.31)

In this section we want to focus on the maximum of the intensity distribution. From

Eq. (5.31) it follows that for ϕ1 = ϕ2 = ϕ3 we obtain

Imax
|W2,1〉 =

6

3
+

6

3
≡ Imax
|S2,0〉 + (interference terms) , (5.32)

in agreement with the foregoing discussion. In the following we want to demonstrate

that the enhanced maximal emission of radiation scattered by W-states can be explained

purely by additional constructive interference terms created by indistinguishable quan-

tum paths. To this end we cast the foregoing argument into a formula for the maximum

of the intensity of a W-state:

Imax
|W 〉 = Imax

|S〉 + Ppair
no. · |f〉no. · N . (5.33)

Hereby, Ppair
no. abbreviates the number of interfering quantum path pairs, i.e., interference

terms, leading to the same final state. Multiplied by the number of final states |f〉no.,

we thus arrive at the total number of interference terms, contributing to the intensity

maximum of the signal. Together with the squared normalization constant N of the

corresponding W-state the expression Ppair
no. · |f〉no. · N equals for θ = 0 , ±π the con-

structive contribution of the interference terms to the maximal intensity.

Let us apply Eq. (5.33) to rederive the maximum of the intensity I|W2,1〉. In Eq. (5.29)

we already calculated the maximum intensity of the corresponding separable state to

be 2. The number of quantum path pairs leading to the same final state, can be easily

obtained by counting (see Fig. 5.4): we could either pick out the two pairs (1, 6) and

(6, 1) or the pairs (2, 4) and (4, 2) or the two pairs (3, 5) and (5, 3), i.e., Ppair
no. = 2. Note
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that the pairs (i, j) are equal to the interfering quantum paths ei(ϕi−ϕj) for i 6= j giving

rise to interference terms. The number of different final states is |f〉no. = 3 and the

squared normalization of the state |W2,1〉 is N = 1
3 . Thus, we obtain for the maximum

intensity [cf. Eq. (5.31)]

Imax
|W2,1〉 = 2 + 2 · 3 · 1

3
= 4 , (5.34)

in accordance with Eq. (5.32).

W-state Imax
|S〉 + Ppair

no. |f〉no. N = Imax
|W 〉

|W1,N−1〉 1 + N(N − 1)
(
N
0

) (
N
1

)−1
= N

|W2,N−2〉 2 + (N − 1)(N − 2)
(
N
1

) (
N
2

)−1
= 2 + 2(N - 2)

|W3,N−3〉 3 + (N − 2)(N − 3)
(
N
2

) (
N
3

)−1
= 3 + 3(N - 3)

...
...

...

|WN/2,N/2〉 N
2 + (N2 + 1)N2

(
N

N/2−1

) (
N
N/2

)−1
= N

2 + (N2 )2

...
...

...

|WN−1,1〉 N − 1 + 2
(
N
N−2

) (
N
N−1

)−1
= 2(N - 1)

Table 5.1.: Maximum intensity for the W-states |Wne,N−ne〉 with ne = 1, ..., N − 1. See
text for details.

Now we adopt the foregoing reasoning to an initial generalized symmetric W-state

|Wne,N−ne〉 with ne excited atoms and N−ne atoms in the ground state [cf., Eq. (5.15)].

The general formula for the maximum intensity of the W-state |Wne,N−ne〉 can be derived

using combinatorial considerations and the intensity of the separable state I|Sne,N−ne 〉 as

given in Eq. (5.21). It reads

Imax
|Wne,N−ne 〉

= ne +
[
Ppair

no. · |f〉no. · N
]
|Wne,N−ne 〉

= ne + ng(ng + 1) ·
(

N

ne − 1

)
·
(
N

ne

)−1

= ne(ng + 1) . (5.35)

Let us investigate the different terms of Eq. (5.35) in more detail. As stated before N is

the squared normalization constant of the generalized symmetric W-state [cf., Eq. (5.15)].
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The number of final states |f〉no. can be derived by taking into account that after the

detection of a photon there are ne − 1 excited atoms left which are able to occupy N

different position in the chain of N atoms, what leads to
(

N
ne−1

)
. The crucial term Ppair

no.

needs more explanation: ne different single quantum paths are leading to a detection

event for every term of the initial W-state [cf., e.g., Eq. (5.31)]. If we now multiply

these single quantum paths by the number of terms of the initial W-state [given by
(
N
ne

)
]

we arrive at the total number of single quantum paths. The number of single quantum

paths leading to the same final states - abbreviated by Psingle
no. - is then obtained if we

divide the total number of single quantum paths by the number of final states:

Psingle
no. =

ne
(
N
ne

)(
N

ne−1

) = ng + 1 . (5.36)

These ng + 1 single quantum paths which lead to the same final state now interfere

among each other producing in total Ppair
no. = ng(ng + 1) interference terms. Clearly

Ppair
no. , i.e., the enhancement of the intensity is zero, if ng = 0. Table 5.1 displays the

results of Eq. (5.35) for ne = 1, ..., N − 1.

Furthermore, a 3d-plot of the maximum intensity of the generalized W-state |Wne,N−ne〉
as a function of ne and N [cf., Eq. (5.35)] is shown in Fig. 5.5, where the maximum

intensity of the state |WN/2,N/2〉 is highlighted by the solid line.

Let us next define an enhancement parameter ε which describes the ratio of the max-

imum intensity of a W-state and the maximum intensity of a separable state with the

same number ne of initially excited atoms. With Eq. (5.21) and (5.35) it calculates to

ε = ng+1, what is clearly greater than 1 for ng 6= 1, i.e., every W-state radiates stronger

than the corresponding separable state. This behavior seems quite counterintuitive: the

addition of an unexcited atom to the fully excited N − 1 qubit compound increases the

emission of the system by a factor of 2 [38] - however, just as long as there is in principle

no information available about what particular atom is unexcited.

Note that the highest enhancement ε is achieved with the W-state |W1,N−1〉 (cf. Table

5.2). In fact, the enhancement ε is of the order of N for all generalized symmetric

W-states. However, the maximum intensity for an even number of atoms, namely

N/2(N/2 + 1), is obtained with the initial atomic states |WN/2,N/2〉 (cf., the solid

line in Fig. 5.5) or |WN/2+1,N/2−1〉. For an odd number of atoms the N -qubit state

|W(N+1)/2,(N−1)/2〉 even exhibits an intensity maximum of (N+1
2 )2.
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Figure 5.5.: Pointplot of the maximum of I|Wne,N−ne 〉 as a function of ne and N = ne+ng
(the surface serves only to guide the eye). Imax

|WN/2,N/2〉
, given in units of the

intensity produced by a one atom system, is highlighted by the solid line.

5.2.3. Quantum multipath interference and Dicke superradiance

At this point, let us establish again the connection between our work and that of

Dicke [38]. Dicke used the addition of angular momentum algebra to introduce the

collective states |S,M, ν〉 for which the collective atomic spin operators Ŝ2 and their z

component Ŝz have eigenvalues ~2S(S + 1) and ~M [68], respectively, and ν is a de-

generacy parameter, which we have omitted in section 5.1. For S = N/2, where N

corresponds to the number of two-level atoms in the system, the state is fully sym-

metric and non-degenerate. As we already mentioned, these states are identical to the

generalized symmetric W-states |Wne,N−ne〉 introduced above, where in our notation

M = 1
2(ne − ng) = ne − N

2 (cf., section 5.1). Dicke assumed that the size of the system

is much smaller than a wavelength and showed that in this case the radiation rate from

the state |N/2,M〉 is [cf., Eq. (5.10)]
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W-state Imax
|W 〉 ε

|W1,N−1〉 N N

|W2,N−2〉 2(N − 1) N − 1

|W3,N−3〉 3(N − 2) N − 2
...

...
...

|WN/2,N/2〉 N
2 (N2 + 1) N

2 + 1
...

...
...

|WN−1,1〉 2(N − 1) 2

Table 5.2.: Maximal intensity Imax
|W 〉 and enhancement parameter ε of the states

|Wne,N−ne〉 with ne = 1, . . . , N − 1.

I ∝ (
N

2
+M)(

N

2
−M + 1) . (5.37)

For M = 0 the radiation rate is clearly of the order of N2. In the previous section we have

found a similar result for the symmetric W-states, in particular for the state |WN/2,N/2〉
corresponding in Dicke’s notation to the non-degenerate state |S = N/2,M = 0〉. How-

ever we specifically do not consider the limit of small systems as then the dipole-dipole

interaction between the atoms is to be accounted for and this completely changes the

radiation properties [226]. We rather consider the case where the system size is larger

than a wavelength to avoid the difficulties due to the dipole-dipole interaction.

Usually an enhanced radation rate is related to a large dipole moment. Contrary to this,

the Dicke states have zero dipole moment, but show a superradiant behavior. So far, a

clear physical understanding of this remarkable result is missing. Our physical picture

based on quantum multipath interference is able to explain the superradiant behavior:

The entanglement in the W-states leads to constructive interference between different

indistinguishable pathsways which then is responsible for the superradiant emission.

We have seen that we can explicitly write down all the interfering pathways for any

number of atoms and for any initial state. We stress that the situation that we discuss is

different from the way earlier experiments have been performed. In common experiments

on superradiance (cf., section 5.1) a gas of atoms is initially prepared in the Dicke

state |N/2, N/2〉 (the fully excited separable state |SN,0〉 in our notation) in order to

investigate the variation of the systems’ radiation over a long time scale as the state
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evolves to the ground state (cf., section 5.1). In contrast, we are investigating the short

time behavior of the radiation emitted by well prepared initial W-states, i.e., the emission

of a single photon.

5.2.4. Directionality in the emission from arbitrary symmetric W-states

So far we focussed our discussion on establishing a physical explanation for the maxima of

the intensity radiated by generalized symmetric W-states. However, besides studying the

maximal enhancement of radiation we now want to investigate the angular dependence

of the scattered intensity to better characterize the radiation emitted by those states.

Using Eq. (5.20) the intensity distribution of a generalized symmetric W-state calculates

to (cf. appendix D)

I|Wne,N−ne 〉(θ) =
ne (ne − 1)

N − 1
+
ne (N − ne)
N(N − 1)

sin2(N ϕ1

2 )

sin2(ϕ1

2 )
.

(5.38)

Note that we have a one-to-one correspondance between the detector position r, the

observation angle θ and ϕ1 [cf., Eq. (3.5)]. With δϕ1 = k d cos θ δθ the width of the

interference term in Eq. (5.38) is given by

δθ =
2π

N k d
. (5.39)

The width of the distribution thus dependens on the wavelength λ, the distance d be-

tween adjacent atoms and on the total number of atoms N - in contrast to the enhance-

ment of the emitted intensity which depends on the product of unexcited atoms ng and

excited atoms ne [cf. Eq. (5.35)].

From Eq. (5.38) we find that the visibility of the intensity distribution V|Wne,N−ne 〉 is

given by

V|Wne,N−ne 〉 =
1

1 + 2(ne−1)
N ng

. (5.40)

For ne = 1 the visibility is 1. Furthermore, for a given number of excited atoms ne and

an increasing number of unexcited atoms ng sharing a common W-state V|Wne,N−ne 〉 → 1.
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This behavior can be understood from Eq. (5.33) as the offset of the intensity distribu-

tion only depends on ne.

Let us investigate the case ne = 1 in more detail. Equation (5.38) becomes in this case

proportional to the intensity distribution of a diffraction grating

I|W1,N−1〉(θ) =
1

N

sin2(N ϕ1

2 )

sin2(ϕ1

2 )
. (5.41)

- 3 Π

4
- Π

2
- Π

4
0 Π

4

Π

2

3 Π

4

0

2

4

6

8

Θ

I
¡W

1
,N

-
1

]

Figure 5.6.: Intensity distribution I|W1,N−1〉(θ) of the state |W1,N−1〉 as a function of the
detector position θ (cf. Fig. 5.2) for different numbers of atoms N (N = 2
dotted, N = 4 striped, N = 8 solid) and with k d = 3

2π. I|W1,N−1〉 is given in
units of the intensity produced by a one atom system. A strong directionality
in the emission of radiation by the symmetric W-states can be seen.

Figure 5.6 displays I|W1,N−1〉 for different numbers of atoms N = ne + ng. The figure

clearly shows that with a higher number of unexcited atoms ng = N − 1 the radiation

of the state |W1,N−1〉 is increasingly peaked in the directions θ = 0 [cf., Eq. (5.35)].

Furthermore, we can identify certain directions where the intensity vanishes completely

(leading to a visibility of 1) and large areas where the intensity is almost zero. In com-

parison to the superradiant peak at θ = 0 these areas are subradiant. Thus, we obtain

also with symmetric generalized W-states a subradiant behavior in certain directions,

what is quite counterintuitive as this phenomenon is in general exclusively ascribed to

anti-symmetric states, i.e., to Dicke states |S,M〉 with S 6= N/2.
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Let us discuss a second example, namely the intensity distribution of an initial atomic

state |Wne,N−ne〉 for a fixed number of atoms N and varying number of excited atoms

ne (see Fig. 5.7). For N = 10, ne = 5 and ng = 5, i.e., the initial state |WN/2,N/2〉
(solid line), we find at θ = 0 the maximum of all graphs as expected [cf., Eq. (5.35)].

Furthermore, it can be seen that the width of the distributions is independent of ne and

equal for all graphs since it just depends on the total number of atoms N sharing the

W-state [cf. Eq. (5.39)]. Finally, as expected, the visibility is decreasing with increasing

number of excited atoms ne [cf., Eq. (5.40)].
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Figure 5.7.: Intensity distribution of the state |Wne,10−ne〉 for N = 10 and different
numbers of excited atoms ne (ne = 3 striped, ne = 5 solid, ne = 7 dotted);
k d = 3

2π and I|Wne,10−ne 〉 is given in units of the intensity produced by a one

atom system.

We want to conclude this section by discussing a variation of the interatomic spacing

d. In the upper part of Fig. 5.8 a contourplot of the intensity distribution I|W1,4〉 of the

state |W1,4〉 is shown as a function of the observation angle θ and the interatomic spacing

k d (cf., the striped line in Fig. 5.6). The superradiant maximum can be clearly seen at

θ = 0. However, there are also periodically appearing sub- and superradiant areas at

θ ≈ π
2 which lead to an increasing number of fringes with increasing k d. Under experi-

mental conditions typical distances between the atoms are of the order of 10λ [222], what

leads to k d ≈ 20π. A corresponding contourplot of the intensity distribution I|W1,4〉 is
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plotted from k d = 20π to k d = 25π in the right part of Fig. 5.8. As expected, the fringe

spacing decreases with increasing atom separation - however, the particularities of the

angular dependence remain unchanged, even if we consider larger distances between the

atoms.
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Figure 5.8.: Contourplots of the intensity distribution I|W1,4〉 of the state |W1,4〉 depen-
dent on the observation angle θ and the interatomic spacing k d in units of
π. The numbers 1 and 3 on the left hand side in each plot indicate the
two contours I|W1,4〉 = 1 and I|W1,4〉 = 3, i.e., dark areas correspond to a
low intensity, bright areas to a high intensity. I|W1,4〉 is given in units of the

intensity produced by a one atom system.

Finally we note that in the limit of large N , the function
sin2(

ϕN
2

)

sin2(
ϕ1
2

)
[cf., Eq. (5.38)] becomes

sharply peaked at ϕ1 = 0 or θ = 0. For a periodic system, where the assumption of large

N is implicit, a similar result is obtained in [227]. Further, for an ensemble of atoms

angular distributions have been extensively studied [48,49,52,209].

5.2.5. Radiation from anti-symmetric W-states: competition of destructive

and constructive interference

In this section we want to apply our approach of using quantum interferences for the

derivation of the enhanced intensity generated by entangled states also to anti-symmetric

W-states, i.e., Dicke states |S,M〉 with S 6= N/2. As there is no analytical expression

for these states we cannot present a general formula for the different contributions Ppair
no. ,

|f〉no. and N like in Eq. (5.35). However, we can motivate that our physical framework

also gives good predictions in case of anti-symmetric states by investigating an explicit

example: let us consider the chain of atoms to be initially in the anti-symmetric state

|W−2,1〉 =
1√
6

(|e g e〉+ |e e g〉 − 2 |g e e〉) . (5.42)
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From Eq. (5.20), the intensity distribution of this state calculates to

I|W−2,1〉
=

1

6

(∣∣∣∣(ei ϕ1 − 2 ei ϕ2)|g g e〉
∣∣∣∣2 +

∣∣∣∣(ei ϕ1 − 2 ei ϕ3)|g e g〉
∣∣∣∣2

+
∣∣∣∣(ei ϕ2 + ei ϕ3)|e g g〉

∣∣∣∣2)
=

1

6
{12− 4 [cos(ϕ1 − ϕ2) + cos(ϕ1 − ϕ3)] + 2 cos(ϕ2 − ϕ3)} . (5.43)

Since we want to investigate the subradiant behavior of this state, we are now looking

for the minimum of Eq. (5.43). It is found to be

Imin
|W−2,1〉

= 1 , (5.44)

at the detector positions θ = 0 , ±π. By examining Eq. (5.43) and by studying the

corresponding quantum paths contributing to I|W−2,1〉
(see Fig. 5.9), it can be seen that

we again find the same offset in case of the anti-symmetric W-state |W−2,1〉 (namely 12
6 )

as in case of the separable state |S2,0〉 or the corresponding symmetric W-state |W2,1〉
(cf. section 5.2.1). However, in difference to the symmetric states, where all quantum

paths led to constructive interference at θ = 0 , ±π, we now have two different types

of interfering quantum paths: due to the different signs of the prefactors in Eq. (5.43)

some paths are leading to constructive interference, other quantum paths to destructive

interference (denoted by solid and dashed lines in Fig. 5.9).

+ + +++ +

+ + +++ +

Figure 5.9.: Quantum paths of the anti-symmetric state |W−2,1〉. Black circles denote
atoms in the excited state and white circles denote atoms in the ground
state. The middle row depicts the different quantum paths. The lower
row displays the final states of the atoms and the phases accumulated by
the photon due to different quantum paths. Quantum paths leading to
constructive interference are denoted by solid arrows and quantum paths
leading to destructive interference are depicted by dashed arrows. See text
for details.
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Incorporating this particularity we now show that the reduced emission of radiation of

anti-symmetric W-states can again be explained by the interference of indistinguish-

able quantum paths. For this purpose we conjecture in analogy to Eq. (5.33) that the

radiation from an asymmetric W-state can be expressed as

Imin
|W−〉 = Imax

|S〉 +
{

(Ppair
no. )C · (|f〉no.)C − (Ppair

no. )D · (|f〉no.)D

}
· N , (5.45)

where (Ppair
no. )C abbreviates the number of constructive interfering quantum path pairs

leading to one of the possible final states. Further, (Ppair
no. )D denotes the number of

destructive interference terms leading to one final state. Multiplied by (|f〉no.)C or by

(|f〉no.)D, which denotes the number of corresponding final states, we thus arrive at the

contribution of constructive and destructive interfering quantum path pairs to the inten-

sity of the signal. Again, N is the squared normalization constant of the corresponding

anti-symmetric W-state.

Let us apply Eq. (5.45) to the example discussed above to obtain the minimum of the

intensity I|W−2,1〉
. The maximum intensity of the corresponding separable state is I|S2,0〉 =

2 [cf. Eq. (5.29)]. The number of constructive and destructive interfering quantum path

pairs leading to their corresponding final states can be again obtained by counting (see

Fig. 5.9): we count in case of constructive interference (only solid arrows) the two pairs

(2, 4) and (4, 2), i.e., (Ppair
no. )C = 2 and (|f〉no.)C = 1. The destructive interfering quantum

path pairs (solid and dashed arrows) would be (1, 5), (5, 1), (1, 7) and (7, 1) or the pairs

(3, 6), (6, 3), (3, 8) and (8, 3), i.e., (Ppair
no. )D = 4 and (|f〉no.)D = 2. With the squared

normalization N = 1
6 of the state |W−2,1〉 we thus again obtain for the minimum intensity

[cf. Eq. (5.44)]

Imin
|W−2,1〉

= 2 + (2 · 1− 4 · 2) · 1

6
= 1 . (5.46)

Let us conclude this section by comparing the angular intensity distribution of the state

|W−2,1〉, the state |W2,1〉 and the state |W̃−2,1〉, where the latter is given by

|W̃2,1〉 =
1√
2
|e〉 ⊗ (|g e〉 − |e g〉) . (5.47)

The state |W̃−2,1〉 shows the same intensity minimum as the anti-symmetric state |W−2,1〉:
In Dicke notation the S and the m parameter of the two states are equal, namely S = 1/2

and m = 1/2, leading to a minimum intensity of [cf., Eq. (5.37)]
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I ∝ (S +M)(S −M + 1) = 1 . (5.48)

However, the angular intensity distribution of the state |W̃−2,1〉 differs from the one of the

state |W−2,1〉 [cf., Eq. (5.43)] and calculates to

I|W̃−2,1〉
=

1

2

∣∣∣∣(e−i ϕ1(|g g e〉 − |g e g〉)
∣∣∣∣2 +

1

2

∣∣∣∣(e−i ϕ3 − e−i ϕ2)|e g g〉
∣∣∣∣2

= 2− cos(ϕ2 − ϕ3) . (5.49)

Fig. 5.10 shows that the anti-symmetric states |W−2,1〉 (striped) and |W̃−2,1〉 (solid) have

global and identical minima in the directions θ = 0 , ±π, but differ for θ 6= 0 , ±π. In

contrast the corresponding symmetric state (dotted) has global maxima at θ = 0 , ±π,

but - what is not intuitive - is subradiant over larger areas than the corresponding

anti-symmetric states. This result suggests that one cannot decide whether a system of

entangled atoms will show super- or subradiant emission by just considering the initial

state - the behavior is rather dependent on the particular direction of observation. Fur-

thermore, the anti-symmetric states |W̃−2,1〉 and |W−2,1〉 have the same intensity minima

[cf., Eq. (5.48)]. Thus, they are indistinguishable if one were to concentrate on the rate

of emission θ 6= 0 , ±π alone. However, the state |W̃−2,1〉 shows a more subradiant behav-

ior for θ 6= 0 , ±π making a distinction between those two states possible if the angular

dependency is taken into account.

We want to note that we have derived the quantum paths and intensity distributions for

all anti-symmetric states up to N = 3 suggesting that our quantum path approach used

in this section remains valid also for a broader class of states.

In summary, we studied in this section the enhanced spontaneous emission from en-

tangled atoms for generalized symmetric W-states. We traced back the enhancement

to interferences of multiple photon quantum paths and introduced a framework which

enables to precisely identify each specific quantum path leading to the enhanced radia-

tion. Our physical framework is valid for states of zero dipole moment, where a classical

antenna interpretation for the enhanced radiation is not applicable. Furthermore we

investigated the angular distribution of the emission of photons by entangled atoms and

showed strong focussing of light emitted by entangled atoms. We extended our inves-

tigation to non-symmetric generalized W-states and gave examples which support our

interpretation in terms of interference even if we consider a broader class of states. Fi-
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Figure 5.10.: Plot of the angular dependent intensity of the initial anti-symmetric state
|W−2,1〉 (striped) and the anti-symmetric state |W̃−2,1〉 (solid) compared to

the symmetric W-state |W2,1〉 (dotted); k d = 3
2π and I is given in units of

the intensity produced by a one atom system.

nally, we showed that also symmetric W-states can emit in a subradiant manner. This

underlines the importance of considering position dependent detection to fully describe

the radiation properties of entangled atoms. While we have concentrated here on the

mean intensity of the emitted radiation we will investigate other quantum signatures of

entangled states in section 5.5.

5.3. Measurement induced focussing of radiation from

independent single-photon sources

The manipulation of the spatial radiation characteristics of light sources is an outstand-

ing problem in quantum optics. The efficient directional emission of photons into well-

defined modes by single-photon sources is for example of vital importance for tasks in

quantum information processing. In recent years significant progress has been made to

obtain a higher directional emission of radiation, either using geometrical approaches,

e.g., collecting photons with optical devices like lenses [228,229] or mirrors [230,231], or

exploiting effects from cavity QED, i.e., using microcavities [232, 233], photonic crystal

waveguides [234], photonic nano-wires [235] or nano-antennas [236,237].
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As already discussed in the foregoing section, an alternative approach to achieve a higher

directionality in the emitted radiation is the use of entangled light sources [25,35,38,49,

51, 238]. Here, the directionality is accomplished intrinsically without employing addi-

tional optical devices. In the last section we demonstrated that a simple explanation of

this phenomenon can be given which is based on quantum interferences and valid also for

potentially widely separated sources. Yet, the entanglement of a large number of emit-

ters is still challenging, even though significant progress has been made recently [15–17].

Therefore it would be desirable if an ensemble of independent emitters in a separable

state would show the same spatial focussing effects as the entangled system.

In this section we present a measurement technique based on multi-photon detection

which leads to a strong focussing of the incoherent radiation created by an ensemble

of non-interacting uncorrelated single-photon sources, e.g., atoms which are initially

prepared in the fully excited state. For N single-photon sources it is shown that if

m − 1 photons are detected in a particular direction (with m ≤ N) the probability to

detect the m-th photon in the same direction can be as high as 100 %. This behavior

can be understood as the state before detecting the last photon is projected to a W-

state generating source correlations which produce heralded peaked emission patterns.

Note that measurement produced entanglement has been extensively discussed in, e.g.,

[19, 20,22,26,27,164,239].

5.3.1. m-th order intensity correlation function for N statistically

independent photon emitters

In the following we consider again a chain of N identical single-photon sources, e.g.,

two-level atoms with upper level |el〉 and ground state |gl〉, located at positions Rl

(l = {1, ..., N}) along the x-axis. We assume again an equal spacing d between the

emitters and kd > 1 in order to neglect all atomic interactions like the dipole-dipole

interaction, where k = 2π
λ is the wave number of the transition |el〉 → |gl〉 (cf. section

5.2 and Fig. 5.2). However, in this section we do not suppose the compound state of

the atomic chain to be a generalized W-state, but we consider all atoms in the chain are

initially fully excited to the separable state |SN 〉 with [cf., Eq. (5.17)]

|SN 〉 ≡ |Sne=N,ng=0〉 =
N∏
l=1

|el〉 . (5.50)

145



We further assume m detectors placed in the x-z plane in the far-field in a circle around

the sources at positions rj (j = {1, ...,m}, m ≤ N)2, each supposed to detect a single-

photon. This process can be described by the m-th order correlation function [cf.,

Eq. (3.41)]

G
(m)
N (r1, ..., rm) ≡ 〈Ê(−)

N (r1)... Ê
(−)
N (rm) Ê

(+)
N (rm)... Ê

(+)
N (r1)〉 , (5.51)

where again the positive frequency part of the electric field operator Ê
(+)
N (rj) takes the

form [cf., Eq. (3.46)]

Ê
(+)
N (rj) ∼

N∑
l=1

e−i ϕlj ŝ−l , (5.52)

with ϕlj the optical phase accumulated by a photon emitted at Rl and detected at rj

relative to a photon emitted at the origin [cf. Fig. 5.2 and Eq. (3.11)]

ϕlj ≡ ϕlj(rj ,Rl) = −k rj ·Rl

rj
= −l kd sin θj . (5.53)

Let us start by investigating the m-th order intensity correlation function G
(m)
|SN 〉 for the

separable state |SN 〉. At equal times it calculates to

G
(m)
|SN 〉(r1, ..., rm) = ||

N∑
σ1,...,σm=1
σ1 6=... 6=σm

m∏
j=1

e−i ϕσjj |gσj 〉||2

=
N∑

σ1,...,σm=1
σ1<...<σm

|
∑

σ1,...,σm
∈Sm

m∏
j=1

e−i ϕσjj |2 , (5.54)

where the norm squared of the state vector |ψ〉 is given by |||ψ〉||2 = 〈ψ|ψ〉, the single

bars |...| abbreviate absolute values, and the expression
∑

σ1,...,σm
∈Sm

denotes the sum over

the symmetric group Sm with m elements σ1, ..., σm and cardinality m!. The product∏m
j=1 e

−i ϕσjj denotes an m-photon quantum path where m photons are emitted from

m sources at Rσj and recorded by m detectors at rj . Since, due to the far-field scheme

none of the m detectors can distinguish which of the N ≥ m atoms emitted a particular

photon, we have to sum over all possible combinations of m-photon quantum paths, what

2Note that according to Fig. 5.2 rj is approximately equal for all j.
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is expressed by the sum
∑N

σ1,...,σm=1 in the first line of Eq. (5.54). Hereby, the condition

σ1 6= ... 6= σm is applied since terms with σi = σj vanish as ŝ−σj |gσj 〉 = 0. Considering

that several combinations of m-photon quantum paths lead to the same final atomic

state and thus have to be superposed coherently, we end up with the modulus square in

the second line of Eq. (5.54). Hereby, for different final atomic states, the corresponding

transition probabilities |...|2 have to be added incoherently, what results in the first sum∑N
σ1,...,σm=1
σ1<...<σm

of the second line of Eq. (5.54). Altogether, we end up with
(
N
m

)
transition

probabilities |...|2, where each probability contains the sum
∑

σ1,...,σm
∈Sm

∏m
j=1 e

−i ϕσjj of all

possible m-photon quantum paths, restricted by the condition σ1 < ... < σm.

5.3.2. Measurement induced radiation focussing

Consider now that m − 1 out of the m detectors are placed at r1 and the last detector

at r2. Under these conditions the m-th order correlation function takes the form

G
(m)
|SN 〉(θ1, ..., θ1, θ2) =

N∑
σ1,...,σm=1
σ1<...<σm

|(m− 1)!
m∑
j=1

e−i ϕσjm |2

=

(
N

m

)
(m− 1)!2

N∑
σ1,...,σm=1
σ1<...<σm

|
m∑
j=1

e−i ϕσjm |2

=
N !(m− 1)!

(N −m)!m

(
m (N −m)

N − 1
+
m (m− 1)

N (N − 1)

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )

)
,

(5.55)

finally leading to

G
(m)
|SN 〉(θ1, ..., θ1, θ2) =

N !(m− 1)!

(N −m)!

(
N −m
N − 1

+
m− 1

N(N − 1)

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )

)
. (5.56)

Here, we used that out of the m! quantum paths, denoted by
∑

σ1,...,σm
∈Sm

∏m
j=1 e

−i ϕσjj

in Eq. (5.54), (m − 1)! quantum paths are equal, applying the condition that m − 1

detectors are placed at the same position r1.

The visibility Vm of the m-th order intensity correlation function is defined as

147



Vm =
G(m),max −G(m),min

G(m),max +G(m),min
. (5.57)

For the separable state |SN 〉 it calculates to

Vm|SN 〉 =
m− 1

m+ 1− 2m
N

. (5.58)

For m = 1 the visibility is zero, i.e., the mean radiated intensity is a constant as shown

in section 5.2, which illustrates the fact that the atoms scatter incoherently. For m� N

the visibility is approximately given by m−1
m+1 , whereas for m = N the maximum value

Vm|SN 〉 = 1 is obtained.

From Eq. (5.56) it can be seen that even though all atoms emit incoherently, the m-th

order correlation function G
(m)
|SN 〉(θ1, ..., θ1, θ2) displays for m > 1 the interference pattern

of a coherently illuminated grating, with the central maximum located at r2 = r1 having

a width δθ2 (FWHM) of

δθ2 ≈
2π

N k d
. (5.59)

For increasing numbers of emitters N we thus observe a strong focussing of the radiated

intensity in the direction of r1. Yet, according to Eq. (5.58), the visibility of the m-th

order correlation function decreases for growing N and fixed m. Observing a strong

focussing of the emitted radiation together with a visibility of 100 % requires thus to

measure G
(m)
|SN 〉(θ1, ..., θ1, θ2) for large numbers of atoms N and m = N . However, if a

visibility V ≈ 1
3 is considered sufficient, it suffices to measure G

(2)
|SN 〉(θ1, θ2) for N � 2 to

observe a focussing close to a δ-function, as V2
N→∞−−−−→ 1

3 .

Figure 5.11 displays G
(N)
|SN 〉(0, ..., 0, θ2) as a function of the observation angle θ2 for N =

{2, 3, 5, 10}. For a better comparison each function is normalized to its maximum value.

Further, we chose θ1 = 0 and kd = π to keep the focus to the central maximum. Clearly,

the width of the m-th order correlation function is decreasing for increasing correlation

order m and number of atoms N .

For a quantitative estimate of the focussing characteristics we introduce the focussing

parameter χ defined as

148



Figure 5.11.: Plots of the correlation function G
(N)
|SN 〉(0, ..., 0, θ2) for N = {2, 3, 5, 10} and

kd = π, each normalized to its maximum value.

χ ≡ χ(m,N, kd) :=

1
δθ2

∫ δθ2
2

− δθ2
2

G(m)
|SN 〉(0, ..., 0, θ2)dθ2

1
2π

∫ π
−π G

(m)
|SN 〉(0, ..., 0, θ2)dθ2

. (5.60)

Here, G(m)
|SN 〉(0, ..., 0, θ2) denotes the m-th order correlation function with the offset be-

ing subtracted. The parameter χ describes the ratio of the offset-subtracted integrated

central peak normalized to δθ2 and the normalized integral over the whole observation

angle 2π. The latter quantity is proportional to the probability to measure the m-th

photon within θ2 ∈ [−π, π] after m − 1 photons have been detected at θ1 = 0. For

m = 1, no focussing occurs and thus χ = 0. By contrast, for a δ-function-like focussing

the parameter χ approaches infinity. For kd = π and a modulation without offset like

G
(2)
|S2〉(0, θ2) the focussing parameter takes the value χ = 2.2. Figure 5.12 displays a point-

plot of χ as a function of the correlation order m and the number of atoms N for kd = π.

It can be clearly seen that the focussing is maximal for m = N (red line in Fig. 5.12).

For N > m the focussing parameter decreases since in this case the offset of the m-th

order correlation function becomes more relevant.
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Figure 5.12.: Pointplot of the focussing parameter χ(m,N, π). The case m = N ist
highlighted by a red line.

5.3.3. Physical explanation for the focussing of incoherent radiation

We finally give a physical explanation for the discussed behavior, being quite unexpected

for an ensemble of independently radiating single-photon sources. Since the effect is

strongest for m = N , let us focus on this case; a generalization to N > m is straightfor-

ward. Consider the initially fully excited state |SN 〉 [cf., Eq. (5.50)]. After detection of

the first photon, this state is projected to

|SN 〉1 =
1√
N

(|g1〉|e2〉...|eN 〉+ |e1〉|g2〉|e3〉...|eN 〉+ ...+ |e1〉...|eN−1〉|gN 〉) , (5.61)

since due to the far-field assumption the photon could be scattered by any of the N

atoms. As more and more photons are recorded, the state of the atomic system evolves,

so that, after N − 1 detection events, the state |SN 〉N−1 is attained, with |SN 〉N−1 given

by

|SN 〉N−1 =
1√
N

(|e1〉|g2〉...|gN 〉+ |g1〉|e2〉|g3〉...|gN 〉+ ...+ |g1〉...|gN−1〉|eN 〉) . (5.62)

This state corresponds to the single-excitation W-state |W1,N−1〉3, what can also be

3Note that the individual terms in Eqs. (5.61) and (5.62) could pick up different phase factors depending
on the positions of the detectors and the locations of the atoms; see, e.g., [27]
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easily rewritten in terms of photonic degrees of freedom by replacing |e〉 with |1〉 and

|g〉 with |0〉, respectively. Employing a measurement scheme where N − 1 photons are

detected at position r1, we project the initially fully excited state |SN 〉 onto |W1,N−1〉4.

The spatial emission pattern of this state is then measured by the last detector at r2, cor-

responding to a measurement of the mean intensity G
(1)
|W1,N−1〉(θ2) for the state |W1,N−1〉.

For this state a strong focussing of the mean radiated intensity in the forward direction

occurs what was explained in a purely quantum path framework in section 5.2. We thus

showed that a property intrinsic to measurements on quantum systems can indeed be

used to produce a directional emission of radiation.

Let us conclude by mathematically demonstrating that the function G
(m)
|SN 〉(θ1, ..., θ1, θ2)

[cf., Eq. (5.56)] is equivalent to the mean radiated intensity I|Wne,N−ne 〉(θ) created by the

W-state |Wne,N−ne〉 [cf., Eq. (5.38)]: considering an initially separable state |SN 〉, after

m−1 detection events there are m−1 = ng atoms in the ground state and N−(m−1) =

ne atoms still in the excited state, corresponding to the W-state |WN−(m−1),m−1〉. Thus,

plugging the relations

N −m = ne − 1 and m− 1 = ng , (5.63)

into Eq. (5.56), we obtain I|Wne,N−ne 〉(θ) (cf., Eq. 5.38). We want to note that the overall

constant factor N !(m−1)!
(N−m)! of the correlation function G

(m)
|SN 〉(θ1, ..., θ1, θ2) yields after m−1

detection events

N !(m− 1)!

(N −m)!

(5.63)−→ (ne − 1 +m)!(m− 1)!

(ne − 1)!
, (5.64)

where we used again the relations (5.63). For a conditioned measurement of the intensity

(i.e., m = 1) after the separable state is projected to a W-state, we thus obtain

(ne − 1 +m)!(m− 1)!

(ne − 1)!

m=1−→ ne . (5.65)

This proves that we project the initial separable state |SN 〉 to the corresponding W-state

4We note that there are recent experiments on generating single-photon W-states [240] or even stor-
ing atomic W-states due to projective measurement and dynamically allocating them in quantum
interfaces [241].
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|WN−(m−1),m−1〉 by the first m − 1 detections (under some arbitrary observation angle

θ1), whereas the last detector then measures the intensity scattered by this state.

Finally, note that the time dependency of the m-th order intensity correlation function

from N equal two-level atoms was shown to factorize in Eq. (4.70). Interpreting this

result in our context, in principal we can assume that the m − 1 photons are detected

long before we detect the last photon which is scattered out of the projected W-state.

5.4. Measurement induced focussing of radiation from

independent classical light sources

In the last section we have seen that considering an ensemble of N uncorrelated two-level

atoms which are initially prepared in a separable state, we can achieve a focussing of the

emitted radiation by projecting the state of the system via m − 1 detection events to

a W-state. In this section, we assume N classical light sources with thermal statistics,

we will show that also in this case we can obtain a focussing of the radiation. In sec-

tions 5.4.1 and 5.4.2 we demonstrate that this focussing displays, except of a constant

background, the same behavior as the one derived in the last section for single-photon

sources. In section 5.4.3 we then verify these results also experimentally.

5.4.1. Measurement induced radiation focussing

In section 3.4 and appendix A it was demonstrated that considering classical light sources

a variety of partitions of m-photon detections contribute to the m-th order spatial inten-

sity correlation function, in comparison to the one partition which can be found in case

of single-photon emitters. Before we derive the general m-th order intensity correlation

function under the assumption that m − 1 photons are detected at r1 and one photon

is detected at r2 for thermal light sources, let us start with investigating the second and

third order correlation functions for arbitrary statistically independent photon emitters.

These examples will show that the introduced partitions of m-photon detections are not

only helpful mathematical tools, but can be also filled with profound physical meaning.
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Spatial intensity correlation function of second order

As discussed in section 3.4, the second order correlation function G
(2)
N (r1, r2) for sta-

tistically independent light sources contains the two partitions, {2} and {1, 1}, which

together give the total number of two-photon quantum paths contributing to the corre-

lation signal. For, e.g., N equal light sources G
(2)
N (r1, r2) was given in section 3.2.2 [cf.,

Eq. (3.31)]

G
(2)
N (r1, r2) = N〈â† 2â2〉Φ +

(
N(N − 2) +

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )

)
〈â†â〉2Φ . (5.66)

The first term N〈â† 2â2〉Φ, corresponding to the partition {2}, yields just a constant

contribution. However, the second term, corresponding to the partition {1, 1}, is of the

form

c1 + c2
sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
, (5.67)

i.e., we obtain a constant factor c1 plus in general another constant c2 times a grating

modulation. Under the assumption that m− 1 photons are detected at r1 and the last

photon is detected at a distinct position r2, we will motivate in the following that an

arbitrary partition {C1, C2, ..., CK , Q1, Q2, ..., QL} with Cj , Qk ∈ N (cf., appendix A) of

the m-th order correlation function leads to an expression analogous to the one intro-

duced in Eq. (5.67).

Spatial intensity correlation function of third order

To this end, let us investigate a less trivial example, namely the different partitions of

three-photon detections determining the third order correlation function G
(3)
N (r1, r2, r3).

In section 4.7 we already calculated the third order intensity correlation function created

by N arbitrary independent photon sources. With Eq. (4.119), for N equal light sources

it simplifies to
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G
(3)
N (r1, r2, r3) = N〈â† 3â3〉Φ + 2 · 3

(
N

2

)
〈â† 2â2〉Φ〈â†â〉Φ

+ {2 · 2
3∑

k,l=1
k<l

N∑
m,j=1
m<j

cos[(m− j)(ϕ1k − ϕ1l)]}〈â† 2â2〉Φm〈â†â〉Φj

+ 6

(
N

3

)
〈â†â〉3Φ + 2

N∑
m,j,k=1
m<j<k

{
3∑

n,l=1
n<l

3∑
i=1

cos[σi(ϕ1n − ϕ1l)]

+
∑

σ1,σ2,σ3
∈S3

cos[

3∑
i=1

σiϕ1i]}〈â†â〉Φm〈â†â〉Φj 〈â†â〉Φk

= N〈â† 3â3〉Φ + {6
(
N

2

)
+ 2[

3∑
k,l=1
k<l

sin2(N ϕ1k−ϕ1l
2 )

sin2(ϕ1k−ϕ1l
2 )

− 3N ]}〈â† 2â2〉Φ〈â†â〉Φ

+ {6
(
N

3

)
+ (N − 2)[

3∑
n,l=1
n<l

sin2(N ϕ1n−ϕ1l
2 )

sin2(ϕ1n−ϕ1l
2 )

− 3N ]

+ 2
N∑

m,j,k=1
m<j<k

∑
σ1,σ2,σ3
∈S3

cos[
3∑
i=1

σiϕ1i]}〈â†â〉3Φ , (5.68)

with σ1 = |m− j|, σ2 = m− k and σ3 = |j − k|, and where we used that for equidistant

sources

2
N∑

m,j,k=1
m<j<k

3∑
i=1

cos[σi(ϕ1n − ϕ1l)] = (N − 2)[
sin2(N ϕ1n−ϕ1l

2 )

sin2(ϕ1n−ϕ1l
2 )

−N ] . (5.69)

If we now choose our proposed detector configuration for radiation focussing, namely

r2 = r3, we arrive at
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G
(3)
N (r1, r2, r2) = N〈â† 3â3〉Φ

+ {6
(
N

2

)
+ 2[2

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
+N2 − 3N ]}〈â† 2â2〉Φ〈â†â〉Φ

+ {6
(
N

3

)
+ (N − 2)[2

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
+N2 − 3N ]

+ 2 · 2
N∑

m,j,k=1
m<j<k

3∑
i=1

cos[σi(ϕ11 − ϕ12)]}〈â†â〉3Φ

= N〈â† 3â3〉Φ + [N(5N − 9) + 4
sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
]〈â† 2â2〉Φ〈â†â〉Φ

+ {6
(
N

3

)
+ (N − 2)[2

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
+N2 − 3N ]

+ 2(N − 2)[
sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
−N ]}〈â†â〉3Φ

(5.70)

what simplifies to

G
(3)
N (r1, r2, r2) = N〈â† 3â3〉Φ + [N(5N − 9) + 4

sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
]〈â† 2â2〉Φ〈â†â〉Φ

+ [2N(N − 2)(N − 3) + 4(N − 2)
sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
]〈â†â〉3Φ , (5.71)

Investigating Eq. (5.71) we find that for the partition {2, 1} [second term in Eq. (5.71)],

corresponding to the contribution of quantum paths where two photons are scattered

from one source and the third photon from another light source, as well as for the

partition {1, 1, 1} [third term in Eq. (5.71); cf., section 3.4] we obtain an expression of

the form like the one introduced in Eq. (5.67). These results are once more in favor of

the assumption that each individual partition of m-photon detections leads to a grating

in the derivation of the m-th order correlation function G
(m)
N (r1, ..., r1, r2), so that all

partitions superposed - weighted with the statistics of the light sources - give rise to a

common grating of the form of Eq. (5.67). Let us now evaluate the spatial intensity

correlation function of m-th order.
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Spatial intensity correlation function of m-th order

In the following for brevity, though mathematically less precise, we will use the notation

Tr[f̂ † f̂ ρ̂] = 〈f̂ † f̂〉ρ̂ ≡ ||f̂ |ρ〉||2 for the expectation values of arbitrary operators f̂ † f̂ act-

ing on an arbitrary quantum state ρ̂, which describes the statistics of the light sources in

our system. Let us now investigate the m-th order correlation function for N statistically

independent light sources in a state ρ̂. It calculates to

G
(m)
N (r1, ..., rm) = ||Ê(−)

N (rm)... Ê
(−)
N (r1)|ρ〉||2

= ||
N∑
l=1

ei ϕl1 âl...

N∑
l=1

ei ϕlm âl|ρ〉||2 = ||
m∑

σi=1
σ1<...<σm

N∑
µi=1

m∏
i=1

ei ϕµiσi âµi |ρ〉||2.

(5.72)

Consider now that m − 1 photons are detected at some fixed position r1 and the last

photon at a position r2. Under these conditions, we obtain

G
(m)
N (r1, ..., r1, r2) = ||

N∑
µ1=1

âmµ1
|ρ〉||2 + ||

N∑
µ1,µ2=1
µ1 6=µ2

ei ϕµ1∆ âm−1
µ1

âµ2 |ρ〉||2

+ ||
N∑

µ1,µ2=1
µ1 6=µ2

ei ϕµ1∆ âm−2
µ1

â2
µ2
|ρ〉||2 + ||

N∑
µ1,µ2,µ3=1
µ1 6=µ2 6=µ3

ei ϕµ1∆ âm−2
µ1

âµ2 âµ3 |ρ〉||2

+ ||
N∑

µ1,µ2=1
µ1 6=µ2

ei ϕµ1∆ âm−3
µ1

âµ3 |ρ〉||2 + ||
N∑

µ1,µ2,µ3=1
µ1 6=µ2 6=µ3

ei ϕµ1∆ âm−3
µ1

â2
µ2
âµ3 |ρ〉||2

+ ||
N∑

µ1,µ2,µ3,µ4=1
µ1 6=µ2 6=µ3 6=µ4

ei ϕµ1∆ âm−3
µ1

âµ2 âµ3 âµ4 |ρ〉||2 + . . .+ ||
N∑

µ1,...,µm=1
µ1 6=... 6=µm

ei ϕµ1∆ âµ1 ...âµm |ρ〉||2,

(5.73)

where we used the abbreviation ϕµ1∆ ≡ ϕµ11 − ϕµ12 = µ1(ϕ11 − ϕ12) [cf., Eq. (3.11)].

The different terms in Eq. (5.73) correspond to the partitions of the integer m denoting

the different possibilities that a m-photon detetection event is triggered. For example,

the first partition {m} abbreviates that m photons are scattered by just one light source,

leading to a constant contribution to the m-th order intensity correlation function. The
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second partition {m − 1, 1} denotes that one light source has scattered m − 1 photons

and another light source just one, i.e., the m-th photon. Since we assume that m − 1

detectors are located at r1 and the last detector at r2, this last photon gives rise to a

modulation in the correlation function dependent on the relative detector position r2−r1,

what is expressed by the sum
∑N

µ1=1 e
i ϕµ1∆ . Further, in each term of Eq. (5.73) we find

indistinguishable possibilities to trigger a detection event, i.e., m-photon quantum paths

which lead to the same final state and thus give rise to interferences in the m-th order

correlation function. Clearly, if we would make no assumptions on the detector positions,

i.e., investigating the different partitions of the correlation function G
(m)
N (r1, ..., rm) [cf.,

Eq. (5.72)], we would obtain for each partition cosine terms of the form

N∑
i1,i2,...,im=1
i1<...<im

∑
µij∈Sm

cos[
m∑
j=1

ϕµij j ] , (5.74)

where Sm denotes the symmetric group with m elements and we have
(
m
2

)
different

µij , i.e., µi1 = ±|k1 − k2| , µi2 = ±|k1 − k3| , ..., µim = ±|km−1 − km| with kj ∈ N and∑m
j=1 µij = 0. However, for m− 1 detectors at position r1 and the m-th detector at r2

and if N equidistant light sources are considered to be arranged in a linear chain, i.e.,

assuming ϕµij j = µijϕ1j , Eq. (5.74) simplifies to [cf., Eqs. (5.56) and (5.67)]

N∑
i1,i2,...,im=1
i1<...<im

∑
µij∈Sm

cos[µij (ϕ11 − ϕ12) +
m∑
j=1

µijϕ12]

= (m− 1)!

N∑
i1,i2,...,im=1
i1<...<im

m∑
j=1

cos[µij (ϕ11 − ϕ12)]

= c1 + c2

[
sin2(N ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
−N

]
, (5.75)

with constant factors c1 and c2. Thus, for each partition, besides the partition {m},
we obtain a grating modulation superposing to a common grating in the m-th order

intensity correlation G
(m)
N (r1, ..., r1, r2).
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5.4.2. Radiation focussing from statistically independent thermal light

sources

Keeping in mind the foregoing considerations, we can now derive the m-th order cor-

relation function G
(m)
NT (r1, ..., r1, r2) of N statistically independent thermal light sources

under the assumption that m − 1 photons are detected at some fixed position r1. It

calculates to

G
(m)
NT (r1, ..., r1, r2) = n̄mNm

[
(m− 1)! +

(m− 1)(m− 1)!

N2

sin2 (N ϕ11−ϕ12

2 )

sin2 (ϕ11−ϕ12

2 )

]
, (5.76)

where the normalized version g
(m)
NT (r1, ..., r1, r2), which we have determined in the exper-

iment (cf., section 5.4.3), is given by (cf., section 2.3)

g
(m)
NT (r1, ..., r1, r2) = (m− 1)! +

(m− 1)(m− 1)!

N2

sin2 (N ϕ11−ϕ12

2 )

sin2 (ϕ11−ϕ12

2 )
. (5.77)

We obtain the same grating behavior as in case of single-photon emitters, corresponding

to a focussing of the mean radiated intensity in the forward direction (at r1 = r2), i.e.,

a focussing of the m-th photon if m − 1 photons were already detected. This behavior

is even more counterintuitive than the one studied in section 5.3, because the variety

of partitions of m-photon detections contributing to the correlation signal in case of

classical emitters add up in a way that all frequencies are created which finally lead to

the emission pattern of a regular grating.

The visibility VmT of this signal, defined in Eq. (5.57), yields

VmT =
m− 1

m+ 1
. (5.78)

For m = 1 the visibility is zero since the mean radiated intensity is a constant what

can be understood as all light sources scatter their photons incoherently. Further, for

m→∞ the visibility V → 1.

Like introduced in the last sections [cf., Eqs. (5.39) and (5.59)], the peak widths δθ of

the grating pattern in Eq. (5.77) are given by
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δθ =
2π

N k d
. (5.79)

Thus, we obtain a strong focussing of the radiation under the observation angle θ2, as

the number photon emitters N rises.

For a quantitative estimate of the focussing characteristics of incoherent thermal ra-

diation, we again investigate the focussing parameter χ ≡ χ(m,N, kd), introduced in

Eq. (5.60). The focussing parameter was defined in such a way that with increasing χ

the focussing is increased (cf., section 5.3). Figure 5.13 displays a pointplot of χ as a

function of the correlation order m and the number of sources N for kd = π. Note that

in case of classical light sources the correlation function does not vanish if the correlation

order m is higher than the number of light sources N , since each light source can scatter

more than one photon.

Figure 5.13.: Pointplot of the focussing parameter χ(m,N, π). The case m = N is
highlighted by a red line.

If we choose m fixed and increase N or if we choose N fixed and increase m, the focussing

is increased, in contrast to the case of single-photon emitters presented in section 5.3.

In comparison to this, the case m = N (red line in Fig. 5.12, maximal for single photon

emitters), takes lower values in case of classical light sources.

5.4.3. Experimental realization

In this section we present an experiment [65] which demonstrates the measurement

induced radiation focussing of N identical statistically independent thermal light sources
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theoretically discussed in the last section. To this end, we express the normalized m-

th order correlation function g
(m)
NT [cf., Eq. (5.77)] in terms of detector positions xj .

Recapitutaling the relation of the relative optical phases ϕlj [cf., Eq. (3.11)]

ϕlj = −l kd sin θj , (5.80)

with the observation angle θj , it follows in paraxial approximation that

sin θj ≈
xj
rj
≈ xj

r
. (5.81)

In the experiment all rj ≡ |rj | ≈ r have been chosen to be equal and to fulfill the far-field

assumption. For the position xj thus holds (cf., Figs. 3.11 and 5.14)

xj = r sin(θj) . (5.82)

The experimental setup used to measure g
(m)
NT (x1, . . . , xm) is illustrated in Fig. 5.14. An

array of N = 2, . . . , 8 equidistant independent thermal light sources was realized using

masks with N identical slits of width a = 25 µm and separation d = 200 µm, illumi-

nated by pseudothermal light using a linearly polarized cw Nd:YAG laser at λ = 532 nm

and a rotating ground glass disk [242]. The large number of time-dependent speckles,

produced by the stochastically interfering waves scattered from the granular surface of

the disk, act within a given slit as many independent point-like sub-sources equivalent

to an ordinary spatial incoherent thermal source. Therefore, the N slits can be consid-

ered as fully statistically independent sources and will exhibit no interference patterns

in first-order [cf., Fig. 5.15 (a)]. The mask is placed a few centimeters (∆z) behind the

ground glass disk. The coherence time of the pseudothermal light sources depends on

the rotational speed of the disk and was chosen τc ≈ 50 ms. The enlarged laser beam

ensures a homogeneous illumination of the mask.

The measurement of the higher order intensity correlations can be accomplished by di-

viding the radiation of the light source into m identical beams with the help of 50/50

non-polarizing beam splitters. The light field of the m beams can then be detected by

m detector at positions x1, . . . , xm. Finally, averaging the correlated detector signals

determines the m-th order intensity correlation function. Given the fact that multi-

photon interferences of thermal light sources can also be measured in the high-intensity
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Figure 5.14.: Experimental setup used for the detection of spatial measurement induced
focussing of pseudothermal light. The combination of a slowly rotating
ground glass disk illuminated by a laser beam and a mask with N regularly
spaced slits yield N statistically independent thermal light sources. A CCD
camera in the far field records the macroscopic fields of the N thermal

light sources. After correlating the signals, g
(m)
NT (x1, . . . , xm) is obtained.

M: mirror, L: lens

regime, it is however more convenient to determine g
(m)
NT (x1, . . . , xm) using a convention-

ally CCD camera. The acquired images can then be used to calculate any arbitrary

g
(m)
NT (x1, . . . , xm) as a function of x1, . . . , xm. To fulfill the required far-field condition

the camera is placed in the focal point (Fourier plane) of a lens which is placed behind

the N -slit mask. Hereby, a prerequisite for interference signals of high visibility is a

stationary intensity distribution, and hence, the exposure time Te is chosen significantly

shorter than τc of the pseudothermal light.

We calculated g
(m)
NT (x1, . . . , xm) from a sequence of images by properly correlating inten-

sity values of different pixels of the CCD-camera. Figure 5.15 illustrates the experimental

results for g
(N)
NT (0, . . . , 0, x2) as a function of the location x2 for N = {2, . . . , 8}, where

m = N was chosen. To verify the absence of first-order coherence the averaged intensity

I(x2) was measured within a certain observation angle [Fig. 5.15 (a)]. As expected, the

intensity distribution is constant confirming the spatial incoherence of the pseudother-

mal radiation of the N slits. The interference patterns of g
(N)
NT (0, . . . , 0, x2) for different

N are displayed in Fig. 5.15 (b)-(h). The decreasing width of the central peak for in-

creasing correlation order N is clearly visible. As a function of N the measurement

induced spatial focussing of g
(N)
NT (0, . . . , 0, x2), i.e., the high probability of detecting the
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Figure 5.15.: Experimental results: (a) The flat pattern of the averaged intensity I2T (x2)
over the CCD camera confirms the absence of first-order interference of an
incoherently illuminated double slit. (b)-(h) Measure of g

(N)
NT (0, . . . , 0, x2) ≡

g
(N)
NT (x2) for m = N = {2, . . . , 8} as a function of the second detector

position x2. The spatial focussing into well-defined peaks induced by the
correlation measurement is clearly visible and is in good agreement with
the theoretical predictions (red curves). Fit parameters were an offset and
an global prefactor.

Nth independent photon at a certain position, is significantly increased, what is caused

by two effects: Firstly, if the number of slits N rises, narrower interference peaks can

be obtained [cf., Eq. (5.79)]. And secondly, an increased correlation order m leads to a

decrease of the offset. Notice, that the reduced offset, strictly speaking, yields only an

indirect improvement of the focussing since the peaks width itself is not affected by this.

Just the part of the spatially unfocussed m-th order correlation function is decreased.

The foregoing theoretical calculations and experimental results show that it is not nec-

essary to consider non-classical light sources in order to observe m-photon interference

phenomena like the spatial focussing of the m-th detected photon as discussed in this

162



section. Even for statistically independent classical light sources the width of the cen-

tral peaks is decreasing for an increasing number of sources. However, radiation of

single-photon sources leads to correlations with a higher visibility and thus will always

cause a higher degree of focussing than thermal radiation. In particular, only for single-

photon sources the visibility is high enough to violate inequalities used as a witness for

non-classicality and non-locality (cf., chapter 4). However, we note that in the limit

N → ∞ both the visibility Vm|SN 〉 of G
(m)
|SN 〉(x1, . . . , x1, x2) for N single-photon sources

[cf., Eq. (5.58)] as well as the visibility VmT of G
(m)
NT (x1, . . . , x1, x2) for N thermal light

sources [cf., Eq. (5.78)] reaches the same value, namely m−1
m+1 .

5.5. Giant photon-photon and higher-order correlations from

entangled atoms

Dicke’s prediction of superradiance is commonly associated with the mean intensity of

the radiation emitted from entangled sources. In section 5.2 it was investigated how the

enhanced radiation - arising from states with zero dipole moment - can be understood

as an interference phenomenon. In sections 5.3 and 5.4 we further demonstrated that

also statistically independent light sources initially prepared in seperable states can show

a superradiant behavior by exploiting the m-th order intensity correlation function. In

this section we want to generalize the results of section 5.2 by investigating higher-order

intensity correlations created by photons which are scattered from atomic generalized

symmetric W-states introduced in Eq. (5.15) applying the m-photon quantum path

scheme introduced in section 3.4. We start to show how giant two-photon correlations

arise in the emitted radiation ready to be verified in present experiments. We then gen-

eralize our investigation to spatial intensity correlation functions of arbitrary order m

and physically explain the giant enhancement of the m-th order correlation function for

N atoms initially prepared in a generalized symmetric W states compared to N atoms

initially prepared in a separable state using a m-photon quantum path scheme.

5.5.1. Quantum-interference-initiated giant photon-photon correlations

from entangled atoms

Let us again consider a linear chain of N equidistant identical two-level atoms as depicted

in Figs. 3.11 and 5.2. The initial state of the N qubit compound is taken to be a

generalized symmetric W state. The generalized symmetric W state |Wne,N−ne〉, where
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ne atoms are excited and N − ne = ng atoms are in the ground state, was introduced in

Eq. (5.15). It can be written as

|Wne,N−ne〉 ≡
(
N

ne

)− 1
2 ∑

k

Pk|Sne,N−ne〉 . (5.83)

Here, |Sne,N−ne〉 abbreviates the separable states [cf. Eq. (5.17)]

|Sne,N−ne〉 ≡
ne∏
α=1

|eα〉
N∏

β=ne+1

|gβ〉 , (5.84)

whose radiative properties we will compare to those of the W states, and {Pk} denotes

again the complete set of all possible distinct permutations of the qubits. Note that we

will omit the subscripts α and β for brevity whenever states are written in an explicit

form.

In this section we now assume two detectors placed at positions r1 and r2 in the far-

field region of the atoms each supposed to detect a single-photon. This process can be

described by the second order correlation function (cf., section 2.3)

G
(2)
N (r1, r2) ≡ 〈Ê(−)

N (r1) Ê
(−)
N (r2) Ê

(+)
N (r2) Ê

(+)
N (r1)〉 , (5.85)

where the positive frequency part of the electric field operator is given by [cf., Eq. (3.46)]

Ê
(+)
N (rj) ∼

N∑
l=1

e−i ϕlj ŝ−l . (5.86)

with ϕlj = −l k d sin θj [cf., Eq. (3.11)].

For comparison to an initial generalized symmetric W state, let us start to recapitu-

late the photon-photon correlation function in case that N atoms are prepared in the

separable state |Sne,N−ne〉. It takes the form [cf., Eq. (3.38)]

G
(2)
|Sne,N−ne 〉

(r1, r2) =

ne∑
σ1,σ2=1
σ1<σ2

|e−i (ϕσ11+ϕσ22) + e−i (ϕσ21+ϕσ12)|2

= ne (ne − 2) +
sin2(ne

ϕ11−ϕ12

2 )

sin2(ϕ11−ϕ12

2 )
. (5.87)
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Note that the photon-photon correlation function for separable states does not dependent

on the number of atoms in the ground state N − ne = ng, i.e., G
(2)
|Sne,N−ne 〉

= G
(2)
|Sne,0〉

.

By physically interpreting Eq. (5.87) we find that the second order correlation function

G
(2)
|Sne,N−ne 〉

(r1, r2) derives from the superposition of several two-photon quantum paths∏2
j=1 e

−i ϕσjj . These can either lead to constant terms or to two-photon interference

terms. However, as we are interested in a comparison of the maximal enhancement

for separable and W states, let us focus in the following on equal detector positions

ϕ11 = ϕ12, what leads to

G
(2)
|Sne,0〉

(ϕ11, ϕ11) ≡ G(2),max
|Sne,0〉

= 2ne (ne − 1) . (5.88)

As a simple example for the quantum path scheme used in this section, let us recapitulate

the two-photon quantum paths leading to a second order correlation G
(2)
|S2,0〉 in case of two

initially excited atoms, described by the initial separable state |S2,0〉 (cf., section 3.2.2):

the upper row in Fig. 5.16 depicts the two two-photon quantum paths contributing to

the photon-photon correlation function.

Figure 5.16.: Upper row: the two-photon quantum paths 1 and 2 contribute to the

photon-photon correlation function G
(2)
|S2,0〉(r1, r2). Black points indicate

atoms in the excited state, white points indicate atoms in the ground state
and pairs of arrows denote the two-photon quantum paths each occupied
by two photons. The two detectors are not drawn in the figure. Lower
row: Final states of the atoms and the phases accumulated by the photons
along different two-photon quantum paths.

For the second order correlation function G
(2)
|S2,0〉 we obtain [cf., Eq. (3.18)]

G
(2)
|S2,0〉(r1, r2) = |e−i (ϕ11+ϕ22) + e−i (ϕ21+ϕ12)|2 , (5.89)
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Equation (5.89) shows that constant as well as interference terms contribute to G
(2)
|S2,0〉.

The constant terms are giving a value of 2 and the interference terms (1,2) and (2,1),

are also leading to a value of 2 in case that the two detectors are placed at the same

position. Here, with (i,j) we abbreviate the interfering two-photon quantum paths (i)

and (j) numbered in Fig. 5.16 which give rise to interference terms. In this case we

simply obtain

G
(2),max
|S2,0〉 = 2 + 2 = 4 . (5.90)

Let us now apply this scheme in order to derive and physically understand multi-photon

correlations in case of an initial generalized W-state. To this end we first compare the

foregoing example of the second order correlation function in case of two atoms in a

seperable state with the corresponding signal for N atoms in a W-state - i.e., of a state

with two excited atoms and ng additional atoms in the ground state sharing a common

W-state. Here, we choose ng = 1 in order to be able to illustrate all quantum paths

determining the second order correlation function G
(2)
|W2,1〉 (cf., Fig. 5.17). In comparison

to the two two-photon quantum paths depicted in Fig. 5.16, we now find six two-photon

quantum paths contributing to G
(2)
|W2,1〉 which calculates to

G
(2)
|W2,1〉(r1, r2) =

1

3
|e−i (ϕ11+ϕ22) + e−i (ϕ21+ϕ12)

+ e−i (ϕ11+ϕ33) + e−i (ϕ31+ϕ13)

+ e−i (ϕ22+ϕ33) + e−i (ϕ32+ϕ23)|2 . (5.91)

We can identify subunits of two-photon quantum paths which also appear in case of

the correlation function G
(2)
|S2,0〉 (cf., quantum paths 1 and 2 in Fig. 5.16 and, e.g., the

quantum paths 1 and 2 in Fig. 5.17).

In order to uncover this two-photon quantum path subunits, the correlation function

G
(2)
|W2,1〉 can be reformulated to

G
(2)
|W2,1〉(r1, r2) =

1

3

(
|e−i (ϕ11+ϕ22) + e−i (ϕ21+ϕ12)|2 + |e−i (ϕ11+ϕ33) + e−i (ϕ31+ϕ13)|2

+ |e−i (ϕ22+ϕ33) + e−i (ϕ32+ϕ23)|2
)

+
1

3
R , (5.92)

where R abbreviates the contribution of the remaining two-photon quantum paths to

G
(2)
|W2,1〉. Equation (5.92) and Fig. 5.17 show that each term of the coherent superposition
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Figure 5.17.: Upper row: Six single two-photon quantum paths indicated by arrows
and numbered from 1 to 6 contribute to the second order correlation func-
tion G

(2)
|W2,1〉(r1, r2). Black points indicate atoms in the excited state, white

points indicate atoms in the ground state and arrows denote the two-photon
quantum paths occupied by the photons. The two detectors are not shown
in the figure. Lower row: Final states of the atoms and the phases accu-
mulated by the photons along different two-photon quantum paths.

|W2,1〉 results in two-photon quantum paths similar to the two-photon quantum paths

appearing in the correlation function G
(2)
|S2,0〉 of the separable state |S2,0〉 (cf., Fig. 5.16).

Thus, taking into account the squared normalization of the W-state, G
(2),max
|W2,1〉 contains

G
(2),max
|S2,0〉 leading to

G
(2),max
|W2,1〉 = G

(2),max
|S2,0〉 +

1

3
R = 4 +

1

3
R . (5.93)

Cleary 1/3R denotes the contribution to G
(2),max
|W2,1〉 which can be exclusively ascribed to

the initial W-state. By investigating the term R in more detail we find that it contains

solely interference terms of the form (i,j), i 6= j, with i, j = {1, 2, 3, 4, 5, 6}, but without the

two subsets (i, i + 1) for odd i and (i, i− 1) for even i, i.e., R contains the 24 interference

terms (1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,1), (3,2), (3,5), (3,6), and so

on. Together with the squared normalization factor of 1/3 we obtain

G
(2),max
|W2,1〉 = G

(2),max
|S2,0〉 +

1

3
R = 4 + 8 = 12 . (5.94)

We want to emphasize that the foregoing analysis and resultant conclusions are not only

applicable to a W-state with ng = 1. If we choose an arbitrary ng = N − 2, the global
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prefactor of G
(2)
|W2,N−2〉 would be

(
ng + 2

2

)−1

=
2

(ng + 2)(ng + 1)
, (5.95)

due to the squared normalization constant of the W-state [cf., Eq. (5.15)]. However,

instead of three subunits of two-photon quantum paths and a prefactor of 1/3 [cf.,

Eq. (5.92)], we now get
∑N−1

j=1 j = N(N−1)
2 of these subunits each contributing a value of

4 to the second order correlation function [cf., Eqs. (5.90) and (5.92)]. In our example

with ne = 2, but arbitrary ng, this translates to
(ng+2)(ng+1)

2 subunits, canceling with the

global prefactor [cf., Eq. (5.95)] for ϕlj = 0, i.e., leading to the same contribution of the

corresponding seperable state |S2,0〉 to the second order correlation function G
(2),max
|W2,N−2〉

as in case of our simple example G
(2),max
|W2,1〉 . However, we get additional constant and

interference terms which exclusively originate from the corresponding W-state |W2,N−2〉,
i.e., clearly G

(2),max
|W2,N−2〉 > G

(2),max
|W2,1〉 . In fact, with the help of Eqs. (5.15) and (5.93) we

obtain for G
(2),max
|W2,N−2〉

G
(2),max
|W2,N−2〉 = G

(2),max
|S2,0〉 +

(
ng + 2

2

)−1

R′ . (5.96)

Now, we just have to determine the exlusive contribution R′, i.e., the additional in-

terference terms of the W-state to the correlation function G
(2),max
|W2,N−2〉. It can be ob-

tained by combinatorial considerations: we already found that we get (ng + 2)(ng + 1)/2

subunits of two two-photon quantum paths, what leads us to (ng + 2)(ng + 1) single

two-photon quantum paths in total. These interfere with all quantum paths except the

two two-photon quantum paths which are already included in G
(2),max
|S2,0〉 giving rise to

(ng + 2)(ng + 1)[(ng + 2)(ng + 1) − 2] interference terms. Multiplied by the squared

normalization, we arrive at

G
(2),max
|W2,N−2〉 = G

(2),max
|S2,0〉 +

(
ng + 2

2

)−1

(ng + 2)(ng + 1)[(ng + 2)(ng + 1)− 2]

= 4 + 2[(ng + 2)(ng + 1)− 2] = 2(ng + 2)(ng + 1) . (5.97)

Let us cast the foregoing examples into a formula for the maximum of the photon-photon

correlation function for arbitrary initial W-states |Wne,N−ne〉. It reads
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G
(2),max
|Wne,N−ne 〉

= G
(2),max
|Sne,0〉

+N · Ppair
no. · |f〉no.

= 2ne(ne − 1) +

(
N

ne

)−1

(ng + 2)(ng + 1)[(ng + 2)(ng + 1)− 2]

(
N

ne − 2

)
= ne(ne − 1)(ng + 1)(ng + 2) . (5.98)

Here, again G
(2),max
|Sne,0〉

denotes the maximum of the photon-photon correlation function

containing all constant and interference terms which originate from the corresponding

seperable state |Sne,0〉 [cf., Eq. (5.88)]. Ppair
no. denotes the number of two-photon quan-

tum path pairs, i.e., interference terms, leading to the same final state. We implicitely

determined this quantity to be (ng + 2)(ng + 1)[(ng + 2)(ng + 1) − 2] in Eq. (5.97).

Multiplied by the number of final states |f〉no. we thus obtain the total number of inter-

ference terms which can be exclusively ascribed to the initial W-state. In the foregoing

examples we only considered two initially excited atoms, i.e., ne = 2 and the number of

final states |f〉no. = 1. However, if we consider an arbitrary number of initially excited

atoms ne clearly there are ne − 2 atoms left in the excited state after the second detec-

tion event. The number of final states is
(

N
ne−2

)
since the detectors cannot distinguish

from which excited atoms the two photons were scattered due to the far-field detection

scheme. Further, N abbreviates the squared normalization of the initial W-state
(
N
ne

)−1

[cf., Eq. (5.15)].

In order to compare the foregoing results let us define an enhancement parameter ε2(ng)

which describes the ratio of the maximum of the second order correlation function of a W-

state and the maximum of the photon-photon correlation function of the corresponding

separable state, i.e., a separable state with the same number ne of initially excited atoms.

With Eq. (5.88) and (5.98) it calculates to

ε2(ng) =
(ng + 2)(ng + 1)

2
, (5.99)

what is clearly greater than 1 for ng > 0, i.e., the photon-photon correlation function of

every W-state is enhanced compared to the corresponding separable state. Further, if

we normalize Eq. (5.99) on the enhancement parameter ε1(ng) ≡ ε = ng + 1 (cf., section

5.2), describing the ratio of the maximum intensity of a W-state and the maximum

intensity of a separable state, we obtain
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ε2(ng)

ε1(ng)
=

(ng + 2)

2
. (5.100)

The observed enhancement of photon-photon correlation functions is thus of the order

of ng compared to the enhancement of the intensity, i.e., compared to common Dicke

superradiance. It is thus appropriate to speak of giant photon-photon correlations from

entangled atoms.

5.5.2. Directionality in photon-photon correlations from arbitrary symmetric

W-states

In the following we want to discuss the angular dependence of the two scattered photons

in order to get a complete picture of photon-photon correlations arising from arbitrary

W-states. The upper row of Fig. 5.18 shows 3-dimensional plots of the photon-photon

correlation function G
(2)
|W2,N−2〉(θ1, θ2) with N = 3 and N = 6, respectively. It can be seen

that there are distinct observation angles θ1 and θ2, where the photon-photon correlation

function G
(2)
|W2,1〉(θ1, θ2) goes to zero. Further, with rising number of atoms in the ground

state [cf., the plot of G
(2)
|W2,4〉(θ1, θ2) in Fig. 5.18] the correlation function goes to zero

over large areas. However, under certain observation angles distinct peaks can be seen

where the photon-photon correlation function is maximal.

The lower row of Fig. 5.18 depicts photon-photon correlation functions with an increas-

ing number of final states, i.e., a higher number of initially excited atoms. Investigating

the angular dependent correlation functions G
(2)
|W3,5〉(θ1, θ2) and G

(2)
|W4,3〉(θ1, θ2) it can be

clearly seen that there is a constant underground appearing, i.e., the probability to mea-

sure two photons is not zero anymore with respect to the observation directions θ1 and

θ2. However, with increasing number of atoms in the ground state the peaks get more

pronounced and the remaining part of the correlation function converges to its corre-

sponding constant background. Further, in all plots the maximum of the photon-photon

correlation function increases with increasing number of atoms [cf., Eq. (5.98)].

Obviously the second order correlation functions shown in Fig. 5.18 are totally sym-

metric. For the sake of clarity and without losing information we thus will focus on a

2-dimensional representation by choosing θ1 = 0 in the following. With the assumption

that one of the two photons was measured in forward direction of the atomic system,

the photon-photon correlation function takes the explicite form
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Figure 5.18.: Plot of the photon-photon correlation functions G
(2)
|W2,1〉(θ1, θ2),

G
(2)
|W2,4〉(θ1, θ2), G

(2)
|W3,5〉(θ1, θ2) and G

(2)
|W4,3〉(θ1, θ2) dependent on the observa-

tion angles θ1 and θ2; k d = 3
2π. The photon-photon correlation functions

are given in units of the intensity produced by a one atom system squared.
See text for details.

G
(2)
|Wne,N−ne 〉

(0, θ2) =
ne (ne − 1) (ne − 2) (N − ne + 1)

N − 1

+
ne (ne − 1) (N − ne + 1)2

N (N − 1)

sin2 (ϕN2
2 )

sin2 (ϕ12

2 )
. (5.101)

The scattering angle of the second photon obviously shows a grating behavior. With

δϕN = N k d cos θ δθ the width of the interference term in Eq. (5.101) is again given by

δθ =
2π

N k d
, (5.102)

i.e., it depends on the wavelength λ, the distance d between adjacent atoms and on the

total number of atoms N .
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Let us introduce the visibility V2 of the photon-photon correlation function. It calculates

to

V =
1

1 + 2(ne−2)
N (ng+1)

. (5.103)

For ne = 2 the visibility is 1. Further, for a fixed number of excited atoms ne and an

increasing number of unexcited atoms ng the visibility V goes to 1. This behavior can

be understood from Eq. (5.101) as the offset of the photon-photon correlation function

only depends on ne.

Figure 5.19.: Plot of the photon-photon correlation functions G
(2)
|W3,7〉(0, θ2) (red dashed),

G
(2)
|W5,5〉(0, θ2) (blue solid) and G

(2)
|W8,2〉(0, θ2) (pink dotted) dependent on

the observation angle θ2 with a constant number of atoms N = 10. The
constant background is increasing with increasing number of excited atoms.
The maximal value of the photon-photon correlation functions is obtained
for ne = ng = 5. The correlation functions are given in units of the squared
intensity produced by a one atom system; k d = 3

2π.

Figure 5.19 depicts plots of photon-photon correlation functions G
(2)
|Wne,10−ng 〉

(0, θ2) with

varying number of atoms in the excited state ne, but with a fixed total number of atoms
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N = 10. With rising number of excited atoms the constant background increases. Fur-

ther, the maximum of all photon-photon correlation function can be obtained if the

number of excited atoms equals the number of atoms in the ground state. Note that

this is the same behavior as for G(1) investigated in section 5.2

For a W-state with intially two excited atoms the constant background in Eq. (5.101)

cancels and we arrive at

G
(2)
|W2,N−2〉(0, θ2) =

2 (N − 1)

N

sin2 (ϕN2
2 )

sin2 (ϕ12

2 )
. (5.104)

A plot of corresponding correlation functions G
(2)
|W2,N−2〉(0, θ2) for N = 3, 6, 7 is shown

in Fig. 5.20. The maximum peak at θ = 0 is getting higher and more pronounced as

the number of atoms in the ground state ng and thus the total number of atoms N is

increased.

Figure 5.20.: Plot of the photon-photon correlation functions G
(2)
|W2,1〉(0, θ2) (pink dot-

ted), G
(2)
|W2,4〉(0, θ2) (red dashed) and G

(2)
|W2,5〉(0, θ2) (blue solid) dependent

on the observation angle θ2. The maximum peak at θ2 = 0 is enhanced
with increasing number of atoms in the ground state ng. The correlation
functions are given in units of the squared intensity produced by a one
atom system; k d = 3

2π.
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Finally, let us investigate a variation of the interatomic spacing d. On the left hand

side of Fig. 5.21 a contourplot of the photon-photon correlation function G
(2)
|W2,1〉(0, θ2)

is depicted for different values of k d. At the value k d ≈ 5 it can be seen that there are

additional maxima appearing. However, the overall behavior, i.e., pronounced maxima

of the photon-photon correlation function at θ2 = 0 and large areas where no second

photon can be measured, if a first photon was measured at θ1 = 0, remains unchanged.

The left hand side of Fig. 5.21 shows values for k d which correspond to experimental

conditions, i.e., the distance between two different atoms is of the order of 10λ. As

expected, the fringe spacing decreases with increasing interatomic spacing.

Figure 5.21.: Contourplots of the photon-photon correlation function G
(2)
|W2,1〉(0, θ2) de-

pendent on the observation angle θ2 and k d. With increasing k d the
number of maxima increases. The correlation function is given in units of
the squared intensity produced by a one atom system.

5.5.3. Quantum-interference-initiated giant m-th order correlations from

entangled atoms

In this section we now assume m detectors placed at positions r1 to rm in the far-field

region of the atoms each supposed to detect a single-photon (cf., Fig. 3.11). This process

can be described by the m-th order correlation function (cf. section 2.3)

G
(m)
N (r1, ..., rm) ≡ 〈Ê(−)

N (r1)... Ê
(−)
N (rm) Ê

(+)
N (rm)... Ê

(+)
N (r1, t1)〉 , (5.105)

with the positive frequency part of the electric field Ê
(+)
N (rm) introduced in Eq. (3.46).

For comparison to an initial generalized symmetric W-state, let us start to investigate the
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m-th order correlation function of the separable state |Sne,N−ne〉, what was calculated in

Eq. (5.54). In order to compare the maximal enhancement for separable and W-states,

let us again investigate fixed detector positions ϕlj = 0, leading to [cf., Eq. (5.56)]

G
(m)
|Sne,N−ne 〉

(0, ..., 0) ≡ G(m),max
|Sne,N−ne 〉

=
ne!m!

(ne −m)!
. (5.106)

Clearly the m-th order correlation function for separable states is independent of the

number of atoms in the ground state ng, i.e., G
(m)
|Sne,N−ne 〉

= G
(m)
|Sne,0〉

.

Using the results of the last sections and by refining the quantum path framework pre-

sented in section 5.2, let us propose a formula for the maximum of the m-th order

correlation function of a generalized symmetric W-state:

G
(m),max
|Wne,N−ne 〉

= G
(m),max
|Sne,0〉

+N · Ppair
no. · |f〉no. . (5.107)

Hereby, N denotes the squared normalization constant of the corresponding W-state [cf.,

Eq. (5.15)]. Ppair
no. abbreviates the number of additional m-photon interference terms (i,j)

leading to the same final state. Multiplied by the number of final states |f〉no., we thus

arrive at the total number of additional m-photon quantum paths pairs, i.e., interference

terms, contributing to the maximum of the m-th order correlation function. Thus, the

expression N ·Ppair
no. ·|f〉no. equals for ϕlj = 0 the additional contribution to the maximum

of the m-th order correlation function due to interference terms which are exclusively

caused by the initial W-state.

Let us apply Eq. (5.107) to calculate the maximum of the m-th order correlation function

of an initial generalized symmetric W-state |Wne,N−ne〉 with ne excited atoms and N−ne
atoms in the ground state [cf., Eq. (5.15)]. Using combinatorial considerations and the

maximum of the m-th order correlation function for separable states G
(m),max
|Sne,0〉

, given in

Eq. (5.106), it reads

G
(m),max
|Wne,N−ne 〉

= G
(m),max
|Sne,0〉

+N · Ppair
no. · |f〉no.

=
ne!m!

(ne −m)!
+

(
N

ne

)−1

· (ng +m)!

ng!

(
(ng +m)!

ng!
−m!

)
·
(

N

ne −m

)
=

ne!

(ne −m)!

(ng +m)!

ng!
. (5.108)

175



Let us investigate the different terms of Eq. (5.108) in more detail. As stated before

N is the squared normalization constant of the generalized symmetric W-state [cf.,

Eq. (5.15)]. The number of final states |f〉no. can be derived by taking into account that

after the detection of m photons there are ne −m excited atoms left which are able to

occupy N different positions in the chain of N atoms, what leads to
(

N
ne−m

)
. However,

the term Ppair
no. needs more explanation: as in case of a seperable initial state |Sne,0〉

there are m!
(
ne
m

)
different m-photon quantum paths which lead to a successful detection

event for every term of the initial W-state. If we now multiply these quantum paths by

the number of terms of the initial W-state [given by
(
N
ne

)
] we arrive at the total number

of m-photon quantum paths. The number of m-photon quantum paths leading to the

same final states - abbreviated by Psingle
no. - is then obtained if we divide the total number

of m-photon quantum paths by the number of final states, what leads to

Psingle
no. =

m!
(
ne
m

) (
N
ne

)(
N

ne−m
) =

(ng +m)!

ng!
. (5.109)

These
(ng+m)!
ng ! m-photon quantum paths which lead to the same final state now interfere

among each other, except with the m! quantum paths which are already included in

G
(m),max
|Sne,0〉

. This leads to Ppair
no. =

(ng+m)!
ng ! (

(ng+m)!
ng ! −m!) additional interference terms which

can be exclusively ascribed to the initial W-state. Clearly Ppair
no. , i.e., the enhancement

of the m-th order correlation function is zero, if ng = 0.

In order to compare the foregoing results let us define a generalized enhancement pa-

rameter εm(ng) which describes the ratio of the maximum of the m-th order correlation

function of a W-state and the maximum of the m-th order correlation function of the

corresponding separable state, i.e., a separable state with the same number ne of initially

excited atoms. With Eq. (5.106) and (5.108) it calculates to

εm(ng) =
(ng +m)!

ng!m!
, (5.110)

what is clearly greater than 1 for ng > 0, i.e., the m-th order correlation function of

every W-state is enhanced compared to the corresponding separable state. Furthermore,

Eq. (5.110) goes to infinity, either for m → ∞ and ng > 0 or for ng → ∞ and m > 0.

The latter result for m = 1 is reminiscent of several works on Dicke superradiance (cf.,

section 5.2). Figure 5.22 shows a pointplot of the epsilon parameter dependent on the

number of unexcited atoms ng in the W-state and the correlation order m. It can be

cleary seen that the enhancement of the m-th order correlation function increases rapidly

with increasing correlation order. We want to conclude by normalizing Eq. (5.110) on
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Figure 5.22.: Pointplot of the enhancement parameter εm(ng) dependent on the number
of atoms in the ground state ng which share a common W-state and the
correlation order m. The surface and the red lines serve only to guide the
eye.

the enhancement parameter ε1(ng) describing the ratio of the maximum intensity of a

W-state and the maximum intensity of the corresponding separable state. This leads to

εm(ng)

ε1(ng)
=

(ng +m)!

(ng + 1)!m!
, (5.111)

and clearly shows that giant m-th order correlations among emitted photons in the

forward direction appear based on m-photon interferences when higher-order correlation

functions are investigated in superradiance-like experiments.
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5.5.4. Directionality of m-th order correlations from arbitrary symmetric

W-states

Finally, let us investigate the m-th order correlation function G
(m)
|Wne,ng 〉

(0, . . . , 0, θ2, ) if

m− 1 photons are detected in the forward direction of the sample and the m-th photon

is detected under the observation angle θ2. It calculates to

G
(m)
|Wne,ng 〉

(0, . . . , 0, θ2) = (ng +m− 1)!
ne!

(ne −m)!ng!(
1− m+ ng − 1

N − 1
+
m+ ng − 1

N(N − 1)

sin2 (N ϕ12

2 )

sin2 (ϕ12

2 )

)
, (5.112)

i.e., we again obtain a grating modulation. The correlation G
(m)
|Wne,ng 〉

(0, . . . , 0, θ2) of

Eq. (5.112) incorporates most of the results discussed in this chapter, namely the first

order correlation function G
(1)
|Wne,ng 〉

(θ1) (cf., section 5.2), second order correlation func-

tion G
(2)
|Wne,ng 〉

(0, θ2) and the m-th order correlation function G
(m)
|Wne,0〉

(0, . . . , 0, θ2) ≡

G
(m)
|Sne,0〉

(0, . . . , 0, θ2) (cf., section 5.3). However, we want to emphasize that only if the

ensemble of atoms is initially in a W-state, we obtain intrinsic focussing, i.e., a focussing

in a direction determined by the geometry of the atomic chain. In mathematical terms

this can be expressed as

G
(m)
|Wne,ng 〉

(0, . . . , 0, θ2) 6= G
(m)
|Wne,ng 〉

(θ1, . . . , θ1, θ2) (5.113)

In comparison, we obtain measurement-induced focussing if we consider the atomic en-

semble to be in an initially seperable state. For the correlation functionG
(m)
|Sne,0〉

(0, . . . , 0, θ2)

holds

G
(m)
|Sne,0〉

(0, . . . , 0, θ2) = G
(m)
|Sne,0〉

(θ1, . . . , θ1, θ2) , (5.114)

i.e., we determine in what direction the m-th photon will be scattered to a high proba-

bility by measuring m−1 photons in a particular direction and thus projecting the state

of the system to a generalized W-state (cf., section 5.3).

For completeness, let us calculate the visibility Vm of the m-th order correlation function

given in Eq. (5.112). It takes the form
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V|Wne,ng 〉 =
1

ng
N +

ne(ng+m+1)−2m
N(ng+m−1)

. (5.115)

In conclusion we studied in this section giant multi-photon correlations which arise in the

emitted radiation of initially entangled atoms. We physically explained these correlations

by introducing an m-photon quantum path framework which is suitable to trace back

every single m-photon quantum path leading to the enhancement effects. Further, we

investigated the angular dependence of higher-order correlation functions and showed

a strong focussing of the probability to detect another photon in forward direction, if

m − 1 photons were already detected in the same direction. We want to emphasize

that the investigated giant radiation effects are also in the scope of modern experiments:

considering an ensemble of atoms which has absorbed two photons (corresponding to an

initial W-state |W2,N−2〉) the enhancement would be of the order of n2
g for a measurement

of the second order correlation function, instead of an enhancement of ng (with ng

the number of unexcited atoms sharing a common W-state) for common experiments

measuring the intensity, i.e., common superradiance experiments.
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6. Summary and Outlook

In this thesis we have investigated entanglement and superradiance in the light of sta-

tistically independent non-classical and classical photon sources in a generalized Young-

interferometer.

In chapter 3, we established an m-photon quantum path framework which was used to

physically describe all investigated phenomena of the spatial intensity correlation func-

tion of m-th order.

Further, in chapter 4, we investigated the non-classicality and the measurement induced

non-local behavior of second and third order correlations which are created between the

photons of statistically independent and potentially disparate light sources. We derived

how non-local correlations of second order can arise, which are proportional to the joint

probability of detecting two photons at two distinct point in space (cf., section 4.4) or in

space-time (cf., section 4.5). Further, we assumed disparate sources creating mixed cor-

relation signals consisting of single-photons and thermal, coherent, single-photon added

thermal or single-photon added coherent photons in section 4.6. We gave explicite re-

sults of how much the light sources have to be attenuated until a violation of locality

occurs. The correlations had to be adjusted to fit in standard Bell inequalities, which

were introduced so far mainly for polarization or spin degrees of freedom. We general-

ized our results to correlations of third order in section 4.7 and proposed a normalization

enabling us to adapt spatial intensity correlation signals to the Bell inequalities. Finally,

in section 4.8, we derived inequalities for spatial intensity correlation signals of arbitrary

order, which are suitable to investigate the non-classicality of one single non-classical

source out of N arbitrary photon emitters and yet were shown to be easily violated.

In chapter 5, we investigated first and higher order superradiance and focussing phe-

nomena which arise in the light of atoms sharing certain entangled states, statistically

independent single-photon emitters and thermal light sources. In section 5.2, we devel-

oped a quantum multipath interference approach which enabled us to explain Dicke’s
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super- and subradiance though the entangled states have zero dipole moment. In sec-

tion 5.3 and 5.4 we were assuming ensembles of atoms in a initially separable state, but

showed that we nevertheless achieve a strong focussing of the probability to detect an

m-th photon if m − 1 photons were already detected - for uncorrelated single-photon

sources as well as statistically independent radiating thermal light sources. Finally, we

generalized the superradiant behavior, which is defined for the mean radiated intensity,

to correlations of arbitrary order m, which are proportional to the joint probability of

detecting m photons in section 5.5 and physically explained the enhanced radiation and

focussing for all symmetric Dicke states in comparison to separable intial atomic states

in a quantum path scheme.

However, especially in the investigation of the non-local behavior of spatial correlation

functions of third and higher order, there are still open questions (cf., section 4.7). It

would be interesting to find a suitable normalization to adapt the corresponding spatial

correlations to standard polarization dependent Bell inequalities. Further, it would be

also worth to construct entanglement witnesses in order to prove the measurement-

induced entangled nature of the spatial correlations yielding superradiant behavior,

though created by separable quantum states as discussed in section 5.3.
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A. Derivation of the partitions of m-photon

detections up to m = 7

In this appendix to section 3.4 we will derive an algorithm which enables to explicitely

calculate the number of m-photon quantum paths that can be found in a given parti-

tion and all corresponding final states. Thus, we calculate how many quantum paths

are leading to the same final state and thus have to be coherently superposed. To this

end, we investigate some examples for particular partitions of higher photon number

detections. The tables A.1 and A.2, which can be found at the end of this appendix,

list all partitions up to the seventh-order, with corresponding number of quantum paths

P{...}NQC,no., number of final states |f〉{...}NQC,no. and number of indistinguishable quantum

paths which are leading to the same final states P{...}NQC,no./|f〉
{...}
NQC,no..

Let us, for example, investigate the different six-photon quantum paths leading to a

joint detection event of six photons scattered by N light sources, where the electric fields

created by at least two of them can be described by Poisson or Bose-Einstein statistics.

Clearly, under the various possibilities to trigger this joint detection, corresponding to

the partition of the integer 6, there is the possibility that two sources have emitted two

photons and two other light sources have emitted a single-photon, corresponding to the

partition {2, 2, 1, 1}. For this case, we obtain in total

P{2,2,1,1}NQC,no. =
C!

C − 2!

N − 2!

N − 4!
×
(

6

2

)(
4

2

)
× 1

2!
. (A.1)

six-photon quantum paths, i.e., possibilities to trigger a joint six-photon detection event.

The term C(C−1)(N−2)(N−3) can be explained as follows: The first two photons can

be scattered by any of the C classical sources, where the second two photons can just be

emitted by the remaining C−1 classical sources. However, the two single-photons can be

emitted by any classical or single-photon source besides the two sources, which already

scattered a photon, leading for the first of the two single-photons to the factor of N − 2

and for the second single-photon to a factor N−3. The binomials in Eq. (A.1) arise from
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the fact that the two classical possibilities of scattering two photons at the same time

are indistinguishable for the detectors due to our far-field assumption. Thus, there are(
6
2

)
different possibilities for the first two photons to be measured by the six detectors,

but only
(

6−2
2

)
=
(

4
2

)
possibilities for the second two photons, since two detectors have

already registered a photon. However, for general arbitrary classical light sources, i.e., if

we do not specify the statistics of the electric fields, we now have summed up too many

possibilities. Consider that the first classical source scatters two photons - one of the two

photons can be detected by the first detector and the other by the second detector or the

other way round. In order to avoid this double counting of identical quantum paths, we

have to divide by the factorial of the number of equal (and necessarily) classical sources

(necessarily classical, since this problem arises only if two or more photons are scattered

by one light source), i.e., by C!, what would correspond to the term 1
2! in our example1.

Further, the number of final states calculates to

|f〉{2,2,1,1}NQC,no. =
C!

C − 2!

N − 2!

N − 4!
× 1

2!

1

2!
(A.2)

where the term C(C − 1)(N − 2)(N − 3) can be explained very similar to the one

introduced in Eq. (A.1). However, we now have also counted some possiblities twice or

even more than two times: The factorials 1
C!

1
Q! , i.e., in our example 1

2!
1
2! appear, since the

order in which the light sources have scattered the same class of photons, i.e., classical

or single-photons, is unimportant. For instance, the two events, namely that the first

two photons were emitted by the first classical light source and the second two photons

were scattered by the second classical light source or vice versa, lead to the same final

state. Considering coincident detection, there is in general nothing like the first and

the second two photons (this behavior is included in the statistics, as discussed above).

The same argument holds for the class of single-photons. From Eqs. (A.2) and (A.1) the

number of quantum paths leading to the same final states thus calculates to

P{2,2,1,1}NQC,no.

|f〉{...}NQC,no.

= 2!

(
6

2

)(
4

2

)
. (A.3)

1We note that the m-th moments
〈
â†m âm

〉
T

of thermal light sources introduced in Eq. (2.23) give a
value of m! n̄m. The factor of m! = C! appears since we would indeed have to take into account these
multiple counted quantum paths considering Bose-Einstein statistics.
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Using this and the other examples which are listed in tables A.1 and A.2, we can deduce

an algorithm which gives the number of m-photon quantum paths in a generalized parti-

tion. The number ofm-photon quantum paths in the partition {C1, C2, ..., CK , Q1, Q2, ..., QL}
calculates to

P{C1,C2,...,CK ,Q1,Q2,...,QL}
NQC,no. =

C!

(C − Cno.)!

(N − Cno.)!

(N −m)!
× 1∏K

k=1C
no.
k !

×
(
m

C1

)(
m− C1

C2

)(
m− C1 − C2

C3

)
...

(
m− C1 − C2 − ...− CK−1

CK

)
=

C!

(C − Cno.)!

(N − Cno.)!

(N −m)!
× 1∏K

k=1C
no.
k !
× m!

(m−
∑K

i=1 Ci)!
∏K
j=1 Cj !

(A.4)

with C1 ≥ C2 ≥ ... ≥ CK . Here, C is the number of classical light sources and Q is the

number of single-photon sources in the ensemble, i.e., C +Q = N . The order m of the

correlation function is given by m =
∑K

k=1Ck +
∑L

l=1Ql. C
no.
k denotes the total number

of a particular Ck in the partition, i.e., how many times a Ck appears in the partition,

and Cno. abbreviates the number of all Ck in the partition, i.e., Cno. =
∑K

k=1C
no.
k . The

number of final states in an arbitrary partition {C1, C2, ..., CK , Q1, Q2, ..., QL}, takes the

form

|f〉{C1,C2,...,CK ,Q1,Q2,...,QL}
NQC,no. =

C!

(C − Cno.)!

(N − Cno.)!

(N −m)!
× 1∏K

k=1C
no.
k !
× 1

(
∑L

l=1Ql)!
,(A.5)

where
∑L

l=1Ql denotes the number of single-photon emitters in a partition. Further,

the number of quantum paths which are leading to the same final state and have to be

coherently superposed, thus calculates to

P{C1,C2,...,CK ,Q1,Q2,...,QL}
NQC,no.

|f〉{C1,C2,...,CK ,Q1,Q2,...,QL}
NQC,no.

=
m!(
∑L

l=1Ql)!

(m−
∑K

i=1 Ci)!
∏K
j=1 Cj !

. (A.6)

Let us conclude this appendix by giving an example that shall help to get a better

feeling for the dimensions of classical and non-classical m-photon quantum paths and

partitions: the spatial intensity correlation function of 100-th order has 190.569.292

partitions [89]. Only one of them is created due to the single-photon quantum paths,

namely the partition {1, 1, ..., 1} with 100 One’s. The other 190.569.291 partitions, with

in total N100 − N !
(N−100)! 100-photon quantum paths are caused, if they exist, by the

classical light sources in the ensemble.
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Partition P{...}NQC,no. |f〉{...}NQC,no.

P{...}NQC,no.

|f〉{...}NQC,no.

{1} N !
N−1!

N !
N−1! 1

{2} C!
C−1!

C!
C−1! 1

{1, 1} N !
N−2!

(
N
2

)
2!

{3} C!
C−1!

C!
C−1! 1

{2, 1} C!
C−1!

N−1!
N−2! ×

(
3
2

)
C!
C−1!

N−1!
N−2!

(
3
2

)
{1, 1, 1} N !

N−3!

(
N
3

)
3!

{4} C!
C−1!

C!
C−1! 1

{3, 1} C!
C−1!

N−1!
N−2! ×

(
4
3

)
C!
C−1!

N−1!
N−2!

(
4
3

)
{2, 2} C!

C−2! ×
(

4
2

)
× 1

2!
C!
C−2! ×

1
2!

(
4
2

)
{2, 1, 1} C!

C−1!
N−1!
N−3! ×

(
4
2

)
C!
C−1!

N−1!
N−3! ×

1
2! 2!

(
4
2

)
{1, 1, 1, 1} N !

N−4!

(
N
4

)
4!

{5} C!
C−1!

C!
C−1! 1

{4, 1} C!
C−1!

N−1!
N−2! ×

(
5
4

)
C!
C−1!

N−1!
N−2!

(
5
4

)
{3, 2} C!

C−2! ×
(

5
3

)
C!
C−2!

(
5
3

)
{3, 1, 1} C!

C−1!
N−1!
N−3! ×

(
5
3

)
C!
C−1!

N−1!
N−3!

1
2! 2!

(
5
3

)
{2, 2, 1} C!

C−2!
N−2!
N−3! ×

(
5
2

) (
3
2

)
× 1

2!
C!
C−2!

N−2!
N−3!

1
2!

(
5
2

) (
3
2

)
{2, 1, 1, 1} C!

C−1!
N−1!
N−4! ×

(
5
2

)
C!
C−1!

N−1!
N−4!

1
3! 3!

(
5
2

)
{1, 1, 1, 1, 1} N !

N−5!

(
N
5

)
5!

Table A.1.: Partitions of m-photon detections up to m = 5 with corresponding total

number of quantum path in each partition, denoted by P{...}NQC,no., number

of final states |f〉{...}NQC,no. and number of quantum paths leading to the same

final state
P{...}NQC,no.

|f〉{...}NQC,no.

.
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Partition P{...}NQC,no. |f〉{...}NQC,no.

P{...}NQC,no.

|f〉{...}NQC,no.

{6} C!
C−1!

C!
C−1! 1

{5, 1} C!
C−1!

N−1!
N−2! ×

(
6
5

)
C!
C−1!

N−1!
N−2!

(
6
5

)
{4, 2} C!

C−2! ×
(

6
4

)
C!
C−2!

(
6
4

)
{4, 1, 1} C!

C−1!
N−1!
N−3! ×

(
6
4

)
C!
C−1!

N−1!
N−3! ×

1
3! 3!

(
6
4

)
{3, 3} C!

C−2! ×
(

6
3

)
× 1

2!
C!
C−2! ×

1
2!

(
6
3

)
{3, 2, 1} C!

C−2!
N−2!
N−3! ×

(
6
3

) (
3
2

)
C!
C−2!

N−2!
N−3!

(
6
3

) (
3
2

)
{3, 1, 1, 1} C!

C−1!
N−1!
N−4! ×

(
6
3

)
C!
C−1!

N−1!
N−4! ×

1
3! 3!

(
6
3

)
{2, 2, 2} C!

C−3! ×
(

6
2

) (
4
2

)
× 1

3!
C!
C−3! ×

1
3!

(
6
2

) (
4
2

)
{2, 2, 1, 1} C!

C−2!
N−2!
N−4! ×

(
6
2

) (
4
2

)
× 1

2!
C!
C−2!

N−2!
N−4! ×

1
2!

1
2! 2!

(
6
2

) (
4
2

)
{2, 1, 1, 1, 1} C!

C−1!
N−1!
N−5! ×

(
6
2

)
C!
C−1!

N−1!
N−5! ×

1
4! 4!

(
6
2

)
{1, 1, 1, 1, 1, 1} N !

N−6!

(
N
6

)
6!

{7} C!
C−1!

C!
C−1! 1

{6, 1} C!
C−1!

N−1!
N−2! ×

(
7
6

)
C!
C−1!

N−1!
N−2!

(
7
6

)
{5, 2} C!

C−2! ×
(

7
5

)
C!
C−2!

(
7
5

)
{5, 1, 1} C!

C−1!
N−1!
N−3! ×

(
7
5

)
C!
C−1!

N−1!
N−3! ×

1
2! 2!

(
7
5

)
{4, 3} C!

C−2! ×
(

7
4

)
C!
C−2!

(
7
4

)
{4, 2, 1} C!

C−2!
N−2!
N−3! ×

(
7
4

) (
3
2

)
C!
C−2!

N−2!
N−3!

(
7
4

) (
3
2

)
{4, 1, 1, 1} C!

C−1!
N−1!
N−4! ×

(
7
4

)
C!
C−1!

N−1!
N−4! ×

1
3! 3!

(
7
4

)
{3, 3, 1} C!

C−2!
N−2!
N−3! ×

(
7
3

) (
4
3

)
× 1

2!
C!
C−2!

N−2!
N−3! ×

1
2!

(
7
3

) (
4
3

)
{3, 2, 1, 1} C!

C−2!
N−2!
N−4! ×

(
7
3

) (
4
2

)
C!
C−2!

N−2!
N−4! ×

1
2! 2!

(
7
3

) (
4
2

)
{3, 1, 1, 1, 1} C!

C−1!
N−1!
N−5! ×

(
7
3

)
C!
C−1!

N−1!
N−5! ×

1
4! 4!

(
7
3

)
{3, 2, 2} C!

C−3! ×
(

7
3

) (
4
2

)
× 1

2!
C!
C−3! ×

1
2!

(
7
3

) (
4
2

)
{2, 2, 2, 1} C!

C−3!
N−3!
N−4! ×

(
7
2

) (
5
2

) (
3
2

)
× 1

3!
C!
C−3!

N−3!
N−4! ×

1
3!

(
7
2

) (
5
2

) (
3
2

)
{2, 2, 1, 1, 1} C!

C−2!
N−2!
N−5! ×

(
7
2

) (
5
2

)
× 1

2!
C!
C−2!

N−2!
N−5! ×

1
2!

1
3! 3!

(
7
2

) (
5
2

)
{2, 1, 1, 1, 1, 1} C!

C−1!
N−1!
N−6! ×

(
7
2

)
C!
C−1!

N−1!
N−6! ×

1
5! 5!

(
7
2

)
{1, 1, 1, 1, 1, 1, 1} N !

N−7!

(
N
7

)
7!

Table A.2.: List of all partitions of m-photon detections for m = 6 and m = 7. The total

number of quantum paths in each partition is given by P{...}NQC,no..|f〉
{...}
NQC,no.

denotes the number of final states and the number of quantum paths leading

to the same final state is abbreviated by
P{...}NQC,no.

|f〉{...}NQC,no.

.
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B. Derivation of position dependent Bell

correlations of second order

In this appendix we want to derive Eqs. (4.115) and (4.116). Bell inequalities in the

CHSH formulation are inequalities based on a double channel experiment. In order to

establish this double channel character, we have to slightly change our setup. Let us

suppose that the photon sources 1 and 2 are connected to both detectors via optical

fibers. Each detector shall now consist of two photomultipliers, located at the output

ports of a 50-50 beamsplitter, representing a transmitting + and a reflecting − channel.

Measuring the photon-photon correlation function, we thus consider four photodetectors,

say D+
1 , D

−
1 , D

+
2 and D−2 . In this configuration we can make use of the well known

correlation function [193,195] commonly employed in Bell experiments

C(r1, r2) ≡

〈∑
α,β αβ G

(2)
αβ(r1, r2)

〉
〈∑

α,β G
(2)
αβ(r1, r2)

〉 , (B.1)

where α, β = {+,−}. Hereby, G
(2)
αβ(ϕ1, ϕ2) abbreviates the photon-photon correlation

of measuring one photon in the α channel at position ϕ1 (i.e., at detector Dα
1 ) and the

other photon in the β channel at position ϕ2 (i.e., at detector Dβ
2 ). In an experiment

these correlations would correspond to four twofold coincidence rates. Keeping in mind

that due to reflection we get a phase shift of π we arrive at

G
(2)
αβ(r1, r2) = 〈: (â†1â1 + â†2â2)2 :〉 ± 2 〈â†1â1〉〈â†2â2〉 cos (ϕ11 − ϕ12)

= 〈: (â†1â1 + â†2â2)2 :〉(1± V2 cos (ϕ11 − ϕ12)) , (B.2)

where the plus (minus) sign holds for α = β (α 6= β) and with the visibility [cf.,

Eq. (3.19)]

V2 =
2 〈â†1â1〉〈â†2â2〉

〈: (â†1â1 + â†2â2)2 :〉
. (B.3)
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Thus, C(r1, r2) calculates to

C(r1, r2) = V2 cos (ϕ11 − ϕ12) . (B.4)

Eq. (B.4) is equivalent to Eq. (4.116), i.e., Eq. (4.116) integrates the foregoing proce-

dure of deriving correlations suitable for a Bell test. We want to emphasize that this

expression holds for every position dependent mixed photon-photon correlation function

with visibility V2j . Due to the normalization on
〈∑

α,β G
(2)
αβ(r1, r2)

〉
the correlation

C(r1, r2), like Eq. (4.115), becomes independent of experimental inefficiencies of the

form η = α0
∆Ω
4π . Hereby, α0 stands for the quantum efficiency of the detectors and ∆Ω

for the restricted solid angle subtended by the detector surfaces (cf., section 2.3).

For reasons of clarity, let us briefly present the calculation leading to Eq. (4.116). Starting

with Eq. (4.115), we obtain

g̃
(2)
2j (r1, r2) =

G
(2)
2j (r1, r2)

2π−1
∫
G

(2)
2j (r1, r2)dϕ11|ϕ12=const.

− 1 =

=
〈: (â†1â1 + â†2â2)2 :〉+ 2 〈â†1â1〉〈â†2â2〉 cos (ϕ11 − ϕ12)

〈: (â†1â1 + â†2â2)2 :〉
− 1

=
2 〈â†1â1〉〈â†2â2〉

〈: (â†1â1 + â†2â2)2 :〉
cos (ϕ11 − ϕ12)

= V2j cos (ϕ11 − ϕ12) , (B.5)

recalling that we assume uncorrelated sources and being aware that
〈
â† 2â2

〉
F

= 0.

However, the crucial point is that the expression is bounded by ±1 (cf., section 4.3.2).

Thus, Bell’s theorem is applicable and we are able to investigate the non-local behavior

of the underlying photon-photon correlation functions.

Finally we note that in principle a loophole free Bell test is possible in our scheme. For

this, one would have to measure two photon events in each measurement cycle, e.g., by

using a 4π detector, with high spatial resolution.
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C. Derivation of the third order intensity

correlation function for disparate light

sources

In this section we derive Eq. (4.119), i.e., the third order intensity correlation func-

tion G
(3)
N (r1, r2, r3) employed in section 4.7. Using the electric field operator, given in

Eq. (3.27), the spatial third order correlation function for N photon sources, proportional

to the probability to jointly detect three photons in the far-field of N light sources, takes

the form

G
(3)
N (r1, r2, r3) = ||Ê(+)

N (r1)Ê
(+)
N (r2)Ê

(+)
N (r3)

N∏
n=1

|Φni〉||2

= ||
N∑

m,j,k=1

ei ϕm3ei ϕj2ei ϕk1 âmâj âk

N∏
n=1

|Φni〉||2

= ||
N∑
m=1

Ξmmm||2 + ||
N∑

m,j=1
m6=j

Ξmjm||2 + ||
N∑

m,j=1
m 6=j

Ξmmj ||2 + ||
N∑

m,j=1
m6=j

Ξjmm||2

+ ||
N∑

m,j,k=1
m 6=j 6=k

Ξmjk||2

= ||
N∑
m=1

Ξmmm||2 + ||
N∑

m,j=1
m6=j

(Ξmjm + Ξmmj + Ξjmm)||2 + ||
N∑

m,j,k=1
m6=j 6=k

Ξmjk||2 (C.1)

where we used the abbreviation Ξmjk = ei ϕm3ei ϕj2ei ϕk1 âmâj âk
∏N
n=1 |Φni〉 and have

omitted the sum over all probability distributions Pni ≡
∑

i

∏N
n=1 Pni for brevity. The

first term
∑N

m=1 Ξmmm in Eq. (C.1) can be identified with the partition {3} (cf., section

3.4 and the appendix A) and corresponds to the C!
(C−1)! possibilities that one light source

scatters three photons, with C the number of classical sources of the N light sources.
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The second terms
∑N

m,j=1
m6=j

(Ξmjm+Ξmmj+Ξjmm), i.e., the quantum path partition {2, 1},

corresponds to the 3 C!
(C−1)!

N−1!
(N−2)! possibilities that a light source scatters two photons

and another light source one photon. Finally,
∑N

m,j,k=1
m6=j 6=k

Ξmjk are the N !
(N−3)! three-photon

quantum paths leading from three different sources to three different detectors, i.e., the

partition {1, 1, 1}. Now, let us calculate the three terms separately. For the first term

we easily obtain

||
N∑
m=1

Ξmmm||2 =

N∑
m=1

〈â† 3â3〉Φm . (C.2)

However, the calculation of the partition {2, 1} is a little bit more involved. It reads

||
N∑

m,j=1
m6=j

(Ξmjm + Ξmmj + Ξjmm)||2

= Pni

N∑
m,j=1
m 6=j

||(ei (ϕm3+ϕj2+ϕm1) + ei (ϕm3+ϕm2+ϕj1) + ei (ϕj3+ϕm2+ϕm1))â2
mâj

N∏
n=1

|Φni〉||2

=
N∑

m,j=1
m 6=j

[ei (m−j)(ϕ11−ϕ12) + ei (m−j)(ϕ11−ϕ13) + ei (m−j)(ϕ12−ϕ13) + c.c.+ 3]

×〈â† 2â2〉Φm〈â†â〉Φj

=

N∑
m,j=1
m6=j

{3 + 2

3∑
k,l=1
k<l

cos[(m− j)(ϕ1k − ϕ1l)]}〈â† 2â2〉Φm〈â†â〉Φj (C.3)

Note that the sum
∑N

m,j=1 occurs under the condition m 6= j since 〈â† 2â2〉Φm〈â†â〉Φj
could be in general unequal to 〈â† 2â2〉Φj 〈â†â〉Φm due to the statistics of the considered

light sources. In order to obtain the spatial intensity correlation function of third order

G
(3)
N (r1, r2, r3), we further have to calculate the third term in Eq. (C.1), corresponding

to the contribution of the N !
(N−3)! three-photon quantum paths to the correlation signal.

It reads
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||
N∑

m,j,k=1
m 6=j 6=k

Ξmjk||2 = Pni||
N∑

m,j,k=1
m6=j 6=k

ei ϕm3ei ϕj2ei ϕk1 âmâj âk

N∏
n=1

|Φni〉||2

=

N∑
m,j,k=1
m<j<k

|
∑
m,j,k
∈S3

ei ϕm3ei ϕj2ei ϕk1 |2〈â†â〉Φm〈â†â〉Φj 〈â†â〉Φk . (C.4)

The expression
∑

m,j,k
∈S3

denotes the sum over the symmetric group S3 with 3 elements

m, j, k and cardinality 3! = 6. In an explicite form, it reads

∑
m,j,k
∈S3

ei ϕm3ei ϕj2ei ϕk1 = ei (ϕm3+ϕj2+ϕk1) + ei (ϕm3+ϕk2+ϕj1) + ei (ϕj3+ϕm2+ϕk1)

+ ei (ϕj3+ϕk2+ϕm1) + ei (ϕk3+ϕm2+ϕj1) + ei (ϕk3+ϕj2+ϕm1) . (C.5)

Evaluating Eq. (C.4), what is rather exhausting than complicated, we obtain

||
N∑

m,j,k=1
m 6=j 6=k

Ξmjk||2 = 6
N∑

m,j,k=1
m<j<k

〈â†â〉Φm〈â†â〉Φj 〈â†â〉Φk

+ 2

N∑
m,j,k=1
m<j<k

〈â†â〉Φm〈â†â〉Φj 〈â†â〉Φk 3∑
n,l=1
n<l

3∑
i=1

cos[σi(ϕ1n − ϕ1l)]


+ 2

N∑
m,j,k=1
m<j<k

〈â†â〉Φm〈â†â〉Φj 〈â†â〉Φk ∑
σ1,σ2,σ3
∈S3

cos[
3∑
i=1

σiϕ1i]


=

N∑
m,j,k=1
m<j<k

〈â†â〉Φm〈â†â〉Φj 〈â†â〉Φk

×

6 + 2{
3∑

n,l=1
n<l

3∑
i=1

cos[σi(ϕ1n − ϕ1l)] +
∑

σ1,σ2,σ3
∈S3

cos[

3∑
i=1

σiϕ1i]}

 (C.6)

with σ1 ≡ |m − j|, σ2 ≡ m − k and σ3 ≡ |j − k|. Plugging Eqs. (C.2), (C.3) and (C.6)
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into Eq. (C.1), the third order spatial intensity correlation function G
(3)
N (r1, r2, r3) reads

G
(3)
N (r1, r2, r3) =

N∑
m=1

〈â† 3â3〉Φm

+
N∑

m,j=1
m6=j

{3 + 2
3∑

k,l=1
k<l

cos[(m− j)(ϕ1k − ϕ1l)]}〈â† 2â2〉Φm〈â†â〉Φj

+
N∑

m,j,k=1
m<j<k

〈â†â〉Φm〈â†â〉Φj 〈â†â〉Φk

×

6 + 2 {
3∑

n,l=1
n<l

3∑
i=1

cos[σi(ϕ1n − ϕ1l)] +
∑

σ1,σ2,σ3
∈S3

cos[

3∑
i=1

σiϕ1i]}

 . (C.7)
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D. Derivation of the angular dependent

distribution of intensity for initial

generalized W-states

In this appendix we want to derive Eq. (5.38) from first principles. Starting with

Eq. (5.20) the angular dependent intensity distribution obtained from atomic emitters

initially in a generalized symmetric W-states reads

I|Wne,ng 〉(θ) =
∑
i,j

〈ŝ+
i ŝ
−
j 〉 e

i (ϕi−ϕj)

=
∑
i

〈ŝ+
i ŝ
−
i 〉+

∑
i 6=j
〈ŝ+
i ŝ
−
j 〉 e

i (ϕi−ϕj)

= N α+ β

∑
i,j

ei (ϕi−ϕj) −N


= N α+ β

∣∣∣∣∣
∣∣∣∣∣∑
i

eiϕi

∣∣∣∣∣
∣∣∣∣∣
2

− β N

= N α+ β
sin2(N ϕ1

2 )

sin2(ϕ1

2 )
− β N , (D.1)

where we used the fact that due to the symmetry of the W-states the matrix elements

〈ŝ+
i ŝ
−
i 〉 and 〈ŝ+

i ŝ
−
j 〉 are independent of i, j and given by constants which we denote by

α and β, respectively. For α we obtain

α ≡ 〈ŝ+
i ŝ
−
i 〉 =

1

2
+ 〈ŝzi 〉

→ N α =
N

2
+ 〈ŝz〉 =

N

2
+M = ne , (D.2)

as M = ne − N/2 (cf. section 5.2.3). Now we have to determine the constant β. The
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sum over all matrix elements 〈s+
i s
−
j 〉 of the collective states |N/2,m〉, corresponding to

the symmetric W-states |Wne,ng〉, calculates to [38]

∑
i,j

〈s+
i s
−
j 〉 =

N

2
(
N

2
+ 1)−M2 +M

= ne(N − ne + 1) (D.3)

and must be identical to the maximum intensity from generalized symmetric W-states

[cf. Eq. (D.1)]. Thus it follows with Eqs. (D.1) and (D.2) that

ne(N − ne + 1) ≡ ne + β N (N − 1)

→ β =
ne(N − ne)
N(N − 1)

, (D.4)

as the maximum of
sin2(

ϕN
2

)

sin2(ϕ
2

)
= N2. Now, if we put α and β into Eq. (D.1), we arrive

at the angular dependent intensity from generalized symmetric W-states introduced in

Eq. (5.38).
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fachliche Ausbildung ermöglichten, wie ich sie mir nicht hätte besser wünschen können.

Christoph Thiel, Steffen Oppel und Daniel Göring danke ich insbesondere für den in-
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