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Zusammenfassung 

Photonische Kristalle bieten eine einzigartige Plattform für die Realisierung von voll-

optischen Bauelemente und von photonischen Schaltkreisen für die 

Hochgeschwindigkeitsverarbeitung von Lichtsignalen. Die Wellenleiter und 

Mikrokavitäten werden in den photonischen Kristallen durch eine geeignete Wahl von 

Defekten erzeugt und bilden die beiden grundlegenden Elemente, die verwendet werden, 

um andere Komponenten und Geräte mit komplexer Funktionalität zu implementieren. Die 

Gekoppelte Mode-Theorie (GMT) bietet einen theoretischen Rahmen für ein effizientes 

Entwickeln von derartigen Geräten. Der wesentliche Vorteil dieser Theorie ist, dass sie 

auch sehr komplexe photonische Strukturen zu einem einheitlichen Satz von Oszillatoren 

reduzieren kann, die sowohl mit externen Signalen als auch untereinander über 

Streuungskanäle interagieren können. 

Trotz der Tatsache, dass die GMT eine höhere analytische Beschreibung eines 

Systems bietet, welche sich sehr gut für technische Zwecke ausnutzen läßt, wird sie meist 

in einer phänomenologischen Weise verwendet und erfordert eine Reihe von passenden 

Parameter. Das Hauptziel dieser Arbeit war es, den GMT Formalismus in einer 

systematischen Art und Weise zu entwickeln, indem dieser direkt aus den Maxwell-

Gleichungen abgeleitet wurde und dieser somit ein Fundament für Anwendung in der 

Modellierung von nichtlinearen photonischen Strukturen bieten kann. Die GMT basiert auf 

einem modalen Ansatz, und sie kann ohne Beschränkung der Allgemeinheit auf Systeme 

beliebiger Dimensionalität angewandt werden. In dieser Arbeit liegt ein Schwerpunkt auf 

der Untersuchung der nichtlinearen optischen Eigenschaften von komplexen 

mehrschichtigen Strukturen. 

Es wird gezeigt, dass diese neuartige Formulierung der GMT gleich gut Strukturen 

mit periodischen, quasiperiodischen und sogar aperiodische Schichtanordnung beschreibt. 

Sie ist anwendbar auf große Variationen des Brechungsindex zwischen den Schichten und 

berücksichtigt korrekt den Einfluss der Grenzen für Strukturen endlicher Länge. Darüber 
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hinaus können die nichtlinearen Wechselwirkungen leicht in die wichtigsten Gleichungen 

eingefügt werden, und diese Theorie kann sowohl für Frequenz- als auch 

Zeitbereichsimulationen verwendet werden. Dies macht die GMT weit überlegen 

gegenüber vielen anderen Methoden für die vielschichtigen Strukturen. Insbesondere folgt 

aus der GMT, dass das Transmissionsspektrum von Viertel-Wellenlängen-Strukturen, die 

durch exakte analytische Formeln beschrieben werden, gültig sind in einem breiten 

Spektralbereich. Die Kenntnis dieser Formeln kann man leicht auf viele andere wichtige 

Merkmale wie die Gruppenverzögerung von ultrakurzen Pulse oder die photonische 

Zustandsdichte übertragen. 

Ein Schwerpunkt dieser Arbeit lag in der Anwendungen der GMT auf das Design von 

voll-optischen Geräten. Es wurde untersucht, wie eine optische Diode mit dem 

Multistabilität von gekoppelten nichtlinearen Mikrokavitäten und der Abhängigkeit der 

Schaltschwellen auf die Einfallsrichtung realisiert werden kann. Die GMT bietet nicht nur 

ein einfaches analytisches Modell für dieses System, sondern hilft auch, die Parameter der 

Mikrokavitäten so zu wählen, um ein starkes nichtreziprokes Verhalten gemeinsam mit 

vernachlässigbaren Einfügedämpfung zu erreichen. Es wird auch gezeigt, wie man die 

Selbst-Pulsationen in mehrschichtigen Strukturen nutzen, um ein Dauerstrichsignal in eine 

reguläre Abfolge von ultrakurzen Pulsen zu konvertieren. Die GMT wird angewendet, um 

die Dynamik des Selbst-Pulsationen zu beschreiben und sie als eine unendliche Reihe von 

Schaltungen zwischen bistabilen Zustände durch das Überlagern von Moden zu erklären. 

Schlagwörter 

Streutheorie, mehrschichtigen Strukturen, Mikrokavitäten, Kerr-Effekt, optische Diode, 

optische Isolatoren, gekoppelte Oszillatoren, voll-optische Geräte, Bistabilität, Selbst-

Pulsationen, photonische Kristalle, Quasikristalle. 
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Abstract 

Photonic crystals offer a unique platform to construct all-optical devices and as an ultimate 

goal to develop photonic circuits for high-speed processing of light signals. The 

waveguides and microcavities created in the photonic crystals by a suitable choice of 

defects form the two basic elements which are used to design other components and 

devices with more complex functionality. The Coupled-Mode Theory (CMT) provides a 

theoretical framework for an efficient design of such devices. The main advantage of this 

theory is that it can reduce even very complex photonic structures to a uniform set of 

oscillators, which interact with the external signals and among each other through the 

scattering channels. 

In spite of the fact that the CMT provides a higher-level analytical description of a 

system, which is very suitable for engineering purposes, it is mostly used in a 

phenomenological manner and requires a number of fitting parameters. The main goal of 

this work was to develop the CMT formalism in a systematic way by starting directly from 

the Maxwell equations and to provide a strong foundation for the usage of this theory in 

the modeling of nonlinear photonic structures. The CMT is a modal approach, and it can be 

applied without loss of generality to systems of any dimensionality. In this work an 

emphasis was made on studying the nonlinear optical properties of complex multilayered 

structures. 

It is shown that the new formulation of the CMT describes equally well structures 

with periodic, quasiperiodic and even aperiodic arrangements of the layers. It is applicable 

for deep variations of the refractive index between the layers and takes into account 

correctly the influence of the boundaries for structures of finite length. Moreover, the 

nonlinear interactions can be easily included into the main equations, and this theory can 

be used both for the frequency and time domain simulations. This makes the CMT far 

superior to many other methods developed for the multilayered structures. In particular, it 

follows from the CMT that the transmission spectrum of quarter-wave structures can be 
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described by exact analytical formulas which are valid in a broad spectral range. The 

knowledge of these formulas allows one to compute easily many other important 

characteristics such as the group delay experienced by the ultrashort pulses propagating 

through the structure or the photonic density of states. 

A large part of this work is devoted to the applications of the CMT in the design of 

all-optical devices. It is considered how to create an optical diode by using the 

multistability of coupled nonlinear microcavities and the dependence of switching 

thresholds on the direction of incidence. The CMT not only provides a simple analytical 

model for this system, but also helps to choose the parameters of the microcavities so as to 

achieve a strong nonreciprocal behavior together with a negligible insertion loss. It is also 

shown how to use the self-pulsations in multilayered structures to convert a continuous 

wave signal into a regular train of ultrashort pulses. In this case, the CMT can be applied to 

describe the dynamics of the self-pulsations and to explain them as an infinite series of 

switching between bistable states due to the beating of modes. 

Keywords 

Scattering theory, multilayers, microcavities, Kerr effect, optical diode, optical isolators, 

coupled oscillators, all-optical devices, bistability, self-pulsations, photonic crystals, 

quasicrystals. 
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Chapter 1 

Introduction 

 

In the last decades a strong foundation was formed for the new branch of optics which is 

devoted to a special kind of optical structures known as photonic crystals [1]. Similar to 

more common crystalline solids, where the motion of electrons is affected by the 

periodicity of an atomic lattice, the propagation of photons can be modified significantly 

when the wavelength becomes of the same order of magnitude as the period of an artificial 

lattice. Due to the coherent multiple scattering and interference effects, the photonic band 

gaps can be formed, or the regions of frequencies for which the propagation of photons 

inside the crystal is strongly suppressed. This offers an efficient way to control the flow of 

light at very small scales. By introducing line defects in the crystal, it is possible to create 

waveguides with very sharp bends, and by introducing point defects, it is possible to create 

microcavities of high quality factors. These two basic elements can be used to construct 

more complex components and as an ultimate goal to develop photonic circuits for high-

speed processing of light signals. 

However, in contrast to electrons, photons cannot interact directly with each other, 

and this makes them more suitable for the transfer of information rather than computing. 

One solution to overcome this difficulty is to use hybrid optoelectronic systems, where the 

optical signals are transformed into electronic ones and after being processed are converted 

back to the optical signals [2]. Although such solution is often acceptable, the necessity to 

transform signals from one domain to another limits the performance of these devices 

significantly and especially in terms of speed. As an all-optical alternative, the usage of 

nonlinear materials attracted a lot of attention, because photons can influence each other 
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through a medium, and this can be considered as a nearly instantaneous process. To 

strengthen the interaction even further, the localization properties of the microcavities can 

be used, and a number of devices have been proposed which perform the basic logical 

operations at ultralow powers [3-6]. 

The theoretical framework for the design of such devices is based on the Coupled-

Mode Theory (CMT). The CMT treats the photonic structures as a set of oscillators, which 

interact with the external signals and among each other through the scattering channels. 

The main equations of this theory can be derived in a phenomenological way by using just 

the general physical concepts like the conservation of energy flow and time-reversal 

symmetry [7-8]. However, such derivation involves many fitting parameters, and it is 

applicable only for single-mode microcavities of a simple configuration. The main goal of 

this work was to derive the CMT equations by starting directly from the Maxwell 

equations and to obtain the explicit formulas for all fitting parameters. To show the 

complexity and at the same time the usefulness of this task, it is sufficient to consider what 

has been done for the simplest case of 1D photonic crystals or multilayered structures 

because the CMT is to a large degree a dimensionless approach. 

Although the optical properties of multilayered structures are a long-standing subject 

of the research, the transfer matrix method is probably the only one and the most wide-

spread method which is applied to compute their transmission spectra and other properties. 

It belongs to the family of Finite Element Methods (FEM) [9-10], and thus it is very 

efficient from the numerical point of view. In comparison to finite difference methods such 

as FDTD [11] which use a uniform spatial grid, the accuracy of the transfer matrix method 

does not degrade due to the presence of multiple boundaries between layers at all. 

However, in spite of the fact that both of these methods are very robust and are applicable 

to quite arbitrary multilayered structures, they are not suitable for engineering purposes 

and provide only a little physical understanding in what is standing behind the properties 

which can be computed. This becomes especially true when structures with nonperiodic 

arrangements of the layers are considered or when the nonlinear materials are used. These 

difficulties emphasize the need of analytical or at least a semi-analytical approach. 

Many attempts were made to develop such approach. The simplest ones tried to 

consider the nonlinear layers as having infinitely small thickness [12-15]. This provided a 

model for the hysteresis of multilayered structures and explained the existence of 

stationary gap solitons in them. However, the main drawback of this model is that it gives 
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only qualitative rather than quantitative explanation. Other approaches tried to generalize 

the Slowly Varying Envelope Approximation (SVEA) which is widely used in fiber optics 

[16] to the case of multilayered structures [17-19]. In general, this approximation is 

applicable only for shallow gratings with small variations of the refractive index [20-23]. 

To avoid this severe limitation, the method of multiple scales was proposed, and a set of 

generalized coupled-wave equations was derived [24-27]. Nevertheless, it is difficult to 

apply this approach to structures with nonperiodic arrangements of the layers. 

The novelty of this work is that it systematically develops the CMT approach for 

multilayered structures and avoids many assumptions which restricted the validness of 

other approaches significantly. As a result, the CMT describes equally well structures with 

periodic, quasiperiodic and even aperiodic arrangements of the layers. It is applicable for 

deep variations of the refractive index between the layers and takes into account correctly 

the influence of the boundaries for structures of finite length. Moreover, this theory is 

broadband and does not introduce any reference or central wavelength. It can be used both 

for the frequency and time domain simulations. Another significant advantage is that the 

nonlinear interactions can be easily embedded in the CMT formalism, and this is done in 

such a way that the approach acquires a predictive strength which is useful both from the 

fundamental and practical points of view. 

It is very important that the CMT does not abandon the standard transfer matrix 

method or FDTD methods. On the contrary, the CMT is used as a-higher level framework 

over them. The purely numerical methods are necessary to find the modes of a structure, 

and as soon as they are found in some or other way, the CMT provides a simplified 

description of the structure. 

A large part of this work is devoted to the applications of the CMT in the design of 

all-optical devices. For example, it is considered how to use the nonreciprocal properties of 

coupled nonlinear microcavities to create an all-optical diode. Apart from that, the CMT is 

used to explain the self-pulsations in multilayered structures and to optimize the system in 

such as way so that it can be suitable for converting a continuous wave signal into a train 

of ultrashort pulses. Although these devices represent just a few examples, it is strongly 

believed that the range of possible applications for the CMT is significantly wider and that 

the results obtained in this work will serve as a firm basis for the engineering of advanced 

photonic devices. 
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1.1 Outline of the thesis 

The thesis has the following structure. In Chapter 2, a survey of the transfer matrix method 

for multilayered structures is given. It is emphasized that there are several ways to 

formulate it depending on the basis used in the matrix multiplications. The advantages and 

disadvantages of each representation are discussed, and the conversion between them is 

considered. Many important conclusions about the analytical properties of the transfer 

matrices can be made by adopting the scattering formalism, and the restrictions imposed by 

the fundamental physical principles such as the time-reversal symmetry or energy 

conservation are investigated. It is also shown that the relations between the traces of 

transfer matrices offer a simplified description of multilayered structures. They form the 

basis for the method of trace maps, and several examples are provided how to use this tool 

to explain the fractal nature of the transmission spectra for structures obtained by 

substitutional sequences. 

Nevertheless, it is justified that the transfer matrix method is mostly a numerical tool 

and does not give a physical explanation of the properties which can be computed. It 

cannot answer how to describe the shape of the resonances, how many of them are in the 

structure, and most importantly how signals propagating through the structure interact with 

these resonances. In the next few chapters, an emphasis is made on the development of 

such representation. 

Chapter 3 shows how to formulate the eigenvalue problem for the Maxwell equations 

in multilayered structures of finite length. The solution of this problem leads to an 

orthogonal set of leaking modes with complex resonant frequencies. These modes are used 

to construct the Green's function which provides comprehensive information about the 

properties of the structure and as a limiting case gives the scattering matrix of the system. 

A large part of this chapter is devoted to examples which include both periodic and 

aperiodic structures. In particular, it is shown how to interpret the shape of transmission 

spectra just by using the positions of the resonances in the complex frequency plane. 

In Chapter 4, the optical properties of multilayered structures which satisfy the 

quarter-wave condition are studied in detail. The formalism of the scattering matrix is 

applied to derive an exact analytical formula for their transmission spectra, which is valid 

in the full spectral range and contains only a limited number of parameters. These 

parameters are related to the poles of the scattering matrix, and it is emphasized that such 
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representation is possible even for multilayered structures with deep variations of the 

refractive index and arbitrary arrangements of the layers. The analytical formula for the 

broadband transmission is further applied to compute other important characteristics such 

as the group delay experienced by the ultrashort pulses propagating through the structure, 

the group velocity, the photonic density of modes. It is also discussed how to use these 

results to analyze the reshaping of the ultrashort pulses. Moreover, an efficient algorithm is 

presented which extracts the positions of all poles and their strength from the ray 

propagation data by using the harmonic inversion technique. 

In Chapter 5, the CMT for the multilayered structures is developed, and it is presented 

as a generalization of the scattering matrix formalism to the time domain. The CMT 

equations are rigorously derived from the Maxwell equations by using the properties of the 

Green's function, which allows one to avoid the usage of any fitting parameters and to 

obtain the explicit expressions for all coupling coefficients. It is emphasized that this 

theory is broadband in the sense that it can describe the excitation of multiple resonances 

consistently. If only one resonance is strongly excited, other resonance can be treated as a 

background, and a simplified set of the CMT equations is derived for this important 

particular case. The CMT formalism is also extended to take into account perturbations 

caused by the nonlinear properties of the materials such as the Kerr nonlinearity. It is 

shown that the multilayered structures can be divided in a few weakly coupled blocks or 

microcavities, and the nonlinear transfer matrix method is formulated to compute the 

hystereses and nonlinear transmission spectra of such structures very efficiently. 

After obtaining and justifying the CMT equations, a few possible applications of them 

in the design of all-optical devices are considered. In Chapter 6, the problem of creating an 

optical diode is studied in detail, and a comparative review of the existing approaches 

towards its fabrication is given. It is emphasized that the usage of coupled nonlinear 

microcavities is particularly suitable to obtain small-scale optical diodes which can be 

integrated on a chip. It is proposed to use the multistability of coupled nonlinear 

microcavities and the dependence of switching thresholds on the direction of incidence to 

achieve a strong nonreciprocal behaviour together with a negligible insertion loss. A 

possible implementation of such nonlinear optical diode in the form of multilayered 

structures is considered. 

In Chapter 7, the phenomenon of self-pulsations in coupled nonlinear microcavities is 

investigated. It is explained as a balanced state formed by two counteracting processes: 
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beating of modes and bistable switching. This is used to design a structure which shows an 

enhanced ability to this phenomenon and can transform a continuous wave signal into a 

regular train of ultrashort pulses. 

Chapter 8 summarizes the results obtained in this work and provides an outlook for 

the possible directions of further research. 

1.2 A summary of the main results 

The most important results obtained in this work can be stated as follows. 

(1)  The CMT for multilayered structures was developed, which is valid for deep 

variations of the refractive index and arbitrary arrangements of the layers. The derivation is 

based on the properties of the Green's function and its expansion in terms of the leaking 

modes. This theory treats the multilayered structure as a set of independent oscillators, and 

all parameters can be determined from the modes of the system. A significant advantage of 

the derivation proposed is that the excitation of multiple resonances can be taken into 

account consistently, which makes this theory broadband. 

(2)  It was shown that the transmission spectrum of quarter-wave structures can be 

described exactly by analytical formulas which are valid in the full spectral range and 

contain only a limited number of parameters. These parameters are related to the poles of 

the scattering matrix, and an efficient algorithm was proposed to find them numerically. It 

is based on considering the ray propagation inside the structure and subsequent application 

of the harmonic inversion technique. The knowledge of the precise analytical formula for 

the broadband transmission allows one not only to compute easily many important 

characteristics, such as the group delay experienced by the ultrashort pulses propagating 

through the structure, the group velocity dispersion, the photonic density of modes, but 

also to analyze the reshaping of the ultrashort pulses. 

(3)  The CMT was generalized to take into account perturbations caused by the 

nonlinear properties of the materials such as the Kerr nonlinearity. As a result, the resonant 

frequencies can be shifted by the nonlinearity, and to describe the influence of the self- and 

cross-phase modulation the characteristic intensities were introduced. It was shown that the 

multilayered structures can be treated as a set of coupled microcavities, and a nonlinear 
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transfer matrix method was formulated to compute their hystereses and nonlinear 

transmission spectra very efficiently. This method was applied to explain bistability, 

multistability and nonreciprocal behavior of multilayered structures. 

(4)  A novel concept for the design of nonlinear optical diodes was proposed which 

uses the multistability of coupled nonlinear microcavities and the dependence of switching 

thresholds on the direction of incidence. It was shown that it is possible to achieve a strong 

nonreciprocal behavior together with a negligible insertion loss. Moreover, the design uses 

the flattening of the resonance shape to make the performance of the device stable for 

small variations of the frequency detuning. A typical example of such diode can be created 

by combining two mirror-symmetric microcavities where modes of the opposite parity 

dominate, and a possible implementation in the form of multilayered structures was 

suggested. 

(5)  A novel point of view on the phenomenon of self-pulsations was presented, which 

shows that they are a balanced state formed by two counteracting processes: beating of 

modes and bistable switching. A structure based on two coupled nonlinear microcavities 

provides a typical example of a system with enhanced ability to this phenomenon. The 

specific design of such structure in the form of multilayered media was proposed, and the 

CMT formalism was applied to describe its dynamical properties. It was shown that it is 

possible to adjust the parameters of the self-pulsations and to excite them with a deep 

modulation amplitude so that a continuous wave signal can be transformed into a regular 

train of ultrashort pulses. 
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Chapter 2 

Transfer matrix method 

 

The most widespread approach to analyze the linear optical properties of multilayered 

structures is based on the transfer matrix method. It can be considered as a special case of 

the finite element method formulated for the Maxwell equations in one dimension. This 

makes it very efficient from the numerical point of view. Moreover, being a frequency 

domain method, it allows one to compute easily the transmission spectrum of the structures 

and to take into account many linear properties of the materials such as the dispersion of 

the refractive index. The transfer matrix method can also be used to make some analytical 

predictions about the general optical properties of the multilayered structures. Of particular 

importance in this regard are the relations, which can be derived for the traces of transfer 

matrices and which form the basis for the method of trace maps. It is a very valuable tool 

to investigate the multilayered structures with quasiperiodic arrangements of the layers and 

to explain their properties. In this Chapter, a survey of the transfer matrix method is given 

and an emphasis is made on its usage as analytical approach. 

2.1 Derivation of the main equations and conventions 

There are several ways to formulate the transfer matrix method [28-32], and they can be 

subdivided into two large groups depending on the basis used in the matrix multiplications. 

The basis formed by the components of the electric and magnetic fields is simpler to apply 

inside the structure, since it is continuous and does not involve any additional treatment of 
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the interfaces between different layers. These complications arise in the basis formed by 

the amplitudes of forward and backward moving waves, because it is necessary to take into 

account separately the scattering of the waves at the boundaries of the layers. However, 

this basis is more appropriate to describe the fields outside the structure, and many 

physical properties such as the energy conservation or the time-reversal symmetry are 

easier to analyze by using this representation. In what follows a combined approach is 

presented which uses the advantage of the first basis to describe efficiently the propagation 

of the fields inside the structure, and then a conversion is made to the second basis. 

2.1.1 The basis of electric and magnetic fields 

The propagation of electromagnetic waves in multilayered structures can be described by 

the Maxwell equations. For simplicity, the case of normal incidence will be considered so 

that it is not necessary to distinguish the s- and p-polarizations of the incident waves. 

Assuming the time dependence of the form exp( )i t   and using the system of coordinates 

as shown in Figure 2.1, the electric ( )xE z  and magnetic fields ( )yH z  cab be related 

through the following spatial derivatives 

 ( / )z x yE i c H   , (2.1) 

 ( / ) ( )z y xH i c z E    , (2.2) 

where ( )z  is the permittivity of the structure. The system of two equations (2.1)-(2.2) can 

be replaced by a single differential equation of the second order after eliminating either 

magnetic or electric field. This leads to the following wave equations 

 
22

2
( ) 0x

x
d E

z E
cdz

    
 

, (2.3) 

 
2

1
0

( )
y

y

dHd
H

dz z dz c

          
. (2.4) 

The general solution of the wave equation (2.3) inside layer m  can be written in terms 

of its fundamental solutions, and then the corresponding expression for the magnetic field 

can be obtained by taking the spatial derivative as in Eq. (2.1) 
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 ( ) cos[ ( )] sin[ ( )]m m m m m m mE z C n z z S n z z      , (2.5) 

 ( ) sin[ ( )] cos[ ( )]m m m m m m m m miH z n C n z z n S n z z       . (2.6) 

In this solution, Cm and Sm are some constants to be determined later, m mn    is the 

refractive index of the layer m , and / c    is the wavenumber in the vacuum. If the 

fields on the boundary between layers m  and 1m   are fixed to ( )m m mE z E  and 

( )m m mH z H , the constants take the following values m mC E  and 1
m m mS in H . 

Therefore, the field at any point in the layer can be found as 

 1( ) cos[ ( )] sin[ ( )]m m m m m m m mE z E n z z in H n z z      , (2.7) 

 ( ) sin[ ( )] cos[ ( )]m m m m m m m mH z in E n z z H n z z      . (2.8) 

It is convenient to relate the fields on the opposite sides of the layer by using the 

characteristic matrix mM  which is defined as 

 
1

m
m m

E E

H H

   
   

   
M , (2.9) 

 
1cos( ) sin( )

sin( ) cos( )

m m m m m
m

m m m m m

n d in n d

in n d n d

   
  
    

M , (2.10) 

where 1m m md z z    is the thickness of the layer m . An important advantage of using  

 

Figure 2.1: Schematic representation of a multilayered structure and the system of 
coordinates used to describe its properties. The structure consists of N layers which are 
stacked along the z-axis so that the outer boundaries are located at z = 0 and z = L. The 
normal incidence is considered which is possible both from the left (port 'U') and from 
the right (port 'V'). The amplitudes of the ingoing (outgoing) plane waves are denoted as 
u+ and v+ (u– and v–). 
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the basis formed by the tangential components of the electric and magnetic fields is its 

continuity at the interfaces between any two layers. Therefore, if the characteristic matrices 

are known for all layers of the structure, they can be multiplied in the following order to 

produce the total matrix totalM  which relates the electric and magnetic fields on the 

opposite boundaries of the structure 

 total 1 2 1... N NM M M M M . (2.11) 

It can be checked that for any single layer the determinant of the characteristic matrix mM  

is always equal to 1, which means that it is a unimodular matrix. As a consequence of 

Eq. (2.11) this property also holds for the entire structure 

 totaldet 1M . (2.12) 

2.1.2 The basis of forward and backward moving waves 

The electromagnetic field in each layer can be represented as a sum of two plane waves 

which propagate in the opposite directions and have constant amplitudes E  and E  

 ( ) exp[ ( )] exp[ ( )]r rE z E in z z E in z z        , (2.13) 

 ( ) { exp[ ( )] exp[ ( )]}r rH z n E in z z E in z z        , (2.14) 

where rz  is a reference point. Although this basis is not continuous at the interfaces 

between different layers, it is especially useful to describe the ingoing and outgoing waves 

at the boundaries of the structure. The conversion from the electric and magnetic fields at 

the point rz  to the amplitudes of the forward and backward moving waves can be 

performed in the matrix form 

 
1 1

( )
E EE

n
E EH n n
 

 

      
             

X , (2.15) 

 1 1 1/1
( )

1 1/2

E E n E
n

E H n H
 



       
             

X . (2.16) 

If the point rz  is situated at the boundary between two layers, the conversion matrix ( )nX   
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in these formulas should be computed by using the refractive index of the layer, where the 

expansion in the forward and backward moving waves is needed. 

The transmission and reflection of plane waves on a single interface which separates 

media with the refractive indices An  and Bn  can be described by the interface matrix 

 1
AB A B A B( , ) ( ) ( )n n n n Y Y X X , (2.17) 

 AB
A B

E E

E E
 

 

   
   

   
Y , (2.18) 

 B A B A
AB

B A B A

1 ( / ) 1 ( / )1
1 ( / ) 1 ( / )2

n n n n

n n n n

  
    

Y . (2.19) 

For example, if a plane wave is incident from the left so as B( ) 0E  , the transmission 

AT  and reflection coefficients AR  can be found as 

 B A
A

A AB 11 A B

( ) 21

( ) [ ]

E n
T

E n n



  

Y
, (2.20) 

 A AB 21 A B
A

A AB 11 A B

( ) [ ]

( ) [ ]

E n n
R

E n n





  


Y

Y
. (2.21) 

These results coincide with the Fresnel formulas for the normal incidence. The interface 

matrix has a number of properties, which can be proved by using its definition (2.17). For 

example, 1
AB BA( ) Y Y , AB BC ACY Y Y . 

It is convenient to describe the propagation of waves through an arbitrary multilayered 

structure by using the transfer matrix T  

 
U V

E E

E E
 

 

   
   

   
T . (2.22) 

Assuming that the refractive indices of the media on the left and right boundaries are Un  

and Vn , respectively, the transfer matrix can be related to the characteristic matrix of the 

structure as 

 1
U V( ) ( )n nT X M X . (2.23) 
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In fact, the interface matrix Y  can be considered as a special case of the transfer matrix T  

when M  equals to the identity matrix. Another important example is a dielectric slab with 

the refractive index mn  and thickness md  which is surrounded by the medium with the 

refractive index 0n  on both sides. Its transfer matrix can be found as 

 1
0 0( ) ( )m mn nT X M X  (2.24) 

and equals to 

 

0 0

0 0

0 0

0 0

cos sin sin
2 2

sin cos sin
2 2

m m

m m
m

m m

m m

n n n ni i

n n n n

n n n ni i

n n n n

    
         

                        

T , (2.25) 

where m mn d   . It is also possible to obtain the transfer matrix of a single layer by 

using the propagation matrix mP  

 
exp( ) 0

0 exp( )m
i

i

  
   

P , (2.26) 

and in this case 

 0 0( , ) ( , )m m m mn n n nT Y P Y . (2.27) 

Similar to the characteristic matrix totalM , the total transfer matrix totalT  of a 

multilayered structure can be computed as 

 total U0 1 2 1 0V... N NT Y T T T T Y . (2.28) 

It follows from Eq. (2.24) that the determinant of each matrix mT  equals to 1, and the 

determinant of the transfer matrix for the entire structure is 

 total V Udet /n nT . (2.29) 

It is often useful to consider the interaction of incident waves with the multilayered 

structures by applying the scattering formalism and to introduce the scattering matrix S  

for the system 

 U V

U V

R Tu u u

T Rv v v
  

  

      
       

      
S . (2.30) 
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It describes how the ingoing waves are transformed into the outgoing waves by the 

structure [Figure 2.1]. The components of this matrix give directly the reflection UR  ( VR ) 

and transmission UT  ( VT ) coefficients for waves incident from the port 'U' ('V'). The 

scattering matrix is closely related to the transfer matrix, and it can be shown by 

regrouping the elements in the definitions (2.30) and (2.22) that 

 21

1211

det1
1

T

TT

 
   

T
S , (2.31) 

 22

1121

11
det

S

SS

 
   

T
S

, (2.32) 

where the superscripts denote the matrix elements. It is worth noting that according to the 

formula (2.31), the transmission coefficient does not depend on the direction of incidence 

or U VT T  if det 1T , which is valid for structures surrounded by the same medium on 

both sides regardless of any specific arrangement of the layers. It also follows from 

Eqs. (2.31) and (2.32) that in the general case 22 11det /T T S  and 12 21det /S ST . 

2.2 Properties of the scattering and transfer matrices 

A number of properties can be derived for the scattering matrix of a multilayered structure 

if it is lossless or if the ambient media on its left and right boundaries are the same [2, 7, 

33]. Although these properties can be proved for the transfer matrix as well, they turn to be 

more meaningful for the scattering matrix. It is also worth noting that these properties are 

not independent, and meeting two of them can imply the fulfillment of the third one. For 

example, the time-reversal symmetry and reciprocity lead to the energy conservation. The 

main goal of this part is to provide a systematic derivation of the restrictions imposed by 

the fundamental physical principles on the elements of the scattering and transfer matrices. 
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2.2.1 Time-reversal symmetry 

When there is no absorption in a multilayered structure, any solution of the wave equation 

(2.3) can be replaced by a complex conjugated one, and it will also satisfy the original 

equation with the only difference that the meaning of the ingoing and outgoing waves is 

reversed. It is convenient to combine the amplitudes of these ways in a single vector 

 
u

v





 
  
 

a , (2.33) 

so that the statement above can be reformulated in terms of the scattering matrix in the 

following way. If  a Sa  is valid then ( ) ( ) 
 a S a  should also be valid, which 

requires that 

  S S I , (2.34) 

where I  is the identity matrix. 

Several conclusions can be made from Eq. (2.34). First of all, it means that 

U V U V| det | | | 1R R T T  S . Writing Eq. (2.34) in explicit form leads to the four scalar 

equations 

 
2

U V U U V V V

2
U U V U U V V

| | 1 0

0 1| |

R T T R T T R

T R R T T T R

  

  

    
   

     
, (2.35) 

which show that the knowledge of the reflection and transmission spectra for the left 

incidence ( UR  and UT ) is fully sufficient to determine the spectra for the right incidence 

( VR  and VT ). On the other hand, interpreting Eq. (2.34) as 1 S S  and comparing the 

matrix elements 

 
*

U V V V

U V U U

1

det

R T R T

T R T R

   
      S

, (2.36) 

shows that the reflection spectra for the opposite directions of incidence can differ only in 

phase U V| | | |R R . 

To derive the constraints imposed by the time-reversal symmetry on the transfer 

matrix, the following notation will be introduced 
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U

E u

E u
 

 

   
    
   

u  and 
V

E v

E v
 

 

   
    
   

v . (2.37) 

According to the definition of the transfer matrix u Tv , and the symmetry requires that 

* *
x x  u T v , where xσ  is the first Pauli matrix 

 
0 1

1 0x
 

  
 

σ . (2.38) 

These two equations are satisfied simultaneously when 

 x x
T σ T σ , (2.39) 

or being written in explicit form 

 11 21

21 11

T T

T T





 
  
  

T . (2.40) 

This means that due to the time-reversal symmetry the transfer matrix has only two 

independent components. 

2.2.2 Reciprocity principle 

According to the Lorentz reciprocity theorem [34-35], two arbitrary solutions of the 

Maxwell equations for the same frequency, which will be denoted as a  and b , should 

satisfy the following equation 

 ( ) ( ) ( ) ( )( ) 0a b b a     E H E H . (2.41) 

For multilayered structures surrounded by the same media on the sides, the first part of this 

equation is proportional to 

 ( ) ( ) T[ ] ( ) ( ),a b
z       E H a a b b  (2.42) 

and the second part has a similar form. Therefore, Eq. (2.41) can be replaced by 

 T T( ) ( )     a b a b , (2.43) 

which means that the scattering matrix should be symmetric 
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 TS S . (2.44) 

As a consequence of the reciprocity the transmission spectrum does not depend on the 

direction of incidence U VT T . 

In the context of the transfer matrix, Eq. (2.43) can be rewritten as 

 T T( ) ( )a y b a y bu σ u v σ v  (2.45) 

where y  is the second Pauli matrix 

 
0

0y
i

i

 
  
 

σ . (2.46) 

To satisfy Eq. (2.45) for arbitrary solutions, it should be required that 

 T 1( )y y
T σ T σ . (2.47) 

The only conclusion that can be made after rewriting Eq. (2.47) in explicit form is that 

det 1T . This is consistent with the fact that the scattering matrix is symmetric because as 

was shown before 12 21det /S ST . Moreover, this agrees with the formula (2.29) since it 

is assumed that the structure is surrounded by the same media on the both sides. 

2.2.3 Energy conservation 

If the multilayered structure is lossless, the energy flow of ingoing waves should be equal 

to the energy flow of outgoing waves. Assuming that the media on the left and on the right 

are the same, this condition can be written as 

 2 2 2 2| | | | | | | |u v v u      , (2.48) 

or using the notation (2.33) 

 † †( ) ( )   a a a a . (2.49) 

Since according to the definition of the scattering matrix  a Sa , the condition (2.49) 

can be reformulated as 
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 † S S I , (2.50) 

which means that the scattering matrix of the lossless system should be unitary † 1S S . 

In explicit form Eq. (2.51) is equivalent to the following system of scalar equations 

 
2 2

U U U V U V

2 2
V U V U V V

| | | | 1 0

0 1| | | |

R T R T T R

T R R T T R

 

 

    
   

     
. (2.52) 

The two equations on the primary diagonal show that the intensities of reflected and 

transmitted waves are equal to the intensity of the incident wave. 

In the context of the transfer matrix, Eq. (2.48) can be written as 

 † †
z zu σ u v σ v , (2.53) 

where z  is the third Pauli matrix 

 
1 0

0 1z
 

   
σ . (2.54) 

To satisfy Eq. (2.53), the following restriction should be imposed on the transfer matrix 

 † 1( )z z
T σ T σ . (2.55) 

In explicit form it gives 

 11 21

21 11

T T

T T





 
  
  

T , (2.56) 

which coincides with the result (2.40) obtained for the time-reversal symmetry. The only 

difference is that here it is assumed implicitly that det 1T . 

It should be noted that the time-reversal symmetry ( 1 S S ), reciprocity ( TS S ) 

and energy conservation ( † 1S S ) are not independent properties. Two of them imply the 

existence of the third one. This is a consequence of two assumptions which were made in 

the derivation of these properties. The assumption that there is no absorption in the 

multilayered structure is used to prove the first and the third properties, while the 

assumption that the same ambient media are used on both sides of the structure is 

necessary for the second and the third properties. 
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2.2.4 Mirror symmetry 

If multilayered structure has a mirror symmetry in the arrangements of the layers, this 

leads to an additional restriction on the elements of the scattering matrix. The mirror 

symmetry is equivalent to the interchange of the ports 'U' and 'V' used in the scattering 

formalism. Therefore, the scattering matrix of a mirror reversed structure S  should satisfy 

the following relation x x σ a Sσ a , and after using the original definition  a Sa  it 

can be written as 

 x xS σ Sσ . (2.57) 

The transfer matrix of a mirror reversed structure T  can be derived in a similar way 

starting from the expression x xσ v Tσ u  and using the definition u Tv . This leads to 

the following formula 

 1
x x

T σ T σ , (2.58) 

which can be written in explicit form as 

 11 21

12 22

T T

T T

 
   

T . (2.59) 

It is interesting to note that the same result can be reproduced exactly by using the 

following definition 

 T
z zT σ T σ . (2.60) 

For mirror-symmetric structures there should be no difference between T  and T , which 

means that 

 12 21T T  . (2.61) 

It can be checked that such property holds for the transfer matrix of a single layer (2.25). 

Since the total transfer matrix of a structure is a multiplication of the transfer matrices 

which have single layers 1 2 L...T T T T , it can be showed by using either Eq. (2.58) or 

(2.60) that L 2 1...T T T T  as expected. 

Multilayered structures with mirror symmetry in the arrangements of the layers often 

have the transmission spectrum which demonstrates many peaks of perfect transmission 
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[36]. This can be explained in the following way. First of all, it should be noted that the 

condition of the perfect transmission can be replaced by the condition of the zero 

reflection. For frequencies at which there is no reflection, the elements along the secondary 

diagonal of the transfer matrix turn into zero as follows from Eqs. (2.32) and (2.30). Since 

these elements are complex numbers, and only real frequencies are considered, this 

condition is quite difficult to satisfy in the general case. On the contrary, these elements 

have only imaginary part for the mirror symmetric structures since 

 21 21T T   , (2.62) 

and thus it is more likely to observe zero reflection. This property of the mirror symmetric 

structures follows from combining Eq. (2.59) with (2.40), which can be applied here since 

the perfect transmission implies the absence of absorption 

It can be showed rigorously that the reflection spectrum of the total structure is 

proportional to the imaginary part of the reflection spectrum UIm( )R , which has its right 

half for the left incidence 

 
2 2

2 2

2 Im( )

2 Im( ) ( ) ( )

a b a b a b i a b

b a b a i a b a b

 

     

      
     

         
TT , (2.63) 

where the following notation was used U1/a T  and U U/b R T . Taking into account that 

the phase of UR  tends to change monotonically in the spectrum, this leads to a number of 

peaks with perfect transmission when UIm( ) 0R  . 

The possibility to observe the peaks of perfect transmission exists also in periodic 

structures. If two identical multilayers with the transfer matrices T  are joined together 

then it can be showed by using the similar notation that 

 
2 2

2 2

| | 2 Re( )

2 Re( ) ( ) | |

a b a b a b b a

b a b a b a a b

  

  

     
      
          

TT , (2.64) 

and the condition URe( ) 0T   determines the positions of the peaks. 
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2.3 Properties of the characteristic matrix 

Although the characteristic matrix is very similar to the transfer matrix, it does not have 

many properties. However, it is especially useful to obtain the dispersion relations for 

multilayered structures and also to explain the symmetries that can be observed in the 

transmission spectrum of quarter-wave structures. 

2.3.1 Periodic boundary conditions and dispersion relations 

If periodic boundary conditions are imposed on the fields at the boundaries of a 

multilayered structure, this can be written as the following eigenvalue problem 

 exp( )k kikLMu u , (2.65) 

where M  is the characteristic matrix of the structure, k  is the Bloch wavenumber and L  

is the total length of the structure. It can be shown that the eigenvalues   of any 2-by-2 

matrix M  satisfy the following equation det( ) 0  M I  or 

 2 Tr det 0    M M , (2.66) 

For unimodular matrices ( det 1M ) the two solutions are 

 
2

Tr Tr
1 exp( )

2 2
i ikL

       
 

M M
. (2.67) 

This means that the Bloch wavenumber can be found from the trace of the characteristic 

matrix 

 
Tr[ ( )]

cos( )
2

kL



M

 (2.68) 

and provides an efficient way to compute the dispersion relations ( )k   for arbitrary 

multilayered structures. In the simplest case of the periodic structure where each period is 

formed by two layers of different types which have the characteristic matrices AM  and 

BM  as in Eq. (2.10), the dispersion relation can be described by the following formula 
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 A B

B A

1
cos( ) cos cos sin sin

2

n n
kL

n n

 
       

 
, (2.69) 

where A A /n d c    and B B /n d c   . Inside the band gap regions, Eq. (2.68) can be 

simplified to Im( ) ln | |k L T  , which means that the logarithm of the transmission 

spectrum can be used to find the band gap regions and to estimate their strength. 

It is convenient to group two eigenvectors in a single matrix 

 1 1

2 2

( ) ( )
[ , ]

( ) ( )
k k

k k k
k k






 
   

 

u u
Q u u

u u
, (2.70) 

so that the characteristic matrix of the structure can be decomposed as 

 1exp( ) 0

0 exp( )k k
ikL

ikL
 

   
M Q Q . (2.71) 

This representation is particularly suitable to compute the N -th power of the matrix M  

 1exp( ) 0

0 exp( )
N

k k
iNkL

iNkL
 

   
M Q Q . (2.72) 

It can be also used to derive the Chebyshev identity for unimodular matrices 

 1 2
N

N NU U  M M I , (2.73) 

where NU  are the Chebyshev polynomials of the second kind 

 
sin[( 1) ]

sin( )N
N kL

U
kL


 . (2.74) 

To prove Eq. (2.73), it is sufficient to check that 

 1 2exp( ) exp( ) N NiNkL ikL U U     . (2.75) 

The Chebyshev identity (2.72) can be applied directly to the transfer matrices which 

describe the structures that satisfy the reciprocity principle because in that case det 1T . 

Moreover, as follows from Eq. (2.23) Tr TrT M  so that the transfer matrix can be 

characterized by the same Bloch wavenumber. 
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2.3.2 Symmetries of the transmission spectrum for quarter-wave 

structures 

It is often assumed in the design of multilayered structures that the optical thickness of all 

layers is the same. This thickness is usually taken as a quarter of some wavelength qw  so 

that 

 qw / 4m mn d   , (2.76) 

where mn  is the refractive index of the layer m  which has the thickness md . This 

condition is called as a quarter-wave condition, and structures that satisfy it are often called 

as quarter-wave structures. In periodic structures where each period consists of two layers, 

the quarter-wave frequency defined as qw qw2 /c     determines the position of the 

lowest bandgap region. 

It is convenient to specify frequencies in units of the quarter-wave frequency. By 

noticing that for each layer qw/ ( / 2)( / )m mn d c       , their characteristic matrices 

(2.10) can be described as 

 
1cos sin

( )
sin cos

m
m

m

in

in

   
   

    
M , (2.77) 

where the parameter   is the same for all layers. The form of the characteristic matrix 

(2.77) leads to a number of symmetries that can be observed in the transmission spectrum 

of quarter-wave structures. This follows from the fact that the frequency dependence of the 

characteristic matrix goes without changes to the transfer (2.23) and scattering (2.31) 

matrices which describe the spectra of the structures (2.30). 

Assuming that all refractive indices of the layers are real, it can be checked that the 

transmission spectrum ( )T   is periodic with the period qw4  and if 2| ( ) |T   is considered 

it has a smaller period of qw2  since 

 qw( 2 ) ( 1) ( )k
m mk    M M , (2.78) 

where k  is an arbitrary integer. Moreover, the transmission spectrum is mirror-symmetric 

around 0   
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 ( ) ( )m m
  M M . (2.79) 

Therefore, when computing the spectrum 2| ( ) |T  , it is sufficient to take into account only 

frequencies in the interval qw[0, ] . The two properties (2.78) and (2.79) can be combined 

to show that the transmission spectrum is symmetric under mirror reflection around 

qwk    

 qw qw( ) ( 1) ( )k
m mk k       M M . (2.80) 

If the layers of a structure do not have equal optical thickness, the transmission 

spectrum is not periodic. To perform a proper comparison with quarter-wave structures, the 

normalized wavelength 0  (and the frequency 0 ) should be defined in a different way. 

For two-component structures, which have layers of only two types 'A' and 'B', the 

condition (2.76) can be modified to the following form 

 A A B B 0 / 2n d n d   . (2.81) 

2.4 Analysis of the transmission spectra with the method of 

trace maps 

The multilayered structures are often fabricated just by alternating the layers of a few fixed 

types. The Bragg structures are a typical example. As a possible generalization the 

quasiperiodic and deterministically aperiodic structures can be considered [37-38]. A 

powerful tool to analyze their transmission spectra is based on the method of trace maps 

[39-41]. In particular, it can be used to explain the appearance of the peaks with perfect 

transmission and to investigate how they evolve when the length of the structure is 

increased. 
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2.4.1 Substitutional sequences 

Many multilayered structures can be constructed by alternating the dielectric layers of just 

several types according to some specific pattern. They can be described by symbolic 

formulas, where each letter corresponds to a certain type of the layer. For example, the 

symbolic formula (AB)k  leads to a periodic structure obtained by joining the layers of the 

type 'A' and 'B' together and repeating them k times. The arrangement of the layers can also 

be described by the substitutional sequences. One begins with some initial sequence and 

then starts to apply the substitutional rules to each element of the sequence. This leads to 

the sequences of higher generation numbers. Examples of a few most common 

substitutional sequences are given in Table 2.1. 

It is particularly easy to generate substitutional sequences by using the computer 

algebra systems such as Wolfram Mathematica [42]. The following command starts with 

the sequence "B" and then applies 5 times the substitutional rules"A" "BA"  and 

"B" "A"  which corresponds to the definition of the Fibonacci sequence 

 

NestList[

StringReplace[#, {"A" "AB", "B" "A"}] &,

"B", 5]

   (2.82) 

Table 2.1. Examples of the substitutional sequences. Most of these sequences are 
binary in the sense that their alphabet consists of two letters. The Rudin–Shapiro 
sequence can be converted to a binary sequence by applying the rules specified in the 
parentheses as a last step. 

Name Initial sequence, S0 Substitutional rules 

Bragg A A → AB, B → AB 

Fibonacci B A → AB, B → A 

Thue–Morse A A → AB, B → BA 

Double period A A → AB, B → AA 

Cantor A A → ABA, B → BBB 

Rudin–Shapiro A 
A → AB, B → AC, C → DB, D → DC 

(A → B, B → A, C → B, D → B) 

 



2.4  ANALYSIS OF THE TRANSMISSION SPECTRA WITH THE METHOD OF TRACE MAPS 

27 

The result is returned in the form of a list where new sequences are given in the order of 

increasing generation numbers 

 {"B", "A", "AB", "ABA", "ABAAB", "ABAABABA"} (2.83) 

2.4.2 Periodic structures 

It can be shown that the substitutional rules for the Bragg sequence are equivalent to the 

following recurrence relation 1g g gS S S   for 1g  , where gS  denotes the substitutional 

sequence of the generation number g . As a consequence of the formula (2.11), the same 

relation should hold also for the characteristic matrices of the structures 

 1g g g M M M . (2.84) 

It can be rewritten in such a way so as to include only the traces of these matrices 

11 22Tr [ ] [ ]g g g gx   M M M  

 2
1 Tr( ) Tr( ) 2g g g g g gx x x     M M M I . (2.85) 

The Cayley–Hamilton theorem was applied in the derivation of Eq. (2.85). It states that any 

2-by-2 unimodular matrix U  satisfies the following equation 

 2
Ux U U I , (2.86) 

where U Trx  U . The formula (2.86) can be checked either by writing all matrix 

operations directly or by noticing that it is a particular case of the Chebyshev identity 

(2.73) for 2N  . The initial conditions for Eq. (2.85) can be determined from the explicit 

multiplication 1 A BM M M  of the characteristic matrices (2.10) for the layers of types 

'A '  and 'B '  

 1 A B B A2cos cos ( / / )sin sinx n n n n       , (2.87) 

where A A /n d c    and B B /n d c   . 
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The multilayered structures have many resonances which manifest themselves as 

peaks in the transmission spectrum. Of special interest for practical applications are peaks 

which demonstrate perfect transmission. Taking the energy conservation (2.56) into 

account, the transfer matrix at these frequencies should have the following form 

 
0

0

a ib

a ib

 
   

T , (2.88) 

where a  and b  are some real numbers which satisfy 2 2 1a b  . Sometimes the peaks are 

caused by the influence of the ambient media at the boundaries of the structure, and when 

the media are changed the peaks shift or disappear. However, there are also peaks which 

are intrinsic to the structure and do not depend on the refractive indices of the ambient 

media. Using the formula (2.23), it can be proved that the transfer matrix of such peaks 

should be proportional to the identity matrix  T I . The same property should also hold 

for the characteristic matrix so that at the peaks of perfect transmission  M I . The trace 

maps like (2.85) are particularly suitable both to find the peak of perfect transmission in 

the spectrum and to investigate how they evolve when the generation number of the 

corresponding sequence changes. 

It can be noticed that for the Bragg sequence 2x   is the solution of Eq. (2.85) 

regardless of the generation number. This means that the peaks of perfect transmission 

which exist in some generation are preserved in all higher generations. To find how these 

peaks appear, one can restore the following series 1 2gx   , 2gx   , 1 0gx   . This 

means that the peaks with M I  are created from the peaks with  M I , and the latter 

do not need a separate treatment. It is important however to verify that the diagonal 

elements in M  are equal. For this purpose the antitrace should be found which is defined 

as the difference of the diagonal elements or 11 22Tr( ) [ ] [ ]g z g g gz   σ M M M  

 1 1 1 1 1 1Tr( ) Tr( )g z g g z g g z g gz x x z        σ M M σ M σ . (2.89) 

Provided that 1 0gx   , this confirms that 1 0g gz z   . These conclusions follow 

immediately also from Eq. (2.86). 

It is convenient to represent how the peaks of perfect transmission evolve by using the 

trifurcation diagram as shown in the overlap in Figure 2.2. From numerical point of view, 

it can be computed by finding zeros of the traces 1 0gx    in a selected frequency range  
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Figure 2.2: The transmission spectrum in linear (a) and logarithmic scale (b) as a 
function of normalized frequency for a quarter-wave Bragg structure of the 7th 
generation. The refractive indices of the layers 'A' and 'B' are nA = 1.55 and nB = 2.3, 
respectively. Overlapped diagrams show trifurcation of the peaks that have perfect 
transmission as the generation number increases from 3 to 7 (see labels on the right). 
The triangles on the top indicate the frequency which was used to compute the field 
profile in Figure 2.3. 

 

 

Figure 2.3: (a) Application of the substitutional rules for the Bragg sequence. 
Numbers near the notches indicate the boundaries of the sequences with the 
corresponding generation numbers.  (b) Field profile for the Bragg structure with the 
parameters as in Figure 2.2 at one of the peaks that shows perfect transmission. The 
blocks highlighted follow the pattern that has the Bragg sequence of the third generation 
(the blocks 'A' and 'B' differ only in the sign of the electric field). Background shows 
alternation of the layers inside the structure. 
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and then adding these points to the list of peaks for the generation g . The fact that the 

peaks are inherited from one generation to another leads to a self-similarity of the field 

profiles. For the Bragg structures this means that if some peak occurs in q  generations 

before, the field profile will have 2q  similar parts. An example is given in Figure 2.3. 

The frequencies of the transmission peaks can be found also by using the Chebyshev 

identity (2.73) and requiring that N  T I , where T  is the transfer matrix of the single 

period and N  is the number of periods. This property holds for any form of the matrix T  

if 1 0NU    or sin( ) 0NkL  , which means that the condition of perfect transmission can 

be written as ( )Nk L m   , where m  is an arbitrary integer. It can be checked that in this 

case 1
2 cos( ) ( 1)m

NU NkL 
      and indeed ( 1)N m T I . From the physical point of 

view, the condition ( )Nk L m    means that an integer or half-integer number of Bloch 

wavelengths fits into the length of the structure precisely, which can be considered as a 

generalization of the resonant condition for a dielectric slab ( / )n c d m    with the 

refractive index n  and thickness d . 

2.4.3 Thue–Morse structures 

It can be shown that the substitutional rules for the Thue–Morse sequence [Table 2.1] lead 

to the following two-step recurrence relations 

 1g g g M M M , (2.90) 

 1g g g M M M  , (2.91) 

where the subscripts indicate the generation number, and the initial conditions are 

0 AM M  and 0 BM M , which correspond to the characteristic matrices of layers 'A '  

and 'B' , respectively. The relations (2.90) and (2.91) stress explicitly the interplay 

between the 'ordinary' gS  and 'conjugated' gS  counterparts of the Thue–Morse sequence, 

which can be obtained from each other by interchanging the letters 'A '  and 'B' . 

The traces of the matrices gM  and gM  are equal for 1g   since 
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 1 1 1 1Tr( ) Tr( ) Tr( ) Tr( )g g g g g g gx       M M M M M M    (2.92) 

so that the following trace map equation can be derived 

 2 2 2
2 1Tr( ) Tr( ) ( 2) 2g g g g g g g g gx x x     M M M M M M   , (2.93) 

where the Cayley–Hamilton theorem (2.86) was applied in the intermediate step. To use 

Eq. (2.93), two initial conditions are required. They can be found directly from the 

multiplication of the characteristic matrices (2.10) 

 1 A B B A2cos cos ( / / )sin sinx n n n n       , (2.94) 

 2 A B B A2cos 2 cos 2 ( / / )sin 2 sin 2x n n n n       , (2.95) 

where A An d    and B Bn d   . 

It can be noticed that for the Thue–Morse sequence 2x   is the solution of Eq. (2.93) 

regardless of the generation number. This means that the peaks of perfect transmission 

which exist in some generation are preserved in all higher generations. To find how these 

peaks appear, one can restore the following series 2 2gx   , 1 2gx   , 0gx  . Therefore, 

if the trace of the characteristic matrix turns to zero at some frequency, a peak of perfect 

transmission is formed in the next generations. To prove that these peaks indeed 

correspond to the identity matrix 2g M I , it is necessary to check that the diagonal 

elements of 2gM  are equal. Provided that 0gx  , it can be readily shown that the 

antitrace of 2gM  is zero 

 2 Tr( ) Tr( ) 0g z g g g g zz    σ M M M M σ  , (2.96) 

and the same property holds for all higher generations. 

The same conclusions can be made also by using the transfer matrix. The condition 

( ) 0gx    means that the transfer matrices for the generation g can be written the 

following form 

 ,g g
a b c d

b a d c

    
    

    
T T , (2.97) 
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where a, b, c, d are some constants. The transfer matrices for the next generation are 

obtained from the recurrence relations 1g g g T T T  and 1g g g T T T  . It can be checked 

that the condition (2.97) leads to the following property regardless of the specific values of 

the constants 

 1
1 1( )g g


 T T  (2.98) 

so that 2 2g g  T T I  and this holds for all higher generations numbers. 

The peaks of perfect transmission develop in a fractal manner as the generation 

number increases, and the trifurcation diagram in the overlap of Figure 2.4 shows how it 

happens for the Thue-Morse sequence. It is worth noting that the pass band around qw  

exists only if all layers have the same optical thicknesses, because its main peak appears in 

the second generation for which the recurrence relation (2.93) is not valid. It can be 

satisfied however with an additional assumption that 0 A BTr( ) Tr( )x  M M  or 

A A B Bn d n d . 

In general, if all layers are chosen to be of the same optical thickness for the normal 

incidence, this condition is no longer true for the oblique incidence. The transmission 

spectrum computed in this case shows that the pass band around qw    shifts to higher 

frequencies and splits into two parts [Figure 2.6]. However, the peaks of perfect 

transmission still can be observed, and they are positioned in the same fractal manner as 

for the normal incidence. The pseudo bang gaps which are located in between of several 

fractal branches are also preserved so that the Thue–Morse structures can be used as 

omnidirectional reflectors provided that the refractive indices of the layers 'A' and 'B' have 

a large contrast [43-47]. 

The trifurcation diagrams provide valuable information about the shape of the 

transmission spectra [48-50]. In particular, they predict correctly the positions of all peaks 

which demonstrate perfect transmission. Moreover, such diagrams help to associate these 

peaks with different fractal branches and emphasize the role of self-similarity in the 

transmission spectra of the Thue–Morse structures. The self-similarity manifest itself also 

in the filed profiles computed at the peaks of perfect transmission. If some peak occurs in 

q  generations before, the field profile will resemble the Thue-Morse sequence of the 

generation q  consisting of 2q  blocks. An example is given in Figure 2.5. 
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Figure 2.4: The transmission spectrum in linear (a) and logarithmic scale (b) as a 
function of normalized frequency for a quarter-wave Thue–Morse structure of the 7th 
generation. The refractive indices of the layers 'A' and 'B' are nA = 1.55 and nB = 2.3, 
respectively. Overlapped diagrams show trifurcation of the peaks that have perfect 
transmission as the generation number increases from 3 to 7 (see labels on the right). 
The usage of the logarithmic scale emphasizes the positions of the band gap regions and 
their relative strength. The triangles on the top indicate the frequency which was used to 
compute the field profile in Figure 2.5. 

 

 

Figure 2.5:  (a) Application of the substitutional rules for the Thue–Morse sequence. 
Numbers near the notches indicate the boundaries of the sequences with the 
corresponding generation numbers.  (b) Field profile for the Thue–Morse structure with 
the parameters as in Figure 2.4 at one of the peaks that shows perfect transmission. The 
blocks highlighted follow the pattern that has the Thue–Morse sequence of the third 
generation. Background shows alternation of layers inside the structure. 
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It is interesting to note that there is only a slight difference between the Thue-Morse 

and Bragg sequences as far as their substitutional rules are concerned. The growth rate of 

these sequences is the same so that the total number of layers in the generation g  equals to 

2g . The occurrence rate of layers 'A' and 'B' is also the same for any generation number. 

Nevertheless, a small modification of the substitutional rules leads to completely distinct 

transmission and localization properties. 

The fact that the Thue–Morse multilayered structures demonstrate a large number of 

peaks with perfect transmission is related to the presence of mirror symmetry in the 

corresponding substitutional sequence. Since 0 AS   and 0 BS   are symmetric, the 

property 2g g g g gS S S S S     can be used to show by induction that for of all even generation 

numbers the Thue–Morse sequences are mirror symmetric (for example, 2 ABBAS  ). It 

also follows from the previous property that 1 1g gS S   which means that for odd 

generation numbers the conjugated Thue–Morse sequence can be obtained by reversing the 

order of letters in the sequence (for example, 1 ABS   and 1 BAS  ). Therefore, the transfer 

matrix of the Thue–Morse structures for odd generation numbers can be described as 

1 1 1 1 1g g g g g    T T T T T . The left and right parts are mirror symmetric, but in general they 

have a different set of peaks with perfect transmission. However, as was shown before in 

Eq. (2.98), new peaks of perfect transmission can be formed in the compound structure if 

 

Figure 2.6: The transmission spectrum of the Thue–Morse structure for the oblique 
incidence. The structure has the same parameters as in Figure 2.4. A horizontal strip-
like region of high transmission observed for the p-polarization is due to the Brewster 
condition which can be satisfied for certain angles of incidence. 
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1Tr( ) 0g T . It should be emphasized that this condition can be generalized for any 

asymmetric structures which transfer matrix can be represented as TTTT  (for example, 

ABB BBA BBA ABB ) because according to Eq. (2.60) TTr Tr( ) Trz z T σ T σ T  and the 

same conclusion as in the derivation of Eq. (2.98) can be applied. 

2.4.4 Fibonacci structures 

The Fibonacci sequence can be considered as a generalization of the Bragg sequence in the 

sense that its spatial spectrum has two incommensurable periods instead of only one. It is a 

standard example of quasiperiodic sequences which are obtained as a projection of a 

higher-dimensional space on a lower-dimensional object [51-52]. The presence of two 

incommensurable periods in the spatial spectrum of the Fibonacci sequence is implicitly 

related to the projection of a two-dimensional grid on a strip which has an irrational slope. 

The slope of the strip equals to the golden mean number 

 (1 5) / 2 1.62    , (2.99) 

and determines the occurrence ratio of the long and short segments on the strip, which are 

associated with the elements of the sequence [Figure 2.7]. Such projection is not possible 

for the Thue-Morse sequence, and thus it should be considered as a deterministically 

aperiodic sequence [53-54]. It is important however that the substitutional sequences can 

be used both to represent aperiodic and quasiperiodic structures. 

The quasiperiodic structures proved to be very valuable for practical applications in 

nonlinear optics because they offer a unique way to fulfil complex phase-matching 

conditions [55]. For example, the Fibonacci sequence is particularly suitable for the 

generation of the third harmonic. It is more efficient to perform such conversion in two-

stages, but the difficulty is that each stage requires different phase matching conditions. 

The advantage of using the Fibonacci sequence is that it fulfils both of these conditions 

simultaneously inside the same structure [56]. 
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It can be shown that the substitutional rules for the Fibonacci sequence are equivalent 

to the following recurrence relation 1 1g g gS S S   for 1g  , and a similar relation holds 

for the characteristic matrices 

 1 1g g g M M M . (2.100) 

It can be used to obtain the equations for the traces and antitraces of these matrices that 

belong to a few adjacent generations 

 1 1 2g g g gx x x x    , (2.101) 

 1 1 2g g g gz z x z    . (2.102) 

The Fibonacci structures can demonstrate the peaks of perfect transmission which are 

preserved from one generation to another, however these peaks can be inherited only from 

the first two generations, and no new peaks appear in the next generations [Figure 2.8]. 

The fact that the Fibonacci structures do not show many peaks of perfect transmission 

can be explained in the following way. If the last two letters of the Fibonacci sequence are 

dropped, it becomes a mirror symmetric one [57]. It is possible to prove such property by 

induction for all generation numbers [Figure 2.9]. The symmetric part gS  of the Fibonacci  

 

Figure 2.7: The quasiperiodic sequences can be obtained as a projection of a two-
dimensional grid on a strip which has an irrational slope (strip-projection method). The 
long and short segments formed on this strip correspond to the elements 'A' and 'B' of 
the sequence. To get the Fibonacci sequence, the slope of the strip should be described 
by the golden mean number cot α = τ, and its thickness should be chosen as 
Δ = d (cos α + sin α), where d is the period of the grid. The segments shown in the 
figure correspond to the Fibonacci sequence of the 6th generation. 
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sequence gF  can be detached as 2 2 ABg gF S  , 1 1 BAg gF S  , ABg gF S , 

1 1 BAg gF S  . Then, using the formula 1 1 2 1g g g gF F F F     the recurrence relation for 

the symmetric parts can be written as 

 1 1 2 1BA ABg g g gS S S S    , (2.103) 

 

Figure 2.8: The transmission spectrum in linear (a) and logarithmic scale (b) as a 
function of normalized frequency for a quarter-wave Fibonacci structure of the 10th 
generation. The refractive indices of the layers 'A' and 'B' are nA = 1.55 and nB = 2.3, 
respectively. The imaginary part of the Bloch wavenumber (c) resembles (b). It shows 
the edges of the weak band gap regions better, but does no provide enough information 
about the positions of the peaks.  (d) When the last two layers are dropped, the 
Fibonacci sequence becomes mirror symmetric, and its transmission spectrum shows 
many peaks of perfect transmission. The triangles on the top indicate the frequencies 
used to compute the field profiles in Figure 2.10. 
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which shows that all gS  have the mirror symmetry. Since the mirror symmetry is broken 

by the two additional layers, it is more difficult to satisfy the condition of perfect 

transmission [cf. Figure 2.8(d)]. 

The field profiles for a few peaks in the transmission spectrum are shown in 

Figure 2.10. The presence of some ripple on the left side of the structure points out on the 

fact that transmission is not perfect, and there is some reflection which is proportional to 

the amplitude of the ripple. Nevertheless, the localization of the field inside the structure is 

 

Figure 2.9: A scheme to explain the absence of mirror symmetry in the Fibonacci 
sequence. The generation numbers are show in the boxes on the left and the 
corresponding sequences are on the right.

 

Figure 2.10: The distribution of the electric field at a few transmission peaks of the 
Fibonacci structure with the parameters as in Figure 2.8. Background shows alternation 
of the layers inside the structure. 
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not strongly affected by the two extra layers that break the mirror symmetry, and in overall 

the field profiles can be considered as mirror symmetric ones. 

2.5 Conclusions 

The transfer matrix method is a standard and very efficient approach to solve the Maxwell 

equations in multilayered structures. Each layer can be represented by a single matrix, and 

the spectrum of the entire structure can be computed from the product of these matrices. 

This is significantly simpler than the direct solving of the Maxwell equations and takes into 

account explicitly the step-like changes of the refractive index. Many important 

conclusions about the analytical properties of the transfer matrices can be made by 

adopting the scattering formalism, and the restrictions imposed by the fundamental 

physical principles such as the time-reversal symmetry or energy conservation were 

investigated. Nevertheless, the transfer matrix method is mostly a numerical tool and does 

not give a physical explanation of the properties which can be computed. It cannot answer 

how to describe the shape of the resonances, how many of them are in the structure, and 

most importantly how signals propagating through the structure interact with these 

resonances. Some conclusions about the shape of transmission spectra can be made with 

the method of trace maps, but they are not very general and are limited to a few specific 

arrangements of the layers. 

There are however two more significant drawbacks which limit the applicability of the 

transfer matrix method even from the numerical point of view. First of all, the transfer 

matrix method can be formulated only in the frequency domain so that the only way to 

analyze the propagation of the signals through the structure is to assume that the system is 

linear and to apply the Fourier transforms. Secondly, the transfer matrix method does not 

have the form which facilitates the usage of the perturbation theory. As a result, it is not 

suitable to model the nonlinear properties of the structures. These drawbacks are inherent 

to the transfer matrix method and cannot be overcome easily. In the next few chapters, an 

emphasis is made on the development of a new approach which solves these difficulties. 
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Chapter 3 

Green's function for multilayered structures 

 

The Green's function of a physical system describes its response to a point-like excitation 

[58]. Since any arbitrary excitation can be considered as a sum of such primary excitations, 

the total response of the system can be found as a linear superposition of the responses 

produced by each of the point-like excitations. In this sense, the usage of the Green's 

function allows one to avoid the direct integration of the Maxwell equations, and the 

solution can be written immediately as soon as the sources of the external excitation are 

defined. 

It is very important that the Green's function of a system can be built in terms of its 

eigenmodes. Therefore, the solution of the eigenvalue problem for the system provides 

comprehensive information about its properties. A subtle point in the eigenvalue problem 

is how to choose the boundary conditions properly. One option is to use the periodic 

boundary conditions [25, 59-61]. However, this choice is more appropriate for infinite 

structures, and in practice the multilayered structures always have a limited number of 

layers which rarely exceeds several hundreds [62-68]. It is also known that small 

modifications of the interface regions can strongly modify the shape of the transmission 

spectra. In this regard, the multilayered structures resemble the behavior of the open 

resonators, where the internal modes are affected by the leakage of energy through the 

boundaries. To take this into account, the outgoing boundary conditions should be used. In 

Section 3.1, it is shown how to formulate such eigenvalue problem by rewriting the 

Maxwell equations in the form which is similar to the Schrödinger equation. It is very 

important that due to the outgoing boundary conditions all operators used in this problem 



3  GREEN'S FUNCTION FOR MULTILAYERED STRUCTURES 

42 

are symmetric rather than Hermitian. As a result, the frequencies of the modes become 

complex numbers, but nevertheless the modes form an orthogonal basis. Such modes are 

often called as quasi-normal modes [69-70]. 

It can be noticed that the usage of the scattering matrix and the Green's function is 

very similar. If the ingoing signals are known, the scattering matrix gives the outgoing 

signals. Therefore, it can be considered as a less general case of the Green's function where 

the positions of the sources are fixed as well as the points where the response is collected. 

Section 3.2 shows how to establish such a link between the Green's function and the 

scattering matrix. Since the components of the matrix describe the reflection and 

transmission spectra of the system, the analytical formulas for them can be obtained in 

terms of the mode parameters. It is shown that each mode leads to a resonance in the 

spectra which has a Lorentzian shape. 

For some simple structures, the explicit expressions for the frequencies of the modes 

and their profiles can be obtained. As an example, the modes of a dielectric slab are 

considered in Section 3.3. This example also shows that there is an equivalent way to 

construct the Green's function by using a finite product rather than series. The advantages 

and drawbacks of such representation are discussed in Section 3.4. A few more complex 

examples of the structures for which the modes were computed numerically are provided 

in Sections 3.5 and 3.6. It is shown there how to interpret the shape of the transmission 

spectra by using just the positions of the resonances in the complex frequency plane. The 

agreement with the analysis based on the method of trace maps is also discussed. 

3.1 Eigenvalue problem for the Maxwell equations 

To work with the electric and magnetic fields on equal footing, the Maxwell equations can 

be rewritten in a form which is similar to the Schrödinger equation 

 ˆˆ ti    ρ L . (3.1) 

The wave function   combines both the electric ( , )xE z t  and magnetic ( , )yH z t  fields 

in a single vector 
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x

y

E

H

 
   

 
. (3.2) 

The operator ρ̂  takes into account the distribution of permittivity ( )z  and permeability 

( )z  inside a multilayered structure 

 
0

ˆ
0

 
   

ρ . (3.3) 

The operator L̂  can be interpreted as a Hamiltonian and is defined as 

 
0ˆ

0
z

z
ic

 
   

L , (3.4) 

where c  is the speed of light in the vacuum. 

Assuming the time dependence of the form ( , ) ( ) exp( )z t z i t     , the 

generalized eigenvalue problem for Eq. (3.1) can be written as 

 ˆ ˆm m m   L ρ . (3.5) 

The outgoing boundary conditions are set on the left 0z   and right z L  sides of the 

structure. If it is surrounded by vacuum, they take the following form 

 
1

(0) (0) (0)
1m m mE E 

 
     

, (3.6) 

 
1

( ) ( ) ( )
1m m mL E L E L 
 

    
 

. (3.7) 

These boundary conditions are necessary to make the operator L̂  symmetric in the sense 

that for any two solutions of Eq. (3.5) 

 ˆ ˆ
n m n m    L L , (3.8) 

where the inner product of two wave functions is defined as 

 
0

( )
L

a b a b a bE E H H dz    . (3.9) 

It should be noticed that the notation   is used to define a dual vector to   and does 

not involve complex conjugation so that a b b a     . Since the operator ρ̂  is also 
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symmetric, it can be showed that modes corresponding to different frequencies n m    

satisfy the orthogonality relation 

 
0

ˆ ( ) 0
L

n m n m n mE E H H dz      ρ . (3.10) 

The resonant frequencies m  are complex numbers, and in structures without gain they 

should be located in the lower part of the complex frequency plane to ensure that the 

amplitudes of the modes decay in the absence of external excitation. 

It is possible to prove that for lossless structures ( ˆ ˆρ ρ ) the energies stored in the 

electric and magnetic fields of each mode are equal. By noticing that ˆ ˆ  L L , the 

complex conjugation of Eq. (3.5) gives 

 ˆ ˆm m m
    L ρ , (3.11) 

which means that the solutions of Eq. (3.5) come in pairs. For each solution m  with the 

frequency m  in the right half of the complex frequency plane, another solution exists 

m m


    with the frequency in the left half of the plane m m


   . This property 

can be considered as a consequence of the time-reversal symmetry of the Maxwell 

equations. The positive and negative indices are used to group these two solutions together 

and to distinguish them from the others. The orthogonality relation (3.10) for these two 

modes takes the following form 

 2 2
0

ˆ ( | | | | ) 0
L

m m m mE H dz     ρ , (3.12) 

which confirms that the averaged energies stored in the electric and magnetic fields of each 

mode are equal. 

It is useful also to introduce a special operator ˆ zσ  

 
1 0

ˆ
0 1z
 

   
σ . (3.13) 

which changes the outgoing boundary conditions into the ingoing ones ˆ z   σ  . Its 

commutation relations with respect to the operators L̂  and ρ̂  have the following form 

ˆ ˆˆ ˆz z σ L σ L  and ˆ ˆˆ ˆz zσ ρ ρσ . These properties shows that the solutions of the eigenvalue 
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problem for the Maxwell equations with the ingoing and outgoing boundary conditions are 

related to each other 

 ˆ ˆˆ ˆz m m z m   L σ ρ σ . (3.14) 

The eigenfrequencies for the ingoing problem are always located in the upper part of the 

complex frequency plane, and the eigenmodes ˆ z mσ  form an orthogonal set because 

ˆ ˆˆ ˆz n z m n m    σ ρ σ ρ . However, the eigenmodes belonging to the two different 

sets m  and ˆ z mσ  are not mutually orthogonal in the general case. This is related to 

the fact that the operator L̂  cannot be considered as a symmetric one over the solutions 

which satisfy different boundary conditions 

 ˆ ˆˆ ˆ2 [ ( ) ( ) (0) (0)]n z m n m n m n z mic E L E L E E      Lσ L σ . (3.15) 

From the viewpoint of quantum mechanics, these two sets correspond to the processes of 

creation and annihilation of photons in the structure. The total electromagnetic energy 

stored in the system can be written as an overlap between these modes 

 2 2
0

ˆ ˆ ( )
L

z E H dz     ρσ . (3.16) 

3.2 Derivation of the scattering matrix 

The total field in the frequency domain is described by the following equation 

 ˆ ˆ 0   L ρ , (3.17) 

and it can be represented as a sum of incident and scattered waves inc sct     . In 

general, the system can be excited by plane waves with amplitudes u  and v  on the left 

and right sides, respectively [Figure 3.1] 

 ( / ) ( / )( )
inc e ( ) e ( )i c z i c z Lu h z v h z L   

          , (3.18) 

where ( )h z  is the Heaviside step function. Therefore, the scattered field should satisfy 
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 sct sct
ˆ ˆ ( ) ( )u ic z v ic z L             L ρ . (3.19) 

The Green's function ˆ ( , )z zG  of the system can be defined as [58] 

 ˆ ˆˆ ˆˆ ( )ic z z     LG ρG I , (3.20) 

where Î  is the identity operator. If ˆ ( , )z zG  is known, the scattered field can be found as 

 sct
ˆ ˆ( ,0) ( , )u z v z L       G G . (3.21) 

Comparing this expression with the outgoing solution outside the structure 

 ( / ) ( / )( )
sct e ( ) e ( )i c z i c z Lu h z v h z L   

           (3.22) 

gives the scattering matrix S  of the system 

 
u u

v v
 

 

   
   

   
S , (3.23) 

 
ˆ ˆ(0 ,0) (0, )1
ˆ ˆ2 ( ,0) ( , )

L

L L L

   

   

     
  

      

G G
S

G G
. (3.24) 

The notation ˆ (0 ,0)G  and ˆ ( , )L LG  means that a one-side limit should be taken for the 

first argument. This is because the Green's function ˆ ( , )z zG  has a singularity for z z  

 
0 1 ˆ ˆ( )
1 0 z z z

      
 

G I , (3.25) 

which corresponds to a step-like discontinuity 

 

Figure 3.1: A sketch of the model used in the scattering formalism. The ingoing 
waves with amplitudes u+ and v+ interact with a multilayered structure (which can be 
considered as a black box placed inside the dashed contour) through the ports 'U' and 'V' 
on the sides, producing the outgoing waves with amplitudes u– and v–. 
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0 1ˆ ˆ( , ) ( , )
1 0

z z z z
 

     
 

G G . (3.26) 

The Green's function inside the structure (for 0 z L   and 0 z L  ) can be 

expressed by using the modes of Eq. (3.5) 

 
( ) ( )ˆ ( , )

ˆ( )
m m

m m mm

z z
z z ic





 
 

  G
ρ

. (3.27) 

As a result, the scattering matrix of an arbitrary multilayered structure can be written as 

 
2

D 2

(0) (0) ( )2
ˆ( ) (0) ( ) ( )

m m m

m m mm m m m

E E E Lic

E E L E L





 
   

      
S S

ρ
, (3.28) 

 
1

U U
D 1

V V

01

2 0

r r

r r





 
  

  
S . (3.29) 

The matrix DS  is necessary to treat correctly the discontinuity of representation (3.27) at 

the boundaries of the structure. It contains the Fresnel coefficients 

U(V) U(V) U(V)[ 1] /[ 1]r Z Z    which describe the reflection of waves incident from the 

vacuum onto the leftmost (rightmost) layer with the impedance U(V) U(V) U(V)/Z    . It 

can be showed that Eq. (3.29) is equivalent to the following one 

 U U U U
D

V V V V

( ) /( ) 0

0 ( ) /( )

      
         

S , (3.30) 

where U(V)  and U(V)  are the permittivity and permeability of the leftmost (rightmost) 

layers. The main advantage of the formula (3.28) is that it is valid for multilayered structures 

with arbitrary arrangements of the layers and for arbitrary large variations of the refractive 

index. 

The elements of the scattering matrix can be interpreted as reflection and transmission 

coefficients 

 U

V

( ) ( )
( )

( ) ( )

R T

T R

  
     

S . (3.31) 

It is worth noting that the reflection spectrum for signals incident from the left U ( )R   and  
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from the right V ( )R   can be different, but the transmission spectrum ( )T   does not 

depend on the direction of incidence 

 
2 (0) ( )

( )
ˆ( )

m m

m m mm

icE E L
T




 

  
ρ

. (3.32) 

This agrees with the property (2.44) derived for structures which satisfy the reciprocity 

principle. 

3.3 Modes of the dielectric slab 

The simplest example of one-dimensional structures is a dielectric slab consisting of a 

single layer with the refractive index n  and thickness d . The modes of such structure can 

be searched in the form 

 
cos[ ( / ) ]1

sin[ ( / ) ]cos
m

m
m

z d

in z d

   
       

, (3.33) 

where the parameter /nd c   was introduced, which has the meaning of time necessary 

for a signal to go through the slab. The two additional parameters m  and   should be 

chosen in such a way so as to satisfy the outgoing boundary conditions (3.6) and (3.7). It 

can be showed that 

 tan /i n  , (3.34) 

 2m m     , (3.35) 

which corresponds to 

 (0)m    , (3.36) 

 ( ) ( 1)m
m d     . (3.37) 

The transmission spectrum of the slab and a few mode profiles are shown in Figure 3.2. 

For large values of the refractive index, the parameter   goes to zero, and these modes 

become similar to standing waves in a resonator, where the electric and magnetic fields are 
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shifted in phase and time by a quarter of period. It can be checked that the modes (3.33) 

satisfy the orthogonality relation (3.10) 

 
2

2
2 0

ˆ cos[ ( )( / )] ( 1)
cos

d
k m km

n
k m z d dz n d       

 
ρ . (3.38) 

However, these modes should be distinguished from another set of orthogonal modes 

which can be obtained if the dielectric slab is considered as a waveguide [35, 71]. The 

latter modes are formed due to the total internal reflection and assume that there is a 

nonzero tangential component of the wave vector (propagating constant). The boundary 

conditions with exponentially decaying fields on the sides are applied instead of the 

Figure 3.2: (a) Transmission spectrum (solid line) of a dielectric slab with the 
refractive index n = 1.55. The positions of the resonances in the complex frequency 
plane are shown by dots, and each of them creates a peak of Lorentzian shape (dashed 
line, amplitude is normalized to 1) in the spectrum. Triangles on the top indicate the 
resonances of a few different orders m for which the mode profiles were computed (b -
 e). The absolute values of the electric |E(z)|2 and magnetic |H(z)|2 fields are shown by 
solid and dashed lines, respectively. 
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outgoing boundary conditions, and the modes have a continuous rather than discrete 

spectrum since the propagation constant can be used as a parameter. 

The slab has an infinite number of resonant frequencies, and it is convenient to 

describe them as 

 qw2m m i     , (3.39) 

which follows from Eqs. (3.34) and (3.35). In formula (3.39), qw /(2 )     is the 

frequency for which the slab has a quarter-wave optical thickness, 

12 / ( ) ln[( 1) / ( 1)]i n n         is the decay rate which is the same for all resonances, 

and m  is an arbitrary integer. The scattering matrix for the slab can be obtained by 

substituting Eqs. (3.36)-(3.38) into Eq. (3.28) 

 
1 0 1 ( 1)1

cosh( ) sinh( )
0 1 ( 1) 1

m

m
mm

i 



  
             

S  (3.40) 

The infinite sums on the right side of this equation have the same form as the expansion of 

cotangent and sine into partial sums [72] 

 
1

cot
m

z
z m






  , (3.41) 

 
( 1)

sin
m

m

z
z m








  . (3.42) 

As a result, the scattering matrix can be reduced to 

 
sin( ) sin( )1

sin( ) sin( )sin[( ) ]

i

ii

   
        

S , (3.43) 

and the formulas for the transmission and reflection spectrum of the slab can be obtained 

by direct comparison with Eq. (3.31). It turns out that the behavior of the infinite number 

of poles which enter Eq. (3.40) can be correctly reproduced by multiple zeros of a single 

function which stands in the denominator of Eq. (3.43). According to the Weierstrass 

formula the sine function can be represented as an infinite product [73] 

 
1

sin 1 1
m

z z
z z

m m





         
 . (3.44) 
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3.4 Green's function as a product 

As was discussed in Section 2.1.1, the Maxwell equations can be replaced by a single wave 

equation which is an ordinary differential equation of the second order. It has two 

fundamental solutions and any other solution can be represented as a linear combination of 

them. These independent solutions ( )z  can be used to construct the Green's function 

in the form of product which has a step-like discontinuity by definition 

 
( ) ( ) , for1ˆ ( , )

( ) ( ) ( ) . for

z z z z
z z

W z z z z z

 

 

      
   

G  (3.45) 

The function W  resembles the Wronskian used in the theory of ordinary differential 

equations. It is introduced to assure that the representation (3.45) has exactly the same 

discontinuity as required by condition (3.26) 

 
0 1ˆ ˆ( , ) ( , )
1 0

z z z z
W

         
      

 
G G . (3.46) 

This leads to the following expression for the Wronskian 

 
0 1

1 0
W  

 
   

 
. (3.47) 

The frequencies at which the Wronskian turns into zero have a special meaning. They 

corresponds to the poles of the Green's function, and according to the representation (3.27) 

the two solutions ( )z  for these frequencies should become linearly dependent and 

proportional to the modes of the system ( )m z . 

Although the two representations of the Green's function in terms of either infinite 

series (3.27) or finite products (3.45) are fully equivalent to each other, the usage of one of 

them can be more preferable depending on the specific problem. For example, to compute 

the Green's function numerically, it is easier to use its representation in the form of product 

since it contains only two functions. However, to analyze the physical behavior of a 

system, it is better to treat the Green's function as a sum of responses produced by different 

oscillators. Moreover, this representation it is especially useful when the spectrum of the 

incident signal is concentrated in a small frequency region as often happens for pulses with 

slowly varying envelope. In this case, it is not necessary to take into account all oscillators. 



3  GREEN'S FUNCTION FOR MULTILAYERED STRUCTURES 

52 

Instead, it is sufficient to keep only those of them which are situated close to that 

frequency region, and this simplifies significantly the description of the system. 

To provide an example of how to construct the Green's function in the form of 

product, a single dielectric slab can be considered. The two independent solutions can be 

chosen as those producing the outgoing waves on the left (0)     and on the right 

( )d     of the structure 

 
cos[ ( / ) ]1

sin[ ( / ) ]cos

z d

in z d
   

       
, (3.48) 

 
cos[ ( ) / ]1

sin[ ( ) / ]cos

z d d

in z d d
    

        
, (3.49) 

with the parameter   defined as in Eq. (3.34), but with arbitrary real frequency  . The 

Wronskian can be computed by inserting these solutions into Eq. (3.47) and equals to 

 
sin[( ) ]

2
sin( )

i
W

i

  



. (3.50) 

It does not depend on the z-coordinate and turns to zero 0W   at the resonant frequencies 

m  described by the formula (3.39). It can be checked that the two fundamental solutions 

  at these frequencies become linearly dependent and proportional to the mode m  

defined in Eq. (3.33). Since the Green's function is known, it is possible to find the 

transmission and reflection spectra of a single slab by using the scattering matrix in the 

form (3.24) 

 
1 sin( )ˆ( ) ( ,0)
2 sin[( ) ]

i
T d

i 


    
  

G , (3.51) 

 
1 sin( )ˆ( ) (0 ,0)
2 sin[( ) ]

R
i 


      

  
G . (3.52) 

These formulas agree with Eq. (3.43) and can be considered as a generalization of the Airy 

formulas which are obtained by considering the propagation of rays inside the dielectric 

slab [2]. By using Eqs. (3.43) and (2.32), it is possible to rewrite the transfer matrix of the 

slab (2.25) in a more compact representation 

 
sin[( ) ] sin( )1

sin( ) sin[( ) ]sin( )

i

ii

    
         

T . (3.53) 
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3.5 Modes of the periodic structures 

Many multilayered structures can be constructed by alternating the dielectric layers of just 

two types according to some specific pattern. They can be described by symbolic sequences 

or formulas, where each letter corresponds to a certain type of the layer. For example, the 

symbolic formula (AB)k  describes a periodic structure obtained by joining the layers of the 

type 'A' and 'B' together and repeating them k times. 

The periodic structures show many peaks of perfect transmission in the spectrum 

[Section 2.2.4], and when the number of periods is doubled, each peak undergoes a 

characteristic trifurcation [Figure 3.3(a)]. The frequencies of the peaks can be found by using 

the method of trace maps as was discussed in Section 2.4.2. It should be noted that these 

frequencies are always real, and it is necessary to distinguished from the resonances which 

were defined as a solution of the eigenvalue problem (3.5). In general, the real parts of the 

complex resonances serve as a good approximation for the frequencies of the peaks, but they 

coincide precisely only in some specific cases such as a single dielectric slab considered 

before. For example, the structure in Figure 3.3 demonstrates a peak of perfect transmission 

at the frequency qw0.860591p    close to a band edge, but the corresponding resonance 

is located at qw(0.861140 0.003385 )r i     in the complex frequency plane. 

According to Eq. (2.31) the poles of the scattering matrix correspond to the zeros of 

the upper left element of the transfer matrix 11 0T . For periodic structures consisting of 

N  periods, where each period can be characterized by the transfer matrix T , the transfer 

matrix of the total structure is NT , and the poles can be found as the solutions of the 

following equation 

 2
11

1

( ) sin[( 1) ]

( ) sin[ ]
N

N

U kL N kL

U kL NkL





 T , (3.54) 

which can be obtained from the Chebyshev identity (2.73). If period consists of two layers 

'A' and 'B', the upper left element of the transfer matrix can be written as 

 0 0A B
11

A 0 B 0

cos( ) sin cos sin cos
2

n nn ni
kL

n n n n

    
            

    
T , (3.55) 

where A A /n d c   , B B /n d c    and 0n  is the refractive index of the external medium. 
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Figure 3.3: (a) Transmission spectrum as a function of normalized frequency for a 
quarter-wave structure described by the symbolic formula (AB)k with the number of 
periods k = 16. The refractive indices of the layers 'A' and 'B' are nA = 1.55 and nB = 2.3, 
respectively. Overlapped diagrams show the trifurcation of the peaks with 100% 
transmission as the number of periods increases from k = 1 to k = 16 (see labels on the 
right).  (b) The positions of the resonances in the complex frequency plane. 

 
 

 

Figure 3.4: (a) Transmission spectrum as a function of normalized frequency for a 
quarter-wave structure described by the symbolic formula (ABBA)k with the number of 
periods k = 8. The refractive indices of the layers 'A' and 'B' are nA = 1.55 and nB = 2.3, 
respectively. Overlapped diagrams show the trifurcation of the peaks with 100% 
transmission as the number of periods increases from k = 1 to k = 8 (see labels on the 
right).  (b) The positions of the resonances in the complex frequency plane. 
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Inserting Eq. (3.55) into Eq. (3.54) leads to the following implicit formula, which describes 

the positions of the poles in the complex frequency plane 

 0 0A B

A 0 B 0

cos( )
sin( ) sin cos sin cos

sin( ) 2

n nn nNkL i
kL

NkL n n n n

    
           

    
. (3.56) 

Although it can be used to find the precise position of the poles, it is too complex, and it is 

better to find them directly as a solution of eigenvalue problem or to use a special 

algorithm which is based on the harmonic inversion technique [Section 4.5]. The latter two 

approaches are more general and can be applied for structures with nonperiodic 

arrangements of the layers. However, the periodic structures have some specific features 

and Eq. (3.56) can be used to explain them. 

For large values of N , the imaginary parts of poles tends to zero, which means that 

Eq. (3.56) can be simplified, and outside the band gap regions the real parts of the poles 

can be found as solutions of the following approximate equation sin[ ( ) ] 0k NL  . It is 

somehow similar to the equation sin[( / ) ] 0n c d  , which can be obtained for a single slab 

and shows that the Bloch wavenumber plays the role of an effective refractive index. It can 

be proved that this index tends to 1/ 2
A B( )n n  for quarter-wave structures in the limit of long 

wavelengths. In the vicinity of band gap regions the effective refractive index grows, and 

this means that the resonances are located more closely to each other. Moreover, they shift 

to the real axis and this can be explained by using the following formula which describes 

the decay rate of the resonances in a dielectric slab 

 
qw

Im( ) 2 1
ln

1

n

n

        
, (3.57) 

It can be also noticed that the poles of periodic structures are positioned in such a way 

as if they were connected by a smooth curve [Figure 3.3]. To find an approximate analytic 

formula for the shape of this curve, it is convenient to assume that the structure satisfies the 

quarter-wave condition so that     and to expand Eq (3.56) into the Taylor series up to 

the first order with respect to Im( ) Re( )kL kL  

 0 0A B

A 0 B 0

1
Im( )sin[Re( )] sin[2 Re( )]

4

n nn n
N kL kL

n n n n

 
      

 
. (3.58) 

On the other hand, a similar expansion of Eq. (2.69) gives 
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 A B

B A

1
Im( )sin[Re( )] 2 Im( )sin[2 Re( )]

2

n n
kL kL

n n

 
     

 
. (3.59) 

By combining these results and using qwIm( ) ( / 2) Im( / )     , the following formula 

can be obtained 

 
1

0 0A B A B

qw A 0 B 0 B A

Im( ) 1
2

n nn n n n

N n n n n n n


  

            
. (3.60) 

It approximates the position of the poles by a horizontal line. For the parameters used in 

Figure 3.3, the formula (3.60) gives qwIm( / ) 0.023589   , which describes correctly a 

large part of the curve and especially in the limit of long wavelength. The resonance with 

the smallest real part of the frequency has qwIm( / ) 0.023014    so that the accuracy of 

the formula (3.60) is about 2-3% in this case. 

The imaginary part of a resonance gives its decay rate Im( )r r     and can be used 

to compute the quality factor of the resonance Re( ) /(2 )r r rQ    . It is worth noting that 

for periodic structures the resonances near the band edges have the largest quality factors 

[Figure 3.3(b)]. Since all resonances produce peaks of the Lorentzian shape as follows from 

Eqs. (3.28) and (3.31), the decay rate also describes the half-width of a peak in the 

transmission spectrum observed for the real frequencies. It can be noticed that the half-width 

of the peaks gradually decreases as they approach the band gap [Figure 3.3(a)]. 

It should be noted that the interfaces of periodic structures can significantly affect the 

positions of the resonances. As an example, the periodic structure (ABBA)k can be 

considered which differs from the structure (AABB)k only at the boundaries. The spectrum 

of the former is given in Figure 3.4, and the spectrum of the latter is similar to the one 

shown in Figure 3.3 provided that the quarter-wave frequency is multiplied by two. The 

presence of a pass band with a nearly rectangular shape is only due to the influence of the 

outermost layers. 
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3.6 Modes of the Thue-Morse structures 

Nonperiodic multilayered structures demonstrate more complex distribution of the 

resonances in the complex frequency plane. The transmission spectrum of a multilayered 

structure based on the Thue-Morse sequence of the 7th generation number is shown in 

Figure 3.5. At low frequencies the resonances are equally spaced, which somehow 

resembles the properties observed for a single slab [Figure 3.2(a)], and justifies that the 

structure can be approximated by an effective medium in the limit of long wavelengths. 

For higher frequencies, several band gaps develop in a fractal manner. This is particularly 

noticeable when the method of trace maps is applied to connect the peaks of perfect 

transmission into tree-like diagrams [48-49]. 

It is instructive to analyze how the positions of these peaks agree with the distribution 

of resonances in the complex frequency plane. For this purpose, a small region of the 

transmission spectrum between qw0.65   and qw0.85   is selected. It has 10 poles inside, 

and this number coincides with the total number of nodes that can be found in the 

corresponding part of the tree-like diagram shown in Figure 3.6(a). For convenience, the 

poles are enumerated as in Figure 3.6(b) and their precise positions are given in Table 3.1. 

The poles with labels 1 and 2 are located very close to each other forming a doublet but 

produce only a single peak in the transmission spectrum (the same is true for the poles 9 

and 10 on the right side). The corresponding mode profiles show that at these frequencies 

the structure can be divided into two weakly interacting parts [Figure 3.7]. The pole 3 (and 

similar for the pole 8) is responsible for the appearance of another peak of perfect 

transmission. However, even in this case the frequency of the peak and the real part of the 

pole do not coincide precisely. The pole 4 (and similar for the pole 7) also leads to a peak 

but it does not show perfect transmission. The contribution of the poles 5 and 6 is twofold. 

They create the resonance in the center, and in addition a wide background that covers a 

few adjacent resonances. This is mostly due to the large imaginary part of the poles, which 

determines the width of the resonance in the transmission spectrum. In principle, the 

transmission spectrum shown in Figure 3.6(a) can be described by analytical formula 

(3.32), and if only the resonances in the interval between qw0.65   and qw0.85   are 

included, this can be reduced to a Padé approximant [74]. 
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Figure 3.5: (a) The transmission spectrum as a function of normalized frequency for 
a quarter-wave multilayered structure based on the Thue-Morse sequence of the 7th 
generation number. The refractive indices of the layers are nA = 1.55 and nB = 2.3. 
Overlapped diagrams show trifurcation of the peaks with 100% transmission as the 
generation number increases from 3 to 7 (see labels on the right).  (b) The positions of 
the resonances in the complex frequency plane. 

 
 

 

Figure 3.6: A magnified part of Figure 3.5, which shows the details of the 
transmission spectrum (a) and the positions of the poles (b). All poles are numbered, 
and their precise positions are given in Table 3.1. 
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Table 3.1: Coordinates of the resonances and peaks in the transmission spectrum for 
the Thue-Morse multilayered structure used in Figure 3.6. 

Resonances Peaks 

Label 
Frequency,  

qw/r   

Frequency,  

qw/p   

Transmission, 
2| ( ) |pT   

1 0.705242 - 0.000358 i 

2 0.705680 - 0.000373 i 
0.705465 1.000000 

3 0.739681 - 0.000661 i 0.739780 1.00000 

4 0.747855 - 0.002648 i 0.748614 0.812599 

5 0.752854 - 0.027950 i 

6 0.756020 - 0.003438 i 
0.756041 1.000000 

7 0.764467 - 0.002835 i 0.763709 0.815691 

8 0.773511 - 0.000802 i 0.773392 1.000000 

9 0.809515 - 0.000815 i 

10 0.810455 - 0.000783 i 
0.809976 1.000000 

 
 

 

Figure 3.7: (a) The distribution of the electric field for the Thue-Morse structure 
with the parameters as in Figure 3.5 at the frequency ω = 0.809976 ωqw, which 
corresponds to one of the peaks of perfect transmission. It has two localization centers, 
and the structure can be divided into two smaller parts as shown by dashed line. The left 
part has a resonance at ω = (0.810126 - 0.002579) ωqw with odd mode profile (b), and 
the right part has a resonance at ω = (0.809986 - 0.000692) ωqw with even mode profile 
(c). The interaction between these resonances produces a doublet in a compound 
structure with slightly shifted frequencies (cf. Table 3.1). 
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The structures shown in Figure 3.7(b, c) are mirror symmetric [Section 2.4.3], and it 

can be noticed that their electric field profiles are either even or odd. Since the magnetic 

field profiles can be obtained by taking a spatial derivative as in Eq. (2.1), they can be also 

either even or odd, but they are always of the opposite parity with respect to the electric 

field. To prove these properties of mirror symmetric structures, it is necessary to consider 

the parity transformation P̂ . It can be defined for the vector T( , )x yE H   in the 

following way 

 
1 0ˆ ( ) ( )
0 1

 
      

P r r . (3.61) 

If it is applied twice, this leads to the identity operator 2ˆ ˆP I , and the fields do not 

change. The parity operator P̂  commutes with the Hamiltonian of a multilayered structure 

(3.4) 

 ˆ ˆ ˆ ˆ( ) ( )z z y z y zc c    PL σ σ σ σ LP , (3.62) 

where the property z y y z σ σ σ σ  of the Pauli matrices was used. Moreover, if the 

structure is mirror symmetric so that ( ) ( )z z     and ( ) ( )z z    , the operator ρ̂  

satisfies the relation ˆ ˆ( ) ( ) ρ r ρ r  and also commutes with the parity operator P̂  since 

 ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )  Pρ r ρ r P ρ r P . (3.63) 

As a result, for any solution of the eigenvalue problem (3.5) the equation ˆ ( ) ( )  P r r  

should hold simultaneously or 

 
( ) ( )

( ) ( )

E z E z

H z H z

   
        

, (3.64) 

which means that the electric and magnetic field profiles should be either even or odd, but 

they are always of the opposite parity for the mirror symmetric structures. To avoid 

confusion it is convenient to define the parity of a mode by referring to the parity of its 

electric field profile. 
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3.7 Conclusions 

The Green's function provides comprehensive information about the properties of the 

structure and as a limiting case gives the scattering matrix of the system. To construct the 

Green's function, it is sufficient to find the eigenmodes of the system, and in this Chapter 

attention was paid to a proper formulation of the eigenvalue problem for the Maxwell 

equations in multilayered structures of finite width. The Maxwell equations were cast to a 

form which is similar to the Schrödinger equation, and it was done in such a way so that 

the choice of the outgoing boundary conditions leads to a symmetric Hamiltonian. As a 

result, it is possible to arrange the leaking modes of the structure into an orthogonal basis, 

and this simplifies considerably the description of the system. Several examples were 

considered which show how to find these modes in various periodic and aperiodic 

structures. An important advantage which offers the usage of these modes is that the 

transmission spectrum of any multilayered structure can be decomposed into a 

superposition of the Lorentzian peaks. This simplifies the analysis of complex multilayered 

structures considerably. 
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Chapter 4 

Broadband transmission properties of 

quarter-wave multilayers 

 

In this Chapter, the optical properties of multilayered structures that satisfy the quarter-

wave condition are studied in detail. The formalism of the scattering matrix is applied to 

describe their transmission spectrum and to derive an exact analytical formula for it, which 

is valid in the full spectral range and contains only a limited number of parameters. These 

parameters are related to the poles of the scattering matrix, and it is emphasized that such 

representation is possible even for multilayered structures with deep variations of the 

refractive index and arbitrary arrangements of the layers. It is very important that although 

most of the results obtained in Section 4.1 follow directly from the properties of the 

Green's function, they can be derived in a completely independent way just by using the 

fact that the transmission spectrum is an analytical function anywhere in the complex 

frequency plane except for a set of isolated points below the real axis where it has simple 

poles. This property is related to the causality principle, and Section 4.2 shows how to use 

it to derive the Kramers–Kronig relations for the multilayered structures. 

The knowledge of the precise analytical formula for the broadband transmission allows 

one to compute easily many important characteristics, such as the group delay experienced by 

the ultrashort pulses propagating through the structure, the group velocity and the group 

velocity dispersion, the photonic density of modes and so forth. The Section 4.3 shows how to 

do that and also proves that by adjusting the arrangements of the layers inside the structure it is 

possible to modify these characteristics locally in some parts of the spectrum, but nevertheless 
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their averaged values do not change. In other words, any local increase of these characteristics 

is compensated by their decrease in other parts of the spectrum, and it is not possible to achieve 

resonances with large quality factors in multilayered structures without creating deep and wide 

band gap regions. It is also proved rigorously that the number of independent poles which exist 

in a multilayered structure equals to the number of layers in it. 

In Section 4.4, the concept of poles is applied to analyze the reshaping of ultrashort 

pulses in multilayered structures. Several examples are considered which show how the 

incident pulses interact with single poles or a pair of them. The exponential stretching of 

the pulses is explained, and the conditions necessary for the observation of the beating in 

the transmitted signal are considered. 

In Section 4.5, an efficient algorithm is presented which finds the positions of all 

resonances and their strength for quarter-wave structures with arbitrary arrangements of the 

layers. It is based on considering the ray propagation inside the structure and subsequent 

application of the harmonic inversion technique. The difference between the direct and 

inverse scattering problems for multilayered structures is discussed in Section 4.6. 

4.1 Exact analytical formulas for transmission spectrum 

Any multilayered structure can be considered as a black box, the input and output from 

which are related by the scattering matrix (3.28). It is known that the poles and zeros of the 

scattering matrix determine the properties of a system uniquely [58, 75]. Taking into 

account that the components of the scattering matrix (3.31) can be interpreted as reflection 

and transmission coefficients, one can describe the transmission spectrum ( )T   of an 

arbitrary multilayered structure by the following formula 

 ( )
p

pp

T





 

 , (4.1) 

where p  is the strength of the resonance at p , and the sum is taken over all resonances. 

The resonances are associated with poles in the transmission spectrum 1( ) 0pT    . For 
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media without gain all poles are located in the lower part of the complex frequency plane 

Im( ) 0p  . The strength of the resonances can be found from Eq. (3.32) as 

ˆ2 (0) ( ) /p p p p picE E L   ρ  or as a derivative 1 1[d ( ) / d ]
pp T  

     without 

using the mode profiles at all. As soon as the set of parameters { , }p p   is determined, for 

example, by using the transfer matrix method, it fully defines the transmission spectrum of 

a structure. 

In general, the number of resonances is infinite, but due to the time-reversal symmetry 

( ) ( )T T    , which means that the poles exist in pairs { , }p p
   and that their 

strengths are related as ( ) ( )p p
      . Those multilayered structures, which satisfy 

the quarter-wave condition qw / 4m mn d    at the wavelength qw  for each layer m  with 

the refractive index mn  and thickness md , have the additional symmetry 

qw( 4 ) ( )T k T    , where k  is an arbitrary integer, qw  is the frequency at which the 

quarter-wave condition holds ( qw qw/ 2 /c    ). Therefore, there is only a limited 

number of independent poles P  in the interval qw qw( 2 , 2 ]   , and the positions of all the 

others can be found by adding qw4k . 

The inverse Fourier transform of Eq. (4.1) gives the response function ( )G t  of the 

structure to the excitation in the form of the Dirac delta function ( )t  

 qw
1

( ) ( ) exp( ) exp( 4 )
P

p p
p k

G t ih t i t i k t


 
        , (4.2) 

where ( )h t  is the Heaviside step function, and the periodicity of the poles for the quarter-

wave structures was used explicitly. Applying the following property of the Dirac comb 

 ( ) (1/ ) exp[ (2 / ) ]
n k

t n ik t
 

 
          (4.3) 

leads to 

 
0

( ) ( )n
n

G t g t n



    , (4.4) 
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where qw/(2 ) /m mn d c      has the meaning of time necessary for a signal to go 

through a quarter-wave layer. The coefficients in Eq. (4.4) are defined as 

1
exp( )

P
n p pp

g i in


       , and thus the response function can be viewed as a sum of 

exponentially decaying modes, which are sampled over the discrete intervals  . It is worth 

noting that all coefficients ng  are real because ( )G t  is real by definition. Moreover, the 

signal at the output cannot appear immediately, and 0ng   for n M , where M  is the 

total number of layers in the structure. These causality relations emphasize that p  are not 

independent parameters and are related to p . 

The Fourier transform of Eq. (4.4) gives 

 
0 1 0

( ) exp( ) exp[ ( ) ]
P

n p p
n p n

T g in i in
 

  
           , (4.5) 

which shows that ng  are equal to the Fourier components of the transmission spectrum. 

Taking the sum of the geometric progression in Eq. (4.5) leads to 

 
1

( )
exp[ ( ) ] 1

P
p

pp

i
T

i

 
 

   . (4.6) 

Therefore, the transmission through the quarter-wave structures can be described by a 

formula which does not involve infinite series and has only a limited number of 

parameters. It can be checked that it gives exactly the same results as the transfer matrix 

method over the full spectral range. Two examples are shown in Figure 4.1 and Figure 4.2, 

which correspond to multilayered structures based on the Fibonacci sequence of the 7th 

order and the Rudin–Shapiro sequence of the 4th order, respectively. 

The periodicity of the poles could be used directly to obtain a few other formulas for 

the transmission. The repeated poles of equal strength can be constructed by using the 

expansion of cotangent into partial fractions as in Eq. (3.41) 

 
qw qw1

( )
( ) cot

4 4

P
p p

p

T


   
   

   
 . (4.7) 

Alternatively, one can operate with multiple zeros rather than poles and to rewrite the 

transmission as a product similar to Eq. (3.44) 
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Figure 4.1: (a) Transmission spectrum |T(ω)|2 of a quarter-wave structure described 
by a binary sequence on the top which was computed according to formulas (4.6)-(4.8) 
for Im(ω) = 0. The letters 'A' and 'B' in the sequence correspond to layers with the 
refractive indices 1.55 and 2.3, respectively.  (b) Positions of the poles in the complex 
frequency plane. In contrast to (a) where |T(ω)|2 ≤ 1, transmission goes to infinity in the 
vicinity of poles, and the grey areas display regions where it exceeds a few fixed values. 

 
 
 

 

Figure 4.2: The same as Figure 4.1 but for another binary sequence. 
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qw

qw1

sin[ /(4 )]
( )

sin[ ( ) /(4 )]

P
p

pp

T


 
 

   . (4.8) 

For a dielectric slab, there are only two poles in the interval qw qw( 2 , 2 ]    on the real 

axis, and according to Eq. (3.39) they are located at 0 i     and 0 qw2 i     . 

Therefore, the transmission spectrum of a single slab is described by the following formula 

 qw

qw

sin[ /(2 )]
( )

sin[ ( ) /(2 )]

i
T

i

 
 

   
, (4.9) 

which agrees with the result obtained by using the Green's function (3.51). 

The formulas (4.6)-(4.8) are fully equivalent to each other. For example, to derive 

Eq. (4.7) from Eq. (4.6), it is sufficient to notice that due to causality 0 1
0

P
pp

g    . 

The formula (4.8) follows from the fact that the transmission spectrum does not have zeros 

in the complex frequency plane. Therefore, it should be searched in the form 

qw1
( ) / sin[ ( ) /(4 )]

P
pp

T C


     , where C  is some constant which can be found 

by imposing the long-wavelength limit on transmission (0) 1T  . It is worth noting that the 

strengths of the poles p  do not enter the representation (4.8) at all, which emphasizes 

once more that they are not independent parameters. By using the definition 

1 1[d ( ) / d ]
pp T  

    , it is possible to obtain an explicit formula for them 

 
qwqw 1

qw1,

sin[ /(4 )]4

sin[ ( ) /(4 )]

P
pp

q P
q pp p q



 

 
 

    




. (4.10) 

4.2 Kramers–Kronig relations for transmission spectrum 

The fact that the transmission spectrum is an analytic function everywhere in the upper part 

of the complex frequency plane is closely related to the casualty principle, and it is 

possible to derive the Kramers–Kronig relations [75] which connect the real and imaginary 
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parts of the transmission spectrum. However, there is a significant difference in 

comparison with the standard derivation because in general ( )T   is not vanishing for 

  . To avoid this difficulty, the following integral should be considered 

 
qw

( )
( ) cot 0

4C
T d

       
  

 , (4.11) 

which is taken along a rectangular contour C  in the complex frequency plane [Figure 4.3]. 

It equals to zero because there are no poles inside the area surrounded by the contour C . 

Due to the periodicity of the transmission spectrum and cotangent in the integrand of 

Eq. (4.11), the contributions from the left and right sides of the contour differ only in sign 

and cancel each other. The contribution of the top side also equals to zero since for 

Im( )z    

 
exp( ) exp( )

cot
exp( ) exp( )

iz iz
z i i

iz iz

 
  

 
, (4.12) 

and transmission turns into zero due to the causality relations for p  

 
qw 1

( ) 0
4

P

p
p

i
T z




   

  . (4.13) 

As a result, the integral (4.11) can be reduced to 

 qw

qw

2 qw

2
qw

4( ) ( )
( ) cot 0

4
D

T
T d d



 

             
     

 P , (4.14) 

 

Figure 4.3: The integration contour used in the derivation of the Kramers–Kronig 
relations for transmission spectrum of quarter-wave multilayered structures. 
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where the symbol P  means that the integral should be taken in the sense of the Cauchy 

principal value, and the contour D  corresponds to a infinitely small half-circle around the 

pole on the real axis. The latter integral can be found as a residue, and this leads to the 

following formula 

 qw

qw

2

2
qw qw

1 ( )
( ) ( ) cot

4 4
T T d

i



 

        
   

P . (4.15) 

For real frequencies, the real and imaginary parts of the transmission spectrum 

( ) ( ) ( )r iT T iT      can be separated which leads to the Kramers–Kronig relations 

 qw

qw
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2
qw qw

( )
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P , (4.16) 

 qw

qw
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2
qw qw

( )
( ) ( )cot

4 4i r
d

T T


 

          
   

P . (4.17) 

4.3 Group delay, group velocity and density of modes 

To analyze the propagation of ultrashort pulses through the structure, it is important to 

compute the group delay as a function of frequency [76-77]. By separating the amplitude 

and phase in the transmission spectrum ( ) | ( ) | exp( )T T i    , the group delay (which is 

often referred to as "phase time" or "Wigner time") can be defined as 

D ( ) / Im[ ( ) / ( )]d d T T        . An explicit formula for it can be obtained particularly 

easy from Eq. (4.8) 

 D
qw qw1

( )
( ) Im cot

4 4

P
p

p

               
 . (4.18) 

Since the integral 
0

cot( )pz z dz i


     for any pz  in the lower part of the complex 

plane Im[ ] 0pz  , the averaged variations of the group delay do not depend on the 



4.3  GROUP DELAY, GROUP VELOCITY AND DENSITY OF MODES 

71 

particular arrangement of the layers in the structure qw

qw

2
D2

( )d P


 
     . On the other 

hand, for a homogeneous slab consisting of M  quarter-wave layers 

qw

qw

2

2
( / ) 2d d d M



 
     . Therefore, 2P M , or the number of poles in the interval 

qw qw( 2 , 2 ]    equals twice the number of layers [cf. Figure 4.1 and Figure 4.2]. It is 

worth noting however that the number of resonances observed in the transmission 

spectrum for Im( ) 0   can be smaller than the actual number of poles due to the fact that 

poles with large values of Im( ) 0p   are not able to produce sharp peaks. In general, 

since the transmission spectrum is an analytical function anywhere in the complex 

frequency plane except for a set of isolated points where it has simple poles, the following 

relation holds for arbitrary path in the complex plane [73] 

 
1 ( )

2 ( )C

T
d N P

i T

 
  

  , (4.19) 

where N  is the number of zeros and P  is the number of poles which are encompassed by 

the contour C . 

It is very important that the symmetry considerations reduce the number of 

independent coordinates for the poles to M , which means that they provide the same 

information about the structure as M  refractive indices of the layers. In other words, it is 

possible not only to find poles for a known structure, but also to restore a structure from a 

given set of poles. The solution of the inverse problem [32, 78-80] should be based on a 

different algorithm however, and it should take into account the fact that the refractive 

indices have a limited range of possible values. Such solution would be very useful to 

design advanced structures for filtering [30, 81-82] and reshaping [83] of ultrashort signals. 

The concept of group delay is closely related to other characteristics of multilayered 

structures such as the group velocity or the density of modes. This means that similar 

analytical formulas can be derived for them. For instance, the group velocity (or traversal 

velocity) can be defined as gr D/v L  , where L  is the total length of the structure. It can 

be also rewritten as gr D/ /( )v c M n     , where an averaged refractive index 

1
( ) /

M
m mm

n n d L    was introduced. This makes easier the comparison of the data for 

the group delay with the group velocity since without dispersion D M   . As to the 
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photonic density of modes ( )  , it is can be related to the group delay in the following 

way D( ) ( ) / L      [77]. 

4.4 Reshaping of ultrashort pulses 

The standard way to find the transmitted signal out ( )f t  is to compute the spectrum of 

incident signal in ( )f t , multiply it by transmission spectrum and to make the inverse 

Fourier transform 

 in in( ) [ ( )]f f t  F , (4.20) 

 1
out out( ) [ ( ) ( )]f t T f  F  . (4.21) 

However, it is also possible to find the transmitted signal without intermediate switching to 

the frequency domain. If the response function ( )G t  of a structure is known, one needs to 

take the following convolution 

 out in in0
0

( ) ( ) ( ) ( )n
n

f t G t f t t dt g f t n




       , (4.22) 

and this series converges very rapidly because the coefficients ng  decay exponentially 

with increasing n  [Figure 4.4]. 

The simplest reshaping of the signals takes place when only one resonance is excited. 

As an example, a well isolated resonance around qw  can be considered which exists for a 

periodic structure with a defect [Figure 4.5]. It is worth noting that the group delay 

experienced by the pulses with the central frequency close to Re[ ]p  can be estimated 

from Eq. (4.18) as 

 
D

qw

(Re[ ]) 2

Im[ / ]
p

p

 
 

   
. (4.23) 

This also coincides with the decay time of the resonance in the absence of excitation. 
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Which effect will dominate depends on the duration of the incident pulse [Figure 4.5(d, e)]. 

Delay is typical for long pulses, while for short pulses exponential stretching can be 

observed [84]. 

The exponential stretching can be accompanied with beating if several resonances are 

located close to each other [62]. Such resonances can be observed in periodic structures 

with two coupled defects as shown in Figure 4.6. The splitting of the resonances   in the 

doublet around qw  is proportional to the coupling strength between the defects, and can 

be decreased by adding more periods in the middle of the structure. The period of the 

beating can be estimated as 

 beat
qw

2 4

/
t

 
 
  

, (4.24) 

and for the structure considered it is approximately 90 , which is in good agreement with 

the results of numerical simulations. If the carrier frequency of the Gaussian signal is 

slightly detuned from qw , the two resonances in the doublet are excited with different 

amplitudes. This does not affect the period of the beating, but changes the shape of the 

transmitted signal [Figure 4.6(e)]. 

It is worth noting that not only poles but also zeros of the scattering matrix can be 

important for applications. In spite of the fact that the transmission spectrum of 

multilayered structures has only poles, the usage of two counter propagating waves can  

 

Figure 4.4: The response function 
0

( ) ( )nn
G t g t n




     for the structure shown in 

Figure 4.1. The coefficients ng  are real and decay exponentially with increasing n. 

Moreover, due to causality 0ng   for n < M, where M is the total number of layers in the 
structure. 
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Figure 4.5: (a) Transmission spectrum of a quarter-wave periodic structure with a 
defect. The position of the defect is highlighted by bold letters in the binary sequence on 
the top. The refractive indices of the layers 'A' and 'B' are nA = 1.55 and nB = 2.3, 
respectively.  (b) Positions of the poles in the complex frequency plane (c) Group delay 
as a function of frequency according to the formula (45).  (d, e) Gaussian pulses before 
(solid) and after (dashed) propagation through the structure. The typical values of τ are 
in the femtosecond range τ = λqw / (4 c) ≈ 0.83 (λqw / μm) fs. 

 
 

 

Figure 4.6: The same as Figure 4.5 but for a quarter-wave periodic structure with 
two coupled defects. 
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turn effectively the full scattering matrix into zero. For structures consisting of absorptive 

materials, some of the zeros can be located exactly at the real axis in the complex 

frequency plane, and this can be used to create coherent perfect absorbers or time-reversed 

lasers [85-86]. 

4.5 Finding poles from the ray propagation data 

Although the positions of the poles can be found by iterations using the transfer matrix 

method [87-88], one needs to choose the first approximation very carefully. This can be 

difficult because there are no simple rules to predict how poles are located in the complex 

frequency plane. To cope with these difficulties, a more reliable and efficient algorithm 

was developed which returns the position of all poles after a single run without providing 

any first approximations. It is based on considering the ray propagation inside the structure 

and subsequent application of the harmonic inversion technique [Figure 4.7]. 

Initially, the amplitudes of forward ( m
 ) and backward ( m

 ) moving rays in all 

layers of the structure (1 m M  ) and on the boundaries ( 0, 1m M  ) are set to zero 

0m
   [Figure 4.8]. Then, a short probe signal is launched from the left, which 

corresponds to setting 0 1   only for the first moment of time 0t  . Afterwards, a time 

marching scheme is applied to collect the outgoing signals on the right boundary at discrete 

 

Figure 4.7: If an open physical system with a discrete spectrum is excited by a short 
signal, its response (on the left) can be considered as a sum of exponentially decaying 
modes (on the right). The harmonic inversion technique extracts the frequencies and 
amplitudes of these modes by using a sampling of the signal over equal time steps 
(denoted by dots). 
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moments of time t n  . For odd (even) time steps n , one should apply 

T T

1 , 1 1, ,m m m m m m
   

            Y  with index m  running over even (odd) numbers. 

The matrix ,a bY  consists of the Fresnel coefficients which describe the scattering of rays at 

the interface between media with the refractive indices an  and bn  

 ,
21

2
a b b

a b
a b aa b

n n n

n n nn n

 
    

Y . (4.25) 

Since the output signal on the right can be represented as a sum of exponentially decaying 

modes 
1

[ ] exp( )
P

n p pp
i in


      G , the unknown amplitudes p  and resonant 

frequencies p  can be found as a solution of the following eigenvalue problem [89] 

 1 0
ˆ ˆexp( )p p pi   H V H V , (4.26) 

where the matrix elements of auxiliary Hamiltonians ˆ
qH  are defined as 

,
ˆ[ ] [ ]k a b k a b H G . This harmonic inversion technique is very efficient because it requires 

the knowledge of only 2P  elements in the vector G . The poles p  are directly related to 

the eigenvalues of Eq. (4.26), and their strength p  can be determined after a proper 

normalization of the eigenvectors pV  

 
T 2

T
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[( ) ]
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V G

V H V
. (4.27) 

 

Figure 4.8: Propagation of rays inside a quarter-wave multilayered structure. 
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4.6 Direct and inverse scattering problem 

The propagation of rays inside a quarter-wave multilayered structures can be also 

described in the following way 

 

0 1 0 0

0 1 2 1 1

1 2 3 2 2

2 3 3 3

0 0

0
exp( )

0

0 0

i

     
    
       
    
    

     

R B α α

F R B α α

F R B α α

F R α α

. (4.28) 

where it is assumed that 2M   without any loss of generality. The vectors mα  combine 

the forward αm
  and backward αm

  moving rays in the layer m  

 
α

α

m
m

m





 
 
 
 

α , (4.29) 

the matrices mR  describe the reflections between the boundaries of the layer 

 , 1

, 1

0

0
m m

m
m m

r

r




 
  
 

R , (4.30) 

whereas the matrices mF  and mB  take into account the propagation of signals from the 

layer m  to one layer forward or backward 

 , 1 0

0 0
m m

m
t  

  
 

F , (4.31) 

 
, 1

0 0

0m
m mt 

 
  
 

B . (4.32) 

The elements of these matrices are constructed by using the Fresnel coefficients (2.20)-

(2.21) for the reflection ,a br  and transmission ,a bt  which takes place when a ray 

propagating in the layer a  reaches the boundary with the layer b . If the index of the layer 

is not in the range 0 1m M   , the corresponding Fresnel coefficient should be set to 

zero. 

The form of Eq. (4.28) suggests that it can be considered as a discrete Schrödinger 

equation. The matrix on the left side can be interpreted as a Hamiltonian Ĥ  which 

propagates the rays inside a quarter-wave multilayered structure for the time step  . Since 
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this time is sufficient for rays to propagate only between adjacent layers, the Hamiltonian 

has a form of block tridiagonal matrix, and the fact that other matrix elements are zero can 

be considered as a requirement of causality. By denoting the vector containing amplitudes 

of the rays as  , Eq. (4.28) can be rewritten as 

 ˆ exp( )i    H . (4.33) 

This eigenvalue problem has 2M  solutions, which further confirms that the number of 

modes equals to twice the number of layers 2P M . 

It is worth noting that although both eigenvalue problems (4.26) and (4.33) can be 

applied to find the resonance frequencies, these problems have a different meaning. The 

former is more general since it requires the knowledge of the output signal for 2M  

moments of time, while the latter explicitly needs to operate with 2M  spatial components 

of the field inside the structure. Nevertheless, the latter representation is particularly 

suitable to explain the principal difference between the direct and inverse scattering 

problems. If the refractive indices of the layers are known, the resonances can be found in 

a straightforward way by using the standard numerical methods to extract the eigenvalues 

of a matrix. This corresponds to the direct scattering problem, and the solution always 

exists. However, it happens quite often that the applications require a structure with a 

predefined set of resonances, and the task is to find the refractive indices of such a 

structure. From the mathematical point of view, this inverse scattering problem is 

equivalent to reconstructing the matrix in Eq. (4.33) from its eigenvalues. This is a highly 

nontrivial task because the eigenvectors are not specified in advance. 

4.7 Conclusions 

The multilayered structures which satisfy the quarter-way condition have a periodic 

transmission spectrum and can be characterized by a limited number of independent 

modes. As a result, it is possible to derive an exact analytical formula for the transmission 

spectra of such structures, which is valid in the full spectral range regardless of the specific 

arrangements of the layers. Although this formula represents just a special case of a more 



4.7  CONCLUSIONS 

79 

general expression for the scattering matrix which can be obtained with the Green's 

function, the approach used in this Chapter provides a better understanding of transmission 

spectrum as an analytical function of complex variable. It also helps to investigate some 

additional properties of multilayered structures, such as the influence of causality relations 

on the shape of transmission spectra. It follows from these relations that the mode profiles 

are not necessary at all to describe the shape of transmission spectra, and it is sufficient to 

know only the resonant frequencies of the modes, which are related to the poles of 

scattering matrix. It was also proved rigorously that the number of independent resonances 

equals to the number of layers in the quarter-wave structure. 

The analytical formula for the broadband transmission was applied to compute many 

other important characteristics such as the group delay experienced by the ultrashort pulses 

propagating through the structure, the group velocity and the photonic density of modes. It 

was shown how to use these data to analyze the reshaping of the ultrashort pulses. The 

influence of each resonance leads to either delay or exponential stretching of the signal 

depending on its duration. The simultaneous excitation of two resonances can produce 

beating. To find the positions of all resonances in the complex frequency plane an efficient 

algorithm was proposed which extracts them from the ray propagation data by using the 

harmonic inversion technique. 
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Chapter 5 

Coupled-mode theory and nonlinear 

properties of multilayers 

 

The phenomenological Coupled-Mode Theory (CMT) has been widely applied in 

optoelectronics, photonics and quantum optics to describe the linear and nonlinear 

properties of resonators [1, 7, 90]. This theory can be considered as a generalization of the 

scattering matrix formalism, and it can be applied both in the frequency and time domain. 

It played an importation role in the development of devices which can be embedded into 

photonic crystals: from waveguide junctions and add-drop filters [91-92] to optical diodes, 

transistors and even memory elements [6, 93-97]. Moreover, it was used to achieve an 

efficient generation of harmonics and difference frequencies in microcavities [98-99], to 

describe bistable and multistable switching [49, 100], to explain self-pulsations and chaotic 

behavior in coupled microcavities [101-102]. The primary advantage of the CMT comes 

from the fact that it allows one to understand properly the physical interactions between 

different modes of a system which are often hidden in the strictly numerical simulations. 

The CMT equations can be obtained from general physical concepts like the 

conservation of energy and time-reversal symmetry [8, 103]. As a consequence, these 

equations contain several fitting parameters: decay rates of resonances, coupling 

coefficients to different scattering channels and characteristic powers which describe the 

strength of the nonlinear effects. These parameters can be extracted from the experimental 

data, but most often they are determined after performing additional simulations in the time 

domain [3, 104]. The main goal of this Chapter is to present a systematic and rigorous 



5  COUPLED-MODE THEORY AND NONLINEAR PROPERTIES OF MULTILAYERS 

82 

derivation of the CMT equations by starting directly from the Maxwell equations and 

without resorting to the phenomenological concepts. As a result, it is possible to obtain the 

explicit formulas for all fitting parameters in terms of the mode profiles. 

Section 5.1 shows how to derive the CMT equations by using the properties of the 

Green's function and establishes a link between the CMT and the scattering matrix 

formalism. A significant advantage of the approach presented is that it is able to describe 

the excitation of multiple modes consistently and for this reason it can be called as 

broadband. It should be also noted that although the derivation is performed for 

multilayered structures, it can be readily generalized for 2D or 3D structures [Figure 5.1]. 

The form of the CMT equations does not change, only the number of scattering channels 

and possible interactions is increased, which gives more flexibility in designing devices for 

practical applications. 

The CMT treats the multilayered structures as a set of independent oscillators. The 

response of each oscillator is governed by a separate differential equation of the first order, 

and the only difference in comparison to other oscillators is in the parameters entering this 

equation. Therefore, even very complex multilayered structures can be described by a 

uniform set of equations. To describe the propagation of signals in a multilayered structure, 

it is often sufficient to take into account only a small number of resonances, which are 

situated in the frequency range covered by the spectrum of incident signals. This reduces 

significantly the number of equations in dynamical simulations and makes the CMT more 

efficient than FDTD methods [11]. The CMT turns to be much faster and accurate since it 

is based on the solution of the ordinary differential equations which depend only on time as 

 

Figure 5.1: Examples of higher-dimensional structures which can be described by 
the CMT formalism.  (a) Photonic crystals with embedded defects which create a 
waveguide resonantly coupled to a microcavity [100, 105].  (b) Waveguides with arrays 
of holes [106-108]. 
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opposed to partial differential equations used in the FDTD methods. The Section 5.2 

considers an important particular case, when the incident signals excite a single resonance 

and other resonances are treated as a background. It is shown that due to the influence of 

other resonances the Lorentzian peaks in the transmission spectrum acquire an asymmetric 

Fano shape. 

In Section 5.3, the CMT equations are extended to take into account perturbations 

caused by the nonlinear properties of the materials such as the Kerr nonlinearity. The 

positions of the poles in the complex frequency plane can be changed by the nonlinearity, 

and this allows one to modify the properties of the multilayered structures dynamically. 

The effects of the self- and cross-phase modulation are considered, and their efficiency is 

characterised in terms of the mode profiles. 

Section 5.4 provides a simplified set of the nonlinear CMT equations which are 

applicable to describe the strong peaks of perfect transmission in multilayered structures 

with mirror symmetry. Such structures are often equivalent to the nonlinear single-mode 

microcavities and can demonstrate bistable behaviour. An explicit formula is derived 

which describes their nonlinear transmission spectrum and hysteresis. To analyze the 

coupling between the single-mode microcavities, a nonlinear transfer matrix is proposed. 

To provide an example how to use the CMT equations, the Bragg structures with 

symmetrically placed defect are considered in Section 5.5. The accuracy and efficiency of 

this semi-analytical approach is compared with the strictly numerical Runge–Kutta 

method. A more complex example is studied in Section 5.6. It uses the fact that the Thue-

Morse multilayered structures can be divided into coupled nonlinear microcavities and 

shows how to describe the multistability and nonreciprocal behavior. An alternative 

interpretation of the nonlinear modes as stationary gap solitons is presented in Section 5.7. 

The nonlinear terms in the CMT equations are responsible for the interaction between 

poles. It is shown in Section 5.8 that the switching can be explained as a collision of two 

poles so that one of them is pushed to the upper part of the complex frequency plane. The 

influence of the background scattering on the shape of the nonlinear transmission spectra is 

considered in Section 5.9. 
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5.1 Derivation of the coupled-mode equations 

The modes obtained as a solution of the eigenvalue problem (3.5) can be used as a basis to 

expand the field inside a multilayered structure into the following series 

 sct m m
m

a



   , (5.1) 

where the coefficients ma  can be treated as the amplitudes of the modes. For 

monochromatic input signals, the amplitudes can be found by inserting the Green's 

function (3.27) into Eq. (3.21). A direct comparison with Eq. (5.1) gives then 

  2
(0) ( )

ˆ( )m m m
m m m

ic
a u E v E L  

  ρ
. (5.2) 

After making transition from the frequency to the time domain, the following dynamical 

equations for the amplitudes can be obtained [cf. Appendix A] 
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, (5.3) 

and the scattering matrix (3.28) of the system can be represented in terms of the amplitudes 

as 
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(0)
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m

m
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Eu u
a

E Lv v
 

 

    
      

     
S . (5.4) 

The system of equations (5.3) and (5.4) has the same form as the main equations of 

the phenomenological CMT [8, 103]. However, the derivation based on the Green's 

function does not introduce any fitting parameters, and all coupling coefficients can be 

determined explicitly if the mode profiles m  are known. Another significant advantage 

in comparison with other approaches [109-110] is that the derivation presented here is able 

to describe the excitation of multiple modes consistently. For this reason, the system of 

equations (5.3) and (5.4) can be interpreted as the broadband CMT. From the viewpoint of 

quantum mechanics, these equations represent the generalization of the input-output 

formalism for optical microcavities developed by Collett and Gardiner [90, 111]. 

It is worth noting that the expression 

 2 2
0

ˆ ( )
L

E H dz    ρL=  (5.5) 
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gives the Lagrangian L  of the electromagnetic field [112], and it can be applied to derive 

Eq. (5.3) by using variational principles [113-114]. 

5.2 Description of the Fano resonances 

A considerable simplification of Eqs. (5.3) and (5.4) is possible, when the structure 

demonstrates a well isolated resonance at k . It is convenient to rewrite Eq. (5.3) as 

 k
k k u v

u v

da u v
i a

dt
       
 

 (5.6) 

where (0)u kE   and ( )v kE L   are the normalization constants, 

2 ˆ2 (0) /u k k kcE   ρ  and 2 ˆ2 ( ) /v k k kcE L   ρ  are the coupling coefficients to 

the ports 'U' and 'V', respectively [Figure 3.1]. The amplitudes of all other modes ma  for 

m k  can be approximated by constants, and in this case Eq. (5.4) can be reduced to 

 u
k k
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u u
a

v v
 

 

    
            

S , (5.7) 

where the matrix kS  describes the background scattering 
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For resonances with large quality factors, it is convenient to take the limit in Eq. (5.8) as 
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( ) ( ) ( / )Im[ ]
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S . (5.9) 

Equations (5.6) and (5.7) can be used to derive the explicit formulas for the reflection 

and transmission spectra. Assuming that signals are incident from the left, the following 

formulas can be obtained 

 11( ) [ ] u
u k

k

iu
R

u





   


S , (5.10) 
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where the parameter   is defined as 
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The resonance at k  itself shows a symmetric Lorentzian shape in the spectrum, but the 

contribution of all other resonances represented by the term kS  can distort it and produce 

an asymmetric Fano shape [115-119]. When the influence of other resonances is negligible 

so that 21[ ] 0k S , the parameter   can be estimated as 

 (Re[ ]) Im[ ]k kT     . (5.13) 

In addition, if the resonance demonstrates perfect transmission | (Re[ ]) | 1kT   , the matrix 

kS  takes the following form 

 
/ 0

(Re[ ])
0 /

u v
k k

v u
T

  
      

S . (5.14) 

As an example, the full set of parameters for the Thue-Morse structures considered in 

Figure 3.7(b) and Figure 3.7(c) is given in Table 5.1. Since both structures are mirror 

symmetric, the electric field profiles at resonance frequencies can be either odd or even so 

that / 1u v    . For the first structure, the approximate relations (5.13) and (5.14) are 

Table 5.1: Parameters of the Fano resonances for structures shown in Figure 3.7(b) 
and Figure 3.7(c). 

Parameters Figure 3.7(b) Figure 3.7(c) 

ωk / ωqw 0.810126 - 0.002579 i 0.809986 - 0.000692 i 

T(Re[ωk]) 0.996279 + 0.064190 i 0.999785 + 0.014724 i 

ξ / ωqw 0.002844 + 0.000352 i 0.000697 + 0.000020 i 

ηu / ηv -1 1 

[Sk]11 = [Sk]22 1.10616 + 0.079217 i - 1.007410 - 0.014969 i 

[Sk]12 = [Sk]21 - 0.106187 - 0.072426 i - 0.007409 - 0.014840 i 
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satisfied only roughly (the accuracy is about 10%), which means that apart from the 

dominant pathway created by the coupling of the signals to the resonance, there is also a 

quite noticeable background in the transmission which is caused by an averaged response 

of all other resonances. As to the second structure, it shows far more better agreement (of 

about 1%) with the relations (5.13) and (5.14). This is due to the fact that the resonance is 

located inside a stronger band gap region. 

5.3 Perturbations caused by the Kerr nonlinearity 

The perturbations caused by the nonlinear properties of the materials will be considered, so 

that the operator L NLˆ ˆ ˆ ρ ρ ρ  will be divided into the linear Lρ̂  and nonlinear NLρ̂  parts. 

The total field will be searched as a sum L NL     , where L  is a solution of 

the linear problem (3.19) 

 L L L
ˆ ˆ ( ) ( )u ic z v ic z L              L ρ , (5.15) 

and NL  is a small perturbation created by the nonlinear term 

 NL L NL NL L
ˆ ˆ ˆ     L ρ ρ . (5.16) 

If the Kerr nonlinearity is considered, the permittivity depends on the strength of the 

electric field and NLρ̂  can be described as 

 
(3) 3
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NL L

4ˆ
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ρ , (5.17) 

where (3)  is the nonlinear susceptibility of the third order. It is convenient to use the 

special units for the electric field so that unit1E E  corresponds to the plane wave in the 

vacuum with the intensity 1 2 2
unit unit(8 ) | | 1 MW/cmI c E   . In this case, (3)  can be 

expressed as 

 (3) L 2 unit
2
unit
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n I

E


 


, (5.18) 
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where L  is the linear permittivity, and 2n  is the nonlinear refractive index specified in 

21 cm / MW . 

According to the definition of the Green's function (3.20), NL  can be found as 

 NL NL L
ˆ ˆ( / ) ( , )i c z z dz    G ρ . (5.19) 

It will be assumed that one of the modes in the linear solution (0)
L m mm

a

    is 

strongly pumped and has a large amplitude (0)
pa . The perturbation will be also searched as 

an expansion in the basis formed by the orthogonal modes (1)
NL m mm

a

   . The 

coefficients (1)
ma  can be determined by using the Green's function (3.27) 
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where the additional dimensionless parameters mp  were introduced 
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The coefficients in the total solution m mm
a


    are given by (0) (1)

m m ma a a   

and satisfy the following equations 
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. (5.22) 

The term with mm  describes the effect of the self-phase modulation, and the one with mp  

takes into account the cross-phase modulation [16, 25]. The influence of both effects 

results in the shift of the resonance frequency m . 

The nonlinear effects are more pronounced for resonances with strong localization of 

the electric field. Such resonances can often be associated with the defect states in the band 

gap regions so that 21[ ] 0p S  and p vv a   . Assuming that there is only one wave 

incident from the left (or m p ), the transmission can be described as 
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By using the property (5.13), it can be rewritten to the following form 
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where the input and output intensities are given by 1 2
in (8 ) | |I c u

   and 

1 2
out (8 ) | |I c v

  , respectively. The nonlinearity is taken into account via the 

characteristic intensity [61] which is defined as 

 2Im[ ]
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8
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p pp v
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c
I


   

 
. (5.25) 

In general, the characteristic intensity is a complex number, but usually pI  is close to 

positive real numbers for media with positive Kerr nonlinearities. 

5.4 Bistability, multistability and nonreciprocal behavior 

Of particular interest for applications are resonances which show perfect transmission 

0( ) 1T   . They often occur in quarter wave structures with mirror symmetry [36] and can 

be described by a simplified set of equations 

 2unit
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0 unit

4
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Ida
i a a u v

dt I E  
   

          
  

, (5.26) 
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where in comparison with Eq. (5.22) the following notation was introduced 0 Re[ ]p   , 

Im[ ]p    , unitv E  , unitu E   , 0 pI I  or 
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The upper (lower) sign in Eqs. (5.26) and (5.27) corresponds to resonances with even (odd) 

electric field profile, and they will be referred as having even (odd) parity. 

It is useful to switch to the frequency domain and to derive the transfer matrix T  

which relates the plane waves on the opposite sides of the structure 
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where I  is the identity matrix. Regardless of the nonlinear term, the form of the transfer 

matrix (5.30) satisfies such fundamental physical properties as the time-reversal symmetry 

( 22 11
T T , 12 21

T T ), the conservation of energy flow ( det 1T ) and in addition the 

spatial mirror symmetry ( 12 21 T T ). The transmission spectrum for waves incident from 

the left can be found as 11( ) / 1/T v u    T  
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I I

I I


          

. (5.31) 

For a fixed value of the frequency detuning, the formula (5.31) can be used to compute the 

hysteresis curve. It can be checked that this curve is equivalent to the polynomial of the 

third degree with real coefficients, and thus it can describe bistable behavior [Appendix B]. 

More complex structures, which demonstrate multistable behavior, can be constructed 

by combining several strictly bistable microcavities. The transfer matrices of single 

microcavities (5.30) can be multiplied producing the total transfer matrix of the structure. 

This leads to a hysteresis curve of more complicated shape which can be different for the 

opposite directions of incidence because the nonlinear transfer matrices do not commute 

and the order of multiplication plays an important role [61]. 
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5.5 Bragg gratings with symmetrically placed defect 

To provide an example how to use the CMT equations, a Bragg structure with a 

symmetrically placed defect can be considered which is described by the symbolic formula 

(HL) (LH)m m . It will be assumed that the letters 'H' and 'L' correspond to quarter-wave 

layers of rutile with linear (nonlinear) refractive index H 2.3n   ( 8 2
2H 10 cm / MWn  ) 

and polydiacetylene 9-BCMU with L 1.55n   ( 5 2
2L 2.5 10 cm / MWn   ), respectively 

[120-122]. The quarter wave condition is set to qw 0.7 μm  , which gives the thicknesses 

of the layers H 76 nmd   and L 112 nmd  . The main advantage of this structure is that it 

has a well-defined resonance in the middle of the band gap region [Figure 4.5(a)]. The real 

part of the resonant frequency 0 Re( )p    coincides with qw qw2 /c    , and its 

imaginary part Im( )p    can be adjusted by changing the number of periods m  in the 

Bragg mirrors. Because of the mirror symmetry of the structure, this resonance always shows 

perfect transmission 0( ) 1T   . 

For the structure 8 8(HL) (LH) , the resonance is located at qw(1 0.000243 )p i     

and the characteristic intensity according to Eq. (5.28) is 2
0 0.057 MW/cmI  . These two 

parameters are sufficient to describe the hysteresis of the structure and the nonlinear 

transmission spectrum in the vicinity of the resonance by using Eq. (5.31). It is worth noting 

that the CMT parameters of a similar structure (LH) (HL)p p  are different. The resonance is 

located at qw(1 0.000871 )p i    , and the characteristic intensity is significantly larger 

2
0 1.614 MW / cmI  . This can be explained by a different localization of the electric field 

inside the structure [Figure 5.2(a, b)]. The quality factor 0 /(2 )Q     of the resonances also 

changes and decreases from 2058Q   for the first structure to 574Q   for the second. 

Nevertheless, the usage of normalized units for the frequency detuning 0( ) /   and 

intensity 0/I I  ensures that the resonances in both structures demonstrate the same shape of 

the hysteresis and the nonlinear transmission spectrum [Figure 5.2(c-f)]. 

The Maxwell equations for nonlinear multilayered structures 

 ( / )z x yE i c H   , (5.32) 
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 (3) 2( / )( 4 )z y x xH i c E E       (5.33) 

can be also solved by using strictly numerical methods [74, 123-125] or semi-analytical 

techniques [126-127]. A detailed comparison with the results obtained by the Runge–Kutta 

method is shown in Figure 5.2(c-f). 

 

Figure 5.2: (a, b) The structures (HL)8(LH)8 and (LH)8(HL)8, on the left and on the 
right respectively, show a strong resonance around the quarter wave frequency 
ω0 = ωqw, but have a different distribution of the electric field.  (c, e) The hysteresis of 
transmission for a fixed value of the frequency detuning can be computed by Eq. (5.31), 
which follows from the CMT (solid lines), and by solving the Maxwell equations (5.32)
-(5.33) directly with the Runge–Kutta method (circles). Not all parts of the hysteresis 
curves are stable, and arrows show how the switching between different branches 
occurs. The usage of normalized units ensures that both structures have the same shape 
of the hysteresis curve. The results of the two methods are in good agreement. The 
comparison for (HL)8(LH)8 is shown, (LH)8(HL)8 is similar.  (d, f) The same methods 
can be applied to compute the nonlinear transmission spectrum for a fixed value of the 
input intensity. 
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5.6 Thue-Morse structures as coupled nonlinear microcavities 

As a more complex example, the Thue-Morse quasicrystals can be considered. They have a 

nonperiodic arrangement of the layers, which is governed by a deterministic set of inflation 

rules, and demonstrate a number of pseudo band gap regions with peaks of perfect 

transmission [Sections 2.4.3 and 3.6]. One of such peaks is located at 0 qw0.705465   . 

The field profile at this frequency shows two well-defined localization centers, so that the 

entire structure can be divided into two parts which can be treated as coupled microcavities 

[Figure 5.3(a)]. These microcavities, which will be denoted as   and  , have the following 

resonant frequencies qw(0.705402 0.001155 )i    , qw(0.705460 0.000319 )i     

and characteristic intensities 25.376 MW / cmI  , 20.409 MW / cmI  . The real parts 

of these frequencies nearly coincide in comparison with the imaginary parts which determine 

the half-width of the resonances in the spectrum. These complex frequencies also determine 

the quality factors of the resonances 305Q  , 1107Q  . 

The nonlinear response of these microcavities is qualitatively similar and can be 

described by Eq. (5.31) [Figure 5.3(b, c)]. The discrepancy with the numerical results is 

noticeable only for the microcavity  , which has a relatively small quality factor. Since 

the accuracy is worse on the higher frequency side of the resonance where the band gap is 

less pronounced, this suggests that the influence of other resonances causes additional 

perturbations. In principle, they can be taken into account by considering the background 

scattering as in Eq. (5.11). 

The coupling between microcavities leads to more complex hysteresis curves and 

nonlinear transmission spectra [Figure 5.3(d, e)]. They can be obtained by multiplying the 

nonlinear transfer matrices of the microcavities (5.30) for a fixed output intensity and then 

restoring the input intensity. The order of multiplication plays an important role in the 

nonlinear case because the transfer matrices do not commute and the result strongly 

depends on the direction of incidence. Apart from the nonreciprocal behavior, there is also 

the possibility of multistable behavior since the hysteresis curve in the case of coupled 

microcavities is described by a polynomial of a higher degree. It is very important that a 

simple model based on the CMT equations is able not only to explain the nonlinear 

properties of complex resonances like this one, but also shows a good quantitative 

agreement with computationally intensive numerical methods. 
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5.7 Stationary gap solitons 

Besides folding of resonances, the Kerr nonlinearity can lead also to the existence of 

solitons. The large group velocity dispersion inherent to multilayered structures even if 

they are composed of dispersionless media can be exactly compensated by the Kerr 

nonlinearity preventing the broadening of the signals [128-129]. The properties of these 

 

Figure 5.3: An example of the resonance (the Thue-Morse structure of the 7th 
generation number at the frequency ω0 = 0.705465 ωqw) which has two localization 
centers in the electric field profile (a) denoted as α and β. The hysteresis (b) and 
nonlinear transmission spectrum (c) of these parts can be computed by Eq. (5.31), 
which follows from the CMT (solid lines), and by solving the Maxwell equations (5.32)
-(5.33) directly with the Runge–Kutta method (circles). The discrepancy between the 
two methods is noticeable only for the part α, because it has a relatively small 
localization strength. The Thue–Morse structure, which combines the parts α and β 
together, shows the nonreciprocal behavior. For the same frequency ω = 0.7046 ωqw and 
input intensity Ι = 1.5 MW/cm2 as used in (b) and (c), respectively, the hysteresis (d) 
and nonlinear transmission spectrum (e) depend on the propagation direction (αβ or βα). 



5.7  STATIONARY GAP SOLITONS 

95 

objects have been studied for the periodic (Bragg) structures in detail, and it was shown 

that the solitons can exist not only in the pass bands (Bragg solitons) but also in the band 

gap regions (gap solitons) [129]. The optimal conditions for the existence of these solitons 

are when the nonlinearity effectively flattens the contrast in the refractive index of the 

layers. In other words, materials with lower (higher) linear refractive index should have a 

positive (negative) Kerr coefficient. 

Strictly speaking, the CMT equations (5.26)-(5.27) are not suitable to describe the 

propagation of solitons because they involve only derivatives in time. Moreover, the CMT 

based on the leaking modes does not make any assumptions about the periodicity of the 

structure which is very important to define the group velocity dispersion in a proper way. For 

this purpose, other formulations of the CMT which use the Bloch conditions and SVEA in 

conjunction with the multiscale analysis are more appropriate [24-25]. It is worth noting 

however that there is a special type of solitons which can be characterized by zero velocity. 

They are known as stationary gap solitons and are closely related to the leaking modes of a 

structure. The incident radiation coupled to these solitons can be conveyed through the 

structure with no changes in the intensity even in the middle of band gap region [130]. The 

examples of such solutions for a Bragg structure of finite length are shown in Figure 5.4. 

They were found by using the Runge–Kutta method. In contrast to the moving gap solitons, 

the stationary gap solitons can be observed even in structures which do not have any 

translation invariance [131-132], and the CMT equations (5.26)-(5.27) can be applied to 

describe their dynamical properties very efficiently [110, 133]. 

For example, on performing a scan over pseudo band gaps of a Thue–Morse structure, 

several families of stationary gap solitons can be identified [Figure 5.5]. They look like L-

shape curves on the contour plot and have similar distribution of electric field at all points. 

In contrast to the Bragg case, some of the stationary gap solitons are not related to any 

linear resonances, although they exist throughout the full band gap region, making a kind 

of bridge from one pass band to another. Moreover, their field profiles inherit the 

quasiperiodicity of the underlying structure to a certain extent. 
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Figure 5.4: Nonlinear transmission spectrum (a) for a quarter-wave Bragg structure 
consisting of 128 layers as a function of normalized frequency and the amplitude of the 
electric field at the output of the structure. The resonances bend to lower frequencies for 
large intensities and produce L-shaped curves in the band gap region around ω = ω0. 
These curves correspond to the stationary gap solitons and separate them into families 
which have the same number of peaks in the field profiles. The circles on the plot mark 
the family that has three peaks, and the arrow indicates the parameters used to compute 
the distribution of the electric field for one of the stationary gap solitons (b). 
Background shows alternation of layers inside the structure. 

 

 

Figure 5.5: The same as Figure 5.4 but for the quarter-wave Thue–Morse structure 
of the 8th generation number. 
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5.8 Switching as a сollision of poles 

The bistable switching in microcavities can be viewed a result of interaction between two 

modes a  with the frequencies 0 i      which are related by the time-reversal 

symmetry. Both of these modes should be taken into account if incident signals are 

considered as real quantities. Assuming that the microcavity is mirror symmetric, and the 

mode profiles are even, Eqs. (5.26) and (5.27) can be rewritten in the following form 

 unit

0 unit

4Ida u v
i a a a

dt I E
  

   
  

       
 

, (5.34) 

 unit

0 unit

4Ida u v
i a a a

dt I E
  

   
  

       
 

, (5.35) 
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1

( )
1

u u
a a E

v v
 

 
 

     
        

    
, (5.36) 

In principle, it is sufficient to keep only one of the two differential equations since 

( )a a 
  . However, the representation (5.34)-(5.35) shows explicitly that the 

nonlinearity leads to the coupling between modes a . 

To describe the dynamics of the switching, it is convenient to introduce the slowly 

varying envelopes cRe[ ( )exp( )]u U t i t    , cRe[ ( )exp( )]v V t i t     and 

c( ) ( ) exp( ) / 2a t A t i t   , where c  is the carrier frequency which is close to 0 . This 

leads to the following set of equations for the envelopes 

 unit
c

0 unit

( )
IdA

i A A A U V
dt I E


     
  

        
 

, (5.37) 
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, (5.38) 

 unit
1

1

U U
A E

V V
 


 

     
       

    
. (5.39) 

The Kerr nonlinearity couples the modes A  to each other so they cannot be considered 

any longer as the normal modes of the system in the nonlinear case. The system (5.37)-

(5.38) can be rewritten in a matrix form as 
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 1

2 unit

( , )

( , )

U VA F A Ad
A F A Adt E U V

   
 

    

     
             

, (5.40) 

and the simplest way to obtain a new set of the normal modes is to linearize it. This can be 

done by considering small variations of the modes in the vicinity of some point on the 

hysteresis curve. The corresponding Jacobian matrix J  is defined as 

 
A Ad
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J , (5.41) 
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or in explicit form 
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c

0 0
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2
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I I
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I I

   

   

       
 
 

     
 

J . (5.43) 

To find how the poles shift from their linear positions at  , it is necessary to consider 

( )A t  as being proportional to exp( )i t   and to find  . This leads to the following 

characteristic equation for the determinant 

 0i  J I , (5.44) 

 
2 2

2 unit unit
c 0

0 0

( ) 2
I I

i A A A A
I I   

   
           

   
, (5.45) 

or taking into account that out unitI A A I   

 2 out out
c 0 c 0

0 0

( ) 3
I I

i
I I

  
            

  
. (5.46) 

Therefore, the output intensity can be used as a parameter to describe the motion of 

the poles in the complex frequency plane. For small intensities, 0 c( ) i       , or 

without using a shifted frame 0 i     , which coincides with the position of the 

poles in the linear case. The path described by these poles as a function of output intensity 

is shown in Figure 5.6. The poles can be considered as quasiparticles which are moved by 
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the Kerr nonlinearity. When two poles collide one of them is pushed to the upper part of 

the complex frequency plane. The amplitude of the corresponding normal mode begins to 

grow and switching occurs. 

5.9 Nonlinear Fano resonances 

The Fano resonances demonstrate a more complex shape of hysteresis curves and 

nonlinear transmission spectra in comparison with the strictly Lorentzian resonances. An 

efficient way to compute these characteristics is to use the amplitude of the mode a  as a 

parameter. This helps to avoid the direct solution of the cubic equations and to obtain 

Figure 5.6: (a) The path described by the poles as the output intensity increases in 
shifted representation of the complex frequency plane. For small intensities the poles 
move to the lower frequencies (blue and red arrows). When their real part approaches 
the carrier frequency ωc (or δω = 0), they become undistinguishable (grey arrows) and 
one of them is pushed to the upper part of the complex frequency plane. The amplitude 
of the corresponding mode begins to grow rapidly and switching occurs. (b) The 
movement of the poles in the normal representation of the complex frequency plane as 
the input intensity increases (blue arrows) and decreases (red arrows). The dotted lines 
connect the positions of the poles before and after the switching. 
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analytic formulas for the hystereses and nonlinear spectra in terms of parametric curves. 

By using Eq. (5.22) and assuming that a monochromatic signal is incident from the left, its 

amplitude u  can be expressed as a following function of a  

 20 unit

0

4
1 | |v

I
u i a a

I
   

         
, (5.47) 

where 0 0 unit( / ) mmI I    . It can be rewritten as a cubic polynomial for the input 

intensity inI  with real coefficients 

 2
in [1 ( ) ]CI I p p    , (5.48) 

where 0( ) /     is the normalized frequency detuning, 2
unit 0(4 / ) | |p I I a  is a real 

parameter and 2
unit 0| ( ) /( ) |C vI E I     is a modified characteristic intensity. The 

transmitted signal can be found from Eq. (5.7) as 

 21[ ] vv u a   S . (5.49) 

In the absence of the background scattering represented by the term 21[ ]S , vv a    or 

outI p . However, in general case out 3 ( )I Q p , where 3Q  is some cubic polynomial 

with real coefficients. Since both the input and output intensities are polynomials with 

respect to the same parameter p , it can be used to describe the shape of the hysteresis 

curves. The nonlinear transmission can be also found in terms of p  

 
1 ( )

T
i p


  

  
, (5.50) 

where 21[ ]  S  and /     are some complex constants which characterize the strength 

of the direct (background) and indirect (resonant) pathways which contribute to the Fano 

resonance. If the condition 2| | 1T   is satisfied in the linear case for any  , this condition 

will be also valid for arbitrary input intensities since the nonlinear term introduces just an 

additional shift in the parametric formula (5.50). It can be showed that if | | 1   and 

2 2 2(Im[ ]) (1 | | )(1 | | )         , the transmission spectrum is always limited 2| | 1T  . 

As to the nonlinear transmission spectra for fixed input intensities, the following two 

equations can be used to described them as a function of p  
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 1
in( / ) 1Cp pI I      , (5.51) 

 
1

in1 ( / ) 1C

T
i pI I 


  


. (5.52) 

These equations are obtained by regrouping the terms in Eq. (5.48) and (5.50) so as to get 

an implicit dependence ( )T  . The different signs describe the two parts of the spectrum 

which are separated by the point where T    . It is situated in the middle of the 

transmission peak and can be shifted by the nonlinearity from its linear position at the 

frequency 0  to c  which depends only on the input intensity and can be described by the 

following formula 

 0 inc

C

I

I

 
 


. (5.53) 

The shape of the Fano resonances depends only on three real parameters | | , | |  and 

arg( )   . All other quantities such as frequency and intensities are expressed in 

normalized units. The parameter | |  describes the transmission far from the resonance, 

| |  characterizes the strength of the resonance and   is responsible for the interference 

between direct and indirect pathways. It is worth noting that if cos | | / | |     , this 

interference results in a zero transmission for (| | / | |) sin      . A few examples of the 

linear and nonlinear transmission spectra which are typical for the Fano resonances are 

shown in Figure 5.7. 

The parameter   has an important influence on the shape of the spectra even in the 

linear case. If it is in the range 0    , the transmission around the resonance 

increases for large frequencies, which can be interpreted as a normal dispersion. On the 

contrary, if the parameter   is in the range 0     , the transmission around the 

resonance decreases for large frequencies, and this can be considered as a manifestation of 

the anomalous dispersion. The examples of such two types of dispersion can be found on 

the different sides of the band gap region [Figure 3.3]. When nonlinearity is taken into 

account, the folding of the peaks can produce more complex shapes of transmission spectra 

in comparison with the strictly Lorentzian resonances. This is especially true for negative 

values of the parameter  , assuming that the Kerr nonlinearity is positive. The folding in  
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Figure 5.7: The transmission spectra of the Fano resonances with the same 
parameters |α| = 0.45 and |β| = 1.1 but different phases φ = –0.71 π for (a – c) and 
φ = 0.71 π for (d – f). The linear transmission spectra (a) and (d) were computed by 
using the formula (5.50). The nonlinear transmission spectra for the fixed input 
intensities Iin = 3I0 (b, e) and Iin = 5I0 (c, f) are described by the parametric formulas 
(5.51) and (5.52). The position of the point which divides these spectra into two parts is 
given by the formula (5.53). 

 

 

Figure 5.8: The hysteresis curves of the Fano resonances with the same parameters 
|α| = 0.45 and |β| = 1.1 but different phases φ = –0.71 π for (a – b) and φ = 0.71 π for 
(c – d). They were computed by using the formulas (5.48) and (5.50) for a few fixed 
values of the frequency detuning: ω – ω0 = –2.5 γ in (a, c), ω – ω0 = –3.5 γ in (b, d). 
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this case resembles a loop and only the down switching is possible. The corresponding 

hysteresis curves are considered in Figure 5.8(a, b). For positive values of the parameter 

 , the up and down switching can be observed, and in this case the behavior of the Fano 

resonances is more similar to the one demonstrated by the Lorentzian resonances. 

Nevertheless, there are two important features. First of all, the zero transmission can be 

achieved which is not possible for isolated resonances, and, secondly, the transmission 

after the up switching does not drop rapidly with the further increase of the input intensity 

[Figure 5.8(c, d)]. 

5.10 Conclusions 

The CMT can be viewed as a generalization of the scattering matrix formalism in the sense 

that it uses the modes of a system to relate the input and output from it. Each mode 

corresponds to a harmonic oscillator with some specific field profile but otherwise all 

oscillators are equal and can be described by a uniform set of equations. It is emphasized 

that even multilayered structures with deep variations of the refractive index and arbitrary 

arrangements of the layers can be treated as a set of such independent oscillators. The 

CMT equations were rigorously derived from the Maxwell equations by using the 

properties of the Green's function, and the explicit expression for all coupling coefficients 

were obtained in terms of the modes profiles. A significant advantage of the derivation 

proposed is that the excitation of multiple resonances can be taken into account 

consistently, which makes this theory broadband. 

If only one resonance is strongly excited, other resonance can be treated as a 

background, and a simplified set of the CMT equations was derived for this important 

particular case. The CMT formalism was also extended to take into account perturbations 

caused by the nonlinear properties of the materials such as the Kerr nonlinearity. The CMT 

is very flexible and even the same multilayered structure can be analyzed in several 

different ways. It is often advantageous to split the entire structure in a few weakly coupled 

parts where only one mode can be excited. This is especially useful for nonlinear problems 

since only the self-phase modulation terms should be taken into account. 
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Moreover, the CMT can be used for simulations both in the frequency and time 

domain which makes it far superior to many other methods developed for the multilayered 

structures. The CMT does not abandon however the standard transfer matrix method or 

FDTD methods however. On the contrary, the CMT is used as a-higher level framework 

over them. The purely numerical methods are necessary to find the modes of a structure, 

and as soon as they are found in some or other way, the CMT provides a simplified 

description of the structure. 
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Chapter 6 

Nonreciprocal behavior and optical diode 

 

The development of integrated photonic circuits requires all-optical elements for high-

speed processing of light signals. The optical diode is one of such indispensable elements. 

Similar to electronic diodes, it allows the flow of light only in one direction and can reduce 

problems caused by unwanted reflections or interference effects. The primary figures of 

merit for the optical diode are the transmission contrast (10 dB lg[ / ]f bT T ), which is 

defined as the ratio of the transmission in the forward ( fT ) and backward ( bT ) directions, 

and the insertion loss ( 10 dB lg[ ]fT  ), which describes a possible detrimental influence 

of the optical diode on signals propagating in the allowed direction. 

The standard approach to fabricate optical diodes is based on the usage of the Faraday 

effect in magneto-optical media. Although such diodes have excellent figures of merits 

with typical contrasts being in the range of 40 dB ( 4/ 10f bT T  ) and insertion losses as 

small as 1 dB ( 0.8fT  ) [134], a relatively large size of these devices which is in the order 

of several centimeters and the necessity to apply a strong external magnetic field put a 

severe obstacle on making them suitable for integration on a chip. In the attempt to solve 

this problem, a number of other approaches have been proposed during recent years. They 

can be divided into two large groups, linear and nonlinear approaches, depending on the 

effects which are used to achieve nonreciprocal behavior. A comparative survey of the 

existing approaches is given in Section 6.1. 
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The coupled nonlinear microcavities can be also used to create optical diodes. As was 

demonstrated in the previous chapter, the Thue-Morse multilayered structures can be 

separated into two interacting parts, the coupling between which in the presence of Kerr 

nonlinearity leads to the nonreciprocal behavior. However, the performance of those 

structures was rather low. Sections 6.2 and 6.3 show how to improve it by using the CMT 

formalism. It should be noted that a common problem in the design of optical diodes based 

on nonlinear microcavities is that a large transmission contrast is often achieved at the 

expense of lowering the transmission in the allowed direction. The design proposed in 

Section 6.3 shows how to overcome this difficulty and to create optical diodes with a 

negligible insertion loss. 

6.1 Survey of the approaches to fabricate optical diodes 

6.1.1 Linear approaches 

It is highly desirable to have optical diodes which are linear in the sense that they can 

operate in a broad range of input intensities and especially for very small ones. However, 

the reciprocity and the time-reversal symmetry of the Maxwell equations make this task 

difficult to achieve [135]. For example, it was shown in Section 2.2.2 that the transmission 

through multilayered structures even for asymmetric arrangements of the layers does not 

depend on the direction of incidence. This proves explicitly that it is impossible to achieve 

nonreciprocal behavior in 1D structures at least when they are linear and isotropic. 

It is known however that the Faraday effect in magneto-optical media can break the 

time-reversal symmetry. When an external magnetic field is applied to such medium, the 

linear polarization of the waves rotates during the propagation and the direction of this 

rotation is determined by the vector of the magnetic field. This differs significantly from 

the phenomenon of optical activity, when the rotation is determined by the wave vector so 

that the polarization of the light propagating in the opposite directions follows the same 

path. Therefore, by using the Faraday rotator and two polarizers, it is possible to construct 

a quite efficient optical diode [Figure 6.1(a)]. There has been a considerable progress 

during recent years in making such devices suitable for integration into waveguides on a 
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chip [136-141]. It is worth noting separately in this regard the approach which is based on 

the splitting of resonant frequencies in magneto-optical microring resonators 

[Figure 6.1(b)]. The dimensions of the device can be reduced up to 10 μm, while keeping a 

high transmission contrast of about 20 dB and a low insertion loss of 1 dB. However, the 

need to apply a strong external magnetic field of about 1 Tesla still remains a major 

limiting factor for their development. 

Alternative approaches to fabricate optical diodes are based on chiral media such as 

cholesteric liquid crystals [142-143] [Figure 6.1(c)]. They can be considered as anisotropic 

1D photonic crystals which demonstrate a band gap only for one state of the circular 

polarisation which is determined by the handedness of the crystal. By placing additional 

half-wave retarders on the sides, it is possible to construct optical diode which is able to 

work for linearly polarized light. These retarders can be made from tunable nematic liquid 

crystals, and the device with an overall length of about 10 μm shows the contrast ratio 

/ 20f bT T   with the maximal transmission 0.9fT  . In principle, the contrast ratio can 

 

Figure 6.1: Examples of linear approaches to fabricate optical diode.  (a) The 
Faraday effect in magneto-optical media provides nonreciprocal rotation of the 
polarization state when an external magnetic field is applied.  (b) Microring resonators 
made from magneto-optical materials have different resonance frequencies for 
clockwise and counter-clockwise propagation [139].  (c) Cholesteric liquid crystals 
demonstrate a band gap only for left or right circular polarisation of incident waves 
depending on the handedness of the crystal [142].  (d) Planar metamaterials show 
nonreciprocal transmission due to chirality [144]. 
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be increased by using cholesteric liquid crystals of larger thickness which will create 

stronger band gaps. Instead of liquid crystals, it is also possible to use planar metamaterials 

since they can be engineered in such a way so as to mimic chiral behavior [144-147] 

[Figure 6.1(d)]. However, their figures of merit are significantly lower because they consist 

of metals, which implies a strong absorption. The recent advances in the fabrication of 3D 

polymer nanostructures by direct laser writing [148-149] or twisted fibers can be more 

promising from this point of view. 

6.1.2 Nonlinear approaches 

Nonlinear effects attracted a lot of attention as a means of achieving unidirectional 

transmission. They can be subdivided into two large groups. The first one uses the 

nonreciprocal conversion of waveguide modes due to asymmetrically placed defects in 

directional couplers [150] [Figure 6.2(a)] and quasi-phase-matched gratings [151-153]. 

The asymmetry can be also created by launching additional signals that modulate the 

refractive index dynamically, leading to indirect photonic transitions [154-157] 

[Figure 6.2(b)]. It is very important that although the modulation is created by nonlinear 

effects, the optical diode can operate in a linear mode and can show the contrast ratio up to 

40 dB which is comparable with the best magneto-optical isolators. However, in 

comparison to the latter, the optical diodes based on indirect photonic transitions can be 

more easily integrated on a chip and are compatible with the existing CMOS technologies. 

The usage of the waveguide geometry also means that the optical isolation is broadband 

although the length of the device can be quite large and typically reaches several 

milimeters. It can be reduced however by applying ring-shaped waveguides. 

As to the second group, it uses the folding of resonances in microcavities possessing 

the Kerr nonlinearity and can be implemented in many different configurations [158-160]: 

from multilayered structures [17, 49, 120-121, 161-168] to photonic crystals with 

embedded defects of various form and dimensionality [6, 169-177] [Figure 6.2(c, d)]. The 

resonant properties of the microcavities allow optical diodes of smaller sizes to be 

constructed while keeping a large contrast ratio between the transmission in the allowed 

and blocked directions. However, a common problem in the designs based on 

microcavities is that the high contrast ratio of several thousands is often achieved at the 
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expense of lowering the maximum transmission in the forward direction to just 10%. This 

is a consequence of the fact that the microcavities have a discrete spectrum consisting of 

sharp resonances as opposed to waveguides which have a continuous spectrum. 

Strictly speaking, there is also a number of other approaches which cannot be assigned 

easily to the large groups above, but for the sake of completeness it is worth mentioning 

them [178-187]. It is interesting to note that the nonlinear approaches based on the 

coupling of waves in either waveguides or microcavities are quite general and can be 

adopted with minimal changes to design a diode for acoustic waves [188-190]. 

6.2 Optical diode based on asymmetry of a single microcavity 

The simplest way to create nonlinear optical diode is to use resonances with asymmetric 

field profiles. Such resonances can be obtained in Bragg structures with an asymmetrically 

placed defect. The field decays exponentially to the left and to the right from the defect 

region, but due to the different distance to the boundaries of the structure it has different 

 

Figure 6.2: Examples of nonlinear approaches to fabricate optical diode.  (a) 
Nonreciprocal switching of waveguide modes due to asymmetrically placed Kerr 
defects in directional couplers [150].  (b) Indirect photonic transitions facilitate the 
conversion between waveguide modes only in one propagation direction [154].  (c) 
Asymmetric microcavities in photonic crystal waveguides [169].  (d) Photonic 
molecules which show nonreciprocal transmission [174]. 
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values on the sides. As a result, the coupling coefficients entering Eq. (5.6) become also 

different, and according to Eq. (5.25) the characteristic intensities, which describe the 

shape of hysteresis curve (5.24) and determine the switching thresholds, are no longer 

equal for the opposite directions of incidence. The difference in bistability thresholds can 

be small, but it can lead to large transmission contrasts since the structure can operate on 

different branches of the hysteresis curve depending on the direction of incidence. 

However, the most significant drawback of this approach is that such asymmetric field 

profiles lower significantly the maximal possible transmission. The structure has perfect 

transmission only if the defect is placed in the middle of the Bragg structure. The more it is 

shifted from the middle, the more the transmission is close to zero. To avoid this difficulty, 

one can consider other types of the asymmetric structures which have more complex 

arrangements of the layers. 

The Thue–Morse structures of odd generation numbers are especially interesting in 

this regard. They can show asymmetric field profiles and perfect transmission 

simultaneously. The resonance near qw0.740    provides an example of how it can be 

achieved [Figure 6.3(a)]. The hysteresis curves in the vicinity of this resonance and the 

 

Figure 6.3:  (a) Electric field profiles at the peak of perfect transmission near 
ω = 0.740 ωqw for the linear Thue–Morse structure of the 7th generation number with 
the same set of parameters as in Figure 5.3. Background shows alternation of layers 
inside the structure.  (b) Hysteresis of transmission at the frequency ω = 0.7375 ωqw. 
The switching thresholds are different for the forward (blue solid) and backward (red 
dotted) incidence. Vertical grid lines correspond to the intensities of up 
(Iup = 22.0 MW / cm2) and down (Idown = 8.1 MW / cm2) transitions for the case of 
forward incidence.  (c) Nonlinear transmission spectra for a fixed input intensity 
8.1 MW / cm2. The linear transmission spectrum (gray) is also shown for comparison. 
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nonlinear transmission spectra become sensitive to the direction of incidence 

[Figure 6.3(b, c)]. It is possible to use the intensities of both up upI  and down transitions 

downI  to achieve nonreciprocal transmission. In the former case, the optical diode works as 

a passive device, but the maximum value of transmission is limited [171]. In the latter case, 

the transmission can be almost perfect, but this requires an additional short pump signal in 

order to switch to the higher stable branch of hysteresis [191]. 

The FDTD method can be applied to demonstrate the switching dynamics in time 

domain [Figures 6.4 and 6.5]. To maintain the second order accuracy of the Yee-scheme in 

case of multilayered structures, nonuniform spatial mesh is used with electric field nodes 

aligned to the boundaries between layers [49]. Since the structure can accumulate and 

release energy, the sum of the reflected and transmitted intensities should not necessarily 

give the incident one. This constraint becomes valid only after the transient dynamics is 

over. 

The passive scheme was investigated first [Figure 6.4]. In this case the input intensity 

should be set to a value which is sufficiently large for the up switching in the forward 

direction 2
up 22.0 MW / cmI   but at the same time smaller than the corresponding value 

for the backward direction. However, these thresholds are meaningful only for the signals 

the intensity of which varies adiabatically in time. The steepness of the signal can be the 

second factor which determines whether the switching occurs or not. In fact, it is 

advantageous to use steep signals in passive scheme not only because it increases the 

operating speed of the device but also because it forces diode to work at a more favorable 

point of hysteresis curve. It is possible to observe switching even at 220 MW / cm  

provided that the switching duration of the incident signal (when it changes from zero to a 

constant intensity) is shortened to 0.5 ps. The maximum transmission obtained was 

57.5fT   with the contrast ratio / 8.8f bC T T  , which is quite close to the theoretical 

limit of max 9C   following from Eq. (5.31) in the assumption of passive scheme 

[Appendix B]. 

To demonstrate the work of diode in active scheme [Figure 6.5], the input intensity 

was set just above the down switching threshold 2
down 8.1 MW / cmI   for the forward 

direction, which ensures transmission of almost 100% in this direction, while in the 

opposite direction transmission will be strongly suppressed due to pseudo band gap. The  
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Figure 6.4: Numerical simulations of the nonlinear Thue–Morse structure acting as 
an optical diode for the forward (a) and backward (b) incidence at the frequency 
ω = 0.7375 ωqw. The intensities of incident (gray solid), reflected (red dotted), and 
transmitted (blue dashed) signals are given as a function of time. 

 
 
 

 

Figure 6.5: Numerical simulations of the same optical diode as in Figure 6.4, but 
with an additional short pump signal applied to facilitate the switching. 
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contrast ratio achieved was 23.7C  , but it is not limited in principle. The major 

drawback of this scheme is that it is necessary to force system to switch to the upper 

branch of hysteresis whether by applying an auxiliary pump signal, or by temporarily 

increasing the input intensity. 

6.3 Optical diode based on coupled nonlinear microcavities 

It is known that the mirror-symmetric microcavities demonstrate peaks of perfect 

transmission. They can be used as a building block for constructing more complex 

structures. If these microcavities are designed to have a common peak of perfect 

transmission, the compound structure will also show it in the linear transmission spectrum. 

To create asymmetry, it is sufficient to use only two of such microcavities and to modify 

their sensitivity to the intensity of incident waves. Without any loss of generality, a 

multilayered structure with the arrangement of layers as in Figure 6.6 can be considered. In 

this case, the nonlinear response of each microcavity can be changed either directly by 

varying the thickness of the nonlinear defect region or by modifying the localization 

strength via the number of periods in the Bragg mirrors. These two degrees of freedom can 

be rigorously taken into account in the CMT framework, and it will be shown how to use 

them efficiently to preserve perfect transmission in the nonlinear case. 

The transmission spectrum of each microcavity can be described by Eq. (5.31), which 

leads to the following condition for the perfect transmission in 0/ /I I    , where 

0    is the frequency detuning. This condition can be generalized to the case of 

two or more microcavities which have the same real part of the resonant frequency but 

different characteristic intensities and quality factors 

 A A B BQ I Q I , (6.1) 

where the superscripts 'A' and 'B' are used to distinguish two different types of the 

microcavities. It is useful to introduce the parameter 1f   as a measure of asymmetry 

between them A B B A/ /f Q Q I I  . Since larger quality factors generally imply smaller 

characteristic intensities, the condition (6.1) is not difficult to fulfill. 
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The hysteresis of transmission for the single microcavities 'A' and 'B' can be computed 

by using Eq. (5.31), and it is shown in Figure 6.7(a, c). For any value of the parameter f  

and the frequency detuning  , the resonances of perfect transmission are equally shifted 

by the Kerr nonlinearity and coincide in both microcavities [cf. Figure 5.3]. However, the 

switching thresholds can be different, and a specific range of frequency detunings exists 

when only one of the microcavities shows the bistable behavior. 

The hysteresis of transmission for the coupled microcavities 'A' and 'B' can be found 

similar to the linear transfer matrix method. After choosing some output intensity, the 

nonlinear transfer matrices AT  and BT  defined according to Eqs. (5.29)-(5.30) can be 

computed in a reversed order, giving the total transfer matrix of the structure and the input 

intensity as a result. It turns out that the matrices do not commute in the nonlinear case, 

leading to different results depending on the direction of incidence [Figure 6.7(b, d)]. The 

effect is particularly pronounced when the microcavities have the resonances of the 

opposite parity and can be explained in the following way. After reaching the second 

microcavity in the system, a part of the signal is reflected and increases the field in the first 

microcavity due to constructive interference. When 'A' is used as the first microcavity, the 

small increase causes the switching inside it, and the transmission through both 

microcavities is greatly enhanced. On the contrary, when 'B' is used as the first 

microcavity, the small increase draws it away from the resonance so that the switching to a  

 

Figure 6.6: (a) A schematic representation of the proposed optical diode in the form 
of multilayered structure. It consists of two mirror-symmetric microcavities filled with a 
Kerr-nonlinear material.  (b) A sketch of the model used to describe the transient 
dynamics of the diode in the CMT framework. 
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Figure 6.7: (a) Hysteresis of transmission for single microcavities 'A' and 'B'. Their 
quality factors QB = QA / f and characteristic intensities IB = f IA  are related by the 
parameter f = 2.1.  (b) Hysteresis of transmission for coupled microcavities 'A' and 'B' 
when signals are propagating in the 'AB' and 'BA' directions.  (c, d) The same as (a, b) 
but for a different value of the parameter f = 2.7. 

 

 

Figure 6.8: (a) Transient dynamics of the optical diode for a continuous wave signal 
with the carrier frequency ω = ω0 – 2.1γΑ and a staircase envelope. The intensities of the 
input and transmitted signals for the opposite directions of incidence are shown as a 
function of time.  (b) Amplitudes of the microcavities during the switching to a high 
transmission state.  (c) When the input intensity is increased for the reversed direction 
of incidence, the amplitudes of the microcavities move away from the resonance 
condition |A(t)|2 / IA = |B(t)|2 / IA = –Δω / γA. 
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higher transmission state is strongly suppressed. To confirm these considerations, a time 

domain simulation based on Eqs. (5.26)-(5.27) was performed [Figure 6.8]. 

In comparison to other approaches which use nonlinear microcavities, the proposed 

design of optical diode offers several important advantages. First of all, it shows not only a 

low insertion loss, but also it is stable for small variations of the input intensity ( A0.5I ) 

and frequency detuning ( A0.5  ). This is mostly because the resonance of perfect 

transmission changes its shape and flattens around the optimal set of parameters 

[Figure 6.9]. Secondly, the switching thresholds for the opposite propagation directions are 

separated considerably (the region of nonreciprocal behavior spans from A2I  to A30I ). 

This prevents the excitation of a higher transmission branch on the hysteresis curve by 

waves moving in the blocked direction. At the same time, the waves moving in the allowed 

direction can cause an immediate switching to a perfect transmission state even if they are 

of relatively small intensities. 

 

Figure 6.9: Positions of the poles in the complex frequency plane for single (a) and 
coupled (b) microcavities 'A' and 'B' as a function of the parameter f. Each pole creates a 
resonance in the transmission spectrum which has the Lorentzian shape (c). For coupled 
microcavities, the resonances can overlap producing a flat transmission spectrum (d). 
The contribution of each pole is shown by dashed lines. 
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The above properties are more pronounced when the parameter f  is in the range 

2 3f  , and the typical contrast ratio between the transmission in the opposite 

directions varies from 10 to 20. Although this number is not very large, the low insertion 

loss makes a connection of such diodes in series to be very favorable so that arbitrary high 

transmission contrasts can be achieved in principle. 

The optical diode can be implemented as a quarter-wave multilayered structure 

described by the following symbolic formula 

 A A A B B B2 2(HL) D (LH) D (HL)p m p p m p , (6.2) 

where 'H' ('L') denotes layers with higher (lower) linear refractive index, 'D' is a defect 

layer made from a Kerr-nonlinear material, A(B)p  and A(B)m  are integers [Figure 6.6(a)]. 

The wavelength used for the quarter-wave condition determines the resonance in the 

vicinity of which the nonreciprocal behavior can be observed. For an optimal performance, 

the linear refractive indices should satisfy the following relation B A
H L D( / ) p pn n n  . In 

this case, the characteristic intensities will be inversely proportional to the width of the 

defect regions, and f  can be found as A B/f m m  [see Appendix C]. 

For standard multilayered structures based on silica with the refractive index 

L 1.47n   and rutile with H 2.3n  , polydiacetylene can be used for the nonlinear defect 

region. Its linear and nonlinear refractive indices are D 1.56n   and 5 2
2D 10 cm /MWn  , 

respectively. The following parameters p  and m  can be chosen for the microcavities: 

A 3p  , A 21m  , B 4p  , B 10m   which means that 2.1f   and the total number of 

layers is 30. Using 0 1.55 m    as the quarter-wave condition gives the total length of 

the structure of 21.4 μm. The quality factor and characteristic intensity of the microcavity 

'A' can be estimated as A 380Q   and 2
A 12 MW/cmI  . The refractive index profile of 

this structure together with the distribution of electric field at the resonance frequency 0  

is shown in Figure 6.10. 
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6.4 Conclusions 

A novel concept for the design of nonlinear optical diodes was proposed which uses the 

multistability of coupled nonlinear microcavities and the dependence of switching 

thresholds on the direction of incidence. It was shown that it is possible to achieve a strong 

nonreciprocal behavior together with a negligible insertion loss. Moreover, the design uses 

the flattening of the resonance shape to make the performance of the device stable for 

small variations of the frequency detuning. A typical example of such diode can be created 

by combining two mirror-symmetric microcavities where modes of the opposite parity 

dominate, and a possible implementation in the form of multilayered structures was 

suggested. Although the transmission contrast achieved for these structures is not very 

large, it can be improved significantly either by connecting several of such diodes in series 

or by considering coupled microcavities with the Fano resonances instead of the strictly 

Lorentzian ones. 

 

 

Figure 6.10: The electric field profile at the resonant frequency for the optical diode 
with the parameters given in the text. The background shows alternation of layers inside 
the structure and the dashed line separates the two microcavities. 
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Chapter 7 

Generation of ultrashort pulses via 

self-pulsations 

 

Optical bistability is a general nonlinear phenomenon, which can be observed in a large 

variety of systems provided that nonlinearity is complemented by some form of 

feedback. Apart from the classical Fabry–Perot resonators, the possible configurations 

of bistable systems include multilayered structures [123, 130], fiber Bragg gratings 

[192-193] and microcavities in photonic crystal waveguides [100, 102]. It was noticed, 

however, that the description of these systems in the frequency domain does not 

capture the full complexity of their temporal behavior. After overcoming the first 

switching threshold, the transient response of these systems may change dramatically, 

leading to self-pulsations or even chaos [194-196]. These instabilities in the time 

domain are usually explained from the viewpoint of nonlinear dynamics as a 

manifestation of the Hopf bifurcations [98, 197-199]. Although such description is 

appropriate, it is often desirable to have a control over these instabilities, as they might 

be useful for certain applications. In this Chapter, a novel point of view on the 

phenomenon of self-pulsations is presented, which shows that they are a balanced state 

formed by two counteracting processes: beating of modes and bistable switching. This 

concept is applied to design a structure where self-pulsations can be excited very 

efficiently. 
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7.1 Interplay between switching and beating of modes 

It is known that the beating of modes can exist in coupled systems. Although it is a purely 

linear effect, it can so strongly redistribute the energy between constituent parts of the 

nonlinear system that they can meet conditions for up- and down-switching periodically. 

There are two requirements for the onset of beating. Firstly, the system should support 

normal modes with slightly different frequencies. In coupled systems consisting of two 

equal parts, they can be built as symmetric and antisymmetric combinations of a 

degenerate mode [Figure 7.1]. The difference of their frequencies determines the period of 

the beating. Secondly, the system should be excited in a way that creates an initial 

imbalance of energy between its parts, for example, by rapidly varying the input intensity. 

The latter requirement is particularly important for open systems, because beating as any 

other transitional response is prone to decay in time. If the initial imbalance of energy is 

not regularly replenished, the system will settle in a stationary state. 

It turns out however that the systems of coupled nonlinear microcavities are able to 

sustain the beating of modes for arbitrary long time even if the input intensity is constant. 

This happens naturally because switching itself changes energy stored in the microcavities 

in a step-like manner. Therefore, switching and beating are closely related processes. Each 

of them can excite the other, and at the same time it needs to be sustained by the other. The 

 

Figure 7.1: A coupled spring-mass system (shown on the left) has symmetric and 
antisymmetric modes A B[ , ] [1, 1]exp( )x x i t       with slightly different 

frequencies. If the amplitudes of these modes are a , the maximal shifts of the particles 

'A' and 'B' slowly change as A 2( ) cos( / 2)x a a t      and 

B 2 ( ) sin( / 2)x i a a t      , where       . This can lead to the formation 
of beating (shown on the right) when all energy concentrates periodically in one particle 
and after the time beat /t     in another. 
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interplay between these processes can take a periodic form, resulting in an infinite series of 

switchings, or self-pulsations. 

The analysis provided above leads to conclusion that the simplest system with the 

ability to self-pulsations should consist of just two microcavities, and each of them can be 

strictly bistable. Such system can be designed in the form of multilayered structure, and it 

is sufficient to have dielectric layers of two types, which will be denoted as 'H' and 'L'. It 

will be assumed that they correspond to rutile and polydiacetylene 9-BCMU, respectively. 

The thickness of these layers will be chosen in such a way so as to satisfy the quarter-wave 

condition at 0 0.7 μm  . The microcavities can be formed by breaking periodicity in the 

arrangement of layers, and the following symbolic formula can be used for the 

multilayered structure: 

 (HL) (LH) L(HL) (LH)p m m m m p  , (7.1) 

where the parameters m  and p  are integers which satisfy the conditions 1m   and 0p  . 

It is important to consider their meaning in more detail and to emphasize how they are 

related to various functional parts of the structure [Figure 7.2(a)]. 

The two major parts are represented by the combination (HL) (LH)m m , which can be 

viewed as a result of imperfect junction of two periodic sequences. This causes the 

formation of a point-like defect in the middle, and creates a strong peak in the transmission 

spectrum. This peak is located exactly at the frequency for which the quarter wave 

condition holds, and the mirror symmetry of the structure ensures that it demonstrates 

perfect transmission [Figure 7.2(b)]. The quality factor Q  of this resonance can be 

adjusted over a broad range by varying the number m . When the refractive indices of the 

layers Ln  and Hn  have a large contrast, the following formula can be used to estimate the 

quality factor [see Appendix C] 

 
2

0 H L H

H L L2 4( )

m
n n n

Q
n n n

  
      

. (7.2) 

The purpose of the single layer 'L' placed in the middle of the structure is twofold. 

Firstly, it smoothly connects the two microcavities without introducing an additional defect 

into the structure. Secondly, it changes the phase mismatch between microcavities. If it 

were absent, the interaction between them would be suppressed, and the excitation of 
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beating would not be possible. In addition, the structure can be extended with Bragg 

mirrors of the form (HL) p  and (LH) p  on the sides to make internal processes less affected 

by too early leakage of energy. 

The influence of the coupling manifests itself already in the linear transmission 

spectrum, where the otherwise degenerate resonances of two identical microcavities split 

into a doublet [Figure 7.2(c)]. Similar to the bonding and antibonding states of diatomic 

molecules, it is possible to distinguish the symmetric ( 0   ) and antisymmetric 

( 0   ) modes in this doublet and to expect the onset of beating, when energy 

periodically tunnels from one microcavity to another. If the structure is nonlinear, these 

oscillations can modulate the optical properties leading to Raman-like scattering of 

incident waves on it and self-pulsations. 

 

Figure 7.2: (a) Example of multilayered structure obtained from the symbolic 
formula (7.1), with various functional parts highlighted.  (b) Transmission spectrum of 
the single microcavity for m = 3 (shown as an inset on the left) that was computed with 
the transfer matrix method (solid blue) and the CMT (dashed red). The peak of perfect 
transmission caused by the point defect is in the middle of the band gap region, where 
the two spectra overlap.  (c) Transmission spectrum of two coupled microcavities for 
m = 3 and p = 0. Due to the coupling, the degenerate resonances split into a doublet of 
even and odd modes. 
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7.2 Modeling and optimization of the self-pulsations 

To describe the switching dynamics in a single microcavity, the CMT equations (5.26)-

(5.27) can be applied [Figure 7.3(a)]. For the structure with 3m  , the damping constant 

and characteristic intensity take the following values 1 27.6 fs  , 2
0 154 MW / cmI  . 

The question how accurate the CMT model is can be answered by comparing the linear 

transmission spectrum computed with a rigorous transfer matrix method and with the 

formula (5.31). Despite of the fact the quality factor of the considered resonance is rather 

low ( 37.2Q  ), the two spectra overlap in a wide range of frequencies around 0  

[Figure 7.2(b)]. 

For a fixed value of frequency detuning, Eq. (5.31) describes the hysteresis curve of 

the single microcavity [Figure 7.3(b)]. It is strictly bistable and the switching region can be 

determined from the linear stability analysis [197]. The points on the hysteresis curve, 

which have at least one eigenfrequency with positive imaginary part, cannot be stable, 

because small perturbations will exponentially grow forcing switching to another branch of 

hysteresis. In essence, this analysis can be viewed as another way to inteprete the 

movement of the poles in the complex frequency plane, which was discussed in 

Section 5.8. As follows from Eq. (5.46), the eigenfrequencies of the linearized system p  

should satisfy a quadratic equation, 2
p( / )i q    , where q  is a real coefficient. 

Therefore, the transient response after the switching should have the form of exponentially 

decaying oscillations pexp( )i t  , where p / | |q i     . 

A qualitatively different behavior is possible in presence of two coupled 

microcavities. Each of them can be described by the following set of the CMT equations 

 2unit
0

0 unit

4
| |k k k

k k
da I u v

i i a a
dt I E

   
         

 
, (7.3) 

 unit
1

1
k k

k
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u u
a E

v v

 

 

     
               

, (7.4) 

where 1, 2k   refers to the number of the microcavity. To take into account the influence 

of the phase-matching layer, it is sufficient to use its transfer matrix (2.25) computed at the 

quarter-wave frequency L L 0 / / 2n d c    
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. (7.5) 

Substituting 1 1 1 unitv v a E     and 2 2 2 unitu u a E     into Eq. (7.5) allows one to 

eliminate from the consideration the amplitudes of all intermediate plane wave between 

two microcavities since 

 1 1 L 2 unit( ) / 2v a in a E   , (7.6) 

 2 2 L 1 unit( ) / 2u a in a E   . (7.7) 

This leads to the following set of the CMT equations for a compound structure 

 

Figure 7.3: (a) A sketch of the model used to describe coupling between 
microcavities. The response of each element is approximated by a scattering matrix.  (b) 
The hysteresis of output intensity for a single microcavity. The real and imaginary parts 
of eigenfrequencies obtained from the linear stability analysis are superimposed on the 
right side. Switching occurs when Im(ωP) > 0 and Re(ωP) = 0.  (c) The hysteresis of 
output intensity for two coupled microcavities. Self-pulsing occurs when Im(ωP) > 0 
and Re(ωP) ≠ 0. 
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, (7.9) 

 1 1 1 unitu u a E    , (7.10) 

 2 2 2 unitv v a E    . (7.11) 

The Bragg mirrors on the sides can be also treated by using their transfer matrix 

computed at the quarter-wave frequency since their response does not change significantly 

over the width of resonances. It can be shown that the characteristic matrix of each period 

has the following form 

 
1

H L
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0

   
 

M M , (7.12) 

where H L/n n    [see Appendix C] so that the transfer matrix of p periods which is 

defined for the left part as 
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It can be used to eliminate the intermediate amplitudes 1u  on the left since 

 0 0 1 unit / pu u a E    , (7.15) 

 2
1 0 1 unit(1 ) / 2p pu u a E        . (7.16) 

The Bragg mirror on the right can be considered in a similar way, and therefore the system 

(7.8)-(7.11) can be rewritten as 

 2unit 01 L
0 1 1 22

0 unit

4
| |

22 p p

I uda n
i i a a i a

dt I E

   
        

  
, (7.17) 
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 2unit 32 L
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22 p p
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, (7.18) 

 0 0 1 unit / pu u a E     , (7.19) 

 3 3 2 unit / pv v a E     . (7.20) 

The linear normal modes of the system (7.17)-(7.18) are given by combinations 1 2a a , 

and their resonant frequencies are 0 L / 2n    . It is important that the frequency 

splitting depends only on the number m  and can be estimated using Eq. (7.2), while the 

number p  determines the external quality factor 2
ext

pQ Q   and can lower the effective 

characteristic intensity 4
eff 0 / pI I  . The latter property can be useful if materials have a 

weak Kerr nonlinearity, but for simplicity it will be assumed that 0p  . 

To describe the dynamics of the switching, it is convenient to introduce the slowly 

varying envelopes 0 cRe[ ( ) exp( )]u U t i t
   , 3 cRe[ ( ) exp( )]v V t i t

    and 

1,2 1,2 c( ) ( )exp( ) / 2a t A t i t   , where c  is the carrier frequency which is close to 0 . 

This leads to the following set of the CMT equations for the envelopes [cf. Section 5.8] 

 2unit1 L
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 2unit2 L
0 c 2 2 12

0 unit

| |
22 p p

IdA n V
i i A A i A

dt I E
   

         
  

, (7.22) 

 1 unit / pU U A E     , (7.23) 

 2 unit / pV V A E     . (7.24) 

The hysteresis curve of this system can be obtained by solving Eqs. (7.21)-(7.24) in 

the assumption that 1,2 / 0dA dt  . It shows that there is a range of input intensities where 

only unstable solutions are possible [vertical gray region in Figure 7.3(c)]. This range falls 

exactly between the resonances of the doublet, and the transient dynamics in this region is 

different from the switching [see Figure 7.4 and caption for details]. In the time domain 

simulation, the input intensity of a continuous wave signal was slowly varied to examine 

stability of several key points on the hysteresis curve. After overcoming the second 
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threshold the system goes into a state of infinite switching. The period of these pulses 

extracted from the simulation data was 252 fs, which is of the same order of magnitude as 

the beating period of the two resonant modes L4 /( ) 224 fsn   . Therefore, the frequency 

of self-pulsations sp 4 THz   can be estimated by the following formula 

 sp L 0( ) /(4 )n Q   . (7.25) 

It shows explicitly that smaller internal quality factors can produce train of pulses with 

higher repetition rate, since photons tend to spend less time in each cavity and they 

exchange energy at a faster rate. This property can be useful in optical communications, 

where such pulses can transfer bits of information [200]. Another possible application is 

optical clocks for photonic circuits, where train of pulses can synchronize the operation of 

different components [201-202]. 

 

Figure 7.4: (a) The intensities of incident and transmitted signals as functions of 
time during the switching between stable states and after transition to the self-
pulsations.  (b) A phase portrait of the switching, which is obtained from the real and 
imaginary parts of transmission amplitude. The final state corresponds to a stable spiral 
point.  (c) A similar phase portrait for one period of self-pulsations. A limit cycle is 
formed due to the Hopf bifurcation [197]. 
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There are two reasons why the frequency of beating and self-pulsations do not 

coincide precisely. First, the structure considered belongs to the open systems, and thus the 

resonant frequencies are not real quantities. Depending on the value of the quality factor, 

this can limit accuracy to about 1%. Second, the Kerr nonlinearity changes the refractive 

indices of the layers and consequently shifts all resonant frequencies. This can increase the 

discrepancy even further, but since the period of the self-pulsations is determined by the 

frequency splitting of the doublet rather than its absolute position, the accuracy of about 

10% can be considered as acceptable to prove the concept. The quantitative agreement can 

be improved if self-pulsations are not very intense. It is worth noting that the concept of 

gap solitons [130, 193], which is often used as a physical explanation of self-pulsations, 

does not give any estimations at all. 

The difference between switching and self-pulsations can be also explained by 

investigating the movement of the poles in the complex frequency plane [Figure 7.5]. 

Self-pulsations occur as a result of interaction among four poles, which represent two 

pairs of the modes related by the time-reversal symmetry. The analysis of this interaction 

is simplified in a shifted representation of the complex frequency plane. The output 

intensity can be considered as a force which moves these poles. When the two innermost 

poles approach the carrier frequency c  which corresponds to 0  , the switching 

occurs [Figure 7.5(a)]. On the way back this pair of poles collides with the outermost pair 

of poles [Figure 7.5(b)]. This can lead to the self-pulsations, but since none of the poles 

enters the upper part of the complex frequency plane, the system remains to be stable. 

When the output intensity is increased, the reflected innermost pair of the poles 

experiences the switching again [Figure 7.5(c, d)]. However, the further increase of the 

output intensity brings the outermost pair to the carrier frequency c , and now four 

poles collide along the vertical line 0  . The self-pulsations occur at this stage since 

there are two modes which can grow exponentially, and they frequencies differ from the 

carrier frequency [Figure 7.5(e)]. The next collision happens along the horizontal line 

0.5i    , and one pair of the poles goes away [Figure 7.5(f)]. The other pair 

experiences the switching once more [Figure 7.5(g)] and then also goes away 

[Figure 7.5(h)]. 

It is also possible to observe self-pulsations in systems with continuous spectrum, 

such as waveguide couplers or dual-core fibers [203]. The coupling between waveguides  
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leads to the beating of modes in space, and the overall dynamics can be described by 

equations which are similar to Eqs. (7.21) and (7.22). However, it is not easy to excite 

selectively odd or even modes in that case [204], and therefore the usage of coupled 

microcavities offers some advantage. 

 

Figure 7.5: The movement of the poles in the shifted representation of the complex 
frequency plane as the output intensity is increased. The system is described by 
Eqs. (7.21) and (7.22) with the detuning of the carrier frequency from the resonance 
fixed to ω – ωc = -2γ. The thick grey lines show the full path described by the poles, 
while the empty and filled circles denote the position of the poles at the beginning and 
at the end of some interval of output intensities shown in the upper left corner of each 
figure. 
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7.3 Conclusions 

A novel point of view on the phenomenon of self-pulsations was presented, which shows 

that they are a balanced state formed by two counteracting processes: beating of modes and 

bistable switching. A structure based on two coupled nonlinear microcavities provides a 

typical example of a system with enhanced ability to this phenomenon. The specific design 

of such structure in the form of multilayered media was proposed, and the CMT formalism 

was applied to describe its dynamical properties. It was shown that it is possible to adjust 

the parameters of the self-pulsations and to excite them with a deep modulation amplitude 

so that a continuous wave signal can be transformed into a regular train of ultrashort 

pulses. 
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Chapter 8 

Conclusions and outlook 

 

In this work, the Coupled-Mode Theory (CMT) for nonlinear multilayered structures was 

developed, and it was shown how to apply it efficiently to describe the optical properties of 

such structures both in the frequency and time domain. The main strength of this approach 

comes from the fact that it treats multilayers as a set of independent oscillators. The 

response of each oscillator is governed by a separate differential equation of the first order, 

and the only difference in comparison to other oscillators is in the parameters entering this 

equation. Therefore, even very complex multilayers can be described by a uniform set of 

equations. 

To analyze the propagation of pulsed signals in a multilayered structure, it is often 

sufficient to take into account only a small number of resonances, which are situated in the 

frequency range covered by the spectrum of the incident signal. This reduces significantly 

the number of equations in dynamical simulations and makes the CMT more efficient than 

standard FDTD methods. The CMT is much faster and accurate since it is based on the 

solution of ordinary differential equations, which depend only on time, as opposed to the 

partial differential equations used in FDTD methods. 

Nonlinear effects can be also taken into account very efficiently in the CMT 

framework. In contrast to strictly numerical methods, the CMT offers a possibility to 

analyze the coupling between different modes of a system in an explicit way and gives a 

clue how the interactions should be modified in order to obtain devices with the desired 

properties. For example, it was shown in this work how to achieve a strong nonreciprocal 
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behavior by combining two nonlinear microcavities and how to excite self-pulsations with 

a deep modulation amplitude by using infinite switching in coupled microcavities. 

Apart from that, the CMT formalism can be used to design all-optical devices which 

perform the basic logical operations and create the building blocks for the photonic 

computing. It should be noted that the CMT formalism is not limited to 1D structures and 

can be readily generalized for 2D or 3D systems. The form of CMT equations does not 

change, only the number of ports and possible interactions is increased, which gives more 

flexibility in designing devices for practical applications. 

Since the CMT treats the structures as a set of harmonic oscillators, it is particularly 

suitable to describe the quantum properties of photons in multilayered structures. This 

offers the possibility to investigate the lasing in complex heterostructures and to create 

more efficient single photon sources. An interesting direction for the development of the 

CMT formalism is to include the material response into the main equations so that the 

CMT would be applicable not only for dielectric structures, but also for structures 

containing metals and semiconductors. This would drastically increase the range of 

possible applications. 

The CMT formalism also offers new ways for the solution of some fundamental 

problems in optics. For example, it was shown in this work that the transmission spectrum 

of multilayered structures can be described precisely by analytical formulas in a broad 

range of frequencies. In general, it is relatively straightforward to compute the properties 

of a system if its structure is known. However, the inverse problem, or how to determine 

the structure of a system by starting from its properties, is far more complicated. The fact 

that the CMT provides a higher-level description of a system in terms of its resonances and 

coupling coefficients allows one to reformulate the inverse problem in a simpler way. The 

solution of this problem would be especially useful even in the simplest case of 

multilayered structures since it could be applied for the advanced filtering and reshaping of 

the ultrashort pulses. 
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Appendix A 

Coupled-mode theory for a damped oscillator 

 

The motion of a damped oscillator can be described by the following ordinary differential 

equation of the second order 

 2
02 ( )x x x f t      , (A.1) 

where ( )x t  gives the position of the oscillator as a function of time,   is the damping 

constant, 0  is the resonant frequency in the absence of damping and ( )f t  is an external 

force. The solution of the homogenous equation (A.1) without external force ( ) 0f t   can 

be searched in the following form ( ) exp( )x t i t    which gives a quadratic polynomial 

 2 2
02 0i     , (A.2) 

with the roots 

 2 2
0 ri i            . (A.3) 

Usually, the damping is small 0    so that r  is a real quantity. The free oscillations 

can be described as 

 ( ) e ( e e )r ri t i ttx t C C  
   , (A.4) 

where C  are arbitrary constants which can be determined from the initial conditions for 

(0)x  and (0)x . 
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To obtain the solutions of the inhomogeneous Eq. (A.1), it is useful to introduce the 

Green's function which satisfies the following equation 

 2
02 ( )G G G t       , (A.5) 

where ( )t  is the Dirac delta function. Since any external force can be represented as 

 ( ) ( ) ( )f t f t d



      , (A.6) 

the solution of Eq. (A.1) can be written then as 

 ( ) ( ) ( )x t G f t d



     . 

The Green's function can be found by making the Fourier transform of Eq. (A.5) and using 

the fact that ( ) [ ( )]G G t  F  and [ ( )] 1t F  

 
2 2

0

1 1
( )

( )( )2
G

i  
    

   
 . (A.7) 

This shows that the resonant frequencies of free oscillations correspond to poles of the 

Green's function. These poles are always located in the lower part of the complex 

frequency plane [Figure A.1]. By taking the inverse Fourier transform of Eq. (A.7) and 

using the residue theorem, it can be shown that 

 
0, for 0,

( )
(1/ )e sin( ), for 0.t

r r

t
G t

t t

 
  

 (A.8) 

To obtain the coupled-mode equations for the oscillator, the Green's function should 

be split into two parts which describe the response of each pole separately 

 
1 1 1

( )
2 r

G
 

 
       

 . (A.9) 

The solution of Eq. (A.1) can be represented as a sum of the responses ( ) ( ) ( )x t x t x t    

created by these poles. Their Fourier transforms of ( )x t  satisfy the following equations 

 
1 1

( ) ( )
2 r

x f


  
 

  , (A.10) 

and switching to the time domain leads to two differential equations of the first order 
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2 r

i
x i x f     


 , (A.11) 

which are fully equivalent to Eq. (A.1). An additional simplification is possible if ( )f t  is a 

real function. In this case ( ) [ ( )]x t x t 
   since ( )     , and it is sufficient to keep 

only one equation either for ( )x t  or ( )x t . As a result, the motion of the damped 

oscillator can be described in the following way 

 
,

2

( ) 2Re[ ( )].
r

dx i
i x f

dt

x t x t


 



     
 

 (A.12) 

Such representation shows that it is possible to replace the real differential equation of the 

second order by the complex differential equation of the first order. The external force can 

be often represented as c( ) Re[ ( ) exp( )]f t F t i t   , where ( )F t  is a slowly varying 

envelope in comparison to the carrier wave with the frequency c . The resonant behavior 

of the system is more pronounced when this frequency is close to  . The term in ( )f t  

with the time dependence cexp( )i t  can be neglected since it is far from the resonance and 

does not produce a significant contribution to ( )x t . As a result, the solution of Eq. (A.12) 

 

Figure A.1: The path described by the resonant frequencies ω± as the damping 
constant γ is increased from zero to infinity. The blue (red) dashed lines correspond to 
underdamping (overdamping). 
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can be searched in the form c( ) ( )exp( ) / 2x t X t i t    , where ( )X t  is also a slowly 

varying envelope in comparison with the carrier frequency c . Therefore, the system 

(A.12) can be rewritten as 

 
c( ) ,

2

( ) Re[ ( ) exp( )].
r

c

dX i
i X F

dt

x t X t i t


      
   

 (A.13) 

The variables ( )x t  correspond to the normal modes of a damped oscillator. It is 

interesting however to consider also another set of modes ( )t  which can be obtained in 

the limit of zero damping and are related to the free oscillations of the form 0exp( )i t  

 
0

1

2

x
x

i
 

    


 . (A.14) 

As can be checked by using Eq. (A.1), these modes satisfy the following equations 

 0
0

( )
2

d f
i i i

dt





        
 . (A.15) 

The modes ( )t  can be viewed as the forward and backward propagating solutions in 

time, and in contrast to the normal modes of Eq. (A.11) they are coupled to each other by 

the damping constant. This is similar to the Bragg structures, where the waves moving in 

the opposite directions are coupled via coherent multiple reflections, and only the Bloch 

waves represent the normal modes of the structure. This analogy helps to explain the 

anticrossing of poles in Figure A.1 which can be observed for a large damping. 
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Appendix B 

Hysteresis curve of a single-mode microcavity 

 

In this Appendix, the shape of hysteresis curves which is typical for the single-mode 

microcavities is analyzed in detail, and the explicit formulas for the switching thresholds 

and other characteristic points on this curve are derived. Moreover, it is proved that it is not 

possible to construct optical diode with the transmission contrast greater than 9 by using 

only the difference in the switching thresholds in such structures. 

The nonlinear transmission spectrum T  of a single-mode microcavity can be 

described by the formula (5.31) and in a more general case by (5.24). To simplify the 

analysis, it is useful to rewrite them in the following form 

 
21 ( )

y
T

x y


 

  
, (B.1) 

where in 0/x I I  and out 0/y I I  are the input and output intensities normalized by the 

characteristic intensity 0I , 0( ) /     is the normalized frequency detuning from the 

resonance at 0  which has the half-width  ,   is the maximal possible transmission in the 

linear case. 

It is convenient to describe the hysteresis curve by using the output intensity as a 

parameter. The input intensity can be expressed then as a polynomial of the third degree 

with real coefficients 

 2( )x y y y     . (B.2) 
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The switching occurs when the small increase of the input intensity leads to large changes 

in the output intensity. This corresponds to the points where the derivative /dx dy  turns 

into zero 

 2 23 4 1 0y y      , (B.3) 

 
2

(1) 2 3

3
y

   



. (B.4) 

The subscripts '+' and '–' will correspond to the up and down switching while the 

superscripts '1' and '2' will denote the output intensities before and after the switching 

[Figure B.1]. Bistability can exist only when the discriminant of the quadratic equation 

(B.3) is greater than zero, which can be alternatively expressed as an inequality for the 

frequency detuning 3   (assuming that the characteristic intensity is positive) or 

transmission in the linear case lin / 4T  . The transmission at the switching points can be 

found by direct substitution of Eq. (B.4) into Eq. (B.1) 

 (1)

2 2

9

2( 3 3)
T




    
, (B.5) 

and the intensities of the lower x  and upper x  switching thresholds are consequently 

 
2 2 3/ 2( 9) ( 3)

2
27

x
     




. (B.6) 

It is also useful to find the points where the system settles after the switching. The 

subtraction of the following equations one from another 

 (1) (1) (1) 2( )x y y y        , (B.7) 

 (2) (2) (2) 2( )x y y y        , (B.8) 

replaces the quibic polynomial (B.2) by a more simple quadratic one 

 (2) (1) (2) (1) (2) (1)2 2 2[ ] [ ] 2 ( ) 1 0y y y y y y              , (B.9) 

and this gives 

 
2

(2) 2 2 3

3
y

  


 
. (B.10) 
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Figure B.1: (a) The hysteresis curve of input x and output y intensities which is 
described by the cubic polynomial (B.2) for a fixed frequency detuning δ = –3.5 and 
assuming that η = 1. Arrows show how the up (labels with subscript '+') and down ('–') 
switching occurs and connect the points where the system is situated before (with 
superscript '1') and after ('2') the switching.  (b) The hysteresis of transmission described 
by the formula (B.1) for the same parameters.  (c) Nonlinear transmission spectrum 
(blue) as a function of frequency detuning δ for a fixed input intensity x = 6. The 
resonance folds to the left in comparison with the linear transmission spectrum (gray). 
The bistable behaviour is not possible in the region –√3< δ <√3 or where the linear 
transmission T > 0.25. 
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The transmission at these points takes the following values 

 (2)

2 2

9

5 4 3 3
T




     
. (B.11) 

The formula (B.11) puts an important limitation on the maximal transmission contrast that 

can be achieved for optical diodes based on the single-mode microcavities. Due to the 

difference in the switching thresholds for the opposite directions of incidence, the up-

switching occurs only for one propagation direction so that (2)
fT T  while the 

transmission is close to the linear case for another propagation direction 2/(1 )bT     . It 

can be showed that the transmission contrast defined as the ratio /f bC T T  cannot be 

greater than 9 in this case. This limit is approached when     [Figure B.2]. It is 

interesting to note however that after the up-switching the system can go immediately to a 

state of maximal transmission (2)T    if 2   . 

 

 

Figure B.2: The transmission contrast (solid blue) and transmission in the forward 
direction (dashed red) as a function of frequency detuning for an optical diode based on 
a single-mode microcavity. The vertical grid line corresponds to the frequency detuning 
δ = –√3, and marks the boundary of the region where the bistable behavior can be 
observed. 
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Appendix C 

Bragg multilayers with a defect 

 

In this Appendix, the analytical formulas are provided for the quality factors and 

characteristic intensities of the Bragg multilayers with a defect. 

The quality factor of a resonance can be found by combining Eqs. (5.13) and (5.12) as 

 
ˆRe( ) Re( )

(Re[ ])
2 Im( ) 4 (0) ( )

k kk k
k

k k k

Q T
c E E L

  
  
 

ρ
. (C.1) 

It can be applied for Bragg multilayers with symmetrically placed defect which are 

described by the symbolic formula (HL) (LH)p p , where letters 'L' and 'H' denote layers 

with lower Ln  and higher Hn  refractive indices, respectively. If these layers are of quarter-

wave thickness, such structures show a well-defined resonance at qwk   , for which 

(Re[ ]) 1kT    and (0) ( ) 1k kE E L  . This simplifies Eq. (C.1) to the following form 

 2 2
0

qw

[ ( ) ( ) ( )]
4

L
k kQ z E z H z dz


  

   (C.2) 

Taking into account that inside each layer 

 2 2[ ( ) ( ) ( )] 0k k
d

z E z H z
dz

    (C.3) 

as can be checked directly by using the Maxwell equations (2.1) and (2.2), the formula for 

the quality factor (C.2) can be rewritten as 
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 2 2 2

qw
( )

2 m m m m
m

Q n E H d


 
  , (C.4) 

where md  is the thickness of the layer m  with the refractive index mn , and the sum is 

taken over all layers in the structure. Fields on the opposite sides of the layer m  can be 

related by the characteristic matrix mM  

 
1

1

cos sin

sin cos

m m m
m

m m mm m m

inE E E

H H Hin





       
        

        
M , (C.5) 

where /m m mn d c    or qw( ) /(2 )m     if all layers satisfy the quarter wave condition 

(2.76) at the frequency qw . The M-matrix for the single period of the Bragg gratings in the 

structure (HL) (LH)p p  can be obtained as a multiplication of M-matrices corresponding to 

layers 'L' and 'H'. It takes a particularly simple form at the resonance qw    

 
1 1

H LL H
L H

L HL H

/ 00 0
0 /0 0

n nn n
n nn n

      
        

        
M M , (C.6) 

which shows that the fields are exponentially growing or decaying towards the center of 

the structure as H L( / ) pn n , where p  is the number of periods in the Bragg mirrors. The 

contribution of each period 'LH' to the quality factor is 

 
2

2 2H L
H 2

L H H

1

8 m m
n n

n E H
n n n

    
              

, (C.7) 

which makes in total 

  
2 1 21

H L
H L 2

L H0 H

1

4

m mp

m

n n
Q n n

n nn





           
     

 . (C.8) 

The sum of the geometric progressions can be found as 
1
0

(1 ) /(1 )
p m p
m

r r r

    , and 

keeping only the largest term leads to the following formula for the quality factor of the 

structure (HL) (LH)p p  

 
2

H L H

H L L4

p
n n n

Q
n n n

 
    

. (C.9) 
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It is worth noting that the quality factor of a similar structure (LH) (HL)p p  

 
2

H

H L L

1

4

p
n

Q
n n n

 
    

 (C.10) 

is smaller in H Ln n  times. This is related to the fact that the outer boundaries of the 

structure provide a smaller reflection coefficient, and thus the energy tends to leave the 

structure more quickly. 

The same approach can be used to find the quality factors of the structures which are 

described by the symbolic formula 2(HL) D (LH)p g p , where 'D' denotes the defect layers 

of the quarter wave thickness which have a different refractive index Dn . It can be showed 

that in this case the quality factor for the resonance at qw  can be found as 

 
2

H L H
D

H L L4

p
n n n

Q gn
n n n

  
     

, (C.11) 

and if the layers 'H' and 'L' are interchanged so that the structure is described by the 

formula 2(LH) D (HL)p g p , the expression should be modified to 

 
2

H

H L D L

1

4

p
ng

Q
n n n n

  
     

. (C.12) 

If the defect layers are made from a material with the Kerr nonlinearity, the 

characteristic intensity 0I  of the structure 2(HL) D (LH)p g p  can be computed according to 

Eq. (5.28) as 

 
4

L
0

2D D H

8

3

p
n

I
gn n n

 
    

, (C.13) 

where 2Dn  is the nonlinear refractive index of the layer 'D'. For the structure 

2(LH) D (HL)p g p , the characteristic intensity takes the following form 

 
43

D L
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2D H
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