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Abstract

In brittle composite materials mesoscopic failure mechanisms like debonding of the
matrix-fiber interface or fiber breakage can result in crack deflection and hence in the
improvement of the macroscopic damage tolerance. More generally it is known that
high values of fracture energy dissipation lead to toughening of the material. This
motivates our goal to design brittle composite materials yielding maximal energy dis-
sipation for a given static load case. We focus especially on the effect of variation
of fiber shapes on the crack paths and thus on the fracture energy. For a systematic
approach we set up a shape optimization problem formulation. We derive first order
information in the form of a shape gradient or a sub-gradient for different formula-
tions of the shape optimization problem respectively. While the cost function of the
optimization problem is represented by the fracture energy the state problem consists
in the determination of the potentially discontinuous displacement field in the two
dimensional cracked domain. The displacement field includes the information about
crack openings which influence the energy dissipation significantly. This effect is due
to consideration of cohesiveness. The cohesive tractions and the dissipated energy
depend nonlinearly on the crack openings normal as well as tangential to the crack
surface. This is an extension to existing approaches. Some of these approaches solely
take cohesiveness due to normal crack openings into account. Others rely on Grif-
fith theory and thus model energy dissipation independent of crack openings. Our
approach results in an extended set of constitutive equations for description of the
behavior of a cracked structure. The cohesive effects and a non-penetration condition,
which is imposed to avoid interpenetration of opposite crack sides, lead to additional
inequalities. We show that a displacement field which fulfills the constitutive equations
can be obtained as solution of a variational inequality or equivalently as minimum of
the total energy by solution of an energy minimization problem. Furthermore, we
prove existence and uniqueness of solutions under commonly accepted conditions.

In order to determine the crack path for a given load case numerically, we apply
a finite element discretization in combination with so-called cohesive elements. In
contrast to other approaches to fracture where the crack path inside of the considered
domain is known our numerical approach allows to determine an unknown crack path.
The energy minimization method described above has the particular strength that
the complete crack path is a result of one minimization process. We numerically
determine optimal fiber shapes for specific problem settings as solutions of discretized
shape optimization problems. Our numerical results reveal on the one hand that our
simulation techniques generate reasonable crack paths. On the other hand the shape
optimization results clearly show that our objective to maximize the fracture energy
by optimization of fiber shapes is achieved. Finally, we notice that we include different
scales in our approach. The uncracked domain is modeled by linear elasticity while the
area close to the crack is described on a smaller scale taking into account nonlinear
cohesive effects. Furthermore, the cohesive parameters are determined directly on
atomistic scale using density functional calculations. In conclusion, our results can
help to guide the manufacturing process of materials with a high fracture toughness.
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Zusammenfassung

Mesoskopische Schadensprozesse in spröden Verbundwerkstoffen, wie das Ablösen von
Fasern oder Faserbruch, können zu Rissablenkungen führen und somit die makroskopis-
che Schadenstoleranz erhöhen. Es ist grundsätzlich bekannt, dass eine vermehrte En-
ergiedissipation während der Rissausbreitung zu erhöhter Risszähigkeit führt. Hieraus
leitet sich unsere Zielsetzung ab, spröde Verbundwerkstoffe dahingehend zu entwer-
fen, dass für einen speziellen statischen Lastfall eine möglichst hohe Energiedissipation
erzielt wird. Dabei betrachten wir im Speziellen den Einfluss der Veränderung der
Faserform auf den Risspfad und damit auf die Bruchenergie. Um einen systematischen
Zugang zu erhalten stellen wir ein Faserformoptimierungsproblem auf. Wir leiten In-
formation erster Ordnung in Form eines Shapegradienten oder eines Sub-Gradienten
abhängig von der Problemformulierung ab. Während die Kostenfunktion durch die
Bruchenergie selbst gegeben ist, besteht das Zustandsproblem in der Bestimmung
des möglicherweise unstetigen Verschiebungsfeldes in einem zweidimensionalen geris-
senen Gebiet. Dieses Verschiebungsfeld beinhaltet Informationen über Rissöffnungen,
welche die dissipierte Energie signifikant beeinflussen. Dieser Effekt beruht auf der Be-
trachtung von Kohäsivität. Die kohäsiven Kräfte sowie die dissipierte Energie hängen
nicht-linear von den Rissöffnungen in normaler und tangentialer Richtung zur Ris-
soberfläche ab, was eine Erweiterung zu bestehenden Ansätzen darstellt. Manche
dieser Ansätze ziehen nur die Abhängigkeit der dissipierte Energie von Rissöffnungen
in normaler Richtung zur Rissoberfläche in Betracht. Andere basieren auf der Theorie
von Griffith und modellieren deshalb die dissipierte Energie als unabhängig von den
Rissöffnungen. Damit führt unser Ansatz zu einer erweiterten Menge an Konstitutiv-
gleichungen zur Beschreibung des Verhaltens der gerissenen Struktur. Die kohäsiven
Effekte und die non-penetration Bedingung, welche zur Vermeidung des gegenseitigen
Eindringens gegenüberliegender Rissseiten verwendet wird, führen zu zusätzlichen Un-
gleichungen. Wir zeigen, dass das Verschiebungsfeld, welches alle Konstitutivgesetze
erfüllt, entweder als Lösung einer Variationsungleichung oder äquivalent als Mini-
mum der Gesamtenergie über die Lösung eines Minimierungsproblems erhalten wer-
den kann. Ferner beweisen wir Existenz und Eindeutigkeit der Lösung unter üblichen
Bedingungen.

Zur numerischen Lösung des Rissproblems verwenden wir eine FE-Diskretisierung
in Kombination mit sogenannten kohäsiven Elementen. Im Unterschied zu anderen
Ansätzen zur Behandlung von Rissen, bei welchen der Risspfad vorgegeben ist, erlaubt
unser numerischer Ansatz die Bestimmung eines vorab unbekannten Risspfades. Die
oben beschriebene Energieminimierungsmethode besitzt den speziellen Vorteil, dass
der komplette Risspfad als Ergebnis eines einzigen Energieminimierungsprozesses er-
halten werden kann. Optimale Faserformen bestimmen wir numerisch als Lösungen
von diskretisierten Faserformoptimierungsproblemen. Unsere numerischen Ergebnisse
vedeutlichen zum einen, dass unsere Risssimulationsmethoden angemessene Rissp-
fade erzeugen. Zum anderen zeigen die Formoptimierungsergebnisse, dass unser Ziel
der Maximierung der Bruchenergie durch Optimierung der Faserform erreicht wor-
den ist. Schließlich verweisen wir noch auf die Mehrskaligkeit unseres Ansatzes. Das
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ungerissene Gebiet wird über ein lineares Elastizitätsmodell beschrieben, während
das Gebiet nahe des Risses auf einer kleineren Skala betrachtet wird, welche die
Einbeziehung nicht-linearer kohäsiver Effekte erlaubt. Darüber hinaus werden die
kohäsiven Parameter über Dichtefunktionalberechnungen direkt auf der atomaren
Skala bestimmt. Zusammenfassend können aus unseren Ergebnissen Richtlinien für
den Herstellungsprozess für Materialien mit hoher Bruchzähigkeit abgeleitet werden.
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1. Introduction

Solving crack problems in fracture mechanics is important to quantify and predict the
behavior of damaged structures under service conditions. Theoretical foundations of
the classical theory of brittle fracture in solids are outlined in the works of Griffith
([Gri21], [Gri24]), Irwin ([Irw58]) and Barenblatt ([Bar59b], [Bar59a], [Bar62]). Later
studies consider the evolution problem of brittle fracture based on material forces
acting at the crack tip singularities ([SL90], [MT92]) and refer to Eshelby ([Esh51],
[Esh70]) and Rice ([RS78]). A new direction of research in brittle fracture mechanics
has appeared with the article of Mumford and Shah [MS89] regarding the problem
of image segmentation. The suggested method for finding the set of edges of an
image turns out to be related to the problem of brittle crack evolution ([Bul99]).
Further investigations resulted in the incremental global variational formulation of
fracture discussed in [FM98] and [DMT02]. Rigorous mathematical investigations
of crack problems like variational approaches in [Bul99] and [BFM08] or methods,
where an asymptotic formula is obtained for the total energy increment during quasi-
static crack growth ([NSN06]) were developed much later than the first numerical
methods to simulate cracking processes. Over the past few decades many simulation
methods for crack problems have been proposed. The early finite element studies in
[Ric68] and [MK80] extensively use the nodal release procedure to simulate quasi-
static crack growth as well as dynamic crack propagation. In this method a crack
is supposed to propagate further if a fracture criterion based on a critical stress or
deformation measure near the crack tip is satisfied. This method does not allow
incorporation of both the requirements of critical stress and fracture energy for sim-
ulation of crack growth or interface debonding. The lack of a material length scale
using this method leads to strong dependence of the finite element results on the
size of the elements near the crack tip ([CN00]). Some of the subsequently suggested
methods to overcome the mentioned difficulties include a cohesive zone model (CZM)
([Nee87]), a computational void-cell approach ([XSH95]) or a virtual internal bond
model ([GB04]). Other possibilities are offered by meshless methods like the element-
free Galerkin method ([FCMB97]) or the extended finite element method (X-FEM)
([BB99], [MDB99]). Further studies like in [JH92] and [CSCS93] propose a formula-
tion based on continuum damage theories which applies homogenization to cracked
solids. Disadvantages of this approach are the difficulty to relate its parameters to
experimental data like the fracture energy and the disregard of the discrete nature of
fracture mechanics. Methods including a cohesive zone model (CZM) overcome these
disadvantages. CZM, originally proposed in [Nee87] in order to simulate the process
of inclusion debonding from a metal matrix, is based on the cohesive zone concepts
introduced in [Bar59b] and [Dug60]. Barenblatt ([Bar59b]) uses a typical cohesive
law for the atomic debonding and Dugdale ([Dug60]) assumes a constant variation of
traction along the plastic zone. In subsequent investigations different shaped cohesive
laws have been routinely used. These laws are embedded into finite element analy-
sis as mixed boundary conditions like for example in [Nee87], [HMP76] and [TH93]
or are modeled by cohesive finite elements like in [OP99], [CO96] and [XN94]. The



Chapter 1. Introduction

approach of cohesive zone modeling has been successfully employed in various numer-
ical investigations including crack growth analysis in homogeneous ductile materials
([TH92]), interface debonding ([TH93]), impact damage in brittle materials ([CO96])
and analysis of sandwiched structures ([TH94]). Cohesive elements model a crack to
be a pair of surfaces with no volume between and its action replaced by an equivalent
traction on the surfaces. The cracking behavior is determined by the softening con-
stitutive law of the cohesive zone material. In [XN94] and [Ort96] a cohesive element
method is used to study dynamic crack branching and fragmentation under arbitrary
loading. The cohesive zone model in combination with a dislocation dynamics model
of plasticity has been employed to study fracture in layered structures in [BHG08].
In [CO96] and [Ort96] two-dimensional fragmentation simulations, both plane strain
and axisymmetric, are established with the feasibility of using cohesive elements to ac-
count explicitly for individual cracks as they nucleate, propagate, branch and possibly
link up to form fragments. In contrast to other approaches like in [XN94] and [OS93],
which require interfacial elements to be inserted along potential fracture paths, in
[CO96] and [PKO99] a new surface is adaptively created by duplicating nodes along
previously coherent element boundaries, and inserting surface-like cohesive elements.
Clearly, it is incumbent upon the mesh to provide a rich enough set of possible crack
paths, an issue which may also be addressed within the framework of adaptive meshing
(compare [MO02]). As shown in [CO96] and [PLSS11] mesh-size independent results
can be obtained when the mesh adequately resolves the cohesive zone. In [MDB99] an
innovative finite element type is presented as able to account for crack growth inside
of the element. The approach adopted for delamination initiation and growth is based
upon the maximum circumferential stress criterion. This approach, also referred to
as the singularity element approach, is also used in [LG95]. In [YRC98] the iterative
single-domain dual-boundary-element formulation is introduced incorporating the co-
hesive zone model for elasto-static cracks in which a crack grows along an arbitrary
path governed by the imposed failure criterion. For recent studies on time-dependent
characteristics of cohesive-zone formulations we refer to [GK10]. The issue of rate
dependency discussed there is also addressed in [DBSMP93] and [ZMS05].

We study quasi-static crack propagation in composite materials consisting of a matrix
material and a set of fiber inclusions. While in [Nee87] and [WRO97] crack paths in a
fixed domain of a specimen supplied with defined material properties are considered,
we aim to simulate cracks inside different materials of a composite specimen paying
attention to various possibilities of cracking phenomena like fiber debonding and fiber
breakage. It turns out that the cohesive element method is particularly suited for
our purpose. We develop different approaches to brittle fracture where the according
simulation techniques are based on the cohesive element method. Nitsche proposes
in [Nit71] a method to enforce Dirichlet boundary conditions in a weak sense. Sub-
sequently, different versions of so called Discontinuous Galerkin (DG) methods have
been based on that idea. For one of our simulation methods we follow the approach
discussed in [MKS04] where the application of the DG method in combination with co-
hesive elements is proposed (compare [PLRJ+11]). For this method cohesive elements
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are placed between all continuous elements at the beginning of the simulation. The
elements are opened successively according to a cracking criterion and the resulting
nonlinear system to determine the displacement field and thereby the approximated
crack path has to be solved several times. In the framework of our second simulation
method cohesive elements are inserted adaptively according to a cracking criterion
(compare [PLSS11]). Thereby, we follow the idea in [CO96] and [PKO99]. This also
means that a nonlinear equation system has to be solved after each insertion of a
cohesive element. Due to less degrees of freedom in the finite element mesh the com-
putational effort is reduced significantly compared with the former method. For both
these techniques a non-penetration condition avoiding penetration of opposite crack
sides is approximated by application of a penalization technique. Finally, we pro-
pose a third simulation method where we follow the idea of [Kov05] and set up an
energy minimization problem. While in [Kov05] just the cohesive effects due to crack
openings normal to the crack surface are taken into account, we also include cohesive
terms for crack openings tangential to the crack surface (compare [LPSS11]). The
energy minimization problem is then solved numerically by FEM in combination with
cohesive elements. This method also starts with a finite element mesh where cohesive
elements are placed between all continuous elements. However, it is not necessary
to open the cohesive elements successively. Instead, the solution of one minimization
problem determines the complete crack path. Furthermore, it is possible with this sim-
ulation method to treat the non-penetration condition directly as a constraint to the
optimization problem. Therefore, the non-penetration condition is always satisfied,
which avoids numerical instabilities that happened to occur in previous approaches.

Usually breakage of a structure is an undesirable effect and engineers aim on the
construction of materials and devices that are able to cover at least the load appear-
ing under working conditions without the appearance of any cracks. But cracking
processes inside of the microstructure may contribute to the toughness of a mate-
rial. The influence of energy dissipation processes on the microscale of brittle matrix
composites on the toughness of the material on the macroscale is examined in several
studies. In [YTG07] is demonstrated that extensive crack deflection along the (0001)
lamellar sheets of Ti3AlC2 influences the ductility of the material significantly. In
[BHG08] is observed that fracture toughness of layered structures increases with the

Figure 1.1: SEM micrograph of reinforced composite sample
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layer thickness and the cohesive strength of the material. These studies motivated
us to examine cracking processes in composite materials on a microscale by simula-
tions to find ways to influence the material properties on the macroscale. Figure 1.1
(SEM micrograph supplied by W. Zhang, Chair of Glass and Ceramics, University of
Erlangen-Nuremberg, Germany) shows a microscopic picture of a cracking process in
a TiAl3 composite with Ti3AlC2 fibers on the microscale. In brittle composite mate-
rials two failure mechanisms exist. The first one, a fiber debonding event, where the
crack grows in the interface between the matrix and fiber is marked by the letter D
in Figure 1.1. The second one, a fiber breakage event, where the crack grows directly
through the fiber is marked by the letter B in Figure 1.1. It is possible to pass over
simulation results obtained on the microscale onto the macroscale by application of
homogenization techniques (see for example [IGM+07]). As high energy dissipation by
cracking processes on the microscale increases the toughness of composite materials
on the macroscale (compare [YTG07] and [BHG08]), we restrict our considerations to
the microscale. We seek for different opportunities to increase the fracture energy of a
cracking event induced by a certain load case. To this end we examine the possibility
to influence the fracture energy and the crack paths by adjustment of cohesive mate-
rial parameters and geometrical aspects. In [Kat10], [KLR09] and [KR10] the authors
study different options to increase the ductility of fiber reinforced concrete. They
use an elasticity model for the damaged material different from ours, which is called
isotropic gradient enhanced damage model. This model accounts for appearance of
damage in various regions of the considered domain, but solely allows for cracking
in our sense as a kind of slipping along the matrix fiber interface. In [HMO08] the
possibility is studied to reduce the energy release rate by optimization of the location
and intensity of additional forces along a part of the boundary of the two dimen-
sional damaged domain. Thereby, the energy release rate is defined as the variation
of the mechanical energy with respect to the crack dimension. The unilateral contact
condition along the crack formulated in [HMO08] does not take into account friction
or cohesive effects. The used cracking criterion instead rests upon Griffith theory
([Gri21]), which simplifies the crack problem formulation compared with ours signif-
icantly. We show that varying cohesive material parameters and geometrical data of
composites may result in different crack paths and thereby effects various amounts of
energy dissipation (compare [PLRJ+11]). Furthermore, we focus on the influence of
the fiber shape on the fracture energy (compare [PLSS11]). Our final aim is to maxi-
mize the fracture energy for a given load case by variation of fiber shapes. To this end
we set up a shape optimization problem and apply different optimization algorithms.
We start the studies by application of a pattern search optimization algorithm, which
does not require any first order information to systematically determine an optimal
fiber shape (compare [PLSS11]).

For derivation of shape gradient information, which allows to apply higher order op-
timization algorithms we use the tools provided by the huge research field of shape
optimization. Shape optimization is one branch of material optimization, a field which
offers several techniques to support the design process of devices. Thereby, the op-
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Chapter 1. Introduction

timization problem may for example consist in the search for the stiffest structure
under the constraint of maximal weight for a specific load case. But also other cost
functionals and constraints are possible. The topic of material optimization split
during the last decades in different branches like free material optimization, size opti-
mization, shape optimization, and topology optimization. The underlying model for
free material optimization was introduced in [BGH+94] and is further developed in
several publications (see for example [ZKB97], [SLK09], [HKLS10]). For free material
optimization all entries of the elasticity tensor serve as optimization variables, while
size and shape optimization instead aim on finding an optimal structure for a device
with given material properties. Size optimization uses just one section of the consid-
ered device, like for example the thickness or the diameter, as optimization variable
whereas shape optimization aims on finding the optimal shape for a device. In [RP01]
and [HM03] both approaches are discussed. Beside the influence on the outer shape
of a device shape optimization also often aims on changing some inner structure of a
material like for example the shape of inclusions or holes on a microscale to influence
the material properties on the macroscale. If not only the shape of the holes is allowed
to change, but also the position, another tool of material optimization the topology
optimization can be used (compare [BK88], [RGB02]). Introductive description of
topology optimization can be found in [Ben95] and [BS04]; further information is
available in [AK93a], [BXP03], and in the references therein. The theory of shape
design sensitivity analysis has become a huge research topic. Extensive reviews on
earlier studies can be found in [HG86] and [KK02]. A comprehensive introduction
into the field with recommendable references is given in [SZ92b] and [HM03]. There
have been proposed several different approaches for shape optimization like for exam-
ple the material derivative method ([Zol81]), the fictitious domain method ([HK95]),
the geometry projection method ([NHTB04]), the level-set method ([AJT02]), and
the homogenization method ([All02]). Considerations of numerical topics concerning
shape optimization can be found in [Cea81], [DZ01], [Has96] and [SZZ94].

Since the eighties optimization of composites has received a lot of attention due to
new studies on material optimization ([KS86], [BK88], [JHB92], [AK93a], [Ave87])
and further theoretical developments in the analysis of composites ([Tar85], [FM86],
[GC97], [Mil90], [AK93b], [Ped00]). The investigations into which variable should
be optimized in order to achieve some required properties of a composite material
are manifold. Many studies on optimization of composite materials are proposed by
Cherkaev et al. (see e.g. [Che09] and the references therein). The authors focus on
the derivation of upper and lower bounds for the effective elastic moduli which are
based on the so called Hashin-Shtrikman bounds ([HS63]). In [Che09] exact bounds
for the effective conductivity of an isotropic multimaterial composite are suggested,
which refine the Hashin-Shtrikman bounds and are the solution of a finite-dimensional
constrained optimization problem. In [FM86] the derivation and optimality of such
bounds is reconsidered in the context of homogenization. In [CGMS98] the optimal
shape of a single cavity in an infinite 2-d elastic domain is analyzed. In [CZ09] the
problem of optimal micro-geometries of multimaterial elastic composites is considered
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aiming on maximization of the stiffness of the composite in a given homogeneous
stress field. Several types of optimal two-material micro-geometries are described in
articles like [HS63], [BK88] and [Vig97]. Isotropic elastic composites made of three or
more isotropic phases are studied analytically and numerically in [GS00] in order to
determine the extremal bulk modulus. In [GK95] the authors aim on determination
of microstructures with minimal energy or maximal stiffness as an alternative to the
so called Vigdergauz microstructure ([Vig97]), which consists of a periodic array of
appropriately shaped inclusions. To this end explicit formula for the shape of the
inclusion, and an analysis of various limits are derived.

In [KL10] the influence of the shape variation of an inclusion on the energy release
rate for a fixed given crack is examined. Thereby, the energy release rate is defined
as the variation of the mechanical energy with respect to the crack dimension. In
[Kov05] the crack shape is perturbed to establish the shape differentiability of the
total energy functional. In [MP10] as in [HMO08] the authors aim on minimization
of the energy release rate defined in a similar way like in [KL10] and set up for this
issue relaxed formulations of the optimization problems. While in [HMO08] a gradi-
ent descent method is used to optimize the support and the amplitude of an external
load, in [MP10] the authors aim on the optimal distribution of two materials inside
of a two dimensional domain with given crack. Thereby, description of the fibers or
layers of some laminate with characteristic functions is used instead of a modeling
the inclusion boundaries with B-splines as in our studies. Furthermore, in [MP10] no
elastic system but just a conductivity system is considered which vitiates the formu-
lation of any contact condition along the crack and thus simplifies the formulation
of the optimization problem. Like in many other studies in [HMO08] avoiding crack
propagation is desired in contrast to our intention to increase the crack paths and
thereby the energy released by the crack. This can be explained by the fact that the
authors in [HMO08] consider cracks on the macroscale, while our considerations rest
upon the microscale (compare Figure 1.1), where specific cracking processes can en-
hance the properties of materials. In [Kat10] beside optimization of fiber shapes inside
reinforced concrete also maximization of the ductility with respect to fiber dimension
and distribution of materials inside the computational domain is studied. But the
authors apply a damage variable for the formulation of their state problem which
allows crack appearance in our sense just along the matrix fiber interface. In that
region they pay attention to the load transfer along the crack. We go in our studies
one step further in the combination of shape optimization with crack problems and
try to influence the crack path itself by variation of the shape of fiber inclusions in
composite material. Thereby we focus on maximization of the fracture energy for a
given load case. Rigorous mathematical and numerical investigation of the influence
of shape variations on the fracture energy has to the best of our knowledge not been
considered before. The shape of the fibers discussed in [Kat10] is different from ours.
As these fibers are very thin and long they can be modeled as one dimensional trusses
and are not connected with the finite element mesh. This eases the formulated shape
optimization problem and the sensitivity analysis significantly. In our formulation
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instead the modeling of cracks along the interface between the two dimensional fibers
and the matrix material requires the connection of the fiber shape with the mesh and
results in many further challenges for the sensitivity analysis. Special difficulties arise
from the fact that we take cohesiveness due to tangential crack openings into account,
which is usually neglected in similar problem formulations like in [Kov05]. The events
close to a crack with tangential cohesiveness are in some sense comparable to contact
with friction. Therefore hints for modeling of the crack problem are given in [KK99],
[BSZ84], [SZ88] and [Sok88]. The crack problem in our sense always consists in the
determination of the potentially discontinuous displacement field. This includes the
information about the openings along a crack path for a given load case.

For our fiber shape optimization problem the crack problem serves as state problem.
Due to the incorporated cohesiveness the considered energy minimization problem
which we solve to determine the solution of the crack problem is nonsmooth and
possibly nonconvex. We reformulate the problem to obtain a smooth total energy
functional and set up conditions which imply unique solvability of the crack problem.
The shape optimization problem to determine the optimal fiber shape incorporates
further difficulties as the cost function represented by the fracture energy is also
nonsmooth. Beyond that the state problem for the shape optimization problem is
formulated as a variational inequality, which leads possibly to further nondifferen-
tiability of the optimization problem. Nonconvex shape optimization problems are
considered in [SK86], where direct weight minimization subject to compliance con-
straints or plastic yielding constraints leads to a nonconvex variational problem. It
is mentioned that two problems arise as on the one hand the minimum weight is not
achieved by any design and on the other hand the approximate designs oscillate as
the element mesh is refined. So the authors search for equivalent relaxed problems
with the same minima. In [Che05] different developments of mathematical methods
for nonconvex variational problems of mechanics, particularly, problems of optimal
layouts of material in a heterogeneous medium are reviewed. The authors emphasize
that such problems are characterized by locally unstable solutions which are inter-
preted as optimal microstructured media. They discuss variational formulations of
these problems and present several approaches to address them. Thereby, a duality
approach is used for reformulation of the problems. In [IKP08] a general framework
for calculating shape derivatives for optimization problems with partial differential
equations as state problem is presented. The state variable is only required to be Lip-
schitz continuous with respect to the geometry perturbations because the technique
allows to obtain the shape derivative of the cost function without determination of
the shape derivative of the state variable. We also do not use the shape derivative of
the state variable in our approach explicitly. Instead, we reformulate the optimiza-
tion problem in a way which allows derivation of first order information by a dual
approach.

We address the mentioned challenges in different chapters of this work. To justify our
decision to base our research on Barenblatt’s theory we start with a review of Griffith’s
and Barenblatt’s approach for treatment of cohesiveness in Chapter 2. Beyond that
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we explain in Chapter 2 how the multiscale aspect is included in our examinations.
In Chapter 3 we declare the mathematical crack problem and examine existence and
uniqueness of solutions. Furthermore, we set up different formulations for the fiber
shape optimization problem in Chapter 3. In Chapter 4 we describe how we discretize
the crack problem and the shape optimization problem. We establish all necessary
shape sensitivities to obtain first order information for the shape optimization problem
in Chapter 5. In Chapter 6 we describe the different numerical methods that we use
to solve the crack problem as well as the shape optimization problem. Finally, in
Chapter 7 we present simulation results which on the one hand validate our crack
simulation techniques and on the other hand show that we achieved our desired goal
of maximization of the fracture energy by optimization of the fiber shape. Beyond
that, in Chapter 7 other possibilities to influence the fracture energy are discussed. In
the appendix we rephrase some theoretical aspects from the literature ([OKZ98]) to
which we refer for derivation of sub-gradient information for the shape optimization
problem. Furthermore, we include a list of symbols, figures and tables in the appendix.
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2. Cohesiveness

In brittle materials cracking processes on the continuum scale involve separation of
atomic planes on the atomistic scale. The cohesive forces between the atoms are
the origin of the energy necessary to create the new surfaces of a crack. Different
approaches exist to take this effect into account for modeling of cracking on a contin-
uum scale. Griffith ([Gri21], [Gri24]) assumes that a fixed amount of surface energy
is related to a crack of fixed length. The relation is material dependent. Barenblatt
([Bar62], [Bar59b], [Bar59a]) instead takes into account the dependence of the sur-
face energy and the cohesive forces on the crack opening. These two models build
the basis of most later considerations of fracture. Our research rests upon a model
according to Barenblatt’s theory. We first highlight the main differences between the
theories developed by Griffith and Barenblatt and derive conclusions for our studies
in Section 2.1. Afterwards we present in Section 2.2 some multiscale aspects of our
considerations by explaining how we embed cohesive laws into our simulations and
how we derive the required cohesive values from atomistic scale.

2.1. Different approaches to model cohesiveness

In the scientific community A. A. Griffith is clearly acknowledged as the founder of the
topic which is nowadays called fracture mechanics. His pioneering works [Gri21] and
[Gri24] are cited in almost every article on crack topics and many researchers draw
their investigations upon his developed theories this very day. Griffith’s linear fracture
mechanics theory clearly has proven a useful tool for solving fracture problems pro-
vided a crack like notch or a flaw exists in the body and nonlinear effects in the so called
process zone at the tip of the crack are negligible. In that zone cohesive effects appear
due to atomic debonding. Barenblatt proposed a model which takes into account the
dependence of cohesive effects on the crack opening. In Section 2.1.1 and 2.1.2 we
explain the most important aspects of Griffith’s and Barenblatt’s work, respectively.
Afterwards we allude to the main differences between the two theories by reviewing
several articles on the comparison of the two models in Section 2.1.3. During the
following sections we use as far as possible our own notations instead of the original
notations from the references in order to simplify the comparison.

2.1.1. Review of Griffith’s work on fracture

With his article [Gri21] published in 1920 Griffith laid the foundations for brittle
fracture mechanics. He starts his work motivated to find an explanation for the fact
that polishing surfaces of materials or introducing small sized cracks increases the
strength of materials, while conversely, scratching surfaces and introducing larger sized
cracks decreases the strength. The existing hypotheses that rupture may be expected
if the maximum tensile stress or the maximum extension exceeds a certain critical
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value cannot explain all that has been observed experimentally. For example the
dependence of the strength of the material on the scratch size observed in experiments
is not explicable by the existing theories. Griffith extends the well known theorem of
minimum energy for cracking scenarios by inclusion of a further energy term due to
the crack surface. Thereto, the total energy T of a body under load is calculated as
the sum of the potential energy P due to the strain energy and external load and the
surface energy S necessary to create a crack:

T = P + S (2.1)

The cracking criterion formulated by Griffith declares that the potential energy can
be reduced by opening up a crack inside of the material. The crack just opens if
the surface energy necessary to create the new surfaces is equal to or lower than the
reduction of the potential energy. Therefore, the fracture criterion takes the form

dT

dl
=

dP

dl
+

dS

dl
≤ 0, (2.2)

with infinitesimal crack length dl. A more common notation of the cracking criterion
is

−GG +GG
c ≤ 0 or −GG + 2γS ≤ 0, (2.3)

with the so called energy release rate GG = −dP
dl
, the critical energy release rate

GG
c = dS

dl
and the surface tension γS. Griffith already testifies that for formation of a

crack in a body composed of molecules which attract one another work against the
cohesive forces of the molecules on either side of the crack has to be brought up.
This work is equal to the surface energy related to a crack. Griffith assumes that
as soon as the opening of the crack is greater than the so called radius of molecular
action, the energy per unit area is a constant of the material: the so called surface
tension γS. For new cracks appearing in a material the opening of a crack is below this
radius so that knowledge of the relation between the crack opening and the cohesive
forces is needed to calculate the surface energy exactly. But Griffith assumes that
cracks which may be extended by some load already exist inside of the unloaded
material. Thereby, the extremities of the crack may change their position inside of
the material but their shape will stay unchanged. As just close to the extremities
of the crack the opening is expected to be below the radius of molecular action, the
surface energy necessary to extend the crack can be calculated as a product of the
increment of surface and the surface tension of the material. Griffith thus assumes that
mathematical theory of linear elasticity covers the stresses correctly at all points of
the body with exception of those near the ends of the crack. Here we can already note
some main features of Griffith’s theory. Griffith already declares in this article that
pre-existing cracks inside of materials are necessary for application of his theory. The
difficulty to predict crack initiation with his approach is addressed as a disadvantage
in the following years by many researchers (see [CGP08] and [MT04] for a detailed
study on crack initiation). Although Griffith is already aware of cohesive effects he
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does not consider the dependence of cohesive forces on the crack opening close to the
crack tips, as done later on by Barenblatt ([Bar62], [Bar59b], [Bar59a]).

In [Gri21] Griffith applies his theory to the case of a cracked plate where a lens shaped
crack runs through the thickness of the specimen. The plate is under tensile load such
that the tensile axis is perpendicular to the crack surface. After calculation of the
potential energy and the surface energy for plain strain conditions Griffith obtains the
famous expression for the critical stress σG

c at which the material ruptures as

σG
c =

√

2γSE

πνpl
, (2.4)

where γS denotes the surface tension, νp the Poisson ratio, E the Young’s modulus and
2l the crack length. This formula is applicable to different crack shapes by introduction
of pre-factors depending on the geometry of the crack. For verifying his theoretical
derivations Griffith carries out experiments where he measures the surface tension in
different glasses, introduces scratches on them and ruptures them by the application
of stress. Using the Young’s modulus of the glasses and the scratch size he then
calculates σG

c according to formula (2.4) and compares it with the experimentally
observed values. The values match quite well. Griffith explains the error which is
nevertheless observable by the high stresses at the crack tips. Due to the small radius
at the tips, stresses are expected in that regions in a range for which linear elastic
theory might not be applicable anymore.

Various further topics are discussed in [Gri21] with conclusions which are pioneering
for that time. To acknowledge the impressive work of Griffith we want to mention at
least one more example. Griffith attempts to find an explanation for why the maximal
tensile stress of a material that one would expect due to theoretical studies on the
molecular structure is measured to be much smaller in tensile tests. He assumes that
the reduction of the tensile stress rests upon to the presence of flaws, whose dimensions
are large compared with molecular distances. Thus Griffith concludes that the effective
strength of technical materials might be increased 10 or 20 times at least if these
flaws could be eliminated. Therefore, Griffith assumes that smaller specimens should
attain higher maximal tensile stress because the flaws are of smaller size than in larger
specimens. In the limit a fibre consisting of a single line of molecules must possess the
theoretical molecular tensile strength. Griffith verifies this assumption experimentally
for glass fibers where he observed strengths of the same order as the theoretical values.
By introducing the idea of flaws, Griffith removed the inconsistency that materials
rupture at stresses much lower than that predicted by theories and showed a way for
quantifying things. This input by Griffith clearly evokes the relation to multiscale
topics from present day research (see for example [BX03]).
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2.1.2. Review of Barenblatt’s work on fracture

In his article [Bar59b] Barenblatt derives several statements about the behavior of
a crack under load. For simplicity he starts with consideration of a crack on which
opposite crack faces a load is applied. Later on he generalizes this situation to the case
where the load is applied inside of the body without loss of any previously derived
statements. He also proves that in the limit case, where the points where some forces
act in the solid reach the crack faces, exactly the same situation as for forces acting
on the crack surfaces is obtained. Barenblatt supposes that attracting forces exist
along crack faces dependent on the distance between the faces. Hence, he divides the
area along a supposed crack into two regions. The inner region is determined where
no interaction of crack faces is expected because the faces are far away from each
other. The second region, the so called terminal region, is close to the crack tip where
the distance of the opposite crack faces is small so that attracting forces exist. The
relation between these attracting forces and the distance of the crack faces is not given
explicitly, but it is stated that starting with a normal interatomic distance the forces
increase rapidly to a maximum with growing distance and fall afterwards rapidly to
zero. For this situation he sets up three hypotheses: The first one states that the
dimension of the terminal region is small in comparison with the size of the whole
crack. The second hypothesis states that the distribution of the displacement in the
terminal region does not depend upon the acting load. Therefore, for a given material
and under given environmental conditions the distribution of the displacements in
that region is always the same. We note that this hypothesis is similar to Griffith’s
assumption that the extremities of a crack do not change their shape dependent on
the loading but may change their positions. Barenblatt emphasizes that the second
hypotheses only applies to equilibrium cracks formed during primary rupture of an
initially unbroken solid. So it does not apply to cracks formed during unloading or
reloading. The third hypothesis states that the crack ends join smoothly and that the
stress at the ends is finite. This is one of the main differences to Griffith’s theory where
a crack singularity is assumed at the crack tip and the crack ends close with a finite
angle or radius. These three hypotheses are used for derivation of several statements
and explicit formulas. To this end Barenblatt considers a planar circular crack in
a 3-dimensional body that is loaded symmetrically to the crack. For this situation
a formula for the displacement along the crack dependent on the load is given. By
application of several approximations and the third hypothesis a relation between the
crack radius and the applied load is derived. Thereby, the so called cohesive modulus
Km is invented by the formula:

Km =

∫ dt

0

Fc(g)√
g

dg, (2.5)

with Fc(g) value of cohesive force, g distance from the tip of the crack, dt length of the
terminal region. As mentioned above Fc(g) is not further specified. It is declared that
Km is a constant value for a specific material which may be obtained experimentally.
For specific loading conditions the dependence of the radius of the crack on the value
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of the loading is considered explicitly. In summary it is revealed that a specific finite
radius exists for each load under the condition that the load is high enough. For loads
smaller than the critical load there exists no solution which means that no crack will be
formed. After formation of a crack the crack grows continuously with further increase
of the load. Interestingly Barenblatt emphasizes, that cohesive forces just influence the
value of the crack radius and the distribution of the displacements close to the tip of
the crack. In the whole inner region the distribution is not dependent on the cohesive
forces. So everywhere except directly near the tip of the crack the distribution of
displacements almost corresponds to the distribution of the displacements occurring
at a given fixed radius of the crack in the absence of cohesive forces.

Similar statements are derived in Barenblatt’s further article [Bar59a] where he ex-
pands his studies from circular cracks in three dimensional materials to rectilinear
cracks in infinite plane plates with load symmetrical to the crack. Conditions for
obtaining finite stress at the tips of an isolated rectilinear crack in an infinite plane
are derived. Furthermore, it is stated that these conditions are also sufficient and
necessary for the smooth connection of the crack edges and enable determination of
the endpoints of a crack dependent on the load. For loads applied to the crack faces
as well as for concentrated loads applied to points away from the crack faces there is a
critical value of the load necessary to form open cracks. For increasing values of load
the length of the crack increases. Again it is emphasized that the cohesive forces just
influence the displacement and stress distribution at points in the vicinity of the crack
tips. Barenblatt testifies again his supposition that after the length of the crack is
determined the problem may be treated as a problem of theory of elasticity for a solid
with cracks, disregarding cohesive forces. He derives a general rule that the ends of a
crack are determined from the condition that the stresses in their vicinity computed
without taking into account cohesive forces tend to infinity according to the law

Km

π
√
g
, (2.6)

with g distance from the tip.

For the experiment of driving a wedge into a plate, conditions for finite stress at
crack tips and smooth contact of crack sides at the extremities are derived and all
components of stresses and displacement are determined as well. Additionally, an
equation is derived to obtain the length of a slit caused by the wedge with the help
of which the cohesive modulus can be calculated. To this end the length of a crack
that a wedge driven into a plate causes has to be measured. Several examples are
shown. Further an interesting study on an infinite strip of finite width is shown. If
forces are applied directly to the surface of a crack then as in the experiments before
a certain amount of load is necessary to cause a crack. For further increase of the load
the crack increases. But in difference to the infinite plate studies now a critical load
exists, for which no finite length of an equilibrium crack can be determined, but the
crack destructs the strip. If the loads are concentrated in points away from the crack
the situation gets more complicated. If a certain distance of the points is reached,
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then no equilibrium cracks exist at all. For all loads high enough to cause any cracking
the crack immediately destructs the strip.

In conclusion Barenblatt himself addresses in his work the main differences to Griffith’s
theory that with incorporation of cohesiveness the stress at the crack tips is finite and
the crack edges close smoothly. He states that the consideration of cohesiveness is
important for determination of the length of a crack. After the length is determined
the application of Griffith theory would result in the same solutions as the application
of his theory. Barenblatt’s considerations do not yet include shear stress and just deal
with symmetric loading. Nevertheless he activates the incorporation of cohesiveness
dependent on the crack opening into the study of crack propagation and showed a
way to handle crack initiation. Obviously Barenblatt was right with his assumption
of the dependence of the cohesive forces on the distance from the crack tip. Today
cohesive laws are used which describe the dependence of the cohesive force on the
distance of the crack faces explicitly (see [CLSG02] for different possibilities). The
correlation between the crack opening and the distance from the crack tip then allows
the function Fc(g) to be set up.

2.1.3. Comparison of Barenblatt’s and Griffith’s approach

Many researchers commented on the advantages and disadvantages of Griffith’s and
Barenblatt’s theories in their studies. There are also several publications which treat
the comparison between the two models explicitly. To give a short insight to different
aspects for comparison of both theories and to justify our decision to use Barenblatt’s
theory as the basis for our studies we summarize in the following the main contents
and conclusions of [Wil67] from year 1967, [MT04] from year 2004, [CFMT00] from
year 2000 and comment on the supplementation in [BFM08] from year 2008.

Willis declares in [Wil67] that Griffith’s as well as Barenblatt’s theory include the
consideration of cohesive effects, but in a different way. Griffith accounts for cohesive
forces by assigning a surface energy γS per unit area (toughness) to all crack surfaces,
where γS is equivalent to the work against the cohesive forces in creating new surfaces.
This leads to the fracture criterion: GG(l) ≥ 2γS = GG

c , where GG is the energy
released by the crack extension l. This formula expresses the well known fact that
due to Griffith a crack will increase if the energy released by the crack is equal to
or higher than twice the toughness γS. Willis considers an infinite body in plane
strain, with a crack along the positive x-axis and the crack tip at the zero point. Only
stresses and crack openings perpendicular to the crack surface are taken into account.
He shows that Griffith’s criterion turns for a crack extension to −h with h very small
into

π(1− νp)

E
N2

s ≥ 2γS,

with so called stress concentration factor Ns, Poisson ration νp and Young’s modulus
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E. We notice, that in the sense of formula (2.4) this criterion reads Ns ≥ σG
c with

σG
c =

√

2γSE

π(1− νp)
.

The difference in the value of σG
c is due to the geometry of the crack. Willis argues

that Barenblatt accounts for cohesive forces more explicitly, but states a fracture
criterion similar to that of Griffith. It consists of the fact that the cohesive forces
must reduce the stress concentration factor Ns to zero, which the applied loads alone
would produce. If Ns is too large, the cohesive forces can not cancel it and the crack
will extend. Barenblatt’s hypotheses leads, corresponding to Willis, to the cracking
criterion Ns ≥ Km/π. We notice that from this formula one may already guess that
σG
c = Km/π should be approximately obtained if the two theories should yield similar

results. Accordingly, Willis now claims that Griffith surface energy release rate GG
c has

to be somehow related to Barenblatt’s modulus of cohesion Km, where the relationship
has to be seen in an asymptotic sense. Under the assumption that both criteria lead
to the same results Barenblatt ([Bar62]) derives the relations between the physical
constants appearing in either formulation. Willis justifies this assumption that both
criteria agree theoretically by proving that the relationship is true in an asymptotic
sense. The relationship K2

m = 2γSEπ
1−νp

between the modulus of cohesion Km and the

GG
c from Griffith’s criterion is set up and the validity of this relation is proven in an

asymptotic sense, if Barenblatt’s hypothesis, that the edge region is small compared
to the internal characteristic length is true. In detail directly from Barenblatt’s theory

the relationship G∗ = 1−νp
2πE

K2
m

(

1 +O
(

de
Lc

))

is derived, with de length of the edge

region and Lc internal characteristic length, where in Willis’ approach G∗ reflects the
energy released by a crack of unit length. So as Willis shows that G∗ can be identified
with GG

c the relation ship between Griffith’s and Barenblatt’s approach is clear in an
asymptotic sense.

Willis discusses a further interesting aspect which is important for the comparison
between Griffith’s and Barenblatt’s approach. As explained the origin of cohesiveness
is the cohesion during separation of atomic planes so that Willis assumes that two
adjacent lattice planes of a crystalline body separated from their equilibrium position
attract one another according to some law of cohesion. The cohesive forces increase
up to a critical separation beyond which they decrease. As soon as the separation is
large enough the cohesive forces are negligible and the lattice planes become surfaces
of a crack. Cracking processes in the theories of Griffith, Barenblatt and Willis are
considered on a continuum scale. The difficulty, as Willis also recognizes, lies in the
fact that a continuum model is built from an atomistic model, where at the crack
tip in the continuum model a zero crack opening is given. Willis does not formulate
cohesive laws explicitly as it is done nowadays, but he claims that the start of a
crack is defined at a specific critical separation of the lattice planes. Thus he assumes
something similar which is later called rigid cohesive laws (compare Section 2.2.1).
But the treatment in Griffith’s and Barenblatt’s approach as declared by Willis is
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different. While GG
c = 2γS in Griffith’s theory is the work done for separation of two

atomic lattice planes from their unstrained position, G∗ derived from Barenblatt’s
theory is related to the work done for separation of the planes from their strained
position, just prior to the formation of a crack between them. According to Willis
the cohesion for small separation of the lattice planes may be thus regarded as strain
rather than as crack opening. Nevertheless there is no inconsistency if the strain field
is defined by an averaging process. The bottle neck lies in defining a critical distance
of the lattice planes up to which no crack opening is defined. Willis assumes linearly
elastic-brittle behavior of the body up to fracture, after which the crack faces attract
one another by a traction separation law. So, as the definition of the start of a crack
is somewhat arbitrary Willis suggests to define a crack to start, as soon as the tensile
stress equals a critical value, the theoretical strength of the body, which is supposed
to be of the order of one-tenth of the Young’s modulus. This guaranties that away
from the crack tip the tensile stress is below this value so that linear elasticity holds.
According to Willis one could alternatively admit nonlinear elastic behavior of the
material along the crack tip to make the theories agree logically. This would imply
a dependence of the calculations on the precise form of the cohesive law, so that no
generality is given. Willis declares, that it is also possible to define GG

c in Griffith’s
theory from some nonzero level of strain, but that it is not advisory to do so for most
materials.

Willis summarizes that Barenblatt’s approach has no great advantage over that of
Griffith for prediction of the crack path, but it describes the stresses near the crack
tip in a more realistic way. For our studies the stresses along the parts of the crack
where cohesive forces appear are important. As we consider cracking processes on
the microscale cohesive tractions act at wide parts of the crack paths. Therefore,
Griffith’s theory would not lead to the required results. Willis’ argumentation of
defining the start of a crack at a specific separation of the lattice planes and modeling
this scenario by defining a critical stress at which a crack appears is very close to our
approach with rigid laws (see Section 2.2.1) and builds the foundation for application
of cracking criterions as explained in Section 6.1.2.

The asymptotic similarity of Barenblatt’s model to Griffith’s model is studied more
rigorously in [MT04]. Marigo et al. prove in their article that under certain conditions
the Griffith model represents an asymptotic Γ-limit of the Barenblatt model. The
authors are aware of different shaped cohesive laws providing the information about
the explicit relation between crack opening and cohesive forces. The focus of the
work is on the influence of the cohesive values on the cracking process. Of interest is
also the derivation of a predication about the specific restrictions for the applicability
of Griffith’s theory. It is shown that Barenblatt’s theory plays a major role when
the crack is about to appear and that for the corresponding range of loadings the
convergence of the two theories is not uniform. A simple model is used for this
purposes in [MT04], which allows to study the limiting behavior of global and local
minimizers without specification of further crack geometries. To this end they study
a simple debonding problem where a cylindric matrix encloses a cylindric fiber. The
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complete cylinder is symmetric around the z-axis and fixed at its lower boundary at
z = 0, the upper boundary of the matrix is free and the upper boundary of the fiber
is subjected to an imposed displacement that is successively increased. The matrix
and the fiber have an infinite stiffness, while the interface where the matrix and the
fiber are glued together is breakable. Thus the fiber may be possibly debonded but
nowhere else except along the interface cracking is expected. In this article a crack
path is obtain by application of the principle of minimum energy. Thus the problem
consists in finding the displacement field that minimizes the total energy T which is
given as the sum of the potential energy P and the surface energy S due to the crack.
The discontinuity set of the displacement field then provides the information about
the crack. Because of the symmetries and the fact that cracking is just expected along
the interface the problem can be simplified to an one dimensional problem dependent
on a variable δ. The value of δ represents the z-component of the difference between
the displacement of the fiber and the matrix along the interface and is just dependent
on the coordinate z. The potential energy is given by the strains in the material and
the applied loads. The surface energy can be calculated as

S =

∫ Lz

0

2πrfκs(δ(z))dz, (2.7)

with the length of the cylinder Lz and the radius of the fiber rf . Within Griffith’s
theory the surface energy density κs is given by

κs(δ) =

{

0, δ = 0
γS, δ 6= 0

(2.8)

where γS represents the (tangential) toughness of the interface. Within Barenblatt’s
theory κs is a continuous function of δ such that κs(0) = 0, κs(δ) > 0 if δ > 0. Thus
σc = κ′

s(0) represents the critical shear stress. For so called initially rigid cohesive laws
(compare Section 2.2.1) this value is finite, for so called initially elastic cohesive laws
this value is zero. In the Griffith’s model this value is infinite. Of course, as recognized
in [MT04], the relation κs(∞) = γS must hold if Griffith’s and Barenblatt’s model are
consistent. For comparison of the solutions obtained with Griffith’s and Barenblatt’s
theory a dimensionless formulation for the considered problem is set up in [MT04].
Thereby, the so called internal length scale of the Griffith’s model pG defined by

pG =

√

4γS(Em(r2z − r2f) + Efr
2
f)

EfrfEm(r2z − r2f)
, (2.9)

with rz radius of cylinder and Ef and Em Young’s moduli of matrix and fiber, respec-
tively, plays a significant role. As explained in [MT04] Barenblatt’s model contains
another internal length scale the so called critical length δBc = γS/κs(0)

′. In this con-

text the dimensionless parameter ζG is defined as ζG = δBc
pG
. It is proven that under

certain conditions (compare Theorem 1 in [MT04]) the global minimizers of the total
energy functional obtained with Barenblatt’s theory converge to the global minimizers
obtained with Griffith’s theory if ζG → 0.
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The solutions for the problem for successively increased values of the imposed dis-
placement y are considered explicitly. For the application of Griffith’s theory three
phases of the quasi-static cracking process can be distinguished. Up to a certain value
of y no cracking appears at all. For further increment of y a part of the cylinder is
debonded and finally for a certain higher value of y the fiber is debonded completely.
It is emphasized that the process is also including a size effect which may not be
obvious at first glance. According to [MT04] the normal stress necessary to debond

the interface entirely is proportional to the value
√

γS
Ef rf

. Thus a thicker fiber will

lead to a lower debonding stress. For the Barenblatt’s model it is shown first that for
the specific example indeed just one local minimum of the energy functional exists.
Therefore, the local minimum is also the global one. There are two different cohesive
laws considered. First an initially rigid law is studied where the cases of a long bar
with ζG < 1/2 and a short bar with ζG ≥ 1/2 are considered. In both cases three
different phases are obtained. In the case of a long bar in the first phase one part of
the fiber stays completely bonded, while the remaining part stays partially bonded,
which means that on this part still cohesive forces act. In the second phase still one
part of the fiber stays completely bonded and a part is partially debonded but there
also exists a part which is already completely debonded. Finally in the third phase
there is no part of the fiber completely bonded anymore. For a short bar the phases
are slightly different. Here already in the second phase the whole fiber is partially
debonded and in the third phase a part is partially debonded and a part is completely
debonded. For the initially elastic cohesive law no separate consideration of long and
short bars is necessary as here the first phase is missing completely and partially
debonding already starts along the whole interface for all values of y > 0.

Further considerations in [MT04] concern the convergence of the results obtained with
Barenblatt’s model to the results obtained with Griffith’s model. Interesting is the
influence of the toughness γS and the critical length δBc on the debonding results. For
decreasing value of δBc also the value of ζG decreases. This is equivalent to a transition
from shorter to longer bars. From the formulas given in [MT04] it can be seen that
in the case of long bars with ζG < 1/2 and applied initially rigid cohesive laws the
Barenblatt results are closer to the Griffith results the smaller the value of the critical
length is. The three phases obtained with Griffith’s theory are the same as the three
phases of Barenblatt for the initially rigid cohesive law and long bars with δBc → 0.
Furthermore it is stated that the value of the critical stress σc = κs(0)

′ has a strong
influence on the debonding process. In the Griffith’s model where κs(0)

′ = ∞ there
exists an interval of loading where the interface is entirely bonded. In the model with
zero critical stress debonding appears along the entire bar as soon as some load is
applied. For the cohesive laws with 0 < σB

c < ∞ the debonding zone appears as soon
as the load is applied but spreads only along a finite segment of the bar. The length
of this segment increases with the loading.

In conclusion the authors emphasize in [MT04] that the important parameter de-
termining the detailed structure of the response for their considered example is the
critical length δBc and not the critical stress σB

c and that the only parameter that can
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be extracted from the experiment is the (tangential) toughness γS of the interface
which is the same for Griffith and Barenblatt. But they also bear in mind that the
situation is completely different for other examples, e.g. for a simple tension test in
which the structure of the set of local minimizers is much richer than in the present
model. In that case only the critical stress can be measured, the toughness playing
a relatively minor role. The authors warn that in such and related cases the pre-
dictions of the Griffith model are not satisfactory and preference should be given to
Barenblatt’s model. It is stated that equivalent mathematical treatment of general
fracture problems is a great challenge because of the complex technical issues associ-
ated with the creation of discontinuity sets. Thus, before we draw conclusions for our
studies from this article we first consider a further paper in which another problem
formulation is studied for which several local minima exist.

Charlotte et al. discuss in their paper [CFMT00] the differences between Griffith’s
and Barenblatt’s theory applied to the problem of a homogeneous bar of length Lb of
elastic breakable material with Young’s modulus E under different loading conditions.
The bar is fixed at one end, while at the opposite end either prescribed displacements
or prescribed surface tractions are applied. Another load case which is considered
consists in the application of prescribed body forces. Because of the symmetries the
scenario can be considered as a 1-d example. In this paper similar like in [MT04] a
crack inside a brittle material is determined by searching for the minimum of the total
energy calculated as the sum of the potential and the surface energy. In [CFMT00]
the increasing function κs used for Barenblatt’s theory fulfills the following properties:
κs(0) = 0, κs(∞) = γS, κ

′
s > 0, κ′′

s < 0, κ′′′
s > 0. As in [MT04] it holds σB

c = κ′
s(0) and

δBc = γS/σ
B
c . As disadvantages of Griffith’s theory and the search for global minima

the size effects and the disability to handle body forces or load forces are mentioned
in [CFMT00]. The aim is to overcome these problems with Barenblatt’s theory in
combination with searching for local minima instead of global ones. The load applied
to the bar is successively increased by a loading parameter. For each value of the
loading parameter the authors determine if possible a global (local) stable equilibrium
state as the global (local) minimum of the total energy functional. It is mentioned
that sometimes it is not possible to find a solution which is a continuous evolution
of equilibrium states with respect to the loading parameter. In this case the authors
advise against neglecting dynamical effects. If several solutions exist it is suggested to
choose that one, which leads to continuously dependence on the loading parameter.

For Griffith’s surface energy and global minimization the following results are yielded
analytically in [CFMT00]. If an applied load is compressive the global minimum
always corresponds to the elastic solution, which means that no crack appears. If an
imposed displacement y is applied which generates traction the solution depends on
the value of the applied displacement y. Up to a certain value of y still the elastic
solution is the global minimum, but for higher values of y the bar breaks at one
arbitrary point. It is shown in [CFMT00] that if a tensile load is caused by surface
traction or body forces then there exists no global solution because the total energy is
not bounded from below. Furthermore, the local minima are considered for Griffith’s
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theory and the stability is examined. Interestingly, the authors prove that the elastic
response is always a locally stable equilibrium state independent of the applied load.
For applied surface tractions or body forces it is the unique locally stable equilibrium
state. But for imposed displacements the solutions with an arbitrary finite set of points
of fracture separating unstrained parts of the bar are also locally stable equilibrium
states. Among the non elastic solutions these are the unique stable equilibrium states.

Afterwards for Barenblatt’s theory local minima are studied. The analysis is less
straight forward. First order necessary conditions and second order necessary and
sufficient conditions for local stability are established. Thereby, it is revealed in
[CFMT00] that the first order necessary condition already contains a yield condition
for the stress field. This, as emphasized in [CFMT00], is the most important difference
to Griffith’s model. For an applied compressive load the solution is always elastic. In
the case of a load that causes traction bounds are derived, for which the elastic answer
is a local equilibrium state. But there always exist several other equilibrium states.
Interestingly, for a given displacement the number of equilibrium states depends on
the property of the function κ′

s and on the ratio δBc /Lb. Graphically possible solutions
are derived in [CFMT00]. For load and body forces the equilibrium states with jump
discontinuities are unstable. For a prescribed displacement all equilibrium states with
more than one jump discontinuity are unstable, only an equilibrium state with exactly
one jump discontinuity is locally stable. In the case of imposed displacement similar as
in [MT04], the solution is dependent on the length of the bar. Up to a specific length
of the bar the global minimum corresponds to the elastic solution as long as y is below
a specific value. For higher values of y the fracture appears at an arbitrary point and
evolves smoothly with increased load. The stress thereby decreases progressively to 0.
For longer bars again the global minimum corresponds to the elastic solution as long
as y is below a specific value. But at a specific value of y a brutal fracture appears at
an arbitrary point and the stress decreases suddenly to 0. For even higher values of y
the separated parts leave each other smoothly and the stress progressively decreases
to 0. For a surface traction or body forces that cause tensile load the global minimum
corresponds to the elastic behavior up to a specific value of the load. But as soon as
this critical load is reached no equilibrium states exist. It is mentioned that a dynamic
study would be necessary to obtain a solution. Considerations on global minima for
Barenblatt’s theory reveals that in the case of compressive loads the elastic responses
are the unique globally stable equilibrium state while for applied tensile forces similar
as in Griffith’s theory no global minima exists because the energy is not bounded
from below. In the case of prescribed tensile displacement y for small bars the elastic
response is globally stable up to a specific value of y. There exist also globally stable
solutions for higher values of y. For long bars similar behavior is derived, but the
critical value of y at which the solutions are not anymore elastic is different and can
be determined graphically.

As most important enhancement of Barenblatt’s theory in comparison with Griffith’s
theory in [CFMT00] is mentioned, that for Griffith’s theory the elastic solution corre-
sponds to a locally stable state, while Barenblatt’s approach introduces a yield stress
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and therefore destabilizes the elastic solution. This is also true for higher dimensions
(compare [BFM08]). Another disadvantage of Griffith’s theory discussed in [CFMT00]
is the size effect. This results in the fact that for an infinite bar the critical value for
the imposed displacement or surface traction at which the bar breaks tends to zero.
Similar behavior is true for Barenblatt’s theory for global minimization. Turning to
consideration of local minima this effect does not disappear because an internal length
δBc is included in the model but according to [CFMT00] for Barenblatt’s theory this
effect is physically satisfactory. Another disadvantage of the Griffith’s theory, consid-
ered in [CFMT00], is the fact that for tensile forces no global minima could be found.
The unique locally stable equilibrium is the elastic solution. Same is true for Baren-
blatt’s theory. In the book [BFM08] the comparison between Griffith and Barenblatt
is extended to examples in higher dimensions and for a more sophisticated theory.
The authors show that if the ratio γS/σ

B
c tends to zero then the results obtained with

Barenblatt’s theory are similar to the ones obtained with Griffith’s approach.

While the former studies by [Bar59b], [Bar59a] and [Wil67] claim that Barenblatt’s
and Griffith’s approach yield approximately the same results and that Barenblatt’s
theory only describes the stresses at the crack tip more accurately the newer studies
[MT04] and [CFMT00] show that it is not always advisable to replace Barenblatt’s
model by Griffith’s. In these articles the kind of and conditions for convergence from
one model to the other are examined in more detail. In [CFMT00] in contrast to the
results reported in the paper [MT04] there exist several local minima within Baren-
blatt’s theory. Only the search for local minima allows to find solutions different from
that found with Griffith’s theory. We do not expect that a crack in realistic scenarios
corresponds to the global minima of the total energy because from the current equi-
librium state the global minima may be out of reach. Instead a crack path is assumed
to extended is such a way that a continuous transition from previous energy minimum
to the next one is possible. Therefore we deduce, that in cases where several local
minima in Barenblatt’s theory exist, which is definitely the case in more complicated
structures, the Barenblatt model should be preferred. Nevertheless a rigorous mathe-
matical discussion of the similarities and differences between the Griffith’s theory and
Barenblatt’s theory for more complicated settings in higher dimensions where various
crack geometries are possible is still missing up to this day. Therefore, the decision
which theory to use for own studies is somewhat up on the scientist. We decided
to use Barenblatt’s theory for our studies as for our aims the detailed incorporation
of cohesiveness is indispensable because the surface energy itself is the quantity of
interest for many of our considerations. Furthermore, we contribute to the discussion
about local and global minima for complicated structures during the consideration of
the results of our numerical experiments in Section 7.3.

2.2. Considerations of cracking processes on different scales

In our numerical studies we embed the modeling of cohesiveness into a finite element
simulation on continuum scale. Thereby, we assume linear elasticity in the domain
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without crack but pay attention to nonlinear effects due to cohesive tractions along the
crack path by the use of cohesive elements. To base our theory on Barenblatt’s model
we set up specific cohesive laws which describe the relation between crack opening and
cohesive traction and surface energies, respectively. In Section 2.2.1 we demonstrate
how we embed cohesiveness into our considerations. In Section 2.2.2 we explain how
we derive parameters from the atomistic scale necessary to establish the used cohesive
laws. In conclusion we may distinguish three different scales for our considerations.
The continuum scale where linear elasticity is assumed, a further continuum scale
where nonlinear effects due to cohesiveness are considered, and the atomistic scale,
where the cohesive parameters are determined.

2.2.1. Embedding of cohesiveness into the continuum model

Processes in the so called cohesive zone around a crack tip play a decisive role for
energy dissipation. In our 2-d studies we account for the cohesive effects at small crack
openings by establishing cohesive tractions t ∈ R2 according to cohesive laws. These
laws are characterized by the scalar values of critical stress σc, which corresponds to
the maximal value of the cohesive traction achieved, and the critical energy release
rate Gc, which corresponds to the maximal amount of fracture energy per unit area of
crack surface. As from our point of view the value of Gc is much more important than
the specific shape of the curve (see [CLSG02] for different possibilities), we confine
our considerations to so called UBER laws (universal binding energy relation, see
[RSF83]). In our studies we pay attention to tractions introduced by normal as well
as by tangential crack opening. We consider two different types of UBER laws, initially
elastic laws and initially rigid laws. Initially elastic laws are characterized by the fact
that for increasing distance of the two faces of a crack the cohesive traction increases
from zero to a maximum value and then decreases to zero. This is the behavior as
it can be observed on the atomistic scale for the cohesive attractions between atoms.
Nevertheless, as already indicated in Section 2.1, it is difficult to transfer the discrete
situation on atomistic scale to continuum scale. On the continuum scale a crack
might be defined as closed until the distance between atoms is reached for which the
cohesive forces attain their maximum value. Therefore, for application of initially
rigid cohesive laws elastic behavior is assumed along a potential crack path as long
as a critical stress value is not yet reached. The crack opening on continuum level
is up to this value regarded as zero. As soon as the crack opens the cohesive forces
decrease with growing crack opening from their maximal value to zero. That way
both cohesive law types have their justification and our choice depends on the kind
of simulation method that we apply. Within our 2-dimensional considerations the
specific functions necessary to establish t dependent on the normal crack opening
δν ∈ R or the tangential crack opening δτ ∈ R, respectively, are given by

t∗ν(δν) = σcν
δν
δcν

exp

(

1− δν
δcν

)

, δν ≥ 0 (2.10)
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and

t∗τ (δτ ) =











−σcτ
|δτ |
δcτ

exp
(

1− |δτ |
δcτ

)

for δτ < 0,

σcτ
|δτ |
δcτ

exp
(

1− |δτ |
δcτ

)

for δτ ≥ 0
(2.11)

for initially elastic UBER laws. For initially rigid UBER laws the specific functions
are given by

t∗ν(δν) = σcν
δν + δcν

δcν
exp

(

− δν
δcν

)

, δν ≥ 0 (2.12)

and

t∗τ (δτ ) =











−σcτ
|δτ |+δcτ

δcτ
exp

(

− |δτ |
δcτ

)

for δτ < 0,

σcτ
|δτ |+δcτ

δcτ
exp

(

− |δτ |
δcτ

)

for δτ ≥ 0.
(2.13)

Here δcν ∈ R and δcτ ∈ R denote the critical crack openings in normal and tangential
direction, respectively. These values are like the critical stress values σcν and σcτ

material specific values. The condition δν ≥ 0 is always satisfied because penetration
of opposite crack faces is not considered. Figure 2.1a and 2.1b depict the shape of
t∗ν for an initially elastic UBER law and an initially rigid UBER law, respectively.
On the horizontal axis the normal crack opening δν is depicted and on the vertical
axis the value of t∗ν . The value of the normal critical stress σcν is marked on the
vertical axis. The area embedded between the curves and the horizontal axis accords
approximately to the value of the critical energy release rate Gcν. The shape of
the curves for the tangential crack opening as presented in formula (2.11) or (2.13),

(a) (b) (c)

Figure 2.1: a) shape of an initially elastic cohesive law: normal crack opening δν de-
picted on the horizontal axis, associated normal part of cohesive traction
t∗ν depicted on the vertical axis, with σcν critical stress and Gcν critical
energy release rate for normal crack opening, b) shape of an initially rigid
cohesive law, c) scheme of a cohesive element placed between two contin-
uous elements
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respectively, are of course in the first quadrant of the coordinate system similar to the
curves presented for the normal crack opening, but include also a part for negative
crack openings which is point symmetric to the part in the first quadrant with respect
to the origin. For the simulation of cohesive tractions in combination with FEM we
apply in our 2-dimensional simulations the widely used approach of cohesive elements.
A recommendable overview to the numerical properties of cohesive elements and to
discretization issues can be found in [GK10]. A cohesive element has four nodes, but
looks like a line element as long as the element is closed, because two opposite sides
are lying over each other (compare Figure 2.1c). For a cohesive element two cases may
appear. It may stay closed, because a certain criterion for opening is not fulfilled, and
therefore no crack path is supposed through that element. In that case it is necessary
to enforce continuity of the displacement field along the cohesive element. Thus the
jump of the displacement u ∈ R2 along this element has to be zero

[u]i = 0, i = 1, 2 on Γe.

Here we use the notation [·] := (·)|Γ+
e
− (·)|Γ−

e
for a jump along the element boundary

Γe. If, in the other case, crack propagation through a cohesive element is supposed
and the element is therefore opened, the displacement field becomes discontinuous
along the cohesive element and the stresses σ in normal direction take the values of
the cohesive tractions t([u]), so that

−σij |Γ+
e
ν+
j = σij |Γ−

e
ν−
j = t([u])i, i, j = 1, 2,

where ν is the unit vector normal to the cohesive element. Cohesive tractions along
Γ+
e are opposite in direction to cohesive tractions along Γ−

e . The value of t([u]) is given
in a way that cohesive tractions have an element closing effect. For calculation of the
cohesive traction along one cohesive element, we use two different concepts. For the
concept I we follow [RP00] and calculate a scalar value δs representing a combination
of the normal and tangential crack opening in the i-th integration point ξei ∈ R of the
e-th cohesive element as

δs(ξei) =
√

β2[uτ(ξei)]2 + [uν(ξei)]2, (2.14)

with [uν(ξei)] = [u(ξei)]iνi,= [u(ξei)]iτi and τ unit vector tangential to the cohesive
element. Then the vector valued cohesive traction t for the i-th integration point
ξei ∈ R of the e-th cohesive element is calculated as combination of the tangential and
normal contribution as

ti(ξei) =
ts(ξei)

δs(ξei)

(

β2uτ (ξei)τi + uν(ξei)νi
)

, i = 1, 2, (2.15)

with

ts(ξei) =

√

β−2t∗τ (uτ (ξei))
2 + t∗ν(uν(ξei))

2. (2.16)
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The values of t∗ν(uν(ξei)) and t∗τ (uτ (ξei)) are calculated according to the applied cohe-
sive laws for the normal and tangential crack opening, respectively (compare formulas
(2.10)-(2.13)). As in [RP00] we choose β = KIIc/KIc, where KIc and KIIc are the
critical stress intensity factors for a specific material for mode I and II cracking, re-
spectively. The concept II of calculation of the cohesive traction simplifies the mathe-
matical consideration of the cracking problem (see Section 3) and is especially useful
when we set up later on the energy minimization problem for solution of the crack
problem (see Section 3). We claim that the tangential part of the cohesive traction
is just dependent on the tangential crack opening and the normal part just on the
normal crack opening. So we calculate t(ξei) according to concept II as

ti(ξei) = t∗τ (uτ (ξei))τi + t∗ν(uν(ξei))νi , i = 1, 2, (2.17)

where the values of t∗ν(uν(ξei)) and t∗τ (uτ (ξei)) are given by formulas (2.10)-(2.13).

2.2.2. Derivation of cohesive laws from atomistic scale

As already adumbrated in the previous sections cohesiveness has its origin in the
attractive forces on atomistic scale. For setting up cohesive laws that describe the
relation between the crack opening and the cohesive traction in a continuum setting
the derivation of some characteristic values the so called cohesive parameters is nec-
essary. These values which are called the critical stress σc, the critical energy release
rate Gc and the critical crack opening δc may be obtained experimentally. As already
mentioned in [PLRJ+11] the choice of cohesive parameters is a controversial point in
the framework of CZM. Actually the magnitude of the cohesive parameters may vary
widely ranging from MPa to GPa for the critical stress, from J to KJ for the critical
energy release rate and from nanometers to micrometers for the critical crack opening
([CLSG02]). In cooperation with our colleagues from the Institute I: General Ma-
terial Properties (WW1) at the Friedrich-Alexander-University Erlangen-Nuremberg
and The Interdisciplinary Centre for Advanced Materials Simulation (ICAMS) at the
Ruhr-Universität Bochum we decided to incorporate the atomistic origin of cohesive-
ness into our simulations by derivation of cohesive parameters from atomistic scale
using density functional theory (DFT) calculations.

We rephrase some details from [PLRJ+11] to give an insight into our first results
for application of that method. We assume that the critical energy release rate Gcν

for crack opening normal to the crack surface includes only the surface energy and
therefore can be predicted by ab initio DFT ([HK64], [KS65]). DFT is an electronic
structure approach that allows to solve atomistic, quantum mechanical many-body
equations by replacing the coordinates of the individual electrons in the system by an
electron density (see [Mar04]). With this parameter-free method the cohesive energy
and elastic properties of crystals can be calculated accurately, and defect energies (e.g
a surface energy) can be determined quantitatively. In this sense, Gcν is defined by
the energy difference between the sum of the two fractured surfaces energies (EFS1

and EFS2
) of the crystals and the total energy of the corresponding bulk supercell
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(EBS), normalized by the total fractured surface area A:

Gcν = (EFS1
+ EFS2

− EBS)/A. (2.18)

As explained in [PLRJ+11] the energies are calculated employing the generalized-
gradient approximation (GGA) to DFT in the formulation of Perdew, Burke, and
Ernzerhof ([PBE96]). In comparison to the local density approximation (LDA) to
DFT, which assumes a rather homogeneous electron gas, GGA incorporates density
gradients into the calculation of the exchange correlation energy. This can be an im-
provement in systems with strongly varying electron density - e.g. at a crystal surface.
The calculation of Gcν is performed with the help of the open source program ABINIT
based on plane waves and pseudopotentials ([GAA+09]). As declared in [PLRJ+11]
the electron wave function is expanded in a plane wave basis set (energy cut-off of 35
Hartree) and the core-valence interaction is modeled by Goedecker, Teter and Hut-
ter (GTH) norm-conserving pseudopotentials ([Kra05]). Brillouin-zone integrations
are performed using Monkhorst-Pack k-point meshes ([MP76]) with a density corre-
sponding to 6 × 6 × 2 k-points for the bulk unit cell and accordingly less in larger
supercells.

In a first step we assume that the initially elastic cohesive UBER law according to
(2.10) models the attractive forces on atomistic scale accurately enough for our pur-
pose. Thus we can find an equation which links the corresponding cohesive parameters
by integration of the cohesive law over the complete crack opening by the formula

Gcν = eσcνδcν , (2.19)

where e = exp(1). We notice from (2.19) that the CZM cohesive law is character-
ized by two independent parameters. In the following chapters we mainly consider
materials which have properties similar to a TiAl3 matrix with Ti3AlC2 fibers. The
corresponding values of the critical energy release rates determined by DFT calcula-
tions are Gcν = 5.7 J/m2 for Ti3AlC2 and Gcν = 2.6 J/m2 for TiAl3. These values
are considered as representative of the cleavage for different planes in these structures
in a first step and are in a reasonable agreement with the literature data in [YY00]
and [ZW07]. The corresponding determined critical crack opening values are δcν =
5.1 nm for Ti3AlC2 and δcν = 6.9 nm for TiAl3. Inserting the values of Gcν and δcν in
(2.19) results in σcν = 140 MPa for the matrix material and σcν = 410 MPa for the
fiber material.

We notice that we only consider cohesiveness for normal crack openings on the atom-
istic scale as a first approach. Following the linear fracture mechanics theory, in case of
plane strain problems and homogenous materials the energy release rate corresponds
to an intrinsic intensity factor KIc as follows ([Irw57]):

KIc =
(

(EGcν)/(1− ν2
p)
)1/2

, (2.20)

where E is the Young’s modulus and νp the Poisson ratio. According to [LG85] the
relationship between KIIc and KIc calculated by linear elastic fracture mechanics
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should be 0.724. This assumption leads to a way to obtain a link between Gcν and
Gcτ :

Gcτ/Gcν = (0.724)2. (2.21)

Thus, using (2.21) we can calculate the energy release rate and with a similar proce-
dure the critical stress for tangential crack openings, too. As already commented on
in [PLRJ+11] our objective is to reproduce trends on the composite fracture. There-
fore, the applied first approximation does not consider the expected anisotropy of Gcν

for the crystal structures. A better agreement with experimental findings may be
achievable by further improvement of the calculation of Gcν .

In cooperation with our colleagues from the Chair of Theoretical Chemistry at the Uni-
versity Erlangen-Nuremberg we have done some further examinations on the energy
released by fracture on atomistic scale. Density functional theory (DFT) calculations
with the plane wave electronic structure program VASP ([Kre]) allow to derive not
only the critical values of the cohesive laws but also reveal the specific shape of the
laws. To obtain this information a transgranular fracture along the [001] direction in
a Ti3AlC2 unit cell along different planes is studied. The opening between the atoms
is increased stepwise from zero to some maximal value where no cohesive tractions
act anymore.

The DFT calculations are done using the Perdew-Burke-Ernzerhof (PBE) exchange-
correlation functional ([PBE96]). The decohesion values for the different openings are
then determined from the energy differences of the extended to the bulk system. The
geometry for the bulk system is optimized in advance using the PBE functional, while
the extended geometries are kept unrelaxed. The decohesion energy is then explicitly
calculated as:

Edecohesion =
Ebulk − Eopened

Asurface
, (2.22)

(a) Ti3AlC2 with different cutting planes (b) energy curves determined
by DFT for different cutting
planes

Figure 2.2: determination of energy curves by DFT
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where Ebulk is the energy per unit cell of the bulk system, Eopended is the energy per
unit cell of the extended system and Asurface is the surface area of the crack opening

which amounts to 16.38 Å2 using the (optimized) lattice constant of 3.075 Å for the
hexagonal structure of the unit cell. We refer to [LP08] for more detailed information
on the method of operation of VASP.

As a first step we again solely consider normal openings δν under mode I loading
(cleavage). Figure 2.2 (supplied by A. Hesselmann, Chair of Theoretical Chemistry,
University Erlangen-Nuremberg, Germany) shows the different cutting planes within
a Ti3AlC2 unit cell (Figure 2.2a) and the according decohesion energy curves deter-
mined by DFT calculations with VASP (Figure 2.2b). According to [LP08] ideal
brittle cleavage can be modeled by a geometrically rigid separation of two blocks of a
material without any relaxation of the atomic structure within the block. Therefore,
we disregard relaxation effects in a first step. Furthermore, in the case of ideal brit-
tle fracture UBER laws are often recognized as the right modeling of the decohesion
energy and traction. Thus, it should be possible to approximate the energy curves
obtained from the atomistic scale by UBER laws with a specific set of critical values.
The energy release rate for initially elastic UBER laws is given by

GUBER
ν (δν) = σcνδcνe− σcνδcνe

(

1 +
δν
δcν

)

exp

(

− δν
δcν

)

. (2.23)

The according traction law takes the form

tUBER
ν (δν) =

σcνe

δcν
δν exp

(

− δν
δcν

)

. (2.24)

Now we aim on determination of the values σcν and δcν by fitting the curves according
to the analytical UBER laws (2.23) and (2.24) to the curves obtained by VASP. Here
we present as an example just the fittings for the energy curves obtained for cutting
plane B. In Figure 2.3a the attempt to fit the green analytical energy curve to the

(a) (b) (c) (d)

Figure 2.3: fitting of DFT results by analytical curves according to a) (2.23) b) (2.24),
c) (2.25), d) (2.26), opening depicted on horizontal axis, red: energy re-
lease rate determined by DFT, green: analytical approximation to energy
release rate, light blue: traction curve derived from DFT, dark blue: an-
alytical approximation to traction
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red DFT energy curve is depicted. The light blue curve results from an approximal
differentiation of the red curve with respect to the opening and thus accords to a
traction curve determined by DFT. The dark blue curve instead is the analytical
derivative of the green curve with respect to the opening. Obviously, the traction
curves do not match properly. In the next step we fit the dark blue analytical curve
to the light blue DFT traction curve. But then, as depicted in Figure 2.3b, the
energy curves, especially the attained maximum value of energy release rates, differ
significantly from each other. These results suggest that some further effects appear on
atomistic scale which are not modeled accurately by the UBER laws. This motivated
us to give the following other kind of cohesive law a try, where an additional quadratic
term with a further parameter bc appears:

Gquad
ν (δν) = σcνδcνe− σcνδcνe

(

1 +
δν
δcν

+
δ2ν
bc

)

exp

(

− δν
δcν

)

, (2.25)

tquadν (δν) = σcνe exp

(

− δν
δcν

)(

−2
δcν
bc

δν +
δν
δcν

+
δ2ν
bc

)

. (2.26)

Thus, we have in addition to the variables σcν and δcν also the variable bc at hand
for fitting the curves. We notice that because of the additional quadratic term the
maximum of the cohesive traction curve lies not anymore exactly at (δcν , σcν). As
depicted in Figure 2.3c now the energy curves can be fitted almost perfectly while
the traction curves still differ slightly. Also the traction curves can be fitted almost
perfectly while then the energy curves differ slightly (compare Figure 2.3d). For all
discussed fittings we determine the according values for the critical stress σcν , the
critical energy release rate Gcν and the critical crack opening δcν . For the fittings
with the UBER laws we receive critical stress values at about σcν = 300 MPa, critical
energy release rates at about Gcν = 4.7 J/m2 and Gcν = 5.2 J/m2, respectively,
and critical crack openings at about δcν = 4.2 nm. The critical stress value differs
quite strongly from the values derived above by our first studies. The values for
Gcν and δcν instead are in a similar range as the values derived above. For the
fitting with the cohesive laws (2.25) and (2.26) the critical stress values are at about
σcν = 420 MPa, the critical energy release rates at about Gcν = 4.8 J/m2 and the
critical crack openings at about δcν = 4.2 nm. So the stress value is almost the same
as the value determined by our first approach above, while the values for Gcν and δcν
again differ slightly from the corresponding values. Although the physical meaning of
the variable bc is not yet clarified it seems to be of relevance for describing the fracture
on atomistic scale correctly.

Now we can use the laws (2.25) and (2.26) with the determined critical values for our
simulations for determination of cracking on continuum scale and ensure that way
that the laws from atomistic scale are approximated fairly well. Nevertheless, it is a
difficult task and an on-going discussion how to transfer the values or curves derived
from the atomistic scale to a continuum scale correctly. Of course, cohesive laws on
the atomistic scale are always of the initially elastic type. By transferring these laws to
continuum scale the applied method decides if initially rigid or elastic laws should be
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considered. The shape of the cohesive law curves used in the literature varies strongly
dependent on the applied theory (see for example [CLSG02] and [LP08]). Also the
question about the right scaling of the critical values for transferring them from atom-
istic to continuum scale is not yet completely answered. Different possibilities for this
issue are proposed in the literature (see for example [NO02]).

In our numerical experiments presented in the following chapters we choose material
parameters similar to the ones for Ti3AlC2 and TiAl3 determined above. If relevant, we
mention the values explicitly in the according section. Our method for determination
of a crack on continuum scale allows to apply different kind of cohesive laws. In this
thesis we focus on the mathematical theory for the solution of the crack problem.
Thus, we mostly apply initially rigid UBER laws disregarding some small atomistic
effects encountered above. For a more accurate approximation of cohesiveness on
atomistic scale we could replace these laws by several others at once.

Finally, we emphasize that for a valid simulation with cohesive elements it is necessary
that for given load cases and material properties, several cohesive elements span the
cohesive zone. The length of a cohesive element has to be smaller than the charac-
teristic lengths after scaling. The finite element meshes employed for our numerical
simulations are fine enough to fulfill these requirements.
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3. Crack and shape optimization problem

Searching for possibilities to increase the ductility of brittle composite materials we
examine the dependence of the so called fracture energy Ed on cohesive parameters,
material parameters and different shapes of fiber inclusions. The fracture energy Ed is
determined by the cohesive cracking processes inside the material on microscale. For
calculation of the fracture energy Ed we first have to determine the crack paths inside
the considered domain for a certain load case. After preliminary parametric studies
on different material parameters (compare [PLRJ+11]) we passed on to systematic
determination of optimal parameters to maximize the fracture energy Ed. To this
end, we keep all the other material parameters fixed and confine our considerations
on the influence of the shape of fiber inclusions on the fracture energy. More precisely,
we study the possibilities to control the crack path -and thus the fracture energy Ed- by
systematic variations of the shapes of the fiber inclusions ω1, ω2, ..., ωN in Ω (compare
Figure 3.1). For this purpose we set up a fiber shape optimization problem with a
cost functional W representing the fracture energy. The state problem, the so called
crack problem, consists in the determination of the displacement field u for given
fiber shape and given load case. With the solution of the crack problem the openings
along the crack path ΓC are determined. The shape optimization problem can thus
be formulated as

max
ω1,ω2,...,ωN∈E

W ((ω1, ω2, ..., ωN),u(ω1, ω2, ..., ωN)) (3.1)

s.t.

u(ω1, ω2, ..., ωN) solves the crack problem,

with E space of admissible designs for fiber shapes. In Section 3.1 we first explain
different approaches for solution of the crack problem, prove existence of solutions and
formulate conditions for uniqueness. In Section 3.2 we set up specific formulations of
the fiber shape optimization problem.

3.1. Mathematical theory for crack problem

In this section we discuss the mathematical theory on which our methods to deter-
mine a crack path for a given load case are based. We start with the description of
the mathematical setting of the so called crack problem in Section 3.1.1. Then, we
prove that the solution of the crack problem can be obtained either as solution of a
variational inequality or as solution of a constrained energy minimization problem.
For this purpose, we first set up the equilibrium equations for the crack problem in
Section 3.1.2. Then, we show in Section 3.1.3 the equivalence of the equilibrium equa-
tions with a variational inequality. In Section 3.1.4 we set up a constrained energy
minimization problem for which we discuss existence and uniqueness of solutions and
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prove that the variational inequality formulated in Section 3.1.3 yields a necessary
optimality condition. The cost functional of that energy minimization problem is not
everywhere differentiable. In Section 3.1.5 we set up a smooth energy minimization
problem and show that the solution of this problem is equivalent to the solution of the
nonsmooth energy minimization problem so that it fulfills the variational inequality
and, hence, solves the crack problem.

3.1.1. Setting

We consider a bounded domain Ω ⊂ R2 consisting of matrix material with fiber
inclusions. The domain Ω is fixed at a Dirichlet part ΓD ⊂ ∂Ω of the boundary
and an external traction f is applied to a Neumann part ΓN ⊂ ∂Ω. We use the
Einstein summation convention for summation over repeated indices in the following.
We assume that a crack ΓC appears inside Ω which may consist of mc crack pieces
ΓC = Γc1 ∪ · · · ∪ Γcmc . We further assume linear elastic material behavior throughout
the whole domain Ω characterized by the elasticity tensor cijkl ∈ L∞, i, j, k, l = 1, 2,
which is symmetric in the sense cijkl = cjikl = cklij and satisfies the usual ellipticity
and boundedness conditions

c0ξ
M
ij ξ

M
ij ≤ cijklξ

M
kl ξ

M
ij ≤ C0ξ

M
ij ξ

M
ij a.e. in Ω,

for given 0 < c0 ≤ C0 and arbitrary symmetric matrices ξM . There are no volume
forces considered. Furthermore, we introduce the displacement field u = (u1, u2) ∈
[H2(Ω0)]

2, the linearized strain tensor ekl =
1
2
(uk,l + ul,k), k, l = 1, 2 and the stress

tensor σij , i, j = 1, 2. Stresses are related to strains by Hooke’s law σij = cijklekl,
i, j, k, l = 1, 2. We denote the domain without crack by Ω0 = Ω\ΓC , the outer unit
normal vector to ∂Ω by n and the unit normal vector to ΓC by ν = ν− = −ν+. By τ

we denote the unit vector tangential to ΓC and by [·] = (·)|Γ+

C
− (·)|Γ−

C
the jump along

ΓC . The setting is illustrated in Figure 3.1. The so called crack problem consists in
determination of the displacement field u including the information about the crack
opening along ΓC for a given load case.

Figure 3.1: setting for crack problem
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3.1.2. Equilibrium equations

As outlined in Section 2.2.1 we account in our studies for cohesive effects at small crack
openings by establishing so called cohesive tractions t ∈ R2. In [Kov05] cohesive effects
according to crack opening in normal direction to the crack surface are considered. We
additionally pay attention to cohesive effects according to tangential crack opening.
For establishing the equilibrium equations for the elasticity problem we decompose
the cohesive traction t into its normal and tangential component by t = tνν + tττ .
Cohesive laws that we consider in this section are always formulated in such a way
that tν depends solely on [uν ] := [u]iνi and tτ depends solely on [uτ ] := [u]iτi. These
laws are always of the type tν([uν]) ∈ R+ for all [uν ] ∈ R+ and tτ ([uτ ]) ∈ R for all
[uτ ] ∈ R. Furthermore, we assume

tτ ([uτ ]) > 0, ∀[uτ ] ≥ 0, (3.2)

tτ ([uτ ]) < 0, ∀[uτ ] < 0. (3.3)

Examples of such cohesive laws are outlined in Section 2.2.1. The equilibrium equa-
tions for an elasticity problem with given crack ΓC and cohesive effects as described
in Section 2.2.1 can be formulated as

−σij,j(u) = 0 in Ω0, (3.4)

u = 0 on ΓD, (3.5)

σij(u)nj = fi on ΓN , (3.6)

[σν(u)] = 0 on ΓC , (3.7)

[στ (u)] = 0 on ΓC , (3.8)

σν(u) ≤ tν([uν ]) on ΓC , (3.9)

|στ (u)| ≤ |tτ ([uτ ])| on ΓC , (3.10)

(σν(u)− tν([uν ])) [uν] = 0 on ΓC , (3.11)

(στ (u)− tτ ([uτ ])) [uτ ] = 0 on ΓC , (3.12)

[uν] ≥ 0 on ΓC . (3.13)

with abbreviations σν = σijνiνj, στ = σijνiτj , uν = uiνi, uτ = uiτi, ui = uννi + uττi.
Equations (3.4)-(3.6) describe the equilibrium equations for an elasticity problem in
an uncracked domain with Dirichlet and Neumann boundary conditions. Equations
(3.7) and (3.8) imply that the normal component as well as the tangential component
of the stresses in normal direction σijνj are continuous along the crack. Equations
(3.9) and (3.10) indicate that the normal component and the tangential component of
the stresses in normal direction along ΓC are bounded by the values of the normal and
tangential component of the cohesive tractions, respectively. This corresponds to the
fact that as soon as the stress at the crack surface reaches a critical value the crack
opens and the stress takes the values of the cohesive traction. Equations (3.11) and
(3.12) are classical complementarity conditions and imply that either the displacement
field stays continuous along ΓC or the stresses along the crack are given by the values
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of the cohesive tractions. Equation (3.13) is the so called non-penetration condition
for opposite crack sides, which prohibits interpenetration of opposite crack faces. We
notice that equations (3.4)-(3.13) are a variant of the constitutive equations given in
[KK99] for a crack problem with friction. But we emphasize that in spite of some
similarities between the mathematical formulations of friction and tangential cohesive
traction both effects are different in its origin and its physical behavior. Cohesive
tractions are due to atomic adhesion which exists along the crack faces for normal as
well as tangential separation. Thus tangential cohesive traction may also appear for
non-zero normal crack opening.

Remark: Before we come to the variational analysis of the crack problem outlined
above we would like to emphasize once more that the cracks are given in our setting.
This is in contrast to alternative approaches, in the framework of which the crack
set is free. The main problem for any computational approach in the latter context
is numerical approximation of the discontinuity set. In this work the cohesiveness is
essential. Given a crack, the cohesiveness in normal and tangential direction may force
the solutions to coincide along parts of the crack. We interpret that part of the curve
as not being part of a crack (cf. Section 6.1.1). Thanks to the fact that the cracks are
given, the jump set is prescribed when dealing with appropriately smooth functions
of the crack. As a consequence it is possible to show that normal derivatives at the
boundary are uniquely defined, a trace operator can be established and finally the
Korn inequality can be shown to hold; see Lemma 1.12 and Theorem 1.25 in [KK99],
respectively.

3.1.3. Variational inequality

We will show in the following that the strong system (3.4) - (3.13) is equivalent to
the following variational inequality:

∫

Ω0

σij(u)eij(v − u) dΩ+

∫

ΓC

tν([uν ])([vν ]− [uν ]) da

+

∫

ΓC

|tτ ([uτ ])| (|[vτ ]| − |[uτ ]|) da ≥
∫

ΓN

fi(vi − ui) da, (3.14)

with test functions v, where

u, v ∈ K0 =
{

u ∈
[

H1(Ω0)
]2

: u = 0 on ΓD, [uν] ≥ 0 on ΓC

}

.

Theorem 3.1:
If a displacement field u ∈ [H2(Ω0)]

2 fulfills (3.4) - (3.13), then u ∈ K0 and u fulfills
the variational inequality (3.14) for all v ∈ K0.
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Proof. Obviously each u ∈ [H2(Ω0)]
2 with (3.5) and (3.13) fulfills u = 0 on ΓD,

[uν ] ≥ 0 on ΓC ⇒ u ∈ K0. We start now with a partial integration for u ∈ K0 and
v ∈ K0 and obtain

∫

Ω0

σij,j(u)vi dΩ =

∫

∂Ω

σij(u)njvi da−
∫

Ω0

σij(u)eij(v) dΩ,

which is equivalent to

∫

Ω0

σij(u)eij(v) dΩ =

∫

Ω0

−σij,j(u)vi dΩ +

∫

∂Ω

σij(u)njvi da.

With (3.4) this results in

∫

Ω0

σij(u)eij(v) dΩ =

∫

∂Ω

σij(u)njvi da. (3.15)

The boundary ∂Ω is decomposed as ∂Ω = ΓN ∪ ΓD ∪ Γ+
C ∪ Γ−

C with the outer unit
normal n, where n = ν+ = −ν on Γ+

C and n = ν− = ν on Γ−
C . So we get from (3.15)

∫

Ω0

σij(u)eij(v) dΩ =

∫

ΓD

σij(u)njvi da+

∫

ΓN

σij(u)njvi da

−
∫

Γ+

C

σ+
ij (u)νjv

+
i da+

∫

Γ−
C

σ−
ij(u)νjv

−
i da. (3.16)

Because of (3.6) we obtain from (3.16) for all v ∈ K0

∫

Ω0

σij(u)eij(v) dΩ =

∫

ΓN

fivi da−
∫

Γ+

C

σ+
ij (u)νjv

+
i da+

∫

Γ−
C

σ−
ij(u)νjv

−
i da. (3.17)

By decomposing v into its normal and tangential components by v = vνν + vττ , we
obtain from (3.17)

∫

Ω0

σij(u)eij(v) dΩ =

∫

ΓN

fivi da−
∫

Γ+

C

σ+
ij(u)νj(v

+
ν νi + v+τ τi) da

+

∫

Γ−
C

σ−
ij(u)νj(v

−
ν νi + v−τ τi) da.

By reordering the last equation we get

∫

Ω0

σij(u)eij(v) dΩ =

∫

ΓN

fivi da−
∫

Γ+

C

σ+
ij(u)νjνiv

+
ν da−

∫

Γ+

C

σ+
ij(u)νjτiv

+
τ da

+

∫

Γ−
C

σ−
ij(u)νjνiv

−
ν da+

∫

Γ−
C

σ−
ij(u)νjτiv

−
τ da.
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Now we can use the definition of σν(u) and στ (u) to get
∫

Ω0

σij(u)eij(v) dΩ =

∫

ΓN

fivi da−
∫

Γ+

C

σ+
ν (u)v

+
ν da−

∫

Γ+

C

σ+
τ (u)v

+
τ da

+

∫

Γ−
C

σ−
ν (u)v

−
ν da+

∫

Γ−
C

σ−
τ (u)v

−
τ da.

By using the definition of the jump along ΓC we obtain
∫

Ω0

σij(u)eij(v) dΩ =

∫

ΓN

fivi da−
∫

ΓC

[σν(u)vν ] da−
∫

ΓC

[στ (u)vτ ] da.

By using the formula [ab] = 1
2
[a](b+ + b−) + 1

2
(a+ + a−)[b] we obtain

∫

Ω0

σij(u)eij(v) dΩ =

∫

ΓN

fivi da−
1

2

∫

ΓC

[σν(u)] (v
+
ν + v−ν ) da

− 1

2

∫

ΓC

(σ+
ν (u) + σ−

ν (u)) [vν ] da

− 1

2

∫

ΓC

[στ (u)] (v
+
τ + v−τ ) da

− 1

2

∫

ΓC

(σ+
τ (u) + σ−

τ (u)) [vτ ] da. (3.18)

With (3.7) and (3.8) we obtain from (3.18)
∫

Ω0

σij(u)eij(v) dΩ =

∫

ΓN

fivi da−
∫

ΓC

σν(u) [vν ] da−
∫

ΓC

στ (u) [vτ ] da. (3.19)

Now we insert u as test function into (3.19) and subtract this equation from (3.19)
so that we obtain

∫

Ω0

σij(u)eij(v − u) dΩ−
∫

ΓN

fi(vi − ui) da =

−
∫

ΓC

σν(u)([vν ]− [uν ]) da−
∫

ΓC

στ (u) ([vτ ]− [uτ ]) da. (3.20)

Using (3.10), we can deduce the inequality

−στ (u)[vτ ] ≥ −|στ (u)||[vτ ]| ≥ −|tτ ([uτ ])||[vτ ]| on ΓC . (3.21)

With (3.21), (3.12), (3.2) and (3.3) we obtain

−στ (u)([vτ ]− [uτ ]) = −στ (u)[vτ ] + στ (u)[uτ ]

≥ −|tτ ([uτ ])||[vτ ]|+ tτ ([uτ ])[uτ ]

≥ −|tτ ([uτ ])||[vτ ]|+ |tτ ([uτ ])||[uτ ]|
≥ −|tτ ([uτ ])|(|[vτ ]| − |[uτ ]|) on ΓC ,
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and, hence,

−
∫

ΓC

στ (u)([vτ ]− [uτ ]) da ≥ −
∫

ΓC

|tτ ([uτ ])|(|[vτ ]| − |[uτ ]|) da. (3.22)

Now we consider the complementary condition (3.11). From (3.9) and (3.11) we obtain

(tν([uν ])− σν(u))([vν ]− [uν ]) = (tν([uν])− σν(u))[vν ]− (tν([uν ])− σν(u))[uν ]

= (tν([uν])− σν(u))[vν ]

≥ 0 on ΓC ∀v ∈ K0,

where the last line follows from (3.9) and the fact that [vν ] ≥ 0 for all v ∈ K0.
Therefore, we obtain

σν(u)([vν ]− [uν ]) ≤ tν([uν ])([vν ]− [uν ]) on ΓC .

Thus, the following inequality holds

−
∫

ΓC

σν(u)([vν ]− [uν ]) da ≥ −
∫

ΓC

tν([uν])([vν ]− [uν]) da. (3.23)

Now we infer from (3.20) with the use of (3.22) and (3.23)

∫

Ω0

σij(u)eij(v − u) dΩ−
∫

ΓN

fi(vi − ui) da ≥

−
∫

ΓC

tν([uν])([vν ]− [uν]) da−
∫

ΓC

|tτ ([uτ ])| (|[vτ ]| − |[uτ ]|) da.

Therefore, we conclude that for a displacement field u ∈ [H2(Ω)]2 that fulfills
(3.4) - (3.13), we have u ∈ K0 and u fulfills the variational inequality (3.14) for all
v ∈ K0.

Theorem 3.2:
A displacement field u ∈ K0 that fulfills the variational inequality (3.14) for all v ∈ K0

and has the regularity [H2(Ω0)]
2 also fulfills (3.4) - (3.13).

Proof. The arguments in the following proof are similar to that given in [KK99] for
a crack with friction. Obviously, a displacement field u ∈ K0 that has the regularity
[H2(Ω0)]

2 satisfies (3.5) and (3.13). We start now with a partial integration for u ∈ K0

and v ∈ K0 and obtain

∫

Ω0

σij,j(u)(vi − ui) dΩ =

∫

∂Ω

σij(u)nj(vi − ui) da−
∫

Ω0

σij(u)eij(v − u) dΩ,
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which is equivalent to

∫

Ω0

σij(u)eij(v − u) dΩ =

∫

Ω0

−σij,j(u)(vi − ui) dΩ

+

∫

∂Ω

σij(u)nj(vi − ui) da. (3.24)

Again, the boundary ∂Ω is decomposed as ∂Ω = ΓN ∪ ΓD ∪ Γ+
C ∪ Γ−

C with the outer
unit normal n, where n = ν+ = −ν on Γ+

C and n = ν− = ν on Γ−
C . Hence, from

(3.24) we obtain

∫

Ω0

σij(u)eij(v − u) dΩ =

∫

Ω0

−σij,j(u)(vi − ui) dΩ+

∫

ΓD

σij(u)nj(vi − ui) da

+

∫

ΓN

σij(u)nj(vi − ui) da−
∫

Γ+

C

σ+
ij(u)νj(v

+
i − u+

i ) da

+

∫

Γ−
C

σ−
ij(u)νj(v

−
i − u−

i ) da. (3.25)

Because u ∈ K0 and v ∈ K0 it holds that u = 0 on ΓD and v = 0 on ΓD such that

∫

ΓD

σij(u)nj(vi − ui) da = 0. (3.26)

By decomposing u and v into their normal and tangential components u = uνν+uττ ,
v = vνν + vττ , we obtain from (3.25) with (3.26):

∫

Ω0

σij(u)eij(v − u) dΩ =

∫

Ω0

−σij,j(u)(vi − ui) dΩ +

∫

ΓN

σij(u)nj(vi − ui) da

−
∫

Γ+

C

σ+
ij(u)νj((v

+
ν νi − u+

ν νi) + (v+τ τi − u+
τ τi)) da

+

∫

Γ−
C

σ−
ij(u)νj((v

−
ν νi − u−

ν νi) + (v−τ τi − u−
τ τi)) da.

By reordering of the last equation we get

∫

Ω0

σij(u)eij(v − u) dΩ =

∫

Ω0

−σij,j(u)(vi − ui) dΩ+

∫

ΓN

σij(u)nj(vi − ui) da

−
∫

Γ+

C

σ+
ij(u)νjνi(v

+
ν − u+

ν ) da−
∫

Γ+

C

σ+
ij(u)νjτi(v

+
τ − u+

τ ) da

+

∫

Γ−
C

σ−
ij(u)νjνi(v

−
ν − u−

ν ) da+

∫

Γ−
C

σ−
ij(u)νjτi(v

−
τ − u−

τ ) da.
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Now we can use the definitions of σν(u) and στ (u) to obtain

∫

Ω0

σij(u)eij(v − u) dΩ =

∫

Ω0

−σij,j(u)(vi − ui) dΩ+

∫

ΓN

σij(u)nj(vi − ui) da

−
∫

Γ+

C

σ+
ν (u)(v

+
ν − u+

ν ) da−
∫

Γ+

C

σ+
τ (u)(v

+
τ − u+

τ ) da

+

∫

Γ−
C

σ−
ν (u)(v

−
ν − u−

ν ) da+

∫

Γ−
C

σ−
τ (u)(v

−
τ − u−

τ ) da.

By using the definition of the jump along ΓC we obtain

∫

Ω0

σij(u)eij(v − u) dΩ =

∫

Ω0

−σij,j(u)(vi − ui) dΩ+

∫

ΓN

σij(u)nj(vi − ui) da

−
∫

ΓC

[σν(u)(vν − uν)] da−
∫

ΓC

[στ (u)(vτ − uτ)] da.

Using the formula [ab] = 1
2
[a](b+ + b−) + 1

2
(a+ + a−)[b], we obtain

∫

Ω0

σij(u)eij(v − u) dΩ =

∫

Ω0

−σij,j(u)(vi − ui) dΩ++

∫

ΓN

σij(u)nj(vi − ui) da

− 1

2

∫

ΓC

[σν(u)] ((v
+
ν − u+

ν ) + (v−ν − u−
ν )) da

− 1

2

∫

ΓC

(σ+
ν (u) + σ−

ν (u))([vν ]− [uν ]) da

− 1

2

∫

ΓC

[στ (u)] ((v
+
τ − u+

τ ) + (v−τ − u−
τ )) da

− 1

2

∫

ΓC

(σ+
τ (u) + σ−

τ (u))([vτ ]− [uτ ]) da. (3.27)

Substituting v = u±Φ, Φ ∈ F = {Φ ∈ [C∞(Ω0)]
2|Φ ∈ K0}, with [Φ] = 0 in (3.14)

as a test function, we infer

∫

Ω0

σij(u)eij(Φ) dΩ =

∫

ΓN

fiΦi da ∀Φ ∈ [C∞
0 (Ω0)]

2.

Substituting v = u+Φ, Φ ∈ F , with [Φ] = 0 in (3.27) as a test function, we obtain

∫

Ω0

σij(u)eij(Φ) dΩ =

∫

Ω0

−σij,j(u)Φi dΩ+

∫

ΓN

σij(u)njΦi da

− 1

2

∫

ΓC

[σν(u)] (Φ
+
ν + Φ−

ν ) da−
1

2

∫

ΓC

[στ (u)] (Φ
+
τ + Φ−

τ ) da.
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From the last two equations we infer
∫

Ω0

−σij,j(u)Φi dΩ+

∫

ΓN

(σij(u)nj − fi)Φi da

− 1

2

∫

ΓC

[σν(u)] (Φ
+
ν + Φ−

ν ) da−
1

2

∫

ΓC

[στ (u)] (Φ
+
τ + Φ−

τ ) da = 0. (3.28)

Equation (3.28) implies that the following equations hold:

−σij,j(u) = 0, a.e. in Ω0,
σij(u)nj = fi, a.e. on ΓN ,
[σν(u)] = 0, a.e. on ΓC ,
[στ (u)] = 0, a.e. on ΓC .

Hence,

σ+
ν (u) = σ−

ν (u) a.e. on ΓC and σ+
τ (u) = σ−

τ (u) a.e. on ΓC , (3.29)

and, thus, we have (3.4), (3.6), (3.7) and (3.8). By inserting all these equations and
(3.29) into (3.27) we find

∫

Ω0

σij(u)eij(v − u) dΩ =

∫

ΓN

fi(vi − ui) da−
∫

ΓC

σν(u)([vν ]− [uν ]) da

−
∫

ΓC

στ (u)([vτ ]− [uτ ]) da. (3.30)

By inserting (3.30) in the variational inequality (3.14) we obtain

−
∫

ΓC

σν(u)([vν ]− [uν ]) da−
∫

ΓC

στ (u)([vτ ]− [uτ ]) da

+

∫

ΓC

tν([uν])([vν ]− [uν]) da+

∫

ΓC

|tτ ([uτ ])| (|[vτ ]| − |[uτ ]|) da ≥ 0. (3.31)

By the independence between vν and vτ we can rewrite (3.31) in the form
∫

ΓC

σν(u) ([vν ]− [uν]) da ≤
∫

ΓC

tν([uν])([vν ]− [uν]) da, (3.32)

∫

ΓC

στ (u)([vτ ]− [uτ ]) da ≤
∫

ΓC

|tτ ([uτ ])| (|[vτ ]| − |[uτ ]|) da. (3.33)

From (3.32) we obtain
∫

ΓC

(σν(u)− tν(u))([vν ]− [uν ]) da ≤ 0. (3.34)

Now let Γ1
C ⊆ ΓC be a subset of ΓC with nonzero measure, such that

σν(u)− tν(u) > 0 a.e. on Γ1
C ,
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and choose v ∈ K0 such that [vν ] − [uν ] > 0 on Γ1
C and [vν ] − [uν ] = 0 on ΓC\Γ1

C .
Then we obtain

∫

ΓC

(σν(u)− tν(u)) ([vν ]− [uν ]) da > 0,

which immediately contradicts (3.34). As Γ1
C has been chosen arbitrarily we infer that

(3.9) must hold. Using v = 0 and v = 2u as test functions in (3.32) shows that the
following equation must hold

∫

ΓC

(σν(u)− tν([uν])) [uν ] da = 0. (3.35)

Using (3.9) and [uν ] ≥ 0 for all u ∈ K0 equation (3.35) implies that the complemen-
tarity condition (3.11) holds. From (3.33) we obtain

∫

ΓC

στ (u)([vτ ]− [uτ ])− |tτ ([uτ ])| (|[vτ ]| − |[uτ ]|) da ≤ 0.

With the triangle inequality we obtain

∫

ΓC

στ (u)([vτ ]− [uτ ])− |tτ ([uτ ])| |[vτ ]− [uτ ]| da ≤ 0. (3.36)

Now let Γ1
C ⊆ ΓC be a subset of ΓC with nonzero measure, such that

στ (u)− |tτ ([uτ ])| > 0 a.e. on Γ1
C , (3.37)

and choose v ∈ K0 such that [vτ ] − [uτ ] > 0 on Γ1
C and [vτ ] − [uτ ] = 0 on ΓC\Γ1

C .
Then we obtain

∫

ΓC

(στ (u)− |tτ ([uτ ])|) ([vτ ]− [uτ ]) da > 0,

which immediately contradicts (3.36). As Γ1
C has been chosen arbitrarily we infer that

the following relation must hold

στ (u) ≤ |tτ ([uτ ])| a.e. on ΓC . (3.38)

Now let Γ1
C ⊆ ΓC be a subset of ΓC with nonzero measure, such that

στ (u) + |tτ ([uτ ])| < 0 a.e. on Γ1
C , (3.39)

and choose v ∈ K0 such that [vτ ] − [uτ ] < 0 on Γ1
C and [vτ ] − [uτ ] = 0 on ΓC\Γ1

C .
Then we obtain

∫

ΓC

(στ (u) + |tτ ([uτ ])|) ([vτ ]− [uτ ]) da > 0,
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which implies
∫

ΓC

στ (u) ([vτ ]− [uτ ])− |tτ ([uτ ])| |[vτ ]− [uτ ]| da > 0.

This immediately contradicts (3.36). As Γ1
C has been chosen arbitrarily we infer that

the following relation must hold

−στ (u) ≤ |tτ ([uτ ])| a.e. on ΓC . (3.40)

With (3.38) and (3.40) we infer (3.10).
Using v = 0 and v = 2u as test functions in (3.33) shows that the following equation
must hold

∫

ΓC

στ (u) [uτ ]− |tτ ([uτ ])||[uτ ]| da = 0. (3.41)

Now let us decompose ΓC into the parts Γ1
C ⊆ ΓC and Γ2

C ⊆ ΓC so that [uτ ] > 0 a.e.
on Γ1

C and [uτ ] < 0 a.e. on Γ2
C . Then we obtain from (3.41)

∫

Γ1
C

στ (u) [uτ ]− |tτ ([uτ ])|[uτ ] da+

∫

Γ2
C

στ (u) [uτ ] + |tτ ([uτ ])|[uτ ] da = 0. (3.42)

Because of (3.38) it holds

στ (u) [uτ ]− |tτ ([uτ ])|[uτ ] ≤ 0 a.e. on Γ1
C , (3.43)

and because of (3.40) it holds

στ (u) [uτ ] + |tτ ([uτ ])|[uτ ] ≤ 0 a.e. on Γ2
C . (3.44)

With (3.43) and (3.44) we infer from (3.42) that the following equations hold

στ (u) [uτ ]− |tτ ([uτ ])|[uτ ] = 0 a.e. on Γ1
C , (3.45)

στ (u) [uτ ] + |tτ ([uτ ])|[uτ ] = 0 a.e. on Γ2
C . (3.46)

With the properties (3.2) and (3.3) of t([uτ ]) we obtain from (3.45) and (3.46)

στ (u) [uτ ]− tτ ([uτ ])[uτ ] = 0 a.e. on ΓC , (3.47)

so that we infer the complementarity condition (3.12). Now we have proven that a
displacement field u ∈ K0 which fulfills the variational inequality (3.14) for all v ∈ K0

and has the additional regularity [H2(Ω0)]
2 also fulfills the system (3.4) - (3.13).

3.1.4. Nonsmooth energy minimization problem

Instead of solving the variational inequality (3.14) directly we follow the idea of
[Kov05] and minimize the total energy T (u) for solution of the crack problem. For
our studies the total energy T (u) is calculated as

T (u) = P (u) + S(u), (3.48)

42



Chapter 3. Crack and shape optimization problem

with the potential energy

P (u) =
1

2

∫

Ω0

σij(u)eij(u) dΩ−
∫

ΓN

fiui da (3.49)

and the surface energy

S(u) =

∫

ΓC

Gν([uν ]) da+

∫

ΓC

Gτ ([uτ ]) da, (3.50)

which is caused by the cohesive effects. Furthermore, the energy release rates
Gν : R+ → R+ and Gτ : R→ R+ are defined as

Gν(s) = 2δcνσcν − σcν(s+ 2δcν) exp

(

− s

δcν

)

, (3.51)

Gτ (s) = 2δcτσcτ − σcτ (|s|+ 2δcν) exp

(

− |s|
δcτ

)

, (3.52)

with critical crack openings δcν , δcτ ∈ R+, critical stresses σcν , σcτ ∈ R+. Furthermore,
we define the functionals tν : R+ → R+ and tτ : R → R according to initially rigid
cohesive laws explained in Section 2.2.1:

tν(s) = σcν
s+ δcν
δcν

exp

(

− s

δcν

)

(3.53)

and

tτ (s) =







−σcτ
|s|+δcτ
δcτ

exp
(

− |s|
δcτ

)

for s < 0,

σcτ
|s|+δcτ
δcτ

exp
(

− |s|
δcτ

)

for s ≥ 0.
(3.54)

Note that the value tτ (0) = σcτ in (3.54) is arbitrarily chosen from the interval
[−σcτ , σcτ ] and has no influence on the analysis below. There exist various possibilities
to incorporate cohesiveness in crack models (compare Section 2.2.1). Drawing upon
previous investigations ([PLRJ+11], [PLSS11]) we use the cohesive laws according to
formulas (3.51)-(3.54) which refer to initially rigid versions of so called UBER (uni-
versal binding-energy relation) laws (compare [BS88]). Notice that for the directional
derivatives of Gν and Gτ holds

d

ds
Gν(s, r) = tν(s)r ∀s ∈ R+, r ∈ R (3.55)

and

d

ds
Gτ (s, r) =

{

tτ (s)r ∀s 6= 0, r ∈ R,
|tτ (s)||r| for s = 0, r ∈ R. (3.56)
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(a) Gν and tν for initially
rigid cohesive law

(b) Gτ and tτ for initially
rigid cohesive law

Figure 3.2: curves for energy release rates Gν , Gτ and cohesive tractions tν , tτ , with
critical energy release rates Gcν , Gcτ and critical stresses σcν , σcτ

Formula (3.56) is obtained for the case s = 0 from

d

ds
Gτ (s, r) = lim

η→0+

−σcτ (η|r|+ 2δcτ )e
− η|r|

δcτ + 2σcτδcτ
η

= lim
η→0+

−σcτ |r|e−
η|r|
δcτ +

σcτ

δcτ
|r|(η|r|+ 2δcτ)e

−
η|r|
δcτ

→ −σcτ |r|+ 2σcτ |r| = σcτ |r| for η → 0 + .

Compare Figure 3.2 for the shapes of the curves. For solution of the crack problem we
search for a displacement field u ∈ K0 that solves the following minimization problem

min
u∈K0

T (u). (3.57)

We show in the following, that there exists a solution of minimization problem (3.57)
and that the variational inequality yields a necessary optimality condition. Further-
more, we discuss the uniqueness of solutions.

Theorem 3.3:
There exists a solution u ∈ K0 of the minimization problem (3.57).

Proof. We follow the proof in [Kov05], [Bur03] and [KO88]. Because Gν([uν ]) ≥ 0
and Gτ ([uτ ]) ≥ 0 for all u ∈ K0 we have

S(u) ≥ 0 ∀u ∈ K0. (3.58)

Using the Korn’s inequality and the embedding theorem we obtain that T (u) is co-
ercive. Therefore, the set B = {u ∈ K0 : T (u) ≤ M} is compact and non-empty
for some M ∈ R. Let un ⇀ u weakly in K0 as n → ∞. By the compactness prop-
erty, we have [un

ν ] ⇀ [uν ] and [un
τ ] ⇀ [uτ ] strongly in L2(ΓC) as n → ∞. From the
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Liptschitz-continuity property of Gν([uν ]) and Gτ ([uτ ]) it follows that

∣

∣

∣

∣

∫

ΓC

Gν([uν ]
n) da−

∫

ΓC

Gν([uν ]) da

∣

∣

∣

∣

≤ c1 ‖[un
ν ]− [uν ]‖0,ΓC

(3.59)

and
∣

∣

∣

∣

∫

ΓC

Gτ ([uτ ]
n) da−

∫

ΓC

Gτ ([uτ ]) da

∣

∣

∣

∣

≤ c2 ‖[un
τ ]− [uτ ]‖0,ΓC

. (3.60)

Therefore S(u) is weakly continuous. As P (u) is quadratic and, therefore, weakly
lower semi-continuous, we can conclude, that T (u) is weakly lower semi-continuous.
So that it holds

T (u) ≤ lim inf
k→∞

T (uk) (3.61)

for all u ∈ K0 and all sequences uk converging weakly to u. Now let αI = infu∈K0
T (u).

Then there exists a sequence (uk) such that T (uk) → αI . For k sufficiently large we
must have T (uk) ≤ M and hence (uk) is contained in B, which is a compact set.
Consequently, there exists a subsequence (ukl) such that (ukl) → u∗ for some u∗.
Due to the weakly lower semi-continuity of T (u) we obtain

αI ≤ T (u∗) ≤ lim inf
k→∞

T (uk) = αI . (3.62)

Thus u∗ is the minimizer.

We will show now that the variational inequality (3.14) is a necessary optimality
condition of the optimization problem (3.57).

Theorem 3.4:
A solution u of the minimization problem (3.57) fulfills (3.14) for all v ∈ K0.

Proof. The total energy functional T (u) is directional differentiable for all u ∈ K0.
We denote the directional derivative of T in direction w by

∇uT (u,w) := lim
r→0

T (u+ rw)− T (u)

r
.

A solution u of (3.57) fulfills the following optimality condition (compare [KO88])

∇uT (u, v − u) ≥ 0 ∀v ∈ TC(u), (3.63)

where the tangential cone TC(u) is given as

TC(u) = {v ∈ [H1(Ω0)]
2|[vν ] ≥ 0 on Γact

C (u), v = 0 on ΓD},
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with the active set Γact
C := {x ∈ ΓC |[uν(x)] = 0 on ΓC}. The potential energy func-

tional P (u) is differentiable for all u ∈ K0 so that we obtain

∇uP (u,w) =

∫

Ω0

σij(u)eij(w) dΩ−
∫

ΓN

fiwi da. (3.64)

The normal energy release rate is differentiable for all s ∈ R so that we obtain

∇uGν([uν],w) = tν([uν ])[wν ]. (3.65)

For the directional derivative of Gτ ([uτ ]) in direction w we obtain with (3.2) and (3.3)

∇uGτ ([uτ ],w) =

{

|tτ ([uτ ])| [uτ ]
|[uτ ]|

[wτ ] ∀[uτ ] 6= 0,

|tτ ([uτ ])||[wτ ]| ∀[uτ ] = 0.
(3.66)

Now we introduce w := v − u and obtain from (3.64), (3.65) and (3.66) that the
optimality condition (3.63) is for all v ∈ TC(u) equivalent to the following inequality

∫

Ω0

σij(u)eij(v − u) dΩ+

∫

ΓC

tν([uν ])([vν ]− [uν ]) da

+

∫

Γ1
C

|tτ ([uτ ])|
(

[uτ ][vτ ]

|[uτ ]|
− |[uτ ]|

)

da+

∫

Γ2
C

|tτ ([uτ ])||[vτ ]| da

≥
∫

ΓN

fi(vi − ui) da, (3.67)

where [uτ ] 6= 0 a.e. on Γ1
C and [uτ ] = 0 a.e. on Γ2

C and ΓC = Γ1
C ∪ Γ2

C . From (3.67) we
infer with

[uτ ][vτ ]

|[uτ ]|
− |[uτ ]| ≤ |[vτ ]| − |[uτ ]| on Γ1

C and |[vτ ]| = |[vτ ]| − |[uτ ]| on Γ2
C

that all u ∈ K0 which fulfill the optimality condition (3.63) also fulfill the variational
inequality (3.14) for all v ∈ TC(u). As K0 ⊆ TC(u) equation (3.14) holds for all
v ∈ K0. Thus a solution u of the minimization problem (3.57) fulfills (3.14) for all
v ∈ K0.

Next we give conditions for general energy release rates Gν : R+ → R+ and Gτ : R→R+ and associated functionals tν : R+ → R+ and tτ : R → R for which the problem
(3.57) has a unique solution.

Theorem 3.5:
Let Gν ≥ 0 and Gτ ≥ 0 and Gν and Gτ be Lipschitz-continuous. Let further tν be
Lipschitz-continuous with

|tν(s1)− tν(s2)| ≤ c1|s1 − s2| ∀s1, s2 ∈ R, c1 > 0 (3.68)
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tτ satisfy

||tτ (s1)| − |tτ (s2)|| ≤ c2 ||s1| − |s2|| ∀s1, s2 ∈ R, c2 > 0 (3.69)

and assume that the uniform estimates

(
c0
2
− δ1)‖u‖2H1

ΓD
(Ω0)

− c1‖[uν ]‖2L2(ΓC) ≥ 0 ∀u ∈ K0, δ1 > 0, (3.70)

(
c0
2
− δ2)‖u‖2H1

ΓD
(Ω0)

− c2‖[uτ ]‖2L2(ΓC) ≥ 0 ∀u ∈ K0, δ2 > 0, (3.71)

hold, where the constant c0 is given by the Korn’s inequality

∫

Ω0

σij(u)eij(u) dΩ ≥ c0‖u‖2H1
ΓD

(Ω0)
. (3.72)

Then problems (3.57) and (3.14) are equivalent and their solution u ∈ K0 is unique.

Proof. In the following proof we use some techniques from [Kov05]. Firstly, in view
of Theorem 3.3 for such Gν and Gτ a solution of problem (3.14) exisits. In order to
prove uniqueness, let u1, u2 be two solutions. Notice that the following implication
holds for d1, d2, d3 ∈ R

|d1| ≤ d3|d2| ⇒ d1d2 ≥ −d3d
2
2. (3.73)

Therefore (3.68) implies

(tν(s1)− tν(s2))(s1 − s2) ≥ −c1 (s1 − s2)
2 , (3.74)

for some c1 > 0 and (3.69) implies

(|tτ (s1)| − |tτ (s2)|) (|s1| − |s2|) ≥ −c2 (|s1| − |s2|)2 , (3.75)

for some c2 > 0. Now we consider two variational inequalities of type (3.14) for two
different solutions u1 and u2, respectively. Substituting v = u2 in the first inequality
and v = u1 in the second inequality and summing up we obtain

∫

Ω0

σij(u
1 − u2)eij(u

1 − u2) dΩ+

∫

ΓC

(tν([u
1
ν])− tν([u

2
ν]))([u

1
ν ]− [u2

ν ]) da

+

∫

ΓC

(|tτ ([u1
τ ])| − |tν([u2

τ ])|)(|[u1
τ ]| − |[u2

τ ]|) da ≤ 0. (3.76)
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For the left hand side we obtain the following estimate

∫

Ω0

σij(u
1 − u2)eij(u

1 − u2) dΩ+

∫

ΓC

(tν([u
1
ν])− tν([u

2
ν]))([u

1
ν ]− [u2

ν ]) da

+

∫

ΓC

(|tτ ([u1
τ ])| − |tτ ([u2

τ ])|)(|[u1
τ ]| − |[u2

τ ]|) da

≥
∫

Ω0

σij(u
1 − u2)eij(u

1 − u2) dΩ−
∫

ΓC

c1
(

[u1
ν ]− [u2

ν]
)2

da

−
∫

ΓC

c2
(

|[u1
τ ]| − |[u2

τ ]|
)2

da

≥ c0‖u1 − u2‖2H1
ΓD

(Ω0)
− c1

∥

∥[u1
ν ]− [u2

ν ]
∥

∥

2

L2(ΓC)
− c2

∥

∥|[u1
τ ]| − |[u2

τ ]|
∥

∥

2

L2(ΓC)

≥ c0‖u1 − u2‖2H1
ΓD

(Ω0)
− (

c0
2
− δ1)‖u1 − u2‖2H1

ΓD
(Ω0)

− (
c0
2
− δ2)‖u1 − u2‖2H1

ΓD
(Ω0)

≥ (δ1 + δ2)‖u1 − u2‖2H1
ΓD

(Ω0)
,

where the first estimate follows from (3.74) and (3.75), the second estimate from the
Korn’s inequality (3.72) and the third estimate from (3.70) and (3.71). Therefore, we
infer from (3.76) the estimate

(δ1 + δ2)‖u1 − u2‖2H1
ΓD

(Ω0)
≤ 0,

so that we get with (δ1 + δ2) > 0 that u1 ≡ u2 and the solution of problem (3.14)
is unique. Because any solution of the minimization problem (3.57) fulfills (3.14) the
solution of (3.57) is also unique and coincides with the solution of the variational
inequality (3.14). The proof is complete.

Remark: Obviously the properties Gν ≥ 0 and Gτ ≥ 0 hold for the specific en-
ergy release rates given in (3.51) and (3.52). Furthermore, Gν and Gτ are Lipschitz-
continuous. It can also easily be verified that tν and tτ in formula (3.53) and (3.54)
fulfill the conditions (3.68) and (3.69). The conditions (3.70) and (3.71) are rather
technical and can not be verified easily in practice (see also Section 7.3).

3.1.5. Smooth energy minimization problem

We want to solve the energy minimization problem after discretization by a first order
optimization algorithm. The nondifferentiability of the total energy functional T (u)
is due to the nondifferentiability of the energy release rate Gτ ([uτ ]) in zero (compare
(3.52)). Therefore, we introduce now an auxiliary variable λ ∈ H1/2(ΓC) and set up
a new optimization problem with a differentiable cost functional Tλ(u, λ) so that in
the minimum of the cost functional the auxiliary variable λ attains the same values
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as |[uτ ]| on ΓC :

min
(u,λ)∈K̂

Tλ(u, λ). (3.77)

s.t.

g1(u, λ) := − [uν ] ≤ 0 on ΓC ,
g2(u, λ) := [uτ ]− λ ≤ 0 on ΓC ,
g3(u, λ) := − [uτ ]− λ ≤ 0 on ΓC ,

with K̂ = K0 ×H1/2(ΓC) and

Tλ(u, λ) = P (u) + Ŝ(u, λ), (3.78)

where

P (u) =
1

2

∫

Ω0

σij(u)eij(u) dΩ−
∫

ΓN

fiui da

and

Ŝ(u, λ) =

∫

ΓC

Gν([uν]) da+

∫

ΓC

Gτ (λ) da.

In the following we show that the solutions of the two energy minimization problems
(3.57) and (3.77) are equivalent.

Theorem 3.6:
If u solves (3.57) then (u, |[uτ ]|) solves (3.77) and if (u, λ) solves (3.77) then u solves
(3.57).

Proof. We first show, that for each solution (u, λ) of (3.77) holds λ ≡ |[uτ ]| on ΓC .
The constraints to the optimization problem (3.77) impose that for a solution (u, λ)
holds |[uτ ]| ≤ λ on ΓC . This implies λ ≥ 0 for a solution (u, λ). Now we assume that
there exists a subset Γ1

C ⊆ ΓC with

|[uτ ]| < λ a.e. on Γ1
C , (3.79)

while

|[uτ ]| = λ a.e. on ΓC\Γ1
C . (3.80)

Then there exists a function λ̂ with |[uτ ]| ≤ λ̂ < λ on Γ1
C and λ̂ = λ on ΓC\Γ1

C .
Because of Gτ (s) ≥ 0 for s ≥ 0 and the monotonicity of Gτ (s) for s ≥ 0, we then
obtain that

Tλ(u, λ̂) < Tλ(u, λ). (3.81)
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This contradicts the optimality of (u, λ). Therefore, the assumption (3.79) must have
been wrong and we have for an optimal λ

|[uτ ]| = λ on ΓC .

Now we notice that Tλ(u, |[uτ ]|) ≡ T (u) for all u ∈ K0. Therefore, the equivalence of
(3.57) and (3.77) follows immediately.

In Theorem 3.4 we have already shown that a solution of the energy minimization
problem (3.57) fulfills the variational inequality (3.14). In Theorem 3.2 we have proven
that such a solution then also fulfills the system (3.4) - (3.13). With Theorem 3.6 we
can, thus, conclude that we obtain with the solution of the energy minimization prob-
lem (3.77) a displacement field u that fulfills the constitutive equations (3.4) - (3.13)
and thus solves the crack problem.

3.2. Set-up of shape optimization problem

In Sections 3.2.1 and 3.2.2 we set up different explicit formulations of a shape opti-
mization problem for maximization of the fracture energy Ed for a given load case.
The fracture energy is defined by

Ed(u) =

∫

ΓC

Gν([uν ]) +Gτ ([uτ ]) da. (3.82)

Of course for calculation of the fracture energy value the displacment field u and
the crack path ΓC have to be determined for the considered load case. Thus, the
state problem for the shape optimization problem consists in the crack problem. In
Section 3.2.1 we constrain the crack problem to normal crack openings to simplify
the considerations in a first step. Thus, solely normal crack openings contribute to
the cost functional of the shape optimization problem. This scenario may not always
be relevant from a mechanical point of view, but is a common approach for mathe-
matical investigations of cracks (compare e.g. [Kov05]). In Section 3.2.2 we return to
consideration of tangential crack openings and set up corresponding shape optimiza-
tion problems. We postpone derivation of first order information to the discretized
versions of the shape optimization problems (compare Section 5) but illuminate in
Section 3.2.3 some continuity properties of the formulated infinite shape optimization
problems.

3.2.1. Shape optimization problem without consideration of tangential crack
openings

As we allow in a first step just for normal crack openings we restrict the admissible set
for u adequately. The cost functional of the shape optimization problem then solely
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involves energy terms due to normal crack openings along ΓC and the optimization
problem can be formulated as

max
ω1,ω2,...,ωN∈E

∫

ΓC

Gν([uν ]) da (3.83)

s.t. u ∈ Kν
0 solves

∫

Ω0

σij(u)eij(v − u) dΩ+

∫

ΓC

tν([uν ])([vν ]− [uν ]) da ≥
∫

ΓN

fi(vi − ui) da ∀v ∈ K0,

with Kν
0 :=

{

u ∈ [H1(Ω0)]
2 |u = 0 on ΓD, [uν ] ≥ 0 on ΓC , [uτ ] = 0 on ΓC

}

.

Thus, the state problem is given by the variational inequality (3.14) but without the
contributions of the tangential crack openings. To simplify the notations we do not
mark the dependence of ΓC , Gν , u, [uν ], σ, e, tν on the fiber shapes ω1, ω2, ..., ωN

explicitly. Shape optimization problems governed by variational inequalities are gener-
ally nonsmooth, in view of a potential nondifferentiability of the respective shape-state
mapping ([BHKO02]). Hence, we apply a penalization technique to avoid the pene-
tration of opposite crack sides so that we can reformulate the state problem in (3.83)
as a variational equation. Thus, the shape optimization problem takes the form

max
ω1,ω2,...,ωN∈E

∫

ΓC

Gν([uν ]) da (3.84)

s.t. u ∈ Kν solves ∀v ∈ K0

∫

Ω0

σij(u)eij(v) dΩ+

∫

ΓC

tν([uν ])[vν ] da− ε

∫

ΓC

max(0,−[uν ]) [vν ] da =

∫

ΓN

fivi da,

with Kν := {u ∈ [H1(Ω)]2|u = 0 on ΓD, [uτ ] = 0 on ΓC}. The non-penetration con-
dition is approximately fulfilled for large enough penalization parameter ε ∈ R+. For
further information on penalization techniques we refer to [Noc06] and [BGLS06]. In
Section 5.2 we consider the sensitivities of the discretized version of shape optimiza-
tion problem (3.84).

3.2.2. Shape optimization problem with consideration of tangential crack
openings

The shape optimization problem gets more involved if we take tangential crack open-
ings into account. The state problem then accords to the full variational inequality
(3.14) and the contributions of tangential crack openings are included in the cost
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functional. Thus, the shape optimization problem can be formulated as

max
ω1,ω2,...,ωN∈E

∫

ΓC

Gν([uν ]) +Gτ ([uτ ]) da (3.85)

s.t. u ∈ K0 =
{

u ∈ [H1(Ω0)]
2
: u = 0 on ΓD, [uν ] ≥ 0 on ΓC

}

solves

∫

Ω0

σij(u)eij(v − u) dΩ+

∫

ΓC

tν([uν])([vν ]− [uν ]) da

+

∫

ΓC

|tτ ([uτ ])| (|[vτ ]| − |[uτ ]|) da ≥
∫

ΓN

fi(vi − ui) da ∀v ∈ K0.

To simplify the notations we do not mark the dependence of ΓC , Gν , Gτ , u, [uν ],
[uτ ], σ, e, tν and tτ on the fiber shapes ω1, ω2, ..., ωN explicitly. We have shown
in Section 3.1.5 that the variational inequality (3.14) is equivalent to the optimality
condition of the energy minimization problem (3.57). Furthermore, we have proven
the equivalence between energy minimization problem (3.57) and (3.77). Thus, we
can reformulate shape optimization problem (3.85) in the form

max
ω1,ω2,...,ωN∈E

∫

ΓC

Gν([uν]) +Gτ (λ) da (3.86)

s.t. (u, λ) ∈ Kλ :=
{

(u, λ) ∈ K̂||[uτ ]| ≤ λ on ΓC

}

solves

∇(u,λ)Tλ((u, λ), (v − u, z − λ)) ≥ 0 ∀(v, z) ∈ K̂.

with

∇(u,λ)Tλ((u, λ), (v − u,z − λ)) =
∫

Ω0

σij(u)eij(v − u) dΩ+

∫

ΓC

tν([uν ])([vν ]− [uν ]) da

+

∫

ΓC

tτ (λ) (z − λ) da+

∫

ΓN

fi(vi − ui) da ≥ 0.

Optimization problem (3.86) belongs to a class of so-called mathematical programs
with equilibrium constraints (MPEC) (see [OKZ98]). According to the theory ex-
plained in [OKZ98] it is possible to derive first order information for the discretized
version of problem (3.86) without requirement of smoothness. We use the proposed
method to set up sub-gradient information for the discretized version of (3.86) in
Section 5.3.
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3.2.3. Continuity properties

Obviously, the mapping Ed : K0 → R according to definition (3.82) is continuous. We
assume that the shape-state mapping B : E → K0 which assigns each fiber shape the
solution of the according crack problem is also continuous. To fulfill this assumption
we have to guarantee unique solvability of the crack problem. Due to Theorem 3.5
appropriate conditions can be formulated. In Sections 4.2 and 7.3 we discuss the con-
tinuity properties of B for the discretized versions of the shape optimization problems
in more detail. Now we consider the combined mapping D : E → R, which assigns
each fiber shape the fracture energy value for the considered load case. In view of
(3.82) this mapping is with continuity of Ed and B continuous with respect to the
shape and the state variable. Thus, the shape optimization problems (3.84) and (3.86)
are wellposed. To ensure existence of solutions to (3.84) and (3.86) the admissible
set E for the fiber shapes has to be compact. We render continuity properties more
precisely for the discretized versions of the shape optimization problems in Section 5.
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4. Discretization

For solution of the crack problem we discretize the computational domain by finite
elements. In Section 4.1 we illuminate some issues on the discretization of several
quantities and derive discretized versions of (3.14) and (3.77). In Section 4.2 we ex-
plain how we approximate the fiber shapes by B-splines to obtain a vector of shape
variables and set up the discretized versions of the shape optimization problems for-
mulated in Section 3.2.1 and 3.2.2.

4.1. Discretization of crack problem

We discretize the 2-dimensional domain Ω by rectangular bi-linear finite elements.
By M we denote the number of finite element nodes in the grid, by c the number of
continuous elements and by m the number of cohesive elements. We assume that the
displacement field u(x) is approximated by a continuous function which is bi-linear
over each continuous element and can thus be written as

u(x) =
M
∑

i=1

ui
dϑi(x), (4.1)

where ui
d is the value of u at the i-th node and ϑi is the basis function associated with

the i-th node (for details see [Lan03]). A continuous unit element has the four nodes
P1(−1,−1), P2(1,−1), P3(−1, 1) and P4(1, 1) and is associated with the following
bilinear basis functions ϕi : R2 → R, i = 1, ..., 4:

ϕ1(x1, x2) =
1

2
(1− x1)(1− x2), (4.2)

ϕ2(x1, x2) =
1

2
(1 + x1)(1− x2), (4.3)

ϕ3(x1, x2) =
1

2
(1− x1)(1 + x2), (4.4)

ϕ4(x1, x2) =
1

2
(1 + x1)(1 + x2). (4.5)

For simulation of cohesive tractions in combination with the finite element method
(FEM) we apply the widely used approach of cohesive elements. A good overview
to the numerical properties of cohesive elements and to discretization issues can be
found in [GK10]. Compare also Section 2.2.1. Here we explain some correlations
necessary to understand the formulations used in the following sections. For the sake
of simplicity, we confine the following considerations to one single cohesive element.
This element is placed in the domain Ω between two continuous elements, and a
crack may propagate through this element along the element boundary Γe (compare
Figure 2.1c). Accordingly, now [·] = (·)|Γ+

e
−(·)|Γ−

e
denotes the jump along the cohesive

element face Γe. As the four nodes of the cohesive unit element C1(−1, 0), C2(1, 0),



Chapter 4. Discretization

C3(−1, 0) and C4(1, 0) lie on the x1-axis the linear basis functions Ni : R → R,
i = 1, ..., 4 of a cohesive unit element are given by

N1(x1) =
1

2
(1− x1),

N2(x1) =
1

2
(1 + x1),

N3(x1) =
1

2
(1− x1),

N4(x1) =
1

2
(1 + x1).

The jump [u(ξei)] of the displacement field in one integration point ξei ∈ R, i = 1, 2 of
a cohesive element is solely dependent on the nodal values of the displacement field
at this cohesive element. These nodal values are given by the vector ue as

ue = (u11, u12, u21, u22, u31, u32, u41, u42)
T ∈ R8, (4.6)

with two coordinate entries for each node. The displacements in the integration points
ξei, i = 1, 2 of the cohesive element boundaries can therefore be calculated as

u|Γ−
e
(ξei) = (u11N1(ξei) + u21N2(ξei), u12N1(ξei) + u22N2(ξei))

T ,

u|Γ+
e
(ξei) = (u31N3(ξei) + u41N4(ξei), u32N3(ξei) + u42N4(ξei))

T .

So the jump [u(ξei)] = u(ξei)|Γ+
c
− u(ξei)|Γ−

c
in one integration point of a cohesive

element can be calculated as

[u(ξei)] =

(

−u11N1(ξei)− u21N2(ξei) + u31N3(ξei) + u41N4(ξei)
−u12N1(ξei)− u22N2(ξei) + u32N3(ξei) + u42N4(ξei)

)

= B(ξei)
Tue,

with

B :=

(

−N1 0 −N2 0 N3 0 N4 0
0 −N1 0 −N2 0 N3 0 N4

)T

.

With the notation [ueν] = [ue]
Tν and [ueτ ] = [ue]

Tτ , where ν and τ denote now the
unit vectors normal and tangential to Γe the gradients ∇ue[ueτ ] and ∇ue [ueν ] can be
calculated as

∇ue [ueν] = Bν, (4.7)

∇ue [ueτ ] = Bτ. (4.8)

4.1.1. Discretization of variational inequality

If we use a penalization technique to avoid the penetration of opposite crack sides, then
we can approximately solve the variational inequality (3.14) by solving a variational
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equation. Thus, we search for a solution u ∈ K := {u ∈ [H1(Ω)]2|u = 0 on ΓD} that
fulfills the following variational equation ∀v ∈ K0:

∫

Ω0

σij(u)eij(v) dΩ +

∫

ΓC

tν([uν ])[vν ] da+

∫

ΓC

tτ ([uτ ])[vτ ] da

− ε

∫

ΓC

max(0,−[uν ]) [vν ] da =

∫

ΓN

fivi da. (4.9)

The non-penetration condition is then approximately fulfilled for large enough ε. Dis-
cretization of the variational equation (4.9) with a standard finite element approach
leads to

uT
dAstif(ud)vd − fAIM

coh (ud)
Tvd − uT

dApenvd = fT
d vd, (4.10)

where ud denotes the discretized displacement field, vd the discretized test function
and f d the discretized external load. The nonlinear cohesive traction term fAIM

coh (ud)
has to be assembled from the local contributions f eAIM

coh (ud) for each cohesive element
which are given by

f eAIM
coh (ud) =

2
∑

i=1

(tν([ueν(ξei)])∇ue
[ueν(ξei)] + tτ ([ueτ (ξei)])∇ue

[ueτ(ξei)]) |Je| (4.11)

=

2
∑

i=1

(tν([ueν(ξei)])B(ξei)ν + tτ ([ueτ(ξei)])B(ξei)τ ) |Je|, (4.12)

with the two integration points ξei, i = 1, 2 and the determinant |Je| of the Jacobian
matrix for the transformation map to the cohesive unit element. The stiffness matrix
Astif has to be assembled from the local contributions Ae

stif for each continuous
element which are calculated in the standard way depending on the stress conditions
and elasticity properties (compare [Lan03]). Hooke’s law σij(u) = cijkleij(u) can be
written in a compact form as





σ11

σ22

σ12



 = D





e11
e22
2e12



 , (4.13)

with

D =





c1111 c1122 c1112
c1122 c2222 c2212
c1112 c2212 c1212



 . (4.14)

With the definition of the matrices L for each continuous element as

L =







dϕ1

dx1
0 dϕ2

dx1
0 dϕ3

dx1
0 dϕ4

dx1
0

0 dϕ1

dx2
0 dϕ2

dx2
0 dϕ4

dx2
0 dϕ4

dx2
dϕ1

dx2

dϕ1

dx1

dϕ2

dx2

dϕ2

dx1

dϕ3

dx2

dϕ3

dx1

dϕ4

dx2

dϕ4

dx1






(4.15)
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we calculate the local stiffness matrices Ae
stif as

Ae
stif =

4
∑

i=1

L(χei)
TDL(χei)|Ie|, (4.16)

where the matrices L are evaluated at the four integration points χei, i = 1, ..., 4,
respectively and |Ie| is the determinant of the Jacobian matrix for the transformation
to the continuous unit element (compare [HM03]). The penalization matrix Apen(ud)
has to be assembled from the local contributions Ae

pen(ud) for each cohesive element,
which are given by

Ae
pen(ud) =

2
∑

i=1

{
(

ε∇ue
[ueν(ξei)]

T∇ue
[ueν(ξei)]

)

|Je|, for [ueν(ξei)] < 0,

0, for [ueν(ξei)] ≥ 0

=
2
∑

i=1







(

ενTB(ξei)
T
B(ξei)ν

)

|Je|, for [ueν(ξei)] < 0,

0, for [ueν(ξei)] ≥ 0.
(4.17)

The discretized displacement field ud which solves (4.10) for all test functions vd can
then be obviously obtained as the solution of a nonlinear system of the form

AAIM(ud)ud = fd − fAIM
coh (ud). (4.18)

We notice that the matrix AAIM(ud) is composed from the elastic stiffness matrix
Astif (ud) as well as from the penalization matrix Apen(ud) and depends thus nonlin-
early on ud.

4.1.2. Discretization of energy minimization problem

The discretized version T d : RM → R of the total energy function T according to
(3.48) takes the form

T d(ud) =
1

2
uT

dAstifud − fT
dud+

m
∑

e=1

2
∑

i=1

Gν([ueν(ξei)])|Je|+
m
∑

e=1

2
∑

i=1

Gτ ([ueτ (ξei)])|Je|, (4.19)

where ud denotes again the discretized displacement field and fd the discretized exter-
nal load. The elastic stiffness matrix Astif is again calculated from the local contribu-
tions according to (4.16). The sums are taken over all cohesive elements e = 1, ..., m
and over the two integration points of each cohesive element ξei, i = 1, 2. |Je| is again
the determinant of the Jacobian matrix for the transformation map to the cohesive
unit element.

The discretized counterpart of the auxiliary function λ used in the smooth energy
functional Tλ according to (3.78) is the vector λd = (λ11, ..., λm2)

T ∈ R2m. This vector
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contains one entry for each integration point of each cohesive elements. Thus the
discretized version T d

λ : RM × R2m → R takes the form

T d
λ (ud,λd) =

1

2
uT

dAstifud − fT
dud

+

m
∑

e=1

2
∑

i=1

Gν([ueν(ξei)])|Je|+
m
∑

e=1

2
∑

i=1

Gτ (λei)|Je|. (4.20)

Now we can formulate a discretized energy minimization problem:

Find a solution

(u∗
d,λ

∗
d) ∈ R2M+2m,

that solves
min

(ud,λd)∈R2M+2m
T d
λ (ud,λd) s.t. (4.21)

udi = 0 for udi corresponds to node on ΓD,
[ueν(ξei)] ≥ 0 ∀e = 1, ..., m, i = 1, 2,
[ueτ(ξei)] ≤ λei ∀e = 1, ..., m, i = 1, 2,

− [ueτ(ξei)] ≤ λei ∀e = 1, ..., m, i = 1, 2.

Because of the continuous increase of Gτ the minimization procedure on T λ
d aims on

keeping the values of λei small. That way, λei always tends to its lower bounds and
λei = |[ueτ(ξei)]| holds in the minimum of T d

λ for all e = 1, ..., m and i = 1, 2. Now we
can derive the gradient and the Hessian matrix for T d

λ . The gradient takes the form

∇(ud,λd)T
d
λ (ud,λd) =

(

Astifud − f d + fEMM
coh (ud)

fλ(λd)

)

, (4.22)

where the vector fEMM
coh (ud) including only the normal cohesive tractions has to be

assembled from the local contributions f eEMM
coh (ud) for each cohesive element, with

f eEMM
coh (ud) =

2
∑

i=1

tν([ueν(ξei)])∇ue
[ueν(ξei)]|Je| =

2
∑

i=1

tν([ueν(ξei)])B(ξei)ν|Je|.

(4.23)

The vector fλ including the tangential cohesive tractions is given by

fλ(λd) = (tτ (λ11)|J1|, ..., tτ (λm2)|Jm|)T . (4.24)

The (2M + 2m)× (2M + 2m) Hessian matrix takes the form

(

Astif +Acoh(ud) 0
0 Aλ(λd)

)

, (4.25)
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where Acoh(ud) has to be assembled from the local contributions for each cohesive
element Ae

coh, where

Ae
coh(ud) =

2
∑

i=1

∇ue
[ueν ]

T t′ν([ueν(ξei)])∇ue
[ueν ]|Je|

=

2
∑

i=1

νTBT (ξei)t
′
ν([ueν(ξei)])B(ξei)ν|Je|, (4.26)

and the 2m× 2m diagonal matrix Aλ(λd) is given by

Akk
λ (λd) =

{

t′τ (λe1)|Je| with e = k+1
2

for k odd
t′τ (λe2)|Je| with e = k

2
for k even

, k = 1, ..., 2m. (4.27)

Here t′ν(s) =
dtν(s)
ds

and t′τ (s) =
dtτ (s)
ds

denote the first derivative of tν and tτ , respec-
tively.

4.2. Discretization of shape optimization problem

For numerical solution of the different formulations of the shape optimization problem
as set up in Section 3.2.1 and 3.2.2, we discretize the design space E as well as the
state problems. As we already discussed the discretization of the state problems
in Section 4.1 we now discuss the discretization of the design space by application
of the concept of parametric shape optimization and approximate the fiber shapes
by B-Spline curves in Section 4.2.1. For this purpose we use a similar approach as
proposed in [SLR08] for shape optimization in the context of electromagnetic waves.
In Section 4.2.2 we explain how we use the positions of the B-Spline control points as
optimization variables so that we can set up the discretized versions of the different
formulations of the shape optimization problem in Section 4.2.3 and Section 4.2.4.
Finally, in Section 4.2.5 we comment on the existence of solutions to the discretized
shape optimization problems.

4.2.1. Fiber shape description with B-Splines

In the following we explain how the fiber shapes are approximated by B-Splines and
how the finite element mesh depends on the control points defining the B-splines. We
make use of 2-dimensional closed B-splines of order 4, which are C2-continuous. For
each fiber boundary Γr, r = 1, ..., N we define a separate design curve Br by (nr + 1)
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control points:

Br(t,Dr) =

nr
∑

i=0

dr
i bi(t), t ∈ [tr3, t

r
nr+1], (4.28)

T r = (tr0, t
r
1, ..., t

r
nr
, tr0, t

r
1, t

r
2, t

r
3). (4.29)

Here dr
i ∈ R2 is the coordinate vector of the i-th control point on Γr and Dr is the

(nr + 1)× 2 matrix composed of all control points associated with Γr. The functions
bi(t) are basis spline functions and T r is the corresponding parameter vector (for
details see [HL93]).

With each fiber geometry represented by the set of control points Dr, a set of (mr +
1) finite element nodes pr

B = {(pr
B,j), j = 0, ..., mr} lying on the boundary Γr is

associated. The coordinates of these fiber boundary nodes are computed by the
formula pr

B,j = Br(trj ,D
r) with appropriately chosen parameters trj , r = 1, ..., N, j =

0, . . . , mr. Due to the linear dependence of Br on the coordinates of the control points
(for fixed parameter t), the latter equation can be rewritten as the following linear
system of equations

pr
B = ArDr, r = 1, ..., N, (4.30)

where the matrix Ar of size (mr + 1) × (nr + 1) contains the values of the B-spline
basis functions bi, i = 0, ..., nr evaluated at the parameters trj , j = 0, ..., mr. Finally,
the positions of all non-boundary finite element nodes pNB which are not subjected
to Dirichlet conditions can be computed as linear combinations of the fiber boundary
nodes. Thus we define a matrix HM , such that

pNB = HMDa, (4.31)

with Da = (D1, ...,DN). In our implementation, we solve a linear elasticity problem
in order to compute the matrix HM . Equations (4.30) and (4.31) show that all nodes
of the finite element mesh depend continuously on the position of the control points.

(a) green: fiber boundary, white crosses: con-
trol points

(b) change of underlying mesh

Figure 4.1: change of fiber shape by movement of one control point
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We notice that this continuity is essential for the existence of solutions to the shape
optimization problem. When the shape of the fiber is changed the associated finite
element mesh is adapted using equations (4.30) and (4.31). In particular this means
that no completely new mesh has to be generated when modifying the shapes of the
fibers. Figure 4.1 illustrates the discretization of a fiber shape. Figure 4.1a shows the
change of the fiber shape by movement of one control point in direction normal to
the fiber boundary. The green curve assigns the fiber boundary and approximates the
B-Spline curve. The control points are designated by white crosses. In Figure 4.1b
one example of the change of the finite element mesh for the variation of the fiber
shape is depicted.

4.2.2. B-Spline control points as optimization variables

Prior to optimization initial fiber shapes have to be defined. We always start with
rectangular fiber geometries and choose control points dr

i , i = 0, ..., nr, r = 1, ..., N
such that this starting geometry is approximated as good as possible. Then we choose
equidistant positions pr

B,j , j = 0, ..., mr, r = 1, ..., N of finite element nodes on the
spline curves Br(·,Dr), r = 1, ..., N representing the boundaries of the fibers. Af-
terwards we determine the corresponding parameters trj , j = 0, ..., mr, r = 1, ..., N
and the associated matrices Ar, r = 1, ..., N according to formula (4.28) and (4.30),
respectively and finally the coordinates pNB of all non-boundary nodes according to
formula (4.31). The matrices Ar, r = 1, ..., N and HM stay constant during the whole
optimization process.

The positions of the control points are allowed to vary in normal direction to the fiber
boundary during the optimization process (compare Figure 4.1a). Accordingly, we
obtain one scalar value γi associated with each control point as optimization variable.
Altogether this results in a set of d =

∑N
r=1(nr + 1) optimization variables. We

combine this variables into one vector γ ∈ Rd. In order to avoid unreasonable fiber
deformations the optimization variables γi are restricted to intervals Ii, which are
realized as two sided bound constraints. During fiber shape optimization, whenever
the discretized cost functional is evaluated, we repeat the process described above:
we determine new positions of the boundary points pr

B from the new positions of the
control points using formula (4.30) and compute coordinates of non-boundary nodes
pNB, according to formula (4.31). Then we solve the discretized version of the crack
problem on the resulting finite element mesh and evaluate the discretized version of
the cost functional of the shape optimization problem at the solutions of the crack
problem.

4.2.3. Discretized version of shape optimization problem without consideration
of tangential crack openings

For solution of the shape optimization problem without consideration of tangential
crack openings we discretize formulation (3.84). The discretized version of (3.83)
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could be derived equivalently. With design space U ⊂ Rd and with shape variable
γ ∈ U the discretized version of (3.84) takes the form

max
(γ,ud)∈U×Kνd

W (γ,ud(γ)) =
m
∑

e=1

2
∑

i=1

Gν([ueν(γ, ξei(γ))])|Je(γ)| (4.32)

s.t. ud(γ) ∈ Kνd solves

Astif(γ)ud(γ) +Apen(γ,ud(γ))ud(γ) + fEMM
coh (γ,ud(γ))− fd = 0,

with

Kνd := {ud ∈ R2M |udi = 0 if i corresponds to node on ΓD,

[uτ(ξei)] = 0, e = 1, ..., m, i = 1, 2}

with the definitions of ξei, ud, f d and |Je| as in Section 4.1. The quantitiesAstif , Apen,
fEMM

coh are calculated from their local contributions Ae
stif , A

e
pen, f

eEMM
coh according to

(4.16), (4.17) and (4.23). The fact that no tangential crack openings are considered
can be achieved numerically by an adequate choice of the degrees of freedom in the
finite element mesh.

4.2.4. Discretized version of shape optimization problem with consideration of
tangential crack openings

For solution of the shape optimization problem with consideration of tangential crack
openings we use formulation (3.86). The discretized version of (3.86) with design
space U ⊂ Rd and shape variable γ ∈ U , takes the form

max
(γ,(ud,λd))∈U×Kd

λ

W (γ,ud(γ), λd(γ)) =
m
∑

e=1

2
∑

i=1

Gν([ueν(γ, ξei(γ))])|Je(γ)| (4.33)

+

m
∑

e=1

2
∑

i=1

Gτ (λei(γ))|Je(γ)|

s.t. (ud(γ),λd(γ)) ∈ Kd
λ solves

ud(γ)
TAstif(γ)(vd − ud(γ)) + fEMM

coh (γ,ud(γ))
T (vd − ud(γ))

+ fλ(γ,λd(γ))
T (zd − λd(γ))− fT

d (vd − ud(γ)) ≥ 0,

∀(vd, zd) ∈ Kd
λ
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with

Kd
λ = {(ud,λd) ∈ R2M×R2m|udi = 0 if udi corresponds to node on ΓD, [ueν(ξei)] ≥ 0,

e = 1, ..., m, i = 1, 2, |[ueτ(ξei)]| ≤ λei, e = 1, ..., m, i = 1, 2}

and with definitions of ξei, ud, f d and |Je| as in Section 4.1. The quantities Astif ,
fEMM

coh are calculated from their local contributions Ae
stif and f eEMM

coh according to
(4.16) and (4.23). The vector fλ is given by (4.24).

4.2.5. Existence of solutions

It is easy to transfer the uniqueness considerations from Theorem 3.5 to the discretized
setting. Thus we suppose that the solution of the state problem in (4.32) and (4.33)
is for a fixed fiber shape unique. Equations (4.30) and (4.31) show the continuous
dependence of the finite element nodes on the shape variable. As the solution of the
state problem depends obviously for a given fiber shape continuously on the position
of the nodes we thus have at once continuity of the mapping Bd : U → Rk from the
design space into the space of state variables Rk. Thereby, the design space U ∈ R
is defined as U := I1 × · · · × Id with the intervals Ii := [bilbox, b

i
ubox], b

i
lbox, b

i
ubox ∈ R,

bilbox < biubox, i = 1, ..., d. Now we consider the combined mapping Dd : U → R, which
assigns each shape variable γ the according value of the cost function W . With the
definition of W accordant to (4.32) and (4.33) the mapping Dd is continuous as well.
The compactness of U and the continuity of Dd yields with the Weierstrass Theorem
existence of solutions to shape optimization problems (4.32) and (4.33) (compare e.g.
[Sun96]).
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We solve the discretized shape optimization problems (4.32) and (4.33) numerically.
Depending on the solution method the availability of first order information can be
necessary for this purpose. In the preliminary Section 5.1 we first set up the shape
derivatives of several quantities to which we refer in the following sections. The
discretized shape optimization problem (4.32) with the variational equation as state
problem is smooth with respect to the shape variable. Therefore, we can set up
a shape gradient. Following [HM03] we use a duality approach to derive this first
order information in Section 5.2. In Section 5.3 we consider the shape sensitivities
of the shape optimization problem (4.33) which takes into account tangential crack
openings and their contributions to the fracture energy. The variational inequality as
state problem within this shape optimization problem can lead to nondifferentiability
of the respective shape-state mapping ([BHKO02]). Problem (4.33) belongs to the
class of MPECs for which shape sensitivity studies can be established under certain
regularity conditions ([OKZ98]). We follow the approach explained in [OKZ98] to
derive the so called sub-gradient information for problem (4.33) in Section 5.3.

5.1. Shape derivatives of different quantities

In the following we denote the derivative with respect to the l-th entry of the shape
variable γ ∈ U with U ⊂ Rd by (·)′ = d

dγl
(·). Furthermore, we denote the four

nodes of one rectangular (possibly cohesive) element by X1,X2,X3,X4 with Xi =
(Xi1, Xi2)

T , i = 1, ..., 4. As explained in Section 4.2.1 the values of Xk
ij, i = 1, ..., 4,

j = 1, 2, k = 1, ..., c +m depend linearly and thus continuously differentiable on the
shape variable γ. Therefore, the constant shape derivatives Xk

ij
′
, i = 1, ..., 4, j = 1, 2,

k = 1, ..., c+m can be easily determined at the beginning of the shape optimization
process. For derivation of several shape sensitivities we follow [HM03]. We notice
that our problem structure is more involved than pure elasticity problems discussed
in [HM03] so that not all values can be directly transferred. Furthermore, we set
up several shape derivatives which are not required for the problem formulations in
[HM03]. The unit vector tangential to a cohesive element is determined by its four
nodes as

τ =
(X4 −X3) + (X2 −X1)

||(X4 −X3) + (X2 −X1)||2
. (5.1)

Thus, the unit normal vector ν = (−τ2, τ1)
T is dependent on the four nodes by

ν =
1

lN

(

X12 −X22 +X32 −X42

−X11 +X21 −X31 +X41

)

, (5.2)
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with

lN =
√

(X12 −X22 +X32 −X42)2 + (−X11 +X21 −X31 +X41)2 . (5.3)

The shape derivative of the normal vector ν of a cohesive element with the nodes
(X1,X2,X3,X4) can be calculated as

ν ′ =

4
∑

i=1

2
∑

j=1

(

dν1
dXij
dν2
dXij

)

X ′
ij, (5.4)

with

dν1
dX11

= ν1ν2
lN

,
dν2
dX11

= ν2ν2
lN

− 1
lN
,

dν1
dX12

= −ν1ν1
lN

+ 1
lN
,

dν2
dX12

= −ν1ν2
lN

,
dν1
dX21

= −ν1ν2
lN

,
dν2
dX21

= −ν2ν2
lN

+ 1
lN
,

dν1
dX22

= ν1ν1
lN

− 1
lN
,

dν2
dX22

= ν1ν2
lN

,

(5.5)

and dνi
dX3j

= dνi
dX1j

, dνi
dX4j

= dνi
dX2j

, i = 1, 2, j = 1, 2. The shape derivative of the tangential

vector τ ′ can be calculated similarly.
The determinant of the Jacobian of the transformation map of a cohesive element to
the cohesive unit element is given by

|Je| =
1

2

√

(X21 −X11)
2 + (X22 −X12)

2, (5.6)

so that the shape derivative is given by

|Je|′ =
1

4|Je|
(X21 −X11) (X

′
21 −X ′

11) + (X22 −X12) (X
′
22 −X ′

12) . (5.7)

The shape derivative of the stiffness matrix A′
stif has to be assembled elementwise

from the local contributions A
′e
stif , where

A
′e
stif =

4
∑

i=1

(

L′(χei)
TDL(χei)|Ie|+L(χei)

TDL′(χei)|Ie|

+L(χei)
TDL(χei)|Ie|′

)

, (5.8)
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with

L′ =







(dϕ1

dx1
)′ 0 (dϕ2

dx1
)′ 0 (dϕ3

dx1
)′ 0 (dϕ4

dx1
)′ 0

0 (dϕ1

dx2
)′ 0 (dϕ2

dx2
)′ 0 (dϕ3

dx2
)′ 0 (dϕ4

dx2
)′

(dϕ1

dx2
)′ (dϕ1

dx1
)′ (dϕ2

dx2
)′ (dϕ2

dx1
)′ (dϕ3

dx2
)′ (dϕ3

dx1
)′ (dϕ4

dx2
)′ (dϕ4

dx1
)′






, (5.9)

with

(

dϕi

dx1

)′

= −dϕi

dx1

4
∑

j=1

dϕj

dx1
X ′

j1 −
dϕi

dx2

4
∑

j=1

dϕj

dx1
X ′

j2, i = 1, ..., 4, (5.10)

(

dϕi

dx2

)′

= −dϕi

dx1

4
∑

j=1

dϕj

dx2

X ′
j1 −

dϕi

dx2

4
∑

j=1

dϕj

dx2

X ′
j2, i = 1, ..., 4. (5.11)

The shape derivative of the determinant of the Jacobian of the transformation map
of a continuous element to the continuous unit element is given by

|Ie|′ = |Ie|
4
∑

i=1

2
∑

j=1

dϕi

dxj
X ′

ij . (5.12)

The shape derivative of the penalization matrix A′
pen(ūd) for a fixed displacement ūd

has to be assembled elementwise from the local contributions A
′e
pen, where

A
′e
pen(ūe) =

2
∑

i=1











εBν(Bν)T ūe|Ie|′
+
(

εBν ′(Bν)T ūe + εBν(Bν ′)T ūe

)

|Ie| for [ūeν(ξei)] < 0,

0 for [ūeν(ξei)] ≥ 0,

(5.13)

with B evaluated in the integration point ξei and ν unit vector to element e. We
notice that the matrices B do not depend on the shape variable because of the use
of isoparametric elements (see [HM03] for further details). To simplify the notations
we do not mark here and in the following the dependence of ν on the shape variable
γ explicitly.

5.2. Shape gradient information for shape optimization problem
without consideration of tangential crack openings

To avoid the huge computational effort for frequent set up of the shape gradient
∇γud(γ) of the state variable during the optimization process we follow the duality
approach discussed in [HM03] for derivation of the first order information for the
shape optimization problem (4.32). We first discuss the conditions and strategy of
that approach for a general formulation of a smooth shape optimization problem
before we show the applicability of that method to our smooth shape optimization
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problem (4.32). Afterwards we derive the specific shape gradient information. We
consider a shape optimization problem with shape variable γ ∈ U , U ⊂ Rd and state
variable xd ∈ Rk of the form

max
(γ,xd(γ))∈U×Rk

J(γ,xd(γ)) (5.14)

s.t. (γ,xd(γ)) ∈ U × Rk fulfills

F (γ,xd(γ)) = 0. (5.15)

For applicability of the duality approach we need continuous differentiability of the
cost function J : U × Rk → R and continuous differentiability of the mapping
F : U × Rk → Rk with U ⊂ Rd. Furthermore, the solution of the state equation (5.15)
has to be unique for a fixed shape γ̄. We assume that these conditions are fulfilled
for the general shape optimization problem (5.14) and follow the approach explained
in [HM03] to the set up the shape gradient. We define

J (γ) := J(γ,xd(γ)), (5.16)

with xd(γ) solution of (5.15). With the assumption that the conditions for applicabil-
ity of the duality approach hold the cost function J (γ) and the state variable xd(γ)
are continuously differentiable on U (compare [HM03]). We can set up the following
Lagrangian L : U × Rk × Rk → R with Lagrange multiplier p ∈ Rk:

L(γ,xd,p) = J(γ,xd) + pTF (γ,xd). (5.17)

According to [HM03] for a solution xd(γ) of (5.15) holds

J(γ,xd(γ)) = inf
xd∈Rk

sup
p∈Rk

L(γ,xd,p). (5.18)

As L(γ,xd(γ),p(γ)) is continuously differentiable we know that for (x̄d, p̄) with

J(γ,xd(γ)) = inf
xd∈Rk

sup
p∈Rk

L(γ,xd,p) = L(γ, x̄d, p̄) (5.19)

the KKT conditions are fulfilled. Thus the equation

∇xd
L(γ, x̄d, p̄) = 0 (5.20)

holds, which is equivalent to

Dxd
F (γ, x̄d)p̄ = −∇xd

J(γ, x̄d), (5.21)

where we denote by Dxd
F : Rk → Rk×Rk the Jacobian of F with respect to the state

variable. Further more the equation

∇pL(γ, x̄d, p̄) = 0 (5.22)
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holds, which is equivalent to

F (γ, x̄d) = 0. (5.23)

Thus x̄d solves the state equation (5.23) and p̄ solves the so called adjoint equation
(5.21). According to [HM03] we receive from this with the definition of J and (5.17)
the following formula for the cost function of the shape optimization problem

J (γ) = J(γ,xd(γ)) + p(γ)T (F (γ,xd(γ)) . (5.24)

Now we assume that the adjoint variable p is continuously differentiable with respect
to the shape variable and thus we obtain with the chain rule the following expression
for the shape gradient:

∇γJ (γ) = ∇γJ(γ,xd(γ)) + (Dγxd(γ))
T ∇xd

J(γ,xd(γ))

+ (Dγp(γ))
T
F (γ,xd(γ))

+ (DγF (γ,xd(γ)))
T
p(γ) + (Dγxd(γ))

T Dxd
F (γ,xd(γ))p(γ)

= ∇γJ(γ,xd(γ))

+ (Dγxd(γ))
T (∇xd

J(γ,xd(γ)) +Dxd
F (γ,xd(γ))p(γ))

+ (Dγp(γ))
T
F (γ,xd(γ))

+ (DγF (γ,xd(γ)))
T
p(γ), (5.25)

where Dγ(·) : Rk → Rk × Rd denotes the Jacobian of the respective function with
respect to the shape variable. If xd(γ) solves the state equation and p(γ) solves the
adjoint equation we receive from (5.25)

∇γJ (γ) = ∇γJ(γ,xd(γ)) + (DγF (γ,xd(γ)))
T
p(γ). (5.26)

Thus we have now a method for derivation of the shape gradient for a smooth
shape optimization problem available. Now we transfer this technique to our spe-
cific shape optimization problem (4.32) which is obviously of the form (5.14) with
xd(γ) = ud(γ) ∈ Kνd. Because we aim on maximization of W in (4.32) the cost
function J : U ×Kνd → R is given by

J(γ,ud(γ)) = −
m
∑

e=1

2
∑

i=1

Gν([ueν(γ, ξei(γ))])|Je(γ)|, (5.27)

and the mapping F : U ×Kνd → Kνd is given by

F (γ,ud(γ)) = Astif (γ)ud(γ) +Apen(γ,ud(γ))ud(γ) + fEMM
coh (γ,ud(γ))− fd.

(5.28)

We first notice that J : U ×Kνd → R according to (5.27) is continuously differentiable
on U × Kνd. Furthermore, the function F : U × Kνd → Kνd according to (5.28) is
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continuously differentiable on U ×Kνd. It is easy to transfer the proofs for existence
and uniqueness derived in Section 3.1 to the discretized version of the energy mini-
mization problem. Thus we may assume that adequate conditions as formulated in
Theorem 3.5 are fulfilled so that the solution ūd of the state equation

Astif (γ)ūd +Apen(γ, ūd)ūd + fEMM
coh (γ, ūd)− f d = 0, (5.29)

is unique. Thus all conditions for the applicability of the duality approach for deriva-
tion of the shape gradient are fulfilled. With the adjoint variable p(γ) differentiable
with respect to the shape variable the adjoint equation takes the form

(

Astif(γ) +Apen(γ, ūd) +Acoh(γ, ūd)

)

p̄ = ∇ud
J(γ, ūd), (5.30)

where Acoh has to be assembled elementwise by the local contributions Ae
coh for each

cohesive element according to formula (4.26). The gradient ∇ud
J(γ, ūd) has to be

assembled elementwise by the local contributions ∇ueJ
e(γ, ūe) given by

∇ueJ
e(γ, ūe) = −

2
∑

i=1

dGν

ds
([ueν(γ, ξei(γ))])|Je(γ)|

= −
2
∑

i=1

tν(u
T
e Bν)Bν|Je(γ)|, (5.31)

with [ūeν(γ, ξei(γ))] = ūT
e Bν, with B evaluated in the integration point ξei(γ) and

ν unit vector to element e. For the calculation of the shape gradient we consider the
entries of ∇γJ (γ) separately. We again use the notation (·)′ := d

dγl
for the derivative

with respect to the l-th entry of the shape variable and obtain from (5.24) with ūd

solves (5.29) and p̄ solves (5.30)

J ′(γ) = J ′(γ, ūd) + p̄TF ′(γ, ūd). (5.32)

With [ūeν(γ, ξei(γ))] = ūT
e Bν, with B evaluated in the integration point and ν unit

vector to element e we obtain

J ′(γ, ūd) = −
m
∑

e=1

2
∑

i=1

(

dGν

ds
(ūT

e Bν)ūT
e Bν ′|Je|+Gν(ū

T
e Bν)|Je|′

)

.

The shape derivative of F (γ, ūd) can be calculated as

F ′(γ, ūd) = A′
stif (γ)ūd +A′

pen(γ, ūd)ūd + f
′EMM
coh (γ, ūd), (5.33)

where the shape derivative of the stiffness matrix A′
stif and the penalization matrix

A′
pen are assembled from the local contributions A

′e
stif and A

′e
pen according to (5.8)

and (5.13), respectively. The value of f
′EMM
coh can be assembled elementwise from the
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local contributions f
′eEMM
coh , with

f
′eEMM
coh (γ, ūe) =

2
∑

i=1

(

t′ν(ū
T
e Bν)Bν + tν(ū

T
e Bν)Bν ′

)

|Je|+ tν(ū
T
e Bν)Bν|Je|′

=
2
∑

i=1

(

dtν
ds

(ūT
e Bν)ūT

e Bν ′Bν + tν(ū
T
e Bν)Bν ′

)

|Je|

+ tν(ū
T
e Bν)Bν|Je|′. (5.34)

For setup of the shape gradient in (γ, ūd) we thus first solve the state equation (5.29)
to obtain ūd, which we then use to set up the adjoint equation (5.30). From the
solution of the adjoint equation we obtain p̄, which we use together with ūd to set up
the entries of the shape gradient according to (5.32).

5.3. Sub-gradient information for shape optimization problem

with consideration of tangential crack openings

As already mentioned the variational inequality in shape optimization problem (4.33)
can lead to nondifferentiability of the shape-state mapping. According to [HM03]
this nondifferentiability would not occur if the weakly active set (compare (5.44)) for
the variational inequality was empty. This would with the continuous differentiabil-
ity of the cost function immediately result in smoothness of the shape optimization
problem (4.33). But the involved nonlinear problem formulation of (4.33) prevents
us from proving that the strict complementarity condition is always fulfilled. Specific
cost functionals allow to show that smoothness is maintained although the shape-
state mapping is nonsmooth on the weakly active set (see [HM03]). But for our
cost function in (4.33) this theory is not applicable. Thus we have to deal with
the potential nonsmoothness of shape optimization problem (4.33). In [HL11] and
[LHZ01] penalty approaches to variational inequalities are proposed which overcome
the difficulty caused by the occurrence of weakly active sets. We instead apply in the
following a theory for derivation of sub-gradient information to our shape optimiza-
tion formulation (4.33) which applies for nonsmooth problems. As for our discretized
setting solvers exist which can use this sub-gradient information for optimization (see
Section 6.2.3) application of any penalization technique as proposed in the literature
is not required.

We use the concept of so-called sub-gradients to derive first order information for
the potentially nonsmooth shape optimization problem (4.33). Sub-gradients of a
nonsmooth function serve as a substitute for the gradient of a smooth function. For a
real valued Lipschitz-continuous function J : Rd → R a generalized derivative proposed
by Clarke ([Cla75]) called generalized directional derivative of J at γ in direction w
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is given by

J0(γ,w) := lim sup
γ′→γ,t→0

J(γ ′ + tw)− J(γ ′)

t
. (5.35)

With the help of J0(γ, ·) the so called generalized gradient of J at γ denoted by ∂J(γ)
is given by

∂J(γ) = {κ ∈ Rd|κTw ≤ J0(γ,w) ∀w ∈ Rd}. (5.36)

The elements of ∂J(γ) are called sub-gradients of J at γ. If J is continuously differen-
tiable at γ then J0(γ,w) = ∇J(γ)Tw and thus ∂J(γ) = ∇J(γ) (compare [OKZ98]).

We follow the approach explained in [OKZ98] to derive sub-gradient information for
our shape optimization problem (4.33). We first rephrase some main steps of the
technique from [OKZ98] before we transfer the method for setup of sub-gradient
information for our specific shape optimization problem. As further information on
the theory discussed in [OKZ98] we have listed some main theorems and aspects
from this literature in the Appendix A. We start with consideration of the following
variational inequality:
Find xd ∈ K(γ) such that

F (γ,xd)
T (vd − xd) ≥ 0 ∀vd ∈ K(γ), (5.37)

with shape variable γ ∈ U and U ∈ Rd and state variable xd ∈ K(γ), where the
nonempty closed convex set K(γ) ⊂ Rk containing the constraints for the variational
inequality is given by

K(γ) := {vd ∈ Rk|hi(γ, vd) = 0, i = 1, ..., l, gj(γ, vd) ≤ 0, j = 1, ..., s}. (5.38)

We assume that F : U ×Rk → Rk is continuously differentiable on U ×Rk. According
to [OKZ98] the KKT system for (5.37) can be written with

H := (h1, ..., hl)T and G := (g1, ..., gs)T

as so called generalized equation (GE) in the form

0 ∈





LD(γ,xd,µ
1,µ2)

H(γ,xd)
−G(γ,xd)



+NRk×Rl×Rs
+
(xd,µ

1,µ2), (5.39)

with the so called D-Lagrangian

LD(γ,xd,µ
1,µ2) = F (γ,xd) +

l
∑

i=1

µ1
i∇xd

hi(γ,xd) +

s
∑

i=1

µ2
i∇xd

gi(γ,xd). (5.40)
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The normal cone NRk×Rl×Rs
+
(xd,µ

1,µ2) is defined by

NRk×Rl×Rs
+
(xd,µ

1,µ2) = {κ ∈ Rk × Rl × Rs|κT (v − (xd,µ1,µ2)
T ) ≤ 0

∀v ∈ Rk × Rl × Rs
+}.

We assume that H and G are twice continuously differentiable on U×Rk and for each
γ ∈ U the map H(γ, ·) is affine and gi(γ, ·) is convex on Rk, i = 1, ..., s. In [OKZ98] is
shown that GE (5.39) and variational inequality (5.37) are equivalent if the extended
slater constraint qualification (ESCQ) (see Appendix A) holds. Following [OKZ98]
we denote for a reference point (γ̄, x̄d, µ̄

1, µ̄2) by

I(γ̄, x̄d) := {i ∈ {1, 2, ..., s}|gi(γ̄, x̄d) = 0} (5.41)

the set of active inequality constraints and by

L(γ̄, x̄d) := {1, 2, ..., s}\I(γ̄, x̄d) (5.42)

the set of inactive inequalities. As in [OKZ98] we further decompose the set of active
inequality constraints for µ2 into the set of strongly active inequalities

I+(γ̄, x̄d, µ̄
2) := {i ∈ I(γ̄), x̄d|µ̄2

i > 0} (5.43)

and the set of weakly active inequalities

I0(γ̄, x̄d, µ̄
2) := I(γ̄, x̄d)\I+(γ̄, x̄d, µ̄

2). (5.44)

The cardinalities are denoted as a = |I(γ̄, x̄d)|, a+ = |I+(γ̄, x̄d, µ̄
2)| and a0 =

|I0(γ̄, x̄d, µ̄
2)|. We use the notation of [OKZ98] where the mentioned index sets

serve as vector and matrix subscripts. We also work with the family P(I0(γ̄, x̄d))
of all subsets of I0(γ̄, x̄d, µ̄

2). Following [OKZ98] we denote the single elements of
P(I0(γ̄, x̄d)) by Mk(γ

0, x̄d), where k runs over a suitably chosen index set K(γ̄, x̄d).
Since Mk(γ̄, x̄d) ⊂ I0(γ̄, x̄d, µ̄

2), we denote |Mk(γ̄, x̄d)| by a0i for k ∈ K(γ̄, x̄d).

The map S : U  Rk, given by S(γ) = {xd ∈ Rk|F (γ,xd)
T (vd − xd) ≥ 0 ∀vd ∈

K(γ)}, which assigns each γ ∈ U a solution set of (5.37) is defined as so called
solution map in [OKZ98]. In [OKZ98] is proven that, if the so called strong regularity
condition (SRC) (see Appendix A) holds at a reference point (γ̄, x̄d, µ̄

1, µ̄2), then for
each ε > 0 there exists a neighborhood Uε of γ̄ and Vε of x̄d, such that the map
γ → ∫ (γ) := S(γ) ∩ Vε is single-valued and Lipschitz on Uε. Thus the existence of
operators ∫1, ∫2, ∫3 with ∫ = (∫1, ∫2, ∫3) is guaranteed and directional derivatives can
be set up (compare Appendix A). Now we consider the MPEC

min J(γ,xd)
s.t

(xd,µ
1,µ2) solves GE (5.39)

γ ∈ U ,
(5.45)
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where U ⊂ Rd is a nonempty closed subset.

To apply the duality approach to (5.45) for derivation of the shape gradient we assume
that GE (5.39) is strongly regular at the solution (γ̂, x̂d) of (5.45). This guarantees
that there exist neighborhoods Uε of γ̂ and Vε of x̂d and a directional differentiable
Lipschitz selection ∫ : Uε → Rk of S such that ∫ (γ̂) = x̂d and ∫ (γ) = S(γ) ∩ Vε for
all γ ∈ Uε. Thus problem (5.45) can be simplified to

minΘ(γ)
s.t

γ ∈ U ∩ Uε,
(5.46)

with Θ(γ) = J(γ, ∫1(xd)). For derivation of an outer approximation of the sub-
differential ∂Θ(γ) according to [OKZ98] a linear system to derive the dual variables
pk, qk, rk has to be established. This is summarized in the following theorem from
[OKZ98].

Theorem 5.1:
Let (γ̂, x̂d, µ̂

1, µ̂2) be a (local) solution of the MPEC (5.45) and J does not depend on
µ̂1 and µ̂2 and assume that this GE is strongly regular at (γ̂, x̂d, µ̂

1, µ̂2) and for all
k ∈ K(γ̂,xd) the vectors p̂k, q̂k, r̂k are the (unique) solutions of the following adjoint
equations:

Dxd
LD(γ̂, x̂d, µ̂

1, µ̂2)Tpk +Dxd
H(γ̂, x̂d)

Tqk

−Dxd
GI+∪Mk

(γ̂,xd)
Trk = ∇xd

J(γ̂, x̂d),
Dxd

H(γ̂, x̂d)p
k = 0,

Dxd
GI+∪Mk

(γ̂, x̂d)p
k = 0.

(5.47)

Then, with Θ(γ) = J(γ, ∫1(x̂d)) one has

∂Θ(γ̂) ⊂∇γJ(γ̂, x̂d) + conv
{

− (DγL
D(γ, x̂d, µ̂

1, µ̂2))T p̂k

− (DγH(γ, x̂d)
T q̂k + (DγGI+∪Mk

(γ, x̂d))
T r̂k|k ∈ K(γ, x̂d)

}

. (5.48)

If the assumptions that J is continuously differentiable on U × Rk, that S is sin-
gle valued on U and that the considered GE is strongly regular at all points (γ,xd)
with γ ∈ U and xd = S(γ) are fulfilled, then, in virtue of Theorem A.3 (com-
pare Appendix A) problem (5.45) has a solution. The following theorem taken from
[OKZ98] shows how to establish one sub-gradient of ∂Θ(γ).

Theorem 5.2:
Let the relations (A.27) set up in Appendix A be fulfilled for k ∈ K(γ̄, x̄d). Then,
with the vector variables p̂k, q̂k, r̂k as solutions of the adjoint equation (5.47) with

74



Chapter 5. Shape sensitivities

(γ̂, x̂d, µ̂
1, µ̂2) replaced by (γ̄, x̄d, µ̄

1, µ̄2) and with Θ(γ) = J(γ, ∫1(γ)) we have

ζ = ∇γJ(γ, x̄d)−DγL
D(γ, x̄d, µ̄

1, µ̄2)T p̂k

−DγH(γ, x̄d)
T q̂k +DγGI+∪Mk

(γ, x̄d)
T r̂k ∈ ∂Θ(γ).

(5.49)

Thus for each choice of Mk ⊂ P(I0) another sub-gradient in ∂Θ is available. Now we
consider our specific shape optimization problem (4.33) with the shape variable γ, the
state variable xd(γ) = (ud(γ),λd(γ)), the continuously differentiable cost function
J : U ×K → R

J(γ, (ud(γ),λd(γ))) = −
m
∑

e=1

2
∑

i=1

Gν([ueν(γ, ξei(γ))])|Je(γ)|

−
m
∑

e=1

2
∑

i=1

Gτ (λei(γ))|Je(γ)|, (5.50)

the continuously differentiable function F : U × K → K

F (γ, (ud(γ),λd(γ))) = ∇(ud,λd)T
λ
d (γ,ud(γ),λd(γ))

=

(

Astif (γ)ud(γ)− fd + fEMM
coh (γ,ud(γ))

fλ(γ,λd(γ))

)

, (5.51)

and the non-empty, closed, convex set K = Kd
λ. We notice that we minimize −W as we

aim on maximization of the fracture energy. Furthermore, we numerically remove the
according degrees of freedom so that the Dirichlet conditions are always fulfilled and
the consideration of equality constraints in our further examinations is not necessary.
But the state problem is constrained by the following inequality constraints:

gi(γ, (ud,λd)) =

{

−uT
e B(ξe1)ν with e = i+1

2
for i odd,

−uT
e B(ξe2)ν with e = i

2
for i even,

(5.52)

i = 1, ..., 2m,

gi(γ, (ud,λd)) =

{

−uT
e B(ξe1)τ − λei with e = i+1−2m

2
for i odd,

−uT
e B(ξe2)τ − λei with e = i−2m

2
for i even,

(5.53)

i = 2m+ 1, ..., 4m, and

gi(γ, (ud,λd)) =

{

uT
e B(ξe1)τ − λei with e = i+1−4m

2
for i odd,

uT
e B(ξe2)τ − λei with e = i−4m

2
for i even,

(5.54)

i = 4m + 1, ..., 6m, with the two integration points ξei, i = 1, 2 of element number
e. The functions gi, i = 1, ..., 6m are linear with respect to the shape and the state
variable and thus twice continuously differentiable. Notice that we did not mark the
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dependence of ud, ue, λd, ν, and τ on γ here explicitly to simplify the notations. We
can write the constraint functions (5.52), (5.53), (5.54) in a compact way as

G(γ, (ud(γ),λd(γ))) = Ac(γ)

(

ud(γ)
λd(γ)

)

, (5.55)

with an adequately defined 6m × (2M + 2m) matrix Ac(γ) which is dependent on
the shape variable γ but independent of the state variable (ud,λd). The set U is
with the choice of adequate bound constraints non empty and the solution map is for
our specific state problem single valued because of the unique solvability of the crack
problem. Thus the only conditions which still have to be verified for applicability of
the method for derivation of the sub-gradient is that SRC and ESCQ hold. For fixed
γ̄d there exist (ūd, λ̄d) = (ud(γ̄),λd(γ̄)) such that all gi(ūd, λ̄d) < 0, i = 1, ..., 6m
so that the ESCQ is fulfilled. We assume that the SRC is fulfilled and discuss our
arguments for this assumption at the end of this section. Now we can set up the D-
Lagragian for our optimization problem (4.33) with Lagrangian multiplier µ(γ) ∈ R6m

in the form

LD(γ, (ud(γ),λd(γ))) =

(

Astif (γ)ud(γ) + fEMM
coh (γ,ud(γ))− f d

fλ(γ,λd(γ))

)

+
6m
∑

i=1

µi(γ)∇(ud,λd)g
i(γ,ud(γ),λd(γ)))

=

(

Astif (γ)ud(γ) + fEMM
coh (γ,ud(γ))− f d

fλ(γ,λd(γ))

)

+Ac(γ)
Tµ(γ).

We note that the continuous counterpart pi ∈ H−1/2(ΓC), i = 1, 2, 3 of the Lagrangian
multiplier µ, where p1 is the Lagrangian multiplier for the restriction −[uν ] ≤ 0 on
ΓC , p2 is the Lagrangian multiplier for the restriction [uτ ] − λ ≤ 0 on ΓC and p3 is
the Lagrangian multiplier for the restriction −[uτ ] − λ ≤ 0 on ΓC in the continuous
minimization problem (3.77), satisfy the following equations

p1 = tν − σν on ΓC

2p2 = |tτ |+ στ on ΓC

2p3 = |tτ | − στ on ΓC .

Obviously, p1 is 0 where [uν] < 0 and measures the distance of the current stress to
the critical stress for the normal direction in any point of ΓC where [uν] = 0. We
notice that for optimal (u, λ) either holds [uτ ] = λ or −[uτ ] = λ. Thus, p2 is 0 where
[uτ ] < 0 and thus [uτ ] < λ and for [uτ ] > 0 it takes the value of |tτ |. Analogously, p3 is
0 where [uτ ] > 0 and thus −[uτ ] < λ and for [uτ ] < 0 it takes the value of |tτ |. Where
uτ = 0 and |tτ | > |στ | holds p2 and p3 measure the distances of the current stress to
the negative and positiv critical stress value in tangential direction in any point of
ΓC , respectively. Where uτ = 0 and |tτ | = |στ | sagain p2 = 0 and p3 = 0 must hold.
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The adjoint equation for the solution (x̄d, λ̄d, µ̄) and for k ∈ K(γ̄, (ūd, λ̄d)) then takes
the form

D(ud,λd)L
D(γ̄, ūd, λ̄d, µ̄)

Tpk

−D(ud,λd)GI+∪Mi
(γ̄, ūd, λ̄d)

Trk = ∇(ud,λd)J(γ̄, ūd, λ̄d, µ̄),
D(ud,λd)GI+∪Mk

(γ̄, ūd, λ̄d)p
k = 0,

(5.56)

which is the same as

(

Astif(γ̄) +Acoh(γ̄, ūd) 0
0 Aλ(γ̄, λ̄d)

)

pk − (AcM(γ̄))Trk =

(

−fEMM
coh (ūd)

−fλ(λ̄d)

)

,

AcM(γ̄)pk = 0,

(5.57)

where Astif , Acoh, Aλ and fEMM
coh are assembled elementwise by their local contribu-

tions according to (4.16), (4.26), (4.27) and (4.23) and fλ is given by (4.24). AcM(γ̄)
is established from Ac(γ̄) by deleting all lines that correspond to

i /∈ I+(γ̄, (ūd, λ̄d)) ∪Mk(γ̄, ūd, λ̄d).

After solution of this system one shape gradient can be set up as

ζ = ∇γJ(γ, (ūd, λ̄d))−DγL
D(γ, (ūd, λ̄d), µ̄)

Tpk +DγGI+∪Mk
(γ, (ūd, λ̄d))

Trk,
(5.58)

where the l-th entry with the notation (·)′ = d
dγl

takes the form

ζl = J ′(γ̂, (ūd, λ̄d))−
((

A′
stif ūd + f

′EMM
coh (ūd)

f ′
λ(λ̄d)

)

+A
′T
cMµ

)

p̄k +A′
cMudr̄

k,

(5.59)

where we did not mark the dependence of several values on γ̄ explicitly. Thereby, J ′

is calculated as

J ′(γ̂, (ūd, λ̄d)) = −
m
∑

e=1

2
∑

i=1

(

dGν

ds
(ūT

e Bν)ūT
e Bν ′|Je|+Gν(ū

T
e Bν)|Je|′

)

−
m
∑

e=1

2
∑

i=1

(

dGτ

ds
(λ̄ei)|Je|′

)

. (5.60)

Furthermore, A′
stif and f

′EMM
coh are assembled elementwise from their local contribu-

tions according to (5.8) and (5.34) and f ′
λ is given by

f ′
λ = (tτ (λ̄11)|J1|′, ..., tτ (λ̄m2)|Jm|′)T . (5.61)
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The quantity A′
cM is set up according to the shape derivatives of the functions

∇(ud,λd)g
j, j = 1, ..., 6m. Thereby, the quantities τ and ν are the only components

dependent on γ. The vectors τ ′ and ν ′ can be calculated as explained in Section 5.1.

We notice that sufficient conditions for fulfillment of SRC formulated in [OKZ98] are
quite technical and difficult to verify for our specific problem formulation. A neces-
sary condition for fulfillment of SRC is the invertibility of the matrix AcI , which is
established from Ac by deleting all lines that correspond to i /∈ I(γ̄, (ūd, λ̄d)). For
the independence of ∇(ud,λd)g

j, j = 1, ..., 6m, which build the rows in AcI an ade-
quate choice of finite element mesh is necessary for our specific problem formulation.
We refer to Section 7.3.6 for further comments on numerical implementation of this
requirement. As for our problem formulation the weakly active set is possibly empty
we decided to choose always Mk = ∅. This is in accordance with the derived theory
and allows to set up sub-gradient information also for the case were I0 = ∅. Thus we
can set up first order information regardless of the fact if strict complementarity is
fulfilled or not.
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6. Numerical solution

We determine the solution of the crack problem for a given load case numerically.
Thereby, we either solve (4.18) to obtain a solution of the discretized variational
equation (4.10) or we solve the discretized energy minimization problem (4.21). In
Section 6.1 we explain three different simulation techniques that we implemented for
this issue in C++. In Section 6.2 we discuss how we carry through shape optimization
numerically. Dependent on the formulation of the shape optimization problem there
exist various optimization tools which can be applied. We comment on the operation
method of several available tools and the coupling to our own code.

6.1. Numerical solution of the crack problem

In Section 6.1.1 we first describe how we numerically determine an unknown crack
path ΓC for a given load case in general. In the subsequent sections we discuss the
different simulation techniques for solution of the crack problem. To approximate the
solution of the variational inequality (3.14) we solve the discretized system (4.18).
For this purpose we developed the so called Adaptive Insertion Method (AIM) which
we explain in Section 6.1.2. For solution of the discretized version of the energy
minimization problem (4.21) we designed the so called Energy Minimization Method
(EMM), which we discuss in Section 6.1.3. Finally, we illuminate in Section 6.1.4 a
simulation technique which is based on the combination of a cohesive element approach
with a Discontinuous Galerkin Method (DGM) as proposed in [MKS04] and describe
our own implementation for this method. Our own code is for all simulation techniques
coupled to the PDE solver Diffpack ([Lan03]).

6.1.1. Numerical determination of an unknown crack path

All considerations in the previous chapters are based on the fact that the crack path
ΓC inside Ω is known. If this is the case we place cohesive elements along that crack
path ΓC at the beginning of the simulation. The solution u∗

d of the discretized version
of the variational equality (4.18) or of the discretized minimization problem (4.21)
then determines the solution of the crack problem for the given load case. Thereby, of
course, also the crack openings [uν] and [uτ ] along the given crack path ΓC are known.
The solution u∗

d then fulfills the discretized version of the variational inequality (3.14)
and therefore also the discretized version of the PDE system (3.4)-(3.13). Particularly
the complementarity conditions (3.11) and (3.12) are fulfilled along ΓC . As described
in Section 3.1.2 these conditions allow two cases to appear. Either the crack openings
are zero along a cohesive element or we have nonzero crack openings. Then discretized
versions of (3.9) and (3.10) imply that the stresses along such a cohesive element are
below the critical stress values. As long as a cohesive element is completely closed
so that [ueτ (ξei)] = 0 and [ueν(ξei)] = 0 in both integration points ξei, i = 1, 2 then
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the behavior along this element is purely, elastic exactly as if no cohesive element
would be there. Therefore, the domain along this cohesive element can be regarded as
uncracked. Just parts of ΓC , where [ueτ ] 6= 0 or [ueν ] 6= 0 for at least one integration
point of the cohesive element are interpreted as crack. At that parts cohesive tractions
are introduced.

If we take as ΓC a large set of potential crack paths at the beginning of the simulation
the simulation procedure will determine the parts of ΓC with nonzero crack opening
which we then denote the ’actual’ crack path. Figure 6.1 illustrates this procedure.
The green curves in Figure 6.1a are the potential crack paths assumed at the begin-
ning of the simulation. The parts of the crack paths colored in red in Figure 6.1b
are the segments where nonzero crack opening is determined by the simulation. The
actual crack path is shown in Figure 6.1c. To make the potential crack set as large as
possible we consider finite element meshes with cohesive elements possibly between all
continuous elements. This means for our grid with rectangular finite elements, that
the whole mesh graph serves as potential crack path. Using this approach a sufficiently
high mesh resolution allows for almost arbitrary crack paths. This results in a rela-
tively high computational complexity arising from the additional degrees of freedom
introduced by the cohesive elements. The method AIM, explained in Section 6.1.2,
thus uses an approximation of the actual crack path by adaptive insertion of cohesive
elements according to a cracking criterion so that the simulation process starts with
a finite element mesh without cohesive elements. Applying the simulation method
EMM, described in Section 6.1.3, the high computational complexity is compensated
by the fact that just one optimization procedure is necessary to determine the whole
crack path. This is in contrast to AIM and the method DGM explained in 6.1.4,
for which successive solutions of nonlinear systems have to be carried through to
determine the crack path step by step.

(a) green: potential crack
paths

(b) red: parts of crack
paths with nonzero
crack opening

(c) red: actual crack path

Figure 6.1: illustration of determination of actual crack path
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6.1.2. Adaptive Insertion Method (AIM)

The simulation idea for AIM is on the one hand based on [CO96] and [PKO99],
where a new crack surface is adaptively created by duplicating nodes along previously
coherent element boundaries. On the other hand AIM draws up on the equivalence of
the constitutive equations with a variational inequality as described in Section 3.1.3.
For AIM the cohesive traction vector t is calculated according to concept II described
in Section 2.2.1 (compare (2.17)). We just use initially rigid laws for this simulation
technique. As explained above, rather than fixing the crack in a given domain we aim
at the determination of the crack path during simulation. Instead of using a huge
set of potential crack paths at the beginning of the simulation we solve the crack
problem within the cracked domain for successive approximations of the crack ΓC by
adaptive insertion of cohesive elements. We start the simulation with a computational
domain discretized by a finite element mesh without cohesive elements, meaning that
the set ΓC is empty. After solution of system (4.18) to determine an approximate
solution to the variational inequality (3.14) we compute the stresses at all boundaries
of continuous elements. For each pair of opposing elements with faces Γ+

e and Γ−
e , we

take into account the tangential component of the stress tensor in normal direction
given by

σeτ = {σ}ijνjτi, (6.1)

and the normal component of the stress tensor in normal direction defined by

σeν = {σ}ijνjνi. (6.2)

Using the notation {·} = 1
2

(

(·)|Γ+
e
+ (·)|Γ−

e

)

the stress components are computed as
mean values of stresses at the two opposing element faces. Then we compare the value
σcomp =

√

β−2σ2
τe + σ2

νe with a scalar value σcrit =
√

β−2σ2
cτ + σ2

cν calculated from the
critical stresses σcν and σcτ of the cohesive laws. If σcomp exceeds the critical value σcrit

we suppose a crack to appear along the considered element side and insert a cohesive
element between the two continuous elements as depicted in Figure 2.1c. We refer to
this cracking criterion as cracking criterion 1 in the following. Another opportunity
is to compare |σeτ | and σeν directly with σcτ and σcν , respectively. We refer to this
cracking criterion as cracking criterion 2 in the following. In each simulation step
we insert at most one cohesive element. If the critical values are exceeded at several
element boundaries, we place the cohesive element at the element side Γemax where the
difference σcomp−σcrit or |στe|−σcτ or σνe−σcν , respectively, takes the highest value.
At all inserted cohesive elements the displacement field becomes discontinuous and
cohesive tractions t([u]) are introduced. With each insertion of a cohesive element
the set ΓC changes and the discretized version of the variational equation (4.18) has
to be solved again. Therefore, during the simulation process system (4.18) has to
be solved repeatedly for successive approximations of the crack ΓC . Because of the
nonlinear dependence of fAIM

coh and AAIM on ud the system (4.18) has to be solved
by a nonlinear solution method. In our implementation we use a damped Newton’s
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method for this purpose. The simulation process for solution of the crack problem
stops when the stresses at all element boundaries have fallen below the critical values
or if the specimen fails completely. At the end of the simulation the cohesive elements
approximate the crack path ΓC . Algorithm 1 summarizes the described procedure.

Algorithm 1 Solution of the crack problem with AIM

1: solve (4.18) for uncracked domain
2: calculate σeτ and σeν at all element sides
3: if cracking criterion fulfilled at one or more finite element sides then
4: insert cohesive element at element side Γemax

5: solve (4.18) for updated ΓC

6: if complete failure of the specimen then
7: STOP
8: else
9: go to line 2
10: end if
11: else
12: STOP
13: actual crack path given by inserted cohesive elements
14: end if

In Section 7.1 we consider load cases, in which we repeatedly apply Algorithm 1 for
successively increased imposed displacements along one part of the boundary. We
solve the crack problem for each imposed displacement. For this purpose, we use the
following convention: Once a cohesive element is inserted between two continuous
elements it stays there for the rest of the simulation process. Thereby, irreversibility
of the cracking process is guaranteed at the discretized level.

6.1.3. Energy Minimization Method (EMM)

One disadvantage of AIM is that the nonlinear system (4.18) has to be solved sev-
eral times because the crack path is approximated step by step. This increases the
computational effort significantly. The development of a further simulation technique
EMM, therefore, aims on determination of the whole crack path within one minimiza-
tion procedure. For EMM the cohesive traction vector t is calculated according to the
concept II described in Section 2.2.1 (compare (2.17)). Thus, cohesive tractions and
energy release rates are formulated in such a way that tν and Gν depend solely on [uν ]
while tτ and Gτ depend solely on [uτ ]. We exclusively use initially rigid laws for this
simulation technique. The solution of the crack problem is obtained by solution of
the energy minimization problem (4.21) with a first order interior point optimization
algorithm called IPOPT (see [WB06]). This algorithm can deal with all constraints
formulated in (4.21). The solution determined by IPOPT then fulfills a discretized
version of the VI (3.14) as well as of the constitutive equations (3.4)-(3.13). We start
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the simulation with a grid containing cohesive elements between all continuous ele-
ments. This means for our grid with rectangular finite elements, that the whole mesh
graph serves as potential crack path. Of course sufficient mesh resolution is required to
cover different cracking phenomena. Algorithm 2 summarizes the operation method
of EMM.

Algorithm 2 Solution of the crack problem with EMM

1: initialize (ud,λd)
2: call IPOPT for solution of (4.21)
3: if stopping criterion not fulfilled then
4: successively evaluate
5: • cost function (4.20)

• gradient (4.22)
• Hessian matrix (4.25)
• constraints in (4.21)

6: for solution of energy minimization problem
7: else
8: stop optimization process
9: actual crack path given by cohesive elements with nonzero crack opening
10: end if

In Section 7.1 we consider load cases, in which we repeatedly apply the described
simulation technique for successively increased boundary displacements. In this case,
we use the following convention: Once a cohesive element is determined as opened
for one load step at the end of one energy minimization procedure it is deleted from
the mesh. The doubled nodes instead stay in the mesh so that the former crack path
is regarded as incipient crack for the following load step and irreversibility of the
cracking process is guaranteed at a discretized level.

6.1.4. Discontinuous Galerkin Method (DGM)

For validation of the simulation methods AIM and EMM for solution of our crack
problem it is helpful to have a technique at hand whose performance has already
been proven in the literature. For that purpose we adapt several techniques of a
simulation method proposed in [MKS04] to set up an own simulation tool which we
call DGM (Discontiuous Galerkin Method). This allows to compare later on results
obtained with DGM with results yielded with our other two simulation techniques
AIM and EMM. In [MKS04] the application of a combination of a DG type method
with an interface approach is proposed. There exists wide literature on the topic
of DG methods. As outlined in [HL02] Nitsche’s method ([Nit71]) can be seen as
the origin of DG methods. For an introduction into general DG methods see for
example [HW08] and [CKS00]. Application of DG methods for solution of problems
in elasticity is discussed in [NR08] and [NR06]. In [SCS09] existence and uniqueness of
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solutions is examined. DG methods in combination with interface approaches applied
for solutions of fracture mechanics problems are furthermore considered in [Sta08] and
[WGM04].

Details for the mathematical background of our simulation method DGM can be
found in [MKS04] and [PLSS11]. Here we just rephrase a few main aspects described
in [MKS04]. As explained in [MKS04] the equilibrium equations for a given crack
in a domain Ω can be formulated separately for the pre-failure and the post-failure
regime. The equilibrium equations for the pre-failure regime are given by

−σij,j(u) = 0 in Ω0,
u = 0 on ΓD,

σij(u)nj = fi on ΓN ,
[σij(u)] νj = 0 on ΓC ,

[u]i = 0 on ΓC ,

(6.3)

while the equilibrium equations for the post-failure regime are given by

−σij,j(u) = 0 in Ω0,
u = 0 on ΓD,

σij(u)nj = fi on ΓN ,
[σij(u)] νj = 0 on ΓC ,

σ+
ijν

+
j = ti on ΓC ,

σ−
ijν

−
j = ti on ΓC .

(6.4)

First we solely consider the pre-failure regime. To receive a weak formulation of (6.3)
with

u ∈ K =
{

u ∈
[

H1(Ω0)
]2

: u = 0 on ΓD

}

the strong form is multiplied with a test function v ∈ K and integrated by parts, so
that we obtain
∫

Ω0

cijklekl(u)eij(v) dΩ−
∫

Γ+

C

σ+
ij(u)ν

+
j v

+
i da−

∫

Γ−
C

σ−
ij(u)ν

−
j v

−
i da,=

∫

ΓN

fivi da.

With the definition ν := ν− = −ν+ we obtain
∫

Ω0

cijklekl(u)eij(v) dΩ+

∫

ΓC

[viσij(u)]νj da =

∫

ΓN

fivi da.

With the continuity of the stresses along ΓC according to the forth line of (6.3) and
the notation {·} := 1

2
((·)+ + (·)−) we obtain

∫

Ω0

cijklekl(u)eij(v) dΩ +

∫

ΓC

{σij(u)}νj [v]i da =

∫

ΓN

fivi da.

Following [MKS04] we add a term for symmetrization to the last equation. Further-
more, weak enforcement of continuity at the interface is achieved by making use of
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Nitsche’s method as proposed in [Nit71]. Thus, the penalization term
∫

ΓC
θ[u]i[v]i da

with penalty parameter θ ∈ R+ is added to the last equation. Thereby, coercivity of
the variational formulation and stabilization of the method for sufficiently large θ is
guaranteed. See [FHW04] for detailed proofs of these statements. References for the
choice of θ can be found in [MKS04]. In conclusion the variational formulation for
the pre-failure regime takes the form

∫

Ω0

cijklekl(u)eij(v) dΩ+

∫

ΓC

{σij(u)}νj[v]i da (6.5)

+

∫

ΓC

{σij(v)}νj [u]i da+
∫

ΓC

θ[u]i[v]i da =

∫

ΓN

fivi da.

For the post-failure regime we obtain according to (6.4) the variational formulation

∫

Ω0

cijklekl(u)eij(v) dΩ +

∫

ΓC

t([u])i[v]i da =

∫

ΓN

fivi da.

For application of DGM the cohesive traction vector t is calculated according to
concept I or II described in Section 2.2.1. Following [MKS04] we introduce a variable
α which takes the value 1 for parts along ΓC where the crack is opened and 0 for parts
at which the crack is closed. Thus we can receive a complete variational formulation
including all explained terms for the pre-failure and the post-failure regime. We
include a further penalization term with penalty parameter ε ∈ R+ in the variational
formulation so that penetration of opposite crack sides is avoided and

[u]iνi ≥ 0 on ΓC

is approximately fulfilled for sufficiently large ε. Thus, the elasticity problem con-
sidered in our studies with DGM consists in finding u ∈ K so that the following
variational formulation is fulfilled for all v ∈ K:

∫

Ω0

cijklekl(u)eij(v) dΩ+

∫

ΓC

(1− α) ({σij(u)}νj [v]i + {σij(v)}νj[u]i) da

+

∫

ΓC

((1− α)θ[u]i + αt([u])i) [v]i da− ε

∫

ΓC

max(0,−[u]iνi)[v]iνi da

=

∫

ΓN

fivi da. (6.6)

For solution of (6.6) we discretize the computational domain with finite elements and
cohesive elements as explained in Section 4.1. This results in a nonlinear system of
equations of the form

ADGM(ud)ud = fd − fDGM
coh (ud), (6.7)

where ud denotes again the discretized displacement field and f d the discretized ex-
ternal load. The nonlinear cohesive traction term fDGM

coh (ud) is the same as fAIM
coh (ud),
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so that it can be assembled by the local contributions according to (4.11). The vec-
tor f eDGM

coh for a specific integration point is just added to the vector fDGM
coh (ud) if

the parameter α for the according element has the value 1. The matrix ADGM is
composed from the elastic stiffness matrix as well as from matrices representing the
symmetrization, stabilization and penalty parts in (6.6). The formulas are rather
technical and therefore not noted down here explicitly. See [Mer06] for more detailed
information. Because of the nonlinear dependence of fDGM

coh and ADGM on ud the
system (6.7) has to be solved by a nonlinear solution method. In our implementation
we use a damped Newton’s method for this purpose. During the simulation process
the discretized version of the variational equation (6.6) has to be solved repeatedly
for successive approximations of the openings along the crack ΓC .

In order to have a huge set of potential crack paths at the beginning of the simulation
available we start with a grid with cohesive elements possibly between all continuous
elements in the whole computational domain. As explained in Section 2.2.1 these
cohesive elements stay closed during the simulation in the pre-failure regime, while
they are opened and cohesive tractions t are introduced in the post-failure regime.
During simulations the parameter α is set to 0 or 1 for each cohesive element separately
according to the stresses at that element. System (6.7) is solved repeatedly for changed
values of α. We use one parameter α for each cohesive element and set this parameter
to zero for all cohesive elements at the beginning of the simulation, which means that
no cohesive element is opened. After solution of (6.7) we compute the stresses at all
boundaries of cohesive elements. Thereby, the tangential component στe = {σ}ijνjτi
and the normal component σνe = {σ}ijνjνi of the stresses in normal direction are taken
into account. We use two different versions of a cracking criterion which decides if
the cohesive element should be opened. On the one hand we compare the value

σcomp :=
√

β−2σ2
τe + σ2

νe (6.8)

with a scalar value

σcrit :=
√

β−2σ2
cτ + σ2

cν . (6.9)

If σcomp exceeds the critical value σcrit in one integration point of a cohesive element
we suppose a crack to appear along this element and set the parameter α to 1. We
refer to this cracking criterion as cracking criterion 1 in the following sections. On
the other hand we compare the values |στe| and σνe directly with the values σcτ and
σcν given by the cohesive laws, respectively, and set α to 1 for a cohesive element
if one of the critical values is exceeded in one integration point of that element. We
refer to this cracking criterion as cracking criterion 2 in the following sections. In each
simulation step we change α for at most one cohesive element. If the critical values are
exceeded at several cohesive elements, we change α for that cohesive element for which
the difference σcomp − σcrit or |στe| − σcτ or σνe − σcν , respectively, takes the highest
value. We denote that element by emax. After changing the value of α the system
(6.7) has to be updated and solved again. The simulation stops when the stresses
at all cohesive elements have fallen below the critical values or if the specimen fails
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completely. At the end of the simulation we interpret similar as for EMM the opened
parts along ΓC as ’actual’ crack path, while we consider the parts of the domain
containing only closed cohesive elements as uncracked. Algorithm 3 summarizes the
presented procedure.

Algorithm 3 Solution of the crack problem with DGM

1: solve (6.7) for α = 0 for all cohesive elements
2: calculate σeτ and σeν at all cohesive elements
3: if cracking criterion fulfilled at one or more cohesive elements then
4: set α = 1 for emax

5: solve (6.7) for updated value α
6: if complete failure of the specimen then
7: STOP
8: else
9: go to line 2
10: end if
11: else
12: STOP
13: actual crack path given by cohesive elements with α = 1
14: end if

In Section 7.1 we consider load cases, in which we repeatedly apply Algorithm 3 for
successively increased imposed displacements along a part of the boundary. We solve
the crack problem with DGM for each imposed displacement. For this purpose we
use the following convention: Once a cohesive element is opened α = 1 is kept for the
the next load step. Thereby, irreversibility of the cracking process is guaranteed at
the discretized level.

6.2. Numerical solution of the shape optimization problem

After the discussion of simulation techniques for solution of the crack problem we focus
now on the numerical solution of the shape optimization problems (4.32) and (4.33).
For this purpose we choose an adequate optimization tool dependent on the respec-
tive formulation of the fiber shape optimization problem. Particularly, we use three
different available optimizer called NOMAD ([AD04], [AD03]), SNOPT ([GMS06],
[GMS05]), and BT ([Sch89], [SZ92a]). NOMAD implements a numerical method
which applies a pattern search technique and, therefore, does not require any first
order information. We explain some details of that pattern search algorithm and
the coupling to our own code in Section 6.2.1. If full gradient information is avail-
able one can use more sophisticated optimization tools like the algorithm SNOPT.
In Section 6.2.2 we explain the basic ideas of this algorithm as well as the coupling
to our code. In the case of nonsmooth optimization problems where sub-gradient in-
formation is available algorithms implementing a bundle method are recommendable.
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For this purpose we use the optimizer BT. In Section 6.2.3 we review the main con-
cepts of that bundle trust region algorithm and explain the coupling to our own code.
Finally, in Section 6.2.4 we comment on some restrictions of the solution techniques
for application to the shape optimization problems (4.32) and (4.33).

6.2.1. Shape optimization without first order information

As a first step towards shape optimization we apply an optimizer which does not
require any first order information (compare [PLSS11]). There are many derivative
free optimization solvers of different type available. Probably the most popular among
these is the Nelder-Mead method (see [NM65]). We have decided to use the solver
NOMAD instead, for which a more rigorous convergence theory is available (compare
[AD04] and [AD03]).

The algorithm NOMAD allows to couple our own implementation of the discretized
shape problem formulations discussed in Section 4.2 to the optimizer as a kind of
black-box. Thereby, NOMAD transfers in each iteration the new values of the shape
optimization variables to our own implementation. Then the cost function is evaluated
by our own code including the solution of the state problem. Afterwards the opti-
mizer NOMAD receives the value of the cost function according to the current shape
variables. The internal calculation of the fracture energy value is not crucial for the
optimization process by NOMAD. Thus NOMAD can be applied to all versions of the
shape optimization problems formulated in Section 4.2. For solution of the state prob-
lem we could use each of the simulation techniques described in Sections 6.1.2 - 6.1.4.
We notice that the fact that NOMAD stops, does not necessarily mean that we in-
deed have found a (local) optimum. The full optimization concept is outlined in the
Algorithm 4.

The optimization solver NOMAD implements a pattern search method for the solution
of constrained nonlinear optimization problems. The underlying algorithm does not
rely on derivative information of any kind. Moreover, no global smoothness assump-
tion is necessary although the quality of convergence depends on local smoothness
of the objective and constraint functions at the limit point. For simply constrained
problems (bound or linear constraints) the algorithm adopts the concept of generalized
pattern search algorithms (GPS) by rejecting infeasible points and selecting adequate
polling directions. We rephrase now the main aspects of the algorithm discussed in
detail in [AD04] and [AD03] to give a short introduction to the method of operation
of NOMAD.

The class of optimization problems treated by NOMAD can be generally written as

min
γ∈U

J (γ)

s.t. C(γ) ≤ 0, (6.10)

where J : U → R∪∞ and C : U → (R ∪ {∞})m are functions with C = (c1, ..., cm)
T ,
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Algorithm 4 Fiber shape optimization with NOMAD

1: INITIALIZATION
2: specify geometry
3: specify control points dr

i , i = 0, ..., nr, r = 0, ..., N ,
4: discretize domain with FEM
5: determine Ar, r = 0, ..., N and HM

6: determine finite element nodes pr
B, r = 0, ..., N and pNB by solving (4.30), (4.31)

7: specify starting values for optimization variables
8: OPTIMIZATION by calling NOMAD
9: apply POLL and SEARCH steps
10: evaluate cost function
11: update dr

i according to values of optimization variables
12: update pr

B and pNB by solving (4.30) and (4.31)
13: compute ΓC and u using AIM, DGM or EMM
14: evaluate W in ΓC and u

15: if stopping criterion satisfied then
16: STOP
17: else
18: go to line 9
19: end if

and U is a full dimensional polyhedron in Rd defined by finitely many nondegenerate
explicit bound and linear constraints and d is the number of optimization variables.
The feasible region with respect to the constraints C(γ) ≤ 0 is denoted by LN . The
combined feasible region with respect to both sets of constraints is U ∩ LN . The
algorithm employs a filter technique to treat LN and a barrier approach to maintain
feasibility with respect to U .
As we have outlined in Section 4.2.2, the only constraints on the shape variables in
the discretized optimization problems are bound constraints. Consequently, we may
assume LN = ∅ and thus rewrite our optimization problem in the standard form

min
γ∈U

−W(γ), (6.11)

with W(γ) = W (γ,u(γ)), where γ is the vector of optimization variables and U
includes all box constraints of the type γi ∈ Ii.

The algorithm NOMAD generates a sequence of iterates {γk} in Rd with non-increasing
objective function values. To this end, so called SEARCH and POLL steps are per-
formed. During a SEARCH step the objective function is evaluated at a number of
points on a grid M in order to try to find a new point that yields a lower objective
function value than the best currently known point. The grid M centered around the
current iterate γk is given by the equation

M(γk,∆k) = {γk +∆kF szs : zs ∈ NsF }, (6.12)
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where ∆k ∈ R+ is a mesh size parameter, sF is the number of columns of the matrix F s

and F s is a finite matrix whose columns in Rd represent search directions (see [AD03]
for details). The strategies for the SEARCH may be various. The so called POLL
steps are performed if the SEARCH step fails in finding an improved grid point. In
case of a POLL step, the objective function value is calculated at neighboring points
around γk on the so called POLL set Pk = {γk} ∪ {γk + ∆kds : ds ∈ F k} for some
positive spanning matrix. The columns of F k are chosen from those of F s. If the
POLL step fails in finding an improved mesh point then γk is said to be a mesh local
optimizer. In this case the mesh is refined by adjustment of the mesh size parameter
and γk+1 is set to γk. In the other case, if by SEARCH or POLL steps an improved
mesh point γk+1 has been found then the mesh size parameter is kept or increased
and a new iteration is started. In [AD04] further explanations for updating the mesh
size parameters are given. The algorithm stops after a certain predefined number of
iterations, or if a function value based stopping criterion is satisfied. A convergence
result for this procedure is given in [AD04].

6.2.2. Shape optimization with gradient information

Sparse sequential quadratic programming (SQP) techniques are recommendable meth-
ods for solution of smooth nonlinear optimization problems if gradient information is
available. Many commercial optimization tools incorporate such a technique. We refer
to [AHH94] for an overview of several methods for optimization of nonlinear problems.
We decided to use the optimization algorithm SNOPT for application to our shape
optimization problem (4.32) as this tool implements one of the current state of the
art algorithms to treat smooth nonlinear optimization problems. Thereby, less matrix
computations and fewer function evaluations are required than by other nonlinear
algorithms (compare [GMS06]).

As the shape optimization problem (4.32) is smooth and we have already derived
shape gradient information in Section 5.2 we can directly apply SNOPT. During the
shape optimization process several cost function and shape gradient evaluations are
necessary for which SNOPT transfers the current values of the shape variables to
our own code. Then, if cost function evaluation is required our code first solves
the state problem, afterwards calculates the accordant value of W , and transfers
the information to SNOPT. If evaluation of the shape gradient is required our own
implementation solves first the state equation (5.29), then the adjoint equation (5.30)
and afterwards sets up the shape gradient according to (5.32) to transfer it to SNOPT.
The optimizer SNOPT is coupled to our own code by an interface so that exchange of
further information is possible. An overview to the optimization concept with SNOPT
is outlined in the Algorithm 5.

We discuss now some details of the method of operation of SNOPT. This optimizer can
handle optimization problems with linear or nonlinear objective functions subjected to
linear and nonlinear constraints. If only the objective is nonlinear, and the problem is
just linearly constrained then the problem can be solved more easily than the general

90



Chapter 6. Numerical solution

Algorithm 5 Fiber shape optimization with SNOPT

1: INITIALIZATION
2: specify geometry
3: specify control points dr

i , i = 0, ..., nr, r = 0, ..., N ,
4: discretize domain with FEM
5: determine Ar, r = 0, ..., N and HM

6: determine finite element nodes pr
B, r = 0, ..., N and pNB by solving (4.30), (4.31)

7: specify starting values for optimization variables
8: OPTIMIZATION by calling SNOPT
9: if cost function or shape gradient evaluation by SNOPT required then
10: update dr

i according to values of optimization variables
11: update pr

B and pNB by solving (4.30) and (4.31)
12: compute ΓC and u by solution of problem (4.21) with EMM
13: if evaluation of cost function required then
14: evaluate W according to (4.32) in ΓC and u

15: else
16: solve adjoint problem (5.30)
17: set up shape gradient according to (5.32)
18: end if
19: else
20: STOP because some stopping criterion is satisfied
21: end if

case with nonlinear constraints. But for all nonlinear cases, SNOPT applies a SQP
method using limited-memory quasi-Newton approximations to the Hessian of the
Lagrangian ([GMS05]). We notice that for application to shape optimization problem
(4.32) the method is simplified drastically as the shape variables are solely restricted
to bound constraints. Nevertheless, we summarize in the following the method of
operation for the more general case with l linear and the s nonlinear constraints. For
the internal solution SNOPT treats the linear and the nonlinear constraints separately,
so that the accordant minimization problem takes the form

min
γ

J (γ) s.t. (6.13)

blbox ≤ γ ≤ bubox,
lN ≤ G(γ) ≤ uN ,
lL ≤ ALγ ≤ uL,

with lower and upper bounds blbox, bubox on the optimization variable γ ∈ Rd, lower
and upper bounds lN , uN for the nonlinear constraints G(γ) = (g1(γ), ..., gs(γ))

T

and lower and upper bounds lL, uL for the linear constraints ALγ, with the constant
matrix AL ∈ Rl × Rd. Equality constraints are considered by choosing the upper
bounds equal to the lower bounds. For solution of (6.13) with an SQP method SNOPT
converts the linear and nonlinear constraints to equality constraints by introducing
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slack variables sL = (s1, ..., sl)
T , sN = (s1, ..., ss)

T , and s = (sL, sN)
T . Thus, the

problem (6.13) is reformulated as

min
γ

J (γ) s.t. (6.14)

G(γ)− sN = 0
ALγ − sL = 0

blbox ≤ γ ≤ bubox
lN ≤ sN ≤ uN

lL ≤ sL ≤ uL

The SQP algorithm involves major and minor iterations. The major iterations gen-
erate a sequence of iterates {γk} that satisfies the linear constraints and converges to
a point that fulfills the nonlinear constraints and the first-order optimality condition.
At each iterate γk a quadratic subproblem is solved to determine a search direction
for the next iterate. This subproblem takes the form

min
γ,s

fT
k (γ − γk) +

1

2
(γ − γk)

THk(γ − γk) s.t. (6.15)

Aγ − s = b

blbox ≤ γ ≤ bubox
lN ≤ sN ≤ uN

lL ≤ sL ≤ uL

with A =

(

G′(γk)
AL

)

and b =

(

−G(γk) +G′(γk)γk

0

)

,

where G′(γk) = (∇g1((γk), ...,∇gs((γk)))
T . If gradient information is provided then

SNOPT uses fk := ∇J (γk). Otherwise a finite difference scheme is applied to gen-
erate fk as approximation to the gradient. The cost function of the subproblem
(6.15) is a quadratic approximation to a modified Lagrangian, where the matrix Hk

is a quasi-Newton approximation to the Hessian of the Lagrangian and the nonlinear
constraints are linearized. For solution of the subproblem SNOPT applies a reduced-
Hessian active-set method. See [GMS06] for details. After the subproblem has been
solved a line search on the augmented Lagrangian merit function

MM(γ, s,p) = J (γ) + pT (G(γ)− sN) +
1

2
(G(γ)− sN)

TD(G(γ)− sN) (6.16)

is used for computing new estimates. D is a diagonal matrix of penalty parameters
Dii ≥ 0 and p are the dual variables for the nonlinear constraints in (6.14). After
calculation of the solution (γ̂k, ŝk, p̂k) of the subproblem a line search is applied to
determine a step ∆k, with 0 < ∆k ≤ 1 for the current iterate (γk, sk,pk), such that
the new point





γk+1

sk+1

pk+1



 =





γk

sk
pk



+∆k





γ̂k − γk

ŝk − sk
p̂k − pk



 (6.17)
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results in a sufficient decrease in the merit function (6.16). If necessary, the penalties
in D are increased so that descent for MM is ensured. The slack variable sN is
adjusted to minimize the merit function as a function of s prior to the solution of the
subproblem.

6.2.3. Shape optimization with sub-gradient information

During recent years different optimization algorithms have been developed for min-
imization of nonsmooth cost functions. If sub-gradient information for such a cost
function is available the application of algorithms based on the so called bundle con-
cept is advisable. These algorithms allow to use first order information by accumu-
lation of different sub-gradients over past iteration steps for building a model of the
cost function in the current iteration step. One of the first implementation of this
idea was the code M1FC1 by Lemaréchal et al. ([LI85]). For solution of our po-
tentially nonsmooth shape optimization problem we use the algorithm BT developed
and implemented by H. Schramm et al. (see [Sch89], [SZ92a]), which overcomes by
the combination of the bundle concept with a trust region approach several disadvan-
tages of previously developed bundle methods like the crucial choice of an adequate
step length and the poor convergence rate. Additionally this algorithm allows the
application to nonconvex functions.

For solution of shape optimization problem (4.33) we apply the optimization tool BT.
BT requires several evaluations of the cost function as well as information of one
sub-gradient out of the sub-differential. If cost function information is required BT
transfers the current values of the shape variables to our own code. Then, by solution
of the energy minimization problem (4.21) and by calculation of the according fracture
energy the new value of the cost function is determined and transferred from our
own code to BT. If evaluation of some sub-gradient information is required our own
implementation solves the crack problem as well as the adjoint equation (5.57) for the
current values of shape variables and sets up one shape gradient according to (5.58)
to transfer it to BT. Thereby we always choose Mk = ∅ (compare (5.56) and (5.58)).
The optimizer BT is coupled to our own code by an interface so that exchange of
further information is possible. An overview to our shape optimization concept with
application of BT is outlined in the Algorithm 6.

We summarize now the main working steps of the algorithm BT for the case that BT
is applied to convex cost functions (compare [SZ92a]). As the fracture energy function
in (4.33) is generally nonconvex we explain afterwards the extensions implemented in
BT for treatment of nonconvex cost functions (compare [SZ92a]). BT carries through
outer and inner iteration procedures for generation of new approximate solutions of
the optimization problem. Thereby, the trust region radius tr ∈ R is updated and
so called bundle information, which consists of several evaluated sub-gradients, is
collected. At iterate γk the information about previous iterates γ1, ...,γk−1, about
auxiliary points yi, and about sub-gradients f i ∈ ∂J (yi) for i ∈ Jk is available, where
Jk is a nonempty set of indices. The convex cost function J : Rd → R is assumed
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Algorithm 6 Fiber shape optimization with BT

1: INITIALIZATION
2: specify geometry
3: specify control points dr

i , i = 0, ..., nr, r = 0, ..., N ,
4: discretize domain with FEM
5: determine Ar, r = 0, ..., N and Ha

6: determine finite element nodes pr
B, r = 0, ..., N and pNB by solving (4.30), (4.31)

7: specify starting values for optimization variables
8: OPTIMIZATION by calling BT
9: if cost function or sub-gradient information required by BT then
10: update dr

i according to values of optimization variables
11: update pr

B and pNB by solving (4.30) and (4.31)
12: compute ΓC and u by solution of problem (4.21) with EMM
13: if evaluation of cost function required then
14: evaluate W according to (4.33) in ΓC and u

15: else
16: solve adjoint problem (5.57)
17: set up sub-gradient information according to (5.58)
18: end if
19: else
20: STOP because some stopping criterion is satisfied
21: end if

to be locally Lipschitzian and the sub-differential map γ → ∂J (γ) is assumed to be
locally bounded and upper semicontinuous. BT uses a model for the cost function J
of the form

JCP (γk,d) = max
i∈Jk

{

fT
i d− ak,i

}

, (6.18)

where d ∈ Rd is given by d = γ − γk and the linearization error ak,i is calculated as

ak,i := a(γk,yi) := J (γk)− (J (yi) + fT
i (γk − yi)). (6.19)

In the k-th iteration step the direction d is determined as solution of the following
minimization problem

d = argmin

{

JCP (γk,d) +
1

2tr
‖d‖2 | d ∈ Rd

}

, (6.20)

where the term 1
2tr

‖d‖2 takes account of the fact that JCP is just close to γk a good
model for J . The algorithm BT starts with the computation of J (γ0), f1 ∈ ∂J (γ0)
and the choice y0 := γ0, J0 := 1. Afterwards the first inner iteration procedure is
started. Within this inner iteration the running index is superscript j for fixed index
subscript k for iterate γk . At the j-th inner iteration step first the solution dj of (6.20)
is determined. If then a certain stopping criterion is fulfilled BT stops. Otherwise
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the value of yj is calculated as yj := γk + dj and f j ∈ ∂J (yj) is determined.
If that way the current trust region radius and the current model JCP guarantee
sufficient decrease and a substantial change in the CP-model (6.18) for the next outer
iteration then a so called SERIOUS STEP is carried through with the updated values
γk+1 := yj, yk+1 = yj and f k+1 = f j . If otherwise the decrease would be sufficient
but no substantial change in the CP-model (6.18) is expected then the current tjr
is increased for the next inner iteration step. If the CP-model (6.18) seems to be
inappropriate but obviously f j is close to ∂J (γk) then a so called NULL STEP is
applied. For this purpose fk+1 := f j is added to the bundle at γk, but γk+1 := γk

and yk+1 := yk are kept for the subsequent outer iteration. It is guaranteed that f k+1

contributes non redundant information to the bundle. If finally the CP-model (6.18)
seems to be inappropriate and not even f j is close to ∂J (γk) then the trust region
radius tjr is decreased and a new inner iteration is started. Thus, the inner iteration
procedure either stops with achievement of the stopping criterion or with an updated
new iterate γk+1 obtained by a SERIOUS STEP or a NULL STEP. If the outcome of
the inner iteration was a SERIOUS STEP then in the outer iteration the linearization
error is updated according to

ak+1,i = ak,i + J (γk+1)−J (γk)− fT
i dk for i ∈ J,ak+1,k+1 = 0, (6.21)

where the index set J is a subset of Jk chosen as explained in [SZ92a]. If the outcome
of the inner iteration was a NULL STEP then the linearization error is updated
according to

ak+1,i = ak,i for i ∈ I,ak+1,k+1 := a(γk,γk+1). (6.22)

Afterwards the index set is updated to Jk+1 = J ∪ {k + 1} and a new inner itera-
tion procedure is started. In [SZ92a] a detailed convergence analysis with promising
convergence rates is provided for the described procedure for convex functions. Un-
fortunately, as explained in [OKZ98], for nonconvex functions J some changes in the
optimization procedure are necessary which are also implemented in BT but lead to
drawbacks in the convergence behavior. Obviously, for nonconvex J the sub-gradient
inequality

f ∈ ∂J (γ) ⇒ fT (y − γ) ≤ J (y)− J (γ) (6.23)

on which the previously introduced optimization procedure is based is not fulfilled
anymore ∀y ∈ Rd. Therefore, the model JCP has to be changed by replacing ak,i by
bk,i, which is given by

bk,i := max
{

ak,i, c0‖γk − yi‖2
}

, (6.24)

with c0 ∈ R, c0 > 0 fixed. If now the stopping criterion of the algorithm is achieved
then stationarity for the current iterate is not ensured but possibly just approximately
attained. The possibility to increase the trust region radius tjr within the inner it-
eration procedure is furthermore no longer available. Instead a SERIOUS STEP is
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always done if sufficient decrease in the CP-model (6.18) is expected. If this is not the
case but f j is close to ∂J (γk) then a NULL STEP is carried through but just if the
updated model provides a direction d that differs from the unsuccessful previous one.
This additional requirement is necessary for nonconvex functions and automatically
fulfilled for convex ones. If this requirement is fulfilled then either a line search along
γk + sdk is carried through with dk := dj , s ≥ 0 or tjr is decreased and the next inner
iteration step is started. For details we refer to [SZ92a].

6.2.4. Further comments on the fiber shape optimization process

Some general remarks on the limitations of our shape optimization concepts and the
expected results have to be made. First of all, the shape optimization problem may
have several local minima. None of the mentioned optimization tools is capable of
finding global minima. This means that for a nonconvex shape optimization problem
depending on the initial layout one may receive different optimal fiber shapes and
associated values of the fracture energy. Secondly, we notice that the solution of the
crack problem as state problem is implicitly required by evaluation of the cost func-
tion or by request of some first order information. Thus, the only constraints on our
shape optimization problem are bound constraints, which we impose on the optimiza-
tion variables to avoid unreasonable finite element deformations. Therefore, finally,
the particular choice of these bound constraints and of the control points itself has a
strong influence on the optimization process and the optimization results. In order to
avoid such a dependence, one would have to define a convergent discretization scheme
for the continuous problem rather than solving only one discretized optimization prob-
lem. But by refinement of the shape discretization one has to be aware of oscillating
solutions of the shape optimization problems which could possibly be relieved by reg-
ularization techniques (compare [HM03]). We instead consider in Section 7.3 specific
discretizations of the shape in combination with adequate box-constraints so that we
circumvent the problem of oscillations.
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7. Simulation results

In the current section we present several simulation results. We start with a compari-
son and validation of the simulation techniques AIM, EMM and DGM in Section 7.1.
We show that similar results are yielded by the various simulation methods in many
test cases but we reveal also that there exist simulation examples where EMM is the
only one of the three techniques which yields correct results. Afterwards in Section 7.2
we use the results of some of our studies to emphasize that various options exist to in-
fluence the resulting fracture energy for a specific load case. Section 7.2 also motivates
the setup and solution of a fiber shape optimization problem in order to maximize the
fracture energy systematically. Finally, in Section 7.3 we discuss the application of
different numerical optimization techniques to the fiber shape optimization problems
which we formulated in Section 4.2.

7.1. Comparison and validation of the simulation techniques

The different simulation techniques described in Section 6.1 have been developed dur-
ing our research one after another. Of course, we have aimed at an improvement of
the prior method by the development of each new method. The simulation results pre-
sented in the following sections have been obtained during the whole research period
and are, therefore, yielded with the different simulation techniques. We will explain
for all results the applied simulation method. In the current section we comment on
differences, advantages and disadvantages of the various methods before we pass on
to the validation of the simulation techniques.

7.1.1. Comparison of the operation methods of the different simulation
techniques

As we could draw up on the method using the combination of a DG method with the
cohesive element approach for simulation of cracking processes in [MKS04] we started
our research with our simulation technique DGM. Nevertheless, we encountered sev-
eral disadvantages of that technique during our studies. For reasons explained in
Section 6.1.4 the calculation effort for the solution of the resulting nonlinear system
(6.7) is very high. This is a crucial task as the new nonlinear system has to be solved
in each simulation step after the value of the parameter α for one cohesive element
has changed to determine the crack path stepwise. In some of our studies we focus
on the influence of the material parameters on the crack opening and prescribe for
this purpose the crack path at the beginning of the simulation. That way just few
cohesive elements are necessary in the computational domain which reduces the cal-
culation effort drastically. But as the crack is restricted to those prescribed paths the
possibility that the crack might propagate on different paths due to the stresses inside
the material is neglected. This may lead to wrong crack patterns for more complicated
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structures. A further disadvantage of DGM is that the penalization technique some-
times could not avoid slight penetration of opposite crack sides which might lead to
unreasonable stresses and, therefore, to wrong crack patterns. For simulation exam-
ples where non-penetration is a critical task (compare Section 7.1.4) this simulation
technique fails in solving the crack problem correctly.

For the development of the second simulation technique AIM we followed the idea
of adaptive insertion of cohesive elements (see for example [CO96]). Using AIM the
simulation starts with a grid without cohesive elements and cohesive elements are just
inserted one after another where a stress criterion indicates that cracking is expected.
After each insertion of one cohesive element the resulting new nonlinear system has
to be solved. Compared with DGM the calculation effort is reduced significantly
because there are much less nodes necessary in a grid which maintains the same
resolution as for DGM. Similar as DGM also AIM uses a penalization technique to
avoid penetration of opposite crack sides. Thus, for the same reasons as explained
above also this simulation technique sometimes fails in finding a meaningful crack
path where non-penetration is a critical task (compare Section 7.1.4).

For further studies we aimed at the development of a simulation technique which
guarantees that the non-penetration condition is always fulfilled along the crack path.
Furthermore, we tended to find a method which solves the whole crack problem in one
step without the necessity to solve new nonlinear systems repeatedly. Also the calcula-
tion time consuming checking of stress criterions along each single cohesive element or
element boundary of continuous elements should be avoided. The analysis of the crack
problem in Chapter 3 revealed that for a given set of crack paths the displacement
field u as solution of an energy minimization problem fulfills all constitutive equations
of the crack problem (see Chapter 3.1.4). Therefore, on a discretized level and for a
huge set of potential crack paths at the beginning of the simulation the solution u

of the energy minimization problem contains all information necessary to locate the
crack path for a given load case (compare Section 6.1). Thus, the crack path is obvi-
ously attainable within one minimization procedure. Taking that into consideration,
the question arises how to define a meaningful set of potential crack paths at the be-
ginning of the simulation. We confined ourselves with paths along element boundaries
so the whole mesh graph serves as potential crack path. Of course, this means that
again cohesive elements are placed between all continuous elements at the beginning
of the simulation and, therefore, the degrees of freedom are the same as in DGM.
But in contrast to DGM where the nonlinear system has to be solved by a nonlinear
solver repeatedly after each change of α for one cohesive element EMM determines
the whole crack path by one minimization procedure. This reduces the calculation
effort significantly. Furthermore, by application of the optimization algorithm IPOPT
it is possible to guarantee that the solution u∗

d fulfills the non-penetration condition
along the crack path so that no penalization technique is needed for this purpose.
Therefore, EMM did never fail in all our considered numerical experiments in finding
meaningful crack patterns not even for examples with structures under compressive
load (compare Section 7.1.4).
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7.1.2. Comparison of simulation results yielded with AIM with results from the
literature for tensile load

For validation of our simulation techniques we choose at first an experiment from the
literature. In [BFM08] the following 2-d experiment is being discussed: The authors
consider a rectangular domain with a matrix material and a circular fiber inclusion.
A uniform displacement field in vertical direction is imposed on the upper boundary
of the domain, which is increased continuously with time. All other boundaries are
traction free (see Figure 7.1a). The circular inclusion is fixed. The results of this nu-
merical experiment given in [BFM08] compare qualitatively with an actual experiment
reported in [Hul81]. Rather than reproducing the dimensionless material parameters
reported in [BFM08], we use the material parameters as defined in Table 7.1. In addi-
tion to the Poisson ratio νp and the Young’s Modulus E, we have to specify cohesive
parameters. We use different cohesive parameters for the fiber material, the matrix
material and the interface between fiber and matrix. As the fiber should stay fixed
anyway we use high values for the critical energy release rate and the critical stress.
In contrast to that, the cohesive parameters at the interface are chosen in a range for
which debonding at the interface is preferred. This is in accordance with experiments
on TiAl3 and Ti3AlC2 (compare Section 2.2.2). For the experiment in [BFM08] the
traction at the upper boundary of the domain is realized by an imposed displacement
parameterized by a scalar parameter y, which is continuously increased. Then, results

σc(MPa) δc(nm) Gc(J/m
2) E(GPa) νp

matrix 50 7 0.7 156 0.20
fiber 470 5 4.7 297 0.24
interface 5 5 0.05

Table 7.1: material parameters used for different simulation experiments

(a) setup A: fiber fixed,
imposed displacement
y on upper boundary,
other boundaries free

(b) von Mises stresses for
setup A for y < y1

Figure 7.1: setup A and von Mises stresses for numerical experiment with circular
fiber
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for various values of y are reported. We adopt this strategy for our simulations.

We start with a comparison of own simulation results obtained by our simulation
technique AIM with the results computed by existing simulation methods reported
in the literature [BFM08]. We discretize the domain of size 15 × 15 units of lengths

(a) y = y1 (b) y = y2 (c) y = y3

(d) y = y4 (e) y = y5 (f) y = y6

(g) y = y7 (h) y = y8

Figure 7.2: snapshots of the crack evolution for setup A yielded with AIM, cracking
criterion 1, σcτ = 3

4
σcν , tensile load

Figure 7.3: relative distances of snapshot values y1, ..., y8 for setup A yielded with
AIM, cracking criterion 1, σcτ = 3

4
σcν , tensile load
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with 3600 finite elements. The circular fiber has a radius of 5 units of length. The
length of a cohesive element is about 0.25 units of length and the length and width
of a continuous element is also about 0.25 units of length. We assume σcτ = 3

4
σcν and

β = 0.8 and use cracking criterion 1. Figure 7.1b depicts the values of the von Mises
stresses associated with the case y ≤ y1 on a scale running from the lowest to the
highest resulting value of the von Mises stress for that imposed displacement. The
red color indicates high stress values and the blue color low stress values. Clearly, the
maximal values are the stress values close to the top of the inclusion. Snapshots of
the crack evolution for intermediate values of y are depicted in Figure 7.2. Obviously,
for displacements lower than y2, no crack appears. As soon as the displacement
reaches the value y = y2, a crack of finite length brutally appears near the top of the
inclusion. This is depicted in Figure 7.2b. In order to enforce further crack evolution,
a much higher displacement value y3 has to be imposed. As soon as the crack starts to
propagate further, it diverges from the matrix fiber interface into the matrix material
as depicted in Figure 7.2c. Then the crack grows progressively with the increased
displacement y. Figures 7.2d and 7.2e show two examples of the crack state during
this progressive crack growth. If the crack evolution process is investigated in more
detail, it becomes evident that after the brutal crack appearance the crack grows
quite slow into the matrix material, but as soon as it reaches a certain length it
grows faster with respect to the increment of the imposed displacement. As soon as
a critical value y = y7 is reached, the left ligament of the crack breaks brutally to
the left boundary of the domain. Figure 7.2f shows the last step before the brutal
breakage and Figure 7.2g the step when the ligament has broken to one side. After a
slight increase of the displacement to y = y8 also the right ligament breaks brutally
to the right boundary, such that the specimen fails completely (Figure 7.2h). The
relative distances between the considered displacements are depicted in Figure 7.3.

Keeping in mind that the whole setting is symmetric and that it is up on numerics
to which side the crack crosses the material brutally first, we believe that we could
reproduce the results given in [BFM08] fairly well. In contrast to [BFM08] we were
able to show that the brutal crack initiation appears inside the matrix fiber interface
and not just close to it as depicted in [BFM08]. This is due to the fact that our method
allows to model the interface itself and not just the materials beside the interface. Of
course, our results rely on the particular choice of material parameters - especially
the ones of the interface.

7.1.3. Comparison of simulation results yielded with the different simulation
techniques among each other for tensile load

In this section we compare the results obtained by our different simulation techniques
DGM, AIM and EMM among each other. For DGM and EMM we use a finite element
meshes with cohesive elements between all continuous elements. We show that the
three different methods yield similar results for settings where they are all applicable.
For the reasons explained above for such settings non-penetration can not be a critical
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task.

As already mentioned the values of the cohesive parameters take strong influence
on simulation results. Furthermore for DGM and AIM the applied cracking cri-
terion plays a crucial rule, of course. The results obtained by AIM presented in
Section 7.1.2 have been yielded by application of cracking criterion 1, which com-
pares the scalar value σcomp =

√

β−2σ2
τe + σ2

νe as combination of the tangential com-
ponent and normal component of the stresses along an element side with a scalar
value σcrit =

√

β−2σ2
cτ + σ2

cν calculated from the critical stresses of the cohesive laws.
It would be possible to apply the according cracking criterion for DGM but for EMM
the constitutive equations reveal that a rather different cracking criterion is automat-
ically imposed. Thereby, a cohesive element is opened either if |σeτ | exceeds the value
σcτ or if σeν exceeds the value of σcν . Thus, to make the comparison of the different
simulation techniques more reasonable we use for this section cracking criterion 2 for
DGM and AIM (compare Section 6.1.4 and 6.1.2).

For comparison of simulation results received with our different simulation techniques
among each other we choose the same numerical example as described in Section 7.1.2
and depicted in Figure 7.1a. We discretize the domain of size 15 × 15 in a way that
the length of a cohesive element is about 0.25 units of length and the length and
width of a continuous element is also about 0.25 units of length for all simulation

(a) y = y1, DGM (b) y = y1, AIM (c) y = y1, EEM

(d) y = y2, DGM (e) y = y2, AIM (f) y = y2, EMM

Figure 7.4: two snapshots of the crack evolution for setup A yielded with DGM, AIM,
EMM, cracking criterion 2, σcτ = 3

4
σcν , tensile load
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techniques. This means 28800 degrees of freedom for the simulation technique DGM
and EMM. And 7442 degrees of freedom for the starting mesh for AIM. As above the
circular fiber has a radius of 5 units of length. With all three simulation techniques we
receive the result that for the relation between normal and tangential critical stresses
σcτ = 3

4
σcν and with application of cracking criterion 1 as also used in Section 7.1.2,

the crack does not kink into the matrix material but debonds the fiber almost com-
pletely. Figure 7.4 shows the results for the different simulation techniques. After
a brutal crack appearance in the matrix fiber interface at the top of the inclusion
the crack propagates brutally but in several steps inside of the matrix fiber interface
to the bottom of the fiber. Figures 7.4a, 7.4b and 7.4c show the result for a certain
displacement y1 for the simulation techniques DGM, AIM and EMM, respectively.
Figures 7.4d, 7.4e and 7.4f show the results for an increased displacement y2 where
the crack already reaches the bottom of the inclusion for the simulation techniques
DGM, AIM and EMM, respectively. The results obtained with the different simu-
lation techniques are very similar. The fact that the distribution of the von Mises
stresses for the results obtained with EMM look slightly different from the results
obtained with DGM and AIM can be explained by the fact that for the results ob-
tained with DGM and AIM the non-penetration condition along the fiber boundary
is already marginally violated.

To obtain with application of cracking criterion 2 a crack path that kinks into the ma-
trix material the tangential critical cohesive stress σcτ has to be assumed higher than
the normal critical stress σcν . Although this does not fit to the materials mentioned
above we choose for the theoretical study in this section σcτ = 10σcν . Figure 7.6 shows
results obtained with DGM, Figure 7.7 results obtained with AIM and Figure 7.8 re-
sults obtained with EMM at different snapshots for displacement values y1, ..., y6. Note
that y1, ..., y6 might take different values for the different simulation techniques. The
relative distances between the considered displacements are depicted in Figure 7.5
in green for DGM, in red for AIM and in blue for EMM. Figures 7.6a, 7.7a and 7.8a
show the von Mises stresses for a displacement y1 for which no crack has appeared yet.
Obviously the stress fields are very similar for the different simulation techniques and
the highest stresses are close to the top of the inclusion. Figures 7.6b, 7.7b and 7.8b
show the crack that has appeared brutally at a displacement y2. The matrix ma-
terial is depicted in yellow the fiber material in blue and the crack in red. For all
simulation techniques after a further increase of y to y3 the crack grows another
time brutally inside of the matrix fiber interface. The resulting crack path is de-
picted in Figures 7.6c, 7.7c and 7.8c. A displacement y4 is necessary so that the crack
kinks into the matrix material (compare Figures 7.6d, 7.7d and 7.8d). Afterwards
the crack grows continuously with increased displacement y inside the matrix mate-
rial. At a displacement y6 the crack then breaks brutally to one side of the domain
for DGM and AIM and to both sides of the domain for EMM. This is depicted in
Figures 7.6f, 7.7f and 7.8f. The results for the last displacement y5, for which the
crack has still grown continuously is depicted in Figures 7.6e, 7.7e and 7.8e.

Obviously, the resulting crack paths for AIM and EMM are exactly the same, while
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the crack path obtained with DGM is just slightly different. For DGM the point
along the fiber at which the crack kinks into the matrix material lies a bit closer to
the top of the inclusion. Figure 7.5 compares the relative size of the displacements
y1, ..., y6 for the snapshots depicted in Figures 7.6, 7.7 and 7.8. Definitely there are
differences between the values of y2, y3 and y4 for the different simulation methods.
But to assess these differences one has to keep in mind that the increment of the
displacement y is not a continuous but a discrete process. A further refinement of
the step size between two successive steps could possibly bring the values of y2, y3
and y4 more in line for the different simulation techniques. Nevertheless, we obtained
the satisfying result that for all simulation techniques the crack just grows two times
brutally inside of the interface until it breaks into the matrix material. Furthermore,
the continuous growths inside of the matrix material is also quite similar for all three

Figure 7.5: relative distances of snapshot values y1, ..., y6 for setup A yielded with
DGM, AIM, EMM, cracking criterion 2, σcτ > σcν , tensile load

(a) y = y1 (b) y = y2 (c) y = y3

(d) y = y4 (e) y = y5 (f) y = y6

Figure 7.6: snapshots of the crack evolution for setup A yielded with DGM, cracking
criterion 2, σcτ > σcν , tensile load
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(a) y = y1 (b) y = y2 (c) y = y3

(d) y = y4 (e) y = y5 (f) y = y6

Figure 7.7: snapshots of the crack evolution for setup A yielded with AIM, cracking
criterion 2, σcτ > σcν , tensile load

(a) y = y1 (b) y = y2 (c) y = y3

(d) y = y4 (e) y = y5 (f) y = y6

Figure 7.8: snapshots of the crack evolution for setup A yielded with EMM, cracking
criterion 2, σcτ > σcν , tensile load
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simulation techniques. The displacement y6 which causes complete failure is the same
for AIM and EMM, while the complete failure appeared for a slightly lower value of
y6 for DGM. We consider the displacement for which the crack breaks to one side of
the domain for DGM and AIM as the displacement necessary for complete failure,
because the asymmetry is just upon the simulation technique itself.

The considered simulation example confirms our observations during the research that
the different simulation techniques yield quite similar results for load cases where non-
penetration is not a critical task.

7.1.4. Comparison of simulation results yielded with the different simulation
techniques among each other for compressive load

In this section we consider a simulation example where the method EMM clearly
outperforms the methods DGM and AIM. As mentioned above it may be difficult to
handle problems with DGM and AIM where non-penetration is a critical task. This is
especially the case if areas along the crack are under compressive load. As simulation
example we choose a numerical experiment from the literature discussed in [AMM09].
The setting is the same as depicted in Figure 7.1a but now instead of increasing the
imposed displacement y it is stepwise decreased from the starting position y = 0 to
negative values so that the structure is under compressive load. For our simulations
we choose the same meshes and material parameters as described in Section 7.1.3.
The tensile stress in y-direction is depicted in Figure 7.10a. Now the highest stresses
are located at the lower boundary of the inclusion. As we choose the same material
parameters as in Section 7.1.3 the crack initiation is supposed to take place at the
lower boundary of the inclusion.

In [AMM09] results of different simulation methods are reported. The one which is
considered to gain the most realistic results is able to cover shear and opening cracks
and takes the non-penetration condition into account. For the considered test case the

(a) DGM (b) AIM

Figure 7.9: snapshot of the crack evolution for setup A yielded with DGM, AIM,
cracking criterion 2, σcτ > σcν , compressive load
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following cracking process is described in [AMM09]: The crack starts brutally with a
crack path that already reaches the upper boundary of the domain and debonds the
inclusion except of one small part at the bottom of the inclusion. For the next loading
step the inclusion is debonded completely and finally for a higher load another crack
appears brutally deviating from the interface at the bottom of the inclusion to the
lower part of the domain.

Now we compare this results with the results that we obtained with our simulation
techniques. For all three simulation methods the crack initiates brutally at the lower
part of the inclusion in the matrix fiber interface and then propagates inside of the
interface. The displacement for crack initiation is about eight times higher than for
the tensile case. If the value of the penalty factor ε necessary to avoid penetration
for the methods DGM and AIM is chosen very high the methods sometimes fail in
finding any solution because of numerical instabilities. For the results depicted in
Figure 7.9a for DGM and Figure 7.9b for AIM ε are chosen small enough that the
methods have been able to yield a solution. The figures show the results after several
loading steps. For DGM the result looks quite reasonable. Just at the parts where
the crack deviates into the matrix material slight penetration of opposite crack sides
is visible. Nevertheless, the result is completely different from the result reported in
[AMM09]. AIM instead yielded a result that looks more similar to literature where
the fiber is debonded completely. But clearly the several small crack deviations along

(a) y = y1 (b) y = y2 (c) y = y3

(d) y = y4 (e) y = y5 (f) y = y6

Figure 7.10: snapshot of the crack evolution for setup A yielded with EMM, cracking
criterion 2, σcτ > σcν , compressive load
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the interface into the matrix material rely on mistakes due to slight penetration of
opposite crack sides along the fiber matrix interface. We stopped the simulations at
that load steps because we do not expect that further calculations yield the desired
results as given in the literature.

As the method EMM always ensures the fulfillment of the non-penetration condi-
tion we do not expect any difficulties in handling that simulation example. Indeed
EMM yielded results that are comparable with the results presented in [AMM09]:
Figure 7.10b shows the deformed domain for the load y2 for which the crack initiates
brutally in the matrix fiber interface at the lower part of inclusion. After a further
decrement of the displacement to y3 the crack propagates further inside of the inter-
face (Figure 7.10c) until it deviates for a load of y4 into the matrix material (compare
Figure 7.10d). As depicted in Figure 7.10e the next decrement of the displacement
to y5 let the crack break brutally to the upper boundary of the domain. Two steps
further at a load of y6 the crack breaks brutally to the lower part of the domain and
separates the body into pieces. The final crack paths are shown in Figure 7.10f.

The location where the crack deviates into the matrix material at the upper part of
the inclusion depends on the ratio of the critical stresses of the different materials. In
[AMM09] no cohesive effects are considered at all. If we choose material parameters
different from the ones applied above the two crack paths reaching the upper boundary
are joined to one as depicted in Figure 7.11. This result is even more in line with the
result reported in [AMM09].

The final crack path reported in the literature looks very similar to the crack path
presented in Figure 7.10f. As in [AMM09] we observed only brutal crack events instead
of progressive crack propagation as for the tensile load case. The slight differences
at crack initiation are clearly due to the cohesiveness considered in our example.
Therefore, we conclude that EMM works even reliable for experiments where non-
penetration is a critical task while the methods DGM and AIM lead possibly to
misleading results as soon as penetration could not be avoided completely.

Figure 7.11: snapshot of the crack evolution for setup A yielded with EMM, cracking
criterion 2, σcτ > σcν , compressive load, material parameters different
from Table 1
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7.1.5. Studies on the dependence of simulation results on the finite element
mesh

As we restrict the crack paths for all our simulation techniques to the finite element
boundaries the dependence of the crack path on the grid is obvious. Nevertheless, the
results do not differ that much if different resolutions of meshes and various structured
meshes are used. It is a difficult task to construct a mesh with cohesive elements
between all continuous elements if the mesh should be unstructured. Therefore, we
confine our studies on mesh dependencies here to the simulation technique AIM where
we can start the simulation without cohesive elements. As we presented above that the
simulation results of the different simulation techniques are very similar the outcomes
on mesh dependencies presented in this section for AIM suggest similar conclusions for
DGM and EEM. We first investigate the dependence of our simulation results received
with AIM on the grid resolution. We consider three different test cases for that
purpose. For the first two studies, we use finite element meshes with three different
resolutions: a coarse one with 15 × 15 elements (Figure 7.13a), a medium one with
30× 30 elements (Figure 7.13b) and a fine one with 60× 60 elements (Figure 7.13c).
For these studies the modeled domain is of size 15 × 15 units of length and is filled
with isotropic material with Young’s modulus E = 156GPa and Poisson ratio νp =
0.2.

In our first example the lower boundary of the domain is fixed and an imposed dis-
placement is applied to the upper boundary of the domain while the right and left
boundaries are traction free (compare Figure 7.12a). A horizontal incipient crack ex-
ists starting from the middle of the left boundary of the domain. In Figure 7.13 the
distribution of the von Mises stresses and the deformation at the beginning of the
simulation of that load case is shown for all three resolutions. As above in stress plots

(a) setup B: imposed dis-
placement y on up-
per boundary, lower
boundary fixed, other
boundaries free

(b) setup C: boundary
traction at upper
boundary, lower
boundary fixed, other
boundaries free

(c) setup D: matrix with
inclusion, imposed dis-
placement y on up-
per boundary, lower
boundary fixed, other
boundaries free

Figure 7.12: setup for different numerical experiments
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(a) 15 x 15 elements (b) 30 x 30 elements (c) 60 x 60 elements

Figure 7.13: domain and von Mises stresses according to setup B and different grid
resolutions

(a) 15 x 15 elements (b) 30 x 30 elements (c) 60 x 60 elements

Figure 7.14: domain and von Mises stresses according to setup B for intermediate
crack state and different grid resolutions

(a) 15 x 15 elements (b) 30 x 30 elements (c) 60 x 60 elements

Figure 7.15: domain and von Mises stresses according to setup B for final crack state
and different grid resolutions
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blue color indicates low stress values and red color high stress values. Figure 7.14
shows an intermediate state of the cracking process, while Figure 7.15 shows the re-
sult at the end of the simulation just before the whole domain breaks. It is obvious
that the principal crack path is the same for all three different resolutions.

In our second example the lower boundary of the domain is fixed. Moreover, there
is a vertical traction applied to a part of the upper boundary, while the rest of the
boundary is traction free (compare Figure 7.12b). Again, there exists the same incip-
ient crack for all three resolutions. In Figure 7.16 we depict the distribution of the
von Mises stresses and the deformation at the beginning of the simulation. Compari-
son of the simulation results in Figure 7.17 reveals that the different resolutions yield
similar crack pattern also for this test case. Next we want to study the influence of
the structure of meshes on simulation results. Therefore, we consider the same load
case as before (compare Figure 7.12b) for a structured mesh with 120× 120 elements
and same material properties as before. We receive with AIM the crack path depicted
in Figure 7.18a. The application of an unstructured mesh with 16523 elements for
the same load case yields the results depicted in Figure 7.18b. This figure shows that

(a) 15 x 15 elements (b) 30 x 30 elements (c) 60 x 60 elements

Figure 7.16: domain and von Mises stresses according to setup C and different grid
resolutions

(a) 15 x 15 elements (b) 30 x 30 elements (c) 60 x 60 elements

Figure 7.17: domain and von Mises stresses according to setup C for intermediate
crack state and different grid resolutions
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an unstructured mesh can capture details like the curvature of the crack path more
precisely than a structured mesh. Nevertheless, a comparison of the two results re-
veals that a structured mesh yields similar results like an unstructured mesh provided
that the mesh resolution is fine enough. To confirm this statement we compare load-
displacement curves calculated for a structured and an unstructured mesh. For these
studies we use as a third setup depicted in Figure 7.12c, where an inclusion of size
3 × 4 units of length is located inside the domain of 15 × 15 units of length and an
incipient crack is given as indicated in the figure. The material parameters are given
in Table 7.1. The imposed displacement y is increased stepwise starting from 0.00 up
to 0.01 units of length. The resulting crack path for the final displacement of 0.01
units of length is depicted in Figure 7.19a and 7.19b for the structured mesh with
60 × 60 elements and the unstructured mesh with 3513 elements, respectively. We
notice that the displacement in both figures is scaled by a factor of 5. In Figure 7.19c
the normalized load along the upper side of the domain versus the displacement y

(a) structured mesh with 120 ×
120 elements

(b) unstructured mesh with 16523
elements

Figure 7.18: domain and von Mises stresses according to setup C for intermediate
crack state for structured and unstructured mesh

(a) structured mesh with
60× 60 elements

(b) unstructured mesh
with 3513 elements

(c) load-displacement curves

Figure 7.19: crack path and load-displacement curves for different meshes (setup D)
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is depicted for the two different meshes. Obviously, the crack paths obtained from
both meshes yield similar load-displacement curves. This approves the conclusion
that structured meshes yield similar results like unstructured meshes.

7.2. Different possibilities to influence the fracture energy

For the first studies to examine the influence of material parameters on the fracture
energy we simplify the simulation setting in the sense that we prescribe the crack path
at the beginning of the simulation. We justify this simplification by the fact that
we first want to consider the influence of different parameters on specific cracking
processes like fiber debonding and fiber breakage events. Figure 7.20a depicts the
model for a fiber debonding process and Figure 7.20b the model for a fiber breakage
process. At the beginning of the simulation we prescribe the depicted crack path
by placing cohesive elements solely along the assumed crack path. We make use of
the described technique for the results presented in Section 7.2.1. This section is
concerned with the possibilities of increasing the value of the effective fracture energy
Ed by varying different cohesive material parameters. Because of the predefinition
of the crack path the variation of parameters takes no influence on the crack path
itself but may affect the crack opening along the crack path. When studying such
prescribed crack paths, it has to be kept in mind that the supposed scenario can just be
an approximation to realistic situations. The stresses inside realistic materials possibly
make the crack propagate in a different manner than supposed by the prescribed crack
paths. This issue is taken into account if we return to the adaptive determination
of the crack pattern as explained in Section 6.1.1. To distinguish between the two
different simulation settings we call in this section the previously described method
simulation of prescribed crack path and the latter one simulation of free crack paths.

(a) load case and pre-
scribed crack path
modeling fiber de-
bonding

(b) load case and pre-
scribed crack path
modeling fiber break-
age

(c) load case and given
incipient crack for
free crack path simu-
lation

Figure 7.20: load cases and prescribed crack paths used for simulations: b width of the
fiber, l length of the fiber, y imposed displacement, f external traction,
yellow: matrix material, blue: fiber material, red: crack path
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In Section 7.2.2 we show that the influence of the variation of parameters on the
crack path can be taken into account if we do not prescribe the crack path. Finally
Section 7.2.3 examines the influence of different fiber shapes on the resulting crack
paths and motivates the systematic optimization of fiber shapes in Section 7.3.

Parameters with superscript (·)m refer to the matrix material, those with superscript
(·)f refer to the fiber material and those with superscript (·)int refer to the matrix
fiber interface. For simulation results presented in Section 7.2.1 we have used the
initially elastic UBER law according to (2.10) and Figure 2.1a. The influence of tan-
gential crack openings is neglected in Section 7.2.1. For simulation results presented in
Section 7.2.2 and Section 7.2.3 we use initially rigid cohesive laws according to (2.12)
and (2.13) (compare Figure 2.1b). In these sections we pay attention to tangential
cohesive tractions. All cohesive values given below refer to normal crack openings.
The respective values for tangential crack openings can be received by the formulas
explained in Section 2.2.2. As the results presented in the following sections have
been obtained at an early stage of our research they are all yielded with DGM in
combination with the cracking criterion 1 as outlined in Section 6.1.4.

7.2.1. Studies for prescribed crack paths

In the following section we study the possibilities to increase the amount of energy
dissipated by a crack, i.e. the so called fracture energy Ed, for a given load case.
Stresses inside the material inducing crack opening are due to external loads by im-
posed displacements y in our studies. In order to compare the influence of different
cohesive material parameters on the fracture energy for fiber debonding and fiber
breakage we consider separately two prescribed crack paths as depicted in the models
in Figure 7.20a and Figure 7.20b. The matrix material is printed in yellow, the fiber
material in blue and the crack path in red. The imposed displacement y at the upper
boundary is increased during the simulation up to a value so that at each point on
the crack an opening δνmax is reached at which the cohesive tractions are considered
to be zero. The fracture energy Ed is calculated at the end of the simulation. There
exist various possibilities to influence the value of Ed. On the one hand the increase
of Ed can be achieved by adjusting values of the cohesive laws. On the other hand
also varying the crack path by the geometry of the fiber inside the matrix material

σc(MPa) δc(nm) Gc(J/m
2) E(GPa) νp

matrix 140 7 2.6 156 0.20

fiber 410 5 5.7 297 0.24

Table 7.2: elastic and cohesive parameters for matrix and fiber used in Section 7.2.1,
σc critical stress, δc critical crack opening, Gc critical energy release rate,
E Young’s modulus, νp Poisson ratio
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takes influence on the value of Ed. In the studies presented in this section the cohe-
sive parameters for both bulk matrix and fiber have been obtained as explained in
Section 2.2.2. The elastic and cohesive parameters for the fiber and matrix material
are given by the values in Table 7.2.

At first we consider the fiber debonding process (compare Figure 7.20a). Table 7.3
reveals the influence of variation of the critical energy release rate Gint

c of the interface
while the critical stress σint

c is kept constant. Obviously, in the case of fiber debonding,
increasing the value of Gint

c also results in an increase of value of Ed. Examination
of the influence of varying σint

c for constant Gint
c results in the diagram given in

Figure 7.21, where on the horizontal axis the imposed displacement y is depicted
and on the vertical axis the fracture energy Ed. Higher values of σ

int
c yield also higher

fracture energy for constant Gint
c as long as δνmax is not yet reached at all points of the

crack along the interface. But at the end of the simulation almost the same fracture

Gint
c (J/m2) 2 4 6 10

Ed (J/m2) 2.75 3.56 5.50 6.47

Table 7.3: fracture energy Ed for varying critical energy release rate Gint
c and constant

critical stress σint
c

0 50 100 150 200
0

0.5

1

1.5

2

2.5

3

3.5

y(nm)

E
d(J

/m
2 )

 

 

σ
c
 = 50 MPa

σ
c
 = 100 MPa

σ
c
 = 200 MPa

σ
c
 = 300 MPa

Figure 7.21: different curves of fracture energy Ed for increased critical stress values
σint
c , imposed displacement y depicted on the horizontal axis, Ed depicted

on the vertical axis

lf/bf 12/1 3/1 4/3 3/4 1/3

EIF
d (J/m2) 3.38 3.24 3.29 3.18 3.48

ETF
d (J/m2) 5.00 3.83 3.44 3.25 3.05

Table 7.4: fracture energy Ed for different length/ width ratio lf/bf of the fiber
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energy is obviously reached for different values of σint
c . For the fiber parameters

mentioned above and the values Gint
c = 3.5 J/m2, σint

c = 230 MPa for the interface, a
crack inside the fiber (Figure 7.20b) causes higher fracture energy than a crack of the
same length along the interface (Figure 7.20a). In general, increasing the crack length,
of course, also influences the value of Ed. In Table 7.4 the values of the fracture energy
for fiber debonding EIF

d and fiber breakage ETF
d for different length/width ratios are

given. It can be seen that a higher fracture energy is attainable for fiber debonding
than for fiber breakage for lf/bf = 1/3.

We have shown that it is possible to increase the fracture energy by increasing the
value of the critical energy release rate of the interface in the case of fiber debonding.
As we expect corresponding results, if the amount of the critical energy release rate
is increased for the matrix material or the fiber material in the case of fiber breakage,
we conclude that for prescribed crack paths high values of critical energy release rates
should be aspired if one aims at high values of fracture energy for a given load scenario.
The values of critical stress are in this case considered as constant. Ways to realize
different values of Gc, e.g. by changing the chemical composition of the system, can
be explored by further ab-initio calculations. If in the other case the value of critical
stress is changed for constant critical energy release rate then the influence on the
fracture energy is completely different. Only as long as the maximal crack opening is
not yet reached at all crack points there are differences in the amount of Ed visible.
But as soon as all cohesive tractions have disappeared the same fracture energy is
released for different values of critical stress. We, therefore, conclude that regarding
the choice of cohesive parameters for scenarios with prescribed crack paths mainly the
value of critical energy release rate is crucial for the amount of fracture energy and
not so much the value of the critical stress.

Apart from studying the influence of cohesive parameters we have also examined the
influence of the geometry of the fiber on the fracture energy by varying the aspect ratio
of the fiber. Here the most interesting result is that although the amount of critical
energy release rate for the interface has been chosen much lower than for the fiber, it
has been possible to achieve higher values of fracture energy for fiber debonding than
for fiber breakage for a certain aspect ratio. Here the influence of the crack length
itself, which changes for the fiber debonding model with the aspect ratio of the fiber,
overweighs the effect of the cohesive values on the amount of Ed. This indicates that
for the aim of increasing the value of Ed always both topics, cohesive parameters as
well as geometrical aspects influencing the crack length, have to be taken into account.

7.2.2. Studies for free crack paths

In this section we first outline which cracking scenarios are resolvable with the sim-
ulation method of free crack paths with DGM and therefore which effects would be
neglected if one prescribes the crack paths. The crack paths described in the follow-
ing have been obtained stepwise according to the cracking criterion as described in
Section 6.1.4. Pictures representing the stress field display the von Mises stress. Blue
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color indicates low stress values and red high stress values.

As an example of free crack path simulation with DGM we consider a load scenario
as shown in Figure 7.20c with an external traction f , which is applied normally to
the left part of the upper boundary. At the beginning of the simulation there is an
incipient crack given, which is supposed to end right in front of the fiber. The stress
distribution and starting displacement field introduced by that scenario can be seen
in Figure 7.22a. The resulting crack path with the cohesive values Gm

c = 4.9 J/m2,
σm
c = 118 MPa, Gf

c = 5.7 J/m2, σf
c = 410 MPa, Gint

c = 0.5 J/m2 and σint
c = 20 MPa

can be seen in Figure 7.22b. Another example with the same loading conditions and
values for matrix and interface, but with Gf

c = 3.4 J/m2, σf
c = 118 MPa is depicted

(a) stress distribution for in-
cipient crack

(b) resulting crack path for
σf
c = 410 MPa,

Gf
c = 5.7 J/m2, blue: fiber

material, orange: matrix
material

(c) resulting crack path for
σf
c = 118 MPa,

Gf
c = 3.4 J/m2, blue: fiber

material, orange: matrix
material

Figure 7.22: von Mises stress (blue: low stress, red: maximum stress) and resulting
crack paths for simulation example with one fiber and different cohesive
parameter for the fiber material

Figure 7.23: domain with three fibers and incipient crack at the beginning of the
simulation, blue: fiber material, orange: matrix material
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in Figure 7.22c. Obviously different crack paths are obtained for different cohesive
parameters of the fiber material.

The power of the simulation method for free crack paths becomes even more obvious
when we consider the different states of crack advance for another example where
we have placed three fibers inside the matrix material as depicted in Figure 7.23. We
have chosen the shape of the fibers in an arbitrary way just to make the scenario more
challenging. For this example, the interface has been designed to be very weak, by
choosing the values of the critical stress and critical energy release rate for the matrix
material about ten times higher than that for the interface and still higher for the fiber
material. Thus, fiber debonding is more likely to appear than fiber breakage. The load
case is according to Figure 7.20 with an incipient crack given as shown in Figure 7.23.
Figure 7.24a shows the stress distribution and displacement field at the beginning of
the simulation. As can be seen in Figure 7.24b the crack first starts to advance inside
the matrix material. But, as visible in Figure 7.24c, fiber debonding starts as soon as
the stresses along some interface parts are high enough. After debonding of all lower
parts of the fibers has occurred (7.24d), the advanced incipient crack propagates a

(a) (b) (c)

(d) (e) (f)

Figure 7.24: different states of crack advance and associated stress distribution for
material parameters with weak interface, blue: low stress, red: maximum
stress
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bit further inside the matrix material (depicted in Figure 7.24e). Afterwards also the
upper part of the some fibers is debonded (depicted in Figure 7.24f).

The results of Section 7.2.2 indicate that simulation of free crack paths can resolve
the influence of varying cohesive parameters on the crack paths. This effect has been
neglected for prescribed crack paths. It has been shown, that it is possible to resolve
different cracking processes like fiber debonding by the elementwise determination of
the crack paths. It has also been possible to observe crack initiation in different parts
of the material. Some crack parts have propagated independently from each other
according to the given stresses at their tips and some cracks have been linked later on
during the simulation. In this way, the full complexity of crack propagation, including
crack branching and bridging can be captured.

7.2.3. Influence of different fiber shapes on free crack paths

For designing a real material, it is interesting to investigate for which kind of material
parameters it is possible to obtain fiber debonding instead of fiber breakage. Addi-
tionally, the crack path may also change according to different fiber shapes. For that
issue we consider now an example with just one fiber inside the matrix material and
examine the influence of geometrical aspects and material parameters on the crack
path itself. In particular, we aim at studying the influence of the shape of the fiber
boundary facing the crack tip. The elastic and cohesive parameters used in this section
are given in Table 7.5 and Table 7.6. Figure 7.25a shows the stress distributions for

E(GPa) νp σc(MPa) Gc(J/m
2)

matrix 156 0.20 140 2.6

fiber 297 0.24 410 5.7

interface 140 0.26

Table 7.5: elastic and cohesive parameters A for matrix, fiber and interface used in
Section 7.2.3, E Young’s modulus, νp Poisson ratio, σc critical stress, Gc

critical energy release rate

E(GPa) νp σc(MPa) Gc(J/m
2)

matrix 297 0.24 410 5.7

fiber 156 0.20 140 2.6

interface 140 0.26

Table 7.6: elastic and cohesive parameters B for matrix, fiber and interface used in
Section 7.2.3, E Young’s modulus, νp Poisson ratio, σc critical stress, Gc

critical energy release rate
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the load case of Figure 7.20 for different fiber shapes and material parameters accord-
ing to Table 7.5, referred to as material parameter A in the following. The material
parameters B are obtained from the material parameters A by swapping the values
for the fiber and the matrix (see Table 7.6). That means that the matrix is now stiffer
than the fiber. This explains why in Figure 7.25b, the high stress values inside the
matrix material are spread over wider parts of the matrix domain than for material
parameters A. As visible in Figure 7.26a, if the fiber boundary facing the crack tip is
concave and we use material parameters A, the crack advances first straight into the
fiber, then straight through the fiber and takes a curved path through the rest of the
matrix material after leaving the fiber. As can be seen in Figure 7.26b the same is
true for material parameters B. The situation is different for a straight fiber boundary
at the respective side of the fiber. As visible in Figure 7.27a for material parameters
A now a complete different crack pattern is achieved. After the crack has propagated
a bit inside the matrix material, first the upper side of the fiber is debonded (middle
picture) and afterwards the two crack parts are connected by debonding the upper
part of the left side of the fiber. Then the crack deviates from the upper right corner
of the fiber and propagates on a curved path through the matrix material. As can be
seen in Figure 7.27b, for material parameters B the crack takes a similar path as for

(a) stress distribution and displacement for material parameters A (fiber
stiffer than the matrix)

(b) stress distribution and displacement for material parameters B (matrix
stiffer than fiber)

Figure 7.25: stress distribution and displacement for different fiber shapes at the be-
ginning of the simulation, blue: low stress, red: maximum stress, left:
straight edge, middle: convex edge, right: concave edge
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(a) concave fiber boundary, material parameter A (fiber
stiffer than the matrix)

(b) concave fiber boundary, material parameter B (matrix
stiffer than fiber)

Figure 7.26: different states of crack advance for concave fiber boundary, for different
material parameters, blue: fiber material, orange: matrix material

(a) straight fiber boundary, material parameter A (fiber
stiffer than the matrix)

(b) straight fiber boundary, material parameter B (matrix
stiffer than fiber)

Figure 7.27: different states of crack advance for straight fiber boundary, for different
material parameters, blue: fiber material, orange: matrix material
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(a) convex fiber boundary, material parameter A (fiber
stiffer than the matrix)

(b) convex fiber boundary, material parameter B (matrix
stiffer than fiber)

Figure 7.28: different states of crack advance for convex fiber boundary, for different
material parameters, blue: fiber material, orange: matrix material

the concave fiber boundary but with a small part of the fiber debonded and the curved
path already starting inside of the fiber. As can be seen in Figure 7.28a and 7.28b
similar results as for the straight fiber boundary have been received for a fiber shape
where the boundary facing the crack tip is convex.

Concluding the results of Section 7.2.3 a concave fiber shape leads to fiber breakage
in both our examples, while a straight fiber matrix interface leads to fiber debonding
if the fiber is stiffer than the matrix and the cohesive parameters are given as in
Table 7.5. If the matrix is stiffer than the fiber and the cohesive parameters are given
as in Table 7.6 then the crack paths through the fiber is straight if the respective fiber
boundary is convex. The crack path instead is curved if the fiber boundary is straight
or concave. Obviously, it is indeed possible to influence the crack paths by varying the
fiber shape. But it has also been clarified which fiber shapes lead to fiber debonding
and which to fiber breakage always depends on both the geometrical aspects and the
different material parameters used. Keeping in mind the results of Section 7.2.1 an
influence of fiber shapes on the fracture energy is of course also expected. Thus we
consider in the next section systematically the influence of fiber shapes on the fracture
energy.
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7.3. Shape optimization results

In this section we discuss results obtained for the solution of fiber shape optimization
problems (4.32) and (4.33). As explained in Section 6.2 a pattern search algorithm can
be applied without the necessity to derive first order information. Therefore, we can
directly use the algorithm NOMAD for solution of shape optimization problems in-
cluding tangential crack openings without implementation of gradient or sub-gradient
information. In Section 7.3.1 we present some results obtained with this algorithm to
give a first impression what output can be expected by the fiber shape optimization
process. Thereby, the comparison of the results obtained on the one hand with AIM
as solver for the state problem and on the other hand with EMM as solver for the
state problem clarifies once more the advantage of EMM for more complicated struc-
tures. Thus, in Section 7.3.2, Section 7.3.3 and Section 7.3.5 we always use EMM
as solver for the state problem and base that way the numerics on the theory for
the crack and shape optimization problem derived in Chapter 3 - Chapter 5. EMM
can be easily adapted to avoid tangential crack opening and to use a penalization
technique to guarantee non-penetration instead of usage of the accordant constraint
in the energy minimization problem. Both is necessary to allow for solution of the
state problem in (4.32) with EMM. In Section 7.3.2 we discuss some difficulties which
arise by transferring the developed mathematical theory for our shape optimization
problems into a numerical simulation tool and show how we use a regularization tech-
nique for resolution. Then, in Section 7.3.3 we compare results for the solution of
shape optimization problem (4.32) obtained with NOMAD to results obtained with
the first order algorithm SNOPT. In Section 7.3.4 we comment on the influence of
the scaling of cohesive parameters on the solution of the crack problem and show that
for the shape optimization problem (4.33) no regularization is necessary. Afterwards,
we compare in Section 7.3.5 results obtained for the solution of shape optimization
problem (4.33) with the bundle trust region algorithm BT to results obtained with
SNOPT. Finally, in Section 7.3.6 we comment on a few numerical issues concerning
the solution of the crack problem and draw conclusions from the presented shape
optimization results.

We state some preliminary remarks on the setting of our shape optimization problem.
The algorithms NOMAD, SNOPT and BT used for shape optimization are minimiz-
ers so that we have to minimize the negative fracture energy to obtain the desired
goal of maximization of the fracture energy. We notice further that we change the
nominations for simplification of the syntax. In former chapters we often used the
notation shape variable for the vector valued parameter γ ∈ Rd. Now we denote each
entry of γ as shape variable. The shape optimization is always carried out for a model
domain with three fiber inclusions and a static load case, like depicted in Figure 7.12a
but with no incipient crack if not explicitly mentioned. We use different techniques
for parametrization of the fiber shapes. Each fiber boundary is either modeled by
10 or by 20 control points (compare Section 4.2). The control points may only vary
in normal direction to the fiber boundary so that we would end up with 10 or 20
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shape variables per fiber respectively. To keep the number of shape variables small
we couple the control points in the sense that we only use one shape variable for the
three different control points of the three different fibers. That way we end up with
10 or 20 shape variables for all fiber boundaries in total. Furthermore, if we use 20
control points we just use the variation of every second control point as optimization
variable. Hence, we always deal with 10 shape variables for each shape optimization
problem. Unless mentioned differently the shape variables are restricted to intervals
[−0.5, 0.5], respectively. This guarantees that the finite element mesh covers all ex-
treme possible fiber deformations. Of course the described shape discretization takes
strong influence on the optimization results. The applied discretization is sufficient to
reach our goal namely to increase the fracture energy by optimization of fiber shapes.
Furthermore, we encounter and resolve several difficulties that appear in this context
of shape optimization. Therefore, we claim that a further improvement of results by
more accurate shape discretization is just a question of computing power. Finally, we
remark that we are aware of the fact that shape optimization problem (4.33) might
be smooth for special settings. Nevertheless, we use in this section for simplification
of the syntax often the notation nonsmooth shape optimization problem in figure
captions if we refer to shape optimization problem (4.33).

7.3.1. Results obtained with pattern search algorithm

In the following we present some results which are yielded by application of the opti-
mization algorithm NOMAD. The state problem of the shape optimization problem
could be solved by each of the three simulation techniques presented in Section 6.1.
As in each SEARCH or POLL step of the optimization algorithm the state prob-
lem has to be solved we regard the simulation technique DGM as not suited for the
fiber shape optimization process because the solution of the state problem with DGM
would cause too much calculation effort. So we start by application of NOMAD to
the shape optimization problem

max
(γ,ud)∈U×Kd

W (γ,ud(γ)) =

m
∑

e=1

2
∑

i=1

Gν([ueν(γ, ξei(γ))])|Je(γ)| (7.1)

+Gτ ([ueτ(γ, ξei(γ))])|Je(γ)|

s.t. ud(γ) ∈ Kd solves

Astif (γ)ud(γ) +Apen(γ,ud(γ))ud(γ) + fAIM
coh (γ,ud(γ))− fd = 0,

where we solve the state problem with AIM. As described in Section 6.2, each evalu-
ation of the cost functional is based on the solution of an associated crack problem.
For the first two numerical examples carried through with AIM we use the following
convention. Whenever the result of the crack simulation leads to complete failure of
the specimen because the domain has been split into two or more pieces, then we
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(a) starting shapes, 10 control
points, WNAA1 = 1.000

(b) starting shapes, 20 control
points, WNAB1 = 1.515

(c) interim shapes, 10 control
points, WNAA2 = 2.969

(d) interim shapes, 20 control
points, WNAB2 = 1.866

(e) optimal shapes, 10 control
points, WNAA3 = 3.031

(f) optimal shapes, 20 control
points, WNAA3 = 2.674

Figure 7.29: fiber shapes and crack patterns during optimization process for nons-
mooth optimization problem with NOMAD, state problem solved with
AIM, no incipient crack, material and cohesive parameters according to
Table 7.1
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set the value of the cost functional to infinity. This way it is guaranteed that the
crack path associated with the optimal fiber shape does not destroy the specimen
completely. The material parameters used for this first study are chosen according to
Table 7.1.

We obtain the following results for application of NOMAD in combination with AIM:
Figure 7.29a shows the initial fiber shape and the associated crack pattern. Already
several cracks are visible along different parts of the matrix fiber interface. We nor-
malize all energy values by the value corresponding to the fracture energy for this
initial fiber shape so that the (normalized) fracture energy for this initial fiber shape
is WNAA1 = 1.000. Figure 7.29e shows the optimal fiber shape found by the opti-
mization process. The normalized fracture energy associated with the optimal fiber
shapes is increased to WNAA3 = 3.031. We stop the optimization process as soon as
for many successive iteration steps of NOMAD no further decrease in the objective
function has been achieved. Figure 7.29c shows some interim fiber shapes calculated
during the optimization process. Obviously, the fiber shapes are changed only slightly
while the value of the fracture energy increases significantly. In our second example
for application of NOMAD in combination with AIM we use twenty control points
to model each fiber boundary. Figure 7.29b shows the fiber shape and the associated
crack pattern for the initial design. Figure 7.29d shows again some interim designs
and Figure 7.29f shows the optimal fiber shapes with associated state solutions. Obvi-
ously now the fiber shapes change more significantly during the optimization process.
This time, the value of the fracture energy is increased from WNAB1 = 1.515 (initial
design) to WNAB3 = 2.674 (optimal design). The improvement of about 76.5% is
not as significant as in our first example. The reason may be that fiber debonding
phenomena are dominating while in the previous example additional cracks inside the
matrix material are generated.

The huge increase in the fracture energy for the slight change of the fiber shape is
different from our expectation and the shape optimization results are not completely
satisfactory. Therefore, keeping in mind the results presented in Section 7.1.4 the
suspicion arises that AIM does not suit perfectly for the complicated structure of the
domain where possibly the non-penetration condition can become a critical task if
for example large parts of the fibers are debonded. This of course would take strong
influence on the fiber shape optimization results. Therefore, we use in a next step
EMM for solution of the state problem so that the shape optimization problem solved
with NOMAD takes exactly the form as in (4.33):

max
(γ,(ud,λd))∈U×Kd

λ

W (γ,ud(γ),λd(γ)) =
m
∑

e=1

2
∑

i=1

Gν([ueν(γ, ξei(γ))])|Je(γ)| (7.2)

+
m
∑

e=1

2
∑

i=1

Gτ (λei(γ))|Je(γ)|

s.t. (ud(γ),λd(γ)) ∈ Kd
λ solves
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ud(γ)
TAstif(γ)(vd − ud(γ)) + fEMM

coh (γ,ud(γ))
T (vd − ud(γ))

+ fλ(γ,ud(γ))
T (zd − λd(γ))− fT

d (vd − ud(γ)) ≥ 0,

∀(vd, zd) ∈ Kd
λ

The material parameters are for the next examples according to Table 7.1 unless
explicitly mentioned. The fiber boundaries are modeled by 20 control points. Again we
stop the optimization process with NOMAD as soon as for many successive iteration
steps no further decrease in the objective function has been achieved. With application
of EMM for solution of the crack problem it is not necessary to treat complete failure
of the specimen as a special case in the fiber shape optimization process. The fracture
energy for such a case can be calculated without any numerical difficulties.

We obtain the following results for application of NOMAD in combination with EMM:
For the first experiment no incipient crack is assumed. Figure 7.30a shows the initial
fiber shape and the associated crack pattern obtained with EMM. Already several
cracks are visible along different parts of the matrix fiber interface and inside the
matrix material. Again we normalize all fracture energy values by the fracture energy
value according to this initial fiber shape so that the value of the (normalized) fracture
energy for this initial scenario isWNEA1 = 1.000. In Figure 7.30b some interim value of
the fiber shape during the fiber shape optimization process with NOMAD is depicted,
while Figure 7.30c shows the optimal fiber shape found by the optimization process.
The normalized value of the fracture energy associated with the optimal fiber shapes
is WNEA3 = 1.097. So the fracture energy is increased slightly by the optimization
process by 9.7%. Obviously now the influence of the fiber shape on the crack path
is not as strong as in the example above where the state problem is solved with

(a) starting shapes,
WNEA1 = 1.000

(b) interim shapes,
WNEA2 = 1.005

(c) optimal shapes,
WNEA3 = 1.097

Figure 7.30: fiber shapes and crack patterns during optimization process for nons-
mooth optimization problem with NOMAD, state problem solved with
EMM, no incipient crack, material and cohesive parameters according to
Table 7.1

127



Chapter 7. Simulation results

AIM. This affirms the suspicion that AIM has difficulties with a correct solution of
the crack problem for this setting. For the second example with EMM as solver for
the state problem we use again the material and cohesive parameters as given in
Table 7.1 and apply the same load case but now an incipient crack as depicted in
Figure 7.20c is given. Figure 7.31a shows the fiber shape and the associated crack
pattern for the initial design. Figure 7.31b shows some interim shape of the fibers
during the optimization process and in Figure 7.31c the optimal fiber shapes with

(a) starting shapes,
WNEB1 = 0.795

(b) interim shapes,
WNEB2 = 0.896

(c) optimal shapes,
WNEB3 = 1.757

Figure 7.31: fiber shapes and crack patterns during optimization process for nons-
mooth optimization problem with NOMAD, state problem solved with
EMM, incipient crack, material and cohesive parameters according to
Table 7.1

(a) starting shapes,
WNEC1 = 0.789

(b) interim shapes,
WNEC2 = 0.811

(c) optimal shapes,
WNEC3 = 1.132

Figure 7.32: fiber shapes and crack patterns during optimization process for nons-
mooth optimization problem with NOMAD, state problem solved with
EMM, incipient crack, material parameters for matrix and fiber accord-
ing to Table 7.1, cohesive parameters for matrix and interface according
to Table 7.1, cohesive parameters for fiber equal to cohesive parameters
for the interface
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associated state solutions are depicted. This time, the value of the normalized fracture
energy is increased from WNEB1 = 0.795 (initial design) by an amount of 121.0% to
WNEB3 = 1.757 (optimal design). Obviously, for the load case with incipient crack
the fiber shape has a stronger influence on the crack pattern and therefore on the
fracture energy. The improvement is now more significant as in our first example
with EMM. The reason for the huge increase of the fracture energy value rests clearly
upon the fact that much more matrix cracks, which start from the jags of the fibers,
could be generated by the optimization of the fiber shape. In a next step we aim on
achievement of fiber breakage by the shape optimization process. For this purpose we
assume a material with low critical stress values for the fiber material. As one example
for such a material we assume the same cohesive values for the fiber material as for the
interface and keep all other values as given in Table 7.1. Then we receive for the same
load case and incipient crack as described in the last example the cracks depicted in
Figure 7.32a for the initial fiber shape. Here already some fiber breakage processes
are visible and as can be seen in Figure 7.32b this phenomenon could be increased
significantly if the fiber shape is varied during the shape optimization process with
NOMAD. For the optimal fiber shape as visible in Figure 7.32c the fiber splits in
several parts which increases the fracture energy by an amount of 43.4% from a value
of WNEC1 = 0.789 to a value of WNEC3 = 1.132. The low critical stress of course
involves a lower energy release rate for cracks inside of the fiber material. This is the
reason why the increase of the fracture energy for this example is lower than in the
last example although the crack pattern has changed more drastically.

In conclusion we showed that it is possible to increase the fracture energy by opti-
mization of fiber shape with a pattern search algorithm. Furthermore, we observed
that details of the computational problem like small defects (represented by incipi-
ent cracks) and the relation of cohesive parameters of the different materials inside
the domain take strong influence on the simulation results. Clearly, method EMM
should be preferred for shape optimization studies. The simulation results obtained
with EMM seem to be more realistic compared with the results obtained with AIM
in the sense that with EMM strong variation of fiber shape is necessary to influence
the crack pattern slightly. For this reason the optimized fiber shapes differ signifi-
cantly from the initial fiber shapes. As NOMAD is a pure pattern search algorithm
the fulfillment of some general optimality conditions can not be guaranteed. Instead
the simulation ends by a certain stopping condition. We regarded the current fiber
shape as optimal when the value of the fracture energy did not increase significantly
anymore for a specific number of steps. Therefore, in this context, we have to use the
term optimal very carefully. In a next step we thus apply higher order optimization
algorithms which allow the verification of optimality conditions.

7.3.2. Regularization of state problem

Before we apply optimization algorithms using the first order information which we set
up in Chapter 5 we need to reconsider some assumptions that we made for the derived
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theory in Chapter 3 - Chapter 5. We are now again concerned with shape optimization
problems (4.32) and (4.33). We notice that the state problem formulated in (4.32) is
just a special case of the state problem formulated in (4.33). In Theorem 3.5 we set
up conditions which have to be fulfilled so that the solution of the state problem is
unique. The unique solvability of the state problem is a necessary condition for the
continuity of the cost functional of the shape optimization problem with respect to the
shape variable. The continuity itself of course is indispensable for the wellposedness
of the shape optimization problem. Thus unique solvability of the state problem has
to be guaranteed. In practice the conditions formulated in Theorem 3.5 can hardly
be verified. For our problem setting with the choice of material parameters similar
to the one of TiAl3 and Ti3AlC2 we can not ensure that these conditions are always
fulfilled. Furthermore, the optimizer IPOPT which we use to solve the state problem
with EMM is not capable of finding global minima. Thus, the determined solution of
the state problem may be one local minima of the total energy function. Therefore,
IPOPT may jump for slightly changed inclusion shape from one local minimum to
another one resulting in a different crack pattern. This would lead to a significant
difference in the accordant fracture energy value so that the shape-to-fracture energy
mapping becomes discontinuous.

We carry through some preliminary studies to estimate if possibly several local min-
ima of the total energy functional exist and thus the cost functional in our shape
optimization problem can become discontinuous with respect to the shape variable.

Figure 7.33: parametric study for W in smooth shape optimization problem, same
cohesive parameters for fiber, matrix and interface material, 21 finite
elements, proximal point regularization
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For this purpose we first consider the shape optimization problem (4.32) where just
normal crack openings are allowed. To simplify the problem setting further we take
equal cohesive parameters for the fiber, matrix and interface material according to the
cohesive parameters for the matrix material listed in Table 7.1. The Young’s modulus
and Poisson ratio for the fiber and matrix material are chosen according to Table 7.1.
Furthermore, we use a very rough finite element grid with just 21 finite elements.
We consider one single fiber inside the matrix material with a shape parameterized
by a shape variable vector γ ∈ R5. We keep 4 of the 5 entries of γ fixed and study
the influence of a stepwise variation of the first entry. The load case is according
to Figure 7.12a but without any given incipient crack. In the diagram depicted in
Figure 7.33 on the horizontal axis the value of γ1 varying in 200 steps from −1 to 1 is
depicted. On the vertical axis the value of the cost functional W in shape optimization
problem (4.32) normalized by some material specific values is depicted. The yielded
values of the functional W for the different values of the shape variable are marked
with blue crosses. To make the jumps of the cost functional better visible the crosses
are connected with blue lines. Obviously, the cost functional is discontinuous in wide
parts of the considered range of the optimization variable. Our expectation of several
local minima of the solution of the state problem is thus affirmed. The fact that the
yielded values of W seem to lie on different curves also verifies this supposition.

Thus, we use now a regularization technique to guarantee that the solutions of the
state problem for slightly changed shape variable stay close to each other. This
is regarded as equivalent to the fact that the attained local minima are close to
each other. For this purpose, we add a proximal point regularization term (compare
[KT98]) to the formulation of the state problem. So that the shape optimization
problem now takes the form

max
(γ,ud)∈U×Kνd

W (γ)ud(γ) =

m
∑

e=1

2
∑

i=1

Gν([ueν(γ, ξei)])|Je(γ)| (7.3)

s.t. ud(γ) ∈ Kνd solves

Astif(γ)ud(γ) +Apen(γ,ud(γ))ud(γ) + f coh(γ,ud(γ))− fd

+ εreg

2M
∑

i=1

(udi(γ)− uai)
2 = 0.

The regularization term with regularization parameter εreg ∈ R+ achieves a kind of
convexification of the state problem close to ua. In our following parametric study for
stepwise change of the shape variable, we set ua always equal to the resulting solution
u∗

d of the state problem for the previous value of the shape variable. Furthermore,
we take as initial value for the applied optimizer IPOPT for solution of the state
problem always the previous solution u∗

d. The differently colored curves in Figure 7.33
correspond to the results obtained for different start values of the shape variable. The
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corresponding start values are mentioned in the diagram. The step width of evaluation
points is the same as for the blue curve yielded before. Obviously, depending on
the initial value the obtained solutions of the state problem are close to each other
for different values of the shape variable and the cost functional W is continuous.
Many of the previously obtained values of W marked by the blue crosses are touched
by the curves obtained with regularization. This affirms that the former observed
discontinuity is just a result of the nonconvexity of the state problem. The fact that
some of the crosses do not lie exactly on one of the curves can be explained by the
fact that the state problem of course has changed by the regularization term. The
higher the value of the regularization parameter εreg the stronger is the change in the
problem formulation. Thus small values of εreg are desired. The results presented in
Figure 7.33 are obtained for a fixed small value of εreg > 0. Another disadvantage
of the applied regularization technique is that different initial values of the shape
variable apparently result in different curves. Such a behavior is not desirable for a
shape optimization procedure. Thus we change now the regularization technique.

Now we apply the so called Tikhonov regularization ([Tik96]) which is a commonly
applied technique in many optimization applications. The shape optimization problem
with a regularization term according to this technique then takes the form

max
(γ,ud)∈U×Kνd

W (γ)ud(γ) =
m
∑

e=1

2
∑

i=1

Gν([ueν(γ, ξei)])|Je(γ)| (7.4)

s.t. ud(γ) ∈ Kνd solves

Astif(γ)ud(γ) +Apen(γ,ud(γ))ud(γ) + f coh(γ,ud(γ))− fd + εreg

2M
∑

i=1

(udi(γ))
2 = 0.

By application of the Tikhonov regularization the local minimum with a small norm
of the solution u∗

d is preferred. To keep the influence of the regularization term on
the state problem small we now let converge the value of εreg to zero in the sense
that we reduce the value of εreg in several steps. Thereby, we use in each step the
attained solution ud of the previous step as starting point for the next solution of
the state problem. For a fixed value of the shape variable the value of ud is not
accepted as solution of the state problem before the change of the functional W
between two sequent steps falls below some critical value. We now consider the same
load case and same mesh as for the studies above in this subsection but choose the
cohesive parameters not equal for the different materials but similar to the ones given
in Table 7.1. As visible in Figure 7.34 this reduces the numbers of local minima of the
state problem significantly. Now the first entry of the shape variable varies in a range
from −10 to 10 with a step length of 0.01. We again marked the values of W obtained
without any regularization technique by blue crosses and connected them with blue
lines. Obviously, there exist two local minima between which the solution of the state
problem jumps for varied fiber shape. In Figure 7.35 we depict the two different crack
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patterns according to two different solutions for slightly changed fiber shape. For the
described setting we obtain the green and red curve depicted in Figure 7.34 without
any regularization. To this end we solely adjust the start value of ud for the solution
of the state problem with IPOPT to the result for the fiber shape in the previous
step. Again the the fact which of the two curves is followed by W depends on the
initial value of the shape variable. If we apply the minimum norm regularization with
the convergence of εreg to zero then we obtain again the red curve. But now with
application of the regularization technique this curve can be obtained independent of
the start value of ud for solution of the state problem with IPOPT. Therefore, the

Figure 7.34: parametric study for W in smooth shape optimization problem, material
parameters according to Table 7.1, 21 finite elements

Figure 7.35: crack patterns for solutions of state problem of smooth shape optimiza-
tion problem for slightly changed fiber shape, material parameters ac-
cording to Table 7.1, 21 finite elements, no regularization
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values of W lie for the regularized problem on the red curve independent of the start
value for the shape. This is the desired result that we need to regard the formulation
(7.4) as wellposed for a shape optimization procedure.

One may argue that a finer grid resolution could result in more local minima of the
state problem because the set of potential crack paths is numerically increased by the
refinement of the mesh (compare Section 6.1.1). Also more complicated settings with
several fiber inclusions could involve more solutions of the crack problem. But as we
show in the following this is not approved by our studies. In Figure 7.36 the results

Figure 7.36: parametric study for W in smooth shape optimization problem, material
parameters according to Table 7.1, 645 finite elements

Figure 7.37: crack patterns for solutions of state problem in smooth shape optimiza-
tion problem for slightly changed fiber shape, material parameters ac-
cording to Table 7.1, 645 finite elements, no regularization
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for a setting with three fiber inclusions discretized by a finite element mesh with 645
elements is depicted. The load case and material parameters are the same as in the
former examples in this section. The fiber is now parameterized by a shape variable
vector γ ∈ R10. We just vary the first entry of γ and depict the value running from −2
to 2 on the horizontal axis in the diagram in Figure 7.36. We marked the resulting
values of W achieved without any regularization with blue crosses and connected
them with blue lines. Obviously, in wide parts of the range of the shape variable
the cost functional W is continuous except of a few deviations which may be due to
numerical difficulties. Close to γ1 = 0, instead, different local minima of the state
problem seem to exist. This can be due to the fact that with such values of the
shape variable the problem setting gets quite symmetric in some sense. This can be
verified in Figure 7.37, where the crack patterns for two solutions for slightly changed
shape variable are depicted. The red small boxes in Figure 7.36 mark the values of W
obtained with minimum norm regularization, where εreg has converged close to zero.
By the connection of the red boxes with the red lines the continuity of W in wide
parts of the range of γ becomes visible so that we dare to apply a shape optimization
algorithm to problem formulation (7.4). The according results are presented in the
next section.

7.3.3. Results obtained for shape optimization problem without consideration
of tangential crack openings

We now solve optimization problem (7.4) by application of the first order algorithm
SNOPT. The required shape gradient information is set up as described in Section 5.2.
We notice that the regularization term is independent of the shape but dependent on
the state variable so that the shape gradient formulation has to be adapted adequately.
We use the same setting and load case as described above and material parameters

(a) starting shapes,
WSE1 = 2.015e-3

(b) values of fracture energy

Figure 7.38: starting shapes and fracture energy values during shape optimization for
smooth optimization problem with SNOPT
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according to Table 7.1. We choose a starting shape for the shape optimization process
as depicted in Figure 7.38a. Several cracks appear inside the matrix material and
along the fiber matrix interface. Clearly, the restriction to normal crack openings
becomes evident as the cracks do not link up to each other. For such phenomena
tangential crack openings would be necessary for the specific load case. SNOPT
attains the maximal value of the fracture energy within 46 iterations. The value is
increased about 15.1% compared with the fracture energy value for the starting shape.
We notice that we use a different kind of normalization in this subsection dependent on
material specific values. In Figure 7.38b the normalized fracture energy values for each
iteration step are depicted. The curve shows that after the first 13 iteration steps just
very slight increase of the fracture energy occurs so that convergence seems already
to be attained at much less than 46 iterations. But if we consider the diagram in
Figure 7.39, where the values of the ten shape variables are depicted for the different
iteration steps, we see that the value of some shape variables vary strongly up to
about 23 iterations. Slight variations are still visible up to about 40 iterations. This
explains, why 46 iterations are necessary until the result is regarded as optimal by
SNOPT. One half of the entries of the shape variable attains its extremal values at
−0.5 or 0.5. We expect that the shape variables tend further into the analogues
direction if the box constraints for the shape optimization process are relaxed. But
the results are already assessable with a view on the attained optimal fiber shapes
in Figure 7.40a. Obviously, for the shape optimization problem (7.4) crack patterns

Figure 7.39: values of shape variables during shape optimization for smooth optimiza-
tion problem with SNOPT, horizontal axis: iteration numbers, vertical
axis: value of shape variables
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with a higher value of associated fracture energy can be obtained by generation of
jags along the fiber boundary. Many of that jags result in deviation of cracks from
the interface into the matrix or fiber material. In the former studies presented for
NOMAD in Section 7.3.1 such fiber breakage effects did not appear for the material
parameters according to Table 7.1. Therefore, we assume that this phenomenon is
coupled with the restriction to normal crack openings. Indeed if we apply now the
optimization algorithm NOMAD to (7.4) and use the same starting shapes as for
SNOPT, we attain the optimal shapes and accordant crack pattern as depicted in
Figure 7.40b. Here also fiber breakage processes are visible. With NOMAD the
fracture energy could be increased about 13.7%. So the attained value is a bit lower
than the attained value with SNOPT. Also the according optimal fiber shapes are
different. The pattern search algorithm only jumps between different values of the
optimization variables by a systematic procedure. Convergence can not be visualized
in a way as we have done for the results obtained with SNOPT. Therefore, it is difficult
to justify if NOMAD failed in finding any optimum within the restricted number of
iteration steps or if NOMAD attained another local optimum of the nonconvex shape
optimization problem. Of course the cost functional of the shape optimization problem
may have several local minima. SNOPT is neither capable of finding local minima.
Therefore, other starting values of the fiber shapes could also result in other optimal
shapes. We do not carry through any further considerations on that as the trend of
generation of fiber shapes with a lot of jags becomes already evident. Furthermore,
we use the smooth optimization problem just as a step into the direction of solution
of the potentially nonsmooth shape optimization problem (4.33).

(a) optimal shapes yielded with
SNOPT, WSE2 = 2.319e-3

(b) optimal shapes yielded with
NOMAD, WNE2 = 2.292e-3

Figure 7.40: optimal fiber shapes and crack pattern yielded for smooth optimization
problem with SNOPT and NOMAD
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7.3.4. Scaling of cohesive parameters

Before we start with the application of the first order optimizers BT and SNOPT to
shape optimization problem (4.33) we reconsider the issue of potential non-uniqueness
of the solution of the crack problem. Here as for the crack problem without consider-
ation of tangential crack openings we can not guarantee that the conditions according
to Theorem 3.5 are fulfilled. Thus we can not ensure that the solution of the state
problem in (4.33) which is attained by IPOPT is unique. We realized during our
studies that the scaling of the cohesive parameters takes quite an influence on the
convergence of the energy minimization problem to solve the crack problem. The
resulting crack paths are not influenced significantly by the scaling. Of course the
accordant fracture energy value is dependent on the scaling but can be rescaled in
an appropriate way. Additionally, as already indicated in Section 2.2, the adequate
scaling of cohesive parameters necessary to transfer them from atomistic to continuum
scale is still an open question. Therefore, we take a chance to scale the parameters in
a way that they suit for our purpose. In particular our studies suggest that unique
solvability of the crack problem can be attained if the values of the critical crack open-
ings δcν and δcτ are after scaling high enough. This issue can be assessed by the fact
that already in several other publications (compare Section 2.1.3) an internal length
scale has been based on the critical crack opening. Furthermore, the value of the crit-
ical crack opening is directly connected with the incline of the critical energy release
curves and cohesive traction curves. The higher the value of the critical crack opening
the smaller the crack opening at which the traction curves tend to zero. But in that
non-cohesive region of the cohesive laws obviously the cohesive effects do not influence

Figure 7.41: parametric study for W in nonsmooth shape optimization problem for
variation of shape variables, material parameters according to Table 7.1,
no regularization
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the energy minimization process for solution of the crack problem anymore. This also
justifies our scaling because we aim on determination of cracks with openings within
the cohesive region of the cohesive laws. This is for our studies also reasonable from
an experimental point of view as our considerations take place on the microscale. To
verify that another scaling of the parameters does not influence the solution of the
crack problem too strongly one may compare Figure 7.30a and Figure 7.45a where for
the same rectangular fiber shape and the same cohesive parameters the crack problem
is solved for two different scalings. Figure 7.45a indicates what we realized for many
studies not presented here, namely, that the scaling to higher values just influences
the resulting crack pattern slightly in the sense that higher critical crack openings
allow for some more very thin cracks (crack ends) to appear.

Thus we choose for the following studies the scaling of the parameters in Table 7.1 in
a way that we guarantee unique solvability of the crack problem. In Figure 7.41 exem-
plary the fracture energy values of the cost functional in (4.33) attained for the first
three shape variables varying in the interval from −0.5 to 0.5 are depicted. Thereby,
just one single shape variable is varied while all the other entries are kept fixed at
zero. Each curve is obtained without any regularization and with a step length of
5e-4. Thus we dare to deduce from the fracture energy curves depicted in Figure 7.41
a continuous development of the cost functional for shape variables in the intervals
[−0.5, 0.5]. This implies that the solution of the crack problem is unique. Otherwise
jumps in the cost functional would be obvious. Additionally, we can see some eval-
uation points of the curves in Figure 7.41 which can be a sign for nonsmoothness.
This suggests to expect nonsmoothness of the complete shape fracture energy map-
ping. Finally, we remark that an adequate scaling of cohesive parameters could also
have been carried through for the treatment of the crack problem without tangential
crack openings considered in Section 7.3.3. We did not test this issue explicitly as
we used the artificial crack problem (4.32) just as preliminary step into the direction
of treatment of the crack problem (4.33). For this purpose, the results presented in
Section 7.3.3 are already satisfying.

7.3.5. Results obtained for shape optimization problem with consideration of
tangential crack openings

Now we search for solutions of the shape optimization problem (4.33). We expect more
realistic results than by optimization of (7.4) because the consideration of tangential
crack openings now allows for connection and branching of cracks. We use the same
setting and material parameters as in the previous sections. We notice that we change
the normalization of the fracture energy values in this subsection again. To receive
more accurate results for the solution of (4.33) we now apply first order optimization
algorithms while in Section 7.3.1 just a pattern search algorithm has been applied. For
this purpose we use on the one hand a bundle trust region algorithm which is capable
to treat nonsmooth optimization problems by collection of sub-gradient information.
As already indicated in Section 5.3 the sub-gradient derived for shape optimization

139



Chapter 7. Simulation results

problem (4.33) may be regarded as directional derivative for evaluation points where
smoothness is supposed. Therefore, we dare on the other hand to submit the sub-
gradient as gradient information to the smooth optimization algorithm SNOPT. This
allows to compare the results received by BT to the ones received by SNOPT. The
solver SNOPT terminates the optimization process if adequate optimality conditions
are satisfied up to a certain tolerance. Because of the potential nonsmoothness of the
shape optimization problem (4.33) we doubt that the optimality conditions can be ex-
actly complied. The algorithm BT instead terminates the optimization process when
the difference between the values of the cost functional for two successive iterations
falls below a certain tolerance. So we can not be sure that any optimality conditions
are satisfied. Nevertheless the following results show a comparison between findings
with SNOPT and BT and therefore allow a reasonable assessment of the outcome of
the optimizers.

For the reasons explained in Section 7.3.4 we apply now the different shape optimiza-
tion tools directly to (4.33) without any further regularization. We start the shape
optimization process with an initial fiber shape depicted in Figure 7.42a where already
several matrix and interface cracks are visible. As expected, now the cracks link to
each other. We first apply algorithm BT to shape optimization problem (4.33). The
received output visualized by the blue curve in Figure 7.42b shows that not in each
iteration step an increase of the fracture energy value is achieved. But obviously the
fracture energy tends to some maximum value and after 24 iterations the algorithm
stops because the change of the fracture energy value falls below the critical value.
In the diagram in Figure 7.43a the development of the shape variables during the
BT optimization process is depicted. Here is also some kind of convergence visible.
Several shape variables tend to the bounds of the admissible set but some also con-
verge to values away from the bounds. For more precise evaluation of the results we

(a) starting shapes A,
WBSEA1 = 1.650e-3

(b) fracture energy values

Figure 7.42: starting shapes A and fracture energy values during shape optimization
for nonsmooth optimization problem with BT and SNOPT
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(a) shape variables yielded with BT

(b) shape variables yielded with SNOPT

Figure 7.43: values of shape variables during shape optimization for nonsmooth opti-
mization problem with BT and SNOPT for starting shapes A, horizontal
axis: iteration numbers, vertical axis: value of shape variables
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now apply SNOPT to shape optimization problem (4.33) and use the same starting
shapes as depicted in Figure 7.42a. Thereby, we give the sub-gradient information as
gradient information to the smooth solver SNOPT. As expected the algorithm does
not terminate with fulfillment of the optimality criteria because of the very sensitive
convergence criteria. Instead SNOPT stops after 31 iterations with the information
that numerical difficulties occurred. But a view on the fracture energy values during
the SNOPT iterations depicted by the green curve in Figure 7.42b shows that the
development is very similar to the one obtained with BT. Also the achieved final frac-
ture energy values of WBEA2 = 1.744e-3 for BT and WSEA2 = 1.743e-3 for SNOPT
are close to each other. The development of the shape variables during the SNOPT
optimization depicted in the diagram in Figure 7.43b reveals that the values of the
shape variables also seem to converge during the SNOPT optimization process. So we
suppose that although SNOPT did not stop with fulfillment of the optimality criteria
the optimizer has found or at least came close to a maximum of the shape optimiza-
tion problem. As visible in Figure 7.43 the optimal shape variable values attained
by SNOPT are for some variables different from the ones attained by BT. Obviously,
the two algorithms found different local minima of the shape optimization problem
which correspond to almost the same fracture energy value. The corresponding op-
timal shapes and according crack patterns as visualized in Figure 7.44a for BT and
Figure 7.44b for SNOPT just differ very slightly from each other. This can also be a
sign of the fact that the different values for shape variable γ1 and γ10 attained by BT
and SNOPT, respectively, are not critical for the crack pattern and therefore for the
fracture energy neither.

These presented first results suggest that both optimizer SNOPT and BT can be

(a) optimal shapes yielded with
BT, WBEA2 = 1.744e-3

(b) optimal shapes yielded with
SNOPT, WSEA2 = 1.743e-3

Figure 7.44: optimal fiber shapes and crack pattern yielded for nonsmooth optimiza-
tion problem with BT and SNOPT for starting shapes A
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applied to the shape optimization problem (4.33). SNOPT is not designed for appli-
cation to nonsmooth shape optimization problems and the convergence criteria were
not fulfilled. Nevertheless the tool SNOPT is more sophisticated than BT and pref-
erence should be given to this optimizer if we can comprehend that SNOPT yields
reasonable results. For the presented example the directional derivative informa-
tion provided with the sub-gradient seems to be sufficient for an adequate operation
method of SNOPT. For verification of this point we consider next the results for
another starting shape namely rectangular fiber shapes as depicted in Figure 7.45a.
Of course we expect that several local minima exist for shape optimization problem
(4.33) because of the complicated setting. Thus the changed starting shape may re-
sult in location of another local minimum than yielded before. From previous studies
we know that the rectangular shape is somewhat critical as kind of symmetries occur
which can for example cause difficulties in solution of the crack problem. For this
starting shape SNOPT stops after solely 12 iterations with the information that nu-
merical difficulties occurred. This suggests that SNOPT failed in finding a maximum
of shape optimization problem (4.33). The green curve in Figure 7.45b shows that
the fracture energy value increases slowly for the first iterations. After termination of
SNOPT no convergence seems to be attained. Nevertheless, the fracture energy could
be increased about 4.3% from the starting value and the values in the last few steps
differ just slightly from each other. The development of the shape variables depicted
in Figure 7.46b shows that the values vary drastically in the first eight iterations and
also seem not to have completely converged after the twelfth iteration. We deduce
from these results that SNOPT has not definitely reached a maximum of the cost
functional but arrived close to it.

Now we apply the optimizer BT to the same problem and also use the rectangular
starting shape according to Figure 7.45a. As visible in Figure 7.45b this algorithm
converges after 28 iterations. For the first 8 iterations the increase in the cost func-

(a) starting shapes B,
WBSEB1 = 1.666e-3

(b) fracture energy values

Figure 7.45: starting shapes B and fracture energy values during shape optimization
for nonsmooth optimization problem with BT and SNOPT
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(a) shape variables yielded with BT

(b) shape variables yielded with SNOPT

Figure 7.46: values of shape variables during shape optimization for nonsmooth opti-
mization problem with BT and SNOPT for starting shapes B, horizontal
axis: iteration numbers, vertical axis: value of shape variables
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tional is quite slow. Afterwards the incline is steeper but at the 21 iteration suddenly
the fracture energy decreases before it tends again close to the maximal value, which is
reached after convergence. A view on the development of the shape variables depicted
in Figure 7.46a reveals that this jump at iteration 21 corresponds to a sudden change
of the shape variable γ8. According to Figure 7.46a the value of this shape variable
seems definitely not to have converged after BT stops. Obviously, also for shape vari-
able γ1 and γ10 no convergence is attained. All the other variables reached the bounds
of the admissible set. So although the maximal fracture energy value achieved with
BT is higher than the value attained with SNOPT especially the consideration of
Figure 7.46 suggests that SNOPT possesses better convergence properties for our po-
tentially nonsmooth shape optimization problem. The resulting optimal fiber shapes
with accordant state solution depicted in Figure 7.47a for BT and in Figure 7.47b for
SNOPT show that almost the same crack patterns are obtained.

7.3.6. Further comments on numerical solution of shape optimization problem
with consideration of tangential crack openings

We have shown that it is possible to apply a first order optimization algorithm to
shape optimization problem (4.33). We derived adequate fiber shapes which yield
higher fracture energy values than the starting shapes. Thereby, we took the potential
nonsmoothness of the shape cost functional mapping into account. For this purpose
we used the sub-gradient information in the bundle trust region algorithm BT. We
also showed that it is possible to apply the algorithm SNOPT suited for smooth
shape optimization problems by usage of the sub-gradient information as gradient

(a) optimal shapes yielded with
BT, WBEB2 = 1.748e-3

(b) optimal shapes yielded with
SNOPT, WSEB2 = 1.737e-3

Figure 7.47: optimal fiber shapes and crack pattern yielded for nonsmooth optimiza-
tion problem with BT and SNOPT for starting shapes B
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information. The obtained results by this first order algorithms are more reliable
than the ones obtained with NOMAD as convergence behavior can be observed. On
the other hand there is a chance that the pattern search algorithm can jump from
one local minima to another one with a lower cost functional value. But NOMAD
neither is capable of finding the global minima. It is an involved task to justify which
algorithm BT or SNOPT works better for solution of our potentially nonsmooth
shape optimization problem. On the one hand SNOPT did never converge for the
considered nonsmooth problems. But on the other hand the results indicate that
the first order information is used reasonably and the algorithm reaches close to
an optimum. The lack of convergence may indicate that the optimum is close to
a nonsmooth point of the cost functional where optimality conditions of a smooth
solver can not be fulfilled. For BT the convergence criteria are much less rigorous.
We also notice that we have chosen the tolerance for determination quite high for
the presented results. If we choose the tolerance about the factor ten lower then BT
stops without convergence but with numerical difficulties, too. We encounter several
reasons for the numerical difficulties which appear for SNOPT but also for BT for
strict convergence criteria. On the one hand the parametrization of the shape may be
not fine enough to reflect small changes in the shape variables adequately in the value
of the cost functional. Same is true for the rough finite element mesh resolution. We
mention one more important reason which prohibits to attain very exact results. For
calculation of sub-gradient or directional derivative information, respectively, we need
to solve very large and bad conditioned linear systems. We had no accurate solver
available which is capable for exact solution of such systems. Therefore, we need to
regularize the system which of course slightly disturbs the solution. We allude in this
discussion another difficulty not addressed up to now. The fulfillment of the strong
regularity condition necessary for applicability of the theory for derivation of sub-
gradient information (compare Section 5.3) depends critically on the finite element
mesh. The relation between the different normal and tangential vectors of cohesive
elements among each other can lead to singularity of the resulting system according
to (5.47). But nonsingularity is a sufficient condition for the fulfillment of the strong
regularity condition. Our regular finite element mesh, where most of the cohesive
element sides are parallel to the domain boundaries would definitely lead to dependent
constraints for the crack problem and thus to a singular matrix in (5.47). We resolve
this problem by sorting out dependent conditions. We also checked another possibility,
namely, to disturb the mesh in a sense that no dependencies occur. For the starting
shape of the fibers we ended up with the desired independence of all constraints in
the crack problem. But we could not guarantee that a change in the fiber shape
would not result in dependence of some constraints again. Therefore, our approach
with systematic deletion of dependent constraints for the regular mesh appeared to
be more rigorous and better suited for our purpose. The presented results affirm this
decision. So we conclude that we found a numerical setting which allows to implement
all the theory derived in Chapter 3 - Chapter 5. We showed that shape optimization
results can be yielded numerically by application of reliable first order algorithms.
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8. Conclusion

Our project was motivated by the objective to specify guidelines for the increase of
the ductility of brittle composite materials. During our studies we derived several
contributions to the mathematical theory and numerical modeling of cohesive cracks
as well as to mathematical and numerical issues for shape optimization in cracked
structures. In Section 8.1 we summarize the main aspects of our research. During our
studies we encountered several scopes which sparked our interest but which we could
not tackle within this work. We list some of these topics in Section 8.2 as an outlook.

8.1. Resumé

To start with our research we desired as a first step an adequate tool for simula-
tion of different cracking phenomena which occur under various load conditions in
a probably beforehand undamaged composite material. As we are interested in the
influence of some microstructure of brittle materials on cracking processes on the
microscale this tool has to be capable to deal with cohesive tractions which appear
for small crack openings due to atomic interactions. Thus the tool should be built
on Barenblatt’s crack model which takes into account the nonlinear dependence of
these cohesive effects on the crack opening. In the literature several cohesive laws de-
scribing the relation between crack opening and cohesive tractions and energy release
rates are discussed. We decided to work mainly with initially rigid UBER laws as
these are in good agreement with our DFT observations on atomistic scale and allow
to transfer the cohesive parameters derived from atomistic scale onto the continuum
scale appropriately. When we started our project several commercial simulation tools
for cracking processes have already been available. But the mathematical model
and implementation on which such tools are based are seldom accessible to a suffi-
cient extend. Review of the literature revealed that the mathematical theory is not
fully developed for description of cohesive cracks in two dimensional domains. As
we already had in mind to incorporate the crack simulation later on into a shape
optimization setting we decided to investigate the problem of determination of the
displacement field for a two dimensional cracked domain in mathematical detail first.
We planed to develop afterwards an own simulation tool based on this theory which
can be embedded into a shape optimization framework. Firstly, we derived the set of
constitutive equations for description of the elastic behavior of a domain with given
crack. Thereby, we extended the set of equations known from the literature by some
inequalities and complementarity conditions. In this context we could rely on some
similarities of our crack problem formulation to the theory for contact problems with
friction. We showed that the strong system of constitutive equations is equivalent
to a variational inequality, where the admissible set for displacements is defined by
the restrictions of the Dirichlet and the non-penetration conditions. Afterwards we
set up a nonsmooth energy minimization problem, proved existence of solutions and
showed that each solution of the energy minimization problem is also a solution of the
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variational inequality. Similar energetic approaches are known from the literature.
But these theories either neglect cohesiveness dependent on crack opening completely
or solely take into account normal crack openings which simplifies the formulations
significantly. We also derived conditions which allow to prove uniqueness of the solu-
tion of the energy minimization problem. For embedding of the energy minimization
problem as state problem into a shape optimization problem the nonsmoothness is
perceived as not well suited. Therefore, we invented a help variable and obtained
that way a constrained smooth energy minimization problem for determination of the
displacements in a domain with crack. We proved that the solution of this problem
is equivalent to the solution of the nonsmooth optimization problem and thus under
accordant conditions also unique.

Hereupon we were at the stage to develop an adequate simulation tool to solve the
crack problem. We decided to restrict our considerations to a two dimensional set-
ting as this reduces the numerical calculation effort significantly. We designed three
different simulation techniques which all rely on a FE discretization of the computa-
tional domain in combination with cohesive elements. Two techniques the AIM and
DGM rest upon direct solution of a variational equation which can be obtained from
a discretized version of the variational inequality by penalization of penetration of
opposite crack sides. The crack path for one static load case is with these techniques
obtained stepwise so that several solutions of the variational equation are required.
The operation method of these simulation tools is similar to techniques reported in
the literature. But our methods include further aspects as the consideration of co-
hesiveness for tangential crack openings. Additionally, to the disadvantage of high
calculation effort due to successive solution of the discretized variational equation
our numerical studies revealed that the treatment of the non-penetration condition
with penalization is not appropriate for several load cases. Thus our third developed
simulation technique EMM which directly solves the smooth constrained energy min-
imization problem and, thereby, allows to obtain the complete crack path after one
minimization procedure clearly outperforms the other two techniques. Nevertheless,
it is helpful to have for comparison the other two methods available which are closer to
known approaches in the literature. To the best of our knowledge the method EMM
is completely new in several aspects. One method used for example in [Bul99] and
[BFM08] which is close to EMM in the sense of the energetic approach does not treat
cohesiveness in the numerics explicitly and rests the numerics on a complete different
model. The accordant numerical tool based on Mumford-Shah functionals has also
been reviewed and implemented in our research group in the context of a diploma
thesis ([Str10]). Thus a direct comparison of results was possible. EMM allows for
derivation of quite accurate crack paths with information on the crack opening while
the method from the literature instead determines smeared crack paths which may
be quite imprecise and difficult to interpret depending on the mesh resolution. Fur-
thermore, information about the crack opening is missing completely which precludes
incorporation of cohesiveness and the method is not suited for crack initiation. Simi-
lar as the method from the literature EMM offers the opportunity to obtain unknown
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crack paths by usage of a set of potential crack paths at the beginning of the simula-
tion. The method from the literature can also be applied to scenarios with successively
increased loading. Our simulation method also offers the observation of quasi-static
cracking scenarios for increased imposed boundary displacements. For this purpose
we guaranteed irreversibility of the cracking process by numerical techniques at the
discretized level. Our obtained numerical results are for several examples compara-
ble to the ones known from the literature. Additionally, cohesiveness especially in
the matrix fiber interface is covered which allows to prove the influence of various
combinations of matrix and fiber material in detail. Especially for challenging set-
tings where parts of the computational domain are under compressive load so that
non-penetration becomes a critical task our method can compete fairly well with ex-
isting methods. One drawback of our simulation technique is clearly that the crack
path is restricted to the finite element boundaries or cohesive elements, respectively,
which of course always can be compensated to an acceptable extent by adequate mesh
resolution.

With our simulation methods at hand we carried through several studies on the influ-
ence of different material parameters on the cracking processes for given load cases.
The associated results motivated us to search systematically for optimal values to
obtain specific material properties. Reports in the literature as well as conversations
with colleagues from material science assured that high values of fracture energy dissi-
pation lead to toughening of the material. Furthermore, during our studies the shape
of fibers turned out to be decisive for the resulting crack pattern although all other pa-
rameters are kept constant. This motivated us to set up a shape optimization problem
with the fracture energy as cost functional. Of course the fracture energy just can be
evaluated after the crack path for a specific load case is determined. Thus, the crack
problem in terms of a variational inequality or in terms of the smooth constrained
energy minimization problem serves as state problem for the shape optimization prob-
lem. We focussed on the derivation of first order information for shape optimization
problems in the discretized setting as the sensitivity analysis for infinite dimensional
bi-level problems in the context of shape optimization was even less developed. Fur-
thermore, simulation rests solely upon the finite dimensional formulation. The theory
for derivation of first order information for shape optimization problems in a dis-
cretized setting has already existed but has to the best of our knowledge not been
applied to shape variations of fiber inclusions in combination with cohesive cracking
scenarios before. The transfer of the existing theory to this involved problem led to
several challenges which we could tackle. Variational inequalities or equivalently con-
strained optimization problems used as state problem of a shape optimization problem
can lead to nondifferentiability in the shape-state mapping. Thus we simplified the
shape optimization problem in a first step. For this purpose we avoided tangential
crack openings and treated the non-penetration condition with a penalization tech-
nique. That way the state problem can be formulated as a variational equation and
above that the calculation of the fracture energy is simplified. Despite the fact that
no tangential crack openings appear all the theory derived for the crack problem can
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be applied and unique solvability under the derived conditions holds. Therefore the
solution of the state problem is unique which results with the continuous differentia-
bility of the cost functional and the state equation into continuous differentiability of
the shape optimization problem.

Nevertheless, in practice we could not verify the theoretical conditions for unique-
ness. Instead numerical results showed that indeed several local minima of the state
problem exist. In the diploma thesis [Str10] a similar shape optimization problem has
been coupled with the crack simulation method derived from [BFM08]. Thereby, also
nonuniqueness of the state problem was revealed. We resolved the inconvenience of
nonuniqueness in our setting without tangential crack openings by the application of
a Tikhonov regularization technique which led to unique solvability of the state prob-
lem. For this regularized shape optimization problem we derived and implemented
shape gradient information using a dual approach. With the coupling of available
shape optimization tools to our own code we yielded promising simulation results.
The optimizer converged and the optimal fiber shapes led to an increased fracture
energy value. Also the crack pattern were changed significantly compared with the
crack paths for the starting shapes. Of course avoiding of tangential crack openings
can not lead to realistic crack paths for many material structures and load cases. Thus
we passed over to our completed shape optimization problem where tangential crack
openings take influence on the cost functional as well as on the state problem. Hence
we had to deal with the variational inequality as state problem. Even though we could
rely on unique solvability of the state problem, which we could guarantee now by an
adequate scaling of the cohesive parameters, we could not expect smoothness of the
shape-state mapping. There exist several studies (e.g. [HL11], [LHZ01]) which clarify
that the so called bi-active set plays a crucial role in this context. Strict complemen-
tarity of the constraints for the state problem would immediately result in smoothness
of the shape state mapping and thus for our problem formulation in smoothness of the
whole shape optimization problem. But we can not ensure emptiness of the weakly
active set which would be required to this end. Thus we had to deal with potential
nonsmoothness of the shape optimization problem. Hence we applied a theory for
MPECs available for nonsmooth optimization problems to derive sub-gradient infor-
mation. With the numerical implementation of this information we could on the one
hand couple a nonsmooth bundle trust region algorithm to our code. With this tool
we yielded satisfying results in the sense that the shape optimizer converged and the
resulting optimal shapes lead to changed crack pattern and increased fracture energy
values. On the other hand we also risked to apply a smooth optimizer to the shape
optimization problem which used the sub-gradient as gradient information. The re-
sults obtained in this way where comparable or even in some sense better than the
results yielded with the nonsmooth optimizer. This suggests that indeed the shape
optimization problem is smooth at least in the range of the shape variables passed
through during the optimization process. Close to the optimum of the shape opti-
mization problem instead nonsmoothness is indicated as the smooth optimizer never
converged with fulfillment of the optimality conditions.
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Of course the coarse grid resolution that we used for shape optimization simulations
and the specific discretization of the fiber shape may influence the shape optimization
results significantly. Nevertheless, the crack patterns obtained for optimal fiber shapes
allow to derive the general conclusion that jags along a fiber boundary at least for
stiff fibers lead to branching and kinking of cracks at the tip of the jags into the
matrix or fiber material. This has to the best of our knowledge not been shown
in a shape optimization context for cracked domains before. Thus a guideline for
manufacturing of composites with high ductility can be to aim on jagged nonsmooth
inclusions which let the cracks kink and branch on microscale. We conclude that
our work is a first step into the direction of rigorous application of mathematical
optimization to cracking phenomena in composite materials whereas many others
studies either leave the concrete cracking scenarios out of the context of optimization
or use solely parametric studies to obtain assertions about the influence of some
parameters on the cracking results.

8.2. Outlook

In our parametric studies, which we carried through before starting with rigorous
optimization, we observed an influence of different smooth fiber shapes on the crack-
ing process. Convex fiber boundary led for a fiber stiffer than the matrix material
preferably to fiber debonding processes while cracks appearing close to a concave fiber
boundary led to fiber breakage processes. To verify these observations by solution of a
fiber shape optimization problem higher mesh resolution and a finer shape discretiza-
tion is necessary than we used for our shape optimization simulations up to now.
We may expend the high calculation effort for carrying through shape optimization
simulations with the required complexity in the future. The effort is even more in-
creased for three dimensional simulations which are in our opinion therefore almost
out of reach for the shape optimization problems at the moment but can surely be
implemented for pure crack simulation. Another interesting aspect is to study the
influence of the scaling of cohesive parameters on the simulation results in more de-
tail and to derive a mathematical foundation for a reasonable scaling. First hints in
this direction are already given in [NO02]. Furthermore, one may intensify the cou-
pling to the atomistic scale in the sense that DFT calculations or molecular dynamic
simulations are directly connected to the finite element simulation. Similar ideas are
initiated in [BX03]. By application of homogenization techniques another scale above
the microscale could be incorporated as well. This would on the one hand allow
to predict macroscopic material properties as for example the stress-strain relations
for a composites with cracking defects on the microscale (compare [IGM+07]). On
the other hand one could go even a step further and try to optimize macroscopic
measurable properties by adjustment of micro or even atomic structure. It is an not
sufficiently investigated field to study the optimization of cracking processes in ductile
materials. The nonlinear plastic material behavior of course implies further challenges
for the mathematical investigation but the high dissipation rates of ductile cracking
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processes also suggest a good chance to improve material properties. From the math-
ematical point of view the issue of strict complementarity for the state problem in
the shape optimization problem including tangential crack openings is still an open
question. We believe that the strict complementarity condition is violated for several
fiber shapes but perhaps it might be possible to show smoothness of the shape op-
timization problem regardless of the lack strict complementarity. For this issue the
existing theory in the context of shape derivatives needs to be extended adequately.
There exist penalization techniques for a reformulation of convex bi-level problems
which do not require the strict complementarity condition to hold in the lower-level
problem ([LHZ01]). Furthermore, for some problem formulations necessary optimal-
ity conditions for the nonlinear bi-level programming problem can be derived which
allows to obtain the steepest descent direction by solving a quadratic bi-level pro-
gramming problem ([SG94]). It is a challenge to transfer these theories to our shape
optimization problem. For application of the derived results for the design of com-
posite materials first a validation with experiments is required. Afterwards one may
also extend the studies for consideration of fatigue in the context of cyclic loading.
In conclusion although the field of fracture mechanics and damage is under intensive
research by scientists of various fields like material science, applied mechanics, math-
ematics, and chemistry there are still many open questions and challenges worse to
concentrate attention on.
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A. Additional information for derivation of

sub-gradient

We list in the following some theorems and results from [OKZ98] as background
information and complement for Section 5.3 where we have shown in detail how to
apply the method discussed in [OKZ98] for derivation of sub-gradient information for
shape optimization problem (4.33).

In [OKZ98] the following general statement on the sub-differenital ∂J(γ) of a mapping
J : Rd → R is formulated.

Theorem A.1:
If J is Lipschitz-continuous near γ then ∂J(γ) is a non-empty convex compact set.
If furthermore γ is a local minimizer or local maximizer of J , then 0 ∈ ∂J(γ).

Proof. See [OKZ98], Theorem 2.9 (ii) and Proposition 2.10.

For derivation of sub-gradient information we use the concept set up in [OKZ98] for
so called perturbated generalized equations.

Definition A.2:
Let F : U × Rk → Rk be a continuous differentiable map, U ⊂ Rd on open set
and K ⊂ Rk a non-empty closed convex subset of Rk. The following formulation with
perturbation parameter γ ∈ Rd is defined in [OKZ98] as perturbed generalized equation
(GE) in the variable xd ∈ Rk:

0 ∈ F (γ,xd) +NK(xd), (A.1)

where the normal cone to K in xd ∈ Rk is defined as

NK(xd) = {κ ∈ Rk|κT (v − xd) ≤ 0 ∀v ∈ K}. (A.2)

For derivation of shape sensitivities the local stability analysis of the solution map
S : U → Rk defined by

S = {xd ∈ Rk|0 ∈ F (γ,xd)} (A.3)

is studied. GEs always represent equilibrium conditions and S(γ) restrains the set of
equilibria. Hence the relation xd ∈ S(γ) is called equilibrium constraint. This led to
the commonly used terminology mathematical program with equilibrium constraints
(MPEC) for the following optimization problem with the objective function J : Rd ×Rk → R and a non-empty closed set Z ∈ Rk, constraining the choice of xd

min J(γ,xd) s.t.
xd ∈ S(γ)

γ ∈ U ,xd ∈ Z.
(A.4)
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Motivated by our application we call γ shape variable and xd state variable. In
[OKZ98] the following existence theorem is proven.

Theorem A.3:
Let J be continuous, U be compact and S be single-valued and continuous on an open
set containing U . Then the MPEC (A.4) possesses a solution pair (γ̂, x̂d).

Proof. See [OKZ98] Proposition 1.2.

In [OKZ98] is noticed that if S is single-valued on U and the state variable xd is not
subject to any constraints, so that Z = Rk, then the MPEC (A.4) is reduced to

minΘ(γ) := J(γ,S(xd))
s.t.

γ ∈ U .
(A.5)

Thus, the solution map S is now an implicit function defined by the GE (A.1). If S is
Lipschitz-continuous and directional differentiable, then the form (A.5) can be used
for derivation of optimality conditions. In [OKZ98] optimality conditions, smoothness,
existence and uniqueness are discussed based on a nonsmooth analysis. We summarize
here some results important for our considerations. For proofs of the theorems and
statements see [OKZ98].

Let γ̄ ∈ U be a certain reference value and F : U × Rk → Rk be a continuously
differentiable map. Further, let O ⊂ U be a neighborhood of γ̄ and let x̄d solve (A.1)
for γ = γ̄. Then a partial linearization of F (γ,xd) with respect to xd at (γ̄, x̄d) is
given by the multivalued map Σ : Rk

 Rk where

Σ(ξ) := {xd ∈ Rk|ξ ∈ F (γ̄, x̄d) +Dxd
F (γ̄, x̄d)(xd − x̄d) +NK(xd)}. (A.6)

As explained in [OKZ98] for derivation of first order information for the solution map
the so called strong regularity condition place a significant role.

Definition A.4:
Let x̄d ∈ S(γ̄) and suppose there exist neighborhoods W of 0 ∈ Rk and V of γ̄ such
that the map ξ → Σ(ξ) ∩ V is single valued and Lipschitz on W . Then (A.1) fulfills
the strong regularity condition (SRC) at (γ̄, x̄d).

Several equivalent more convenient formulations for SRC are given in [OKZ98].

The analysis for derivation of sub-gradient information starts with consideration of
the following variational inequality without shape variable:

Find xd ∈ K such that

F (xd)
T (vd − xd) ≥ 0 ∀vd ∈ K, (A.7)
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with a continuous map F : Rk → Rk and a nonempty closed convex set K ⊂ Rk given
by

K := {vd ∈ Rk|hi(vd) = 0, i = 1, ..., l, gj(vd) ≤ 0, j = 1, ..., s}. (A.8)

In [OKZ98] is shown that the variational inequality (A.7) is equivalent to the GE

0 ∈ F (xd) +NK(xd). (A.9)

Furthermore, if the slater constraint qualification holds, which means that there exist
x̄d ∈ Rk such that gj(x̄d) < 0, j = 1, ..., s and hi(x̄d) = 0, i = 1, ..., s, then the normal
cone for each xd ∈ K is given by

NK(xd) = {
l
∑

i=1

µ1
i∇xd

hi(xd)+

s
∑

i=1

µ2
i∇xd

gi(xd)|

µ1 ∈ Rl,µ2 ∈ Rs
+, µ

2
i g

i(xd) = 0, i = 1, ..., s}. (A.10)

Thus GE (A.9) is equivalent to the following system of equations and inequalities in
(xd,µ

1,µ2) ∈ Rk × Rl × Rs:

F (xd) +
∑l

i=1 µ
1
i∇xd

hi(xd) +
∑s

i=1 µ
2
i∇xd

gi(xd) = 0
hi(xd) = 0, i = 1, ..., l,
gi(xd) ≤ 0, i = 1, ..., s,

µ2
i ≥ 0, i = 1, ..., l,

µ2
i g

i(xd) = 0, i = 1, ..., l.

(A.11)

Notice if F (xd) = ∇xd
F(xd) then (A.11) are the KKT conditions for the mathemat-

ical program

minF(xd), s.t. (A.12)

hi(xd) = 0, i = 1, ..., l

gi(xd) ≤ 0, i = 1, ..., s

The so called D-Lagrangian is thus defined as the following map from Rk × Rl × Rs
+

into Rk:

LD(xd,µ
1,µ2) = F (xd) +

l
∑

i=1

µ1
i∇xd

hi(xd) +

s
∑

i=1

µ2
i∇xd

gi(xd) (A.13)

The KKT system (A.11) can then be written with H := (h1, ..., hl)T and G :=
(g1, ..., gs)T as GE in the form

0 ∈





LD(xd,µ
1,µ2)

H(xd)
−G(xd)



+NRm×Rl×Rs
+
(xd,µ1,µ2) (A.14)
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As shown in [OKZ98] with introduction of the shape variable γ ∈ U with U ∈ Rd the
following GE is obtained

0 ∈





LD(γ,xd,µ
1,µ2)

H(γ,xd)
−G(γ,xd)



+NRk×Rl×Rs
+
(xd,µ1,µ2), (A.15)

where the D-Lagrangian is given by

LD(γ,xd,µ
1,µ2) = F (γ,xd) +

l
∑

i=1

µ1
i∇xd

hi(γ,xd) +

s
∑

i=1

µ2
i∇xd

gi(γ,xd). (A.16)

We present in the following considerations from [OKZ98] for which F is assumed to be
continuously differentiable on U ×Rk and H , G are assumed to be twice continuously
differentiable on U ×Rk. Furthermore, for each γ ∈ U the map H(γ, ·) is assumed to
be affine and gi(γ, ·) is assumed to be convex on Rk, i = 1, ..., s. For the perturbation
γ ∈ U the corresponding feasible set is given by

K(γ) := {vd ∈ Rk|hi(γ, vd) = 0, i = 1, ..., l, gj(γ, vd) ≤ 0, j = 1, ..., s}. (A.17)

If the extended slater constraint qualification (ESCQ) holds at γ̄ for a fixed γ̄ ∈ U ,
which means that there exist x̄d = xd(γ̄) ∈ Rk such that gj(γ̄, x̄d) < 0, j = 1, ..., s and
hi(γ̄, x̄d) = 0, i = 1, ..., s then GE (A.15) with γ = γ̄ is equivalent to the following
variational inequality.

Find xd ∈ K(γ̄) such that

F (γ̄,xd)
T (vd − xd) ≥ 0 ∀vd ∈ K(γ̄). (A.18)

If SRC holds at a reference point (γ̄, x̄d, µ̄
1, µ̄2) then for each ε > 0 there exists a

neighborhood Uε of γ̄ and Vε of x̄, such that the map γ → ∫ (γ) := S(γ) ∩ Vε is
single-valued and Lipschitz on Uε. Thus the existence of operators ∫1, ∫2, ∫3 with
∫ = (∫1, ∫2, ∫3) is guaranteed. We remark that it is shown in [OKZ98] that a necessary
condition for SRC is the fulfillment of the extended linear independence constraint
qualification (ELICQ) at (γ̄, x̄d). ELICQ holds if the gradients ∇xd

hi(γ̄, x̄d) for i =
1, 2, ..., l and ∇xd

gj(γ̄, x̄d) for j ∈ I(γ̄, x̄d) are linearly independent. Furthermore,
sufficient conditions for SRC are given in [OKZ98]. As they are rather technical we
do not repeat them here.

Now we consider the MPEC

min J(γ,xd), s.t (A.19)

(xd,µ
1,µ2) solves GE(A.15),

(A.20)γ ∈ U ,

where U ⊂ Rp is a nonempty closed subset. For setup of the sub-gradient information
for J a duality approach is explained in [OKZ98] for which the following theorem is
essential.
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Theorem A.5:
Consider a vector q ∈ Rd a d×d matrix A and d×k matrices P and B with AP = B.
If p̂ solves the adjoint equation ATp− q = 0 then holds

P Tq = BT p̂. (A.21)

According to [OKZ98] if SRC holds directional derivatives for the solution mapping
can be set up:

Theorem A.6:
Consider GE (A.15) and assume that (SRC) holds at (γ̄, x̄d, µ̄

1, µ̄2). Then the oper-
ators ∫1, ∫2, ∫3 are directionally differentiable at γ̄. For each direction h ∈ Rk, the
composed directional derivative (∫ ′1(γ̄,h), ∫ ′2(γ̄,h), ∫ ′3(γ̄,h)) is the unique solution of
the system in (v,w,u)

0 ∈









DγL
D(γ̄, x̄d, µ̄

1, µ̄2)
DγH(γ̄, x̄d)
−DγGI+(γ̄, x̄d)
−DγGI0(γ̄, x̄d)









h+DI(γ̄, x̄d, µ̄
1, µ̄2)









v

w

uI+

uI0









+









0Rk

0Rl

0Ra+

N
Ra0

+

(uI0)









uL = 0

with

DI(γ̄, x̄d, µ̄
1, µ̄2) =





Dxd
LD(γ̄, x̄d, µ̄

1, µ̄2) Dxd
H(γ̄, x̄d)

T Dxd
GI(γ̄,xd)

T

Dxd
H(γ̄, x̄d)p

k 0 0
−Dxd

GI+∪Mk
(γ̄, x̄d)p

k 0 0





Proof. See [OKZ98] Theorem 6.4.

Furthermore, as shown in [OKZ98], an outer approximation of ∂∫1(γ̄) can be obtained:

Theorem A.7:
Consider GE (A.15) and assume that SRC holds at (γ̄, x̄d, µ̄

1, µ̄2). Then one has

σ1(γ̄) ⊂ conv{[P k(γ̄, x̄d)]p|k ∈ K(γ̄, x̄d)} (A.22)

where P k(γ̄, x̄d) is the unique solution of the linear matrix equation in Π

DI+∪Mk
(γ̄, x̄d, µ̄

1, µ̄2)Π =





−DγL
D(γ̄, x̄d, µ̄

1, µ̄2)
−DγH(γ̄, x̄d)
DγGI+∪Mk

(γ̄, x̄d)



 , k ∈ K(γ̄, x̄d) (A.23)
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with the matrices

DI+∪Mk
(γ̄, x̄d, µ̄

1, µ̄2) =




Dxd
LD(γ̄, x̄d, µ̄

1, µ̄2) Dxd
H(γ̄, x̄d)

T Dxd
GI+∪Mk

(γ̄,xd)
T

Dxd
H(γ̄, x̄d)p

k 0 0
−Dxd

GI+∪Mk
(γ̄, x̄d)p

k 0 0



 , (A.24)

Proof. See [OKZ98], Theorem 6.12.

If SRC holds the matrices DI+∪Mk
(γ̄, x̄d, µ̄

1, µ̄2) are nonsingular for all k ∈ K(γ̄, x̄d).
As shown in [OKZ98] also an upper approximation of ∂∫ (γ̄) can be obtained. For
this purpose, from the (d + l + a+ + a0i ) × k matrices P k(γ̄, x̄d), k ∈ K(γ̄, x̄d), new
s× k matrices Qk(γ̄, x̄d) are constructed as follows:

• if j ∈ {1, 2, .., s}\(I+(γ̄, x̄d) ∪Mk(γ̄, x̄d)), then Q
j
k(γ̄, x̄d) = 0 is set

• if j ∈ (I+(γ̄, x̄d)∪Mk(γ̄, x̄d), thenQ
j
k(γ̄, x̄d) is set equal to that row of Pk(γ̄, x̄d)

which corresponds to the row ∇γg
j(γ̄, x̄d) on the right hand side of (A.23).

Afterwards following (d+ l + s)× k matrices are set up:

Rk(γ̄, x̄d) =

[

[P k(γ̄, x̄d)d+l]
Qi(γ̄, x̄d)

]

, k ∈ K(γ̄, x̄d) (A.25)

Under SRC at (γ̄, x̄d, µ̄
1, µ̄2) then holds

∂∫ (γ̄) ⊂ conv{Rk(γ̄, x̄d)|k ∈ K(γ̄, x̄d)} (A.26)

In [OKZ98] is explained that under further conditions an inner approximation of ∂∫
can be yielded. As these conditions are rather technical we do not repeat them here.
We refer to [OKZ98], Proposition 6.13 for further details. For an inner approximation
then holds

Rk(γ̄, x̄d) ∈ ∂∫ (γ̄). (A.27)

For setup of the explicit sub-gradient information we refer to [OKZ98] as well as to
Section 5.3.
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B. Notation

Shortcuts

ABINIT program for DFT calculations
AIM Adaptive Insertion Method
BT name of optimization tool (bundle trust region)
CZM cohesive zone model
DFT density functional theory
DG Discontinuous Galerkin
DGM Discontinuous Galerkin Method
EMM Energy Minimization Method
ESCQ extended slater constraint qualification
FEM finite element method
GE generalized equation
GGA generalized-gradient approximation
GPS generalized pattern search algorithm
IPOPT name of optimization tool
LDA local density approximation
MPEC mathematical program with equilibrium constraints
NOMAD name of optimization tool
PDE partial differential equation
SNOPT name of optimization tool
SRC strong regularity condition
UBER universal binding energy relation
X-FEM extended finite element method
[·] jump of some value along ΓC

(·)+ value referring to Γ+
C

(·)− value referring to Γ−
C

(·)IF value referring to fiber debonding
(·)TF value referring to fiber breakage
(·)m value referring to matrix material
(·)f value referring to fiber material
(·)int value referring to interface
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Sets

E space of admissible designs for fiber shapes
I set of active inequality constraints
I0 set of weakly active inequality constraints
I+ set of strongly active inequality constraints
K K = {u ∈ [H1(Ω)]2|u = 0 on ΓD}
K0 K0 =

{

u ∈ [H1(Ω0)]
2 |u = 0 on ΓD, [uν] ≥ 0 on ΓC

}

Kd Kd = {ud ∈ R2M |udi = 0 if i corresponds to node on ΓD}
Kλ Kλ =

{

(u, λ) ∈ K̂||[uτ ]| ≤ λ on ΓC

}

Kd
λ Kd

λ = {(ud,λd) ∈ R2M × R2m|udi = 0 if udi corresponds to node on ΓD,
[ueν(ξei)] ≥ 0, e = 1, ..., m, i = 1, 2,
|[ueτ(ξei)]| ≤ λei, e = 1, ..., m, i = 1, 2}

Kν Kν =
{

u ∈ [H1(Ω0)]
2
: u = 0 on ΓD, [uτ ] = 0 on ΓC

}

Kνd Kνd = {ud ∈ R2M |udi = 0 if i corresponds to node on ΓD,
[uτ (ξei)] = 0, e = 1, ..., m, i = 1, 2}

Kν
0 Kν

0 =
{

u ∈ [H1(Ω0)]
2 |u = 0 on ΓD, [uν] ≥ 0 on ΓC , [uτ ] = 0 on ΓC

}

K̂ K̂ =
{

K0 ×H1/2(ΓC)
}K index set

K admissible set for state variable
K(γ) K(γ) = {vd ∈ Rk|hi(γ, vd) = 0, i = 1, · · · , l, gj(γ, vd) ≤ 0, j = 1, · · · , s}
Mk one single element of P(I0), with k ∈ K
NK normal cone, NK(xd) = {κ ∈ Rk|κT (v − xd) ≤ 0 ∀v ∈ K}
P(I0) family of all subsets of I0

TC(u) tangential cone, TC(u) = {v ∈ [H1(Ω0)]
2|[vν ] ≥ 0 on Γact

C (u), v = 0 on ΓD}
U admissible space for shape variables
Uε small neighborhood of specific state variable x̄d

Vε small neighborhood of specific shape variable γ̄

Γact
C active set Γact

C := {x ∈ ΓC |[uν(x)] ≥ 0 on ΓC}

Further Symbols

a cardinality of set of active inequality constraints
a+ cardinality of set of strongly active inequality constraints
a0 cardinality of set of weakly active inequality constraints
Ac matrix of constraints
AcM matrix of constraints composed of special lines of Ac

Acoh part of Hessian matrix used for EMM
ADGM matrix used for DGM composed of elastic stiffness matrix,
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symmetrization and penalization parts
AEMM stiffness matrix used for EMM
Apen matrix used for penalization in case of penetration
Ar matrix composed of B-spline basis functions
Astif stiffness matrix
Aλ part of Hessian matrix used for EMM
B matrix necessary for discretization of jump ([ue] = Bue)
Br design curve for fiber boundary r
c number of continuous elements
c symmetric elasticity tensor
Ci i-th node of cohesive unit element (i = 1, ..., 4)
d number of shape variables
da infinitesimal length element
dr
i coordinate vector of the i-th control point on Γr

dΩ infinitesimal area element
D 3× 3 matrix composed from entries of symmetric elasticity tensor
Da matrix composed of all Dr of all Γr, r = 1, ..., N
Dr matrix composed of coordinates of all control points of Γr

e strain tensor
emax cohesive element with maximal stress
E Young’s modulus
Ed fracture energy
f external traction
f coh vector including cohesive traction contributions

fAIM
coh vector including cohesive traction contributions

by normal and tangential crack openings
fEMM

coh vector including cohesive traction contributions
by normal crack openings

fd discretized version of external traction
fλ vector including cohesive traction contributions

by tangential crack openings
F F : U × Rk → Rk, function in state equation

of shape optimization problem
gi i-th inequality constraint function
Gcν critical energy release rate for normal crack opening
Gcτ critical energy release rate for tangential crack opening
Gν energy release rate for normal crack opening
Gτ energy release rate for tangential crack opening
G matrix of inequality constraints
GI+∪Mk

matrix composed of lines of G according to index set I+ ∪Mk

hi i-th equality constraint function
H matrix composed of equality constraint functions
HM matrix representing the linear mapping from Da on pNB

|Ie| determinant of the Jacobian matrix of transformation map of
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e-th continuous element to the continuous unit element
J cost functional in shape optimization problem, J : U × Rk → R
|Je| determinant of the Jacobian matrix of transformation map of

e-th cohesive element to the cohesive unit element
J cost function in shape optimization problem, J : U → R
k number of state variables
KIc critical stress intensity factor for mode I
KIIc critical stress intensity factor for mode II
L set of inactive inequality constraints
L matrix of derivatives of the basis function of a continuous element
LD D-Lagrangian
L Lagrangian
m number of cohesive elements in the finite element mesh
mc number of crack pieces
mr + 1 number of finite element nodes on fiber boundary Γr

M number of finite element nodes in the finite element mesh
n outer unit normal vector to ∂Ω
nr + 1 number of control points
N number of fibers
Ni i-th linear basis function of cohesive unit element
pr
B finite element nodes lying on fiber boundary Γr

pk part of solution of adjoint problem for shape optimization
pNB all non-boundary finite element nodes
p vector of dual variables in shape optimization problem
P potential energy
Pi i-th node of a continuous unit element i = 1, ..., 4
qk part of solution of adjoint problem for shape optimization
rk part of solution of adjoint problem for shape optimization
∫ single valued solution map ∫ = (∫1, ∫2, ∫3)
S surface energy function

Ŝ surface energy with help function λ
S solution map
tri parameter for B-spline
t cohesive traction
tν normal component of cohesive traction
tτ tangential component of cohesive traction
T total energy functional
T d discretized total energy function
T d
λ discretized total energy function with help variable

T r parameter vector for B-spline
Tλ total energy functional with help function
uν normal component of displacement
uτ tangential component of displacement
u displacement field
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ud discretized displacement field
ue displacement vector for cohesive unit element (∈ R8)
v test function
vd discretized test function
V admissible set of test functions
z test function
W cost functional associated to fracture energy
xd state variable
X1,X2,X3,X4 nodes of a finite element
y imposed displacement
Z admissible set for state variables
α indicator if crack at reference point of cohesive element is opened
β ratio between KIIc and KIc

γ vector of shape variables
Γci i-th crack part of crack ΓC

Γe boundary of cohesive unit element
Γemax element side with maximal stress
Γr boundary of fiber r
ΓC crack
ΓD Dirichlet boundary
ΓN Neumann boundary
δcν critical crack opening for cohesive traction

according to normal crack opening
δcτ critical crack opening for cohesive traction

according to tangential crack opening
δνmax normal crack opening at which no cohesive traction acts anymore
δ crack opening
δν normal crack opening
δτ tangential crack opening
ε penalty parameter
ζ sub-gradient of shape optimization problem
θ penalty parameter
ϑi basis function associated to i-th node of FE mesh
Θ cost functional, Θ : U → R
λ help function for avoiding non-differentiability of T
λd discretized help function
µ1 Lagrange multiplier for equality constraints
µ2 Lagrange multiplier for inequality constraints
νp Poisson ratio
ν unit vector normal to ΓC

ξei i-th integration point of cohesive element nr e
σc critical stress
σcν critical stress for cohesive traction

according to normal crack opening
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σcτ critical stress for cohesive traction
according to tangential crack opening

σν normal component of stress
στ tangential component of stress
σ stress tensor
τ unit vector tangential to ΓC

ϕi i-th basis function of continuous unit element
χei integration points of continuous element (i = 1, ..., 4)
ωr domain of fiber r
Ω computational domain
Ω0 computational domain without crack
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