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Abstract
To overcome the difficulties associated with remeshing in moving bound-
aries or large deformations problems, the past decade has seen a tremendous
surge in the development of a new family of Galerkin meshless methods. In
parallel, meshing techniques using irregular node distributions have been a
subject of intense research. Latest advancements in the construction of in-
terpolants have allowed the use of new building blocks for tessellations and
cleared the path towards polygonal finite elements.

In this work we propose a hybrid nodal/element-based discretization method
which needs no predefined connectivity between the nodes and uses an adapted
and optimal polyhedral tessellation. Computationally convenient shape func-
tions based on generalized barycentric coordinates are used to interpolate in-
side the polygonal elements. A stabilized nodal integration scheme is applied
over the representative domains around the nodes.

This novel discretization scheme can be placed at the border between classi-
cal finite elements and meshless methods. It can be seen as an extension of
the Finite Element Method with which it overlaps for simplices and regular
node distributions.

Kurzfassung
Im letzten Jahrzehnt hat es einen immensen Anstieg in der Entwicklung
neuer netzfreier Galerkin Methoden gegeben. Deren Hauptvorteil ist, dass die
Schwierigkeiten auf Grund von Neuvernetzungen von Problemen mit sich be-
wegenden Rändern oder sehr großen Deformationen vermieden werden. Gle-
ichzeitig sind Vernetzungsalgorithmen, denen eine irreguläre Knotenverteilung
zur Grunde liegt, Gegenstand intensiver Forschung. Neuentwicklungen in der
Konstruktion von Interpolierenden ermöglichen den Gebrauch neuer Tesse-
lierungsansätze und ebnen den Weg für polygonale finite Elemente.

In dieser Arbeit wird eine hybride Knoten/Element-basierte Diskretisierungs-
methode vorgestellt, die auf einer adaptiven und optimalen polyedrischen



Dealaunay Tesselierung basiert und keine vordefinierte Konnektivität zwis-
chen den Knoten benötigt. Zur Interpolation werden Ansatzfunktionen ver-
wendet, die auf dem Konzept generalisierter baryzentrischer Koordinaten
beruhen. Die Auswertung der Gleichungen erfolgt mit Hilfe eines stabil-
isierten knotenbasierten Integrationsverfahren.

Dieses neue Diskretisierungsverfahren ist im Grenzbereich zwischen klassis-
chen Finite Element Methoden und netzfreien Methoden angesiedelt. Es
kann als eine Erweiterung der Finiten Element Methode gesehen werden, mit
der es im einfachsten Fall einer regulären Knotenverteilung übereinstimmt.



Chapter 1

Introduction

To mesh or not to mesh. That is the question...

S. Idelsohn & E. Onate

One of the most challenging tasks of using finite elements in computer-based
simulations is to constrain their geometric flexibility. Accuracy losses in
large deformations and movement of free surfaces or misrepresentation of the
breakage path in crack growth are classical issues. Mesh refinement can be
complex and time consuming, especially if mappings of field variables are
required, reliable adaptive mesh generators for higher dimensions are still
difficult to be built and the automation of the mesh generation process as a
whole remains an open issue.

Build to overcome this mesh-induced limitations numerous particle, grid-
less, meshfree or meshless methods have appeared in the last decade. These
methods use nodes to represent the domain and its boundaries instead of dis-
cretizing them. Ideally, no predefined connectivity between the nodes is used
in the discretization process. The main challenges are the construction of
shape functions when no relationship between the nodes is given and the im-
position of essential boundary conditions, since most of the shape functions
used do not satisfy the Kronecker delta property. Due to the non-polynomial,
usually rational character of the mesh-free basis functions, difficulties appear
at the approximation of their derivatives or at the choice of Gauss points
needed to evaluate the weak form.

1



CHAPTER 1. INTRODUCTION 2

Moving beyond finite elements has proved to be a challenging task. Some of
the advantages of the mesh-based methods have become the disadvantages
of the mesh-free ones. Ideally, the period of time needed to generate an
acceptable mesh or to evaluate the nodal connectivities should be bounded
and linear with the number of nodes. Several mesh-free or mesh-dependent
schemes, including the classical Finite Element Method (FEM) do not satisfy
this criterion.

Yet, proximal space partitioning concepts like Voronoi diagrams allow us to
quickly tessellate domains usign clouds of points with no given connectivities
between them. Furthermore, due to the advancements in the construction
of polygonal interpolants [58] we are nowadays no longer bound to use sim-
ple geometrical elements for finite element meshes. Irregular polygons can
provide greater flexibility in dealing with arbitrary geometries and have less
sensitivity to lock under volume-preserving deformation states, among other
benefits [57].

A set of arbitrary distributed nodes is the primary ingredient in any meshless
technique. Based on the concept of second order Voronoi sites, Sibson devel-
oped in 1980 his well known natural neighbor interpolation [53] scheme for
scattered nodal distributions. After over a decade, in 1992 Traversoni com-
bined it in with the concept of Covering Spheres in order to obtain practical
methods like natural neighbor finite elements [59]. Sambridge, Braun et al.
presented in 1995 a new weighted residual method for solving PDE’s called
the Natural Element Method (NEM) [47]. They derived analytical expres-
sions for the spatial derivatives of Sibson’s interpolant in terms of function
values at the nodes. NEM was firstly applied in solid mechanics in 1998 by
the inspiring PhD thesis of Sukumar [55].

In 1997 the non-uniqueness of the Sibson interpolant was proved by Belikov
et al. [5]. The simpler non-Sibson interpolation was classified in terms of
smoothness between the linear interpolation based on Delaunay triagulations
and the Sibson interpolation based on Voronoi cells and was largely applied
due to its computational efficiency. This simplified natural neighbor interpo-
lation scheme was independently developed by Hiyoshi and Sugihara [24] and
named Laplace interpolation for its similarities with the Laplace equation.
Using Minkowski’s theorem a framework was constructed for a whole family
of interpolants in which the previous ones are instances. Natural neighbor
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methods and in particular NEM have become increasingly popular in the
last five years. The obvious advantages of the natural neighbor interpolation
together with the simplicity of imposing boundary conditions in a direct way
have contributed to this popularity.

On the other hand, finite elements mesh optimization is still an open sub-
ject, even for simplicial elements. Discretization error and stiffness matrix
conditioning depend both on element shape and size, as well as on the type
of problem to be solved. An optimal linear element should minimize the
condition number of the stiffness matrix and especially the gradient inter-
polation error. As recently proved by Shewchuk [51], both small and large
angles have a negative effect and it is recommended to use simplices which
are as rounded in shape as they can be.

Introduced in early 1934 [14], the Delaunay criterion played a significant
role in the triangulation/tetrahedrization methods over the last decades.
Among all possible triangulations of a scattered point set in 2D, the De-
launay triangulation maximizes the minimum angle, minimizes the largest
circumcircle and is almost unique. Moreover, the optimality of the Delaunay
tessellation for any dimension in the sense that it minimizes the maximum
min-containment radius was proved [46]. These basic qualities together with
the pioneering algorithms developed by Lawson in 1977 [31] and Watson [66]
in 1981 made the Delaunay approach one of the most attractive and popular
triangular meshing techniques available today.

Nevertheless, the Delaunay criterion is not an algorithm by itself and gen-
erating an acceptable mesh based on it, is far from being a closed problem.
Firstly the mesh is unique only for sets with non co-circular nodes. Secondly
there is no guarantee that the Delaunay elements will contain no small angles.
Last but not least, the two max-min angle and min-max circumcircle prop-
erties are not valid in higher dimensions. For the non-uniqueness problem
numerous solutions have been presented over the last years. Among them
deleting some points, perturbing their positions or using construction rules
like the one based on two preferred directions recently proposed by Dyken
and Floater [19].

A very interesting approach was recently proposed by Calvo et al. [10].
Given an arbitrary nodal distribution, an Extended Delaunay Tessellation
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(EDT) is created by merging each set of almost co-circular points into a
single polygon. This tessellation is a unique mixture of Delaunay simplices
and other polygons/polyhedra defined by nodes laying on the same or nearby
Voronoi spheres. The proximity of the spheres is governed by a parameter δ
which set to a value greater than 10−6 avoids the appearence of almost-zero
volume elements. Conveniently the majority of EDT’s elements are Delau-
nay simplices which allow the use of linear shape functions. For the rest
of the polyhedrons, the non-Sibson shape functions are used. This approach
proves that n-simplices should not be the single building blocks of an optimal
tessellation based on a nearest-neighbor approach.

1.1 Research objective
The biggest problem of automatic mesh generation is the computing time
needed to obtain an acceptable partition to be used in a numerical scheme.
The computing time becomes unbounded if the number of operations needed
cannot be written as a function of the number of elements or nodes. On
the other hand, representing a domain with a set of nodes is a straightfor-
ward operation. However, meshless methods need the connectivities between
neighboring nodes in order to build the approximation functions and finding
the node connectivities can be as difficult and demanding in computational
time as building the mesh [28].

If a partition of the domain is needed at each time step, like in the case
of transient problems where the geometry of the domain changes with time,
a bounded method is a necessity. The algorithm should provide a linear re-
lation between the number of nodes and the number of operations needed
to generate the connectivities. The mesh or meshless character of the dis-
cretization scheme is less important in this case.

The objective of this research is twofold. First the aim is to develop a simple
and computationally convenient polygonal mesh based on a scattered point
distribution. The mesh should be unique, computed in a bounded period of
time, without any pertubation or deletion of the given points. Second to inte-
grate the previous mesh in a numerical discretization scheme by interpolating
inside the elements using locally defined shape functions.
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1.2 Contribution of the work
In this work, we propose a novel unstructured hybrid tessellation of a scat-
tered point set that minimally covers the proximal space around each point.
The unique mesh is automatically obtained in a bounded period of time by
transforming an initial Delaunay tessellation. Recently developed general-
ized barycentric coordinates are used for intepolating inside the polygonal
elements and a nodal interpolation scheme is conveniently applied over the
Voronoi cells in a Galerkin discretization scheme.

If the elements are simplices or the nodal distribution is regular, the pro-
posed approach is reduced to a classical finite element scheme. If the nodal
distribution becomes or is given as irregular, a hybrid polygonal mesh is auto-
matically build in a computationally convenient way and rational barycentric
coordinates are available for interpolating inside the elements. Without any
predefined connectivity between the nodes, the method can be considered as
a mesh-independent one. With shape functions depending exclusively on the
element’s geometry, the method can be seen as an extension of the Finite
Element Method.

We prove that the proposed scheme shows some pertinent advantages when
compared with a finite element technique based on Delaunay triangulation
schemes.

1.3 Outline
Chapter 2 explains the rationale behind the use of proximal neighborhod
concepts in discretization schemes. The fundamental properties of 1-st order
Voronoi cells and natural neighbors based interpolation schemes are pre-
sented. Based on these concepts, a relatively young and powerful numerical
method, the Natural Element Method (NEM), is briefly introduced.

In Chapter 3 the Delaunay tessellation (DT) is introduced as a dual con-
cept of the Voronoi diagram. Degenerated cases and quality measures for
Delaunay simplices are discussed, in parallel with the advantages of such a
tessellation. Potential issues of using Delaunay meshes for finite elements
are stressed. The Extended Delaunay Tessellation (EDT) is introduced as
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an alternative polygonal extension of the Delaunay tessellation. The Mesh-
less Finite Element (MFEM) method is examplified.

A novel hybrid tessellation, the Adaptive Delaunay Tessellation (ADT), is in-
troduced in Chapter 4. Definition, properties and quality measures for ADT
elements are presented. Visual comparison examples between ADT polygons
and DT simplices are given.

Chapter 5 introduces the latest developments regarding interpolation schemes
over arbitrary polygons. Some interpolation applications like the classical ap-
proximation of Franke’s function and the interpolation of a grayscale image
are presented. A comprehensive statistical error analysis of the root mean-
squared error and of the relative absolute error has also been done.

The potential use of the ADT mesh in a numerical discretization scheme
of Galerkin type is presented in Chapter 6. A novel stabilized conforming
nodal integration scheme (SCNI) is used due to the non-polynomial charac-
ter of the shape functions involved and to the computational advantages of
having the Voronoi diagram computed already at the meshing stage. A vari-
ational justification of this approach starting from a generalized three field
Hu-Washizu principle is presented. Two dimensional classical Galerkin prob-
lems of a thin rectangular plate subjected to a uniformly distributed load
and of Cook’s membrane under plane stress conditions are analysed. A com-
parison of the results obtained with generalized barycentric coordinates on
ADT elements and natural neighbor interpolants on clouds of points is made.

Proposals for further work and some concluding remarks are mentioned in
the final chapter of the thesis.



Chapter 2

Proximal neighborhood concepts
in meshless discretization schemes

...there is one geometric structure
which is maybe most famous in computational geometry:

Voronoi diagrams.

O. Aichholzer & F. Aurenhammer

In this chapter, some fundamental proximal neighborhood concepts and their
use in meshless discretization schemes are presented. The Voronoi diagram
and its properties is firstly introduced. Two types of natural neighbor co-
ordinates, the Sibson and non-Sibson coordinates are defined and their use
in interpolation schemes is presented. The shape functions properties based
on natural neighbor coordinates are discussed and an example of a non-
Sibsonian interpolation function is given. Finally, a brief description of the
Natural Element Method as a natural neighbor-based discretization scheme
is presented.

2.1 The Voronoi diagram
One geometric structure which is maybe most famous in todays computa-
tional geometry area is the Voronoi diagram [1]. For scattered nodal distri-
butions used on a large scale in numerical discretization methods, the Voronoi
diagram captures the important distance information in a compact and ele-

7
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gant manner. A brief history of the concept will be presented, followed by
some basic definitions and properties.

2.1.1 History of the concept

The proximal neighborhood concept has firstly been used by Decartes more
than three centuries ago to describe the gravitational influence of stars [15].
He considered that the space can be decomposed into convex regions called
vortices where the influence of the star is strongest (Figure 2.1). Conceptu-
ally, these regions describe the proximal neighborhood around a site and are
similar to what we call today a Voronoi cell.

Figure 2.1: Descartes’ space decomposition

Dirichlet was the first to formally introduced the concept in two and three
dimensions in early 1850 [16] and Voronoi generalized his work in 1908 into



CHAPTER 2. PROXIMAL NEIGHBORHOOD CONCEPTS 9

higher multidimensional space [60].

Nowadays, the Voronoi diagrams are commonly used in more than twenty
fields [18]. Among them in metallurgy for modelling the grain growth in
metal films, crystallography and chemistry for studying the chemical prop-
erties of metallic sodium and for modelling the alloy structures as sphere
packings, robotics for planning the path in the presence of obtacles, pattern
recognition as medial axis or skeleton of a contour or in geometric modeling
and finite elements analysis for Delaunay meshes.

Above all, for a given scattered nodal distribution, the proximity or region
of influence around each node is perfectly described by its Voronoi cell.

2.1.2 Definition of the 1st-order Voronoi diagram

Let S = {P1, P2, ..., Pn}, n ≥ 3 be a set of points in the two-dimensional
Euclidean space R2.
We denote with d(Pi, Pj) the Euclidean distance between two points Pi(xPi

, yPi
)

and Pj(xPj
, yPj

)

d(Pi, Pj) = sqrt
[
(xPi
− xPj

)2 + (yPi
− yPj

)2
]

(2.1)

We define the Voronoi cells and diagram in terms of the Euclidean metric.

Definition 1.
The Voronoi cell of a point Pi ∈ S is defined as the polygonal area

V (Pi, S) =
{
Q ∈ R2 | d(Q,Pi) < d(Q,Pj), ∀Pj ∈ S , j 6= i

}
(2.2)

The Voronoi diagram of the point-set S is the planar subdivision whose faces
are the Voronoi cells of the points in S.

We remark that V (Pi, S) is a convex polygon, not necessarily bounded. The
former definition can be extended to a set of sites in any dimension.

An alternative definition of the Voronoi diagram in terms of the intersec-
tion of halfplanes is emphasising its geometrical properties.
Given two points Pi,Pj ∈ S , the set of points that are strictly closer to Pi
than to Pj is represented by the open halfplane h(Pi, Pj)

h(Pi, Pj) =
{
Q ∈ R2 | d(Q,Pi) < d(Q,Pj)

}
(2.3)
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whose bounding line is the perpendicular bisector between Pi and Pj denoted
with b(Pi, Pj)

b(Pi, Pj) =
{
Q ∈ R2 | d(Q,Pi) = d(Q,Pj)

}
(2.4)

Definition 2.
The Voronoi cell of point Pi is defined as the intersection of n − 1 open
halfplanes containing it

V (Pi, S) =

{⋂
Q

h(Q,Pi) |Q ∈ S , Q 6= Pi

}
(2.5)

The Voronoi diagram of the point-set S is defined as

V (S) =

⋃
Pi,Pj

(
V (Pi, S)

⋂
V (Pj, S)

)
|Pi,Pj ∈ S , Pi 6= Pj

 (2.6)

where by V (Pi, S) we have denoted the closure of the Voronoi cell of point
Pi.
In other words, V (S) will consist of the line segments obtained after remov-
ing all the open Voronoi cells of each point.

If two Voronoi cells V (Pi, S) and V (Pj, S) have a common boundary that
contains more than one point, we denote it with Ve(Pi, Pj) and call it a
Voronoi edge. The endpoints of Voronoi edges are called Voronoi vertices.
Obviously the following relation holds

Ve(Pi, Pj) ⊂ b(Pi, Pj) (2.7)

2.1.3 Basic properties of the Voronoi diagram

The Voronoi diagram of a set S of n ≥ 3 coplanar points is partitioning the
plane into a set of non-overlaping tiles, one for each point, containing all
locations closer to that point than to any other.

If a point P ∈ S lies on the convex hull of the point-set, the convex polygon
V (P, S) is unbounded. In other words, the Voronoi cells of the boundary
nodes are by virtue of construction extending outside the convex hull, usu-
ally to infinity.
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As an example, we represent a two-dimensional model of the Cook’s mem-
brane with a set of 65 arbitrary distributed points. We plot in Figure 2.2
the intersection between the Voronoi diagram of the point-set and the area
covered by its convex hull. Since 32 points have been distributed on the
boundary of the membrane, the obtained tessellation properly models the
domain of interest.

Figure 2.2: A Voronoi tiling of the Cook’s membrane two-dimensional model
obtained by a convex-hull cut from a Voronoi diagram

The Voronoi tiles in Figure 2.2 which are parts of unbounded Voronoi cells
are shaded in gray. In Figure 2.3 we have plotted a detail view of the whole
Voronoi diagram found outside the convex hull of S.

If we cut all the unbounded edges of a Voronoi diagram by a closed curve and
remove the halflines outside this curve we obtain a finite, connected planar
graph with n+ 1 faces. This graph is denoted the finite Voronoi diagram.
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Figure 2.3: Detail view of the Voronoi diagram outside the convex-hull

For a planar graph without any edge intersections, Euler’s formula states
that

v − e+ f = 2 (2.8)

where v is the number of vertices, e is the number of edges and f is the
number of faces.
It follows that the number of Voronoi vertices is at most 2(n − 1) and the
number of Voronoi edges at most 3(n− 1). A Voronoi cell has in average less
than 6 edges.

In a Voronoi diagram, most vertices are of degree 3. A higher degree oc-
curs only when 4 points (or more) are cocircular.

Last but not least, by virtue of construction, each point on a Voronoi edge
is equidistant from the two points Pi and Pj generating the nearby Voronoi
cells. Furthermore, there is an empty circle centered at such point and pass-
ing through Pi and Pj that contains no other points from S. It follows that
a Voronoi vertex (usually of degree 3) at which three Voronoi cells V (Pi, S),
V (Pj, S), and V (Pk, S) intersect is equidistant from all three points Pi, Pj
and Pk. The unique circle centered in this vertex and passing through the
sites contains no other sites in its interior.
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In Figure 2.4 we took into consideration the Voronoi vertex C . By con-
struction, the vertex is equidistant to Pi, Pj and Pk. The three bisectors
are correspondigly denoted with b(Pi, Pj), b(Pj, Pk) and b(Pi, Pk). Using the
former argument, the circle centered in C and passing through the three
points is empty. As will be later proved, this property is essentially used
when triangulating the point-set based on the dual concept of its Voronoi
diagram.

Figure 2.4: An empty circle passing through three points and centered in a
Voronoi vertex

The intrinsic potential of Voronoi diagrams lies in their structural properties,
in the existence of efficient algorithms for their construction and in their
adaptability [2].

2.2 Spatial interpolations based on natural neigh-
bors

Although known for centuries, it was only recently that the proximal space
partitioning concept was used as basis of an interpolation scheme. A gen-
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eralized notion of nearby surrounding nodes termed natural neighbors are
playing an incresingly important role in the local interpolation schemes used
nowadays for arbitrary nodal distributions.

2.2.1 Definition of natural neighbors

Definition.
Let S be an arbitrary distributed set of points, X a point of interest and
V (X,S) its Voronoi cell. The bounded set of points in S whose Voronoi cells
share a common edge with V (X,S) are termed the natural-neighbors of X.

In Figure 2.5 the Voronoi diagram generated by a set of 11 arbitrary dis-
tributed points in a plane is plotted. The Voronoi cell of the point of interest
X is shaded. We denote the natural-neighbors of X with Ni and the other
points with Pi. As expected, X has 6 natural neighbors, as many as the
edges of its Voronoi cell V (X,S).

Figure 2.5: The Voronoi cell and natural neighbors of a point

It is noteworthy to point out that the natural neighbors of a node define a
unique set of closest surrounding nodes in the point-set, in the same way the
Voronoi cell defines its closest surrounding area in the plane. Both concepts
are closely linked to the local density of the nodes.
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a).

b).

Figure 2.6: One-quarter of a plate with a hole
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In order to exemplify the former statement, we represent in Figure 2.6 one-
quarter of a plate with a hole by a set of 77 scattered nodes. As seen in
Figure 2.6(a), the nodes have been conveniently distributed in an anisotropic
way. In Figure 2.6(b) we have shaded the Voronoi cells corresponding to
the natural neighbors of X and drawn the circle centered in X with radius
d(X,N), as the distance from X to its furthest positioned natural neighbor.

We remark that even though d(X,P ) < d(X,N), d(X,Q) < d(X,N) and
d(X,R) < d(X,N) the points P , Q and R are, unlike N , not considered as
natural neighbors of X. In other words, the natural neighbors will reflect the
anisotropic distribution of nodes. The local variation in nodal density will
be stored in a compact form at each node by its corresponding Voronoi cell
or by the number and relative position of its natural neighbors.

In what follows, we will show how natural neighbors can be used as basis
of a local interpolation scheme.

2.2.2 Sibson coordinates

Robert Sibson has firstly introduced the natural neighbor interpolant for ge-
ographic sampling [52, 53] and proved that the coordinates are continuously
differentiable at all points except at the nodes, in any dimensions. His ap-
proach is one of the most robust interpolation methods available to date for
scattered nodal distributions. The algorithm was extended and applied to
gridding topographic data sets with highly irregular distributions [47].

In Figure 2.7(a) we have plotted the Voronoi diagram for a point distribu-
tion S = {Ni, Pi} and in Figure 2.7(b) for SX = {Ni, Pi, X} which includes
an extra point X. We mark in the intersection of the two diagrams Figure
2.7(b) with letters from a to j.

Obviously the Voronoi cell of point X is a union of areas taken from the
Voronoi cells of its natural neighbors, shaded for convenience in Figure 2.7(b).
These areas are known as second-order Voronoi cells [47].
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a).

b).

Figure 2.7: Voronoi diagram of two point-sets, with and without point X
being included

We denote the total area of the Voronoi cell of point X with AV (X,SX) =
A{abcdef} and the areas “stolen” from the neighboring Voronoi cells with
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AXNn = AV (X,SX)

⋂
AV (Nn,S), correspondingly. For the first neighbor we

have AXN1 = A{agf}.

Let us consider a local interpolation scheme

u(x1, x2) =
∑
n

Φn(x1, x2)un (2.9)

where un are data values collected at the natural neighbors of node X(x1, x2)
and Φn(x1, x2) are the corresponding weights.
The Sibson-coordinates φn(x1, x2) are defined for each neighbor as the ratio
of areas

Φn(x1, x2) =
AXNn

AV (X,SX)

(2.10)

Since the natural neighbors of a node are a unique set of nearby surrounding
nodes, the interpolation scheme is guaranteed to be local. Furthermore, the
interpolant fits the initial data at the nodes exactly and the derivatives of
the interpolated function are continuous everywhere except at the nodes.

As proved before, compared with other distance-based interpolation schemes
previously used in meshless methods like the moving least squares approxi-
mation [30], the natural neighbor interpolation is anisotropic and takes into
account the local distribution and density of nodes [55].

2.2.3 Non-Sibson coordinates

The non-uniqueness of natural neighbor coordinates was proved by the in-
troduction of the non-Sibson or Laplace interpolants [5, 24]. Rated as inter-
mediate in terms of smoothness between the linear and Sibson ones, the new
coordinates are simpler and hence computationally efficient.

In Figure 2.8 the segments connecting point X to its natural neighbors and
the corresponding Voronoi edges are plotted. We denote each edge with
Ve(X,Nn), n = 1, 6 and each distance with d(X,Nn).



CHAPTER 2. PROXIMAL NEIGHBORHOOD CONCEPTS 19

Figure 2.8: Non-Sibson coordinates

For each natural neighbor of X, the non-Sibson coordinates are defined as
the ratio of lengths

Φn(x1, x2) =

Ve(X,Nn)
d(X,Nn)

n∑
i=1

Ve(X,Ni)
d(X,Ni)

(2.11)

In contrast to Sibson’s interpolant which is based on n−dimensional volumes,
the non-Sibson one is based on (n−1)−dimensional volumes divided by a lin-
ear dimension [5]. This advantage becomes significant in 3D implementations
where the intersection of volumes can induce high computational costs.

2.3 Shape functions based on natural neighbor
coordinates

In this section we present the essential properties of natural neighbor shape
functions. Of particular interest for numerical integration schemes used
in Galerkin methods is their support. A computational example of non-
Sibsonian coordinates will be presented.
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2.3.1 Shape functions properties

If the point X coincides with a node from the set S, so does its Voronoi cell
and the plot in Figure 2.7(b) will be identical with the one in Figure 2.7(a).
Since the area of V (X,SX) is entirely taken from the Voronoi cell of the
coinciding node and nothing is taken from the others, the natural neighbor
coordinates are ΦX(x1, x2) = 1 for point X and ΦP (x1, x2) = 0 for any other
point P ∈ S.
In other words the shape functions based on natural neighbor coordinates
satisfy the Kronecker-delta property

ΦPi
(Pj) = δij (2.12)

for any Pi, Pj ∈ S . Hence, the interpolated value at any node X(x1, x2)
equals the actual given value at the node

u(x1, x2) = uX (2.13)

Since the natural neighbor coordinates are normalized areas by construction,
the corresponding shape functions satisfy the properties of positivity

0 ≤ Φn(x1, x2) ≤ 1 (2.14)

and partition of unity ∑
n

Φn(x1, x2) = 1 (2.15)

where n is the number of natural neighbors of X.
The partition of unity property implies that a natural neighbor interpolant
can exactly reproduce constant functions [37].

2.3.2 Consistency and completeness of an approxima-
tion

Consistency requirements depend on the order of the PDEs to be solved. For
a PDE of order 2k the solution of the Galerkin method requires consistency
of order k. Consistency of order k means that a constant field for the kth
derivative must be represented exactly as the discretization tends to zero.
Hence for a second order PDE constant first derivatives must be represented
exactly.
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The order of the consistency of an approximation is usually the order of the
polynomial which is represented exactly. Hence, for second order PDEs, lin-
ear fields must be represented exactly.

On the other hand, reproducing conditions refer to the ability of an approx-
imation to reproduce a function if the nodal values are set by the function.
Thus the ability to reproduce nth order polynomials is equivalent to nth
order consistency [6].

Finally, an approximation is complete if it provides a basis which can re-
produce the function with an arbitrary order of accuracy. Since any approx-
imation which can exactly reproduce linear polynomials can reproduce any
smooth function and its first derivative with arbitrary accuracy as the ap-
proximation is refined, an approximation which has linear consistency also
has linear completeness.

The linear completeness of the Sibson and non-Sibson interpolants, mean-
ing their ability to reproduce constant and linear displacement fields, was
proved [55, 56].

2.3.3 Natural neighbor shape functions support

For a given point of interest the natural neighbor interpolants are non-zero
inside the circles passing through that point and having the centers at the
vertices of its Voronoi cell. In Figure 2.9 the areas of influence around point
X are shaded.

Accurate numerical integration of the weak form is an issue in this case,
since the intersection of shape function supports do not coincide with the
integration cells [55].

2.3.4 Example

For the given scattered point distribution in Figure 2.10, we choose one point
of interest and plot its Voronoi cell in red and its neighboring Voronoi cells
in yellow.
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Figure 2.9: Natural neighbor interpolant’s support

Figure 2.10: Neighboring Voronoi cells around a point
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We choose 40255 points in which the natural neighbor coordinates of the
point of interest are non-zero and plot them in Figure 2.11.

Figure 2.11: Natural neighbor shape functions support

The support of the natural neighbor shape function is as expected the union
of circles passing through the point. The corresponding non-Sibson shape
function is plotted in Figure 2.12.

We remark that linear combinations of the previously introduced interpolants
as well as other techniques like weighting averages of barycentric coordinate
functions [9] can be used to generate systems of natural neighbor coordinate
functions.

2.4 The Natural Element Method
The natural neighbor interpolants have lead to a powerful new class of
weighted residual methods for solving PDE’s termed as the Natural Ele-
ment Method (NEM) [47]. The authors have shown the advantages of the
Delaunay triangulations and natural neighbors in cases where the nodal dis-
tribution cannot be chosen to suit the interpolation scheme or when the mesh
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Figure 2.12: Non-Sibsonian shape function

adapts during the calculation. Analytical expressions for the spatial deriva-
tives of the natural neighbor interpolant in terms of the function values at
the nodes have been derived [47].

The method was firstly applied to boundary value problems in two-dimensional
small displacement elastostatics [55]. The natural neighbor coordinates were
used as trial and test functions. The symetric and sparce siffness matrix was
assembled on a nodal basis due to the absence of an element structure. For
the numerical integration computations quadrature rules were applied on a
background integration mesh.

The strictly linear character of the interpolant between adjacent nodes on
the boundary of the convex hull has facilitated the imposition of essential
boundary conditions. In one dimension NEM’s approach is identical with
linear finite elements. In two dimensions it is identical with the constant
strain triangle for 3 natural neighbors and with the billinear rectangle for 4
regularly distributed natural neighbors. The coupling between linear finite
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elements and NEM is straight-forward [56].

For the general case, the non-polynomial rational character of the interpolant
and the miss-match between its support and the background integration cells
can induce errors at the numerical integration stage. As in other mesh-free or
nodal based approaches, a proper nodal integration scheme can substantially
improve the computational costs and the accuracy of the approximation.

A methodology to model material discontinuities and non-convex bodies with
NEM was also described, as well as the enrichment of the interpolant for crack
problems[55].

The Natural Element Method has a clear meshless character due to the shape
functions used and the assembling procedure. Moreover, the similarities with
finite elements are striking. The natural neighbor approach has proved to
be a promising choise for general discretization schemes based on arbitrary
nodal distributions.





Chapter 3

Delaunay meshes for finite
elements

If one is concerned with element quality,
it seems almost silly to consider using a triangulation

that is not Delaunay.

J.R. Shewchuk

Figure 3.1: A Delaunay triangulation of the Voronoi turtle

The most common forms of unstructured meshes are the triangular or tetra-
hedral ones. Several triangulation schemes are currently used, like octree

27
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technique [48, 67] which recursively subdivides cubes containing the domain,
advancing front [34, 35, 36] which progressively builds tetrahedra starting
from the surface of the domain and the Delaunay criterion. Among them,
the most popular technique is by far the Delaunay triangulation [44].

A Delaunay triangulation of the Voronoi turtle is plotted as example in Fig-
ure 3.1.

3.1 Definitions
Triangles are two-dimensional simplices. An n-simplex is the simplest n-
dimensional shape defined by a minimum number of points. It is an el-
ementary building block used to construct simplices of higher dimensions.
Examples are points, line segments, triangles and tetrahedrons.
Simplex-based approaches are popular due to computational advantages, the
flatness of the faces and the presence of well-known topological relationships
[45].

A triangulation is a partition of a planar domain as a union of disjoint sim-
plices with no holes or overlaps between them.

Let S be a unique two-dimensional set of points. A circle that contains
no point of S in its interior is said to be empty. The segment connecting two
points of V laying on the same empty circle is called a Delaunay edge [14].
Every segment of the convex hull of V is Delaunay. The union of all these
edges can form a unique triangulation of the point-set S called the Delaunay
triangulation.

We exemplify for the nodal distribution in Figure 3.2. We connect the point
of interest X with all its natural neighbors and we close the boundaries of
the convex hull. The obtained triangles are by construction inscribed in the
circles passing through X and centered at the Voronoi cell vertices ’a’ to ’f’.
Since the interior of these circles does not contain any vertex of the initial
set of points, the triangles are Delaunay.
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Figure 3.2: A Delaunay triangulation

The former tessellation is a valid triangulation since the interior of the sim-
plices do not intersect and their union forms the convex hull of the point set
formed by X and its natural neighbors N1 to N6.

For a given point of interest its Voronoi cell is unique and so are the empy
circles passing through the point and centered in its Voronoi cell vertices.
Since every such empty circle is circumscribed to a Delaunay triangle, the
Delaunay triangulation can be seen as a dual of the Voronoi diagram. The
circles are called empty circumcircles in the literature.

3.2 Properties
The Delaunay triangulation maximizes the minimum angles [31]. Moreover,
among all triangulations with the same smallest angle, the Delaunay trian-
gulation maximizes the second smallest angle, and so on.
These important properties imply that the Delaunay tessellation avoids as
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much as possible skinny elements. However, the shape of these elements de-
pends exclusively on the given point distribution, as will be later proved.

The Delaunay triangulation also minimizes the radius of the largest circum-
circle, enclosing circle and min-containment circle [13]. The min-containment
circle of a triangle is the smallest circle containing or enclosing the triangle
(Figure 3.3). It can be either its circumcircle or the diameter circle of its
longest edge.

Figure 3.3: The min-containment circle of a triangle

The former properties are valid in two-dimensions only, with the excep-
tion of the min-containment property which was proved to be valid in higher
dimensions too [46].

The optimal qualities of Delaunay simplices together with the pioneering
algorithms developed by Lawson [31] and Watson [66] made Delaunay tri-
angulation one of the most attractive and popular triangulation techniques
available today.

3.3 Degeneracies
We have previously mentioned the criterion according to which a unique De-
launay tessellation of a point set can be build. However, this uniqueness is
not guaranteed when certain degeneracies occur in the data. Problems arise
when three points of a potential triangle are collinear or four or more points
are cocircular.
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For our initial distribution, we have two degenerated set of points, namely
{X, N2, P2, N3} and {X, N4, P4, N5}, laying on the circles with centers in b
and d respectively (Figure 3.4).

Figure 3.4: Cocircular degeneracy

In these circumstances, the Delaunay triangulation is not unique due to the
possible pairs of crossing edges {N2N3, XP2} and {N4N5, XP4} respectively.
Applying the empty circumcircle criterion leads in this case to no triangula-
tion at all.

A common way to deal with these degeneracies is to reject some points from
the distribution or to slightly alter their coordinates. In order to obtain a
real triangulation, some crossing edges can be deleted. Moreover, the cross-
ing edges can be omitted all together rendering unique polygonal elements
inscribed in the empty circumcircles [49].

3.4 Delaunay triangles quality measures
The linear element quality issue is an ill posed problem which, depending on
specific applications, can have contradictory solutions.
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It was early proved [3] that simplices with large angles (approaching 180o)
are increasing the error in the gradient and hence diminishing the accuracy
of the numerical solution, while small angles (approaching 0o) do not have a
negative impact.
Recently, error bounds and element quality measures have been provided [51]
for clarifying the relashionship between the mesh geometry, discretization
errors and stiffness matrix conditioning for linear finite elements.

3.4.1 Error bounds for interpolation

Let f(x) be a continuous scalar function defined over a triangular mesh and
g(x) its piecewise linear approximation. In order to bound the errors it is
assumed that f(x) is smooth and it satisfies the following constraint in each
element ∣∣f ”

d(x)
∣∣ ≤ cel (3.1)

where f ”
d(x) is the curvature of f at the point x along an arbitrary direction

d and cel is a constant defined per-element.
The upper bound on ‖f − g‖∞ as the maximum interpolation error over the
element is given by

cel
r2
mc

2
(3.2)

where rmc is the radius of the min-containment circle of the element.
Since the Delaunay triangulation minimizes the min-containment circle in
any dimension it follows that it minimizes the maximum bound on interpo-
lation error.

The upper bound on ‖∇f −∇g‖∞ as the maximum error of the gradient
of the interpolated function over the element is given by

cel
lmaxlmed(lmin + 4rin)

4A
(3.3)

where lmax, lmed and lmin are the maximum, median and minimum edge
lengths of the element, rin is the radius of the inscribed circle and A is the
signed area of the triangle.
The former bound reveals that the shape of the element has a strong influence
on the gradient.
We exemplify for two isosceles triangles as in Figure 3.5.
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Figure 3.5: Distorted triangles

The first triangle is a model of large angle simplices with one angle approach-
ing 180o while the other two are closing to 0o. Using the previously given
formula, the upper error bound grows arbitrary large with the diminishing
of the area A because the other edge lengths remain almost unchanged.
The second triangle is a model of small angle simplices with one angle clos-
ing to 0o while the other two are approaching 90o. The area A diminishes
towards zero at the same rate with lmin and rin , keeping the error bounds
almost unchanged.
Hence, badly shaped triangles will induce large errors only if they have angles
approaching 180o.

For finite elements, the interpolation error computed as the difference be-
tween the gradient of the interpolated function and the gradient of the real
function can contribute to discretization errors.

3.4.2 Stiffness matrix conditioning

Let V1, V2 and V3 be the vertices of a triangle and A its area. We denote
with hi the distance (altitude) from Vi to the opposite edge and with di the
distance from an inside point X to the same edge. The three areas in which
the triangle is divided by X are correspondingly denoted with Ai. We exem-
plify in Figure 3.6 for the first vertex V1.

The barycentric coordinates of X

bi(X) =
Ai(X)

A
=
di(X)

hi
(3.4)

have the absolute value of their gradients given by

|∇bi(X)| = 1

hi
|∇di(X)| = 1

hi
(3.5)
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Figure 3.6: Barycentric coordinates

Hence, the gradients ∇bi(X) are constant vectors of length 1/hi orthogonal
to the opposite edges of the triangle’s vertices Vi.

A simple and direct argument [51] can be given for the assessment of the
geometrical shape of a linear element with regards to the conditioning of
its stiffness matrix Kel. If the triangle has angles approaching 0o at least
two of the altitudes become very small compared with its largest edge. Cor-
respondingly, two gradient vectors ∇bi become very long and the diagonal
terms ∇bi · ∇bi very large. Since the eigenvalues of the stiffness matrix Kel

have the same orders of magnitude with its diagonal terms, the condition
number

k =
λmax
λmin

(3.6)

written as the the ratio of the max/min eigenvalues of Kel becomes large.
Hence the element’s stiffness matrix is ill-conditioned.
In other words, the presence of small angles is increasing the conditioning
number of the stiffnes matrix and decreasing the speed and accuracy of the
solvers.

3.5 Delaunay meshing issues
Generating optimal triangular meshes for discretization schemes is a chal-
lenging task. Ideally, a good mesh should correctly model the shape of the
problem’s domain, should offer as much control as possible over the sizes of
its elements and the elements should be relatively round in shape [51]. The
last requirement is the most difficult one.
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3.5.1 Shape optimality

Delaunay triangles are as equilateral as possible. However, the Delaunay tri-
angulation is not optimal for controlling the worst-case value of ‖∇f −∇g‖∞
[51].

In Figure 3.7 we have changed the positions of points P1, P3 and P4 in
the previously used distribution and arranged them closer to N2, N3 and N4

respectively. They all became natural neighbors of X and part of the sur-
rounding Delaunay triangles. For convenience, the Voronoi cell of point X is
plotted instead of the empty circumcircles.

Figure 3.7: Another Delaunay triangulation

We notice the presence of skinny triangles. This is due to the limitations of
using simplicial tessellations (even Delaunay ones) for strongly anisotropic
point distributions. The issue is even more problematic in 3D.

3.5.2 Non-uniqueness

As previously proved in 3.1.3, for degenerated cases the Delaunay triangu-
lation is not unique. Furthermore, every Voronoi cell is completely covered
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by the empty circumcircles which have in their frontier the point generating
the cell. This is not the case for the corresponding Delaunay triangles.

3.5.3 Visual example

We plot in Figure 3.8a. a two dimensional Delaunay triangulation of a scat-
tered nodal distribution. A closer view of the triangulation as seen in Figure
3.8b. will reveal the distorted Delaunay simplices coloured in black for con-
venience. We will prove in the following chapters how this degeneracies can
be eliminated with a simple and efficient algorithm.

3.6 The Extended Delaunay Tessellation
The Delaunay simplices are generally regarded as a dual concept of the
Voronoi diagram. However, the real and unique dual are their empty cir-
cumcircles also named covering circles or covering spheres in 3D [59].

A unique polygonal tessellation defined by points lying on the same or nearby
covering spheres was recently proposed [10, 26]. The idea is based on some
common-sense principles that should define a good partition for a numeri-
cal scheme. Firstly the elements should have all their nodes on the same
empty spheres in order to provide an optimal distance between them. Fur-
thermore, they should fill the corresponding spheres as much as possible in
order to have optimal angles between their faces. Last but not least, the pres-
ence of nodes very close to each other should be considered as a necessity for
representing correctly a gradient in the solution and not as a wrong partition.

The Delaunay triangulation is in line with these principles if no degenerated
cases are encountered. However, the Delaunay tetrahedrons do not inherit
the nice geometrical properties of their two-dimensional counterparts. More-
over, the degenerated cases are frequent and dangerous in 3D where almost
zero volumes like slivers are often formed.
A sliver is a tetrahedron that is nearly flat even though none of its edges is
much shorter than the others. As proved in the previous chapter, the gradient
of the interpolated function becomes arbitrary large in this case introducing
significant numerical errors.



CHAPTER 3. DELAUNAY MESHES FOR FINITE ELEMENTS 37

a). An arbitrary Delaunay triangulation

b). Detailed view of the above triangulation

Figure 3.8: Slivers in a two dimensional Delaunay triangulation
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3.6.1 Definition and properties

Let N be a set of distinct nodes in R3. The Extended Delaunay Tessellation
(EDT) is defined as the unique partition of the convex hull Ω of all the nodes
into regions Ωi such that Ω =

⋃
Ωi , where each Ωi is the polyhedron defined

by all the nodes laying on the same Voronoi sphere [10].

A two-dimensional EDT tessellation is plotted in Figure 3.9 for the previously
used nodal distribution .

Figure 3.9: The Extended Delaunay Tessellation

The elements are either Delaunay triangles or polygons with vertices on the
same empty circumcircles.

Furthermore, in order to avoid zero volume elements, the polyhedra are
defined by all the nodes laying on the same and nearby spheres, with the
proximity governed by a parameter δ. Numerical tests have shown that set-
ting δ larger than 10−4 is not changing the results. Hence, a fixed value of
δ = 10−2 can in general be considered.

It is important to remark that the former approach is solving the near-zero
volume terahedra issue in a straightforward way by simply joining similar
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Voronoi spheres.

A polygonal finite element procedure which uses the EDT tessellation as
a mesh and the natural neighbor coordinates as shape functions has recently
been proposed and termed the Meshless Finite Element Method [25].

3.7 The Meshless Finite Element Method
In 2002, Idelsohn et al. presented some criteria for defining the usefulness of
a meshless method [25]. A meshless method can be defined as an algorithm
in which the shape functions depend only on the node positions. However,
an ideal meshless method should provide the evaluation of nodal conectivity
in a bounded period of time, linear with the number of nodes.

The Meshless Finite Element Method (MFEM) is a polygonal finite element
procedure which satisfies both previous statements [25]. It uses the Extended
Delaunay Tessellation build in a computing time of order n1.33. Within each
polyhedron Non-Sibson interpolation is performed. The EDT elements are
uniquely depending on the Voronoi spheres and implicitly on the nodal distri-
bution. Hence, the shape functions used are depending on the node positions
only.

The advantages shared with finite elements are the Co continuity between
the elements, the symmetry of the stiffness matrix and the overlapping with
linear elements for all simplex EDTs.

MFEM’s Non-Sibson interpolants and NEM’s Sibson natural neighbor in-
terpolants are compared in Figure 3.10 for a regular nodal distribution [25].

Although the shape functions of the point of interest are spanning across
the same neighboring nodes, their supports are different. NEM has the ad-
vantage of having C∞ continuity over the whole domain minus the point of
interest while MFEM has the advantage of a simpler polygonal support, bet-
ter suited for the numerical evaluation of the integrals.

The Extended Delaunay Tessellation was also succesfully used in Lagrangian
formulations for solving fluid-structure interaction problems like the well
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a). Non-Sibson interpolant in MFEM b). Sibson interpolant in NEM

Figure 3.10: MFEM and NEM shape functions for a regular distribution

known Particle Finite Element Method (PFEM) [43]. One of the main ad-
vantages of using EDT meshes in these procedures are the fast regeneration
of the mesh at every time step on the basis of the position of the nodes.

The Particle Finite Element Method has been recently applied in solid me-
chanics for cases where the solid behaves like a fluid as in forming processes
or rapidly changes its boundaries as in machining processes [41, 42].



Chapter 4

The Adaptive Delaunay
Tessellation

...there is a dual of the Voronoi tessellation
that I call Covering Spheres,

far less known than the Delaunay triangles,
that is useful to the base of a partition

that is, in each of its tiles,
the home of natural neighbor interpolant

and can be used with advantages on finite elements
on the plane, the sphere and the space.

L. Traversoni

Given a scattered nodal distribution, we build a polygonal tessellation termed
the Adapted Delaunay Tessellation [12] with two purposes in mind. First,
the mesh should be unique, computed in a bounded period of time, with no
manual modifications and without any perturbation or deletion of the given
nodes. Second, the elements should have good geometrical qualities as de-
sired in numerical approximation schemes and should minimally cover the
proximal space around the nodes. This later requirement makes sense if we
want the elements to be optimally adapted to a scattered nodal distribution.

The geometrical entity that perfectly records the proximity to a set of points
is the Voronoi diagram. We have proved earlier that contrary to what is gen-
erally assumed, the Delaunay tessellation is not a real dual of the Voronoi
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diagram for two reasons: first it is not unique and secondly the Delaunay
simplices connected to one point do not necessary cover its corresponding
Voronoi tile. In other words, a Delaunay tessellation will better represent
the neighbors of a point than the proximal space around it. The dual con-
struction that satisfies both previous requirements are the covering spheres.

We will show that starting from Delaunay simplices we can obtain a minimal
polygonal covering of the Voronoi cells by tracing their corresponding cir-
cumcenters and merging them into superior quality polygons. The obtained
tessellation is unique and optimally adapted to the initial distribution. Fur-
ther benefits will be highlighted in the following paragraphs.

4.1 Definitions

4.1.1 Descriptive definition

We start with a descriptive definition of the Adaptive Delaunay Tessellation.

Definition 1 (Adaptive Delaunay Tessellation). The Adaptive Delaunay
Tessellation (ADT) is the unique partition of the convex hull of a set of
points into Delaunay simplices and polygons/polyhedrons that fulfill the De-
launay circumcenter criterion.

The Delaunay circumcenter criterion uniquely characterizes an Adaptive De-
launay Tessellation:

Definition 2 (Delaunay circumcenter criterion). Let DT be a Delaunay
triangulation of a set of points. Let DT ′ be a polygonal tessellation of the
same points. The boundary of a polygon is considered part of its domain.
A triangle in DT ′ is adaptive Delaunay if

1. it is also in DT and contains its own circumcenter but no circumcenter
of another triangle, or

2. is a boundary triangle and its circumcenter is outside the convex hull
of the points.
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A polygon in DT ′ is adaptive Delaunay if

1. it is the smallest union of triangles from DT and contains only the
circumcenters of these triangles.

A DT can be transformed into an ADT by subsequently applying the De-
launay circumcenter rules to all Delaunay simplices:

Definition 3 (Delaunay circumcenter rule). In a tessellation that consists
only of Delaunay triangles and polygonal unions thereof, if a simplex is not
adaptive Delaunay, merge all simplices/polygons intersected by the line seg-
ment between the simplex barycenter and its circumcenter into a new poly-
gon.

The repeated application of rule 3 starting from a Delaunay triangulation
terminates in an ADT. This process is guaranteed to terminate since each
application of rule 3 removes one triangle that is not ADT while not affecting
the remaining triangles.

4.1.2 Intensional definition

We propose the following construction to render a Delaunay triangulation
into a unique ADT tessellation in R2, although a similar approach also ap-
plies to higher dimensions.

Definition (Adaptive Delaunay Tessellation). Let DT (P) = (EDT ;FDT )
be a Delaunay triangulation of P ⊂ R2 with edges EDT and triangular faces
FDT . The boundary of the convex hull of P is denoted by ∂C(P). An angle
greater or equal to π/2 is considered obtuse, and so is a triangle having an
obtuse angle. If a triangle f is obtuse, e>f ∈ f denotes its longest edge, which
is always opposite to its obtuse angle, and we call e>f an obtuse edge.
Let

E ′ := {e>f | f ∈ FDT ∧ e>f * ∂C(P)} (4.1)

be the set of all obtuse edges that are not on the boundary of the convex hull
of P, and

EADT := EDT \ E ′ (4.2)

be a set of edges.
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The unique tessellation (EADT ;FADT ) is called Adaptive Delaunay Tessella-
tion (ADT) of P. The ADT is constructed from the Delaunay triangulation
by iterating over its triangles. Since a 2D Delaunay Triangulation can be
constructed in O(n log n) complexity, the linear overhead from the ADT
construction is negligible.

4.2 Algorithm
We give a simple algorithm that transforms a Delaunay triangulation DT
into an Adaptive Delaunay Tessellation:

1. initialize ADT with the simplices from DT

2. iterate over simplices T ∈ DT

3. compute circumcenter c of T

4. find enclosing polygon P ∈ ADT for c

5. if T = P or T is a boundary simplex and c outside the convex hull
continue with point 2

6. else if T and P share an edge, replace T and P by T ∪ P and continue
with point 2

7. else replace all polygons Pi ∈ ADT that intersect the line segment
between T ’s barycenter and c by their union and continue with point 2

4.3 Properties of the ADT
The geometric properties of the Adaptive Delaunay Tessellation have been
recently proved [7].

The three main claims are the uniqueness of the ADT, connectedness of
the ADT, and coverage of the Voronoi tiles by adjacent ADT tiles:

• For any non-collinear set of points P ⊂ R2, ADT (P) exists and is
unique.
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• If ADT (P) = (FADT ;EADT ) is the Adaptive Delaunay Tessellation of
P, then the graph GADT = (P;EADT ) is connected.

• The Voronoi tile of each point p ∈ P is contained in the union of the
adjacent faces of p from ADT (P).

In what follows we will tessellate the convex hull of our previously used
nodal distribution with two possible Delaunay triangulations and with the
corresponding unique EDT and ADT meshes.

Figure 4.1: First possible Delaunay tessellation

The two sets of degenerated points laying on the empty circumcircles with
centers in b and d are rendering several Delaunay tessellations, two of which
are plotted in Figure 4.1 and Figure 4.2.

The ADT tessellation plotted in Figure 4.3 is unique for the given distri-
bution.

As long as the Delaunay triangulation contains no ambiguous cases, this
is obvious by construction. Otherwise, all ambiguous edges are obtuse edges
and will be removed, making the ADT unique again. Special care, i.e. ep-
silon thresholding, must be taken in case the circumcenter is located on an
ambiguous Delaunay edge. Since both triangles adjacent to that edge are
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Figure 4.2: Second possible Delaunay tessellation

rectangular, round-off errors might classify both as non-obtuse, thus pre-
venting the removal of the ambiguous edge.

The Extended Delaunay Tessellation plotted in Figure 4.4 is formed by merg-
ing Delaunay simplices with vertices on the same degenerated circles. The
Adaptive Delaunay Tessellation is formed by merging simplices that do not
contain their own circumcenters. In this way, the obtained polygons contain
all the circumcenters of their respective Delaunay triangles. Hence, a point’s
Voronoi cell is completely covered by its adjacent ADT elements (Figure 4.5).

We remark that this is not true for a Delaunay triangulation or EDT tessel-
lation. The ADT tessellation represents the unique minimal covering of the
Voronoi diagram.

Furthermore, the ADT tessellation is optimal in the sense that no interior
simplex has an angle greater than π/2 and the polygonal elements have as
rounded shapes as possible for the given nodal distribution. In order to ilus-
trate this property, we consider the previously used distribution in Figure 12.
where we’ve changed the positions of points P1, P3 and P4 by bringing them
closer to N2, N3 and N4. We have proved that a Delaunay triangulation does
not satisfy the goal of having as round elements as possible. Slightly altering
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Figure 4.3: Unique ADT tessellation

Figure 4.4: Unique EDT tessellation
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Figure 4.5: Voronoi cell covering

the node positions or merging the co-circular ones into polygons as for the
EDT in Figure 4.6a. will not help either.

For the ADT in Figure 4.6b., all the skinny, obtuse triangles are merged
with others to form polygons with a rounder shape. Note that this does not
necessarily eliminate skinny, isoscele triangles. We consider this alternative
optimal for the given nodal distribution.

Given the construction, it is very likely that all the mentioned properties
of an Adaptive Delaunay Tessellation are valid in higher dimensions, too. In
3D, many badly shaped elements can appear in a normal Delaunay tetrahe-
dralization. Some of them are considered acceptable drawbacks, others have
to be eliminated due to the errors induced. The fact that most elements are
non-obtuse in an ADT makes it increasingly important in these cases.

The construction of the ADT yields no disconnected elements, which can
be shown based on the fact that it starts with a Delaunay triangulation.

We need to mention that an ADT can admit non-convex polygons, which
requires extra care to be taken and narrows the spectrum of available shape
functions over ADT elements. We have dealed with non-convex polygons by
using mean value coordinates.
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a). EDT tessellation b). ADT tessellation

Figure 4.6: Deliberately changed nodal distribution

4.4 Visual examples

We firstly illustrate the properties of the ADT by comparing it to the Delau-
nay triangulation for two slightly different point sets, as shown in Figure 4.7.
In contrast to the Delaunay triangles the ADT polygons have been shaded.

Note the slightly less uniform distribution in the right point set, leading to
more badly shaped triangles in Figure 4.7b. The ADT, however, copes with
the less uniform point distribution by generating more well-shaped polygons.
The number of ADT elements can be seen as a measure of how optimal the
initial Delaunay tessellation was. For the right point set, almost half of the
initial number of Delaunay triangles have been merged.

As a second example, we triangulate a two-dimensional Cook’s membrane
domain in Figure 4.8a. and plot the corresponding ADT mesh in Figure 4.8b.

We notice the presence of a non-convex ADT polygon, shaded in a darker
gray colour for convenience. A statistical data related to the occurence of
non-convex polygons in ADT meshes will be later presented.

Left-corner details of the previous meshes are plotted in Figure 4.9 with
the purpose of showing how the obtuse Delaunay triangles are conveniently
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a). Two scattered point sets

b). Delaunay Tessellation

c). Adaptive Delaunay Tessellation

Figure 4.7: DT and ADT of two slightly different scattered point sets

merged into rounded-shaped polygons.

An analysis of the geometrical qualities of the ADT polygons versus the
Delaunay simplices will be later performed.

As a third example, we scale horizontally a set of points arbitrary distributed
in a unit square. Three stages, up to a scaling of s = 2 are plotted in Figure
4.10.

The quadrilateral ADT elements are coloured in red and the pentagons in
green. Although the initial nodal distribution was optimized, the number of
polygonal elements increases proportional with the degree of scaling.



CHAPTER 4. THE ADAPTIVE DELAUNAY TESSELLATION 51

a). DT mesh b). ADT mesh

Figure 4.8: Meshing of the Cook’s membrane

a). Delaunay Tessellation b). Adaptive Delaunay Tessellation

Figure 4.9: Cook’s membrane mesh detail

We have statistically analysed the evolution of 484 ADT elements, limiting
ourselves to simplices, quadrilaterals and pentagons, for horizontal scalings
up to s = 4, in 83 steps. The results are plotted in Figure 4.11.
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Figure 4.10: Horizontally scaling of a unit square

The procentage of each element type is stabilizing itself for s ≥ 2. For
simplices it reaches almost 60%, for quadrilaterals 30% and for pentagons
less than 10%.

The initial Delaunay simplices will not be completely merged into ADT poly-
gons. We observe that they represent more than half of the total number of
ADT elements.

In-deph statistical results will be presented in the following sections.
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Figure 4.11: Statistical analysis of ADT elements

4.5 An element condition number for arbitrary
polygons

In mesh-based discretization methods the sizes and shapes of elements have
a direct influence on the accuracy of the numerical results. Even a small
number of badly shaped elements can already compromise the whole dis-
cretization process. For the most common types of elements used today,
error bounds and quality measures have been provided. Still, shape mea-
sures for general polygonal elements are almost inexistent.

In the sequel we will have to compare the shapes of simple polygons, simple
in the sense that no two of their edges intersect, with different numbers of
vertices. Traditional measures such as maximum or minimum angle are not
sufficient for this task so we will employ an alternate shape measure [20]. We
will assume that all polygons under consideration have their centroids at the
origin.

A measure s(P) for the shape of a polygon P = (P1, ..., Pn) should have
the following properties:

• s(P) is lowest for regular polygons.

• s(P) is a smooth function of P’s vertices.
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• s(P) does not change if P is scaled uniformly in x and y.

• s(P) does not change if P is rotated around the origin, i.e., P’s centroid.

We now propose a shape measure meeting the above objectives.
Let P be a polygon having n vertices Pi. Then P may be written as a 1× n
matrix

P = [ P1 ... Pn ] (4.3)

Let
A = PT ·P (4.4)

be the correlation matrix of P. It is used in the Principal Components Anal-
ysis (PCA) of point sets. The PCA finds a best fitting ellipse to the point
set. Its axes are the (normalized) eigenvectors of A; the lengths of the axes
are given by the square roots of its (real and positive) eigenvalues σ1 and
σ2. The ratio of these lengths (largest value σ1 divided by smallest value σ2)
is known as P’s condition number cond(P). If P is a regular polygon, then
cond(P) = 1. In all other cases, cond(P) ≥ 1.

We propose to use cond(P) as the shape measure for the polygon P. The
proposed shape measure is an analytic function of P’s vertices; this follows
since σ1 and σ2 are analytic functions of A’s elements.

Other properties are:

• cond(P) is is infinite for degenerate polygons (meaning all of P’s ver-
tices are on one straight line). A general Phas rank 2, whereas a
degenerate one only has rank 1, resulting in A being singular. Thus,
cond(P) =∞.

• cond(P) does not change if P is scaled uniformly in x and y. If P is
scaled by a factor c, then so is A and hence its eigenvalues. Thus their
ratio remains constant.

• cond(P) does not change if P is rotated around the origin, i.e., P’s
centroid. If P is rotated by a matrix R, the matrix A is changed to
A’={\PP}^{\rm A′ = PTRTRP, hence A′ = A.

A drawback of our shape measure is that it is blind to vertex ordering. But
since our polygons are simple, this is not considered harmful.
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4.6 Quality measures for ADT elements
We’ve proposed a new polygonal tessellation of a point cloud, and claimed
it performs better than other schemes since it bears an improved condition
number and has a minimum coverage of the Voronoi cells in comparison to
the Delaunay triangulation.

Although polygonal approaches provide more flexibility, our method can also
produce non-convex polygons. We therefore present the results of statistical
analysis of the ADT’s properties to examine the development of condition
number, number and valence of polygons, and number of non-convex poly-
gons depending on several parameters of the point cloud.

The basic setting consists of a regular grid of 50× 50 points distributed over
the unit square, which we distort by a normal distributed random variable
in x and y with a variance of 0.2 and a radius of 0.025. The coordinates of
points outside the unit square after the random term was added are clamped.

In order to prevent too degenerate cases, we removed all points that were
closer to another point than the minimum allowed distance of 30% of the grid
size. The following is a statistical analysis of some of the ADT properties in
the following scenarios:

1. variable resolution of points (ratio boundary vs. interior)

2. variable randomness in the distribution of points

3. variable linear deformation of an initial point set

Each of those scenarios has been analyzed in a sequence of feasible settings,
repeating each concrete setup ten times to improve statistical significance.
The charts display the arithmetic mean of ten independent runs for a given
setup.

Each time the ADT is generated we extract

1. the mean condition number of the elements

2. the percentage of non-convex polygons

3. the histogram of polygon valences (how many 4-gons, 5-gons, etc.)
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4.6.1 Variable resolution

In this scenario we compare the mean condition numbers at different reso-
lutions in order to examine the influence of the ratio between boundary and
inner elements on the mean condition number.

The results shown in Figure 4.12 confirm the hypothesis that only for very
small resolutions the worse shape of the boundary elements has significant
influence on the mean condition number, yet this effect is far less visible for
the ADT, which comes with better results than the DT.

The plot illustrates the influence of boundary elements, which usually retain
a bad condition number. If the resolution increases, the ratio between inner
and boundary elements changes in favour of the mean condition number.

Figure 4.12: Comparison of condition numbers for DT (P) and ADT (P)
considering variable resolutions
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4.6.2 Variable randomness

We want to evaluate the ADT for point sets exposing different levels of ran-
domness. We therefore vary the Gauss radius r ∈ [0.0, 0.0471], which results
in the corresponding tessellations, shown in Figure 4.13 left and right.

As expected, for r = 0, DT (P) consists entirely of ambiguous settings that
are merged into quadrilaterals in ADT (P). While r grows, the triangles in
DT (P) get closer to equilateral at first with a moderate distortion, but be-
come increasingly ill-shaped for larger randomness. This can be verified with
the condition numbers in Figure 4.14.

Figure 4.13: DT (P) (upper row) and ADT (P) (lower row) for a Gauss radius
of (a) r = 0.0, (b) r = 0.00119, and (c) r = 0.0471

The chart only displays the condition number of inner elements, as the con-
dition numbers for close-to degenerate Delaunay triangles on the convex hull
are arbitrary close to infinity. We remark a stable behavior after some point
on.
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Figure 4.14: Comparison of the mean condition number of the DT and the
ADT for a variable Gauss radius expressing a variable order of randomness

Figure 4.15 displays the development of non-convex elements, the results of
all 10 runs plotted on top of each other to give an impression of the deviation.
We consider all elements, and the contribution of non-convex elements seen
in the range r ∈ [0, 0.4] result from non-convex boundary elements.

Interestingly, the number of non-convex elements seems to stay constant
around 5% to 6%, although with a higher deviation. Again there appears
some stabilization above some point.

We compare the mean condition numbers at different resolutions in order to
examine the influence of the ratio between boundary and inner elements on
the mean condition number. The results shown in Figure 4.14 and Figure 4.15
confirm the hypothesis that only for very small resolutions the worse shape
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Figure 4.15: Percentage of non-convex polygons, all ten results for one value
of the gauss radius displayed to show the variance

of the boundary elements has significant influence on the mean condition
number, yet this effect is far less visible for the ADT, which again comes
with better results than the DT.

4.6.3 Variable linear deformation

Since ADT (P) and DT (P) are implicitly defined by P, they are naturally
suited to tessellate deforming geometries. We analyze the development of
the condition number under a continuous deformation of P, which we choose
to be a horizontal scaling ranging from s = 1 to s = 3, the setting for s = 1
and s = 2 being shown in Figure 4.16.

We have noticed one setting with exceptionally high mean condition num-
bers for DT (P), the development of the mean condition number depicted in
Figure 4.17.
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In contrast to the remaining 9 test cases, the mean condition number for
DT (P)was constantly increasing, while it remained constantly low forADT (P).

Figure 4.16: DT (P) (upper row) and ADT (P) (lower row) for a horizontal
scaling of the random point cloud by 1 and 2, respectively

4.6.4 Statistics Summary

We found that the average condition number of the ADT is in general sig-
nificantly lower than that of the Delaunay triangulation. When looking at
point clouds with a different amount of randomness and different minimum
distance for the nearest points, the ADT exhibits less variation. The mean
condition number of an ADT settles between 1.7 and 2.0 while for a Delau-
nay triangulation it is usually between 2.5 and 2.7.

While a Delaunay triangulation always consists of triangles, an ADT can
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Figure 4.17: Comparison of mean condition numbers of DT (P) and ADT (P)
for an increasing horizontal stretch of P from s = 1 to s = 3

contain polygons of higher valence. In general, the more organized and uni-
form the point cloud, the lower the valence of polygons in the ADT. For
sufficiently large point clouds, the element distribution in the ADT in all our
test runs looks as in the table presented in Table 4.1.

valence 3 4 5 6 ...
polygons 55% 20% 10% 5% ...

Table 4.1: Distribution of element valences in large, random point clouds

The occurence of non-convex elements in the ADT is certainly a drawback.
However, for uniformly ordered point sets there are no non-convex polygons
and for increasingly random point distributions they never exceeded 7% of
the total number of elements.
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Last but not least, boundary elements play a special role in that they can
retain the bad shapes of the Delaunay triangles, since outside the convex hull
there are no more triangles to merge.

If boundary triangles are merged into ADT elements the resulting condi-
tion number improves, but non-convex elements are created more often than
in the interior.

Badly shaped triangles are a common problem in Delaunay triangulations
and a further improved ADT approach can be a step forward in dealing with
it.



Chapter 5

Polygonal interpolations on ADT
elements

Möbius introduced in 1827 the mass point concept [39]. Received at the
beginning with skepticism by both Cauchy and Gauss, it became today an
indispensable tool in graphics and computational sciences.

Generalized barycentric coordinates for irregular polygons were intensively
studied in the last decade due to their large field of applicability. Some of
the properties of formulas for simplices were unfortunately lost on the way
to generalization. Problems appeared with linear precision, non-negativity,
smoothness, tensor product and bilinearity.

However, in early 1975 Wachspress presented such coordinates in his rational
finite element basis [61] which were leading to the desired properties. An
abstract generalization of Watchspress coordinates for arbitrary polytopes
was firstly proposed by Warren in 1996 [62].

Warren’s coordinates are described in detail in the following paragraph.

5.1 A computationally convenient form of ra-
tional barycentric coordinates

For any convex polytope he considered its polyhedral cone and the unique
adjoint polynomial associated to it. By taking rational combinations of ad-

63
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joints of various cones associated with the polytope, barycentric coordinate
functions have been obtained.

Generally, if P is a d-dimensional polytope bounded by n facets, these ratio-
nal functions take the form

Bv(x) =
bv(x)

c(x)
(5.1)

where bv(x) is a polynomial of degree n − d and c(x) is a polynomial of
n− d− 1 degree.

Furthermore, if any facet is a simplex, the coordinates are simply linear
functions on that facet. It was proved that this algorithm is equivalent to
Wachspress’s construction in the case of convex polygons.

In 2002, Warren proved that any set of rational coordinate functions o de-
gree n− d that satisfy the non-negativity and linear precision properties are
unique and of minimal degree [63].

Meyer, Lee, Barr and Desbrun [38] presented a simple, local and easy to
implement form of these coordinates for 2D cases. Floater, Hormann and
Kos [22] showed recently that Watchspress’s coordinates belong to a unifying
one-parameter family of smooth barycentric three-point coordinates, together
with the mean value coordinates. A general method of constructing other
smooth barycentric coordinates, like whole families of five-point coordinates
is also described.

Still, Watchspress’s coordinates are the only ones from the one-parameter
family which are positive and full affine invariant to non-uniform scaling.
However, the numerical results presented show that these coordinates are
less robust against obtuse angles, compared with the mean value coordi-
nates. This important result justifies ones again the need of an optimal mesh
with as few as possible distorted elements.

Recently, a computationally convenient form of rational barycentric coor-
dinates for higher dimensions was proposed by Warren, Schaefer, Hirani and
Desbrun [64].
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5.1.1 Algorithm

For simplicity we describe the planar case of a polygon P. We note with d = 2
the space dimension, with vi (i = 1, n) the polygon’s vertices and with x an
inside point. Since each edge of P is defining a halfplane, the convex n-gon
can be written as the intersection of n-halfplanes.
Hence, we can defined it as a solution of a matrix inequality

NX ≤ c (5.2)

where N is a n × d matrix, X = [x1, x2]T and c = [c1, ..., cn]T is a column
vector of length n.

We assign in clockwise order an index to each edge of the polygon, corre-
sponding to the equation

Nix = ci (5.3)

where Ni is the i-th row of N. Since each vertex is the intersection of two
edges, we build an index set σ for each vertex containing the two correspond-
ing indices.

For each index set a d × d submatrix of N is formed by the indices cor-
responding rows, denoted Nσ.
The weight functions are defined for every vertex as

wσ(x) =
|Det(Nσ)|
nσ(x)

(5.4)

with nσ(x) =
∏

i∈σ [ci − Nix] a product of d linear functions.

As geometrical meaning, the numerator corresponds to the area of the par-
allelogram formed by the outward normals associated with the two adjacent
edges of the vertex and the denominator is the product of the distances from
x to these edges.

The barycentric coordinates are obtained by diving each weight by the sum
of all weights defined in the polygon.
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5.1.2 Properties

Given a d-dimensional polytope with vertices vi (i = 1, n), each rational
coordinate function per vertex satisfies the defining properties of barycentric
coordinates

• non-negativity bvi
(x) ≥ 0 , ∀x ∈ P

• partition of unity
∑n

i=1 bvi
(x) = 1 , ∀x ∈ P

• linear precision
∑n

i=1 vibvi
(x) = x , ∀x ∈ P

Furthermore, they satisfy the auxiliary properties of smoothness, tensor prod-
uct and face restriction. The coordinates are then reduced to bilinear ones
for a rectangle and to linear ones on the edges of a polygon.

5.1.3 Example

We consider the planar case of an irregular pentagon, as plotted in Figure
5.1.

Figure 5.1: Irregular pentagon case
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The edges are clockwise numbered and each vertex is identified by an index
set representing the two corresponding incident edges. The outward normals
and the perpendiculars from an inside point x to the polygon’s edges have
been drawn.

For vertices coordinates V5,1 = (−1, 1), V1,2 = (0, 2), V2,3 = (1, 2), V3,4 =
(1, 0.5), V4,5 = (0, 0) the matrix inequality has the form

−1 1
0 1
1 0

0.5 −1
−1 −1


[
x1

x2

]
≤


2
2
1
0
0

 (5.5)

Corresponding to each vertex the weights are

w{5,1}(x) =
2

[2 + x1 − x2][x1 + x2]
(5.6)

w{1,2}(x) =
1

[2− x2][2 + x1 − x2]
(5.7)

w{2,3}(x) =
1

[1− x1][2− x2]
(5.8)

w{3,4}(x) =
1

[−0.5x1 + x2][1− x1]
(5.9)

w{4,5}(x) =
1.5

[x1 + x2][−0.5x1 + x2]
(5.10)

As expected, the coordinates are rational and of minimum degree. They are
simple to evaluate and they reduce to the conventional barycentric coordi-
nates in the case of simplices.

5.2 Mean value coordinates
The former explicit construction retains its properties in arbitrary dimen-
sions. Yet, Warren’s coordinates are less robust against obtuse angles and
non-convex n-gons. Wachspress’s interpolant does not generalize to non-
convex polygons and applying the construction to such a polygon yields an
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interpolant that has poles on the interior of the polygon [29]. Therefore, we
are considering the use of other generalized barycentric coordinates as an
open choice.

A good alternative option for both convex and non-convex polygonal ele-
ments are the recently proposed mean value coordinates [21].

Let v0, v1, ... ,vk be points in a plane forming a star-shaped polygon around
v0, as plotted in Figure 5.2. We cyclically denote with αi , 0 < αi < π the
angle at v0 in the triangle [v0, vi, vi+1].

Figure 5.2: Angles used in the definition of Mean Value Coordinates

The mean value coordinates for v0 with respect to v1, ... ,vk are defined as

λi =
wi∑k
j=1wj

, wi =
tan(αi−1/2) + tan(αi/2)

‖vi − v0‖
(5.11)

This approach provides convex local coordinates with linear precision and
infinite smoothness [21].
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5.3 Shape functions based on generalized barycen-
tric coordinates

We visualize the previously introduced rational barycentric coordinates by
plotting the corresponding shape functions for both regular and irregular
polygons.

The representative shape function for a regular quadrilateral mesh is drawn
in Figure 5.3.

Figure 5.3: Waren’s shape functions over unit square elements

In Figure 5.4 we have plotted the shape function for the previously used
nodal distribution in Figure 4.3.

The shape functions are smooth in any point x inside the elements and linear
on the edges. Their explicit construction retains its properties in arbitrary
dimensions.

In the following section we are applying Warren’s coordinates over an ADT
with only convex elements for function and image interpolations from scat-
tered values.
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(a).

(b).

Figure 5.4: Warren’s barycentric coordinate functions over ADT elements
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5.4 Franke’s function interpolation
Franke’s function [23] has been used as a benchmark in scattered data in-
terpolation for a long time. We approximate this function by sampling its
values at 40 to 400 arbitrary locations in the unit square. The corresponding
ADT tessellations are plotted in Figure 5.5, with polygons of valence greater
than three depicted in darker colors.

Figure 5.5: Two ADT tesselations over a unit square

The corresponding approximations of Franke’s function are shown in Figure
5.6.

Figure 5.6: Franke’s function approximations

We remark that the scheme renders good results, even for low resolutions.
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5.5 Grayscale image interpolation
We have applied the ADT interpolation scheme on an 8 bit, 720×560 pixels
grayscale image (Figure 5.7) of Antonio Canova’s Cupid and Psyche, taken
by the author at Louvre.

Figure 5.7: 8 bit grayscale image

We consider as known the values in 4292 pixels out of 403200 (respectively
1.06%) and interpolate the values in the others.

Two approaches are compared, namely a Delaunay triangulation with a lin-
ear interpolation over the simplices and an Adaptive Delaunay Tessellation
with Warren’s generalized barycentric coordinates over the polygons. The
ADT mesh is plotted in Figure 5.8.

While the DT is a triangulation of the initial scattered point distribution,
the ADT is also formed of polygons up to octagons. The ADT partition
contains 32% less elements compared to the 8311 Delaunay simplices for this
case. The element distribution of the ADT is presented in Figure 5.1.

The interpolated pictures are presented in Figure 5.9.
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Figure 5.8: Adaptive Delaunay Tessellation

valence 3 4 5 6 7 8
colour white red yellow blue green orange

elements 4223 1321 369 113 38 7
% 69,6 21,8 6,1 1,9 0,6 0,1

Table 5.1: ADT elements distribution

We compare the interpolation error for the two methods based on the com-
mon measures of root mean-square (RMS) error and relative absolute error
(RAE). The RMS value was obtained by computing the average of squared
differences between computed values ci and true values ti for all n test cases:√

[t1 − c1]2 + ...+ [tn − cn]2

n
(5.12)

We took t̄ as the average of the true values and computed the relative absolute
error value as:

|t1 − c1|+ ...+ |tn − cn|
|t1 − t̄|+ ...+ |tn − t̄|

(5.13)

The RMS value for the previously interpolated image was 4.5401 for the DT
and 4.5619 for the ADT scheme. The relative absolute errors were 0.1659
and 0.1661 for the DT and the ADT scheme, respectively.
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Figure 5.9: DT vs. ADT interpolated images

a). 396x312 pixels detail

b). 239x177 pixels detail

Figure 5.10: Detailed view of the above interpolated images
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Despite using significantly fewer elements than a DT approach, the ADT
scheme yields a similar interpolation error. From a visual point of view
the interpolated image will be smoother, more obvious on tilings with few
elements (Figure 5.10).

5.6 Statistical error analysis
Finally, we took a grayscale image of 750x1000 pixels and analysed the evolu-
tion of the error values over 28 discretization steps, ranging from 99 arbitrary
distributed points to 30704 ones. The number of Delaunay simplices will ren-
der from 160 to 60582. The resulted RMS and RAE errors are plotted in
Figure 5.11 and Figure 5.12 respectively.

Figure 5.11: Root mean-squared error (ADT vs. DT)

We can conclude that the use of an ADT scheme (with generalized barycentric
coordinates) will have the advantage of a comparable interpolation error with
classical DT scheme (with linear interpolation) by using approximately 30%
less elements with improved geometric properties.



CHAPTER 5. POLYGONAL INTERPOLATIONS 76

Figure 5.12: Relative absolute error (ADT vs. DT)

From a visual point of view, the interpolated image will allways be smoother
in the ADT case, more obvious on meshes with few elements.



Chapter 6

A hybrid nodal/element
discretization method

Finite element meshes are composed today mostly of simplices or polygons
with few vertices like quadrilaterals or hexagons, due to the simplicity and
robustness of the interpolation schemes available for such elements. The
latest developments in polygonal shape functions are opening however new
possibilities.

A clear overview of the advantages and potential benefits of using polygo-
nal finite elements in numerical computations was recently presented [3, 51].
Compared with triangular or quadrilateral meshes, polygonal elements pro-
vide better accuracy in the numerical solution (higher-order approximation),
have less sensitivity to lock under volume preserving deformation states and
are better suited for complex or arbitrary geometries. They are useful in ma-
terial design, in the modelling of polycrystalline materials and as transition
elements in finite element meshes.

In this section we present a novel polygonal finite element method based
on the Adaptive Delaunay Tessellation introduced in Chapter 4. We use
some recently developed generalized barycentric coordinates as polygonal in-
terpolants together with a stabilized conforming nodal integration scheme.

We start by reviewing some basic formulations of the linear elastostatic prob-
lem.

77
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6.1 Strong, weak and variational forms in lin-
ear elastostatics

Consider a two dimensional linear, elastic and isotropic material model de-
scribed by a domain Ω and boundary surface S, found in static equilibrium
in reference to a rectangular Cartesian coordinate system xy, under pre-
scribed body forces and boundary conditions. The unknown displacement
u = [ ux uy ]T, infinitesimal strain ε = [ εx εy γxy ]T and Cauchy stress
σ = [ σx σy τxy ]T fields are to be computed by giving the body forces
b = [ bx by ]T, displacements û = [ ûx ûy ]T on the essential boundary
part Su and tractions t̂ = [ t̂x t̂y ]T on the complementary natural bound-
ary part St.

We write the field equations in matrix form.
The balance of linear momentum provides the internal equilibrium equations

∇T
s C∇su + b = 0 (6.1)

where C is the matrix of elastic stiffnesses

C =

 c1 c2 0
c2 c1 0
0 0 c3

 (6.2)

and ∇s is the symmetric gradient operator

∇s =

 ∂/∂x 0
0 ∂/∂y

∂/∂y ∂/∂x

 (6.3)

For the plane stress condition the material parameters are

c1 = E
1−ν2 c2 = νc1 c3 = E

2(1+ν) (6.4)

and for the plane strain

c1 = E(1−ν)
(1+ν)(1−2ν)

c2 = νc1 c3 = E
2(1+ν) (6.5)

with E the modulus of elasticity and ν the Poisson’s ratio.
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The strain and stress vectors can be written in terms of the displacement
field as

ε = ∇su (6.6)

and
σ = C∇su (6.7)

The balance of forces on St provides the Neumann or natural boundary con-
ditions

t = t̂ (6.8)

with
t = NTC∇su (6.9)

The unit outward normal matrix N has the form

N =

 nx 0
0 ny
ny nx

 (6.10)

where n = [ nx ny ]T is the normal vector on the surface.

Finally, the Dirichlet or essential boundary conditions prescribe the displace-
ments on Su as

u = û (6.11)

6.1.1 Weighted-integral formulations

Mathematical modeling of linear elastic systems naturally leads to partial dif-
ferential equations in strong form, as above. However, numerical discretiza-
tion schemes extensively use weighted-integral formulations that relax the
strong forms into domain averaging statements.

Most approximation methods compute the solution u(x) of a boundary value
problem as

u(x) ≈ v(x) =
n∑
i=1

piΦi(x) (6.12)

where Φi(x) is a set of known functions in terms of the spatial coordinate sys-
tem and pi are unknown scalar coefficients. The approximation function v(x)
is termed a trial function. One way to determine the unknown parameters
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pi is to minimize the residual R(x) of the approximation in the differential
equation by requiring its weighted average to vanishˆ

Ω

wi(x)R(x)dx = 0 (6.13)

for all i = 1, n , were wi(x) are linearly independent weight functions or test
functions. A classical example is the Galerkin method, where the test func-
tions are determined from the trial functions as wi(x) = Φi(x).

Further on, the former weighted-integral form is usually processed in order to
both weaken the continuity requirements on Φi(x) and to include boundary
conditions in the formulation. This is done by lowering the derivation order
of the primary variable u(x) and shifting it to the weight functions, and by
vanishing the weight functions at the points of the essential boundary Su.
The result is defining a weaker condition for the solution of our problem and
is hence termed a weak form.

We follow the previously described steps for the 2D elastostatic case by con-
sidering the weighted-integral formulation of the internal equilibrium equa-
tions ˆ

Ω

W(∇T
s C∇su + b)dΩ = 0 (6.14)

where W is the weight-function matrix

W =

[
w1 0
0 w2

]
(6.15)

If we integrate by parts and use the traction boundary conditions we obtainˆ

Ω

(∇sW)TC∇sudΩ−
ˆ

Ω

WbdΩ−
ˆ

St

Wt̂dS = 0 (6.16)

The above equations define a weak formulation of our problem.

6.1.2 The principle of virtual work

Alternatively, we can derive a weak formulation of the linear elastostatic
equations by assuming an infinitesimal variation of the displacements δu =
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[δux δuy]
T, termed virtual displacements. From the equilibrium equations

and natural boundary conditions it follows
ˆ

Ω

(δu)T(∇T
s σ + b)dΩ +

ˆ

St

(δu)T(t− t̂)dS = 0 (6.17)

Applying integration by parts and enforcing the virtual displacements δu to
vanish on Su we obtain

ˆ

Ω

(δε)TσdΩ−
ˆ

Ω

(δu)TbdΩ−
ˆ

St

(δu)Tt̂dS = 0 (6.18)

where
δε = ∇sδu (6.19)

The former relation is equivalent to the previous weighted-integral equations,
with δu being used as weight functions. It also represents a formulation of
the principle of virtual work according to which the mechanical system un-
dergoing virtual displacements that satisfy the essential boundary conditions
is in equilibrium if the sum of all the virtual work done by the external and
internal forces is vanishing.
In our case the work done by the reaction forces on Su is zero.

If we assume an infinitesimal virtual variation of the stresses
δσ = [ δσx δσy δτxy ]T we can write the kinematic equations and essential
boundary conditions as

ˆ

Ω

(δσ)T(ε−∇su)dΩ +

ˆ

Su

(δt)T(u− û)dS = 0 (6.20)

Applying as before integration by parts and enforcing ∇T
s δσ = 0 in Ω and

δt to vanish on St we obtain
ˆ

Ω

(δσ)TεdΩ−
ˆ

Su

(δt)TûdS = 0 (6.21)

This complementary formulation of the principle of virtual work is termed
the principle of complementary virtual work [65].
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6.1.3 Variational forms

The above principles are opening the path towards alternative formulations
that can be obtained with variational calculus techniques.

A variational form is a functional whose stationary conditions generate in
terms the strong forms as Euler-Lagrange equations. Specifically, an asso-
ciated variational principle will state that the first variation to zero of the
functional with respect to all fields subjected to variation will recover the
initial strong form of the weakened field equations and of the boundary con-
ditions.

The classical variational principles used to derive the elastostatics equations
will be resumed.

6.1.3.1 The minimum total potential energy principle

We assume the existence of a strain energy function

U(ε) =
1

2
εT(Cε) (6.22)

and its first variation with respect to ε

δU(ε) = (δε)Tσ (6.23)

We denote the difference between the elastic strain energy stored in the body
and the external work as the total potential energy

Π(u) =

ˆ

Ω

U(u)dΩ− (

ˆ

Ω

uTbdΩ +

ˆ

St

uTt̂dS ) (6.24)

where the strain energy is written in terms of displacements as

U(u) =
1

2
(∇su)TC∇su (6.25)

Since the variation of the total potential energy functional with respect to u
is

δΠ(u) =

ˆ

Ω

(∇sδu)TσdΩ−
ˆ

Ω

(δu)TbdΩ−
ˆ

St

(δu)Tt̂dS (6.26)
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the stationarity condition δΠ(u) = 0 with δu = 0 on Su recovers the prin-
ciple of virtual work relations and the internal equilibrium equations with
natural boundary conditions, respectively.

Termed as minimum total potential energy principle, the former equality
states that among all the admissible displacement functions, the actual dis-
placements make the total potential energy an absolute minimum [65].

It is a single field variational principle, since the displacement u is the only
independent field subject to variation.

6.1.3.2 The Hu-Washizu principle

A generalized form is obtained by including into the expression of the to-
tal potential energy functional the essential boundary conditions and the
kinematic strain-displacement equations. The generalized minimum total
potential energy functional takes then the

Π(u, ε,λ,µ) =
´

Ω
U(ε)dΩ−

´
Ω

uTbdΩ−
´
St

uTt̂dS

−
´

Ω
(ε−∇su)TλdΩ−

´
Su

(u− û)TµdS
(6.27)

where λ = ( λ1 λ2 λ3 )T and µ = ( µ1 µ2 )T are Lagrange multiplier
vector fields.

The stationary conditions of the first variation of this functional with re-
spect to u and ε give us λ = σ in Ω and µ = t on Su.

Hence, the generalized functional can be written as

Π(u, ε,σ) =
´

Ω
U(ε)dΩ−

´
Ω

(ε−∇su)TσdΩ−
´

Ω
uTbdΩ

−
´
St

uTt̂dS −
´
Su

(u− û)TtdS
(6.28)

or through integration by parts

Π(u, ε,σ) =
´

Ω
U(ε)dΩ−

´
Ω

uT(∇T
s σ + b)dΩ−

´
Ω
εTσdΩ

+
´
St

uT(t− t̂)dS +
´
Su

ûTtdS
(6.29)
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Its variation with respect to the three independent variables provides all the
field equations in Ω together with the natural boundary conditions on St and
essential ones on Su. This three-field variational principle is known as the
Hu-Washizu principle in the literature.

6.1.3.3 The Hellinger-Reissner principle

We now consider a non-independent strain field ε derived from the stress
field σ via the inverted form of the constitutive equations

ε = C−1σ (6.30)

The strain energy function can then be written in terms of stresses as

U(σ) =
1

2
σT(C−1σ) (6.31)

with its first variation with respect to σ as

δU(σ) = (δσ)Tε (6.32)

The former generalized minimum total potential energy functional takes the
form

Π(u,σ) = −
´

Ω
U(σ)dΩ +

´
Ω

(∇su)TσdΩ−
´

Ω
uTbdΩ

−
´
St

uTt̂dS −
´
Su

(u− û)TtdS
(6.33)

with
U(σ) = εTσ − U(ε) (6.34)

Through integration by parts we obtain

Π(u,σ) = −
´

Ω
U(σ)dΩ−

´
Ω

uT(∇T
s σ + b)dΩ

+
´
St

uT(t− t̂)dS +
´
Su

ûTtdS
(6.35)

The stationary conditions of the first variation of this functional with re-
spect to u and σ provide the conditions

∇su = C−1σ (6.36)
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the internal equilibrium equations in Ω

∇T
s σ + b = 0 (6.37)

the natural boundary conditions on St and the essential ones on Su.
This two-field variational principle is known as the Hellinger-Reissner prin-
ciple in the literature.

Weak forms are guaranteed to exist for any linear or nonlinear problem de-
scribed by a second or higher-order differential equations and are extensively
used in computer-based discretization schemes. Although desired, it is not
allways possible to build a variational form for any type of problem to be
solved.

6.2 Nodal integration techniques
A numerical integration technique largely used to evaluate the Galerkin weak
form in both finite elements and meshless schemes is the Gaussian quadra-
ture. The n-point Gaussian quadrature can exactly integrate polynomials
of degree 2n-1. However, if such a polynomial cannot be best-fitted to the
integrand, the results will not be very accurate.

In meshless methods, the Gaussian quadrature evaluation of the rational
shape functions is usually not exact, inducing errors at the integration stage.
Moreover, due to the lack of element structure, background integration cells
need to be build . In most cases this integration cells are missmatching the
shape functions support, affecting the accuracy of the results and the con-
vergence of the approach [17].

Alternative direct nodal integration techniques for Galerkin-based meshless
methods have been extensively explored in the last years. Different stabi-
lization schemes have been employed to reduce the instabilities or the large
oscillations in the solution resulting from sampling the integrands only at the
nodes.

In the framework of the element free Galerkin method (EFG), the square
of the residual of the equilibrium equation was added to the potential energy
functional for stabilization purposes [4]. A similar correction was introduced
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for eliminating spurious modes in nodal integration [8] for the smooth par-
ticle hydrodynamics method (SPH). A strain smoothing stabilization tech-
nique (SCNI) was recently developed [11] in the mixed variational principle
framework of assumed strain methods [54]. The SCNI procedure was in-
corporated into conventional finite elements via the smoothed finite element
method (SFEM) [32].

The rational character of the generalized barycentric coordinates is suggest-
ing the use of a nodal integration scheme over ADT meshes. Furthermore,
if one uses the ADT algorithm for remeshing the same node set in a large
deformation problem, avoiding the remapping of the Gauss points material
history via nodal integration is an advantage. Last but not least, the SCNI
approach is particularly linked to the proximal neighborhood concept, since
the nodal strains are averaged on the Voronoi cells around the nodes.

6.2.1 The stabilized conforming nodal integration scheme

The Galerkin weak formulation of the two dimensional linear elastostatic
problem is written as

ˆ

Ω

(∇sδu)TC(∇su)dΩ−
ˆ

Ω

(δu)TbdΩ−
ˆ

St

(δu)Tt̂dS = 0 (6.38)

where u and δu are trial and test functions, respectively.

We denote the discrete displacement field with

uh(x) =
n∑
i=1

Φi(x)di = Φd (6.39)

where n is the number of nodes,

Φi(x) =

[
Φi(x) 0

0 Φi(x)

]
(6.40)

are the shape function matrices and

di =
[
uix uiy

]T (6.41)
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the nodal displacement vectors.

The discrete strain field becomes

εh(x) =
n∑
i=1

Bi(x)di (6.42)

where

Bi(x) = ∇sΦi(x) =

 ∂Φi(x)/∂x 0
0 ∂Φi(x)/∂y

∂Φi(x)/∂y ∂Φi(x)/∂x

 (6.43)

denotes the strain-displacement matrix.

Finally, the weak form provides the discretized system of equations

Kd− f = 0 (6.44)

where the stiffness matrix elements are

Kij =

ˆ

Ω

BT
i CBjdΩ (6.45)

and the force vector elements are

fi =

ˆ

Ω

ΦibdΩ +

ˆ

St

Φit̂dS (6.46)

We partition the domain Ω into disjoint smoothing cells (SC) such that
Ω =

⋃
sc

Ωsc and
⋂
sc

Ωsc = ∅ . For an ADT mesh the Voronoi cells are the

natural choice.

In each Voronoi cell, the gradient of displacement is averaged (or smoothed)
via the non-local form

∇̃uh(xV ) =

ˆ

ΩV

W (x; x− xV )∇uh(x)dΩ (6.47)

where W is a positive weight function with compact support such thatˆ

ΩV

WdΩ = 1 (6.48)
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Applying the divergence theorem we obtain

∇̃uh(xV ) =

ˆ

ΓV

uh(x)n(x)W (x; x− xV )dΓ−
ˆ

ΩV

uh(x)∇W (x; x− xV )dΩ

(6.49)
where ΓV is the boundary of the Voronoi cell of point xV .

We consider W to be the step function

W (x; x− xV ) =

{
1/AV , x ∈ ΩV

0, x /∈ ΩV
(6.50)

where AV is the Lebesgue measure of ΩV

AV =

ˆ

ΩV

dΩ (6.51)

The choice of a piecewise constant weight function vanishes the area integral
of the smoothed form, reducing the averaging to a line integral along the
edges of the Voronoi cell

∇̃uh(xV ) =
1

AV

ˆ

ΓV

uh(x)n(x)dΓ (6.52)

In a similar way the strains can be smoothed in each Voronoi cell as

ε̃h(xV ) =
1

AV

ˆ

ΩV

∇su
h(x)dΩ =

1

AV

ˆ

ΓV

uh(x)nV (x)dΓ (6.53)

where nV (x) is the outward normal vector matrix on the boundary ΓV .

The discrete strain field becomes

ε̃h(xV ) =

np∑
i=1

B̃i(xV )di (6.54)

where the smoothed strain-displacement matrix is given by

B̃i(xV ) =
1

AV

ˆ

ΓV

Φi(x)nV (x)dΓ (6.55)
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We remark that the previous matrix is a weighted average over the Voronoi
cell of the classical strain-displacement matrix Bi(x)

B̃i(xV ) =
1

AV

ˆ

ΩV

Bi(x)dΩ (6.56)

If we finally substitute the smoothed variables into the weak form we obtain
the stiffness matrix elements

K̃ij =
∑
V

B̃T
i (xV )CB̃j(xV )AV (6.57)

The nodal strain is therefore computed by a divergence counterpart of a
spacial averaging of the strain, avoiding to evaluate the derivatives of the
shape functions at the nodes [11].

6.2.2 Variational justification

A variational base for incorporating the stabilized conforming nodal integra-
tion scheme (SCNI) into standard compatible finite elements was recently
presented in the framework of the smoothed finite element method (SFEM)
[33].

We consider a generalized Hu-Washizu functional of the form

Π(u, ε̃,σ) =
´

Ω
U(ε̃)dΩ−

´
Ω

(ε̃−∇su)TσdΩ−
´

Ω
uTbdΩ

−
´
St

uTt̂dS −
´
Su

(u− û)TtdS
(6.58)

where ε̃ is the assumed strain vector and

U(ε̃) =
1

2
ε̃T(Cε̃) (6.59)

the corresponding strain energy.

In the framework of assumed strain methods [54] we consider the assumed
strain field as a sum of two terms

ε = ∇su + ε̂ (6.60)
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where ε̂ represents the enhanced part of the strain field.

An orthogonal condition is imposed on the enhanced part of the strain over
each element ˆ

Ωel

σ · ε̂dΩ = 0 (6.61)

effectively eliminating the stress field from the formulation.

A modified Hellinger-Reissner functional with independent strain and dis-
placement fields can then be written as

Π(u, ε̃) = −
ˆ

Ω

1

2
ε̃TCε̃dΩ +

ˆ

Ω

(∇su)TCε̃dΩ−
ˆ

Ω

uTbdΩ−
ˆ

St

uTt̂dS (6.62)

where the essential boundary conditions

u = û (6.63)

have been imposed on Su.

The variation of this functional is

δΠ(u, ε̃) = −
´

Ω
δε̃TCε̃dΩ +

´
Ω

(∇su)TC(δε̃)dΩ +
´

Ω
(∇sδu)TCε̃dΩ

−
´

Ω
δuTbdΩ−

´
St
δuTt̂dS

(6.64)

Replacing the independent strain and displacement fields with their discrete
counterparts we obtain the discretized system of equations

K̃d− f = 0 (6.65)

where the smoothed stiffness matrix K̃ is given by

K̃ij = −
ˆ

Ω

B̃T
i CB̃jdΩ + 2

ˆ

Ω

B̃T
i CBj(x)dΩ (6.66)

If the orthogonal conditionˆ

Ω

B̃T
i CB̃jdΩ =

ˆ

Ω

B̃T
i CBj(x)dΩ (6.67)
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is satisfied, the stiffness matrix becomes

K̃ij =

ˆ

Ω

B̃T
i CB̃jdΩ (6.68)

and the SFEM Galerkin weak form is justified by the mixed variational prin-
ciple

δΠ(u, ε̃) =

ˆ

Ω

δε̃TCε̃dΩ−
ˆ

Ω

δuTbdΩ−
ˆ

St

δuTt̂dS = 0 (6.69)

The assumption is made that the stiffness matrix is defined as

K̃ij =
∑
sc

B̃T
i (xsc)CB̃j(xsc)Asc (6.70)

irrespective if the former orthogonality condition is satisfied [33].

If the number of smoothing cells (SC) equals 1, the SFEM solution is vari-
ationally consistent and has the same properties with those of FEM using
reduced integration. When the number of smoothing cells tends to infinity,
the approach is equivalent with a displacement-based FEM model.

6.3 Nodal integration implementation issues
In the nodal integration schemes used, the area integral of the derivative of
shape functions is replaced by a line integral of the shape function along the
boundary of the Voronoi tile of the nodes. Like in classical FEM, this integral
is represented by a linear combination of the values at nodes that govern the
underlying shape functions.

Since for arbitrary shape functions, an analytic integration is not feasible,
a quadrature scheme is used.

It is necessary to properly sample the Voronoi boundaries in order to cover
all the shape functions that influence the integral. Hence, several samplings
with a different step size of the Voronoi edges have been perfomed for the
comparative study of accuracy of different interpolation schemes on Delau-
nay and ADT tessellations.
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The amount of shape function evaluations needed to properly compute the
nodal stiffnesses was different in each case.

The simplest approach that we implemented was the midpoint-rule with a
maximum small step size and algorithm that guaranteed at least one eval-
uation in each triangle (Figure 6.1). Though that is indeed very simple, an
adequate resolution delivers pretty exact results.

Figure 6.1: Midpoint-rule with a maximum small step size

The next more elaborate approach is the trapezoidal rule, which has been
used in [11] in its coarsest form: approximate the value of the shape function
along the Voronoi edge by the mean value at its end points.

What needs to be considered if we wanted to apply this for different shape
functions?

Firstly we have used linear shape functions on Delaunay simplices. Since
the end points of a Voronoi edge might be in non-adjacent triangles, the
above approach misses the contribution of the skipped triangles which also
contain the Voronoi edge.

In the end, this usually leads to a singular stiffness matrix.
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Hence, we need to evaluate the shape function at least in every triangle
(Figure 6.2).

Figure 6.2: Linear coordinates on Delaunay simplices

Inside each triangle, the shape function is linear, thus the trapezoidal rule
with evaluations at the intersections with triangle edges is exact. In our im-
plementation, the intersections with triangle edges occur naturally and need
to be computed anyway.

Secondly we have used generalized barycentric shape functions on ADT el-
ements. Since the whole Voronoi edge is covered by at most two ADT el-
ements, we can apply the trapezoidal rule to the whole segment without
missing any contribution (Figure 6.3).

This approximation is faster in terms of number of evaluations.

For the natural neighbor shape functions on point clouds case, the support of
natural neighbor shape functions covers the Voronoi segment, therefore the
same argument as above applies.
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Figure 6.3: Generalized barycentric coordinates on ADT elements

6.4 Numerical examples

6.4.1 Thin rectangular plate under plane stress condi-
tions

We consider a thin rectangular plate (Figure 6.4) of dimensions 0.25m ×
0.5m and thickness 0.025m, subjected to a uniformly distributed load w =
3000kN/m2.

Figure 6.4: Thin rectangular plate
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The material parameters are E = 210GPa and ν = 0.3. The case of plane
stress is assumed.

Two approaches are compared. Firstly a regular mesh of bilinear quadrilat-
eral finite elements is used with a classical Gaussian quadrature integration
rule.

Secondly the rational barycentric coordinates are applied over the same rect-
angular elements together with a SCNI nodal integration rule.

We remark that the rational barycentric coordinates presented in Chapter
5. are identical with the Laplace or non-Sibson coordinates for regular poly-
gons, in particular with the bilinear ones for rectangles.

The purpose of this numerical investigation is to test the behaviour of the
nodal integration scheme versus the classical quadrature integration rule, for
identical meshes and shape functions.

On the left side of Figure 6.5 are plotted the stresses obtained with the bi-
linear classical finite element approach and on the right side with the nodal
integration approach, both for the same rectangular mesh with 66 nodes.

The small variation in the numerical results is due to the SCNI integra-
tion scheme used.

In Figure 6.6 we have plotted the Cauchy stress values obtained for a 231
regular nodal distribution.

As expected, the stress values obtained with a nodal integration approach
converge to the numerical results obtained with classical finite elements.
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a). Cauchy stress σxx

b). Cauchy stress σyy

c). Cauchy stress σxy

Figure 6.5: Cauchy stress distributition for 66 nodes. On the left-hand side
are the results of the classical bilinear finite elements computations and on
the right-hand side the results of the nodal integration scheme applied over
the same regular mesh.
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a). Cauchy stress σxx

b). Cauchy stress σyy

c). Cauchy stress σxy

Figure 6.6: Cauchy stress distributition for 231 nodes. On the left-hand side
are the results of the classical bilinear finite elements computations and on
the right-hand side the results of the nodal integration scheme applied over
the same regular mesh.
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6.4.2 Cook’s membrane problem

A linear elastic analysis of the well known Cook’s membrane problem (Figure
6.7) was performed under plane stress conditions (F = 1, E = 1, t = 1, ν =
0.3).

Figure 6.7: Cook’s membrane

We start by comparing the results obtained from a discretization based on
a set of 67 arbitrary distributed nodes. In Figure 6.8 we have plotted the
values for the Cauchy stress σxx together with the underlying DT and ADT
meshes, respectively.

For a distributed set of 1591 nodes the two approaches converge to the same
results, as seen in Figure 6.10. The left-side values are obtained with linear
shape functions on Delaunay triangulation and the right-side ones with gen-
eralized barycentric shape functions on ADT polygonal mesh.

A detailed view of the stress singularity corner of the Cook’s membrane,
together with the corresponding meshes are plotted in Figure 6.9 for com-
parison.
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a). DT triangulation b). ADT tessellation

Figure 6.8: Cook’s membrane discretizations based on 67 nodes. The left-
hand side values are obtained with linear shape functions on Delaunay tri-
angulation and the right-hand side ones with generalized barycentric shape
functions on ADT polygonal mesh.

Figure 6.9: Detail view of the σxx Cauchy stress. The left-hand side values
are obtained with linear shape functions on Delaunay triangulation and the
right-hand side ones with generalized barycentric shape functions on ADT
polygonal mesh.
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a). Cauchy stress σxx

b). Cauchy stress σyy

c). Cauchy stress σxy

Figure 6.10: Cook’s membrane discretizations based on 1591 nodes. The
left-hand side values are obtained with linear shape functions on Delaunay
triangulation and the right-hand side ones with generalized barycentric shape
functions on ADT polygonal mesh.
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We have also compared the two former approaches with natural neighbor
shape functions on point clouds. Like above, the support of natural neighbor
shape functions covers the Voronoi segments and therefore the same argu-
ment applies.

The results for the absolute difference between the vertical displacement value
uy(P ) at node P(48,52) and a reference value obtained for 32748 degrees of
freedom are summarized in Figure 6.11. Several scattered nodal distributions
have been used ranging from 22 to 300 nodes. For every resolution, the final
values have been averaged from 25 different computations.

Similar results for the stress values σx(M) at node M(24,52) are presented
in Figure 6.12.

Figure 6.11: Vertical displacement comparison. The plotted results represent
the absolute difference between the vertical displacement value uy(P ) at node
P(48,52) and a reference value obtained for 32748 degrees of freedom.
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Figure 6.12: Cauchy stress comparison. The plotted results represent the
absolute difference between the the stress values σx(M) at node M(24,52)
and a reference value obtained for 32748 degrees of freedom.

As expected, the results are more consistent for the primary variables com-
putations. The errors induced by obtaining the secondary variables, in a
nodal or element-based approach, are not the main issue of this comparison.

We remark that the results obtained with generalized barycentric coordi-
nates on ADT elements are comparable with the ones obtained with natural
neighbor interpolants on clouds of points.

The superior geometrical qualities of the ADT elements versus Delaunay
simplices and their better adaptivity to a scattered point distribution prove
to be essential at lower resolutions. The computational convenience of an
ADT mesh is a plus, expected to pay-off in higher dimensions.



Chapter 7

Conclusions

In recent years we saw an emerging interest towards using arbitrary polygo-
nal elements in discretization schemes. Latest advances in the construction
of polynomial interpolants have allowed the use of new building blocks for
tessellations, other than n-simplices and regular n-gons.

In this work, a novel polygonal finite element method was proposed, based
on a hybrid nodal/element approach. Two popular concepts have been used,
namely Voronoi diagrams and generalized barycentric coordinates.

The algorithm is straightforward and the mesh is build in an iterative man-
ner. Starting from a classical Delaunay tessellation, we transform it into an
adaptive one by subsequently applying a Delaunay circumcenter rule. Poly-
gons are formed by merging simplices intersected by line segments between
their barycenters and circumcenters.

The main advantages of the new Adaptive Delaunay Tessellation are its
uniqueness, the bounded computational time and the improved geometri-
cal qualities of its elements versus the Delaunay simplices. Furthermore, the
ADT mesh is optimally adapted to scattered point distributions in the sense
that the Voronoi cell of each point is entirely covered by its neighboring ADT
elements.

The element condition number introduced is vital to the comparison in that
it characterizes triangles as well as simple polygons.

103
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There exist easy to compute basis functions for arbitrary convex polytopes
making the former approach a robust tool both for scattered data interpo-
lations and for numerical methods applications. The generalized barycentric
coordinates used have linear precision, form a partition of unity and reduce
to conventional ones in the case of simplices or regular polygons.

A stabilized conforming nodal integration scheme has been conveniently ap-
plied over the Voronoi areas around the nodes. This approach was preferred
due to the error induced in a quadrature scheme by the non-polynomial char-
acter of the shape functions. Moreover, the disadvantage of computing their
derivatives was avoided altogether.

The method has been compared with the linear Delaunay triangulation scheme
when applied to scattered data interpolation. A similar interpolation error
was obtained, using approximately 30% fewer elements, with improved geo-
metric properties.

The ADT simplices have no angles greater than 90o, meaning that small
and large angles are avoided and polygons have as rounded shapes as possi-
ble.

Element-dependent or element-free is still an open choice in nowadays nu-
merical methods field. This work is proposing a contribution to both finite
element and meshless communities.
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